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Preface

Interest in structures with nanometer-length features has significantly increased as
experimental techniques for their fabrication have become possible. The study of
phenomena in this area is termed nanoscience, and is a research focus of chemists,
pure and applied physicists, electrical engineers, and others. The reason for such
focus is the wide range of novel effects that exist at this scale, both offundamental and
practical interest, which often arise from the interaction between metallic nano-
structures and light, and range from large electromagnetic field enhancements to
extraordinary optical transmission of light through arrays of subwavelength holes.

For the theoretician and computational scientist, this area has been, and con-
tinues to be rich with interesting problems to explore and phenomena to explain.
For the most part, the phenomena can be explained using classical electrody-
namics. However, recent experimental techniques allow individual nanostructures
to be studied, questioning the accuracy of such methods at this most detailed level.
Moreover, for structures with dimensions of just a few nanometers, the applica-
bility of such methods at all needs to be questioned. Even if a system contains
many hundreds of atoms or more so that a continuum level of description is
adequate, the optical (and other) properties can be difficult to correctly calculate
due to the importance of quantum effects. Thus, the theoretician is in trouble, and
accurate descriptions of such structures remain largely unknown.

This dissertation is aimed at addressing some of the most fundamental and
outstanding questions in nanoscience from a theoretical and computational per-
spective, specifically: (i) At the single nanoparticle level, how well do experiment
and classical electrodynamics agree? (ii) What is the detailed relationship between
optical response and nanoparticle morphology, composition, and environment?
(iii) Does an optimal nanostructure exist for generating large electromagnetic field
enhancements, and is there a fundamental limit to this? (iv) Can nanostructures be
used to control light, such as confining it or causing fundamentally different
scattering phenomena to interact, such as electromagnetic surface modes and
diffraction effects? (v) Is it possible to calculate quantum effects using classical
electrodynamics, and if so, how do they affect optical properties?

Evanston, IL, May 2011 Jeffrey Michael McMahon
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Chapter 1
Introduction

The ultimate goal of theoretical science is to explain phenomena that occur in
nature. At the current time, (it is believed that) many of the fundamental laws of
nature have been elucidated, and now, most of the phenomena of interest are those
that arise from collective effects. Consider, for example, the branch of chemistry.
In principle, nearly all of chemistry can be described using the fundamental theory
of quantum mechanics (the mechanics of small particles). For the most basic
systems, such as a hydrogen-like atoms (i.e., those with a single electron), ana-
lytical (theoretical) solutions to the relevant equations exist (using simplifying
approximations), and have been known for some time. However, for larger, and
more complex systems, such descriptions are not possible. Thus, at this level,
theoretical and computational science has merged (terms which will be used
interchangeably throughout this dissertation), where the latter approach is used to
numerically obtain approximate solutions to the equations of the former.

For systems slightly larger than a hydrogen-like atom (e.g., a molecule), the-
orists solve the fundamental (or ‘‘ab initio’’) equations of quantum mechanics on a
computer, termed electronic structure calculations. One such method, and the only
one that will be referred to in this work (albeit, in a limited number of cases), is the
density-functional theory (DFT). This method highlights the aforementioned
‘‘collective effects’’, where the important quantity is the electron density, which
effectively contains information on the collective behavior of all electrons [1].
However, such techniques are only applicable to relatively small systems, such as
a few hundred atoms, which is due to an incredibly poor scaling of required
computational effort with system size. Even with increases in supercomputing
power, current methods and technology will never be able to simulate arbitrarily
large systems ab initio. (Although, other forms of computing, such as quantum
computing, may someday make this a reality.)

For systems much larger than a hydrogen-like atom (e.g., those that can be
resolved by eye), quantum effects are often not important. Thus, such systems can be
described in classical terms, and complicated systems can be simulated using
classical methods. For example, the interaction of light with with a system can be
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described by Maxwell’s equations, and in a geometric optics picture. In this limit,
the wavelength is essentially zero with respect to the size of the system, and
quantities are constant functions of the wavelength, such as refractive indices (RIs).

Recent advances in experimental fabrication and synthesis techniques [2, 3]
have allowed exploration to occur between these two size extremes, from a few
nanometers to a few micrometers (structures which contain many hundreds to
millions of atoms, or more). Such area is (loosely) termed nanoscience, because
the systems of interest contain features at the nanometer length scale. This area has
not only been the subject of intense interest by chemists, but also pure and applied
physicists, electrical engineers, and others. In reality though, this area can be
viewed as the natural progression of chemistry to large scales, where, for example,
such systems are (essentially) realizations of Feynman’s idea of forming systems
atom-by-atom [4]. For large enough system sizes (relatively speaking), modifi-
cations of classical quantities, such as the RI to account for a frequency depen-
dence, are often good enough approximations to make, such that Maxwell’s
equations can continue to be applied. Although, one question becomes: at this
length scale, just how well can computational science, with such approximations,
be used to describe systems for which detailed experimental data exists (e.g., that
of a single nanoparticle)? The answer to this question [5, 6] will be addressed in
Chap. 4. Even more pressing questions are: at a small enough scale (yet one which
is too large to treat using quantum mechanics), do these classical approximations
break down due to quantum effects, and if so, then what does one do? The answer
to the former is yes, due to ‘‘nonlocal dielectric effects’’, and the answer to the
latter [7, 8] will be addressed in Chap. 8.

The reason for such intense focus by such a diverse group of scientists is that
many novel effects exist at this scale, often due to the interaction of such systems
with light, and which do not fit the paradigms of either quantum mechanics or
geometric optics. Such effects are the driving force behind the topics in this dis-
sertation, some of which are briefly described here, and then more in-depth in
Sect. 1.1. From a practical standpoint, the novel effects that arise from nanoscale
structures offer the possibility to control and manipulate light with unprecedented
ability. For example, the optical responses of nanostructures (e.g., nanoparticles)
show striking properties, such as large, frequency-dependent scattering, which can
be controlled by the size, shape, and local dielectric environment of the structure [9].

Although, detailed relationships between optical responses and the parameters of
such systems are not yet fully elucidated (particularly the interaction of a nano-
structure with the local environment), mainly due to lack of detailed experiments to
compare to (e.g., correlated measurements [5]). This topic will be addressed in
Chaps. 4 and 5. Moreover, due to the breakdown of classical approximations, and
the inability to apply computational quantum mechanics, the optical responses of
very small nanostructures are largely unknown (at all), which is the topic of Chap. 8.

Another novel property of nanostructures is that those with junctions have the
ability to concentrate electromagnetic (EM) fields stronger than a regular antenna
[10, 11]. However, the limit of such enhancement, and the best structure(s) for
achieving this, remains elusive, which is the subject of Chaps. 5 and 8.
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Besides isolated nanostructures, artificially structured materials with periodic
order (at the nanometer scale) also offer novel approaches to manipulate light. For
systems made from the noble metals, such systems can be classified as plasmonic
crystals, where the overall properties are controlled by the particular material and
periodic lattice arrangement. For example, periodic arrays of subwavelength
diameter holes have been found to transmit a large amount of light relative to the
prediction of geometric optics [12]. Although, while many novel and unexpected
effects have been elucidated for such systems, new effects continue to be found
[13–17], and some of these will be discussed in Chap. 6.

While many other examples exist [18, 19], the final ones that will be of interest
in this work are optical corrals [20, 21], which provide ways to confine light on
dielectric surfaces. Such structures will be discussed in Chap. 7.

This chapter is divided into two sections. The first gives a more thorough
introduction to the topics that will be addressed in this dissertation (i.e., those
mentioned above), including nanostructures, nanostructured metal films, optical
corrals, and nonlocal dielectric effects. The second section succinctly emphasizes
the important questions that will be answered in this work, and gives a brief, yet
in-depth overview of the format of this dissertation.

1.1 Topics in Nanoscience

1.1.1 Isolated Nanostructures

The optical response of a nanostructure is highly dependent on the details of the
system. The most prominent example (which also displays general characteristics
of other nanosystems) is the interaction of a noble metal nanoparticle (isolated
nanostructure), such as gold (Au) or silver (Ag), with light. This interaction leads
to a frequency dependent optical response, such as scattering, and has been
understood since the time of Faraday [22] (the specific details of this are not
important at this point, but examples for spherical nanoparticles can be found in
Sect. 8.5.1). Such behavior arises from the excitation of the sp-band (conduction
band) electrons on the surface of the nanoparticle, which can form a coherent
oscillation called a localized surface plasmon resonance (LSPR), as is shown
schematically in Fig. 1.1. The particular resonance shown in Fig. 1.1 is called a
dipolar LSPR, due to the oscillation symmetry. Although, it also is possible to
create other distributions of surface charge, called multipolar (higher-order)
LSPRs.

It was not until recently that such structures became the subject of intense
focus. This is primarily due to the fact that only recent advances in experimental
fabrication (and synthesis) techniques [2] have led to the practical realization
of their potential uses as components in a diverse range of technologies,
such as waveguides [23–25], photonic circuits [26, 27], molecular rulers [28], and
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chemical and biological sensors [29–34]. This versatility stems from the fact that
LSPR frequencies are extremely sensitive to the nanoparticle composition [35],
size [36], shape [9, 37, 38], dielectric environment [39–41], and proximity to other
nanoparticles [42–46]. However, not all dependencies are completely understood,
particularly the detailed relationship between the optical response and structural
properties of single nanoparticles in relation to the local dielectric environment,
primarily due to the lack of single nanoparticle measurements [5, 6, 47]. This topic
will be explored further in Chap. 4.

Another particularly important aspect of LSPRs, with special relevance to
chemistry, is that their excitation leads to enhanced EM fields on, or near the
nanoparticle surfaces [10, 48–51]. Such enhancements are fundamentally interest-
ing, but are also important for both the technological applications mentioned above,
as well as surface-enhanced Raman scattering (or spectroscopy) (SERS) [52–54]. In
SERS, Raman scattering is greatly enhanced by adsorbing molecules on a rough
metal surface, typically Ag, but also Au or copper, which is one of the most sensitive
methods for obtaining the vibrational spectra of molecules (vide infra).

For the case of a nonresonant, weakly-interacting adsorbate, it is believed that
the EM enhancements that result from LSPR excitations will dominate the SERS
signal [55–59] (although, this point will be revisited in Chap. 8, where it is
demonstrated that this may not always be the case). In brief, excitation of LSPRs
leads to an electric field (E) enhancement of the incident light at frequency

x; jEðxÞj2; as well as light emitted by the oscillating dipole induced in the mol-

ecule at (the Stokes shifted) frequency x0; jEðx0Þj2: Kerker et al. [60] demon-

strated that the overall EM enhancement is proportional to jEðxÞj2jEðx0Þj2; which

is approximately jEðxÞj4; if the width of the LSPR resonance is large compared to
the difference in x and x0 (as is often the case). EM enhancements of greater than
108 for single nanoparticles [49] and 1010 for coupled nanoparticles [10, 11, 48,
51, 61] have been predicted based on calculations. SERS enhancements can be so
high that even single molecule detection is possible [62, 63] (often though, in these
cases, resonant Raman scattering and chemical effects also contribute to the
enhancement [58, 64]). Owing to these remarkable effects, considerable effort has
been devoted to the development of chemical and biological sensors based on
SERS [65, 66].

However, many open questions remain, such as: (i) What are the maximum
enhancements that one can expect to achieve [10]? (ii) What structure gives the

Fig. 1.1 The interaction of a
light wave (shown as an
electric field E with
propagation vector k) with a
nanoparticle. The conduction
electrons coherently oscillate
in resonance with E
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highest enhancement [11]? and (iii) For a given structure, how many molecules
contribute to the SERS signal [10, 67]? These questions will be addressed in
Chap. 5. The first question will also be revisited in Chap. 8, where a fundamental
(and practical) limitation is believed to have been found [68].

1.1.2 Nanostructured Metal Films

Periodically nanostructured metal films have been the subject of much research
since approximately 1998 with the discovery that periodic arrays of subwavelength
diameter holes can transmit a large amount of light relative to the prediction of
geometric optics, a phenomenon known as extraordinary optical transmission
(EOT) [12]. The primary mechanism of this is due to the coupling of light into
surface electrons at a metal–dielectric interface (on the incident side), creating a
propagating charge oscillation along the surface, called a surface plasmon polar-
iton (SPP). (Note that a SPP is similar to a LSPR, except that it is propagating.) A
schematic diagram of such a charge oscillation is shown in Fig. 1.2. Tunneling of
the SPP through the metal film, which can rescatter into light, is the mechanism
responsible for EOT [69].

What is particularly interesting about such structures is, that in addition to
SPPs, a number of distinct mechanisms for the interaction of light with them are
possible, including LSPRs (as discussed above), Rayleigh anomalies (RAs) [70],
which are light waves diffracted parallel to the surface, and waveguide modes,
which (in this context) is the guiding of EM waves. Often it is possible to vary
these interactions independently, or to couple them [13–15, 17], leading to a
variety of complex optical properties and offering many novel approaches to
control light. Such topics form the basis for Chap. 6.

The popularity of these systems has been fueled by the fact that they can be
fabricated by a variety of techniques, such as electron beam lithography [12, 71],
nanosphere lithography [72], and soft lithography [3, 73], allowing precise control
over the important dimensions of the problem.

These systems have found many applications, as has recently been reviewed
[74], including sensing based on spectral features that are sensitive to the refractive
index (RI) of the materials interfacing with the metal [13, 15, 72, 75–77] and
substrates for SERS [78, 79] or enhanced fluorescence [80].

Fig. 1.2 Illustration of the
charge oscillation at a metal–
dielectric interface, which
light can couple into to form
a SPP
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Nanostructured metal films have attracted extensive interest among theorists, as
computational methods for solving Maxwell’s equations have progressed to the
point where it is possible to provide accurate solutions for many of the important
experiments that have been done (see Chap. 3 for descriptions of such methods).
Thus, there have been extensive simulations of the transmission of light by hole
arrays and related structures, including isolated apertures and particle arrays in
metal films [13–15, 17, 21, 76, 81–85]. There have even been simulations of near-
field scanning optical microscope (NSOM) measurements of hole arrays, charac-
terizing the details of the EM fields associated with SPPs [84]. These types of
simulations are discussed in Chap. 6, where elucidation of new phenomena rele-
vant from both fundamental perspectives and to applications are discussed.

1.1.3 Optical Corrals

Metallic structures that can confine and manipulate light on surfaces are of interest
for emerging applications in optoelectronics [86], photonics [12, 26, 86], and
chemical and biological sensing [2, 87]. One type of structure that has been used to
confine light on a dielectric surface is an optical corral [88], a microscale
(1�10 lm) analogue of the nanoscale quantum corral [89]. For example, calcu-
lations performed on an optical corral made from dielectric pads arranged in a
3 lm diameter circle have shown that confined EM waves can generate patterns
that resemble those of their electronic counterparts [88]. Near-field scanning
optical microscopy (NSOM) has also been used to observe confined photonic
states within structures composed of 100 nm diameter Au posts (also 100 nm high)
arranged in a 3:6 lm diameter circle (and also in a 4 � 2 lm structure) on an
indium tin oxide (ITO) substrate [90].

Such structures allow new fundamental studies of control over light in confined
geometries on surfaces. Optical corrals are thoroughly discussed in Chap. 7,
from isolated slits [21] (a simple, 1D optical corral) to circular and elliptical
structures [20].

1.1.4 Nonlocal Dielectric Effects

Recently, interest in metallic structures with small features (even relative to sizes
at the nanoscale), on the order of 10 nm or less, has significantly increased as
experimental techniques for their fabrication have become possible [2]. Even if the
features involve many hundreds of atoms or more so that a continuum level of
description is adequate (i.e., not depending on the actual atomic positions), their
optical responses can be difficult to correctly describe because continuum classical
methods break down due to quantum effects. Such behavior can lead unusual
optical properties relative to predictions based on classical electrodynamics [91].
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For example, in isolated spherical nanoparticles, LSPRs are found to be shifted to
higher energies (blueshifted) relative to classical predictions [92]. Additionally, in
thin metal films, anomalous absorption is observed [93, 94].

A full quantum mechanical treatment would of course be best, but this is not
practical for these sizes. However, it is possible to incorporate some of the most
important quantum effects within classical electrodynamics: electron scattering,
electron spill-out, and spatial nonlocality of the material polarization. (It should be
noted that some quantum mechanical effects are already included when the x
dependence of the bulk dielectric constant is considered, such as interband electron
transitions.) The first is related to increased electron scattering at the nanostructure
surfaces due to a short electron mean free path. Fortunately, this effect can be
(essentially) described by a size-dependent correction to the material properties
[95]; see Chap. 8. The second effect (which, at the most fundamental level is
related to the first [96, 97]) is that, in reality, metallic surface boundaries are not
infinitely sharp (due to the electron density varying smoothly), and thus the
boundary properties of a nanostructure are different than in the interior. This effect
is either from surface interactions with the environment, or extension of the surface
(quantum mechanical) wavefunctions ‘‘spilling out’’ into the surrounding medium.
Such an effect can be partially accounted for by a dielectric layer model [98], which
is also discussed in Chap. 8. The third quantum effect is that the polarization of the
material at one point in space depends not only on the local E; but also on the E in
its neighborhood [99], hence the description as a ‘‘nonlocal’’ effect. Such a state-
ment is justified in Chap. 8, which also forms the basis of discussion therein.

Nonlocal effects can be (roughly) understood by considering the effect of
momentum in small structures. When light interacts with a structure of size d (which
could correspond to a nanoparticle size, junction gap distance, etc.), wavevector
components k (related to the momentum p by p ¼ �hk; where �h is Planck’s con-
stant) are generated with magnitude k ¼ 2p=d: This in turn imparts an energy of

E ¼ ð�hkÞ2=2me;where me is the mass of an electron, to (relatively) free electrons in
the metal. For small d; these energies can correspond to the optical range (considered
in this work to be 1–6 eV). This analysis suggests that k-dependent effects should
come into play for d less than approximately 2 nm. In metals, however, somewhat
larger d values also exhibit these effects because electrons in motion at the Fermi
velocity can be excited by the same energy with a smaller momentum increase due to
dispersion effects [100]. Thus, at optical energies, the optical response of a structure
is not only frequency dependent, as described above, but also k dependent. Since
k and x (the position vector) are Fourier transform pairs (see Appendix A), the
optical response at one position depends on all others. Such k dependence also
contains quantum mechanical effects; see Appendix D.

Since the first formulation of nonlocal electromagnetics [99], complications
introduced by such effects have made direct incorporation of them into classical
electrodynamics difficult [7, 8]. This has caused applications to remain limited to
simple systems, such as spherical structures [101, 102], or aggregates thereof
[103–106], and planar surfaces [107], and most within the electrostatic limit.
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Therefore, the optical properties of very small structures remain largely unknown.
Chapter 8 addresses these issues.

1.2 Format of this Dissertation

To succinctly summarize, this dissertation is aimed at addressing the following
questions:

• (i) What are the main theoretical and computational tools needed to study
systems at the nanometer length scale? (ii) How can Maxwell’s equations be
solved to arbitrarily high precision while preserving dynamical invariants of the
problem (e.g., the energy density)? (Chap. 3)

• (i) At the single nanoparticle level, how well do experiment and classical
electrodynamics agree? (ii) What is the detailed relationship between opti-
cal response and nanoparticle morphology, composition, and environment?
(Chaps. 4 and 5)

• (i) Does an optimal nanostructure exist for generating large electromagnetic
field enhancements? (ii) Is there a fundamental limit to this? (Chaps. 5 and 8)

• Can nanostructures be used to control light, such as confining it, or causing
fundamentally different scattering phenomena to interact, such as electromag-
netic surface modes and diffraction effects? (Chaps. 6 and 7)

• Is it possible to calculate quantum effects using classical electrodynamics, and if
so, how do they affect optical properties? (Chap. 8)

The approach herein is to address the above questions from the perspective of
classical electrodynamics. The basic electrodynamic theory that will be needed to
understand this work, Maxwell’s equations, is presented in Chap. 2. In Chap. 3, the
theoretical and computational methods that are used to solve Maxwell’s equations of
electromagnetics are reviewed. Particular focus will be on the finite-difference
time-domain (FDTD) method and the finite-element method (FEM). However, the
rigorous coupled-wave analysis (RCWA) and the modal expansion methods are also
discussed. In addition, a method to propagate Maxwell’s equations in time to an
arbitrarily high order of accuracy is presented. In Chap. 4, the detailed relationship
between the optical response of a cubic nanoparticle and the morphology, compo-
sition, and local environment of it is discussed in relation to single-nanoparticle
experimental data. In Chap. 5, junction containing structures are studied for their
ability to generate large EM enhancements, with particular focus on the application
to SERS. Chapter 6 discusses nanostructured metal films, focusing mainly on
periodic arrays of subwavelength holes. Specific emphasis will be placed on novel
interactions, such as diffractive effects with resonances. In Chap. 7, optical corrals
and isolated slits are studied as possible systems to confine and control light on
dielectric surfaces. Chapter 8 discusses a method to incorporate quantum effects
within the framework classical electrodynamics. Additionally, the optical properties
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of small structures are presented (calculated using the developed method). Chapter 9
concludes by readdressing the questions posed above in light of the work presented.

Chapters 4–8 contain relatively stand-alone topics, and could, in principle, be
read without reference to the others. However, the collective importance of this work
will not be as well appreciated this way. In addition, symbols, abbreviations, and
terminology that are used in later chapters are often defined in earlier ones.
Although, a complete compilation of these can be found at the beginning of this
dissertation.
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Chapter 2
Basic Electromagnetic Theory

In this chapter, an introduction to the basic electromagnetic concepts that are
needed to understand this dissertation are discussed. A full overview of electro-
magnetics is beyond the scope of this work, and so only the most relevant concepts
are reviewed. The reader interested in a more in-depth analysis is referred to
Refs. [1, 2].

2.1 Maxwell’s Equations

The interaction of light with matter in the classical continuum limit (many hun-
dreds of atoms or more) is described by Maxwell’s equations,

o

ot
Dðx; tÞ þ Jðx; tÞ ¼ r �Hðx; tÞ ð2:1Þ

o

ot
Bðx; tÞ ¼ �r� Eðx; tÞ ð2:2Þ

r � Dðx; tÞ ¼ q ð2:3Þ

r � Bðx; tÞ ¼ 0 ð2:4Þ

where E(x, t) is the electric field, D(x, t) is the electric displacement field, B(x, t) is
the magnetic field, H(x, t) is the auxiliary magnetic field (sometimes referred to as
just the magnetic field), and J(x, t) and q are the external current and charge
densities, respectively. (In this work, both B(x, t) and H(x, t) will be referred to as
the magnetic field, with the reference clear from the context. Although, it is worth
emphasizing that the former is the fundamental quantity, and the latter is a derived
one [2]. While collectively known as Maxwell’s equations, Eqs. 2.1–2.4 are
individually known as the Maxwell–Ampére law, Faraday’s law, Gauss’ law, and
Gauss’ law for magnetism, respectively. Before these equations can be solved,
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relationships between both D(x, t) and E(x, t) as well as B(x, t) and H(x, t) are
needed. In this work, a linear constitutive relationship between B(x, t) and H(x, t)
is assumed, Bðx; tÞ ¼ lHðx; tÞ; where l is the permeability of the medium. Fur-
thermore, in applications only nonmagnetic materials will be considered (l ¼ l0;
where l0 is the vacuum permeability). In this case, the interaction of light with
matter is completely described by the relationship between D(x, t) and E(x, t),
which is further discussed below, and then again in Chap. 8.

Another fundamental equation, which is not technically one of Maxwell’s, but
can derived from Eqs. 2.1 and 2.3, is that of continuity

r � Jðx; tÞ ¼ � o

ot
q; ð2:5Þ

which is the mathematical form of the law of conservation of charge.
As written, the quantities in Eqs. 2.1–2.4 are functions of x and t: However,

Maxwell’s equations can be written in a variety of other forms, which are often
useful for solving particular problems. The additional form of most relevance
herein corresponds to when the field quantities have a time-harmonic oscillation,
e�ixt; where x is the angular frequency (often referred to as simply the frequency).
The reason for this is that most materials have an electromagnetic response that
depends on x; such as Au or Ag [3, 4] (which are the focus of this work); see
Sect. 2.3. In this case, by Fourier transforming Eqs. 2.1–2.4 (see Appendix A.1),
Maxwell’s equations become

�ixDðx;xÞ þ Jðx;xÞ ¼ r �Hðx;xÞ ð2:6Þ

�ixBðx;xÞ ¼ �r � Eðx;xÞ ð2:7Þ

r � Dðx;xÞ ¼ q ð2:8Þ

r � Bðx;xÞ ¼ 0; ð2:9Þ

where the quantities are defined similar to before, but are now functions of x
rather than t: It should be understood herein that any time that time-domain
quantities are discussed that the frequency-domain solutions may be obtained by
Fourier transformation, and vice-versa; Appendix A.1. In passing, it is noted that
electrostatics is the limiting case of Eqs. 2.6–2.9 as x! 0:

In some cases, it can be beneficial to work with a single equation in terms of
B and H or D and E alone. For example, working in the frequency domain, simple
manipulations of Eqs. 2.6 and 2.7 gives

r� 1
l
r� Eðx;xÞ

� �
� x2Dðx;xÞ ¼ ixJðx;xÞ ð2:10Þ

r � 1
e
r�Hðx;xÞ

� �
� x2Bðx;xÞ ¼ r � 1

e
Jðx;xÞ

� �
; ð2:11Þ

16 2 Basic Electromagnetic Theory

http://dx.doi.org/10.1007/978-1-4419-8249-0_8


where e is the permittivity of the medium (where no specific functional depen-
dence is yet attached to this quantity). [Technically, Eq. 2.11 can only be obtained
by assuming a linear constitutive relationship between D and E, i.e.,
Dðx;xÞ ¼ eEðx;xÞ:] Equations 2.10 and 2.11 are known as the (inhomogeneous)
vector wave equations, and they automatically satisfy Eqs. 2.8 and 2.9.

If the system is invariant along an axis, which herein will be taken to be the
z-axis, Eqs. 2.10 and 2.11 can be simplified to (inhomogeneous) scalar wave
equations,

o

ox

1
l

o

ox

� �
þ o

oy

1
l

o

oy

� �� �
Ezðx;xÞ þ x2Dzðx;xÞ ¼ ixJzðx;xÞ ð2:12Þ

o

ox

1
e

o

ox

� �
þ o

oy

1
e

o

oy

� �� �
Hzðx;xÞ þ x2Bzðx;xÞ

¼ � o

ox

1
e

Jyðx;xÞ
� �

þ o

oy

1
e

Jxðx;xÞ
� �

; ð2:13Þ

where the electromagnetic field is completely defined by the z-component.
Equations 2.12 and 2.13 correspond to two distinct sets of polarization, one where
the x and y-components of Eðx;xÞ and Dðx;xÞ are transverse to the z-axis, called
TEz polarization (Transverse Electric to z), Eq. 2.12, and one where the x and
y-components of Hðx;xÞ and Bðx;xÞ are transverse to the z-axis, called TMz

polarization (Transverse Magnetic to z), Eq. 2.13.

2.2 Boundary Conditions

Many functions satisfy Maxwell’s equations. However, the physical solution also
satisfies boundary conditions. For example, at the interface between two media,
the electromagnetic fields must satisfy four field continuity conditions,

n̂� ðE1 � E2Þ ¼ 0 ð2:14Þ

n̂ � ðD1 � D2Þ ¼ qS ð2:15Þ

n̂� ðH1 �H2Þ ¼ JS ð2:16Þ

n̂ � ðB1 � B2Þ ¼ 0 ð2:17Þ

where the subscripts 1 and 2 denote different mediums, n̂ is a unit vector normal to
the interface pointing from medium 2 into 1, and qS and JS are the surface charge
and electric current densities, respectively. The boundary conditions are greatly
simplified when one of the mediums cannot sustain internal fields, known as a
perfect electric conductor (PEC),

n̂� E ¼ 0 ð2:18Þ
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n̂ � B ¼ 0 ð2:19Þ

where E and B are the exterior fields, and n̂ points away from the surface. Note
that, in this case, the boundary can always support surface charge and current
densities,

n̂ � D ¼ qS ð2:20Þ

n̂�H ¼ JS: ð2:21Þ

2.3 The Dielectric Function

As mentioned in Sect. 2.1, before Maxwell’s equations (in any form) can be
solved, relationships between B and H as well as D and E are needed. The former
was already given, and thus (herein) the latter describes completely how a system
responds to light. In the most general case

Dðx;xÞ ¼ e0

Z
dx0eðx; x0;xÞEðx0;xÞ; ð2:22Þ

where eðx; x0;xÞ is a spatially dependent and frequency dispersive relative
dielectric function and e0 is the vacuum permittivity. Thus, the optical response of
a material is described through eðx; x0;xÞ; and Dðx;xÞ can be considered a gen-
eralized Eðx;xÞ that contains information on both the incident Eðx;xÞ and that
due to polarization of the material.

The approximation eðx; x0;xÞ � eðxÞdðx� x0Þ corresponds to local electrody-
namics, where only x is variable. Such an approximation is valid for large
structures (those with features greater than *10 nm), and is made for the first
portion of this dissertation. The more rigorous case is the subject of Chap. 8.

For a lot of materials at the nanoscale, the dielectric function depends on x (i.e.,
with respect to x; the material is dispersive). For metals like Au and Ag, eðxÞ is
well described in the classical continuum limit (i.e., many hundreds of atoms or
more) by three separate components,

eðxÞ ¼ e1 þ einterðxÞ þ eintraðxÞ ð2:23Þ

the value as x!1; e1; the interband contribution from d-band to sp-band
(conduction band) electron transitions, einterðxÞ; and a contribution due to exci-
tations of the sp-band electrons, eintraðxÞ:

einterðxÞ can be physically described using a multipole Lorentz oscillator
model [5],

einterðxÞ ¼
X

n

x2
LnDeLn

xðxþ i2dLnÞ � x2
Ln

ð2:24Þ
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where n is an index labeling the individual d-band to sp-band electron transitions
occurring at xLn; DeLn is the shift in relative permittivity at the transition, and dLn

is the electron dephasing rate. Because the primary focus in this work is on Ag and
Au, n is taken to be two, since there are two interband transitions in Au at optical
frequencies (near 3 and 4 eV [3]), and only one in Ag (near 3.8 eV, which both
poles thus describe).

eintraðxÞ is responsible for the plasmonic optical response of metals, and can be
described by the Drude model [5],

eintraðxÞ ¼ �
x2

D

xðxþ icÞ ð2:25Þ

where xD is the plasma frequency and c is the collision frequency.
Combined, Eqs. 2.23–2.25 correspond to a Drude plus two Lorentz pole

oscillator (D2L) dielectric model. The common method to use the D2L model is to
fit it to experimentally determined bulk dielectric data (using simulated annealing,
for example). For Ag and Au, two of the most common experimental data sets, and
which will be used in this work, are those of Johnson and Christry (JC) [3] and
Lynch and Hunter (LH) [4]. The D2L model often describes the empirical data
well, with only negligible differences.

The use of models for e is advantageous for a number of reasons. First of all, it
allows separation of the different effects in the optical response of a material. For
example, physical insight can be obtained into the conduction band electron
motion separate from that of the interband transitions. (This issue will be revisited
in Chap. 8.) Furthermore, such models are common with time-domain computa-
tional methods, such as FDTD (see Sect. 3.2), since the frequency-domain data
cannot be used directly. For frequency-domain methods, however, the empirically
determined dielectric data can be used directly. Although, in this work, even these
methods rely on the D2L model, primarily to create a cohesiveness throughout the
work, but also because of the other advantages discussed.

Throughout this work, various D2L fits are used for Ag and Au (for one reason
or another), as well as other materials. The D2L parameters used for all calcula-
tions have been tabulated in Appendix B.
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Chapter 3
Theoretical and Computational Methods

Preface

The content that appears in this chapter has been largely adapted from the fol-
lowing publications:

Zhao J, Pinchuk AO, McMahon JM, Li S, Ausman LK, Atkinson AL, Schatz
GC (2008) Methods for describing the electromagnetic properties of silver and
gold nanoparticles. Acc Chem Res 41:1710–1720. doi:10.1021/ar800028j

Atkinson AL, McMahon JM, Schatz GC (2009) FDTD studies of metallic
nanoparticle systems. In: Self organization of molecular systems, from molecules
and clusters to nanotubes and proteins. NATO science for peace and security series
A: chemistry and biology. Springer, Netherlands. doi:10.1007/978-90-481-2590-6

McMahon JM, Gray SK, Schatz GC (2009) A discrete action principle for
electrodynamics and the construction of explicit symplectic integrators for linear,
non-dispersive media. J Comp Phys 228:3421–3432. doi:10.1016/j.jcp.2009.
01.019

McMahon JM, Gray SK, Schatz GC (2011) Surface nanophotonics theory. In:
Wiederrecht G (ed) Comprehensive nanoscience and technology. Elsevier,
Amsterdam

In this chapter, only the 3D variants of FDTD and FEM are presented. It is
straightforward to adapt these formulations to 2D (or even 1D). The interested
reader (either in these lower dimensional formulations, or on the methods in
general) is referred to Refs. [1–6].

Most codes that are outlined here, and used throughout this dissertation, are
freely available on the author’s personal website: http://www.thecomputational
physicist.com.
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3.1 Introduction

Analytical solutions to Maxwell’s equations (Chap. 2) only exist for the most basic
systems. For example, Mie theory [7] can be used to analytically describe the
relationship between the optical response, dielectric environment, and size (and
shape) of spherical (or spheroidal) particles [8], including multilayer ones [9].
Analytical solutions also exist also for planar surfaces and multilayer films [10].
However, for more complex shapes, analytical descriptions or simplifying
approximations to these equations do not exist, and even predicting their solu-
tion(s) can be challenging. In these cases, numerical methods must be used.

Two of the most popular, and generally applicable methods to solve Maxwell’s
equations (which are heavily used in this dissertation) will be discussed in this
chapter, FDTD [5] and FEM [6]. While useful because they are entirely general
(i.e, not specific to a particular problem), both of them can be computationally
demanding (especially the former). Fortunately, more efficient methods are
available for some specific problems. For example, for periodically modulated
films, the rigorous coupled-wave analysis (RCWA) can be used, and for an iso-
lated slit in a metal film, an electrodynamic mode (modal) expansion is possible.
These methods are also used throughout this dissertation, and will be briefly
outlined in this chapter as well.

All computational methods have drawbacks, such as the efficiency that was
discussed above. For example, in all time-domain methods (even those outside of
electrodynamics), one of the most important issues is the technique used to
approximate the time derivatives in Eqs. 2.1 and 2.2. This approximation is
responsible for the accuracy of the numerical solution as it evolves in time.
Developing high-accuracy approximations to these derivatives is challenging,
because mathematically better approximations often end up degrading the physical
solution (even dynamical invariants), such as dissipating the energy density of an
electromagnetic wave in free space. A general method to approximate the time
derivatives in Eqs. 2.1 and 2.2 to arbitrary accuracy, while also preserving the
dynamical invariants of the problem (e.g., the energy density), is presented in Sect.
3.3. This topic is relatively stand-alone in this dissertation (and in the grand
context of this work), and not a lot will be lost if it is skipped (e.g., a chemist may
find little interest in this). However, the interested reader (most likely an electrical
engineer, or someone interested in the theory of numerical analysis) is encouraged
to read it.

3.2 The Finite-Difference Time-Domain Method

The most popular general purpose method is the Finite-Difference Time-Domain
(FDTD) method [5, 11]. FDTD explicitly solves the time-domain Maxwell–
Ampère law and Faraday’s law in differential forms, Eqs. 2.1 and 2.2. Because it

22 3 Theoretical and Computational Methods

http://dx.doi.org/10.1007/978-1-4419-8249-0_2
http://dx.doi.org/10.1007/978-1-4419-8249-0_2
http://dx.doi.org/10.1007/978-1-4419-8249-0_2
http://dx.doi.org/10.1007/978-1-4419-8249-0_2
http://dx.doi.org/10.1007/978-1-4419-8249-0_2
http://dx.doi.org/10.1007/978-1-4419-8249-0_2
http://dx.doi.org/10.1007/978-1-4419-8249-0_2


solves these equations directly [as well as Eqs. 2.3 and 2.4 implicitely—vide
infra], FDTD is considered nominally exact. In the most popular version of this
method [5], the computational domain is discretized using a grid (often Cartesian,
with spacings of Dx, Dy, and Dz), and the partial derivatives are approximated
using central finite-difference expressions derived from Taylor expansions (which
are second-order accurate—i.e., the truncation errors are of higher order than two).
See Appendix A.2 for a brief introduction to finite-differences.

Even though only Eqs. 2.1 and 2.2 are explicitly solved, special care must be
taken in order to satisfy Gauss’ laws, Eqs. 2.3 and 2.4. One way to do this,
suggested by Yee in his seminal paper [11], is (using a Cartesian grid) to shift all
of the field components by half of a grid spacing relative to each other, known as
the Yee spatial-lattice; see Fig. 3.1. For a proof of this result, see Ref. [5].

To obtain second-order accuracy in the temporal derivatives of Eqs. 2.1 and 2.2,
Eðx; tÞ and Hðx; tÞ [note that in the common formulation of FDTD, Hðx; tÞ is worked
with directly, instead of Bðx; tÞ] are defined on time grids shifted by Dt. In Eq. 2.1, for
example, the time derivative of Eðx; tÞ therefore ‘‘leaps over’’ the spatial derivatives
of Hðx; tÞ; known as a leap-frog algorithm (vide infra).

Using the Yee spatial-lattice (Fig. 3.1) and second-order accurate central finite-
differences (in both the time and spatial derivatives), approximations to Eqs. 2.1
and 2.2 become

eiþ1=2;j;k

Enþ1=2
x iþ1=2;j;k � En�1=2

x iþ1=2;j;k

Dt
þ Jn

x iþ1=2;j;k

¼
Hn

z iþ1=2;jþ1=2;k � Hn
z iþ1=2;j�1=2;k

Dy
�

Hn
y iþ1=2;j;kþ1=2 � Hn

y iþ1=2;j;k�1=2

Dz
ð3:1Þ

ei;jþ1=2;k

Enþ1=2
y i;jþ1=2;k � En�1=2

y i;jþ1=2;k

Dt
þ Jn

y i;jþ1=2;k

¼
Hn

x i;jþ1=2;kþ1=2 � Hn
x i;jþ1=2;k�1=2

Dz
�

Hn
z iþ1=2;jþ1=2;k � Hn

z i�1=2;jþ1=2;k

Dx
ð3:2Þ

Fig. 3.1 Yee spatial-lattice
used in the FDTD method
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ei;j;kþ1=2

Enþ1=2
z i;j;kþ1=2 � En�1=2

z i;j;kþ1=2

Dt
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: ð3:6Þ

Equations 3.1–3.6 can be solved by discretizing a domain, specifying e and l at
the discrete grid points, and sequentially solving Eqs. 3.1–3.3 and then (3.4–3.6).
Note that 2D equations can be derived from Eqs. 3.1–3.6 by dropping all deriv-
atives with respect to the invariant z-axis (which split into independent TEz and
TMz modes).

3.2.1 Practical Issues

Before FDTD can be used in practice, (exterior) boundary conditions must be
applied and initial waves of arbitrary form must be introduced into the system.
Additionally, to model dispersive materials, the equations must be modified. These
issues are discussed in this subsection.

Boundary Conditions

FDTD can be used to study periodic systems by modeling only a single unit cell
and truncating the domain using periodic boundary conditions. Even when sim-
ulating infinite domains, the computational domain must be truncated. However,
many techniques have been developed to mimic open regions of space. One of the
most successful techniques is to truncate the domain with artificial materials that
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absorb nearly all incident waves, called perfectly matched layers (PML) [12]. An
efficient and accurate way of implementing PML with the Yee spatial-lattice is
to use convolutional PML (CPML) [13]. The implementation of CPML involves
stretching the spatial derivatives and superimposing time-dependent two-com-
ponent functions onto them. A brief introduction to the implementation of CPML
is provided in Sect. 3.3.5 and Ref. [14], and a more complete discussion of PML,
including CPML, can be found in Ref. [15]. These techniques were used for all
of the FDTD calculations in this dissertation, unless otherwise specified.

