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10 the memory oj George M. Zaslavskj 



Dedicated to George M. Zaslavsky, your significant achievements on 
Science will leave to the entire society forever.







Prefacel

George M. Zaslavsk)' was born in Odessa, Ukraine in 1935 in a famil)' of an artiller)'
officer. He receiveaeducation at thc University of -OClessa ana movecfinT9571O
NovosioifsK;RussiafilT965~GeorgejoinealheillSlitutCOfNUClear Pnysics wnere
hToecame interestea -in nonlinear proolems of accelerator anaplasma pnysics.
Roald Sagdeev and Boris Chirikov were those persons who formed his interest in
the theor)' of d)'namical chaos. In 1968 George introduced a separatrix map that
oecame one of tne major toolsifilhem:etical stuoy ofHamiltonian cnaos . Tne worK
"Stocnasticarinstaoility of nonlinear oscillation s"5y G:-Zaslavskyand-B~CniriKov,

puolisneo-inPnysicsUspe\(ni-inT9TI , was thTfirst review paper "openeol ne eyes"
of many_QI1)'sicists to power of the theor)' of d)'namical s)'stems and modern ergodic
theor)'. It was realized that ver)' complicated behavior is ])ossible in d)'namical s)'s
terns with onl)' a few degrees of freedom . This complex it)' cannot be adequatel )'
aescri5eo in terms of inaiviClillil trajectories ana requires statistical metnooS:-Typi:::
cafHamiltonian systems are not integra51e5ut cnaotic, anatniscnaos is not nomo
geneous. At the same values of the control parameters, there coexist regions in the
phase space with regular and chaotic motion . The results obtained in the 1960s were
summarized in the book "Statistical Irreversibilit )' in Nonlinear S)'stems" (Nauka,
Moscow, 1970).1

Tne enaoflhcT960s was a narotime forGeorge . He was forceolOleave the
Institute of Nuclear PnysicsinNovosi5irsk-forsigningletlers iildefense of some
Soviet dissidents . Georg~got a position at the Institute of Ph)'sics in Krasno)'arsk,
not far awa)' from Novosibirsk. There he founded a laborator)' of the theor)' of non
linear processes wnicn exists up to now. In KrasnoyarsK George becameinteresteo
ifilhe1neory of quantum cnaos. Tne first rigorous tneory of quantum resonance was
aevelopeo-in197Tin colla50ration wiUjnis co-worKers. Tney introoucealne impor
tant notion of quantum break time (the Ehrenfest time) after which quantum evolu
tion began to deviate from a semiclassical one. The results obtained in Krasno)'arsk
were summarized in the book "Chaos in D)'namical S)'stems" (Nauka, Moscow and
Harwood~Amstera~1-985L

Inr984~R~Sagoeev invitea-George to the-In stitute of Space ResearcllinMoscow.
There he has worked on the theor)' of degenerate and almost degenerate Hamilto-



xii

ilian systems, anomaIOtischaotic transIlOrt, plasma QIlysics,andlfieOiYOfcfiaOSiil
waveguiaes:-Theboo]("NOillinearPliysiCS:fromlhependi.ili1i111OTurbulence ana
Cliaos"1Nai.ika;lVloscowanil Harwooil~NewYOfk-;-T988),Wfiuenwith-R~Sagaeev,
has been a classical textbook for everybody who studies chaos theory. When study
mg interaction of a charged particle with a wave packet, George with colleagues
fromlheIilStiti.itediscoverealllafStOCllliSiiclaxersofuifferent separatricesiilde
generateaHamiltonian systems may merge proaucing a stocliastic web. UnliKe tlie
famous Arnold diffusion in non-degenerated Hamiltonian systems , that appears only
if tlie number of ilegrees of freeaom exceeils 2, aiffusion inlheZaslavsky webS
ispossible at one anil-miIf-degrees or-freedom. TfiisdifftiSiOilis ratlier universal
plienomenon ana -its speeil-is mucli greater tlian tliat oCt\rnolo-difftiSi~Beauti:::

ful symmetries of the Zaslavsky webs and their properties in different branches of
QI1ysics have been described in the book "Weak chaos and Quasi-Regular Struc
tures"1Nai.ika;-Moscow, 199-1 anoTambriilge-Uiliversit)iPress, Cambriilge, 1991J
coautlioreo wiih-R~Sagdeev, D~Usikov ano-A-:-ChemikOV:

Ii11991 ~George emigrateolOlheuSA ano-became a Professor orPliysics anil
Mathematics at Physical Department of the New York University and at the Courant
Institute of Mathematical Sciences . The last 17 years of his life he devoted to prin
cipal problems of Hamiltonian chaos connected with anomalous kinetics and frac
tional oynamics, founoations of statistical meclianics, cliaotic ailvection, quantum
cliaos, anil-Iong-range propagation of acoustic waves il11lie ocean . lilliiSNeWYOfK
period George published two imQortant books on the Hamiltonian chaos: "Physics
of Chaos in Hamiltonian Systems" (Imperial College Press , London, 1998) and
"Hamiltonian chaos and Fractional Dynamics" (Oxford University Press , New York,
2005).Hislast oook--"Rayanowavecliaos in ocean acoustics: cliaos in waveguioes"
{Willlo-ScientifiC-Press, Singapore, 2010), written wiinD~Makarov;-S~Prants, anil
A--:-VirovlynsKy, reviews original results on cliaos willi acoustic waves iilllie unoer
water sound channel.

George was a very creative scientist and a very good teacher whose former stu
oents ana collaborators are working now in America, Europe ana Asia. He autlioreil
ana co-autlioreil9-600ksancI more tlian 300 papers injournal~Many offiis worKS
are wiilely citeo:-George worKeo-liaroalrliislife.-Heloveil musi~lieater, literature
and was an expert in good vines and food. Only a few peoQle knew that he loved
to paint. In the last years he has spent every summer in Provence, France working,
writing books and paQers and painting in water-colors. The album with his water
colors was issueil in 2009-inMoscow.

George ZaslavsKy was one onlie Key persons iillfie tfieory of -dynamicalcfiaos
and made many important contributions to a variety of other subjects . His books and
Qllpers influenced very much in advancing modern nonlinear science .

Sergey Prants
:A.lberLC J:-::Luo

Yalentin _Afffiimovicfi
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Cha{Jter 1]

Stocliastic and-Resonant I:ayers inNonlinear
Hamiltonian Systems

AIl)ert c:rLUOI

Abstract In this chapter, stochastic and resonant layers in 2-dimensional nonlinear
Hamilton ian systems are presentea:-Tfie cfiaos iillfie stocfiasticlayer isformea-by
the primar)' resonance interaction in nonlinear Hamiltoni ans s)'stems. However, the
chaos in the resonant la)'er is formed b)' the sub-resonance interaction. The chaQter
presentea fierein is to memorize Professor George M:-Zaslavskyfillfiis contril)u
iions in stocfiasticlayers.

1.1 Introduction

Tne moaern tneory of -dynamics originates from Poincare's qualitative analysiS.
Poincare (1892) discovered that the motion of nonlinear a coupled oscillator is sen
sitive to the initial condition, and gualitati velY_Qresented that the inherent character
istics of the motion in the vicinit)' of unstable fixed points of nonlinear oscillation
systems may l)e stochastic unaer regular applied -forces. In aaaiii~Poincare-de

velopeatne perturl)ation tfieory for periodic motions in planar aynamical systems.
BirkfioffT19T3) continuea1>oincare' s work, ana proviaed a proofofPoincare's ge
ometric theorem . Birkhoff (1927) showed that both stable and unstable fixed points
of nonlinear oscillation s)'stems with 2-degree s of freedom must exist whenever
tfieir frequency ratio (or callea resonan ce) is rational. Tfie sufi-resonances in peri
odic motions of sucfi systems cfiange tfie topological structures ofpl1iiSelfajectories,
ana theislanacilliins are ofitainea wfien thedynamical systems renormalizea wiifi
fine scales are used. The work of Poincare and Birkhoff implies that the complexit)'
of topological structures in phase sQace exists for nonlinear d)'namic s)'stems . The
guestion is whether the comQlicated trajector)' can fill the entire phase space or not.

AlbcrtCd .L uo
Department ofMechanicalancni1aiiiliiaIEngineeri~SOUihemll linoisUi1iVefSitYEawardsvi l le,

Edwarosvllle,llhnols 62U2O:l1lU5;-DSf\;-Tel: 618-65(J-5389, Fax: 618-65iJ-2555,
e-mail:aluo@s iue.eou
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TfiefOiTillilandTiOfriliirfOiTIiSiillFieVicinity of eguilibrium are oeveloQeillhrougJ!
HieTaylorserieslOiTiVeStigate1ne com~y of trajectory iillFieTieignborfiOOdof
~ilil5filiTil:-Since1ne trajectory comQlexitfeXiSISinlhevicinitfQfhXQerbolic
POints, one focused on investigating the dynamics In such VICInIty of hyperbolIc
pOIntsl

Fr=o=-=m:::--:a~toC:::Q=ologicalpoinrofView;-STillile'shOfseSnoe was presenteinnSTilliIe
(1967) . Further, a differentiable dynamical system theory was developed. Such a
theory has been extensively used to intefQret the homoclinic tangle phenomenon in
nonlinear (lynamics.-STillilefounillheiilfinite, many perioilic motions, anil a perfect
minimalTantor set near a hOiTIOCliiliCiTIOtiOiiCailbeformeil:-Rowever, STillile'sre
suits cannot apply to Hamiltonian systems witn more tnan 2-ilegrees of freeilom .
Because the differentiable dynamical system theory is based on the linearization of
gynamical systems at hyperbolic Qoints, it may not be adeguate to eXQlain the com
plexity ofcnaotic motions in nonlinear ilynamical systems . To continue Bir](hoff's
fOiTilliISfiioilit)T;-Glimm (1963)investigaICdlheformal stability of an equilibrium
(or a periodic solution) ofRaiTIiltonian systems tnroughtne rational-functions in
stead of the power series expansion . Such an investigation j~gave another kind
of approximation. Though those theories are extensively~plied in nonlinear dy-=
namical systems, such analyses based on the formal and normal forms are still the
local analyses inlne vicinity of equiliorium. Tnose tneories cannot oe applieil for
ine globaTbenaviors of nonlinear ilynamical systems .

To understand the complexity of motion in nonlinear Hamiltonian systems , based
on the non-rigorous theory of perturbation, Kolmogorov (1954) postulated the KAM
theorem . In the KAM theorem, Kolmogorov suggested a Qrocedure which ultimatel)'
ledlOihestioility proofoftne periodic solUiions oftneHamiltonian systems witn
2=-degrees oHreeilom. Tnisproblem is-intimately connecteil wiihthedifficulty of
small-divisors. Tne aforementioneillneorem was proveil uniler ilifferent restrictions
(e.g., Arnold, 1963; Moser, 1962). Further, Arnold (1964) investigated the insta
bility of dynamical systems with several degrees of freedom , and the diffusion of
motion along tne generic separatrix was oiscusseo:-Thereslilts of -Arnola--rr904}
exteniled-KOlmogorov's results to theHaiTIiltonian system wiili several-degrees of
freeilom system. Tne stabiliiYiiltne sense ofT:yapunov cannot beiilferreil~The

KAM theory is based on the seQarable oscillators with weak interactions. In fact,
once the perturbation exists, the dynamics of the Qerturbed Hamiltonian systems
may not be well-behaved to the separable dynamical systems . In Qhysical systems ,
iheinteraction oetween two oscillators in a nonlineardynamical system cannot oe
very small:-The~AMlneorem may proviae an acceptable preiliction only wlien the
interaction Qerturbation is very weak. The KAM theory is based on seQarable, in
~grable Hamiltonian systems . In fact, the comQlexity of motions in non-integrable,
nonlinear Hamiltonian systems is much beyond what the KAM theory stated .

Tne instaoility zone (or stochastic layer) ofHamiltonian systems, as investigateil
inArnolil-c1964r,-is a oomaiilOfchaoiic motion inlhcviciility onne generic sep
aratrix.-Even iftne wiilin onlie separatrix splitting was estimateil;thedynamics of
the separatrix splitting was not develoQed. Henon and Heiles (1964) gave a numer
ical investigation on the nonlinear Hamiltonian systems with 2-degrees of freedom
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in oruer to uetermine wnetner or not a well::benaveu constant onne motion exists
for such Hamiltonian Systems . Izrailev and Chirikov (1966) first Rointed out that
~iodicall)lforcea, nonlinear Hamiltonian system witn I-Gegree onreeuOTil
exhibIts a KAM Instability leadIng to the stochastIC behavIOr(or stochastICand res
onance layers) . WalKer anG-PorG--rl909finvcstigaICdtne ampliftldcinstaoility anG
~goilicbehaviortorriOi1linearHamiitonian systems wilh-2::-degrees oHreeuomtO
GeveloR theverifiaolescheillefor RreGiCfiOilOf tne onset of tne amRliftldeinstioility__
Isolated resonance and double resonance were investigated and the resonance was
uetermineilthroughtheTrai1Sformeu coorilinates. Sucn ergoilicoenaviorin nonlin
ear Hamiltonian system originates fiOfilBirKhoffTl927).ln otner worilS,lOinves
ligate tne enormous complexity of non-special motions indynamical systems from
geodesic flows, Birkhoff (1927) presented that the set of non-sRecial motions (or
chaotic motions) is measurable in the sense of Lebesgue, and the set of the sRecial
motions (or regular motiOi1)is of zero measure . Furtnermore, tne ergouic tneory nail
been developed in the 20th century and it is as a fundamental base for fractal the
ory. Tne tnorougn stuily onne geoilesicflows iillne ergoiliClneory can befounil
in HORf (1937) . Those ideas were generalized by Anosov (1962) to study a class of
differential equations, which can be also referenced to (Sinai ,1976). Even though
the ergodic theory is a foundation for fractality of chaotic motions in nonlinear dy-=
namical systems, sucn a tneory still cannot proviue enougn nopes to unuerstanil the
complexity ofcnaotic motions in nonlinear ilynamics .

For a nonlinear Hamiltonian system with n-degrees of freedom , it is very dif
ficult to understand the mechanism of chaotic motions . To date, such a problem
is unsolved . Around (1960) considered extremely simRle, nonlinear Hamiltonian
systems to investigate sucn a mecnaniSrn.fV1clniKov (1902) useG tne concept in
P6incareT1S92)1Oinvestigatefhebenavior of trajectories of perturoeu systems near
autonomous Hamiltonian systems . McliliKov (1903Tfurtner investigateG1ne bcnav
ior of trajectories of perturbed Hamiltonian systems and the width of the separatrix
splitting were approximately estimated. The width gives the domain of the chaotic
motioniillhevicinity of tne generic separatrix. Even if tne wiGtn of tne separatix
splitting was approximately estimateu;thedynamics onne separatrix splitting was
not Gevelopeu:-From a pnysical point of view, CniriKov(r900YinvestigateGtne reso
nance Rrocesses in magnetic traRs, and the resonance overlaR was Rresented initially.;
Zaslavsky and Chirikov (1964) discussed the mechanism of I-dimensional Fermi
acceleration and determined the stochastic pJ"QIJerty of such a system . Rosenblut et
al:--r1966]investigateG tne appearance of a stocnasticinstioility (or chaotic motion)
oflrappeapaiticlesintne magneticfielGofaTraVeling wave unuer a perturbation.
Filonenko et at. (1967) further dIscussed the destructIon of magnetIc surface gen
erated by the resonance harmonics of perturbation. The destruction of such a mag::
netic surface demonstrates the formation and destruction of the resonant surface .
ZaslavsKy anu-Filonenkrol90S) gave a systematicinvesIigafiOilOftne stocnastic
instaoility of trappeu particles1nrougl1tne separatrix map (or wnisKer motiOiliil
ArnoIGTr904)), anGthefractional equationfor GiffliSion was GevelopeG~ZaslavsKY

and Chirikov (1972) further Rresented the stochastic instability of nonlinear oscil
lations. Chirikov (1979) refined the resonance overlap criterion to Rredict the onset
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ofchaosii1StOCl1iiSficl~IiladClitiOil,lne most import ant acllievements for pre
aiction of tne appearance of cnaotic motions were summarizea:-Escanae ana Doveil
(T981}1:iSed tne resonance overlap concept ana gave a criterion tnrougn a renor
malization group metnoa1Ulso see, EscanaC;-1985j.Tne aetails for tne resonance
overlap tneory and renormahzatlOn group scneme can be referred to references (e.g.,
Cichteribergandl':ieberman, 1992;Reiclll;-r992j.TFiOUgfilne resonant overlaQ cri::
terion can proviae a rougn preaiction of tne onset of cnaoticmotiOiliillhesfclCh-astic
@)'ers, the mechanism of the chaotic motion in the stochastic la)'ers still cannot be
fully unaerstooaWrtil now.

Cuo (1995) proposeatn-e-r-e-so-n-a-n-c-e~tneory forchaoiic motiOilSii11hevicini IY
of generic separatrixin nonlinear Hamiltonian systems (also see, Luo ana-Han,
2001) , and it was asserted that chaotic motions in nonlinear Hamiltonian s)'stems are
caused b)' the resonant interaction. Furthermore, the mechani sm for the formation ,
growtn ana aestruction of stocnastic layers in nonlinear Hamiltonian systems was
aiscussed·inLuoallifHiill12001}-:lnLuoeta[11999J;Jne resonant websfi.llii1ed-in
tne stocnastic layer were presentea, ana it was ooservea tnat tne weDsare similar to
the stochastic la)'er ofthe parametricall)' forced Qendulum s)'stem. The recent inves
tigations (e.g., Han and Luo, 1998; Luo, 2001b , c, 2002) discovered that the reso
nance interaction generates the resonant seQaratrix, and the chaotic motion forms in
vicinity of sucn a resonant separatrix . Tne corresponaing criteria were presentea for
analYfical preaiCfionsofcnaotic motions in1::IJOF nonlinear Hamiltonian systems
with periodic perturbations. The maximum and minimum energ)' spectrum methods
were develoQed for numerical predictions of chaotic motions in nonlinear Hamilto
nian s)'stems (also see, Luo et aI., 1999; and Luo, 2002) . The energ)' sQectrum aQ::
proacn is applicaole not only for small perturbations out for tne large perturoation.
Tne recent acl1ievements fOfSfOChasficlayers in periodicall yforcea-Hamiltonians
wiil11-=aegree ofTreeaom were summarizea -in I..:iiCl(2D04).Cuo (2000iifinvesti-=
gated guasi-Qeriodic and chaotic motion s in n-dimensional nonlinear Hamiltoni an
~)'stems . The energ)' spectrum method was s)'stemati caIlY-.Jlresented for arbitrar)' in
teractions oftheintegraole nonlinear Hamiltonian systems. Tne internal resonance
was aiscussed analYficallyfor weak-interactions, ana tne cnaotic ana quasi::pefiodi c
motions can be preaictea:-From a tneory foraiscontinuous aynamical system in
Luo (2006b), Luo (2007a) presented a general theor)' for n-dimen sional nonlinear
g)'namical s)'stems . The global tangenc ), and transversalit)' to the seQaratrix were
discussed from the first integral guantit)'. The first integral guantit)' increment was
introauceatoinvesIigaie1ne periooic ana cnaoticflOWS:-li11l1iscnapter, only tne
stocnastic ana resonant layers in nolinear Hamilton systems wiJroe presentea:-F6f
more material s, readers can refer to Luo (2008) .

In this section , the stochastic la)'ers in nonlinear Hamiltoni an s)'stems will be de
scrioea geometrically, ana tne approximate criterions for onset ana aestruction of
ine stocnasticlayers willTie presentea:
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1.2.1 Geometrical description

ConsIder a 2-dlmenslOnal HamiltonIan system with a time penodlcally perturbed
yecJor fiela;iA;j

(1.1 )

where f(x.u) is an unperturbed Hamiltonian vector field on ]Rz and g(x, t) is a peri
odically perturbed vector field with period T = 2n /D., and

are sufficiently smooth (er ,r > 2) and bounded on a bounded set D C ]Rzii1
phase space. II = JHo(x,y) /Jy, [: = -JHo(x,y) /Jx;gl = JHI (x,y,D.t) /Jy,gZ =

-JHI (x,y,D.t) /Jx. If the perturbation (or forcing term) g(x,t) vanishes, Equation
(1.1) reduces to a 2-dimensional autonomous system x= f(x ,).1) corresponding to a
l-aegree of freeaom system in nonlinear Hamiltonian systems. Tnerefore tne total
Hamiltonian ofEq.-cCl) can l:ie expresseaby

(1.3)

with excitation frequency D. and streng~J.l of the perturbed Hamiltonian
HI (x,y,t ,1t) as well. For comparison with the other approximate analysis, such a
perturl:iation parameter isintrOducea-herein:-TI1eHamiltoiliailOftl1eintegi'al:iIesys::
tem in Eq. (1.1) is Ho(x,y,).1) . Once the initial condition is given, the Hamiltonian
~i s invariant (i.e., Ho(x,.l1).1) = Erwhich is the first integral manifold.

To restrict this investigation to the 2-dimensional stochastic layer, four assumQ::
tions for Eq.(I.I) are introduced as follows :

(H I) The unperturbed system of EqilJ1J)ossesses a bounded, closed separatrix
qo(t) with at least one hyperbolic point Po : (Xh ,Yh) .

(H2) The neighborhood of qo(t) for the point Po : (Xh ,Yh) is filled with at least three
families of periodic orbits q(j{t) (0" = a,f3 ,r) with a,/3 ,r E (0, Ir

~H3) For the Hamiltonian energy E(j of~its period T(j is a differentiii6letUilC
tion of E;(j'J

(H4) The perturbed system ofEq.(I .I) possesses a perturbed orbit q(t) in the neigh
borhood ofthe unperturbed separatrix qo(t).

From the foregoingjlypothesis, the phase Qortrait ofthe unperturbed Hamiltonian
system in the vicinity of the seQaratrix is sketched in Fig.I .I . The followinKPoint
sets ana tne corresponoing Hamiltonian energy are introouceo;i~

ro == {(x,y) I(x,y) E qo(t), t E]R} u {po} and Eo = Ho (qO (t)) (1.4)

for tne separatrix,
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I'(J = ((x,y) I(x,y) E q(J (t) , t E lRl and E(J = Ho (q(J (t)) (1 .5)

tor the unperturbed,()-penodlc orbIt and

r = f(x ,y) I(x,y) E q(t), t E lRl and-E = Bo(q(t)) (1 .6)

for the perturbed orbit qlil
The Hamiltonian energies in Eqs. (1.4) and (1.5) are constant for anY_I'eriodic

orbit of the unperturbed system but the Hamiltonian energy in Eg. (1.6) varies
with (x,y) E q(t) of the perturbed system. Note that the unperturbed Hamiltonian
&lq(J(t)) (() = a ,lLY) and Ho(qo(t)) areC' (r > 2) smooth in Luoand Han (2001) .
The hypotheses (H2RH3Timply iliai T(J --+ 00 monotonically as o --+ Olie., tile pe
riodic orbit q(J(t) approaches to qo(t) as a --+ 0).

The8=seisofl1ie-firstintegral guanti~h-e-e-n-e-rg-'j~)---Cofthe unperturbea-Eg.
(1.1) in I'(J (() = a,f3 ,y), are defined as

(1.7)

(1.8)

For some time t, there is a point X(J = (x(J(t) ,y(J(t)? on the orbit q(J(t) and this
point is also on the normal fl-(xo) = 0=Lz_(XO),J1(xO))Tof the tangential vector of
the separatrix qo(t) at a point Xo = (xo(t) 'YO(t))T , as shown in Fig. 1.2. Therefore,
the distance is defined as

L _·.__
Fig. 1.1 The phase portrait of the unperturbed system of Eg. (1.1) near a hyperbolic point Ph ' qo(t )
is a sC)Jaratrix going through thc hyperbolic )Joint and splitting~)Jhasc into three parts ncar thc
hyperbolic point, and the corresponding orbits q,At ) are termed the O'-orbit (0' = {a , [3 ,y} ).



Lemma 1.1 For Eq. (1.1) with (H1)-(H4) ,\i£ > 0 ,:38a > 0 (0" = a ,!J,y) so that
Ilqa(t ) - qo(t ) II < £for Ea E N° (Eo) at a specific time t.

Proof \i£ > 0, let 8a = £11Ho11 > 0 satisfying

wherel

Since the unperturbed Hamiltonian Ho of orbits qa and qo is C' -smooth (r > 2J
and OSJIHQII < 00 for bounded and closed orbits. Therefore, one obtains

•This lemma is ])-,-,ro=-vc-=ec::d-,-,. -=

The s-neighborhocd of orbit qo(t) is fomed by the three s-sets of ro for the
o-orbits (0" = a,f3, y), as shown in Fig. 1.2. The bold solid curves denote the sepa
ratrix qo(t) and the s-neighborhocd boundaries, q~(t) (0" = a,f3 ,y), is determined

q'·(t ) E" I
fJ ' fJ •

L ,
~------------

Fig . 1.2 The e-neighborhood of orbit qo(t). The bold solid curves represent the separatrix qo (t)
and the s -neighborhood boundaries q~ (t ) determined by max I rq~ (t) - qo(t)11 = e (a = a ,13(Yj.

tE [O,= )

The solid curves depict all orbits qu(t ) in the e-neighborhood. The energies on the boundary orbits
are given through E~ = Ho (q'{;fJ)J.
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through max Ilq~(t) - qo(t)II=f when E~ = H(M~Tt))~The solia curves represent
tE[O,oo)

all the rr-orbits q(j(t) in the e- neighborhood.
The three f-sets of i 0 for the 0"-orbits (0" = a,{J ,y) are defined b)'

~ = {(x,y) I(x,y) E qa (t), IIqo (t) - qo(t) II < e, t E lR } .

Furthermore, from Eg.(I .S), the unions of the f-sets with io are

(1.10)

(1.11 )

The Poincare map P : i P~ iP,where the Poinare mapping set in phase space is:

(1.12)

wfiere to iSlheiilitialtime. Usinglfie afiove notations, a stocfiasticlayer isoefineo
throughthePoincaremapping set willi nonzero measure as follows:

Definition 1.1 The Poincare mapping set i P is termed the stochastic layer in the
f-sense if the compact, dense set i P belongs to i~ (or i P C i~) for tN = 2Nn/Q +
to(N = 0, I , ... ). Similarly, the Poincare maRping subset U(j C il' is the 0"-stochastic
layer if Uo C i~o for tN = 27VirTQ + to .

A stocfiasticlayer of system inEq:-(I ~ITisformeolliroughth-ePoincare map
ping set of q(t) in the s-neighborhocd for time t E [0,00), as shown in Fig. 1.3.
The selJaration of the stochastic laxer bX the seQaratrix gives three sub-stochastic
layers shaded. The sub-layers relative to the o-orbits (0" = a,!3 ,y) are termed the
O"-stocliasticlayer. Tfie more oetail -description can fie referreolOI:uo (200S)-:

y-Iayer §-layer a -layer

Fig. 1.3 A stochastic layer of Eg. (1.1) formed by the Poincare mapping set of q(t) in the £ 

neighborhood of qo{t) for t E 10, 00). The seIJaratrix separates the stochastic layer into three sub
stochastic layers (i.e., a-layer and j3-layer and y-layer).
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l~~Approximawcruerwns

The approximate predIctions of resonance In the stochastIc layer of a 2-dlmenslOnal
ilOrilii1ei1fHailliltoilian s)'stem willoe presenteCI~Theincrementalenerg)' techl1i<:jiie
will oe presented first from tlie a))j)foximate first integral quantit)' increment (or
approximate energ)' increment). Tlie wliisKer mapjJing wiIrbeobtained;-aTldthe
correspondIng cntenon will oe presented. The hneanzatlOn of the whIcker mappIng,
the Improved standard mappmg wllToe presenteaana the approximate predictIOn
of chaos onset will be given. Based on the exact first integral guantit )', the energ)'
spectrum technigue will be developed for a numerical Rrediction of resonances in
the stochastic la)'er.

A--:-An incremental energy metlioo

AsinI.:uo ana-Han (2001)~heincremental energy metlioCI wilroe presenteCI-for
understanding the resonant mechanism of chaos in the stochastic la)'er.

Lemma 1~2-Forthe dynamical system in Eq. (1~f)Wlth(fI1HfI4Iifa point (&ill
rn r (J for some a = {a, f3, y}, then Ho(q(t)) = Ho(q(J(t)) for some time t .

~~perturbed orbit q{t) in the set r is intersected with an unperturbed orbit
q(J(t ) in the set r (J for some a E ~EL:Q1/rE1Q~)J , y~[=:L:QTI at time t,
there is a single point (x,y) Ern r (J . Therefore, for(x,y) Ern r (J,we have (x,y) E
q(J(t) and (x,y) E q(t) . Thus , Ho(q(t)) = Ho(x,y) = Ho(q(J(t)), which implies that
ilie conservative energy isequaHm:tfie same poiiltinpliase space. Tfiislemmais
~~. .

The detailed discussion is given as follows . Because the conservative energ)' HQ
is thefirst integral quantity, for tfie a-layer, tlie map CIescril5ing tfie clianges ofl5otn
energyHQai1dphasepfOflime transiiiOilfrom ti to ti + T;-iilElfTC1Tisobtained;
~

Ei+1= Ei+I1H(J(q>i) and q>i+1 = q>i+I1q>(J(Ei+J), (1.13)

where E, = H(q(ti)), q>i = q>(q(ti)) . For a specific external frequency Q, the initial
pfii.iSCisdefinecroy Pi - Q~NOiiCC1fii.if1lie energy relaiiOiiSfiipiilthcforegoing
can oe expresseCI tlirougli tne action variaole . As in CfiiriKov (1979TOfLiclitenl5erg
and Lieberman (1992) , the phase and energy changes, 11q>(J (Ei+I) and I1H(J (q>i) , are
llIJproximatel)' comRuted by

(1.14)

Tlie energy anapfiase cnanges inElfTC14Tfor tlie system iilElfTC1) over one
period7;onne a-oroit are sKetched-iilFig.-C4~fEi~-Eo expresses tne energy of
ilie separatrix,-Equation (1:T3Yoecomes a generalizeCI separatrix map (or a general =
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izedwnisker map) . Wnent~bit (0" = a,f3~isclose to the separatrix (i.e.,
/a ----+ 00), the energy increment reduces to the one along the separatrix in Luo and
Hail(2001)l

which can also be obtained through the Melmkov functIOn with a small parameter
/1, i.e., !'J.Hh(Pi) = /1M(ti) (e.g., Rom-Kcdcr, 1990, 1994, 1995; Zaslavsky and Ab
dullaev, 1995; Ab-dullaev anCi ZaslavsKy, 1995, 199o;AJin et aI., 1996;fOiTiin anCi
Fishman, 1996)J

After the KAM torus in the vicinity of seRaratrix is destroyed, the stochastic layer
{OftheiilStaoilitfZOrle) wilrform in sucnvicinity, anCi tne resonant-separatrix weos
appear as in Cuo et al~r999r.-Sucn resonance-separatrix weos are generateCl-oy
theinteraction of resonances oetween tne unperturoed perturoed moits anCilne peri:::
odic forcing in the stochastic layer. In this section , the prediction of the onset of the
primary resonance in the stochastic laxer will be of great interest. Such resonant in
teractions in the e-neighborhood of the seRaratrix are qualitatively illustrated in Fig.
C5:-ThehollowcirclesdepiCfinterseCiion points of tne perturoeCi and unperturoeCi
orbits . When the perturbed orbit arrived to the (rna : na) primary resonant unper
turbed orbit of Eq. (1.1), the resonance between the unRerturbed Hamiltonian and
perturbation aRRears, and the resonant condition for a Reriodically forced system
with I-degree offreedom is obtained from Eq. (1.3) , i.e.,

trlawa=na~a2!a E N are irreducible, (1.16)

Perturbedorbit

a-orbit

x
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where Wcr = 2nTcr is a frequency of the a-orbit, Q is the excitation frequenc~

N is the natural number set. For the (i + I )t~ iteration of Eq. (1.13), if q(ti+l) =

(Xi+1 ,Yi+1) is on the unperturbed, resonant oroif,the phase change iilthe secondof
Eq.(1.13) becomes CPJ±J-=-<{>i = 2nmcrLncr and Ei+1 is replaced by E (ma :na ). The Rer
turbed orbit q(t) relative to the (mcr : ncr)-resonance is represented by q(ma :na)(t) .
Since Wcr = 21rjTcr depends on the corresponding energy Ecr , the resonant condi
tions can be directl)l expressed throu~cr and Q , as shown in Fig. 1.6. In Fig.

1.6(a), E1ma
:
na

) is an unperturbed Hamiltonian energy relative to the (ma : na)~

resonant orbit and Ecim/3 :n/3 ) is the Hamiltonian energy pertaining to the (mf3 : nf3)

resonant orbit. The resonant number sets in the stochastic la)ler for a = a,fLJ' are
introauce<.fj

(1.17)RC = {(m . n ) mcrwcr=ncrQ , mcr , ncr E N are irreducible, }
o cr · cr and Ilqcr (t) - qo(t) II < e

-----

For a given externarrrequency Q witli a constant ncr , thefrequency wcris relative
to Ecr . In Fig. 1.6(b), the zoomed view of the resonant relations in the neighbor
hood of the separatrix with energ)l E = Eo at a specific excitation frequenC)! Q is
illustrated through the a-and f1-la)lers. Once the resonance energ)l is close to the
energy of tne separatrix, tlie aensity of tne resonance separatrix increases in tlie
stocnasti clayer oecause onne rapiacnange or-elliptic moauliiSfunction:-NamelY;
as Ecr ---t Eo, we nave Wcr ---t O~Tnerefore,from E(f.TCI7), one ootains mcr ---t 00 . A
resonance with large mcr will be included in the stochastic la)ler. For each mcr , the
(mcr : ncr )-resonant separatrix possesses mcr-center points and mcr-hyperbolic points
unaer tne ncr-external periods.-Inlne stocnasticlayer, for Ecr ---t Eo,lne numoer for

L

q~mp :nfJ ) •

%(1)

q(l)

(mo'"n)

qa Intersected point

Bg. 1~5 A IJerturbed orbit q(l )for Eg.(1.1) and the resonant interactions with the unperturbed

orbits . The circles denote intersections between the IJerturbed and unIJerturbed orbits . q~m(5 :n (5 )
(CY = a ,{3,y) represents an unperturbed orbit having the (m(J : n(J)-resonant interaction with the
IJerturbed orblt.1
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center poiilfSaild-fiyj)erboliCROiTitSWiII approacfilheinfinit)'. Whenlfie energ )' E-;;
ar5itraril )' aJ}proachesEo,tfiere are infinite centers ana infinilefi)'J}erbolic points
on tfie resonant seJ}aratrix . Sucfi an issue in resonant la)'ers will bediSCi:iSSed-in
detaIl. As popularly accepted (e.g., Lu, 2007), the chaos IS formed by mfinIte sta
ble perIodic solutIons and mfinIte unstable perIodic solutIons. The total resonant
separatrix number isthe summation of the resonant or6it relative to the (m(J : n(J) 

condition with m(J E [min{m(J}, 00)cN:-TI1is impliesihat theinfinite resonances
exist in the a-layer (a = a ,f3,y). The stochastic layer complexity will be formed
5y tfie resonant-we5, wfiichcan5er eferreu to Luo et al:-{1999j.

Wnen1fie pertur5ation 5ecomes stronger, tfie pertur5ea or5it will pass over more
ana more unperturoea, periodic moits, as snown inFig:-C5~Tnerefore, tfie interac
tion between the Hamiltoni an s)'stem and its perturbation increases with increasing

o

o

Fi j}Cb{a)Rcsonant conoitiOilSOnliCfJCrfiifbed~i11hcstOClillStiCl~d~b) a zoomco
view of resonant conClitlOns In neigh6orhooo of separatnx .
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pertUrbation strength--:-Tlle resonant ii1tei1ictiOi1leads to a new resonant overlaQ, ana
sucll resonant overlap generates a new stocllastic laxer ilifferent in tile olil stocllas
tic laxer 6ecause a new, sQecific resonant-separatrix web-isforrnea-ii11hestaehasIic
layer. Tllus, tile predIction of tile onset of a specific resonant-separatnx web In tile
stocllastlc layer IS given by tile following tlleorems .

TIieorem 1~17or a ]JerturbeaHamiltoiiianEill--:IJ~ilh~FflEFf4Y;Ior an arb-i:
trarify small ea > 0, there exists Oa > 0, so that ii/ or (rna :na) E R~( (J = a,Q,r1

(Ll8)

Proof. Consider Eq.(LI) with (HI )-(H4). If q(mo-:na)(ti+I) = (Xi+1 ,Yi+I) E rn r~o'

for (J E ~lLrJ, Lemma 1.2 gives

E. - u (q(ma :na )(t. )) _ U (q(ma :na )(t. )) _ E(ma :na)1+1 - "0 1+1 - "0 a 1+1 - a .

where qo(ti+1) = (X?+1 ,Y?+I) E qo(t) and the normal of its tangential vector inter

sects with q_~ma :na )(t) at (Xi+I,Yi+d . From Eq. (Ll3),

I~Ha(qJQ)1 = IEi+1 -Ei! = IE~ma :na ) - Eol.

ve » 0, let oa = ellHol1 > °satisfying

IE1ma:na) - Eol ~ IIHoll 'llq~ma :na ) (ti+l) - qO(ti+1)II ~ ellHol1 = s;
Since the unperturbed Hamiltonian Ho of orbits qa and qo is C' (r 2: 2) smooth ,

for bounded and closed orbits Therefore, one obtains

This theorem is proved. •
mEq. (1.18), the incremental energy~q>Q)is a function of the amplitude and

freguency~perturbation . The conservative energy E1ma:na) relative to the unper-
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turbed resonant orbit is determined by the resonant condition given in Eg. (1.16) .

With max IH(q(m~ ) :n~\t)) - Eol = D~l ), the foregoing theorem gives the follow
tE[O ,co )

109corollary·1

Corollar)' 1.1 For a [Jerturbed Hamiltonian in Eq. (1.1) with (HI)-(H4) ,jor an

arbitrarily small Ce; > 0, there exists D~l ) > 0, so that iffor (l1l~ ) : n~2) E R~( (J =
a,~ , r:TI

then Ilq(m~:n~)(t) - qilltlll < C, i.e., the Poincare mafJping sets oLq(m~ ):n~ » )(t) E i
is the last one absorbed in the e- stochastic layer.

Proof. Considcr Eq.(I.1) with (HI)-(H4). For a (J-rcsonant orbit q(ma :na )(t) E i C ,

ve > 0, choosing De; > 0, find (m~ ) : n~ )) E R~ satisfying

Let D = max {De;} > 0, we have
erE {a,j3 ,y}

Therefore;-fromTheoreml-:-l~

•This corollarYM_ro_v_e_d_. _

After a new stochastic layer is formed , the stochastic layer becomes thicker and
thicker with increasing~erturbation strength until its destruction occurs . The
increase of pertur5ation strengtn also leaos to tne energy increment not satisfying
ECfTI~r8), anolnen, theenlargeoSIOChasIiCiTIOtionaomainis termeotheglob7i1
stochasticlayer il11ne s-sense. For an approximate preoiction of resonant-separatrix
webs in the global stochastic layer, we have the following theorem :

Tlieorem 1~27or a jJerturbecrHWiiillOiiianinECj:TCITWiih\HIRH4wpr an
arbitrarily small Ce; > 0, there exists De; > 0, so that if for (me; : ne;) tJ- R~( (J =
a,f3 ,r)J

(1 .20)
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Proof. The proof of contradIctIOn IS used herem . This theorem can be proved m a
same manner as for Tneorem CI . •

The cntenon m Eq. (1.18) can be expressed through the actIOn and natural fre
quency of unperturbed HamIltonIan system . The onset of a specified resonance m
ihestOChasIiclayer is preaictedlhroLightheincremental energy a])])foach-:-Thi~

proach is also apjJlicable for strong excitations when the energy increments still
maintaiilin gooa accuracy. For tne more accurate preoictions of tne resonance inter
action iillne stocnasticlayer, a new computationalmeihod-for tne energy increment
snoulo De oevelopeo oecause the suo-resonance is not consioereo~Inne exact energy
increment is given, the above theorems give the exact prediction of the resonance in
the stochastic layer.

LU(){200lTdevelopeothe accurate stanoaro mapping technique to oetermine1he
resonant mecnanism onne stocnasticlayer. For linearization onhe secono equation
in Eq.(I .13) at the period-I fixed point on the (mcr : ncr)-resonance, for Ei+l = E, =

E~mer :ner ) and CPi+ I = CPi + 2rcmcrIncr = cp(mer :ner ) + 2rcmcrLncr, equation (1.13) gives :

(1.21 )

From Eg. (1.21 ), CfJ1mer :ner )and E1mer :ner )can be obtained. A near energy is

(1.22)E · - E (mer :ner ) + AE· d J. - G (mer :ner ) AE·_ , - ~ cr Ll l~'-=--cr Ll~ll' -----''-'--'-'~

where G~mer :ner ) = a(ilcp(Ei+ I )) / aEi +11 ,(mer :ner) . With Eq. (1.22), the lineariza-
Ei+ I =Eer~ _

""tl~o~n~o7f=o'itnCO=e~s~e~c~o~n~d~e~q~uO=Oatcrio~n~of7-~EO=Oq~.(crr:-~.rC7"3~0Ieads to

(1.23)

wnicn gives a generalizeo stanoaro map. In theabovederivaiion, no approximations
anhe perioo are requirea~Thecriteriaforthe (mcr : ncr)- resonance intnestOC1UlStic
layer can be obtained through the transition from the local stochasticity to global

stochasticity in Eq. (1.23) . Setting G~mer :ner ) tJi(J (CPi) = K sin CPi, such an equation
presents a standard rna]) (or the Chirikov-Taylor rna]), i.e.,

(l~24)

Greene (r90S-;-T979)developed a metnoCi to numerically oetermine tne strengtn
oflnesIOChasiicity parameter wnen tne transiliOi11OglobalSIOChasiicitYfOfEq.
(C23) occurs. Therefore, for tne special case, tne perturoation strengtl1OfEq.-TCIJ
is estimated from

(1.25)
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01herest:iiTiirteSf6f1ne strengthofSfclChasIicitY_Rarameter can bereferred101he
references (e.g., CniriKov, 1979; Lichterioerg anoLieoerman, 1992j.LliCl(200ITde
velopeo an accurate stanoaro maPJlPproacn oaseo on tne accurate wnisKer maR for
such a predictIon of the resonance m the stochastic layer. Luo et at (1999) devel
oped an energy spectrum approach (numerIcal method) for predIction of the onset
of resonan ce ii11FieStOChasticI~A comRariSOilOfamilXliCiilandl1UiTiefiCiiI pre
oictions was Rresenteo in Cuo ano -Han(2000). From numerical results, tne previ
ous aRRroaches presented in Luo and Han (2000a) are not very accurate for strong
excitations. Wnen tne excitation strengtn is very weaK, tne accurate ana approxi=
mate stanoard-map methodsareing ooo agreement, anolne accurate one isapplica
ole to nonlinear system s wiin strong excitations. However, thefurtner improvement
should be comRleted for a more accurate, analytical Rrediction of the onset of a new
resonant-overlap in stochastic layers of nonlinear Hamiltonian systems with~
ooical excitations. Tne energy spectrum is oaseo on tne exact energy increments.
Tnus, tne energy spectrum wiIrbediscusseo-in next section anolne corresponoing
layer wiotn can oe estimateo:

c. Energy spectrum and layer width

For the numeri cal Rrediction of resonan ces in the stochastic layer, Luo et at (1999)
oevelopeo an energy spectrum tecnnique, ana tne resonant cnaracteriSiicsiilStOCnas
iiC-layers are investigaiedlhroughtne energy spectra. Tnis technique computes the
maximum anominimum energies ofll1ePoincare mapping points as in Eq.ll3 j.
From Lemm a 1.2, the perturbed energ y can be measured by the unperturbed Hamil
tonian . Thu s, the unRerturbed Hamiltonian for each Poincare maRRing~oint of Eg.

~
(N) _ ( ) _ ( )Ho - Ho XN,1l = Ho XN,YN,1l ,

and its minimum and maximum energies are determined by

(N) . (N)
Emax = max {Ho } and Emin = mm {Ho }.

N~= N~oo

w == min Ilx(Emax,t ) - x(Emin ,t )11 == Ilxmax _ xminll ,
tE[O,co)

(1.26)

(1.27)

(1.28)

where II . II is a norm . Two points xmax and xmin on the normal vector fI (xO) =

(- 12(Xo),fJ(XO) l of the tangential vector of separatrix at point Xo are the closest
between the maximum and minimum energy orbits x (Emax,t ) and X[Emin,t ) which
can oe ootaineo-oy ECf11 ~27rwiih-Emax anO-Emin, as snown inFig.-l-:2~
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ConsIder a 2-dlmenslOnal HamiltonIan system as

(1.29)x= f(x ,J!) +g(x,t ,1t); x = (x,Y? E 1R2,'-L----=-_ -'---- ---'-_----'-

where f'(x .u) is a Hamiltonian vector field defined on IRz and g(x ,t,1t) is a T2n/Q
periodic (fixed period) Hamiltonian vector field in time t , and Q denotes excitation
frequency. Specifically, tfiey are of tfie form

f'(x .u) = (II (X,J!),f2(X,J!))T and g(x ,t,1t) = (gl (x,t,1t),g2(X,t,1t))T (1.30)

and are assumed to 6eStiffiCJei1tly smooth (CrJ>2}Jlil{fbounded on bounded sets
DCJR2 in phase space . The total energ)' of such a s)'stem is,

(1.31)

where Ho (x,y,J!) and HI (x,y,t, 1t) are energy functions of the conservative and per
turoe<fHamiltonians, respectiveIy:

To restrictlhediscussion on the2=-dimensional resonant layer (or oana)in per
turbed nonlinear Hamiltonian s)'stems , the followingllypothesis will be used .

(A Ia) There is a bounded open domain D C 1R2 and in such a domain, there is only
one center equilibrium Pe:(xe,Ye) around which a family of periodic flows
qa(t) = (xa(t),Ya(t))(a E [1 ,00)) of the unperturbed Hamiltonian exists .

(A Ib) There is an open domain [) C 1R2 bounded by a separatrix (i.e.,qo(t) =

r&ItlLYo{t)):xo E qo{t)) with hyperbolic points, and then in such a do
main there is a center equilibrium Pc: (&lYe ) around which a family of peri
odic flows (i.e., Xa E qa{t) for a E (0, 1II 2fi.lllperturbed Hamiltonian with
lim sup inf Ilxa (t) - xo(t) II = 0 exists .
a --->O t£JIt~n§go (t ) ,xEq_acl.:(tL)----c-------

(A Ic) There is an open domain D C 1R2 bounded by an internal boundary formed
by a separatrix (i.e., Xo E qo(t)) with hyperbolic points . On the outside of the
separatrix, a family of periodic flows (i.e., Xa E qa(t) for a E (0,00)) of the
unperturbed Hamiltonian exists. lim sup inf Ilxa - xoll = O.

a --->O t ElR xO Eqo(t ),xEq(t)

V\2) Ho(q(t)) = Ea and Ta is the period of qa{t)and its frequency coa is greater
than zero (i.e. coa > OIThe frequency is a differentiable function of Ea (i.e.,
dcoa /dE a -=I- 0) . Namely, dcoa /dE a > 0, dcoa /dE a < 0 and dcoa /dE a > 0 are
for cases in (A Ia), (A Ib) and (A Ic), respectively-,

Without loss of general it)', consider the second tyj)e of domain is bounded b)'
the separatrix, as shown in Fig. 1.7(a) . In this domain , there is a center point. The
~aratrix is sketched b)' a dashed curve . All the periodic flows in this domain will
oe formea arouna tfie center point in Fig. 1.7(bTTfie natural frequency at tfie cen
ter poiirtis maximum. With-increasing energy, thefrequency willaecrease (i~

dcoa /dE a < 0) or the flow period will increase (i.e., dTa /dE a > 0) . When a peri-
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odicflowintnefiilli ilYOf]efiodicflowsiilStiChadomain apRroacht fie separatrix,
the natural frequency will approach zero (i.e., limEa---> Eo ())a = 0) or the correspond
ing period approaches infinity ( i~limEa --->Eo Ta = 00).

generic separatix

bounded open subset D
I
;--------c==::r-=-:rc:-:=-:c::-::~~"

I

~ J
i/
~
J

x------~

______(<1)

x
(b)

Fig. 1.7 (a) An open domam D bounded by the separatnx and (b) pen odlc flow of the unperturbed
s)'stem of Eg.( l.1) . qa(t) is the [Jeriodic flow of the unperturbed s)'stem in domain D C lR2~

periodic flowex.iSiingonthe ii1Siileofseparatrixcanoecalleilthe libraiiOriaIWI6CalrperiOdic
flowsJ
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1.3.1 Layer dynamics

To mvesugate chaotic motions In a resonant separatnx layer, tor a given energy Ea ,

theHamiltonian is
(1.32)

(1.33)Ya = fu{ia"-C,_E-'<'a-L). ----'----'-=-''-'-

The action variable is defined by

(1.34)Ja = I Yadxa .
--------------

So we havel
(1.35)

(C30)

withl
e: = aHo(Ja) = wa. (1.37)
__~a~Ja _

From the fo-r-e-go~i~n-g_-.h-y-p-ot-.h-e-se-s-,c-.th-e-p-e-n~·o--'d ic flow qK~(idi1~a (t)) in the do
main D can be eXQressed by

(1.38)

Substitution of Eg.(1.38) into Eg.(1.30) and using Fourier eXQansion give

(1.39)

Letting fPa = (mwa - nQ)t, we have
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rftfiefollowing resonance conaitionfiOlasas

mWa = nQ,

inen we navel
1 - l (m:n ) dE - E (m:n)

a -a an a -a ·

To define a generating functIon, we have

AlDert c:rI.:uo

CC41}

(1.42)

(}Ho(Ja) (J _ i m:n)) = _ (}(J
~a a a at '

ine generating function can bedefinea as

Furthermore, we have a new coordinate (Pa, CPa)

(1.45)

(1.46)

_ ae I ( (m:n)) ae I ( )
Pa = --- = - Ja -Ja and 8a = wat = -- = - CPa +nQt. (1.47)

apa m ala m

If Pa = 0, we have la = l~m:n) . The variable Pa gives the difference between the

instant]a and the resonance l1
m

:
n

), which defines the gap of the resonant se-paratrix
layer. Because tne natural-frequency wa iSTfill1ctiOilOf energy Ea or tne action
variiil5le l~ne relation l5etween tne resonance frequency ana energy isillustratea
in Fig . 1.8 from the resonance relation in Eg. (1.41) . The resonant freguenc)' distri
butions along the conservative energ)' are different for four resonant la)'ers . Further,
their resonant structures are distinguishing from each other. The specific (m :n )

resonant frequency and natural frequency are expressed by Q (m:n ) and w1m:n), re
spectivel)'. The corresQonding resonant condition in Eg. (1.41) becomes,

(1.48)
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To guarantee tile resonant laxersin a certain gilQ, consioeraTieigllborhoodofa

natural frequency wa close to wfxm:n), i.e.,

(1.49)

- ---rvr-- -------~---

where e << 1 and T ~ is the nonlinear period. From the foregoing condition, with
Egs .(1.43 ) and (1.44), we obtain

so r--;» (m:n) 1 a2Ho(Ja ) I 2-2
H(Ja ,ea ,t )+--:\ ~ Ea +-2 a 2 m Pa

ut Ja Ja =J~n: n)

L L (-) (m:n) - [m 1 n(m l -m) (-) ]
+ HI( . )(Ja ,Pa) cos -CPa+ Ot+lfIann ml ml·n m m

+H(+) (J (m:n) P- ) cos [m 1m + n(m l +m)Ot+II/ +)]-} (1.50)
I(m l:n ) a ,a m .,..a m -ran

RescalinKgives the follo wing variables as

(C5l)

U(+) = BH (+) (} m:n) ) U( ) = BH ( ) (} m:n) )
(m:n) I(m:n) a ,Pa, (m:n) I(m:n) a ,Pa ·

The new Hamiltonian becomes

E,
L ~----rr---=r;;~---=---

o E

mg.-CS- The ncighborhood of thc (m : n)-rcsonant frcguenc), for thc insidc sCjJaratrix.
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( ) I 2 (-) ( (-) )
H Pa,({>a,l ::::; 2Pa+U1(m:n)cos ({>a+o/an

(+ ) ( (+) )
+U1(m:n) cos ({>a +2nQl + o/an

AlDert c:rI.:uo

(1.52)

Because the Qrimar)' resonance is relativel)' isolated, herein the other resonance
terms in Eq. (1.52) is ignored except for the (m : n)-resonance, the approximate
Hamiltonian is expressecfby

H(Pa,({>a,l)

I 2 ( - ) (-) (+) (+)
::::; 2Pa+U1 (m:n)coS(({>a+o/an )+U1 (m:n)coS(({>a+QI1+o/an) . (1.53)

It is assumed that the two parameters Ul(~:n) and Ul(~:n ) are independent of Pa , and
tne corresponding oynamlcaI system IS

. U (- ) · ( (-) ) U (+ ) . ( rv (+) )
Pa = - 1(m:n) Sin ({>a + o/an - 1(m:n) Sin ({>a + ~ql + o/an . (1.54)

This eguation reQresentsa kind of Qarametricall)' excited pendulum. The d)'nam
ics in the neighborhood of the{m : n)-resonant separatrix can be investigated through
Eq. (1.54). The resonance effects ofEq. (1.52) give the sub-resonance for the{m :n)-

resonance . Without the perturbation of Ul(~:n )' the separatrix of such a parametric
penQiilumcan be Illustrated i11FIg.l.9(a). Tnerect and yellow circles are the center
and-nyperbolic points onne unperturbed pendulum inE(f(T~54), respectivcly.-Thc
two thin dash curves are the inner and outer boundaries of the resonant separatrix

layer. BecauseUl(0~:n )is relative to external excitation and energy orbit, the reso
nant seQaratrix will be changed with freguenc)' and amQlitude. The sub-resonance
can be Obtained from tne perturbed system in E(f1C53):-Onlne otner hand~from

ihedifferentialequaiion, tlie self.=similar structure may not existTne sub-resonant
structure is stronglyoependent on tne energy analysisoCEq.-TC54):-Based on a
certain sub-resonance in the(m : n)-resonant separatrix layer, the sub-sub-resonance
can be obtained b)' re~g the same procedure to obtain a new eguation similar
iOE(f(T~54).Sucnasub-resonant structure is sKetcnedin Fig .l .9{6).Tnis renormal
ization procedure cannot laldlOaSelf.=similar sub-resonance structure. Indeed~he
SUb-resonantstructure intne resonant layerisrelaiivet01ne corresponding parent
resonance separatnx of Eg.(1.54), but such a sub-resonant structure cannot be gen
erated b)' simp])' cop)'ing from its parent primar)'-resonance. From the foregoing
discussion , the d)'namics of the Qarametric pendulum is a ke)' to understand the
mechanism of stochasticity in a neighborhood of the{m : n)-resonant separatrix .
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----". ......
~---7~ <,

\ // \
\ / \
0, J
I , /

/ "-yt I <; "./
L- h--

r Resonant orbit
x

x

\ "-
\ \
\ / \
\ / ,

__0 _ _ _/
1'1
/ "Yt I "___"'/

_L_----;;c-- ResonanLorbit

!"ig:-l~9-Resommtla'jer III nonliileafHiilliiltOriian s'jstems wiili selJaratnx: (a) appearance anCl
(bTCIisappearance. Tlie soliCl anCl liollow circles represent tlie center anCl liyperliolic points. Tlie
irregular small curcles are the sub-resonances in the neighborhood of the primal)' resoance (color
plot in the book end).

13~i\~imawcrihri~

Toaevelop tIie criterions for appearance, growtfi ana-destruction of primary reso
nance layers, consider an (ml : nl )-primary resonance closest to the (m :n)-resonant
~aratri x . In the Chirikov overlaQcriterion and renormali zation technigue, from Eg.
( r:5 2),1fie following new energy form is consiaerea :

(1.55)

( ) I 2 (-) ( (-»)
H Pa ,({>a ,t ;::::::; "2Pa +U' (m:n)cos ({>a +llfan

(- ) I-m-,- - -n-,T(m-j---m' )- - - (--)]
+U1( • ) cos -({>a + Qt + lIfanl .

m l·n l m m
----

As in Chirikov (1979) and Reichl (2002) , the corresponding Chiriko v resonance
overlap criterion oecomes
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(1.56)· /UH + · /uH = I
\/ ](m:n) 'L_I_(m_I_:n_Il__· _

CH
yUI (m:n)+

(-)
V I ( • ) ;:::::0 .7.mj.nj (1.57)

From author's points of view, once the {m :n)-resonant separatrix is formed, with
increasing excitation strength, the sub-resonance in its neighborhood will be devel
oped first from Eg. (1.54). Of course , from Eg. (1.52), the other j)fimary resonance
may have a certain effect as external excitations. Until such a resonant layer aQ::
proaches an unperturbed orbit from which the {m] : nJl-primary resonance can be
formed, the {m : n)-resonant layer almost cannot be destroyed, and the effects of the
{m] : n])-primary resonance to the {m : n)-resonant layer are very small compared

to the U](~:nfterm. In other words, before such a resonant layer is destroyed, the

{m] : n])-primary resonance will not be strongly involved in the (m : n)-resonant
layer. Therefore, it is very doubtable that the criterions in Egs . (1.56) and (1.57),
given 6y tfie CfiiriKov overlap criterion ana tfie renormalization tecfinique, can pro
viae a reasona61e preaiction oflheglobal stocfiasticity oflfie resonant Iayer:-In
adaiti~ifis not clear tfiat tfie two existing criteria can 6e usea-fOflfie appearance
or disaIJRearanceof the resonant layer.

A._Onsctconditions

To discuss the a]Jpearance, growth and destruction of the {m : n)-resonant layer,
Tne geometrical iilftiiiions of ootfi just after onset ana just oefore aestruction onhe
resonant layer are sKetcfiea~Two Kinas of resonant layers are sKetcnea-inFigs.C8
and 1.9. The {m : n)-resonant layer is formed in the neighborhood of its primary
resonant separatrix . With increasing excitation strength , the width of the resonant
layer will increase .

For an approxi cccmC-::a-Zte::--:Ce=stimate onfie resonant layerwiail1,tfie tneorem given in
Cuo (2U08Fsaaoptea:lnoifier woraS;-inhefartfiest energy 60unaary onfie pri:::
mary {m : n)-resonant layer is the energy of the {m] : n] )-primary resonant orbit,
the primary {m : n)-resonant layer will be destroyed. However, the onset of the pri
mary resonant layer will be estimated through the standard maRIJing technigue. To
unaerstaild1hefOiTIliition mecfianism onne primary resonant layer, tne onset onhe
primary {m :n)-resonant layer wilfbeorscusseatirsfasfollows.

The energy increment along the (m : n)-resonant orbit of the perturbed conserva
tive system is ap])roximated by

-t": dH{x,y,t) _ j Ta(EJ+Ii
t:Jlo - d dt - {Ho l HI }Possion dt

I i t 4
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where t, is the initranime and f(CPi) is a bounded and periodfCfuncti~Wnhout

loss of general it)', in Eq. (1.58), consider the following form,

(C59)

m whIch Uo IS a s)'stem parameter functIOn excludmg the mltlal phase angle <[Ji =
tu; For a perturbeo orbit in tne neignbornooo of tne prescribeo resonant orbit, tne
cnange of Rnase angle over one period-is

(1.60)

where Vo is a function associated with energ)' Ei. To calculate this new en~g)' it
eratively, we introduce the following notation : Ei+1 = Wi+1 at the (i + I )tli period
ana tne corresponoing pnase angle is Pi+l . Equati0i1ST1.59)lli1dTl .60) can now be
written asJ

Wi+1 = Wi +Uosin ({Ji and ({Ji+1 = ({Ji +Vo(Wi+I) . (1.61)

(1.62)

(1.63)

The resonant separatrix laxer can be investigated bX iteration of the mapRiDg in
Eq.-rl~61rAlil1Oiigl1lnisrnappingisnorbaseo on tne accurate energy increment, it
is enougngooo as an approximate, analYtical expression because tne exact compu
tation onne energy increment only can be Gonenumerically.-Intne neignbornoooof
the resonant separatrix la)'er, Equation (1.61) can be linearized about a fixed point
and the standard mapping can be obtained. ConsideringJ!jJeriod-1 of the iterative
map for a specific resonance of (m : n), its fixed point can be easily determined b)'
Wi+1 = Wi = Wo and PHI = Pi + 2mn/n = Po + 2mn/n . This implies,

. 2nm
Uosm q>o = O,vo (wo) = --.
_________n _

DeHilinga new oimensionless energy

/ . _ aVO(Wi+l) I ( ._)
I - a WI Wo,

Wi+1 wi±l=wO'--- _

(C64)

where 3 = uoaVO/aWi+llwi±l=WO . From Eg. (1.64) , the mechanism involved in
tne transition to tne glObal stocnasticity in a nonlinear Hamiltonian system is
very clear. Tne coefficient 3 -istne only control parameter fOf1hecnaracteriza
tion oftheKAM tori~For tne stanoaro map, a critical value of3-is attaineownen
3 = 3 * = 0.9716354 · · · . At this value, the last remaining KAM torus is broken .
When this happens, we have

U. avo _ ';;' *

oawo - ~ . (1.65)
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ThetrariSitiOilfiOmlhelocalSIOChasticitf1OglobalSIOChasticilfimpliesclliiOS
appears in sud! a stanoaril mapQirlg. Tnis apQearance conilition is as a conoition
for the appearance of resonant layers iilthe neighborhood of the(m : n)-resonant
scparatrix.-For a generalizeilcaseinECfTI~61r,-itcai1bediscusscd-inasimilar

fashion . The correspondIng cntena can be developed for the global stochastlclty of
iTIOtioniTilhe]:Jfimary resonant layer.

B:-VaiiisliingconditiOiiS

Once tnis resonant separatrixlayer isformeo~iinincreasing1heexcitatiOi1,the

othefSijo-resonant separatrixlayerswill merge iTilne resonant layer until1ney come
into contact the closest resonant oroitWnen tl1is case occurs, tne resonant layer
will be destroyed, and a new stochastic motion near that resonant orbit will be in
volved in, and suddenly, the width of the resonant layer will become large. The two
primary resonant layers will be overlapped each other. Based on this reason, the
CniriKov resonant overlap criterion ana tne renormalizeil criterion may oe useil as a
coniliiion for tne ilestruction of a certain, primary resonant layer. Sucn a mecnanism
iLqualitatively sketched in Fig~gain it is Qostulated that when the resonant
@yer is destroyed, the energy increment in Eq.(1.28) is given by the energy differ
ence between the two closest resonant orbits, one of which is associated with the
ilestroyeil resonant layer. From I.:uo(2008), we nave

(1.66)

Equation (1.66) constitutes the critical condition for the disappearance of the (m :
n )-resonant separatrix layer. From the foregoing equation, the excitation strength for
aisappearance of tne resonant layer can oe computeil . To iletermine tne excitation
strength for afJ/zearance of the resonant layer, equation (1.65) will be used. For a
better Qrediction of resonant layers , the effects of the secondary resonances should
be considered in the vicinity of the~y resonant layer. Because the energy incre
ment is computeooy an approximate expression, witn increasing excitation strengtn,
suchaprediction is not accurate . To verifYlne valiiloftne approximate preiliction,
ine numerical preoiction snoulaoe completeil1nroughtne energy increment for non
linear Hamiltonian systems .

C. Encrgy incrcment sQcctrum

Tne exact energy increment can oe computeonumerically.Tuoetar11999JQevel=
opeil1ne energy spectrum approacn, wnicn was useil-for tne numerical preoiction of
the onset of resonance in the stochastic layer. In the energy~Qectrum, the maximum
and minimum conservative energies are comQuted through the Poincare maQQirlg
section . As discussed in Section 1.2.2C, the energy sQectrum for resonant layer can
oe oetermineo oy tne energy increment spectrum . Using tne Poincare map section
inEQ.1I-:29),1fiepoincaremapisdefinea-bYP:l:--=::;-l::-Sucn a technique com
putes tne maximum anominimum energies oflhTPoincare mapping points as in
Eq. (1.31) . The unperturbed Hamiltonian energy for each Poincare mapQinKPoint
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(1.67)

However, in computatiOilOf conservative energ)' for a specified resonant la)'er,
Hie energ)' cnanges in energ)' spectrums cannot beooservedclearlx.-Toobserve
the energy changes caused by the sub-resonance tor the specified resonant layer, the
rmmmum and maximum energy Increments with respect to the unperturbed resonant
orbit are introduced herein. On the other hand, the initial condition is chosen from
the specific resonant orbit. The initial energy is Ho(xo,J.l) = Eim:

n
), so the energy

increment (or the first integral quantit)' increment) should be computed b)'

(N)
L(to,kT) = !1.Ho(to,kT) = Ho (XN,J.l) - Ho(xo,J.l) ,

(1 .68)"E H (N) _E(m:n )} d "E . - . rH(N) _E(m:n )'-' max = max 0 a an '-' mm - mIn 0 a .
____N -->oo N-->oo -f _

For tne appearance ana-disappearance onne resonant layer for a specific reson
ance, the maximum or minimum energ)' increment will have a bigjumQ between
the two closest resonant separatrices. From the minimum and maximum energ)' in
crement spectra, Tne wiatn of a resonant separatrix layer is computea liKe tne one
of a stocnasticlayer inLuo et al~r999),i:e:-;

(1.69)

where II . II is a norm and the minimum and maximum energies are computed by
E max = !1.E +E (m:n) E min = !1.E . - E (m:n) Two points xmax and xmin on thea max a ' a nun a . a a

normal vector f~(x~m:n)) = ( - hi!~~~~m:n)))T of the tangential vector of un-

perturbed resonant orbit at point x~m:n ) are the closest between the maximum and
minimum energy orbits x(E~ax,t) and x(E~in,t) , which can be obtained from Eg.
(C3TTwitnE~ax and-E~in:-Tnedetailea-discussion on the energy increment spec
trum can 5ereferredtoI.:U012002L

1.4 A periodicall)' forced Duffing oscillator

Ii11fiis section, tne stocnastic resonant layers in a periodicallyforcea-Dilffing oscil=
lator will be presented as an example to show how to apQl)' the theor)' of stochastic
and resonant la)'ers, Qresented in the previous sections .
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1.4.1 Approximate predictions

Al6ert c:rI.:uo

ConsIder a penodlcally forced Duffing oscillator wIth tWin-well potentIals

x- a]x+ azx3 = QocosQt, (1.70)

where at > 0 and az > 0 are s)'stem parameters, Q_o and Q are the excitation strength
and freguenc)', resRectivel)'. The total energ)' for Eg. (1.70) is

H(x,y) = Ho(x,y) + H] (x,y), (1.71)

andlhe1ime-iildepenaent Ho (unperturoea) analime-aepenaent H] (perturoatiOil)
ii1the Hamiltonian ofEQ.1I~71J are

I .z I z I 4
Ho = -x - -a]x + -azx

224
(1.72)

For the unperturoed system ofE(fTC69f,lnere is a generic separatriX(nomo
clinic orbit) pertaining to the saddle point (0,0) for Ho = Eo = O. For the given
energies, a Rhase R0rtrait for the unperturbed Duffing with twin-well Rotentials is il
lustrateaiilFig. 1.10. In tne potential well, the Ofoit is termedlne smallmofion oroil
(or s-oroiI), andlheorbifOUtSiaetne potentialwellsis termealne large motion oroil
(Of1-or15it), analne separatrixoetween tne two oroits is termedlhenomocliilic oroil
as well. The chaos in vicinit)' of the homocilinic separatrix and resonant separatrices

2:0 ,--- - - - - - - - - - _

h-orbit s-orbit

1.0

-1.0

I-orbit

=2.0--'=== ==='= = =='== = ='=== ==='
=2.0__-1 .0__0.0__1.0__2.0

~lacement, x

Fig. 1.10 Phase portrait lor an unperturbed DullIng wIlh twm-potenlial wells. In the potenlial
wells, the orbit is termed the small motion orbit (or s-orbit) and the orbit outside the potential
wells is termeo tne large motiOi1Or6ifTc:Jfl-or6ioana tne separatnx 6etween tne two or6iiSiSlhe
homochmc _orbltJ
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iTiSiueai1dOUfSiaethehomoclinic separetixwilrDe presentea;-Wllichwilrbecalled
tlie stocnastic ana resonant la)'ers of tne periouicall)' f6fCed-DtiffingoscillatOr:

A. Resonant layers inside separatrix

For a given energy Es satlsfymg Ho = Es < Eo m the two potentIal wells, the solution
otthc_smaILmotlon_orbILIs

o [Kks OMx = ± esdn n ,ks ,

o _ ·0 _ fj2 2k2 [K(ks)OM k] [K(ks)OM k]y - x - es s sn , s cn , s .
2 n n

(1.73)

where cn, sn and dn are the Jacobi-elliptic functions, K(ks) the complete elliptic
integral of the first kind, and ks the modulu s of the Jacobi-elliptic function . The
modulu s ks, the resQonse amplitude es and the natural freguenc )' OJs are:

k, =
2(a ?+ 4a2Es)I/2

al + (a?+ 4a2Es)1/2'
es = (1 .74)

Once an externaITorce exerts to tne unperturbeu-Dtiffing oscilliitOf,1heTciliilenergy
in x,y) changes aroundt neinitiiiJly_given energy fl~fJ~E;:For a small external
force , an apjJroximate estimate of the energy~given b)'

(1 .75)

and!
I 2 I 0 2

H I (x,y) = - 2x QocosQt ::::5 - 2 (x ) QocosQt. (1.76)

Substitution of Eg. (1.73) into Eg. ( 1.76), and use of Fourier series expans ion lead
toI

nesQo ~ [mnK']HI (x,y) ::::5 --- cosfzr } L. sech --
2K m= 1 K

(1.77)x [cos(mOJs - Q )t +cos(mOJs +Q )t]}_. --'----------'-

From ECfTl~77),lne resonant conoiii on is

mOJ, - n. (1.78)

Because all other terms in HI (iy) will average to zero over one period T---:;;;
2n/ Q except for the term of the (m : I) primary resonance (i.e., an averaging of
Hamilton ian in Eg. (1.77», its magnitude [I] in the Qotential well is:

(1.79)
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where K'(kim:I)) = K(k~(m:I )) , k~(m:l ) = 1 - (kim:I))2 and ks(m:l )iS obtained from
Eq. (1.74) with the resonant conditIOn, r.e.,

(1.80)

in which E Jm:l ) is a (m : I)resonantenergy.
The energy increment Mf = H(£il~l!flJ,g;~~yO) ~ HI Gt1:yo) is caused oyexcr::

tation, anatne averaging of energy increment is computeaoy xn = H] . Tne energy
increment in the one of twin wells along the (m : I) resonant orbit is computed by

t:MfD( ({J;) = I ; (flg2- h gd dt

j Ts +I; (0) (0) (m:l) .
~ X s Y s QocosQtdt = QoQs SIn ({J; ,

t,
(1.81)

where ([>i = Qt; and

f2 = 0,82 = xQocosQt ;

s( ) _ 2nQ _ 2Qj2 -k;K (ks)
!l({J Es ---- .

ills JIXl

(1.83)

(1 .84)

From the energy increment in Eg. (1.81) and phase change, the accurate whisker
map for the (m : I )-resonant layer of the Duffing oscillator is

E (i+ l ) E (i) Q Q (m:]) .
s - s ~ iL s SIn Pi>

Ce8S)

Therefore,tnee xcrtafion strength- forthe onset onnecnf~) )-resonant layer in
ine potential wells is approximately estimatea-by

(1 .86)



31I-StOchasiicand-ResonanrLayefslnNOi1IinearHamiliOi1ianSx=st=em=s~' ~~

AsiilSea:ionl~3~fromE9TI~8 1J,lll e a])j)roximate conilifiOilfOf1hedestriictiOil
of the (m : I )-resonant layer in the potential wells is

Q = . _1_ {IE (m:l ) _ E(m+ I :I) 1 IE (m:l ) _ E (m- I :I) I}
o min Q~m:l ) s s ' s s . (1.88)

Based on this condition, the (m + I : I ) or (m- 1 : I )-resonant motion wilfbe inter
acted with the (m : I )-resonant layer.

B. Rcsonant laycrs outsidc sCllaratrix

For tile given energy EI satisfy ing Ho = E[>E<htfie solution ofthelarge mot ion
m oiliilLuoallifHaiill998Iis

(1.89)

o [2K (k) roll k]x = el cn , I ,
1C

0 _ ·0 _ ±~Zej 2K (kl) Wi t k] d 2K (kl) Wi t k]
y - x - -2 -k sn , I n , I .

I 1C _ '---_1C _

Tile moilulus k[,lfie response amplituQeel , tile naturarfrequency WI are

al +)a?+ 4azEI

2) a?+4azEI '
(1.90)

Sub stitut ion of Eg .(I .89) into Eg .(1.76) and using Fourier series exp ans ion lead to

(1.9 1)

() 1Ce,Qo ~ [ ( ) 1CK
1

]
HI X,Y :::::; ----:fkK !::Isech 2n-1 2K

x [cos[(2n -I )WI- Q]t+cos[(2n -1 )WI+Qt]]} .
----

The reson ant condition for the corresponding resonant separatrix layer is

(2n - 1)WI = Q (1.92)

and the magn itude HI for the (2n - I : 1)- resonant layer out side the homocl inic
oroif:iSl

(1.93)
_ ~ _ ~ V2QQo [ 1CK1(k? n-I :I ))]

flH ~ HI ~ ( ) IN: sech (2n - I ) (Z - 1'1) ,
2n-l1Cy a ] 2K(kl n . ) _
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~2n- I:I) is a resonant energy. The energy increment along the (2n - I : I)
resonant orbit outsIde the potential well IS

1
71H ; (0) (2 -1 0 1)

!1Hb( ({>i) ::::; I; Yj Qocos(Qt )dt = QoQj n 0 sin ({>i , (1.95)

Q
(2n- I :I ) ~ 2V2JrQQo h [ JrK

1(k
(2n-l :l ))]

j r--;» Vfii sec (2n-l ) j 0 •

a2 2K(k}2n-l.l ))
(1.96)

Similarly, the excitation strength for the onset of the (2n - I : I )-resonant layer
outside the potential well is

(1.97)
0.9716

Qo ::::; d2n-l :l )d2n-l :l ) '
___I l _

wherel

0 .98)
[

I 2(k(2n 1:1)) 2 ]
. K(k(2n-I :I )) _ - I E(k(2n-I:I )) .

I 1- (k(2n-I :I)2 I
_ I _

The approximate destruction condition for the (2n - 1 : 1)-resonant separatrix layer
is!

Q _ . I {IE (2n+I :I ) _ E (2n- I :I )1 IE (2n- 3:1 ) _ E (2n- I :I ) I }
0 - mill Q j2n-l :l ) ~l ~l ' ~ l ~l . (1.99)

C. Stochastic layer

Due to the ])fesence of the two symmetric wells in the unperturbed Eg. (1.70), the
energy increments of the perturbed orbit should be computed through the two in
nerofoits possessing tne same energy in tne stocnastic layer. Tnerefore, tne energy
increment alon g the inner (m : 1) resonant orbit is computed from Eq. (1 .7~

!1fr ( ({>i) = 2 j7sH;(fl g2 - h gI)dt

(1.100)
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where ({>o = Oto , K'(~) = K(k~m ) and k~m = V I - (k~)2 are related to the (m : 1)
[eSOnallceLall(lJ

(1. 101)

In a same manner, the energy increment along the ({2n - I ) : 1) resonant orbit is

( I. 102)

where K' (kj2n-l :l)) = K(k;(2n-l :l)) and k;(2n-l :l) = 11 - (kj2n- l:l ))2 are related to

the {2n - 1 : 1)-resonance. From Eq. (1.70), the energy increment along the homo
clinic orbit isl

( r:T03J
sin (jl; .

From Theorem 1.1 and Eo = 0, the condition for the onset of the (m : I )resonant
separatrix web-ii11heinner stocnasticlayer is

(1. 104)jLlliS(q>;)I= jEim:l)jc-' ------'-~-'-'-

SuostitutiOilOCEq:-cCmOTintOEq:-cC1-04fYi elaS1heeiCif:ilion strength- fOflhe
onset of the (m : 1)resonant-separatrix web in the inner stochastic layer :

( 1.105)

If !J.fr (q>;) is replaced by !J.Hh LCfJD) in Eq.(1.103) , the excitation strength is predicted
llpproximatel)' from

( I. 106)IEim:1 JI fi2 [nO ]Qo= --- - cosh -- .
2nO 2 ~~ _

In the VICtnlt)' of separatn x, equatIOns (1.105) and (1.106) gIve ver)' close predIc
tions of the resonance in the stochastic la)'ers.

From Theorem 1.1 and Eo = 0, the condition for the onset of the ((2n - I ) : 1)
resonant-separatrix weoinlhe outer stocnasticlayer is

( I. 107)
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SubstiftlfiOrlOfECfTl~T02TiirtOECfTr:T07TY:ieluSlheexcitation strength-fOflhe
onset oftfieT(2n - I) : I) resonant-separatrix web, i.e.,

(1.1 08)

If f.fil (f{Ji) is replaced by f.H li ( f{Ji) , the excitation strength is given by

( 1.109)
IE

1
(2n- I :I )1 ra; [ nQ ]

Qo = 2nQ V2 cosh ~v@l _. _

ThepreaictiOilSOf resonance ii11hesIOChasticlayers can oe given bYlfie ap
proximate ana accurate stanaara mapping approacfies, wfiicfi can oe referrea lOLuo
(1995) , Luo and Han (1998) , and Luo (2008) .

From the theoretical conditions, numerical illustrations for chaos in the Reriodic
forced Duffing oscillator will be given. Energ)' spectrum method will be emRlo)'ed
for numerical predictions, ana analYtical ana numerical preaiCfions wiJroe given.
Stocfiastic ana resonant layers wiJrbeillustratea-oy Poincare mapping sections.

