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Supervisor’s Foreword

Theoretical investigation of complicated systems should include the treatment of
the condensed phase, because it is mainly the liquid state in which most chemical
processes occur. Traditional methods usually applied to study chemical phenom-
ena encompass molecular dynamics (MD) simulations based on force fields as well
as static quantum chemical (QC) methods. While both these methods have
matured to become powerful tools over several decades, they almost comple-
mentarily share advantages and disadvantages. MD is good in allowing for large
samples of molecules as well as long simulations times to be treated, while QC
provides an excellent insight into the electronic structure of molecules as well as
into their intermolecular forces. The disadvantages are clear; whereas MD neglects
cooperativity and nuclear quantum effects, QC treats isolated molecules at zero
temperature. Alternatives to these methods are given by ab initio molecular
dynamics (AIMD) simulations and the quantum cluster equilibrium (QCE) method
which was developed by Frank Weinhold [Weinhold, F. J. Chem. Phys. 1998, 109,
367]. As a combination of quantum chemistry with simulations, ab initio molec-
ular dynamics simulations have the advantage to describe spontaneous events and
important intermolecular forces as cooperativity. However, simple electronic
structure methods have to be applied in AIMD and due to that AIMD is only able
to perform in a range of quality prescribed by the electronic structure method
which is combined with it. That only middle-sized ensembles can be calculated
together with the short simulation times is the downside of a method which on the
other hand allows one to obtain the electronic structure on the fly. The quantum
cluster equilibrium method treats many clusters in a mean field approach and via
the rigid rotor harmonic oscillator (RRHO) model allows one to derive partition
functions for different phase points from high level ab initio QC (Kirchner, B.
J. Chem. Phys. 2005, 123, 204116). With the partition function, the simple QCE
method opens the access to thermodynamic quantities for a wide range of tem-
peratures and pressures. Whereas cooperativity and nuclear quantum effects can be
accounted for, there is no dynamics in the method and all the approximations made
within the RRHO model might worsen the results. Thus, it becomes apparent that
for the study of the microscopic details of complex chemical processes in large
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systems and in condensed phase, i.e. under conditions that closely resemble lab-
oratory conditions, more accurate methods and at the same time faster methods are
needed. An all-encompassing picture can be obtained only by scale-transferring
concepts.

Theoretical investigation of complicated systems should also involve the
calculation of quantities which can be compared to experimental findings. In seven
chapters Christian Spickermann’s thesis deals with the calculation of thermody-
namic quantities in general and with entropy calculations especially. The mani-
pulation of equations in order to arrive at the right form to be implemented in our
computer programs (http://www.uni-leipzig.de/*quant/qce/pm_en.html) was one
of the major goals of Christian Spickermanns thesis, next to the derivation of
correction terms for the widely used equations to calculate thermodynamic
quantities. Thereby important rules for the calculation of condensed phase
thermodynamics from quantum chemistry have been established. However, the
main reason for recommending his thesis for publication in this series is that
Spickermann builds up the knowledge of theoretical possibilities from simple
models to more complicated tools such as the QCE method in the most systematic
and thus didactically effective way, from the treatment of isolated molecules to the
one of the condensed phase. After a brief introduction, Spickermann explains each
method from basics and discusses the approximations together with their advan-
tages and disadvantages in order to allow the readers to derive their own con-
clusions. He carefully guides us through the methods and thereby makes it possible
to gain from his experience which methods should be applied in which situation.
This is followed by some case studies employing the simple RRHO model and
the helpful discussion of the problems involved by using the example of the
pseudorotaxane system as synthesized by Vögtle and Hunter [Hunter, C.A. J. Am.
Chem. Soc. 1992, 114, 5303; Schalley et al. Acc. Chem. Res. 2001, 34, 465].
In the spirit of microsolvation, Christian Spickermann shows that simple but
elegant concepts like describing a different kind of reaction (exchange with one
solvent molecule instead of the basic association reaction) already leads to large
improvements of the accuracy of calculated thermodynamic quantities. In two
further chapters he offers insight into the outcome of QCE calculations based on
different levels of quantum chemical accuracy and based on different levels of
intercluster interaction. The associated liquids subject to his investigations are
water and hydrogen fluoride, both complicated substances forming hydrogen
bonds. He discusses cooperativity and its neglect as inherent in the pairwise
additivity approximation of traditional molecular dynamics simulations. He shows
that the thermodynamics of phase transitions is controlled by the stability of the
clusters which rely on the accuracy of the chosen quantum chemical calculation.
Error compensation as given by density functional theory in the standard formu-
lation which is widely used in AIMD plays the same role in the liquid phase as in
the gas phase. The influence of basis sets is analyzed. However, next to these
important technical details, the choice of clusters plays a very important role.
Distinct structural motives within the clusters are necessary in order to provide the
best theoretically derived liquid phase. Given that these ingredients are chosen
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correctly, the QCE method is able to provide densities within chemical accuracy.
It is also a large improvement over the simple RRHO model. Entropies can be
calculated within 10 J/(mol K) and the transition entropies deviate less than 10%
from the experimental values. Therefore, the present book does not only document
a succesfull thesis, but should, in addition to this, serve as a demonstration of how
systematic improvement of the calculated thermodynamics is possible when using
highly accurate quantum chemical data and applying models and methods ranging
from the RRHO model to the QCE method without and with intercluster
interaction. Critical discussion of the results here accompanies the data evaluation
so that calculation of condensed phase thermodynamics is conducted based on the
first-principles idea of quantum chemistry. The benefits from this ansatz are clear:
If we know which approximation and improvement leads to which particular
result, we learn more about the nature of these chemical systems.

