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Supervisor’s Foreword

This is excellent work of luminescent scientific novelty. A thermodynamically
consistent description of transport across interfaces in mixtures has for a long time
been an open issue. In this dissertation this issue is brought a significant step
further. The findings of this work will facilitate further applications of the theo-
retical framework to important problems. The thesis is an original and novel
theoretical study. The systematic nature of the approach is also reflected in the
thorough structure of the thesis.

This research addresses mass and heat transport thorough an interface, using an
extension of the square gradient theory, according to van der Waals and Cahn–
Hilliard, in the systematic context of non-equilibrium thermodynamics. An
important achievement is the formulation of the appropriate Gibbs relation, which
contains a new contribution in the interfacial region due to the difference between
the parallel and the normal pressure.

An important issue clarified in this thesis is that the interface between a liquid
and a vapor in a mixture is in local equilibrium during evaporation and conden-
sation. It implies that the thermodynamic description developed for interfaces by
Gibbs can be applied also away from equilibrium, which is typically the case in
reality. This provides a powerful tool for addressing phase transitions and transport
through the interface.

Results from non-equilibrium molecular dynamic simulations for two-phase
systems support the validity of local equilibrium. The great advantage of the
method developed in the thesis is its relative numerical simplicity.

A general definition of the temperature and the chemical potentials of the
nonequilibrium surface is given. These are found to be independent of the choice
of the so-called dividing surface for planar surfaces. A surprising consequence of
this property is that density and energy differences across the surface have their
equilibrium values at the temperature and chemical potential of the nonequilibrium
surface.

Resistances for transport of heat and mass through the surface are calculated.
Integral relations are given, which simplify the calculation of these resistances,
using equilibrium enthalpy profiles.
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The description of phase transitions is of great importance for the understanding
of both natural and industrial processes. It is relevant for understanding the
increase of the CO2 concentration in the atmosphere and for further improvements
in the efficiency of distillation columns, to name two widely differing examples.
Significant progress towards solving these problems has become possible through
this research.

Much of the work in the thesis has been published in the literature. The thesis
gives, however, a pedagogical exposition of a difficult subject, which makes the
subject more accessible than the publications. This merits publication of this work
as a book.

Norway, December 2010 Dick Bedeaux
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Chapter 1
Introduction

1.1 Summary

The aim of this thesis is to build a theoretical approach which allows to describe
the behavior of fluid during evaporation and condensation in multi-component
systems. We consider isotropic non-polarizable mixtures. We have developed the
description of the surface using continuous non-equilibrium thermodynamics [1]
and established the link to the macroscopic non-equilibrium thermodynamics of
surfaces [2], which uses excess densities and fluxes. The present analysis for the
mixture’s surface generalizes the equilibrium square gradient model and the non-
equilibrium description of one-component systems.

The thesis is based on four articles [3–6]. Within this work we have addressed
three major issues. First, we have established an analytical continuous description of
an interfacial region between two different phases of a mixture under non-equilib-
rium conditions [3]. Next, we have verified numerically the possibility to describe
the non-equilibrium surface as a separate phase [4]. Finally, we have investigated the
connection between transport properties of a mixture inside an interfacial region and
those for the whole surface, both analytically [5, 6] and numerically [5]. The work on
mixtures in three-dimensional space presented in the thesis extends and generalizes
the previous work on one-component systems [7–10].

Within the continuous approach we have gone through a number of steps. First,
the equilibrium thermodynamic behavior in the interfacial region was established.
We used the square gradient theory [11–13] as a model which describes ther-
modynamic phenomena in the interfacial region. It has been widely used for one-
component equilibrium systems and has been extended to mixture interfaces. Next,
we extended the description to non-equilibrium. The non-equilibrium Gibbs
relation has been postulated and we discussed how the gradient theory motivates
the chosen form of this equation. The expression for the entropy production, which
gives one information about the measure of the irreversibility everywhere in the
interfacial region, has been obtained. We have discussed how the gradient
description breaks the three-dimensional isotropy of a mixture inside the interface.

K. Glavatskiy, Multicomponent Interfacial Transport, Springer Theses,
DOI: 10.1007/978-3-642-15266-5_1, � Springer-Verlag Berlin Heidelberg 2011
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The resulting linear laws relating the forces and the fluxes were given. Having this
approach established we have gotten the complete continuous description of a two-
phase mixture under non-equilibrium conditions. The theory was applied to and
solved for a particular mixture of cyclohexane and n-hexane. The details of the
numerical procedure were discussed and resulting profiles of various thermody-
namic quantities were obtained.

Another focus of the thesis was to make a link to the macroscopic description of
transport through a surface. Within this approach a surface in non-equilibrium is
treated as a separate phase which has its own thermodynamic properties, such as
the temperature or the excess density. This hypothesis is called local equilibrium
of a Gibbs surface. This is a simplifying assumption about the behavior of real
systems which is physically elegant. With the help of the continuous gradient
description we have verified the hypothesis of local equilibrium of a surface for a
binary mixture.

The macroscopic approach uses interfacial resistances to heat and mass transfer
through the surface as parameters of the theory. The continuous description
allowed us to obtain these coefficients directly and gave insight of the nature of
these coefficients. With the help of the continuous description we obtained the
excess entropy production of the whole surface and the resulting linear laws. The
interfacial resistances have been evaluated both numerically and with the help of
derived integral relations. By comparison with results from kinetic theory it was
shown that the continuous resistivity profiles have a peak in the interfacial region.
We have also shown that the interfacial resistances depend among other things on
the enthalpy profile across the interface. The enthalpy of evaporation is one of the
main differences between liquid and vapor phases and therefore the interface is
important for the resistance to heat and mass transfer.

1.2 Motivation and Scope

Evaporation and condensation phenomena happening in mixtures are very
important in many industrial applications. A distinct example is distillation. A
typical distillation column consists of several stages at which separation of com-
ponents happens: more volatile components turn to the gas phase, less volatile turn
to the liquid phase.

Evaporation and condensation take place through the surface. In order to
describe these phenomena one needs to understand processes which happen at the
surface. The surface is a special thermodynamic system. It contains very few
particles, so that its width is about a few molecular diameters. On the other hand
this is a transition region from gas to liquid, the existence of which one may not
neglect. There are clear observable effects which are only due to the existence of
this region, for instance, the surface tension.

During these processes heat and mass transfer take place simultaneously. Non-
equilibrium thermodynamics is a natural tool to describe these phenomena. It gives
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a systematic derivation of the necessary relations between the temperature and
chemical potential (pressure) differences across the surface in terms of the heat and
mass fluxes through the surface. Within this framework, the transport through the
surface is determined by the transfer coefficients, which are the proportionality
factors in a linear relations between the forces and the fluxes. It is therefore
important to investigate how evaporation and condensation depend on the values
of the interfacial coefficients. There is, for instance, evidence [2, 14] that coupling
of heat and mass transfer is much more important in the interfacial region than in
the description of non-equilibrium processes in the bulk phase. It can be shown
that neglecting these coupling effects, as is often done, is equivalent to neglecting
the enthalpy differences in the two phases for the components involved [2].

There are several methods to investigate surface phenomena. They may be
classified by the applied tool: theoretical, experimental or computational,—or by
scale: macroscopic, microscopic and mesoscopic. Each of these methods has
advantages and disadvantages.

1.2.1 Experiments

In experiments one can measure directly the thermodynamic forces which one
applies to the system and the resulting thermodynamic fluxes [15–17] or the heat
of transfer [14, 18].

A spatial resolution of most of the experiments is such that it is not possible to
get the details about the temperature distribution in the interfacial region. For
instance, the experiments of Badam et al. [17] have a resolution of about 10 lm.
They are basically macroscopic.

Experiments are expensive to set up. They also require to treat each system at
any set of various conditions. As the number of possible mixtures being used in
applications is very big as well as the range of conditions they are applied to is
very wide, it becomes very inconvenient to use experiments as the only source of
transport data.

1.2.2 Computer Simulations

Another source of the data are computer simulations. Non-equilibrium processes
are described well by non-equilibrium molecular dynamic simulations [19–22].
The motion of each molecule is determined mechanically by Newton’s equation.
Each particle moves in the potential field which is created by all other particles.
Usually this is a kind of Lennard–Jones (LJ) potential, which is known to represent
well the interactions in the fluid.

There are a few problems with molecular dynamics as well. Given the exact
interaction potential between molecules one may in principle determine the motion
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of all the molecules exactly. The interaction potential between molecules is long-
range and in order to get correct data one may not restrict oneself by only the
interaction with nearest neighbors. In principle one should take into account
interaction of each molecule with all other molecules. In contrast to hard-sphere
gas, molecules in which interact only during collision, effects in real fluids are
described by taking into account the whole LJ-potential, including its ‘‘tail’’. In
order to save on computer time, one uses a cut-off LJ-potential, however. This
leads to considerable error in the determination of, for instance, the surface tension
[23]. Also the value of the transfer coefficients for the surface depend strongly on
this cut-off [22].

Another restriction in molecular dynamics, which is limited by the computational
power, is the number of molecules. Taking into account all the interactions between
the molecules, not many molecules can be treated in simulations. Typically, it is
103–104 particles. Since the interfacial region is very thin, the typical number of
particles which actually ‘‘belong’’ to this region might be small compared to this
number. One should be careful applying thermodynamic statements to such systems.

1.2.3 Theory

For a meaningful interpretation of experiments or simulations it is important to
have a theory. The experiments and simulations also verify or reject the validity of
the theory. Depending on the length scales involved there are several levels of
description.

1.2.3.1 Microscopic Approach

On a microscopic level one considers separate molecules. They are treated using
statistical mechanical methods or using the equation of motion of separate parti-
cles [24]. If the number of particles is big enough, their behavior is determined by
collective properties, which are studied by statistical mechanics. The Green–Kubo
relations relate bulk transport coefficients to equilibrium correlation functions of
the system. There are several difficulties when building the statistical description
for surfaces. As it was said, the number of molecules in the interfacial region is not
big, so it is inappropriate to apply the ordinary bulk approach there. The bound-
aries of the interfacial region need to be specified. Such a specification identifies
the system one works with. The major problem is related to the fact that the
density distribution in equilibrium interfacial region is not uniform: it varies from
a low value in the gas phase to a large value in the liquid phase.

Another microscopic approach is to use kinetic theory to describe transport
through the surface. Originally it was built for ideal gases of hard spheres. The results
of this approach should therefore be most appropriate when the density of the gas is
low and the interaction potential is short range. Simulations confirm this [22, 25].
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1.2.3.2 Mesoscopic Approach

On a mesoscopic level one consider small volume elements with a nanometer size.
This allows to introduce field variables, such as local density or local temperature.
These variables are the averages of some microscopic properties over a small
volume. They depend continuously on the position and time. An important
example of the mesoscopic approach is the square gradient model, which is the
subject of this thesis. It makes it possible not only to describe fluctuations near
critical point in the homogeneous phases, but also to give a detailed description of
the interfacial region at temperatures far from critical temperature. In Sect. 1.4.1
we will give a short introduction to the square gradient model.

There are many problems for which mesoscopic non-equilibrium thermodynamics
is relevant. We refer to the monograph of de Groot and Mazur [1, pp. 226–234]
for an introduction in this method.

1.2.3.3 Macroscopic Approach

On a macroscopic level of description of a homogeneous phase one considers the
thermodynamic properties averaged over the whole system. In the thermodynamic
limit (i.e. infinite volume and quasistatic processes) this gives the exact properties
of a system. In non-equilibrium systems all the properties vary in space and in
time. Everywhere the system may be assumed as being in local equilibrium, which
makes a description using non-equilibrium thermodynamics possible.

In the description of the transport properties through the interface one may
consider the interfacial region as a separate phase. The origin of this idea comes
from equilibrium, where the surface can be described by the Gibbs excess den-
sities. The coexistence between liquid and vapor implies therefore the existence of
the Gibbs surface which modifies the thermodynamics of a system. This approach
uses the fact that the system is in equilibrium, i.e. the temperature profile as well as
the chemical potentials are constant through the homogeneous phases and the
interface. This is not the case for non-equilibrium systems. One may however
simplify the description assuming that it is possible to assign a temperature and a
chemical potential to the surface. Thus a non-equilibrium system with an interface
may be considered as three adjacent macroscopic phases: gas, interface, and liquid.
The transport in such systems has been extensively studied using non-equilibrium
thermodynamics in the monograph by Kjelstrup and Bedeaux [2]. In Sect. 1.4.2 we
give some further introductory remarks about this approach.

1.2.4 Multi-Component Systems

Evaporation of a single component is already a difficult problem. All the state-
ments given above are true for such system. It becomes even more difficult when
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one wants to describe multi-component evaporation and condensation. One needs
to take into account effects which are present due to mixing. This is limited not
only to the use of special mixing rules. The presence of special components may
favor another component to accumulate in the surface, i.e. adsorption. Other
components may favor the homogeneous phases.

1.3 Structure of the Thesis

1.3.1 Nomenclature

1.3.1.1 Notation Convention

In this thesis we study the interface between multi-component phases, gas and
liquid, using the continuous mesoscopic approach. The continuous description uses
the field variables such as the temperature T ðr; tÞ of the velocity vðr; tÞ at a
particular position r in a specified time t: We refer to Appendix A for the
description of the symbols and nomenclature used in the thesis.

The field description also uses specific (i.e. per unit of mass or per unit of mol)
quantities such as the specific infernal energy. It is common in physics to make the
derivation in mass specific units while chemists use molar specific units. The
equilibrium properties are usually given in molar units while the dynamics is usually
described in mass units. While these two descriptions are equivalent in equilibrium,
it is extremely inconvenient to use molar units in non-equilibrium. The main reason
for this is the equation of motion, which is essentially given for mass units. For one-
component fluids the form of this equation in molar units is the same as in mass units,
since the molar mass M is a constant number. The molar mass of mixtures, to be
defined below, depends, in general, on position and time. The form of the equation of
motion in molar units is therefore different from the one in mass units. Another
reason is the use of the barycentric velocity, i.e. the velocity of the center of mass, for
the description of the dynamics of the system. The use of an alternative velocity, like
the molar velocity, does not eliminate these inconveniences.

In view of that, we will use mass specific units everywhere in this thesis if not
specified the opposite. Thus, most of derivation is done in mass specific units. We
will use the molar units when we speak about the homogeneous thermodynamics
in Sect. 3.4 and in some other places where we specify it explicitly. Furthermore,
we give the numerical results mostly in molar specific units. These are the
numerical profiles in Sect. 4.5 and the whole Chap. 5. For a specific quantity q we
will use superscript m; if it is a specific quantity per unit of mol, and superscript m;
if it is a specific quantity per unit of mass. If a specific quantity q is used without
any of these superscripts, it is a mass specific quantity.

Some aspects of the description require the use of densities; i.e. quantities per
unit of volume. We will use superscript v to indicate a density per unit of volume.
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Thus, for internal energy, um or u is the mass specific internal energy, um is the
molar specific internal energy, and uv is internal energy density per unit of volume.

We use common symbols for mass and molar densities. Thus, q is the mass
density of the mixture per unit of volume and c is the molar density of the mixture
per unit of volume. Furthermore, qi and ci; where i ¼ 1; n are, respectively, the
mass and the molar density of the ith component. Apparently, q ¼ c M and qi ¼
ci Mi where M and Mi are, respectively, the molar mass of the mixture and the
molar mass of component i: While the molar masses of the components are
constants, the overall molar mass is not.

We will use the mass and the molar fractions which are defined, respectively, as
ni � qi=q and fi � ci=c: It follows therefore that M ¼

Pn
i¼1 fi Mi: In general, for

any specific quantity like, for instance, the internal energy, u ¼
Pn

i¼1 ni ui; where
ui is the partial internal energy of component i:

1.3.1.2 Naming Convention

Within the thesis we will use the terms interfacial region, interface, surface as
synonyms. We will also use the terms bulk and homogeneous phase as synonyms.
The latter should not be confused with a pure one-phase fluid.

In an n-component mixture there are nþ 2 independent thermodynamic vari-
ables, for instance, the temperature, the pressure and n masses of components.
However, a continuous description implies only nþ 1 independent thermody-
namic variables, since all the extensive variables are scaled by either total mass,
total number of mols, or total volume. All the variables become intensive there-
fore. We will nevertheless continue to call the quantities like the mass densities or
the partial internal energy the extensive quantities to distinguish them from the
quantities like the temperature or the chemical potentials, which we will continue
to call intensive.

In this thesis we are not focused on the specific mixing conditions and other
related issues. We will therefore use the terms partial quantity, partial specific
quantity, and specific quantity of component i as synonyms. The latter should not
be confused with the specific quantity of the pure component i:

Because of the identity
Pn

i¼1 ni ¼ 1; many thermodynamic relations contain
combinations qi � qn of the partial specific quantity q: For instance, as we will see
further, the combination li � ln is very common both in equilibrium thermody-
namics and in the description of the transport processes. We will therefore define
wi � li � ln and call wi the reduced chemical potential of component i or the
chemical potential difference of component i:

All the derived equations must be Galilean invariant, i.e. independent of the
frame of reference. Moreover all the measurable quantities must be independent of
the reference state for the definition of the thermodynamic potentials. We use this
observation in order to distinguish between the measurable heat flux, the heat flux,
and the total energy flux as well as between the corresponding resistivities. We
address and discuss these issues in Chap. 3.
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We use the term resistivities to describe phenomenological coefficients in local
force–flux relations written on mesoscopic level, while we use the term resistances

to the describe the phenomenological coefficients in force–flux relations written
for the whole surface. The former are used starting from Chap. 3, while the latter
appear in Chap. 6 for the first time.

1.3.2 Overview of the Thesis

There have been prepared four articles [3–6] the contents of which are presented
(with some modifications) in the following seven chapters. Here we give a brief
review of the thesis.

In the next section we give a review of the state of the art in the description of
the the surfaces using the square gradient theory and an overview of the macro-
scopic non-equilibrium thermodynamics for surfaces. In the subsequent chapters
we focus on particular topics of our work. Each issue addressed there has a
detailed introduction and conclusion with relevant references.

In Chap. 2 we discuss the equilibrium interfacial thermodynamics using the
square gradient theory for mixtures. The equilibrium square gradient theory of a
single component has been developed over many years and we give an overview in
the introduction to the chapter. Less work has been done for mixtures, however.
We derive all the properties and relations required for the subsequent analysis. We
give explicit expressions for the pressure tensor and other thermodynamic quan-
tities for multi-component systems in the interfacial region. To our knowledge,
many of these expressions were not given earlier for mixtures. We also focus on
the Gibbs relation in the surface and discuss its difference from the one in the bulk.

In Chap. 3 we build the general non-equilibrium description for the interfacial
region. It requires the hydrodynamic equations, equilibrium thermodynamics, and
the phenomenological force–flux relations. We use the usual hydrodynamic con-
servation laws. Equilibrium thermodynamics for mixtures requires, in its turn, the
square gradient model and the homogeneous mixture theory. The former one,
being developed in Chap. 2 is extended directly to the non-equilibrium case. It
requires, among other things, postulating the Gibbs relation, and we discuss this
issue. A particular mixture theory of a homogeneous fluid is not a focus of this
thesis, so we consider one-fluid model for mixtures as being satisfactory for most
of the practical purposes. Using the non-equilibrium Gibbs relation and the bal-
ance equations we obtain expression for the entropy production for the mixture’s
surface. The linear force–flux relations, which come from the expression for the
entropy production, require the consideration of the surface symmetry. The three-
dimensional isotropy of the fluid is broken and we discuss in detail the two-
dimensional isotropy of the surface and the resulting phenomenological relations.

In Chap. 4 we study a particular binary mixture, which contains cyclohexane
and n-hexane as components. We give an extensive description of numerical
procedure used to solve a system of non-linear differential equations. We choose a

8 1 Introduction

http://dx.doi.org/10.1007/978-3-642-15266-5_3
http://dx.doi.org/10.1007/978-3-642-15266-5_6
http://dx.doi.org/10.1007/978-3-642-15266-5_2
http://dx.doi.org/10.1007/978-3-642-15266-5_3
http://dx.doi.org/10.1007/978-3-642-15266-5_2
http://dx.doi.org/10.1007/978-3-642-15266-5_4


particular point in the phase diagram as initial coexistence state and perturb the
system out of equilibrium. We study the behavior only in the neighborhood of this
state and do not go to all possible domains in the phase diagram. As a result, we
give continuous profiles of various thermodynamic quantities which this mixture
has in the interfacial region.

In Chap. 5 we focus on the surface property which is important for macroscopic
description of interfaces. We perform a numerical verification of the hypothesis of
local equilibrium for the surface. The numerical analysis makes it possible to
discuss in detail what local equilibrium implies for a surface.

In Chap. 6 and subsequent chapters, we focus on the overall surface resistance
to heat and mass transfer through the surface. This is done for stationary states as
the commonly used condition in many applications. It is therefore interesting to
study this case separately. We do it with no restrictions to a particular mixture. The
local resistivities in the interfacial region are not measurable, so it is desired to
investigate the effect of the whole surface, which is given by the overall resis-
tances. Moreover, these coefficients are important in the macroscopic approach
where one uses the hypothesis of local equilibrium for the surface and considers
therefore the surface as a separate phase.

In Chaps. 7 and 8 we derive the expressions for the overall surface resistances
given the local expressions for the resistivities. In Chap. 7 the surface resistances
are obtained from the non-equilibrium forces and fluxes through the surface. This
is done using two different methods and the results are compared to the results of
kinetic theory. In Chap. 8 we obtain the surface resistances directly from the local
resistivity profiles using integral relations. This also requires the equilibrium
coexistence profiles but not the non-equilibrium ones. We consider these methods
for an arbitrary binary mixture, they can easily be generalized to multi-component
systems. We then again study the numerical values of the surface resistances for
the mixture of cyclohexane and n-hexane.

Finally, in Chap. 9 we give concluding remarks to the whole thesis and possible
directions for further research.

1.4 Non-Equilibrium Thermodynamics of a Surface

1.4.1 The Square Gradient Theory

The square gradient model has been used for many years to describe phenomena
related to coexistence of different phases. It originates from van der Waals [12]
who in 1893 introduced a nonlocal contribution to the Helmholtz free energy
density of coexisting vapor and liquid (see also translation by Rowlinson [11]). In
1901 Korteweg [26] introduced a nonlocal contribution to the stress tensor to
describe the dynamics of moving fluids (see also Appendix 2.B). In 1950 Ginzburg
and Landau [27] introduced a nonlocal contribution to the Hamiltonian to describe
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a superconductor near the critical point. Finally, Cahn and Hillard in 1958 [13]
used a nonlocal contribution to the Helmholtz energy do describe a liquid–liquid
interface of a binary mixture.

In contrast to the description of a surface which assumes existence of a sharp
boundary between two phases, it is assumed in the square gradient theory that all
the quantities vary smoothly within a very thin interfacial region. Thus, the fluid
behavior at any position r is determined not only by the local density /ðrÞ but also
by the densities in the nearest surroundings. This is accounted by allowing the
system’s Hamiltonian depend on density gradients. Usually, the gradients of
higher order then two are neglected, and the Helmholtz free energy of an isotropic
fluid is written as

FðT ; /Þ ¼ F0ðT ; /Þ þ 1
2

Z

V

dr jð/; T Þjr/ðrÞj2 ð1:1Þ

where j is some coefficient which in general depends on the density and the
temperature, and F0 is the local part of the Helmholtz energy.

The square gradient model is very fruitful since it allows to describe many
different phenomena related to the surface. Among them are theory of capillarity
[28, 29], critical phenomena and spinodal decomposition [30, 31], dynamic phase
separation [32–34], mixture diffusion [35–38], heat transport [7, 39, 40], etc. This
made the square gradient model to be also known as the van der Waals square
gradient model, the H-model, diffuse-interface model, phase-field model, fluctua-
tions model. It has been widely applied both to equilibrium and non-equilibrium
phenomena. It has also been used for liquid–vapor, liquid–liquid, and liquid–solid
interfaces. We refer to the above articles and references therein for deeper review.

Different areas of focus of the square gradient model imply different approxi-
mations. Thus, for the mixing phenomena one often assumes that fluids are
incompressible or immiscible [35]. In many dynamical problems it is assumed that
the temperature is constant [31] throughout the system. Both of the assumptions are
not unreasonable and reflect the applications these descriptions are used for.
However, this restricts the system to such conditions where there is no heat flow or
fluids may mix only in the interfacial region. Many of the approaches, which take
into account both the temperature and density variations in non-equilibrium,
assume no coupling between heat and mass transfer [39] which is expected to be
important in the interfacial region [2]. Some of the approaches perform the analysis
in general but make the above simplifications for a specific application [33, 37].

Most of the extensions of the square gradient model assume only one variable
to be treated as the order parameter in the interfacial region. This is either the
density in a one-component fluid or the fraction of one of the components in a
binary mixture. Thus, these analyses are restricted in number of components to
two. This does not govern such industrial applications as distillation, where the
number of components may be large.

Another issue, which is important in the thermodynamic non-equilibrium
description, is the Gibbs relation. It is probable, that because of the gradient

10 1 Introduction



contributions to the Helmholtz energy, the Gibbs relation would also have such
contributions. Many of the descriptions use the local form of the Gibbs relation.

In this thesis we try to establish a systematic approach which is free of most
simplifications. We follow the method of irreversible thermodynamics stated in [1]
for homogeneous systems. It requires a consecutive coverage of the equilibrium
thermodynamics and equation of state, the hydrodynamics of a fluid, the Gibbs
relation, the entropy production and the phenomenological force–flux relations.

1.4.2 Macroscopic Transport

A different way to describe a surface is using the excess quantities. This approach
originates from Gibbs [41], who introduced the excesses of thermodynamic den-
sities in equilibrium. A two-phase system is then considered as two homogeneous
phases separated by a surface phase. The intensive properties, such as the tem-
perature, are constant throughout the system in equilibrium. All three phases, two
bulk phases and surface, have the same values of these properties. The extensive
properties of the bulk phases, such as the density, are determined by the coexis-
tence conditions. The excess densities play the role of the extensive properties for
the surface. Spatially they are described by, respectively, the constant values in
either bulk phase and singular (d-function like) excesses at the dividing surface.

During evaporation and condensation heat and mass is transported through the
interface. The common description of these phenomena uses certain assumptions
which are debatable. For instance, one usually assumes equilibrium conditions at
the interface [42]. This is a zero approximation and it is desirable to extend it to a
more accurate theory.

It is possible to describe the interface using the excess densities in non-equi-
librium [43]. It is, however, more complicated since the intensive properties are no
longer constant throughout such a system. One has to use the local equilibrium
hypothesis, assuming that every small element of the fluid is in local equilibrium.
For the surface it implies that one may speak about the temperature of the surface
T s and the chemical potentials of the surface ls

i ; which are related by the usual
thermodynamic relation

us ¼ T sss � cs þ
Xn

i¼1

ls
i Cs

i ð1:2Þ

where us; ss;Cs
i are the excesses of the internal energy, entropy and density per unit

area, and cs is the surface tension. One may therefore build a non-equilibrium
description of singular surfaces [44].

In the non-equilibrium description of the interfacial phenomena, one observe
jumps of, for instance, the temperature between two adjacent bulk phases.
Moreover, the temperature of the non-equilibrium surface may be different from
either bulk values. Thus, macroscopic description of non-equilibrium surfaces is
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essentially discontinuous. Given a traditional non-equilibrium approach [1] and
hypothesis of local equilibrium of a surface, it was possible to build a systematic
theory which describes transport through a surface using the excess densities and
surface intensive properties [2]. Within this theory the expression for the entropy
production of the surface was obtained

rs ¼ Js
q Xs

q þ
Xn

i¼1

Js
i X

s
i ð1:3Þ

where Js
q is the heat flux, Js

i are the matter fluxes and Xs
q and Xs

i are corresponding
interfacial forces. This implies the phenomenological force–flux relations

Xs
q ¼ Rs

qq Js
q þ

Xn

i¼1

Rs
qiJ

s
i

Xs
j ¼ Rs

jq Js
q þ

Xn

i¼1

Rs
jiJ

s
i

ð1:4Þ

Within the hypothesis of local equilibrium of a surface, the coefficients Rs are the
surface resistances, which control the transport of heat and mass through the
surface. In a macroscopic theory they are parameters, which determine the jumps
of the intensive variables through the surface.

The common description of heat and mass transfer through the surface consider
only pure heat conduction or pure diffusion and neglects the coupling effects
between heat and mass [2]. Neglecting the coupling coefficients was shown to
violate the second law of thermodynamics for a one-component system [45]. The
coupling is important since the corresponding transfer coefficients depend on the
enthalpy of vaporization. The significance of this quantity in this context is due to
the large difference between the liquid and the vapor values of the enthalpy.

The situation becomes even more complicated when one consider evaporation
in mixtures. These processes happen in such industrial applications as distillation
and therefore the precise description is important. Depending on conditions one
can get the mass fluxes of components in the same or in the opposite directions.

There has been done a number of studies of the interfacial transport for one-
component systems: experiments [14, 15, 18, 46], molecular dynamic simulations
[19, 20, 25, 47, 48], kinetic theory [49–51] and square gradient continuous
description [9, 10]. All these works use different approaches, which allows one to
investigate different aspects. Mainly one-component systems have been studied.
One of the points of interest is the dependence of the overall interfacial resistances
on the continuous profiles. Once we have a description which relates the resistance
of the Gibbs surface [52] to the continuous profiles of, in particular, local resis-
tivities, we can describe the surface separately from the adjacent bulk phases
which is closely related to hypothesis of local equilibrium of a surface [2].

In this thesis we establish a link between the continuous description of a mix-
ture’s surface under non-equilibrium conditions using the square gradient theory
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and discontinuous description which uses the assumption of local equilibrium of a
surface. Using the continuous description we verify this hypothesis numerically.
The square gradient theory allows us to establish the macroscopic relation (1.3) and
obtain the expressions for the interfacial resistances Rs:
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Chapter 2
Equilibrium Square Gradient Model

2.1 Introduction

In order to describe the equilibrium properties of an interface between two
coexisting phases, using a continuous model, it is necessary to consider contri-
butions to the Helmholtz energy which depend on the gradients of for instance the
density [1]. Van der Waals [2, 3] was in 1893 the first to introduce such a term for
a one-component system. In 1958 Cahn and Hilliard [4] extended the analysis of
van der Waals and introduced gradient terms of the mol fraction in binary mix-
tures. As the Helmholtz energy density given by van der Waals is no longer a
function of the local density or local densities alone. The continuous description is
in other words ‘‘not autonomous’’. We refer to the monograph by Rowlinson and
Widom [1] for a thorough discussion of the van der Waals model in general and of
this point in particular. A lot of work on the equilibrium gradient model was done
by Cornelisse [5]. We refer to his thesis for the relevant references.

The gradient model is often used for a system in which properties vary only in
one direction. We do not restrict ourself in this manner and do the analysis for a
three-dimensional system.

We use the standard thermodynamic variables which obey the standard ther-
modynamic relations for homogeneous mixtures. In Sect. 2.2 we consider an
inhomogeneous mixture. We postulate the dependence of the specific Helmholtz
energy on the thermodynamic variables and their gradients, using the fact, that in
equilibrium the temperature is constant. Using the fact that in equilibrium the total
Helmholtz energy has a minimum and that the amount of the various components
is fixed, we derive the expressions for the chemical potentials of all the compo-
nents, using Lagrange’s method. This is done for specific variables in Sect. 2.3 and
for mass densities in Sect. 2.4. Extending a method developed by Yang et al. [6],
an expression is also found for the pressure tensor. We derive the different forms
of the Gibbs relations: for a variation of thermodynamic quantities at a fixed
position and for their difference along spatial coordinates. Their importance is
crucial for the non-equilibrium description which should be based on the

K. Glavatskiy, Multicomponent Interfacial Transport, Springer Theses,
DOI: 10.1007/978-3-642-15266-5_2, � Springer-Verlag Berlin Heidelberg 2011
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equilibrium analysis. Explicit expressions are also given for the internal energy,
the enthalpy, and the Gibbs energy densities. In Sect. 2.6 we give a discussion and
conclusion.

2.2 The Gradient Model

In order to describe inhomogeneous systems in equilibrium, one could assume that
this can be done by the usual thermodynamic variables, which depend on the
spatial coordinates. All standard thermodynamic relations are then assumed to
remain valid.

As van der Waals has shown for a one-component system [3], this, however, is
not enough to describe the surface. It is necessary to assume that thermodynamic
potentials, particularly the Helmholtz energy density, also depend on spatial
derivatives of the density. Cahn and Hilliard have shown for a binary mixture [4],
that the Helmholtz energy should depend on the gradients of the mole fraction of
one of the components. For a multi-component non-polarizable mixture the gen-
eral form of the Helmholtz energy density is

fvðrÞ ¼ fv
0 ðT ; /1ðrÞ; . . .;/nðrÞÞ þ

1
2

Xn

i;j¼1

ejijð/1; . . .;/nÞr/iðrÞ � r/jðrÞ ð2:1Þ

where fv
0 is the homogeneous Helmholtz energy density and /i; i ¼ 1; n, are the

generalized densities. They can be either the mass density qi or the molar density
ci of each of the component. They can also be either the total density q together
with the n� 1 mass fractions of the components, fn1; . . .; nn�1g; or the total
concentration c together with the n - 1 mol fractions of the components,
ff1; . . .; fn�1g: The corresponding sets of variables are treated in Sects. 2.3 and
2.4. The gradient coefficients ejij are different for each set of the variables. They
depend only on these variables, but neither on the temperature, nor on the position
explicitly.

This form of the Helmholtz energy density is obtained by the following argu-
ments (cf. also [2, 3, 6]). Dependence of the Helmholtz energy density on the
density gradients can be represented by the Taylor series in these gradients. We
describe here isotropic fluids, so any coefficient in this Taylor series may not
depend on any direction and thus should be a scalar. The zeroth term, taken when
all the gradients are equal to zero, is the homogeneous Helmholtz energy
fv

0 ðT ; /1ðrÞ; . . .;/nðrÞÞ: In equilibrium, the total Helmholtz energy of the system
has a minimum. Thus, the first order term, with the first order density gradients,
r/iðrÞ; is zero. The second order term contains the terms which are quadratic in
the first order density gradients r/iðrÞ � r/jðrÞ; and the terms which are linear

in the second order density gradients r2/iðrÞ: The latter ones, however, contribute
to the total Helmholtz energy the same way as the former ones:
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Z

V

dr ejir2/iðrÞ ¼ �
Z

V

drreji � r/iðrÞ þ
Z

V

drr � ðejir/iðrÞÞ

¼ �
Z

V

dr
Xn

j¼1

oeji

o/j

r/jðrÞ � r/iðrÞ þ
Z

S

dS eji � r/iðrÞ
ð2:2Þ

The first term on the right-hand side of this equation can be combined with the
quadratic term in the first order gradients. The second one can be chosen equal to
zero by proper choice of the boundaries of integration. Thus, we end up with
Eq. 2.1 for the specific Helmholtz energy where the coefficients ejij are the
combinations of those from the quadratic in the first order density gradients term
and the corresponding ones from the linear in the second order density gradients
term. For ease of notation we will write ejij instead of ejijð/1ðrÞ; . . .;/nðrÞÞ;
remembering their dependence on these variables.

We note the ambiguity in the definition of the specific Helmholtz energy.
Different expressions for f ðrÞ give the same expression for the total Helmholtz
energy F ; due to the cancelation of the boundary contributions. This can be
interpreted such that the measurable quantity is only the total Helmholtz energy,
but not the specific one. To build the local description we need the local quantities,
however. We will use Eq. 2.1 for the specific Helmholtz energy, remembering that
a divergence of a vector field, the normal component of which is zero on the
boundary, can in principal be added. We show in Appendix 2.A that the ambiguity
in the Helmholtz energy density in the interfacial region does not lead to an
ambiguity in the pressure and chemical potentials in the interfacial region.

We may choose the matrix ejij to be symmetric with respect to the component
number ðejij ¼ ejjiÞ without loss of generality (since it appears only in symmetric
combinations). We shall always take ejij independent of the temperature.

We note, that the square gradient model is, as it has been used here, a general
approach and is not only applied to surfaces. It has, for instance, been used in the
description of critical behavior using renormalization group theory [7, 8]. In this
thesis we will focus on its use for the description of the surface.

In the following chapter, where we extend the analysis to non-equilibrium two-
phase mixtures, we need all the thermodynamic variables. We therefore derive
them and the necessary relations here for the given choice of the independent
variables. This is done in Sect. 2.3. for mass specific variables. We determine how
the Helmholtz energy varies with a change of the variables and with a change of
position and obtain so-called Gibbs relations in Sect. 2.3.2. In Sect. 2.3.3 we
determine the physical meaning of the Lagrange multipliers and other quantities,
for which expressions are derived. In Sect. 2.4 we derive the results for volume
specific variables following the same procedure as in Sect. 2.3.

The analysis for molar specific units or the molar densities per unit of volume is
obtained from the present one in a straightforward manner by the replacing mass
densities with the molar densities and the mass fractions with the molar fractions.
The gradient coefficients ejij should be modified appropriately.
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Further we will suppress r as an argument where this is not confusing. We will
indicate r as an argument mostly to emphasize the dependence of a quantity on
position.

2.3 Gradient Model for the Mass Specific Variables

2.3.1 The Lagrange Method

We write the mass specific Helmholtz energy as

fðrÞ ¼ f0ðT ; q; nÞ þ Kðq; n;rq;rnÞ ð2:3Þ

where

Kðq;n;rq;rnÞ� 1
2
jqq

q
jrqj2þ

Xn�1

i¼1

jqni

q
rq �rniþ

1
2

Xn�1

i;j¼1

jninj

q
rni �rnj ð2:4Þ

and we use n as short notation instead of whole set fn1; . . .; nn�1g and rn as short
notation instead of frn1; . . .;rnn�1g: The mass density distributions are such that
they minimize the total Helmholtz energy

F ¼
Z

V

dr qðrÞ f ðrÞ ð2:5Þ

Assuming that no chemical reactions occur, the total mass of each component,
mi ¼

R
V

dr niðrÞqðrÞ for i ¼ 1; n� 1; as well as the overall total mass,
m ¼

R
V

dr qðrÞ; are constant. The problem of minimizing the functional (2.5),
having n constraints can be done using the Lagrange method. Thus we minimize
the integral

X ¼
Z

V

dr qðrÞ fðrÞ � ln �
Xn�1

i¼1

winiðrÞ
" #

� �
Z

V

dr pðrÞ ð2:6Þ

where ln and wi are scalar Lagrange multipliers. The densities distributions which
minimize the integral (2.6) must be solutions of the corresponding Euler–Lagrange
equations

op

oq
�r � op

orq
¼ 0

op

oni

�r � op

orni

¼ 0; i ¼ 1; n� 1
ð2:7Þ

These relations give for the introduced Lagrange multipliers:
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ln ¼
o

oq
qðf0 þKÞð Þ �

Xn�1

i¼1

wi ni �r � jqqrqþ
Xn�1

i¼1

jqni
rni

 !

wk ¼
o

onk

f0 þKð Þ � 1
q
r � jqnk

rqþ
Xn�1

i¼1

jnink
rni

 !

; k ¼ 1; n� 1

ð2:8Þ

and an expression for p:

pðrÞ ¼ q2 o

oq
f0 þKð Þ � qr � jqqrqþ

Xn�1

i¼1

jqni
rni

 !

ð2:9Þ

The ambiguity in f ðrÞ discussed above does not affect the expressions for ln;wk

and pðrÞ (see Appendix 2.A). We will see in Sect. 2.3.3 that the Lagrange mul-
tipliers ln and wk are the chemical potentials of the components and pðrÞ is a
pressure. The exact meaning of this pressure as well as the meaning of the other
quantities derived in this section will be discussed in Sect. 2.3.3.

Solving Eq. 2.8 for q and n; one obtains the density profiles for the system. To
do this one needs the values for the Lagrange multipliers ln and wk:

Multiplying the first of the equations in Eq. 2.8 with rqðrÞ and the other
ðn� 1Þ ones with rnkðrÞ and summing them all up1 we obtain the following
expression

rarabðrÞ ¼ 0 ð2:10Þ

where we use the summation convention over double Greek subscripts. The tensor

rabðrÞ ¼ pðrÞdab þ cabðrÞ ð2:11Þ

will be identified as the pressure tensor. Furthermore, the tensor

cabðrÞ ¼ jqq
oq
oxa

oq
oxb
þ
Xn�1

i¼1

jqni

oni

oxa

oq
oxb
þ oq

oxa

oni

oxb

� �

þ
Xn�1

i;j¼1

jninj

oni

oxa

onj

oxb
ð2:12Þ

will be referred to as the tension tensor.2 We note, that both rabðrÞ and cabðrÞ are
symmetric tensors.

