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Preface

This book originated from lecture notes, and its main purpose is to provide the
basis for a one-semester graduate course on nonparametric statistical tests. Indeed,
I have given such courses at the Humboldt University of Berlin in the winter term
2014/2015 and at the University of Bremen in the winter term 2016/2017, and I
thank the students for many constructive comments. Special thanks for help with
TeXing are due to Mareile Grofe Ruse. In the case that the book is used for self-
studies, the reader should have knowledge in measure-theoretic probability theory
on the level of an introductory course. Some advanced concepts from probability
theory, in particular the concept of conditional expectations, are developed in
Chap. 1 of the present work. On the other hand, also researchers may find some of
the material valuable when designing nonparametric tests for specific applications.

My own interest in nonparametric test theory started during my diploma studies
at Aachen University of Applied Sciences, Campus Jiilich, when attending lectures
given by Prof. Gerhard Dikta in the years 2001-2003. This was followed up by M.
Sc. studies at Heinrich Heine University Diisseldorf from 2003 to 2005, under the
supervision of Prof. Arnold Janssen. I am very grateful to these teachers of mine
for the many excellent lectures which I have been attending as their student. Also,
some of the teaching material from back then has been used when writing this book.
In particular, the German textbook by Janssen (1998),! together with some original
research articles of him, has been a valuable source throughout, and parts of Chap. 6
of the present work have their origins in lecture notes of Gerhard Dikta on Bootstrap
Methods in Statistics.

It is impossible to cover the entire spectrum of nonparametric tests within the
scope of a one-semester course. Hence, it is a matter of fact that even some very
popular nonparametric tests are not explicitly covered in this work. For example,
we will not work out rank tests for k-sample problems with k > 2 groups,
although the theory derived in Chap. 4 is general enough to deduce, for example, the

1Janssen A (1998) Zur Asymptotik nichtparametrischer Tests, Lecture notes. Skripten zur
Stochastik Nr. 29. Gesellschaft zur Férderung der Mathematischen Statistik, Miinster.
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viii Preface

Kruskal-Wallis test for the comparison of k groups. Also, we will not carry out
detailed power analyses of the derived test procedures, but mainly study their
behavior under the null. Narrowing the focus in this manner allows, on the other
hand, for explaining in a rather detailed manner the underlying mathematical
foundations and statistical principles. I consider this more important than providing
comprehensive lists of test procedures in the style of “cook recipes.” Once the
general principles have been understood, specific procedures follow easily. A
conceptual overview of the material and the underlying general ideas is provided
in Sect. 1.3.

To facilitate the usage of the book for teaching purposes, exercises are provided
at the end of each chapter. In general, there will be four different types of exercises,
namely (1) theoretical exercises involving proofs, (2) application-oriented exercises
involving real data, (3) programming exercises in R, mostly in terms of simulation
studies, and (4) multiple select exercises.

Bremen, Germany Thorsten Dickhaus
January 2018
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Chapter 1 )
Introduction and Examples Sheiie

1.1 Basics from Statistics

Let Y denote a random quantity (which may be, depending on the context, a real-
valued random variable, an R?-valued random vector, d > 1, an R"**_valued
random matrix, where n denotes a sample size and k the number of groups in a
k-sample problem, etc.), which describes the possible outcome of an experiment. !

Let & denote the sample space corresponding to Y, i.e., the set of all possible
realizations of ¥, and let (%) C 2% denote an appropriate o-field over %. The
elements of (%) are called measurable subsets of % or, synonymously, events.
Denote by PY the distribution of ¥, assuming that Y is defined on some probability
space (£2, %, P). The latter probability space will typically not be given explicitly,
because the fundamental Definition 1.1 below does not require such an explicit
definition. However, one should always be aware of §2 in practice, meaning that we
should know for which universe (or: population) our sample is representative. We
assume that we do not know the distribution PY, but that we can provide a family
& of probability measures on the measurable space (%', (%)) for which we are
sure that PY € 22 = (Py : ¥ € O).

Definition 1.1 (Statistical Experiment/Model) A triple (%', (%), &) con-
sisting of a non-empty set %, a o-field (%) C 27 over %, and a family
&P = {Py : ¥ € O} of probability measures on (¥, (%)) is called a statistical
experiment or a statistical model, respectively. If ® C RP”, p € N, then we
call (%, B(¥), &) a parametric statistical model, where ¥ € @ is called the
parameter, and © is called the parameter space.

lWitting (1985): “We think of all the data material summarized as one “observation” [...].”
(translation by the author, the observation will be denoted as ¥ = y).

© Springer International Publishing AG, part of Springer Nature 2018 1
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2 1 Introduction and Examples

Remark 1.2 'We will mainly be concerned with nonparametric statistical models.
For example, letting % = R and denoting by #(R) the system of Borel sets of R,
we may define

® = {F : F is a cumulative distribution function on R}. (1.1)

In (1.1), ® is a function space of infinite dimension, and ¥+ = F indexes all
distributions on the real line by means of their cumulative distribution functions
(cdfs). The latter model will be of much importance throughout the remainder.

The goal of statistical inference is to derive assertions about the true, but
unknown distribution PY or, equivalently, about the true, but unknown and unob-
servable value of ¥ on the basis of the data (i.e., observation) ¥ = y. Formally,
many different types of statistical inference problems can be specified as statistical
decision problems. Here, we will mainly be concerned with test problems, which
constitute an important class of statistical decision problems.

Definition 1.3 (Statistical Test Problem, Statistical Test) Assume that two non-
empty and disjoint subsets &y and &) of & are given, such that Zy U &P = L.
Our goal is to decide, on the basis of the data Y = y, if PY € & orif PY € &,
holds true. If there is a one-to-one correspondence between the elements of &2 and
the value of ¥, we can equivalently ask if & € ©®p orif ¢ € @; holds true, where the
non-empty, disjoint subsets @y and @; of @ correspond to ¥y and | in the sense
that PY e &, if and only if & € ©y. In the latter case, we define the null hypothesis
Hj by

Hy: 9 € 0 < P' ¢ 2, (1.2)
and the alternative hypothesis by
Hy 0 € ® < P e 2. (1.3)
Often, one directly interprets Hy and H; themselves as subsets of @, i.e., one
considers sets Hy and H; such that Hy U H; = ® and Hy N H| = @.
A (non-randomized) statistical test ¢ is a measurable mapping
¢ (Y, BW)) - (0,1}, 201)

with the convention that

®(y) = 1 <= Rejection of the null hypothesis Hy, decision in favor of Hj,
¢(y) = 0 <= Non-rejection of Hy.



1.1 Basics from Statistics 3

The subset {y € & : ¢(y) = 1} is called the rejection region or, synonymously, the
critical region of ¢, {¢ = 1} for short. Its complement {y € % : ¢(y) = 0} is called
the acceptance region of ¢, {¢ = 0} = C{¢ = 1} for short.

The randomness of the data ¥ = y implies the possibility of making an error when
carrying out the test. One says that an error of the first kind (type I error) occurs, if
the decision in favor of Hj is taken, although actually Hy holds true. Analogously,
an error of the second kind (type II error) occurs if Hy is not rejected, although H;
holds true. Typically, it is not possible to minimize the two error probabilities (type I
error probability and type II error probability) at the same time for a given statistical
model and fixed hypotheses Hy and H;. The classical (Neyman-Pearson) approach
to the statistical test problem therefore treats the two errors asymmetrically. The
type I error is considered as the more severe error, and its probability is bounded by
a pre-defined constant o € (0, 1), which is called the significance level. A standard
choice is to take « = 5%. In the class of all tests ¢ for which the type I error
probability does not exceed «, one then tries to find the best test in terms of minimal
type II error probability. Equivalently, this means that one aims at maximizing the
test power (which is the probability of rejecting the null hypothesis, if Hj is true)
under the constraint of keeping the significance level «. Notice, however, that the test
power typically depends on the location of ¢ € Hj, if H; is a composite alternative
hypothesis (i.e., | H1| > 1). Hence, one typically has to decide against which regions
in @1 one aims at optimal power. Let us summarize these concepts formally.

Notation 1.4 Consider the framework of Definition 1.3.

(i) The quantity B, (V) = Ey [(p] =Py(p=1) = fgy odPy denotes the rejection
probability of a given test ¢ as a function of ¥ € @. For ¥ € O we call B, ()
the power of ¢ in the point ©. For ¥ € Gy, B,(¥) is the type I error probability
of ¢ under v € ©y.

For fixed o € (0, 1), we call
(ii) a test o with B,(¥) < a for all ¥ € Hy alevel « test,
(iii) a level a test ¢ unbiased, if B, (¥) > « for all ¥ € Hy,
(iv) a level a test ¢y better than another level a test @2, if By, (V) = By, (D) for all
¥ € Hy and 30* € Hy with By, (8%) > By, (97).

Remark 1.5 Notice that, under the framework of Notation 1.4, a statistically
safeguarded decision (namely, keeping the significance level o) can only be taken
in favor of the alternative H;. This implies the standard rule that one should express
the scientific claim that one is interested to gain evidence for as the alternative
hypothesis H;. From a decision-theoretic viewpoint, one may interpret ¢(y) = 0
as a decision in favor of @ (the null hypothesis cannot be rejected, meaning that the
union of both Hy and Hjp, which is whole @, is “compatible” with the data y).

An important subclass of tests is constituted by tests of (generalized) Neyman-
Pearson type.

Definition 1.6 Let (%, (%), (Py)yece) be a statistical model and ¢ a test for the
pair of hypotheses # # Hy C © versus Hj = © \ Hp. Assume that ¢ relies on
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a test statistic T : % — R. More precisely, assume that the decision rule of ¢
is characterized by means of rejection regions I, C R for each significance level
a € (0,1), such that p(y) = 1 <= T (y) € Iy, fordata y € #. Assume that the
test statistic fulfills the monotonicity condition

Vo € Hy : Vi € Hy : ¥e € R : Py, (T > ¢) < Py, (T > c). (1.4)

Then we call ¢ a test of (generalized) Neyman-Pearson type, if for every « € (0, 1)
there exists a constant ¢, such that

N IR O
0. o) <

Remark 1.7

(a) The monotonicity condition (1.4) means that 7 (Y) tends under alternatives to
larger values than under the null.

(b) The rejection regions corresponding to a test of Neyman-Pearson (N-P) type are
given by I, = (cq, 00).

(c) The constants ¢, are determined in practice via ¢, = inf{c € R : ]F’(T >c) <
o}, where the probability measure IP is chosen such that

P(T € I,) = sup Py (T € Iy)
YoeHy

holds true, if Hy is a composite null hypothesis (“the test is calibrated at the
boundary of the null hypothesis”). If Hy is simple (meaning that |Hy| = 1) and
the distribution of 7" under Py, is absolutely continuous, then it holds ¢, =
F;l (1 — «), where Fr denotes the cdf of 7' (Y) under Hy.

(d) A version of the fundamental lemma of test theory by Neyman and Pearson
yields that under (1.4) and further mild conditions N-P type tests are uniformly
(over all ¥ € Hp) best level « tests for Hy versus Hj.

There are dualities between test problems/tests and confidence estimation prob-
lems/confidence regions in the sense of the following definition.

Definition 1.8 Let a statistical model (%, (%), (Py)yco) be given. Then we call
€ = (C(y):y e %), where C(y) C O forall y € %, a family of confidence
regions at confidence level 1 — « for ¥ € ©, if

Vo e®:Py((ye? :Cy)s9}) > 1—a.

Theorem 1.9 (Correspondence Theorem, see, e.g., Aitchison, 1964) Ler a
statistical model (%', B(%), (Py)seco) be given.
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(a) Ifforevery v € O alevel a test gy for the point null hypothesis {1} is available,
and we let ¢ = (py : 0 € O), then € = E(p), defined by C(y) = {0 € O :
vy (v) = 0}, constitutes a family of confidence regions at confidence level 1 — «
forv € O.

(b) If € is a family of confidence regions at confidence level 1 — « for v € ©, and
ifwe define ¢ = (¢ : 0 € @) via py(y) = 1 —1cy»(P), then ¢ is a (multiple)
test at local level o, meaning that, for every 0 € O, the test @y is a level o test
for the point null hypothesis {¥'}.

Proof In both parts of Theorem 1.9, we have that for all ¥ € ® and forall y € %
the relationship ¢y (y) = 0 <= C(y) > ¥ holds true. Hence, ¢ is a (multiple) test
at local level «, if and only if

Vie® :Py({ye? 1pp(y) =0} > 1 -«
& Voe® Py(lye? :Cy)ad)>1—«

& € is a family of confidence regions at confidence level 1 — « for ¢ € ©.

Remark 1.10

(a) Figure 1.1 illustrates the duality gy (y) = 0 <= ¥ € C(y) graphically for the
case, that both " and ® are one-dimensional.

Co™)

/ . —

Fig. 1.1 Graphical illustration of the duality ¢y (y) =0 <= ¢ € C(y)
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(b) A single level o test ¢ for an (arbitrary) null hypothesis Hy can also be
interpreted as a (1 — «)-confidence region by setting

e, if p(y) =0,
Cy) = .

Hy = ©\Hy, if p(y) =1,
cf. Remark 1.5. Conversely, every single confidence region C(y) induces a level
a test ¢ for a null hypothesis Hy C © versus the alternative hypothesis H; =
©® \ Hy by setting ¢(y) = 1g,(C(y)), where

1, if ACB,

0, otherwise,

15(A) :=:

for arbitrary sets A and B.

Let us end this section with a theorem from measure theory which we will
occasionally use for some technical proofs in the forthcoming sections.

Theorem 1.11 ( Vitali’s Theorem, see Witting (1985), Satz 1.181) Ler (2, #, )
be a o -finite measure space. Assume that fy, : 2 — R is a measurable mapping for
eachn € No. If f, — fo u-almost everywhere and

limsup/|fn|pdu §/|f0|”du < 00 for some p > 1,

n—oo

then it follows that [ |f, — folPdiu — O for n — oo. If u is a probability
measure, then the assumption of w-almost everywhere convergence of f, to fo can
be replaced by convergence in u-probability of fy, to fo.

1.2 Conditional Distributions and Expectations

Definition and Theorem 1.12 Let X and Y be two real-valued, jointly absolutely
continuously distributed random variables, which are defined on the same proba-
bility space (£2, #,P). Denote the (joint) Lebesgue density of (X,Y) by fix.y) :
R? - R>o. Then the following assertions hold true.

(a) The function fy, given by fy(y) = ffooo fox,vy(x, y)dx, is a marginal
Lebesgue density of Y.
(b) The function fy|x(-|-), given by

fxrx,y

)
Fe@) forx,y e R,

frix(lx) =
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is a conditional Lebesgue density of Y with respect to X, where we let
frix (y1x) := 0 whenever fx(x) =0.

(c) Let Z(R) denote the Borel o-algebra on R. For x € R with fx(x) > 0, the set
function

PR)> B+ P(Y € B|X =x) := /B Srix(ylx)dy

is called the conditional distribution of Y given X = x.
(d) Calculation rules:

(i) P(X € A,Y € B)= fA P(Y € B|X = x) fx(x)dx.
(ii) P(Y € B) = ffooo P(Y € B|X = x) fx(x)dx.
(iii) P((X,Y) e C) = ffooo P(Y € C(x)|X = x) fx(x)dx
for C € B(R?) and by defining C(x) = {y e R : (x, y) € C}.
(iv) If A and B are Borel sets of R with P(X € A) > 0, then the elementary
conditional probability of {Y € B} given {X € A} is defined by

P(X € A,Y € B)
P(Y e Bl X € A) = P(X € A)

Proof All assertions follow immediately by elementary properties of the Lebesgue
integral, and by Fubini’s Theorem.

The goal of this section is to generalize the concepts in Definition and Theorem 1.12
to more general types of (joint) distributions of (X, Y), and to derive a notion of
conditional probability which is still well-defined if the condition has probability
zero.

Definition 1.13 Let (£21, 1) and (£2;, %) be two measurable spaces. A mapping
q : 21 x @» — [0, 1] is called transition probability distribution (Markov kernel)
from £21 to £2; (or to %, respectively): <

(i) A’ — g(x, A') is a probability measure on (§2,, @) for all x € §2;.
(i1) x = q(x, A)is (], B([0, 1]))-measurable for all A’ € 2.

Definition and Theorem 1.14 Let (£2;, <), i = 1,2, be two measurable spaces.
Let u be a probability measure on (£21, <71) and q a Markov kernel from §21 to $2;.

a) The mapping u ® q, defined by
1 ®q(Ar x Ar) :=/ q(x, ADu(dx), A; € i =1,2,
Aj

is a probability measure on (821 X §27, | ® o).
b) For C € o/ @ @b, it holds that

M®61(C)=/ q(x, C(x))u(dx).

21
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Proof Define Q(C) := f-Ql q(x, C(x))u(dx) for C € o] ® <. Exercise 1.2 yields
that Q is normalized and o-additive, hence, Q is a probability measure on (£21 X
25, o1 ® ). Now, consider a Cartesian product A x B € o] x <. We verify
that

Q(AxB) = f g(x. (Ax B)(x)u(dx) = f LA (x. Byu(dx) = f 4 (x, Byu(dx).

2 £29 A

Notice that the system of all such Cartesian products is a N-stable generating system
of o/) ® «#. Thus, uniqueness of measures yields that Q =: u ® ¢ is uniquely
determined.

Example 1.15

a) Let g(x, B) = v(B), where v is a probability measure on (§2;, <%). Then we
have that

n®q(Ar x Az) = /A q(x, A2)pu(dx) =/A v(A2)u(dx) = u(Av(Az)
1 1
=1 X V(A1 X A3),

such that 4 ® g equals the “classical” product measure of @ and v in this case,
where we denoted the latter with the symbol x for notational convenience here.

b) Let X and Y be two stochastically independent random variables on the same
probability space (£2, #, P) taking values in £21 and §2,, respectively. Then we
have that P(X.Y) = PX » PY_ Utilizing part a), it follows that

PXY) = pX x PY = PX QPY, ie., q(r, Ay) = P(Y € Ay)
is a version of the conditional distribution PYX=!  for all r € £y; cf.

Definition 1.18 below.

Theorem 1.16 (Fubini’s Theorem for Markov Kernels) Under the notational
framework of Theorem 1.14 let f : 21 X §£2o0 — R denote a measurable mapping.
Then we have

/ fd(u®q)=/ [/ f(x,y)q(x,dy)}u(dx),
21%X82» 21 27

if one of the following conditions holds true.

(i) f=0.
(ii) f is quasi-integrable with respect to 1 ® q.

Proof Satz 14.29 in Klenke (2008).
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Remark 1.17

(a) If v is a probability measure on §2; and ¢g(x, B) := v(B), then Theorem 1.16
reduces to the classical version of Fubini’s Theorem for product measures,
namely,

oo ttor= L o= L], ]

under the assumptions of Theorem 1.16.

(b) For the proof of Theorem 1.16, it is important that the function & : £2; — R,
defined by h(x) = sz f(x,y)q(x,dy), is measurable. This can be shown by
algebraic induction (left to the reader).

Definition 1.18 Let (£2,.%#,P) be a probability space and let X, Y be random
variables on (£2, .%, P) taking values in (£21, <)) and (§23, %), respectively. Then
we call a Markov kernel g from £2; to £2, with the property that

P(X € A1, Y € Ay) = f q(x, A))PX(dx) forall A; € o,i = 1,2,

Aj

a regular version of the conditional distribution of Y with respect to X.

Shortcut notation: PXY) = PX @ g = PX @ PYIX,

If (822, 95) = (RY, B(R?)) with d € N, then there always exists a regular
version of PY X,

Definition 1.19 Under the assumptions of Definition 1.18, let T : (£22, @5) —
(R, Z(R)) be a measurable function which is such that T (Y) € £ (£2, %, P) holds

true.
Then we call

E[T(Y)|X = x] :=/T(y)q(x,dy) = 8(x)

aversion of the conditional expected value of T (Y) under the hypothesis that X = x.

Remark 1.20 Under the assumptions of Definition 1.19, the following assertions
hold true.

(1) There always exists a version of E[T(Y)|X = x].
(ii) All versions of E[T(Y)|X = x] are measurable and PX-integrable mappings
g:82; — R
Definition and Theorem 1.21 Assume that the conditions of Definition 1.19 are
fulfilled with T = id.

a) The random variable E[Y|X] = g(X) = g o X, which takes the value
gx) =E[Y|X =x] = f yq(x, dy) in case of X (w) = x, is called conditional
expectation of Y with respect to X.
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b) Denote by
oX)=X"" ) ={(X"B)\BecA)={Ac F|IBec o : X '(B) = A)

the sub-o-algebra of & generated by X : (2, F) — (£21, @). Let A € o(X)
and let B € 7| such that X~V (B) = A. Then it holds that

/Yd]P:/ 1B(X)Yd1P>=/ 13(x)ydPED(x, y)
A 2 21 xR
- f 15(0) [ f yq(x,dy)} P (dx) = / 15008 (OPX (dx)
-Ql R -Ql
:/g(x)IP’X(dx)zf IB(X)g(X)dIP=/gon]ID
B 2 A

- f E[Y|X]dP.
A

¢) Let, more generally, € be any sub-c-algebra of %. Then, a conditional
expectation Z € E[Y|€] (where we will typically write Z = E[Y|¥] instead) is
characterized by the following two properties.

(i) Zis (€, B(R))-measurable.
(ii) VC € € : fc ZdP = fc YdP.

Formally, one may write such a sub-c-algebra ¢ C % as o(X) for a suitable
random variable X.

Example 1.22

a) Assume that characters in a transmission channel get disrupted with an unknown
disruption probability. We model this unknown disruption probability as a
random variable X with values in (0, 1). Assume that for a given realization
X = p the disruptions occur independently, each with the same probability
p. Let the random variable Y denote the waiting time until the first disruption
occurs, measured in the number of transmitted characters. We are interested in
the mean “time” until the first disruption.

Solution: A version of PYIX=P is the geometric distribution with parameter
p.hence P(Y = k|X = p) = p(1 — p)¥, k > 0. It follows that

o0 1 _
EYIX=pl=) kp(l—pf =" =g(p.
k=0 p

Now, assume that the (random) disruption probability X has a two-point
distribution, such that P(X = %) =: a and P(X = Z) = 1 — a, for some
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b)

a € (0, 1). Then we obtain that

X
BlYIX]= " =Z

where Z is a random variable withP(Z = 1) =a=1-P(Z = é).

Let Y be a real-valued, integrable random variable and X a discrete random
variable with values in Ny, where X and Y are defined on the same probability
space (£2, .%#,P). Then, g(i) := E[Y|X = i] fori € Ny with P(X = i) >
0 can be calculated as follows. From the formula for elementary conditional
probabilities, we obtain that

P(Y € B,X = i)

P(Y e BI X =i) =
(¥eBlX=10) P(X = i)
=[P«xe=iu—1/a1W€B}MX:”dP.
This leads to
. E[Y1ix=s] .
= , Np.
g@) P(X = i) i €Ny

For a detailed verification of the latter result, see Exercise 1.3. For example, we
get for X := | Y] that

E[Y 1i<y<it+1)]

EY|X =il=_ . .
Pi<Y<i+1)

= g(i),i € Np.

Remark 1.23 (Evocative Interpretation of the Conditional Expectation) A condi-
tional expectation Z = E[Y|X] (more precisely: Z € E[Y|X]) has the following
properties.

(i) Z is defined on the same probability space as Y.
(i) The mean of Z equals the mean of Y, when restricted to sets of the form

X~ Y(B).

(iii)) Due to Z = g(X) the random variable Z varies only as strongly as X. If, for

instance, X can only take finitely many values, then the same holds true for
Z = E[Y|X], even if the image of £2 under Y is an uncountable set. In this
sense, the conditional expectation smoothens Y along X.

(iv) We obtain the graphical illustration displayed in Fig. 1.2.
(v) If Y lies in £ (82, %, P), then E[Y|X] yields the best Lj-approximation of

Y among all functions of the form i (X), where i : £2; — R. This means
that the Lj-distance between Y and any (deterministic) Ly-transformation of
X is minimum for E[Y | X]. In other words, E[Y| X] is the projection of ¥ onto
£(2,0(X),P).
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g(x3) 7

glx2) 7

glxr)

X(w)

X1

X2 T+

Fig. 1.2 Graphical illustration of E[Y|X]

Let us end this section with important calculation rules for conditional expectations.

Theorem 1.24 (Calculation Rules for Conditional Expectations) Under the
assumptions of Definition 1.19 the following calculation rules hold true P-almost
surely.

a) Linearity of the conditional expectation:
ElaY) + BY2|X] = «E[Y1]X] + BE[Y2]| X].

b) Law of iterated expectations:
E[Y] =E[E[Y|X]] = / E[Y|X = x]PX(dx).
2
c) Leth: 21 x R — R be such that h(X, Y) is integrable. Then it holds:

(i) E[h(X,Y)|X = x] = E[h(x, V)|X = x] = [ h(x, y)PYX=%(dy).
(i) XY = E[h(X,Y)|X = x] = E[h(x, V)] = [ h(x, y)PY (dy).

d) Let h : 21 — R be measurable and such that Y - h(X) is integrable. Then it
holds that

E[Y - h(X)|X] = h(X) - E[Y|X].
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e) Let g : (21, &) — (2', &"). Then it holds that
E[E[Y[X]|g(X)] = E[Y|g(X)] = E[E[Y|g(X)]IX].

f) Tower equation: Let 1 C B be sub-o-algebras of F, and assume that Y €
Z1(82, F,P). Then it holds that

E[E[Y|%1]|%2]) = E[Y|#1] = E[E[Y|%,]|%1] .

Notice: Sub-o-algebras can be interpreted as levels of information!

Proof All assertions follow immediately from properties of the Lebesgue integral
(cf. measure and integration theory) or can be verified by algebraic induction (the
reader may, for instance, verify part c) for indicator functions).

1.3 Overview and Motivating Examples

For concreteness, let us consider a sample of real-valued, stochastically independent
observables Y = (Yq,..., Yn)T on some probability space (£2,.%#,P), where n
denotes the sample size. We are not willing to assume a parametric model for the
distribution PY of ¥, but rather consider (at least in the first place) the family & of
all product measures on R” as a statistical model for Y. Certain restrictions of &
will however be inherent depending on the type of problem. For example, in a so-
called one-sample problem it will be assumed that all ¥; have the same (marginal)
distribution PY = PY1, 1 < i < n. If, in this context, the mean of ¥; shall be
tested, then one has to restrict &2 further by assuming that the first moment of ¥;
actually exists. Of course, the advantage of considering & is that the issue of model
misspecification, which is often problematic in parametric models, is avoided. On
the other hand, many familiar concepts from the parametric case, for example
the likelihood ratio approach to testing hypotheses, do not apply straightforwardly
anymore in the nonparametric setting, which requires new strategies for hypothesis
testing.