Initial Conditions

Given suitable initial conditions defined everywhere in the computational domain,
Eqs. 3.1–3.6 will properly evolve the fields according to Eqs. 2.1–2.4. However,
defining computational domains for initial conditions with a large spatial extent is
often inefficient and unnecessary. A more efficient technique to introduce fields
into the computational domain, particularly with the Yee spatial-lattice, is to use
the total-field–scattered-field (TF–SF) technique [15–17]. The implementation of
this involves splitting the domain into two regions, an interior total-field region
and an exterior scattered-field region. The FDTD method is applied directly in
each region without modification. However, near the boundaries, where the spatial
derivatives extend into both regions, the fields are modified using the (known)
incident field so that all equations are consistent.

The TF–SF technique was used for all of the FDTD calculations in this dis-
sertation, unless otherwise specified. Additionally, in order to obtain accurate
Fourier-transformed fields necessary for field (intensity) profiles and optical
responses (see Sect. 2), incident Gaussian-damped sinusoidal pulses containing
frequency content over the range(s) of interest were used, and simulations were
carried out to at least 100 fs.

Dispersive Materials

Equations 3.1–3.6 only apply to regions of non-dispersive materials. Dispersive
materials, such as Au and Ag, can be modeled using a modified set of FDTD
equations, where the frequency-dependent response is modeled in the time-domain
using equivalent current densities that are updated self consistently with the nor-
mal FDTD equations. This is known as the auxiliary differential equation (ADE)
method [5, 18, 19]. In this approach, a model for the dispersive material is chosen
(e.g., the D2L model), inserted into the Maxwell–Ampère law in the frequency-
domain (Eq. 2.6), and the resulting equation is Fourier-transformed to the time-
domain to obtain a modified equation that can be used in FDTD. An example of
such a procedure (albeit with a slightly more complicated dielectric function that
depends on both x and k), is given in Chap. 8 and Appendix E.
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For the D2L model in Eqs. 2.23–2.25, the modified Maxwell–Ampère law in
time-discretized form is

C1EðxÞnþ1=2 ¼ C2EðxÞn�1=2 þ C3EðxÞn�3=2

þr�HðxÞn � 1
2

�
ð1þ jDÞJðxÞn�1=2

D

þ
X2

m¼1

ð1þ aLmÞJðxÞn�1=2
Lm þ fLmJðxÞn�3=2

Lm

h i�
; ð3:7Þ

where

C1 ¼
e0e1
Dt
þ 1

2
bD þ

1
4Dt

X2

m¼1

cLm ð3:8Þ

C2 ¼
e0e1
Dt
� 1

2
bD ð3:9Þ

C3 ¼
1

4Dt

X2

m¼1

cLm ð3:10Þ

jD ¼
1� cDDt=2
1þ cDDt=2

ð3:11Þ

bD ¼
x2

De0Dt=2
1þ cDDt=2

ð3:12Þ

aLm ¼
2� x2

LmDt2

1þ dLmDt
ð3:13Þ

fLm ¼
dLmDt � 1
dLmDt þ 1

ð3:14Þ

cLm ¼
e0DeLmx2

LmDt2

1þ dLmDt
; ð3:15Þ

and the summations over the Lorentz poles use the index m rather than n (as in
other chapters) to avoid confusion with the time-step superscript. Equation 3.7 is
updated analogously to Eqs. 3.1–3.6, and the equivalent current densities, JðxÞD
and JðxÞLm; are updated using the ADEs

JðxÞnþ1=2
D ¼ jDJðxÞn�1=2

D þ bD EðxÞnþ1=2 þ EðxÞn�1=2
h i

ð3:16Þ

JðxÞnþ1=2
Lm ¼ aLmJðxÞn�1=2

Lm þ fLmJðxÞn�3=2
Lm þ cLm

EðxÞnþ1=2 � EðxÞn�3=2

2Dt

 !
:

ð3:17Þ
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3.2.2 Optical Responses

The optical properties of most of the nanostructures in this work were determined
from intensity profiles of the electromagnetic fields (often at a particular x), or from
their optical cross sections [8] (i.e., the amount of power absorbed and/or scattered
relative to the incident light). The former can be calculated by straightforward
Fourier transform (by using a discrete version of that given in Appendix A.1), and
the latter can be calculated by integrating the outward power flow over a closed
perimeter or surface encompassing the structure (the flux) [8, 20], as outlined below.

The absorption cross section rabs is defined as

rabs ¼
PabsðxÞ
IincðxÞ

; ð3:18Þ

where PabsðxÞ is the absorbed power per unit area and IincðxÞ is the magnitude of
the incident power. PabsðxÞ can be defined in terms of the time-averaged Poynting
vector associated with the total fields, Sðx;xÞ,

PabsðxÞ ¼
I
S

dS Sðx;xÞ � n̂ ð3:19Þ

Sðx;xÞ ¼ 1
2
< Eðx;xÞ �Hðx;xÞ�½ � ð3:20Þ

where the closed surface integral encompasses the structure and � denotes complex
conjugation. The scattering cross section rsc can be calculated analogously by
using the scattered fields, and the extinction cross section is the sum of the two,
rext ¼ rabs þ rsc:

3.2.3 Advantages and Disadvantages

There are many advantages to FDTD. One is the simple and straightforward
formulation, as outlined in Eqs. 3.1–3.6. Perhaps the biggest advantage though is
its applicability to a wide range of problems. Any structure can be modeled by
simply specifying e and l (possibly dispersive, using the ADE technique) over a
computational domain (periodic or nonperiodic), and arbitrary incident fields (or
other excitation sources) can be easily inserted into the simulations (using the
TF–SF technique). Because of these advantages, FDTD has been used to model a
number of systems in nanoscience (and other areas), from small to large nano-
structures [20–23] and to periodic systems [24–29].

However, there are disadvantages. First of all, the computational domain must
be discretized using a grid, which leads to geometrical modeling errors, termed
‘‘staircasing errors’’ (the grid causes geometries to look like a staircase). This can,
if one is not careful, render the fields close to the surface of a structure inaccurate.
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Moreover, FDTD is computationally inefficient. For example, in order to model
fine details, small grid spacings have to be used. However, this means that
small grid spacings must be used throughout the entire computational domain
(in general), which can be very computationally demanding.

3.3 A Discrete Action Principle for Electrodynamics
and the Construction of Explicit Symplectic Integrators

Before beginning this section, it should be mentioned that most of the theoretical
background for this work is outside the scope of this dissertation. Such topics
include the potential form of Maxwell’s equations and gauge invariance, the
principle of least action, and Lagrangian mechanics. These topics will not be
discussed in detail, and the interested reader is instead referred to Refs. [30, 31].
Additionally, the relevant concepts, and work herein, may not be of interest to
most chemists (these topics are most likely of interest to a physicist, electrical
engineer, or numerical analyst), and skipping this section will not deter one from
the rest of the work in this dissertation. Nonetheless, it does represent a thought-
provoking exercise as to the appropriate way to integrate Maxwell’s equations in
time, and also discusses fundamental issues that are encountered in most numerical
methods. Therefore, the author encourages the reader to explore this section.

In this section, a discrete action principle for electrodynamics is derived that can
be used to construct explicit symplectic integrators for Maxwell’s equations.
Different integrators are constructed depending on the choice of discrete Lagrangian
used to approximate the action. By combining discrete Lagrangians in an explicit
symplectic partitioned Runge–Kutta method, an integrator capable of achieving any
order of accuracy is obtained. Using the von Neumann stability analysis, it is shown
that the integrators greatly increase the numerical stability and reduce the numerical
dispersion compared to other methods. For practical purposes, it is demonstrated
how to implement the integrators using many techniques used in FDTD. However,
this approach is also applicable to other spatial discretizations, such as those used in
finite element methods. Using this implementation, numerical examples are pre-
sented that demonstrate the ability of the integrators to efficiently reduce and
maintain a minimal amount of numerical dispersion, particularly when the time-step
is less than the stability limit. The integrators are therefore advantageous for mod-
eling large, inhomogeneous computational domains.

3.3.1 Introduction

Many numerical methods have been developed to simulate the dynamics of elec-
tromagnetic fields, such as the FDTD method (discussed in Sect. 3.2) [5, 11] and
time-domain FEM (TD-FEM) (the analogous frequency-domain formulation is
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discussed in Sect. 3.4) [6]. Typically these methods integrate Maxwell’s equations
by approximating the time derivatives with second-order accurate Taylor expan-
sions. These integration methods, along with the spatial discretization, can lead to a
significant amount of numerical dispersion [5, 6], where waves propagate with a
wavelength-dependent velocity through the computational domain. This causes
phase errors, pulse broadening, as well as other problems. In order to reduce the
numerical dispersion, higher-order approximations to the derivatives are often used.
In the context of FDTD, these methods are typically applied to the spatial derivatives
[32]. However, they can also be applied to the time derivatives [33], as long as care is
taken so that the dynamical invariants of the problem (e.g. the energy density) are
preserved. One type of time-integrator that preserves dynamical invariants up to a
desired order of accuracy is a symplectic integrator (SI) [34–47]. SIs for Maxwell’s
equations have appeared before [48–50] in the context of Hamiltonian mechanics.
Some of these schemes have been derived using a ‘‘helicity’’ Hamiltonian [51],
which is not the physical energy density, but nonetheless is equivalent to Maxwell’s
equations. However, it is of interest to develop numerical approaches based on
physical premises so they can be easily extended to more complex situations, such as
the coupling of electromagnetics with quantum mechanics [52]. Another scheme
[49] was derived using a physical Hamiltonian. However, the SIs developed have
limited applicability due to the constraints imposed on the Hamiltonian.

In this section, a different approach is taken, and Lagrangian mechanics is used
to derive a discrete action principle for electrodynamics that can be used to con-
struct a variety of SIs. This approach is based on the discrete variational inte-
gration ideas developed by Marsden and West [53], which have recently been
applied by Qin and Guan to describe charged particle motion in magnetic fields
[54]. Their ideas are extended from particle Lagrangian mechanics to a field theory
in terms of a Lagrangian density [35]. The physically correct Lagrangian density is
then used to develop SIs for a larger class of problems in electrodynamics than
possible using previous approaches. Even though the Lagrangian density is in
terms of potentials, it is shown that the integrators, after construction, can easily be
expressed and implemented entirely in terms of fields.

The structure of this section is as follows. In Sect. 3.2.2, Maxwell’s equations are
reviewed in terms of potentials, and the discrete action principle is extended to a field
theory. In Sect. 3.3.3, SIs for Maxwells equations are constructed, including an
integrator capable of achieving any order of accuracy. The numerical stability and
dispersion of the SIs are analyzed in Sect. 3.3.4. Practical implementation of the SIs
using FDTD techniques is discussed in Sect. 3.3.5. In Sect. 3.3.6, numerical
examples are presented. A summary and outlook are given in Sect. 3.3.7.

3.3.2 The Discrete Action Principle for Electrodynamics

The dynamics of electromagnetic fields are described by Maxwell’s equations,
which, in the time domain, are given by Eqs. 2.1–2.4. Lagrangian mechanics can
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also be used to describe the dynamics, by using the vector [Aðx; tÞ] and scalar
[/ðx; tÞ] potentials, which are related to Eðx; tÞ and Bðx; tÞ by

Bðx; tÞ ¼ r � Aðx; tÞ ð3:21Þ

Eðx; tÞ ¼ � o

ot
Aðx; tÞ � r/ðx; tÞ: ð3:22Þ

In the remainder of this section, the x and t dependencies (or discrete analogues)
are assumed in all quantities, and are not shown explicitely for clarity. The
Lagrangian density, L; for the electromagnetic field can be expressed as

L ¼ e
2

E � E� 1
2l

B � Bþ J � A� q/ ð3:23Þ

or

L ¼ e
2
� o

ot
A�r/

����
����
2

� 1
2l
r� Aj j2þJ � A� q/; ð3:24Þ

where L is a function of A; oA=ot; and /: It is important to note that L, as written,
does not contain a conjugate momentum to /, o/=ot, which arises by fixing the
gauge (for certain choices) [31], and would be necessary in order to develop an
integrator in terms of potentials. However, the desired integrators are in terms of
gauge-invariant fields, and therefore this step is unnecessary (see Sect. 3.3.3).
Equations 2.1 and 2.2 arise from requiring that the action be stationary,

d
Z

dt

Z
dxL ¼ 0 ð3:25Þ

where x, y, z, and t are independent variables, and variations are taken with respect
to / (and o/=ot for certain gauge choices), each component of A and oA=ot, and
the spatial derivatives that enter into r/ and r� A.

Marsden and West showed that, given a suitable Lagrangian, it is possible to
form a symplectic integration scheme based on a discrete form of the action
principle [53]. Their development was in terms of particle Lagrangian mechanics,
but it is straightforwardly generalized to a field theory using a Lagrangian density
as follows. Equation 3.25 is first approximated as

d
X

n

Z
dxLdðn; nþ 1Þ ¼ 0; ð3:26Þ

where Ldðn; nþ 1Þ is an approximation to the time integral of Eq. 3.24 over a
small time interval, h, from time t ¼ tn to tn þ h,

Ldðn; nþ 1Þ �
Ztnþh

tn

dtL: ð3:27Þ
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Within each interval, the functions to be varied are / and the components of A at
times tn and tn þ h, which can be denoted by /n, /nþ1, An, and Anþ1, as well as the
spatial derivatives that enter into r/n, r/nþ1, r� An, and r� Anþ1. All
variations are treated in the standard manner of variational calculus. The com-
ponents An and Anþ1 allow oA=ot to be approximated by relating each of the
components of dAnþ1 to dAn (and similarly for / for certain gauge choices).
Requiring that the variation with respect to Aa be zero, where a ¼ x, y, or z,
leads to

d
dAn

a
Ldðn; nþ 1Þ þ d

dAn
a
Ldðn� 1; nÞ ¼ 0; ð3:28Þ

where variational derivatives are involved,

d
dAn

a
Ldðn; nþ 1Þ ¼ o

oAn
a
Ldðn; nþ 1Þ �

X
b

o

ob
o

oAn
a=ob

� �Ldðn; nþ 1Þ ð3:29Þ

where b ¼ x; y; or z: It is not hard to show that Eq. 3.28 remains satisfied in the
course of time iterations n ¼ 0; 1; . . . if the variables

Pn
a ¼ �

d
dAn

a

Ldðn; nþ 1Þ ð3:30Þ

and

Pnþ1
a ¼ d

dAnþ1
a

Ldðn; nþ 1Þ ð3:31Þ

are the discrete momenta canonically conjugate to Aa: Equations 3.30 and 3.31 can
be used to generate SIs, and are analogous to the equations developed by Marsden
and West [53], except that they include functional derivatives.

3.3.3 Symplectic Integrators

SIs can be constructed in many ways using the ideas presented in Sect. 3.3.2. One
method is to choose a form for the discrete Lagrangian, the simplest of which for
Eq. 3.24 is

Ldðn; nþ 1Þ ¼ h

�
e
2

Anþ1 � An

h
þr/nþ1

����
����
2

� 1
2l
r� Anþ1
�� ��2þJ � Anþ1 � q/nþ1

�
: ð3:32Þ

The discrete momenta, Eqs. 3.30 and 3.31, of A are then
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Pn ¼ e
Anþ1 � An

h
þr/nþ1

� �
ð3:33Þ

Pnþ1 ¼ e
Anþ1 � An

h
þr/nþ1

� �
� h

1
l
r�r� Anþ1 � J

� �
; ð3:34Þ

which can be re-arranged to give the update ðPn;AnÞ ! ðPnþ1;Anþ1Þ,

Anþ1 ¼ An þ h
1
e
Pn �r/nþ1

� �
ð3:35Þ

Pnþ1 ¼ Pn � h
1
l
r�r� Anþ1 � J

� �
: ð3:36Þ

As was noted previously, without gauge fixing [31] an update equation for /
cannot be derived from Eq. 3.32, and thus the SI in Eqs. 3.35 and 3.36 is
incomplete. However, in terms of gauge-invariant fields, a complete SI can be
obtained by taking the curl of both sides of Eq. 3.35 and noting that Eqs. 3.22 and
3.33 imply that P ¼ �eE,

Bnþ1 ¼ Bn � h r� Enð Þ ð3:37Þ

Enþ1 ¼ En þ h

e
1
l
r� Bnþ1 � J

� �
: ð3:38Þ

It is important to note that, despite the appearance and context of Eqs. 3.37 and
3.38, E and B are not canonically conjugate variables.

Equations 3.37 and 3.38 represent a simple, first-order accurate in time prop-
agation scheme for Maxwell’s equations derived from a discrete Lagrangian
approximation to the physically correct Lagrangian density. These equations are
similar to the leapfrog method, which is symplectic, often used in FDTD (see
Sect. 3.2) and TD-FEM, except that the fields are not staggered in time. Higher-
order integration schemes can be constructed using more complex discrete
Lagrangians, although they are often implicit.

Discrete Lagrangians can also be combined to give a new discrete Lagrangian
of higher order or some other desired property [54, 55], from which an explicit SI
can be derived. A simple way to do this is to use an explicit symplectic partitioned
Runge–Kutta (pRK) method [38, 41, 42], which below is generalized to describe
field theory problems. In this approach, a given time-step is broken up into r
stages, and the canonical variables A and P, which include, but are not limited to
the vector potential and conjugate momentum, are updated as

Ajþ1 ¼ A j þ hbj
o

ot
A

� �j

ð3:39Þ
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Pjþ1 ¼ P j þ h~bj
o

ot
P

� �jþ1

ð3:40Þ

for j ¼ 1. . . r, where

o

ot
P

� � j

¼ d
dAj
L ð3:41Þ

Pj ¼ d

d oA=otð Þj
L ð3:42Þ

and the coefficients bj and ~bj must satisfy certain conditions in order for the pRK
method to be symplectic and explicit [41, 42]. Note that the time derivative

ðoA=otÞj appearing in Eq. 3.39 is obtained by solving (the implicit) Eq. 3.42. The
SI in Eqs. 3.39 and 3.40 updates the initial values ðP1;A1Þ at time tn to their final
values ðPrþ1;Arþ1Þ at time tn þ h. The coefficients bj and ~bj exist for any order of
accuracy, and have been derived by numerous authors [34–47]. The table in
Fig. 3.2 shows a small selection of these coefficients.

For the Lagrangian density in Eq. 3.24, the explicit pRK method is

Ajþ1 ¼ A j þ bjh
1
e
P j �r/jþ1

� �
ð3:43Þ

Pjþ1 ¼ P j � ~bjh
1
l
r�r� Ajþ1 � J

� �
; ð3:44Þ

from which a discrete Lagrangian for each step can be identified as

Ldðj; jþ 1Þ ¼ h

	
1
bj

e
2

Ajþ1 � A j

h
þr/jþ1

����
����
2

þ ~bj �
1

2l
r� Ajþ1
�� ��2þJ � Ajþ1 � q/jþ1

� �

: ð3:45Þ

Fig. 3.2 Select coefficients for the explicit pRK method, Eqs. 3.39 and 3.40. Note that the
superscripts a, b, and c refer to Refs. [36], [40], and [47], respectively
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If r ¼ 1, Eqs. 3.43–3.45 are equivalent to Eqs. 3.32, 3.35, and 3.36, the symplectic
Euler method (SI.1); see the table in Fig. 3.2. For r 6¼ 1, Eqs. 3.43–3.45 are
equivalent to a composition of symplectic Euler steps (SI.1) scaled by bj and ~bj; a
general result for every explicit symplectic pRK method [41, 56]. Again, without
gauge fixing [31], an update equation for / cannot be derived from Eqs. 3.43 and
3.44, but a complete SI in terms of B and E can be obtained by taking the curl of
both sides of Eq. 3.43 and using the relation P ¼ �eE,

Bjþ1 ¼ B j � hbj r� Ej

� �
ð3:46Þ

Ejþ1 ¼ E j þ h~bj
1
e

1
l
r� Bjþ1 � J

� �
: ð3:47Þ

It is interesting to note that Eqs. 3.46 and 3.47 could have been derived by treating
E and B as canonically conjugate variables, and applying the pRK method directly
to Eqs. 2.1 and 2.2 using a ‘‘helicity’’ Hamiltonian [51], similar to Ref. [48].
However, as noted before, it is very important to realize that E and B are not
canonically conjugate variables with respect to a Hamiltonian that corresponds to
the physical energy density. A SI derived on the basis of a ‘‘helicity’’ Hamiltonian
is only guaranteed to preserve ‘‘helicity’’ up to a desired order of accuracy, and not
the physical dynamical invariants. Only by arriving at Eqs. 3.46 and 3.47 using the
physically correct Lagrangian density for the electromagnetic field and true
canonical variables, A and oA=ot, is it possible to show that the physical
dynamical invariants are preserved. In addition, the approach of developing SIs
using the physically correct Lagrangian density allows the extension of these
principles to other problems, such as the coupling of quantum mechanics and
electrodynamics [52], which typically occurs through a Lagrangian density for the
combined system.

3.3.4 Numerical Stability and Dispersion

A fundamental source of error in numerical methods is that waves propagate with a
wavelength-dependent velocity, known as numerical dispersion. For spatially
discretized domains, the dispersion also depends on the propagation direction with
respect to the discretization [5, 57]. In addition, explicit methods are limited to a
maximum stable time-step, hmax [58]. Both of these issues can be analyzed using
the von Neumann stability analysis [33], which below is applied to the SIs
developed. For simplicity, considering a source free region (J ¼ 0), Eqs. 3.46 and
3.47 can be rewritten in matrix form,

Bnþ1

Enþ1

	 

¼

Y1

j¼r

I 0
h~bj=el
� �

C I

	 

I �hbj

� �
C

0 I

	 
( )
Bn

En

	 

ð3:48Þ
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where the field vector contains all Cartesian components,

Bn

En

	 

¼ Bn

x Bn
y Bn

z En
x En

y En
z

h iT
; ð3:49Þ

I is the 3� 3 identity matrix, and C is a matrix containing the spatial operations
from the curl operator,

C ¼
0 �o=oz o=oy

o=oz 0 �o=ox
�o=oy o=ox 0

2
4

3
5: ð3:50Þ

It is important to note the order of matrix multiplication in Eq. 3.48. Eigenmodes
of the continuous Eqs. 2.1 and 2.2 are assumed to be of the form

Bn

En

	 

¼ fneiðk�xÞ B0

E0

	 

; ð3:51Þ

where the time dependence of the mode is contained in the phase factor f, which
analytically is e�ixh (where x is the angular frequency of the mode), and gives
information on both the numerical stability and dispersion. Inserting Eq. 3.51 into
Eq. 3.48 and rearranging gives

f B0

E0

	 

¼

Y1

j¼r

I 0
h~bj=el
� �

~C I

	 

I �hbj

� �
~C

0 I

	 
( )
B0

E0

	 

; ð3:52Þ

where

~C ¼
0 �fz fy

fz 0 �fx

�fy fx 0

2
4

3
5 ð3:53Þ

with fa (with a ¼ x, y, or z) being the result of applying the operations in Eq. 3.50
on Eq. 3.51, which depends on the spatial discretization. For example, for grid-
based central discretizations

fa ¼ i2
sin kaDa=2ð Þ

Da
; ð3:54Þ

where ka is the a-component of k: Equation 3.52 is an eigenvalue equation with
eigenvalues f; and while it is possible to solve by hand for low stage numbers r;
the analysis can become quite extensive as r increases, and Maplesoft Maple 9.5
was used below to obtain expressions for f when r [ 2.
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Numerical Stability

If jfj[ 1, then the eigenmode (Eq. 3.51) increases in powers of n, and the method
is unstable. Therefore, to find the stability limit, Eq. 3.52 is solved for h with the
condition jfj � 1. Numerically, by rearranging the expressions so-obtained for h, it
is found, for all SIs discussed, that

h� iC
el

f 2
x þ f 2

y þ f 2
z

 !1=2

; ð3:55Þ

where C is a stability coefficient that depends on the integrator. It is important to
note that Eq. 3.55 appears to be imaginary, but the spatial discretization functions,
fa, are also imaginary, which makes the expression real. For example, using the
SI.2 coefficients and Eq. 3.54, C ¼ 2 and Eq. 3.55 gives the stability limit of the
FDTD method [5]. Stability coefficients for the SIs from the table in Fig. 3.2 are
shown in the table in Fig. 3.3. The high-order integrators are seen to greatly
increase the stability limit, allowing much larger time steps, with SI.4 giving an
increase of *4.12 times SI.1 and SI.2. However, this increase in stability comes at
the expense of increased computational effort (multiple steps), and the efficiencies,
in comparison to the single-step methods and FDTD, are also shown in the table in
Fig. 3.3. Even though there is a slight decrease in efficiency, the following section
shows there is a great reduction in numerical dispersion.

Numerical Dispersion

After one time-step ðn! nþ 1Þ, Eq. 3.51 shows that the phase of the eigenmodes,
f, will be rotated in the complex plane by an angle determined by xh. The amount
of rotation using numerical methods will differ from the analytical form, with a
difference that depends on x (for a fixed h), leading to numerical dispersion. It is
numerically found, for all of the SIs with r-stages that are considered here, that

< fð Þ ¼ 1� g
Xr

j¼1

cj; ð3:56Þ

where cj are the numerically determined coefficients that depend on the integrator,
and

Fig. 3.3 Stability coefficients for Eq. 3.55, and the efficiency in comparison to SI.1. The FDTD
method is included in this table, as discussed in the text
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g ¼ � h2

el

� �
f 2
x þ f 2

y þ f 2
z

� �
: ð3:57Þ

Values of the coefficients for the SIs in the table in Fig. 3.2 are shown in the table
in Fig. 3.4. Considering an exact spatial discretization, so the dispersion due to the
SIs alone can be studied, Eq. 3.57 becomes

g ¼ h2

el

� �
k2

x þ k2
y þ k2

z

� �
¼ h2

el

� �
k2 ¼ xhð Þ2: ð3:58Þ

From Eq. 3.58, it is seen that Eq. 3.56 is essentially a truncated Taylor expansion
for cosðxhÞ, which is the analytical form of <ðfÞ in Eq. 3.51. Figure 3.5 shows
Eq. 3.56 and cosðxhÞ plotted over the range 0	xh\p for the SIs in the table in
Fig. 3.2. High numerical dispersion is seen to occur using the low-order SIs, SI.1
and SI.2, especially for high x, which significantly decreases by using the high-
order ones. Calculated values of the maximum and average errors of each SI are
shown in the table in Fig. 3.4, where, for example, it is seen that the average error
using SI.4 is only 0.027% compared to 32.533% by using SI.1 or SI.2. It is
important to also note that significant additional dispersion arises from the spatial
discretization, which can be independent from the time-integration method, such
as intrinsic velocity anisotropy in FDTD [57].

3.3.5 Practical Implementation Using FDTD Techniques

Just as with FDTD outlined in Sect. 3.2, for the SIs to be practically useful, the
spatial domain must be discretized, boundary conditions must be applied, and
initial waves of arbitrary form must be easily introduced into the domain. These
are extremely important issues that are often not considered when new numerical
approaches for solving Maxwell’s equations are developed. The modern forms of
the FDTD method effectively deal with these issues (as outlined in Sect. 3.2) [5],
thus accounting for its continued popularity. In this section, it is described how
such techniques can be used for the implementation of these integrators.

Fig. 3.4 Coefficients for Eq. 3.56, and the maximum and average errors associated with the SIs
rotation of the real part of the eigenmode phase compared to the analytical form, cosðxhÞ, over
the range 0	xh\p
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Spatial Discretization

As mentioned previously, for a numerically accurate solution it is crucial that the
spatial discretization allows E and B to satisfy Eqs. 2.3 and 2.4, as well as the
appropriate boundary conditions across material interfaces. One suitable discret-
ization is with the Yee spatial-lattice [11] (see Fig. 3.1), where E and B circulate
each other on a Cartesian grid, and the spatial derivatives are approximated using
Taylor expansions.

Boundary Conditions

Also mentioned previously, even when simulating infinite domains, the compu-
tational domain must be truncated. The focus here will be on one of the most
successful techniques to truncate a domain, CPML [13], which absorbs nearly all
incident waves and simulates an infinite extent along the truncation direction.
Neglecting reflection errors from the CPML, the interior numerical solution (i.e.
not inside the CPML) is unaffected [5].

The implementation of CPML involves stretching the spatial derivatives in the
curl operators and superimposing time-dependent functions, U and W, onto them.
In a region of CPML, Eqs. 3.46 and 3.47 become

Bjþ1 ¼ B j � hbj rS � E j þ Uj
� �

ð3:59Þ

Ejþ1 ¼ E j þ h~bj
1
e

1
l
rS � Bjþ1 þWjþ1 � J

� �
; ð3:60Þ

where rS� is a curl operator with stretched spatial derivatives,

Fig. 3.5 SI rotation of the
real part of the eigenmode
phase after a single time-step
in comparison to the
analytical form, cosðxhÞ,
over the range 0	xh\p.
The inset shows an expanded
view of the high xh region
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rS � F ¼ x̂
1
jy

oFz

oy
� 1
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1
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oz
� 1

jx

oFz
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� �
þ ẑ

1
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oFy
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� 1
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oFx
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� �

ð3:61Þ

where ja (a ¼ x, y, or z) is a scaling factor that increases from 1 at a ¼ 0 to ja;max

at a ¼ da, where da is the depth of the CPML in the a-direction. Various formulas
exist for ja [5], one of the most successful being polynomial grading with CPML
depth [59],

ja ¼ 1þ ðja;max � 1Þ a
da

� �m

ð3:62Þ

where m is the polynomial order. The functions U and W are given by

U ¼ x̂ðUx;y;z � Ux;z;yÞ þ ŷðUy;z;x � Uy;x;zÞ þ ẑðUz;x;y � Uz;y;xÞ ð3:63Þ

W ¼ x̂ðWx;y;z �Wx;z;yÞ þ ŷðWy;z;x �Wy;x;zÞ þ ẑðWz;x;y �Wz;y;xÞ; ð3:64Þ

and are updated by the equations

Ujþ1
a;b;c ¼ w1;aU

j
a;b;c þ w2;a

oEjþ1
c

ob
ð3:65Þ

Wjþ1
a;b;c ¼ w1;aW

j
a;b;c þ w2;a

1
l

oBjþ1
c

ob
; ð3:66Þ

where a; b; c = x; y, or z, and

w1;a ¼ e
� ra

e0ja
þaa

e0

� �
Dh

ð3:67Þ

w2;a ¼
ra

raja þ j2
aaa
ðw1;a � 1Þ; ð3:68Þ

where Dh ¼ h~bj and Dh ¼ hbj for the coefficients in Eqs. 3.65 and 3.66, respec-
tively. Polynomial gradings for ra and aa are given by

ra ¼ ra;max

a
da

� �m

ð3:69Þ

aa ¼ aa;max 1� a
da

� �ma

; ð3:70Þ

where the polynomial order ma is independent from m. Equations 3.69 and 3.70
show that ra increases from 0 at a ¼ 0 to ra;max at a ¼ da, and aa decreases from
aa;max at a ¼ 0 to 0 at a ¼ da. Optimum parameters for da;m;ma; ja; ra, and aa are
simulation dependent, but for general FDTD simulations, effective parameters
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have been found to be da � 10Da, m ¼ 3 or 4, ma ¼ 1, 7\ja;max\20,
0:15\aa;max\0:3, and 0:8ra;opt\ra;max\1:4ra;opt [60, 61], where

ra;opt �
0:8ðmþ 1Þ

Da
e0

er;efflr;optl0

 !1=2

; ð3:71Þ

with Da being the grid spacing in the a-direction, and er;eff and lr;eff are the
effective relative permittivity and permeability, respectively, of the CPML (chosen
to be the materials at infinity). For a complete discussion of CPML, including
derivations of Eqs. 3.59–3.71 (for FDTD), see Refs. [5, 13].

Initial Conditions

Given suitable initial conditions defined everywhere in the computational domain,
the SIs will properly evolve the fields according to Eqs. 2.1 and 2.2. The most
efficient technique to introduce fields into the computational domain, particularly
with the Yee spatial-lattice, is to use the TF–SF technique [15–17], as discussed in
Sect. 3.2.1. The SIs can be used directly in each region without modification.
However, near the boundaries, where the spatial derivatives extend into both
regions, the spatial derivatives must be modified using the (known) incident field
so that all equations are consistent (as with regular FDTD).

3.3.6 Numerical examples

In this section, numerical examples are presented that demonstrate the validity of
the FDTD implementation techniques, and that the high-order SIs do efficiently
reduce the numerical dispersion. The first example considers a calculation of the
scattering cross section of a 100 nm radius infinite cylinder in the xy-plane with a
RI of n ¼ 3:0 illuminated with TEz-polarized light. For this calculation, a 2D
computational domain 300� 300 nm was discretized using the Yee spatial-lattice
with grid spacings of Dx ¼ Dy ¼ 1 nm, and terminated with 20 layers of CPML.
Spatial derivatives were approximated using second-order accurate Taylor
expansions. A Gaussian-damped sinusoidal pulse traveling in the þx-direction,

e�
t� x�x0ð Þ=c½ �2

2r2 sin x0tð Þ ð3:72Þ

where r is the width of the damping, x0 is the center position of the pulse at t ¼ 0,
and x0 is the center angular frequency, was introduced into the computational
domain using the TF–SF technique. The parameters in Eq. 3.72 were chosen such
that the pulse had wavelength content over the range of interest (k ¼ 350–1; 000
nm): r ¼ 0:11 fs and x0 ¼ 600 nm. The scattering cross section was calculated by
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integrating the normal component of the Poynting vector around a closed surface
encompassing the cylinder using the frequency-domain scattered fields, which
were obtained by Fourier transforming the time-domain fields for 100 fs, as
outlined in Sect. 3.2.1. The result calculated using SI.4 with h ¼ 0:99hmax is
shown in Fig. 3.6, where very accurate results can be seen. Figure 3.6 is not meant
to imply that the other SIs give significantly less accurate results (see below for a
detailed comparison), but rather that the FDTD implementation techniques work.

In order to appreciate the ability of the high-order SIs to efficiently reduce
numerical dispersion, the analytical propagation of a narrow Gaussian pulse can be
compared to the numerical result over a long distance. A 400 lm 1D computa-
tional domain was discretized using the Yee spatial-lattice with grid spacings of
Dx ¼ 5 nm. Spatial derivatives were again approximated using second-order
accurate Taylor expansions. A Gaussian pulse traveling in the þx direction,

Ey t; xð Þ ¼ e�
t� x�x0ð Þ=c½ �2

2r2 ð3:73Þ

Bz t; xð Þ ¼ 1
c
e�

t� x�x0ð Þ=c½ �2
2r2 ; ð3:74Þ

was inserted into the computational domain by specifying initial values of Ey and
Bz; Eqs. 3.73 and 3.74, everywhere with t ¼ 0;x0 ¼ 200lm; and r ¼ 0:025 fs,
chosen such that the pulse contained wavelength content down to approximately
60 nm, where extremely high numerical dispersion was expected to occur. The
simulation was stopped after 500 fs, upon which time the pulse had only propa-
gated approximately 150 lm; and therefore no boundary truncation (e.g. CPML)
was necessary.

For all t;Ey and Bz are theoretically specified everywhere in the computational
domain by Eqs. 3.73 and 3.74. However, because of numerical dispersion, not all
frequency components of the pulse will propagate at the same speed, and thus over
time its structure will deform. In order to measure this deformation, the energy of
the error between the analytical and numeric pulses can be looked at,

Fig. 3.6 Scattering cross
section of a 100 nm radius
infinite cylinder with RI of
n ¼ 3:0 calculated with SI.4
and implemented using
FDTD techniques. The results
are in comparison to the
analytical Mie theory result
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Z
1
2

e En
y xð Þ � Ey nh; xð Þ

h i2
þ1

l
Bn

z xð Þ � Bz nh; xð Þ
 �2� �

dx: ð3:75Þ

For the discretization under consideration, Eq. 3.75 becomes

Dx
XL

l¼1

1
2

e En
y lDxð Þ � Ey nh; lDxð Þ

h i2
þ1

l
Bn

z lDxð Þ � Bz nh; lDxð Þ
 �2� �

; ð3:76Þ

where L is the number of grid points. Absolute errors normalized by the incident
energy with h ¼ 0:95hmax for all of the SIs discussed are shown in Fig. 3.7a. It
should be noted that measurements began after the pulse had propagated 10 fs to
avoid numerical errors associated the initial conditions (e.g., evanescent and
�x-directed wave components). For all SIs, the error is seen to increase over time,
as expected, and those associated with SI.3 and SI.4 are less than half of that of
SI.1 and SI.2.

It is interesting to observe what happens when h
 hmax. This may correspond
to a simulation with an inhomogeneous computational domain, where hmax differs
by region. Figure 3.7b shows the same situation as Fig. 3.7a, except with
h ¼ 0:5hmax:The errors associated with SI.1 and SI.2 are seen to dramatically

Fig. 3.7 Energy of the error
relative to the incident energy
as a function of time in the
propagation of a 1D Gaussian
pulse for SIs.1–4 with
a h ¼ 0:95hmax and
b h ¼ 0:5hmax
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decrease, whereas those of SI.3 and SI.4 remain relatively the same (and still
below SI.1 and SI.2). The high-order integrators are therefore particularly well-
suited for maintaining a minimal amount numerical dispersion in inhomogeneous
computational domains. In order to directly compare the SIs, the errors relative to
the single step method (SI.1) can be calculated, Fig. 3.8a. As expected from
Fig. 3.7, the error of SI.2 is almost identical to SI.1, while SI.3 and SI.4 have
significantly less. In addition, although hard to discern from Fig. 3.8, the relative
errors of SI.3 and SI.4 decrease over time. Multiplying the results in Fig. 3.8a by
the efficiency in Fig. 3.3 gives an idea of the error per computational effort. The
result is shown in Fig. 3.8b, and demonstrates that the high-order SIs efficiently
minimize numerical dispersion.

3.3.7 Summary and Outlook

A discrete action principle for electrodynamics was derived, which was then used
to construct explicit SIs for Maxwell’s equations. The physically correct electro-
dynamics Lagrangian density, involving the vector and scalar potentials, was used

Fig. 3.8 a Energy of the
error as a function of time in
the propagation of a 1D
Gaussian pulse for SIs.1–4
relative to SI.1 and with
h ¼ 0:95hmax. b Error per
computational effort
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for this formulation, but it was demonstrated that the integrators could all be
expressed entirely in terms of the electric and magnetic fields. By combining
discrete Lagrangians in an explicit symplectic pRK method, an integrator capable
of achieving any order of accuracy was obtained. The numerical stability was
shown to be greatly increased and the numerical dispersion greatly decreased,
compared to other methods, by using the high-order integrators. Numerical
examples were presented that demonstrated this, especially as the time-step was
decreased from the maximum stable one. These integrators are therefore partic-
ularly well-suited for modeling the propagation of electromagnetic waves in large,
inhomogeneous computational domains. It was demonstrated that the integrators
can be used along with a lot of the standard embellishments of FDTD, which were
used for the numerical examples. However, the integrators are not limited to a
finite-difference method, and can also be implemented using other approaches.

The integrators presented in this section do not explicitly allow for dispersive
materials, which would involve additional current or polarization terms that would
be coupled to E. However, such behavior can be incorporated with the integrators
using a split-operator approach as used in Ref. [62], and is, at the time of this
writing, under investigation, as well as other approaches for modeling these
materials.

Before ending this section, it is worth mentioning that the ideas presented here
can be used to construct SIs for other approaches in physics that are based on
Lagrangian mechanics, such as the Car–Parrinello molecular dynamics method
[63] and time-domain DFT [64].