A. Stochastic layers

For a better understanding of the above definitions, a resonant-seRaratrix web of the
5th-ordcr in the outer stochastic laycr for (XI = (X2 = 1.0, Q = 4.0 and Qo = 0.45
isshown:-Tfielayer wiuifi, minimum ana maximum energy oroiiSfor tfiat resonant
separatrix wen are iIIustratea-ii1Fig:-l~n:ror theDliffing oscillator, tfie layer wiaUi
is Ixmax- xminl at y = 0 which can be determined numerically. Using the above
definition , the maximum and minimum energ)' spectra are shown in Fig. 1.12 for
Qo = 0.2 and (Xl = (X2 = 1.0 in Eg. (1.70). The maximum and minimum energ)'
are computea from 10,000 iterations ofPoincare map for eacfi excitation frequency.
Qa(m:l) (or QI3 (2n-I :I) denotes a maximum value of excitation frequency when the
(m : I)-order inner (or (2n - I : I)-order outer) resonant separatrix disappears in the
stochastic layer. To view the energyj ump clearly, four sRecific areas in the spectra
are zoomed . The energ)'jum s occur atQl3~ T33,Q13 (3:1) = 2.73,Q)3\B!=:3.51
for thc outer stochastic layer and, at Qa 2:1 = 2.67 and Qa 3:1 = 3.39 for the in
ner stochasticlayer. Thespecific values are critical excitationfrequenciesfor the
aisappearance onne resonance inlhest6Chasticlayer. Fillinstance, ifanexcitaIiOi1
freCi~enc y chosen for Qo = 0.2 is greater than Ql3f3:1) = 2.73, then, the resonant
seRaratrix of lower than 5th order in the outer-Ia)'er and of lower than 3roorder in the
inner-layer will not appear. For Qo - 0.2, tne resonant-separatrix of tne first oraer in
iheinner stocnasticlayer cannot oe ooservea-oecause theRamiltonian arrives at the
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mmimum energy Ea = -0.25Tfor at = a2 = CO) untiltnis resonant separatrix ap
pears. BaseaOillhemiilimum ana maximum energiesinFi~l~r2;thewiilthonhe

stocllastic layer is comIlUteil, as sllown in Fig. 1.13. Tile numerical ana analytical
predIctIOns ot excitatIOn strengths tor the Inner and outer resonant-separatrIces ap
peanng In the stochastIc layer are Illustrated In FIg. 1.14(a) and (5), respectIvely. The
soliQ curves aenote1heanal~----rediCfiOTiSai1dlhehollOW=Circle curves represent
tile numerical preaictions. Tile two Qreaictions are in a gooil agreement. However ,
in the derivation of analytical conditions, only the Qrimary resonance is used and the
incremental energy is approximately computeiloy tile unperturoeil oroits ratller tllan
tile perturoeilones:-Tlle aforementioneil reasons are two major factors to cause the
ilifference oetween tile analYtical anil numerical preiliCfionsof excitation strength--:

For numerical simulations of the resonant-separatrix webs in the stochastic layer,
we use a 2nd-order symQlectic scheme (e.g., Feng and Qin, 1991; McLach-lan and
Atela, 1992) with time step ~t = 10-5

rv 1O-7T, where T = 2n jQ, and a precision
of 10-6 . For aj = a2 = 1.0 and Q = 4.0, the resonant-separatrix webs in the stochas
ticlayers generateil-oy20~000--Poincare mapping points ofE<f.11~70) are iIIustrateil
in Fig.I .15 for Qo = 0.98 and Qo = 0.2. As discussed in Luo and Han (200 I) , the
stochastic layer of Duffing oscillator is separated into the inner and outer stochastic
layers by the homoclinic orbit , as shown in Fig.I .15, and the resonant structures of
tile inner anil outer stocllastic layers are very ilistinguisllingowinglOlhedifferent
resonance. InFig:rr5{a),1lle (J:l) anilT5:1)-ora er resonant separatrix weDs are in
the outer stochastic layer at Qo= 0.98, and the subresonant separatrix in the vicinity
of the (5:I)-order resonant seQaratrix is also clearly observed. When the excitation

2:0r=== = = = = = = = = ===;

Layer width Homoclinic (Eo)

max
X

=2.0=== ===,== = ==,== = =,=== ==,
=2.0__-1.0__0.0'---_1.0__2.0

DisQlacement, X

Fig.-l~n-A-dCsCrlptionofiayerwrdth-;rninImum ana maxImum energy tfirougti an outer resonant
separatrix web of the 5th- order in the stochastic layer for the twin-well Duffing oscillator at Qo =
O-:::45_ancrn = 'l~OJ



36

4.0

::t;0

d 3.0
C<:l
'2
0.=:: 2.0·s
C<:l

1.0

0.0

1.0

0.0 LLLLLL.L.LL.u

2.5 3.0 3.5 3.0 3.5 4.0

O'OO~O'O~.
ri~(2 : 1) J : l

-0.25 -0.1
2.5 3.0 3.5 3.0 3.5 4 .0

___2.0 3.0__---'4.0

ExcitafiOi1frequenc)', Q

AlDenc.rtns

Fig. 1.12 Minimum and Maximum energy spectra for the stochastic layer in the twin-well Duffing
oscillator at Qo = 0.2 anda) = a2 = 1.0.

r s--;== = = = = = = = ==;

;=
1.0

..d'-"0

. ~

....
<!)

~ 0.5

1(5 :I)

_o.o~~~~~~~~~
1~0 2~0 3~0 ~~0

Excitation fre quency, Q

Eig.-1~1TThCWIdtfiOnhcstOchasticlayerli11fie twm-wellDuffingo scillator for a) - a2 - CO
ana Qo= 0.21



37l-StOchasiicand-ResonanrLayefslnNOi1linearHamiliOi1ianSx~st=e=m=s ~
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strerigtfldecreases to Q~0~2~h--e{7:T)-order resonant separatrix apjJears in1he
outer stocliastic layer, ana theT4: l)-Ofder resonant separatrix in tlie inner stocliastic
layer is observed in Fig. 1.15(b) . From the above observations, the appearance of a
new resonant-separatnx In the stochastic layer depends on excitation strength, and
the Widthof the stochastic layer Increases with excitation strength .

B. Resonant layers

In the two Qotential wells, the critical conditions for the onset and disaQQear
ance of tlie resonant layer are oifferent. Tlie onset, oeveloping ana oestruction
of resonant layers are investigateo tliroug11themaximum anominimum incre
mental energy spectrums. FOfllie excitation strength-Qo = O~r;tlie crilical values

for the appearance of the (2: I)-resonant layer are quite different (i.e., n~fP(2 : I) >:::::

2.600112249 (left) and n~fP(2:1 ) >::::: 2.641554784 (right», but for the disappear
ance onlie two (2:1 )-resonant layers, tlie two critical values are very close (i~

n~:s(2 :' ) >::::: 2.550274844 (left) and n~:s(2 :' ) >::::: 2.547076114 (right», as shown in
Fig.-CT6:-However, tlie resonant layer relative to thelarge motionisa:lwinves
tigated through the incremental energy spectrum in Fig.I .17 for Qo = 0.2. The
critical values of excitation frequency are n~fP (3 :' ) >::::: 2.949933222and n~:s (3 :' ) >:::::

app(S") dia(Srl )2.83580655 for the (3:I)-resonant layer; ncr . >::::: 4.475239668 and ncr . >:::::

3~6ro52859Tfor th--e-(5:1)-resonant layer. Tlirougl11liis numericafinvestigation, the
(I: I)-resonant layer relative to the large motion is very difficult to detect. In sum
mary, once the resonant layer apjJears at n = n~fP , the resonant layer grows with
decreasing excitation frequency until destroyed at n >::::: ng~s . During the growinKpe
rioo of tlie resonant layer, tile sub-resonance is oevelopeo tlirougll tile self.=similaritY
ano-is embeooecrii11lie resonant layer.

The analytical and numerical predictions of the critical conditions for the aQ::
pearance and disaQpearance of resonant layers are also presented in Figs.18 and 19.
The solid and dashed curves reQresent the analytical Qredictions of the apjJearance
ana oisappearance of resonant layers, respectively . Tlie solio ano-fiOllowcifCtilar
symbol curves give tlie numerical preoiCiions of preoiCiions onlle appearance ana
disappearance of resonant layers, respectively. In Fig.I .18(a) , the analytical and nu
merical Qredictions of the resonant layer appearance in the left well are in very_good
agreement. For weak excitation, the agreement between the two predictions is much
better tlian for strong excitation. However, for tlie oisappearance conoitions, tlie an
alYtical ana numericalesiimates 00 not matcll very well-duet01hest.ib-resonant
self.=similarity. Willi excitation amplituoeincrease, tile curves for numerical preoiC=
tion are not very smooth since the sub-resonance effects become more imQortant.
In Fig.I .18(b), for relatively week excitations, the two Qredictions are totally differ
entduet01neintermittency 1:ietween two closet resonant layers . Since excitation is
not strong enougli to proouce theinteraction between tile two resonant Iayers:-Sucli
a resonant layer isisolateo:-With-increasing excitation, tile two isolateo resonant
@yers will grow, and finally they merge together. In the right well, higher-order
resonant layers cannot be observed through this incremental energy~ectrum aQ::
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proachsince1hestOChasIicla)'er apJlears beforelhenigner=ofder resonant la)'ers are
formeo]

- -------- --~-- --

In Fig.I.19, the critical conditions for ~2n - I : I) resonant layers relative to the
large motIOn are shown. No any (1:1)-resonant layer can be detected through this
Incremental energy spectrum . For week excitation, the cntlcal conditIOnsfor the ap
pearance anoCiisappearance are ploileo-inFig.-r:-r9WInFig.l~19{l5),1hecondiiions

for relativel)' strong excitation are presenteo:-ThearuilXticalandnumerical preoic
tions provide the similar pattern of the critical conditions. The further anal)'tical
metnoo neeos to De oevelopea for a Detter unaerstanaing of the mecnanism of tne
resonant layersl

From tne pn-=-aC=Cse=-p-=-oC=Cr=tr=aitinFig:-r:-ro~naotic motions existiiline two wellS:-T6
investigate the d)'namics of chaos in resonant la)'ers, the Poincare mapping sections
for onset and destruction of resonant la)'ers in Qotential wells are illustrated . For nu
merical simulations of chaotic motion in the resonant layer, a 2nd-order symplectic
scheme (e.g., Feng and Qin, 1991) is used again with time step !1.t = 10- 6

rv 10-7T,
where T = 2n / Q , and a precision of 10- 8. al = a2 = 1.0 is used herein . The (2:1)
resonant la)'ers in the potential wells are Qresented in Fig. 1.20 for Qo = 0.1. The
dashed lines depict the homoclinic orbit (i.e., homoclinic) and small motion orbit
in the Qotential well. The solid and hollow circular s)'mbols represent the center
ana nyperDolic points for tne resonant layers, respectivelTIfisobviously oDservea
inat tne resonant layer is not symmetricil11he two-wellS:-Wiindecreasing tne ex
ternal frequenc)' , such a resonant la)'er will be developed , and the sub-resonance
will be embedded in the resonant la)'er. Fig.I .20(a) shows the onset of such two
resonant la)'ers in the potential wells. Since the critical external frequencies for
tne onset of resonant layers are quite aifferent in tne two wells, tne two frequen
cies are used. In the left well, Q = 2.600112249 (Q~fP(2:1 ) ;::::::; 2.600112249) is used
hereandtheinitialCOi1ditions are Xo = -0~89l6T8894and~0~403713T06.

In tne rignt well, a aifferent frequency ana tne corresponoing initial conaiiions
are Q = 2.641554784 ~ Q~fP(2:l ) (Q~fP(2 :1 ) ;::::::; 2.641554784), Xo = 0.665750376
ana Yo - O~t is observea tnat tne nyperbolic points of tne resonant layers aevi
ate from the unperturbed orbit (i.e., s-orbit) . This Qhenomenon needs to be fur
ther investigated theoreticall)' . Similarl)', with decreasing external frequenc)' , the
(2:I)-resonant la)'er will grow until it destroys. Consider the external frequenc)'
Q = 2.559774525 > Q~;S (2 :l ) (i.e., Q~;S (2:1 ) ;::::::; 2.550274844) with the initia~=

dltlons Xo - - 0.872307555 and }'O - 0.426521382 In the left well, and In the nght
well, Q = 2.555042597 > Q~;S (2:1 ) (i.e., Q~~S (2 :l ) ;::::::; 2.547076114) plus the initial
conditions Xo - 0:-588082962and~0:

In a similar fasnion, the13 :1)-resonant layer outsiaethe two potential wellS
are illustrateo-inFig:-r:2CTne appearance ana-disappearance ofth--e(J:1)-resonant
la)'er are shown through Poincare mapPiI!g sections for Qo = 0.2 with the two
sets of input parameters (Q ;::::::; 2.949933222;::::::; Q~fP (3 :1 ), Xo = 0.622626565, Yo =

1.25320480I: appearance) and (Q = 2.839895688 > Q~~s (3 : I), Xo = 0.603644624,

Yo = 1.177284164: disappearance), respectively. Q~fP (3 :1 ) ;::::::; 2.949933222 and

Q~;s(3 :1 ) ;::::::; 2.83580655. It is observed that the resonant layer starts to be formed
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Fig. 1.21 The (3: I)-resonant layer related to the large motion orbit (Qo = 0.2): (a) appearance
~I2--;;-2~9499J32-22~O-:022b2b5b5~2:'5320480 1 ), (b) disappearance (Q--;;-2~39895b88,

Xo = 0.603644624, Yo = 1.177284164 ). The dashed lines represent the large motion orbit and
homocltmc orbtt. The soltd and hollow ctrcular s)'mbols depIct the center and h)'flerboltc pomts for

the resonant la)'er, respectivel)'. Q~rp(3 : 1 ) "" 2.949933222 and Q~;S (3 : 1 ) "" 2.83580655 . RL: resonant
layer. l-oroit: large orJjiLh~Jjit:Homoclinic oroil.
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inFig.-C2T(a).Thesuo-resonance a])])ears on tlie resonant laxerbeforetlie resonant
~iSQestro)Ied:

In this chaQter, the stochastic and resonant la)'ers in 2-dimensional perturbed non
linear Hamiltonian systems were presentea. Tliis criterion presentea in tliis cliapter
is applicable to any periodicallyforced~2~imensionalnonlinearHamiltonian sys
tem. Since tlie exact fifstintegrarincrement (or energy increment) is very aifficuU
to compute anal)'ticall)', the apJlroximate expressions of the energ)' increment is de
rived for anal)'tical prediction of the stochastic and resonant la)'ers . Based on the
approximate energy increment, several analytical criteria were aevelopea-fOflhe
Oi1SefOf resonance ii11lie stochasIiclayer:-li11lie energy spectrum method;llie mini:::
mum ana maximum energies are equal to exact computing minimum ana maximum
energ)' increments because the initial energy~given . That is,

Emax = maxHt )(XN,Jl)= max {Mio(to,NT) +Ho(xo ,Jl)}
__~N_EN NEN _

= max {L1Ho(to,kT)} +Ho(xo,Jl),
~EN

(1.110)

(1.111)= min{Mio(to,kT)}+Ho(xo ,Jl).
__N EN _

If Ho(xo ,Jl) = 0, we have

(1.1121Emax = max {Mio(to ,kT)} and Emin = min {Mio(to ,kT)} .
__~N£N HEN _

BasedOi11lie maximum anaminimum energies, tlie wiaihofllie stocliasticlayer
was computea, wliich-is much-Detter tlian tlie estimate ofthelayer wicUh-;given oy
(Melnikov, 1963) .

As in Luo (2008) , the onset of a specified resonance in stochastic la)'er is ex
actl), predicted through the incremental energ)' apJlroach if the energ)' increment is
exactly computea. Tlierefore, tliis approacli is also applicable for strong excitations
wlien tlie energy increments still maintainin gooa accuracy. Tlie accurate stanaara
~.PiIlK~QProach gives a very_good Qrediction comQared to the numerical predic
tions for the resonant seQaratrix with the low order of resonance. The chaotic motion
in the stochastic la)'er is formed by~rimar)' resonance interaction. The subreso
nance inllie vicinity of tlie primary resonance is aevelopea tlirougli a renormaliza
iion:-Therefore, cliaotic motiOilinllie stochasIiclayeriSllie resonance interaction
structurcjnstcaa::onlie_Smalc'S::Iiorscslioe_structurc._Tlic_Smale~S:::liorscslioc_struc::

ture is based on the lineari zation of the h),Qerbolicpoint along the seQaratrix for one
to imagine the topological structure. However, chaotic motion in the stochastic la)'er
exists ii11lie vicinity of tlie separatrix ratlier tlian tlie separatrix only. Tlie aifference
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oetween Smale'sfiOfSeSnoe structure anolne resonance interaction structure issim
ilartOlheoneoetween tne resonance ano-beiitpnenomena inperiodicall)' forcea
linear oscillation .
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j\-New-ApJ!roachtolheTreatment of-Sel!aratrii
Chaos ana-IISAl!l!licaIiOiiS

AbstracCWeconsiQerti~iOclicall~bea -ID-Haminonian systems QOS
sessing one or more separatrices. If the perturbation is weak, then the separatrix
chaos is most develoQed when the perturbation freguency lies in the logarithmically
small or mooerate ranges : tliis corresponos to tlie involvement of resonance oynami =
cs into tfie separatrix cliaos. wedevelop a metlioo matcliing tfie oiscrete cliaoticdY::
namics of the separatrix map and the continuous regular dynamics of the resonance
Hamiltonian. The method has allowed us to solve the long-standinKQroblem of an
accurate description of the maximum of the separatrix chaotic layer width as a func
tion of tfie pertur6ation frequency. It fias also alloweo us to preoict ano-descri6e new
pfienomena inclilding;-inpariicular:{iradrasticfacilitatiOilOftfie onset of global
cliaos 6etween neigli60uring separatrices, ano1iijaliuge increase il11fie size onhe
low-dimensional stochastic web.
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2.Llntroduction

Separatnx chaos is the germ ot Hamtltoman chaos (Zaslavsky, 2007). Constder an
integraoleHamiHonian system Qossessing a saddle,-i:e:-aIiYQerbolicpoiTitin1he
one=dimensional case, or a IiYJlerbolicinvariant torus , in liigher-dimei1SiOTiilIcases:
Thestible(rncomiiig)andunstaole (OtitgOiiigfmanif6Ius of tlie sadClle are calleCi
separatrlces (Gelfretch and Lazutktn, 20m): they separate trajectories that have dtt
terent phase space topologtes. It a weak ttme-penodtc perturoatton is aaaea, then the
~Qaratrix is destroyed; it is replaced by a seJzaratrix chaotic layer (SCL) (Zaslavsky-,
2007 ; Gelfreich and Lazutkin , 200 I ; Lichtenberg and Lieberman, 1992; Piftankin
and Treschev , 2007) . Even if the unperturbed system does not possess a seQaratrix,
tlie resonant part of tlie perturoation generates a separatrix in tlie auxiliary resonance
pliase space while1lie non-resonant part onlie perturoation uestroys tl1is separatrix,
replacing ifWitli a cliaoticlayer (ZaslavskY;-20D7;Gelfreicli anu-LazutKin;-20U1;
Lichtenberg and Lieberman, 1992; Chirikov, 1979). Thus seQaratrix chaos is of a
fundamental imIlOrtancefor Hamiltonian chaos.

One of the most important characteristics of SCL is its width in energy (or ex
presse<rin relatedquailfifies;:-It can oe easilyTouno numericallyoyintegration of
iheHamiltonian equations wiili a set ofinitiiiI conuitions in tlie vicinity onlie sepa
ratrix: the space occupied by the chaotic trajectory in the Poincare section has a
higher dimension than that for a regular trajectory~g. in the 312D case the regular
trajectories lie on lines i.e. ID objects while the chaotic trajectory lies within the
SCL i.e. tlie object outer bounoaries ofwliich-limifa2D area.

OOllie otlier Iiano;-itisimportant to beable to oescribe7lieoreticallyboththe
outer bounoaries onheSCL ana-its wiuin.-Tliere isalong anuricnhistory of such
studies . The results may be classified as follows .

2.1.LHeUl·istic1esults

Consider a ID Hamiltonian system Qerturbed by a weak time-periodic perturbation:

H = Ho(p,q) +hV(p,q ,t ),
V(p,q,t +2TC/wf) = V(p,q,t) , h «: I ,

(2.1)

where Ho(p,q) possesses a separatrix and, for the sake of notational compactness,
all relevant parameters of Ho and V, except possibly for Wt, are assumed to be '" I .

Pliysicists proposeu a numoer of uifferent Iieuristic criteriU1ZaslavsKy anu Filo
ilCri~I968;Tliirikov,-r979;Lich1CribergandTicoerman, 1992;Zasravskycral~

1991; Zaslavsky, 2007,2005) for the SCL width IJE in terms of energy E = HO (ZZ-,g]
which gave gualitatively similar results :

IJE = IJE(wf) '" wfD;
D:::::: JilfL



lei ::., I for Wt ::" I ,
lei oc exp( - awt )« I (a rv I ) for Wt » I.
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(2.2)

The quantity (5 = hlel is called the separatrix split (Zaslavsky, 2007) (see also Eq.
(2.4) below) : It determines the maximum dIstance between the perturbed incoming
and outgoing separatrices (ZiiSlavsKy and-FilonenkO;-l908;CniriKov, 1979;I.:icnt
enberg and Lieberman, 1992; Zaslavsk y et aL, 1991; Zaslavsky, 2007 , 2005 ; Abdul
laev, 2006 ; Gelfrei ch and Lazutk in, 200 I ; Piftankin and Treschev, 2007) .

[[Tallows from (2~2nnat tne maximum of LfEsnoulcrIieifithefr-e-qu- e-n-c-y-r-an-g-e
Wt rv lwniletne maximum itself snoulcnje rv h:

(max) Iwt rv . (2 .3)

2.1.2 Mathematical and accurate physical results

Many papers studiedlne SCCbymainematical or accurate pnysiCiilmeinodS:
For tne range Wt » 1, many worKsstudiedlne separatrix splitting (see tne review

(Gelfreich and Lazutkin, 2001) and references therein) and the SCL width in terms
of normal coordinates (see the review (Piftankin and Treschev, 2007) and refer
ences therein) . Thou gJlguantities studied in these works differ from those tYRically
studiCci byphysicists (ZiiSlavsKy and-FilonenK:O;-T908;ClliriKov, 1979;I:icntenoerg
and-Cico erman, 1992; ZiiSlavsKy et al:-;-1991; ZiiSlavskY;-2007;-2005),1n ey impliC::
illYconfirm the main gualitative conclusion from the heuristi c formul a (2.2) in the
high frequency range : provided that wi » I the SCL width is exponenti ally small.

There were also several works studying the SCL in the oRRosite (i.e. adiabatic)
limit Wt ----+ 0: see e.g. (Neisntadt, 198l5;Elskensaild-Escande;-r99T;Neisntadt et al~

1997;SosKinefaC2005;-20TOayanareferences thcrein.-lillne context ofthcSCC
width, it is most important that t1E (Wt ----+ 0Fh for most of the systems (Neishtadt,
1986; Elskens and Escande, 1991; Neishtadt et aL, 1997). For a part icular class of
~ystems, namel y for ac-driven sRatially periodi c systems (e.g. the ac-driven pendu
lum)-;lhewiaihoft I1eSCcparraoove tne separatri xdivergesinlheadiaoaticlimii
(Soskin et al., 2005 , 201Oa): the divergence develop s for Wt « 1/ln (l / h).

Finallf,tnere is a qualitative estimation oflheSCC widih-for tn-:Ce-=r:CCa=-ng=-eC:-Ow~'f-rv

I within the Kolmogorov-Arnold-Moser (KAM) theory (Piftankin and Treschev ,
2007) . The guantitative estimate within the KAM theory is lacking, aRRarently being
very difficult for this freguen cy range (Gelfrei ch, private communication) . It follows
from tne resuliSii1l:PiftanKin an<fTrescnev, 2D07nnat tne wiaiflinlllis range isof
ine order onne separatrix split, wllich-itselfis onne order orh~

Thus it could seem to follow that , for all systems exceRt ac-driven spatially_peri
odic systems, the maximum in the SCL width is rv h and occurs in the range Wt rv I ,
very much in agreement with the heuristi c result (2.3). Even for ac-driven sRatially
periooic system s, tnis conclusion coulo seem to apply to tne wiotn of tne SCC part
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belOWlne separatrixoverthewholefreguenc)' range, an<flOlhewiilthoflfieSCr:;

part above the separatrix for wI z:., 1/ In( I/ h) .

2I3-NiiiiiinCiifevuliiiCijiiih7ghpeaks in ~E (wf) and/heIr
rougli estimations

Thea60ve conclusiOrlilisagrees wiin several numerical stuilies carried out iluring
ihe-Iast C1ecaCle (see e.g. (SosKin et al~200S~20TOa;-Snevcnenko~T998;r:;uo et
aI., 1999; Soskin et aI., 2001; Luo, 2004; Vecheslavov, 2004; Shevchenko, 2008))
which have revealed the existence of sharp peaks in 11£(Wf) in the frequency range

1/ In(1/ h) :s wI :s I the heights of which greatly exceed h (see also Figs. 2.2, 2.3,
2.5,2.6 below) . Thus , the Qeaks represent the general dominantieature of the func
tion 11£(Wf) ' They were related by the authors of (Shevchenko, 1998; Luo et aI.,
1999; SOSKin et aI., 2001 ; Cuo, 2004 ; Vecneslavov, 2004 ; SnevcnenKo, 2008DOlne
a6sorption of nonlinear resonances 6y tne SCI.:. For some partial case, rougn neuris
iic estimates for tne position anil magnituile onne peaKS were maileifl(SnevcnenKo,
1998~2008I1

2-:171 Accurate aescription oIlhepeiikS7iiiil oIlhereliileil
plienomena

Until recentl)', accurate anal)'tic estimates for the peaks were lacking . It is explicitl)'
stated in (Luo, 2004) that the search for the mechanism through which resonances
are involved in separatrix chaos , and for an accurate anal)'tic description of the~
in tne SCL wiCltn as function of tne pertur6ation frequency, are 6eing among the
most important anilchallenging tasksil11ne stuCly of separatrixcnaos. The-first step
towards accomplishing them was taken through the proposal (Soskin et aI., 2008a,b)
of a new apQroach to the theoretical treatment of the separatrix chaos in the relevant
freguenc)' range . It was developed and aQQlied to the onset of global chaos between
two close separatrices. Tne application of tne approachtSosKinerar:~2008a,6) to
ine commoner single-separatrix case was alwdiscusseil:-Tne approach-has6een
furtner ilevelopeil~SosKin anil-Nlannella,-2009a,bTinclilding an expliciftneory for
the single-separatrix case (Soskin and Mannella, 2009b) .

The Qresent P'lper reviews the new approach (Soskin et aI., 2008a,b; Soskin and
Nlannell~2009a,6) anil-itsapplications to tne single-separatri)c(SosKin anil Man
nell~20096) anilClou6Ie-separatriJC(SosKin et al:-;-2008a,6) cases . We also briefly re
view application to tne enlargement onne low-ilimensional stocnastic webtSosKin
et aI., 20 IOa,b)and discuss other Qromising~pplications.
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ThOiightnefOiTilOf our treatment uiffei'Sfrom typiC<lnOilTiSOfmaihemaIical
ineorems in tnis suDject(Cf.1Gelfreicn anu Lazutl<in, 200T;PiffiillKiilariClTfeSChev,
2007J),it yielus tne exact expressions for tne leauing term in tne relevant asymptotic
expansions (the parameter of smallness is a = I /lnQ! Ii) and, in some case, even
tor the next-order term. Our theory IS m excellent agreement wIth results obtamed
f)Y numericarintegratiOilOftne eguatiOilSOfmoiiOil.

SectTTdescribesthebasiciueas unuerlying tne aQRroach--:-Sect2:3-isdevoied
to the leading-order asymRtotic description of the single-seRaratrix chaotic layers.
Sect. 2.4 presents an asymptotic uescription of tne onset of globalcnaos iilDetween
two close separatrices . Sect. 2~5C1escriDes theincrease insizes of a stocnastic weD.
Conclusions are urawn inSect. 2~6:-Sect. 2~7 presents thcAppenuix, wfiicn explic
illY matches the seRaratrix map and the resonance Hamiltonian descriptions for the
double-seRaratrix case.

2~Z-Basici(Jeasof1lie approacli

The new aQRroach (Soskin et aI., 2008a,b ; Soskin and Mannella, 2009a,b) may be
formulateuDriefly as a matcning Detween tne uiscrete cnaotic dynamics of tne sep
aratrix map iiliheimmeuiate vicinity onne separatrix anotne continuous regular
gynamics of the resonance Hamiltonian beyond that region. The present section de
scribes the general features of the apj)roach in more detail.

Motion near the seRaratrix may be apRroximated by the sqJaratrix maR (SM)
{ZiiSlavsKy ano-FilonenkO;-l908;CfiiriKov, 1979;I:icntenDerg ano-CicDerman,
1992;ZiiSlavsKy et al~199T;ZiiSlavskT2007;-2005;AbClullaev, 2006;Piftanl<in
ano-TfeSChev,-2007;Shevcfiel1J«);-1998~2008;Sosl<ineral~2008a,o;Rom=Keuar;

1990). This was introduced in (Zaslavsky and Filonenko, 1968) and its various
modifications were subsequently used in many studies. It is sometimes known as
tne wliisKermap . It was re-oeriveorigorouslyii1{Rom-Keo~1990)aS1heleaoing
oroer approximation ofmoiion near tne separatrixiiline asymptoticlimith ---t O~

anoanesiirnatei5ftne error was alSi5CafrieaOUfill1ROill=Keuar,T990meeJ\IS01he
review (Piftankin and Treschev, 2007) and references therein).

The main ideas that allow one to introduce the SM (Zaslavsky and Filonenko,
1968; Chmkov, 1979; LIchtenberg and LIeberman, 1992; Zaslavsky et al., 1991;
ZiiSlavskT2007;-2005;Aodlillaev,-200C5;PiftanKin ano-Trescnev, 2007;SosKin et
al~2008a;b;Rom-Keaar;-1990) are as follows. FOf1ne saKe of simplicity, let us
consider a perturbation V that does not depend on the momentum : V == V(q,t) .
A system with energy close to the seRaratrix value spends most of its time in the
vicinity of the saddle(s) , where the velocity q is exponentially small. Differentiati
ng E = Ho(p,q) with respect to time and allowing for the equations of motion of
the system (I), we can show that dE ldt = dVT()qq oc q. Thus, the perturbation can
significantly cnange tne energy only wnen tne velocity is not small i.e. ouring tne
relatively short intervals while the system is away from the saddle(s) : these intervals
corresRond to Rulses of velocity as a function of time (cf. Fig. 2.20 in the AQRendix
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belowr.--Conseguentl y, itispossi51e to apj)roxi mate1hecoilfinuousFfamilfcmiandy-=
namicsl5)ladiscreteaynamics wnicn maRs tne energy E, tne Rerturoation ang~

<p = wft , and the velocity sign (1 = sgn(q), from pulse to pulse.
The actual form of the SM may vary, dependtng on the system under study, but

its features relevant m the present context are stmtlar for all systems. For the sake of
clarity, consiaer1Ilee xpHcit case wfieil1he separatrixorBo (p ,q) possesses a single
-- - --- (- )- -- --- ---

saddle and two symmetric loops while V = qcos wit . Then the SM reads (Soskin
et aI., 2008a) (cf. ARRendix) :

(2.4)

E = e(wf ) = sgn (a:;o I ) j~OO dt a:;o I sin(wft) ,
up 1--->- 00 00 up E ,

____________(1_i=_sg_n( aa:o Ilil
wnere E;Ts the separatrix energy, w (E D stnefrequency ofoscillaiionwith energ)'
E in the unRerturbed case (i.e . for h = 0) , t i is the instant corresRonding to the i-th
turning point in the traje ctory q(t) (cf. Fig. 2.20 in the Appendix below), and zi is
an aroitrary value from tne range oftime intervals wnicn greatly exceeolne cnara
cteriSficduratiOilOfthevelocity pulse wnil eoeing mucn smaller tnan theinterval
oetween tne suosequent pul ses (ZaslavsKy ana-Filonenk~r968;CniriKov , 1979;
Lichtenberg and Lieberman, 1992 ; Zaslavsky et aI., 1991 ; Zaslavsky, 2007 , 2005 ;
Abdullaev, 2006; Piftankin and Treschev, 2007; Rom-Kedar, 1990) . Con sider the
two most general ideas of our aRRroach.

l-:lf a trajectory of tne SM incluae-s-a~st~a~te-w-iinE~E,;andanaroitrary p ana
(1 , tnen tnis trajectory is cnaotic . Inoeea, tne angle p of sucn a state is not correlatea
witn tne angl e of tne state at tne previous step of tne SM, oue to tne oivergence of
W-I (E ----+ Es ) . Therefore, the angle at the previous step may deviate from a multiple
of 2n by an arbitrary value . Hen ce the energy of the state at the previous steR may
deviate from Es by an arbitrary value with in the interval [-h}EJ,hlel] . The velocit)'
sign (1 is not correlated with that at the previous step either". Given that a regular
trajectory ofiheSM cannot include a step wnere all lnree variaoles cnange ranaom
like , we conclude that such a traje ctory must be chaotic.

Though the above arguments may~pj)ear to be obvious, they cannot be conside
red a mathematically rigorous proof, so that the statement about the chaoti c nature
of tne SM trajectory wnicn incluaes any state witn E = t; snoula oe con sioereo as

I Formally, sgn(E - Es ) is not defined for E = Es but, if to shift E from Es for an infinitescmal
value, sgn(E - Es ) acquircs a valuc cgual to cithcr + lor -I , dCIJcnding on thc sign of thc shift.
Given that <J"i+l is proportional to sgn(Es - Ei+1) while the latter is random-like (as it has been
shown above), <J"i+ I ISnot correlated WIth <J"i It Ei+ I - Es ± O.
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a conjecture sUPRortecrb-ylFieaoove arguments ancro)' numericanterntiOilOfthe
S~Possiol)', a matllematically~gorous Rroof slloula involve an anal)'sis of tlie
[YJlRunov exponents for tile S1V1--vf. [iclitenoerg ana [ieoerman, 1992fbUf1llis
appears to be a technIcally difficult problem . We emphasIze however that a ngorous
proof of the conjecture IS not cruCialfor the validIty of the mam results of the present
IJllper, namelS'fOfl:helealiing terms iTilhe aSYB!Rtotic expressiOilSdescrioing (inhe
peaksonheSCLwidtli as a function of tlie perturoation freguenc)' in tlie single
~aratrix case, and (ii) the related guantities for the double-separatrix case . It will
oecome oovious from tile next item tllat, to aerive tile leaaing term, it is sufficient to
know1harthechaotiClfajectOi1'doesvisit areas onnepliase space wnere1lie energy
deviates from the separatrix by values of the order of the separatrix splito~
which is a widel)' acceRted fact (Zaslavsk)' and Filonenko, 1968; Chirikov, 1979;
Lichtenberg and Lieberman, 1992; Zaslavsk)' et aI., 1991; Zaslavsk)', 2007, 2005;
Ab-dlillaev;-200O;-GClfreicllai1d-[aZtiUcin,-200T;PiftariJ<inaildTiCSChCV;-2007L

TlfiswelrJ<nown (ZaslavsJ<y ana FilonenkO;-1968;ClliriJ<ov, 1979;Ticlitenoerg
ana -Gcoerman, 1992;ZaslavsJ<y et al~r99T;ZaslavskT2007;-2005;A.b-dlillaev,

2006 ; Gelfreich and Lazutkin, 200 I; Piftankin and Treschev, 2007 ; Shevchenko,
1998, 2008; Soskin et aI., 2008a ,b), that, at the leading-order approximation, the
freguenc)' of eigenoscillation as function of the energ)' near the separatrix is RroRor
tionallOllie reciprocaloflhelogarillimicfactor

(2.5)

bnroo
W(E) = In ( t1H )'

IE -Esl

wllere E;-iSllle energy onlie staole states .
Given that the argument of the logarithm is large in the relevant range of E,

the function w(E) is nearly constant for a substantial variation of the argument.
Tneref~neS-N1mapsthe state CEo = Es , ({>Q, 0"0) onto the statewit~~
Es + O"ohesin(({>Q), the value of W(E) for the given sgn(O"oesin(({>Q)) is nearly the
same for most of tile angles Po (except in tlie vicinity of multiples ofnT,

W(E) ;::::: wp±),

(±) -w, = w(Es±h), sgn(O"oesin(cpo)) = ±1.
(2.6)

Moreover, if the deviation of the SM trajector)' from the seRaratrix increases fur

ther, w(E) remains close to W~±) provided the deviation is not too large, namely if

In(IE - Esi / h) « In(t1H / h). If w! ;;., w~±), then the evolution of the SM (4) may
De regular-likefor a long time untiItlie energy returns to theclose vicinity ofthe
~Raratrix, where the trajector)' becomes chaotic . Such behavior is eSReciaIlY_Rro

nounced if the perturbation frequency is close to WP+ ) or WP- ) or to one of their
multiples of relativel)' low order: the resonance between the perturbation and the
~genoscillation gives rise to an accumulation of energ)' changes for man)' steps of
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theSiVt~nichresunsinadeviationofE-fromE;tllatgreatl)' exceeoSille separatrix
split hlel. Consider a state at the boundary of the SCL. The deviation of energy of
StiCIl a state fromE';-deRei1dsonitspOSitionanhebOiiDilaiyln turn, themaximum
devlatlOn is a functIOn of rof. Tile latter functIOn possesses tile absolute maximum at

wf close to rop+) or WP- ) typically2, for the upper or lower boundary of the SCL re
specttvely. Tilts corresponds to the absorptton of tile, respecttvely upper and lower,
Ist=OrderTiOt1linear resonance 0)' the-SCC:

The second of these intuitive ideas has been explicitl)' confirmed (Soskin et aI.,
2008a) (see ApjJendix): in the relevant range of energies, the separatrix map has
oeen sllown to reouce to two oifferential equations wnicll are ioentical1011le equa
tions of motion onlle auxiliary resonance Hamiltonian oescrioing1lie resonance
g)'namics in terms of the conventional canonicall)' conJlJgate slow variables, action
I and slow angle if! =:0 n1Jl - roft where 1JI is the angle variable (Chirikov, 1979 ;
Lichtenberg and Lieberman, 1992 ; Zaslavsky et aI., 1991 ; Zaslavsky, 2007, 2005 ;
Ab-dullaev,-2006)(SeCEq:-(2~T6)below) ana n is tlie relevant resonance numoer i.e.

the integer closest to the ratio rod ro~± ) .
Tllus tlie matcliing oetween tile oiscrete chaotiC-dynamics ofthe-SiVt anollle con

tinuous regular-liKe oynamics onlle resonance Hamiltonian arises il11hefollowing
wa)' (Soskin et aI., 2008a). After the chaotic trajector)' of the SM visits an)' state on
the separatrix, the s)'stem transits in one step of the SM to a given upper or lower
curve in the I - ~J)lane which has been called (Soskin et aI., 2008a) the upjJer or
lower generalized separatrix split (GSS) curve.' respectively:

o=:ohlel , (2 .7)

wnereo-isthe conventional separatriXSj)1i[1ZastaVSk)', 2lm7IT.isfI1eaTilRlitooeof
the Melnikov-Iike integral defined in Eg . (2.4) above (cf. (Zaslavsk)' and Filonenko,
f908;CliiriKov, f979;Ticlitenoerg ano1jeoerman, 1992; ZaslavsI<y et aCr99T;Za::
slavsky-2007;-2005; A.odlillaev, 200O;-Gclfreicll anoT:azutI<in;-20o-J;PiftanI<in ana
Treschev,-2007;ShevchenkO;-1998;Vecneslavov;-20D4;ShevchenK<.l;2U08;SosKiil
et aI., 2008a,b)), and the angle if! may take any value either from the range [0, z] or
from the range [n, 2n ]4~

After that, because of the closeness of rof to the n-th harmonic of ro(E) in the
relevant range of E5, for a relatively long time the system follows the nonlinear

2 For the SM relating to ac-driven spatially periodic systems, the time during which the SM under
goes a regular-like evolutIOnabove the separatnx dIverges In the adIabatIc limIt OJ! -+ 0 (SoskIn et
al:;-20TOaJ,aildlhcwiilfhofthe p artoflheSM-laycriibOVClhe separatrixdiverges too. However;
we do not conSIder thIs case here SInce It IS Irrelevant to the maIn subject of the IJresent PilIJer I.e.
to the involvement of the resonance ilynamics into the separatrix chaotic motion .

3 The ass curve corresponds to the step of the SM which follows the state with E = Es , as de
scnbedabovel

4 Of these two intervals, the relevant one is that in which the derivative dE /dt in the nonlinear
resonance eguation s (see Eif 12.l 6}oeI0WfIs IJositlve or negative, for the case of the upper or
lower ass curve respectivel y.

5 I.e. E determined by Eg. (2.7) for any i{f except from the vicinity of multiples of le. As shown
In (SoskIn et aI., 2008a), Eg. (2.7) ISlITelevant to the boundary of the chaotic layer In the range of
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resonance (NR) dxnamics (see Eg. (2.16) below), during the first half of which the
deviation of the energx from the seQaratrix value grows, greatlx exceeding (5 for
most of the trajectory. As time passes, 1Jt is moving and, at some point, the growth
ot the deviatIOn changes tor the decrease . This decrease lasts until the system hits the
GSS curve, after whIch It returns to the separatnx Just tor one step ot the separatnx
map. At the separatrix, the slow angle 1Jt changes random-like, so that a new stage
afevoliitioriSimilartOlheoTiejiiStdescribed occurs , i~henonlinear resonance
<lxnamics starting from the GSS curve with a new (random) value of ik.

Of course, t1ie SM cannot oescri6e t1ie variation of tne energy ouring tne velocitY
puJSesU:e:-iil6etween instants relevant to tl1eSNry:in some cases tfiis variation can
6e comparal5leto tne cnange wiifiin theSM-dynamics. Tfiis aooiiional variation will
be taken into account below, where relevant.

One might argue that, even for the instants relevant to the SM, the SM describes
ine originalHlliTIiltonianoynamics only approximatelY1Rom-Kedar, 1990) ana may
inerefore miss some fine oetailsoftne moti()i1;for example,1ne aJ50VePicture ooes
not include smallwiildows of sta6ility on tne separatrixitselCHowever tnese fine
details are irrelevant in the Qresent context , in Qarticular the relative portion of the
windows of stability on the separatrix apQarently vanishes in the asymptotic limit
h ----t 0 .1

Thebmrnoary onheSMcnaoticlayerisformed-6y tnose parts onne SMcnaotic
trajectory wnicndeviate from tne separatrix more tnan otners. Itf6110ws from the
structure of the chaotic trajectorx described above that the upper/lower boundary
of the SM chaotic layer is formed in one of the two following waxs (Soskin et aI.,
2008a,b): 0) if there exists a sel.fintersecting resonance trajectorx (in other words,
tne resonance separatriX)1ne lower/upper part of wnich----Ci .e. tne part situateo 6e
10w/abOVetneself~interSection) toucnes or intersects tne upper710wer GSS curve
wfiile1ne upper/lower part ooes not, tnen tne upper710wer 60unoary onhelayer is
formed bX the uQper/lower part of this self-intersecting trajectorx (Figs. 2.1(a) and
(b»; (ii) otherwise the boundary is formed by the resonance trajectorx tangent to
tne GSS curve (Fig. 2.11CJ).It issnown below tnat, in 60tn cases, tne variation of
the energy along the resonance trajectory is larger than the separatrix split 8 by
alogaritnmicallylargefactor ex: ITIIIlnr=Therefore, over the6OUriClaryofth-eSrYl

chaotic laxer the largest deviation of the energx from the separatrix value, ,1Es~),
may be1aken;-il11ne leaoing-oroer approximation, to 6e equal to tne largest variation
anne energy along tne resonance trajectory fOfiTIingthe60unoary, wfiile1ne latter
trajectory can De entirely oescri6eo wiinil11ne resonance Hamiltonianformalism.

Finally, we mention that, as is obvious from the above description of the bounda-

ry, ,1E~) == ,1Es~ ) (wf) possesses a local maximum ,1E~~I ,sm at wf for which the
resonance separatrix just touches the corresponding GSS curve (see Fig. 2.1(a» .

liTclose to multiplesoflfWliileiheoounoary In1IiIS range onVSiilllies iililie resonance range of
energies, where weE) ;:,,; w(±).
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2.3 Single-separatrix chaotic layer

It is clear from Sect. 2.2 above that L1E~~~ ,sm is equal in leading order to the width
i1ENR of tne nonlinear resonance wnicn toucnes tile separatrix . In Sect. 2.3.1 oe-

(a)

slow angle ijJ

(b)

Fig. 2.1 Schematic figure illu strating the formation of the peak of the function .1ELn)(wr ): (a)
wI - co.nax; (b) wI < co.nax; (c) wI > co.nax ' The relevant (lower) ass curve ISshown by the dotted
Iine:-ThereleVailfTriijectOriesof t he resonance HiilliillOriianareshownoysoliif lines:-ThTI6Wer
boundary of the layer is marked by a thick solid line : in (a) and (b) the lower boundary is formed
6y the lower part of the reson ance separatrix while, ill(Cfit is formeo6y the resonance trajectory
tangent to the ass curve. The dashed Ime marks, for a grven WI , the maXImal deviatIOn of the
lower 60unoary from the separatrix energy e;
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low, we roughly estimate f1ENR in order to c1assif)' two different tYl'es of s)'stems.
Sects.T3~2and 2.3.3 present tile accurate leaoing-oraer as)'mQtotiClhemyfor the
two t)'Qes of s)'stems. Tile next-oraa correction is estimated-iilSectTr4~nilea

aiscussion is presenteo in Sect. 2.3.5.

2.3.1 Rough estimates. Classification oIsystems

[et us rougnlyest:iiTIiitef1EN[?:it will turn out tnatitiSlnus possiole to classify all
systems into two aifferent types. Wiil1lllisaim, we expano11le perturoation V-into
two Fourier series in t and in ~ respectively~

As in standard nonlinear resonance theor)' (Chirikov , 1979; Lichtenberg and
[ieoerman, 1992; ZaslavsKy et aI., 1991; ZaslavskY;-2007~2U05), we single out
ille relevant (for a given peaK)numbers K anoT-for tne bliildiildices k ano-l respec-

tively, and denote the absolute value of vlL
) as Yo :

(2.9)

(2.10)

To estimate the width of the resonance roughl)', we use the pendulum approxi
mation of resonance d)'namics (Chirikov , 1979; Lichtenberg and Lieberman , 1992;
ZaslavsKyet al~199T;Zaslavs~2007;-2005;A:b-dilllacv,-2006):

f1ENR rv 18hVOWj /ldW /dEI .

This aQQroximation assumes constancy ofaWZU1': in the resonance range of
energies, which is not the case here : in reality, W(E) 0< I /In( I/IE - EsJ) in the
vicinity oftne separatri)((ZaslavsKy ana FilonenKo, 1905; CniriKov, 1979; [icnten
oerg ana-[icberman, 1992;ZaslavsKY et al:-;-199T;ZaslavskY;-2007;-2005;A:bClill=
laev, 2006; Piftankin and Treschev, 2007; Shevchenko, 1998; Vecheslavov, 2004;
Shevchenko, 200S; Soskin et aI., 200Sa,b), so that the relevant derivative Idw/ dE 1 rv

~/(~)IE - Esl) varies strongly within the resonance range . However, for our
rough estimate we may use the maximal value of IE - Esl, which is approximately

equal to f1ENR . If Wt is of the order of W~±) rv ~/ln(l /h), then Eq. (2.10) reduces
to tne following approximate asymptotic equation fOfi1ENR :

h ----+ O. (2.11)

The asymptotic solution of Eq. (2.11) depends on Vo(Es ± f1ENR) as a function
of f1ENR . In this context, all s)'stems can be divided in two tYl'es.
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rTne separatrixonne unperturbed system nas two or more saooleswnilelhe
relevant Fourier coefficient V(L) == V(L)(E , lfI) possesses different values on adjacent
saaares:-mventl1iir,-forE----=:::;-E-;,lne system stays most oftime near one ofthesaa=
dIes, the coefficient V(L)(E ----+ Es ,~) as a function of ~ is nearly a "square wave":
It OSCillates between the values at the different saddles . The relevant K IS typically
oaa and~herefore , Vo (E ----+ Es) approaches a welrcIefined non-zero value. TI1liS,tfie
--(-----)-- ---- ----

quantity Vo E = E, ± ,1ENR in Eq. (2.11) may be approximated by this non-zero
limit, and we conclude therefore that

,1ENR cc hln(l /h) , h ----+0. (2.12)

n :-Eithefl'inne separatrixoftne unperturoed system flaSaSinglesaaale,o rT)i)
it has more than one saddle but the perturbation coefficient V(L) is identical for all
saddles . Then V(L)(E ----+ Es , lfI), as a periodic function of w, significantly differs
from its value at the saddle(s) only during a small part of the period in ~: this
part is rv W(E )!CUJ rv 1!ln(I 71§.C]J ). Hence, Vo (Es±,1ENR ) oc 1!ln(I !,1ENR ).
Suostituting tnis value in Eq.1Z:Tl ), we concluoe tnat

(2.13)h ----+ O.,1 ENR_oc---,-"h
L

, _ ---'-' ---= ---'='-'-'=-L

Thus, for systems of type T, the maximum width of the SM chaotic layer is pro
portional to h times a logarithmically large factor cc In(1/ h) while, for systems of
type II, it is proportional to h times a numerical factor.

Assnown below, tne variation of energy in oetween theinstants relevant to the
S~i~h-;-i .e . mucnless thanifENR12 :T2)for systems oflhClYPCr;-anaoflhc
same oroerasL1-ENRl2~T3)for systems of type rr:-Tfierefore, one may expect that:
the maximum width of the layer for the original Hamiltonian system (2.T), ,1E(±),

is at least roughly~pproximated by that for the SM, ,1E}; ), so that the above clas
sification of systems is relevant to ,1E(±) too. This is confirmed both by numerical
integration of the eguations of motion of the original Hamiltonian system and by the
accurate tneory presenteo in tne next two suo-sections.

2.3.2 Asymptotic theory for systems oftype I

FOflne saKe of c larity, we consioer a particular exampleof a type I system; its
generalization is straightforwaro:

We choose an archetypal example : the ac-driven pendulum (sometimes referred
to as a pendulum subject to a dipole time-periodic perturbation) (Zaslavsky et aI.,
1991; Soskm et aI., 2005, 20lOa) :

H = Ho+/iV,

p2
Ho = 2 - cos(q), v = - qcos(wf t ), n«: I.

(T ILl-)
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fig . T2 presentst~ltsOfnumericalsimulatiOi1Sforafewvaluesonand

s;;eral values of w, . It shows that: (i) the function ,1 E (- )(w,) indeed possesse s
snarp peaKs wnose neignts greatl)' exceeu tne estimates 0)' tne neuristicl ZaslavsK)'
et aI., 1991), adIabatIc (Elskens and Escande, 1991) and moderate-frequency (PIt
tankIn and Treschev, 2007) theorIes (see Inset); (II) as predIcted by our rough esu
mates of Sect. 2.3.1, the Ist peak of ,1 E (- )(w, ) shifts to smaller values of w~
its magnituue grows, as h uecreases. Below, we uevelop a leauing-oruer as)'mptotic
theory, in which the parameter of smallness is 1/ In(1/ h), and compare it with re
sults _oLthe=8imulations.

Before movi -ng-o-n-, -w-e-n-o~t-e~tillif1neSM (approxinlate(f-ii11ne relevant case by
nonlinear resonance uynamics) con siuers states onne system only at uiscrete in
stants. Apart from the variation of energ)' within the SM d)'nami cs, a variation of
energ)' in the Hamiltonian s)'stem also occurs in between the instants relevant to the
S~Given tnat w! « 1, tnis latter variation may Decon siuereuin auiaoatic approxi
mat ionana-ifisoflneorderof -h1Elskensana-Escande,-199-1; Snevcheiik-O;-2008)-:-n:

200r---r----r----,,....--,-----r----.--..-----r----,-----,

ISO

~I-------II
~IOO
<l

50

,
05

Bg.-2~2-Com uler slmulirtiOriSfOr1hcacdriven IJenoiiliiil1{2~14nanarcfiet),IJaI examIJle of t)'p~

I): the deviation L1 E of the lower boundary of the chaotic layer from the separatrix, normalized
by tfie perturbatIOn amplItude h, IS plotted as a functIOn of tfie perturbatIOn frequency OJ! , for
variOtiSh-:-Theinset presents thcs amedatablifWitha logariihmicordinateandw iihthcestimaieS
b)' tfie fieunstIc (Zaslavsk)' et aI., 199 I), adiabatIc (Elskens and Escande, 199 I) and moderate
frequency (Piftankin and Trescfiev, 2007)lfieories. The fieuristic estimate is shown l:iy tfie dotteo
hne: as an example of tfie fieunstIc estImate, we use tfie formula from (Zaslavsk)' et aI., 1991):
L1E( ) / h = 2JrOJr/ cosh(JrOJr/2). The adiabatic and moderate-frequency estimates are shown by
the dashed line: the adiabatic estimate for L1E( )(OJ!) is equal approximately to 2Jr; the estimate
following fromlheresiiliSOflhework--cPiftankiil ancrTieSchev,-2007f fOr( or -;;:;-TisoflhesaiTIe
order, so that it is schematicaII)' reIJresented in the inset in Fig. 2.2 b)' the same line as for the
adiiibaiicesiimateTdashe d-lifie). Tfiei nseiShowsexpliCiiIflhatlhesiiTIiilirtiOi1i'esUltseXCeedt he
estImates of tfie former tfieones b)' I or 2 orders of magmtude, over a Widerange of freguencles.
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f611owsfromlheaoove roughestimates, ancHromlne more accurate consioeruIion
below;tharthevariaIiOilOf energy witnin tne SM oynamics for systems of ty~
islogarithmicaJlylargerCe:-largeroytfiefaetarlllTJ7hTTl1eVafiation of energy in
between the mstants relevant to the SM may therefore be neglected to leadmg-order

for systems of type I: 11E(- ) ~ 11E};;;). For the sake of notational compactness, we
shall henceforth omit the subscnpt "sm" m this subsectIOn.

For the system (2.14), the separatnx energy IS equal to 1, while the asymptotic
(for E ----t Es ) dependence w(E) is (Zaslavsky et a\. , 1991):

, n
W (E) ~ ---,----.,...----.,...

-In(32/IEs-EI )' (2.15)

Let us consider the range of energies below Es (the range above Es may be conside

red in an analogous way) and assume that wf is close to an odd multiple of w! ).
The nonlinear resonance dynamics of the slow variables in the range of aIJRroxi
mately resonant energies may bedescrioeo--asf6110WS(SosKin et al~2008a;-2003)

{Cf:aIS<.)(CniriKov, r979;Cicntenoerg ano-Cieoerman, 1992;ZiiSlavsKy et aC199T;
ZiiSlavskY-2007;-2005; A:b-dilllaev, 2006)):

dl JFI(!, if!) dif! JFI(!, if!)
dt J~ dt JI

F1(J, if!) = 11

dl (nw - w!) - nhq; cos( if!)
I(Es)

= n(E - Es ) - Wf(! -/(Es ) ) - nhqncos(if!) ,

i
E dE

1=I(E) = . (_ ) ' E =Ho(p,q),
_____• =Enun W _E _

if! = nlJI - Wft,

l
q 0-

lJI=n+sign(p)w(E) q _ +2nl,
qmin(E ) )2(E - U(q))

qn=qn(E) = -:1n 12dlJl q(E, lJI)cos(nlJl) ,

Inw- wfl « w, n=2j - I, j = 1,2 ,3 , ... ,

(2.16)

wnere 1 ana lJI are tne canoniCiiIYai'iaoles action ana angle respectivelyTCliiriKov,
1979;Cicntenoerg anoLieoerman, 1992;ZiiSlavsKy et al~1991;ZiiSlavskY;-2007 ;

2005 ; Abdullaev, 2006) ; Emin is the minimal energy over all q,p, E =Ho(p,q);
qmin(E) is the minimum coordinate of the conservative motion with a given value
of energy E; 1 is the number of right turning points in the trajectory [q( r)] of the
conservative motion with energy E and given initial state (qfbP:Jil,

The resonance Hamiltonian F1(I ,1J!) is obtained in the following way. First, the
original Hamiltonian H is transformed to action-angle variables 1 - ll . Then it is
multiplied by n and the term wfl is extracted (the latter two operations correspond
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(2.17)

to the transformation 0/ ----+ 0/ == no/ - Wf!) . Finally, the result is being averaged over
time i.e. only tile resonance term in tile oouole Fourier eXlJansionof tile perturoation
is Kej)f(iITiliifbeaonesincetFieeffecfOfmefast=OSCillaIingterms on tile oynamics
of slow vanables IS small: see the estimate of the correctIOns 10 Sect. 2.3.4 below).

Let us derive asymptotic expression for I(E), substituting the asymptotic expres
sion (2.15) for w(Ejinto the definition of ITJ:TT2.16) and carrying out the integra
iiOill

E-E ( ( 32) )I(E) ~ I(Es) -~ In E
s

_ E + I .

As for the asymptotic value qn(E ----+ Es ) , it can be seen that q(E ----+ Es , 0/), as a
fUrictiOilOf 0/, asymptotically approachesa-"square wave";oscillaiingoetween -n
ana n, so tllat, for sufficiently smallj ;

+ 1 2
q2 j-1 (E ----+ Es ) ~ (-1)1 -.-,
________---=2J-=-L
q2j = 0,

j = 1,2 , ... « 2W~E)'

Tile next issue istlle analysisonlle pllase space onlle resonant Hamiltonian
(2.16) . Substituting fI (2.16) into the equations of motion (2.16) , it can be seen that
their stationary points have the following values ofthe slow ang~

o/± = x , 0/- = 0, (2:T9)

wllile1lle corresponoing action isdetermineooy tile equation

n == 2j - 1, (2.20)

where the sign "=f"corresponds to o/'f (2.19) .
The term oc h in (2.20) may be neglected to leading-order (cf. (Chirikov, 1979;

Ciclltcnocrg ana Cicocrman, 1992;ZaslavsKY ct al:-;-r99T;Zaslav skY;-2007 ;-2005;
Ab-diillaev,-2UOo;Sosl<in et al~2008a;-2003)),ai1d-E(f.12~2-o) reouces to tile reso
nance_conoiiiOrii

(2.21)

il1cJowest"oroeLsoliiiion_oLwl1ich--:is

e, - E>j ) ~ 32exp (_ (2j - 1)n). (2.22)
wf

ECjs.l'2~l9) ano--C2~22) togetl1er wiih----c2~17) expliciilydetermine tile elliptic ana
bYRerbolic points of the Hamiltonian (2.16) . The hYRerbolic Roint is often referred
to as a "saddle" and corresponds to o/±or lk- in (2.19) for even or odd i respectively-,
The saddle point generates the resonance seRaratrix . Using the asymRtotic relations
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(2.17) and (2.18), we find that the resonance Hamiltonian (2.16) takes the following
~)'mptotic value in tile sailale :

E - E (j)
- s r

H saddle c::' wf - 2h
n

c::' wf 32exp (_ n(2) - 1)) _ 2h.
n wf

(2.23)

The second as)'mptotic equalit)' in (2.23) takes into account the relation (2.22).
As explained in Sect. 2.2 above, ,1E(- ) (wf) possesses a local maximum at wf

for wliichtlie resonance separatrixis tangent to thelower GSS curve (Fig:-2~1T<iJ).

For tlie relevant frequency range wf --+ O~lle separatrix spli[f\Vfiicli represents the
maximum deviation of the energ)' along the GSS curve from Es ) approaches the
following value (Zaslavsk)' et aI., 1991) in the as)'mptotic limit h --+ 0

8 c::' 2nh, Wf « I. (2.24)

As sliown oelow, tlie variation of energy along tlie relevant resonance trajectories
is much larger. Therefore, in the leading-order approximation, the GSS curve rna)'
simpl)' be replaced b)' the separatrix of the unperturbed s)'stem i.e. b)' the horizontal
line E = Es or, equivalently, 1 = I (Es ). Then the tangency occurs at ~, shifted from
tlie sailille oy x, so tliat tlie conilition of tangency is written as

f1saddle = f1(J = I (Es ) , ifr = ifrsaddle +n) == 2h. (2.25)

Substituting here f1saddle (2.23), we finall)' obtain the following transcendental
. " (j )

~quatlOn lor Wmax:

(2.26)
_(2}-I )n

x= (J)
____________CQ.nax _

8(2) - I)
xexp(x) = h '

Fig.-2~3~bTdemonstrates theexccllent agreement oetween Ecfl T2oyai1dsimula
lions oftheRamiltonian system over a wiile range orh~

In1lie asymptoticlimith--=::;-O~lie lowest-ariler explicit solUiionorEq.-(2~2oris

(j ) (2) -1 )n
a>.nax c::' In (8(2{-1 )) , }= 1,2 , ... « In (I) . (2.27)

As follows from Eq. (2.26), the value of t; - E~j) (2.22) for wf = a>.~2x is

(2.28)
(j ) _ (j ) _ 4nh

E, - E; (wf - a>.nax) - ----uf '
_________CQ.nax _

Its leading-order expression is:
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(2.29)h ----+ O.
(j ) _ (j ) ~ 4h

Es - Er (W! - Wmax) - -.-In
_________2J'---_I__'-- J _

_ 200 _

(a)

150

~
~ 100--11------------1

50

0 8 09

- 0.8 r== = = = = = = = = = 'l
(b)

0.2

0' , , I I

10_6__10_5__10_4__10_3__10~

h

150
(c)

O..........,~~.........".....~~'-:-~~""'-:~~ .........
__1O-_6__1O-_5__1O_-4__1O-_3__1O~

h

Fi --=-2:3- AilafClietalexaii1lcofaTCI s stcm: thcac:-driVei1Ci1diiTiinl~TI4).TomariSOri

of theory (solid lines) and simulations (circles) for: (a) the deviation Io. E - (wr) of the lower
boundal)' of the chaotIc laycr from the separatnx , normahzed by the perturbatIOn amIJhtudc h,
asatlinction of the perturbation frequency wr, for h = 10 o;thCthCOrYlSfrom Eqs. (2.26),(2.3T);
(2.32), (2.38), (2.39) and (2.41) (note the dlscontmuous dro b the factor e from the maxImum to
the right wing). (b) The frequency of the 1st maximum in Io.E (wr) as a function of h; the theory
is from Eq. (2.26). (c) The 1st maximum in Io.E( l (WJ)/ h as a function of h; the theory is from
Eqs. (2.34) and (2.26).
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If wI ::; ~~2x then, in the chaotic layer, the largest deviation of energy from the

separatrix value corresponds to the minimum energy El~{n on the nonlinear reso
nance sC):>aratriXlFig. 2.1Ti1,b)),Wl1icfi occurs at ~ sfiiffed 0)' lr from tfie saClClle.
ThecondiiiOilOf eguali WOf7iaflFieSadaleanaaflheminimum of tfie resonance
~]:Jaratrix is written as

(2.30)- - (( (j) ) - )Hsaddle = H I EminL"--'o/:-"sa""d...d"'le_+'-----lr"--. '-----_--'-

Let us seek-its asymptotic solution ii11heform

Es - E~~ =L1E?) = (I +y)(Es- E~j)) c::' (I +Y)32exp(_ lr(2~; 1)) ,

>Y "-' 1. (2.31)

Siiostitutii1g(2~31) an(n2~23Tinto ECf12~30), we ootainfor Y thef6110wing tran
scenClental equation:

_ lr(2j - I)
xI = ,

wI
(j )wI ::; wmax, Y>o,

(2.32)

where wJiL is given b)' Eq.~. ~(2~.~2~6~)._=___=__=--_=__--::-:--c_:_-____=_____:c____=~,--;-____=---==__
Eqs . (2.31) a~32) describe the left wing of the j-th peak of L1 E( )(Wf ) . Fig.

2.3(a) demonstrates the good agreement between our anal)'tic theor)' and simula
tions for tl1e Hamiltonian system.

'--------------~--------

It follows from Eq. (2.26) that Eq. (2.32) for wI = ~~2x reduces to the relation
111Il±y)= I, i.e.

(2.33)

It follows from Egs. (2.33) , (2.31) and (2.28) that the maximum for a given peak
ISl

(j ) _ (j ) (j ) _ 4lreh
L1Emax = Es-Emin(Wmax) -;rt[ . (2.34)

Fig:-23{c)shOWSlheexcellent agreement oftfiis expression wiifi our simulations
oftheHaiTIiliOi1ian system over a wiCle range orh~

The leading-order expression for L1EJiL is:

(j) 4eh .
L1Emax c::' - .-In(8(2J-I) /h) ,

2J -I

which confirm s the rough estimate (2.12) .

h ---+ 0, (2.35)
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ASOJfdecreases, iff61IowsfromECf.\:T32nfiaf.Yincreases exponentia:JIYSharply.

In order to understand how L1EF ) decreases upon decreasing~ , it is convenient to
rewriteEq.12.31) re-exIJressing tne eXIJonent6)' means ofEq.12 .32):

( ) 4nh
L1 E J (w ) - -----c"....--;-,------,-----------;-,-----------,--,-

I 'f - wf(ln(1 +y) _ y/ ( I +y))
(2.36)

It follows from Eqs . (2.32) and (2.36) that L1Ei
j
) decreases power-law-like when wf

is decreased. In particular, L1Ei j) 0< 1/ (w!rfL - Wf) at the far part of the wing .

As for the right wing of the peak , i.e. for wf > ro!rfL,over the chaotic layer, the
largest aeviation of energy from tne separatrix value corresponas to tne minimum
anne resonance trajectory tangent to the-GSS curve (Fig.-2~l(c)).Thcvallieonj/at

tne minimum coinciaes witn lJf.wddle . In tile leaaing-oraer aIJIJroximation, tile GSS
curve may be replaced by the horizontal line 1 = I(Es) , so that the tangency occurs

at lJI = lJIsaddl e + n. Then the energy at the minimum E~!n can be found from the
equatiOili

- (( ) - ) - (( (j) ) - )HIEs ,I/fsaddle + n = H 1 Emin , I/fsaddle

Let us seek its as)'mptotic solution in the form

(2.37)

E - EU) = L1EU) = z(E _ EU)) '" 32zexp PIn2j - I))
S mm - r s r -

wf (2.38)

Substituting (2.38) into (2.37), we obtain for z the following transcendental equa
iiOril

(2.39)

h
z(1 +In(l /z)) = 8(2j_l)XfexP(Xf)

_ n(2j - 1) U)
xf = , wf > wmax , O < z <l ,
____wi _

where ~~2x is given by Eg. (2.26). Egs . (2.38) and (2.39) describe the right wing of
the j-th peak of L1E(- )(wf) . Fig. 2.3(a) demonstrates the good agreement between
ouraniilYIiCllleory anosimulatiOi1S:

It follows from Eq. (2.26) that the solution of Eq. (2.39) for wf ----+ ~~L is z ----+ I,
so tne rigllt wing starts from tile value given bYEq:-{2~28) (or, approximately,-oy
Eg. (2.29)) . Expressing the eXIJonentin (2.38) from (2.39), we obtain the following
~quationl

( ") 4lfh
L1E J (w ) - -----,--,-------,--,-...,.--,-,-

r 'f - wf(l +In(l / z))
(2.40)

It follows from Egs . (2.39) and (40) that L1E~j) decreases Rower-law-like for increas

ing wi . In particular, L1 EY ) 0< 1/ (wi - w!rfdx) in the far part of the wing . Further
analysIs of the as),mIJtotlc shape of the IJeak IS presented III Sect. 2.3.5 below.
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Fig. 2.4 Some characteristic Poincare sections in the 21r-interval of the energy-angle plane for
the system (2.14) with h = 10- 6 and wJ equal to: (a) 0.236 (maximum), (b) 0.21 (left wing), (c)
0.25 (right wing). Results of the numerical integration of the equations of motion for the original
HamIltonIan (2.14) arc shown by (red) dots. The NR separatnx calculated m the leadm~

approximation (i.e. by the integration of the rcsonant equations of motion (2.16) in which w(E),
[tEl and ql tEl are approximated by the explicit formuhe (2.15), (2.17) and (2.18) respectively) is
ilrawn oy t!iC1olac](JSOliil line. The NR trajectory (calculateilin the leailing-order approximaiiOil)
tangent to the Ime E - Es IS drawn bj' the (blue) dashed Ime. The outer bound<ll)' (marked bj' a
ihicJ(er lincris approximateil oy: the lower part of the NR separatrix in cases (a) anil-cbT,and by
the tangent NR trajectory m case (c) The boundary of the Island of stabIlIty m the cases (a) and
(bTisappruximated-bythe tangent NR trajectory (which coinciiles in the case (a) with the NR
~paratrix) J
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Beyond the peaks, the function ,1 E(- )(Wf) is logarithmically small in compari

son with the maxima of the peaks . The functions ,1Ei j) (wI) and ,1EY)(wf) in the
ran~yonil tFiej)eii~lSOlogaritnmicaIl)TSi1laI1. Hence, nearlf3ilfTunction

of ,1EY)(Wf) and ,1EI~) which is close to ,1E~j) (wf ) in the vicinity of wML
and to ,1E? +1

) (wf) in the vicinity of CM~a~ 1
) while being sufficiently small beyond

the peaks may be considered as an approximation of the function ,1E(- )(Wr) to

logarithmic accuracy with respect to the maxima of the peaks, ,1Ef.!2x and ,1Ef.!a~I ) ,

in the whole range [wML, wf.!a~ 1)] . One ofthe easiest options is the following :

• JT:
} = 1,2, ... « - (1-) .

2wmax

for

for (j ) (j+ I )
CMnax < wf < CMnax ,

(2.41)

We used this function in Fig. 2.3(a), and the analogous one will also be used in the
otneLcasesJ

lilfact, tne tneory may oe generalizeil-in sucn a way tnat Eq:-{T41) woula ap
proximate ,1E(- )(wI) well in the ranges far beyond the peaks with logarithmic ac-

curacy, even with respect to ,1E(- )(wI) itself rather than to ,1Efj2x only (cf, the next
section) . However, we do not do this in the present case, being interested primarily
in the leading-order descriQtion of the peaks .

Finally, we oemonstrate iilFig. 2.4 tnat thelowest-oriler tneory ilescrioes the
oounilary ofthelayers quite well, even il1ine Poincare section ratner tnan onlyio
energylactiOill

We consider two characteristic examples of ty~ystems, corresponding to the
classification given in Sect. 2.3.1. As an example of a s)'stem where the seQaratrix of
the unperturbed s)'stem Qossesses a single saddle , we consider an ac-driven Duffing
oscillator (Ab-diillaev, 200C5;GclfiCichandTazutJ(iil;200T;PiftanJ(ioandTrescnev,
2007;SosJ(ineral~2DDT).-A:s an exampleoflne system wnere tne separatrix pos
sesses more tnan one sailille;\Vnile1ne perturb:iliOiltakesequalvaluesannesaailleii;
we consIder a Qendulum wIth an oscI1latmgsuspensIOnQomt(Abdullaev, 2006 ; Gel
freich and Lazutkin, 200 I ; Piftankin and Treschev, 2007 ; Shevchenko, 1998,2008).
Tne treatment of tnese cases is similar in many respects to tnat presenteo in Sec.
2~3~2aoove . So, we present ifii1less oetail, empnasizing tne ilifferences .
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2.3.3.1 AC-driven Duffing oscillator

Consider the following archetYl'al Hamiltonian (Abdullaev, 2006; Gelfreich and
LazutkIn, 2001; PlftankIn and Treschev, 2007; SoskIn et al., 2001):

v = - q cos(wf t ), n«: I.
(T42)

(2.43)

The asymptotic dependence of W{E ) on E for E below the separatrix energ)'
Es = 0 is the following (Abdullaev, 2006; Dykman et aI., 1985)

27r
w (E ) ~ In(16 / (Es _ E )) '

1i~0-, --O<E;=-E~T

~p~gJy, the resonance values of energies (determined by the condition
analogous to (2~2l))are

(2.44)j = 1,2 ,3 , ...Es - E~j) = 16exp ( - ~--L')_' _
The asymptotic dependence of I(E) is

(2.45)Es -E (-(~6 BI(E) ~ /(Es ) - -- In -- + 1 .
_______2_7r__ Es - E _

The nonlinear resonance dynamics is described by the resonance Hamiltonian fI
which is identical in form to Eq. (2.16). Obviously, the actual dependences W(E ) and
I(E) are given by Eg. (2.43) and (2.45) respectively. The most important difference
is in qj {E ): instead of a non-zero value (see (2-:-18)), it approaches 0 as E ---t Es .

Namely, it is 0< W{E ) (Abdullaev , 2006; Dykman et aI., 1985):

I 7r
qj(E ) ~V2W (E) , j = I, 2''''« W(E)' (2.46)

i.e. q; ismuchSl11allerthailin systems of type flCf.-('2~r8))-:-Duet01hiS,the

resonance is "weaker" . At the same time, the separatrix split 8 is also smaller,
namely '" hWf (Soskin et aI., 2008a) rather than '" h as for the systems of type
I. That is why the separatrix chaotic layer is still dominated by resonance dynamics
while the matching of the separatrix map and nonlinear resonance dynamics is still
valia in tlie asymptotic limit h ---t 01SosKin et aI., 2008ar.

Similarlf101heprevious section, we findtlie value oni-il11lie saaaleil11he
leading-order aQl)foximationO:

6 The only essential difference is that qn at the saddle is described by Eq. (2.46) rather than by Eq.
(2.18)·1
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(2.47)- (ES-EY) h)
H saddl e ~ w! 2n - V2 '

where Es - dj) is given in (2.44) .
Asbefore,themaxiTilUiTlWi(lihonhelayercorresponCl~torWnichthereso=

nance separatrix is tangent to tlie GSS curve (Fig. 2.1(a» . It can tie sllown (Soskin
et al., 2008a) that the angle of tangenc), as)'m]JtoticallY~Ql)foaches 'ilsaddle +n = n
while the energy still lies in the resonance range . Here w(E ) ;::::: WP- ) ;::::: w! / j . Using
the expre ssions for fI (E , 0/) (cf. (2.16» , I(E) (2.45) , qj (E) (2.46) , and taking into
account that in the tangency E < 8 rv hOOt « h, to leading-order the value of fIai
tile tangency reaCfS

_ h
H tangency ~ w! yI2 ' (2.48)

AllowingTorE~T47) anCl12~48f,llle conCliiion for tile maximum, H saddle =
H tangency, reClucestO

E E(j )( (j ) ) r--;» 2 (;:;2hs - r Wmax - nv L. • (2.49)

(2.50)j = 1,2 , ... « In(l /h).

Thus these values E, - EPj ) are logarithmically smaller than the corresponding
values (2.28) for systems of tY]J~e~I~. ~~~-_

The values of wf corresponding to the maxima of the peaks in L1 E (- ) (Wf) are
readily obtained from (2.49) and (2.44):

(j) rv 2nj
Willax - In(4V2/(nh)) '

The derivation to leading order of the shape of the ]Jeaks for the chaotic la)'er
of the se]Jaratrix map, i.e. within the nonlinear resonance (NR) apllroximation, is
similar to tilat for type I. So, we present only tile results, marking tllem wiihthe
su6scripf'WR"1

The left wing of the j th peak of L1E~~) (w!) is described by the function

(j ) ( 2n j ) _ 2nV2h
L1 EI,NR(W!) =16(I + y)exp - w! = In( l + y)- y/ ( l + y ) '

(j)
w! < Willax,

(2.51)

(1+y ) l n( l +y ) _ y = n~ exp (-2~ ,
4v2 Wi) y > O. (2.52)

In common with the type Tcase, I +y(wf,fL) = e, so that

AE(j ) - (E E (j )( (j ) ) ) rv 2 (;:;2h
L.1 max ,NR - e s - r wmax - nev L. • (2.53)
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Eg. (2.53) confirms the rough estimate (2.13). The right wing of the peak is de
scrmea oy thefUrictiOil

(j ) ( 2nj ) _ 2nVIh
.1£r,NR(wf ) =16zexp - wf = 1+ln(l / z) '

(j)9!i > Wmax,

(2.54)

where z < I is the solution of the transcendental equation

(2.55)O< z < I.z( l + ln( l /z))= n~exp(2nj) ,
4y2 wf

As in the type I case, z(wf ----+ w:i2x) ----+ I.
Iffollows from Eqs. (T49) ana12~53noat toe typical variation of energy wiillin

the nonlinear resonance dynamics which a])j)foximates the separatrix maQdynamics
is oc h. For the Hamiltonian system, the variation of energy in between the discrete
instants corresQonding to the separatrix maQ (Zaslavsky et al., 1991; Zaslavsky-,
2007;-2005; Ab-dullacv;-2006;SosKinefal:-;-2008a;Rom=Kedar,-r990fisalsooc
Ii. Toerefore, unliKe toe type I case, one neeas to taKe it into account even at toe
leading-order aQQroximation. Let us consider the right well of the Duffing potential
(the results for the left well are identical), and denote bY~k the instant at which the
energy £ at a given k-th step of the separatrix maQ is taken: it corresQonds to the
oeginiliilgOftheno pulse ofvelociiYCZaslavsKY et al:-;-T99T;SosKin et al~2008a)

i~he correspondingq Tsclose to a Ielitumingpoi~inthetrajectOfY[qWrI::et

us also taKe into account toat toe relevant frequencie s are small so toat toe aaiaoatic
llpproximation may be used. Thus, the change of energy from tk~Q to a given instant
t during the followinKQulse of velocity (t - tk rv I) may be calculated as

-------;;t rr:':

.1£ = Jdt"qhcos(wft" ) c::' hco s(Wftk)Jdt"q
__~tk tk

= hcos(Wf tk)(q (t ) - qltp) (2.56)

For toe motion near tile separatrix,tlle velocity pulse corresponas approximately
~01SCC1hcdefinitionofVinEq.-c2~1O)).Thus,toe corresponai ilgSlowailglc
is l/t = j 1jf - Wftk c::' - Wf tk.