From the definition (2.6) of the pðrÞ; we can see that the Helmholtz energy
given in (2.3) and quantities which are given by the Eqs. 2.8 and 2.9 are related in
the following way

1 This method is a generalization of the one given by Yang et al. [6] for a one-component
system.
2 This form of the explicit expression for the pressure tensor in the square gradient model for a
multi-component mixture was, to the best of our knowledge, not given before. See also the
relevant discussion in Appendix 2.B.
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f ðrÞ ¼ ln þ
Xn�1

i¼1

wi niðrÞ � pðrÞvðrÞ ð2:13Þ

Including a possible divergence term in f ðrÞ would modify this equation by
adding this term also on the right hand side.

2.3.2 Gibbs Relations

Before we consider the variation of the thermodynamic quantities, let us make a
comment on the notation. In this section we will come up with two different kinds
of the Gibbs relation which have different meanings. It is therefore important to
understand the precise meaning of the symbols used in them. We use three dif-
ferent symbols to indicate different types of variation of thermodynamic variables.
We use symbol d to indicate that d/ is an independent (total) differential of a
thermodynamic quantity / at a particular location r: We use the notation ra/ to
indicate the spatial variation of / with respect to coordinate xa: We use the
notation d/ to indicate the ‘‘substantial’’ differential of / (though it is used only in
the following chapters). One should not confuse the symbol d with an arbitrary
variation of a thermodynamic quantity. The meaning of d here (wherever it is used
in the Gibbs relations in this thesis) is the same as the total thermodynamic
differential usually denoted by d: We use the notation d/ to distinguish this
differential from the spatial variation of / and the ‘‘substantial’’ differential of /:
We also use the word variation in one of the three above meanings and never in
the sense of a variation which depends on a thermodynamic process.

2.3.2.1 Ordinary Gibbs Relation

Consider a variation of the total Helmholtz energy DF ½T ; q; n;rq;rn� with
respect to the variation of the variables, which it depends on:

DF ½T ; q; n;rq;rn� ¼
Z

V

d r fðT ; q; n;rq;rnÞ dqþ q dfðT ; q; n;rq;rnÞf g

ð2:14Þ

where the variation

df ðT ;q; n;rq;rnÞ ¼ of

oT
dT þ of

oq
dqþ

Xn�1

i¼1

of

oni

dni

þ of

orq
� drqþ

Xn�1

i¼1

of

orni

� drni

ð2:15Þ
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is the total thermodynamic differential of the specific Helmholtz energy with
respect to the thermodynamic variables, which it depends on.3 Given Eqs. 2.3, 2.8,
and 2.9, one can show that Eq. 2.15 becomes

dfðT ; q; n;rq;rnÞ ¼ of0

oT
dT þ p

q2
dqþ

Xn�1

i¼1

wi dni þ
1
q
r � dH ð2:16Þ

where

dHðq; n;rq;rnÞ � jqqrqþ
Xn�1

i¼1

jqni
rni

 !

dq

þ
Xn�1

k¼1

jqnk
rqþ

Xn�1

i¼1

jnink
rni

 !

dnk

ð2:17Þ

Upon substituting Eq. 2.16 into Eq. 2.14, the term containing dH does not
contribute to the variation of the total Helmholtz energy: the boundary integralR

S
dS � dH disappears, because we have chosen boundaries of the system such that

the density gradients are zero everywhere along the boundaries. Thus, we will
interpret the following expression

df ðT ; q; n;rq;rnÞ ¼ of0

oT
dT þ p

q2
dqþ

Xn�1

i¼1

wi dni ð2:18Þ

as the total thermodynamic differential of the specific Helmholtz energy.
We note the ambiguity in the definition of the total thermodynamic differential

of the specific Helmholtz energy. Different expressions Eqs. 2.14 and 2.18 for d f
give the same expression Eq. 2.14 for DF ; due to the cancelation of the boundary
contributions. This can be interpreted such that the measurable quantity is only the
total thermodynamic differential of the total Helmholtz energy, but not the total
thermodynamic differential of the specific one. This ambiguity is similar to the
ambiguity in definition of the specific Helmholtz energy. We will use Eq. 2.18,
remembering this ambiguity.

We write Eq. 2.18 in the form

dfðT ; v; n1; . . .; nn�1Þ ¼ �s dT � p dvþ
Xn�1

i¼1

wi dni ð2:19Þ

where v � 1=q is the specific volume and

3 Within the gradient model, T ; q; and n as well as rq and rn are considered to be the
independent thermodynamic variables: The Helmholtz energy density is a function of these
variables. Equation 2.15 gives therefore the total differential of f by definition.
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s � � o

oT
f ðT ; v; nÞ ¼ � o

oT
f0ðT ; v; nÞ ð2:20Þ

Equation 2.19 has the form of the usual Gibbs relation for a homogeneous
mixture. For an inhomogeneous mixture, however, the validity of such a relation is
not obvious. Equation 2.19 together with Eq. 2.13 imply that with respect to the
variations of the thermodynamic variables the specific Helmholtz energy is still
homogeneous of the first order. We will call Eq. 2.19 the ordinary Gibbs relation.
With the help of Eqs. 2.13 and 2.19 we obtain the Gibbs–Duhem relation

sðrÞ dT � vðrÞ dpðrÞ þ dln þ
Xn�1

i¼1

niðrÞ dwi ¼ 0 ð2:21Þ

2.3.2.2 Spatial Gibbs Relation

Using the following conditions, which are true for equilibrium

r T ðrÞ ¼ 0

r lnðrÞ ¼ 0

rwiðrÞ ¼ 0; for i ¼ 1; n� 1

ra rabðrÞ ¼ 0

ð2:22Þ

and Eq. 2.13 together with Eq. 2.11, we obtain

rb f ðrÞ ¼ �pðrÞrb vðrÞ þ
Xn�1

i¼1

wirbniðrÞ þ vðrÞra cabðrÞ ð2:23Þ

We will call Eq. 2.23 the spatial Gibbs relation. As the temperature is independent
of position, the expected term �sðrÞrbT is zero.

2.3.3 Equilibrium Surface

Away from the surface qðrÞ ! q; nkðrÞ ! nk and rqðrÞ ! 0; rnkðrÞ ! 0 and
we have the homogeneous mixture. In that region we may use the usual thermo-
dynamic relations for the homogeneous mixture. The specific Helmholtz energy is
given by

f0ðT ; c; nÞ ¼ ln;0ðT ; c; nÞ þ
Xn�1

k¼1

wk;0ðT ; c; nÞnk � p0ðT ; c; nÞv ð2:24Þ

with the specific entropy, pressure and chemical potential differences given by
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s0ðT ; c; nÞ ¼ �
o

oT
f0ðT ; c; nÞ

p0ðT ; c; nÞ ¼ �
o

ov
f0ðT ; c; nÞ

wk;0ðT ; c; nÞ ¼
o

onk

f0ðT ; c; nÞ; k ¼ 1; n� 1

ð2:25Þ

such that the differential of the specific Helmholtz energy is given by

df0ðT ; c; nÞ ¼ �s0ðT ; c; nÞ dT � p0ðT ; c; nÞ dvþ
Xn�1

k¼1

wk;0ðT ; c; nÞ dnk ð2:26Þ

where wk;0ðT ; c; nÞ � lk;0ðT ; c; nÞ � ln;0ðT ; c; nÞ:
Quantities derived in Sect. 2.3.1 converge in the homogeneous limit in a fol-

lowing way

wk !
o

onk

f0ðT ; c; nÞ ¼ wk;0ðT ; c; nÞ

ln ! f0ðT ; c; nÞ �
Xn�1

i¼1

wi;0ðT ; c; nÞni þ p0ðT ; c; nÞv ¼ ln;0ðT ; c; nÞ

pðrÞ ! q2 o

oq
f0ðT ; c; nÞ ¼ p0ðT ; c; nÞ

rabðrÞ ! p0ðT ; c; nÞdab ¼ rab;0ðT ; c; nÞ

ð2:27Þ

We use these limits to determine the meaning of the derived quantities in the
interfacial region, where gradients are not negligible.

In equilibrium wk and ln are everywhere constant. Away from the surface they
represent the homogeneous chemical potentials, which in equilibrium should be
constant everywhere, particularly throughout the whole interfacial region. Thus it
is natural to identify ln and wk with, respectively, the chemical potential of the nth
component and the difference between the chemical potential of the kth and the nth
components, also within the interfacial region.

To determine the meaning of pðrÞ and rabðrÞ we have to resolve an ambiguity
in the definition of rabðrÞ: It follows from Eq. 2.10 that a constant tensor can be
added to rabðrÞ without affecting the validity of this equation. In a homogeneous
limit this tensor does not vanish, so it should be present in the homogeneous tensor
rab;0ðrÞ; which is proportional to the homogeneous pressure p0ðT ; c; nÞ: The
homogeneous pressure p0ðT ; c; nÞ; however, is determined unambiguously by the
specified equations of state. It follows then that this constant tensor has to be equal
to zero and rabðrÞ is given by Eq. 2.11 unambiguously.

Using that wk ¼ lk � ln and ln have the same meaning as in the bulk phase
and Eq. 2.13, it is then also natural to identify pðrÞ given by Eq. 2.9 with a
pressure everywhere. This pressure is not constant, however. The tensor rabðrÞ can
be identified with the tensorial pressure. It is known that at the surface one can
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speak about the ‘‘parallel’’ and the ‘‘perpendicular’’ pressure [1], so the pressure
reveals tensorial behavior. For a flat surface, when all the properties change in one
direction, say x; one can show that rxxðrÞ is the ‘‘perpendicular’’ pressure and
pðrÞ ¼ ryyðrÞ ¼ rzzðrÞ is the ‘‘parallel’’ pressure. For curved surfaces such an
identification, however, can in general not be made.

One can also conclude, that the quantity, determined by Eq. 2.20 is the specific
entropy of the mixture in the interfacial region. It does not have gradient contri-
butions. This is due to the assumption that the coefficients of the square gradient
contributions are independent of temperature. We refer to van der Waals [1–3]
who discussed this property.

We shall also define other thermodynamic potentials in the square gradient model
for the interfacial region. Considering Eq. 2.13 and conforming to Eq. 2.27 we define
interfacial specific internal energy, enthalpy and Gibbs energy densities as follows

uðrÞ � fðrÞ þ sðrÞT
hðrÞ � uðrÞ þ pðrÞvðrÞ
gðrÞ � fðrÞ þ pðrÞvðrÞ

ð2:28Þ

It is important to realize that these thermodynamic relations are true in the
interfacial region only by definition. One can also find support for these definitions
in [9] where they were considered for a simplified one-component system.

Using Eqs. 2.19 and 2.28, for the internal energy at each point in space we then
get the ordinary Gibbs relation

duðs; v; n1; . . .; nn�1Þ ¼ T dsðrÞ � pðrÞ dvðrÞ þ
Xn�1

i¼1

wi dniðrÞ ð2:29Þ

From Eqs. 2.22 and 2.28 we get the spatial Gibbs relation

rb uðrÞ ¼ T rb sðrÞ � pðrÞrbvðrÞ þ
Xn�1

i¼1

wirb niðrÞ þ vðrÞra cabðrÞ ð2:30Þ

One can easily write the Gibbs relations for other thermodynamic potentials.

2.4 Gradient Model for the Densities (Per Unit of Volume)

We write the extended Helmholtz energy per unit of volume as

fvðrÞ ¼ fv
0 ðT ; qÞ þ Kvðq;rqÞ ð2:31Þ

where

Kvðq;rqÞ � 1
2

Xn

i;j¼1

jqiqj
rqiðrÞ � rqjðrÞ ð2:32Þ
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We use q as an argument as a short notation for the set fq1; . . .; qng andrq as a
short notation for frq1; . . .;rqng in Sect. 2.4. As it is used only as an argument, it
should not be confused with the total density.

We will not repeat in details the procedure, given in Sect. 2.3 and give only the
results here. Using the Lagrange method we obtain the expressions for the constant
Lagrange multipliers, which are equal to the chemical potentials

lk ¼
o

oqk

ðfv
0 þKvÞ �

Xn

i¼1

r � ðjqiqk
rqiÞ ð2:33Þ

and the expression for a pressure p:

pðrÞ ¼
Xn

i¼1

qi

o

oqi

ðfv
0 þKvÞ � fv

0 þKv
� �

�
Xn

i;j¼1

qjr � ðjqiqj
rqiÞ ð2:34Þ

which was defined by

fvðrÞ ¼
Xn

i¼1

liqiðrÞ � pðrÞ ð2:35Þ

One can derive the same symmetric pressure tensor rabðrÞ as in Eq. 2.11, which
obeys the relation Eq. 2.10, where the symmetric tension tensor cabðrÞ is given by

cabðrÞ ¼
Xn

i;j¼1

jqiqj

oqi

oxa

oqj

oxb
ð2:36Þ

Varying the total Helmholtz energy F ½T ; q;rq� with respect to the variation of
the variables, we obtain the total thermodynamic differential of the specific
Helmholtz energy as

dfvðT ; q;rqÞ ¼ ofv
0

oT
dT þ

Xn

k¼1

lk dqk þr � dHv ð2:37Þ

where

dHvðq;rqÞ �
Xn

i;j¼1

ðjninj
rqiÞ dqj ð2:38Þ

The total Helmholtz energy variation becomes then

DF ½T ; q;rq� ¼
Z

V

dr
ofv

0

oT
dT þ

Xn

k¼1

lk dqk

 !

ð2:39Þ

since the boundary integral
R

S
dS � dHv disappears. Thus, we will interpret the

expression in parenthesis as the total thermodynamic differential of the specific
Helmholtz energy:
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dfvðT ; q;rqÞ ¼ ofv
0

oT
dT þ

Xn

k¼1

lk dqk ð2:40Þ

We write Eq. 2.40 in a form

dfvðT ; q1; . . .; qnÞ ¼ �svdT þ
Xn

i¼1

li dqi ð2:41Þ

which we will call Eq. 2.41 the ordinary Gibbs relation. Here

sv � � o

oT
fvðT ; q1; . . .; qnÞ ¼ �

o

oT
fv

0 ðT ; q1; . . .; qnÞ ð2:42Þ

is the specific entropy of the mixture, which has no gradient contribution. With the
help of Eqs. 2.35 and 2.41 we obtain the Gibbs–Duhem relation

svðrÞdT � dpðrÞ þ
Xn

k¼1

qkðrÞdlk ¼ 0 ð2:43Þ

Using the following conditions, which are true for equilibrium

r T ðrÞ ¼ 0

r lkðrÞ ¼ 0; for k ¼ 1; n

ra rabðrÞ ¼ 0

ð2:44Þ

and Eq. 2.35 together with Eq. 2.11 we obtain the spatial Gibbs relation

rb fvðrÞ ¼
Xn

i¼1

lirbqiðrÞ þ ra cabðrÞ ð2:45Þ

The interfacial internal energy, enthalpy and Gibbs energy densities are

uvðrÞ � fvðrÞ þ svðrÞT

hvðrÞ � svðrÞT þ
Xn

i¼1

li qiðrÞ

gvðrÞ �
Xn

i¼1

li qiðrÞ

ð2:46Þ

The Gibbs relations for the internal energy are

duvðs; q1; . . .; qnÞ ¼ T dsvðrÞ þ
Xn

i¼1

li dqiðrÞ ð2:47Þ

and

rb uvðrÞ ¼ T rb svðrÞ þ
Xn

i¼1

lirb qiðrÞ þ ra cabðrÞ ð2:48Þ
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2.5 Gradient Coefficients

2.5.1 Mass and Volume Specific Coefficients

The coefficients jqiqj
used in Sect. 2.4 are different from jqq; jqni

; and jninj
used in

Sect. 2.3. Comparing Eqs. 2.4 and 2.32, one can derive the following relations
between them

jqiqj
¼ jqq þ

1
q
ðjqni

þ jqnj
Þ � 2

q2

Xn

k¼1

jqnk
qk

þ 1
q2

jninj
� 1

q3

Xn

k¼1

ðjnknj
þ jnink

Þqk þ
1
q4

Xn

k;l¼1

jnknl
qkql

ð2:49Þ

and

jqq ¼
Xn�1

i;j¼1

ninjðjqiqj
þ jqnqn

� jqiqn
� jqnqj

Þ þ 2
Xn�1

i

niðjqiqn
� jqnqn

Þ þ jqnqn

jqni
¼ q

Xn�1

j¼1

nj ðjqiqj
þ jqnqn

� jqiqn
� jqnqj

Þ þ qðjqiqn
� jqnqn

Þ

jninj
¼ q2ðjqiqj

þ jqnqn
� jqiqn

� jqnqj
Þ

ð2:50Þ

We note, that these relations are exact.

2.5.2 Mixing Rules

All the coefficients jqq; jqni
; and jninj

; as well as jqiqj
are in principle known

functions of the densities. In practice they are not known for mixtures. Only the
values for pure components may be more or less obtained from experiments,
measuring the surface tension. Thus, it is necessary to express the cross-coeffi-
cients in a form such that one can approximate them using pure-component values.
From Sect. 2.4 one can see, that jqiqi

are simply related to the pure-component
coefficients: jqiqi

� ji is the coefficient for the pure component i:

Cross-coefficients can then be approximated by one of the so-called mixing
rules for the gradient coefficients. We will assume the following mixing rule

jqiqj
¼ ffiffiffiffiffiffiffiffiffi

jijj

p ð2:51Þ

For i ¼ j; Eq. 2.51 is just a definition. For i 6¼ j; this relation is an approximation.
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This mixing rule for the gradient coefficients is analogous to the mixing rule for
the van der Waals coefficients in an equation of state (see Sect. 3.4 for details).
Given these mixing rules for jqiqj

coefficients, one can easily deduce the corre-
sponding mixing rules for jqq; jqni

; and jninj
; using Eq. 2.50.

We shall note here, that the choice of the particular mixing rule is based on
the empirical knowledge and does not follow from any theory. We may expect,
that for similar components, the mixing rule (2.51) would be adequate. How-
ever, for different components, one may probably not use it. The extensive
investigation of the mixing rule for the gradient coefficient goes beyond the
issues addressed in this thesis. We therefore will use only Eq. 2.51 as a mixing
rule.

2.6 Discussion and Conclusions

In this chapter we have established the framework of the gradient model for the
liquid–vapor (or, alternatively, liquid–liquid) interface in an isotropic non-polar-
izable mixture. It is necessary that the homogeneous Helmholtz energy f0 allows
solutions which imply equilibrium coexistence between different phases. Other-
wise we only have the homogeneous phase. Standard mixture theories [10] give a
Helmholtz energy which allows liquid–vapor coexistence.

Using the assumption that in the interfacial region the fluid can be described
by the local densities and their gradients, we have extended the gradient
models, used to describe one-component fluids and binary mixtures, to three-
dimensional multi-component mixtures. The condition which the system should
satisfy is that the total Helmholtz energy is minimal. With the help of Lagrange
method it was possible to derive the equations, which the profile distribution
should satisfy, given the fixed total content of the components. The Lagrange
multipliers are equal to the chemical potentials of the coexisting liquid and
vapor. It was also possible to determine the pressure behavior in the interfacial
region. It is crucial, that the pressure has a tensorial behavior. The difference
between the tensorial part of the pressure tensor and the scalar part determines
the surface tension.

An important observation is the ambiguity in the determination of the local
thermodynamic potentials, for instance the specific Helmholtz energy. While the
total Helmholtz energy is unique and has a minimum, the specific Helmholtz
energy is not unique. One can add a term which is the divergence of some vector
field without affecting the total Helmholtz energy, if the normal component of this
field vanishes on the system boundaries. This general observation in the context of
the gradient model implies that the density gradients are taken equal to zero on the
boundary. It must be emphasized, that for realistic boundaries these gradients are
not zero. We refer to the wall-theorem [11] in this context. We take the freedom to
set them equal to zero assuming, that the boundary layer does not affect the
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properties of the interface we want to study. In the Appendix 2.A we show that this
ambiguity does not affect the results.

As one can see from Eqs. 2.13 and 2.35, it is possible to relate the thermo-
dynamic variables for an inhomogeneous fluid in the same way as it is done for a
homogeneous one. However, unlike the homogeneous mixture, these variables
contain gradient contributions. The local behavior of the mixture is determined not
only by it’s local properties but also by it’s nearest surroundings.

We have given explicit expressions for each thermodynamic quantity in the
interfacial region. We have also determined how the thermodynamic potentials
change with the change of the variables they depend on. An important part of
the thermodynamic description is the relations between the rate of change of the
thermodynamic variables, the Gibbs relations. In an equilibrium interfacial
region thermodynamic variables vary in space, unlike in a homogeneous system.
Thus one can speak about the relation between the rates of change of thermody-
namic variables for a given point in space, the ordinary Gibbs relation. One has
also to speak about the rates of change of the thermodynamic variables in space,
the spacial Gibbs relation. Even though the thermodynamic potentials, particularly
the specific Helmholtz energy, depend on the spatial derivatives of the densities,
we have shown that variation of these gradients do not contribute to the ordinary
Gibbs relations. Thus, the ordinary Gibbs relations have the ordinary form of the
Gibbs relations for the homogeneous mixture. The important observation here is,
however, that the ordinary Gibbs relations relate the inhomogeneous thermody-
namic variables, i.e. those, which contain the gradient contribution. As the spatial
derivatives of the temperature, chemical potentials and pressure tensor are zero in
equilibrium, we can determine the spatial Gibbs relation. The new term which
appears because of the inhomogeneity is ra cabðrÞ; which is only unequal to zero
close to the surface.

For temperatures far from the critical point the surface thickness is known to be
very small (in the sub-nanometer range). This imposes an upper limit to the values
of the coefficients jqq; jqni

; jninj
; and jqiqj

:

In previous sections we used different specific variables. For the mass specific
quantities we used the coefficients jqq; jqni

; and jninj
and for densities per unit of

volume we used jqiqj
: One can determine the relations between these coefficients

and verify, that all the quantities, determined in Sects. 2.3 and 2.4 are the same.
Thus, Eqs. 2.9 and 2.34 give the same pressure pðrÞ; as well as Eqs. 2.12 and 2.34
give the same tension tensor cabðrÞ: And rabðrÞ; which is given by Eq. 2.11 is the
same for both sets of variables. ln in Eqs. 2.8 and 2.33 is the same and wk taken
from Eq. 2.8 are equal to lk � ln taken from Eq. 2.33. This shows that the
inhomogeneous equilibrium description is independent of the choice of indepen-
dent variables. This is similar to the description of the homogeneous equilibrium
phase.

The analysis in this chapter gives the basis to extend the description to non-
equilibrium systems. For one-component systems, in which the properties varied
only in one direction, such an extension was given by Bedeaux et al. [9].
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2.A On the Ambiguity in the Specific Quantities

We show here that ambiguities present in the definition of the specific Helmholtz
energy and the total thermodynamic differential of the specific Helmholtz energy
do not affect the validity of all the thermodynamic relations, derived in this
chapter. We do this for mass specific variables, the same arguments can be used
for the densities per unit of volume.

The total Helmholtz energy of a mixture
R

V
dr qðrÞ f ðrÞ can be expanded

around a homogeneous state as

F ¼
Z

V

dr

"

q f0ðT ; q; nÞ

þ 1
2
jð1Þqq jrqj2 þ

Xn�1

i¼1

jð1Þqni
rq � rni þ

1
2

Xn�1

i;j¼1

jð1Þninj
rni � rnj

þ jð2Þqq r2qþ
Xn�1

i¼1

jð2Þqni
r2ni þ � � �

#

ð2:52Þ

where the series is truncated after the second order terms. As it is shown in Eq. 2.2
this can be rearranged as following:

F ¼
Z

V

dr

"

q f0ðT ; q; nÞ

þ 1
2
jqq jrqj2 þ

Xn�1

i¼1

jqni
rq � rni þ

1
2

Xn�1

i;j¼1

jninj
rni � rnj

þr � jð2Þqqrqþ
Xn�1

i¼1

jð2Þqni
rni

 !

þ � � �
#

ð2:53Þ

where

jqq ¼ jð1Þqq � 2 ðojð2Þqq =oqÞ
jqni
¼ jð1Þqni

� ðojð2Þqq =oniÞ � ðojð2Þqni
=oqÞ

jninj
¼ jð1Þninj

� ðojð2Þqni
=onjÞ � ðojð2Þqnj

=oniÞ
ð2:54Þ

are the coefficients used in Eq. 2.4.
Let us define

f ðrÞ � q f0ðT ; q; nÞ þ
1
2
jqqjrqj2 þ

Xn�1

i¼1

jqni
rq � rni þ

1
2

Xn�1

i;j¼1

jninj
rni � rnj

ef ðrÞ � fðrÞ þ r � jð2Þqq rqþ
Xn�1

i¼1

jð2Þqni
rni

 !

ð2:55Þ
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so that F ¼
R

V
dr qðrÞ f ðrÞ ¼

R
V

dr qðrÞef ðrÞ: One can also define

pðrÞ � lnþ
Xn�1

i¼1

wi niðrÞ � f ðrÞ

epðrÞ � lnþ
Xn�1

i¼1

wi niðrÞ � ef ðrÞ ¼ pðrÞ �r � jð2Þqqrqþ
Xn�1

i¼1

jð2Þqni
rni

 ! ð2:56Þ

and follow the same procedure as in Sect. 2.3.1. (Note, that the second order terms
should be added to the Euler–Lagrange equations in such case). Then, as it follows
from a known theorem of variational calculus, one obtains for the chemical
potentials ln and wk

ln ¼
o

oq
q fð Þ �

Xn�1

i¼1

wini �r � jqqrqþ
Xn�1

i¼1

jqni
rni

 !

wk ¼
o

onk

fð Þ � 1
q
r � jqnk

rqþ
Xn�1

i¼1

jnink
rni

 !

; k ¼ 1; n� 1

ð2:57Þ

and for the pressure tensor rabðrÞ

rabðrÞ ¼ pðrÞ dab þ cabðrÞ ð2:58Þ

for both definitions of pðrÞ and epðrÞ: As one can see, there is no ambiguity in the
expressions for the chemical potentials and the pressure tensor. They are deter-
mined irrespective of the ambiguity in the definition of the specific Helmholtz
energy. Technically, the reason for this is that ln and wk are the integral properties
of the equilibrium mixture, which minimize the Helmholtz energy of the whole
mixture. Thus, they cannot depend on local ambiguities.

Thus, it is natural to use fðrÞ as the specific Helmholtz energy and use pðrÞ as a
pressure. As we have seen in Sect. 2.3.3 only pðrÞ has a physical meaning but not
epðrÞ: With such a choice, all the thermodynamic quantities derived in this chapter
do not contain any ambiguity.

2.B Interfacial Pressure

In this section we shall see how our expressions for the pressure and the tension
tensors in the interfacial region Eqs. 2.9, 2.12, and 2.11, reduce to the conventional
quantities such as the parallel and the perpendicular pressures for the flat interface
and the Korteweg tensor. These quantities were mostly given for systems in which
only one variable changes through the surface, either the density in one-component
systems or the mass fraction in binary mixtures. We will therefore consider here
only such systems, assuming that we speak about the density in a one-component
system. The discussion for a binary mixture is analogous.
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2.B.1 Korteweg Tensor

The scalar pressure in a one-component system is

pðrÞ ¼ q2 o

oq
f0 þ

j
2
jrqj2

� �
� qr � jrqð Þ ð2:59Þ

and the tension tensor is

cabðrÞ ¼ j
oq
oxa

oq
oxb

ð2:60Þ

and the pressure tensor is still given by Eq. 2.11.
Taking into account that q2ðof0=oqÞ ¼ p0 is the homogeneous pressure, we

obtain

pðrÞ ¼ p0ðq; T Þ � jqr2q� 1
2

jjrqj2 � 1
2

oj
oq

qjrqj2 ð2:61Þ

so the pressure tensor (2.11) becomes

rab ¼ p0ðq; T Þdab þ wab ð2:62Þ

where

wabðrÞ � cabðrÞ � j qr2qþ 1
2

jjrqj2
� �

� 1
2
oj
oq

qjrqj2 ð2:63Þ

is the Korteweg tensor [12, 13].
In this work we use the scalar pressure pðrÞ and the tension tensor cabðrÞ

instead of the homogeneous pressure p0ðq;T Þ and the Korteweg tensor wabðrÞ:
The reason for this is that in the interfacial region, it is pðrÞ; not p0ðq;T Þ; which
enters all the thermodynamic relations, and it is cabðrÞ; not wabðrÞ; which deter-
mines the surface tension.

2.B.2 Parallel and Perpendicular Pressure

In the case of planar interface with cartesian coordinate x directed perpendicular to
the surface, the pressure tensor takes the following form

rabðxÞ ¼
p?ðxÞ 0 0

0 pkðxÞ 0
0 0 pkðxÞ

0

@

1

A ð2:64Þ

where
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p?ðxÞ � pðxÞ þ cxxðxÞ ¼ p0ðq; T Þ � jqq 00 þ 1
2

jq 02 � 1
2
oj
oq

qq 02

pkðxÞ � pðxÞ ¼ p0ðq; T Þ � jqq 00 � 1
2
jq 02 � 1

2
oj
oq

qq 02
ð2:65Þ

are the perpendicular and parallel pressures in the interfacial region. Here prime
indicates the derivative with respect to x: The difference between them

cxxðxÞ � p?ðxÞ � pkðxÞ ¼ jq 02 ð2:66Þ

determines the surface tension [1, 6]

c ¼
Z

x

dx cxxðxÞ ð2:67Þ

According to Eq. 2.10, the perpendicular pressure is constant in the interfacial
region

p 0?ðxÞ ¼ 0 ð2:68Þ

while the parallel is not: it has a peak which is opposite to cxxðxÞ in sign.
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Chapter 3
Non-Equilibrium Continuous Description

3.1 Introduction

Because of the lack of local equilibrium, the extension of non-equilibrium ther-
modynamics to a continuous description of an interface is not straightforward.
Earlier work [1–3] has shown that such an extension is possible for one-component
fluids, with all the variables dependent on the normal coordinate for a planar
interface. Temperature gradients, pressure differences and the resulting heat flux
and evaporation or condensation fluxes were determined through the interface. For
systems away from equilibrium, square gradient models have been used before, we
refer to [4–6] in this context. Very little work has been done on systems with a
varying temperature [6], and on two-phase systems, however. The systematic
treatment of heat and mass transport through the liquid–vapor interface, along the
lines sketched in [1–3], was to our knowledge, new.1

In the first chapter we extended the analysis of van der Waals to equilibrium
multi-component systems. Explicit expression for all the thermodynamic quanti-
ties were given. In particular, we derived the expression for the pressure tensor and
discussed the validity of the Gibbs relation in the interfacial region. In this chapter
we will extend this approach to multi-component non-equilibrium mixtures in
three-dimensions. Because of considering three-dimensional systems it is possible
to derive systematically all system properties, which were postulated in the one-
dimensional description.

The traditional local equilibrium hypothesis implies that in non-equilibrium a
small volume of the system at each moment of time can be considered to be in
equilibrium. Thus, all thermodynamic relations, valid for the whole system, remain
valid for this small volume. The important assumption is that the state of each
small volume is determined only by the properties of this volume, and no other
ones. To describe the interface in equilibrium, one needs to introduce a

1 Since then there have appeared some works addressing the similar issues [7–9]. See Sect. 1.4.1
for a review.

K. Glavatskiy, Multicomponent Interfacial Transport, Springer Theses,
DOI: 10.1007/978-3-642-15266-5_3, � Springer-Verlag Berlin Heidelberg 2011
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dependence on the density gradients however. Such a description is not local in the
traditional sense: the system behavior in a small volume depends on the properties
of this volume and the properties of the nearest neighborhood. This implies that
one cannot apply the usual local equilibrium hypothesis to the interfacial region.

A mixture can be described by mass densities and temperature T as independent
variables. We will use q as the total mass density of the mixture, or v ¼ 1=q as the
mass specific volume, and fn1; . . .; nn�1g as the mass fractions of components.
Furthermore, we will write n instead of the set of arguments fn1. . .; nn�1g and rn
instead of the set frn1; . . .;rnn�1g to simplify the formulas. New variables which
appear in the non-equilibrium description are the velocities of each component
fv1ðr; tÞ; . . .; vnðr; tÞg: For a one-fluid mixture is more convenient to use the
barycentric velocity of the whole mixture

vðr; tÞ ¼ 1
qðr; tÞ

Xn

i¼1

qiðr; tÞviðr; tÞ ð3:1Þ

where qi � ni q is the mass density of component i; and n� 1 diffusion fluxes
fJ1; . . .; Jn�1g where

Jk � q nkðvk � vÞ; k ¼ 1; n ð3:2Þ

as independent variables. We note that
Pn

i¼1 Jk ¼ 0 so only n� 1 of n diffusion
fluxes are independent.

We will follow the traditional procedure used in non-equilibrium thermody-
namics. In Sect. 3.2 we review briefly the main results of the equilibrium square
gradient model for the interface. We extend all equilibrium results, derived in the
first chapter to non-equilibrium. Explicit expressions for the necessary thermody-
namic properties of the non-equilibrium mixture are given. To be able to derive the
entropy production one needs the Gibbs relation. It was shown in the first chapter
that within the interfacial region one can speak about two kinds of Gibbs relation,
the ordinary Gibbs relation and the spatial Gibbs relation. We show in Sect. 3.3 how
these two static relations are combined into a non-equilibrium Gibbs relation. For a
one-component system this non-equilibrium Gibbs relation reduces to that given in
[1]. Within the framework of the one-fluid approach we discuss the expression for
the homogeneous Helmholtz energy f0 which is needed to determine thermody-
namic quantities in Sect. 3.4. In Sect. 3.5 we give the hydrodynamic equations. We
use the so-called one-fluid approach which has been shown [10, 11] to be appro-
priate for common mixtures. In Sect. 3.6 we discuss the consequences of the special
surface symmetry. After deriving the entropy production in Sect. 3.7 and using the
Curie principle, we give the linear relations between the thermodynamic fluxes and
forces in Sect. 3.8. It is found that, for instance, the resistivities for transport
through and into the interfacial region will in general contain square gradient
contributions. Concluding remarks and a discussion are given in Sect. 3.9.

Parts of this chapter have been published in [12]: �The American Physical
Society.

38 3 Non-Equilibrium Continuous Description



3.2 The Square Gradient Model

Assuming that the specific Helmholtz energy can be written as

fðrÞ ¼ f0ðT ; q; nÞþKðq; n;rq;rnÞ ð3:3Þ

where

Kðq; n;rq;rnÞ � 1
2
j
q
jrqj2 þ

Xn�1

i¼1

ji

q
rq � rni þ

1
2

Xn�1

i;j¼1

jij

q
rni � rnj ð3:4Þ

and where all coefficients j; ji and jij are assumed to be independent of the
temperature, one can derive the chemical potential ln of the nth component and
the reduced chemical potentials wk ¼ lk � ln; where k ¼ 1; n� 1 (all integers
from 1 to n� 1), which are constant through the surface in equilibrium. We refer
to the first chapter for the expressions for the chemical potentials, pðrÞ and other
quantities. These quantities are related by the ordinary thermodynamic relation

f ðrÞ ¼ ln � pðrÞvðrÞ þ
Xn�1

i¼1

winiðrÞ ð3:5Þ

Other thermodynamic potentials, like the specific internal energy was defined in
the interfacial region as

uðrÞ ¼ f ðrÞ þ sðrÞ T ð3:6Þ

The entropy and the enthalpy are also given there.
In the interfacial region, the pressure has a tensorial behavior:

rabðrÞ ¼ pðrÞdab þ cabðrÞ ð3:7Þ

where the tension tensor is given by

cab ¼ j
oq
oxa

oq
oxb
þ
Xn�1

i¼1

ji

oni

oxa

oq
oxb
þ oq

oxa

oni

oxb

� �

þ
Xn�1

i;j¼1

jij

oni

oxa

onj

oxb
ð3:8Þ

For a flat surface, pðrÞ is the parallel pressure.
In order to describe non-equilibrium processes in a multi-phase mixture using

thermodynamics, one must assume, that all thermodynamic quantities are defined
at each point in space and at all times. This in particular holds also in the inter-
facial region. In non-equilibrium, the density qðr; tÞ and the mass fractions nðr; tÞ
depend on the time explicitly. We do not have the restriction of a constant tem-
perature and chemical potentials: T ðr; tÞ; lnðr; tÞ and wiðr; tÞ may therefore
depend both on position and time as well.

To describe non-equilibrium inhomogeneous systems we shall assume that all
the relations between thermodynamic variables valid in equilibrium, which were
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discussed in more details in the second chapter, remain valid away from equi-
librium. Away from the surface this is the usual assumption made in non-equi-
librium thermodynamics. In the interfacial regions, it extends this assumption to
places where the gradient contributions become important. As said in [13], the
validity of such a hypothesis can be verified only by experiment.

3.3 The Gibbs Relation

An important part of the equilibrium description is the relation between the var-
iation of thermodynamic potentials and the independent thermodynamic variables,
in other words the Gibbs relation. In the interfacial region, properties may change
with position, so we have to speak about two kinds of Gibbs relations: ordinary
Gibbs relations and spatial Gibbs relations. Ordinary Gibbs relations relate the
changes of thermodynamic variables at the given point in space for different states.
For the internal energy the ordinary Gibbs relation was found to be

duðs; v; nÞ ¼ T dsðrÞ þ
Xn�1

i¼1

wi dniðrÞ � pðrÞ dvðrÞ ð3:9Þ

Spatial Gibbs relations relate differences of thermodynamic variables for the
given state at neighboring points in space. For the internal energy it was found
to be

rbuðrÞ ¼ T rbsðrÞ þ
Xn�1

i¼1

wirbniðrÞ � pðrÞrbvðrÞ � vðrÞracabðrÞ ð3:10Þ

Notice in particular the last contribution on the right hand side.
Similar to the description of a homogeneous fluid, we extend the equilibrium

Gibbs relations to non-equilibrium in the simplest way. One needs to make an
important observation before such an extension, however: equilibrium equation
Eq. 3.9 describes the change of local thermodynamic variables between two
different states at a fixed point in space. These two states can be separated in time.
So we can say that this equation describes the change of local thermodynamic
variables in time at a fixed point in space:

T ðr; tÞ os

ot
¼ ou

ot
�
Xn�1

i¼1

wiðr; tÞ
oni

ot
þ pðr; tÞ ov

ot
ð3:11Þ

We similarly use the equilibrium spatial Gibbs relation for the specific internal
energy, Eq. 3.10, for the non-equilibrium case:

T ðr; tÞrs ¼ ru�
Xn�1

i¼1

wiðr; tÞrni þ pðr; tÞrv� v
ocab

oxa
ð3:12Þ
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See also relevant discussion in Appendix 3.A.
Next we combine Eqs. 3.11 and 3.12 in order to get the non-equilibrium Gibbs

relation in terms of the substantial (barycentric) time derivative

d

dt
¼ o

ot
þ v � r ð3:13Þ

This should be done carefully, taking into account that all dynamic equations,
particularly the Gibbs relation, must be Galilean invariant. Thus, a naive approach
to contract Eq. 3.12 with vðr; tÞ and sum with Eq. 3.11 is not appropriate here. The
resulting equation would contain the term vbracab which is not Galilean invari-
ant, while the other terms containing substantial derivative are, of course, Galilean
invariant. We shall construct the non-equilibrium Gibbs relation from Eqs. 3.11
and 3.12 in such a way that it satisfies the Galilean invariance.

We contract all the terms in Eq. 3.12, except vracab; with the barycentric
velocity vðr; tÞ; while the term vracab is contracted with a velocity
vðr; tÞ � vsðr; tÞ; where the exact meaning of a velocity vsðr; tÞ will be clarified
later. Summing the result with Eq. 3.11 we and obtain

T ðr; tÞ ds

dt
¼ du

dt
�
Xn�1

i¼1

wiðr; tÞ
dni

dt
þ pðr; tÞ dv

dt
� vðvb � vs

bÞ
ocab

oxa
ð3:14Þ

We emphasize that one should not regard the above procedure as the derivation

of the non-equilibrium Gibbs relation. One may not derive any non-equilibrium
Gibbs relation. Any non-equilibrium Gibbs relation should be considered as an
assumption which satisfies the following requirements: (1) it is Galilean invariant;
(2) it reduces to the equilibrium Gibbs relation in the limit of quasi-static pro-
cesses; (3) the conclusions derived from it are not contradictory and agree with
experiments. Equation 3.14 satisfies the first requirement by construction. As in
equilibrium both vðr; tÞ and vsðr; tÞ are zero, Eq. 3.14 satisfies also the second
requirement. The question whether it satisfies the third requirement cannot be
answered here. It can only be justified by virtue of the results of, for instance, this
thesis. We therefore take it as an assumption for the further analysis.