In this work, the leading strategy will be the substitution principle. Restricting
attention for the moment to one-sample problems, we have that the model can be
expressed as

P = {PY = P®" . P is a probability measure on R},

where we set P := P! for notational convenience. If P would be known, the data-
generating distribution PY would be known as well. Hence, statistical hypotheses
can be formalized in terms of P. Let ® be the set of all probability measures on R,
and @ some subset of @. Typically, @y will be characterized in terms of certain
properties of P, for example the property that P has mean zero. Now, assume that
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we can define some distance measure p : @ x @ — Ry fulfilling p(P, Q) =0
iff P = Q. Then, we may equivalently express the null hypothesis Hy : P € ®p in
terms of p, namely,

Hy: inf p(P, Q) =0. (1.5)
[SCN)

Having re-written Hy in the form (1.5), the substitution principle works as follows.
We substitute the unknown data-generating distribution P by the empirical measure
By=n"! >, 8y,. This probability measure simply assigns the mass 1/n to each
observation in the sample. Notice, however, that f’n is itself random, meaning that
the value of 13n (A) depends on the data Y = y, where A is some Borel set on the
real line.

Now, a suitable test statistic for testing (1.5) is given by

T, = Qig(gop(ﬁn, 0), (1.6)

and we will reject Hy for large values of T,,. The calibration of the test based on
T, with respect to type I error control requires knowledge about the stochastic
properties of the random fluctuations of P, around P. Restricting (w. 1. 0. g.)
attention to special sets A of the form A = (—oo, x] for x € R, this immediately
leads to studying properties of the empirical process

Jn (ﬁn —F ) ,
where F is the cdf corresponding to P and Fy, given by

Fu(y) = Pa((=00, yD) =n"" Y " 1(_oo (YD),
i=1

denotes the empirical cdf of ¥ = (Y7, ..., Yn)T. A brief review of results from the
theory of empirical processes will therefore be provided in Chap. 2.

Presumably, the most stringent application of the substitution principle is the
problem of testing for goodness-of-fit, where in the simplest case Hy is a simple
null hypothesis, meaning that &y = { Py} for some given probability distribution FPy.
Different choices of p lead to classical goodness-of-fit tests like the Kolmogorov-
Smirnov test or the Cramér-Smirnov-von Mises test, cf. Chap. 3. The case that H is
a composite null hypothesis, where @y is characterized via the value of a functional
k:0 — R, 0~ «k(Q) € R, leads to projection tests which we will study in
Chap. 7.

The connection to rank tests (see Chap.4) can be drawn by observing that
nF,(Y;) equals the rank (i.e., the position in the ordered sample) of Y; among
Y1,...,Y,, at least in the absence of ties (identical observations). Furthermore, a
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direct connection by exploiting the substitution principle in the context of canonical
gradients of statistical functionals is given in Sect. 4.3. As we will explain in Chap. 4,
the null distribution of a rank test is typically given by the uniform distribution
on the symmetric group .%;,, which is the set of all permutations of {1,...,n}.
This provides the link to permutation tests (see Sects. 1.3.2 and 5.2.1). Finally, as
we will see in Chap.5, permutation tests can be embedded into the large class of
resampling tests, of which also Efron’s bootstrap is a prominent member. In the case
of the bootstrap, the substitution principle is applied in a slightly modified manner.
Namely, the unknown or intractable theoretical null distribution of an (almost)
arbitrary test statistic 7, which does not necessarily have to be of the form as in
(1.6), is approximated by an empirical version, where the substitution of P by B, is
in a certain sense performed in two different layers, namely in an estimator of the
functional of interest and in the approximation of its null distribution.

The remaining parts of this section provide a more concrete outlook on the
bootstrap and permutation test approaches.

1.3.1 Bootstrap Tests for One-Sample Problems

Let us consider the problem of constructing a nonparametric test for a univariate
mean based on an independent and identically distributed (i.i.d.) sample Y7, ..., Yy,
where all Y; are defined on the same probability space (§2, .%, P), and each Y; takes
values in (R, Z(R)), 1 <i < n. For ease of exposition, consider the one-sided pair
of hypotheses

Hy : E[Y1] =0 versus H; : E[Y{] > O,
assuming that E[Y]] exists.
_ Suitable test statistics for this test problem are based on the arithmetic mean

Y, =n"! Zl’»lzl Y;, which is an estimator for E[Y]] that is based on the substitution
principle. Indeed, notice that

E[Y)] = / ydP(y), ¥, = / yd P, ().

Assuming that 02 := Var(¥;) € (0,00) is unknown (which is often the case in
practice), one typically chooses the test statistic

_ 1 1 & _
T, = /n- Y,/ V2 with V,, = Z(Y,- — Y2
n—1 =

For the calibration of the resulting test ¢,, with respect to the significance level «,
it is necessary to determine the critical value ¢, («), such that {¢, = 1} = {T;, >
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cn(@)}. Obviously, this requires knowledge about the distribution of 7,, under Hj.
If we can assume that Y7 is normally distributed, then Student (1908) provided
the solution to this problem. Namely, the null distribution of 7}, is then equal to
Student’s #-distribution with n — 1 degrees of freedom, #,,_1 for short, and we choose
cn(@) = Ft:l (1 — «), which is the upper a-quantile of #,_1. However, in almost
all other cases the exact null distribution of 7}, is either intractable or, if no concrete
distributional assumption can be made for Y7, simply unknown.

One way out of this dilemma is to rely on asymptotics as n — oco. Namely,
according to the central limit theorem for i.i.d. random variables, we have that

Yn_ﬂ w
g(d/\/n)—)JV(O’l)

as n — oo, with ¢ = E[Y]. Furthermore, it is easy to show that V, is a
consistent estimator of o2. Hence, application of Slutsky’s lemma yields that the
choice ¢, () = @' (1 — ) leads to asymptotic type I error control at level « of @,
where @ denotes the cdf of the standard normal distribution on R. Unfortunately,
this asymptotic approximation of the null distribution of 7, is often not accurate
enough if n is small or moderate.

The nonparametric bootstrap yields a finite-sample approximation of the null
distribution of 7, which is based on the substitution principle. Namely, we replace
por by 13,?" in the construction of the null distribution of 7;,. To this end, consider
a new probability space (£2*, .7, P*) and random variables Y}*, ..., Y,f with Y :
(2%, 7*,P*) - (R, ZR)) for 1 <i < n, such that

P YD IO YT pen,

One may think of (Y/", ..., Y, )T as a pseudo-sample which is constituted by 7 inde-
pendent drawings with replacement from the original observables Y7, ..., Y,. This

justifies to call the bootstrap a resampling procedure. Based on this construction, we
replace the theoretical null distribution, i.e., the distribution

P(Y, —p <0, 1 €R, (1.7)
of the estimation error of ¥,, by its bootstrap analogue
P* (?;—?n §t|(Y1,...,Yn)T), t R, (1.8)

which we evaluate at our actually observed data Y1 = y1, ..., Y, = y,. Since (1.8)
is purely empirical, it is (for given data) exactly computable, at least in principle.
To see this, notice that, given the original observables, there are only finitely many
possible realizations of (Y}, ..., Y;‘)T, namely, n"* of them, which are all equally
likely. Hence, we can evaluate all n”* possible realizations of 17,;* —Y, (where ¥, = Yn
is kept fixed given the original data), and simply count how many of these values
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do not exceed our argument ¢ € R. Analogously, the bootstrap approximation of the
critical value for the test ¢, is given by the (1 — «)-quantile of the discrete bootstrap
distribution of 7,,.

Remark 1.25 If n is too large in order to traverse all n" possible bootstrap
resamples, one can use a Monte Carlo variant of the bootstrap, where only B < n"
randomly chosen bootstrap resamples are traversed.

As an illustration of the fact that the (conditional to the data) bootstrap distribu-
tion is explicitly given, let us calculate (conditional) moments of bootstrap random
variables.

Theorem 1.26 (Conditional Moments of Bootstrap Variates) Ler ¥ =

Yy, ..., Y,,)T denote the vector of i.i.d. real-valued original observables, and
{m(n)},eN a sequence of integers. Then the following assertions hold true.
1 n
E*[Y{|Y] = Y; = Ya, 1.9
Yiyi= D vi=", (1.9)
i=1
1 m(n) 1 n
* * _ VY
E m(n),ZY"'Y _HZY,_Yn, (1.10)
i=1 i=1
1 n
EPivi= 3w (L.11)
i=1
1 n
Var (Y{|Y) = . ;(Y,- —Y,)?, (1.12)
1 m(n) 1 n
Ve YAY | = Y, — 1,2, 1.13
ar m(n); l n.m(n);u ") (1.13)
1 n
E* YY) = . 21:1/,-3. (1.14)
=

Proof This is Exercise 1.6.

In order to finish our motivation of the bootstrap technique, recall that the approx-
imation error of the normal approximation is in the general case of asymptotic
order O (n’l/ 2), which is often denoted as “correctness of the first order”. On
the other hand, as proved by Hall (1992) by means of asymptotic (Edgeworth)
expansions, the bootstrap is, under mild conditions, second-order correct, meaning
that its approximation error achieves the asymptotic order O (n’l); cf. Hall (1988,
1992). Technically, the argumentation is based on the concept of “bias correction”
or “skewness correction”, meaning that certain terms in the Edgeworth expansions
which refer to the third cumulant of Y vanish.
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In the general case of a one-sample problem with i.i.d. observables Y1, ..., Y,
the bootstrap method can be characterized as follows. We consider a statistical
functional

k : {Q : Q distribution on supp(¥7)} — R
0~ «(Q).

Typically, «(Q) will be chosen as some kind of quantitative characteristic of Q.
Since P = PY is unknown, we estimate x(P) by plug-in, i.e., by applying
the substitution principle. Thus, the estimator is simply given by «(P,). For the
construction of level a-tests or (1 — «)-confidence regions for «(P), we need
information about the error distribution

P(k(Py) —k(P) <1), t € R, (1.15)

or at least an approximation of it. The (nonparametric) bootstrap approximation of
(1.15) is provided by evaluating the bootstrap analogue of (1.15), which is given by

P* (K(ﬁ;)—x(ﬁn) §t|(Y1,...,Yn)T), t €R, (1.16)

where k (13,;") means that we evaluate the functional on the bootstrap resample.

1.3.2 Permutation Tests for Two-Sample Problems

For two-sample problems, another idea can be used in order to derive a resampling
method for the comparison of the two groups. We consider again stochastically
independent random variables Y1, . .., ¥, which are defined on the same probability
space (£2, %, P), each taking values in the same space (%, (%')). However, we
now do not assume that all ¥; are identically distributed in general, but that there
existsanumber2 < n; <n —2suchthatYy,...,Y,, belong to the first group with
P = P2 = P = Pand ¥, 41,...,Y, belong to the second group with
PYi = Q forall n; + 1 <i < n. Hence, the model is characterized by

® = {(P, Q) : P and Q are probability distributions on (¢, Z(¥))},

where again certain further restrictions may be inherent to the actual problem at
hand.

Often, one will be concerned with the null hypothesis Hy : P = Q of equality
of the group-specific distributions, with corresponding alternative H; : P # Q.
In particular, Yi, ..., Y, are exchangeable under Hy, meaning that in this case

T : T . .
pirYi) ' = pWaipYaa) " holds true for any 1 < k < n, (i1,...,ix) <
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{1,...,n}, and ® € .¥, (permutation invariance of all k-variate marginal distri-
butions). This property implies that the null distribution of any test statistic 7, for
testing Ho versus H; remains the same if we apply any 7 € .7, to Y1,...,Y,,
meaning that Vo € .7, : Z(T,(Y1,...,Yn) = LT Yzq)s - .-, Yr@))) under
Hy, while this property is typically violated under the alternative Hj, at least for
reasonable choices of T},. Therefore, a conditional (to the observed data) exact null
distribution of 7},, which can be used for calibrating a test for Hy versus H; with
respect to type I error control, is given by the permutation distribution of 7,,. We
simply traverse all m € .7, calculate the value of T,(Yr(1), ..., Yz(n)) on our
data sample, and store all these n! values. Now, if, for example, 7, tends to larger
values under H;, we take the upper «-quantile of the discrete distribution which
puts a point mass of 1/n! in each m € .#, as the (conditional) critical value for
the permutation test of Hy versus Hj. Again, if n is too large for carrying out all n!
possible permutations, a Monte Carlo variant may be employed instead, such that
only B < n!randomly chosen permutations 7 € .}, are traversed. This permutation
test approach is also based on resampling, but in contrast to the bootstrap, here the
resamples of size n are drawn without replacement from the original observables
Y1, ..., Y,, which is equivalent to permuting Y7, ..., ¥,. The advantage of drawing
without replacement is that the permutation test exactly keeps the significance level
«a, for any finite sample size n, if exchangeability of Y1, ..., ¥, under Hy holds true.
On the other hand, notice that the permutation approach is inappropriate in one-
sample problems as discussed in Sect. 1.3.1, because in that case exchangeability
of Y1, ..., Y, also holds under Hj, implying that the rejection probability of the
permutation test is bounded from above by « under the alternative as well.

1.4 Notes on the Literature

Overviews of nonparametric test methods are provided by Krishnaiah and Sen
(Eds.) (1984), Hollander et al. (2014), Wilcox (2012) and, with an emphasis on
computation, Neuhduser (2012).

Theory and practice of rank tests are described by Héjek et al. (1999), Lehmann
(2006), Biining and Trenkler (1994), Biining (1991), Brunner and Munzel (2013),
Puri (Ed.) (1970), and Duller (2008).

Randomization and resampling tests are treated by Edgington and Onghena
(2007), Good (2005, 2006), Berry et al. (2016), Pesarin and Salmaso (2010), Efron
and Tibshirani (1993), Politis et al. (1999), Mammen (1992), Davison and Hinkley
(1997), Barbe and Bertail (1995), Lahiri (2003), and LePage and Billard (Eds.)
(1992).

Projection tests have been developed by Owen (2001), Basu et al. (2011), and
Pardo (2006).

A valuable source for theory and application of goodness-of-fit tests is the book
by D’ Agostino and Stephens (Eds.) (1986).
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1.5 Exercises

Exercise 1.1 (Taken from Kiichler (2016)) Ler (X1, X2)T denote a bivariate
random vector on some probability space (2, F,P) taking values in R?. Assume
that (X1, X») " possesses the (joint) Lebesgue density fxi1.x,, given by

2
T 2
fxi1.x,(x1,x2) = 2 1p,(x1,x2), (x1,x2) € R", where

H,

{(x1,x) T € R? 1 x5 € [0, 7], x} + x5 < r?)

for a given radius r > 0.

(a) Derive (the canonical version of) the marginal density fx, of X1.

(b) Derive the conditional density fx, x,=x, of X2 giventhat X1 = x1 € (—r,r).

(c) Compute the conditional expected value E[X2| X1 = x1] of X given that X1 =
x1 € (—r,1).

(d) Derive the conditional expectation E[X>|X1] of X with respect to X.

Exercise 1.2 Check that the set function Q defined in the proof of Theorem 1.14 is
normalized and o -additive.

Exercise 1.3 Verify the formula for g(i) in part b) of Example 1.22 by checking the
characterizing integral formula for conditional expectations.

Exercise 1.4 Let X and Y denote two discrete random variables defined on the
same probability space (2, %, P). In this, let X(w) € {x1,x2,...} and Y (w) €
{v1, y2,...}, where P(X = x;) > O for all i. Furthermore, assume that Y €
(2, 7,P).

(a) The elementary formula for conditional probabilities yields that g(i) :=
E[Y|X = xi] = ijlyjP(Y = y;j|X = x;). Use this result to derive a
version of E[Y | X].

(b) Verify by elementary calculations that E[Y] = E[E[Y | X]] holds true.

Exercise 1.5 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) Let X = (X1, X2)" be a random vector with values in R? which is (jointly)
normally distributed with a positive definite covariance matrix X = Cov(X).
Then, the conditional distribution of X1 given X2 = x3 is a normal distribution
on R for every fixed value x; € R.

(b) Let X and Y be two stochastically independent random variables which are
defined on the same probability space (2, F,P). In this, assume that Y €
A2, F,P). Then, the conditional expectation E[Y|X] of Y with respect to
X is P-almost surely equal to Y.

(c) Let X and Y be two random variables which are defined on the same probability
space (2, %, P). In this, assume that Y € L(2, %, P). Then, the cardinality
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of the support of the conditional expectation E[Y|X] of Y with respect to X is
upper-bounded by the cardinality of the support of X.

(d) Let (X;)i>1 be a sequence of stochastically independent, real-valued random
variables which are all defined on the same probability space (2, .%,P). In
this, assume that E[X;] = 0 foralli > 1. Forn € N, denote by S, := Z?Zl Xi
the n-th partial sum of the X;. Then, it holds P-almost surely for alln € N and
allm > n, that E[S,|S,] = S.

Exercise 1.6 Prove Theorem 1.26.
Exercise 1.7 (Bootstrap Inclusion Probabilities)

(a) Under the general assumptions of Sect. 1.3.1, determine the (conditional) prob-
ability for the event that a bootstrap pseudo sample (Y}, . .., Y:)T contains the
data point Y1 = yy, i.e., calculate

p(n) ::]P’*(E!lfifn:Yl-*zYl|(Y1,...,Yn)T).

(b) Calculate po := lim p(n). Provide the numerical value of pso, rounded to
n—oo

three decimal places.
Exercise 1.8 (Programming Exercise)

(a) Implement the nonparametric bootstrap for the mean of a univariate sample,
which has been introduced in Sect. 1.3.1, in R.

(b) Evaluate how accurately this procedure keeps the significance level o. To this
end, carry out a Monte Carlo simulation study for o« = 5% and sample sizes
n € {20, 50, 100, 500, 1000} under the null hypothesis. For each n, perform
10,000 Monte Carlo simulation runs and assess the relative rejection frequency
of the nonparametric bootstrap.

Exercise 1.9 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) If, under the general assumptions of Sect. 1.3.1, the alternative hypothesis holds
true, then the considered bootstrap procedure approximates the distribution of
K (13,1) under the alternative.

(b) If, under the general assumptions of Sect. 1.3.2, the considered permutation test
is carried out as a randomized test, then its rejection probability under the null
hypothesis exactly equals the specified significance level, for any fixed sample
sizen € N.

(c) Let X1,...,Xq, d > 2, be stochastically independent and identically dis-
tributed, real-valued random variables, such that X1 possesses the centered
normal distribution on R with variance o > 0. Moreover, let v be a given
positive integer and S a further real-valued random variable, stochastically
independent of the X;’s, such that vS?/o? possesses the chi-square distribution
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with v degrees of freedom. Then, the random variables (Y;)1<i<q with Y; =
Xi/S are exchangeable, but not stochastically independent.

(d) The order statistics of stochastically independent random variables Y1, . .., Yy,
n > 2, are stochastically independent.
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Chapter 2 )
Empirical Measures, Empirical Processes e

In this preparatory chapter, we gather some results from the theory of empirical
measures and empirical processes.

Throughout the chapter we assume an independent and identically distributed
sample Y = (Yq,..., Yn)—r which is defined on some probability space (§2, .%#, P).
As in Chap. 1, we denote the marginal distribution of ¥; by P = P¥1 and notice that
the joint distribution of Y is given by PY = P®". Hence, P! is already identified
by P.

2.1 Properties of Empirical Measures

Assume that Y is real-valued. Let 13n =n! Z?:l dy, denote the empirical measure
pertaining to the sample Y. Notice that, for any Borel set A of R, we have

Pa(A) = 7" ) 1a¥)). @.1)

i=1

More generally, we get for any measurable function g : R — R that

En[g] =E; [g] = fR g Pu(dy) =n"" )" g (), (2.2)
i=1

meaning that taking the expectation of g with respect to B, is equivalent to averaging
the values of g over the observational units. Of course, (2.1) is a special case of (2.2),
where we take g = 14. If we restrict our attention further to Borel sets of the form
A = (—o0,y], y € R, we obtain the empirical cumulative distribution function
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(ecdf) Fp, given by
Fy(y) = Pu((—00, y1) = En [1(—00,y1]

n .
. l<i<n:¥ <y
=0 Y ooy () = e (2.3)
i=1

Notice that the right-hand sides of (2.1)—(2.3) are random variables. Interpreting
these random variables as estimators, we will now see that they possess desirable
estimation properties, such as unbiasedness, consistency, and asymptotic normality.

Theorem 2.1 For any Borel set A of R, the following assertions hold true.

(a) E[P,(A)] = P(A), where E refers to P.
(b) Var (ﬁn(A)) =n"'03, where 63 = P(A)[1 — P(A)].

(c) Forally € R, nﬁn (y) ~ Bin(n, F(y)), where F is the cdf pertaining to P, i.e.,
F(y) =P = y).
(d) P,(A) — P(A) P-almost surely as n — oo.

(e) /n !ﬁn (A) — P(A)} — (0, o/%) in distribution as n — oo.
Proof This is Exercise 2.1.

The results of Theorem 2.1 can be extended to certain functionals of the
distribution P.

Theorem 2.2 Let g : R — R be a function on the real line such that

f () Py) < co. (2.4)

Consider the functional
k :{Q : Q is a probability distribution on R} — R,

which is given by k (Q) = Eglgl. Denote kg = k(P) = E[g(Y1)] = I]R g(y)P(dy)
and consider the (plug-in) estimator K, = K(ﬁn) =n-! Z?:l g(¥y).
Then the following assertions hold true.

(a) Foralln €N, E[£,] = k.
(b) Var(k,) = a,?/n, where

a,?=/Rg2(y)P(dy)—K§=/R[g(y)—K0]2P(dy)-

(c) kn — Ko P-almost surely as n — oo.
(d) Assuming that UKZ >0, /n (i?n — Ko) — (0, UKZ) in distribution as n — Q.
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(e) Let h : R — R be a continuously differentiable function on the real line, and
assume that h' (ko) # 0. Then, as n — 00,

h(ky) — h(ko) P-almost surely, (2.5)
Jn {h(i?n) — h(Ko)} — A(0, o}%) in distribution, (2.6)

where O'h |h' (K0)|2 2,

Proof Introduce, for notational convenience, the new random variables & = g(Y;),
1 <i <n.Weobservethat (§; : 1 <i < n) arei.i.d. with E[&]] = ko and Var(&) =
GKZ. This immediately entails parts (a) and (b) by linearity of expectation operators.
Furthermore, part (c) follows by applying the strong law of large numbers to (&; :
1 <i < n). In order to prove part (d), notice that condition (2.4) ensures finiteness
of GKZ. Hence, we can apply the central limit theorem to (§; : 1 < i < n), and the
result follows. Finally, assertion (2.5) is a consequence of the Continuous Mapping
Theorem (see, e.g., Theorem 1.14 in DasGupta 2008), and (2.6) is a consequence of
the Delta method (see, e.g., Theorem 3.6 of DasGupta 2008).

Remark 2.3 The results of Theorem 2.2 can be extended to the case of a vector-
valued function g : R — RP”, thatis, g(y) = (gl(y), ey g,,(y))T fory € R; see
Theorem 2.1.4 of Spokoiny and Dickhaus (2015).

Let us conclude this section with an important statistical property of the empirical
cdf F,. Namely, Theorem 2.5 shows that choosing F}, as the estimator of F actually
follows from the statistical principle of likelihood maximization.

Definition 2.4 (Nonparametric Likelihood Function) Let Yi,...,Y, be real-
valued i.i.d. random variables, y = (yi, ..., yn)T a realization of (Y1, ..., Y,,)T,
and .% the set of all cdfs on R

Then we call Z : R" x % — [0, 1], given by

n

(v, F) = Z(y, F) = [ [IF () — F(3i-)]
i=1

=[[Prdy.

i=1

where Pr denotes the probability measure on R induced by F, the nonparametric
likelihood function for the data y.

Theorem 2.5 Under the i.i.d. model for Y = (Y1, ...,Y,)", the empirical cdfﬁ
is the nonparametric maximum likelihood estimator (NPMLE ) of the cdf F of Y1,
i.e., F,, maximizes Z(y, ) over Z, for every data point Y =y = (y1, ..., yn) .

Proof Tt is immediately clear that the NPMLE ﬁNpMLE is necessarily such that

FapvLe is a discrete probability measure which puts its entire mass in the
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observation points yi, ..., y,. In other words, the NPMLE is such that P FapMLe is

absolutely continuous with respect to the empirical measure P,. Thus, the NPMLE
is characterized by the n-tuple (p; : 1 < i < n), where p; = PFNPMLE ({yi}), such
that p; > Oforalll <i <nand Z?:l pi = 1. This shows that the optimization of
Z(y, ) over .Z is actually equivalent to a finite-dimensional optimization problem
over the unit simplex in R” regarding (p; : 1 <i < n), although .# is an infinite-
dimensional function space. Hence, we have to solve the following constrained
optimization problem.

n

n
max pi subjectto p; > 0Vl <i <n, Zpi 1. 2.7
Pl,--sPn e P

The solution of (2.7) can easily be obtained by using the Lagrange multiplier
method, and it is given by p; = 1/n for all 1 < i < n; cf. Exercise 2.2. This
completes the proof.

2.2 The Principle of Quantile Transformation

This section follows Section 1.1 of Shorack and Wellner (1986).

Definition 2.6 (Generalized Inverse, Quantile Function) Let F be any cdf on R.
Then we call the function

F7l:[0,11>R
> F'¢):=inf{x e R: F(x) >t}

the (left-continuous) generalized inverse of F or the quantile function corresponding
to F, respectively.

If F is strictly isotone and continuous, then F~! coincides with the (ordinary)
inverse of F.

Theorem 2.7 (Quantile Transformation) Ler U ~ UNI[0, 1] and F be any cdf
on R. Then, the random variable X := F~'(U) possesses the cdf F. We will use
the notation: X = F~Y(U) ~ F.

Furthermore, even the following stronger assertions hold true for all x € R.

X =x}={U = F(x)}, (2.8)

Lix<x) = Lw<re)- 2.9
Proof The definition of F~! implies that

U<F(x) = X=F '(U)=inf{z| F(z) > U} < x.
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On the other hand, we can conclude from X = F’I(U) < xthatVe > 0: F(x +
¢) > U. Exploiting the right-continuity of F and letting ¢ — 0, it follows that
F(x) > U. This proves (2.8), which immediately implies (2.9).

The assertion about the distribution of X follows by noticing that

P(X<x) = PU<Fx) = F(x).
3 U~UNI[0,1]

Remark 2.8 We get from (2.8) that the following assertions hold true for any cdf F
on R > x and for any ¢ €]0, 1[.

(@) F(x) >t & F7l(1) <x.
(b) F(x) <t < F7l (1) > x.
(¢) F(x1) <t < F(xp) & x1 < F71(t) < xp.

Theorem 2.9 For any cdf F on R, it holds that
VO<t<1: (FoF YY) >t (2.10)

Equality holds in (2.10), if and only if t belongs to the range of F on R, meaning
that there exists an argument x € R such that F(x) = t. If F is continuous, then we
have that F o F~1 = idjo, 1.