3.4 The Finite-Element Method (FEM)

A method which does not suffer the geometric modeling limitations and have (as
much) computational inefficiency of FDTD is the Finite-Element Method (FEM).
Finite-element methods are particularly useful for solving a partial differential
equation constrained by boundary conditions. In this dissertation, FEM is used to
solve Eqs. 2.10 and 2.13. The method outlined below is specifically for the 3D
variant (Eq. 2.10), from which the corresponding 2D version (Eq. 2.13) can be
inferred (technically, the surface integral portions of 3D FEM correspond to 2D
FEM). Further details of the 2D method can be found in Refs. [2, 6].

Inserting Dðx;xÞ ¼ e0eðxÞEðx;xÞ into Eq. 2.10 gives an equation in terms of
only one unknown field, Eðx;xÞ,

r� 1
lr
r� Eðx;xÞ

	 

� k2

0eðxÞEðx;xÞ ¼ ik0Z0Jðx;xÞ; ð3:77Þ

where k0 ¼ x=c, where c is the speed of light in a vacuum, lr ¼ l=l0 and eðxÞ are

relative permeability and permittivity values, respectively, and Z0 ¼ ðl0=e0Þ1=2 is
the impedance of free space.
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Before Eq. 3.77 can be solved, boundary conditions must be applied. A major
focus herein is on open-region scattering problems, and infinitely far from scat-
tering object(s) embedded in a uniform (background) dielectric medium with RI nb

(and lr ¼ 1) and illuminated by a plane wave (see Sect. 3.4.1), the form of the
scattered fields, Escðx; tÞ, are outward propagating plane waves,

lim
r!1

r r� Escðx; tÞ � ik0nbr̂ � Escðx; tÞ½ � ¼ 0 ð3:78Þ

where r̂ is the outward pointing unit vector associated with r ¼ ðx2 þ y2 þ z2Þ1=2.
Equation 3.78 is known as the Sommerfeld radiation condition, which for open-
region scattering problems is a necessary boundary condition on the exterior of a
computational domain. (Note that for a scattering object at the origin, Eq. 3.78 is
exact as r !1.)

3.4.1 Open-Region Scattering Functional

From the calculus of variations, Eðx;xÞ, incorporating Eqs. 3.77 and 3.78 in a
domain V truncated by a spherical surface oV (this requirement is not necessary,
however a more sophisticated boundary condition than Eq. 3.78 should be used in
this case [6]) is determined from the functional

F Eðx;xÞ½ � ¼ 1
2

Z
V

�
1
lr
r� Eðx;xÞ½ � � r � Eðx;xÞ½ �

� k2
0eðxÞEðx;xÞ � Eðx;xÞ

�
dV � 1

2

Z
oV

�
ik0nb

lr
r̂ � Eðx;xÞ½ � � r̂ � Eðx;xÞ½ �

� 1
lr

Eðx;xÞ � Uinc x;xð Þ
�

dðoVÞ � ik0Z0

Z
V

Eðx;xÞ � Jðx;xÞ½ �dV ; ð3:79Þ

where

Uinc x;xð Þ ¼ r̂ �r� Einc x;xð Þ � ik0nbr̂ � r̂ � Einc x;xð Þ; ð3:80Þ

where Einc is the incident field. It is important to note that, in practice, r̂ should be
interpreted as n̂, the outward pointing unit vector normal to the surface. See
Appendix C for a derivation of Eq. 3.79. It is easily verified that the stationary
point of F Eðx;xÞ½ �, dF Eðx;xÞ½ � ¼ 0, gives Eq. 3.77 in V with Eq. 3.78 on oV . For
the work herein, Einc x;xð Þ is assumed to be plane wave with amplitude E0 in the
medium nb;

Einc x;xð Þ ¼ E0 cosðaÞĥþ sinðaÞ/̂
h i

eikinc�x ð3:81Þ
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where a is the polarization angle and kinc is given by

kinc ¼ nbk0 sinðhÞ cosð/Þx̂þ sinðhÞ sinð/Þŷþ cosðhÞẑ½ �; ð3:82Þ

where h and / are the polar and azimuthal angles, respectively, and ĥ and /̂ are the
corresponding unit vectors.

To find the stationary point of F Eðx;xÞ½ �, the computational domain is dis-
cretized using a number of elements (which can be tetrahedral, cubic, etc.), and the
unknown field Eðx;xÞ is approximated over each one. Information about the
computational domains that were used for the calculations in this dissertation are
discussed in the context of specific applications (e.g., see Chap. 5). The functional
in Eq. 3.79 can then be written as

F Eðx;xÞ½ � ¼
X

e

F Eðx;xÞe½ �e; ð3:83Þ

where Eðx;xÞe is the field defined only over the element e, and is determined from
the functional F Eðx;xÞe½ �e.

3.4.2 Basis Functions Approximation

To approximate Eðx;xÞe, a basis function expansion is used. Basis functions in V
and on oV are both needed, which also must be compatable—i.e., the basis
functions on the faces of V must reduce to those on oV on the corresponding face
of V . (Below, the basis functions for V are specifically described, from which
those on oV can be inferred.) The form of this expansion depends on the type of
element used for discretization, which below is taken to be tetrahedral in V (which
implies a triangular discretization on oV). It is important to note that, regardless of
the element shape, the basis functions should also be chosen such that Eqs. 2.8 and
2.9 are satisfied over each element, as well as the boundary condition that requires
the tangential component of Eðx;xÞ to be continuous across elements with dif-
ferent permittivities, Eq. 2.14.

In this dissertation, basis functions constructed from Whitney edge elements
(vector-form basis functions) [65] are used,

XcbðxÞ ¼ ncrnb � nbrnc ð3:84Þ

where c and b are two nodes of a given element which share the edge cb, and nc

and nb are the corresponding simplex coordinates. Equation 3.84 satisfies all of the
aforementioned necessary conditions of basis functions, and implies that there are
six such functions per tetrahedral volume and three per triangular facet (six even
permutations of c and b ¼ 1; 2; 3; or 4 with c\b). The basis functions in Eq. 3.84
point from node c to b and have a constant tangential component along edge cb,
which goes to zero along all other edges [65]. While the basis functions in Eq. 3.84
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can be used directly, the field described by such a function is represented as a
polynomial of first-order, pf ¼ 1, and the curl of this field is represented by a
polynomial of one less order, pc ¼ pf � 1 ¼ 0 (in electrodynamics, both the field
and its curl are important). In order to obtain a more accurate representation of
Eðx;xÞ, basis functions constructed from Eq. 3.84 that have a curl complete to a
higher order can be used [66]. For a given order pc, the field is interpolated at
ðpc þ 1Þðpc þ 3Þðpc þ 4Þ=2 points: 6ðpc þ 1Þ points along the edges, 4pcðpc þ 1Þ
on the faces, and pcðpc � 1Þðpc þ 1Þ=2 in the interior. Each interpolation point is
related to a given edge cb, and is described by four indices i; j; k; and l; which
range from 1 to pc þ 1 with the constraint iþ jþ k þ l ¼ pc þ 2: This indexed
point corresponds to the location

n ¼ i

pc þ 2
;

j

pc þ 2
;

k

pc þ 2
;

l

pc þ 2

� �
; ð3:85Þ

where n ¼ ðn1; n2; n3; n4Þ:
The approximation to Eðx;xÞ within each element is then

Eeðx;xÞ �
X
cb

X
i;j;k;l

Xcb
i;j;k;lðxÞ/

cb
i;j;k;lðxÞ; ð3:86Þ

where /cb
i;j;k;lðxÞ is the (unknown) value of Eðx;xÞ at n and Xcb

i;j;k;lðxÞ is the pth
c -

order basis function given by

Xcb
i;j;k;lðxÞ ¼ Ncb

i;j;k;l

ðpc þ 2Þ2ncnbâi;j;k;lðnÞ
icib

XcbðxÞ; ð3:87Þ

where ic and ib are the values of i; j; k; or l for c and b ¼ 1; 2; 3; or 4 respectively,

Ncb
i;j;k;l is a normalization factor,

Ncb
i;j;k;l ¼

pc þ 2
pc þ 2� ic � ib

lcb ð3:88Þ

where lcb is the length of edge cb (at the point n), and âi;j;k;l is a Silvester–Lagrange
interpolating polynomial,

âi; j; k; lðnÞ ¼ R̂iðpc þ 2; n1ÞR̂jðpc þ 2; n2ÞR̂kðpc þ 2; n3ÞR̂lðpc þ 2; n4Þ ð3:89Þ

where R̂iðp; nÞ (or analogously for j; k; or l) is a shifted Silvester polynomial given by

R̂iðp; nÞ ¼
1

ði�1Þ!

Yi�1

m¼1

ðpn� mÞ if 2� i� pþ 1

1 if i ¼ 1

8<
: : ð3:90Þ

It is found that taking pc ¼ 1 is sufficient to adequately converge far-field prop-
erties (e.g., cross sections), while pc	 2 is necessary to converge those in the
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near-field (e.g., the electromagnetic fields near the surface of a structure).
Therefore, in this dissertation, pc values were taken to be 1 and 2, respectively.

3.4.3 Determination of the Unknown Field

Inserting Eq. 3.86 into Eqs. 3.83 and 3.79 and finding the stationary point with
respect to each /jðxÞ gives a set of linear equations for the unknown values /iðxÞ
(where i and j now refer to global index numbers for the unknowns, and should not
be confused with any aforementioned indices),

KV½ � þ KoV½ �ð Þ /f g ¼ bf g ð3:91Þ

where /f g is a column vector containing /iðxÞ, and bf g, KV½ �; and KoV½ � are a
known column vector and known matrices given by

KV½ �ij¼
Z
V

(
1
lr
r� Xi xð Þ½ � � r � Xj xð Þ

 �
� k2

0eðxÞXi xð Þ � Xj xð Þ
)

dV ð3:92Þ

KoV½ �ij¼ �
Z
oV

ik0nb

lr
r̂ � Xi xð Þ½ � � r̂ � Xj xð Þ

 �
dðoVÞ ð3:93Þ

bf gi¼ �
1
2

Z
oV

1
lr

Xi xð Þ � Uinc x;xð ÞdðoVÞ þ ik0Z0

Z
V

Xi xð Þ � Jðx;xÞ½ �dV : ð3:94Þ

The integrals in Eqs. 3.92–3.94 can either be evaluated numerically [67, 68] or
analytically, after which the (highly sparse and complex-symmetric) matrix
equation (Eq. 3.91) can be solved directly (for very small systems) or by using
iterative methods. For the calculations in this dissertation, KV½ � and KoV½ � were
evaluated analytically, while bf g was evaluated numerically using Gauss–
Legendre quadrature (7 points per triangular face). The resulting matrix equation
was solved using a sparse LU decomposition.

3.4.4 Optical Responses

After solving for the unknown field Eðx;xÞ, optical responses (cross sections) can
be calculated using volume integral equations [69],

rabs ¼
k0

jE0j2
Z
V

Im½eðxÞ�Eðx;xÞ � Eðx;xÞ�dV ð3:95Þ

48 3 Theoretical and Computational Methods



rext ¼
k0

jE0j2
Im

Z
V

½eðxÞ � 1�Eðx;xÞ � Einc x;xð Þ�dV

8<
:

9=
; ð3:96Þ

rsc ¼ rext � rabs: ð3:97Þ

3.4.5 Advantages and Disadvantages

Just like any computational method (e.g., FDTD), FEM has advantages and dis-
advantages. The biggest disadvantage is its complicated formulation, as outlined
above. Another disadvantage is that FEM is not particularly well-suited for
modeling periodic systems. For example, the method outlined in this section was
for open-region scattering problems. A completely different formulation exists for
periodic systems due to different boundary conditions than that in Eq. 3.78. Thus,
the method is not as generally applicable as FDTD, for example.

However, the advantages outweigh the disadvantages in a number of situations.
The biggest advantage of FEM is that it does not suffer from geometric modeling
errors, and, in principle, can model any structure exactly [6]. This allows the
determination of near-fields around structures arbitrarily close to their surfaces, a
property particularly important for a number of effects, such as SERS enhancements;
see Chap. 5. In addition, FEM is often more computationally efficient than FDTD.
For example, in order to model fine details in a large computational domain, all one
has to do is use small elements in the necessary region(s), or places where the fields
are expected to rapidly vary, and large elements elsewhere. In one study comparing
FDTD to FEM, it was found that to accurately calculate the near-fields of a 50 nm
diameter cubic Ag nanoparticle, FDTD took 8 h to complete on 256 2.6 GHz dual-
core processors, while FEM only took 4 h on a single 3.4 GHz processor [3].

3.5 Specialized Methods

As mentioned in Sect. 3.1, both FDTD and FEM can be computationally
demanding. Therefore, for some specific applications, specialized methods that are
more computationally efficient have been developed. Two methods that are of
relevance to the work in this dissertation are RCWA and the modal expansion
method, both described below.

3.5.1 The Rigorous Coupled-Wave Analysis

A computationally efficient approach to study periodically structured films is
RCWA [70, 71]. An additional benefit of RCWA is that specific diffraction orders
can be independently studied.
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A schematic diagram of the 2D system under consideration with RCWA is
shown in Fig. 3.9 for TEz polarization. The system consists of a 1D metallic
grating, with slits of diameter d, permittivity es, and periodicity P in a metal film
with thickness h and permittivity eII, all of which is surrounded by dielectric media
with permittivities eI and eIII. The grating is illuminated from above with TEz

polarized light incident at an angle h with respect to the film normal.
Inside the grating region, the permittivity can be expanded using a Fourier

series,

eIIðxÞ ¼
X

n

eneingx ð3:98Þ

where n is an integer and g ¼ 2p=P is the period of the reciprocal lattice. The
Fourier components of Eq. 3.98 are

en ¼ ðes � eMÞ
sinðnpf Þ

np
ð3:99Þ

for n 6¼ 0 and

e0 ¼ f es þ ð1� f ÞeM ð3:100Þ

for n ¼ 0, where f ¼ d=P is the filling factor. In Eq. 3.100, e0 corresponds to the
average value of the dielectric function of the grating region, and should not be
confused with the vacuum permittivity.

For TEz polarization, the incident magnetic field, Hinc
z , is

Hinc
z ¼ e�iðkIx xþkIy yÞ; ð3:101Þ

where kIx ¼ kI sin h and kIy ¼ kI cos h, with kI;III ¼ k0e
1=2
I;III. Diffraction by the

grating gives rise to a set of diffraction orders, where the in-plane wavevector
magnitude of the nth diffracted wave is kyn ¼ kIxþ ng: In terms of these diffrac-
tion orders, Rayleigh expansions can be used to express the reflected and trans-
mitted magnetic fields in regions I and III as

HI
z ¼ Hinc

z þ
X

n

rne�iðkxn x�kIyn yÞ ð3:102Þ

Fig. 3.9 Schematic diagram
of a 1D metallic grating
illuminated with TEz

polarized light. The
parameters in the figure are
defined in the text
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HIII
z ¼

X
n

tne�i½kxn xþkIIIyn ðy�hÞ�; ð3:103Þ

where k2
I;III yn

¼ k2
I;III � k2

xn
, and the coefficients rn and tn correspond to the ampli-

tudes of the nth reflected and transmitted waves, respectively. Inside region II,
Bloch’s theorem can be used to express Hz and Ex using Fourier expansions,

HII
z ¼

X
n

HIInðyÞe�ikxn x ð3:104Þ

EII
x ¼ i

l
e

X
n

EIInðyÞe�ikxn x ð3:105Þ

where HIIn and EIIn are the normalized amplitudes of the spatial harmonics. It can
be shown that HIIn and EIIn are related by a set of coupled equations, and by
projecting them onto a set of plane waves and matching Hz and Ex at the film
interfaces (Eqs. 2.14 and 2.16), they can be used to solve for the coefficients rn and
tn [72].

Once rn and tn are determined, the diffraction efficiencies can be calculated
from

Rn ¼ jrnj2<
kIyn

k0e
1=2
I cos h

" #
ð3:106Þ

Tn ¼ jtnj2<
e1=2

I kIIIyn

k0eIII cos h

" #
: ð3:107Þ

In practice, RCWA is often less rigorous than FDTD because of the approxi-
mation of the dielectric function of the grating region (Eq. 3.98) by a finite number
of terms. In addition, convergence issues exist for RCWA for TEz polarization due
to material discontinuities inside the grating. However, with care they are possible
to avoid [73].

For the RCWA results presented herein, the model of Ref. [72] was used, which
provides analytical expressions for the diffraction efficiencies for normal incident
light and only retaining the first two diffraction orders and Fourier components in
the grating region. In addition, this 2D method was applied to 3D problems, but
such an approximation has been demonstrated previously to capture (most of) the
important features [24, 25].

3.5.2 The Modal Expansion Method

To describe the transmission through an isolated slit, a modal expansion of the
electromagnetic fields in the presence of the slit can be used [72]. A schematic
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diagram of the system under consideration is shown in Fig. 3.10. The system
consists of an isolated slit with diameter d and relative permittivity es in a PEC
film with thickness h in air. Even though the method is applied to a PEC film, it has
previously been demonstrated that the obtainable results accurately describe many
aspects of a real metal [73]. The slit is illuminated from below with TEz polarized
light at an angle h with respect to the film normal.

For TEz polarization, Hz is expressed in regions I and III as a superposition of
propagating and evanescent plane waves,

HI
z ¼ Hinc

z þ
Z1

�1

dkqðkÞeiðkx�kyyÞ ð3:108Þ

HIII
z ¼

Z1

�1

dksðkÞeiðkxþkyyÞ ð3:109Þ

where qðkÞ and sðkÞ are the reflection and transmission amplitudes, respectively,

ky ¼ ðk2
0 � k2Þ1=2, and the incident magnetic field, Hinc

z , is given by

Hinc
z ¼ eiðk0xxþk0yyÞ; ð3:110Þ

where k0x and k0y are projections of the incident wavevector magnitude along the x
and y-axes, respectively. In region II, Hz is expanded in terms of the eigenmodes of
a waveguide,

HII
z ¼

X1
m¼0

Ameibmy þ Bme�ibmy
 �

/m xð Þ ð3:111Þ

where m is the order of the waveguide mode, bm ¼ k2
0es � ðmp=dÞ2

h i1=2
and

/m xð Þ ¼ ð2=d1=2Þ cos mpðxþ d=2Þ=d½ � is the solution to Eq. 2.13 within the slit
subject to PEC boundary conditions at x ¼ �d=2, Eq. 2.21. By matching Hz and
Ex at the film interfaces (Eqs. 2.18 and 2.21) and projecting the resulting equa-
tions onto plane waves, the modal amplitudes Am and Bm can be determined via the
numerical solution of a set of linear equations [72].

Fig. 3.10 Schematic
diagram of an isolated slit in
a metal film in air illuminated
using TEz polarized light.
The parameters in the figure
are defined in the text
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Chapter 4
Correlated Single-Nanoparticle
Calculations and Measurements

Preface

The content that appears in this chapter has been largely adapted from the fol-
lowing publications:

McMahon JM, Wang Y, Sherry LJ, Van Duyne RP, Marks LD, Gray SK,
Schatz GC (2009) Correlating the Structure, Optical Spectra, and Electrodynamics
of Single Silver Nanocubes. J Phys Chem C 113:273–2735. doi:10.1021/
jp8098736

Ringe E, McMahon JM, Sohn K, Cobley C, Xia Y, Huang J, Schatz GC, Marks
LD, Van Duyne RP (2010) Unraveling the Effects of Size, Composition, and
Substrate on the Localized Surface Plasmon Resonance Frequencies of Gold and
Silver Nanocubes: A Systematic Single-Particle Approach. J Phys Chem C 114:
12511–12516

The experimental work that appears in this chapter was done by Wang Y,
Sherry LJ, Ringe E, Sohn K, Cobley C, Xia Y, Huang J, Marks LD, and Van
Duyne RP. Although, the experimental aspects are not discussed heavily, and the
reader interested in such details is referred to Refs. [1–3].

4.1 Introduction

In Chap. 1, it was stated that the purpose of science is to describe the phenomena
of nature. In this chapter, the question of how well can one correlate computational
modeling with experiments at the nanoscale is addressed. In order to do this,
experimental single-nanoparticle data (both optical responses and structural
information) must be available [3–5], and a completely correlated computation and
measurement must be made. This can be done by using structural information from
experimental high-resolution transmission electron microscopy (HRTEM) mea-
surements (which can resolve subnanometer features and has *10,000 times
higher magnification capabilities than optical microscopy) in an FDTD simulation,

J. M. McMahon, Topics in Theoretical and Computational Nanoscience,
Springer Theses, DOI: 10.1007/978-1-4419-8249-0_4,
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which can then be compared with experimental LSPR spectroscopy measurements
of the same nanoparticle. (In addition, three-dimensional and internal crystallo-
graphic structural information can be obtained by using HRTEM via various
techniques, such as electron energy loss spectroscopy and diffraction.)

This chapter describes fully correlated computations and measurements of Ag
nanocubes (Au nanocubes are briefly discussed as well), which are used to
determine how well classical EM applies at the nanoscale. This chapter also
explores the relationship between particle morphology, substrate composition, and
LSPR spectral position(s) for these systems. The relative merits of the JC [6] and
LH [7] Ag dielectric data for describing perfect crystalline nanoparticles are also
addressed.

4.2 Computational Considerations

The calculations in this section were performed using FDTD as outlined in
Sect. 3.2. Computational domains were discretized using grid spacings of 1.0 nm
in all directions for the Ag nanocubes and 0.5 nm for the Au nanocubes, and
terminated with CPML. The dielectric functions of Ag, Au, and carbon (C) were
approximated using the D2L model fit to empirically determined dielectric data
[6–8] over wavelengths important to this study (k ¼ 300�800 nmÞ; Appendix B.
Plots of these fits, which will be relevant later, are shown in Fig. 4.1. Formvar and
glass were both modeled using a constant RI of n ¼ 1:5:

4.3 Correlation of Computation and Experiment

Colloidal Ag nanocubes were synthesized, and a correlated LSPR spectrum and
HRTEM image of a single nanocube was obtained [3]; Fig. 4.2. From the HRTEM
image, the face-to-face widths are found to be 85.6(5) and 80.9(5) nm along both
in-plane directions, with two of the corners rounded to 11.0(5) nm radii of cur-
vature and the other two rounded to 12.0(5) nm. The structural information
available from this image is limited by the HRTEM resolution and the top-down
perspective. However, a cube height of 83(1) nm can be assumed by taking the
average of the in-plane face-to-face widths, and the radii of curvature of the
bottom edges and corners can be inferred from the corresponding top corners.

Two main peaks are observed in the LSPR spectrum, a narrow peak at 399 nm
and a broad peak at 461 nm. The assignment of these peaks has been analyzed in
detail previously [9], where it was demonstrated that they are resonances associ-
ated with the tips of the nanocube, where the EM fields are the most intense. Two
peaks result from the two dielectric environments present, and have adiabatic
correlations with the dipole and quadrupole resonances of the cube in a homo-
geneous environment. By analogy to the corresponding resonances for spherical or
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Fig. 4.1 a Real and
b imaginary parts of the Ag
(JC and LH) and C dielectric
constants, evaluated using
Eq. 2.23 with parameters
from Appendix B

Fig. 4.2 Correlated LSPR–HRTEM measurement of a single Ag nanocube: a LSPR spectrum,
b HRTEM image, and c same as b with overlaid structural parameters (in nm). The inset white
scale bars in b and c represent 40 nm; the FDTD calculated scattering cross section is also shown
in a with open red circles
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spheroid-shaped particles, the dipole resonance is expected to be broader than the
latter due to important radiative damping effects [10]. Figure 4.2a shows that this
analogy holds for the cube resonances, with the linewidth of the higher wavelength
peak being 2.03 times that of the lower wavelength one (experimental). Of course,
other effects can also contribute to the linewidths, such as charge transfer pro-
cesses between the particle and its surrounding medium (so-called ‘‘chemical
interface damping’’ effects [11]). However, in the present application, the widths
of the peaks seem to be well accounted for by electrodynamics calculations in
which the particle and surrounding media are described using bulk dielectric
constants; see Sect. 4.4.4.

For the FDTD calculations, the Ag nanocube was defined by its dielectric
constant (JC or LH), face-to-face width ðdÞ; and radii of curvature of the corners
and sides ðrÞ: Even though in the experiment each face-to-face width and radius of
curvature of a corner or side is slightly different, for simplicity they were assumed
identical for the calculations (which should not affect any of the presented results).
The nanocube was spaced by a distance h from a C layer with thickness hC: The C
layer was placed on an infinite n ¼ 1:5 substrate, and the surrounding medium was
air (n ¼ 1:0Þ: Figure 4.3 shows a two-dimensional schematic diagram of the
described system. Scattering cross sections using normal incident illumination
were calculated for comparison with the experimental LSPR spectrum. Even
though in the experiment the cube is illuminated at an angle, and light is only
collected for a range of angles around the forward direction [1], past studies of
these effects indicate that calculations and experiment should nonetheless have
similar LSPR spectra.

The scattering cross section of a nanocube with a face-to-face width of d ¼
83 nm and r ¼ 13 nm of rounding, spaced h ¼ 2 nm above an hC ¼ 2 nm thick C

Fig. 4.3 Two-dimensional
schematic diagram of the
nanocube system modeled
with FDTD. The parameters
in the figure are defined in the
text
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layer, and modeled with JC dielectric data is shown in Fig. 4.2a, where excellent
agreement with experiment is seen. The nanocube in this calculation was posi-
tioned at h ¼ 2 nm above the C layer to simulate the effect that it may not be
resting directly on the substrate. This spacing could arise from physisorbed or
weakly chemisorbed water, carbon dioxide, and hydrocarbons on the substrate, as
well as citrate, oxygen, and possibly hydroxyls on the nanocube surface.
Depending on the thickness and dielectric constant of adsorbed molecules, the
LSPR positions and linewidths will be affected, so other choices of h are con-
sidered below. Unfortunately, there is no way to estimate the dielectric constant(s)
of this, so in the rest of this chapter it is taken to be 1.0.

4.4 System Parameters

To determine the effects that the nanocube parameters and local dielectric envi-
ronment have on the optical response, as well as to determine if such parameters
can be considered ‘‘free’’ to use to fit calculations to experiment, further FDTD
calculations were carried out.

4.4.1 Face-to-Face Width

Scattering cross sections calculated for nanocubes modeled using the LH dielectric data
with face-to-face widths of d ¼ 80 and 90 nm and no corner rounding are compared to
experiment in Fig. 4.4a. These parameters were chosen to elucidate only the effect
due to the face-to-face width, and are at the extremes of the actual parameters seen in
the HRTEM image (Fig. 4.2c). The d ¼ 80 nm nanocube is seen to agree better with
experiment, with the higher and lower wavelength peaks 21 and 10 nm closer to the
experimental values, respectively. The difference in shifts is related to the smaller
dielectric sensitivity of the lower wavelength (more quadrupolar) mode compared to
the higher wavelength (more dipolar) mode, as found previously for other particle
shapes [12]. This effect arises from the shorter range of the near-field decay of the
lower wavelength mode. However, even for the d ¼ 80 nm nanocube, the calculated
lower and higher wavelength peak positions are 35 and 44 nm redshifted from the
experimental values, respectively. Such discrepancy arises from the choice of
parameters other than the face-to-face width, which also have a large effect on the
positions of both peaks and their relative amplitudes (see the other sections below).

4.4.2 Corner Rounding

Scattering cross sections calculated for a d ¼ 80 nm nanocube with corners and
sides rounded to various radii of curvature and compared to experiment are
shown in Fig. 4.4b. In addition, to increase the dielectric substrate sensitivity, the
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nanocube was moved to h ¼ 1 nm above the C layer. The FDTD calculations show
that the higher wavelength peak shifts by 41 nm as the radii increase from r ¼ 0 to
12 nm, whereas the lower wavelength peak only shifts by 29.5 nm. These results
are again related to the dielectric sensitivity of the quadrupolar mode versus the
dipolar one, and they highlight the importance of the near-field contact area in
determining the dielectric response of the nanocube, as has been found previously
for other particle shapes [13].

4.4.3 Substrate Effect

Additional insight concerning the effect of the C layer is provided by scattering
cross sections calculated with the nanocube placed directly on the substrate, with
and without C present; Fig. 4.5. For these calculations, the contact area was made
large by using a d ¼ 90 nm nanocube with only r ¼ 7 nm rounding, and the effect
of C was heightened by making the layer hc = 3 nm thick. The results show that
the C layer has little effect on the lower wavelength peak, but redshifts and
significantly damps the higher wavelength one. This is again related to the fact that

Fig. 4.4 FDTD calculated
scattering cross sections of a
Ag nanocube in response to
a the variation in the face-
to-face width, with no corner
rounding and placed h ¼
2 nm above the C layer, and
b the variation in the radii of
curvature of the corners and
sides of a d ¼ 80 nm
nanocube placed h ¼ 1 nm
above the C layer. In both
cases, the nanocube was
modeled with the LH
dielectric data, and the C
layer was hC ¼ 2 nm thick
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the near-field decay of the lower wavelength mode is much shorter than the higher
wavelength one, and is therefore relatively unaffected by the substrate. These
findings demonstrate the exquisite sensitivity of LSPR properties to substrate
position and dielectric response, a result previously demonstrated by using gold
nanorings [14]. Additionally, this demonstrates that the optimal parameters that
were chosen to compare to experiment (Sect. 4.3) are unique.

4.4.4 Empirical Dielectric Data Sets

To assess the relative merits of the JC and LH Ag dielectric data when used to
model perfect crystalline nanoparticles (such as the nanocubes in this chapter),
scattering cross sections of a d ¼ 90 nm nanocube with r ¼ 7 nm rounding were
calculated to compare to experiment for both sets of data; Fig. 4.6. For these
calculations, there was no C layer, and the nanocube was placed directly on the
n ¼ 1:5 substrate. It is seen that the JC data gives results that agree much better
with experiment, with the lower and higher wavelength peaks 10 and 21 nm closer
to the experimental values, respectively. In addition, the JC dielectric data more
accurately describes the width and relative amplitude of the lower wavelength
peak.

Both the JC and LH dielectric data sets are inferred from thin films that are
presumably polycrystalline or somewhat amorphous in character. It is therefore not
a priori obvious why the JC dielectric data best describes the perfect crystalline
nanocubes discussed here. However, it has been found that for crystalline Ag
nanowires, the LH dielectric data provides a too lossy of description, and effec-
tively reducing the loss (more consistent with the JC dielectric data) improves
agreement with experiment [15]. Similar conclusions were also obtained in studies
of Ag nanostrips made using electron-beam methods [16].

Fig. 4.5 FDTD calculated
effect of the C layer on a
d ¼ 90 nm Ag nanocube. The
nanocube was modeled with
the LH dielectric data, has
corners and sides rounded to
r ¼ 7 nm radii of curvature,
and was placed directly on
the substrate (with or without
the C layer)

4.4 System Parameters 63



4.5 Summary and Outlook

The discussion in this chapter shows that by carefully correlating computations
and experimental measurements, near perfect agreement can be obtained. Addi-
tionally, for large nanostructures (i.e., those composed of many hundreds of
thousands of atoms, or more), classical electrodynamics applied with bulk
dielectric data is sufficient to describe the novel phenomena that arise. However,
care must be taken in selection of the empirical dielectric data set to use, as it was
demonstrated that the JC Ag dielectric data is more accurate for describing perfect
crystalline nanoparticles compared to that of LH.

By varying structural parameters, the FDTD calculations showed strong sen-
sitivity between the nanocube optical response and the face-to-face width, corner
and side rounding, and the substrate. These results impose strict requirements on
determination of such parameters (� 1 nm resolution) if calculation and experi-
ment are to match, and demonstrate that there are no ‘‘free parameters’’ (at least,
geometric) that can be used in the simulations. These results are also beneficial for
understanding of the relationship between optical response, structure, and
dielectric environment of single nanoparticles. For example, the near-field contact
area between a nanoparticle and its substrate was demonstrated to be particularly
influential on the optical response.

Before ending this chapter, it should be noted that the results presented are not
particular to the studied system (a Ag nanocube), nor should the following results
be indicative that these results are particular only to nanocubes. Recently, similar
correlated computations and measurements of Au nanocubes on Formvar and
silicon nitride (Si3N4; a semiconductor) substrates were made that support the
presented claims [2]. (Note that the Formvar substrate was similar to the one used
in this chapter, except that the C layer was placed down, such that the nanocube
was not in near-field contact with it. Additionally, for the calculations, Si3N4 was
taken to have a constant RI of n ¼ 2:0:Þ

Fig. 4.6 Comparison of the
JC to LH Ag dielectric data
for modeling perfect
crystalline nanoparticles,
using a d ¼ 90 nm nanocube
as the example. The
nanocube has corners and
sides rounded to r ¼ 7 nm
radii of curvature and was
placed directly on a n ¼ 1:5
RI substrate with no C layer
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Using HRTEM, experimental nanocube parameters were obtained: for the
Formvar substrate, d ¼ 84:0 nm and r ¼ 15:2 nm; and for the Si3N4 one, d ¼
74:2 nm and r ¼ 12:7 nm: By using these parameters in FDTD calculations,
excellent agreement with the experiments were again obtained; Fig. 4.7. However,
for the nanocube on Formvar, the calculated dipolar LSPR appears 10 nm to the
blue of the experimental one. This can be attributed to the fact that the FDTD
calculations assume that there are no contaminants on the surface of the nanocube,
which could possibly create a higher local dielectric environment, leading to a
redshift in the experimental result. This would not have as significant of an effect
on the Si3N4 results, where the substrate RI is already high (much like the small C
layer in the Ag nanocube results).

References

1. McMahon JM, Wang Y, Sherry LJ, Van Duyne RP, Marks LD, Gray SK, Schatz GC (2009)
Correlating the structure, optical spectra, and electrodynamics of single silver nanocubes.J
Phys Chem C 113:2731–2735

2. Ringe E, McMahon JM, Sohn K, Cobley C, Xia Y, Huang J, Schatz GC, Marks LD, Van
Duyne RP (2010) Unraveling the effects of size, composition, and substrate on the localized
surface plasmon resonance frequencies of gold and silver nanocubes: a systematic single-
particle approach. J Phys Chem C 114:12511–12516

Fig. 4.7 Comparison of
FDTD calculated blue line
with symbols and
experimental solid black line
scattering from isolated Au
nanocubes on top Formvar
and bottom Si3N4: Structural
information from HRTEM
measurements was used in
the FDTD calculations; the
experimental spectra were
obtained using correlated
HRTEM–LSPR
measurements

4.5 Summary and Outlook 65



3. Wang Y, Eswaramoorthy SK, Sherry LJ, Dieringer JA, Camden JP, Schatz GC, Van Duyne
RP, Marks LD (2009) A method to correlate optical properties and structures of metallic
nanoparticles. Ultramicroscopy 109:1110–1113

4. Scherer NF, Pelton M, Jin R, Jureller JE, Liu M, Kim HY, Park S, Guyot-Sionnest P (2006)
Optical nonlinearities of metal nanoparticles: Single-particle measurements and correlation to
structure. P Spie 6323:632309/1–632309/6

5. Mock JJ, Barbic M, Smith DR, Schultz DA, Schultz S (2002) Shape effects in plasmon
resonance of individual colloidal silver nanoparticles. J Chem Phys 116:6755–6759

6. Johnson PB, Christy RW (1972) Optical constants of the noble metals. Phys Rev B 6:4370–
4379

7. Lynch DW, Hunter WR (1985) Comments on the optical constants of metals and an
introduction to the data for several metals. In: Palik ED (ed) Handbook of optical constants of
solids, Academic Press, Orlando, pp 275–368

8. Arakawa ET, Dolfini SM, Ashley JC, Williams MW (1985) Arc-evaporated carbon films:
optical properties and electron mean free paths. Phys Rev B 31:8097–8101

9. Sherry LJ, Chang SH, Schatz GC, Van Duyne RP, Wiley BJ, Xia Y (2005) Localized surface
plasmon resonance spectroscopy of single silver nanocubes. Nano Lett 5:2034–2038

10. Kelly KL, Coronado E, Zhao LL, Schatz GC (2003) The optical properties of metal
nanoparticles: the influence of size, shape, and dielectric environment. J Phys Chem B
107:668–677

11. Hovel H, Fritz S, Hilger A, Kreibig U, Vollmer M (1993) Width of cluster plasmon
resonances: bulk dielectric functions and chemical interface damping. Phys Rev B 48:18178–
18188

12. Sherry LJ, Jin R, Mirkin CA, Schatz GC, Van Duyne RP (2006) Localized surface plasmon
resonance spectroscopy of single silver triangular nanoprisms. Nano Lett 6:2060–2065

13. Malinsky MD, Kelly KL, Schatz GC, Van Duyne RP (2001) Nanosphere lithography: effect
of substrate on the localized surface plasmon resonance spectrum of silver nanoparticles.
J Phys Chem B 105:2343–2350

14. Larsson EM, Alegret J, Käll M, Sutherland DS (2006) Sensing characteristics of NIR
localized surface plasmon resonances in gold nanorings for application as ultrasensitive
biosensors. Nano Lett 7:1256–1263

15. Laroche T, Vial A, Roussey M (2007) Crystalline structure’s influence on the near-field
optical properties of single plasmonic nanowires. Appl Phys Lett 91:123101

16. Drachev VP, Chettiar UK, Kildishev AV, Yuan HK, Cai W, Shalaev VM (2008)The Ag
dielectric function in plasmonic metamaterials. Opt Express 16:1186–1195

66 4 Correlated Single-Nanoparticle Calculations and Measurements



Chapter 5
Optimal SERS Nanostructures

Preface

The content that appears in this chapter has been largely adapted from the fol-
lowing publications:

McMahon JM, Henry A-I, Wustholz KL, Natan MJ, Freeman RG, Van Duyne
RP, Schatz GC (2009) Gold nanoparticle dimer plasmonics: finite element method
calculations of the electromagnetic enhancement to surface-enhanced Raman
spectroscopy. Anal Bioanal Chem 394:1819–1825. DOI: 10.1007/s00216-009-
2738-4

Wustholz KL, Henry A-I, McMahon JM, Freeman RG, Valley N, Piotti ME,
Natan MJ, Schatz GC, Van Duyne RP (2010) Structure-activity relationships in
gold nanoparticle dimers and trimers for surface-enhanced raman spectroscopy. J
Am Chem Soc 132:10903–10910

The experimental work that appears in this chapter was done by Wustholz KL,
Henry A-I, Freeman RG, Natan MJ, and Van Duyne RP. Although, the experi-
mental aspects are not discussed heavily, and the reader interested in such details is
referred to Refs. [1, 2].

5.1 Introduction

Understanding the relationship between nanoparticle structure and activity repre-
sents a significant challenge, particularly for the field of SERS. However, the
relationship between SERS enhancement factors (EFs) and the structural and
optical properties of ‘‘hot spot’’ (a position of significant EM enhancement)
containing systems remain elusive. For example, the role of LSPRs in SERS
enhancements of nanoparticle aggregates, especially those containing hot spots,
has only briefly been studied in detail [2]. Such determination of the structure–
activity relationship (the latter meaning optical response and EM enhancement)

J. M. McMahon, Topics in Theoretical and Computational Nanoscience,
Springer Theses, DOI: 10.1007/978-1-4419-8249-0_5,
� Springer Science+Business Media, LLC 2011
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has been (experimentally) problematic for a number of reasons. First of all, the
vast majority of SERS measurements are performed in bulk, using thousands to
millions of nanoparticles, and a lot of information is lost in the averaging over an
ensemble. Secondly, SMSERS substrates are polydisperse Ag nanoparticles that
are randomly aggregated using salt; the heterogeneity and irreproducibility of
these nanostructures makes it difficult to perform systematic investigations.
Finally, previous studies showed no observable correlation between SMSERS
intensity and the extinction properties of the aggregates [3], though these inves-
tigations were complicated by the fact that the location of the molecule on the
substrate was not known.