Equation 3.14 is the Gibbs relation for the non-equilibrium two-phase mixture
including the interface. One can show that it reduces to the Gibbs relation used by
Bedeaux et al. [1] for the case of a one-component fluid. The above analysis gives
more insight in the origin of the contribution proportional to the divergence of the
surface tension field. This was not clarified in the analysis of Bedeaux et al.

3.4 Homogeneous Thermodynamics of One-Fluid Mixture

In this section, we shall discuss the homogeneous expressions for the thermody-
namic quantities needed for the non-equilibrium description. This analysis uses the
equations of state which are usually written for the molar specific variables. We
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will therefore use the molar variables in this section. The final results can be
converted to the mass specific variables.

3.4.1 Equation of State

To obtain the homogeneous specific Helmholtz energy one may use the common
one-fluid equations of state:

• van der Waals equation of state:

pWðT ; c; fÞ ¼
RTc

1� BðfÞ c� AðT ; fÞ c2 ð3:15Þ

• Soave–Redlich–Kwong equation of state:

pSRKðT ; c; fÞ ¼
RTc

1� BðfÞ c�
AðT ; fÞ

1� BðfÞ c c2 ð3:16Þ

• Peng–Robinson equation of state:

pPRðT ; c; fÞ ¼
RTc

1� BðfÞ c�
AðT ; fÞ

1þ 2BðfÞ c� B2ðfÞ c2
c2 ð3:17Þ

where f is a short notation for the molar fractions ff1; . . .; fng:

In the one-fluid approach, constants AðT Þ and B; depend on the fractions of the
species according to the mixing rules:

AðT ; f1; . . .; fnÞ ¼
Xn

i;k¼1

aikðT Þfi fk

Bðf1; . . .; fnÞ ¼
Xn

k¼1

bk fk

ð3:18Þ

where usually aikðT Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aiðT Þ akðT Þ

p
; and akðT Þ and bk are the corresponding

coefficients for the pure substances (see e.g. [14, 15]). For one-fluid mixtures, these
mixing rules, as well as the above equations of state, are considered to be satis-
factory. The matrix aikðT Þ is symmetric in its indexes.

3.4.2 Helmholtz Energy of a Mixture of Ideal Gases

According to [16] the total Helmholtz energy of a homogeneous mixture of ideal
gases is
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F0; id½T ; c; f� ¼ �RT
Xn

k¼1

mk ln
e wkðTÞ

ck NA K3
kðT Þ

" #

ð3:19Þ

where mk is the number of moles and ck the molar density of component k: Fur-
thermore, Kk is the thermal de Broglie wavelength and wk is a characteristic sum
over the internal degrees of freedom of component k

KkðT Þ � �h NA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p=MkRT

p
; wkðT Þ �

X

‘

expð�e‘k=kBT Þ ð3:20Þ

where Mk is the molar mass of component k and e‘k are the energy levels of the
internal degree of freedom of component k: If one describes the mixture using
molar specific variables the following equivalent expression is more useful

F0; id½T ; c; f� ¼ �mRT ln
e wðT ; fÞ

c NA K3ðT ; fÞ

� �

� RT
Xn

k¼1

mk ln
c

ck

K3ðT Þ
K3

kðT ; fÞ
wkðTÞ

wðT ; fÞ

" #

ð3:21Þ

where c is the total molar density of the mixture,

KðT ; fÞ � �hNA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p=MðfÞRT

p
ð3:22Þ

is the mixture’s thermal de Broglie wavelength, wðT ; fÞ a characteristic sum over
all the internal degrees of freedom of the mixture and

MðfÞ ¼
Xn

k¼1

fkMk ¼ Mn þ
Xn�1

k¼1

fkðMk �MnÞ ð3:23Þ

is the molar mass of the mixture. The exact expression for wðT ; fÞ; as well as
expression for wkðT Þ; is determined by model approximation for the mixture.

The specific Helmholtz energy of a mixture of ideal gases then becomes

f m
0; idðT ; c; fÞ ¼ �RT ln

e wðT; fÞ
c NA K3ðT ; fÞ

� �

�RT
Xn

k¼1

fk ln
1
fk

Mk

MðnÞ

� �3=2
wkðTÞ
wðT; fÞ

" #

ð3:24Þ

Due to the spirit of the one-fluid approach we have to equate the second term to
0: Thus,

f m
0; idðT ; c; fÞ ¼ �RT ln

e wðT; fÞ
c NA K3ðT ; fÞ

� �

ð3:25Þ
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where

wðT ; fÞ � exp
Xn

k¼1

fk ln
wkðTÞ

fk

Mk

MðfÞ

� �3=2
" #

ð3:26Þ

can be considered as a mixing rule for the w: We note that Eq. 3.25 together with
Eq. 3.26 does not impose any assumptions: it is nothing but Eq. 3.24 written with
the help of one-fluid terms.

3.4.3 Homogeneous Helmholtz Energy

To find the homogeneous specific Helmholtz energy f m
0 ðT ; c; fÞ we integrate the

equations of state over the volume at constant temperature and molar fractions of
the components. The integration constant should be chosen such that the specific
Helmholtz energy of the system with a small mixture’s concentration ðc! 0Þ is
equal to the specific Helmholtz energy for a mixture of ideal gases (3.25).

Integrating the equations of state Eqs. 3.15–3.17 and using 3.25, we obtain the
following expression for the homogeneous molar Helmholtz energy2:

f m
0 ðT ; c; fÞ ¼ �RT ln

e

c NA

wðT ; fÞ
K3ðT ; fÞ

1� BðfÞ cð Þ
� �

� AðT ; fÞ c / BðfÞ cð Þ ð3:27Þ

where /ðxÞ has the following expressions, respectively, corresponding to each
equation of state:

/WðxÞ ¼ 1

/SRKðxÞ ¼
1
x

lnð1þ xÞ

/PRðxÞ ¼
1

2
ffiffiffi
2
p 1

x
ln 1þ 2

ffiffiffi
2
p

x

1þ xð1�
ffiffiffi
2
p
Þ

 ! ð3:28Þ

To obtain wðT ; fÞ one has to know wkðT Þ defined in Eq. 3.20. The particular
mixture would imply a particular expressions for wkðT Þ: Again, as the focus of this
thesis is not the homogeneous mixture theory, we neglect any particular depen-
dence of these quantities on the temperature and the molecular structure. For the
exact values we refer to the next chapter where we give the numerical values for
all the parameters.

2 We note, that Eq. 3.27 is the expression for the specific Helmholtz energy of a non-ideal
mixture. This is accounted by using the equation of state of a real mixture, see Sect. 3.4.1. The
reference to an ideal mixture is needed only for the determination of the integration constant.
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3.5 Hydrodynamics of One-Fluid Mixture

The analysis in the above sections defines all the quantities and gives all the
relations we need for the non-equilibrium description. It is a generalization of the
hypothesis of local equilibrium. We will further omit the arguments ðr; tÞ to
simplify the notation.

We can now derive all hydrodynamic equations, using the conservation laws
of matter, momentum and energy. The laws of conservation of mass can be
written as

dq
dt
¼ �qr � v

q
dnk

dt
¼ �r � Jk; k ¼ 1; n� 1

ð3:29Þ

The momentum conservation law, i.e. the equation of motion, can be written as

q
dvb

dt
¼ �oðrab þ pabÞ

oxa
þ qgb ð3:30Þ

where g is the gravitational acceleration. rab the thermodynamic pressure tensor
defined by Eq. 3.7 and pabðr; tÞ the viscous pressure tensor, which still is to be
determined. We assume, that this tensor is symmetric. The thermodynamic pres-
sure tensor and the viscous pressure tensor without subscripts will be indicated by
Sðr; tÞ and Pðr; tÞ; respectively.

The law of energy conservation is (see [13])

q
de

dt
þr � ðJe � q v eÞ ¼ 0 ð3:31Þ

where Je is the total energy flux and the total specific energy e is given by

eðr; tÞ ¼ uðr; tÞ þ sðr; tÞ þ uðrÞ ð3:32Þ

u the gravitational potential field, so that g � �ru: We will assume, that u does
not depend on the time.

We restrict ourself to systems, where the acceleration of the components rel-
ative to each other is small compared to the acceleration of the mixture’s center of
mass. This implies that the kinetic energy of the component’s relative motion is
small compared to the kinetic energy of the mixture’s center of mass motion. This
is true, when the relaxation time of the relative motion is very small. For the
common mixtures which are described by one-fluid approach this is the case. Thus,
the specific kinetic energy is

sðr; tÞ ¼ 1
2

v2ðr; tÞ ð3:33Þ
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From momentum conservation we obtain:

q
ds
dt
¼ �vb

oðrab þ pabÞ
oxa

þ qv � g ð3:34Þ

For the internal energy we get

q
du

dt
¼ �r � eJq � pab vba � rab vba ð3:35Þ

where vba � ovb=oxa and where

eJq � Je � q v e�S � v�P � v ð3:36Þ

is called the total heat flux.
We write the Gibbs relation (3.14) in the form

T q
ds

dt
¼ q

du

dt
�
Xn�1

i¼1

q wi

dni

dt
þ p q

dv

dt
� ðvb � vs

bÞ
ocab

oxa
ð3:37Þ

Using previous equations and performing algebraic transformations we obtain3

q
ds

dt
¼ �r � 1

T
eJq �

Xn�1

k¼1

wk Jk þ ðv� vsÞ � !
 !" #

þ eJq þ ðv� vsÞ � !
� �

� r1
T
�
Xn�1

k¼1

Jk � r
wk

T
� 1

T
pab vba �

1
T

cabravs
b

ð3:38Þ

where ! � cab:

3.5.1 The Energy Fluxes

We follow [13] in the naming the fluxes of energy and heat. In general, the energy
flux Je contains various contributions. It is natural to call it the total energy flux, as
it contains all the possible energy flows by definition

oqe

ot
¼ �r � Je ð3:39Þ

The total energy flux contains the following contributions. One is a co-moving
energy q v e; which represents a convective energy flux. Another term is the
thermodynamic work performed on the system, S � v: For inhomogeneous regions

3 Note that
Pn�1

k¼1 wk Jk ¼
Pn

k¼1 lk Jk and
Pn�1

k¼1 Jk � rðwk=T Þ ¼
Pn

k¼1 Jk � rðlk=T Þ:
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like surface, thermodynamic pressure is a tensor and the corresponding work has
therefore this form. For viscous mixtures there is also a dissipative work P � v
which contributes to the total energy flux. The rest of the energy flow is due to a

heat flow. Thus, it is natural to call the flux eJq defined by Eq. 3.36 a heat flux.
Convective energy flux, thermodynamic work, and viscous work all depend on the
frame of reference. After we deducted all these fluxes from the total energy flux,
the remaining flux is independent on the frame of reference, i.e. Galilean invariant.

It is possible, however, to define another heat flux which would also represent
the flow of a heat. A heat flux J0q is defined in the homogeneous region as

J0q � eJq �
Xn

i¼1

hi Ji ð3:40Þ

where hi is the partial specific enthalpy of component i: One can define it similarly
in the interfacial region as well. We do not introduce this flux here, since we do not
give the explicit expressions for the partial enthalpies in the interfacial region.

All the thermodynamic potentials, such as the internal energy or the chemical
potentials are defined with respect to some reference state. This determines some
thermodynamic state as an absolute state and all the thermodynamic potentials are
measured with respect to this reference state. This is similar to choosing the
particular frame of reference, which has an absolute velocity. Similarly to the
Galilean invariance of the mechanical equations, the thermodynamic relations
must be independent of the reference state.

Both heat fluxes eJq and J0q are Galilean invariant, i.e. independent on the

particular frame of reference. However, the heat flux eJq depends on the choice of
particular reference state, while the heat flux J0q does not. It means that the

essential measure of the heat flow is the flux J0q: It is therefore natural to call J0q the

measurable heat flux, while eJq; by analogy with Je; the total heat flux.
The above definitions of energy fluxes in the interfacial region are straight-

forwardly reduced to the ones in the homogeneous region, and coincide with the
definitions used in [13].

3.6 Two-Dimensional Isotropy of the Surface

Even though the fluid does not have any preferred direction microscopically, we
cannot say that it has a three-dimensional isotropy everywhere, since there are the
mesoscopic directions of the density gradients. The two-phase equilibrium state is
not three-dimensionally isotropic.

A special care should be taken to determine the normal direction to the surface.
With the help of the equilibrium analysis one can obtain distributions of the
equilibrium densities in the interfacial region. It is possible therefore to determine
the equidensity surfaces, i.e. mathematical surfaces, where either density is
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constant, and which are normal to the corresponding density gradient. One may in
principle use the gradients of either of the densities to define a direction normal to
the surface. For the mixture we find it more convenient, however, to define a
normal using the tension field racabðrÞ: We call the surfaces, which are every-
where normal to this vector field, the equitensional surfaces. The thickness of the
interfacial region will be assumed to be much smaller then the radii of curvature of
these equitensional surfaces. Given this assumption the tension vector field in good
approximation does not change its direction through the interface. Thus, it is
possible to speak about the normal vector n on the surface, which is parallel to the
tension vector in this region.

This allows us to speak about the symmetry of the surface. If the surface
curvature is the same in both directions, parallel to the surface, a small surrounding
of the normal through the interfacial region is invariant for any rotations around
and reflections with respect to this normal. Thus we can say, that such a system has
a local two-dimensional isotropy. We shall refer to such a property of the inter-
facial region as the two-dimensional isotropy of the surface. If the two radii of
curvature differ, the surface is not two-dimensionally isotropic anymore. For a
surface which is thin compared to the radii of curvature one can, in a good
approximation, consider it to be two-dimensionally isotropic. We assume this to be
the case for the systems we will consider.

If the system has three-dimensional (3D) isotropy, then coupling occurs only
between forces and fluxes of the same 3D tensorial character. For an interfacial
region, which is two-dimensionally (2D) isotropic, coupling occurs only between
forces and fluxes of the same 2D tensorial character. Thus, phenomenological
coefficients must remain unchanged under rotations and reflections with respect to
the direction normal to the surface. Below we show how one can extract 2D-
isotropic quantities from 3D scalars, vectors and tensors.

We shall use the special notation for the tensorial quantities of different order
and different behavior in this section. Any tensorial quantity is denoted as Qðd rÞ:
Here d indicates the dimensionality of the space, in which the quantity is being
considered, and can be either 3 or 2 here. r indicates the rank of the tensorial
quantity, and can be s for scalar, v for vectorial or t for tensorial quantities. We
refer to Appendix 3.B for the details.

Consider the entropy production, which has a form

rs ¼ Sð3 sÞRð3 sÞ þ V ð3 vÞ �Wð3 vÞ þ T ð3 tÞ : Pð3 tÞ ð3:41Þ

To be able to use the 2D Curie principle [17] one may proceed along the steps,
explained in [13]. To clarify this we shall write this expression as a combination of
independent 2D scalars, vectors and tensors. The details are given in Appendix
3.B, here we will give the results.

One can split the vectorial and tensorial quantities into the normal and parallel
components with respect to the normal vector n on the surface. We use the sub-
scripts ? and k for this quantities. Because of 2D-isotropy of the surface, these
quantities reveal the scalar, vectorial or the tensorial behavior under rotations
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around and reflections with respect to this normal in a 2D space. This will be
indicated by superscripts 2 r as explained above.

Any 3D scalar is also 2D scalar, since it remains invariant under any kind of
coordinate transformations.

Sð3 sÞ ¼ Sð2 sÞ � SðsÞ ð3:42Þ

Any 3D vector V ð3 vÞ can be written as (cf. the notation with Eq. 3.67):

V ð3 vÞ ¼ V
ðsÞ
? ;V

ð2 vÞ
k

� �
ð3:43Þ

Any 3D tensor T ð3 vÞ can be written as (cf. the notation with Eq. 3.70):

T ð3 tÞ ¼
T
ðsÞ
?? T

ð2 vÞ
?k

T
ð2 vÞ
k? T

ð2 tÞ
kk

 !

¼
T
ðsÞ
?? T

ð2 vÞ
?k

T
ð2 vÞ
k?

1
2ðTr T

ð2 tÞ
kk ÞUð2 tÞ þ�T

ð2 tÞ
kk

0

@

1

A ð3:44Þ

Combining these components we obtain for the entropy production

rs ¼ rs; scal þ rs; vect þ rs; tens ð3:45Þ

where

rs; scal ¼ SðsÞRðsÞ þ V
ðsÞ
? W

ðsÞ
? þ T

ðsÞ
??PðsÞ?? þ

1
2

Tr T
ð2 tÞ
kk

� �
Tr Pð2 tÞ

kk

� �

rs; vect ¼ V
ð2 vÞ
k �Wð2 vÞ

k þ T
ð2 vÞ
?k �P

ð2 vÞ
k? þ T

ð2 vÞ
k? �P

ð2 vÞ
?k

rs; tens ¼ �T
ð2 tÞ
kk : �P

ð2 tÞ
kk

ð3:46Þ

The little circle above a 2� 2 tensor like in �T indicates the symmetric traceless
part of this tensor.

The 2D Curie principle tells us that coupling occurs only between quantities of
the same 2D tensorial order.

3.7 The Entropy Production

Comparing Eq. 3.38 with the balance equation for the entropy

q
ds

dt
¼ �r � Js þ rs ð3:47Þ

we conclude, that the entropy flux and the rate of entropy production in the
interfacial region are given by, respectively,
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Js ¼
1
T
eJq �

Xn�1

k¼1

wk Jk þ ðv� vsÞ � !
 !

ð3:48Þ

and

rs ¼ eJq þ ðv� vsÞ � !
� �

� r1
T
�
Xn�1

k¼1

Jk � r
wk

T
� 1

T
pab vba �

1
T

cabravs
b ð3:49Þ

According to the second law rs is non-negative.
Consider the last term in Eq. 3.49. It is the product of the tension tensor cab

which is nonzero only in the interfacial region and the gradient of some velocity
(the factor 1=T is irrelevant for the upcoming arguments). The contribution to the
entropy production from this term moves along with the surface in non-equilib-
rium processes. It is therefore natural to associate vs with a velocity of the surface.4

Each of the terms in Eq. 3.49, except the last one, has a form JX; where both
flux J and force X vanish in equilibrium. In other words, their Taylor expansion in
the powers of perturbation starts from the first order term. Their product therefore
has a Taylor expansion which starts from the second order term. Since rs is non-
negative the coefficient at this second order term must be non-negative.

Now consider the last term in Eq. 3.49. It is the product of a velocity gradient,
which vanishes in equilibrium, and the tension tensor cab; which remains finite in
equilibrium in the interfacial region. The first non-zero term in the Taylor expansion
of this product therefore is proportional to the first order of perturbation. The only
option for this term to be non-negative for any perturbation is to be equal to zero. vs is
therefore equal to some constant. Since any velocity is determined up to the constant
velocity relative to the selected frame of reference, we may conclude, that vs rep-
resents the surface frame of reference. With no loss in generality we may impose

vs ¼ 0 ð3:50Þ

meaning that we choose the surface frame of reference rather then the laboratory
frame of reference. All subsequent analysis is done in the surface frame of reference.

Equations 3.48 and 3.49 in the surface frame of reference become respectively

Js ¼
1
T
eJq �

Xn�1

k¼1

wk Jk þ v � !
 !

ð3:51Þ

and

rs ¼ eJq þ v � !
� �

� r1
T
�
Xn�1

k¼1

Jk � r
wk

T
� 1

T
pab vba ð3:52Þ

4 One could, in fact, do this identification immediately after the introduction of this velocity in
Eq. 3.14. We consider it more convenient to do it here, however.

50 3 Non-Equilibrium Continuous Description



Note, that the expressions for Js and rs in the interfacial region are different from
those given in [13] for homogeneous phase. They however reduce to the homoge-
neous expressions in homogeneous phase. The fundamental difference here is the
presence of the tension tensor ! � cab which is only nonzero in the interfacial region.
This makes the interfacial transport to be essentially different from the bulk one.

We define the heat flux Jq in the surface frame of reference (i.e. taking into
account that vs ¼ 0) as

Jq � eJq þ v � ! ¼ Je � q v e� p v�P � v ð3:53Þ

Away from the interfacial region Jq and eJq coincide. Jq is also the flow of
essentially a heat, which explains its name.

With this definition, the entropy flux and the entropy production become
respectively

Js ¼
1
T

Jq �
Xn�1

k¼1

wk Jk

 !

ð3:54Þ

and

rs ¼ Jq � r
1
T
�
Xn�1

k¼1

Jk � r
wk

T
� 1

T
pab vba ð3:55Þ

which has the same form as in [13]. As we mentioned above, there is a crucial
difference between homogeneous and interfacial expressions, which is hidden
behind this form.

3.8 The Phenomenological Equations

3.8.1 The Force–Flux Relations

Comparing Eq. 3.55 with Eqs. 3.45 and 3.46 we can write the entropy production
for a 2D-isotropic surface as the sum of two-dimensional scalar, vectorial and
tensorial contributions

rs; scal ¼ Jq;?r?
1
T
�
Xn�1

k¼1

Jk;? r?
wk

T
� p??

r?v?
T
�

Tr p kk
2

rk � vk
T

rs; vect ¼ Jq; k � rk
1
T
�
Xn�1

k¼1

Jk;k � rk
wk

T
� ðr?vkÞ �

1
T

pk? � ðrkv?Þ �
1
T

p?k

rs; tens ¼�pkk :
ð �rk vkÞ

T

ð3:56Þ
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Following the common procedure in non-equilibrium thermodynamics, we shall
provide the constitutive force–flux relations, based on the form of the entropy
production (3.56) (and following the sign convention in [2] from Chap. 1).

We distinguish the following scalar forces and fluxes. The thermodynamic
forces are r?ð1=T Þ;�r?ðwi=T Þ;�ðr?v?Þ=T ; and �ðrk � vkÞ=T : The corre-
sponding fluxes are Jq;?; Jk;?; p??; and Tr pkk=2; respectively. The linear force–
flux equations for the scalar force–flux pairs then are

r?
1
T
¼ rqq;??Jq;? þ

_Xn�1

k¼1

rqk;??Jk;? þ rqp;??p??þ rqp;?k
Tr pkk

2

�r?
wi

T
¼ riq;??Jq;? þ

Xn�1

k¼1

rik;??Jk;? þ rip;??p??þ rip;?k
Tr pkk

2

�r?v?
T

¼ rpq;??Jq;? þ
Xn�1

k¼1

rpk;??Jk;?þ rpp;??p??þ rpp;?k
Tr pkk

2

�
rk � vk

T
¼ rpq; k?Jq;? þ

Xn�1

k¼1

rpk; k?Jk;? þ rpp; k?p?? þ rpp; kk
Tr pkk

2

ð3:57Þ

We distinguish the following vectorial forces and fluxes. The thermodynamic
forces are rkð1=T Þ;�rkðwi=T Þ; �ðrkv?Þ=T ; and� ðr?vkÞ=T . The corre-
sponding fluxes are Jq; k; Jk;k; p?k; and pk? respectively. For the vectorial force–
flux pairs we write the phenomenological equations in the following form

Jq; k ¼ ‘qq; kk rk 1
T
�
Pn�1

k¼1
‘qk; kk rkwk

T
� ‘qp; kk

1
T
r?vk � ‘qp; k?

1
T
rkv?

Ji;k ¼ ‘iq; kk rk 1
T
�
Pn�1

k¼1
‘ik; kk rkwk

T
� ‘ip; kk

1
T
r?vk � ‘ip; k?

1
T
rkv?

pk? ¼ ‘pq; kk rk
1
T
�
Xn�1

k¼1

‘pi; kkrk
wk

T
� ‘pp; kk

1
T
r?vk � ‘pp; k?

1
T
rkv?

p?k ¼ ‘pq;?k rk
1
T
�
Xn�1

k¼1

‘pi;?krk
wk

T
� ‘pp;?k

1
T
r?vk � ‘pp;??

1
T
rkv?

ð3:58Þ

We have one tensorial thermodynamic force ð �rk vkÞ=T and the corresponding
flux �pkk: So for the tensorial force–flux pairs the constitutive relations are

�pkk ¼ ‘p
ð �rk vkÞ

T
ð3:59Þ

All the resistivities r and conductivities ‘ are scalars. One can easily invert the
resistivity matrix r and write the corresponding relations for the fluxes using the
conductivities ‘; and vice versa.

52 3 Non-Equilibrium Continuous Description

http://dx.doi.org/10.1007/978-3-642-15266-5_1


For flat surfaces it was found [18] that the resistivities are additive in the normal
direction to the surface while the conductivities are additive in the parallel direction.
We therefore consider it convenient to write the force–flux relations in the above form.

3.8.2 The Phenomenological Coefficients

The Onsager relations for the phenomenological coefficients are the following.

rqk;??
	 


¼ rkq;?? ‘qk; kk
	 


¼ ‘kq; kk
rqp;??
	 


¼ rpq;?? ‘qp; kk
	 


¼ ‘pq; kk
rqp;?k
	 


¼ rpq; k? ‘qp; k?
	 


¼ ‘pq;?k
rik;??
	 


¼ rki;?? ‘ik; kk
	 


¼ ‘ki; kk
rip;??
	 


¼ rpi;?? ‘ip; kk
	 


¼ ‘pi; kk
rip;?k
	 


¼ rpi; k? ‘ip; k?
	 


¼ ‘pi;?k
rpp;?k
	 


¼ rpp; k? ‘pp; k?
	 


¼ ‘pp;?k

ð3:60Þ

As the ordinary Onsager relations, these are the consequence of the microscopic
time reversal invariance.

As usual, the values of the phenomenological coefficients locally will depend
on the local thermodynamic variables. These are the local concentrations, q; n; and
the temperature, T. In the gradient theory the density gradients are also considered
as local thermodynamic variables. In view of this, the phenomenological coeffi-
cients may also depend on the gradients of the densities. The values of the phe-
nomenological coefficients and their functional dependence on the thermodynamic
variables are not given by the mesoscopic theory. They should be either calculated
from statistical mechanical considerations, or from experiments, either real or
computer. While they are well investigated for homogeneous fluids and fluid
mixtures, such data are not available for the surface coefficients of fluid mixtures.

We shall use the following expression for each of the resistivity coefficients

r ¼ rg þ ðr‘ � rgÞ /� /g

/‘ � /g
þ aðr‘ þ rgÞ jr/j2

jr/eqj2max

ð3:61Þ

where rg and r‘ are the resistivities for the coexisting homogeneous bulk phases,
gas and liquid, in the equilibrium state. Here / is the order parameter, typically
this is just the density q or the molar concentration c: /eq is the equilibrium profile
and jr/eqjmax is the maximum value of the gradient of this profile. The first two
terms are just a smooth transition of the resistivity from the value in the one phase
to the value in the other phase. This is the first natural assumption for the resistivity
profile. The origin of the third term comes from the assumption that the resistivity
has a peak in the interfacial region. Particularly one can observe this fact in the
molecular dynamic simulations [19]. The exact form of this term may be debated.

It was chosen to model a rise of the resistivity in the interfacial region. The jr/j2
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factor makes this term significant only in the interfacial region. It is scaled with

jr/eqj2max in order to make this factor dimensionless and not far from unity.

The ðr‘ þ rgÞ factor gives the average value of the resistivity of both phases.
The dimensionless factor a represents the magnitude of this effect at equilibrium.
The homogeneous resistivities rg and r‘ are the known functions of the mass
fraction and the temperature along the plane of coexistence.

For the conductivities used in Eqs. 3.58 and 3.59 one may use expressions
analogous to Eq. 3.61. The conductivities along the surface are expected to be
additive [18]. Thus, it is important to use this equation for the conductivities and
not for the resistivities along the surface. In this respect it is important to note that
a may in principle be negative as long as the corresponding r and L remain
everywhere positive. For the resistivity this would describe an interfacial region
with a lower resistivity and for the conductivities it would describe an interfacial
region with a lower conductivity. We will only consider positive a’s.

3.9 Discussion and Conclusions

In this chapter we have built the framework for the non-equilibrium gradient
model for the surface. This requires the following important steps. With the help of
the equilibrium gradient model for the mixtures, established in the previous
chapter, we were able to extend the thermodynamic description of the interfacial
region to the non-equilibrium case. Explicit expressions for the Gibbs relation and
the pressure tensor were given. We found that compared to homogeneous systems,
the Gibbs relation for the interfacial region contains an additional term, propor-
tional to the divergence of the tension tensor. This tensor plays an important role in
the surface and integration of its perpendicular component gives the surface ten-
sion. Away from the surface this tensor is equal to zero and we have the familiar
Gibbs relation. For a single component system the Gibbs relation in the interfacial
region reduces to the one given by [1].

For the non-equilibrium description we use the standard hydrodynamic equa-
tions for the so-called ‘‘one-fluid’’ model of the fluid. Together with the Gibbs
relation and the balance equation for the entropy density, we were then able to
obtain explicit expressions for the entropy flux and the entropy production not only
in the homogeneous phases but also in the interfacial region. This identifies the
conjugate thermodynamic forces and fluxes in the interfacial region. This made it
possible to give the general force–flux relations in this region. The explicit form of
these equations depends on the symmetry of the system. We discuss why one can
consider a fluid–fluid interface to be two-dimensional isotropic. Due to the Curie
principle, coupling occurs only between two-dimensionally isotropic scalars,
vectors and tensors of the same rank in such a system. The resulting force–flux
relations in the interfacial region are accordingly simplified and given. Interesting
is that the components of the fluxes normal to the surface are scalar and couple
therefore to chemical reactions in the interfacial region. This is related to active
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transport, a phenomenon of great importance. We do not explicitly consider
reacting system in this thesis, but may do this in future. Having all these equations,
the non-equilibrium description of the surface is complete.

We conclude that the description we have given, using an extension of the
square gradient model, will be a useful tool to study many details of the dynamics
of evaporation and condensation in multi-component systems. Non-equilibrium
molecular dynamic simulations of evaporation and condensation could obtain
density, mass fraction and temperature profiles. We expect the comparison of these
profiles with the present model to be very useful. In particular, this will give
insight in the size and possible density, mass fraction and temperature dependence
of the coefficient a: In this manner we expect the model to form a bridge between
the microscopic description using non-equilibrium molecular dynamic simulations
and the discrete macroscopic description using the excess densities introduced by
Gibbs [20]. In Chap. 5 investigate whether the discrete description satisfies the
local equilibrium assumption for an arbitrary choice of the dividing surface, a
property which was verified for one-component systems [2]. This would be a
rather remarkable result, given the fact that the continuous description does not
obey this property. For a systematic development of the non-equilibrium ther-
modynamic description of surfaces this property is essential [21, 22].

3.A On the Extension of the Gibbs Relation to
Non-Equilibrium

For the specific Helmholtz energy the ordinary Gibbs relation in equilibrium was
found to be

dfðT ; v; nÞ ¼ �sðrÞ dT þ
Xn�1

i¼1

wi dniðrÞ � pðrÞ dvðrÞ ð3:62Þ

Spatial Gibbs relations in equilibrium was found to be

rfðrÞ ¼
Xn�1

i¼1

wirniðrÞ � pðrÞrvðrÞ þ vðrÞ
ocabðrÞ

oxa
ð3:63Þ

One may wonder why to use the Gibbs relations for the specific internal energy,
not for the specific Helmholtz energy, to extend them to non-equilibrium analysis.
Following the same procedure, as in Sect. 3.3, we can extend the Gibbs relations
for the specific Helmholtz energy to non-equilibrium in the following way

of ðr; tÞ
ot

¼ �sðr; tÞ oT ðr; tÞ
ot

þ
Xn�1

i¼1

wiðr; tÞ
oniðr; tÞ

ot
� pðr; tÞ ovðr; tÞ

ot
ð3:64Þ
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rf ðr; tÞ ¼
Xn�1

i¼1

wiðr; tÞrniðr; tÞ � pðr; tÞrvðr; tÞ þ vðr; tÞ
ocabðr; tÞ

oxa
ð3:65Þ

For the ordinary Gibbs relations, like in homogeneous description, there is no
preference in the thermodynamic potential. Provided Eq. 3.6, equilibrium ordinary
Gibbs relations Eqs. 3.9 and 3.62 are equivalent. The non-equilibrium relation
between these potentials

uðr; tÞ ¼ f ðr; tÞ þ sðr; tÞT ðr; tÞ ð3:66Þ

makes non-equilibrium ordinary Gibbs relations (3.11) and (3.64) to be equivalent
as well.

The situation is different for the spatial Gibbs relations, however. Provided
Eq. 3.6, equilibrium spatial Gibbs relations Eqs. 3.10 and 3.63 are equivalent. The
non-equilibrium relation Eq. 3.66 between these potentials makes, however, non-
equilibrium spatial Gibbs relations (3.12) and (3.65) to be not equivalent. The
reason for that is that the equilibrium spatial Gibbs relation for the specific
Helmholtz energy, as given in Eq. 3.63, does not contain the term, proportional to
rT ; since rT ¼ 0 in equilibrium. In non-equilibrium rT ðr; tÞ 6¼ 0 and, as one
can see from Eqs. 3.12 and 3.66, rfðr; tÞ contains such a term.

We see, that the Gibbs relations for the specific internal energy describe the
system more adequately since they do not suffer from the unaccounted effect of
possible temperature changes. Because of this reason we should use the Gibbs
relations for the specific internal energy, not the specific Helmholtz energy, to
extend them to non-equilibrium. Of course, this does not make the internal energy
to be somehow preferred thermodynamic potential in non-equilibrium. If one does
not disregards terms with rT or others which are zero in equilibrium, one will see
the fully equivalence between all the thermodynamic potentials, as it should be.

3.B Two-Dimensional Isotropic Components in the
3D Tensorial Quantities

As in Sect. 3.6 we shall use the special notation for the tensorial quantities of
different order and different behavior in this section. Any tensorial quantity is
denoted as Qðd rÞ: Here d indicates the dimensionality of the space, in which the
quantity is being considered, and can be either 3 or 2 here. r indicates the rank of
the tensorial quantity, and can be s for scalar, v for vectorial or t for tensorial
quantities. For example, Qð2 tÞ indicates the two-dimensional tensor, i.e. the

quantity
q11 q12

q21 q22

� �

; where qij are numbers, and Qð3 vÞ indicates the three-

dimensional vector, i.e. the quantity ðq1; q2; q3Þ; where qi are numbers. Scalars are
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the numbers irrespectively of the dimensionality of the space, so they will be
denoted simply by QðsÞ:

Some quantities reveal the tensorial behavior of a some rank in d-dimensional
space only under some specified transformations, while in general they do not. In
this section we are interested only in rotations around and reflections with respect
to some constant vector Nð3 vÞ in three-dimensional space. We will denote quan-
tities which reveal the tensorial behavior of rank r under these transformations by
Qðd r NÞ:

We show how in presence of the constant vector Nð3 vÞ one can split the ten-
sorial quantity Qð3 rÞ into a combination of the tensorial quantities Qð2 r NÞ: Without
loss of generality we will assume that Nð3 vÞ ¼ ð1; 0; 0Þ:

From 3D vector V ð3 vÞ one can construct the following quantities, which are
linear in V ð3 vÞ: one scalar quantity

V ðs NÞ � V ð3 vÞ �Nð3 vÞ ¼ V
ð3 vÞ
1

and one vectorial quantity

V ð3 vNÞ � V ð3 vÞ � V ðsNÞNð3 vÞ ¼ 0;V ð3 vÞ
2 ;V

ð3 vÞ
3

� �

which is perpendicular to the Nð3 vÞ: Denoting V ð2 vNÞ � ðV ð3 vÞ
2 ;V

ð3 vÞ
3 Þ we can

write that V ð3 vNÞ ¼ ð0;V ð2 v NÞÞ: Thus,

V ð3 vÞ ¼ V ðsNÞNð3 vÞ þ V ð3 vNÞ ¼ ðV ðsNÞ;V ð2 vNÞÞ ð3:67Þ

From 3D tensor T ð3 tÞ one can construct the following quantities, which are
linear in T ð3 tÞ: 2 scalar quantity,

T
ðsÞ
0 � Tr T ð3 tÞ ¼ T

ð3 tÞ
11 þ T

ð3 tÞ
22 þ T

ð3 tÞ
33

and

T
ðsNÞ
1 � Nð3 vÞ � T ð3 tÞ � Nð3 vÞ ¼ T

ð3 tÞ
11

two vectorial quantities

T
ð3 vNÞ
l � Nð3 vÞ � T ð3 tÞ � T

ðsNÞ
1 Nð3 vÞ ¼ 0; T ð3 tÞ

12 ; T
ð3 tÞ
13

� �

and

T ð3 vNÞ
r � T ð3 tÞ �Nð3 vÞ � T

ðsNÞ
1 Nð3 vÞ ¼ 0; T ð3 tÞ

21 ; T
ð3 tÞ
31

� �

(which are equal, if T ð3 tÞ is symmetric); and tensorial quantity
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T ð3 tNÞ � T ð3 tÞ � T
s N

1 Nð3 vÞNð3 vÞ � T
ð3 vNÞ
l Nð3 vÞ � Nð3 vÞT ð3 v NÞ

r

¼
0 0 0

0 T
ð3 tÞ
22 T

ð3 tÞ
23

0 T
ð3 tÞ
32 T

ð3 tÞ
33

0

B
@

1

C
A

Denoting

T
ð2 v NÞ
l � T

ð3 tÞ
12 ; T

ð3 tÞ
13

� �
T ð2 t NÞ �

T
ð3 tÞ
22 T

ð3 tÞ
23

T
ð3 tÞ
32 T

ð3 tÞ
33

 !

T ð2 v NÞ
r � T

ð3 tÞ
21 ; T

ð3 tÞ
31

� �

we can write that

T
ð3 vNÞ
l ¼ 0; T ð2 v NÞ

l

� �
T ð3 tNÞ ¼

0 0

0 T ð2 t NÞ

� �

T ð3 vNÞ
r ¼ 0; T ð2 v NÞ

r

� �

Thus5

T ð3 tÞ ¼ T
ðsNÞ
1 Nð3 vÞNð3 vÞ þ T

ð3 vNÞ
l Nð3 vÞ þ Nð3 vÞT ð3 v NÞ

r þ T ð3 tNÞ

¼
T
ðsNÞ
1 T

ð2 v NÞ
l

T
ð2 vNÞ
r T ð2 tNÞ

 !

ð3:68Þ

Tensor T ð2 tNÞ still contains the scalar part

T
ðsNÞ
2 � Tr T ð2 tNÞ ¼ T

ð3 tÞ
22 þ T

ð3 tÞ
33

which obeys the relation

T
ðsÞ
0 ¼ T

ðsNÞ
1 þ T

ðs NÞ
2 ð3:69Þ

Two of these three scalar quantities are linearly independent, and one can use
any pair. Since we want to reduce all the quantities to the form Qð2 rNÞ we will use

T
ðsNÞ
1 and T

ðsNÞ
2 as independent pair. Introducing the traceless tensor

�T
ð2 tNÞ � T ð2 t NÞ � 1

2
T
ðsNÞ
2 Uð2 tÞ ¼ T

ð3 tÞ
22 � 1

2T
ðsNÞ
2 T

ð3 tÞ
23

T
ð3 tÞ
32 T

ð3 tÞ
33 � 1

2T
ðsNÞ
2

 !

and

5 Note, that if the product of two tensorial quantities of rank r [ 0 is written without �; it means
that this is the product, not the internal product.
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�T
ð3 t NÞ � T ð3 t NÞ � 1

2
T
ðsNÞ
2 Uð3 t NÞ ¼ 0 0

0 �T
ð2 tNÞ

� �

where

Uð2 tÞ � 1 0
0 1

� �

Uð3 tNÞ � 0 0
0 Uð2 tÞ

� �

we can write a 3D tensor as

T ð3 tÞ ¼ T
ðsNÞ
1 Nð3 vÞNð3 vÞ þ 1

2
T
ðsNÞ
2 Uð3 tNÞ þ�T

ð3 tNÞ

þ T
ð3 vNÞ
l Nð3 vÞ þ Nð3 vÞT ð3 v NÞ

r

¼
T
ðsNÞ
1 T

ð2 v NÞ
l

T
ð2 vNÞ
r

1
2T
ðs NÞ
2 Uð2 tÞ þ�T

ð2 tNÞ

 !

