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Preface

The renormalization group (RG) has nowadays achieved the status of a meta-theory,
which is a theory about theories. The theory of the RG consists of a set of concepts
and methods which can be used to understand phenomena in many different fields
of physics, ranging from quantum field theory over classical statistical mechanics
to nonequilibrium phenomena. RG methods are particularly useful to understand
phenomena where fluctuations involving many different length or time scales lead to
the emergence of new collective behavior in complex many-body systems. In view
of the diversity of fields where RG methods have been successfully applied, it is
not surprising that a variety of apparently different implementations of the RG idea
have been proposed. Unfortunately, this makes it somewhat difficult for beginners
to learn this technique. For example, the field-theoretical formulation of the RG
idea looks at the first sight rather different from the RG approach pioneered by
Wilson, the latter being based on the concept of the effective action which is itera-
tively calculated by successive elimination of the high-energy degrees of freedom.
Moreover, the Wilsonian RG idea has been implemented in many different ways,
depending on the particular problem at hand, and there seems to be no canonical
way of setting up the RG procedure for a given problem. Fortunately, in the last
decade the development of the so-called functional renormalization group (FRG)
method has somewhat unified the field by providing a mathematically elegant and
yet simple way of expressing Wilson’s idea of successive mode elimination in terms
of a formally exact functional differential equation for the suitably defined generat-
ing functionals of a given theory. While the basic ideas of the Wilsonian RG as well
as the field-theoretical RG are explained in many excellent textbooks, a pedagogic
introduction to the Wilsonian RG using its modern formulation in terms of the FRG
seems not to exist in the literature. It is the purpose of this book to fill this gap.

The book is subdivided into three parts. In Part I, which consists of the first
five chapters, we introduce the reader to the basic concepts of the RG. This part
is elementary and requires only previous knowledge of some introductory equi-
librium statistical mechanics. In the four chapters of Part II we then give a self-
contained introduction to the FRG. Since we are aiming at applications of the
FRG to nonrelativistic quantum many-body systems, we start in Chap. 6 with an

vii



viii Preface

introduction to functional methods, defining various types of generating functionals
and vertex functions. With these preparations, we derive in the central Chap. 7 of
this book formally exact FRG flow equations of general field theories involving
fermions, bosons, or mixtures thereof. We also discuss in detail how to include the
emergence of finite vacuum expectation values of some of the field components into
the FRG. In the following two chapters we discuss the two most common truncation
strategies of the FRG flow equations, namely the vertex expansion in Chap. 8, and
the derivative expansion in Chap. 9. Finally, in Part III of this book we apply the
FRG method to nonrelativistic fermions. This part consists of three chapters: we
first discuss the purely fermionic FRG in Chap. 10, and then present in Chaps. 11
and 12 partially bosonized FRG flow equations for interacting Fermi systems, where
certain types of interaction processes are represented by suitable bosonic fields. The
selected topics of Part III reflect our own research. We would like to emphasize,
however, that the formulation of the FRG method developed in Chap. 7 is rather
general and should be useful beyond the limited scope of our own research interest.

This book is based on a special topics course taught by one of us (P.K.) at the
Goethe-Universitat Frankfurt during the summer semesters 2006 and 2008. The
course consisted of two 90-min lectures and one two-hour tutorial each week. The
complete material in Part I and the first two chapters of Part II can be covered in 13
weeks provided the audience is familiar with the functional integral formulation of
quantum many-body theory as developed on the first 100 pages of the textbook by
Negele and Orland. The exercises at the end of Chaps. 1-7 are sometimes nontrivial
and should be solved by the students at home. A complete discussion of the solutions
of all exercises requires 11 or 12 two-hour tutorials.

We would like to thank several people who, in one way or the other, helped us to
complete this book. First of all, we are grateful to Andreas Kreisel, who skillfully
used the open source vector graphics editor inkscape to create a large part of the fig-
ures presented in this book and helped us to optimize our presentation. We also thank
our collaborators on topics related to the functional renormalization group: Alvaro
Ferraz, Hermann Freire, Nils Hasselmann, Thomas Kloss, Sascha Ledowski, and
Andreas Sinner. In particular, the long-term collaborations with Sascha Ledowski
and Nils Hasselmann influenced some of the presentations in Part IT and Part III of
this book. We have also profited from many useful comments and suggestions from
some of the students who attended the courses on the renormalization group taught
by one of us at the Goethe-Universitat Frankfurt; we especially thank Christopher
Eichler, who made several useful suggestions. Finally, we would like to thank Nico-
las Dupuis, Holger Gies, Carsten Honerkamp, Christoph Kopper, Brad Marston, Jan
Martin Pawlowski, Oliver Rosten, and Manfred Salmhofer for illuminating discus-
sions on the functional renormalization group. We are extremely grateful to Manfred
Salmhofer for his comments on Chaps. 6 and 10.

Our greatest intellectual debt is to Sudip Chakravarty, Konstantin Efetov, Subir
Sachdev, and Kurt Schonhammer, who have been our teachers and mentors. Many
of their questions, suggestions and ideas have found their way into this book.
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Last but not least, we thank the Sonderforschungsbereich SFB/TRR49 and the
DAAD/CAPES PROBRAL program for financial support, and Christine Dinges for
patiently producing the first IfIEXversion of the manuscript from the original hand-
written lecture notes. We will maintain a web page

http://itp.uni-frankfurt.de/~rgbook/

where we will list all errors and points of confusion which will undoubtedly come
to our attention.

Frankfurt am Main Peter Kopietz
July 2009 Lorenz Bartosch
Florian Schiitz
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Part I
Foundations of the Renormalization Group

In Part I of this book, we introduce the basic concepts of the renormalization group
(RG) idea. We start in Chap. 1 with a short review of the phenomenology of phase
transitions and the concept of scaling, which motivated the development of the
Wilsonian RG. We then give in Chap. 2 a self-contained introduction to the mean-
field approximation and the leading fluctuation correction to mean-field theory, the
so-called Gaussian approximation. In the central Chap. 3 of this Part I, we introduce
the basic ideas and concepts of the Wilsonian RG. Of course, there exist already
excellent textbooks where these topics are covered and our presentation is influ-
enced by the books by Ma (1976), Goldenfeld (1992), and Cardy (1996). However,
our presentation does not strictly follow any of these works; for example, in contrast
to Cardy and Goldenfeld, we introduce diagrammatic perturbation theory from the
very beginning in order to prepare the reader for the functional RG introduced in
Part II of this book. For completeness we also give in Chap. 5 a brief introduction
to the field theoretical RG, using the classical ¢*-theory describing the Ising univer-
sality class as an example.

Historically, the RG idea has first been developed in the context of quantum field
theory. The so-called field-theoretical RG goes back to the work by Stueckelberg
and Petermann (1953) and by Gell-Mann and Low (1954), who studied the ambigu-
ities in the regularization procedure of the divergencies encountered in perturbative
quantum field theory. They realized that in the so-called renormalizable field theo-
ries, where all divergencies encountered in perturbation theory can be absorbed in
a finite number of renormalized coupling constants, the ambiguities in the energy
scale which one is forced to introduce in the renormalization procedure can be used
to relate the behavior of the theory at small and large energies. However, renormaliz-
ability is a rather strong assumption about the structure of a theory. In fact, the lattice
models used to describe condensed matter systems are often not renormalizable. The
lattice spacing itself provides a natural cutoff and there is no reason why one should
assume renormalizability. Often, no divergencies appear and it makes perfect sense
that even an infinite number of couplings in an effective field theory can depend on
the cutoff, such as the lattice spacing.

Motivated by the challenge to understand the experimentally established uni-
versality of continuous phase transitions, in the 1970s another version of the RG
idea was developed by Wilson (1969, 1971a,b, 1972, 1975), and others (Wilson



2 Part I Foundations of the Renormalization Group

and Fisher 1972, Wilson and Kogut 1974, Ma 1973, 1976, Fisher 1974, 1983,
Wegner 1976, Di Castro and Jona-Lasinio 1976). In 1982 the physics Nobel Price
was awarded to Wilson for his contributions to the development of this method;
we shall therefore call this method the Wilsonian RG. For a recent review of the
foundations of the Wilsonian RG with interesting historical remarks, see Fisher
(1998). The Wilsonian formulation of the RG idea is based on the concept of a
scale-dependent effective action, which is obtained by eliminating the high-energy
degrees of freedom with energies above the cutoff scale A. Such a procedure can
be carried out without making any strong assumptions about the structure of a the-
ory (such as renormalizability), so that the Wilsonian RG is more general than the
field-theoretical RG. In fact, in many applications of the RG in statistical mechanics
and condensed matter, there are no infinities and the RG serves as a nonperturbative
method for treating strongly interacting many-body systems. Moreover, generaliza-
tions of the Wilsonian RG idea turn out to be useful to study the dynamics of systems
far from equilibrium (Goldenfeld 1992, McComb 2004).
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Chapter 1
Phase Transitions and the Scaling Hypothesis

In the vicinity of continuous phase transitions, thermodynamic quantities and
correlation functions typically behave as power laws characterized by universal
exponents, which are independent of microscopic parameters of a system. The
development of the Wilsonian RG in the 1970s was driven by the desire to gain
a microscopic understanding of this universality. In this introductory chapter we
briefly review the phenomenology of phase transitions, define the critical exponents,
and discuss the relevant scaling laws. For a more detailed discussion of these topics,
we refer the reader to other reviews and textbooks (Fisher 1983, Binney et al. 1992,
Goldenfeld 1992, Ivanchenko and Lisyansky 1995, Cardy 1996, McComb 2004,
Kardar 2007).

1.1 Classification of Phase Transitions

In thermal equilibrium the thermodynamic behavior of a macroscopic system can
be derived from the relevant thermodynamic potential. For a quantum system with
Hamiltonian A that is coupled to a heat bath with temperature T and a particle
reservoir characterized by a chemical potential w, one should calculate the grand
canonical partition function Z(7, ) and the corresponding grand canonical poten-
tial 2(T, ),

Z(T, ) = e @T0IT = Tr[e~H-1l/TY (1.1)

where N is the particle number operator and the trace is over the relevant Fock
space containing an arbitrary number of particles. In the thermodynamic limit,
where the volume V approaches infinity while the average density n = (N)/V is
held constant, we expect that the (generalized) free energy f(T, u) = (T, n)/V
approaches a finite limit independent of V. More generally, for a system whose
macroscopic state is characterized by a set of k coupling constants gy, ..., g, the
partition function in the thermodynamic limit is expected to be of the form

Z(g1y ..., gr) =e Ve T (1.2)

Kopietz, P. et al.: Phase Transitions and the Scaling Hypothesis. Lect. Notes Phys. 798, 5-22
(2010)
DOI 10.1007/978-3-642-05094-7_1 © Springer-Verlag Berlin Heidelberg 2010



6 1 Phase Transitions and the Scaling Hypothesis

For example, for a system of electrons subject to an external magnetic field with
magnitude % in the z-direction, one should add to the Hamiltonian the magnetlc
energy due to the spin degrees of freedom and thus replace H — uN — H —
wN — hM in the exponent of Eq. (1.1). Here, M is the operator representing the
component of the total magnetization in the direction of the magnetic field.! In this
casek =3 withg; =T, go = u,and g3 = h.

In the k-dimensional coupling space spanned by g1, .. ., g, the generalized free
energy f(gi,...,gr) is almost everywhere analytic. However, in the thermody-
namic limit it can happen that there are points, lines, or other manifolds in cou-
pling space with dimension smaller than k where f(gi, ..., gx) exhibits some kind
of nonanalyticity. These are the phase boundaries separating different phases of
the system. The domains in coupling space where f(gi, ..., gx) is analytic are
called the phases of the system. Depending on the type of nonanalyticity at the
phase boundaries, one distinguishes different types of phase transitions. In general,
f(g1, ..., gr) is continuous at the phase boundaries, but its derivatives with respect
to the g; can be discontinuous. A phase transition is called discontinuous (or first
order) if at least one of the partial derivatives df/dg; is discontinuous at the phase
boundary. On the other hand, if all df/dg;, i = 1,...,k, are continuous at the
phase boundary, the phase transition is called continuous (or second order). Differ-
ent phases are often (but not always) characterized by different symmetries. One
usually tries to characterize phases with lower symmetry quantitatively in terms of
a suitable order parameter, which is chosen such that it is nonzero only in the phase
with lower symmetry. Let us illustrate these concepts with two examples:

Example 1: Paramagnet-Ferromagnet Transition

The phase transition in some magnetic insulators from a paramagnetic state to a state
with ferromagnetic long-range order in the absence of an external magnetic field
is an example for a continuous phase transition. The thermodynamic state of the
system in a magnetic field can be described in terms of the two relevant parameters
T and h. The order parameter is the spontaneous magnetization, which is defined in
terms of the expectation value (M) of the magnetization operator per unit volume
in the thermodynamic limit,

= —1im LT _ ﬁm[um @] | 13

h—0 oh h—0| Voo V

! Throughout this work we measure the temperature and the magnetic field in units of energy,
which amounts to formally setting the Boltzmann constant and the Bohr magneton equal to unity.
I is then the Zeemann energy and the magnetization operator M is dimensionless and gives the
component of the total angular momentum in the direction of the field in units of 7.
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If m is finite, the state of the system has lower symmetry than the Hamiltonian,
which for 4 = 0 is at least invariant under the reversal of the direction of all spins.
Since the magnetization remains finite for 7 < T, even without external magnetic
field, this phenomenon is called spontaneous symmetry breaking. The order of limits
in Eq. (1.3) is important: Only if one first takes the thermodynamic limit V — oo,
the zero-field limit can be finite. If the magnetic system can be described by an Ising
model whose one-dimensional version is introduced in Exercise 1.1, then the ferro-
magnetic state breaks the up—down (Z,) symmetry of the Hamiltonian. The typical
behavior of the spontaneous magnetization curve m(7') as a function of temperature
is shown in Fig. 1.1. In the vicinity of the critical temperature 7, where m first
becomes finite, the magnetization curve follows a universal power law,

m(T) x(T. — T, T<T,, (1.4)

where the magnetization exponent § is universal in the sense that it has the same
value for a whole class of systems which is characterized by rather general prop-
erties such as symmetry and dimensionality. While the critical behavior described
above is quite general, there are exceptions to this rule in low-dimensional sys-
tems (such as the one-dimensional Ising model introduced in Exercise 1.1), where
the effect of fluctuations can prohibit spontaneous symmetry breaking at any finite
temperature.

Y

0 7. T

Fig. 1.1 Typical behavior of the spontaneous magnetization of a system exhibiting spontaneous
ferromagnetism for temperatures 7" below a critical temperature 7.

Example 2: Liquid-Gas Transition

The phenomenon that upon heating a liquid begins to boil at a certain transition
temperature and transforms into a gas is familiar to everybody. This is an example
of a first-order phase transition between two phases with the same symmetry. If
one plots the density n = —df (T, u)/du as a function of temperature for different
values of the pressure p, one obtains the curves shown in Fig. 1.2. As we lower
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the temperature keeping the pressure p < p,. fixed at a value smaller than a certain
critical pressure p., there is a critical temperature 7, below which gas and liquid
can coexist in a certain regime of densities. At the critical end point (T, p., n.)
shown in Fig. 1.2, the density interval where coexistence of gas and liquid is pos-
sible collapses to a single point. The shape of the coexistence curve for densities
|[n — n.| < n. is again characterized by a universal power law, with the same expo-
nent as observed in the ferromagnet—paramagnet transition in uniaxial ferromagnets
(which can be described by an Ising model). For p < p, the quantity n — n.. is thus
analogous to the magnetization in Example 1 and plays the role of an order parame-
ter for the liquid—gas transition. For a nice discussion of similarities and differences
between the paramagnet—ferromagnet transition and the liquid—gas transition, see,
for example, the review by Fisher (1983). In Exercise 1.2 the coexistence curve of
the liquid—gas transition marked in Fig. 1.2 will be calculated approximately within
the van der Waals theory, which provides a simple mean-field description for the
liquid—gas transition.

Fig. 1.2 Curves of constant pressure (isobars) in the temperature-density plane of a simple fluid
exhibiting a liquid—gas transition. The critical point is denoted by a black dot and the red curve
marks the boundary of the coexistence regime. In the vicinity of the critical point the shape of
the coexistence curve can be described by the same power law as the magnetization close to 7, in
Fig. 1.1, see Eq. (1.4). Note that in general the coexistence curve is not symmetric with respect to
n —n. — —(n — n.), corresponding to reflection on the temperature axis

In the two examples above the phase transition is driven by thermal fluctuations
and occurs at a finite temperature. In quantum systems one encounters sometimes
phase transitions at zero temperature which are triggered by varying some nonther-
mal control parameter such as the density or an external magnetic field (see, e.g.,
Sachdev 1999, 2000). These so-called quantum phase transitions can be classified
analogously into first order and continuous ones. We shall give some examples for
quantum phase transitions in Sect. 1.4.
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1.2 Critical Exponents and Universality of Continuous
Phase Transitions

As the temperature approaches the critical temperature 7. of a continuous phase
transition, an increasing number of microscopic degrees of freedom are coupled to
each other and effectively act as a single entity. The correlation length & denotes
the typical length scale of the regions where the degrees of freedom are strongly
coupled. For example, in the vicinity of the paramagnet—ferromagnet transition
(with the temperature slightly larger than the critical temperature) microscopic spins
within regions of linear size £ tend to point in the same direction, while spins
belonging to different regions whose distance is large compared with & remain
uncorrelated. At the critical point associated with a continuous phase transition,
the correlation length & is infinite and there are fluctuations on all length scales, so
that the system is scale invariant. As a consequence, thermodynamic observables
are homogeneous functions of the relevant thermodynamic variables so that they
exhibit power-law behavior. The exponents which characterize the leading behavior
of thermodynamic observables for T — T, are called critical exponents. For sim-
plicity, consider the paramagnet—ferromagnet transition. It is convenient to measure
the distance from the critical point on the temperature axis in terms of the reduced
temperature

(1.5)

Historically, one introduces the critical exponents «, 8, and y to characterize the
asymptotic behavior of the following observables for ¢ — 0,

Specific heat: C(t) o [t]7%,
Spontaneous magnetization: m@) x (=), t<0, (1.6)
Magnetic susceptibility: x() o |t|77 .

Moreover, the shape of the critical isotherm giving the magnetic field dependence
of the magnetization m(h) at T = T, for a small magnetic field /& defines another
critical exponent &,

Critical isotherm:  m(h) o< |h|"®sgn(h), t =0. (1.7)

According to the scaling hypothesis to be discussed in Chap. 1.3, the above thermo-
dynamic exponents «, 8, v, and § can all be related to the scaling behavior of the
singular part of the free energy for small ¢ and .

In addition to these thermodynamic exponents, one usually introduces two more
exponents v and n via the behavior of the order-parameter correlation function
G(r — r’) for large distances r — r’. For a magnetic phase transition with Ising
symmetry, G(r — r’) is defined as follows. Let us denote by 7i(r) the operator
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representing the local magnetization density at space point . By translational invari-
ance the thermal average

Tre= /T fu(r)

m= () = =

(1.8)

is then independent of r, so that §im(r) = m(r) — (m(r)) = m(r) — m. The order-
parameter correlation function is then defined by the thermal average

G(r —r') = (m(r)ym(r")) — (i) (i)
= (8m(r)sm(r") (1.9)

which depends only on the difference r — r’. It is sometimes more convenient to
Fourier transform G(r — r’) to wave vector space,

Gk) = /dDre’ik"G(r) ) (1.10)

Typically, one finds for the asymptotic behavior of G(r) for distances large com-
pared with the correlation length &,

o lrl/e

[£D=3|p|D-1 ’

For T — T, the correlation length & diverges with a power law,

112)

where v is called correlation length exponent. When the system approaches the crit-
ical point, the correlation length diverges and the regime of validity of Eq. (1.11) is
pushed to infinity. Precisely at the critical point £ is infinite and the order-parameter
correlation function decays with a power that is different from the power in the
prefactor in Eq. (1.11); in D dimensions we write

G(r) x Irl > & . (1.11)

G(r) x T=T.. (1.13)

|,.|D—2+n ?

To motivate the above definition of the correlation function exponent 1, note that in
wave vector space Eq. (1.13) implies for k — 0,

G(k) o |k|~>", T=T,. (1.14)
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We shall show in Chap. 2.3 that for systems whose critical fluctuations are in some
sense weakly interacting,? the exponent 7 vanishes so that G(k) o« k~2. Hence,
a finite exponent 1 indicates strongly interacting critical fluctuations. Because in
Eq. (1.13) the exponent n can be viewed as a correction to the physical dimension
D of the system, n is sometimes called an anomalous dimension.

It turns out that the numerical values of the critical exponents are not simply
given by rational numbers as one might have expected on the basis of dimensional
analysis. Moreover, the exponents are universal in the sense that entire classes of
materials consisting of very different microscopic constituents can have the same
exponents. As a consequence of this, a uniaxial ferromagnet and a simple fluid for
example are believed to have exactly the same critical exponents. All materials can
thus be divided into universality classes, which are characterized by the same crit-
ical exponents. The universality class in turn is determined by some rather general
properties of a system, such as its dimensionality, the symmetry of its order param-
eter, or the range of the interaction. For example, in Table 1.1 we list the critical
exponents for the Ising universality class in two and three dimensions and for the
XY and Heisenberg universality classes in D = 3. Although experimental evidence
for the universality of the critical exponents had already emerged in the 1930s, a
microscopic understanding of this universality was only achieved in the 1970s with
the help of the renormalization group, which also provided a systematic method for
explicitly calculating critical exponents in cases where mean-field theory fails.

Table 1.1 Critical exponents of the Ising, XY, and Heisenberg universality classes. The corre-
sponding symmetry groups of the order parameter are Z, for the Ising universality class, O(2) for
the XY universality class, and O(3) for the Heisenberg universality class. The small subscripts
in the first line denote the dimensionality. While the exponents of the two-dimensional Ising uni-
versality class are exact, the exponents in three dimensions are only known approximately. The
numbers for Ising; and the error estimates are from the review by Pelissetto and Vicari (2002).
For XY3 we give rounded values for «, y, v, and n up to two significant figures, as compiled
in Pelissetto and Vicari (2002, Table 19). The values for 8 and § are obtained using the scaling
relations (1.33b) and (1.33d). For Heisenbergs we quote the results by Holm and Janke (1993)

Exponent Ising, Isings XYs3 Heisenberg;
o 0 (log) 0.110(1) -0.015 -0.10

B 1/8 0.3265(3) 0.35 0.36

y /4 1.2372(5) 1.32 1.39

8 15 4.789(2) 4.78 5.11

v 1 0.6301(4) 0.67 0.70

n 1/4 0.0364(5) 0.038 0.027

2 More precisely, n = 0 for systems whose critical behavior can be obtained within the so-called
Gaussian approximation, which will be discussed in Chap. 2.3.
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1.3 The Scaling Hypothesis

It turns out that under quite general conditions (to be discussed below) only two
of the six exponents «, 8, y, §, v, and 1 are independent, so that we can obtain the
thermodynamic exponents «, 8, v, and § from the exponents v and 7 related to the
scaling of the correlation function using so-called scaling relations. The latter follow
from the scaling behavior of the free energy and the order-parameter correlation
function in the vicinity of a continuous phase transition. The scaling relations can
be obtained microscopically with the help of the renormalization group. Historically,
the scaling form of the free energy (Widom 1965) and of the correlation function
(Kadanoff 1966) was formulated as a hypothesis before the renormalization group
was invented.

Let us first discuss the scaling form of the free energy. For simplicity, consider
again a magnet with free energy density f (¢, k), which is a function of the reduced
temperature and the magnetic field. In the vicinity of a continuous phase transition,
we expect that f(z, h) can be decomposed into a singular and a regular part,

f(t, h) = fsing(ts h) + freg(ts h). (1.15)

Sufficiently close to the critical point, the singular part fng(, h) is assumed to
be determined by power laws characteristic of a given critical point. According to
the scaling hypothesis for the free energy, its singular part satisfies the following
generalized homogeneity relation,

Fuing(t, h) = b7 fing (b1, b¥h) (1.16)

where b is an arbitrary (dimensionless) scale factor and the exponents y; and y, are
characteristic for a given universality class. It is now easy to show that with this
assumption the four thermodynamic exponents «, 8, y, and § can all be expressed
in terms of y,, y; and the dimensionality D of the system. Using the fact that b is
arbitrary, we may set b = 1/t|, or equivalently b = |¢|~'/>". Then we obtain from
Eq. (1.16),

h
. — D/y
fsmg(h h) = |t| Dy <|[|yh/})1) s (1.17)

with the scaling functions @1 (x) = fng(£1, x). We obtain the desired relations
between the thermodynamic exponents «, 8, ¥, and y,, y;, by taking appropriate
derivatives of Eq. (1.17) with respect to ¢ and % and then setting 7 = 0, assuming
that close to the critical point the derivatives of the free energy density are dominated
by its singular part,
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32 sin, D _
C~ T;‘ﬁ ot =17, (1.18a)
L P
0 in, Doy
mo = Msing| T (1.18b)
an |,
82 fsing D=2y
N —° A = [7}/ s 118
X~ | ol ] (1.18¢)

where we have used the definition (1.6) of the critical exponents «, 8, and y. Hence,

D
«a=2-2, (1.19a)
Yt
D—
g= (1.19b)
Vi
2y, — D
y=2"= (1.19¢)
Y

To express the exponent § associated with the critical isotherm in terms of y;, and
D, we consider the derivative of Eq. (1.17) for finite 4 > 0,

afi Doy h
m(t, h) ~ —ﬁ =t| v @, (W) , (1.20)

where @/ (x) = d®y(x)/dx. If the scaling functions @, (x) are known, we may

solve Eq. (1.20) for h = h(t, m) to obtain the scaling form of the thermal equation
of state. To obtain a finite value of m for + — 0, the scaling function @/ (x) must

behave as x%_1 for x — o0o. We thus obtain for the critical isotherm
m(hy oc b~ = B8 (1.21)
and hence,

(1.22)

We may now eliminate the two variables y, and y, from the four equations (1.19a),
(1.19b), (1.19¢), and (1.22) to obtain two scaling relations involving only the exper-
imentally measurable exponents «, 8, v, and 8,

2—a=28+vy, (1.23)
2—a=86+1). (1.24)

In order to express also the exponents v and n in terms of y, and y;, we need
another scaling hypothesis involving the correlation function G(r). We assume
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that sufficiently close to the critical point, G(r) is dominated by the singular part
Gging(|7|; ¢, h) which satisfies (Kadanoff 1966)

Gaing(Ir |31, 1) = b~ 2P G, (%; bt, by’lh) . (1.25)

For simplicity, consider the case & = 0. Setting again b = |¢|~'/¥, we obtain

] 20-y) |r|
Gsing(Ir|;2,0) = [t] > W4 ) (1.26)

with ¥4 (x) = Gging(x; £1,0). For |¢t| # 0 and |r| — 00, we expect Gging(|7])
exp[—|r|/&], so that Eq. (1.26) implies for the correlation length

Eoc |t =17, (1.27)

where we have used the definition (1.12) of the correlation length exponent v. We
conclude that

p=—. (1.28)

Using Eq. (1.19a) to express y, in terms of the specific heat exponent «, we obtain
from Eq. (1.28) the so-called hyperscaling relation

1.29)

Finally, we relate the critical exponent 1 to y, and D by observing that for |f] — 0
the function Gying(|7|; 7, 0) can only be finite if ¥, (x) is proportional to |x| =P~
for large x. We therefore obtain at the critical point

Giing(I71;0,0) o || 722730 = |p|~(P=2F0) (1.30)

where we have used the definition (1.13) of the correlation function exponent 1. We
therefore identify 2(D — y;) = D — 2 + n, or equivalently

n=D+2-2y,. (1.31)

Expressing y;, in terms of the susceptibility exponent y using Eq. (1.19¢), we obtain

another hyperscaling relation
y=Q2—-ny. (1.32)

Equations (1.29) and (1.32) are called hyperscaling relations because they con-
nect singularities in thermodynamic observables with singularities related to the



1.4 Scaling in the Vicinity of Quantum Critical Points 15

correlation function. It turns out, however, that the underlying scaling hypothesis
(1.25) is only valid if the dimension D of the system is smaller than a certain upper
critical dimension D,p, which depends on the universality class (for the Ising uni-
versality class Dy, = 4). As will be discussed in Sect. 2.3.4, for D > Dy, the
Gaussian approximation is sufficient to calculate the critical behavior of the system.
The failure of hyper-scaling for D > Dy, is closely related so the existence of
a so-called dangerously irrelevant coupling (Fisher 1983, Appendix D). If hyper-
scaling is satisfied, we may combine the two thermodynamic scaling relations (1.23)
and (1.24) with the two hyperscaling relations (1.29) and (1.32) to express the four
thermodynamic exponents «, 8, ¥, and § in terms of the two correlation function
exponents,

@a=2-Dv, (1.33a)
B = g(D—2+n), (1.33b)
y=v(2—rn), (1.33¢)

- gf—i:}; . (1.33d)

If one considers not only static but also dynamic (i.e., time-dependent) phenom-
ena in the vicinity of a critical point, one observes that temporal correlations of the
order parameter decay slower and slower as one approaches the critical point, a phe-
nomenon which is called critical slowing down. The typical decay time of temporal
order-parameter fluctuations is called correlation time 7.. One usually observes that
in the vicinity of a critical point, 7, diverges as a power law

Te o E° o [T (1.34)

where z is called the dynamic exponent.

1.4 Scaling in the Vicinity of Quantum Critical Points

Although quantum mechanics can be essential to understand the existence of ordered
phases in matter (e.g., superconductivity and magnetism are quantum effects), it
turns out that quantum mechanics does not influence the asymptotic critical behav-
ior of finite temperature phase transitions. The reason is that sufficiently close to
the critical point, classical thermal fluctuations are always dominant. To understand
this, note that according to Eq. (1.34) the typical energy scale E,. associated with
temporal fluctuations vanishes in the vicinity of a continuous phase transition as a
power law,

3 To understand this rather subtle point, the reader should read the following two chapters and
carefully do Exercise 3.3.3 at the end of Chap. 3.
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E.=h/te o |t]"* o |T — T.|"% . (1.35)

As pointed out many years ago by Hertz (1976), in quantum systems static and
dynamic fluctuations are not independent, because the Hamiltonian A determines
not only the partition function, but also the time evolution of any observable A via
the Heisenberg equation of motion,

ih— =[A, H]. (1.36)

In quantum systems the energy E. associated with the correlation time is therefore
also the typical fluctuation energy for static fluctuations. Quantum mechanics should
be negligible for E. < T, because quantum effects are then washed out by thermal
excitations. According to Eq. (1.35), this condition is always satisfied sufficiently
close to T, so that a purely classical description of order-parameter fluctuations is
sufficient to calculate the critical exponents.

On the other hand, there are many interesting systems which exhibit phase tran-
sitions at zero temperature when some nonthermal control parameter r is fine-tuned
to a critical point r.. These so-called quantum phase transitions can be associated
with a nonanalyticity of the ground state properties of the system at r = r.. The
corresponding point in the relevant parameter space is called a quantum critical
point. Some of the most interesting phenomena in condensed matter systems are
related to quantum critical points, for example:

(a) Anderson localization: Electrons in disordered systems undergo a metal—
insulator transition as a function of the disorder strength. The nonthermal con-
trol parameter r is in this case some measure for the disorder strength, such as
the elastic mean free path in units of the inverse Fermi wave vector.

(b) Quantum Hall effect: The quantization of the Hall conductance in the two-
dimensional electron gas in semiconductor heterostructures for certain values of
an external magnetic field is an example of a class of quantum phase transitions
where the magnetic field plays the role of the nonthermal control parameter r.
Alternatively, one can fix the magnetic field and vary the density, so that r is the
density.

(c) Paramagnet—ferromagnet transition in uniaxial ferromagnets in a transverse
magnetic field: In some magnetic insulators with an easy axis (such as LiHoF,),
one can generate a quantum phase transition by applying a transverse magnetic
field perpendicular to the easy axis. In this case the transverse magnetic field
plays the role of the nonthermal control parameter r. The critical behavior of
these systems can be described by using an Ising model in a transverse magnetic
field.

(d) Mott—Hubbard transition: This metal-insulator transition occurs in strongly cor-
related electronic systems. The strength of the interaction plays here the role of
the nonthermal control parameter r. Experimentally, the strength of the interac-
tion can be controlled by external pressure or by chemical doping.
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(e) Fermi-liquid spin-density wave transition: In some magnetic conductors (such
as the heavy fermion material CeCug_,Au,), it is possible to induce a quantum
phase transition from a Fermi liquid state to a spin-density wave state with long-
range magnetic order by varying the strength of the interaction.

For a detailed introduction to the fascinating field of quantum phase transitions,
we refer the reader to the book and review articles by Sachdev (1999, 2000, 2006,
2009) and to the review by Vojta (2003). Here, we would only like to motivate a
generalized scaling hypothesis for the singular part of the free energy density in the
vicinity of a quantum critical point. Therefore, we note that in quantum systems the
time acts in some sense as an extra dimension and thus increases the effective dimen-
sionality of the system. This intuitive idea can be made mathematically precise by
expressing the partition function as an imaginary time functional integral over a
suitably defined field @ (t, r) representing fluctuations of the order parameter,*

/T
Z = /D[dﬁ]exp{—/ dr/dDrﬁ[cb(r, r)]} ) (1.37)
0

Here, L[®(7, r)] is the Lagrangian density for the order-parameter field. Apart from
the spatial point r, the field @(z, r) depends on the imaginary time T which takes
values in the interval [0, 1/T]. Obviously, the imaginary time direction acts like an
extra dimension, which becomes infinite for 7 — 0. But according to Eq. (1.34),
in the vicinity of a quantum critical point characterized by the dynamic exponent
z, time scales as (length)?, so that the scaling properties of the quantum system are
identical with those of an effective classical system in dimension D + z. Due to
the extra dimensions, the homogeneity relations have to be modified for continuous
quantum phase transitions. At 7 = 0, we obtain instead of the classical relation
(1.16) for the scaling of the singular part of the free energy density,

foing(g, h) = b~ P fo (b g, b h) (1.38)

where g = |r —r¢|/r. and 1/y, = v can be identified with the correlation length
exponent. At finite temperature, Eq. (1.38) should be generalized as follows,

fsing(ga h’ T) = bi(DJrZ)fGing(byggs byhhv bZT) . (139)

The interplay between classical and quantum fluctuations in the vicinity of a
quantum critical point leads to interesting finite temperature crossovers (Hertz 1976,
Chakravarty et al. 1988, 1989, Millis 1993, Sachdev 1999, Continentino 2001). In
particular, there is a quantum critical region where the physics is dominated by ther-
mal excitations of the quantum critical ground state. In systems which do not exhibit

4 The microscopic origin of Eq. (1.37) will become clear in Chaps. 11 and 12 where we use so-
called Hubbard—Stratonovich transformations to describe collective fluctuations and spontaneous
symmetry breaking in quantum systems.
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any long-range order at finite temperature (such as the (one-dimensional) Ising chain
in a transverse field or two-dimensional systems where the symmetry group of
the order parameter is continuous), there are three different regimes as shown in
Fig. 1.3: a quantum critical fan emerging from a quantum critical point, which is
bounded by a thermally disordered regime and a quantum disordered regime. If the
system exhibits long-range order at finite temperature, the corresponding diagram
contains in addition a regime where classical critical behavior can be observed, as
shown in Fig. 1.4. The finite temperature crossovers of quantum phase transitions
have been studied with the help of conventional Wilsonian RG methods (Hertz 1976,
Chakravarty et al. 1988, 1989, Millis 1993, Continentino 2001). However, these

A
T
thermally quantum
disordered disordered
ordered R
0 at T = 0 rrc T

Fig. 1.3 Different regimes in the vicinity of a quantum critical point (QCP) where there is no
long-range order at T # 0. Here r is some nonthermal control parameter, such as an external
magnetic field or the density. The dotted curves indicate the crossover lines at 7 = E,  |r —r.|"*

T

thermally
disordered

classical
critical quantum

disordered

ordered

\J

0 T r

Fig. 1.4 Different regimes in the vicinity of a quantum critical point (QCP) for a system exhibiting
long-range order at finite temperature
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works focused on the thermodynamic quantities; the calculation of momentum- and
frequency-dependent correlation functions is more difficult and requires functional
RG methods (Hasselmann et al. 2007, Sinner et al. 2008). Modern functional RG
methods have only very recently been used to study quantum phase transitions (Wet-
terich 2007, Jakubczyk et al. 2008). One of the main goals of this book is to show
that the functional RG is a convenient and powerful tool to calculate momentum-
and frequency-dependent correlation functions near quantum critical points.

Exercises

1.1 Exact Solution and Scaling Properties of the One-Dimensional
Ising Model

One of the most important model systems in statistical physics is the Ising model
which in one dimension allows for a relatively simple exact solution. Let us
therefore consider the one-dimensional Ising model of N spins s; = =£1 (with
i =1,..., N and periodic boundary conditions) in a magnetic field /. Denoting the
coupling constant for ferromagnetic nearest neighbor interactions by J, its Hamil-
tonian reads

N N
H = —JZS,'S,'+1 —hZS,' .
i=1 i=1

(a) Write the partition function Z as a product of terms of the form f(s;, s;+1) =
expl[(J/T)s;si+1 + (h/2T)(s; + s;+1)] and show that the partition function can
also be written as Z = Tr [TN ] where the transfer matrix T is defined by

AT o=J/T
T= .
<e—J/T e(J—h)/T)

(b) Diagonalize T and show that Z = 1Y + AY, where A, > A_ are the two
eigenvalues of T. Evaluate A and A_ and show that in the thermodynamic limit
N — o0, the free energy per spin, f = F/N, is given by

f=-Thhi,=—J—TIn [cosh(h/T) + /sinh*(h/T) +x:| ,

where x = ¢™*//T is a temperature-like quantity which vanishes for 7 — 0.

Argue that although there is no phase transition at any finite temperature, there
is a critical point at zero temperature, that is, x = 0.
(c) By differentiating f with respect to k, calculate the average magnetization per

spin, m = % <ZIN=1 si>. Sketch m(h) for different values of 7.
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(d) For h = 0, calculate and sketch the magnetic susceptibility x(T) = (i—’/’l‘)T and
the specific heat C(T) = —T3>F/oT>.

(e) Due to its critical point at zero temperature, the critical properties of the one-
dimensional Ising model are a little special (Fisher 1983). To discuss scaling
properties, it is advantageous to subtract the zero field, zero temperature ground
state energy from f and introduce f = (f + J)/T. Suitable scaling variables
can be chosen to be the temperature-like quantity x = ¢~*//7 introduced above
and i = h/T. Determine a scaling function, its scaling eigenvalues y, and
vj, and derive the thermodynamic exponents o, By, ¥y, and 3,. The index x
should remind you of the fact that all thermodynamic exponents are defined
with t = (T — T.)/ T, replaced by x, e.g., C(x) o 8 f/dx> o< x~% . Discuss
your exponents and compare with your results in (d).

(f) Use hyperscaling relations to make a prediction for the critical exponents n and
v,. Verify your predictions by generalizing the above transfer matrix method
and evaluating the spin-spin correlation function (s;s;) = Z~! D=1} SiS)
exp(—H/T) for h = 0 which you should express as (s;s;) ocexp(—|i — j|/&).
(Hint: For i < j you can write the correlation function as (s;s;) = Z7!
Tr [T'o T/~ 6<TV /], where o is a usual Pauli matrix.)

1.2 Critical Exponents of the van der Waals Gas

To take into account interaction corrections to an ideal gas of atoms, van der Waals
proposed the following equation of state (with a, b > 0),

(p+a(N/VY)V —Nb)=NT .

Roughly speaking, the coefficient b represents effects due to a hard core repulsive
interaction and decreases the effective volume of the system. At larger distances,
the interaction between the atoms is attractive and leads to a reduction of the pres-
sure. Because the interaction is always between pairs of molecules, this correction
is expected to be proportional to the square of the density n = N/ V.

(a) Using the van der Waals equation of state, it is possible to describe the discon-
tinuous liquid—gas transition and the critical end point. Sketch p(V') for repre-
sentative values of 7. Rewrite the equation of state as a cubic polynomial in
V and argue that at the critical point (p., V., T,.), the van der Waals equation
of state reduces to (V — V) = 0. Compare coefficients and express a and b
through p. and V..

(b) Calculate the free energy F(T, V) by integrating —p(7T, V') along an isotherm
with respect to V. You may adjust the temperature-dependent additive constant

by comparing your result in the limit V' — oo with that of an ideal gas. Using

the relation Cy = —T (g%) , calculate the specific heat at constant volume.
4

What do you obtain for the critical exponent « defined by Cy o< [¢|7%?
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(c) The exponent y is defined by x7 = —% (%—Z) o« [t|77 (with V = V,). The
T

exponent § is defined at T = T, by p — p. o (n —n.)* &« —(V — V,.)°. Calculate
the critical exponents y and §.
(d) As you might have noticed, the van der Waals equation of state predicts regions

in the phase diagram where the compressibility k7 = —% (%) does not sat-

isfy k7 > 0. This instability is of course unphysical and can be traced back to
the fact that the van der Waals equation does not allow for phase separation. A
simple remedy is the Maxwell construction: Draw a line parallel to the V-axis
which cuts the graph p(V) in such a way that the two areas enclosed by this line
and p(V) are equal. In the inner part of the graph (ranging from Viiquia t0 Vi),
the pressure p(V) is now replaced by the horizontal line. Justify the Maxwell
construction by considering an isotherm of F(T,V) = — f pdV + const(T).
By allowing for phase separation, you can now reduce the free energy F (7, V)
for Viguia < V < Vg, turning the free energy convex. Apply the Maxwell
construction to your above sketch and mark the coexistence curve in the p—V
diagram (where F is nonanalytic).

(e) To obtain the critical exponent 8, write V = V.(1 +v) and T = T.(1 + 1)
and expand p(T, V) for small ¢ and v. You need to keep terms up to order
O(t, tv, v*). You should justify this later on. Apply the Maxwell construction to
obtain the coexistence curve. Go ahead and calculate the coefficient 8 defined
by Veas — Viiquia X |£|# with t < 0. (You may consult Goldenfeld (1992) if you
need more help.)
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Chapter 2
Mean-Field Theory and the Gaussian
Approximation

The Wilsonian renormalization group (RG) was invented in order to study the effect
of strong fluctuations and the mutual coupling between different degrees of freedom
in the vicinity of continuous phase transitions. Before embarking on the theory of
the RG, let us in this chapter describe two less sophisticated methods of dealing
with this problem, namely the mean-field approximation and the Gaussian approx-
imation. Within the mean-field approximation, fluctuations of the order parameter
are completely neglected and the interactions between different degrees of freedom
are taken into account in some simple average way. The Gaussian approximation
is in some sense the leading fluctuation correction to the mean-field approximation.
Although these methods are very general and can also be used to study quantum
mechanical many-body systems!, for our purpose it is sufficient to introduce these
methods using the nearest-neighbor Ising model in D dimensions as an example.
The Ising model is defined in terms of the following classical Hamiltonian,

HZ—EZ.]ijS,’Sj—h;S,‘ . (21)

Here, i and j label the sites r; and r; of a D-dimensional hypercubic lattice
with N sites, the variables s; = =£1 correspond to the two possible states of the
z-components of spins localized at the lattice sites, the J;; denote the exchange
interaction between spins localized at sites r; and r;, and £ is the Zeeman energy
associated with an external magnetic field in the z-direction. The above model is
called classical because it does not involve any noncommuting operators. By simply
rotating the magnetic field in the x-direction we obtain a quantum Ising model, as
discussed in Exercise 2.1. The quantum mechanical origin of magnetism is hidden in
the exchange energies J;;. Due to the exponential decay of localized wave functions,
it is often sufficient to assume that the J;; are nonzero only if the sites r; and r

! For example, in quantum many-body systems the self-consistent Hartree—Fock approximation
can be viewed as a variant of the mean-field approximation, while the Gaussian approximation is
usually called random phase approximation.

Kopietz, P. et al.: Mean-Field Theory and the Gaussian Approximation. Lect. Notes Phys. 798,
23-52 (2010)
DOI 10.1007/978-3-642-05094-7_2 © Springer-Verlag Berlin Heidelberg 2010
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are nearest neighbors on the lattice. Denoting the nonzero value of J;; for nearest
neighbors by J, we obtain from Eq. (2.1) the nearest-neighbor Ising model

N
H:—JZsl-sj—th;. (2.2)
(ij)

i=1

Here, (ij) denotes the summation over all distinct pairs of nearest neighbors. In
order to obtain thermodynamic observables, we have to calculate the partition
function,

Z(T.hy=Y e P = Z YooY exp ,BJZs,sj—}-,Bth, ,

{si} =+15=+1 sy==%1 (i)

(2.3)
where we have introduced the notation 8 = 1/ T for the inverse temperature.> While
in one dimension it is quite simple to carry out this summation (see Exercise 1.1),
the corresponding calculation in D = 2 is much more difficult and until now the
exact Z(T, h) for h # 0 is not known. For i = 0 the partition function of the two-
dimensional Ising model was first calculated by Onsager (1944), who also presented
an exact expression for the spontaneous magnetization at a conference in 1949. A
proof for his result was given in 1952 by C. N. Yang. See the textbooks by Wannier
(1966), by Huang (1987), or by Mattis (2006) for pedagogical descriptions of the
exact solution for 4 = 0. In dimensions D = 3 there are no exact results available,
so one has to rely on approximations. The simplest is the mean-field approximation
discussed in the following section.

2.1 Mean-Field Theory

2.1.1 Landau Function and Free Energy

Mean-field theory is based on the assumption that the fluctuations around the aver-
age value of the order parameter are so small that they can be neglected. Let us
therefore assume that the system has a finite magnetization,’

e s,
sy == 2.4
m = (s;) Sy e T 2.4

2 The inverse temperature B = 1/ T should not be confused with the order-parameter exponent .
Because these notations are both standard we shall adopt them here; usually the meaning of the
symbol S is clear from the context.

3 For lattice models it is convenient to divide the total magnetic moment by the number N of
lattice sites and not by the total volume. For simplicity we use here the same symbol as for the
magnetization in Eq. (1.3), which has units of inverse volume.
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where we have used the fact that by translational invariance the thermal expecta-
tion values (s;) are independent of the site label i. Writing s; = m + §s; with the
fluctuation §s; = s; — m, we have

5i8; = m? + m(8s; + 8s;) + 8s;6s; = —m? + m(s; + ;) + 8s;8s; . (2.5)

We now assume that the fluctuations are small so that the last term 8s;6s; which is
quadratic in the fluctuations can be neglected. Within this approximation, the Ising
Hamiltonian (2.1) is replaced by the mean-field Hamiltonian

2
Hyr = l’l’l? Z],'j — Z(/’l + Z Jijm)si
ij J

1

zJ
= N7m - X[:(h +zJm)s; (2.6)

where the second line is valid for the nearest-neighbor interactions, and z = 2D
is the number of nearest neighbors (coordination number) of a given site of a D-
dimensional hypercubic lattice. As the spins in the mean-field Hamiltonian (2.6) are
decoupled, the partition function factorizes into a product of N independent terms
which are just the partition functions of single spins in an effective magnetic field
hegr = h + zJm,

ZMF(Ta h) — e*ﬁNZsz/Z Zeﬂ(h+zfm)zi S;
{si}
— efﬁNszZ/zl_[[eﬂ(thzjm) +ef).‘3(h+zlm)]

1

2 N
= o PNeIm)2 [2 cosh[B(h + sz)]] . 2.7)
Writing this as
Zyp(T, h) = e~ PNEur(Thm) 2.8)

we obtain in mean-field approximation

Lve(T, hym) = %mz -T ln[2 cosh[B(h + sz)]] ) (2.9)

As will be explained in more detail below, the function Lyp(T, h;m) is an exam-
ple for a Landau function, which describes the probability distribution of the order
parameter: the probability density of observing for the order parameter the value
m is proportional to exp[—BN Lyp(T, h; m)]. The so far unspecified parameter m is
now determined from the condition that the physical value m of the order parameter
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maximizes its probability distribution, corresponding to the minimum of the Landau
function,

0 Lyp(T, hym)

=0. 2.10
o (2.10)

mo

From Eq. (2.9) we then find that the magnetization m( in mean-field approximation
satisfies the self-consistency condition

mqo = tanh[B(h + zJmy)] , (2.11)

which defines my = my(T, h) as a function of T and &. The mean-field result for
the free energy per site is thus

Jme(T, h) = Lyve(T, hymo(T, h)) . (2.12)

The mean-field self-consistency equation (2.11) can easily be solved graphically. As
shown in Fig. 2.1, for & # 0 the global minimum of Lyg(T, h; m) occurs always at a
finite mo # 0. On the other hand, for 4 = 0 the existence of nontrivial solutions with
mq # 0 depends on the temperature. In the low-temperature regime 7 < zJ there
are two nontrivial solutions with mq 7 0, while at high temperatures 7" > zJ our
self-consistency equation (2.11) has only the trivial solution my = 0, see Fig. 2.2.
In D dimensions the mean-field estimate for the critical temperature is therefore

T.=zJ =2DJ . (2.13)

For D = 1 this is certainly wrong, because we know from the exact solution (see
Exercise 1.1) that 7, = 0 in one dimension. In two dimensions the exact crit-
ical temperature of the nearest-neighbor Ising model satisfies sinh(2J/7,) = 1
(Onsager 1944), which yields 7, =~ 2.269J and is significantly lower than the
mean-field prediction of 4J. As a general rule, in lower dimensions fluctuations
are more important and tend to disorder the system or at least reduce the critical
temperature.

2.1.2 Thermodynamic Critical Exponents

For temperatures close to 7, and small B|k| the value m of the magnetization at
the minimum of Lyg(T, h;m) is small. We may therefore approximate the Landau
function (2.9) by expanding the right-hand side of Eq. (2.9) up to fourth order in m
and linear order in 4. Using

2 4

In[2coshx] = In2 + % - % +0x), (2.14)
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h#0 A
1 A—
T>1Tc g
tanh(B(h +izJm)) :
—1 mo(h) { m
Loe (T, hm)
/ m
4
=]
h#0 " A
T< T —
tanh(B(h 4+ 2Jm)) —1 5
-1 mo(h)] m
_/ <«
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Fig. 2.1 Graphical solution of the mean-field self-consistency equation (2.11) for & > 0. The inset
shows the behavior of the corresponding Landau function Lyg(T, h;m) defined in Eq. (2.9). For
T > T, or h sufficiently large the Landau function exhibits only one minimum at finite my > 0.
For T < T, and h sufficiently small, however, there is another local minimum at negative m, but
the global minimum of Lyg(T, h;m) is still at my > 0

we obtain from Eq. (2.9),

EMF(T,h;m)=f+%m2+im4—hm+... ,

41

with

—TIn2,

zJ

(T —

T( ¢

4
HGQ
T

O%T—n,

~ 2T, ,

(2.15)

(2.16a)
(2.16b)

(2.16¢)
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h=0

T>Tc ./

tanh(B8z.Jm)

[y

-
T >

— mo (h) | m

Laie (T, him)

\

h=0 1 A
T<Te :
tanh(g8zJm) :
-1 m mo(0) m
\ Lp(T, him)
|

Fig. 2.2 Graphical solution of the mean-field self-consistency equation (2.11) for 4 = 0. The
upper figure shows the typical behavior in the disordered phase T > T,, while the lower figure
represents the ordered phase T < T,. The behavior of the Landau function is shown in the insets:
while for 7 > T, it has a global minimum at my = 0, it develops for T < T, two degenerate
minima at &|mg| # 0

where the approximations are valid close to the critical temperature, where |T —
T.| <« T, and zJ /T ~ 1. Obviously, the sign of the coefficient r changes at T = T,
so that for 2~ = 0 the global minimum of Lygp(T, h;m) for T > T, evolves into a
local maximum for 7 < T, and two new minima emerge at finite values of m, as
shown in Fig. 2.2. The crucial point is now that for a small reduced temperature
t = (T — T,)/ T, the value of m at the minima of Lyg(T, h;m) is small compared
with unity, so that our expansion (2.15) in powers of m is justified a posteriori.
Taking the derivative of Eq. (2.15) with respect to m, it is easy to see that Eq. (2.11)
simplifies to

BEMF(T, ]’l; m)

u s
- Y3 _h=0. 2.17
am rimo g @17

mo
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The behavior of thermodynamic observables close to 7, is now easily obtained:

()

(b)

(©

(d)

Spontaneous magnetization: Setting h = 0 in Eq. (2.17) and solving for mg, we
obtain for T < T, (with r < 0),

mo = | =2 o (—o)V2 (2.18)
u

Comparing this with the definition (1.6) of the critical exponent 8, we conclude
that the mean-field approximation predicts for the Ising universality class § =
1/2, independently of the dimension D.

Zero-field susceptibility: To obtain the mean-field result for the susceptibility
exponent y, we note that for small but finite # and T > T, we may neglect the
terms of order m(3) in Eq. (2.17), so that my(h) o h/r, and hence the zero-field
susceptibility behaves for + — 0 as

_ dmo(h)
T bk

(2.19)

X — X .
h=0 r T—-T,.

It is a simple exercise to show that x oc |T — 7,|~! also holds for T < T,. The
susceptibility exponent is therefore y = 1 within mean-field approximation.
Critical isotherm: The equation of state at the critical point can be obtained by
setting r = 0 in Eq. (2.17), implying

h 1/3
mo(h)CX(;) , (2.20)

and hence the mean-field result § = 3.
Specific heat: The specific heat C per lattice site can be obtained from the
thermodynamic relation

2
T
Ta Sme(T, h) ’

C=-
aT?

2.21)

where the mean-field free energy per site fyr(7, 1) is given in Eq. (2.12). Set-
ting h = 0, we find from Eq. (2.17) for T > T, that fyp(¢,0) = f because
mq = 0in this case. On the other hand, for T < T, we may substitute Eq. (2.18),
so that

352
fme(t,0) = f — 7 T<T,. (2.22)
u

Setting r & T — T, and taking two derivatives with respect to 7', we obtain

T>T,., (2.23a)
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T—azf +3T“ T <T, (2.23b)
~ — —, <1 . .
‘91?2 u

Note that according to Eq. (2.16¢) u ~ 2T, so that 3T, /u =~ 3/2. We conclude
that within the mean-field approximation the specific heat is discontinuous at 7,
so that C oc |¢|°, implying o = 0. Note that the mean-field results are consistent
with the scaling relations (1.23) and (1.24),2 —a =28+ y = B(§ + 1).

In order to obtain the exponents v and 71, we need to calculate the correlation
function G(r), which we shall do in Sect. 2.3 within the so-called Gaussian approx-
imation. However, a comparison of the mean-field results « = 0, 8 = 1/2,y =1,
and § = 3 with the correct values given in Table 1.1 at the end of Sect. 1.2 shows
that the mean-field approximation is not suitable to obtain quantitatively accurate
results, in particular in the physically accessible dimensions D = 2 and D = 3.

2.2 Ginzburg-Landau Theory

Our ultimate goal will be to develop a systematic method for taking into account the
fluctuations neglected in mean-field theory, even if the fluctuations are strong and
qualitatively change the mean-field results. As a first step to achieve this ambitious
goal, we shall in this chapter derive from the microscopic Ising Hamiltonian (2.1) an
effective (classical) field theory whose fields ¢(r) represent suitably defined spatial
averages of the fluctuating magnetization over sufficiently large domains such that
@(r) varies only slowly on the scale of the lattice spacing. The concept of an effec-
tive field theory representing coarse-grained fluctuations averaged over larger and
larger length scales lies at the heart of the Wilsonian RG idea. It turns out that in the
vicinity of the critical point the form of the effective coarse-grained action S[¢] is
constrained by symmetry and can be written down on the basis of phenomenological
considerations. Such a strategy has been adopted by Ginzburg and Landau (1950)
to develop a phenomenological theory of superconductivity which is particularly
useful to treat spatial inhomogeneities.

2.2.1 Exact Effective Field Theory

To derive the effective order-parameter field theory for the Ising model, let us write
the partition function of the Hamiltonian (2.1) in compact matrix form,

1 ;= -
Z:Zexp gZ]{jS,'Sj—i-ﬂhzsi :Zexp |:§STJS+hTSi| s
{si} ij i {si}

(2.24)
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where s and h are N-dimensional column vectors with [s]; = s; and [h]; = Bh,
and J is an N x N-matrix with matrix elements [j]ij = ]ij = BJ;;. We now use
the following mathematical identity for N-dimensional Gaussian integrals, valid for
any positive symmetric matrix A,

<l_[/00 d'xl ) 7—xTAx+sz — [det A]fl/ze%STAflS , (225)

to write the Ising interaction in the following form (we identify J = A~1)

T _ [ Dixlexp[—3x7T 'x +xTs]
B [ Dlx]exp [—%ij_'x]

, (2.26)

where we have introduced the notation

/ Dlx] = ]‘[ f ¥ dx (2.27)

In fact, the identity (2.26) can be easily proven without using the formula (2.25) by
redefining the integration variables in the numerator via the shift x = x’ + Js and
completing the squares,

1 / FNT §—1 / 3 / FNT 1 1TY—1,.7 1 Ty
—E(x +J) T+ Is)+ (x4 Js) s=—§x J 'x —i—Es Js . (2.28)

In a sense, Eq. (2.26) amounts to reading the Gaussian integration formula from
right to left, introducing an auxiliary integration to write the right-hand side in
terms of a Gaussian integral. Analogous transformations turn out to be very useful to
introduce suitable collective degrees of freedom in quantum mechanical many-body
systems; in this context transformations of the type (2.26) are called Hubbard—
Stratonovich transformations (Hubbard 1959, Stratonovich 1957, Kopietz 1997).
The Ising partition function (2.24) can now be written as

[ Dixlexp[—5x"T'x] 32 exp [(h+x)7s]
N [ Dlxlexp[—1xTJ 'x] '

(2.29)

For a given configuration of the Hubbard—Stratonovich field x, the spin summation
in the numerator factorizes again in a product of independent terms, each describing
the partition function of a single spin in a site-dependent magnetic field 7 + x; /8.
Therefore, this spin summation can easily be carried out,
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N
Zexp [((h+x)"s] = l—[ Z ePhrsi | — l_[ [2 cosh(Bh + x;)]
{si} i=1 | s;==%1 i=1
N
= exp [Z In[2 cosh(Bh + x,»)]} . (2.30)
i=1

The partition function (2.29) can thus be written as

= fD[X]E*f?[xl 1 /D[x]e‘s["] 231)
[ Dlxlexp [-1x7J'x]  Jdet J ' ’
where
N
S[x] = %ijflx - Zln [2 cosh(Bh + x;)] . (2.32)

i=1

To understand the physical meaning of the variables x, we calculate the expectation
value of its i-th component

[ Dlxle= Sy
(xXi)g = . (2.33)
[ Dlx]e~51x]
Introducing an auxiliary N-component column vector y = (yy, ..., yy)' to write
a
x; = lim —e*' Y, (2.34)
y—0 By,

and performing the Gaussian integration using Eq. (2.26), we have the following
chain of identities,

Kl [ Dixlexp[—1xTJ 'x] > (s, XD [((h+x)"s +xTy]

(xi)g = y—% v, s
i L 2t P [5G+ "I+ y) +h's]
T ys0 ay; Z{s,-} exp [%STjs + flTs]
Z{Si} e_ﬁH[jS]i -

or in vector notation,

(x)s = J(s) . (2.36)
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In order to introduce variables ¢; whose expectation value can be identified with the
average magnetization m = (s;), we simply define

p=J"x, (2.37)
so that the expectation value of the i-th component of ¢ is
(pi)s = [ x)sli = (si) =m . (2.38)

Substituting ¢ = J 'x in Eqgs. (2.31) and (2.32), we finally obtain the following
exact representation of the partition function,

~Slgl
J Dlgle5t® ] _ \/E/ka]e*S[‘M 7 (2.39)

~ [ Diplexp[-Lo To

where the effective action S[¢] = S[x — Je] is given by

N N
S[o] = 221,»,@% - 2005h|:ﬂ<h+zj,-j(pj>i| 1 40
ij i=1 =1

Equation (2.39) expresses the partition function of the Ising model in terms of an
N-dimensional integral over variables ¢; whose expectation value is simply the
magnetization per site. The integration variables ¢; can therefore be interpreted
as the fluctuating magnetization. The infinite-dimensional integral obtained from
Eqg. (2.39) in the limit N — oo is an example of a functional integral. The resulting
effective action S[¢] then defines a (classical) effective field theory for the order-
parameter fluctuations of the Ising model. We shall refer to the integration variables
@; as the fields of our effective field theory.

It should be noted that Eq. (2.38) does not precisely generalize to higher order
correlation functions. If we proceed as above and use the identity

Yo ox = lim 00Ty (2.41)
y=0dy; dy;, Ay,

to carry out the same transformations as in Eq. (2.35), we arrive at

(01,01, ... @i,)s = (Si,Siy ... 8i,) + {averages involving at most
n — 2 of the spins s;,, ..., s;, } , (2.42)

where the lower order correlation functions involving n — 2 and less spin variables
arise from the repeated differentiation of the y-dependent terms in the exponent of
the second line of Eq. (2.35). Fortunately, for short-range J;; these additional terms
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can be neglected as long as the distances between the external points iy, ..., i, are
large compared with the range of J;;. For example, for n = 2 we have

(Qipj)s = (sis;) — [Ty ~ (sis)) - (2.43)

We thus conclude that we may also use the effective action S[¢] given in Eq. (2.40)
to calculate the long distance behavior of correlation functions involving two and
more spins.

2.2.2 Truncated Effective Action: ¢*-Theory

The effective action given in Egs. (2.39) and (2.40) is formally exact but very com-
plicated. In order to make progress, let us assume that the integral (2.39) is domi-
nated by configurations where the integration variables ¢; are in some sense small,
so that we may expand the second term in the effective action (2.40) in powers of
the ¢;, truncating the expansion at fourth order. Keeping in mind that physically ¢;
represents the fluctuating magnetization, we expect that this truncation can only be
good in the vicinity of the critical point, where the magnetization is small. Whether
or not this truncation is sufficient to obtain quantitatively correct results for the crit-
ical exponents is a rather subtle question which will be answered with the help of
the RG.* With the expansion (2.14) we obtain

2
Slgl = —NIn2 + g Z Jii0ipj — % Z[h + 2,: ij]z

4
+£ Z[h + Z Jye;] + o). (2.44)

Since our lattice model has discrete translational invariance, we may simplify
Eq. (2.44) by Fourier transforming the variables ¢; to wave vector space, defining

¢ = f Z elk Ti (245)

where the wave vector sum is over the first Brillouin zone of the lattice, which may
be chosen as 0 < k, < 2m/a, where a is the lattice spacing and u = 1,..., D
labels the components. Imposing for convenience periodic boundary conditions, the

41t trns out that the quartic truncation of the expansion of Eq. (2.40) can be formally justified
close to four dimensions. In the physically most interesting dimension D = 3 the term involving
six powers of the ¢; cannot be neglected. However the truncated ¢*-theory is in the same univer-
sality class as the original theory and the effect of all couplings neglected can be absorbed by a
redefinition of the remaining couplings.
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wave vectors are quantized as k, = 2zn, /L, withn, =0,1,..., N, — 1, where
N, is the number of lattice sites in direction p such that ]_[5=1 N, = N is the total
number of lattice sites. Using the identity

1 H /
5T = 2.46)

i

we obtain for the Fourier transform of the terms on the right-hand side of Eq. (2.44),
p B
5 ij Jjeip; == ; TPk Pr (2:47)

2 2
% Z[Z ftj%‘]z = % > Tk pir - (2.48)
j x

4 4 /34
22 [ZJ,M] = v D Skttt
! J ki ko ke ks
X i, Ties Ties s P Phen Pies P, (2.49)

where Ji is the Fourier transform of the exchange couplings J;; = J(r; — 1),

Je=>Y e *rii@). (2.50)

Because ¢; and J;; are real and J(—r) = J(r), we have 9_; = ¢ and J_; = J;.. In
Fourier space Eq. (2.44) thus reduces to

S[e]l = —N1n2 — > Ji—ohv/Nes—o + g DIl = BIe-kpk
k

'64
toON D Skithoths ke 0k Tk Jis ik 9k, ks P,
ki ko, k3 ky
+O@0, h?, he?) .

2.51)

Finally, we anticipate that sufficiently close to the critical point only long-wavelength
fluctuations (corresponding to small wave vectors) are important. We therefore
expand the function J; appearing in Eq. (2.51) in powers of k. From Eq. (2.50) it is
easy to show that for nearest-neighbor interactions on a D-dimensional hypercubic
lattice with coordination number z = 2D,

k2a?
Jk=Jz - Kd®1+0GkYH =T, [1 - —] + OkY (2.52)
Z
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where T, = zJ is the mean-field result for the critical temperature, see Eq. (2.13).
The coefficient of the quadratic term in Eq. (2.51) can then be written as

BIk(1 — BJy) = a*(ro + cok®) + O™ , (2.53)

where we have assumed that |7 — T,| < T, and the constants ry and ¢, are defined
by

T-T,
ro = azT , (254)
L (2.55)
0= z 2D ’

In the limit of infinite volume V = Na” — oo, the discrete set of allowed wave
vectors merges into a continuum, so that the momentum sums can be replaced by
integrations according to the following prescription,

1 dPk
— —— = . 2.56
v;*/ww ﬁ (220
It is then convenient to normalize the fields differently, introducing a new (contin-
uum) field p(k) via’
(k) = av/Vey . 2.57)

Defining
N
fo= -V In2=-aP?m2 (2.58)

and the (dimensionful) coupling constants

uy = 2aP (B Ir=o)* ~ 24P, (2.59)

_ B Ji—oh _ Bh

ho = al+D/2 D2 (2.60)

where the approximations are again valid for |T — T,.| <« T, we find that our lattice
action S[¢] in Eq. (2.51) reduces to

5 The different normalizations of lattice and continuum fields are represented by different positions
of the momentum labels: while in the lattice normalization the momentum label k is attached to the
dimensionless field ¢ as a subscript, the label of the continuum field ¢(k) is written in brackets
after the field symbol.
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1
Salo) = Vfo— howtk = 0)+ 3 /k [0 + cok*]p(—k)p(k)

410 f f / QmP8(ky + ko> + s + kg o) o (kg (ks) |
4 Je i iy Tk,

2.61)

where it is understood that the momentum integrations in Eq. (2.61) have an implicit
ultraviolet cutoff |k| < Ay < a~' which takes into account that in deriving
Eq. (2.61) we have expanded J; for small wave vectors. The functional S4,[¢]
is called the Ginzburg—Landau—Wilson action and describes the long-wavelength
order-parameter fluctuations of the D-dimensional Ising model, in the sense that
the integration over the fields ¢(k) yields the contribution of the associated long-
wavelength fluctuations to the partition function. The contribution of the neglected
short-wavelength fluctuations to the partition function can be taken into account
implicitly by simply redefining the field-independent part f; and the coupling con-
stants rg, co, and uy of our effective action (2.61). Moreover, also the prefactor
VdetJ = e3Trind of Eq. (2.39) can be absorbed into a redefinition of the field-
independent constant, fy — ﬁTr InJ — fo. Actually, for periodic boundary con-
ditions the eigenvalues of the matrix J are simply given by Ji /T ~ Ji—o/T. = 1,
so that at long wavelengths and to leading order in T — 7, we may approximate
the factor v/det J by unity. The functional integral (2.39) representing the partition
function of the Ising model can thus be written as

Z = / Digple Salel | (2.62)

It is sometimes more convenient to consider the effective action S 4,[¢] in real space.
Defining the real-space Fourier transforms of the continuum fields ¢(k) via

o(r) = /k e* k) , (2.63)

and using the identity

/ R 5(r) | (2.64)
k

we obtain from Eq. (2.61),

Sl = [ [ o+ 2o+ LIV + 00t~ hopr)] .| 269

For obvious reasons the classical field theory defined by this expression is called
@*-theory. In the first part of this book, we shall use this field theory to illustrate the
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main concepts of the RG. Strictly speaking, the identity (2.64) is not quite correct
if we keep in mind that we should impose an implicit ultraviolet cutoff Ay on the
k-integration. Roughly, the continuum field ¢(r) corresponds to the coarse-grained
magnetization, which is averaged over spatial regions with volume of order A, b
containing (Aga)~? spins.

The quantity e~5%!¢! is proportional to the probability density for observing an
order-parameter distribution specified by the field configuration ¢(r). According to
Eq. (2.62), the partition function is given by the average of e =54 ¢! over all possible
order-parameter configurations. With this probabilistic interpretation of the effective
action (2.65), we can now give a more satisfactory interpretation of the mean-field
Landau function Lyp(T, h; m) defined in Egs. (2.8) and (2.9). Let us therefore eval-
uate the functional integral (2.62) in saddle point approximation, where the entire
integral is estimated by the integrand at a single constant value @, of the field which
minimizes the action S4,[¢]. Setting ¢(r) — @ in Eq. (2.62) we obtain

o0 d@ B
Zx / —=eSnlPl (2.66)
—oco V21
with
r u
Suldl = V[ fo+ 37"+ 517" —hop | 2.67)

Note that in Eq. (2.66) we still integrate over all configurations of the homogeneous
components @ of the order-parameter field; the quantity e~54!#! is therefore pro-
portional to the probability of observing for the homogeneous component of the
order parameter the value . Requiring consistency of Eq. (2.67) with our previous
definitions (2.8) and (2.15) of the Landau function, we should identify

S @] = BN Lyg(T, h;m) = BN [f T %mZ n %m“ _ hm] , (2.68)

which is indeed the case if
p=a""’m, (2.69)

keeping in mind the definitions of f, r, and u in Egs. (2.16a), (2.16b), and (2.16c)
on the one hand, and of fj, ry, and u¢ in Egs. (2.58), (2.54), and (2.59) on the other
hand. For V. — oo the value of the one-dimensional integral (2.66) is essentially
determined by the saddle point of the integrand, corresponding to the most probable
value of @. The physical value @y of the order-parameter field is therefore fixed by
the saddle point condition,

8SAO[¢] — r0¢0 + @

_3
- oy —ho=0, (2.70)
09 g, 6"
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which is equivalent to the mean-field self-consistency equation (2.17).

In summary, the mean-field Landau function defined in Eq. (2.8) can be recov-
ered from the functional integral representation (2.62) of the partition function by
ignoring spatial fluctuations of the order parameter; the corresponding saddle point
equation is equivalent to the mean-field self-consistency equation (2.11). Because
of its probabilistic interpretation the Landau function cannot be defined within the
framework of thermodynamics, which only makes statements about averages. The
concept of a Landau function is further illustrated in Exercise 2.2, where the Landau
functions of noninteracting bosons are defined and calculated.

2.3 The Gaussian Approximation

While the mean-field approximation amounts to evaluating the functional integral
(2.62) in saddle point approximation, the Gaussian approximation retains quadratic
fluctuations around the saddle point and thus includes the lowest-order correction
to the mean-field approximation in an expansion in fluctuations around the sad-
dle point. In the field-theory language, the Gaussian approximation corresponds to
describing fluctuations in terms of a free field theory, where the fluctuations with
different momenta and frequencies are independent. In condensed matter physics,
the Gaussian approximation is closely related to the so-called random phase approx-
imation. It turns out that quite generally the Gaussian approximation is only valid if
the dimensionality D of the system is larger than a certain upper critical dimension
Dy, which we have already encountered in the context of the scaling hypothesis in
Sect. 1.3, see the discussion after Eq. (1.32). Because for the Ising universality class
Dy, = 4, the Gaussian approximation is not sufficient to describe the critical behav-
ior of Ising magnets in experimentally accessible dimensions. Nevertheless, in order
to motivate the RG it is instructive to see how and why the Gaussian approximation
breaks down for D < D,. For simplicity, we set 2 = 0 in this section.

2.3.1 Gaussian Effective Action

To derive the Gaussian approximation, we go back to our Ginzburg-Landau—Wilson
action S,[¢] defined in Eq. (2.65). Let us decompose the field ¢(r) describing the
coarse-grained fluctuating magnetization as follows,

o(r) = @o + d¢(r) , 2.71)
or in wave vector space
p(k) = 2m)P8(k)@o + Sp(k) . (2.72)

Here, @y is the mean-field value of the order parameter satisfying the saddle point
equation (2.70) and 8¢(r) describes inhomogeneous fluctuations around the saddle
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point. Substituting Eq. (2.71) into the action (2.65) and retaining all terms up to
quadratic order in the fluctuations, we obtain in momentum space

Suldo+38¢1 ~ V[ fo+ 3 + 5191 |

41
+ [m@o + g‘?’o] Sp(k =0)
1
+3 / [ro + 0 5 =238 + cok*sp(—k)sp(k) . (2.73)
k

This is the Gaussian approximation for the Ginzburg-Landau—Wilson action. To
further simplify Eq. (2.73), we note that the second line on the right-hand side of
Eq. (2.73) vanishes because the coefficient of p(k = 0) satisfies the saddle point
condition (2.70). The first line on the right-hand side of Eq. (2.73) can be identified
with the mean-field free energy. Explicitly substituting for ¢y in Eq. (2.73) the saddle
point value,

_ {O for r9g>0, (2.74)

%o = —6rg/ug  for ry <0,

we obtain for the effective action in Gaussian approximation for ' > 7., where
@0 =0and d¢p = ¢,

1
Salel = Vo + 3 / [ro + cok*|o(—k)p(k), T >T.. (2.75)
k

On the other hand, for T < T, where ry < 0, we have

2

ro_, . Uo 4 3 "o

— —_— 2.76

> % + — T4 o (2.76)
ro + E% = —2rg, 2.77)

and hence

3 1
Splel =V |: 0 — _r_0:| + 2 f[—2ro —l—cokz]égo(—k)&p(k) , T <T,.
k

(2.78)

With the help of the Gaussian effective action given in Egs. (2.75) and (2.78),
we may now estimate the effect of order-parameter fluctuations on the mean-field
results for the thermodynamic critical exponents. Moreover, because the Gaussian
approximation takes the spatial inhomogeneity of the order-parameter fluctuations
into account, we may also calculate the critical exponents v and 7 associated with
the order-parameter correlation function.
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2.3.2 Gaussian Corrections to the Specific Heat Exponent

Because in the thermodynamic limit both the Gaussian approximation and the mean-
field approximation predict the same contribution from the homogeneous fluctu-
ations represented by @ to the free energy®, Gaussian fluctuations do not modify
the mean-field predictions for the exponents 8, y, and &, which are related to the
homogeneous order-parameter fluctuations. Within the Gaussian approximation, we
therefore still obtain B = 1/2, y = 1, and § = 3. On the other hand, the Gaus-
sian approximation for the specific heat exponent « is different from the mean-field
prediction o = 0, because the fluctuations with finite wave vectors give a nontrivial
contribution Af to the free energy per lattice site, which according to Eqs. (2.75)
and (2.78) can be written as

eTPNAS = / Dig)exp| - /k €2+ p(-ke®)| . 279

Here, we have introduced the length & via
co ro forT >T,.,
g2 {—Zro forT <T, . (2.80)

In Sect. 2.3.3 we shall identify the length & with the order-parameter correlation
length introduced in Sect. 1.2. Recall that for 7 > T, we may write §¢(k) = ¢(k)
because in this case @y = 0. To evaluate the Gaussian integral in Eq. (2.79), it is
convenient to discretize the integral |, « in the exponent with the help of the underly-
ing lattice and use the associated lattice normalization of the fields, which according
to Eq. (2.57) amounts to the substitution (k) = av'Vv. S¢r. Then we obtain from
Eq. (2.79),

—BNAf /oo d8§0() fm dRC(SQOk /oo dl ll(Sq)k
e =
oo WV 2 k. k=07 ® A/ 2 o) LY, 2

2
X exp [—% D ETHEY |8(pk|2:| , (2.81)
k

where the product in the square braces is restricted to those wave vectors k whose
projection k - i1 onto an arbitrary direction 7 is positive. This restriction is necessary
in order to avoid double counting of the finite k-fluctuations, which are represented
by areal field ¢; whose Fourier components satisfy ¢_; = ¢; . Since the integrations

6 Recall that the mean-field approximation for the free energy is fumr(t,0) = fo for T > T, and

e, 0) = fo — %:72 for T < T, see Eq. (2.22). Taking the different normalization of S4,[¢]

into account, these expressions correspond to the field-independent terms on the right-hand sides
of Egs. (2.75) and (2.78).
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in Eq. (2.81) treat the real and the imaginary parts of §¢ as independent variables,
we have to correct for this double counting by integrating only over half of the
possible values of k. The functional integral is now reduced to a product of one-
dimensional Gaussian integrals, which are of course a special case of our general
Gaussian integration formula (2.25) for N = 1,

®odx _ap ~1/2 _ ,~lla
me Y =A =e 2 . (2.82)
—0o0

We thus obtain from Eq. (2.81) for the correction from Gaussian fluctuations to the
free energy per lattice site,

T .
Af = 5 Xk: 1n[coa2(g 24 k2)] : (2.83)

where it is understood that the sum is regularized via an ultraviolet cutoff |k| < Ay.
The corresponding correction to the specific heat per lattice site is

PAf T 32{ 22 g2 }
——— _— IT In|coa“(E™° + k°)
oT> ~ 2N 9T? ; [ J
T i 22 2 ii ;
TN aT{Xk:m[cw G )]JFT[BTSJXI; 52+k2}

T2T 9 17%1 1 9 171 1
- ore] v eer el S eee 09

k k

AC =-T

In the thermodynamic limit, the lattice sums can be converted into integrals using
Eq. (2.56) so that forn = 1,2

1 1 1
1' - —_— = D —_—
N N Xk: [+ k2] ¢ /k (-2 + k2]
Ag kD—l xD—l

Aok
=K aD/ dk———— = Kpa® 2"—0/ dx—— . (2.85
S P Py OW

Here, the numerical constant K, is defined by

_ 2p 1
- @Qm)P  20-1gD2[(D/2)’ (2:86)

Kp

where 2 is the surface area of the D-dimensional unit sphere. Using the fact that
according to Egs. (2.54) and (2.80) the derivative of the square of the inverse corre-
lation length with respect to temperature is given by
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1 9r

9 1 caa—;’, forT > T, A,
aTE . = wal, 287
—2c51%,forT<TC 0e Fe
where
1, forT >T,,
A, = (2.88)
-2, forT <T,,

we obtain from Eq. (2.84) for |t| = |T — T,/ T, < 1,

K A2 4-D Aok D—1
Ac =200 <§> / dx—
2 ¢ \a 0 [1+4 x2]?

A (a D_Z/AOE xD-1
—kpt(l dx—— 2.89
?e (é‘) , iy (289

Keeping in mind that close to the critical point the dimensionless parameter Ap&
is large compared with unity, it is easy to see that the second term on the right-
hand side of Eq. (2.89) can be neglected in comparison with the first one, because
the dimensionless integral is for D > 2 proportional to (Apé )P=2and has for
D < 2 a finite limit for Ag§¢ — o00. On the other hand, the behavior of the
first term on the right-hand side of Eq. (2.89) depends on whether D is larger
or smaller than the upper critical dimension Dy, = 4. For D > D, the inte-
gral depends on the ultraviolet cutoff and is proportional to (A¢&)P~*, so that
AC o (£/a)* P(ApE)P~* = (Apa)P~* which gives rise to a finite correction to
the specific heat. Hence, for D > 4 long-wavelength Gaussian fluctuations merely
modify the size of the jump discontinuity in the specific heat, but do not qualitatively
modify the mean-field result « = 0. On the other hand, for D < 4 the first integral
on the right-hand side of Eq. (2.89) remains finite for A¢§ — oo,

o xP-1 (D —-2)m
Ip= [ dx - , 2.90
P /o [1+x2P ~ 4sin(22r) (@30)

so that to leading order for large £ o< |ro|~!/? o |t|~!/? the contribution from Gaus-
sian fluctuations to the specific heat is
Kp A2 4=b
AC =22, (5> oc 1] TP 2.91)
2 ¢ \a

This is more singular than the jump discontinuity predicted by mean-field theory
and implies « = 2 — D/2. We thus conclude that in Gaussian approximation the
specific heat exponent is given by
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_D —
a:{z 5 for D < Dy, =4, (2.92)

0 for D > Dy, .

It should be noted that within the Gaussian model considered here the scaling rela-
tions 2 —a = 28 +y = B + 1) [see Egs. (1.23) and (1.24)] are violated for
D < 4. This failure of the Gaussian approximation will be further discussed in
Sect. 2.3.4.

2.3.3 Correlation Function

Next, we calculate the order-parameter correlation function G(r; — r ) of the Ising
model and the associated critical exponents v and 7 in Gaussian approximation. We
define G(r; — r) via the following thermal average,

Do € PH8sids;
Yt

where §s; = s; — (s;) = s; — m is the deviation of the microscopic spin from its
average. Using the identity (2.43) we can express G(r; — r;) for distances large
compared with the range of the J;; as a functional average over all configurations of
the fluctuating order-parameter field,

G(ri —rj)=a* P (8s;8s;) = a*P (2.93)

) N _ 2-D . N 2,DID[¢]6_S[¢]8¢i8¢j
G(r; _rj) =a (8¢16§0}>S =a fD[(p]e*S[‘/’]

(2.94)

The prefactor a®~P is introduced such that G(r; — r ;) can also be written as
G(ri —r;) = (8er)d¢e(r;))s , (2.95)

where the continuum field ¢(r) is related to the real-space lattice field ¢; via

=Py, (2.96)

p(ri)=a
which follows from the definitions (2.63), (2.45), and (2.57), see also Eq. (2.69).
Expanding 8¢; and ¢; in terms of their Fourier components d¢; defined analo-
gously to Eq. (2.45), we obtain

2
a ittt
Giri—rj) =+ > ekt sg Sgn,) s
kik>
1 .
= Y e rTIG k) (2.97)

ki



2.3 The Gaussian Approximation 45

where

G(ky) = a*(8¢r,8¢_1,)s = a* (I8¢, I*)s (2.98)

is the Fourier transform of G(r; —r ;). In the second line of Eq. (2.97) we have used
the fact that by translational invariance the functional average is only nonzero if the
total wave vector k; + k, vanishes,

80k, 00k,)s = Oky,—k, (8QK, 8P_i, ) s - (2.99)

In the infinite volume limit, it is more convenient to work with the continuum fields
¢(k) = a~/V gy introduced in Eq. (2.57); then the relations (2.98) and (2.99) can be
written in the compact form,’

(8(k1)dpka))s = (2)P8(ky + k2)G (k1) - (2.100)

Let us now evaluate the functional average in Eq. (2.98) within the Gaus-
sian approximation where the long-wavelength effective action S4,[¢] is given by
Egs. (2.75) and (2.78). Similar to Eq. (2.81), we write the Gaussian effective action
for finite V' as

2
coa
Sale] ~ Sa,1G0] + == D€ + ) 1ogul?
k
= cpa® (5_2 + kf) |8§0k1 |2 + terms independent of §¢g, , (2.101)

where in the second line we have used the fact that the terms k = k; and k = —k;
give the same contribution to the sum. Using the fact that within the Gaussian
approximation fluctuations with different wave vectors are decoupled, the evaluation
of the functional average in Eq. (2.98) is now reduced to simple one-dimensional
Gaussian integrations. Renaming again k; — k, we see that the Gaussian approxi-
mation G(k) for the Fourier transform of the correlation function G (k) is for k # 0,

2o T [T T 1bgr exp [ —coa® (€2 + ) S ]
GO(k) =da foo dReSgr o0 dImdgx ex [_ 2(5_2 + kz) |(S |2]
—00 ar J- Jar p Cod Pk
o dp pP e TR
= fooo dIO IO e_co(é;—Z_;'_kZ)pl
_ 1 _ 1
CcE2H+EY Ao+ cok?

(2.102)

7 In a finite volume V the singular expression (277)P8(k = 0) should be regularized with the
volume of the system, (27)P8(k = 0) — V.



46 2 Mean-Field Theory and the Gaussian Approximation

where A, is defined in Eq. (2.88) and in the second line we have introduced p =
a |8¢x| as anew integration variable. In particular, at the critical point, where ry = 0,
we obtain

1

T, . (2.103)
Comparing this with the definition of the correlation function exponent n in Eq. (1.14),
we conclude that in Gaussian approximation

n=0. (2.104)

Next, let us calculate the correlation length exponent v and justify our identifi-
cation of the length & defined in Eq. (2.80) with the correlation length. Therefore,
we calculate the correlation function G(r) in real space and compare the result with
Eq. (1.11). For V. — oo the Fourier transformation of the correlation function in
Gaussian approximation can be written as

) 1 eik~r
Go(r) = | ¢*" Gk =—/—. 2.105
o(r) /ke o(k) ol A= e ( )

Although there is an implicit ultraviolet cutoff A, hidden in our notation, for
min{|r|, &} > Ay !the integral is dominated by wave vectors much smaller than Ay,
so that we may formally move the cutoff to infinity. To evaluate the D-dimensional
Fourier transform in Eq. (2.105), let us denote by k| the component of k parallel to
the direction of r, and collect the other components of k into a (D — 1)-dimensional
vector k. Then the integration over k; can be performed using the theorem of
residues. Introducing (D — 1)-dimensional spherical coordinates in k| -space we

obtain
N exp [—\/5—2 + ki|r|]
Go(r) = Kp-1 f dk kP2 .
2co Jo + /$_2+ki

Although for general D the integration cannot be performed analytically, the leading
asymptotic behavior for |r| < & and for |r| > & is easily extracted. In the regime
|r| < &, the exponential factor cuts off the &k -integration at k; =~ 1/|r|. Since for
|r| < & this cutoff is large compared with 1/£, we may neglect £ 2 as compared
with k7 in the integrand.® The integral can then be expressed in terms of the Gamma-
function I'(D — 2) and we obtain

(2.106)

8 For D < 2 this approximation is not justified because it generates an artificial infrared diver-
gence. In this case a more careful evaluation of the integral (2.106) is necessary. Because for D < 2
our simple Gaussian approximation is not justified anyway, we focus here on D > 2.
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Kp_i1 I'(D —2)

GO S

for |r| < & . (2.107)

In particular, at the critical point where £ = oo, this expression is valid for all r. A
comparison with Eq. (1.13) confirms again n = 0.