Leipzig, September 2010 Barbara Kirchner
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Chapter 1
Introduction

So far as physics is concerned, time’s arrow is a property of
entropy alone.

Sir Arthur Stanley Eddington [1]

Historically, classical thermodynamics can be understood as a phenomenological
branch of the natural sciences dealing with the influence of heat and work on
macroscopic systems. The dawn of quantum mechanics as well as the increase of
computational resources led to the evolution and quantification of diverse
microscopic perspectives on matter, which treat chemical systems as an ensemble
of elementary particles and interactions among them. This thesis focusses on the
‘‘atomistic’’ scale of matter typically employed in chemistry, in which the fun-
damental units are the atomic nuclei as well as the electrons surrounding them. The
availability of efficient software packages for the calculation of molecular prop-
erties on the basis of the various first principles methods of quantum chemistry
during the last decades as well as the advancement in experimental techniques (for
instance in laser spectroscopy) permits the chemical sciences to obtain detailed
information in this microscopic time and length scale nowadays [2–5]. Accurate
approximations to the molecular Schrödinger equation enable the calculation of
molecular structures and the interactions between single molecules to high pre-
cision, and the advances in hardware technology as well as novel methodological
developments permit the simulation of the condensed phase on the basis of first
principles methods e.g. via the Car–Parrinello approach [6, 7]. However, this
wealth of approaches to the atomistic scale in chemistry has not been available
when the foundations of thermodynamics have been developed, and the elements
of classical thermodynamics therefore do not correspond to this microscopic scale
at first. The ideas and approaches finally closing the scale gap between the mac-
roscopic quantities of classical thermodynamics and the microscopic scale of
quantum mechanics are usually referred to as the theory of statistical mechanics
nowadays, which dates back to the work of Boltzmann [8, 9]. The methods
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of statistical mechanics provide a connection between the atomistic properties of
individual molecules and the macroscopic thermodynamic quantities in terms
of probability theory and the distribution of the particles constituting the macro-
system over the available states. However, the application of these approaches for
the calculation of thermodynamic properties of real chemical systems shows that
the quantities necessary for the solution of the corresponding equations cannot be
obtained in a straightforward way neither from computations nor experimental
measurements, even though a direct link between quantum mechanics and ther-
modynamic quantities in principle does exist, see e.g. Chap. 2 of this thesis. In
fact, the only ‘‘chemical’’ system which can be treated in an exact way by these
approaches is the monoatomic ideal gas. Thus, the situation is not much different
from quantum mechanics, where exact solutions can only be obtained for simple
systems. Nevertheless, the developments of quantum chemistry in the recent
decades demonstrate that the availability of exact solutions is no prerequisite for a
successful application in the natural sciences if reasonable approximations can be
found. The examination and evaluation of such approximations for the calculation
of thermodynamic properties on the macroscale from the molecular properties on
the microscale is the essential objective of this thesis. Thus, the investigated
methods will intrinsically be multiscale approaches aiming at the calculation of
thermodynamic state functions for the macroscopic N-particle system from the first
principles of quantum mechanics. This course of action is fundamentally different
to the concepts of empirical approaches for the computation of thermodynamic
quantities like e.g. group contribution methods [10, 11]. These methods also
employ the atomistic structure as the basic unit for the calculation of thermody-
namic data, but in contrast to the first principles approaches examined in this thesis
the only information relevant for the actual calculation is the molecular compo-
sition of the system under investigation. The final compound is additively con-
structed from smaller units (either single atoms or functional groups) which yield
a constant contribution to the quantity to be calculated together with possible
additional terms governing the interactions between different groups. The con-
tributions of the different groups are obtained from experimental measurements of
the corresponding pure compounds or appropriate mixtures with other substances.
Thus, the real structural and energetic properties of the investigated system (like
e.g. bond distances or dissociation energies) are not considered in these approa-
ches, and the determination of thermodynamic quantities is made possible by
applying sophisticated fitting procedures involving large data sets for the different
groups. In this way properties of many different substances can easily be calcu-
lated to high precision, which is an important aspect e.g. for industrial applica-
tions. In contrast, the methods investigated in the present thesis might be less
accurate and additionally depend on time-consuming quantum chemical calcula-
tions, but they arise from the first principles of quantum mechanics and statistical
mechanics and thereby constitute true multiscale approaches by bridging the scale
gap in consistency with these theories and not in terms of empirical correlations.