ð3:70Þ
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Chapter 4
Numerical Solution for the
Binary Mixture

4.1 Introduction

In previous chapters, we have established the square gradient description of the
interface between two phases in non-equilibrium mixtures. We considered tem-
perature, density and mass fraction gradients; heat and diffusion fluxes as well as
evaporation or condensation fluxes through the interface. In this chapter we apply
this analysis to a particular binary mixture. We then solve the derived equations
numerically. In this chapter we give the description of the numerical procedure and
the profiles of various thermodynamic quantities.

To obtain the numerical solution we have to imply a number of assumptions
about the system’s behavior, geometry and conditions. The system is considered to
be in a stationary state. The numerical analysis of stationary states is a natural first
step, as the numerical analysis of non-stationary states is much more involved. We
consider a flat interface between a binary liquid and it’s vapor with the normal
n ¼ ð1; 0; 0Þ pointing from the vapor to the liquid. We choose all fluxes and
gradients to be in the x-direction. Due to this, all variables depend only on the
x-coordinate. We choose the system such that the gas is on the left hand side and
the liquid is on the right hand side. The x-axis is directed from left to right and the
gravitational acceleration g is directed towards the liquid. To simplify the analysis
we assume the fluid to be non-viscous, so that the viscous pressure tensor
pab ¼ 0: Neither the parallel nor the normal hydrostatic pressure are assumed to be
constant.

For all the quantities except the measurable heat flux J 0q; the prime 0 symbol
indicates the derivative with respect to position x:

In Sect. 4.2 we give the complete set of equations, which are required for the
determination of the various profiles in stationary states of the system. We shall
give the various thermodynamic densities which follow from the van der Waals
equation of state and the gradient terms to be added in the interfacial region. In
Sect. 4.3 we describe the numerical procedure which has been used to solve
these equations. The numerical solution is calculated between two points where

K. Glavatskiy, Multicomponent Interfacial Transport, Springer Theses,
DOI: 10.1007/978-3-642-15266-5_4, � Springer-Verlag Berlin Heidelberg 2011
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boundary conditions are given. The region between these two points we refer to as
the box. In Sect. 4.4 we specify the input data for the chosen mixture. We use
cyclohexane and n-hexane as components. We give the profiles of different
thermodynamic quantities under various conditions in Sect. 4.5.

Parts of this chapter have been published in [1, 2]: � The American Physical
Society.

4.2 Complete Set of Equations

4.2.1 Conservation Equations

In a stationary state the conservation equations take the following form. The law of
mass conservation for the components gives

d

dx
q vð Þ ¼ 0

d

dx
J1 þ q n vð Þ ¼ 0

ð4:1Þ

where q ¼ q1 þ q2 and v ¼ ðq1v1 þ q2v2Þ=q are the mass density and the bary-
centric (center of mass) velocity. Furthermore, n ¼ q1=q is the mass fraction of the
first component and J1 ¼ q1ðv1 � vÞ ¼ qnðv1 � vÞ is the diffusion flux of the first
component relative to the barycentric frame of reference. The diffusion flux of the
second component is J2 ¼ q2ðv2 � vÞ ¼ �J1: Momentum conservation is given
by

d

dx
q v2 þ pþ cxx

� �
¼ q g ð4:2Þ

where cxx is the normal component of the thermodynamic tension tensor, which
will be given below. Furthermore, p and pþ cxx are the pressures parallel and
perpendicular to the interface, for the planar interface under consideration. Energy
conservation is given by

d

dx
Je ¼ 0 ð4:3Þ

where Je � Jq þ q e vþ p v is the total energy flux, Jq the heat flux, and
e ¼ uþ v2=2� g x the total specific energy and u the specific internal energy.

4.2.2 Thermodynamic Equations

The square gradient model, discussed in the previous chapters, gives the following
expressions for the specific Helmholtz energy f ; the specific internal energy u; the
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parallel pressure p; the chemical potential difference w � l1 � l2; the chemical
potential of the second component l � l2 and the xx-element of the tension tensor
cxx:

fðxÞ ¼ f0ðT ; q; nÞ þ Kðq; n; q 0; n 0Þ

uðxÞ ¼ f0ðT ; q; nÞ � T
o

oT
f0ðT ; q; nÞ þ Kðq; n; q 0; n 0Þ

pðxÞ ¼ q2 o

oq
f0ðT ; q; nÞ þ Kðq; n; q 0; n 0Þð Þ � q

d

dx
q

o

oq 0
Kðq; n; q 0; n 0Þ

� �

wðxÞ ¼ o

on
f0ðT ; q; nÞ þ Kðq; n; q 0; n 0Þð Þ � 1

q
d

dx
q

o

on 0
Kðq; n; q 0; n 0Þ

� �

lðxÞ ¼ o

oq
q f0ðT ; q; nÞ þ Kðq; n; q 0; n 0Þð Þð Þ � d

dx
q

o

oq0
Kðq; n; q 0; n 0Þ

� �

� wðxÞn

sðxÞ ¼ � o

oT
f0ðT ;q; nÞ

cxxðxÞ ¼ 2 qKðq; n; q 0; n 0Þ
ð4:4Þ

Here f0ðT ; q; nÞ ¼ f m
0 ðT ; c; fÞ=MðfÞ is the specific Helmholtz energy of the

homogeneous phase (see Sect. 4.2.3), which can for instance be derived from
the equation of state. Furthermore, Kðq; n; q 0; n 0Þ is the gradient contribution
(see Sect. 4.2.4). Since the equation of state is usually given in molar quantities,
it is convenient to use them here as well. Thus, c ¼ q=M is the molar concen-
tration, f ¼ nM=M1 is the molar fraction of the first component, where
M ¼ M1M2=ðM1 þ nðM2 �M1ÞÞ ¼ M2 þ fðM1 �M2Þ is the molar mass of the
mixture, and M1 and M2 are molar masses of each component.

4.2.3 The Helmholtz Energy of a Homogeneous System

This energy is given by the following equation

f m
0 ðT ; c; fÞ ¼ �RT ln

e

cNA

wðT; fÞ
K3ðT ; fÞ

1� BðfÞ cð Þ
� �

� AðT ; fÞ c ð4:5Þ

where the de Broglie wavelength K and the characteristic sum over internal
degrees of freedom w are respectively:

KðT ; fÞ ¼ �h NA

2p
M R T

� �1=2

wðT ; fÞ ¼ w1

f
M1

M

� �3=2
 !f

w2

1� f
M2

M

� �3=2
 !1�f ð4:6Þ
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Expressions for the characteristic sums over internal degrees of freedom for each
component, w1 and w2; are given in Chap. 3. In this thesis they are assumed to be
independent of the temperature and the molar fractions as well as the particular
internal molecular structure, i.e. just constant numbers. Equation 4.5 together with
Eq. 4.6 follow from the van der Waals equation of state.

The mixing rules for A and B are

AðT ; fÞ ¼ a11f
2 þ 2 a12fð1� fÞ þ a22ð1� fÞ2

BðfÞ ¼ b1fþ b2ð1� fÞ
ð4:7Þ

with aij ¼
ffiffiffiffiffiffiffiffiffi
ai aj
p

; where ai as well as bi is a coefficient of a pure component i: We
will assume in this thesis that all aij and bi are independent of temperature.

4.2.4 The Gradient Contribution

This contribution is given by the following general expression for a binary mixture

Kðq; n; q0; n0Þ � 1
2 q

jqqðq; nÞq02 þ 2 jqnðq; nÞq0n0 þ Knnðq; nÞn02
� �

ð4:8Þ

The coefficients jqq; jqn and jnn can be expressed in the gradient coefficients jq1q1

and jq2q2
for components 1 and 2 in the following way (see Sect. 2.5 for details)

jqqðq; nÞ ¼ ðjq1q1
� 2 jq1q2

þ jq2q2
Þn2 þ 2ðjq1q2

� jq2q2
Þnþ jq2q2

jqnðq; nÞ ¼ ðjq1q1
� 2 jq1q2

þ jq2q2
Þqnþ ðjq1q2

� jq2q2
Þq

jnnðq; nÞ ¼ ðjq1q1
� 2 jq1q2

þ jq2q2
Þq2

ð4:9Þ

where for the cross coefficient we use the mixing rule jq1q2
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jq1q1
jq2q2

p
similar

to the one for coefficients aij: We will further assume jqiqj
to be independent of the

densities.
With the above mixing rules the gradient contribution can be written in the form

Kðq; n; q 0; n 0Þ � j q 02

2 q
ð4:10Þ

where

j � jq2q2

q � qð1þ em
j nÞ

em
j � ej �

ffiffiffiffiffiffiffiffiffiffi
jq1q1

jq2q2

r

� 1

ð4:11Þ

Some of the quantities from Eq. 4.4 can be rewritten as
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pðxÞ ¼ p0 � j
1
2
q 0

2 þ q q 00
� �

lðxÞ ¼ l0 � j q 00

wðxÞ ¼ w0 � ej j q 00

ð4:12Þ

where p0; l0 and w0 are values of the corresponding quantities in the homogeneous
phase, which are found from Eq. 4.4 by setting K ¼ 0: For a one-component fluid
q equals the density. For the two-component mixture q plays a similar role as the
density for the one-component fluid. We shall therefore refer to q as the order
parameter.

For the surface tension of the flat interface one may show, using Eqs. 4.10 and
4.4, that in equilibrium

ceq �
Z

dx cxx; eqðxÞ ¼ j
Z

dx q 0eq
2 ð4:13Þ

It follows that jqiqi
is proportional to the surface tension ceq; i of the pure com-

ponent i: It follows therefore that as estimate for ej one may use the relation

ej ’
ffiffiffiffiffi
c1

c2

r

� 1 ð4:14Þ

In an organic mixture like cyclohexane and n-hexane, a mixture we will study in
more detail in this thesis, the components are very similar and as a consequence
jejj is small, as one can see from Eq. 4.14. The order parameter is then in good
approximation equal to the density. When the components are very different ejj j
may be large and q may become in good approximation equal to the density of one
of the components.

4.2.5 Phenomenological Equations

In the previous chapter we derived the general expression for the entropy pro-
duction of a mixture in the interfacial region. For a binary mixture which has only
gradients and fluxes in the x-direction, it takes, neglecting the viscous contribution,
the following form

rs ¼ Jq

d

dx

1
T
� J1

d

dx

w
T

ð4:15Þ

where we used that J2 ¼ �J1: The resulting linear force–flux relations are:

d

dx

1
T
¼ rqq Jq þ rq1J1

� d

dx

w
T
¼ r1q Jq þ r11J1

ð4:16Þ
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The resistivity coefficients rqq; r11 and rq1 ¼ r1q will in general depend on the
densities, their gradients as well as on the temperature, so they vary through
the interface. Expressions for the resistivity profiles in the interfacial
region are not available. We model them, using the bulk values as the limiting
value away from the surface and the order parameter profile as a modulatory
curve

rqqðxÞ ¼ rg
qq þ ðr‘qq � rg

qqÞ q0ðxÞ þ aqqðr‘qq þ rg
qqÞ q1ðxÞ

rq1ðxÞ ¼ r
g

q1 þ ðr‘q1 � r
g

q1Þ q0ðxÞ þ aq1ðr‘q1 þ r
g

q1Þ q1ðxÞ

r11ðxÞ ¼ r
g
11 þ ðr‘11 � r

g
11Þ q0ðxÞ þ a11ðr‘11 þ r

g
11Þ q1ðxÞ

ð4:17Þ

where

q0ðxÞ �
qðxÞ � qg

eq

q‘eq � q
g
eq
; q1ðxÞ �

jq 0ðxÞj2

jq0eqðxÞj
2
max

ð4:18Þ

are modulatory curves for resistivity profiles. Here qg
eq and q‘eq are the equilibrium

coexistence values of the order parameter of the gas and liquid, respectively.

Furthermore, jq 0eqðxÞj
2
max is the maximum value of the squared equilibrium order

parameter gradient. For each resistivity profile rg and r‘ are the equilibrium
coexistence resistivities of the gas and liquid phase, respectively. Coefficients
aqq; aq1; a11 control the size of the gradient term, which gives peaks in the resis-
tivity profiles in the interfacial region. Such a peak is observed in molecular
dynamic simulations of one-component fluids [3].

Limiting coefficients rb (where b is either g or ‘) are related to measurable
transport coefficients in the bulk phases: thermal conductivity kb; diffusion coef-
ficient Db and Soret coefficient sb

T : In the description of transport in the
homogeneous phases it is convenient to use measurable heat fluxes

J 0bq ¼ Jb
q � Jb

1 ðhb
1 � hb

2Þ ð4:19Þ

where hb
i is a partial specific enthalpy of component i in phase b (cf. Eq. 3.40).

Furthermore, we used that Jb
2 ¼ �Jb

1 : In the homogeneous phases the entropy
production then takes the following form:

rs ¼ J 0q
d

dx

1
T
� J1

1
T

dwT

dx
ð4:20Þ

where we have suppressed the superscript b for now. The subscript T of w indi-
cates that the gradient is calculated keeping the temperature constant. Using the
Gibbs–Duhem relation in a homogeneous phase at a constant pressure one can
show that
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dwT

dx
¼ ol1

on
1

ð1� nÞ
dn
dx

ð4:21Þ

After introducing measurable transport coefficients, the force–flux relations
derived from Eq. 4.20 can be written in a form used in [1, p. 276]:

J 0q ¼ �k
dT

dx
� qn

ol1

on
T D sT

dn
dx

J1 ¼ �qnð1� nÞDsT

dT

dx
� qD

dn
dx

ð4:22Þ

Comparing Eqs. 4.16 and 4.22 in the homogeneous region we find the values of
resistivity coefficients in the bulk phase

rqq ¼
1

L T 2

Dq
wn

rq1 ¼ r1q ¼ �
1

L T 2

Dq
wn
ðh1 � h2Þ þDsT q nð1� nÞT

� �

r11 ¼
1

L T 2

Dq
wn
ðh1 � h2Þ2 þD sT q nð1� nÞT ðh1 � h2Þ þ kT

� �

ð4:23Þ

where wn � ðow=onÞ; L � ðkDq=wnÞ � ðDsT qnð1� nÞÞ2T : All the quantities in
Eq. 4.23 are taken in the specified bulk phase, either gas or liquid.

4.3 Solution Procedure

The numerical procedure is similar to the one, described in [4], however it has
some differences. We will describe the special features below. We use the Matlab
procedure bvp4c [5] to solve the stationary boundary value problem. This
requires a reasonable initial guess as well as boundary conditions. First, we
obtain the equilibrium profile, and then we use it as the initial guess for the non-
equilibrium problem. We use a box of width 80 nm with the grid containing of
81 equidistant points.

4.3.1 Equilibrium Profile

It is easier to describe equilibrium properties of the mixture using molar quantities.
Everywhere in this section we will do this. The superscript m indicates a molar
quantity. The total molar concentration and molar fraction of the first component
are denoted by c and f; respectively.
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Equilibrium coexistence is determined by the following system of equations

lm
eq ¼ lm

0ðTeq; c
g
eq; f

g
eqÞ ¼ lm

0ðTeq; c
‘
eq; f

‘
eqÞ

wm
eq ¼ wm

0ðTeq; c
g
eq; f

g
eqÞ ¼ wm

0ðTeq; c
‘
eq; f

‘
eqÞ

peq ¼ p0ðTeq; c
g
eq; f

g
eqÞ ¼ p0ðTeq; c

‘
eq; f

‘
eqÞ

ð4:24Þ

where wm
0 ¼ ðof m

0=ofÞ; lm
0 ¼ f m

0 þ cðof m
0=ocÞ � wm

0 f and p0 ¼ c2ðof m
0=ocÞ are

chemical potentials and pressure of the homogeneous phases. cg
eq; f

g
eq and c‘eq; f

‘
eq

are the coexistence concentration and molar fraction of the gas and the liquid
phase, respectively.

Having six equations (4.24) and eight unknowns cg
eq; f

g
eq; c

‘
eq; f

‘
eq;w

m
eq;l

m
eq;

peq; Teq; two of the unknowns are free parameters. Indeed, the phase rule says that
for a two component binary mixture two parameters need to be specified. The
temperature and the pressure are experimentally a convenient choice. We have
found, however, that it is more convenient to control Teq and wm

eq in the calcula-

tions. This is because wm
eq changes monotonically with fg

eq or f‘eq; and it is therefore
a good measure of the composition. Since wm ¼ lm

1 � lm
2; the value of wm also

reflects the difference in the composition of the mixture.
To obtain the equilibrium profiles ceqðxÞ and feqðxÞ one needs to solve a system

of two differential equations

lm
eq ¼ lm

0ðc; fÞ � jmðqmÞ00

wm
eq ¼ wm

0ðc; fÞ � em
jj

mðqmÞ00
ð4:25Þ

which follow from Eq. 4.12 in equilibrium. Here

qm ¼ cð1þ em
jfÞ ¼ qM2

jm ¼ j M2
2

em
j ¼ ð1þ ejÞðM1=M2Þ � 1

ð4:26Þ

where M1 and M2 are the molar masses of the components. The system of
equations (4.25) is, in fact, singular, since coefficients of the higher derivatives
differ by a constant factor. Thus, we can deduce one algebraic equation instead of a
differential one

wm
0ðc; fÞ � em

j lm
0ðc; fÞ ¼ wm

eq � em
j lm

eq ð4:27Þ

The bvp4c procedure takes only differential equations, so we have to transform
Eq. 4.27 to a differential one. This can be done easily by taking the derivative of
both sides. After some transformations, we get the following equation set

ðqmÞ00 ¼ 1
jm

lm
0ðc; fÞ � lm

� �

f0 ¼ �ðqmÞ0 ð1þ em
j fÞ

wm
0 f � em

j lm
0 f

wm
0 c � em

j lm
0 c

� em
j q

1þ em
j f

� ��1 ð4:28Þ
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where subscripts f or c mean partial derivative of the corresponding quantity with
respect to f or c: This is a system of three first order differential equations for three
variables f; qm and ðqmÞ0; which requires three boundary conditions. One of them is
Eq. 4.27 taken on one of the boundaries, which simply determines the integration
constant for the second differential equation. The other two are ðqmÞ0ðxgÞ ¼ 0 and
ðqmÞ0ðx‘Þ ¼ 0; which indicates the fact, that box boundaries, xg and x‘; are in the
homogeneous region.

The numerical procedure allows the variables to take any value. However, not
all the values are allowed physically. For instance, the mole fraction f is bounded
in the interval ð0; 1Þ and the molar concentration is bounded in the interval
ð0; B�1Þ; where B is given in Eq. 4.7. In order to avoid out-of-range problems, we
use the function which safely maps a unit interval to real axes:

u2rðuÞ � arcsinð2u� 1Þ

u2r 0ðu; u 0Þ � d

dx
u2rðuÞ ¼ u 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� u2
p

ð4:29Þ

In order to translate real values back to the unit interval we use the inverse
functions

r2uðrÞ � sinðrÞ þ 1
2

r2u 0ðr; r 0Þ � d

dx
r2uðrÞ ¼ r 0 cosðrÞ

2

ð4:30Þ

Particularly, the actual variables, which we provide to the bvp4c procedure are

Y1 ¼ u2rðfÞ
Y2 ¼ u2rðqm=qm

1Þ
Y3 ¼ u2r 0ðqm=qm

1; ðqmÞ0=qm
1Þ

ð4:31Þ

where qm
1 � minð1=b1; 1=b2Þmaxð1; jem

jjÞ is the limiting value for qm:

4.3.2 Non-Equilibrium Profile

In this section we continue to use mass specific quantities. The equilibrium
solution found in previous section is translated from molar to mass specific units
and is fed as an initial guess to the non-equilibrium solver.

Non-equilibrium conditions are implemented by changing temperature or
pressure from their equilibrium values. This results in mass and heat fluxes through
the interface. The amount of matter will then change in the gas and liquid phase.
We will put the system in such conditions, that the total contents of the box is
constant and equal to the equilibrium contents. It means, that if some amount of
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liquid has been evaporated, the same amount of gas is condensed externally and
put back into the liquid phase.

We introduce the overall mass mðxÞ �
R x

xg dy qðyÞ and the mass of the first
component mnðxÞ �

R x

xg dy qðyÞnðyÞ; which obey the following equations by
definition

m0ðxÞ ¼ qðxÞ
m0nðxÞ ¼ qðxÞ nðxÞ

ð4:32Þ

We introduce the overall mass flux Jm; the mass flux of the first component Jn; the
energy flux Je and the ‘‘pressure‘‘ flux Jp:

Jm � qv

Jn � J1 þ nJm

Je � Jq þ Jm u0 þ
1
2

Jm

q

� �2

þ1
q

p? �
1
2
j q 0

2
� �

� g x

 !

Jp � p? þ
J2

m

q
�mg

ð4:33Þ

where p?ðxÞ � pðxÞ þ jq 02: From Sect. 4.2.1 one can see, that all these fluxes are
constant.

From Eq. 4.12 we obtain

jq 00 ¼ 1
q

p0 � p? þ
1
2
q 0

2
� �

jq 00 ¼ 1
ej

w0 � wð Þ
ð4:34Þ

As in Eq. 4.25 we have a singular set which leads to the algebraic equation

w0 � w� ej

q
p0 � p? þ

1
2
q 0

2
� �

¼ 0 ð4:35Þ

Taking derivative of this equation with respect to the coordinate we obtain the
expression for the first derivative of the fraction

n 0 ¼
w 0 � ðw0j

0
n�ðp0 � p?Þj0n ðej=qÞÞ

w0n � ðp0 � p?Þn ðejqÞ
ð4:36Þ

where /n � ðo/=onÞ and /j0n� / 0 � /n n 0 ¼ /qq
0 þ /T T 0 for any /: The

expressions for w0; T 0 and q 0 are taken from Eqs. 4.16 and 4.34. The expressions
for p0; w0; as well as w0 T ; w0 q and w0 n can be derived from Eq. 4.5 using standard

formulas. Furthermore, p?n ¼ �J2
m ej=q and p?j0n¼ ðg qþ q 0J2

m=q
2Þ=ð1þ ejnÞ:
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As a consequence we have 7 unknown variables, q; q 0; m; mn; n; T ; w and
4 unknown fluxes Jm; Jn; Je; Jp: This requires 7 first order differential equations
and 11 boundary conditions (7 of them determine integration constants of differ-
ential equations and 4 of them determine constant fluxes). As differential equations
we use Eqs. 4.32, 4.16 (together with Eqs. 4.17 and 4.23), one of Eqs. 4.34, and
4.36. As boundary conditions we use the following.

The first boundary condition is Eq. 4.35 taken on one of the boundaries, which
simply determine the integration constant for Eq. 4.36. The four other conditions
control the overall content of the box (particularly, it is the same as in equilibrium)

mðxgÞ ¼ 0

mnðxgÞ ¼ 0

mðx‘Þ ¼ meq

mnðx‘Þ ¼ mn; eq

ð4:37Þ

Here meq and mn; eq are the equilibrium values of the total overall mass and the
total mass of the first component in the whole box.

The two more conditions are

q 0ðxgÞ ¼ 0

q 0ðx‘Þ ¼ 0
ð4:38Þ

which indicate the fact, that box boundaries are in the homogeneous region. In
contrast to the equilibrium case, the density in the non-equilibrium homogeneous
region may vary with coordinate. q0 may therefore differ from zero on the
boundaries, and, in fact, it does. The value of the q0 in the homogeneous region is,
however, small, comparing to the value in the interfacial region, so we may neglect
it and use such approximation. This will lead to the wrong profile behavior only in
the small vicinity on the boundary, which we will exclude from the further
analysis.

The choice of the four last boundary conditions should preferably reflect the
conditions of a possible experiment. For instance, we may control the temperatures
on both sides of the box, the pressure on the vapor side and the fraction on the
liquid side.

T ðxgÞ ¼ Tg

T ðx‘Þ ¼ T ‘

p?ðxgÞ ¼ pg

nðx‘Þ ¼ n‘

ð4:39Þ

To solve these equations numerically we use the same techniques as in the
equilibrium case. All the variables should be properly scaled in order to make them
to be the same order of magnitude. This balances the numerical residual and gives
better solution result. We use the following variables
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Y1 ¼ u2rðnÞ
Y2 ¼ u2rðq=q1Þ
Y3 ¼ u2r 0ðq=q1; q 0=q1Þ
Y4 ¼ m=ðx�q�Þ
Y5 ¼ mn=ðx�q�Þ
Y6 ¼ T �=T

Y7 ¼ ðw=T ÞðT �=w�Þ

ð4:40Þ

where u2r is defined in Eq. 4.29, q1 � qm
1=M2 and scaling parameters x� �

x‘ � xg; T � � Teq; w� � weq; q� � peq=weq:

4.4 Data Input

We choose a mixture of cyclohexane (component 1) and n-hexane (component 2)
and give below some of their properties relevant for our calculation. We note, that
among them only the molar masses have been measured exactly. There are number
of problems to obtain the values of other material properties. We determined, for
instance, the two van der Waals coefficients of the pure components using critical
temperatures and pressures1 of these components. As a consequence the critical
volume of each of the components in our description differs substantially from the
experimental value. For the mixture, the van der Waals coefficients were then
found using the mixing rules Eq. 4.7. We use the values of the molar mass and the
van der Waals coefficients given in Table 4.1.

As we mentioned in Chap. 3 we do not focus on the particular internal structure
of the molecules. We therefore choose the wk to be equal 1E+4 for each of the
component. The particular value is not important as it appears under ln operation,
and being the same for both components, basically scales the Universal gas con-
stant R:

As the basis for the numerical study we consider the liquid–vapor coexistence
at Teq ¼ 330 K and wm

eq ¼ 700 J=mol. The equilibrium state is calculated at this

Table 4.1 The molar mass and the van der Waals coefficients of cyclohexane (1) and
n-hexane (2)

Component M ð�10�3 kg=mol) a ðJm3=mol2Þ b ð�10�5 m3=molÞ
1 84.162 2.195 14.13
2 86.178 2.495 17.52

1 In this we follow the example of the Handbook of Chemistry and Physics [6] rather than Refs.
[4, 7] where Tc and vc were used.
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condition. Non-equilibrium states are created by perturbing the system from this
equilibrium state.

Transport coefficients of homogeneous fluids depend on temperature and den-
sities, while these dependencies are not always available. We use typical constant
values of these coefficients at the conditions, close to the the equilibrium condi-
tions specified above. The values of the thermal conductivity k are well-tabulated
and we take them from [8]. We take a typical value of the diffusion coefficient D

for the liquid mixture in the barycentric frame of reference from [9] and estimate a
typical value of the diffusion coefficient for the gas mixture as being four orders of
magnitude larger (cf. [1, p. 279]). A typical value of the Soret coefficient sT is
estimated to be of the order of 10�5 to 10�3 reciprocal degrees, both in gaseous
and liquid mixtures [1, p. 279]. We use an average value from that range. The
values of the coefficients we use are given in Table 4.2 together with the ‘‘mixing’’
rules for the heat conductivity

kg ¼ ng
eq kg

1 þ ð1� ng
eqÞk

g
2

k‘ ¼ n‘eq k‘1 þ ð1� n‘eqÞk
‘
2

ð4:41Þ

The values of the gradient coefficients are not available at all. One can determine
them comparing the actual value of the surface tension of a pure fluid with the one,
calculated with a given jqiqi

: For given conditions the value of the surface tension

of the mixture is about 0.027 N=m. We therefore choose jm to be equal 12�
10�18 J m5=mol2 and em

j ¼ 0:01: This gives j ’ 16� 10�16 J m5=kg2 and ej ’
0:03 according to Eq. 4.26. This also gives values of the surface tension around
0.03 N=m.

All the profiles and the equilibrium properties were calculated with an accuracy
10�6:

4.5 Results

We give all the results in molar specific units.
The above parameters and conditions give the coexistence data listed in

Table 4.3.
The resulting profiles for the equilibrium molar concentration, the equilibrium

mole fraction of the first component and the equilibrium tension tensor component
cxx; the integral of which gives the surface tension, are given in Figs. 4.1 and 4.2.

Table 4.2 Transport
coefficients

Phase=component k [W=(m K)] D (m2=s) sT (1=K)

1 2

Gas 0.0140 0.0157 3.876 9 10-5 10�4

Liquid 0.1130 0.1090 3.876 9 10-9 10�4
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4.5.1 Non-Equilibrium

Here we investigate different aspects of the non-equilibrium solution. We first
consider the typical profiles of various thermodynamic quantities. We give them
for a rather extreme perturbation in which the temperature of the liquid boundary
is 5% higher then the equilibrium value and the corresponding value at the gas
boundary. In absolute units this is about 15�K. Figure 4.3a gives the profiles of the
molar concentrations. Under non-equilibrium conditions the bulk values of
the concentrations are no longer constant. Figure 4.3b gives the profiles of the
chemical potentials of both components. In non-equilibrium they are not constant
as well. In Fig. 4.4 we give the profiles of the thermodynamic potentials.
Figure 4.4a gives the specific quantities per unit of mol, while Fig. 4.4b gives the
densities per unit of volume.

Furthermore, we consider the entropy production profile in the interfacial
region. Varying the temperature at the liquid boundary T ‘; the pressure at the gas
boundary pg; and the mole fraction at the liquid boundary f‘; as well as resistivity
amplitudes aqq and a11; we give the profiles of the entropy production in Fig. 4.5.

Table 4.3 Coexistence data Teq ¼ 330 (K)
wm

eq ¼ 700 (J=mol)

lm
eq ¼ �57; 098 (J=mol)

peq ¼ 3; 76; 095 (Pa)

cg
eq ¼ 153:23 (mol=m3)

c‘eq ¼ 4898:26 (mol=m3)

fg
eq ¼ 0:5519

f‘eq ¼ 0:5934
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One can see, that the entropy production has a clear peak in the interfacial region.
The magnitude of this peak depends on the resistivity amplitude.

Next we consider the effect of modifying different parameters of the system:
resistivity amplitudes and boundary conditions.

4.5.1.1 Effect of Resistivities

The first aspect we will try to clarify is the influence of the square gradient
amplitude of the resistivity to transport, see Eq. 4.17. We consider in par-
ticular three cases. In the first, only aqq; the square gradient amplitude for the
heat resistivity coefficient rqq; is unequal to zero. In the second, only a11; the
square gradient amplitude for the diffusion resistivity coefficient r11; is
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unequal to zero. In the last case, only aq1; the square gradient amplitude for
the diffusion resistivity coefficient rq1; is unequal to zero. We do it for diff-
erent perturbation conditions. We plot the temperature and the mole fraction
for these cases.

In Fig. 4.6 the system is brought out of equilibrium by reducing the pressure
on the vapor side to 0:95peq; where peq is the equilibrium pressure. The tem-
peratures on both ends of the box are kept equal to equilibrium temperature Teq;

as well as the mole fraction at the liquid boundary is kept equal to the equi-
librium value f‘eq: In Figs. 4.6a, b only aqq 6¼ 0: The mole fraction increases
about 2% on the vapor side when aqq increases from 0 to 10. The temperature
decreases due to the evaporation. In all cases the extrapolated temperature in the
liquid is higher then the value in the vapor, where we extrapolate to the inflection
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point of the total molar concentration. For aqq ¼ 10 the minimum of the
temperature is below both extrapolations. In that case the temperature ‘‘jump’’ in
the the extrapolated profiles has increased to about 3 K. In Figs. 4.6c, d only
a11 6¼ 0: The modification of the mole fraction is now more dramatic. In the
vapor it decreases up to 27%: The temperature increases for larger values of a11:
This is related to a decrease of the evaporation. The temperature jump in the
extrapolated profiles is in all cases not more than 0.5 K. In Figs. 4.6e, f
only aq1 6¼ 0: We see, that the variation of aq1 does not affect much the
non-equilibrium profiles.

In Fig. 4.7 we consider the case when the vapor pressure and temperature are
kept equal to the equilibrium values and the liquid temperature is 5% higher then
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the equilibrium value. The mole fraction at the liquid boundary is again kept equal
to the equilibrium value f‘eq: Figure 4.7a, b consider the aqq 6¼ 0: The change in the
mole fraction went up to 12%. The temperature jump goes up to about 20 K.
In Fig. 4.7c, d we consider the a11 6¼ 0: One can notice again the more dramatic
behavior of the mole fraction and temperature profiles for big values of a11:
The variation of aq1 considered in Fig. 4.7e, f again does not affect much the
resulting profiles.

Finally, in Fig. 4.8 we consider the case when the mole fraction at the liquid
boundary is 5% higher then the equilibrium value, while the vapor pressure and
boundary temperatures are kept equal to the equilibrium values.

4.5.1.2 Effect of Boundary Conditions

We now fix the values of the square gradient amplitudes of the resistivity coef-
ficients in Eq. 4.17 as aqq ¼ 1; aq1 ¼ 0 and a11 ¼ 1: We consider the corre-
sponding profiles in Fig. 4.9.

The mixture is then perturbed from equilibrium for the following three cases:

1. Setting T ‘ equal to 0.98, 0.99, 1.01, 1.02 of Teq and keeping Tg; pg and f‘ equal
to their equilibrium values, see Figs. 4.9a, b;

2. Setting pg equal to 0.98, 0.99, 1.01, 1.02 of peq and keeping Tg; T ‘ and f‘ equal
to their equilibrium values, see Figs. 4.9c, d;

3. Setting f‘ equal to 0.98, 0.99, 1.01, 1.02 of f‘eq and keeping Tg; T ‘ and pg equal
to their equilibrium values, see Figs. 4.9e, f.

Lowering (raising) T ‘ gives evaporation (condensation). This lowers (rises) the
temperature on the vapor side as expected. The temperature profile goes down for
evaporation and up for condensation.

4.6 Conclusions

We considered a binary mixture of cyclohexane and n-hexane and described in
detail how to implement the general analysis presented in the previous chapter to
stationary states. We gave a numerical procedure to solve the resulting system of
differential equations. The profiles of continuous variables obtained are presented
in Appendix 4.A. We see, in particular, that a two-component mixture develops a
temperature profile in the surface region which is similar to the temperature profile
obtained for a one-component system [4]. Another characteristic of a binary
mixture is the difference w ¼ l1 � l2 between the chemical potentials of the
components. The behavior of the profile of w in non-equilibrium steady-states
shows that it has different values in the two bulk phases and we observe a tran-
sition from one value to the other in the surface region.
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Chapter 5
Local Equilibrium of the Gibbs Surface
for the Two-Phase Binary Mixture

5.1 Introduction

In the general description of the interface one uses contributions to the Helm-
holtz free energy density proportional to the square of the density and mass
fraction gradients. These contributions imply that it is not possible to use con-
tinuous local equilibrium thermodynamics in the interfacial region, i.e. to cal-
culate the local values of the various thermodynamic parameters in terms of the
local density, mass fractions and temperature only. Rowlinson and Widom (see
[1, p. 43]) use the name point thermodynamics for this, to distinguish it from
other quasi- or local thermodynamic treatments. Given the non-autonomous
nature of the square gradient model, it is sensible to question whether a
description in terms of excess variables along the lines given by Gibbs [2], can
be autonomous. Gibbs’ treatment, though only given for equilibrium systems,
suggests such an assumption. This would imply that the surface is a separate
thermodynamic phase. Bakker [3] and Guggenheim [4, p. 45] made this
assumption, the validity of which was subsequently disputed by Defay and
Prigogine [5]. We refer to Rowlinson and Widom [1, p. 33] for a discussion of
this point. In the theory of non-equilibrium thermodynamics of surfaces [6–9]
Gibbs’ description in terms of excess variables has been used. It is then assumed
that Gibbs’ description of the surface in terms of excess variables is autonomous,
or in other words that one can use this property, which we will call local
equilibrium of the surface, to describe the surface. In earlier work [10], this
property was verified for a one-component square gradient system. It is the main
objective of this chapter to verify this property for binary mixtures. For details
about the extension of the square gradient model to non-equilibrium mixtures we
refer to Chaps. 3 and 4. In this chapter we focus on the properties of the excess
variables.

The validity of local equilibrium for a surface in a non-equilibrium mixture is
a great simplification. Without this simplification the surface excess densities
depend also on the values of the temperature and chemical potentials of the

K. Glavatskiy, Multicomponent Interfacial Transport, Springer Theses,
DOI: 10.1007/978-3-642-15266-5_5, � Springer-Verlag Berlin Heidelberg 2011
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adjacent phases. This complicates the description to a level that is difficult to
manage. Also the possibility to introduce and define a temperature and chemical
potentials for the surface, which are independent of the location of the dividing
surface chosen, is an important simplification. For the one-component system,
local equilibrium has been verified on the basis of both molecular dynamics
simulations [11–13] and the non-equilibrium square gradient model [10]. For
binary mixtures a limited number of molecular dynamics simulations of evapo-
ration and condensation have been done [14–17]. None are available which
verify the property of local equilibrium, however. Establishing this property
using the square gradient model is therefore the only available option. For a
proper understanding of an important industrial process like distillation, the
validity of local equilibrium for the interface would be a great help. In this
chapter we succeed to prove this for a binary mixture. Given the validity for one-
and two-component systems we feel confident to formulate the hypothesis that
local equilibrium is valid for surfaces in non-equilibrium multi-component
mixtures.

In this chapter we use molar specific units. We therefore omit superscript m;
which indicates the molar specific quantity, to simplify the notation. The verifi-
cation is performed numerically and we use therefore the same system as in
Chap. 4. Namely, we consider a planar interface between vapor and liquid in
stationary non-equilibrium states. All the perturbations are performed in the
direction perpendicular to the surface, coordinate along which we denote by x: The
particular numerical values are obtained for the mixture of cyclohexane and
n-hexane.

In Sect. 5.2 we speak about the Gibbs surface in equilibrium and how we
want to establish local equilibrium property of a surface for non-equilibrium
conditions. We then introduce excesses for the Gibbs surface in Sect. 5.3.
Furthermore, we will in Sect. 5.4 develop a method to obtain T s and ws which
are independent of the choice of the dividing surface and introduce other ther-
modynamic quantities. We then define local equilibrium in Sect. 5.5. In Sect. 5.6
we give the results of the verification procedure. Finally, in Sect. 5.7 we give
concluding remarks.

Parts of this chapter have been published in [18]: �The American Physical
Society.

5.2 Equilibrium Gibbs Surface

In equilibrium it is possible to describe the surface in terms of Gibbs excess
quantities [2]. One can treat a system of coexisting liquid and vapor as a three-
phase system: liquid and vapor bulk phases and the surface. The surface has
thermodynamic properties. The temperature and chemical potentials have the same
equilibrium value as in the rest of the system. Furthermore, the thermodynamic
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state of the surface is given by excess concentrations and thermodynamic poten-
tials. Following Gibbs we have for the surface

hs
eq ¼ l1; eq cs

1; eq þ l2; eq cs
2; eq þ Teq ss

eq

us
eq ¼ l1; eq cs

1; eq þ l2; eq cs
2; eq þ cs

eq þ Teq ss
eq

fs
eq ¼ l1; eq cs

1; eq þ l2; eq cs
2; eq þ cs

eq

gs
eq ¼ l1; eq cs

1; eq þ l2; eq cs
2; eq

ð5:1Þ

The superscript s indicates here the surface and equal to the excess of corre-
sponding quantities. In these relations the equilibrium temperature and chemical
potentials are the same everywhere independent of the choice of the dividing
surface. The excesses depend on the choice of the dividing surface, in such a way
that the above relations are true for any choice of the dividing surface, see Gibbs
[2].

It is our aim in this chapter to show that the surface in a non-equilibrium liquid–
vapor system can also be described as a separate thermodynamic phase using the
Gibbs excess quantities. We will call this property local equilibrium of the surface.
The property of local equilibrium for the surface implies that it is possible to define
all thermodynamic properties of a surface such that they have their equilibrium
coexistence values for any choice of the dividing surface given the temperature of
the surface T s and the chemical potential difference ws � ls

1 � ls
2 of the surface.

5.3 Calculating the Excess Densities

The definition of the excesses consists of three steps: determining the phase
boundaries, defining the specified dividing surface and, in particular, defining the
excesses.

To determine the phase boundaries we will use the order parameter q: We
introduce a small parameter b and define the b-dependent boundary between the
vapor and the surface, x

g;s
b ; by

qðxg;s
b Þ � qeosðp?ðxg;s

b Þ; fðx
g;s
b Þ; T ðx

g;s
b ÞÞ

qðxg;s
b Þ

�
�
�
�
�

�
�
�
�
�
� b ð5:2Þ

where qeosðp?; f; T Þ is the equation of state’s value (no gradient contributions) of q

for pressure p?; mol fraction f and temperature T : The b-dependent boundary

between the surface and the liquid, x
‘;s
b ; is defined in the same way.