In the opposite limit |r| >> & the integration in Eq. (2.105) is dominated by the
regime k| < (§|r|)""/? « £~!. Then we may ignore the k7 -term as compared with
£72 in the denominator of Eq. (2.106) and approximate in the exponent,

k2
JE2 R P w%#ﬂg - (2.108)

so that

Kp_4 Il o0 Do &kl
Go(r) ~ 2—6056 / dk k7 7e” 7. (2.109)
0

The Gaussian integration is easily carried out and we finally obtain

Go(r) ~

Kp_1 _ps D—1 e Irl/&
( ) for |r| > €.  (2.110)

27T ,
2 /;;:D73|r|D71

This has the same form as postulated in Eq. (1.11), justifying the identification of
& in Eq. (2.80) with the order-parameter correlation length. Hence, within Gaussian

approximation we obtain
o -12
E= | o |t , (2.111)
[A:rol

implying for the correlation length exponent in Gaussian approximation

aim

Note that for D < D, = 4, where the Gaussian approximation yields o« =2—D/2
for the specific heat exponent [see Eq. (2.92)], the Gaussian results n = 0 and v =
1/2 are also consistent with the hyper-scaling relations (1.29) and (1.32) connecting
v and n with the thermodynamic critical exponents, « = 2 — Dv = 2 — D/2 and
y=Q-nv=02-0x1i=1

€o

2.3.4 Failure of the Gaussian Approximationin D < 4

The Gaussian approximation amounts to the quadratic truncation (2.73) of the
Ginzburg-Landau—Wilson action S[¢] defined in Eq. (2.40). The important ques-
tion is now whether the Gaussian approximation is sufficient to calculate the critical
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exponents or not. As already mentioned, the answer depends crucially on the dimen-
sionality of the system: only for D > D,, = 4 the critical exponents obtained
within the Gaussian approximation are correct, while for D < D, the Gaussian
approximation is not sufficient. To understand the special role of the upper critical
dimension Dy, = 4 for the Ising model, let us attempt to go beyond the Gaussian
approximation by retaining the quartic term in the expansion of S[¢] in powers
of the field. As shown in Sect. 2.2.2, for small wave vectors our effective action
then reduces to the ¢*-theory S 4,l9] defined via Eq. (2.61) or (2.65). At the first
sight it seems that if we assume that the coupling constant u( associated with the
quartic term in Eqgs. (2.61) and (2.65) is arbitrarily small, then we may calculate the
corrections to the Gaussian approximation perturbatively in powers of uy. However,
this strategy fails in D < 4 in the vicinity of the critical point, because the effective
dimensionless parameter which is relevant for the perturbative expansion is

4-D 4-D
uozlmgz ::2@[»2<§> , (2.113)
CO a

where we have used Eq. (2.59) to approximate uo &~ 2a”~*. The fact that the per-
turbative expansion of the interaction in the effective action (2.61) is controlled by
the dimensionless coupling iy can be made manifest by introducing dimensionless
wave vectors

k=ke, (2.114)

WB=J§%%H8. (2.115)

Assuming for simplicity 7 > T, so that ry = co/&2, it is easy to show that in terms of
these dimensionless variables our effective Ginzburg—Landau—Wilson action (2.61)
takes the form

and dimensionless fields

1 _ _ _
S1l®) = Vo + 5 /k [1 + Fo(—0p)

o f / / - 2m)P 8k + ko + ks + k)@ (k)@ (k)P (k3)p (k) -
* k] k2 kj; k4
(2.116)

Because the coefficient of the quadratic fluctuations in this expression is fixed to
unity for small wave vectors, the coefficient ii( in front of the quartic part directly
gives the relative strength of the quartic interaction between the fluctuations as com-
pared with the free field theory described by the Gaussian part. The crucial point
is now that close to the critical point the correlation length & oc |¢#|7" diverges,
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so that below four dimensions the effective dimensionless coupling i, defined in
Eq. (2.113) becomes arbitrarily large for T — T,, no matter how small the bare
coupling constant ug is chosen. As a consequence, for D < 4 any attempt to cal-
culate perturbatively corrections to the Gaussian approximation is bound to fail for
temperatures sufficiently close to 7. Because the critical exponents are defined in
terms of the asymptotic behavior of physical observables for T — T, they cannot
be obtained perturbatively for D < Dy, = 4. Obviously, this problem can only be
solved with the help of nonperturbative methods, where all orders in the relevant
dimensionless coupling iio are taken into account. The most powerful and general
method available to deal with this problem is the RG.

In the ordered phase where (¢(r)) = @ is finite the dimensionless interaction i
in Eq. (2.113) has a nice interpretation in terms of the relative importance of order-
parameter fluctuations, which is measured by the following dimensionless ratio,

_ [ dPrer)der = 0)s _ [° dPrGo(r)

0 -
fér dPrp; EPpS

2.117)

Here, the integrals | 5 dPr extend over a cube with volume £ enclosing the ori-
gin, the mean-field value ¢, of the order parameter is given in Eq. (2.74), and the
correlation function in the numerator is evaluated in Gaussian approximation. Intu-
itively, the quantity Q sets the strength of order-parameter fluctuations in relation
to the average order parameter, taking into account that only within a volume of
linear extension & the fluctuations are correlated. If Q is small compared with unity,
then fluctuations are relatively weak and it is reasonable to expect that a mean-field
describition of the thermodynamics and the Gaussian approximation for the correla-
tion function are sufficient. Taking into account that for |r| 2 & the function Gy(r)
decays exponentially, the value of the integral in the numerator of Eq. (2.117) is not
changed if we extend the integration regime over the entire volume of the system,
so that we arrive at the estimate,

& 2
f dPr Go(r) = /dDr Go(r) = Golk =0) = i— ) (2.118)
0

But according to Eqgs. (2.74) and (2.80) for T < T, we may write

—6}"() 36‘0
= ——, 2.119
U &%ug ( )

=2
0

so that we finally obtain

— _ o
0= =5 (2.120)



50 2 Mean-Field Theory and the Gaussian Approximation

Hence, our dimensionless coupling constant ity defined in Eq. (2.113) is pro-
portional to the ratio O which measures the relative importance of fluctuations.
Obviously, for QO « 1 fluctuations are weak and it is allowed to treat the inter-
action term in Eq. (2.116) perturbatively. On the other hand, in the regime Q > 1
we are dealing with a strongly interacting system, so that mean-field theory and
the Gaussian approximation are not sufficient. The condition Q « 1 is called the
Ginzburg criterion (Ginzburg 1960, Amit 1974).

Exercises

2.1 Mean-field Analysis of the Ising Model in a Transverse Field

Below a few Kelvin, the magnetic properties of the rare-earth insulator lithium
holmium fluoride (LiHoF,) are well described by the Ising model in a transverse
field (also known as the quantum Ising model). Its Hamiltonian reads

H=-J) ofo;— FZGI-" .
(i,J) i

Here, J > 0 is the exchange coupling for nearest-neighbor spins, I” > 0 denotes
the strength of the transverse field and o and o;* are Pauli matrices which measure
the x- and z-components of the spins residing on the lattice sites of a hypercubic
lattice. Let us denote the eigenstates of the o by | 1 ); and | | ); (with eigenvalues
s; = £1).

(a) Show that for I = 0 and in the above basis spanned by the eigenstates of the
crf, the Hamiltonian A reduces to the Hamiltonian of the familiar classical Ising
model.

(b) Introduce g = I'/zJ (where z = 2D is the coordination number) to tune a
quantum phase transition at 7 = 0. Show that for g = 0 (I = 0) and for
g — 0o (J — 0) you get two qualitatively different ground states. These states
are called the ferromagnetic and the paramagnetic ground states. Why?

(c) To derive the mean-field Hamiltonian FIMF of the quantum Ising model, write
of = m* 4 807 with the fluctuation matrix 607 = o — m* and

= (o Tr [o; e‘fm]
m =') = ——
! Tr[e PH]

Expand the term afaf in H to linear order in 80, and neglect terms quadratic
in the fluctuation matrices.

(d) Calculate the eigenvalues of the single site mean-field Hamiltonian and use
these eigenvalues to evaluate the partition function Zyr and the Landau func-
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tion Lyvp. Minimize the Landau function with respect to the magnetization m?
to obtain a self-consistency condition for m{, = m{(T, I').

(e) Following the procedure outlined in Sect. 2.1.1, solve the mean-field consis-
tency equation graphically. Analyze in particular regions in parameter space
where m* # 0 and draw the phase boundary (in the 7-g-plane) separating this
ferromagnetic phase from the paramagnetic phase with m* = 0. What kind of
phase transitions can you identify?

(f) For T = 0 calculate m* explicitly and sketch m* as a function of g. Determine
the mean- field value for the critical exponent B, defined by m® o (g, — g)P:.

(g) Calculate also m* = (0;") and for T = 0 sketch m* as a function of g.

2.2 Landau Functions for the Free Bose Gas

Consider N noninteracting bosons in a D-dimensional harmonic trap with Hamilto-
nian A = > Embfbm, where Eyy = ho(my + --- +mp),andm; =0,1,2,....
The partition function in the canonical ensemble is given by Zy = TrNe‘ﬁﬁ ,
where the trace runs over the Hilbert space with fixed particle number N. It can
be expressed as Zy = Y oo Zy(n), where Zy(n) = TrN(Sn,bgbUe_ﬁH) has a fixed
occupation of the single particle ground state. We define the dimensionless Lan-
dau function for Bose—Einstein condensation via Zy(n) = e~ Vv “®/N)_ Proyided
[,][%,Ec(q) is smooth and has an absolute minimum at ¢ # 0 in the thermodynamic
limit, the single particle ground state will be macroscopically occupied.

(a) Using TryA = f0” 49y [e’(N N)"A] where N = 3" blbm and the trace on
the right-hand side runs over the entire Hilbert space containing any number of

particles (this is the so-called Fock space), show that the dimensionless Landau
function £8F¢(¢) is given by

BEC 1 27 10 ON(—g)~ Y s In(1—~(emti6))
‘CN (q) = _N In 27[ m£0
0

Here, €m = Em/T. What is the physical interpretation of L5C(¢)?

(b) Show that alternatively, we can write Zy = [d*¢ eV LY@ where d2¢ =
d[Re¢] d[Im¢] and the Landau function for spontaneous symmetry breaking is
given by

@ =1oP - L [g iwm) _Nggacm/m]

n=0

Hint: Carry out the partial trace over m = 0 by using coherent states |z) =
e |0), i.e., eigenstates of by, by|z) = z|z). Recall that Trm_oA = f%e"z‘2
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(z|A|z) (see e.g., Shankar 1994, Chap. 21). You will also need the overlap
(n|z) = ;—; with a state of fixed boson number.

(c) Show the recursion relation Zy = % Z,ivzl Zn_ixZi(k), where Z(k) =
>om e~kem = [1 — ¢7%/7]7P and the dimensionless temperature is 7 = T /(hw).
Hint: Show for the generating function Z(u) = ) \ Z yul = [[.(1 —
ue=“")~!, by expressing it as a trace over Fock space. Take derivatives on both
sides of this equality and express the right-hand side again in terms of Z(u).

(d) Show that Zy(n) = Zy_, — ZN—n—1.

Hint: Derive a relation between the generating functions Z(u#) and h(u) :=
Z N VA N (n)u N .

(e) Plot £L5FC(q) and L3B(¢) for N = 10 and D = 3 as a function of ,/q and ¢,
respectively, evaluating the expressions derived above numerically for different
temperatures t. What is the temperature at which the Landau functions start to
develop nontrivial minima? More details and a discussion of N — oo can be
found in Sinner et al. (2006).
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Chapter 3
Wilsonian Renormalization Group

In this central chapter of Part I we introduce the basic concepts of the RG method
invented by Wilson and coauthors in a series of pioneering articles (Wilson 1969,
1971b,c, 1972, Wilson and Fisher 1972, Wilson and Kogut 1974, Wilson 1975). A
very nice introduction to the basic concepts of the Wilsonian RG can also be found
in the book by Goldenfeld (1992), which has influenced our presentation.

For a microscopic derivation of the critical behavior of thermodynamic observ-
ables, we have to calculate the partition function Z of the system. For Ising models,
this amounts to performing the nested spin summations in Eq. (2.3). More generally,
we shall consider many-body systems whose partition function can be expressed in
terms of some suitably defined functional integral over a field @ representing the
relevant degrees of freedom,

Z(g) = / Dlole S9! | 3.1

where S[®;g] is an effective action depending on a set of coupling constants
g1, 82, &3, - .., which we collect into a vector g = (g1, g2, &3, - - .). We have shown
in Sect. 2.2 how the partition function of the Ising model can be written in such a
form. In that case the field @ can be identified with the fluctuating order-parameter
field ¢ defined in Eq. (2.37). However, Eq. (3.1) is more general: the partition func-
tion of any quantum mechanical many-body system consisting of bosons, fermions,
or mixtures thereof can also be written in this form. The fields depend not only on
the position r, but also carry an (imaginary) time label t, see Eq. (1.37). We shall
explain this in detail in Part II, where we develop the general functional RG method
for these systems. Of course, for boson—fermion mixtures the field @ has several
components representing the different types of degrees of freedom. Unfortunately, in
almost all cases of interest the integration in Eq. (3.1) cannot be performed exactly,
so we have to rely on approximations. Moreover, simple approximations such as the
mean-field theory developed in Sect. 2.1 or the Gaussian approximation introduced
in Sect. 2.3 are not reliable if the dimensionality of the system is smaller than its
upper critical dimension D,,. The Wilsonian RG method provides us with a general
strategy to attack this difficult problem.

Kopietz, P. et al.: Wilsonian Renormalization Group. Lect. Notes Phys. 798, 53-89 (2010)
DOI 10.1007/978-3-642-05094-7_3 (© Springer-Verlag Berlin Heidelberg 2010
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3.1 The Basic Idea

The basic idea underlying the Wilsonian RG is conceptually very simple, although
from the technical point of view it is usually rather difficult to carry out the RG
procedure in practice — after all, we would like to solve a strongly interacting many-
body problem close to the critical point! The strategy is to perform the integration
over the degrees of freedom represented by the field @ in Eq. (3.1) iteratively in
small steps by integrating over suitably chosen subsets of fields and calculating the
resulting change of the effective action. One iteration of the RG procedure consists
of the following two steps:

Step 1: Mode Elimination (Decimation)

The first RG step consists of the elimination of the degrees of freedom (also called
modes) representing short-distance fluctuations involving a certain interval of small
wavelengths. Sometimes, this is also called the decimation step. If we represent the
partition function via a functional integral of the type (3.1) and work in momen-
tum space, this means that we integrate over all fields @ (k) with wave vectors k
belonging to a certain high-momentum regime.' There is considerable freedom in
the choice of the high-momentum regime, and the most convenient choice depends
on the model of interest and on the requirements on the accuracy of the calculation
at hand. For example, for the ¢*-theory defined by S,,[¢] in Eq. (2.61) it is often
convenient to integrate over fields ¢(k) whose wave vectors lie in the momentum
shell A < |k| < Ap. Formally, the separation into a small wave vector and a large
wave vector regime amounts to writing the field @ as a sum of two terms,

=D+, (3.2)

where the “smaller part” @~ (slow modes) contains fluctuations with wave vectors
smaller than a certain scale A, while the “greater part” @~ (fast modes) contains the
complementary fluctuations involving large wave vectors. A simple way to imple-
ment the above decomposition is by multiplying the Fourier components @ (k) in
momentum space by 1 = @ (A — |k|) + ©(|k| — A) and writing

D(k) = O(A — [kNP (k) + O(k| — N)P(k), (3.3)

so that
&=(k) = O(A — |k|)D (k) , (3.4a)
D7 (k) =0O(k| — A)P(k) . (3.4b)

! For quantum systems the fields @ are not only labeled by the position (or wave vector), but also
by imaginary time (or frequency). Then the degrees of freedom involving large frequencies should
also be eliminated iteratively. This gives additional freedom for the implementation of the mode-
elimination procedure, see the seminal work by Hertz (1976) on quantum critical phenomena.
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However, such a sharp cutoff in momentum space sometimes leads to technical
complications, which can be circumvented by smoothing out the boundary between
integrated and unintegrated momenta (Wilson and Kogut 1974), or by implementing
the partial integration over short-wavelength fluctuations differently. For example,
for low-dimensional spin systems it can be advantageous to carry out the mode elim-
ination in real space, see Sect. 3.2. Formally, the mode-elimination step corresponds
to the integration over the “larger field” @~ in the functional integral,

Z= fp[q><]fp[q>>]e—sl¢<+¢>;gl

= / D[®~Je Sil?7&7] (3.5)

where S is simply defined by

e SiPTg] / D[d~]e 1P 0781 (3.6)

The coupling constants g~ = (g7, g5, 85, ...) in S<[@~; g=] will in general be
different from the original couplings g = (g1, &2, &3, - . .), except in the case where
S[@] is Gaussian so that the modes with different wave vectors (or frequencies) are
not coupled. In practice the functional integration in Eq. (3.6) cannot be carried
out exactly, so that approximations are necessary. Moreover, the set of nonzero
coupling constants g= in S;[®~;g~] will in general be different from the cou-
plings g in the initial action. For example, the effective ¢*-theory defined by the
action S,,[¢] given in Egs. (2.61) and (2.65) depends on the four coupling con-
stants g = (fo, 10, o, Up). We identify in this case @ — ¢. Due to the presence
of the quartic interaction, the integration in Eq. (3.6) cannot be performed exactly.
However, even without explicitly doing the integration, we know from the structure
of the perturbative expansion of S;[®=; g =] in powers of the fields ¢ = that after
the mode-elimination step the exact effective action must be of the form

A

1
Sile™g 1=V~ +5 fk [r=+c K + ek 4 ek + .. Jo= (—k)p= (k)

u< A A A A
d [ enrst + ke + kot kg gty e
s Jky Jky Jky Jky

< 6 A 6
u6 D < < < < < <
o (]1 /k | ) 2m)Ps (,-E:l k,-> @~ (k1)p~ (k)= (k3)p~ (k)™ (ks )~ (k)
+ terms involving ¢®, or ¢* and higher powers of k2, (3.7)

where the notation ka means that the upper limit for the integration is given
by the reduced ultraviolet cutoff A = Ay/b. In contrast to our original action
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Sa.l9; fo, ro, co, uo]l, which depends only on four coupling constants, the new
effective action depends on infinitely many coupling constants g= = ( fo.r=,cs e,
cg. u=,ug,...), which are generated via the integration over the short-wavelength
fluctuations ¢~. Obviously, the new couplings g= are functions of the initial
couplings fy, ro, co, o defining the original model. In other words, the mode-
elimination procedure thus defines a noninvertible mapping of the original coupling
space spanned by ( fo, 7o, co, o) onto the infinite-dimensional space spanned by the
couplings g= = (f=,r=, ¢, ¢j, cg, u~, ug, ...) which is necessary to completely
specify the new effective action S=[® =; g=]. Fortunately, a truncation of the cou-
pling space retaining only the four coupling constants f=,r~, ¢~ and u~ turns out
to be sufficient to obtain the leading corrections to the mean-field results for the
critical exponents to first order in € = 4 — D. For more accurate calculations it is
necessary to retain a larger number of coupling constants which can be technically
quite demanding. In Part III of this book we shall show that the functional renormal-
ization group offers an efficient method to keep track of the RG flow of infinitely
many coupling constants.

Step 2: Rescaling

In the second step of the iterative RG procedure, we rescale wave vectors and fields
and express the functional S=[®=; g~] in terms of rescaled quantities such that it
has the same form as before the mode elimination. The combined effect of mode
elimination and rescaling should then be taken into account via a modification of
the coupling constants. Therefore, we define rescaled wave vectors k' via

k' = bk , (3.8)
where the dimensionless parameter b = Ag/A defines the “step size” of the RG
transformation.? In Fourier space, the rescaled field @'(k’) is related to the original

field @ <(k') via

(k) =5, ®=(K'/b) (3.9)

2 For quantum systems the field depends not only on wave vectors but also on frequencies .
Then we should also rescale @' = b*w, where the value of the dynamic exponent z depends
on the low-energy dynamics of the underlying quantum system and on the critical point under
consideration. The fact that we choose here for b and z the same notations as in the formulation of
the scaling hypothesis in Sect. 1.3 (see Eqs. (1.16) and (1.38)) is not accidental, because we shall
show later that the parameters b and z in the scaling hypothesis are indeed identical with b and z
in the rescaling step of the RG transformation.
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where the so-called field rescaling factor ¢, is in general a product of two
b-dependent factors,?

& =b"7, . (3.10)

The first factor bP is determined by the so-called canonical dimension Dg of the
field @ (k) which measures how many powers of inverse length are needed to make
@ (k) dimensionless. The value of Dg follows from the bare action by simple dimen-
sional analysis. For example, the continuum field ¢(k) in the Ginzburg—Landau—
Wilson action (2.61) has units of (length)' /2, so that in this case D, = 1 + D/2.

The second factor /Z; in Eq. (3.10) cannot be deduced by dimensional analysis
and is closely related to the correlation function exponent 7 defined in Eq. (1.13)
and the so-called wave function renormalization factor Z in quantum mechanical
many-body systems. We shall explain this in more detail in Sect. 4.2.3. While there
is some freedom in the choice of Z,, for our simple ¢*-theory it is convenient to
choose

o
Zy, = —, 3.11D)
C<
so that after the rescaling step
< ! ’ CO / !
¢ U0 = o/ (K) = b [/ (K) (3.12)

The Gaussian part of the effective action S<[@<; g=] in Eq. (3.7) then reads

1 A
k
1 [
=3 / [ + cok” + 4k + cik® + .. o' (K¢ (k') , (3-13)

with the new coupling constants

r=b*Zr=, (3.14a)
¢, =b*Zyes (3.14b)
cp=b*Zycs . (3.14c)

Note that the factor Z,, is chosen such that after one iteration of the two RG steps the
coefficient ¢y of the quadratic term in the expansion for small wave vectors does not

3 For multicomponent fields ¢, is in general a matrix acting on field space. For simplicity we
assume here that our field @ has only a single component, or that for multicomponent fields the
matrix is proportional to the unit matrix.
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change under the combined operation of decimation and rescaling. If we ignore the
couplings ¢}, cg, . . ., then the second line in Eq. (3.13) indeed has precisely the same
form as the Gaussian part of the bare action S4,[¢] given in Eq. (2.61), but with the
bare coupling ry replaced by the renormalized coupling . The mode-elimination
step defines r = as a function of the bare couplings.

The combination of the mode-elimination step with the rescaling step defines
now a mapping between the initial couplings g = (g1, g2, g3, . . .) of a given model
system with action S[@; g] and a modified set of couplings g’ = (gi, g5, & ---)
appearing in the new effective action S'[@’; g’]. Let us write this mapping as

g =Rib:g1.g2.85....), i=1273,..., (3.15a)

or in compact vector notation,

The function R(b; g) represents an RG transformation, acting on the (in general
infinite-dimensional) space of coupling constants that specifies a specific model sys-
tem. In general R(b; g) is a very complicated nonlinear function of the couplings
g, whose precise form depends also on the length rescaling factor ». Mathemati-
cally, the set of transformations R(b; g) labeled by the continuous parameter b is
a semigroup, which is characterized by the same composition law as a group, but
does not require that each transformation has an inverse. The group composition law
follows from the fact that two successive transformations with scale factors b and b’
are equivalent to a single transformation with scale factor »” = b’b, so that the two
iterated transformations

g =Rb;g)and g" =R®b'; g, (3.16)
are by construction equivalent with
g =ROR(b;g) =RDb; g) . (3.17)

The nonexistence of an inverse transformation follows from the fact that many
different microscopic models can have the same long-wavelength properties. For-
mally, the elimination of the short-wavelength fluctuations generates a projection of
the coupling space defining the microscopic model onto a reduced coupling space
associated with a new effective model with the same long-wavelength properties.

The complete RG procedure is now defined by iterating the above two-step
procedure, defining for given initial couplings g® = g a chain of renormalized
couplings g™ via

g(n) = R(b; g(nfl)) =ROb";g). (3.18)
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For n — oo the total rescaling factor " diverges, which means that we have inte-
grated out all degrees of freedom, so that in principle we can identify the field-
independent part £ of the resulting effective action for n — oo with the exact
free energy density of the system. Of course, in almost all physically interesting
cases the RG transformation (3.15b) can only be carried out approximately, so that
we cannot calculate the exact free energy in this way. The crucial point is, however,
that the iteration of rather simple approximate RG transformations R(b; g) with an
RG step size b > 1 of the order of unity can generate nonperturbative expressions
for various physical quantities. Under certain conditions (which will be discussed in
Chap. 4), results based on simple approximate RG transformations are quantitatively
accurate even in the critical regime, so that the controlled calculation of the critical
exponents becomes possible.

In practice, there are many different ways of implementing the RG procedure:
for example, the mode-elimination step can be performed in real space, in wave
vector space, or (for quantum systems) in frequency space. Moreover, there is some
freedom in the choice of the RG step size b and there are many possibilities of
introducing a cutoff A separating long-wavelength from short-wavelength fluctua-
tions into a given model. Unfortunately, there is no unique implementation of the
RG procedure which can be used as a black box in all situations. Instead, special
versions of the RG procedure have proven to be useful to study certain classes of
problems. Let us briefly list some important cases:

(a) Migdal-Kadanoff real space RG: For spin systems where the spins are localized
on lattice sites it can be useful to perform the mode-elimination step directly in
real space by performing partial traces over the Hilbert spaces associated with
certain blocks of spins. After mode elimination, one then obtains an effective
coarse-grained spin Hamiltonian where the spin blocks are replaced by new
effective spins associated with a diluted lattice with a larger lattice spacing. In
the second RG step, length scales are then reduced such that the lattice spac-
ing has again the original size. This procedure has been suggested by Migdal
(1975) and by Kadanoff (1976), and is therefore called the Migdal-Kadanoff
RG procedure. Unfortunately, in more than one dimension the Migdal-Kadanoff
procedure requires approximations whose accuracy is difficult to estimate (see
Exercise 3.2). Nevertheless, for certain types of systems (such as some quan-
tum spin models which cannot be described in terms of a local field theory
with a well-defined Gaussian part) the Migdal-Kadanoff RG is still the most
convenient implementation of the RG. In order to explain the basic ideas of
the Migdal-Kadanoff RG, we shall use it in Sect. 3.2 to calculate the partition
function of the one-dimensional Ising model, whose exact solution has been
obtained in Exercise 1.1 via the transfer matrix method.

(b) Momentum space RG: For translationally invariant systems whose critical prop-
erties can be described by an effective field theory with a well-defined Gaus-
sian part, perhaps the most popular implementation of the RG is based on the
mode elimination in momentum space, as explained above. In the simplest case,
one introduces a sharp boundary between the integrated and the unintegrated
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momenta as in Egs. (3.4a) and (3.4b). Such a sharp cutoff is very convenient to
evaluate the lowest-order fluctuation correction to the Gaussian approximation
(the so-called one-loop approximation). Since this approximation is sufficient
in many problems in condensed matter physics and statistical mechanics, the
momentum shell RG with a sharp cutoff has been very popular and successful in
this field. On the other hand, beyond the one-loop approximation, the sharp cut-
off in momentum space leads to very cumbersome integrations and unphysical
nonanalyticities, so that it is better to smooth out the boundary between the inte-
grated and unintegrated regimes in momentum space (Wilson and Kogut 1974).
Unfortunately, for a smooth cutoff the integrations appearing in the Wilsonian
RG can only be performed numerically, so that for two-loop calculations even
condensed matter physicists often abandon the Wilsonian RG and go back to the
field-theoretical RG if the model under consideration is renormalizable.

(¢) Functional renormalization group (FRG): In a seminal paper, Wegner and
Houghton (1973) realized that if the mode-elimination step in the momentum
space RG is carried out in infinitesimal momentum shells A — dA < k] < A,
then the resulting change of the effective action can be expressed in terms of
a formally exact functional differential equation describing the evolution of the
effective action as a function of the cutoff A. This so-called Wegner—Houghton
equation is equivalent to an infinite hierarchy of coupled integro-differential
equations for the correlation functions of the theory, which are obtained by
expanding the effective action in powers of the fields. Of course, usually this
hierarchy of flow equations cannot be solved exactly, so that approximations are
necessary in order to calculate the critical properties of the system. Still, it is
very useful to have formally exact equations describing the mode-elimination
step in the Wilsonian RG, because it opens the way for new approximation
strategies and in some cases simplifies conceptual problems such as renormal-
izability proofs of quantum field theories (Polchinski 1984, Keller and Kopper
1991, 1996).

Due to some technical complications related to the sharp cutoff, the Wegner—
Houghton equation has not been widely used to solve problems of physical
interest. However, in the past 20 years alternative exact FRG flow equations
describing the mode-elimination step of the Wilsonian RG have been derived
which circumvent some of the technical complications inherent in the Wegner—
Houghton equation (Wetterich 1993, Morris 1994). One of the purposes of this
book is to give a self-contained introduction to these FRG methods.

(d) Numerical implementations of the RG: In condensed matter physics two impor-
tant numerical implementations of the RG have been developed. The first is
the numerical RG approach (usually abbreviated NRG) for quantum impurity
systems, which has been developed by Wilson (1975) to study the Kondo prob-
lem describing a single localized spin § = 1/2 coupled to a bath of non-
interacting conduction electrons. Due to the coupling to the bath, the quan-
tum dynamics of the spin is nontrivial and can only be obtained by means
of nonperturbative methods. The mode-elimination step is then carried out
numerically by eliminating states in the Hilbert space of the system corre-
sponding to certain energy windows. For a comprehensive introduction to this
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method see the book by Hewson (1993) or the more recent review article
by Bulla et al. (2008).

The second mainly numerical RG approach is the density matrix renormaliza-
tion group method (White 1992, Peschel et al. 1999, Schollwock 2005), which
is particularly useful to study one-dimensional quantum systems. Roughly, this
DMRG is a sort of real-space RG approach where the density matrix of the
system plays an essential role for the selection of states to be eliminated by
the RG iteration. In this book we shall not further discuss these numerical RG
methods.

(e) Continuous unitary transformations: Another implementation of the RG idea
which directly manipulates the Hamiltonian of the system is the method of con-
tinuous unitary transformations, also called flow equation method, which was
proposed independently by Wegner (1994), and by Glazek and Wilson (1993,
1994). In this method one defines a family of unitary transformations depending
on a certain continuous flow parameter which iteratively transform the Hamil-
tonian into diagonal form or at least block-diagonal form. For a survey of this
method, see the recent book by Kehrein (2006).

3.2 Real-Space RG for the One-Dimensional Ising Model

The Migdal-Kadanoff real-space RG is perhaps the best starting point for gaining
an intuitive understanding of the basic concepts underlying the RG. For other ped-
agogical introductions to this method see (Maris and Kadanoff 1978, Chaikin and
Lubensky 1995, McComb 2004). Here we shall explain this method by using it to
solve the one-dimensional Ising model with nearest-neighbor interactions. It turns
out that for this model the mode-elimination step can be performed exactly, which
should not be surprising because we already know from Exercise 1.1 that the model
can be easily solved using the transfer matrix method.

3.2.1 Exact Decimation

The Hamiltonian of the one-dimensional Ising model with ferromagnetic nearest-
neighbor coupling J in a magnetic field & can be written as

N N
H=-J) sisii—hY si—Ep. (3.19)
i=1 i=1
where s; = 1 and we assume periodic boundary conditions, so that s;1y = s;.

For later convenience, we have subtracted an arbitrary constant £y which defines
the zero of energy. Introducing the dimensionless couplings

BEo

g=pBJ, h=ph, ]f:T, (3.20)
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the partition function of our model can be written as follows,

N N
Z = Z Z exp[ngisi+1+f~lZSi+Nf:|
sy=%1 i=1 i=1

X[::tl
al h

= X X | Dfensr+ e+ 7)]

si==%1 sy==1 i=1
— Z <683152+%(51+Sz)+}~”) (egfzfer%(SerSs)Jrf) . <egstl+%(3N+Sl)+.;>

{si}
= Y 0 > Ty T, - T, = Te[TV] (3.21)

==+1 ==+1

where the four numbers
Ty =exp|gss + E(s +s)+f (3.22)

are arranged to form the 2 x 2 transfer matrix,

(T T\ _ 7 esth o=
T= (Tl,l T1,1> =¢ e=8 o8 ) " (3.23)

Assuming that N is even, a possible implementation of the RG mode-elimination
step is now to carry out a partial summation over all sites with even labels in
Eq. (3.21),

z= 3 <Z Ts, Tm) <Z Tos, TS“S) . (Z Tov isn T)
84 SN

S183...58v—1 52

= Y (T[Tl - (Tl = T[(THY] (3.24)

S5183...SN—1

where N’ = N /2 is the number of sites after mode elimination, and the new transfer
matrix is simply

T =

PR TIE) S VN S
T2=e2f<e te ™ ¢ e ) (3.25)

ot eh Q22 4 o2

After the mode-elimination step, the partition function of our model has the same
form as the partition function of an effective Ising model with a new transfer matrix
T’ and a new lattice with half as many lattice sites as our original model and twice
the original lattice spacing a’ = 2a. This mode-elimination procedure is illustrated
in Fig. 3.1. We now define new coupling constants g’, 7', and f’ by demanding that
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Fig. 3.1 Pictorial representation of the mode-elimination step in the Ising chain corresponding to
Eq. (3.24) where all even sites are eliminated

our new transfer matrix T’ should be of the same form as the original one given in
Eq. (3.23), i.e.,

T — o R R N 0 e e o 3.26
TN v )T et Qe ) (320

A priori it is not clear whether after mode elimination the transfer matrix can be
parameterized in terms of the same number of parameters as the original trans-
fer matrix. In fact, in two and higher dimensions the mode-elimination step in the
Migdal-Kadanoff RG usually generates interactions beyond the nearest neighbors
so that the new transfer matrix does not have the same form as the transfer matrix
of the original nearest-neighbor model, see Exercise 3.2. Fortunately, for our one-
dimensional Ising model the mode-elimination procedure does not generate new
couplings. Mathematically, this implies that the matrix equation (3.26) can uniquely
be solved for the new parameters g’, 2’ and f as functions of the original couplings
g, h, and f. To obtain the explicit solution, we note that the matrices in Eq. (3.26)
are symmetric, so that this matrix equation is equivalent to the following three non-
linear equations for our three unknowns g’, /', and f’,

ol = 2T <e2g+2i' i e—2g) — 22+ cosh2g +h),  (3.27a)
ol = 2T (ezx—z" + e—28) — 22 cosh2g — Ry, (3.27b)
oI 8 = 2f (eﬁ + eJ’> — 26 cosh i . (3.27¢)

Let us now explicitly solve these equations for ]~”, g’,and /. Therefore, we take the
logarithm of both sides of Egs. (3.27a), (3.27b), and (3.27c) to obtain

F'+g +h =2F +h+In[2cosh2g + )], (3.28)
f'+¢ —h =2f—h+In[2cosh2g — h)], (3.28b)
f —g =2f+1In[2coshh] . (3.28¢)

Subtracting Eq. (3.28b) from Eq. (3.28a) yields for the new magnetic field,
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h =

Bt

cosh(2g + fz)} . (3.29)

1
+ =1In |: =
2 cosh(2g — h)

Adding Eq. (3.28¢) to half of the sum of Egs. (3.28a) and (3.28b) we obtain for the
renormalized free energy,

. 1 _ N N
Ffl=2f+ 1 In[16 cosh®  cosh(2g + h) cosh(2g — )] . (3.30)

Finally, we subtract Eq. (3.28¢) from half of the sum of Eqs. (3.28a) and (3.28b) and
obtain for the new dimensionless nearest-neighbor interaction,

, 1 n [cosh(2g + h)cosh(2g — h)] . (331)

£7% cosh?
For simplicity, we now set the magnetic field equal to zero, 7 = 0. Eq. (3.29)

then implies that the new magnetic field 4’ also vanishes, while the RG equation
(3.31) for the renormalized coupling constant becomes

¢ =n (Veosh2g). (3.32)

To rewrite this relation in a more convenient form, we exponentiate both sides, so

that e$' = /cosh 2g or ¢ ¢ = 1/,/cosh 2g, and hence

e , + 4 , - v C()Sth 1 + 5 33321
eg, - é‘g/ == v C()Sllzg l - . 3.33b
( C()Sh 2g> ( )

Dividing Eq. (3.33b) by (3.33a) and using the identity cosh2g = 2cosh’ g — 1 =
1 4 2sinh? g we finally obtain

[tanh g’ = tanh’ g . (3.34)

while the RG equation (3.30) for the rescaled free energy simplifies for 2 = 0 to

f=2f+In (2,/cosh 2g> . (3.35)

Using Eq. (3.34) and the identities cosh(2g) = cosh* g — sinh* g and cosh g’ =

1/,/1 — tanh? g/, we may rewrite the argument of the logarithm in Eq. (3.35) as
follows,
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J/cosh2g = = \/cosh* g — sinh* g = cosh? g\/1 — tanh* g
cosh?
= cosh® g4/1 — tanh? g’ = 8 , (3.36)
!
cosh g

so that Eq. (3.35) can also be written as

. ~ h
f'=2f+1In(2coshg) +In <c(::(())ssh gg/> . (3.37)

All three terms on the right-hand side of Eq. (3.37) have a simple interpretation: the
first term 2 f describes the change of the free energy per site due to the reduction
of the number of sites. Since after the mode-elimination step the number of sites
N’ = N/2 has been reduced by a factor of two, the free energy per site increases
by the same factor. The term 2 can thus be interpreted as a contribution from the
rescaling of the number of sites. The second term In (2 cosh g) on the right-hand side
of Eq. (3.37) can be interpreted as the contribution from N /2 noninteracting spins
to the free energy per site. However, the spins which are eliminated are not free,
which is taken into account by the last term on the right-hand side of Eq. (3.37) via
the change of the coupling constant. It is important to realize that the RG procedure
does not modify the partition function, it just calculates it iteratively, so that with
N =NJ2,

Zn(g. ) =2y, ). (3.38)

On the other hand, since our initial value f = BEy/N is just an additive constant,
the partition function for a system of N spins satisfies

Zn(g. F)=eM Zn(g. F=0). (3.39)

Combining Eqgs. (3.38) and (3.39), we obtain the RG equation for the partition func-
tion

Zy(g,0) = e N 2y (g, 0) = 22D 24 (g, 0)

- (2/eorhZg)

N
2

2cosh’ g

Zx(g.0) = ( ) Z4(g.0). (340)

cosh g’

where in the second line we have used Eqgs. (3.35) and (3.37).

The above recursion relations are exact: we have been able to map the problem of
calculating the partition function of the original one-dimensional Ising model with
Hamiltonian H(g, , f) on an N-site lattice with lattice spacing a onto the problem
of solving an effective Ising model on a lattice with only % sites and twice the lattice
spacing, but with renormalized Hamiltonian H'(g’, &', f'). The fact that H' has pre-
cisely the same form as H is a special property of the one-dimensional Ising model.
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In higher dimensions, the mode-elimination step in the Migdal-Kadanoff RG gen-
erates new couplings describing longer range interactions between the spins. As a
result, one cannot write down exact RG equations describing the mode-elimination
step and has to rely on approximations, see Exercise 3.2. This is certainly a weak
point of the Migdal-Kadanoff RG procedure. On the other hand, as first pointed out
by Wegner and Houghton (1973), for a quite general class of problems which can be
formulated in terms of functional integrals exact RG equations describing the mode-
elimination step can be written down if the mode elimination step is performed in
infinitesimal steps. This functional renormalization group (FRG) approach will be
explained in detail in Part II of this book. Although the resulting functional dif-
ferential equations typically cannot be solved exactly (see, however, Sect. 11.5 for
a nontrivial exception), the FRG approach opens new possibilities for approxima-
tions, so that rather simple truncations of the exact FRG equations usually yield
nonperturbative results.

3.2.2 Iteration and Fixed Points of the RG

At the first sight the rescaling step of our general RG procedure is still missing.
However, this is only partially true, because by expressing all dimensionful quan-
tities after the mode elimination in terms of the new lattice constant a’ = 2a,
we implicitly take the canonical dimension of the coupling constant into account.
For example, the first term 2 f on the right-hand side of the flow equation (3.37)
for the rescaled free energy f is due to the rescaling of the number of sites
N’ = N/2 = L/a’, where L is the length of the system. Because the spin variables
in real space are not rescaled in the above RG transformation, the corresponding
correlation function G(r) also does not scale at the critical point, which according
to Eq. (1.13) implies D —2+n =0,0orn =2—D = 1in D = 1. As pointed out by
Fisher (1983), the fact that even without spin rescaling (corresponding to n = 1 in
D = 1) one obtains a sensible zero temperature fixed point for the one-dimensional
Ising model should be considered as a lucky accident; in D > 1 one usually needs
a nontrivial spin-rescaling factor in order to obtain an RG fixed point.

Let us now iterate the RG equation (3.34) for the coupling constant g = J/T in
the absence of a magnetic field. Suppose that the physical temperature is small but
finite (0 < T < J), so that the quantity

J
Xo = tanh (;) =tanhg (341

is close to unity. After one step in our RG procedure we obtain from Eq. (3.34) that
the coupling g; of the new effective Ising model is given by

tanhg; = x; = x . (3.42)
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Fig. 3.2 Graphical representation of the RG flow described by the recursion relation (3.43). The
arrows indicate the direction of change of the variables x,, as the RG is iterated

The new parameter g; is therefore smaller than the initial value g. Since g; is the
ratio of the exchange coupling and the temperature, we can interpret this in two
possible ways: either the new exchange coupling becomes smaller at constant tem-
perature, or the temperature becomes larger while J is fixed. In the latter picture
the RG maps the initial low-temperature Ising model onto a new high-temperature
Ising model. Iterating the RG n times, we obtain a sequence of temperatures
T, T, T,, Ts ... which are determined by

J
Xn4l = xy%? Xp = tanh (F) . (343)

n

The flow of successive x,, as a function of the initial x( is conveniently represented
graphically as the RG flow diagram shown in Fig. 3.2. Obviously, the recursion
relation (3.43) has two fixed points which are invariant under the RG transformation:
a stable fixed point at x,, = 0 describing the Ising model at infinite temperature, and
an unstable fixed point at x,, = 1, which determines the critical behavior of the Ising
model for T — 0. At any finite initial temperature (0 < xo < 1), the RG maps
the Ising model to an effective model at infinite temperature. But at sufficiently
high temperatures the spins are only weakly correlated and there is certainly no
spontaneous magnetization. We therefore expect that this is also the case at any finite
T > 0. To see this explicitly, let us consider the correlation length £. Recall that & is
defined in terms of the asymptotic behavior of the correlation function G(r; —r ;) for
|r; —rj| — oo, or, equivalently, in terms of the behavior of its Fourier transform
G(k) for small wave vectors. Since r; and r; are well separated, we can always
choose sites i and j which are not eliminated in the RG mode-elimination step.
Now, eliminating modes does not effect the correlations between any modes which
are not integrated out.* As a consequence, only the rescaling step (which changes
the unit of length) modifies the value of &. Since £ has units of length and all length
scales shrink by a factor of 1/b under the rescaling transformation, we conclude that
after one complete iteration of the RG the correlation length transforms as

E=E0)=2—=. (3.44)

4 The invariance of the correlation length under the mode-elimination step can be shown mathe-
matically via the following chain of identities,
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Fig. 3.3 Pictorial representation of the change of the correlation length under the RG transforma-
tion. After decimation the new lattice constant is a factor of b larger than the old one, while the
correlation length is constant. After rescaling, all length scales are scaled down by a factor of 1/b

The transformation behavior of the correlation length is illustrated graphically for

b = 2 in Fig. 3.3. According to our recursion relation (3.43), we have x’ = x2, so

that Eq. (3.44) implies

E(x?) = = (3.45)
This functional equation has the solution
£ = -, (3.46)
nx

where ay is an arbitrary length scale. At low temperatures, where g = J/T > 1,
we may approximate x = tanh g ~ 1 — 2¢~2¢. Identifying ayp = a with the lattice

Z(;i) 85,’8_&‘./46_1:](-?1nYz....sN)
Sy e o
2-D Zm,sa,m,:,-.A,.,:jm,,SNil ssiasj ZSZ,SLA,.,:N e’H(Slez.A..xN)

ZS‘“‘3~-«,Sy,.“,s],_“.SN7] ZSZJA,.“,SN e’H(A‘hSz,“,sN)
2-D Zn,sa,m,:,-.A,.,:j.“.,SN?] Bsiasje*fi'(.w‘SJ,_AA,rl\,fl)
ZSI’S3“"’S!='-*’S;)-«~,SN,| 671"1’(3'1.53...43',\,,,)

=a
where A = BH and the reduced Hamiltonian A’ is defined by

e*ﬁ/(ShSL«»SN—l) = E e*i](&;,xz,.ux,\y) .

§2.845 0. SN

G(ri—rj) = azfu(SsiSSj) =a*P

=a

)

Apparently the mode-elimination step eliminates modes which by the definition of the correlation
function have to be eliminated anyway. Consequently, the correlation function and the correlation
length & do not change under the explicit mode-elimination process.
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constant, we obtain for the low-temperature behavior of the correlation length of the
one-dimensional Ising model,

£~ %ezf/T , (3.47)

which agrees with the exact low-temperature result for the correlation length
obtained in Exercise 1.1. Obviously, for any finite temperature the correlation length
is finite, so that the system is disordered. In the zero temperature limit the correlation
length diverges. The point T = 0 is therefore a critical point of the one-dimensional
Ising model. The corresponding critical exponents and the scaling functions have
been calculated explicitly in Exercise 1.1. Note that the critical point corresponds
to the unstable RG fixed point x, = 1 in Fig. 3.2. We shall show in Sect. 3.3.2 that
there is a general connection between critical points of continuous phase transitions
and unstable RG fixed points.

3.2.3 Infinitesimal Form of RG Recursion Relations

So far, we have eliminated every second spin, so that after one iteration of the RG the
system has N/ = % sites and lattice spacing a’ = 2a. But there is no unique way
of implementing the decimation procedure; we may just as well eliminate blocks
of two neighboring spins as shown in Fig. 3.4. In this case N' = N/3 and a’ =
3a. More generally, we may eliminate blocks of b spins, so that after one mode-
elimination step the lattice has N’ = N /b sites and lattice spacing a’ = ba. The RG
recursion relations for the parameters of the new Ising model after mode elimination
can be obtained in analogy with Eq. (3.24) by expressing the partition function in
terms of the renormalized T-Matrix as

Z =Te[T"] = Te[(TO)Y*] = Te[(T)V] . (3.48)

The recursion relations for any integer b can be obtained again by demanding that
T’ = T is again of the same form as the original T-matrix,

1 2 3 4 5 6 ) N-2 N-1 N
! # e e " f—————x
7 1

N
1 2 3
f

/]

3a !

Fig. 3.4 Pictorial representation of a mode-elimination step in the Ising chain where blocks of two
neighboring spins are eliminated
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- +h g - g+h =g b
Y R W DY
T =e ( ot eg,_h,) = |:e (e‘g eg_h>i| . (3.49)
Setting for simplicity 7 = 0, this implies for the renormalized coupling constant
(see Exercise 3.1),

tanh g’ = (tanh g)* , (3.50)

and for the renormalized free energy per site,

B B 2b—l h b
P =bF+ 1n[M}
cosh g’
i h
=bf+(b—1)1n(2coshg)+1n<°°S g) . (3.51)
cosh g’

Egs. (3.50) and (3.51) generalize Eqgs. (3.34) and (3.37) for arbitrary b. Although
these equations have been derived for integer b, they can be analytically continued
for any real b. Using this freedom, we may set

b=ée =1+1+00% (3.52)
with infinitesimal /, and consider the limit / — 0, where the discrete recursion

relations become differential equations. Setting g’ = g; and x; = tanh g; with initial
value g;—o = g, and expanding for small /,

x = xb = xITO & xo[1 + nxg + O] (3.53)

we obtain from Eq. (3.50)

X — Xo
l

=xplnxg + O) . (3.54)

Iterating this equation and taking the limit /[ — O this reduces to the differential
equation

dx,

dl = X lnxl . (355)

Integrating this differential equation with initial condition xy = tanh g up to a finite
[, we obtain the coupling constant x; = tanh g; of the effective Ising model which
results from the elimination of » — 1 = ¢/ — 1 spins. Eq. (3.55) can be explicitly
integrated by separation of variables; the result is

!

X =x; , (3.56)
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which agrees of course with Eq. (3.53). The right-hand side of the differential RG
flow equation (3.55) is called RG g-function, which is usually denoted by

Bx)=xInx. (3.57)

Note that the RG fixed points where dx;/dl = 0 correspond to the zeros of the
B-function, in our case x, = 0 and x, = 1.

If we use the variable g; instead of x; = tanh g;, then Eq. (3.55) looks more

complicated: abbreviating 8, = 9/9! and using 9, tanh g, = 9,g;/ cosh? g, we obtain

d;g; = cosh g; sinh g; In(tanh g;) . (3.58)

At low temperatures, where g; >> 1, this simplifies to
1, 5 1
g ~ Ze 8 ln(l —2e g’) R —5 (3.59)

which yields for the dimensionless temperatures t;, = 1/g; = T;/J,

tZ
o~ é , (3.60)

with solution

(3.61)

Since Eq. (3.60) has been derived under the assumption #; < 1, the solution of
Eq. (3.61) can only be trusted up to / < I, where f, = 1;, is of the order of unity.
Roughly, this is the scale where the denominator in Eq. (3.61) vanishes, [, = 2/1.
But at high temperatures of order J, the correlation length should be of the order
of the lattice spacing, so that according to Eq. (3.44) the correlation length in units
of the lattice spacing can be estimated to be proportional to b, = e+ = ¢*/" at low
temperatures, in agreement with our previous result (3.47).

The infinitesimal form of the RG equation for the free energy per site can be
obtained analogously from Eq. (3.51),

- ~ cosh
0 fi = fi +In(2cosh g;) + 9; |:ln<COSh§0):|
17 di=0

= fi +In(2cosh g;) — (tanh g,)d; g
= J; + In(2 cosh g;) — sinh® g, In(tanh g;) . (3.62)

The first term on the right-hand side in the last line is due to the fact that at RG
step [ the number of sites N; = N/b = Ne~' has decreased by a factor of e~!. In
D dimensions, the corresponding flow equation for the free energy per unit volume
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would start with a term 8, f = D f + . ... More generally, the RG flow equation of
any coupling g; which can be made dimensionless by multiplication with a factor
(length)Ps contains a term of the form

g =Dgg+..., (3.63)

where Dy is called the canonical dimension (also called engineering dimension) of
the coupling g;. The value of D, follows from simple dimensional analysis; the
first term on the right-hand side of the differential RG flow equation (3.63) simply
expresses the fact that the RG rescaling step changes the length scale. As already
pointed out at the beginning of Sect. 3.2.2, in the Migdal-Kadanoff RG the length
rescaling step is implicitly performed by introducing dimensionless couplings by
multiplying the dimensionful couplings with a factor depending on the reduced lat-
tice spacing, as is obvious from Eq. (3.62).

3.3 General Properties of RG Flows

In this section we shall discuss some basic properties of RG flows which are inde-
pendent of any specific model. In particular, we explain the deep relation between
fixed points of the RG transformation and critical points of the underlying physical
system, which is the key to understand the microscopic origin of the scaling hypoth-
esis formulated in Sect. 1.3. We also show how the linearized RG flow around RG
fixed points determines the critical exponents, and discuss some global properties
of RG flows.

3.3.1 RG Fixed Points and the Critical Surface

Given a general RG transformation R(b; g) acting on the (possibly infinite) set
of couplings g = (g1, 82,83, --.), a fixed point of the RG is a special point
gt = (gi‘, 85, 85 - ) in coupling space which is invariant under the transformation
R(b; g),ie.,

&' =Rbig") . (3.64)

To understand the physical significance of RG fixed points, recall that in Sect. 3.2
we have found that the RG transformation for the one-dimensional Ising model has
two different fixed points illustrated in Fig. 3.2: an unstable fixed point associated
with the critical point of the Ising model at zero temperature, and a stable fixed point
describing completely decoupled spins at infinite temperature. From Eq. (3.47) it is
obvious that the correlation length at the zero temperature fixed point is infinite;
on the other hand, at infinite temperature the spins are uncorrelated, so that the
correlation length vanishes. The fact that at a fixed point of the RG the correlation
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length is either infinite or zero is not a special property of the Ising chain: any RG
fixed point describes either a critical system with infinite correlation length, or a
completely decoupled system with vanishing correlation length. To see this, note
that according to Eq. (3.44) the correlation length & transforms under one iteration
of the RG as

£(g) = % , (3.65)
with arbitrary » > 1. Let us emphasize that Eq. (3.65) is an exact and quite general
scaling relation which holds by definition for any mode-elimination process in the
Wilsonian RG procedure. To see this, note that the correlation length can be defined
via the correlation function G(k) for small wave vectors.’ In particular, |k| should
be chosen much smaller than the cutoff A, such that we may formally integrate out
degrees of freedom between A and Ay, leaving the correlation function unchanged.

More precisely, using Eq. (2.98) we have

2/ Dlgllgil?e™ 171, [ Dlp=lgxl* [ Dip~]e 1 o1
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(3.66)

which does not depend on whether we have already eliminated modes explicitly (as
in the last line) or not. Using now the fact that at the fixed point g = g' = g*, we
conclude from Eq. (3.65) that

£(g")

£E(g") = P

(3.67)

which can only be satisfied if £(g*) is either infinite or zero. Fixed points with
& = oo describe critical points associated with continuous phase transitions and
are therefore called critical fixed points, while fixed points with £ = 0 are called
trivial fixed points. In general, a given RG transformation will have several fixed

5 If we write the exact correlation function in Fourier space as G(k) = [cok® + X (k)]™!, and
expand the so-called self-energy function X'(k) in powers of k, then a simple calculation analogous
to the one in Sect. 2.3.3 implies that the correlation length is given by cy/&> = ZX(0) with
Z7' =1+ 3% (k)/3(cok®)|k=o. We shall derive these relations in Sect. 4.2.3, see Egs. (4.97) and
(4.98). In Gaussian approximation X' (k) = A,ry (see Eq. (2.102)), so that co/E2 = ZX(0) ~ Arg
reduces to our previous result (2.80). For a system where all fluctuations with wave vectors with
k| > A = Ap/b have been eliminated via the RG the self-energy X ,(k) and Z, depend on the
cutoff A, so that we may define a cutoff-dependent length &, by setting co/£3 = Z4 X 4(0). By
definition, in the limit A — O the length &4 can be identified with the physical correlation length &.
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points or even a continuum of fixed points forming a certain manifold in coupling
space. For example, the RG flow of coupling constants for the two-dimensional
Ising model on the square lattice is characterized by the three fixed points shown
in Fig. 3.5. Obviously, each fixed point has its own basin of attraction, which is
the set of points in coupling constant space which flows into the fixed point when
the RG is iterated. The basin of attraction of the critical fixed point C where the
correlation length is infinite is called its critical surface or critical manifold. It turns
out that the correlation length is not only infinite precisely for the special values
g* of the coupling constants associated with a critical fixed point, but also on the
entire critical surface which is mapped into g* by iterating the RG transformation.
Therefore all couplings on the critical surface describe a physical system precisely
at the critical point. To see this, suppose we adjust the bare couplings g of some
system such that they lie on the critical surface of a certain critical fixed point.
For the Ising model with nearest and next-nearest-neighbor interactions we may
fine-tune the temperature until we hit the critical surface of the critical fixed point
C shown in Fig. 3.5. Suppose now that we iterate the elementary RG step n times
and keep track of the correlation length £(g™), where g denotes the value of the
renormalized coupling constants after n iterations. From Eq. (3.65) we obtain

£(g) =be(g") =b’E(g?) =... = b"E(g™) . (3.68)

Assuming now that the initial values g of the couplings lie on the critical surface,
then by definition lim, .., g™ = g*. But for a critical fixed point £(g*) = oo, so
that Eq. (3.68) implies that also the original correlation length &£ (g) must be infinite.

92 A \{.
T > S0
C

(95, 95) W

Soo g1

Fig. 3.5 Projected RG flow of the square lattice Ising model in the plane spanned by the dimen-
sionless couplings g, = BJ and g, = BJ’ representing nearest (J) and next-nearest-neighbor
(J') interactions. There are two trivial fixed points (the zero-temperature fixed point Sy and the
infinite-temperature fixed point S.,) and one critical fixed point (C). All points flowing into the
critical fixed point C constitute its critical manifold and are characterized by an infinite correlation
length. Monte Carlo calculations supporting the qualitative features of this schematic flow diagram
can be found in Swendsen (1984)
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3.3.2 Local RG Flow Close to a Fixed Point: Classification
of Couplings and Justification of the Scaling Hypothesis

One of the most fundamental insights provided by the RG is the connection between
critical exponents and the local behavior of the RG flow in the vicinity of a given RG
fixed point. Consider a general RG transformation of the form (3.15b) and a certain
fixed point g* satisfying the fixed point condition (3.64). Subtracting Eq. (3.64)
from Eq. (3.15b) we obtain

5g' =g —g" =Rb;g) — Rb: g") . (3.69)

Assuming now that the deviation §g = g — g* from the fixed point in coupling
space is sufficiently small, we may expand the right-hand side of Eq. (3.69) to linear
order in §g and obtain the linearized RG flow in the vicinity of the RG fixed point

g =(el. 8385
3¢’ =R(b;g")3g (3.70)
where R(b; g*) is a matrix in coupling space with matrix elements

_ dRibig)

(3.71)
ng

Rij(b;g")
-

Note that each fixed point of a general RG transformation R.(b; g) is characterized
by a different matrix R(b; g*). To classify the linearized RG flow in the vicinity of
a given fixed point, it is useful to determine the eigenvalues of the matrix R(b; g*).
However, there is no reason why the matrix R(b; g*) should be symmetric, so that
in general it cannot be diagonalized and we should distinguish between left and
right eigenvectors. For our purpose we need only the left eigenvectors vl and the
corresponding eigenvalues A, (b), which we label by an index @« = 1,2,3,.... By
definition, the left eigenvectors satisfy the eigenvalue equation

vIR(b; g%) = vl A, (D) . (3.72)

To discuss the RG flow in the vicinity of the fixed point g*, it is useful to project the
coupling vector §g onto the left eigenvectors vl of the matrix R(b; g*),

Uy =01 8g = Z Va.i88i - (3.73)

These special linear combinations of the coupling constants are called scaling vari-
ables, because they do not mix under the linearized RG transformation (3.70), which
follows simply from Egs. (3.72) and (3.73),
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u, =v8g = vIR(b; g*)8g = ro(b)v] 88 = Ao(P)uty . (3.74)

The crucial point is now that the semigroup property imposes a strong constraint on
the b-dependence of the eigenvalues A, (b). According to Eq. (3.17) the composition
of two RG transformations satisfies

RO R(b;g) = R(b'b; g) = R(bY'; g) = R(D; R(D'; 8)) (3.75)

implying for the transformation matrices associated with the linearized RG flow
around a given fixed point,

R(b;g")R(D';g") = R(bb'; g") = R('; g")R(b; g7) . (3.76)

For different values of b all members of the continuous family of matrices R(b; g*)
therefore commute, so that their eigenvectors vg are independent of b. Moreover,
Eq. (3.76) implies that the eigenvalues satisfy

Aa(D)Ag(b') = ho(BD) . (3.77)

This functional equation has the solution

(3.78)

with some b-independent exponent y,. To linear order in the deviations from the
fixed point, the RG equation for the scaling variables u, defined in Eq. (3.73) is
therefore

ul, =b*u, , (3.79)
or with b = ¢! in differential form

du,,

T = Yolg , (3.80)

where one should keep in mind that corrections of order u2 are neglected on the
right-hand side. The y,, are called the renormalization group eigenvalues associated
with the scaling variables u,. By construction, the fixed point now corresponds to
u} = 0. Eq. (3.80) describes the growth or decay of particular linear combinations
Ug = ) ; Vg (g,- - gl*) of couplings in the vicinity of a given fixed point g*. Obvi-
ously, for y, > 0 a small initial deviation u, o # 0 from the fixed point grows
exponentially when the RG is iterated so that the RG flow is repelled from the fixed
point; scaling variables u, with positive y, are therefore called relevant. On the
other hand, for y, < 0 small initial deviations from the fixed point decrease as
we iterate the RG, so that the corresponding scaling variables are called irrelevant.
Finally, there are marginal scaling variables with y, = 0; in this case one has to
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retain the corrections of quadratic order in the coupling constants in order to decide
whether the RG flow in coupling space approaches a given fixed point or flows away
from it. In the former case the coupling is called marginally irrelevant, while in the
latter case it is called marginally relevant.®

The exponents y, associated with relevant couplings are closely related to the
critical exponents. The precise relation depends on the relevant scaling variables
of the system and on the nature of the fixed point. For simplicity, consider here
the nearest-neighbor Ising model in a magnetic field 4, which can be described by
the effective field theory S[¢] in Eq. (2.40). To obtain the critical behavior of the
system below four dimensions, we may use the simpler ¢*-theory S,,[¢] defined
in Eq. (2.65). We shall show in Chap. 4 that in D < 4 the critical RG fixed point
which determines the critical behavior of the system is characterized by two relevant
scaling variables: a thermal variable #;, which is proportional to the deviation of
the temperature from the critical temperature, and a suitably defined magnetic field
variable 4;. The RG equations describing the linearized flow in the vicinity of the
critical fixed point are then of the form

oty = yiy, Ohy = yphy, (3.81)
with positive exponents y, and y;,. The solutions are simply
= t()ey'l =tb”, h = hoeyhl = hob”" . (3.82)

Taking into account that after the rescaling step the volume V' = V /b shrinks
by a factor of 1/b”, we conclude that the singular part of the free energy density
transforms under the RG as

Fing(to, ho) = b7 Faing(tr, i) = b fuing(b” 1o, b7 ho) | (3.83)

which is precisely the scaling hypothesis (1.16) for the free energy. Due to the lin-
earization of the RG flow equations (3.81) and the neglect of marginal and irrelevant
couplings, Eq. (3.83) applies only to the singular part of the free energy density,
which is dominated by the scale dependence of the relevant scaling variables in the
vicinity of the RG fixed point.

Next, let us justify the scaling hypothesis for the correlation function given in
Eq. (1.25). Therefore, we should calculate how the correlation function transforms

6 Since the matrix R(b; g*) is in general not symmetric, one cannot exclude the possibility that
some of its eigenvalues are complex, so that the associated exponents y, are also complex. In
this case more complicated RG flows are possible, such as limit cycles or even chaotic RG flows.
Although this possibility was discussed by Wilson (1971a), for a long time no models exhibiting
this type of behavior could be found. However, recently some models whose RG flows exhibit limit
cycles have been constructed (Glazek and Wilson 2002, LeClair et al. 2003) and a physically rele-
vant model exhibiting a cyclic RG flow has been found (Moroz et al. 2009), see also the discussion
at the end of Sect. 3.3.3.
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under the RG. For simplicity, consider the Fourier transform G (k) of the correlation
function of the Ising model, which according to Eq. (2.100) can be written as a
functional average,

[ Dlple S50 (k)¢ (k)

fp[(p]gfslwl ’
(3.84)

Qm)P8(ky + k)G k13 8) = (S¢(k1)S¢(ks))s =

where the effective action S[¢] is defined in Eq. (2.40) and g is the infinite set of
coupling constants defining the lattice action S[¢]. But according to Eq. (3.9), after
one iteration of the RG the fields with momenta smaller than the cutoff should be
rescaled as dp(k) = £,8¢' (k') with k' = bk, so that

(Sek1)dp(k2))s = ¢ (89" (K))S¢'(Ky))s = &7 (2m)P8(k| + ky)G (k3 ¢)) . (3.85)

Keeping in mind that §(k') = §(bk) = b~P8(k), we obtain from Eqs. (2.100) and
(3.85)

2
Gl g) = z—hDG(k’;gv . (3.86)

To determine the field rescaling factor ¢, we note that the field term hpp(k = 0)
in our effective action (2.61) is invariant under the RG transformation, because it
involves only the k = 0 component of the field which is not affected by the RG.
Hence,

h
hop(k = 0) = h¢'(k' = 0) = g_;w(k =0). (3.87)

This implies h; = ¢ho and hence
o =0b". (3.88)

Finally, we use again the fact that the singular part of the correlation function is
dominated by the scaling of the relevant couplings # and h; and obtain

Gaing(k; 10, ho) = b P G g (bl b 1, b o) | (3.89)

which is the Fourier transform of the scaling hypothesis (1.25) for the correlation
function. Recall that in Sect. 1.3 we have shown that the scaling relations (3.83) and
(3.89) imply that the correlation length exponent v = 1/y, can be identified with
the inverse of the eigenvalue of the thermal scaling variable, see Eq. (1.28). In this
way the numerical values of the critical exponents are related to the linearized RG
flow in the vicinity of critical fixed points.

The scaling relation (3.89) does not depend on the irrelevant scaling variables
u, with y, < 0. On the other hand, microscopic lattice models are usually
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characterized by infinitely many coupling constants with negative scaling dimen-
sions, implying the existence of infinitely many irrelevant scaling variables. For
example, the expansion of the exact order-parameter field theory S[¢] for the Ising
model defined in Eq. (2.40) in powers of the fields contains infinitely many terms
with a negative scaling dimension. From Eq. (2.51) it is obvious that the terms in
this expansion depend on the Fourier transform J; of the exchange coupling. Each
term in the expansion of Ji in powers of k defines a different coupling constant,
such as the couplings ¢} and c; in Egs. (3.14b) and (3.14c¢).

As the RG is iterated there is an enormous reduction of the dimensionality of the
coupling space and all irrelevant terms drop out. The leading singular behavior of
physical observables is controlled by a small number of relevant (and marginally
relevant) couplings. But what is then the effect of the irrelevant couplings? It turns
out that the effect of irrelevant couplings can be implicitly taken into account by
redefining the numerical initial values of the relevant couplings. Let us illustrate
this with a simple example, following Polchinski (1984). Consider a toy model
whose RG flow can be described by one relevant coupling # = u; and one irrelevant
coupling v = v;, with RG flow equations,

oju = eu + A(u, v) , (3.90a)
dgv = —Av+ B(u,v), (3.90b)

where for small u, v the functions A(u, v) and B(u, v) have an expansion

Au, v) = aju® + asuv + azv* + ..., (3.91a)
B(u, v) = bju* + bouv + bsv* + ... . (3.91b)
Assuming y, = € > 0 and y, = —A < 0, the coupling u is relevant, while v

is irrelevant. The linearization of the RG flow around the fixed point (u*, v*) =
(0, 0), where du/dl = dv/dl = 0, corresponds to setting A = B = 0. In this
case the solution of Egs. (3.90a) and (3.90b) with initial condition u;—g = u( and
Vi—o = Vg is simply u; = uget and v; = vpe ™, such that u; grows exponentially
while v; vanishes exponentially for / — oo. Even if we include the effect of the
functions A and B the flow is still attracted by a one-dimensional submanifold which
is determined by integrating the flow equations from (ug, vg) = (&6, 0) with small
8 > 0. However, before the deviation of the flow from this submanifold is damped
away, it will cause the relevant coupling «; to run a little faster or slower than it
would run for vy = 0. This is shown graphically in Fig. 3.6 where we have integrated
the flow equations (3.90a) and (3.90b) for parameters given in the figure caption.
The net effect of the irrelevant coupling is that the value of u;(ug, vy) is changed by
a finite constant Au; = |u;(ug, vo) — u;(ug, vo = 0)|. We can therefore absorb the
effect of the irrelevant coupling vy by redefining the initial value u( of the relevant
coupling u.

In some cases, however, the effect of the irrelevant couplings cannot be implicitly
taken into account via a finite redefinition of the relevant ones. This happens if the
scaling functions exhibit a singular dependence on some special irrelevant coupling,
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V0,2 -
0 s -
o D py u
Au
Fig. 3.6 RG flow of the toy model with RG flow equations (3.90a) and (3.90b), ¢ = A = 1,
A(u,v) = —uv, and B(u, v) = —u? in the u—v-plane. While the initial relevant coupling u is
chosen the same for all three trajectories, we have chosen different initial values vy ; (withi = 1,

2, 3) for the irrelevant coupling v;. Clearly, independent of the irrelevant initial value v, the flow
approaches the critical one-dimensional submanifold as the flow progresses. For the parameters
chosen here, a positive initial value vy of the irrelevant coupling v; causes the relevant coupling u;
to run a little slower and thus changes its value at a given RG time / by a finite amount. This can
be seen explicitly by considering the three points P;, which all correspond to the same /. The shift
Aup = |uy(uo, vo) — u;(ug, vo = 0)|, however, can be compensated by a redefinition of the initial
value u

so that we cannot simply set it equal to zero. The corresponding irrelevant coupling
is then called dangerously irrelevant. An example is the quartic interaction u in
the ¢*-theory (2.65) above four dimensions. In Chap. 4 we shall derive the RG
flow equation for this coupling within the so-called one-loop approximation. The
Ginzburg criterion discussed in Sect. 2.3.4 suggests that for D > 4 the quartic
coupling u is indeed irrelevant, which means that y, < 0. Nevertheless, we cannot
ignore u in the scaling of the free energy, so that we should replace Eq. (1.16) by

Fuing(t, B 1) = b7 foing (b1, B b, b¥ 1) . (3.92)

The crucial point is now that for small u the singular part of the free energy exhibits
a singular dependence on u, e.g. for h = 0 we have

Foing(—=1,h =0, ug) oc uy" (3.93)
such that
Fing(t, = 0, u) oc [t]“™0 fu = [t]* Ju . (3.94)

This implies o« = 0 which (for D > D,,) is the exact result. The critical exponents
B and y will be discussed Exercise 3.3, see also (Goldenfeld 1992, pp. 359-361).
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3.3.3 Global Properties of RG Flows and Classification
of Fixed Points

In the previous section we have shown that the local properties of the RG flow near
a given fixed point determines the critical exponents. More precisely, the critical
exponents can be expressed in terms of the eigenvalues of the matrix associated
with the linearized RG flow in the vicinity of the fixed point. The fact that these
eigenvalues are independent of the initial values of the couplings is the origin of
universality. In this section we shall discuss the global behavior of RG flows. Usu-
ally, any point in coupling space flows under the iterated RG to some fixed point.
The state of the system described by this fixed point represents the phase at the
original point in the phase diagram. Since the critical exponents are determined by
the RG flow in the vicinity of special types of critical fixed points (see below), all
Hamiltonians whose couplings lie within the basin of attraction of a given critical
fixed point have the same critical exponents; this is the microscopic reason for the
existence of universality classes. The phases of the system and possible transitions
between them are determined by the global topology of the RG flows connecting
the fixed points.

It is convenient to classify the different types of fixed points according to the
number of independent relevant couplings, corresponding to the RG flow away
from the fixed point. Recall that relevance/irrelevance is not a global property, but is
always defined with respect to a given fixed point. Another criterion for classifying
RG fixed points is the value of the correlation length &, which according to our gen-
eral considerations in Sect. 3.3.1 must be either zero or infinite at a fixed point. Let
us briefly list the most important types of fixed points, following mainly Goldenfeld
(1992):

(a) Critical fixed points: These are characterized by two independent relevant cou-
plings and an infinite correlation length. For example, at the Gaussian fixed point
describing the critical behavior of the Ising model in dimensions D > 4 the
couplings r o t and & are relevant. The RG flow close to this fixed point in the
infinite-dimensional space of all couplings is shown schematically in Fig. 3.7.
The two relevant couplings r and & drive the RG flow away from the fixed
point, so that the manifold in coupling space covered by the RG trajectories
that flow away from the fixed point is two-dimensional. The dimensionality of
this manifold is called the codimension of the fixed point. Critical fixed points
therefore have codimension 2. In order to flow precisely into the fixed point, one
has to fine-tune the initial conditions: for given initial values g( of the irrele-
vant couplings, there is a special point (ro(go), no(go)) of the relevant couplings
which is mapped into the critical fixed point C by the RG. By definition, the
critical manifold of C is the set of all points in coupling space that flows into
C under the RG, see Sect. 3.3.1. Trajectories which start slightly off the critical
manifold initially flow towards C, but ultimately are repelled from it. However,
in a large range of logarithmic flow parameters = In b these slightly off-critical
trajectories remain close to the fixed point, so that the physical properties of a
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Fig. 3.7 Typical RG flow in the vicinity of a critical fixed point which is characterized by two
relevant couplings r and &. The axis labeled g represents the (possibly infinite) set of marginal and
irrelevant couplings of a given model. The dot marked by a C is the critical fixed point

system corresponding to a slightly off-critical initial condition in coupling space
is dominated by the local properties of the associated critical fixed point.

(b) Multicritical fixed points: These are critical fixed points (§ = oo) with more

than two relevant couplings. In the special case of three relevant couplings,
one calls such a fixed point tricritical. To reach a multicritical fixed point, the
initial condition of all relevant couplings have to be fine-tuned to move the ini-
tial parameters on the critical surface of the fixed point. Experimentally, this is
achieved by adjusting the experimentally controllable external parameters, such
as the magnetic field, the temperature, or the pressure. However, the number of
external parameters which can be controlled experimentally is finite, so that in
practice multicritical points of higher order than three are hard to study experi-
mentally.

An exception seems to be the Fermi surface characterizing the normal state of
interacting electrons at zero temperature, which forms a (D — 1)-dimensional
continuum in D > 1 dimensions. To calculate the Fermi surface within the
framework of the RG, one has to introduce a continuum of relevant coupling
constants r;(k ) for each point kr on the Fermi surface, which all have to be
fine-tuned to flow into a fixed point associated with the true Fermi surface of
the system (Kopietz and Busche 2001, Ledowski and Kopietz 2003, Ledowski
et al. 2005, Ledowski and Kopietz 2007).” The Fermi surface in D > 1 can
therefore be viewed as a property of a multicritical point of infinite order. In fact,
as recently pointed out by Shiwa (2006), there is a formal similarity between
the RG theory for the Fermi surface and the so-called Brazovskii universality
class (Brazovskii 1975, Hohenberg and Swift 1995) describing classical systems
where the fluctuation spectrum has a minimum at some nonzero wave vector
(such as cholesteric liquid crystals), so that infinite-order multicritical points
appear also in classical systems.

7 In Sect. 10.4 we shall discuss the problem of calculating the Fermi surface within the framework
of the FRG in more detail.



3.3 General Properties of RG Flows 83

(c) Sinks: These are fixed points without relevant directions, so that RG trajectories
can only flow into them. Sinks correspond to stable bulk phases of matter and
describe a state with vanishing correlation length. As an example, the RG flow
diagram of the three-dimensional Ising ferromagnet in a magnetic field shown
in Fig. 3.8 has two sinks S; and S_ corresponding to infinite temperature and
h = Zo0o. These stable fixed points describe the simple fact that an infinite
positive or negative magnetic field aligns all spins along its direction. If we start
the RG procedure at any point in the coupling space with i # 0, successive RG
iterations will drive the system to one of the sinks with the appropriate sign of 4.
Because the sinks are associated with infinite temperature, the corresponding
correlation length vanishes.

S

0@

©.@)

S_

Fig. 3.8 RG flow of the three-dimensional ferromagnetic Ising model with dimensionless nearest-
neighbor coupling ¢ = BJ in a magnetic field. The critical fixed point is denoted by C, while the
two fixed points S; and S_ at h = oo and T = oo are sinks. The paramagnetic fixed point P
is an example for a continuity fixed point, while the ferromagnetic fixed point F is a discontinuity
fixed point

(d) Fixed points with one relevant coupling: The fixed points P and F' in Fig. 3.8
have only one relevant direction in coupling space, the magnetic field. The para-
magnetic fixed point P is an example for a continuity fixed point: it represents a
phase of the system with & = 0, which becomes unstable when the field corre-
sponding to the relevant coupling is switched on. The ferromagnetic fixed point
F is called a discontinuity fixed point: for all points in its basin of attraction the
magnetization jumps discontinuously as the # = 0 line is crossed, corresponding
to the phase boundary where the two phases with up and down magnetization
can coexist. At the fixed point & = 0.

(e) Multiple coexistence fixed points: These are fixed points with more than one
relevant coupling describing the coexistence of more than two phases with
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& = 0. In the case of two relevant couplings, such a fixed point is called a
triple point, which is the £ = 0 version of a critical fixed point.

(f) Fixed lines and higher-dimensional fixed-point manifolds: Although most RG
flows describing physical systems are controlled by isolated fixed points as
described above, in some cases one obtains a continuum of fixed points in cou-
pling space. A famous example is the RG flow diagram of the two-dimensional
classical XY-model with nearest-neighbor exchange coupling J, which exhibits
a line of fixed points in the two-dimensional space of marginal couplings formed
by the dimensionless thermal coupling constant x = 78J — 2 and the fugacity
variable y = 4me~ 5/ where E. is an energy scale related to the creation of
vortex-like spin configurations in the system (see e.g., Chaikin and Lubensky
1995, Chap. 9). For small values of x and y the RG flow is

ax =—y*, dy=—xy. (3.95)

A graph of this RG flow is shown in Fig. 3.9. Obviously, the entire line y = 0
is a fixed line. A similar flow diagram is also found in the RG theory for the
one-dimensional electron gas (S6lyom 1979) for a half-filled band,? as will be
discussed in more detail in Sect. 10.5.3.

i
N

Fig. 3.9 Graph of the RG flow defined via Eq. (3.95), which describes the flow of the marginal
couplings of the two-dimensional XY-model. The variable x = w8J — 2 is the suitably shifted

inverse temperature, while y = 4me~ /T is the fugacity associated with the creation of vortices

8 By comparing Fig. 3.9 with Fig. 10.9 in Chap. 10 we see that in the one-dimensional electron
gas the role of the coupling x is played by the momentum-conserving interaction constant g. in
the charge channel, while y corresponds to the so-called Umklapp component g3 of the interaction
involving momentum transfers of twice the Fermi momentum, see Eq. (10.136). The stability of
the fixed line for x > 0 corresponds in the one-dimensional electron gas to a stable metallic phase
called Luttinger liquid (Haldane 1981).
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(g) Exotic RG flows: As already mentioned in the footnote of Sect. 3.3.2, in principle
RG flows can also exhibit more exotic behavior such as limit cycles (where at
least some couplings satisfy g;1;, = g;) or exhibit even chaotic behavior without
fixed points (Glazek and Wilson 2002, LeClair et al. 2003). A physically relevant
system which exhibits a cyclic RG flow has recently been discussed by Moroz
et al. (2009), who used functional RG methods to study the problem of three
interacting bosons or fermions in vacuum. They showed that for bosons with
U(1)-symmetry and for fermions with SU(3) symmetry the existence of three-
body bound states (so-called Efimov states) manifests itself in cyclic RG flows
of a suitably defined interaction vertex.

Exercises

3.1 Migdal-Kadanoff RG for the Ising Chain

One can exactly solve the Ising model in one dimension (the so-called Ising chain)
using the real-space RG, keeping only every b-th spin and tracing over intermedi-
ate spins. Fig. 3.4 illustrates this for » = 3. In the transfer matrix formalism, the
partition function can be written as Z = Tr[T]Y = Tr[T’]%.

(a) For h =0, g = BJ, show that T? = const x T’ with

et o8
T = <eg’ e > )
and the recursion relation g’(g) = Artanh(tanh” g).
Hint: You might find it advantageous to diagonalize the matrix T.

(b) Rewrite the recursion relation in terms of y = ¢ 2¢ and y/ = ¢ ¢ as y'(y).
Determine the RG B-function and the fixed points and sketch the flow of y under
repeated transformations.

(c) Linearize y’(y) around the unstable fixed point y = 0 to show that y’ ~ by.
Argue that the correlation length fulfills £(y) = b&(y’) ~ b&(by). By an appro-

priate choice of b show that £ oc y~! = €?¢ = ¢?#/. Compare this with the exact
result obtained in Exercise 1.1.

3.2 Migdal-Kadanoff RG for the Two-Dimensional Ising Model

Consider the ferromagnetic Ising model on a square lattice with 27 = 0 and g = BJ.
To solve this problem, construct an approximate RG transformation according to the
following procedure:

e Shift bonds on alternate rows and columns by one lattice spacing to obtain the
modified interaction g = 2g (with b = 2, see figure).
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e Trace over the spins on the sites marked by the crosses to obtain a rescaled system
with a new interaction g’.

~ ** T““?““"I
8 8 ,1 ! |
» - g ! |
| |
_>¢----+----4'
! |
» » : : :
|
-

(a) What is the recursion relation g'(g)?

(b) Find the nontrivial fixed point g* of the transformation. What is the critical
temperature 7,.? Sketch the flow of g under repeated transformations. Linearize
g'(g) around g* and determine the exponent y, in g’ — g* = b¥s(g — g*). Argue
that the correlation length should fulfill £(g) = b&(g") ~ bE(g* + b:(g — g%)).
Use this to obtain the critical exponent v.

(c) Generalize the Migdal-Kadanoff bond-moving procedure to a hypercubic lattice
in D dimensions. What is the recursion relation in this case?

(d) Sketch the fixed point g*(D) and the RG flow in the vicinity of D = 1 (i.e.,
for D = 1 + €) and deduce the lower critical dimension D), for the Ising
model, which is defined as the largest dimension where the critical tempera-
ture vanishes; a finite temperature phase transition is therefore only possible for
D > Dy,. Compute the exponent y, to first order in €.

3.3 Dangerously Irrelevant Coupling in ¢*-Theory for D > 4

(a) Consider the Gaussian field theory in the presence of a magnetic field A,

A() dD

Salel =3 W[m + cok?lp(—k)p(k) — hop(k = 0) ,

where p(k = 0) = V@ and hy = Bh/a'TP/?, see Egs. (2.60) and (2.61).
Integrate out the fields with momenta Ag/b < |k| < Aq (trivial) and rescale
momenta and fields keeping ¢ fixed to derive the RG recursion relations

r/:bylr07 hle}]thv

withy, =2and y, =1+ D/2.
(b) Now add an interaction term of the form

Silel = 2 [aPr gy
n:.
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where n = 2,4, 6, ... is an even integer and
Ay de .
ik-r
= P k).
o) = | S e

Using [ dPr e'*" = (27)P8(k), write the interaction term in terms of the fields
@(k) and carry out the rescaling step to derive the scaling relation u), = b¥u, +
@ (uﬁ), with y,, = D(1 —n/2)+ n. Determine the dimension Dy,(n) for which
Yu, becomes marginal, i.e., equal to zero. This dimension is called the upper
critical dimension, see also the discussion in Sect. 2.3.

(c) For D > Dy,(4) = 4, the coupling u = uy4 is irrelevant and the critical behavior
of the Ising model is expected to be determined by the Gaussian fixed point.
Use the scaling relations and the above result for y, and y, to calculate all
critical exponents. Compare your result with the values obtained in Sect. 2.3
directly from the Gaussian approximation without using RG arguments. Which
exponents do and which do not agree?

(d) To track down the failure of the scaling argument for some exponents for D > 4,
argue that the magnetization has the scaling form

m(t, hyw) = b"=Pm®" t, b h, b u) .
For h = 0and b = |r| ™'/, this yields the scaling relation
m(t, 0, I,{) = |t|_()7h—D)/)’zm(:tl’ 0, |t|_y“/y’u) )

Close to the critical point, the last argument becomes small and one might be
tempted to set u = 0 to obtain the scaling result 8 = (D — y;)/y:;. However,
according to Landau theory a finite u is needed to get a spontaneous magnetiza-
tion. Show explicitly that within Landau theory m(—1, 0, it) oc i~!/2. Use this
and the scaling form of m to obtain the correct (mean-field) value = % Can
you construct a similar argument for the exponent §? Note that the existence of
a dangerously irrelevant variable for D > 4 implies the violation of the hyper-
scaling relation (1.29). You may consult Appendix D of the review article by
Fisher (1983) if you need some help.
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Chapter 4
Critical Behavior of the Ising Model Close
to Four Dimensions

In this chapter, we shall use the momentum space RG with a sharp cutoff to study the
critical behavior of the Ising model close to four dimensions, where the parameter
€ =4 — D is small. In this case the critical exponents and other physical quantities
can be expanded in a series in powers of € (Wilson et al. 1972). For sufficiently
small €, a truncation of this expansion retaining only a small number of terms yields
quantitatively accurate results. Of course, in order to calculate the critical exponents
in the physically relevant dimension D = 3, one has to calculate as many terms
in the e-expansion as possible and then extrapolate the series to € = 1 (Guida
and Zinn-Justin 1998, Zinn-Justin 2002, Pelissetto and Vicari 2002). In order to
explain this method, we shall focus here on the calculation of the correlation length
exponent v to linear order in €. To this end, it is convenient to carry out the mode-
elimination step in momentum space, using a sharp momentum-shell cutoff. The
relevant integrals will be calculated perturbatively in powers of the interaction. In
order to keep track of the various terms generated in perturbation theory, it is useful
to represent them in terms of Feynman diagrams. We therefore begin this chapter
with a brief but self-contained introduction to diagrammatic perturbation theory.