For the left wing of the peak of .1£( )(wf) (including also the maximum of
the peak), the boundary of the chaotic layer of the separatrix map is formed by the
lower Qart of the NR separatrix. The minimum energy along this separatrix occurs at
l/t = n. TaKing tois into account, ana also noting toat 1jf c::' - Wf tko we concluae toat
cos (Wftk ) c::' -I . So, .1£ S; 0, i.e. it does lower the minimum energy of the layer of
iheHamiltonian system. Toe maximum reauction occurs at tile rigot turning point
'JrtjJJ

(2.57)max(I.1£1) c::' h(qrtl' - qltl'"--) _=_V2_2_h_. ---'_--'-
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,1Ei
j
\ Wf) c::: ,1Er~R (Wf ) +hh, wf ~ w!r!L , (2.58)

where ,1El(~R(wf) is given by Eqs. (2.51)and (2.52). In particular, the maximum of
nie~

,1EML c::: (2ne + I)hh;::::: 25.6h. (2.59)

FOflherig!lt wing onlle peak-;lne minimum energy onhe-Iayer onlle separatrix
map occurs whcnqrcoinciacswiih-ljI:~Fig.-2~I@i~iscquaI100-:-Asarcsulf,

cOS(Wttk) c::: I and, hence, ,1E 2: O. So, this variation cannot lower the minimum

energy of the layer for the main part of the wing, i.e. for Wt ~ Wk~d where Wk~~

defined by the condition ,1E~,~R = max(I,1EI) == hh. For wf > W~~~d' the minimal
energy in the layer occurs at il = n, and it is determined exclusively by the variation
of energy Cluring tl1C\lelocitypulse{ifiCNR contrioution is close to zero at sucn 0/).
Thus, we conclude that there is a bending of the wing at Wt = W~~~d~

(2.60)

(j ) (j )
Wmax < Wf ~ Wbend'

r., > r.,(j )
ulf - UJbend'

(j ) (j )
,1E r (wf) = ,1Er,NR(wf ),

,1EY )(wf) = V2h,
(j ) 2njW - - - -=------''------ -
bend - In(8V2/h) + 1 - 2n'

where ,1E~~R(wf) is given by Eqs. (2.54) and (2.55).

Analog~usly to the previous case, ,1E (- )(Wr) may be approximated over the

whole frequency range by Eq. (2.41) with ,1Ei j) and ,1E~j) given by Eqs. (2.58) and
{2.60) respectively. Moreover, unliKe tile previous case, tne tlleory also Qescrioes
accurately the range far beyond the peaks : ,1E (- ) is dominated in this range by the
velocity pulse contrioution LrE~nich-i s accurately taKen into account ootnoy Eqs .
(2.58) and (2.60).

Fig. 2.5 shows very reasonable agreement between the theory and simulations,
especially for the Ist peak 7.

7 The disagreement between theory and simulations for the magnitude of the 2nd peak is about
tnree times larger tnan tnat for tne 1st peaK, so tnat the neignt of tne 2no peaK is aDout 30%
smaller than that calculated from the aSYJl1ptotic theory. This occurs because, for the energies
relevarif101he2i1dpeak-;lhedeviaiiOilfromlne separatrix ismucnhigherlhanlfiaffOfihelsrpeak-:
Due to the latter, the Fourier coefficient Q2 (E[ for the relevant E is significantI)' smaller than that
obtained from the asymptotic formula (2.42). In addition, the velocity pulse contribution !Jo E also
slgmficantly decreases wnde tne separatnx split Increases as wf becomes ~ I .
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Fig.TS-AnarcfietYflal examflle of a tYfle II system : tliCaCdriVCi1DuffingoscillatOrl:T42j.Tom::
j;;rison of theory (s~lidli;:;;;~Y-;:;d~i;:;l~ l~s (circles): (a) the deviation ,1£ ( ) (w() of the lower
boundary of tfie cfiaollc layer from tfie seflaratnx , normalized by tfie flerturbatlOn amfllitude h, as
a function of the perturbation frequenc~l' for h = 10- 6 ; the theory is from Eqs. (2.41), (2.50),
(251T,12.52j,\2.54j,\2.55T,12.58yandlT60JTI1Ote1fiedlscontmuous (Ji'()froill1lie maxImum to
the right wing) ; (b) the frequency of the 1st maximum in ,1£(-) (w( ) as a function of h; the theory

is from Eq. (2.50); (c) the I st maximum in ,1£( ) (wf ) / h as a function of h; the theory is from Eq.
(2.59).1
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2.3.3.2 Pendulum with an oscillating suspension point

Cons ider the archetYQal Hamiltonian (Abdullaev, 2006 ; Gelfrei ch and Lazutkin,
2001 ; PIttankm and Treschev, 2007 ; Shevchenko, 1998,2008)

H = Ho+hV,

p2
Ho = 2 + cos(q), v = - cos(q)cos(Wt t ), n«: I.

(2.61)

Tnou ghtne treatm ent issimilar to tnat use<fintne previous case, tnere are also
cnaracteriSiic differences. One oflnem iSlhefollowin g: aHnoughtne resonanc e
Hamilton ian is similar to the Hamiltonian (2.16), instead of the Fourier comQonent
of the coordinate, qn, there should be the Fourier component of cos(q), Vn, which
canJjc_snown_asl

(2.62)

Es -E « I ,+ 14
V2j c::::: (-1 )1 -W(E) ,_____n _
yY_1= 0,

2n
j = 1,2 , ... « w(E) , I i'2Jr

Vn == - dl/fcos(q)cos(nl/f).
2n .o

The description of the chaotic layer of the separatrix map at the lowest order, i.e.
wiifiii11heNR approximation, issiiTIilar to tnat for tne ac-oriven Dliffing oscillator.
So we present onlYlne results, marKing tnem wiifi1ne suoscripf'WR":

Thefrequency onne maximum of a given j~n peaKis:

(j ) 2n j
wmax c::::: In(4/h) ' j = 1,2 , ... « In(4/h). (2.63)

Tnis expression agrees well wiihsimulaIions fOflheHamiltonian system as snown
in Fig. 2.6(b) . To logarithmic accuracy~. (2.63) coincides with the formula fol
lowing from Eg. (2.8) of (Shevchenko, 1998) reprodu ced in (Shevchenko, 2008) as

E;(2.21) taken in the aSYB!I'totic limit h ----; 0 (or, equivalently, wJr!2x ----; 0) . How
ever, the numeri cal factor in the argument of the logarithm in the asymptotic formul a
followingfrom theresulfOfTShevchenko;-r998~20D8Tishalf our value : tnisisoe
causetne nonlinear resonance is approxirnaieo-iI1(Snevcnen~r998~2008)Oy the
conventional penoulum mooel wnicnis not valia near tne separatrix (cr. our Sect.
2.3.1 above)J

The Icft wing of the j th peak of i1E1~) (Wt) is described by the function

(j ) ( -2n j ) _ 8h
i1EI NR(Wt ) = 32(I + y)exp -- = I ( ) / ( )'

, Wi n 1+Y - Y 1+Y (2.64)
(j)Wt ::; wmax,
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(1 +y)In(1 +y) _ Y= ~ exp (2JrJ) ,
4 wf

Similarly to the previous cases, 1+)'J~2x ) = e. Hence,

y >O . (2.65)

AE(j) - (E E(j)( (j ) )) -S h (2.66)L1 Jmax,NR - e JS - r wrnax - e .

Eg. (2.66) confirms the rough estimate (2.13). The right wing of the peak is de
scrioea oy thefunction

(j ) ~)_ Sh
L1Er,NR ( wf) = 32zexp \ - (;){ = I + In(1/ z) ,

(j)
9!i > wrnax,

wnere z < n Slne solution onne transcenaental equation

(2.67)

z(1+ In(l / z)) = ~exp (2JrJ) ,
4 wf

O< z <1. (2.6S)

Similarly to the previous cases, z(Wt ----+ wU2x )----+ I .
Now consider the variation of energy during a velocity~ulse. Though the final

result looKs quite similar to tne case wiln a single saaal e,-itsderivalion lias some
cliaracteriSlicdifferences, ana we present itindetail~UnliKe tne case willi a single
saaale,-tlie pulse may start close to eilherlheleft or therignt turning point, ana
the sign of the velocity in such pulses is opQosite (Zaslavsky et aI., 1991; Soskin et
aI., 200Sa). The angk_~ in the pulse is close to -Jr!27Jf7f!2 resI'ectively. So, let
us calculate the change of energ)' from the beginning of the Qulse, tb until a given
instant t witnin tne pulse:

L1 E = -jl drqhJV/Jq=hjldrq(- sin(q)cos(wfr))
___",Ik Ik _

~ hcos(Wftk) jl drq(- sin(q)) ~ hcos(Wftk)(cos(q(t )) - 1). (2.69)
Ik

Here, the third eguality assumes adiabaticit)' while the last egualit)' takes into ac
count that the turning points are close to the maxima of the potential i.e. close to a
muUipleof2Jr, wnere tne cosine is equallo T

Tlie quantity ;;f E--cT 69)1akesits maximalaosolute value at q = Jr. So, we shall
furtneLconsiClCfl

The last equality takes into account that, as mentioned above, the relevant ~k is
either - Jr/ 2 or Jr/ 2. For the left wing, the value of lJ! at which the chaotic layer of
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Hie separatrix ma~possesses a minimal energ), corresponaSlOl:liel1iinimurnollhe
resonance separatrix.it is equal to n or 0 if the FOiITiercoefficienfV2jisp6Sitiveor
negative, i.e. for odd or even j ,res~)': see Eq. (2.63). Thus L1Emax = - 2h for
any J and, therefore, It does lower the minImal energy of the boundary. Weconclude
tillW

L1 E? )(wI ) c::: L1 Er~R ( wI) +2h, WI ~ oJ!2x , (2.71)

where L1El(~R(wI) is given by Eqs. (2.64) and(2.65) . In particular, the maximum of
Hie peak-is

L1 EJi2x c::: (4e + I )2h ~ 23.7h. (2.72)

Tile expression (2~72) confirms tnerougll estimate (2~T3) ana agrees wellwiill
simulations sllown inFig.-T~ATIlie same time, itdiffers from theformula wlliell
can De oDtainea-from Elf.12~roronSllevcllenko~T99ST(USing alsoEijs.TIT,lJnST,

(9) of (Shevchenko, 1995)) in the asymptotic limit h ----* 0: the latter gives for L1EM2x
ille asymptotic value32h-:-Tlloughtllis resulnSllevcllenko ;-T99SITreferrea to also
in (Shevchenko, 200S)) provides for the correct functional dependence on h, it is
quantitativel)' incorrect because (i) it is based on the pendulum apj)roximation of
ille nonlinear resonance wllile tllis approximation is invalio in tile vicinity ofthe
separatri~hedi scuss ion oftliisissueiilSect. 2~3:-laDove), analiiTitdoes not
takeinto account tile variation of energy auring tile velocity pulse.

The right wing~)' analog)' to the case of the Duffing oscillator, possesses a

bend at WI = W~~~d where L1E;,~R = IL1Emax I == 2h, corresponding to the shift of the
relevant ~ for n. We conclude that:

(')
L1 E/ (Wt) = 2h,

(j) 2n j
wbend = In(16/h) - 3 '

(2.73)

where L1 E;~R ( wI) is given by Eqs. (2.66) and (2.67).
- SimilarI'Ytotlie prevIous case, botfil~sandthefrequency ranges [aroe-
yond the peaks are well approximated by Eq. (2.41), with L1El(j) and L1E~j) given by
EQs.T2~Tl ) ano12~73) respectivel)/(Fig:-T6(a}).

Z:J7rESlimate DIllie next-oraer corrections

WchavecalCiilaICdCXjJlieitly onlYlhclcading term 2fKinthe asymptotic expansion
of the chaotic layer width. Explicit calculation of the next-order term L1E (next ) is
possible, but it is rather comQlicated and cumbersome: cf. the c1osel)' related case
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!"ig.-2~bAi1ill'ClictYlJaI cxamflle of a tYfle II system: tlie flenaiilUiilWithanosciIlirting susflen
sion oint (2.61). Com arison of thear (solid lines) and simulations (circles): (a) The deviation
L1E (OJ! ) of the lower boundary of the chaotic layer from the separatrix, normalized by the per
turbation amplitude h, as a function of the perturbation frequency~, for h = 10- 6 ; the theory is
Df~2.4Tf,\2.03f,\2.o4n2.(5),\2.o7),\2.o8f,T2.7ryand12:73~lie(hscontmuous arofl
fr;;:;:;- the maximum to the right wing). (b) The frequency of the 1st maximum in L1 E(-) (OJr ) as ~

function of h; the theory is from Eq. (2.63). (c) The 1st maximum in L1E( )(OJ! )/ h as a function
of h;lhelheoryisfromEq.l2:72Y:
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(2.74)

wiU! two selJaratrices(SosJ<ii1efaC2D08a) (see alsoSect2~4-beIOW).Intne Rresent
section;-wnere tne perturoation amRlituile h in tne numerical examRles is ::rordefS
ofmagiliftldesmallertnantfiafiil(SosJ<in et aI., 20D8a),lnere is no Rarticular neeCl
to calculate tne next-order correctIOn quantItatIvely. Let us estimate It, nowever, In
order to demonstrate tnat Its rauo to tne leadIng term does vamsn In tne asymptotic
Iimith--=::;-m

We shall consider separately the contribution ,1E,Snext) stemming from the various

corrections within the resonance apl'roximation (2.16) and the contribution ,1E}next)

stemming from the corrections to the resonance aRProximation.
The former contribution may be estimated in a similar way to the case consid

ereil ii1(SosJ<in et aI., 2008a):it stems, in particular, from tlie ileviation oftheUSS
curve from the separatrix (this deviation reaches 8 at certain angles : see Eq. (2.7»
and from the difference between the exact resonance condition (2.20) and the aQ::
proximate one (2.21). It can be shown that the absolute value of the ratio between

,1Ei
next

) and the leading term is logarithmically small (cf. (Soskin et aI., 2008a» :

I,1E,\:'ext ) I I

,1E rv~~h),---' _

Let us turn to the analysis of the contribution ,1E}next), i.e. the contribution stem
ming from the corrections to the resonance Hamiltonian (2.16) . It is convenient to
consider seRarately the cases of the left and right wings of the~

As ilescribed-inSects. 2~3~2and-2:T3aoove, tne left wing corresponilsii11he
leailing-oriler approximation to formation onne oounilary onne layer oy tne sepa
ratrix of the resonance Hamiltonian (2.16). The resonance approximation (2.16) ne
glects time-Reriodic terms while the frequencies of oscillation of these terms greatl)'
exceed the frequency of eigenoscillation of the resonance Hamiltonian (2.16) around
iISrelevanrelliptic poii1fi~ne elliptic poii1finsiilelne area limiteil-bYlne reso
nance separatrix.-Asis weJrk:nown (Gelfreicn anil1':azutk:in-;-200T;I..:icntenoerg anil
I..:ieoerman, r99X;PiftanK:in anil-Trescnev, 2U-07;ZiiSlavsK:y, 2U07;-2-oDS;ZiiSlavsKY
et aI., 1991), fast-oscillating terms acting on a system with a seRaratrix give rise
to the onset of an eXfJonentiall)' narrow chaotic layer in Rlace of the separatrix . In
tne present context, tnis means tnat tne correction to tne miniilliilactionlstei11i11ing

from fast-oscillating corrections to the resonance Hamiltonian, i.e. ,1E}next), is ex

ponentially small, thus being negligible in compari son with the correction ,1Ei
next

)

rsee12~74m

The right wing, described in Sects. 2.3.2 and 2.3.3 above, corresRonds in leading~

order apRroximation to the formation of the boundary of the layer by the resonance
trajectory tangent to tne GSS curve . For tne part oftherignt wing exponentially
close infrequency to thefrequency onne maximum, tne tangent trajectory isclose
to the resonance separatrix , so that the correction stemming from fast-oscillating
terms is eXRonentiallysmall , similarly to the case of the left wing. As the frequency
further deviates from the frequency of the maximum , the tangent traj~ further

deviates from the resonance separatrix and the correction ,1E}next) differs from the
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~onentiallxsmalrcorreaionestimateaabove.lfillii)lbeestimaIed-ii11nef61Iowing

waYJ
Itf611owsfiOiTItlie secona:ofder apj)roximat:iOilOfllie averagingmeIliOQ--cB0=

golyubovand-MitropOlS~1 961Tlhaf1lie fast-oscillating terms leaa, in tlie secona
order approximation, to the onset of additional terms h2TI(I, lJi ) and h2T;(T,ljlfTi1
the dynamic equations for slow variables 1and lJi respectively, where TI~lJi) and
,£q,(l, lJi ) are of the order of the power-law-like function of II In( IIh) in the relevant
range of 1. The corresIlOndingcorrection to the width of the chaotic layer in energy
may oe expressea as

L1E/next) = r-:dt h2Tlro(1) , (2.75)
i:

(2.76)
tmax - tmin '" I< 0/ > I'

wliere tmin ana tmax are instants corresponaingtOllie minimum ana maxiillUillde::
viaIion ofllie tangent trajectory from tlie separatrixofllie unperturoea system (cf.
Figs.-2~1 (c) ana -T4{C)TTlie interVal tmax - tmin may beesiimaIedasfollows:

1r

where < ~ > is the value of ~ averaged over the tangent trajector)'. It follows from
(2~lonfiat

.:. , ro (Es - 8) ~

1< w> I'" rof- ro (Es - 8) '" In(l lh ) '" In2(l lh ) ' (2.77)

Taking together Eqs. (2.75)- (2.77) and allowing for the fact that TI is of the order
of a power-law-like function of II In( IIh), we conclude that

(2.78)

where P(x) is some power-law-like function.

The value L1E/next) is still asyml' totically smaller than the absolute value of the

correct ion within the resonance approximation, IL1 Einext)I, which is of the order of
h or hi In( IIh) for systems of type I or type II respectively.

Thus, we conclude that, both for the left and ri~gs of the peak, (i) the cor-

rection L1E/next) is determined b)' the correction within the resonance almroximation

L1Einext), and (ii) in the asymptotic limit h ----+ 0, the overall next-order correction is
negligiolein comparison wilhtlie leaaing term:

IL1 E (next) 1 = IL1 E,Snext)+ L1E/next)1 ~ IL1 E~ext )1 '" __1_~ 0
L1E - L1E L1E In(l lh ) .

(2.79)

Tliis estimate well agrees willi results ii1Figs. 2~3=2~o.
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2:3~5~niscussion

In this section, we bnefly diSCUSS the followmg Issues: (I) the scaled asymptotic
shapeofthepeaI<S;(ii) Qeaksiilllie range ofmOderate frequencies;(iiiDum12s iTilhe
llt!!QIiftidec1eRerJdenceoftheTayerwiCltll;(iv)cliaotic trans12ort; (v) smaller peaKS
afralionaTfregueTiCies;(vi foilier separatrix maps; anCi (vii)anaj)j)lieatiOritOlhe
onset of global chaos.

I . Let us analyse the scaled asymptotic shape of the peaks. We conslCleflifSt
~ystems of type I. The peaks are then described in the leading-order approximation
exclusively within separatrix map dynamics (apj)roximated , in turn, by the NR dy-=
namics) . Tt follows from Eqs. (2.32), (2.34), (2.36), (2.39) and (2.40) that most of
tlie peak-for given j can De written il11lie universal scalea -form:

(2.80)

wneretheuniversaHUilCtionSI<ITis stronglYasymmetric:

{
St(a ) for a s:;O,

S(a) =
Sr(a) for a >O,

---

I
St(a) = e(ln(l+y) -y/(I+y)) ' (l+y)ln(l+y) -y =exp(-a) , (2.81)

I
Sr(a) = e(I+ln(l / z)) ' z(I+ln(l /z)) =exp(-a).

It is not difficult to show that

(2.82)

St(a=O)=I, Sr(a ----++O)=e l ~

dSt(a=0)=I _e- 1 dSr(a----++O)
da ' da ----+ - 00 ,

1
S(a ----+ ± oo) oc TaT '

-----r;:;;'\- - -- -------
Thus, the function S~is discontinuous at the maximum . To the left of the max-
imum, it approaclies tlie far part of the wing (which Clecreases in a power-law-liKe
way) relatively slowly wliile, to tlie righTOfthe maximum, tfiefunction first Clrops
jum12-wise by a factor e and then shar1!l)lapproaches the far Qart of the wing (which
llgain decreases in a Qower-law-Iike waYl

ItfollowsfromEqs.-(2:80D2:81)-;-(2:82yand12:27)that1~ksareloga-

rithmically narrow, i.e. the ratio of the half-width of the Qeak, L1 roW, to cJjL is
logarithmically small:

L1 roU) I

mUL rv In(8(2j-I) /h)"
(2.83)
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Weerrij?hasize1hafthesnaQe (2~8-lTi s not restriCfedlOllie example (2:T4):itis
valio for any system of ty~

For systems of type n ;c ontriblitiOilSfromtheNRand-fromtnevarfaiiOrlOfen::
ergy dunng tne pulse of veloctty, In relatIOn to tnelr h dependence, are formally
of tne same order but, numencally, tne latter contnbutlOn IS usually mucn smaller
IhanthefOiTi'ief.T~pifillJf,lneftli1Cti0rl(2~8l ) apJlroximates wellllie QroQerl)i
scaleds haj5eOfthemajor part of tlie QeaK for systems of type II too.

2. The guantitative theory Qresented in the p<1per relates only to the peaks of
small oroer n i.e. in tne range of logaritlimicallysi11aWfrequencie s. ATIne same
lime, tlie magnituoeoftlie peaksiSSIilIsignificant up to frequenci es of oroer of
one. Tnis occurs 15ecause, for motion close to tne separatrix;tlie oroer of magnituoe
of the Fourier coefficients remains the same up to logarithmically large numbers n.
The shape of the peaks remains the same but their magnitude typically decrea ses
(tliough-in some cases, e.g. in case of tlie wave-liKe pertur15ation (Cichlenbergai1d
Cico erman, 1992; ZiiSlavskT2007;-2005; ZiiSlavsKY et al~199Tfit may even in::
crease in some range ofTrequenciesj.Tlie quantitative oescrij)tion oflnisdecrease,
!Qgether with analyses of more sOQhisticated cases, reguires a generali zation of our
theoryJ

3. AQart from the freguen cy dependence of the layer width , our theory is also
relevant to amplituoe oepenoence: itdescrioes tne jiili1j)S(SosKinetar;-200lTinlhe
oepenoence ofllie wioin on h anotlie transilion oetween thejumps anothelinear

dependence . The values of h at which the jumps occur, hj2mp, are determin ed by

the same condition that determines wM2xin the frequency dependence of the width .
The formulae relevant to the left wings of the Qeaks in the freguenc y deQendence

describe the ranges h > hj2ml' while the formulae relevant to the right wings describe
(j)

the ranges h < hju ml"

- 4. ARiirtfromt he descriQtion of the boundaries, the approach allows us to de
scribe chaotic transport within the layer. In particular, it allows us to describe guan
Iitatively tlie effect oflhesIicKiness of tlie cnaotic trajectory to oounoaries oetween
IhcchaoIicand regular areas oflhepliase space (ZiiSlavsKy, 2007~2005).Moreover,
llie presence of adoilional (resonance) saooles slioulogive rise to an aoailional slow
iJ}g down of the transport, despite a widening of the area of the phase space involved
in the chaotic transport .

5. Our approacn can oe generalizeo-ii1Ofclerti:)describesmallerpeaKs at non-

integer rational frequencies i.e. wf ~ n/mw~±) where nand m are integer numbers.
6. Apart from Hamiltonian systems of tne one and a naIf degrees of Treeoom

ana corresponoin g ZiiSlavsKy separatrix maps, our approacli may oe usefiinilthe
treatment of OIlier cliaotic systems ana separatrix maps (see (PiftanKin anoTrescnev,
2007) for the most recent major review on various types of seQaratrix maQs and
related continuous chaotic systems).

7. Finally we note tnat, apart fr=-=oC:::mC::-::s:C:yC:<stC::e~m=-=s=-w=iin a separatrix, our worK may be
relevant to nonlinear resonances in any system. If1lie system is perturoeo-bya
weaktime-periodic perturoation, tlien nonlinear resonances arise anotheirdynam
ics is described by the model of the auxiliary time-periodically perturbed Qendu-
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IliTil1Cllirikov;-T979;Lichtei1oerg ano-Cieoerman, r992;Zaslavs](fefaI:-;-T99-I;Za=
slavsk)', 2007, 2005; Abdullaev, 2006; Gelfreich and Lazutkin, 2001). If the original
pertUfoation Ilas a single Ilarmonic, tllen tile effective perturoation of tile auxili ary
pendulum IS necessarIly a hIgh-frequency one, and chaotIc layers associated wIth the
resonances are exponentially narrow (Chmkov, 1979; LIchtenberg and Lieberman,
1992; Zaslavsk)' et aI., 1991; Zaslavsk)', 2007, 2005 ; Abdullaev, 2006; Gelfreich
and -Cazutl<in-;-2001) wllile our results are irrelevaTitBur,-ifeither1heamplifUdeor
the angle of the original perturbation is slowl)' modulated, or if there is an addi
tionarharmoilic of a sliglltly sllifteo frequency, tllen tile effective perturoation of tile
auxiliary penolilum isalmv-frequency one (Sosl<inefal:-;-2DD8ayai1dlfielayersoe
come much wider8 while our theoretical approach becomes relevant. It may allow to
find optimal parameters of the Rerturbation for the facilitation of the onset of global
chaos associated with the overlaR in energ)' between different-order nonlinear res
onances (Clliril<ov, 1979):llle overlap may oe expecteo to occur at a mucll smaller
amplituoeof perturoation in comparison withtllat one requireo-for tile overlap in
case of a single=llarmonic perturoation.

2.4 Double-sellaratrix chaos

There are man)' problems in ph)'sics where an unperturbed Hamiltonian model ROS
sesses two or more separatrices. A weak perturbation of the s)'stem t),Ricall)' de
stro)'s the separatrices, reRlacing them b)' thin chaotic la)'ers. As the magnitude of
tile perturoation grows, tile layers oecome wioer ano, at some critical value, tlley
merge witll each()lher:lllismaybedescrioeoastlle onset ofglobalc haos betWeen
tile separatrices. Sucll a connection of regions ofaifferent separatrices isimportant
for transport in the s)'stem .

In the Rresent section, following the RaRer (Soskin et aI., 2008a), we consider the
cllaracteristic proolem of tile onset of glooal cllaos oetween two close separatrices
ofT ID-Hiiilliltoilian system perturbeo-oyatime=pefiodicpertUfbation. Asachar::
acteristic example ofaRamiltonian system witll two or more separatrices, we use
a sRatiall)' periodic Rotential s)'stem with two different-height barriers ~period
shown in Fig . n .(a) :

<P = const < I . (2.84)( )
_ (<P-sin(q))2

U q - 2 ' _

p2
Ho(p,q) = 2 +U(q) ,

This model rna)' relate e.g. to a Rendulum sRiIlBillg about its vertical axis (An
oronov et al., 1966) or to a classical 2D electron gas in a magnetic fielo spatially
periodiC-in one ofthein-plane oimensions (Yevtusllenl<o ano-Ricllter, 1998~T999r.

8 This should not bc confused with the widening occuring with the separatrix chaotic layer in the
original IJcndulum if an originally singlc-harmonic IJcrturbation of a high frcgucncy is comIJlctcd
Dy one more harmonic of a slightly shifteo frequency: see {Vecneslavov, 2004) ana references
tneremJ
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TntereSfii11helauer s)'stem arose in1heT99Usdue to techTiOlogicaladvances allOW::
iJ'lg to manufacture magnetic superlauices of high-gualit)' (Carmona et a1. , 1995; Ye
et aI., 1995), and thus leading to a variet)' of interesting behaviours of the charge
carners In semIconductors (Yevtushenko and RIchter, 1998, 1999; Carmona et aI.,
1995;Yc ct al:-;-l 995;Scnmiar,-1 99J;Scnmelchcrana-Sncpelyans)(y,T994).
Bgs.-2:nb)aild-2~7{CJSnow respectivel)' die separatricesoftheHamilIOiliai1S)lS

teill(2.l) in die~q plane ana tne aepenaence of tne freguenc)' 0) of its oscillation,
often called its eigenfrequency, on its energy E == Ho(p,q) . The separatrices corre

spond to energies equal to the value of the potential barrier tops E~ I ) == (1 - ep)2 / 2

and E~2) == (1 + ep)2 /2 as in Fig. 2.7(a) . The function O)(E) possesses a local maxi

mum O)m == O)(Em ) . Moreover, O)(E) is close to O)m for most of the range [E~l ) , E~J

while sharply decreasing to zero as E approaches either E~I ) or E~2) .
We now consider the addition of a time-periodic perturbation : as an example, we

use an AC drive, which corresllOnds to a dillOle (Zaslavsk)' et a1. , 1991; Landau and
Lifshitz, 1976) perturbation of the Hamiltonian :

Coordinate q

(c)

---Em

-I~====;:====;=====;====;
:3
CO.8
:::

-~ 0 :6 (,)m

go ~'E 0.4' -- - - -- - ---

~
~ 0.2 Emin=O E(l) I (2)

/ b I Eb---..,..
__°0 0.2 O.'L __0.6 0.8

EnergY' E

Fig:-2~7-The IJotential U(q~IJaratrices in the IJhase sIJace, and the eigenfreguenc)' w(EITill
the unperturl:ie(j~2.84JWilh tp - 0.2, ii1(ilf,(b)ill1d (c) respectively.
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(2.85)
q=dH/dp , jJ=-JH!Jq,

H(p,q) = Ho(p,q) - hqcos(Wf-Lt)_. _

Hie conventionaf scenariofortne onset ofg]o5a]chaosoetween tne separatri=
ces of the system (2.84)-(2.85) is illustrated by Fig. 2.8. The figure presents the
evolutIon of the stroboscopic POInCare section as h grows while w! IS fixed at an
arbItrarIly chosen value away from Wm and ItS harmonics . At small h, there are
two thin chaotic ta)'ers around the inner and outer separatrices of the unperturbed
§)'stem. Unbounded chaotic transport takes place onl)' in the outer chaotic la)'er
i.e. in a narrow energ)' range. As h grows, so also do the la)'ers. At some criti
cal value hgc == hgc ( w!), the layers merge. This may be considered as the onset of
globalchaos:1hewhole range ofenergies])etween thebarrierlevelsisii1VOlvea;
with unbounded chaotic transport. The states 1(1 ) == P = 0,q = rc 2 +2rcl and
~ == {p = O,q = -rcL2+2rcl} (where I is any integer) in the Poincare section
are associated respectivel)' with the inner and outer saddles of the unQerturbed s)'s
tern, ana necessariIYbelong to tne inner ana outer cnaotic layers, respectively. Tnus,
ine necessary ana sufficient conoiliOilfor gl65alcnaos onset may beformulateo as
the possibility for the system placed initially in the state 1(0) to pass beyond the
neighbourhood of the "outer" states,~ or~, i.e. for the coordinate q~
become < - rc!2 or > 3n;2 at sufficiently large times t » 2rcTWi

-_~----:-:--rr.l2----o---=-c:-:--_-
Coordinate q h=O.OI

Fig. 2.8 The evolution of the stroboscopic (at t - n2n7Wj with n - 0, 1,2 , ...) Poincare section of
llie system (2.84}={2JS5JwiUi it> - 0.2 as h grows whIle wJ - 0.3. Tile numlier of points in eacll
tfa '~is2000~ilT<i)aild~bT.threccharactCriSfiCTra·Ccfi)ricsai'CShOWil:thcii1fiCrTrii·CctQ
starts from the state I 0 == P = 0, = n 2 and is chaotic but bounded in s ace ; the outer
trajectory starts from {O 0 } == {p = O,q = - nI2} and is chaotic and unbounded in coordinate;
the third trajectory is an exam]Jle of a regular trajectory se]Jarating the two chaotic ones. In (c), the
chaoiiCTrajectOriesmix.
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j\-diagrumintneh - ro( plane,-basedontheabovecriteri~isshowninFi g.

2.9. The lower boundary of the shaded area represents the function hgc ( ro( ). It has
ueep spiKes i.e. cusp-liKe local minima. Tne most pronouncea spiKes are situateu at

frequencies ro( = rol j
) that are slightly less than the odd multiples of rom,

roF) ::::5rom(2j - I ) , j = I ,2,.. . (2.86)

The deepest minimum occurs at ro}J ) ::::5 COm : the value of hgc at the minimum, h11~

h gc (roP ) ) , is approximately 40 time s smaller than the value in the neighbouring
pronounced local maximum of hgc ( ro!) at oJ! ::::5 I . As n increases, the nth min imum
becomes shallower. The function hgc ( ro() is very sensitive to ro( in the vicinity of

the minima: for example, a reduction of ro( from ro}J ) ::::5 0.4 of only I% causes an
increase in hgc of ::::5 30%.
~gin of the spike s is related to the involvement of the reson ance dynamics

in separatrixchaos;similar to tnat consiuereu-inSect2~rlnpartiCtiIar;tnemin

ima onne spiKes corresponalO1ne situation wnen tne resonances almost toucn, or
slightly overlap with , the separatrices of the unperturbed system while overlapping
each other. This is illu strated by the evolution of the Poincare section as h~

while ro( ::::5 ro}J ) (Fig . 2.10) and by its comparison with the corresponding evolution
of reson ance separatrices calculated in the reson ance approximation (Fig~

Sect. 2.4 .1 below presents the self-consistent asymptotic theory of the minima
of t1ie spiKes, oaseu on an accurate analysis of tne overlap of resonances witli eacli
Olner ana on tfie matcfiing1:ietween tfie separatrix map anu tlie resonance Hamil:::
toini an (details of the matching are developed in Appendix) . Sect. 2.4 .2 ]xesents the
theory of the wing s of the spike s. Generalizations and apj)lications are discussed in
Sect. T4~3l

-e 0.15
""0

.~ 0.1

J0.05

Fig. 2.9 Diagram indIcating the range 01 perturbatIon parameters (shaded) lor which global chaos
eXIsts. The integratIOn lime for each POintof the grId IS I2000Ji.
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2.4.1 Asymptotic theory for the minima ofthe spikes

The eigenfrequency W(E) stays close to its local maximum Wm for most of the rele

vant range [Ell ),El2)] in Fig. 2.7(c) . As shown below, w(E) approaches a rectangu
Lar form m the asymptotic lImIt cP ---t O. Hence, If the perturbatIOn frequency wI IS
close to Wmor its odd multiples, IWI - (2) -I )wml« wm, then the energy widths of
nonlmear resonances become comparable to the Width of the whole range J:ietween

the barriers (i.e. Ek2
) - Ekl

) ::::0 2eI» at a rather small perturbation magnitude h « eI>.
Note tnat cP oetermines tne cnaracteristic magnituoe of tne perturJ:iation requireo

h - 0.003

.",....
~. x

"

- Jr!2
Cooroinate q h = 0:00475

3Jrj2
h - 0.0055

-I

=-JrLj~2--~~~=~~~~~~",

Fig. 2.10 The evolutIOn of the stroboscopIc Pomcare sectIon of the system (84)-(85) with ep- 0.2,
as the amplitude h of the perturbatIOn grows, while the frequency remams fixed at OJ! - 00401 . The
number of oints in each tra' ector is 2000. The chaotic tra'ectories starlin from the states / (0)

and {O 0 } are drawn in green and blue res{Jectivel)l. The stable station<lI)' {Joints of Eg. (2.98)
f~l--Ci . e. for tne Is t-oroer nonlinear resonances) are inoicateooy tne rea ana cyan crosses.
The chaotic layers associated with the resonances are indicated in red and cyan res{Jectively, unless
tne mer e witn tnose associated with tne reenlDlue cnaotic tra·ectones. EXamiJlesorrelilar
trajectories embracing the state~} while separating various chaotic trajectories are shown in
brown. (Color version may be found in the online version of (Soskin et al., 2oo8a) as Fig. 5).
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f6fl:ne conventioruiloverlapoftne separatrixchaoticlayers, wheJ1(i)fiSilOfClosetO

any odd multiple of rom (Fig. 2.8 (c» . Thus , if rot ~ roF ), the nonlinear resonances
snoulo RIa)' a crucial role in tne onset of glol5alcfiaOSlCf. Fig. 2.1OT.

We note tnat tt tS not enttrely obvtous a priOri wnetner tt IS moeeo posstble to cal-

culate hl j) == hgc ( roF )) within the resonance approximation: in fact , it is essential for
tne separatnces of tne nonltnear resonances to nearly toucn tne barner levels, but the
resonance approximation ISmvalto in the close vicrmty of the barners; furtnermore,
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!"ij}2:rCTheeVcili.ifiOilOfllie separatnces oflhelst=llider resonances wltliiiltlie resonance ap-=
proximation (described by (2. 16) with n = I) in the plane of act ion I and slow angle 0/, for the
same parameters as in Fig . 2.10 (boxes (a), (b), (c), (d) corresjJond 10 Ihose in Fig . 2.10). Horizon
tal levels marl( tlie values of I corresponaing to tlie Darriers:("Color version may De founa in tlie
orume versIon on Soskm et aI., 2008a) as FIg. 6) .
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numerical calculations of resonances show that, if w! ;::::: wF), the perturbation am
plItude h at which the resonance separatnx touches a gIven energy level In the close
VICInIty of the barners IS very sensitive to w!, apparently makIng the calculatIOn of

hF) within the resonance aQproximation even more difficult.
NeVertheless, we snow 6elow in a self-consistent manner thar,-iillne as)'mQtotic

limit cP ----t 0, tne relevant 60unoaries of tne cnaotic la)'ers lie in tne range orenefgies
E where W(E) ;::::: wm . Therefore, the resonant approximation is valid and it allows

us to obtain eX/JUcit as)'mptotic eXQressions both for winand hF), and for the wing~

of the spikes in the vicinities of wF).
The as)lmfltotic limit ep ----t 0 is the most interesting one from a theoretical Qoint

of view because it leads to the strongest facilitation of the onset of global chaos,
ana it is most accurately oescri6eo 6y theself.=containeotneory. Most ofthe1neory
presenteo-below assumes tnisliiTIit ana concentrates tnerefore on tne results to the
lowest (i:e:-Ieaoing) oroer iillhe small parameter.

On the aQQlications side, the range of moderatel)l small ep is more interesting,
since the chaos facilitation is still Qronounced (and still described b)' the as)'mQtotic
theor)') while the area of chaos between the seQaratrices is not too small (comQara
61ewith tne area insioe the inner separatrix): cf. Figs. 2.7, 2.8 ana 2.10. To increase
ine accuracy ofthe1neoretical-description iillhis range, we estimate the next-oroer
corrections and develoQ an efficient numerical Qrocedure allowing for further cor
rections .1

2.4.1.1 Resonant Hamiltonian and related quantities

~ be close to the nth odd9 harmonic of Wm, n == (2j - I) . Over most of the

range [Ell ),El2
)] , except in the close vicinities of Ell ) and El2

) , the nth harmonic of
the eigenoscillation is nearl)' resonant with the Qerturbation. Due to this, the (slow)
~ynamics of the action / == /(E) = (2n) -1 fdqp and the ang~~ (Chirikov, 1979;
Cichten6erg ana Lieberman, 1992; ZaslavsKy et al:-;-r99T;ZiiSlavsK)T;-2007;-2005;
SosKin et al~20lJJ;[anoau anoT:ifShi~1970)Cai1bedescri6eo-by means ofa
resonance Hamiltonian similar in form to (2.16). The lower integration limit in the
~ression for R rna)' be chosen arbitraril)', and it will be convenient for us to use
presently /(Em) (instead of /(Es ) in (2.16)) where Em is the energy of the local
maximum of W(E) shown in Fig. 2.7(c). To avoid confusion, we write the resonance
Hamiltonian expliciilfbelow after maKing thiscnange:

== n(E-Em)-wf(I-/(Em)) - nhqncos(l[!) ,

i
E dE

/ == /(E) = -(_)' E == Ho(p,q),
. Emin W E

9 Even harmonics are absent in the eigenoscillation due to the symmetry of the IJotential.



92 S:M:-SOsl(in,R~ManneIIa, O:M:-Yevtuslienl(o, l.A-:-Kliovanov, P.Y:E McClintocl(

if!= nlJf - Wtt,

l
q ir

lJf=n+sign(p)w(E) q _ +2nl,
qmin(E ) ) 2(E - U(q))

--------~~~

21o lC
/
2

qn=-qn(E)=- dlJfq(E,lJf)cos(nlJf),
n s«

Inw - wtl « w, n = 2j =-I-,--j~I~2~3~

(2.87)

Let us derive eXQlicit expressions for various quantities in (2.87) . In the unper
turbed case (h = 0) , the equations of motion (2.85) with Ho (2.84) can be integrated
(Yevtushenko and Richter, 1999) , see also Eq . (2.144) below, so that we can find
W(E)j

n(2E)1/4
w(E) = 2K [k] ,

I
k= 

2
(2.88)

K[k] = r ~ dcfJ ,

./0 V I - k2sin2(cfJ )

is the comQlete elliQtic integral of first order (Abramovitz and Stegun, 1970) . Using
its as)'mQtotic expression ,

K[k----+ I] c:::'~ln(~)
2 l -k2 '

we derive wee ) in the asymptotic limit 4>~

Wee ) r--;» ( 64 ) ,

In (4)-.1E)(4>+.1E)
I

.1E =- E - 2' I.1 EI < 4>, 4> ----+ O.

(2.89)

(2.90)

As mentioned above, the function wee ) (2.89) remains clo se to its maximum

n
Wm =- max {w (E)} c:::' ( /)

(1) (2) 21n 8 4>[Eb ,Eb ]

for most of the interbarrierrange of energies [1 /2 - 4> , 1/2+ 4>] (note that Ell ,2~
172 =f 4> to first order in 4>.); on the other hand , in the close vicinity of the barri
ers, where either Iln(1/( 1 - .1E74» )1 or IIn(1/( 1 + .1E74> ))1 become comparable
with, or larger than, Inrv4> ), wee ) decreases rapidly to zero as I.1EI----+ 4> . The
range where this take s place is ~ 4>2 , and its ratio to the whole interbarrier rang~

24>, is ~ 4> i.e. it goes to zero in the asymptotic limit 4> ----+ 0: in other words, w(E)
llpproaches a rectangularform . As it will be clear from the following , it is this al-
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most rectangularforiiiOfW[ETWh7Chaetemiines many olthe characteristic features
o{ihegloblilchaos onset in systems with two or more sepa ratrices.

One more quantity which stronglyaffectS~h-;riS1heFourierhai1TiOili~

qn{E) . The system stays most of the time very close to one of the barriers. Consider
the motion within one of the periods of the potential U{q), between neighboring

upper barriers [q~~ , q~~] where q~~ == q~~ +2n. If the energy E == 1/2 + f1 E lies

in the relevant range [Ell ),El2)], then the system will stay close to the lower barrier

q == q(l )+n for a timel"lb ub

7l ~2In( I )
<P + f1 E

(2.91)

durin~period of eigenoscillation, while it will stay close to one of the upQer

barriers q~;2) == qlb± n for most of the remainder of the eigenoscillation ,

T" ~ 21n ( I )
<P - f1 E

(2.92)

Hence , the function qI!iL~qlb may be aQproximated by the followin Kpiecewise
even perioClic function :

at

at

[
n t; ]-[ n t;P E 0--- U n---- n

' 2 7l + Tu 27l+T,,"

P E [~~ n-~~]
27l +T/ 27l +Tu '

(2.93)

q(E , 1/I±2ni) = q(E , 1/1) , i = 1,2 ,3 , ...

Substitutin g the above a]Jproximation for qI!iL~) into the definition of qn in Eq.
[2.87), one can obtain :

- 2 . ( (2 j-l)n/2)-
q2j-l=q2j- l(E)=~SIll ( 1 )'

2] I In~
1+ ( 1 )In 4>-/1£

(2~94J

At barrier energies, CJ1j- l takes the values

(2.95). (2) j 2
q2J-l (Eb ) - ( I) (].]_. ----=l'-L) _

10 We om it corrections ~ (In( I / 4>)) I here and in Eq. (2.92) since they vanish in the asy mptot ic
hmlLq> -+ OJ
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AsEVilries-inoetween ifSValuesat1hebarriers, q2;-I varies monotonicallyif]~
I and non-monotonically otherwise (cf. Fig. 2.16). But in any case, the significant

variations occur mostly in the close vicinity of the barrier energies Eil
) a~

while, for most of the range [Eil) ,Ei2
)], the argument of the sine in Eq. (2.94) is

close to Jr74 and q 2j-l is then almost constant:

[2j -l] J2
q2j-I >:::::( -I) - 4- --.-, } =1 ,2 ,3 , ... ,

2} -1
(2.96)

where [J means the integer part.
lnlfie asymptotic limit<P--=::;-O;t:fie range OfL:fE-for wfiicl11fie approximate equal:::

ity (2.96) for ql j-l is valid approaches the whole range] - <P ,<P[.
We emphasi ze that Iqn I determines the "strength" of the nonlinear resonances:

therefore, apart from the nearly rectangul ar form of w(E), the non-smallness of Iqn I
isanimportant aooitiOillirfactor strongl)lfacilif<ilinglfie onset ofglobalc haos:

We shall need also an asymptotic expression for the action I . Substituting:JlITlD
(2.89) into the definition of I[pTin Eq. (2.87) and carrying out the integratiOil,\Ve
obtainl

(2.97)<P ----+ O.
L1 Eln (4)2~~~E)2) + <PIn (::;:~~)

I (E) = 1(1 /2 ) + ,
____________Jr _

2.4.1.2 Reconnection of resonance seI>aratrices

We now turn to analysis onfie pliase space onfie resonance Hamiltoniai1(2~87f.The

evolution of the Poincare section (Fig. 2.10) suggests that we need to find a sefJa

ratrix of (2.87) that undergoes the following evolution as h grows : for sufficiently
small h, the separatrix does not overlap chaotic layers associated with the barriers
while, for h > hgc ( w! ), it does overlap them. The relevance of such a condition will
befurtfier justified:

Consider Wt >::::: nWm with a given odd n . For the sake of convenience, let us write
down the eguations of motion (2.87) explicitly~

. aB h ' ( - )1 = - ai{! == -n qnSIn lI' ,
~ aB hdqn (_)lI' = - == ns»- w! - n - cos lI' ..n dI

(2.98)

Any seI>aratrix necessarily includes one or more unstable stationary points . The sys
tem ofaynamic equations (2.98) may fiave several stationary points per 2ninterval
oCi{!-:-Lcfus-nrsrcxcludC1hoscpoiiltSWfiichareirrclevant to a separatriXlillilcrgoing
tfie_evoliilion _oescri15eo=a15ove.
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Given that qn(Ep )) = 0, there are two unstable stationary points with I corre

sponding to E = E~' ) and 1ft = ±Jr /2. They are irrelevant because, even for an
infinItely small h, each of them necessanly lIes inside the corresponding barrIer
chaoticlayitJ

If E i=- E~' ), then qn i=- 0, so j = °only if 1ft is equal either to°or to Jr. Substituting
these values into the second eguation of (2.98) and Rutting_~ = 0, we obtain the
~quations for tile corresRonoing actiOriS:

X~ (J) = nW- wf~nhdqn7dl = 0, (2.99)

whcrethcsigriS"'="and"+" corresRono1OF0aild lfI - Jr resRectivcly.-AtYPical
examRle of the graRhical solution of eguations (2.99) for n = I is shown in Fig.
2.12. Two of the roots corresRonding to ik= Jr are very close to the barrier values
of f (recall that the relevant values of h are small). These roots arise due to the
divergence of dq / dl as I approaches any of the barrier values. The lower/upper
root corresponos to a staole/unstaole point, respectively. However, for any n, ootll
these points and the seRaratrix generated by the unstable Roint necessarily lie in the
ranges covered by the barrier chaotic layers. Therefore, they are also irrelevant" .
For n > I, the number of roots of (2.99) in the vicinity of the barriers may be larger
(due to oscillations of the modulus and sign of dqn/ dl in the vicinity of the barriers)
out tlley all are irrelevant for tile same reason, at least to leaoing-oroer terms in tile
expression s for tile spiKes'minima.

rea
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Fig. 2.12 A schematiC example IllustratIng the graphIcal solutIons of Eqs. (2.99) for n - I, as
intersections of the curve w(l ) (thick solid red line) with the curves wr ± hdqn(n IdI (thin solid
green hne s). The solutIOns corresIJondIng to the lower and uIJper relevant saddles (defined b)' Eg.
(2. roO)) are marKeaD y aots anaD y the laDels sf ana su respectivcl)i(WCdOi1OflilllrkOiherScilUfiOriS
because the)' are Irrelevant). (Color versIOn rna)' be found In the onlIne versIOn of SOSKIn et aI.,
(200SayasFijf7IJ

II For sufficientl)' small <P and h, the seIJaratrix generated b)' the unstable IJoint forms the boundar)'
of the upper chaotiC layer;-blitthi s affects onlYl hehigher-oraer terms in the expressions for the
spikes mInIma (see below).
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(2.100)

COriSiQertheswionar~IlOints corresQonoi i1g1Olheremaining four roots ofequa::
iiOilS1T99j.JUSflnesepoints are conventionallf a ssociated witll nonlinear reso
nances (CtiiriKov, 1979 ; [ iclltenl5erg anil [ iel5erman, 1992 ; ZaslavsKyet aI., 1991 ;
ZasravskY;-2007 ;-2005;SosKineral~2003r.-ItfollowsfiOfil1neanaIYSisofequa::

non s (2.98) Itneanzed near the stationary points (ct . (Chtrtkov, 1979; [tchtenberg
and Lieberman, 1992; Zaslavsky et aI., 1991; Zaslavsky, 2007 , 2005 ; Sosk in et aI.,
2003)), two of them are stable (ellipti c) Qoints l2 , while two others are unstable (hy-=
perbolic) points, often called saddles. These saddles are of central interest in the
contcxt of our worK. Tllcy I5clong to tllc separatrices oivioing tllc 1 - 1Jf plane for
regions witll topologically ilifferent trajectories.

We sha Iri ilentifyille relevant saililles as tllose wiihthelower action/energy (us ing
the subscriQt "sl" ) and uIJIJer action/energy (using the subscriQt "su" ). The positions
of the saddles in the I - ~Qlane are defined by the fol1owing~uations (cf. Fig~
2:Trana -2~12Il

g == sgn(qn(Isll,sl)) = sgn ( (-I )[g]) ,

lJtsl = 1r (1 +g)/2, lJtSll = 1r (1 - g)/2,

where [J means an integ~part, x±(I) are defined in Eq. (2.99) while lsi and ISll
are closer to f (Em) than any other solution of (2. 100) (if any) from below and from
above , respectively-,

Given that the values of h relevant to the minima of the spikes asymQtotically
approacll 0 in tile asymptotic limit cP ---t 0, one may neglect tile last term in tile ilefi::
nition of X'f in Eq. (2.99) in the lowest-order approximation 13, so that the equations
X'f = 0 reiluce to tile simplified resonance coniliiion

(2.101 )

Sul5stituting Ilere EQ.12~89)for ro, we ol5tain expli cit expressions for tlie energi esin
illc_sailillCS:l

I (I)ESll sl ~ - ± .1E ,, 2 (2.102)

The corresponding action s fSll,sl are expressed via ESll,sl by means of Eq. (2.97) .

12 In the Poincare sections shown in Fig. 2.10, the points which correspond to such stable points
of Egs. (2.98) are indicated b)' the crosses.

13 As will become clear in what follows, the remaining terms are much larger in the as),mptotic
liminnan the neglecteil term: cf.the staniliifdtheory of the nonlinear resonance (Chlril<ov, 1979;
r:icFiteiibergandTieb~1992;ZaslavskY;-2007 ;-2005;Zaslavskyefal:;-199 IT.
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(2.103)

For OJr:::::; nOJm , thevaliieSOfE~inEq.l:Z:T02rlieiTi1ne range wnere1ne expres
sion (2.96) for qn holds true. This will be confirmed bX the results of calculations
oaseil on tnis assumption .

USing (2.100) tor the angles and (2.102) tor the energies, and the asymptotic
expression s (2.89), (2.96) and (2.97) for OJ(E ), qn(E ) and I (E) respectively, and
allowing for die resonance coniliti0fl(2.1OTT,w eootain eXRlicit expressions fOf1he
values of the Hamiltonian (2.87) at the saddles:

- _ - _OJ! [ (1) (<p+L1E (1 ),l r:
H si - -Hsu - 1C 2L1E - <p In ~ <p _ L1E (1 )1J + hv 2.

---------

As the analxsis of simulations suggests and as it is self-consistentl x shown fur
iner, one of tne maincondiiiOi1SWnichsnoulooe satisfie<ri illhespikesiSlne overlap
inpnase space oetween tne separatrice s onne nonlinear resonances, wnicnisKnown
as separatrix reconnectiOfi1SosKinerar:~-20U3;Howardand-Hons;-1984;Howard

and HumRherxs, 1995; del-Castillo-Negrete et aI., 1996; Dullin et aI., 2000; Mo
romv, 2002). Given that the Hamiltonian R is constant along anx traj~y~

system (2.87f,tne values of H in tne lower anil upper saililles onne reconnectea
separatrices are equal to eacn otner :

(2~T04)

This max be considered as the necessarx and sufficient l4 condition for the recon
nection. TaKing into account tnat Hsi - -H;;inEq.-c2~ro3),inollows from (2~T04)

ih~

!lsi = Hsu_= O'-'--. ~

Explicitlx, the relations in (2.105) reduce to

"E (I ) =_ <p2 64 ( nn) ° j - n (2106)
L.l - exp - OJr ' < OJm - OJ! n « OJm = 2In (8j<P) ' .

n = 1,3,5, ...

The function h(OJ! ) in Eq (2.106) decreases monotonically to zero as OJ! grows
trom 0 to nOJm , where the line abruRtly~S. Fig. 2.15 shows the RortlOns ot the
lines (2.106) relevant to the left Wingsot the 1st and 2nd spikes (tor cP - 0.2).

~. (2.104) is the sufficient (rather than just necessary) conditi on for separatrix reconnection
since tFiere is no any otFier separatnx wFii cFi would lie in oetween tlie separatrices generated oy tlie
saddles -"sCand-"su".
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2.4.1.3 Barrier chaotic layers

Tne next step iS10firlCllJieminimum valueorh-f6fWnichtne resonance separatrix
overlaps tne cnaottc layer related to a potential barner. Wttn tnts atm, we study
now tne relevant outer boundary of the chaottc layer behaves as h and wi vary.
Assume thaflherelevant Wt isclose to nWm whilelherelevarith-issufficieri1ly
large for w(E) to be close to Wm at all points of the outer boundary of the layer (the
results will confirm these assumRtions). Then the motion along the reg!llll1J@j~)'

infinitesimally close to thelayer 1:ioundary may 1:ie oescri1:ieo wiIninlne resonance
approxiiTIati()i'](T87Y:-Hence the1:iounoary may alsobeoescribeo as a trajectory of
Ine resonant HaiTIiltoniail (T87).Tnisis explicitly proveo-inlheAppenoix, using a
separatrix map analysis allowing for the validity of the relation w(E) ::::0 Wm for all E
relevant to the boundar)' of the chaotic la)'er. The main results are presented below.
For tne saKe of clarity, we present tnem for eacli layer separately, altliougli tney are
similar in practice .

I . Lower l ay~

eet wi 1:ie close to any onlie spiKes' minima.
One onheKey roles-in tlie formation oftli-e-up-p-e-r1:iounoary onfielayer is playeo

by the angle-dependent quantity Oil sin( lJi) I which we call the generalized separa
trix split (OSS) for the lower la)'er, alluding to the conventional seJzaratrix split
(Zaslavsky, 2007) for the lower layer 01 == le (low)(Wt) Ih with e (low) given by Eq.
(2.172)15 (cL also (2.4)) . Accordingl y, we use the term "lower OSS curve" for the
following curve inlhcT=-filane:

(2.107)

D)Relatively small values o~

If h < h~~ (Wt ), where the critical value h~~ (Wt) is determined by Eq. (2.125) (its
origin will be eXRlained further) , then there are differences in the boundar)' for
mation for tlie frequency ranges of oa(Jana even spiKes. We oescribe tliese ranges
separatel)'1

I) Odd spikesl

Inlliis case, the1:iounoary isformeo-1:iy tlie trajectory oftheHaiTIiltonian (2~87)

tangent to the OSS curve, see Fig. 2.22(a); cf. also Figs. 2.I(c), 2.13(a), (b) and
(c). There are two tangencie s in the angular range] - x ,n[: they occur at the angles

±l7it(l) where l7it(l) is determin ed by Eq. (2.182).

15 The quantit), 8, rna)' also be interpreted as the magnitude of the corresponding Melnikov integral
(Chirikov, 1979; Licht enberg and Lieberman, 1992; Zaslavsky et aI., 1991; Zaslavsky, 2007, 2005),
somellmes called as the POlncare-Melmkov Integral (Plftankln and Treschev, 2007).
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In1lie ranges orhand~Ievant to thespikemini~lle asymptotic expres

sions for 81 and if!t(i ) are:

(2.108)

171/(1 ) = (_I )[g] nn 1- (-I )m
"f"i 81n(I I <1» +n 2 . (2.109)

Hence, the asymptotic value for the deviation of the tangency energy E/1) from the
IoweLljarrieLfeaucesto:

(2.110)E (1 ) - E (I) == 8 sin( - (1) ) = n
3

/
2

h
/ b / all 2 J ln (II <1» In

---''---'------'-"-----------

The minimum energy on the boundary, E~?n' corresponds to i[t = 0 or x for even
or odd values of [n I4] respectively. Thu s, it can be found from the equality

(2.111)

At <1> ----+ 0, Eg. (2.111) )'ields the following eXI)fession for the minimal deviation
of energy on tlie DOUnaary from theDarrier:

(2.112)
n372 h

8 (1) == E (1 ) - E (I ) = ( E(1 ) - E (I )) /ve = - .
10m 10m b / b 2ye J_ln--,(~I 1,--<1>----'--!) I'--n _

In the context of the onset of global chaos , the most important propert)' of the

boundary is that the maximum deviation of its energy from the barrier, 8~L greatly

exceeds both 8J2n and 8/. As h ----+ h~?, the maximum of the boundary approaches
the saddle "sf".1

2) Even sJ2il5ijJ

In this case, the Hamiltoni an (2.87) possesses saddles " s" in the close vicinit)' to
the lower barrier (see Fig. 2.22(b» . Their angles differ b)' n from those of " sf":

(2.113)m = 0, ±1 , ±2, ... ,
_ I- (-I )m
o/s = n 2 +Tnm ;

-------------------

while the deviation of their energies from the barrier still lies in the relevant (reso
nant) range and reads, in the lowest-order aQproximation ,

8 _~ Ii
s - 2V2ln(ln (11<1» )"

(2.114)

The lower whiskers of the separatrix generated b)' these saddles intersect the
GSS curve wllile tile upper wllisKers in tile asymptotic limit ao not intersect it Fig.
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T22~bTThUS;-itiSllle upper wlliskersofllle separatrixwllich-fOfrillheoounaary
of tile cliaotic la)'er in tile as)'mptotic limit. Tlie energ)' on tile Dounuar)' taKes tlie
miniJruilvaluerighTOnlhesadule-'s";solhat

1.2

J

0.8 I - --ff-- - - -----"

0.6

1.2

/
0.8 1 1

(b)

0.6

0.4 ~_Im:!••1
-~O---------____O"____---------=

Fij}2:13--w-Chaoticl~fllided ln green ancnl!ire;-fOf1fie uIJIJer ancnowerlayers resIJec
tivelYfin tfie plane of action 1 ana slow angle i{t, as oescrioea oy our theory. Parameters are the
same as in Figs . 2. IO(b) and 2. I I(b). The lower and uIJjJer boundari es of the figure box coincide

with l (Ekl
) ) and 1(Ek2

) ) respectively . The resonance separatrices are drawn by the cyan and red
solia lilieS1for the lower ana upper resonances respectivel.YJ.Dashea green ana olue lines marl(

the curves 1 = /g~s (i{t) =- l (E = E~ I J +011 sin( i{t)l) and 1 = /tds(i{t) =- / (E = Ef J- oul sin( i{t) I)
resjJectively, where 01and Ou are the values of the sejJaratrix sjJlit related to the lower and up-=
per oaffier respectively. Tile upper bOUildi\iYOnhe "Towerlayeris fOrineobYlheTrajectOi)lOfthe

resonant Hamiltonian system (2.87) tangent to the curve / = /g~s (i{t). The lower boundary of the
IljJjJerlayer ISformed oy tile lower jJarl of tfie upjJer (red) resonance sejJaratn x. Tile jJenodlc closed

loops (solid blue lines) are the trajectories of the system (2.87) tangent to the curve lX~s (i{t): they
fOrTillhe oounaan es onhe maJor sta6ihty IslandSlriSlde tile upper chaot iC I~TCompanson

of the chaotic layers obtained from comjJuter simulations (dots) with the theoreticall y calculated
oounoari~lio liTieS)Shown in the bOX(a).(Color version may oe founa in tile online version of
(Soskin et aI., 2008a) as Fig.,R
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(2.115)0(1) = 0 = ~ Ii
mIn s 2V2ln~(lL--=e:p--,-)"--r _

Similar to the case of the odd spikes, the maximaL devIation of the energy from

the barrier (measured along the boundary) greatly exceeds both O~[n and 0/. As

~?, the maximum of the boundarY~Pl'roaches the saddle "st" .

(2) relatively large values ofh

If h > h1? (Wf), the previously described trajectory (either the tangent one or the
separatrix, fOfllie 000 or even spike ranges respectiveryr-is encompassed 6y the
separatrixofthelower nonlinear resonance anotYPicallyforms the15ounoary ofa
iTiajorsta15iliIYisland-ifiSiCiethelowerlayer (reprooucedperiodiCciUyiilljlwiththe
period 2n) . The uQper outer boundary of the layer is formed by the uQ~Qart of
the resonance seJzaratrix. This may be intefQreted as the absofQtion of the lower
resonance by the lower chaotic layer.

Let wf be close to any of the spikes' minima.
One of tile key roles in tile formation of tile lowerbOUi1Qaryofihelayerisplayed

!Jy the angle-dependent quantity oJSill[li!) Iwhich we call the generalized separa
trix split (GSS) for the upper layer; Ou is the separatrix split for the upper layer:
~ le(uP)(Wf)lh with e(iip ) given by Eq . (2.204) . Accordingly, we usetheterm
"uQper GSS curve" for the following curve in the I - ~plane:

(2.116)

(I) Relatively small values ofh

If h < h~~) (wf), where the critical value h~~) (wf) is determined by Eq. (2.126) (its
origin wiIr15e explaineo-furtller), tllen tllere are some oifferences iillhe60unoary
formation in the frequency ranges of odd and even spikes: for odd spikes, the for
mation is similar to the one for even sQikes in the lower-layer case and vice versa .

1) Odd sfiil5i1J
In the case of odd spikes , the Hamiltonian (2.87) possesses saddles "5' in the

close vicinity of tile upper 15arrier, analogous to tile saooles''S'' near the lower 15arrier
il11hecase of even spiKes. Their angles are sllifteo -15y n from those of"':5";

- - I+(-I)[~]
o/s = o/s +n = n 2 +Lnm; m = 0,± I,±2, ... (2.117)



(2.118)

(2.119)

TfiedeviatiOilOflFieirenergiesf[omtlie uPRer5aiTiercoinciaes,-iillhelowest-oraef
<ipproximation, with s;

n h
Os = Os = 2J2In(ln(l /ep))

Tlie uRper wliiskersoflne seRaratrix generate<fb-ylhesesadCllesintersect the
upper GSS curve wnlle tne lower wnlskers In tne asymptotIc lImIt do not Intersect
itTnus, It IS tne lower wnlskers of tne separatnx wnlcn form tne boundary of tne
cliaoticlayer inlne asymptoticlimitThedeviation onlie energy from tne upper
barrier takes its minimal value (measured along the boundary) right on the saddle

(u) n h
°min = os= 2V2ln(ln(l /ep))"

The maximal deviation of the energy from the barrier (along the boundary)

greatly exceeds both O~~~ and oU' As h ----+ h~~ ) , the maximum of the boundary ap
Rroaches the saddle "su" .

2) Even spikesl

Thebounuary isformecf5YlheTrajectory oflh-eHaiTIiUonian (2~87) tangent to
tneG-S-S curve . There are two tangencies in the angle rangiJ - n,n~y occur at

the angles ±1Jtr(u) where 1Jtr(u) is determined by Eg. (2.202).
In the ranges of hand wf relevant to the spike minimum , the expressions for o!~

and 1Jtr(u) in the asymRtotic limit ep ----+ 0 are similar to the analogou s guantitie s in the
lower-layer case:

§u = J 2nh,

nt: I+(-I)[[]----,--;-:-- + n ----'----'--
8In(~) 2

(2.120)

(2.121)

Hence, the as)lmRtotic value for the deviation of the tangency energ)l E}u ) from the
upper barrier reouces to:

E(2) _ E (u) ~ I+(-I)[[] _ _(u)
h / uu n 2 all

n3/ 2 h

2 y!ln (1/ ep) / n
(2.122)

The maximal energy on the boundary,E~~x , corresponds to IJr = n( 1+ (-I ) [n/4]) / 2.
Tlius, it can 6efouno-from tne equality

(2.123)

Atep--==+0~Eq:-(2~r23TYieIClS1hefollowing expression for tlie minimal-deviation
of energy from tne barrier (measureoalong tne bounoary ):
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(2.124)
rc3/ 2 h

8 (u) == E (2) _ E (u) = (E (2) _ E (u)) /ve = _ .
mm b max b t 2e l / 2 V_ln_('--l-'--/_cp--')-'-/_n _

(2) Relatively large values ofh

If h > h1~ ) (rot) (cf. Fig. 2. I 3(a» , the previously described trajectory (either the tan
gent one or the separatnx, for the even and odd spikes ranges respectively) IS en
compassed bYThe separatnx of the upper nonlinear resonance and typically forms
iheoounoary of a major staoiliiYislano-insiCle1he upper layer (reproouceo periodi =
cally in ikwith the I'eriod 2rc) . The lower outer boundary of the layer is formed in
this case b)' the lower I'art of the resonance sqJaratrix. This ma)' be interpreted as
the absorI'tion of the upJler resonance b)' the uI'I'er chaotic la)'er.

Tne self-con sistent oescription ofcnaoticlayers given aoove, ano-in more oetail
il11heAppenoix,-iSlne first main resulfOftni s secti~It proviCles a rigorous oasis
for our intuitive assumI'tion that the minimal value of h at which the la)'ers overlaI'
corresI'onds to the reconnection of the nonlinear resonances with each other while
the reconnected resonances touch one of the la)'ers and also touch/overlaI' another
layer. Ifis gratifying tnat we nave ootained a quantitative tneoretical description of
ine cnaoticlayerbOUildaries il11ne pliase space, including even tne major staoilit)i
islanoS,tnat agrees wellwiihtne results of simuliiiions as snown inFig:-2~T3~bT

To the best of our knowledge it was the first ever (Soskin et aI., 2008a) quantitative
descriI'tion of the la)'er boundaries in the Qhase sI'ace.

2.4.1.4 Onset of global chaos: the spikes' minima

The condition for the merger of the lower resonance and the lower chaotic la)'er ma)'
be written as

(2.125)

The condition for the merger of the upI'er resonance and the uQQer chaotic la)'er
ma)' be written as

(2.126)

FOfine onset ofglooalchaosrelaied101hespikemifiifi'il.li'i1,eiinerof Eqs:-(ET25)
and (2.126) should be combmed with the condItIOn of the seQaratn x reconnectlOn
(2.104) . Let us seek first only the leading terms of hs == hs ( CP ) and ros == ros ( CP ). Then
(2.104) may be replaced by ItSlowest-order approxImatIOn (2.105) or, eqUlvalently-,

(2.106). Using also the lowest-order approximation for the barriers (El I
,2) ::::0 1/2 :f

Cf», we reduce Eqs. (2~125f,\2T26) respectively to

FlU = I(E = 1/2 - cP + 8~ln ) ' 1jI = rc (l - (- I )[n/41)/ 2) = 0, (2.127)



104 S:M:-SOsl(in,R~ManneIIa, O:M:-Yevtuslienl(o, l.A-:-Kliovanov, P.Y:E McClintocl(

H(I = I(E = 1/2 + <P - 8~~) , Vi = n (1 + (- I )[n/41)/ 2) = 0, (2.128)

where 8~ln is given by (2.112) or (2.115) for the odd or even spikes respectively,

while 8~:~ is given by (2.119) or (2.124) for the odd or even spikes respectively.

To the leading order, the solution (hi!), roY)) of the system of Eqs. (2.106),

(2.127) and thc solution (h~u) , roiu)) of the systcm of Eqs. (2.106),(2.128) turn out

identical. For the sake of brevity, we derive below just (hY), roY)), denoting the lat
ter, in short, as (hs, ros )l ~

Tne system ofalgctmiic equati0i1S12~106)ai1d12:T27)isstill too complicatca
for us to find-its exact soluti~However, we neeaoolYlhelowest-oraer solution
=ai1dtnissimplifiestne problern:-Sli1I;evenlnissimplifieaproblemiSilOfTriviiil;
both because the funct ion h, (<P) turns out to be non-analytic and because .1E (1 ) in
(2.106) is very sensitive to rot in the relevant range. Despite these difficulties, we
nave founa tne solution in a self-consistent way, as briefly aescribea below.

Assume that the asymptotic dependence /i.;(<P}JS:

(2.129)
hs

= a In~L/ <P~) _' _

where the constant a rna)' be found from the as)'mptotic solution of (2.106), (2.127)
an012~129]

Substituting the energies E = 1/2 - <P + 8~ln and E = 1/2 + <P - 8~~x in (2.89)
and taking account of (2.112), (2.115), (2.119), (2.124) and (2.129), we find that,
both for the odd and even sRikes, the inegualit)'

rom- ro{E)« rom (2.130)

holds over the whole relevant range of energies, i.e. for

[ s: (l ) d U)j.1E E - <P + umin~in ' (2.131)

Tl1iiS,lne resonant approxifiliiliOiliSViiliaoverthewhole range (2~T3T).E(flT90)

for qn{E) is valid over the whole relevant range of energies too.
Consider Eq. (2.127) in an explicit form. Namely, we express rot from (2.127),

using~s. (2.87), (2.96), and (2.97), using also (2.112) or (2.115) for odd or even
sRikes and (2.129):

16 With account taken of the next-order corrections, the spike minimum (h" ros) coincides with

(i1!J, roY)) in case of an odd spike, or with (hIUJ, ro}" )) in case of an even spike. This occurs because,
in case of odd spikes, Iqn(E )I increases/decreases as E approaches the relevant vicinit)' of the
upper/lower barrier, while it is vice versa in the case of even spikes. And the larger IqnI the further
the resonance separatrix extends: in other words, the reconnection of the barrier chaotic la)'er with
the resonance separatrix requires a smaller value of h at the barrier where IqnI, in the relevant
VIClnlt)' of the barrIer, ISlarger.
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nn
illi = 21n (~)

hV2 ( 1 )1+-+0
net> In2(4e jet»

(2.132)

We emphasize that the value of 8~ln enters explicitly only the term 0( ... ) while, as
isclearfromtheconsiaerationbelow;lni~does not affectlheleading terms in

(hs,ills) . Thus , 8~ln does not affect the leading term of ills at all, while it affects the

leading term of hs only implicitly: 81~[n lies in the range of energies where nqn(£) ;:::::
V2.This latter quantitYMresent in the second term in the curl)' brackets in (2.132)
and, as becomes clear from further consideration, hs is piQRortionalto it.

Substituting (2.132) into the expression for .1£ (I ) in (2.106), using (2.129) and
Keeping only tne leaaing terms, we ootain

(2.133)
2)2

c== --a.
ll~~----~~~

Substituting .1£ (1 ) from (2.133) into Eq. (2.106) for h(illf) and allowing for (2.129)
once again, we arrive at a transcenoental equation for c:

(
l + X(C))

In 1 - X(c) - 2X(c) = c, X(c) == VI -4ec- 2. (2.134)

An approximate numerical solution ofEQ.12:-134Tis

C ':::: 0.179 . (2.135)

Thus , the final leading-order asymptotic formul:e for illf and h in the minima of
the sRikes are the following~

_ r¥) n
illsa = illsa = n 21n (~J '
n =I ,3 ,5 , ..., et> -+O ,

wnere tne constant c ':::: U:T79-iSlne solUiion ofEQ.1T134T.
Tlie selfCiiilSistenraiiriVciiionoflhe expliCitasymfltoticiormulce IorlhemiiiiiiUi

of hgc ( illf ) constitutes the second main result of this section . These formulae allow
one to Rredict immediately the Rarameters for the weakest perturbation that may
leao to globalcnaos.

For et> = 0.2, the numerical simulations give the following values for the frequencies
at tne minima of tne first two spiKes (see Fig. 2.9):

(I)
CQs ;::::: 0.4005 ± 0.0005, (2)

ills ;::::: 1.24 ± 0.005. (2.137)
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~)I the lowest-order formula (2.136) , the values are:

(I)
())so ;::::::; 0.393 ,

(2)
Wso ;::::::; 1.18, (2.138)

(2.139)n = 1,3 ,5 , ... .

In rather good agreement wIth the simulatIOns.
The next-order correction for Ws can Immediately be found from Eq. (2.132) for

())i and from Eq. (2.136) for hso, so that

1+ 0.09 )
In(* )

21n ( ~ )

The formul a (2.139) agree s with the simulations even better than the lowest-order
llpproxim ationj

(I)
())s l ;::::::; 0.402,

(2)
Ws1 ;::::::; 1.21. (2.140)

For h-iilUie spiKes minima, tFieSimulations give thefollowing values (see Fig.

ill

(I)lis ;::::::; 0.0049 , (2)hs ;::::::; 0.03. (2.141)

Hie values accoroing to thclowest-oroer formula-(T52) arc:

h;~/ ;::::::; 0.0032 , h~~) ;::::::; 0.0 I . (2.142)

The theoretical value h~~) gives reasonable agreement with the simulation value h~ I ) .

The theoretical value h~~) gives the correct order of magnitude for the simulation

value h~2) . Thus , the accuracy of the lowest-order formula (2.136) for hs is much
lowerttilli1tnatf~nisisdiietOthe steepness ongc ( WI ) il1ihe ranges on ne
~p ikes (the steepness, in turn, is due to the flatness of the function W(E ) near its
maximum) . Moreo ver, as the number of the sIills0 increases, the accurac)' of the

lowest-order value h~&) significantly decreases. The latter can be explained as fol

lows. For the next-order correction to h ~&), the dependence on <P reads as:

(2.143)
hU) - hU) I

.I I .10 <X _,-----,------,-

hU) In(4e/<P) '
~o _

At least some of the terms in this correction are positive and proportional to h~&) (e.g.
due to the differen ce between the exact eguation (2.99) and its aIJRroximate version

(2.101) , while h~&) is propo rtional to n == 2j - 1. Thus , for <P ~ 0.2, the relative
correctIOn for the 1st sRlke IS cv 0.25 while the correctIOn for the 2nd spike IS a few
iimeslargeri~l-:-But tlie latter means that, for <P = 0.2, the asymptotic tlieory

for the 2nd spike cannot Rretend to be a quantitative descr iption of hF ), but onl)'
provio es tlie correct oroer of magnituoe:-Besioes;-if n >T\ vliile<P exceeos some
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critical value, then the search of the minimum involves Eg. (2.150) rather than Eg.
(2.104), as explained below in Sect. 2.4.2 (cf. Figs . 2.15(b) and 2.16). Altogether,

this explains why hil
) is larger than hib)only by 50% while hF)is larger than hi~)

I)Y~

To provide a consistent explicit derivation of the correction to hi6)is complicated.
A reasonatilealternatiYei11a)ll:ie a QIQper numerical solilliOilOfthealgetiraic s)'stem
ofEqs. (2.104)17and (2.125) for the odd spikes, or (2.126) forthe even spikcs'" , To
this end, in Eqs. (2.104)17 and (2.125) or (2.126) we usc: (i) the exact values of the
saoole energies otitaineoTrom tile exact relations (2~TOOrinsteaoonlle approximate
relations (2.101) ; (ii) the exact formula (2.88) for w(E) instead of the asymptotic
expression (2.89); (iii) the exact functions qn(E) instead of the asymptotic formula

(2.86); (iv) the relation (111) and the calculation of the "tangent" state (lJ1)~f}J
tiy EQS:l'2.172),12.183)for tile 000 spiKes, or relation (2.123) ana tile calculation

of the "tangent" state (lJ1I~/u)) by Eqs. (2.202)-(2.204) for the even spikes . Note
that, to find the exact function qn(E) , we substitute into the definition of qn(E) in
(2.87) the explicit l8 solution for q(E , lJI) :

q(E , lJI) = arcsin

(2.144)

where sn(x) is the elliptic sine (Abramovitz and Stegun, 1970) with the same modu
lus kastlle fulrelliPiicintegral-KQefineoiI1(2~88r.Tlle numerical solution oescribeo
above givesj

(wJ1 )) ~ 0.401 , (hil
) ) ~ 0.005 ,

__num -----'~~ num _

G*2)}w" ~ 1.24 ,
num (hY2)}h" ~ 0.052 .

num

The agreement with the simulation results is: (i) excellent for Ws for the both
spiKes ana for hs for tile 1st spi~ii) reasonable for hs for tile 2no spiKe. Tllus,
ir<p-is moaerately small, a mucll more accurate preoiction forh-.;lllan tilat by the
lowest-order formula is provided b)' the numerical Qrocedure described above .

17 For n > I , it is also necessary to check if the solution lies above the line (2.150). If it does not,
then (2.104) should be replaced here by (2.150).

18 In the general case of an arbitrary potential U(q), when the explicit expression for q(E, 1fI) and
rotE ) cannot be obtained , these functions can be calculated numerically~



2.4.2 Theory oj'the spikes' wings

The goal ot this section IS to find the mechanIsms responsIbl e tor the tormatlon ot
the spikes' wings (i.e. the ft.inction hgc(wd in the ranges of w!~ghtly deviaITng

from wF )), and to provide for their theoreti cal descriQtion.
Before aeveloQing tlie tlieory, we oriefly analyze tlie simulationdata(Fig.-2:9)~

concentratmg on the 1st spike . The left WIng ot the spike IS smooth and nearly
straight. The initial part of the right wing is also nearly straight!", though less steep.

But at some small distance from wi' ) its slope changes jump-wise by a few times :
compare the derivative dhgcldw! ::::5 0 .1 at w! = 0.4 --;- 0.41 (see the left inset in Fig .
2.9) and dhgc/ dw! ::::5 0.4 at w! = 0.45 --;- 0.55 (see the main part of Fig . 2.9). Thus,
even prior to the theoretical anal ysis, one may assume that there are a number of
different mechanisms responsible for formation of the wing~

Consider the arbitrary jth spike. We have shown in the Qrevious section that , in
ilie asymptotic limit <P --+ 0, the minimum of the spiKe corresponds to the intersec
iion oetween theline(2~T04rwiih----CT1Z5ror12-:-12O)for odd or even spiKes respec
tively. We recall that: (i) Eg. (2.104) corresQonds to the overlap in Qhase sQace be
tween nonlinear resonances of the same order n == 2j - I ; (ii) Eg. (2.125) or (2.126)
corresQonds to the onset of the overlaQ between the resonance separatrix associated
respectively witli tlie lower or upper saddle and the chaotic layer associated with tlie

lower or upper potential barrier; (iii) for wf = wF ), the condition (2.125) or (2.126)
also guarantees the overlap oetween tlie upper or lower resonance separatrix, re
spectively, and the chaotic layer associated with the upper or lower barrier!".