The numerical procedure calculates profiles only at specified grid points, which

we provide to the procedure. That means that x
g;s
b and x

‘;s
b can only be situated at

points of the grid. We choose their position to be the last bulk point of the grid
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where the left hand side of Eq. 5.2 does not exceed the right hand side. In our
calculations we will choose b ¼ 10�3 and use a grid of 81 points.

We shall also choose bulk boundaries near the box boundary where, because of
the finite size of the box, the behavior of the profiles might be uncharacteristic. To
avoid this effect, we do not consider the first five points of each phase close to
these boundaries when we calculate the properties in these phases. The sixth point
is called xg and the 76th point is called x‘:

The bulk gas therefore ranges from xg to x
g;s
b and the bulk liquid ranges from

x
‘;s
b to x‘: The surface therefore ranges from x

g;s
b to x

‘;s
b : In order to define excess

quantities properly, we always choose conditions such, that the widths of the vapor

and the liquid phases, x
g;s
b � xg and x‘ � x

‘;s
b are larger then the surface width

x
‘;s
b � x

g;s
b :

In order to determine excess densities, we need to extrapolate profiles from the
vapor and the liquid phases into the interfacial region. In equilibrium, extrapolated
bulk profiles are constants which are equal to the coexisting values of the corre-
sponding quantities. Non-equilibrium bulk profiles are not constant. We fit the
bulk profile with a polynomial of order nb ¼ 2 and use this polynomial to
extrapolate non-equilibrium bulk profiles into the interfacial region. This is done
with the help of Matlab functions polyfit and polyval. The extrapolation of
the bulk profiles introduces a certain error depending on the choice of b and nb in
particular for non-equilibrium systems. This error is the main source of inaccuracy
in the determination of the surface quantities. We will come back to this later.

The distances between commonly used dividing surfaces, such as for instance
the equimolar surface and the surface of tension, are very small [1, 10]. Thus, if
there occurs an error in the determination of a dividing surface using a course grid,
that would lead to inaccurate results. We therefore divide each interval of the

course grid between x
g;s
b and x

‘;s
b in 104 subintervals. This surface grid is used for

all operations related to the surface. Within the interfacial region we interpolate all
the profiles (which were obtained by extrapolation from the bulk to the surface
region using the course grid) from the course grid to the surface grid using a
polynomial of order ns ¼ 3 with the help of Matlab functions polyfit and
polyval. The values nb ¼ 2 and ns ¼ 3 were chosen such that the extrapolated
profiles reproduce well the original ones.

We can now define the excess b/ of any density /ðxÞ as a function of a dividing
surface xs as

b/ðxsÞ ¼
Zx
‘;s
b

x
g;s
b

dx ½/ðxÞ � /gðxÞHðxs � xÞ � /‘ðxÞHðx� xsÞ� ð5:3Þ

where /g and /‘ are the extrapolated gas and liquid profiles and HðtÞ is the

Heaviside function. The density / is per unit of volume and b/ is per unit of
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surface area. In our calculations integration is performed using the trapezoidal
method by Matlab function trapz.

We can now define different dividing surfaces. The equimolar dividing surface
xc is defined by the equation bcðxcÞ ¼ 0: Analogously, we define equimolar sur-
faces with respect to component 1 and 2: bc1ðxc1Þ ¼ 0 and bc2ðxc2Þ ¼ 0; and the
equidensity surface xq: The surface of tension xc is defined from the equation1

xc bpkðxcÞ �dx pkðxcÞ ¼ 0: All the profiles are given as arrays on a coordinate grid,
but not as continuous functions. Thus, in order to find the solution of an equation
/ðxÞ ¼ 0 we calculate the values /i ¼ /ðxiÞ for each point xi within the surface
region and find the minimum of it’s absolute value, miniðj/ijÞ: Because of the
discrete nature of the argument, this value may not be equal to zero, but it will be
the closest to zero among all other coordinate points. So we will call this point the
root of the equation /ðxÞ ¼ 0: We use the fine surface grid in this procedure.

If follows from (5.3) that

db/ðxsÞ
d xs

¼ /‘ðxsÞ � /gðxsÞ ð5:4Þ

which we will use later.

5.4 Surface Temperature and Chemical Potential Difference

An equilibrium two-phase two-component mixture has two free parameters, for
instance, the temperature T and the chemical potential difference w � l1 � l2:
Local equilibrium of a surface implies, that also in non-equilibrium it should
be possible to define the temperature T s and the chemical potential difference
ws � ls

1 � ls
2 of the surface. As was found in [10], T s for one-component system is

independent of the choice of the dividing surface. We therefore expect this for both
T s and ws in two-component system.

The equilibrium temperature and chemical potential difference determine all
other equilibrium properties of the surface. Thus, there is a bijection from Teq and
weq to any other set of independent excess variables X1; eq and X2; eq; so that one
can use them equally well in order to characterize a surface. In non-equilibrium,
the actual temperature and chemical potential difference vary through the inter-
facial region, but X1; ne and X2; ne characterize the whole surface, since they are
excesses. If a non-equilibrium surface is in local equilibrium, the same bijec-
tion should exist. This implies that given two independent non-equilibrium
excesses X1; ne and X2; ne one can determine the temperature T s and the chemical

1 bpkðxÞ gives the surface tension for the dividing surface x: This can be expanded in the
curvatures with the coefficient xbpkðxÞ �dx pkðxÞ for the linear term. Zero of this expression
defines the position of the surface of tension xc:
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potential ws of the whole surface. Thus one can calculate equilibrium tables
of X1; eq ðTeq;weqÞ and X2; eqðTeq;weqÞ for different values of Teq and weq and
then determine temperature and chemical potential of a surface as
T s ¼ TeqðX1; ne; X2; neÞ and ws ¼ weqðX1; ne; X2; neÞ:

As we want the temperature and chemical potential difference to be indepen-
dent of the position of the dividing surface, we shall use excesses which are also
independent of the position of a dividing surface in equilibrium for X1 and X2: For
two component mixtures these independent variables are the surface tension c and
the relative adsorption C12: If the number of components is more than 2, additional
relative adsorptions should be used.

These quantities are well defined for equilibrium, but not for non-equilibrium.
So we will define them first. In equilibrium, the surface tension is defined as minus
the excess of the parallel pressure ceq ¼ �bpk: Alternatively one often uses the

integral of p? � pkðxÞ � cxxðxÞ across the interface: ceq ¼
R

dx cxxðxÞ: Both def-
initions are equivalent in equilibrium, since p? is constant through the interface and
cxxðxÞ is identically zero in the bulk phases. In non-equilibrium, cxxðxÞ may differ
from zero in the bulk regions, however, and this makes the second definition
inappropriate. We will therefore define the non-equilibrium surface tension using
the standard definition (cf. also [10])

cðxsÞ ¼ �bpkðxsÞ ð5:5Þ

This quantity differs from bcxx by the term equal to bp?; which is usually small
compared to bpk:

The relative adsorption is defined as

C12; eq ¼ bc1; eq � bc2; eq

c‘1; eq � c
g
1; eq

c‘2; eq � c
g
2; eq

ð5:6Þ

in equilibrium [5], where c‘i; eq and c
g
i; eq are coexistence concentrations of the

corresponding components. Since concentration profiles are not constant in non-
equilibrium, we cannot use this definition directly. One can however see from
Eq. 5.4, that both, in equilibrium and non-equilibrium bci

0ðxsÞ ¼ c‘i ðxsÞ � c
g
i ðxsÞ;

where the prime indicates a derivative with respect to xs: Since in equilibrium
c‘i ðxsÞ � c

g
i ðxsÞ ¼ c‘i; eq � c

g
i; eq we can use the following definition

C12ðxsÞ ¼ bc1ðxsÞ � bc2ðxsÞ c
‘
1ðxsÞ � c

g
1ðxsÞ

c‘2ðxsÞ � c
g
2ðxsÞ

ð5:7Þ

both in equilibrium and non-equilibrium.
If the system is in local equilibrium we may write:

cðxsÞ ¼ ceqðT s;wsÞ
ð5:8Þ

C12ðxsÞ ¼ bc1ðxsÞ � bc2ðxsÞ
c‘1; eqðT s;wsÞ � c

g
1; eqðT s;wsÞ

c‘2; eqðT s;wsÞ � c
g
2; eqðT s;wsÞ

90 5 Local Equilibrium of the Gibbs Surface for the Two-Phase Binary Mixture



Substituting the expressions for cðxsÞ and C12ðxsÞ from Eq. 5.5 and Eq. 5.7 into
Eq. 5.8 we obtain the following relations

bpkðxsÞ ¼ bpk; eqðT s;wsÞ

c‘1ðxsÞ � c
g
1ðxsÞ

c‘2ðxsÞ � c
g
2ðxsÞ

¼
c‘1; eqðT s;wsÞ � c

g
1; eqðT s;wsÞ

c‘2; eqðT s;wsÞ � c
g
2; eqðT s;wsÞ

ð5:9Þ

This gives the bijection equations to determine T s and ws from the actual non-
equilibrium variables. As the left hand sides in Eq. 5.9 are in good approximation
independent of the position of the dividing surface, T s and ws are similarly
independent on this position.

5.4.1 Other Surface Quantities

The other quantities required for the Gibbs description of the non-equilibrium
surfaces we define in the following way. The surface chemical potentials are the
equilibrium coexistence values determined via the procedure discussed in
Sect. 4.3.1

ls
1 � l1; eqðT s;wsÞ

ls
2 � l2; eqðT s;wsÞ

ð5:10Þ

We define the surface extensive properties as2

/sðxsÞ � b/ðxsÞ ð5:11Þ

5.5 Defining Local Equilibrium of a Surface

The local equilibrium of a surface should be established for any choice of a
dividing surface. The results of the calculations for any particular choice of a
dividing surface may not be representative since they may be different for another
choice of a dividing surface. Thus, the property of local equilibrium should be
established for all dividing surfaces together.

Consider the profile of an excess b/ðxsÞ as a function of position of a dividing
surface xs: It follows from Eq. 5.4 that the slope of the excess profile at xs is equal
to the difference between the extrapolated bulk values of this profile at xs:

2 Note, that for some quantities this definition differs from the one, used in [10]. We will come
back to this point later.
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In equilibrium these values are constant and equal to the coexistence values. Thus,
equilibrium excess densities are linear functions of the position of the dividing
surface, as one can see on Fig. 5.1. Non-equilibrium profiles in the bulk phases are
not constant. We construct the extrapolated profiles using nbth order polynomials
with nb ¼ 2: Resulting non-equilibrium excesses are therefore polynomials of the
order nb þ 1 ¼ 3; according to Eq. 5.4. These excesses, for rather extreme case of
non-equilibrium perturbation T ‘ ¼ 1:02 Teq; are shown in Fig. 5.2. Even though
these excesses are polynomials of the third order they are very close to straight
lines. As one can see from Fig. 5.3. the variation in the slope is about 1% through
the whole surface.3 It indicates that this non-equilibrium ‘‘state’’ is very close to an
equilibrium one.

We therefore develop the procedure to relate the non-equilibrium state to an
equilibrium one by comparing thermodynamic quantities in equilibrium and in
non-equilibrium for the whole surface. The comparison performed in one partic-
ular point of the surface may not be sufficient because it may suffer from artifacts
peculiar to this particular dividing surface. Moreover, any comparison performed
in a particular point does not speak for the whole. We therefore compare the non-
equilibrium surface with an equilibrium one for all dividing surfaces together.

To compare quantities for all dividing surfaces, we basically need to compare
function profiles in the surface. We therefore need some kind of a measure of a
function. We use a modified Euclidian norm defined in a following way.

Consider a non-equilibrium thermodynamic excess /sðxsÞ and a quantity
~/

sðxs; T ;wÞ which is a combination of excesses and may depend on ðT ;wÞ as

parameters. We introduce the following measures of the difference between /s and ~/
s

df/;~/gðx
s; T ;wÞ � j/sðxsÞ � ~/sðxs; T ;wÞj ð5:12Þ
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Fig. 5.1 Equilibrium
excesses at T ¼ 330 K and
w ¼ 700 J/mol as functions of
the position of the dividing
surface. The vertical lines
indicate the xc2 ; xc; xc; xc1

dividing surfaces from left to
right

3 Note, that the scale on Fig. 5.3. is different from the one on Fig. 5.2.

92 5 Local Equilibrium of the Gibbs Surface for the Two-Phase Binary Mixture



and

S /;~/f gðT ;wÞ �
X

xs 2 surface

/sðxsÞ � ~/
sðxs; T ;wÞ

h i2

r /;~/f gðT ;wÞ �
1
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S/;~/ðT ;wÞ

q ð5:13Þ

where N is the number of surface points.

We define /s and ~/
s

to be equivalent in the surface if the value of rf/;~/g is

negligible compared to the typical value of either j/sðxsÞj or j~/sðxs; T ;wÞj: Thus,

rf/;~/g or Sf/;~/g represents a measure of equivalence of the functions /s and ~/
s
:
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Fig. 5.2 Non-equilibrium
excesses for the case of
perturbing T ‘ ¼ 1:02 Teq as
functions of the position of
the dividing surface. The
vertical lines indicate the
xc2 ; xc; xc; xc1 dividing
surfaces from left to right
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Fig. 5.3 Slopes of non-
equilibrium excesses for the
case of perturbing T ‘ ¼
1:02 Teq as functions of the
position of the dividing
surface. The vertical lines
indicate the surface
boundaries and xc2 ; xc; xc; xc1

dividing surfaces
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Parameters T and w determine a whole family of functions ~/
sðxs; T ;wÞ: All of

them are equivalent in the above sense, if ~/
s

is a continuous function of T and w:

Moreover, all of them are equivalent to the function ~/s:
Among all the values of parameters T and w; we want to find those T ¼ Tfxsg

and w ¼ wfxsg; which make the function ~/s to correspond best to the equivalent
function /s: Their measure of equivalence Sf/;~/gðT ;wÞ is a function of T and w;

which reaches minimum for certain values of these parameters. We say, that Tfxsg
and wfxsg characterize the interface in a non-equilibrium state, if

S /;~/f gðTfxsg;wfxsgÞ ¼ min
T ;w

S /;~/f gðT ;wÞ ð5:14Þ

One may recall that this definition is based on the least square sum method.
These definitions are easy to illustrate in equilibrium. If we define

hs
eq; gibbsðxs; T ;wÞ � l1; eqðT ;wÞ cs

1; eq þ l2; eqðT ;wÞcs
2; eq þ T ss

eq

which is the right hand side of Eq. 5.1 for the enthalpy, it follows from Eq. 5.1,
that

hs
eqðxs; Teq;weqÞ ¼ hs

eq; gibbsðxs; Teq;weqÞ

Furthermore,

gs
eqðxs; Teq;weqÞ 6¼ hs

eq; gibbsðxs; Teq;weqÞ

Thus

dfheq; heq; gibbsgðxs; Teq;weqÞ ¼ 0

and

dfgeq; heq; gibbsgðxs; Teq;weqÞ 6¼ 0

It is also true that

min
T ;w

Sfheq; heq; gibbsgðT ;wÞ ¼ 0 ¼ Sfheq;heq; gibbsgðTeq;weqÞ

and

rfheq; heq; gibbsgðT ;wÞ � rfgeq; heq; gibbsgðT ;wÞ

According to the above definitions: (1) hs
eq; gibbsðxsÞ and hs

eqðxsÞ are equivalent

functions, but hs
eq; gibbsðxsÞ and gs

eqðxsÞ are not equivalent; (2) the equilibrium state
of the surface is characterized by Teq and weq; as it should be.

This analysis gives nothing new in equilibrium. In non-equilibrium, where we
are going to implement this, it allows us to introduce properties of the interfacial
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region, which (1) characterize the whole surface in a non-contradictory manner
and (2) reduce to the common nomenclature in equilibrium.

Note, that while in equilibrium the conditions

df/;~/gðx
s; Teq;weqÞ ¼ 0 , Sf/;~/gðTeq;weqÞ ¼ min Sf/;/gðT ;wÞ

are equivalent, this is not the case in non-equilibrium. In general it does not follow
in non-equilibrium from Eq. 5.14 that

df/;~/gðx
s; T ;wÞ ¼ 0 8 xs ð5:15Þ

Thus Eq. 5.15 is not a good measure of the equality of the quantities and states
in non-equilibrium. We may therefore speak about the equality of thermodynamic
quantities as well as about the state Tfxsg and wfxsg of the surface in non-equi-
librium only in the least square sense, as it is given in Eq. 5.14.

Within establishing the local equilibrium property of a non-equilibrium surface,
we would like to verify the following properties: (1) the existence of the unique
temperature T s and chemical potential difference ws which characterize a
non-equilibrium surface; (2) the validity of the Eq. 5.1 in non-equilibrium at the
surface’s T s and ws; (3) the possibility to determine all the properties of a
non-equilibrium surface from equilibrium tables at the surface’s T s and ws: We do
this in the following section.

5.6 Verification of Local Equilibrium

We calculate the equilibrium properties (coexistence data, such as the pressure or
bulk densities, as well as various excesses) of the system for the range of tem-
peratures T ¼ f325; 326; . . .; 340g K and the range of chemical potential differ-
ences w ¼ l1 � l2 ¼ f400; 450; . . .; 1;000g J=mol. The value of a thermodynamic
quantity at any point ðT ;wÞ which is between these, is interpolated using the
Matlab procedures interp2 and griddata.

The temperature range was chosen to be well above the triple point of both
components (279.5 and 177.9 K for cyclohexane and n-hexane respectively) and
below the critical temperature of both components (553.5 and 507.5 K, respec-
tively). As discussed in Sect. 4.5.1 the equilibrium mole fractions of cyclohexane
in the vapor and in the liquid were 0.55 and 0.59 respectively, when the tem-
perature was 330 K and the chemical potential difference was 700 J=mol. As one
can see in Fig. 4.9 it was enough to consider the range of temperatures of 15 K and
the range of chemical potential differences of 600 J=mol, for the stationary state
conditions considered in this paper. A larger range would be necessary to consider
for unrealistically extreme non-equilibrium conditions across the system.

In the calculations in this chapter we took the square gradient amplitudes of the
resistivity coefficients in Eq. 4.17 equal to zero, aqq ¼ 0; aq1 ¼ 0 and a11 ¼ 0: As
one can see in the figures in the previous chapter, the choice of aqq ¼ 1 of a11 ¼ 1
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leads to a relatively minor change in the continuous profiles. In view of the
complexity of the analysis, we therefore restricted ourselves to zero a’s. We do not
expect finite values of a’s (which are more realistic) will modify our results
regarding the validity of local equilibrium for the surface.

5.6.1 Surface Temperature and Chemical Potential Difference

As was mentioned, in equilibrium both c and C12 are independent of the location
of the dividing surface xs: Given the above definitions, Eqs. 5.5 and 5.7, we can
calculate these quantities for non-equilibrium states. Calculations show, that even
though c and C12 are not exactly independent on xs away from equilibrium, the
relative deviation is so small (about 0:004% for c and 4% for C12 in the worst
case), that one can consider these quantities to be independent of the position of
the dividing surface. Thus one may use them in order to find the temperature, T s;
and the chemical potential difference, ws; of the surface in non-equilibrium states,
which will be independent of the position of the dividing surface.

Using Eqs. 5.13 and 5.9 together with Eq. 5.4 we construct the following
expressions

ScðT ;wÞ ¼
X

xs

bpkðxsÞ � bpk; eqðT ;wÞ
h i2

SC12ðT ;wÞ ¼
X

xs

bc 01; eqðxs; T ;wÞ
bc 01ðxsÞ �

bc 02; eqðxs; T ;wÞ
bc 02ðxsÞ

� �2 ð5:16Þ

where the prime indicates the derivative with respect to xs:
SiðT ;wÞ (where i is either c or C12) should reach the minimum at T s

fxsg and

ws
fxsg: We note however, that neither SiðT ;wÞ have a minimum at a single point

ðT s;wsÞ: There is a whole generatrix curve of minima CiðT ;wÞ ¼ 0 so the plot of
SiðT ;wÞ is a valley. One can see it on Fig. 5.4. Every point of the generatrix curve
is the minimum point of SiðT ;wÞ along the direction ‘‘perpendicular’’ to this
generatrix. If bpkðxsÞ or bc 01ðxsÞ and bc 02ðxsÞ represent the corresponding profiles for
some equilibrium state ðTeq;weqÞ; then SiðTeq;weqÞ ¼ 0 and the generatrix is
constant. Since these profiles are non-equilibrium profiles, the generatrix is not
exactly constant but very close to it. Thus CiðT ;wÞ ¼ oSiðT ;wÞ=ow; where w is a
direction in T�w plane which is perpendicular to generatrix. In fact, one should be
careful speaking about directions, since no metric is defined in the T�w plane.
Thus we cannot introduce rTw so that CiðT ;wÞ ¼ jrTwSiðT ;wÞj: In fact, w can be
any direction which does not coincide or does not almost coincide with the
direction of generatrix. In practice we find that we can use w ¼ T ; while using
w ¼ w gives less accurate results. Thus we determine the minimum curve from the
Eq. 5.17
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oSiðT ;wÞ
oT

¼ 0 ð5:17Þ

One needs two quantities, Sc and SC12 ; in order to determine T s
fxsg and ws

fxsg
uniquely. The surface temperature and chemical potential difference, T s

fxsg and

ws
fxsg; are determined from the intersection of two minimum curves of Sc

and SC

oScðT ;wÞ
oT

�
�
�
�
T s
fxsg;w

s
fxsg

¼ 0

oSC12ðT ;wÞ
oT

�
�
�
�
T s
fxsg;w

s
fxsg

¼ 0

ð5:18Þ

Here superscript s indicates that we speak about surface quantities only (as
everywhere in this chapter) and subscript fxsg indicates that T s

fxsg and ws
fxsg

are the properties of all dividing surfaces together (in contrast to the values
T sðxsÞ and wsðxsÞ determined from Eq. 5.9 for each particular dividing surface
xs).

We calculate the temperatures and the chemical potential differences for dif-
ferent non-equilibrium conditions. They are outlined in Tables 5.1, 5.2 and 5.3.
The first row of each table, corresponding to fxsg; gives T s and ws calculated
from Eq. 5.18. The following rows give, corresponding to different particular
dividing surfaces, the values of T s and ws calculated from Eq. 5.9. The equilib-
rium parameters around which the system is perturbed are given in Table 4.3:
Teq ¼ 330 K and weq ¼ 700 J=K:

Note, that T s and ws are different from the actual values of T and w in the
interfacial region.
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Fig. 5.4 The plot of ScðT ;wÞ
for the case of perturbing
T ‘ ¼ 1:02 Teq: The lines in
the T � w plane are lines of
constant value of ScðT ;wÞ
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5.6.2 The Non-Equilibrium Gibbs Surface

In this section, we would like to verify that the surface quantities defined by
Eq. 5.11 satisfy Eq. 5.19 with T s and ws ¼ ls

1 � ls
2 determined by Eqs. 5.9 and

5.18.

/s ¼ /s
gibbsðT s;wsÞ ð5:19Þ

Namely, we want to verify that with the definition Eq. 5.19 the following is true

hs ¼ ls
1 cs

1 þ ls
2 cs

2 þ T sss

us ¼ ls
1 cs

1 þ ls
2 cs

2 þ cs þ T sss

f s ¼ ls
1 cs

1 þ ls
2 cs

2 þ cs

gs ¼ ls
1 cs

1 þ ls
2 cs

2

ð5:20Þ

Table 5.1 Surface
temperatures (K) and
chemical potential
differences (J=mol) for
the case of perturbing T ‘

around Teq ¼ 330 K

Surface T ‘ ¼ 1:02 Teq T ‘ ¼ 0:98 Teq

T s ws T s ws

fxsg 331.831 770.53 328.129 650.92
xc 331.823 769.51 328.124 650.29
xc 331.828 770.22 328.123 650.21
xc1 331.814 767.97 328.127 650.43
xc2 331.838 771.86 328.121 650.1

Table 5.2 Surface
temperatures (K) and
chemical potential
differences (J=mol) for
the case of perturbing pg

around peq ¼ 376;095 Pa

Surface pg ¼ 1:02 peq pg ¼ 0:98 peq

T s ws T s ws

fxsg 330.796 683.87 329.059 696.52
xc 330.8 684.68 329.063 697.22
xc 330.799 684.44 329.063 697.12
xc1 330.804 685.19 329.065 697.46
xc2 330.795 683.93 329.061 696.87

Table 5.3 Surface
temperatures (K) and
chemical potential
differences (J=mol) for
the case of perturbing f‘

around f‘eq ¼ 0:5934

Surface f‘ ¼ 1:02 f‘eq f‘ ¼ 0:98 f‘eq

T s ws T s ws

fxsg 329.577 559.32 330.24 812.86
xc 329.598 562.44 330.242 813.16
xc 329.584 560.5 330.253 814.67
xc1 329.63 566.83 330.219 809.99
xc2 329.554 556.3 330.278 817.99
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where the right hand side will also be denoted by /s
gibbsðT s;wsÞ for the corre-

sponding quantity /: Equation 5.20 is the non-equilibrium analog of equilibrium
Eq. 5.1.

In order to analyze the measure of validity of Eq. 5.19 we construct the
quantities

E/gibbs
ðT ;wÞ ¼

X

xs 2 surface

/sðxsÞ � /s
gibbsðxs; T ;wÞ

/sðxsÞ

� �2

�/gibbs
ðxs; T ;wÞ ¼

/sðxsÞ � /s
gibbsðxs; T ;wÞ

/sðxsÞ

�
�
�
�

�
�
�
�

ð5:21Þ

for each thermodynamic potential h; u; f ; g: E/gibbs
gives the relative error of the

determination of the surface quantity /s using the Gibbs excesses relations (5.20) for
all dividing surfaces together, while �/gibbs

gives this error for a particular dividing
surface. We build �/gibbs

ðT ;wÞ both for T ¼ T s
fxsg;w ¼ ws

fxsg determined from

Eq. 5.18 for the whole surface, and for T ¼ T sðxsÞ;w ¼ wsðxsÞ determined from
Eq. 5.9 for particular dividing surface. We build E/gibbs

ðT ;wÞ for T ¼ T s
fxsg;w ¼

ws
fxsg determined only for the whole surface. The values of the corresponding errors

are listed in Tables 5.4, 5.5 and 5.6 in Sect. 5.8.1, and are found to be small.
As one can see, there is a variation in the value of the error for the different

dividing surfaces. This has two reasons. One reason is the slight variation in T s and
ws from Tables 5.1, 5.2 and 5.3 for different dividing surfaces. The variation of
each excess potential reflects the variation of T s and ws through these surfaces. So
do the relative errors.

Another factor which influences the value of these errors is the actual value of
an excess at a given dividing surface. If it is close to zero, then in the expression
for �; the value of denominator is small, which gives a large value for the error.
Particularly, gsðxcÞ � 0 both in equilibrium and in non-equilibrium which makes
the row corresponding to g at xc be uninformative. One should not take into
account these data.

There are such dividing surfaces for any potential /: If the particular dividing
surface is far from zero point of /s; then �/gibbs

gives a good measure of the error.
But �/gibbs

fails to measure the error, if the particular dividing surface is close to
zero point of /s: One can see from Fig 5.5 that the relative error �/gibbs

indeed rises

enormously at x/: Particularly because of this fact, the definition of the excess
quantities in [10] was different from Eq. 5.11.

We emphasize however, that the overall error E/gibbs
represents the whole sur-

face and does not suffer from this problem. The contribution from the dividing
surfaces, which make /s be very small, is negligible, since the amount of such
points is much less then the total amount of grid points in the surface. We conclude
that E/gibbs

is the appropriate measure of the deviation of local equilibrium for the
surface. From Tables 5.4, 5.5 and 5.6 in Sect. 5.8.1 it then follows that even for
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such extreme conditions, when the temperature difference across the box is up to
108 K=m; the deviation is not more then a few per mill. For less extreme condi-
tions, the deviation is correspondingly smaller. This is in agreement with the non-
equilibrium surface being in local equilibrium.

Another possible test is to compare the absolute error j/sðxsÞ � /s
gibbsðxs; T ;wsÞj

with the deviation r/gibbs
ðT ;wÞ defined in Eq. 5.13. The calculations show that for the

particular dividing surfaces the former quantity does not exceed the latter, which
indicates that the absolute error is actually within the trust region.

5.6.3 Equilibrium Tables

In this section we verify the possibility to determine all properties of a non-
equilibrium surface from equilibrium tables at the surface’s T s and ws: The surface
chemical potentials ls

1 and ls
2 are already constructed as their equilibrium values in

Eq. 5.10. So in this section we will verify the relation

/s ¼ /s
eqðT s;wsÞ ð5:22Þ

As in Sect. 5.6.2 we compare the actual excess of a thermodynamic potential
with the corresponding equilibrium value at given temperature and chemical
potential of the surface. Before we do this a note has to be made.

Under non-equilibrium conditions the profile of a quantity /s is shifted with
respect to the equilibrium one. One can see this in Fig. 5.6 for / being the
enthalpy h: The reason for this is the flux of matter caused by the non-
equilibrium perturbation. The whole interface is therefore shifted. One can
clearly see this, comparing the positions of the particular dividing surfaces on
Figs. 5.1 and 5.2. It follows therefore that the direct comparison of the profiles
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Fig. 5.5 The relative error
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fxsgÞ for the

case of perturbing T ‘ ¼
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indicate the surface
boundaries and xh dividing
surfaces
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should be done not in the observer’s frame of reference (OFO, which is used in
all other calculations), but in the surface’s frame of reference (SFO). The SFO
is simply shifted with respect to the OFO, depending on the rate of non-
equilibrium perturbations. Zero of the SFO is chosen at the reference surface,
which can be either the equimolar surface, or any other physically sensible
surface. If x� is the position of this surface in OFO and /s

OFOðxs
OFOÞ is the

profile of /s in OFO, then /s
SFOðxs

SFOÞ � /s
OFOðxs

OFOÞ ¼ /s
OFOðxs

SFO þ x�Þ is the
profile of /s in SFO.

We can now determine the equilibrium state, which the non-equilibrium one
should correspond to. Consider the following definitions of E/table

and �/table
which

have the same meaning as in Eq. 5.21:
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E/table
ðT ;wÞ ¼

X

xs
i
2 surface

/sðxs
iÞ � /s

eqðxs
i þ x�eq � x�; T ;wÞ

/sðxs
iÞ

� �2

�/table
ðxs; T ;wÞ ¼

/sðxsÞ � /s
eqðxs; T ;wÞ

/sðxsÞ

�
�
�
�

�
�
�
�

ð5:23Þ

for each thermodynamic potential h; u; f ; g: Furthermore, x� and x�eq are the non-
equilibrium and equilibrium positions of the reference surface in OFO. The set fxs

ig
is the non-equilibrium surface grid and is used for both profiles. Since the width of an
equilibrium surface may not be the same as the non-equilibrium one, the summation
may exceed the formal boundaries of the equilibrium surface. This is not a problem
however, since the equilibrium profile ws

eq is the line with constant slope everywhere,
as well as beyond the formal boundaries. We do not shift the surface grid in the
definition of �/table

ðxs; T ;wÞ because here xs means the particular dividing surface
(e.g. equimolar surface), while xs

i means the point of the surface grid.
The values of the corresponding errors are listed in Tables 5.7, 5.8 and 5.9 in

Sect. 5.8.2, and, though somewhat larger then those in Sect. 5.6.2, are still small.
As in Sect. 5.6.2 we see, that for the equimolar surface the relative error in g is
huge. There is the same reason for this, namely that gsðxcÞ � 0 both in equilibrium
and in non-equilibrium. This again makes the row corresponding to g at xc be
uninformative and one should not take into account these data.

As discussed in Sect. 5.6.2, E/table
ðT ;wÞ is now the appropriate measure of the

validity of local equilibrium. In view of the small size of this quantity we similarly
conclude that Eq. 5.22 is satisfied in good approximation. This again supports that
the non-equilibrium surface as described by Gibbs excess densities is in local
equilibrium.

5.7 Discussion and Conclusions

This work continued the verification of the validity of local equilibrium for the
Gibbs surface started in [10]. This property means that a surface under non-
equilibrium steady-state conditions can be described as an equilibrium one in
terms of Gibbs excess densities. We have discussed the meaning of the surface
quantities in non-equilibrium and established the systematic procedure to obtain
them. We were in particular focused on (1) the existence of the surface temper-
ature and chemical potentials which are independent of the choice of the dividing
surface; (2) the validity of the thermodynamic relations between Gibbs excesses
for a non-equilibrium surface; (3) the correspondence between the non-equilibrium
and equilibrium properties of the surface. It was possible to verify that these
properties are valid for all choices of the dividing surface with a good accuracy.
Similar results were obtained for the one-component system in [10].
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The solution procedure is numerical, and contains therefore a certain error. We
may not expect this error to be negligible, not only because of numerical inac-
curacy, but in particular also because of the non-equilibrium nature of the system.
All these errors contribute to the overall measure of the deviation e/: As this
quantity is not more then a few per mill for very extreme boundary conditions, we
consider this a satisfactory verification of local equilibrium.

An important part of the analysis in the interfacial region is the introduction of
the excesses of thermodynamic densities, which are constructed with the help of
extrapolated bulk profiles. In contrast to equilibrium, non-equilibrium bulk profiles
are not constants, and therefore their extrapolation to the surface region is not
always accurate. The accuracy of extrapolation lowers when the surface width
increases. Apparent small deviations from local equilibrium are therefore to some
extent an artifact of the inaccuracy of the extrapolation.

In the description of the surface excess densities it may happen that for a
particular choice of the dividing surface not one but several of the excesses are
negligible. This increases the relative error enormously while the absolute error
remains finite and more or less constant. In order to avoid this problem we con-
sider the excesses for all dividing surfaces together, rather then for a particular
dividing surface. Particularly, in [10] the definition of the excess Gibbs energy was
chosen differently because this excess was very small for the equimolar surface.
We have shown in this chapter why this is not needed.

One can see from these data, that within different ways of perturbing a mixture
from equilibrium, the biggest error comes when one perturbs the temperature on
the liquid side. This is the most extreme condition for the mixture being in non-
equilibrium. While the relative temperature perturbation is only 2%, the resulting
temperature gradient is about 108 K=m which is very far beyond ordinary non-
equilibrium conditions. The other perturbations make the validity of local equi-
librium for the surface more precise. Similarly smaller perturbations make the
validity of local equilibrium also more precise.

We therefore conclude that the local equilibrium of the surface is valid with a
reasonable accuracy also under extreme temperature gradients for binary mixtures.
For the description of transport through and into surfaces this verifies that the use
of non-equilibrium thermodynamics as done in, for instance [6–9] is appropriate.
For the application to industrial processes this is an important simplification,
which is of great importance.

5.8 Excesses’ Errors

To recall, each table in this section gives the values of different errors in
percent. Each line gives the relative error in the determination the corre-
sponding surface quantity /s: A line with E/ gives the error over all surfaces
together, while a line with �/ gives this error for a particular dividing surface.
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Two major columns give the corresponding values for different perturbations.
For each perturbation, two finer columns give errors from different procedures
to determine surface temperature and chemical potential difference. A column
with fxsg gives the values of corresponding errors for T ¼ T s

fxsg; w ¼ ws
fxsg

determined from Eq. 5.18 for the whole surface. A column with xs gives the
values of corresponding errors for T ¼ T sðxsÞ;w ¼ wsðxsÞ determined from
Eq. 5.9 for a particular dividing surface.

5.8.1 Gibbs Excesses’ Relative Errors

See Tables 5.4, 5.5 and 5.6.

5.8.2 Equilibrium Table Excesses’ Relative Errors

See Tables 5.7, 5.8 and 5.9.

Table 5.4 Gibbs excesses relative error for the case of perturbing T ‘ in percent

/ Error T ‘ ¼ 1:02 Teq T ‘ ¼ 0:98 Teq

for fxsg for xs for fxsg for xs

h E/ 0.01328 – 0.033276 –
�/ðxcÞ 0.023799 0.023419 0.064597 0.065002
�/ðxcÞ 0.020605 0.020737 0.056585 0.057148
�/ðxc1 Þ 0.035878 0.033571 0.085212 0.085204
�/ðxc2 Þ 0.015606 0.016541 0.047847 0.048578

u E/ 0.0071257 – 0.026714 –
�/ðxcÞ 0.016729 0.016462 0.045109 0.045392
�/ðxcÞ 0.015059 0.015156 0.041048 0.041457
�/ðxc1 Þ 0.022033 0.020616 0.054286 0.05428
�/ðxc2 Þ 0.012161 0.012889 0.036244 0.036797

f E/ 0.20039 – 0.12983 –
�/ðxcÞ 7.3727 7.3666 8.7959 8.799
�/ðxcÞ 1.9809 1.981 2.2605 2.2602
�/ðxc1 Þ 1.6966 1.6881 2.5586 2.5602
�/ðxc2 Þ 0.65429 0.65354 1.0109 1.0095

g E/ 0.36323 – 0.15487 –
�/ðxcÞ 272.37 272.15 73.468 73.494
�/ðxcÞ 2.7241 2.7242 3.2313 3.2309
�/ðxc1 Þ 1.4054 1.3983 1.9592 1.9605
�/ðxc2 Þ 0.72857 0.72773 1.1818 1.1802
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Table 5.6 Gibbs excesses relative error for the case of perturbing f‘ in percent

/ Error f‘ ¼ 1:02 f‘eq f‘ ¼ 0:98 f‘eq

for fxsg for xs for fxsg for xs

h E/ 0.00035435 – 0.0011482 –
�/ðxcÞ 0.0023134 0.0028072 0.0042669 0.0042419
�/ðxcÞ 0.0021873 0.0026065 0.0039043 0.0039484
�/ðxc1 Þ 0.0028054 0.0035457 0.0054811 0.0052479
�/ðxc2 Þ 0.0020102 0.0023063 0.0033597 0.0035215

u E/ 0.00040969 – 0.0015073 –
�/ðxcÞ 0.0016206 0.0019665 0.0029893 0.0029717
�/ðxcÞ 0.0015861 0.0018901 0.0028345 0.0028665
�/ðxc1 Þ 0.0017517 0.0022139 0.0034446 0.003298
�/ðxc2 Þ 0.0015408 0.0017677 0.0025842 0.0027086

f E/ 0.0063873 – 0.0026805 –
�/ðxcÞ 0.17101 0.15419 0.033343 0.034999
�/ðxcÞ 0.014471 0.015093 0.023261 0.022844
�/ðxc1 Þ 0.15718 0.13049 0.066572 0.055875
�/ðxc2 Þ 0.062407 0.065842 0.037405 0.042978

g E/ 0.013595 – 0.0004864 –
�/ðxcÞ 5.3413 4.816 0.77321 0.8116
�/ðxcÞ 0.021 0.021903 0.033471 0.032872
�/ðxc1 Þ 0.12645 0.10498 0.052965 0.044454
�/ðxc2 Þ 0.071253 0.075175 0.042467 0.048795

Table 5.5 Gibbs excesses relative error for the case of perturbing pg in percent

/ Error pg ¼ 1:02 peq pg ¼ 0:98 peq

for fxsg for xs for fxsg for xs

h E/ 0.0013703 – 0.0019532 –
�/ðxcÞ 0.0018964 0.0022352 0.0011722 0.00088793
�/ðxcÞ 0.0017063 0.0019978 0.0010683 0.00083823
�/ðxc1 Þ 0.0025175 0.0030049 0.0015513 0.0010756
�/ðxc2 Þ 0.0014259 0.0016451 0.00090372 0.00076269

u E/ 0.00041867 – 0.00033213 –
�/ðxcÞ 0.0013316 0.0015695 0.00081921 0.00062057
�/ðxcÞ 0.00124 0.001452 0.00077388 0.00060722
�/ðxc1 Þ 0.0015926 0.001901 0.00096161 0.00066669
�/ðxc2 Þ 0.001093 0.001261 0.00069529 0.00058679

f E/ 0.043422 – 0.033692 –
�/ðxcÞ 1.4194 1.4152 1.2845 1.2884
�/ðxcÞ 0.3884 0.38805 0.37919 0.3795
�/ðxc1 Þ 0.40171 0.39739 0.30303 0.30621
�/ðxc2 Þ 0.13128 0.1311 0.13976 0.13952

g E/ 0.08442 – 0.021892 –
�/ðxcÞ 28.236 28.152 48.786 48.935
�/ðxcÞ 0.56258 0.56208 0.54645 0.5469
�/ðxc1 Þ 0.3187 0.31528 0.24447 0.24704
�/ðxc2 Þ 0.15021 0.15001 0.1583 0.15802
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Table 5.7 Equilibrium table excesses relative error for the case of perturbing T ‘ in percent

/ Error T ‘ ¼ 1:02 Teq T ‘ ¼ 0:98 Teq

for fxsg for xs for fxsg for xs

h E/ 0.67514 – 0.21243 –
�/ðxcÞ 1.1052 1.1012 0.51202 0.50951
�/ðxcÞ 0.0062189 0.0050111 0.074177 0.071345
�/ðxc1Þ 8.5087 8.4753 6.4524 6.4581
�/ðxc2Þ 3.9073 3.8963 6.1946 6.1882

u E/ 0.32181 – 0.23381 –
�/ðxcÞ 0.77685 0.77406 0.35744 0.3558
�/ðxcÞ 0.0043659 0.00366 0.053575 0.051756
�/ðxc1Þ 5.2257 5.2046 4.1104 4.1143
�/ðxc2Þ 3.0451 3.0361 4.692 4.6875

f E/ 0.0046133 – 0.0035049 –
�/ðxcÞ 6.6737 6.67 8.0558 8.0599
�/ðxcÞ 7.242 7.2428 0.37022 0.37236
�/ðxc1Þ 15.74 15.7 25.631 25.642
�/ðxc2Þ 13.328 13.306 20.092 20.077

g E/ 0.0017615 – 0.001069 –
�/ðxcÞ 246.55 246.41 67.29 67.32
�/ðxcÞ 9.9591 9.9604 0.52885 0.53228
�/ðxc1Þ 13.038 13.006 19.627 19.635
�/ðxc2Þ 14.84 14.817 23.49 23.472

Table 5.8 Equilibrium table excesses relative error for the case of perturbing pg in percent

/ Error pg ¼ 1:02 peq pg ¼ 0:98 peq

for fxsg for xs for fxsg for xs

h E/ 0.26501 – 1.3628 –
�/ðxcÞ 0.79783 0.80083 0.90685 0.90956
�/ðxcÞ 1.4549 1.457 1.2481 1.2505
�/ðxc1Þ 1.3056 1.2901 2.0582 2.0702
�/ðxc2Þ 2.3955 2.3962 0.069749 0.072757

u E/ 0.047434 – 0.20486 –
�/ðxcÞ 0.5599 0.56232 0.63362 0.63569
�/ðxcÞ 1.0571 1.0589 0.90402 0.90589
�/ðxc1Þ 0.82642 0.81614 1.2756 1.2832
�/ðxc2Þ 1.836 1.8368 0.053565 0.055977

f E/ 0.003912 – 0.0035128 –
�/ðxcÞ 1.218 1.2144 1.1886 1.1919
�/ðxcÞ 4.7735 4.775 2.1767 2.1788
�/ðxc1Þ 7.4201 7.3951 2.2105 2.2271
�/ðxc2Þ 5.5423 5.5439 1.9531 1.9467

g E/ 0.0013182 – 0.00041813 –
�/ðxcÞ 24.251 24.157 45.122 45.27
�/ðxcÞ 6.9147 6.9164 3.1371 3.1398
�/ðxc1Þ 5.8866 5.8671 1.7835 1.7967
�/ðxc2Þ 6.3419 6.3437 2.212 2.2049
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Chapter 6
From Continuous to Discontinuous
Description

6.1 Introduction

In earlier chapters we developed the general approach for the square gradient
description of an interface between two phases in non-equilibrium n-component
mixtures. Using that approach it is possible to determine the continuous profiles of
all variables through the interface during, for instance, evaporation and conden-
sation. In this chapter we will use these results to obtain the transfer coefficients for
heat and mass transfer through the liquid vapor interface. The values of these
transfer coefficients, or even their order of magnitude, is extremely important for
industrial processes which involve evaporation and/or condensation of mixtures.
Among these processes is, for instance, distillation, when one needs to separate
components with different volatilities. As this involves evaporation and/or con-
densation repeatedly many times, it is very important to know the exact effect of
the surface. Some values of the interfacial transfer coefficients may favor transport
of one component, while others may favor adsorption of a component at the
surface. Of particular interest are the values of the cross coefficients, which con-
tribute to irreversible transport, and which are in most descriptions neglected [1].