Proof Considering the special case x = F~!(¢) in part (a) of Remark 2.8, we get
that F(F~1(1)) >t & F~ (1) < F~1(r), and the latter statement is always true.
Now, assume that ¢ belongs to the range of F on R. It follows that

F~ ') = inf{x|F(x) > t} = inf{x| F(x) =t} = F(F~'(¢t)) = 1.

On the other hand, if ¢ does not belong to the range of F on R, we obtain that
F~ ') = inf{x|F(x) > t} = inf{x|F(x) > t} = F(F'(t)) > 1.
Theorem 2.10 (Probability Integral Transformation) Ler X be a real-valued
random variable on some probability space (2, F,P) with cdf F. Then it holds

that

P(F(X) <t) <t forall 0 <t <1. @2.11)

Equality in (2.11) holds, if and only if t belongs to the closure of the range of F.
Thus, if F is continuous, it holds that U := F(X) ~ UNI|O0, 1].

Proof Assume that ¢ belongs to the closure of the range of F. Then, Theorem 2.9
yields that

P(F(X) <) =P(X < F'(0) = F(F ') =1.
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On the other hand, assume now that  does not belong to the closure of the range
of F. Then we can choose ¢ > 0 such that  — ¢ belongs to the closure of the range
of F, butt — & + § does not, for every § > 0. We obtain that

P(F(X) =) =P(F(X) <t —¢)

=P(X <F'(t—e)

=F(F '¢t-e)=t—-c<rt.
Theorem 2.11 Let F be any cdf on R. Then it holds that

VxeR: (F'oF)(x) <x,
with equality failing if and only if there exists an ¢ > O with F(x — &) = F(x).
It follows that P((F~' o F)(X) # X) = 0, where X ~ F.

Proof This is Exercise 2.3.
Corollary 2.12

(i) A cdf F on R is continuous, if and only if F~ is strictly isotone.
(ii) A cdf F on R is strictly isotone, if and only if F~ is continuous.

Theorem 2.13 Let F be a continuous cdf on R and assume that U := F(X) ~
UNI|O0, 1], where X is some real-valued random variable. Then we can conclude,
that X ~ F.

Proof For any cdf F, it holds that {X < x} € {F(X) < F(x)}, because F is
isotone, but not necessarily strictly isotone. Hence, we have that

P(X =x) <P(F(X) = F(x)) =P(U < F(x)) = F(x)

by our assumptions.
On the other hand, it holds that

F(x)=PWU =< F(x))
=P(F~'(U) < x)
=P(F "o F)(X) <x)=P(X <x),

unless there exists an ¢ > 0 with F(x — &) = F(x); cf. Theorem 2.11.
Since F is continuous, we conclude that x — P(X < x) coincides with F.
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Theorem 2.14 (Glivenko-Cantelli) Ir holds that

sup ﬁn (y) — F(y)| = 0 P-almost surely as n — oo. (2.12)
yeR

Before we prove Theorem 2.14, recall the following important properties of
monotonic functions.

Lemma 2.15 (Theorem 8.19 in Hewitt and Stromberg 1975) Let F be a real-
valued, non-decreasing function defined on R. Then, F has finite right- and left-
hand limits in all points of R, and F is continuous except at a countable set of
points of R.

Proof We now prove Theorem 2.14. In this, we follow the argumentation of
Einmahl and de Haan (1999-2000), pp. 2-3. Due to Lemma 2.15, it suffices to
show that

A 1
Vm € N : limsupsup |F,(y) — F(y)| < + P-almost surely. (2.13)
m

n—oo ye]R 1
To this end, choose for fixed m € N a grid

—00 =Yom <Viom =+ - = VYmm < Ym+l,m = +00

such that

Vi<k<m:FOim—) <

<F . 2.14
. (km) (2.14)

Now, observe the basic fact that for all y € R we have ﬁn y)—-F@)| =

max{I:"n (y)— F(@), F(y) — Fn (y)}. We analyze both values separately.
Forany 1 <k <m+ landany y € [yk—1.m, Yk.m), we have that

Fy(y) = F() < FyGem—) — FOk—1,m)
= F, Okom—) — FOkom—) + FOkom—) — F(k=1.m)

=<

A 1
FyGkn=) = Frn=) |+

due to (2.14). Analogously, we get

. A 1
FO) = Fa0) = [FaGetm) = FOio1m)| +
m +

I
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Because of ﬁn (—o0) — F(—00) = I:"n(oo) — F(00) = 0 this yields

sup | () — F(y)‘ < max |Fy(Vem—) — F(yk,m_)‘
1<k<m

yeR

1
+ max .
m+1

1<k<m

(2.15)

Fa o) = FOem)| +
From Theorem 2.1.(d), we have point-wise almost sure convergence, i.e.,

Fykm=) = FQkm=) and Fy km) = F (Vkm)
P-almost surely as n — oo. Since the maximization in (2.15) involves only a finite
number of random variables, assertion (2.13) follows.

Definition 2.16 ((Reduced) Empirical Process) Under the general assumptions
of this chapter, we call the random function /n F,—F ) the empirical process

pertaining to Yi,...,Y,. In the special case that Y; ~ UNI[O, 1], we write
Uiy, ..., U, instead of Yq,...,Y,. In the latter case, we furthermore define for
0 < u < 1 the quantities

n
Gu(u) =n~! Z L, <u),

i=1
Un(u) = +/n (Gn(u) - u) ,

and call the random function U,,(-) a reduced empirical process.

Lemma 2.17 Letn € N, Uy, ..., U, i.id. with Uy ~ UNI[0, 1], and define Y; =
F~Y(U,), for a given cdf F on R. Then, the following assertions hold true.

(a) ¥y €R: Fy(y) = Ga(F(y)),
(b) ¥y € R/ (Fa() = F()) = Un(FG).

(c) If F is continuous, then U, (u) = /n (ﬁn(F_l(u)) — u) forallu € [0, 1].
Proof To prove part (a), we straightforwardly calculate

n
Gu(FO)) =n""Y Lw<r)

i=1

n
=n"1Y Nz = Fay), (2.16)

i=1
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where the left-hand side of (2.16) follows from (2.9). Part (b) is an immediate
consequence of part (a). For proving part (c), we substitute y = F~!(x) in part
(b) and recall from Theorem 2.9 that F o F~! = idjg,1; for continuous F.

Remark 2.18

(a) The function F, although typically unknown in a statistical context, is a fixed,
deterministic function. Hence, part (b) of Lemma 2.17 shows that the stochastic
behavior of a (general) empirical process is already determined by that of the
reduced empirical process.

(b) If one is only interested in probabilistic statements about some i.i.d. random

variables Y1, ..., Y, with cdf F of Yj, then Theorem 2.7 (quantile transforma-
tion) yields that ¥; = F ~I(U;) for 1 < i < n can be assumed without loss of
generality.

Definition 2.19

(a) A stochastic process is an indexed collection (X;);c# of random variables,
where .7 denotes an (arbitrary) index set.

(b) A real-valued stochastic process (X;);co is called a Gaussian process, if
for any m € N and any m-tuple (¢1,...,t,) < 7 the random vector
Xty X ,m)T is (jointly) normally distributed.

(c) A real-valued stochastic process (B;);>0, which is defined on some probability
space (£2, .#,P), is called a Brownian motion, if the following conditions are
fulfilled.

(i) The process (B;);>0 is a Gaussian process with E[B;] = O forall# > 0 and
Cov(Bs, B;) =s At foralls,t > 0.
(i1)) The path ¢t — B;(w) is continuous for P-almost all w € 2.

(d) Assume that (B;)o<;<1 is a Brownian motion. Then, the process (B,O)oftfl,
defined by B = B, — tB1, 0 < t < 1, is called a Brownian bridge.

Remark 2.20

(a) The existence of Brownian motion has first been shown by Wiener (1923).
(b) If (By):>0 is a Brownian motion, then By = 0 almost surely, because E[By] =
Var(Bp) = 0.

Lemma 2.21 A Brownian bridge (B,O)oftfl is a centered Gaussian process with
Cov(B‘?, Bto) =sAt—stforall0 <s,t <1.Inparticular, BY = B? = 0 almost
surely.

Proof Gaussianity of (B?)()Stil holds due to linearity of normal distributions. Since
B; is centered forall 0 <t < 1,so1is Bto. The covariance structure of (B?)()Stil is
calculated as follows.
Cov(B?, B®) = Cov(B; — 5By, B, — tBy)
= Cov(By, B;) — sCov(By1, B;) — tCov(By, B1) + stVar(B1)

=sAt—st—st+st=sAt—st, 0<s,t <1.
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Theorem 2.22 All finite-dimensional marginal distributions pertaining to the
reduced empirical process (U, (u))o<u<1 converge weakly to the corresponding
marginal distributions of a Brownian bridge (Bg)osufl asn — oo.

Proof Letm € Nand 0 < u; < up < ... < u, < 1 be arbitrary, but fixed. We
notice that

n

1
Un @), Un )T =172 Y (Y = 1o L) — m)

i=1

is a normalized sum of i.i.d. centered m-dimensional random vectors with finite
covariance matrix X (say). Hence, the multivariate central limit theorem for i.i.d.

random vectors yields that (U, (1), ..., U, (um)) " 3) Z, where Z is a centered m-
dimensional Gaussian random vector with the same covariance matrix X. It remains
to calculate X. This is done in Exercise 2.5. We obtain that X' p = u; —ujui, 1 <
J < k < m. Hence, the covariance structure of Z is the same as that of the Brownian
bridge, completing the proof.

Corollary 2.23 (Donsker 1952) The reduced empirical process (U, (u))o<u<i
converges in distribution to (B,?)ofufl asn — oQ.

2.4 [Exercises

Exercise 2.1 Prove Theorem 2.1.

Exercise 2.2 Solve the constrained optimization problem (2.7) using the Lagrange
multiplier method.
Hints:

(i) It suffices to take only the equality constraint of (2.7) into account.

(ii) It may be easier to work with L(y, F) = log(Z(y, F)) instead of Z(y, F).
Since the logarithm is a strictly increasing function, the (constrained) maximiz-
ers of L(y, ) and Z(y, -) coincide.

Exercise 2.3

(a) Prove Theorem 2.11.

(b) Illustrate the assertion of Corollary 2.12 graphically.
Hint: Choose F such that supp(F) = [0, 1] and that F possesses on [0, 1]
exactly one jump and exactly one “plateau.”

(c) Elucidate the essential assertions of Sect. 2.2 with the help of your graph from
part (b) of this exercise.
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Exercise 2.4 (Programming Exercise)

(a) Write an R program which simulates and plots (equidistantly discretized) paths
of a Brownian motion on [0, 1]. To this end, show first that the increments of a
Brownian motion are normally distributed and stochastically independent.

(b) Add to your graph from part (a) of this exercise the path of the corresponding
Brownian bridge.

Exercise 2.5 Calculate the covariance matrix X appearing in the proof of
Theorem 2.22.

Exercise 2.6 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) If. under the general assumptions of Sect. 2.1, the variance o := Var(Yy) is
finite, then the plug-in estimator for o* is unbiased.

(b) Assume that the random variable Z is standard normally distributed on R,
and let .. > 0 be a given real constant. Then, the random variable Y :=
—2"1og(®(2)) is exponentially distributed with intensity parameter A, where
@ denotes the cdf of A (0, 1).

(c) Under the assumptions of Theorem 2.14, the supremum in Eq. (2.12) is always
attained at a point of discontinuity of Fyorata point of discontinuity of F.

(d) The distribution of a Gaussian process (X;):c.s is uniquely determined by the
specification of a mean function p : 7 — R with u(t) = E[X,] and the
specification of a covariance function ¥ : 7 x J — R with X (s,t) =
Cov(Xy, Xy).
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Chapter 3 )
Goodness-of-Fit Tests Chack for

As outlined in Sect. 1.3, we will construct goodness-of-fit tests by making use of the
substitution principle. Let &2 = {Q : Q is a probability measure on (R, Z(R))}.
We assume a sample ¥ = (Y7q,..., Y,,)T of i.i.d. real-valued random variables
defined on some probability space (£2, .%, P), such that P = PN ¢ 2. Clearly,
P already determines P¥ = P®",

Our aim is to test certain null hypotheses Hy corresponding to subsets &y C Z.
To this end, assume that we have some distance p defined on & x &2. Then, we can
equivalently express the null hypothesis as Hy : infgpe g, p(P, Q) = 0, cf. (1.5).
Hence, the substitution principle leads to the test statistic 7, = infge ,0(}3,,, ),
where 13,, denotes the empirical measure pertaining to Y7, ..., ¥y; cf. (1.6).

In order to implement this idea into practical test procedures, we need to

(1) define appropriate distances on & x &, and
(2) derive or approximate the null distribution of the resulting test statistics 7},.

In this chapter, we will cover two types of null hypotheses, namely

(1) simple null hypotheses of the form 2%y = {Pp}, where Py is completely
specified, and

(2) (composite) null hypotheses consisting of a parametric family of the form
Py={Py:9 € ® CRP, peN}.

Other types of (composite) null hypotheses, relating to statistical functionals, will
be treated in Chap. 7.

Definition 3.1 (See Section 14.2 in Deza and Deza 2016) Let Q; and Q; € &
with corresponding cdfs F; and F;. Then we call

(i) pks, given by

pks(Q1, @2) = sup |[Fi1(y) — F2(y)l,
yeR

the Kolmogorov-Smirnov metric (or: uniform metric) on & x &.
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(ii) pcym, given by
peym(Q1, Q2) = A;[Fl()’) — B0 IPdR(y),

the Cramér-von Mises distance on & x 2.

We will also write p(F1, F») instead of p(Q1, Q7).

3.1 Simple Null Hypotheses

Theorem 3.2 LetAY 1y ..., Yy be iid. real-valued random variables with continu-
ous cdf F of Y1, F,, the empirical cdf pertaining to Y1, ...,Y,, and let U,, be the
reduced empirical process defined in Definition 2.16, where U; := F(Y;) for all

1 <i <n. Then it holds:

V- ps(Fy, F) = sup [Uy(u)],

O0<u<l

1
n - peym(Fy, F) = / U2 (u)du.
0

Proof To prove (3.1), recall that

Vs (B F) = sup [V Fa ) = FO))|.
ye

Now, substitute y = F~!(x) in (3.3). We obtain that

Vn - pxs(Fy, F) = sup

0<u<l

= sup |ValFu(F @) — u)

O<u<l

= sup |Un(u)l,

O<u<l

due to Lemma 2.17.(c).
Assertion (3.2) can be proved analogously; cf. Exercise 3.1.

Corollary 3.3 Under the assumptions of Theorem 3.2, it holds that

~ 2
Jn - pxs(Fy, F) > sup |BY|,

0<t<l1

~ 9 1 2
n-pcvm(Fu, F) — f I:BIO:I dt =: Wz,
0

(1) = FOF~ @)

3.1

3.2)

(3.3)

(3.4)

(3.5)
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where (BP)()Stgl denotes a Brownian bridge.

Proof The assertions follow from Theorem 3.2 by applying the continuous mapping
theorem.

Theorem 3.4 (Kolmogorov Distribution)  Let (Bto)05r51 denote a Brownian
bridge defined on some probability space ($2, %, P). Then it holds that

o
Vx> 0:P( sup [BY <x)=1-23 (-1 exp (—2k2x2> — L(x).
0<r<l1 k=1

(3.6)
Proof See Kolmogorov (1933).

Application 3.5 (Kolmogorov-Smirnov Test) Let Yy, ..., Y, denote i.i.d. real-
valued random variables defined on some probability space (2,.%,P) with
unknown cdf F of Y1. Consider the test problem

Hy : {F = Fy} versus Hy : {F # Fp} 3.7

for some given cdf Fy on (R, Z(R)). Then we call

Dy, = prs(Fy, Fo) = sup | Fy(2) — Fo(2)
zeR

the Kolmogorov-Smirnov test statistic and ¢xs with
9ks(Y) = 1 <= Dy(y) > (@)

the Kolmogorov-Smirnov test at significance level « for (3.7), where FE,, denotes the
empirical cdf pertaining to Y1, ..., Y, and y = (y1, ..., yu) | the observed data.

If Fy is continuous, then ¢ks is distribution-free, meaning that the critical value
c,lfs(ot) only depends on n and a, and not on Fy. If n is large, then \/nc,lfs(a) can be
approximated by L=' (1 — o), where L is as in (3.6).

Theorem 3.6 Let (B[O)Ogrgl denote a Brownian bridge, and let W? be as in (3.5).
Then it holds that

o]

22 1 2
w _ZjZT[ZZJ"
j=1

where (Zj);>1 denotes a sequence of i.i.d. random variables such that Z; ~
A0, 1).

Proof See Theorem 5.3.1 in Shorack and Wellner (1986).
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Remark 3.7 The cdf of W2 is tabulated in Table 1 of Anderson and Darling (1952);
see also Table 3.8.4 in Shorack and Wellner (1986).

Application 3.8 (Cramér-von Mises Test) Under the assumptions of Applica-
tion 3.5, we call

5 R n 2
2 = pe(Fy. Fo) = /R [0~ Ao] dR©

the Cramér-von Mises test statistic and ¢y with

pem(y) =1 & wp(y) > ™ ()

the Cramér-von Mises test at significance level o for (3.7).

If Fy is continuous, then @cyy is distribution-free. If n is large, then nc,f"M((x) can
be approximated by the (1 — a)-quantile of the distribution of W?; cf. Theorem 3.6
and Remark 3.7.

In view of (3.2), the following result is useful for carrying out a Cramér-von
Mises test in practice.

Lemma 3.9 It holds that

n

1 2
2k —1 1
2. 2 —
W3 ._/O Un(u)du =y (Uk;n -7, ) + 1o

k=1
where Uy, < ... < Uy are the order statistics of the uniformly distributed
random variables Uy, . . ., U, which define the reduced empirical process U, where

Up(u) = /n (én () — u)forO <u < 1; ¢f Definition 2.16.

Proof Letuy., < uzpy < ... < Uy, denote arbitrary realizations of Uy, < Uz, <

. < Uy, and define ug., := 0 as well as u, 41, := 1. For these realizations,
obviously G, (u) takes the value i /n for u € [u;.y, uit+1:1), 0 < i < n. Thus, we get
that

W2 =n fol [én(u) - u]zdu

n Uit+1:n : 2 n i 3 qUi+ln
L e[ ]
Uj:n .

i=0

:n[”z (vt =)" 5 () }

i=0 i=1
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- ) .
=n Z ; . (3.8)

An elementary calculation now yields that

k—1\° k\®  3ul, 2k —1\ 3k —3k+1
Uk:n — — | Uk:n — = = Bugn 2 + 3 .
n n n n n

Hence, the right-hand side of (3.8) equals

n

2k — 1 3k —3k+1 " 2k —1 n
2 2
Z {uk;n - n Uk:n + 3}12 } = Z {ukil’l - n uk:n} + 3 )

k=1 k=1
(3.9
n
because Z:(f)k2 —3k+1) =n’ Finally, notice that the right-hand side of (3.9)
k=1
equals
n 2 2 n 2
k—1/2 (k—1/2) no_ 2k — 1 1
kg; {(”k:n n ) n2 + 3 = kX:; Uk:n m + 12n

n
as desired, because Z(k - 1/2)2 = n3/3 —n/12.
k=1

If, under the assumptions of Application 3.8, F{ is continuous and the null
hypothesis is true (meaning that F = Fp), we have that na)z = n,ocVM(I:"n, Fo)
behaves like W,%, where U; = Fy(Y;) for 1 < i < n, because of (3.2). Hence, we
can also in the general case compute Z; := Fy(Y;) for 1 <i < n and compare the
test statistic

n 2
2k — 1 1
Tn = kg; (Zk:n - m ) + 121

with the appropriate critical value ncSVM (o).



42 3 Goodness-of-Fit Tests
3.2 Tests for Parametric Families

Parts of this section are based on the lecture notes of Rui Castro from his Applied
Statistics Lectures 2 and 3 in the year 2013.!
A reasonable approach for testing the null hypothesis

Hy:Pe{Py:9e€® CR” peN} (3.10)

consists in a two-step strategy:

1. Estimate 9 by & = 9 (Y1, ..., Yy).
2. Apply one of the tests treated in Sect.3.1 with Fp replaced by Fj (the cdf
pertaining to Pj).

However, the fact that = z§‘(Y1, ..., Y,) depends on the data yields that the

“estimated empirical process” /n (ﬁn - F é) will, even under the null hypothesis,

have a different stochastic behavior than /n (ﬁn - F ), due to the additional

variability which is contributed by 9. In addition, the tests of Kolmogorov-
Smirnov- and Cramér-von Mises-type based on /n (ﬁn —F 15) are unfortunately

not distribution-free anymore. In particular model classes, though, they are at least
parameter-free, meaning that their null distribution depends on the family (Py)yco,
but not on the value of 9.

Definition 3.10 A family {P,, : © € R,o0 > 0} of probability measures on
(R, #(R)) with corresponding cdfs F), , is called a location-scale family, if there
exists a cdf Fp 1 on (R, Z(R)) such that

vMeR:VG>0:vyeR:FM,J(y)=F0,1<y_“>.
o

In other words: If the real-valued random variable Y possesses the cdf F), »
belonging to a location-scale family, then the standardized random variable (¥ —
w)/o possesses the cdf Fy 1. The parameter p is called the location parameter and
the parameter o is called the scale parameter.

Example 3.11 The family {4 (u,0%) : n € R,02 > 0} of univariate normal
distributions constitutes a location-scale family with the expectation w as the
location parameter and the standard deviation o as the scale parameter. Here, the
cdf Fp,1 = @ is the cdf of the standard normal distribution on (R, Z(R)).

Definition 3.12 Let Yy, ..., Y, denote some real-valued random variables and let
T : R" — R be a measurable transformation. Then we call T

IThese lecture notes are available at http://www.win.tue.nl/~rmcastro/AppStat2013/.
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(1) location-scale invariant in distribution, if

Va>0:YbeR:T(@Yi+b,....a¥p+b) ZaT(Yy,...,Y,) +b.

(ii) scale invariant in distribution, if

Va>0:VbeR:T(@Yi+b,....a¥,+b) ZaT(Yy,...,Y,).

Lemma 3.13 Let {P,, : u € R, o > 0} be a location-scale family of probability
measures on (R, B(R)) with corresponding cdfs F), . Let Y1, ...,Y, denote an
i.i.d. sample from this family. Assume that the maximum likelihood estimators 1 =
aYy, ..., of wand 6 = 6(Yy,...,Y,) of o exist. Then [i is location-scale
invariant in distribution and & is scale invariant in distribution.

Proof If Y1 ~ P, - anda > 0 and b € R are given constants, then

—b
PMH+b§w=P(H§y )
a

—b —b—a
=F@a(y ):1h1<y “). G.11)
a ao

On the other hand, if Y1 ~ Py 44,40, we have that

y_b_““). (3.12)

aoc

P(Y1 =y)= Fou (
Obviously, the right-hand sides of (3.11) and (3.12) coincide, implying that

p@Y) +b,....aY +b) Zap+bYi,.... Y.

However, due to the parametrization invariance of the maximum likelihood method
(cf., e.g., Zehna 1966 or Section 2.8 of Barndorff-Nielsen and Cox 1994), we have

that au +b = aj + b. Hence, [i is location-scale invariant in distribution. The
assertion for & follows analogously.

Corollary 3.14 Under the assumptions of Lemma 3.13, the statistics (i — u)/o
and & /o are pivotal, meaning that their distributions do not depend on p or o.

Proof This is Exercise 3.5.

Theorem 3.15 Under the assumptions of Lemma 3.13, assume additionally that
Fy.o is continuous for all @ € R and all o > 0. Then, the distribution of the

“estimated empirical process” \/n (F,, - Fﬂﬁ) does not depend on . or o.
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Proof Recall that

R 1<
Fay) = Fo = 3 1Y <y}l = Fus()
i=1

for all y € R. Now, substitute y := F- L (u) for 0 <u < 1. This yields that
n,o

. 1 &
Fa3) = Fo = Y MY < Fii}—u
i=1

1 n
= D UFs() <ub—u,
i=1

because F}; 5 is continuous. Finally, notice that, for all 1 < i < n, the distribution
of

Yi — i Yi—p _ fi—p
Zi = F s(Y;)) = Fo,1 ( N ) =Fa| 2., ° (3.13)
o o/o

does not depend on u or o, due to Corollary 3.14.

Remark 3.16 The right-hand side of (3.13) reveals that, even under the null
hypothesis, the distribution of Z; will typically not be uniform, 1 <i < n, because
(Yi — p)/o ~ Fp,1 and the statistics (4 — n)/o and 6 /o will typically have non-
degenerate distributions, at least for finite values of n.

Application 3.17 The result of Theorem 3.15 suggests the following procedure for
calibrating a test for the null hypothesis (3.10), provided that the assumptions of
Theorem 3.15 are fulfilled.

(i) Choose a suitable test statistic T,, for example D,, from Application 3.5 or a),%

Sfrom Application 3.8, where Fy is replaced by F, s in both cases.

(ii) Generate a (pseudo-) random sample 171, R 17" from Fy 1 on the computer.

(iii) Compute the value of the test statistic T, on the pseudo-sample Y1, . .., Yy, by
computing the values of . = L(Yy,...,Y,), 6 = 6(Y1,...,Y,), and Z; =
Fo,1 ((Yi - ﬂ)/&)forl <i<n.

(iv) Repeat steps (ii) and (iii) B times, store the B computed values of the test statis-
tic, and approximate the critical value for the test based on T, (Y1, ..., Y,) by
the (1 — o)-quantile of the B stored values.
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3.3 Exercises

Exercise 3.1 Prove assertion (3.2) in Theorem 3.2 under the assumptions that P is
absolutely continuous with Lebesgue density f and that F is strictly isotone on its
SUpport.

Exercise 3.2 Compute the expectation and the variance of the statistic W* appear-
ing in (3.5) and in Theorem 3.6.

Exercise 3.3 (Programming Exercise)

(a) Write an R program which simulates paths of the reduced empirical process
U, on [0, 1] for n € {20, 50, 100, 500, 1000}, respectively. For each value of
n, perform B = 10,000 simulation runs. On the basis of these simulations,
approximate the critical values C,IfS(O.OS), n € {20, 50, 100, 500, 1000}, of the
Kolmogorov-Smirnov test at significance level « = 5% in the case of continuous
Fy (cf. Application 3.5).

(b) Verify by means of Theorem 3.4 that C,IZ{S(O.OS) can be approximated by
1.358/./n for large values of n. Compare your approximated values from part
(a) of this exercise with the latter approximation.

Exercise 3.4 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) Under the assumptions of Definition 3.1, pcyy is symmetric, i.e., for all

01, 02 € & it holds that pcym(Q1, Q2) = pcvm(Q2, Q1)
(b) Under the assumptions of Theorem 3.4 it holds that

o0

L(x) = Z (=)™ exp(—=2m>x?).

m=—00

(c) If; under the assumptions of Application 3.5, the cdf Fy is not continuous, then
the critical value c,IfS (0.05) can nevertheless be approximated by means of a
computer simulation (with in principle arbitrary precision).