If w! becom es slightly smaller than wF ), the resonances shift closer to the bar
r iers wliile moving apart from each<rtlier. Hence, as h-increases, tlie overlap onhe
resonances with the chaotic layers associated with the barriers occurs earlier than

with each other. Therefore, at 0 < w; j) - w! « Wm, the function hgc(w!) should
corresQond aQQroximately to the reconnection of resonances of the order n == 2j-=l
as shown in Fig . 2.14(a) . Fig . 2.15(a) demonstrates that even the asymptotic formula
{2. W6Tfor tlie separatrix reconnection line fits tlie left wing of thel st spiKe quite
well, andlhat the numerically calculated-line (2~ro4) agrees wiihtheSimuliiiions
perfectlY]

If w! becom es slightly larger than w;j) then, on the contrary, the resonances shift
closer to each()iher and-further from theoarriers. Therefore, tlie mutual overlap
of the resonances occurs at smaller h than the overlap between any of them and
the chaotic layer associated with the 10wer/uQQer barrier as shown in Figs . 2.1O(c)
and-2~WrclrasweliasTIT(cJand-2~nrdr.-Hence, it is the latter overlap wliicn
determines the function hgc(w! ) in the relevant range ofli>fTFrg.-2~J:})):-Ffg:-2-:-r5

shows that hgc(w! ) is indeed well-approximated in the close vicinity to the right

from wF ) by the numerical solution of Eq. (2.125) or (2.126), for an odd or even
spike respectively and , for the Ist spike and the given <P, even by its asymptotic
form,1

19 Provided hgc ( wI ) is smoothed over small fluctuations.
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-0.8 1- +-- - --+- i - - - - I- +--(c)- -+-- 1

mg.-n4- IlIilStfatiOriSOf t liClllCclllii1iSiliSOfthcformat iOilOfthc lSfSliiKewingsaildofthCCOiTC
sponding theoretical lines in Fig. 2.15(a). Boxcs (a), (b) and (c) illustrate the lines of Eqs. (2.104) ,
{2T25yai1d1D 48) respectively:tl1e corresponaing perturbation parameters are (rll! - 0~39-;h =
0.0077), (wr = OAI ,h = 0.00598) and (wr = OA3,h = 0.01009) respectively. Resonance separa-

trices are drawn in red and cyan. The dashed lines show the function s 19~s (l/!) and lt~s (l/!) . The
olacKlincii11C)iSlhCTriijectOiYOfll1e resonant Hamil tOriian system (2~87rwl1icnis tangent to DOiI1
dashed lines. (Color version rna)' be found in the online version of (Soskin et aI., 2008a) as Fig--2}.
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Eg.

-- -,,-:..,"'--/----------""'-.!-~-/

<,

h 0.011 '_7",,_~y~"_~--------I
" /------

Eg. (2.106) -~, Eg. (2.149)

Eg. (2.146)

0.1

0.08

h 0.06

0.04

Fig. 2~f5-The 1st (a) and 2nd(b) spike inhgc(wJ): comparison between the results of the numerical
siffiUlaiions {UielowerbOiiildaryoftheshaded area) anilthetheoreticalesii~Theestimates

are indicated by the correslJOnding equation numbers and are drawn by different types of lines,
inpariicular1lie ilaslieil lines represent tlie explicit asymptote for tlie soliil-lilieOftlie same color.
(Color version may be found in the online version of (Soskin et aI., 2008a) as Fig. 10).
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ThemecnaniSrilGescri6e<fabove determines hgc ( Wt) onl)TTritfieC losevicinrtY

of win.If Wt/ n becomes too close to Wm or exceeds it, then the resonances are not
of immeCiiate relevance: tlley may even Clisappear or, if tlley still exist, tlleir closeCi
loops sllnnk, so tllat tlley can no longer provIde for connectIOn of tile cllaotlc layers
In tile relevant range of h. At tile same tIme, tile closeness of tile frequency to wm
may stili give nse to a large vanation of acuon along tile trajectory of tile HamIl
tonian system (2:87)~FOflheodd/evenspikes,lhebOUi1dariesonhechaotic l a)'ers

in the asymptotic limit ep ----+ 0 are formed in this case b)' the trajectory of (2.87)
which is tangent to the lower/upper GSS curves (for the !ower/uPQer la)'er) or b)' the
lower/upper part of tile separatrix of12.87) generateCi oy tfie saCldle=S"/"S"1for the
upperllower layer) . Tne overlap onhe-Iayers occurs wfien tfiese trajectories coincide
with each other, which may be formulated as the egualit)' of FI in the corresponding
tangenc)' and saddle:

fi(;((lJ::Ji) ) - ( - )H II ,11ft = H ls,lJIs for j = 1,3 ,5 , ... ,

H- (I -) H- ( / (u) - (U) ) " • 2 4 6s , lJIs = I ' lJII lOr} = , , , ... ,

_ ( (2) s: ) _ ( (I ) s: )Is = f Eh - Us , Is = f Eh + Us •

(2.147)

Note nowever thar,-for moaerately smaIPf>-;tfie tangencies may De relevant ootfi to
the lower layer and to the upQer one (see the Appendix). Indeed, such a case occurs
for our examQle with ep = 0.2: see Fig . 2.14(c) . Therefore, the overlap of the la)'ers
corresQonds to the egualit)' of FI in the tangencies:

(2.148)H- rfl(l ) - (I) ) = H- (f (u) - (u))
~I~I _ _ 1_ ' lJfl~_,--· --,,---_----,-

To the lowest order, Eqs . (2.147), (2.148) read as:

nn
(2.149)

Both the line (2.148) and the as)'mQtotic line (2.149) well agree with the part of
the right wing of the Ist spike situated to the right from the fold at Wt ~ 0.42 (Fig .
2. IS{a}).Tlle folCi corresponCis to tne cfiange oftne mecnanisms oftne cllaotic layers
overlapj

If -ep-is moCierately smallwfiile n > I~hedescription ofthefar wings bYlhe
numerical lines (2.104) and (2.148) rna)' be still quite good but the aSYB!Qtotic lines
(2.106) and (2.149) cannot pretend to descnbe tfie wIng~quantltatlve1)' an)' more
(Fig:-2:TS(b)):-AsfOfl hcmin iiTIUiTiClftfie spiKe anCilne wings ii1its close vicinity,
one more mechanism may oecome relevai1tfortfieirformaiiOi'laSShOWilii1Figs.
2J:i(b) and 2.16. It may be explained as follows . If n > 1, then qn{E) becomes zero
in the clo se vicinit)' (rv (p2)Of the relevant barrier (the upQer or lower barrier, in the
case of even or odd spikes resQectivel)' : cf. Fig . 2.16) . It follows from the equations
of motion (2.98) that no trajectory can cross the line I = Iqn=o. In the asy mptotic
limit <P ----+ 0, proviCleCi h is from tfie range relevant for tfie spiKe minimum, almost
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ihewholeaSSCili'VeisfUrt~fromtfiebarriertnantheliner~!qn=O , an<flhe
latter 6ecomes irrelevant. But, for a mooeratel y small CP, tlie line may selJarate tlie
wllole ass curve from tlie rest of tile~pace. Tllen tlie resonance separatrix
cannoLconncccto_tllc_GSS_curvc_cvcn_IUhere_ls _a_state_on_thcJatteLcuLvc_wlth_thc
same value of fj as on tile resonance separatnx, For a grven wf, tile connection tllen
~uiresanighervali:ieorh:torSUChavalue,lheaSScurveitself crosses theliTie
1 = !q-,;:o:-Tn tlie relevant range of Ii , tlie resonance separatrix passes very close to
this line, so that the connection is well appro ximated by the condition that the ass
curve touches tliis linc (scc tlic insct in Fig:-2T6):

for j = 2,4 ,6 , ... ,

for j =3 ,5 ,7 , .... (2.150)

Tllis meclianism is relevant to tneformation onfie minimum onhe2nospiKe at
ep = 0.2, and in the close vicinity of the spike on the left (Fig. 2.15(b)).

Finally, let us find eXQlicitly the universal asym!Jtotic shaRe of the sQike in the
vicinity ofitsiTIinimum. First, wc note tllat tlic lowcst-orocr cxprcssiOi1(TI4Offor
ilie spiKe oetween tfie minimum anolfiefolacanoe written as thehalf-sum ofthe
cxpressions (2~T06fand12:-149J1Wfiicll represent tfiClowcst-orCicr approximations
for the spike to the left of the minimum , and to the right of the fold respectivel Yl
Thus , all three lines (2.106), (2.146) and (2.149) intersect at a singl~Qoint. This
means that, in the asymptotic limit ep ----+ 0, the fold merges with the minimum : wf
ana Ii in tlie folCi asymptotically approacli Ws anCilis respectively . Tllus, tliougli tlie
folCi-is a generiC-feature onlie spiKes, iris not of major significance: tlie spiKe-is
formed basically from two straight lines . The ratio between their slopes is universal.

0.3 "- --- red

0 ---------~~
1 1\ r 1\ green

1-\-/-\
0.3 1.35 \ / ,/

green
lq =0

1.3 3\0.6 -7[ 0 fJ; 7[

0.4 0.6 0.8
1

1.2

Fig. 2.16 Amplttud e of the 3rd Foun er harmOniCas a function of acuon (soltd red lme). The dashed
black line shows the zero level. Its intersection with the solid red line is marked bY' the circle . The
green line indicates the value of action where q3 = O. The inset illustrates the line (2.150) in Fig.
2~5(l:l):1l1eGSS curve toucnestTiehoflZontal ltne I - IqF o. (Color version may lie found in the
online version onSOsKin et aC 2008a) as Fig.-lTj.
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So,-intrOducing~]JiQper scaling, we reaucethespikeshape101hetil1ivcrsarfUrictiOil
{Fig. TI7)l

h(t1 Wt) = h(lw)(t1Wf ) == I - vi) - 4ec- 2t1 wf ;::::::;

~1--=-0~593L1-wffm-Tw.r<0;

h(t1Wt) = h(rw)(t1wf) == I + t1Wt for t1wf > 0,

<P ---t 0,

h(fold)(
t1 Wt)

= h\lw)(t1 Wt ) +h(rw)(t1Wt )
2

1 - \!J - 4ec- 2 _ _
== 1+ 2 t1Wt ;::::::; I + 0.203t1 Wt ,

----Ii A _ _ Wt - Wsl
h s: - , LlWt= ,------'1so w=sJ - wso _

where wsoand hso are the lowest-order expre ssions (2.136) respectivel)' for the fre
guen c), and amplitude in the spike minimum, Wsl is the eXQression (2.139) for the
freguenc)' in the sQike minimum, including the first-order correction, and c is a con
SfallfIET3STI

rnaaaifiont01helefCandrig!lt wings onne universalsh~hesoli(ninesin

Fig. 2.17) , we include in (2.151) the function hU o1d )(t1Wt) (the dashed line in Fig .
2.17) : its pJll]:)ose is to show, on one hand, that the fold merges as)'mQtoticall)' with
the minimum but, on the other hand , that the fold is generic and the sloQe of the
spiKe 1:ietween tne minimum ana tne fola nas a universal ratio to any of theslopes
an ne majorwings.

Even for a moa erately smalP v , as in our example,lne ratios1:ietween thefnree
slopes related to the Ist spike in the simulations are reasonabl)' well reproduced

1.2 ---
____-I -O.5__0 0.5~_~

!'J.OJJ

Eig.Z:17- Thcumversalshapcof thCSIJiKeilliIllilliiil1\2~T5 ITISOl iCl l illCSf.ThcdasfiCd llnClndIcatCS

iheuIiiversa ls lopeoflhespike inDetween the minimum ana the folo, which have mergea In the
universal (asYJ11IltotiCffunctiOil(T5 InColor version rna)' Defouno in tFie online version of\SosKin
et aI., 2008a) as Fig. 12):



by those in Eg. (2.151): cf. Figs. 2.15(a) and 2.17. It follows from (2.151) that the
asymptotic scalea sliape is univefSan:e:-indepei1derifOPP\:bUfSiillassuilling the
~ymptoti c limit cP ----+ 0), n or any otlier Qarameter.

The description oj the wings oj the spikes near their minima. in particular the
derivation oj the spike universal shape, constitutes the third main result oj this sec
liOilJ

The tacilitation ot the onset oiglobal chaos between adjacent separatrices has a
number of possible generalizations and aQQlications. We discuss one of the applica
tions inSect. 2.5, out first list some of generalizations below.

r-TnespJkes in hgc ( (j)f ) may occur fo-r-an-a-rb'loc·tr-a-r-y·HiYa-m----.-,il-to-n~ia-n-sy-s--Ct-em-w----.-:i t.-h

two or more separatrices. Tlie asymptotiCllieory can De generalizea accoraingly.
2. The absence of pronounced spikes at even harmonics 2j(j)m is explained b)'

the s)'mmetr)' of the Qotential (2.84): the even Fourier harmonics of the coordinate,
Q2j , are equal to zero. For time-periodic perturbation of the dipole type, as in Eq.
{2.85),lliere are no resonances of even oraer on account of iliis symmetry (CliiriK:ov,
1979;Liclitenoerg ana -Cieoerman, 1992;ZaslavsK:y et al~T99T;ZaslavskY;-2007 ;

2005; Soskin et aI., 2003) . If either the Qotential is non-symmetric, or the additive
perturbation of the Hamiltonian is not an odd function of the coordinate, then even
order resonances do exist, resulting in the presence of the spikes in h gc ( (j)f ) at (j)f ::::0

'2-J (j)mj

rTliere may alsooe an aaaitionaHacilitation oflfie onset ofglobiilchaoslhai
coula reasonao!ybedescrioea as a "seconaary"-facil i tation:-~Terlhefrequency (j)f

be close to the freguenc)' (j)s of the spike minimum , while the amplitude h be '" h s

but still lower than hgJ!Ei) . Then there are two resonance separatrices in the l-ljJ
plane tfiat are not connecteaoy cfiiiOiic transport as sliown inFig. 2.1 r(5).Tfiis sys
tem possesses tlie zero-aispersion property . TheTrajectories oftfie resonant Hamil:::
tonian (T87TWfiichstaitinoetween tlie separatricesoscillateinI~lIasin

!Jlrjdt). Tnerrequency Wof such oscillation s along~given trajectory derends on
the corresponding value of fI analo~ to the wa)' in which (j) depends on E for
the original Hamiltonian Ho: w(H) is equal to zero for the values of H correspond
inglOllie separatrices(being equarin turn to fI;ana=fI;,;:seeEq.1 Ero3))Wliile
possessing a nearly rectangular shape in between, provided the quantityJlist - HS'tI
is much smaller than the variation of Fi within each of the resonances,

(2.152)

where fI-;/i.mdHeu are the values of fI at the elliP!kpoint of the lower and uPQer
resonance respectively. The maximum of w(H) in between fIst and fIsu is described
oy tlie asymptotic formula:
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(2.153)
_ lC

rom ::::o In (Hvar/IHsl - Hsul) .

lfweadaiiioruilly~erturbtne system insucn a way tnat an aaaiii oruiltime::
perioaic term of frequency wf ::::0 wm arises in toe resonance Hamiltonian, toen
toe coaot lc layers assocIated Wlto toe resonance separatnces may be connected by
chaotic transport even tor a rathersmallarrij.)liftldeoftheadClitioruilpertiif5ation,
aue to a scenario similar to tne one aescrioeaiiltliis Pil~

There may be various types of such additional perturbation (Soskin, unQub
lisnea).For example, one may aaa to H in E(f12.85) one more aipole time-periodic
perturoation of mixea-frequcncy (i.e. ::::0 rom + wm). Alternatively, one may airectly
perturbtne angle onne original perturoation oy a low-frequency perturbati~i.e.

the time-Qeriodic term in H of Eg. (2.85) is replaced by the term

-hqcos(roft + Aco s(Wf t) ), (2.154)

Recently discussed physical problems where a similar situation is relevant are:
cnaotic mixing ana transport in a mcanaering jct flow (Prants et al., 2006flli1d re
flection oflignt rays in a corrugatea waveguiCl~Leonel~2D07r.

4. If the time-QeriodicQerturbation is multifJlicative rather than additive, the reso
nances become parametric (cf. (Landau and Lifshitz , 1976)). Parametric resonance
is more comQlicated and much less studied than nonlinear resonance. Nevertheless,
ine main mecnanism for tne onset of global cnaos remains tne same, namely tne
combinatiOiLOnnc_reconnectionbetweenresonances_oLlne_samc_oraeLana~nheir

overlap in energy wiUitne cnaoticlayers associatea wiifitheoarriers. ATIne same
time, the frequencies of the main spikes in hgc ( rof) may change (though still being
related to rom). We consider below an example when the periodically driven param
eter is20 ep in (2.84) . The Hamiltonian is

H = p2/ 2 + (ep - sin(q))2/ 2,

ep = epo + hcos(ro ft) , epo = const < I .
(2.155)

The term (ep -sin(q))2/ 2 in H (2.155) may be rewritten as (epo - sin(q)f72+
(epo- sin(q))hc os( roft)+ h2cos2(roit )/ 2. The lastterm in the latter expression does
not affect tne equations of motion. Tnus, we ena up witn an aaaitive perturoation
repO=Sin(q))hcos(WftfIilthe asymptoticlimitep()=+O-;tnenth--=orderFOiifier com
ponent of the function (epo - sin(q)) can be shown to differ from zero only for the
orders n = 2,6 , 10, ... Therefore one may expect the main spikes in hgc ( ro f ) to be at
freguencles tWice larger toan toose for toe dIpole QerturbatlOn (2.85):

r.,(j ) ~ 2r., (j ) ~ 2(2J' l )r.,VJsp "'-' lVs "'-' - UJm , j = 1,2 ,3 , ... (2.156)

This agrees well with the results of simulations (Fig. 2.18).

20 In the case of a 2D electron gas in a magnetic sUIJerlattice, this rna)' corresIJond e.g. to the
iime-periOdicelectricforceapjJliea perpenaiClilar to theatrection onlle penoaic magneticfiela
(Ycvtushcnko and Rlchtcr, 1998, 1999).
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j = 1,2 ,3 , ... , <Po-+O (2.157)

Moreover, tfie as)'mptotiClheoi)lfOflhedipole perturbation rna)' immeoiaIelybe
generali zeo to tfie present case: it is necessar)' onl)' to replacel:he Fourier comQonent
of the coordinate q by the Fourier component of the function (<Po - sinq):

{
~ at n =2(2j -l) ,

(<Po-sin(q))n = nn
______ 0 at n=!=2(2J_·-----=-.i1)'-L, _

(cf. Eg. (2.96) for qn). We obtain:

_ (!!F) n
wspo = wspo = n () ,

21n 4e
<Po

n = 2-;-o,TO, ... , ([:io -+ O~

_ (!!F) en ([:io
hspo = hspo = n-S ( ) ' (2.15S)

In 4e
<Po

where e is given in Egs. (2.134) and (2.135).

0.3

0.2

0.1

1 1.5
______+-__F_re_quency (J)

0.020

o.ors

0.010

2.5

0.18_0.8_0.82_0.84 2.49__2.51__2.53
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For <Po = 0.2, Eg. (2.158) gives, for the 1st sRike, values differing from the sim
lilaIiOildaIabyaI5Oiit3%-infreguenc)' ana 0)' abolifTO%-inarnj)lifUde:-TllUs,lhe
lowest-oroer formulae accuratel)' oescrioe tne ISfSQikeevei1for a mooeratel)' small
<QJ

5~One more generalization rdates to mulli~imensimUlrHamilrcmian systems
wiin two or more sailoleswiih-different energieS:llie Rerturbaiion rna)' not neces
sarilfbe1ime=periodic,-iil1liiscase:-ThedeIailedanal)'sis lias not )'et oeen oone:

The RaRer (Soskin et aI., 2008a) Rresents a rather detailed discussion of Rossible
applications to tlie electron gas in a magnetic superlattice, a spinning penilulum,
colil atoms in an opticarJattice as well as to proolems ofnoise:iilduceil escape anil
ilie stocnastic web-formati~We review brieflyinllie next section thefurtner ile
veloRment of the latter apj)lication.

2~5-Enlargement ofalOW:-dimeiiSiOlliilstOCnasIicwe6

The stochastic web concept dates back to the I960s when Arnold showed (Arnold ,
1964) that, in non-degenerate Hamiltonian s)'stems of dimension exceeding 2, reso
nance lines necessarily intersect, forming an iilfiilite-sizeil web-ii11hePoincare sec
iion. It proviaes in turn for a slow cnaotic (sometimes called "stocnastic"j diffusion
for infinite distances in relevant d)'namical variables.

It was discovered towards the end of 1980s (Zaslavsk)' et aI., 1986; Chernikov
et aI., 1987a,b, 1988) that, in degenerate or nearl)'-degenerate s)'stems, a stochas
tic wen may arise even if tne ilimensionis312~One onne arcnetypal examplesof
suchalOW=-dimensionalSIOCfillSiic web-afises-il11helD-narmonic oscillator per
turoeil-oy a weaK traveling wave thefrequency of wnicn coinciaes wiln a multiple
ofthe natural freguenc)' ofthe oscillator (Zaslavsk)', 2007; Chernikov et aI., 1987b;
Zaslavsk)' et aI., 1991). Perturbation Jilil)'s a dual role: on the one hand, it gives
rise to a slow oyilamicscnaracterizeil-oy an auxiliary Hamiltonian tnat possesses an
iilfiili1eWeb--=liKe separatrix; on tne otner nanil~ne perturoation ilestroys tnis self~

generateil separatrix, replacing ifoy a tnii1Cnaoticlayer. Sucl1alow-ilimensional
stochastic web rna)' be relevant to a variety~Rb)'sical s)'stems and pla)'s an imRor
tant role in corresponding transRort Rhenomena: see (Zaslavsk)', 2007; Chernikov
et aI., 1987b; Zaslavsk)' et aI., 1991) for reviews on relevant classical s)'stems. In
aililition, tnere are quantum systems in wnicn tne ilynamics of transport reiluces to
inat intne classical moileraescrioeilaoove. Thelatter concerns e.g. nanometre-scale
semiconductor sURerlattices with an aRRlied voltage and magnetic field (Fromhold
et aI., 2001, 2004) .

One might assume that, like the Arnold web, the low-dimensional stochastic web
ilescrioeil aoove snoulil oe infinite, so tnat it can proviile for transport oetween tne
centre oflnewebaild states situateil aroitrarilyfar away in coorilinate anil momen
tum. However tne numericarintegration onne equations of motion snows tnat tnisis
not so: even for a rather non-weak Rerturbation, the real web is limited to the region
within a f!:w inner loops of the infinite web-like resonant seRaratrix (Fig. 2.19(a))
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wllilechaoIicla)'ers associaIedwith----outerloops are ilistiilctl y~arate(nromeacll

otherand-fromlFieWeb-=likechaoIiclaxerformeil-6)' thefewiTiTiefI~T~
son is ap~)' as follows . Tile singleinfinite we6-liKe selJaratrix is Rossesseil
by tile resonant Hamtltontan only in the first-order approxtrnation of the averagmg
iTicthod~Bogolyu50vimcnvlitropolSky;-r901rwncrcas, withthc account taK:ei1Of
ine next-oroer aQRroximaiions,lne separatrix aRRarentl)' sRliiSinto man)' seRarate
comRlex 100Rs successivel)' em6eodeil into each()ther:-Non-resonant terms oflhe
Rerturbation dress the seQaratrices b)' eXRonentiall)' narrow chaotic la)'ers . If the
pertur6ation is not small , tne cnaotic layers manage to connect neign60uring sep
arafrixloopssiiilliiedclose to tne centre. However, tnewicUl1Ofthecnaoticlayer
ilecreases exponentiallysnarply as thedistance from tne centre grows (ZaslavsKy,
2007 ; Chernikov et aI., 1987b; Zaslavsk)' et aI., 1991). As a result, the merger be
tween chaotic ta)'ers associated with neighbouring 100Rstakes place onl )' within the
few loops closest to tne centre, provioeil tnat tne pertur6ation is not exponentially
strong]

If1n-e-re-s-o-n-a-n-c-e6etween tne pertur6ation anil1ne oscillator is-inexact, or iftne os
cillator is nonlinear, the sRlitting between the neighbouring 100~),Ricall)' much
larger: it aRQears even in the first-order apRroximation of the averaging method (Za
slavsk)', 2007 ; Chernikov et aI., 1988 ; Zaslavsk)' et aI., 1991). So the number of
loops connecteil to tne centre 6y cnaotic transport is even smaller (ZaslavsKY, 2007;
CnerniKov et al:-;-r9-88; ZaslavsKy et al:-;-r99-1Dhaniil1ne case ofi lie exact reso
nance,

A natural guestion arises: how can the perturbation be modified in order for the
tran sRort to be unlimited or, at least, significantl)' extended? One of the answers was
o6taineil-iil1ne very oeginning of stuiliesoflnelow-ilimensionalwebs l Z aslavsky
ct aJ:-;-1986;TncrniKov ct al~1987ii):inne pcrtur6atiOi1Ci:)i1SiSfSOfrcpcatco-iil1im c
snort KiCKS tnat are also periodicin space, ano -ifthefrequency onne KiCKS is equal
to a multiple of the natural freguenc)', then a so-called uniform web covering the
whole of Rhase sRace is formed. However such a Rerturbation is absent in man )'
cases anil, even wnere pre sent, tne cnaotic tran sport is still exponentially slow if tne
perturb:iliOilis weak\ ZaslavsKy,-200T; ZaslavsKY et al~r991r.

Iris reasonaoletnen to pos e tne following question: is-it possi51e to 06tain a we5
of form similar to the original one (Chernikov et aI., I987b) but substantiall)' ex
tended in Rhase sRace ? A Rositive answer was suggested in (Soskin et aI., 2008a)
and eXQlicitl )' reali zed recentl)' (Soskin et aI., 2009) using the following~le idea.
ThechaoIiclayer iil1ne we5Si s exponentially narrow since tne frequency onne non
resonant pertur6ation oflne resonant Hamiltonian is necessarily much-nigner tnan
the freguenc)' of sma ll eigenoscill ation in the cell of the web-like separatrix (Za
slavsk)', 2007 ; Zaslav sk)' et aI., 1986; Cherntkov et aI., 1987a,b, 1988 ; Zas1avsk)' et
aI., 1991). So we need to modif)' the Rerturbation in such a wa)' that the resonant
Hamiltonian iloes not cnange wnile its pertur6ation contains, in aililiiiOi1101hecon::
ventional term s, a I~frequency one . One may ilOinis moilulaiinglne wave angle
wiiflalow frequency or aililing one more wave wiihthefrequency slighllysllifteil
from the original one. The latter oRtion , together with a generalization for the uni
form web leading to a huge enhancement of the chaotic transRort through it, have
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ilOfYctoeen consiilereil-indetailwnirelhework\:SosKineral:-;-2009~2mOb)aildlhe

present section concentrate on tne former oQtion since it may nave immeoiate aQ::
plications to nanometre-scale semiconouctor superlattices in electric anil magnetic
fields (Fromhold et aI., 2001, 2004).

2.5.1 Slow modulation ofthe wave angle

Fig.-2~r9-demonstrates tne valiility of our iaea . We-integrate the equation

q+q = 0.1 sin[15q - 4t - h sin(0.02t)], (2.159)

first for h = 0 (i.e. for the conventional case with Qarameters as in (Zaslavsky , 2007 ;
Chernikov et aL, 1987b; Zaslavsky et aL, 1991)), and secondly for h = 0.1 . Although
tne mooulation in tne latter case is weak\:its amplituoeiSiioout 63 times smaller tnan
ihe2n periodonne wave angle which-is a characteriSiiCSCiileinlnis proolem), the
resultant increase inlhesize onhe weoin coorilinate anil momentum is-large: oy a
factor of rv6J

An analytic theory can be develoQed to account for these results . It can be gener
alized for the off-resonant case (Zaslavsky, 2007; Chernikov et aL, 1988; Zaslavsky
et aI., 1991) too, using tne general metnoil-developeil-iI1{SosKin et al:-;-2008a,b;
SosKin anil~annella,-2009a,o) anil-descrioeiliioove inlne previous sections .

It is anticiQated that the method can also be generalized for uniform webs (Za
slavsky, 2007; Zaslavsky et aL, 1986, 1991) too, leading to an exponentially strong
enhancement of chaotic transQort through them .

Fig.2~19-ThcPoincarcSCctionforatrajCctOi)'Onlie s)'stem (2~r59rwith-iiiifial state q~~O

(at instants tn = nT where T = 2:n:70.02 is the period of the modulation and n = 1,2 ,3 , ...600000)
for h - 0 (left jJanel) and h - O.I (rIght panel). A s)'mjJlelic IntegratIOnscheme of the fourth order
is used, with an integration step tint~~ix~ that the inaccuracy at each step is
of the order of tint ~ x 10-19• The left panel corresponds to the example of the conventional case
conSidered In (Zaslavsk)' , 2007 ; Chermkov et aL, 19876; Zaslavsk)' et aL, 1991). The rIght jJanel
uemonstrates t1iattFie modulation , aliliougli weak, greatly enlarges tFie weDsizes.



2.5.2 Application to semiconductor superlattices

The works (Fromhold et aI., 2001, 2004) consIder quantum electron transport 10

IDsemiCOi1ductorsURerlauices(SLS)Oil1he nanometre scale,suoject to a constant
electriCllelaalong tne Sr:: axis and to a constant magnetic field. TFieSj)atfal perf::
odicif)IWith~iod of tne nanometre scale gives rise to tlie onset ofmiilibailds
for electrons. In the tlght-bmdmg approxImatIOn, the electron motIOn 10 the lowest
mIni-band IS descnoeaoy the followmg dIspersIOn relatIOn for the electron energy
E versus momentum p:

(2.160)

-------=------:--~-=---2--2--------

E( )=L1[l-cos(Pxd/ Ii )] Py+Pz
P 2 + 2m* '

---------

where x is the direction along the SL axis, L1 is the miniband width , d is the SL
period, m* is the electron effective mass for the motion in the transverse (i.e. }' - z)
planel

Tnus, tne quasi=Classical motiOilOfelectron in an electricfielil-F anil a magnetic
fieUB-isdescrioedoy tfiefollowing equation:

(2.161)op = - e{F+ [VpE(p) x E]},
dz _

where e is the electron charg~

It was shown in (Fromhold et aI., 200 I) that, with a constant electric field along
the SL axis F = (- Fo ,0,0) and a constant magnetic field with a given angkJL!2
the axis B = (Bcos(e) ,O,Bsin (e)), the dynamics of the z-component of momen
tum pz reauces to tne equation of motion of an auxiliary narmonic oscillator ina
plane wave. At certain values of the parameters, the ratio of the wave and oscillator
freguencies takes integer values (like in Eg. (2.159) with h = 0) which gives rise to
the onset of the stochastic web, leading in turn to a delocalization of the electron in
tne x-oirection ano, as a result, to an increase of tne oc-coniluctivity along tlie sr
axis.-Tne experiment (FromfiOloet al~20D4) appears to proviile eviilence iilfavor
of this excitingJD'Rothethis .

At the same time, the finite size of the web and, )'et more so, the exponentiall)'
fast decrease in the transport rate as the distance from the centre of the web in
creases, seems to put strong limitations on tne use of tne effectWe suggest a simple
andefficient way to overcome tliese limitations. mdeed, one can shOWlhar,-ifwe
ildolOlne original (constant) electriC-fielil-Fo a smalltime-periodic (ac) component
Faesin(Qae/) , then the wave angle in the equation of motion of Pz is modulated by
the term (ct . Eg. (2.159)) :

(2.162). r; Qo . (Qae ) Qo _= efod.hsm(Q/) == --sm -I , Ii
Fo Qae Q o

This allows us to increase drasticall)' the size of the web and the rate of chaotic
transport tnrougn it. For example, for tlie case snown in Fig . 2.19, wnere we nave an
increase onne weosize 5y a factor of~ifis sufficient to ailo an AC component of
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the electric field with the frequency 0.02 · no and an amplitude Fac = 0.1 · 0.02· Fo
i.e. an amQlituile smaller tlian tliat of tlie original constant fielo FobyafiiCfc)f()f
500x.1

2.5.3_Discussion

Weliave presenteilabovejliStinilial results on tlie sUbject (SosKin et al:-;-2009~

20TObTTliere are still many unsolveil-intereSlingproblems:
I-:-It can besliown thar,-ii11heoff-resonance case, tli-=-er=e---Cm=ay-=-be a facilitation

of the onset of global chaos similar to that described in Sect. 2.4 above, i.e. the
critical value of the modulation amQlitude h reguired for the onset of global chaos
between neiglibouring separatrix loops possesses ileep spiKes(minima) as a function
anlie moCliilirtion frequency .a;;:-Thcdetailedllieory ortfiisfacilitation lias yet to
be ilevelopeill

2. Our conjecture that, in the resonant case, taking account of the next-order aQ::
proximations of the averaging method could explain the split between different seQ::
aratrix loops, should be proved rigorously. If the corresQonding theory is develo~
it will proviCle1lie possibilit)lOfCiilCiilirting bothtlie optimal moCiulirtion frequency,
i~liat at wfiicfillie we5Sizes are maximal~for a given amplituile of moiliilirtion,
and the maximum sizes themselves .

3. It would be interesting to study the case with an additive perturbation (rather
than an angular modulation) in detail, both numerically and theoretically.:

weliave revieweiltlie recentlydevelopeilmethod-fortlie1lieoretical treatment of
separatrixcliaos inregiilleSWhei1itinvolves resonance ilynamics:Itlias been ap
plieil-botli to single-separatrixcliaoticlayers anil to tlie onset ofglabalcliaos be
tween two close separatrices . The method is based on a matching between the dis
crete chaotic d)'namics of the separatrix map and the continuous regular d)'namics
ofthe resonance Hamiltonian . For single-seQaratrix chaos, the method has allowed:

I . Development of tlie first asymptotiC1i:e:-fillh--=::;-O)(lescriptiOilOnheliign
peaksintlie wiili110fllie separatrixcliaoticlayer as a function onlie perturbation
freguenc)' , thus describing its dominant feature and, in particular, its maxima .

2. Classification of all s)'stems into two types, based on the as)'mQtotic depen
dence of the maximum width on the perturbation amQlitude h: the maximum width
is proportional to h In[1] fiI{}fh for systems of type I or t)'pe II respectively.:

For systems witli two or more separatrices, tlie metlioilhasalloweil us to oevelop
an accurate asymptotic tlieory onlie facilitation onlie onset ofglabalcliaos between
neighbouring separatrices which occurs at freguencies close to multiples of a local
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maxiTilUiTlii11heeigenoscillaiionfreguenc)' as a fUilCfiOrlOftne energ )': theloCiiI
maximum necessaril )' exists in tne range oetween tne separatrices.

Finall)', for an oscillator perturoeCl oy~lane wave of freguenc)' egualtoar
close to tne frequency of a small etgenoSCtllatlOn, the metnoCl has alloweCl us to
suggest now to enlarge substantially tne size of the stocnasttc web using a ratner
weak~bation;-and-irpromises to proviCle an accurate theoreIi Ciila escriptiOilOf
iheenlarg~
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Tfiis appenClixfollOWSlneappenoix onne paper (SosKin et al~2DORa).Tne cnaotic
layers onne system (2~85) associateClwilhtne separatrices onne unpertur6eo sys
tem (2.84) are described here b)' means of the separatrix rna]). To derive the map,
we follow the method described in (Zaslavsk)' et aI., 1991), but the anal )'sis of the
~ significantl )' differs from formed )' existing ones (Lichtenberg and Lieberman,
I992; ZiiSlavskyefaCI99T; ZiiSlavsk-y,-2007;-2005;Pi ftanKin anClTresdiev, 2007)
(Cf:-iilso tne recently puolisneCl paper (SnevcnenKo, 2008)Wnere tne analy sis onhe
~ has some similarit)' to ours but still differs significantl )'). Using our apllroach,
we are able to calculate the chaotic la)'er boundaries in the Rhase sfJace (rather than
onl)' in energ )'), throughout the resonance freguen c)' ranges , and we can guantita
iivelyoescrioe tne transport witnin tne layer in a manner oifferent from existin g
Oi1eS1Cf.1PiffiiiiKinafid-TiesChev;-2D07; Ron1=Xeaar;-1994J]UiQreferences tnerei ilL

We now ])resent a detailed consideration ofthe lower chaotic la)'er. The u])per la)'er
rna)' be considered in aver)' similar way-,
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2.7.1.1 Separatrix map

AtYPicaHOi11lOftrajectory q(i}Closet01heinner separatrix{ihat correspondingiO
the lower potential barrier) is shown in Fig. 2.20. One can resolve pulses in qill
Each of them consists of two approximately antisymmetric spikesZ1• The pulses are
separated OYintervalsdi.ifing whicJ11qfis relatively smalr:-In general , successive
interValsdifferoetween eacfiOther.LerusiiltrOduce1ne flairofvari al5lesEand gJ~

E == Ha , cP = wft + CPa,

wfiere tne constant ({Ja may 5e cnosen ar5itrarily.

(ET63J

The energy E changes only~g the pulses of q{t ) and remains nearly un
changed during the intervals between the pulses, when Iq{t) I is small (Zaslavsk),
et aI., 1991). We assign numbers i to the pulses and introduce the seguences of
(E;,cp;) corresponding to the initial instants t, of the pulses . In such a way, we obtain
ihefollowing map (cf.1ZaslavsKy et al:-;-T99l)):

---------

t ;-1 t[-1 tj
time, t

t '!

Fig.2.20 Schema tic example of the time dependence of the velocity of the perturbed system (thick
solid line) in the case when the energ)' of motion varies in the close vicinit )' of the top of the lower
potential Darrier. Tne aasneil line marJ(s tne zero level of tne velocity. Pulses of tne velocity are
schematlcall)' smgled out b)' the~grams (drawn b)' a thm sohd hne ). The two sequences of
time instants (... ,t;- i , t;, tH i , " ' ) and (... , t~r , tr+ i '''') correspond to beginnings and centers
of the pulses, respectlvely.

21 Spikes correspond to motion over any of the minima of the potential, first in one and then (after
the reflection from one of the upper barriers) in the opposite direction. If <P is small, then the spikes
witnm tne pulse are separatea Dy 10000int:erValiiSince tne reflection polnfis situateilclose to tne top
of the upper bamer, where the motlon IS slow.
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wfn(3 - sign(E1+I - EP)))
CPI+ I = CPI + 2 (E. ) ,

W ~1+ 1

,1E1 == h7 dt q(t)cos(wft) ,
lith pulse

(2.164)

wnere)i th pulse means integration over the ith pulse. Before deriving a more explicit
~ression for ,1EI, we make two remarks.

1. Let us denote with t[ the instant within the ith pulse when q is equal to zero
(Fig . 2.20). Th e function q:rr=![) is an odd function within the ith pul se and it is
convenient to tran sform tile cosine in tile integranCiin 11 Ei1.2.1o4yas

cos(wft) == cos(wf(t - t; )+Wfi; }

== cos(Wt (t - t; )) cos(W(t;) - sin (W( (t - tD) sin (Wtt;y;

and to put CPa = W((t; - tl) , so that CPI == w( (
2. Each Rulse of it contains one positive and one negative spike. The first spike

can be either positive or negative. If E changes durin~givennth pul se so that

its value at the end of the pulse is smaller than EI~I ) , then the first spikes of the ith
and (i + 1)st pul ses have the same signs. On the contrary, if E at the end of the ith

pulse is larger than E~I ) , then the first spikes of the ith and (i + l )st pulses have
(Jppo site sign s. Note that Fig . 2.20 corresRonds to the case when the energ)' remains

above E~I ) during the whole interval shown in the figure . Thi s obviously affec ts the
~gn of ,1EI, and it may be expli citl y accounted for in the map if we introduce a new
discrete variable (JI = ± 1 which characterizes the sign of it at the beginning of a
given iill pulsej

(2.165)(JI == sigllIq (,,-,tl~) )'--,'--- -----'---'----=-=--c

and changes from Rulse to Rulse as

. (E(I ) E )(JI+I = (JI sign b - 1+1 . (2.166)

With account taken of the above remarks, we can rewrite the map (164) as fol
lows i

EI+I = EI+ (Jlhe(low)sin( pl1

. (E (I) E )(JI+I = (JI sign b - 1+1 , (2.167)

e(low) == e(low)(wf) = - (JI dt q(t - t[) sin(wf (t - tf))
Ith pulse

1
1i+ 1 I I

~ -2(JI dtij(t-td sin(Wf (t-td ).
I '

/
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A mal' similar to (2.167) was introduced in (Zaslavsky and Filonenko, 1968),
ano it is often calleo tile ZaslavsKy separatrix map. It was re-oeriveo matllemat
icallyrigorousl)iiIll:Rom=Kedaf;-1990y;seealso tile recent matllematical review
(PIttankm and Trescllev, 2007) . Tile latter review also descnbes generalizations of
tile Zaslavsky map as well as otller types of separatnx map. Tile analysIs presented
belowrelaIeSimrnediaIelflOlhe Zaslavskyriliij)blititis fiOj)ed lhatifWill prove
possible to generalize it for otller tyj)es of separatrix mal's too.

The variable e (iow) introduced in (2.167) will be conve~n~ie~n~t~~-or-t-h-e-f-u-rt-h-er-c-a-lc-u--

lations since it Goes not oepeno on i in tile lowest-oroer approximation . A quantity
like Dl == hle(low) I is sometimes called the separatrix split (Zaslavsky, 2007) since it
is conventionally assumeo diat tile maximal -deviation of energy on tile cllaotic tra
Jectory ffOiTithe separatrix energy isofilieo rderorDIl:Cichtei1bergwlcfCiebeiTilail,
1992; Zaslavsky et aI., 1991; Zaslavsky, 2007 , 2005) . As in the main text, we shall
use tllis term, but we empllasize tllat tile maximal oeviation may be mucll larger.

In the adiabatic limit Wt -+ 0, the excess of the upper boundary E;} )of the lower

layer over the lower barrier E~I ) does not depend on angle and is equal to 2nh (cf.
(Elskens and Escande, 1991) . But wf relevant for the spike of hgc ( wf ) cannot be
COi1SiaereG as an aoiabaticfrequency, oespiIeits smallness, because itisclose to
Wm or to its multiple wllile all energies at thebounoary lieinllle range wllere the
~genfreguency is also close to Wm :

(2.168)} = 1,2 ,3 , ....CEl ::::O (2) - I )wm::::o (2) - I ) W(E~} )),
~-~~-~~----~-~

The validity of (2.168) (confirmed by the results) is crucial for the description of
the layer boundary in the relevant case.

2.7.1.2 SCllaratrix split

Let us evaluate e (low) explicitly. Given that the energy is close to E~ I ) , the velocity

4(t - tn in e (iow) (2.167) may be replaced by the corresponding velocity along the

separatrix associated with the lower barrier, 4ilow
)(t - tn, while the upper limit of

tile integral may be replaced by Intinity.illllle asymptotic limit iP--==+U;tneinterval
between spikeswitliinllle pulse-becomes infiniIeIYlong so thafOillYlheshOffF
W(l I ) intervals corresponding to the spikes contribute to the integral in £Clow) (2 .167).

In the scale Wjl , they may be considered just as the two instants:

t (l ,2) _ t
'

::::0±~ ,n 0
s p I 4Wm ' '¥ -+ . (2.169)

In the definition of e (iow) (2.167), we substitute the argument of the sine by the
corresponoin g constants for tlie posit ive ano negative spiKes respectively:
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e (low) ;:::0 2 sin
(2.170)

IillhederivaIiOilOfthefirst equali fYiIll:T170f,WehavealsotaKerlinto account that

the function qy ow)(x) is odd . In the derivation of the second equality in (2.170) , we
havetakei1into accounfthat-therignftumiilgJ.)Ointoflherelevailf separutrixisthe
top of the lower Darner and the dIstance between thIs POInt and the left turning POInt
an ne separatrix approach~iillhelimit<1>--=::;-O~

For the frequencies relevant to the minima of the spikes of hgc ( mf ), i.e. for mf =
mY ) ;:::0 (2j - 1)mm, we obtain :

e (low) (mY)) ;:::0 2nsin ( (2j - I )~) = V2n (-I )l~],

j = 1,2 ,3 , ... , <1> -+0.

For moderatel)' small <1> , it is better to use the more accurate formula:

(2.171)

(2.172)

where the instant t = 0 corresponds to the turning point of the separatrix to the

left of the lower barrier, i.e. qy ow)(t = 0) = 0 while qy ow) > 0 for all t > O. The

dependence e (low) (mf) by Eq. (2.172) is shown for <1> = 0.2 in Fig. 2.21(a). For

small freguen cies, the as)'mQtotic formula (2.170) fits well the formul a (2.172).

2.7.1.3 Dynamics of the map

Cons ider the dynamics of the map (2.167) when m( is close to the spike 's minima:
m( ;:::0 nmm where n == 2j - I while j = 1,2, 3, ... . Let the energ y at the step i = -I

be equal to Ekl
) . The trajectory passing through the state with this energy is chaotic

since (m(E))-1 diverges as E -+ El l) and, therefore, the angle ({J-I is not correl ated
willi tne angIeOi11ne previous step ({J- 2. Tne quantity (j_1 is not correlated willi
(j- 2 either. Thu s, sin( <p--=::ll:::lfuly take any value in the rang~[:...=::r:;:I] and (j-l may
eguall)' take the values I or -I . Therefore, the energ )' ma)' change on the next steQ

by an arbitrary value in the interval [_hle (low) I,hle(low) I] .Thu s, Eo- Ell ) may have

~posi tive value22
rv hle(low) I.Then, the approximate equality nm(Eo) ;:::0 mm holds,

provided that the value of h is from the relevant range . Allowing for this and recall-

ing that we are interested only in those realizations of the map such that Eo > El~
the relevant realization of the maQ i = - I -+ i = 0 ma)' be written as:

22 The latter is valid for any rp_1 except in the close vicinity of multiples of lC while the state Eo, rpo
{2T67) ii11he latter range of f/J-I turns out iiTeleVai1f101hebOiiildary;as5hOWilfiirtherdOWil.
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Eo = EP )+ (J_Ihe(low) sin( qJ-d = E~l ) +hle(low) sin( qJ-I) I,
<po ;:::;:; qJ-l +nn,
go (LL-

(2~T73J

One may expect that further evolution of the map will, for some time, approxI
mately follow the trajectory of the system (2.87) with the initial energy Eo (2.173)
and an arbitrary_qJ-=1 and initial slow ang~lJt somehow related to <po ;:::;:; qJ=1 +nn.
Let us Rrove this explifi!ly__

Consiaer two sUbsequent iterations octile map (2~lo7):2l-=:::;-27Tl ana-27Tl ----+

27T2wiil1 an arbitrary i ~ O:-Wl1iledoing tl1is, we shall assume tile valioity of
(2:-1-6STIifWilr bcclarificd-bclowwhCili l1isiSJIliCIfiOfi1Wl1ich- itf6110WSihJiE1i)
W(Ek+l) ;:::;:; W(Ek), (ii) qJk+l - qJk ;:::;:; nx == (2j - I )1r. It will follow from the results
that the neglected corrections are small in comRarison with the characteristic scales
of the variation of E and gJ (cf. the conventional treatment of the nonlinear reso
nance aynamics(Cl1irik:ov, 1979; Licl1tenberg ana Lieberman, 1992; Zaslavsk:y et
al:-;-T99T;Zaslavsk:y, 2D07~2D05;Sosk:in et aC2003J).Furtl1ermore ifT6110ws from

7.----~---.-~-.----~-.....-~--,
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Fig. 2.21 Theoretical estimates lor the normailzed separatnx spilt (for <P - 0.2) as a function of
the perturbation freguenc)', for the lower and upper la)'ers in (a) and (b) respectivel)'. The solid
lines are calculateo fromEqs:-{2.172randl"2.204)f~ (0) respectivel)', wllile tile oaslleo
lines represent tile aSYJ11IltotICeXIlressl0i1S(2.170yaild(2.205) resIlectIvely~



(2.167) that, while the energy remains above the barrier energy, (Jk oscillates , so that
Q2i - (Jo anil (J2i±J - -(Jo . Tllen,

E2i+l = E2i + (Johe(iow)sin( CfJ2i) ,

Wf wf - nw (E2i)
CfJ2i+ I = CfJ2i + (E ) x ;::::: CfJ2i +nx + x (E) ,

W 2i+ I W ~2 i

(T I72l)

E2i+2 = E2i+I - (Johe(iow)sin(CfJ2i+ I)

= E2i+1+ (Johe (low)sin( CfJ2i+1 - nn) ;::::: E2i + (J02he(low) sin( CfJ2i ), (2.175)

(the second eguality in the maQ for E2i±2 takes into account that n is odd so that
sin( qJ - nn ) = - sin(qJ) .)

Tile quantity CfJ2i+2 - CfJ2i - 2nniSSrilaIl~hcrnap21 -=:::;-2i+212:-175)iTiafbc

approximateil15y aifferentiaI equations for E2i ana P2i = CfJ2i - 2nn i :

Let us (i) use for e(iow) the asymQtotic formula (2. I7 I), (ii) take into account
that the increase of i by I corresponds to an increase of time by n7W(E ), and (iii)
transform from the variables eE, pno=the variables [I , tk = nn[1 - (Jo )/2 - p~

Equations (2:-176) reauce tllen to

(2.177)

n == 2} -1.

CII n
- = - hV2 (- I )[;d sin(lJI),
dt
_ ] -(Jo_
ljI == nn-- - qJ,____2 _

~quations (2.177) are identical to the eguations of motion of the system (2.87)
in their lowest-order apjJroximation, i.e. to equations (2.98) where qn is rep~y

its asymptotic value (2:96)lli1d tile last term in tile rigllt-Ilana part onlle secona
equation is neglecteil~being of fiigller oriler in comparison wiihtlle term nm- wf .

Apart from thcformanCIentity oCE<]s.12:-177) analL98Y;-lJI- iill'2:-r77} ana-I)/
in (2.98) are identical to each other. Necessarily t[ corresponds to a turning point
(see Fig. 2.20) while the corresponding_lJI: is equal to 2n i or n +2n i for the right
and left turning points respectively (see (2.87)) i.e. ljI = 2ni + n (1 - (Ji)/2 , so that
\fu.98)= nljl - wft = nn [1-=cryz2 - if! ==_Ifu.I77)'

Tile relevant initial conilition s f0fI2:-T77I fOllowfiOiTI12:-173Dill<rfiOiTIlnerela::
tionshiQ between lk and qJ~
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(2.178)

while lji(O) = nn( I - eJo )/2 - Psi may be an arbitrary angle from the ranges where

(-I )ln74]sin(lji(O)) < O. (2.179)

For moderately small $, It IS better to use the more accurate dynamic equations
(2.98) Instead of (2.177) and the more accurate InitIal value of actIon Instead of
(2.178)j

(2.180)

~/ow) calculated by (2.172).
We name the quantity 0/1 sin( lji)I the generalized separatrix split (GSS) for the

lower layer. Unlike the conventional separatrix split 0/ (Zaslavsky, 2007), it is angle-

dependent . The curve I(lji) = I(E = Ell )+ 0/1 sin(lji)I) may be called then the GSS

curve for the lower barrier and denoted as Ig~s (lji).
Finally, let us investigate an important issue: wnetner tne transformatiOilfrom

ihcdiscrete separatrix map (i:e:-c2~174) and~Tl75)JlOlhcdifferential equations
(2.176) is valid for the very first steQ and, if it is so, for how long it is valid after
that. The transformation is valid as long as W(Ek) ::::0 nWf i.e. as long as Ek is not

too close to the barrier energy El l). At the step k = 0, the system stays at the GSS
curve, with a given (random) ang~~(Onrom the range (2.179). Thus, at this stage,
ine relation (2T 68) is certainly valia~for tne relevant range of Ii and for any angle
except for tne close vicinity onne muliiples of n}.Tne cnange of energy at tfie next
steQ is positive too:

EI - Eo == eJohto(iow)sin(<!iD ) ::::O - eJ_ Ihto(iow) sin(cl>_l - nn )

- h (low) . ( - ) - E E 0- eJ_ I to Sin 9' - 1 = 0 - - I > .

This ma)' also be intefQretedas a conseguence of the first eguation in (2.177) and of
iheinequaliiY12~179).

H~Tr68)isvaliaanfie step k~I~Similarly, one can shOWlhai
E2- E, > 0, etc. Thus, the transformatIon (2.\74, 2.175)----+(2.176) IS valId at thiS
initial stage indeed , and the evolution of (E,ip) does reduce to the resonant trajec
tor)' (2.14) with an initial angle from the range (2.179) and the initial action (2.180).
Tfiis lasts until tne resonant trajectory meets tne ass curve in tfie adjacent n range
or~ i.e. at t such that the state (J(t ), \k(t )) satisfies the conditions:

[lji(t) jn] - [lji(O )jn] = I . (2.181)

At this instant, the absolute value of the change of energ)' Ek in the seQaratrix mal'

(2.174) is equal to Ek - Ell ) Gust because the state belongs to the GSS curve) but
the sign of this change is negative because the sign of sin(Cf>k) is opposite to that of
iliiliPQ[Tnerefore,a t iliestePf=j=-Ct he system gets to the separatrixitsel( illwtne



~gular=likeevolution stoRs: at tlie next steRonlie map, tlie system may eiineragain
gef101heGSSCiifVeout witli a new (ranoom) angle from tlie range (2.179r,andstarI
a new regular-liKe evolution as oescri5eo a50ve ; or it may get to tlie similar ass
curve beLow the barn er and start an analogous regular-like evolution In the energy
range below the barn er, iiiiiil It stops In the same manner as descrIbed above, etc.

Tliis approachrnaJ<eSifj50Ssi5lelOdescribealrfeatures onlie transport wiUiin
ihechaotic layer. In tlie present context, it is most important to oescri5e tlie uIJIJer
outer boundar)!of the layer.

2.7.1.4 Boundar)' of thc la)'cr

We may now analyze the evolution of the boundary of the layer as h grows . Some
of tlie stages of tlie evolution are iIIustrateo-bYFigs.-2~T3~2~14 anoT22:

lffollows from tile analysis carried out iiitlle previou s subsectiOiilIiC:Cat·aC:CnC-CyC-s:Lta"'tC:Ce
(iiilhcr = --I}Tp laiiCflyiilg5eYOOdlhcGSSCUi'VCbliT beIOiiging to any trajectmYfol:
lowing~qs. (2.98) which Rossesses common points with the GSS curve belong~

to the chaotic layer: the system starting from such a state will, sooner or later,
reach the seRaratrix where the chaotization will necessaril y occur. Therefore, the
upper bounaary onlie cliaoticlayer coincioes wiifillie trajectory followin g equa
-- --------------- -- ---- ------- T\'\J -
tions (2.98) with the initial action (2.180) and an initial ang~~~O~rom the rang~

(2.179) such that the trajectory deviates from the barrier energyj)y more than does
a trajectory (2.98)-(2.179)-(2 .180) with any other initial angle. There may be only
two toPQ!2gically different options for such a trajectory: either it is tangent to the
GSS curve, or it is tlie separatrix trajectory wliicli intersects tlie ass curve (some
scliematic examples are sliown inFigs.-2~22(a) anol:bl respectively; some realcal=
culaIions are sliown inFigs.-2~13 anoTl4T.

Consioerfirst values of-hwllicli are large enough- fOfl lie conoilion (2~lo8nobe

satisfied (the explicit criterion will be given in (2.192» but which are smaller than

the value h~? =:0h~? (w! ) determined by Eq. (2.125) (its meaning is explained below) .
The further analysis within this range of h differs for the ranges of Wt relevant to
odd and even sRikes, and so we consider them separately.;

The relevant frequencies are:

n =:o 2j- l, j = 1,3 ,5 , .... (2.182)

Let us seek the state g (l ) , lJItUlJ (with lJIP)within the range ]0, 7r[) where the res
onant trajectory is tangent to theGSS curve. Witli tliis aim, we equali se 50tll tlie ac-
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Fig. 2.22 A schematic figure illustrating the formation of the boundary of the lower chaotic layer

for h < hi~ (w( ) in the ranges of w( relevant to (a) odd, and (b) even spikes. The dashed line

shows the GSS curve in the energy-angle plane: E(lft) = Eg~s (lft) == E~I ) + 0/1 sin(lft)l. Thicker
soliil lii1eSSnow examplesofthosetriijeaOries{2:98jWnich-navepoimsin common wiilltneUSS
curve. One of them (shown b)' the black Ime) relates to the formatIOn of the upper boundary of
tne lower cnaotic layer: ii1T<i),tne 60unoary is tne trajectory tangent to tne GSS curve; in (6),lhe
~ IS the upper part of the separatrix generated b)' the saddle Us". Relevant common pomts

of the GSS curve and the thick black line have angles ± lJ!J(l) and energ)' E}l) in the case (a), and

angles ± lftFJ and energy EFJin the case (b). The minimum and maximum deviation of energy

on the boundary from the barrier energy are denoted as Ol~n and ol~lx respectively. The maximum
deviation on the GSS curve is equal to 0/. (Color version rna)' be found in the online version of
(Soskin et aI., 2008a) as Fig. 16).



iiOilSaildlfieClerivativesof botn curves. Tne egualitfQfaciiOilSimmeoiaielyjdelus

I//) via lJIt(l ): I/ /) =:0 I(E = E//)) = Ig~s(lJIP)) . The derivative along the ass curve

is obtained by differentiation of Ig~s (lJI) . The derivative along a resonant trajectory
can be found by dIvidIng the first dynamIc equation In (2.14) by the second one.

Substituting the eXQression of IFJ;;ia 1J!r(iTimo the egualit)' of the derivatives , we

obtain a closed equation for lJI,u ), and its solution immediately gives us the relevant
lJI(O)l

= 0,

EP) =:0E~l ) +hl£(low)Isin(lJIP )) , - (I) [0 ]lfIt E ,Jr,

(2.183)

n =:0 2j -l, j = 1,3 ,5 , ... , - (0) - - (iflfI - lfIt .

A careful anal)'sis of the Qhase space structure shows that, in the present case

(i.e. when h < h~? (w!) while j is odd), there is no separatrix of the resonant Hamil
tonian (2.87) which would both intersect the ass curve and possess points above
the tangent trajector)'23. Thus , for this range of h, the outer boundar)' of the chaotic
layer isformeuTiy tne trajectory following tne oynamical equations (2:98TWiihthe
iniiial angle given bY12:T83) and111einiiial action by12:T80nFig:-2:22W}:

Let us findthelowest-oroer solution oftq:-(T183Y:-We neglect tn-=-e-':-te=-::r=mc-r=
wd (nw(E)) (the result will justify this) and use the lowest-order expression for the
relevant guantities: namely~s. (2.171) and (2.96) for £(iow ) and qn respectively-,
and the lowest-order eXl'ression for<:IlkjCfEwnichcanoe<:!erTvealromEg. (2-:-95):

(2.184)

dqn(E )_(_I)[gj Jr
dE - 4V2 (E - E~l )} In (ep-l) '

n=:o2j-l , E-E~l ) «ep--+O.
------------~-~

Then Eg. (2.183) reduces to the following~uation

2( - (I)) _ nJr
tan lfIt - 81n (ep-l )"

The lowest-order solution of{2TI5) in the rang~]O, Jr [TI

(2.185)

nJr 1- (-I)[I]
8In(l jep) +Jr 2 . (2.186)

23 For odd numbers j 2 3, Ihere are separalrices which lie in the range of E where ro(E) « rom i.e.
much closer 10 Ihe barner Ihan the tangent trajectory : these separatnces are therefore Irrelevant.
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It follows from the definition EY) (2.183) and from (2.186) that the lowest-order

expression for EF) - Ell ) is

n3! 2 h
E(I ) - E (I) = 8 sin(IJ!J(I)) = --~;::==;=:::=c=:;=

/ hi/ 2 Jln(I /<P) /n
(2.187)

The next step IS to find the minimum value of the energy on the boundary of the

layer, E~ln' It follows from the analysis of the dynamical equations (2.98) that the
corresponding angle IJimin is equal to 0 if sign(qij- d > 0 (i.e . j = 1,5,9, ...) or to n
if sign(q2;-I) < 0 (i.e. j = 3,7, II, ...): cf. Fig . 2.8(a). Given that the Hamiltonian
(2.87) is constant alongJllly trajectory (2.98) while the boundary coincides with

one such trajectory, the values ofthe Hamiltonian (2.87) in the states {/(E~ln) ' IJi =

1J!min} and g(l) , IJiY)} should be equal to each other. In explicit form, this equality
may De written as

(I)

j'EI
( W!) ( (I) - (I) [!!] (I) ) _

E~!n dE I - nW(E) - h qn(E/ ) cos(lfIt ) - (-I) 4 qn(Emin) - O. (2.188)

Let us find the lowest-order solution of Eq . (2.188). Assume that E~ln still be
longs to the range of E where w(E) ::::0 Wm (the result will confirm this assump
iiOrl)-:-Tfien theintegran(ril1l'2 ~l88) goes to zero iiiilie asymptoticlimit<P --+ O~

Hence theintegral may De neglecteo (again, to bejustified-Dy tfie resuln:-Tfie re
maining terms in Eg. (2.188) should be treated ver)' carefully. In particular, it is
insufficient to use the lowest-order value (2.96) for qn since it is the difference

between qn(EF)) and qn(El~ln) that matters. Moreover, the approximate equality
(I) (I) ~ (I) (I) (I) (I) . .

qn(E/ ) -qn(Emin)~dqn(E/ )/dEt (Et - Emin) does not apply here either SInce,
as follows from Eq . (2.184), the derivative dqn(E) /dE may vary strongly in the

[E {l~E I) ] if (E {lJctEI) )/(E (I) E(I )) ~ I (agai be iustifi db hrange min' / I / - min min - h > agaIn, to e Just! e y t e
resulT).1fiat IS wfiYit IS necessary to use tfie more accurate expresslQi1T2.95)Tor qn.

Allowing for the asymQtotic eXQression (186) of i[tF) and keepiJlg~y the lowest
oroer terms, one can finally reouce EQ.12~188) to tfie relation

(2.189)

(2.190)

Substituting here the as)'m]Jtotic value of EF) (2.187), we obtain the final lowest
order eXQressionfor the minimum deviation (along the boundary) of the energ)' from
ifieJJarrierJ

8(1) = E(I) _ E (1 ) = (E (I) _ E(I )) /v'e = n
3

! 2 h
10m - 10m h / h 2e l / 2 Jln(I /<P) /n '

-~~~-----
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It is necessary and sufficient that the condition w\ E} :::::; Wm is satisfied at the minimal
and maximal energies of the boundar)' to ensure that the second egualit)' in (2.168)
holastrlie,-iTel1af(;)[Efis close to Wm for all points of the boundary.

At the mtnlmaL energy, this conditIOn IS

(2.191)

Eg:-(2~191 )-deteiTIiinesthel6WefliiTiifOftherelevant range on~Tlle as)'mptotic
fOfITi()fI2~191TiS:

(2.192)
In(~~)

In(I /<P) « 1.

We emphasize that an)' h of the order of hso (2.136) satisfies this condition . In the
~)'mptotic limit <P ----+ 0, the left-hand part of Eg. (2.192) goes to zero.

As for tile maximal energy, it may taKe values up to tile energy of tile lo-w-e-r-s-aoole
"sl";i:e:-E;[12~102r.-ObviouslY.l'2~T68ri s valiaanllis saoole, too.

(2) Even spikesl

n = 2] -=-1-,--j = 2~4 , 6, ... . (ET93)

In this case, qn(E) and dqn(E)/dE have different signs for all E within the rele
vant range (i.e. where w(E) :::::; Wm, qn(E) :::::; qn(Em)): cf. (2.96) and (2.184). Then ,
inllle asymptoticlimit<P---=::;-0;ECf.l'2~183)f0f1Ile tangency ooes not liave any so-

lution for ijlF ) in the relevant range24 . There rna)' onl;t; solutions ver)' c1os~

some of 7T: integers , and the corresponding energies EP) are then very close to E~

i.e. W(EP)) « Wm : therefore they are irrelevant.
At the same time, unlike for the odd spikes, there exists a saddle with an angk

-(I) I-(-I)[~]
Ills = 7T: 2 ' (2.194)

while the energ)' (which rna)' be found as the apQroQriate solution of Eg. (2.99))
lies in the relevant vicinit)' of the lower barrier (Fig. 2.22(b)). In the lowest-order
approximation, tliis saoole energy is:

(2.195)E (I) = E (I ) + ~
s - " b Us, o=~ h
_______s---'2_~ In(ln(4e/<P)) .

TliissadaleTdenoteo-inFig.-T22(bTaS"S") generates a separatrix.its upper
wliisKers go to thcsimilaradjacent saoolCS(Sfiiftcd-inljTby27f):-li11lie asymp-

24 In case of a moderately small CP, tangency may exist in the relevant range of energies. The
boundary of the layer IS then formed by the tangent traJectory.
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toiiclimit<P----=::;-O~fie upper wfiisKers are mucfi steeper thantFieGSS curve ana
hence they do not intersect it25 . The lower whiskers do intersect the GSS curve and ,
moreover, two intersections lie in tfie relevant energy range (Fig. 2.22(oJ).T:et us
show this explicitly. We WrIte the expressIon tor the HamIltonian (2.87) In the rel
evant vicinity of the barrier energy (i.e. where rom - ro(E ) « rom), keeping in the
exj:JreSsiOilootfi tfie lowest-ariler terms ana the terms of next oraer-(in Q'II!icular, we
use Eq. (2.95) for qn(E) and take into account that °< ) 2 - nqn(E) « J 2 for the
relevant range of E):

noln (2<P)
Fl(I = I (E = E( I )+ 0) ift) = _ "0 +

b ' 21n (~)

nnln (2(P)
-(-I )[~]hv2 1+ 0 cos(ift ) ,

SIn ( ~ )

rom - ro(E + 0)« rom .

nn

(2.196)

The Hamiltonian Fl should Rossess egual values at the saddle "s" and at the in
tersections of the separatrix and the GSS curve . Let us denote the angle of the inter-

section in the range ]0,n[ as iftj(l) , and let us denote the deviat ion of its energy Ej~
fromE (I ) aso(l) = ol sin( 1J!.(I)) .
__b__ l l _

Assuming that lift?)- 1ji:[1 )I « I (the result will confirm this) so that

~I)) ~ (- I ) [n/41 (1 - (iftFr=q;pT)2j2)
~ (- I ) [n/41 (1 - (oF)/ 01 )2 / 2) ~ (- I ) [n/41 (1 - (oF)/ h)2/ 4),

n

21n (~) (
2<P ) (I)osln 8; - OJ In

In ( s, )
=hv2

nn 8fY
S In (~)

(0/1) )2
- 2V2h '

Let us assume that, in the asymptotic limit <P ----> 0, oy)« Os (the result will
confirm tfiisJ:-Tfien tfie left=fianil part is asymptotically smaller tfian tfie first term in
iherighT-fianil part. Sa,-EQ.12~r97)implies;-intfie asymptoticlimif,lfiat tfie rigfit
hand side equal s zero. Expressing h via Os from Eq. (2.195), we finally obtain a

closed transcendental equation for Os/ 0}1) :

25 In case of a moderatel)! small <P , they may intersect the GSS curve . Then , the tangent trajecto!')'
lying aoove Ihe separalrix necessanl y exists, so Iheoounoary onllelayer isformeo-oy this tangenl
tJ:l!JectorY]
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(
Os )2 (OS) nln(~)_
oy) In oy) = n(ln(ln(~)))2 = A.

Inllle asymQtoticlimitep--=::;-O~lle guantiIXA-diverges anil~hence,thelowesr-:

order asymptotic solutIOn of Eq. (2.198) reads as

s, I 2A

of ) = VIn(A)"
(2.199)

Substituting here the eXQressi0il12-:T<f5)1mos and the expressi0il12~for A, we
obtain :

nnln (In (~))

In (~)
(2.200)

Thus, we have proved the following asymQtotic piQPertiesof the separatrix gen
erated by the saddle "s" : (i) the lower whiskers of the seQaratrixdo intersect the GSS
curve in the relevant range of E (i.e. where the resonant apQroximation is valid); and
{iinlie upper wliisKers of tfie separatrix uo not intersect tile GSS curve (tliere is no

solution of Eq. (2.197) in the range of )> os). The former property confirms the
self-consistency of tlie asymptotic tfieory for even spiKes; tlie latter property means
iliat tile upper outer voun aary onhelower cliaoticlayer isformeu-bYllie upper
whiskers ofthe separatrix generated by the saddle "s".

Finally, we note explicitly that the minimal (along the boundary) deviation of
energy from the barrier energy occurs exactly at the saddle "s" , i.e.

2. Relatively~ge h

(I)
§min = os' (2.201)

Ash grows, tfie oounuary onhelayer rises wliilelhelower part onlie resonance

separatrix, on the contrary, falls. They reconnect at the critical value of h, h~? ==
h~? (wI) , determined by Eq. (2.125), which may be considered as the absorption of
ilie resonance bY1ne chaoiiclayer:-Wh grows further,tnentheGSS curve anuthe
resonance separatrixintersect. As a resulnfie trajectory startingfrom tlie state of
angle (2.183) and action (2.180), for odd spikes, or from the saddle "s", for even
spikes, is encomrzassed by the resonance separatrix. So, it no longer forms the outer
oounuary onfie layer. Ratner itfonnstfiei i1i1eroounuary i~neoounuary onhe
maiilislanu of staoilitfinsiilethelayer, repeateu periOclicallyiilIf! wiin a period-2n
{Cf. analogou s islanusiiline upper layer iilFig:-2:T3).TJi11ess thelower cllaoticlayer
reconnects with the upper one, the outer boundary of the lower layer is formed b)'
the upper part of the resonance separatrix . The relevant initial angle lj/(O) on the
GSS curve corresQonds to the intersection of the GSS curve with the resonance
separatrix (cf. tile analogous situation for tile upper layer in Fig. 2.13).
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2.7.2 Upper chaotic layer

The upper chaotic layer may be treated analogously'" to the lower layer. We present
hereoi1l .Y1heresults.

Similim)TlOlhelower-layer case , one may consiClertlle ranges ofrelativelfSi11ii1l

h (namely, smaller than hl~ ) == hl~ ) (w,) determined by Eq . (2.126)) and relatively

large h (i.e. h > hl~)) . In the former range , the formation of the boundary occurs in
a manner which is, in a sense, oIJRosite to that for the lower-layer case . For even
spiKes, tile lower outer l:lounoary is formeol:ly tangency wllile, for ooospikes;-itis
formeCIbYlhelower part onlle separatrix generateo-l:ly tile saoole ":s", analogous to
the saddle "s"in the lower-layer case27:

So, for even sIJikes, the angle of tangency Vit(u) is determined by:

E (U ) = E (2) _ hle (uP)Isin (,Tf(u))
1 - b • '1'1 ljI}U ) E [0,z] , (2.202)

j = 2,4 ,6 , ... ,n == 2J' - 1, ITf(O ) - IT,(u)'-------'-- --"---"----''-----"---__, _ - _T: t~

and Vit(u) determines the tangency energy:

E/ U) = E~2) _ hle (uP )1 sin( if!r(u»),

where the quantity e(up) is describ ed by the formula

(2.203)

(2.204)

where q~uP) (t) is the time dependence of the veloc ity along the separatrix associated

with the upper barrier and the instant t = 0 is chosen so that q~uP)(t = 0) is equal

to the coordinate of the lower barrier while q~uP) > 0 for t E [0,00[. The dependence

Ie(up)(w!) in Eq. (2 .20~) is s~own for ep = 0.2 in Fig. 2.21(b).

Tile asymptotlCform ofEq.12-:-2D4Tls

26 For any AC-driven sIlatially periodic Hamiltonian system, the ufJfJer energy boundary of the
layer associateu witli tlie un60unueuseparatrixdivergesii11headiabaticl imirwr=:>O-cSOsKi ilefal~

2005).However, tlils ulvergence IS not relevant for tlie present pro6remfor tne following reasons.
Thclowcrchaotic lii)/CrfCliitCstOlhcbowweascparatrix wliile, for tlie upper (un60unucd)layCr;
It IS tne lower boundary of tne layer wnlcn ISrelevant for tne onset of global cnaos In between tne
separatrices. Moreover, even for tlie upper bounaary of tne upper layer, tne divergence is not yet
manifested for the driving parameters (h,OJ! ) in the vicinity of the spikes minima (cf. (Soskin et
al., 2005»J

27 This tangency may exist for a moderately small CP . The boundary is then formed by the tangent
tJ:<!Jectory mtner tnan by tne sepamtnx: see an example In Fig. 2. l4(c).



(2.205)e (Up) == e (Up) (w!) = 2ncos (i£)_. _
For Wt = win~ (2j - I )Wm , Eg. (2.204) reduces to

(') (n) P?re (uP)(w/)~2ncos (2j -I)"4 =V2n(-I) 4 ,

J= 1 ~2~3~<P -+ O. (2~200)

The lowest-order solution of (2.202) is given in Eg. (2.121), so that E}u) is a)Jp~
mateo 5y E(f.l'2 .122j.Tne maximal energy on tne lower50unoaryofthelayer cor
responostOlji'(t ) = n ifF2, 6, 10, ... or 0 if j = 4,8 ,12, ... and is determined by
E(f.l'2~123).Tne asymptotic value of tne minimal oeviation from tne upper 5arrier

of the energy at the boundary, 8~~, is given in Eg. (2.124).
For odd sQikes, the boundar)' is formed b)' the lower )Jart of the separatrix gen

erated b)' the saddle "5 " . The angle of the saddle is given in Eg. (2.117) while
the deviation of its energ)' from the barrier is aQQroximated in lowest-order b)' Eg.
(2.118)J

As Ii grows, the50unoary onhelayer f:.illswniletne upper part onne upper

resonance separatrix rises . They reconnect at h = h~~) == h~~ ) (w!), as determined
5y E(f.l'2~12O),Wnicn may 5e consiCiereoastne a5sorption oftne resonance 5y the
layerl

For larger h, the boundar)' of the la)'er is formed b)' the lower )Jart of the u)JQer
resonance se)Jaratrix (Fig. 2.13), unless the latter intersects the lower GSS curve (in

which case, h~~) marks the onset of global chaos) .
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HamilfOiii3ilChaos and-i\nomalOiiSTransport
in~wo_nimensionaLElows

Xavier Leoncinil

Abstract In this chapter we discuss the dynamics of particles advected in regular
ana cfiaoticflows. We-first aaaress thedynamics of point vortices anasfiow the
great variet)' of the d)'namics of three point vortices near the singularity_giving rise
to vortex collaQse. We discuss the strong influence of the existence of a finite time
singularity on tfie aynamics, especially on fiow tfie periodonhemoIianevolves
as we get closer to tFieSingular conaifi~Wetfien analyze transport properti es
of passive tracers in various flows. We start wifh-integraoleflows governea-oy tliree
vortices, then switch to chaotic flows generated by four and sixteen vortices, and end
t,JQ with a turbulent flow governed b)' the Charne)'-Hasegawa-Mima. For all cases,
anomalous sUQerdiffusive transport with a characteristic eXQonent g "'-' 1.5 - 1.8 is
ooservea:-Tfie origin of tlie anomaly is explainea oy tlie plienomenon of stiCKiness
arouna colierent structures in regular flows, ana -oy tfie presence of regular cfiaotic
jets for the chaotic and turbulent ones. Finall)' we illustrate how the Hamiltoni an
nature of chaos can be used to localize 3-dimen sional coherent structures or how to
improve mixing_PIQperties in cellular flows while keeQiilg the cellular structure of
ilic_f1 OW]

3~Clntro(Juction

IfWiiSlong believeatliat tfie aeterminiSficcliaracter or-Newton equations was the
Key to unaerstanaing tfie universe. In some sense, one woula-just fiave to unaerstana
and describe well enough a s)'stem to be able to solve the eguations of motion and
predict the future . However it has been clear now for more than a century that most
g)'namical s)'stems do not lead to simple and regular solutions. Indeed one observe
most onlie time a strong sensitivity to initial conaifions for solut ions of adeter-

Xavier Leonciiiil
Centre de Physigue Theorique, Luminy Case 907, 13288 Marseille Cedex 9, France,
e-mail:xavier:Leonciiii-@cpt.univ-mrs.fr
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mifiiSiic system, anolilllesshaving access to an exact an<:lQeffectdescriptiOilOfOiif
surrounoing worl<:l, we cannot pre<:liCfeVOlilliOilSforTargetimes. Tliis fact may liave
generate<:l some <:leceQtions, out on tne otner lian<:l tlie comQlexit)' arising from tnis
sensItIvity to Initial condItIons, cnaos, allows to reconcIle claSSical mecnamcs wltn
tnermodynamlcs. Tne discovery of tne second prInciple of tnermodynamlcs In tne
miaoleoflneT9tli centur)' c1earlxdefinecIlheproolemoflhelifik-oetween micro:
scopic eguatiOilderiving from Hamiltonian <:lynamics wliicli are time reversible an<:l
thermodynamics which evolves irreversibl)' towards a state which maximizes the
entropy (<:lisoroerj.To summarize, irreversibiliVisessentiallyobserveo-for global
ensembles variables. Tliese are lifiKe-d101lie microscopic ones oystatiSiical means,
il11l1is sense irreversibility gets a probaoiliSiic nature, ana can oe expecteotofind
its origin in the law of large numbers, which naturally apjJlies to macroscoQic sys
tems . The switch from elementar)' Qarticles governed by conservative Hamiltonian
oynamics ana statistics on pnase space fin<:ls naturallyits originifilheliypotliesisof
molecular c~dsensilivitY1Oiniti:ilconoitions. Inuee-dllie equations of motion
are reversibleout we nee<:l an exact K:nowleoge onlie system to invert time ana any
mistake made by some ideal non invading measurement will lead to disorder. These
QI"Qperties of the dynamics are intrinsic and are essentially due to the nonlinear form
of the motion eguations.