It is desirable to address several outstanding questions about the nature of
enhancement in structures containing hot spots, so that a better understand of SERS
(the EM enhancement, at least) and possible design rules for optimal structures can
be elucidated. (Such questions are also important from a fundamental perspective.)
For example, what structural and optical features lead to large maximum and average
enhancements? The first quantity is important for SMSERS, whereas the latter is
important for regular SERS (the general detection of many molecules). Also, does a
hot spot dominate the optical properties of a structure?

In the first half of this chapter, a fully correlated measurement, such as that
described in Chap. 4, is used to determine the extent that classical electromag-
netics correlates to SERS experiments at the single nanoparticle level (in regards
to optical responses and EM enhancements). The relationship between structure
and activity is then studied. The findings motivate the second half of this chapter,
where the focus is on a system consisting of two cylindrical dimers, which are also
modeled after a related experimental system. Such a system represents possibly the
most simple (and maybe also the most efficient) setup that can generate large
enhancements, a single junction. EM enhancements for a variety of nanoparticle
separations, including the possibility of touching or coalesced nanoparticles, are
then studied. From these results, it is possible to determine the conditions for
SMSERS, and when many molecules are present, the fraction that contribute to (a
specific percentage of) the SERS signal for various molecular diameters and
nanoparticle separations. The work in the latter half of this chapter expands on
previous theoretical studies of strongly coupled nanowires and spheres [4–8].

5.2 Computational Considerations

For the 3D calculations in Sect. 5.3, the structure was placed at the origin, and the
computational domain was extended to 400 nm, sufficiently far so that Eq. 3.78 is
(approximately) satisfied. Tetrahedral elements of the nanostructures were limited
to 40 nm3; except for junction regions, which were limited to 10 nm3; and the outer
regions to 90 nm3: The dielectric function of Au was modeled after the empirical
data of JC [9] using the D2L model with parameters in Appendix B. Silicon
dioxide ðSiO2Þ was taken to have a constant RI of n ¼ 1:5:
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For the 2D FEM calculations in Sect. 5.4, circular-shaped computational
domains with a 300 nm radius were used with the cylinder dimer placed at the
origin. Domains were discretized using triangular elements, with much smaller
criteria than used for the 3D calculations. Within each element, the unknown field
was approximated using linear nodal basis functions. The dielectric function of Au
was modeled using the D2L model fit to the LH empirical data [10] over wave-
lengths important to this study ðk ¼ 300��800 nmÞ; Appendix B. (The 2D FEM
calculations that are briefly discussed in Sect. 5.3 were modeled similarly, except
that the JC dielectric data was used.)

5.3 Structure–Activity in Nanostructures

In this section, a correlated TEM, dark-field Rayleigh scattering microscopy
(hereon just scattering microscopy), SERS, and FEM study of aggregated Au
nanoparticles encapsulated by a SiO2 shell is discussed, which addresses the
questions posed in Sect. 5.1 as well as determines the viability of using classical
EM to reliably calculate SERS EFs. Such encapsulated Au nanoparticles are
interesting and advantageous from both theoretical and experimental perspectives.
Theoretically, the structure of such systems are simple. Experimentally, such
systems can be used for the detection of biomolecules using Ag or Au nanopar-
ticles as SERS ‘‘nanotags’’ [11], by functionalizing the surface to bind to a target
analyte.

5.3.1 Correlated Computation and Experiment

A TEM image of a trimer structure containing three Au cores in an ‘‘L’’ shape is
shown in Fig. 5.1a. Two junctions (presumed hot spots) are present, where Au
cores in the vertically-oriented dimer appear to be separated by a gap-size ðdgapÞ of
less than 1 nm, and the horizontally-oriented one seems to be coalesced ðdgap\0Þ:
In order to measure the optical properties of this structure, a correlated TEM–
LSPR measurement was used [12–15] (see also Chap. 4). The resulting scattering
spectrum, Fig. 5.1b, contains three peaks, corresponding to dipolar and multipolar
LSPRs [1].

Using a uniform coating of molecules that give a strong SERS signal (the details
of which are not relevant to this discussion), the experimental EF can be deter-
mined by computing the ratio of SERS to normal Raman scattering, normalized for
laser powers, acquisition times, and number of molecules [2]. [Note that a uniform
coating is important, because below the experimental SERS signal is compared to

calculated average jEðxÞj4 enhancements, hjEðxÞj4i.] For the vibrational mode
with the highest signal to noise ratio, the EF is found to be 1:8� 108:
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The geometric parameters of the L-shaped nanostructure obtained from the
TEM measurement were used for the FEM computations (much like the correlated
measurements in Chap. 4); Fig. 5.2a. Accordingly, the diameters of the Au cores
(dAu) and SiO2 shells ðdshellÞ were taken to be 100 nm and 50 nm, respectively.
(For simplicity, all Au cores and shells were considered to be spherical.) By
varying gap-sizes from �2 to 2 nm; it was found that in order to best reproduce the
experimental LSPR spectrum, dgap should equal to �0:35 nm; which is consistent
with the TEM image in Fig. 5.1a (and also within the strict tolerances set in
Chap. 4).

The resulting scattering cross section exhibits maxima at 578, 636, and 813 nm;
Fig. 5.2b. Consistent with this, the experimental spectrum can be fit to three
Gaussian functions centered at 597, 655, and 822 nm, as shown in Fig. 5.1b.

The corresponding structure-averaged EM enhancement ½hjEðxÞj4i� as a
function of excitation wavelength evaluated 0.1 nm from the nanostructure surface
is shown in Fig. 5.2b. Similar to computational studies of Au dimers [1] (see

Sect. 5.4.2), hjEðxÞj4i is relatively constant between 600 and 900 nm, varying by
less than an order of magnitude in this region. An intensity profile of the EM

enhancement at 633 nm, jEð633 nmÞj4; is presented in Fig. 5.2c. It is seen that the
trimer concentrates the field at the junctions between the Au cores, giving two hot
spots, with a maximum EF of 3:2� 109 and an average EF of 1:1� 106: This
latter value underestimates the experimentally obtained one by about two orders of
magnitude, which is not surprising considering that surface roughness and
chemical enhancements, both not accounted for in the calculations, will increase
the overall enhancement [16, 17]. Thus, classical EM is found to do a decent job in
describing SERS enhancements at the single nanoparticle level.

Fig. 5.1 Correlated experimental structural and optical characterization of an individual SERS
nanostructure. a TEM image of a trimer in an L-shape, which is composed of three Au cores
encapsulated in a SiO2 shell. b Corresponding LSPR spectrum obtained by scattering microscopy
(solid line), which is fit to a sum of three Gaussian functions (dashed lines)
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5.3.2 Effects of Structure on Enhancement Factor

The correlated structural, optical, and computational study of the L-shaped
nanostructure discussed in Sect. 5.3.1 demonstrates that EM enhancements are
localized in hot spots, and that the EF is relatively wavelength independent. This
latter observation suggests that the LSPR need not match the excitation wave-
length in order to achieve high enhancements. What, then, is the most important
physical or optical property for establishing high EFs?

Number of Junctions

An immediate suggestion is that the optimal nanostructure is the one that contains

the most junctions. However, a calculation of hjEðxÞj4i for an analogous (2D)
dimer (single junction) shows that systems with one junction give similar
enhancements to those with two; Fig. 5.3. The dimers exhibit significantly dif-
ferent LSPR spectra than trimers (not shown—but a representative set can be
found in Sect. 5.4 and also Ref. [1]), yet the EFs are within an order of magnitude;
Figs. 5.2 and 5.3. These results strongly suggest that the number of junctions has
relatively little impact on the overall EF. However, to determine if this is the case
in general, it is necessary to study many structures, and also take other factors into
account. Based on an in-depth experimental study utilizing a statistical analysis of
30 nanostructures (dimers, trimers of various configurations, etc.) [2], it is found
that the above statements are valid. For example, a diverse set of LSPRs are seen,
but the EF always varies by less than two orders of magnitude. Thus, the addition
of more hot spots does not result in significant additional enhancements, but does,
however, affect the LSPR spectra.

Fig. 5.2 FEM calculations of the L-shaped nanostructure. a dAu and dshell were set to 100 nm and
50 nm, respectively, consistent with the TEM measurement. b The best fit to the experimental
scattering spectrum (solid line) was obtained using a value for dgap of � 0:35 nm: hjEðxÞj4i as a

function of excitation wavelength is also shown, using open red circles. c jEð633 nmÞj4 for the L-
shaped structure reveals two hot spots, and the overall structure gives maximum and average EFs
of 3:2� 109 and 1:1� 106; respectively
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Figure 5.3 also demonstrates that the average enhancement depends heavily on

dgap [a subject which will be revisited in Sect. 5.4 for jEðxÞj4�: For example, by
changing dgap from -0.5 to 2 nm, the average EF at 633 nm (often, experiments
are concerned with a fixed laser wavelength, 633 nm being one of them) is
decreased by roughly two orders of magnitude. This result is also consistent with
the aforementioned experimental statistical study of EFs [2].

Effect of dgap in a Multi-gap Nanostructure

The fact that adding more hot spots to a nanostructure does not increase EF suggests
that one hot spot dominates the overall enhancement. In order to study this more
systematically, the enhancements for a trimer (or higher aggregate) system with one

gap fixed and the other variable can be studied. hjEðxÞj4i enhancements for (2D) L-
shaped trimers with one gap fixed (along the vertical direction in the analogous
Fig. 5.2) at either 2 or 0.5 nm, and the other (along the horizontal direction) variable
from 2 to � 0:5 nm; are shown in Figs. 5.4 and 5.5, respectively. A number of
observations can be made from these results. First of all, the cross sections are quite
different in all cases. Consistent with other studies [1], these results indicate that the
optical response is a quantity highly dependent on the structure of the system (such as
the number of nanoparticles, if a nanoparticle system), the value of dgap (if the
structure contains a junction), and the polarization of the incident light with respect to
the structure (a topic which will not be discussed here).

By comparing the hjEðxÞj4i enhancements to the cross sections, it can be seen
that there is relatively little correlation between the two further supporting the
claims in the previous section and experimental results [2] (not shown). Perhaps
the most important observation from Figs. 5.4 and 5.5 is made by comparing the

hjEðxÞj4i results, where it is seen that the smallest gap always dominates them.

Fig. 5.3 Calculated
hjEðxÞj4i for a dimer,
showing how the average
enhancement is highly
dependent on dgap: The dotted
line indicates 633 nm
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For example, regardless of the fixed gap, it is seen that the maximum hjEðxÞj4i
occurs for a �0:5 nm variable gap-separation, which in both cases is the smallest

gap. Additionally, for the 2-nm fixed gap, the hjEðxÞj4i enhancements drastically
increase with decreasing variable gap (2 nm! 1 nm! 0:5 nm! �0:5 nmÞ:
Considering that, in this case, the variable gap is always smaller than the fixed gap,

it can be concluded that the smallest one has the most influence on hjEðxÞj4i:
Additionally, for the 0.5-nm fixed gap, there is relatively little increase in

hjEðxÞj4i until the variable gap becomes �0:5 nm; even further supporting the
idea that the smallest gap dominates the results.

5.4 Electromagnetic Contribution to SERS

Considering that only one junction dominates EM enhancements (see Sect. 5.3),
dimer structures offer the ideal platform for studying them. In this section, FEM
calculations are carried out to determine extinction spectra and the EM

Fig. 5.4 Calculated hjEðxÞj4i for a L-shaped trimer with one gap fixed at 2 nm and the other
variable from 2 to -0.5 nm

Fig. 5.5 Calculated hjEðxÞj4i for a L-shaped trimer with one gap fixed at 0.5 nm and the other
variable from 2 to -0.5 nm
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contribution to SERS, focusing on dimers comprised of 90 nm diameter Au cylin-
drical nanoparticles, which are assumed to be coated with SERS active molecules,
and each with a 20-nm SiO2 protective shell. These structures are modeled after
experiment, and are very similar to those in Sect. 5.3. Note that the focus in this

section is on maximum jEðxÞj4 enhancements, rather than on average values.

5.4.1 Correlation of Computations with Experiment

TEM images of nanostructures can again be used to obtain realistic structure
parameters for the calculations. Figure 5.6a demonstrates that a typical sample
consists of aggregated particles containing approximately 2–5 nanoparticles, each
with an average diameter of 90 nm and protective SiO2 shell with width of 50 nm.
For the FEM calculations, the focus is on a simple dimer structure with the
nanoparticles arranged head-to-head; inset of Fig. 5.6a. The structure can be
simplified by treating it as a 2D (nanowire) system, which should not strongly
influence the LSPR spectra (although, slight blueshifts may occur because 2D
resonances are often blueshifted relative to those in 3D).

A schematic diagram of the system under consideration is shown in Fig. 5.6b: two
90-nm diameter infinite Au cylinders, each with a 20 nm thick SiO2 shell (used to
reduce computational cost, but which behaves similarly to a 50-nm shell), are sep-
arated by a distance d and illuminated using light polarized along the dimer axis.

Fig. 5.6 a TEM image of SiO2-coated Au nanoparticles, showing the sample is predominately
aggregates; inset fused nanoparticle dimer. b Schematic diagram of the system modeled using

FEM. The dotted line indicates the region where probability distributions, P jEðxÞj4
h i

; were

calculated
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5.4.2 Optical Properties

Extinction Spectra

Figure 5.7 presents extinction spectra for spacings of d ¼ 5 to �10 nm (again, neg-
ative distances correspond to fused nanoparticles). The d ¼ 5 nm spectrum is fairly
close to what is found for a Au monomer, a single strong resonance near 600 nm,
corresponding to the dipolar LSPR [18]. When d is reduced to 1 nm, the dipole
resonance redshifts to around 700 nm, and high-order multipole resonances begin to
appear near 600 nm, related to different distributions of polarization charge (see
Sect. 1.1.1). These results are consistent with those found by Kottman and Martin for
coupled Ag nanowires [5]. The redshifting increases as d decreases; and curiously,
the fused structure with d ¼ �1 nm is quite similar to that with d ¼ 0:25 nm: For d
values below �1 nm; the dipole resonance blueshifts, eventually falling below
700 nm for d ¼ �10 nm; consistent with the structure becoming less prolate.

Maximum EM Enhancements

Figure 5.8 shows the maximum EM enhancements ½jEðxÞj4�; regardless of the
position (although, below it is shown that this always occurs at the same spot), for
the d values under consideration. Broader peaks are seen than in Fig. 5.7, along
with a sharp rise as d is decreased. In particular, significant changes are observed
as d is decreased from 1 to 0.5 to 0.25 nm, where the maximum EM enhancement
increases by three orders of magnitude, from approximately 108 to 109 to 1010;
respectively. Notice that a separation of d ¼ 0:5 nm is needed to get EM
enhancements above 108; a value considered necessary for SMSERS.

For all separations, the EM enhancement peaks near (but not necessarily at) the
LSPR positions in the extinction spectra; Fig. 5.7. However, based on the analysis in
Sect. 5.3, it should be understood that this is probably due to the simplicity of the
dimer structure, and is not a result that will hold in general. In addition, the dipolar
resonance (most red) is seen to always be the most intense, consistent with results
previously demonstrated by Hao and Schatz [19]. Furthermore, regardless of the
wavelength, the maximum EM enhancement is always located at the junction (along
the dipolar axis). Considering that higher-order LSPRs are not oriented along this
axis, it is surprising that even in these cases this is where the maximum EM
enhancements are found (often LSPR symmetries are associated with high
enhancements, but in these situations it is possible that hybrid high-order multipole–
dipole resonances can occur [20]). Although, this effect is understandable when the
viewpoint is taken that the nanoparticle dimer acts as an antenna, concentrating EM

fields at the junction. Figure 5.9a shows jEðxÞj4 at k ¼ 785 nm for d ¼ 0:25 nm;
demonstrating the extent of this localization, which is approximately 4� 0:25 nm:

As soon as the nanoparticles fuse ðd \ 0 nmÞ; an extremely large increase in
EM enhancements (over four orders of magnitude compared to d ¼ 0:25 nmÞ to
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greater than 1014 as well as an extreme redshift of the dipolar LSPR to the red of
1,000 nm is observed. These EM enhancements are significantly larger than has
been reported in most of the past EM studies of fused structures [5, 21, 22], and in
fact they suggest that in these systems non-resonant SMSERS should be possible.
The reason for this exotic behavior is that the crevice formed by the dimer overlap
is incredibly sharp, yet it is not severe enough to exclude the positions where

strong localization of the EM enhancement occurs. Figure 5.9b shows jEðxÞj4 at
k ¼ 785 nm for d ¼ �1 nm; where it is seen that the large EM enhancements come
at the expense of the field being further localized to an area less than 0:1� 0:1 nm;
consistent with that previously found for arrays of fused cylinder structures [22].
As the dimer overlap is further increased, the EM enhancements rapidly decrease.

5.4.3 Molecular Effects

To correlate the EM enhancements with a SERS signal, it is first necessary to
assume that molecules with a diameter dm form a close packed monolayer around
both nanoparticles (as long as they can fit, which is similar to the actual

Fig. 5.7 Extinction cross
sections for nanoparticle
separations of d ¼ 5 to
�10 nm; for top positive and
bottom negative separations
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experimental system outlined in Sect. 5.3). Probabilities of finding jEðxÞj4 at 1/2

of dm from the nanoparticle surface, P jEðxÞj4
h i

(shown as a dotted line in

Fig. 5.6b), are shown in Fig. 5.10 for k ¼ 785 nm (another common experimental
wavelength). The purpose of this is twofold: (1) to take into account that even
though some structures give orders of magnitude greater EM enhancements than
others (e.g., d ¼ �1 nmÞ; they are often highly confined (see Fig. 5.9); and (2) to
take into consideration that large molecules will not be able to fit into too small
crevices and junctions where the EM enhancements are the most intense

Three molecular diameters were considered, dm ¼ 0:25; 1:0; and 2:0 nm; for
two nanoparticle separations, d ¼ 0:25 and �1 nm: Separations of d ¼ 5 to
�20 nm (which are not of direct relevance for this discussion) can be found in the

Supporting Information of Ref. [1]. For all cases, almost 100% of P jEðxÞj4
h i

is

for jEðxÞj4 indicating that over the majority of the structure there is essentially no
EM enhancement, which is confirmed by comparison with Fig. 5.9. A gradual

decline in P jEðxÞj4
h i

with increasing jEðxÞj4 is observed, indicating that higher

EM enhancements are more strongly localized. However, it should be pointed out

that for dm ¼ 0:25 nm there is a strong drop in P jEðxÞj4
h i

near jEðxÞj4 ¼ 108;

which then increases with jEðxÞj4: By comparison with Fig. 5.9, this is seen to

Fig. 5.8 Maximum EM
enhancements for
nanoparticle separations of
d ¼ 5 to �10 nm; for top
positive and bottom negative
separations
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occur because jEðxÞj4 decays significantly to the right of the junction region, a
‘‘shadowing’’ effect arising from the close nanoparticle spacing. The molecular
size effects are apparent in Fig. 5.10, where it is seen that the larger the molecule,

the lower the maximum value of jEðxÞj4: In addition, for all cases, except when

dm ¼ 0:25 nm and d ¼ 0:25 nm; a sharp drop is seen in P jEðxÞj4
h i

for the highest

jEðxÞj4values, indicating that the molecules cannot sample the entire maximum

jEðxÞj4 region.
Two ways of correlating the EM enhancements with a SERS signal can be used.

First, P jEðxÞj4
h i

can be multiplied by jEðxÞj4; giving an expected signal distri-

bution as a function of jEðxÞj4; Fig. 5.10. For d ¼ 0:25 nm; the highest values of

jEðxÞj4 are dominant. This is understandable, considering that for positive sepa-
rations, all of the molecules can sample locations with the highest EM enhance-
ments. For d ¼ �1 nm; the next to highest values are seen to be dominant. This
result is also understandable, as the sharp crevices exclude molecules of any size

from the maximum jEðxÞj4 region.

Fig. 5.9 jEðxÞj4 at k ¼
785 nm for nanoparticle
separations of left d ¼
0:25 nm and right
d ¼ �1 nm:

Fig. 5.10 Probability distributions of jEðxÞj4;P jEðxÞj4
h i

; for nanoparticle separations of left

d ¼ 0:25 nm and right d ¼ �1 nm:
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Another way of correlating the EM enhancements with a SERS signal is to first

add up jEðxÞj4 at each position to get an average signal. By then sorting the

jEðxÞj4 values, the percentage (and number) of molecules that contribute to a
certain percentage of the signal can be determined; Fig. 5.11. For example, for
d ¼ �1 nm; less molecules (percentage wise) are predicted to contribute to more
of the signal compared to d ¼ 0:25 nm: Interestingly, for all d and dm; 3% less than
of the molecules (a total of approximately 5–15) contribute to greater than 90% of
the signal.

5.5 Summary and Outlook

In this chapter, correlated TEM, LSPR, SERS, and FEM studies of dimer and
trimer nanostructures were discussed. Classical electrodynamics was demonstrated
to be accurate for calculating SERS enhancements, based on a comparison of the

experimental SERS signal with FEM calculations of hjEðxÞj4i: FEM calculations
also showed that that EFs do not correlate with aggregation state [14], meaning
that a single hot spot between two particles is sufficient, and the extra ones do not
not contribute significantly to the signal. However, the EFs were found to depend
significantly on the gap size, dgap; especially for spacings of less than 1 nm, where
enhancements as high as 1014 were seen in the crevices of fused structures.

Fig. 5.11 Top percent and bottom corresponding number of molecules that contribute to the
SERS signal for nanoparticle separations of left d ¼ 0:25 nm and right d ¼ �1 nm:
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Additionally, for structures with more than one hot spot, the one with the smallest
dgap was seen to dominate the overall enhancement. For small enough gaps, the
EM contribution to SERS in junction structures was found to completely dominate
the signal, which in favorable cases could enable the possibility of SMSERS.

Related to these findings is that, in contrast to what has been observed for
isolated nanoparticles [23], the LSPR has little bearing on SERS EFs, consistent
with previous investigations of nanoparticle aggregates [3]. Although, both the
LSPRs and SERS EFs are highly dependent on dgap; just not necessarily each
other. The 329 interested reader is referred to Ref. [2] for additional experimental
and theoretical details.

The ramifications of these findings for the design of SERS-active nanoparticle
structures are significant. Molecular recognition approaches that bring nanoparti-
cles within close but not intimate ðdgap\1 nmÞ proximity will not lead to struc-
tures with high EFs. Technically, a gap is not required at all. It is the creation of
hot spots, where two particles are in subnanometer proximity or have coalesced to
form crevices ðdgap\0 nmÞ; that is paramount to achieving the maximum possible
SERS enhancement.

Additionally in this chapter, by assuming a uniform coating of SERS molecules
around both nanoparticles of a dimer, it was systematically determined (by
intensity probability distribution information for molecules of various sizes) that
smaller molecules can, in some cases, exhibit larger EFs due to the high locali-
zation of EM enhancements. Additionally, for small separations, less than 3% of
molecules always contribute to greater than 90% of a SERS signal, which,
regardless of the separation, the highest (or next to highest) EM enhancements
always dominate. These results demonstrate some of the challenges associated
with observing SMSERS. For moderate concentrations, a few molecules will
always give the majority of the signal, and for low concentrations, single mole-
cules must find (and be able to fit in) highly localized positions of EM
enhancement.

Before ending this chapter, it should be emphasized that the importance of
nonlocal dielectric effects was not included in the calculations. Analogous systems
(in regards to EM enhancements) will be further addressed in Chap. 8 with such
effects included.
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Chapter 6
Nanostructured Metal Films

Preface

The content that appears in this chapter has been largely adapted from the fol-
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Schatz GC, McMahon JM, Gray SK (2007) Tailoring the parameters of
nanohole arrays in gold films for sensing applications. Proc SPIE 6641 664103/1–8
doi:10.1117/12.790647

McMahon JM, Henzie J, Odom TW, Schatz GC, Gray SK (2007) Tailoring the
sensing capabilities of nanohole arrays in gold films with Rayleigh anomaly-
surface plasmon polaritons. Opt Express 15:18119–18129. doi:10.1364/OE.15.
018119

Gao H, McMahon JM, Lee MH, Henzie J, Gray SK, Schatz GC, Odom TW
(2009) Rayleigh anomaly-surface plasmon polariton resonances in palladium and
gold subwavelength hole arrays. Opt Express 17:2334–2340. doi:10.1364/OE.17.
002334

Odom TW, Gao H, McMahon JM, Henzie J, Schatz GC (2009) Plasmonic
superlattices: hierarchical subwavelength hole arrays. Chem Phys Lett 483:
187–192. doi:10.1016/j.cplett.2009.10.084

McMahon JM, Gray SK, Schatz GC (2011) Surface nanophotonics theory.
In: Wiederrecht G (ed) Comprehensive nanoscience and technology. Elsevier,
Amsterdam

The experimental work that appears in this chapter was done by Gao H, Henzie
J, Lee MH, and Odom TW. Although, the experimental aspects are not discussed
heavily, and the reader interested in such details is referred to Refs. [1–5].

Even though the discussion on isolated holes in Sect. 6.3 and other periodic
systems in Sect. 6.7 was not work performed directly by the author, it does appear
in his published work [1]. Additionally, these discussions are very short, and
combined with the rest of this chapter and the work on isolated slits in Sect. 7.4
makes this chapter a thorough reference for nanostructured metal films, particu-
larly subwavelength arrays of holes and other structures.

J. M. McMahon, Topics in Theoretical and Computational Nanoscience,
Springer Theses, DOI: 10.1007/978-1-4419-8249-0_6,
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6.1 Introduction and Theoretical Background

Many mechanisms for the interaction of light with nanostructured metal films are
possible. As briefly outlined in Chap. 1, such interactions lead to a variety of
interesting phenomena, and allow for the possibility to control light at the nano-
scale. One of these interactions is through surface plasmons (SPs), oscillations of
electron density at a metal–dielectric interface. Under certain circumstances, light
can be efficiently coupled into them, resulting in a SPP [6], which can lead to EOT
relative to transmission through a metal film without SPPs [7]. For future refer-
ence, the transmission through 30 and 50 nm thick Au films (obtainable from a
simple analytical formula [8]) on a glass substrate (RI of n ¼ 1:5) in air are shown
in Fig. 6.1.

The peak structure in Fig. 6.1 arises from the direct transmission of light
through the Au film, which occurs when the real part of the relative permittivity is
+1 (vide infra), leading to transparency in the absence of damping. On a flat metal
film–dielectric interface, SPs propagate in the plane with a wavevector magnitude
of [6]

kSP ¼
x
c

eMer

eM þ er

� �1=2

; ð6:1Þ

where eM ¼ eðxÞ is the relative permittivity of the metal, Fig. 6.2 shows eM for Au
and Ag over the range k ¼ 300–800 nm calculated using the D2L model with
parameters from Appendix B, consistent with the LH [9] and JC [10] empirically
determined dielectric data, respectively.

Figure 6.2 shows that <ðeMÞ decreases over the range 300–800 nm, becoming
negative and large in magnitude. This quantity corresponds to the ability of the
metal to easily polarize against the incident field. In addition, for a planar metal
film, this leads to an increase in reflection and decrease in transmission, as can be

Fig. 6.1 Transmission
through 30 and 50 nm thick
Au films on a glass substrate
in air
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seen by comparison with Fig. 6.1. Figure 6.2 also shows that both Au and Ag have
a nonzero =ðeMÞ; which corresponds to absorption in the metal. As a side note, the
structure near 400 nm for Au arises from one of the aforementioned interband
transitions, and is not directly responsible for any plasmonic effects.

Figure 6.3 shows the SP wavevector magnitude, Eq. 6.1, for Au and Ag metal
film–air interfaces, as well as the free-space wavevector magnitude

k0 ¼
x
c
¼ 2p

k0
; ð6:2Þ

where k0 the incident wavelength, as a function of x (proportional to the energy),
known as a dispersion diagram. Note that in a dielectric medium with permittivity
(er) the wavevector magnitude becomes

k ¼ x
c
e1=2

r : ð6:3Þ

For most x; it is seen that kSP [ k0; which is a result of eM\0: In addition, near
x ¼ 3:8� 1015s�1ðk ¼ 496 nmÞ for Au and x ¼ 5:5� 1015s�1ðk ¼ 342 nmÞ for
Ag, a backbending of ck is seen. This is due to the complex nature of eM; which

Fig. 6.2 Relative
permittivities (eM) of Au and
Ag calculated with the D2L
model using parameters from
Appendix B
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causes dkSP=dx to change sign with <ðeMÞ; see again Fig. 6.2. Because kSP [ k0;
it is not possible to excite SPPs on a metal film–dielectric interface without a
source of additional momentum. Some common methods to provide this are
prisms [11, 12], isolated holes [13, 14], and diffraction gratings. The focus in this
work is on the latter, specifically hole arrays [2, 3, 7].

A diffraction grating generates x and y wavevector components with
magnitudes

kx ¼
2pnx

Px
; ð6:4Þ

ky ¼
2pny

Py
; ð6:5Þ

where nx and ny are diffraction orders and Px and Py are the corresponding peri-
odicities in the x and y directions, respectively. For a square periodicity, P ¼
Px ¼ Py and Eqs. 6.4 and 6.5 combine to give a total wavevector magnitude

k ¼ 2p
P

n2
x þ n2

y

� �1=2
: ð6:6Þ

Equating Eq. 6.6 with Eq. 6.1 shows that the wavelength of an SPP excited by a
square 2D grating, kSPP; is given by

kSPP ¼
P

s2
x þ s2

y

� �1=2

eMer

eM þ er

� �1=2

; ð6:7Þ

where ðsx; syÞ is an integer pair that indicates the diffraction orders that excited the
SPP (where the symbol s has replaced n in Eq. 6.6, in order to distinguish it from

Fig. 6.3 Dispersion
diagrams of light in air
compared to SPs on Au and
Ag metal film–air interfaces
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diffraction orders that excite other effects; vide infra). Because of the system
periodicity, the excited SPP is sometimes characterized as a SPP–Bloch wave
(SPP–BW). Note that for oblique incidence, light couples with the grating
according to the Bragg coupling condition [15], resulting in an in-plane wave-

vector magnitude of k ¼ ðk0 sin hx þ kxÞ2 þ ðk0 sin hy þ kyÞ2
h i1=2

; where hx and hy

are the incident angles with respect to the film normal in the x and y directions,
respectively. Oblique incidence will not be thoroughly discussed in this work, but
it should be noted that such a technique can be important for resolving degenerate
modes and/or weak resonances.

Besides exciting SPPs, other mechanisms of light interaction with nanostruc-
tured metal films are possible. For example, by equating Eq. 6.6 with Eq. 6.3 one
finds that

kRA ¼
P

w2
x þ w2

y

� �1=2
e1=2

r ; ð6:8Þ

where ðwx;wyÞ is an integer pair again indicating the diffraction order. Equation6.8
corresponds to the light diffracted at an angle parallel to the grating, termed a
Rayleigh anomaly (RA). A RA occurs at the threshold of a diffraction order (above
which diffraction into that order is forbidden), and is sometimes also referred to as
a Wood anomaly [13, 16]. However, it is important to keep in mind that, following
the detailed analysis and classification of Wood anomalies by Hessel and Oliner
[17], a RA is one of two types of Wood anomalies. The other type identified by
them is a ‘‘resonant’’ anomaly, which could be a SPP, waveguide mode, or pos-
sibly a hybrid. Note that kRA is related to er and the grating periodicity, but not the
grating material (i.e., there is no dependence on eM).

It is important to note that the actual wavelengths associated with Eq. 6.7 are
approximate, because coupling between resonances on the top and bottom film
interfaces is ignored. Therefore, one expects this equation to be most accurate
when the metal film is thick or the resonances occur significantly far from one
another (e.g., when the dielectrics on the two sides of the metal film, eI and eIII;
where I and III refer to the two sides, are significantly different). In thin metal films
when eI and eIII are similar (the difference being less than approximately 0.2), the
actual positions of the SPP resonance features are red or blueshifted slightly
relative to Eq. 6.7. This is due to SPP–SPP coupling, which leads to a set of
hybridized SPPs, a high-energy (short-wavelength) antisymmetric combination
and a low-energy (long-wavelength) symmetric one [18]. The low-energy mode is
redshifted while the high-energy mode is blueshifted relative to their predicted
positions. In addition, the amplitude of the symmetric mode increases, and that of
the antisymmetric mode decreases.

Interactions between SPPs and RAs can also occur, leading to narrow spectral
features that are particularly sensitive to the RI, a phenomenon known as the RA–
SPP effect [2, 3] (see Sects. 6.4.1 and 6.4.2). RAs, however, are nonresonant
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spectral features associated with a grating, so the RI sensitivity in this case is
associated with the SPP, while the narrow linewidth is associated with the RA.

As briefly mentioned above, some of the most popular types of diffraction
gratings in metal films are hole and slit arrays [2, 7, 19]. Besides generating
additional momentum to couple into SPPs, the holes and slits themselves provide a
waveguide mechanism for the transmission of light from the lower surface to the
upper one [20, 21]. However, Bethe showed that the amount of transmission
through a single aperture in an infinitely thin PEC film (which does not support

SPPs) scales as ðd=2kÞ4; where d is the aperture diameter [22]. Therefore, the
transmission through subwavelength holes alone is very low, and other effects,
mainly SPP excitations, are primarily responsible for the phenomena of EOT.
However, the waveguide mechanism can result in other complex optical proper-
ties, such as the dephasing of an electromagnetic field [23, 24]; see Chap. 7.

6.2 Computational Considerations

Based on the discussion in Sect. 6.1, a lot of the interest in nanostructured metal
films has to do with transmission, reflection, and absorption spectra. Often, but not
always, the measured spectra are for ‘‘zero-order transmission’’—i.e., the mea-
surements are such that they do not include contributions from light scattered away
from the incident direction. To obtain this result computationally, it is necessary to
Fourier transform the time-domain Eðx; tÞ and Hðx; tÞ fields on xy-planes above or
below the surfaces of the film. Since the wavevector for zero-order scattering is
k ¼ 0x̂þ 0ŷþ ðx=cÞẑ; and z is fixed for a given xy-plane of interest, the relevant
projections of the fields are simply proportional to integrating them over x and y
[2]. If E0ðzT;xÞ and H0ðzT;xÞ denote these projections, then the zero-order
transmission is given by TðxÞ ¼ PTðxÞ=PincðxÞ; where PTðxÞ ¼ <ðE0 �H�0Þz=2
and the quantity Pinc is the analogous incident flux.

For all of the FDTD calculations discussed in this chapter, grid spacings of
Dx ¼ Dy ¼ Dz ¼ 4 or 5 nm were used, and the computational domains were
truncated with CPML. Test calculations using somewhat larger grid spacings
indicated that the results are sufficiently converged. Also, for some calculations,
absorbing boundary conditions rather than CPML were employed. For a discussion
of this technique, see Ref. [2].

6.3 Isolated Holes

Besides waveguide effects associated with isolated apertures (a discussion of such
effects is given in Sect. 7.4 in relation to slits), SPPs and LSPRs can be excited by,
and in them, respectively [13, 14]. Consider a thin metal film with an isolated
circular hole supported by a glass substrate in air, similar to Fig. 3.10. If the film is
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illuminated from the glass side by incident light with a wavelength greater than the
hole diameter, several interesting phenomena can occur. (A system of randomly
distributed, but not too dense holes will exhibit similar behavior.)

First, even if the light is propagating normal to the film, it is possible to excite
SPPs on the metal–air interface [25, 26]. This is because the hole itself acts as a
scattering defect that can generate the additional momentum required for SPP
generation (see Sect. 6.1). A combined FDTD and experimental study by Yin
et al. [25] of 100 nm thick Au films with an isolated hole showed that SPPs tend
to be launched from the holes in the direction of the incident polarization. The
SPP near-fields were experimentally measured with a NSOM probe, and they
showed periodic intensity variations, with peak-to-peak separations approxi-
mately equal to kSPP ¼ 2p=kSPP: It was at first surprising that there would be
periodic oscillations in the intensity, since that of a pure SPP excitation should
decay exponentially along the propagation direction [if =ðeMÞ[ 0]. However,
theoretical analysis showed that the near-fields are composed of two interfering
terms, the excited SPP and directly penetrating (or tunneling) light through the
film. The resulting interference pattern is easily seen to have the observed
oscillations. Subsequently carried out more detailed calculations and analysis
Chang et al. [13], showing more explicitly that an isolated hole can act as a point
source of SPPs.

When SPPs can be generated by an isolated hole, there can also be EOT [13,
26]. This was shown in a theoretical study by Wannemacher [26], who used a
numerically rigorous multiple multipole approach [27]. In addition, while not
emphasized in this dissertation, contributions to EOT can also arise from LSPR
excitations, which are dipolar (and possibly higher order) charge oscillations
associated with the holes themselves [13, 28, 29]. LSPR excitations associated
with holes in metal films are analogous to those in metal nanoparticles, as shown
by Käll and co-workers [28, 29] (see also Sect. 1.1.1). For example, light trans-
mission through holes can mimic the corresponding optical scattering spectra of
nanoparticles, displaying resonance features that redshift with hole size. It should
be noted though that some interesting differences regarding elongated holes and
particles have recently been pointed out [30]. It should again be mentioned that
these effects are not completely isolated from one another (see Sect. 6.1), and in
reality LSPRs and SPPs are inherently coupled.

6.4 Subwavelength Hole Arrays

The transmission of light through arrays of subwavelength diameter holes in metal
films has been the focus of much research since the discovery by Ebbesen et al. of
EOT [7]. A schematic diagram of a typical hole array in a Au film is shown in
Fig. 6.4. The system consists of a square array of holes with diameter d and
periodicity P in a Au film of thickness h; which is sandwiched between dielectric

materials I and III with RIs of nI ¼ e1=2
I and nIII ¼ e1=2

III : Material I (bottom) is taken
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to be the substrate or supporting material for the film (e.g., glass), with a fixed RI,
and material III (top) is a variable RI superstrate. Light is incident from region I,
and the transmission spectrum is obtained in region III.

The mechanisms of EOT have been the subject of much discussion, and
important contributions arise from SPPs, diffractive effects (including RAs), and
localized waveguide modes [7, 13, 16, 31–34]. For example, all of these fea-
tures play a role in the large RI sensitivity observed in Au films deposited on
arrays of 500-nm wells molded in a polymer substrate [35]; see Sect. 6.7. It is
worth mentioning once again that these effects are not isolated from one
another, and can interact leading to additional effects; see Sect. 6.1 as well as
Sects. 6.4.1 and 6.4.2.

The details of EOT vary significantly with parameters of the hole array struc-
ture, including size [36] and shape [37, 38] of the holes, metal thickness [39, 40],
and periodicity. As an example of these concepts, Fig. 6.5 shows FDTD calculated
zero-order transmission spectra for a hole array consisting of d ¼ 100 nm holes
separated by P ¼ 400 nm in a Au film on a glass (nI ¼ 1:523) substrate and with a
nIII ¼ 1:35 superstrate as h is increased from 25 to 100 nm.

All of the spectra in Fig. 6.5 show a considerable amount of transmission
(EOT) relative to the thin film transmission (Fig. 6.1). Initially, one may suspect
that this is due to direct transmission of light through the holes. However, the
geometric optics prediction for these parameters is less than 5%, and that predicted
by Bethe’s analysis [22] (see Sect. 6.1) is even less. The EOT can be primarily
attributed to coupling of the incident light into SPPs.