For the resistances in the relations expressing the differences of the temperature
and chemical potentials across the surface we will use the word transfer coeffi-
cients as they describe the resistance to the transfer of heat and mass and across the
surface.

A number of different methods have been used to obtain the surface transfer
coefficients for one-component systems: experiments [2–5], molecular dynamic
simulations [6–10], kinetic theory [11–13]. In a paper [14] the interfacial transfer
coefficients obtained from the square gradient theory for a one-component system
were calculated and compared to the data in the above references. Even for one-
component systems the database of interfacial transfer coefficients is poor and
these data are pretty scattered. The situation is even worse for mixtures. There
are only few experiments available for several systems [2, 4] in very restricted
ranges of conditions, i.e. for instance, at infinite dilution. No molecular dynamic
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simulations are available yet. The only source of the values of interfacial coeffi-
cients is kinetic theory [12, 13]. This theory is most appropriate for short range
potentials and low density gases. There is evidence from molecular dynamic
simulations for longer range potentials [10] that the coupling transfer resistances
for liquid–vapor interfaces of real fluids are substantially larger than those pre-
dicted by kinetic theory.

In the previous chapters we discussed the balance equations and the Gibbs
relation for the square gradient model of mixtures. The Gibbs relation enabled us
to derive the entropy production. It followed that if one uses as thermodynamic
forces the gradient of the inverse temperature, rð1=T Þ; - the gradients of the
chemical potential differences divided by the temperature, �r½ðli � lnÞ=T �; for
i ¼ 1; n� 1; and - the gradient of the velocity divided by the temperature,
�ðrvÞ=T ; then the conjugate fluxes are the heat flux, Jq; the diffusion fluxes of the
first n� 1 components relative to the barycentric frame of reference, Ji; and the
viscous pressure tensor. Linear laws relating these forces and fluxes were given.
Together with the balance equations it was then possible to calculate the profiles of
all the variables.

Given the validity of local equilibrium for the description in terms of the Gibbs
excess densities, it is possible to develop a description using non-equilibrium
thermodynamics as explained in the monograph by Kjelstrup and Bedeaux [1].
This is much easier than the continuous description. As we will verify in this
chapter the expression for the excess entropy production of a surface has the
general form

brs ¼
X

i

JiXi ð6:1Þ

In this expression Ji are the heat and mass fluxes through the surface and Xi are the
jumps in the intensive variables across the interface. In non-equilibrium, one uses
the finite jumps of the temperature and chemical potentials across the surface,
which leads to a non-zero entropy productions in the interfacial region. These
jumps become the driving forces for the heat and mass transport through the
interface. Following the traditional approach of non-equilibrium thermodynamics
we then write the linear force–flux relations. These expressions use the interfacial
resistances or transfer coefficients which are the key interest of the rest of the thesis.

Having the continuous profiles of thermodynamic quantities obtained from the
non-equilibrium gradient model we are able to calculate these resistances inde-
pendently. This gives a way to determine the coefficients and therefore a possible
source for comparison for future experiments and simulations.

In this chapter we establish the general link between the continuous analysis
described in the previous chapters and the discontinuous approach given in [1].
The analysis is done for stationary states, when all the quantities have no explicit
dependence on time. In the next two chapters we focus on the methods to obtain
the interfacial resistances. There we also apply them to the binary mixture of
cyclohexane and n-hexane.
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In Sect. 6.2 we derive the expression for the local entropy production for
stationary states in the continuous description. In Sect. 6.3 we discuss the prop-
erties of the excess quantities in three-dimensional space. We consider how the
stationary state condition simplifies the non-equilibrium description. In Sect. 6.4
we obtain the expression for the excess entropy production in an interfacial region.
In Sect. 6.5 we give the force–flux relations and discuss the interfacial resistance
coefficients. We consider different sets of coefficients which are associated with
different variables: gas- and liquid-side coefficients, as well as mass and molar
coefficients. Any coefficient of one set is determined by the coefficients of the
other set and equilibrium properties of pure bulk components. These sets are
therefore equivalent.

6.2 Local Entropy Production

6.2.1 Gibbs–Duhem Equation

Consider a two phase n-component mixture. Let T be the temperature field in this
region, wi � li � ln be the chemical potential differences and p be the scalar
pressure, which in case of a planar interface coincides with the parallel pressure
pk: Furthermore, let u; s; v be the mass specific internal energy, entropy and
volume respectively, q � 1=v be the overall mass density and ni � qi=q be the
mass fraction of the ith component. It was found that the Gibbs equation for such a
two phase system is given by:

T ðr; tÞ ds

dt
¼ du

dt
�
Xn�1

i¼1

wiðr; tÞ dni

dt
þ pðr; tÞ dv

dt
� v vb

ocab

oxa
ð6:2Þ

where v is the barycentric velocity, d=dt a substantial time derivative and we use
the summation convention over double Greek indices. cab the tension tensor,
which is given by

cab ¼ j
oq
oxa

oq
oxb
þ
Xn�1

i¼1

ji

oni

oxa

oq
oxb
þ oq

oxa

oni

oxb

� �

þ
Xn�1

i;j¼1

jij

oni

oxa

onj

oxb
ð6:3Þ

It is non-zero in particular in the interfacial region, where the gradient variables
r q and rni are significant. All thermodynamic densities (except the entropy)
have gradient contributions. For explicit expressions we refer to Chap. 2. These
densities are related by the ordinary relation

u ¼ ln þ
Xn�1

i¼1

wi ni � p vþ T s ð6:4Þ
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Substituting Eq. 6.4 into Eq. 6.2 we obtain

s
dT

dt
þ dln

dt
þ
Xn�1

i¼1

ni

dwi

dt
� v

dp

dt
� v vb

ocab

oxa
¼ 0 ð6:5Þ

This is the Gibbs–Duhem equation for a two-phase multi-component mixture.
For a stationary state the derivative o=ot ¼ 0 and Eq. 6.5 takes the following

form

q vb s
oT

oxb
þ oln

oxb
þ
Xn�1

i¼1

ni

owi

oxb
� v

orab

oxa

 !

¼ 0 ð6:6Þ

where rab ¼ p dab þ cab is the thermodynamic pressure tensor. Note that since
wi � li � ln; we have

oln

oxb
þ
Xn�1

i¼1

ni

owi

oxb
¼
Xn

i¼1

ni

oli

oxb
ð6:7Þ

which is the usual contribution to the Gibbs–Duhem equation associated with the
chemical potentials.

6.2.2 Entropy Balance

The entropy balance equation is

q
ds

dt
¼ �r � Js þ rs ð6:8Þ

with the entropy flux Js � Js; tot � q s v and the entropy production rs: These were
found to be

Js ¼
1
T

Jq �
Xn�1

i¼1

wi Ji

 !

ð6:9aÞ

rs ¼ Jq � r
1
T
�
Xn�1

i¼1

Ji � r
wi

T
� pab

1
T

ova

oxb
ð6:9bÞ

where Jq and Ji are the heat and diffusion fluxes

Jq � Je � q v e� p v� p � v ¼ Je � Jm ðeþ p vÞ �P � v
Ji � qi ðvi � vÞ ¼ Jni

� ni Jm

ð6:10Þ
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where P � pab is the viscous pressure tensor. The energy flux Je and the mass
fluxes Jni

� qi vi and Jm � q v are convenient quantities, since in stationary states

r � Je ¼ 0; r � Jni
¼ 0; r � Jm ¼ 0 ð6:11Þ

Furthermore, it follows from Eq. 6.8 that in stationary states

rs ¼ r � Js þ q v � rs ¼ r � Js; tot ð6:12Þ

Using (6.6) and the conservation laws under stationary conditions, it is possible to
show that

rs ¼ Je � r
1
T
�
Xn

i¼1

Jni
� r li

T
� Jm � r

v2=2� g � r
T

� o

oxa

pabvb

T
ð6:13Þ

The expression for the entropy production, used in Eq. 6.13 contains dependent
fluxes Jni

and Jm and thus force–flux relations cannot be obtained from it directly.

6.3 Excesses in Three-Dimensional Space

6.3.1 Definition of an Excess

The definition of an excess requires the normal direction n to be defined in the
interfacial region. The surface may be curved and we may introduce curvilinear
orthogonal coordinates ðx1; x2; x3Þ with r? � x1 being the normal coordinate and
rk � ðx2; x3Þ being the tangential coordinates.

Let xg; s and x‘; s be the boundaries of the interfacial region1 at the gas and liquid
side, respectively. Let / be a function defined in the surface region. Furthermore,
let /b; where superscript b stands either for ‘ or for g; be the function / extrap-
olated from the bulk to the surface region. The extrapolation is done using the
description in homogeneous phases which does not contain gradient contributions.
Outside of the interfacial region /b and / are identical but inside the surface, /b in
general differs from /: We note the following identity for the extrapolated
functions

/bðxb;s; rkÞ ¼ /ðxb;s; rkÞ ð6:14Þ

Furthermore, for any function U the following relation is true by definition

Ubð. . .;/; . . .Þ ¼ Uð. . .;/b; . . .Þ ð6:15Þ

1 The exact location of these boundaries depends on particular method we use to distinguish the
bulk region from the interfacial region. In Chap. 4 we discussed this issue. Here we only need to
know that these boundaries exist and satisfy Eq. 6.14.

6.2 Local Entropy Production 113

http://dx.doi.org/10.1007/978-3-642-15266-5_4


in the interfacial region. We note however, that even though Eqs. 6.14 and 6.15 are
exact, any numerical procedure will break these equalities. This happens because
the extrapolation procedure usually involves polynomials in order to fit an actual
curve, which introduces a non-zero error in the extrapolated curve.

We then can define the excess b/ðxs; rkÞ of a density /ðrÞ per unit of volume in
the three-dimensional space as2 [15]

b/ðxs; rkÞ �
1

hs
2 hs

3

Zx‘; s

xg; s

dx1 h1 h2 h3 /exðr; xsÞ ð6:16Þ

where

/exðr; xsÞ � /ðrÞ � /gðrÞHðxs � x1Þ � /‘ðrÞHðx1 � xsÞ ð6:17Þ

Furthermore, hi � hiðx1; rkÞ are Lamé coefficients for curvilinear coordinates and

hs
i � hiðxs; rkÞ: Given that /ðrÞ is a density per unit of volume, excess b/ðxs; rkÞ is

a density per unit of surface area. The excess depends on the position of the
dividing surface xs; which is the coordinate of the surface in the normal direction,
and the position rk along the surface.

6.3.2 Stationary State of a Surface

Consider the entropy production given in Eq. 6.13. All the terms except the last
one have the form J � r/; where according to Eq. 6.11 r � J ¼ 0 and / is some
scalar function. Thus, J�r/ ¼ r � ðJ/Þ: We show in Appendix 6.B that

ð6:18Þ

where all the functions on the right hand side are evaluated at rs:
For each flux in Eq. 6.11 we can write r?J? þ rk � Jk ¼ 0: This gives an

approximate relation for the order of magnitude

jD?J?j
Dx?

’
jDkJkj
Dxk

ð6:19Þ

As was discussed in Chap. 3, the interfacial region breaks the three-dimensional
isotropy of the system. In addition to a typical macroscopic size of the problem ‘;
there exists the microscopic size d; the surface width, which is of the order of few
nanometers. There are quantities which change drastically on the distances of the

2 In the literature one also uses an alternative definition, which however has a meaning only for
non-highly curved surfaces, see Appendix 6.A.
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order d in the direction perpendicular to the surface. However, the significant
change of any quantity along the surface may happen only on a length scale ‘;
which is of the order of either radii of surface curvature or the system size.
Because of this property of a surface, we may not expect the change of the parallel
component of a flux on a macroscopic scale along the surface to be much larger
then the change of the perpendicular component of that flux on a microscopic scale
through the surface. For the fluxes for which changes jD?J?j and jDkJkj are of the
same order of magnitude, Eq. 6.19 takes the form DJ=d � DJ=‘; which can hold
only if DJ ¼ 0; since d� ‘: This means that both D?J? ¼ 0 and DkJk ¼ 0: If
jD?J?j � jDkJkj this statement becomes even stronger. We then may require that
for a thin surface3

r?J?ðrÞ ¼ 0 ð6:20aÞ

rk � JkðrÞ ¼ 0 ð6:20bÞ

Thus, a stationary state condition r � J ¼ 0 has a form of Eq. 6.20 in an interfacial
region. The extrapolated fluxes Jb satisfy the same equation

r?Jb
?ðrÞ ¼ 0 ð6:21aÞ

rk � Jb
kðrÞ ¼ 0 ð6:21bÞ

since the extrapolated flux fields also satisfy r � Jb ¼ 0:
Both Eqs. 6.20a and 6.21a are first order ordinary differential equations which

depend on a constant. These constants must be the same, since according to
Eq. 6.14 Jb

?ðrb;sÞ ¼ J?ðrb;sÞ at boundary points. It means that Jb
? and J? are the

same functions4:

J
g
?ðrÞ ¼ J‘?ðrÞ ¼ J?ðrÞ ð6:22Þ

Consider the last term in Eq. 6.18. Since parallel divergences of both Jk and Jb
k

are zero,

ð6:23Þ

where we used that rkHðx1Þ ¼ 0 (cf. Appendix 6.B).

3 For the special case of a system with planar surface in cartesian coordinates with all the fluxes
directed perpendicular to the surface, which is the case studied in this chapter, these equations
follow straightforwardly.
4 Note that Eq. 6.22 does not lead to the relation J?ðxg; s; rkÞ ¼ J?ðx‘; s; rkÞ: Equation 6.22 is
the relation between values of different functions at the same point but not the relation between
values of the same function at different points. However, it follows from Eq. 6.20a
that in curvilinear coordinates oðh2h3J?Þ=ðox?Þ ¼ 0 and therefore h2h3J? ¼ const but not
J? ¼ const:
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Substituting Eqs. 6.22 and 6.23 into Eq. 6.18 we obtain

ð6:24Þ

where all the functions on the right hand side are evaluated at rs:

6.4 Excess Entropy Production

Applying Eq. 6.24 to each term in Eq. 6.13 for the entropy production we obtain
the general form of the excess entropy production for a surface in stationary state

ð6:25Þ

where ~li � li þ v2=2� g � rs:
The next step of the analysis is to provide constitutive relations in order to

relate thermodynamic forces Xk to thermodynamic fluxes Jk for the whole sur-
face. This requires that the excess entropy production has a form brs ¼

P
JkXk:

However, as one can see from Eq. 6.25, the terms related to fluxes along the
surface do not have this form. One has to make further assumptions on the nature
of these terms to write them in this form. As our work is focused on transport
into and through the surface we will not consider non-equilibrium perturbations
which are applied along the surface. This guarantees that all the terms along the
surface are equal to zero. The only nonzero component of any flux J is therefore
J?; which we will denote simply as J: We will furthermore restrict ourself to
non-viscous fluids. The expression for the excess entropy production simplifies to
the following

brs ¼ Je

1
T ‘
� 1

Tg

� �

�
Xn

i¼1

Jni

~l‘i
T ‘
� ~lg

i

T g

� �

ð6:26Þ

It is convenient to write the excess entropy production in terms of the mea-
surable heat flux J0q of either bulk phase, which is defined as

J0; bq � Jb
q �

Xn

i¼1

hb
i Jb

i ¼ Je �
Xn

i¼1

~hb
i Jni

ð6:27Þ

(6.25)
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where we used Eq. 6.10 and ~hi � hi þ v2=2� g � rs ¼ ~li þ Tsi; where si is the
partial entropy and hi is the partial enthalpy. While Eq. 6.22 is valid for Je and Jni

it is not valid for J0q : the difference between the measurable heat fluxes on the gas
and the liquid side is

J 0; gq � J 0; ‘q ¼
Xn

i¼1

Jni
ð~h‘i � ~hg

i Þ ð6:28Þ

Note, that in non-equilibrium ~h‘i � ~hg
i is not equal to h‘i � h

g
i since the velocities of

the gas and liquid are substantially different. In practice, however, the magnitude
of either velocity is small, so the corresponding kinetic energy term does not affect
much the value of the enthalpy. Moreover, as we will see below, one should use
equilibrium values of the corresponding enthalpies, which makes the expression
with tilde to be identical to the expression without tilde.

In terms of measurable heat fluxes, the expression for the entropy production
becomes

brs ¼ J 0; gq

1
T ‘
� 1

Tg

� �

�
Xn

i¼1

Jni

1
T ‘

~l‘i � ~lg
i þ s

g
i ðT ‘ � TgÞ

� �
ð6:29aÞ

brs ¼ J 0; ‘q

1
T ‘
� 1

Tg

� �

�
Xn

i¼1

Jni

1
Tg

~l‘i � ~lg
i þ s‘i ðT ‘ � TgÞ

� �
ð6:29bÞ

It is important to realize that Eq. 6.29 are exactly equivalent to Eq. 6.26. It is
common to do these transformations neglecting third and higher order contribu-
tions in the deviation from equilibrium. Such approximations were not needed
here.

Equation 6.29 has the form of the entropy production for the surface used in [1].
It was obtained there using the local equilibrium hypothesis, which we have
proven to be valid in Chap. 5. Here we have derived Eq. 6.29 independently, by
calculating the excess of the continuous entropy production in the square gradient
model.

6.5 Surface Transfer Coefficients

Consider Eq. 6.29 for the excess entropy production which has the form

brs ¼ J 0qXq þ
Xn

i¼1

Jni
Xi ð6:30Þ

We will use the form (6.30) further, specifying the explicit expressions for fluxes
and forces where needed. Following the common procedure, we write the linear
force–flux relations for a given entropy production:

6.4 Excess Entropy Production 117

http://dx.doi.org/10.1007/978-3-642-15266-5_5


Xq ¼ RqqðTeq;weqÞ J 0q þ
Xn

i¼1

RqiðTeq;weqÞ Jni

Xj ¼ RjqðTeq;weqÞ J 0q þ
Xn

i¼1

RjiðTeq;weqÞ Jni

ð6:31Þ

As these relations are true only to the linear order in perturbations, we must keep
only linear contributions in all terms. It means that all the resistances in Eq. 6.31
are functions of only equilibrium temperature Teq and equilibrium chemical
potential difference weq around which a particular perturbation is performed. They
do not depend on the nature of the perturbation.

Consider the following matrix notation of the above quantities

X �

Xq

X1

..

.

Xn

0

B
B
B
@

1

C
C
C
A
; R �

Rqq Rq1 . . . Rqn

R1q R11 . . . R1n

..

. ..
. . .

. ..
.

Rnq Rn1 . . . Rnn

0

B
B
B
@

1

C
C
C
A
; J �

J 0q
Jn1

..

.

Jnn

0

B
B
B
@

1

C
C
C
A

ð6:32Þ

Let � indicate a measure of a non-equilibrium perturbation,5 so that X ¼ Xð�Þ and
J ¼ Jð�Þ: Then Eq. 6.31 can be written in a matrix form as

Xð�Þ ¼ RðTeq;weqÞ � Jð�Þ ð6:33Þ

For large values of �; Eq. 6.33 is not correct, since large perturbations are not
described by the linear theory. As we decrease �; the accuracy of Eq. 6.33
increases and in the limit �! 0 becomes exact. It means that Eq. 6.33 should be
understood as

lim
�!0

Xð�Þ ¼ RðTeq;weqÞ � lim
�!0

Jð�Þ ð6:34Þ

One should not write Eq. 6.34 in the form Xð0Þ ¼ RðTeq;weqÞ � Jð0Þ however, as
both Xð0Þ and Jð0Þ contain only zeroes and such an expression makes no sense.
Even though Xð�Þ and Jð�Þ are continuous functions of �; one should write
lim�!0 Xð�Þ and lim�!0 Jð�Þ instead of Xð0Þ and Jð0Þ respectively. In practice
there exists a particular measure �eq of a perturbation, such that for all �\�eq

Eq. 6.33 is satisfied with a satisfactory accuracy.
One should also note that the accuracy of a particular numerical procedure may

limit the validity of Eq. 6.34 as well. All the non-equilibrium profiles and therefore
forces and fluxes are calculated by solving the system of differential equations
numerically with some particular accuracy. If a perturbation rate is lower then

5 Note, that a non-equilibrium state can be achieved by perturbing several independent quantities
simultaneously. In this case we have several perturbation parameters b1; . . .; bp: A measure � is a
norm of this p-dimensional vector of perturbations. The exact expression for this norm is
irrelevant, as soon as it goes to zero if and only if all b1; . . .; bp go to zero.
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this accuracy, say �num; the data obtained from the numerical procedure are not
reliable. Performing a numerical analysis we must therefore replace the limiting
value 0 by �num in Eq. 6.33.

As shown by Onsager [16], the cross coefficients must be the same. We
therefore have

Rqi ¼ Riq

Rji ¼ Rij

ð6:35Þ

6.5.1 Gas- and Liquid-Side Transport Coefficients

For each of Eq. 6.29 one might associate the forces with

Xg
q ¼ X‘

q �
1
T ‘
� 1

Tg

X
g
j � �

1
T ‘

~l‘j � ~lg
j þ s

g
j ðT ‘ � TgÞ

� �

X‘
j � �

1
Tg

~l‘j � ~lg
j þ s‘jðT ‘ � TgÞ

� �

ð6:36Þ

As we are in the context of the linear theory, however, we must linearize these
forces with respect to the perturbation and discard all higher order terms. Leaving
them would not increase accuracy but may affect the consistency of the linear
theory. We therefore get the following phenomenological relations up to the linear
order6

1
T ‘
� 1

Tg
¼Rg

qq J 0; gq þ
Xn

i¼1

R
g
qi Jni

� 1
Teq

~l‘j � ~lg
j þ s

g
j; eqðT ‘ � TgÞ

� �
¼R

g
jq J 0; gq þ

Xn

i¼1

R
g
ji Jni

ð6:37Þ

6 Given a small perturbation around equilibrium values, we can write Tb ¼ Teq þ dTb;
lb ¼ leq þ dlb; and sb ¼ seq þ dsb up to the first order. Thus, 1=T ‘ � 1=Tg ¼
ðdTg � dT ‘Þ=T 2

eq is linear in perturbations and we may keep this term as it is. Furthermore,

1
T ‘

~l‘j � ~lg
j þ s

g
j ðT ‘ � TgÞ

h i
¼ 1

Teq

� dT ‘

T 2
eq

( )

d~l‘j � d~lg
j þ ðs

g
j; eq þ ds

g
j ÞðdT ‘ � dTgÞ

h i

The term dT ‘=T 2
eq is already linear in perturbations, so multiplying it with the expression in

parenthesis, which has also no zero order term, we get an expression which is at least quadratic
in perturbations and should therefore be neglected. Similarly the term dsg

j ðdT ‘ � dTgÞ should
also be neglected. The remaining expression is exactly the one, which is used in Eq. 6.37.
Analogously we get Eq. 6.38.

6.5 Surface Transfer Coefficients 119



and

1
T ‘
� 1

Tg
¼ R‘

qq J 0; ‘q þ
Xn

i¼1

R‘
qi Jni

� 1
Teq

~l‘j � ~lg
j þ s‘j; eqðT ‘ � TgÞ

� �
¼ R‘

jq J 0; ‘q þ
Xn

i¼1

R‘
ji Jni

ð6:38Þ

Here and after we omit arguments ðTeq;weqÞ as long as it does not lead to
confusion.

The measurable heat fluxes are related by Eq. 6.28 which after linearization
takes the following form

J 0; gq � J 0; ‘q ¼
Xn

i¼1

Jni
~h‘i; eq � ~hg

i; eq

� �
ð6:39Þ

Comparing Eqs. 6.37 and 6.38 and using Eq. 6.39 we get the following relations
between the coefficients associated with the gas and liquid measurable heat fluxes
to linear order

R‘
qq ¼ Rg

qq

R‘
qi � h‘i; eq R‘

qq ¼ R
g
qi � h

g
i; eq Rg

qq

R‘
iq � h‘i; eq R‘

qq ¼ R
g
iq � h

g
i; eq Rg

qq

R‘
ji�h‘i; eqR

‘
jq�h‘j; eqR

‘
qiþh‘i; eqh

‘
j; eqR

‘
qq ¼ R

g
ji�h

g
i; eqR

g
jq�h

g
j; eqR

g
qiþh

g
i; eqh

g
j; eqR

g
qq

ð6:40Þ

where we took into account that ~lg
i; eq ¼ ~l‘i; eq and ~hg

i; eq � ~h‘i; eq ¼ h
g
i; eq � h‘i; eq:

The coefficients on the one side determine uniquely the coefficients on the other
side, having the values of jumps across the surface of the extrapolated enthalpies.
It follows from Eq. 6.40 that

R‘
qq ¼ Rg

qq

R‘
qi ¼ R

g
qi � ðh

g
i; eq � h‘i; eqÞRg

qq

R‘
iq ¼ R

g
iq � ðh

g
i; eq � h‘i; eqÞRg

qq

R‘
ji ¼ R

g
ji�ðh

g
i; eq�h‘i; eqÞR

g
jq�ðh

g
j; eq�h‘j; eqÞR

g
iqþðh

g
i; eq�h‘i; eqÞðh

g
j; eq�h‘j; eqÞRg

qq

ð6:41Þ

One can notice, that symmetry of Rg coefficients implies the same symmetry of R‘

coefficients and vice versa.
To avoid confusion we recall that for the temperature T ; chemical potential lj

and the partial entropy sj the superscript g or ‘means the value of the corresponding
function extrapolated from either gas or liquid to the interfacial region and eval-
uated at a particular dividing surface xs: We do not indicate which dividing surface
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is used, as it is irrelevant for the present analysis. In contrast,
J 0; gq � Je �

Pn
i¼1

~hiðxg; sÞ Jni
where the partial enthalpy is evaluated at the gas-

surface boundary xg; s: To the linear order however ~hiðxg; sÞ ¼ ~hi; eqðxg; sÞ ¼
~hg

i; eqðxsÞ � ~hg
i; eq: For planar interface, Je and Jni

are constants, and J 0; gq may be
considered as the flux, evaluated at a dividing surface xs: Furthermore, superscript g

or ‘ for the resistance Rg or R‘ neither indicates any position nor the extrapolated
resistance coefficient. It indicates the measurable heat flux which the given resis-
tance coefficient is associated with, either J 0; gq or J 0; ‘q respectively.

6.5.2 Mass and Molar Transport Coefficients

In applications, it is common to use the mass flux of the components and the partial
molar thermodynamic quantities, like, for instance, partial molar entropy. The
above equations should use either molar fluxes and partial molar thermodynamic
quantities or mass fluxes and partial mass thermodynamic quantities. The transport
coefficients are different for different choices. Consider Eq. 6.30 for excess
entropy production. The thermodynamic forces Xi depend on partial thermody-
namic quantities. We introduce therefore Xm

i as a force which uses partial mass
quantities and Xm

i as a force which uses partial molar quantity. Furthermore, let
Jni
� qivi and Jfi

� ci vi be the mass and molar flux respectively of the ith
component. As Xm

i ¼ Xm
i=Mi and Jni

¼ Jfi
Mi; where Mi is the molar mass of the

ith component, the excess entropy production becomes

brs ¼ J 0q Xq þ
Xn

i¼1

Jni
Xm

i ¼ J 0q Xq þ
Xn

i¼1

Jfi
Xm

i ð6:42Þ

The force–flux relations become

Xq ¼ Rm
qq J 0q þ

Xn

i¼1

Rm
qi Jni

Xm
j ¼ Rm

jq J 0q þ
Xn

i¼1

Rm
ji Jni

ð6:43aÞ

and

Xq ¼ Rm
qq J 0q þ

Xn

i¼1

Rm
qi Jfi

Xm
j ¼ Rm

jq J 0q þ
Xn

i¼1

Rm
ji Jfi

ð6:43bÞ

where the corresponding superscript for the resistance coefficient indicates the
association with the mass or molar quantities. These transport coefficients are
related in the following way
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Rm
qq ¼ Rm

qq

Rm
qi ¼ Rm

qi Mi

Rm
iq ¼ Rm

iq Mi

Rm
ji ¼ Rm

ji Mj Mi

ð6:44Þ

6.6 Conclusions

In this chapter we have studied stationary transport of heat and mass through the
liquid–vapor interface in a mixture, using the square gradient theory. We derived
an expression for the excess entropy production of a surface from the continuous
description, which is identical to the one derived directly for the discrete
description using the property of local equilibrium [1]. This makes it possible to
give the linear force–flux relations for this case. These relations involve the
interfacial resistances or transfer coefficients, which were the main focus of
interest in this chapter.

6.A On the Definition of an Excess Quantity

One may think of an alternative definition of an excess quantity

b/aðxs; x2; x3Þ �
Zx‘; s

xg; s

dx1 h1 /exðr; xsÞ ð6:45Þ

We note however, that b/a has no physical meaning, while b/ has. The reason for
this is that

U �
Z Z

S

dx2 dx3 hs
2 hs

3
b/ðxs; x2; x3Þ ¼

Z Z

S

Zx‘; s

xg; s

dx1 dx2 dx3 h1 h2 h3 /exðr; xsÞ

ð6:46Þ

is the total amount of some physical quantity in the volume which is limited by the
surfaces S at xg; s and x‘; s; while

Ua �
Z Z

S

dx2 dx3 hs
2 hs

3
b/aðxs; x2; x3Þ ¼

Z Z

S

Zx‘; s

xg; s

dx1 dx2 dx3 h1 hs
2 hs

3 /exðr; xsÞ

ð6:47Þ
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is not. If the interfacial thickness is small compared to the radii of curvature, the

difference between b/ and b/a is small and vanishes for planar interface considered
under cartesian coordinates. However, it is U but not Ua which is a physical

amount, and thus b/ is the surface density.

6.B Excess of a Gradient Function in Curvilinear
Coordinates

Consider a function / being the divergence of a vector function: / ¼ r � qðrÞ: Its
excess

ð6:48Þ

Furthermore,

ðr � qÞexðr; xsÞ � r � qðrÞ � fr � qgðrÞgHðxs � x1Þ � fr � q‘ðrÞgHðx1 � xsÞ
¼ r � ðqexÞðr; xsÞ þ qgðrÞ � rHðxs � x1Þ þ q‘ðrÞ � rHðx1 � xsÞ

ð6:49Þ

where

qexðr; xsÞ � qðrÞ � qgðrÞHðxs � x1Þ � q‘ðrÞHðx1 � xsÞ ð6:50Þ

and qg and q‘ are defined similarly to /g and /‘:
Using the standard formula for the divergence of a vectorial function in cur-

vilinear coordinates

r � q ¼ 1
h1 h2 h3

o

ox1
ðh2h3 q1Þ þ

o

ox2
ðh1h3 q2Þ þ

o

ox3
ðh1h2 q3Þ

� �

ð6:51Þ

one can show that

Zx‘; s

xg; s

dx1 h1 h2 h3r � ðqexÞðr; xsÞ

¼ h2h3 qex
?

�
�
�
�

x‘; s

xg; s

þ
Zx‘; s

xg; s

dx1
o

ox2
ðh1h3 qex

2 Þ þ
o

ox3
ðh1h2 qex

3 Þ
� �

ð6:52Þ
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Using the standard formula for the gradient of a scalar function in curvilinear
coordinates

rh ¼ 1
h1

oh
ox1

i1 þ
1
h2

oh
ox2

i2 þ
1
h3

oh
ox3

i3 ð6:53Þ

one can show that for Heaviside step function H

1
hs

2 hs
3

Zx‘; s

xg; s

dx1 h1 h2 h3 qbðrÞ � rHðx1 � xsÞ ¼ qbðxs; rkÞ � i1 � qb
?ðxs; rkÞ ð6:54Þ

Substituting Eq. 6.49 into Eq. 6.48 and using Eqs. 6.52 and 6.54 we obtain

ð6:55Þ

where

ð6:56Þ

and we took into account that according to Eq. 6.14 qex
? ðxg; sÞ ¼ qex

? ðx‘; sÞ ¼ 0:
Consider a special form of a vector q for which qk ¼ Jk/ where rk � Jk ¼ 0:

Here rk is a parallel component of three-dimensional nabla-operator so that

rk � qk ¼
1

h1 h2 h3

o

2
ðh1h3 q2Þ þ

o

3
ðh1h2 q3Þ

� �

rkh ¼
1
h2

oh

2
i2 þ

1
h3

oh

3
i3

ð6:57Þ

rk � ðJk/Þ ¼ Jk � ðrk/Þ þ ðrk � JkÞ/ ¼ Jk � ðrk/Þ ð6:58Þ
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Chapter 7
Surface Transfer Coefficients
for the Binary Mixture

7.1 Introduction

In this chapter we describe how to obtain surface resistances given the non-
equilibrium solution of the system. For the sake of convenience we do it for a
binary mixture, however the procedure is applicable for a multi-component mix-
ture. In Sect. 7.2 we specify the general expressions for two-component mixture.
In Sect. 7.3 we discuss the different methods to obtain the resistances from a non-
equilibrium continuous solution. We give the results of our analysis in Sect. 7.4.
We analyze extensively different aspects of the problem and find the values of
parameters, which make the interfacial resistances obtained from the continuous
solution of the square gradient model to match kinetic theory. We give the dis-
cussion and concluding remarks in Sect. 7.5.

7.2 Two Component Mixture

We have the following expression for the excess entropy production

brs ¼ J 0qXq þ Jn1
X1 þ Jn2

X2 ð7:1Þ

and force–flux relations (6.33) with

X �
Xq

X1

X2

0

@

1

A; R �
Rqq Rq1 Rq2

R1q R11 R12

R2q R21 R22

0

@

1

A; J �
J 0q
Jn1

Jn2

0

@

1

A ð7:2Þ

We will also use an alternative expression for the excess entropy production,
which uses the total mass flux Jm ¼ Jn1

þ Jn2
and the flux of one of the compo-

nents, say Jn1
� Jn:

brs ¼ J 0qXq þ JnXn þ JmXm ð7:3Þ
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where Xn � X1 �X2 and Xm � X2: The resulting force–flux relations (6.33)

Xð�Þ ¼ RðTeq;weqÞJð�Þ ð7:4Þ

have the following terms

X �
Xq

Xn

Xm

0

@

1

A; R �
Rqq Rqn Rqm

Rnq Rnn Rnm

Rmq Rmn Rmm

0

@

1

A; J �
J 0q
Jn

Jm

0

@

1

A ð7:5Þ

where the coefficients from Eq. 7.2 are related to the coefficients from Eq. 7.5 as

Rq1 ¼ Rqn þ Rqm R11 ¼ Rmn þ Rnm þ Rmm þ Rnn

R1q ¼ Rnq þ Rmq R22 ¼ Rmm

Rq2 ¼ Rqm R12 ¼ Rmm þ Rnm

R2q ¼ Rmq R21 ¼ Rmm þ Rmn

ð7:6Þ

Having the numerical solution for a particular non-equilibrium stationary state, we
know all the fluxes J and forces X used in Eq. 7.4: the constant fluxes are obtained
directly from the non-equilibrium solution and the extrapolated bulk profiles are
obtained using the procedure described in Chap. 4. On the other hand we know
only the local resistivities but not the resistances R of the whole surface.

We now consider the inverse problem: to determine the transport coefficients
for the whole surface having the non-equilibrium solution. As one can see, Eq. 7.4
has nine unknown resistances1 and only three equations. It is therefore not possible
to determine all the transport coefficients uniquely having only one stationary state
solution. In order to incorporate more equations we need to consider other non-
equilibrium stationary solutions which are independent of the previous. As the
transport coefficients depend only on equilibrium unperturbed state but not on non-
equilibrium perturbations, considering different perturbations around the same
equilibrium state we will give missing data. We must ensure however, that a given
perturbation is small enough to be described by linear-order equations. This would
require for instance Eqs. 6.35 and 6.40 to be true. There are more constraints to be
fulfilled which will be discussed in Sect. 7.4.