We observe actually tne same plienomenon wlien we are interesteo-in transport
properties of an ensemole of particles:-Cliaos implies1neimpossiole necessity of
knowing exactl)' the initial conditions, hence using a statistical description of the
ensemble is necessary and the evolution of the statistical distribution is studied to
characterize transQort. Most of the time , the transport law is linked to a diffusive phe
nomenon. If we consioer transport of pollutants in a f1ui<:l, one must tnen also take
into_accounulic_f1ow_witl1in_tlic_f1iii<:l _as_wcILas_tlie_moleculiiLdiffiiSiOiLtliaLtaK:cs
place. Since molecular <:liffiiSionis relateo to microscopiccnaos, we can imagine
that a fluid particle (at the mesoscopic level) which is transQorted (advected) b)' the
fluid can also have a chaotic dynamics, notabl)' when the flow is turbulent. Hence an
ensemble of f1uio particles may also oiffuse. We enolij)Witn some K:indofRussian
0011 (matrosl1K:a) structure, willi a oiffiiSion at tne microscopic scale willi anotlier
one on top at tne mesoscopic one.

In this chapter, we shall consider the dynamics of particles advected b)' different
types of flow, with the Qerspective to understand transQort QI"Qperties for an ensem
ble of particles and eventuall)' the control of transQort. Indeed, the arguments which
leao to <:liffusion plienomena can be matnematicallywell-describea-iflne motion
of particles-is sufficiently erratic an<:l stocnastiC:-However tlie presence ofcnaos, as
we shall see, rna)' not be sufficient to achieve diffusive transQort. With this in mind,
we will consider only the mesoscopic scale and ignore molecular diffusion. This
choice can be justified in two wa)'s, first depending on the advected guantit)' and the
characteriSiics of tne flow, one can assume tnat molecularcnaraeteriSiiC1imescales
are negligiole. Secon<:l, as we sliall see, tlie a<:lvection of passive tracers in incom
pressiole2~dimensional-f1ows belong to tne class oflow <:limensionarHamiltonian
§)'stems, so we rna)' be able to somewhat generalize the obtained results to other
types of systems with eguivalent Hamiltonian descriptions.
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ThechapterisorgariizedasfollOWS:-First, we illustrate theIlJienomenon of
chaoticadYeaion,tJien we <:liSCUSSlheci)IiilliTIicsofpoiTifYOiticesand eSQeciallY:
focus on tne <:lynamics wnicn can leaCl to tJiree-vortex finite time singulari f)T1COl=
lapse) . Tnen we conslCler transport properties ot passive tracers (flUId particles) m
regular and cnaotlc flows. Fmally we snow possIble ways to use cnaotlc advectIon
pnenomena to our a<:lvantag~

3.2 Point vortices and llassive tracers advection

First , we will give some definitions.

3.2.1 Definitions

Let us consider a flow v of an incomQressible fluid (V · v = 0). A Qarticle that is
put in this flow will be considered a passive particle, if its presence in the fluid has
no impact on tne flow itself (or at first glance a negligi51e one) . fi11Jiese regarCls,
one wilr5e a51e to i<:lentify a passive particle wiifilne so-callea"f1uiCl-particles":-lil
this setting the motion of the passive scalar (passive particle) can be inferred from a
Lagrangian perspective. Indeed the speed of the passive Qarticle has to be the speed
of the flow itself, thus the trajectories are solutions of the following differential
equatiOill

(3 .1)r = V(Lr-'-'t=-./)'-', ---'_=__=_'-'-

where r = (x,y,z) corresponds to the passive particle position . When we restrict our
selves to 2-dimensional flows one can easil)' rewrite Eqs. (3.1) using an Hamiltonian
formalism. Since V . v = 0, we can define up to some gradient a stream function H
sucJi tJiat v - V /\ H, an<:l if we Jiavc a 2-Climcnsionalsystem, H - H Cz resumes to a
scalar-function H wnere Cz <:lefines tJie normalofine two Climensionalplane. 1111l1is
setting Eqs . (3:-1Toecome

(3.2)
. aH
y= - ax .

. enr:»:
-_2'_------"-"''---------------

WesnalfnoticetnattnecoupkJiy) correspondseitnertOthe canonical conjugate
variiioles oflfieHamiltonian anCl-descri5e pJiase space, or tne pnysical Cartesian
coor<:linates onne partiCle:-One notices Jiere, one onne compelling properties of
passive Qarticle dynamics in 2-dimensional flows: a direct visualization of a Hamil
tonian phase space b)' looking at the particles in the flow itself. This P!2perties
maKetJiese systems one of tne i<:leal ones to confront low-<:limensional Hamiltonian
Clynamics wiihrealexperiments.

In_wnaLfollows_wc_shaILusc_tnc_morc_usuaLnotation_1f'30LtJie_strcam_function.
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ThISphenomenon translates the fact that despIte a lammar structure of the flow, pas
~icles or tracers navechaotietrajectOfiesrAref;-r984~1 990;Offino;-r990r.

As a conseguen ce mixing is consideraol )' enhanced-inchaoticregiOilSOftheflOW;-in
the sense thaRhaotic motions mixes much faster than molecular diffusi0i110ffiilQ,
1989; Zaslavsky et aL, T991; Cnsantl et aL, 199n:rof2-dlmenslOnal mcompress
ibleflows, smce chaos ISgenenc for one degree of freedom tIme dependent HamIl
tonian systems (usually know as systems with I -1 degree of freedom) one can
~ect to observe chaotic advection as soon as we have a time dependent flow. Such
situations are guite generic and one observes in a multitude of p\1)'sical s)'stems
andapplications, for instance in geophysical flows or magnetized -fusion plasmas
{Brown and-Smiih-;-199T;~ehringer et al~199T;CherniKov et al~1990;Dupont

etal~r998;Crisantiefal:-;-1 992;Carreras et al:-;-2003;Annibaldiefal:-;-200D;del
Castillo-Negrete et aL, 2004; Leoncini et a1. , 2005) or in chemical engineering (to
enhance mixing of reactant)(Balasuri ya, 2005; Stroock et aL, 2002). In this sense
chaotic advection reveals that the link between Eulerian and Lagrangttllp~~

are not as simple as one woula like. Ana unfortunately from a mixing or transport
point of v iew a Lagrangian approach-is manaatory. We-shall now start wiiflabrief
example describing chaotic advection .

3.2.2.1 Examllie 1: advection in an arra)' of vortices

Let us consiaer thefollowing stream function

(3.3)ThIiy) = a sinxsin y,
'-"----- - - - - - - - ---'-------'-

~O__1__2__3__"__5__L
x

Eij}3:t-Tia)ectOriesoflesf particlesai1d-fieJef lii1eSOnhefl0WT3~3).Ttie)l Q~depei1dOi11he
Value arm
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wnich-descfi6es an arra)' ofaHemaJ:ingvoriices emergingforinstance from a con
Yeaiveinstil5iliIfStiCh----asRa)'leigh--=Benaril1Solomon ana-Oolllib--;-r988;Williifme
et al., 1993; Solomon et al., 2D03r-Fiela lines of tlie velocit)' are representea for
thIs flow In Fig. 3.1. Passive partIcles dynamiCs result from HamIltonian dynamiCs
governecrbyll{);thliSfrom a system wiili one aegree ofTreeaom. Ii11liis setting

. PaiticlemotiOilis integra6le

. Pariicleslfajectariesa:feiileriiicaI1OVelocit)' fielaliileS(seeFig. 3~1)

3.2.2.2 Examllie 2: advection in an arra)' of vortices

Now let us consider the stream function

(3.4)%J&y,t) = IfbT G L yCL),---' ------"'-'---"-

wiiflj = £ sin ~)t (Solomon ana-Oolllib-;-1988r-We actually are pertur6ing the
stream function (3~3)-;-6y maKing tne array of vorticesoscillate il11lie x-ilirection .
Wiihtnis pertur6ation, tl1eflow is still regular6ut 6ecomes time-ilepenilent. Fiela
lines are unchanged and are thus those represented in Fig. 3.1, but the)' oscillate
in one direction with an amplitude £ and a Qulsation ~. However if we consider
tlie ilynamics of passive particles, we still nave an Hamiltonian system, 6ut a time
dependent one, and we have a 1 - ~ degree of freedom which is generically chaotic .
To_summarize_weJiave

• Field lines are just oscillating , the flow is laminar and and simple (see Fig. 3.1)
• Instead the motion of tracers is chaotic (see Fig. 3.2).

welhusooserveHamiltonian cnaos from a Lagrangian perspective even thoughthe
flow is extremely simplefrom the Elilerian one. Anil;8ince transport properties are

x
- 2 0 2 4 6 8

Fig. 3.2 Poincare section of particles trajectories advected by the flow governed by (3.4). Param
eters useo to compute trajectorIes ana tFie figure are a - O.~O.63 et ~ - 1.
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more naturaniOmlheLagrailgian poififOf view;-wenave to takeinto account the
cliaotic oynamics of tracers to cliaracteri ze transport in tliese type of systems.

3~3-A s}'stem of }>oint vortices

In order to study chaotic advection and transport we will consider flows generated
oy point vortices . But first we will give some oefinitions .

3.3.1 Definitions

[ et us consioer tne Euler equatiOilfor tlie vorticity ina2=-dimensionarincompress
ioEflO\\1

(3.5)
aD 2-a + [D, lJI]= O,D= - V' lJI ,_ t _

--- --r:-:1-------- -
where ~ is the stream function , LLJ and denote s the usual Poisson brackets. And let
us consioer a vorticity fielo given oy a superposition of Dirac functions:

N

D(x,t) = Lk;O (x - x;(t)) .
i=l

(3 .6)

Here, k; designate the vorticity of the point vortex localized at point x;(t ). Tnevor::
licity is-infact oirectly associateo wilhtne circulation onne velocity fielo arounothe
vortex. One shall notice that vorticity is zero everywhere but at the point where the
point vortices are located (thus their name) . This point vortex distribution is an exact
solution of the Euler eguation (in the weak sense) at the condition that the N posi
tions of the vortices x;(t ) follow a prescribed dynamics (Machioro and Pulvirenti ,
1992l-IJn fact one snows tnat

I . Tne system can Demappeo to an N=oooy-Hamiltonian oynamics
2. When we are considering the whole Qlane, the Hamiltoni an writes

(3.7)

wnerekiZi3rJQzjai'eine canonicallfCOiljugate variaoles oftheHamiltoniarl {3:7 j
and locate the position x;(t ) in the complex plane.

The Hamiltonian eguations obtained from Hamiltonian (3.7) translate the fact
that each vortex is advected by the velocity field generated by all other vortices. In
the same spirit if we want the velocity field in anY_Qoint of the plane we can get it
using tne stream function If' wliicn writes



I N
P(Z,z,t) = - 2n Ek;ln1z -z;(t)l ,
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(3.8)

and by computmg Its curl.
~garding tlie d)'ilaiTIicsofpoii1fVOl1ices , we can noticelFiaflheHarriilIOiiiari

(3:7y isiTiVariarifbyrrai1Slationand byrotationii11heRlane:-TheiTiVariiiTiCebYthese
contllluous symmetry groups Implies the eXIstenceof three extra Illtegral of motions
which are conserved quannties. The energy associated to the Hamlltollian belllg the
fourth-integralof motion . Translational ana rotationarinvariance imply respectively
the conservation of "momentum"

1'L

P == [k;x;(t) = canst ,
i=l

and angular momentum of the vortices given by

N
-2-~-2

L == '-- k;x; (t) = canst .
;=-1

(3.9)

(3.10)

illfact onlytnree oflnese four integrals are ininvolUiion (meaning tnat tney
reflect conoitions wnicn are truIYindepenoent) . Given tniS,lne system isintegraole
if the number of point vortices N is such that N < 3, on the other hand vortex motion
is not integrable and conseguently chaotic if N > 3 (Novikov and Sedov, 1978; Aref
ano-Pompnrey,1980r.

Due to the specificity of the logarithmi c interaction between vortices, it is possible
to get anotner transformation wnicn preserve tne HamiltoniarJ(3.7j.Tnis last invari
ance nowever imposes a conoiiion on tne vorticities onne point vortices. Incteeo-if
the conditionl

[k;kj = 0 ,
~j

(3.11)

is satisfied;lnei11heHamiltonian oecomes scaleiTiVarianf.ln oroer to get tne conoi =
iion\'3:n) one can simply rescalealrJength-oy a constant globiiHactor inHamil=
tonian (3.7) to obtain the result. This last scale invariance property is important. As
we shall see soon, it can imply the existence of singular solutions with finite time
singularities .1

We shall notice that Hamiltonian (3.7) has not the classical form of a kinetic energy
term to wnicn one aoos an interaction potential oepenoing on positions . Tne canon-
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ically conjugated variaoles are the space variaOles (kiZGZiTin the complexpJaneor
(kiXi ,Yi) if one prefers Cartesian coordinates. Tneframiltonian is said to be non
~151e.lfisimIlOrtant also to notice1hatduet01helogarithmicinteffiction;--QQiill
vortex systems are counted among systems wIth long-range InteractIons. From thIS
POInt of view the statIstIcal phySICS approach to these type of problem IS not tnvIaI,
ancroneisc onfrontedlOSimilar l)fol5lemasforinstance in gravitational s)'stems.

Vortices appear naturallyin2=-dimensional turbulence (McWilliams, 1984Y:-Itis
therefore imIlOrtantto have access to an exact solution of the Euler eguation which
can be used to model their behavior and d)'namics . We shall however insist on the
fact diat more realistic f1uia equations sucn as tfieNavier-S toKesone, include a aissi:::
pat:iveterm. Numericalsimulations of sucn equationshOWlfiat vortices-do exiSfout
fiave a spatial extension ana are tnus not localizea on a pointMoreover it was ob--=
served numericall )' that when two vortices with same sign vorticit)' are sufficientl)'
close to each other, a mergiDg~rocess occurs leaving onl)' one larger vortex and
that during this merging~rocess dissiRative effects are imR0rtant. However Roint
VOiiicesmodelquite well1fie motion of vortices once tnese are quite localizea ana
nottoo_close_to_eacfi_otfier.J [fias_also_oeen_ooserYeaJ:fiatmoaels_o[2;Qimcnsional
turbulence usinKRoint vortices were giving the correct scaling laws, at the condition
that the merging between vortices was taken into account in the model (Carnevale
et aI., 1991; Benzi et aI., 1992).

3~4-Dynamicsof systems with two or tnree point vortices

we8ha lr herebrieflydescr ioe tfie aynamics of two ana1hreejJOil1fVOitices.Tnoraer
toSeTIle some points , we fist recallthevelocit:Yfiela-lines createa-oy one point
vortex are fOilTIing an ensem61eofc ircles centereaOi1tfie vortex it:SeICTfie norm of
the speed decreases as l l r where r is the distance from the considered !Joint vortex.

3.4.1 Dynamics oftwo vortices

The d)'namics of a s)'stem com!Josed of two !Joint vortices summari zes as follows:

_ IT the center ofVOrtICJt)Tdetrneo-bY~c--=-L~Lki exists (k] + k2 #- 0),
tne vortices nave a uniform circular motion arouna1fie center of vorticity (see
Bg·3.3)j

• If we have a di!Jole (kl + k2 = 0), the diRole has a straight and uniform motion
(see Fig.-r4}l

._EoLall~ituationsJfiejnter=-vortex_aistanccjs_constant.
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Tnis two vortex il)liliilliicsallows one to ilescribeanoUilderstaildwhafistne mutual
influence of two vortices, wnicn oecomes imIlOrtantwlien tlie two vortices are more
or less close to eacn otner. However since inter-vortex C1istance is a constant of tlie
motion, tnls dynamics does not allow vortIces to come closer to eacn other to even
tually merge . For thIs purpose we have to take Into account three-body mteracnons:
a tnree Roint vortex system wnich-isalsointegraole.

The motion of three point vortices even though integrable is quite complex to de
scribe. For a global description of all available motions one can for instance have a
lOOK at CAref, 1979; Tavantzis anil Ting, 1988Y:-To summarize in simpler way one
haS:!

• The motion is generically either guasi-periodic or aReriodic.
• It is possible to observe finite-time singularities.
• Inter-vortex distance change: two vortices can get closer to each other.

In general aperiodicmotion are not relevant if one is concerneil wiin transport prob-=
lems. Iildeeillliey corresponil to some Kinoof transient regime iluring wnichthe
vortices interact after which one or more vortices escaRe to infinity. We end uPl2::
cally with a trivial system fully integrable from the transport Roint of view.

For guasi-periodic motion of the vortices, one can define a characteristic~
of tlie motion . Iildeeil wnen lOOKing at tne triangle formeil oy tne vortices one can
ilefineapei'iodTafiefWnichtne trianglenas exactlY1lie same shape(WiUillie same
VOrtices on top onlie corners) . TheTrillilglchasnowever oeen rotateCl-oy an anglC]>
generically incommensurate with 1r around the center of vorticity. In what follows
we shall often sReak about the Reriodic motion of three point vortices keeRingJ1!
minil tliat a rotationofanglfflias oeen performeCi.

I-a~--I----f- k--k-"7

Fig. 3.3 Dynamics of two point vortices,
each vortex rotates around the center of vor
ticity.

Fig. 3.4 Dynamics of a dipole formed by
two point vortices . Lc motion is straight and
uniform.
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3.5 Vortex collapse and near collapse dynamics of point vortices

We shall now focus on a smgular solutIon of three point vortex dynamIcs, namely
thesolilliongiving riselOfinite1imesingulari i)'aildlhecoll iij.)SeOfthe1nree vortices
{S~r949;Novi kovand-Seaov;-r979).MOiivationfOf1lli s stUGy are guite varied.
From one point of view, tnis singularity offers a~gogical example of theliiTiiiSOf
the Hamlltoman descrIptIons of classIcal motIon . Indeed one sWItches from a three
60dy system wIth a pha se spac e of SIXdImensIOns to a system wIth only one 60Cly
and a phase space with two dimensions, and this in a finite time . And by analyzing
the motion for conditions close to the collapse one s, we shall be able to describe the
influence of the singularity on its neighboring solutions. Moreover, there is another
interest in stuo ying tllis solUii~lndeeG it nas 6een snown f~I" systems (witn
extenoedVOfiicesLJnatWnentnevorticesarefarfiOi1leaChctner, vortex can come
clo se to eacn otner using a tnree 60Gy interaction following trajectories wnicn are
clo se to the collaQse course (Dritschel and Zabusky, 1996) . Th is phenomenon occur
if the vortex concentration (number and sQatial extension) is sufficientl y sma ll as it
can occur in decaying 2-dimen sional turbulence (see Fig . 3.5).
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3.5.1 Vortex collapse

The conditions to observe the collapse of three POInt vortices can be wntten simply.
First we neeascaleiilVai'iarifCl)IiilliTIiCS:-FOf11iree vortices,theSCiileffeec onditiOil
{3~TI}tikesThefollowing form

- 3 I
[-=0 .
;-1 k,

(3.12)

One can notice that this condition implies the existence of a center of vorticit)'
(where the vortices will collapse) . The conservation of angular momentum implies
anotner condition . It is convenient to rewrite tnis conaition in oraer to get ria onhe
cho ice of a-frame of reference, anatnus to rewrit:eifUSing onlyinter-vortex diS
tances which of course must be compatible with the vanishing of these if we want
collap~

(3.13)

Wnen tnese conaitions are met, iris easy to snow tnat thedynamicsleaa to a linear
(in time) decrease of the area of the triangle formed b)' the vortices, and we end
up with a finite time singularit)' where the three vortices merge (collapse) into the
center of vorticit)'. To be more specific, due to the scale invariance the d)'namics is
self similar, meaning tnat as tne area of tne triangle is contractin g, tne snape onhe
triangleis uncnangea:-One also sha ll notice tnat since Hamiltonian aynamics are
reversible one can also end up with an infinite dilatation ofthe triangle .

To summari ze vortex collapse we shall insist on the fact that

• We observe a finite time singularity with a typical decrease of lengths as \,/i()=t:
• Tnis singularity snows some limit of a full Hamiltonian aescription oftnree point

vortiCCsl
• We expect that close to collapse conditions will allow to bring vortices as close

to each other as one desires .

3.5.2 Vortex dynamics in the vicinity ofthe singularity

Due to the specific singular nature of the collapse of vortices and its role ptl)'ed in
oringing vortices close to eacn otner we snail consiaer tne aynamics in configura
tions wnichsilliJrbeclose to tne one giving rise to tne singularitY\:r.:eoncinieral~

2000r.-For tnis purpose iriS-first useful to rewrite tne Hamiltonian motion equation
in a non-canonical form using the three inter-vortex distances RI , R2, R3, and the
area of the triangle A
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(3.14)
{

k, ' R,R, ~ Ajn(R,' - R,') ,

k:;lR2R2 = A/rr(R:;2 - Rj2) ,

k:;1 R3R3 = A/rr(R j 2 - R:;2).

wesnallaswell~inly to simIiliffTheanal )iSis,consiaertnat two vorticesare
identical (nave equal strength fThen after a smallchange5ftimescalewliichCOiTe
spoildSlOChoosingareference in tne intensity of vortex strengths k, we can choose

(3.15)

The collapse conaiti0i'l13~T2Timposes tnen a critical vorticilYfor tne vortex I ~kl c =
-1 /2. We shall therefore consider conditions for which the strength of vortex I is
negative and close to the critical value. We use the notation s

(3.16)

We perform then the following change of variables : X = Rr, Y = R~R~ , and Z =

B~+R~ . With these variable s the constants of the motions rewrite

{ A = e47iTl = y k / X,
K =X -kZ .

(3.17)

where the parameter A has been introduced to reQlaceenergy and simQlify notations.
The dynamical equation for X is obtained by~quaring the first of the motion

equations ( 3~14):

Tnen one uses tne geometricarformulae for tne triangle area A

{
A = VYlsinel /2 ,
X = Z - 2JYcos e, (3.19)

which leads us to
16A2 = 4Y - (X _ Z )2.

We can tnen use tne constant onne motion (3~17) to get

(3.20)

(3.21)

where Y = (A X )17k . One can recognize a first integral of motion of a particle with
mass I moving in a scalar potential V {X;A ,K,k), defined by

(3.22)(
. k)_[(K- (I-k )X )2_4k2Y][(X-K )2_4k2Yj

V X,A,K , = 2 2 2____________8rr_Ll" _
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Tfie eguatiOTiSOfmoti0i1(3~2T)can1nereforeberewritteriliSingaileffectiveHamil::

tonianl
(3.23)

and HamIlton's equations

(3.24)P= -aHefriax .x = aHeu"--I a_p_=_p_,'--- ~L"__'____ _____'~___'_

The Hamiltonian (3.23) is separable and corresponds to a one degree of freedom
~ystem . Its study is therefore guite simple all the complexity being left out in the
potential and how initial conditions of the vortices , the constants of motion , and
vortex strengtfis are influencing it. A oetaileo stuoy of all tfie type of motions can ]je
found-inReCILeonciniera[~200U1

To summari ze, dynamics of point vortices in the vicinity of collapse conditions
is like in the general case either aperiodic or periodic . One of the interestinKPoint
of the study develoQed in (Leoncini et al., 2000) is the rich variety of the asymptotic
befiavior oftheperioo as tfie critical conoitions are approacneo. Indeeo -depenoing
on now tnese conoiiions are approacneo one finds

• A logarithmic growth of the Qeriod, which is reminiscent of the classical case of
the conditions getting near an unstable eguilibrium point.

• An algebraic growth of the period .
• An exponential growtn onfie period (see(Leoi1Cinierar;-2001JT

Tnis_ricnnessjn _tncJ)(~fiavioLcnaracterizcs_tfie_non~triV:ia[influencc_oL1nc_finaI::

time singularity. From this point on, event if one could argue that collapse condition
are so Qrecise that they correspond to a zero measure ensemble among~ossibil

ities and that collaQse course are very unlikely, one notices that the Qresence of the
singularity fias a strong impact on tfie oynamicsinitsneigfi]jorhood;-ai1d we shall
for instance notice tnat its-influence is mucfi more complex tfian let us say being in
the vicinity of a seQaratrix .

3.6 Chaotic advection and anomalous transport

In the Qrevious section we have exhibited the Qhenomenon of chaotic advection and
have briefly described the dynamics of system of point vortices. In this section we
sha ll consioer tne transport properties of passive particles in oroer to get clues on tne
origin of so::caUed anomalous transport. We shallof course oefiileWnat we mean oy
anomalous transport in wfiat follows, ]jut first we sillill maKe an non-exfiaustive ana
brief review of the problem atic of transport problems in flows.
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3.6.1 A briefhistory

XavlerLeonciTii

As It always sometime necessary to put some kiiid of arbItrary begInnIng to a story
wesha llstarfti)l tne Qrotilemoffieat transport.

3~6:1~1-Ellij)irical·lawsofthe19thCCiitiii1'

We are therefore on December 21st 1807 and after numerous recordings and ex
periments, Joseph Fourier gives his first results on heat transport also known as the
Fourier law, written toda)l as

(3.25)

where jQ denotes the heat current, A is called the thermal conductivity and T is the
tern-perature]

A little later in 1855 a German .Ph)lsiologist Adolf Fick finds a law, named the
first Fick's law, which is formall )l identi cal to Fourier's law and which characterizes
tne transport of some constituents

j = -DVn , (3~26)

here j denote s matter current, D is the diffusion coefficient and n the concentration.
He has the good idea to make a local balance using the princiQle that nothing~

created and lost to arrive the same )lear at the second Fick 's law, universall )l knows
as tne neat equation or oiffusion equation

dTat = Di1T . (3.27)

AlIlnese results are empiricaC \VeShall notice tnat theneat equation ( 3~27)is not
reversitile unoer time reversaCTnisirreversil51e evolution fits welllne secono princi:::
pIc ofltiermooynamics written oyCarnot iilT824 anoTlausius inequali ties(T855T.

We shall now make a little jump in time and skip a period which saw the defi
nition of the Entrop )l function , and in which statistical pl!)lsics started after through
the works of Boltzmann and Maxwell to arrive at the beginning of the 20th century.:

TransQort eguati on of heat or concentration are dealing with macroscopic (statis
tical ) quantities, ttie linK tietween microscopic ana macroscopic will be oone by
Altiert Einsteinin one oCtiiSltiree seminal papers on905~tie one (Iealing wiil1
BrowiiianmoIiOll.lnfacrandtotie somewnat accurate, thefifsflii'i1ealiilkwas
made between these transport eguations and randomness goes back a few )lears ear
lier in 1900 when in his PhD dissertation entitled "Theorie de la SQeculation" Louis
Bacnelier linkeo ttie neat equation to a Wiener process.
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Thesefindii1gSallowed-in a certain wa)' to reconcilemicroscopicand macro
scoQifjJn)'sics. In a some sense one can grossl)' sa)' tnat tne microscopic anu macro
scopic worICls are linJ<e(5)' rolling some uice or in otner worus uiffusion pnenomena
corresponCl to the macroscopic realIzatIon ot an ensem51e ot rmcro scopic ranClom
@riili10walkers.1

One pro15lemstill remaiilSlhotigh--:-TnemicroscopiCWOi.lu-is supposeuto15e gov
erneCl-15y conservative anu lime-reversi5Ielaws. Fillinstance iillne classical wor\u
one would assume the Newton equation to be valid in the microscopic realm. hence
we know thati

I-:-QilliilfiiiesaredetemiiiliSIic;
2._Motionjs_citncLuniform_oLacc clcrateu :
One can tnen reasona15le question tne origi ilOnne ranuomness onne micro

scopic walkers. It is then that sensibilit)' to initial conditions exhibited b)' Poincare
for the N-body~)'stem reveals that the apjJarent deterministic character is an utoQia.
It is this phenomenon of impredictabilit)' for large times due to the extreme sen
sitivity to initial conuitions wnicn are nowauays referreCl as cnaotic pnenomena or
simplYCnaos·1

weshiill now move on 15y recalling brieBy some resul ISin orClerto introuuce notions
which will Qrove useful in what follows . The presented results will deliberatel )' be
shortl )' described and sometimes grossl)'. The aim is more to acq~uickl)' the
notions in a simpler way even if tnis means som e lack of rigor or matnematical
Clctaill

3])'2~1-The centralliiTIinneorem

weshiilr nere present a versiOilWnichshalrbesufficiei1tfOflheunderstai1dingofthe
problematic of this chapter. We consider a random process v and denote v{t) one of
its realization . We introduce then another variable

(3 .28)x(t ) = Ot L v(t' ),
y::;oc-'----'------'--- - - - - - - - - ----'-------'-

where Ot is some (useless) constant which we choose to be positive. Then :

• If the temporal correlations of v decrease sufficiently fast then x{t) is a random
Qrocess (in the sense of looses memory~
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. - allinnhe standardaeviation ofil(tfisfinite,

Hie centrarJimiftneoreillholasandTisarandom j)focess whosediSIfibUfiOrlleilds
towards.aDausslan.one.as.t---=±..2"'..

This presentation of the theorem with Otreflects a Langevin perspective, with the
transport problems dIscussed later on m mmd. Let us consIder a one dimensIonal
trajectory x(t) where x corre sponds to the position and let us call v(t) the speed . If
we assume that we chosen the origin suchthat x(t = 0) = 0, we can write

j
., ~

x(t ) = v(t')dt' :::::0 ot L v(t') ,
o ,'=0

rr& is small enough-

Remarks

l-:-Tne conailions necessary for tfie centrarJimiftfieorem to holaarequilel:iroaa
anCloften applyfor many pnysical systems. Iillnis point of v iew one refers to the
Gaussian distribution as a general attractor of random proces ses.

2. We may as well notice that if initiall y v(t) is a Gaussian random variable then
x(t) is also Gaussian. The Gaussian is therefore stable from the point of view of the
ildClil ion:-Tfiis property is not restricteCllOGaussian varial:ilesl:iut is-infact snareCl
!JyallS0=Callea-Levy a-staolelaWSrO < a < 21

Asjust mentioneo;tfiere exists an ensemble of -diSIfi5iilions of ranClOi11Viifial:iles
wfiicfi are saialOl:ie stablein regarCls to tfie aClClilion operation:-Sta15le means tnat
the sum of random variables picked according to a given distribution results in a
random variable whose distribution is of the same kind as the origin al one (like for
iheGaussiaii}:-PauTCevynas cfiaracterizeCl-aIl-di iliibUfion sta15lesbYlfie aClCliiion
(iiSfor instance x is a sum of viilEq.1 T28n:-Tne ensem15le of -distril:iutions saiCl

- --------l rp )]-.- ---
Levy a-stables are parameteriz ed by a real number a E~. We list here below
some of their j)foQerties.

The tails ofUv~y~d~i s~tr--ci-b-ut--ci-on-a-re-of-=--al--cg-e-b-ra--ci-c-ty-Q-e-an-d-d-e-ca-y-as-x--Ti( l--c+--;;a")-, (-e-x-c-e-pt

for a = 2, value for which the distribution is in fact the Gaussian one)

a. This imQlies that the mean is not defined for I > a > O.
b. As well for 2 > a > I the standard deviation of v(t ) is infinite. This implies that

events with large values of v(t ) are statistically not negligibl e. From a physical
stanClpoint, sucn events snoulCl not arise except if we can nave large scale separa
tion in the speeds of the problem dealt with. When we are dealing with transport
QroQerties one deals with this infinite Qroblem by rescaling time by for instance
introClucing tne notion of continuous time walKer.
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3.6.2.3 Classification of transport properties

GiventFieCOildifions to valiuatetlle centrarJimiftlleorem previOiiSI)TiTieritionedwe
shall only obtain physically an anomalous behavIOr of transport propertIes (In the
sense of non-Gaussian) only If tIme-correlatIons do not decay fast enough . One wIll
fhei1beatilet01alKatiout strong memory ef~r:et us nows~:fWharismeant

\jy anomalous transport ana whanypical inuicators are computeulOCharaaefize
transp~

Trauifionally transport propertiesof a system are cllaracterizeatiy monitoring the
evolUfiOilOfllle seconu moment (varianceD)nhecharaaefiSficdiSfril)Ufi~Even
tllougll from a practical point of view tile first moment (tile average) can nave a
prime importance (for instance for the transport of goods) , from a classical mechan
ics perspective we try to define properties which have the same Galilean invariance
as the motion equations have. Given a quantity X(f ) with a given distribution (for
instance X can tie tne position of one particle among a large number of tnem at time
tIWe3YillTOCliSOil

(3.29)

wnereO corresRonds to an average over different realizations or constituents.
In_tnesc_conui1:ion:
l-:-Transport is saiatobedifftiSive irM~Itisforinstance tne case for an

ensemble of ranuom walKersmoving wiln speeusdistributea on a finite interval on a
line (see the diffusion equation (3.27)) . We remind the reader that the computation of
only one moment is not sufficient to characterize the distribution, hence the diffusive
cnaracter in tne Gaussian sense is not granteu even if tne seconu moment evolves
linearlywilfilirne,wenowever follow tne illioits anaabusively wilrrely only on the
second moment to name transport aiffiiSive:

2. transport is said to be ballistic if M2 '" f2 . This type of behavior is typicall)'
~ected for an integrable system . One can for instance think of an ensemble of
~gular walkers , each moving with its own constant speed , with again a distribution
of speeus wilnin a given interval, if all walKers nave tne same speea one finas of
course M2 = 0.1
Given tnese two extremes we coiild expect in nature to observe :

0 </1 <2.

We could even get higher values of g due to acceleration, but we shall expect some
saturatiOilaffefaWnileinoruertOKeep tne range of velocity finite. Wnen tne expo
nenf7.lis not equal to one, we are getting out onne context onne neat equation ana
transport is saialObe anomalous.

3~6:2~4-A:nomalous transport

w e-just nave aiscussea1hefact tnat transport in a complex system can oe anomalous.
To be more precise in the nomenclature, there exist a more fine classification of the
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tfJ.)eOf transport oasedonlheva:liieOfthecharactefiSIic eXQonent oftheevolUfiOil
of tne seconil moment. As alreaily mentioneil:

Transport is said to be anomalous if it is not diffusive in the sense (X2) rv til ,

.uTII
l'-.--'I...tC-CJ1c--<~l-'tr-a-n-s-p-o--'rt-l-s-a-n-o-m-a-'-lo-u-s-an-d~o-n-e-r-et"-e-r-s.-to----.-.�t-a-s-s-u-.-b--d-,-l"Tff...-u-s~lo-n-;

TIf~1 transport isGatiSSianandone?eferslOirasdiffiiSiOil;
3. If g > I transport is anomalous anil one refers to it as sUQer-uiffiiSiOil.

3.6.3 Anomalous transport in incompressibleflows

We are now going to address the problem of transport in various pIly~y~
for wnicn transport pnenomena are essentially governeil oy auvection pnenomenon
anu-for wnicn anomalous transport nas oeen ooserveueiiner numerically or exper
imentallYTA:nnioaloi et al:-;-2000;CnerniKov et al:-;-1990;ZaslavsKY et al:-;-1993;
Schlesinger et al., 1993; Solomon et al., 1994; Leoncini et al., 200 I ; Leoncini and
Zaslavsk)', 2002 ; Leoncini et al., 2005; del Castillo-Negrete, 1998; Dickman, 2004) .
More precisel)', we shall consider a model of 2-dimensional turbulence relevant for
magnetically confineil fusion plasmas or geopnysical flows.

BOil1Oftnese system present a strong anisotropy anil-s-o-m-e-m-o-aets can bedone
be built that reduce the Qroblem to a 2-dimensional s)'stem . For the tokamaks, this
reduction from 3 to 2 dimension is linked to the Qresence of a strong magnetic
field, which confines particle along magnetic field lines. Since the magnetic field
hasilOiilfliiei1Cealonglhedirection wnicli is parallel to if1I.:aplace force), we are
interesteil-in transverse motion ii11neplane perpenilicular to thefielil-lines, ana can
in some case reuuce tne stuoy to a 2=-dimensional one . For geopliysicarflows, eiiner
the oceans or the atmosphere have a thickness of the order of a few tens of kilometers
whiles their extension covers a few thousand ones , this fact allows approximation of
tne "snallow water" type anu orings us oacK to two oimensions. Iiloruer to oe more
clear;tne aspect ratio oftne atmospliere or oceans are onlie same oriler as tnose of
afew pages onnisoool<.

In these two t)'pes of s)'stem, transport is a ke)' issue . For fusion machines, trans
port QroQerties are intimatel)' linked to confinement pJ"QIJerties of the Qlasma and
thus to the feasibilit)' of a fusion reactor. Regarding geoQh)'sical flows, it can con
cern tlie level of concentration of salt in tne ocean, traces of railio-active materials,
temperature transport ana of course transport of pollutants in tne atmospnere anil
oceansi

To start the stud)' of transport in these s)'stems we shall start b)' a remark : in
two dimensional turbulence one observes guasi-genericall)' a self-organization due
to tne inverse cascaile{McWilliams, 1984j.Tliisself-orgailization iscliaracterizeil
oy tne emergence oflong liveil colierent structures most notaolyvoriices.

We are tnus naturallyinclineu to askwhatistfieiilfluence oflnese colierent
structures on transport QroQerties.
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3.6.3.1 Modelling

Tne way we snail apRroachtnisprol5lemisgradual~wesnallstartfromfirsrprincT::

pies, meaning tnat we will consider tne global evolutIOn of an ensemble of partIcles
wltn indivIdual dynamics. It IS Important to mention tnat contrary to tne more tra
CliiiOilliI approacllOfmonilOfinglheevolUfiOrlOfadensity or a concentratiOt1,()iif
tackling of tlie Rro15lem takes into account tlie inuiviuual cliaracter of Rarticle , lience
we are not influenced by coarse graining effects or particle indifferenciation. These
last two effects may iiideed nave a strong effect on anonymous transport proper
iies;-liowever we I5elieveiliat l5y presupposingiliem we wilral~oea15le to
gainafiner anCl-deeper unuerstanCling of some meclianisms wfiicn may govern the
transRort Pi2Rerties and thus the intel])retation of the results. Of course this last
statement would be Rointless if our aim was just to get a model which reproduced
well o15serveCl pnenomena, out tne amoition liere is in tlie enCl to oe aole to control
transport, nence a Clescriptive anu not explicaiivemoClelling oecomes inaClequate.

illlliis same spirifOfadeep unClerstanCling, we sillill consiClervery simple moCl::
elling of the considered flows and take great care of understanding the transport
IJI"Qperties in these flows. We shall then progressively move to more and more com
Rlex modelling ofthe flows and get closer to more realisti c model s.

NOWoefore moving on we want to insist on tlie formal analogy wliicli exists oe
tween geopliysicarflows anulOkamaK plasmas. IildeeCllhTiilfluences oftne effects
listed below are quasi-identical.

{::::::} TokamaK plasma turbul ence

CilliolisForce Lorentz Force

Rossoy waves Drift waves

Charney-Obukhov Equation {::::::} Hasegawa-Mima Equation

AnCl an equation uescrioing plasma turbul ence in a tOKamaktne so-call ed-Hasegawa
Mima equ ation and one describinKg~jlysical flows so-ca lled the Charney~ua

tion are formall y identi cal :

(3.30)

(3.31)

dlQ + [Q,<P] = 0,

Q = <P - AL1 <P +g =-=-x "--, ----'='=-cL

only the scales and arameters have different hysic al meanings: <P is either the
stream function or the electrostatic potential, Q is a generali zed vorticity, AI 2 is a
cliaracteriSiic screeninglengtfl(Deoye lengthorRossl5y lengtn), anu g corresponu s
to eiilier tlie presence ofadensity graClientor tne local variation oftne Cilliolisforce
due to curvature.1

To start our study we consider a very sim~ystem , namely~ystem of point
vortic es. Tlie motivation are l5aseCl on tfiefollowing alreaCly mentioneCl grounClS;
point vorti cesj
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• are a goooapproximatiOilOf~h)TSicanlowsin some regimes,
• are an exact solution of tne Eiiler equation,
• allow us to reiluce tne protilem of thello-w~t-o-a-N-=l5OdfHamilIOiliai1Oi1e.

Moreover to stuil)' transport iilinese s)'stem we are consioering_p~~iCles

wnose trajectories are comQuteo using§---:{3~l;'SincetheconsiClered-flows are time
oepenoent we expect to otiserve chaotic aovection pnenomena. We tnen use numer
ICS to compute tne trajectorIes of partIcles and vortIces.

Regardmg tnls last point, It IS mandatory to be more specIfic . Indeed as we nave
seen earlier on, thedynamics of passive tracers or point vortices isHamiltonian for
2-dimensional flows . Hamiltonian d)'namics are peculiar in the sense that the)' are
preserving Qhase sQace volume and time-reversible, and there are conserved quanti
ties . Since we are interesteil in transport properties, we nave to compute trajectories
over long times. ItiSlnen very important to careftillycnose tne algoriil1i11Wnicn
win-tie useil -for time integration of trajectories:-looeeil most algorilnms ilo not re
produce well the underl)'ing simplectic structure of Hamilton's equations. For in
stance, it is now well know that t)'Qical Runge-Kutta scheme do not preserve phase
space volume. For short time integrations, this is usuall)' not a Qroblem , but as soon
as we consiiler asymptotic benaviors, tnese effects may actually totallybias thedy
namics anil-oy consequence transport properties. Tnere exists nowever simplectic
'!1gorithms which have a simplectic structure. Of course, since we are dealing with
discrete time and are facing Hamiltonian chaos we can not expect to reproduce "ex
actl)'" the continuous time d)'namics, however we are using an iteration which will
preserve well tne original invariants ofthedynamiC8;nence it is reasonaole to ex
pect1fillfSimilar transport properties as tne ones comingfrom tne continuous time
system wilrbe numerically exnioiteil:

For the considered Hamiltonian, we have chosen to compute the trajectories us
iI}g a sixth order s)'mQlectic scheme, namel)' the so-called Gauss-Legendre one
CMCLacnlanaild-Alela,-r992r=Sii1CetheHamiIIOilianu3:2IJillil=r3:7) are non
separaole, we nave no cnoice out to use tnis type ofimplicit algoritnm.

3-:6:~rTracers (passive partiCliS)djiiiiiiiics

3.6.4.1 Regular flows: particle's advection in a three I>oint vortex s)'stem

We first start with the simplest case of a regular flow with vortices. In order to
get some time dependence to avoid trivial results we are left with s)'stems of three
point vorti~if we nail more tne system woulil oe cnaoticr.-Also since we are
interesteil-in asymptotic transport properties we nave consiaereil a periodic motion
anne vortices. WorK relateil to transport for tne case oftnree iClentical vortices can
be found in (Kuznetsov and Zaslavsk)', 1998, 2000). Here we want to have vortices
of different signs and check the influence on transport of the finite time singularit)'
{Ceonciili et aI., 200lT,\Vnicn also corresponils to real vortex trajectories wnen tnese
are getting loser to eacn othcrrDritschcl ancrZiibusk-y,-r996;'In oroer to cneckthc
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impact ofthesingularitfWenave consi(lefedconfrguratiOilSgiving rise to periodic
illOiionmlifwl1icn are getting closer anil closer to tne conoiIions (TT2etJ:T3T.

Vortex motion oeing perioilic, tne stream function is time oepenoent, we are thus
expectIng HamiltonIan chaos tor the passive tracers . To study thiS phenomenon It IS
usetul to visualize phase space USInga POInCare section . With thiSIn mInd we define
Ihefollowing Poincaremapb)i

A () -i0 ( )Zn+! = P Zn = e Z T,zn ,

where time is discrete and is now measured in number of j)eriods Un = nT). One
notices also tnat since tne vortex motion is in fact quasi-perioilic, after eacn perioda
globalfiiliiliOi1OfangIce -ispcrfOfillCcl-ii1Ofclcr to maKClhCTrianglcfOfi'i1ed-b-ylhc
vortices invariant by the map. We have denoted z( T,zJ:Th~)osi tion in the complex
plane at time t = T of a tracers which has an initial condition Zn at time t = 0, where
T corresponds to one period of the triangle formed b)' the vortices.

EOLtnc_casc_ofj ilcnticaLvorticcs _wdiavc_firsLconsiilcrcil_conilitions-"faLfrom
collap se" k = -0.2 (ke = -1 /2 corresponds to the collap se). The Poincare sections
is ilisplayca in Fig. 3.6:-0nc can noticc cffcctively tnc pncnomcnon of cnaotic ail
vection, in a large region usuall)' referred to as the chaotic sea. We also observe
~gion s where trajectories apj)ear as regular (at least at first glance) , which are re
ferred as islands of stabilit )' in the literature , as most of the time an elliptic j)oint cor
rcsponiling to a staole perioilic oroit lics at tnc center of tnc islana. illlnc Fig.-3:-6
Ine two iilentical vortices are marKeilwiil11ne + sign aniltne negative one wiil1
the 0 sign. Hence we notice the presence of islands of stabilit )' around the differ
ent vortices, in what follows we shall call these special islands vortex cores. Each
core corresponds indeed to a guantit)' of fluid which is trapJled around the vortex
anil stays in its vicinity witn a more or less regular ilynamiCS:-We can also notice
Inat tne region surrouniling tne islanil-locali ze(l-inthelower=left part oftne plotis
ilarKertnan tne stocnastic sea. Tl1is translate a non nomogeneous aistri15ution ofthe
trajectorie s in the chaotic sea and is a conseguence of stickiness a phenomenon as
we shall see at the origin of anomalou s transport .

For compari son we nave representeil on Fig. 3~7;-aPoincare sectionresiimng
from a configuration close to collap se. We can notice tnat actuallY1ne pnase space
structure nas not cnangeil mucn, we find again, a stocnastic sea ana-islanas of staoil=
it)'.We however notice that the size of the cores if much smaller. In fact , a simple ar
guments can explain that the size of the cores is related to the minimum inter-vortex
distance reached (Leoncini et aI., 200 I) . We shall consider transport properties in
Ilie~e flows afterwa[il~Jiut first we shaILa isc_uss cllaoticflows.
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mg,T6- poincarcsecuOilOf a system ofthreepoiilfYOiticeswnli IJarameters farfroiTithesmgiilar
ity. The constants of the motion of the three vortices are K = 0, JI. = 0.9. Vorticities are (- 0.2, 1, 1).
The resulting observed jJcriod is T = 10.73.
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mj}3:7-Pmncare sectIon of a system oflhfeejJOlnfVOrficeswrtli jJarameters farfiOill1fieSii1
gularity. Thc constants of thc motion of the thrce vorticcs arc K = 0, JI. = 0.9. Vorticities arc
(- 0.41, 1, 1). Thc rcsulting observed jJcriod is T = 36.86.
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Point vortex systems

As mentIOned when we have four vortIces (NOVIkov and Sedov, 1978; Aref and
Pom~)', 1980; [aforgia et aI., 2001) , or more ([eoncini ana ZaslavsK)', 2002),
tlie vortex motion itself Decomes cnaotic . Tne loss of guasi-perioaicit)' Goes not al
low to define a Poincare map, and the global rotation invariance is Iikel)' to blur
any attempt to nave simplePoincare sections . Visualization of tracers iSlnus limitea
ana we are reaucea to makesnapsnots onne system to visualize tne posiiions oflill
tracers at a given time. Fillinstance inFig.-3~8 we nave plotteo snapsnot oDtainea
from a four point vortex s)'stem as well as one of sixteen vortices. Passive Qarticles
having been initiall)' placed in a small region. We notice that the mixing apQearsas
relatively nomogeneous.We also notice tne persistence of th?impenetraDle" vortex
core arounalhevoriices;-Dut ao no see a priori any region of regularmoiiOi1likeiil
iheinree vortex system. We aUnougn can see some sticKiness pnenomenon arouna
the vortex cores for four identical vortices in Fig. 3.8 The sticking mechanisms is
related to some kind of p~heral trapQir!g in the cores and has been identified in
(Laforgia et aI., 200 I) , it is intimatel)' linked to the Hamiltonian d)'namics of the
vortices tnem selves:-A-form ofSiicKiness exists inaeeo for tne vortex aynamics, it
tooKlheform of two vortices getting close to eacn otner ana-forming a pair (see
rIg. 3.9). In this setting the vortices being close to each other and due to the log:::
arithmic interaction between the two, we can portra)' the s)'stem as an integrable
s)'stem of two vortices Qerturbed b)' the others . We are then in a close to integrable
system, tnus tne notion ofSiicKiness for tnis type of Denavior. For tne four vortex
system sticKinessis"aegenerate";-illileea as thepairisformeo;-aflarge scalesihe
pairlooKs liKe one vortex ana we ena up wiln a system oftnree vortices wfiicnis
also integrable . This degeneracy_gives rise to a special behavior of trapQing times
distribution with respect to s)'stems with more vortices (Laforgia et aI., 200 I) . For
tne system of 100000ices, tfiis sticKiness pnenomenon ana pairTormationisalso
oDservea;-jiut we oDserve_as well anotnerfOfillOfSiicKiness wiihtlle formation of
"triplets" wfiicn are also integraDle suDsystems.

We shall now discuss flows generated b)' Charne)'-Hasegawa-Mima.

TheCnarney-Hasegawa-Mima (CHM) equation

As alread)' mentioned tokamak Qlasmas turbulence and geoQl1)'sical flows can in
some circumstances share in common a same d)'namical equation as Egs. (3.30)
and (3.31), where cP IS the stream functIon of the electrIc potentIal and .Q IS a gen
eralized vorticity. One shall notice that when A = g = 0, we end up with the Euler
equation wnichadiTIits point vortices as solutions. lilfact only wnen g - 0, point
vortex solutions still are valid. The existence of the AL1 <P term corresponds to some
screening effect and vortex interaction is modified log(r) ----; Ko(r/ A172) where Ko is
the zeroth order modified Bessel function, which becomes a logarithm for r « VI
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Fig. 3.8 Snapshot of a system of POint vortices and passIve tracers. Top: system of four POint
vortIces. Bottom : Local zoom of a snaflshot of the system of sIxteen POintvortIces. One can nottce
the presence of vortex cores surrounoing tile vortices. Also in the four point vortex system one
observes sttckmess around the cores . One can also guess the guasl-regular motIOnm the regIOnfar
from where tlie vortices evolve (see (Boatto anoPierreliumbert, 19991I
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and exhibit eXI'onential decax for r » V'I.The I'resence of a non zero g modifies
arusticallYthesolUti~indeedllie gx iSTiOTi=l00ilanalromlfiisfacfEg.1T30Thas
tlien exact planar wave solutions will1agivendiSIJefsiOilfelalion;-bUfOillneoUier
nand localIzed pomt vortIces are no more accepted . Moreover, tne presence of tnls
term mtroduces some anisotropy m tne system.

To stua y transI'0rt in1liis system we havea:lsohadtoSiiTiUlate numerically the
~ion:-Unfortunately tlie I'resence of a cascade towaras small scales introd i:iCeS
some numerical instabilities. Hence to stabilize the code we have to introduce a
aissipation term inIhefi:lfiTi()faviscous term :::E 2wnicli can cancel out thCSiTiaIl
scalesproolem. Moreover since we want to consiaer1heflow forlargelimes we
also counterbalance tne aissipation willi some Kindof source . Hence we rewrite the
gynamical eguation (3.30) as

(3.32)diD. + rD. ,4>] = O+Source+Dissipation .
-----------'-----'-

Topenorm numericalsimulaIiOilOflfiis type of equatiOi'laild stuayafterwaras
transport propertiesitis easier to consiaerperiodicoounaary condilions and use a
pseuao-spectral sclieme. We are tlien computing tne non-linear evolution of a-finite
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Fi j}3:9-ViSilliliZafionorfour consecutivesnarshOISfor a system offOi.iflJOii1fVOrtIcesWiih-rOOO
passive tracers, corresponoing to four successive pair formations. Passive tracers wliere initially
pl iiceo ii1theperipheryofihecoreof one vortex. One can see tnarasthepiiirings occurs, thecores
exchange jJarticles, it is also during this jJairing that some particle manage to escajJe. After four
consecutive ain n all cores are ''COrrtiiiilimued'' aildabOiitlO%oftheaitiCies-nave esca eo:
Initial vortex jJositions are [(1.747, 1.203) (- 2/2,0 ) ( 2/2 ,0 ) (0, - I )J. Particle are initiall y
uniformly distribiiicd on a circleof raoius r = 0~27 arounol hefOi1li vortex.
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ilUillberofmodes.l1encewlien consioering transIlOrtRroRerties,-ifWilrbellie trans
port of Rassive tracers in tlie flow generateil 6)' tliisfiniteriUiTiberofTilOdeswliicli
evolutions will 6e governeil6)' Eg.1T32).Tn oriler to cnaracterize transport in tnese
system, we can of course not cover all range of parameters and sItuatIons. So we
nave selected tnree dIfferent regimes wltn different parameters, as well as different
ilissipatiOTiSaild-forcing terms, forwnichand-fOflFie1iillelenglllOflFieSiillUlati Oil,
tlie a)liilliTIicalinvariants of tlie il)'namics, sucli as tlie energ )' or tlie enstropl!)' can 6e
considered constant. The visual ization of the scala r field L1 ep has been reproduced
on Figs. 3.10, 3.11, 3.12. We nave a case witli a very small ilissipation (Fig. 3.1O)
anilafewYOiiices, one witn two stronglyforceil vortices (Fig.-3~T1), ana one case
wnicnis strongly anisotropic wilh-intermeaiate forciTiglFig.-J:12T.

From the point of view of the particle motion, we shall still remain with the
Gauss-Legendre simplectic scheme, the Hamiltonian of the s)'stem being given b)'
<P-:-A.lso, since we liave concluaea tliat eventual anomalous properties of trans
port are ilirectlylinJ<ea to memory effeclsana-Iong lasting time-correlations, itis
extremelyimportant to 6e careful wlien computing tlie speea~Tndeeallie pseuao
spectral code gives access to the time evolution of a finite number of Fourier modes ,
or in real space it gives the values of the sReed on specific grid Roints. In order to
avoid an)' loss of memor)' resulting from a passive tracers moving from one small
cell to anotner, we liave to taKe into account all theFourier moae§1Wliicli is numer
ically costly}, ana not to interpolate from a finite num6er of point on tne gria:
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3:-6:S-Transport properties

We now focus on transport propertIes . First we define whIch quantities we shall
consiuerinorder to measure transport , anua)sownich----regions we are interested-in.

Fig.3.11 Scalar field L1<P, Cor a configuration wilh Iwo large vorlices and slrong noisy Corcing.

Fig. 3.12 Scalar fIeld L1<P, lor a confIgurat IOn wIth strong anIsotropy.
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3.6.5.1 Definitions and observations

When considering system of three point vortices, as those depicted in Figs 3.6 and
3.7, one can notIce that the chaotIc sea IS finite. Moreover, transport properties are
qUite obVIOUS when we are within an Island of stabIlIty, thus we are Interested In
transIlOrt QIQpertiesreslilting ffOiTl1i1ijectOfiesl iving ifilheChaoticseawliichreslilIS
fromchaoticadveai~SincetheseaisbOUi1ded;-it is of course not ver)' useful to
consider transport for long times based on particle Rositions (the sea being filled
quite fast). We are tlius consiaering transport properties oasedOillhelength of tra
jectories ana measure the curvilinear arc-Iengtli, anathe transport anaQispersion
associatealOlliis quantitY

(3.33)

where Vi( 'T) is the speed of particle i at time 'T. Then to characterize and study trans
port we compute the moments

Mq(t ) = (Is(t ) - (s(t )W) , (3.34)

where (... ) corresponds to ensemble averaging over different trajectories . And from
tlie time evolution of tliese moments we "extract" a cliaracteristic exponent

(3.35)

In what follows and to be consistent across the different systems we consider
everywhere transport PI9perties related to the length of finite time trajectories .

Before measuring t~different moments, iris gooatohave an iaea on how the
lengths of trajectories evolve with time. We have drawn in Fig. 3.13 the relative
evolution of the length with resRect to the mean of an ensemble of 30 different
particles in a flow generated by three point vortices. One can see in the figure that
iherimeevollilion is reminiscent of some ranaom walKS oy parts. Inaeea tliere are
some parts where theevoIutiOillooIZSregUlar ana-5alliSiicbefore fiillingbackto
erratic again, anatliese regular parts can last relaiivelylong times. Tliis type of
~gular part behavior is usuall)' referred to as Lev)' flights. Indeed when we observe
such large events, it usuall)' means that the)' are not as unRrobable as a Gaussian
woula-Iet us tliinK, hence we may moael it with ranaom steps, out witli step sizes
iakenfrom a LevydiiliibUiiOilWiih-infinite secona moment. Infact to mooellhis
beliavior gigantic steps are not compatiole wiUlfinite speedS,thus we consiaer a
Levy walker, and put the constraint on time. For instance, one can think of two
possible values for the sReed of a walker ±V and randomly pick according to a
Levy distribution how long the walker travel with that speed, before making another
ranaom pick--:-One talkSllien aoout continuous time random walKS.
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3.6.5.3 Transport characterization and moments

wesfllillnowfinallx measure transQQl1QroQerties:-AsmeilfiOi1edweshalleonsiCler
system wIth increaSing complexity, meaning first a system of three POint vortices
near collapse dynamiCs (LeoncInI et aI., 2001 ), then systems of four and sixteen
ideirticalvortices(LeOilCfiliana·ZaslavskT2002)-;and-finallfthreedifferent config.=
uration of the Charnex-Hasegawa-Mima (CHM)(Leoncini et aI., 2005) .

EvoliiliOi701moments

For the different considered cases we numericall x compute the different moments
(3.34). For this comlmtation we tYQicallx consider an ensemble of about 500 trajec
tories, which have been computed for time scales of about 104 or more. The time
step of the numerical integrator is 10- 2, and characteristic Eulerian time scales (for
instance t1ie turn over vortex time) are aoout unity. Since we nave onlyfew trajecto
ries, we have considered regimes which we max consider somewhat stationarx from
the transport ~ective, in the sense that we considered that transport QI"Qperties
are invariant bXtime translation. This allows us to to cut trajectories in Qieces and
tnus to gain in tne statistics up to relatively large times. It is important to mention
inat navingfew long trajectoriesis usually more relevant tnan a large numoer of
them but for shorter times. Indeed assuming some ergodicitx of the sxstem, we are
not sure that the ergodic measure is Lebesgue, however we know that long time tra
jectories should samQle adeguatel x the ergodic component, we max then eXQect that

4rx"",10,,-4__~ ~ ~__---,

3

2

-5 ,--===;;~==~===,~=~0- 0:5 '=== = ='"CS- - - 2
. X 105

Fig.3.13 Deviation from average arc-len gth (s(t ) - Vt ) versus time for an ensemble of 30 particles.
We notic e the IJresence of Lev)' flights . The considered s)'stem for the flow is a three vortex one
characterized by K = 0, i\ = 0.9. The run is performed over 20000 periods. The average speed is
~0-:-87:-The vortex strength~0~2~I~TrlliillJhe quasi-IJeriod of the motion is T~0~73~
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large time transport propertieswilrbeoetter reprocluced-o)' using man)' portiOilSOf
long trajeaoriesraIherl:nan a large numoer of snorter ones.

lnorder1Ol1iiVeai1ioeaoftne time oenavior of tne moments, we nave reproaucea
on FIg. 3.14, tne moments obtaIned trom passive partIcle dynamics In tne flow gen
erated by CHM wltn low disSIpation (FIg. 3.10). One can notice tnat tne power-law
behavior (3.35) is accurate except at ver)' large times and for high moments. This
pro olemcan beuilderstOOd 0)' tne fact tnat for large times we nave onl)ilifilestaiiS=
tics , and also b)' the fact that transport is anomalous, which can make a few events
aominate transport properties, if tne statistics is poor.

Characterizing transport

To characterize transport we extract the exponent gfq) from the moment evolution
ana stuoynow tnisfunctiOilbeh:iVeSii1ql'CiiSiigli one et aI., 1999; Ferrar i et aI.,
200T).Tilfact in anomalous transport tnere are some nuanc es, iodeea we may nave
self-similar anomalous transp ort piQPerties or not, if not, one uses the term multi
fract al transQort or strongl)' anomalous transport. The discrimination comes from
the behavior ofthe function J1 (q).

• If transport is Gaussian we have : J1 (q) = Aq, A = r
• Transport is weakly anomalous or self-similar when : J1 (q) = Aq, A =I- ~ .

• And if the behavior of gfq) is non-linear we have then strongl YanomalOiiSOf
~quivalently multi-fractal transport: gfq~q.

30r====:::::;::::=====;;:::===::::;::::====;

25

Fig. 3.14 Time evolution of the moments Mq(t ) for particles driven by the flow generated by
Chamey-Hasegawa-Mima with weak dissipation. We find the expected behavior: Mq(t ) ~ t)leq) .
Tile moments f~.5, I" . . , 8 are reIJresenteCi.
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We have reproduced in Fig. 3. 15, the eXI'0nents observed in a sxstem of three I'Qit!t
vortice s. One concludes that transport is super-diffusive ()1(2) > I) and since )1 (q)
iSl1Oil=linear we nave multi~fructal transI'ort .

We can summarize the different results obtained for transI'ort I'roI'erties in the dif
ferent systems (see (I.:eoncini et aI., 2001 ; I.:eoncini anclZaslavsKY, 2002;Leoncini
et al:-;-2m4~2U05)fii11hefollowing taole:

/1 (2)
3_vortic~,c~s====l:Oo.i±0 . 2
4 vortices C82
ICLvorticcs en

CHM smaWdisslpation C84
CHM nois)' 1.70

CHM anisotropic 1.78

For all case we ooserve super-aiffiiSive transport, ana except maybefor tne tliree
I'oint vortex s)'stems, we mayjlYllothesize that there is a I'robable universal value for
the characteristi c exponent of transI'ort in these 2-dimensional flows. Moreover, for
the 3 I'oint vortex s)'stem , we had considered a different observable (see (Kuznetsov

1, -/

o 8

mg. 3J5 Behav ior of the funct ion J1.lq) versus moment order q , obtained for a s)'stem of three
point vortices. The moments corresponding to order q = 1/2, ... , 8 are represented. We observe
a non-l inear behavior of J1.lq~port is sUIJcr-diffusivc and mult i-fractal. Thc slope for small
moments is aDout 1.4 wnileifDecomes I for nign moments.
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ancrZaslavsJ<)l;-200D;ceoncinieral~2DOI» namelylhenuillberof turns arounu
tlie center of vorticit)', wnicn rna)' somewnat affect tne value of tne exponent wnen
compareu to arc-Iengtn . Also if we consiaer tne nature of anomalous transIlOrt, we
find that tor POint vortex flows the transport IS multI-fractal (strong anomalous)
(LeoncInI and Zaslavsky, 2002; LeoncInI et aL, 2004), while tor the flows result
ingfromCHM, we can not De as concliiSive,-Dut an analysisbased on var)'ingme
total numDerof trajectories ana tne total computea time snows a trend tnat transport
rna)' be as well multi-fractal(Leoncini et aI., 2005) .

3.6.6 Origin ofanomalous transport

wehavejiiSfl1Oticeu-iillne consiClereu two-uimensionarflows some univemiliIYiil
ine anomalous super-uiffusivebenavior of transport properties:-IfiSlnen naturallO
question wnicn pnenomenon may oe at tne root oftnisooservation.

As snown inFig.-J:T3~ne presence ofLevy f1ignts seems to beiiliimatelflinKeulO
the anomalous QroQerties of transport. When the flows is regular and we can visual
ize Qhase space with a Poincare section ; the origin of the flights can be eXQlained.
Indeed, let us define an average speed over a time 'T with

-- 111+r
v('T) = it v(t')dt' ,

and-let us consiuer1ne--distrioution oflnese averageu speedS-for an ensemoleof
trajectories . We can reasonabl)' expect that due to ergodicit)' in the chaotic sea, this
distribution shall be sharper and sharper as 'T increases to become so delta function
in tne 'T ---t 00 limit[seefor instance (Leoncini et aI., 2008ffor uetailSY:-We may
nowever expect uifferent peaKsto arise, wnicn woulClcnaracterize tne Levy walKers,
wnicn we actually see inFig.-3~16)~WClhenlocalize wiih-different colors ifithc
phase space the regions visited b)' the Qortion of trajectories which contribute to a
given peak (see fight pIctures In FIg. 3.16). It IS then clear that the observed Lev)'
flights in Fig. 3.13 are a conseguence of the phenomenon of stickiness . Stickiness
isrelateCI to tne fact tnat once a trajectory is in tne vicinity of an islana of staoility
it may (or may not iftheislaild-iSilOfSiicKy) want to mimietrajectories wnicn are
iTiSiCletneislaildsaild-oecome more or less regular-for very large1i~Onecan

also notice on FIg. 3.16 that each peak corresponds to a specIfic stlckIng~glOn

in phase space, which actuall)' eXQlains the multi-fractal nature of transport in this
tnree vortex system (Leoncini et al~2001T



3.6.6.2 Notion of chaotic jet
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WhentFiefiowischaoIic, we can not nave access to Qnase space as easilfaS\VFierl
we can define a POInCare map, hence It becomes dIfficult to Identify sticky regions.
It ISthen useful to Introduce the nouon of chaotIcJet (LeoncInIand Zas lavsky, 2002,

8 r-----~----~----_____,

7

6

5

3

2

_____-'- ..-__1.5 2

F ig. 3. 16 Top, distribution of speeds averaged over 20 periods. Bottom, localization of the regions
contributing to the di fferent peaks of the averaged speed dis tributio n.
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2003;AfruimovichaTld-Zaslavsk~2003J(SeeFig.-rT7TWe consiuer one special
passiYej)aiticleandplaceiniTSimmediateneignoornoou a few test (gnost) particles .
we1nen measure tne time7arc-lengtn tnat tne gnosts remain in tne neignborhoodof
the chosen partIcle. We are then de facto Interested In the relatIve dIsperSIon of
partIcles. From one POInt of vIew we can see thIs acuon as some kiiid of finIte size
I..:YJiRunov exponent measurement, or takeanotherj50iilfOfviewand sa)' thaf\Ve
areinteresteu in tne staoilit)' of a coarse graineu trajector)'. TheimplementatiOilOf
this measurements stems from the fact that we expect long time traplling within
jet wnen stiCKiness is ooserved, it nowever can oe generalizeu to systems wnen we
00 not nave access to an easy visualizationofpnase space. Note tnat computing
cnaoticjets properties can beinclildeu-in a more general setting of measuring the
e-comRlexit)' (Afraimovich and Zaslavsk)', 2003) . When measured , we notice that
the traRRing time distribution within jets (see Fig. 3.18) disRla)'s a power-law deca)'
wiin a cnaracteristic exponent y. For tne system witn sixteen vortices we nave

~fJJr) ~ 'r Yj
• y~ 2.8~

• y ~ I +.u(2) .

In fact the'}' = I +g law can be explained under certain conditions (see for instance
(Leoncini et aI., 2001; Leoncini and Zaslavsk)' , 2002)) , when we reconcile the '}'
~onent to one related to the one observed in recurrence time distribution . The
agreement witn tnis law, inoicate nevertneless tnat it is trapping times witnin jets
wnicn are at tne origin of anomalous transport. Ano we can easilyimagine tnat we
indeed shall not observe a regular diffusion behavior if the disRersion of Rarticles
is not strong enough . We find again this behavior in CHM, exceRt ma)'be for the
stronglYanisotroRic situation (Leoncini et aI., 2005) .

Detection of jefUSing1ne metnoo-diSCliSSed earlier allows alSOlOlocalize1heilli:::
ginaf anomalous transport Iildeeosince particleswnen gnost particles are trappeo
for relaiivelylarge times inajet (resulting in a contrioution inine power-law tail),
one can then start to localize the reference trajector)'. Hence we are able to localize
a non-dis~J"g~~jet for the s)'stem of sixteen vortices in Fig 3.19. For this jet , the
influence of vortex cores is preoominant, ana one recovers tne stiCKing pnenomenon
arouno conerent structures at theorigiilOf anomalous transport. However forajei
ioentifieo-inCHMtne resultis more surprising (see Fig)] 9).lnaeeo, one notices

Fig. 3.17 SchematIc representauon 01a chaollc Jet.
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inat even thOlighronerent structures RIa)' ilefiilitivel)' an imR0rtant role, we notice
ihatlfieTriilfluence is not restricteo to tneiriiTiTilediaieindiviillial ReriRhery:-Hence
unilerstanoing transRQI!jJ-"QlJerties is not limiteo to tne presence of conerent struc
tures but also to theIr eventual mteractlons or exchange ot regular Jets.

The notion ot aJet IS a pnon not well defined, mdeed It IS subject to the mtroduc
iiOilOftwOai'l5itrar)'guantiiies:-For one Rart theradialexteriSiOilOftllejet e arounil
the reference trajector)' and for the other Rart the initial distance (5 at which the
ghost particles are Rlaced. In order to see if these have an influence we can stud)' the
jef"structures", meaning tne evolution of gnosts relative to tne reference tracers in a
long liYeiljetTnis "structure" is representeil -fortne two mentioneil]ets inFig.-3~2D~

In ariler to analyze the-influence ofaeHa;-it appears clear tnat tne iluring the-lifeof
the jets , ghosts rna)' come much closer to the reference trajector)' (at least an order
of magnitude closer) . Also, and it is more visible for the jet in the vortex s)'stem
{left in Fig. 3.20),lnat some Kinil ofnierarcnical structures appear. Tnis unilerlines
ihefact1nat actuallypaiiicles are trappeil-iildifferent successive (e-jets) scales:-n
iSlnen reasonal5le to assess thatlne asymptotic propertiesoftne tailsof trapping
iimeaistrioiliiOilSafeindependent ofeand-8:-CJf course we have to have consiuereG
these scales be)'ond an)' characteristic one of the s)'stem, i.e the size of the cores
for instance . To conclude on the jet's structure, it is important to mention that the
relative ilynamics of gnost tracers iloes not seem regular, anil appears as cnaotic, out
ihatfor relativelY-large times, cnaos is confineil on small scales, maKing tnus the
coarse grained e-trajector)' "regular". This last statement is imRortant as it shows
that the computation of a LYJlRunov exponent rna)' lead to some misunderstanding~

such as extended chaos for instance.
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Fig. 3.18 Tail of Ihe dislribulion of Irapping times within jets for the system of sixteen vortices.
We observed a power law decay.
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and three Romt vortIces IS Rresented on thIs first three RIots on the tOR. We can see that the J~
sticl(s arounCl vortex cores. In tne fourtn plot we plotted tFie C1i stance Detween two vortices wnicn
exchang~Jet durmg the formatIOn of a RaIr. For the CHM case , the ,et ISnot trapRed around one
oTlne two vorti~Fig. 3.II),Dut Dounces Dacl( and Cortn Detween tFie two structures (recall
the Reriodic boundary conditions of the flow).
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3.6.LGeneraLcemarks

When we consIder transport related problems In physIcs, we realIze pretty soon
ihaf1he range ofajJRlica15iliifOfthe centrarJimiftlieorem are quiiebroadand gen
erar:-Fromlliis persQective, anomalous transQort ma)' 5e seen as some singular ana
exceptioruilbehavior witliout an)' real consequences. One can tliougli also askSOi.if
selves It nature IS really as sImple as we want to represent It, or If It not our eyes
and measunng Instruments that give such a 5road spectrum ot apprrca5I1lty to thIs
theorem, and in this perspective, we ma)' want to sharpen our sight and tools to tr)'
to switch from description to eXQlanation.

3:7-Beyondcharacterizing transport

We have uQ to now discussed transport Qroblems in 2-dimensional flows and found
out that the observed anomalous transport could be eXQlained b)' chaotic advec
tion ana tlie emergence of cofierent structures associateawiUlllie pfienomenon of
sticKiness or cliaoticjets. Ii11liis section we want to use tlie pfienomenon ofcfiaotic
advection with two Qossible applications. In the first situation we shall consider sta
tionar)' divergent free three dimensional field, and perform a transformation to fall
back on a one and a half degree of freedom Hamiltonian, which we shall use to
oetect cofierent Lagrangian structure in tfie flow. Tlien in a secono part we sliall see
liow we can use cliaotic aovection to acfiieve targeteo mixing, meaning we want to
acfiieve gooomixing in a region ofpliase space confineo-\jy "virtual"1Qynamical)
barriers.1

3.7.1 Chaos offield lines

In this first Qart we shall concentrate on the chaotic nature of field (stream) lines for
a three dimensional incompressible and stationar)' flow which we note Y (Leoncini
et al:-;-2U06j:-Since tfieflow is consiCiereostationary tfie lluio particles or tracer will
follow tlie stream lines . Tlie equation giving us thefielo-lines equation is generically
obtained b)' writing

YAdM-O .

3.7.2 Local Hamiltonian dynamics

(3.36)

We now briefl)' resume how to get the Hamiltonian chaotic character of field lines
{ZaslavsKy ct al:-;-T99lj:-Equations (3~30)Ci.lil6e rewritten as
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(3.37)

then we assume that locally VZ ~O and we get rioof one equation

{ dx/dz = vJ v,
_ dy/dz = vy/ vz '

(3.38)

to get a d)'namical s)'stem in two dimen sion .
Since thTfiow isincompressi5leTflux preserving) we nave

\7 ·v =O, ( 3~39)

which implie s the existence of a stream vector c; such that

(3.40)

Sbeing defined up to some gradient, which we shall refer as a gauge condition.
Let us consider the vector Set rename its coordinates Sx= -p, Sz= H , and let

us reduce the gauge condition by choosing C;y= O. Given Eq. (3.40) , we end up with

(3.41)----=-( d H _ dH _ dp dE\.
v - l y ' ax az' au _· _

Now let us recall Egs. (3.38), but with a change of variables, namel )' instead of
considering the triplet (x,y ,z), we use q = x and r = z to get to the triplet (q, p,r ).
We shall use the notation H(RLq,r ) = H(x,y,z). This change of variables implies

(3.42)

ana now 5y using tne expression onne speeal'3~41) we ena up wiU1Hamilton's
~quation§

(3.43)

Consequencesl

• Field lines are genericall)' chaotic for three dimen sional divergence free fields.

Be)'ond this remark , we can also use this transformation to compute field lines nu
mericall)' using a simplectic integrator. This algorithm insure s us of a good~
vation of tne invariants of tne systems ana tnus gives tne assurance of naving stream
lines wiifilne conailion ofnaving a aivergence free fiela~Moreover we can tninK
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of using thetrai1SfOfrTiirtion to perfOiTilafterWafdsaPoincare map anifusetnemTcl
localize 3-oimensional structures. It is imIlOrtantto insist diat tne cnange of variaole
is onl)' locall)' valio, inoeeo tne arrow oftFieeffectiveliiTieisnofalwaysdefinea:
~e~e_c_a~e~e~a_c~alilie_c~c~~_dKe_c~z_and~e_c~d~aie

system IS somewnat arbitrary, and we can tor Instance cnange labels or rotate It It
we encounter such problems (Leoncini et aI., 2006) . We insist also on the fact that
of course we nave cnecKeo diat sucli algoritnmic proceoure was giving oetter results
than a direct integration of Egs. (3.38) b)' a Runge- Kutta scheme. We now illustrate
in wnat follows tne ootaineo resultS-for a simple example.

3.7.3 An ABC type.flow

Toillustrate theinterest in performing tne transfOfrTiirtiOi11()3Hamiltonian system
we nere consioer an ABCTArnola=Beltrami=Cliiloress) type flow cnaracterizeo-oy
the following eguations

Vx = cos (y) - s sin rzr;
Vy= sin (x)+ lOCOS (z),
Vz = cos (x) - sin (y)+ Va ,

(3.44)

wnere va is a constant wliich:illows to eventually get riaoftne proolem resulfing
from Vz being zero . The JJiQperties ofthis flow are known :

• If £ = 0, field lines are integrable (guasi-2D flow),
• If E #- 0, the flow is tri-dimensional and field lines are chaotic.

For tlie case e - 0, we can see fieldlines inFig.-3~21~We notice tliat iiiiliis case
that when va = 0 all field lines are Qeriodic and closed. We then consider a flow for
which va = 0 and £ = 0.15 . The Poincare section is represented in Fig. 3.22.

We find then again the structure of Qhase space alread)' observed in chaotic ad
vection pnenomena witn a cliaotic sea ana islanosof staoility, wliicn are a signature
orHamiltonian cliaos in systems willi one anoahalfaegreeoHreeaOi11:-We note
tliougli some oifference, indeeo we liave nere vc = 0, we can tnen expect tliat Vz will
change its sign and our fictious time z is not an)'more a regular growing monotonous
function, hence the structure which gives rise to the regular tori on the Poincar sec
tion may not liave tne expecteo cylindricallUbular form . weliave tlierefore repre
senteo-inFig:-3~23~neregular-Helo-lineswhoseinitiaICOriQilions are taKen iillhe
regular zone . One can see a oelocalizeo structure wliicli repeats itself periodically
with time, but also a non-conventional localized structure, which reflect the local
nature of the Hamiltonian formalism in this case . About these structure, we want
to insist on their Lagrangian character and that from the Eulerian persQective, the
velocity fielo is extremely simple.

Wesnall now move on to anotlier potential application ofcnaoticadvection.
Namel)', we shall use it to improve mixing~lQQertiesof a given flow.



x

15

183

" . :

-5
15

. ' . , " " ':. . .

... .•... . .~ .
10 · r:: ':. .-.- .

5 . ("L
N . V \l

. . .' . .

________x y _

Fig . 3.21 Left : Poincare section of the ABC flow for the integrab le case e = 0 for different values
of Vo rangiIlg from 3 to 0.01 (vo -; 0), all trajectories are sU~flJos i ng themselves exactl)T. The *
signs correspona to tne points 06tainea wnen Vo - 0, fiela lines are perioaic. Rigfit: aisplay of four
different field lines for the case e = 0 and Vo = O. The lines are IJeriodic and closed .