(d) The statistic W? appearing in (3.5) and in Theorem 3.6 is in distribution equal
to a weighted sum of chi-square-distributed random variables.

Exercise 3.5 Prove Corollary 3.14.

Exercise 3.6 (Programming Exercise) Ler Y1,...,Y, be real-valued, stochas-
tically independent and identically normally distributed random variables, where
both u = E[Y] and o2 = Var(Y1) are unknown.

Write an R program which simulates paths of the “estimated empirical process”

\/n (ﬁn - Fﬂﬁ)
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for n € {20, 50,100, 500, 1000}, cf. Application 3.17. For every value of n,
perform B = 10,000 simulation runs. By means of these simulations, approximate
the critical values cX52(0.05), n e {20, 50, 100, 500, 1000}, of the two-stage
Kolmogorov-Smirnov test at significance level @ = 5% according to the construc-
tion principle considered in Sect. 3.2.

Exercise 3.7 (Tests for Exponentiality) Let {Exp(A) : A > 0} denote the family
of exponential distributions on (R>o, (R>0)) with intensity parameter ). > 0, and
let {F), : A > 0} denote the corresponding cdfs.

(a) Show that {Exp()\) : . > 0} constitutes a scale parameter family, and determine
the scale parameter.
Hint: A family {P, : o > 0} of probability distributions on (%', (%)) with
corresponding cdfs {F5 : 0 > 0} is called a scale parameter family with scale
parameter o, if there exists a cdf H on (%', B(¥)) such thatforall y € % and
all o > 0, it holds that F5(y) = H(y /o).

(b) Now, letn € N, and Y1, ..., Y, be stochastically independent and identically
distributed random variables with Y1 ~ Exp(A) for unknown A > 0. Denote

by A= X(Yl, ..., Yy) the maximum likelihood estimator for A ba{ed on
Y1,...,Y,. Show that under these assumptions the distribution of \L/\ is
pivotal.

(c) Show that under the assumptions of part (b) the distribution of the “estimated
empirical process” \/n (Fn — F; ) does not depend on the value of A. Discuss
implications of the latter result for goodness-of-fit tests for exponentiality.
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Chapter 4 ®
Rank Tests ot o

4.1 Parametric Score Tests

Test problems involving composite null and/or alternative hypotheses are often
highly non-trivial. Only in special cases (e.g., for models with isotone likelihood
ratio in which the Neyman—Pearson theory is applicable) there exists a satisfactory
methodology allowing for uniformly (over ¢+ € Hj) best level a-tests. If the
“geometry” of the statistical model is more complicated, then it is typically
impossible to minimize the type II error probability under the level constraint
uniformly. This issue is ubiquitous in nonparametric test problems. Hence, in the
latter case the researcher has to decide for which kinds of alternatives the test
procedure shall be most sensitive, meaning towards which “regions” of H; optimal
power are targeted.

In the one-parametric case, one class of procedures is constituted by locally best
tests. They are targeted towards regions of H; which are “close to Hp”. Derivation
of locally best tests requires the concept of Li-differentiability or differentiability
in the mean.

Definition 4.1 (Differentiability in the Mean) Let (%, Z(¥%), (Py)sco) denote
a statistical model and assume that (Py)peco is a dominated (by u) family of
measures, where @ C R. Then, (%, B(¥), (Py)seco) is called differentiable in
the mean in ¥y € ©, if a function g € L1(w) exists with

d du —0 ast— 0.

AR
Li(w)

The function g is called L (u)-derivative of & — Py in 9. In the sequel, we choose
wl.o.g. 99 =0.
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Theorem 4.2 (§18 in Hewitt and Stromberg (1975), Satz 1.183 in Witting
(1985)) Under the assumptions of Definition 4.1 let 99 = 0 and let densities be
given by fy(y) = dPy/(dw)(y). Assume that there exists an open neighborhood
U of 0 such that for p-almost all y the mapping % > O +— fy(y) is absolutely
continuous, i.e., it exists an integrable function T +— f(y, 1) on U with

125

; fO,0dT = f9,(0) = fo, (), D1 < D2,
1

and assume that 32, fo)s=0 = f (v, 0) p-almost everywhere. Furthermore,
assume that for 9 € % the function y — f(y, ) is ju-integrable with

flf(y, Ndu(y) — /If(y,O)ldu(y), 9 — 0.

Then, 9 + Py is differentiable in the mean in 0 with g = £ (-, 0).

Roughly speaking, Theorem 4.2 yields that in the case of absolute continuity the
L1-derivative can be computed by usual differentiation of the density with respect to
the parameter. Further applications of Theorem 4.2 are considered in Example 4.4.

Definition and Theorem 4.3 Under the assumptions of Definition 4.1 assume that
the densities V' +— fy are differentiable in the mean in O with L (u)-derivative g.
Then,

9 Vog(fo (v)/fo(»)) = 9 (log f5 () — log fo(»))

converges for © — 0 to L(y) (say) in Po-probability. We call L : % — R the
derivative of the logarithmic likelihood ratio or score function. It holds

L) = 80/ foly) and A LdPy =0, @.1)

Proof 9" '(fs/fo — 1) — g/fo converges in Li(Pg) and, consequently, in Py-
probability. The chain rule yields that L(y) = g(y)/fo(y). Noting that / (fe —

v
fo)dpu = 0 for all ¥ € ® we conclude that

f Ld]P’o=/ gdu =0.
@ @

(a) Location parameter model:
LetY =9 + X, 9 > 0, and assume that X has a density f which is absolutely
continuous with respect to the Lebesgue measure and does not depend on ¥

Example 4.4
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Then, the densities ¢ > f(y — @) of Y under ¢ are differentiable in the mean
in zero with score function L, given by L(y) = —f'(y)/f (y) (where the prime
indicates differentiation with respect to y).
(b) Scale parameter model:

Let Y = exp(¢) X and assume again that X has density f with the properties
stated in part (a). Moreover, assume that f |xf'(x)|dx < 0o. Then, the densities
¥ = exp(—1) f(yexp(—v)) of Y under ¥ are differentiable in the mean in
zero with score function L, given by Ly)=—[14yf' DM /fO)].

Lemma 4.5 Assume that the family © +— Py is differentiable in the mean with
score function L in ¥9 = 0 and that c;, 1 < i < n, are real constants. Then, also
O > Qi_, Py is differentiable in the mean in zero, with score function

I e N7 AR

i=1
Proof This is Exercise 4.1.

Definition 4.6 (Score Test) Let 0 — Py be differentiable in the mean in ¢ with
score function L. Then, every test ¢ of the form

1, if L(y) > c,
e =13y, ifL(y) =c,
0, if L(y) <c,

is called a score test. In this, y € [0, 1] denotes a randomization constant.

Definition 4.7 (Locally Best Test) Let (Py)pco with ® € R denote a family
which is differentiable in the mean in 99 € ©. A test ¢* with Ey[¢*] = « is called
locally best test among all tests with expectation « under ¥y for the test problem
Hy = {99} versus H; = {¢ > v} if

d d
Es[¢*] > Es @]
dv 9=1 dv 9=0

for all tests ¢ with Ey,[¢] = .
Figure 4.1 illustrates the situation considered in Definition 4.7 graphically.

Remark 4.8 As indicated by Fig. 4.1, it is possible that locally best tests have sub-
optimal power properties for values of ¥ > 19 which have a large distance to 9.
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1 v
Do

Fig. 4.1 Locally best test ¢* with expectation « under ¥y

Theorem 4.9 (Satz 2.44 in Witting (1985)) Under the assumptions of Defini-
tion 4.7, the score test @, given by

Lo if L) > e(@)
e =1y, fLO)=c@, yelo1] 4.2)
0, L) <c@
with By, [¢] = «, is a locally best test for testing Hy = {90} against Hy = {¢ > o}
among all tests with expectation o under vy.

Proof We notice that for any test ¢ and any ¢ € @, it holds

Eylg] = L(p(y)fﬂ(y)u(dy)
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and hence,

d
E
a9 o [o]

=/ e(Meg(u(dy)
¥=0 v
= L eWL) foy () a(dy)
= L eV L) Py, (dy) = EpyleL].

Thus, we have to maximize Eg, [pL] with respect to ¢ under the condition that
Ey,[¢] = «. To this end, for the sake of simplicity, assume that the distribution of
L under ¥y is absolutely continuous, and let ¢, be such that

Py, (L > ¢o) = a.
We get that

EpyloL] — aco = Egy[9L] — caEoy[]
= Ep,[(L — ca)]
< Eg[(L — ca)+]

with equality for ¢ = 1{L > cq}.
The general case can be treated with the usual modifications, leading to the
randomized version of the score test as given in (4.2).

Theorem 4.9 shows that in the theory of locally best tests the score function L
takes the role that the likelihood ratio has in the Neyman—Pearson theory. Notice
that, for an i.i.d. sample ¥ = (Y1, ..., Y,,)T with Y1 ~ Py, the joint distribution
of Y is_the product measure Py = ng’". It has the score function (yq, ..., yn)T —
Z?:l L(y;), where L is the score function pertaining to (Py : ¥ € ©) in vy,
according to Lemma 4.5. Hence, Theorem 4.9 can be applied to test Hy = {vo}
against H; = {§ > ¢} based on Y in the following manner: We reject Hy, iff
i L(y;) exceeds its critical value.

Moreover, for k-sample problems with k£ > 2 groups and » jointly independent
observables, Lemma 4.5 can be utilized to test the homogeneity hypothesis

Hy = {PYI =P =. =ph: ph absolutely continuous}. “4.3)
To this end, one considers auxiliary parametric families ¥ — P, » which belong to

Hponlyincaseof 9 =0,i.e.,P,0 € Hyand P, y & Ho, ¥ # 0. For v # 0, P, »
is a product measure with non-identical factors.



52 4 Rank Tests

Example 4.10

(a) Regression model for a location parameter
LetY; = ¢;9 + X;, 1 <i < n, where % > 0. In this, assume that the X; are
i.i.d. with Lebesgue density f which is independent of ©. Now, for a two-sample
problem with n; observations in the first group and np = n — n; observations
in the second group, we set ¢; = ¢ = -+ = ¢, = l and ¢; = O for all
n1 + 1 < i < n. Under alternatives, the observations in the first group are
shifted by ¢ > 0.

(b) Regression model for a scale parameter
Let ¢c;, 1 < i < n, denote real regression coefficients and consider the model
Y = exp(ci®)X;, 1 <i <n, ¥ € R, where we assume again that the X; are
i.i.d. with Lebesgue density f which is independent of ¢. Then, it holds

dPy. s

om0 =[Texp(=civ) £ (i exp(—cin).

i=1

Under ¥y = 0, the product measure P, o belongs to Hy, while under alternatives
it does not.

(c) General model
Let & — Py be a one-parametric curve of probability distributions depending
on a real-valued parameter ¢. Define P, y = ®?:1 P9 with real constants
c1, ..., Cn as the model for the sample Y7, ..., Y.

In the nonparametric case, Hy from (4.3) shall of course be tested without
utilizing a specific density f in the calibration of the test. This can be achieved
by conditioning on the ranks of the observations.

4.2 Deriving Rank Tests by Conditioning

Theorem 4.11 Let ¢ + [Py denote a parametric family which is Li(p)-
differentiable in ¥o = 0 with score function L. Furthermore, let S . ¥ — &
be a statistic. Then, ¥ +— Pg is L1(u®)-differentiable in zero with score function
s> Eo[L|S =s5].

Proof First, we show that the L;(u5)-derivative of 9 Pg is given by § —
E.lg | S = 5], where g is the Lj(u)-derivative of ¢ — Py, meaning that

9 Ny — fo) —> g in Li(n), & — 0. (4.4)

To this end, notice that (see Satz 1.121.b) in Witting (1985))

do’

a0
dPT ]

P T=t
O0KP = dP'

(1) =Ep[
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for probability measures P and Q and a statistic 7. Applying this result to our
situation yields that

dPy

dPs
dus (s) =Eulfy | S =s], where f3 = in

as before. Linearity of £, [- | S = s] and transformation of measures leads to

. (ars dPs
/zﬁ‘ dus(s)—dus(s) —Eulg|S =5l

= / 9 (Bulfs | S =s1—Eulfo|S=s]) —Eulg|S = s]\ dp’(s)

dpS(s)

=f [0~ (f —fo)—g|S=s]\duS<s)

= [ [Buto™' o = o)~ g 51 an

Applying Jensen’s inequality and Vitali’s Theorem 1.11, we conclude that s +—
Eulg | S = s]is L(u5)-derivative of & > Pg.

Now, the chain rule yields that the score function of ]P)g in zero is given by
Eulg|S=s] EulLfo|S =s]
Eulfo|S=s1  Eulfo|S=s]

and the assertion follows by verifying that

dPy
du

. dPy
| S1=E.[L | S]  p-almost surely, (4.5)

Eo[L | SIE.[ i

which is Exercise 4.3.

As outlined before, we will employ Theorem 4.11 in order to derive (nonparamet-
ric) rank tests based on the parametric curves P, » considered in Example 4.10. It
will turn out that the coarsening of the information (only the ranks of the observables
are utilized, not their actual values) leads to a simple structure of the score test
statistics (namely, it leads to linear rank statistics). Furthermore, ranks have the
advantage of being robust against model misspecification. In some applications,
only the ranks of the observations are trustworthy (or available).

As a preparation, we will first gather some basic results about ranks and order
statistics. Detailed proofs for these results can be found, e.g., in §1 and §2 of Janssen
(1998), in Reiss (1989), or in other textbooks on the subject.
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Definition 4.12 Let y = (y1,...,y,)' be a point in R”. Assume that the y; are
pairwise distinct and denote their ordered values by y1., < y2:n < ... < Y-

(a) For1 <i < n,theintegerr; = r;(y) :=#{j € {1,...,n}: y; < y;}is called
the rank of y; (in y). The permutation r(y) = (r1(¥),..., ", NT € S is
called rank vector of y.

(b) The inverse permutation d(y) = (d1(¥), ..., dy )T == [r(»1~ " is called the
vector of antiranks of y, and the integer d; (y) is called antirank of i (the index
that corresponds to the i-th smallest observation in y).

Now, let Y7, ..., Y, with ¥; : £2; — R be stochastically independent, absolutely
continuously distributed random variables, all driven by the same probability
measure P.

(c) Because of IE"(UZ-;,é j{Y,- = Y;}) = 0 the following objects are almost surely
uniquely defined: Y;., is called i-th order statistic of ¥ = (¥1,..., Y,,)T,
R;(Y) = nﬁ,,(Yi) = ri(Yy,...,Y,) is called rank of Y;, R(Y) :=
(R1(Y), ..., R,(Y)T is called vector of rank statistics of Y, D;(¥Y) :=
di(Y1,...,Y,) is called antirank of i with respect to Y and D(Y) := d(¥)
is called vector of antiranks of Y.

Lemma 4.13 Under the assumptions of Definition 4.12, it holds

(a) i = rd, = dr,w Yi = Yryns  Yim = Yd; -

(b) If Y1,...,Y, are exchangeable random variables, then R(Y) is uniformly
distributed on %, ie., P(R(Y) = o) = 1/n! for all permutations o =
(Fiy ... )| € .S

(c) IfUy, ..., Uy, are ii.d. with Uy ~ UNI[0, 1], and Y; = F~Y(U;), 1 <i < n,
for some c.d.f. F, then it holds Y, = F’I(U,';n). If F is continuous, then it
holds R(Y) = R(Uy, ..., Up).

(d) If (Y1,...,Yy) arei.id. with c.df. F of Y1, then we have

(i) PO < 9) =35 (FO)/ (1= F(y)" /.
(ii) dﬁ:;;" (y) = n('l.':ll)F(y)i_l(l — F(y)" . If PY' has Lebesgue
density f, then PYin has Lebesgue density fi,,, given by fin(y) =

n(IZ)FG) N = FO)"™ £ ().
(iii) Letting P = PY, (Yi:n)1<i<n has the joint P®"-density

1o yn) P gy <y c<y)-

If P has Lebesgue density f, then (Yi.n)1<i<n has Lebesgue density

n
(yls B )’n) > n! Hf(yi)l{y1<y2<m<yn}-

i=1
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Remark 4.14

(a) Part (c) of Lemma 4.13 (quantile transformation of order statistics) shows the
special importance of the distribution of order statistics of i.i.d. UNI[O, 1]-
distributed random variables Uy, . . ., U,. According to part (d) of Lemma 4.13,
the order statistic U;., has a Beta(i,n — i 4+ 1) distribution with E[U;.,] =
i/(n+1)and Var(Uiy) = [i(n — i + D]/[(n + D*(n + 2)].

(b) For computing the joint cdf of (U1, ..., U,m)T, efficient recursive algorithms
exist, for instance Bolshev’s recursion and Steck’s recursion (see Shorack and
Wellner 1986, p. 362 ff.).

Definition 4.15 (Sufficient Statistic) Let (%, Z(%), (Py)pce) be a statistical
model, and let Y ~ Py denote a random variable with values in (%', (%)). Then,
astatistic S : (%, B(¥)) — (., B(.Y)) is called sufficient (for ), if there exists
forall ¥ € ® aregular version of the conditional distribution of Y with respect to S
which does not depend on ¥, i.e.,

dh: V¥ € ©,VB € B(¥Y) :Eﬂ[lB|S]=P0(B|S) =h(B,S) Py — almost surely.

Theorem 4.16 Let Y = (Yq,..., Y,,)T be a random vector with values in
(@™, B(Y")) such that Y ~ PI§®" for an absolutely continuous distribution Py
depending on ¥ € ©. Then, the vector (Y;., : 1 <i < n) of the order statistics of
Y1,..., Y, is sufficient for v.

Proof This is Exercise 4.4.

Definition 4.17 Under the assumptions of Definition 4.15, the statistic S is called
complete for (¥, B(Y), (Py)seco), if for every measurable function g and for
every ¥ € O, it holds

Ey[g(SIN]=0= Py(g(S(Y)) =0)=1. (4.6)
The statistic S is said to be boundedly complete, if the implication in (4.6) holds for

every measurable function g which is also bounded.

Theorem 4.18 (Basu’s Theorem) Let (%, B(Y), Py)sece) be a statistical
model, S : (¥, B(Y)) — (L, B(S)) a boundedly complete sufficient statistic
for®, and T : (¥, B(Y)) — (T, B(T)) ancillary to ¥ (i.e., a pivotal statistic).
Then, S and T are stochastically independent.

Proof Let B € $(.7) be any event. We have that
P} (B) = f P§(B|S = 5)P} (ds).
5%

Now, notice that P}g (B) does not depend on ¥, because T is ancillary to ©. On the
other hand, also PP, (-|S = s) does not depend on ¥, because S is sufficient for 9.
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Hence,
/ [Pg(ms —5) — Pg(B)] PS (ds) =: / ¢5(s)PS(ds) =0,
5 5

where the integrand g (-) is independent of ©#. Due to bounded completeness of S,
we conclude that ]P’g (B|S =5s) = ]P’g (B) for almost all s € ., thus SILT.

Corollary 4.19 Let Y = (11,..., Y,,)T be a vector of real-valued i.i.d. random
variables with absolutely continuous distribution P = PY'. Then, the following
assertions hold true.

(a) The random vectors R(Y) and (Y;.n)1<i<n are stochastically independent.
(b) Let T : R" — R denote a mapping such that the statistic T (Y) is integrable.
Then, forany o = (r1, ..., rn)T € S, it holds that

E[T(Y) |R(Y) = 0] =E[T((Yr;n)1=i=n)]- 4.7

Proof Due to part (b) of Lemma 4.13, the statistic R(Y) is pivotal. Furthermore,
Theorem 4.16 yields that (¥;.,)1<i<n is sufficient for P®" and it is easy to verify
that it is also boundedly complete. Thus, the assertion of part (a) can be concluded
by applying Basu’s Theorem. Part (b) is an immediate consequence of part (a) by
virtue of part ¢).(ii) of Theorem 1.24.

Now we are ready to apply Theorem 4.11 to vectors of rank statistics.

Corollary 4.20 (cf. Theorem 4.11, Corollary 4.19 and Lemma 4.5) Let (Py)pco
with © C R denote an L1 (w)-differentiable family with score function L in 9y = 0.
LetY = (Yq,..., Y,,)T denote a sample from P, y = ®?:1 Pe,5. Then, Pﬁﬁ has
score function

o=01,....r) " — Eno [Z LY | R(Y) = o]
i=1
= > B olL(Y) | R(Y) = 0]
i=1
= Y By ol L)l =Y cialri)

i=1 i=1

with K, o denoting the expectation with respect to P, o and scores a(i) :=
I['En,()[L(Yi:n)]-
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Remark 4.21
(a) The test statistic

n

T(Y) =Y ca(Ri(Y)) (4.8)

i=1

is called a linear rank statistic.

(b) The homogeneity hypothesis Hp from (4.3) leads under conditioning on R(Y)
to a simple null hypothesis on .%;,, namely, the discrete uniform distribution on
-, see part (b) of Lemma 4.13. Therefore, the critical value c(«) for the rank
test ¢ = p(R(Y)), given by

1, if T(y) > c(a),
oY) =1y, if T() = c(a), 4.9)
0, if T(y) < c(a),

can be computed by traversing all possible permutations ¢ € .%;, and thereby
determining the discrete permutation distribution of 7°(Y) under Hy. The test
¢ from (4.9) is a locally best rank test at level « for the test problem {¢# = 0}
versus {¢# > 0} in the chosen auxiliary parametric model P, y = ®f':1 Py, cf.
Example 4.10. For large n, we can approximate c(«) by traversing only B < n!
randomly chosen permutations ¢ € .%,.

(c) Eor the scores a(i) = E,,,o[L(Y,-;n)], it hqlds that Z?:l a(i) = 0, because
L is centered under ¢+ = 0; cf. (4.1). If L is isotone, then the scores fulfill
a(l)<a) <...<a).

(d) Due to the relation Y;., Z F ’1(U,-:n), the scores are often given in the form
a(i) = E[L o F’l(U,-;,,)] and the function L o F~! is called score-generating
function. For large n, one can approximately work with b(i) = L o F~! (, jrl)

(since E[Uin] = 1/(n + 1), see Remark 4.14) or with b(i) = n [i/"), mlo
F~Y(u)du instead of a(i).
If the sample size n is large, an alternative method to approximate the critical

value c(«) from (4.9) is a normal approximation of the null distribution of 7'(Y). To
this end, it is helpful to compute the first two moments of 7'(Y) under Hy.

Lemmad4.22 Let T = T(Y) = Y |, cia(Ri(Y)) denote a linear rank statistic
of the form given in (4.8), but with general deterministic scores (a(i) : 1 <
i < n) which do not necessarily sum up to zero. Let ¢ := n~! Yo', ci and
a=n""! Y i_ya(i). Then, it holds under Hy from (4.3) that

E[T]=nca and Var(T) = ; 1 : Z(c,» -2 Z(a(i) —a)’.
i=1 i=1
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Proof For any 1 < i < n, the rank R;(Y) is under Hy uniformly distributed
on {I,...,n}. Thus, we have that E[a(R;(Y))] = ! ,a(in™' = a and,
consequently,

n

E[T] = ZciE[a(Ri(Y))] = Zc,ﬁ —néa.
i i=1

i=1

For computing the null variance of T', notice that Zl’»lzl a(i) = na is a constant,
because the scores are deterministic. Hence, letting R; := R;(Y) forall 1 <i < n,
we have that

0 = Var (Zn: a(i)) = Var (zn:a(Ri)>

i=1 i=1

=) Var(@R)+2 Y Cov(a(R).a(R))). (4.10)

i=1 I<i<j<n

Due to exchangeability under Hy, it holds that PR — PRiforall1 <i <n as well
as PRi-Rj — PRLR2 forall 1 < i # j < n. Utilizing these facts in (4.10), we get
that 0 = nVar (a(R1)) + n(n — 1)Cov (a(Ry1), a(R2)) or, equivalently,

1
Cov(@(R).a(Ry)) =— = Var(a(Ry).

Furthermore, it holds that

n

Var (a(Ry)) = E [(G(Rl) - ‘_’)2] = Z

j=1

(a(j) —a)*
o

Finally, the variance of 7 computes as

Var(T) = Var (Z Cia(Ri(Y))>

i=1

n
Var (a(R)))
= Var (@(R)) Y ¢} - B > cicj
i=1 I<i#j<n
n . —\2 n
(a(i) —a) Z 2 1
= cs — ciCj
) D DO ¢
i=1 n j=1 n—1 I<i#j<n

which leads after further elementary simplifications to the asserted expression for
Var(T).
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As shown by Janssen (1998), the rank test ¢ from (4.9) is, under certain
assumptions, also an unbiased level o test for the (extended) two-sample test
problem

Hi : {Fi > F»} (group 1 does not tend to larger values than group 2) versus

H{: {Fi < F»} (group 1 tends to larger values than group 2).

Lemma 4.23 (“Stochastically Larger” Alternatives, Lemma 4.4 in Janssen
(1998)) Assume that a(l) < a(2) < ... < a(n) (c¢f. Remark 4.21) and let
@ = @(R(Y)) be a rank test of the form (4.9) with Ex, [(p] = «, where Hy denotes
the homogeneity hypothesis from (4.3). Let Y1, ..., Yy, be i.i.d. with cdf Fi of Y1
and Yp, 41, ..., Yy i.i.d with cdf Fy of Yy, 41. Let Y = (Y1,...,Y,)". Then, the
following assertions hold true.

(a) If F1 = F,, then E[p(R(Y))] < o (meaning that ¢ has level o on whole H(;‘).
(b) If F1 < F, then E[p(R(Y))] > « (meaning that ¢ is unbiased on whole Hl*).

Remark 4.24 1In location parameter models (cf. part (a) of Example 4.4), the score
function is isotone if and only if the density f of X is strongly unimodal; see, e.g.,
the discussion on page 81 of Klaassen (2003) which is based on Ibragimov (1956).

Before we discuss specific examples, let us note that rank tests are invariant under
strictly isotone transformations.

Lemma 4.25 Let ¢ as in (4.9) denote a locally best rank test in the model P, y =
Qi_| Pew for testing {9 = 0} versus {¢ > 0}, cf. Theorem 4.9 in connection with
Lemma 4.5. Moreover, let S : R — R denote a strictly isotone function. Then, ¢ is
also locally optimal for Q;_, P(fl,.

Proof The assertion follows immediately from the fact that R; (S(Y1), ..., S(Yy)) =
R;(Y) forall 1 <i < n, due to the strict isotonicity of S.

Example 4.26 (Two-Sample Rank Tests in Location Parameter Models) Through-
out, we consider the location parameter model introduced in part (a) of Exam-
ple4.10forY = (Y1, ..., Yn)T, and we abbreviate R; = R;(Y) foralll <i < n.