4.1 Diagrammatic Perturbation Theory

In Chap. 2 we have shown that the partition function of the D-dimensional Ising
model can be written as a functional integral over a real field ¢ representing the
fluctuating magnetization,

z = [ Digie, (.1
where according to Eq. (2.51) the effective action is of the following form,

Slel = Sole] + Sinle] . 4.2)

The Gaussian part Sy[¢] is quadratic in the fields, and the interaction part Sin[¢]
involves four and in general also higher powers of the fields. Throughout this chapter
we shall set the magnetic field equal to zero, so that only even powers of the fields

Kopietz, P. et al.: Critical Behavior of the Ising Model Close to Four Dimensions. Lect. Notes
Phys. 798, 91-121 (2010)
DOI 10.1007/978-3-642-05094-7_4 (© Springer-Verlag Berlin Heidelberg 2010
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appear in the effective action. For convenience, we have absorbed the factor v/det J
appearing in Eq. (2.39) and the constant f; in Eq. (2.61) into the definition of the
integration measure D[¢] in Eq. (4.1). From Eq. (2.61), we see that the Gaussian
part So[¢] of our effective action can be written as

Sole] = g ; Ex¢—k@x » (4.3)

with the energy Ej given by
Er = (1 —BJy) . (4.4)

Note that for small wave vectors k and for temperatures close to the mean-field
critical temperature TMF = Jy_o = zJ, we may approximate

Ep ~ TMa?(rg + cok?) = T — TM + TM co(ka)* . (4.5)

Retaining only the term involving four powers of the fields, the interaction part
Sint[] can be written as

B
Sintle] ~ N Z Sky+ho+hes+ka,0U (k1,5 ko, K3, Ka) 0, Ok, Pk @k, (4.6)
U kika ks kg

with the momentum-dependent interaction energy
Uky, ko, ks, ka) = 28Tk, Ty T s - 4.7

Although for the RG transformation it is most convenient to work with continuum
fields p(k) = av/V gx (see Eq. (2.57)), we shall here develop the perturbation theory
using the lattice normalization of the Fourier transformation with dimensionless
fields ¢ = \/LN > e_ik"f(pi (see Eq. (2.45)), which facilitates the counting of the
degrees of freedom.

To calculate the partition function Z perturbatively, we expand the exponential
in Eq. (4.1) in powers of the interaction part Si,[¢] of our effective action,

zZ= f Digle~ie1-suisl = 3~ 0 / Dlple ™ (Sulg)” . (48)

V
v=0

Dividing both sides of this expression by the partition function in Gaussian approx-
imation,

Zy = / Digple Soll | (4.9)
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we may rewrite Eq. (4.8) as

v

[ b

= (—1
=Z(U,) (Sl D)o - (4.10)

v=0

W

0

where the Gaussian average of any functional F[¢] of the fields is defined by

_ [ Diple ¥ Flg]

(F[Qo]))() - /'D[(p]e_so[(p] (411)

Similarly, the correlation function of a product of n fields can be expanded as

fp[w]g—So[(p]—Sam[w]wkl Ok,
fD[(p]e*SO[W]*Sim[W]

EX ((SmleD e, - - ox,),
== . 4.12)

oo

> S (Sl

v=0

G,ky,....ky) =

32

<
Il

4.1.1 Wick Theorem

For the evaluation of Egs. (4.10) and (4.12) we need to calculate the Gaussian aver-
ages of products of an arbitrary number of fields with different labels. These are
conveniently evaluated using the Wick theorem, which is the following property of
multidimensional Gaussian integrals,

N 1T
(]_[i:l ffooo dx,-) 7 AX X, X,
X Xiy oo o Xj ) =
bt sl (T [ ) e
i=1J—00 ™M (4.13)
= > ANy, A D, AT
all pairs
Here, A is a real symmetric N x N matrix, x = (x, ..., xy)T isan N -component
column vector, and each of the external indices iy, ..., i, can take any value in
the set of integers {1, ..., N}. The sum in the second line of Eq. (4.13) extends
over all possible ways of partitioning the n integers iy, ..., i, into pairs, (i,,, ip,),
(psripy)s -y (ip, sip,). Forevennthesumhas(n — D! = —-1)(n —3)---3-1

terms, while for odd n the Gaussian integral vanishes by symmetry. In the special
case n = 2, there is only one pair and the Wick theorem reduces to

(rixi)y = (Ail)mz ’ (4.14)
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while for n = 4 there are 3 possible pairings,
(xilxizxi3xi4)0 = <xi1xiz>() (xi3xi4)0 + (xi}xi3 >() <xi2xi4)0 + <xi1xi4)0 <xi2xi3>0 - (@15

The Wick theorem for quantum mechanical many-particle systems can be formu-
lated in a similar way in terms of Gaussian integrals involving either complex fields
for bosons, or anticommuting Grassmann fields for fermions (Negele and Orland
1988). To prove Eq. (4.13) we use again the identity (2.41) to write

d 0 ad
(o, xi, - "xin>0 = lim — ce— (exry> . (4.16)
y=09y;, dyi, 9y, 0

With the help of our Gaussian integration formula (2.25), we obtain for the Gaussian
average,

<exTy>0 — ATy (4.17)

Taking in Eq. (4.16) the derivative with respect to y;,, we obtain

N
9 9 B .
(xi]x,-z...xin>0=lllr(1) 8yi2 Wl” |:Z_;(A )iliyiezy y:| . (418)

In order to obtain a finite limit y — 0, one of the remaining n — 1 derivatives must
act on the prefactor, so that

d 0 0 1,7A-
(i, xi, .. x, ), = lim (A7) ATy
nlQ y—0 i1in 8_)713 ayi4 ayi,,
+(A71)ii o9 ...ie%yTA_]y
" ayiz ayi4 3)’:’,,
a 0 )

+ (A7)

b T eiy"A'ly} . (4.19)
t ayiz ayi3 a)’in,l

where the square bracket contains n—1 terms involving n—2 derivatives with respect
to the auxiliary variables y;. Taking two more y-derivatives, each of the n — 1 terms
can again be written as a sum of n — 3 new terms involving only n — 4 y-derivatives.
Iterating this procedure until no y-derivatives are left and taking the limit y — 0 we
obtain in total (n — )!! = (n — 1)(n —3) - - - 3- 1 terms consisting of products of n/2
matrix elements of A~! with all possible combinations of labels. This is precisely
what is meant by the sum over all pairs in Eq. (4.13). This completes the proof of
the Wick theorem.
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4.1.2 Feynman Diagrams and Linked Cluster Theorem

The perturbative evaluation of the Gaussian averages ((Sinc[¢])")o appearing in the
perturbation series (4.8) for the partition function (or more complicated averages of
the form ((Sinc[@ )" @k, - - - ¢k, )o in the perturbation series (4.12) for the correlation
function) with the help of the Wick theorem leads even for rather small values of v
to quite a few terms. To keep track of these terms, to classify them, and to develop
some intuition for their physical meaning, it is useful to represent them graphically
in terms of Feynman diagrams. For our simple classical field theory, these involve
the following graphical elements:

line: k —k = {orp_r)o = Elk = % , (4.20)
k1 k4

vertex : X = %Bkﬁk#k#kmoU(kl,kz, ks, ky) . 4.21)
k, ks

Note that the sum of the four momenta attached to the vertex vanishes. Since the
interaction function U (k, k3, k3, k4) defined in Eq. (4.7) is symmetric with respect
to the exchange of all labels, the ordering of the external lines attached to the black
circle in Eq. (4.21) is irrelevant.! With the above dictionary, each term in the per-
turbation expansion is represented by a labeled Feynman diagram. The rules for
translating any diagram into a mathematical expression are given by the dictionary
in Eqgs. (4.20) and (4.21) together with the convention that each closed loop cor-
responds to an independent momentum summation and that the sum of the four
momenta associated with the four legs attached to each interaction vertex vanishes.
For example, from Eq. (4.10) we obtain for the first-order interaction correction to
the partition function

! The Feynman diagrams representing the perturbation series of quantum mechanical many-body
systems of nonrelativistic bosons or fermions are constructed from different graphical elements
(Negele and Orland 1988). In this case the lines representing the Gaussian average of a pair of
fields carry an arrow indicating the direction of the particle-number flow. Furthermore, the vertex
representing the two-body interaction has two incoming and two outgoing arrows, corresponding
to the annihilation and the creation of two particles. Formally, this is due to the fact that the func-
tional integral representation of the partition function of bosons involves a complex field, while the
fermionic functional integral involves pairs of anticommuting Grassmann fields.
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_’\’ —(1m[§0])0—1—3>< % k’

3T Uk, —k, k', —
—1- . 422
4IN Z ExEw (422)

Note that the diagrams representing the interaction corrections to the partition func-
tion have no external legs, so that all solid lines must always end at a vertex.” Such
diagrams without external legs are called vacuum diagrams. Symbolically, the per-
turbation series (4.10) for the partition function can be written as

. (—1)" ,
=y ((SimloD)")o = 1+ (4.23)
v=0 All vacuum

diagrams

where the empty circle represents any vacuum diagram including the correct com-
binatorial factor and sign. All diagrams can be further classified into two types:
so-called connected diagrams, where all graphical elements are connected via lines
and vertices, and disconnected diagrams consisting of two or more connected parts.
Examples are shown in Fig. 4.1. Fortunately, all disconnected diagrams cancel if we
take the logarithm of Z/Z, so that in the diagrammatic expansion of the (dimen-
sionless) free energy F = —In Z, only connected diagrams need to be taken into

account,
Z
F—Fy=—In — (4.24)
Z
All connected
vacuum diagr.

We represent connected vacuum diagrams by a shaded circle to emphasize that in
a sense the density of graphical elements of connected vacuum diagrams is higher
than in the vacuum diagrams of Eq. (4.23). The relation (4.24) is called the linked
cluster theorem, which saves a lot of work in calculations beyond the leading order
because only connected diagrams have to be calculated. The simplest way to prove
Eq. (4.24) is based on the so-called replica trick (Negele and Orland 1988). Using
the fact that

N|m

2 Diagrams with external legs represent correlation functions and will be discussed in Sect. 4.1.3.



4.1 Diagrammatic Perturbation Theory 97

Fig. 4.1 Diagrams representing interaction corrections to the partition function in second-order
perturbation theory. Diagrams (a) and (b) are connected, while the disconnected diagram (c) is
simply the square of the first-order correction in Eq. (4.22)

Z\" Z
<§O> =¢""Z/%) = 1+ nln (5) +O@m?), (4.25)
we may write
d (Z\"
F—F=—-1lm —{—) . (4.26)
n—0 dn ZO

The replica trick is based on the assumption that the ratio (Z/2,)" can be obtained
for infinitesimal n by analytic continuation of the same ratio for integer n. The
crucial point is that for integer n the perturbative expansion of (Z/2;)" can be

generated by introducing n copies ¢, r = 1, ..., n, of the field and writing

Z\" Dl 1e=5"1¢'1-Sl¢']

<_> _ /D] _ (4.27)

2 [ Dlgrie

where the Gaussian part of the replicated action is
n r /3 5 r r
S50 =3 D0 D Enel iy (4.28)
r=1 k

and the interaction part is

n
SO = 53 Y bhskksnoUen Ko, ks, kv, oh vk 0%,
r=1 ky ko, k3, kg

(4.29)
If we now expand Eq. (4.27) in powers of Si(:l) [¢"] and evaluate the resulting terms
using the Wick theorem, each solid line carries an extra replica index, k r —k and
all lines attached to a given vertex carry the same replica index. As a consequence,
all lines in connected diagrams carry the same replica index, so that after summation
over » "_,, the contribution from any connected diagram to (Z£/Z)" is proportional
to n. On the other hand, the contribution of a disconnected diagram consisting of
k. > 1 connected pieces is proportional to n* and hence does not contribute to
the limit in Eq. (4.26). As a result, only connected diagrams can contribute to the

logarithm of the partition function, which proves the linked cluster theorem (4.24).
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4.1.3 Diagrams for Correlation Functions and the Irreducible
Self-Energy

In contrast to the vacuum diagrams representing interaction corrections to the parti-
tion function, the terms arising in Gaussian averages of the type <(Sim)”<pkl Pk, )0
which appear in the calculation of the correlation function G, (ky, ..., k,) defined
in Eq. (4.12) are represented by diagrams with n external legs associated with the
n fields ¢g,, ..., ¢k,. These diagrams are called open and we represent a general
diagram of this type by an empty circle with n external legs. The symbolic repre-
sentation analogous to Eq. (4.23) for the numerator in Eq. (4.12) is then

1 n
oo
=D e, 2
Z o R Z . (4.30)
=0 All open 3
diagrams

Each open diagram contributing to the right-hand side of this expression can be
classified according to whether or not it contains vacuum diagrams. Let us give
three examples to illustrate this:

Second-order contribution to G,(k, —k)
—k without vacuum parts

k
; ; 8 Second-order contribution to G,(k, —k)

with a vacuum part

k, k> Second-order contribution to G4(ky, ko, k3, ks)

g 2 without vacuum parts

Note that open diagrams with two external legs but no vacuum parts contributing to
G(k, —k) are automatically connected, but open diagrams with four external legs



4.1 Diagrammatic Perturbation Theory 99

contributing to G4(ky, k,, k3, k4) can be disconnected even if they do not contain
any vacuum parts, as shown in the above example. Given the factorization of any
open diagram into a product of an open diagram without vacuum parts (connected
diagram) and any number of vacuum diagrams, we may rearrange the infinite series
over all open diagrams with n externals legs on the right-hand side of Eq. (4.30) as
follows:

>

v=0

(Smt[go]) Gk, Pk )y

All open diagrams
without vacuum parts

x |1+ Z ) (4.31)
All vacuum
diagrams

To see that all combinatorial factors come out right, let us classify all open diagrams
according to the number of vertices v’ which are linked to the external legs. Here is
an example for the case of n = 2 external legs with v = 7 and V' = 4:

OO

Obviously there are (U”) = m possibilities of choosing the v’ vertices which
are linked to at least one of the external legs. We can therefore write

—1)
Z D <(Smt[(p]) Pk, - - - Pk n)O

v!

v=0
x VY 1V (=) , conn ,
= St ) (Sl

Al — )
s SR (v —)!

v//

= Z( v/!)v <(S1nt[90]) Phy - - - >Cmm Z 1 (Slm[(p])v )o (4.32)

—0

<
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where in the last step we have rearranged the sum by introducing v’ = v —v’. Com-
paring with the graphical representation given in Egs. (4.23) and (4.30) completes
our proof of Eq. (4.31).

According to Eq. (4.23) the second factor on the right-hand side of Eq. (4.31) is
nothing but the denominator in our perturbative expression (4.12) for the correlation
function. The sum over all vacuum diagrams therefore cancels in Eq. (4.12) and we
obtain

G,ky,....k,) = . 4.33

| ) Z , (4.33)
All open diagrams

without vacuum parts

Hence, in the perturbative calculation of the correlation function, all vacuum dia-
grams can be omitted.

Of particular interest is the correlation function with two external legs, which by
translational invariance is of the form,

Go(k, k") = (prpr) = Sk TG(k) =8 T k —k. (4.34)

Graphically, we represent G (k) by a thick line. The analogous quantity for quantum
mechanical many-body systems is called single-particle Green function or propa-
gator (Negele and Orland 1988). The factor of T in Eq. (4.34) is factored out for
convenience. With this normalization we obtain from Eq. (4.20) within Gaussian
approximation G (k) ~ Gy(k) = 1/Ey. The inverse Green function within Gaussian
approximation is therefore simply given by the energy Ej defined in Eq. (4.4). It is
useful to identify the exact inverse Green function G~'(k) with a modified energy,
which differs from the energy Ej by some self-energy X;. We therefore write

G (k)= Gy'(k)+ Xk = Ex + Zx . (4.35)

This relation between the exact Green function and the self-energy is called Dyson
equation. By expanding Xy instead of G(k) in powers of the interaction, we effec-
tively expand the inverse Green function; if we truncate the expansion of X at
some finite order in the interaction and then consider G(k) = [Ex + Xx]7!, we
resum infinite orders in the interaction, which is obvious if we expand

Gl L L Lot 11
T Ex+ % Ex Ex "Er  Ex “Ex YE. T
= Gok) — Go(k) X G(k) . (4.36)

A graphical representation of this geometric series is shown in Fig. 4.2.
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- — -

© @

Fig. 4.2 Diagrammatic representation of the expansion (4.36) of the exact Green function in pow-
ers of the self-energy X. The thick line represents the exact G (k). Note that in the second line the
exact G (k) appears also on the right-hand side, so that iteration generates the geometric series in
the first line of Eq. (4.36)

The part of the diagrams in the first line of Fig. 4.2 contributing to the self-
energy Xy cannot be separated into two parts by cutting a single propagator line.
The self-energy X is therefore called one-line irreducible. Examples for second-
order contributions to the irreducible self-energy are shown in Fig. 4.3 (a) and (b),
while the second-order diagram (c) is not one-line irreducible and hence does not
contribute to the perturbative expansion of X}.

(a) (b) (c)

Fig. 4.3 The diagrams (a) and (b) are second-order contributions to the irreducible self-energy
Y. The external legs indicate the attached wave vectors and should not be counted as part of the
diagrams. The diagram (c) is one-line reducible (it can be separated into two parts by cutting the
middle propagator line), so that it does not contribute to the self-energy

4.2 One-Loop Momentum Shell RG

We are now ready to apply our general RG procedure to the effective classical field
theory describing the critical properties of the Ising model derived in Sect. 2.2.
At this point it is more convenient to use again the continuum normalization of
the fields, which according to Eq. (2.57) is related to the lattice normalization via
pk) = av'V ¢x. Consider the truncated Ginzburg—-Landau—Wilson action S4,[¢]
in Eq. (2.61), which describes the long-wavelength properties of the Ising model.
Setting for simplicity the magnetic field equal to zero, the partition function can be
written as

Z = / Dlgple Salel, (4.37)

with the effective long-wavelength action given by
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1o
Snlol = Vo + 5 fk [0 + cok®]p(—k)p(k)

U Ao Ag Ao Ag
v / / Qm)P8(ky + ks + k3 + ka)(k)p(k)p(k3)p(ky) |
s Jky k> k3 ks

(4.38)

where we have explicitly written out the ultraviolet cutoff Ag. This truncated effec-
tive action depends on the four bare coupling constants fy, ro, co, and ug, which are
related to the parameters of the underlying lattice model as given in Egs. (2.54),
(2.55), (2.58), and (2.59). For simplicity, we shall focus on the disordered regime
T > T. in this section.

4.2.1 Derivation of the RG Flow Equations

We first perform the mode-elimination step of the RG by integrating over all fields
whose wave vectors lie in the shell A < |k| < Ay, as illustrated in Fig. 4.4. There-
fore, we adopt the procedure outlined in Sect. 3.1 and decompose

pk) = ¢~ (k) + ¢~ (k) = O(A — |kDo(k) + O(k| — Mp(k) . (4.39)

Substituting this into Eq. (4.38) we find that our Ginzburg-Landau—Wilson action
can we written as

Sale™ +¢71=S3le~; fo, ro. co. ol + S5 4, L0714 Smixl™, 71, (4.40)

The “smaller part” S [¢ =] of the effective action has the same form as the original
action (4.38), but with reduced ultraviolet cutoff A < A and with the original fields
@(k) replaced by the “smaller component” ¢ <(k) of the fields,

Fig. 4.4 In one iteration of the mode-elimination step of the momentum shell RG all fields with
wave vectors in the shaded regime A < |k| < A are integrated out
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1 A
S3le=; fo. ro. co, uol = Vo + E/ [ro + cok? ]~ (—k)p~= (k)
k

4 A 4
+% (H /k | ) (2n)Da<§ ko= (k)p=(ka)p=(k3)p=(ks) . (4.41)

The “larger part” S} , [¢~] of the action depends only on the “larger component”
@~ (k) of the field; moreover, the momentum integrations are restricted to the shell
A < k| < Ay,

1 [
SZ,A0[§0>] = 5/ [r() + Cok2]§0>(—k)(p>(k)
k|> A

4
<l_[ /kl A) (ZJT)DS(Z kl)(p>(k1)§0>(k2)§0>(k3)(p>(k4) ) (442)

i=1

Finally, the interaction part of Eq. (4.38) gives rise to a mixing term involving both
components of the field,

4
m1x = 6— 2 D3 k,'
[(p v ] /kl /kz /kq>A /k4|>A( n) (IZ:]: )

x@~(k)p~(k2)p~ (k3)g~ (ka)
+ terms involving ¢ =(¢~)° or (¢p=)*p~. (4.43)

The combinatorial factor of 6 is due to the (3) possibilities of picking two ¢ =-fields

out of the four available fields.
We now integrate over the “larger part” ¢~ of the field. Using the same notation
as in Egs. (3.5) and (3.6), the partition function can then formally be written as

Z = /ID[§0<]e_SZ[‘/’<§f<’r<’c<’”<] , (444)
with the new effective action defined by
e Sale™ifTorsemutl e*SXlwﬁfo.,ro,CO,uo]/D[¢>]€—SZ.A0[w>]—5max[w<,w>] . (4.45)

or equivalently,

SA@ f ,u ]—SA§0 f07r0’C07u0]
— In (/ ’D[(p>]e_Si,AO[W>]_Smix[(ﬂ<-</7>]) . (446)
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Since the functional integration over ¢~ in the second line cannot be performed
exactly, we evaluate the integral approximately using diagrammatic perturbation
theory. In the simplest approximation, we retain in the perturbative evaluation of the
second term on the right-hand side of Eq. (4.46) only terms with one internal wave
vector integration. This is called the one-loop approximation because diagrammati-
cally each wave vector integration can be associated with a closed propagator loop.
For the free energy per unit volume, the one-loop correction is due to the quadratic
part of S; , [¢~] given in the first line of Eq. (4.42). The required integration in
Eq. (4.46) is therefore Gaussian and has already been carried out in Sect. 2.3.2. We
obtain

1 aP
Im=h*3 | Gy
A

In[a*(ro + cok™)] |. (4.47)

Note that for A — 0 this expression would be equivalent to Eq. (2.83), taking
into account that in this chapter we consider the free energy per volume in units of
temperature, whereas Af in Eq. (2.83) is the free energy per lattice site. However,
in contrast to Eq. (2.83), the wave vector integration in Eq. (4.47) is restricted to the
momentum shell A < k| < Ay.

To obtain the new parameters r= and ¢~ associated with the Gaussian part of
the action after mode elimination, we need to calculate the irreducible self-energy
due to Smix[¢ =, ¢~] to first order in u(. To derive this, we expand the integral in the
logarithm of Eq. (4.46) in powers of the mixed part Syix[¢~, ¢~ ] of the effective
action,

fD[(p>]e—s;Ao[w>1—smix[w<,<p>] _
D[¢>]67SZ‘A0[¢>] 1—S.. [ < > 152 < > 4.48
mlxw,g0]+2mlx[s0,<p]+--- . (4.48)

To leading order, we may calculate the functional average with the Gaussian part of
S4.4,l97 1 given in the first line of Eq. (4.42). Denoting the corresponding Gaussian
average by (.. .)o -, we obtain for the logarithm of Eq. (4.48) to second order in the
interaction,

W (/ D[(p>]es;Aolwﬂsmix[wiwﬂ)

= 7S/>\A 71— Smixlg=.¢~
= (/ D[¢>]€_SZ'A0[¢>]) —1In [ID[QO Je~Saayle71=Smale™ 0 ]}

[ Dip=1eSaal¢’]

f==fo
1
~ f< - f(] —In [1 - <SmiX[§0<a (P>])0’> + 5 (Srznix[(p<’ ¢>]>0’>:|
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~ f< - fO + (Smix[€0<» (p>]>0’>

1
1 U M C T 8 R EE

The term of first order in Spix[¢ =, ¢~ ] in the last equality gives the leading renor-
malization of the parameters r= and ¢~ associated with the quadratic part of the
action,

¢ = -fields amputated

1 1
ST+ c“k?) = o+ cok?) + (Smixl=, 97 1)

S0>

1
= E(Fo + cok?) + 6

k —k
up (A Pk’ 1

1
=- K2) + 6 R —
2(ro + cok”) + 2], P et ek?

(4.50)

where the subscript of the bracket in the first line denotes averaging with respect
to the “larger fields” in Gaussian approximation, and the superscript means that the
two “smaller fields” ¢ =(k;) and ¢ =(k;) in Eq. (4.43) should be dropped (or “ampu-
tated”). Comparing the wave vector independent terms on both sides of Eq. (4.50),
we obtain

Ap
IZN) de 1

rm=nt 2 ] @7)P 1o+ cok?
A

(4.51)

Moreover, because the loop-integral on the right-hand side of Eq. (4.50) is indepen-
dent of k we conclude that to this order

cS=qp. (4.52)

Finally, to obtain the new interaction constant = after mode elimination, we
need to calculate the renormalization of the connected part of the four-field corre-
lation function G4(ky, k,, k3, k4) which is generated by the second-order term in
the last line of the expansion (4.49). This term is simply the Gaussian average of
(Smix — (Smix))z. With Snix given by Eq. (4.43), the averaging of this term contains
(apart from other terms of order u(z) which are not interesting for our purpose) the
following term involving four powers of the “smaller field”,



106 4 Critical Behavior of the Ising Model Close to Four Dimensions

1 2 - - < -2 four ¢ = -fields
— 5 (82t 971 = (Smale™ 071 ]

k1 k ks

ke kTR Kk, ks

1 2 4 A 4
=3 x 2 X (6%) (H/k ) (27[)D5(Z k)= (ko= (k2)p=(k3)p=(k4)
: i=1v% i=1

/AU %k ! (4.53)
x , .
A Q)P [ro + cok®1[ro + colk + ki + k2)?]

where the second factor of 2 in the second line is due to the two possibilities of
connecting the internal loop to the external legs. Note that the factor in the last
line of Eq. (4.53) depends on the external wave vectors k; and k, carried by the
fields. However, keeping in mind that the wave vector k in the loop integration is
restricted to the shell A < |k| < Ap while the magnitude of the external wave
vectors kq, ..., k4 are smaller than A, it is plausible to set k; = k, = 0 in the last
factor of Eq. (4.53). Formally, this procedure can be justified by noting that the wave
vector dependence of the interaction can be described by an infinite set of irrelevant
couplings (with respect to the Gaussian fixed point) which therefore do not affect
the critical exponents, see the discussion in the last paragraph of Sect. 3.3.2. Setting
ki = k, = 0 in the last line of Eq. (4.53) and comparing the resulting expres-
sion with Eq. (4.41), we conclude that the mode elimination leads to the following
modification of the interaction,

Ag
< 3u} [ dPk 1
u =uygp— — .
7 2 ] @) [ro+ kP
A

(4.54)

In summary, after eliminating fluctuations with wave vectors in the shell A <
|k| < Ay, the partition function can be written in the form (4.44) involving only the
“smaller component” of the field, where the new effective action S5 [¢=; f=,r~, c~,
u~], which is defined via Eq. (4.46), is approximately given by

A

1
S<lp: £=, 1%, 5 ut] ~ VI + 5[ [ + ko= (—k)p=(k)
k

< 4 A 4
+”;—, (]"[ /k )(2n)05(2k,»>so<(k1>¢<(k2)go<<k3>¢<(k4>, (4.55)
to\i=1 v i=1

with the new coupling constants =, r~, c=, u~ given in Egs. (4.47), (4.51), (4.52),
and (4.54). Note that Eq. (4.55) is approximate for several reasons: first of all, the
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values of the new couplings f=,r=,c~,u~ have only been calculated within the
one-loop approximation; moreover, the integration over the “larger component” of
the field in Eq. (4.46) also generates terms involving six and more powers of the
“smaller field,” which we have neglected in the derivation of Eq. (4.55); finally, in
Eq. (4.53) we have ignored the momentum dependence of the quartic interaction
vertex.

Next, we perform the RG rescaling step with scale factor b = Ag/A to rewrite
our effective action in the same form as the original one. Following the general
procedure outlined in Sect. 3.1, we introduce new wave vectors k' = bk and the
rescaled field

¢'(k') = ¢, o= (k'/b) (4.56)

with the field rescaling factor given by

G ="z, z,=2, (4.57)

C<

see Egs. (3.8), (3.9), (3.10), and (3.11). Although within our simple one-loop
approximation ¢~ = ¢y and hence Z;, = 1, it is instructive to explicitly retain
the factor Z, to emphasize that in general the field rescaling factor must be chosen
such that the coefficient in front of the k?-term in the Gaussian part of the action is
not changed after one complete iteration of the RG procedure,

A
1 [ dPk
E W(7< +C<k2)§0<(—k)<.0<(k)
Ao
1 -D de, < <1,—21,2N\1,2+D ’ IN AT
:Eb (271)D(r +cTbTK)DTT 2y (=K' (k)
A
1 dD ! 2 < 72 ’ / / /
=3 ] Gop b°Zpr= + cok™) ¢ (=K' (k') , (4.58)

see also the discussion after Eq. (3.14) in Sect. 3.1. Hence, after one complete itera-
tion of the RG, ¢’ = ¢( and the new momentum-independent term ’ in the Gaussian
part of the effective action is

Ao
Uugp de 1

2 ) @7)° ry+ cok?
2

¥ =b*Zr< =b*Zy | ro + , (4.59)

where we have used Eq. (4.51). Similarly, using Eq. (4.54) and the fact that
b=3P ¢} = b*=PZ2, we obtain for the renormalized quartic coupling constant
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Ao
3u} [ dPk 1
"=b"PZous = b2y | uo — —0/ . (460
! bt 21T 2 ] @mP T+ ok (460
A

Finally, keeping in mind that under rescaling the volume changes as V' = b=2V,
we obtain from Eq. (4.47) for the renormalized free energy density

A
1 dPk

2] @m)P
A

fr=bPfe=b"| fo+

In[a*(ro + cok®)] | . (4.61)

4.2.2 The Wilson—Fisher Fixed Point

For a quantitative analysis of the above RG flow equations, it is convenient to work
with the equivalent differential equations describing the iteration of the RG pro-
cedure in infinitesimal steps, as explained in Sect. 3.2.3. To derive the differential
RG equations we set A = Age~ ! in Egs. (4.59), (4.60), and (4.61) and consider all
quantities as functions of the logarithmic flow parameter / = Inb = In(Ay/A). We
then take the derivative of these equations with respect to /. Consider first the flow
equation (4.59) describing the renormalization of ry. Defining r; = ' and

Z)=Zpu , (4.62)
and using the fact that
2 b “ D-1 D
a d"k 1 ] kP~ KpA
9 =Kp— dk = b , (4.63)
ol (27T)D ro + C()k2 al ro + C()k2 ro + C()A2
Age! Age!
we obtain from Eq. (4.59)
= Q2 — nor + 027,22 _Kpa?_ (4.64)
r=Q—nr — . .
i7 nori 15 ro+ coA2

Here, the numerical constant Kp is the surface area of the D-dimensional unit
sphere divided by (27)? (see Eq. (2.86)), and we have introduced the so-called
flowing anomalous dimension,

07
n=———= —Bl In Zl . (465)
Z

As will be discussed in more detail in Sect. 4.2.3, the correlation function exponent
n defined via Eq. (1.13) can be identified with the limit
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n=limmn . (4.66)
[—o00

Of course, within our simple one-loop approximation Z; = 1 and hence n; = 0, but
a more accurate two-loop calculation® gives a finite value for 7;. Assuming now that
[ is infinitesimally small and ignoring terms of order /, we may replace A — Ay
and b>Z; — 1 on the right-hand side of Eq. (4.64). To the same accuracy we may
set ro — r; and ug — u; in Eq. (4.64), so that we obtain

w KpAf
orn=Q2—-nr+ ———. 4.67
i = (2 —npry 2+ oAl (4.67)

Integration of this differential equation for finite / yields the flowing coupling 7,
resulting from the repeated iteration of the elementary RG step.

The derivation of the differential RG flow equations for the quartic coupling con-
stant u; and for the free energy density f; is analogous to the derivation of Eq. (4.67).
From Eq. (4.60) we obtain the infinitesimal version of the RG flow equation for the
quartic coupling constant u;,

3u?  KpAp
E)lul = (4 — D — 27’)1)1/11 — 7—22 , (468)
(r1 + coA})
and Eq. (4.61) yields for the flow of the free energy density,
— Kp .p 2 2
o fi=Df + 5 AG In|a* (r 4+ coAg) | - (4.69)

To get rid of numerical factors in the above equations, it is convenient to define
dimensionless couplings

r — K u
5 up = D~ a1_p *
wh a7

= (4.70)

Setting now explicitly n; = 0, the coupled system of differential equations (4.67)
and (4.68) can be written as

3 As will be shown in Sect. 8.4 [see the discussion after Eq. (8.105)], in the symmetry-broken phase
one obtains already a finite result for 7; within the one-loop approximation, so that in this case a
one-loop calculation is sufficient to obtain a first estimate for the flowing anomalous dimension
(Sinner et al. 2008). It turns out that two-loop calculations within the Wilsonian momentum-shell
RG are rather difficult and for calculations beyond the one-loop approximation in renormalizable
theories it is more convenient to use the field theoretical RG (see e.g., Zinn-Justin 2002). For a
two-loop calculation of the RG g-function of ¢*-theory using the FRG version of the Wilsonian
RG see (Kopietz 2001).
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_ R B 77 4.71
8 = 2 — s ( * )
=t ST,
ity = (4 — D)t 3 ,;12
iu; = u 20 +7) (4.72)

The associated RG flow in the iz-7-plane is shown in Fig. 4.5. Obviously, above four
dimensions, the critical behavior of the Ising model is controlled by the Gaussian
fixed point G at (it,, 7x) = (0, 0). In this case the effective interaction vanishes at the
fixed point, so that the critical exponents are given by the Gaussian approximation,
in particular v = 1/2 and n = 0, see Sect. 2.3.3. On the other hand, for D < 4
the Gaussian fixed point becomes unstable and a new critical fixed point emerges,
the Wilson—Fisher fixed point WF, which controls the critical behavior of the Ising
universality class below four dimensions. This is the reason for the breakdown of
the Gaussian approximation below four dimensions discussed in Sect. 2.3.4. If we
fine-tune the initial conditions such that the RG trajectory starts very close to the
critical surface, then in an intermediate interval [, < I < [, of the logarithmic flow
parameter the RG flow remains almost stationary in the vicinity of the critical fixed
point, as shown in Fig. 4.6. For D < 4 and i1y < i, the scale /. is approximately
given by (see Hasselmann et al. 2004)

_ ln(ﬁ*/ﬁ())

o= 47
4-D 473)

(a) (b)
7 D >4 '

Fig. 4.5 Qualitative behavior of the RG flow in the #-7-plane generated by the one-loop flow
equations (4.71) and (4.72). The left figure (a) corresponds to D > 4, where the critical behavior of
the system is controlled by the Gaussian fixed point G. On the other hand, below four dimensions,
shown in (b), the critical behavior is determined by the Wilson—Fisher fixed point WF, which is
characterized by a finite value of the interaction
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Fig. 4.6 Flow of the couplings 77 and i, for a nearly critical system as a function of the logarithmic
RG flow parameter / obtained from Eqgs. (4.71) and (4.72) for D = 3. The two characteristic RG
scales /. and /, separate three distinct regimes: In the initial regime 0 < [ < /. the couplings 7
and #; flow toward the values 7, and i, associated with the critical fixed point; in the intermediate
interval [, <1 <1, the RG flow is very slow in the vicinity of the fixed point; finally, for [, <1 the
trajectory rapidly flows away from the fixed point

To obtain a physical interpretation of /. and I,, it is necessary to calculate the
momentum-dependent correlation function G(k), which we shall do in Sect. 8.3.
Let us anticipate here that the scale Age ™" = £~! can be identified with the inverse
correlation length (which vanishes at the critical point, corresponding to [, — oo on
the critical surface), while the interaction dependent scale Age ' = k, defines the
upper cutoff in momentum space where the asymptotic scaling G(k) oc |k|~2*" at
the critical point can be observed. The scale k. is usually called the Ginzburg scale
(Ginzburg 1960, Amit 1974, Hasselmann et al. 2007).

The crucial point is now that if we consider the dimensionality D as a contin-
uous parameter and assume that D is only slightly smaller than the upper critical
dimension Dy, = 4, then the smallness of the parameter

6=Dup_D:4_D “4.74)

justifies an expansion of the critical exponents in powers of €. To see this more
clearly, consider the fixed point values i, and 7, of our dimensionless couplings,
which are obtained by setting the left-hand sides of Eqgs. (4.71) and (4.72) equal to
zero,

1 @,
0 =27, + — , 475
R, (4.75)
3 =2
0=eily, — > —2x (4.76)

2 (1+7)
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The solutions to first order in € are easily obtained,

i, = %e + O, 4.77)
_ ’/_i* 2 € 2
Fo= = T OED) =~ +O@E). (4.78)

Because in the derivation of our one-loop RG equations we have ignored higher
orders in u;, it would be inconsistent to retain the correction of order €2 in Egs. (4.77)
and (4.78). It is now important that the fixed point values of i; and 7; are both
of order €. If the initial values of ##; and 7; are also chosen of order €, then these
couplings remain of order € on the entire critical surface, so that the one-loop
approximation underlying Eqs. (4.71) and (4.72) is justified. This procedure can be
systematically improved by retaining more loops in the RG flow equations, leading
to an expansion of critical exponents in powers of € (Pelissetto and Vicari 2002).

Let us now proceed and calculate the scaling variables and the eigenvalues of
the linearized RG flow at the Wilson—Fisher fixed point for D < 4 to order e.
Substituting 7, = 7, + 87, and i1; = i1, + ity in our one-loop RG equations (4.71)
and (4.72), and expanding the right-hand sides to first order in the deviations §7; and
8u; from the fixed point, we obtain the linearized RG equations

87 _ 2 — % % + % or;
8] <5ﬁ1) - ( 0 —€ (Sﬁ[ ’ (479)

Note that the lower off-diagonal element of the coefficient matrix vanishes to order
€: in a more accurate calculation to order €2 the zero in the lower off-diagonal ele-
ment would be replaced by a finite number of order €2. Although the 2 x 2-matrix
in Eq. (4.79) cannot be diagonalized, it is easy to find its left-eigenvectors, which
according to our general considerations of Sect. 3.3.2 are needed to construct the
scaling variables. By inspection, one easily finds one of the left-eigenvectors of the
matrix in Eq. (4.79),

vl =(0,1). (4.80)
The corresponding eigenvalue
y=—€=D—-4 (4.81)

is negative for D < 4, so that the associated scaling variable
or
=T 1
Sty =v, <3ﬁ1> (4.82)

is irrelevant at the Wilson—Fisher fixed point. To determine the other left-eigenvector
of the matrix in Eq. (4.79), we make the ansatz v,T = (1, x), so that the correspond-
ing eigenvector equation reads
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_€ 14 € e 1 €
(1’x)(203 21'2>=<2—§, §+E_6x)=y’(1’x)‘ (4.83)

This implies
€
yw=2-= (4.84)
3
and

1+£ 1[ €
6 __|1=-=
4[1+5] 4

_ _ 6] + 0. (4.85)

Our second left-eigenvector is therefore

T _ i>_<l _€ 2)
v,_(1,4[1+§] = 1,4[1 6]+0(e) , (4.86)

and the associated relevant scaling variable is, to first order in €, the following linear
combination of §7; and §i1y,

ST 1 £
=" (52) ~ 87 + 1[1 - 6]5:;, . (4.87)

But according to Eq. (1.28), the inverse of the exponent y, associated with the rele-
vant thermal scaling variable can be identified with the correlation length exponent
v, so that to linear order in € we obtain

! ! 1+6 + O(e?) (4.88)
V= — = = -4 — €). .
o 2-%5 2 12

Using the fact that to linear order in € the correlation function exponent 1 vanishes?,
the thermodynamic exponents slightly below four dimensions can be obtained with
the help of the scaling relations (1.33a), (1.33b), (1.33c), and (1.33d).

4.2.3 Wave Function Renormalization and Anomalous Dimension

To conclude this chapter, let us make some remarks about the physical meaning
of the flowing field renormalization factor Z; = Z,_, appearing in our defini-
tion (4.57) of the field rescaling factor ¢, and the associated flowing anomalous

4 A more accurate two-loop calculation to order €2 yields n = €2/54 + O(e?) (see e.g., Pelissetto
and Vicari 2002).
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dimension 1, = —9;InZ;, see Eq. (4.65). Although within our simple one-loop
approximation Z; = 1 and hence n; = 0, a more accurate calculation would yield
a nontrivial result for Z;. From the definition Z, = c¢y/c=~ in Eq. (3.11), it is clear
that only if the self-energy exhibits some wave vector dependence the factor Z; can
be different from unity. Given the fact that the one-loop diagram for the self-energy
shown in Eq. (4.50) is wave vector independent, it is not surprising that we have
obtained Z; = 1 in the one-loop approximation. On the other hand, as already
mentioned in the footnote after Eq. (4.66), for T < T, the one-loop approximation
gives rise to a momentum-dependent self-energy, so that in this case one obtains
a nontrivial result for Z; at the one-loop level (Sinner et al. 2008). In Chap. 8
we shall explicitly write down exact and approximate FRG flow equations for the
momentum-dependent self-energy in the symmetry-broken phase of ¢*-theory, see
Egs. (8.18) and (8.104).

Let us begin by elaborating on the relation between the wave function renormal-
ization factor Z; and the flowing anomalous dimension 7;. The defining equation
(4.65) of n; can also be written as a formal differential equation for Z;,

WZ =-mz, (4.89)
which integrates to

7, = Zoe~ Jodm (4.90)

One should keep in mind that in general 1; depends also on Z;, so that Eq. (4.90)
should be understood as an integral equation for Z;. Suppose now that »; approaches
a finite positive limit for / — oo,

n = lim 7. 4.91)
[—o0

Then Eq. (4.90) implies that lim;_, o, Z; = 0. Conversely, if the limit
Z = llim Z 4.92)

is nonzero, then the integral in the exponent of Eq. (4.90) must approach a finite limit
for I — oo, which is only possible if lim;_, o, 7; = 0. Our notation anticipates that
the limit n = lim;_, , 17; in Eq. (4.91) can be identified with the critical exponent 1
which we have introduced phenomenologically in Sect. 1.2 via the asymptotic long-
distance (or small wave vector) behavior of the correlation function, see Egs. (1.13)
and (1.14). To see this, recall that according to Egs. (3.86) and (4.57), the correlation
function in momentum space transforms under the RG as

G(k;g) = b*Z,G(bk; g') . (4.93)

But if 7 is finite, then Z; is proportional to e~ oc b~" for sufficiently large /.
Keeping in mind that for a critical system the coupling constants approach their
fixed point values g* for large /, we see that Eq. (4.93) reduces to the homogeneity
relation

G(k; g") o b* "G (bk; g") . (4.94)
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This implies the critical scaling G(k) oc |k|~>*" postulated in Eq. (1.14), which
completes the proof that n = lim;_,« 7; can indeed be identified with the critical
exponent 7. Note that 1 can be viewed as an interaction-dependent contribution to
the scaling dimension of the field and is therefore called anomalous dimension. The
scaling law (4.94) is anomalous in the sense that it does not follow from dimensional
analysis. If n is finite, then the scaling of the coupling constants of the system is not
only determined by their canonical dimension (which can be found by dimensional
analysis), but receives also a contribution from the anomalous dimension 7. The
canonical and anomalous contributions combine to form the scaling dimension of a
given coupling constant.

On the other hand, for noncritical systems the limit = lim;_, », 77; necessarily
vanishes. However, for finite / the flowing 7, is usually finite and positive such that
Z < 1. In fact, if we express the exact two-field correlation function G (k) in terms
of the irreducible self-energy,’

Ghk)= —————, 4.95
(k) cok? + X (k) ( )
and expand X' (k) to second order in k we obtain for small wave vectors k
Gk) = z (4.96)
k2 + £ ‘
where
1
l=—" 4.97)
|+ 22k
ok | g
and
C
E—‘; =ZXk=0). (4.98)

The identification (4.97) of Z with the limit of Z; for / — oo in Eq. (4.92) follows
from the definition of Z;,, = ¢y/c” in Eq. (3.11), see also the footnote in Sect. 3.3.1.

The field renormalization factor also plays an important role in quantum mechan-
ical many-body systems and quantum field theories. In this context it is also called
wave function renormalization factor. In quantum field theories the self-energy
Y (w, k) depends also on frequency, and the wave function renormalization factor
Z is usually defined in terms of the frequency derivative of the self-energy. For
example, for normal Fermi liquids one defines for each wave vector k (Abrikosov
et al. 1963, Nozieres 1964, Negele and Orland 1988),

5 Recall that in Sect. 4.1 we introduced diagrammatic perturbation theory using the lattice nor-
malization. The corresponding self-energy X appearing in the Dyson equation (4.36) has units of
energy. In contrast, here we use the continuum normalization where the self-energy X'(k) has units
of 1/(length)?. We indicate the different normalizations of the self-energy by different positions of
the wave vector labels.
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1
dw

w=0
For wave vectors k on the Fermi surface kp, the function Z, is usually called
quasiparticle residue, because it can be identified with the weight of the quasiparticle
pole in the single-particle Green function of a Fermi liquid. The vanishing of Z, in
the normal state would imply the breakdown of the quasiparticle picture.®

Finally, let us point out that the wave function renormalization factor appears
also in second-order Rayleigh—Schrodinger perturbation theory of single-particle
quantum mechanics (see e.g., Sakurai 1994). Recall that in quantum mechanical
perturbation theory one expands the eigenvalues E,(X) and eigenstates |E,) of a
Hamiltonian of the form H = Hy + AV in powers of the small parameter A,
assuming that the eigenvalues €, and eigenstates |€,) of Hp are known. To gen-
erate the perturbation series, it is convenient to work with states | E,,) which are not
normalized to unity but whose projection onto the corresponding unperturbed states
|€,) 1S unity,

(enlEn) =1, (4.100)
see Fig. 4.7. Assuming for simplicity that the states are nondegenerate, Rayleigh—

Schrodinger perturbation theory yields the formal expansion for the perturbed states
(Sakurai 1994),

En=Y" [&(en — )+ /w)] &) (4.101)

€, — H,
v=0 0

where O, = 1 — |€,) (€, | projects onto the subspace orthogonal to |¢,). The corre-
sponding energies are

En()‘) =€, + (€n|)\V|En)

=€, + Z(enMV |:6g—nHo(6n —E,(M)+ )»V)i| len) . (4.102)
v=0 n

Unfortunately, the right-hand sides of Egs. (4.101) and (4.102) depend again on
E,()), so that for a systematic expansion in powers of the small parameter A one
has to reshuffle the terms corresponding to different powers of v in the perturba-
tion expansion. This makes calculations within Rayleigh—Schrodinger perturbation

6 For example, for interacting fermions in one dimension Zi, = 0 for arbitrarily weak interaction.
The normal state of interacting fermions in D = 1 is therefore not a Fermi liquid and is called
Luttinger liquid (Haldane 1981).
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|€n>

1

Fig. 4.7 In Rayleigh—Schrodinger perturbation theory the perturbed states |E,) are normalized
such that their projection onto the unperturbed states |e,) is unity. To obtain properly normalized
states |E,) = «/Z,|E,), the length of the states | E,) has to be reduced by a factor /Z, < 1

theory beyond the second order quite tedious. Nevertheless, in principle we can cal-
culate the perturbed states | E,) to a given power of A. Because of the normalization
condition (4.100), the states | E,,) are not normalized to unity and should be rescaled
at the end of the calculation by a factor Z,, < 1 to obtain properly normalized states
| Eil) ’

|E,) = V/Zu|Ey) (4.103)

where the wave function renormalization factor is given by

1
= — . (4.104)
(En|En)
It is a simple exercise in quantum mechanics to show that (Sakurai 1994)
E, (A
Z, = @) . (4.105)
d€,

From Fig. 4.7 it is obvious that Z, is in general smaller than unity. In fact, if a
perturbed state |E,) is almost orthogonal to the corresponding unperturbed state
|€,), then the wave function renormalization factor is very small. A vanishing wave
function renormalization factor (corresponding to a finite anomalous dimension)
therefore means that the true eigenstates of the system cannot be reached perturba-
tively from the eigenstates of the corresponding noninteracting system.
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Exercises

4.1 One-Loop Flow Equations for the O(N)-symmetric ¢*-theory

Consider the <p4-theory with an N-component (vector) field (k) = (¢(k), ...,
@y (k)) which is invariant under O (N )-rotations in field component space,

L [% dPk 2 al 2, "o D u 2 2
S[‘P]ZE/ W[VO‘f‘COk];Wi(kN +4—!/d ”Z‘Pi(")ﬁl’j(r)-

i,j=1

Here, Ay is the initial ultraviolet cutoff and

Yo dPk
vi(r) = / e e

(a) In analogy to the discussion of the Ising-like ¢*-theory with N = 1 eliminate
all modes with A < k < Ag perturbatively. Rescale momenta and fields appro-
priately to derive the recursion relations,

2 N +2 Ao qPk 1
B[ B o).
A

CpD 6 )P ry + cok?
’r_ 5172 2
T ph+2 [co+O (”0)] ’
, g (N + 8)u} /Ao dPk 1 3
AT [“0 5 ), eGPt O

Note: Using Feynman diagrams, the interaction term can be represented by a

vertex of the form >u/4‘< to denote the two independent summations
0 .

over field indices. Internal loops that are not connected to external legs by
solid lines then lead to free summations over a field component index and the
corresponding diagram is thus proportional to N.

(b) Demand ¢’ = ¢y to determine the field rescaling factor ¢, and derive differential
flow equations by setting b = ¢’ with [ — 0,

dr _ (N+2u dii _ (N +98)i?
T A T €U ——————,
dl 6(1 +7) di 6(1 +7)?
where ¢ = 4 — D. For a convenient notation, we have introduced the dimen-

sionless couplings 7 = r'/coAj and it = Kpu'/c}A§. Here, K p is the surface
area of a D-dimensional unit sphere divided by (277)”, see Eq. (2.86).
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(c) Determine the fixed points of these flow equations and show that besides the
Gaussian fixed point, there is a nontrivial Wilson—Fisher fixed point with

6¢ IN+2
« = T 02, r, = —— 02.
N+8+ (€) T 2N+86+ (€9)

N

(d) Linearize the flow equations around the nontrivial fixed points, sketch the flow
in the 7-u plane for D < 4, and determine all critical exponents to linear order
ine. Set D = 3 (i.e., ¢ = 1) and compare your results with the known critical
exponents of the 3D-Heisenberg universality class « = —0.10, B = 0.36,
y =139, =5.11,v =0.70, and n = 0.027.

4.2 Logarithmic Corrections to Scaling

Close to four dimensions the one-loop RG flow equations for ¢*-field theory are
given by

oF = 27 4 A
147

0l = €l — B—ﬁlz .
(I4+7)?

For the Ising universality class, it was shown in Sect. 4.2.2 that A = 1/2 and
B = 3/2, see Eqgs. (4.71) and (4.72). This result was generalized to the O(N)-
symmetric case in Exercise 4.1. For general N we have A = (N + 2)/6 and
B = (N + 8)/6. Here, we will discuss implications of the above flow equations
for D =4,ie.,e =0.

(a) Show that (7., i) = 0 is the only fixed point of the RG flow equations. To
obtain the relevant scaling variable use the substitution #; = 7, + Ai;/2 to
eliminate the linear term Ai; in the first equation, resulting in

oty = yity — Agty + ...,
dity = —Bia; + ... .

In fact, up to the factor of A which for the Ising universality class equals 1/2,
the above variable substitution is the same as used in the context of scaling in
the vicinity of the Wilson—Fisher fixed point, see Eq. (4.87). The ellipses denote
higher-order terms in # and #; which can be neglected. Explain this in detail.
Why is ii; called a marginally irrelevant coupling?
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(b) Integrate the last equation to obtain i; and use this result to determine #,.
Starting from a small #, and iy, we want to iterate the RG until #, = O(1).
In practice, this final value for #; should be large enough such that mean field
theory is applicable. On the other hand, it should be chosen small enough such
that neglecting higher-order terms as done above is still justified. To obtain the
I* where the iteration of the RG should be stopped solve your solution for #
approximately for / as a function of . You should obtain an / of the form / =
ciIn[cat] + ¢z In[1 + ¢4 In(cst)].

(c) To calculate the specific heat, recall that the singular part of the free energy
satisfies

_ _DI _
fsing(th i) = e fsing(tls i) .

Evaluate the right-hand side within mean field theory to derive the leading con-
tribution to the free energy. Use this result to show that the specific heat exhibits
the following logarithmic behavior,

C(to, uo) o (In(ty: /1)) =N/ N+

(d) Logarithmic corrections to scaling are quite ubiquitous at the upper critical
dimension. (This is especially important in systems where the upper critical
dimension is D = 3.) Verify this explicitly by evaluating the scaling behavior
of the correlation length &.
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Chapter S
Field-Theoretical Renormalization Group

The concept of the RG was originally introduced in the context of quantum field
theory by Stueckelberg and Petermann (1953) and by Gell-Mann and Low (1954),
long before Wilson’s seminal works. Although the field-theoretical RG is less gen-
eral than the Wilsonian RG and can only be applied to so-called renormalizable
theories (we shall explain in this chapter what this means), calculations beyond the
leading order in the number of loop integrations are usually simpler within the field
theoretical RG if it is applicable. Here, we shall briefly introduce the main ideas of
the field-theoretical RG method.! More detailed introductions can be found in the
authoritative book by Zinn-Justin (2002) or in many other textbooks on quantum
field theory such as (Sterman 1993, Peskin and Schroeder 1995, Zee 2003).

5.1 Divergencies and Their Regularization in Field Theory

By definition, in field theories, space-time is treated as a continuum, so that in
momentum-frequency space there is no ultraviolet cutoff. As a consequence, cor-
relation functions can be ultraviolet divergent if the dimensionality of space is high
enough because there is no upper bound for the momenta and frequencies circu-
lating around the closed loops encountered in perturbation theory. In the lattice
models of condensed matter physics this problem does not arise, because the finite
lattice spacing a always provides a physical ultraviolet cutoff Ay ~ 1/a for all
momentum integrations. In order to make sense out of a (quantum) field theory,
one has to regularize the theory at least at intermediate stages of the calculation by
introducing an ultraviolet cutoff Ay. Of course, eventually we are interested in the
limit A9 — oo. In renormalizable field theories the infinities associated with this
limit can be absorbed through a redefinition of a finite number of coupling constants,
which can be fixed experimentally by making a finite number of measurements.

In order to compare the field-theoretical RG with the Wilsonian momentum shell
RG introduced in Sect. 4.2, we shall explain in this chapter the main ideas of the

1 The presentation in this chapter is influenced by a series of lectures on perturbative renormaliza-
tion given by G. Sterman in Fall 1987 at the State University of New York at Stony Brook.

Kopietz, P. et al.: Field-Theoretical Renormalization Group. Lect. Notes Phys. 798, 123-139
(2010)
DOI 10.1007/978-3-642-05094-7_5 © Springer-Verlag Berlin Heidelberg 2010
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field-theoretical RG within the context of classical ¢*-theory close to four dimen-
sions. Formally, this theory can be obtained from the Ginzburg—Landau—Wilson
model given in Eq. (2.65) by removing the ultraviolet cutoff A,. With a slight
change of notation (which is adopted to the field theory context of this chapter),
the bare action of our model reads

Slpo; mo, gol = /dDVﬁ[wo;mo,go] , (5.1)

with Lagrangian density

80

Egog(r) ) (5.2)

1 m2
Llgo; mo, go] = E[V%(")]Z + S0 +

In the notation of Eq. (2.65) we have set o(r) = /cop(r), m(z) = rg/co, and go =
uo/ cé. The subscripts on ¢g, m and gy indicate that these are bare quantities, which
will be renormalized by fluctuation corrections. In wave vector space Eq. (5.1) reads

1
Slgo; mo, ol = 5 fk [k* + mgpo(—k)po(k)

4 4
+% (H /k> @2n)Ps (; ki) wo(k1)@o(k2)po(ks)po(ks) - (5.3)

In contrast to the Ginzburg—Landau—Wilson action for the Ising model in Eq. (2.61)
the above field theory does not have an ultraviolet cutoff so that the momentum
integrations are unrestricted, which leads to ultraviolet divergencies in perturbation
theory. For example, the first-order correction to the irreducible self-energy is

8o 1 80 * Pl
8 = = —/— ==K / dk———
2 hi+md 27 TR m?
20 Do 0 fol
ZTKD’”O [) dxmzoo fOI'DZZ (54)

Note that in the analogous expression (4.50) appearing in the Wilsonian RG the
wave vector integrations are restricted to the shell A < |k| < Ay, whereas in field
theory the integrations are unbounded. Moreover, fluctuation corrections to corre-
lation functions with more than two external legs can also be ultraviolet divergent.
For example, the leading interaction correction to the effective interaction is
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2
sr— L _ _ﬁ/ S
2 2 Je [ 4 md]
00 D-1
= ——KDmOD_4/ dx———— =00 forD>4.  (55)
0 [1+4x%]2

The analogous expression in the Wilsonian momentum shell RG given in Eq. (4.53)
is again finite due to the restricted wave vector integration.

In order to manipulate the divergent integrals appearing in the perturbation series,
we have to make them finite at intermediate stages of the calculation by introducing
some kind of ultraviolet cutoff. This is called regularization, not to be confused with
renormalization. At the end of the calculation we should somehow remove artificial
cutoffs to obtain a renormalized theory which is independent of the regularization
procedure. There are many ways of introducing a regularization. Some useful regu-
larization procedures are:

(a) Regularization via a momentum cutoff: The simplest strategy to regularize the
ultraviolet divergencies is to cut them off by “brute force” at some scale A. In
the simplest case, one chooses a sharp momentum cutoff, replacing

dPk dPk
—— = | ——OA—|k]). (5.6)
2m)P 2m)P
However, for calculations beyond one loop the nonanalyticity of the sharp cutoff
gives rise to mathematical complications, so that in practice it is often better to
work with a smooth cutoff, for example a Gaussian momentum cutoff,

dPk APk e p
/ o / o : (5.7)

(b) Dimensional regularization: Another possibility to regularize the ultraviolet
divergencies is to evaluate the Feynman diagrams encountered in perturbation
theory for some small enough dimensionality D. Divergencies then enter as
poles in 2 — D or D — 4. Away from the poles, the integrals can be defined
through analytic continuation in D.

(c) Lattice regularization: In this case one discretizes space (and time for quantum
systems) and replaces the spatial continuum by a lattice with finite lattice spac-
ing a. Then all momentum integrations are over a finite domain defined by the
first Brillouin zone of the lattice. While in continuum field theories one should
eventually take the limit @ — 0, in condensed matter systems this regularization
is provided by nature via the physical crystal lattice.
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Of course, depending on the regularization scheme, different results for the diver-
gent Feynman diagrams are obtained. For example, if we regularize the loop inte-
gration in the first-order self-energy correction (5.4) using the Gaussian momentum
cutoff (5.7) we obtain in D = 4,

80 d4k 1 —k2/A2

sy =5 [ L5~
W=7 ] Gy e m®

= @mmzfoodx v e (with @ = m2/A?)
270y T 42 0
80 L [ 14+y-—-1 _, )
= EK4W£%§A dyﬁe y (with y = x2)
1
= @mmg[— - e"‘El(a)] , (5.8)
4 o

where the exponential integral E(z) is defined by (Abramowitz and Stegun 1965)
o e—t
Ei(2) :/ dt et (5.9)
Z

Using the asymptotic expansion of E;(z) for small z,
Ei(z)~—-y —Inz+0(2), (5.10)

where y = 0.577... is Euler’s constant, we finally obtain for A% > m(z) in four
dimensions,

2
§3(A) = %go[% - mgln(mio) + 0(1)], D=4, 5.11)

Similarly, we obtain for the regularized correction § 1" to the interaction (5.5) in four
dimensions,

3 d*k 1 2
§SI" = __gé —4—2€_k2/A
250 ) @ (k2 4 m2)

3Ky ., [
4 2/ dy—>—e™ (5.12)
4 0 (I+y)

For small « = m3/A? the integral in the second line can be approximated by In(1/a)
to leading order, so that

|

|
oo
[=}

3F(A)~—3%g§1n(on)+O(1), D=4, (5.13)
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On the other hand, if we use dimensional regularization then the regularized
expressions for § ¥ and §I" look different. Assuming that the dimension D is suf-
ficiently small so that the integrals exist, we obtain for the regularized self-energy
correction (5.4) using the same substitutions as in Eq. (5.8),

80 de 1

55(e) = &2 —
©=%) @p erm

= Ok mprr(2)r(1-2)., (5.14)

where we have used (Abramowitz and Stegun 1965, p. 256)

(o] yz—] _ B T B B
/(; dy Tty 7 ese(wz) = sin(zz) reora-z). (5.15)

Substituting for K the explicit expression given in Eq. (2.86) and using the fact
that for small € = 4 — D > 0 we may approximate

D € 2
r(i-3)=r(-1+5)=--+o00, (5.16)

we obtain slightly below four dimensions

g my ( _2>N_go mg

535(e) = 20 8 Mo
© =75 Gmpr 2 2 87

+0@1), (5.17)

which looks rather different from the result (5.11) obtained via regularization with
Gaussian momentum cutoff. To evaluate the correction §I" to the interaction in
Eq. (5.5) in dimensional regularization, we simply use

1 a 1

e i T 5.18
(k2 + m(2))2 am} k2 + mj ©-18)
so that with Egs. (5.14) and (5.17) we can write
SI(e) =3 9 53 (€) 3 2 +0O(1) (5.19)
-8 am} 280 gr2¢ ' ’
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Again, the regularized result for §I"(¢) obtained via dimensional regularization
looks rather different from the corresponding expression (5.13) obtained with Gaus-
sian momentum cutoff, so that at this point it appears almost like a miracle that by
using different regularization schemes we are eventually able to obtain unambigu-
ous results for physical observables from field theories which can be compared with
experiments.

5.2 Perturbative Renormalization

5.2.1 The Renormalized Lagrangian

As a first step towards our goal to use field theory to make predictions for exper-
imentally measurable physical quantities we introduce the so-called renormalized
Lagrangian, which is a function of the renormalized field gk, the renormalized mass
mpg, and the renormalized coupling constant gg. These renormalized quantities are
defined in terms of the corresponding bare quantities ¢y, m( and g via the relations

Y0 =~Zypr , (5.20a)
my = Z,my , (5.20b)
80 = Zyu gr , (5.20¢)

where the dimensionless multiplicative renormalization constants Z,, Z,, and Z,
will be determined iteratively order by order in perturbation theory, and p in
Eq. (5.20c) is an arbitrary mass scale which is introduced to make the renormalized
coupling gz dimensionless. Our strategy is to absorb all infinities encountered in
perturbation theory into the relations between the bare quantities and the renor-
malized ones. The idea is that only the renormalized quantities have a physical
meaning and can be related to physical observables. We therefore require that the
renormalized quantities have finite values, while the bare quantities are infinite due
to the singularities contained in the Z-factors. In order to realize this strategy, let us
express our original Lagrangian density L[¢o; mo, go] defined in Eq. (5.2) in terms
of renormalized quantities as follows,

1 2 8
Llgo; mo, gol = 5[(V¢o) +mé§0§] + 4—(:903
1 2 HUEER
= E[Zw(V‘PR) + Zmem%ﬂ’%e] + ZgZ<2p 21 §0;‘e
:£R[¢R;mRv ngztpvzm’Zg] ) (521)

where the renormalized Lagrangian Lg[@r;mr, &, Zy, Zm, Zg] should be consid-
ered to be a function of the renormalized field ¢g, mass mg, and coupling gg, and
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the associated dimensionless Z-factors. Alternatively, the renormalized Lagrangian
can be written as

1 2 ue
ﬁR[‘PR;mmgk,Z(p,Zm,Zg]:5[(V§0R) +m%<p§]+ 4§R<p‘,‘g
1 2 1 2 2 2 KER 4
+§(Z¢—-D(V¢R) +—§(ZmZ¢——lynR¢R—F(ZgZ¢——1) TRAE (5.22)

Note that the first term on the right-hand side of Eq. (5.22) is of the same form as the
bare Lagrangian but with the bare quantities replaced by the renormalized ones. The
remaining three terms in the second line of Eq. (5.22) resemble the terms appearing
in the first line, but with different coefficients which all vanish if the Z-factors are
replaced by unity. These terms are called counterterms and are considered to be a
part of the interaction in perturbative renormalization. Each counterterm therefore
gives rise to a new interaction vertex, which we represent by the following graphical
elements,

1 .
Field counterterm: E(Z‘p —1)(Vgr)?* = , (5.23a)
1
Mass counterterm: E(ZmZ(/, — l)miq)fe = { , (5.23b)
Interacti tert ~5@@ﬁ—04— (5.23¢)
nteraction counterterm: 1 eZ, Yp = . 23c¢

The structure of the above relation, namely

Lrlorimg, gr, Zy, Zm, Z,]={classical Lagrangian with bare quantities
replaced by renormalized ones} + {counterterms} ,
(5.24)

is very general. It is not only the starting point of renormalized perturbation the-
ory in our simple classical ¢*-theory. A similar decomposition is also the starting
point of renormalized perturbation theory in quantum electrodynamics and quantum
chromodynamics.? Of course, in this case one needs different graphical elements to
represent the theory and the counterterms.

2 For example, in quantum electrodynamics the classical Lagrangian is (see e.g., Peskin and
Schroeder 1995, p. 330)
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Let us point out that the strategy underlying field-theoretical perturbative renor-
malization has also been successfully adopted in condensed matter physics, where
it is sometimes called renormalized perturbation theory (see e.g., Hewson 1993,
Appendix L). For example, in order to calculate the true Fermi surface kp of
an interacting Fermi system, it is convenient to include the exact self-energy
Y(w = 0, k) at vanishing frequency as a counterterm into the quadratic part of
the Hamiltonian (Nozieres 1964). The a priori unknown self-energy X' (w = 0, kr)
is determined self-consistently from the requirement that the self-energy calculated
from the residual interaction vanishes for momenta on the Fermi surface and for
vanishing frequency. For recent applications of this technique see (Neumayr and
Metzner 2003, Ledowski et al. 2005, Ledowski and Kopietz 2007).

5.2.2 Perturbative Calculation of Renormalization Factors

A priori it is not clear whether all divergencies encountered to all orders in per-
turbation theory can be absorbed in our three dimensionless factors Z; (where
i = ¢,m,g). The fact that this is indeed possible amounts to the statement that
our theory is renormalizable. Let us now explain how to calculate the Z; iteratively
order by order in perturbation theory. From the form (5.22) of the renormalized
Lagrangian it is obvious that the Z; are functions of the renormalized mass mp,
the renormalized coupling constant, gg, and the (arbitrary) mass scale p. Moreover,
because we have to regularize the divergent integrals encountered in perturbation
theory, the Z-factors will in general also depend on the regularization procedure: for
regularization with momentum cutoff A the Z; will depend on A, while in dimen-
sional regularization they will depend on €. In renormalized perturbation theory, we

. 1
EW, A;m07 eO] = 1/’(1)/”3;1 - eOVMAu - mo)llf - ZFHUFMV 5

where the four-component field { represents the bare electrons, the bare photon field is represented
by the four-vector potential A, with field strength F,,, = 9, A, — 3,A,, y*, u = 0,1,2,3 are
4 x 4-matrices, and m and e are the bare mass and the bare charge of the electron. This is
a U(1)-gauge theory, so that one needs an extra gauge fixing term, which only affects the photon
propagator; the effective bare Lagrangian contains then one additional parameter 1y which fixes the
gauge, Leg[Vr, A;mo, eo, kol = LIV, A;mo, eo] — %AO(BHA“)Z. The corresponding renormalized
Lagrangian is obtained by introducing the renormalized quantities ¥ = \/Zy g, A* = /Z, Ak,
moy = Z,mg, ey = Z.eg, and has four counterterms,

Lr[Vr, Arsmp, er, Agy Zy, Za, Zin, Ze] = Leii[Vr, Arsmpg, er, Ag]

; ; 1 .
+i(Zz// - 1)1//'1?}/#8}1.1//1? - (ZmZ1/1 - l)meRl//R - (ZA - 1)ZFR.}LI)F£(

- <Zw ZpZe — 1) eRVRY" AR VR -

Gauge invariance implies that there is no counterterm for the gauge-fixing term and that Z, =
Z;l/ 2, so that all divergencies can be absorbed into three renormalization constants Zy,, Z, and
Z,. The renormalized Lagrangian for quantum chromodynamics looks even more complicated (see

for example (Sterman 1993, Peskin and Schroeder 1995)).
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expand the Z; in powers of the renormalized interaction to obtain a series of the
form

o0
Zi=1+ Cmg,p, Aorelgy. i=g.m.g (5.25)

v=I

with dimensionless expansion coefficients Ci(”)(m R, 1, A or €). The notation “A
or €” in the last argument means that for cutoff regularization these coefficients
depend on A, while for dimensional regularization they are functions of e =4 — D.
The crucial step is now to choose the coefficients C;v)(m R, L, A or €) such that
the perturbative expansion in powers of the interaction part of the renormalized
Lagrangian Lg[@r;mR, 8r: Zy, Zm, Zg] (Which includes the counterterms) is finite
order by order in perturbation theory. In other words, any singularity encountered in
the perturbative expansion can be absorbed into one of the three factors Z,, Z,, or
Z,. The fact that this really works to all orders in perturbation theory is equivalent
with the statement of renormalizability of the theory.

To see how this procedure works in practice, let us here explicitly calculate
the Z-factors to first order in the renormalized coupling. Consider first the cor-
rection to the mass, which is determined by the momentum-independent part of
the irreducible self-energy. According to Eqs. (5.11) and (5.17) the interaction part
(1€ gr/4)@% of our renormalized Lagrangian (5.22) gives rise to the following self-
energy correction,

K, i 42 m% ln(m—AR) + O(1) , (cutoff regularization) (5.26)

521 = TgR 2 )
—Z£ 4+ 0(1) . (dimensional regularization)

Note that in dimensional regularization the renormalized coupling is actually ugr =
eMlor = gr + O(elnp), so that the nonsingular correction of order unity
depends on the regularization scheme. However, the mass counterterm

in Eq. (5.22), which should also be considered as part of the interaction, gives an
additional correction (Z,Z,, — l)m%e to the self-energy, so that in total we obtain

82 =83+ (ZnZ, — ym% . (5.27)

Because to order gz the self-energy is momentum-independent, the leading correc-
tion to the field renormalization factor is of the order gfe, so that we may approximate
Z, ~ 1 to first order in gg. Expanding Z,, = 1+ CWVgp+ (’)(g%), we obtain to first
order in gg,

K 2 _miin(4)+ 00
32=—4gR{ P () +O0) o so) . o
270 | 2 o)

where it is understood that the upper line in the bracket corresponds to cutoff reg-
ularization, whereas the lower line corresponds to dimensional regularization. The
singular partof C(V is now fixed by demanding that the right-hand side of Eq. (5.28)
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remains finite for A — oo or ¢ — 0. This implies

K A _ A
c = 74 {1111 (m) 2 }+C;;> , (5.29)

€

where ¢! denotes the nonsingular part of C' which remains finite for A — oo or
€ — 0. Obviously, the requirement that perturbation theory remains finite fixes only
the singular part of the expansion coefficients C ;(V)' To first order in the renormalized
coupling constant gg, the mass renormalization factor Z,, is therefore given by

AN o2
Zn =1+ gRI:% {11“ () 2me } + c,gp} +0(gz) . (5.30)
3

where K; = 1/(87%) and the finite part ¢(" depends on the regularization scheme.
Next, let us calculate the singular part of the coupling constant renormalization
factor Z,. To this end we consider the leading correction to the interaction, which

according to Egs. (5.13) and (5.19) is for large A or small € given by

3 A

STy = —2Kyg2 | (m) +omt (5.31)
: Lrom

Again, the interaction counterterm in Eq. (5.22) generates an additional

contribution to the renormalized coupling constant, so that in total
8I =48I +gr (2,2, — 1) . (5.32)
But to order g% we may approximate
8r (242 —1) = gzCy) (5.33)
so that the total g% correction to the coupling constant is
5T = —%Iﬁg,% [ inJ(r%()l;r o } +CP e+ 0 () - (534

Demanding again that this remains finite for A — oo or ¢ — 0 fixes the singular
part of Cél),

2 1

3 A)
= 2k, {m (mk } +cl (5.35)

&
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where the nonsingular part cg,l) remains undetermined. The coupling constant renor-
malization factor Z, to first order in g is therefore

2

A
Zy=1+ gR[& { n () } + c;”] + 0 (gz) - (5.36)

1
€

As already mentioned (see the discussion after Eq. (5.27)), the field renormalization
factor is of the form

Z,=1+0(gx) . (5.37)

so that to first order in gz we may approximate Z, ~ 1. Note that in dimensional
regularization the Z-factors are independent of m g. This iterative procedure of cal-
culating the renormalization factors can in principle be carried out to arbitrary high
orders in gg. The important point is that for doing the calculation to a given order
in gg we do not need to know in advance the counterterms to this order: they are
obtained to this order while doing the calculation. As anticipated, the singularities
encountered in perturbation theory can be absorbed in the renormalization factors
given by Eqgs. (5.30) and (5.36). If we demand that the renormalized quantities are
finite, then the bare quantities are actually infinite if we remove the regularization.

5.2.3 Relating Renormalized Perturbation Theory to Experiments

Consider the expansion (5.25) of the renormalization factors Z; in powers of the
renormalized coupling constant gg. We have shown that the first-order coefficients
C\P(mpg, w, €) and C{P(mg, ju, €) have in dimensional regularization the form

z"
CPmp, pe) = “ 4 ¢V (5.38)
€

i k]

where the nonsingular parts cgl) depend on mg, u and €, while the residues Zfl) of
the singular part are given by Z{}) = K4/2 and Z{" = 3K,/2. A similar decomposi-

tion is also obtained for the higher order expansion coefficients Cf")(m R, I, €) With
v > 1. The requirement that renormalized perturbation theory remains finite for

€ — 0 fixes only the residues Zi(v) of the singular parts of the expansion coefficients
)

i

C l.(”)(m R, I, €), leaving their nonsingular parts ¢
the Z-factors depend on a lot of parameters,

completely arbitrary. As a result,

Z; = Z;(mg, gr, 14, €, D e @@ cfﬂz), o). (5.39)

m>vg >tm>tg

Finite parts of counterterms
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Recall that in dimensional regularization one has to introduce an arbitrary mass
scale p in order to define the dimensionless renormalized coupling constant g in
arbitrary dimension. But how do we fix the coefficients ci”) in order to get unique
predictions which can be tested experimentally? To answer this, we observe that
the bare Lagrangian really depends only on the two parameters m, g9, because
according to Eq. (5.21)

1 2
Llgo; mo, g0l = 5[(V¢’0) +m3‘/’3] + %9"3

= Lrlorimg, 8r Zyp, Z, Z,] , (5.40)

with o = \/Z,pr, m} = Z,,m%, and gy = Z,ugg. Hence there can be only two
independent parameters in the renormalized Lagrangian that distinguish different
physical theories. As a consequence, the finite parts ¢{”, ¢ and ¢ of the coun-
terterms as well as the mass scale u can be chosen arbitrarily. In particular, we may
fix the finite parts cl{”) of the counterterms in some convenient way which simpli-
fies the calculations. This procedure is usually called choosing a renormalization
scheme. One possibility is so simply set the finite parts of all counterterms equal
to zero, CEV) = 0. This renormalization scheme is called minimal subtraction. An
alternative scheme is the so-called momentum subtraction, where the finite parts of
the counterterms are chosen such that the self-energy X' (k) and the (dimensionless)
renormalized effective interaction Ik satisfy

2(0) = my , (5.41a)
X (k)
FR = m;gR . (541C)

At this stage, the perturbation series generated from L depends only on mg, gg,
and p. Now comes the input from experiment: in order to get a theory with predic-
tive powers, we proceed as follows:

(a) Pick two observable quantities, for example the mass mpys of some physical
particle and some physical scattering cross-section ophys. We then calculate these
observables perturbatively using renormalized perturbation theory to obtain rela-
tions of the form

mphys = fl(mR7 gRs M‘) ’ (542)
Ophys = fz(mR9 8R>» M) s (543)

where the functions fi(mg, gg, 1) and fo(mg, gg, 1) are truncated series expan-
sions to a given order in gg.

(b) Determine miphys and opnys from experiment and invert Egs. (5.42) and (5.43) to
obtain mg and gg as functions of the physical parameters.
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mp = M R(Mphys, Ophys., L) (5.44)

8rR = gR(mphys’ Ophys ") - (5.45)

(c) With mg and gg expressed in terms of physical observables, we can now use our
renormalized Lagrangian to calculate other physical observables. In this way our
theory has acquired predictive power. If our theory is correct, the results should
again agree with experiment.

From this algorithm it is clear why nonrenormalizable field theories do not have any
predictive power: In this case the divergencies cannot be absorbed in a finite num-
ber of counterterms. As a result, the theory depends on infinitely many parameters,
which can only be fixed by measuring infinitely many observables.

The relations (5.44) and (5.45) still depend on the arbitrary mass scale u defin-
ing the renormalized dimensionless coupling constant. If we could calculate the
functions fi(mg, gg, ) and fo(mg, gg, 1) in Eqs. (5.42) and (5.43) to all orders
in perturbation theory, they would be independent of u, because we know that our
original theory depends only on two independent parameters. But in practice we
have to truncate the perturbation series at some finite order in gg. In this case the
functions f and f> do not loose their p-dependence, so that the values of mz and
g still depend on the arbitrary mass scale . Fortunately, for renormalizable theo-
ries the residual p-dependence is only logarithmic and is therefore very weak (see
e.g., (Sterman 1993)).

5.3 Callan-Symanzik Equation

The freedom in the choice of the mass scale p in the definition of the renormal-
ized Lagrangian Lg[@g;mg, gr, 0] implies that correlation functions which are
calculated within the renormalized theory for different values of the renormalized
parameters mpg, gg can be related to each other. This relation can be expressed in
terms of a partial differential equation, the Callan—Symanzik equation, which we
now derive. Let us therefore consider the so-called one-line irreducible vertex func-
tions I'™(ky, --- , k,) with n external legs, which we represent graphically by a
shaded circle with n external legs,

One-line irreducible means that any diagram contributing to the shaded circle can-
not be separated into two disconnected parts by cutting a single propagator line. In
the special case n = 2 the vertex function I"'?(k, —k) = X (k) can be identified
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with the irreducible self-energy introduced in Eq. (4.95); for n = 4 the vertex
I'D(ky, ky, k3, ky) is usually called the effective interaction. We shall formally
define these vertices in Sect. 6.2. Taking into account that the bare and renormalized
fields are related by ¢y = \/Z>(p<pR, the relation between bare and renormalized
irreducible vertices is

I[Py, kysmo, g0) = Zy " T (ky, -+ ks mg, gry 1) - (5.46)

Obviously, the left-hand side of this identity is manifestly independent of the arbi-
trary mass scale u, so that the explicit u-dependence of the right-hand side must
also cancel against the implicit p-dependence contained in Z,, m and gg. Taking
the derivative of both sides of Eq. (5.46) with respect to i while keeping the bare
parameters m and g, constant we obtain

d o d n
0= oIy s Kimo, go) = - 2,5 100 K, g, )
dz,’ . d
= TRk i g, W+7," g TR e kaim g )
(5.47)
Multiplying this equation by Z w and writing -~ dﬂ dl‘fm we obtain

d v dz," o
dhwr,g (k1-~-kn;mR,gR,u)+[ (pdl‘ﬂ } Wiy kyymp, gro 1) =0
(5.48)
The factor in the square braces of Eq. (5.48) can be written as
de_% n dz
e =——n(mR,gR) (5.49)

Ydinp ~ 27¢ dlnp
where the anomalous dimension in the field-theoretical RG approach is given by

dnZ,
dlinp

n(mg, gr) = (5.50)

mo,80

The subscripts indicate that the differentiation should be carried out keeping the bare
quantities mq and go constant. Introducing also the Gell-Mann—Low B-function

B(mg, gr) = , (5.51)
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and the function

E)lnm%e _ L E)m%e

y(mg, gr) = , (5.52)

2
dlnpu 0,20 my dlnp o2

Eq. (5.48) can be written in the form

9 9 9 n ]
[M@%‘,BE-FVVH%W—5771|F1(g)(kl,-‘-,kn;mR,gR,lJL)=0~ (5.53)
R

This is the Callan—Symanzik equation for the renormalized vertex functions. It tells
us how a change of the arbitrary mass scale p appearing in the definition of the
renormalized coupling constant gg = Zg_1 1€ go is compensated by a change of the
renormalized parameters @g, m g and gg such that the renormalized vertex functions
are independent of . if the bare parameters are held constant.

Let us calculate the functions B(mg, gg) and y(mg, gg) to leading order in
ggr. Using dimensional regularization with minimal subtraction we obtain from
Eqgs. (5.30) and (5.36)

1K

Zw =1+ Efg,e +0(g3) (5.54)
3K

Z,=1+ 5?481? +0(g3) . (5.55)

These expressions are independent of m g, so that in dimensional regularization the
functions S(gg) and y(gr) depend only on the renormalized coupling constant gg.
From the definition (5.51) we obtain

9 971
— 271 —€elnp — g —€
B(gr) alnM[ o e Mg] T
3 Ky 0gr 3
= —¢ o @) . 5.56
gR+2 B 3ln[,LgR+ (gR) ( )
In the second term of the last line we may approximate 381?# =—egr+0O (g?e), SO

that

8gR 3K4 :
B(gr) = m = —€gr + Tgfg + O (g?-‘,) . (5.57)
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Similarly, we obtain from Eq. (5.52)

971 3 K4
=7, =7,  [p— 2
y(gr) Sl T [ Sc8k+0 (gR)}
K4 8gR 2 K4 2
=7, — 2% =—1 — - .(5.58
% 3Ing + 0 (gz) =—[1+0(gp)] 5 [—egr + O (g2)] - (5.58)

To leading order in gz we thus obtain

1 am%e K4 2
= — = — O . 5.59
v (gr) o T L + O (gr) (5.59)

Finally, let us compare Egs. (5.57) and (5.59) with the flow equations (4.71) and
(4.72) describing the change of the couplings #; and ; due to mode elimination and
rescaling in the Wilsonian RG. Setting & = poe ™! so that 43, = —d; and defining
81 = Kugg, the field-theoretical RG equation (5.57) for the renormalized coupling
constant can be written as

3
38 =e€q — Eg% : (5.60)

which is formally identical with the Wilsonian RG equation (4.72) provided we set
7; = 0 in the second term of Eq. (4.72). This is consistent close to the Wilson—
Fisher fixed point where 7; is of order g;. Note, however the conceptual difference
between g; and #;: the coupling g; = Ksgg is the renormalized field theoretical
coupling, while the flowing coupling &; in the Wilsonian approach describes the
change of effective coupling as we eliminate degrees of freedom. Although at order
g,z or 1212 the field-theoretical RG equation (5.60) is formally identical to the corre-
sponding Wilsonian RG equation (4.72), at higher orders in gg the corresponding
flow equations disagree. In fact, coefficients of gfe and higher in the perturbative
field-theoretical S-function depend on the regularization scheme (Creutz 1983).

To compare the field-theoretical RG equation (5.59) to the Wilsonian flow equa-
tion (4.71) for the thermal variable 7, let us define the dimensionless coupling
f; = m% /i, which satisfies

_ 1 amd _
wouly = =26 + — =[-2+y&rlu, (5.61)
urolnp
and to leading order in g;,
af =20 — %i; . (5.62)

On the other hand, if we linearize the Wilsonian RG equation (4.71) we obtain
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_ oL
811"1 = 21’1 + EMI (563)

which obviously is not identical with the field-theoretical RG equation (5.62). How-
ever, in the vicinity of the Wilson—Fisher fixed point we may set g — %e, so that
Eq. (5.62) reduces to

- _ €
=y , y=2-z, (5.64)

which agrees with the Wilsonian flow equation for the scaling field #, = §7; +
1 (1 =€) i, defined in Eq. (4.87). We conclude that both field-theoretical and
Wilsonian RG yield the same results for critical exponents, although conceptually
and technically the two versions of the RG are rather different.