A broad maximum near k ¼ 490 nm is observed in all spectra, with a peak
transmission of about 15%. This peak is from direct transmission of light through
the Au film, and is not related to any hole or array properties, as is confirmed by
comparison with Fig. 6.1. The peak structure between k ¼ 560 and 580 nm can be
attributed to a combination of a LSPR (see Sect. 6.3) in each hole and a ð1; 1ÞnI

SPP–BW [i.e., the solution to Eq. 6.7 with ðsx ¼ 1; sy ¼ 1Þ and er ¼ n2
I ; associated

with the metal–material I interface; see Sect. 6.1]. The minima in the spectra for
k[ 580 nm can be assigned using the simple predictions of Eqs. 6.7 and 6.8. Note
that a Fano resonance feature corresponds to a given SPP feature, and occurs as a
minimum and an adjacent maximum, with the former often closer to the prediction
of Eq. 6.7 [2, 13, 32, 34]. For example, the ð1; 0ÞnIII SPP–BW is predicted to be at

Fig. 6.4 Schematic diagram
of a typical hole array in a Au
film. The parameters in the
figure are defined in the text
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601 nm, and the ð1; 0ÞnI SPP–BW at 662 nm. These positions are in relatively
good agreement with the FDTD calculated minima. These occur at 610 and
683 nm, respectively, in the h ¼ 50 nm results, for example; Fig. 6.5. It is
important to note that as the film thickness is decreased for h\65 nm; the peak
positions shift considerably. This can be attributed to the aforementioned increase
in coupling strength between SPP resonances on the top and bottom film surfaces
(see Sect. 6.1).

Fig. 6.5 FDTD calculated
zero-order transmission
through a hole array with d ¼
100 nm holes separated by
P ¼ 400 nm in a Au film on a
glass substrate and with a
nIII ¼ 1:35 superstrate as h is
increased from 25 to 100 nm
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6.4.1 RA–SPP Effect

Under certain circumstances, SPP–BWs and RAs on opposite sides of the film can
strongly interact [2, 3, 5]. Figure 6.6 shows how the positions of SPP–BWs and
RAs, predicted by Eqs. 6.7 and 6.8, respectively, evolve as nIII is varied while
nI ¼ 1:523 and P ¼ 400 nm remain fixed. Only the first-order cases
[ðsx ¼ 1; sy ¼ 0Þ and ðwx ¼ 1;wy ¼ 0Þ] are shown in Fig. 6.6, since they are the
strongest features in this wavelength range and for this P:

The crossing point labeled RA–SPP corresponds to where the (1, 0) nIII RA
[i.e., the solution to Eq. 6.8 with ðwx ¼ 1;wy ¼ 0Þ and er ¼ n2

III; associated with
the material III region; see Sect. 6.1] and the ð1; 0ÞnI SPP–BW coexist, which can
interact if the Au film is thin enough, leading to a strong variation in transmission
amplitude for h\65 nm [5]. The value of nIII at the RA–SPP crossing point for a
general hole array can be found by equating Eq. 6.7 for nI with Eq. 6.8 for nIII for
the first diffraction orders,

nIII ¼
eM kRA�SPPð ÞeI

eM kRA�SPPð Þ þ eI

� �1=2

: ð6:9Þ

Equation 6.9, like Eq. 6.7, is an implicit relation for a wavelength. In this case, the
wavelength kRA�SPP is that of the incident light where the ð1; 0ÞnI SPP–BW and
ð1; 0ÞnIII RA conditions are the same. The required P for the hole array at this
crossing point can subsequently be found from

P ¼ kRA�SPP

nIII

; ð6:10Þ

Fig. 6.6 Predicted positions
of ð1; 0Þ SPP–BWs and ð1; 0Þ
RAs (Eqs. 6.7 and 6.8,
respectively) as a function of
nIII for nI ¼ 1:523 and P ¼
400 nm: The nI SPP–BWs
and RAs are denoted as AS

and AR; and the nIII ones as
BS and BR; respectively
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To achieve the RA–SPP effect near some specific nIII value, Eq. 6.9 is first
rewritten as a root equation, f ðkRA�SPPÞ ¼ 0; and solved using bisection for
kRA�SPP: Then, Eq. 6.10 is used to determine the necessary P: For example, nI ¼
1:523 corresponds to nIII ¼ 1:65 and kRA�SPP ¼ 662 nm with P ¼ 400 nm:

It turns out that RA–SPP solutions exist only for nIII values in a small range:
nI\nIII\nI þ D; where D depends on the nature of the metal, nI; and h (e.g.,
D � 0:35 for a h ¼ 50 nm thick Au film with nI ¼ 1:523Þ: For example, to design a
system sensitive to nIII ¼ 1:40; it would therefore be necessary to use a supporting
substrate with nI\1:40: In what follows, it is demonstrated that both FDTD
calculations and experimental results confirm these expectations for a hole array in
a h ¼ 50 nm thick Au film with d ¼ 100 nm and P ¼ 400 nm on a glass
(nI ¼ 1:523) substrate [2].

Figures 6.7 and 6.8 show the FDTD calculated and experimental zero-order
transmission spectra for nIII ranging from 1.00 to 1.70. The level of agreement
between experiment and the calculations is reasonable in terms of positions of the
maxima and minima, and overall trends. However, there are some quantitative
differences in the magnitudes of the largest transmission peaks, which are most
likely due to small, but very sensitive deviations between the experimental hole
array structure and the computational idealized configuration [35]. It is found, for
example, that if the diameter of the holes is increased to 120 nm (vida infra), then
the calculated transmission amplitude of the longest wavelength peak nearly
doubles. Although the experimental holes have d ¼ 100 nm on average, slight size
differences can occur from the grain size of the evaporated Au films, or other
relatively small imperfections. Additionally, to correlate with the experiments
directly, the computed results should be scaled by �hx (where �h is Planck’s con-
stant) to convert between the calculated power per unit area and the measured
energy per unit area (this is the major contributing reason for the discrepancies at
high wavelengths; see Sect. 6.6).

Similar to Fig. 6.5, all of the spectra in Figs. 6.7 and 6.8 display a broad
maximum near k ¼ 490 nm with a peak transmission of about 15%. This is due to
direct transmission of light through the Au film. The peak structure between
k ¼ 560 and 580 nm can be attributed to a combination of a LSPR in each hole
and a ð1; 1ÞnI SPP–BW. The minima in the spectra for k[ 580 nm can be assigned
using Fig. 6.6 (or equivalently, Eqs. 6.7 and 6.8). For example, when nIII ¼ 1:70
(Fig. 6.8), the BS ¼ ð1; 0ÞnIII SPP–BW is predicted to be at 733 nm, while the
calculated and experimental wavelengths are seen to be 757 and 750 nm,
respectively. In addition, the AS ¼ ð1; 0ÞnI SPP–BW is predicted to be at 662 nm,
and the calculated and observed values are 669 and 660 nm. Finally, the ð1; 1ÞnIII

SPP–BW is predicted to be at 580 nm, while the calculated and observed values
are 614 and 609 nm.

The result of coupling between SPPs on the top and bottom film interfaces can be
seen as nIII is increased for nIII\nI; where the hybridized BS ¼ ð1; 0ÞnIII SPP–BW
increases in wavelength from 574 to 620 nm and decreases in amplitude, while the
hybridized AS ¼ ð1; 0ÞnI SPP–BW peak near 708 nm increases (Fig. 6.7).
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In this discussion so far, RAs have not appeared prominently in the calculated
or measured transmission spectra, because they are generally narrow spectral
features (or possibly just kinks) that can be overwhelmed by other processes. For
nIII [ nI; the maximum to the immediate red of the minimum associated with the
AS ¼ ð1; 0ÞnI SPP–BW shows a rapid rise and narrowing (Fig. 6.8). This rapid
amplitude increase is a direct result of the RA–SPP effect, and the evolution of the
peak associated with this is shown in Fig. 6.9 on a finer RI scale, calculated with
both FDTD and RCWA (Sect. 3.5.1). Consistent with Fig. 6.6, the BR ¼ ð1; 0ÞnIII

Fig. 6.7 FDTD calculated
and experimental zero-order
transmission spectra for a
hole array in a h ¼ 50 nm
thick Au film with d ¼
100 nm and P ¼ 400 nm for
nIII\nI; where nI ¼ 1:523
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RA passes through the wavelength region of the AS ¼ ð1; 0ÞnI SPP–BW, inter-
acting with it to produce a narrow, nIII-sensitive spectral feature. Note that owing
to partial RA character, the RA–SPP feature occurs close to the prediction of
Eq. 6.9 (but still redshifted due to SPP–SPP coupling; see Sect. 6.1). The term
‘‘interacting’’ should be taken loosely, and in this case corresponds to the fol-
lowing. First-order diffraction is a virtual process, which means that SPP excitation
associated with the bottom of the film can temporarily populate the virtual dif-
fraction channel before ultimately scattering into the zero-order channel. This

Fig. 6.8 FDTD calculated
and experimental zero-order
transmission spectra for a
hole array in a h ¼ 50 nm
thick Au film with d ¼
100 nm and P ¼ 400 nm for
nIII [ nI; where nI ¼ 1:523
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pathway operates in parallel with normal zero-order scattering to enhance trans-
mission. When the wavelength is reduced further to allow first-order diffraction,
scattering into the zero-order channel stops, leading to a sharp cutoff in the RA–
SPP peak on the short wavelength side.

The FDTD calculated amplitude variation of the RA–SPP peak in the nIII range
1.55–1.70 is � 65% / RIU (RI unit) calculated and � 150% / RIU experimental [2]

Fig. 6.9 a FDTD calculated
zero-order transmission
through a hole array in a h ¼
50 nm thick Au film with
d ¼ 100 nm;P ¼ 400 nm; and
nI ¼ 1:523: A rapid increase
in amplitude of the peak
associated with the RA–SPP
effect is seen as nIII is varied.
b RCWA calculated results
consistent with a. c RCWA
calculated first-order
transmission as nIII is varied
through the region of the RA–
SPP effect
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(differences that can again attributed to minor imperfections in the experimental
systems); Fig. 6.9. The RCWA calculations reveal that first-order diffraction is
also significantly enhanced by the RA–SPP effect; Fig. 6.9c. As expected, first-
order diffraction, dominated by the ð1; 0ÞnIII RA, exhibits a wavelength sensitivity
equal to the theoretical upper limit, P / RIU.

FDTD-calculated electric field plots also verify coexistence and interaction
between the ð1; 0ÞnI SPP–BW and ð1; 0ÞnIII RA. Figure 6.10 shows the wave-

length-resolved jEzj2 at k ¼ 679 nm for nIII ¼ 1:70 (near the RA–SPP crossing
point).. Figure 6.10a shows that the ð1; 0ÞnI SPP–BW has the greatest intensity on
the nI side, but also some noticeable intensity on the nIII side. The ð1; 0ÞnIII RA is
present in this plot, but is not visible since its intensity relative to the ð1; 0ÞnI SPP–
BW is low. Figure 6.10b shows the field for z [ 200 nm above the film surface,
where characteristic RA features are visible—e.g., an extended propagating plane
wave [41]. The high intensity of the ð1; 0ÞnIII RA near the film interface, which
decreases in strength as the distance from the film increases, suggests that the
ð1; 0ÞnIII RA is interacting with the ð1; 0ÞnI SPP–BW.

Further RCWA calculations (not shown) reveal that the RA–SPP effect persists
strongly for film thicknesses up to h ¼ 65 nm and for hole (or slit) diameters of
d [ 80 nm [5]. In addition, optimum values of h ¼ 45 nm and d ¼ 175 nm have
been determined with respect to both RI sensitivity (defined as the change in
amplitude per RIU, which is considered significant if greater than 1.0) and height-
to-width ratio of the RA–SPP peak [defined as the maximum minus the minimum
in the Fano-like profile, divided by the full width at half maximum (FWHM) of a
single peak at the center of the RI range of the RA–SPP effect–or in other words, a
measure of the sharpness of the RA–SPP feature] [5]. For example, using the

Fig. 6.10 FDTD calculated wavelength-resolved jEzj2 at k ¼ 679 nm for nIII ¼ 1:70; showing
a the region near the hole and b 200 nm above the Au film. The hole is centered at the origin, and
the film boundaries are outlined in white
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optimum hole diameter, the amplitude variation with RIU almost doubles. RCWA
calculations carried out over a wide range of P and nI values (also not shown)
confirm that the rapid variations in transmission amplitude are always consistent
with the predictions of Eqs. 6.9 and 6.10.

The other crossing points in Fig. 6.6 lead to couplings that are less relevant
for obtaining narrow spectral features that are especially sensitive to variations
of nIII: The coupling of the two SPP–BWs features near nIII ¼ 1:523 will lead to
a broader peak than the RA–SPP one, since SPP–BWs are intrinsically broader
than the RAs, due to their finite lifetimes. (The hybridization that results from
this interaction, however, does play a role in the RA–SPP effect [2].)
The crossing of the two RA features could produce narrow spectral features, but
this effect is overwhelmed by SPP–BW coupling near the same wavelength.
Finally, the nIII SPP–BW and nI RA crossing near nIII ¼ 1:35 occurs in a
wavelength region where high-order SPP–BWs, LSPRs, and direct transmission
are all important.

6.4.2 RA–SPP Effect in Pd

The RA–SPP effect can be strong even in systems which are considered weakly
plasmonic (i.e., ones that do not exhibit strong SPP features) [3, 42], often due to
=ðeMÞ being large. For example, consider a hole array in a palladium (Pd) film (a
weak plasmonic material) with d ¼ 160 nm;P ¼ 400 nm; and h ¼ 55 nm:

Figure 6.11a shows that such a hole array on a glass substrate (nI ¼ 1:523) in
air (nIII ¼ 1:00) experimentally exhibits transmission intensities up to 18% near
665 nm. Such transmission should be compared to that through a 55-nm thick solid
Pd film, which is very weak at most wavelengths, except for a broad peak around
900 nm with maximum intensity of *3%; Fig. 6.11a, dashed line. Considering
that the geometric open area of the hole array is 12%, EOT is thus obtained even
from this relatively weak plasmonic metal.

The EOT peaks are found to be closely related to the excitation of SPP–BW
modes (just as for the Au films in Sect. 6.4.1. Specifically, the resonance features
in the transmission spectra exhibit a Fano profile [34], with the minima close to the
predictions of Eq. 6.7. Additionally, as predicted by Eq. 6.7, the maxima and
minima in the transmission spectra are redshifted with increasing nIII:

Zero-order transmission spectra calculated using FDTD for nIII = 1.00 to 1.70
are shown in Fig. 6.11b. The calculations and experimental data show good
agreement regarding the resonance positions. However, slight differences in the
transmission amplitudes are present, which are (yet again) most likely because of
minor, but unavoidable imperfections in the experimental samples.

As nIII increases past 1.55, the ð1; 0ÞnIII RA wavelength approaches the ð1; 0ÞnI

SPP–BW mode, and a distinct peak as narrow as 45 nm (FWHM) appears at 670 nm;
Fig. 6.11, star. This can be attributed to the RA–SPP effect (see Sect. 6.4.1).
The wavelength of this peak for nIII [ 1:55 occurs at a wavelength that is slightly
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longer than the RA condition in nIII; but shorter than the SPP–BW one at the Pd–nI

interface (analogous to the effect in Sect. 6.4.1). This can be seen in the FDTD
calculations near 685 nm when nIII = 1.70, for example; Fig. 6.11b, star. It is pri-
marily because of the RA–SPP effect (in addition to normal EOT) that sharp features
in the transmission spectra are observed in these systems at all, since Pd has a large
=ðeMÞ at these wavelengths.

The RA–SPP effect is also observed when nIII\1:55; except that the roles of
the nIII region and the Pd–nI interface are reversed. (Recall that this effect was not
observable in Au due to other effects that occurred in the same region; see Sect.
6.4.1). For example, strong variations in the transmission amplitude due to the
RA–SPP effect are observable in the FDTD calculations near 606 nm when nIII =
1.293. In this case, when nIII approaches 1.29, the RA–SPP feature occurs as the
ð1; 0ÞnIII SPP–BW condition overlaps with that of the ð1; 0ÞnI RA.

To (again) further verify coexistence and interaction between the ð1; 0ÞnI SPP–

BW and the ð1; 0ÞnIII RA, the wavelength-resolved jEzj2 at k ¼ 628 nm for nIII =
1.70, near the minimum in the zero-order transmission spectrum associated with
the (‘‘normal’’) RA–SPP peak, can be looked at; Fig. 6.12. Figure 6.12a shows
that the SPP–BW has the greatest intensity at the Pd–nI interface, but also

Fig. 6.11 Zero-order transmission spectra for Pd subwavelength hole arrays under normal
incidence excitation. a Measured and b FDTD calculated spectra are in good agreement, and the
positions of the SPP–BW minima are also in good agreement with Eq. 6.7 (dashed and solid lines
for nI and nIII; respectively). Transmission through a 55-nm solid Pd film is included as a
reference in a; the RA–SPP features are indicated by stars; and the inset of a is a scanning
electron microscope (SEM) image of an experimental system
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noticeable intensity on the nIII side. The RA is also present, but cannot be resolved
because of its low intensity relative to the SPP–BW. Figure 6.12b shows the field
at z [ 200 nm above the film surface, a distance at which the SPP–BW fields have
significantly decayed, and EM characteristics of a RA are evident [41].

Because Pd films attenuate the propagation of SPPs more strongly than Au at
optical wavelengths, the RA–SPP peak near 670 nm is broader and less intense
compared to the analogous peak in Au near 690 nm (in the latter case, FWHM
¼ 34 nm; see Sect. 6.4.1). However, the spectral features in Pd are more well-
defined and narrow compared to other Pd systems, where strong resonances have
not been previously observed [43]. Thus, even in weakly plasmonic materials, the
RA–SPP effect is a general phenomenon that that may be observed under the
proper conditions. Furthermore, because =ðeMÞ becomes smaller with decreasing
wavelength (a somewhat unusual feature) [44], Pd becomes more strongly plas-
monic at short wavelengths. Thus, such plasmon resonances can be very distinct in
the blue region of the visible spectrum, and could possibly be useful for appli-
cations (e.g., sensing) in regions where Au and Ag are impractical.

Since both SPPs and RAs are angle dependent, RA–SPP peaks also shift with
the incident angle of light, h: The required condition for the RA–SPP effect
[overlap between the (1, 0) nI SPP–BW and the (1, 0) nIII RA] in Pd should occur
not only at normal incidence, but also out to large angles without changes in nIII:
This is because SPP and RA features for Pd have similar slopes as function of h
[3]. Fig. 6.13a shows experimentally that the RA–SPP peak in Pd exhibits nearly
the same amplitude and FWHM at angles all the way from 0 to 60�.

Fig. 6.12 FDTD calculated EM field distributions at jEzj2 at the RA–SPP minimum at k ¼
628 nm for nI ¼ 1:52 (glass) and nIII = 1.70. a SPP intensity is visible on both sides of the Pd film.
b Fields characteristic of a RA are evident at z [ 200 nm above the film, where the SPP–BW
intensity has significantly decayed
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In contrast, the amplitude of the RA–SPP peak in Au decreases dramatically
with increasing h when nIII = 1.70; Fig. 6.13b. The reason for this is that the (1, 0)
nI SPP–BW condition deviates significantly from the (1, 0) nIII RA one at large
angles in Au [3]. Therefore, at least in Pd, changing the excitation angle presents
another effective approach to tune RA–SPP features to desirable wavelengths,
without compromising spectral quality.

6.5 Pillar Arrays

While counter-intuitive, the existence of holes in a metal film is not required to
observe EOT [45]. All that is necessary is to couple into SPPs (or other effects)
associated with the metal–dielectric interface, and for the metal film to be optically
thick [16, 46]. As an example, consider a 400 nm periodic array of 60 nm high
�120 nm diameter Ag disks on top of a flat 30 nm thick Au film on a glass
(nI ¼ 1:523) substrate with a variable index superstrate (nIII); Fig. 6.14.

FDTD calculated zero-order transmission spectra for superstrate indices of
nIII ¼ 1:00 to 1.65 are shown in Fig. 6.15. As can be seen, even without holes a
large amount of transmission through this system occurs compared to a flat Au film
(Fig. 6.1) This EOT arises because the Ag pillars act as a diffraction grating, which
couples incident light into SPPs.

Fig. 6.13 Experimental angle-resolved transmission spectra for a Pd and b Au hole arrays with
nIII = 1.70. The RA–SPP peak (starred) in Pd shifts with h; but does not change much in
amplitude and width, whereas the amplitude of that in Au dramatically decreases
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As was the case for hole arrays (see Sects. 6.4.1 and 6.4.2), most peaks not
due to direct transmission through the film can be explained using Eqs. 6.7 and
6.8. For example, for nIII ¼ 1:65 the small minimum at 742 nm is close to the
predicted ð1; 0ÞnIII SPP–BW position of 712 nm. In addition, in all spectra a
slight kink is seen near 603 nm, which can be attributed to a ð1; 0ÞnI RA,
expected to occur at 609 nm. A large minimum is also observed in all of the
spectra from the LSPR on the Ag disks (e.g., at 550 nm for nIII ¼ 1:35; and
670 nm for nIII ¼ 1:65), which is confirmed by plots of the wavelength-resolved

jEzj2 at k ¼ 666 nm for nIII ¼ 1:65; Fig. 6.16c, and calculations not involving the
Au film (not shown).

Coupling between SPP–BWs on both sides of the film is strong when nI ¼
1:523 and nIII ¼ 1:5 are similar, as can be seen in the plot of jEzj2 at k ¼ 619 nm;
Fig. 6.16a. RAs and SPP–BWs can also interact in these systems, giving the RA–
SPP effect (see Sects. 6.4.1 and 6.4.2). For the system under consideration, this
effect is seen in the spectra near 638 nm for nIII ¼ 1:65 (Fig. 6.15), and is con-

firmed by the image of jEzj2 at k ¼ 633 nm (Fig. 6.16b), where a ð1; 0ÞnI SPP–BW
and a ð1; 0ÞnIII RA are seen to coexist.

The LSPR of the Ag disks provides an additional parameter that can be used to
control EOT in such systems. For example, by using elliptical Ag disks the large
minimum in the transmission spectra due to the LSPR can be redshifted by
switching the polarization direction from the short to the long-axis. Figure 6.17
shows the transmission through a Ag pillar array with nIII ¼ 1:65 for
120 9 240 nm pillars (1:2 aspect ratio), for both short (x) and long (y) axis
polarizations. As can be seen, the (Ag pillar) LSPR is redshifted from 662 to
798 nm by switching the polarization direction. For circular polarization, both
short and long-axis LSPR resonances are observed.

6.6 Superlattices

In addition to single-periodicity arrays, plasmonic superlattices also reveal novel
interactions in nanostructured metal films. Such systems consist of a periodic array
of finite sets (patches) of holes. These systems are novel because SPs can interact

Fig. 6.14 Schematic
diagram of a Ag pillar array
on a Au film
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over multiple length scales: tens of nanometers for LSPRs, hundreds of nano-
meters for intrapatch SPPs, and tens of micrometers for interpatch SPPs. The
interplay between such interactions has not received much attention [4].

Fig. 6.15 FDTD calculated
zero-order transmission
spectra through periodic Ag
pillars on a Au film with the
parameters shown in
Fig. 6.14, for various nIII

values
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In this Section, 4 lm square patches of holes separated by 6 lm are considered.
To simulate such systems with FDTD, a single unit cell 6 �6 lm (in the plane of
the film) containing one patch with periodic boundary conditions was modeled:
100 uniform holes with d ¼ 130 nm separated by 400 nm, in accordance with
experimental scanning electron microscope (SEM) images (not shown). Interest-
ingly, calculations involving a distribution of hole diameters centered around d ¼
130 nm produced similar results. To compare with the experiments directly, the
calculated transmission spectra were scaled by E ¼ �hx; where E is the photon
energy, in order to convert between the calculated power per unit area and the
measured energy per unit area.

Figure 6.18 shows that the FDTD calculations agree well with experiment, and
also reveal three classes of plasmon peaks: (1) interpatch coupling modes (I-1 and
I-2); (2) a ð1; 1ÞnIII intrapatch SPP–BW; and (3) intrapatch coupling modes. The
latter modes resemble the (1, 0) nI and (1, 0) nIII SPP–BW modes; hence, they are
labeled in Fig. 6.18b and will be referred to as such.

As indicated by how their resonance positions vary with RI, the ð1; 0ÞnI and
ð1; 0ÞnIII SPP–BW intrapatch modes are found to be strongly coupled, and most
likely to each other. The ð1; 1ÞnIII intrapatch SPP–BW, however, has a resonance

Fig. 6.16 FDTD calculated
wavelength-resolved (and
normalized) jEzj2 at a k ¼
619 nm for nIII ¼ 1:5;
showing coupling of SPP–
BWs on both sides of film, b
k ¼ 633 nm for nIII ¼ 1:65;
showing the RA–SPP effect,
and c k ¼ 666 nm for nIII ¼
1:65; showing the LSPR of a
Ag pillar

Fig. 6.17 FDTD calculated
zero-order transmission for a
120� 240 nm Ag pillar array,
oriented along the y-axis, on a
30 nm thick Au film on a
glass (nI ¼ 1:5) substrate
with nIII ¼ 1:65: Calculations
for both linear and circular
incident polarizations of light
are shown
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position that varies nearly linearly with RI, indicating that it is not coupled to other
effects.

For all intrapatch plasmon peaks, it is found that the small numbers of holes
results in two main effects: (1) the peaks are redshifted by 100 nm from their
predicted values (Eq. 6.7), and (2) RAs, which play a prominent role in trans-
mission through infinite arrays (see Sects. 6.4.1 and 6.4.2), are absent.

The interpatch peaks I-1 and I-2 can be identified relative to the intrapatch
peaks from calculations on isolated patches (not shown). For a superlattice peri-
odicity of 6 lm, many closely spaced resonances are predicted from Eq. 6.7, and it
is unexpected that only I-1 and I-2 appear so prominently. In addition, these peaks
appear to follow the positions of the ð1; 0Þ nI and ð1; 0Þ nIII SPP–BW intrapatch
modes, indicating that the intrapatch and interpatch SPPs are not isolated from
each other. In other words, SPPs can interact over multiple length scales, leading
to a variety of unexpected effects, such as these. Furthermore, from the variations
in their positions with RI, I-1 is a nI resonance (an interpatch substrate mode) and

Fig. 6.18 a Experimental and b FDTD calculated zero-order transmission through a 4 lm patch
array for various nIII values. The experimental results show many narrow peaks that shift nearly
linearly in wavelength with increasing RI. Calculations identify five resonances, which are
labeled in the n ¼ 1:70 spectrum. The interpatch resonances are denoted as I-1 and I-2, and the
intrapatch resonances, similar to the ð1; 0ÞnIII and ð1; 0ÞnI SPP–BW modes, are labeled (�1, 0)sup

and (�1, 0)sup, respectively. A (�1, �1)sup is also shown
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I-2 is a nIII resonance (an interpatch superstrate mode), which are either coupled to
each other and/or to the (1, 0) nI and (1, 0) nIII SPP–BW intrapatch resonances.

These multi-length scale interactions represent a promising avenue for future
investigation. Further experimental support for the claims in this section, and a
discussion of additional effects arising from such interactions, can be found in
Ref. [4].

6.7 Other Periodic Systems

In addition to periodic arrays of holes and pillars in metal films, other periodic
systems have been investigated. For example, Rogers and co-workers [35, 47, 48]
have fabricated quasi-3D plasmonic crystals by depositing a Au film onto periodic
arrays of finite-depth wells stamped in a polymer. Depending on the metal
deposition technique, the resulting systems have either holes in the top film and Au
disks in the bottom of the wells [35], or well structures conformally covered with a
Au film [48] (i.e., the well side-wells are also coated). One advantage of these
structures is that their greater complexity relative to simple hole arrays can be used
to obtain extra sensitivity to RI. FDTD simulations have been used to identify the
physical origins of the RI-sensitive transmission peaks, and in general they involve
SPP–BWs, RAs, and LSPRs [35]. A related structure based on nanosphere
lithography was studied by Hicks et al. [49], who looked at reflected, rather than
transmitted, light.

Another interesting periodic system is an array of coaxial apertures in a metal
film. Such systems are essentially hole arrays with metal pillars inside the holes
[50–53], which can alternatively be viewed as dielectric (or possibly air) ring
structures in a metal film, where the interior of the dielectric ring is the metal pillar
and the exterior is the metal film. These systems are able to strongly support
waveguide modes (see Sects. 3.5.2 and 7.4) that can travel up through the coaxial
apertures, leading to a form of EOT. In addition, when the wavelengths are such
that SPPs can be excited in the metal, FDTD calculations have shown that the
waveguide modes can significantly redshift and exhibit unusual cutoff properties
[50, 52]. Experimental results have been found to be in remarkably good accord
with the computational predictions [51, 53], and Haftel and co-workers [52, 53]
refer to these modes as cylindrical SPPs.

6.8 Summary and Outlook

The results in this chapter show the richness of phenomena associated with
nanostructured metal films. Of particular focus was the discussed RA–SPP effect
for light transmission through arrays of subwavelength holes in metal films, which
leads to narrow transmission peaks that have strong RI sensitivities. A simple
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model was presented that accurately predicts the system parameters, RIs, and
wavelengths where RA–SPP effects occur. Both simulation and experiment con-
firmed the anticipated large amplitude changes on the basis of this model.

The RA–SPP effect could be useful for a variety of applications, particularly RI
sensing. For example, the explicit variation of the transmission amplitude with nIII

could be used directly to calibrate a system for superstrate sensing. The wave-
length change of a spectral feature with RIU is also sometimes used as a sensing
figure of merit. Since the SPP–BW component of the RA–SPP feature is essen-
tially a ð1; 0ÞnI SPP–BW, it is not expected that there would be a wavelength
sensitivity with respect to nIII: However, from Fig. 6.9 it is found that the wave-
length sensitivity is approximately 200 nm / RIU, which is probably related to
hybridization effects between the ð1; 0ÞnI SPP–BW and ð1; 0ÞnIII SPP–BW.
Although smaller than values reported for predominantly nIII SPP–BWs and larger
hole periodicities [35], this represents an additional feature that could be used in
conjunction with the amplitude sensitivity.

The RA–SPP effect was shown to exist even in weakly plasmonic materials,
such as Pd. This indicates that such features are a general effect that may be
observed in all plasmonic materials, under the proper conditions. Hole arrays or
related structures created from weak plasmonic materials offer new prospects for
constructing plasmonic components, such as the design of SPP-based sensors and
SERS substrates that require short wavelengths for efficient excitation.

Additional systems were also discussed, including isolated holes, pillar arrays,
superlattices, and other periodic systems. All of these were shown to exhibit novel
effects. For example, the superlattice results demonstrated that nanostructured
metal films can cause plasmons to interact over multiple length scales. Specifi-
cally, it was shown that intrapatch SPPs (which act on the order of hundreds of
nanometers) can interact with interpatch SPPs (which act on the order of tens of
micrometers).

Before ending this chapter, it is worth mentioning that periodically structured
metal films (such as hole arrays) or isolated apertures are not the only such
nanostructured systems that exhibit novel effects. One particularly interesting
example is that SPP propagation can be controlled analogous to classical optics.
Considering that a SPP has momentum (Eq. 6.1), it is possible to derive a plas-
monic Snell’s law [54], ki sinðhiÞ ¼ kt sinðhtÞ where i and t correspond to the
incident and transmitted (refracted) values, respectively.

Figure 6.19 shows FDTD calculations of a SPP excited and propagating alongþx
at 2.5 eV on an aluminum (Al) film. Upon encountering a flat Ag interface at angle of
3p=4 with respect to x; it refracts at an angle of hr � p=6:5: Note that er ¼ 6 in this
(and in the following example), which corresponds to diamond, and therefore
<ðktÞ=<ðkiÞ � 1:52 (kAlc=x � 2:69þ i0:075 and kAgc=x � 4:08þ i0:064), which
is analogous to an air–glass interface in classical optics.

As an additional example of this, consider a SPP propagating from Al into a Ag
semi-cylindrical half-space (with a 400 nm diameter). Somewhat of a schematic
diagram can be seen in the FDTD calculated Ezðt ¼ 0Þ in Fig. 6.20, where the Ag
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film is outlined in white. White arrows are inserted into the intensity profile, which
indicate the propagation directions of two SPP ‘‘rays’’. Two rays propagate out-
wards from the SPP source, refract at the Ag interface, and focus near x �
2550 nm: Considering the Ag cylindrical interface as a lens, this corresponds to a
focal distance of approximately 750 nm; which is very close to analogous lensing
in regular optics by a n ¼ 1:5 lens in free space at 2.5 eV of 731 nm: The bottom
plot in Fig. 6.20 shows Ezðt ¼ 0Þ as a function of x; where the focusing can be
clearly seen in the enhancement of the SPP magnitude. Since a SPP is attenuated
as it propagates, this focusing leads to a significant increase in the propagation
length.

Such systems, governed by a simple analog to Snell’s law, could be useful for a
wide range of optoelectronic devices, for example.

Fig. 6.20 FDTD calculations of SPP focusing by a Ag semi-cylindrical half-space at 2.5 eV.
Upper image Ezðt ¼ 0Þ 10 nm above the Al/Ag metal film. Lower image 2D slice through the
center of the upper image (along the long direction). The Ag film is outlined in white; the blue
dashed line indicates the SPP source position; and the blue dotted line indicates the front surface
of the Ag film

Fig. 6.19 FDTD
calculations of Ezðt ¼ 0Þ
10 nm above an Al/Ag metal
film (on the left/right,
respectively) at 2.5 eV,
showing SPP refraction at the
metal interface (shown as a
white line)
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Chapter 7
Optical Corrals

Preface

The content that appears in this chapter has been largely adapted from the fol-
lowing publications:

McMahon JM, Gray SK, Schatz GC (2008) Dephasing of electromagnetic fields
in scattering from an isolated slit in a gold film. Proc. SPIE 7033: 703311/1-6. doi:
10.1117/12.790647

Babayan Y, McMahon JM, Li S, Gray SK, Schatz GC, Odom TW (2009)
Confining standing waves in optical corrals. ACS Nano 3:615–620. doi:
10.1021/nn8008596

McMahon JM, Gray SK, Schatz GC (2011) Surface nanophotonics theory.
In: Wiederrecht G (ed) Comprehensive Nanoscience and Technology. Elsevier,
Amsterdam

The experimental work that appears in this chapter was done by Babayan Y and
Odom TW. Although, the experimental aspects are not discussed heavily, and the
reader interested in such details is referred to Refs. [1–3].

7.1 Introduction

In this chapter, FDTD modeling and near-field optical characterization of litho-
graphically patterned arrays of micron-sized metallic circular rings are discussed,
microscale (1�10 lm) analogues of the nanoscale quantum corral [4]. Such
structures are of interest for confining and manipulating light on surfaces, which,
for example, are of relevance for emerging applications in optoelectronics [5],
photonics [5–7], and chemical and biological sensing [8, 9]. The wavelength
dependence of such confinement will also be discussed. Additionally, elliptical

corrals with three different eccentricities [e ¼ ð1� b2=a2Þ1=2; where a and b are
the long and short axes, respectively] are discussed, which offer a novel platform

J. M. McMahon, Topics in Theoretical and Computational Nanoscience,
Springer Theses, DOI: 10.1007/978-1-4419-8249-0_7,
� Springer Science+Business Media, LLC 2011
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for investigating polarization effects. Unlike in quantum corrals [4, 10, 11], such
effects offer the potential to control the pattern of the standing waves. FDTD

calculations of the intensities of the electric field jEðx;xÞj2 and magnetic field

jHðx;xÞj2 are provided to support the experimental results. These calculations also
reveal novel photonic effects, such as substrate effects and electromagnetic field
dephasing, which are analyzed using a waveguide modal analysis. Such analysis is
relevant for the aforementioned applications, but also enables a straightforward
understanding of the relationship between NSOM measurements and the electric
and magnetic fields that are typically used to interpret the corresponding near-field
images.

7.2 Computational Considerations

Isolated corrals were modeled after the experiments as 60 nm high (larger than the
skin depth of Au at optical wavelengths of � 25 nm [12]) and 250 nm wide Au,
Ag, or aluminum oxide (Al2O3) ring structures on top of a 150 nm thick n ¼ 2:0
layer [similar to indium tin oxide (ITO)], and all on top of a glass (n ¼ 1:5)
substrate. A schematic diagram of the system under consideration is shown in Fig.
7.1. [2D FDTD calculations on analogous systems (not shown) indicate that iso-
lated corrals produce results similar to those of a periodic array of them, such as
the experimental ones in this chapter.] Computational domains were discretized
using grid spacings of 5.0 nm in all directions. The dielectric functions of Au and
Ag were modeled using the D2L model, accurately fit to empirically determined
dielectric data over the relevant wavelengths (400–700 nm); Appendix B. Al2O3

was assumed to have a constant refractive index of n ¼ 1:77: Field intensities were
calculated 20 nm above the n ¼ 2:0 layer by Fourier transforming the time-
domain electric and magnetic fields.

7.3 Circular Corrals

Figure 7.2a shows a SEM image of a single circular corral made of Au with an
inside diameter of 4:8 lm: When the structure is illuminated at normal incidence
with circularly polarized 633 nm light and imaged by collection mode NSOM, two

Fig. 7.1 Schematic diagram
of an optical corral
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specific features are found inside and around the corral: (1) evanescent waves with
*200–250 nm amplitude in the z-direction (normal to the surface), which can be
quantified by single-point NSOM spectroscopy, and (2) standing wave patterns
inside and outside of the structure with a wavelength close to that of the light used
for imaging, as can be seen in Fig. 7.2b. The pattern inside the corral contains
ripples, while that outside consists of concentric, circular fringes. In passing, it is
interesting to note that the patterns formed within the optical corrals resemble the
patterns of electronic standing waves in quantum corrals [4, 11, 10].

To investigate the effect of the corral size on the patterns, arrays of Au circular
corrals with inner diameters of 2.23 and 5 lm center-to-center separations were
fabricated; Fig. 7.3a. When these structures are imaged using circularly polarized
633 nm light, the number of internal ripples decrease (Fig. 7.3b, top), as expected,
and the central spots become dark. These results are similar to those observed in
NSOM images of the local density of states inside 2.7-lm circular Au discrete-
wall corrals [13]. In addition, the standing wave pattern outside of the corrals

becomes more well-defined. FDTD calculations of jEðx;xÞj2 for a 2.23-lm cir-
cular Au corral shows good agreement with the experimental patterns both inside
and around the corral, including the peak-to-peak wavelength of the standing
waves and the positions of the maxima and minima; Fig. 7.3c.

Changes in the intensity and pattern of the standing waves outside of the corrals
can easily be explained as diffraction between opposite corral walls from both
individual and neighboring corrals, where the longer wavelengths correspond to
lower diffraction orders, and are thus more intense. However, the fields inside the
corrals are found to only depend on the geometry and local dielectric environment
of an individual corral. For example, calculations without the ITO substrate pro-
duces significantly different field patterns; Fig. 7.4. Without the substrate, the
trends of the maxima and minima are reversed compared to its inclusion, and also
resemble slit waveguide modes excited with TEz polarized light [2]; see Sect. 7.4.
These results demonstrate that the confined fields in the optical corrals can be
tuned by the changing the substrate. The primary reason for this is that the

effective incident wavelength in the corrals depends on the substrate, keff ¼
k0=e

1=2
sub ; where keff is the effective incident wavelength and k0 is the actual incident

wavelength inside the substrate with permittivity esub: Presumably, the field

Fig. 7.2 A circular optical
corral. a SEM image of a
4:8 lm diameter Au corral,
b NSOM image of
a illuminated using circularly
polarized 633 nm incident
light
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patterns will be completely reversed when d 1� e1=2
sub

� �
=k0 ¼ nþ 1=2; where n ¼

0; 1, 2,… and d is the corral diameter.

Interestingly, jEðx;xÞj2 and jHðx;xÞj2 are found to be qualitatively backwards
within the corrals; Figs. 7.3c, d and 7.4. This feature can be explained by per-
forming calculations on a simplified system and using a waveguide modal analysis
[2, 14]; see Sect. 7.4.

Fig. 7.3 Wavelength dependence of standing wave patterns in circular corrals. a SEM image of
arrays of 2.23 lm diameter Au corrals, b Collection mode NSOM images of the corrals under top

633, middle 543, and bottom 457-nm light. FDTD calculations of c jEðx;xÞj2 and d jHðx;xÞj2 for
the same conditions as in b
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Variations of the standing wave patterns in response to a change in the
wavelength of the light are also observed. The 2.23-lm corrals illuminated and
imaged using two additional wavelengths, 543 and 457 nm, are shown in Fig.
7.3b, c middle and bottom. When the 633-nm light is replaced with 543-nm, and
then with 457-nm, the dark spot in the middle of the corral gradually switches to a
bright one (Fig. 7.3b, bottom), which has an intensity *6 times higher than the
lowest intensity spot. This observation suggests that only certain wavelengths of
light are optimally sustained inside the corrals to produce a high intensity spot at
the center.