(i) Fisher—Yates test: ]
Let f be the Lebesgue density of .47(0, 1). Then it holds L(y) = y and we
obtain that

nj

T=) a(R) with a(i)=E[Y,].
i=1

In this, Y;.,, denotes the i-th order statistic of i.i.d. random variables Y1, ..., ¥,
with Y1 ~ 470, 1).
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(i)

(iii)

(iv)

4 Rank Tests

Van der Waerden test:

Let f be as in part (i). The score-generating function is given by u > &~ (u),
where @ denotes the cdf of .47(0, 1). Following part (d) of Remark 4.21,
approximate scores are given by b(i) = o Li/(n+ 1)), leading to the test
statistic

T—iqﬁ’l ki
_izl n+1/)°

Wilcoxon’s rank sum test:

Let f be the density of the standard logistic distribution, given by f(x) =
exp(—x)(1 + exp(—x))_2 with corresponding cdf F(x) = (1 + exp(—x))_l.
The score-generating function is in this case given by u — 2u — 1, leading to
the scores given by

2i

MU=EHwF_VMmH=n+1—1

These scores are an affine transformation of the identity and therefore, the test
can equivalently be carried out by means of the test statistic

ni
T =) R(Y),
i=1

which is the sum of the ranks in the first group.

Median test:

The Lebesgue density of the double-exponential (Laplace) distribution is
given by f(x) = exp(—|x|)/2, with induced score-generating function u >
sgn(In(2u)) = sgn(2u — 1). Approximate scores are therefore given by

1, ifi > @m+1)/2,
)= 0, ifi=@m+1)2,
1, ifi < (412

i

b(i)=LoF™!
()=Lo QH

We conclude this section with the Savage test (or log-rank test), which is an
example for a scale parameter test, cf. part (b) of Example 4.4.

Example 4.27 Under the scale parameter model considered in part (b) of Exam-
ple 4.4, assume that X is exponentially distributed with Lebesgue density x +>
f(x) = exp(—x)1(0,00)(x). Then we obtain for y > 0 the score function L, given

by

. '
Liy)=-1 —y—1
v ( +yf(y)> Y
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According to Exercise 4.9, it holds that

i

1
E[Y;.,] = . 4.11
[Yion] Zn+1_j .11
j=1
for i.i.d. random variables Y7, ..., Y, with Y1 ~ Exp(1).

Making use of (4.11), exact scores are given by

1
a(i)=zn+1_j—1.

j=1

Since X is almost surely positive, the model ¥ = exp(#) X can be transformed into
the location parameter model log(Y) = ¢ + log(X). For X ~ Exp(1), it holds that
log(X) possesses a reflected Gumbel distribution, satisfying

P(log(X) < x) = 1 —exp(—exp(x)), x €R.

4.3 Justification of Rank Tests via Statistical Functionals

This section closely follows the derivations of Janssen (1999).

From the nonparametric viewpoint, it is incoherent to derive the scores appearing
in (4.8) by means of an auxiliary parametric model P, y = ®l’f=1 Pc,. It would
be more coherent to derive the test statistic by achieving optimal local power with
respect to a nonparametric criterion, i.e., by considering a statistical functional with
respect to which the two groups differ under alternatives.

To this end, let again Y1, ..., Y, denote stochastically independent, real-valued
observables such that Y1, ..., ¥, belong to group 1 with PYi = pforalll <i < ny
and Yy, 41,...,Y, belong to group 2 with PYi = Qforallnm +1 < j < n.
Obviously, this nonparametric model depends on (P, Q) only, and we consider an
appropriate set

® C {(P, Q) : P and Q are probability distributions on (R, Z(R))}

of pairs of probability distributions for the mathematical formalization of the model.
Let

k:®—>R, (P,O)—«(P,0)eR (4.12)

denote a real-valued binary statistical functional. Within the nonparametric
approach, it is appealing to formalize the one-sided two-groups comparison problem
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for a chosen « as follows:

Ho={(P,P) €@ :«(P,P)=c} versus Hj ={(P,0Q) € ® :«k(P,Q) > c}
(4.13)

for a known value ¢ € R. The functional x formalizes a nonparametric aspect with
respect to which P and Q differ under H;. One may think of « as some kind of
quantification of “how much better” group 1 is than group 2 under H;.

Example 4.28

(a) Let & C {P : P is aprobability distribution on (R, Z(R))} and x; : & — R
denote a statistical functional of one variable (which is a probability distribu-
tion). Let « : & x & — R be defined by «(P, Q) = k1(P) — k1(Q). One
particularly relevant example is the difference of medians, i.e., k (P, Q) =
median(P) — median(Q) for absolutely continuous distributions P and Q.
In this case, k1 (P) = median(P) = F;l(l/Z), where Fp denotes the cdf
pertaining to P. Of course, the constant ¢ from (4.13) equals zero here. Under
alternatives, the first group has a larger median than the second group.

1
(b) Leth : (0,1) — R be a function fulﬁlling/ hz(u)du < 00, and define
0

kp(P, Q) = /h(FQ(X))dP(X), (4.14)
where ® > (P, Q) is chosen such that Fg is continuous and (P, Q) exists
in R. Substitution yields that ¢ = fol h(u)du here. One particularly relevant

example is the identity 4 = id, leading to

kia(P.Q) =P Q ({0 R iy <x)) (4.15)

and c = 1/2.

Let X and Y be stochastically independent, real-valued random variables
defined on some probability space (§2, %, P) with X ~ P and Y ~ Q. Notice
that the right-hand side of (4.15) can then be written as

PY < X) = /]P’(Y < X|X = x)dP¥(x)
= / P(Y < x)dPX(x)

= /FQ(x)dP(x) = kia(P, Q).
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Now, assume for the moment that we are able to define a gradient k p, € L2 (Po)
of P — «(P, Pp)in Py € E. Then, for fixed Py and in analogy to the considerations
for the score function, the test statistic

ni
To=) in () (4.16)
i=l

would yield some kind of locally optimal discrepancy between « (Py, Py) = ¢ and
k(P, Py) > c.
For functionals of expectation type, the definition of a gradient is straightforward.

Definition 4.29 (Gradient for von Mises Functionals) Let Py € Z denote a
probability measure on (R, (R)), and h € L>(Pp).
Let & = {P: P < Py, [ h®dP < oo}. Define k : & — R by

k(P) = /th. (4.17)
Then, the (right-sided, centered) gradient k p, of P — «(P) in Py is given by

Kp, = h —«(Po). (4.18)
Corollary 4.30 Let Py with corresponding cdf Fy denote a fixed probability

measure on (R, B(R)). Let the binary statistical functional kj, be defined as in part
(b) of Example 4.28 with Q replaced by Py, i.e.,

«n (P, Po) =/h(Fo(X))dP(X)-

Furthermore, let & be as in Definition 4.29, with h replaced by h o Fy. Then, the
gradient Ky p, of P — «p (P, Py) in Py is given by

1
K. py = <h —/ h(u)du) o Fp. (4.19)
0

Example 4.31 (Example 4.28 Continued)

(a) For the functional «;4 from part (b) of Example 4.28, we get that

Kid,py = Fo — 1/2. (4.20)
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(b) Let h := 1(1/2,1] + 1{1/2)/2. Then we get that [, h(u)du = fll/zdu =1/2,
hence,

1
kn,p,(¥) = 1 ,2,11(Fo(y)) + 11 /2y(Fo () /2 — )

—1/2, Fy(y) < 1/2,
0, Fo(y) =1/2,
1/2, Fo(y) > 1/2

o 1
—zsgn< o(y)—2>-

(c) Notice that median(Py) = Fo_l(/ch(Po, Pp)), where A is as in part (b), and the
formula

1

d
Frlw) = ,
W 0T S W)

d

where fy denotes the Lebesgue density of Py. Thus, the chain rule yields that
the gradient of the functional « from part (a) of Example 4.28, given by P —
median(P) — median(Py), at Py is given by

1
kpy(y) = [2fo(median(Pp))] ™" sgn <Fo(y) - 2) . (4.21)

Unfortunately, the expressions in (4.19)—(4.21) depend on the cdf Fy which is
unspecified in the nonparametric context. Hence, they cannot directly be plugged
into the expression for the test statistic 7,, given in (4.16). However, we can again
make use of the substitution principle and replace Fy by Fy,.In doing so, we recover
the rank tests considered in Example 4.26.

Example 4.32 (Example 4.31 Continued)
(a) Replacing Fy by ﬁn in (4.20), the test statistic 75, given in (4.16) becomes

ni ni
A n nn
o= Fa(Y) — 2‘ so that nT, + 21 => R
i=1 i=1

Hence, the statistical functional «;4 from part (b) of Example 4.28 leads to
Wilcoxon’s rank sum test considered in part (iii) of Example 4.26.
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(b) Replacing Fj by F, in (4.21) and ignoring the constant factor [2 fo(median
(Po))]_l, the test statistic 7, given in (4.16) becomes

ni
A 1
T, = Z sgn (F,,(Yi) - 2) ) (4.22)
i=1
For every summand in (4.22), we obtain that

| 1, Ri(Y) > n/2,
sgn (ﬁnam — 2) =10, Ri(Y)=n/2,
-1, Ri(Y) <n/2.

Hence, choosing the difference of the medians as the nonparametric criterion
for the comparison of the groups leads to the median test considered in part (iv)
of Example 4.26.

Remark 4.33 There are obvious similarities between rank tests and permutation
tests (see Sect. 1.3.2), because the critical value c¢(«) can in both cases be determined
by evaluating the test statistic for all permutations o € .#, and determining the
resulting (1 — «)-quantile of the n! computed values.

In the next chapter, we generalize the theory by considering more general
mappings g(Y) instead of R(Y), and by considering potentially random scores. This
will lead to linear resampling statistics.

4.4 Exercises

Exercise 4.1 Prove Lemma 4.5.

Exercise 4.2 (Score Test in the Gaussian Shift Model) Lern € Nand o2 > 0
be given numbers. Consider the statistical model (R, BR"), (N (9, 52)®" : ¥ €
R)), which is typically referred to as the Gaussian shift model. This means that
we can observe real-valued, stochastically independent and identically normally
distributed random variables Y1, . . ., Y,,, where we know the variance o2 of Y1, but
not its expected value v = E[Y1].

Show that under this model the score test at significance level o« € (0, 1) for the
test problem

Hy : {9 =0} versus H; : {¥ > 0} (4.23)

coincides with the usual Z-Test ¢ at significance level a for (4.23), which is given
by the rejection region {¢ = 1} = {\/nl?,,/a > @11 — a)). In this, Y, denotes
the arithmetic mean of Y1, . .., Yy, and @ denotes the cdf of the univariate standard
normal distribution.
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Hint: Compute the score function of the model and exploit the invariance of a sta-
tistical test of Neyman—Pearson type with respect to strictly isotone transformations
of the corresponding test statistic.

Exercise 4.3 Verify formula (4.5) appearing in Theorem 4.11.
Exercise 4.4 Prove Theorem 4.16.

Exercise 4.5 (Wilcoxon’s Rank Sum Test in Practice) Assume thatn = 16
randomly chosen calves, all from the same target population and of roughly equal
age, are randomly divided into two groups of equal size. The calves in the first
group receive normal feed, while the calves in the second group receive a special,
concentrated feed. After a fixed time span, the weight gain (in kilograms) of each of
the 16 calves is assessed, and the following measurements are obtained.

Group 1 (normal feed) 8.7 9.3 10.6 11.1 11.2 12.4 12.7 14.0
Group 2 (concentrated feed) 9.7 10.9 11.8 12.9 13.5 14.1 14.3 15.6

Utilize Wilcoxon’s rank sum test at significance level o« = 5% to test the null
hypothesis that the (random) weight gain values under concentrated feed do not
tend to larger values than under normal feed against the (one-sided) alternative

that they do.

Hint:

Calibrate the critical value under the homogeneity hypothesis (implying that the
rank statistic of all n = 16 (random) measurements is uniformly distributed on

the symmetric group S16) approximately by means of the Monte Carlo method
employing B = 10,000 randomly chosen permutations o € 6.

Exercise 4.6 (Mann—Whitney U -Test) Consider the statistical model of a
nonparametric two-groups comparison with stochastically independent, real-valued
observables. In this, the random variables Y1, ..., Y,, are identically distributed
with absolutely continuous distribution P of Y1 and Yy, 11, ..., Y, are identically
distributed with absolutely continuous distribution Q of Y,,. We let ny :=n —nj.

(a) Show that Wilcoxon’s rank sum test is equivalent to the Mann—Whitney U -test,
which is based on the test statistic

Unjny = ‘{(i,j)e{l,...,n}zzifnl <j.Yi>Y))

ni n
=Y > 1o —Y)).

i=1 j=n1+1

nj
Hint: Show that Uy, n, = Z Ri(Y) —ni(n1 + 1)/2.
i=1



4.4 Exercises 67

(b) Compute the expected value and the variance of Uy, ,, under the homogeneity
hypothesis Hy from (4.3). (In particular, the rank statistic is under Hy uniformly
distributed on the symmetric group of order n.)

(c¢) Now, consider the special case of n1 = 3 and no = 5. Compile a table with the

(approximated by a computer simulation, if necessary) values Py, (U, pn, < u)
forue{0,1,2,3,...,15}

Exercise 4.7 (Recursion Formula for Wilcoxon’s Rank Sum Statistic) Let
ni

Wiyna = ZR,-(Y) denote Wilcoxon’s rank sum statistic (see part (iii) of
i=1

Example 4.26), where ny = n — ny denotes the number of observational units in

the second group.

(a) Show that

ni(ny+1) ni(ny +2ny+1)
supp(Wny ny) = { .

) e )

(b) Let w € supp(Wy, »,) be fixed. Show that under the homogeneity hypothesis
(under which the rank statistic is uniformly distributed on the symmetric group
of order n) the following recursive formula for pu, p,(w) = P(Wy, n, = w)
holds true:

npnl,nz(w) =N1Pni—1,n; (w—n)+ n2pn1,n271(w)

(c) Tabulate the discrete distribution of W3 5 under the homogeneity hypothesis.
Compare your tabulated values with your result from part (c) of Exercise 4.6.

Exercise 4.8 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) Under the assumptions of Exercise 4.6, the statistic Uy, n, possesses under the
homogeneity hypothesis Hy the same distribution as the statistic Uy, »,.

(b) Under the assumptions of Exercise 4.6, the statistic Uy, n, has support
{0, ..., niny}.

(c) Under the assumptions of Exercise 4.6, the statistic Uy, n, has under the
homogeneity hypothesis Hy a smaller variance than Wilcoxon’s rank sum
statistic Wy, n,.

(d) Wilcoxon’s rank sum statistic Wy, n, possesses for all ni,ny € N both under
the homogeneity hypothesis Hy and under the entire alternative hypothesis

moments of any order, even if the random variables Y, ...,Y, are not
integrable.
Exercise 4.9 Let Yi,...,Y, be stochastically independent and identically dis-

tributed random variables, all defined on the same probability space (2, 7, P),
such that Y1 possesses the standard exponential distribution (i.e., the exponential
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distribution with intensity parameter ). = 1). Furthermore, let W\ := Y., and
Wj = Yj:n - ijlznforz <Jj=n

(a) Compute the (joint) Lebesgue density of (Y1, .. ., Yn;n)T.

(b) Show that Wy, ..., W, are stochastically independent random variables fulfill-
ing that £Z(W;) = Exp(n — j + 1) forall1 < j <n.
Hint: Transformation formula for Lebesgue densities.

(c) Prove assertion (4.11) in Example 4.27.

Exercise 4.10 Show that utilizing h(u) = — In(1 — u) in part (b) of Example 4.28
leads to (an approximate version of) the log-rank test from Example 4.27.
Hint: Show and exploit that

. 1 Tl . n
Z .~ .dj=1In ,r>1.
n+1—j 1 n+1—j n+1—-r

j=1

Exercise 4.11 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) Under the assumptions of part (b) of Lemma 4.13, it holds that
1
P(Ri(Y) =i, R (Y)=j)= , foralli # je{l, ..., n}
n

(b) Under the Gaussian shift model considered in Exercise 4.2, the arithmetic mean
Y, is sufficient for ¥

(c¢) Under the assumptions of Corollary 4.20 and Remark 4.21, the linear rank
statistic T = T (Y) tends to larger values under alternatives (in the sense of
(1.4)) than under the null hypothesis Hy from (4.3).

(d) Under the assumptions of part (c) of this exercise, T = T (Y) is asymptotically
(as n — o0) normally distributed.
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Chapter 5 )
Asymptotics of Linear Resampling Shethie
Statistics

This chapter mainly follows the work of Janssen and Pauls (2003) and the Ph. D.
theses of Pauls (2003) and Pauly (2009).

5.1 General Theory

Definition 5.1 Let (§,;)1<i<k(n) denote a triangular array of random variables
defined on some probability space (£2,.%,P), where n € N and k(n) € N. In
many relevant examples we will choose k(n) = n. Furthermore, let (W, ;)1<i<k(n)
denote a triangular array of (random) weight functions defined on a further
probability space (fZ, 3‘:, ]f”). We assume that (&, ;)1<i<k(n) and (Wy, ;) 1<i<k(n) are
stochastically independent with respect to the product measure P ® P. The weights
shall fulfill the following three general assumptions.

(GA1) Foralln € N, the random variables W, 1, ..., W, x(») are exchangeable.
(GA2)  maxi<j<k(m)|Wa,i — Wyl — 0in P-probability as n — oo, where

W = k()L 5 Wi
(GA3) Zf(:nl)(Wn,,- — W% — C € R in P-probability as n — oo.

Then we call

k(n)

Tn* = \/k(f’l) Z Wn,i(‘i:n,i - ‘i:n)
i=1

a linear resampling statistic with weight functions (W, ;)1<i<k(n)-
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Remark 5.2 It W, =0 P-almost surely, then it follows that

k@)

T, = \/k(n) Z Wha.in.i P-almost surely.
i=1

Example 5.3

()

(b)

Linear rank statistics (cf. Chap.4):
Letn e Nand R, (Y) = (Rn,i (Y))1<i<nforY = (Y1,..., I(,,)T be arank vector
as considered in Chap. 4. Consider scores a, (i) = Ep, , [L(Y,-:n)] (or b, (i) or

by (i) from part (d) of Remark 4.21) and regression coefficients (cy,;)1<i<n. Let
k(n) = n.
Then, the linear rank statistic

T, (R, (Y)) = Z(Cn,i —cn)an (R, i (Y))

i=1

has the structure of a linear resampling statistic (recall part (c) of Remark 4.21).
To see this, define

ap (Rn,i (r))
Voo

%‘n,i = (Cn,i - Cn)a 1 5 l 5 n,

Wh.i = 1<i<n and

and verify (GA1)—(GA3).

A resampling procedure based on T, (R, (Y)) utilizes the uniform distribu-
tion of R, (Y) on ., under the homogeneity hypothesis Hy from (4.3). Every
o € ./, is equally probable for R,(Y) under this homogeneity hypothesis.
Based on this, the critical value for the score test (which is carried out as a rank
test) is obtained by a quantile of the distribution of (7,,(c) : 0 € .¥,) with
respect to the uniform distribution on .%,.

Linear permutation statistics:

Returning to the considerations in Sect. 1.3.2, we now assume that the values
of (Yi)1<i<n are themselves trustworthy in a multi-sample problem. However,
we do not assume a parametric model. Then, a reasonable linear permutation
statistic is given by

k(n)
Tn* = \/k(l’l) Z Cn,o (i) (gn,i - é;-n)s
i=1
with

Yn,i .
€n,i 1= Sk’ 1 <i <k(n), (5.1)
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regression coefficients (¢, )1<i<k(n), and resulting weights W, ; := ¢, 5(;). In
this, 0 € k() again denotes a random (uniformly distributed) permutation of
1, ..., k(n). Itis clear that these weights fulfill the general assumptions (GA1)-
(GA3) if and only if the regression coefficients fulfill them.

For example, consider a two-sample problem, and let k(n) = n as well
as np = n — nj. Then, reasonable regression coefficients for the detection of
location alternatives are given by

. ._\/mnz :,,ll, l<i<n,
n,g — ° 1 .
n _
1 n+1<i<n.

’

For o0 = id we obtain the original test statistic 7, = \/ 1+2 Y, — Yu,).
ny +na
This test statistic is also used in the pooled two-sample ¢-test for the comparison

of the (theoretical) group means under the assumption of normally distributed
data.
(c) Bootstrap statistics:

For one-sample problems (cf. Sect. 1.3.1), permutation methods (relying on
drawings without replacement) are inadequate, as discussed at the end of
Sect. 1.3. Instead, we will consider resampling methods based on drawings with
replacement, namely, bootstrap methods. For example, the classical nonpara-
metric bootstrap by Efron (1979) considers a vector (M, 1, ..., Mn,k(n))—r of
multinomially distributed random variables, where the total sample size equals
k(n) = Zfi”l) M, ; and the cell probabilities are given by p,; = k(n)~", for all
1 < i < k(n). The bootstrap weights are then given by

Wi = k()2 (My; — 1), 1 <i < k().
Letting &, ; as in (5.1), a linear bootstrap statistic thus takes the form

k(n)

M, ;
T = k) | Y ki i =V ] (5.2)
i=1

Exercise 5.1 shows that the construction of 7,* is equivalent to the bootstrap
procedure for the mean functional which has been discussed in Sect. 1.3.1.

Theorems 5.5 and 5.8 will demonstrate that Definition 5.1 is general enough
to show asymptotic effectiveness of conditional (on the observed data) resampling
tests with respect to an unconditional level « test based on the original test statistic
T,, for broad classes of resampling procedures. The advantage of the resampling
approach is that the conditional distribution of 7," given the data only depends on
the distribution of the weights, which is under the control of the statistician.
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Definition 5.4

(a) Conditional resampling test
Under the assumptions of Definition 5.1, denote the cdf of the conditional
distribution Z(T,}1&,,1, . . ., En.km)) by Fr.
Let

i) = ci@lEnts - Enkm) = (FH N1 —a)

denote the (1 — «)-quantile of F,’. Let T, be a real-valued statistic. Then, a
non-randomized conditional resampling test based on 7, and 7," is defined by
Pno = Lcz(@),00) (Th)-

(b) Asymptotic equivalence of sequences of tests
Let (¢n.a)nen and (¢, ,)neN denote two sequences of tests for the same test
problem (%", B(#"), (Ps)veco, Ho), and let ¥g € Hp. Then, (¢n.a)nen and
(¢ o )nen are called asymptotically equivalent under 9y, if

Ya € (0,1): IE%U%,“ — q);';’al] — 0, n — oo.

Theorem 5.5 Assume that (GAI)-(GA3) hold true, where w. [ . 0. g. C = 1
in (GA3). Let (¢n.a)neN be a sequence of tests for (%", B(Z™), Ps)sveco, Ho),
and let o be an arbitrary element of Hy. Assume that the sequence (¢n.o)neN has
the following two properties.

(T1) Foreveryn € N, the decision rule of ¢ o is defined via a real-valued test
statistic Ty, - %" — R and an (unconditional) critical value ¢, (&), such that

On,a = L, (@),00)(Tn), where Ey, [(p,,,a] — o, n — 00.

(Asymptotic unconditional level o-test based on T),)

(T2)  The test statistic T, from (T1) converges under V¢ in distribution to a
random variable T. The cdf Fr of T is continuous and strictly isotone on its
support supp(Fr).

(Unconditional convergence)

Now, let (‘P:,a)neN be a sequence of (conditional) resampling tests for the
same test problem (%", B(%™"), (Py)seo, Ho). Then, (pn.a)neN and (¢ ,Inen are
asymptotically equivalent under ¥y, if and only if

d(ZL (), LT &1, - Enkm)) = 0 in Py, -probability as n — oo. (5.3)

In (5.3), d(-,-) denotes any metric which metrizes the weak convergence on the
space of probability measures on (R, B(R)). For instance, the Lévy metric dr (-, -)
is defined by

di(F,G) =infle >0: Fx—¢)—e <Gx) < F(x+¢e)+eV¥x e R}

fortwo cdfs F and G on (R, Z(R)).
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Proof A proof for the fact that the convergence in (5.3) implies the asymptotic
equivalence of (¢n.«) and (g;; ,) can be found on page 58 of Witting and Nolle
(1970). A proof for the reverse implication can be found in Pauls (2003) (see the
proof of Lemma 3.4 there).

Definition 5.6 If the assertion of Theorem 5.5 holds for all ¥y € Ho, then (¢;; ;)neN
is called asymptotically effective with respect to (¢, o )neN.

Remark 5.7

(a) The “only if” part of Theorem 5.5 is very important for the design of concrete
resampling methods for practical data analysis. It implies that the resampling
scheme has to be chosen carefully, such that the distributional properties of
the original test statistic 75, under the null hypothesis are reproduced as closely
as possible by the construction of 7. For example, consider again part (b)
of Example 5.3, and assume an unbalanced design, meaning that n; # na.
Then, it would not be valid to choose ¢, ; o n—1/2. 1{i<n;). Under asymptotic

Gaussianity of 7T, = \/n':'fzz (Y,, — Yp,) one can easily verify that (5.3) is

violated if 7, is based on these inappropriate regression coefficients.

Further classical counterexamples comprise bootstrapping the maximum
statistic by choosing k(n) = n or naive bootstrapping of correlated data (cf.
Section 2.3.1 of Pauly (2009)).

(b) If T, is a normalized sum of stochastically independent original observables
and 7, is a linear resampling statistic, then a combination of an unconditional
central limit theorem for T, under the null and a conditional central limit
theorem for T," given the data is typically employed to establish asymptotic
effectiveness of ¢, , with respect to ¢, o by means of Theorem 5.5.

We end this section with a rather general conditional central limit theorem for
linear resampling statistics.

Theorem 5.8 (Conditional Central Limit Theorem for Linear Resampling
Statistics) Let T," be a linear resampling statistic. Assume that the weights W, ;
fulfill the general assumptions (GAI)—(GA3), where C = 1 w. L. 0. g. in (GA3).

Furthermore, assume that \/k(n)(Wn,l — W i W1, where W1 is a random
variable with Var (W1) = 1. Finally, assume that the &, ; fulfill the following three
regularity assumptions.

(R1) &, — 0inP-probability.
(R2) maxi<i<km)lén,i —&,1 = 0 in P-probability.

@
(R3) Zf(:nl) (%‘n,i - éjn)z 2 V2, where V? is a non-negative random variable.

Then it holds that
d(Z(Tn*|($,,,,-)15i5k(n)), £L(Z)) — 0 in P-probability,

where Z denotes a random variable on 2 x §2 with Z(w, ) ~ N0, V(w)).
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Proof See Satz 3.3 of Pauly (2009); cf. also Theorem 2.1 of Janssen (2005).

Notice that the &, ; from part (a) of Example 5.3 do typically not fulfill (R1)—
(R3). However, rank tests are invariant with respect to strictly isotone transforma-
tions (see Lemma 4.25). Hence, one may re-scale the &, ; in order to fulfill (R1)—
(R3); see Exercise 5.2.