The non-equilibrium solution uses the following profiles for local resistivities
(see Chap. 4 for details)

rqqðxÞ ¼ rg
qq þ r‘qq � rg

qq

� �
q0ðxÞ þ aqq r‘qq þ rg

qq

� �
q1ðxÞ

rq1ðxÞ ¼ r
g
q1 þ r‘q1 � r

g
q1

� �
q0ðxÞ þ aq1 r‘q1 þ r

g
q1

� �
q1ðxÞ

r11ðxÞ ¼ r
g

11 þ r‘11 � r
g

11

� �
q0ðxÞ þ a11 r‘11 þ r

g

11

� �
q1ðxÞ

ð7:7Þ

1 In solving the inverse problem, we have to prove the Onsager reciprocal relations, rather then
impose them. So we have nine unknown resistances, not six.
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where q0ðxÞ and q1ðxÞ are modulatory curves for resistivity profiles which depend
only on density profiles and their first derivatives. For each resistivity profile, rg and
r‘ are the equilibrium coexistence resistivities of the gas and liquid phase, respec-
tively. Coefficients aqq; aq1; a11 control the size of the peak in the resistivity profiles
in the interfacial region. The non-equilibrium stationary state depends on the values
of these coefficients. The surface resistance coefficients R will therefore depend on
these coefficients as parameters, R ¼ Rðaqq; aq1; a11Þ; which we will investigate.

7.3 Methods to Obtain Resistances

We determine the transport coefficients from three different methods: from a
‘‘perturbation cell’’ method,2 from an experimental-like procedure and from
kinetic theory.

7.3.1 Perturbation Cell

Consider a stationary state which is perturbed from equilibrium by setting the
temperature of the liquid3

T ðx‘Þ ¼ ð1þ bT ÞTeq; the pressure of the gas pðxgÞ ¼
ð1þ bpÞpeq and the mole fraction of the liquid f‘ðx‘Þ ¼ ð1þ bfÞf‘eq indepen-
dently. The resulting non-equilibrium state is therefore a function of parameters b:

XðbT ; bp; bfÞ ¼ RðTeq;weqÞJðbT ; bp; bfÞ ð7:8Þ

where X, J and R are given by Eq. 7.2. Consider the following set of eight
independent non-equilibrium perturbations:

Xðb; b; bÞ ¼ RðTeq;weqÞ � Jðb; b; bÞ
Xðb;�b; bÞ ¼ RðTeq;wÞ � Jðb;�b; bÞ
Xð�b; b; bÞ ¼ RðTeq;weqÞ � Jð�b; b; bÞ

Xð�b;�b; bÞ ¼ RðTeq;weqÞ � Jð�b;�b; bÞ
Xðb; b;�bÞ ¼ RðTeq;wÞ � Jðb; b;�bÞ

Xðb;�b;�bÞ ¼ RðTeq;weqÞ � Jðb;�b;�bÞ
Xð�b; b;�bÞ ¼ RðTeq;weqÞ � Jð�b; b;�bÞ

Xð�b;�b;�bÞ ¼ RðTeq;wÞ � Jð�b;�b;�bÞ

ð7:9Þ

2 This method was first used by Johannessen et al. in [1] for one-component system. Here we
discuss the grounds for the legitimacy of this procedure and generalize it to mixtures.
3 One should not confuse T ðx‘Þ with T ‘: The former is the actual temperature at x ¼ x‘; i.e. at
the box boundary on the liquid side. The latter is the temperature extrapolated from the liquid
phase to the interfacial region and taken at x ¼ xs; i.e. at the dividing surface.
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Consider now the 3� 8 matrices X and J which contain eight column vectors X
and J respectively for each non-equilibrium perturbation specified above. For these
perturbations, X ¼ XðbÞ and J ¼ JðbÞ are the functions only on one parameter b:
Equation 7.9 may be written as

XðbÞ ¼ RðTeq;weqÞJðbÞ ð7:10Þ

As it was discussed in Sect. 6.5, for practical purposes the values of corresponding
matrices should be calculated at very small but finite value of b: RðTeq;weqÞ
depends therefore on b and we will keep it as an argument. From Eq. 7.10 we
obtain

RðTeq;weq; bÞ ¼ XðbÞ � JT ðbÞ
� �

� JðbÞJT ðbÞ
� ��1 ð7:11Þ

where superscript T means the matrix transpose and �1 means the inverted matrix.
We note, that in order to obtain the resistance matrix R uniquely, it is sufficient

in principle to impose any three non-equilibrium perturbations which have suffi-
ciently small perturbation parameters bT ; bp and bf: As each of bT ; bp and bf goes
to zero, the resistance matrix will go to RðTeq;weqÞ as fast as all bT ; bp and bf go
to zero. The method presented above makes the resistance matrix converge to
RðTeq;weqÞ as fast as b2 goes to zero, however. This is achieved by using eight
perturbations at the ‘‘corners’’ of a three-dimensional ‘‘perturbation cell’’, so
changing b to �b would not change the ‘‘perturbation cell’’ and the resulting R:

Because of using eight perturbations instead of three, there are five superfluous
perturbations which make the system of equations 7.10 overdetermined. Con-
tracting both sides of Eq. 7.10 with JT ; we actually average all the perturbations
which are spread around Teq and weq in the least square sense. As the components

of J matrix are linearly independent, this guaranteers the matrix J � JT to be

invertible. Thus, the inverse matrix ðJ � JT Þ�1 exists and Eq. 7.11 is mathemati-
cally legitimate. In the numerical procedure the expression on the right hand side
of Eq. 7.11 is obtained using Matlab matrix division X=J:

7.3.2 Experiment-Like Procedure

In experiments it is convenient to measure the corresponding coefficients by
keeping zero mass fluxes through the system. It is also convenient to work with the
total mass flux Jm and the flux of one of the components Jn; rather then with fluxes
of each component separately,4 Jn1

and Jn2
:

4 One of the reasons for this is that it is hard to make only Jn1
¼ 0; keeping Jn2

finite.
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Consider a stationary state which is perturbed from equilibrium by setting the
temperature of the liquid T ðx‘Þ ¼ ð1þ bT ÞTeq: The second perturbation condition

is either Jn ¼ 0 or f‘ðx‘Þ ¼ f‘eq and we introduce the perturbation parameter bn

which is 0 in the former case and one in the latter one. The third perturbation
condition is either Jm ¼ 0 or pðxgÞ ¼ peq and the corresponding perturbation
parameter bm is 0 or 1, respectively. The resulting non-equilibrium state is
therefore a function of three parameters:

XðbT ; bn; bmÞ ¼ RðTeq;weqÞ � JðbT ; bn; bmÞ ð7:12Þ

where X, J and R are given by Eq. 7.5. Consider the following set of three
independent non-equilibrium perturbations:

Xðb; 0; 0Þ ¼ RðTeq;weqÞ � Jðb; 0; 0Þ
Xðb; 1; 0Þ ¼ RðTeq;weqÞ � Jðb; 1; 0Þ
Xðb; 1; 1Þ ¼ RðTeq;weqÞ � Jðb; 1; 1Þ

ð7:13Þ

From the first of Eq. 7.13 we find

RqqðTeq;weqÞ ¼ Xq; 00=J
0
q; 00

RnqðTeq;weqÞ ¼ Xn; 00=J
0
q; 00

RmqðTeq;weqÞ ¼ Xm; 00=J
0
q; 00

ð7:14aÞ

where we use subscripts bnbm
instead the functional dependence ðbT ; bn; bmÞ for

simplicity of notation. From the second of Eq. 7.13 we find

RqnðTeq;weqÞ ¼ Xq; 10 � RqqðTeq;wÞ J 0q; 10

� �
=Jn; 10

RnnðTeq;weqÞ ¼ Xn; 10 � RðTeq;weqÞ J 0q; 10

� �
=Jn; 10

RmnðTeq;weqÞ ¼ Xm; 10 � RmqðTeq;weqÞ J 0q; 10

� �
=Jn; 10

ð7:14bÞ

The values X10 and J10 are found directly from the calculations and the values of
RqqðTeq;weqÞ;RnqðTeq;weqÞ and RmqðTeq;weqÞ are those which are found in
Eq. 7.14a, given the perturbation rate bT is small enough. From the third of
Eq. 7.13 we find

RqmðTeq;weqÞ ¼ Xq; 11 � RqqðTeq;weqÞ J 0q; 11 � RqnðTeq;weqÞ Jn; 11

� �
=Jm; 11

RnmðTeq;weqÞ ¼ Xn; 11 � RnqðTeq;weqÞ J 0q; 11 � RnnðTeq;weqÞ Jn; 11

� �
=Jm; 11

RmmðTeq;weqÞ ¼ Xm; 11 � RmqðTeq;weqÞ J 0q; 11 � RmnðTeq;weqÞ Jn; 11

� �
=Jm; 11

ð7:14cÞ
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Again, all the quantities on the right hand side of Eq. 7.14c are known and we
therefore can find the remaining resistances.

7.3.3 Comparison to Kinetic Theory

According to [2. p. 180] kinetic theory gives the following expressions for the
surface transport coefficients for a two component mixture

Rg;m
qq ðT ;wÞ ¼ 4 ROðT ;wÞ 1þ 104

25p
w2

1

11
þ w2

2

12

� �� 	

R
g;m
qi ðT ;wÞ ¼ R

g;m
iq ðT ;wÞ ¼ 2RT ROðT ;wÞ 1þ 16

5p
wi

1i

� 	

R
g;m
ij ðT ;wÞ ¼ ðRT Þ2ROðT ;wÞ 1þ 32 dij

1
1i

1
ri

þ 1
p
� 3

4

� �� 	

ð7:15Þ

where

ROðT ;wÞ � 2�9=2 ffiffiffi
p
p

R ðRT Þ�5=2
c
g
1=

ffiffiffiffiffiffiffi
M1
p

þ c
g
2=

ffiffiffiffiffiffiffi
M2
p� ��1

1iðT ;wÞ � c
g
i =

ffiffiffiffiffiffi
Mi

4
p� �

= c
g
1=

ffiffiffiffiffiffiffi
M1

4
p

þ c
g
2=

ffiffiffiffiffiffiffi
M2

4
p� �

wiðT ;wÞ � ki=ðk1 þ k2Þ
ð7:16Þ

where R is universal gas constant, ki and c
g
i;eq are the thermal conductivity and the

gas coexistence concentration of ith component, respectively. ri is the conden-
sation coefficient, which is parameter in this theory and dij is the Kroneker symbol.

7.4 Results

We consider the mixture of cyclohexane (first component) and n-hexane (second
component) in a box with gravity directed along axes x from left to right. The gas
phase is therefore in the left part of the box and the liquid is in the right part of the
box. The surface is planar.

Using the procedures described above we obtain different sets of transport
coefficients RðT ;wÞ; each of them as a function of equilibrium temperature and
chemical potential difference. Let us use subscript pc for the resistance matrix
obtained from the ‘‘perturbation cell’’ method and ex for the resistance matrix
obtained from the ‘‘experiment-like’’ method. In each method we calculate the
resistances associated with the gas- and liquid- side measurable heat fluxes using
Eqs. 6.37 and 6.38. Furthermore, we will use subscript kin for the resistance matrix
obtained from kinetic theory, for which only the gas-side resistances are available.
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We calculate the transport coefficients associated only with mass properties.
The corresponding molar coefficients may be calculated using Eq. 6.44. As a result
we obtain the following sets of resistances: Rg

pc;R
‘
pc;R

g
ex;R

‘
ex; all of which depend

on temperature and chemical potential difference as well as on parameters
aqq; a1q; a11: In addition we obtain Rg

kin which depends on temperature and
chemical potential difference as well as on condensation coefficients r1 and r2:
We have the following constraints, which they must obey for each T and w:

1. the second law consistency;
2. the cross coefficients of each R matrix must satisfy Onsager relations (6.35);
3. the corresponding components of Rg

pc and R‘
pc as well as Rg

ex and R‘
ex must

satisfy Eq. 6.40;
4. the corresponding components of Rg

pc; Rg
ex and Rg

kin as well as R‘
pc and R‘

ex

obtained at the same T and w must be equal.

We study the dependence of the different resistance coefficients on aqq; a1q and
a11 and on T and w and their convergence for small b: We determine the values of
the parameters for which the above constraints are fulfilled.

7.4.1 Onsager Reciprocal Relations

In this section we investigate the values of parameters aqq; a1q; a11 for which the
Onsager relations are fulfilled. This is done for a particular values of equilibrium
temperature and chemical potential difference Teq ¼ 330 K and weq ¼ 700 J=mol.
In Tables 7.1 and 7.2 we give the relative error in percent for the gas-side cross
coefficients jðRg

ij � R
g
jiÞ=R

g
ijj � 100% as a function of b for aqq ¼ 0; a1q ¼ 0; a11 ¼ 0

obtained by different methods.
As one can see, b ¼ 0:02 is really an extreme perturbation and the difference is

rather large. When we decrease b to 2e-4, the differences become small. As we
further decrease b to 2e-6 the inaccuracy of the numerical solution become
comparable to the size of the perturbation. We conclude that the values for b to
2e-4 are closest to the converged values and use them as such.

Table 7.1 Relative error in percent for gas-side cross-coefficients obtained by ‘‘perturbation
cell’’ method at Teq ¼ 330 and weq ¼ 700 for different b and for aqq ¼ 0; a1q ¼ 0; a11 ¼ 0

b Rq1 Rq2 R12

2.0e-002 8.963066 35.863259 34.908631
2.0e-003 0.273286 0.369082 19.683274
2.0e-004 0.011726 0.007231 1.909391
2.0e-005 0.066375 0.071266 2.336652
2.0e-006 4.963895 8.128243 5.843913
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In Tables 7.3 and 7.4 we give the same data for the higher continuous resis-
tivities with rather substantial peak, when aqq ¼ 10; a1q ¼ 10 and a11 ¼ 10: As
one can see, the Onsager relations are fulfilled there again best for b ¼ 2e-4.

The similar picture is observed for the liquid-side resistances and we do not
give those data here.

We may notice that the behavior of the resistances with respect to b is inde-
pendent on the behavior of the resistances with respect to aqq; a1q and a11: This is
natural, as these parameters control the different aspects of the system: b controls
the perturbation rate, while a’s are adjustable parameters, which control the size of
the peak in the continuous resistivities.

7.4.2 Second Law Consistency

In this section we investigate the values of parameters aqq; a1q; a11 for which the
second law of thermodynamics are fulfilled. That is that the excess entropy

Table 7.2 Relative error in percent for gas-side cross-coefficients obtained by ‘‘experiment like’’
method at Teq ¼ 330 and weq ¼ 700 for different b and for aqq ¼ 0; a1q ¼ 0; a11 ¼ 0

b Rq1 Rq2 R12

2.0e-002 1.275105 0.828600 754.982200
2.0e-003 0.038759 0.363715 38.708981
2.0e-004 0.131868 0.238584 6.247648
2.0e-005 1.301483 2.056102 20.984734
2.0e-006 13.282959 20.788752 632.124504

Table 7.3 Relative error in percent for gas-side cross-coefficients obtained by ‘‘perturbation
cell’’ method at Teq ¼ 330 and weq ¼ 700 for different b and for aqq ¼ 10; a1q ¼ 10; a11 ¼ 10

b Rq1 Rq2 R12

2.0e-002 71.515410 78.166809 23.572836
2.0e-003 0.745604 0.896547 0.317348
2.0e-004 0.012358 0.012650 0.001919
2.0e-005 0.012078 0.007485 0.005290
2.0e-006 0.713969 1.124994 0.022121

Table 7.4 Relative error in percent for gas-side cross-coefficients obtained by ‘‘experiment like’’
method at Teq ¼ 330 and weq ¼ 700 for different b and for aqq ¼ 10; a1q ¼ 10; a11 ¼ 10

b Rq1 Rq2 R12

2.0e-002 4.225362 2.559393 12.259260
2.0e-003 0.443944 0.256804 1.091842
2.0e-004 0.068621 0.019788 0.093041
2.0e-005 0.269764 0.407090 0.008844
2.0e-006 2.717575 4.149484 2.025054
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production is positive and therefore the matrix of the resistance coefficients is
positive definite. This requires that the diagonal coefficients are positive, and for
each pair q1; q2 and 12 of the cross coefficients the expression

DRik � RiiRkk �
1
4
ðRik þ RkiÞ2 ð7:17Þ

must be positive.
In Table 7.5 we give the diagonal coefficients and expression (7.17) for each

pair of the cross coefficients as a function of aqq for a1q ¼ 0; a11 ¼ 0 and b ¼ 2e-4
obtained by the ‘‘perturbation cell’’ method. In Tables 7.6 and 7.7 we give the
same quantities for other choices of a:

We see, that the required quantities become positive for rather big values of aqq:

They almost do not depend on the value of a1q and they are positive for moderate
values of parameter a11: It is clear that finite values of aqq and a11 are needed to
have a positive excess entropy production.

All these quantities almost do not depend on the value of b in the range [1e-5,
1e-3]. The ‘‘experimental-like’’ procedure leads to almost the same values of all
the quantities. The liquid-side coefficients reveal a similar behavior.

Table 7.5 Second law consistency for gas-side coefficients

aqq Rqq R11 R22 DRq1 DRq2 DR12

0 7.06e-015 0.075 -0.092 2.13e-015 -2.59e-015 -0.028
1 3.36e-012 0.094 -0.074 1.26e-012 -9.97e-013 -0.028
10 3.35e-011 0.260 0.085 3.48e-011 1.14e-011 0.087

Data are obtained by ‘‘perturbation cell’’ method at Teq ¼ 330 and weq ¼ 700 for different aqq and
for b ¼ 0:0002; a1q ¼ 0; a11 ¼ 0

Table 7.6 Second law consistency for gas-side coefficients

a1q Rqq R11 R22 DRq1 DRq2 DR12

0 7.06e-015 0.075 �0:092 2.13e-015 �2.59e-015 �0:028
1 7.06e-015 0.074 �0:091 2.10e-015 �2.57e-015 �0:027
10 7.05e-015 0.067 �0:083 1.89e-015 �2.34e-015 �0:022

Data are obtained by ‘‘perturbation cell’’ method at Teq ¼ 330 and weq ¼ 700 for different a1q and
for b ¼ 0:0002; aqq ¼ 0; a11 ¼ 0

Table 7.7 Second law consistency for gas-side coefficients

a11 Rqq R11 R22 DRq1 DRq2 DR12

0 7.05e-015 0.075 -0.092 2.13e-015 �2.59e-015 -0.028
1 7.06e-015 0.370 0.266 1.04e-014 7.50e-015 0.381
10 7.10e-015 3.021 3.483 8.58e-014 9.90e-014 -69.285

Data are obtained by ‘‘perturbation cell’’ method at Teq ¼ 330 and weq ¼ 700 for different a11 and
for b ¼ 0:0002; aqq ¼ 0; a1q ¼ 0
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7.4.3 Gas- and Liquid-Coefficients

In this section we investigate the validity of Eq. 6.40. In Table 7.8 we give the
relative error in percent between the left hand side and the right hand side of Eq. 6.39.

These errors almost do not depend neither on the value of b in the range
[1e-5, 1e-3] nor on the values of aqq; a1q; a11: The ‘‘experimental-like’’ procedure
leads to almost the same results.

7.4.4 Comparison to Kinetic Theory

In this section we investigate the values of parameters aqq; a1q; a11 which make the
coefficients agree with the kinetic theory coefficients. We do it for b = 2e-4 as this
perturbation rate gives the most accurate results. We again do this for temperature
Teq ¼ 330 K and chemical potential difference weq ¼ 700 J=mol. The values of
parameters, used for kinetic theory are the same, as we use in our calculations.
Particularly, the heat conductivities are k1 ¼ 0:0140 W/(m K) and k2 ¼ 0:0157
W=(m K), M1 ¼ 84:162 g=mol and M2 ¼ 86:178 g=mol. We compare here only
the ‘‘perturbation cell’’ method with kinetic theory.

We found that the variation of a1q from 0 to 10 makes the diagonal coefficients
vary about 1% and the cross coefficients vary not more then 5%. As the variation
of a1q is quite substantial, the variation in the coefficients which it induce is
negligible. We therefore take a1q ¼ 0 in all further analysis.

For the above parameters Rqq; kin ¼ 2:96792� 10�11: We found that Rqq; pc is
practically independent on a11 while it depends linearly on aqq; see Fig. 7.1. One
can see from the plot, that Rqq; kin ¼ Rqq; pc for aqq � 9:

The diagonal coefficients R11; pc and R22; pc depend both on aqq and a11: Since we
have found the corresponding to kinetic theory value of aqq by mapping the Rqq coef-
ficient, we will further investigate the dependence of R11; pc and R22; pc using this value
ofaqq and varying onlya11:The diagonal coefficients R11; kin andR22; kin depend, in their
turn, on the condensation coefficients r1 and r2; respectively. We plot this dependence
in the same plot with the dependency of R11; pc and R22; pc on a11; see Fig. 7.2.

Consider a particular value Rii; 0 of the diagonal coefficient Rii; where i is either
1 or 2, which is indicated by a horizontal dashed line on a figure. To find the value

Table 7.8 Relative error in percent for invariant expressions in Eq. 6.39 obtained by ‘‘pertur-
bation cell’’ method at Teq ¼ 330 and weq ¼ 700 for b ¼ 0:0002 and aqq ¼ 1; a1q ¼ 1; a11 ¼ 1

Rqq R11 R22

0.000000 0.000002 0.000085
Rq1 Rq2 R12

0.000001 0.000001 0.000060
R1q R2q R21

0.000389 0.000389 0.000003

136 7 Surface Transfer Coefficients for the Binary Mixture

http://dx.doi.org/10.1007/978-3-642-15266-5_6#Equ44
http://dx.doi.org/10.1007/978-3-642-15266-5_6#Equ43
http://dx.doi.org/10.1007/978-3-642-15266-5_6#Equ43


of a11 for which Rii; pc ¼ Rii; 0 we draw a perpendicular from the point where it
crosses the dotted line to the bottom x-axes. To find the value of ri for which
Rii; kin ¼ Rii; 0 we draw a perpendicular from the point where the horizontal dashed
line crosses the solid line to the top x-axes. For instance, the value R22; 0 ¼ 1:1
corresponds to a11 ¼ 3 and r2 ¼ 0:62: The value a11 ¼ 3; in its turn, gives
R11; 0 ¼ 1:1 which corresponds to r1 ¼ 0:54:

One may start by specifying a11; rather then Rii; 0; to find r1 and r2: Then we
draw a perpendicular from the bottom axes until it crosses the dotted line, which
gives the value Rii; 0 of Rii; pc: Given the value of Rii; kin to be the same, we find the
value of ri as described above. For the above example a11 ¼ 3 corresponds to
r1 ¼ 0:54 and r2 ¼ 0:62: We see, that we may not specify both r1 and r2 inde-
pendently: they must have the values which both correspond to the same a11: For
similar components, like those we are interested in, r1 and r2 should not differ
much from each other, and therefore a11; a coefficient which is related to the
diffusion of one component through the other, should reflect this difference.

Having the diagonal coefficient mapped, we have the parameters aqq and a11

defined uniquely (and taking into account that a1q has negligible effect), as well as
r1 and r2 for kinetic theory. We now compare the values of the cross coefficients
given by ‘‘perturbation cell’’ method and kinetic theory.

One can see from Table 7.9 that while the diagonal coefficients are the same,5

the cross coefficients we find are between 1 and 2 orders of magnitude larger than
those found by kinetic theory. R12 even has a different sign.
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Fig. 7.1 Dependence of Rqq

on aqq obtained by
‘‘perturbation cell’’ method at
Teq ¼ 330 and weq ¼ 700 for
a1q ¼ 0 and a11 ¼ 1: Rqq; kin

is drawn as a constant line

5 One should not expect exact compatibility between kinetic theory, which is most appropriate
for gases with short range potentials, and the gradient theory, which is most appropriate for fluids
with long range potentials. The purpose of this comparison in not to determine the exact values of
adjustable parameters, but to show that it is possible to match coefficients in the two theories and
to show the typical values of the parameters. One should not regard therefore on the difference in
the values of diagonal coefficients in Table 7.9 for given parameters.
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7.4.5 Temperature and Chemical Potential
Difference Dependence

In this section we investigate the dependence of the resistance coefficients on the
temperature and the chemical potential difference. In Figs. 7.3, 7.4 and 7.5 we plot
these dependencies for the Rqq;Rq1 and R11 coefficients obtained from kinetic
theory and the ‘‘perturbation cell’’ method for the range of temperatures
½325; . . .; 335� and for the range of chemical potential differences ½400; . . .; 1;000�:

The domain of T and w is not big, so, as we see in these figures, the dependence
on them is linear, as expected.
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Fig. 7.2 Dependence of
R11; pc and R22; pc on a11 (dots,
bottom axes) and R11; kin and
R22; kin on r1 and r2

respectively (curve, top axes).
Data are obtained at Teq ¼
330 and weq ¼ 700 for
aqq ¼ 9 and a1q ¼ 0
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Table 7.9 Gas-side transport coefficients obtained from kinetic theory and by ‘‘perturbation
cell’’ method at Teq ¼ 330 and weq ¼ 700 for b ¼ 0:0002

Parameters Rqq R11 R22 Rq1 Rq2 R12

r1 ¼ 0:54 2.97e-011 1.11 1.09 �3.83e-007 �4.41e-007 0.013
r2 ¼ 0:62
aqq ¼ 9
a1q ¼ 0 3.02e-011 1.12 1.14 �2.31e-006 �2.27e-006 -0.817
a11 ¼ 3
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Fig. 7.3 Dependence of Rqq

on T and w obtained from
kinetic theory for r1 ¼ 0:54
and r2 ¼ 0:62 (plane) and by
‘‘perturbation cell’’ method
for aqq ¼ 9; a1q ¼ 0 and
a11 ¼ 3 (points)
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on T and w obtained from
kinetic theory for r1 ¼ 0:54
and r2 ¼ 0:62 (plane) and by
‘‘perturbation cell’’ method
for aqq ¼ 9; a1q ¼ 0 and
a11 ¼ 3 (points)
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7.5 Discussion and Conclusions

In this chapter we have studied stationary transport of heat and mass through the
liquid–vapor interface in a two-component mixture, using the square gradient
theory. We have applied the general relations derived in Chap. 6 to the mixture of
cyclohexane and n-hexane. Given the numerical solutions of the non-equilibrium
gradient model we were able to calculate these coefficients directly. This gives an
independent way to determine the interfacial resistances.

The main input parameters of the model are the local resistivity profiles used to
calculate the continuous solution. There is not much theoretical information about
the numerical value of these resistivities. In the vapor phase one can use kinetic
theory. In the bulk phases it is most appropriate to use experimental values. There
is no experimental information about the local resistivities in the interfacial region.
As the local resistivities change in the surface from one bulk value to the other, it
is natural to assume that they contain a contribution similar to the profile of the
order parameter. There is also evidence from molecular dynamics simulations for
one-component systems [2] that there is a peak in the local resistivities in the
surface. As we are in the framework of the gradient theory, it is natural to assume
that this peak is caused by a square gradient term, which is similar to the gradient
contribution, which the Helmholtz energy density has in the interfacial region,

namely jrqj2: The amplitude of this peak is not given by any theory and is used as
a parameter. We therefore get that each of three local resistivities for a two-
component mixture has the form given in Eq. 7.7. Thus we get three adjustable
amplitudes, aqq; a1q and a11; two of which are found to contribute significantly to
the value of the transfer coefficients.

In order to determine the typical values of the a’s, we need to compare our
results with independently obtained resistances. Unfortunately, not much experi-
mental data are available for multi-component resistances and, to the best of our
knowledge, no data are available for our system. Furthermore, no molecular
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on T and w obtained from
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and r2 ¼ 0:62 (plane) and by
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dynamic simulations are available for mixtures. The only reasonable source of
comparison is kinetic theory, which gives the expressions for the interfacial
resistances or transfer coefficients [3, 4]. We therefore compare our results to
kinetic theory. Having three adjustable parameters in the gradient theory, aqq; a1q

and a11; and two adjustable parameters in kinetic theory, the condensation
parameters r1 and r2; we are able to match three diagonal coefficients Rqq; R11 and
R22: We found that Rqq does not really depend on a1q and a11: This makes it
possible to fit aqq using Rqq alone. For the values of the temperature and chemical
potentials considered this gave aqq ’ 9: We furthermore found that the interfacial
resistances did not really depend on a1q: We therefore took this amplitude equal to
zero. In kinetic theory R11 and R22 depend on the condensation coefficients r1 and
r2; respectively. Choosing a11 ¼ 3 gives values for the condensation coefficients of
0.54 and 0.62. As the components are very similar, it is to be expected that these
coefficients are close to each other. The values of a’s obtained from the matching
are such that the excess entropy production of the surface is positive, the second law
is obeyed and the Onsager relations are valid. Having found the values of the a’s
from the diagonal transfer coefficients the value of the cross coefficients follows
uniquely. We found that the values of the cross coefficients, obtained by our method
are about one order of magnitude larger than those found from kinetic theory. This
confirms results from molecular dynamics simulations [5], where it was found that
increasing the range of the attractive potential increased in particular the cross
coefficients substantially above the values predicted by kinetic theory. This is an
interesting result, indicating that kinetic theory underestimates the transfer coeffi-
cients for real fluids. This also indicates, that the effect of coupling will be
important in an interfacial region. Experiments confirm the importance of the cross
coefficients [6]. We did the comparison for one value of the temperature and
chemical potential only. If one extends the analysis to a larger domain, one finds
that the a’s depend on the temperature and the chemical potential difference; we
refer to [1] in this context. The results of kinetic theory [3, 4, 7] and molecular
dynamics [8] both support the existence of a peak in the diagonal local resistivities
and therefore the use of finite values for aqq and a11:
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Chapter 8
Integral Relations for the Surface
Transfer Coefficients

8.1 Introduction

In this chapter we extend the analysis done in [1] for one-component system. Here
we do the analysis for mixtures. Using the square gradient theory for the non-
equilibrium interface developed in the previous chapters, we derive the general
relations for the case of the transport perpendicular to the surface. We show that,
as in the case of one-component systems, one can obtain the interfacial resistances
using the continuous profiles obtained for equilibrium. This simplifies analysis a
lot since one does not need to consider a non-equilibrium solution in order to
obtain these coefficients. This is in fact a requirement, which the interfacial
resistances must satisfy: as being defined within the linear force–flux relations they
should depend only on unperturbed quantities, i.e. equilibrium ones.

The evaporation and condensation often take place not only through planar
interfaces, but also through curved ones, like the evaporation into a bubble. We do
not restrict ourselves to the planar interfaces and give the expressions for the
interfacial resistances for curved surfaces.

In the previous chapter we have obtained the overall interfacial resistances Rg

and R‘ using three different methods: an experiment-like procedure, a perturbation
cell method and kinetic theory (only Rg). Those methods were found to be in a
good agreement. In this chapter we compare them with the interfacial resistances
found using integral relations, which relate these quantities to the local resistivities
directly. We show that the agreement is also good.

We will focus on the heat and mass transfer through the interface of a
two-phase mixture. We will not consider non-equilibrium perturbation along the
surface. We will also assume the fluid to be non-viscous. Furthermore, we will
focus on the stationary non-equilibrium perturbation. In Sect. 8.2, we recall the
expressions for the local and the excess entropy production found earlier. In
Sect. 8.3, we derive the integral relations in general form. It is convenient to use
measurable heat and mass fluxes and we therefore show how to translate general
relations to the resistances associated with the measurable fluxes in Sect. 8.4.

K. Glavatskiy, Multicomponent Interfacial Transport, Springer Theses,
DOI: 10.1007/978-3-642-15266-5_8, � Springer-Verlag Berlin Heidelberg 2011

143



In Sect. 8.5, we give the explicit expressions for a binary mixture and apply the
analysis to the particular mixture of cyclohexane and n-hexane. Concluding
remarks are given in Sect. 8.6.

8.2 The Entropy Production

8.2.1 Stationary States

Consider the total energy flux Je and the mass fluxes Jni � qi vi and Jm � q v,
where qi and q are the density of ith component and the overall density respec-

tively, while vi and v �
Pn�1

i¼1 ni vi are the velocity of the ith component and the
barycentric velocity, respectively. Furthermore, ni is the mass fraction of ith
component and n is the total number of components. In the stationary states these
fluxes satisfy the relations

r � Je ¼ 0; r � Jni ¼ 0; r � Jm ¼ 0 ð8:1Þ

As we are interested in transport through the surface we will restrict analysis to
solutions of the form Jðx1; rkÞ ¼ ðJðx1Þ; 0; 0Þ, where J is one of the above fluxes.
Furthermore, x1 is the normal coordinate to the surface and rk � ðx2; x3Þ are the
tangential coordinates. In the case of normal transport all the quantities depend
only on x1 but not on rk. For these solutions

r � J ¼ r?J ¼ 1
h1h2h3

d

dx1
ðh2 h3JÞ ¼ 0 ð8:2Þ

where hi � hiðx1; rkÞ are Lamé coefficients for curvilinear coordinates. It follows
from Eq. 8.2 that

h2ðx1Þ h3ðx1Þ Jðx1Þ ¼ h2ðxsÞ h3ðxsÞ JðxsÞ � hs
2 hs

3J
s ð8:3Þ

where xs is the chosen dividing surface and hs
2 and hs

3 are the Lamé coefficients on
that dividing surface. We will suppress the superscript s for the flux J as long as it
does not lead to confusion.

8.2.2 Local Entropy Production

Consider the local entropy production for the mixture interface found earlier,
written for the case of transport in the direction through the interface1

1 Note, that
Pn�1

i¼1 Jir?wi

T
¼
Pn

i¼1 Jir?li

T
:
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rs ¼ Jqr?
1
T
�
Xn�1

i¼1

Jir?
wi

T
ð8:4Þ

where T is the temperature, Jq the heat flux and Ji � qi ðvi � vÞ ¼ Jni � ni Jm the
diffusive mass flux, which satisfies the relation

Pn

i¼1 Ji ¼ 0: Furthermore,
wi ¼ li � ln, where li is the chemical potential of the ith component. The heat
flux is related to the total energy flux and to the measurable heat flux J 0q as

Jq ¼ Je � Jm ðhþ v2=2� g � rÞ ¼ J 0q þ
Xn

i¼1

hiJi ð8:5Þ

Here hi and h are the partial enthalpy of the ith component and the specific
enthalpy respectively, while g is the gravitational acceleration.

For the stationary transport through the interface, the Gibbs–Duhem relation
has the following form (see Chap. 6 for details):

s
oT

ox1
þ
Xn

i¼1

ni

oli

ox1
� v

or11

ox1
¼ 0 ð8:6Þ

where r11 is an element of the thermodynamic pressure tensor rab. Together with
the equation of motion,

r?r11 þ qr?ðv2=2� g � rÞ ¼ 0 ð8:7Þ

it gives

Xn

i¼1

ni r?
~li

T
� ~hir?

1
T

� �

¼ 0 ð8:8Þ

where ~li � li þ v2=2� g � r and ~hi � hi þ v2=2� g � r: Substituting Eq. 8.5 and
Ji into Eq. 8.4 and using Eq. 8.8, one can express the local entropy production
(8.4) in terms of the total energy flux:

rs ¼ Jer?
1
T
�
Xn

i¼1

Jnir?
~li

T
ð8:9Þ

and in terms of the measurable heat flux:

rs ¼ J 0qr?
1
T
�
Xn�1

i¼1

Ji r?
wi

T
� gir?

1
T

� �

ð8:10Þ

where gi � ~hi � ~hn ¼ hi � hn: Note that the difference between partial enthalpies
with a tilde is equal to the difference without the tilde. In stationary states Eqs. 8.9,
8.10 and 8.4 are completely equivalent expressions.
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8.2.3 Excess Entropy Production

We recall the definition of the excess b/ðxsÞ of a density /ðxsÞ per unit of volume
in curvilinear coordinates (cf. Chap. 6)

b/ðxsÞ � 1
hs

2 hs
3

Zx‘;s

xg;s

dx1 h1 h2 h3 /exðx1; xsÞ ð8:11Þ

where

/exðx1; xsÞ � /ðx1Þ � /gðx1ÞHðxs � x1Þ � /‘ðx1ÞHðx1 � xsÞ ð8:12Þ

Here xs indicates the position of the chosen dividing surface while xg; s and x‘; s are
the boundaries of the interfacial region at the gas and liquid side, respectively.
These boundaries are chosen such that /ðxg; sÞ ¼ /gðxg; sÞ and /ðx‘; sÞ ¼ /‘ðx‘; sÞ
with a certain accuracy. Superscripts ‘ and g indicate the function / extrapolated
from the liquid and gas to the surface region.

Taking the excess of the local entropy production given by Eq. 8.9, we obtain

brs ¼ Je

1
T ‘
� 1

Tg

� �

�
Xn

i¼1

Jni

~l‘i
T ‘
� ~lg

i

T g

� �

ð8:13Þ

Here T ‘ � T ‘ðxsÞ and Tg � TgðxsÞ are the temperatures extrapolated from the
liquid and gas to the dividing surface. The analogous meaning have ~l‘i and ~lg

i :
All the quantities, both the fluxes and the forces, are evaluated at the dividing
surface xs.

Using Eq. 8.5 we obtain

brs ¼ J 0; gq

1
T ‘
� 1

Tg

� �

�
Xn

i¼1

Jni

~l‘i
T ‘
� ~lg

i

T g

� �

� ~hg
i

1
T ‘
� 1

Tg

� �� �

ð8:14Þ

and

brs ¼ J 0; ‘q

1
T ‘
� 1

Tg

� �

�
Xn

i¼1

Jni

~l‘i
T ‘
� ~lg

i

T g

� �

� ~h‘i
1
T ‘
� 1

Tg

� �� �

ð8:15Þ

where J 0; ‘q and J 0; gq are the measurable heat fluxes on the liquid and gas side respec-
tively. Again Eqs. 8.14, 8.15 and 8.13 are completely equivalent in stationary states.

8.3 Integral Relations

Consider the local entropy production (8.9), each term in which has a form Jr?/.
Following the common procedure in non-equilibrium thermodynamics one can
write the force–flux relations for those entropy productions. Since all the terms
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have the same form, it is sufficient to consider only one force–flux pair. The
phenomenological relation for that pair then reads

r?/ðx1Þ ¼ rðx1Þ Jðx1Þ ð8:16Þ

where r?/ � h�1
1 ðd/=dx1Þ: The corresponding term in the excess entropy pro-

duction in Eq. 8.13 has a form Jð/‘ � /gÞ. The phenomenological relation rela-
tion for this term reads

/‘ðxsÞ � /gðxsÞ ¼ RðxsÞ JðxsÞ ð8:17Þ

For the general case, / and J must be replaced by a set, as well as R and r must be
replaced by the corresponding matrix.

Let us introduce excess operators En and Er which we will apply to a quantity
/. Let

Enf/g �
Zx‘;s

xg;s

dx1h1 /exðr; xsÞ ð8:18Þ

and

Erf/g � hs
2 hs

3

Zx‘;s

xg;s

dx1
h1

h2h3
/exðr; xsÞ ð8:19Þ

where /ex is defined by Eq. 8.12. In cartesian coordinates the excess operators
En;Er and the excess b ; are given by the same expression when / is a density per
unit of volume. One should not confuse them however, since these operators have

different meanings. The excess b/ may be applied only to a volume density / and
means the surface density. In contrast, neither Enf/g nor Erf/g need to be
applied to a volume density. In Eq. 8.9, / can be the inverse temperature or a
chemical potential divided by the temperature.

Applying En operator to the both sides of Eq. 8.16,

Enfr?/ðx1Þg ¼ Enfrðx1Þ Jðx1Þg ð8:20Þ

leads to

/‘ðxsÞ � /gðxsÞ ¼ Erfrg JðxsÞ ð8:21Þ

Comparing Eq. 8.21 with Eq. 8.17 we conclude that

R ¼ Erfrg ð8:22Þ

This is the general form of the integral relation between the resistivities r and the
resistances R. Equation 8.21 together with Eq. 8.22 are the most important and
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fundamental results of the chapter. The generalization to a set of / and J is
straightforward and will be applied in the rest of the chapter.

We then proceed to the explicit expressions for the phenological equations. The
local entropy production (8.9) produces the following force–flux relations

r?
1
T
¼ re

qq Je þ
Xn

i¼1

re
qi Jni

�r?
~lj

T
¼ re

jq Je þ
Xn

i¼1

re
ji Jni

ð8:23Þ

where Je and Jni as well as T and lj are evaluated at the current position x1. The
excess entropy production (8.13) produces

1
T ‘
� 1

Tg
¼ Re

qq Je þ
Xn

i¼1

Re
qi Jni

�
~l‘j
T ‘
�

~lg
j

T g

 !

¼ Re
jq Je þ

Xn

i¼1

Re
ji Jni

ð8:24Þ

where Je and Jni as well as T and lj are evaluated at the dividing surface xs. The
off-diagonal coefficients of both sets satisfy the Onsager reciprocal relations.