To investigate the effect of the corral material on the patterns, circular corrals
with Ag and Al2O3 (dielectric) walls with inner diameters of 2:35 lm were also
fabricated; Fig. 7.5. When the corrals are excited with circularly polarized 633-nm
light, identical patterns are produced inside both the metallic and dielectric
structures, Fig. 7.5a, b, respectively. The dielectric corrals, however, are brighter
than the metallic ones, which is expected because Al2O3 is transparent. Another
variation between the images is in the contrast of the standing wave patterns,
which indicates that the reflectivity of the corral material is important (a result not
necessarily expected, a priori). Based on reflectivity values, the dielectric struc-
tures have the lowest contrast because that of Al2O3 is lower, compared to the
metals, at 633 nm. Between the two metals, Ag has a slightly better contrast
because it has *5% higher reflectivity at 633 nm than Au [15]. FDTD calcula-

tions of jEðx;xÞj2 for these corrals again support the experimentally observed
results; Fig. 7.5, right.

Fig. 7.4 FDTD calculated a jEðx;xÞj2 and b jHðx;xÞj2 inside a 2:23 lm inner diameter circular
Au corral with no substrate for left 457, middle 543, and right 633 nm incident light. Scale bars
represent 1 lm
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7.4 1D Corrals (Isolated Slits)

In order to understand the results in Sect. 7.3, it is helpful to focus on a simplified
structure, a 1D slit with a width (d) of the same diameter as the corrals
(d ¼ 2:23 lm) in a thin Au film (also with thickness of h ¼ 60 nm) in air. In this
way, the behavior of confined EM fields for 543-nm TEz;TMz; and circular (which
contains both TEz and TMz polarizations, but out of phase) incident polarizations
of light can be determined (polarizations which can all be important in the full
structures). Figure 3.10 shows a schematic diagram of the system under consid-
eration for TEz polarization.

jEðx;xÞj2 and jHðx;xÞj2 inside the slit calculated with FDTD for TEz polari-
zation are shown in Fig. 7.6a. It is seen that the fields have oscillatory behavior

within the slit, with a peak-to-peak separation of 515 and 545 nm for jEðx;xÞj2

and jHðx;xÞj2; respectively, which is very close to the free-space wavelength of

543 nm. In addition, it is seen that jEðx;xÞj2 and jHðx;xÞj2 are backwards. Both
trends agree very well with the results in Sect. 7.3 for the full corral systems.

Assuming that Au can be treated as a PEC, the transverse component of the
field inside the slit can be expanded as a superposition of the eigenmodes of a 1D
parallel-plate waveguide, and a modal analysis can be used to gain physical insight
into the problem [1, 2]; see Sect. 3.5.2. The field intensities calculated with this

Fig. 7.5 Corral material dependence of standing wave patterns. left SEM, middle NSOM, and right

FDTD calculations of jEðx;xÞj2 for a Ag and b Al2O3 corrals illuminated using 633-nm light

118 7 Optical Corrals

http://dx.doi.org/10.1007/978-1-4419-8249-0_3#Fig10
http://dx.doi.org/10.1007/978-1-4419-8249-0_3#Fig10
http://dx.doi.org/10.1007/978-1-4419-8249-0_3


method are shown in Fig. 7.6a. The results agree very well with the FDTD cal-
culations, confirming that the behavior of the fields inside a slit in a Au film and a
PEC are similar.

The amplitudes of the waveguide modes, Am and Bm in Eq. 3.111, obtained
from the modal analysis are shown in Fig. 7.7. It is seen that coefficients are
mainly composed of the m ¼ 0 and m ¼ 8 modes. The latter mode is entirely
imaginary, which means that scattering by the slit (corral) induces a modal tran-
sition from propagating to evanescent. The transitional evanescent mode

Fig. 7.6 FDTD calculated field intensities inside and power flow through a d ¼ 2:23 lm
diameter slit in a h ¼ 60 nm thick Au film for 543-nm incident light a TEz; b TMz; and
c circularly polarized. Modal expansion method results are also shown for a PEC film for TEz

polarization
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corresponds to light that propagates parallel to the surface with a wavelength just
slightly shorter than the incident light (mp=d � k0e1=2

s ). This analysis thus explains
the similarity between this wavelength and the peak-to-peak separation of the
standing waves, as well as their evanescent character. Furthermore, the superpo-
sition of the high-order evanescent modes onto the propagating ones explains the

backwards behavior between jEðx;xÞj2 and jHðx;xÞj2: Lastly, this analysis
explains the corral material dependence results, as /mðxÞ in the modal analysis
(Sect. 3.5.2) (and the equivalent expression for TMz polarization) is better satisfied
as the reflectivity (or equivalently, the dielectric constant) goes to infinity. As this
happens, the intensity of the confined waves should (and does) become stronger.

FDTD calculations of the normal component of the Poynting vector (a measure
of the power flow), Sy; inside the slit are also shown in Fig. 7.6a. It is seen that

power flow through the slit is governed by jHðx;xÞj2; except near the slit edges.
To completely describe all aspects of the full systems, other polarizations (e.g.,

TMz polarization) need to be taken into account. The values of jEðx;xÞj2;jHðx;xÞj2;
and Sy calculated using FDTD for TMz polarization are shown in Fig. 7.6b. It is seen

that the peak-to-peak separation of jEðx;xÞj2 is 590 nm, which again is very close to
the free-space wavelength of 543 nm. However, the peak-to-peak separation of

jHðx;xÞj2 is 270 nm, close to half of the free-space wavelength. This can be
attributed to Hðx;xÞ components composed almost entirely of the m ¼ 8 waveguide
mode. This result is also seen for the y-component of Eðx;xÞfor TEz polarization (not
shown), except that it is overshadowed by the x-component, which contains both
m ¼ 0 and m ¼ 8 modes. Additionally, for TMz polarization, the power flow
throughout the entire slit is governed by Eðx;xÞ:

Finally, properties of jEðx;xÞj2;jHðx;xÞj2; and Sy calculated using FDTD for
circular polarization are shown in Fig. 7.6c. The results are essentially a superpo-
sition of the TEz and TMz polarized results. However, the power flow throughout the
entire slit is governed by Eðx;xÞ; similar to the TMz polarization results.

Fig. 7.7 Amplitudes of the
waveguide modes inside a
d ¼ 2:23 lm diameter slit in a
h ¼ 60 nm thick PEC film for
543-nm TEz polarized
incident light. The m ¼ 0
mode, which has amplitudes
of Am ¼ 0:658� i0:846 and
Bm ¼ 0:601þ i0:858; is not
shown for clarity
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7.5 Elliptical Corrals

Although circular corrals provide a simple platform for studying the optical ana-
logue of the quantum corral, more complex structures provide additional ways to
manipulate light on dielectric surfaces. For example, structures with lower sym-
metries provide unique opportunities to study polarization effects on light con-
finement within the corral structures. Figure 7.8a shows ellipses with eccentricities
of e ¼ 0:60 (a ¼ 2:5 lm; b ¼ 2 lm), e ¼ 0:86 (a ¼ 2 lm; b ¼ 1 lm), and e ¼
0:75 (a ¼ 1:5 lm; b ¼ 1 lm). Upon illumination of the ellipses with circularly
polarized 457-nm light, complex patterns, which resemble those of quantum
corrals with similar eccentricities [10], are formed inside the structures; Fig. 7.8b.
Interestingly, ellipses with e ¼ 0:75 and 0.86 suppress light at their focal points
(dark spots are present), while the e ¼ 0:60 ellipse does not. To investigate
whether this phenomenon is related to the structure of the corral or to the wave-
length of light used for imaging, ellipses imaged with 543 and 633-nm light are
shown in Fig. 7.8b as well. For these wavelengths, the ellipses with larger
eccentricities show bright spots at their focal points. These results demonstrate that
the standing wave patterns can be controlled by changing either the shape of the
corral or the excitation wavelength of light.

FDTD calculations were carried out for the elliptical corrals excited with
circularly polarized light, and are shown in Fig. 7.8c. As with the circular

corrals, jEðx;xÞj2 agrees well with experiment, and jEðx;xÞj2 and jHðx;xÞj2 are

Fig. 7.8 Effect of the ellipse shape on the pattern of standing waves. a SEM images of ellipses
with eccentricities of e ¼ top 0:60;middle 0.75, and bottom 0.86. b NSOM images for the corrals
in a under circularly polarized light. c FDTD calculations of jEðx;xÞj2 for the corrals in a. All
scale bars represent 1 lm

7.5 Elliptical Corrals 121



backwards (not shown). Based on the discussion in Sect. 7.4, all of these results
can be understood as arising from interference between waveguide modes that are
excited by the short and long axes of the corrals, which also dephases the fields.

Because of the low symmetries of the elliptical corrals, the fields confined
within them are expected to exhibit a polarization dependence. The e ¼ 0:60 and
0.86 ellipses imaged using linearly polarized (along either the short or long axis)
543-nm light are shown in Fig. 7.9a. FDTD calculations were also carried out for
the elliptical corrals excited with linearly polarized light, and support the exper-
imentally observed trends; Fig. 7.9b. These results confirm that standing wave
patterns can be tailored by simply changing the polarization direction of the
incident light, and once again can be explained using the same analysis given in
Sect. 7.4. In the elliptical corrals, however, an asymmetric excitation of TEz and
TMz polarized waveguide modes occurs, and the FDTD results show that the TMz

polarized waveguide mode is dominant.

7.6 Summary

A study of corral structures was presented. Such structures were shown to be
useful to confine and manipulate light on dielectric surfaces, and can be considered
optical analogues to quantum corrals. Circular corrals were used to elucidate the

Fig. 7.9 Polarization effects on standing-wave patterns. a Ellipses with e ¼ 0:60 and 0.86
imaged using 543-nm light with Eðx;xÞ linearly polarized along either the top long or bottom

short axis. b FDTD calculations of jEðx;xÞj2: In b, the ellipses are outlined in white; all scale
bars represent 1 lm
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basic effects in such structures, such as well-defined standing wave patterns. Such
effects were shown to exhibit corral size, wavelength, material, and substrate
dependencies. FDTD calculations supported the experimental results, and also

revealed that jEðx;xÞj2 matches the measurements, while jHðx;xÞj2 is backwards.
In order to explain these effects, a simple waveguide model was used. These

results helped determine that light scattering from the corrals produces evanescent
waveguide modes at the dielectric interface with an effective wavelength similar to
that of the incident light. Furthermore, when these modes are superimposed onto

the propagating ones, a dephasing of jEðx;xÞj2 and jHðx;xÞj2 occurs. The results
in Fig. 7.6 are particularly important to the interpretation of NSOM imaging
measurements, as they show that the power flow (which is the property that is
directly probed) provides a measurement of the local Eðx;xÞ in some cases and the
local Hðx;xÞ in others. While this can complicate the use of NSOM to experi-
mentally study interference effects, FDTD and the modal expansion method pro-
vide simple ways to model the results.

The aforementioned effects were further investigated in elliptical structures,
which offer further tunability of the standing-wave patterns through both their
eccentricity and the polarization of the incident light.
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Chapter 8
Nonlocal Dielectric Effects

Preface

The content that appears in this chapter has been largely adapted from the fol-
lowing publications:

McMahon JM, Gray SK, Schatz GC (2009) Nonlocal optical response of metal
nanostructures with arbitrary shape. Phys Rev Lett 103:097403. doi:10.1103/
PhysRevLett.103.097403

McMahon JM, Gray SK, Schatz GC (2010) Calculating nonlocal optical
properties of structures with arbitrary shape. Phys Rev B 82:035423. http://arxiv.
org/abs/0912.4746

McMahon JM, Gray SK, Schatz GC (2010) Nonlocal dielectric effects in core–
shell nanowires. J Phys Chem C 114:15903-15908. doi:10.1021/jp910899b

Peng S, McMahon JM, Schatz GC, Gray SK, Sun Y (2010) Reversing the size-
dependence of surface plasmon resonances in colloidal nanoparticles. (submitted,
2010)

McMahon JM, Gray SK, Schatz GC (2011) Fundamental behavior of electric
field enhancements in the gaps between closely spaced nanostructures. Phys Rev B
83:115428.

The experimental work that appears in this chapter was done by Peng S and Sun
Y. Although, the experimental aspects are not discussed heavily, and the reader
interested in such details is referred to Ref. [1].

8.1 Introduction

Interest in metallic structures with features on the order of 10 nm or less has
significantly increased as experimental techniques for their fabrication have
become possible [2]. As outlined in Chap. 1, even if the features involve many
hundreds of atoms or more so that a continuum level of description is adequate,
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their optical response can be difficult to correctly model due to quantum
mechanical effects, and thus such properties in this limit are largely unknown.
Three important quantum effects were outlined in Chap. 1: electron–interface
scattering, electron spill-out, and spatial nonlocality in the dielectric response.
While all effects will be touched on in this chapter, the one of main interest is the
latter.

In this chapter, an implementation of Maxwell’s equations is presented that
incorporates the spatially nonlocal dielectric response of arbitrarily shaped
structures. Such a formulation allows the description of optical responses of
structures that are too large to treat using quantum mechanics, yet too small for
local continuum electrodynamics to be valid. Many applications of the method
are also discussed. First, the optical properties of basic Au nanostructures in one,
two, and three dimensions are determined, such as thin films, solid nanowires,
and nanoparticles, respectively. Then, Au core–shell nanowires (nanoshells) are
discussed in relation to hypothetical ‘‘experimental data’’. The focus there is on
parameters of the nonlocal model, geometric parameters of the nanoshells, and
the effect of the surrounding dielectric environment. Lastly, the effects of spatial
nonlocality in the dielectric response on the near-field maximum and average

jEðx;xÞj2 enhancements will be discussed. These will first be discussed in
relation to isolated Au nanowires, but then dimers of cylindrical and triangular
Ag nanowires. The enhancements will be qualitatively compared to those
obtained without nonlocal effects, such as those in Chap. 5, and it will be
suggested that there is a fundamental and practical limit to them. Before ending
the chapter, a brief discussion of effects related to electron spill-out, surface
effects at the sub-nanometer-scale (yet still in the continuum picture), will be
discussed.

8.2 Motivation

In Chap. 2, the interaction of a material with light was described (in the continuum
limit) through a dielectric function e that relates the electric displacement field
Dðx;xÞ (proportional to both the incident field and that due to material polari-
zation) to the electric field Eðx;xÞ; Eq. 2.22. This relationship is repeated here for
clarity,

Dðx;xÞ ¼ e0

Z
dx0eðx; x0;xÞEðx0;xÞ: ð8:1Þ

The assumption was made in Chap. 2 (which has been kept up until this point) that
this relationship is local in space, eðx; x0;xÞ ¼ eðxÞdðx� x0Þ: However, a simple
argument was given which demonstrated that at very small length scales, such an
approximation is not valid. This is the situation now considered.
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In a homogeneous environment (which arbitrarily shaped structures are
approximated as in this chapter), eðx; x0;xÞ only spatially depends on jx� x0j:
Therefore, eðx; x0;xÞ is more simply expressed in k-space as [3]

Dðk;xÞ ¼ e0eðk;xÞEðk;xÞ: ð8:2Þ

The k dependence in eðk;xÞ leads to a spatially nonlocal relationship between
Dðx;xÞ and Eðx;xÞ when Eq. 8.2 is Fourier transformed to the spatial domain
[3] (which is apparent from Eq. 8.1). Physically, this implies that since Dðx;xÞ is
related to the electric polarization, or dipole moment per unit volume, the
polarization at one point in space depends on both the local Eðx;xÞ and that in
its neighborhood. This dependence has long been known necessary to describe
optical responses of structures with features less than *10 nm. For example,
anomalous absorption is experimentally observed in thin metal films [4, 5], and
theoretically, inclusion of k dependence provides an additional absorption
mechanism through the excitation of longitudinal (or volume) plasmons [6]
(called such because they are longitudinal to k and are contained within the
volume of the structure, unlike SPs which propagate along the metal–dielectric
interface). More recently, such effects have also been found necessary to describe
the blueshifting of LSPRs (relative to classical local predictions) [7] observed in
small Au nanoparticles [8].

Since the first formulation of nonlocal electromagnetics [3], complications
introduced by such nonlocal, k-dependent dielectric functions have caused
applications to remain limited to simple systems (until recently [7, 9]), such as
spherical structures [10, 11] or aggregates there of [12–16] and planar surfaces
[6], and mostly within the electrostatic limit (primarily due to the complexity of
treating the nonlocality). Even computationally, the k dependence has been
neglected in previous studies of arbitrarily shaped nanostructures (see, for
example, Ref. [17]). However, it has been predicted that nonlocal effects are
particularly important for structures with apex features and dimers [12], even for
large sizes where this limit is invalid. (Recently, these predictions have been
confirmed [7, 9, 12, 16]).

8.3 Methodology

Just as in local electrodynamics (Chap. 2), before Maxwell’s equations can be
solved, an explicit form for eðk;xÞ in the constitutive relationship between
Dðk;xÞ and Eðk;xÞ (Eq. 8.2) must be specified. Since the focus here continues to
be on Au and Ag, eðk;xÞ can again be described in the continuum limit by three
separate components,

eðk;xÞ ¼ e1 þ einterðxÞ þ eintraðk;xÞ; ð8:3Þ
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where e1 and einterðxÞwere defined and discussed in Chap. 2 (which will not be
repeated here), but eintraðk;xÞ; still responsible for the sp-band electron motion,
now contains a k dependence. Note that the notation in Eq. 8.3 highlights the k
and x dependencies.

eintraðk;xÞ is responsible for both the plasmonic optical response (as in Chap. 2)
and nonlocal effects. Based on quantum mechanical considerations (in a DFT
formulation [18]), the hydrodynamic Drude model (which reduces to the local
Drude expression for electron motion, Eq. 2.25, if k! 0) accurately describes
these effects [19],

eintraðk;xÞ ¼ �
x2

D

xðxþ icÞ � b2k2
ð8:4Þ

where xD and c are defined as in Eq. 2.25, and b2 will be referred to as the
‘‘nonlocal parameter’’, which for a free electron gas is b2 ¼ Cv2

F=D; where C is a
constant, vF is the Fermi velocity (1:39� 106 m/s for Au and Ag), and D is the
dimension of the system. It is possible to show that C ¼ 1 at low frequencies and
C ¼ 3D=ðDþ 2Þ at high frequencies [20], values which are somewhat justified by
the fact that at high frequencies in 3D, in order to correlate the model with the
random phase approximation (RPA), b2 should be ð3=5Þv2

F [21]. However, even
the RPA model neglects quantum mechanical exchange and correlation effects that
in a local density approximation would decrease the value of b2: See Appendix D
for a related discussion, and the relation of Eq. 8.4 to quantum mechanics.
Therefore, this parameter, in some respects, should be considered free to use to fit
results to experimental data (which is considered below in relation to core–shell
nanowires) [22]. In this chapter, the low and high-frequency forms of b2 are used
in various situations, and the usage will be made clear in the specific instances.

It should be noted in passing that other analytical forms for eðk;xÞ can be used
within the following framework. In principle, quantum mechanical electronic
structure theory can be used to provide rigorous estimates of eðk;xÞ: See, for
example, recent interesting work on carbon nanotubes based on time-dependent
DFT [23]. It remains a challenge, however, to reliably apply such methods to
nanostructures involving many hundreds of atoms or more.

Inserting Eqs. 8.2 and 8.3 (using Eqs. 2.24 and 8.4) into the Maxwell–Ampère
law in k-space for a time-harmonic field, �ixDðk;xÞ ¼ ik�H; gives

�ixe0e1Eðk;xÞ þ
X

n

JLnðxÞ þ JHDðk;xÞ ¼ ik�Hðk;xÞ; ð8:5Þ

where the JLnðxÞ are phasor polarization currents associated with Eq. 2.24,

JLnðxÞ ¼ �ixe0
x2

LnDeLn

x xþ i2dLnð Þ � x2
Ln

Eðk;xÞ; ð8:6Þ

and JHDðk;xÞ is a nonlocal phasor polarization current associated with Eq. 8.4,
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JHDðk;xÞ ¼ ixe0
x2

D

xðxþ icÞ � b2k2
Eðk;xÞ: ð8:7Þ

Equations of motion for the currents in Eqs. 8.6 and 8.7 can be obtained by
multiplying through each equation by the appropriate denominator and inverse
Fourier transforming (ik! r and �ix! o=ot; Appendix A). This leads to the
following partial differential equations

o2

ot2
JLnðx; tÞ þ 2dLn

o

ot
JLnðx; tÞ þ x2

LnJLnðx; tÞ ¼ �e0x
2
LnDeLn

o

ot
Eðx; tÞ ð8:8Þ

o2

ot2
JHDðx; tÞ þ c

o

ot
JHDðx; tÞ � b2r2JHDðx; tÞ ¼ e0x

2
D

o

ot
Eðx; tÞ: ð8:9Þ

Equations 8.8 and 8.9 form the basis of the approach in this chapter to calculate
nonlocal dielectric effects, and are solved self-consistently with Eq. 2.2 and the
inverse Fourier-transformed form of Eq. 8.5,

e0e1
o

ot
Eðx; tÞ þ

X
n

JLnðtÞ þ JHDðx; tÞ ¼ r �Hðx; tÞ ð8:10Þ

(with the requirement that Eqs. 2.3 and 2.4 remain satisfied; see Appendix E).
To solve Eqs. 2.2 and 8.8–8.10, standard finite-difference techniques [24]

(Appendix A) can be used, including those from FDTD [25] (see Sect. 3.2), such
as CPML [26], the TF–SF technique [27–29], and methods to calculate optical
cross sections. The full set of nonlocal finite-difference equations, including their
derivations, can be found in Appendix E. By not updating Eqs. 8.8 and 8.9 outside
of the nonlocal materials, arbitrarily shaped structures can be numerically simu-
lated. Furthermore, the additional boundary condition (ABC) (an important aspect
in nonlocal electromagnetics, but which is not particularly relevant to this dis-
cussion) of Pekar is implicitly imposed—i.e., the total nonlocal polarization cur-
rent vanishes outside of the structure [30].

Before leaving this section, it should be mentioned that, at the time of this
writing, instabilities have been encountered in some 3D calculations employing
this method [9] (in 2D, these do not occur). For example, simulations become
unstable for 1.0 nm diameter nanoparticles using grid spacings of 0.05 nm. The
resolution of this issue remains to be an important aspect of future work.

8.4 Nonlocal Dielectric Function of Au

To model nanostructures and use the approach outlined in Sect. 8.3 for electrody-
namics calculations, Eq. 8.3 must first be fit to empirically inferred dielectric data
[31] (again using simulated annealing, for example). This is done in the limit of
k! 0;which is valid for large structures (such as those used to obtain the empirical
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data). However, unlike before (local electrodynamics), to make sure that the separate
terms in Eq. 8.3 accurately capture the physics of the problem, it is necessary to fit
Eqs. 2.24 and 8.4 over the appropriate energy ranges separately. For example, for
Au, Eq. 8.4 (and e1) can first be fit over the range 1.0–1.8 eV, where eð0;xÞ is
dominated by sp-band electron motion. Then, keeping these parameters constant
(except e1), the entire dielectric function in Eq. 8.3 can be fit over the full optical
range, 1.0–6.0 eV. Parameters from fits to Au and Ag [31] are given in Appendix B.

A plot of dielectric values from such a fit to Au, against those empirically inferred
[31], is shown in Fig. 8.1. The fit is reasonably good given the simple form of Eq. 8.3.
For example, features of the two interband transitions are captured [evident in=ðeÞ]
near 3.15 and 4.30 eV (note that xL1 and xL2 are also close to these values; Appendix
B). Although, the fit is not as good as could be achieved with a more flexible function
(e.g., an unrestricted fit, as considered in previous chapters). However, the present
fitting scheme leads to parameters that are more physically realistic, and this is
essential given that these local dielectric parameters are used in the nonlocal
hydrodynamic expression. One consequence of this fit, for example, is that the
minimum value of=ðeÞ; near 1.85 eV, is not as small as the experimental one, which
will tend to give broader LSPRs than expected. Besides such minor details, these
differences will not play a significant role in the results that are presented.

It is interesting to look at the dependence of Eq. 8.3 with both k (the magnitude
of k) and x; Fig. 8.2. (Note that the slice through k ¼ 0 reduces to the local
dielectric data in Fig. 8.1.) When bk� x;eðk;xÞ is relatively constant for a given
x (i.e., it remains close to the local value). However, as bk approaches x from
below, eðk;xÞ quickly becomes very negative and changes sign rapidly as it passes
through bk � x [and eðk;xÞ is thus no longer plasmonic]. Absorption of light by
materials is related to the value of eðk;xÞ and the structure under consideration
{e.g., for a small spherical particle in air, the maximum absorption occurs when
<ðeÞ ¼ �2 [32]}. Figure 8.2 therefore indicates that, in addition to the local
absorption (k ¼ 0), additional (anomalous) absorption will occur when bk � x
[when a rapid variation in <ðeÞ occurs].

Nonlocal effects are most prominent for very small structures (or those with
apex features) [7], as will be demonstrated below. In these structures, it is also
necessary to consider the reduced mean free path of the sp-band electrons due to
electron–interface scattering, which was discussed in Chap. 1. In order to take this
into account in Eq. 8.4, a modified collision frequency [33] can be used: c0 ¼
cþ AvF=Leff ; where the effective mean free electron path is Leff ¼ 4V=S in 3D and
pS=P in 2D, where V is the volume of the structure with surface area S and
perimeter length P; and A can be considered the proportion of electron–interface
collisions that are totally inelastic. For a metal–dielectric interface, A � 0:1 has
been suggested [34], so this is what was used for the calculations in this chapter,
unless otherwise noted. It should be mentioned that such scattering can also be
considered a nonlocal effect [12, 35]. In a formal sense, A is related to the
translational invariance at the surface, the full description of which depends on the
dielectric constant of the material, which is ultimately nonlocal in character.
However, the general magnitude of A can be arrived at in the local limit, and in a
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variety of ways [36]. The physical origins of the nonlocal effects that arise from
Eq. 8.4, however, are quite different in character. These arise by treating the
electron density as an inhomogeneous gas through an effective pressure gradient
term that describes the (quantum mechanical) kinetic, exchange, and correlation
energies [19]; see Appendix D. This feature, coupled with the additional boundary
condition that the polarization vector be zero outside of the structure (the Pekar
ABC), leads to the possibility of longitudinal plasmon modes that do not exist in
the local limit. In contrast, interfacial scattering leads to a size-dependent broad-
ening and slight energetic shifts of existing, local spectral features.

8.5 Applications

8.5.1 Basic Geometric Shapes

Metal Films (1D Systems)

In this section, the transmission, reflection, and absorption spectra of thin Au films
illuminated at normal incidence are determined. For simplicity of the presented

Fig. 8.1 Fitted dielectric
data for Au, compared to that
empirically inferred
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results, the surrounding medium is taken to be to be air, although it would be
straightforward to introduce other dielectric layers into the calculations (e.g., a
glass substrate, which would probably be used in an experiment). These systems
have an effective dimension of one, and because significant wavevector excitation
can only occur for the direction normal to the surface, they are ideal for studying
and qualitatively highlighting nonlocal effects. Furthermore, these systems allow
some connections to be drawn with related experimental results [4, 5]. (It should
be noted that it is not possible to compare directly to experiments, since the
method outlined in Sect. 8.3 is limited to normal incident light, as are most finite-
difference methods [25], whereas the experiments are not). For these calculations,
grid spacings of 0.1 nm were used in all directions for the 2-nm film and 0.2 nm
for the others, and the 2D high-frequency value of b2 was used.

The transmission, reflection, and absorption spectra for 2, 10 and 20 nm thick
Au films are shown in Figs. 8.3, 8.4 and 8.5, respectively. In the absorption
spectra, narrow additional (anomalous) absorption peaks are seen in the nonlocal
results relative to the local ones. The appearance of these peaks is identical to
theoretical predictions [6] and experimental observations [4, 5] on other thin metal
films, where they are the result of optically excited longitudinal (or volume)
plasmons—vide infra. Not surprisingly, at the anomalous absorption energies there

Fig. 8.2 j<ðeÞj of Au as a
function of k and x: Note that
below bk � x; eðk;xÞ\0;
and above, eðk;xÞ[ 0
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is corresponding decrease in the transmission. However, contrary to the expecta-
tion of an analogous decrease in reflection, it is seen that there can be either an
increase or a decrease depending on if it occurs well above (giving an increase) or
below (giving a decrease) the main SP energy (e.g., around 2.65 eV for the 10-nm
film).

Although a little hard to discern from Figs. 8.3, 8.4 and 8.5, the anomalous
absorption resonances redshift as the film thickness is increased (as can be inferred
from other results [7], which will be discussed below). This causes many more
anomalous absorption resonances that were at higher energies to appear at (lower)
optical energies, where, for example, there are three for the 2-nm film (Fig. 8.3)
and twelve for the 10-nm one (Fig. 8.4). In addition, the intensity of the anomalous

Fig. 8.3 Top transmission,
middle reflection, and bottom
absorption for a 2-nm thick
Au film obtained from both
local (broken red lines) and
nonlocal (solid blue lines)
calculations
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absorption peaks drastically decrease with increasing thickness, where by 20-nm
the nonlocal results are almost converged to the local ones; Fig. 8.5. These points
will be revisited below.

In order to determine whether the anomalous absorption in these results is

actually from the excitation of longitudinal plasmons, profiles of jDðx;xÞj2 at the
anomalous absorption energies can be examined. For example, Fig. 8.6 shows
these for the 2-nm film at energies of 1.14 (not shown in Fig. 8.3), 3.36, and

5.54 eV. Well-defined standing wave patterns of jDðx;xÞj2 longitudinal to k are
seen with increasing nodal structure with energy, thus confirming the assumption
of longitudinal plasmons. The wavelengths of these modes are found to be

Fig. 8.4 Top transmission,
middle reflection, and bottom
absorption for a 10 nm thick
Au film obtained from both
local (broken red lines) and
nonlocal (solid blue lines)
calculations
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kL ¼ 2h=m; ð8:11Þ

where h is the film thickness and m ¼ 1; 3; 5; . . . (i.e., odd numbers of half-
wavelengths that fit into h). (In Fig. 8.6, the m ¼ 1; 3, and 5 modes are explicitly
shown.) These profiles are significantly different from the local results of a rela-

tively uniform jDðx;xÞj2 in the film (regardless of energy). However, the quali-
tative features here again agree with previous theoretical predictions [6] and
experimental observations [4, 5] on analogous systems, providing further support
for the validity of the method. Based on the observations in Fig. 8.6 and the
analysis above, it makes sense that the longitudinal resonances redshift with
increasing thickness and that the intensities of the excitations decrease with
increasing m:

Fig. 8.5 Top transmission,
middle reflection, and bottom
absorption for a 20 nm thick
Au film obtained from both
local (broken red lines) and
nonlocal (solid blue lines)
calculations
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From the discussion above and that in Sect. 8.4, the approximate anomalous
absorption energies for any film thickness can be predicted. From Eq. 8.4, it can be
seen that rapid variations in eðk;xÞ will occur when x � bk; which will likely
lead an absorption condition. Also, Fig. 8.2 shows that discrete longitudinal res-
onances with wavelength kL (dependent on h) are excited inside the film. These are
generated by momentum states with magnitude k ¼ 2p=kL; and everything needed
to predict the (approximate) modal energies is thus known: �hx ¼ mbp=h. Using
the 2-nm film as an example, this analysis predicts anomalous absorption at
energies of �hx ¼ m � 1:44 eV. For the first three m modes, these are 1.44, 4.31, and
7.19 eV, while those actually calculated are 1.14, 3.36, and 5.54 eV. While not
exact, the predictions are reasonably close. (Part of these differences can be
attributed to the grid-based finite-differencing that, in this case, leads to an
uncertainty in the film thickness of �0:2 nm:) This analysis can also be applied to
related experimental results [4]. However, it is important to keep in mind that this
is a simple approximation, and more accurate values can in some cases be obtained
using rigorous theory [6].

Solid Nanowires (2D Systems)

In this section, the optical responses of Au nanowires of various shapes excited
with TEz polarized light are studied. Grid spacings of either 0.2 or 0.25 nm were
used for the calculations, as well as the 2D low-frequency value of b2:

The optical responses of nanowires with radii of r = 2–8 nm in the local and
nonlocal limits can be compared by calculating extinction cross sections [32]
(which for these small systems is dominated the absorption); Fig. 8.7. The
appearance of anomalous absorption peaks relative to local theory in Fig. 8.7 is
similar to theoretical predictions [6], experimental observations [4, 5], and non-
local calculations on thin metal films [9] (vide supra), where they arise from the
optical excitation of longitudinal plasmons that cannot be described by local
electrodynamics. It is important to note that the hydrodynamic Drude model,

Fig. 8.6 Normalized jDðx;xÞj2 intensity profiles inside a 2 nm thick Au film at energies of
a 1.14, b 3.36, and c 5.54 eV
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Eq. 8.4, can have an effect at much higher energies than the local Drude model,
because of the interplay between x and k:

To investigate the nature of the anomalous absorption, profiles of jDðx;xÞj2 at the

peak energies can again be looked at. Figure 8.8 shows jDðx;xÞj2 for the r ¼ 2 nm
nanowire, where discrete standing-wave longitudinal plasmon modes are again seen
at wavelengths satisfied by Eq. 8.11, where in this case h ¼ 2r: (Only the m ¼ 3; 5;
and 7 modes are explicitly shown in Fig. 8.8.) As with the metal films, this result is in

sharp contrast to the local result of a relatively uniform jDðx;xÞj2; but is nonetheless

Fig. 8.7 Optical responses
of Au cylindrical nanowires
with radii of top 2, middle 4,
and bottom 8 nm. Full curve
is nonlocal theory; broken
curve is local theory

Fig. 8.8 Longitudinal plasmons inside a r = 2 nm Au cylindrical nanowire at energies of a 1.60,
b 2.71, and c 3.69 eV. The polarization and direction of incident light are indicated; the nanowire
is outlined in white
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identical to all experimental, theoretical, and calculated results for analogous thin
metal films, as mentioned above. Considering that these modes arise from confining
an electron gas that is treated quantum mechanically (see Appendix D), these modes
can be considered analogous to one-particle quantum states.

In addition to anomalous absorption, the nonlocal effects blueshift the main
LSPR, where at r = 4 nm, for example, there is a 0.014 eV blueshift. This can be
understood by looking at the form of Eq. 8.4. The interplay between x and k
causes the nonlocal LSPR to appear at a higher energy compared to the local
Drude model, because for a fixed k;x must be higher to lead to the same
absorption condition (as indicated above).

At optical energies, the discrete nature of these modes is quickly lost with
increasing r (as r !1;n!1 and kL ! 0), and nonlocal effects become less
important. This can be seen in Fig. 8.7, where for r = 4 nm there is only minor
anomalous absorption, and for r = 8 nm it is hardly distinguishable. However,
even at r = 8 nm there is a broadening, reduction in intensity, and blueshift of
0.0056 eV of the main LSPR due to the excitation of many closely spaced modes.

While these explicit examples correspond to 2D nanowires, the r = 4 nm
results are remarkably similar to recent experimental observations on individual
Au spherical nanoparticles with similar radii [8]. For example, these results predict
a 0.014 eV blueshift, while that observed is 0.011 eV. In addition, these results
predict anomalous absorption at energies below the main LSPR with peaks near
1.7 and 2.1 eV, and the experimental results show similar peaks near 1.8 and
1.9 eV (discrepancies that can be attributed to the difference in dimensionalities).

While cylindrical nanowires are useful because their simplicity allows easy
understanding of the main results, nonlocal effects have been suggested [12] and
recently shown (using this method [7, 9]) to be particularly strong in structures
with apex features. As examples, Au (equilateral) triangular nanowires, which
have been thoroughly studied within local electrodynamics because of the large

jEðx;xÞj2 enhancements that occur at the apices [37], are considered below.
The optical responses of nanowires with side lengths of l = 5–40 nm are shown

in Fig. 8.9. (Note that unlike the cylindrical nanowires studied above, when l is
greater than *10 nm, both absorption and scattering are important). Strikingly, for
small enough l the main plasmon resonance is hardly distinguishable from the
nonlocal anomalous absorption features. In addition, for all l significant dampings
and blueshifts of the LSPRs relative to the local results are seen. This effect
persists for l much larger than the analogous cylindrical nanowires, where even at
l = 40 nm there is a 0.1 eV blueshift.

Profiles of jDðx;xÞj2 again investigated at the anomalous absorption energies
are shown in Fig. 8.10. Similar to the cylindrical nanowires, longitudinal plasmon
modes are excited inside the structures with analogous discrete wavelengths,
except that in this case h is the distance between the nanowire sides along the
longitudinal direction. However, comparison of Figs. 8.8 and 8.10 reveals an
interesting difference. In the triangular structures, the longitudinal plasmon modes
occur at discrete vertical positions, at each point where the equation for kL is

138 8 Nonlocal Dielectric Effects



satisfied, which increases with n: The ability of a triangular nanowire to strongly
sustain these resonances over the entire structure at multiple positions (particularly
near the apex, where h can be arbitrarily small and low-order longitudinal plasmon
modes can always be sustained) explains the strength of the calculated nonlocal
effects compared to a cylindrical nanowire, where the modes are only efficiently
sustained along the central axis. Generalizing this result to other apex structures
suggests that longitudinal plasmon modes can always be sustained (at least near
the apex), causing nonlocal effects to remain important for arbitrarily large sizes.

Fig. 8.10 Longitudinal plasmon modes inside a l = 5 nm Au triangular nanowire at energies of
a 1.88, b 2.82, and c 3.71 eV. The polarization and direction of incident light are indicated; the
nanowire is outlined in white

Fig. 8.9 Optical responses
of Au triangular nanowires
with side lengths of top 5,
middle 10, and bottom 40 nm.
Full curve is nonlocal theory;
broken curve is local theory

8.5 Applications 139



Spherical Nanoparticles (3D Systems)

In this section, spherical nanoparticles are discussed, utilizing the full 3D nonlocal
electrodynamics method outlined in Sect. 8.3. These are also simple systems, much
like the metal films and solid nanowires, and it has been theoretically shown that
they too exhibit nonlocal effects [10]. For the calculations in this section, grid
spacings of 0.2 nm were used in all directions for the 4 and 7-nm nanoparticles, and
0.5 nm for the 15-nm nanoparticle, as well as the 3D high-frequency value of b2:

The optical responses of nanoparticles with diameters of 4, 7, and 15 nm,
determined by again calculating the extinction cross sections, are shown in
Fig. 8.11. (Just as for small nanowires, extinction in these systems is mostly
determined by absorption, although scattering can be dominant for sizes greater than
approximately 20 nm). Figure 8.11 shows that inclusion of nonlocal effects leads to
significant anomalous absorption and LSPR blueshifting for nanoparticle sizes of
less than approximately 10 nm, analogous to the cylindrical nanowires (vide supra).
Both the blueshifting and anomalous absorption becomes more significant as the
nanoparticle size is reduced. For example, for both the 4 and 7-nm nanoparticles,
these effects are so large that the LSPR peak is hardly distinguishable.