Remark 5.9 (Bemerkung 3.4 of Pauly (2009))

(a) The combination of conditions (R1) and (R2) is equivalent to the convergence of
maxi<;<k(n)l&n,i| to zero in P-probability, by virtue of the triangular inequality.

) fV2=062>0in(R3)isa positive constant, then the conditional cdf F," (cf.
part (a) of Definition 5.4) even converges uniformly, due to Polya’s Theorem
(see Satz 5.75 of Witting and Miiller-Funk (1995)), meaning that

sup|F) (y) — @( Y )| = 0 in P-probability.
yeR o

(c) If the original observables fulfill P (ng?(yn,i —Y)? > 0) — lasn — oo,

then one can use Studentized variates &, ; of the form

Yn,i - Yn
é}'n,i = .
S = v,

Lty i—va2=0p
Obviously, they fulfill (R3) with V2> = 1. This leads to resampling-based
analogues of Student’s ¢-test (see Janssen 2005 for a detailed treatment).

5.2 Application to Special Resampling Procedures

5.2.1 Multi-Sample Problems, Permutation Tests

We return to the setup introduced in Sect. 1.3.2 and analyze permutation tests. As
outlined in Remark 4.33, we will find close analogies between permutation tests
and rank tests, because in both cases the resampling distribution is based on the
uniform distribution on the set of all permutations of 1,...,n for the involved
weight functions. First, we consider two-sample problems.

Model 5.10 (Two-Sample Problem) Let (Y;)1<i<n be real-valued, stochastically
independent random variables. The variates Yy, ..., Y,, are assumed to be i.i.d.
with Y1 ~ Fi and Yy, 11, ..., Y, are assumed to be i.i.d. with Y, 11 ~ F. Let
ny :=n — ny and assume that 0 < ny < n. The test problem of interest is given by

Hy = {F| = F2} versus Hy = {F| # F2}. 5.4)
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Example 5.11 (Two-Sample Problem in a Gaussian Location Parameter Model)
Under the assumptions of Model 5.10, consider the special case that F; and F>
are Gaussian cdfs which only differ in their means. In this case, one compares the
empirical group means to test (5.4). More specifically, we define the group means by
Yu =07 YL Yiand Yy, =0y > i=n 1 Y- The test statistic of the resulting
two-sample Z-test is then given by T := |Y ny — Y n,| and the test for (5.4) can easily
be calibrated by noticing that Y,,;, — Y, is again normally distributed under H.

However, in the case of general F; and F», exact distributional results for T
are difficult to obtain. Assuming that | and F> are continuous, we consider more
general statistics of the form

n

T=> cig(i) =Y cp,ng(Yin) (5.5)
i=1

i=1

for a given function g : R — R and real numbers (¢;)1<j<n-

The representation of T on the right-hand side of (5.5) establishes the connection
to rank tests. For example, |T'| equals T from Example 5.11 if we choose g =
id, ¢; = nfl fori < njand¢; = —ngl for i > nj. Under Hy from (5.4), the
vector of antiranks D(Y) = (D;(Y))1<i<n and the order statistics (¥;.;)1<i<n are
stochastically independent, see Theorem 4.19. Due to this property, the two-sample
homogeneity test based on T can be carried out as a permutation test (or as a rank
test with random scores) according to the following resampling scheme.

Scheme 5.12 (Resampling Scheme for Problem (5.4)) The following resampling
scheme is appropriate for a one-sided “stochastically larger” alternative. The two-
sided case is obtained by obvious modifications. Furthermore, we have to assume
here that the Y;, 1 < i < n, possess absolutely continuous distributions.

(A) Consider the order statistics (Y;.n)1<i<n and regard a(i) := g(Y;.,) as random
scores.

(B) Denote by D= (D,-)lgif,, a random vector which is uniformly distributed on
the symmetric group ., and let ¢ = c(o, (Yi:n)1<i<n) denote the (1 — a)-
quantile of the discretely distributed random variable D+ h Cﬁ,-a(i)'

(C) The permutation test ¢ for testing (5.4) is then given by

1, T >c,
p=1v, T=c,
0 T<c,

where T is as in (5.5), and y € [0, 1] denotes a randomization constant.

The steps (A)—(C) lead to a conditional test ¢, where the critical value ¢ =
c(a, (Yi:n)1<i<n) is calibrated conditionally to the observed order statistics Y.,
1<i<n.
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Remark 5.13 1f we choose g = id and (¢j)1<j<n as in Example 5.11, leading to

|T| = T, then the test ¢ from Scheme 5.12 is called Pitman’s permutation test; see
Pitman (1937).

The permutation test principle can be adapted to test the more general null
hypothesis

Hy:Y1,...,Y, areiid. (5.6)

In the generalized form, the Y;: 1 < j < n are not even restricted to be real-valued.
The modified resampling scheme is given as follows.

Scheme 5.14 (Modified Resampling Scheme for General Permutation Tests)

(A) Consider n random variates Y, 1 < j < n, each taking values in some space
%, and a real-valued test statistic T = T (Y1, ..., Yy,).

(B) In the remainder, consider permutations 7w with values in ., which are
independent of Y1, ..., Y,.

(C) Denote by Qg the uniform distribution on %), and let ¢ = c(o, Y1, ...,Yy)
denote the (1 — a)-quantile of t — Qo({mr € S : T(Yr(1), .-, Yr@m)) < tD).

(D) The modified (conditional) permutation test ¢ for testing (5.6) is then given by

1, T >c,
¢=1y. T=c,
0, T<ec.

Theorem 5.15 Under the respective assumptions, the permutation test ¢ defined in
Scheme 5.12 and the modified permutation test ¢ defined in Scheme 5.14 are under
the null hypothesis Hy from (5.4) or (5.6), respectively, tests of exact level o for any
fixedn € N.

Proof Conditionally to the order statistics (Scheme 5.12) or to the data themselves
(Scheme 5.14), the critical value ¢ and the randomization constant y are chosen
such that

Ez(ﬁ)[ﬂY:y]=]EQ0[</3|Y=y]=cx

holds true. Furthermore, the antiranks D(Y) are under Hy from (5.4) stochastically
independent of the order statistics. Analogously, the random permutations 7 are
chosen stochastically independent of Y1, ..., Y, in the case of ¢. The result of the
theorem follows by averaging with respect to the distribution of Y and exploiting
part c) of Theorem 1.24.

In principle, Theorem 5.15 provides a very satisfying assertion for the behavior
of permutation tests under the null hypothesis of distributional homogeneity. For
small values of n it is possible to calculate (conditional) critical values explicitly
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by traversing all n! possible permutations. For moderate values of n, one can
approximate the critical value by traversing B < n! randomly chosen permutations
(Monte Carlo-variant of the permutation test). For large values of n, however, one
may also consider a normal approximation if the test statistic has the form of an
(appropriately normalized) sum. In order to establish asymptotic effectiveness of
the latter approach, we need unconditional (under Hp) and conditional (given the
data) central limit theorems, cf. part (b) of Remark 5.7.

Assumptions 5.16 Ler (Y;);>1 be i.i.d. random variates with Yy : (2, #,P) —
%, and let g : % — R a measurable mapping fulfilling

/ g2 (Y1)dP < oo. (5.7)

Assume that regression coefficients (cp;)1<i<n are given such that the following four
conditions are fulfilled.

n
YneN: Zcm- =0. (5.8)
i=1

n
nli)ngOZcﬁi =c?>0. (59
i=1

n
Ve >0dM =M(e) >0:VYne N: Zcﬁil[M,oo)(lx/ncnil) <e. (5.10)

i=1

ot = c2/{g(Y1) — E[g(YD]}?dP > 0. (5.11)

Theorem 5.17 Under Assumptions 5.16, let T, = i, cpig(Yi).

(a) It holds that £ (T},) = N (0, 0%) forn — oo.

(b) Let T, = (Tni)i<i<n : (f),j, If") — %, denote a uniformly distributed
random variate taking its values in %, where t, is stochastically inde-
pendent of (Y;)i>1. For fixed w € §2 let F, ,(-) denote the cdf of & +>
T, ((Yr,; @) (@))1<i<n)- Then it holds that

t
Sup|Fy,.(t) — @( )| — 0in P-probability.
teR o

Proof For proving part (a), we apply the central limit theorem of Lindeberg-Feller,
noticing that assumption (5.10) yields uniform integrability of the summands of 7;,.
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For proving part (b), we apply Theorem 5.8 in connection with Remark 5.9. To

this end, re-write the resampling statistic for fixed 1, = 7 = (7 (1), ..., 7 (n)) in
the form
- g(Yy)
Tn((Yn(j))lijn)chmg(yn(z))—«/nz Cn,r=13i) \/
i=1 i=1

=n Y Wailni —£,),
i=1

where

Y; & 1y
&n,i ::Cg( 2 and Wi = n,m (l).
Vvn ¢

In this, notice that we may assume w. 1. 0. g. that the g(Y;), | <i < n, are centered
at their arithmetic mean, cf. assumption (5.8) in connection with Remark 5.2.
It remains to check all assumptions of Theorem 5.8. The regularity assumption

maxi<i<nl&n.il ﬂ) 0 from part (a) of Remark 5.9 is obviously fulfilled. Validity
of (R3) with V2 = ¢2 > 0 follows from assumption (5.11). Assumption (GA1) is
fulfilled, because 7, = 7 is uniformly distributed on .#;,. Validity of (GA3) with
C = 1 follows from assumptions (5.8) and (5.9). It remains to check (GA2), i.e.,

P . .
maxj<j<p Cni —> 0asn — oo. To this end, we argue as follows. Since the ¢, -1 @

are exchangeable and lim;,— o Z = ¢2 (which is a constant) due to (5.9), it

tlm

must hold that ¢,, -1; = O3 ( n ) for all indices i, for eventually all large n.

Remark 5.18 For the application of Theorem 5.17 in practice, the permutation
variance of ) ;| ¢»ig(Ys,,;) (i.e., its conditional variance given the data Y = y with
respect to the distribution of t,,) is needed. Assuming w. 1. o. g. that E[g(Y7)] = O,
this permutation variance is computed as follows:

Var (Z cnig(Yr, )Y = y) = Var (Z Cn,fm,lg(yi)>

i=1 i=1
2

llz(cni—6)2~2 g —n' Y e |
i=1 i=1

j=1

where the first equality follows from part c) of Theorem 1.24, and the second
equality is obtained as in the proof of Lemma 4.22.
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5.2.2 One-Sample Problems, Bootstrap Tests

Here, we return to testing (linear) statistical functionals in one-sample problems (cf.
Sect. 1.3.1).

Model 5.19 Let Yi,...,Y, be stochastically independent and identically dis-
tributed random variables defined on some probability space (2, F , P), where Y
takes values in (¥, B(Y)). Let g : & — R be a measurable mapping fulfilling
0<o?:= Var(g(Y1)) < oo and let

k(P = / g(Y1)dP = E[g(Y))]

be the statistical functional of interest. Denote by Py=n"! Y ' 8y, the empirical
measure pertaining to Y1, ..., Y, and by

n n 2
sr=n"'Y" (g(Y,-) —n! Zg(Yi)>
j=1

i=1

the (uncorrected) sample variance of g. We abbreviate Z; :== g(Y;), 1 <i < n, and
Z,:=n"! Y ic1Zj = k(Pn).

Lemma 5.20 Under Model 5.19, the following two assertions hold true.
(a) & (JnK(ﬁ”);K(PYI)) L /(0,1 asn — oo.
(b) & (\/nK(P'ﬂ;:(P”)) B 4(0,1) asn — oo

Proof Part (a) is an application of the central limit theorem to the i.i.d. variables
Z1, ..., Zy,and part (b) follows from part (a) in combination with Slutzky’s lemma,
since &,% estimates o> consistently due to the law of large numbers.

Now, assume that we are interested in testing
Ho : k(P = po versus Hy : k(P™) # o (5.12)

for some fixed value o € R. Lemma 5.20 yields that a Z-test based on Zn is
asymptotically valid. However, as argued in Sect. 1.3.1, the normal approximation
of the null distribution of Z,, may be inaccurate for finite sample sizes.

We will discuss three bootstrap tests for (5.12), which are given by the resampling
Schemes 5.21, 5.22, and 5.23, respectively. In this, we restrict our attention to
the case of an unknown variance o> which has a high relevance for practical
applications.
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Scheme 5.21 (Bootstrap Test)

(A) LetY = (Y1, ..., Yy) " beasin Model 5.19.

(B) Let Y* = (Y, ..., Y,;k)—r be a vector of random variables defined on some
further probability space (2%, F*,P*), each taking values in (%', B(Y)),
such that £ (Y*|Y) = (P,)®". R

(C) Let PF = n'Y1_, Sys, Z, = k(P¥) = n~' Y1 g(Y)"), and qg be the
B-quantile of the conditional cdf 7 — IP’*(Z:: —Z, <z|Y).

(D) Reject Hy, if and only if Z, ¢ (110 + Gas2, 0 + q1—a/2]-

For reasonable sample sizes n, the exact determination of the critical values gq/2

and g1_4/2 Will often be computationally too demanding in practice. Therefore, a
Monte Carlo variant of Scheme 5.21 can be performed as follows.

Scheme 5.22 (Monte Carlo Bootstrap, cf. Efron (1977, 1979))

(A) Let Y = (Y1,...,Y,)" be as in Model 5.19. Compute from this sample the
transformed sample Z = (Z1, ..., Z,) " = (g(Y1), ..., g(¥,) .
(B) Fix a number B € N of Monte Carlo repetitions, ideally such that (1 —a) - B is

an integer. Generate B bootstrap pseudo-samples ((ZZ 1 2y ")>b _
In this, all Zijor 1<b<Bundl < j < naredrawn independentl)’)‘;z’nd
uniformly with replacement from the original sample units Z1, . . ., Z,,.

(C) Compute the bootstrap test statistics

*

Zyp—Zn

~

nszJn forl1 <b <B.

n

Zy — 1o

(D) Reject Hy, if and only if «/n exceeds the {(1 — «) - B}-th order

n

statistic of the vector (T, )p=1,..., B-

Scheme 5.22 can be improved by including the Studentization into the resam-
pling mechanism, leading to Scheme 5.23 which is recommended for practical data
analysis.

Scheme 5.23 (Improved Resampling Scheme (See, e.g., Hall and Wilson 1991))
Proceed as in Scheme 5.22, but replace in step (C) the original estimate &,
of the standard deviation by its resampling counterpart G, ,, given by 6./, =

\/”71 > i(Zy ;- Zy )™

According to the guidelines by Hall and Wilson (1991), Scheme 5.23 should be
preferred over Scheme 5.22. Theoretical justifications for this guideline regarding
the speed of convergence have been established by Hall (1988); cf. also Singh
(1981).

In the remainder of this section, we will utilize the conditional central limit
theorem for general linear resampling statistics (i.e., Theorem 5.8) in order to
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establish the asymptotic effectiveness of the bootstrap test defined by Scheme 5.21
with respect to the Z-test based on Z,,. To this end, define Z} = g(¥;"),

g= 27 ang g Zi=Zn porall 1<i <
;= and £ = , fora <i<n.
' J/néy, ! J/néy,
This leads to the (Studentized) resampling statistic
* Z; —Zy . * - *
" j=1 j=1
because
‘ “(Zi-Zn 1 KZi-2Z
CRD R GRS sk
j=1 Jj=1 " i=1 "
1 n

. *

" ; (Z-2u- 22+ )

= ! (nZ*—nZ )—\/nZ:_Z"

-~ /né, " ") 6,
Now, we analyze the sum Z?:l E;‘. For fixed w € 2 and fixed 1 < i < n, we
observe that the value y; = Y;(w) will exactly m, ; times be used in this sum,
where the counts (m,,;)1<i<, can be regarded as realizations of a multinomially
distributed random vector M,, = (M, 1, ..., Mn,n)T, where the total sample size in
this multinomial distribution equals n = ), M, ;, and the cell probabilities are
given by p,; = n~! forall 1 < i < n. This leads to the stochastic representation

Z?:} £ = Z?:l. M, & j- Substituting the latter representation in (5.13), we obtain
the linear resampling statistic

Ti=) Myj&j—Y &= (My;— D& =nd W& —&,)
j=1 i=1

j=1 j=1

with weights W, ; = n=Y/2(M,, ; — 1) forall 1 < j <n.

Parts (a) and (c) of Remark 5.9 immediately yield that (R1)—(R3) are fulfilled for
(&) 1<i<n, where V2 =1in (R3). It remains to verify the general assumptions for
the weights. To this end, consider the following lemma.

Lemma 5.24 (Lemma 20.2 in Janssen (1998)) Let M = (M, ...,Mn)—r be
a multinomially distributed random vector, where the total sample size in this
multinomial distribution equals n =Y ;_, M;, and the cell probabilities are given
by pi =n~ forall 1 <i < n. Then, the following assertions hold true.
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(a) V1 < i < n: M; Z Zzzl 1(iy(&k), where &1, . .., &y are i.i.d. and uniformly
distributed on {1, ..., n}.

(b) V1 <i <n:E[M;] =1, Var(M;) =" ".

(c) Z?:l Mi=n=M, =1

(d) Ve > 0: P(Jnmaxlgifnlﬂr{i — rll| > 8) — Qasn — oo.

2
(e) Var (Z?Zl [M&nl] ) = (";31)2 — O0asn — oo.

Corollary 5.25 Let W, ; = n_l/z(Mn,j —1), 1 < j < n, denote bootstrap weights,
where M, = (M 1, ..., Mn,n)—r is distributed as M in Lemma 5.24. Then, the
following assertions hold true.

(a) The W, ; fulfill (GAI) because of part (a) of Lemma 5.24.
(b) The W, ; fulfill (GA2) because of part (d) of Lemma 5.24.
(c) The W, ; fulfill (GA3) with C=1, meaning that Sy := Z?:l(Wn,j —

W,)? = 1 in probability as n — oo, because of the following argumentation.
First, we have that

n n 2
2 My, j — 1)
Sw = 2 :Wn,j = Z n d
j=1

j=1

because W, = 0. According to part (b) of Lemma 5.24, we have E[Sw] =
Var(Mn,l) =m—1)/n— lasn — oco. Moreover, Var (Sw) — Oasn — oo
due to part (e) of Lemma 5.24.

(d) Finally, it holds \/n(Wp.1 — W) = M1 — 1 and Var (Mn,l) — lasn — oo.

Combining Corollary 5.25 and Theorem 5.8, we have that

A
f(Jn "

n

Y) S 40, 1)

in probability. On the other hand, we have unconditional weak convergence of
<z <\/n Z”;“O) to 4°(0,1) under Hy as n — oo; see Lemma 5.20. Hence,
Theorem 5.5 yields asymptotic effectiveness of the bootstrap test from Scheme 5.21

with respect to the Z-test based on Z,,. The Schemes 5.22 and 5.23 can be analyzed
analogously.

5.3 Non-exchangeability, Studentization

We have seen in Theorem 5.15 that exchangeability (i.e., distributional invariance
with respect to permutations) of all n observational units under the null hypothesis
is sufficient for a permutation test to keep the significance level « exactly for any



5.3 Non-exchangeability, Studentization 85

finite sample size. However, the properties of permutation tests may also be analyzed
if this invariance assumption is violated (cf. Romano 1990). For concreteness,
consider again the “pooled #-type” test statistic

niny
Tn = (Ynl - Ynz)-
nj

Assuming finite first moments of the observables, one may employ this test statistic
in a permutation test to test the null hypothesis

Ho = {1 = pa} versus Hy = {1 # o}, (5.14)

where 1 = E[Y7] denotes the (theoretical) mean in the first group and pu, =
E[Yy;,+1] denotes the mean in the second group. Notice that the observables are
not necessarily exchangeable under Hy from (5.14), because it may well be true that
the (theoretical) group means coincide, while their higher moments (e.g., the group
variances) are different.

Theorem 5.26 Under the general assumptions from Model 5.10, assume that
testing Hy from (5.14) is of interest, and that the observables possess non-trivial,
finite variances 012 = Var(Yy) and 022 = Var(Yy,,+1). We assume that ny /n tends to
A € (0, 1) forn — oo. Then, the following assertions hold true.

(a) Letting o>(T,,|Ho) denote the (unconditional) sampling variance of T, under

Hy, we have that

lim o?(T,|Ho) = rof + (1 — 1)oj. (5.15)
n—>oo

(b) Letting oz(Tn*lY ) denote the (conditional) permutation variance of T, given
the data, we have that

o2(THY) — (1 — Ao} + Ao} (5.16)

almost surely as n — oo.
(c¢) The right-hand sides of (5.15) and (5.16) coincide if and only ifal2 = 0'22 or
A=1/2.

Proof To prove part (a), we straightforwardly calculate that

2 2
niny [ o o
02(7n|110) = ( ! 2)

n ni ny

n2 ni
= 012 + 022
n n

— )\0'12~|—(1 —A)azz, n— oo.
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For showing the validity of (5.16), we employ Remark 5.18. Noticing that the
regression coefficients (c,,;)1<i<, given in part (b) of Example 5.3 are centered,
elementary calculations yield that

R -
2 2
AT = D lﬁ(Yi — Y
1=

which is the pooled sample variance. It follows from the strong law of large numbers
that 02(Tn* |Y) converges almost surely to the pooled population variance, which is
given by

Var ((1 —MOPY 4 APY"1+1> = (1— Mo + 10l

Part (c) follows immediately from parts (a) and (b).

In view of Theorem 5.5, the permutation test based on 7,, can hence only be
asymptotically effective for testing Hy from (5.14) if 0'12 = 0'22 (in particular,
of course, in the case of exchangeability under Hp) or if A = 1/2 (balanced
sample sizes). However, there exists a technique (namely, Studentization) such
that the Studentized version of the permutation test based on 7}, is asymptotically
effective for testing Hy from (5.14) even if the latter assumptions may be violated.

Theorem 5.27 (Part (a) of Theorem 2.1 of Janssen (1997)) Let the pooled sample

variance V, be defined by
St 83
Vn = e ( ! + 2) ’
n ny  np

where

1 _ 1 ‘ _
57 = . Z(Yi —Y,)? and 3 = ] Z (Yj — Yuy)?
m=ig I R

Define the Studentized variant of the test statistic T, by TnS’”d‘ =T,/ an /2

Then, under the general assumptions of Model 5.10 and additionally assuming
non-trivial, finite variances 0'12 and 0'22, the permutation test based on TnS’”d‘ is of
asymptotic (min(n1, ny) — 00) size « for all (joint) data distributions PY such that
Hy from (5.14) holds true, where Y = (Y1, ..., Yn)T.

Remark 5.28 The argumentation of Janssen (1997) is similar to the proof of
Theorem 5.17 and our argumentation in Sect.5.2.2. Namely, it is shown that
both the unconditional null distribution of TnS‘“d' and the (conditional) permutation
distribution of TnS‘“d' given the data are asymptotically standard normal (where the
latter convergence holds in P-probability).
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5.4 Exercises

Exercise 5.1 Show that the linear bootstrap statistic T,' from (5.2) is equivalent
to the bootstrap method for the mean functional which has been discussed in
Sect. 1.3.1.

Hint: Show that T, is a scaled version of the difference 17;‘ — Y, appearing in (1.8).

Exercise 5.2 Consider Wilcoxon’s rank sum statistic from part (iii) of Example 4.26
and regard this statistic (or its centered and scaled version, respectively) as a linear
resampling statistic as described in part (a) of Example 5.3. How can one define the
regression coefficients and the weights such that the assumptions of Theorem 5.8 are

fulfilled?

Exercise 5.3 (Permutation Test in Practice) Assume that six cell cultures of the
same kind are grown in Petri dishes. Three randomly chosen cultures are treated
with vitamin E, while the other three cell cultures do not receive this treatment.
After three weeks it is assessed how many cells per cell culture still have the ability
to grow. The obtained data are summarized in the following table.

Group 1 (Treatment with vitamin E) 121 118 110
Group 2 (No treatment with vitamin E) 34 22 12

Test at significance level @ = 5% the null hypothesis that the vitamin E treatment
does not lead to an increase in the (random) number of cells with ability to grow
after three weeks against its (one-sided) alternative that it does, by means of a
permutation test. Employ as test statistic the sum of the number of cells with the
ability to grow after three weeks in group 1 (treated with vitamin E).

Hint: You do not have to explicitly traverse all 6! = 720 possible permutations,
because many of them lead to identical values of the test statistic. Thus, consider
first how many and which permutations have to be traversed.

Exercise 5.4 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) For testing the simple null hypothesis {F1 = F,} against the (“two-sided”)
alternative {F1 # F} under a two-sample problem, one needs two critical
values for the test statistic T, of the permutation test considered in part (b) of
Example 5.3.

(b) The weights Wy, ; from part (c) of Example 5.3 are centered for all n € N and
all1 <i < k(n).

(c) The critical value c (o) from part (a) of Definition 5.4 only depends on n and
o, and can hence be tabulated.

(d) For everyn € N, let X, be a (real-valued) random variable with distribution

(0, 6,12). Assume that the variances o> > 0 converge to zero for n — oc.

n
Denote by F, the cdf of X, and by G the cdf of the Dirac distribution with
point mass 1 in zero. Then it holds for the Lévy metric di,(-, -) introduced in

Theorem 5.5, that dp (Fy,, G) — 0 for n — oo.



88 5 Asymptotics of Linear Resampling Statistics

Exercise 5.5 (Generalized Weighted Bootstrap) Let us construct a weighted
bootstrap procedure or the mean functional, where we assume that k(n) = n for
ease of notation.

To this end, let (£¢)¢=1 be a sequence of real-valued, stochastically independent
and identically distributed, almost surely positive random variables, such that ¢y
possesses a finite second moment. Forn € Nwe let My ; = ¢/ Z?:l i, 1 <i<n
Finally, in analogy to part (c) of Example 5.3, we let W,,; = b,(Mp,; — ay) for
1 <i < n and real numbers a, and b,,.

Construct sequences {an}nen and {bplnen such that the general assump-
tions (GA1)—(GA3) are fulfilled for these weights.

Exercise 5.6 (Programming Exercise) Compare, under the general assumptions
of Sect. 5.3, the permutation tests based on T, and on TnS’”d', respectively, with
respect to the accurateness with which they keep the significance level in a computer
simulation. Try out varying ratios ni/n> of the group-specific sample sizes as well
as varying ratios 012 / 022 of the group-specific variances.

Exercise 5.7 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) Efron’s bootstrap can also be applied to two-sample problems.

(b) In the case of Pitman’s permutation test from Remark 5.13, one does not
have to explicitly consider those permutations of the antiranks which leave all
observational units in their original groups.

(c) Scheme 5.14 remains valid in the case where there are ties among the Y;, 1 <
i <n.