Bg. 3.22 POinCare sectIOn of tfie ABC lIow for e - 0.15 and vo - O. We observe Hamlltoman
chaos and a mixed IJhase sIJace with a stochastic sea and regular regions .
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localized field line for the case e = 0.15 and VQ = 0, which is reminiscent of the observed behavior
wirhe.eO,
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3.8 Targeted mixing in an array of alternating vortices

Inorder to Improve rmxmg In ffiiids In non turbulent condItIOns(low Reynolds num
oer), one possil5ilit)lis to use chaoticadvectiOi1(AreCl984).Inlliissectionweshall
revisiftlie proolem wliiCli we use to illustrate tlie plienomenon in tne oeginning~

tliiscliapter. We are tlius considering tlie following integraole stream functiOilWliicn
models an array of alternating vortices wltn shp ooundary condItIOns

lJIo (x,y) = a sinxsiny, (3.45)

wfiere x iSlheliorizontal -direction along tfie cliannel anoyiSllie vertical one. The
constant a is the maximal value of the speed whose field lines have been represented
in Fig~

A.salrcaoy mcntionco, passivc particlcs are following stream lifiCSgivcnI5Y%
occausc theoynamicsresuItingfrom Eq.-(3:-45Tisintcgraolc (wc navc a one ocgrcc
orfreeoom Hamiltonian system). Tfiere iSllius no mixing. Thefltiio-islimiteo-I5Y
two invariant surfaces l' = 1r and l' = 0 corresQonding at the top and bottom of the
channel seQarating the vortices. The flow has periodic hyperbolic orbits on these
two surfaces located in x = m1r with m E Z. The phase sQace is then characterized
oy a cnain of vorticcs witn scparatriccs localizco in x - m1r witn m E Z. From an
experim ental point of v iew, we can try to stuoy tfie pnenom enon of cliaotic aovection
by introducing a time dependent perturbation of the flow ! (x,y,t ) in the stream
function , in order to obtain a Hamiltoni an system with one and a half degree of
freedom . For instance the following stream function has been QI9posed to model a
experim entarsituation

IJ'J (x,y, t) = a sin(x + s sin~t) siny, (3.46)

wfiere tne perturoation is ! = esin~t ano-descrioes lateral oscillations onlie vor
tices (Willaime et aI., 1993; Solomon and Gollub , 1988). The parameters e and ~
are resQectively the amplitude and pulsation of these lateral oscillations. Without
loss of genemlity we set ~) - I (oy a cfiange of time scalej.Tfie field lines are ioen
iicalasllie one representeoinFig.-3Tbt:ifOSCillateperrodically along tlie x oirect ion
along tlie cliannel:-Passive tracers liave now a non-integral5ledynamics. A.ssliown
in Fig. 3.2, due to the Qresence of the Qerturb ation the vertical heteroclinic connec
tions (seQaratrices) between vortices have been destroyed. The stable and unstable
manifolds intersect each other transvers ally and chaotic advection along the chan
neEstriggereo:-Mixiilglias thliSbeenei1lianceo. However we can see tliat islanos
of stability remain arouno tfi e center of vortices. Mixing insioe tlie rollsiSlnus only
obtained through molecular diffusion , while tracers in the chaotic sea are advected
along the channel without bounds. These conclusion are true for a large range of
parameters, with of course some variations on the size and number of islands and
size_oL1lic_stocliastic_sea.

Wecai1aSk----ourselvesif oy a more careftilchoice onne perturoati on T. we coulo
improve on mixing properties wliile avoiaing tlie spreaoing along tlie cliannell:Toun-
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(3.47)

sia Benzekri et aI., 2006; Bachelard et a1. , 2007). In other words , the unperturbed
flow nas separatrices in x - mn, wnicn were confining tne flow in a cell, we are
looKing for a perturDation I wnicn preserve tne cellular structure of tne flow wnile
havIng a tIme dependency whIch maxImIzes mIXIng WIthIn the cell.

WIth thIs In mInd, we shall start WIth a quite general approach and become more
preciseonlne Qerturbation as we go along . wesha llmakeafifSfSimp lifiCirtiOill5)l
considering f = f(y, t ) and construct dynamical barriers. We consider therefore a
generi c integrable situation % (x,y) which is periodic with period L = 2n in x, and
such that a;%{x,O ) = a;%{x,H ) = °for all x E lR where H = n is the channel
height. The perturbed stream function is given by~q. (3.4) where L(jJ[is such
thaIl

• Barriers whose equations are x = Xk(y,t) (for k E Z) block chaotic advection
ll1Q11g the x direction .

The equations of tnebarriers are x = Xk(y, t) = kL + qJ (y,t ) f~Z where qJ is
function wnicn we nave to oefine:-For tnis purpose we use Hamilton's equations

. aPe a% afa%
x = --a-}' = --a-}' (x + f ,y) - -a}'-a-x(x + f ,y) ,

----"-'-'----- - - -

. a%
y= ax (x+f,y) ,

and we imQose that Xk is an invariant curve, which gives us the following~ynamics

for partiCles on tne Darrier
-. -a~acp

X = -at+Y a}"
We then obtain :1

()~a
:l+:l [%(cp+ f ,y)] = 0.
at ay

We can for instance look for a solution for which the sum i + q> is only depending
on time . We note c1> (t) the sum, and the condition on cP is given by

The above eguation has as a solution

cp (y,t ) = -ray% (c1> (t),y)+g(y),

wneregi.sanarDitrar)ififficti()i1ai1d1helinear operator ris a pseuoO=inverse oper
ator of ai, meaning it acts on a function v(y,t) = LkVk e'kTUS

" v~kT v = 1.J - e' I .

ki n ik

The perturbation i is then given by



f (y,t ) = <p1!T+ro?poT<P (t),y) - g(y),
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(3.48)

where cP IS an arbItrary functIOn of time and g functIOn of y.
We now return to tile array ofal tcmaiingyorIiCCS(r4Srana1rying to remain as

close as possible to the already performed experimental setting, we choose <P(t) =

e sint and g(y) = O.
The stream functIOn modified by the perturbatIOn (3.48) IS then given by

lP,, (x,y,t ) = a sin[x+ s sin r + acosyCE(t)] siny, (3.49)

(3.50)
- 2

CE(t ) = L --/2n+l(e )cos(2n+ I)t,
___n""o2n+ 1

and I n(pour n E N) are Bessel-functions ofthefirst I<i lli[
We notice that }' = 0 and }' = n are still defining borders of the stream fun ction

(3.49j.Tllis com es fromlhefact that we only mooifieo tile term with x in the original
stream functi an:-Tlle stream lines are sligh-By mooified (non-uniformJYin y) as can
be seen on Figs . 3.24 (a) and (b) which represent the stream lines at two different
time s, res]2ectively t = 0 and t = 3n14. Moreover the motion of the rolls rem ain
hori zontal , as is the case for the fun ction lJl_given b)' Eg . (3.46). The fact that stream
lines from tile stream functi0ii13.46IJiild l l1OSCOf the stream functi0i!I3 .49IJifC
aliKe, comes from the fact that tile stream function lP" is only a slight mooification
of PI (for small a) as we have jlP,,(x,y,t) - PI (x,y,t) 1< a2f[i.

We can also noti ce that the dynamics of tracers is totall y different and show a high
degree of mixing. Using the same values of e and a disIilityed in Fig . 3.2, Poincare
secliOilOftheQynamics go vern eo oy tile stream functionlP"given oyEq.-Tr49)
is representeo Oi1 Fig.-T2S:-WenoIiCClllat as expecteolllere are invariant surfaces
arouno x = 0 (moo-2ml5Olo curves ) anolhat mixing wiUiiillllose oarriers is con
siderably enhanced. The eguation of these barriers in the x direction are known and
given by!

x = Xk(y,t ) = 2kn - acosyCE(t). (3.51)

Tooe more precise,1h e oarriers(3~5T)liredegenerate invariant toriaseacnorthen is
a heteroclinic connection oetween two periodic oroits (of period-2n), one locateo at
y = 0 et x(t) = - aCE(t), and the other at y = n and x(t) = aCE(t), both oscillating
in opposite direction alon g the channel. Regarding the mixing inside the cell ob
serveo-inFig:-3~2S , we also notic e tlUiffCgiilarl fa:j CctOficsooserveo with the stream
function lJl-haveoecndcstroyeo -bYlhe perturoation (see Fig.-3~2 to compare) for
e = 0~6rTlli s mean s that the perturoation given oy E(f.1r48) creates two invariant
surfaces around x = 0 and x = 2n, and destabilizes the stable trajectories within the
cell, most notably the regular mot ion near the form er ellifltic floints clo se to x = n /2
and x = 3n / 2. A detail study on the ]2arameters, and how o]2timal mixing within the
cell can oe ootaineo-isgiVCi1Wiill great oetailsil1(Bachelaro et al:-;-2007).

In oro er to simplifjllle perturoation ana get a stream function wllichSfillmixes
but may be more reali zable eXflerimentall )', we can think of truncating the se
nes (3.50) which gives the temp oral behaVIOrof the flerturbatlOn . For Instance, we
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consider a simpJi1jeaperturbation by retaining only the first term in the series C;m
wnicn gives a stream fillictiOil

'Ps(x,y,t) = a sin (x+ s sinz - 2a ,/1(e) cosycost) siny. (3.52)

Tne temporal dependence IS mucn simplIfied as we are now left wltn only one co
sine mode (to be compared wltn an mfinIte senes). In order to cneck It tnls IS stili
efficient, we computed the Poincare section for the simplified stream function 'Ps
given by Eg. (3.52) for a = 0.6 and e = 0.63, and for the naked eye, the section
is identical as the one disI'layed in Fig. 3.25. Effective barriers are still there, and
mixing are equivalenf.ln fact we may mention tnat if we consiaer very large times,
some trajectories are escapinglhecell~hrough-holes wnicn are present near the
unstaole periodic point (at tne top ana-oottom oflneoarriers), t1ie simplified per
turbation remains however very efficient, especially since in any case molecular
diffusion allows barrier crossing .

2.5

2

~ 1.5

I ~
---2--x - 4 6 --X--"--------'''---

Bg:-3:24-StreamllliCSOf the stream fiii1CtiOi113Ag)for (a) t - 0 andlbJT=)~Parameters

are a = 0.6 el E = 0.63.

3

2.5

2

0.5

O'--~-----,:-

--- Z__0- _2_
X

_4- _6- _8-

Fig. 3.25 Poincare section corresponding to a flow governed by the stream function (3.49). Pa
rameters are a - 0~6, e = 0~63~
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To summarize,wenaveshOWilfiOWin an arra)' of altermilingvoriices corresQono=
iJ}g to a cellular integraole s)'stem, we can use clliiOticadYeaiOtltOTriggerefficiei1t
mixing , wnile preser ving tne cellular structure of tne flow (TounsiaBenzekrieral ~

2006;BachelardCfaI:-;-2007L

Ii11fiiscnapter we nave oiscusseolne oynamics of particles aovecteo-in regular ana
cnaoticflows. Wefirstnave aooresseolne--dynamics of point vortices anosnown
the great variet)' of the d)'namics of three point vortices near the singularity_giving
rise to collaQse. We have shown the strong influence of the existence of a finite time
singu larity on tne oynamics, especially on now tne periodofthemoiiOi1CVOlvesas
we get closer to tne singular conoiiions. Wehave1nen stuoied transport properties
of passive tracers in various flows. Wenave starteo wiih-integral5leflows governeo
Q)' three vortices, then moved on to chaotic flows generated b)' four and sixteen vor
tices , to end up with a turbulent flow governed b)' the CHM eguation . For all cases,
we have observed anomalous superdiffusive transport with a characteristi c eXQonent
J1 rv 1.5 - 1.8. Wc navc cxplainco tnc origin of tnc anomaly l5y tnc pncnom cnon of
sticKiness arouno conerent structures in regular flows, ano-oy tne presenc e of regu
lar chaotic jets for the chaotic and turbulent ones . Finall)' we have illustrated how
the Hamiltonian nature of chaos could be used to localize 3-dimen sional coherent
structures or how to imQrove mixinKQroQerties in cellular flows while keeQing the
ccllulaLstructurc_oLtnc_flow.

Acknowledgements IWOtiloliKe to eXRress oeeR aRRreciatiOilaildgratifilde1OGeorgeZaslavsky:
He was one of my main coIIaoorators, ano most of tlie worK Rresenteo in tliis cIlaRter corresRonos
to common worK, or worKne inspireo tnrougn our numerous ana extremely fruitful oiscussions ano
exchanges. Most of the work Rresented in this chaRter are shared with m)' co-authors: Olivier Ag:
lillo,RomaiilBiiCheliiLd;-SadruooiilBei1ka doii;-Tounsia BeriZekri;-Ciistel-Cnanore ,J :eoniol(uznet
zov, Antonio Laforgia, Magali MuragIia, Ouerdia Ourrad, Ricardo Lima , Mich el Villot and Georg()
ZaslaVsKy.Iusethlsoccasloi1t01hanKt~n:

Referencesl

Affaimovi ch- V. ano-ZaslavskYGM:-;-2003~Space-time complexiiYi nnamiltonian
oynami~Chaos, 13~519=532:

Annibaloi-S:V:;-Manfreoi-G:-;-DenoyR:O. anoTIrury CO'C:-;-2000~viaence for
strange kinetics in hasegawa-mima turbulent transQort. Plasma Phys . Control.
Fusion, 42, L 13-L22.

ArefH:-;-r979~MOiionoflnree vorti~PhYS:-FluiaS;22~J93~OO~

ArcfH:-;-1 984~Siirri ng l5y cnaotic aovcction,rFluiaMech-:;143~1=2 r



190 XavieLLeonciili

ArefH~1990~ChaoticadvectiOilOnluioIJiirti cles:-P7iiCT~R-:-SOC'-LOiUlonA~

:1:13, 273-288.
Aref-H:lll1d-Pompnre)' N~r980~ntegra5l e anacFiaOtiCTilOtiOilOflOiifYOrtices,

Phys. Lett. A~78;-297=300~

Bachelard R., Benzekn '1'. , Chandre c., LeoncInI X. and YlttOt M., 2007, Targeted
mixing in an arra)' of alternating vortices, Phys. Rev. E, 76 , 046217.

Balasuri)'a S., 2005 , Optimal perturbation for enhanced chaotic transport, Physica
D,202,155-176.

BefifingerKP~eyers S. ano-Swinney H:C;-1991-,- Cnaos anomixiilgin
geostropfiicflow, Phys. FluillsJr;-3;-T243=-r249~

B_eDzeXri· 1'.-=-CJjalloreJ:'.-:'LeoncjniX~LimaJs ._an_o-VittQt M'::-;-:200o.::.CjiaQtic_aoxec.::
tion and targeted mixing, Phys . Rev. Lett., 96, 124503 .

Benzi K , Colella M., Briscolini M. and Santangelo P., 1992, A simQ!~.J)oint vortex
mooclTor two-oimensionalCiecaying turbulence, Phys. Fluills A-;-4;-T03o=ro39:

Boatto S. ano-Pierrefiumbert RT -;-1999-;-Dynamics of a passive tracer in a veloci tY
ficloofTour ioentical point vortices, J.7luillMech--::39"t-;-07=-17"t:

Brown M.G. and Smith K.B., 1991, Ocean stirring and chaotic low-order d)'namics,
Phys. Fluids, 3, 1186-1192.

Carnevale G.F., McWilliams J.e., Pomeau Y, Weiss J.B. and Young W.K , 1991,
Evolution of vortex statistics in two oimensional turbulence, Phys . ReJJ:Lert::66,
2135;;'273_1J

Carreras B.A., L)'nch v.B., Garcia L., Edelman M. and Zaslavsk)' G.M., 2003 , Topo
!2gica1 instabilit)' along filamented invariant surfaces, Chaos , 13, 1175-1187.

Castiglione P., Mazzino A., Mutatore-Ginanneschi P. and Vulpiani A., 1999, On
strong anomalous oiffusion, Physica D, 13"t, 75-93 .

Cnernikov A--:-A~PetrovichevB-:-A~Rogal'skYA:Y.-;-Sagoeev K Z. ano-Zaslavsky
G:M:-;-T990-;-Anomalous transport of streamlines oue to therr cnaos anotheir
~Qatial tOQolog)', Phys . Lett. A , 144, 127-133.

Crisanti A., Falcioni M., Paladin G. and Vulpiani A., 1991, Lagrangian chaos :
Transport, mixing ana oiffusion in fluios, Riv. Nuovo Cimento, n -;-r=80:

Crisanti-A~Falcioni-M:-;-ProvenzaleA~Tanga P. ano-Vulpiani A-:;-Dynamics of pas
sively aovecteo-impuritiesinsimple two-oimensionalTlow mooers;-phys. Fluills
A, 4, 1805-1820.

del Castillo-Negrete D., 1998, As)'mmetric transport and non- gaussian statisti cs of
Qasslve scalars In vortIces In shear, Phys . FluMs, 10, 576-594.

oel Castillo-Negrete D., Carreras B.A. ano-CyncnY.E;-;-FractionalaiffiiSiOilin
plasma turbulence, Phys. Plasmas, 11-;-3854=3804~

Dickman R., 2004, Fractal rain distributions and chaotic advection, Brazilian Jour
nal oj Physics, 34, 337-346.

Dntschel D.G. and Zabusk)' N.J., 1996, On the nature of the vortex interactIons and
mooelsin unforc eo nearlyinviscio two-oimensional turbul ence, Phys. FluillS;-8~
1252::'::12561

Dupont F;-;-McLacfilan KI. ano-Zeitlinv:;-r998-;-On possible mecnanism of anoma
lous diffus ion b)' rossb)' waves, Phys . Fluids , 10, 3185-3193 .



191

Ferrari -R~Manfroi -A--:-J~d-YOiiTigWR~20m-;-Strong anilweaKl xself~imilar

diffusion , Physica D, 154,111-137.
Kuznetsov c:ancI-ZaslavskYG:M:-;-T998~Regularandchaoticadveaioniil1hetrow

fielCi of a tnree-vortex system, Phys . Rev. E;-58;-7330=7349:
Kuznetsov L. and Zaslavsky G.M., 2000, PassIve partIcle transport In three-vortex

flow. Phys. Rev. E, 61, 3777-3792.
LaforgiaA~LeoncinTX~Kuznetsov L--:-and-ZaslavskYG]vr~2001-;-Passive tracer

cl)'namics in 4 Roint-vortex-flow, Eur. Phys. J. B, 20, 427-440.
Leoncifii-X::-AgulloO~BcnkadClaS . anCi ZaslavskyG:~2005;-Anomalous trans

port in chamey=nasegawa-mima flows, Pliys. Rev.-K72~0202TS:

Leoncifii-X~uznetsov L. anil-Zaslavsky G:M~2000:MOfion oHn-::-re=-=e--:Cv=o=rtices near
collapse. Phys . Fluids, 12,1911-1927.

Leoncini X., Kuznetsov L. and Zaslavsk)' G.M., 2001 , Chaotic advection near a
3-vortex collap se, Phys . Rev. E, 63, 030224:

LeoncifiiJ C anil-ZaslavskyG:M~2002:-Jets, sticKiness anCi anomalous transport,
PhYS:Rev.-E;--65-046T1o.

Leoncin i X., Agullo 0 ., Muraglia M. and Chandre e. , 2006 , From chaos of lines to
~grang ian structures in flux conservative fields, Eur. Phys . J. B, 53 351-360.

Leoncini X., Chandre e. and Ourrad 0 ., 2008 , Brgodicite , collage et transport
anoma l;-C.-R:-Mecanique:;-336;-530=53S:

Leoncini2C;-Kuznetsov r.:. anil Zaslavsky G.M~2D04~BviQence ofTractional trans
Rort in Roint vortex flow, Chaos, Soli tons and Fractals , 19,259-273.

Leoncini X. and Zaslavsk)' G.M., 2003 , Chaotic jets, Communications in Nonlin ear
Science and Numerical Simulation, 8, 265-271 .

MacnioroC:and-Pulvirenti-~r994-;-MCiihemaJicaltheor)ISJIuncomfJressib7~

viscous lliiiaS:-Springer, New YorK.
McLacnlailRT anil-AtelaP.-;-r992-;-Tne accuracy of symplecticintegrators, Non

linearity,S, 541-562.
McWilliam s J.e., 1984, The emergence of isolated coherent vortices in turbulent

flOW;-J.7Iiiia-Mech~14o;-2l=-4T

NoviKovE:-A. anil-Swov Yll.B~1978:Stocnasticproperties of afour-vortex system,
Sov. PhJlS7ETP-;-48-;-440=444:

Novikov B.A. and Sedov Yu.B., 1979, Vortex collaRse, Sov. Phys . JETP , 50, 297
301l

OUinoJ.M., 1990, Mixing , chaotic advection and turbulence, Ann . Rev. Fluid Mech.,
22~207=253]

OfiinoTM~1989~TheKinematiCS01mixing: strech-ing;Ghaos, ana transfJort, Carn-:
bridge Universit)' Press, Cambridge.

ShlesInger M.E , Zaslavsk), G.M., and Klafter J., 1993, Nature, 363 , 31-37.
Solomon T.H. and Gollub J.P., 1988, Chaotic Rarticle transRort in ra)'leigh-benard

COilvectiOO-;-PhYS:Rev.Jt-;-38-;-6ZS-0=62EO:
SoIOiTIOilT.H:;-Miller I'[S~SpohnCJ:L, anil-Moeur r.P.-;-2003-;-Lagrangian cnaos:

transport, coupling anilpnase separation, AIPTorlf.-Proc., 676;--r9S=2UO:
Solomon T.R, Weeks B.R. and Swinne)' H.L. , 1994, Chaotic advection in a two

dImensIOnal flow: Lev)' flIghts In and anomalous dIffusIon, Phys ica D, 76, 70-84.



192 XavieLLeoncini

StrOOCk-A--:D~erti ngerS:K:w.~Ajaari -A~Mezi cI~StorieH :-A-:and-WniteSiaes

0.M~ , 2002 , ChaQtic mixer for microcl1anne~, Scienc~,22~, 647-6~

Synge J.L., 1949, On the motion of three vortices , Can. J. Math. , 1,257-270.
Tavantzls J. and Tmg L., 1988, The dynamIcs of three vortices revIsited, Phys.

F liiias:31~T392=-1409~

WillaimeH~CardosoO~d-Tabeling P.~1993;-Sj)atiotemporel-inteiTIii~in

lines of vortices, Phys. Rev. E, 48, 288-295 .
Zaslavsky G.M., Sagdeev R.Z., Usikov D.A. and Chernikov A.A., 1991, Weak

Cliaos ancrQuasiregular Patterns, Cam15rioge University Press, Cam15rioge.
ZaslavsKyO:M:-;-Stevens D. anoWeitzner H~r6g-3~Self.:similar transport inincom

plete diaos, Phys. Rev. E;-48T683=lo94~



Cha{Jter ~

Hamiltonian Chaos willi a Cola-Atom in an
O~tiacrL3ffice

Abstract We consider a basic model of the lossless interaction between a moving
2=level atom anil a stanoing-wave single-moilelaser fielo:-Classical treatment ofthe
translational atomic motion provides the semiclassical Hamiiton-SchrOdinger equa
tions of motion which are a 5-dimensional nonlinear dynamical system with two
integnilsof moti~TFieatOiTIicdynamics can oe regular or cnaotiC{in tne sense
of exponentialsei1Sifivity to smallvariafiOilSininiiialCOi1difiOilSaild/Oflhesys::
tem's control parameters) indepenoence on values onne control parameters, the
atom-field detuning and recoil frequency. We develop a semiclassical theory of the
chaotic atomic transport in terms of a random walk of the atomic electric diQole
moment u which is one of the components of a Bloch vector. Based on a jumQ-like
oenavior of tnis variaole for atoms crossing nooes of tne stanoing laser wave, we
construct a stocnastic map tnat specifies tne center-of-mass motion . WeHildtne re
lations between the detuning, recoil frequency and the atomic energy, under which
atoms may move in a rigid oQtical lattice in a chaotic way. We obtain the analyti
cal conditions under which deterministic atomic transport has fractal QroQerties and
explain a nierarcnical structure of tne oynamical fractals . Quantum treatment of tne
atOiTIiCillOtiOilin a stanoing wave is stuoied-intne oresseo state picture wnere the
atom moves in two optical potential ssimultaneously.-Iflne values onne oetuning
and a characteristic atomic frequency are of the same order, than there is a Qroba
bility of nonadiabatic transitions of the atom upon crossing nodes of the standing
wave. At tne same conoition exactly, we ooserve suooen cnanges Uili11j'lS)in tne
atomic dipole moment u when1ne atom crosses tne nooes:-Tnose jumps are accom
paniedoy splitting of atomic wave pacKetsat tne nooes . Sucn a proliferation of wave
packets at the nodes of a standing wave is a manifestation of classical atomic chaotic
transport. In particular, the effect of simultaneous traQQi!1g of an atom in a well of
one of the oQticalpotential and its flight in the other potential is a quantum analogue

S.V__Prantsl
Uiooratory onwnlinearDynamicaI-S~PacificOceanological -InstituteOftheRiissian

Academy or-ScIences, 4TBaIti iSKaya st., 690041 Vladivostok, Russia,
e-mail: prants @poi~dvo.ru
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ofachaoIicclassicalwalKing of an atom. ATrargevaliiesonhedetUrli~~uan
tum evolution is sliown to 6e auiabaIiciilaCCOfdance witn a regular cliaracter of tlie
classical atomic motion .

Thefunuamental mouerfOflFieinteffictiOilOf a rauiaIion willi matter, comprisinga
collection or2~level quantum systems coupleu wilhasingle-moue electromagnetic
fielu, proviaes tne oasiS-forlaser pliysics anuaescri6es a ricn variety of nonlinear uY::
namical effects . The discover)' that a single-mode laser, a s)'mbol of coherence and
stabilit)', rna)' exhibit deterministic instabilities and chaos is eSReciall)' important
since lasers proviue nearly iueal systems to test general iueas in statistical phYSics.
From tlie stanupoiilfOfnonlinear uynamics.-Iaser is an open uissipalive system
wnicn transforms an external excitatiOilinto a colierent output inlne presence of
loss. In 1975 Haken (Haken, 1975) has shown that a single-mode, homogeneously
broadened laser, oRerating on resonance with the gain center can be described in
the rotating-wave approximation b)' three real semiclassical Maxwell-Bloch equa
tions wliichareiSOi11Oij)niClOlhefamous Lorenz equation s. Some manifestation s
ofa[ orenz-type strange attractor anu-dissipative cnaos liave 6een o6serveuwiifi
different t),Res of lasers.

In the same time George Zaslavsk)' with co-workers (Belobrov et aI., 1976) have
studied interaction of an ensemble of 2-level atoms with their own radiation field
inaperfectSingle-moue cavity witnout any losses anu externalexcitaiiOi1S,\Vliicli
is-Knownas the-DiCKe moucllDicke;-r954f.Tney were able to uemonstrate analyt
ically anu numericall ydynamicarinsta6ililies anucnaos orHamiltonian type ina
semiclassical version of the Dicke model without rotating-wave aRRroximation . It
was the first RaRer that opened the door to stud)' Hamiltonian atomic chaos in the
rapiuly growing fielus of cavity quantum electrouynamics, quantum anu atomic op
tiCS:-SemiClassical equations of motion for tliis system may 6e reuuceulOMaxwell:::
Blocli equations for tliree reariildepenuent varia61es wliich-;-iildifference from the
laser theor)', do not include losses and Rump. Those equations are, in general , nonin
tegrable, but the)' become integrable immediatel )' after adoQ!iJlg the rotating-wave
:lpproxlmatlOn (la)'nes and Cummmgs, 1963) that Implies the eXIstence of an ad
oilional-integralof motion, conservation of tne so-calleo num6er of excitations .
Numerical expei'imen1SnaveshOWnlnat prominenfChaosariseswhentnedei1SiiY
of atoms is ver)' large (aRProximatel)' I020Cill3 in the oRtical range (Belobrov et
aI., 1976)). The followmg~rogress m thIS field has been motIvated, maml)', by~
desire to find manifestations of Hamiltonian atomic chaos in the models more suit
aolefor experimentarimplementations. Twenty years after tnatpioneer paper, man
ifestations orHamiltonian cliaos liave 6een founo-inexperiments wilh-KicKeo colo
atoms in a mooiilateo-Iaser fiela:-Nowoays, a few groups ii11hT USA--;-Australia,
New Zealand , German)', France , England , Ital)' and in other countries can perform
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routine experiments on HarriilIOilianchaoswiih----COlaatOillSiilOfJIica:nanicesand
traj:)S(fora review see (Bensinger et aI., 2003}).

In tnis Q'lperwe review some results on tneor)' ofHarriiltoniancl1iiOSWithasingle
2-level atom In a standing-wave laser field that have been obtained In our group In
Vladivostok. In spite ot we publIshed wIth George only one paper on thIS subject
(Prants et al~2002), our work-inlliisfielcrhasoeen mainl)' insQirea-o)' nis Pilper
(Belobrov et aI., 1976) written in 1975 in Krasno)'arsk, Siberia .

An atom Qlaced in a laser standing wave is acted uQon b)' two radiation forces,
aeterminiSiiCClipole anoSiOChastic oissipative ones (Kazantsev et aI., 1990Y:-Tne
mecnanical action oflignt upon neutralat:Oi11Sisaflheneart oflaser cooling, trap
ping, ano-Bose-Einstein conoensation. Numerous applications onne mecnanical
action of light include isotoQe separation , atomic lithog!'lP1})' and epitax)', atomic
beam deflection and sQlitting,maniQulating translational and internal atomic states,
measurement of atomic positions, and man)' others . Atoms and ions in an oQtical
lattice, formeo oy a laser stanoing wave, are perspective oojects for implementation
of quantum information processing ana quantum computing. A-dvances in cooling
and trapPiDg of atoms, tailoring~Qtical potentials of a desired form and dimension
(including I-dimensional optical lattices) , controlling the level of dissipation and
noise are now enabling the direct experiments with single atoms to stud)' funda
mental principles of quantum pnysics, quantum cnaos, oeconerence, ana quantum
classical corresponoence (for recent reviews on cola atoms in opticarIattices see
Rcf.~Grynoerg ano~ooilliaro~2DOT;Morsch ano-Ooerthaler, 2006}).

Experimental stud)' of guantum chaos has been carried out with ultracold atoms
in o-kicked oQtical lattices (Moore et aI., 1994; Robinson et aI., 1995; Hensinger
et al~2U03Y:-To suppress spontaneous emission ana provioe a conerent quantum
oynamics atoms il11nose experiments were aetuneaJarJr7Jiiitheoplical resonance.
Adiaoaticelimination onne exciteo state amplituoeleaos to an effectiveHamil:::
tonian for the center-of-mass motion (Graham et aI., 1992), whose 3/2 degree-of
freedom classical analogue has a mixed phase space with regular islands embedded
in a chaotic sea. De Brogile waves of o-kicked ultracold atoms have been shown
to oemonstrate unoer appropriate conoitions tne effect of oynamicallocalization in
momentum oiiliibUiiOilSWl1icn means tne quantum suppressiOilOfchaoiicdiffiiSiOil
(Moore et aI., 1994; Robinson et aI., 1995; HensInger et aI., 2003) . Decoherence due
to sQontaneous emission or noise tend to suppress this guantum effect and restore
classical-like d)'namics . Another imQortantquantum chaotic phenomenon with cold
atoms iilfar-oetuneo opticarIattices is a cnaos-assisteo tunneling.-lnexpeiiments
(StecK et al~200T;Hensinger;-2001ru1tracola atoms nave beendemonstrateoto
oscillate conerentlYoetween two regular regions in mixeopnase space even tnougl1
the classical transQort between these regions is forbidden b)' a constant of motion
(other than energyj.
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Tne transRort of coluatOiTiSinopticanafficeshasoeenobserved101ake1hefOiTIl
orballiSiicmotiOi1,C)SCillaIiOilSinwellsoflheoj)ticalpoteritial;-BrownianTilOtion
(Chu et a!., 1985), anomalous diffusion and Levy flights (Bardou et aI., 2002 ; Mark
SiCii1CfCfaI :;--1 99~TheLevyflighlShavcocen founu in tnc context of suorccoil
laser coolmg (Bardou et aI., 2002) in the dtstnbuttOns of escape tim es for ultracold
atoms trappecrintne potentialweHs wiih momentum states c1osetOlhedarkstaIe.
In tnose experiments tne variance anu tne mean time for atoms to leave tne trap nave
been shown to be infinite .

A new arena of --=q=CucccaCCCnZtu=-CmC:-Cn--=o-:C-nlineardynamicswiin atoms in opticarJattices is
openecrif we work----neartJie optical resonance andUiKe1neaynamics onnternal
atomic states into account. A.single atom in a stanuing-wave laser fielu may be
semiclassicall)' treated as a nonlinear d)'namical s)'stem with coupled internal (elec
tronic) and external (mechanical) degree s of freedom (Prants and Sirotkin , 2001 ;
Prants anu KQi1'Kov, 2001 ; Prant s, 2002DillheseiTIicliiSsicaland-HamiltOriiai1lim=
its (wnen one treats atoms as point-liKe particles anu neglects spontan eous emission
and otner losses of energy), a numoer of nonlinear uynamicareffects nave oeen an
'!1 )'ticall )' and numericall)' demon strated with this s)'stem: chaotic Rabi oscillations
(Prants and Sirotkin, 200 I; Prants and Kon' kov, 200 I ; Prant s, 2002), Hamiltonian
chaotic atomic transport and d)'namical fractals (Argonov and Prants , 2003 ; Prants
anaLJIcy sKY, 2003 ; Argonov ana Prants, 2007 ; Prants ct a!., 2006f,I:6vy flignts ana
anomalous aiffiiSiOO1Prants et al~2002;Prants, 2002; Argonov ana-Prants , 200OT.
These effect s are caused b)' local instabilit)' of the CM motion in a laser field. A
set of atomic trajectories under certain conditions becomes exponenti all)' sensitive
to small variations in initial quantum internal and classic al external states orland
in tne control param eters, mainly, tne atom-laser uetuning. Hamiltonian evolution
is a smootn process tnat iswell-descrioeu-in a semiclassical approximation oy the
couplecIRamilton-Scmoainger equations. A.aetailedlneory ofHamiltonian cnaotic
transRort of atoms in a laser standing wave has been developed in our recent PilRer
(Argonov and Prants , 2007) .

43-:1-Hiiiiiilliin:SchriJilinger equatiiiiiiO[iiiiiiiOii

We consiaer a 2~level atom wiln mass rna anu transiii Oilfrequency Wa inal:::
dimensional classic al standing laser wave with the frequency wf and the wave vector
~. In the frame rotating with the frequency wf , the Hamiltoni an is the following~

(4 .1)

Here O"±,z are the Pauli operators which describe the transitions between lower, II),
and upper , 12), atomic states , Q is a maximal value of the Rabi frequency. The laser
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~is assumeolOoe strong enougli, so we can treat tnefieloc]assicallX:-Posifion
X ana momentum Ii operators will beconsioered-insecfion"Semicl iiSSical-d)'nam
ics" as c-numl)ers, X ana P. Tlie simple wavefunction for tlie electronic oegree of
freedom IS

(4 .2)[0/(t )) = a(t) 1-,-2)~+_b--,--( tLL) [-,-1)-,---, ----'------'-

wliere a ano-barethecornj)lex=Yal liedRffibability ampli fUdeslOfiild-theatOi11iillhe
states 12) and 11 ), respectivelY-Using theHamiltonian (4.1) , we get the Schrodinger
equatlOnl

(4.3)

da OJa - OJf
i dt = 2 a - SlbcoskfX ,

db OJf - OJa
i dt = 2 b - SlacoskfX .

Let us introduce instead of the comIJlex-valued probability amIJlitudes a and b the
following real-valued variables:

u == 2Re (ab*) , v== - 2 Im(ab*), (4.4)

wnere u ana v are a syncnronizea-CWifhthelaserfielo) ana a quaorature components
an lie atomicelectricdipole moment, respectively, anoziSllie atomic population
inversiom

In the IJrocess of emitting and absorbing photons, atoms not onl )' change their
intern al electronic states but their external translational states change as well due to
tlie pnoton recoil. In tliis section we will oescrioe tlie translational atomic motion
cliiSSically.Tlie posifion ana mom entum of a point-liKe atom satisfy c1iiSSicalHlliTIil:::
ton equations of motion. Full-dynamics il11lie aosence of any losses is now governeo
Q)' the Hamilton-Schrodinger equation s for the real-valued atomic variables

i = to.», P= - u sinx , U= Llv,

v= - L1 u +2zcosx, i = - 2vcosx ,
(4.5)

where x == kfX and P == P l likf are normalized atomic center-or-mass position and
momentum, respectivel y. Dot denotes differentiation with respect to the dimension
less time r == Slt . The norm alized recoil frequency, OJr == lik}lmaSl « I, and the
atom-field detuning, L1 == ( OJ( - OJa )ISl , are the control parameters. The system has
two integral s of motion, namely tne total energy

OJr 2 L1
H == -P - ucosx - - z,

2 2
(4 .6)

and the Bloch vector u2 + v2 +22 = I . The conservation of the Bloch vector length
follows immeoiatelYfrom Eqs:-r4~4T.

Equations (4~5) constitute a nonlin ear Hamiltonian autonomous system willi two
and half degrees of freedom which, owing to two integrals of motion , move on a
3-dimensional h)'IJersurface with a given energ)' value H . In general , motion in a
3~imensionalphase sIJace in characterized by a positive L)'apunov exponent X, a
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negative eXIlOnent eguariill1lagi1iftldetOlheposifive one, anil zero ex])onent. The
iTIilXiTili1i11LYi\])unov ex])onent cnaracterizes tne mean rate of tne ex])onential iliver
genceof inifially close trajectories anil serves as a guantitative measure of il)'namical
chaos m the system. The result of computation of the maximum Lyapunov exponent
independence on tl1edctUi1iilgLlanalhcinifiarafOiTIic momentum Po isshOWi1iil
Fig. 4.1. Color in the ])Iot codes the value of the maximum L)'a])unov exponent It .
In white regions the values of It are almost zero, and the atomic motion is regular
in the corresponding ranges of Ll and Ro. In shadowed regions positive values of A
imply unstaolemotiOil.

Figure 4:-I-demonstrates thatlne center-of-mass motion oecomes unstao]eifthe
ilimei1SiOilless momentum exceeo Slhevalue Po ;:::: 300tnat corresponilS{Wiln our
normali zation) to the atomic velocit)' Va ;:::: 3 mls for an atom with rna ;:::: 10- 22 g in
the field with the wavelength close to the transition wavelength Ita~ 800 nm. Willi
these estimates for the atomic and lattice parameters and Q / 2n = 109 HZ, one gets
the normalized value of the recoil frequency equal to ill, = 10-5. The detuning Ll
wiJroe varied-in a wioe range, anillne Blocn variaoles are restricteil-oy thelengtn
ofthe Bloch vector.

4.3.2 Regimes 01motion

The case of exact resonance, Ll = 0, was considered in detail in Ref. ePrants and
Sirotkin , 200 I ; Argonov and Prants , 2006) . Now we brieft)' repeat the simple results
fOrlnesaK:eof self-con sistency. At zero iletuning, tne variaole U oecomes a constant,
U - Uo, anolhefast (u, V, z) anoslow (x, p) variaoles are separateilallowing one to
integrate exactly tne reiluceil equations of motion . Tne total energy (4:-6)is equal to
Ho = H(u = uo,Ll = 0) , and the atom moves in a simple cosine potential uocosx

A I I
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wiiht nree possiDle tYRes oftra:jectOries:oscillatOf-likemoIionin a RotentialweJrif
Ho < Uo (atoms are trapjJeo]5y tne stanoing-wave fielo),Ii1Otion along tne separatrix
if flo = uo, ana 6allistic-liJ<e motiOilifHo > uo. Tne exact solution for tne center-of
mass motion ISeasily found In terms of ellIptIc functions (see (Prants and SlrotJ<In,
200T; A:rgonov ano-Prants, 200m

ASlOii1iei11iilatmnicevolUiion;-itdepei1dSOillFie1i1iTiSlaiiOilliI-degreeoffreedOffi
since tne strengtn of tne atom-fielu couRliBg oepenos on tne position ofatOffiina
periodic standing wave. At.1 = 0, it is eas)' to find the exact solutions of Eqs . (4.5)

vCr) =±~ cos 21'cosxdr' + XO ,

z(r ) = =f~ sin (2 .10' cosx dr' +xo) ,
(4 .7)

where u = uo, and cos[x(-r)] is a given function of the translation al variables only
which can be found with the heIR of the exact solution for x (Prants and Sirotkin ,
2001 ; Argonov anu Prants, 2006f.Tne sign of viscquallOlhaffOfifiCinitial value zo
anuxoisanintegfation constant. Tneinternal energy onne atom, z, anu-its quaura
ture uipole-moment component v coulcf6e consiuereuasfrequency-mooulateusig
nals with the instant frequenc y 2cos[x(-r)] and the modulation frequenc y wrP(r ),
but it is correct only if the maximum value of the first frequenc y is much greater
than the value of the second one, i. e., for IWrPol « 2.

The maximum Lyapunov exponent A depends both on the parameters Wr and A,
ana on initial conoitions oftne system (4~5r.-Itis naturally to expect tnat offthe
resonance atoms with comparati vely small values of the initial momentum ~o will
be at once trapped in the first well of the oRtical potential, whereas those with larg~

values of ~o~y~gh. The question is what will happen with atoms, if their
iniiriinZinetic energy wiJrbeclose to therniiXii11ili11Oflne optical potentiiil:-NU=
merical experiments uemonstrate tnat sucn atoms will wanuer inlne opticarJattice
with alternating traRRiDgs in the wells of the oRtical potential and flights over its
hills. The direction of the center-of-mass motion of wandering atoms may chang~

in a chaotic way (in the sense of eXRonential sensitivity to small variations in initial
conuiiions). A typicalcnaotically wanuering atomic trajectory issnown inFig.-4~2~

It follows from (4.5) that the translational motion of the atom at .1 i= 0 is de
scri6eu-6y tne equation of a nonlinear pnysical penuulum wiihthefrequency moa:
ulationl

X+ wru(r ) sinx = 0,

wnere u isafunction of alllne otner aynamical varia15les.

(4.8)
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4.3.3 Stochastic map for chaotic atomic transport

ChaotIc atormc transport occurs even It the normalIzed detunmg IS very small,
ILl I « I (Fig. 4.1). Under this condition, we will deriveTritllis section approximate
equatiOilSforthe center-of-mass motion:-The atomic energy at ILl I« Cisgiven willi
[gOOd accuracy bYits resonant valueHO:-RetiifriinglO1hebasicserofUie eguations
of moti0i1T4.5), we may neglect tne first rignt-nand1Cfri1ifilhcfOtirthcquaiionsincc
It IS very small as compared with the second one there . However, we cannot now
exclude the third eguation from the consideration . Using the solution (4.7) for v, we
can transform this eguation as

(4.9)it = ± Ll~ cos g , X == 2 r' cosxdr ' + Xo.____________Jo _
Far from the nodes of the standing wave, Eg. (4.9) can be a])])foximately integrated
under the additional condition, Iwrpl« I , which is valid for the ranges of the pa
rameters andlfie initial atomic momentum wFiereCfiaotic transport occurs. ASSt.li11=
ing cosx to De a slowly-varyingfunctionin comparison withthefunction cos z.
we obtain far from the nodes the apj)roximate solution for the u-component of the
atomic dipole moment

u ::::o sin (±-Ll-sinx+c),
2co sx

(4.10)

where C is an integration constant. Therefore, the amplitude of oscillations of the
quantity u for comparatively slow atoms (Iwrp i« I) is small and of the order of ILl I
far from the nodes .

At ILl I = 0, the syncl1fOi1izeo component of t he atomiC-dipole moment u isa
constant wfieRa~J1je~t1jeLBlocJi variaDle~Lan_d v oscillateJILaccordance witlLtlie---- --I~-------------~-solution (4.7). At 4EOand far from the nodes, the variable u performs shallow os-
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cflIaiiOi1Sfor the natural frequency 1.11 is small as compared with the Ramfrequency.
However, theoehavi()f()fuis expecteolOoe ver)' specialwlien an atom apQroaches
to an)' nooe of tlie staniling wave since near tlie noilet:fieOSCillatiOilSOftheatOiTIic
populatIon InverSIon Z slow down and the correspondIng drIVIng frequency becomes
close to the resonance WIth the natural frequency. As a result, sudden "Jumps" of the
variaole U are expectea to occur near thenoaes.-Tl1iSCOi1jectiifeis sUPJl0rteil-o)' the
numerical simulation. In Fig. 4.3 we sliow a typicaloeliaviorofthevariaoleufora
comparativel)' slow and slightl)' detuned atom . The plot c1earl)' demonstrates sud
ilei1"jumps"of u near tlie noiles of tlie staniling wave anil small oscillations oetween
ilie_noaesJ

Approximating toe variaoleuoetween toe noiles oy constant values, we can con
struct a discrete mapJling (Argonov and Prants, 2007)

Um= sin(e sin pm + arcsinum_tl , (4 .11)

where e == 1.11 J n/ WrPnod e will be called an angular amplitude of the jump, Um is
a vaIUeOf U Just after tnem:thl1Ode croSSIng, i/tn are ranClOi11j?hases to oecnosen
in the rang~[O , 2n], and Pnode ==~ is the value of the atomic momentum
at the instant when the atom crosses a node (which is the same with a given value
of the energ)' H for all the nodes) . With given values of .1, Wr , and RHode' the maQ
(4.11) has been shown numericall)' to give a satisfactor)' probabilistic distribution of
magiliftldesofchangesintnevariaole U just after crossinglhenodes:-ThestOCnastic
map (4.11) is valid under the assumptions of small detunings (1.11 « 1) and com
paratively slow atoms (Iwrpi « 1). Furthermore, it is valid only for those ranges of
the control parameters and initial conditions where the motion of the basic s)'stem
(4.5) is unstable. For examQle, in those ranges where all the L)'aQunov eXQonents
are zero, U oecomes a quasi-periodicfunction ana cannot De approximateil-oy the
map.

0.8 ,----------.----.---------.-------,

u

~0 1000__2000~000__,,000
r

mg. 2I:3-TYIJlCalevoli.ifiOi1OflheatOri1iCdijJOle-momenl comlJOnent u for a com)Jaratively slow
and slightly detuncd atom: xo = 0, Po = 550, VO = 0, Uo = zo = 0.7071, to, = 10- 5 , L1 = - 0.01.
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4.3.4 Statistical properties ofchaotic transport

WIth given values ot the control parameters and the energy H, the center-ot-mass
illOiionisdeteiTilined-o)' tFieValuesof Urn (see Ei:fT4~8rr:-One can ob1ai iltrOiTIlhe
~ression for the energ)' (4.6) the conditions under which atoms continue to move
in tlie same oirection after crossing a nooe or cliange tlie oirection of motion not
reachIng the nearest antInode. Moreover, as In the resonance case, there eXist atomIc
trajectories along whIch atom s move to antInodes with the velocIty gomg asymptot
icall)' to zero . It is a kind of separatrix-like motion with an infinite time of reaching
the stationary~oints .

The conditions for different regimes of motion depend on whether the crossing
numb er m is even or odd . Motion in the same direction occurs at (- I y n+ 1Urn < H,
separatrix-like motion - at (- I)rn+l u rn = H, and turns - at ( _1)rn+l u rn > H . It
is so oecause even values of m correspono to cosx > 0, wliereas 000 values - to
cos x < O. The guantit )' U during the motion changes its values in a random-like
manner (see Fig . 4.3) taking the values which provide the atom either to prolong the
motion in the same direction or to turn . Therefore, atom s ma)' move chaoticall)' in
tlie optical lattice. Tlie cliaotic transport occurs if tlie atomic energy is in tlie range
O<H<l-:-ATH<O, atoms cannot reachevenllie nearest nooeandoscilli.itein
the first potential well in a regular manner (see Fig . 4.1). At H > I , the values of
U are alwa)'s satisf)' to the flight condition. Since the atomic energy~positive in
the regime of chaotic transport, the corresponding conditions can be summarized as
follows : at lui < H , atom always moves in the same direction, whereas at lui >H,
atom eitlier moves in tlie same oirection, or turns oepenoing on the sign of cosx in
a given intervalof motion . In particular, ifthe mooulus ofuislarger foralong time
then the energ)' value , then the atom oscillates in a Qotential well crossing two times
each of two neighbor nodes in the c)'c1e.

Tlie conoitions stateo aoove allow to find---a-direct corresponoence oetween
cliaotic atomic transport iillhe opticarIattice anostOChasIicdynamicsoftheBlocn
variiiole u . Itfollows from E(fT4T1)tliat tlie jump magnituoe Urn - Urn-I ju st after
crossing the m-th node depends nonlinearl)' on the previous value urn=J . For ana
I)'zing statistical piQQertiesof the chaotic atomic transQort, it is more convenient to
introduce the map for arcsin Urn (Argonov and Prants , 2007)

(4.12)ftrn == arcsin Urn = e sin~n + arcsin Um=IL, --'--'~:L

where the jump magnituoedoes not oepeno on a current value oftlie variiiole:-The
~ (4.12) visuall)' looks as a random motion of the Qoint along a circle of unit
radius (Fig . 4.4) . The vertical Qrojection of this point is Urn . The value of the energ )'
H specifies four regions, two of which correspond to atomic oscillations in a well ,
ana two otlier ones - to oallistic motion in tlie optical lattice.

Wewillcall--''Ufli gh1'' such an event when atom passe s, at least, two succe s
sive antinooes (ano1liree nooes) . The continuous f1ighTlength-L>21fis a oistance
between two succes sive turninKQoints at which the atom changes the sign of its ve-
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10cif)T,aildlfiediscreteflighTlength-is a numberofnodes-llne atom crosseo~Tne)'

arerelated-inasim~)', L~Cforsufficientlflong flighT.
Center-of-mass oscillaIiOilSinawelloftl1eOfJticalpoteritialwill -becalleo----a:

trapping" . At extremely small values of the detunIng, the Jump magnItudes are small
and the trapping occurs, largely, In the 2n-wlde wells, I. e., In the space Interval of
ihelength-2n:-ATinteiTilediaIeValiieSOflfiedetUriing,-it occurs , largely,-inlhen=
wide wells, i. e. in the space interval of the length x. Far from the resonance , ILl I;:: I,
traIJRing occurs onl)' in the n-wide wells. Just like to the case of flights, the number
of nooes I, atom crosseo Deingtrappeo in a well, is a oiscrete measure of trapping .

ThePDFsfortheflighTPfiODUlSltnijJping PtJl) events were analyticallyoeriYea
toDe exponential in a case of large jumps (Argonov ana Prants, 2007Y:-In a case of
small jumRs, the kind of the statistics deRends on additional conditions imRosed on
the atomic and lattice parameters, and the distributions Pn (l) and Ptr(l) were analyt
icallysnown to De eiiner practically exponential orfunctiOilSWiih-long power-law
segments wilhtne slope - r:YDut exponentiiir"iailS":-Tne comparison ofthCFDFs
computeo wiln analyticaHormulas, tne stocnastic map, anolne Dasic equations of
motion has shown a good agreement in different ranges of the atomic and lattice
parameters (Argonov and Prants, 2007) . We will use the results obtained to find the
anal)'tical conditions, under which the fractal p!QIlerties of the chaotic atomic trans
port can De oDserveo, ana to explain tne structure of tne corresponoing oynamical
fractalS]

Since the IJeriod and amRlitude of the optical IJotential and the atom-field de
tuning can be modified in a controlled wa)" the transIJort exponents of the flight
and traIJQiI1g distributions are not fixed but can be varied continuousl )', allowing~
explore oifferent regimes of tne atomic transport. Our analytical ana numerical re
sults wiihtheioealized system nave sfiOWillhatdeterminiSiic atomic transport in
an opticarIattice cannot De just c1assifiecI as normal ana anomalous one. Wenave
found that the flight and traIJQiI1g PDFs rna)' have long algebraicall)' deca)'ing~g::

J1

trapping

flight

""'----l.---L-=---+-----jO

\ - - - - - - - - -I-flight- -

-...,-------:::;>l--------I -H
~-"'""""'==--------___l-I
trapping

Fig. 4.4 Graphic representation for the maps of Urn and 8rn == arcsin Urn. H is a given value of the
atomic energy. Atoms either oscillate in oIJtical IJotential wells (trappjIlg) or fly through the oIJtical
laui cecllighl).l
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ments ana-asnort exponential'1ail":-~Tt means thatin some ranges oflheatOiTIic
ana lattice parameters numerical experiments reveal anomalous transQort witli Lev)'
flights. The transQort exponent equal to - 1.5 means that the first, second, and the
otner statistical moments are InfinIte tor a reasonably long tIme. Tne correspondIng
atomic trajectories computed tor thIs time are self-SimIlar and fractal. The total dls
tanee,lhartlie atom travelsfOflhelimewhenlheflighTPDF-deca)'s algebraicallf,
is aominated ti)' a single f1iglit. However, tlie as)'mptotic tieliavior is close to nor
mal transport. In other ranges of the atomic and lattice parameters, the transport is
practically normalootli for snort ana-long times.

4.3.5 Dynamicalfractals

Various fractal =liKe structures may arise in chaoticHamiltonian systems (Gaspard et
ac-;-T998;ZaslavsKy et al:-;-2DOSy:-rnRcf.1Prants ana-UleyskT200J;A:rgonov ana
Prants , 2003, 2006; Prants et aI., 2006) we have found numerically fractal I'!Qperties
of chaotic atomic transport in cavities and oQtical lattices . In this section we appJ)'
the analytical results of the theor)' of chaotic transport, developed in the preceding
sections, to find1heconditiOilSUilder wliichtFiedynamicarfractals may arise.

Weplace atoms one oy one at tne point xo = Owiih----a-fixea positive value of
the momentum [JO and comQute the time T when the)' cross one of the nodes at
x = -7r72 or x = 37fl2. In these numerical eXQeriments we change the value of the
atom-field detuning L1 only. All the initial conditions 120 = 200, zo = - I , uo = Vo = 0
and the recoil frequency (Or = 10-5 are fixed. The exit time function T(L1) in Fig. 4.5
aemonstrates an intermittency of smootli curves ana complicatea structures tliat
cannot De resolvea-in principle, no matter now large tlie magnification factor . The
second and third panels in Fig. 4.5 demonstrate successive magnifications of the
detuning intervals shown in the up~Qanel. Further magnifications reveal a self
similarfractal-liKe structure tnat is typicaHorHamiltonian systems witn cnaotic
scatteril1g1Gasparaerar:~-r998;BudyansKY et al~2004Y:-Tneexit1ime T, corre
sponaing to tiotfi1ne smootli ana unresolveaLi-intervalS;-increases with-increasing
the magnification factor. Theoreticall)', there exist atoms never crossing the border
nodes at x = - 7r72 or x = 37fl2 in sQiteof the fact that they have no obvious energ)'
restrictions to do that. Tiny intel])lay between chaotic external and internal atomic
aynamics prevents tliose atoms from leaving tne small space region .

VariousKindsofatOiTIietrajectOfiescanoecnaracterizea~bY1Fiei1Uri1ber of1imes
m atom crosses the central node at x = 7r72 between the border nodes . There are
also special separatrix-like trajectories along which atoms aSYB!Qtoticall)' reach the
points with the maximum of the potential energ)' , having no more kinetic energ)' to
overcome it. In aifference from tlie separatrix motion in tlie resonant system (:1 = OT,
a aetunea atom can asymptoticallyreach----oneonne stationary points even ifit was
trappea-for a wnilein a welCSucli an asymptotic motion taKes an infiniteIime, so
the atom will never reach the border nodes .
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The smooth L1 intervals in the first-order structure (Fig. 4.5, up~panel) corre
spona to atoms wliicfi never cliange tlie airection of motion em- l)ai1dreachthe
border node at x = 31rj2 . The singular points in the first-order structure with T = 00,

wliicnarclocateCiarthcborder oetween tfie smootfi anCilil1fCSOlvcdLrintervals, are
generateCi-oylfie asymptotic trajectories. Analogously,tlie smooth- L1- intervalsiil
the second-orde r structure (second Qanel in Fig. 4.5) corresQond to the 2-nd order
(in~2)trajectOries,andsoon:

The set of all the values of the detunings, generatin g the separatrix-Iike trajecto
ries, was sfiown to oe a countaolc fractal in Refs:-rArgonov anaP~2003~2006),

wnereasthesefOfllie values generating Ciynamically trappeCi atoms willi m = 00

seems to oe uncounta15Ie:-Tfieexiftime Taepenasin a complicateCi way not only on
the values of the control parameters but on initial conditions as well.

10000~=::;:::;::====;:===::::;::::===;:===:::::;:::=;;::::;;

T 5000

5000

0'-----'-------'--------'------'-------'------'

10000,-----------,--------.----------,,---------,-------,

_____-0.03 -0.0275'---__-0 .025'---__-0. 0225_
O'-----------:'--::-:----~_::_::_:,_____--_::_'_::__:_::_-------=~_:_::_----'

10000,-----------,---,-----.------------.--------,------,

5000

0'---------'-----------'---------'-------'
____---=- 0.02855 ---=- 0.0285'--- ---=- 0.02845

10000,

0.010.008
L1

0.006
0'-------=-:'--=-=--------=-:'-=-=--------:-'-,-------------'

;Ejg.-4~5 -Pructal:likecJependcnceofthe1imeof ex ifOfatomsT from a smallregiOriiiitficoIillcal
lattice on the detuning L1 : po = 200, 20 = - I , Uo = Vo = O. Magnifications of the detuning intervals
areshown,
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In Fig . 4.6 (Argonov and Prants, 2006) we Rresented a 2-dimensional image of
ihe1iiTieOfeiifTin die sRace of tlie initial atomic momentum ~o ann tlie atom-fielu
detuning .1. A self-similarity of this function is evident.

Thclengtli of all smootli segments in tlie m-tli aruer structure inFig.-4~S-ispro=

portional to the number of atoms N(m) leaving the space [-n I2,3n12] after cross
ing the central node m times . An exponential scaling N(m) '" exp( -ym) has been
fOUildTilliTiei'ically with~r:- Thetraj)f'it1g PDFs , comRuteu w iih- the b-asicandre=
duced eguations of motion at the detunings in the range shown in Fig. 4.5, have been
founu to Iiave exponential tails. It is weIHnoWi1l'Gaspardefal:-;-r998nliat Hamil:::
tonian systems wiih-fullyaevelopeucliaos uemonstrate, as a rule, exponentialaecay
laws, wliereas tlie systems witli a mixeupliase space (containing islanus of regular
motion) usually have more slow algebraic decays due to the effect of stickiness of
trajectories to the boundaries of such islands (Zaslavsky et aI., 2005) . We have not
founu visiole regular islanus in our system at tlie values of tlie control parameters
usen to compute thcfractarinFig.-4~5 ann we may concludClliat tlie exponential
scalingis a resulfOf completelycliaotic wanuering of atoms inilie space interval
[-x / 2,3n/ 2] resembling chaotic motion in hyperbolic systems .

The fractal-like structure with smooth and unresolved comRonents may~pear if
atoms have an alternative either to turn back or to Rrolong the motion in the same
direction just after crossing the node at x = n/ 2. For the first-order structure in the
upper panel in Fig. 4.5, it means tliat tlie internal variaole u of an atom, just af
ter crossing the node for the first time (cosx < 0), satisfies either to the condition
L!l < H (atom moves in the same direction), or to the condition Ul > H (atom turns
back) . If Ul = H , then the exit time T is infinite . The jumRs of the variable U after
crossinglhenodearedeterminiSiicout sensiiivelydepenuent on tlie values ofthe
control parameters anu-initial conuiiions. weliave useu1liisfact whenintrouucing
ilie stocliastic map. Small variations il11liese values lean to oscillations onlie quan
!ity arcsin Ul around the initial value arcsin Uo with the angular amRlitude 0 . If this
llJ!!Illitude is large enough, then the sign of the guantitY_lll - H alternates and we
obtain alternating smooth (atoms reach the border x = 3n/2 without changing their
nirection of motionrana unresolveu (atoms turns a numoer of times oefore exit)
components of tlie fractal-liKe structure.

If the values of the parameters admit larg~jump magnitudes of the variable u,
then the dxnamical fractal arises in the energx range 0 < H < I , i. e., at the same
condition under which atoms move in the oRticallattice in a chaotic wax. In a case of
small jump magnituues, fractals may arise if tlie initial value of an atom Uo is close
enougli to tlie value onlie energy n.: e., tlie atom lias a possioility to overcome the
value U = H in a single j!l'!!I'. Therefore, the condition for appearing in the fractal
T(L1) the first-order structure with singularities is the following :

(4.13)

Tlie generatiOilOftlie seconu-oruer structure is explaineu analogouslf.Tf an atom
maue a turn after crossing tlie nouefOflhTfirst time,1henifWiIl cross tlie nouefor
ilie seconuti~Afterlliat-;ilie atom eiiherwill turn or cross thTbordernodeai
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x = -71: 2. What will happen depend on the value of U2 . However, in difference
ffOrilllle case with~l~heconditionfor apRearingailinfiniIeeXiflimewiifl
m = 2 is U2 = -fl . FUrtllermore, tile previous value Ul i~fixedl:inaifference

from uo) out C1epenCis on tile value of tile C1etuning L1 . In any case we Ilave UI > H
SInce the second-order structure consi sts of the traJectones of those atoms whIch
ftImeaafierthefifsfnOdecrossing. lnorderfor an atom woula-b--eaole to turn after
tile seconCi node crossing, tile magnituCie of its variable U slloulCi cllange sufficientl)'
to be in the range U2 < -H. The atoms, whose variables u could not "jump" so far,

Po 62.5

(b) 61.5

60.5

(c)

(d)

(t)

Fig. 4.6 The sca ttering funclion in the regim e of chaolic wandering. The time of exit T vs the
aetuning L1 ana tile initial momentum Ro . Tile function is sllown in a sllaaea relief regime.
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leave the space [-1r72~37r72] :-Tl1eSingularities are absent in the middle segment
of the second-order structure shown in the second panel in Fig. 4.5 because all the
corresIlOniling atoms left tlie sQace after tlie seconil noile crossing:-Thevaria15leti2
oscillaICSWiUi varying L1 generating oscillations of tlie exit time. Tlie coniliiion for
appeanng sIngulantles In the second-order structure IS the following:

(4~14}

With the values of the parameters taken in the simulation , we get the energ)' H =

0.2 + ,172. It is easy to obtain from the inequality (4.14) the approximate value of
the detuning 1,11 ;:::: 0.0107 for which the second-order singularities maY~)Jpear. In
tlie lower panel inFig. 4.5 one can see tliis effect. NiJaduitional conaitions are
requirea-for generating tlie structures ofthe1liird anil1lie next orilers.

Inequalit)' (4.14) is opposite to the inequalit)' that determines the condition for
<lQpearing power law deca)'s in the flight PDF. Therefore, d)'namical fractal rna)' aQ::
pear ililliose ranges of tlie control parameters wliere theLevyfliglits are impossible
anilvice versa. However, tlie trapping PDF may liave a power lawdecay:-IneqwiliIY
r4~14Tindifference from (4T3Tis strongly relatea wiilillie cliosen concrete sclieme
for computing exit times . It is not required with other schemes, sa)', with three antin
odes between the border nodes .

In this section we will treat atomic translational motion quantum mechanicall)', i. e.,
atom is supposeil to be not a point particle but a wave pacKet. Tlie corresponiling
Hamiltonian H has the form (4.1) wIth x=ancrP-being tliej)OSmonand momentum
operators. We will work-ii11lie momentum space wiilillie state vector

IP(t) ) = I [a(P,t)12)+b(P,t)II )]dP,

which satisfies to the Schrodinger equation

iiidiP) = HIP).
dt

Tlie normalizeil equations for tlie probability amplituilesliave the-form

I I
ia(p) = "2(Wrp2 -,1)a(p) -"2[b(p+ I)+b(p -I)],

. I 2 I
ib(p) = "2(WrP +,1)b(p) -"2[a(p+ I)+a(p -I)],

(4.15)

(4.16)

(4.17)

wiilillie same normalization anatlie control parameters as ii11lie semiclassicaltlie
or)'. When deriving (4.17), we used the followinKPiQ~), of the momentum oper-
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(4.18)

EquatIOns (4.17) are an InfinIte-dimensIOnal set of ordInary dIfferentIal complex
valued equations of the first order with coupled amplitudes a(p ± n) and b(ri£!1il
To characterize the internal atomic state, let us introduce the following variables ;

u(-r) == 2ReI d.x [a (x,-r)b*(x, -r)],

v(-r) == - 21mJd.x[a(x, -r)b*(x,-r)],

z(-r) == I d.x[la(x,-r)1 2 -lb(x,-r)1 2
],

(4.19)

which are quantum versions of the Bloch components (4.4) , and we denote them by
the same lettersJ

2I.~5 -nressea states picture analiOiiadiabafic transitions

Interpretation onne atomic wave-packermotiOilin a stanaing-wave field-is greatly
facilitatea-il1il1eoasisof atomicdressea states wnicn are eigenstates ofa2=level
atomjn_aJaseLfiCla=-Tlie_aaiaoaticaresseastates

L±:t:l = sineT2) +coseTI ), 1-).1 = cose]28ii1eTIL

tane == _.1__ )(_.1_)2 + I
2cosx 2cosx

(4.20)

are eigenstates at a nonzero detuning. The corresponding values of the quasienergy
are

(4.21)E (±) - ±J~ 2

+cosx.1 - 4 .
-----------

Bgure 4.7 shows a spatial variation of the quasienergies along the standing-wave
axis . It follows from EQST4.20]ai1dT4.2l)1nat, in general case, atom moves in tne

two potentials El ±) simultaneously.
At exact resonance, 21 = O~hcdressea states nave tne simplcform

I
1+ )= y2(11)+12 )),

I
1- )=-(11 ) -12))

y2
(4.22)

and are called diabatic states . The resonant potentials, E6±) = ± cosx, cross each
other at the nodes of the standing wave, x = 7r/ 2 + ttm, (m = 0,± I, ... ). What will
happen if we Qlace the centroid of an atomic wave Qacket exactly at the node , Xo =
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7f72, in the groundswerrjaoo suppose its initial mean momentum to oezero:
Po = O? The initial ground state is the superposition of the diabatic states: 11 ) =

(I +)+ 1- ))/V2~ne part of the initial wave packet at the top of the potential

E6+ ) will start to move to the right under the action of the gradient force p (+ ) =

-dEb+ )/ <Ix = sinx, and another one - to the left to be forced by p (- ) = - sinx
(see FIg. 4.7). It IS the well-known optIcal Stern-Gerlach effect (Kazantsev et aI.,
llJ74;-l1J9TJ;Sleator etal~). If the maximal expected value of the atomic kInetIC
energy does not exceed the potentIal one, the atom Will be trapped In the potential
well. Two splitted components of the initial wave packet will oscillate in the well
with the j)eriod of oscillations

T c:::'4~. (4.23)
__ wr _

The wave packet, willi Po = O~laced at tlie antinooe, say, at xo - O~issimu1ta

neously at the top of the potential E(;+ ) and at the bottom of E(;-).Therefore, its

1+ )-component will slide down the both sides of the potential curve Eb+ ), and the
1- )-component will oscillate around x = 0 (see Fig. 4.7).

Out off resonance, L1 i= 0, the atomic wave packet moves in the bipotential

El ±) (4.21). The distance between the quasienergy curves is minimal at the nodes
ortl1eSIai1ding wave anoequaI1OL1~Fig:-4~7).Thespatialpcrioaandlhemod=

ulation depth of the resonant potentials Eb±) are twice as much as those for the

nonresonant potentials E~±).

x

___E~) _

Fig. 4.7 Resonant £6±) and nonresonant £~±) potentials for an atom in a standing wave. The
optlcal Stern-Gerlach effect In the resonant potentlal ISshown : sP1I1!JI1g of an atomIc wave packet
launched at the node of the wave (xo = 7(; /2, Po = 0). The wave packet , placed initiall y at the

anti node (xu = 0, pu = 0), appears to be simultaneously at the top of £6+) and the bottom of

li6)potentials. Its 1+ )-component slides down both the sides of £6+) and the 1- )-component

oscillates at the bottom of E6-).
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TheprooalillftYOfrlonadiabatietrariSitiilllsbetween the dressed states I+)A and
I- )A can be estimated in a simple way. The time of flight over a short distance
oxin neighbourhood of a node is ox!WrPn ode. If the time of transition between the
guasienergy levels, 21Ll , is of the order of the (light time, the transition IJrobability
IS close to 1. It IS easy to get the characterIstic frequency ot atomic monon trom that
COi1diiiQi11Kazantsev et a1:-;-1990)

(4.24)

where Rmldc is a value of the momentum in the vicinit)' of a node .
Dcpci1ding on tne relation between L1 ana L10 , tnere are tnree typiCiilcascs:

I . If ILl I« Llo, the nonadiabatic transition prooa1:lilit)ibetween the states 1+ )Li and
l=lLi upon crossing any node is close to I . However, the diabatic states I+) and
1- )are not mixed , and atom moves in one of optical resonant potentials.

2. If ILl 1 ~ Llo, the probabilitie s to change or not to change a given adiabatic state
upon crossing any noaeareoftne same oraer.

3-:-ITILlI » Llo, the nonadiabatic transition prooa61lity is exponentialIy snlalcana
atom moves in one of tne nonresonant potential s.

4.3'.-1-Wave [Jacket motiiiiliii7/ie momentum space

The atom at r = °is sUQIJosed to be p~ared as a Gaussian wave Qacket in the
momentum sQace

I [ (p - PO )2 . ]
ao(p) =0, bo(p) = ~fiLl p exp - 2(Llp )2 -t(p-po )xo , (4.25)

wiil1lne momentum wiClih-Llp = ro corresponaing to tne spatiiilwiClUlLfX =
!-i1401r that is much smaller than the optical wavelength A{:We compute the prob-=
abilit)' to find a 2-level atom at the moment oftime r with the momentum R

(4.26)

bYii1iegfaiingBqs.(4:-17)Wiil11heininiirconaiii0i1T4~25r.-Therccoil-frequency,

to; = 10-5, is fixed and the centroid of the wave packet is placed at the antinode
Xo = O~inalltne numerical experim ents .

4.5.1.LAdiabatic_evolutionat.exact.resonance

At exact resonance, Ll = 0, the wave function s of the diabatic states 1+) and 1-)
evolve independently, each one evolves in its own potential E(~+) and E(~ ), respec

tively. The atom, prepared initially in the ground state m= (l±)-±I-=-)) IV2 with
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the mean initial momentum Po= 800, will start to move from the top of E(;+ ) and the

bottom of E6 )potentials (see FigA .7). Thus , the initial wave packet will split into
two components I+)andT= j :-Time evolution ofiheprooaoility function (4~2oTfor

eacho ftlie components issliOWilinFig.-4~8~Pax;::Qlease, attentiOOll1iif1hevaliieSOf
p on thIs and sImIlar plots Increase downwards. Color In this figure codes the values
<.lfJ!fIp,or) . The 1+ )-component (the lower trajectory in the figure) slides down the

curve E(~+ ) and, therefore, moves with an increasing velocity up to the next antinode
at x = 7C , and then it slows down approaching the antinode at x = 27C . The atom
moves ii11lie positive airection onlie axis x ana tfie process repeats perioaically

. h h . d (+) 2 / -(+ ) 690 h -(+ ) . f hWIt t e peno oro = 7C wrPo 2n ~ , were Po2n ISa mean momentum 0 . t e
i±l -component upon the atomi~ motion between a~nd 27C.

the 1- )-component (the upper trajectory in FigA .8) moves upward the potential

curve E6 )and slows down up to reaching the top of £6)at x = 7C . Then it moves
with an increasing momentum up to x = 27C. Since the mean momentum of the 1-E
component is smaller than that of the I+) one, the corresponding_period is longer,

or(~- ) ~ 9801

4.5.1.2 Proliferation of wave Ilackets at the nodes of the standing wave

New features in propilgation of atomic wave Qackets through the standing wave
:lI'pear under the condition .1 ~ .10. Using the semiclassical expression for the total
atomic energy (4.()); let us estimate tlie value of tlie atomic momentum at tlie noaes

400-r------------------,
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800

1000

800600400200 1000________________or__o

Fig. 4.8 Time dependence of the momentum probability function W(p, or) for a ballistic atom at
resonance prepared initiall)' in the ground state (.1 = 0, Wr = 10 5, XQ = 0, IJfJ = 800).
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of the standing wave if the detuning is not large, III I « CIflhe atom is prepared
initially in the state 1+ ), i.e., uo = I, zo = 0, and q, = 0 then we have H = Ho = 2-:-2
at Ro = 800. Since the total energy is a constant, we get immediately from Eg. (4.6)

Pnode ~ j2ii7W,. ~ 665 . (4.27)

Usii1g1lle same fOfri1i.ila{4.6), we get tne values ofthCillini illiilai1dillaXimal
momenta iftlle atom starts to move wiihtheifiiiial mean momentum Po = 800:
Pmin ~ y'2(Ho - I) / roy ~ 490 and Pmax ~ y'2(Ho + I) / roy ~ 800.

The formula (4.24) gives us the value of the characteristic frequency under the
cllosen conaitions, Llo ~ 0:08:-WcfixLl~0~05-ifillli SSCction;soLl ~ Llo.Tne initial
state 1+ ) is the following superposition of the adiabatic states:

I
1+ ) = j2[(cose + sine)1 + ),1 + (cose - sine)l - ),1 ]. (4.28)

With the help of (4.21) we can estimate the mixing angle at Ll = 0.05 to be egual
to e ~ -rc /4 . Then it follows from (4.28) that 1+ ) ~ 1- ),1' i. e., practically all

the wave packet is initially at the bottom of the potential El - ) (Fig. 4.7). Figure 4.9
demonstrates that the wave packet really slows down , and its centroid intersects the

node x = rc / 2 at 'rj( - ) ~ 215. Under the condition Ll ~ Llo, the atom has a probabilit)'
to change the IJotential for another one uIJon crossing a node and a IJrobability to stay
in its present potential. Tllis is exactly wllat we see inFig. 4.9: tile wave pacKetsplits

at the node x = rc / 2 with the I - )-component moving down in the potential Ei-)
(see the lower trajectory in this figure) and the 1+ )-component moves up the curve

El+ ) with a decreasing momentum (see the upper trajectory). Just after crossing the

node, the most part of the probability density moves in the potential Ei-)because
the corresponding probability is larger. The 1- )-component increases its velocity
upon approacning tile antinoae at x = rc ana ilieii slows aown up to tile secona noae

at x = 3rc / 2 where it splits into two components at 'rJ- ) ~ 640 . After that, one of

the components will move in the potential Ei+) decreasing the velocity up to the

next antinode at x = 2rc, and the other one will move in Ei-)increasing its velocity
in the same space interval. The probability density of this I - )-component is only
a few percents, and we draw a solid curve along this trajectory in order to visualize
tlle~otiOi1J

the I+ )-component of the packet, splitted after crossing the first node at x =
7f/2, has a smaller mean momentum than the 1- )-one. Therefore, it reaches the

second node later, at 'rJ+ ) ~ 800, where it splits into two parts : the upper 1+ )

component will move in the potential El+ ) and the lower 1- )-one - in El ). Such
a proliferationofatOiTIic wave pacKets taKesplaces upon crossing allllle next noaes
anne stanaing wave.

The moment of time 'r~± ), when the centroids of the I± ~ponents cross the
n-tll noae, can 5e estimatea 5y tne simple formula (we suppose tnat tne centroia of



214 S.Y. Prants

iheatOiTIic wave pacKet was at x = O~Or

(4.29)_ (± ) (±) _ ( )77:
OJrPn_l ,n-rn - 2n-1 2_' _n_=_2_,3_,_._._. , _

where P~±)I n is a mean momentum of the 1± )-components upon their movement
between (n '- I )-th and n-th nodes. This quantity for the 1- I-component, moving

between x = 0 and x = 77:/2, is fib) ) = (po+Pnode)/2 ~ 732.5. So, the centroid of

this wave packet crosses the first node at or}- ) ~ 214. The lower 1- )-component

crosses the second node at x = 377:/2 at -ri- ) ~ 642. For the uIJper 1+ )-component

we get fil~l = (Pnode +Pmin) / 2 ~ 577.5 and -rJ+ ) ~ 815. All the other moments of

time, -r~± ), can be estimated in the same way. The estimates obtained fit well the
numerical data (see Fig. 4.9). The interference fringes on the upQer trajector)' at
-r ~ 1000 and P ~ 500 and on the lower one at -r ~ 900 and P ~ 800 reflect the
fine-scale sQlitting of the corresponding~packets.

Let us now compute tlie prooaoility map fOflI1-e-a-'to-m-p-r-e-p-ar-e<riiliiiallyil11he
ground state 112which has the fOlloWIng form in the adiabatic state basIS:

III = cos e1+ IL1 - sinel - IL1 • (4.30)

440...---------------------,
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Fig. 4.9 Proliferation of atomic wave packets at the nodes of the standing wave at the detuning
L1 = 0.05 . The atom is prepared initiall)' in the dressed state 1+ ).Other conditions are the same as
in Fig. 4.8J
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Iffollowsf~~2l)fI1iif(4-:-3())is almost a 51f%=500/0 superposiTion of the 1 + )L1

and 1 - ) i\ states. All the other conditions are assumed to be the same as before .
Tne atomic wave pacKet splits from tne oe~g into two components witn tne

I+ )-one sliding down the curve Ei +) (the lower trajectory in Fig. 4.10) and the

1- )-one climbing over the potential Ei-)(the upper trajectory) . Each of the com
ponents splits at tne first node wltn a small tIme difference between tne events. Tne
suosequent j)roliferuiionofllie wave pacKets occurs fOfllie upper ana-lower parts
ofthe j)robability density independently on each other in accordance with the same
scenario as described above. In difference from the preceding case, the atom, pre
parea initially in tne grouna state, acquirea tlie values of tlie momentum tnat are
larger tnen theiilifial momentum Po - 800:

Tlie nonaaiaoatic transitions are accompaniea-bydrastic cnanges il11heinternal
state of the atom which is characterized by the values of the sYJ!Ilhased comj)onent
of the electric dipole moment u and the PQj)ulation inversion z. In Fig. 4.11 we
demonstrate their behavior for the atom prepared initially in the state 1+ ). Both
tlie variaoles cnange tneir values aoruptly in tlie time intervals witli tne centers at
r ~ 215;-040 ana-815~i . C., wncn tnc ccntroiasoftlic atomic wave pacKctscross the
first two nodesJ

400.--------------------,
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Fig. 4.10 The same as In FIg. 4.9 but for the atom prepared InitIally In the ground state.
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4.5.1.3 Adiabatic motion at large detunings

S:v.-Prants

For comparisonwiththeresulfsof1fie preceClingsectiOil,\VedemonstrateinFig.4~r2
the evolution of the momentum distribution function W(p , 'r) with the ground ini-
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mg:-4~J2 Adiabatic evolution of the momentum probability-function WIPmor a ballistic atom
at the large detuning L1 = 2.
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tial state at .1 = 2 and the other same conditions as in the preceding section. The
detuning .1 = 2 is large as comI'a red to the characteristic freguenc)' .10 c:::' 0.09 that
is estimated from (4.24) at Po = 800. It follows from (4.20) and (4.21) that at .1 = 2
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theiilltfiifstiteTI ) is a superposition of approximately 7(J%()f the state I+ ).11 and
'" 30% of the state I- )i\ ' So the main part of the initial packet begins to move in the

potential El+ ) increasing the momentum upon approaching the node at x = 7T: / 2, and

the other part moves in Ei-)decreasing the momentum in the same space interval
(see FIg. 4.12). Upon croSSIng the nodes, the probabIlIty of transition between the
states I± ).11 is small if 1.11 » .10, and each of the component will continue to move
in its own potential. The process is rej)eated and we see the j)eriodic variations of
the mean momentum of each of the components. The same picture is observed if
we take the state 1+ ) = (II ) + 12)) / J2 as the initial one. At .1 = 2, the state 1+ )
is a mix of 70% of 1- ).11 and 30% of I+ )L1' so the main part of the initial I+J
wave packet will move in the potential Ei-).The evolution of the internal atomic
varial5lesz ana u is snown inFig. 4.13. There are no jumps of z ana u when tne atom
crosses nodes . Instead of that, we see fast oscillations of those variables when the
atom crosses the first antinodes .