Comparing Eq. 8.23 with 8.24 and using Eq. 8.21 together with Eq. 8.22 we
may conclude that

Re
qq ¼ Erfre

qqg
Re

qi ¼ Erfre
qig ¼ Erfre

iqg ¼ Re
iq

Re
ji ¼ Erfre

jig ¼ Erfre
ijg ¼ Re

ij

ð8:25Þ

Equation 8.25 represents integral relations for the resistance coefficients associated
with the total energy flux.

8.4 Measurable Heat Fluxes

It is convenient to obtain the integral relations for the interface resistances asso-
ciated with the measurable heat fluxes, rather then the total energy flux. We obtain
the relations between the resistivities and between the resistances for the whole
surface.

First a note regarding the dependence of the resistances on the reference state of
for instance the enthalpy. Both Re and re coefficients depend on the reference state,
as they are the coefficients associated with the absolute fluxes. The coefficients Rg

and r 0, which will be defined below, are associated with the measurable fluxes and
therefore independent of the reference state.
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8.4.1 The Whole Surface

In order to obtain the resistances for the whole surface, we consider Eq. 8.14 for
the entropy production in terms of the measurable heat flux on the gas side of the
surface. The analysis for the liquid side is completely equivalent to the one done
for the gas side.

The entropy production (8.14) produces the following phenomenological
equations

1
T ‘
� 1

Tg
¼ Rg

qqJ
0; g
q þ

Xn

i¼1

R
g
qi Jni

� ~l‘i
T ‘
� ~lg

i

T g

� �

� ~hg
i

1
T ‘
� 1

Tg

� �� �

¼ R
g
jq J 0; gq þ

Xn

i¼1

R
g
ji Jni

ð8:26Þ

The resistances from Eqs. 8.26 and 8.24 are related, using Eq. 8.5 by

Re
qq ¼ Rg

qq

Re
qi ¼ R

g
qi � ~hg

i Rg
qq

Re
ji ¼ R

g
ji � ~hg

i R
g
jq � ~hg

j R
g
qi þ ~hg

i
~hg

j Rg
qq

ð8:27Þ

Equations 8.26 and 8.24 are linear relations between the forces and the fluxes. In
Eq. 8.27 we should therefore use coexistence values of the enthalpies.

Inverting Eq. 8.27 and using the equilibrium enthalpies we obtain for the
resistances associated with the measurable heat flux

Rg
qq ¼ Re

qq

R
g
qi ¼ Re

qi þ ~hg
i; eqR

e
qq

R
g
ji ¼ Re

ji þ ~hg
i; eqR

e
jq þ ~hg

j; eqR
e
qi þ ~hg

i; eq
~hg

j; eqR
e
qq

ð8:28Þ

where ~hi; eq � hi; eqðxsÞ � g � rs and all the quantities are evaluated at the chosen
dividing surface.

8.4.2 Local Resistivities

In order to write the linear laws for the local forces and fluxes we use Eqs. 8.10
and 8.4. The entropy production (8.10) gives

r?
1
T
¼ r 0qq J 0q þ

Xn�1

i¼1

r 0qi Ji

� r?
wj

T
� gjr?

1
T

� �

¼ r 0jq J 0q þ
Xn�1

i¼1

r 0ji Ji

ð8:29Þ
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while the entropy production (8.4) gives

r?
1
T
¼ rqq Jq þ

Xn�1

i¼1

rqi Ji

�r?
wj

T
¼ rjq Jq þ

Xn�1

i¼1

rji Ji

ð8:30Þ

The local resistivities r and r 0 are related as follows

r 0qq ¼ rqq

r 0qi ¼ rqi þ gi rqq

r 0ji ¼ rji þ gi rjq þ gj rqi þ gi gj rqq

ð8:31Þ

Again, we should use the equilibrium profiles for gi.
We now relate the local resistivities associated with the measurable heat flux to

the local resistivities associated with the total energy flux, similarly2 to how it was
done for the overall surface resistances. Comparing Eq. 8.29 with Eq. 8.23 we
obtain

re
qq ¼ r 0qq

re
qi ¼ �r 0qq

~hi �
Xn�1

k¼1

r 0qk nk þ r 0qi; i ¼ 1; n� 1

re
qn ¼ �r 0qq

~hn �
Xn�1

k¼1

r 0qk nk

re
ji ¼ r 0qq

~hj
~hi þ

Xn�1

k¼1

nk r 0kq
~hi þ r 0qk

~hj

� �
� r 0jq

~hi þ r 0qi
~hj

� �

þ
Xn�1

k¼1

Xn�1

l¼1

r 0kl nknl �
Xn�1

k¼1

nk r 0ki þ r 0jk

� �
þ r 0ji; j; i ¼ 1; n� 1

re
ni ¼ r 0qq

~hn
~hi þ

Xn�1

k¼1

nk r 0kq
~hi þ r 0qk

~hn

� �
� r 0qi

~hn

þ
Xn�1

k¼1

Xn�1

l¼1

r 0kl nknl �
Xn�1

k¼1

r 0ki nk; i ¼ 1; n� 1

re
nn ¼ r 0qq

~h2
n þ ~hn

Xn�1

k¼1

nk r 0kq þ r 0qk

� �
þ
Xn�1

k¼1

Xn�1

l¼1

r 0kl nk nl

ð8:32Þ

2 The details of this procedure are given in Appendix 8.A.
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and comparing Eq. 8.30 with Eq. 8.23 we obtain

re
qq ¼ rqq

re
qi ¼ �rqq

~h�
Xn�1

k¼1

rqk nk þ rqi; i ¼ 1; n� 11; n� 1

re
qn ¼ �rqq

~h�
Xn�1

k¼1

rqk nk

re
ji ¼ rqq

~h2 þ ~h
Xn�1

k¼1

nkðrkq þ rqkÞ � ~hðrjq þ rqiÞ

þ
Xn�1

k¼1

Xn�1

l¼1

rkl nk nl �
Xn�1

k¼1

nkðrki þ rjkÞ þ rji; i; j ¼ 1; n� 1

re
ni ¼ rqq

~h2 þ ~h
Xn�1

k¼1

nkðrkq þ rqkÞ � ~hrqi

þ
Xn�1

k¼1

Xn�1

l¼1

rkl nk nl �
Xn�1

k¼1

rki nk; i ¼ 1; n� 1

re
nn ¼ rqq

~h2 þ ~h
Xn�1

k¼1

nkðrkq þ rqkÞ þ
Xn�1

k¼1

Xn�1

l¼1

rkl nk nl

ð8:33Þ

where ~h � hþ v2=2� g � r: In all the expressions i and j are in the range 1; n� 1:
Again, as in Eq. 8.27, we should use the enthalpy and the mass fraction profiles

in Eqs. 8.32 and 8.33 in equilibrium. This leads to the relation ~hi ¼ hi; eq � g � r
and ~h ¼ heq � g � r:

8.5 Results for the Two Component Mixture

8.5.1 Integral Relations

In this section we deduce the integral relations for a binary mixture. The formulae
given in this section is not restricted to a particular binary mixture however. We do
that for the sake of convenience as well as because we will apply them to the
particular two component mixture. For simplicity of notation we will not write
subscript eq for enthalpies, keeping in mind that all of them should be evaluated at
equilibrium.

The relations (8.32, 8.33) between resistivities in case of binary mixture take
the following form
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re
qq ¼ r 0qq

re
q1 ¼ �r 0qq

~h1 þ r 0q1n2

re
q2 ¼ �r 0qq

~h2 � r 0q1n1

re
11 ¼ r 0qq

~h2
1 � 2r 0q1n2

~h1 þ r 011n
2
2

re
21 ¼ r 0qq

~h2
~h1 þ r 0q1ðn1

~h1 � n2
~h2Þ � r 011n1n2

re
22 ¼ r 0qq

~h2
2 þ 2r 0q1n1

~h2 þ r 011n
2
1

ð8:34Þ

and

re
qq ¼ rqq

re
q1 ¼ �rqq

~hþ rq1n2

re
q2 ¼ �rqq

~h� rq1n1

re
11 ¼ rqq

~h2 � 2rq1n2
~hþ r11n

2
2

re
21 ¼ rqq

~h2 þ rq1ðn1 � n2Þ ~h� r11n1n2

re
22 ¼ rqq

~h2 þ 2rq1n1
~hþ r11n

2
1

ð8:35Þ

respectively. Using Eqs. 8.25 and 8.28 we therefore obtain

Rg
qq ¼ Er r 0qq

n o

R
g

q1 ¼ Er �r 0qqðh1 � h
g

1Þ þ r 0q1n2

n o

R
g
q2 ¼ Er �r 0qqðh2 � h

g
2Þ � r 0q1n1

n o

R
g
11 ¼ Er r 0qq h1 � h

g
1

� 	2�2 r 0q1n2ðh1 � h
g
1Þ þ r 011n

2
2

n o

R
g

12 ¼ Er r 0qqðh1 � h
g

1Þðh2 � h
g

2Þ þ r 0q1ðn1ðh1 � h
g

1Þ � n2ðh2 � h
g

2ÞÞ � r 011n1n2

n o

R
g

22 ¼ Er r 0qqðh2 � h
g

2Þ
2 þ 2 r 0q1n1ðh2 � h

g

2Þ þ r 011n
2
1

n o

ð8:36Þ

and

Rg
qq ¼ Erfrqqg

R
g
q1 ¼ Erf�rqqðh� h

g
1Þ þ rq1n2g

R
g

q2 ¼ Erf�rqqðh� h
g

2Þ � rq1n1g
R

g
11 ¼ Erfrqqðh� h

g
1Þ

2 � 2 rq1n2ðh� h
g
1Þ þ r11n

2
2g

R
g

12 ¼ Erfrqqðh� h
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1Þðh� h
g

2Þ þ rq1ðn1ðh� h
g

1Þ � n2ðh� h
g

2ÞÞ � r11n1n2g
R

g

22 ¼ Erfrqqðh� h
g

2Þ
2 þ 2 rq1n1ðh� h

g

2Þ þ r11n
2
1g

ð8:37Þ
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Furthermore, we used that ~hi � ~hg
i ¼ hi � h

g
i in both equations. Equations 8.36

and 8.37 are the integral relations for the resistances associated with the mea-
surable heat flux for a binary mixture. They clearly do not depend on the reference
chosen for the enthalpies.

We further need the values for the local resistivities. In Chap. 3, we developed a
scheme which uses r coefficients in calculation. We therefore use the following
expressions

rqqðxÞ ¼ rg
qq þ ðr‘qq � rg

qqÞ q0ðxÞ þ aqqðr‘qq þ rg
qqÞ q1ðxÞ

rq1ðxÞ ¼ r
g
q1 þ ðr‘q1 � r

g
q1Þ q0ðxÞ þ aq1ðr‘q1 þ r

g
q1Þ q1ðxÞ

r11ðxÞ ¼ r
g

11 þ ðr‘11 � r
g

11Þ q0ðxÞ þ a11ðr‘11 þ r
g

11Þ q1ðxÞ
ð8:38Þ

where q0ðxÞ and q1ðxÞ for each resistivity are modulatory curves for the resistivity
profiles: q0ðxÞ is a smooth arctan-like function which changes its value from 0 to 1
within the range ½xg; s; x‘; s� and q1ðxÞ is zero on the boundaries of the ½xg; s; x‘; s�
interval and has a peak proportional to the square gradient of the density inside this
interval. Thus, the first two terms in each expression for the resistivity represents a
smooth transitions from the gas bulk resistivity to the liquid bulk resistivity, while
the third term represents a peak in the resistivity proportional to the square gra-
dient of the density.

The bulk values r‘ and rg are related to the measurable transport coefficients
such as heat conductivity, the diffusion coefficient and the Soret coefficient. We
refer for the details to Chap. 4.

8.5.2 Numerical Data

Consider the binary mixture of cyclohexane and n-hexane used earlier. Further-
more, we consider a planar interface between liquid and vapor. The mixture is in a
box with gravity directed along axes x from left to right. The gas phase is therefore
in the left part of the box and the liquid is in the right part.

We compare the resistivities found in Chap. 7 to the values obtained from
Eq. 8.37. The relative difference between them is almost the same within the
whole range of temperatures and chemical potential differences considered:
T ¼ f325; . . .; 335g and w ¼ f400; . . .; 1;000g. We therefore give the data only for
Teq ¼ 330 and weq ¼ 700. In Table 8.1 we give the relative errors for gas and
liquid side coefficients. The data are obtained for a-amplitudes, values of which
were found to fit best kinetic theory in Chap. 7.

The relative differences are not more then a few per mill. It is larger only for
R‘

12 which is discussed below.
We also do a consistency check. Consider Eq. 8.26 for two component mixture,

which has a form
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Xq ¼ R 0qq J 0q þ R 0q1 Jn1
þ R 0q2 Jn2

X1 ¼ R 01q J 0q þ R 011Jn1
þ R 012 Jn2

X2 ¼ R 02qJ
0
q þ R 021Jn1

þ R 022 Jn2

ð8:39Þ

The left-hand side of each equation must be equal to the right-hand side. The
difference therefore reflects the error. We give the relative error between the left an
the right-hand side of Eq. 8.39 in percent in Table 8.2. As a testing perturbation,
we used one of those used in the perturbation cell method.

Again, the relative difference is not more then a few per mill. Given that this is
the case even for a few percent difference in one of the coefficients, we may
conclude that the values of the forces are insensitive to the precise value of this
resistivity coefficient. This also indicates that the value of this coefficient obtained
in Chap. 7 has a 6% error. This does not necessarily affect, however, the accuracy
of the integral relations.

8.6 Discussion and Conclusions

In this chapter we have derived integral relations for the resistances to the transport
of heat and mass across the interface for mixtures. We have given relations
between the local resistivity profiles and the overall interfacial resistances.

The integral relations make it possible to calculate the interfacial resistances in
a relatively simple way, using only the equilibrium profiles of the system. This is
important especially for mixtures, for which the computation of a non-equilibrium
profiles is much more time consuming.

The integral relations give an insight in the origin of the interfacial resistances.
According to Eqs. 8.36 and 8.37 the interfacial resistances depend on the variation
of the enthalpy across the interface. The transport coefficients depend on the

Table 8.1 Relative error in percent between the gas- and liquid-side coefficients obtained by
‘‘perturbation cell’’ and ‘‘integral relations’’ methods at Teq ¼ 330 and weq ¼ 700 for b ¼ 0:0002
and aqq ¼ 9; a1q ¼ 0; a11 ¼ 3

Phase Rqq R11 R22 Rq1 Rq2 R12

Gas 0.019 0.065 0.0589 0.020 0.020 0.097
Liquid 0.019 0.006 0.0004 0.036 0.035 6.234

Table 8.2 Relative error in percent between the left- and right-hand side of Eq. 8.39 for coef-
ficients obtained by ‘‘perturbation cell’’ and ‘‘integral relations’’ methods at Teq ¼ 330 and
weq ¼ 700 for b ¼ 0:0002 and aqq ¼ 9; a1q ¼ 0; a11 ¼ 3

Phase Integral relations Perturbation cell

Xq X1 X2 Xq X1 X2

Gas 0.059 0.038 0.297 0.047 0.087 0.867
Liquid 0.059 0.172 0.027 0.047 0.217 0.014
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equilibrium enthalpies which vary a lot through the interface. One can see from the
above formulae, that the dependence on the enthalpy of evaporation (the difference
between the enthalpies of the liquid and gas phases) is crucial not only for the
diagonal diffusion coefficient, but also for the off-diagonal coefficients. This is an
important result since cross coefficients are usually neglected in the description of
the interfacial phenomena.

Another factor which affects the overall interfacial resistance is the local
resistivity profile. For instance, for the heat resistance this is the only factor. It is
noticeable that an interfacial resistance depends on the whole profile of a local
resistivity, not only on its bulk values. It is therefore crucial to have complete
information about the local resistivity profiles. We have used sums of a function
that smoothly connects the liquid and the vapor values and a peak proportional to
the square gradient of the density. In principle one can use any model for this and
further investigation are required. We have shown in the previous chapter, by
comparison with the predictions from kinetic theory, that the local resistivities do
have a peak in their profile and that the overall resistances therefore depend on the
amplitudes of these peaks. Within the current theory these amplitudes are
adjustable parameters.

The integral relations are in fact mathematical equalities. Given the local
resistivities defined through the local force–flux relations, for instance re from
Eqs. 8.23 and 8.24 follows. One can therefore consider Eq. 8.25 as a definition of
the overall interfacial resistances Re used in Eq. 8.24. It means that the force–flux
relations (8.26) for the whole surface follow from the local force–flux relations.
One therefore does not need the excess entropy production Eq. 8.14 to obtain
Eq. 8.24.

This allows us to use them as a test for the accuracy of the numerical solution of
the non-equilibrium case. Given that both local and overall linear laws are true
independently, the different methods to obtain the overall resistivities give infor-
mation about the accuracy of the method. The discussion below Tables 8.1 and 8.2
is based on this observation.

8.A Local Resistivities

We need to relate the resistivities re from Eq. 8.23 to the resistivities r 0 from
Eq. 8.29. This is done by comparing the coefficients at the same fluxes in these
equations. To do this we need to translate the set of fluxes used in Eq. 8.29
fJ 0q; J1; . . .; Jn�1g, to the set of fluxes used in Eq. 8.23, fJe; Jn1

; . . .; Jnn
g. This is

done with the help of the relation

Ji ¼ Jni � ni

Xn

k¼1

Jnk

J 0q ¼ Je �
Xn

k¼1

~hk Jnk

ð8:40Þ
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Substituting J 0q and Ji into the first of Eq. 8.29 we obtain

r?
1
T
¼ r 0qq Je þ

Xn�1

i¼1

Jni r 0qi � r 0qq
~hi �

Xn�1

k¼1

r 0qk nk

 !

� Jnn
r 0qq

~hn þ
Xn�1

k¼1

r 0qk nk

 !

ð8:41Þ

Comparing it with the first of Eq. 8.23 we obtain

re
qq ¼ r 0qq

re
qi ¼ �r 0qq

~hi �
Xn�1

k¼1

r 0qk nk þ r 0qi; i ¼ 1; n� 1

re
qn ¼ �r 0qq

~hn �
Xn�1

k¼1

r 0qk nk

ð8:42Þ

which are the first three equations of Eq. 8.32.
In order to obtain the remaining relations we consider the second of Eq. 8.23,

which gives

�
Xn

j¼1

njr?
~lj

T
¼ Je

Xn

j¼1

re
jq nj þ

Xn

i¼1

Jni

Xn

j¼1

re
ji nj

�r?
~lj

T

� �

� �r?
~ln

T

� �

¼ Jeðre
jq � re

nqÞ þ
Xn

i¼1

Jniðre
ji � re

niÞ;¼ 1; n� 1

ð8:43Þ

Furthermore, we use Eq. 8.8. Together with the second of Eq. 8.29 it gives

�
Xn

i¼1

nir?
~li

T
¼ �

Xn

i¼1

ni
~hir?

1
T

�r?
wj

T
¼ �gjr?

1
T
þ r 0jq J 0q þ

Xn�1

i¼1

r 0ji Ji

ð8:44Þ

Substituting r?ð1=T Þ from Eq. 8.41 and J 0q and Ji from Eq. 8.40 we obtain the
left-hand side of Eq. 8.44 expressed in terms of the fluxes Je and Jni and the
resistivities r 0. Comparing the result with Eq. 8.43 we obtain the following
equations sets

Xn

k¼1

re
kq nk ¼ �r 0qq

Xn

k¼1

nk
~hk

re
jq � re

nq ¼ �r 0qq gj þ r 0jq; j ¼ 1; n� 1

ð8:45aÞ

156 8 Integral Relations for the Surface Transfer Coefficients



Xn

k¼1

re
kj nk ¼ r 0qq

~hi þ
Xn�1

k¼1

r 0qk nk � r 0qi

 !
Xn

k¼1

nk
~hk

re
ji � re

ni ¼ r 0qq
~hi þ

Xn�1

k¼1

r 0qk nk � r 0qi

 !

gj

�
Xn�1

k¼1

r 0jk nk � r 0jq
~hi þ r 0ji; ; i ¼ 1; n� 1

ð8:45bÞ

Xn

k¼1

re
knnk ¼ r 0qq

~hn þ
Xn�1

k¼1

r 0qknk

 !
Xn

k¼1

nk
~hk

re
jn � re

nn ¼ r 0qq
~hn þ

Xn�1

k¼1

r 0qknk

 !

gj

�
Xn�1

k¼1

r 0jknk � r 0jq
~hn; j ¼ 1; n� 1

ð8:45cÞ

solving which we obtain the relations (8.46) between the remaining resistivities.
As one can confirm the symmetry of the r 0-matrix leads to the symmetry of the

re-matrix and vice versa. We therefore do not give the expressions for re
jq; r

e
nq and

re
jn in Eq. 8.32.

The relations (8.33) between the re- and r-resistivities are derived in the similar
manner.

re
jq ¼ �r 0qq

~hj �
Xn�1

k¼1

r 0kq nk þ r 0jq; j ¼ 1; n� 1

re
nq ¼ �r 0qq

~hn �
Xn�1

k¼1

r 0kq nk

re
ji ¼ r 0qq

~hj
~hi þ

Xn�1

k¼1

nk r 0kq
~hi þ r 0qk

~hj

� �
� r 0jq

~hi þ r 0qi
~hj

� �

þ
Xn�1

k¼1

Xn�1

l¼1

r 0kl nknl �
Xn�1

k¼1

nk r 0ki þ r 0jk

� �
þ r 0ji; j; i ¼ 1; n� 1

re
jn ¼ r 0qq

~hj
~hn þ

Xn�1

k¼1

nk r 0kq
~hn þ r 0qk

~hj

� �
� r 0jq

~hn

þ
Xn�1

k¼1

Xn�1

l¼1

r 0kl nknl �
Xn�1

k¼1

r 0jk nk; j ¼ 1; n� 1

re
ni ¼ r 0qq

~hn
~hi þ

Xn�1

k¼1

nk r 0kq
~hi þ r 0qk

~hn

� �
� r 0qi

~hn

þ
Xn�1

k¼1

Xn�1

l¼1

r 0kl nknl �
Xn�1

k¼1

r 0ki nk; i ¼ 1; n� 1

re
nn ¼ r 0qq

~h2
n þ ~hn

Xn�1

k¼1

nk r 0kq þ r 0qk

� �
þ
Xn�1

k¼1

Xn�1

l¼1

r 0kl nknl

ð8:46Þ
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Chapter 9
Conclusions and Perspectives

9.1 This Thesis

The aim of the thesis was to build a theoretical approach which allows to describe
a fluid behavior during evaporation or condensation in multi-component mixtures.
This was done in the seven previous chapters. Each chapter contains the detailed
discussion and conclusions of the addressed issue. Here we summarize the work.

In order to describe a nonuniform equilibrium mixture with an interface
between two coexisting phases, it is necessary to consider contributions to the
Helmholtz energy which depend on the gradients of, for instance, the density. In
Chap. 2 we extended the analysis of van der Waals [1] and Cahn and Hilliard [2] to
multi-component mixtures. Given the contributions to the Helmholtz energy
proportional to the square gradients of component’s densities or mass fractions, we
gave explicit expressions for most thermodynamic quantities in the interfacial
region. The analysis was done in three-dimensional space which does not restrict
the applications to planar interfaces.

An important characteristic of the interfacial region is that the pressure has
tensorial behavior. One can speak about the pressure tensor which can be repre-
sented as a sum of a scalar pressure and a tension tensor, rab ¼ p dab þ cab. Both
terms depend on the density gradients. Furthermore, the tension tensor

cabðrÞ ¼
Xn

i;j¼1

jqiqj

oqi

oxa

oqj

oxb
ð9:1Þ

is the quantity which determines the surface tension and has a significant impor-
tance in the interfacial dynamic description of a mixture.

Another important consequence of equilibrium being attained in a non-homo-
geneous region, is that one has to speak about two kinds of Gibbs relations
between thermodynamic quantities which vary in space: the ordinary Gibbs
relation
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du ¼ T ds� pdvþ
Xn�1

i¼1

wi dni ð9:2Þ

being established between two different states at the same position, and the spatial
Gibbs relation

rb u ¼ T rb s� prb vþ
Xn�1

i¼1

wirb ni þ vra cab ð9:3Þ

being established between different positions in the same state. The former has the
same form as usual Gibbs relation, but all the quantities in it have gradient con-
tributions. The latter has an additional term which is nonzero only in the interfacial
region.

In earlier work [3–5] a systematic extension of the square gradient model to
non-equilibrium one-component systems was given. In Chap. 3 we gave an
extension of this approach to multi-component non-equilibrium systems in the
systematic context of non-equilibrium thermodynamics [6]. We discussed the
thermodynamics of the homogeneous phases, the non-equilibrium Gibbs relation,
the hydrodynamics of one-fluid mixtures, and the surface symmetry together with
the resulting force–flux relations.

The research area of thermodynamic equations of homogeneous mixtures is
very large. In this thesis we did not intend neither to cover it nor to give any
contribution to it. We used common equations of state [7], which together with
normalizing conditions (coinciding with the standard expressions in the limit of
rare gases [8]), are expected to give an adequate description of homogeneous
mixtures. Furthermore, we used common mixing rules. For particular systems
which are not well described by these equations, one should use the appropriate
ones. This does not affect the present analysis.

A crucial part of non-equilibrium thermodynamics is the Gibbs relation. In non-
equilibrium one does not derive it and may only assume a reasonable expression.
This relation should be therefore tested on further applications. We used the Gibbs
relation

T
ds

dt
¼ du

dt
�
Xn�1

i¼1

wi

dni

dt
þ p

dv

dt
� vðvb � vs

bÞ
ocab

oxa
ð9:4Þ

which is different from the common relation in homogeneous phase. It was chosen
such that it is Galilean invariant and reduces to the above two equilibrium Gibbs
relations. We were able to build a non-contradictory theory with a number of
numerical predictions. It is therefore possible to test it in experiments and
applications.

In the non-equilibrium description one obtains the expression for entropy
production and the resulting force–flux relations. In principle, any thermodynamic
force depend linearly on any thermodynamic flux. But according to the Curie
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symmetry principle [9] coupling is allowed only between forces and fluxes of the
same tensorial order. A thin surface is no longer three-dimensionally isotropic.
Because its thickness is very small compared to the curvature radii, for many
applications it may be considered as two-dimensionally isotropic. We have dis-
cussed how the two-dimensional isotropy modifies the phenomenological relations
in the interfacial region and allows coupling which is different from the bulk one.

The local phenomenological coefficients may be measured in a bulk phase but
not in the surface. One has therefore to model the continuous expressions for the
phenomenological coefficients in the interfacial region. We used a form of these
coefficients which has two terms: one is a smooth transition from one bulk value to
another, the other term models a peak which is nonzero only in the interfacial
region. The further calculations confirm that the local resistivities have to have a
nonzero peak term in order to make the entropy production be nonnegative. This
result was also observed for one-component systems [5, 10].

In Chap. 4 we applied the general analysis described in Chap. 3 to the binary
mixture of cyclohexane and n-hexane. We used the square gradient model for the
continuous description of a non-equilibrium surface and obtained numerical
profiles of various thermodynamic quantities in various stationary state conditions.
It was, for instance, shown that, like in one-component systems, the temperature
profile has a peak or a dip in the interfacial region. Details of the numerical
procedure were given and discussed.

The next step in the description was to make a link to a macroscopic non-
equilibrium description of surfaces [11]. In such a description one uses the
assumption that a surface under non-equilibrium conditions may be considered as
an autonomous phase with its own temperature and other thermodynamic char-
acteristics which are related by the common thermodynamic relation

us ¼ T s ss � cs þ
Xn

i¼1

ls
i Cs

i ð9:5Þ

where us; ss; cs, and Cs
i are the Gibbs excess densities of the internal energy,

entropy, pressure, and concentration, respectively. In Chap. 5 we focused on the
verification of this hypothesis of local equilibrium of the surface. It uses tem-
perature and chemical potentials of a surface and the excess densities. We gave a
definition of the temperature and chemical potentials of the surface and verified
that these quantities are independent of the choice of the dividing surface. We then
verified numerically for a binary mixture that the surface in a stationary state
satisfies Eq. 9.5. The excess densities are found to be in good approximation equal
to their equilibrium values at the stationary state temperature and chemical
potentials of the surface.

In the last three chapters we calculated the interfacial transfer coefficients for
evaporation and condensation of mixtures. They show how the whole surface
resists the transfer of heat and mass. We used the continuous profiles of various
thermodynamic quantities, obtained in Chap. 4 using the square gradient model.
Furthermore, we introduced the Gibbs surface and obtained the excess entropy
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production for a surface. Following the traditional non-equilibrium thermody-
namic approach, we introduced the surface transfer coefficients which we were
able to determine from the continuous solution. The knowledge of these coeffi-
cients is important for industrial applications which involve transport through a
surface, such as distillation. The square gradient approach gives an independent
way to determine the transfer coefficients for surfaces. The general framework
for this was established in Chap. 6 for stationary states. We used different
methods to obtain the overall interfacial resistances which are described in
Chaps. 7 and 8.

The analysis in Chap. 7 used the numerical solution of a non-equilibrium
stationary state, while in Chap. 8 we derived integral relations between the local
resistivity profiles and the overall interfacial resistances. For instance, for the
thermal resistance in the case of planar surface we got

Rqq ¼
Z

x

dx rex
qq ð9:6Þ

which is the same as in one-component systems [12]. The number of coefficients in
mixtures is larger and, for instance, for the thermal diffusion resistance to the
second component of a binary mixture we got in the case of planar surface

Rq2 ¼
Z

x

dx rqq h2 � h
g
2

� �
� rq1n1

� �ex ð9:7Þ

Similar relations were obtained for the other resistances.
The analysis presented in these chapters allowed us to make a number of

statements regarding the interfacial heat and mass transfer resistances. By com-
paring our results with kinetic theory predictions [13] we showed in Chap. 7 that
local resistivity profiles must have a peak in the interfacial region. This peak has
its origin in the density gradients. The results of both kinetic theory and molecular
dynamics simulations [10] support the existence of small peaks in the local
resistivities in the interfacial region. Next, having the diagonal coefficients mat-
ched to the values from kinetic theory, we found that the values of the cross
resistivities are one order of magnitude higher than the ones from kinetic theory.
This indicates that kinetic theory underestimates the interfacial transfer coefficients
in real fluids, in agreement with earlier findings [14].

In Chap. 8 we have shown that interfacial resistances depend among other
things on the enthalpy profile across the interface. Since this variation is sub-
stantial (the enthalpy of evaporation is one of the main differences between
liquid and vapor phases) the interfacial resistivities are also substantial. Partic-
ularly, the surface puts up much more resistance to the heat and mass transfer
then the homogeneous phases over a comparable distance. This is the case not
only for pure heat conduction and diffusion, but also for the cross effects like
thermal diffusion.
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9.2 Perspectives

The presented approach points to various further research. This includes consid-
ering phenomena within the presented framework as well as linking it to the other
areas, outlined in the introduction.

First of all, the results of this thesis, supporting the work by Kjelstrup and
Bedeaux [11], may be used for description of distillation processes. Experimental
results would be useful to verify a number of assumptions which were made in our
theory, particularly the non-equilibrium Gibbs relation and the peak in local
resistivity profiles.

The next-door target is to study mixtures in different domains of the phase
diagram as well as mixtures with different kinds of phase diagrams. Thus, it is
interesting and important to study evaporation and condensation in mixtures with
infinite dilution, not also with approximately equal distribution of components. It
is also necessary to study mixtures with non-similar components. All this can be
done applying the present theory directly. One has to choose an appropriate
homogeneous thermodynamic description of a desired mixture and specify the
desired domain in a phase space.

9.2.1 Applications and Extensions

We studied transport through the surface in detail. The established framework also
allows us to study transport processes along the surface. This includes the study of
phenomena such as slip, thermal slip and the Maragoni effect [15].

We did the numerical calculations for planar interfaces. The analysis presented
has no such restriction on the geometry of the surface. We may therefore study
evaporation of spherical droplets, and use the two-dimensional isotropy of the
surface. A relevant application here is the nucleation of sub-micrometer droplets.
There are many experiments and molecular dynamic simulations in that area, but
again, not much work is available for mixtures. If the radius of a droplet is much
larger than the interfacial thickness, the general analysis presented in the thesis
may be applied to such a system directly. Including the appropriate curvature
corrections it may also be applied to droplets with a radius comparable to the
interfacial thickness.

We have studied in details the evaporation and condensation. The square
gradient model for multi-component systems describes not only liquid–vapor
coexistence and transport, but also mixing-demixing phenomena [16]. A relevant
application is an osmotic pressure difference due to a temperature difference. The
developed analysis may be applied to these phenomena directly as well.

Heat and mass transport through the surface are important in many biological
systems [17]. Biological cells have a semi-penetrable surface which allows
transport of different components, depending on the conditions. This is also a

9.2 Perspectives 163



mixing-demixing process. One may consider cells to have a 2D isotropic surface.
The transport processes in structures, which in equilibrium do not poses the 2D
isotropy, differs. Taking into account the symmetry of such surfaces, one may
modify the force–flux relations and apply the analysis to, for instance, cylindrical
cells.

We did not study chemical reactions at the surface in this thesis. They con-
tribute to the entropy production and being scalar phenomena couple to the heat
and mass transport through the surface [6]. This is the subject of active transport, a
process also happening in biological systems [15].

There is a number of other transport processes which happen in non-equilibrium
systems, particularly, the transport of charge [11]. This is of interest in many
applications, such as fuel cells or electrolysis. The present theory may not be
applied to them directly, but one may proceed along the lines of this work in order
to get the description of these processes.

9.2.2 Relation to Other Fields

It is desirable to have an independent way to verify the non-equilibrium con-
tinuous description. This can be done using molecular dynamics simulations.
Both the continuous description and molecular dynamics uses a small set of
input parameters which are related. These are, for instance, the molecular
diameter together with the depth of interaction potential in molecular dynamic
simulations and transport coefficients together with the van der Waals mixture
coefficients for continuous description. Both the continuous description and
molecular dynamics allows one to obtain macroscopic surface properties within
the theory developed by Kjelstrup and Bedeaux [11]. As a continuation of this
work one may choose the same system both for the continuous description and
for molecular dynamics and compare the resulting macroscopic properties.
They must be consistent.

Another source of justification is the microscopic theoretical descriptions.
A number of quantities come to the continuous mesoscopic description as
parameters. These are, among others, the local resistivities and the gradient
coefficients j. It is possible in principle to obtain the values of the gradient
coefficients from microscopic theories, either from the statistical mechanics [18],
or from kinetic theory [19]. It would be nice to get expressions for these coef-
ficients in mixtures from statistical mechanics. This, for instance, can give an
idea for mixing rules of the gradients coefficients, which currently are just
empirical expressions.

There are microscopic expressions for the bulk transfer coefficients, the Green–
Kubo relations. One can also obtain the microscopic expressions for the overall
interfacial resistances [15]. They are not available for the local interfacial resis-
tivities, however. It would be nice to obtain the microscopic expressions for the
resistivity profiles and, in particular, for the amplitudes of local resistivities.
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Appendix A

Symbols List and Notation Convention

Here we give the symbols used throughout the thesis. The meaning of the symbols
used only in particular sections of the thesis or ‘‘foobar’’ symbols is explained in
the text.

Vectorial quantities are typefaced bold, while scalar quantities are typefaced
with the ordinary font. Tensorial quantities are usually typefaced with the ordinary
font and two Greek indices are used as subscripts to distinguish them from scalars.
We use the summation convention over double Greek subscripts.

All the quantities may have subscripts and superscripts, which specify the
exact meaning of this quantity. Specific quantities may be per unit of mass, per
unit of mol, or per unit of volume. We give the dimensionality for mass units
associated quantities only. A thermodynamic quantity with a subscript indicating
a component number is a partial specific quantity of those component Tables A.1,
A.2, A.3, A.4.

Table A.1 Superscripts: indicate quantities, associated with

b A bulk
g Gas bulk
‘ Liquid bulk
s An interface or a dividing surface
m Mass specific quantity
m Molar specific quantity
v Density per unit of volume
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Table A.4 Physical quantities

a [ – ] Amplitude of the local resistivity
b [ – ] A small number, rate of the deviation from equilibrium
C [ mol=m2 ] Relative adsorption
cab [ Pa ] Tension tensor
f [ – ] Mole fraction
K [ J=kg ], [ J=m3 ] Square gradient contribution
jqq [ J m5=kg2 ] Square gradient coefficient associated with the overall density

jqni
[ J m=kg ] Square gradient coefficients associated with the overall density

and the fraction of ith component

jninj
[ J=m3 ] Square gradient coefficients associated with the fractions of ith

and jth components

jqiqj
[ J m5=kg2 ] Square gradient coefficients associated with the densities of ith

and jth components
K [ m ] De Broglie wavelength
k [ J=(m K s) ] Heat conductivity
l [ J=kg ] Chemical potential

(continued)

Table A.2 Subscripts

0 Bulk quantity
i, j, k, n Mixture component number
a, b Cartesian coordinate component
k Parallel to the surface component of spatial coordinates
? Perpendicular to the surface component of spatial coordinates
eq Equilibrium quantity
q Heat associated quantity

Table A.3 Operations

: Definition
� Contraction sign
0 Measurable quantity (for J 0q and r 0);

Spatial derivative (for all other quantities)

1; n Enumeration of all integers from 1 to n

b/ Excess of /

e/;/� Quantity, which has the meaning of / but is different
from / according to the context

�T Traceless part of a tensor T

r Nabla-operator
ra, q/qxa Partial derivative with respect to xa coordinate
d, q, d Differentials
dab Kroneker symbol
dr Infinitesimal volume element
dS Infinitesimal external boundary element
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Table A.4 (continued)

m [ mol ] Number of moles
n [ – ] Mass fraction
pab [ Pa ] Viscous pressure tensor
q [ kg=m3 ] Mass density
rab [ Pa ] Pressure tensor
rs [ J=(K m3) ] Entropy production
/ ‘‘Foobar’’ variable
w [ J=kg ] Reduced chemical potential (chemical potential difference)
A, B van der Waals coefficients for mixture
aij, bi van der Waals coefficients for components
c [ mol=m3 ] Molar concentration
D [ m2=s ] Diffusion coefficient
e [ J=kg ] Specific total energy
F [ J ] Total Helmholtz energy
f [ J=kg ] Specific Helmholtz energy
g [ J=kg ] Specific Gibbs energy
h [ J=kg ] Specific enthalpy
g1, 2, 3 [ – ] Lamé coefficients
J [ J=(s m2) ],

[ kg=s m2 ]
Any flux (of matter, energy, heat)

Jq
0 [ J=(s m2) ] Measurable heat flux

i, j [ – ] Component number
M [ kg=mol ] Molar mass
m [ kg ] Mass
n [ – ] Number of components
p [ Pa ] Pressure
r [ m ] Position
r Local resistivity coefficient
R Overall interfacial resistance coefficient
R [ J=(K mol) ] Universal gas constant
S [ J=K ] Total entropy
s [ J=(K kg) ] Specific entropy
sT [ 1=K ] Soret coefficient
T [ K ] Temperature
U [ J ] Total internal energy
u [ J=kg ] Specific internal energy
V [ m3 ] Total volume
t [ m3=kg ] Specific volume
v [ m=s ] Velocity
x [ m ] Cartesian coordinate
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Index

B
Boundary conditions, 69, 71, 80

D
Diffusion coefficient, 66, 73
Distillation, 163
Dividing surface, 89

E
Effect of resistivities, 75
Equation of state, 42
Excess, 88, 114, 122, 146

G
Gibbs excess quantities, 87
Gibbs–Duhem relation, 24, 112
Gibbs relation

non-equlibrium, 41
ordinary, 24, 31, 40, 159
spatial, 24, 31, 40, 160

I
Integral relation, 147

K
Kinetic theory, 132
Korteweg tensor, 34

L
Lagrange multipliers, 20
Local equilibrium, 37
Local equilibrium of a surface, 85, 89, 95

M
Measurable heat flux, 47
Mixing rules, 42
Mixing rules for the gradient

coefficients, 29

O
Onsager relations, 53

P
Pressure

parallel and perpendicular, 26, 35
tensor, 21, 34, 159

R
Relative adsorption, 90

S
Soret coefficient, 66, 73
Surface frame of reference, 50
Surface temperature and chemical potential

difference, 90, 97
Surface tension, 35, 65, 90

T
Tension tensor, 21, 27, 159
Thermal conductivity, 73
Total energy flux, 46, 145
Total heat flux, 46
Total Helmholtz energy, 19
Total thermodynamic

differential, 23
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