(d) Under the assumptions of Lemma 5.24, the covariance of M; and M j converges
to zero as n — oo, for every pair 1 <i < j <n of indices.
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Chapter 6 )
Bootstrap Methods for Linear Models Shethie

In this chapter, we employ multivariate central limit theorems for establishing
consistency of bootstrap approximations of the distribution of estimators of vectors
of regression coefficients in linear models. As argued by Freedman (1981), the
choice of appropriate resampling schemes crucially depends on whether the design
matrix is deterministic or random.

6.1 Deterministic Design

Model 6.1 We consider the sample space (%, B(%)) = @R", BR")). The
observations yi, ..., y, are modeled as realizations of real-valued, stochastically
independent random variables Y1, . .., Y, fulfilling

14
Vi<izn: Y=Y Bixikte (6.1)
k=1

The vector B = (B1, ..., ,B,,)T € R? is the parameter of interest. We assume that
&1, ...,&y are called error terms. %hey are assumed to be i.i.d. and defined on some
probability space (2, %, P). We assume that E[e1] = 0 and that 0 < o? =
Var (1) < oo holds true. However, we do not assume a parametric family for
the cdf F of €1. Thus, F is an infinite-dimensional nuisance parameter, leading
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to a semiparametric model. In abbreviated notation, we have the following model
quantities.

Yn)y=Y =({q,..., Yn)T eR" response vector

X1,1 --- X1,p

x(n)=x:=1 ©| eR"™P design matrix
Xn,1 - - Xnp

e(n) =¢:=(g1,...,6,) €R" vector of error terms

B=i....Bp) eR? parameter vector

In matrix notation, we can express (6.1) as follows:
Yn)=xn)B+en) or Y =xB+e. (6.2)

Finally, we assume that the design matrix has full rank, such that x"x € RP*P is
positive definite and hence invertible.

Lemma 6.2 Under Model 6.1, the least squares estimator (LSE) ,3 of B is given by
Py =p=p1) =0 xTy. (6.3)

Furthermore, the estimation error can be represented as
B—pB=x"x)xTe. (6.4)

Proof The LSE ﬁ(n) = ,3 is the L-projection of Y onto the vector space {z € R”" :
z =xy,y € RP}. Hence, it can be characterized by the following property.

Vy e RP 1 (Y — xB, xy)re =0
&S Vy eRP (Y—xﬁ)—rxy =0
SVyeRP:YTxy —BTxTxy =0
SVy eRP:YTxy =B"xTxy
s YTx= BTxTx.
Multiplication from the right by (x "x)~! yields
Y—l—x(x—l—x)_1 = ,3T — ,3 = (xTx)_leY,

because (x ' x)~! € RP*P is a symmetric matrix.
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Now, substituting the right-hand side of (6.2) in the representation for ,3,
we obtain

,3 =) X TwB+e)=B+xTx)xTe
or, equivalently,
B—B=0"0)""xTs,
as desired.

Equation (6.4) is a helpful tool for the (asymptotic) analysis of least squares-based
statistical inference methods for 8. The following theorem yields the first two
moments of B for any finite sample size.

Theorem 6.3 Under Model 6.1, let B(n) = ,é = (x "x)"'x TY. Then, the following
two assertions hold true.

(i) ElB] = B.
(ii) Cov(,é) =o?(xTx)"l.

Proof We exploit the representation
B =B+ (xTx)_les.

Linearity of expectation operators yields (i), because ¢ is centered. Furthermore,
we get

Covip) =E[(B-pB -]
=x'x)" xE [SST] x(xTx)7!
= az(xTx)_l,

because E [ee "] = 021,.

Our next goal is to prove an (unconditional) multivariate central limit theorem
for B(n). To this end, we first have the following auxiliary result.

Lemma 6.4 Leta' = (a1, ...,ap) be an arbitrary, but fixed vector in RP. Under
Model 6.1, assume that

. 1
(i) n~2 maxi<j<n1<k<plXikx| = 0asn — oo,

SI=n, ==

(ii) n™'xTx — V asn — oo, for a positive definite, symmetric matrix V€ RP*P.

Then it holds that
<z (nféa—rx—%) X N0, p?) asn — oo,

where p? = o%a Va.
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Proof Let S, :=a'x "¢ and notice that
P n n p n
=) ( z) e (2 ) e
k=1 i=1 i=1 k=1 i=1

=

can be written as a sum of stochastically independent, centered random variables.
Furthermore, we have that

n n )4
Var (S,) = o2 szz =o? Z Z ajagXi jXik

i=1 i=1 j k=1
p
2 T
=0 Z ajar(x  X)jk
J.k=1

= ozaT(xTx)a.
Consequently,
Var (niéSn> =n"'o%a"x"xa > ,o2 =o%a " Vaasn — oo.
It remains to check the Lindeberg condition, meaning that
n
V8>O:n_12|:bl-2/ sizd]P’i|—>O asn — 0o.
i1 {lei|28+/n/1bi 1}

To this end, notice that assumption (i) implies that

. N Vn
Vi<i<n: > =:c, —> 00 asn — oQ.
|bi | maxi<j<p |bil

Thus, we get for all 1 <i < n that

/ sfd]P’f/ 8%dP—>0asn—>oo,
{lei|=8/n/|bi} {lei|=8cn}

because €1 possesses a finite second moment. Furthermore, as shown before,
n~! > bl.2 converges to the fixed value a ' Va as n — oo, completing the proof.

Theorem 6.5 (Multivariate Central Limit Theorem) Under Model 6. A] , assume
that assumptions (i) and (ii) from Lemma 6.4 are fulfilled. Then, letting B(n) be as
in Theorem 6.3, we have the convergence

<z <\/n [ﬁ(n) — ,B]) = N (O, O'2V71> asn — oo.
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Proof Notice that

Te.

JnlBn) — 1=

1
(n_lex)_lx
n

V

Now, due to the Cramér-Wold device (see, e.g., page 862 of Shorack and Wellner
(1986)), it holds that

1 w
L (\/nx—re) - N (O, an) asn — 0o.

Furthermore, assumption (ii) implies that nxTx)™! converges to V1asn —
0o. Altogether, this entails that

1
A (Jn (nlex)les> g N (0, an*I) asn — 00,

as desired.

Theorem 6.6 (cf. Freedman (1981)) Under the assumptions of Theorem 6.5, the
following assertions hold true.

(a) nA_l(x(n))Ts(n) — 0 almost surely as n — o0.
(b) B(n) — B almost surely as n — oo.

Let
E=Gl....80) =Y —xB=x(B-P)+¢ (6.5)
denote the vector of residuals, and let E,, denote the ecdf pertaining to &1, ..., &y.

Then we have that

(c) &, = fzﬁn(dz) =n! Yo' 1 & — 0almost surely as n — 00,

(d) 8,% = fzzﬁn(dz) =n"1(&)"é — o2 almost surely as n — .

(e) Due to part (c), the convergence in part (d) remains the same if the residuals
are centered at &,.

The bootstrap procedure given in Scheme 6.7 for the approximation of .# (,é (n))
randomly combines the centered residuals with rows of the design matrix.

Scheme 6.7 (Bootstrap for Model 6.1)
(A) Compute the LSE ,3(11) = (x(n)Tx())"'x(m) TY (n) based on the originally

observed response vector Y (n) =Y = (Y1, ..., )’ ~
(B) Compute the residuals §1~, ..., &, defined in (6.5), as well as their mean &, =
n~1 Z?:l &;. Denote by F,, the ecdf of the centered residuals &1, . . ., &,, where

§j=§j—§n,1§j§n.
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(C) Denote by €7, ..., ey a bootstrap pseudo sample which is conditionally (to Y )
i.i.d. and such that 81‘|Y ~ Fn. Let Y;.k = xjﬁ(n) + 87, 1 < j < n, where x;
denotes the j-th row of x, and Y* = (Y, ..., YT

(D) Let ﬁ*(n) = "x)7'xTY* and take the (conditional) distribution
of /n (,3*(11) - ,3(11)) given Y as a bootstrap approximation of the

(unconditional) distribution of \/n (,é(n) — ,8)

The consistency of the bootstrap approximation defined by Scheme 6.7 will be
shown by the Conditional Multivariate Central Limit Theorem 6.10. To this end, we
need two preparatory lemmas.

Lemma 6.8 Under Model 6.1, let assumptions (i) and (ii) from Lemma 6.4 be
fulfilled. Then, with the notation introduced in Scheme 6.7, the following two
assertions hold true.

IR 2 _ N
(a) n=! ||£ — 8” =n"! Z?:l(ei —&)2 >0 almost surely as n — oo.
(b) n=1 & - 8||2 =n"! Yo G- €)% — 0 almost surely as n — oc.

Proof Representation (6.5) implies that € — & = x(8 — B), hence

i—e|’=B-HTxTx(B-p).

Now, part (b) of Theorem 6.6 yields assertion (a), because n~xTx converges to the

fixed matrix V due to assumption (ii). Assertion (b) follows by additionally utilizing
part (c) of Theorem 6.6.

Lemma 6.9 Under the assumption of Lemma 6.8, it holds that
F,— F with probability 1 as n — o0,

where the convergence is in the sense of weak convergence of the corresponding
probability measures.

Proof Let ¥ denote a bounded, Lipschitz continuous function with Lipschitz
constant K. Then we have that

IA

nY W E) — (e
i=1

K n
. > IE — e
i=1
1

n 2
K (nl Z(é,» - g,-)2> , (6.6)
i=1

IA
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because for any vector @ € R” it holds that ||a|; < +/n|lal2. Now, Part (b) of
Lemma 6.8 yields that the right-hand side of (6.6) tends to zero almost surely as
n — o0. Hence, we have that

/lll(x)l},, (dx) — / lI’(x)f’,, (dx) — 0 almost surely as n — o0,

where £, denotes the ecdf pertaining to €1, ..., &,. A slight variation of Vitali’s
Theorem (see Lemma 8.4 in Bickel and Freedman (1981)) yields the assertion.

Theorem 6.10 (Conditional Multivariate Central Limit Theorem) Under
Model 6.1, let assumptions (i) and (ii) from Lemma 6.4 be fulfilled. Then, the
convergence

A (\/n [ﬁ*(n) - ﬁ(n)]‘ Y) = N (O, 02V71) asn — oo

holds with probability 1.

Proof We notice that
xTx [Brm = B | = xTer,
because

B*(n) — ()CT)C)_leY*
= "0 X T@Bm) + )

=Am) + (xTx) " 'xTe",

Now, we can proceed as in the proofs of Lemma 6.4 and Theorem 6.5, where
Lemmas 6.8 and 6.9 can be exploited in order to establish the validity of the
Lindeberg condition.

6.2 Random Design

Model 6.11 (Linear Model with Random Design, Linear Correlation Model)
We consider the sample space (R"PTD ZR"P+D)) The observations are mod-
eled as realizations of i.i.d. tuples (X;, Yi)1<i<n, defined on some probability space
(2, F,P), where X1 = x; € R” and Y| = y; € R. For ease of exposition, assume
that both X and Y| are centered.
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We are interested in the strength of the linear association between X1 and Y.
Thus, we may write

P
Vi<i<n: Yi=) BXix+e=X p+e, (6.7)
k=1
and thereby introduce “error terms” €1, . .., 5. The random matrix
Xi1-.. X1,p
Xn)=X=
Xn1 oo Xayp

is called the random design matrix of the model, leading to the matrix representation
Y=XB+¢

of (6.7), where we omitted the index n for ease of notation.
Under Model (6.7), we make the following assumptions.

(i) The (covariance)matrix ¥ = E [XlXir] € RP*P is finite and positive definite.
(ii) Let p denote the (p + 1)-dimensional probability distribution of (X1, Y1).
Then w already fully specifies the distribution of €1, because e1 = Y1 — XI'—,B.
In particular, (€;) j=1,..,n are (unconditionally) i.i.d. However, it may well be

,,,,,

true that Var(e1|X1 = x1) =: 02(x1) is a non-constant function of x; € RP
(heteroscedasticity).
(iii) The parameter vector B = (B1, ..., ﬁp)T is defined as the minimizer of the

expected squared prediction error E [(Y1 - XII—,B)Z] This implies (see, e.g.,

Section 5.2 in Whittaker (1990)) that Y1 — XIF,B = &1 is perpendicular to X1,
meaning that V1 < j < p : E[Xy e1] = 0 or Cov(er, X1) = Cov(Y1 —
,BTXl, X1) = 0, respectively. Hence, B = >IE[X, 1]

(iv) The matrix M = (Mj ;)1<jk<p with entries M = E[Xl,le,ksf] exists in

RP*P_ This assumption is fulfilled if E [” (X!, Y1) Hg] < 00.

Lemma 6.12 Under the assumptions of Model 6.11, the matrix

n
nIxTx =n! (Z Xi,in,k>
i=1

Jik=1,...p

with values in RP*P converges u®"-almost surely to X € RP*P as n — oo.

Proof The assertion follows from the strong law of large numbers, applied element-
wise.
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By the substitution principle, we define the estimator ﬁ(n) = ,3 of B € R?
as the minimizer of the empirical squared prediction error n~! Yo (Y,- - X lT B )2.

The solution is (see Sect. 6.1) the LSE B(n) = /§ = (XTX)"'XTY. We obtain the
stochastic representation

XTX)BE-BH=X"XOX"X)'XTY-Bl=XTY - X X)B=X"e

of the (weighted) random estimation error.

Lemma 6.13 Under the assumptions of Model 6.11, it holds that
n2(XTX)(—B)=n"2X"e S Ny (0, M) asn — .

Proof Notice that X e = (Zl 1 Xi /8,);r
Assumption (iii) from Model 6.11 entails that each of these vectors is centered, and
assumption (iv) entails that each of these vectors possesses the (finite) covariance
matrix M. This allows us to apply the multivariate central limit theorem for
i.i.d. random vectors; see also the proof of Lemma 6.18 below for an analogous
argumentation.

is a sum of i.i.d. random vectors.

Combining Lemmas 6;12 and 6.13, we obtain an (unconditional) multivariate
central limit theorem for 8.

Theorem 6.14 (Multivariate Central Limit Theorem) Under the assumptions of
Model 6.11, it holds that

Jn( (n) — )gﬂ/p<0, Z‘_lMZ‘_l) asn — 0o.

Furthermore, B(n) converges almost surely to B as n — oo.

Proof We exploit the representation
By =X"X) "' XTY =8+ X" X) ' XTe=B+m ' X"X) 'n X o).

Now, Lemma 6.12 yields that n~!(X T X) converges almost surely to X. Analo-
gously, n7! X Te converges almost surely to 0 € R”. Hence, the strong law of large
numbers yields 8(n) — B almost surely as n — oo. The multivariate normality of

Jn (ﬁ (n) — ,8) follows from Lemma 6.13 in combination with Slutzky’s lemma.

Since we did not make any parametric assumptions regarding the (joint) distribu-
tion u®" of the data, it appears plausible to approximate . (\/n B(n) — ,B)]) for
finite n by means of the following bootstrap procedure.
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Scheme 6.15 (Bootstrap for Model 6.11)

(A) Assume i.i.d. data (X; = x;, Yi = yi))|<i<, according to Model 6.11. Denote
byB = ,3(11) the LSE based on this sample, i.e., ,é = X"X)7'XTY with
random design matrix X and random response vector Y. Furthermore, denote
by P, the (p + D)-variate empirical distribution of the data tuples.

(B) Let ((Xl* =xY =y ))1<l<n denote a bootstrap pseudo sample, the n
elements of which are conditionally ii.d. given the original data. In this,
(X%, Yl*) L (QF, TP — (RP+1,<@(RP+1)) with P*X1.YDldata  _ ]fnn
(random uniformly distributed drawings with replacement from the originally
observed data tuples).

(C) Let the LSE on the bootstrap sample be given by ﬂ n) = ,3* =
(X*Tx*)~Ix*Ty* and define e* := Y* — X*,B with values in R".

(D) Approximate (\/n [B(n) — ,3]) byf <\/n [B*(n) — B(n)] |data>.

Stute (1990) showed the consistency of the bootstrap approximation defined
by Scheme 6.15 by imitating the steps of argumentation, which have led to the
unconditional Central Limit Theorem 6.14, in the bootstrap model.

Lemma 6.16 Under Scheme 6.15, it holds that

VISisniVIS)spiE[X} e |data] = 0.

Proof Notice that taking the conditional (given the data) expectation with respect
to P* leads to a discrete sum with uniform weights for the originally observed data
tuples. Taking into account the definition of ¢* from Scheme 6.15, we find that

E* [Xl*/sl |data] =n IZXk Y= X B)
k=1

=n"YX;,Y = XB)rn =0

forall1 <i <mn,1 < j < p, by the construction of ,3

Lemma 6.17 Under Scheme 6.135, it holds 1®"-almost surely for all § > 0 that

P* (HnilX*TX* — EH > 8) — Qasn — oo.

Proof We have that X* ' X* = (Z;’Zl X;k’jX;k’k>j ety Now,
n
[Z X, X*kldata:| = DB [X7 Xiyldata] = nE* [ X} X} |data]
i=1
n n
=nn"! Z X, jXox = Z X, jXe k-
(=1 (=1
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Making use of the tower equation, we conclude that

z n
E |:n1 Z Xl*] l*k:| |: —IE* |:Z X} X*kldata:|] =nlE |:Z XZ,le,k]
i=1 =

=E[X1,jX1,k] =Xk <0

forall 1 < j, k < p. Furthermore, the model fulfills the “Degenerate Convergence
Criterion” (see Loeve (1977), page 329), completing the proof.

Lemma 6.18 Under Scheme 6.135, it holds 1®"-almost surely that

_1 9
VaeRP :n~2a X*Te* 5 JV(O, aTMa) asn — oo.

Proof We introduce the abbreviation

n p

* L Ty*T & = -
S, =n “24TX =n 22261 ijsk
k=1 j=1

Notice that S;} is a normalized sum of i.i.d. random variables

p
(ZD1<kzn = | Y aj X} ;e
j=1 1<k<n

By Lemma 6.16, Zi‘ is (conditionally) centered, hence also S;. It remains to
calculate the (conditional) variance of S;;. We get that

P
* * yk *
1j=1

P p n
:ZZC’Z“][ 12 IZX1](Y XTIB)]

(=1 j=1 i=1

M"u

Var* (87 |data) = E* [(Zf)zldata] =

~
Il

Now, Theorem 6.14 yields that ,3 = ,é(n) converges almost surely to 8 asn — oo.
This entails that, for all 1 < i < n, the random variable (¥; — XlT ,3)2 converges

almost surely to 51'2- Exploiting assumption (iv) of Model 6.11 and the strong law of
large numbers, we conclude that n-! Z?:l XieXij(Yi — X lT ,3)2 converges almost
surely to My j, forall 1 < £, j < p. Altogether, this entails that

P P
S*|data — ZZ“ZQ/MZ*/ =a'Ma
=1 j=1

u®"-almost surely as n — oo.
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Finally, the aforementioned results yield the consistency of the bootstrap approx-
imation defined by Scheme 6.15, by means of Theorem 6.19.

Theorem 6.19 (Conditional Multivariate Central Limit Theorem) Under
Scheme 6.15, it holds u®"-almost surely that

7 <\/n [B*(n) — B(n)] |data) L, (o, 2’1M2’1> asn — oo.
Proof Consider the representation
Jn [3*(,1) _ 3(,1)] _ n; [(X*TX*)—IX*T(X*ﬁ +e%) _5] _ n;(X*TX*)—lx*Te*
_ (nf1X*TX*)71(n7;X*TS*).

By Lemma 6.18 and the Cramér-Wold device, the conditional distribution of
n—2 x* T e converges to .4, (0, M) for u®"-almost all observations. Furthermore,
according to Lemma 6.17 we have stochastic convergence of n~!X *TX* to the
invertible matrix X for ©®"-almost all observations. The assertion follows by
Slutzky’s lemma.

6.3 Exercises

Exercise 6.1 (Approximate Confidence Interval for a Regression Coefficient)
Consider Model 6.1 withn = 50, p = 1, 0> = 4 and design points x; = x; 1 =i/n,
1<i<n.

(a) Utilize Theorem 6.5 to construct an approximate (1 — «)-confidence interval
for the regression coefficient § = 1, a € (0, 1).

(b) Assess the relative coverage frequency of the confidence interval from part (a) of
this exercise by means of a computer simulation with 5000 simulation runs, for
o = 5%. For the error distribution P?', choose the centered normal distribution
with variance 6> = 4 and a shifted exponential distribution with expectation
zero and variance o> = 4, respectively.

Exercise 6.2 (Conditional Multivariate Central Limit Theorem) Complete the
proof of Theorem 6.10; i.e., carry out explicitly those steps which are in analogy to
Lemma 6.4 and Theorem 6.5.

Exercise 6.3 (Programming Exercise)

(a) Program Scheme 6.7 in R.

(b) Consider again the model from Exercise 6.1. Construct a bootstrap-based
95%-confidence interval for the regression coefficient B. Assess the relative
coverage frequency of the latter confidence interval by means of a computer
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simulation with 5000 simulation runs. Choose the same error distributions as in
Exercise 6.1, and compare your results with those from part (b) of Exercise 6.1.

Exercise 6.4 (Multiple Select) Which of the following assertions are true and
which are false? Provide reasons for your answers.

(a) Under Model 6.1, the least squares estimator f:’ for B coincides with the
maximum likelihood estimator for B, if and only if P*' = .4°(0, 1).

(b) The Cramér-Wold device can only be applied to normal distributions.

(c) Scheme 6.15 can successfully (i.e., asymptotically effectively) be applied under
Model 6.1.

(d) Scheme 6.7 can successfully (i.e., asymptotically effectively) be applied under
Model 6.11.
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Chapter 7 )
Projection Tests Shethie

7.1 Empirical Likelihood Ratio Tests for Vector Means

This section mainly follows Chapter 11 of Owen (2001) and Section 2 of Schennach
(2007).

Let us return to the statistical motivation of utilizing the empirical measure as
a nonparametric maximum likelihood estimator in i.i.d. models; cf. Definition 2.4
and Theorem 2.5. Notice first that the assumption that Y7 is real-valued was nowhere
used in the proof of Theorem 2.5, because we translated the optimization problem
regarding the cdf F of Y; into an optimization problem regarding the probabilities
pi = Pe({yi), 1 < i < n, where F is some estimator (candidate) for F and
Y1 =yi1,...,Y, =y, is the (observed) i.i.d. sample. Hence, we may apply the very
same reasoning to i.i.d. models where Y| takes values in R¢ for some deN.

In the sequel, with shght abuse of notation, we will write Z(y, P) instead of
Z(y, F), where P = P} is the probability measure induced by F. Theorem 2.5

yields that the empirical measure P, maximizes Z (y, ) over the space & of all
probability measures on (R?, BRY)Y). Noticing that

A 1
Z(y, Py) = as well as
nn

n
Z(y, Py =[] pi < 2@y, P,
i=1

we thus obtain that the ratio

R Z(y,P) o
B = s Hp, ]jnp,

takes values in [0, 1].
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Now, assume that testing some null hypothesis Hy corresponding to a subspace
Py C Z is of interest. Then, we may optimize the probabilities (p; : 1 <i < n)
under the constraint that the corresponding probability measure P belongs to H.
We will indicate this constraint by writing Py instead of P in such cases. Notice
that, since the data are random, the empirical measure will typically not belong to
P, even if Hy is true. For example, if Hy = {E[Y]] = po} is considered, where
o is a fixed, given vector in RY, then ¥, = f yﬁn (dy) will typically not be equal
to o, even if Hy holds true. One may, however, weight the observations yy, ..., y,
with probabilities py, ..., p, such that Z?zl piyVi = Mo, at least if po happens to
lie inside the convex hull of the observations, which should happen with very high
probability if Hy is true. By our argumentation from before, these probabilities will
typically not all be equal to 1/n. Hence we may consider the ratio Z (o) = R (Py)
as some kind of empirical discrepancy between the unconstrained optimizer B, and
the constrained optimizer Po. If this empirical discrepancy is large, we may take this
as an indication that Hy may be false. This is the general idea of empirical likelihood
ratio (ELR) tests.

Lemma 7.1 Under the aforementioned assumptions, maximizing % (Po) over Py e
3”0 is equivalent to minimizing the Kullback-Leibler divergence & (P ||P0) over
P() € .

Proof We have that Py < P, meaning that Py is a discrete probability measure
which distributes its mass among the observed data points. Hence, the definition
of the Kullback-Leibler divergence for discrete probability measures with common
support yields that

n

P 1 1
H (P =Y o </”> Zlog( )

i=1

Now, minimizing % (P, || Py) is equivalent to maximizing

P 1 & 1 .
—H (BB = Y lognp) = log (%(F). (7.1)
i=1

Obviously, the right-hand side of (7.1) is a strictly isotone transformation of % (Po).

By Lemma 7.1, we may regard Py as a Kullback-Leibler projection of P, onto
the subspace &), and — log (3?(130)) as the (scaled) “length of the difference in
Kullback-Leibler geometry”.

Remark 7.2 In general, the Kullback-Leibler divergence is not symmetric, meaning
that 2 (P, || Po) # # (Py|| Py) in general.

Returning to null hypotheses regarding the (theoretical) mean of Y7, one of the
most important results about empirical likelihood ratio tests is that they exhibit
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a Wilks (1938)-type phenomenon, meaning that —2 log (%Z(u0)) is, under certain
regularity assumptions, asymptotically chi-square distributed under Hy = {E[Y;] =
1o}. To prove this, we need some preparatory results.

Lemma 7.3 Letyy, ..., y, withy; € RY, 1 <i<n,be given points, and |1y € R4
a further given vector. Assume that [ is located inside the convex hull

n n
:Zpi)’i pi=0foralll <i<n Y pi= l}

i=1 i=1
Of}71»---7)’n-

Then, the solution (p1, ..., pn) | of the constrained optimization problem

n
maximize l_[ np;i (7.2)
i=1

subjectto V1 <i <n:p; >0,

dopi=1, (1.3)
i=1

n
> pi(vi — 110) =0 € RY, (7.4)
i=1
can be written as follows:
Vi<ic< ! ! (7.5)
i<n:pi= - , .
= AT (4 — o)
where & = A(j10) = (A, ..., Aq) | € RY satisfies the system of equations
1 o ;-
oo TR _oerd (7.6)
n L+A" (i — po)

i=1

Proof We employ the method of Lagrange multipliers. To this end, we need
one Lagrange multiplier, say y, for constraint (7.3) and d Lagrange multipliers
A1, ..., Aq for the d constraints imposed by (7.4). Considering the target function
(7.2) on the logarithmic scale, a suitable Lagrangian function L is then given by
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For any 1 <i < n, we have that

aL(pla'-'7pna)"17-'-a)"day) _ 1

— " (v — po) + v
ap; Di

Hence,

AV P A S P N O

Vi<i<n 0
opi
1
= Vi<i<n: —nA(Gi—pu)+y=0 (7.7)
i
e Vl<i<n:l—nk"pi(yi— po) + piy =0, (7.8)

because any maximizer of the target function (7.2) is such that p; > 0 for all 1 <
i < n. Adding the left-hand and the right-hand sides of (7.8), we obtain that

n

0= Z [1 —nx " pi(yi — wo) + PiJ/]
i=1

n
=n—nm" Y pilyi—po)+y
i=1

=n+y,

hence y = —n. Utilizing this in (7.7), we obtain for all 1 <i < n that

1
n=_ —ni' (i~ po)

1
& npi = 1 —npid (yi — 110)
= 1=np; [1 + AT (i — IJ«O)]

1 1

= pi= - ;
T 1+ AT (i - o)

which is the representation asserted in (7.5). Finally, plugging (7.5) into (7.4) yields
(7.6).