Thus , at 1.11 » .10, there are no nonadiabatic transitions due to the corresponding
small prooal5ility ana~herefore, no proliferation of wave pacKets at the noaes . The
evolution ofihe atomic wave pacKet is aaial5atic.

Anintriguing effect of simultaneous trapping of an atom in a welloftheopiical po
tential ana-iISballiSIicflighTIhroughtne opticarIattice is ol5servea at comparatively
small values of the detuning. Let us prepare an atom in the ground state II) with
such a mean initial value of the momentum Po that its 1- )-component would not

be able to overcome the barrier of the potential Ei-)but its I+ )-component would

have a sufficient kinetic energy to overcome the barrier of the El+ ) potential. Now

one could expect periodic oscillations in the first well of the potential El - ) and a si

multaneous ballistic flight in the Ei+ ) potential with a proliferation of wave packets
of the I+ )-component at the nodes of the standing wave.

Bgure 4.14 demonstrates this effect at Ro = 300, .1 = - 0.05 and the same other
conditions as before . We see that the momentum of the 1- )-component (the upper
trajectory in this figure) oscillates in the range (300, -300), and this component is
trapped in the first well (-7T: 72 < x < 7T: 72). Whereas the I+ )-component moves in
tne positive airection splitting at eacn noae . Estimates of the perioaof oscillations
of the 1- )-component, T c:::' 2240 , with the help of (4.23) and of the time when the

centroid of the I+ )-component crosses the first node, -r}+ ) c:::' 380 (formula (4.29)),
fit welItne aata inFig.-4~14~
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Fig.4.14 Effect of simultaneous trapping of an atom in a well of the optical potential and its flight
tIlrougti tIle wave. TIle grouno initial state, L1 = - 0.05, I~o = 300.

2I-:-6-Quantum-classiCiiI correspon(lence andmaiiifesIafiOiiSOf
(Iynamical cliaos in wave-pacl{et atomic motion

Dyna micalcliaos inclassical systems iscnaracterizea-oy exponentiaIlyfast aiver
gence orinitiaIlyclose trajectoriesinaoounaeapnase space. Suchabenaviillis
possioleoecause onne continuity onne classicalpliase space wnose points (tnere
fore, classical s)'stem's states) can be arbitrar)' close to each other. The trajector)'
conceQtis absent in guantum mechanics whose Qhase space is not continuous due
to the Heisenberg uncertaint)' relation. The evolution of an isolated quantum s)'s
temiSUilitary, ana tnere can oe no cnaos in tne sense of exponential sensitivity of
its states to smaIl variations iiliiliti:.il conoitions . Wnat is usuaIly unaerstana unoer
"-quantum chaos" is special features of the unitar)' evolution of a quantum s)'stem
in the range of its Qarameter values and initial conditions at which its classical ana
!Qgue is chaoticj

Tne questiOil Hwfillfliappens to classiCiilmotion iiltne quantum worlowis a core
anne proolem of quantum-classical corresponoence. In spite of years of -discus
sions from tne oeginning onne quantum era, iris stiII unclear now classicarfeatures
llppear from the underl)'ing_quantum eguations. It is especiall)' difficult to sQecif)'
what happens to classical d)'namical chaos in the guantum world (Berman and Za
slavskY;-1978;Casati et al:-;-1979;Zaslavsky;-r98-1;Gutzwiller;-1990;Reiclil~1992;

Haak~r991;SfOck~r999f.Theinterest to theproolem of"quantum cnaoswis
motivatea-oy our oesire to unaerstana1lie quantum origin onne ooserveoclassical
chaosJ
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Inlllissecfion we estaolisn a corresponilenceoetween tne quantizeomot:iOilOf
il2-level atom in a staniling laser wave anil its semiclassical analogue consiilereil
in the third section . Semiclassical eguations (4.5) represent a nonlinear dynamical
system with positrve values ot the maxImal Lyapunov exponent In a wide range ot
ihe-iniiial conilitions ana control parameters (Or ana--:1-:-In otner woras, trajectories
in the 5-dimensional phase space are exponentially sensitive to small variations in
iiiiiialCOildiiiOilSaild/or parameters in tnose ranges. Tnat local ilynamicalinstabil
ity is a reason for chaotic Rabi oscillations and chaotic motion of the atomic center
of mass aiscusseil in tne tnira section. In particular, it nas ]jeen founil tnat an atom
isa]jle to walkchaoiiCi.illYin a strictly periodic opticarJattice wiinout any noise or
Oiner ranilom processes (see Fig:-4~2r.-Tne cnaoticbenavior is causeil-]jy jumps of
the electric-diIlOle moment u at the nodes of the standing wave (Fig . 4.3). It follows
from Eqs . (4.5) that this quantity governs the atomic momentum . A stochastic mal'
for tne quantity u (4:-nJalloweil to aerive analytic expressions for prooaoility aen
siiYfunctions onne atomiC1fi.ijJpingaild-f1ignt events tnat nave oeen snown to fii
well numericalsimulation (Argonov anil-Prants, 2007).

It has been shown that sudden changes in the behavior of u take place when
we quantized the atomic motion (see Fig . 4.11) under the condition .1 c:::' .10. Those
changes are more smooth than the jumQs of u in the semiclassical case because a de
localizeil wave pacKet crosses a noile for a finite time interval. Tne quantum analysis
proviaes a clear reason for those jumps at Ll c:::' Llo, namely,-itis nonaaiaoatic tran
sitions between the quasienergy states I+)L1 and I- )i\ which occur when an atom
crosses any node of the standing wave . Those jumps are accomQanied by~litting of
wave Qackets at the nodes. We may conclude that the Qroliferation of wave Qackets
at tne noiles of tne staniling wave is a manifestation of classical cnaotic transport
of an atom in an opticarJattice tnat nas ]jeen shOWilinRef8.TArgonov anil-Prants,
2003~200O;-2007) to taKe place in exactlYine same ranges ofiniiial conaiiions ana
control Qarameters. In particular, the effect of simultaneous trapQit1g of an atom in
a well of the optical Qotential and its flight in the same Qotential (Fig . 4.14) is a
quantum analogue of a cnaotic walKing of an atom snown inFig.-4:-2~

liiconcliiSion we woulilliketOiliSCiiSSbriefly theroleofClissipation. Wediil not
takeinto account any losses in our treatment. Conerent evolution onne atomic state
in a near-resonant standing-wave laser field is interrupted bY~Qontaneousemission
events at random moments of times. The semiclassical Hamiltonian evolution be
tween these events has been shown to be regular or chaotic deQending on the values
of tne aetuning L1 ana tne initial momentum PO. We stress tnat aynamiCi.ilchaos
may nappen wiinout any noise anil any moiluEiion onhelattice parameters. Itis
~ecific kind of dynamical instabilit)' in the fundamental interaction between the
matter and radiation.

Dissipative transport of spontaneousl)' emitting atoms in a ID standing-wave
laser fielil nas ]jeen stuilieil in iletail in ReCTA:rgonov anil Prants, 2008Tii11he
regimes wnere tne unilerlying semiclassical-Hamiltonian ilynaillicsis regular anil
cnaotiC:-A-Nlonte Carlo stocnastic wavefunction metnoa was applied to simulate
semiclassically the atomic d)'namics with coupled internal and translational degrees
of freedom . It has been shown in numerical experiments and confirmed anal)'ticall)'
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ihafCfiaOtieatOiTiic transport can takel:fiefOiTileilherofoalliSiiCillOiionor a ranoOTil
walKing witn specific statistical properties. Tlie cnaracter of spatial ana momentum
oiffusion in tne 6allistic atomic transport was snown to cnang~tl)' in tne atom
laser detunIng regime wnere tne HamiltonIan dynam tcs IS Irregular In tne sense of
dynamical cnaos. A clear correlation between tne benavlOrof tne momentum ddtu
siOilCOefficienrancI-RamiliOilianchaosj)fOba6i lit)' FiaSbeenfOUild:

Wliat one could expect if spontaneous emission woulobetikeilinto consioera=
tion with our full)' guantum eguations of motion ? An)' act of spontaneous emission
interrupt s a colierent evolution of an atom at a ranoom time moment ana is accom
paniea-6y a momentum recoil ana a suooen transiiion onne atom intOlne ground
state wnich-is a superposiiion ofthedresseo states. Tlie colierent evolution starts
llgain after that. A collapse of the atomic wave function and a splitting of atomic
wave packets are expected just after an)' spontaneous emission event. That addi
tional splitting of wave pacKets at ranoom time moments, oesioes of tneir prolifera
iionat1ne nooes of a standing wave at Ll ~ Llo, can improve tne quantum-classical
corresponoence inlne regime ofHamiltonian cnaos .
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UsingSIOChasticWebs to ControllneQuantum
Trans~ortof Electrons in Semiconauctor
Superlattices
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AbSIrnctWe-sfiOW1hafelectroi'iSi naserriiCOilductor superlillicecanbeLiSedlOfe
alize and exploit the unigue d)'namics of the driven harmonic oscill ator that were
aiscoverea ana explorea oy George ZaslavsKy ana colleagues. Unaer tlie action of
an electric anatiltea magn eticfielo ;tlie semi classicalaynamics ofe lectrons in an
energy oanaof1lie superlattice exliioit non-KAMcliaos, wfiicli strongly affects the
ele ctrical conductivit)'. At certain critical field parameters, the electron trajectories
~ge abruP!l )' from full )' locali zed to com~)' unbounded, and map out intri
cate stocliastic weDs in pliase spac e, wliicli act as conauction cliannels for tlie elec
trons. Delocalization oftheelectron patlis proauces a series of strong resonant peaKS
inllie electron a rift velocity versus electricfiela curves. We use tliese arift veloc
it)'characteristics to make self-consistent drift-diffusion calculations of the current
voltage and differential conductance-voltage curves of the sUQerlatti ces , which agree
well with our experimental data and reveal strong resonant features originating from
ilie suaoen aelocalizaii OilOf1lie stocliasticsingle-electron patlis. We shOWlliat tliis
aelocalization lias a pronounceaeffect on tlie ai strioution of space cliarge anaelec
tric field dom ains within the sUQerlattices . Inter-miniband tunnelinKgreatl )' reduces
the amount of space-charge builduQ, thu s enh ancing the dom ain structure and both
the strength and number of the current resonances.
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5.Llntroduction

In thIs chapter, we show how the mtncate phase space structure ot the drIven har
i11OrlicoscillatOf(Sagueeveral~1998;Vasilieveral~1989;BeIos1iaRKineral~1989;

ZasIavskyefal:-;-T991 ; SIiIesinger et aI., 1993; ZasIavsKy et aI., 2004;LUO;-2004;
Kamenev and Berman , 2000 ; Karney and Bers, 1977; Chia et aI., 1996; Gardiner et
aI., 1997; Demlkhovskll et aI., 1999,2002; Robmk and RomanovskI, 2008 ; SoskIn
~U09b), which was Identified and extensIvely studied by George Zaslavsky
and co-workers (Sagdeev et aI., 1998; Vasiliev et aI., 1989; BeloshaRkin et aI., 1989;
Zaslavsky et aI., 1991; Shlesinger et aI., 1993; Zaslavsky et aI., 2004 ; Luo, 2004 ;
Kamenev and Berman, 2000), can greatly enhance electron transport in semicon
ductor superlattices (SLsnWacKer, 2UD2;EsaKi anu-TSu~T970;Sliik-;-T975;IgnatOV
et al~199T;Kastrup, 1994;Canalicral~1996;Zliang et al:-;-r996;A]cKseev et al~

r99o;Luo et al:-;-r99-8;Scliomburg et al~r998;ScfiOll;-2UOT;Amann et al:-;-2002;
Alekseev and Kusmartsev, 2002; Patane et aI., 2002; Shimada et aI., 2003; Savvidis
et aI., 2004; RasQQRin et aI., 2005; Bonilla and Grahn, 2005; Fromhold et aI., 200 I;
Kuraguchi et aI., 2002; Fromhold et aI., 2004 ; StaRleton et aI., 2004; Hardwick et
aC200o;KOSCVic1iCfaC200o;FowlcrefaC2007; Balanov et aI., 2008; SOSKin et
aI., 2009a; Greenaway et aI., 2009; Hyart et aI., 2009; HaruwicK, 2007) . In particu
lar, we show that the electrical current through the SL can be modulated by using an
<lpplied bias voltage and a tilted magnetic field to switch on and off stochastic web
patterns, which thread the electron ~Race and act as a network of conduction
cliannels tlirougli wliicli tlie electrons can propagate in real space. Wfien tfie web is
swiICfieu on, tfie electrons can unuergo cilliOiicdifftiSivemotion along ifSfilaments,
ifiereby producing a sfiarp increase ii11fie measured anuca:lculated current flow.
Consequently, non-KAM chaos Rrovides a new and, in princiRle, extremely sensi
tive mechanism for controlling SL conductivity (From hold et aI., 2001 ; Kuraguchi
et al:-;-2002;Fromholu et al:-;-2004; Stapleton et aI., 2004; HardwicK et aI., 2006;
KoscvicllCfal~2006;Fowlcrcral~2007;Balanov et al~2008;SosKincraC2009a;

Greenaway et aI., 2009; Hyart et aI., 2009; HaruwicK, 2007):
In semiconductor P1D'sics, chaotic electron transport has been eXRlored using

a variety of 2-dimensional billiard structures (Stockmann, 1999; Nakamura and
Hara)'ama, 2003; Marcus et aI., 1992; Chang et aI., 1994; Folk et aI., 1996; Ketzmer
ick-;-r99o;Sachffijdaeral:-;-r99-8;Bird et al:-;-1999;N1icolicheral~20m;Marlow et
aC2006),ariiiClot arrays (SfOcKmann, 1999;NaKamura and Harayama, 2003;Wciss
et aI., 1991; Fleischmann et aI., 1992; Weiss et aI., 1993), SLs (Kastrup, 1994; Zhang
et aI., 1996; Alekseev et aI., 1996; Luo et aI., 1998) and resonant tunneling dIodes
containing a wide quantum well enclosed by two tunnel barriers (St6ckmann, 1999;
Fromholderal~r994;-r995a;b;SfiepclyansKY and-Stone, r995 ;Mliller et aC1995;
WilKinson et al~r996;Monteiroand-DanClo,-r996;FromfiOICIeral~r997a;b;M0i1

teiro et aI., 1997a,b; Narimanov et aI., 1998; Narimanov anu Stone, 1998a,b; Saraga
and Monteiro, 1998a; Saraga et aI., 1998; Saraga and Monteiro , 1998b; Bogomolny
and Rouben , 1998, 1999; Fromhold et aI., 2002) . Figure 5.1 shows a schematic dia
gram of a quantum well formed by molecular beam epitaX)'(MBE)in wfiich-layers
of unuopedUilAs (salmon) andTAlGa;As or AIAS1blue) are alternatively uepositeu
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Oilaheavil)'-QoRecr GaAssuostrate ()'eIlOWY:-Each- lii)ierorrAIGii)A:s acts as a po
teritiiirbarrier to electron motion p~enQicular to tlie planeofthelii)iefs:-BetWeeil
tlie oarriers tllere is a GaAs quantum well, wliose interfaces are flat to tile Rrecision
ot a single atomic layer.

Despite tile diversIty ot experImental studies ot quantum cllaos In semIconductor
nanostructures, theyaIrifiVOl ve s)'stems iilWllichtheTriiTiSitiOillOCllaos occurs D)I
tlie graQual ana progressive aestruction of stable Ofoits in response to an increasing
perturbation. To illustrate this, Fig. 5.2 shows Poincare section s calculated for elec
trons in tile 30 nm wiQequantum well of a resonant tunneling QioQe witll a magnetic
fielClBtilteCi at an angleelOllle normaI101neweIlWiilIs;-r:e:t o1ne:X-aXiSTFromFiOIQ
efiil:-;-2002).Tlie scattereQpointSiildieatetlie momentum components Py anQ~in

the Rlane of the well for each bounce of the electron off the left-hand barrier. When

GaAs (AlGa)As

IiTne IihIe

~~ p•.=:==::::::::
~. .. . .

• •• J•••• •••

salmon salmon salmon

Fig:-5~CSchcmatiCdiagramofascmlcOi1ductor quantum well structure fabr ieated-5fITiOlCciilar
oeam ellitaxy. UpIler part of figure: sdiematic illustration of tne aeposltion of atoms onto a semi
conductor substrate (yellow) to form layers of GaAs (salmon) and (AlGa)As (blue). Lower Ilart of
figure: tne GaAs layers form a square quantum well enclosea bytWOTAIGajAs tunnel oarriers.

Fig. 5.2 Black dots: Poincare sections calculated by plotting the momentum components (py,pz)
each time an electron collides with the left-hand barrrier of a 30 nm wide quantum well (barriers,
snown oy snaaea snapes in lower Ilart offigure, lie in tne y - Z Illaneywitn a magnetic fiela B- 12
T appliea at an angle e~0~bTI5o-andITc40"t01ne x- axiSTFromnola et aL, 2002):
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e = 0° (see FIg. 5.2(a)), the Romts he on a senes of concentnc cIrcles because the
electrons unaergo cyclotron motion in tne Rlane of tne well1Fromnola et aI., 2002j.
As e increases from O~he regular Rarts of tne Rhase space slowly shrink. When
e= r5"(SeeFig.-5~2(bIDnere is a mixea stable-cnaotic pnase space in wnicn tne
islanas of staoility are surrounaea-oy a cnaotic sea. But wnen e readies 4D"(See
Fig. 5.2(c)), all stable islands have disaRpeared, leaving~y a chaotic sea, which
corresRonas to strongly cnaotic classical trajeaories(Fromholaeral:-;-2002)~Tnis

gradual onset of chaos occurs for all systems used in Rrevious quantum chaos ex
periments, wnicn ooey tne !CAM tneorem (Fromnola et al~2001-;-2004;SfOck:mann,

1999)J
H-=-=ow=e=v=e=r,oy connecting a series of quantum wells togetner to form a superlattice,

it is possible to create a much rarer tYRe of "weak" chaos-studied by Zaslavsky and
co-workers (Sagdeev et aI., 1998; Vasiliev et aI., 1989; BeloshaRkin et aI., 1989;
Zaslavskyefal., 1991; Snlesinger et aI., 1993; Zaslavsk:y et aI., 2004;Luo, 2004;
Kamenev ana-Berman, 2000)-filldriven narmonic oscillator systems tnat ao not
ooey the!CAMtneorem-wfiich-iscnaracterizea-oy aorupt aelocalization ofthe
classsical paths. The theory of such "non-KAM" chaos is of great interest due to
diverse aRRlications in, for examp~plasma plD'sics, tokamak fusion , turbulent fluid
gynamics , ion trap~uasicrystals and ultra-cold atoms in optical lattices (Sagdeev
et al~T998;Vasiliev et al:-;-1989;Belosnapk:in et al:-;-I 989;Zaslavskyefal:-;-1 99T;
Snlesinger et al:-;-r993;Zaslavsk:y et al:-;-2DD4;[uo, 2004;Kamenev ana-Berman,
2000; Karney and Bers, 1977; Chia et aI., 1996; Gardineret aI., 1997; Demikhovskii
et aI., 1999, 2002; Robnik and Romanovski, 2008; Soskin et aI., 2009b ; Hensinger
et aI., 200 I; Steck et aI., 200 I ; Scott et aI., 2002) . However, it has Rroven difficult
to realize ana explore tne ricn pnase space structure of a ariven narmonic oscillator
in experimenn

illlne next section, we aescribe1ne growtn ana structure of semiconauctor SLs
and describe their unigue energy band structure , which enables the creation of non
KAM chaos for semiclassical trajectories generated by the bands. The .Physics of
non-KA~cnaos in tnis experirnentally=fealizaole system may nave wiaer relevance
oy proviCling new insightsinto more exotic areas of researcn;-for example1ne quan
tum aynamics of ultracola atoms inalaser fiela:

5.2 SUIJeriattice structures

SLs comprise alternating layers of two or more different semiconductor materials,
~roduce a sandwich-like structure containing a series of guantum wells, as
shown schematIcally In FIg. 5.3(a) for a GaAs/(AIGa)As SL (Wacker, 2002) . The
layer structure proauces a perioaic square potential (see Fig . 5.31blTTor conauction
electrons moving along tne x-airection perpenaicular to thelayers, wfiicn are typi:::
calIYoetween 1 anaTO nm tfiick--:-Usually, a SL contains a cnain of oetween ro ana
~uantum wells, though in Fig. 5.3 we only shown 3 wells for clarity. Tunneling
through the barriers couRles the wells and thereby broadens their guantized energy
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levelsiil1Obands,-J<nown as "minibands" --cwacker;-2D02y.-TfieDlue rectangles in
Bg. 5.3(b) show schematically the energy range of the two lowest minibands.

To oDserve non-KAlVl cnaos, we usedtwadifferent SI: structures. In tnis section;
we focus on the first type of structure, henceforth known as SL1, whose composItIOn
IS deSCrIbed III detaIl elsewhere (Patane et aI., 2002; Fromhold et aI., 2004). We
describe the second SL structure (SL2) in Sect. 5.7. SLI has a sQatial period a
- 8 nm and contains 14 QWs. Tne densit)' of n-t)'~Qirlg in theSL-layersis
N = 3 X 101~. The solid black curve in Fig. 5.4 shows the potential energy of
an electron at tne conduction Dandedge versus position x tnrougn tne SI:. For clarity,
only3oftfiel4 quantum wells are snown. Tne unusual-feature oftfiisSCiSlnat at

(a)

(b) Potential
energyv:"

~x

~bl~
Fig. 5.3 (a) Schematic diagram of a semiconductor SL formed by eI'itaxial growth of a series of
guantum wells (onl)' three shown for simI'licit)') . (b) Electron I'0tential energ)' versus position, x,
Uirougll tile SL-:-Blue areas represent tile two lowestmiliibandsfor electron motion along x.

...a=8~14 I'eriods
- -GaAs- -1----11----11-----

green area s-s-

emitter

blue area

collector

Fig. 5.4 SchematIC vanatlOn of the e1ectromc potentIal energy With pOSitIOn x through
GaAsfAIAsflnAs SLI. The AlAs la)'ers act as I'0tentJal barners and the InAs monola)'er I'roduces
a sguare potential notcll at tile center of tile GaAs guantum well. Blue areas represent tile two
lowest mim6ands , wllicll are seI'aratea liy~ge energ)' gaI' of 250 meV. Green areas reI'resent
electron gases in tile emitter ana collector contacts. Electrons are injectea from tile emitter Ueft
hand) contact into the lowest miniband. Further details of SLI are given in (Patane et aI., 2002;
Fromllold et aI., 20021-1
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Hiecenter ofeach-GaAs guantum well;lnereisaJ1TilASTilOiiOIaxer,wliic\1PfOduces
ariOtCh-iTilhecondiictiOilbandedge.-SincetliiSliOtChcoiiiCioeswiihtheanlinodein
tlie grouno state wavefunction of tlie guantum well, its effect is to lower tlie energ)'
anlie first minioano--clower olue rectangle in Fig. 5AY-down to tlie oottom of the
quantum well (Patane et aI., 2002) . ThIs ensures that the edge ot the mlnIband lies
closet01hechemical~iarin1heemitter contact (Ieft=handgreen regioninFi&
5.4), which facilitates electron injection.

~)' contrast, the InAs la)'er has almost no effect on the energ)' of the second
mifiioano (upper olue rectangle in Fig. 5AToecause it is locateo at tlie noociillhe
first exciIedstateOftlie quantum welC

We now consiaer more quantitatively tfieeffect oftheInAslayer on tfie miili15ano
energies . To do this, Fig. 5.5 shows energ)' versus cr)'stal momentum, Ex, dispersion
relations calculated for the first and second minibands of SL I containing the InAs
layer (reo curves) ana for a SI: tliat is ioentical except tliat tlie InAs layer is replaceo
byGaASl15lacK curves) (Patane et al~2002;Fromholo et al~2004r.-Thedisper

si<.mreliitions are shOWilWiiliiillhefifsrBrillOliin zone oftheSL--;\VllOSe\Viaih-is
inverselY~lQRortionalto the SL Reriod, a. Since a greatl)' exceeds the lattice con
stant of bulk GaAs, the SL Brillouin zone is much smaller than for bulk GaAs and
is therefore known as a minizone . ComRarison of the red and black curves in Fig.
5.5 reveals tliat incluoing tlie InAs layer lowers tne first minioano oy approximately
70 meY;out lias almost no effect on tlie seconomifiioano:-Consequently;tlielnAs
@)'er has two ke)' effects . Firstl)' it lowers the first miniband, which facilitates elec
tron injection into the miniband from the emitter contact. Secondl)', it increases the
miniband g~ energ)' (separation between the first and second minibands) to 250
meV,wliicllfeduces inter-miili15ano1Ui1i1eliilgWlien a oiasvoltage is appliealO1he
SWfius ensuring tliat a singleoano transport picture is appropriate.

Energy (meV)

Without
InAs layer

{-
black

red

With
lnAs layer

100 black

70meV
t red

=hl2a 0 hI2a~

Fig. 5.5 Red curves : energy versus crystal momentum, Px, dispersIOn relatIOns calculated lor the
fWOlowesfffiiIiibandsoftheGaAs/ATAs/lilAsSCIsnowninFig.-S:-4:-Black:curves: energy versus
px curves calculateo for tlie two lowest minioanos of a SC1hat is ioenticaI to SI:I except that tlie
InAs monolayer is refllaced by GaAs.
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5.3 Semiclassical electron dynamics

In this section we consIder the semIclassIcal dynamICs ot an electron confined to the
lowest minibandofSL1~Theminil5iUld states are ileIOCi1lize-d-BI6Ch-fUrictions sQec
ified by the crystal momentum p = (Px,Py, Pz). Within the tight-binding approxi
mat iOil,tlie energ y-crystal momentum iliSjJefsiOilfeliilionforthelowest miiliband
is E( p) = ,1[1 - cos(Pxa/Ii )] /2 + (p~ + p~ ) /2m* , where,1 = 19 meV is the mini
band wIdth and m* (equal to 0.067 times the t ree electron mass) IS the electronIc
effecti ve mass for motion in the }'- Z Qlane. The crystal momentum component, Qx-,

lies within the first SL mini zone .
The electron moves under the action of an electric field F = (-F,0,0), applied

airti=parnllelto 1hexaxis, createil-oyavoltage, V~lied-oetween tfie emiuerand
collector contacts, and a tilted magnetic field B = (Bcos8 ,O,Bsin 8) (Fig. 5.6 inset).
In a semiclass ical picture, tfie force proiluc ed oy F anil B cfianges tlie electron's
9"ystal momentum at a rate

a-.£ = - elF+ (\7pE(p) x B)],
dt

(5.1)

where e iSlfie electronic cfiarge. In component form, Equation (5:-1) can oe written
as]

(5:-2)

. a,1m*wc . (Pxa) _
Py = 21i sm h tan 8 - wcPz, (5.3)

(5 A)

where the left-hand terms are time derivatives of the crystal momentum comQonents
and wc-eBcos 87m* is the cyclotron frequen cy corresRonding to the magnetic field
component along tfie x-axis. Iffollows from Eqs. (5:-2) (5:-4nfiat

pz+ w;:pz = Csin(Kpz - WBt- rf! ), (5.5)

where C = (- m*w;a,1tan 8 )/21i, K = a tan 8 /1i, and WB = eFa/ 1i is the Bloch fre
quen cy. The phase, rf! = a(px(t = 0) +pz(t = 0) tan 8 ) [h , depends on the initial con
ditions and equals zero for electron s starting from rest (Fromhold et aL, 2001 ,2004).
In tlie aosence of scattering, EquatiOil(5.5)fully ilescrioes tlie electron motion oe
cause its solution, pz{t)' uniqu ely determines all of the other dynamical variabl es,
in particular tlie electron oroit s in real space (Fromliolil et a1. , 200'1TConsequently,
the dynamics of a miniband electron in a tilted B-field are exactl y~quivalent to
a I-dimensional driven harmonic oscillator : a text book system that exhibits non
KAM chaos and is characterized by intricate Qhase sQace Qatterning, as we dis
cuss oelow (Sagileev et a1. , 1998; Vasiliev et al:-;-r989; BelosfiapKin et al:-;-r989;
ZaslavsKy et al:-;-1991;Slilesinger et al:-;-r993; ZaslavsKY et al:-;-2004; Luo, 2004;
Kamenev and Berman, 2000; Karne y and Bers , 1977; Chia et aL, 1996; Gard iner et
al., 1997; Demikhovskii et al., 1999,2002; Robnik and Romanovski, 2008 ; Soskin
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(S.6)

erar:~20U96).Tne s),stem Goes not oGe)' thTKA:Mlheoreilloecause tfieharmonic
oscillator is oegenerate as, Iili)'sicall)', its oscillation freguenc)' is inoeIJenoent of
energYJ

Equation (S~S) revealSlnat even tnoughthcappliedclectricand magneticfielos
are stationary, tney act likcalimc=aepenaent monocnromatic wave. InEq:-(S~S),
ihearrij)lifiiaeofthej)lane wave can beincrease<fbYincreasingl.fandlOflFielTiini::
band wIdth, 3 , and IS maxImal when e - 45°. The wavenumber and THz-rang~

angular freguenc)' of the IJlane wave can be controlled independentl)' b)' changing
fJ ano-F respectively. Tnis is a crucial oifferencc from cyclotron motion ariven 6y
an electromagnetic wave wnose wavenumoer ana -frequency cannot, of course, be
indepenaently tuneo:

In our analysis, we first solve Eq. (S.S) numerically to obtain pz(t), which we
then use to determine the other cr)'stal momentum comIJonents (see (Balanov et aI.,
2008;Rarowick--;-2007HoroetailS)

Px = Px(t = 0) + eFt - (~z-=-Pz(t = 0)) tan fJ ,

P
_ pz
~6)(,,--. ' _

and the electron velocit)' components

--L1 .
. a . (K + ,1,) . pz . pzX= -SIn P -(OBt 'I' y= -- Z=- .
__2/i z 'iJJcm* ' m*

(S.7)

We now consiaer electron oroiISiillne x - z plane, in wnichtne magneticfielo
lies (Fig. S.6 inset), calculated for field values F = 3.6 X 106 Vm- l and B = 11
T taken from eXIJeriment (Fromhold et aI., 2004) . Qualitativel)' similar trajectories
occur-T6faWiae range of otner fiela IJarameters. WhenfJ = 0°, tne plane wave
on the right-hand side of Eg. (S.S) has zero amIJlitude, which means that the x - Z

motion is separaole . Consequently, tne electrons execute cyclotron motion a60ut tne
magneticfiela~axis.and-BlochoscillatiOi1Salong1fiex=oireaionwiihapeak-=

to-Reak amRlitude equal to ,1 /eF . The Bloch and cyclotron orbits add to Rroduce
a regular bounded trajector)' in the x - z plane, which resembles a Lissajous figure
(see Fig.-~6(a)):-WhenfJ-is increaseo to 30°, tne narmonic oscillator on tne len::
nanasiae of Eq:-(S .S)is only weaKly pertur6ea 6y tne plane wave oriving term
on tne righ1=nanosiae:-Tne electron oroiiSlnerefore remain sta61eana regular (see
Fig.-S:-6(6»ana are qualitatively similartOlne cyclotron-Blocl1OSCillaiions snown
in Fig.-~~ForfJ~45':theplane wave inECfTS~Srnas maximalamplituoe.
As a conseguence, it strongl)' perturbs the harmonic oscillator and thus drives some
of the electron orbIts chaotIC (see FIg. 5.6(c» . Although these chaotIC traJ~
exteno across approximately 10 perioas, tney remain localizea wiifiiilafiilite range
of the SL axis. But if fJ is increased to = 60° so that (08 = 3iJJc, the chaotic orbits
are no longer bounded and extend arbltranl)' far through the SL (see FIg. 5.6(d» .

Bgure S.7 shows a 3-dimensional representation of the unbounded chaotic orbit
followed b)' an electron starting from rest when (OB = 3wc . The tube lies along the
electron trajectory ana cnanges color from green to rea as time increases . InitiallY,
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iheoI'oit weaves a baskei=liJ<e pattern (RreoominariilYCOlorea green ) towarosthe
left-lianil sioe of tlie figure. But eventuall x,lheelectron oreaJ<s away from tliis tra
jectory ana follows tne more open cyclotron-liKe Rath----cred) towarostFiefight=nana
sloe of tne figure .

More generally, tne cnaotlc orbIts are unbounoeo wnenever WB - rWe, wnere r IS

an integer. Whentliis resonance conoiiiOilissaiisfied;lheelectron trajeaoriesTiliij)

(d)

(c)B
(}

x

All orbits to
same scale

(a) (b)

-1-~TeF-.-

Fig.5.6 Electron orbits in the x - Z I'lane (axes inset) calculated for SL I with F = 3.6 x IO~I~

B - II T and e = (a) 0° showin~I'eak-to-I'eak amI'litude (,17eF) of Bloch oscillations, (b) 30°,
(c) 45°, (d) 60° (corresI'onding to r = 3 resonance). Inset: schematic diagram showing orientation
of co-ordinate axes, F, and B relative to SL la)'ers (shaded).

Fig. 5.7 3-dimensional reI'resentation (axes and orientation of B shown inset) of an unbounded
chaotic trajectory, which lies at the center of the colored tube, calculated for SLI when (J)B = 3 6)c '

As time increases, the color of the oroit changes from green to rea:1COlor plot in the 0001< ena)
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Otifiiiliicate stochasIicweo patterns (Sagoeeveral:-;-T998;viiSilievefal:-;-T989;Be=
losfiapKinefal:-;-1989;ZiiSliiVSkyefal:-;-199 I ; Sfilesinger et aL, 1993; ZaslavsKy et
aL, 200'1; I:.:iiO;-2D0'1;Kamenev ano13erman, 2000 ; Karney ano13ers, 1977; Cfiia et
al:-;-1996;Gardinereral~r997;DemikhovsKiicral~r999;-2002;Robi1ikai1d·RO=

manovskl, 2008; Soskin et aI., 20096) In the phase space of the underlying drIven
harmonic oscillator (see Eg. (5.5» . The stochastic web shown in Fig. 5.8(a) corre
sponos to tfie r - 3 resonance anois constructeooY.Qlotting tfie momentum compo
nents Ex oc pz and pz at discrete equally-spaced times (Fromhold et aI., 200 I, 2004;
HarowicK, 2007 j.Since tfie wiotfi of tfie filaments oecreases exponentially witli ois
tance from tfie weDcenter (ZiiSlavskyefal:-;-r99Tf,\vefiave useooroits witfi several
oiffcrentinitiaLconoitions.to.constructtfic.filamcnts. _Tlie.filamcnts .oLilic.stocfiastic
web are extensions of the chaotic sea visible at the center of the Poincare section,
where the electrons have low energy and momentum and are therefore strongJy.per
turoco oy tfic planc wavc in Eq:15~5).

Ofcrucial-importance fOfUilderstanoing thesignificance oftfiispliase space
structure istliat thedistance of eacfi poiiltfrom tlie center onfie web-is propor
tional to~ (Fromhold et al., 2004) . So as the electron travels further through the
SL, it produces points further from the center ofthe section (Fromhold et aL, 2004) .
The electrons are driven out along the radial filaments of the web by the resonant ab
sorption of energy from tfic planc wavc in E(fT5 .5), ana so progress rapioly tfirougli
iheSL--:-Pliysically, as tfie electron moves tfiroughtfieSLaown tfie potential en
~gy_gradient created by F, the kinetic energy that it gains from F is transferred into
the}' - z plane by the tilted B-field. Conseguently, the electron 's }' - z momentum
increases and, as it does so, the electron moves away from the central part of the
stocliastic weD along one of tlie six raoial filaments . Sincetheweo extenos to in
finity, tfie cliaotic electron oroits are unoounGea on resonance anosfiOijla1herefore
proouce a large oirect current. But movingFsligfitlyoff resonance oestroys the
stochastic web by breaking the radial filaments (see Fig. 5.8(b» . This localizes the
electron orbits spatially (see Fig. 5.6(c» and should therefore suppress the current
flOW]

Co-=-n-=-s=-Ce-=-q=ue-=-nc-.:tJy, non-KAMcfiaos proviaes a new ano;-in principle, extremely sen
sitive mecfianism for mooulaiing tfie electrical conouctivity of-aSL--:-lnoeeo;-ii11he
absence of scattering, stochastic web formation would change the SL from an in
sulator to a conductor at discrete field values for which the resonance condition
WB = r6'Je (r = 1,2 ,3 , ... ) is satisfied.

In a real semiconouctor oevice, theelectrons are scattereo -oy pfionons, cnarged
irnpuritiCS,ai1Qrotighnessoftfieinterfaces oetween tfie oarriers ana quantum wellS.
However, at low temperatures ano-Iiighelectricfielos, conouction electrons fiave
mean free Qaths I » a and, for short period SLs, comparable to the entire width of
the SL layer region. This regime is called the guasi-ballistic domain .



2355- Using SfOCnastIcWebS1OCOiiliOltheQiiaiiliiffiTransl'~ort~ ~~

InpolarserriiCOilductors sucIlaSGaAs lmcn\IA-s,animQortant electron scatter
ing mecnanism is scattering Dy longituuinal oQtiC1r:Oyplionons of energy vs: By
carrying out experiments at low temperatures, we eliminate tne [ 0 Qlionon"aDs0rP=
lion" transition s. By C1esigning our Sr: witn L1 < nWL, we can also greatly reuuce the
effect of [0 pnonon errussion (except by a small number of not electrons In tne up
perrriiniband;\VnichcoulureliiXiTiiOlhelowerilliiliband-oy r:Opnonon emissiOTi)~

Tlierefore , in any realistic mouel oftlie electrical pJ'QIJerties of aSCi illhenoTi=KAM
chaos regime, we need to include the effects of scattering. We do this by using the
velocity integralmeihod1EsuKi anCl-Tsu;-r970r.

Specifically, to quantifY1ne effectOfSiOCilliSiic-weo-assisteu transport on the
electricalcnaracteriSiics of rearSr: structures, we useulne semiClassical trajectories
to calculate the electron drift velocity

py(arb.units) py(arb.units)

Fig. 5.8 Poincare sections showi ng electron momentum com ponents (py,pz) plotted at time in
tervals of 2n /we (a) on resonance (r = 3) showin g stochastic web, (b) off resonance (r irrat ional )
sliowing sea of cliaos 60unoeo 6y islanos of sta6ilit)ICFromli01O et aI., 2001):

---~5

o B=11 T B=O°
_0__1_2_ 3__4_5

F(i06VrTI"I)

mg. 5~9Vd[F ) curves calculatcd for Sr..:TWIillB~T, and e = 0° (bottom tracc) to 90° (t0l'
trace) at 5° interva ls. Curves for e = 60° to 70° are omitted. Arrows mark r = I and r = 2 reso nant
I'cak s crcatcd by chao s-asslstcd transl'ort through stochastIc wcbs.
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Vd = ~ .1;=exp ( ~t) vAt)dt ,
-------------

wnereth-eelectron scattering ti~etei1TIined-from experimenr;-ii1Cludes contri=
blitiOilSfromDOthelastic ana inelastic scatterinKRrocesses (Fromllola et al., 2004)
andV;(t) = i iSCIeterminedlrom Eqs. (5-:-5) and15~7) . Figure 5.9 shows vd(F) curves
calculatedusingEq:-(5:8)-fore~00-(bottomtrncerto900-(toptrace)af5° ·interval S:

When e= 0° (lower curve in Fig. 5.9), the vd(F) curve is identical to that pre
dicted b)' the famous Esaki-Tsu model (Esaki and Tsu, 1970). The Reak drift veloc
it)' occurs when WBr = I because , then, the electron scatters aRRroximatel)'half-wa)'
t,JR the miniband where the electron velocit)' is maximal. As F increases be)'ond the
EsaKi-Tsu peaK, more ana more electrons complete Blocll oscillations oefore scat
tering, wllich-increasii1g!ylocalizes tneir trajectorieS,1l1iiSfeducing Vd .

When e = 90° (upper curve inFig.-5~9nhe electron oroits remain regular but
tile ReaK Vd value occurs at lligherFtflliilfore~O°-:-Tllisslliftonlle ReaJ<P6Sition
occurs because the magnetic field bends the electron trajector)', thereb)' reducing
the average electron velocit)' along the SL axis. As a result, F must be increased in
oraer for Vd to attain its maximal vallie1FromhoIQeral~200U:

As e increases from 0° to 55°, additional peaks emerge in the vd(F) curves at
F values (marked b)' arrows in Fig. 5.9) for which WB = rille, where r = I or 2.
When this resonance condition is satisfied, the electron Rhase sRace is threaded by-.il
stochastic web, which delocalizes the electron trajectories spatiall)' (see Fig. 5.6(d)),
and therefore enhances Vd . The positions of the resonant peaks in the vd(F) curves
can oe alterea oy simply cllanging 8.

5.5 Current-voltage characteristics: theor)' and eX(leriment

In this section, we consider how the resonances in vd(F) that result from the for
mation of stochastic webs in the electron phase sRace manifest themselves in the
current-voltage, I(V) , characteristics of the SL measured in experiment and simu
lated theoretically. In our theoretical analysis , we used the vd(F) curves as a basis
for making drift-diffusion calculations of the I(V) characteristics of SLI. Tnese
calculations involve ootaining self-consistent solutions of tile Poisson ana current
continuity~uations throughout the SL (Fromhold et al., 2004 ; Greenawa)' et al.,
2009]

Figure 5.1O(a)shows I(V) curves calculated for e= 0° (bottom trace) to 90° (top
trace) . The curves are offset vertically and shown at 5° intervals When e= 0° and
90°, the calcuJ-ateaI(V) curves are knee shaped : approximately linear at low V and
tllen flattening wilen V oecomes nigll enougn for F to reac11theEsaKi::Tsu peaKin
vd(F) (lower trace in Fig. 5.9). In each case, at high V, I is almost constant because
the decrease in vd(F) that occurs at high F is compensated by an increase in the
numoer of conauction electrons iiltlle minioana, as we explainTurtller inSects. 5-:-6
anaT7]
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For 0° :s e :s 55~he slope of eacn/T\7) curve increases when V reaches:::::; 2.5D
mV both in our calculations (see Fig . 5.1O(a» and in the corresponding experimen
tal data (see Fig. 5.1O(b» measured at a lattice temperature T = 4.2 K. When V
increases aoove :::::; 250 mV,tnere is a region of ennancea current, wnicn gives rise to
a strong resonant peak (red in Fig. 5.11) in the differential conductance G = dI / dV
versus V curves that are calculated (see Fig . 5.11(a» and measured experimentall )'
(see Fig. 5.1 I (b» . The amplitude of the resonant Qeak decreases as e aQQroaches
0°, where the small remnant feature shown at V :::::; 325mV In the lower trace of FIg.
5.11(bTis a StarK-cyclotron resonanc e, originating from weaK clastic scattering oe-

50r==i==~~~=,

(a)Theory

06

mg.-S.IOI {V ) curves (a) calculaled and (b) measured al T = 4.2 K for SLI with B = II T, and
e = 0° (bottom trace) to 90° (top trace) at 5° intervals.

0.6

0=0 0

·~---~5° B=lIT

0.6 - 0 0.2 0.4
V(V)

0=0 0 W
B=lIT \\

0.2 (a)Theory

- 0 0.2 0.4
V(V)

Fig. 5.11 OW ) curves (a) calcula ted and (b) measured at T = 4.2 K for SLI with B = II T, and
e- O"(oottom trace) to 90° (tol' trace) at 5° mtervals. Ci.ifVeStore~~4-SO , and 90° are shown
black, green, and brown, respectively. The OW) curves reveal strong resonant peaks (red). Arrow
in (a) indicates region of decreasing conductance associated with the onset of Bloch oscillations
(COlor plot in tFie OOOKend):
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tween the quantized states produced by 8 I F (Canali et aI., 1996). The electric field
guaritizes1lle energy associateawithffiOtionalong theScaxisiTitOaWanilier-Swl<
lad<fer.-Neigllboring levels are egually sQaceiloy nWB . Motion in tile }' - z~
quantized by tile magnetic field Into Landau levels, separated by fzwe . At tile ap
plIed voltage tor wlllch the WannIer-Stark and Landau levels are equally spaced,
iheelectrons can unilergoelasiic scattering oetween thelowesrwannier-Swkswes
in adjacent guantum wells ana , iluring eacll scattering event, tile Lanilau level in
dex increases by I to ensure energy conservation. This Qrocess is related to inter
Lanilau-Ievel transitions in a single quantum well witll a tilteil magneticfielil applied
CLeadbeateret al:-;-T989~T99TL

The Stark-cyclotron resonance observed whene = DO-has a purely quantum me
chanical origin because it reguires energy level guantization. By contrast, the much
stronger resonant peak observed in G(V) when e i=- 0° can be explained within a
semiclassiCiilminioanil transport model anilmiginateSfrom non-KAMcliaos. In
ooththellleory anilexperiment, tliispeal< occurs near theoiasvoltage for wliicli
WB = we, wfiicll means tliat tlie pllase space iSllireaileil-by a stocliastic web-:-The
electrons undergo raQiddiffusive motion through the web and through the SL itself,
thereby generating the resonant peak in both the calculated and measured G(V)
curves . This result demonstrates that chaos-assisted transQort through stochastic
weDS, wllicli lias Deen of great tlieoretical interest since tlie pioneering workofZa::
slavsKyanil co-worKers il11lle miilT980S[Sagileev et ar:~T998;vasiliev et al:-;-T989;
BeloshaQkin et aI., 1989; Zaslavsky et aI., 1991), can strong]y affect and control the
electrical behavior of a real semiconductor device .

DesQite the good guantitative agreement between theory and experiment, the
form of the leV) curves in Fig. 5.10 is, at first sight, surprising for the following
reason . IfF is uniform throughout the SL and proportional to V, leV) =ANevAE1
where A is the cross-sectional area of the SL. This means that the leV) curves should
have exactly the same shape as the vd(F) curves shown in Fig. 5.9 and therefore con
tain two strong resonant Qeakswhene~4YY:-Blit,aSisclearfromFig.-5~ro;the

leV) curves do not navethe same form vdlfr=lndeed, we have to differentiatetne
leV) curves in order to observe clear resonant peaks and, even then, we only see a
single peak in the G(V) curves when WB = we.

The reason for this difference is that F is not uniform throughout the SL, as we
~Iain in the next section.

S:-6-Electrostatics anacliarge aomain structure

To illustrate the highly non-uniform electric field Qrofile through SL I, the surface
plot in Fig. 5.12(a) shows r = wBIWe ex F calculated as a function of V and position
{X)1llroughtheSCfrom tlie emitter contact (Position anm) to tlie collector contact
CPositiOilf20 nm) when e= 4SO~The most striKingfeature oftliis surface plot iSihe
dramatic increase of F , which occurs towards the collector contact at high V. This
Increase occurs because v« decreases monotonically at hIgh F (5.9) . As electrons
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staitlObu ilaliRiillhTSLlayers, thefTiillke rincrease wiUi RositiOtllhroughihe
SCWnen Foecomes nign enougn, tnisreducestnelOCi1lelectfOri(lriftvelocity, ana
so tne aensity of electrons , nd , must increase in ariler to maintain current continu if)!
through the SL. ThISaccumulation of electrons, which appears as the large spike In

ine surface plot of nd versus V ana posiiion snown inFig:-5~12{or,Turtner increases
F ;JruiI<ing ifnign]y non-uniformforV-:>O~3-V.

The sharI'ly-peaked electric field profile shown in Fig. 5. I 2(a) is similar to that
found when e = 0° (Wacker, 2-002). ]n addItIon, there IS a broad plateau regIon In

ihesurfaceplOi;-iilWfiich- rrs pinneilnear1ne valuerequireil to satisfY1h~1

resonance conaition (r = lalong thelowest wfiite contour inFig:-5~T2(a)) so thai
roB = 6)~WiifiinUlis plateau region, r = llfirougnout most onne SI.:;\Vnicfi ensures
that we see a strong r = I resonant peak in the corresponding G(V) curve (shown
green in Fig. 5.11(a» . By contrast, near the r = 2 resonance (white contour marked
6y arrow in Fig:-5:T2(u)),F varies rapialy witn position, meaning tnat tne resonance
COi1diiiOilis not satisfied across an exteniledregiOilOnheSCConsequently, we see
no r = 2 peak in the corresponding G{V) curve for SL I .

To see more conductance resonances, we therefore need to suppress the accumu
lation of electrons near the collector contact and thus ensure that F is more uniform
through the SL. We achieved this in a real SL structure through miniband engineer
ing, as ilescrioeil in tne next section.

x1023
® (b)

i
, I

Electron Density

-. <..-·« ...._··"·'1.... ,.' ·" ··0,,.. .. , !
;

120

Eig.-5~lrSUrfiiCCjJlotSStiowmg (a) r ex:F~b1Clectroi1densit)f, nd, calCtilirtCdversusVai1d I'osltion
(x ) through SLi for B = II T and e = 0°. Contours in (a) show integer values of r , with r = 2
contouLarrowcdJ
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5.7 Tailoring the SL structure to increase the number of
coniluctance resonances

To reduce the accumulatIOn of electrons In the SL layers, we fabncated a GaAs!
(A:IGa;AsSL--;-fienceforth-I<nown as SL2 anasfiown scfiematicanyinFig:-5~l3-;-in

which the energy_gap between the first and second minibands is only 60 meV: a'p::
proximately four times smaller than in SLI (Hardwick et aI., 2006) . This narrow
garallows elcctrons to tunnel from tfic first mini6ana--COf wiatfi L1 - 11 mcVfinto
ifie seconaminiDaild ana lfius flow tfiroughtheSr.:raifier tfian accumulating towaras
ifie collector contact. InSI::2~fiere is no mAS-layer to lower the first mini6ana:-In
stead , to facilitate electron injection into the miniband, the emitter contact has a 3%
Al content, which raises the conduction band edg~just enough to bring the Fermi
energy in the emitter contact (left-hand green region in Fig . 5.13) into alignment
wiifi]fic_m inioana~

Figurc 5:-14sfi-:CoC-:CwC-:Cs-s:C:-ucccrfacc plots ofclcctron acn sity, nd, caIculatca vcrsus V ana
posiiion;x;tfifOiighwSLI~bTSI::2wnene~4SO-:-ForSI::2-rseeFi !fYI4{6Jf,1here

is very little electron accumulation towards the collector contact. Instead , the surface
plot reveals small ridges (red) of electron accumul ation, which separate regions of
constant electron aensity. Witfiin tfiese regions, tfie corresponaing surface plot of
r = roB / We oc F vcrsus V and position through thc SL (scc Fig. 5.15) rcveals two
well defined plateaux in wfiicfi F is piiiiied at tfie r - I ana r - 2 resonances.

The narrow miniband gap of SL2 enables electrons to tunnel from the first to
the second miniband at high F , which causes vd( F ) to increase at high F , thus
ensuring tfiat tfiere isfarlesselectron accumulatiOiliilSL2thailiilSLI-:-Due to
iheii1iefri1inioanalUi1i1eling, we cannot use a singlebandpicture to aescriDeihe
transport anaelectrostatic properties ofSI::2 :-Insteaa, we usea wavepacI<et aynam
ics, constructing an initial state from (along the x direction) a superposition of

blue area

Fig. 5.13 SchematIC van au on 01 the electromc potential energy with posiu on x through
GaAs/[A:IGarAsSr.:2~Hardwickeral:-;-200o).Forsiilljll icity, bandbendingaildelectricfielavaria::
tions IJroduced by the accumulation of electrons is not shown. The (AIGa)A s layers act as IJotential
oarriers, wnich separate aaja cent GaAs quantum wells. Blue areas represent the two lowest mini:
\janas , wnose seIJaratlOn is small enough\:60 meV]1OeiUi\jleinter-mlm\jana tunnel ing. Green areas
represent electron gases in tne emitter ana collector contacts.



2415-Using SfOCnastIcWebS1OCOiiliOltheQiiaiiliiffiTransIl~ort~ ~~

waiillier-fiifictions near theoottom oflhelowest mini6aildand-ntlong tFieZdi::
rectionnlle lowest Lanaau state. Motion along tile l' airection , wllicllse~
from tilat in tlie x - 2 plannFromllola et aI., 200'1; HarawicK, 2007) (see also
Section 5.8y,wasdescrioea oy a plane wave. Tile Wannier function oasis spanneo
enough Px states to ensure that the inItIal state extends across several (approximately
8jScperiods.-We1hendeteiTilineothe1imeevoIUfionoflhe wavepacketii11he
x - 2 plane, OX solving tile time-oepenoent Sclir6Qingereguation, ana calculatea tlie
mean position of the wavepacket, (R(t )) = ((x(t) ) , (2(t ))) and its time derivative
Q1R(t))!dt = (v(t)) = ((vx{t)) , (vz{t))) = (d (x(t ))!dt ,d (2(t) )!dt) . By rep~g
the semiclassical velocity, vAD~in Eq. (5.8), by the quantum-mechanical expecta
tion value, (vx{t)), we were able to calculate vd(F) curves, and hence determine

(b)

00

~~120
/' 80

40 . . ( )Position nm

mi}5~14- SUrfaCcRlotSSfiOWiilgClectroi1dCilSityC:iICtilirtCdVCrStiSVaild IlosltIon ex) througfl(a)
SLI with B = II T, (b) SL2 with B = 14 T. e = 45°.

Fig. 5.15 Surface Illot showing r <X F calculated versus V and Ilosition (x) through SL2 for B = 14
T ana e- 45U:-Contours sfiow mteger values of r, WItfi r - I ana 2 contours arrowea. Plateaux are
electric fiela aomains. At the oounaary oetween aajacent aomains, there is a large accumulation of
electrons en ages m Fig . 5:T4(D)).
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botfi7{V) and the electrostatic properties oftneScrfor example,the surface plots
shown in Fig . 5.14(b) and in Fig . 5.15), via a formalism that eXQlicitly includes
intermini6anCltunneling.

Figure 5.16 shows vd{F) curves (offset verticalIy for clarity) determined from
HiewavepacKet Clynamics for e- O"1lower curve) to e- 5SO (upper curve) . At low
F~inteiTIiinioand1ilili1el i ng is negligi61eandSOl:ne guantum-mecnanical eXQectatiOil
value (R{t)) coincides with the semiclassical trajectory (x(t), z(t)) obtainedby solv
ing Egs . (5.5) and (5.7). Consequently, the waveQacket dynamics reveals precisely
tne same stocnastic we6-inCluceCl Vd resonant peaKso6taineCl-fromlne semiClassical
transport equatioiis~TnFig:-5~11J,1ne r = ranCl~2 peaKsare marKeCloy1heleft anCl
rignt arrows respectivelY:-ATfiigh-F~ne wavepacKet Clynamics exni6it strong inter
miniband tunneling, which causes Vd to increase with increasing F . This contrasts
with the monotonic decrease obtained from the semiclassical dynamics, shown for
e= 0° by the red dotted curve in Fig. 5.16, which do not incorporate inter-miniband
tunnelillg.-AsdiscusseCla6ove, tfie increase of Vd at fiigh7auetOinteilTIini15anCl tun
neling suppresses accumulation of electrons (Fig.-5~14(l5)),1nusensuring tnat Fpins
to the values reguired to satisf)' the r = 1 and r = 2 resonance condition throughout
much of the SL (plateaux in Fig. 5.15) . As a consequence, the I (V) and G(V) curves
measured for SL2 reveal stronger resonances, and more of them , than for SL 1.

To illustrate this, Fig. 5.I7(a) shows I{V) curves measured for SL2 for B = 14
T and e = 0° (bottom trace) to 90° (top trace) at 5° intervals for T = 4.2 K. The
r = 1 resonant feature , c1earl)' visible for V ~ 0.2 - 0.4 V, is far stronger than ob
served for SL I (Fig. 5.1O(b» and actuall)' triples the current flow even at room tem
perature. The I(V) curves calculated from the wavepacket dynamics (Fig. 5.17(b»
areiilbroad agreement wiihtne experimental-data anCl~in particular, reveal strong
resonant ennancement onne current Clue to stochasiiC-Web-=aSsisieCl transport wfieii
r = 1. Whereas the derivative plots, G{V), measured experimentalIy for SLl reveal
onl)! the r = I resonant Qeak (red in Figs . 5.11(b) and 5.18(a) , which show the same

1.2r==============;-;;~

·_·····_.._ B ~'O? .
4

Bg:-5~lfMF) curves (solid) calculated-forSL2WIil1B~4T,--anoe - 0° (bottom trace) to 5:';°
(top trace) at 5° intervals. Curve for e= 45° is shown green. Arrows mark r = I and r = 2 resonant
peaks created b)' chaos-assisted transport through stochastic webs . Red dotted curve shows vdill
calculated for e = 0° in the absence of inter-miniband tunneling.
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{l~forSr:2tnereare two (liSt:inct con{luctance peaKS;Snown re{laild QUfQleiil
Bg.5.18(b), which correspond to the r = I and r = 2 resonances , respectively.:

We now consider how the onset of non-KAM chaos in the semiclassical electron
trajecf<.)fiesmanifests itselfintne quantize{lenergy eigenstates onne system. Todo
il1is, we represent tneiiltea magneticfieHoythe vector potentiaIA~[O~m.£Siile-=
zcose) ,O] . In this gauge, the Hamiltonian operator

H= (p +eA)2 / 2m* +VsL(x) - eFx, (5.9)

(a)

° _ 0 1.'-----::"':-- ::""":'""- -:"":".......0__0.2_0.4_0.6__0__0.2_0.4_0.6
LIY:> V(Y)

Fig. 5.17 I(V ) curves for SL2 (a) measured at T = 4.2 K (b) calculated for B = 14 T and e = 0°
(oouom trace) to 90° (t0l' trace) at Sa-intervals. Inset m (a): OrIentation of Bin x z I'lane.

o 02 04 06
[00'--- -----"--

(b)

06

Fig. 5.18 C(V ) curves measured at T = 4.2 K for (a) SLI with B = II T, (b) SL2 with B = 14 T
ana e- O"loouom trace) to 90° (t0l' trace) at Sa-mtervals.
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isiilVafiai1tiiOOertra11SlafiOi1alonK}'. {nEg. (5~9),]nsthe canonical momentum
operator and VsL(x) is the periodic SL potential. Since fJ does not depend on y, the
energy eigenfUriCtiOiiSOfthe system can 1:JeWfitten-lilil1efOfri1If1(x,z )exp (lK;.Y),
where lfI(x,z) is an eigenfunction of the Hamiltonian obtained by replacing~ by
IjJs, = 0 in E(f1S.9r,-i.e. taKing tne constant canonical momentum component, k-;;tO
equal O. To calculate the eigenfunctions, lfI(x,z), we diagonalized the Hamiltonian
taKingabasisofWamiierfUricti OriSalong x anusimpleharmoilicoscillator states
along z (From hold et aI., 2004) .

When (J = 0°, the eigenfunctions comprise Wannier-Stark states along x and Lan
uau states along z. Figure S:-r9DijSnows tne proba15ilif)/densi t)iOf one oflnese
eigenstates, wfiich-islocalizeo wiUiil11ne turning points onne corresponoing semi:::
classical orbit shown overlaid in the x - z plane . To relate the probability distri
bution directly to the underlying semiclassical phase space, we calculated Wigner
functions, W(Py,pz), of the quantized eigenstates (Fromhold et al., 2004 , 2002) .

Wigner functions are often useo in quantum cIlaos tIleory, as well as in semicon
uuctor oevice mouelling, 15ecause tIley are quantum-mecIlanical analogues of clas
sical Poincare sections (Reichl , 1998). To demonstrate this analogy, Fig. 5. I 9(b)
shows W (!!~Pz ) calculated for the eigenstate shown in Fig. 5.19(b). Its ring_pattern
coincides exactly with the circular island in the corresponding Poincare section (see
Fig.-S:-r9{C}j,Wnicn is prouuceu 15y tIle or15it sIlown overliiicrinFig.-S:-r9DiJ,Wnose
cyclotron energy equalS1Ile energy oftfielaterarCanoau state.

Wfierl(J71Ja;tnelinI<between the semiclassicafelectron trajectariesaTiaCOiTe
sponding~uantum wavefunctions becomes more subtle and interesting. For exam
ple,at1ne r - I resonance (i.e. WB - w~for B - 8 T anu (J - ISo, tne proba15ilif)!
uensity uistri15ution of tne eigenstate snown in Fig. S.20(a) extenos across many
SC periodsjust liKetne un15ounoed semiclassical or15ifSnown overliiio:-By contrast,

Fig. 5.19 (a) Yellow curve: classIcal electron trajectones lor SLJ In the x-z plane (axes Inset)
overlaid on a corresRonding Riot of 1'P(x,z)1 2 (blue zero, red high) at B = 8 T and e = 0°, (b)
Wigner function values (red large positive, light green = 0, blue large negative) in (py,pz) plane
(axes inset) corresponding to the energy eigenfunction shown in (a) and to the Poincare section
shOWilii11CnCOlorplOfin thebookencIy:
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moving off resonance strongJfl0CiilizesbOifilheseilliclassicalor5itsaildlfie corre
sponding_quantized eigenstates, as shown in Fig. 5.20(b) , for examQle.

The highly extended wavefunction shown in Fig. 5.20(a) is, to good apQroxima
tlOn, a superposition of tfie lowest Wanmer-Stark states In eacfi quantum well plus
a senes of lateral Landau states . Moving left to ngfit from one well to tfie next, tfie
Landau level index increases from 0 to 1,2,3,... ,15. The wavefunction has such a
SImple form for tfie folloWIngreason . SInce e IS only 15°, tfie z-comQonent of B IS
also small. Conseguently, it acts only as a perturbation to the Wannier-Stark ladder
ancllneLaildaulevels proouceo6y tfie B=fielocomponent along tfie x oirection . But
on resonance, wfien tneWannier-StarK: ano-r.:anoau levels are equally spaceo~he

pertur6ation fias a oramatic effect oecause it couples Lanoau states in aojacent wellS
whose guantum numbers differ by one and thus forms extended eigenstates like
that shown in Fig. 5.20(a) . However, even though the extended wavefunction seems
IObeshapea-6y purely quantum-meclianical coupling of aojacent Lanoau states,
iliere is a great oealofclassicaEilformation em6eooeG wiUjiilif,\Vfiicli can oe ex
tracteo-6y calculating iiSWigner functi~Tlie saoale-sfiapeo pattern iiliheWigner
function shown in Fig. 5.21(a) closely resembles the central part of the stochastic
web shown in Fig. 5.21(b), which forms in the corresponding classical phase space.

Fig.S.20 Yellow curves : classical electron trajecto ries for SL1 in thex-z plane (axes inset) overlaid
on corresI'0nding_I'lots of 1'P(x,z)12 (blue zero, red high) (a) on resonance (r = 1), (b) off resonance
(r irrational) . B = 8 T, e = 15° (color I'lot in the book end).

Eij}S:21WWigneffUrictiOi1jJlotforUie energ)f eigenstate ofSr:TshowninFig.-5:20f<i)TrCdlarg~

positive, light green = 0, blue large negative). The Wigner function is shown in the (py,pz) plane
(axes Inset) and corresI'onds to the POincare sectIOnshown In (b) (color plot In the book end).
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Consequently,electron transport throughSfclChasIicwebS]:)fOViCiesaclassi CiiI-intef=
pretaIiOilOftfieiirter-Landiilllevel transitions tliat occur at small tilt angles , tliere6)'
prodliCing liigliT)idelocal izedeigenfUiictions.

ATliiglier e, tlie z-component of B couples1hCfiiOiii:Ji1alongllie x-anaz::
direction s so strongl y that It produces chaotic semiclassical paths and highly irreg
ular energ )' eigenfun ctions, like that shown in Fig. 5.22(a) at the r = I resonance.
The probabil it)' densit)' distribution in Fig . 5.22(a) reflects the shape of the unstable

Fig. 5.22 (a) Yellow curve: semiclassical electron trajectory for SLI in the x-z plane (axes inset)
overlaid on a correspondingJllot of I':l' (x,z)12 (blue zero, red high) at the r = I resonance for B = 8
T and e = 45°. Red arrows mark regions of high probability density, where, in addition, the orbital
loops are closely packed. (b) Wigner function values (red larg~Jlositive, light green = 0, blue larg~

negative) in (Pr,Pz) plane (axes inset) corresponding to the energy eigenfunction shown in (a)
and to the Poincare section shown in (c). Solid black lines in (b) [marked by red arrows] and (c)
nignlignt ring-snapea stocnastic weI) filaments (color plot in tne 1)0 0 1( ena).

Fig. 5.23 (a) Yellow curve: claSSIcal electron trajectones for SLJ In the x-z plane (axes Inset)
overlaid on a corresRonding plot of 1':l' (x,z)1 2 (blue zero, red high) at the r = 2 resonance for
B = 8 T and e = 60°. (b) Wigner function values (red large positive, light green = 0, blue large
negative) in (py,pz) plane (axes inset) corresponding to the energy eigenfunction shown in (a) and
fcl1heP6iriCafesectiOriShOWilirl(CJai1dalsooverliliu-ii1(b-y.-S6Iia -l)lacn ii1eSii1(C) nignlighl
ring-shaped stochastic web filaments (color plot in the book end).
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seriliclassicaloroifSnown overliiiaaoo cannot beintefQreteilasiiSimp:le sup~o
sition of Landau and Wannier-Stark states. In this high e regime, the similarit)"
oetween tne semiclassical patns ana quantum wavefunctions is striKing. In Qartic
ular;-inFig.-5~22{aJ1e~45'),tneproDa15ilitYdei1SitYisfiigl11rearil1lWOQistinct

regions, where the overlaid orbItal loops are more densely packed . The correspond
iIlg Wigner function shown in Fig. 5.22(b) clearl)"reveals filaments of the stochastic
web shown in Fig. 5.22(c), in Qarticular the two ring-shaped filaments highlighted
Q)' the black circles , plus the islands of stabilit)' enmeshed b)' the stochastic web.
Wnen tne electron trajectory lies on one of tne two ring-snapeil weD filaments, tne
electron's x co-orilinate (proportionallOlne square onne ilistanCefrom tne center
anne webTis confineil to a narrrow range of values, wnicn corresponillOlne two
~gions of densel)'-packed orbital 100Qs marked b)' the red arrows in Fig. 5.22(a).
The left-hand (right-hand) arrows in Fig. 5.22(a) mark Qarts of the trajector)' where
ine e1ectroi1is pinneil witnin tne first (seconilJfings in tne stocnastic weD (mar](eil
oy reil arrows inFig.-5~22(b)).

Similiiflocalizeo regions ofnign proDaoilitYQei1Siifai1Qofcompresseilorl5iial
100Qs can beseeninFig.-5~23Di)fOf1h~2 resonance at e~60°-:-Tfiese con
centrations occur when the electron is traQQed on two of the ring-shaped filaments
ofthe stochastic web shown in Fig. 5.23(b) and (c) (ring Qositions marked b)' black
circles), anil is tnerefore unaole to progress tnrougn tne SL--:-But wnen tne electron
eventually transfers onto tne raoiiil-filaments, ifSfiifts rapiilly along tne x-ilirection,
following the widel)'-sQaced orbitallooQs in Fig. 5.23(a), which correspond to low
probabilit)' densit)'. The Wigner function in Fig. 5.23(b) is concentrated along the
filaments ofthe stochastic web and also reveals fine details of the stable islands en
closeil-oy tnose filaments, in particular tne islanilchains formeil towarilSlne oottom
afthePaincare section inFig.-5~23(c) anoalso overliii(rinFig.-5~23(bT

5.9 Summar)' and outlook

wenave snown tnat electrons inaoiaseil-S[ wiin an applieulilteil magneticfielo
provide an experimentall)'-accessible non-KAM chaotic s)'stem in which, unusually-,
the chaotic trajectories have an intrinsicallLquantum-mechanical origin: miniband
dispersion . Despite involving onl)' stationar)l electric and magnetic fields, this 3
oimensional system is ilynamically equivalent to a I-ilimensionalsimplenarmonic
oscillator ilriven oy a time-aepenaent plane wave. In effect, tne applied-fielils act
on the electrons like a THz wave whose wavelength and frequenc)' can be tuned
independentIYJ2)' changiDg, respectivel)', the orientation of the magnetic field or
the strength of the electric field. Consequentl)', non-KAM chaos for miniband elec
troilSin a mu[ii=tVelrSCisfUildamentallydifferent from tne quantum effects, sucn
as wavefucntion scarring, associateil wiihclassical~amiltonian cnaos in a single
quantum welllStOckmann, 1999;Fromhola et al~T994~T99-5a,o;Snepelyansky

and Stone, 1995; MUlier et aI., 1995; Wilkinson et aI., 1996; Monteiro and Dando,
1996; Fromhold et aI., 1997a,b; Monteiro et aI., 1997a,b; Nanmanov et aI., 1998;
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Narimanov an<:l-S~r998a,o;Saraga an<:l-MOriteiro;-T998a;Saraga et al:;--T998;
Saraga an<:l N1Oilteiro, 19980; Bogomolil)laild-Rou~1998~1999;Fromhol<:lera[;

2002Jl
When the cyclotron and Bloch frequencies are commensurate, the electron phase

space IS threaded by a stochastic web, whIch spatially delocahzes the electrons.
TniSUi1iCjUefeature ofnon-KAMcnaos Rro<:luces strong resonant Reaksinlheei=
perimental and theoretical I(V) and G(V) curves, with the most striking resonant
features being observed for a SL with a narrow energ)' g~ between the first and
secondminioanas, wnicn promotes inter-mini5an<:l tunneling an<:llJrerefore reauces
cnarge accumulation. In sud} structures, stochasIicweb-formation stronglyaffects
{ne collective benavior oftheelectrons, creating a series ofelectricfiel<:l-domains
{Rlateaux in Fig. 5.15), whose structure can be controlled b)' changjIlg Band/or e
(Hardwick et aI., 2006). Althoug~arameters of the SLs considered in this Ra
per are aesigne<:l to suppress I.:Opnonon emission, tne resi<:lual impurity ana inter
face rougnness scattering can masK some oftnesub11efeatures ofnon-~AMchaos:
Nevertheless, its effects remain clearly discernable in the I{V) curves measured for
our SL devices . Analogous experiments on ultracold atoms in oRtical lattices with
obligue magnetic confinement rna)' be able to detect far richer guantum manifesta
tions of non-KAM chaos because the atoms can undergo almost no scattering (Scott
etar;-2002TI

Recent worktGreenaway et al:-;-20D9Tnas snown thatlne mo<:lulation ofthe
vd(F) curves that accompanies resonant stochastic web formation can induce multi
fJkfJrop~gating electric field domains in the SL, which increase both the amplitude
and freguenc)' (into the THz regime) of the associated temporal current oscillations:
effects thafSnoul<:l 5e experimentallyobservaoJein exiSiingSL--S:-Stocnastic-web--=
assistea transport tnus opens routes to controlling theform an<:l collectiiJCdfiliimics
ofcnarge <:lomaiilSinSI.:s, an<:l-nence ennancing theGHZ-THz performance ofthe
devices, by using single-electron miniband transport to tailor vd(F).

Similar d)'namics can occur in other sRatially~eriodics)'stems in which wave in
terference gives rise to oan<:l transport pnenomena, for example ultracol<:l atoms in an
opticanauice(Scott et al~2002) an<:l-lignt propagating tnrougn spatially-moaulate<:l
pnotonic crystalS1WilKinson an<:l-FromfiOl<:l;--2003r.-Theoeautiful stocnastic we5
patterns that George Zaslavsk)' discovered in the Rhase space of the driven harmonic
oscillator could therefore Rrovide a generic and, in Rrinciple, extremel)' sensitive
mechanism for controlling the transmission of guantum or electromagnetic waves
tnrougn engineere<:l lattice structures.
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Cha{Jter ij

ChaosifiOcean AcousticWaveguiae

A.L. Ylrovlyansky

Aostract ATIheenoon 980sit was realizeatharthepnenomenon of ray chaos1O
a significant extent determines the long range sound pJ"QPJlgation in the ocean . In
tnis Cliapter we consioer tne cnaotic ray motion anoitsriliiilifestatiOilSil11ne mooal
structure onne wave fielo-inadeep water acoustic waveguioe:-Ifi s assumeolliat the
ray ana wave cliaos is causeo-bYllie souno speeo-fluctuations induceo-oy ranoom
internal wavesJ

6.1 Introduction

Long-range sound QIQQ'lgation in the ocean is ])ossible due to the existence of a natur
al refractive waveguide called the underwater sound channel (USC) (Brekhovskikh
anoT:ysanov, 1991; Jensen et aI., 1994;Flatte et aI., 1979f.Tlie point is tliat tlie ver
tical souno speeo profilein a oeep ocean usuallynas a minimum at a oepthofaoout
I km. Therefore, ])art of the sound energy is captured within the water bulk which
prevents it from the interaction with the lossy bottom. Since the dissipation in sea
water at frequencie s O(I00 Hz) is rather small, low frequency sound waves cap
tureo-iillfie USC can propagate witli comparativelylow attenuation over oistances
ofillder1hOUSiiildsor ](ilometers (MWiKefaI~1994)-:-rntfie ocean acoustiCSStiCIi
oistances are termeo tfie megameter ranges.

Wave fields in the uses are governed by the linear wave eguation . There
fore, they can be described using standard methods traditionall y em])loyed in other
waveguioemedia.-Extensivetfieoreticaland experimentalSilliliesof long range
souno propagationiiline ocean haveoeen carried out forsixty years. A:lreaoyin
tfie miaole1980Slfiis topic was consioereo well unoerstooo~However, iilihelast

A.L.Virovlxan skyj
lriStilUte off\pplieaPhysiCS;-RliSSiailAcadernyofScieTICe;
4OlJI'x anov Streel , 603950~lzlillfNovgorod, RUSSia,
e-mail:Viro@hYdro .appl. scinnov.ru
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IWOdecadesif1Ufi1eQOUf1haflnereexiSfSafactor, earlier not takeninto consiaera
tion, wnicn to a significant extent aetermines tne structure of tne wave fiela at long
ranges.-TnisiSlne pnenomenon of ra)' cnaos wnose significance was realizea at tne
end of the 1980s (Palmer et aI., 1988; Abdullaev and Zaslavsky, 1991; Palmer et aI.,
199T;Smitheral~1992;Tappcrt ana-Tang, 1990):

Hie phenomenon of ra)' chaosand-ifSiTiai1ifestal:ions at a finiteWaVelerigtli-the
so=ci1l1edwavechaos=liave well-Known protot)'pes in mecnanics: tne a)'namical
chaos and the guantum chaos (Reichl , 1992). The point is that the same Hamilton
equations aescri5e a ray trajectory in an innomogeneous waveguiae ana a nonlinear
oscillator unaerthe action of a nonstationary (aeterminiSlic) external -force. The
situation wnere the oscillator benaves in a quasi-ranaom way is typical--CZaslavsKy,
1985; Lichtenberg and Lieberman, 1992). Investigation of the phase space of such
an oscillator is a classical problem of the theor)' of d)'namic chaos . The objects
stuaied 5y tne tlieory of quantum cnaos are tne systems wnose classical analogs
exni5ita_chaoiiC::bcnavior.

Asignificant contriouti -on----O-to-u-naerstanaing tne role of ray ana wave cnaos il11he
waveguide pJ"QPJlgation was given in works of G. Zaslavsk)' . In a series of pJlpers
written b)' S. Abdullaev and G. Zaslavsk)' in the 1980s it was shown how the meth
ods derived in the theor)' of d)'namical and quantum chaos can be apQlied for the
aescrij)tion of wave fielas in range-aepenaent waveguiaes. Tneir results are summa
rizea-in review (A.odijllaevana-Zaslavsk:y, 199-1)ana monographtAb-dijllaev, 1993):
In the 1990s G. Zaslavsk)' turned his attention to problems related to manifestations
of the chaotic ra)' motions in the ocean acoustics . This topic became an important
direction of his research activit)' (Abdullaev and Zaslavsk)', 1991; Smirnov et aI.,
2001, 2002; Brown et aI., 2003; Smirnov ct aI., 2004, 2005a,b;VirovlyansKii ana
Zaslavsk-y,-2007):

First worKs on stuaying tne ray cnaos in ocean acoustic waveguiaes were 5asea
on high])' idealized environmental models with rang~periodic perturbation (Palmer
et aI., 1988; Abdullaev and Zaslavsk)' , 1991; Smith et aI., 1992). The Qoint is that
tne cnaotic ray aynamics in range-perioaic waveguiaes can 5e examinea-oyoirect
application of metnoas50rrowea-from the1neory of -dynamicalcnaos, sucn;-for
example, as tne metnoaofPoincare map.

Later on, more realistic waveguide models with a random Qerturbation of the
sound speed field were explored (Brown and Viechnicki, 1998; Beron-Vera et aI.,
2003) . In a deep ocean, it is generall)' believed that the sound speed inhomogeneities
inaucea5y internal waves are tne aominant cause of tne acoustic fluctuations at long
ranges (Flatte et al~1979r.-Intlie presence of ranaom internal waves tne ray paths
become extremel)' sensitive to variations of the initial conditions: vertical separation
between the paths with close starting~arameters, on the averag~grows with rang~

r as exp(vr) , where v is the Lyapunov exponent. For realistic models of deep water
waveguides the values of v are on the order of 1/100 km- 1 (Simmen et aI., 1997;
Beron- Vera et aI., 2ID3). At ranges O(I000 km) the ray chaos is well developed and
it cannot 5e ignorea wnen aescri5ing tne long range souna propagation in tne ocean .

In recent )'ears it has been demonstrated that the ra)'-based description of the
sound field in a deep water acoustic waveguide can properl)' predict man)' important
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features ofthearrival Rattern at megameter ranges . Ni:liTiefiCi1lreStiIISOblainea-ii1lhe
scope of tlie geometrical oRtics aRProximation are consistent witli ootli Raraoolic
equation=basedsiiTiUlations ana fiela experimeirts(Worcester et aI., 1999; Colosiet
aI., 1999; Beron-Vera et aI., 2003) . Simulations show that even at distances OUQQQ
km) effects of ray scattering may dominate diffractive effects (Simmen et aI., 1997).
Tliese results stimulatellie aeveloping of ray-oasea aRRroacnes for tne analysis of
long range souna RIQIJ'Igation .