After this brief excursion into the field-theoretical RG, we will go back to the
Wilsonian RG and proceed in the second part of this book with the development of
modern functional RG methods.
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Part 11
Introduction to the Functional
Renormalization Group

The mode-elimination step of the Wilsonian RG discussed in Chap. 3 requires inte-
grating over field components describing short-wavelength and high-energy fluctu-
ations. We have seen in Sect. 4.2 that in general this step can only be carried out
approximately and usually involves rather tedious calculations. It turns out, how-
ever, that if the mode elimination is carried out in infinitesimal steps, its effect
can be described mathematically via an exact hierarchy of functional differential
equations for certain types of Green functions or vertex functions. This has already
been discussed in the early days of the RG by Wegner and Houghton (1973), who
derived a formally exact functional differential equation describing the change of
the effective action due to an infinitesimal change of the cutoff A. This so-called
Wegner—Houghton equation is equivalent to an infinite hierarchy of coupled func-
tional RG flow equations involving all momentum-dependent vertices of the the-
ory. Unfortunately, the explicit solution of the Wegner—Houghton hierarchy of flow
equations leads to some technical complications, so that for practical calculations
the Wegner—Houghton equation has not been widely used in the literature. How-
ever, there are alternative and in practice more convenient ways of expressing the
Wilsonian mode elimination step in terms of formally exact functional differential
equations for certain generating functionals, which will be defined in Chap. 6. In the
past 20 years, approximate solutions of these formally exact RG flow equations have
been extensively studied; the work in this field is now summarized under the name
functional renormalization group (FRG) or exact renormalization group. In this sec-
ond part of this book, we give a self-contained introduction to the FRG, building on
the foundations presented in Part I. For other comprehensive reviews of the FRG,
see (Morris 1998, Salmhofer 1999, Bagnuls and Bervillier 2001, Berges et al. 2002,
Pawlowski 2007, Delamotte 2007). We shall assume in the rest of this book that
the reader is familiar with the functional integral approach to quantum many-body
systems, as described, for example, in the textbook by Negele and Orland (1988).
We begin in Chap. 6 with a summary of functional methods in many-body
physics; in particular, we introduce several generating functionals for different types
of Green functions and vertex functions and interpret them diagrammatically. In
Chap. 7, we then derive formally exact FRG flow equations describing the change of
the generating functionals due to an infinitesimal Wilsonian mode elimination step.
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While there are several equivalent formulations of the FRG involving different types
of generating functionals, in many cases it is advantageous to formulate the FRG
in terms of the generating functional I" of the one-line irreducible vertices, which
can be obtained from the generating functional of the connected Green functions
via a Legendre transformation and is therefore also called the Legendre effective
action. The advantages of working with the Legendre effective action have already
been recognized in the older RG literature by Di Castro et al. (1974) and later by
Nicoll, Chang, and coworkers (Nicoll et al. 1976a,b, Nicoll and Chang 1977, Chang
et al. 1992). More recently, Wetterich (1993) has written down the exact FRG flow
equation for the Legendre effective action in a very concise form given in Eq. (7.54)
which is sometimes called the Wetterich equation.

Although the exact FRG equation for the generating functional I” of the one-line
irreducible vertices looks deceptively simple, the explicit solution of this equation
is rather difficult and usually requires drastic approximations. Two different approx-
imation strategies have been developed: the first is based on the combination of the
local potential approximation with the derivative expansion (Bagnuls and Bervillier
2002, Berges et al. 2002, Pawlowski 2007). This approach has been very successful
to obtain accurate results for critical exponents (Bagnuls and Bervillier 2002, Berges
et al. 2002, Delamotte et al. 2004, Delamotte 2007) and is convenient to describe the
phases with broken symmetry (Birse et al. 2005, Krippa et al. 2005, Krippa 2007,
2009, Diehl and Wetterich 2007, Diehl et al. 2007a,b, 2009), because it is based
on an expansion of I” in terms of invariant densities which automatically fulfill
all symmetry requirements. In Chap. 9, we shall give a brief introduction to this
method.

The other approximation strategy is based on the expansion of I" in powers of
the fields (vertex expansion), leading to an infinite hierarchy of coupled integro-
differential equations for the one-particle irreducible vertices of the model under
consideration. This strategy was pioneered by Morris (1994) and has the advantage
of providing information on the momentum and frequency dependence of the ver-
tices at all momentum and energy scales, as will be explained in detail in Chap. 8.
For nonrelativistic fermions, the corresponding hierarchy of RG flow equations for
the irreducible vertices has been derived by Kopietz and Busche (2001) and inde-
pendently by Salmhofer and Honerkamp (2001), while for nonrelativistic bosons
the corresponding equations are given by Ledowski et al. (2004) and by Hasselmann
et al. (2004). Truncations of the exact hierarchy of flow equations for the one-line
irreducible vertices of nonrelativistic fermions have been extensively studied in the
condensed matter literature for various systems, such as two-dimensional Hubbard
models (Honerkamp and Salmhofer 2001b, Honerkamp 2001, 2003, Honerkamp
et al. 2004, Honerkamp and Salmhofer 2005, Kampf and Katanin 2003, Katanin
and Kampf 2003, 2004, Katanin 2004, 2009, Ossadnik et al. 2008), one-dimensional
systems (Busche et al. 2002, Meden et al. 2002, Andergassen et al. 2004, Ledowski
et al. 2005, Ledowski and Kopietz 2007), or quantum mechanical impurity models
(Hedden et al. 2004, Andergassen et al. 2006, Meden and Marquardt 2006, Karrasch
et al. 2007, 2008, Bartosch et al. 2009a). We shall discuss various versions of the
vertex expansion for fermions in Part III of this book. In particular, in Chap. 10
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we explicitly write down the coupled system of functional RG equations describing
the flow of the one-particle irreducible vertices of nonrelativistic fermions. These
equations follow as a special case of a more general “master flow equation” derived
in Chap. 7, which treats fermions, bosons, or mixtures thereof within a single uni-
fying “superfield-formalism” (Schiitz et al. 2005, Schiitz 2005, Schiitz and Kopietz
2006).

References

Andergassen, S., T. Enss, V. Meden, W. Metzner, U. Schollwock, and K. Schonhammer (2004),
Functional renormalization group for Luttinger liquids with impurities, Phys. Rev. B 70,
075102. 142

Andergassen, S., T. Enss, and V. Meden (2006), Kondo physics in transport through a quantum dot
with Luttinger-liquid leads, Phys. Rev. B 73, 153308. 142

Bagnuls, C. and C. Bervillier (2001), Exact renormalization group equations: An introductory
review, Phys. Rep. 348, 91. 141

Bagnuls, C. and C. Bervillier (2002), Classical-to-critical crossovers from field theory, Phys. Rev.
E 65, 066132. 142

Bartosch, L., H. Freire, J. J. Ramos Cardenas, and P. Kopietz (2009), Functional renormalization
group approach to the Anderson impurity model, J. Phys.: Condens. Matter 21, 305602. 142

Berges, J., N. Tetradis, and C. Wetterich (2002), Non-perturbative renormalization flow in quantum
field theory and statistical physics, Phys. Rep. 363, 223. 141, 142

Birse, M. C., B. Krippa, J. A. McGovern, and N. R. Walet (2005), Pairing in many-fermion systems:
An exact renormalisation group treatment, Phys. Lett. B 605, 287. 142

Busche, T., L. Bartosch, and P. Kopietz (2002), Dynamic scaling in the vicinity of the Luttinger
liquid fixed point, J. Phys.: Condens. Matter 14, 8513. 142

Chang, T. S., D. D. Vvedensky, and J. F. Nicoll (1992), Differential renormalization-group gener-
ators for static and dynamic critical phenomena, Phys. Rep. 217, 279. 142

Delamotte, B. (2007), An Introduction to the Nonperturbative Renormalization Group, arXiv:cond-
mat/0702365. 141, 142

Delamotte, B., D. Mouhanna, and M. Tissier (2004), Nonperturbative renormalization-group
approach to frustrated magnets, Phys. Rev. B 69, 134413. 142

Di Castro, C., G. Jona-Lasinio, and L. Peliti (1974), Variational principles, renormalization group,
and Kadanoff’s universality, Ann. Phys. 87, 327. 142

Diehl, S. and C. Wetterich (2007), Functional integral for ultracold fermionic atoms, Nucl. Phys.
B 770, 206. 142

Diehl, S., H. Gies, J. M. Pawlowski, and C. Wetterich (2007a), Flow equations for the BCS-BEC
crossover, Phys. Rev. A 76, 021602(R). 142

Diehl, S., H. Gies, J. M. Pawlowski, and C. Wetterich (2007b), Renormalization flow and univer-
sality for ultracold fermionic atoms, Phys. Rev. A 76, 053627.

Diehl, S., S. Floerchinger, H. Gies, J. M. Pawlowski, and C. Wetterich (2009), Functional renor-
malization group approach to the BCS-BEC crossover, arXiv:0907.2193 [cond-mat.quant-gas].

Hasselmann, N., S. Ledowski, and P. Kopietz (2004), Critical behavior of weakly interacting
bosons: A functional renormalization-group approach, Phys. Rev. A 70, 063621. 142

Hedden, R., V. Meden, T. Pruschke, and K. Schonhammer (2004), A functional renormalization
group approach to zero-dimensional interacting systems, J. Phys.: Condens. Matter 16, 5279. 142

Honerkamp, C. (2001), Electron-doping versus hole-doping in the 2D t-t'" Hubbard model, Eur.
Phys. J. B 21, 81. 142

Honerkamp, C. (2003), Instabilities of interacting electrons on the triangular lattice, Phys. Rev. B
68, 104510. 142

Honerkamp, C. and M. Salmhofer (2001), Temperature-flow renormalization group and the com-
petition between superconductivity and ferromagnetism, Phys. Rev. B 64, 184516. 142



144 Part II Introduction to the Functional Renormalization Group

Honerkamp, C. and M. Salmhofer (2005), Eliashberg Equations derived from the functional renor-
malization group, Progr. Theoret. Phys. 113, 1145. 142

Honerkamp, C., D. Rohe, S. Andergassen, and T. Enss (2004), Interaction flow method for many-
fermion systems, Phys. Rev. B 70, 235115. 142

Kampf, A. P. and A. A. Katanin (2003), Competing phases in the extended U-V -J Hubbard model
near the Van Hove fillings, Phys. Rev. B 67, 125104. 142

Karrasch, C., T. Hecht, A.Weichselbaum, Y. Oreg, J. von Delft, and V. Meden (2007), Mesoscopic
to universal crossover of the transmission phase of multilevel quantum dots, Phys. Rev. Lett.
98, 186802. 142

Karrasch, C., R. Hedden, R. Peters, T. Pruschke, K. Schonhammer, and V. Meden (2008), A finite-
[frequency functional renormalization group approach to the single impurity Anderson model, J.
Phys.: Condens. Matter 20, 345205. 142

Katanin, A. A. (2004), Fulfillment of Ward identities in the functional renormalization group
approach, Phys. Rev. B 70, 115109. 142

Katanin, A. A. (2009), The two-loop functional renormalization group approach to the one- and
two-dimensional Hubbard model, Phys. Rev. B 79, 235119. 142

Katanin, A. A. and A. P. Kampf (2003), Renormalization group analysis of magnetic and super-
conducting instabilities near van Hove band fillings, Phys. Rev. B 68, 195101. 142

Katanin, A. A. and A. P. Kampf (2004), Quasiparticle anisotropy and Pseudogap formation from
the weak-coupling renormalization group point of view, Phys. Rev. Lett. 93, 106406. 142

Kopietz, P. and T. Busche (2001), Exact renormalization group flow equations for nonrelativistic
Sfermions: Scaling toward the Fermi surface, Phys. Rev. B 64, 155101. 142

Krippa, B. (2007), Superfluidity in many fermion systems: Exact renormalization group treatment,
Eur. Phys. J. A 31, 734. 142

Krippa, B. (2009), Exact renormalization group flow for ultracold Fermi gases in the unitary limit,
J. Phys. A: Math. Theor. 42, 465002. 142

Krippa, B., M. C. Birse, N. R. Walet, and J. A. McGovern (2005), Exact renormalisation group
and pairing in many-fermion systems, Nucl. Phys. A 749, 134. 142

Ledowski, S., P. Kopietz, and A. Ferraz (2005), Self-consistent Fermi surface renormalization of
two coupled Luttinger liquids, Phys. Rev. B 71, 235106. 142

Ledowski, S. and P. Kopietz (2007), Fermi-surface renormalization and confinement in two cou-
pled metallic chains, Phys. Rev. B 75, 045134. 142

Ledowski, S., N. Hasselmann, and P. Kopietz (2004), Self-energy and critical temperature of
weakly interacting bosons, Phys. Rev. A 69, 061601. 142

Meden, V. and F. Marquardt (2006), Correlation-induced resonances in transport through coupled
quantum dots, Phys. Rev. Lett. 96, 146801. 142

Meden, V., W. Metzner, U. Schollwock, and K. Schonhammer (2002), Scaling behavior of impu-
rities in mesoscopic Luttinger liquids, Phys. Rev. B 65, 045318. 142

Morris, T. R. (1994), The exact renormalisation group and approximate solutions, Int. J. Mod.
Phys. A9, 2411. 142

Morris, T. R. (1998), Elements of the continuous renormalization group, Progr. Theoret. Phys.
Suppl. 131, 395. 142

Negele, J. W. and H. Orland (1988), Quantum Many-Particle Systems, Addison-Wesley, Redwood
City. 141

Nicoll, J. F. and T. S. Chang (1977), An exact one-particle-irreducible renormalization-group gen-
erator for critical phenomena, Phys. Lett. A 62, 287. 141

Nicoll, J. F, T. S. Chang, and H. E. Stanley (1976a), Exact and approximate differential
renormalization-group generators, Phys. Rev. A 13, 1251. 142

Nicoll, J. F,, T. S. Chang, and H. E. Stanley (1976b), A differential generator for the free energy
and the magnetization equation of state, Phys. Lett. A §7,7. 142

Ossadnik, M., C. Honerkamp, T. M. Rice, and M. Sigrist (2008), Breakdown of Landau theory in
overdoped cuprates near the onset of superconductivity, Phys. Rev. Lett. 101, 256405.

Pawlowski, J. M. (2007), Aspects of the functional renormalisation group, Ann. Phys. 322, 2831. 142



Part I Introduction to the Functional Renormalization Group 145

Salmhofer, M. (1999), Renormalization: An Introduction, Springer, Berlin. 141, 142

Salmhofer, M. and C. Honerkamp (2001), Fermionic renormalization group flows, Progr. Theoret.
Phys. 105, 1. 141

Schiitz, F. (2005), Aspects of Strong Correlations in Low Dimensions, Doktorarbeit, Goethe-
Universitat Frankfurt. 142

Schiitz, F. and P. Kopietz (2006), Functional renormalization group with vacuum expectation val-
ues and spontaneous symmetry breaking, J. Phys. A: Math. Gen. 39, 8205. 143

Schiitz, F.,, L. Bartosch, and P. Kopietz (2005), Collective fields in the functional renormalization
group for fermions, Ward identities, and the exact solution of the Tomonaga-Luttinger model,
Phys. Rev. B 72, 035107. 143

Wegner, F. J. and A. Houghton (1973), Renormalization group equation for critical phenomena,
Phys. Rev. A 8, 401. 143

Wetterich, C. (1993), Exact evolution equation for the effective potential, Phys. Lett. B 301, 90. 141
142



Chapter 6
Functional Methods

Our derivation of exact FRG equations in Chap. 7 will be based on the concept of
generating functionals of several types of Green functions and vertex functions. For
a self-contained introduction to the FRG it is therefore necessary to properly define
the various generating functionals and develop some intuition for the meaning of the
associated correlation functions, which we shall do in this chapter. Moreover, we
shall use the invariance properties of generating functionals under shift and symme-
try transformations to derive so-called Dyson—Schwinger equations of motion and
Ward identities relating different types of correlation functions. Of course, com-
prehensive introductions to functional methods can be found in several excellent
textbooks (Negele and Orland 1988, Zinn-Justin 2002, Rammer 2007). In this con-
text we also mention the more specialized books by Vasiliev (1998) and by Fried
(1972, 2002), which emphasize the formulation of field theory in terms of functional
derivatives.

To describe fermions, bosons, or even mixtures thereof within a single formalism,
it is useful to have a compact notation which allows us to keep track of the combi-
natorial factors and possible minus signs in an efficient way. Let us therefore collect
all different field types of a given theory into a superfield @ labeled by a superlabel
a, which denotes the different field types and, for a given field, all labels needed
to specify the field configuration, such as momentum, frequency, spin or additional
flavor labels (Schiitz et al. 2005, Schiitz 2005, Schiitz and Kopietz 2006). A related
approach has been developed by Wetterich and coauthors (Baier et al. 2004, 2005,
Wetterich 2007). For purely fermionic systems, a similar notation has also been used
by Salmhofer and Honerkamp (2001). We assume that the correlation functions of
the system can be represented as a functional integral involving the exponential of
some general action S[@], with the integration measure normalized such that the
exact partition function of the system can be written as

Z = / D[®le 51?1, (6.1)
Furthermore, we assume that the action can be decomposed as

S[@] = Sol@] + Si[P], (6.2)

with some arbitrary interaction part S;[@], and a Gaussian part of the general form

Kopietz, P. et al.: Functional Methods. Lect. Notes Phys. 798, 147-180 (2010)
DOI 10.1007/978-3-642-05094-7_6 (© Springer-Verlag Berlin Heidelberg 2010
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1

1
So[@] = _E//, qsa[(;g‘]w,cpa, = —E(qb,(;glqb) . (6.3)

The symbol fa denotes integration over the continuous components and summation
over the discrete components of the superfield label «, and the Gaussian propagator
Gy is a matrix in superlabel space. The bosonic components of @ are given by com-
plex fields, while the fermionic components are anticommuting Grassmann fields.
It is understood that the matrix Gy appearing in the Gaussian action (6.3) has been
properly symmetrized in the bosonic sectors and antisymmetrized in the fermionic
sectors. Assuming that the different sectors do not mix, the Gaussian propagator has
the symmetry

Gl =7G,=GZ, (6.4)

where the statistics matrix Z is an infinite diagonal matrix in superlabel space with
matrix elements

1 if @ labels a boson,

—1 if « labels a fermion. 6.5)

Zaa’ = 80{01’{017 with Co = {

For example, to describe a system of nonrelativistic electrons we need a pair of
Grassmann fields v/, and ¥, for each spin projection o. For a one-band model the
fields can be labeled by Matsubara frequencies iw and momenta k. For simplicity,
we shall collect i@ and k into a collective label K = (iw, k). Then the superlabel «
assumes the values o = (¥, K, o) and o = (¥, K, o), where the first specification
denotes the field type, and the other labels give the energy, the momentum, and spin
carried by the field. The Gaussian part of the Euclidean action can in this case be
written as

501 =~ Y [ 65 Koo e

_ 1 . 0 =G (K)\ (Vko
——ngl((wkg,wKa)(Ga,(K) % ><w> (6.6)

where the minus sign in the upper diagonal has been generated by anticommuting
the Grassmann fields, Yk, ¥xo = —VkoVko, and Go(K) is the imaginary fre-
quency propagator of noninteracting fermions with energy dispersion €; and chem-
ical potential w,

1

Go(K) =Goliw, k) = ——— .
Iw— €+ 1

6.7)

We have normalized the Grassmann fields ¥g, and ¥, such that the integration
measure in Eq. (6.6) is



6 Functional Methods 149
x BV y 2w )P’ '

Comparing Eq. (6.6) with Eq. (6.3) we conclude that for nonrelativistic fermions
the infinite matrix G, ! has the following block structure in field space,

_ 0 —-G;!
G1=<A 0), (6.9)
0 Gol 0

where the blocks Gg ! are infinite diagonal matrices in frequency, momentum, and
spin space, with matrix elements

(G5 ko ke = Sk k800G (K - (6.10)
The Kronecker delta symbol

Sk .k = BVuwdkr 6.11)

is normalized such that it reduces to the (D + 1)-dimensional Dirac §-function
Sk.x — QmPT8(w — 08P (k — k') in the limit B, V — oo. Obviously, for a
theory involving only fermionic fields the matrix Gy is antisymmetric, G} = —Gy,
in agreement with the general symmetry property (6.4).

In order to obtain a manifestly antisymmetric propagator in Eq. (6.6), we have to
pay the price of doubling its number of field components. Such a parameterization
has also been introduced by Vasiliev (1998) as well as Salmhofer and Honerkamp
(2001); its advantages will become evident when we develop the functional methods
in this and the following chapter. In particular, we shall show in Chap. 7 that this
construction greatly facilitates the derivation of the proper combinatorial factors in
the vertex expansion of the FRG flow equations. Let us also emphasize that the
assumed form of the action given in Eqs. (6.2) and (6.3) is very general; it includes
interacting fermions or bosons as special cases, but applies also to more general field
theories involving fermion—boson mixtures or more general field theories involving
real bosonic or fermionic fields.! The manipulations in the rest of this chapter are
independent of any particular model as long as the partition function can be rep-
resented as a functional integral (6.1) with effective action of the form (6.2) and
(6.3).

I Real fermions are also called Majorana fermions, which are useful to construct a representation
of the spin algebra in terms of hermitian anticommuting operators, see for example the book by
Tsvelik (2003). For a recent application of this representation see (Shnirman and Makhlin 2003).
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6.1 Generating Functionals for Green Functions

6.1.1 Disconnected Green Functions

For the class of models whose correlation functions can be represented as functional
averages with respect to an action S[®@] of the form (6.2) and (6.3), we define the
disconnected Green functions G$. . with n external legs via the following func-

tional average,2

.

) — [Di@le 5P, ... D,
M fD[(p]e,S[(p]

G = (D,

...y

6.12)

n

The functions GJ”_, can be obtained as coefficients of the functional Taylor expan-
sion of the generating functional

_ ‘/‘D[(p]efS[¢J+(],<D)
glJj] = fD[di]e—S[‘P] , (6.13)
where we have introduced the notation
(J,®) = / Jo Dy - (6.14)

The generating functional G[J] depends on the supersources J whose components
J, are of the same type as the corresponding field components @,, i.e., J, is bosonic
for bosonic field components, and is a Grassmann variable if the corresponding
field component @,, is fermionic. This assures that all terms J, @, in the sum (6.14)
commute with all other fields of the theory. Differentiating G[ @] first with respect to
Ju,, and then with respect to J,,, and so on until we reach J,,, and setting after the
differentiation the sources equal to zero, we see that the disconnected Green func-
tions defined in Eq. (6.12) can be represented as derivatives of the corresponding
generating functional,

. 8"GlJ]
Gt =57 37| (6.15)
o0 |,

This relation is equivalent with the following functional Taylor expansion of the
generating functional (6.13),

2 Note that the ordering of the labels in the functional average (Dg, - .. Py,) is opposite to the

ordering of the labels of thnl)..,an‘ This convention has the advantage that the ordering of the
sources Jg, . .. Jy, in the functional Taylor expansion (6.16) agrees with the ordering of the labels
of G

ap..ap,
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g1 = Z / /Gfi?an oy - (6.16)

nO

It turns out that disconnected Green functions are not very convenient to work
with, because in general their perturbative expansion contains subdiagrams corre-
sponding to Green functions of lower order. For example, the perturbative calcula-
tion of G, . = (Pu, Pur, P, D) using the Wick theorem contains also discon-
nected contributions of the form

*
G GP, = (Po, @) (P, P ) = o o (6.17)
*

Because these contributions can be expressed in terms of the exact two-field Green
function,

2 (05} (65
Gt(xl)az (P, D)) = — (6.18)
they do not exclusively contain information about correlations involving four fields.
Note that in quantum systems the function G, corresponds to the single-particle

propagator and is represented graphically by an arrow pointing to the first index;
below we shall use a similar convention for all superfield correlation functions.

6.1.2 Connected Green Functions

By definition, the diagrammatic expansion of connected Green functions does not
contain diagrams which can be decomposed into two or more disconnected pieces.
Keeping in mind our discussion of the linked cluster theorem in Sect. 4.1.2, it should
not be surprising that the generating functional G.[J] of the connected Green func-
tions is simply related to the logarithm of the corresponding generating functional
G[J] of the disconnected Green functions. For reasons which will become obvious
later on (see Eq. (6.39)) we normalize G.[J] as follows

(6.19)

f’D[(p]e*Sl‘PH(l-‘l’))

G171 =1n(£6171) =In (L5l ™

Note that the functional integral in the denominator involves only the Gaussian part
So[@] of the action. The connected Green functions GE”;I @ with n externals legs

are then defined similar to Eq. (6.15) in terms of functional derlvatives of G.[J],

oo _ G

: = — 6.20
C,0...0, 5.] 8.]0“ ( )

J=0
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The corresponding functional Taylor expansion analogous to Eq. (6.16) is

GlJ] = Z / /Gg”g,l [ S S (6.21)

nO

Graphically we represent the connected Green functions G, by oriented ver-
tices (to take into account the ordering for fermions) with n external legs as shown
in Fig. 6.1. From Eqgs. (6.19) and (6.20) one easily obtains the relations between the

connected and disconnected Green functions forn =0, 1, 2,

GV =1n(Z/2) , (6.22a)
G, =G\ =(®,), (6.22b)
Gg‘zt)}tlot? G((x2])ctz G(()tll) Gfxlz) = <(p0t2 ¢Ct] > - <¢u¢2 > <(pal ) . (6.220)

Fig. 6.1 Graphical representation of the connected Green function G%. «, With n external legs

defined via Eq. (6.20) or (6.21). Because for fermions the order of the external legs matters, we
represent G by an oriented circle where the arrow points to the leg associated with the first

C, 0.0

label and the subsequent labels follow in the order defined by the arrow

In the language of probability theory (see e.g., Van Kampen 1981), the disconnected
Green functions GJ"_, are the moments of the probability distribution defined
by Z~'e~51?] while the connected Green functions G}~ are the cumulants.
Because the zeroth-order expansion coefficient G in the Taylor expansion of G.[J]
is given by the logarithm of the partition function, we know from the linked cluster
theorem for vacuum diagrams discussed in Sect. 4.1.2 that diagrammatically only
connected vacuum diagrams contribute to G\ To also prove that the higher-order
coefficients G(”) .o, Withn > 1 (corresponding to diagrams of the type shown in
Fig. 6.1 with n external legs) do not contain any disconnected parts, we proceed as

in the proof of the linked cluster theorem in Sect. 4.1.2 and use the replica trick,

G[J]=In <Z£g[.]]> = lim i (—g[]]) . (6.23)
0

n—0dn

Representing (Z%Q [J ]) as a functional over n-fold replicated fields @”,r =
1,...,nasin Eq. (4.27), we see that only those diagrams survive in the limitn — 0



6.1 Generating Functionals for Green Functions 153

whose contribution is proportional to n. But these are precisely the connected dia-
grams, which completes our proof.

It is instructive to calculate the generating functional G.[J] within the Gaussian
approximation, which we denote by Gy.[J]. In this case we ignore the interaction
part of our action and obtain with the notation (6.3),

f D[¢]€"(¢ Gy'0)+(J.®)

GolJ] = /1 = 6.24
ol/] [ DI # 6 ) (6.24)
In the numerator we shift the integration variable @ = @' — Gg J, so that the
argument of the exponential becomes
3 (qb G,'®)+(J, ®)
1
= 5(¢'-6{u.67 GiJ) )+ (/.9 = Gl J)
1 1
=5 (¢, G, o) - (J.GlJ) + z(GTJ G,'G{J)
1 1
+(J,<1>’)—§( 07, Gy cp)—z(cp G,'GlJ)
cancel
1 l —1 1 T
E((p G, ¢)_§(J GOJ) (6.25)
The indicated cancellation follows from the identities
(GI1.G,'@) = (J.GoG, ' @) = (J, @), (6.26a)
(@.Gy'Gl ) = (@', 2))=(J, D), (6.26b)

where in the second equation we have used the symmetry (6.4) of the superfield
matrix Go. After the shift @ = @' — G{J in the numerator of Eq. (6.24), the
Gaussian integral of the field variables cancels and we obtain for the generating
functional of the connected Green functions in Gaussian approximation,

1 1
Oold1 = =5 (1.6§9) == [ [ 160l (627)

We conclude that in Gaussian approximation

(Golou = — §? gOc[J] (@ By) = —GO = -G,

. 6.28
8.] 8] Oc,o’ar 0,0'a ( )
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a1 ‘ (e %) _ [e%1 @ Qo _ [e%} : [e%)

Fig. 6.2 Graphical representation of the relation (6.32) between the exact propagator G and the
second functional derivative of G.[J]. The matrix element [G]q,q, is either represented by a thick
arrow pointing from «; to «y, or by an oriented circle enclosing the symbol G. We use the con-
vention that the arrow defining the orientation of the circle points to the first index of [G]lu,a,

For later convenience let us introduce the matrix differential operator % ® % in
superfield space with matrix elements

8 o8 R 6.29)
8J 7 8J |y  8Juddy '

With this notation Eq. (6.28) can be written as an identity between matrices in
superfield space,

8 8
Go = 57 %357 GoclJ1. (6.30)

By analogy with the relation (6.28) we identify the second derivative of the exact
generating functional G.[J] at vanishing external sources with the exact superfield
Green function G,

8°G.[J]

Glow = ——o-| =-G?, | 6.31
[G] S7usda |, = Cewe (6.31)
or in matrix notation
8 8
G=—|—Q® —G.I[J . 6.32
[M@Mg[]}]zo (6.32)

This relation is shown graphically in Fig. 6.2. In the case of boson—fermion mix-
tures we assume that the matrix elements [G]y, are only nonzero if both @ and &’
refer either to fermionic or bosonic fields. Then the commuting or anticommuting
property of the functional derivatives in Eq. (6.32) implies that the exact G satisfies
the same symmetry relation (6.4) as Gy,

G =7G =GZ. (6.33)

It is convenient to parameterize interaction corrections to Gy in terms of a superfield
self-energy X, which we define via the matrix Dyson equation

G'=G,'-2. (6.34)
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Note that here the sign convention for the self-energy is opposite to the sign conven-
tion for the corresponding self-energy X introduced in Eq. (4.35) for the classical
¢*-theory. The negative sign in Eq. (6.34) is customary in quantum many-particle
physics and has the advantage that all terms in the expansion of G in powers of X
are positive,

G =Go+ Go2Gy + GoXGoXGy + ... . (6.35)

A graphical representation of Egs. (6.34) and (6.35) is shown in Fig. 6.3.

aq Q2 aq Q2 aq Q2 aq Q2
< = < + + + ..
Qg Qg aq (e%)
- —4— +

Fig. 6.3 Graphical representation of the Dyson equation (6.34) and its expansion (6.35). Thick
arrows pointing from «; to «; represent the exact propagator [Gly,q,, While thin arrows represent
the corresponding propagator [Goly,«, in Gaussian approximation. The irreducible self-energy
[X]4,, is represented by a shaded oriented circle with the arrow pointing to the first index o

To conclude this section, let us derive a representation of the functional Z%g [J] =

¢%U1 defined in Eq. (6.19) where the functional integration is formally replaced by
a functional differentiation with respect to the sources J. Using the “source trick”

S n
we may write
e SIPIHU®) _ =Si[5],0.9) (6.37)

The term e=5i[37] is now independent of the integration variables @, and may be
pulled out of the functional integral in Eq. (6.19),

eGelI1 efs,[%] Zi f D[(p]efsolzblﬂj,@ , (6.38)
0

£G0clV1— e*%(’-cgf)

where we have used Eq. (6.24). We thus arrive at the identity

f D[¢]67S[<D]+(.I,<P)
[ Dl@]e=51%1

_ oSl Ui | (639)

Z
GelJ] = — J =
e ZOQ[ ]

From this expression it is obvious why it is convenient to normalize the functional
integral defining e%!’! with the Gaussian partition function Z.
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6.1.3 Amputated Connected Green Functions

In Chap. 7 we shall derive formally exact flow equations for generating functionals
of Green functions with initial conditions corresponding to the limit Gy — 0. From
the representation (6.39) of G.[J] it is clear that G. — O in this limit, which is
not a sensible starting point for approximations. The exact FRG equation for G, is
therefore not very useful, so that we should consider other types of Green functions.
One possibility is to use so-called amputated connected Green functions, which are
generated by the functional G,.[®] defined by

Gul®l — Zi / D@ e~ SlPI=Silo+e] (6.40)
0

where @ is an auxiliary field of the same type as @ which is not integrated over.
The amputated connected Green functions G{), , with n external legs are then
defined via

Q-1

, 6.41)

or equivalently via the functional Taylor expansion,

Gocl @] = Z / / GO, By ... Py, . (6.42)

S

To understand why the functions G, are called amputated, let us derive the
relation between the generating functionals G,.[®] and G.[J]. Therefore, we shift
the integration variables @ in the definition (6.40) via the substitution @’ = ® + @,
so that

9?1 = S f D[@']e~Sl®'~P1=51T (6.43)
2y
The Gaussian action with shifted argument can be written as

Sol@’ — @] = _%((p/ -3.G, (@' - P))

The last two terms in the second line are identical because
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/ -1 5 -nT F —15/ F
(¢'.65'®) = ([G;']" @', @) = (2G;' @', &)

= /ca [G,'®'], @ =/<15a [Gy'e'], = (2.G,'®) . (6.45)

Setting the auxiliary field to the value @ = —Gg J, the shifted Gaussian action
(6.44) can be written as

1 1
So[@ +GiT] = -3 (@'.G,'®') - 3 (J,G{J) -, @) . (6.46)
The representation of G,.[®] given in Eq. (6.43) can therefore be transformed into

oO[G1T] _ LA(1.610) Zi/rD[d)/]e—Su[d?']—Sl[¢']+(J,d>') ’ (6.47)
0

Geld]

which implies

1
GelJ1 =G [-G{ ] - 5 (J,GLJ) . (6.48)

Substituting again —GJ J = & we obtain the following relation between the gener-
ating functionals of the amputated connected and the connected Green functions,

_ 1 - 1 - _
Guld1=G. [~ (6]) ' @] + 5 (3.6;'3) . (6.49)

The last term simply subtracts the Gaussian part of G, so that for a free field theory
(where S; = 0) the generating functional of the amputated connected Green func-
tions vanishes identically. To understand why the functional derivatives of G,.[®]
in Eq. (6.49) can be identified with amputated connected Green functions, let us
consider the second functional derivatives Gﬁ?‘m/, which we collect into a superfield
matrix

G2 = (i. ® > gac[a‘>1>T . (6.50)
58 5@ 5o

Using Eq. (6.49) and the fact that according to Eq. (6.32) the negative second
functional derivative of G.[J] at vanishing sources can be identified with the exact
superfield propagator G, it is easy to show that

G =Gy’ - G, 'GG,!
= —[Z+ XGoX + XGoXGoX +...], (6.51)
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where in the second line we have substituted the Dyson equation (6.34) in the form
G,'G = 1+ XG. The relation between the exact propagator G and G2 is therefore

G =Gy — GG2Gy . (6.52)

The relations (6.51) and (6.52) are shown graphically in Fig. 6.4. Obviously, the
external Gaussian propagator legs appearing in the diagrams of the perturbation

series of the connected Green function G are amputated in G2, which explains the

name. For the higher-order amputated connected Green functions with more than
two external legs the term (G] )_l in the argument of G,. [— (G )_1 4_5] in Eq. (6.49)
generates a similar amputation of the Gaussian propagators of all externals legs.

g t (63 al‘ [P (a3 ‘ ‘a2

(051 [e %) (051 [e%) (651 (65)]

< = < -

Fig. 6.4 The upper graph represents the relation (6.51) between the amputated connected Green
function with two external legs G2 and the irreducible self-energy X. The lower graph represents
the relation (6.52) between the connected Green function G and G2

Next, let us derive a representation of G,.[®] in terms of a functional differential
operator which is analogous to the corresponding identity (6.39) for G.[J]. With the
help of the identity

e~ SIP+P] _ =Si[57] (.o +) , (6.53)
J=0
we obtain from the definition (6.40),
_ s 1 _
oGul®] — ,=Si[ ] _/D[q)]e—so[¢]+(1,¢+¢) (6.54)
) J=0
LA ) B
Using the identity

e UGN +UB) — o=3(255.GiZ35) U ®) — p=3(355.655) o) (6.55)

we see that Eq. (6.54) can be written in the form
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9el®) — o=1G5 6E55) o~ Silirle )| (6.56)

51181

We thus conclude that the generating functional of amputated connected Green func-
tions can be written as

et¥) = L [ Dot siessied 2 GBS0 | (6s)
0

In Sect. 7.2.3 we shall derive an exact FRG equation for a modified functional
Gac[®@] where we “switch off” the free propagator, Gy — 0. From Eq. (6.57) it
is obvious that in this limit G,.[®] — —S;[®] which turns out to be a convenient
boundary condition for solving the FRG equations.

Finally, combining Eq. (6.57) with the relation (6.48) between G,.[®] and G.[J],
we obtain another representation of the generating functional of connected Green
functions in terms of a functional differential operator,

FAVIPESTORY) [e—%(%»GS%)e—Sl@J] . (6.58)
d=—GIJ

Note that the differential operator in the exponent on the right-hand side of Eq. (6.58)
involves only two functional derivatives, in contrast to the differential operator
Si [%] in Eq. (6.39).

6.2 One-Line Irreducible Vertices

From Figs. 6.3 and 6.4 it is obvious that the perturbative expansion of the con-
nected Green functions GV}, as well as their amputated connected counterparts
G, ., contain subclasses of diagrams which can be separated into two parts by
cutting a single line associated with a Gaussian propagator. As already explained
in Sect. 4.1.3, these diagrams are called one-line reducible. It turns out that the
isolated propagators connecting different blocks of reducible diagrams can lead to
technical complications in FRG flow equations, in particular if one works with a
sharp cutoff in momentum space (Morris 1994). These complications can be avoided
if one decomposes the connected Green functions GE’"&I ., 10to irreducible vertices
Foffl.)..an and formulates FRG flow equations directly for these vertices. By defini-
tion, the diagrams contributing to I'\" , cannot be separated into two parts by
cutting a single propagator line. For n = 2 this is the graphical definition of the
irreducible self-energy, as discussed in Sect. 4.1.3. In order to properly define the
higher-order irreducible vertices, it is useful to construct the associated generating
functional I'[®]. In the following we first define this functional and explain its
physical meaning. We then derive in Sect. 6.2.2 the so-called tree expansion giving
the decomposition of connected Green functions into irreducible vertices.
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6.2.1 Generating Functional of the Irreducible Vertices

We would like to construct a functional I"[@] of some superfield variables @, such
that the irreducible vertices with n external legs can be expressed as usual via deriva-
tives of this functional,

)

6.59
el S Dy (659)

We shall show shortly that the variables @, can be identified physically with the
expectation values (®,,) of our superfields @, in the presence of external sources J.
We represent I\") , graphically by an oriented shaded circle with n short external
legs, where the arrow attached to the circle points again to the first index and defines
the order of the external legs as in the graph for Gg’;lman shown in Fig. 6.1. The

functional Taylor expansion equivalent to Eq. (6.59) is

o0
_ 1 L
— (n)
re) = §_0:afm fa o, & ... o, . (6.60)

It turns out that the generating functional I'[@] of the irreducible vertices can be
constructed from the generating functional G.[J] of the connected Green function
via a (functional) Legendre transformation as follows,

_ _ _ - _ 1 ,- _
F(@]=L®] - $[®] = (J[B]. &)~ Gl I[B]] + 5 ( ,Gy'®) .| (6.61)

The functional Legendre transform £[®] of G.[J] is defined by
LIP]=(,P)—GlJ[P]], (6.62)

where it is understood that on the right-hand side one should substitute J = J[®]
as a functional of the variables @ by inverting the relations

) 8G.[J
B, = (@) = ij[ I (6.63)

The proof that the functional I'[®] defined in Eq. (6.61) indeed generates the irre-
ducible vertices is based on the explicit construction of the relations between the
connected Green functions G, and the vertices I\" , defined via the func-
tional Taylor expansion of I'[@] in Eq. (6.60). In order to derive these relations, let
us take the functional derivative of the Legendre transform £[@] of the generating

o,
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functional G.[J] in Eq. (6.62) with respect to the field components @®,,. Taking into
account that the fermionic components of the sources J, anticommute with @,, the
chain rule gives

(S,C[@] ) = B-Ia’ Sgc[-,]
o = P) - | = = tody . 6.64
8Dy bt + <6d>,x ) ,/a 8Dy SJy o ( )

——

Dy

@

With the help of the statistics matrix Z defined in Eq. (6.5) the relation (6.64) can
be written in compact form as an identity between supervectors,

J=7"""" (6.65)

whereas the complementary relation (6.63) can be written as

- 8G.[J
® = GelJ] . (6.66)
8J
Using the relation (6.64), the chain rule in superfield space becomes
8 8Jy & 82L[® 8
= == / —_— = / ——[—];'Ot’ N (6.67)
3D, v 6Dy 80y o 0@ 8Dy T 8y
or in compact vector notation,
L RS S P (6.68)
s& |8 5D 8J ‘
where the matrix differential operator ﬁ ® 355 is defined as in Eq. (6.29), i.e.,
8 8 5 6
—_— ® —_— = = = . (6.69)
8@ 6D |,y Dy 8Dy

Applying the differential operator (6.68) to both sides of Eq. (6.66), we obtain the
following matrix identity in superfield space,

) )
1:(5@9— [ 1) (8 —® gcm) (6.70)

The relation (6.70) is the superfield generalization of the well-known fact in mag-
netic systems that the second derivative of the Helmholtz free energy F(h) with
respect to the external magnetic field is the inverse of the second derivative of the
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Gibbs potential G(M) with respect to the magnetization M. In fact, all of the above
definitions have magnetic analogues.?

To prove that the functional I"[®] defined in Eq. (6.61) indeed generates the
irreducible vertices, let us write Eq. (6.70) in the form

5D © 5P

) ) ) s\ !
§®EQC[J]=Z< ®—_£[q>]> ) (6.71)

This relation expresses the second derivative of the generating functional G.[J] of
the connected Green functions in terms of the second derivative of its Legendre
transform L[P] = I'[®@]+ So[@]. Our strategy is to expand both sides of Eq. (6.71)
in powers of the fields to obtain the tree expansion of the connected Green functions
G, interms of the irreducible vertices I\ with m < n. Before embarking
on the general case, consider the special case n = 2, which can be obtained directly
from Eq. (6.70) by setting the sources and the conjugate fields equal to zero after
the differentiation. Using the fact that according to Eq. (6.32) the second functional
derivative of G.[J] for vanishing sources is simply the negative Green function —G,
we obtain from Eq. (6.70),

3ol oz = g7
[5@®a@£[¢]]¢_0_ 726G = —[G'T. 6.72)

Keeping in mind that I'[®] = L[®] + 1 (D, G, '®) we obtain from Eq. (6.72),

i i 3 — 1T 7171 _ 7T
[5@®3@F[¢]L=0_ [G'1'+[Gg] ==", (6.73)

where we have used the Dyson equation (6.34). Taking matrix elements, and using
the fact that by definition

b s
[__ ® —_1“[@]} =r2 . (6.74)
5@ 8D gy, B0

we conclude that the irreducible vertex with two external legs can be identified with
the irreducible self-energy in superfield space,

3 For a magnet with Hamiltonian & = Hy — h M the role of a constant source J is played by the
uniform magnetic field &, while the expectation value of the magnetization operator My = M
corresponds to (@) = &. The Helmholtz free energy F(h) = —T InTr[e #H+FM] corresponds
to —G.[J], while the Gibbs potential G(M) = h(M)M + F(h(M)) corresponds to L[®] defined
in Eq. (6.62). The magnetic version of the relations (6.65) and (6.66) is h = dG/dM and M =
—dF/dh, while Eq. (6.70) corresponds to 1 = (3h/dM)(dM/dh) = (3>G/IM?) (—d*F /dh?).
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= ‘ . (6.75)

Ty, = [Zlaa, =

oo

6.2.2 Tree Expansion

The irreducible vertices with more than two external legs characterize the inter-
actions between the particles in the many-body system. For example, the vertex
F;ﬁlmm with four external legs describes the true interaction between two particles
in the many-body system and is called the effective interaction. As a special case of
our general graphical notation for the irreducible vertices defined in Eq. (6.59) we

represent the effective interaction by the following symbol,

(65} iy

4) —
F0510t20t30t4 - ‘ . (676)

Q3 as

To obtain the general expansion of the connected Green functions in terms of irre-
ducible vertices, it is convenient to rewrite the right-hand side of Eq. (6.71) in terms
of the superfield matrix

_ 5 8 N (s 5\
U[¢]=<—_®—_F[¢]> —(—-®——F[¢]>

8P §P 8P 6P _
&=0
Y ® ) ro] ' z (6.77)
- \s2 " s ' )

which is a functional of the fields @ and satisfies U[®@ = 0] = 0. Substituting the
functional Taylor expansion (6.60) of I'[®] into Eq. (6.77) we obtain explicitly

(o]
- 1 - -
Ue)=y_ —'/ / IO By . D, (6.78)
n=1 n: o) oy
where we have introduced the supermatrices rf;j*%} with matrix elements
(1+2) _ et
[ran]...an]aa/ - Fa(x/a]...oc,, . (679)

The second functional derivative of £[@] whose inverse appears on the right-hand
side of Eq. (6.71) can then be written as

58 .. 8 8 . et
= ®=LI0] = <= 8 s=T1] - [G]]
=U' @]+ 3" —[GI] " =U"[®] - [GT]"" . (6.80)
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Next we expand the inverse of this expression in powers of the matrix U7 [@],

8 s .\ !
(Et@ﬁﬁ[qﬂ)

(UT . [GT]—1>_1 _ ((UTGT _ 1)[GT]71)_1

G’ [1 _ UTGTT] - G’ i [UTGT]U . (6.81)
v=0

Substituting this into Eq. (6.71) and using the fact that ZG” = G we obtain

s 8 s 8 -\ S 1t
§®ﬁgc[n=z<£®£5[<p]> =-GY_[U13I6"] . (682

v=0

Setting on the left-hand side the sources equal to zero after the differentiation we
recover from the v = 0 term on the right-hand side the identity (6.32) shown graph-
ically in Fig. 6.2. To obtain the desired tree expansion of connected Green functions
in terms of irreducible vertices, we now expand both sides of Eq. (6.82) in powers of
the sources. For the left-hand side we obtain from the functional Taylor expansion
of G.[J]in Eq. (6.21),

8 T
= e 02 0) oy T, 6.83
2® Gl = Z D) (683

: (n+2)
where the supermatrix G";

is defined as in Eq. (6.79),

[GU 2, ]y =Gl - (6.84)

c,or...0, 1y c,a’ar...ap

Note that with this notation the relation (6.31) simply reads GT = —G®. On the
right-hand side of Eq. (6.82) we substitute the expansion (6.78) of the functional
U[®] in powers of the fields @, so that Eq. (6.82) reduces to the identity

n T
L ©"2 Y Jur i,

n=0 i
o0 o0 1 r v
2 T z
—- G | X [ ) 6,0
n! Jy w
v=0 "~ n=1 1 n
D D) DI D IR By |
v=0 n;=1 n,=1 nl‘ nv! o 0‘»51 af a,,
»\" 2
+ vt = = = =
x ZG" (r(”l,' a)) G (T8 ) 6T By by By By,
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We can now explicitly take the transposed of this matrix equation, resulting in

+2
S [ St

n=0

DI n./ ], / .

v=0 n;=1 n,=1

Gr(’%,"f”G T GLD, . Dy . By Dy (6.86)

l ” . ny ny

It should be noted that the order of the supermatrices F&'ﬁ”a) has now been reversed.
Our strategy is to compare terms involving the same powers of the sources J, on
both sides of Eq. (6.86). Therefore, we still have to express the expectation values
@, = (D) on the right-hand side in terms of the sources using the relation (6.63),

: agL[J] \
o= _Zm/ /GEJJR e Ja - (687)

n=0

Substituting this into Eq. (6.86) we can compare the vertices involving the same
powers of the sources on both sides. However, we should be careful to identify terms
with the same symmetry under permutation of the field labels. For example, if all
fields are bosonic, then all Green functions G, and vertices I'\" , can be cho-
sen to be symmetric under an arbitrary permutation of the labels, while for fermion
fields we require that all Green functions and vertices are antisymmetric. For the-
ories involving both bosons and fermions, we require symmetry with respect to
permutation of bosonic labels, and antisymmetry for fermionic labels. Before com-
paring the coefficients of a given power of the sources on both sides of Eq. (6.86),
we should therefore properly symmetrize the right-hand side. Therefore it is con-
venient to introduce a symmetrization operator S in the following way: Consider
any function F,, o, of n = n; +ny + ... 4 n, superlabels o, ..., o,. We assume
that the labels can be subdivided into v > 1 disjunct subsets s; = {o, ..., oy},
§2 = {041, -« Uy} oo oy Sy = {Qy—ny+15 - - -, @y} such that the function Fy, 4, is
already symmetrized with respect to permutations of the n; labels in the index set
siyi =1,...,v. The action of the operator S on the function Fy, ,, is then

=y 2 520(P) Fupyay, > (688)

1- V. p

where P denotes a permutation of (1, ..., n) and sgn, is the sign created by per-
muting field variables according to the permutation P, i.e.,

Dy - oo Py, =520 (P) Py, oo+ Doy, - (6.89)
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The effect of S is rather simple: it acts on an expression already symmetric in the
index groups separated by semi-colons to generate an expression symmetric also
with respect to the exchange of indices between different groups. Totally the right-
hand side of Eq. (6.88) thus contains n!/(n;! - ... n,!) terms.* With this notation,
we can write down an analytic expression for the relation between connected Green
functions and irreducible vertices resulting from the identification of the coefficients
of the same symmetrized products of the sources on both sides of Eq. (6.86),

(n+2) Sy
Gcal .y = _\JX:%)nIX::l n_l ”1' ny,! fﬂl './‘ﬁ'}l ”'.[ﬂl fﬂ#v
o0 [e ] o0
xz...z...z...z "
(ml_l m11=1) (my R - Pz m (6.90)

Gr(n +2) G F(’1‘+;,) GZ
(m}+1) G(m,,v+1) } .

xS, o G
O“‘““m} """ Xy, +1++-%n c,f}llal...a"l By, e —mp,+1%n

On the right-hand side of this rather cumbersome expression, only connected cor-
relation functions with degree smaller than on the left-hand side appear. We can
therefore recursively express all connected correlation functions via their one-line
irreducible counterparts. This is the tree expansion. For fixed n, only a finite number
of terms contribute on the right-hand side of Eq. (6.90). The simplest case is n = 0,
where all summations and integrations can be omitted and Eq. (6.90) reduces to
G» = —G'. This relation has already been derived earlier in Eq. (6.32) and is
shown graphically in Fig. 6.2. For n = 1 only the single term with v = 1, n; = 1,

= 1 contributes on the right-hand side of Eq. (6.90). Explicitly, the tree expan-
sion of the connected Green function with three external legs can be written as

GE";‘)"I(’Q“% / / /3 [G]Dt]ﬂ] [G]a2ﬁ2 [G]o(3/33 Fé?gzﬂ% P} (691)
1 2 3

which is shown graphically in Fig. 6.5. The tree expansion of the connected Green
function with four external legs, corresponding to n = 2 in Eq. (6.90), is more
complicated. In this case the following three terms in the nested sum on the right-
hand side of Eq. (6.90) contribute,

term v n; m‘]

1. 1 n =1 m%:Z

. 1 n =2 mi:mé:l
3. 2 np=n=1 m}:m%:l

4 For example, the symmetrized form of a function Fy,,, which is not symmetric with respect to
the exchange o) <> @2 18 So, .0, { Foyn} = Foyar -i—sgn;(Plz)Fo,zo,I , which correspondstov =n =2
and n; = np, = 1 in Eq. (6.88). On the other hand, if the function F,,, is already symmetrized,
then So,0, { Foya,} = Fayays cotrespondingtov =landn =n; = 2.
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Fig. 6.5 Graphical representation of the tree expansion for the connected Green function with
three external legs given in Eq. (6.91). Connected Green functions are drawn as empty oriented
circles with the indicated number of external legs, as defined in Fig. 6.1. The irreducible vertices
are represented by shaded oriented circles, see Eq. (6.59)

The resulting tree expansion of the connected four-point function in terms of irre-
ducible vertices is explicitly,

4
th)’tlazﬂtzﬂm = _/ o /}; [G]“llsl [G]“Zﬂz[G]o‘3ﬂ3 [G]“4ﬂ4rﬂlﬂzﬂ3ﬁ4
! 4

- / o 1614 (61 [Glasp [Gluap, T 5 [GTpp T,
| Be

o] S |G G G Gl TS 16 T |
1 Bs
(6.92)

which is shown graphically in Fig. 6.6. From Figs. 6.5 and 6.6 it should now be
obvious why the expansion (6.90) is called tree expansion: The diagrams represent-
ing this expansion consist of vertices I"™ linked via full propagator lines without
loops. Diagrams of this type are called trees. The fact that the vertices I"™ are one-
line irreducible follows from the fact that by construction all one-line irreducible
diagrams appear as branches of the tree, so that the vertices where the branches end
must be one-line irreducible.

Finally, let us point out that in some textbooks (Negele and Orland 1988, Rammer
2007) the tree expansion is derived graphically by taking higher-order derivatives
of the fundamental relation (6.70) between the functionals G.[J] and £[®]. With
the help of our compact notation we have been able to derive an explicit analytic
expression for the tree expansion given by Eq. (6.90).

6.3 Symmetries

The vertices I\" , defined above are rather abstract objects and depend in a com-
plicated manner on many superlabels. Those labels are in turn composed of multiple
variables: a space-time position X = (t, x) or K = (iw, k) after Fourier transforma-
tion, as well as internal labels, e.g., for field type and spin. For practical calculations,
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ay Qg

Q2 a3

(e D) Qg

Fig. 6.6 Graph of the tree expansion of the connected Green function Gﬁfgl wrasa, With four exter-
nal legs given in Eq. (6.92). The symbol sgn, (Ps4) denotes the parity under the exchange of the
labels a3 and a4, i.e., —1 for fermions and 41 for bosons or one fermion and one boson leg, see

Eqgs. (6.88) and (6.89)
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it is often helpful to use symmetry arguments to simplify the functional form of these
dependencies.

6.3.1 General Properties

We define a symmetry transformation F as an invertible linear mapping between
the fields,

F: ®&—Fo, [Fo], = / Fup®p , (6.93)
s

that has the additional property of leaving the action and the functional integration
measure invariant, i.e.

S[Fo] = S[®], (6.94)

for all configurations of the field @, and D[F®] = D[®]. We exclude symmetry
breaking in this section, such that the interaction does not contain counterterms that
explicitly break a symmetry. The invariance property in Eq. (6.94) is then valid
separately for the bare interaction Sy and the interaction part S;. For a given system,
the set of all symmetry transformations forms the symmetry group G. We can distin-
guish between space-time and internal symmetries, if 7 only acts on space-time or
internal labels, respectively. Furthermore, if G (or a subgroup) only contains a finite
or countably infinite number of elements, the symmetry is discrete. For a continuous
symmetry on the other hand, we can choose a parametrization F(/,, ..., [,) = F(l)
with continuous parameters /;. In all relevant cases, this dependence is differentiable
and we can choose F(I) — 1 forl — 0.

For a given symmetry transformation J, we can change integration variables
according to Eq. (6.93) in the functional integral for the generating functional to
show that G[J] is also invariant under the transformation,

glJl %/D[@]e—s[¢]+(l,¢) _ é/D[F(p]e—S[FdﬁH(LFrD)

1
Z / D[Ple SIOHE 1.2 _ GIRT 7 . (6.95)
Consequently,

G.IFJ] = 1In <EQ[FTJ]> —n (igm) —Gl1.  (69)
Z 2y

0
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Similarly,
egac[q_)] — L/D[@]E—SO[¢]—SI[¢+Q_)] — L/D[F¢]e—SU[F¢‘]—51[F¢+4_>]
Zo ZO

_ ZL/D[Q]e_SO[q;]_SIW-;-F*‘@] — pUulF '] , (6.97)
0

i.e., Goc[®] = Gu[F~'P1. Finally, in order to show a similar relation for the gen-

erating functional I" of the one-line irreducible vertices, consider the symmetry
SG[[J 1

transformation of the relation @[J] = which is given by
- 8G.[J b) 8G.[J
P[F"J] = gelJ] =F"'— (G.[F"J]) =F"' GelJ]
8J  |j_gry 8J 8J
=F'o[J]. (6.98)

For the inverse relation, this implies J[F~'®] = FT J[®]. Using this in the defini-
tion of the effective action, we obtain

LIF'®] = (J[F'@LF'®) - G[I[F P = F J[D],F @) — G[F" J[D]]
= (J[®], @) — G [J[P]] = L[P] . (6.99)

Finally, this implies,
FF'®] = LIF'®] — S[F @] = L[] — So[@] = I'[P] . (6.100)

Summarizing, the generating functionals are invariant under all transformations
F of the symmetry group, i.e.,

GIF"J1 =gGlJ1,
GAFTJ1 =G.[J],
Goc[FP] = Goc[ D], (6.101)
I'[Fo] =T[P].

Expanding both sides of these relations for the generating functionals in powers
of the fields, we obtain relations for the vertices, e.g., for the one-line irreducible
vertices,

rm, = / / F(") 4 Fpiar - Faa, - (6.102)
1

For continuous symmetries, we can take derivatives of the symmetry relations in
Eq. (6.101) with respect to the parameters /; to obtain, e.g.,
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s 8T
(T(’)rb, —) =0, (6.103)
8¢

where the generators are defined by

0 — _; X

6.104
ol ( )

=0

6.3.2 Nonrelativistic Particles

To illustrate the most important symmetries, we will restrict ourselves in this sub-
section to a system of nonrelativistic particles with an action of the form given in
Eq. (6.6). We now explicitly discuss some important symmetry transformations of
this system:

(a) U(1)-gauge transformation: A global gauge transformation is given by
F@: Yo(X) > Yy (X), Vo (X) > e Yo (X) (6.105)

where the phase factor « is independent of the space-time point X = (t, x).
In quantum field theory, this transformation is promoted to a local symmetry
with position-dependent gauge fields by including gauge fields into the theory.
Nonrelativistic systems are in general not invariant under local gauge transfor-
mations. However, in Sects. 11.4 and 12.4 we will see how local gauge transfor-
mations can nevertheless be used to derive important Ward identities between
vertex functions having different numbers of external legs.

A global gauge transformation is a continuous symmetry that depends on the
single parameter .. The corresponding generator T acts only on the field type

indices,
1@ (YKo} _ (VKo ) 6.106
<WK(7 _wK(r ( )
Written out explicitly, Eq. (6.103) then becomes
/ <1// ) ¥ ) ) r=0 (6.107)
Ko Ka‘swl(tr KU(SJ/KU - .

The functional differential operator in this equation counts the difference between
the number of ¥ and ¥ fields when applied to a monomial. Eq. (6.107) then
implies that an expansion of I" in terms of monomials of the fields can only
contain terms with an equal number of ¥ and v fields. In other words, the global
gauge symmetry implies particle number conservation.
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(b) Translation: Spatial and time translations transform the fields according to
FA): Yo(X) = Yo (X + A), Vo(X) > Yo (X +A),  (6.108)

where A = (a,,a). For a homogeneous system, A can take on all possible
values, and the symmetry is continuous. For lattice models on the other hand a
has to be a translational vector of the Bravais lattice, and the spatial part of the
symmetry is discrete. Written in terms of the Fourier transformed fields,

VKo =/e—”<'xwa(x>, ko =/e”<'xl/‘fg(X), (6.109)
X X

with [, = [dt [dPx and K - X = k - x — wt, the transformation reads

f(A) wKzr = eiK-AWKo 5 &Kc = eiiKAA{hK(r . (6110)

For a homogeneous system, four generators T with i = 1, x, y, z generate
continuous translations in the four space-time directions. Combining the result-
ing four Egs. (6.103) in a vector notation, they read explicitly,

8 - 8
K o< . — o= F = 0 . 6111
/KU (1/[1( (SwKa wK SWK0> ( )

Here, the differential operator yields the sum of all energy-momenta in a mono-
mial, where momenta of incoming and outgoing fields are counted with different
signs. Thus, in I" only monomials can appear that conserve energy—momentum.
Hence, translational invariance in time and space implies energy and momentum
conservation for the vertices.

For a lattice system, Eqs. (6.102) and (6.110) yield

0= [1 . e_i(K‘,+M+K’,’_K”_"'_K1)'A]

@n)
XF(v?,K;,a{)...(lif.K;,a,;)w,K,,,an)...wf,Kl,(m ’ (6.112)

which is valid for all A = (z,,, a), where a is a translational vector of the Bravais
lattice. Thus, the vertex functions are only nonvanishing for momenta such that
the total momentum appearing in the exponential is part of the reciprocal lattice.
Combining particle number and energy—momentum conservation, we can thus
expand the generating functional I” as
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iy, yl= Z 1)2/,“,l ./ /Kan /;(101

n /x

(G)
XSK (oK Kt Ky
s [@m (Kio|,..., K0, Kyon, ..., Ki01)
XUkio! - Vkyoy VKoo, - - - VKo - (6.113)

Here, the vertices are related to the ones defined in the abstract notation in
Eq. (6.60) by

(2n)
(F.K1.00). (¥, K00 )W, K s0n)- (W, K 1,01)

_8(0)
K{+-+K|.Ki+-+K,
xI'® (K{o}|,...,K,0,; Ky0p, ..., Ki01) . (6.114)

For a lattice system the '@ -function appearing in Eq. (6.113) is defined as,

5% —ZSK XG> 6.115)

where the sum extends over all vectors G of the reciprocal lattice. For a homo-
geneous system, the superscript G should be dropped.
If we omit the spin indices, the Taylor expansion (6.113) is also valid for spinless
fermions.

(c) Spin rotation: Nonrelativistic systems without spin-orbit coupling and in the
absence of an external magnetic field are invariant under rotations in spin space,
corresponding to the symmetry transformation

. Vit Vit Vit « (Vi1r
F@U): <1/fK > — U (WIQ) <1//K¢> — U (¢K¢> , (6.116)

where U € SU(2) is generated by the Pauli matrices, U(l) = ¢/, with ¢ =
[0*, 07, o%]. Our general symmetry relation (6.103) involving the generators of
continuous symmetries then leads to the equation

8 8
oo’ o’ oo o’ r=0. 6.117
| ([a] Vo o =10l Vi WJ) 6.117)

Combining the z component of this equation with Eq. (6.107), we obtain

8 8
/(WKU(SwKJ IﬁKanga)on. (6.118)
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The functional differential operator in this equation counts the difference of the
number of incoming and outgoing fields of a fixed spin projection o. Thus only
monomials that conserve the particle number individually for a each spin projec-
tion can occur in an expansion of I". In other words, the spins of incoming and
outgoing fields have to be pairwise identical, and the expansion in Eq. (6.113)
can be written as

- * 1
r[w,w]=;a; ffoK/K

..... [
XK 4ot K] Ky 4+ K,
xUSD (K, .... K} Ky, ..., Ky)

01...0, n’

XVKioy - Ukion VKo - - - VEyon » (6.119)

where the vertices are symmetric under simultaneous permutations of the in and
outgoing indices,

U, (Kisoo K Koo K)

2 .
=US" o (Kbays oo Kby Kby, - Kpa) (6.120)
Here, P is a permutation of the integers 1, ..., n. By symmetrizing the expan-

sion in Eq. (6.119) with respect to separate permutations of incoming and out-
going indices, we obtain the relation

r® (Ko, ..., K,0,: K0y, ..., Kioq)

n-n’

2
=D sen(PYUS" (Ki, oo Koy Koy, - Kpa)
P

) 8 6.121)

/
oy,0p) ** * 90,,0pm) 0

which connects the vertices defined via the expansions in Egs. (6.119) and
(6.113). The form in Eq. (6.119) should for example be used in the presence
of a magnetic field when only a spin rotation symmetry around the axis of the
magnetic field is present. For full spin rotation invariance, we can further sim-
plify the form of the vertices by using the x-component of Eq. (6.117), which
explicitly reads

) _ I}
s —Ye—— I =0, 6.122
/KU (’”’( U, VK 8%) (122

where & = —o. Applying this to the expansion in Eq. (6.119) yields
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O_E , E / / / / SK| 4t K) Kyt K,
n: i 0 JKn K

fo'” (K{,...,K,;;Kn,...,K])
X Z (Vo - VKo, VKo - - - VEKs6 - - - Vo
-

_IZfK/O'l cee &K’&, ce {”K’a,le Oy e lem]

g e A A R

n=1 " 7 0Op..,
<UD (Kl KK K
— Ul UH(K{,...,K;;KH,...,Kl)]
XUkioy - VKo, Wkyoy - - - VK161 - (6.123)

The expression in the rectangular brackets vanishes for all momenta. Thus U "
is independent of the first spin index o and by the permutation symmetry in
Eq. (6.120) also independent of all other spin indices,

uln (Kij,....KpKyoo... K1) =U (K{,....K}; Ky, ..., Ky) .(6.124)

01...0, n

The generating functional for a system which is invariant under SU(2)-
transformations can therefore be written as

n=y S [ L]

XOK |4k K) K 4K,
xU(K{,....K,; Ky, ..., K1)
XYkio, - VK0, VKo - - UKioy - (6.125)

(d) Time and space inversion: In this case the action in real space is invariant under

. Yo (X) {@U(—X) _(0¢ K_ﬁo(_x)
7 (‘ZG(X)) ~ <%(—X)> - (1 o) (%(—X)) : (6.126)

In Fourier space this becomes

. '(pKG 41:&1(0 _ 0; WKO
F: (@K) - ( Ve ) _ (1 0) ((m) . (6.127)

For this transformation, the relation (6.102) implies
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Uem (K{, .. K Kn,...,Kl) — e (K1, Ky K

n ”K{) . (6.128)
(e) Rotation and spatial inversion: For this spatial symmetry, the transformation
reads

FR): Yo (t,x) = Y,(1,Rx), Vol(t, %) > ¥, (t,Rx),  (6.129)

where R € O(D) is either a D-dimensional rotation matrix, or the inversion
matrix —1, or a combination thereof. For an isotropic system any such matrix R
leads to a symmetry, whereas on the lattice the allowed matrices form a discrete
group called the point group of the lattice. In Fourier space one obtains,

FR): Yolio, k) Yolio, RT),  Poliow, k) > Yolio, RTk)
(6.130)
where R” = R™! € O(D). For this transformation, the relation (6.102) yields

U(Zn) (w,lk/h ,,.,a)/k/'a)nk"’ ...,Cl)lkl)

nn?

= U (WRK}. ..., o, RK,;0,Rk,. ... o0 RK) . (6.131)

6.3.3 Dyson—Schwinger and Skeleton Equations

Techniques similar to the ones presented above to derive symmetry relations can
be used to obtain Dyson—-Schwinger equations. More precisely, performing a shift
@ > @ + A in the integration for the generating functional G and expanding to
first order in A, we obtain

8S | §
(ga]a T 5o, I:ﬁjl) GlJ1=0. (6.132)

By taking further functional derivatives of this relation, one can obtain so-called
skeleton equations which provide relations between vertices with a different number
of external legs.

As an example, let us consider a system of nonrelativistic spinless particles with
the bare action

- - 1
Sy, ¥] = —/ Yrlio —&lvk + 4_1/ / / (K, K2 K3, K1 + K> — K3)
K & JK, Jks
X Uk, Vo Uk VK +Ko—K; - (6.133)

Note that the coupling v can be chosen to be antisymmetric for fermions and sym-
metric for bosons under independent exchange of incoming or outgoing momenta.
For @ = (¢, K), Eq. (6.132) then reads explicitly
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) 1
0=(§7K+[iw—§k]—.——/ / v(Ki, K2 K, K1+ K» — K)
3jk 2 Jk, Jk,

53

X . . —_
8jKk,0JK,0TK +Kr—K

>g[7,j] : (6.134)

We have used here the following notation for the source term

(J,&)=G. )+ W, ), (6.135)

to identify Jyx = Jx and Jyzx = {jk. Taking one further derivative with respect
to jx- before setting the external fields to zero and then converting the resulting
equation to one for connected Green functions, we obtain

Y(K)=iw—& -G Y(K)= —{/ v(K,K';K', K)G(K')
K’

—E/ / U(K],Kz;K,K1+K2_K)
2 K, JK>
xGW(K|+ K, — K, K; K>, K)G'(K),  (6.136)

where the connected four-point function G (K|, K}; K2, K)) is defined via the
functional Taylor expansion of the corresponding generating functional G.[7, j]
analogously to Eq. (6.113),

- 1 @)
Gelj, j1= ZW/ //1; /K Sk oo K Ky bt K
n 1 n n 1

x GO (K|, ....K}: Kno oo K1) Jiy - kK, -+ - Ky - (6.137)

The tree expansion in Eq. (6.92) expressing the connected four-point function in
terms of the one-particle irreducible vertex I" then explicitly reads,

GYW (K|, K}: K>, K1) = —G (K}) G (K}) G(K2)G(K)I'™ (K|, K} Ko, Ky)
(6.138)
Combining this with Eq. (6.136), we obtain

X(K)=io—&—GK)"'=—¢ | vK,K;K' K)G(K')
o
+L / / oKy, Ko K, Ky + Ks — K)G(K))G(K)
2 K JK>
x G(K; + K, — K)T'(K, +K, — K,K; K>, Ky). (6.139)

A graphical representation of this relation is shown in Fig. 6.7. Another applica-
tion of the general Dyson—Schwinger equation (6.132) for a theory involving both
bosonic and fermionic fields will be discussed in Chap. 11.3.
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@-- = -

Fig. 6.7 Skeleton equation for the irreducible self-energy of a system of spinless particles. The
exact self-energy is given by the sum of the one-loop Hartree-Fock type of diagram with bare vertex
(small black square) and a two-loop diagram involving the exact effective interaction (blue square).
All solid arrows represent exact propagators. Arrows pointing into a vertex represent incoming
fields ¥, while arrows pointing out of a vertex represent outgoing fields . The precise relation
between these graphical elements and the elements of the superfield diagrams in Sect. 6.1 will be
established in Fig. 10.1

Exercises

6.1 Generating Functions of a Zero-Dimensional Field Theory

To illustrate the machinery of the functional RG in a simple context, consider the
generating functions of the zero-dimensional field theory defined by the following
integrals over a single real variable ¢,

oo
oz o
8D — Z_Og(]) — Z_O /dgoe s(p)y+je ,
—o0
[o¢]
p8e@ _ / g eSO —s1+D) |
Zy
—0oQ0

Here, s(¢) = so(¢) + s1(p), with the bare part so(¢) = —%, Gy < 0, and the inter-
action s;(¢) = %q)“, u > 0. This toy model describes a classical one-dimensional
anharmonic oscillator.

The full partition function as well as the partition function in the harmonic
approximation are given by Z = fj;od(p e™® and Z, = fj;od(p e 0@ =
V21 (—Gy), respectively. Furthermore, we define the Legendre transform I(¢p) =
Jj(@)e — g:(j(9)), where j(¢) is obtained by inverting the relation ¢ = %, as well
as the generating function of one-line irreducible vertices y (¢) = I(¢) — so(¢). The
vertices g™, g™, g™ 1™ and ™ are then the coefficients of the Taylor expansion

of the associated generating function, e.g., g.(j) = Y re( 5™ j".

. _ 1 ) 2 924
(a) Show the relations g,.(®) = g. (—G;'@) + 35 and g—wlz%j—.gz‘ =1.
(b) By definition, the vertices g™ = I,/ as well as the partition function Z = I

can be obtained from the integrals
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+o0
I, = / dgg"e™®

oo

which can easily be evaluated numerically. In fact, all integrals I, can be
expressed in terms of the confluent hypergeometric function U(a, b, z). Derive
the following explicit relations that yield all other vertices up to n = 4, once
2, ¢@ and g™ are known,

8V =1n[Z/Zo], g2 = g(” g =g -3¢,
gé‘? =g, g =Gy [87 + Go] . gl = Gylel

10 = g0 O[] 1@ — [gg)] g
YO — 0 Y@ = [@ £ G yO @

(c) Calculate the lowest irreducible vertices perturbatively up to order u?,

5u? 3u?
O_tg Mg el g e @ =y G2,
=3 oo Y R0t b,y EuT 0
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Chapter 7
Exact FRG Flow Equations

We are now ready to derive FRG flow equations describing the mode-elimination
step of the Wilsonian RG exactly. Let us therefore introduce a cutoff A into
the matrix-propagator Gy appearing in the Gaussian part So[@] of our initial
action given in Eq. (6.3). The cutoff scale A defines the boundary between long-
wavelength (or low energy) fluctuations and short-wavelength (or high energy)
fluctuations. The cutoff should be introduced in such a way that fluctuations with
wave vectors (or energies) below the cutoff scale are suppressed, while the short-
wavelength, high-energy fluctuations are not modified. There is considerable free-
dom in the implementation of the cutoff procedure, as will be discussed in Sect. 7.1.
Ultimately, we shall take the limit A — 0 where we recover our original theory.
The idea is to use the functional representations of the various types of generating
functionals introduced in Chap. 6 to obtain exact functional differential equations
describing the change of the generating functionals due to an infinitesimal change
of the cutoff A. We shall derive these surprisingly compact equations in Sect. 7.2
and then show in Sect. 7.3 how the exact FRG flow equation for the generating
functional I'[®] of the irreducible vertices I\ , can be reduced to an infinite
hierarchy of coupled integro-differential equations for these vertices. In the last
section, Sect. 7.4, of this chapter we show how to include the possibility of spon-
taneous symmetry breaking (which is accompanied by a finite vacuum expectation
value of some bosonic field) into the exact hierarchy of FRG flow equations for the
irreducible vertices (Schiitz and Kopietz 2006).

7.1 Cutoffs

Consider the propagator Gy in the Gaussian part So[®] of our general superfield
theory describing interacting fermions, bosons, or mixtures thereof, see Eqs. (6.1),
(6.2), and (6.3). Let us deform our theory by introducing a cutoff A into the Gaussian
propagator via the replacement

Go = Go,a , (7.1)

Kopietz, P. et al.: Exact FRG Flow Equations. Lect. Notes Phys. 798, 181-208 (2010)
DOI 10.1007/978-3-642-05094-7_7 (© Springer-Verlag Berlin Heidelberg 2010
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where we require that

Gy for A — 0,

0 forA— 0. (7.2)

Go, 4 ~ {

This condition implies that when we remove the cutoff A, we recover our original
physical theory. On the other hand, if the cutoff is larger than all other intrinsic scales
of the system, then the Gaussian propagator is switched off such that the particles
cannot move. If we introduce the cutoff in momentum space, then we can think of
A as the boundary between short-wavelength fluctuations (|k| 2 A) which have
already been eliminated in the Wilsonian RG and the long-wavelength fluctuations
(Jk| < A) which still have to be integrated out. This follows from the observation
that A acts as an infrared cutoff for the momentum integrations in the Feynman
diagrams generated by the theory with propagator Gy 4, which prohibits the prop-
agation of fluctuations with momenta below the cutoff A. There are several ways
of implementing the condition (7.2). One possibility is to multiply the Gaussian
propagator Gg by a suitable supermatrix ® 4,

Goa = 046Gy, (7.3)

with boundary condition

QAN{lforA—>O, (7.4)

0 for A — o0.

Alternatively, we may introduce an additive cutoff function R4 (regulator) into the
inverse Gaussian propagator, defining

Gy =Gy' =Ry, (7.5)
or equivalently
Goa =[1—GoR4I"'Go . (7.6)
In order to satisfy the condition (7.2), we require

0 forA— 0,

oo for A — o0 . (7.7)

R4l ’V{

Of course, we can always express the multiplicative cutoff © 4 in terms of the addi-
tive regulator R4 by comparing Eqs. (7.3) and (7.6), which yields

O, =[1-GoRy™", (7.8)
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or
R, =-G;' (@' —1) . (7.9)

But in practice one chooses either @4 or R, to be some simple function inde-
pendent of Gy. It is therefore more natural to think of Eqs. (7.3) and (7.6) as two
different classes of cutoff procedures.

There is no unique way of choosing the cutoff functions ® 4 or R,. In fact,
depending on the system under consideration and the required accuracy, differ-
ent cutoff procedures can be advantageous. Moreover, the cutoff A need not be a
momentum scale. For example, for quantum systems one can also impose the cutoff
in frequency space, or even identify some other parameter with the cutoff, such as
the temperature (Honerkamp and Salmhofer 2001), the chemical potential (Sauli
and Kopietz 2006), or the strength of the interaction (Honerkamp et al. 2004). How-
ever, with the latter three cutoff schemes the intuitive interpretation of the cutoff as
the separation between eliminated and not-eliminated degrees of freedom is lost. In
fact, cutoff schemes using the temperature, the chemical potential or the interaction
strength do not give rise to the standard RG transformations in the sense defined by
Fisher (1983), who demanded that an essential part of any RG transformation should
be some mode-elimination procedure reducing the number of degrees of freedom.

In order to further specify the matrices ® 4 and R, let us assume that our theory
involves several types of fields (including several flavors of fermions and bosons)
which we label by a field-type index i. Our superlabel « is then decomposed as
a = (i, K;), where K; denotes the set of quantum numbers which are necessary to
specify the configuration of the field of type i. In general, the matrix Gy will not be
diagonal in field space,' but can be diagonalized by means of a suitable rotation in
field space. Let us denote the eigenvalues of Gy by Gg )(K i), which describe the free
propagation of a particle associated with the field of type i.

A multiplicative cutoff of the form (7.3) can now be introduced by multiplying
the eigenvalues Gg ) (K;) of Gy by suitable cutoff functions @X) (K;), so that the
eigenvalues of Go 4 become

Gy a(Ki) = O (KNG (K7 . (7.10)

Note that in general we may introduce different cutoff functions for each field type.
This freedom can be used to construct special cutoff schemes for Bose—Fermi theo-
ries which do not violate the symmetries of the system (Schiitz et al. 2005). To give
an example, suppose that for some classical field component i whose configuration
is completely specified by its momentum, we impose a smooth multiplicative cutoff

1 For example, for a theory involving only spin § = 1/2 fermions the index i enumerates the four
different field types 4, @T, vy, v 1- The associated matrix G defined in Eqgs. (6.9) and (6.10)
is not diagonal, but can be diagonalized by means of a proper rotation in field space. The corre-
sponding eigenvalues are simply the free fermionic propagators =G(K) in Eq. (6.7). All labels
K; should then be identified with the collective label K = (iw, k) denoting fermionic Matsubara
frequencies and wave vectors.
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»
|K|

Fig. 7.1 Smoothed unit step function in momentum space with step width of order €. By mul-
tiplying the diagonal elements of the superfield matrix propagator in the momentum basis by
this function one obtains a cutoff-dependent Gaussian propagator G 4 satisfying the boundary
conditions (7.2)

in momentum space; in this case we should identify K; — k and substitute for the
cutoff function

OV(K) = O.(k| — A), (7.11)

where ©.(|k| — A) is a smoothed step function, where the step is smeared out over
an interval of order €, as shown in Fig. 7.1. By construction, the function ®(|/k|—A)
is unity for A = 0 and vanishes for A — 00, so that the boundary condition (7.4)
is satisfied. We recover the sharp cutoff in momentum space used in Sect. 4.2 by
letting the step width shrink to zero,

lim O (k| — 4) = O(k| — 4). (7.12)

It turns out that the exact FRG flow equations involve the derivative of the cutoff
function with respect to the cutoff,

d
5€(|k|_A)=_a@€(|k|_A)s (7.13)

which reduces to the Dirac delta function 8(|k| — A) for € — 0. In this limit the
integration over |k| in the loop integrals can be trivially carried out, which makes a
sharp multiplicative cutoff for many applications very convenient. However, a sharp
momentum cutoff also has some disadvantages. First of all, the nonanalyticity of
such a cutoff can give rise to an unphysical nonanalytic momentum dependence of
various correlation functions. Although one can in principle take care of this prob-
lem by introducing corresponding flowing coupling constants (Hasselmann et al.
2004), in the symmetry-broken phase it is better to avoid a sharp multiplicative
cutoff (Sinner et al. 2008). Another technical complication of the sharp cutoff is
that in perturbative expansions it can give rise to ambiguous expressions of the type

I(x) =) f(OW)) , (7.14)
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where f(®(x)) is some function of the step function @ (x). Since at the point x = 0
where the §-function is nonzero the function @ (x) is ambiguous, it is at the first sight
not clear how to interpret the right-hand side of Eq. (7.14). If the function f(®(x))
is known, it is easy to see that the correct interpretation of Eq. (7.14) is given by?

1
I(x) = 6(x) f(Ox)) = S(X)/O dr f(z) . (7.15)

In the context of the FRG this prescription has first been derived by Morris (1994)
and we shall therefore refer to Eq. (7.15) as the Morris-Lemma. To prove this, let us
regularize §(x) and ®(x) by their smoothed counter-parts é.(x) and ®,(x) defined
above and write Eq. (7.14) as

5 Oc(x)
I(x) = lim — / dt f(1). (7.16)
e—0 0x
0

Exchanging the limiting procedure with the differentiation and assuming that the
function f(¢) is continuous, we obtain

Oc(x)

9 9 !
1) = o lim / dt f(t):a@(x)/ dt £(1). (7.17)
€e— 0
0

With %@(x) = §(x) this reduces to Eq. (7.15). Unfortunately, in the context of the
FRG the function f(©®(x)) depends on the cutoff A and is in general not known a
priori, but has to be determined while solving the RG flow equations. For this reason
we cannot directly apply (7.15) unless we have further information about the func-
tion f(®(x)). This limits the practical usefulness of a sharp cutoff in momentum
space (or frequency space for quantum systems).

Finally, let us discuss possible implementations of additive cutoffs R 4, which are
introduced into the inverse Gaussian propagator as in Eq. (7.5). Denoting again the
eigenvalues of the supermatrix Go by Gg )(K i), Eq. (7.5) is equivalent with the fol-
lowing relation between the corresponding cutoff-dependent eigenvalues Gg’) A(K})

and the eigenvalues Rx)(K ;) of the cutoff matrix R,

(6] = [60wo] "~ Rk (7.18)

For simplicity, let us assume again that the configuration of a certain field compo-
nent i is specified by its momentum. A possible choice of the regulator RX)(K ;) is
in this case

2 A special case of Eq. (7.15) is §(x)®(x) = %5(}6), which amounts to setting &(0) = 1/2. Note,
however, that §(x)©%(x) = 18(x).
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RY(K;) — CAA*R(k|7/AY), (7.19)

where z is some positive exponent and C4 > 0 is some dimensionful constant (in
general cutoff-dependent) which has a finite limit for A — oo. In order to satisfy the
boundary condition (7.7), the dimensionless function R(x) should be chosen such
that

0 forx — oo (corresponding to A — 0)

1 forx — 0 (correspondingto A — o0) ° (7.20)

R(x) ~ {

The proper choice of the exponent z, the prefactor C 4 and the cutoff function R(x)
depend on the problem under consideration. Usually it is advantageous to choose
the exponent z such that the cutoff in Eq. (7.19) matches the scaling of the energy
dispersion in the corresponding inverse free propagator.’ Several regulators R(x)
have been proposed in the literature (Berges et al. 2002). A particularly convenient
choice is the cutoff function proposed by Litim (2001),

Rx)=(1-x)(1 —x), (7.21)

which has the advantage that often the resulting loop integrations are still elemen-
tary. Another possibility is the analytic function (Berges et al. 2002)

R(x) = (7.22)

e —1°

which is convenient for numerical solutions of the FRG flow equations.

7.2 Exact FRG Flow Equations for Generating Functionals

With the replacement Go — Gg 4 the Gaussian part of our general action § =
So + S; given in Egs. (6.2) and (6.3) becomes cutoff-dependent,

1 1
So.a[®] = _5//, @4 [Go L], P = —E(qﬁ,GalA(b) , (7.23)

while the interaction part S;[®@] remains independent of A. The cutoff dependence
of all generating functionals defined in Chap. 6 therefore arises exclusively from
the cutoff dependence of Gy 4. This enables us to derive formally exact functional
differential equations for the generating functionals by simply differentiating their

3 For example, for classical ¢*-theory the dispersion of the inverse Gaussian propagator is cok?,
so that it is natural to choose z = 2. Moreover, it is convenient to choose in this case C4, = ¢y/Z;,
where Z; is the flowing wave function renormalization factor as a function of / = In(Ay/A), see
Eqgs. (4.57) and (4.62) and the discussion in Sect. 4.2.3.
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representations as functional integrals or functional differential operators given in
Chap. 6 with respect to A. This section is devoted to the derivation of these equa-
tions, which form the basis of the FRG.

7.2.1 Disconnected Green Functions

Let us start from the functional integral representation (6.13) of the generating

functional of the disconnected Green functions, which for a given cutoff-dependent
Gaussian action Sp_4[®] can be written as

1
gA[J] = Z_/D[qj]e_so./x[(p]_sl[¢]+(J~,¢) , (724)
A
where
ZA o /D[¢]e—SOAA[¢]—SI[¢] (725)

reduces for A — 0 to the exact partition function of the system. Differentiating
Eq. (7.24) with respect to A we obtain

0,2
904G = —( 2 A) Ga+ —/D[(D]  [04G5 4] ) ~S0alP1-SIPH.P)

Za
(7.26)
Using the “source trick” (6.36) we may replace the quadratic form in the integrand
by the functional differential operator

) 1) 5§
—1 o -1719) _ —1 o
(q)’ [3AG0,A] q)) - (51’ [8AGO,A] 5J> = /afa [aAGO,A]aa’ 8y 8Jy
(7.27)
The differentiation can then be pulled out of the integral and we obtain the exact

FRG flow equation for the generating functional of the disconnected Green func-
tions,

1,6 é
04G4lJ] = |:2(8J [3AG0 A] SJ) —0a anAj|gA[-l] . (7.28)

With the help of the matrix differential operator % ® % defined in Eq. (6.29), the
first term on the right-hand side in Eq. (7.28) can alternatively be written as

8 17 9 (8 8 r
(51 [94Go 4] J)QA=Tr[[8AG0,A] (5®§QA) ] (7.29)

where the trace is over all components of the superfield label «.
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7.2.2 Connected Green Functions

To obtain the FRG flow equation for the generating functional G.[J] of the con-
nected Green functions we simply substitute the relation (6.19) between G[J] and
Gc[J] into Eq. (7.28). With our normalization of the generating functionals this
relation is

20.4 6. 4111

GalJ] = (7.30)

A

Here Z 4 is the cutoff-dependent partition function in Gaussian approximation,
which can be obtained by setting S;[®@] = 0 in Eq. (7.25) and can be written as

Zoa= f D[@]e50:412) o ¢~ 3 THZIN(-Gol)] (7.31)
With the substitution (7.30) the left-hand side of the flow equation (7.28) becomes

Z Z z
94GA[J] = 04 < ;A g‘ A[J]> ;'Aeg<./x[]] |:8Agc,A +9,1n < ZO,A>i| '
A A N
(7.32)

To calculate the second functional derivatives of the functional e%4!/! arising from
the right-hand side of Eq. (7.28), one should keep in mind that the second derivatives
generate two terms,

(38J [84Gg 4] 38])egM = <88J [04Gy 4] 6§;A>eg“

5G.. 119G, Siq( 8 o8 '
=eg“ {( 5JA7[8AGOA] 57 A)+Tr|:[8AGOA] (§®EQCA> i|} )

(7.33)

where in the second line we have used Eq. (7.29). Substituting Egs. (7.32) and (7.33)
into Eq. (7.28), we obtain the following exact FRG flow equation for the generating
functional of the connected Green functions,

8G., 1,99,
9aGeald) = 5 (201 19,65 117052

1 _ 5 6 r
+ zTr|:[3AG0,l,‘] <ﬁ ® ﬁgc,/&) :| —0xInZy 4 .| (7.34)

If we expand both sides of this equation in powers of the sources J and compare the
coefficients, we obtain an infinite hierarchy of coupled FRG flow equations for the
cutoff-dependent connected Green functions GC A, Unfortunately, the condi-
tion (7.2) that the Gaussian propagator Go_4 should vanish for A — oo implies the
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vanishing of all higher-order connected Green functions in this limit, because then
all connections between the different parts of any Feynman diagram are switched
off. The generating functional of connected Green functions therefore satisfies the
boundary condition

GealJ1— 0, for A — o0 (7.35)

Formally, this result can also be deduced from the functional derivative representa-
tion (6.39) of the generating functional G, 4[J]. In practice this boundary condition
is not useful, because it contains no information about the system, so that all physical
properties of the system have to be generated in the process of integrating the FRG
flow equations. It is better to have a boundary condition where the correlation func-
tions for A — oo reduce to some simple solvable limit, such as the noninteracting
limit or the result of the mean-field approximation.