Analogous to the metal films and cylindrical nanowires, the anomalous
absorption peaks arise from the excitation of longitudinal plasmon modes. How-
ever, the anomalous absorption quickly diminishes with increasing nanoparticle
size much faster than for the other systems. For example, at 15-nm the additional
peaks show up only as slight indents on the main LSPR. These differences can be
attributed to two effects. First, in a metal film the only k component is that of the
incident field (normal to film), which leads to well-defined longitudinal plasmons
(Fig. 8.6). However, in a spherical nanoparticle, scattering off of the surface
generates many k components, which can interact and dephase one-another,
especially for the high-order m modes containing multiple nodes. In addition,
scattering of the conduction electrons off of the spherical surface can also lead to
dephasing of the longitudinal plasmons. Both of these processes cause nonlocal
effects to diminish at a much smaller distance than in more simple systems.
Additionally, much like the nanowires discussed above, the LSPRs are blueshifted
relative to the local results. Definitive LSPR blueshifting is most apparent for the
15-nm nanoparticle, because the anomalous absorption is low, which allows the
LSPR peak to be clearly identified. The local LSPR peak is at 2.57 eV, while the
nonlocal one is at 2.71 eV.

Based on the results in Fig. 8.11, one might wonder why such strong nonlocal
effects have not been experimentally observed in such systems. Obviously nonlocal
effects are important, as they have been experimentally observed in thin metal films
[4, 5]. There are many possible reasons for this. The most probable one is that
experimental measurements are often made on heterogeneous collections of
nanoparticles. Given that the anomalous absorption is very sensitive to nanoparticle
dimensions, slight heterogeneity could essentially average these effects away.
Support for this claim comes from the aforementioned study of isolated Au
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nanoparticles, which showed the LSPR blueshift and possible anomalous absorp-
tion features [8]. Another possible explanation is that the value of b2 is not optimal,
which will be discussed in Sect. 8.5.2 in the context of Au core–shell nanowires
[22]. It is also worth reiterating that the hydrodynamic Drude model neglects
quantum mechanical exchange and correlation effects, which in a local density
approximation would decrease b2; and in turn, the strength of the nonlocal effects
(see Sect. 8.5.2). A third possible explanation is that the damping parameter A is too
low, which will also be discussed in Sect. 8.5.2. Increasing this would damp all
spectral features, but give smoother spectra (i.e., the anomalous absorption would
not appear as strong). Support for this comes from a combined theoretical and
experimental study of metallic nanoshells, where A values greater than 1.0 are

Fig. 8.11 Extinction cross
sections of Au spherical
nanoparticles with diameters
of top 4, middle 7, and bottom
15 nm obtained from both
local (broken red lines) and
nonlocal (solid blue lines)
calculations
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needed (in the local limit) to describe the experimental results [38] (which corre-
sponds to Leff reduced below that based on geometric considerations alone).

8.5.2 Core–Shell Nanowires

One particular nanostructure that has generated considerable interest, while being
conceptually simple, is a core–shell metallic nanoparticle, a nanoshell [38–41]. A
schematic diagram of the basic nanoshell system considered in this section is
shown in Fig. 8.12. The outer shell is Au, the inner core is glass with a RI of 1.50,
and the surrounding medium has a RI of n: The nanoshell dimensions are denoted
by (r1; r2)—the (inner, outer) radii. One of the exceptionally novel properties of
metallic nanoshells is that simple variations in (r1; r2) can tune their LSPRs over a
large energy range [42], and this effect is especially sensitive to n [41]. In this
section, 2D nanoshells (core–shell nanowires) excited with TEz polarized light are
considered. Such systems are analogous to 3D nanoshells, and are expected to
exhibit similar behavior, except for slightly blueshifted LSPRs due to different
surface boundary conditions.

In the limit of very small or thin nanoshells, the question of spatial nonlocality
in the dielectric response becomes important [11, 12]. However, as discussed in
Sect. 8.2, because of the difficulties to describe theoretically or calculate numer-
ically nonlocal effects, most previous studies of metallic nanoshells [38, 40, 41]
(and other systems) have neglected them. Because of the ability to fabricate very
thin nanoshells, these are probably the ideal systems beyond simple thin films and
spherical nanoparticles where comparisons between experiment and nonlocal
theory/computation can be made.

In this section, the optical properties of Au core–shell nanowires described by
the hydrodynamic Drude nonlocal dielectric function, Eq. 8.4, are calculated. This
section is more in-depth than Sect. 8.5.1 (basic geometric shapes), and is broken
down into sections and outlined as follows. The parameters of the nonlocal model
are first investigated by making comparisons with related hypothetical

Fig. 8.12 Schematic
diagram of a Au with
parameters described in the
text
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‘‘experimental data’’ and previous theoretical work. Then (using the appropriate
parameters), the dependence of nonlocal effects on nanoshell features, such as
shell thickness, overall size, and the ratio of core radius to shell radius are
investigated. The optical responses of nanoshells immersed in various RI envi-
ronments are also studied.

Computational Considerations

For these calculations, grid spacings of 0.5 nm were used in both directions. Based
on calculations using much smaller spacings (e.g., 0.25 nm), it is found that this is
sufficient to resolve all nonlocal effects for these systems up to approximately 3 eV
with relative convergence (less than 0.2 eV error in spectral positions, and about
5–20% error in cross section magnitudes, although often much less). Note that in
order to resolve spectral features above 3 eV (not of direct relevance to this
section), grid spacings of 0.25 nm or smaller are needed.

Nonlocal Parameter and Interfacial Scattering

In this section, the parameters b2 and c of the hydrodynamic Drude model
(Eq. 8.4) are discussed. The optical responses of (r1; r2) = (91.5 nm, 103 nm)
nanoshells immersed in a n ¼ 1:22 RI environment (which corresponds to sol–gel
silica) were first calculated in the low and high-frequency limits of b2; and with no
size-dependent surface scattering corrections; Fig. 8.13. Note that this RI is high
enough such that high-order multipole resonances are seen, but also low enough so
that the main LSPRs all fall within the energy range of interest (optical energies).
In the local result, two peaks are observed near 1.25 and 1.6 eV. The 1.25 eV peak
can be attributed to the dipolar LSPR of the nanoshell, while that at 1.60 eV can be

Fig. 8.13 Optical responses
of (91.5 nm, 103 nm)
nanoshells in n ¼ 1:22
calculated using both the
low and high-frequency
values of b2
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attributed to a multipolar (higher-order) LSPR [38]. In the nonlocal results, both of
these resonances continue to stand out as prominent features, and the relative
overall spectral shapes are similar to the local result. However, significant
anomalous absorption is also observed, similar to the other applications discussed
up to this point. Furthermore, while not obvious from the form of Eq. 8.4, the
intensity of the anomalous absorption is also found to depend on b2:

A related experimental study of analogous (91.5 nm, 103 nm) 3D nanoshells
[38] found that local calculations accurately describe the measurements. It is
therefore immediately questionable why such strong nonlocal effects were not
observed (in this, or other related experiments). As discussed in relation to
spherical nanoparticles, the most likely explanation is that bulk nanoshell mea-
surements involve an averaging over a nonuniform distribution of nanoshells, and
their surfaces might also be rough. These factors could easily hide nonlocal effects,
since such optical properties are very sensitive to minor structural details—vide
infra. This is further supported by electronic structure calculations for small iso-
lated nanoshells [43], where similar additional absorption and discrepancies with
experiment have been found.

Another possible effect that addresses the ‘‘experimental discrepancies’’ that
has not yet been included in the current discussion is interfacial scattering, as
discussed above. In other studies, taking this into account has been found neces-
sary to accurately describe some aspects of the experimental results [38], such as
linewidths.

Using the high-frequency value of b2 (because of the increased nonlocal
effects), the optical responses of (91.5 nm, 103 nm) nanoshells in n ¼ 1:22 for
values of A ¼ 0:0; 0:1; 1:0; and 2.0 were calculated; Fig. 8.14. For these nano-
shells, A ¼ 0:1 (used in the applications discussed in Sect. 8.5.1) is found to have
relatively little effect. Even when A ¼ 1:0; all of the peaks are still visible, except
that they are broadened and damped. When A increases beyond 1.0, the peaks
become significantly damped and the major anomalous ones (e.g., near 1.0 eV)

Fig. 8.14 Effect of
interfacial scattering on the
optical responses of
(nonlocal) nanoshells
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appear only as shoulders. Such values of A are consistent with previous studies that
have considered interfacial scattering in nanoshells [38], and it is thus likely that
this effect combined with bulk averaging explains why such strong nonlocal effects
as in Fig. 8.13 have not previously appeared prominently in the descriptions of
experimental results. Nonetheless, it is shown below that these effects do have
significant implications. Since other studies have shown that for some metal–
dielectric interfaces A � 0:1 [34], it can be inferred that fabrication/synthesis
details likely strongly affect this parameter. Regardless of the choice of A; the
positions of both the LSPRs and anomalous absorption resonances remain rela-
tively unchanged. Thus, while taking interfacial scattering into account is probably
necessary to describe experimental results (especially linewidths)—although,
likely as a free parameter—this will hereon be neglected to highlight the nonlocal
effects (i.e., A will be taken to be 0:0).

Returning to the appropriate choice of b2; the results of Figs. 8.13 and 8.14 can
be compared to the local result, which should be a good representation of related
‘‘hypothetical’’ experimental measurements made on bulk core–shell nanowires.
Comparing the results indicates that the low-frequency value of b2 is probably the
most accurate. It is likely that even bulk measurements of nanoshells would be
able to observe the strong anomalous absorption predicted by the high-frequency
value, even after taking into account interfacial scattering. Although, it is possible
that even lower values of b2 would be better. However, without experimental
results for isolated nanoshells it is difficult to make such claims with certainty.
Therefore, the low-frequency value of b2 is used in the remainder of this section.

Nanoshell Geometry

In this section, the dependence of nonlocal effects on nanoshell geometry is
explored. First, the effect of shell thickness (i.e., the thickness of the structure
along the longitudinal direction of the incident light) on r2 = 100 nm nanoshells in
carbon disulfide (n ¼ 1:64) with r1 = 80, 90, and 95 nm (shell thicknesses of 20,
10, and 5 nm, respectively), is determined. The calculated optical responses of
these nanoshells in the local and nonlocal limits are shown in Fig. 8.15.

For all thicknesses, the nonlocal spectra qualitatively follow the local ones, with
resonances redshifting as shell thickness is reduced. The most significant nonlocal
effects in these results are blueshifts of the LSPRs relative to the local ones, which
increase dramatically with decreasing thickness. Figure 8.15 thus suggests that
shell thickness is a strong controlling factor of nonlocal effects. For r1 ¼ 80 nm,
there is relatively little blueshift of the dipolar LSPR \(0.01 eV), and minor
anomalous absorption features only appear as a collection of many shoulders to the
red. Increasing r1 to 90 nm more significantly blueshifts the dipolar LSPR relative
to the local result �(0.02 eV). In addition, there is an approximately equal blue-
shift in the quadrupolar LSPR near 1.45 eV. However, the octupolar resonance
near 1.70 eV does not blueshift much, if at all. The most severe differences
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between the local and nonlocal results occurs for r1 ¼ 95 nm: The dipolar LSPR
occurs at too low of an energy to be observable on the scale of the figure, however
the quadrupolar LSPR is seen to blueshift by 0.14 eV, and even the octupolar
resonance blueshifts by 0.08 eV. These results are consistent with the recent
analogous work on Au core–shell spheres using a specular reflection model [12],
where the LSPRs blueshift with decreasing shell thickness, with very little
occurring for thicknesses greater than *10 nm.

Based on the above results, all LSPRs (dipolar, quadrupolar, octupolar, etc.) are
blueshifted by nonlocal effects. The dipolar LSPR is blueshifted most significantly,
followed by the quadrupolar octupolar, and so on. Issues that can influence this are
the coupling strength between the LSPRs and longitudinal plasmons, and the
spatial properties of the resonance fields. Below it is shown that the longitudinal
plasmons extend around the entire nanoshell, so in this case the dominant effect is
the coupling strength, which is directly related to the overlap of the fields asso-
ciated with the two types of resonances. Since the LSPR field amplitudes show a
rapid decrease in radial intensity with increasing order, the coupling should be
strongest for the dipolar LSPR followed by the quadrupolar and so on.

In addition to shell thickness, another geometric consideration is the impact of
the overall size on nonlocal effects. For a fixed shell thickness of 5 nm, the optical
responses of nanoshells with r2 ¼ 25; 50; and 100 nm in air (n ¼ 1:00) were
calculated and are shown in Fig. 8.16. For all r2; nonlocal effects are seen to be
significant, with blueshifts of the dipolar LSPRs by 0.15, 0.08, and 0.23 eV for r2

values of 25, 50, and 100 nm, respectively. Comparing the results, it is reasonable
to assume, based on the amount of blueshift of the dipolar LSPR and the anom-
alous absorption features, that there is no (clear) direct relationship between r2 and
the strength of nonlocal effects.

As a further and final measure of the effect of nanoshell geometry on the nonlocal
optical response, nanoshells with the same r1=r2 ratio can be looked at. For example,
optical responses of nanoshells in water (n ¼ 1:33) with the same r1=r2 ratio of 0.8
but with varying r2 values of 100, 50, and 25 nm are shown in Fig. 8.17.

Fig. 8.15 Effect of shell
thickness on nonlocal effects
in nanoshells in n ¼ 1:64:
The results correspond to
various r1 values (shown in
nm) for a fixed r2 ¼ 100 nm
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As r2 decreases, the nonlocal effects significantly increase in intensity. This is not
that surprising, considering that as r2 decreases so does the shell thickness (for a fixed
r1=r2 ratio). Comparing the results directly, it is not possible to draw any conclusive
assumptions, demonstrating little (if any) dependence of nonlocal effects on the ratio
r1=r2:However, this result combined with the others suggests (in addition to those in
Sect. 8.5.1) that the primary controlling factor of nonlocal effects is the thickness of
the structure along the longitudinal direction of the incident light.

Refractive Index Sensitivity

The RI dependence of nonlocal effects is now discussed. This would correspond to
the situation of immersing the nanoshells in various solvents, for example. The
optical responses of (45 nm, 50 nm) nanoshells in RI environments of n = 1.00,

Fig. 8.16 Optical responses
of nanoshells in n ¼ 1:00
with 5 nm thick shells for
various r2 values (shown in
nm)

Fig. 8.17 Optical responses
of nanoshells with a fixed
r1=r2 ratio of 0.8 in n ¼ 1:33
for various r2 values (shown
in nm)
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1.33, and 1.64 (corresponding to air, water, and carbon disulfide, respectively) are
shown in Fig. 8.18. The local results are found to be in qualitative agreement with
previous studies [41]. The dipolar LSPRs (i.e., the ones with the greatest intensities
and occurring at the lowest energies in the local results) redshift approximately
linearly with increasing RI [41]. In addition, for n ¼ 1:33 and 1.64, multipolar
(higher-order) LSPRs become visible at higher energies.

When nonlocal effects are included, the results are quite different. For example,
strong anomalous absorption is observed near 0.95 and 1.85 eV, independent of
the RI. In order to determine if the anomalous absorption at each energy is

identical for all RIs, profiles of jDðx;xÞj2 can be examined; Fig. 8.19. Standing

wave patterns of jDðx;xÞj2 are seen inside the nanoshells with intensity variation
along the longitudinal direction of the incident light. The wavelength of these
again follows Eq. 8.11, where h is now the shell thickness, and thus can be
attributed to nonlocal longitudinal plasmons [7] (see Sect. 8.5.1). For each energy

(0.95 or 1.85 eV), the intensity patterns of jDðx;xÞj2 are qualitatively identical—
i.e., they correspond to the same m: The energies of each m mode are therefore
found to be independent of RI. At first this is surprising, considering that LSPRs
are affected by the RI [2]. However, it is important to keep in mind that LSPRs
exist on a metal–dielectric interface, and are thus influenced by both materials,
whereas longitudinal plasmons exist only inside the metal; and because in the
presented method to treat nonlocal effects [7] (Sect. 8.3) the same boundary
condition (ABC) is imposed at all metal–dielectric interfaces (the nonlocal
polarization current vanishes) [9], it is understandable that there is no RI depen-
dence. In reality, however, nonlocal effects should have a weak RI dependence due
to addition quantum mechanical surface effects, such as surface diffuseness [36].
There is an analogous picture that emerges when it is considered that the anom-
alous resonances represent single electron excitations within the metal particle that
are similar to the RI dependence of the excitation energy in molecular chro-
mophores. These points represent possible directions for future investigation.

Fig. 8.18 Effect of RI on the
optical response of (45 nm,
50 nm) nanoshells
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While the anomalous absorption modes are qualitatively the same regardless of
the RI, they are not identical. Specifically, the intensities of the internal modes
decrease with increasing RI (which cannot be inferred from the normalized scale in
Fig. 8.19) by approximately 1=3 and 2=3 when going from n ¼ 1:00 to 1.64 for the

m ¼ 3 and 5 modes, respectively. However, there are increases in jDðx;xÞj2 (or

jEðx;xÞj2) outside of the nanoshell, giving the stronger calculated optical response.
This can be understood in terms of local quasistatic theory, where the surface

jEðx;xÞj2 resulting from LSPRs is expected to increase with RI [2].
In addition to anomalous absorption, the dipolar LSPRs are blueshifted relative to

the local results. Unlike the anomalous absorption, the relative blueshift is found to
increase strongly with RI. Figure 8.18 shows that the n ¼ 1:00; 1:33; and 1.64
dipolar LSPRs blueshift by 0.07, 0.12, and 0.17 eV, respectively. Therefore, when
nonlocal effects are included, the RI sensitivity of the LSPRs is not linear as predicted
by local theory and experiments [41]. However, the differences are again most likely
the result of experimental measurements made on collections of heterogeneous
nanoshells. Based on this discussion, it would be interesting to experimentally study
isolated nanoshells, where the nonlinear RI dependence could be observed.

8.5.3 Nonlocal Electric Field Enhancements

jEðx;xÞj2 enhancements, a quantity important for many physical processes [e.g.,

SERS, which is dependent on jEðx;xÞj4], were discussed in Chap. 5. There it was

Fig. 8.19 Normalized jDðx;xÞj2 intensity profiles for (45 nm, 50 nm) nanoshells at the
anomalous absorption energies of top 0.95 and bottom 1.85 eV for RIs of n ¼ left 1.00, middle
1.33, and right 1.64
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mentioned that jEðx;xÞj2 enhancements in nanostructures (including nanowires)
have been thoroughly studied in the past, from isolated nanoparticles [37, 44] and
dimers [44–47] to other structures. From these studies, values as large as 105 have
been found for isolated nanoparticles (specifically triangular nanowires) [37] and
107 for junction structures (e.g., cylindrical and spherical dimers) [45, 47].
However, these studied have all been performed within the framework of classical
local electrodynamics. Within nonlocal electrodynamics, it has been found that

jEðx;xÞj2 enhancements are greatly diminished relative to local predictions
because such effects damp LSPRs [7, 9, 12, 16]. The quantitative accuracy of the

large body of work concerning jEðx;xÞj2 enhancements, as well as the interpre-
tation of effects that rely on them (e.g., SERS), are thus questionable. It is the
purpose of this section to address EM enhancements using the nonlocal electro-
dynamics method outlined in Sect. 8.3.

Computational Considerations

For the calculations in this section, grid spacings of 0.2 nm were used in both
directions for the isolated Au nanowires and 0.25 nm for the Ag dimers. Unless
otherwise stated, the 2D high-frequency value of b2 was used. Note that Ag was
modeled analogously to Au (as outlined in Sects. 8.3 and 8.4), and parameters for
the dielectric model are given in Appendix B.

Convergence of Nonlocal Near-Field Properties to Local Results

As mentioned in Sect. 8.5.1 in relation to triangular nanowires, much of the

interest in apex structures is due to their high surface jEðx;xÞj2 enhancements. It
was suggested that there could possibly be no convergence of nonlocal properties
to local ones in such structures, especially near their apices, where the longitudinal
distance can be arbitrarily small. In this section, these structures are revisited with

particular emphasis on their maximum jEðx;xÞj2 enhancements and the conver-
gence of nonlocal results to local ones.

jEðx;xÞj2 enhancements at the bottom apices of triangular nanowires (where
for the incident light considered these are maximized) in the local and nonlocal
limits are compared in Fig. 8.20 for l values up to 80 nm. (Note that these
enhancements were calculated at the dipolar LSPR energies, obtained from the
extinction spectra, and using the 2D low-frequency value of b2). Over the entire l
range, local electrodynamics predicts enhancements greater than twice the non-
local results, significant differences. Furthermore, as suggested in Sect. 8.5.1, there
seems to be no convergence of the nonlocal and local results. Even though there

appears to be no convergence of the near-field properties such as jEðx;xÞj2, rel-
ative convergence of those in the far-field does occur (e.g., anomalous absorption
and LSPR blueshifting); see Fig. 8.9.
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Geometry Effect on Electric Field Enhancements

In this section, the maximum and average jEðx;xÞj2 enhancements around
nanowires of various shapes are investigated.

jEðx;xÞj2 enhancements are expected to be high at or near the LSPR energies
[48]. Therefore, the optical responses of cylindrical, square, and triangular nano-
wires with dimensions of 50 nm (either the diameter or side-length), a common
size used in experimental and theoretical studies (and based on the discussion
above, as good of size as any), were calculated; Fig. 8.21. There is no significant
anomalous absorption that was seen for the thin metal films, solid or core–shell
nanowires, or nanoparticles (see Sects. 8.5.1 and 8.5.2). This is because the
dimensions are large enough such that the discrete anomalous absorption reso-
nances are not apparent (see Figs. 8.5 and 8.11, as well as the relevant discus-
sions). However, many closely spaced longitudinal plasmon modes do exist,
leading to the LSPR blueshift and very minor closely spaced ‘‘bumps’’ (as well as
affecting other properties—vide infra). This can be confirmed by again looking at

intensity profiles of jDðx;xÞj2 (as in all other cases thusfar discussed); Fig. 8.22.
At the LSPR energies (which are slightly different in the local and nonlocal

results, due to blueshifting), jEðx;xÞj2 profiles were calculated; Fig. 8.23. Note

that normalized jEðx;xÞj2 values are shown in Fig. 8.23, and thus only relative
intensity comparisons of the shapes in the local and nonlocal results should be

made—e.g., the local cylinder to the nonlocal one. Qualitatively, the jEðx;xÞj2
values are very similar (both inside and around the structures) in both the local and
nonlocal results. Quantitatively, however, it is seen that the nonlocal fields are of
lower intensity. This is especially true for the triangular nanowires, and to a lesser
extent the square ones. (It is hard to discern a difference in the cylindrical
nanowires.)

Fig. 8.20 jEðx;xÞj2
enhancements at the apex of a
Au triangular nanowire.
Symbols denote the calculated
points, and curves are
polynomial fits to the data.
The full curve with open
circles represents nonlocal
calculations; the broken curve
with open squares represents
local ones
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In order to quantitatively assess the jEðx;xÞj2 enhancements in Fig. 8.23, the
maximum and average values around the nanowires were calculated, which are
shown in Table 8.1.

(The average values refer to fields averaged only over certain distances from the
nanowire surfaces.) In all cases, significant decreases in both the maximum and

average jEðx;xÞj2 enhancements are found outside of the structures. For the
cylindrical nanowire, a negligible difference exists between the local and nonlocal
enhancements. (It is also interesting to note that the average enhancements are
higher 1.0 nm away from the surface than they are at 0.5 nm.) For the square
nanowire, the difference is larger. There is approximately a 10% difference in the

Fig. 8.21 Extinction cross
sections of top cylindrical,
middle square, and bottom
triangular Au nanowires from
both local (broken red lines)
and nonlocal (solid blue
lines) calculations
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maximum and average jEðx;xÞj2 enhancements at 1.0 nm, and a 6% difference in
the average values at 2.0 nm. It is expected that the difference in average
enhancements will decrease further away from the surfaces, as the near-fields
exponentially decay. The differences for the triangular nanowire are strikingly
larger. A 104% difference in the maximum enhancement and 61% difference in the

Fig. 8.22 Normalized jDðx;xÞj2 intensity profiles in and around left cylindrical, middle square,
and right triangular Au nanowires obtained from both top local and bottom nonlocal calculations
at the LSPR energies

Fig. 8.23 Normalized jEðx;xÞj2 intensity profiles in and around left cylindrical, middle square,
and right triangular Au nanowires obtained from both top local and bottom nonlocal calculations
at the LSPR energies
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average enhancement at 0.5 nm are seen. These are significant differences, and it is
remarkable that they are only for an isolated nanostructure, which generates rel-

atively low jEðx;xÞj2 enhancements in comparison to a junction structure [44];
see both Chap. 5 and the section below.

Cylindrical and Triangular Nanowire Dimers

In this section, systems known to give high jEðx;xÞj2 enhancements (likely, the
most promising systems; see Chap. 5) are considered, Ag cylindrical and triangular
nanowire dimers [46–47]. Schematic diagrams of these systems are shown in
Fig. 8.24. The Ag cylindrical nanowire dimer, Fig. 8.24a, consists of two nano-
wires, each with a 50 nm diameter, separated by a distance h: The other system is
analogous, and consists of two equilateral triangular nanowires with side lengths of
50 nm; Fig. 8.24b. These sizes were chosen as they are representative of those
often used in experiments, and are also sufficiently large to generate very high

jEðx;xÞj2 enhancements; see the above section. The dimers are illuminated by an
incident field with the Eðx;xÞ components in-plane and polarized along their long
axes (the incident k is obviously perpendicular to this, giving normal incident

Fig. 8.24 Schematic
diagrams of a cylindrical and
b triangular nanowire dimers
considered in this section

Table 8.1 Maximum and average jEðx;xÞj2 enhancements for cylindrical, square, and trian-
gular nanowires at the LSPR energies

Nanowire shape Max 0.5 nm 1.0 nm 2.0 nm

Cylindrical (local) 8.64 2.42 2.47 2.40
Cylindrical (nonlocal) 7.85 2.32 2.39 2.34
Square (local) 60.58 3.54 3.33 3.01
Square (nonlocal) 39.79 3.02 2.91 2.69
Triangular (local) 145.77 5.49 4.90 4.18
Triangular (nonlocal) 71.40 3.42 3.30 3.01
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light). Based on the discussion in Chap. 5, jEðx;xÞj2 enhancements are very high
for small junction sizes. Therefore, h values of 5, 2, 1, and 0.5 nm are considered
in this section. Although smaller separations would likely lead to even larger

jEðx;xÞj2 enhancements than are obtained below [45], these are not considered.
This is because surface boundaries are not infinitely sharp. Therefore, electron
spill-out would likely ‘‘blur’’ boundaries of smaller size [49]. Even if sharp
boundaries were realistic, it is unlikely that such small separations are experi-
mentally achievable due to fabrication techniques and surface imperfections.

The optical responses of the dimers were determined by calculating extinction
cross sections; Figs. 8.25 and 8.26. For the cylindrical nanowires, the optical
responses are nearly identical in both the local and nonlocal results when the
separation is 5 nm. There are, however, some minor differences, in that there is
both a slight reduction in the magnitude and the LSPR is slightly blueshifted in the
nonlocal results (not surprising, based on the discussion in Sects. 8.5.1 and 8.5.2).
As the nanowire separation is reduced, for example to 2 nm, there is an overall
redshift of the LSPRs. This is understandable, as the LSPR dispersion relation in
such structures redshifts as the junction distance is decreased [50]. Comparing the
local and nonlocal results, the relative LSPR blueshift is seen to increase. For

Fig. 8.25 Extinction cross sections of 50 nm diameter cylindrical nanowires separated by a 5,
b 2, c 1, and d 0.5 nm
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example, the dipolar LSPR (the lowest energy peak) blueshifts by 0.11 eV at
0.5 nm separation, whereas it is only 0.05 eV at 5 nm. The increase in strength of
the nonlocal effects can be understood by examination of Eq. 8.2. As the junction
gap is reduced, higher magnitude k components are generated, which, in turn,
cause LSPRs to occur at higher frequencies relative to k ¼ 0: In addition to
blueshifting, the nonlocal peaks are much broader compared to the local ones.
Presumably this occurs because the lifetime of the LSPR modes is decreased
through coupling to the internal (volume) plasmon modes that only occurs when
nonlocal effects are included. These points will be revisited below.

Additional peak structures also appears with decreasing separation, which can
be attributed to higher-order LSPRs (quadrupolar, octupolar, etc.). Because of the
increase in relative LSPR blueshift with decreasing nanowire separation, these
resonances are less apparent (not as easily excited) in the nonlocal results.
Therefore, much smaller junctions than previously demonstrated [45] are realis-
tically needed to excite them. Nonetheless, they are still apparent, and are also
blueshifted relative to the local results, much like the dipolar LSPR. Focusing on
the 1-nm results, for example, the relative blueshift of the quadrupolar LSPR (the
second lowest energy peak) is 0.18 eV. This suggests that higher-order LSPRs are
more blueshifted than those of lower-order, which is opposite to what was found

Fig. 8.26 Extinction cross sections of 50 nm side-length triangular nanowires separated by a 5,
b 2, c 1, and d 0.5 nm
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for the core–shell nanowires discussed in Sect. 8.5.2, and thus represents a point
for possible future investigation. It is likely that this trend is system dependent, as
is further discussed below. Also similar to the dipolar LSPR, the nonlocal higher-
order LSPR peaks are broadened relative to the local results.

Qualitatively similar trends are found in the optical responses of the triangular
nanowires; Fig. 8.26. Quantitatively, however, much greater differences between
the local and nonlocal results occur. For example, the relative blueshift of the
dipolar LSPRs are 0.27 and 0.35 eV at 5 and 0.5 nm separations, respectively,
compared to 0.05 and 0.11 eV for the cylindrical nanowires. In addition, the
nonlocal peaks are even more (relatively) broadened. The differences between the
cylindrical and triangular nanowires can be attributed to the fact that larger
magnitude k-components are generated by the sharp tips of the triangular struc-
tures, and thus the nonlocal effects are stronger (as discussed in Sect. 8.5.1). This is

also part of the reason why the jEðx;xÞj2 enhancements in such structures are
often high relative to other shapes [37]. This also leads to easier excitation of high-
order LSPRs, where even at 5 nm such resonances are excited in the local results.
Due to such strong nonlocal effects, it is unclear if high-order LSPRs are excited in
the nonlocal results at all.

The most important differences are seen by comparing the junction jEðx;xÞj2
enhancements (the position of maximum EM enhancement; see Chap. 5);

Figs. 8.27 and 8.28. In the local results, the jEðx;xÞj2 enhancements, shown as
dashed red curves in Figs. 8.27 and 8.28, are qualitatively similar to the extinction
cross sections (the peaks and valleys are similar), a trend that is often [45], but not
always [51] the case. This often occurs because the LSPRs increase multiple

scattering events at the junction, which in turn lead to large jEðx;xÞj2 enhance-
ments. The nonlocal results (solid blue curves in Figs. 8.27 and 8.28), on the other
hand, show that while both dipolar and higher-order LSPRs are clearly distin-
guishable in the extinction cross sections (see the 0.5-nm cylindrical results, for

example), only the dipolar LSPR shows a significant jEðx;xÞj2 enhancement.
However, it is possible that systems with more prominent high-order LSPRs
(likely not junction structures, but possibly core–shell nanostructures [22], for

example) will show higher jEðx;xÞj2 enhancements at these resonances. None-
theless, enhancements for higher energies than those of the dipolar LSPRs are still
relatively large, and are slowly decreasing functions of energy. This is in contrast
to the local results, where distinct peaks and valleys are seen. By inspection of the
broadened spectral shapes in Figs. 8.25 and 8.27, it can be inferred that the two
effects are related. However, the effects are not identical, as can be seen by

comparison of the relative jEðx;xÞj2 enhancements between the dipolar and
higher-order LSPRs in relation to the relative cross section magnitudes in both the
local and nonlocal results. These points will be returned to below.

It is also seen in Figs. 8.27 and 8.28, much like for the cross sections, that the

nonlocal jEðx;xÞj2 enhancements are blueshifted relative to the local results, and
this effect also becomes more prominent with decreasing gap distance. For
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example, while the nonlocal and local results are similar at 5 nm for the cylindrical
nanowires, there are significant differences for separations of less than approxi-
mately 2 nm, where at 0.5 nm there is a 0.14 eV relative blueshift. It is interesting
to note that these blueshifts are different than those of the cross sections, but not

unreasonable considering that jEðx;xÞj2 enhancements are not necessarily cor-
related with the optical cross sections, contrary to popular belief [51].

Perhaps the biggest and most important difference between the local and

nonlocal results is that the jEðx;xÞj2 enhancements are significantly different
when nonlocal effects are included [7, 12]. The triangular nanowires separated by
0.5 nm represent possibly the most extreme example of this; Fig. 8.28d. The

maximum jEðx;xÞj2 enhancements are 2:3� 105 in the local results, but only
1:4� 104 when nonlocal effects are included. Considering that the nonlocal results
are more rigorous than the local ones (in principle), it is possible that the maxi-

mum achievable jEðx;xÞj2 enhancements are over an order of magnitude less than
previously thought. Also considering that some physical processes, such as SERS,

are dependent on jEðx;xÞj4 enhancements [2], these differences could have sig-
nificant implications to the interpretation of results. For example, if the actual
electromagnetic contribution (including nonlocal effects) to SERS is smaller than

Fig. 8.27 jEðx;xÞj2 enhancements at the junction of 50 nm diameter cylindrical nanowires
separated by a 5, b 2, c 1, and d 0.5 nm
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expected on the basis of local theory (which, based on this discussion, could be up
to three orders of magnitude less than previously thought), it is possible that
chemical effects play a more important role than has been considered in the past
[52]. These results are also important to the interpretation of electron energy loss
measurements for anisotropic nanoparticle structures [53].

In addition to the quantitative difference in maximum enhancements, their
qualitative behavior is also different, as can be seen from intensity profiles of

jEðx;xÞj2; Figs. 8.29 and 8.30. In the nonlocal results, besides noticeable
decreases in maximum intensities, the field enhancements are found to be dis-
tributed around the nanowire surfaces. For example, there are noticeable
enhancements at the poles of the dimers, whereas in the local results the primary
enhancement occurs at the junction.

The differences that occur in the nonlocal results can be understood by looking

at intensity profiles of the electric displacement field, jDðx;xÞj2: Figures 8.31 and
8.32 show such profiles for h = 0.5 nm separations of the cylindrical and trian-

gular nanowires, respectively, at the energies of maximum jEðx;xÞj2 enhance-
ments. The nonlocal results show discrete longitudinal (volume) plasmons inside
the structures. Although difficult to discern from these complex profiles, these

Fig. 8.28 jEðx;xÞj2 enhancements at the junction of 50 nm side-length triangular nanowires
separated by a 5, b 2, c 1, and d 0.5 nm
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modes can also be considered analogous to one-particle quantum states, just as in
the more simple isolated nanostructures [7] (Sect. 8.5.1). As for all other examples

considered, these profiles are in sharp contrast to the local results, where jDðx;xÞj2

is a smooth function. In both cases (local and nonlocal), however, jDðx;xÞj2 is
concentrated near the junction. This is expected, since the junction is where most

of the scattering events occur, leading to a high localization of both jEðx;xÞj2 and

jDðx;xÞj2: In comparison to the longitudinal plasmon modes in isolated

Fig. 8.29 Intensity profiles of jEðx;xÞj2 for 0.5 nm spaced cylindrical nanowires. Local and
nonlocal calculations are shown on the left and right, respectively; the nanowires are outlined in
bold white

Fig. 8.30 Intensity profiles of jEðx;xÞj2 for 0.5 nm spaced triangular nanowires. Local and
nonlocal calculations are shown on the left and right, respectively; the nanowires are outlined in
bold white
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nanostructures [7, 9], which are longitudinal to the incident k; the modes in this
case show wave structure along both the incident k-axis and the (perpendicular)
long-axis of the dimer structure. This can be seen in the (slight) cylindrical
symmetry of the volume plasmons in the cylindrical nanowires, as well as the
orthogonal directions of maxima and minima in the triangular nanowires. Fur-
thermore, the direction along the long axes shows the greatest intensities. This
indicates that in such junction structures, while the k from the incident field excites
longitudinal plasmons, the dominant k-components are generated by scattering at
the junction. These results highlight an essential difference between isolated and

Fig. 8.31 Intensity profiles of jDðx;xÞj2 for 0.5 nm spaced cylindrical nanowires. Local and
nonlocal calculations are shown on the left and right, respectively; the nanowires are outlined in
bold white

Fig. 8.32 Intensity profiles of jDðx;xÞj2 for 0.5 nm spaced triangular nanowires. Local and
nonlocal calculations are shown on the left and right, respectively; the nanowires are outlined in
bold white
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dimer structures, and also help explain why nonlocal effects are more dramatic in
the latter.

By considering the LSPRs and volume plasmons as distinct ‘‘modes’’, the

qualitative differences between the nonlocal optical responses and jEðx;xÞj2
enhancements relative to the local results can be further understood. The overlap
of these modes will cause the SPs to be damped. Since SPs are responsible for the

scattering that results in the high jEðx;xÞj2 enhancements, they are likely to be
lower when coupled to volume plasmons. Furthermore, since the concentration of

the volume modes is in the junction region, it makes sense that the jEðx;xÞj2
enhancements related to the higher-order LSPRs (which are oriented along other
directions than that of the polarization) are more significantly damped than the
dipolar one. In addition, the SPs will have decreased lifetimes due to this damping,
and thus the spectral broadening can also be understood.

8.6 Surface Effects

Before concluding this chapter, it is worthwhile mentioning that other effects not
explicitely discussed (and also indirectly related to quantum mechanical effects,
such as electron spill-out) also become important for small particles. In this sec-
tion, surface effects at the sub-nanometer-scale are discussed, which have recently
been found to cause LSPRs to redshift with decreasing particle size, but only for
very small particles [1], contrary to the expectation of a blueshift [36, 54]. Con-
flicting results have been presented previously regarding this, showing a blueshift
in some cases and a redshift in others; for a complete discussion, see Ref. [55] and
references therein.

The aim of this section is to provide a discussion of the resolution of this
conflict, by presenting results from a combined theoretical and experimental study
of small Ag nanoparticles. An important feature of the presented results is that the
experimental systems have a high uniformity in size (*10% distribution), shape
(icosahedral), and crystallinity (information known from HRTEM measurements)
[1]. Furthermore, the nanoparticles all have identical surface chemistry (which was
confirmed using Fourier-transformed infrared spectroscopy). The actual details are
irrelevant, but such uniformities rule out other possible effects (e.g., shape effects)
that could possibly provide alternative explanations to the following.

Experimental absorption cross sections per nanoparticle for diameters of d � 2
to 18 nm in hexane (RI of n ¼ 1:375) are shown in Fig. 8.33. It is seen that the
LSPR blueshifts with increasing diameter for nanoparticles with d\12:5 nm,
contrary to the expected redshift [36]. For example, the LSPR peak significantly
blueshifts from 442.3 to 425.6 nm when the nanoparticle size increases from
d ¼ 2:2 to 3.9 nm. The peak position continuously blueshifts to 402.3 nm for
nanoparticles with d ¼ 12:5 nm. The blueshift then stops, and a redshift takes over
as the particle size increases further, consistent with the expected behavior [36]
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(due to radiative depolarization effects when the particle size is not negligible
compared to the size of the wavelength [54]). For instance, the LSPR positions are
k ¼ 402:4 and 403.3 nm for nanoparticles with d ¼ 15:6 and 17.8 nm,
respectively.