In this IJ'lIler we review a statistical apllroach derived in Refs. (Virovlyansky-,
2005b;Virovlyanskycral~2007)for aescription onne cliaotic ray aynamicsin a
waveguiae willi a perturoation onne souna speea-fiela causea-oy ranaominterilal
waves. FollowingRef:-{VirovlyansKY et al:-;-2009;VirovlyanskY;-2006), we also
consider the manifestations of ray chaos in the modal structure of the sound field.
A more detailed discussion of these issues is given in monog@Rh (Makarov et aI.,
201O)J

Traailional approachesfilldescrioing stocnastic ray aynami csin a waveguiae
wiin ranaom inliomogeneilies are associatea wiih-iaeas onlie stuay of wave propa
gation in random media (WPRM) (Flatte et aI., 1979; Rytov et aI., 1978). It should
be emphasi zed that the theory of WPRM and the theory of ray chaos investigate
the ray structure from different and complementary viewpoints . Let us formulate
llie aifference in statements of proolem s in tliese two approacnes (VirovlyansKii ana
Zaslavsk-y,-2007; VirovlyansKY et aC2007):

(i) The descriRtion of WPRM is based on the notion of statistical ensemble. The
latter consists of infinitely many realizations of the waveguide specified by different
oc(r,z). Statistical characteristics of a ray with given starting parameters Zo and Xo
inilial-deptli ana grazingangle, respectively, - are aeterminea-oy averaging over
rays wiihtlie same iniiial parameters inall realization s.

(iiTThelheoryofrnychaosdeiilswilhaaetenniniSlicmeailii11:-In our case the
latter is sRecifiedby a single realization of random perturbation. At ranges r >> V I

initially close ray Raths become practically independent and the averaging over their
starting parameters can De consiaerea as tlie statistiCi1laverngiilg:

An approximate analYtical-description ofcliaotic ray structure in a aeep water en
vironment was aerivea -inRefS:-CVirovlyansKy, 20050,a; VirovlyansKY et al:-;-2007):
This was done using the Hamiltonian formali sm expressed in terms of the action
angle variables (I ,B).These variables are a convenient tool for studying oscillations
of Rarticles (in mechanics) and rays (in wave theory) (Abdullaev and Zaslavsky-,
199T;I:anaau anaT:ifSl1itz, 1976).Tlie action variaoIc I aetermines ootli ray ampli:::
tuae ana cyclclengtn wl1ilCIne angle variaoleB1ifSlioula not De confusea wiihthc
ray grazing angle) determines the position of a current ray~oint within the cycle.
The angle vanable e may be Interpreted as a phase of an osclllatInKi'ly~ath . The
use of the action-angle variables has the following three imR0rtant advantages.

First, tne statistical aescription of rays in a waveguiae witli a perturoation causea
oy ranaom internalwavesis greatly simplificdClue to thcfact tnat 8rapialy ranaom
izes anaalreaay at comparativelyshort ranges (liunareas or-Kilometers) for most
rays it becomes more or less uniforml y distributed on (0,2n) . Then the problem re
duces to investigation of a slow diffusion of action I described by the Fokker-Planck
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~ion:--Asimilar approacnis commonIY~PJllied-ii1lhestUdiesof(l)lnamiCiilcl1iiOS
(Lichtenberg and Lieberman, 1992). In Refs . (Virovlyansky, 2005b ,a; Virovlyansky
erar:~-2007)it was snown tnat irregular range variatiOilSOfacfioninarealiSIicen::
vlronmental model may be approximated by a random Wiener process representing
ine simplest moCielofaifftiSion (GarCiiner, 1985).Tnis yiclos a simple stocnastic ray
ineory wnichallows one to Cleriveaniil)liiCiilestiTiliileSCharactefizing thechaoticruy:
(l)liliimiCSl

Second, the action-angle variables are a convenient tool for studying the ray
traveltimes, thatis arrival times of sounCi pulses coming tnrougn inoivioualray
paths:-rntne methodsof ocean acoustic tomograpny anotnermometry tnese quan
iiiies are useCiasinput parameters in reconstructing tne variations of temperature
fields (Munk and Wunsch , 1979; Worcester et aI., 1999). In Refs. (Virovlyansky-,
2003 ; Virovlyansky et aI., 2007) it is demonstrated that the variations of ray travel
times causeCi by weak: fluctuations of souno speeCi are expresseo tnrougn variations
anne action anCi angle variables:-Tnisallows one to apply to stocnastic ray tneory
to stuClyingfluctuations onne ray travellimes.

Third , the use of the action-angle variables allows one to establish a simple link
between the ray and mode representaitons of the wave field. The normal mode is
formed by contribution from rays whose action variables at the observation rang~

satisfy tne quantization rulClVirovlyansKy et aI., 2005, 2009Y:-It turns out tnat the
moCie amplituCies can be expresseCllnrougn parameters onne ray pathS:-Tnis ray
based aQproach for the description of the modal structure allows one to aQpJy the
stochastic ray theory for description of normal modes under conditions of wave
chaosJ

Tn-e-p-a-p-e-ris organizeCiasfollows. Section 6:TincJudcsabacKgrounCi material:
We present thebasic equatiOilSfOfihedescrijJiiOilOnne wave fiela;introCluce the
iheHamiltonianformalism in terms onne momentum-posiiion anCi action-angle
variables ; discuss the ray-based apJlroach for the evaluation of mode amplitudes.
Statistical aQQroach for the description of chaotic rays is formulated in Sect. 6.3.
Itisapplied to tne evaluation oftneprobability oensity functions of Clifferent ray
parameters anoevaliilliion onne coarse-grainea-distributiononne sounCi energy.
Section 5:-4-is concerneCi wiin statiSIics of ray travellimes. Our attention isTocuseCi
on the distribution of ray arrivals in the time-depfuQlane. In Sect. 6.5 it is shown that
an approximate analytical description of the modal structure at megameter ranges
can be obtained by combining relations eXQressing mode amplitudes through param
eterSOf ray patns, ana stocnastic ray tneory. We present analytical estimates for the
coarse-graineooistribution onne sounCi energy over normal moCle:-Wealso estimate
the spread and bias of sound pulses carried by individual modes due to scattering at
random InhomogeneitIes. In Sect. 6.6 the results of thIS work are summanzed.

6~rBasic equations

Iiltfiis section tne main equations governing tne souno wave fielo are presenteCl:
Our analysisisbaseCi on tne stanCiarCi parabolic equation obtaineCi-from thelinear
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wave eguatiOiliillhesmall:angle apj)roximat:ion:-Tlie ray anoffiOdiil representations
of tlie wave fielo are introouceo. ~descriJjing tlie ray~resentation we use tlie
Hamiltonian formalism expresseo in terms of tlie momentum-position ana action
angle canonical varIables . It IS shown that even In a range-dependent wavegUide the
amplItudes of normal modes can be (approximately) expressed through parameters
of ray paths;lhafis,1hroughsolirtiOilSOftheHarriilton (ray) equations.

?i:2:1-Pariibolic equation ap]Jroxiiiiiiliiiii

In what follows we shall study the ray structure of acoustic field in a simple but re
alistic 2-dimensional environmental model. The sound speed field c(r,z) (r is range
anozis aepthTii11l1is moaeris presenteo-iillheform

c(r,z) = c(z) + oc(r,z) , (6.1)

where c(z) is a smooth (unperturbed) background profile and Dc(r,z) is a weak
range-dependent perturbation caused by random internal waves (Flatte et aI., 1979) .
The z-axis is directed uQward and the sea surface is located at z = O.

Sound wave field v as a function of r, z, and time t can be represented as

(6 .2)v(r,z,t) = JdQv(r,z,Q)e- W t
,

wiinv governeo-bYth-eHeliTIholtz equatiOi11BreKliovsKiKIi ana-r.:ysanov, 199T;
Jensen et aI., 1994)

(6.4)

(6 .3)

v(r,z,Q) = r-l /2u(r,z,Q)eikr ,

(j2 V (j2 v Q2

:l"2+:l"2+2v=0.
or o : c

ATdistances on tlie oraer ofliunareosKilometers thesoui1d-fielcrisformeaby waves
propagating at smallgrnzing angles:-Oilly sucli waves survive at so long ranges .
Iilllie small angle approximation ECf1o.3) can be replaceo-oy tlie parabolic equa
tion (Brekhovskikh and Lysanov , 1991; Jensen et aI., 1994; Simmen et aI., 1997) .
ReQresent va~

(6 .5)

where k = Q 7Co is a wave number in a reference medium with the sound speed
Co, and u(r,z, Q) is an envelope function . On neglecting the second derivative of u
with respect to r, we arrive at the standard Qarabolic equation (Brekhovskikh and
!=ysanov, 1991; Tappert, 1977)

-(j~(j2u 2
2ika; + (jZ2 - 2k [U(z) +V(r,z)] u = 0,

wherel
I ( c6 ) oc(r,z)U(z) = - 1- -2() ,V(r,z) ~--.
2 c z ~

(6.6)
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(6.7)

Transient wave fieloexcfIea-oy a pulse source can oe s)'ntnesi zeaOlifOfsoliitiOTiS
of Eg. (6.5) at different carrier freguencies as

v(r,z,t) = r- I / 2.!dQ' u(r,z,Q')s(Q') eiQ ' (r/co-t ) ,

where s{Q) is the spectrum of an initially radiated pulse.
Note that Eg . (6.5) formall)' coincides with the time-dependent SchrOdinger

~quation . In this analogy----"-Qla)'s a role of time and k- I associates with the Planck
constant. However, it is difficult to generalize this analogy between the guantum
meclianics ana wave tlieory to tlie case of a transient wave fielo. Tfie integration
over .!rii1E(f.T6:7)formally corresponoSTclintegration over thePlanI< constant.

Ii11fie geometrical optics approximation tfie soliition to ECfT6:5)is expresseo
through parameters of ra)' trajectories (Abdullaev and Zaslavsky, 1991; Brown and
Viechnicki , 1998; Simmen et aI., 1997; Beron-Vera et aI., 2003) . In the unperturbed
waveguide (V = 0) the raY_Rathobeys the Hamilton equations dzLdr = dHLdp and
~pLdr= - dHLdZ, whereH = p2L2+ U(z) is an unperturbed Hamiltonian and pis
Ifie momentum. Tlie latter is relateo to tfie ray grazing angle X tfirougli p - tan X. In
the presence of Qerturbation H should be reQlaced b)' H + V.

In deep water acoustic waveguides the sound speed Qrofile at an)' cross-section
(r = const) usually has a minimum at a depth of about I km (Brekhovskikh and
[ysanov, 1991TTfien U represents a "potential well" wliose parameters may vary
wiifi range r. Since r is a time-:liI<e variaole, our Hamiltonian system formally co
incioes wiifitliat oescrioing a mecfianical partiCle oscillating in a time-oepenoent
potential wellj

The contribution from a single ray to the total wave field is

u(r,z,Q) =A(r, z)exp[ikS(r,z)] , (6.8)

wfiere}t ano-S are tfie ray amplituoe anoeiI<onal, respectivel y.-Tfie eiI<onal-S-is an
analog to Hamilton's principal-function in classical meclianics ano-ifisgiven oy an
integB!ll

S=./ [pdz - (H+V)dr] (6 .9)

running over tfie ray patfl([anoauai1dTifsfiitz, 1976;Simmen et al:-;-T997):
Tfie amplituoe }tulso can oe expresseolfiroughsoIUiiOilSOftheHamilt=o-=-n--r(r=a=y)

equations (BreI<liovsKiI<li ana [ysanov, 1991nillfie case of a point source wfiose
wave field satisfies parabolic eguation (6.5) with an initial condition

(6 .10)
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all rays escape the same point (0,Z5) with different starting momenta PO. Then

A=
k

(6.11)

Rays arnvmg at a given observatIon POint are called the etgenrays. EquatIons
(6.8) and (6.11) determine the contribution to the total wave field from an individual
~genra)'.]

Action-angle variables. Consider an unperturbed waveguide and for simplicity
assume that the function VIZ) has a single minimum. In this (range-independent)
waveguiae each ray is periodic ana1heHamiitonian H remains constant along the
trajectory. The action variable I is defined as an integral over a cycle of the raY_Qath
(Abdullaev and Zaslavsky, 1991 ; Landau and Lifshitz, 1976)

1 f 1 J zmax1=-2 pdz = - dzJ2 [H- V(z)],
n n Zmin

(6.12)

where Zmin ana Zmax are thelower ana upper turningaeptns, respectively,saIisfY::
ing the condition VIZ) = H. Equation (6.12) defines function H(!) expressing the
Hamiltonian as a function of action. The canonical transformation

p = p(I,e ), z= z(I,e) (6.13)

connecting the Qosition-momentum and action-angle variables is defined by~ua

tions p = ()(;!dz and e = ()G!dI, where GII-;z[isa generating function . For p > 0

G_(_I,_z)_=_I~z':in dz P(!,z) , P(!,z) = J2 [H(l) - V(z)]. (6.14)

If p < 0, G(!,z) should be replaced by 2nl- G(!,z) . The angle variable e can be
intcrprctca as a phascoftnc ray patn.-Thc so-d cfincd-ewiIroc called1nc wrappca
anglc variiiblC:-Ifbelongs to an intervalTrom 0102n. TOillaI<Ceconti~itsViiluc
snoula -beincreased-by2n at theoeginning of eacn new cycle:-Thisis a standara
procedure (Landau and Lifshitz, 1976) . It makes the angle variable e unwraQQed.

According to the Liouville theorem the Jacobian of any canonical transformation
is equal to unity (Landau and Lifshitz, 1976) . Thus, we have

()(I(p,z), e (p,z)) = ()vi(TtJT~cr:e ) ) = I
d(p,z) d(! , e) .

(6.15)

Tne canonical transformation aeterminea-fOflhe unperturoed waveguiae;-for
mally, can be used in the perturbed waveguide (with V i= 0), as well. In the presence
of Qerturbation the ray equations take the form

(6.16)
aI- -()V
dl' = - d_e_' _
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anal

where 00(1) = dH(JJ Idl is the spatial angular frequency of the ray path oscillation
in the unperturbed waveguide. The cycle length of the unperturbed path is D(l) =

2n!w(I)l
In what follows we will use functions I(r,/o,80) and 8 (r,/o ,80) to denote the

action ana angle of tne ray patn at range r. Arguments 10 ana eo are initial values
oCihcsc_variaolcs_aLr~O=SomctimcsjLwil[oe_more_convcnicnLto_usc_siillilar

functions I(r,po,zo) and 8(r,po,zo) where Po and zo are initial momentum and co
ordinate of the ray path, respectively__

Ra)' travel times. AsigilalarrivingaftheobservaiiOilj)OiTiftfifOiigh a particular
ray patn-wc call it the ray pulse-can Dc cvaluatca oy subSiiliitingECf16:8Tinto
ECfT6:7):-Sincc ooth-A ana-S-do not acpcna on ITitis easy to sec tnat tnc travel
time of a raY_Qulse is

t = (r+S) /co. (6.18)

In the unperturted waveguide, from Eqs. (6.9) and (6.12) it follows that at one cycle
of oscillations the eikonal of a ray with action I increases by 2n II- H(I) I00(1)].
Therefore at a long range r tne travel time is approximately equal to

(6.19)lVn-==[lT/ro(lEHII}JrLeI c'-'--r· ----'-'-~

6.2.3 Modal representation o.fthe wave,field

The wave fielo at any range point can De presenteo -ii11hTformofaecomposition

u(r,z,Q) = Lam(r,Q)lI'm(Z,Q),
m

(6.20)

where pm & Q ) are eigei1fiiilCtiOilSOftI1eStiifrll=LiOliVilleprooleminthe unper
turbed waveguide (Brekhovskikh and Lysanov, 1991; Brekhovskikh and Godin,
1999). Each term in this sum describes a normal mode . For simplicity, we restrict
our attention to modes with turning points within the water bulk. In the WKB aQ::
proximation the m-theigenfunction is oetermineo oy parameters of an unperturoeo
ray pathwhose action variaole-we oenote itbylmQ-satisfies1he quantization
rule{BreKhovsKiKh anoLysanov, 199T;BreKhovsKiKh ano-Godin~T999;I.:anoau

and Lifshitz, 1977)

m -172 m - 1/2
ImQ = k = Q Co, m = 1,2, .... (6.21)

The eigenfunction of the m-th mode between its turning points can be presented
as (Brekhovskikh and Lysanov, 1991; Brekhovskikh and Godin, 1999; Landau and
Lifshi~1977]
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(6.22)

(6.23)

The ray-based description of mode amplitudes am(r,Q) can be derived by project
it}g~y~resentationof the wave field onto normal modes and evaluating the
corresponaing integrals using tnestationary pnase technique. A-detailed-discussion
aflniS-issue isgiven inRefs.-{Berman ana-ZaslavskY;-1979;VirovlyansKy ana -za::
slavsky;-r999;VirovlyansK:y, 200U;VirovlyansK:y et al~20-OS;VirovlyansK:y, 2000).
It turns out that each modes is formed by contributions from rays-we will call them
the mode ra)'s-whose actions at the observation range r satisfy the condition

(6.24)I(r,lo, eo) = ImQ ·
---------~-----'-

IfShOiilaoe emphasizea;-1nat at aifferentfrequencieslfiis conaiiion singles out aif~

ferent rays . In tnis sense, tne moae rays are frequency aepenaent.
If the action of the ray path is expressed by function l(r,po,zo) Eq. (6.24) trans

lates tal
l(r,po,zo) = ImQ · (6.25)

We will consiaer two types of sources.
Point source. In this case the wave field is a solution of Eq. (6.5) with initial

condition (6.10) and all the rays start from a deI'th Zs. Then according to Eg. (6.25)
we get the condition

(6.26)

aefininglhestariing momenta of moae rays. TaKe one oflnese rays ana-denote its
coorainate at tne range ofooservation oy ZmQ. Its contrioution to tne moae ampli:::
tude is (Virovlyansky and Zaslavsky, 1999; Virovlyansky, 2000; Virovlyansky et al.,
2005 ; Virovlyansky, 2006)

(6.27)am (r,Q) = Q ex~[i( 4> + !TIJ-,--, ---'---------'-

(6.2E1(P = k W(?;LmQ )+ (JGfImQ ,Z;2]-,-, -----'-=-'--------'-

(J = -sgflP-,--R is the momentum of the mode ray-,

(6.29)
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f3 is a constant that does not depend on frequency. An explicit expression for f3 is
giveninRefs:--~Virovlyanskyand-ZaslavskTI999;VirovlyansKY, 2000;Virovlyan
sky et aI., 2005; Virovlyansky, 2006) .

Singlc-moac sourcc. In tnisease

(6.30)

Rays escape fromdepihszo6etween turning_poii1fSOfthemQ-thmode:-Thereare
two rays escaping each zo with starting momenta Po = ±P(ImoQ. ,zo). All rays have
the same initial action ImoQ.. The condition that singles out the mode rays follows
from ECf16:-24yas

(6.31)

(6.32)

It determines 80 (an hence zo) corresponding to mode rays . A contribution from an
individual mode ray to am has the form of Eg. (6.27) with the same expression for
the phase ep andl

I
Q = exp [±ikG(ImoQ.,zo)] .V2Jrk IdI(r,lmoQ., 80 ) / d80 1

The mode amplitude is evaluated by summingJ1p contributions from all the mode
rays:

6.3 Ra)' chaos

Ii11nis section we construct a statistical-description ofine cnaotic ray aynamics ina
realistic moaerofine unaerwater acoustic waveguioe wiln a souna speea-f1uctuation
induced by random internal waves. The use of the action-angle variables greatly
simplifies the analysis. It turns out that the range dependence of the action variable
can 6e moaelea 6y a ranaom Wiener process. Thenlneangle varia6leis moaaeo
6y an integraloftnis process. Inlnis approximation, surprisinglfSimple analYtical
estimates for statiSiicalcnaracteristics of ray parameters are aerivea:-Ifissnown now
this result can be applied for estimating the sound intensity smoothed over the depth
with a sufficiently~ge smoothing scale .

6.3.1 Statistical description ofchaotic rays

Statistical description of chaotic rays is based on a property of the chaotic ray~y-=

namics calleo miiing(Cicnten6erg ana Cieoerman, 1992;Sagaeev et ar-;T988T.Take
a bundle of rays starting from a small area of the phase space !!i! centered at a point
(po,zo). The square of!!i! denote by S&£. At ranges r» V-I points depicting the
@y paths in the phase plane are scattered over much larger area !!i!'. Consider a
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small portion of this area i1 !!4:' centered at an observation point (p,z). A fraction of
trajectories arriving at i1 !!4:' may be treated as an eXQectancy of hitting this area. In
order to quantify tnis statement, introCluce a function

1
Ppzlpozo(p,z,rlpo,zo) = S

&£

x .f~ dp~dz;) 8(z - z(r, p~ , z;) , 0)8(p - p(r,p;) , z~ ,O) , (6.33)

which may be intefllreted as a conditional Qrobability density function (PDF) of ray
coordinates in the Qhase Qlane. Then an integral over the area i1 !!4:'

P!J. &£I = r .dpdzPpzlpozo(p ,z,r -rolpo ,zo)
J!J.&£I

(6.34)

determines the probability that a ray path startingli()iliJpo,zo) arrives at i1!!4:':'fhe
mixing pnenomenon manifest s itseIril11hTfact1nat at long ranges P!J.&£I weaKly
ClepenClSOl11hesizeai1dshaj?eOfst':-When r tendstainfinitfill\dsizesofst'tei1dto
zero the deQendence of PIJ.:%' on the shape of3t' vanishes . But at finite ranges r we
cannot take too small !!4:'s and consider probabilities of hitting too small i1!!4:"s.

Inasimilar way we define a condiiioillirPDF-Pffiilo80rI~e~rr}o,-eOTfOfineaction::

angle van a6les. Tne connection 6etween PDFs Ppzlpozo anoPliJ l/oiJolS reaClily esta6
lished using standard formulas of the Qrobability theory----fuluation (6.13) formally
determines a nonlinear change of variables . The Liouville theorem (6.15) simplifies
the application of standard relations and we arrive at

[JpJJ fJ.OI.O (p, z, rlpo ,zo ) = P1iJ 11ofl! (/ (p,z),e (p,z), rl/ (po ,zo), e (po,zo)). (6.35)

ThcPDFintrooucccrOYECfT0.33) can 6c usco-for any cnvironmcntalillOdcr in
wfiicn rays exni6it cnaoti cbenaviOf.But tne application ofifiis approacnin a waveg
uide reQresenting a realization of a random medium may have the following~ecific

feature (Virovlyansky , 2006 ; Virovlyanskii and Zaslavsky, 2007 ; Virovl)'ansk)' et
al:-;-2007~2009r.-At long ranges initially close ray patns oiverge so significantly tnat
iney are spaceo apart f~h()ilier bYintervals exceeCl ing correlaiiOi1SCales of
ilie meoium . Tnen tne rays traveItnrougli pract icallyindepenoent inliomogeneii ies
and behave as if theY_Pr2Qllgate in different realizations of the medium . Therefore it
is natural to expect that the averagfug over initial conditions may_give results close
to those obtained b)' the ensemble averaging. It means that the PDF defined b)' Eg.
r0.33) may comparati vely weaKly oepeno on a particular realization of tlie waveg
uiC1c.J\~umerical~imulations .snow_tliaLtliis:ktlic_case_foLouLcnvironmentaLmoClcl

(see below)J
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6.3.2_EmdronmentaLmodel

In numencal sImulations presented below we use an environmental model with an
unperturbed profile c(z) (borrowed from Ref~Colosi and Platte, 1996)) shown in
the left panel of Fig. 6.1. It represents the Munk profile (Brekhovskikh and L)'sanov,
199r;Flatte et al~1979)

co(z) = Co [1 +e (e'I_1] -1)], 1] = 2(z- za) /Q (6.36)

wiUi parameters Co = r:5-kill7~0~0U238~Q~0~485-krn,ana~0~Tkrn:

It is assumed that the weak perturbation oc(r,z) is caused by random internal
waves with statistics determined b)' the empirical Garrett-Munk spectrum (Flatte et
aI., 1979). To generate realizations of a random field oc(r,z) we apply a numerical
technique oevelopedbyTColosiandM:-Brown (Colosi ano-Brown~T998).Realiza
trOilSOroc(r,z) have been computed using E(}lT9)1fOill[Colosi and Brown, 1998).
Components of wave numoer vectors in tne horiWliliilplanebelonglO1Fieinterval
from 271: /100 km [to 271: /4 km I. An rms amplitude of the IJerturbation scales in
depth like exp(3z/2L) , where L = 1 km, and its surface-extrapolated value is about
U:-STil7S:-Depth d~enaesoroc at three different ranges are showniTitheriglit
panc10r Fig:-6.T

0

- I

- 2

]
N

- 3

- 4

1- - - -\- - - -I- - -2r- - - -I -- - -1

=5-1~48-1~5-n2-c54---3----=O~5--0--0~5-
c.k1ri7s (5c, k1ri7S

Fig. 6.1 Unperturbed sound speed profile eez) (left panel) and perturbation Be in vertical sections
of the wavegUide at three ddferent ranges (fight panel).
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6:3:3-Wiener process approximation

In-{VirovlyanskY;-2UOSO;-200o;VirovlyansI<y et al:-;-2007;VirovlyansI<ii and-Za::
slavskT2007)itisshOWil1liat an analYlicalesIirnateOflheabovePDFcanbe
obtained by replacing the Hamilton (ray~uations (6.16) and (6.17) with simple
stOChastiC-Langevineguati~Tlie Qoiilfisthatdi.ielOthesTillillness6fpertillbaiion
oc,the action variable} weaKly varies at thelongitudinal correlation scales l;of
ilie soundspeca-flUCiiiiili~Therefore,thcright=liandsidcofECfTo.-lorrnaybc

approximated by a delta-correlated random function ~ (r) with statistical moments

(6.37)~~ >= 0, < ~M~ (r') >= BO(r - r') .
~~--~-~------~~

The values of B were estimated numerically for a few typical deep water waveguides
{Virovlyai1SKy,-2005b--;-200o;Virovlyai1Skycral:-;-2007;Virovlyai1SI<iiand-ZiiSlavsI<y,
2007; Udovidchenkov and Brown, 2008) . They turned out to be of order 10 7 km.
In the environmental model described in Sect. 6.3.2, B is about 1.4 x 10 7k1ll1Of
practically all the raY_Qaths.

Represent the action and angle variables of a raY_Qath in the form

![iJ()J)0) = 10+x( r ), eJrJQJJs;r=7Jo + ro(/0)r+y(r), (6.38)

where x(r ) and y(r) are random functions describing the deviation of the ray_path
from its unperturoed posilion:-Tliey are determined-oy stocliasticLangevin equa
tionsl

which aQQroximate Egs. (6.16) and (6.17) , respectively. Here and in what follows
we use the notaion ro'(1) = dro(l) /d/ . Equation (6.40) is derived by neglecting the
derivative dY7al in the right hand-side of Eq. (6.17) and replacingJQITI].)y ro(/o) +
ro'(Io)x ·1

ATIfi-o--'rt-r-a-ng-e-s-w-fiere tfie ray actiOiliSSiillclose to its starting value, thede::
viation of the ray Qath from its unQerturbed Qosition is determined by the random
mcrement of tfie angle vanable }'. Accordmg to Eg. (6.40) tfie rms value of }' IS I'I'Q::

portional to the derivative ro'(Io) which is defined by the unperturbed sound speed
profile c(z). This means that the parameter ro'(Io) to a significant extent determines
tlie sensitivity of a ray patli to tlie sound speed fluctuations. Tfiis conclusion is con
sistent with results obtained in Refs. (Beron-Vera and Brown, 2003, 2004 ; Brown
et a1. , 2005 ; RYQma and Brown , 2007 ; Udovldcfienkov and Brown, 2008) , wfiere
the authors argue that the sensitivity of the ray path is controlled by the stability
parameter of tfie oacI<groundsound speed profile

I ro'(I)
a = ro(1) . (6.41 )
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NUrTieficalreStilts ]xesentecrii11Fieaoove Rapers, shOWl:hatrafinstaoililfincreases
witn increasing magnituile of a .

Since B in our environmentalmodercanoe approxinurtecrbYlne constant, boUl
Langevin equations are readily solved. The deviat ion of action x{r ) is expressed
oy a ranCiom Wiener process (GarCiiner, 1985y:-rris a zero mean Gaussian process
whose statistical characteristics are defined by the correlation function (x{r)x{r' )) =--- ----:J)- ---------------
B min (r, r . The deviation of the angle variable is given by relations

y(r) = w'(/o )1J (r) , 1J(r) = r dr' x(r') ,./0
(6.42)

that is, y{r) is described by an integral of the Wiener process. The aQproach based
on Egs . (6.37)- (6.40) we call the Wiener process aRRroximation.

Using the standard relations of the Rrobability theory, it is easy to show that the
conditional PDF of action 1 at range r, i.e., the PDF of 1 given that at r = 0 this
variiiole equals/Q;-is

I [(1-/0)2]
P/1/0 (I ,rl/o) = ~exp - .

y2nBr 2Br
(6.43)

In tne scope of our approacn statiSlicalcnaracteriSfics onne action variaole Goesnot
depend on the starting angle eo~

There is a subtlety to this result. According~. (6.43) , action 1 may take
on both positive and negative values. But the action is nonnegative by definition .
According to Eq. (6.43) this condition is met for most rays if 10 exceeds J Br. At
megameter ranges tnis occurs for rays wiln grazin g angles Xa at tne sounGcnannel
axis Z = Za satisfying the condition

(6.44)

(6.45)(JI =< (I - /0 )2 > 1/2 = (Br)1/2 .

For treating flat rays our approach should be modified as it is discussed in Refs . (Vi
rovlyanskT2UOSD;-2UOo;VirovlyansKy et al~2007;VirovIyansKii anil-ZaslavsKy,
2007) J

Tne stanilarilaevia1ions onne action anil angle variaoles for steep rays satisfying
cond ition (6.44) are

anal
(6.46)

Tn the WIener process aRproxlmatlOn Eg. (6.35) translates to

(6.47)
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6.3.4 Distribution ofray parameters

!:unction P~~ozo (p,z,rlpo,zo) describes statistics of rays starting from a small area
of the phase plane centered at point (po ,zo). In the case of a point source set at a
oepin zs we haveafamil)' of ra)'s wnose starting QoiirtSii1lhep~~p---=-l
form a segment of straighTli~detei1TIinedbY1ne relations Zo - zs ana - Rmax <
Po < Pmax . In oroer to descrIoe the statIstIcal characterIstIcs of these rays, let us
assume that the quantitL1JIR!ililpo defines a fraction of rays with starting momenta
from an interval (po ,Po +dpo) . The function 1J(po) is determined by the radiation
pattern of a particular source . Formally considering 1J (po) as a PDF of the initial
momentum Ro and exploiting Egs . (6.33), (6.45) , and (6.47) we can find PDFs of I,
P, and z at ranges r >> V-I (Virovlyansky, 2005b; Virovlyansky et al., 2007). PDF
ofactionjSJ

(6.48)

Exploiting stanoarcHormulas onne probaoility tneory anolheI.:iouville1neorem
(6.T5), we ootainajoinrPDFof P anoz:

(6.49)
I

Ppz(p,z,r) = -p/(/(p,z),r).
_____21C _

Eguations (6.48) and (6.49) yield a PDF of momentum

(6.50)

(6.51)

To check the above relations we have traced 50000 rays escaping a source
set at de~o = Za with initial momenta uniformly distributed in an interval
E Pmax,Pmax), with Pmax = 0.22 corresponding to a maximum launch angkXmax =
12S. In this case lL(~(].fJmax) -I . Smooth lines in Fig. 6.2 show PDFs of 1 (a),
(15), P (c), anoZTc!)at a range onOOO-Km ootaineointne Wiener process approx
imation , that is evaluated by formulas (6.48), (6.50), and (6.51). For the wrapl'ed
angle variable e the uniform distribution is eXQected. The smooth curves are com
pared to stairste~g!'lQhs reQresenting distributions (normalized histograms) of the
same quantities ootaineo oy oirect numerical ray tracing for two oifferent realiza
iiOilSOr8c (!,-zIJfisclearthat predictions madeiililieWiener process approxii1ia=
tion are in good agreement with the results of ra)' tracing . In these figures we see
that, consistent with our eXQectation, distributions of ra)' parameters weakl)' deQend
on particular realizations of perturbation.
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(6.52)

6.3.5 Smoothed intensity oj'the wave field

At ranges 0{1000 km), where the ray chaos is well developed, the wave field at
any ooservatiOilPOiirtisfonnea-oy a nuge numoer of cliaotic eigenrays. A coarse
gruii1ed-diSfri6Ufionofthesound-fieICl-intei1Sity aeteiTIiiTiedas

() I J' 1(')12 [(Z - z')2]J r. z = ~ dz u r.z exp - 2,12 '
V 2n,1 z z

-------

wnere L1~is a smootliing scale, may oe estimatea-oy an inconerent summation of
contributions from these eigenrays. According to Eg. (6.11), a sum of their intensi
ties can be l)fesented in the form

lu(r,z)1
2

= L 2n 1(1 k/ (1 II
) z Po PO=Po,j

k l'= 27L dpo o(z -z(r,po,zs)), (6.53)

where the index j in the middle eXRression numbers the eigenrays. Let us show that
under conditions of a well develoRed ray chaos the integral in Eg. (6.53) can be
presentea in tne form of a statistical average .

---~--

As aoove, we assume tnat theiililiiil momenta Po of rays leaving tne source Ire
within an interval (- Pmax,Pmax). Let us divide this interval into a set of small subin
tervals with end points Pi- j = I , ... ,N. Then the last expression in Eq. (6.53) can

c(' 10 ~ 0.1

5
(a) (b)

__00 0.1 0.2 00"-_-_-_~2_=__=_-=--=-~4====~6_
I B

N 0.4
Q..,

0.2

----------z

Fig:-6:2-DiiliilJiifiOi1SOf ray lJarameters at r - 3000- km:-SillOOtfi curves showPDFs ofTf<iy,-e
(li), p (c), anoTId) evaluateo analytically in tfie Wiener process approximatIOn for rays escaping a
point source set at a derth Zs = - 0.7 km. Stairstep grar hs rresent normalized histograms obtained
by numerical ray tracing in waveguides with two different realizations of perturbation 5c(r,z).
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De]xesenteo as a sum ofintegra]soverthesesuDinterVa:1

k ~[ j'P'
lu(r,z)1 2

= 2 L J dpo 8(z - z(r,po,zs)).
71: ;=1 Pj -i

(6.54)

Making use ofEqs. (6.33) and (6.47) yields

(6.55)

(6.56)

This relation can be rewritten in the form

(6.57)lu(r,z)1 2 = Pmax
k

Pz(z,r) ,
_____71: _

where Pz(z,r) is determined by Eq. (6.51) with T'J1Po) = ~fuax ) - 1 . Insertion of Eq.
(o.57)into E(f.1o.52TYicloS1Virovlyansk-y,-2005bl

- 2
a

.;<

,.'
- 3

=5~===::o==~==~=*=o=¢,:c=====c~0__2__4__6__8__10__12
J

Fig. 6.3 Smoothed intensity J at 3000 km versus depth z. The earn er frequency IS j - 75 Hz.
Dashed-line:predictiOilOf E(f1o.58).Thii1SOlia-lines:resulfSOfnumericalsolving ti1epiifabo lic
equation for 4 realizations of the rani:lom perturoation.
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(6.58)
(z-!)2

( ) - 2kpmax [d I - 2::\T (' )J r,Z - 3/2 Z e - Pz Z ,r .
(2n) L1z ·

Figureo.3 compares tlie preCliCIion ofE(fTo.58ITdiiSfieCi-lineywiUi results ootaineCi
oy numerical solving thcparabolic equation at a carrier frequency oD5-HZ-farfw
realizaIiOilSOftherandom perturbation:-Ttie wave fieICi-fsexciteCl-oy a Qoint source
set at the sound channel axis Za . The smoothing scale L1z = 0.4 km. It is seen that
Eg . (6.58) gives a rough estimate of the smoothed intensity__

Iillfiis section we stuClyfiow tfie cfiaotic ray motiOi1i11ai1ifests itseJrii1lhedistri:::
oution ofrayarrivalsiillfie time-C1epthplane. It turns out thafCfiaotic rays wfiose
trajectoriesfiave equal numoer of turning poiilfSfias close traveltimes. Tfiispfie
nomenon sheds new light on the sUl])risingstability ofthe earlHlOrtion of the arrival
pattern observed in both numerical simulations and field experiments. It is shown
fiow tfie stocfiastic ray tfieory C1escrioeCi-inSect. o.3canoe useCi-for ootaining ana
lYtical estimates cfiaracterizing tfie statistics of ray travel1imes.

6.4.1 Timefjont

Now we turn our attention to tfie ray traveltimes, thatis, arrivaltimes of sounCi
pulses coming through individual ray~aths. In the ocean acoustics, a distribution
of ray travel times at a given observation range most freguently is characterized
QY the so-called timefront representing ray arrivals in the time-deQth Qlane. Figure
l'J.4 presents timefronts in tfie unperturoeCi (upper panel)ai1d perturoeCi-Clower panel)
wavegiiiCles at tfie range 3000k:m constructeCllJf1ffiCing numericallyafailOfT20000
rays escaping a point source set at C1eptfi zs = -O~Tk:m . Starting momenta ofthe
fan rays unifOiTIllxfillanii'itefVa1 corresponCiingtOlaunchangl~I2~5°~TiiTieis

reckoned from r7co, which is the arrival timeofanaxialray.
Tfie timefront in a range-inCiepenCient waveguiCie fias tfie well=k:nown accorCiion

lik:e sfiape consistingof smootfi segments (oranches)(Simmen et a[~T99T;HreKhOV:::
s)(i)(fi anCi Lysanov, 1991TEacfi segment isformeCl-oy points corresponCiing to ar
rivals of rays with the same identifier ±M, where M is the number of ray turning
points and symbols + and - correspond to rays startingJ1pward and downward, re
s~y. So, we can associate each segment with a particular identifier. Identifiers
for some segments in tfie unperturoeCi waveguiCie are inClicateCi in tfie upper panels
ofFig.-o.3:-Itis seen tfiat tfie traveltime grows with-M:-Tfiisis a typicalsituation
for a deep water waveguide (Brekhovskikh and Lysanov, 1991): steeQBlYs usually
have greater cycle lengths (smaller M) and arrive earlier than flat ones .
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In the lower panel of Fig. 6.3 we see that in the Rresenceofweak range-dependent
infiomogeneities tfie structure of tfie timefront oecomes more comRlicateo: instead
on ilfinitel)' tfiin segments of smootfi curves, we fiave some areas filleo witfi ran
domly scattered pomts. Although we observe the scattered pomts only because our
tan IS tar too sparse to resolve what should be unbroken curves, the appearance ot
sucfi regionsiildieateSlfie Rresence ofChaoti~

Even in tfie presence of Qertiii'baJ:iongiving risC-Ce~to~raC-C)'~cliaos, segments ofl:he
timefront formed b)' earl)' arriving steel' ra)'s reveal a remarkable stabilit)'. The earl)'
portion ofl:he1imefront still--''rei11eiTIoers'' its structure in tfie unperturoeo waveg
liiae:-Tfiis property is well=K:nown ano-ifhasoeen ooservecriilootfi numerical sim
lilaIions ancffielo experiments (Simmen et al~1997;Worcester et al~1999;Colosi

et aI., 1999; Brown and Viechnicki, 1998).
Points depicting arrivals of ra)'s with the given identifier are scattered in the

vicinity onfie corresponoin g unperturoeo segment. A group of arrivals formeo oy
rays wiifilfie same ioentifier proouces a fuzzy versiOilSOf an unperturoeo segment
(Beron-Vera et al~2003r.-We shallcall sucli groups of points iillhetime-oeptfi
plane, the fuzzy~gments. In the lower Ranel of Fig. 6.3 an example of the fuzz)'
~gment is shown b)' thick Roints. This segment is associated with identifier +140.
Its unperturbed counterpart in the up~anel is marked b)' a thick solid line.

Travel times of eigenrays arriving at a point receiver set at a oeptfi Zr are oe::
termineo-byintersections ofthe1imefront ano-fiorizontanine Z = z-. Intersection

+140+11 8
+106 +108

-4'-----;'*- --,\- +- -+ ~<----__;\

-3

o-2-4- 6-8

I . .

(\;\ (i\~
-4 +i06 +108

~1 0

- or====r= ===;:===r== = = :;=== = ===r== = = =r== = ===;

Fig.-6~4-TimefiOiUSi i1ille unIJerturfiCd CupIJer IJanelyancIpcrtUrbe dl:lower panelywavcgu ide: aeIJtll
versus ray travel time at 3000 Km for a point source set at Zs - 0.7 Km:Iaentifiers of rays forming
some IJarticular segments are indicated next to the corresIJonding segments. In the lower IJanel,
arrivalswith- iaerilifier-+140aremarKeo-bYtllickjmints. In tile upper panel, arrivals witht llis
IdentIfier are depicted by a thick sohd Ime.
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witheach-fuzzy segment gives a comQact clusteraftraveltimes reQresenting ar
rivals of eigenrays witli an ioentifier associateo witli tfie segment. Tfie effecrofthe
intemal-wave-iniluceil perturDation on eigenrays may De intefQreteo in tfie follow
Ing way (Beron-Vera et aI., 2003) . In tfie presence of perturbatIon, tfie unperturbed
eigenray splIts Into a bundle of new elgenrays wltfi tfie same IdentIfier as tfie ongi
illilone:-Travel1imesoT1fie new eigenarys form a cliisier.Torres.PQI!CliflgJ~)'

piilsecomiilglOlheobservatiOrljJOiilf1lirougli an unperturDeo eigenray turns iilfc)
what we will call the fuzzy ray Qulse representing a sup~osition of pulses coming
tlirougli tlie eigenrays oelonging to tfie ounille:-Tfieooservation tliat tlie travel1imes
ofcfiaotic ray patlis may cluster anil-oe relatively staole was first maileii1l:Palmer
et al:-;-T99T;Tappert anil-Tang, 1996).

Statistical description of ray travel times under conditions of ray chaos can be ob
tained by combining the stochastic ray theory discussed in Sect. 6.3 and aQprox
imate analytical estimates for the difference between travel times of chaotic and
regular rays oeriveo ii1l:VirovlyansKy, 2003, 2005a;.Tfiis approacfi gives a quanti
tative explanationfor theeffect of clustering (VirovlyansI<y, 20Uo;VirovlyansI<y et
al.,2007)J

Consider Qerturbed and unQerturbed rays escapirlg a point source at eguallaunch
angles . Initial action and angle variables of these two rays denoted 10 and eo, resQec
tively. In (Virovlyansky, 2003, 2005a) it was shown that even at ranges O{ 1000 km)
the-difference in travel times of tliese rays, L1t, can DC approximately estimateo as

wherel

L1 t = 'rG + 'rN + 'rJ + 'ry ,

'rG = [G(z,lo) - G(z,lo)] Ico,

(6.59)

(6.60)

z anil z are coorilinates of perturoeil anil unperturoeil rays, respectively, at tlie ob--=
servation range;1

'rN = 2nL1Nlolco, (6.61)

I1N IS the dIfference between numbers of minIma (numbers of cycles) of perturbed
and unperturbed ra), paths ;

anal

--(j)'Vo) j'r [(') ]2,
'rJ = -- 1 r - 10 dr ,_____2=co 0 (6.62)

(6.63)I-lor ( (')''ry = - - V lo,e r ,r )dr.
co.o

FUilCtiOilS/IlLill{CeE DilEqs. (6.62jaIld1b.03) present the range-depenoenciesof
action anil angle variaoles, respectively, along tlie perturoeil ray patfi.
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At comparatively short ranges O(l1JO-kmrbOftifaYSTollow practicaHylhe same
path . Then !J.N = 0, z ~ z, I(r') ~ 10 and terms 'Te , 'TN and 'T/ on the right of Eq.
(6.59) are negligible. Eguation (6.59) reduces to a well known relation (Flatte et aI.,
1979)

(6 .64)I-iT!J.t ~ 'Tv ~ - 2" 8c(r,zo(r))dr,
co ·o

where the integration goes along the unperturbed path zo(r). In this case the travel
time vanations are caused by sound speed fluctuatIons crossed 5y the unpertur5ed
ray. A-diliiledanalysisofstatisticalcruu:acteristicsof~havebeendone inRef.
(platte et aI., 1979). The rms variations of 'Tv grows with range as r1 /2~

At ranges O( I 000 km) perturbed and unperturbed paths with equal starting pa
rameters are no longerCloseai1aliStialIynaveaifferent numbersofcxcles (!J.N# 01
{Beron- Vera et aC2DOJ;VirovlyansI<y, 2003, 2005a;.For steep rays witl'ilarge start
ingactiOilS/()lhemaifiCOiitribUIiOi1f<:)!J.taflongranges comes fromtlle term 'TN (Vi:::
rovlyansky, 2003, 2005a). From Eqs . (6.12) and (6.14) it follows that 2nlo > G(Jo ,z)
and, hence, 'Te < 'TN . Therefore the term 'TN may be used as a rough estimates of !J.t
for steeR rays . For flat rays (small 10), both 'TN and 'Te become negligible as com
Rared to 'T/. Since the latter tYRically exceeds 'Tv , the relation

(6.65)!J.t = 'TN + 'T/ ----"=~

gives a rough estimate of !J.t at ranges O( 1000 km) for rays with arbitrary launch
ang~

To aRIJIy the Wiener Rrocess aRRroximation for descriRtion of !J.t we aRRroximate
!J.N by y/(2n) . This yields

'TN = y(r)/o!co. (6.66)

Accoraing to (0.38) anaTo.62)

'T/ = w'(Jo) r x2(r')dr' .
2co ./0 (6.67)

An analYtical estifili.itefor tile rms value of-!J.t can oe easilyderivea-for steep
rays . Intllis case Lit~ 'TN ana <:!J.t >= O:-Comoining Eqs .(l'J.4o) anaTo.66)yiclas
a standard deviation of !J.t

(6.68)
3/2 (B) 1/2

(jL\t = Iw'(/0) I~ l
-----------

According to Eq. (6.68) the rms spread of travel times grows with range like r 3/ 2 .

Tile same range aepenaence was founa-oy otller autllors (Beron-Vera ana-Brown,
2004). It should be emRhasized that (jL\t estimates the spread of travel times for a
bundle of rays escaRillK~Roint source with starting actions close to 10 . At a long
observation range these (initially close) rays diverge and can have different identi
fiefS]
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TheaoovefOiTIiUliiSforUie ray travel1imes can beap:med-foresIiiilliling thewiuUl
of a timefront segment. Figure 6.5 shows an expanded view of the unperturbed and
perturbed segments with identifier + 140 marked in Fig. 6.4 by thick line (uQj)er
pai1C1)ai1dlnicK poiilfS{lower panel;:-Tne quantity 'ri (see Fig. 0.5) represents a
time delay between the arn val of I-th ray contrIbuting to the given fuzzy segment
aridlhe unQerturbeu segment corresponuinglOlne same iuerrtifier:-lilf~isa

uiffereTiCe iilTraVelliiTieSOfj)ertiifbeuand unperturoeu rays escaping~Qoint source
and arriving at the same observation point (2 = z) with egual identifiers . Setting
'rc - 'rN - 0 anu neglecting 'rv , from Eqs. (0.59H6:-63) we find~VirovlyansKY, 2003~

20USa]

(6.69)
--W'(JM) lor[ , -] 2 ,
t, = -- I(r ) - 1M dr ,
__~2=co . 0

where I(r) is an action of the i-th perturbed ray as a function of range, and JM is the
mean actiOi1OfraysfOilTIii1g1he unperturoeu segment. AccordinglOEq:-f6:-69)1he
~gn of 'ri is determined by the sign of w'U;;r.-For typical deep water waveguides
the cycle length grows with launch angle Ixl and therefore w' (I) is negative. Then
'ri < 0 and the Qerturbed segment is biased toward early times (Virovlyansky, 2003 ,
2005a) . Let us emphasize that this statement is valid only at long enough ranges
where lillor most rays exceeds 1'rv I. At short ranges, where 'rv dominates, there
exists a uifferent mecnaniSrilOf oias.uisoiSCtiSSCd-inRcf.ICodonaeral~T985L

Since all (or almost allRnave tne same sign, ootn wiutn anu oias of a fuzzy
~gment are characterized by the guantity

(6.70)
N- 1-" - - - - - - - - -

8'rmean = N L'ri .
;=01

-0.2 • •', " ••t , • Zup
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Fig, 6.5 Arrivals of rays with the identifier +140 at the range 3000 km are shown in the time-depth
plane. Points and solid line depict arrivals with and without internal waves present, respectively~
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St:iJi1i1liiliOilistaKen over ra)'s beIOilgiilglOlheselectea-fuzz)' segment anoarriving
at oeptlls in an interval Zlow < Z < zUQ ' wllere Zlow ana zUQ are oeptlls of lower ana
I,IPRer ends of the unperturbed segment, respectivel)' . A thin solid line in Fig---J)
shows o'rmean for segments with identifiers +Arfill1\1 = 110,111 , ... , 185 obtained
by direct ray tracing:-Values oro'rmean for segments witlliCientiflers +1\1 and--=-M
are-Close-formost M1llOfSh])Wil).

ThevallieOfrjCiill beesiimateaTilthe Wiener process apRroximati~TheactiOrl

I(r) in Eg. (6.69) should be represented as 10 + x(r) , where 10 is the stating value and
x(r) is a realization of a Wiener process subject to a constraint which accounts for
tile fact tllat tfie ray trajectory fias a given ioentifier. In Ref:-{VirovlyansKY, 2DD5a;
it is shown how this constraint can be taken into account and o'rmean for steep rays
is estimated as

w'(IM) 2
O'rmean = ---Br . (6.71)

12eo
IilFig.-o.-61llisdepenoence for segments wiU1M<:T60-iSCIisplayeCloyatllicksoliCl
line:-Segments with-larger Mare formeCl-byflat rays. Figure6:-odemonstrates tllat
preoictions (numerical anCi analfticalYOotaineo-il11heWiener process approxima
tion agree fairly well with results ofdirect ray tracing~uation (6.71) also estimates
the width of a cluster of ra)' travel times formed b)' eigenra)'s with a given identifier.
Note tfiat at tile range 3000-Km tfie spreaopreaicteo-byEq:-ro.-68Tfor a ounolcof
ray patfis wiifi close launcll angles, out witllout restrictiOi1SOl1tfieirfinal-deptlls ana
iCinetiners, is on tile oroer ofTs :-Accoroing to results presenteo-iilFig.-6:-O,lllisis
much more than the width of a fuzz)' timefront segment.

Or---~-~--~-~-~--~---,

i -o.os....
"0

=0.1_ _ _
[20 130 lAO__150__160__L'Z0

M

Eij}6.6-MCaillJiasoflhcfuzzy segment at thesmmdcharii1elaxisasa-ftillctiOilOffiiiilllJCr()f
rayTtiffiingpoims;-M.-ThepIOfis constructe Dfor rays starting upwaril. Thin soliD line: Direct ray
tracing. TliicKsolioline: analytical estimateTo.7rj.
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6.5 Modal structure of the wave field under conditions of ray
cliaos

In this sectIon we explore the Influence of the random perturbatIon on the modal
structure of the wave field. ThIs problem IS solved by combining two results : (I)
relations from Sec. 6.2.4 eXI'ressing mode amI'litude s througll_I'arameters of ra)"
paths and (ii) stochastic ra)" theor)"from Sec. 6.3.1. For a monochromatic wave field,
a sImple anaryrrcaI estimate IS ootaIned for a coarse-grained dIstrIbutIon of acoustic
energy oetween normal mooes . Significant attention is paio to a study oftlie mooe
pulses, tliat is, souno pulses carriea-byindiviaual mooes:-AnalYiical estimates for
the spread of a mode pulse and the bias of its mean travel time in the presence of
internal waves are derived .

6.5.1 Coarse-grained energy distribution between normal modes

First, consider the modal structure of a monochromatic wave field. Squared mode
amplitudes lam~12 we will call the mode intensit ies. Our task will be to derive
an analytical expression for a smootfieo mooe intensity

(6 .72)

where g is a smoothing scale . Under conditions of ra)' chaos, the number of mode
rays contriouting to a given mooe at a long range oecomes very large . Tlien it is
natural to expect that a rough estimate of7;;JJJ2 ) may be obtained by incoherent
summation of tliese rays. Numerical results presenteo in Refs~lVirovlyansKY ana
Zaslavsk)', 2000 ; Virovl)'ansk)', 2000) sUI'port this expectation. Anal)'tical evalua
tion of an incoherent sum of mode rays expressing Jm(r,Q.) may be performed on
the basis of the stochastic ra)' theor )' derived in Sect. 6.3.1. This aQproach allows
one to replace tlie summation of rays oy statistical averaging .

For a single mooe source oetermineo-by Ecf 16:-30yanincolierent sum of mooc
~)'s representing the mode intensit)', according to Egs. (6.27) and (6.32), can be
Qresented in the form

(6.73)

lam(r,Q.)12 = _I_I: I
2nk j la/(r,lmoQ ' eo) /aeoloo=oo,j

1 T= - deoo(ImQ -I(r,lmoQ,eo)),
_ 2nlc o _

where the index j in the middle eXQression numbers the contributing mode ra)'s. The
integral in tlie last expression can De treateo in tlie same manner as tlie integral on
ilie riglit ofECfl6:-53Y:-Divioing theintervalofintegration into smallSiiointervals.
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we note thartneintegral over eachSliointefVal once againflliSlFiefOfrilSiiTIilarto
that of Eq. (6.33). For a subinterval (80,80 + (8) we have

(6.74)

Since the right hand side does not deI'end on 80 we get

(6.75)

Accoraing to ECf16.2T)lne summation over m inECf16.72)Tiliiyoe approxii'iliilC1.Y
replacea-oy an integration over tne action variaole:-Assuming m >> J1 we can for
mally extend the integration over m' to the infinite limits . Then

(m- m') 2 100 (m- m') 2Ee- 2j;2 = dm'e - 2j;2
.m'. - _OO _

(6.76)
2( ' )2

1
' 00 - k lmD.- I

= k dl' e 211
2 = V2iiJ1.

_ -oo~ _

Substituting this in Eg. (6.72) and replacing the summation over m b)' integration
over I, as in Eg. (6.76), we get

Substituting~ . (6.43) )'ields

(m - mo)2
2 (J12 + k2Br) (6.78)

This result is valid onl)' for high modes . At a carrier frequenc)' of 75 Hz the condi
tion (6.44) in our environmental model is met onl)' for mode ra)'s corresponding1Q
m>T FOi'1fCirting1.owr noaCSOi1CShOlila uscECf16.7 7YWitn a generalizea version
of formula for P/(r,l!Io) that describes both steep and flat rays (Virovlyansky, 2006 ;
Virovlyanskycrar;-2007).Note tnat accoraing to ECf16.78) at very long ranges tne
mmJbefOfeffectivel)' excited modes grows like--;:r72~ In (Moromv anclCOIOSi,2067)
a similar range dependence was observed in numerical simulations.

Tocneckthcvaliaity orECf16.78) we nave solvea (numericaHy)lne parabolic-- - --------------r~equation (6.5) at a carrier frequency of 75 Hz with an initial condition u O~

P24 (Z) . Mode intensitie s at range r = 3000 km are shown in the uIJper panel of Fig.
6.7 for two realizations of random perturbation. The lower panel presents results for
the smoothed mode intensities evaluated with a smoothing scale J1- = 4. Thin solid
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lines graph Jm for four realizations of perturbation (values of laml
2 for two of them

are presente<finlne upjJer Ranelj.Theheii\lYdashed-lineshOWSlhepredictiOilOfEg.
(6.78). It is seen that the smoothed mode intensity weakly deRends on a particular
realIzatIOn of perturbatIOn and our analytical estimate IS In a reasonable agreement
wltn_slmulatlons.

In (Virovlyansky, 2006) it is shown that the wave field excited bY~Roint source
canoe treate{]iilaSimilarwa)T:

6.5.2 Transient wavefield

We now turn our attention to studying the modal structure of a narrow-band Rulse
signal ra{]iate{] oy a point source. Our tasK is to {]erive a ray-oa sed (]escription of
wnat we call1ne mo{]e pulses, tnat is pulses carrie{]oy indivi{]ual mo{]es. Tne mo{]e
pulseisdefine{] as

I/!m(t ,r,.Q.) = 1d.Q.' am(r,.Q.')s(.Q. - .Q.')eW'(r/co-t), (6.79)

where am(r,.a')are mode ampl itudes of the wave field satisfying the parabolic equa
tiOi!Io.SIWitn an initial conoitiOi!Io.10LJUKI

0.1

"'---
l 0.05

10_20_ 30 '10====50

0.06

0.04

so
m

Fig. 6.7 Mode intensitIes at range 3000 km for a single mode source exciu ng the 24-th mode
\lilll,z) - P24 (Z)) at a carrier freguenc), of7S-rfZ::UfJ/2l?/"]}{lI1r;lS2fJen and solid circles show mode
intensities for two realizat ions of fJerturoatiOril:o.Sy.-Lower jJaneCS mootneCi moCie intensities com 
fJu ted for four realizations of the fJerturbation (thin solid lines) and fJ rediction of Eg. (6.78) (heavy
C1ashe d-linej.Thesmoothii1gSCaleisL1M = ,r
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(6.80)s(Q) = ~ exp (-_Q-:)
___v-'----L2 _Jn~_LlQ 2LlQ-'---- _

isaweighlingfUriction:--TnisdefinitiOilimplieslhaflhepoint source emits sounCl
pulse s(t) = exp (-iQt - LlAt2/ 2), whose bandwidth and duration we estimate as

oQ = \.I'2iLlQ and 'Ts = 2n/oQ = \.I'2i /LlQ, respectively. It is assumed that the
radiateCl wave fieluis recorueCl on a long vertical arra)' and at eacn freguenc)' is ue
composed into a sum of normal modes (Wage et aL, 2003) . Then the mode pulses
are syntnesizeCl in accorCl witn Eq.T6:79):-Tne argument .Q of function lJI,n inCli
cates tne central frequency of an emitteu signal. Eacn mode pulse is a wave pacKet
spreauing wiin range .

Arrivaltime of an instantaneous frequency

Asintne case of monocnromatic source we will proceeu -from tne ray-oaseu rep
resentation of the mode amplitude described in Sect. 6.2.4. Take a mode ra)' con
tributing to the m-th mode at a central freguenc)' of emitted pulse Q . Its starting
momentum-denote it by po-satisfies condition (6.26), i.e., I (r,Po' zs) = ImQ . It is
natural to assume tnat tfiereeXiSfSaOUildle of rays wiin starting momenta from a
SillaIEilterval centereCl at Po wfiich are moderaysfOf1nem=t11iTiOcleiiffrequencies
close to Q : for a ray escaping the source with momentum Po + 0p there exists fre
quency Q' such that I(r,po+ op,zs) = ImQ, . The contribution from this bundle to
the mode pulse is given b)' an integral

Oljfm(r,t) = JdQ' s (Q - Q') Qexp {ict> - iQ't + if3} (6.81)

ootaifiCd-byinscrtion or-Eq.T6.27)intOE~6:79rATlong ranges tnepnasc<P
l"(lpidly varies with Q' and the spreading of the wave packet o~m (r,t ) can be investi
gated using the stationary_phase technigue. The stationary phase point is determined
Q)' the conditionl

(6.82)t = act>L-=-a=Q,--,' . ----"-'~

Frequency Q' satisfying this equation is interpreted as an instantaneous frequency
of the wave packet at time t . For a given fI' Eq. (6.82) predicts the arrival time of a
constituent of the mode Qulse with this instantaneous freguenc)' .

Since ~ does not depend on freguenc)', from Egs. (6.28) and (6.2T)\veHna

(6.83)

wherel
_ ~ [as(r,z) ac(z,l)] aZmQ,

t1 - Co az + 0" az _ _ aQ"
z-ZmQf ,l-lmQf

(6.84)

and!
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(6.86)

Term II vanisnes oecause, as ifissnown ii1{VirovlyansKy et al~200S;VirovlyansKY,

2006),1ne quantity in square oracKets inE(f1o.84TisiCientically zero. A:ccorCiing to
Eqs.-(6~12)~(6~14), and-(6~2]fG(z,Jns a monotoniCfunction of! and-G(ZmQ" ImQ/)
is always less than mT' co/2, where T' = 2n IQ.'. Therefore, tYIlically, the magnitude
of 12 is a few time less than mT'/2 . We will see that this is significantly less than
tne moCie pulse lengtn . Tnerefore, tne arrival time of a fragment of tne wave pacKet
~lf.fm(r,l) with an instantaneous freq~y Q.' can be estimated as

, I
l(r,Q. ,m) = - [r+S(r,ZmQ/)] .
________''co _

We will call this quantity the arrival time of an instantaneous freguency Q.'. It is
the travel time of a sound Qulse through the mode ra)' corresQonding~given r, m,
andQ.'J

Two comments concerninglnisresult are noteworthyFirst, a geometrical ray
may betnemode ray for more iliaii one moCle:-Tnis occurs ifiISactiOil/aflne ob--=
servaiion range satisfiestheconditiOilr;;7m l Q 1 = Im2f12 where ml ¥- m2 and-bOt:n
Q.I and Q.2 belong to the freguenc)' band of a radiated signal. Second, g~y~
tne ooservation range tnere are several rays witn equal traveltimes anCiaifferent ac
iions . It means thar,typicallf,lne instantaneous frequency onne moCie pulse cannot
bedefineCl: at any moment I tne pulseis a superposition ofsignalswiil1Qifferent
instantaneous freguencies .

Modc llulsc in a rangc-indcllcndcnt wavcguidc

In the unperturbed (range-indeQendent) waveguide the action variable remains con
stant along the ray path, so that function I(r,po ,zs) does not depend on r. Since I is
a monotonically increasing function of IPol, the condition (6.25) with zo = Zs at any
range is met for Po = ±J2 [Ho(/mQ /) - U(zs)] . This means that for any mode mat
each frequency Q.' there are two mode rays. Their travel times are close and can be
estimateCiusing tne approximate formuli.l[6.T9;:-USingE(f.To.87J,1ne arrivaltime
of an instantaneous freguenc)' Q.' may be estimated as

(6.87)

This eXQression immediatel)' gives the known WKB formula for the group slowness
WmQ,_=lUmQI, r) jr (Munk and Wunsch, 1983; Brown et a1., 1996).
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Mode pulses in the presence of'internal waves

ATlong ranges wheretfieChaosiswelrQeveloQea~fieJi1OdepulseisfOiTiled-5Y:

many mode rays . We will sum up theIr contrIbutions Incoherently. Our task will be
to derIve an approximate analytIcal deSCrIptIOn of a smoothed mode pulse defined
as]

( ) I J' 1 ( ')1 2 (t _ t,)2Ym r,Q.,t =~ dt lfIm r,Q.,t exp - 2 '
V 2n,1, 2,1,

(6.88)

where,1, is a smoothing scale . Substituting Egs . (6.79) and (6.80) into (6.88) we get

(6.89)

Ym(r,Q.,t) = _1_
2

[dQ. 1dQ.2 am(r,Q.1+Q.2/2)a~(r,Q.1 - Q.2 /2)
2nLl Q .

- .-----(Q.-- Q.-----=-d2 - 1 -( 1- 2)- 2]
x exp - iQ. t - - - -- +,1 Q.2 .

r ,12 2 2,12 t
Q Q ----

Once again present the mode amplitude am(r,Q.) as a sum of contributions from
mode ra)'s eXRressedby~. (6.27) . An interval of integration over Q.2 is of order
max(,1Q, ,1,-1). Assuming that this interval is sufficiently small, we will use an ap
proximatiOili

(
r\ + r\ / 2) * ( r\ _ r\ / 2) _ 1 iQ2d<P (QI )l dQ1am r,~~, ~~2 am r,~~, ~~2 - 10 ( )/0 Ie ,

2n f r,po,zs Po PO=POQ1 ----or~~
(Q.9Ul

where tne symbol POQ
1

oenoteStne starting momentum of a mooC:-e -=ra:-:Cy=-c=-=oC=n=tributing
totne m-th mooe at frequency n~Tne action variao)coflnis ray at tne range of
observation, according to Eg. (6.21), is

(6.91)

ECjl.iation (o.90Tis our main approximation. ItimpliCSlnat (inne mooe pulscisa
superposition of (practicallyindepenoenf) pulses associateowiih-bUildles of moae
rays oescrioeaaoove, ano1ii) contrioutions from tnese pulses are summeoupinco
herentlyJ

Substituting~q . (6.90) in (6.89) and integ!@!1KQ~'~23~

1 J dn,Ym(r, Q. ,t) = -----::--;::---,=====
(2n)3/2 ,1Q J1/2 + ,1A,1? lof/oPolpo=POQI

(6.92)

From Eq. (6.91) it follows that dG, = - mcrr 2df . Using this relation we can change
the variable of integration in Eg. (6.92) from Q.tJ~~o . Then
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Eguation (6.93) presents the smoothed mode I'ulse as an integral over all ra)"
patlls cscaping thc point sourcc. From Scct. 0.3 wc know1harundCfCi:)i1ditions of ray
chaoslfieintegration over the ray starting momenta can beinterpreteoasthestaiis
tical averaging. Smoothed mode pulse Ym(r,Q ,f ) can be evaluated in the same man
ner as the smoothed intensity of the wave field J(r,z) (Sect. 6.3.5) and the smoothed
mode intensity Jm(r,Q) (Sect. 6.5.1). This was done in Ref. (Virovlyansky et al.,
2009). Omitting details of a somewhat cumbersome calculation, we I'resent the fi
nal rcsult 06tainco for a narrow 6ano pulsc (LlQ << .QT:

(6.95)y(I) = I dro(I).
__--'c:co------'d"'I~ _

Like Eg. (6.78) , this eXI'ression is valid onl)"for modes formed b)" steeQ!'1)"s satisfy-=
iIlg condition (6.44) . At freguencies of about 75 Hz this condition is met for modes
Wiih_m->_·ZJ

Thus, we have two approximate fOiTIliilasfOf1he smootheo mooe pulse given by
~93yana~94r.-Eqillrti~(3) expresses Ym cr;aJDl1fOiigtiSOlutiOilSOftfie
@y~quations (raY_I'aths) and it deI'ends on a particular realization of perturbation.
In contrast, Eg . (6.94) is an anal)"tical estimate independent of a particular realiza
tion of Sc. In Fig . 6.8 predictions of Eqs . (6.93) and (6.94) are compared to results
ofsiillUlations pcrformeo-oysolving (numericallynhcparabolic equation (0.5r.-A
point source has 6een set at the sounochannelaxis z - Za. The simulations have
a center frequenc)" of 75 Hz, and a smoothing scale .1/ = 0.1 s. The enveloI'e of
an emitted signal is determined by Eg. (6.80) with .1Q /(2n) = 2 Hz. The effective
bandWIdth of the emItted I'ulse IS about 5 Hz. Smoothed mode pulses for m - 11,
T1~3T~aild-41 at the 06servation range 3000 Km are shown 6y thin solio lines . In
orocr to applyE(f16:93TWChavc tracco numcrically50000 rays lcaving thc point
source with initial momenta 20 uniforml)' filling an interval corresI'onding to launch
angles:El4O-:-ReI'lacing theintegral over ~o in E(f16:93JWith a sum over the com
puted raY_I'aths )'ields pulses shown in Fig. 6.8 b)' dashed lines . Predictions of Eg.
(6:94TiilFig.-6:8 arc prcsentco 6y thiCK solio lincs . It is seen that 60th our approxi=
mate formulas are too rougn ana cannot give a oetailea-descrij)tion onne smootneo
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~Ise:-Nevertheless,tne)' are a15le to preoictlne spreaooftheptilSeand-its
15ias causeilo)' tne ranoom perturoation .

Let us determine the bias, OtmQ, and spread, 'rmQ , of the mode pulse as

(6.96)

(6.97)

where the sym6Ol(:-'-:)mQ denotes the averaging over the smoothed mode pulse so
than

(6.98)(q(t ))mQ == /dt q(t)Ym(r,Q ,t) //dt Ym(r,Q ,t).

The quantities DtmQ and 'rmQ can be evaluated in two ways: using Eq. (6.93) or
(6.94). In (Virovl)'ansk)' et aI., 2009) it is shown that the eX])fessions for bias and
spread following from Eg. (6.94) in the case of high modes reduce to simple (albeit
rough) anal)'tical estimates

(6.99)

where g(i) = d2po(J) /dP (function po(i) expresses starting momentum Po in the
inperturoeil waveguioe as a function of action 1), anil

~O.05

~O.02

l!0.02
~

~O.OI

1990

m =11

m =41

1996
t,s

1998 2000

mg.-6:S -Thesmootheomode pu1sesar3000-kmfof l n -;;-Tr,-21-;-TI-;:ii1d-4I.Parabolic eguatIon
based simulations (thin solid lines) are compared to predictions of Eqs. (6.93) (dashed lines) and
(6.94nneav)' solio lines).
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(6.100)
Ir(ImQ )IB 1

/
2r3

/
2

TmQ = V3

Eguation (6.100) has a sim~I'b)'si cal mean ing. It repre sents the spread of travel
times of mOGe ra)'s contriDutinglOlhem=1:li moGes. 1n our environmental mOGel at
the freguen c)' 75 Hz estimates (6.99) and (6.100) can be used onl)' for mode s with
m>14. EquatiOi1T6.TOOycanoe ootain ed as an estimate for toe spread of travel
times of mode rays contnbutmg to the m-th mode pulse . In (Ylrovlyansky et aI.,
2006 ; Virovl)'ansk )', 2006 ) this was done I'roceeding from the ra)'-mode relations
and Eg. (6.68) . An alternative derivation was given in Ref. (Udovidchenkov and
B~2008IJ

Numerical example. To check the applicability of the above results we have
perfOiTiledlhepanibol icequaiiOilSiillUlaiiOilOfTOOSOUildpulseswiiheqillilenve
IQpe functions s (Q) but different central frequencies uniformly filling an interval
of 66 to 84 Hz. The bandwidth of each I'ulse is determ ined b)' the same constant
.1Q / (2n) = 2 Hz as in Fig. 6.8. This simul ation has been performed for four real
izations of perturbation Dc. Then we have evaluated the biases, DtmQ , and spreads,
TmQ , at toe range 3000-](m for m = 1~50, andTor lOO values of12 corresponding
to the above central frequencies. Values of Dtm,Q and Tm,Q averaged over the 100

0.2

-0.2

o 10 20 30 40 50

-0.2

o 10 20 30 40 50

0.8

0.4

m- - - - - - - - - - - - m

Fig. 6.9 Biases (upper row 01 plots) and spreads (lower row) of mode pulses at 3000 km. Heavy
solio lines Rresent anal)iticalrrredictionsfOf1neoias ((a) andlJ)J)~mdspread 1(C)ai1dTdJ)af75-Hz.

Heavy oaslieo line sliow simplifieo analytical estimates for tlie same quantities. Tliin solio lines
g!'!Rh freguenc)' averaged biases, atm , and spreads, ! m , obtained by_parabolic equation simulation
((afai1d~d predicted on tlie oasis of a numerical ray tracii1if((b)aildTd)Tfor four realizations
of the perturbationJ
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freguencies we will call the freguenc)' averaged bias and spread and denote b)' Otm

ano't"m~p~y~

The estimates of OtmQ and 't"mQ for the same m and Q have been obtained on
the basIs ot ray tracing . In each of the four realIzatIOns of our random wavegUide
50000rayswithtne same starting parameters as iildicateo-inSec:-o.-4-havebCCi1
traced numericall)'. Then estimates of OtmQ~mQ , Otm, and 't"m have been calculated
on the basis ofEgs. (6.93) and (6.96). Thin solid lines in Fig . 6.9a and 6.9b show the
freguenc)' averaged bias Otm obtained using the parabolic eguation simulation and
numerical ray tracing, respectively, for four realizations of Sc. A heavy solid line,
the same in both plots, depicts an analytical estimates of DtmQ at a frequency of 75
Hz preaicteo-oyEqs:-(6:94) ana--r6:96).Tne simplified analytical estimate (6:TOO)
at 75 Hz is shown b)' a heav)' dashed line . Fig. 6.9c and 6.9d present similar results
for the spread. A heav)' solid line is an anal)'tical estimate of 't"mQ at 75 Hz given b)'
Eqs. (0.94) anoT6:97Y:-Aneavy oasnea-lincis a simplified analYTical estimate given
oy ECfTo.-lOO)l

Tne agreement oetween simulations anatneory oasea estimates is seen to be
good for the spread. It is somewhat surprising that in spite of the restriction indicated
after Eg. (6.94) the anal)'tical estimate based on Egs. (6.94) and (6.97) are valid not
onl)' for the high modes . The predictions of bias are less accurate. The)' can be
consiaereo only as oraer-of-magnituae estimates.

6.6_Conclusion

We consiaereatne cnaotic ray motiOilinareiiliSIic moaeroftne ocean acoustic
waveguiae ana manifestations onnis pnenomenon in a moaal structure onne wave
field. It is shown that the chaotic ray~)'namics in a single realization of the random
medium can be described using a statistical approach introduced in Sect. 6.3. In the
scope of tnis approacn, any statistical cnaracteristic of a ray patn starting from tne
given piilii!lpo,zo) is determined by averaging over a bundle of rays starting from a
small area centereo at tnis point. Tne ounale plays tne role of a statistical ensemole.
The Hamilton (ra)') eguations are apjJroximated b)' stochastic Langevin eguations
(6.39) and (6.40) whose solutions are readil)' expressed through a random Wiener
proces s representing the simplest model of diffusion. In the Wiener process apPIQ!::
imaIiOil,thePDFs of ray parameters may oe ootainea analytically. At megameter
ranges, wnere tne ray cnao s is well-developea~ne wave fiela at any ooservation
point is formed b)' contributions from a large number of chaotic ra)'s. Incoherent
summation of their intensities gives a coarse-grained distribution of the wave field
intensit)' . The sum over chaotic ra)'s can be expressed through integration over their
starting parameters. In our approacn, tnis integration is interpretea as tne statistical
averaging. Tnisyielas an analYTical estimate for tne smootnea-intensity onne souna
fieIaJ

In Sect. 6.4 we studied the properties of ra)' travel times . The most important
of them is a close connection between the travel time and the identifier of the ra)'
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path--:-Tnis piQRerty manifestSitself·intheeffectOfclusteri~AweakpeiTtifbatiOrl

causes an eig~Y--.!QJ>Qlit into a cluster of eigenrays wnose travel time spreao is
Siilallaildwnose centroio nas a travel time tnat is closetOlhafOnheeigenrayin
the background environment. All the elgenrays belonging to the cluster have the
same Identifier as the ongInal unperturbed one . Due to the effect of clustenng, the
fimefront remaiilSi'eIaiivelfSiaole even at megameter ranges . Tne presence ofSOi.lild
speeofluctuations causes only tne oiffusion of tne timefront segments ana tneir oias
toward early times . Segments formed by the early arriving steeP.BlYs remain almost
unaffected:-Quantitative explanationonheclustering effect isoaseaonEqs:-(~59)=
(6:-63) connecting tne oifferencesoetween travel1imes of perturoeo ana unperturoea
rays ana variations tne ray patfiS:-Tnisformulas comoineawiffilne stocnastic ray
theory derived in Sect. 6.3 yield estimates for the spread and bias of the timefront
~gmenq

Manifestations onne cnaotic ray oynamics inlne mooal structure onne wave
fielcris stuoiedliSing tne ray-baseo-formalismfilldescrij)iion of moae amplituaes
presentea-inSect. o.2-:-4-:-illlnescope onnis approachtne amplituoe onne m-tn moae
is formed by contributions from rays-we call them the mode rays-whose action
variables at the observation range up to a (freguency deQendent) multiQlicative con
stant are apj)roximately egual to m. Under conditions of ray chaos, the number of
mooe rays contributing to tne given mooe exponentially grows witn range. At long
ranges tne coarse-graineo-distribution of moaeintensifies can be evaluatea-byin
coherent ray summation. Analytical estimate for the coarse-grained distribution of
acoustic energy between normal modes is obtained by combining the ray-based for
malism and the stochastic ray theory based on the Wiener process approximation .
Tne ray-baseo-formaliSi11deriveo for tne monocnromatic wave fielo can be applied
fOfSft.ldYinglne transient wave fielo, as welJ:ifTtimeoOUf1fiatlhearrivaltimeof
aTragment onne m-tn mooe pulse wifn an instantaneous frequency rTis approxi =
mately~qual to the travel time of a mode ray contributing to the m-th mode at this
freguency. Our analysis of the transient wave field is based on this fact. It allows one
to applYlne stocnastic ray tneory for tne aescription of mooe pulses. Tnis approacn
yielos estimates for tne spreao anobias onne mooe pulse causeoby ranoom internal
waves,

A major limitation of our apQroach is an insufficient understanding of its ap::
plicability conditions. This is a common problem for practically all ray-based ap::
proaches. But in our case an additional difficulty arises due to the conjecture that the
averaging over ray starting parameters may oe replace-dby tne statistical averaging.
Obviously,1nis may bedone only wnen evaluating smootneacnaracteristics ofthe
wave field. However the guestion of selectingJ~IQper smoothing scales remains open
and reguires a further investigation. The smoothing scales used in our calculations
were selected empirically~
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Fig. 1.9 Resonant layer in nonlinear Hamiltonian systems with separatrix: (a) appearance and
(b) disappearance. The solid and hollow circles represent the center and hyperbolic points. The
irregular small curcles are the sub-resonances in the neighborhood of the primary resoance.

Fig. 5.7 Three-dimensional representation (axes and orientation of B shown inset) of an un
bounded chaotic trajectory, which lies at the center of the colored cube, calculated for SLI when
IDB = 3wc ' As time increases, the color of the orbit changes from green to red.
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Fig. 5.20 Yellow curvea: classical electrontrajectories for SLI in thex-z plane (axel inset) over
laid on COITClIpOIlding plots of 1':P(x,zW (blue zero, red high) (a) on resooancc (r = 1), (b) 011'
resonance (r irrational). B = ST, (J = 15".

Fig. 5.21 (a) WJ.gDeI" function plot for the energy eigmlstate of SLI shown in Fig. S.20 (a) (red
large positive, light green=O, blue large negative). The W:lgl1el' function is shown in 1he (p"p%)
plane (lIXelII inset) and correspoDds to 1hePoincar6 section shown in (b).
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