7.2.3 Amputated Connected Green Functions

It turns out that the generating functional G, 4[@] of the amputated connected
Green functions introduced in Sect. 6.1.3 satisfies a more useful boundary condition
in the limit A — oo where the Gaussian propagator is switched off. To see this,
recall that according to Eq. (6.57) this generating functional can be written as

egaaA[@] = 1 / D[gp]e%(q).Gall\Q))—Sl[(P-‘r@]
20,4

— o 1(55.Gla55) g S11P] (7.36)

From the second line it is clear that for A — oo where Gy 4 — 0 the generat-
ing functional of the amputated connected Green functions is simply given by the
negative of the interaction part of our initial action,

GacA[®] — —5[@], for A — 00 (7.37)

This is a more convenient starting point for approximations than the initial con-
dition (7.35) for G. 4[J]. To obtain an exact FRG flow equation for G, AP, we
simply differentiate the representation of e%<4[?! in the second line of Eq. (7.36)
with respect to the cutoff A,

1,5 SN s er 5 o
€908 4Goe = BpeTict = _E(ﬁ’ [3/‘(;&]@) e~ 2G5-Gla35) o= Si[®]
egac,A
1,5 5 1,8, 8Gae.n
_ oY __(__ 9,GT __) __(;f’A 9,GT _)
¢ { 7 (55 [24G0.al 55 ) Guea = 5 (557 [04G0a] =557 ) 1

(7.38)
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where in the second line we have carried out the functional differentiation as in
Eq. (7.33). We thus conclude that the generating functional of the amputated con-
nected Green functions satisfies the exact FRG flow equation

] 1 /8Gu
04Gac.al®1 = = ( =

8gac,A)
2

[04G 1= ="

1T[aGT] ) 89 ' 1.39
—El‘ A0, A £®£ ac, A . ( )

As first pointed out by Keller and Kopper (1991) and further discussed by Morris
(1994), the flow equation (7.39) for the generating functional of the amputated con-
nected Green functions is identical with the flow equation for the cutoff-dependent
Wilsonian effective action derived by Polchinski (1984). For this reason, the exact
FRG flow equation (7.39) is sometimes called Polchinski equation. It turns out,
however, that in approximate calculations based on Eq. (7.39) with a sharp momen-
tum space cutoff, one encounters technical difficulties, because the first term on the

right-hand side involving the combination (5%@;% [04G 4] ‘Siqf) then generates a
singular term involving a Dirac §-function which is not integrated over. This is the
reason why nowadays the formulation of the FRG in terms of the irreducible vertices
is preferred for explicit calculations.* Nevertheless, the Polchinski equation (7.39)
seems to be advantageous for gaining nonperturbative insights into the structure of
the theory, such as renormalizability proofs (Polchinski 1984, Keller and Kopper
1991, Keller et al. 1992, Keller and Kopper 1996) or general properties of fixed
points (Rosten 2009).

7.2.4 One-Line Irreducible Vertices

For our general class of models with cutoff-dependent Gaussian propagators Gy 4
the generating functional of the one-line irreducible vertices is defined as in Eq. (6.61),

i SN D
a[®] = La[B]+ 5 (3.6, @)

= (Jal®], @) — GealJal®11 + = (.G, D) . (7.40)

| =

where the cutoff-dependent source field J,[®] is defined as a functional of the field
& via the usual relation’

4 Note that an expansion of the generating functional G,.[®] of amputated connected Green func-
tions in terms of normal-ordered monomials (defining so-called Wick-ordered vertex functions)
also avoids terms without loop integrations (Salmhofer 1998, 1999); this version of the FRG
hierarchy has been used by Halboth and Metzner (2000) to study the two-dimensional Hubbard
model.

5 In the case of spontancous symmetry breaking the expectation value @0 = lim;_o (®,) of at
least one of the field components remains finite in the limit of vanishing sources. In this case it is
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b, = 8Ge.alJ] . (7.41)
5T,

It turns out that for A — oo, where Gg 4 vanishes, the functional "y [@] as defined
in (7.40) simply reduces to the interaction part of the bare action,

T\ [@] — Si[@], for A — o0 (7.42)

To prove Eq. (7.42), we follow Morris (1994) and first derive a relation between
Ta[@] and Gy A[@]; the initial condition (7.42) for I'4[®] follows then from the
initial condition (7.37) for Gy, A[@]. Substituting Eq. (7.40) into the relation (6.49)
between the generating functionals of the amputated connected and the connected
Green functions, we may write

Qi

- -1 = 1 -
Guea1®] = Geoal= (G5 )~ @1+ 5 (€. Gy

)

. I R S R .
= —Ial@1+ (I[P &) + 5 (@G, L, ®') + 3 (@.G,,®).(7.43)

where J[®] = — (G A)_l @, and the field @’ is defined as a functional of @ via
Eq. (7.41),

8l Jp sl s

& _ 3Gcalll /5&5,3 8Ge. 4]

5 T
_ fﬁ Go ales 55 [gaC,A[@]— 5(@,(;0,;@)} L4

which in compact supervector notation can be written as

= = agac A[@]
P =P — Gy p——-. 7.45

04—z (7.45)
Using this identity, the sum of the last three terms in the second line of Eq. (7.43)
reduces to

)

- 1 = | 1 = 1 5gacA 6gacA
3G ®) + 5 (8,654 ®) = o (Tt 6, Tt
(#.Go @) + 5 (3.6, @) = 3 (2,
(7.46)
We thus obtain the following relation between the generating functionals of the

amputated connected Green functions and of the irreducible vertices,

Gt @] =~ @ — GOYA%%'A] N

l(Sgac,A Gr 8ga°"‘), (7.47)

2\ 5@ 0 5o

more convenient to replace the last term on the right-hand side of Eq. (7.40) by % (8 D, G, IAS @)
where & = @ — ®°. We shall discuss this case separately in Sect. 7.4.
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Finally, using Eq. (7.37) and the fact that by construction Gy 4, — 0 for A — o0,
we see that in this limit

TCA[®] = —Gae a[®P] — Si[@P], for A — o0, (7.48)

which completes the proof of Eq. (7.42).
To obtain an exact FRG flow equation for the functional I, W [D], we simply take
the derivative of both sides of the definition (7.40) with respect to the cutoff A.

Keeping in mind that now the fields @ are kept constant rather than the sources J,
we have

- _ 1 - _
0ATA[@] = 04 LA[P] + 3 (@, 3AG6,1A<P) , (7.49)
where

IALAIP] = (04T A[P], D) — 304G, alJa[P]]

== - 8G. alJ]
= 04Jal®1, &) = (9aJal®). Z22) —0Geal )|
8J J=J41®]
cancel due to @ = §G, 4/8J
1 s 8 ’
= —-Tr|[04G, ]| — ® — daIn Z
2 r[[ 4Goa] <M®wg“> me A
1. _
—5(2.[0.654]9) . (7.50)

In the last line we have substituted the exact FRG flow equation (7.34) for the gen-
erating functional G, 4[J] of the connected Green function for constant sources and
used the fact that @ = 3G, 4/8J. Substituting Eq. (7.50) into Eq. (7.49), we see that
the last terms on the right-hand sides cancel. Finally, using the fact that according
to Eq. (6.71) the second functional derivatives of G. 4[J] and £ [®] are inverse to
each other, we obtain the following exact flow equation for the generating functional
of the irreducible vertices,

_ 1 s 8 N\
oAl A[@] = —ETr[[aAGalA] <8Té ® BTéLA[@]> i| +04InZ 4 . (7.51)

Recall that the definition (7.40) implies

8 8 - 8 8 - ~1
qu®8(1)£A[] 8(P®5(p A[] [O,A] s ( )

so that the right-hand side of Eq. (7.51) depends on the second functional derivative
of I'y[@]. If we express the cutoff dependence of the Gaussian propagator in the
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form G(;IA = Gal — R, (see Eq. (7.5)), then we may set BAGalA = —0,R, in
Eq. (7.51).

For classical field theories containing only bosonic fields, FRG equations equiv-
alent to Eq. (7.51) have first been derived by Wetterich (1993) and slightly later
by Bonini et al. (1993). Morris (1994) re-derived this equation and pointed out
its advantages for vertex expansions. However, exact FRG flow equations for the
irreducible vertices which are essentially equivalent to Eq. (7.51) have already been
written down earlier by Nicoll et al. (1974), Weinberg (1976), and Nicoll and Chang
(1977). The average effective action introduced by Wetterich (1993) corresponds in
our notation to

_ _ 1 _
IYe[@] = L4[@] — (@ R4®) —1n 2o
_ 1 _
= Ial®] -3 (.G,'®) —InZ 4 . (7.53)

The corresponding FRG flow equation can be written as

We 1 8 We !
o Ve[P] = ETr[[aARA]( ® 50 [q>]+ZRA> } (7.54)

This equation is sometimes called the Wetterich equation. To completely conform
with the notation used by Wetterich and coauthors for mixed Bose—Fermi theories
(2004) let us define, consistent with Eq. (6.59) forn = 2,

SN NN SRR
L0 = = © s =M1 = ST P]~ (7.55)

<—

where 5> (p is the row vector of right-handed derivatives. Equation (7.54) can then be

written in the compact form

IarYe[P] = %STr[[aARA] (rVAVe@)[q‘)] + RA)I] . (7.56)

Here, STr[...] = Tr[Z...] denotes the so-called supertrace (Efetov 1983, 1997).
Note that strictly speaking FXVC[CIS] does not generate all irreducible vertices,
because its second functional derivative is the inverse propagator and not the irre-
ducible self-energy. Our functional I"4[@] appearing in the exact FRG flow equation
(7.51) (and also the corresponding functional I /I\VI"[@] introduced by Morris (1994))
generates the irreducible self-energy. The relation between our I'4[@] and the cor-
responding functional used by Morris is

rYe[@] = Mu[@]—1nZp 4 , (7.57)
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so that in the FRG equation for I” [1‘\40[(13] the term 9,4 In 2y 4 in Eq. (7.51) should be
omitted. The advantage of our normalization is that our functional I'4[®] vanishes
identically in the absence of interactions so that the field-independent part I"4[0]
can be identified with the interaction correction to the free energy.

7.3 Exact FRG Equations for the Irreducible Vertices

Mathematically, Eq. (7.51) is a very complicated functional integro-differential
equation which in almost all physically interesting cases cannot be solved exactly.
In order to make progress, we therefore have to rely on approximations. Roughly,
the approximation strategies proposed so far can be divided into two classes. The
first is based on the derivative expansion and generalizations thereof (Berges et al.
2002), which will be reviewed in Chap. 9. An alternative strategy, which has been
advanced by Morris (1994), is to expand both sides of Eq. (7.51) in properly sym-
metrized powers of the fields and compare the coefficients of a given order in the
field expansion. In this way Eq. (7.51) can be reduced to an infinite hierarchy of
coupled integro-differential equations for the irreducible vertices. We shall refer to
this hierarchy as the vertex expansion. To facilitate the derivation of this hierarchy,
let us cast Eq. (7.51) into a more convenient form. As in Eq. (6.77), let us introduce
the field-dependent supermatrix

Uald] = <i®ir [@])T - (i®ir [@1)T
AT\ T s s s oo

(2 ® 81“[(13] ' )) (7.58)
“\sd s o '
so that the second functional derivative of £ [®] can be written as (see Eq. (6.80)),

58 . ] _
55 ® 55 Lal®] = U131 - [G]] b, (7.59)

where Gzl =G 1A — X 4 is the cutoff-dependent exact inverse superfield propagator,
and X 4 is the corresponding irreducible self-energy. Moreover, using Eq. (7.31) we
obtain for the last term on the right-hand side of Eq. (7.51),

1 1
IalnZo 4 = —zTr[ZBA In(-Gy )] = —ETr[[aAGalA] G{ 4] - (7.60)

Substituting Egs. (7.59) and (7.60) into Eq. (7.51), we obtain

1 - i\l
8AFA[(D]=—5Tr{[8AGQIA] [(UQ[@]—[GQ] ) +G§A:|}. (7.61)
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Using the following chain of identities,
(UT _ [GT]—I)—I + GT — _[1 _ GTUT]—IGT + G(T)'
=—(G"+G'U'G" +G'U'G'U'G" +..)) + G|
—G'U'(1-G"U") 6T - G" +G!
—G'U'(1-G"U") 6T —GIET(1-GIE) Gl .  (7.62)

and rearranging terms in the trace using its cyclic invariance, we finally obtain

IATA[®] = _%Tr[GAUQ[@](l - Gﬁuﬁ[qi])fl

. —1
+Go A X)) (1 —-G{, AZZ) } : (7.63)

where we have introduced the so-called single-scale propagator,
Gi=-G, [BAGalA]GA =(1- Go,AZA)_IGo,A(l — ZAGO,A)_I ) (7.64)
and its noninteracting limit
Go.a = 34Go 4 - (7.65)

From Eq. (7.63) it is obvious that for a free field theory where U,[®] = X, =
0 the RG flow of our functional I'4[@®] vanishes. If we are not interested in the
interaction correction to the free energy the field-independent term in the second
line of Eq. (7.63) can be dropped.

In order to reduce the FRG equation (7.63) for the generating functional I'4[®@] to
an equivalent system of coupled integro-differential equations for the corresponding
irreducible vertices I” /(\]fle...an generated by I',[®] (see Egs. (6.59) and (6.60)), we
now expand both sides of Eq. (7.63) in powers of the fields and compare the coeffi-
cients of (properly symmetrized) powers of the fields on both sides. Expanding the
right-hand side in powers of the functional U 4[®] we obtain

04T A[®] = Z / / (OaT. VB .. B,
1 N TG Ty 131\ L ¢ T T o)
=3 Tr GAUA[qs]Z(GAUA[qb]) +G0,A):A<1—GO!AZA) . (7.66)
v=0

We now expand also the functional U4[@] in powers of the fields, using the notation
introduced in Egs. (6.78) and (6.79),
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. =1 ) = -
U] = Z;/ / Y ... P, (7.67)
n=1 Yo o
where
LU I (7.68)

Comparing the field-independent parts on both sides of Eq. (7.66), we obtain the
exact flow equation for the vertex I (O), which with our normalization can be identi-
fied with the interaction correction to the free energy,

1 . -1
AT = _ETr[GO,Azﬁ (1 - G({Azﬁ) } . (7.69)

After some rearrangements under the trace this can also be written as

1 . —1
ar© = _ETr[ZGO,A):A (1 - GO,A):A> } : (7.70)

The flow equations for the higher-order vertices I“Xffxlman with n > 1 external legs
can be obtained by comparing the coefficients of the monomials @, ...®,, on
both sides of Eq. (7.66), taking into account that the vertices should be symmetrized
for bosonic components and antisymmetrized for fermionic components. In fact,
with the help of the notation introduced in Sect. 6.2.2 in the context of deriving an
explicit algebraic formula for the tree expansion (see Eq. (6.90)), the resulting FRG
flow equations for the vertices F/(\'filma" with n > 1 can be written down in closed

form,

o0 o0 o0
8AF/(\rf¢)xl...an = _% Z Z cee Z Snny 4ty

v=1 n;=1 n,=1
- (n,+2)
XSDtl---wnl§Olnl+1---auﬁnz;---;wnwwl---UtnTrI:ZGArA.rxn,,”,H...a,,
(1,-1+2) (n1+2)
XGArA,anan,,_,H...aHv -Gy rA,ou...ornl ’ (7.71)

where the symmetrization operator S,

ool 30 1 ey 530y 1 -l has already been
introduced in Eq. (6.88) in the context of the tree expansion.® As explained in
Sect. 6.2.2 (see the text before Eq. (6.88)), we have divided the n labels oy, ..., o,

6 Using the invariance of the trace under cyclic permutations and the fact that the transposition of
a matrix does not change its trace, we have eliminated all transposition operators in Egs. (7.70)
and (7.71). Inverting the chain of manipulations leading to Eqgs. (7.70) and (7.71), we conclude
that Eqs. (7.61) and (7.63) can be alternatively written by omitting all transposition operators and
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into v > 1 disjunct subsets s; containing n; elements as follows (wherei =1, ..., v
labels the subsets and n = Y 1, n;),

O .o Oy 5 Oyl v e Oy 5w o o 5 Oy ls ooy O (7.72)
~——— ——— —— —

S 52 Sy

The reason for the appearance of the symmetrization operator is that the right-hand
side of Eq. (7.71) is already symmetric (for bosons) or antisymmetric (for fermions)
with respect to the permutations which do not change the index set s;, because all
indices in a given index set s; belong to the same symmetrized vertex. The opera-
tor Salmanl SO, 41y ey 41 symmetrizes the right-hand side of Eq. (7.71) also
with respect to arbitrary permutations which exchange indices belonging to different
index groups.

The general flow equation (7.71) looks quite complicated, so let us explicitly
write down the flow equations for the first few vertices. Note that for fixed n only
a finite number of terms contribute on the right-hand side of Eq. (7.71). Recall that
in the derivation of Eq. (7.71) we have implicitly assumed the absence of vacuum
expectation values of all field components; the vertex I'{" with a single external leg
therefore vanishes identically.” Setting n = 2 in Eq. (7.71), we obtain the exact FRG

flow equation for the vertex F/(\Z,L,az = [X Al a, With two external legs,

R r®

1 . .
A _ETr[ZGAr(j,‘?alaz + S | 26T, GAT T, H : (7.73)
A graphical representation of this equation is shown in Fig. 7.2. For n = 3 the
right-hand side of our general flow equation (7.71) has already four terms, so that
we obtain the following exact FRG flow equations for the irreducible vertex I70) .
with three external legs,

1 .
3) (5)
aAFA,a|a2a3 = _ETr[ZGArA,magot;
+ 80(1012;0!3 {ZG/\ r(/?azog GA r(j?al }

simultaneously replacing Tr[...] — Tr[Z...]. For example, Eq. (7.61) can be written as
1 . -1 7 -\t
IalA[P] = —ETr v/ [aAGO,A] (UA[¢'] —[G4l ) +Goa|g -

Note that for fermions some of the elements of U,[@] involve Grassmann fields, so that the
operations of matrix inversion and transposition do in general not commute. Fortunately, in the
manipulations leading from Eq. (7.61) to the equivalent equation given above this subtlety can be
ignored because the matrix U, [®] appears always under the trace.

7 We shall discuss the modification of Eq. (7.71) in the presence of vacuum expectation values in
Sect. 7.4.
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Y G 4
+ Sa] 03 {ZGA F(A?m Ga F(A?OHOQ }

+ 8061;012;063 {ZGA r(j?as GA r(j?ﬂtz GA r(j?ﬂtl }i| : (774)

This equation is shown graphically in Fig. 7.3. Finally, for n = 4 the right-hand side
of our general flow equation (7.71) contains in total 8 terms, involving the vertices
'™ withn = 3, 4, 5, 6. A graphical representation of this rather lengthy expression
is shown in Fig. 7.4. For simplicity, let us here explicitly write down the FRG flow
equation for FXO only for the special case where all vertices with an odd number
of external legs vanish (e.g., this is the case for theories involving only fermions or
bosons in the absence of external fields and symmetry breaking). Then Eq. (7.71)
with n = 4 reduces to

)
8AFA,a1a2a3a4
1 . .
(6) 4) 4)
= - ETrI:ZGArA,aIagwom + Salaz;a3a4 {ZGArA,a3a4GArA,a1a2 }i|

¢ : ® ¢ '
= 3 [1 -, [GA]ﬁlﬂZFA,ﬁzﬂlalozzmom ) s L, ﬁ4[GA]f31ﬂz [Galpp,

) (€] (€] 4
X |:FA-,52}3W3W FA,ﬂ4ﬁ10t1l¥z + FA752ﬂ3a1‘¥2 FA,ﬁ4ﬂ1l¥30¢4

“) “) ) )
+§FA,/32/33&30¢1 FA,ﬂ4/310t40t2 + é‘FA,ﬂzﬂWWz FA,ﬂ4/31(13011

“ “ “ )
+FA,/32/330¢30¢2 FA,ﬂ4/3|0t40t| + FA,ﬁzﬁWAm FA,ﬁ4ﬂ|0t30t2i| . (7.73)

This equation is shown graphically in Fig. 7.5.

[e31 [e3
+8041;042 ’

Fig. 7.2 Graphical representation of the exact FRG flow equation (7.73) for the irreducible vertex
with two external legs (two-point vertex) in the absence of vacuum expectation values. The dot
above the vertex on the left-hand side denotes the derivative with respect to the cutoff A. The
single-scale propagator is represented by an oriented circle enclosing the symbol G
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Fig. 7.3 Graphical representation of the exact FRG flow equation (7.74) for the irreducible vertex
with three external legs in the absence of vacuum expectation values
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Fig. 7.4 Graphical representation of the exact FRG flow equation (7.71) for n = 4 in the absence
of vacuum expectation values

7.4 Spontaneous Symmetry Breaking: The Vertex Expansion
with Vacuum Expectation Values

As pointed out in the footnote at the beginning of Sect. 7.2.4, in the derivation of the
general FRG flow equation (7.51) for the one-line irreducible vertices in Sect. 7.3
we have assumed that the expectation values @, = (®,) of all field components
vanish in the absence of external sources J — 0. The hierarchy of FRG flow equa-
tions derived in Sect. 7.3 therefore does not describe the symmetry-broken phase
of a given model system, where at least one field component has a finite vacuum
expectation value in the absence of sources,
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Fig. 7.5 Graphical representation of the exact FRG flow equation (7.75) for the irreducible vertex
with four external legs for the special case where all vertices with an odd number of external legs
vanish

- 8G. Al o
lim =5 = lim (@) = &) # 0. (7.76)

The fact that @Y is finite does not necessarily mean that some symmetry is sponta-
neously broken; for example, if @, represents the collective field which is conjugate
to the bilinear fermion field representing the density of an electron system, then at
any finite density the expectation value @? is finite, but does not imply a sponta-
neously broken symmetry (Schiitz and Kopietz 2006). On the other hand, as will
be discussed in more detail in Chaps. 11 and 12, spontaneous symmetry breaking
in Fermi systems can be conveniently described by introducing a suitable collective
bosonic field which acquires a finite vacuum expectation value in the symmetry-
broken phase.

It turns out that the generalization of the hierarchy of FRG flow equations for the
irreducible vertices derived in Sect. 7.3 to include the possibility that one or several
field components have finite vacuum expectation values is not entirely trivial due to
several technical subtleties. Let us now carefully develop this generalization using
the strategy developed by Schiitz and Kopietz (2006). We start with the observation
that in the presence of vacuum expectation values the Legendre transform

LA[P] = (Jal®], @) — Ge alJalP]] (1.77)

has now an extremum at @ = ®°, because according to Eq. (7.76) the limit J — 0
corresponds to @ — @0,
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SLA[P]

_ 50
55 = loJ1o[®°] > 0. (7.78)

=90

Introducing the deviation of the field expectation value from its vacuum expectation
value for vanishing sources,

8§ = — @, (7.79)

it is convenient to define the generating functional of the one-line irreducible ver-
tices as follows,

o S .
= (JA[q>],q>)—gc,A[JA[q>]]+5(5¢,GalAa<p) . (7.80)

Note that on the right-hand side we have subtracted the Gaussian action with the
field deviation 8@, so that for @° # 0 the functional I',[®°;8®] is not exactly
the same as the functional I'y[® — ®° 4 §®] defined in Eq. (7.40) with shifted

argument. As before, we define the one-line irreducible vertices F[("fl”___an [@°] via
the Taylor expansion of the functional (7.80),
o 1
%0. s — 2 (n) %015 % 5
FA[@%60] = 2(‘;”! /a /a ry o (@%8d,, ...50,, . (7.81)

The vertices now depend on the vacuum expectation value ®@° which we assume to
be bosonic such that the I'y",  [#°] commute with all fields.

In the derivation of the FRG flow equation for the functional Iy [®0; 8®] defined
in Eq. (7.80), one should take into account that the value of the vacuum expectation
value @° depends on the cutoff A, so that we now obtain instead of Eqs. (7.49) and
(7.50)

o ; _1 _ _
IATA[P8D] = 0, LA[P° 4 5D] + 53A (5¢.G, ' 89)

1. _ _ _
= —04Ge alJ] ] + E(5<1>, [04Gy L ]80) — (58, GyL949°) . (7.82)

As in Eq. (7.50), we now substitute on the right-hand side of Eq. (7.82) the exact
FRG flow equation (7.34) for G. [ /], which is also valid in the presence of vacuum
expectation values. We obtain
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I 1 8 F) S\ !
INTA[D: 8D = —=Tr| [0,G ][ = @ —=LA[® 94 1n Z
Al 4[ 1 ZFI:[A O’A]<8cp®8q§ al ]) ]+ AlnZp 4

1 /5G, 5G.. s -
—5(%,[8AGM] fJA)+ ~(6®,[04Gy ] 88) — (50, Gy 84 @°) . (7.83)

sgc A 7

Keeping in mind that by construction =& = @ 4 5P, we finally obtain

o s 1 s 8 . -\
BAFA[ch;(S(P] = _ETY[[aAGo A] (8(2) —_[,A[CD]> i| + 04 II'IZ()’A

— (80,94 Gy, @°]) — -(q>0 [04Gy L] 29) . (7.84)
The two terms in the second line are not present in the corresponding FRG equa-
tion (7.51) without vacuum expectation values. To derive the vertex expansion with

vacuum expectation values, we proceed as in Sect. 7.3. Similar to Eq. (7.58), we
introduce the supermatrix

L F) F) o oN\T _
Uy (0% 680 = (5®ﬁm¢>°;8¢1) — XA[P], (7.85)

where the superfield self-energy

o s 8 0. !
Yal@7] = _®5_FA[¢) 18P

33 (7.86)

§&=0

now depends on the vacuum expectation value @°. After the same manipulations as
in Sect. 7.3, we can cast Eq. (7.84) into a similar form as Eq. (7.63),

0, A[%;68] = —%Tr[GAUQ (1 - GQUQ)A] — (58, 941Gy, 8°1)

—%Tr[GO,Azg(l - G({Azﬁ)_l] - %(@0, [04Gy',18°) .

(7.87)

To derive the hierarchy of FRG flow equations for the irreducible vertices associated
with Eq. (7.87), one should take into account that the vacuum expectation values @°
depend on the cutoff A, so that the differentiation of the functional Taylor expansion
of I'[@°;8P] in Eq. (7.81) generates an additional term arising from the cutoff
dependence of ®°,
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o = =1 - - -
0. 51 — o) 0
IATA[B; 58] = ;_0 ~ /al fa (3AFA,Q,,..%[4’ ])5%, 8D,

o0
1 ol <o\ex _
-5 —'// / rey a[<p°]<aA¢3>5¢a,...5cp%. (7.88)
n. ’ e
w0 aJa @,

We now substitute Eq. (7.88) into the left-hand side of our exact FRG equation
(7.87), expand the right-hand side in powers of the fields §&, and compare the
coefficients of properly symmetrized monomials, as discussed in Sect. 7.3. For the
vertex without external legs (i.e., the interaction correction to the free energy) we
obtain

0,8 = _%Tr[ZGO,AzA (1 - GO,A):A)_I}
+ / IMCRIOTHE %(430, [04G; L] 8°),  (7.89)

while the flow equation of the vertex F/(‘{L[q_}o] with a single external leg can be
written as

- 1 . - - -
AT}, [8°] = =3 Te| 26T, [8%]] + f re. 1@°(3,82)
o
~ [ 1604, (2080 = [[04654,, 20 (.90

Using the same notation as in Eq. (7.71), the flow equations for the irreducible
vertices 1"/(1”,2” L [@°] with n > 2 external legs can be written as

4T 18" = [ 1L 18"1(040)

o
o0 o0 o0
1
- 5 § s ‘Sn,f11+...+nu
v=1 n;=l1 n,=1
S (n,+2)
X Sal...anl;vtnl+|mwnl+uz;...;an_nv+1---anTr[ZGA rA,a,,,m,H...a,,
(ny—1+2) (n1+2)
X GAFAanWnMHma”in” .. 'GAFA,oq...otn] . (7.91)

The nested sum on the right-hand side of this expression is precisely the same as in
the corresponding flow equation (7.71) in the absence of vacuum expectation values,
so that graphically the flow equation (7.91) can be represented as shown in Fig. 7.6.

To further simplify Eqgs. (7.89) and (7.90), it is convenient to choose the cutoff-
dependent inverse Gaussian propagator G, IA such that

Gy, ®" =0 , [34G,,]9"=0. (7.92)
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same
diagrams

as without
vacuum
expectation
values

Fig. 7.6 Graphical representation of the exact FRG flow equation (7.91) for the irreducible vertices
with n > 2 external legs. The diagrams in the curly bracket are the same as in the absence of
vacuum expectation values. The crossed circle with a dot denotes the derivative of the vacuum
expectation value with respect to the flow parameter, 34 ®°

If necessary one should add suitable counterterms to the inverse Gaussian propa-
gator to satisfy these conditions.® With the conditions (7.92) the last term on the
right-hand side of Eq. (7.89) and the two terms in the second line of Eq. (7.90)
vanish. We now fix the flowing vacuum expectation value @Y such that the vertex
r\"[#°] with a single external leg vanishes identically,

r\e1=o0. (7.93)

Physically, this means that for any A the first functional derivative of the functional
I[@°;8@] vanishes, so that we flow along an extremum of the effective poten-
tial.> Combining Egs. (7.90) and (7.92) we see that Eq. (7.93) is equivalent with the
following FRG flow equation for the vacuum expectation value,

/ T [2°(0497) = %Tr[ZGAF(j?a, [@O]] : (7.94)

which is shown graphically in Fig. 7.7. Recall that according to Eq. (6.75) Ffilaz =
[ Alae,- If the symmetry is spontaneously broken, then Eq. (7.94) determines the
flowing order parameter as a function of the running cutoff A. Note that Eqs. (7.92)
and (7.93) imply that both terms in the second line of our flow equation (7.89) for
F/(‘O)[q‘)o] vanish identically, so that the flow equation for the free energy in the pres-
ence of vacuum expectation values has precisely the same form as the corresponding

flow equation (7.70) in the absence of vacuum expectation values.

8 For example, in the ordered phase of classical ¢*-theory the k = 0 Fourier component of the
field ¢(k) has a finite expectation value, °(k) = (2m)”8(k)@o, see Eq. (2.72). With the choice
G, lA(k) = @X'(k)cok2 we satisfy Eq. (7.92). The momentum-independent part —2r, appearing
in the inverse Gaussian propagator in Eq. (2.78) should then be taken into account via the intial
condition for the two-point vertex F/(i)(k) = —-2r9p.

9 The effective potential is defined (up to an additive constant) by dividing the extensive quantity
4 [@°:0] by the volume of the system, see Eq. (9.8) in Sect. 9.1.
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° 041_l o
2

Fig. 7.7 Graphical representation of the exact FRG flow equation (7.94) relating the flow of the
vacuum expectation value to the irreducible vertex with three external legs

Exercises

7.1 FRG Flow Equations for the Zero-Dimensional Field Theory
Defined in Exercise 6.1

This exercise goes back to an idea by Schonhammer (2000) and is also discussed
in unpublished lecture notes by Meden (2003). Let us assume that the “propagator”

Gy = G{ depends on a parameter A, e.g., Gjt = —A. Note that in contrast to the
usual convention (where G approaches zero in the limit A — c0), the propagator
G{' = — A vanishes for A = 0. We will therefore start our flow at A = 0 and stop

it at a finite A.

(a) Derive the flow equations

1 3%g 3ge \?
948:(j) = =04 [G! < ) | —04InZ,
48c(J) 2A[0]|:8j2+<3j)i| A1InZy

1 92 9.0\
0482c(@) = ——aAGo[ Bac +< g“) } ,

2 02 9p

1. 1.
Yy = —EGU(I —-GU) ' - EGoz(l —GoxX) !,

- — _ _ 2
where G = =G4 [G;'] G, G = Gy' — ¥, X =y@,and U = 5% -z
Hint: It might turn out advantageous to derive the relation e$«@ =
g, 2% _
¢ 29047 ¢=91@) 10 obtain the flow equation for g,.(®).
(b) Expand the flow equations for g,.(¢) and y(¢) in powers of the sources to

obtain flow equations for the vertices y™ and g{. Show for the specific choice
Gl =-A
0 ’
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0 1_y@ 0 1,2
Iy @ =13 HyAym , 9180 = 382,

) 1 y@® ) _ 1 @4 2)72
aAy( ) = 2+AyDE a/\g;c) - Ega(lc) + [gz(lc)] ’

4 _ 1 y© Aly®P? 4 _ 1,6 2) (4
aAy( ) = 2 [I+4y@)7 — 3[1+Ay(2’]3 ’ 8Ag:(1c) - Eg:(ic) +4g;§c)g:§c) ’

6) _ 1_ y® Ay@y® 6) _ 1.8 2) ,(6
aAy( ) = 2I+Ay@2 15[]+Ay<2)]3 a/\g;c) - Eg;c) + 6g;c)gz(1c)

AyWP @12
+45[1+Ay‘2)]4 ’ +10 [gac] :
(c) If you have not already done so, derive the relation
2
8@ — 730052 @)
as well as

V(o) = (@(p) — ) 9gac

2G, — 8ac(@(9)), where ¢ —¢ = GO% ,

and conclude the initial conditions g.,c(@)| ,—o = —s1(@) and y ()| ,_o = s1(¢),
when Gyl —o = 0. What are the initial conditions for the amputated connected
and one-line irreducible vertices?

(d) Truncate the flow equations derived in b) by setting the vertices ™ and g™
withm > m, and m, = 2, 4, 6 equal to their initial values. Integrate the remain-
ing set of equations numerically (e.g., using Mathematica) from A = 0to A = 1
and compare the change of the free energy y©) = —In[Z/Z,], the self-energy ¥
and the one-particle irreducible vertex y® at the end of the flow in the different
schemes [ac and irreducible, each with m,. = 2, 4, 6] with the perturbative result
of Exercise 6.1 (for Gy = —1) and the exact result obtained by numerically
evaluating the integrals I, defined in Exercise 6.1.
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Chapter 8
Vertex Expansion

Our fundamental FRG flow equation (7.51) for the generating functional of the irre-
ducible vertices and the equivalent hierarchy of integro-differential equations dis-
cussed in Sects. 7.3 and 7.4 are very complicated mathematical objects which usu-
ally cannot be solved exactly.! It is therefore important to develop reliable approxi-
mation strategies for solving these equations. Roughly, two different types of strate-
gies have been developed. The first is based on a suitable truncation of the hierarchy
of integro-differential equations for the vertices. This vertex expansion approach
was pioneered by Morris (1994) and has been extensively used in the condensed
matter community. The second approximation strategy, which has been preferen-
tially used in field theory and statistical mechanics (see for example the review by
Berges et al. (2002)), is based on the expansion of the functional I'4[®] in powers
of gradients of the field @. We first discuss in this chapter the vertex expansion, and
then give in Chap. 9 a brief but self-contained introduction to the gradient expansion.

For simplicity, we shall explain these methods using the classical ¢*-theory with
action S4,[¢] defined in Eqs. (2.61) and (2.65) as an example. This is sufficient to
understand the basic ideas underlying these two different approximation strategies.>
Recall that in Sect. 2.2 we have derived the action S 4,[¢] microscopically from the
Ising model. The FRG flow equations for the classical ¢*-theory can be obtained
as a special case of the general flow equations derived in Chap. 7: our superfield
@, has then only a single component ¢(k), and the superlabel « corresponds to
the wave vector k, or alternatively to points r in D-dimensional space. As dis-
cussed in Sect. 7.4, in the ordered phase it is convenient to consider the momentum-
independent part of the inverse Gaussian propagator as part of the interaction S;[¢].
Introducing a cutoff A into the Gaussian propagator as discussed in Sect. 7.1, the
action of our model can be written as

Slel = Soalel + Silel, (8.1)

' In Sect. 11.5 we shall give a nontrivial example where the exact hierarchy of FRG flow equations
can be solved exactly using Ward identities.

2 In Chap. 9 we shall also analyze the generalization of our scalar ¢*-theory to an N-component
field theory.

Kopietz, P. et al.: Vertex Expansion. Lect. Notes Phys. 798, 209-232 (2010)
DOI 10.1007/978-3-642-05094-7_8 (© Springer-Verlag Berlin Heidelberg 2010
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with the cutoff-dependent Gaussian part

1
&Jmh=§AG;Amw—mmm, (8.2)

and the cutoff-independent interaction,

&m=vn+§£w%wm

+%/k /k /k : Qm)P8(k1 + ky + k3 + kpk)e(ka)o(ks)p(ks) . (8.3)

Here, we have used again the notation fk =/ %. For simplicity, we set the
external magnetic field in Eq. (2.61) equal to zero. If we use a multiplicative cutoff
with a smoothed step function ®.(|k| — A) as shown in Fig. 7.1, then

Oc(lk| — A)

Go,a(k) = ok

(8.4)

For ¢ — 0 we obtain a sharp momentum shell cutoff, lim._.o ®.(|k|—A) = O(|k|—
A). It turns out that in the symmetry-broken phase the nonanalyticity of the sharp
cutoff can lead to technical complications (Berges et al. 2002, Sinner et al. 2008), so
that in this case it is better to introduce the cutoff function additively in the inverse
propagator as in Eq. (7.5),

Gy (k) = cok® + R (k) . (8.5)

As already mentioned in the footnote after Eq. (7.20) in Sect. 7.1, a convenient
choice for the cutoff function R 4 (k) is (Litim 2001)

A

2
COZ R(k*/A%?) , R(x)=(1—-x)O( —x), (8.6)
]

Ra(k) = (1 = 80)

where Z; is the flowing wave function renormalization factor defined in Egs. (4.57)
and (4.62). The factor 1 — ;¢ in Eq. (8.6) is introduced to satisfy Eq. (7.92) in the
ordered phase where ¢r—o has a finite expectation value.

8.1 Vertex Expansion for Classical ¢*-Theory
To derive the vertex expansion for the classical ¢*-theory given above, it is conve-
nient to work in momentum space. All superfield matrices of Chap. 7 should then

be understood as infinite matrices in the momentum labels. The matrix elements of
the free superfield Green function are given by

[Go.aliw = —(27)P8(k + K)Go alk) , (8.7)
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where the minus sign on the right-hand side is due to the fact that the sign of the
G, lA(k) in the Gaussian action (8.1) is different from the sign convention in the

definition of our general superfield propagator G, IA in Eq. (7.23). By translational
invariance, the Green function of the interacting system with running cutoff A has
a similar structure,

[Galww = —Q2m)P8(k + k)G (k) , (8.8)
and the self-energy matrix is of the form
[Zaliw = Qm)P8(k + k) 4(K') (8.9)
with
G, (k) = Gy ly(k) + Zak) . (8.10)

Our exact FRG flow equation (7.87) for the generating functional I'4[@%;8¢p] of
the irreducible vertices (including the possibility of symmetry breaking) reduces
then to

1 s 8 !
a1 891 = 5 fk [04Gy ()] [% ® %FAWJO;W] - [GO,A]I]
k,—k

+ 8A IHZ()’A

1[. !
=3 f GA(k)[UA[gbO;a@](l ~ GAUAL#;59]) ]
k k,—k

LY / Go.a(k)Ea(k)
2 i 1+ Goatl)Zak)

8.11)

Here, the factor of volume V in last term arises from the regularized momentum
space 8-function (277)P8(k = 0) — V, the noninteracting single-scale propagator
in momentum space is GO, A(k) = 394Gy (k), and the corresponding interacting
single-scale propagator is given by (see Eq. (7.64)),

Go,4(k)
[14 Goatk)Za(k)]>

G a(k) = =G (k) [04G [, (K)] G a(k) = (8.12)

The functional U, is defined in general in Eq. (7.85); for our ¢*-theory the matrix
elements of U4[@"; 8@] in momentum space are

8P Tald% 8]

P _ D ’
(Ual@":60]),, = 500055 () )Pk + k)X A(k) . (8.13)
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8.1.1 Exact FRG Flow Equations

Let us now explicitly write down the first few equations of the exact hierarchy of
FRG flow equations for the irreducible vertices. Therefore, we simply specify the
general flow equations derived in Sect. 7.4 to the case of the ¢*-theory considered
in this chapter. The flow of the interaction correction to the free energy is given by
the field-independent part of Eq. (8.11) (see also Egs. (7.70) and (7.89)),

o0, _ YV Go.a(k) X a(k)
WP =5 /k I+ Goa) Zatk) (649

To write down the FRG flow equations for the higher-order vertices, it is convenient
to explicitly factor out the momentum-conserving §-function from the irreducible
vertices with n > 2 external legs,

12" = @m)Pst + ...+ k)T k. k) (8.15)

where on the right-hand side we suppress the dependence on . Similarly, we factor
out the §-function from the vacuum expectation value, defining

% (k) = 2m)P8(k)@,, . (8.16)

Our general FRG equation (7.94) for the flowing vacuum expectation value then
reduces to

1 .
a0y = / Galr Ok, =k, 0) 8.17)
k

and the general flow equation (7.73) for the two-point vertex reduces to the follow-
ing exact FRG equation for the self-energy X' 4 (k) = F/(xz)(k, —k),

] - / / -
0aZatk) = 5 / Gak\TSPU, —k &, —k) + 0,9 ke, —k, 0)
k/

- / Ga(KYG oK + k)T (k, —k — K, k)T (k' k+ k', —k) . (8.18)
k/

A generalization of Eq. (8.18) to the O(N)-symmetric case will be given in Eq. (9.46).
Recall that with our normalization of G _4(k) in Egs. (8.4) and (8.5), the self-energy
at the initial scale A = Ay is simply given by the momentum-independent part of
the inverse Gaussian propagator (see Egs. (2.75) and (2.78)),

ro forT > T.

—2rg forT < T, (8.19)

k) = {
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Obviously, the flow of the self-energy is driven by the three- and four-legged ver-
tices, which satisfy even more complicated flow equations that can be obtained as
special cases of our general FRG flow equation (7.91). For later reference, let us
here explicitly write down the exact FRG flow equation for the four-legged vertex
F/(f)(k] , k2, k3, ky) in the symmetric phase, where all odd vertices and the vacuum
expectation value (,b% vanish,

1 .
ATk, k., ks, ky) = 3 / Gak) IOk, —k, k1, ko, k3, kg)
k

~ [ Ga0G Ak~ e~ T e e e~ — e o)
k

POk — ki — kb ks k) + (o k) + (o o ko)) .| (820)

This equation is a special case of our general superfield FRG flow equation (7.75)
for the effective interaction in the absence of vacuum expectation values shown
graphically in Fig. 7.5.

8.1.2 Rescaled Flow Equations

In order to classify the vertices according to their relevance and to develop approxi-
mation strategies based on relevance, it is useful to properly rescale the above exact
flow equations and rewrite them in dimensionless form. The rescaled form of the
FRG flow equations is also most convenient to discuss fixed points of the RG. Let
us therefore introduce the dimensionless vertices

y \ Z\"?
"y, .... g, = APGD (C_’> r'\“(Aq, ..., Aq,), (8.21)
0

which are considered to be functions of the logarithmic flow parameter
I =—1n(A/Ap), (8.22)

and the dimensionless rescaled momenta

Pi=—. 8.23
9=~ (8.23)

The flowing wave function renormalization factor Z; is defined in analogy with
Eq. (4.97) via

1

- 90X 4(k)
1+ 3(cok?) |4

Z (8.24)
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Note that the power of A on the right-hand side of Eq. (8.21) can be identified
with the canonical dimension of the vertex which follows from simple dimensional
analysis. In particular, the dimensionless two-point vertex is related to the flowing
irreducible self-energy via the relation

s N Z
g, -9=T%q = o Tale), (8.25)

where we have used the fact that the vertex is multiplied by a momentum conserving
8-function so that we may set ¢; = —¢> = g. Combining Eqs. (8.24) and (8.25),
the flowing wave function renormalization factor can also be written as

_, i@

i (8.26)

q=0

In the symmetry-broken phase, we should complement Eq. (8.21) by the rescaled
vacuum expectation value M;, which we define via

_ bL_ Zl 1/2
P = A2 = M; (8.27)
co
implying
ZN\'"*[D -2
49,95 = A7 <—’> [J - a,] M, (8.28)
Co 2
where n; = —0; In Z; is the flowing anomalous dimension. Using Eq. (8.24) we can
relate ; to the FRG flow equation for the self-energy,
0z IR
m=—22 = 7,7 jim M2 Za 0] (8.29)
Z k=0  3(cok?)
Introducing the rescaled propagator
~ coA?
Gilq) = ——GalAg). (8.30)
1
and the corresponding single-scale propagator
< C0A3 .
Gi(q) = — Ga(Ag) , (8.31)

Z
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the rescaled version of the order-parameter flow equation (8.17) assumes the form

D—-2+ 1. [%ag, —q,0
n /Gz(q)# (8.32)
q

oM; = ———M, — — =
2 2 1*[(2>(())

Similarly, we obtain for the rescaled version of the FRG flow equation (8.18) for the
self-energy

W g)=C—n—qa)P@)+ L), (8.33)

with
. V4
[P(q) = ==L o450k
Co A

1 = N ’ 2 D -2 + m
=3 / Gighiq' . —4' 9.~ — ,Vq, —4.0) |:31 - T} M,
y

—/ GighGig + T q, —q— 4.4 )T (~q . q+q,—q). (834
,

In the second term on the right-hand side of this expression, we may eliminate the
flowing order parameter M; using Eq. (8.32) and obtain

~ 2

(2) [ A S, [F’(S)(q’ 1 O)]

I, (q)=§ Gi(qg) | I (q’_q’q’_q)_T(O)
7 )

_ / &G + DTG —q — 4. OO q g +q. ). (835
i

In the symmetric phase the three-legged vertex vanishes so that only the first term
on the right-hand side of Eq. (8.35) survives. Using the exact relation (8.29), we see
that the coefficient of the quadratic term in the expansion of f’l(z)(q) in powers of ¢
can be identified with the flowing anomalous dimension,

%5
n = lim 2@

8.36
q—0 8q2 ( )

From Eqgs. (8.35) and (8.36) it is obvious that in the symmetric phase the anomalous
dimension is determined by the momentum dependence of the four-point vertex,
while in the symmetry-broken phase one obtains already a finite result for #; if one
neglects the momentum dependence of the three- and four-point vertices (Berges
et al. 2002, Sinner et al. 2008).

For later reference, we also give the flow equation for the rescaled four-point
vertex, which is defined by setting n = 4 in Eq. (8.21),
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. i (Z\
Y91, 92,43, q2) = A 4(7) r'"(Aq., Aqa, Aqs, Aqs) . (8.37)
0

In analogy with the rescaled flow equation (8.33) for the two-point vertex, we write
the corresponding flow equation for the four-point vertex in the form

4
3117(4)(111, q2,93,44) = [4 — D —2n — ZCL‘ . ti]ﬁ(4)(CI1,tI2, q3,q4)
i=1

+ 1192, 93, 94) - (8.38)

In the symmetric phase, where all odd vertices and the order parameter vanish, the
inhomogeneity in the second line of Eq. (8.38) is

. 72
17(4)(111, q>.93,q4) = —AD74C—éA3AF,(X4)(k1, ky, k3, ky)
0

1 z -
= 5/G;(q)F,(é)(q,—q,ql,qz,qs,w)
q

—/ {Gz(q)éz(—q —q1 -9 @q1,92.9. 9 — g1 — q2)
q

X[ =41 = 2.4.03. 00 + (@2 © 4+ @2 > g0} . (8.39)

In general, the exact FRG flow equation for the rescaled n-point vertex IN“I(")(ql Yo
q,) defined in Eq. (8.21) is of the form

.

= (n) n n - = (n)
ol (qu, ... q0) = [n—D<§ - 1) — S —;qi-vq;]ﬂ q1,---.q0)
+ "1, ... qn) (8.40)
where the function E(")(q Is ..., qy) depends on the vertices 1~“,('") q1,...,q,) with

m<n-+2.

Finally, we note that first-order partial differential equations of the type given in
Eqgs. (8.33) and (8.38) can be converted into equivalent integral equations. By direct
differentiation it is easy to see that the FRG flow equation (8.33) for the rescaled
two-point vertex is equivalent to the following integral equation (Busche et al. 2002,
Hasselmann et al. 2004),

- ! - ! ! .
I-}(Z)(q) — eZl—fO drn,l—}(jg)(e—lq) +/O dt eZt—fl_,dtn,]-vl(_Zz(e—lq)

! , ) )
_ eZI—Iffdrnr |:1-l(:22)(e—1q)+/0 a’l’e‘”'“‘fé drn,ngz)(e—u—z )‘I)} ’

(8.41)
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where in the second line we have substituted = [ — [’. Similarly, the rescaled flow
equation (8.38) for the four-point vertex is equivalent to

@—D)-2 [ dry, =&
fo Fl:O

541,92 ¢35, 40 = ¢ (e7'qr.e”'qre7'q3, e7'q)

1
- / dr 4= Pr2 it (g, o7l gy e Mg, 07 ga) (8.42)
0

In general, the partial differential equation (8.40) for the rescaled n-point vertex is
equivalent to the integral equation (Hasselmann et al. 2004)

~(n _p(n— _n ! =n), — -
5@ gp) = el PGDI=s fodmn p) (o =lg, L elg,)

1
+f dr el =PG=DV=3 JLidone )=t - otg (8.43)
0

8.1.3 FRG Flow Equations for a Sharp Momentum Cutoff

So far we have not specified the cutoff procedure. In order to make contact with the
simple one-loop momentum shell RG discussed in Sect. 4.2, we now choose a sharp
multiplicative momentum shell cutoff, which amounts to setting

Okl —A)

Go,a(k) = pvER

(8.44)

see Egs. (7.3) and (7.12). For the corresponding rescaled propagator we obtain from
Eq. (8.30)

- O(q| —1
Go.u(q) = % , (8.45)

while the single-scale propagator associated with Eq. (8.44) is according to Eq. (7.64)
given by the formal expression

94Go, a(k) _ —8(lk| — A)
[1 4 Go,a(k)Z A(k)]? cok? [1 n @(\CISEA) EA(k)]2

G (k) = (8.46)

Obviously, this expression is ambiguous because the Dirac §-function §(|k| — A) is
multiplied by a factor containing the step function ®@(|k| — A). To properly define
Eq. (8.46), we should smooth out the step function @ (k] — A) — O (k| — A)
(as shown in Fig. 7.1), and then take the limit of vanishing step width ¢ — 0 only
after we have solved the FRG equations for finite €. It turns out, however, that in
the symmetric phase the cutoff dependence of the self-energy X' 4(k) does not con-
tain any additional step function, so that we explicitly know the dependence of the
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right-hand side of Eq. (8.46) on the step function. We can therefore use the Morris—
Lemma (Morris 1994) given in Eq. (7.15) to unambiguously define the single-scale
propagator for a sharp momentum cutoff,

6oy — UK =)
A cok* Jy Satk)
1+tCH]
S(lk] — A) 1 3(lk] — A)

__ - : 8.47
cok? 14288 oA+ X(k) (®47

For the corresponding rescaled single-scale propagator we then obtain from the def-
inition (8.31),

5(lgl = 1)

Gilg) = —1 1
Z + Fl(z)(q)

(8.48)

Note that the Dirac §-function restricts the set of wave vectors where G Ak) is
nonzero to the cutoff scale A, which is the reason why G (k) deserves to be called
the single-scale propagator.

The flow equation (8.14) for the free energy FI(XO) [@°] involves a combination
of §- and @-functions which is different from the combination appearing in the
single-scale propagator. Using

1
MMAU+@@MI*=Mm/‘MAU+NW4=MmmG+AL (8.49)
0

we obtain from Eq. (8.14) in the sharp cutoff limit

o0V 2 a(k) 1
04T, 10"] = ff?(lk' A)/ a Wk 1y 2]
B coA? + X 4(k)
— _3/k5(|k| —A)ln [T] . (8.50)

An obvious advantage of working with a sharp momentum cutoff is that the §-
function can be used to get rid of the integration over the modulus of k. On the other
hand, the nonanalyticity of the sharp cutoff can give rise to unphysical singularities
in the momentum dependence of the vertices. Although in principle one can take
care of these terms by introducing appropriate coupling constants (Hasselmann et al.
2004), it is rather difficult to analyze FRG flow equations in the enlarged coupling
space. Usually it is then better to work with a smooth cutoff, where the vertices are
regular functions of the external momenta (Sinner et al. 2008).
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8.2 Recovering the Momentum Shell Results from the FRG

Let us now show how to recover from the above exact FRG flow equations the
one-loop flow equations (4.71) and (4.72) for the coupling constants 7; and i,
which we have derived in Chap. 4 within the framework of the simple Wilsonian
momentum shell RG. Therefore, we identify the coupling constants 7; and it; defined
in Eq. (4.70) with the following zero-momentum limits of the flowing self-energy
X' A (k) and the flowing effective interaction F/(f)(k 1. ko, k3, ky),

A= CZO’ZAZ , 8.51)
i = DC(Z)ZjI:AD : (8.52)
where A = Age~!, and the dimensionful couplings 74 and u 4 are
ra= X4k =0), (8.53)
uy = riP0,0,0,0) . (8.54)

The exact RG flow equations for 4 and u 4 are easily obtained from Eqs. (8.18) and
(8.20) by setting all external momenta equal to zero. In the symmetric phase where
all odd vertices vanish these equations reduce to

1 /.
Iry = 3 / G atk)r\Pk, —k,0,0) , (8.55)
k
1 (.
dan = 5 f G AT O (k, —k, 0,0, 0,0)
k

-3 f G A(k)G A(—k)TSP(0,0, k, —k)I'P(—k, k,0,0) . (8.56)
k

The right-hand sides of these exact flow equations depend on the momentum-
dependent vertices with four and six external legs. Moreover, the propagator G 4 (k)
and the single-scale propagator G (k) depend on the flowing momentum-dependent
self-energy X ,(k), so that further approximations are necessary to obtain from
Egs. (8.55) and (8.56) a closed set of equations for r, and u 4. To recover the
one-loop momentum shell results derived in Sect. 4.2.1, it is sufficient to completely
neglect the contribution from the six-point vertex F/(f) in Eq. (8.56). Moreover, we
may also neglect the momentum dependence of the self-energy and of the four-point
vertices on the right-hand side of Eqs. (8.55) and (8.56), which amounts to approx-
1mating

Spk) =~ Xp(0)=ry, (8.57)
r'’k, —k,0,0) ~ r"0,0,0,0) = u, . (8.58)
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Using for simplicity a sharp momentum cutoff, we may approximate the single-scale
propagator in Eq. (8.55) by

. S(lk| — A)
Galk) " ———— . 8.59
ah) = (8.59)
The momentum integration is then trivial and Eq. (8.55) reduces to
dPk 8(|k| — A Kp AP~
Bars = — 2 =4 _ Ko A uas (8.60)

2 ] @R ok +ry 2 coA2 41y

To perform the momentum integration in Eq. (8.56) one should keep in mind that
within our approximation the flowing propagator for sharp cutoff is of the form
(see Eq. (8.44))

_ - O(lk| — A)
Gatk) =[G (k) + Za(k)] " ~ , 8.61
(k) [ 0.4k) + X a( )] ok + Ok — Ay (8.61)
so that Eq. (8.56) reduces to
9 3 2/ d’k G a(k) Okl - 4) (8.62)
Up = —u . .
AT AL ) T ok + O(k| — A)ra

To properly remove the ambiguities inherent in the product of the §-function carried
by G 4(k) and the ®-function-dependent factor, we go back to the representation
(8.46) of the single-scale propagator for a sharp cutoff and use the Morris—Lemma
(7.15),

de ! C0A2
a =3u | ——=58(lk| — A dtt————
AUA MA/ (27-[)D (| | )A (C()A2+trA)3

_3Kp AP 8.63)
2 (A H a2 '

We now introduce the dimensionless couplings 7; and i; defined in Egs. (8.51) and
(8.52). Keeping in mind that within our approximation Z; = 1 and using the fact
that A = Age™! implies Ad, = —0y, it is easy to see that Eq. (8.60) reduces to
o = 2 + (8.64)
7= 2r — R .
S S

while Eq. (8.63) becomes

-2
3 u;

Qiiy = (4 — DYy — 2 —L .
it = ( )ity XY

(8.65)
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These approximate flow equations are identical with the flow equations (4.71) and
(4.72) derived in Sect. 4.2 using the simple Wilsonian momentum shell method.
Note that while we have worked here with the unrescaled flow equations and have
introduced dimensionless rescaled variables only in the end, we could have obtained
the same results directly from the rescaled flow equations given in Sect. 8.1.2. In
fact, we will use the latter strategy in the next section to calculate the momentum
dependence of the self-energy.

8.3 Momentum-Dependent Self-Energy in the Symmetric Phase

8.3.1 Scaling Functions

One advantage of the FRG is that the exact hierarchy of flow equations for the
momentum-dependent vertices can be used to obtain all vertices at finite wave vec-
tors (and for quantum systems also at finite frequencies). For example, at the critical
point the self-energy X' (k) of ¢*-theory is expected to scale as X (k) o< |k|>~" for
|k| — 0, where the exponent 7 is finite for D < 4. For sufficiently small |k|
the propagator then scales as G(k) ~ 1/X (k) o |k|™>*", see Eq. (1.14) and the
discussion in Sect. 4.2.3. But how large is the regime in momentum space where
the self-energy scales as |k|>~"? Clearly, there must be a characteristic interaction-
dependent crossover scale k. where the k-dependence of X'(k) crosses over from
the asymptotic long-wavelength regime to another short-wavelength regime charac-
terized by some different momentum dependence which may not be perturbatively
accessible.? In fact, if the crossover scale k. is smaller than the microscopic scale
Ao =~ 1/a set by the lattice spacing of the underlying lattice model, then it should
be possible to describe the momentum dependence of the self-energy at the critical
point in terms of a dimensionless universal scaling function o,(y),

k
Y (k) = cokZo, ('k—|> , T=T.. (8.66)

More generally, away from the critical point where the correlation length £ is finite
Eq. (8.66) should be replaced by a two-parameter scaling function (Hasselmann
et al. 2007, Sinner et al. 2008),

2(k) = cok’o <|k|$, Z‘—') , (8.67)

where o.(y) = o(oco,y). Obviously, for y <« 1 the critical scaling function
o0.(y) must be proportional to y>~". In this asymptotic long-wavelength regime the

3 We shall show shortly that the scale k. can be identified with the Ginzburg scale discussed after
Eq. (4.73) in Sect. 4.2.2.
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momentum dependence of the self-energy is essentially determined by the scaling
properties of the relevant couplings in the vicinity of the critical point. On the other
hand, the behavior of the critical scaling function in the regime y > 1 is not deter-
mined by the scaling in the vicinity of the critical point, so that for a microscopic
calculation of o,(y) in this regime one has to take into account couplings which
are irrelevant at the critical point. At the first sight it seems that for |k| > k. one
can obtain X' (k) by simple perturbation theory. However, for D < 4 perturbation
theory is still infrared divergent in this regime, so that one needs a nonperturbative
approach (such as the FRG) to take into account also the irrelevant couplings which
determine the behavior of the self-energy for |k| 2 k..

It is worth pointing out that the problem of calculating the momentum depen-
dence of X'(k) of momenta outside the asymptotic long-wavelength regime is not
entirely academic: as shown by Baym et al. (1999, 2001), the interaction-induced
shift of the critical temperature of the interacting Bose gas in three dimensions is
essentially determined by the self-energy of the classical O(2)-model (i.e., a clas-
sical ¢*-theory with a two-component field) for momenta of the order of k. It is
therefore important to have quantitatively accurate calculations of the self-energy
of the classical O(2)-model in this regime. This problem has first been addressed
within the framework of the FRG in Ledowski et al. (2004) and Hasselmann et al.
(2004) using the truncation of the FRG vertex expansion described below. Later
Blaizot et al. (2006a) proposed a more sophisticated truncation of the FRG flow
equations which is based on the fact that the derivatives of the irreducible n-point
vertices with respect to a uniform external field can be related to the irreducible
vertices with one additional external leg carrying zero momentum. This truncation,
which is sometimes called the BMW approximation, has been shown to give very
accurate results for critical exponents and momentum-dependent correlation func-
tions (Blaizot et al. 2006b,c, Benitez et al. 2009). On the other hand, the numerical
value for the T,-shift for the weakly interacting Bose gas obtained within the BMW
approximation differs only by a few percent from the value obtained by means of
the simpler truncation described in the following subsection.

8.3.2 Truncation Strategy Based on Relevance

We now develop a simple truncation of the FRG flow equations which yields the
momentum dependence of the self-energy for all values of the external momenta.
We focus in this section on the symmetric phase, where all odd vertices vanish.
The symmetry-broken phase will be discussed in Sect. 8.4. To justify our truncation
procedure, it is convenient to start from the rescaled version of the exact RG flow
equations given in Sect. 8.1.2. Consider the exact RG flow equation for the rescaled
four-point vertex f“,(4) (g1, 92, q3, q4) in the paramagnetic phase given in Egs. (8.38)
and (8.39). The advantage of working with the rescaled flow equations is that we
can directly read off the canonical dimensions of the couplings and thus classify
all couplings according to their relevance with respect to a given fixed point. For
example, from the first term on the right-hand side of Eq. (8.38) it is obvious that
the momentum-independent part of the rescaled four-point vertex,
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2

- Z
1'*1(4)(0’ O, O, O) — 2 TUA
0

D (8.68)

has canonical dimension 4 — D and is therefore relevant at the Gaussian fixed point
in D < 4.If we expand f’l(4) (g1, 92, g3, q4) in powers of the external momenta, then
the operator ), q; - Vg, in Eq. (8.38) reduces the scaling dimension of couplings
proportional to ¢" by n, so that the coupling constants multiplying larger powers
of the external momenta in the expansion of the vertices are increasingly irrelevant.
Nevertheless, these irrelevant terms are important to describe the crossover from the
short-wavelength regime |k| > k. to the critical long-wavelength scaling regime
k| < k.. It is therefore important to retain infinite powers of momenta in the
expansion of the vertices in order to correctly describe this crossover.

Our aim is to develop a truncation of the exact FRG flow equations (8.33) and
(8.38) for the two-point vertex and the four-point vertex which gives a numeri-
cally accurate interpolation formula for the self-energy X' (k) for all k. Consider
first the inhomogeneity 1'"1(4) (g1, 92,93, q4) in the rescaled flow equation for the
four-point vertex, see Eqgs. (8.38) and (8.39). We truncate the exact expression for
f“l(4)(q1, q2, q3, q4) given in Eq. (8.39) by replacing the (a priori unknown) func-
tions I;2(q), [;"(q1. 42, 43, g4) and [;(q1, 42, 43, 44, 45, 46) appearing on the
right-hand side of Eq. (8.39) by their relevant and marginal parts (with respect to
the Gaussian fixed point). We shall refer to this strategy as truncation based on
relevance. In dimensions 3 < D < 4 this amounts to the following approximations
on the right-hand side of Eq. (8.39),

2 ~ 7+ - 2Z)g”, (8.69a)
Y41, 92,93, 92) ~ [7(0,0,0,0) = i, , (8.69b)
541,92, 43, 94, 45.96) ~ 0 . (8.69¢)

Here the flowing coupling 7, = E(z)(O) = 7,5 4(0)/(coA®) has already been intro-
duced in Eq. (8.51), and the rescaled coupling constant i; is related to the coupling
it; defined in Eq. (8.52) via

. it Z2u
h=—=———". 8.70
=%, ZAD (8.70)

In D = 3 the momentum-independent part IN*I@(O, 0,0, 0,0, 0) = ¥ of the six-point
vertex has a vanishing canonical dimension and is therefore marginal if we neglect
the anomalous dimension. Moreover, if we work with a sharp momentum cutoff the
expansion of f*l(4) (q1, 92, q3, q4) in powers of momenta contains linear terms whose
canonical dimensions also vanish in D = 3. Fortunately, these additional couplings
are marginally irrelevant in the sense that the finite flowing anomalous dimension
forces these coupling to flow to finite limiting values which can be absorbed by
re-defining the numerical values of the relevant couplings. It is therefore reasonable
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to use the truncation (8.692a)—(8.69¢) even in three dimensions and neglect the above
mentioned marginally irrelevant couplings.*

If we approximate Z; &~ 1 and set all external momenta equal to zero we recover
the flow equations (8.64) and (8.65) for the coupling constants 7; and i;. In our trun-
cation based on relevance we retain in addition the flowing anomalous dimension
n; = —0; In Z;, so that the flow equation (8.64) for the momentum-independent part
of the rescaled two-point vertex should be replaced by

u

1
or; = (2 —npr +

5 ) 8.71
2147 ®71)

while the flow equation for the momentum-independent part of the rescaled interac-
tion i; = K pii; reads

=2

3 @
Opit; = (4 — D —2np)it; — L

To obtain a closed system of flow equations, we need an additional equation for the
flowing anomalous dimension 7;, which in the symmetric phase is determined by the
momentum dependence of the four-point vertex 1“1(4) (g1, 92,93, q4), see Egs. (8.35)
and (8.36). With our truncation (8.69a)~(8.69¢) the function 17%(q1, q2, 3. q4)
appearing in the rescaled flow equation (8.39) for the four-point vertex is approxi-
mated by’

(g1, 92,43, 92) ~ =2 (g + 42) + (g1 + ¢3) + (g +q2)] ,  (8.73)

41t turns out that this truncation strategy yields an accurate result for the critical temperature T,
of the weakly interacting Bose gas in three dimensions (Ledowski et al. 2004). On the other hand,
the momentum-independent part of the six-point vertex 7; and the linear terms in the expansion
of the four-point vertex contribute substantially to the numerical value of the critical exponent
n (Hasselmann et al. 2004). However, the interaction correction to 7, is mainly dominated by
momenta of the order of the crossover scale &, so that it depends only weakly on the precise value
of n. This seems to be the reason why the results for 7, based on the truncation (8.69a)—(8.69c) are
numerically accurate in D = 3.

5 In terms of unrescaled couplings the truncation (8.73) amounts to replacing the flow equation
(8.20) for the four-point vertex by

ATk, ko, ks, dea) = —u? [1a(ky + k) + Ta(ky + k3) + Tatky + ky)]

with
140 = [ GatRIGAK + B,
v
and
Z,0(|k| — A) : Zi5(|k| — A)
=228 Gy = 2 D)
Galk) cok? 4+ r4 Galky coA? +rp
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with
xi(q) = f Giq)Gi(g +q) . (8.74)
y
and
- 0gl-1 = 8(ql—1
Gl === Glo="1—= (8.75)

A similar truncation has been used by Busche et al. (2002) to calculate the spectral
function of the Tomonaga—Luttinger model using FRG methods. For D = 3 the
integration in Eq. (8.74) can be carried out analytically (Hasselmann et al. 2004),

O(g, — 147 242
(@) = Ko (92 - q1) ln|: +;:1+q2+ |‘I|6121| ’ (8.76)
41 +7)lql L+7 +q°+2lqlq
where
_ ] —lql/2 if |g] <2
0= {—1 iflgl >2 ° @77
1 if|g] <e —1 (878)
= 2_ . . .
PEVe2 -4 it > -1
In particular, for |g| < min{2, ¢/ — 1} we have
. Kp (1+1q)° +f;}
1D = il [ [+ 7 &7

We may now substitute our approximate Eq. (8.73) into the exact integral equation
(8.42) for the rescaled four-point vertex to obtain an explicit formula relating the
flowing four-point vertex ﬁ(4) (q1, 92, g3, q4) to the three running couplings 7, iy,
and Z;,

l
= (4 ~ @=D)=2 [l dry, ~ 4-Dy—2 [ drn, ~2
171, ¢, 43, ga) = 4 P12 Joden uo—/o dt D=2 dmneg?

X [Ji—(e™ (g1 + q2)) + Ju—i(e 7" (g1 + q3) + Xi—i(e (g1 + q4))] . (8.80)
For the calculation of the self-energy it is useful to write Eq. (8.80) in a different
way. Using the fact that by definition ff‘” (0,0,0,0) = @t;, we may explicitly sep-

arate from the right-hand side of Eq. (8.80) the momentum-dependent part of the
effective interaction,

541, 92,93, 92) = i + v, (q1, 92, 43, 94) » (8.81)
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where the flow of &#i; = i1;/Kp is determined by Eq. (8.72), and the momentum-
dependent part of the effective interaction is given by

l 1
PO gz g0 = - [ deet P (o5 e g+ )
0

F8i-1(e7 (@1 + 43) + S (@1 + )] (8.82)

with
Sxi(q) = xi(q) — x(0) . (8.83)
To calculate the rescaled two-point vertex, we need the flow function 1'“,(2)(11) defined
in Eq. (8.35). Using the fact that in the symmetric phase all odd vertices vanish and

approximating the flowing effective interaction by Egs. (8.81) and (8.82), we obtain
from Eq. (8.35) in the symmetric phase

- 12 > / 1 > / / /
%) = 3’/ Gz(q)+§/ Gig w4 4 9. -9
q/ q/

i 5(q'1 — 1) /Z 4—Dy—2 (! o . _
= — dt e@Dr=2 [ den 52 s teqt .
2(1 + 7)) /q’ 1+7 0 e i;_0xi—(e(qg +q))

(8.84)

Next, we substitute our approximate result (8.84) into the exact relation (8.36)
between the flowing anomalous dimension 7; and the function 1’1(2) (g) to obtain the
following integral equation for 1; (Ledowski et al. 2004, Hasselmann et al. 2004),

1
m = / dt K(l, tyi?_e 2o | (8.85)
0

where the kernel K (/, t) is given by

K, 1) = [(D—De P ) (e +e P2y ()] . (8.86)

2D+ 7)

Here %,(q) = dx/(q)/dq and /' (q) = 8*x(q)/dq* are the derivatives of the func-
tion y;(q) defined in Eq. (8.74) with respect to ¢ = |q|. Together with Egs. (8.71)
and (8.72), the integral equation (8.85) forms a closed system of equations for the
three unknown functions i;, 7;, and n;, which can easily be solved numerically.
If the initial value of 7 is fine-tuned such that the RG trajectory flows into the
Wilson—Fisher fixed point (for D < 4), then the limits n = lim;_, 1; and i, =
lim;_, » i1; are finite. In this case, Eq. (8.85) reduces to a self-consistency equation
for the critical exponent 7,
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oo
n =i’ / dt K (oo, t)e™ " . (8.87)
0

For small € = 4 — D this yields the leading order result of the e-expansion, n ~ %
(Zinn-Justin 2002), while a numerical solution in three dimensions gives n = 0.101
(Hasselmann et al. 2007). This is more than twice as large as the established value
n ~ 0.036 for the three-dimensional Ising universality class (Pelissetto and Vicari
2002), indicating that our truncation is not sufficient to obtain quantitatively accurate
results for the critical exponents.

On the other hand, our truncation yields a reasonable interpolation formula for
the momentum-dependent self-energy X' (k) for all momenta which are small com-
pared with the ultraviolet cutoff A(. Let us therefore go back to the integrated form
(8.41) of the exact FRG flow equation (8.33) for the rescaled two-point vertex
fl(z)(q) = Z;1X(Aq)/ (coA?). Introducing the momentum-dependent part of the

function 1'“1(2) (g) appearing on the right-hand side of Eq. (8.33),
(@) = 17(@) - 170, (8.88)
and keeping in mind that by definition I~“I(2)(O) = 7y, it is easy to show from

Eq. (8.41) that the exact self-energy can be expressed as the following integral over
the entire RG trajectory (Hasselmann et al. 2007),

E(k) . 372171 * 72I+fldrn - (2), 1

Given our approximate result (8.84) for the function I"'®(q), we have
! 1
7O = — / dt 4-Dr2fL dmneg2
0
X/ 8(q'| — D) [8x1—(e™' (¢’ + @) — Sx—(e7'gH] . (8.90)
q/

Explicitly, we then obtain from Eq. (8.89),

>(k) e~ 27, 0 =2 [ydrn
5 = lim —f -, =
AO I—-o0 7 0 14+7

x / 8(q'l = D [8ju-i(e™'q" + ¢ "'k/A0) = Sju—i(e™'¢)] . (8:91)
o

i
1
/ dt 402/, drn,ﬁl2_t
0

The calculation of the momentum-dependent self-energy is now reduced to a three-
dimensional integration (two one-dimensional integrations over the RG flow param-
eters [ and ¢, and one angular integration over the angle between ¢’ and the external
wave vector ¢), which can easily be performed numerically (Ledowski et al. 2004,
Hasselmann et al. 2004, 2007).
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8.3.3 FRG Results for the Self-Energy Scaling Function

In order to extract from Eq. (8.91) the scaling functions o,(y) and o (x, y) defined
in Egs. (8.66) and (8.67), recall that slightly above the critical temperature the RG
flow as a function of the logarithmic flow parameter / exhibits three characteristic
regimes, as shown in Fig. 4.6 of Chap. 4. In the initial regime 0 < [ < [, the
running couplings 7; and i; rapidly flow toward the fixed point (7, it,); then there
is an intermediate interval /. < [ < [, where the RG trajectory remains almost
stationary in the vicinity of the fixed point; finally, for [ 2 I, the RG trajectory
rapidly flows away from the fixed point so that the leading /-dependence of 7; in
this regime is proportional to ¢?, as given by the canonical dimension of 7. Note
that only in the vicinity of the critical point the asymptotic behavior is §7 oc e//”.
Keeping in mind that according to Eq. (4.98) the correlation length £ of the system
is related to the self-energy for vanishing wave vector via (see also the footnote in
Sect. 3.3.1)

co o . . . 2 - 2l =
— =2ZX0)=ZIlimr, =coAy lim e 77y, (8.92)
A—0 [—o0

%—2

we see that by construction the logarithmic scale [, is directly related to the correla-
tion length & of the system via (Hasselmann et al. 2007, Sinner et al. 2008)

1
6_21* — lim 6—21,—.1 =—0. (8.93)
I>00 (Ao§)

At the critical point where £ — oo the scale /, moves to infinity. On the other hand,
the scale /., remains finite at the critical point. Recall that /. is defined in terms
of the RG time needed for the initial point in coupling space to reach the vicinity
of the fixed point. As already mentioned in Sect. 4.2.2, the corresponding scale
k. = Age™" can be identified with the Ginzburg scale, which sets an upper limit to
the regime in momentum space where the self-energy at the critical point exhibits
the asymptotic scaling X'(k) o |k|>~". We are now in a position to justify this
identification by an explicit calculation of the momentum-dependent self-energy.
Introducing the dimensionless scaling variables

x =1kl , y=Ilkl/k, (8.94)

so that x/y = k.& = e*~!, we may rewrite our formally exact integral represen-
tation (8.89) for the self-energy X'(k) in the scaling form (8.67), with the scaling
function o (x, y) explicitly given by

2

o0 !
o(r.y) = 2=+ / dle Moty ey) | (8.95)
0
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where we have written )'/,(2)(|q )= )'/,(2) (g), using the fact that this function actually
depends only on |g|. The exact expression (8.95) is useful to discuss the scaling of
the self-energy at or close to the critical point. For simplicity, let us focus here on
the self-energy at the critical point T = T, where x — 00 and 0(00, ¥) = 04(y)
can be identified with the critical scaling function defined in Eq. (8.66),

0 "
0.0 = [ dte by (8.96)
0

Substituting into this exact expression our approximate result (8.90) for the func-
tion )'/1(2)(|q|) we obtain an explicit expression for the critical scaling function o,(y)
which is easily evaluated numerically. The result for D = 3 is shown in Fig. 8.1.
One clearly sees the crossover at y A~ 1 from the critical y?>~"-scaling to another
short-wavelength regime where o,(y) o Iny in D = 3. Keeping in mind that
y ~ 1 corresponds to |k| ~ k. we have thus proven that the scale k. can indeed
be identified with the Ginzburg scale defining the upper boundary of the critical
regime in momentum space. Recall that in Sect. 4.2.2 we have introduced k. in
terms of the scale [, = In(Ag/k.) where the RG flow of the relevant couplings ii;
and 7; approaches the vicinity of the critical fixed point, as shown in Fig. 4.6. That
the scale k., = Age ' defined in this way in terms of the RG flow of #; and 7
can also be identified with the upper boundary of the momentum regime where the
self-energy exhibits critical scaling is a nontrivial result of our FRG calculation of
the critical scaling function.

_2 T T T
Critical long- :
_4} wavelength ' Critical short- |
— regime I wavelength
2 | regime
g -6 ! .
Fig. 8.1 Numerical = i
evaluation of the critical -8 ! i
scaling function o, (y) defined !
in Eq. (8.96) in D = 3, using -10 ) ! )
the approximation (8.90) for -4 -2 0 2 4
the function ;'/,@)(q) Iny = In(k/kc)

8.4 Momentum-Dependent Self-Energy
in the Symmetry-Broken Phase

Finally, let us derive a closed system of FRG flow equations for the momentum-
dependent self-energy in the symmetry-broken phase 7 < T,. Starting point is
again the system of exact FRG flow equations (8.17), (8.18), and (8.20) given in
Sect. 8.1.1. To motivate our truncation, it is useful to consider first the proper initial
values of the vertices of our theory in the symmetry-broken phase at scale A = Ay,.
Recall that for T < T, we should shift the field according to ¢(k) = (ﬁ(/)\ (k) +Sp((k),
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where the average of d¢(k) vanishes and @%(k) = 2m)P 8(k)¢g, see Egs. (2.72)
and (8.16). For simplicity we write 9'0910 = (o anticipating that the initial value of
the flowing order parameter ¢ can be identified with the mean-field value of the
order parameter which we have already introduced in the Gaussian approximation
in Chapter 2.3, see Eq. (2.74). Substituting the above decomposition of the field into
our bare action S[¢] = So.ale] + Sil¢] defined in Egs. (8.1)—(8.3), we obtain for
the interaction part,

S110% 891 = Silp — ¢° + 8¢l

;
= v[fo+ i + o] + T+ 5 [ Zaode-ssin

1
+§/ / (m)"s (Z ki) I e, o, ks)Sr, S¢u, 3¢k,
s Jky Jky Vs

i=1

4
1
+o / | @n)Ps (Zki) Iy ey, ko, ks, ka)Sk, 8¢u,001,0¢x, . (8.97)
i ks i=1

where the bare vertices now depend on the vacuum expectation value @,

u
Y = rogo + zogbg , (8.984)
u
S k) =ro+ 7"@3 , (8.98b)
'k, ko, k) = wodo (8.98¢)
Ik, ke, ks, k) = ug (8.98d)

We now require that F/%) = 0, so that the initial value @y of the order parameter in
our functional RG is the minimum of the effective potential in Landau approxima-
tion given in Eq. (2.74). Note that for ryp < 0 we have (ZJ% = —6rg/ug, so that

u
T, (k) = =21y = ?‘)@g . (8.99)

The interaction part of our initial action can then be written in real space as an
integral of the form

Silg] = / dPr U (p(r) (8.100)

where the so-called effective potential U 4,(o(r)) is the following local function of
the density p(r) = ¢*(r)/2,

r2
3
UAO(;O("))—fo————Fm ((pz(r)—@) fo——r—o-i-—(p 00)> . (8.101)
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Note that the first two terms on the right-hand side of Eq. (8.101) correspond to
the free energy density in mean-field approximation, see Eq. (2.22). In the local
potential approximation with a truncated quartic potential (which will be discussed
in the following Chap. 9) one would now require that the renormalized effective
potential is again of the form (8.101), but with the bare parameters uy and @
replaced by flowing couplings u 4 and @Y. This approximation amounts to approxi-
mating the flowing vertices by

u _0\2
Zalk) ~ ?A @), (8.102a)
F,(ls)(kly ko k3) ~ ua@) | (8.102b)
IOk, ko ks, ka) ~uy (8.102¢)

The crucial observation is now that we may use these relations to obtain a non-
trivial truncation of the exact flow equation (8.18) for the momentum-dependent
self-energy X 4(k): therefore we simply substitute Egs. (8.102a)—(8.102¢c) on the
right-hand sides of Eqs. (8.17) and (8.18), thus expressing the unknown vertices
F/(‘3)(k1,k2,k3) and F/(X4)(k1,k2,k3,k4) in terms of known running couplings
(Schiuitz and Kopietz 2006, Sinner et al. 2008). The order-parameter flow equation
(8.17) then reduces to

94 (79)° = —3kaA(k), (8.103)

while the flow equation (8.18) for the self-energy can be written as

ZA0 =5 | Gate)+ 0 (03
—i (8%)’ fk GAKIGAK + B
= —ua [ Gatt) =i, @) [ GatIGAK 4B (3104
! k/

By demanding that the flow of X' 4(0) is consistent with our truncation (8.102a), we
obtain the flow equation for the effective interaction,

daup = —3u’, / G A(k)G A(k) . (8.105)
k

The above equations (8.103)—(8.105) form a closed system of coupled integro-
differential equations for the order parameter @9‘, the effective interaction u 4,
and the momentum-dependent self-energy X', (k). Note that the right-hand side of
Eq. (8.104) is momentum-dependent, implying that in the symmetry-broken phase
a simple one-loop calculation already gives a finite estimate for the flowing anoma-
lous dimension. For a detailed analysis of the above flow equations and an explicit
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calculation of the momentum-dependent self-energy in the symmetry broken phase
see (Sinner et al. 2008). A similar truncation strategy has recently been used to
calculate the momentum- and frequency-dependent single-particle spectral function
in the condensed phase of the weakly interacting Bose gas in two dimensions (Sinner
et al. 2009).
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Chapter 9
Derivative Expansion

Apart from the vertex expansion discussed in Chap. 8 the other main strategy to
obtain approximate solutions of the FRG flow equations is the derivative expansion.
This method has been successfully applied to problems in statistical physics and
field theory (see Bagnuls and Bervillier 2001, Berges et al. 2002, and Pawlowski
2007 for comprehensive reviews) where one is usually only interested in long-
wavelength phenomena and an expansion of I'4[®] in gradients of the fields @
seems reasonable. Such an expansion is justified by noting that, although the true
generating functional of the irreducible vertices I'[®@] = I'4_o[®] can contain non-
analyticities, the flowing I"4[@] is analytic for any finite value of the cutoff A.

To obtain the derivative expansion it is convenient to work with Wetterich’s Le-
gendre effective action I")\*[®] defined in Eq. (7.53), whose second derivatives
differ from the second derivatives of our generating functional of irreducible ver-
tices I'4[@] defined in Eq. (7.40) by the cutoff-independent inverse free propagator
and a field-independent constant. For A — 0, the functional I” Xve[q_)] is the true
Legendre transform of the generating functional of connected Green functions (this
is the reason why this functional deserves to be called Legendre effective action)
and is therefore convex. As noted by Wetterich (1993), FX"‘“’[@] satisfies the initial
condition

lim IY[@] =S,
A— Ay

21 O.1)

and during the flow of A nicely interpolates between the bare action Sy, [@] = S[P]
and the Legendre effective action,

lim I)[@] = T[] . 9.2)
A—0

This follows directly from the relations established in Sect. 7.2.4.

9.1 Derivative Expansion for the O(N)-Symmetric
Classical ¢*-Theory

For concreteness, let us study here the O(N)-symmetric classical ¢*-theory with

bare action

Kopietz, P. et al.: Derivative Expansion. Lect. Notes Phys. 798, 233-247 (2010)
DOI 10.1007/978-3-642-05094-7_9 (© Springer-Verlag Berlin Heidelberg 2010
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F C u 2
Salgl = / d"r |30+ (Vo) + (@) ] . 03)

where ¢ = (¢y, ..., @y)is an N-component classical field. This model is a straight-
forward generalization of our scalar ¢*-theory given in Eq. (2.65) to the case of
N real fields; the case N = 2 describes the XY and the case N = 3 describes
the Heisenberg universality class. The generating functional I” X’e[(b] satisfies the
Wetterich equation (7.56) which for our model can be written as

_ 1 AR,
o i =-Tr| ——"—"—1, 9.4
ATy @] ) r |:F\Xe(2)[(_0] T RA:| (9.4)

where the trace is over momentum space and the flavor space associated with the N
field components. Here, we have introduced the matrix of second-order derivatives,

1) )
90 =(—o— | MN%el. 9.5
A 9] 5¢®5¢ i 9.5)
Expanding the generating functional I"\*¢[@] in terms of gradients of the field ¢ and
introducing the density

@(r), (9.6)

1
P(")ZE

we have!