Remark 7.4 In order to fulfill p; > O for all 1 < i < n, the vector A =
(A, ..., Ag) | from (7.5) must fulfill the system of equations

Vi<i<n:l14+AT(yi —pmo) >0. (7.9)
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The set of values of A for which (7.9) holds is an intersection of n half spaces in R,
It contains the value A = 0 € RY. Hence, it is a non-empty and convex subset of
R4,

Next, we would like to bound the stochastic order of ||A]|.

Definition 7.5 (Stochastic Orders; cf., e.g., Section 14.4 in Bishop et al. (2007))
Let {X,},>1 denote a sequence of real-valued random variables defined on some
probability space (£2, %, P), and let {b, },> denote a sequence of real numbers.

(a) We say that X,, = op(l), if for every ¢ > 0 we have that lim,,_, o P(|X,| <
¢) = 1. More precisely, X, = op(l), if for every ¢ > 0 and every § > 0 there
exists an integer n* (g, §) such that n > n*(e, §) implies P(|X,| < &) > 1 —3.
We call {X,},>1 a stochastic null sequence if X, = op(1).

(b) We say that X, = op(by), if X,,/b, = op(l) or, equivalently, X, = b,op(1).

(c) We say that X,, = Op(1), if for every § > O there exists a constant K (§) and
an integer n*(8) such that n > n*(§) implies P(| X,,| < K(§)) > 1 — §. We call
{X1}n>1 stochastically bounded if X, = Op(1).

(d) We say that X, = Op(by), if X,,/b, = Op(1) or, equivalently, X,, = b, Op(1).

Lemma 7.6 Let {&,},cn denote a sequence of i.i.d. real-valued random variables
defined on some probability space (82, %, P), such that E[élz] < 0.

(a) Let M,, = maxi<i<p |&|. Then M, = o(n'/?) almost surely.
(b) It holds that n! Yo &2 = o(n'/?) almost surely.

Proof For part (a), see Remark 1.6.2 of Chandra (2012).

For proving part (b), notice that n=' Y 1&1° < M, - n=' Y !_ &% The
result follows by applying part (a) to M, and the strong law of large numbers to
n_l Z?:l ‘i:zz
Lemma 7.7 LetYy,...,Y, denotei.i.d. random vectors defined on some probabil-
ity space (2, F,P), each taking values in R for d € N. Assume that Y| possesses
a finite and positive definite covariance matrix X € R4, Denote the empirical
likelihood ratio statistic pertaining to the point null hypothesis Hy = {E[Y1] = uo}
by % (o), where g is a given point in RY. Then, considering the Lagrange
multiplier ) from Lemma 7.3 as a transformation of Y1 = y1,..., Yy, = Y, it
holds under Hy that |A|| = Op(n=1/?).

Proof If A = 0 € R, then the assertion is trivially true. Hence, we may assume
throughout that A # 0, hence ||A|| > O.

Write & = ||A]lu for a unit vector u in R? such that u'u = 1, and let & =
AT — o), 1 <i <n.Let

n

1 Yi — o
)\. = F)
g nl;wﬂ(y,-—uo)

and notice that g(1) = 0 € R? according to (7.6), implying that AT g(1) = 0 € R.
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Now, we have that

n

_ T ! AMYi—po) 1 & _ 1y .<_ i )
0=% g(k)_n§1+)»T(Yi—M0)_nzl+5i_”'1& l L+é

or, equivalently,

1 o 1 &
i = . 7.10
n Zé' n Z 1+ 710
i=1 i=1
It is straightforward to show (see Exercise 7.1) that

1 & i
HZ& = Al u" (Yu — po) . (7.11)
i=1

- I CIyG Yi —uo) "
Z — A% -« Su, where § = Z( AT
P 1—1—5, ni 1+5§;

Thus, we may write (7.10) as
A u" Su=u" (Y, — 10). (7.13)

Let
1 n
= Y (¥i—po)(¥; — o).
e
From Remark 7.4 we getthat 1 +&; > O forall 1 <i < n. Thus,

Il - T Su < ] - (1 + max g,)
l<n

< Il -u" Su (1 + |2 My)

according to the Cauchy-Schwarz inequality, where M, = maxi<;<, ||¥i — woll.
Utilizing (7.13), we obtain

Al -u"Su <u’ (Y — po) - (1+ IAIIMy)

or, equivalently,
41 (w7 S = My (% = 10)) = u™ (= o). (7.14)

Let omin > 0 denote the smallest eigenvalue of X, and omax > omin the largest

eigenvalue of X'. Since opip < u' Xu < omax and S is a consistent estimator of X,
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we conclude that
Omin + op(1) < MTS” < omax + op(1).

Furthermore, due to Lemmg 7.6, M, = o(nl/ 2) almost surely. Also, the central limit
theorem implies that ul (Y,, — Mo) = Op(n~1?). Utilizing these three bounds in
(7.14), we find that

41 (7 S + 0p(1)) = Opn™112),

hence ||A]| = Op(n~'/?) as desired.
The following theorem is the main result of this section.

Theorem 7.8 Under the assumptions of Lemma 7.7, the following assertions hold
true.

(a) Under Hy, the statistic —210g (% (o)) converges in distribution to Xg% asn —
0.

(b) Let ¢ € (0, 1), and let cy = le—a denote the (1 — a)-quantile of Xﬁ. Then,
the set

n n
Coa() = Yo=Y _ pi¥i| = 2log (Z(10)) < ca, V1 <i<n:p; 20, pi=1
i=1 i=1

constitutes an asymptotic (1 — a)-confidence region for p = E[Y1], where n —
00.
(c¢) The set Cy (1) from part (b) is a convex subset ofRd.

Proof To prove part (a), we continue with the same notation as in the proof of
Lemma 7.7.

First, combining part (a) of Lemmas 7.6 and 7.7, and the Cauchy-Schwarz
inequality, we find that

max |§| = max T — o)l < Al - My = Op(n™'?) - 0(n'/?) = op(1),
<i<n

1<i<n
hence
Vi<i<n:|l+&|'=0p(l). (7.15)
Now, recall that
n

12 Yi — o
n & 14+ = o)

0=2g®)

_12":(1/' ) 1
—ni:l i — MO 1+ &
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—IXn:(Y— )| 1—&+ &
—ni:l i — MO i 1+

. 1 & (Y — poé?
=Y, - —SA+ L 7.16
= 1o n; tg (7.16)

Combining part (b) of Lemma 7.6, Lemma 7.7, and (7.15) yields that the norm of
the third summand in (7.16) is bounded by

1 o _ _ _
Y= ol AP U+ &1 = 0!/ - Op(i!) - Op(1) = 0p(n™' /).
i=1
Thus, we can write
b= 8"y = o) + B, (7.17)
where ||8]| = op(n~'/?). Furthermore, considering the Taylor expansion of the

logarithm, we may write log(1 + &;) = & — 52/2 + ni, wherethe (n; : 1 <i <n)
are such that

lim P(VI <i<n:|nl<Bl&P) =1 (7.18)

n—oo

for some finite constant B > 0. Also, recall that np; = (1 + é,-)_l, 1<i<n.
Now, we write

—2log (Z (1)) = —2 Z log(np;)
i=1

=2 log(l +&)

i=1

n n n
=2) &—) &+2) n

i=1 i=1 i=1

n
= 200" (¥ — o) —naTSA+2) i (7.19)
i=1

Plugging (7.17) into (7.19), we obtain that

—2log (Z(10)) = n(Yp — p0) ' S~ (¥ — o) = npTSB+2_mi,

i=1
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because

200" (Yy — po) = 2n(Yy — o) ' ST (¥ — o) + 208" (Ya — o). (7.20)
nA Sk =n(Vy — o) ST (Y — o) +2nB" (Y — o) +nB' SB, (7.21)

according to Exercise 7.2.

The central limit theorem, together with the continuous mapping theorem and
Slutzky’s lemma, yields that n(fn — MO)TS -1 (Y,, — Wo) converges in distribution
to Xf as n — 00. Moreover, n8' SB = op(1), because ||B]|> = op(n~') and §
converges to the fixed (covariance) matrix ¥ as n — oo. Finally, we get from
(7.18) that

n
)
i=1

implying the assertion of part (a). Part (b) is an immediate consequence of part (a).

To prove part (c), choose 1 € Cy(1t) and pp € Cy(n) as well as T € (0, 1)
arbitrarily. We have to show that the convex combination u(7) :=tu1 + (1 — 1)Uz
belongs to Cy (1) as well. To this end, we argue as follows. Since 1 and py are
elements of C, (1), there exist tuples (p1; : 1 <i <n)and (p2; : 1 <i <n)of
probabilities such that ug = Y /| pi¥i fork =1,2and =23}, log(npi) < cq,
k = 1,2. Now, define pi(r) = tpii + (1 — O)ppi for 1 < i < n.Itis
easy to see that (p;(r) : 1 < i < n) are non-negative and sum up to one.
Furthermore, Y 7, p;i (v)Y; = tiu1 + (1 — 1) = p(v). It remains to show that
=237 log(npi(t)) < cq. This can be verified by writing

n
< BIMP D 1Yi — ol = 0p(n 3 H)op(n/?) = op(1),
i=1

—2) “log(npi(r)) = =2 log (tnpii + (1 — T)npa;)
i=1 i=1

and exploiting the fact that the logarithm is a concave function, meaning that
log {znp1i + (1 — )npzi} = tlog (np1i) + (1 — 1) log (npai)
forall 1 <i < n, leading to

—2) " log(npi(7)) < =2 [r Y log(npii) +(1—17) Y log (npzi)]
i=1

i=1 i=1

<tcy + (1 —1)cy = Cq,

completing the proof.
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Remark 7.9 If 0 < rank(X) = g < d, then Theorem 7.8 holds with Xﬁ replaced by
2
Xq .

7.2 Some Modifications and Generalizations

The following result can be proved in analogy to the calculations in the proof of
Lemma 7.1.

Lemma 7.10 Under the general assumptions of Sect. 7.1, it holds that
n
H (P Py) =) pilog (npi) .
i=1

Lemma 7.11 Let yi,...,y, with y; € Rd, 1 < i < n, be given points, and
wo € RY a further given vector. Assume that i is located inside the convex hull of

Ve -vs Vne
Then, the solution (py, ..., p,)| of the constrained optimization problem

n
minimize Y " p; log (np;) (7.22)
i=1

subjectto V1 <i <n:p; >0,

n
dopi=1 (7.23)
i=1
n
> ity —po) =0eRY, (7.24)
i=1
can be written as follows:
exp (AT (yi — exp (AT yi
Viiznip=poy= P wi wo) el y’T) ,
Yioexp (AT (v — o) Xiojexp(ATy;)
(7.25)
where & = A(10) = (A, ..., Aq) | € RY satisfies the system of equations

Z pi()(yi — po) =0 e RY (7.26)
i=1
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or, equivalently,
n
> exp (A7) (i — o) =0 € R,
i=1

Proof We proceed as in the proof of Lemma 7.3. Here, a suitable Lagrangian
function is given by

n n n
L1, puahts o kg y) = ) pilog(np) — 27 (Zp,-(y,- —Mo)) —y (Zm - 1) ,
i=1 i=1 i=1

with partial derivatives given by

OL(p1,y.-vs PrsAly s Ad, V)

=log(npi) + 1 — A" (yi — o) — y-
opi

Now, again assuming that p; > Oforall 1 <i < n,

aL(pla'-'7pna)"17-'-a)"day) _

0
opi
& lognpi)) +1— A" (yi —po) —y =0 (7.27)
& pilog(np) + pi — &' pi(yi — o) — piy = 0. (7.28)

Summing the left-hand and the right-hand sides of (7.28), we find that
n
y =Y _ pilognp;) + 1.
i=1
Utilizing this result in (7.27) and simplifying, we obtain that
n
VI <i<n:log(pi) — Y pilog(pi) = A" (yi — po). (7.29)
i=1

The representation (7.29) implies that there exists a constant ¢ > 0 such that

Vl51’Sn:pizc-exp(AT(yi—uo)).

-1

n
Due to constraint (7.23), ¢ = Z exp (AT yj— ,uo)) , completing the proof.
j=1
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Remark 7.12

(a) The probabilities (p; : 1 < i < n) from (7.25) are commonly referred to
as “exponential tilting weights,” see Efron (1981). Their projection properties
with respect to % (130 | f’n) have already been studied by Csiszar (1975).

(b) The exponential tilting-based projection test can be carried out as an asymptotic
chi-square test in analogy to the results in Theorem 7.8; see, e.g., Schennach
(2007) and Li et al. (2011).

Definition 7.13 (Cressie and Read (1984)) Let n € N, y be a real constant and
p € (0, 1). Then, the Cressie-Read discrepancy h, between p and n~!is given by

Lemma 7.14 Let p € (0, 1) and n € N be given. Then it holds that

lirn1 hy(p) = —log(np), (7.30)
y—>—

9 +1 +1

ay (np)"™" = (np)’™" log(np). (7.31)
In view of (7.30) and (7.31), we may define h_1(p) := —log(np) and ho(p) :=

nplog(np) for p close ton™'.

Corollary 7.15 Under the general assumptions of Sect. 7.1, the following asser-
tions hold true.

A 1< 1 1 <&
H (PallPo) = ;mg (npi) = ;h_lm),
n 1 n
J(Poll Pn) = 21:[7[ log (np;) = ; 21:/10(17;)-
1= 1=

Thus, both the empirical likelihood method and the exponential tilting method can
be regarded as special cases of (constrained) empirical Cressie-Read discrepancy
minimization.

Remark 7.16

(a) The (constrained) empirical Cressie-Read discrepancy minimization technique
can further be generalized to treat functionals which are defined via generalized
estimating equations (GEEs). To this end, consider a function g : RY x R? —
R? and define the functional « of interest (taking values in R”) implicitly by
E[g(Y1, k)] = 0. Obviously, the mean (x = p = E[Y1]) is a special case, where
p =¢q =d and g(Y1,«x) = Y1 — «. One may now, for given y € R, consider
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the minimization problem

n
minimize n Zhy([?i)
i=1

subjectto V1 <i <n:p; >0,

n
Zl’i =1,

i=1
n

> pig(i ko) =0

i=1

for the null hypothesis Hy = {k = «kp}, where k9 € R? is the hypothesized
value of «.

(b) A different generalization approach, allowing for treating derived parameters,
consists of profile ELR tests. For example, the correlation coefficient pertaining
to a bivariate i.i.d. sample can be tested with this methodology; see Dickhaus
(2015) and the references therein.

7.3 Exercises

Exercise 7.1 Show that Egs. (7.11) and (7.12) appearing in the proof of Lemma 7.7
hold true.

Exercise 7.2 Show that Egs.(7.20) and (7.21) appearing in the proof of Theo-
rem 7.8 hold true.

Exercise 7.3 (Programming Exercise)

(a) Write an R program which implements the empirical likelihood ratio test for
point null hypotheses regarding a multivariate mean.
Hint: Use Theorem 7.8 in connection with duality of tests and confidence
regions.

(b) Assess the accuracy of the chi-square approximation of the null distribution of
—2log (% (o)) in a computer simulation.
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Chapter 8 )
Some Extensions Check or

8.1 Linear Rank Tests for One-Sample Problems

This section mainly follows Section 4.4 of Biining and Trenkler (1994).

In Chap. 4, we have derived rank tests for multi-sample problems (with stochas-
tically independent observables), exploiting the property that the vector of (pooled)
ranks is uniformly distributed on .#, under the null hypothesis of (distributionally)
homogeneous groups. Under certain model assumptions, this idea can be adapted to
treat one-sample problems.

Model 8.1 (One-Sample Location Parameter Model) Ler Y1,...,Y, denote
real-valued i.i.d. observables on some probability space (2, %, P) with cdf Fy of
Y1 depending on a parameter 6 € ©. Assume that

Vy eR: Fy(y) = F(y —0),

where F is a continuous cdf which is symmetric about the point (0, 1/2). Hence, 0
is a location parameter; cf. Definition 3.10. We let F unspecified, yielding a semi-
parametric model.

Under Model 8.1, assume that the point null hypothesis Hy = {# = 6y} for some
given point 8y € R is of interest, with possible (two-sided or one-sided) alternatives
given by Hy = {0 # 6o}, H = {0 < 6}, or H1+ = {6 > 6p}, respectively. The
idea now is to split the sample into two sub-samples, namely {¥; : ¥; > 6p} and
{Y; : Y; < 6p}. Under Hy, these two sub-samples are homogeneous, whereas they
are heterogeneous whenever 6 # 6. In particular, notice that

1
Vo €@ VI <i<n:Py(Y; <0)=Fp(t; —0 <0)=F(0)=  =Py(¥; > 0).
8.1)
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Definition 8.2 Assume that the assumptions of Model 8.1 are fulfilled. Let D; =

Y; — 6y, with corresponding absolute value |D;| = |Y; — 6|, 1 < i < n.
Furthermore, let R;r = R(|D;|) denote the rank of |D;| among all absolute
differences |Dy]|,...,|Dyl, and let Z; = 1{D; > 0}, 1 < i < n. Due to (8.1),

{Zi}1<i<n are i.i.d. under Hy, with Z; ~ Bernoulli(1/2). For testing Hy, define the
linear rank statistic

n
LI =" g(RNZ,
i=1

where (g(i))1<i<n are given weights (scores).
Alternatively, we can write

n
L =YgV,

i=1
where
V1 <i <n:V; =1{| D], corresponds to a positive D},

with |D|1., < |Dlas < ... < |Dl|n:n denoting the order statistics of | D1, ..., | Dy]|.

Example 8.3 Assume that n = 10 study participants, which were randomly drawn
from a (homogeneous) target population, perform (independently from each other)
an [Q test. Assume that the distribution of the IQ in the target population is such that
the assumptions of Model 8.1 are fulfilled. Assume that the following ten IQ values
are observed.

99 131 118 112 128 136 120 107 134 122

Then, letting 6y = 110, we can compute the values of the quantities defined in
Definition 8.2 as displayed in Table 8.1.

gﬁ:ﬁﬁt?é: f(iellii\ziiale 8.3 P =y 110 ddl T
199 —11 5 0 1
2 131 21 200 8 10
30118 8 8 3 1 1
4 112 2 2 111
5 128 18 8 7 1 0
6 136 26 26 10 1 1
7 120 10 0 4 1 1
8 107 -3 302 0 1
9 134 24 24 9 1 1

0 122 12 2 6 1 1
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The values v; for 1 < i < n in the last column of Table 8.1 have been obtained
by permuting the values (z;)1<;<, according to the ordering of (Vl-+)1§i§n. Hence,
the realized value of L; for this dataset equals

LYt ..ooyn) = 8®) +g3) + (1) + g(7) + g(10) + g(4) + g(9) + g(6)

= gi) —g(2) — g(5).

i=1
Theorem 8.4 Under Model 8.1, the following assertions hold true under Hy =
{6 = 0o}
(i) Forall1 <i < n, we have that
1
Poy(Vi=1) = )= Py (Vi = 0).

(ii) For all binary tuples (vi, ..., v,)" € {0, 1}, we have that

1
Poy(Vi=v1,..., Vo =1v,) =

on’
Thus, the random vector (Vy, ..., V,,)T is under 6y uniformly distributed on
{0, 1}™.
(iii) Forall €+ € supp(L;}), we have that
a(et)
Boy (L =¢H =", "

where a(¢™) = |{(vy, ..., v) ' e {0, 1} Z?:l g(v; = L1},
(iv) The first two moments of L\ under 6y are given by

1 n
EalL1= D20,

i=1
1 n
Varg,(L}) = A > 8.
i=1

Proof The (V;)1<i<n are obtained from (Z;)1<;<, by permuting. As argued in
Definition 8.2, (Z;)1<i<n are under 6y i.i.d., hence exchangeable. We conclude that

L, ((Vl, o V,,)T) = L ((zl, ...,Zn)T) — (Bernoulli(1,/2))®" .
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This implies all four assertions, because

E[Bernoulli(1/2)] = and

Var (Bernoulli(1/2)) =

A= N =

Example 8.5

(a) The sign test employs the weights g(i) = 1 forall 1 <i < n. The resulting test
n

statistic is given by VnJr = Z V. It equals the number of the D;, 1 <i < n,
i=1
with positive sign.
(b) Wilcoxon’s signed rank test employs the weights g(i) = i forall 1 <
n

IA

n.

The resulting test statistic is given by W, := Z Rl.‘|r Z;. It equals the sum of
i=1
the ranks of those | D;| for which D; is positive, 1 <i < n.

Theorem 8.6 With the notation introduced in Example 8.5, the following assertions
hold true under Hy = {6 = 0y}.

(a) Under 6y, VnJr follows the Bin(n, 1/2) distribution, i.e.,

VO <k <n:Py(Vi=k = (”) <1) = (k).

k) \2 an

(b) For large sample sizes n, we have that
Po, (W, < w) ~ @(2),
where @ denotes the cdf of the standard normal distribution on R, and

w—nn+1)/4

=AW= D@+ 1))24°

Proof Assertion (a) follows immediately from part (ii) of Theorem 8.4.
To prove assertion (b), we note that, due to part (iv) of Theorem 8.4, it holds that

1z":i_1n(n+1)_n(n+1)

Eg [W] =
o0l Wi'l =, 2 2 4

’

i=1

1.
Varg, (W,[) = A > i
i=1
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_1 n3+n2+n
T4013 2 6
2 +3n7+n  n(n+1D@n+ 1)
a 24 - 24 ‘

The assertion follows by the central limit theorem.
Application 8.7

(a) The sign test can be carried out as a binomial test.
(b) Forn > 20 (according to Biining and Trenkler (1994)), Wilcoxon’s signed rank
test can be carried out as an approximate Z-test.

8.2 Tied Observations

This section mainly follows the theoretical parts of Brunner and Munzel (2013).

In Chap.4, we have assumed that there are (with probability one) no tied
observations, so that ranks could be assigned (almost surely) unambiguously to the
observed data points. However, in practice one often has a non-zero probability for
ties, because the measurements cannot be performed with arbitrary precision. For
example, human height is typically reported in full centimeters, implying a positive
probability for observing the same height more than once in a random sample.

There are several possibilities how to deal with tied observations in rank-based
statistical inference methods. In many cases, the most appropriate method is to
assign so-called midranks to tied observations. One of the main reasons for this
choice is the fact that the total (mid-)rank sum then equals the tie-free rank sum
n(n + 1)/2, where n denotes the sample size; see Theorem 8.10 below.

In any case, notice that the (random) vector R(Y) of the ranks of an i.i.d. sample
Y=w,..., Yn)T is not uniformly distributed on .}, anymore if there is a positive
probability for ties. Instead, the exact distribution of R(Y') depends on the (expected)
tie structure of the joint distribution of Y, which is often unknown in practice. As a
consequence, also the exact null distribution of linear rank statistics as considered
in Chap. 4 is often intractable or unknown in the presence of ties. However, central
limit theorems (with a modified variance or an appropriate estimator thereof)
typically continue to hold true in the tied case; see, e.g., Brunner and Munzel (2013)
for a detailed treatment.

Definition 8.8

(a) For a real number x, define
¢ (x) = 1{x > 0},
¢ (x) =1{x = 0},

1
c(x) = ) [c+(x) + cf(x)] .
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(b) For a sample Y = (Yq,..., Y,,)—r of real-valued random variables, and for all
y € R, define

. 1l &
Frym= Y -1,
i=1
1 n
OES Yoty -,
i=1
1 n
Femy) = D ey =Y)).

i=1

We call F the left-continuous, F; the right-continuous, and F"™ the

normalized version of the ecdf pertaining to Y1, ..., ¥),.
(c) Under the assumptions of part (b), define for all 1 < i < n the following
quantities.

n
R =R (Y) = Zc*(Y,» —Y) +1=nE;(¥)+1,
j=1

n
Rf=RI(Y) =) ct(¥; —Y)) =nFE (),
j=1

Ri=R(Y)=_[R +R']. (8.2)

We call R; (Y) the minimum rank, Rl.‘|r (Y) the maximum rank, and R;(Y) the
midrankof ¥;, 1 <i <n.

Lemma 8.9 Let 1 < a < b be two positive integers. Then it holds that

b
1 a+b
L= .
b—a—l—lez_; 2

Proof First, we notice that

b
Z b(b+1) and Zz—a(az— 1)

=1 =1
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Hence,
b b a—1
Y=Y t->¢
l=a =1 =1

_bb+1) a(a—l)_b2+b—a2+a
2 2 2 ‘
On the other hand, we also have that

a+b ab—a*+a+b>—ab+b P2+b—a’>+a
b—a+1)= 5 = 5 .

Lemma 8.9 justifies the terms “midrank” or “average rank,” respectively, of Y;
for the quantity

. R
R+ R, 1 d
R = ' ro= L 8.3
’ 2 RY— R +1 Z_ZR; 63
from (8.2). In the case of no ties, we have that R;” = RJr R;foralll <i <n.

Theorem 8.10 The sum of the n midranks of Y1, ..., Y, always equals n(n +1) /2,
no matter the structure of the ties in the data.

Proof Assume that there are G groups with n tied observations in group g, 1 <
g < G, such that Zgzl ng = n. Denote the minimum rank number in group g by
m(g) and the maximum rank number in group g by M (g), and notice that M (g) —
m(g) + 1 = ng is the number of observations in group g, 1 < g < G. Due to

M(g)
(8.3), the midrank of every of the ng observations in group g equals n, Z L.
L=m(g)
We conclude that
, ng ,
i=1 g=1 L=m(g) g=14l=m(g) i=1

Remark 8.11 Apart from assigning minimum ranks, maximum ranks, or midranks,
there are also other possibilities to deal with ties. For example, one may remove
tied observations altogether, or one may break the ties by randomly assigning the
numbers from R, to R;r to the tied observations in question.



126 8 Some Extensions
8.3 Exercises

Exercise 8.1 Continue Example 8.3 by testing the null hypothesis Hy = {6 = 110}
against its one-sided alternative Hfr = {0 > 110} with the sign test at significance
level @ = 5%.

Exercise 8.2 Generate on the computer a (pseudo) random sample of size n = 10
from some univariate probability distribution. Sketch the graphs of F\,, Ff(“), and
ﬁlr‘grmfrom Definition 8.8, evaluated on the generated sample, together in one figure.
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