In order to explain these trends, a model that contains precise system details at
the sub-nanometer-scale must be taken into account, such as surface effects and
chemical interactions of each nanoparticle with the surrounding medium (e.g.,
surfactant molecules). It is possible to construct a simple model containing all of
these details. In this model, the Ag nanoparticles (assumed to be spheres with
diameter d) are composed of a core with radius rc ¼ d=2� t (where t will be
defined in a moment) that is treated with bulk dielectric data (modified to take into
account the interfacial scattering correction with A ¼ 1:0; determined by com-
parisons to experiment [1]). A thin shell of thickness t that extends from rc to
rc þ t ¼ d=2 is then assumed on the surface of the nanoparticles, in which the
electron conductivity (carrier density) is lowered compared to the inner core
because of the partial participation of these electrons in chemical interactions (e.g.,
bonding) with the surfactant molecules (note that there is no interfacial scattering
correction in this layer). It should be noted that an analogous picture of lowered
free electron density emerges if quantum mechanical electron spill-out is con-
sidered [49]. However, such an effect is not able to accurately account for the
results presented here. Considering that it is the outermost Ag atoms that partic-
ipate in bonding, t should be taken to be roughly the thickness of a single Ag
atomic layer, so t ¼ 0:25 nm is considered. Additionally, a shell corresponding to
the surfactant layer is assumed to exist from radii d=2 to d=2þ s; where s ¼ 2 nm
is the thickness of the shell with a RI n ¼ 1:4595 (consistent with the experimental
surfactant). The precise molecular details are irrelevant for this discussion, as it
has been found that the model predictably describes situations of different surface
chemistry [1]. Solvent is then assumed to exist for radii greater than d=2þ s; and

Fig. 8.33 Absorption cross
section per nanoparticle for
various d values in hexane.
For clarity, each spectrum has
been multiplied by an
arbitrary factor listed in the
parentheses. The inset plots
the experimental (black
squares) and theoretically
calculated (red line)
integrated absorption from
320 to 600 nm
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is either hexane (n ¼ 1:375), chloroform (n ¼ 1:445), or toluene (n ¼ 1:496). A
schematic diagram of the model is shown in Fig. 8.34a. While seemingly com-
plicated, the optical response of such a system can be found using analytical multi-
layer Mie theory [56].

However, before the optical response can be determined, the reduced conduc-
tivity of the layer t must be taken into account. Such a proceduce is illustrated here
using the Drude model. First, a Drude model for the permittivity, eDðxÞ ¼
e1 þ eintraðxÞ (Eqs. 2.23 and 2.25), is fit to the empirically inferred dielectric data
[31]; Appendix B. Then, the full dielectric function, eðxÞ; is assumed to be given
by Eq. 2.23, where eintraðxÞ is the difference between the empirical data and
eDðxÞ: Thus, at this point, eðxÞ in Eq. 2.25 describes the empirical data exactly,
but the Drude portion captures the physics of electron motion. To lower the
conductivity, eintraðxÞ is kept constant and xD [in eDðxÞ] is lowered. This lowers
the conductivity, because the carrier density (and thus conductivity) is proportional
to xD: Specifically, the Drude dielectric function is related to the (alternating
current, AC) conductivity, rðxÞ; via

e0eDðxÞ ¼ e0e1 þ i
rðxÞ
x

; ð8:12Þ

where

rðxÞ ¼ e0x2
D=cD

1þ ix=cD

: ð8:13Þ

[Notice the multiplicative factor of e0 because eDðxÞ is a relative dielectric
function]. Obviously, decreasing xD lowers both < eDðxÞ½ � and = eDðxÞ½ �: It is the

Fig. 8.34 a Schematic diagram of the theoretical model developed: d represents the diameter of
a nanoparticle, t is the thickness of the outermost layer with lowered conductivity, and s is the
thickness of the surfactant layer. Blue dots represent atoms bonded to the nanoparticle surface.
b Experimental (symbols) and calculated (lines) LSPR peak positions for various nanoparticle
sizes dispersed in hexane (black), chloroform (red), and toluene (blue)
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effect on the former which leads to the redshifting with decreasing nanoparticle
size. (The latter effect is not as significant, nor relevant to this discussion.) For the
remainder of this section, a lowering of xD by 15% is used, determined by
comparisons between theory and experiment.

Figure 8.34b compares theoretical and experimental size-dependent LSPR
wavelengths for nanoparticles in the three solvents under consideration (hexane,
chloroform, and toluene). Comparison of the spectra shows that, regardless of the
solvent, the dependence of the absorption peak on nanoparticle size exhibits a very
similar relationship, a blueshift followed by strong redshift as d is decreased.
Interestingly, the turnover size becomes smaller and the redshift becomes steeper
for larger particles when the RI of the solvent is higher. For example, the size-
dependent peak positions turn over at *10, 12.5, and 15 nm for toluene, chlo-
roform, and hexane, respectively. Although not fitting perfectly in these cases, the
level of agreement between the experimental and theoretical results, given the
simplicity of the model, is outstanding. (The calculated turnovers for toluene,
chloroform, and hexane are 15.5, 17, and 19.5 nm, respectively.) Additionally, the
experimental integrated absorption cross sections presented in the inset of
Fig. 8.33 are also found to increase with nanoparticle size in a manner perfectly
consistent with the absolute values calculated according to the theoretical model.

It is informative to look at the LSPR peak positions calculated both with and
without the reduced conductivity layer (also for the same three solvents);
Fig. 8.35. It is remarkable that without including the layer of reduced conductivity
there is no turnover until very small sizes (d � 4 nm), given that this layer is only
0.25 nm thick.

The degree of both qualitative and quantitative agreement achieved with the
model presented in this section strongly suggests that the conductivity of the outer
atomic layers of nanoparticles is a previously unappreciated feature that must be
considered in the small-particle limit. Based on these careful and systematic

Fig. 8.35 Comparison of
calculated LSPR peak
positions for Ag
nanoparticles of various sizes
dispersed in hexane (black),
chloroform (red), and toluene
(blue). Calculations
performed both including
(solid lines) and excluding
(dotted lines) the reduced
surface conductivity are
shown
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results, it is clear that previous discrepancies regarding this effect [55] are due to
system differences and/or experimental uncertainties. This novel behavior could
lead to the development of new techniques (e.g., sensing) or devices based on the
tuning of the conductivity of single atomic layers in small metal nanoparticles.

For a further discussion of this effect, including additional theoretical and
experimental details, see Ref. [1].

8.7 Summary and Outlook

An electrodynamics method to calculate the optical responses of arbitrarily shaped
structures described by a spatially nonlocal dielectric function (which incorporates
quantum mechanical effects) was presented. This formulation was based on con-
verting the equation of motion of the conduction electons from the hydrodynamic
Drude model into a partial differential equation for the current field that serves as
an ADE to Maxwell’s equations. By discretizing this equation using standard
finite-difference techniques, it was shown to be easily incorporated into a self-
consistent computational scheme along with the standard discretized Maxwell’s
equations, such as those used in FDTD.

Many applications of the method were presented. First, basic geometric
nanostructures in one, two, and three dimensions were calculated (thin metal films,
solid nanowires, and spherical nanoparticles, respectively). These calculations
showed the basic phenomena that occur when nonlocal effects are included;
specifically, anomalous absorption and blueshifting of the LSPRs in the optical

responses. Intensity profiles of jDðx;xÞj2 revealed that these effects are due to the
excitation of longitudinal (or volume) plasmons.

The application to core–shell nanowires revealed more technical aspects of
nonlocal effects, such as the impact of various parameters of the nonlocal model.
However, this discussion also demonstrated that the most important factor of
nonlocal effects (in simple systems) is the thickness of the structure along the
longitudinal direction of the incident light. Different order LSPRs were shown to
be affected differently by these effects, and while the anomalous absorption is
insensitive to the RI, blueshifts of the LSPRs are.

Perhaps the most important results were that significant decreases in jEðx;xÞj2
enhancements were found, similar to results found theoretically for Ag nanopar-
ticle dimers [12], which in some cases were over an order of magnitude. Con-
sidering that the nonlocal calculations are, in principle, more rigorous than the
local ones, these results have significant implications. For example, the interpre-
tation of physical processes that rely on such effects (e.g., SERS) could be much
different than previously thought.

Connections with experiment were made when possible, and reasons were
suggested why these effects have not been experimentally realized for nano-
structures studied in bulk. The presented discussions are a strong motivation for
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future studies of isolated nanostructures, where nonlocal effects are likely to play a
larger role.

In addition to nonlocal effects, a combined theoretical and experimental study
of small Ag nanoparticles was discussed. It was shown that in the small-particle
limit, detailed interactions at the sub-nanometer-scale (atomic-length, yet still in
the continuum picture) can lead to unexpected effects. For example, redshifting
LSPRs with decreasing particle size, which is contrary to expectations [36].

These results demonstrate the importance of including nonlocal effects and
making sub-nanometer considerations when describing metal–light interactions at
the small end of the nanoscale, especially now that experimental investigation
there is becoming possible.
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Chapter 9
Conclusions and Outlook

In Chap. 1, a number of outstanding questions in nanoscience were posed, which
formed the basis of this dissertation. These questions are now revisited, in light of
the results that were presented and discussed.

• What are the main theoretical and computational tools needed to study systems
at the nanometer length scale? How can Maxwell’s equations be solved to
arbitrarily high precision, while preserving dynamical invariants of the problem
(e.g., the energy density)?
In Chap. 3, two of the most generally applicable computational methods for
solving Maxwell’s equations were discussed, FDTD and FEM [1–3]. These
methods were used heavily throughout this dissertation. Two specialized
methods, RCWA and the modal analysis method, were also discussed [4], which
proved useful in Chaps. 6 and 7 when discussing subwavelength hole arrays and
optical corrals, respectively.
Chapter 3 also presented a discrete action principle for electrodynamics [5]. This
was used to construct explicit symplectic integrators for Maxwell’s equations, to
any order of accuracy, which are capable of preserving dynamical invariants of
electrodynamics problems. The numerical stability was shown to be greatly
increased and the numerical dispersion greatly decreased, compared to other
methods, by using the high-order integrators.

• At the single nanoparticle level, how well do experiment and classical electro-
dynamics agree? What is the detailed relationship between optical response and
nanoparticle morphology, composition, and environment?
In Chap. 4, experimental HRTEM and LSPR measurements made on a single Ag
nanocube were correlated with FDTD calculations (classical electrodynamics)
using bulk dielectric data [6, 7]. It was found that at the single nanoparticle level,
near perfect agreement can be obtained (at least for relatively large nanoparti-
cles). However, care must be taken in selection of the dielectric data set to use for
modeling, as the JC Ag dielectric data [8] was found to be more accurate for
describing perfect crystalline nanoparticles compared to that of LH [9].
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By varying structural parameters, FDTD calculations showed a strong sensitivity
between a nanocube’s optical response and its face-to-face width, corner and side
rounding, and substrate. These results are beneficial understanding the detailed
relationship between optical response, structure, and dielectric environment of
single nanoparticles. The near-field contact area between particle and substrate
was shown to be particularly influential on the optical response. Moreover, the
results presented impose strict requirements on determination of these parameters
(� 1 nm resolution) if calculation and experiment are to match, and also dem-
onstrate that there are no ‘‘free parameters’’ (at least, geometric) that can be used
in such simulations.

• Does an optimal nanostructure exist for generating large EM field enhance-
ments? Is there a fundamental limit to this?
Chapter 5 showed that EM field enhancements do not correlate with aggregation
state in nanoparticle junction structures [10]. This means that a single hot spot
between two particles is sufficient to generate them, and additional ones do not
significantly contribute. Rather, the major factor is the gap size of the hot spot,
especially for spacings less than � 1 nm: The most conclusive evidence for this
is that for structures with more than one hot spot, the one with the smallest gap
size dominates the overall enhancement.
Additionally, for small enough gaps the EM contribution to SERS in junction
structures can completely dominate the signal, where enhancements can be as
high as 1014 [2], which enables the possibility of SMSERS.

• Can nanostructures be used to control light, such as confining it, or causing
fundamentally different scattering phenomena to interact, such as electromag-
netic surface modes and diffraction effects?
Chapters 6 and 7 discussed nanostructures that are useful for controlling light,
specifically nanostructured metal films [4, 11–14] and optical corrals [15, 16].
Many phenomena were shown to be associated with these systems, such as
SPPs, RAs, and LSPRs. These phenomena were shown to lead to complex
optical properties, including EOT. It was emphasized on numerous occasions
that these effects are not isolated from one-another, and FDTD and RCWA
calculations revealed that SPPs and RAs can strongly interact (the RA–SPP
effect), producing especially narrow EOT features [11–13]. Even the weakly
plasmonic material Pd displayed this effect.
Other systems were also shown to exhibit interesting effects, including isolated
holes, pillar arrays, superlattices (patches of nanoholes), and other periodic
systems [4]. For example, superlattices demonstrated that plasmons can interact
over multiple length scales (e.g., intrapatch SPPs, which act on the order of
hundreds on nanometers, can interact with interpatch SPPs, which act on the
order of tens of micrometers) [14].
Optical corrals were also discussed [15, 16], which can confine light to dielectric
surfaces. Circular corrals were used as the platform to elucidate the novel effects
associated with these structures, such as well-defined standing-wave patterns. It
was found that these effects depend heavily on corral size and material,
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excitation wavelength, and the substrate. FDTD calculations of jEðx;xÞj2

supported the experimental evidence, and also revealed that jHðx;xÞj2 is almost
completely backwards (in terms of maxima and minima). A simple waveguide
model was presented to explain these effects. It was shown that light scattering
by the corrals produces evanescent waveguide modes at the dielectric interface
with an effective wavelength similar to that of the incident light. The super-
position of these modes onto the propagating ones leads to a dephasing of
Eðx;xÞ and Hðx;xÞ: These effects were also investigated in elliptical structures,
and it was shown that these offer additional tunability of such effects through
both their eccentricity and the polarization of the incident light.

• Is it possible to calculate quantum effects using classical electrodynamics, and
if so, how do they affect optical properties?
In Chap. 8, an electrodynamics method to calculate the optical responses of
arbitrarily shaped structures described by a spatially nonlocal dielectric function
(which incorporates quantum effects) was presented [17–20]. This formulation
was based on converting the equation of motion of the conduction electrons
from the hydrodynamic Drude model into a partial differential equation for the
current field that serves as an ADE to Maxwell’s equations. By discretizing this
equation using standard finite-difference techniques, it was easily incorporated
into a self-consistent computational scheme along with the standard discretized
Maxwell’s equations used in FDTD [17, 18].
Many applications of this method were presented. Basic geometric nanostruc-
tures in one, two, and three dimensions (thin metal films, solid nanowires, and
spherical nanoparticles, respectively) showed the basic phenomena that occur
due to nonlocal effects: anomalous absorption, LSPR blueshifting, and signifi-

cant decreases in jEðx;xÞj2 enhancements (in some cases over an order of

magnitude). Intensity profiles of jDðx;xÞj2 showed that all of these effects can
be attributed to the excitation of longitudinal (or volume) plasmons. Considering
that the nonlocal calculations are, in principle, more rigorous than the local
ones, the presented results have significant implications. For example, the
interpretation of physical processes that rely on such effects could be much

different than previously thought [e.g., diminished jEðx;xÞj2 enhancements in
relation to SERS].

The methods and applications that were presented in this dissertation answered
some of the fundamental (and practical) outstanding questions in nanoscience.
However, this work only forms a small selection of the total amount that has been
done, and even as of now many open questions remain. Additionally, as the
experimental techniques for making structures at the nanoscale becomes more
sophisticated, more complex phenomena will be demonstrated, posing even more
questions to the theorist. The study of structures at this scale will remain rich for
many years to come, and the theoretical and computational tools presented in
Chap. 3 will continue to play a large part in modeling and describing the novel
effects that they display.
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Appendix A
Common Mathematical Formulas

Mathematical formulas and relationships that are commonly used in this
dissertation are given in this appendix. Specifically, these include Fourier
transforms and finite-difference approximations to derivatives. Other
mathematical formulas, such as vector identities or theorems and functional
derivatives, are also used a few times in this work. However, these are given at the
positions at which they are used.

A.1 Fourier Transforms

The Fourier transform decomposes a function (or waveform) into its component
sinusoids (with respective amplitude) that sum to the original function. The
Fourier transform of f ðxÞ is defined as

FðnÞ ¼
Z1

�1

dx f ðxÞe2pixn; ðA:1Þ

where x and n form a Fourier-transform pair. The inverse Fourier transform
[Fourier transform of f ðnÞ] is

f ðxÞ ¼
Z1

�1

dn FðnÞe�2pixn: ðA:2Þ

From Eqs. A.1 and A.2 it is seen that the Fourier transform and its inverse are
symmetric.

In electrodynamics, Fourier transforms of x$ t and x$ k are often useful.
For the former, if the substitutions x! t and n! x=2p are made in Eqs. A.1 and
A.2, then
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FðxÞ ¼ 1

ð2pÞ1=2

Z1

�1

dt f ðtÞeixt ðA:3Þ

f ðtÞ ¼ 1

ð2pÞ1=2

Z1

�1

dx FðxÞe�ixt; ðA:4Þ

where the factor of 1=ð2pÞ has been split between both equations in order to retain
symmetry. For x$ k, if the substitutions x! x and n! �k=2p (sign conventions
chosen to be consistent with electrodynamics [1, 2]) are made in Eqs. A.1 and A.2,
then

FðkÞ ¼ 1

ð2pÞ1=2

Z1

�1

dx f ðxÞe�ikx ðA:5Þ

f ðxÞ ¼ 1

ð2pÞ1=2

Z1

�1

dk FðkÞeikx: ðA:6Þ

It can be seen that the (effective) result of Fourier transforming from t to x, or vice
versa, is that the substitutions o

ot! �ix and t! x are made; and from x to k, or

vice versa, the substitutions o
ox! ik and x! k are made.

A.2 Finite-Difference Expressions

A finite-difference expression can be used to obtain an approximation to the
derivative of a function f with respect to an independent variable x, df=dx ¼ f 0.
Consider the Taylor expansion of the function f around the point a,

f ðxÞ ¼
X1
n¼0

f ðnÞðaÞ
n!
ðx� aÞn: ðA:7Þ

Suppose that f is discretized on a 1D domain along x with grid points separated by
Dx. Then, using Eq. A.7, f can be expanded around point a in either the forward or
backward direction,
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f ðaþ DxÞ ¼ f ðaÞ þ Dxf 0ðaÞ þ OðDxÞ ðA:8Þ

f ða� DxÞ ¼ f ðaÞ � Dxf 0ðaÞ � OðDxÞ; ðA:9Þ

respectively, where OðDxÞ is the ‘‘error’’, a function which contains all terms not
explicitly included from the expansion of Eq. A.7. Rearranging both of these
expressions gives an approximation to the derivative of f with respect to x at the
point a,

f 0ðaÞ ¼ f ðaþ DxÞ � f ðaÞ
Dx

þ OðDxÞ ðA:10Þ

f 0ðaÞ ¼ f ðaÞ � f ða� DxÞ
Dx

� OðDxÞ: ðA:11Þ

One way to reduce the error in these expressions is to add them together, giving a
central finite-difference,

f 0ðaÞ ¼ f ðaþ DxÞ � f ða� DxÞ
2Dx

þ OðDx2Þ; ðA:12Þ

where some of the errors in the forward and backward finite-difference expressions
cancel, giving an error on the order of Dx2 (which is smaller than Dx). Because of
the increased accuracy of this expression, which also does not require additional
time to compute relative to Eqs. A.10 and A.11, central finite-differences are often
used in practice.

Other derivatives, such as those of higher order, can be computed similarly. For
example, a central finite-difference expression for the second derivatives of f with
respect to x (at the point a), f 00ðaÞ, is

f 00ðaÞ ¼ f ðaþ DxÞ � 2f ðaÞ þ f ða� DxÞ
Dx2

þ OðDx2Þ: ðA:13Þ

Appendix A: Common Mathematical Formulas 179



Appendix B
Drude Plus Two Lorentz Pole (D2L) Dielectric
Model Parameters

In this appendix, parameters for the D2L model, Eqs. 2.23–2.25, are given. The
parameters are tabulated, and in the left column of both tables chapter numbers
are given in which the dielectric model applies. In some chapters, a specific
dielectric model may only apply to a single section (but another is used for the
rest of the chapter), and so, in these cases, the section number is also given. For
Ag and Au, the parameters correspond to fits to either the Johnson and Christy
(JC) [3] or Lynch and Hunter (LH) [4] empirically inferred dielectric data. The
empirical data for the fits to C and Pd can be found in Refs. [5] and [6],
respectively.

Table B.1 Drude parameters
for the D2L model. �hxD and
�hcD are in units of eV and e1
is unitless

Chapter Material e1 �hxD �hcD

4 Ag JC 1.171 9.189 0.000
Ag LH 2.365 8.738 0.075
C 2.544 1.415 6.237

5 Au JC 3.559 8.812 0.075
5.4 Au LH 5.398 9.200 0.068
6 Ag JC 1.172 9.189 0.000

Au LH 5.398 9.200 0.068
Pd 1.000 6.681 0.000

6.6 Au JC 3.559 8.812 0.075
7 Ag JC 1.172 9.189 0.000

Au LH 5.398 9.200 0.068
8 Ag JC 3.189 9.183 0.018

Au JC 3.559 8.812 0.075
8.6 Ag JC 1.000 8.775 0.020
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Table B.2 Lorentz oscillator parameters for the D2L model. �hxLn and �hdLn are in units of eV
and other parameters are unitless

Chapter Material �hxL1 �hxL2 �hdL1 �hdL2 DeL1 DeL2

4 Ag JC 5.435 2.012 0.129 0.561 2.240 0.223
Ag LH 4.489 1.865 3.159 1.202 0.315 0.868
C 4.380 5.183 0.280 0.548 3.568 2.510

5 Au JC 4.693 3.112 1.541 0.525 2.912 1.272
5.4 Au LH 2.813 3.439 0.287 0.435 0.681 1.861
6 Ag JC 5.435 2.012 0.129 0.561 2.240 0.223

Au LH 2.813 3.439 0.287 0.435 0.681 1.861
Pd 6.129 0.936 3.419 1.483 2.730 118.0

6.6 Au JC 4.693 3.112 1.541 0.525 2.912 1.272
7 Au LH 2.813 3.439 0.287 0.435 0.681 1.861
8 Ag JC 4.668 4.240 0.207 0.186 0.432 0.224

Au JC 4.693 3.112 1.541 0.525 2.912 1.272
8.6 Ag JC – – – – – –
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Appendix C
Derivation of the FEM Functional

In this appendix, the functional given in Eq. 3.39 is derived. Note that x and x
dependencies are assumed in all quantities. A functional for Eq. 3.37 can be obtained
by multiplying by a testing function, T, and integrating over the entire domain,

FðTÞ ¼ 1
2

Z
V

T � r � 1
lr
r� E

� �
� k2

0eðxÞT � E
� �

dV � ik0Z0

Z
V

ðT � JÞdV :

ðC:1Þ

Using the first vector Green’s theorem (which relates vector and scalar functions
inside a volume V to those on the surface oV),

Z
V

½uðr�AÞ � ðr �BÞ �A � ðr � ur� BÞ�dV ¼
Z
oV

½uðA�r� BÞ � n̂�dðoVÞ

ðC:2Þ

where u is a scalar and A and B are vectors, Eq. C.1 can be written as

FðTÞ ¼ 1
2

Z
V

1
lr
ðr�TÞ � ðr�EÞ � k2

0eðxÞT �E
� �

dV

� 1
2

Z
oV

1
lr
ðT�r�EÞ � n̂

� �
dðoVÞ � ik0Z0

Z
V

ðT � JÞdV : ðC:3Þ

In FEM, it is desirable to have a symmetric functional of T and E. Therefore, the
surface integral term should be modified. Using the Sommerfeld radiation
condition, Eq. 3.78, the scattered field at an infinite distance from the scattering
object(s) satisfies the relation
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r̂ �r� Esc ¼ ik0nbr̂ � r̂ � Esc: ðC:4Þ

Upon making use of the linearity of Maxwell’s equations to relate the total field to
the scattered and incident fields,

E ¼ Esc þ Einc; ðC:5Þ

Eq. C.4 becomes

r̂ �r� E ¼ ik0nbr̂ � r̂ � Eþ Uinc; ðC:6Þ

where Uinc is defined in Eq. 3.80. Treating Eq. C.6 as a boundary condition, the
surface integral in Eq. C.3 becomes

� 1
2

Z
oV

1
lr
ðT�r� EÞ � n̂

� �
dðoVÞ

¼ � 1
2

Z
oV

ik0nb

lr
ðr̂ � TÞ � ðr̂ � EÞ � 1

lr
T � Uinc

� �
dðoVÞ; ðC:7Þ

by also using r̂ ¼ n̂ and the vector identity

A � ðB� CÞ ¼ �B � ðA� CÞ: ðC:8Þ

Using Eq. C.7 in Eq. C.3 and taking T = E gives the functional in Eq. 3.79.
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Appendix D
Derivation of the Hydrodynamic
Drude Model

In this appendix, the hydrodynamic Drude model, Eq. 8.4, is derived, and the
connection with quantum mechanics is made. Additionally, it is shown how
expressions with greater accuracy can be obtained. Note that x and t dependencies
are assumed in all quantities, unless otherwise specified.

Assume that the sp-band (conduction band) electrons in a metal can be treated
as a continuous fluid, such as an electron gas. In this case, a density n and velocity
v can be used to describe the fluid, which together gives an electric current density

J ¼ �env; ðD:1Þ

where e is the charge of an electron. Since the charge density of the fluid is -en, n
and v are related via the continuity equation

on

ot
þr � ðnvÞ ¼ 0: ðD:2Þ

v obeys the acceleration equation, which can also be considered a generalized
momentum equation derivable from a quantum mechanical Hamiltonian [7],

me
o

ot
þ v � r

� �
v ¼ �eðEþ v� BÞ � mecv�r dg½n�

dn

� �
ðD:3Þ

where me is the electron mass which has been included so that units work out (this
will not explicitly appear in any final expressions), c is the inverse of the collision
time, and g(n) is the energy functional of the fluid. (Note that a hydrodynamic total
derivative is used on the left side of Eq. D.3.) The term v � rv is nonlinear and
typically negligible, so in what follows it will be neglected. Furthermore, assuming
that the driving force of the fluid is the electric field, B can also be neglected.

In order for the system of equations in D.1–D.3 to be complete, an expression
for dg½n�=dn is needed. At the most fundamental level, g[n] should include
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quantum mechanical kinetic, exchange, and correlation energies. Note that many
such functionals in fact exist for DFT [8]. Herein, exchange and correlation effects
are neglected, and only the kinetic energy of the fluid is considered. For a free
electron gas (i.e., kinetic energy only)

g½n� ¼ 3
5
½kFðnÞ�2

2me
n; ðD:4Þ

where kFðnÞ is the Fermi momentum, kFðnÞ ¼ ð3p2nÞ1=3 ¼ mevF with vF being the
Fermi velocity [8] (and again the electron mass is unimportant). Therefore,

dg½n�
dn
¼ 1

2me
ð3p2Þ2=3n2=3: ðD:5Þ

By assuming that the electron fluid is only slightly (linearly) perturbed from
equilibrium, the density can be written n ¼ n0 þ n1, where n0 is the equilibrium
value and n1 is the perturbation. In this case,

r dg½n�
dn

� �
¼ 1

3
ð3p2n0Þ2=3 1

n0
rn1 ¼ me

1
3

v2
F

1
n0
rn1; ðD:6Þ

and Eqs. D.1–D.3 become complete.
In order to use Eqs. D.1–D.3 in electrodynamics, they are first rewritten in time-

harmonic (o=ot! �ix; see Appendix A) and linearized (slightly perturbed) form,

J ¼ �en0v ðD:7Þ

�ixn1 þ n0r � v ¼ 0 ðD:8Þ

ixmev ¼ eEþ mecvþ meb
2 1

n0
rn1 ðD:9Þ

where b2 ¼ v2
F=3. Note that this factor will play the same role as b2 in Chap. 8 and

corresponds to the low-frequency value discussed, and at high frequencies, it
should be multiplied by an additional constant factor [9]. Inserting Eq. D.8 into
Eq. D.9, Fourier transforming to k-space (r ! ik; see Appendix A), and rear-
ranging for v gives

v ¼ eE

me

1

ix� c� ib2k2=x
: ðD:10Þ
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Inserting Eq. D.10 into Eq. D.7 (in k-space) gives an auxiliary current density that
can be used directly in the Maxwell–Ampére law (also in k-space),

�ixe0Eþ J ¼ ik�H: ðD:11Þ

By comparing Eq. D.11 with the equivalent form

�ixe0eðk;xÞE ¼ ik�H; ðD:12Þ

eðk;xÞ can be identified as

eðk;xÞ ¼ 1� x2
D

xðxþ icÞ � b2k2
; ðD:13Þ

which has been written in terms of the Drude plasma frequency, x2
D ¼ n0e2=e0me.

Equation D.13 is equivalent to the hydrodynamic Drude model, Eq. 8.4.
The above derivation used the most simple form for g[n], that for a free electron

gas, Eq. D.4. However, more accurate expressions could be used allowing
modeling of additional effects with classical electrodynamics, such as those due to
exchange and correlation [8]. Such a procedure, including comparisons to DFT
calculations, represents a promising avenue for future research.
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Appendix E
Derivation of Nonlocal Finite-Difference
Equations

In this appendix, the finite-difference equations used to model nonlocal dielectric
effects are derived.

First, the temporal derivatives in Eqs. 2.2 and 8.10 are discretized using a
leapfrog algorithm [10],

l0
HðxÞnþ1=2 �HðxÞn�1=2

Dt
¼ �r� EðxÞn ðE:1Þ

e0e1
EðxÞnþ1 � EðxÞn

Dt
þ
X

n

JLnðxÞnþ1=2 þ JHDðxÞnþ1=2 ¼ r�HðxÞnþ1=2 ðE:2Þ

where the superscript n denotes a discrete time step, and should not be confused
with the subscript n denoting a particular Lorentz pole. Equations 8.6 and 8.9 are
discretized using central finite-differences (necessary because of the second-order
derivatives) centered at time-step n,

JLnðxÞnþ1 � 2JLnðxÞn þ JLnðxÞn�1

Dt2
þ 2dLn

JLnðxÞnþ1 � JLnðxÞn�1

2Dt
þ x2

LnJLnðxÞJLn

¼ �e0x
2
LnDeLn

EðxÞnþ1 � EðxÞn�1

2Dt
ðE:3Þ

JHDðxÞnþ1 � 2JHDðxÞn þ JHDðxÞn�1

Dt2
þ c

JHDðxÞnþ1 � JHDðxÞn�1

2Dt

� b2r2JHDðxÞn ¼ e0x
2
D

EðxÞnþ1 � EðxÞn�1

2Dt
: ðE:4Þ

Next, update equations for JLnðxÞ and JHDðxÞ are obtained by rearranging Eqs.
E.3 and E.4,
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JLnðxÞnþ1 ¼ 1
aLn

�2JLnðxÞn þ JLnðxÞn�1

Dt2
þ x2

LnJLnðxÞn � 2dLn
JLnðxÞn�1

2Dt

 

�e0x
2
LnDeLn

EðxÞnþ1 � EðxÞn�1

2Dt

!
ðE:5Þ

JHDðxÞnþ1 ¼ 1
aHD

�2JHDðxÞn þ JHDðxÞn�1

Dt2
� b2r2JHDðxÞn � c

JHDðxÞn�1

2Dt

 

þe0x
2
D

EðxÞnþ1 � EðxÞn�1

2Dt

!
ðE:6Þ

where

aLn ¼ �
1
Dt

1
Dt
þ dLn

� �
ðE:7Þ

aHD ¼ �
1
Dt

1
Dt
þ c

2

� �
: ðE:8Þ

To use Eqs. E.5 and E.6 in Eq. E.2, JLnðxÞ and JHDðxÞ are centered at time step
n + 1/2 by averaging,

JLnðxÞnþ1=2 ¼ JLnðxÞnþ1 þ JLnðxÞn

2
ðE:9Þ

JHDðxÞnþ1=2 ¼ JHDðxÞnþ1 þ JHDðxÞn

2
: ðE:10Þ

Equations E.2, E.5, and E.6 all contain EðxÞnþ1. To obtain a consistent update,
Eqs. E.9 and E.10 (using Eqs. E.5 and E.6) are inserted into Eq. E.2 and
rearranged,

EðxÞnþ1 ¼ 1
g1

g2EðxÞn þ g3EðxÞn�1 � JTðxÞn;n�1 þr�HðxÞnþ1=2
h i

ðE:11Þ

where

g1 ¼
e0

Dt
e1 þ

x2
D

4aHD

�
X

n

x2
LnDeLn

4aLn

 !
ðE:12Þ
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g2 ¼
e0e1
Dt

ðE:13Þ

g3 ¼
e0

4Dt

x2
D

aHD

�
X

n

x2
LnDeLn

aLn

 !
ðE:14Þ

and

JTðxÞn;n�1¼ 1
2aHD

� 2
Dt2
þaHD�b2r2

� �
JHDðxÞnþ

1
Dt2
� c

� �
JHDðxÞn�1

� �

þ
X

n

1
2aLn

� 2
Dt2
þaLnþx2

Ln

� �
JLnðxÞnþ

1
Dt2
�2dLn

� �
JLnðxÞn�1

� �
:

ðE:15Þ

Finally, simple rearrangement of Eq. E.1 gives the appropriate update equation for
H(x),

HðxÞnþ1=2 ¼ HðxÞn�1=2 � Dt

l0
r� EðxÞn: ðE:16Þ

In order to satisfy Eqs. 2.3 and 2.4, a Yee spatial-discretization [11] is used for the
components of E(x) and H(x) (i.e., they are offset and circulate one another); see
Fig. 3.1. The JLnðxÞ and JHDðxÞ components are centered at the same spatial
locations as the corresponding E(x) components. All of the spatial derivatives,
including those in Eqs. E.6 and E.15, are approximated using central finite-dif-
ferences (see Appendix A.2).

In order to model structures with arbitrary shape, the JLnðxÞ and JHDðxÞ
components only exist at the grid positions of the nonlocal materials. By not updating
the currents outside of the structures, the ABC of Pekar is imposed [12] (i.e., the total
nonlocal polarization current vanishes outside of the structure; see Chap. 8).

Equations E.5, E.6, E.11, and E.16 form the complete and consistent set
necessary to solve Eqs. 2.1–2.4 for materials described by the constitutive rela-
tionship in Eq. 8.2 and with dielectric function given in Eqs. 8.3 and 8.4.
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Glossary

Activity: (In the context herein) the optical response of, and the electromagnetic
field enhancement from, a structure.

Additional boundary condition: A boundary condition at a material interface that
only exists when nonlocal dielectric effects are included.

Blueshift: The shift of a spectral feature to higher energy.

Convolutional perfectly matched layers: A technique used to truncate a compu-
tational domain in the finite-difference time-domain method, which is an
improvement on basic perfectly matched layers.

Continuum limit: (In the context herein) the length at which a structure can be
considered continuous, where the actual atomic positions that compose the
structure are irrelevant.

Density-functional theory: The theoretical basis for a computational method used
to solve the Schrödinger equation.

Dielectric function: A function that describes the ability of a material to polarize
in response to an electric field.

Dispersion diagram: (In the context herein) a graphic representation of the energy
vs. wavevector magnitude (of a wave).

Drude model: A model that describes the sp-band (conduction band) electron
motion in metals.

Extraordinary optical transmission: The enhanced transmission through a sub-
wavelength structured metal film (often through an aperture or apertures) relative
to the prediction of geometric optics.

Enhancement factor: Magnitude of the electric field enhancement to the fourth
power (often in the context of a maximum or average), which is the electro-
magnetic enhancement factor for surface-enhanced Raman scattering.
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Fano profile: A spectral profile in which there is a sharp minimum followed by an
adjacent maximum.

Full width at half maximum: (In the context herein) the width of a spectral peak at
the maximum position measured at half intensity.

Hole array: A periodic array of subwavelength holes in a metal film.

Hot spot: A position of significant electromagnetic field enhancement.

Hydrogen-like atom: An atom with a single electron.

Intraband electron motion: (In the context herein) the motion of sp-band (con-
duction band) electrons in a metal.

Interband electron transition: (In the context herein) an electron transition from
the d-band to sp-band (conduction band) in a metal.

Localized surface plasmon resonance: A surface plasmon confined to a particular
area (e.g., the surface of a particle) and in resonance with a driving field.

Longitudinal plasmon: An electromagnetic volume wave inside a metallic struc-
ture, longitudinal to the wavevector.

Lorentz oscillator: (In the context herein) a model that describes the d-band to sp-
band electron transitions (interband transitions) in a metal.

Micro-: Prefix for 10-6.

Micrometer: 1.0 9 10-6 m.

Microscale: Length scale of micrometers.

Nano-: Prefix for 10-9.

Nanocube: A cubic particle that has nanoscale dimensions.

Nanometer: 1.0 9 10-9 m.

Nanoparticle: An isolated generic structure (often a spherical particle) that has
nanoscale dimensions.

Nanoscale: Length scale of nanometers.

Nanostructure: An isolated generic structure that has nanoscale dimensions.

Noble metals: (In the context herein) silver and gold (even though many metals
form the complete set of such elements).

Nonlocal dielectric effect: (In the context herein) the (spatially) nonlocal rela-
tionship between the electric displacement field and electric field. (See also
‘‘nonlocal effect’’.)

Nonlocal effect: (In the context herein) a (spatially) nonlocal relationship between
two quantities.
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Optical energies: (In the context herein) 1–6 eV, which contains the visible region
and parts of the ultraviolet and infrared.

Partitioned Runge–Kutta method: A numerical multistage time-integration tech-
nique, which is often symplectic.

Perfect electric conductor: A material which cannot sustain internal fields. For
such a material, the dielectric function goes to infinity, and the tangential com-
ponent of the (external) electric field goes to 0 on the surface of the structure.

Perfectly matched layers: A technique to truncate a computational domain in the
finite-difference time-domain method.

Plasmonic crystal: A periodically structured system made from the noble metals,
particularly silver or gold, where the overall properties are controlled by the
particular material and periodic lattice arrangement.

Rayleigh anomaly: A diffraction grating anomaly, where light is diffracted at an
angle parallel to the surface.

Rayleigh anomaly—surface plasmon polariton: The effect in a hole array where
the conditions for a Rayleigh anomaly and a surface plasmon polariton (on
opposite interfaces of the metal film) coexist, which leads to enhanced extraor-
dinary optical transmission over a narrow wavelength range.

Redshift: The shift of a spectral feature to lower energy.

Refractive index unit: The change in a quantity with respect to the refractive
index.

Surface-enhanced Raman scattering: Enhancement of Raman scattering by a
surface (often a noble metal), such as that of a nanoparticle.

Surface plasmon: A collective oscillation of charge density at a metal–dielectric
interface.

Surface plasmon polariton: The coupling of light with a surface plasmon.

Surface plasmon polariton—Bloch-wave: A periodic (often standing) surface
plasmon polariton wave.

Symplectic integrator: A numerical integrator capable of preserving the dynami-
cal invariants of a problem (e.g., the energy density) up to a desired order of
accuracy.

Transverse electric to z: A polarization of light where the electric field is trans-
verse to the z-axis.

Transverse magnetic to z: A polarization of light where the magnetic field is
transverse to the z-axis.
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Total-field–scattered-field technique: A technique to introduce incident electro-
magnetic fields into a computational domain in the finite-difference time-domain
method.

Waveguide: (In the context herein) a structure that guides electromagnetic waves.

Weakly plasmonic: The lack of ability of a material to (strongly) support surface
plasmon polaritons, often due to a strong attenuation of them.
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B
Boundary conditions, 17

C
Correlated measurement, 57–59, 68–70

D
Dielectric data, 58, 61–64, 84, 129–131,

181–182
Dielectric function, 18, 126–127
Dimer, 71–80, 154–161

E
Electromagnetic dephasing, 113–114
Electromagnetic enhancement, 67–80,

149–156
EOT, 5, 84–106

F
FDTD, 21–28
FEM, 44, 49

H
Hole array, 6, 83–110
Hydrodynamic Drude, 128

I
Isolated slit, 118

J
Junction, 67–80, 154–162

L
LSPR, 3–5

M
Maxwell’s equations, 15–17
Modal expansion, 51

N
Nanocube, 57–66
Nanoscience, 2–3
Nonlocal dielectric, 6, 125–129

O
Optical corral, 6, 113
Optical response, 2–7, 57–72, 125–128

R
RA, 5, 87
RA–SPP, 92–102
RCWA, 49–51

S
SERS, 67–80
SPP, 5, 84–88
Substrate effect, 62
Symplectic integrator, 28–31

T
Transmission, 5–6, 84
Trimer, 69–73
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