N
il = / d®r [UA(p(r)) + %Z;l (p(r) Y (V;(r))®

i=1

+ Y4 () (Volr)P + ] .o

It should be noted that by choosing the same Z-factor for all field components and
by assuming that ZZI is a function of p(r) instead of @(r), we have already made
two approximations. The function U,(@) = U,(p) in the first term of the above
expansion of the Legendre effective action is known as the effective potential. It
can be obtained from FXJ"’[(O] by choosing a space-independent configuration of the
field ¢, implying

! In the literature on the derivative expansion the factor Z~! introduced above is often called just
Z. However, to be consistent with the rest of this book and to have the interpretation of the Z-factor
as the quasiparticle weight in the context of quantum many-body physics we will stick to the above
definition.
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_ L wer -
Ua@) = 51410l , 9.8)
o(r)=¢

where V is the volume of the system. As we have discussed in Chap. 7, in the
limit of vanishing external sources, the vacuum expectation value ¢, = limj_,¢(@)
(describing the spontaneous magnetization in applications of ¢*-theory to magnetic
systems) is determined by

SLAIR] _ ST )\"[9]
s 8¢

+ RA(0)9 =0, 9.9)

which follows from the general relation (7.53) between £, and I')'®. Using the
fact that? lim,_o R4(k*) = 0, we see that the vacuum expectation value @, can
be obtained by minimizing lims_.o I” Xve[(p]. Similarly, within mean-field theory the
vacuum expectation value (DB’IF is obtained from the minimum of the classical action
Sal@l =limp g, I” Xve[(b]. The crossover of the vacuum expectation value from its
mean-field value @}'F to the vacuum expectation value @, including all fluctuations
can therefore be described by the location of the running minimum of I"}¢[@].}
Assuming a translationally invariant vacuum expectation value @, 4(r) = @ 4, We
obtain the flowing vacuum expectation value from the minimum of the effective
potential,

dUx(p) _

Utoy= =1

0. (9.10)

To derive a flow equation for U,(p), we insert Eq. (9.8) into the exact FRG flow
equation (9.4), resulting in

N
1

0, U(@) = = IARAD] Gia(@:k) , 9.11

Aw>2§AhA(ﬂAw> ©.11)

where we have used again the notation f = f %, and the inverse of the field-

dependent propagator for a translationally invariant field configuration G; ,]1 (@: k) is

2 The relation lim 450 Ra(k?) = 0 is not satisfied for the k = 0-component of the sharp cutoff
function given in Eq. (7.12); although with Eq. (7.9) one obtains with a sharp momentum cutoff
limy_ lima_.o R4(k?) = 0, the opposite order of limits gives an infinite result.

3 The reader might wonder why we are taking the minimum of I X"e [@] instead of £ 4[@]. Formally

both expressions only give rise to the same minimum for A — 0. However, as the regulator R 4
introduces an artificial gap into the low-energy modes for finite A, it is important to remove this
gap for the k = 0-mode before discussing symmetry breaking. In other words, to obtain a finite
vacuum expectation value which smoothly interpolates between the mean-field result for A — A
and the exact result for A — 0 we ignore the fluctuations in the k = 0-mode which are not
integrated out yet. For A — A we thereby recover mean-field theory.
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given by
| )
Gia@ih) = = ——=———=T,"[9] + RA(K) . 9.12)
A Vgitk) dpi(—k) " 5,
Using the elementary functional derivatives
Sp(r) ke s(Vai(r)) . ik
- =@j(re*" |, ———= =id;jke'"™" , (9.13)
Sy 7 8¢, (k) !

we can perform the functional derivatives in Eq. (9.12) and obtain
, _ ¢
G 4@ k) = Up(0) + 61U (P) + €02, (DR + TV a(0)k0] + Ra(k) . (9.14)

Let us now evaluate the trace over the field components, i.e., perform the sum over
the index i. To do so, it is convenient to choose a coordinate system in which ¢, is
orientated along one of the eigendirections. Identifying the inverse longitudinal and
transverse propagators,

G h(p. k) = co[Z3'(0) + pYa(p)] K> + Uj(p) + 20U (p) + Ra(k>) ,
(9.15a)

G (0, kY = coZ3 (0)K* + Uly(p) + Ra(k?) (9.15b)

the flow equation for the effective potential can then be written as

1
0aUa(p) = 5 fk [0ARAGKD][Ge.alp. k) + (N = 1)Gra(p. kD] . (9.16)

The angular part of the integration can now be easily carried out, resulting in

Kp (% D—1 2
0AUA(p) = B3 dk k [3ARA(/€ )]
0

x [Gealp, k) + (N = DGy a(p, k)] . 9.17)

It should be noted that while in the symmetry-broken phase the longitudinal mode
is gapped with p4 # 0 for A — 0, the N — 1 transverse modes become gapless.
These gapless modes correspond to massless particles which are commonly known
as Goldstone bosons.

Although the above flow equation for the effective potential is exact and implies
an exact proof for the existence of Goldstone bosons in the O(N)-model (with N >
2), the functions ZZI(,O) and Y,(p) cannot be derived from the effective potential
alone and some approximations are needed to close the hierarchy of flow equations.
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9.2 Local Potential Approximation

A very convenient approximation which closes the hierarchy of flow equations for
the effective potential is commonly known as the local potential approximation
(LPA). Within this approximation, one simply sets ZZl(p) and Y 4(p) equal to their
initial values ZZJ (p) = 1 and Y4,(p) = 0 and neglects the flow of these couplings.
The LPA amounts to setting the anomalous dimension 7 equal to zero and can only
be expected to give accurate results as long as this is a good approximation.

9.2.1 RG Equation for the Effective Potential

To calculate the effective potential U(p) = lim .o U (p) for the O(N)-symmetric
field theory considered here we have to solve the partial differential equation
(9.17) for U,(p) as a function of A and p, starting from the initial condition (see
Egs. (2.67) and (8.101))

ro _ u _n2
Ua)(p) = fo+ 30022 + 4—? (@) . (9.18)

It is convenient to choose the zero of energy such that fy = ug ,og /6 = %rg /uop where
po = —3ro/up. The initial condition of the effective potential can then be written as

Usy(p) = =0 = po)’ 9.19)

An especially convenient cutoff function which works fine within the LPA is the
Litim cutoff (Litim 2001) given in Eq. (7.21),

RA(K?) = co(A* — KH)O(A? — k%), (9.20)

which for £ < A implies the k-independent inverse propagators,

G u(p. k) = coA? + U)y(p) + 20U (p) , (9.21a)
G, h(p. k) = coA> + Uj(p) . 9.21b)

Using
AARA(K?) = 2c0AO (A% — k?) (9.22)

the integral over k in Eq. (9.17) reduces to fOA dk kP~! = AP/D, such that within
the LPA and with the Litim cutoff the flow of the effective potential is determined by
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0AUA(p) =

COKDAD“[ 1 N N-—1 }
D LA+ Uj(p)+20U%p) " A2+ U)(p) | "

(9.23)

This is a simple partial differential equation which can easily be solved numerically,
using for instance Mathematica or standard numerical routines. For simplicity, let
us study once again the case N = 1 in D = 3, describing the Ising universality class
in three dimensions. Choosing po = 0.07 Ag/co and uy = 0.01 C(%Ao one obtains
the flow of the effective potential U 4(p) shown in Fig. 9.1 for representative values
of A. For clarity we have shifted each curve by the running minimum of U,(p). As
expected, fluctuations reduce the vacuum expectation value @y = lim_, o +/200(A)
from its mean-field value @)™. The fact that we do not get a truly flat plateau
for ¢ between £ lim_.¢ @o(A) turning the effective potential convex is due to the
approximations involved in the LPA. Of course, having a finite vacuum expectation
value indicates that the parameters chosen correspond to the low-temperature broken
symmetry phase. Changing the parameter py, we can now tune our system across
the expected phase transition. In Fig. 9.2 we show the effective potential U 4(p)
for pp = 0.03 Ag/co and uy = 0.01 céAo. Clearly, the location of the running
minimum of U,(p) becomes equal to zero for a finite value of A, leading to a
vanishing vacuum expectation value and the restoration of the spontaneously broken
O(N)-symmetry. It is reasonable to expect that the value A, where this happens is
of the order of the inverse correlation length £ ~': as long as A > &£~ fluctuations on

0 -1 0 1

¢/e0""
Fig. 9.1 Shifted effective potential AU (p) = U(p) — Ua(po(A)) in units of fi = uopg/é =
%rg /ug for a one-component g*-theory in D = 3 with A ranging from its initial value Ao (red
line) to A = 0 (blue line) in steps of 0.2 Ay. In terms of Ay, the coupling constants are given
by uy = 0.01 c(z) Ap and pg = 0.07 Ag/co. Decreasing A, the effective potential becomes almost
convex, but has a minimum at lim4_,¢ @o(A) & 0.56, indicating that fluctuations have reduced the
vacuum expectation value (spontaneous magnetization) @y(A) to almost half the mean-field value

~MF
Yo
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Fig. 9.2 Shifted effective
potential AU 4 (p) =

Ua(p) — Ua(po(A)) for the
one-component ¢*-theory in
D =3 as in Fig. 9.1 but with
Po = 0.03 A()/C‘().
Fluctuations now drive the
vacuum expectation value
@o(A) to zero at a finite value
of A, restoring the
spontaneously broken
symmetry

AUA(p)/ fo

0 -1 0 1

o/ et

length scales larger than the correlation length have not been included yet, leaving
all fields in a coarse-grained patch correlated and thereby leading to a finite mag-
netization (which in applications of ¢*-theory to magnetic systems is the physical
meaning of the vacuum expectation value @,). However, as the length scale A ! of
the coarse-grained patch is increased beyond &, fluctuations succeed in destroying
the spontaneous magnetization, pushing @o(A) to zero for A < A,.

9.2.2 Fixed Points and Critical Exponents

To discuss the properties of the RG fixed point associated with the critical point lying
between the high and low temperature phases, it is advantageous to introduce again
dimensionless rescaled variables. As before, we express energies and inverse length
scales in terms of the running cutoff A = Age. Introducing the dimensionless
variables and functions

qg=k/A, (9.24a)

x = Ar, (9.24b)
P(x) = Jo AT PP p(r) (9.24c¢)
p(x) = coA* Pp(r), (9.24d)
0/(@) = Jo+ %@2 + Z—’,(aﬂ)z b= Ua@)/AP (9.24e)

the FRG flow equation (9.23) for the effective potential turns into the scale-invariant
form

U, (p) = DUI(p) — (D — 2)pU/(p)

Kp 1 N —1
-2 | . (9.29)
D [1+U/(p)+2pU/"(p) 1+ U/(p)
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While the first two terms on the right-hand side are due to the rescaling of U, and
p, the term in the second line is the nontrivial interaction contribution. In contrast to

Eq. (9.23), this rescaled flow equation allows for a fixed point U*(p) which satisfies
o U;(p) = 0. To obtain this fixed point, it is convenient to introduce

Wi(p) = U/ (p), (9.26)

which obeys

AWi(p) = 2Wi(p) — (D = 2)pW/(D) )
Kp [ 3W/ () + 2W/(p) (N — l)W/(z))} (9.27)
D L[1+ W@ +2pW/@®1> [+ Wi |

The location of the running minimum p; of U () is simply given by
Wi(p) =0. (9.28)

Before we actually solve the above flow equation for W;(p), let us briefly summarize
what we should expect. As we have discussed in Sect. 3.3.3, in the zero-field Ising
model, or — more generally — in the O(N)-symmetric ¢*-theory considered here,
apart from the Gaussian fixed point U;(p) = const implying W;(p) = 0, we can
distinguish three fixed points of the RG flow (see Delamotte (2007) for a similar
discussion):

(a) Ferromagnetic (low temperature) fixed point F: In this case the O(N)-symmetry
is spontaneously broken and we have a finite vacuum expectation value @
(which in a magnetic system represents the spontaneous magnetization). In
terms of dimensionless variables we therefore expect the rescaled field @(/)
to diverge within the LPA as

Po(l) = /copoe PP o P72 (9.29)

(b) Paramagnetic (high temperature) fixed point ‘P: In the paramagnetic phase the
O(N)-symmetry is not broken and both the unrescaled and the rescaled vacuum
expectation value are equal to zero. For p}" > 0 this is in contrast to mean-
field theory which predicts a symmetry-broken phase. As discussed above, the
vanishing of the order parameter is fluctuation-driven and occurs at a cutoff
scale A, which is expected to be of the order of the inverse correlation length
gl

(c) Critical fixed point C: Finally, at criticality § — oo and the system becomes
self-similar such that 3 W;(p) = 0. This is the Wilson—Fisher fixed point. As A
is sent to zero, @y approaches a finite value, implying that po(A) vanishes as

Go(A) = (co) 2y APTD/2 o APTD/Z (9.30)
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Fig. 9.3 Flow of p; as a function of [ for iip = 0.01 and py = p; = 0.050459... (red line) as
well as pg = pg £ 1074, B¢ £ 1078, B £ 10712, For f very close to p; the flow of 7, is almost
critical and, as we have seen in Chap. 4, stays close to the critical value p* # g for some RG time
before being attracted by either the high-temperature (paramagnetic, P) fixed point for py < 7,
or low-temperature (ferromagnetic, F) fixed point for gy > B

Let us now explicitly solve the partial differential equation (9.27). Fine-tuning
the initial value for gy with 7i( fixed, our FRG analysis does indeed give rise to
flows which are attracted by one of the three fixed points discussed above. This is
shown in Fig. 9.3, where we have plotted p; as a function of [ for &ty = 0.01 and
different values of gy. The flow is close to criticality for gy ~ g5 = 0.050459....
While for gy < p; the flow reaches the paramagnetic fixed point P, for py > gy it
is attracted by the ferromagnetic fixed point F.

Within the LPA, the anomalous dimension 7 is set equal to zero such that by com-
puting one additional scaling exponent all other scaling exponents can be obtained
by using the scaling relations discussed in Sect. 1.3. As in our analysis of the
Wilson—Fisher fixed point in Sect. 4.2.2, it seems to be most convenient to calculate
v. Having n = 0 and an estimate for v, the thermodynamic exponents «, §, v, and §
can then be obtained from the scaling relations (1.33a), (1.33b), (1.33c), and (1.33d).
To actually calculate v it is possible to proceed as in Sect. 4.2.2 and calculate v as the
inverse of the eigenvalue y; of the relevant scaling variable # defined in Eq. (4.87).
As 1; is a linear combination of 67 and §ii;, we can write the flow of the effective
potential in the vicinity of the critical point as

Ui(p) = U*(p) + €50 (p) . 9.31)
where U (p) is a quadratic function in 5. Working with W, we can write this as
Wi(B) = W*(p) + € sW(p) . (9.32)
where § W(p) is a linear function in p.
Alternatively, one can calculate the correlation length £ for different initial values

of Py and extract v by using the scaling relation

& o [Fg — Fgl™", (9.33)
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where 7 is the fine-tuned value of 7y (with iio fixed) flowing into the critical point
with 7 = 7*. In fact, using this approach we can even get the nonuniversal prefactor.
To obtain &£, we note that in an expansion of the effective potential U,(p) the coef-
ficient of the term linear in p equals the square of the inverse rescaled correlation
length,

1

W) =Ff=f=——. 9.34
0)=7r=n (e (9.34)
Eq. (9.34) directly follows from Eq. (8.92) and implies
£ = A} Jim e W) (0) . (9.35)
— 00

Since close to the critical point we expect £ to obey Eq. (9.33), we can obtain the
critical exponent v by plotting In [(Ao&)~'] as a function of In |7y — 7|. For small
Fo — 7, we expect

In [(AOE)’I] =vln |F0 — 176‘| + const , (9.36)

so that v can be obtained from the slope of the expected straight line, while the
constant contains information about the nonuniversal prefactor. Finally, by noticing
over which region the linearity holds we obtain information about the range of the
scaling regime. The approach outlined above has been used by Berges et al. (2002)
to calculate the critical exponent v. Within the LPA and with the Litim regulator
implemented as above, one finds for the critical exponent v of the three-dimensional
Ising universality class the value v & 0.65, which should be compared with the best
numerical result, v & 0.63, as compiled in Table 1.1 in Sect. 1.2.

9.3 Beyond the Local Potential Approximation

To go beyond the simple LPA we need to include additional flow equations for
Zzl(p) and Y,(p). In the simplest extension to the LPA, called the LPA’, one
includes a field-independent wave function renormalization factor. Setting Z ! (p) =
ZZI and also Y,(p) = O the effective action reads

: 1
Iy el =5 fk Z3 ok Y pi(—l@i(k) + / dPrUs(p(r)) . (9.37)

Since in comparison with the LPA there is now an additional factor of Z " in front
of the term proportional to cok?, it is advantageous to include this prefactor in the
definition of the cutoff function as well. Let us therefore replace the regulator (9.20)
by

RA(K*) = coZ ' (A? = K*)O(A* — k?) . (9.38)
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Anticipating that the flowing anomalous dimension will be given by (see also
Eq. (8.29)),

YV IV
na= AT - _pTAA (9.39)
Zx zZ,
we can write the derivative of R 4(k?) with respect to A as
2 _ k2
IsRA(K*) = coZ;'2A (1 - ’“W) OA* =K% . (9.40)

Evaluating the general flow equation (9.17) for the effective potential with the mod-
ified Litim regulator, we obtain

0AUA(p) =

COZZIKDADJrl T
D D+2
[ 1 N N—1
c0Z, A2+ U)(p) +2pU%(p)  coZy' A%+ U,(p)

] . (9.41)

To close our set of flow equations we need an additional flow equation for Z ;l . This
can be obtained by noting that Z;l is the coefficient in front of the term proportional
to cok? in our truncated effective action (9.37). Let us define the irreducible two-
point vertex

1 ) ) ,
2@ k)= — — e (9.42)
A V 8¢i(—k) 8¢; (k)" " .

for a homogeneous field configuration @(r) = @. Within the LPA’, Eq. (9.42) is then
given by

r2@:k) = ;' cok® + Up(p) + 97U 4(p) - (9.43)
Z,! can now be defined by

A (@0: k)
—1 t,A 0>
= e 9.44
A d(cok?) ©49

k=0

so that the flow of Z/_\l is determined by the flow of I“ifi)((b;k), which is usually
evaluated for a transverse mode (e.g., i = 2) at the minimum of the potential. Alter-
native definitions of Z;' which involve finite values of k are discussed in Berges
et al. (2002). Comparing Eqgs. (9.43) and (9.44) with Eq. (8.24) we see that our
factor Z , defined above is indeed the wave function renormalization factor, which
in quantum many-body systems would correspond to the quasiparticle weight in the
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single-particle Green function. This confirms our definition of the flowing anoma-
lous dimension n,4 in Eq. (9.39).

To derive a flow equation for thzlz(@; k) let us use here an alternative method to
the ones used before which is particularly suitable for the calculation of the field-
dependent vertices occurring within the derivative expansion. Following (Berges
et al. 2002) we differentiate the exact FRG flow equation with respect to @;(—k)
and @;(k) and subsequently set the field configuration @(r) equal to @. Using the
fact that the derivative of the inverse of a matrix A(x) is given by

A1) = —A- () A(x)A x), (9.45)
dx
we find
04T (@ k) = / Z [04RA(K™)] G 403 KT}, (@3 K, =K K, k)

f/ Z [0ARA(D)] [Gor s @ KO Gy a(@:K +K)

l]l') 1

x Iy

iiyig, A

@3k, —k —K K, (@ —K k+ K, ~k), (9.46)

which generalizes Eq. (8.18) to the O(N)-symmetric case. Within the LPA’ the ver-

tices Efzz)t A(@: k1, ko, k3) and 1"1(”; A(@;k, —k, k', —k') do not have any momen-

tum dependence and are given by

I (@) = UL(p) [8i.001 + 80001, + 810,00 | + UL (081,801, . (9.47)
i (@ =[1+28;][UL0) + UL ()@} + 0D)] + UL ()@} @} . (9.48)

First of all let us note that since we are only interested in the k-dependence of
F(z)((p k) and since the four-point vertex Flm 4(@) is entirely k-independent we
can safely drop the first term on the right-hand side of Eq. (9.46). To isolate the
k-dependent part of FI(ZX (@; k), it is convenient to introduce

L@ k) = I3 ) — 1,(9:0) . (9.49)

Now, since by definition »; = 0 for i > 1, the only nonvanishing I"®-vertex apart
from F[(SZ),A is

I3 4(0) = V20U (p) - (9.50)

Our flow equation (9.46) can therefore be rewritten as
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0481203 k) = 2p [Uf(0)]’ f AaRA(KP)G? 4 (p: k)G a(p3 K + k)
k/
+ G A(p: KNG a(pi K + k)] — (k — 0}
=20 [U4(0)] 84 / Gealp: k) [Gra(p: k' + k) — Gy alp; kD] . (9.51)
k/
where the partial derivative 3, acts only on R4 (k%) and derivatives thereof. To obtain

the anomalous dimension, we need to expand the last term in Eq. (9.51) up to order
k2. To this end, let us write

Gia(p; k' + k) — G, a(p; k')
= —G} A(0:k)8G; [ (p: k' k) + G} 4(p;K)SG, Z(p3 K k) — ..., (9.52)

where
5G, Lok k) = G A ik + k) — G, (i k)

1
= [coZ;" + Ry(K™)] (K + 2k - k') + ERg(k’z)(zk K+ OF) . (9.53)
Inserting this into Eq. (9.51) and using

a
~5 552 CraPi k). (9.54)

G, (s k) [coZ, + R, (K?)] =
where the derivative with respect to k> can also be replaced by the derivative with
respect to klf2 (with the coordinate system chosen such that k = ke;), we obtain after
integrating by parts and finally replacing (k - k')> by k’k”/ D,
24P [Ux(p)]z 3 22 N2 /
ok S50 | kPG4 (03 K)GE (i K)

< [Z3' + ¢ Ry KD +O0kY . (9.55)

348 (03 k) =

Taking the derivative with respect to cok? and setting p = po, we finally obtain the
flow of Zzl. For the Litim regulator (9.38), we have

dRA(K*)
d(k?)

R (k*) = = —c0Z,'OA* = k), (9.56)

such that

Z ey 'Ry =2, — 2 oA — k) = 2 ok — AY . (9.57)
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Combining the two terms Z ;" and Z ;' ©(A?—k?) in the last step of Eq. (9.57) is not
as innocuous as it looks because when taking the derivative 3, with respect to A this
derivative should only act on the regulator or its derivatives, i.e., ZZ] OA% — k).
We therefore have

3423 + g Ry = =223 007 — A2, [2;'O(A% — k)]
=—2Z,'0K? — A [3,2,'OA* — k) + Z,'5(K' — A)]
— — (28K = A). (9.58)

It should be noted that ignoring derivatives of Zzl on the right-hand side of this
flow equation and using [Z' + CO_IR’A(k’Z)]2 = (ZZ')2 Ok’ — A) would have
given us exactly the same result. The k'-integral in Eq. (9.55) is now easily done
analytically. First of all, as we have seen before, the angular integration gives us
a factor K defined in Eq. (2.86). Next we note that since the ®@-function in the
numerator of Eq. (9.57) restricts the integral in Eq. (9.55) to values k¥’ > A and
since R, (k'?) vanishes for k' > A, the only contribution to the k’-integral comes
from the §-function in Eq. (9.58). Recalling that U);(py) = 0, we obtain for the
flowing anomalous dimension,

_ _ 2
. 02y 4Kp AP 2po [US(po)] ©.59)
A = - — = 2 . .
Zy' DeyzZy [coZy A2 + 200U (p0)]

In combination with the flow equation (9.41) for the effective potential U,(p), we
now have a complete set of flow equations.

To discuss fixed-point properties and to calculate the critical exponents it is
again advantageous to introduce dimensionless variables and W, = 0,’. This can
be accomplished as in the discussion of the LPA in the previous section with the
only difference being that in Egs. (9.24a), (9.24b), (9.24c), (9.24d), and (9.24e) we
should now replace ¢y by cpZ Zl . In rescaled form our complete set of flow equations
reads (see also (Blaizot et al. 2006a)) as follows,

AW(p) = 2 —n)Wi(p) — (D +m — 2)pW/(B)

+@( o ) 3W/(B)+2pW/(R) (N — DW/(p)
D\ D2 [1+Wip) +2W@] U+ W@P |
(9.60)
where
40 [W/(po)|”
g = Ko 400 [Wﬂ(p )] - 9.61)
D1+ 250 W/ (po)]
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Since the anomalous dimension can be simply expressed analytically, these LPA’
flow equations are almost as easy to solve as the corresponding LPA equations.
While the flow of the effective potential and the flow of p; look qualitatively similar
to the flow within the LPA, the flowing anomalous dimension now picks up a finite
value and stays finite if we fine-tune our system towards criticality. For more details
we refer the reader to Berges et al. (2002) or Blaizot et al. (2006a) who find an
anomalous dimension n = 0.044 for N = 2 and D = 3 which should be compared
with the more accurate value n = 0.038 compiled in Table 1.1 in Sect. 1.2.
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Part 111
Functional Renormalization Group
Approach to Fermions

Lattice models for strongly correlated electrons in solids are of central interest in
condensed matter physics, because it is believed that the physical mechanism under-
lying collective phenomena such as superconductivity or magnetism can be qualita-
tively understood using simplified fermionic lattice models such as the
Hubbard model. In the condensed matter community, the renormalization group has
therefore been used extensively to analyze the low-energy phase diagram of inter-
acting many-electron systems, especially in reduced spatial dimensionality where
correlation effects play an important role. A perturbative treatment of these systems
can lead to infrared divergencies due to low-energy excitations such as particle-hole
excitations or various types of collective modes. Often these divergencies signal a
tendency toward the onset of long-range order. In cases where these instabilities of
the normal state are dominated by scattering processes in a single channel, the phys-
ical properties of the system can be obtained within simple mean-field theory or the
Gaussian approximation, which in this context is called random phase approxima-
tion or ladder approximation, as will be discussed in Sect. 10.3. However, in one and
two spatial dimensions, different instabilities often compete and need to be treated
on equal footing. The renormalization group then provides an unbiased means
of resumming the perturbation theory. The leading order renormalization group
equations for one-dimensional electrons have been written down a long time ago
(Solyom 1979). After the discovery of the cuprate high-temperature superconduc-
tors, the RG approach to interacting fermions has been extended to higher dimen-
sions using the modern language of functional integration over anticommuting fields
(see, e.g., Shankar 1994). In this context, different approximation schemes have
been developed and applied to various versions of the Hubbard model during the
last decade.! Because the single-particle propagator of normal fermions is singular
on the entire Fermi surface which forms a continuum in D > 1, the low-energy

! It should be mentioned that a few years before Shankar’s didactic review made the formulation of
the Wilsonian RG via fermionic functional integrals popular in the condensed matter community,
most of the ideas and techniques described in Shankar (1994) had already been published in the
mathematical physics literature (Benfatto and Gallavotti 1990a,b, Feldman and Trubowitz 1990,
1991, Feldman et al. 1992, 1993a,b). We shall not discuss these works further in this book and
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classification of couplings according to relevance (to be discussed in Sect. 10.4)
leads to infinitely many marginal couplings associated with all possible two-body
scattering processes where the momenta of all particles lie on the Fermi surface.
To formulate a consistent RG theory for interacting fermions, one should therefore
keep track of entire coupling functions, which is most conveniently done using the
functional renormalization group (FRG) methods developed in this book.

Early FRG studies of the Hubbard model with a pure nearest-neighbor hopping
were based on a fermionic version of the Polchinski equation (Zanchi and Schulz
1998, 2000, Zanchi 2001). These authors found a dominating antiferromagnetic
instability in the vicinity of half filling that is replaced by d-wave superconductivity
at sufficient hole doping. Halboth and Metzner (2000a,b) implemented an analogous
scheme using an expansion in normal-ordered monomials (which defines so-called
Wick-ordered vertex functions) for a model including also next-nearest-neighbor
hopping. Apart from d-wave superconductivity and commensurate antiferromag-
netism, they also found regions with incommensurate spin-density waves. Most
authors now use the one-particle irreducible version of the fermionic FRG (Kopietz
and Busche 2001, Salmhofer and Honerkamp 2001, Honerkamp and Salmhofer
2001b, Honerkamp 2003, Honerkamp and Salmhofer 2005, Honerkamp 2001, Hon-
erkamp et al. 2004, Kampf and Katanin 2003, Katanin and Kampf 2003, 2004,
Katanin 2004, 2009, Ossadnik et al. 2008). Honerkamp et al. (2001) first applied
this one-particle irreducible scheme to the two-dimensional Hubbard model and also
discussed the possibility of a spin-liquid phase stabilized by Umklapp scattering.

At low energies and independent of the type of vertices used, the one-loop FRG
flow exhibits a divergence of some particular coupling constants at a finite value
of the infrared cutoff A. The type and symmetry of the couplings which diverge
first then yield useful information about the dominating instability of the Fermi
liquid. Yet, with the strong increase of the coupling constants, the justification of
the one-loop truncation breaks down. For the case of only one dominating insta-
bility, the flow to strong coupling is then interpreted as an indication of a broken
symmetry. Yet, especially for parameter regions with several divergent couplings
of similar strength, states without long-range order are also conceivable. Strictly
speaking, a continuous symmetry in two dimensions can only be broken in the
ground state due to the Mermin—Wagner theorem. At finite temperatures a quasi
long-range order with algebraic decay of correlation functions can occur. Further-
more, a weak coupling in the third spatial direction can suffice to stabilize long-
range three-dimensional order in the channel of the dominating two-dimensional
instability.

To be able to continue the FRG flow down to A — 0, some workers currently
explore possibilities to incorporate symmetry breaking into the formalism. In the
purely fermionic language, this can be achieved by introducing a small symmetry-
breaking initial source field. During the flow, this generates anomalous, gap-creating

refer the reader to the book by Salmhofer (1999) for a more mathematical introduction to the
fermionic functional renormalization group.
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self-energy terms and also regularizes the flow of the two-particle vertex (Salmhofer
et al. 2004, Gersch et al. 2005, 2006, 2008). In an alternative approach which will
be discussed in Chaps. 11 and 12, one directly introduces bosonic order-parameter
fields via a Hubbard—Stratonovich transformation and derives FRG flow equations
for the coupled field theory (Baier et al. 2004, 2005, Schiitz et al. 2005, Schiitz
2005). Symmetry breaking then becomes manifest in finite vacuum expectation val-
ues of some bosonic field components (Schiitz and Kopietz 2006). This partially
bosonized FRG flow has the advantage that a bosonic four-point vertex is still
tractable (Baier et al. 2004, 2005) and phenomena that are controlled by a non-
Gaussian fixed point in the bosonic sector are accessible. In the purely fermionic
language, the corresponding eight-point vertex is extremely difficult to treat. A two-
stage approach is also possible which first uses an FRG calculation in the fermionic
language and analyzes the resulting low-energy action with the help of bosonic tech-
niques. A mean-field analysis has recently been carried out for regions with equally
strong superconducting as well as antiferromagnetic instabilities (Reiss et al. 2007).

Further interesting developments in the fermionic FRG include the possibility of
alternative flow parameters, such as the strength of the interaction (Honerkamp et al.
2004), a cutoff in the momentum transfer of the interaction (Schiitz et al. 2005),
or the temperature. The latter approach allows for the treatment of ferromagnetic
instabilities (Honerkamp and Salmhofer 2001a,b, Honerkamp 2001, Katanin and
Kampf 2003). Furthermore, an explicit calculation of the self-energy is of great
interest. Zanchi first calculated the quasiparticle residue (Zanchi 2001) and found a
strong suppression in the vicinity of the Van Hove points. Recently, a calculation of
the frequency dependence of the spectral function has been achieved (Katanin and
Kampf 2004, Rohe and Metzner 2005) leading to results that suggest a pseudo-gap
behavior at certain points on the Fermi surface. Using the field-theoretical renor-
malization group in a two-loop truncation, Ferraz and coworkers found a spin liquid
with vanishing quasiparticle weight for a Fermi surface with parallel sections (Fer-
raz 2003, Freire et al. 2005) and later on also for the two-dimensional Hubbard
model (Freire et al. 2008). In connection with self-energy effects, one should also
mention the problem of self-consistently determining the interacting Fermi surface
(Ledowski and Kopietz 2003, Ledowski et al. 2005, Ledowski and Kopietz 2007). It
is an open question to what extend a change of the form of the Fermi surface has an
influence on the interplay of different instabilities. Up to now all calculations in two
dimensions have neglected the renormalization of the dispersion, which is consistent
with the one-loop truncation. The one-loop patching approximation has also been
used to study phase diagrams of two-dimensional models with more complicated
geometries such as triangular lattices (Tsai and Marston 2001, Honerkamp and
Salmhofer 2003, Mathey et al. 2006) as well as the Honeycomb lattice (Raghu et al.
2008). The existence of more exotic phases, for example, staggered flux phases, has
been addressed for the extended Hubbard model on the square lattice (Kampf and
Katanin 2003). Finally, let us mention here very recent applications of the FRG to
the study of the pairing symmetry and the pairing mechanism of the iron arsenide-
based superconductors (Wang et al. 2009, Platt et al. 2009, Zhai et al. 2009).
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The third part of this book is divided into three chapters. We begin in Chap. 10
with a detailed discussion of the fermionic FRG. After a careful derivation of the
exact FRG flow equations for the irreducible vertices, we discuss various trunca-
tions of the fermionic vertex expansion. We also present a detailed discussion of
the rescaling problem in the presence of a Fermi surface, and show how standard
single-channel approximations such as the random phase approximation and the
ladder approximation can be recovered within the FRG. Moreover, in Sect. 10.5 we
give a self-contained introduction to the one-loop patching approximation where all
scattering channels are treated on equal footing.

In the last two chapters, Chaps. 11 and 12, we then introduce the reader to the
subtleties of partially bosonized FRG flows for interacting fermions. The basic idea
is to represent certain types of interaction processes as the exchange of suitable
bosonic fields, which are formally introduced via Hubbard—Stratonovich transfor-
mations. Unfortunately, this can be done in many ways, so that in practice one needs
some a priori knowledge about the dominant scattering processes. In Chap. 11 we
shall discuss normal fermions with dominant forward scattering, where it is natural
to decouple the interaction in the zero-sound channel describing particle-hole scat-
tering with small momentum transfers. Finally, in Chap. 12 we shall discuss super-
fluid fermions with an attractive short-range interaction—in this case it is natural to
use a Hubbard-Stratonovich decoupling in the particle—particle channel. We present
a new truncation strategy of the exact hierarchy of FRG flow equations using skele-
ton equations and Ward identities (Bartosch et al. 2009).
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Chapter 10
Fermionic Functional Renormalization Group

In this chapter we shall derive the fundamental FRG flow equations for one-band
models of nonrelativistic fermions. Although these flow equations follow as a spe-
cial case of the general flow equations derived in Chap. 7, it is still useful to write
down these equations explicitly in order to identify the various terms in the vertex
expansion with familiar types of scattering processes (Kopietz and Busche 2001,
Salmhofer and Honerkamp 2001). Moreover, for fermions with SU(2) spin rota-
tional symmetry it is useful to take the constraints imposed by this symmetry via
a proper parameterization of the vertices into account. We shall derive the cor-
responding exact FRG flow equations in Sect. 10.2. We then show in Sect. 10.3
how to recover standard single-channel approximations such as the random phase
approximation or the ladder approximation from our FRG equations. We proceed
in Sect. 10.4 with a discussion of the rescaling problem for normal fermions, which
leads to a nonperturbative definition of the Fermi surface. Finally, we discuss in
Sect. 10.5 the one-loop patching approximation and present numerical results for
the square-lattice Hubbard model.

10.1 Symmetries of the Two-Fermion Interaction
The correlation functions of interacting fermions can be represented as functional
integrals over pairs of anticommuting Grassmann fields ¥ and ¥ (see, e.g., Negele

and Orland 1988). In terms of these fields, we can write the Euclidean action of an
interacting many-fermion system with general two-body interaction in the form

SIY, Y1 = Sol¥r, w1+ Silyr, ¥l (10.1)

with the Gaussian part

$itd. W= =Y | 65" KeWwavws == 3 [ Go—&)lotis . (102)
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Here, &, = €xs — 1, where p is the chemical potential and €, is some energy
dispersion which may also depend on the spin projection o. The collective label
K = (iw, k) consists of fermionic Matsubara frequencies iw and momenta k, and
the symbol | x denotes the corresponding integrations or summations. This notation
has already been introduced in the introductory paragraph of Chap. 6, see Egs. (6.6)—
(6.8). Although in this chapter we are mainly interested in Fermi systems where
¢ = —1, we shall retain the statistics factor ¢ so that by setting ¢ = +1 we obtain
the corresponding FRG flow equations for interacting bosons.

For fermions with spin, the interaction part of the bare action will mostly be
assumed to possess an SU(2) spin rotational symmetry, or at least to be invariant
under spin rotations around the quantization axis. Thus, according to Eq. (6.119) the
two-body interaction must be of the form

- 1
str =32 [ [ [ [ swerrn

0102

XUé?(),z (K1, K}: Ko, K1) Ukjo, Uiy Voo Yo, - (10.3)

The vertex U (5‘1‘2,2 (K 0 Ké; K>, K 1) is symmetric under a simultaneous permutation
of its ingoing and outgoing labels,

U (Ki. Ky Ky K1) = U (K5, K{3 Ky, K) (10.4)
which is a special case of the general relation (6.120). Diagrammatically, we repre-

sent the vertex U ((;1‘2,2 by an elongated rectangle, signaling that the spin is conserved
along continuous particle lines at each end,

2 >g-—>9/

Ul (Ki, K5 K> Ky) = . (10.5)

g102

1 >8>
o1
The permutation symmetry in Eq. (10.4) then corresponds to flipping the diagram
such that the upper and lower ends are exchanged. If furthermore the interaction
depends only on the momentum transfer ¢ = k| —ki,i.e., U (Ki. K K», Ky) =
Us,o, (k/1 — k1) (such as the bare Coulomb interaction), it is conveniently repre-
sented as follows:

02

2 2!
U(rl(rz(q) = % . (10.6)
1 1

o1

The wavy line can be thought of as an effective particle mediating the interaction;
we shall come back to this interpretation in Chap. 11.

In order to derive exact FRG flow equations for the irreducible vertices, we will
also need properly antisymmetrized vertices. Therefore, we write Eq. (10.3) in the
form
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- 1
Sl[lﬂ,lﬁ]:—/ / / / SKi+Ks,
(2')2 K{Jl/ Kéaz’ K202 K]U] K]+K2 K2+K1

4 _ _
x Iy (K{o}{, K305; K202, K101) Yk 1o/ Vo)V kso, YKy, » (10.7)

where [, = [ 3" and the vertex I} " (K|o{, K505; K>02, K101) is antisymmet-
ric with respect to the exchange of its first two and its second two labels. Diagram-
matically, we represent I"® by a square,

2 2'
1"0(4) (Kio{, K5035 K202, Ki01) = :.: . (10.8)
1 1

The relation between this antisymmetrized vertex and the symmetric vertex
ng)rz (K{, K} K>, Kl) in Eq. (10.3) follows as a special case of the general expres-

sion (6.121),

Y (Kio|, K305 K202, K101) = 8010,8010, U (K}, K} Ko, K
+08010,0030, Uty (K1 K33 Ky, K3) . (10.9)
Note that for bosons (¢ = 1) this vertex is symmetric under the exchange of the first
two or the second two labels. Sometimes it is useful to decompose the interaction

into a spin-singlet part and a spin-triplet part,

Y (Kijof, Ksop; K20, Kr07) =
[801'0'1 802’02 - 30;02302/01] UL (Ki, Ké’ K2, Kl)

0102
+ [86/01 8050, + 80,0030, | UL o, (K1, K53 Ko, K1), (10.10)
where
Uyo, (Ki, K3: K2, Ky) =
1
E[Ué‘l‘()h (K{, K5 K>, K1) — ¢US) (K, K5 K1, Ko)] . (10.11a)
and

Ul (K|, K5 K2 Ky) =

0102

%[U(“) (K{, K5 K>, K1) + ¢US) (K, K5 Ky, K3)] . (10.11b)

01072 020]

If the system exhibits full SU(2) spin rotation invariance, the function U " is
independent of the spin labels, see Eq. (6.124). Consequently, the spin-singlet and
spin-triplet functions U+ and U are also independent of the spin labels. Note that

for fermions (bosons) the functions U+ and U are then symmetric (antisymmetric)
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and antisymmetric (symmetric) under independent exchange of the ingoing or out-
going labels, respectively. In contrast, U® is only symmetric under simultaneous
permutation of both incoming and outgoing momentum labels. The pair (U+, Ul
thus contains the same information as the single function U®. In the following, we
will mostly work directly with U™, but Egs. (10.11a) and (10.11b) can always be
used to obtain the corresponding singlet and triplet components of the interaction.

As an example, consider the Hubbard model with general spin-dependent hop-
ping t;; » connecting lattice sites r; and r ;. The Euclidean action in imaginary time
is then given by

B
Sy, vl =/ dT|: E Vio (D8 (3 — 1) + 1.0 1¥ 6 (T)
0

ijo

+UZn,»T(r)n,-¢(r)] , (10.12)

where n;,(t) = ¥, (1)¥;(t). The on-site interaction U is only effective if two
electrons with opposite spin occupy the same lattice site. For an infinite lattice or
for periodic boundary conditions, the system is invariant under discrete lattice trans-
lations. The hoppings #;; » can then only depend on the distance § = r; —r; between
the two lattice sites. For a single-band model, we can thus write t;; , = t,(r; — r;)
and the energy dispersion in Eq. (10.2) is

ko = Ze—"’“*ta(a) , (10.13)
8

where the sum is over all translational vectors of the Bravais lattice. For short-range
hoppings, only a small number of these terms contributes. Note that if the unit
cell contains more than one site, multiple bands occur and a band index has to be
included in addition to the spin index. We will not consider the multiband situation
further here. For the Hubbard model on a D-dimensional hypercubic lattice with
lattice spacing a, the interaction U® in Eq. (10.3) is given by!

0102

Ul (Ki. K} Kz K1) =UY (K|, K}; K2, K1) = a”U (10.14)
which is a special case of Eq. (6.124). Recall that for lattice models momentum is
only conserved up to vectors of the reciprocal lattice, as discussed in Sect. 6.3. All
momentum summations are thus over the first Brillouin zone and §x g = 8&2),(, is
the periodic delta-function as defined in Eq. (6.115). The momentum conservation
modulo a vector of the reciprocal lattice in the presence of discrete translational
invariance has been formally derived in Sect. 6.3.2 (see Eq. (6.112)).

I The factor of a? in Eq. (10.14) is due to the fact that in Eq. (10.3) we use the continuum nor-

malization of the Fourier-transformed fields ¥, which is related to the lattice fields appearing in
D/2

Eq. (10.12) via i (1) = 45 ¥ e kr=ryrg,.
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10.2 Exact FRG Flow Equations for the Irreducible Vertices

10.2.1 From Superfield to Partially Symmetrized Notation

Nonrelativistic Fermi or Bose systems with Euclidean action S[v, y] given by
Egs. (10.1)—-(10.3) belong to the class of models introduced in Chap. 6, so that
the exact FRG flow equations for these systems can be obtained as a special case
of the general flow equations derived in Chap. 7. The superfield @, has in this
case two field components v and v, whose configuration is specified by the labels
(Ko) = (iw, k, o). Our superfield label « is therefore of the form ¢ = (i, K, o),
where the field-type label i assumes the values i = v, . For fixed values of K and
o, we have therefore a two-component superfield,

_ ¢¢KU _ 1;ZfKo
Pry = ((pw“) — <1/?K(,> . (10.15)

The symbol fa introduced in Eq. (6.3) should then be understood as
/ f@)= Y| f@®io), (10.16)
o =y Ko

where f(®,) is any function of the field component @,. The Gaussian part (10.2)
of our bare action can then be written as

_ 1 T 0 ¢Gj'(Ko)
Sol®] = -5 fka ®T (Ggl(Ka) 0 iy s (10.17)

which for fermions (¢ = —1) reduces to Eq. (6.6).

To relate the two-body interaction to the completely symmetrized interaction
vertices introduced in superfield notation, we note that according to Eq. (6.60) the
interaction in superfield notation should be written as

1
— ()
Sl[¢] - 47 /al cee /M Fa1aza3a4®a1®a2¢a3¢a4 . (1018)

Comparing this expression with Eq. (10.7), we conclude that
@ B
a=(¥.K{.01).00=(¥.K}.03).05=(, K2,02),04=(, K1 ,01)

= dxisxu ok, 1y (Kiof, Ksoys Kron, Kyoy) (10.19)

which is a special case of the general relation (6.114).
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For simplicity, we shall assume in this chapter that our system is not superfluid.
The only nonvanishing elements of the flowing two-point vertex F/(SLI(XZ are then?

(2) =¢r (2)
A1 =Y Ki01),00=() K207) A1 =Y K01),a0=( K207)

= 0k, Kk: 0010, X a(K101) (10.20)

where X' 4 (K o) is the flowing irreducible self-energy. Note that here and in the fol-
lowing subsection we assume conservation of the spin projection onto the quantiza-
tion axis. The flowing inverse matrix Green function Gzl and the self-energy matrix
¥ 4 have the same block structure as the inverse free propagator in Eq. (10.17),

0 G . ¢
GAl:((GAI)- ( Ao)w>z< o >:G°1_2A’ (1020
2%
B 0 Eayg)_[( 0 ¢Z,
w1e a, "0) = (45).

where Gzl and 3, are infinite diagonal matrices in momentum-frequency and spin
space, with matrix elements given by

(63 ] kokr0r = Sk&800: G (K0) (10.23)
[Salko.k0r = Skk:850: Za(K0) . (10.24)

Here, the flowing single-particle Green function GZI (K o) is related to the flowing
self-energy via

G, (Ko) =Gy (Ko)— Za(Ko) . (10.25)

The matrix Green function G4 and the corresponding single-scale propagator G 4
which appear in the exact FRG flow equations have then the block structure

(60, Cp)=( .2 )
G, = <(GA)W 0 )=(.c, o) (10.262)
. (0 (GA)W>: 0 Gy
G = < Grgy G oo ) (10.26b)

where G 4 is again a diagonal matrix whose matrix elements are given by the single-
scale propagator in momentum—frequency space,

(G alko.kor = 8kk800'GA(KT) . (10.27)

2In Chap. 12 we shall generalize the FRG approach to the superfluid state of neutral fermions. In
this case the matrix elements Fézlz and I" ‘221/-)[ are also nonzero.
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Note that according to Egs. (6.12), (6.22¢), and (6.31) the cutoff-dependent propa-
gator can be represented as the following functional average,

Ga(Ka) = —(BV)  (WkoVko) = —CBV)  (UkoVko) » (10.28)

where the factor of (8V)~! is due to the fact that for K = K’ the Kronecker delta-
symbol 8k g+ should be understood as BV, (see Eq. (6.11)).

In the normal state all vertices I',"” , where the number of external legs corre-
sponding to 1 is not equal to the number of legs corresponding to ¥ vanish, so that
our theory has only even vertices with an equal number of /- and v/-legs. Similar
to Eq. (10.19), it is useful to factor out the overall energy—momentum conserving

§-function and define the flowing, partially symmetrized® vertices

1"(2”)
A(V.K,00). (VK. 0,) b, K, 00).. (¥, K1 01)

= Skt Kootk T (Ki0 oo Kol Ko, .o Kioy) . (10.29)
The corresponding functional Taylor expansion of the generating functional
LAY, ¥] is given in Eq. (6.113). To visualize the various terms in the flow equa-
tions, it is then useful to switch from the graphical representation of the completely
symmetrized vertices used in Chaps. 6 and 7 to a new graphical notation where
the two different field types of our theory are represented by incoming or outgo-
ing arrows, which enter or leave vertices which are now represented by squares,
as shown in Fig. 10.1. A leg associated with a  field is represented by an arrow
pointing outward, while a leg associated with v is represented by an arrow pointing
inward. Note that on each side of the square only fields of the same type are attached.
As usual, we represent the flowing propagator G (Ko ) = —(8 V)Y Y ke Vko) by
a thick arrow pointing from v to ¥, as shown on the right-hand side of Fig. 10.1.
The corresponding single-scale propagators are marked by an additional slash in
front of the arrow. Because according to Eq. (10.29) the totally symmetric superfield
vertices I'\*" , agree, up to the energy and momentum conserving §-function, with

the partlally symmetrized vertices F/(f") (Kio|, ..., K,0,; Kyoy, ..., Ki0o7) if we
choose the same ordering of the indices, we can obtam the flow equations for the
partially symmetrized vertices by choosing a definite realization of the external legs
and by carrying out the intermediate sums over the different field species in our gen-
eral FRG flow equations for the totally symmetrized vertices derived in Sect. 7.2.
Graphically, we simply draw lines with all possible orientations of arrows in the

intermediate loop and keep only those diagrams that due to particle conservation

3 For simplicity we call vertices for both bosons and fermions symmetrized if they have
the proper permutation symmetry of the labels. For fermions the partially symmetrized ver-
tices 1"/(\2") (K 101, K 0, Koy, ..., K 101) are therefore antisymmetric with respect to the

exchange of any pair of labels within the first n and the last n group of indices.



262 10 Fermionic Functional Renormalization Group

¢TL in’ n

v ""’ =
¥ v

Fig. 10.1 Graphical elements of the diagrams representing the FRG flow equations for a theory
containing only Fermi or Bose fields. A square-shaded box with 2n external legs represents the
flowing irreducible vertex F/(lz") (Kl’a]’, ... Ko Ko, ..., Kla]) which is related to the fully
symmetrized vertex by Eq. (10.29). Arrows pointing into the vertex represent ¥, while arrows
pointing out of the vertex represent ¥r. The exact propagator is represented by an arrow pointing
from the point associated with 1 to the point associated with 1, while the single-scale propagator

is marked by an additional slash

(&

have an equal number of incoming and outgoing arrows at each vertex and propa-
gator. On the right-hand side one then has to appropriately order all legs attached
to a given vertex, keeping in mind that an exchange of neighboring legs leads to a
statistical factor ¢. Having done so, we can use the pictorial dictionary in Fig. 10.1
to replace the fully symmetrized vertices and propagators by their partially sym-
metrized energy—momentum conserving counterparts. The resulting diagrams can
then be labeled with momentum and frequency indices just as ordinary Feynman
diagrams.

10.2.2 Exact FRG Flow Equations

Let us now explicitly write down the exact FRG flow equations for the first
three vertices: the interaction correction to the grand canonical potential 1"/(\0), the
irreducible self-energy F/(XZ)(K o,Ko) = X ,(Ko), and the effective interaction
r? (K{o{, K)o3; K202, K101). In Sect. 10.2.3 we shall further specify our gen-
eral FRG flow equations for SU(2)-symmetric models. The general flow equations
considered here are directly applicable to spinless fermions if all spin indices and
spin summations are simply dropped.

For our field theory containing only nonrelativistic fermions or bosons, the FRG
flow equation (7.70) for the interaction correction to the grand canonical potential
reduces to

Go.a(Ko)Z4(Ko)
s 1 = Goa(Ko)Za(Ko) ~

(10.30)

Y = —;ﬁV/
K

For bosons (¢ = 1) in the classical limit, corresponding to high temperatures where
it is allowed to retain only the zeroth Matsubara frequency in the sum BV [ Ko =
Y ko this expression reduces to the classical result (8.14) (up to a factor of 2,
because here we consider now a two-component theory). Note, however the different
convention for the sign of the Green function for classical systems, i.e., we should
replace G — —G in Eq. (10.30) to recover Eq. (8.14).



10.2  Exact FRG Flow Equations for the Irreducible Vertices 263

Next, consider the exact FRG flow equation for the two-point vertex
Fl(lz)(K o,Ko) = ¥ ,(Ko). Keeping in mind that in our case the vertices with three
external legs vanish, the general FRG flow equation (7.73) reduces to

1 .
0aT 0y = ) / / ,(ZGA)WFA(‘TL/WM. (10.31)

Setting the external labels in this expression equal to oy = (Y Koy) and ay =
(¥ K»0,) and using Eq. (10.20), this reduces in superfield notation to

Ok K280,0,04 X 4(K107)

¢ : _ “
) I:(GA)II/KQWK/U/FA,(DK/O'/,l//KU,l/_lKlal,l[/Kzaz
Ko JK'o’

NN (C))
+Gkouko TS ko skogkim g - (1032)

Substituting for the matrix elements of the single-scale propagator the expressions
in Egs. (10.26b) and (10.27), and using the relation (10.29) with n = 2 to express
the totally symmetrized four-point vertex in terms of the partially symmetrized
energy—momentum conserving four-point vertex, we finally obtain the exact FRG
flow equation for the irreducible self-energy,

IWEiKo)=—¢ Ga(K'o\ (Ko, K'o";K'c’, Ko) . (10.33)
Ko’

A diagrammatic representation of Eq. (10.33) and its derivation using the graphical
elements defined in Fig. 10.1 is shown in Fig. 10.2.

=0

I

Fig. 10.2 Upper panel: Diagrammatic derivation of the flow equation for the self-energy. The first
and last diagrams in the rectangular brackets vanish, as they do not conserve particle number.
Note that the diagrams in Fig. 7.2 containing vertices with three external legs have been dropped
directly, because in a theory with only particle fields three-legged vertices cannot conserve particle
number. Lower panel: Resulting graphical representation of the exact flow equation (10.33). The
dot over the vertex on the left-hand side denotes the derivative with respect to the cutoff A. The
other symbols are defined in Fig. 10.1
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Finally, consider the exact FRG flow equation for the effective interaction
r (K{o{, K)03; K202, K101) which appears on the right-hand side of the FRG
flow equation (10.33) for the self-energy. The general flow equation for the effec-
tive interaction in superfield notation is given in Eq. (7.75) and shown graphically
in Fig. 7.5. To obtain the flow equation for the corresponding partially symmetrized
vertex FX‘) (K 101, Kjo5; K00, K 101), let us explicitly write down all terms which
are generated by the symmetrization operator Sy,a,:0;¢, ON the right-hand side of
Eq. (7.75). From the general definition of the operator S given in Eq. (6.88), it is
easy to see that the application of Sy, q,:¢5a, to any function f(o, 2; or3, g) which
is already (anti)- symmetric with respect to the first and second pair of labels gener-

ates the following 6 = 2,)2 terms,

Si2aa[£(1,23,4)] = L 23,4+ FG. 41,2 +¢£(1,3:2,4)
+¢f2,4,1,3)+ f(1,4;2,3)+ f(2,3;1,4), (10.34)

where for simplicity we have written 1 for «; and similarly for the other labels.
Fixing the external labels in Eq. (7.75) to a; = (@K{ol’), oy = (@Kﬁaz/),
a3 = (Y Ky0n), and oy = (¥ Kj07), and using the relation (10.29) between totally
symmetrized and partially symmetrized vertices, our general FRG flow equation
(7.75) for the four-point vertex reduces to

Ski+k5 Kyt k 041y (K1U1v K053 K209, Klal)

T2 /KU / / @Gy kaik's Th gy ot

_ ©)
HZG/‘)WKU’WK o gy Ko G Ko wmwl]

—ETT{GAF(4) GA A 1/,2% + GA A 1/f°‘//I GAI‘(4)

2 Ay Uy Ay
- 4) @ [C)) “
G g, Gl gy, é“GAFA ARSI
- (C] “) - “) (C))

FGAT L Galy L+ Gary 6t L (1035)
where we have used the notation y; = (K 0;) and analogously for ¥, Y1/, and
Y. Recall that according to Eq. (7.68) quantities like rY Ay should be under-
stood as matrices in the superlabels, with matrix elements given by

(C)) _ 7%
[I‘A,xl_/]rlﬁz/]aa’ - FA,aot’l/_jlrll_/zr ’ (10.36)
and analogously for the other matrices in Eq. (10.35). Keeping i m mind that in the
normal state two of the external legs of the effective interaction I"\’ A alamw must cor-

respond to v -fields while the other two legs must correspond to y-fields, it is easy to
see that each of the terms in the last three lines of Eq. (10.35) is nonzero only for one
or two choices of the internal fields. For example, the vertex in Eq. (10.36) is only
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nonzero if the internal labels « and o’ are both -fields. The sum over the internal
field configurations in Eq. (10.35) is therefore easily carried out. Using the explicit
form of the matrix elements of G 4 and G4 given in Egs. (10.26a) and (10.26b), we
finally obtain the flow equation for the effective interaction in the following explicit
form,

BAF/(;‘) (K{Ul,, Kéo’z/;szz, K]O’])

= —§/ ZGA(KU)F/(XG) (K{al’,Kéoz/,Ko;Ko, Kzoz,Klal)
K o

- / Y Ga(Ko)Ga(Ki + K> — Ko')
oo’
xI'\Y (K|o], K}o}; K1 + Ky — Ko, Ko)
xI'"(Ko, K\ + Ky — Ko'; K202, K101)
-¢ / Y [6a(Ko)G 4 (K + Ky — K{o') + Ga(Ko)Ga (K + K1 — K{o)]
K oo’
xI'\Y (Kjo{, K + K| — K|o'; Ko, Ky01)
xI'\Y (Ky05, Koy K + Ky — K{o', K202)
- / Y [Ga(Ko)Ga (K + Ky — Kjo') + Ga(Ko)Ga (K + Ky — K{o)]
K oo’
xI'\Y (Kio}, K + K> — K{0'; Ko, K»02)
xI'\Y (K03, Ko, K + K2 — Kjo', K01) .

(10.37)

This equation was derived independently by Kopietz and Busche (2001) and by
Salmhofer and Honerkamp (2001) (for fermions where ¢ = —1); see also the
appendix of Honerkamp et al. (2001). Note that the last term on the right-hand
side of Eq. (10.37) can be obtained from the term above it by exchanging the labels
K01 < K0, of the two incoming fields. To exhibit the structure of the various
terms appearing on the right-hand side of Eq. (10.37), the diagrammatic repre-
sentation in Fig. 10.3 is very useful. Note that the right-hand side of Eq. (10.37)
depends on the flowing irreducible six-point vertex I” ® , so that we need an addi-
tional flow equation for F/(f) to determine the effective interaction Fl(f). The exact
FRG flow equation for the six-point vertex can be explicitly found in the appendix of
Kopietz and Busche (2001) and involves the irreducible eight-point vertex I” /(18). In
general, the exact FRG flow equation for F/(\Z") depends on all vertices up to F/(XZ"H).
Salmhofer and Honerkamp (2001) have given a detailed mathematical analysis of
the effect of F/(f) on the FRG flow of FXD. Using rigorous bounds for overlapping
fermion loops (Feldman et al. 1996, Salmhofer 1998) they showed that if the bare
interaction F/(\? is sufficiently small then the contributions from F/(\é) can indeed
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+ L (1<>2)

EX —

Fig. 10.3 Graphical representation of the exact FRG flow equation (10.37) for the effective interac-
tion of nonrelativistic fermions or bosons. The symbols are defined in Fig. 10.1; see also Fig. 10.2.
The diagram labeled PP involving parallel arrows in the intermediate loop describes particle—
particle scattering. The diagrams in the second line have antiparallel arrows in the intermediate
loop and are therefore called particle-hole diagrams. There are two distinct particle-hole scatter-
ing channels: the diagram labeled FS (forward scattering channel) involves particle-hole scattering
with small momentum transfers, while the diagram labeled EX (exchange scattering) differs from
FS by the exchange of the labels of the two incoming particles

be neglected in Eq. (10.37) as long as the running cutoff A remains larger than a
certain scale Ag. On the other hand, for A < Ag the six-point vertex can become
large so that its effect on the FRG flow of F/(f) can be important. Yet, even if we
restrict ourselves to the regime A > Ag and drop the contribution from F/(f) on the
right-hand side of Eq. (10.37), we still have to deal with a complicated nonlinear
integro-differential equation for F/(\4) which cannot be solved exactly.

Each of the three terms on the right-hand side of Eq. (10.37) involving two pow-
ers of the flowing four-point vertex has a distinct physical meaning, as indicated by
our labeling of the corresponding diagrams in Fig. 10.3. In the first term labeled PP
(particle—particle scattering), the arrows in the intermediate loop point in the same
direction, corresponding to the simultaneous excitation of two virtual particles (or
two holes). If we truncate Eq. (10.37) by retaining only this term, the solution of
our FRG flow equation amounts to approximating the effective interaction by the
infinite series of particle—particle ladder diagrams, as will be shown in Sect. 10.3.1.
In diagrammatic perturbation theory, these diagrams are usually summed by solving
the corresponding Bethe—Salpeter equation (Fetter and Walecka 1971). For attrac-
tive interactions between fermions, the divergence of the series of particle—particle
ladder diagrams indicates the BCS (Bardeen-Cooper-Schrieffer) instability.

The arrows attached to the intermediate loops in the other two contributions
labeled FS (forward scattering) and EX (exchange scattering) in Fig. 10.3 point
in opposite directions, corresponding to the simultaneous excitation of a virtual par-
ticle and a virtual hole. These processes are therefore called particle-hole scattering
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processes. The term labeled FS corresponds to the so-called forward scattering
process, which describes the renormalization of the effective interaction by particle—
hole scattering involving small momentum transfers k| — k;. For fermions this
scattering channel is also called zero-sound or Landau channel (Shankar 1994),
because this component of the interaction determines the spectrum of the collective
zero-sound mode in neutral Fermi liquids, describing collective long-wavelength
density fluctuations consisting of an infinite coherent superposition of particle-hole
excitations (Pines and Nozieéres 1966, Lifshitz and Pitaevskii 1980).

In the other particle-hole channel labeled EX in Fig. 10.3, the external labels
K, and K, of the two incoming arrows are exchanged relative to the FS channel.
Note that for fermions the contribution of the exchange channel to the flow of the
effective interaction has the opposite sign as the contribution from the FS channel,
so that both FS and EX channels are needed to preserve the antisymmetry of the
effective interaction (Dupuis and Chitov 1996, Chitov and Sénéchal 1998).

In many-body theory one often argues that for the physical phenomenon of inter-
est only the interaction in one particular channel is important, so that it is sufficient
to solve the corresponding Bethe—Salpeter equation in this channel to obtain a rea-
sonable estimate for the effective interaction. Such a procedure requires some a
priori knowledge about the physical behavior of the system and is therefore biased.
On the other hand, in the exact FRG equation (10.37) for the effective interaction all
scattering channels appear on equal footing, so that this equation can be used as an
unbiased starting point to investigate the physical behavior of a system with a given
bare interaction. Of course, as will be explained in more detail in Sect. 10.5, the
analysis of the FRG equation (10.37) including all channels can only be performed
numerically and with some drastic approximations.
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Fig. 10.4 Graphical representation of the flow equation for the self-energy and the four-point
vertex for a system with SU(2) spin rotational symmetry. The flow of the self-energy contains
the usual Hartree and Fock contributions. In the flow equation of the four-point vertex, we have

dropped the contribution from the six-point vertex, consistent with the truncations discussed in the
rest of this chapter
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10.2.3 SU(2)-Invariant Flow Equations

For a system with spin rotational symmetry, we now rewrite the flow equations
in terms of the spin-conserving vertices defined in Eq. (6.119), using the rela-
tion (6.121). The explicit version of this relation for the four-point vertex given
in Eq. (10.9) can be represented diagrammatically as

2 2 2 21 2
1 T o2 1,

where the spin is now conserved along continuous particle lines. Using this replace-
ment in Figs. 10.2 and 10.3, and then equating contributions on both sides that
have continuous spin-conserving lines between the same external legs, we obtain
the flow equations depicted in Fig. 10.4. For the flow of the self-energy, we obtain
from Eq. (10.33),

IWZAKo) = —;“/ ZGA(K’G’)UQ“}M,(K, K':K',K)
K’ o’

—/ GAK'o)WUY (K, K';K,K'). (10.38)

Aoo

If we approximate the flowing interaction in this expression by the bare interaction
and drop the self-energy in the propagators, the first term on the right-hand side can
be identified with the Hartree correction to the self-energy, while the second term is
the Fock (or exchange) correction to the self-energy. Note that for the bare Hubbard
interaction (10.14) only the Hartree term (with ¢’ = —o') contributes.

In the presence of full SU(2) spin rotational invariance, all vertices in Eq. (10.38)
are independent of spin indices (see Eq. (6.124)), so that we obtain

04 5a0K) = ¢ | GaK)H[2UP K, KK K) +c UPK KK K]
-
(10.39)

Neglecting in the exact FRG flow equation (10.37) for the effective interaction the
contribution from the six-point vertex (as this will not contribute to the truncation
discussed below), the flow of the four-point spin-conserving vertex for full SU(2)-
invariance is given by
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32UW (K|, Ky K, Ky) =
- /K [G(K)G(—K + Qpp) + G(K)G(—K + Qpp)]
x UY (K[, K5 =K + Qpp, K) UYK, =K + Qppi K2, K1)
- /K [G(K)G(K — Q1) + G(K)G(K — Q)]
x 2UW (K|, K — Qi; K, K1) UY (K5, K; K — O, K>)
+¢UW (K|, K — O K1, K) UY (K}, K3 K — O, K>)
+¢UP (K|, K — O K, K)) UW (K}, K3 Ko, K — Q)]
- /K [G(K)G(K — Q) + G(K)G(K — Qcx)]
x UY (K}, K — Qex; K2, K) U? (K, K} K — Qex, K1) . (10.40)
where we have omitted for simplicity the cutoff labels A and have defined the char-

acteristic energy—momentum combinations associated with the three channels PP,
FS, and EX,

Op =K1+ K, =K+ K}, (10.41a)
O =K —Ki=K,—-K;, (10.41b)
Qex = K{ — K2 = Kl — Ké . (1041C)

We have used energy—momentum conservation to write these expressions in two
different ways.

10.3 Single-Channel Truncations

We now show how the usual particle—particle ladder approximation and the so-
called random phase approximation can be recovered from Eq. (10.40) if one
retains only one particular interaction channel and neglects self-energy corrections
to single-particle Green functions on the right-hand side.

10.3.1 Ladder Approximation in the Particle—Particle Channel

It is well known (Lifshitz and Pitaevskii 1980) that the effective interaction between
two particles in vacuum is given by the infinite series of particle—particle ladder
diagrams shown in Fig. 10.5. For two particles this series represents the Lippmann—
Schwinger equation for the T-matrix of elementary scattering theory (Sakurai
1994). Assuming that the zero-density limit is continuously connected to the low-
density regime, we expect that the same series of ladder diagrams is also a good
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Fig. 10.5 Graphical representation of the effective interaction in the particle—particle ladder
approximation. The empty bars represent the bare interaction Uy(Q’, Q; P) in Eq. (10.43)

approximation for the effective interaction at finite but sufficiently low densities.
Carrying out the infinite ladder summation amounts mathematically to solving
a linear integral equation, the so-called Bethe—Salpeter equation in the particle—
particle channel (Galitskii 1958, Fetter and Walecka 1971). Therefore it is con-
venient to introduce relative and total energy momenta as independent variables,
0= (K —K»/2, Q0 =(Kj—K;)/2and P = Qp, = K1 + K, = K| + K.
The labels of the outgoing fields are then K| = g + Q. K, = g — Q’, while
the incoming fields are labeled by K; = g + 0, K, = g — Q. In terms of these
variables the effective interaction can be written as

T(Q', 0; P)=U%W (5 + 0, L Q' P 0, P + Q) ) (10.42)
2 2 2 2

Denoting the bare interaction by Uy(Q’, Q; P) and the noninteracting Green func-
tion by Go(K), the Bethe—Salpeter equation in the particle—particle channel shown
diagrammatically in Fig. 10.5 can be written as

T(Q', 0;P) = Uy(Q', Q; P)
P P
—f Uo(Q', K; P)Gy (5 - K) Gy (5 + K) T(K,Q;P). (10.43)
K
The notation indicates that in this approximation the effective interaction is some-
times called the many-body 7'-matrix. In the special case where the bare interaction

Up(P) depends only on the total energy momentum P = (i@, p) this linear integral
equation reduces to an algebraic one,

T(P) = Uy(P) — Uy(P)IT*(P)T(P) , (10.44)
which is easily solved for the effective interaction,

Uo(P)

I#) = 1+ TP (P)Uy(P)

(10.45)

Here, the particle—particle susceptibility 75" (P) can be written as
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o P j2
170(13)=fkc;0 S+K)Go(5 -k

¥ A feEamern demmern
.y 1= f (820x) = (24)

i0—Eryp—&n g

, (10.46)

where f(&) = @(—£) is the Fermi function at zero temperature and we use again
the notation [, = [ %.

We now show how to recover the above results from our FRG flow equation
(10.40). Therefore we simply retain only the first term involving the particle—particle
channel on the right-hand side of Eq. (10.40). Using the same variables as in

Eq. (10.42), we obtain the truncated FRG flow equation

04TA(Q' Q'P)——f[G E i - nt+a.l +r06 (E_K)]
v kP 42 22 42

xTA(Q', K; P)TA(K, Q; P) . (10.47)

Note that this integro-differential equation is nonlinear, whereas the Bethe—Salpeter
equation (10.43) is a linear integral equation for the effective interaction. The fact
that the summation of diagrams described by linear Bethe—Salpeter equations can
alternatively be described by quadratic differential equations has first been noticed
by Sudakov (1956). To exhibit the precise connection between Egs. (10.43) and
(10.47), we replace the flowing Green functions in Eq. (10.47) by noninteracting
ones. Using a multiplicative sharp momentum—space cutoff &, (k) = O(|k| — A),
we have

O (k) GA(K) ~ 940 (k)

G~ o — &

(10.48)

Assuming that the initial interaction T4,(Q’, Q; P) = Uy(q’, q; P) is independent
of the frequency part of Q and Q’, the flowing T,(Q’, Q; P) has also this prop-
erty so that we may write T4(Q’, Q; P) = Ta(q’, q; P). The frequency sum in
Eq. (10.47) is then easily carried out,

04Ta(q'. q: P) = /kaA [@A (g +k) O (£ - k)]

2
1= £ (&) = £ (824
X — TA(q', k; P)Tx(k, q; P) . (10.49)
i —Epyp—& g

For simplicity, let us further assume that T4(q’, q; P) = T, (P) is independent of ¢
and ¢’, in which case Eq. (10.49) reduces to a simple first-order differential equation,
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02Ta(P) = —IT} (P)T3(P) , (10.50)

where

1% (p) = /K [GA (g +K) Ga (; — K) + G, (g +K) Ga (g — K)}

- kaA[@A<§+k)(~)A<£—k>] —

(10.51)
Writing Eq. (10.50) as
AT, (P)=TIT7(P), (10.52)

and integrating both sides of this equation over the flow parameter A with boundary
condition Ty—,,(P) = Up(P), we obtain for the effective interaction

Uo(P)
1+ 115 (P)Uy(P)

T(P)= /lxiino TA(P) = (10.53)

where

A() .
g, (P) = — f dAITY(P)
0

N _/k [1 — O (% + k) Oy (§ - k)] = .f_<§g+k> -/ (Eg_k> . (10.54)

For Ag — oo the ©-functions in the second line vanish, so that I7", (P) reduces
in this limit to the noninteracting particle—particle pair susceptibility given in
Eq. (10.46). We conclude that with the approximation (10.48) the solution (10.53)
of our FRG flow equation (10.47) agrees precisely with the solution (10.45) of the
Bethe—Salpeter equation (10.43).

In the limit of vanishing density, the Bethe—Salpeter equation (10.43) reduces to
the Lippmann—Schwinger equation for the 7-matrix in vacuum; the corresponding
FRG flow equation (10.47) for vanishing total momentum p = 0 assumes this limit
in the form

8(lk| — A)

o A2y 2@ K 0Tk, g, i0), (10.55)

aATA(q/a qa l&)) == _f
k

which is the RG version of the off-shell Lippmann—Schwinger equation of elemen-
tary scattering theory (Sauli and Kopietz 2006).
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Fig. 10.6 Graphical representation of the effective interaction in random phase approximation

10.3.2 Random Phase Approximation in the Forward Scattering
Channel

At high densities and for interactions whose Fourier transform has a strong maxi-
mum for small momentum transfers ¢ = k| — k; (giving rise to enhanced forward
scattering), the effective interaction is strongly screened at long distances. A simple
diagrammatic method to take the physics of screening into account is to sum the
infinite series of bubble diagrams shown in Fig. 10.6. This approximation is usually
called the random phase approximation, which is abbreviated by RPA (Fetter and
Walecka 1971, Negele and Orland 1988). To derive the RPA from our FRG flow
equation (10.40), let us try an ansatz where the flowing interaction depends only on
the energy—momentum transfer Qg = K| — K|,

UK}, K} Ko, K1) = fa(K] — K1) = fa(Qr) - (10.56)

Substituting this into Eq. (10.40) and neglecting the contribution from the particle—
particle channel, we obtain

Oafa(Or) ~ —¢ / (G AGK)G 4K — Or) + GA(K)G 2(K — O]
K

x[2£4(Qss) fa(—Oxs5)
+¢fa (K| = K) fa(=0%) + £ fa(Os) fa(Kz — K))]

- / [GAKIGAK — Oe) + Ga(K)G (K — 0u)]
K
xfa (K{ = K) fa(K — Ky) . (10.57)

Note that the external labels on the right-hand side of this expression appear not
only in the assumed combination Qg = K| — K, so that our ansatz (10.56) seems
to be inconsistent. However, for fermions the typical loop momentum k contribut-
ing to the K-integral is of the order of the Fermi momentum kg. If the range of
the interaction in momentum space is small compared with kr and its strength is
strongly enhanced for small energy—momentum transfers Qg = K| — K|, then the
term in the second line of Eq. (10.57) involving the combination f(Qs) fa(—Oxs)
dominates the integral, so that we may neglect the other terms. In this approximation
Eq. (10.57) simplifies to
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9 fa(Q) = —IT7(Q) F2(0), (10.58)

where we have set Q = Qg = K| — K and assumed that f4(—Q) = f1(Q). The

function IT f\h(Q) is given by the derivative of the particle-hole bubble with respect
to the RG cutoff,

Q) =2¢ /K [GA(K)GA(K — Q) + GA(K)G (K — Q)] (10.59)

where the factor of 2 is due to two spin species. Equation (10.58) has the same form
as the corresponding flow equation (10.50) for the 7-matrix, so that the solution is
similar to Eq. (10.53),

£(0) = tim f4(0) = —I0D (10.60)
A0 1+ 175, (Q) f4,(Q)
where
Ag
m', (0) = —f dATT(Q) . (10.61)
0

If we replace again the flowing Green functions in Eq. (10.59) by the noninteracting
ones and take the limit Ay — oo, Eq. (10.61) reduces to the bare particle-hole
susceptibility (or polarization), which for fermions (¢ = —1) can be written as

@ =2 [52 1
0= T ) 2w i — &lli(e — @) — &k—q]

[ FE0— fGEy)

- . (10.62)
k10 —& +&y

The interaction (10.60) then reduces to the RPA for the effective interaction (Fetter
and Walecka 1971, Negele and Orland 1988).

10.4 Rescaled Flow Equations and Definition
of the Fermi Surface

In the FRG flow equations given so far in this chapter, the rescaling step, which
according to the general discussion in Chap. 3 is an essential part of the Wilsonian
RG procedure, is still missing. Recall that in general a rescaling of the fields and
the coupling constants is necessary to obtain critical fixed points of the RG. Of
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course, the proper rescaling depends on the nature of the fixed point under consid-
eration. We now assume that our system remains in the normal state at zero temper-
ature and has a sharp Fermi surface. In this case the exact propagator G(iw, k) =
liw—ex+pu— X(iw, k)]~! exhibits singularities for @ = 0 and for all wave vectors
kp satisfying

e, + XG0, kp)=p . (10.63)

For a D-dimensional system this equation defines a (D — 1)-dimensional manifold
in momentum space, which is called the Fermi surface. Note that the definition
(10.63) involves the exact self-energy X'(i0, k) of the many-body system, which is
a priori unknown. Equation (10.63) should therefore be considered as a complicated
self-consistency equation for the true Fermi surface of the many-body system. If the
self-energy is calculated perturbatively to some finite order in the interaction, one
has to be careful to include the corrections to the noninteracting Fermi surface from
the beginning in the propagators in order to avoid unphysical divergencies (Luttinger
1960, Nozieres 1964). In this section we shall derive a rescaled version of the exact
FRG flow equations given in Sect. 10.2, which allows us to give a nonperturbative
definition of the Fermi surface as a fixed point of the RG (Kopietz and Busche 2001,
Ledowski and Kopietz 2003).

10.4.1 Scaling Toward the Fermi Surface

The Wilsonian RG is based on the iterative elimination of the high-energy degrees
of freedom, resulting in an effective action for the low-energy degrees of freedom.
Keeping in mind that the zero-frequency propagator G(i0, k) of normal fermions is
singular on the entire Fermi surface, in fermionic many-body systems the normal
state has a continuum of low-energy degrees of freedom described by fermion fields
with momenta in a thin shell around the Fermi surface. To carry out the Wilsonian
RG procedure for normal fermions,* one should therefore successively integrate
over Fermi fields with momenta outside an increasingly thin shell around the Fermi
surface. After the mode elimination, one should then rescale the distances k; of the
momenta from the Fermi surface (see Fig. 10.7) in order to bring the thickness of
the momentum shell back to the value before mode elimination (Shankar 1994).

Since only the true Fermi surface of an interacting Fermi system has a physical
meaning, it is useful to formulate the FRG in such a way that all momenta are
measured relative to the interacting Fermi surface. To implement this technically, we
add the following interaction-dependent quadratic counterterm to the noninteracting
part So[v/, Y] of the bare action (10.2),

4 Actually, there exist also classical systems whose fluctuation spectrum has a minimum on a
higher-dimensional manifold (Brazovskii universality class), for example, cholesteric liquid crys-
tals (Brazovskii 1975, Hohenberg and Swift 1995). It is therefore not surprising that the rescaled
version of the FRG equations for interacting fermions discussed in this section (Kopietz and Busche
2001) has also been used to study the Brazovskii universality class (Shiwa 2006).
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Fig. 10.7 Decomposition of a momentum k = ftkp(#t) 4+ 8k v r into a component kr = ftkp (i) on
the Fermi surface and a component 8k 9 in the direction ¥ of the local Fermi velocity vy. The
thick solid line is a sector of the Fermi surface. This construction defines kr and 7 as a function of
k. Here, vy = Vieg|r=k, is defined in terms of the gradient of the free dispersion at the true Fermi
surface, so that v is not necessarily perpendicular to the Fermi surface

sti 1= Y [ 260 knixobes (10.64)

where kr is a vector on the true Fermi surface which is defined as a function of
k via the geometric construction shown in Fig. 10.7. We then write the fermionic
action (10.1) as S[y, ] = Sol, 1+ Si[¥, ¥], where Sy = Sy + S, and the
counterterm is again subtracted from the two-body part, S; = §; — S,. Explicitly,
the new Gaussian part of the action can be written as

Sol¥r, ¥1=— Z/ liw— e+ — XG0, k) VkoVko
o K
== Z/ [lw — €+ EkF]IpKUwKO‘ 5 (1065)
o JK

where in the last line we have used the definition (10.63) of the interacting Fermi
surface. Suppose now that we have eliminated all fields with momenta outside a thin
shell of thickness A( around the Fermi surface, so that the momentum integration
in Eq. (10.65) is restricted to the regime

lex — €kl

< Ao, (10.66)
[vF]

as shown in Fig. 10.7. Here, vy = Vieég|k, is the Fermi velocity of the nonin-
teracting system at the true kp. Assuming now that Ay is sufficiently small, we
may expand the energy dispersion ¢ to linear order around the reference points k p
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on the Fermi surface. Therefore we perform in Eq. (10.65) a nonlinear coordinate
transformation in momentum space by setting’

k =kp + 6k = fkp(ft) + Sk p(f) (10.67)

where kr(#1) is the length of kr parameterized by a unit vector #2, and ok =
¥y - (k — k) is the component of k — k¢ parallel to the direction D (1) = v /|vp|
of the local Fermi velocity v, as shown in Fig. 10.7. We now eliminate k in favor
of the component dk; and the angular variables specifying the vector 7 as new inte-
gration variables. This nonlinear coordinate transformation of the D-dimensional
momentum integration gives rise to a nontrivial Jacobian, which is conveniently
written down using D-dimensional spherical coordinates,

d’k d$2; .
Qm)p ~ KD/ 2 - /d5ku |k (R) + 8k D ()|
D

ds2; ([ dék
— 277\101)0/ —"/—"JD(ﬁ, sky) (10.68)
QD 2
where d £2;, is the surface element and 2, = (27)P K, is the surface area of the D-

dimensional unit sphere (see also Eq. (2.86)). To write the Jacobian in dimensionless
form, we have pulled out in the last line of Eq. (10.68) a factor of 2w vyvg, where

D—1
kO

Vo

vo=Kp (10.69)

is the density of states of free electrons with Fermi momentum k& and Fermi velocity
vo. Note that in one dimension vy = 1/(;rvy) so that 2w vyvy = 2. The dimensionless
Jacobian is

ik () + Skybpa) P!
ko '

Ip(h, 8ky) = (10.70)

For a spherical Fermi surface, where 1 = 9 and kg (72) is independent of the direc-
tion #, the Jacobian Jp(8ky) = |1 + 8k /ko|°~" depends only on 8k.

To derive the proper scaling of momenta, frequencies, and fields, we assume that
the cutoff A defining the width of the momentum shell in Eq. (10.66) is small
compared with the minimal value of kr(71). Then we may approximate

€x X e, +vp - (k—kp) = e, +vr(t)dk , (10.71)

SIfwe neglect interaction corrections to the direction 9 of the local Fermi velocity, then 5k mea-
sures the distance of a given momentum k from the true Fermi surface. Note that for a nonspherical
Fermi surface 9 r(7) is in general different from the direction 2 = kr/|kFp|.
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so that Eq. (10.66) reduces to the condition |§k;| < Ag. Moreover, for small 5k we
may approximate

A D—1
Ip(h, 8ky) ~ Jp(h, 0) = <k‘;((0”)) . (10.72)

Relabeling the fermion fields,
VYo (iw, 8k)) = Yo (iw, k — ftkp(ft) + 8k D)) , (10.73)

the low-energy version of the subtracted Gaussian action (10.65) becomes
I dwdsk . .
Salir, w1 = 2w Y [ [ Lo — sk lico = vr (k)
o n
X Yo (i@, Sk Yao (iw, Sky) ,  (10.74)

where

-

denotes weighted angular averaging. Let us now rewrite the Gaussian action (10.74)
in terms of dimensionless rescaled integration variables and rescaled fields which
have the proper scaling dimensions. Therefore we introduce a momentum scale
A < Ag and define, for a given direction 72, the dimensionless variables

(10.75)

3ky . (10.76)
= — , €= N .
A= v A
and the dimensionless fields
W,iw(ié, qH) = 27‘[ Vo(UoA)3 me(ia), 8kH) . (1077)

Then Eq. (10.74) can be written as

< ded _ X
Sol Z// (;n;}zu (— - |61|||) lie — co()gy]
Xwﬁa(lea CIll)W,im(iE, 6]||) s (1078)
with
co(ft) = vp(@)/vo . (10.79)

Note that the unit vector 71 plays the role of a continuous flavor index which labels
the different fields. Obviously, for A/Ay — 0 the action (10.78) is independent
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of the scale factor A and becomes scale invariant. The associated RG fixed point
describes the normal metallic state and is called the Fermi liquid fixed point in
dimensions D > 1.

To implement the above scaling within the framework of the FRG, let us now
introduce properly rescaled vertices and write down the corresponding exact FRG
flow equations (Kopietz and Busche 2001). Given the flowing self-energy X (K o)
which satisfies the exact FRG flow equation (10.33), we introduce its rescaled
and subtracted counterpart as a function of the logarithmic flow parameter ! =
In(4o/A),

. Zi(n,
IPe, qp,0,0) = LA”) [Zstiw. k. 0) — 20, kp.0)] . (10.80)
Vo

where on the right-hand side it is understood that we should express w = vp(it) Ae
and k = kp(ft) + dp(f1) Ag) in terms of the dimensionless scaling variables i€ and
qy» and the subtraction ¥(i0, kr, o) is the (a priori unknown) exact self-energy
at the true Fermi surface k. The flowing wave function renormalization factor is
defined by

. 1 AP (i€, 0.7, 0)
Zi(ft,0) = =1+ - , (10.81)
| — 3Zaliwkr.0) d(ie)
o) |,—0 €=0

where the second identity follows from the definition (10.80). We also introduce the
rescaled propagator,

A
W G aliw. k. o), (10.82)

G 1 i i A’ = 5 A <
et = 7 G )

and the corresponding rescaled single-scale propagator,

U0A2

— Guliw, k,0). 10.83
Z:(h.0) aiw, k, o) ( )

Gilie, q, h,0) = —

If we work with a multiplicative cutoff & 4(K) as in Eq. (7.10), then the flowing
propagator can be written as

Os(K
Ga(Ko) = - A0
iw—e€p+pn—2(Ko)
Os(K
= - aK) , . (10.84)
i — €x + €k, — [Xa(Ko) — X0, kp,0)]
and the corresponding rescaled propagator (10.82) is
~ Os(K
Giie. qy. i, o) alk) (10.85)

" Zih, o)lie — &g — F2e.qp o)
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where

€kp+k —

&algq)) = oA

€
e~ eo@)gy + O (47) (10.86)

and co(i1) = vp(it)/vo (see Eq. (10.79)). The function & 4(K) in Eq. (10.85) should
be expressed in terms of rescaled variables; for example, for sharp momentum shell
cutoff we have

- 6k[:|

OA(K) = (A _ ) ~ 01— g . (10.87)

[vF]

With these definitions the rescaled version of the exact FRG flow equation (10.33)
for the self-energy assumes the form

ol %ie . 0) = 11~ m(@,0) =iy, — Ve 1.1 0) | 1 o)
+F( (ie,q), 1, 0), ’
where the flowing anomalous dimension is defined by
0,Z(1,
W@ 0) = 0 I Z(, @) = — o0 0) (10.89)
Z(n, o)

and the inhomogeneity 1'*1(2)(6, qy, i1, o) is determined by the right-hand side of the
unrescaled FRG flow equation (10.33),

Z(n, o)
Vo

[ Pie, gy, i, 0) = [—Ads ZA(Ko)]

de’dq @ o
_Z// o LG, (ie', g}, #,0") [{P(Qo, Q'c"; 0'c”, Q) . (10.90)

We have now set { = —1 in Eq. (10.33) (because the above rescaling makes only
sense for fermions) and have introduced the collective labels

0 = (e, q, 1) . (10.91)

The rescaled effective interaction is defined in terms of the dimensionful effective
interaction I” /(‘4) appearing in Eq. (10.37) as

nY (Q101. 0405; 0202, Q101) = [Z, (R}, 01) Z, (R}, 03) Zi(2, 02) Zi (i1, 01)]1/2
x 2mvo 'Y (K(o], Kso5; K20, K101) . (10.92)

Substituting Egs. (10.81) and (10.88) into the definition (10.89), we see that the
flowing anomalous dimension is directly related to the frequency dependence of the
rescaled flowing effective interaction (Busche et al. 2002, Ledowski and Kopietz
2007),
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[?(i€, 0.2, 0)

nl(ﬁso-) = - 8(16)

e=0
arW(ie,0,h,0,00"; Q'd' i€, 0, f, o)

||’ ' I} » U, 1, O, 5
__Z// @y SHC) a(ie)

e=0
(10.93)

The FRG flow equation for the rescaled effective interaction f}(4) is given by the
rescaled version of the exact flow equation (10.37), which depends on the flowing
irreducible six-point vertex F/(f). For general n, we define rescaled dimensionless
irreducible vertices with 2n external legs via

=(2
0P (Q4o1, ..., Qhol; QuOas ..., Q101) =

(2, (#01) - 21 (0,0,) Zi(n0,) -+ ZiCiyon)]"
x2mv)" " (wo A IS (Ko, .., Kol Ko, .. Kio1) . (10.94)

n-n’

The rescaled version of Eq. (10.37) can then be written as (Kopietz and Busche
2001)

771 +171(n101)
81F()(Q101’Q2‘72,Q202,Q101 [

||MN

+4i)9q;, + €9 + 4119,y + € e,] (QIGI, 0,03; 0207, Q101)

+Z/Qé;(Q0)ﬁ(6) (Q10{. 0405, Qo; Qo, 0202, Q1071)
X [ [6ontioe+ Guenéioo)]

1r- -
x {5 [19(Qo1. 0405 00", 00) F¥(Q0, Q' 0202, Q101

K'=Ki+K,—K

[ (@101 @' 00. 0101) I (@305, 00: 0’0", 0200 |

K'=K+K,—K

+[ 19 (0i01. 00" 00, 0202) T} (Qhors, 003 Q' Q1) M_K,},
(10.95)

where fQ =/[[ %, and K = (iw, k), K', K;, and K] should be considered as
functions of the dimensionless variables Q = (i€, gy, it), Q', Q;, and Q; defined via
Egs. (10.67) and (10.76). Due to the highly nonlinear character of the transformation
(10.67) from absolute momenta k to the local variables (g, i), the momentum con-
servation enforced by identities like K’ = K + K, — K implies a very complicated
functional dependence of g and /" on g1y, g2, g as well as on the three directions

i}, iy, and 7. In order to detect the leading instabilities of normal Fermi systems in
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dimensions D > 1, the rescaled flow equation (10.95) is therefore not very useful
and it is better to analyze directly its unrescaled counterpart (10.37). On the other
hand, rescaling is essential to obtain fixed points of the RG and to classify the cou-
plings according to their relevance at a given fixed point, which we shall do in the
following section. The rescaled version of the FRG flow equation for the irreducible
six-point vertex can be found in the appendix of Kopietz and Busche (2001).

10.4.2 Classification of Couplings

From the rescaled FRG flow equations (10.88) and (10.95), we can now read off
the scaling dimensions of all coupling constants. Consider first the flow equation
(10.88) for the rescaled two-point vertex ﬁ(z)(i €,q|,f,0). Fore = g = 0 this
equation reduces to

(i, o) = [1 — (i, o), o) + 1@, 0) (10.96)
where we have defined

n(, o) = 120,0,4,0), (10.972)
@, 0)=65%0,0,1,0). (10.97b)

Obviously, for a normal Fermi system with finite quasiparticle residue where
lim;_, o (12, o) = 0, the dimensionless couplings r;(71, o) are all relevant with scal-
ing dimension +1. In dimensions D > 1, the Fermi surface is a D — 1-dimensional
continuum whose points are labeled by the unit vectors 2. In D > 1, a normal Fermi
system is therefore characterized by infinitely many relevant couplings 7,(it, o). We
shall show below that the true Fermi surface of the interacting system can be defined
self-consistently by demanding that all relevant couplings r;(72, o) flow into a fixed
point (Kopietz and Busche 2001, Ledowski and Kopietz 2003, Ledowski et al. 2005,
Ledowski and Kopietz 2007). As already discussed in Sect. 3.3.3, the Fermi surface
can thus be viewed as a multicritical RG fixed point of infinite order, which is char-
acterized by the fixed-point values of infinitely many relevant couphngs

The first derivatives of the rescaled two-point vertex Fz i€, q I, f,0) with
respect to € and ¢ define two marginal couplings whose scaling dimension van-
ishes. To define these couplings, we write the expansion of f’l(z) (ie,qy, i, o) in
powers of € and g as

IPe, gy, i, 0) = (R, o) + [Zi(#, 0) — 1lie + [Yi(, 0) — Zi(R, 0)]g
+0 (€%, q1. €q)) - (10.98)

Note that to this order in the expansion the rescaled propagator (10.85) can be writ-
ten as
O4(K)

Gilie, q, h,0) ~ - n - , (10.99)
ie —c(h,o)q —r, o)
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with
c(,o)=Zn,o)co(t) — 11+ Yi(R,0) . (10.100)

By definition, Z;(71, o) is the flowing wave function renormalization factor, which
satisfies the flow equation

Wz, o) =—n,0)Z(n, o), (10.101)

see Egs. (10.81) and (10.89). From the exact FRG flow equation (10.88) it is easy to
show that the other marginal coupling related to the first derivatives of the two-point
vertex,

620, gy, 0, 0)

Y(h,0)=Z(,0) +
aq,

, (10.102)

9,=0

satisfies the flow equation (Busche et al. 2002, Ledowski and Kopietz 2007)

d2(0, gy, i, o)

81Y1(ﬁ70‘)= _nl(ﬁva)y}(ﬁvo‘)+ aq
I

(10.103)

9,=0

Next, let us classify the couplings associated with the rescaled four-point vertex
ff‘” (Q}0{, Q403; 0202, Q101). From our rescaled FRG flow equation (10.95), we
see that the dependence of the four-point vertex on the frequencies and projected
momenta parallel to the local Fermi velocity gives rise to negative scaling dimen-
sions, so that the marginal part of f}(4) (Q/lal/ , 0503; 0207, Qlal) is obtained by
setting €] = €5 = €, = €| = O and g, = g3 = g2 = g1 = 0. Obviously, there are
infinitely many marginal couplings, labeled by the unit vectors @}, it5, iz, ft;. But
if both incoming and outgoing momenta lie on the Fermi surface, then momentum
conservation imposes the constraint

Koy + Ky =kp +kpy . (10.104)

In terms of the unit vectors pointing in the directions of the Fermi momenta,
Eq. (10.104) reads as

ki () R + kg () ity = kp(Ro)iy + k(i) . (10.105)

The crucial point is now that in dimensions D > 1 the geometric constraint imposed
by these relations allows only to choose freely two of the Fermi momenta (or
directions), say kr; and kg, (or ii; and fi5). If we arbitrarily fix three momenta
on the Fermi surface, for example, kr1, k>, and k/Fl, then in general the differ-
ence kpy + kpy — k’Fl does not lie on the Fermi surface so that we cannot satisfy
Eq. (10.104). The set of allowed marginal couplings related to the four-point vertex
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can therefore be classified in terms of two independent unit vectors. For a more
detailed discussion of the classification of the various scattering processes, we refer
the reader to the reviews by Shankar (1994) and by Metzner et al. (1998).

Finally, the rescaled vertices f?an) defined in Eq. (10.94) with six and more exter-
nal legs (n > 3) have all negative scaling dimensions and are therefore irrelevant.
For example, according to Eq. (10.94) the most important part of 1:1(6) (Qoy, 0403 .
Q40%; Q303, 0209, Qlol), which is obtained by setting all external frequencies and
distances from the Fermi surface equal to zero, is proportional to A, so that this con-
tribution has scaling dimension —1. It is therefore reasonable to neglect this vertex
in the FRG flow equation (10.95) if one is only interested in the infrared behavior
of the system at the Fermi liquid fixed point.

10.4.3 Exact Integral Equation for the Fermi Surface

In order to calculate the true Fermi surface of an interacting Fermi system, we need
to know the exact self-energy X(0, k) at vanishing frequency as a function of k
and look for solutions of the defining equation (10.63). The rescaled version of
the exact FRG flow equations discussed above allows us to define the Fermi surface
nonperturbatively in terms of a fixed point condition for the relevant part r;(72) of the
rescaled two-point vertex ﬁ(2)(Q) defined in Eq. (10.97a) (Ledowski and Kopietz
2003). To derive this equation, let us transform the differential RG equation (10.96)
into an equivalent integral equation similar to Eq. (8.41),

l ! .
r(@) = e~ Jodee@ |:r0(ﬁ)+ fo dl'e™" b d”h(")n@(ﬁ)} . (10.106)

For simplicity, we omit in this section the spin labels. Suppose now that we have
adjusted the initial couplings such that for I — oo the flowing couplings r;(it)
indeed approach finite fixed point values. Assuming that the associated anoma-
lous dimensions 1 (#2) are smaller than unity, Eq. (10.106) implies that the limit
reo(it) = lim;_, o, r;(i1) can only be finite if the initial values r((71) are chosen such
that

*© K ~ .
ro(ﬂ) == _f dleilJr(/(i d'“?r(ﬂ)[‘[@)(ﬁ)
0

o0 g ~ ~ ~
= f dle" o 4o / G("I(0,0. 4, 0':0',0,0,4) ., (10.107)
0 o’

where in the second line we have substituted Eq. (10.90). This is an implicit condi-
tion for ry(1), relating it to the flowing two-point vertex and the four-point vertex on
the entire RG trajectory. Keeping in mind that the right-hand side of Eq. (10.107)
implicitly depends on r;(iz) and that according to Eq. (10.80)
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A
S0, kp) — Za,0.kp) = 22 o) (10.108)
Zy(i)

we see that Eq. (10.107) can be regarded as an integral equation for the counterterm
(0, k), which is needed in order to calculate the true shape of the Fermi surface.

Finally, let us transform Eq. (10.107) back to unrescaled variables, choosing for
simplicity the initial conditions X' 4,(0,kr) = 0 and Zy(7) = 1. Using a sharp
momentum shell cutoff of the form (7.12) it is easy to show that Eq. (10.107) is
equivalent with

X0, kp) = a7k do O = Ae)
T e 2 il — e + 1 — 2 au(K7)
X TAD0. kp.io) KiK. 0, k), (10.109)

where Ap = |ep — e |/ v’:|. Note that the right-hand side of Eq. (10.109) involves
the flowing self-energy and four-point vertex at the scales A = Ay which depend
on the distance from the true Fermi surface. The exact integral equation (10.109)
and the equivalent rescaled equation (10.107) determine the counterterm X'(0, k)
by the requirement that in the limit / — oo all rescaled couplings approach finite
fixed point values. For an explicit calculation of the Fermi surface of quasi one-
dimensional metals using this nonperturbative method (see Ledowski et al. 2005,
Ledowski and Kopietz 2007).

10.5 One-Loop Patching Approximations

During the last decade, many workers have applied renormalization group methods
to contribute to an understanding of the electronic phase diagram of layered mate-
rials such as the cuprate high-temperature superconductors. The Fermi surface of
these two-dimensional systems is a continuous line. Thus functional aspects of the
RG are important, since in this case the marginal couplings depend on a continuous
position on the Fermi surface, as discussed in Sect. 10.4.2. For practical calcula-
tions, the continuous dependence is discretized, and the marginal couplings related
to the effective interaction now depend only on discrete patch labels. A numerical
integration of the flow equations for the resulting finite number of couplings is then
performed. Typically, one finds divergencies at a finite energy scale. Although this
approach thus formally breaks down at this scale, the divergencies can be taken as
an indication for either a broken symmetry or at least dominating correlations in a
particular interaction channel. An analysis of the nature and the symmetry of the
diverging coupling provides a numerical tool to investigate the phase diagram of
two-dimensional models. A short review of this one-loop patching approximation is
given in Metzner (2005).

As a minimal model for the copper-oxide planes of the cuprate high-temperature
superconductors, Hubbard models on a square lattice (see Eq. (10.90)) and possible
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extensions have been intensively studied. Depending on the strength of microscopic
parameters such as hopping amplitudes, Hubbard interactions, and the filling of
the band, one finds regions in the phase diagram with spin- or charge-density
waves, d-wave superconductivity, ferromagnetism, or even exotic phases, such as
staggered-flux phases, for example. Starting from the limit of a vanishing interac-
tion strength, the occurrence of these phases can be understood as instabilities of
the Fermi liquid. In this context, the geometry of the Fermi surface is essential for
determining the nature of the dominant instability. Of special interest are regions in
parameter space which are close to a half-filled band in a model with pure nearest-
neighbor hopping, having a square Fermi surface. In this case, the parallel sections
of the Fermi surface lead to nesting, and the points (0, :I:%) (:i:% 0) (where a is
the lattice spacing) on the boundary of the Brillouin zone have a vanishing Fermi
velocity resulting in Van Hove singularities in the density of states. Also, Umklapp
scattering processes are important at half filling. For the strictly half-filled case, it is
well known that an insulating antiferromagnetic phase emerges. Yet, slightly away
from half filling, or in the presence of next-nearest-neighbor hopping, the nesting
instability can be suppressed and other ordering tendencies dominate. This interplay
of different instabilities is often discussed in the context of an experimentally found
non-Fermi-liquid behavior of the normal phase of the high-temperature supercon-
ductors below optimal doping.

Some aspects of the physics in these two-dimensional models can be captured
by simple toy models for which analytical treatments of the renormalization group
equations are still possible. The importance of Van Hove singularities can be ana-
lyzed using a model dispersion that includes only momenta close to the two sad-
dle points at (0, Z) and (Z,0) (Lederer et al. 1987, Furukawa et al. 1998). The
renormalization group flow is particularly strong in this case as the perturbation
expansion exhibits a log?-divergence due to the Van Hove singularity in the den-
sity of states leading to an enhancement of d-wave pairing tendencies. The role of
nesting and Umklapp scattering can be investigated with a model containing only
patches on the Fermi surface along or close to the diagonals of the Brillouin zone
(Houghton and Marston 1993, Tam et al. 2006). However, for a treatment of the
interplay between these two tendencies, the number of patches on the Fermi surface
has to be increased and a numerical solution of the FRG flow equations is necessary.

The FRG flow equations derived so far are part of an infinite hierarchy which for
practical calculations has to be truncated. For weak interactions a systematic trunca-
tion is possible: If the bare interaction contains only a four-point vertex proportional
to a small coupling constant U, the perturbative corrections for the irreducible vertex
I"®" contains only terms that are at least of order U". Hence, to analyze the leading
renormalization of the four-point vertex, we have to keep terms up to order U2,
We will thus neglect the contribution of the six-point vertex and all higher ver-
tices to the RG flow. Equations (10.39) and (10.40) then constitute a closed set of
integro-differential equations. However, as the effective interaction U® depends on
three independent momentum and frequency variables, these equations are still too
complicated to be amenable to a numerical solution. Rescaling arguments can then
be used to identify the important contributions at low energies.
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In this section we shall derive explicit flow equations for the marginal couplings
in the one-loop patching approximation and apply them to the simplest case of a
single one-dimensional chain as well as to the two-dimensional square lattice Hub-
bard model with nearest-neighbor hopping close to half filling.

10.5.1 Flow of Marginal Couplings

In Sect. 10.4.2, we have used rescaling arguments to show that the frequency depen-
dencies of the four-point vertex as well as its momentum dependencies perpen-
dicular to the Fermi surface have negative scaling dimensions at the Fermi-liquid
fixed point and are thus irrelevant at low energies. To obtain the leading insta-
bilities around the Fermi-liquid fixed point, it is thus sufficient to keep track of
couplings with the momenta of all four legs on the Fermi surface.® Throughout
Sect. 10.4 the position of the momenta on the Fermi surface has been parameterized
by a unit vector 71; the dependence of the vertex functions on these unit vectors
is expected to be sufficiently smooth such that for a numerical treatment it can be
discretized. In the arguments of the four-point vertex, we thus effectively replace
the energy—momentum indices K by integer patch indices n. Momentum space is
divided exhaustively into these nonoverlapping patches, usually by subdividing the
Fermi surface into discrete regions and defining an appropriate procedure to project
an arbitrary momentum onto the Fermi surface. Each patch has a central momentum
k, on the Fermi surface. We only treat systems with full spin rotational symmetry
in this section. We thus replace the interaction function in the relevant FRG flow
equation (10.40) by’

UKy, K2; K3, Ky) —> u(ny, na;n3) , (10.110)

where the discrete couplings u(n, ny; n3) depend only on three integer patch indices
ni, na, and n3, while the fourth momentum

ky = ky, + Ky, — ky, (10.111)

is determined by momentum conservation. The integer ny4 is then the index of the
patch that contains k4. Note that for many of these couplings, the fourth momentum

6 For a one-dimensional extended Hubbard model Tam et al. (2006) have proposed a truncation of
the FRG flow equations which include scattering processes involving momenta far away from the
Fermi points.

7 Note that in the context of the discrete couplings, we simply enumerate momenta using inte-
gers ny, ny, n3 instead of marking them as incoming and outgoing by using primed variable.
Thus compared to the notation for continuous momenta, we replace U @K, K} K>, Ky) —
UYW(K, K»; K3; K4) — u(ny, ny;n3), where the new K; and K, denote the two outgoing energy-
momenta. Hence, u(n;, ny;n3) becomes a tensor of rank 3 which has some advantages for the
following numerical calculations.
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does not actually lie on the Fermi surface as in general only two momenta can be
chosen freely on a surface in order to satisfy momentum conservation. However, in
the general formulation of the flow equations we shall keep these terms; the reason
is that couplings where the fourth leg is in some sense close to the Fermi surface
can still dominate the flow at intermediate energy scales and these couplings are
thus important to describe the crossover from the bare microscopic model to the
very low energy regime.

In this section, we shall work with unrescaled vertex functions, as is usually
done in the literature in this context; within the one-loop approximation, rescaled
and unrescaled flow equations are equivalent because anomalous dimensions only
appear at two-loop order. The feedback of the flow of the self-energy and thus the
shape of the interacting Fermi surface on the flow of the couplings u(ny, ny;ns) is
neglected. This is inconsistent from a pure scaling point of view as discussed in
Sect. 10.4. For a full two-dimensional problem the inclusion of self-energy effects
is a very complicated numerical problem that has not been fully addressed yet,
although an attempt in this direction has recently been made by Katanin (2009).
The propagators in Eq. (10.40) are thus taken as cutoff-dependent bare propagators
without self-energy corrections. After the replacement (10.110), the momentum and
frequency integration in Eq. (10.40) can be carried out. We define the derivatives
of the particle—particle and particle-hole bubble integrals® with respect to A for a
particular patch centered at k,,,

%(n, q) = :l:A/ G(K)G(£(K — Qo)) , (10.112)

Kek,

where K € K, means that the momentum part of the integration is over the area
of the patch with the index n, and Qg = (0, ¢). As usual, the logarithmic RG flow
parameter [ (which we shall also call RG time) is related to the cutoff A = Age™!
and thus 9; = —Ad,4. The integro-differential equation (10.40) then reduces to the
following system of coupled ordinary differential equations,

du(ny, na;n3) = — Z{U_(n, qpp)[u(nz, ni;nju(ng, ng;n)

+u(ny, ny;n)u(ng, n3; n)]

+IT"(n, Qfs)[zu(n, ng;nu(n, no;n3)

—u(ng, nyn)u(@, na;nz) —um, ng;nu(ng, Vl;”3)]

8 Up to a different normalization, the function I1~(n, q) is a simplified version of the single-scale
particle—particle bubble I7PP(P) defined ‘in Eq. (10.51), while the function IT"(n, q) corresponds
to the single-scale particle-hole bubble /7 Ph(Q) given in Eq. (10.59).
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+IT*(n, —qfs)[Zu(n, ni;nyu(n, ny;ng)
—u(ny, n;ngu(n, n3;ny) — un, ny;ng)u(ng, n;nz)]

—IT*(n, qo)u(ns, n;ny)u(ng, nyng)

—IT*(n, —q )u(ny, nyn3)u(ng, n;nz)} - (10.113)

Here, the fourth index ny4 is determined by (approximate) momentum conservation
as described below Eq. (10.111). The momentum combinations appearing in the
bubble integrals are

Gpop = kn, +kn, , g = kn, — kn, . gy =k, —k,, . (10.114)

This notation is equivalent to the notation in Egs. (10.41a)—-(10.41c) if one takes
momentum conservation and the different labeling of the momenta in this section
into account. In the derivation of Eq. (10.113), we have made use of the following
symmetries of the coupling function (see Eqgs. (6.120) and (6.128)),

UW (K|, K} K, K1) = UW (K}, K| K1, K>)
=UY (K, K2 K|, KS) (10.115)

which allows us to order the indices such that the shifted integration momentum
k — g never appears as an index in the coupling functions. These symmetries follow
from Egs. (6.120) and (6.128). Note that for discrete couplings u(n;, ny;ns) that
conserve momentum only approximately (so that k,,, +k,, —k,,—k,, # 0), the sym-
metries (10.115) are in general not fulfilled as for example u(n, ny; n3) describes
a slightly different scattering process than u(n,, n;ns). However, the pure initial
Hubbard interaction u(n, ny;n3) = U trivially fulfills the symmetries (10.115) for
all combinations of patch indices. For strictly momentum—conserving couplings,
e.g., for particle—particle processes on the Fermi surface, the symmetries hold and
are conserved exactly by the flow equations (10.113).

Let us now explicitly evaluate the bubble integrals IT* using a momentum cutoff.
The propagators in Eq. (10.112) are then given by Eq. (10.48), which we write as

@A(k) ’ G(K) _ _.SA(k)
iw— & iw— &

G(K) = , (10.116)

where ®,4(k) is a function that suppresses modes in a shell of width A around
the Fermi surface, and we have defined §,(k) = —9,© (k). The frequency sum in
Eq. (10.112) can be carried out via contour integration leading to
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12[ 1 :|[ . 1 i|Zif(ék)—f(iifk’)::F@(:ka&’) .
B~ Lio—§&||[+io—E& &k F &w &kl + 15x'|
(10.117)

Here, f(x) = 1/[e#* + 1] is the Fermi function and the last equality is valid for
T = 0. We thus have

S (&) — f(FEk—y)

I*n,q)=—-A Sa(k)O Ak — q)
kek, sk - équ
O(Férér—q)
—A kS s (00 4k — q) 10.118
/kekn AN A (10.118)

where the last line is again valid for T = 0. For the rest of this chapter, we will work
with a sharp energy cutoff, i.e., we set

Oa(k) = O(A < 5| < Ao) , (10.119)
where ©(X) = 1 if the logical expression X is true and @ (X) = 0 if X is wrong.

The derivative of this cutoff is §,(k) = 8(|&x| — A). For T = 0, Eq. (10.118) can
then be simplified further leading to

s 3 — ' N)O(—s5'Ej_g — A
Maq=Y / G =5 O35ty = A). (10.120)
o—t Jkek, I —ss Ek—q/A
where s = =+ labels the two types of bubbles (s = — for particle—particle and s = +

for particle-hole).

10.5.2 Spinless Fermions

To obtain FRG flow equations for spinless fermions, we may simply drop the spin
indices in our general FRG flow equation (10.37) for the effective interaction. For a
numerical treatment, this equation can be discretized as in the previous section. We
thus replace’

I'Y(Ky, K2; K3, Kg) — y(ni, nasns) , (10.121)

and obtain from Eq. (10.37) the following system of coupled ordinary differential
equations,

9 Note that for spinless fermions the discretized interactions y(ny, n;n3) have different sym-
metries than the corresponding interactions u(n, ny;n3) introduced in Eq. (10.110) for spinful
fermions with SU (2)-invariance.
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Oy (n1, nasn3) = —Aday(ny, nains)
= - Z{U‘(n, qpp)V (n1, nasn)y (na, n3;n)
n

+ITT(n, q)y (n, ng;ny)y (n, ny;n3)
+ITH(n, —qg)y (n, n1;na)y(n, ny;ny)
—I"(n, q)y(n, n3;ny)y(n, no;ng)

~ (1, ~qo)y (1, mina)y (s} . (10.122)

Here, the definitions of the bubble integrals and the associated momenta ¢ are iden-
tical to the spinful case in the previous section. To derive Eq. (10.122), we have
again used the symmetries in Eq. (10.115) which also hold for I'®. Additionally,
I'® is also antisymmetric with respect to an exchange of the ingoing or outgoing
momenta,

r' (K, Ky K>, Ki) = -I'Y (K}, K|; K>, K|) = —T'Y (K|, K}); K1, K>) .
(10.123)
Note that the antisymmetry with respect to an exchange of the first two indices
also holds for all discrete couplings y(n1, n;n3) and is preserved during the flow,
whereas the relation y(n;, ny;n3) = —y(ny, ny;ng) is only valid for couplings that
strictly conserve momentum.

The simplest application of Eq. (10.122) is to a one-dimensional chain of spinless
fermions. In this case, the patch index n can take the two values n = R = +
and n = L = — for patches around the right and left Fermi points. Due to the
antisymmetry, only a single nonvanishing coupling g needs to be considered,

mvpg =y(R,L;L)=y(L,R;R) = —y(L,R;L) = —y(R,L;R). (10.124)

Carrying out the summation over the intermediate patch index n explicitly,
Eq. (10.122) then reduces to

wvpg = —Ady(R, L; L)
= —IT"(R,0)y(R, L; R)y(R, Ly R) — IT"(L, 0)y(R, L; L)y (R, L; L)
+IT*(R, 2kp)y (R, L; R)y(R, L; R) + IT*(L, —=2kp)y(L, R; L)y (L, R; L)
= [ITT(R, 2kp) + ITT(R, =2kz) — IT* (R, 0) — ITT(R, 0)](mvpg)*
=0, (10.125)

where we have dropped terms containing the vanishing couplings y (R, R; R),

y(L,L;L), y(R,R;L), or y(L, L;R). For the last equality in Eq. (10.125), we
have used the result

. . . . 1
ITH(R, 2kp) = ITT(L, —2kp) = ITT(R,0) = IT(L,0) = 1o (10126)
TTVF
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Fig. 10.8 (a) Linearization of the energy dispersion of a one-dimensional chain around the two
Fermi points. The parabola represents the full energy dispersion while the red lines represents its
linear approximation. The thick horizontal line is the Fermi energy. (b) Classification of (lattice)
momentum-conserving two-particle interaction processes in g-ology notation. The arrows denote
the transfered momentum of the two particles

which is valid for a linearized dispersion relation around the Fermi points as will
be shown in detail in the next section. In one spatial dimension, the coupling g
thus remains marginal in the one-loop approximation and we obtain a line of fixed
points for arbitrary small g. Hence, the system remains a conductor, a so-called
Luttinger liquid, at small finite interaction strength. Note that this behavior is due
to cancellations of particle—particle and particle-hole contributions in Eq. (10.125)
which, taken individually, would lead to a runaway flow to strong coupling corre-
sponding to a charge-density-wave or pairing instability. In higher dimensions, this
cancellation does not occur any longer, and charge-density waves or paired states
can form at an arbitrary small interaction strength (Shankar 1994).

10.5.3 One-Dimensional g-ology for SU (2)-Invariant Models

An example of a system of interacting spinful fermions with a nontrivial RG flow
that can be solved analytically is a single one-dimensional chain. The patch index n
can again take the two values n = R = 4+ and n = L = — for patches around the
right and left Fermi points, respectively, as shown in Fig. 10.8a. The 2* = 8 cou-
plings u(n, ny; n3) are related in pairs by the symmetries in Eq. (10.115). Following
the standard notation in the literature (Sélyom 1979), we thus define the couplings
g1, &2, &3, and g4 as follows,

wvpgr = u(L, R;L) =u(R, L;R), (10.127a)
wvpg = u(L, R;R) = u(R, L; L), (10.127b)
wvrpgs = u(L, L;R) =u(R, R; L), (10.127¢)
mvpgs =u(L,L; L) =u(R, R;R) . (10.127d)

Note, that the coupling g3 represents Umklapp scattering, which does not conserve
momentum in a strict sense, but can conserve lattice momentum for a lattice model
at a commensurate band filling with 2k equal to a vector of the reciprocal lattice.
Here, we will only consider the asymptotic low energy regime, where we may drop
the coupling g3 altogether if the filling of the lattice is incommensurate with the
reciprocal lattice.



10.5 One-Loop Patching Approximations 293

For sufficiently weak initial interactions, the couplings are only weakly renor-
malized during the initial stages of the flow and we can analyze the asymptotic
behavior by starting with a small ultraviolet cutoff Ay <« €. We may then linearize
the dispersion relation around the Fermi points,

& ~ nvp(k — nkp) , (10.128)

where vp is the Fermi velocity and we have assumed that k is in the vicinity of the
Fermi point nkr. Recall that in one dimension the patch index assumes only the two
values n = =+ which label the left and right Fermi points. The momentum s(k — ¢)
on the second leg of the particle—particle (s = —) or particle-hole (s = +) bubble
also has to be close to a Fermi point which we will denote by n’kr. The momentum
q is then given by ¢ = (n — sn)kr and we may also linearize &_,,

‘i:(k—q) = Es(k—q) ~ Si’l/l}p(k —nkp) . (10.129)

With these preparations, the integrations in Eq. (10.120) can be carried out analyti-
cally,

. , A de S(ne —s'NO(—s'n'e — A Sy _p
(. (n — sn'kp) ~ Z/ S _dven
= J-a 2nvE 1 —s'n'e/A dmvp

(10.130)

where we have used the Morris—Lemma Eq. (7.15) in the last equality, since the
occurring product of the §- and @-function is only defined via the limit from a
smooth to a progressively sharper cutoff. For the momentum combination occurring
in Eq. (10.113), we thus have,

- - (Sn —n
I (n, qu) =1IT1"(n,(n; +no)kp) = # s (10.131a)
TTVF
- - 8"7 —n 8n n
T (n, ) = [T (n, (n3 — nokp) = T , (10.131b)
F
- - 8;1 —n 8}1 —n
I (n, —qe) = IH(n, (n2 — n3)kp) = % . (10.131¢)
F
. . Onyo— 81 n
T (n, gex) = T (n, (n1 — n3)kp) = T , (10.131d)
F

6"3,—7!15",—111

T (n, —gex) = [T (n, (n3 — n1)kp) =
47TUF

(10.131¢)
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For the particular choice n; = R, n, = L, n3 = R, we thus obtain the flow equation
drvpou(R, L; R) =

—w(L, R: Ryu(R. L R) + u(R. L; Ryu(L, R: R)

+u(L, R Lu(R, L; L) + u(R, L; Lu(L, R; L)]

—[2u(R, L; Ryu(R, L: R) — u(L, R; R)u(R, L; R) — u(R, L: Ryu(L, R: R)]

—|our, R: Lyw(L, R: L) — w(R, L: Lyu(L, R: L) — u(L, R: L)u(R. L;L)]
= —4[u(R, L; R)]*. (10.132)

Here, each term in square brackets corresponds to one of the channels in Eq. (10.113);
note that the exchange terms in the last two sums in Eq. (10.113) do not con-
tribute to the flow of this coupling. Note also the large amount of cancellations
between the particle—particle and particle-hole terms. Proceeding in a similar way
for all other combinations of external labels n; and using the shorthand notations in
Egs. (10.127a)-(10.127d), we obtain the well-known flow equations (S6lyom 1979)

hg = g1,

_ 2 2
0g2 = —(g1 — 83)/2,
083 = —g3lg1 —2¢2) ,
alg4 =0.

(10.133)

To discuss these equations, let us first consider a continuum model or a lattice model
with a band that is not exactly half filled. In the low energy and asymptotically small
coupling regime, the coupling g3 should be dropped from Eq. (10.133) altogether.
Defining the spin coupling g; = g; and the charge coupling g. = g; — 22>, the flow
equations (10.133) reduce to

hgs=—g>, g =0g4=0. (10.134)

Here, the decoupling of the equations for spin- and charge-couplings is a manifes-
tation of spin-charge separation of interacting electrons in one spatial dimension.
However, the consequences for correlation functions can be better understood using
complementary bosonization techniques (see, e.g., Sachdev 1999, Schonhammer
2003). The solution of Eq. (10.134) is given by

1

gc() = g:(0), 84(l) = 84(0) &l = [+ (g0 "~

(10.135)

For a repulsive initial spin interaction g,(0) > 0, the spin coupling g, vanishes for
| — o0 and the continuum of fixed points with g; = 0 parameterized by g. and g4 is
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approached. The absence of any divergence signals that no ordering occurs and the
resulting state is the one-dimensional analogon of a Fermi liquid, i.e., a Luttinger
liquid (Haldane 1981). In terms of the original couplings, the model at the fixed
point only contains the forward scattering terms g, and g4, as the back scattering g
flows to zero. As a consequence, the asymptotic model can be solved exactly using
bosonization techniques. Chap. 11 describes how the results from bosonization can
also be obtained within the FRG framework.

On the contrary, for an attractive spin interaction g;(0) < 0, the spin-coupling
gs(1) diverges at a finite energy scale I — [. = —[g,(0)]™'; the weak-coupling RG
approach breaks down well before this energy scale is reached. It turns out that for
a particular coupling strength the model can be solved by refermionization (Luther
and Emery 1974). The resulting state is a Luther—Emery liquid with a gap to spin
excitations (S6lyom 1979). It has strong pairing and spin correlations although no
true long range order can occur in one spatial dimension.

At half filling where the Umklapp coupling g5 is finite, it is still useful to rewrite
the flow equations in terms of spin and charge couplings,

1gs = —gs2 , 018 = —g% , 0183 = —&38c - (10.136)

Note that the flow of g; is still decoupled from the other couplings. For the flow of
g. and g3, one finds the following conservation rule

a (g5 —82)=0. (10.137)
Thus, the flow is along the hyperbolas defined by
22 _
g3 - gc = const ) (10.138)

as sketched in the flow diagram in Fig. 10.9. The line g3 = 0 is a line of fixed
points which for g, > 0 is stable against small perturbations g3 # 0, whereas for
g < 0 the fixed line is unstable and the flow diverges at a finite scale /. along the
diagonal rays with g, = £g3 < 0. For very small initial interaction strengths, the
asymptotic diagonal rays are approached right before the weak coupling approach
breaks down, suggesting a universal behavior of the system in the same basin of
attraction. Thus, the asymptotics of the one-loop RG flow equations provide a clas-
sification of the occurring states or phases of the system, even though the approach
itself breaks down when a runaway flow to strong coupling occurs. A description
of the nature of the phases, for example, their gaps and correlation functions, is not
directly accessible within the present approach.

For a one-dimensional Hubbard chain with one electron per site and with only an
on-site repulsion U, the initial couplings are identical, i.e., gy = g» = g3 = g4 x U.
The RG flow is thus toward g;(I) — 0 and along the ray g3(I) ~ —g.(I) — o©
shown as a red line in Fig. 10.9. The divergence of the charge coupling and the
vanishing spin coupling signals a gap in the charge sector and no gap in the spin
sector. In the strong coupling limit, the half-filled Hubbard model can be mapped
onto an antiferromagnetic Heisenberg spin-chain; the exact solution of this model
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g3 A

N
Z

Fig. 10.9 Schematic RG flow of the charge coupling g. and the Umklapp coupling g3 for a one-
dimensional chain with a half-filled single band. The flow of the spin coupling g, is independent
of the flow shown here. Note that the flow is formally identical with the RG flow of the two-
dimensional classical XY-model shown in Fig. 3.9 if we replace g. — x = 7fJ — 2 and g3 —
y =2me PE

via the Bethe Ansatz shows that there is indeed no gap to spin excitations. For
other choices of microscopic couplings, the flow starts at a different position in
the flow diagram in Fig. 10.9. As an example, consider a one-dimensional Hubbard
chain with on-site as well as nearest neighbor repulsion. At half filling, the g-ology
couplings are then given by

g1=u—v, g =u-+v, g =u—v, ga=u-+v, (10.139)

and thus

g =g =Uu—-v, gc=g1—2g2=—u—3v. (10140)

Here, u and v denote the strength of the on-site and nearest-neighbor repulsion in
appropriate units, respectively. When only a repulsive nearest-neighbor coupling is
present, i.e., u = 0 and v > 0, the asymptotic flow is then toward g;(/) - —oo0
and g3(l) ~ g.(I) - —oo, which is marked by a green line in Fig. 10.9. From a
microscopic perspective and in the strong coupling limit, it is straightforward to see
that the coupling v leads to the formation of a commensurate charge density wave
with every other lattice site doubly occupied and gapped spin or charge excitations.
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10.5.4 Many-Patch RG for the Square-Lattice Hubbard Model

Let us now apply the one-loop patching approximation to the two-dimensional Hub-
bard model with nearest-neighbor hopping ¢ and next-nearest-neighbor hopping ¢'.
The single-particle dispersion relation is given by

ex = —2t[cos(kca) + cos(kya)] — 4" cos(kya) cos(kya) , (10.141)

and is shown graphically in Figs. 10.10a and 10.10b. At 7 = 0 and u = 0, the
Fermi surface is a perfect square touching the boundary of the first Brillouin zone at
the points ka = (£, 0) and ka = (0, =) which are saddle points of €; and lead
to logarithmic Van Hove singularities in the density of states. The perfect square is
also called the Umklapp surface, since the parallel sides of the square are shifted by
a vector Q with Qa = (m, w). As Q is just half of a reciprocal lattice vector, this
geometry allows for Umklapp scatterings with all four legs on the Fermi surface.
An example of such a coupling is shown graphically in Fig. 10.10d. Apart from this
Umklapp property, the square Fermi surface is also perfectly nested, since a transla-
tion by the vector Q maps the Fermi surface onto itself (up to shifts by a reciprocal
lattice vector). The band filling n can be read off graphically as the ratio of the sur-
face area enclosed by the Fermi surface to the area of the complete Brillouin zone.
Thus the square Fermi surface for © = 0 corresponds to a half-filled band. Away
from half filling or for ¢’ # 0, the nesting is only approximate and Umklapp pro-
cesses exactly on the Fermi surface occur only for isolated points at the intersection
of the Fermi surface with the Umklapp surface as shown in Fig. 10.10b. However,
for Fermi surface geometries slightly away from the perfect square, Umklapp and
nesting processes are expected to still be important at higher energy scales.

Some aspects of this two-dimensional dispersion relation can be addressed by
applying the RG to simplified toy models with only a very limited number of
patches. A two-patch model containing the regions around the saddle points has
been used by several authors (Lederer et al. 1987, Furukawa et al. 1998). Due to
the Van Hove singularities in the density of states, the bare susceptibilities contain
log?-singularities and, consequently, the bubble integrals IT* have a contribution
proportional to the RG time /. The relative importance of nesting depends on the
strength of the nearest-neighbor hopping t’, since only for ' = 0 the Fermi sur-
face is perfectly nested. A solution of the RG equations shows strong tendencies to
pairing with a d-wave symmetry. However, due to nesting a gap can also appear in
the charge sector, leading not to a superconducting state, but rather to a spin-liquid
phase, similar to the d-Mott phase for the half-filled two-leg ladder (Balents and
Fisher 1996). The role of nesting and Umklapp scatterings for regions away from
the saddle points has been analyzed by placing patches around the diagonals of the
Brillouin zone, i.e., near the points ka = (£, £7) (Houghton and Marston 1993,
Furukawa and Rice 1998). It has been found that Umklapp scattering can lead to
the opening of a charge gap which, however, does not necessarily lead to long-range
magnetic ordering, but can also imply a spin-liquid behavior.
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These toy models contribute important insights to a qualitative understanding of
the low-energy behavior of two-dimensional fermionic lattice models. However, to
properly analyze the interplay of the different instabilities, the continuous nature
of the Fermi surface needs to be captured. This can be achieved by successively
increasing the number of patches in a numerical treatment of Eq. (10.113). The
spirit of such an approach is very similar to the one-dimensional model discussed
in Sect. 10.5.3, yet details of the approximation scheme differ as discussed in the
following. The focus is not so much on asymptotic low-energy scales and vanishing
coupling strength, but rather on crossover phenomena at a finite coupling strength
starting from the full bandwidth of a given lattice model.

To subdivide the Brillouin zone into the patches used in Eq. (10.113), one usually
first defines the projection of an arbitary point k in the Brillouin zone onto the Fermi
surface. This can be done by simply determining the intersection of the radial section
between the origin and k itself with the Fermi surface (Tsai and Marston 2001). A
little more elaborate projection that also respects the particle-hole symmetry for
t" = 0and u = O uses a line composed of two straight sections, from the ori-
gin to the Umklapp surface and from there to the nearest corner of the Brillouin
zone (Zanchi and Schulz 2000, Honerkamp and Salmhofer 2001). Here, we use a
more general scheme and project along a line following the path of steepest descent
(ascent) whose tangent points in the direction of the gradient of the dispersion
(Halboth and Metzner 2000). An example of such a projection is shown in
Fig. 10.10c. The original point kK now belongs to the patch whose central point is
closest to the projection of k according to an appropriate measure. Here, we simply
place the central points at a constant angular distance on the Fermi surface and use
the Euclidean distance between the projection and the central point as a measure. In

P U N
@)@ S~

Fig. 10.10 Fermi surface and patching scheme for the square-lattice Hubbard model. (a) Disper-
sion relation for t' = 0. The red square is the Fermi surface at u = 0 (also called Umklapp
surface); the blue lines are lines of constant energy; moving outward the energy is increasing in
steps of 0.5z. (b) Same as (a) for # = —0.1¢. The red line is for Van Hove filling © = 4¢'.
(c) Subdivision of the Brillouin zone into 16 patches for ' = —0.1¢ and u = 4¢'. The central
points of the patches marked by small circles are placed at regular angular intervals, an arbitrary
point is projected onto the Fermi surface along the direction of the gradient of the dispersion and
belongs to the patch whose central point is closest to the projection. (d) Graphical representation
of the Umklapp coupling u(n; = 0,n, = 1;n3 = 10) with all four legs on the Fermi surface
so that ny = 11. Legs for outgoing particles are marked by solid lines and incoming particles by
dashed lines. The color coding marks pairs of incoming and outgoing legs which belong together:
(na, n3) = green, (ny, ny) = red
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Fig. 10.10c we show 16 patches for ' = —0.1¢ at Van Hove filling. To determine
the shape of the patches, we have divided the Brillouin zone into a triangular mesh.
The center of each triangle is then projected onto the Fermi surface to determine to
which patch it belongs to. The union of all such triangles leading to the same central
point k,, then forms the patch n. The outer boundaries of these regions shown in
Fig. 10.10c are a little raggedy due to the finite size of the underlying triangles. The
flow equations (10.113) are then solved numerically with a standard Runge—Kutta
algorithm with adaptive step size control (Press et al. 2007). At each step, the inte-
grals IT*(n, q) in Eq. (10.118) for particle—hole and particle—particle bubbles have
to be determined numerically. We use a sharp energy cutoff

Oq(k) = O(&| — A) , (10.142)

leading to §4(k) = 8(|&k| — A). This §-function effectively reduces our expres-
sion (10.118) for the single-scale bubbles IT* to integrals along lines of constant
energy A in momentum space. We evaluate these numerically with an algorithm
designed for contour plotting (Bourke 1987) using the triangular mesh mentioned
above. Tabulating the energies at the corners of the triangles once at the begin-
ning, we can easily determine the triangles with edges that intersect the lines at the
energies +A. Line searches along these edges then yield the points at the given
energy. The line of constant energy is then replaced by straight lines inside the
triangles. For the Hubbard model, the initial condition for the couplings is given
by u(ny, ny;n3) = U for all combinations of n;. The integration is started at the full
band with, i.e. A = B = 8¢ for ' = 0. All following results are for U = t, i.e.,
U/B=1/8.

Results of the numerical integration for the perfectly nested Fermi surface are
shown in Fig. 10.11. At a finite renormalization group time /. corresponding to
a cutoff scale A., one encounters a runaway flow where some of the couplings
diverge. As the truncation of the hierarchy of RG equations is based on a weak

0 8 16 24 0 8 16 24 0 8 16 24 0 8 16 24

n n n ny

Fig. 10.11 Renormalization group flow for the exactly half-filled Hubbard model on a square
lattice with nearest-neighbor hopping ¢ and on-site repulsion U with U/t = 1. The coupling
strength u(n, ny;ns3) for fixed n3 = 0 is color coded as a function of n; and n,. Blue denotes
positive couplings; red would denotes negative couplings, but does not occur here. From left to
right the renormalization group time is given by [ = 0.00, 2.42, 5.28, 5.33. Results are shown for
a Brillouin zone divided into 32 patches
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Fig. 10.12 Same as Fig. 10.11 slightly away from half filling for u /¢t = —0.03. From left to right,
the RG time is given by / = 0.00, 4.90, 9.56, 11.86

coupling expansion, the approach breaks down as the couplings become large and
the integration needs to be stopped. However, the nature of the diverging couplings
can hint at the dominant correlations and the symmetry of the order parameter. Fol-
lowing Honerkamp et al. (2001), in Fig. 10.11 the relative strength of the couplings
u(ny, ny;n3) is color coded as a function of n; and n, with n; fixed at n3 = 0. As
the flow progresses and we approach the critical cutoff scale, a cross-like pattern
emerges in Fig. 10.11. The dominant couplings that form this cross are scatterings
of the Umklapp and nesting type. It is well known that at half filling and strong
coupling, the Hubbard model can be mapped onto the spin-% Heisenberg model
with nearest-neighbor antiferromagnetic exchange interaction J ~ 4t>/U. On a
square lattice the latter model has an ordered Néel ground state which suggests that
the flow to strong coupling of the Umklapp and nesting interactions should be taken
as an indication for such an ordered state.

In Fig. 10.12 the flow of the couplings is shown for a band that is slightly less than
half filled (' = 0). Initially, a cross-like pattern emerges again which is, however,
superseded by a diagonal pattern consisting of pairing interactions with k,, = —k,,,
at later stages in the flow. Note that the pairing interactions occur with different
signs. Moving along the diagonal pattern in Fig. 10.12 the sign changes four times
as k,, crosses the diagonals of the Brillouin zone. This suggests an ordered ground
state of the BCS type with a d-wave symmetry and nodes in the order parame-
ter along the diagonals of the Brillouin zone (d,2_,> symmetry). Thus a repulsive
microscopic interaction can lead to strong pairing correlations or even an ordered
state with d-wave symmetry. This is reminiscent of the Luttinger—Kohn mechanism
that leads to pairing in higher angular momentum channels via feedback from higher
energy scales. However, for the Hubbard model near half filling the RG flow is
particularly strong due to Van Hove points, so that nesting and Umklapp scatterings
lead to much higher critical energy scales.

In Fig. 10.13, we show the qualitative evolution of the strong coupling pattern as
a function of the band filling. The flow is stopped at a critical scale A, = Age ",
which we define by the condition that the largest flowing coupling reaches 160z, i.e.,
twenty times the total band width of 8. One observes a crossover between a regime
at and very close to half filling (where Umklapp and nesting interactions diverge) to
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Fig. 10.13 Pattern of coupling strength color-coded as in Figs. 10.11 and 10.12 at the
RG scale when the maximum occurring magnitude of the coupling strength reaches 160z.
Results are shown for 16 patches and from upper left to lower right are for —u/t =
0.0, 0.005, 0.01, 0.015, 0.02, 0.025, 0.03, 0.035

a regime with dominant pairing interactions. In the crossover regime, both types of
couplings remain strong.

In Fig. 10.14, we show the dependence of the critical scale A, on the chemical
potential. The critical scale A, is often interpreted as a critical temperature. With
this in mind, Fig. 10.14 shows some qualitative similarities with the phase diagrams
of high-T, cuprate materials. At half filling there is antiferromagnetic order with an
s-wave gap at the Fermi surface signaling an insulating state. Upon doping away
from half filling by introducing holes into the system, the critical scale is reduced

0.02

0.00 I
0.00 0.01 0.02 0.03 0.04

—p/t

Fig. 10.14 Critical scale A, as a function of the chemical potential for a Hubbard model on the
square lattice with the parameters ' = 0 and U/t = 1. Numerically, the critical scale is determined
as A. = Age™", where [. is the renormalization group time at which the maximum magnitude of
any of the couplings u(n;, ny; n3) reaches 160t
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and a d-wave paired state emerges. With further doping the critical scale eventually
drops to zero. It is also tempting to associate the crossover regime with the mys-
terious pseudogap phase, although no real physical picture for this regime emerges
from the RG analysis. Note that besides the global scale the width of the crossover
in Fig. 10.14 also depends on the coupling strength U and vanishes for U — 0.

References

Balents, L. and M. P. A. Fisher (1996), Weak-coupling phase diagram of the two-chain Hubbard
model, Phys. Rev. B 53, 12133. 297

Bourke, P. (1987), CONREC: A contouring subroutine, Byte: The Small Systems Journal 12, 143,
http://local.wasp.uwa.edu.au/_pbourke/papers/conrec. 299

Brazovskii, S. A. (1975), Phase transition of an isotropic system to the heterogeneous state, Zh.
Eksp. Teor. Fiz 68, 175. 275

Busche, T., L. Bartosch, and P. Kopietz (2002), Dynamic scaling in the vicinity of the Luttinger
liquid fixed point, J. Phys.: Condens. Matter 14, 8513. 280, 283

Chitov, G. Y. and D. Sénéchal (1998), Fermi liquid as a renormalization group fixed point: The
role of interference in the Landau channel, Phys. Rev. B 57, 1444. 267

Dupuis, N. and G. Y. Chitov (1996), Renormalization group approach to Fermi liquid theory, Phys.
Rev. B 54, 3040. 267

Feldman, J., M. Salmhofer, and E. Trubowitz (1996), Pertubation theory around non-nested Fermi
surfaces I. Keeping the Fermi surface fixed, J. Stat. Phys. 84, 1209. 265

Fetter, A. L. and J. D. Walecka (1971), Quantum Theory of Many Particle Systems, McGraw-Hill,
New York. 266, 270,273,274

Furukawa, N. and T. M. Rice (1998), Instability of a Landau Fermi liquid as the Mott insulator is
approached, J. Phys. Cond. Mat. 10, L381. 297

Furukawa, N., T. M. Rice, and M. Salmhofer (1998), Truncation of a two-dimensional Fermi sur-
face due to quasiparticle gap formation at the saddle points, Phys. Rev. Lett. 81, 3195. 286, 297

Galitskii, V. (1958), The energy spectrum of a non-ideal Fermi gas, Sov. Phys. JETP 7, 104. 270

Halboth, C. J. and W. Metzner (2000), Renormalization group analysis of the two-dimensional
Hubbard model, Phys. Rev. B 61, 7364. 298

Haldane, F. D. M. (1981), ‘Luttinger liquid theory’ of one-dimensional quantum fluids. 1. Proper-
ties of the Luttinger model and their extension to the general 1D interacting spinless Fermi gas,
J. Phys. C: Solid State Phys. 14, 2585. 295

Hohenberg, P. C. and J. B. Swift (1995), Metastability in fluctuation-driven first-order transitions:
Nucleation of lamellar phases, Phys. Rev. E 52, 1828. 275

Honerkamp, C. and M. Salmhofer (2001), Temperature-flow renormalization group and the com-
petition between superconductivity and ferromagnetism, Phys. Rev. B 64, 184516. 298

Honerkamp, C., M. Salmhofer, N. Furukawa, and T. M. Rice (2001), Breakdown of the Landau-
Fermi liquid in two dimensions due to umklapp scattering, Phys. Rev. B 63, 035109. 265, 300

Houghton, A. and J. B. Marston (1993), Bosonization and fermion liquids in dimensions greater
than one, Phys. Rev. B 48, 7790. 286, 297

Katanin, A. A. (2009), The two-loop functional renormalization group approach to the one- and
two-dimensional Hubbard model, Phys. Rev. B 79, 235119. 288

Kopietz, P. and T. Busche (2001), Exact renormalization group flow equations for nonrelativistic
Sfermions: Scaling toward the Fermi surface, Phys. Rev. B 64, 155101. 255, 265, 275, 279, 281, 282

Lederer, P., G. Montambaux, and D. Poilblanc (1987), Antiferromagnetism and superconductiv-
ity in a quasi two-dimensional electron gas. Scaling theory of a generic Hubbard model, J.
Physique 48, 1613. 286,297

Ledowski, S. and P. Kopietz (2003), An exact integral equation for the renormalized Fermi surface,
J. Phys.: Condens. Matter 15, 4779. 275, 282,284



References 303

Ledowski, S. and P. Kopietz (2007), Fermi surface renormalization and confinement in two coupled
metallic chains, Phys. Rev. B 75, 045134. 280, 282, 283, 285

Ledowski, S., P. Kopietz, and A. Ferraz (2005), Self-consistent Fermi surface renormalization of
two coupled Luttinger liquids, Phys. Rev. B 71, 235106. 282, 285

Lifshitz, E. M. and L. P. Pitaevskii (1980), Statistical Physics, Part 2, Pergamon Press, Oxford. 267,269

Luther, A. and V. J. Emery (1974), Backward scattering in the one-dimensional electron gas, Phys.
Rev. Lett. 33, 589. 295

Luttinger, J. M. (1960), Fermi surface and some simple equilibrium properties of a system of
interacting fermions, Phys. Rev. 119, 1153. 275

Metzner, W. (2005), Functional renormalization group computation of interacting Fermi systems,
Prog. Theor. Phys. Suppl. 160, 58. 285

Metzner, W., C. Castellani, and C. Di Castro (1998), Fermi systems with strong forward interaction,
Adyv. Phys. 47, 317. 284

Negele, J. W. and H. Orland (1988), Quantum Many-Particle Systems, Addison-Wesley, Redwood
City. 255,273,274

Nozieres, P. (1964), Theory of Interacting Fermi Systems, Benjamin, New York. 275

Pines, D. and P. Nozieres (1966), The Theory of Quantum Liquids, Vol I: Normal Fermi Liquids,
Benjamin, New York. 267

Press, W. H., S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery (2007), Numerical Recipes: The
Art of Scientific Computing, 3rd ed., Cambridge University Press, New York. 299

Sachdev, S. (1999), Quantum Phase Transitions, Cambridge University Press, Cambridge. 294

Sakurai, J. J. (1994), Modern Quantum Mechanics, Addison-Wesley, Reading, MA. 269

Salmhofer, M. (1998), Continuous renormalization for fermions and Fermi liquid theory, Comm.
Math. Phys. 194, 249. 265

Salmhofer, M. and C. Honerkamp (2001), Fermionic renormalization group flows, Prog. Theor.
Phys. 105, 1. 255,265

Sauli, F. and P. Kopietz (2006), Low-density expansion for the two-dimensional electron gas, Phys.
Rev. B 74, 193106. 272

Schonhammer, K. (2003), Luttinger Liquids: The Basic Concepts, in D. Baeriswyl and L. De
Giorgi, editors, Strong Interactions in Low Dimensions, Kluwer Academic Publishers, Berlin. 294

Shankar, R. (1994), Renormalization group approach to interacting fermions, Rev. Mod. Phys. 66,
129. 267,275, 284,292

Shiwa, Y. (2006), Exact renormalization group for the Brazovskii model of striped patterns, J. Stat.
Phys. 124, 1207. 275

Sélyom, J. (1979), The Fermi gas model of one-dimensional conductors, Adv. Phys. 28, 201. 292,294,295

Sudakov, V. V. (1956), Vertex parts at very high energies in quantum electrodynamics, Sov. Phys.
JETP 3, 65. 271

Tam, K.-M., S.-W. Tsai, and D. K. Campbell (2006), Functional renormalization group analysis
of the half-filled one-dimensional extended Hubbard model, Phys. Rev. Lett. 96, 036408. 286, 287

Tsai, S.-W. and J. B. Marston (2001), k—~(BEDT-TTF ), X organic crystals: Superconducting versus
anti-ferromagnetic instabilities in the Hubbard model on an anisotropic triangular lattice, Can.
J. Phys. 79, 1463. 298

Zanchi, D. and H. J. Schulz (2000), Weakly correlated electrons on a square lattice: Renormaliza-
tion group theory, Phys. Rev. B 61, 13609. 298



Chapter 11
Normal Fermions: Partial Bosonization
in the Forward Scattering Channel

The advantage of the one-loop patching approximation discussed in Sect. 10.5 is
that this approach is completely unbiased, because it retains on equal footing the RG
flow of all marginal couplings related to the four-point vertex. An obvious disadvan-
tage of the one-loop patching approximation is the fact that it breaks down when at
least one of the marginal couplings becomes large, which usually happens when the
RG cutoff A reaches a finite scale A.. For the two-dimensional Hubbard model with
nearest-neighbor hopping we have explicitly calculated the scale A, in Sect. 10.5.4,
see Fig. 10.14. Although it seems reasonable to assume that the coupling which
diverges at the smallest RG scale indicates the dominant instability of the system,
there is no proof that this is always the case. It would certainly be more convincing to
detect the instabilities within a method which does not break down as soon as the RG
flow leaves the weak coupling regime. Note also that wave function renormalization
effects which are neglected within the one-loop patching approximation usually
slow down the growth of the coupling constants and in certain cases completely
remove the strong-coupling instabilities predicted by the one-loop patching approx-
imation (Ferraz 2003, Freire et al. 2005, 2008). Unfortunately, within the framework
of the purely fermionic FRG it is rather difficult to systematically include two-loop
corrections responsible for the wave function renormalization into the analysis of
the FRG flow equations (Katanin 2009).

In this chapter we shall describe an alternative FRG approach to interacting
fermions which is based on the introduction of collective bosonic fluctuations via
suitable Hubbard—Stratonovich transformations. Keeping in mind that the low-lying
excitations of interacting fermions consist not only of fermionic quasiparticles but
also of bosonic collective excitations (Pines and Nozieres 1966), it is natural to intro-
duce bosonic fields representing the relevant collective fluctuations into the FRG
equations for interacting fermions. Of course, as will be discussed in more detail in
Sect. 12.6, a given fermionic interaction can be decoupled in infinitely many ways
by means of Hubbard—Stratonovich transformations (Hamann 1969, Wang et al.
1969, Castellani and Di Castro 1979, Schulz 1990, Macédo and Coutinho-Filho
1991, Dupuis 2002, 2005, Borejsza and Dupuis 2003, Bartosch et al. 2009a), so that
the choice of a particular Hubbard—Stratonovich decoupling implies an assumption
about the nature of the dominant collective fluctuations in the system. The partially

Kopietz, P. et al.. Normal Fermions: Partial Bosonization in the Forward Scattering
Channel. Lect. Notes Phys. 798, 305-326 (2010)
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bosonized FRG for fermions introduced in this chapter is therefore not as unbiased
as the purely fermionic FRG discussed in Sect. 10.5. On the other hand, for special
types of interactions a certain scattering channel might be singled out already in
the bare action, suggesting a Hubbard—Stratonovich decoupling of the two-body
interaction in this channel. A simple truncation in the bosonic sector of the partially
bosonized theory corresponds then to an infinite resummation of the interaction
in fermionic language, so that in this way the strong coupling regime is accessi-
ble. Another advantage of the partially bosonized FRG is that this method is very
convenient to describe the symmetry-broken phase, because the order parameter
can usually be constructed in terms of the expectation value of a suitably defined
Hubbard—Stratonovich field, as will be discussed in Chap. 12.

The exact hierarchy of FRG flow equations for the one-line irreducible vertices
of general Bose-Fermi theories has first been derived by Schiitz et al. (2005) and
can be obtained as a special case of the general FRG flow equations given in
Chap. 7. A related approach using partially bosonized effective actions for inter-
acting fermions has been developed by Correia et al. (2002), who applied a gra-
dient expansion to a functional version of the Callan-Symanzik equation, and by
Wetterich (2007), who truncated the exact FRG flow equation for the generating
functional of the irreducible vertices using the derivative expansion. For recent
applications of this method see (Baier et al. 2004, 2005, Ledowski and Kopietz
2007, Strack et al. 2008, Floerchinger et al. 2008, Jakubczyk et al. 2008, Bartosch
et al. 2009a,b).

We consider in this chapter a system of fermions which interact via long-range
density—density forces. The Euclidean action of our model is of the form (10.1),
with the Gaussian action So[v/, Y] given in Eq. (10.2) and the interaction is now

- 1 oo -
Sily, vl = 3 ;/K 12’ PkoPRo (1L.1)
where the composite field pg, represents the Fourier components of the density,

Pko :/ VkoVkikoo - (11.2)
K

Note that the pg, have the symmetry pg, = p_k,. The discrete flavor index o is
formally written as a spin projection, but includes all other flavor labels. Throughout
this chapter, labels with a bar such as K =(a, I_c) refer to bosonic frequencies and
momenta, while labels without a bar refer to fermionic ones. We assume that the
momentum-dependent interaction parameters f " are dominated by small momen-
tum transfers k (forward scattering), so that 17 " is negligibly small as soon as

|k| exceeds a certain characteristic scale g. < k. In real space the corresponding
density—density interaction is then long range with characteristic length scale g I
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11.1 Hubbard-Stratonovich Transformation in the Forward
Scattering Channel

For bare interactions whose Fourier transform is strongly enhanced for small momen-
tum transfers, the effective interaction is strongly renormalized by particle-hole
forward scattering processes. It is then natural to decouple the density—density
interaction by means of a real Hubbard—Stratonovich field ¢, which couples to
the Fourier components pg, of the density. As already discussed in Sect. 2.2.1,
Hubbard-Stratonovich transformations are based on the formula (2.25) for mul-
tidimensional Gaussian integrals and its complex analogue. Setting s = —iy in
Eq. (2.25), we have

( N /OO dX‘ 1 1
I L) emax Ar—iv'x _ [det Al 122 ATy (11.3)
i=1v 70N 277)

Let us also give the complex version of this identity,

(ﬁfoo dReZideImZi> efzfAzfiaizfisz — [detA]flefaTA"b ’ (11.4)
i=1Y 7~

where z, @ and b are complex N-component vectors. We now read the identity (11.4)
from right to left to decouple the density—density interaction (11.1) in terms of a real
Hubbard-Stratonovich field ¢,, whose Fourier components satisfy ¢_z, = ¢% .
To avoid double counting of the components with labels K and —K, we write the
interaction (11.1) in terms of just one of them denoted by K > 0 and treat the K = 0
term separately,

- / 1 /
iy, ¥ =Z/}_{ I plzgplzg/+m—‘,2f5”’ Pos Poo - (11.5)

The first term can now be decoupled using Eq. (11.4) once for every K, while
for the second term we use the real Gaussian integral (11.3). The result of both
contributions can be recombined to write the interaction in the form (Kopietz 1997,
Schiitz 2005)

_ , —Solg]=S$1[7. .91
o SIIVT =3 S [ 177 o PR — J/ Dlgle” 1> ’
fD[gg]e*SO[w]

(11.6)

where the free bosonic part is given by

Solgl =33 /K (5] erore (11.7)
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and the coupling between Fermi and Bose fields is

Sl[lp’ W, (P] =i Z\/{:{pka(ﬂko =i Z/;(/;_('/}KJrK,oWKU(Pka . (11.8)

The integration measure in Eq. (11.6) is

d(pOG dRe¢ka dlm(pf((r
Dly] = 1‘[ o ]‘[ - . (11.9)
o K=>0

In field theory language, the real field ¢ represents the bosonic particle whose
exchange mediates the interaction between the fermions.

Next, we rewrite the above Bose—Fermi theory in the superfield notation intro-
duced in Chap. 6. For the ratio of the partition functions with and without interaction
we write

Z [ DY, yleS-vI=silvv]

2 [ DIy, yle=Solv-v]

[ DI, §, ple SWAI-SlI-S0vel [ DlgeSI)
T DIV . gle SISl [D[@eSl®l

(11.10)

where @ = [V, Vs, ¢ is a three-component superfield with one bosonic and two
fermionic components,' and the superfield action is

S[P] = Sol @1+ Si[@] = Solvr, Y1+ Solel + Silvr, ¥, o] - (1L.11)

As in Eq. (6.3), we write the quadratic part So[@] of our action in the symmetric
form

_ 1
Sol®] = Sol¥r, Y1+ Solgl = =3 (,[Go]l ' @)

1
=5 [ [ eatGal o (11.12)

where Gq is now a matrix in frequency, momentum, spin, and field-type indices,
and « is a “superfield label” for all of these indices, as explained after Eq. (6.3) in
Chap. 6. For our theory, the matrix G ! has the block structure

1 It is understood that each component of @ = [V, ¥y, @] consists of several flavors labeled
byo.
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0 ¢IG,'1" 0
G'=16," 0 0 : (11.13)
0 0o —F!
where ¢ = —1 and G and F} are infinite matrices in frequency, momentum, and
spin space, with matrix elements
[Golko, ko’ = 8k.k'800:Go.0 (K) (11.14a)
[Folko.k'er = Sk 1k .0F0.00'(K) | (11.14b)
where
Goo(K) =liw—&o]™" (11.15a)
Fooor(K) = 27 (11.15b)

Note that the bare interaction plays the role of a free bosonic Green function. The
inverse of the matrix in Eq. (11.13) is the free superfield propagator,

) (11.16)

which satisfies GI = ZGy = GyZ, in agreement with Eq. (6.4). The superfield
self-energy X is related to the exact superfield propagator G via the Dyson equa-
tion (6.34) and contains the fermionic irreducible self-energy X, (K) and the one-
interaction-line irreducible polarization I, (K) in the following blocks,

0 ¢[217 0
>=|{2 o o], (11.17)
0 0 II
where
[Eko, k00 = 85,5800 2o (K'Y, (11.18a)
[Tke.ke = Sk sk 0800 TT(K) . (11.18b)

These matrices are flavor-diagonal because the bare coupling S;[¥/, v/, ¢] between
Fermi and Bose fields in Eq. (11.8) is diagonal in the flavor index o. The exact
superfield Green function G = [Ga = 2]71 has then the same block structure as
the free propagator (11.16),

0 G o0
G=|¢6T0 0o |, (11.19)
0 0-—F
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where the blocks contain the exact single-particle Green function G,(K) =
(G, !(K) — Z,(K)]" and the effective (screened) interaction F,,(K),

~ A &1

[Glkoko =[Gy = E]go o = Ok k800 Go(K) (11.20a)
~ A a1 Z

(Flgo.kor = [Fo ' + Mgy g0 = Sx4570 Foo(K) . (11.20b)

11.2 Exact FRG Flow Equations

To derive exact FRG flow equations for the vertices of our mixed Bose—Fermi theory
given above, we introduce a cutoff A into the Gaussian propagator, Go — Gy 4, as
discussed in Sect. 7.1. Since our theory contains both bosonic and fermionic fields,
we have the freedom of introducing the cutoff into both bosonic and fermionic
sectors, or only into one of them. In the latter case the structure of the FRG flow
equations simplifies due to the absence of single-scale propagators associated with
the field without cutoff, but we should impose a nontrivial initial condition on the
FRG flow (Schiitz and Kopietz 2006). In practice, it can be advantageous to intro-
duce a cutoff only in the bosonic sector of the theory (Schiitz et al. 2005, Ledowski
and Kopietz 2007, Bartosch et al. 2009a,b). Since in the model considered here
the bosonic field ¢ mediates the interaction between the fermions, the reduction
of a momentum cutoff in the corresponding bosonic propagator amounts to the
elimination of scattering processes involving large energy—momentum transfers. We
therefore refer to this cutoff procedure as the momentum transfer cutoff scheme.

To begin with, let us first write down the exact FRG flow equations for a gen-
eral cutoff procedure and subsequently discuss the simplifications in the momentum
transfer cutoff scheme. The action given in Egs. (11.8), (11.11), and (11.12) is a
special case of the general class of actions considered in Chap. 7, so that the FRG
flow equations of our model can be obtained from the flow equations derived there.
For simplicity, we ignore the renormalization of the vacuum expectation value” of
the bosonic field ¢, so that we may use the FRG flow equations without vacuum
expectation values given in Sect. 7.3. To classify the various diagrams, it is useful
to switch from the general notation used in Chap. 7 to a more explicit notation
which exhibits the different field types. We define the partially symmetrized flowing
irreducible vertices F/(‘Z"’m) with 2n external fermion legs and m external boson legs
by writing the functional Taylor expansion of the generating functional I'[, ¥/, ¢]
of the irreducible vertices of our cutoff-dependent theory in the form

2 The vacuum expectation value of our Hubbard—Stratonovich field ¢ is related to the Hartree
correction to the fermionic self-energy, which can be eliminated by a shift of the chemical potential.
Alternatively, we may assume that f/f:() = 0, implying that also the vacuum expectation value
(¢pk=0) vanishes.
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_ ad 1
FIip.pl = —/ / / / / /
n,ngo (n!)zm! Kioj 20, Y Kioy K0, J K16 KonGom

n-n
X 3Kf+---+K,§,K| oA KK+ Ky

(2n,m) i . KA ~
xI"™ (Kiof,....K 0, Kyou, ..., Kio1; K161, ..., KuGn)

n’n*
XUkiol o UKo VKo, - VK101 PR5y - -+ - PRy -
(11.21)

Because our theory is characterized by three types of fields, we represent the vertices
F/(f"’m) graphically by triangles whose sides are associated with the different field
types, as shown in Fig. 11.1. Note that in Eq. (11.21) we have factored out the
momentum and frequency conserving §-functions in the definition of the vertices
F/(f”’m). Apart from this, the totally symmetric vertices defined by the expansion
(6.60) coincide with the corresponding partially symmetrized momentum conserv-
ing ones in Eq. (11.21) for the same order of the indices, see Eq. (10.29). As a
consequence, we can obtain the flow equations for the vertices F/(f"’m) by choos-
ing in the corresponding flow equations for the completely symmetrized vertices
derived in Sect. 7.3 a definite realization of the external legs and by carrying out the
intermediate sums over the different field species, i.e., by drawing all possible lines
in the intermediate loop (two possible orientations of solid lines or one wiggly line).
On the right-hand side one then has to appropriately order all the legs on the vertices
keeping track of signs for the interchange of two neighboring fermion legs. Having
done so, we can use the pictorial dictionary in Fig. 11.1 to obtain diagrams involving
the partially symmetrized vertices I"?"™ appearing in Eq. (11.21). In this way, we
obtain from the diagram representing the FRG flow of the completely symmetric
two-point vertex shown in Fig. 7.2 the corresponding diagrams for the fermionic
self-energy in Fig. 11.2 as well as for the irreducible polarization shown in Fig. 11.3.

,»‘*:_>_

¥ ¥

/\"fv\:-w /v-‘rv\:-'v\qﬁm
© © o ©

Fig. 11.1 Graphical notation for the partially symmetrized vertices I /(\2""") with 2n fermion legs
and m boson legs defined via Eq. (11.21). We also show the corresponding vertex in the superfield
notation used in Chaps. 6 and 7. The diagrams on the right-hand sides of the last two lines represent
the exact propagators G, G, F and F respectively. The wavy line is associated with the bosonic
field ¢, while for fermions we use the same symbols as in Fig. 10.1. Recall that our Bose field is
real because it couples to the density, so that it should be represented graphically by an undirected
line
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A

»

Fig. 11.2 Flow of the irreducible fermionic self-energy. The diagrams are obtained from the
superfield diagrams shown in Fig. 7.2 by specifying the external legs to be one outgoing and one

incoming fermion leg
1 &
+ 4
i
— ¢ ; : ;

Fig. 11.3 Flow of the irreducible polarization, obtained from the superfield diagrams in Fig. 7.2
by setting both external legs equal to boson legs. Note that each closed fermion loop gives rise to
an additional factor of { = —1

=—

— ¢

Moreover, if we specify the external legs in the diagram for the totally symmetrized
three-legged vertex shown in Fig. 7.3 to be two fermion legs and one boson leg, we
obtain the diagram representing the FRG flow equation for the three-legged vertex
shown in Fig. 11.4. Obviously all diagrams shown in Figs. 11.2, 11.3, and 11.4 can
be subdivided into two classes: those involving fermionic single-scale propagators
(where the slash appears on internal fermion lines), and those with bosonic single-
scale propagators (where the slash appears on internal boson lines).

Let us now adopt the momentum transfer cutoff scheme, where only the bosonic
propagator is regularized via a momentum transfer cutoff. Then all diagrams in
Figs. 11.2, 11.3, and 11.4 involving slashed fermion lines should be simply omitted.
Explicitly, the exact FRG flow equations for the fermionic self-energy X, (K) and
the irreducible polarization I, (K) are then
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A Al - A
Db bA bAoA

AR

Fig. 11.4 Flow of the three-legged vertex with two fermion legs and one boson leg, obtained as a
special case of the diagram in Fig. 7.3

1 . _ _ _
X, (K) = 3 / Foo(K)T??(Ko;Ko; Ko, —Ko)
K

+/ Faa(k)Ga(K+I_()F(2’l)(K+I_(O';KO';I_(O')
K

xI'®YKo;K + Ko;—Ko) , (11.22)

7 1 » /N 70,4 ! ! 7 7
oAl (K) = 3 Foou(KNI'""(K'o,—K'o, Ko, —Ko)
I_{/

— / Fou(KYFy0o(K + KNI (—Ko,K + K'o, —K'0)

xI'%K'e,—K — K'o,Ko) . (11.23)

The simpler structure of the FRG flow equations in the momentum transfer cutoff
scheme comes at the price of a nontrivial initial condition: at the initial scale A =
Ay all interaction lines are effectively turned off while fermion propagator lines
are fully functional. In addition to the bare three-legged interaction vertex, the only
one-line irreducible diagrams that can be drawn under these conditions are closed
loops of fermionic propagators. These loops have to be symmetrized with respect
to the exchange of external bosonic legs as shown in Fig. 11.5. The initial condition
for the purely bosonic vertices is therefore given by the symmetrized fermion loops,

_ _ i" _
r"™ ko, ..., Kyo) = — Z[ Go,o(K)Goo(K + Kp(1))
P K

.Goo(K+Kpay+ ...+ Kpem—ry) . (11.24)



314 11 Normal Fermions

Fig. 11.5 Initial condition for the pure boson vertices in the momentum transfer cutoff scheme.
The sum is taken over the m! permutations of the labels of the external legs

A more formal derivation of the initial conditions in the momentum transfer cutoff
scheme can be found in Schiitz and Kopietz (2006). For fermions in D dimensions
with a quadratic dispersion the fermion loops of the type (11.24) withm > (D + 1)
can be reduced to the more elementary loop with D + 1 external legs (Neumayr and
Metzner 1998, 1999, Kopper and Magnen 2001, Pirooznia et al. 2008). In particular,
for D = 1 the loops with n > 2 external legs can be expressed in terms of the two-
loop, i.e., the noninteracting polarization. Explicit expressions for the symmetrized
loops with three and four external legs for one-dimensional fermions with quadratic
dispersion can be found in Pirooznia et al. (2008).

In order to assign scaling dimensions to the vertices which can be used to classify
the vertices according to their relevance in the RG sense, we have to define how we
rescale momenta, frequencies and fields under the RG transformation. Such a rescal-
ing is not unique and depends on the nature of the fixed point under consideration.
As discussed in Sect. 10.4 (see Egs. (10.67), (10.76), and Fig. 10.7), in the presence
of a sharp Fermi surface the fermionic momenta should be rescaled such that only
the projection 8k = ¥ - (k — kF) is modified by the rescaling. But the component
8k is defined with respect to a given point k » on the Fermi surface, so that a global
rescaling of all fermionic momenta in the vicinity of the Fermi surface leads to rather
complicated geometric constructions, as discussed in Sect. 10.4.2. The rescaling
problem simplifies for forward scattering problems where the maximal momentum
transfer g, is small compared with &k, so that one can subdivide the Fermi surface
into patches whose size is still larger than g, but small compared with the typical
kr. Then the patches effectively decouple and it is sufficient to consider only a fixed
reference point kr on the Fermi surface (Schiitz et al. 2005).

While the rescaling of purely bosonic vertices follows from straightforward
power counting, the proper rescaling of mixed boson—fermion vertices in theories
where the fermionic and bosonic sectors are characterized by different dynamic
exponents is determined by the field with the largest dynamic exponent, as dis-
cussed by Schiitz et al. (2005). See also the recent work by Yamamoto and Si (2009)
for a detailed analysis of the rescaling problem in mixed Bose—Fermi theories. In
this chapter we shall work with unrescaled FRG flow equations and thus avoid
possible subtleties associated with the rescaling procedure in mixed Bose—Fermi
theories.
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11.3 Dyson-Schwinger and Skeleton Equations

As discussed in Sect. 6.3.3, the invariance of the functional integral under infinitesi-
mal shifts of the integration variables implies the so-called Dyson—Schwinger equa-
tions (also called skeleton equations), which are relations between vertex functions
of different order. These relations are valid for any value of the running cutoff A and
can be used to truncate the hierarchy of flow equations (Bartosch et al. 2009a,b). For
the general class of theories considered in Chaps. 6 and 7 the functional version of
the Dyson—Schwinger equation is given in Eq. (6.132). For our coupled Fermi—Bose
system with Euclidean action S[/, ¥, ¢] given by Eqs. (11.8), (11.11), and (11.12)
involving three types of fields Eq. (6.132) is actually equivalent with the following
three equations (Schiitz et al. 2005),

LS 82
(JKJ —Z[f,—:']”m)g—i;fl(—g =0, (11.25a)

P 5jK+I_(08.7Ka
1) 582G
CTke T liow — &kl — )g—i/ — =0, (11.25b)
( (SJKU K 5]K+I_(08J—I_(U
1) 5%G
Jko tliw — &kl — )Q—i/ ———— =0. (11.25¢)
( 8]1(0 K 8.]1(71_(08']71_(0

Here, the sources are defined by writing
(J,®)=G. W+, H+U" e =

Z/ijwka +Z/K12fkajka +Z'/’_(J};6(pga , (11.26)

which amounts to identifying the components of the supersource J, by (J,) =
(7, ¢j, J*). Expressing these equations in terms of the generating functionals
GclJ, j, J]of the connected Green functions and the corresponding generating func-
tional I"[¥, ¥/, @] of the irreducible vertices defined in Egs. (6.19) and (6.61), we
can alternatively write the Dyson—Schwinger equations in the following form,

°r f [iﬁ Vo + &G ] 0 (11.27a)
—1 KoVko + ———— | =0, -/
kaa K Kk, SJKO'S.]K-FI_(,U
AL ]
—i coPke +——o =0, (11.27b)
810[(‘7 K é‘l/fKJrK’ vE 8]K+k,08J—Ka
or f W + 5°G 0 (11.27¢)
= —1 % i —_— | = . . C
P 1 R T PR Y

The second functional derivatives of G, can be expressed in terms of the irre-
ducible vertices using the tree expansion (6.82). Taking derivatives of Eqs. (11.27a),



316 11 Normal Fermions

(11.27b), and (11.27c) with respect to the fields and then setting the fields equal
to zero, we obtain skeleton equations of the irreducible vertices of the underly-
ing fermion model which are different from the skeleton equations obtained in the
purely fermionic parametrization in Sect. 6.3.3. Let us begin by deriving a skeleton
equation relating the irreducible self-energy to the three-legged boson-fermion ver-
tex. To this end we simply differentiate Eq. (11.27¢) with respect to g, . Using the
fact that by definition

or 1) X (K) (11.28)
— =0k, k' 2o , .
Y k68 Ko |fietas=0 '
we obtain
5%G.
Sk .k 2s(K) =i/ — g ) (11.29)
k 8Yko8]k-k.08J Ko lgeras—o

On the other hand, from the v = 1 term in the expansion (6.82) it is easy to show
that

53G.
Yk o8TKk-K.00J Ko lfelgsmo
= 8k.k Foo(K)Go (K + K)T*V(K + K03 Ko; Ko) (11.30)

so that we finally obtain the skeleton equation

Y (K)= if F,o(K)Gy(K + K)T*Y(K + Ko:Ko:Ko) , (11.31)
K

which is shown graphically in Fig. 11.6(a). Recall that in Sect. 6.3.3 we have derived
an alternative skeleton equation for the irreducible self-energy involving the irre-
ducible vertex with four fermionic external legs, see Eq. (6.139) and Fig. 6.7.

Similarly, we obtain the skeleton equation of the irreducible polarization by
differentiating Eq. (11.27a) with respect to ¢_g,,,

_ 83G.
N, (K)=i / _ g ,
K 8‘P—k08]K,08]K+ka fields=0
= —i{/ G, (K)Gy,(K + KYT®Y(K + Ko;Ko;Ko) , (11.32)
K

which is shown diagrammatically in Fig. 11.6(b). Finally, applying the operator

82 .
PR to Eq. (11.27a) and subsequently setting the fields equal to zero we

obtain the skeleton equation for the three-legged vertex shown in Fig. 11.6 (c),
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-

(b) =—¢

(c) :»é;—c

Fig. 11.6 Skeleton diagrams for (a) the one-particle irreducible fermionic self-energy; (b) the
one-interaction-line irreducible polarization; and (c) the three-legged vertex with two fermion legs
and one boson leg. The small black circle denotes the bare three-legged vertex. Thin lines denote
external legs. The other graphical elements are the same as in Fig. 11.1

'YK +Ko;Ko;Ko) =i

—it | Go(KNGys(K'+ K)I'*OK 4+ Ko,K'oc;K'+ Ko, Ko) .| (11.33)
K/

Skeleton equations for higher-order vertices can be obtained analogously from the
appropriate functional derivatives of Egs. (11.27a), (11.27b), and (11.27c). We
emphasise that the above skeleton equations are valid for any value of the running
cutoff A, so that they can be used to close the hierarchy of FRG flow equations for
theories involving both bosonic and fermionic fields (Bartosch et al. 2009a,b).

11.4 Ward Identities

Ward identities are relations between vertex functions of different order which fol-
low from the symmetries of a given model. For normal Fermi systems with density-
density interactions involving only small momentum transfers |q| < kr the number
of fermions with momenta in a given patch on the Fermi surface is approximately
conserved. More precisely, the patch must be sufficiently small so that the variation
of the corresponding Fermi velocity vy within this patch can be neglected. Then we
may associate with this patch an emergent U(1)-symmetry (Haldane 1992, 1994)
corresponding to the conservation of the number of fermions with momenta in this
patch. In one dimension, where the Fermi surface consists only of two points, the
Ward identities associated with this U(1) x U(1)-symmetry have been employed by
Dzyaloshinskii and Larkin (1974) to calculate the Green function of the Tomonaga-
Luttinger model exactly. A generalization of this approach to higher dimensions has
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been developed in Castellani et al. (1994) and Metzner et al. (1998). The enhanced
symmetry of interacting Fermi systems with dominant forward scattering also forms
the basis of the method of higher-dimensional bosonization (Haldane 1992, 1994,
Houghton and Marston 1993, Houghton et al. 1994, 2000, Castro-Neto and Fradkin
1995, Kopietz et al. 1995, Kopietz and Schonhammer 1996, Kopietz 1997, Bartosch
and Kopietz 1999).

The advantage of our FRG approach with momentum transfer cutoff is that it
does not violate the Ward identities associated with the emergent U (1)-symmetries.
Let us now derive these Ward identities within the framework of our functional inte-
gral approach. Consider the generating functional G[j, j, J] of the Green function
of our mixed Bose—Fermi theory, which according to Egs. (6.13) and (11.10) can be
written as

g1y, j,J1 = %f@[lp’ ¥, ¢]e*S[‘7/"/f’¢|+(],T//)Jr(T/_/,j)vL(J*qW) , (11.34)

where the action S[V/, ¥, ¢] = S[@] is defined in Egs. (11.8), (11.11), and (11.12).
If we rewrite the parts of the action involving the fermionic fields v and v in real
space and imaginary time, we have

S, ¥, @1 = Sol¥r, Y1+ Solel + Silvr, ¥, 1, (11.35)

where the bosonic part Sy[¢] of the Gaussian action is given in Eq. (11.7), and
Sl ¥1= / Vo (X)0: Y (X)
— Jx
+ Z/dr /dDr /dDr’ Yo (T, )ex(r — rV, (T, ') ,(11.36)

Sy, Y gl =iy / Vo (X)W (X)ps (X) . (11.37)
= X

Here, X = (t,r), [, = [dt [ d”r, and the Fourier transform of the dispersion is
defined by

de ikr
£, (r) = / Gomyp ¢ (1138)

Suppose now we perform a local gauge transformation on the fermion fields, defin-
ing new fields v’ and ¥/’ via

Yo (X) = Xy (X) | P,(X) = e Xy (X), (11.39)

where o, (X) is an arbitrary real function. It is easy to show that, to linear order in
o, (X), our action S[yr, ¥, ¢] transforms as follows,
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Sle™™ P ey ol = SIF . ¥ gl + iy / 7, CO18:t (X)1YL(X)
o JX

_ iZ/dr /dDr /dDr/ Ul (t, r)las (T, 1) — ag (T, F)E(r — r)Y. (T, 1) .

(11.40)

Using this relation, we see that the invariance of the generating functional (11.34)
with respect to the change of integration variables defined by Eq. (11.39) implies,
to linear order in o, (X),

/ DIV, v, w]e‘w"”"”*(-"W”(‘”’-’”*“*’”{— > f Tro (X)[B:000 (X6 (X)
o X
+ X [ar [atr [ar o et - e et = v e
+ (J.ay) — (Yo, j) }=0. (11.41)

Taking a functional derivative of this equation with respect to o, (X) we obtain in
Fourier space

8G 43 8G . 8G }
JK+Ko oo — JKo 5
Kok 8.]1(0’ K 8.]K+I_((f

/ {[ia) — &iio + Eio
K

8JkodjKk ko

(11.42)
Introducing the generating functional G, of the connected Green functions as in
Eq. (6.19), and expressing the last two terms in Eq. (11.42) in terms of the generating
functional I'[, ¥, ¢] of the irreducible vertices as defined in Eq. (6.61), we obtain

8Ge
10— &iko t ool o
/K { o= buie ¥ o) 5
ke — L }—0 (11.43)
Ko 81//'K+[(g K+Ko 8{&1(0 .

Alternatively, using the Dyson-Schwinger equation (11.27a), we may rewrite
this as

8 Y PR o e
Lw 8(ng wl(-ﬁ-l(a Ich l §k+k o Ekcr SJKUSjKJr[_(O-

/[ 8T _ o er }_0
IpKa(Sl//KJrKg WK-&-KU 51}1@ -

(11.44)
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From the functional Ward identities (11.43) and (11.44) we may derive Ward identi-
ties for the vertices by taking functional derivatives. For example, taking the deriva-
tive of Eq. (11.44) we obtain

Sp_
ioly(K)—I5(K)=0, (11.45)

where the irreducible polarization IT,(K) has the skeleton expansion (11.32), and
we have defined

5(K) = —ig /K(Ek+1},a — &k0)Go(K)G o (K + K)

xI'*YK + Ko;Ko;Ko) . (11.46)

Equation (11.45) is a relation between response functions, which follows more
directly from the equation of continuity.

If we are interested in vertices involving at least one fermionic momentum
our functional Ward identities (11.43) and (11.44) can be further simplified if we
assume that the momentum transfered by the interaction is small. Then all fermionic
momenta lie close to a given point k , on the Fermi surface so that we may replace
under the integral sign in Eqs. (11.43) and (11.44),

ko — ko = Vro -k . (11.47)

This approximation amounts to the linearization of the energy dispersion relative
to the point kr, on the Fermi surface. Using again the Dyson—Schwinger equation
(11.27a), our master Ward identity (11.44) reduces to

(. - F k) —_ / } 'lﬂ
Lw Vrog l K+Ko o
S K K

T L | =0 11.48
[|:¢K081//K+Ka 1}ﬁk-‘_’(ﬂ(sfﬁl(tril_ . ( . )

Differentiating this simplified functional Ward identity with respect to the fields
using the relation (11.28) as well as

83r

_ =I'*YK +Ko;Ko:Ko), (11.49)
8@120510[(031/[1(4”‘(0_

fields=0
8‘r
5‘P1‘(1a5€01‘<2(r5¢1(a51p1<+1?1+1?za fields=0
=TI *?(K + K| + K203 Ko; K10, K0) (11.50)
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and so on, we obtain the following Ward identities for the irreducible vertices,

GK + K)I'*Y(K + K;K;K)G(K) = ___—’_[G(K + K) — G(K)] ,
io—Vpy - k
(11.51)
F(2'2)<K + K, + K2 K Ky, kz)
_ —i 2,1) 7% . 77
- _ [r (K + Ko+ ki K + Kis ko)
i) — Vps - ki
—F(z’”<K+I'<2;K;I_<z)}
_ —i @1 7 7 oK
= - —| I K+ K|+ K>, K + K K,
i) — Vpy - ko
—F@”(K +1_<1;K;1_<1>} , (11.52)

and for a general number m > 2 of external bosonic legs,

F(Z’””(K’; K:Ky. ... I'(m)

= '__—l_|:1ﬂ(2,m—l)(K/;K + K[;Kl, ey I_(vlfl, I_<[+1, ey km>
i) — Vrg - ki

—F(z’m_l)<K/— I_([;K;I_(l, "'7[_<l—lvl_<l+lv ,[_(m):| s (1153)

where | < [/ < m. In one dimension, the Ward identity (11.51) has been used by
Dzyaloshinskii and Larkin (1974) to close the skeleton equation for the self-energy
and thus obtain the exact Green function of the Tomonaga-Luttinger model. This
strategy can also be generalized to higher dimensions if the interaction is dominated
by small momentum transfers (Castellani et al. 1994, Metzner et al. 1998). Note
that the Ward identities (11.51), (11.52), and (11.53) are all based on the simplified
functional Ward identity (11.48) which relies on the linearization (11.47) of the
fermionic energy dispersion. If this approximation is not made, we should start from
the more general functional Ward identity (11.43) or (11.44). Then the Ward iden-
tities (11.51), (11.52), and (11.53) for the vertices acquire correction terms which
have been studied in a mathematically rigorous way by Benfatto and Mastropietro
(2005).
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11.5 Exact Solution of the FRG Flow Equations for Fermions
with Linear Dispersion via Ward Identities

In the momentum transfer cutoff scheme, the Ward identities (11.51) and (11.52)
derived for models with linear energy dispersion are valid for any value of the
running cutoff A. Substituting these identities into the exact FRG flow equation
(11.22) for the self-energy X, (K) in the momentum transfer cutoff scheme, we may
eliminate the flowing vertices I"*? and I"®" on the right-hand side of Eq. (11.22)
in favor of X, (K) and thus obtain the following closed integro-differential equation
for the flowing self-energy (Schiitz et al. 2005),

F,0(K)

_ 2
94 5o(K) = GHK) | o=

[Go(K)— Go(K + K)] . (11.54)

Here, the index o labels not only the different spin species, but also the different
patches of the sectorized Fermi surface (Kopietz 1997). For example, for the spinless
case in D = 1, 0 = =kp. Using the fact that in the momentum transfer cutoff
scheme G29,% = 9,G we can alternatively write Eq. (11.54) as a linear integro-
differential equation for the fermionic Green function,
Foo(K) -
04G4(K) = _—_[GG(K)—GU(K—FK)] . (11.55)
K (15) — Vfpg - k)2

If we had simply set the vertex I">? equal to zero in Eq (11.22) and had then
closed this equation by means of the Ward identity (11.51), we would have obtained
a nonlinear equation. Thus, the linearity of Eq. (11.55) is the result of a cancellation
of nonlinear terms arising from both Ward identities (11.51) and (11.52). Because
the second term on the right hand side of Eq. (11.55) is a convolution, we can easily
solve this equation by means of a Fourier transformation to imaginary time and real
space. Defining

Go(X) = / k=G (K), (11.56)
K
(k-1 —a F(ra(l_{)
Hy o (X) = ikr—or) 9077 11.57
1o /Iee (i@~ vrq - )2 (s

the flow equation (11.55) is transformed to
[a/\+HA¢7(X)_HA¢7(0)]GG(X)=0- (11.58)

This implies the conservation law

A
a4 |:exp {/ dA' [Hye(X) — HAr(,(O)]} G(,(X)i| =0. (11.59)
0
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Integrating from A = 0to A = Ay, we obtain
Go(X) = Go,o(X) exp[Qs(X)] , (11.60)
with
0(X) = 8,(0) — S5(X) , (11.61)

and

Ao
5, (X) = — / dAH g (X)
0

:/ O(Ag — k) Fro (K)
K

i —on BP cos(k - r — 1), (11.62)
g, -

where we have used the invariance of the effective interaction F,,(K) under
K - —K.

Another important consequence of the linearized energy dispersion considered
here is the vanishing of all symmetrized closed fermion loops given in Eq. (11.24)
with more than two external legs.> As a consequence, all interaction corrections
to the irreducible polarization cancel, so that the bosonic self-energy defined in
Eq. (11.18b) is simply given by the noninteracting polarization for a fixed flavor
index o,

,(K) = Iy ,(K) = E/ Go.0(K)Goo(K + K) . (11.63)
K

The exact effective interaction F,, (K) defined in Eq. (11.20b), which can be iden-
tified with the propagator of our Hubbard—Stratonovich field ¢, is then simply given
by the random phase approximation. This is most transparent in the functional inte-
gral approach to higher-dimensional bosonization developed in (Kopietz et al. 1995,
Kopietz and Schonhammer 1996, Kopietz 1997), where one finds that for a linear
dispersion the effective action of the Hubbard-Stratonovich field ¢ is Gaussian. For
example, if the bare interaction f; o' = f; is independent of the flavor labels o and
o, this is also true for the effective interaction F,,(K) = F(K) in Eq. (11.62),
which is then explicitly given by

Ji
1+ fi Y, Hoo(K)

F(K) = (11.64)

3 This so-called closed loop theorem or loop cancellation theorem has been discussed by Bohr
(1981) in the context of the one-dimensional Tomonaga—Luttinger model, and has later been gen-
eralized for higher-dimensional fermions with dominant forward scattering (Kopietz et al. 1995,
Kopietz 1997, Metzner et al. 1998)
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The solution in Egs. (11.60), (11.61), and (11.62) is well known from the functional
integral approach to bosonization (Fogedby 1976, Lee and Chen 1988, Kopietz
et al. 1995, Kopietz and Schonhammer 1996, Kopietz 1997) where Q. (X) arises
as a Debye-Waller factor from Gaussian averaging over the distribution of the
Hubbard-Stratonovich field. In one dimension, Egs. (11.60), (11.61), and (11.62)
can be shown to be equivalent to the exact solution for the Green function of the
Tomonaga-Luttinger model obtained via conventional bosonization (Kopietz 1997).
Once the exact single-particle Green function is known, we may substitute the result
back into the Ward identities (11.51) and (11.53) and iteratively calculate the ver-
tices I'®™ with two fermion legs and an arbitrary number m of boson legs. In
principle, this method can also be applied to vertices with more than two fermion
legs. For example, the right-hand sides of the FRG flow equation for I"“™ contain
only vertices with no more than four fermion legs. Ward identities for these vertices
obtained from our simplified functional Ward identity (11.48) would again yield a
solution of this complete hierarchy, once the vertices I">™ are known. This pro-
cedure can be iterated to obtain vertices with an arbitrary number of external legs
using at each step the complete flow of vertices with two fewer fermion legs than
obtained in the previous step. We can thus obtain all correlation functions of our
model within the framework of the FRG.
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Chapter 12
Superfluid Fermions: Partial Bosonization
in the Particle-Particle Channel

While the decoupling of the fermionic two-body interaction in the forward scatter-
ing channel described in Chap. 11 is natural if the interaction involves only small
momentum transfers, such a procedure is not appropriate for other types of inter-
actions. For example, the superconducting instability of a normal metal is triggered
by particle—particle scattering processes with vanishing total momentum, so that
in this case a Hubbard—Stratonovich decoupling in the particle—particle channel is
more natural. Of course, if the resulting mixed Bose—Fermi theory could be solved
exactly, then the choice of the Hubbard—Stratonovich field should not matter. How-
ever, in practice one has to rely on approximations, so that it is important to intro-
duce the physically relevant collective degrees of freedom from the beginning by
means of a proper choice of the Hubbard—Stratonovich field. In fact, it is a priori not
clear whether the physical properties of a given system can be simply described
by means of a decoupling involving only a single Hubbard-Stratonovich field
(Bartosch et al. 2009a). We shall further comment on multicomponent Hubbard—
Stratonovich transformations in Sect. 12.6.

In this chapter, we shall focus on the superfluid state of a Fermi gas with a
short-range attractive two-body interaction. As first pointed out by Eagles (1969),
the superfluid state of such a system exhibits an interesting crossover as a function
of the dimensionless parameter 1/(kray), where a; is the s-wave scattering length
in vacuum:! while for 1/(kra;) <« —1, where the scattering length is small and
negative, the paired state consists of weakly bound spatially extended Cooper pairs
(BCS limit), in the opposite limit 1/(kra;) > 1 the superfluid state can be viewed
as a Bose—Finstein condensate of tightly bound fermions (BEC limit). The qualita-
tive features of the BCS-BEC crossover are correctly described by the mean-field
approximation (Eagles 1969). However, in the vicinity of the unitary point, where
a; = oo and hence 1/(kray) = 0, quantitatively accurate calculations are difficult
because there is no small parameter to justify approximations. Due to experimen-
tal progress in the field of ultra-cold atoms (Bartenstein et al. 2004, Bourdel et al.
2004, Kinast et al. 2005, Bloch et al. 2008) it is now possible to directly examine

! The relation between the s-wave scattering length a, and the bare interaction of our model is
given in Eqs. (12.22), (12.25), and (12.27) below.
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the unitary point experimentally, so that it is important to have reliable quantita-
tive results in the entire range of the BCS-BEC crossover. Many authors studied
this crossover using either the T-matrix approximation to improve on the mean-
field approximation (Leggett 1980, Noziéres and Schmitt-Rink 1985, Drechsler and
Zwerger 1992, Randeria 1995, Engelbrecht et al. 1997) or other field theoretical
many-body techniques (Nishida and Son 2006, 2007, Veillette et al. 2007, Nikoli¢
and Sachdev 2007, Haussmann et al. 2007, Diener et al. 2008). The problem has
also been investigated using FRG methods, using either the derivative expansion
(Birse et al. 2005, Krippa et al. 2005, Krippa 2007, 2009, Diehl et al. 2007a,b,
2009, Floerchinger et al. 2008) or truncated vertex expansions (Strack et al. 2008,
Bartosch et al. 2009b).

The FRG approach described in Sect. 12.5 of this chapter is based on the trunca-
tion of the vertex expansion developed by Bartosch et al. (2009b), which combines
skeleton equations and a Ward identity to close the infinite hierarchy of FRG flow
equations; furthermore, we impose a cutoff only in the propagator of the bosonic
Hubbard-Stratonovich field. This total momentum cutoff scheme is in a sense the
particle—particle version of the momentum transfer cutoff scheme introduced in
Sect. 11.2. The advantage of this scheme is that the usual BCS results (which are
nonperturbative in the coupling constant) define the initial conditions for the RG
flow, whereas in alternative FRG schemes using a cutoff in the fermionic sector
(Salmhofer et al. 2004, Strack et al. 2008) one has to integrate the RG flow in order
to recover the BCS results. We shall further comment on the advantages of the total
momentum cutoff scheme in Sect. 12.5.

12.1 Hubbard-Stratonovich Transformation
in the Particle-Particle Channel

Having discussed the particle-hole forward scattering channel in Chap. 11, we con-
sider in this section a two-body interaction which singles out the particle—particle
channel. Our model is defined in terms of the following fermionic action,

S yl=—-Y /K (0 — &) WioVko — /P gpbpbp .  (12.1)

where we allow at this point for spin-dependent energy dispersions &, =
€ko — Mo and chemical potentials i, and the composite fermionic fields bp and
bp are defined by

bp =/ Vok+2 ¥keze Z/ Yok Vk+rt s (12.22)
K K

br = [ dceytoness = [ rribon (12.20)
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Here, K = (iw, k) is again a collective label consisting of the fermionic Matsubara
frequency iw and the momentum k associated with a fermion, while P = (i@, p)
denotes the bosonic Matsubara frequency i@ and the total momentum p of a fermion
pair. The p-integration in Eq. (12.1) contains an implicit ultraviolet cutoff Ay, which
is the maximally allowed total momentum of two particles in a scattering process.
For an attractive interaction to be considered here the coupling g, is positive.

We now decouple the interaction in the spin-singlet particle—particle channel by
means of a complex bosonic Hubbard—Stratonovich field xp depending on the total
energy—momentum P of a fermion pair with opposite spin. The ratio of the partition
functions with and without interactions can then be written as

z f’D[lﬁ, e X]e—So[ll_/J//]—So[X,x]—Sl[1_0,1//,)‘(,)(]

where the Gaussian part of our bare action consists of a fermionic and a bosonic
part,

Sol W, ¥, % x1 = SolW, Y1+ Sol X, x1, (12.4)

with
Solr, ¥1=—) fK (i® = Eo) VKo VKo (12.5)
So[)‘(,x]=fpg;l)'<PXP. (12.6)

The boson—fermion interaction can be written as

Silv, v, %, x] =/[1_7PXP+bP)_(P]
P

=/f[lplﬂpﬂp—mxp+1ﬂ—KUﬂK+P¢)_(P]~ (12.7)
pJk

It should be noted that, in contrast to the corresponding Bose—Fermi coupling (11.8)
describing a repulsive interaction in the forward scattering channel, there is no factor
of i in the Bose—Fermi coupling (12.7), because here our interaction is attractive.
Defining a two-component Fermi field

_( ¥xr
Yk = (w_KJ , (12.8)

the fermionic part of the action in the numerator of Eq. (12.3) can be written as
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SO[va W] + Sl[{bv W, )_(1 X] = _/

w;{[é_l]l{l{’wlﬁ ,
K Jx

(12.9)

where G~! is a matrix in spin, momentum, and frequency space, with matrix ele-
ments

Al Sk xw—Erp) —XK—K'
G ];««—( e SK.K/(iCU‘i‘S—kO) . (12.10)

Before attacking this mixed Bose—Fermi field theory in Sect. 12.5 by means of the
FRG machinery, it is instructive to examine our model first using simple mean-field
theory and the Gaussian approximation, as discussed in Chap. 2.

12.2 Mean-field Approximation and BCS-BEC Crossover

The mean-field approximation amounts to performing the integration over the col-
lective field x in Eq. (12.3) in saddle point approximation. Therefore we simply
replace the x-integration by the value of the integrand at a single point, which is
obtained by replacing

xp — 8p.od . (12.11)

The real parameter A is fixed by minimizing the free energy. The inverse Green
function matrix in Eq. (12.10) is then approximated by

Al o a1 _ ivo—§&y —A
G (G| lkk = dk .k ( A iw+5_k¢) ) (12.12)

Assuming from now on that &, = & = €; — u is independent of the spin projec-

tion o, Eq. (12.3) reduces in this approximation to

z z
Z a2l ph) (12.13)
Zy 2y

where the change of the grand canonical potential due to interactions is

cosh(,BEk/Z)] A}
21— 20 = 2T In| ——= V—. 12.14
L Xk: " [ cosnBesD | T % (1219

Here, the dispersion of the fermionic quasiparticles is

Ep = /€ + A2, (12.15)
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and

Q20=-2T) In[l+e ] (12.16)

is the grand canonical potential in the absence of interactions. The mean-field
approximation to the grand canonical potential can be written as

2

2, :—Z(Ek—gk)—zTZm[lJre*ﬂEk]Jrvﬂ. (12.17)
P T 80

Minimizing this with respect to A yields the usual BCS gap equation

1 1 1 —-2f(E 1 tanh(BE /2
Lol f( k):_z anh(f k/)’ (12.18)
g Vo 2E; V< 2Ey
where
Ep) = ! 12.19
S k)—m (12.19)

is the Fermi function. If we work at constant density p = N/V, then the chemi-
cal potential should be expressed in terms of p using the thermodynamic relation
N = —082 /9. Within the mean-field approximation this yields

po L > [1 — 5k anh(BEL /2)} (12.20)
k

The thermodynamics should then be derived from the free energy F = £2 + uN,
which reduces to the ground state energy in the zero temperature limit. In mean-field
approximation we obtain from Eq. (12.17) for T = 0,

AZ
szlﬂuv:—Z[Ek—gk—u(l_z_")}w_o
k

k

AZ
_ Zek [1 B _} _yh (12.21)

80

Without ultraviolet cutoff the gap equation (12.18) is ultraviolet divergent in dimen-
sions D > 2. To regularize this divergence, we eliminate the bare interaction g¢ in
favor of the two-body T-matrix at zero energy and vanishing total momentum in
vacuum (corresponding to u = 0). The T-matrix g is related to the bare interaction
go via
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+ Z 1 (12.22)
V £ 2e ' '

Using this relation to eliminate the bare interaction g¢ from the gap equation (12.18),
we obtain the regularized gap equation

11 tanh(BEx/2) 1
il Xk: |:—2Ek ZGJ ) (12.23)

The subtraction regularizes the ultraviolet divergence in dimensions 2 < D < 4.
In D = 3 the two-body 7-matrix is related to the s-wave scattering length a, via
g = —4maz/m. Note that for D > 2 we may define the s-wave scattering length via
(see e.g., Sauli and Kopietz 2006)
_ : D-2

g = —yp sign(ay) las| "~ /m , (12.24)
where yp is a numerical constant of the order of unity (y3 = 4m). For given val-
ues of the interaction g and the density p, Eqgs. (12.20) and (12.23) determine the
chemical potential ;« and the gap Ag. For a numerical evaluation of these equations,

it is convenient to express them in terms of dimensionless parameters. We therefore
define the relevant dimensionless interaction

g =18, (12.25)

where vy = v(ep) is the density of states (per spin projection) of the noninteracting
system at the Fermi energy €r. Neglecting lattice effects, the energy dispersion is
ex = k*/(2m) and ep = k% /2m) = %v% In D dimensions the energy-dependent
density of states is

1 )
ve)=— Y 8 —ea) = KpmkP2(e/ep)T | V=00, (12.26)
|4 k

where the numerical constant K j, is given in Eq. (2.86). Our dimensionless coupling
(12.25) can then be written as

§ = —ppsign(ay) lkras P2, (12.27)

where p = Kpyp. In D = 3 this reduces to § = —2kpa,/m.
For simplicity, we focus on the zero-temperature limit from now on. Introducing
the dimensionless parameters

A
p=t A= (12.28)
€r €r
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the regularized gap equation (12.23) can be written as

oQU| =
V)

1 [ D2 1 1
— —/ dxx 2 —_— |, (1229)
0 [Ju-qml+A2 X]

while the particle number equation (12.20) reduces to the following relation between
i and A,

D [® . — i
1=—/ dex 5 | 1- 28 | (12.30)
4 Jo V& — 7 + 47

where we have used the fact that k is related to the density via p = %k? . Intro-
ducing the ground state energy per particle in units of the Fermi energy,

) F
= lim — , (12.31)

we obtain from Eq. (12.21) for N = pV — oo with the help of the BCS gap
equation (12.18)

. 0] D x_l'l AZ
g = / dxx?2|1— — — =
4 Jo Vi — a2+ A2 2xJ(x — 1)? + A?

The term in the square braces vanishes as x> for large x, so that the integral is
ultraviolet convergent for D < 4. For a given value of g, Egs. (12.29) and (12.30)
impose two conditions which can be used to determine the two unknowns A and
ji. It is easy to solve these equations numerically.? In Figs. 12.1 and 12.2 we show
numerical results for the dimensionless mean-field gap A = Ag/ep and chemical
potential i = p/ep in units of ep. As first discussed by Eagles (1969), in three
dimensions the above mean-field equations give a qualitatively correct description
of the crossover from a weakly coupled BCS superconductor with small negative
scattering length to a Bose—Einstein condensate of tightly bound fermion pairs, char-
acterized by a small positive scattering length. Of particular interest is the unitary
point, where the scattering length diverges and hence g~! = 0. The mean-field
results are in this case

i| . (12.32)

ft =0.5906 , A=0.6864 , &=0.3543 (mean field). (12.33)

2 As pointed out by Marini et al. (1998), for D = 3 it is possible to express the integrals in
Eqgs. (12.29) and (12.30) in terms of complete elliptic integrals of the first and second kind, K (k)
and E (k) (Abramowitz and Stegun 1965). This is also possible for the integrals appearing in the
expression (12.32) for the ground state energy, which simplifies the numerical calculations.
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1/(kras)

Fig. 12.1 Mean-field result for the dimensionless gap A = A/er in three dimensions as a func-
tior} of 1/(kpas) = —2/(w &). The dashed lines represent the asymptotic behavior in the BCS limit,
In A ~ /Q2kras) + In(8/e?), and in the BEC limit A ~ 373 /64)'/2 1 /(kray)'/?

2 T T T
0
m
-2
R 0 ] 2
1/(kras)
Fig. 12.2 Mean-field result for i = p/€p in three dimensions as a function of 1/(kray).

The dashed lines are the asymptotic behavior in the BCS limit i ~ 1 — (16/e*)[5/2 —
7/(kpay)]e™ %) and in the BEC limit i ~ —1/(kpay)?

Experimentally, for & = ¢/ep values in the range between 0.19 and 0.31 have
been reported (Bartenstein et al. 2004, Bourdel et al. 2004, Kinast et al. 2005). The
mean-field results (12.33) can also be compared with quantum Monte Carlo simu-
lations (Carlson et al. 2003, Chang et al. 2004, Astrakharchik et al. 2004, Carlson
and Reddy 2005), which give at the unitary point

A=050+£003 , &=0.25%£0.01 (Monte Carlo). (12.34)

From the universality of the free energy density at the unitary point it is easy to
show (see e.g., Veillette et al. 2007) that the chemical potential is related to the
ground state energy per particle via

w="e. (12.35)

This relation is of course also satisfied by the mean-field results (12.33), but it is
an exact relation at the unitary point in three dimensions. The Monte Carlo results
(12.34) imply ot = %é = 0.42. Both the mean-field results for the gap and the
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mean-field energy per particle are significantly larger than the corresponding Monte
Carlo results. It is therefore important to investigate fluctuation corrections to the
mean-field approximation.

12.3 Gaussian Fluctuations

Corrections to the mean-field results (12.33) at the unitary point due to Gaussian
fluctuations of the order-parameter field have been calculated by Veillette et al.
(2007) and by Diener et al. (2008), but the results obtained by these two groups
do not completely agree. Fluctuation corrections to the mean-field approximation
have also been calculated by means of other many-body techniques (Nikoli¢ and
Sachdev 2007, Haussmann et al. 2007). To set the stage for the FRG calculation in
Sect. 12.5, let us focus in this section on the calculation of the corrections to the
mean-field results due to Gaussian fluctuations of our Hubbard—Stratonovich field.

12.3.1 Gaussian Effective Action

Integrating in Eq. (12.3) over the Fermi fields we obtain the formally exact expres-
sion

2 paray ] DT Sxle S

0 f’D[)_(, xJe=Solx:xl 7 (12.36)

where in the numerator we have shifted the fields according to xp = 8p 04¢ + 8 xp,
and the effective action for the bosonic fluctuations is

Sett[8%, 8x1 = SolAo + 8%, Ao +8x]1 — BVgy ' A) — TrIn[1 — G, V]
s N ) e[ G, V]
=/8,,]5XP5XP+801A0(5X0+5X0)+ E Tl (12.37)
»

n=1

oo

Here, Gl is the mean-field fermionic Green function defined in Eq. (12.12), and the
matrix V is given by

Y 0 Sxk—x
Vikg = - . 12.38
[Vikk <5X1<'K 0 ) ( )

Within the Gaussian approximation, we expand Seg[5 ), 8 x] to second order in the
fluctuations,

1 ” A
Sereld, Sx] ~ / 8;15)_(P3XP + ETF[G1V]2
P

+85 " A0(8x0 + 8%0) + TrlG, V] . (12.39)
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To evaluate the traces, it is convenient to use the spectral representation of the

mean-field Green function Gl, which amounts to writing the inverse of the matrix
in Eq. (12.12) in the form

A 1 o+ A
[Gilkx = —dk < S 0 )

w?+ E} Ay iw—§&

Bo(K) Ay(K) Wko Wiy
S =Sx Y Ko Tke 12.40
KK (AO(K) —Bo(—K)> K.K ; iw—ok 1240

where
Ao 1 1
Ag(K) = ——— = - , 12.41
o(K) o+ E2 Uk Vk |:iw— Er iw+Eki| ( )
io+& ui v,%

Bo(K) = (12.42)

0+ E;  iw—Ex  iw+Eg’

and the components of the normalized eigenvectors wy, are the usual Bogoliubov
coefficients uy and vg, i.e.,

Wiy = (ﬁj”;) , W = (;i") : (12.43)

1 &k 1 &k
PR LI I S L 12.44
uy 2( +Ek) vy > E, ( )

Note that by construction WZG Wie' = 8447, Which for o = ¢’ reduces to ui —i—v,% = 1.
Moreover,

with

S R ] (12.45)
KR T R MR T R '
For the first-order term in Eq. (12.39) we obtain
0 s
wl7c-<7 (8- 6(0) Wko
Tr[Gﬁ/]:/ 3 X0
K < iw—oEy
_ Ao 1 —2f(Ex)
=—(6 3X0)— _ 12.46
O30 +830)7- D o5 (12.46)

k

Using the BCS self-consistency condition (12.18), we see that this term cancels the
other linear term g, YAo(8x0 + 8%0) on the right-hand side of Eq. (12.39), so that
in Gaussian approximation only the first line of the effective action in Eq. (12.39)
survives.
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An explicit expression for the second-order term Tr[G V12 in terms of the com-
plex fields § x and §x has recently been derived by Veillette et al. (2007). For our
purpose, it is more convenient to parameterize the Gaussian fluctuations in terms
of two real fields ¢, and ¢;, corresponding to the real and imaginary part of the
complex field 8 x (Engelbrecht et al. 1997). In frequency—momentum space, we set>

1
Sxp = E[Qﬂpz +ippd, (12.47a)
8% ! [ j ] ! (05 —ivp,] (12.47b)
Xp = —= _ —1Q_ = — —1 . .
P \/5 Y—pre PPt \/5 Ppe Ppr

The field ¢, describes longitudinal fluctuations of the superfluid order parameter;
the corresponding collective mode can be viewed as the condensed matter ana-
logue of the Higgs boson in particle physics (Littlewood and Varma 1982, Varma
2002, Barankov and Levitov 2007, Barankov 2008). On the other hand, the field ¢,
describes transverse fluctuations associated with the phase dynamics of the super-
fluid order parameter; the corresponding collective mode is the gapless Goldstone
boson associated with the spontaneous breaking of the U(1)-phase symmetry in a
superfluid. This mode is usually called the Bogoliubov—Anderson mode (Bogoli-
ubov 1958, Anderson 1958, Schrieffer 1964). Expressing the Gaussian effective
action (12.39) in terms of the fields ¢, and ¢,, we obtain

1 1 .
Settlpe, 1] = 3 / 8y (Y_peppe +9_piop) + ETT[G1V]2
P

1

=5 f {[g;‘ + 05 (P)] - pewpe + [, + T (P)] - prgps
P

+ 11§ (PYo-peop + T3 (Po-pigprcl} (12.48)

where the polarization functions are given by

1
e =~ / [Bo(K)Bo(—K + P) — Ao(K)Ao(K + P)+ (P — —P)]
K
Ek - Ek+p
(Ex — Exsp) + @7

Ex+ Eryp
(Ex + Eiyp)* + @2

1
=y Z{(”kvk-HI + Vkltiip)’ [f(Ex) — f(Ersp)]
k

2
— (UgUg1p — VEVkyp)

[1— f(Ex) — f(EH,,)]} :
(12.49a)

3 The fields (T, r) and ¢, (7, r) are real functions of space and imaginary time. In momentum—
frequency space this implies ¢}, = ¢_p¢ and ¢}, = ¢_p;.
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1
' (P) = —5/ [Bo(K)Bo(—=K + P) + Ao(K)Ao(K + P) + (P — —P)]
K

1 2 Ek_Ek+p
= — Uk, — Vil Ey)— f(E
v Ek {( KVk4p — Vilitp) Ex— Exyp) +7 [f(Ex) — f(Ersp)]
Ex + Erqp

2
— (UgUk1p + ViVkyp)

[1— f(Ex) — f(Ek+,,>]} :
(12.49b)

(Ex + Eryp)? + @

Mg (P) = ~IT§(P)

=2 /K [Bo(K)Bo(—K + P) — Ao(K)Ao(K + P) — (P — —P)]

& J(Ex) — [(Ekp)
=V Xk:{(uiv’%ﬂ’ k) (B By 4 o7

22 )1—f(Ek)—f(Ek+p)}_

(ukuk+p Uk Vk+p (Ex + Ek+p)2 + @2

(12.49¢)

Substituting the Gaussian effective action (12.48) into Eq. (12.36) and performing
the Gaussian integrations, we obtain for the grand canonical potential in Gaussian
approximation §2 & §2,4-£2,, where §2; is the mean-field result given in Eq. (12.17),
and the correction due to Gaussian fluctuations is*

v
$ = E/PIH{[I + g [P [1 + g, 1T (P)] + 82 [Hé’(P)]z} . (12.50)

For an evaluation of £2, and the resulting corrections to the thermodynamics at the
unitary point, see (Veillette et al. 2007, Diener et al. 2008). Let us here only quote
the more recent results by Diener et al. (2008), who found

A =047 , &=024 (Gaussian fluctuations). (12.51)

The corresponding value of the chemical potential in units of €y is according to
Eq. (12.35) given by i = %é = 0.40. Comparing these numbers with the mean-

4 Using the coupling constant integration trick (see e.g., Schwicte and Efetov 2006), the Gaus-
sian correction (12.50) to the grand canonical potential can be expressed in terms of correlation

functions Hfﬁ(P) and Hi’g(P) obtained by substituting g, — Agp in Egs. (12.59a), and (12.59b),

1
= K/ / ‘“iln{[lngné“(m][l+Agpns'<P>]+A2gi [ )]}
2 Jpto  Tdi

vV o[tdx
= 5/0 T/P[Hfﬁ(P)—l—H;;(P)] .
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field results (12.33) and the Monte Carlo results (12.34) we conclude that Gaussian
fluctuations account for most of the difference between the exact ground state energy
and the mean-field energy.

12.3.2 Bosonic Propagators and Order-Parameter Correlations

To derive the correlation functions of the bosonic Hubbard—Stratonovich fields
in Gaussian approximation, let us write our Gaussian effective action defined in
Eq. (12.48) in matrix form,

1 f—1 Yre
Setl@e, 1] = 2 (@pe, p)F™ 1pp , (12.52)
rJp PPt

where F~! (which is matrix in the energy—momentum and field-type labels) consists
of two contributions,

F'=F1'+11, (12.53)

-1
. 1o
[Fo'),p =8p—p <g” 1> , (12.54)

while the second term is the polarization matrix,

(12.55)

[[lolpp = 8p _p (HéZ(P/) Hgt(P/)) |

Hél(P/) Hét(P/)

The Gaussian propagator of our Hubbard—Stratonovich fields is thus

2 (wpewpre) (PPe@pi) Fit FY
F ;= =0p _p L
ler ((WPMP’@) (@pigpi) Y

=srrit (i 14 0259

where
N(P) = [1+ gpIT5" (P)] [1 + g, TT3 (P)] + g3 [IT5' (P)]* . (12.57)
and we have used I1)'(P) = —I1'(P). Keeping in mind that our Hubbard-

Stratonovich fields ¢, and ¢, are conjugate to the order parameter, the corresponding
correlation functions in Eq. (12.56) should not be confused with the correlation
functions of the superfluid order parameter (Kopietz 1997, De Palo et al. 1999). The
latter can easily be obtained from the matrix
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-1 . PPN |
I =[1;'"+F] =M+ Fi] . (12.58)

Explicitly, we obtain for the order-parameter correlation functions in Gaussian
approximation

P [1 + g, T (P)] + g, [T (P)]

U115 p = 8p._p NP) . (12.59)
. (P [1 + gpIE(P mip)J

LT, = 8pp 0 1+es ‘])VEP;]+g”[ o' (P (12.59b)
. . ntp

(MY, = [1]%, = ap,_,mﬁ , (12.59¢)

which is equivalent to the ladder approximation in the particle—particle channel.

For small momenta and frequencies, the bosonic correlation functions exhibit a
pole with linear dispersion on the real frequency axis, which can be identified with
the Goldstone boson associated with the broken U(1)-symmetry in the superfluid
state, the Bogoliubov—Anderson (BA) mode (Bogoliubov 1958, Anderson 1958,
Schrieffer 1964). To derive the dispersion of the BA mode, we expand the polariza-
tion functions in powers of momenta and frequencies. For our purpose it is sufficient
to approximate

5 (p,i@) ~ 50, i0) = —voly + vol; , (12.60a)
. Vo _
115/ (p.i®) ~ —wolo + 75 [11&” + L(vrp)*]. (12.60b)
I8 (p, i®) ~ M0, id) ~ —2 ha. (12.60¢)
24

The dimensionless coefficients I, are at zero temperature given by

1 1 1

= —S — = — | 12.61
0 vV P 2E; Vogo ( Y
1 A2
h=—3Y 20 (12.61b)
l)()V % 2Ek
1 A
L= 053k , (12.61¢)
V()V P 2Ek
1 A2 3¢} 1
L1 _03[6_k (2_i§>+5_"}=_, (12.61d)
vV P 2E;, | Der E; 2ep D

where in the second equality of Eq. (12.61a) we have used the mean-field gap
equation (12.18) at zero temperature to express the momentum sum in terms of
the bare coupling go. The identity /3 = 1/D follows for V — oo with the help of
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the relation (12.30) between ji and A after an integration by parts.’ Note that for
D > 2 the integral [, defined in Eq. (12.61a) is ultraviolet divergent. However, all
physical quantities involve the combinations g, Ty Hg/z( P)org, Ly IT{ (P), so that
the ultraviolet divergence can be absorbed into the bare coupling go. Therefore we
introduce the corresponding renormalized coupling g as in Eq. (12.22) and write

g — I (0,i0) = g5 —volo =g~ — vl , (12.62)

where the integral I, is now ultraviolet convergent,

~ 1 1 1
Ip= — —— . 12.63
0 V()V X |:2Ek 26k:| ( )

From Egs. (12.60b) and (12.61a) we conclude that

g ' +113(0,i0) =0, (12.64)
which guarantees that the BA mode is gapless. Substituting the expansions (12.60a),
12.60b), and (12.60c) into Eq. (12.56) we obtain the leading long-wavelength and

low-frequency behavior of the bosonic propagators in Gaussian approximation,

DZ2? & + Z,c? p?

0~
R o (12.652)
DZ2 (A7
1~ c
R (12.65b)
7y 240
FY ~ 22 2200 (12.65¢)

v @ +c2p?
Here, the dimensionless renormalization factors Z., Z;, and Z, are given by

2 2 2
I I 1 I I
113 i+ 1 7 2

ZZZ = 1 = ’ 2= "5 5 -
1} 12+ 13

c
c T T2 T 2 2
g If +1;

(12.66)

After analytic continuation to real frequencies (i@ — & + i0) the propagators
(12.65a), and (12.65b) exhibit poles at @ = =c|p| corresponding to the gapless
BA mode, which is the Goldstone boson associated with the broken U (1)-symmetry
in the superfluid state. Note that the poles in the transverse propagator F5 have the
largest residue, so that at long wavelength it is justified to retain only the contribution
from transverse correlations. Using the definitions (12.61a), (12.61b), (12.61c¢), and
(12.61d) as well as the mean-field gap equation (12.18), we can write the Gaussian

5 In fact, the integrals Iy, I, as well as I defined in Eq. (12.63) can be calculated analytically
for all physically relevant dimensions D = 1,2, 3; for D = 3 and D = 1 these integrals can be
expressed in terms of complete elliptic integrals.
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approximation for the velocity of the BA mode at zero temperature in the following
simple form,

) (12.67)

which is valid in dimensions 2 < D < 4. Recall that it = p/ep, A= Ao/€F,
and § = vpg, see Egs. (12.25), and (12.28). Note that at the unitary point where
&' = 0 the relation (12.67) reduces to Z. = +/ji/D, which gives Z. = 0.4437 in
three dimensions.

Finally, let us point out that the feedback of the Gaussian fluctuations onto the
properties of the fermionic quasiparticles has not received much attention in the
literature. It turns out that in dimensions D < 3 Gaussian fluctuations have a rather
drastic effect on the fermionic single-particle excitations: the coupling of the gapless
BA mode to the fermionic single-particle excitations leads to the breakdown of the
quasiparticle picture for real frequencies w close to the gap energy (Lerch et al.
2008).

12.4 Dyson-Schwinger Equations and Ward Identities

Before using the FRG to go beyond the Gaussian approximation, it is useful to
derive exact relations between vertex functions of our mixed Bose—Fermi theory
using the same functional methods as in Chaps. 11.3 and 11.4, where we have
derived skeleton equations and Ward identities for the forward scattering model
with interaction given in Eq. (11.1). Here, we derive the analogous relations for our
attractive Fermi gas model defined in Eq. (12.1). In Sect. 12.5 we shall then use
these relations to close the FRG flow in the bosonic sector.

12.4.1 Dyson—Schwinger and Skeleton Equations

The invariance of the functional integral under infinitesimal shifts in the integration
variables implies functional relations between vertex functions of different order
which have been derived in general form in Sect. 6.3.3, see Eq. (6.132). Let us now
write down these equations for the special case of our mixed Bose—Fermi theory
with Euclidean action

S[Ip7 W’ X’ X] = Sﬂ[lpa W] + SO[)_(v X] + Sl[lpa ‘ﬁ» )_(v X] ’ (1268)

where the fermionic and bosonic Gaussian parts So[v/, ¥] and Sp[ ¥, x] are given in
Egs. (12.5) and (12.6), while the interaction S [V, ¥, %, x1is defined in Eq. (12.7).
The generating functional of the Green functions now depends on four Grassmann
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sources J,, j, as well as on two complex bosonic sources J,J,
Gl7, j. J,J]= %/D[I/_f, v, X, X]e—Sllﬁal/f,X:X]+(]a1/f)+(17f~j)+(7»)()+(X,J) . (12.69)

For our Bose—Fermi theory involving four different types of fields, we can write
down four different Dyson—Schwinger equations, which can be obtained from our
general Dyson—Schwinger equation (6.132) by specifying the label « to refer to
¥, ¥, X, or x. With the action given in Eq. (12.68) we obtain the Dyson—Schwinger
equations

8%G
Jp—g,' )6 | ———=0, (12.70a)
5JP k Sjx+P1dj-xk|
82G
7o g_/ LA A— (12.70b)
( P8 5JP> 37—k 8Tk +pP1
(C ol )g g / A 0, (12.70c)
o [iw — ko o w— <7 =Y, AU
K g 5]1((1 pdjpk.—od0Jp
(' +lio—¢& )g ¢ / Y9 o, 2700
o iw— &kl o — =0, .
K g 3k pSjr—k,—s0Jp

where ¢4 = ¢ and ¢, = 1. The analogous relations for the forward scattering model
discussed in Chap. 11 are given in Egs. (11.25a), (11.25b), and (11.25¢). As in
Sect. 11.3, we may alternatively express Eqgs. (12.70a), (12.70b), and (12.70c) in
terms of the generating functional G.[7, J, J, J] of the connected Green functions
and the corresponding generating functional I'[{, v, ¥, x] of the irreducible ver-
tices,

of —/ [@ Vo, + &G ] (12.71a)

Sxp S TR Sjk+pr1dj-xy ]’ .

— = - 1, (12.71b)

Sxp K Voriyrert 8-k 8]k+pPt

o / P AR s (12.710)
= 6o —-K,—o = <7 | ALY

ko 3 K PoK.coXp djp-k,—0Jp

2
or 570 ] . (12.71d)

= =, Jp_ s + —
Uk (/K|:C¢P K.~ XP SIrr o87r

The above relations may now be used to derive exact relations between corre-
lation functions and vertex functions of different order. For example, if we set the
sources equal to zero in Eq. (12.70b) and keep in mind that in the superfluid phase

Y

— = (xp)s=0 =8po(X) , (12.72)
8Jp l7=0
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we obtain the following exact generalized gap equation relating the order parameter
(x) and the anomalous component A(K) of the exact fermionic propagator,

x)= —go/ A(K) . (12.73)
K

Note that at the mean-field level we approximate (x) ~ A, and replace A(K) by
Ap(K) given in Eq. (12.41); then Eq. (12.73) reduces to the mean-field gap equation
(12.18).

Equation (12.73) establishes a relation between the expectation value of our
bosonic Hubbard—Stratonovich field and a purely fermionic correlation function.
Similar relations can also be derived for bosonic correlation functions involving two
and more powers of the fields y and x. For example, taking the functional derivative
of Eq. (12.71a) with respect to x p- and then setting all fields equal to zero we obtain,

3
- / 5°Ge . (1274

K OXPOjK+P1OJ-K| |ferds—o

8’r

. D) = o one
POXP

fields=0

Similar to Eq. (11.30), the functional derivative on the right-hand side is determined
by the v = 1 term in the tree expansion (6.82) of the second derivative of G, in
powers of irreducible vertices,

833, B 8Ge
SXP’SJK+PT8j—K¢ fields=0 ‘Sj—KMSJ.KJrPT‘S)_(P’ fields=0
= —8p pB(—K)B(K 4+ P)I'V"V'"X(—K, K + P; P), (12.75)

where B(K) is the normal component of the exact fermionic propagator, and
r'vwWiX(—K, K+ P; P)is the irreducible vertex with one bosonic and two fermionic
legs of the type indicated by the superscripts. Substituting Eq. (12.75) into Eq. (12.74)
and renaming K — —K we obtain the skeleton equation

T (P) = —f B(K)B(—K + P)I'V"V1X(K, —K + P; P) . (12.76)
K

By taking the functional derivative of the Dyson—Schwinger equation (12.71b)
with respect to xp+ we obtain an equation similar to Eq. (12.76) with the vertex
' X(K, P — K; P) replaced by I'V1V+X(P — K, K; P). Skeleton equations for
the anomalous bosonic correlation functions I7%X(P) and IT*X(P) can be derived
analogously. Graphical representations of these relations are shown in Fig. 12.3.
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Fig. 12.3 Diagrammatic representation of the skeleton equations for the irreducible bosonic polar-
izations: (a) IT*X(P), (b) ITXX(P), (¢) [T**(P). Here, incoming dashed arrows represent external
legs associated with the Hubbard—Stratonovich field x, while outgoing arrows represent its com-
plex conjugate j

12.4.2 Ward Identities

Using the same method as in Sect. 11.4 it is straightforward to derive Ward iden-
tities associated with the U(1)-symmetry of the action S[v/, ¥, ¥, x] defined in
Egs. (12.5), (12.6), (12.7), and (12.68). Therefore we introduce new fermionic fields,

Vo (X) = Nyl (X) | Ye(X) = e Py (X)), (12.77)
and new bosonic fields,
X(X) — eia¢(X)+ia¢(X)X/(X) , )_((X) — efiaT(X)fiai(X))_(/(X) ; (1278)

with an arbitrary real function o, (X). Note that these transformations leave the
interaction S;[V, ¥, X, x] in Eq. (12.7) invariant. Using the invariance of the inte-
gration measure D[V, ¥, ¥, x] in the functional integral representation (12.69) of
the generating functional G[J, j, J, J] of the Green functions, we obtain after a
simple calculation analogous to Sect. 11.4,

_ 82G
-G MK+ G (K +K)] ————
fx{[ o (F)+Go ) 8TKobiK+ko

4 8G } 5G }
J Ko oz — JKo o
KR 87k 8jk+Ro

82G - 3G 8G

1

Y S [Py SN =0. (12.79
/P{[gp g’”'k] 8Jpsipig K 8Tp "80p ks } ( :
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Finally, we express G in Eq. (12.79) in terms of the generating functional
Gclj. j. J., J] of the connected Green functions and the corresponding generating
functional I' [V, ¥, ¥, x| of the irreducible vertices and obtain

/ {[—GJI(K) +GNK + K)] —— 829“
K 3Tkedjk+ko
S R

8WK+K0 SWKJ

+/ [_1 ,1] 8G. n or . or _0
. 8p 8pik SJPBJPHZ XP3XP+K XP+1<8)_(P =Vv.

(12.80)

From this functional Ward identity we may again obtain Ward identities relating irre-
ducible vertices with different numbers of external legs by expanding the generating
functionals I" and G, in powers of the fields and then comparing the coefficients of
properly symmetrized monomials in the fields. Of particular interest is the Ward
identity relating the anomalous self-energy A(K) to the three-legged vertices with
two fermionic and one bosonic external leg. To derive this, let us set K = 0in
Eq. (12.80), so that the terms involving the second derivatives of G, drop out,

/{1// or 5. or }__f{ s ﬂ} (12.81)
K KUSI/IKG KUS&KU B P XPBXP XP(S)_(P . .

Comparing the terms involving the combinations lﬁm Yok | or ¥_g ¥k on both
sides of Eq. (12.81) and keeping in mind that in the superfluid phase the bosonic
field has a finite vacuum expectation value, xp = 8p o(x) + 8 xp, we find the exact
Ward identities

()T, —K;0) = AK) (12.82a)
(X)X (K, —K;0) = A(-K) . (12.82b)

In the following section we shall use these identities to close the hierarchy of FRG
flow equations for our mixed Bose—Fermi theory.

12.5 FRG Approach with Total Momentum Cutoff

In this section we shall use our general superfield FRG formalism developed in
Chap. 7 to calculate fluctuation corrections beyond the Gaussian approximation for
the attractive Fermi gas model defined in Eq. (12.1). We thereby also show how the
vertex expansion with partial bosonization works in practice when the bosonic field
has a finite vacuum expectation value.
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12.5.1 Superfield Notation

To begin with, we rewrite the Hubbard—Stratonovich transformed action of our
model given in Egs. (12.4), (12.5), (12.6), and (12.7) in superfield notation. As in
Sect. 12.3, we parametrize the complex Hubbard—Stratonovich field x in terms of

its real and imaginary parts describing longitudinal and transverse fluctuations,®
1 . _ 1 :
Xp = E[X” +ixed o Xp= E[X—Pz —ix-pil. (12.83)

Comparing Eq. (12.83) with the corresponding mean-field expression (12.11), it
is clear that within mean-field theory the vacuum expectation value (x) of our
Hubbard—Stratonovich field can be identified with the mean-field gap A, appear-
ing in the fermionic quasiparticle dispersion. However, such an identification is not
valid when fluctuation corrections to the mean-field approximation for the fermionic
Green functions are taken into account. Our mixed Bose—Fermi theory involves a
six-component superfield

o= | , (12.84)

where the field component yx, has a finite expectation value. The ratio of the partition
functions with and without interactions can then be written as

Z  [DIy, ¥, xe, i Je™ SOtV Y I=Solxe. xe] =81l . xe. 1)
Z DI, xes xele ST V1=Salxex]

, (12.85)

where the fermionic part So[v, 1] of the Gaussian action is given by Eq. (12.5), the
bosonic Gaussian part is

1
Solxe, il = 5 / 8, [x—pexpe + x-pixed] . (12.86)
P

and for the interaction we obtain from Eq. (12.7)

6 We assume that the expectation value of our field y is real, so that (x) = (x,)/+/2 and (x,) = 0.
The fields ¢, and ¢; defined in Eqs. (12.47a) and (12.47b) are then given by ¢, = §x¢ = x¢ — (X¢)
and ¢, =8, = X
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_ 1 _ _
Silv. v, xes xil = ﬁ/ / [[I/fKJrPT\/Lm + YV ki ¥k—prrlxpe
K Jp

Hillery Pk, = VoxVkopilae ) . (1287)

The Bose—Fermi theory defined above is a special case of the general class of the-
ories discussed in Chaps. 6 and 7, so that the exact FRG flow equations for the
order parameter and the irreducible vertices can be obtained as a special case of
the general flow equations derived in Sect. 7.4. To do this, it is again necessary
to rewrite our action in symmetrized superfield notation, taking into account that
in the presence of symmetry breaking it is advantageous to define the bare matrix
propagator Go such that it satisfies Eq. (7.92). We therefore subtract the p = 0
component of the condensed field x, from the Gaussian action, so that the Gaus-
sian part of our superfield action involves only fields with vanishing expectation
values,

2
Sol®] = Sol¥r. w1+ Solxe. xe] — —

2BV g0
—S[(ﬁlef ol (L +
= dolV, 5 ng BV Y—Pe®re T P—PiPP:
_ —%(acb, [G;'150) . (12.88)

where §@ = @ — (@) and we have set again ¢y = Sy, = x¢ — (x¢) and ¢; = §x; =
X: (see Egs. (12.47a), and (12.47b)). Here, G, is a 6 x 6 matrix in field-type space
of the same form as Eq. (11.13), but with the bosonic block now given by

. 1
Fg popor = bppbso (85) (12.89)

where & = ¢, t labels the two independent real components of our bosonic field,
and longitudinal and transverse parts of the bare interaction are

go =1 —BV) '8polgy » gh=2gp- (12.90)

The subtraction in Eqgs. (12.88), and (12.90) guarantees that the conditions (7.92)
are satisfied. The subtracted term is added again to the interaction in Eq. (12.87),
so that after proper anti-symmetrization of the three-legged boson—fermion vertices
with respect to the interchange of the fermionic labels the total interaction part of
our superfield action can be written as
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X0 S
5[] = MTO/Z&) + (x) /K Wr¥—xk, + V_k Vi1l

1 Ty Vioy 05 g7
+ X 8K1+K2,PF0 (K1, K»; P)lem wKzaz(PP&
2 Ko, J Kyor J P&

1 Vo, Vo, Y5
+ 5/ / / Skirkrrpoly Y (K1, Koy PYWikyo, Vksos0Ps -
s VKo JKyop J PG

(12.91)
where we have introduced the notation
1 I (xp=0.)
= —{(xp=o) = — — . 12.92
(x) % (xp=0) BV ( )
The bare three-legged vertices are
Folba] ‘Pozw(Kl’ Ko; P) = _1—,01#0] ‘/fozw(Kl, Ky P) = €010, ’ (12.93a)
V2
LY K Koy Py = 1) K Ko P =92 (12.930)
V2
where
€010, = ‘SﬂlT‘SUN - 501¢802T (12.94)

is the antisymmetric e-tensor. A graphical representation of the four nonzero bare
vertices given in Eqgs. (12.93a), and (12.93b) is shown in Fig. 12.4.

?<K:2l ! Klf>¢ :
IR IR ERE
P!gog P!@é
Ky | ; Ky | ;
K1 V2 Ky 1 V2
P(Pt P(%t

Fig. 12.4 Bare three—l_egged boson—fermion vertices given in Eqgs. (12.93a), and (12.93b). Outgo-
ing arrows represent ¥, incoming arrows represent ¥, dashed lines represent the longitudinal part
@ of the order-parameter field, while wavy lines represent its transverse part ¢,
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Let us examine the structure of the exact matrix Green function of the interacting
system, which is related to the bare Green function via the Dyson equation (6.34),
G'= G, ' _ ¥, where the superfield self-energy ¥ has the block-structure

T

o
M

Y= (12.95)

o M
S Do
Do o

The fermionic blocks in Eq. (12.95) can be parametrized in terms of two functions
XY (K) and A(K) as follows,

[E1ko.k0r = Sk, k800 Z(K'), (12.96a)
[A]KU,K’O’ - 6K,—K’GJU/A(U/K/) . (1296]3)

The bosonic block IT contains the exact irreducible polarization functions I7 o' (P
associated with the collective bosonic fields,

[Tps por = 8p—p TT77 (P'). (12.97)

To lowest order in perturbation theory these functions are approximated by the
noninteracting polarizations H(fe(P), IT§ (P), and I'I(f’ (P) given in Egs. (12.49a),
(12.49b), and (12.49c). The exact inverse matrix propagator G~' has therefore the
block structure

AT -G 0
G'=G,)-=|G" -A 0 : (12.98)
0o 0 —F!
where
G'=6"-5%, (12.99a)
Fl'=F" 40 (12.99b)

The matrix elements of the diagonal matrix G~! are explicitly given by
(G Nkokror = Sk.k800 G~ (K) = 8k.k800[Gy (K) = Z(K)] . (12.100)

The inverse of the infinite matrix in Eq. (12.98) is

—AD™' GZ'D' o
G=|-6G'D'-AtD' 0o |, (12.101)
0 0 —F

where the time-reversed block G~' is obtained from G~! by replacing K — —K,

A

[Gil]l(rr,l(’a’ = (SK,K’S(TU’Gil(_K) 5 (12102)
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and the diagonal matrix D is defined by

A

[Dlko,k'or = 8k, k000 D(K) , (12.103)

with
D(K) =G HK)G'(=K) + |AK)|*. (12.104)
Spin-rotational invariance implies that the off-diagonal blocks in Eq. (12.101)
involving the combination G~ D~! must be proportional to the unit matrix, imply-

ing D(K) = D(—K) and hence |A(K)| = |A(—K)|. Our superfield Green function
(12.101) can therefore be written as

A B O
G=|-BA" 0 |, (12.105)
0 0 —F

with the anomalous and normal blocks

[Alko.x'o = 8k, k'€ro A(GK) (12.106a)
[B]KU,K’J’ = 8K,K’SUJ’B(K) , (12106b)
where
_AK) _ G'(=K)
A(K) = DK B(K) = “DE) (12.107)

Within the Hartree—Fock approximation we set in the fermionic sector A(K) &~ Ay
and Z(K) ~ 0, so that G"'(K) ~ G;'(K) = iw — & and D(K) ~ * + E}.
Moreover, in Gaussian approximation the bosonic self-energies IT 56’(P) are given
by the bare polarization functions Hg 6/(P) defined in Egs. (12.49a), (12.49b), and
(12.49c). In this approximation the inverse propagator (12.98) is given by

G'=| 6" -4 0 : (12.108)
0 0 —[Fy"'+ 1T

12.5.2 Truncation of the Vertex Expansion

Let us now derive exact FRG flow equations for the one-line irreducible vertices of
our mixed Bose—Fermi theory. Therefore we modify the free superfield propagator
Gy by introducing an infrared cutoff A which suppresses the low-energy fluctuations
such that for A — 0 we recover our original model. All correlation functions and
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self-energies are then A-dependent. Our aim is to derive an approximate closed sys-
tem of FRG flow equations for the two fermionic components X' 4 (K) and A 4(K)
of the self-energy and for the vacuum expectation value () 4 of the order-parameter
field. The exact flow equations for these quantities follow as a special case of the
general hierarchy of functional RG flow equations given in Sect. 7.4, which explic-
itly include the possibility that one or more components of the superfield @ have a
finite expectation value. A short summary of the results presented in this section can
be found in Bartosch et al. (2009b).

We shall use here a cutoff procedure where only the bosonic sector of our the-
ory is regularized via a cutoff A which suppresses bosonic fluctuations with total
momentum |p| < A. This total momentum cutoff scheme is in a sense the particle—
particle analogue of the momentum transfer cutoff scheme introduced in Chap. 11.
For simplicity we use a sharp total momentum cutoff and modify the bare interac-
tions as

g‘; — OA < |p| < Ao)g‘; . (12.109)
where ®(X) = 1 if the logical expression X is true and @ (X) = 0 if X is wrong.

With this cutoff procedure the single-scale superfield propagator G defined in gen-
eral in Eq. (7.64) is of the form

000
G=-(000], (12.110)
00F
with
[(Flps,por = —8(A — |PDIF)ps.por = 8p—p F§° (12.111)
and
F37 = —8(A — |p)F3° (12.112)

where it is understood that in the bosonic propagator Fg %" on the right-hand side of
Eq. (12.112) we should replace the ®-function by unity.

Consider now the exact FRG flow equation (7.94) for the order parameter, which
for general Bose—Fermi theories is shown graphically in Fig. 7.7. Keeping in mind
that according to Eq. (6.75) we may identify I'\%) with the self-energy [Zla,a,.
Eq. (7.94) can be written as

o1 .
[ [Z1o,p, 04D, = Ef /[G]ﬁlﬁzrgfgwl : (12.113)
Bi 1Y B2

This equation relates the RG flow of the vacuum expectation value @2 = (Dy)
of the superfield in the absence of sources to the irreducible self-energy X and
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the irreducible vertices I"® with three external legs. To keep track of the various
processes, it is at this point useful to introduce a more explicit graphical notation
adopted to our specific model where the various types of fields are represented by
different graphical symbols, as defined in Fig. 12.5. With this notation the exact flow
equation (12.113) for the vacuum expectation value (xp—o ¢)/(BV) = ﬁ(}() in the
total momentum cutoff scheme can be written as

[g0" + T 0] V204(x) = —%/P[FW(P,—P,O)F“(P)

+ P, —P,0)F"(P)+2Ir'*“(p, —P, O)F“(P)] . (12.114)

where ¢ 4 and %" are the irreducible vertices with three bosonic external
legs of the type indicated by the superscripts. A graphical representation of the exact
FRG flow equation (12.114) is shown in Fig. 12.6. The exact FRG flow equations
for the vertices "¢, I'** and I'*"* can in turn be obtained as a special case of the
general FRG flow equation (7.74), which is shown graphically in Fig. 7.3. However,
instead of explicitly considering these rather complicated flow equations, we will
use the skeleton equation (12.73) and the Ward identities (12.82a) and (12.82b) to

1

Sy

1 my 1y my

- — —_ = — ————— = — A"
Pe @@é Pt Pt

:
4
:
?

Fig. 12.5 Dictionary for the fermionic and bosonic propagators and vertices. The single-scale
propagators are represented by similar symbols with slashed lines. See also Fig. 11.1 for a similar
dictionary
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® 1 (’l\) % \
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Fig. 12.6 Exact FRG flow equation (12.114) for the order parameter using physical vertices and
propagators, as defined in Fig. 12.5. This is a decompressed version of the general order-parameter
flow equation shown in Fig. 7.7 in the total momentum cutoff scheme

relate the order parameter (x) to the anomalous fermionic propagator A(K) and
other quantities which are more easily accessible, as will be explained below.

Next, consider the RG flow of the irreducible two-point vertices. For n = 2 our
exact FRG flow equation (7.91) for the irreducible n-point vertices in the presence
of fields with vacuum expectation values reduces to

_ 1 . .
[ Z oy, = / @a®p) 0, — 5 T [ZGT ]+ Tr[ZGT G ]
Bi

- 1 .
_ 03 4
= /ﬁl(a/‘éﬂl)rﬂnanaz 3 //31 /I;Z[G]ﬁlhrﬁlﬁzmﬂtz

+ / / f [Glpu5. 5 e [Glpap Ty - (12.115)
1 b J B3 J By

If we specify the external labels o and «; to refer to fermion fields, we obtain the
exact FRG flow equations for the normal and anomalous fermionic self-energies
Y (K) and A(K), while for bosonic external labels Eq. (12.115) gives the FRG flow
of the irreducible bosonic polarizations IT*“(P), IT"(P), and IT"(P). Let us now
truncate the exact FRG flow equation (12.115) by neglecting the bosonic energy—
momentum in the vertices with one bosonic and two fermionic legs. In the complex
X - X -basis this amounts to the approximation

F']’T‘LM(K, P—K;P)~ F‘LH@X(K’ _K;O) = y(K) s (121163)
FVJMDH_((K’ P—K;P)~ F%WX(K, —-K;0)=y(-K), (12.116b)

where the flowing vertex function y(K) is normalized such that it reduces to unity
in the noninteracting limit. In the real basis spanned by the longitudinal (¢,) and
transverse (¢,) components of the field one should take the different normaliza-
tion of the vertices given in Eqgs. (12.93a) and (12.93b) into account. As a further
approximation, we shall neglect all other vertices with four and more external legs.
These higher-order vertices vanish at the initial scale and we assume that their
effect remains small throughout the entire RG flow. Specifying the external legs
in Eq. (12.115) to be fermionic, and using the total momentum cutoff scheme in the
bosonic sector, we then obtain the following two approximate FRG flow equations
for the anomalous and normal self-energy,
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1 . .
AAAK) = y(K)da(x) + z;/Z(K)/ [Fp' — FPJA(P — K), (12.117)
P
T (K) = —%yz(K)/ [Fpf + Fi —2iFy'|B(P — K) . (12.118)

P

Graphical representations of these equations are shown in Fig. 12.7.

Obviously, we also need an equation for the vertex y(K); instead of writing
down a FRG flow equation for this vertex, we use the Ward identity (12.82a), which
implies in combination with Eq. (12.116a) that our flowing vertex function y(K)
can be expressed in terms of the flowing anomalous self-energy and the flowing
order parameter as follows,

A(K) = y(K)(x) - (12.119)

Substituting this Ward identity into our flow equation (12.117) for the anomalous
self-energy, the latter transmutes into the following flow equation for the vertex
function y (K),

yA(K)

P

[Fpf — FJA(P — K) . (12.120)

Note that 8,4y (K) is proportional to y>(K); a similar term is also contained in the
general FRG flow equation (7.74) for vertices with three external legs. For simplic-
ity, we shall from now on neglect the momentum dependence of the vertex function,
approximating y(K) ~ y(0) = y,.

To obtain a closed system of flow equations, we also need the FRG flow of the
irreducible bosonic polarizations IT*(P), IT" (P), and IT" (P). In our total momen-
tum cutoff scheme where only the bosonic components of the single-scale propa-
gator are nonzero, the FRG flow of these functions is driven by the purely bosonic

Fig. 12.7 Truncated FRG flow equation for the fermionic self-energies in the total momentum
cutoff scheme, where only the bosonic propagators are regularized via a cutoff. The upper dia-
gram represents the flow equation (12.117) for the anomalous self-energy A(K), while the lower
diagram represents the flow equation (12.118) for the normal self-energy X'(K)
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vertices with three and four external legs appearing on the right-hand side of the
flow equation (12.115). However, the skeleton equations discussed in Sect. 12.4
provide an alternative way of closing the hierarchy of FRG flow equations with-
out explicitly considering the flow of bosonic vertices with more than two external
legs: The key observation is that the purely bosonic correlation functions IT%X(P),
MT*%(P), and ITX*(P) of our mixed Bose—Fermi theory can be expressed in terms
of the three-legged vertices with one bosonic and two fermionic legs and purely
fermionic propagators. The skeleton equations for the irreducible bosonic polariza-
tions IT*(P), IT"(P) and IT"(P) can be obtained via a simple change of basis
from the skeleton equations for the polarizations ITXX(P), I[T**(P), and ITX*(P)
discussed in Sect. 12.4.1, see Fig. 12.3. It should be noted that the skeleton equations
are valid for any given value of the cutoff parameter A. Replacing the three-legged
vertices with two fermionic legs and one bosonic leg by y, times their initial values
given in Egs. (12.93a) and (12.93b) we obtain the approximate skeleton equations
for the irreducible bosonic polarization functions,

m*“Pp) = —%A [B(K)B(—K + P)— A(K)A(K + P)+ (P — —P)] :
K

(12.121a)

YA
n'(pP)=—
(P) >

2 | [BUOBK + P+ AGOAK + P+ (P > =P)]
K

(12.121b)
Py = — 4 [B(K)B(—K + P)— A(K)A(K + P) — (P — —P)]
-2 .
(12.121¢)

These expressions resemble the corresponding noninteracting polarizations in
Egs. (12.49a), (12.49b), and (12.49c), with the important difference that the
fermionic propagators on the right-hand sides are now renormalized by fermionic
self-energy corrections, as determined by the FRG flow equations (12.117) and
(12.118). In addition, one of the bare three-legged vertices with two fermionic legs
and one bosonic leg is multiplied by the vertex renormalization factor y,, whose
frequency and momentum dependence we ignore.

Finally, let us also write down the exact FRG flow equation for the grand canon-
ical potential §2 4, which follows from our general flow equation (7.70) for the irre-
ducible vertex 1"/(&0) without external legs. Keeping in mind that in our cutoff scheme
only the bosonic block of Go, 4 1s nonzero, and carefully taking the sharp cutoff limit
of Eq. (7.70) using the relation (8.49), we obtain for the flow of the grand canonical
potential

v te tt 2 Lt 2
0420 =~ [ 0pl = M {11+ TP+ g0l ()] + GUT PP
: (12.122)

which should be compared with the corresponding correction §2, in Gaussian
approximation given in Eq. (12.50). The formally exact flow equation (12.122)
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should be integrated with the initial condition §24, = £2;, where £2; is the mean-
field result for the grand canonical potential given in Eq. (12.17).

Keeping in mind that our flow equation (12.117) for the anomalous self-energy
A(K) has turned into a flow equation for the vertex function y(K), we still need
one additional condition to close the system of flow equations (12.118), (12.119),
(12.120), (12.121a), (12.121b), and (12.121c). Fortunately, this can be achieved in a
very simple and physically transparent way without explicitly considering the FRG
flow of the bosonic three-legged vertices (Bartosch et al. 2009b). The crucial obser-
vation is that in the superfluid state the bosonic propagators must exhibit a pole on
the real frequency axis associated with the gapless Bogoliubov—Anderson mode.
From the requirement that our approximation (12.121a), (12.121b), and (12.121c)
for the bosonic self-energies is consistent with the existence of a gapless BA mode
we obtain an additional constraint which uniquely fixes the flowing order parameter
(x). The anomalous self-energy A(K) can then be obtained from the Ward identity
(12.119). To derive the corresponding FRG flow equation for (x), we note that,
for a given value of the cutoff A, the propagator of the bosonic fields is of the
form (12.56) but with the noninteracting polarizations HéK(P), IT{! (P), and Hé’ (P)
replaced by the flowing irreducible polarizations IT*(P), IT"(P), and IT“(P),
which in our truncation are given by Eqgs. (12.121a), (12.121b), and (12.121c). The
existence of the gapless BA mode is therefore guaranteed if

g +1"0,i0)=0. (12.123)

Obviously, this condition is satisfied at the initial RG scale A = A, where the
irreducible transverse polarization [T} (0,i0) = I1;/(0,i0) is given by the non-
interacting one and Eq. (12.123) reduces to Eq. (12.64). In order to guarantee that
Eq. (12.123) is valid for arbitrary A, we impose the condition

ey +11"0,i0)] = 0. (12.124)

With I77(0, i0) given by the skeleton equation (12.121b), the condition (12.124)
implies a functional relation between d,A(K) and 9, X' (K). By demanding that
this functional relation is consistent with our flow equations for the fermionic
self-energies, we obtain the desired flow equation of the order parameter ().
Eqgs. (12.118), (12.119), (12.120), (12.121a), (12.121b), (12.121c), and (12.124)
form a closed system of flow equations for the fermionic self-energies A(K) and
Y (K), which implicitly takes the effect of the bosonic three-legged vertices in the
exact order-parameter flow equation (12.114) into account.

12.5.3 Truncation with Momentum-Independent Self-Energies

We now further simplify our system of flow equations by neglecting the momen-
tum dependence of the fermionic self-energies and by keeping only the leading
frequency dependence of the normal self-energy,
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AK)~ A0)= Ay, (12.125)

02 (i 1
sK) ~ 20 + 28— (21w, (12.126)

A(iw) |,—0 Z4

where
Zs= ! 12.127
A_l_az(iw)‘ (12.127)
) |,

is the flowing wave function renormalization factor. The fermionic Green functions
resemble then the mean-field Green functions given in Eqs. (12.41) and (12.42), and
it is useful to define

A(K)=ZsA(K) , B(K)=Z4sB(K), (12.128)
with
y A 3 ‘w4 E
AK)=-———"1 | B(K)= —m . (12.129)
w + EkA (!)2 + EkA

The renormalized anomalous self-energy A, and the energy dispersions Ej, and
£x 4 appearing here are given by

Exp =82, + 22, (12.130a)

kA = &a — la s (12.130b)
€xa = Z g, (12.130c)
Ay =ZsA4, (12.130d)
fia=Za(u—X4). (12.130e)

The frequency integrations in Eqs. (12.121a), (12.121b), and (12.121c) can now be
done analytically. Defining the dimensionless polarizations [77° (P) via

%% (P) = Z%yavol1°° (P) (12.131)

we can obtain the dimensionless functions /7% (P) from Egs. (12.49a), (12.49b),
and (12.49¢) via the substitution Ex — Ega, & — &xa, A — Ay, and an overall
division by vy. Imposing the gaplessness of the BA mode, Eq. (12.123) implies at
T = 0 the constraint

1 1 1
=7y - (12.132)
80 avay Zk: 2Era
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The divergencies appearing on both sides of this equation can again be cured by
eliminating the bare interaction gy in favor of the two-body 7'-matrix g,

1 1 1 1
e 4 72y, — . (12.133)
80 8 ¥ \%4 ; 2€kA

This leads to the regularized gap equation

1 1 1 1
== |=—-=|- (12.134)
Zyvag VS L2Eka 2&a

It is satisfying to see that exactly the same equation follows directly from the skele-
ton equation (12.73) without explicitly imposing the gaplessness of the BA mode.
The gapless BA mode is therefore a natural consequence of our truncation scheme.

At this point, it is useful to summarize again our system of FRG flow equations
derived so far for a sharp total momentum cutoff. The rescaled shifted chemical
potential fi, defined in Eq. (12.130e) and the vertex renormalization factor y,
satisfy

- - A\’ ddr=vr | zu 0 B
Adpfip = Nafla — Va €ra, | =—[Fp + Fp —2iFJ]|B(P),
kFA() 21
(12.135)
D _
Ya A ddrzp 5
Adxpl = —= — | Fp — F, |A(P) . 12.136
A M YA A, <kFAU> GFAO/ZJT[ P p] (P) ( )

Here, the values of the Fermi energy € 4, and the Fermi momentum k4, are deter-
mined by the noninteracting system at the beginning of the RG flow. The flowing
wave function renormalization factor satisfies
ApZp =npZs s (12.137)
with the flowing anomalous dimension
E% — & +2idé,s
(@*+ E%)?

AN\ da, . 5 5
na = m( ) eFAU/—[F,‘;‘+Fg—2iF£’] , (12.138)
kFAo 21

where E 4 and &, are obtained from E,, and &, by setting |p| = A. The rescaled
gap parameter A, is determined by the generalized gap equation

1 1 1 1
— = |: — :| , (12.139)

ga wV < 2Ers  2&ka
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where the dimensionless renormalized coupling g 4 is defined by
ga=Z yav0g . (12.140)

From the solution of the above system of equations we obtain the flowing order
parameter using the Ward identity

Zaya

(x) (12.141)

Finally, the rescaled bosonic propagators are given by

(F;;@ F};f) I (gA1+ﬁx,,<P) —1%(P) ) (12.14)

Fy By )~ N\ =Py gyt + 1P
where
~ — ~ — ~ ~ 2
NPy =g, + I8P [g, + T (P + [T5(P)] (12.143)

and the regularized dimensionless diagonal polarizations are defined by

(12.144)

Note that by adding and subtracting the divergent quantity VULV Yk ﬁ we have
removed the divergencies from the inverse interaction and the polarizations. Due
to the sharp momentum cutoff and the rotational symmetry we can carry out all
momentum integrations analytically such that the collective label P reduces to
P = (iw, A). By construction, in the total momentum cutoff scheme the initial
values of the order parameter and the fermionic self-energies are given by the
mean-field values discussed in Sect. 12.2, Ay, = (x)a, = Ao = 0.6864 € and
X4, = 0. To compare the flowing order parameter and self-energies with the mean-
field results, it is important to keep in mind that within the FRG one works at fixed
chemical potential . As a consequence, the density of fermions and hence the
Fermi energy €7, of a noninteracting system which has exactly the same density
as the interacting system are functions of the flow parameter A. We should there-
fore use the thermodynamic relation between the density and the chemical potential
to eliminate the chemical potential in favor of the density which is a function of
A. Within our approximations the renormalized particle number corresponding to
Eq. (12.20) at T = 0 can either be obtained from the grand canonical potential
£2 4 using the thermodynamic relation N = —d£2/du, or from the normal part
of the single particle Green function. Using the latter approach we obtain as an
approximate result for the flowing renormalized particle number density,

op = % [1 - &‘—A} . (12.145)
k
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Typical RG flows at the unitary point (1/(krpa;) = 0) in three dimensions are
shown in Fig. 12.8 for the vertex renormalization factor y, and the quasiparticle
residue Z 4. Moreover, in Fig. 12.9 we show the flow of the single-particle gap A 4,
the order parameter x4, = (x), and the chemical potential in units of the Fermi
energy €r, of a noninteracting system, which has exactly the same density as our
interacting system,

K2 2/D
era= T4 = epy, (p—A> . (12.146)
2m Ay

Note that while mean-field theory does not distinguish between A 4 and (x), con-
ceptually the renormalized single-particle gap and the order parameter are different
quantities, so that it is not surprising that our FRG calculation shows that these

1-5 T T T
N
1_
Za
0.5+ E
% i 3 3 4

A/EFAD

Fig. 12.8 Numerical solution of the FRG flow equations (12.135-12.144) at the unitary point
1/(kpas) = 0 in three dimensions. The graph shows the flowing wave function renormalization
factor Z, and the flowing vertex renormalization factor y, associated with the vertex with one
boson and two fermion legs

0.8— T . .
Ap/era
0.6F= -
Xa/€ra
w/€era
0.4F g
0.2F g
% 1 2 3 4
A/GFAO

Fig. 12.9 Graph of the flowing single particle gap A4, the flowing order parameter x4, and the
chemical potential p at the unitary point 1/(kra,) = 0 in three dimensions divided by the flowing
Fermi energy €4 of a noninteracting system, which has exactly the same density as our interacting
system
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quantities are renormalized differently. For a more detailed analysis of Egs. (12.135—
12.144) we refer the reader to Bartosch et al. (2009b). Here, we only quote the
renormalized parameters at the unitary point in units of the physical Fermi energy
e€r =limy_o€pq,

p/er =032, Alep =061, (x)/er =0.59 (FRG). (12.147)

Comparing these FRG results with the mean-field results (12.33) and the recent
Monte Carlo results (12.34) by Carlson and Reddy (2005), we conclude that the
fluctuation corrections included in the FRG lead to a significant improvement,
although our FRG calculation does not produce numerically reliable values for u
and A. However, in view of the approximations inherent in our truncation (which
is based on a low-energy expansion of the vertex functions and completely neglects
particle-hole fluctuations), our FRG calculation yields satisfactory numerical val-
ues. Note that the main purpose of this chapter was not to produce numerically
accurate results at the unitary point, but to show how the partially bosonized FRG
in the symmetry-broken phase works in practice. Curiously, our result /ey = 0.32
agrees precisely with the experimentally determined value given by Bartenstein
et al. (2004). Moreover, the results of the Gaussian approximation given by Diener
et al. (2008) are amazingly close to the most recent Monte Carlo results Carlson and
Reddy (2005). In view of the errors inherent in the experiments as well as in the
Gaussian approximation, this agreement might be accidental.

12.6 Outlook

We hope that we have convinced the reader that the FRG is a powerful new for-
mulation of the Wilsonian RG which provides a unified and aesthetically appealing
framework of formulating Wilsonian RG transformations for any problem which
can be formulated in terms of functional integrals. Our goal in this book was to
introduce readers with no previous contact with the RG to the main ideas of the
FRG and to show in detail how the FRG works in practice. The three parts of this
book reflect the three basic steps which are necessary to achieve this goal: one first
has to learn the main ideas of the renormalization group from Part I, then one has to
learn the FRG from Part II, and finally one should see how this method can be used
to solve problems and eventually calculate numbers which can be compared with
experiments. In Part III we have focussed on fermionic many-body systems, but it
should now be obvious that FRG methods are also useful to study interacting bosons.
In fact, several authors have used FRG methods to study interacting Bose gases in
various dimensions (Dupuis and Sengupta 2007, Wetterich 2008, Floerchinger and
Wetterich 2008, 2009a,b, Sinner et al. 2009, Dupuis 2009a,b, Eichler 2009, Eichler
et al. 2009). Due to limitations in space and time, we do not discuss these interesting
applications of the FRG in this book and refer the interested reader to the literature
cited above. Our main message to the reader is that the FRG formalism as described
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in this book is a very powerful tool which can be used to tackle a great variety of
research problems of current interest.

To conclude this book, let us mention three promising recent developments in
the theory of the FRG, which in our opinion will probably lead to further interesting
new results in the future:

(a)

(b)

Partial bosonization in several competing channels:

In Chaps. 11 and 12 we have shown that in some cases it can be useful to
decouple the interaction between fermions with the help of a suitable bosonic
Hubbard—-Stratonovich (HS) field and consider the FRG flow equations of the
resulting coupled Bose—Fermi theory. For the simplified models considered in
Chaps. 11 and 12 the proper choice of the HS decoupling was obvious from the
special form of the interaction. However, HS decouplings can be introduced in
many different ways and in more realistic models it is a priori not clear which
HS decoupling is most appropriate. This ambiguity has been discussed for
many decades in the literature (Hamann 1969, Wang et al. 1969, Castellani and
Di Castro 1979, Schulz 1990, Macédo and Coutinho-Filho 1991, Dupuis 2002,
Borejsza and Dupuis 2003, Dupuis 2005, Bartosch et al. 2009a). In exceptional
cases the resulting mixed Bose—Fermi theory can be solved exactly, such as the
forward-scattering model discussed in Chap. 11. However, in general one has to
rely on rather simple approximations to solve the coupled Bose—Fermi theory,
so that the proper choice of the HS decoupling is crucial. In fact, in some cases
it might be advantageous to decouple the interaction in terms of two or more
HS fields to take into account the existence of competing instabilities (Bar-
tosch et al. 2009a). In this context it should also be mentioned that recently
Husemann and Salmhofer (2009a,b) have proposed a new decomposition of
the fermionic two-body interaction of the Hubbard model, which amounts to
a decoupling of the flowing effective interaction in terms of three different HS
fields associated with different scattering channels. They have shown that this
decomposition reduces the ambiguities inherent in the introduction of boson
fields, although it does not completely eliminate all ambiguities. We believe
that this and similar techniques based on multicomponent HS transformations
are promising developments whose potential has not yet been fully explored.

Scale-dependent Hubbard—-Stratonovich transformations:

In general, HS transformations can be used to eliminate two-body interactions
(which are represented by quartic interaction terms in the original fermion
fields) in favor of cubic boson—fermion couplings involving one boson and two
fermion fields. In this way direct two-body interactions between the original
fermion fields are completely eliminated in the bare action. However, terms
involving four fermion fields are again generated as the RG is iterated. These
terms contain also scattering processes in channels which are different from
the channel which has been singled out by the HS field. Although the effect of
these terms can indeed be negligible if the physics is dominated by the scat-
tering channel singled out by the HS field, in problems with several competing
channels or in situations where the dominant channel is a priori not known it
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may be important to take these terms into account. An elegant way to achieve
this within the framework of the FRG is based on scale-dependent HS trans-
formations (Gies and Wetterich 2002, Jaeckel and Wetterich 2003, Gies 2006).
The idea is to choose the HS field as a scale-dependent nonlinear functional
of certain fields of the system. This functional is chosen such that the direct
two-body interactions are eliminated at any RG scale. This technique has been
successfully used to study certain aspects of quantum chromo-dynamics (Gies
and Wetterich 2004, Braun 2009) and has also been used to study ultracold
atomic gases (see e.g. Floerchinger et al. 2008). It seems to us that this is
a promising technique which should be further developed and applied to the
models describing strongly correlated electrons in condensed matter.

Nonequilibrium FRG:

While enormous research efforts have been devoted to the understanding of
quantum mechanical many-body systems in equilibrium, the behavior of these
systems under nonequilibrium conditions has received much less attention. Of
course, the nonequilibrium problem is more difficult, but the physics of many-
body systems far from equilibrium is expected to be very rich. We believe
that the FRG approach is a promising tool to study nonperturbative aspects
of many-body systems under nonequilibrium conditions. For example, some
classes of nonequilibrium problems can be mapped onto classical field theories,
which can then be studied nonperturbatively using the FRG (Canet et al. 2004,
2005), revealing new nonequilibrium fixed points. But also in quantum field
theories stationary nonequilibrium states can be characterized by nonthermal
fixed points (Berges and Hoffmeister 2009).

For interacting bosons or fermions, the basic FRG equations for the irre-
ducible vertices under nonequilibrium conditions can be easily written down:
starting point is the functional integral formulation of the Keldysh formalism
(see e.g., Kamenev 2004), where the number of field components has to be
doubled in order to take into account that out of equilibrium the forward and the
backward propagation in time are independent. All nonequilibrium correlation
functions can be expressed in terms of functional averages of a suitably defined
effective action. One then modifies the theory by introducing a suitable cutoff
either in time (Gasenzer and Pawlowski 2008, Schoeller 2009, Schoeller and
Reininghaus 2009) or in the frequency domain (Gezzi et al. 2007, Jakobs et al.
2007). The problem is then formally identical to the corresponding functional
integral formulation of the equilibrium problem, so that the resulting flow equa-
tions are formally identical to the flow equations derived in Chap. 7. Note
that the FRG flow equations in Chap. 7 have been derived for field theories
involving arbitrary multicomponent fields, so that all flow equations of Chap. 7
are also valid for the nonequilibrium Keldysh action for bosons, fermions, or
mixtures thereof; the superfield label o simply has to be enlarged by another
index which keeps track of the Keldysh componets of the fields. The difficult
and largely unexplored problem is now to find sensible truncations of the for-
mally exact hierarchy of FRG flow equations, which do not violate essential
properties such as the causality conditions (Kamenev 2004). We believe that
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in the near future the nonequilibrium quantum many-body problem will attract
more and more attention, and that the FRG will be a competitive alternative to
other nonperturbative tools, such as the method of continuous unitary transfor-
mations (Kehrein 2005, 2006) or the time-dependent density matrix renormal-
ization group (Schollwock 2005, Manmana et al. 2007, 2009).
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