The investigations presented in this thesis set a particular focus on methods and
approximations for the calculation of the entropy. In many chemical applications,
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the change in free energy constitutes the essential thermodynamic information,
which in general permits the prediction of the thermodynamic feasibility of the
process under investigation. As pointed out in Chap. 3, the straightforward
application of the ideal gas model to more realistic situations (increasing degree of
intermolecular interactions and higher densities) indicates that changes in the
enthalpy in general are well-captured by this approach, whereas problems appear
in the case of the entropy. Thus, methods for the determination of entropies in
chemically realistic systems on the basis of quantum chemical first principles
approaches constitute an important part of the theoretical branch in the molecular
sciences (which can also be seen in the literature review sections of Chap. 3), and
this thesis aims at contributing to the development and improvement of such
methods.
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Chapter 2
From Atomistic Calculations
to Thermodynamic Quantities

This chapter gives a short summary of well-established as well as more recent
pathways for extracting information about thermodynamic equilibrium quantities
out of microscopic calculations, which are based on different approximations of
quantum mechanics and as such only provide information about mechanical
properties at first. The standard rigid rotor harmonic oscillator (rrho) model for the
prediction of thermodynamic gas phase properties out of molecular quantities as
well as its basis, the factorization of the N-particle partition function, will be
revisited in detail along with a brief inspection of the different approximations this
approach relies on. The quantum cluster equilibrium (qce) model will be exposed
subsequently in terms of a van der Waals-like extension of the rrho approach for
the thermodynamic treatment of condensed phases. In addition, several methods
for computing thermodynamic equilibrium properties from molecular dynamics
(md) simulations will be covered as well.

2.1 The Rigid Rotor Harmonic Oscillator Model

2.1.1 Essentials

2.1.1.1 The Classical N-Particle Partition Function

When dealing with the calculation of thermodynamic quantities from the funda-
mental molecular interactions, the ideas and methodologies of statistical ther-
modynamics are essential. The central quantity in statistical equilibrium
thermodynamics is the partition function Q, which for a classical system of
N identical and indistinguishable particles of mass m at temperature T confined to a
volume V is given as [1]
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Qclass ¼
1

N!h3N

Z
expð�bHðp; qÞÞdpdq: ð2:1Þ

In Eq. 2.1, b denotes the inverse temperature (b = (kBT)-1) and q, p are vectors
containing generalized coordinates and the corresponding conjugate momenta,
respectively, of all particles in the system (i.e., in the case of Cartesian coordinates
dp ¼ dp1xdp1ydp1z. . .dpNxdpNydpNz and dq = dx1dy1dz1… dxNdyNdzN). The factor
N!-1 accounts for the redundancy of microstates introduced by the indistin-
guishability of the particles (for a detailed explanation see the part about the
quantum mechanical limit in the following). In order to make the partition function
dimensionless h has to be a normalization of the dimension momentum times
length, which is taken to be the Planck constant, thereby ensuring consistency with
the quantum mechanical limit [2, 3].

The Hamilton function represents the total energy of the system under exam-

ination and consists of a kinetic contribution KðpÞ ¼ 1
2m

PN
i¼1ðp2

i;x þ p2
i;y þ p2

i;zÞ and
a configurational part U(q)1

Hðp; qÞ ¼ KðpÞ þ UðqÞ: ð2:2Þ

The presumably most simple many-particle system is realized by a system
consisting of non-interacting particles, i.e., an ideal gas. In this case U(q) = 0, and
due to the independence of the momenta of different particles the integral in
Eq. 2.1 can be evaluated directly, yielding [1]

Qclass;ideal¼
1

N!h3N

Z
exp �bKðpÞð Þdpdq

¼ 1
N!h3N

Z
exp � b

2m

XN

i¼1

p2
i;xþp2

i;yþp2
i;z

 !
dp1x. . .dpNzdx1. . .dzN

¼ 2pmkBT

h2

� �3N=2VN

N!
: ð2:3Þ

In Eq. 2.3 each particle contributes three Gaussian-type integrals via its three
momentum coordinates, and each of the N integrations over the spatial coordinates
yields the volume of the container V.

The form of Eq. 2.3 suggests the possibility to decompose the N-particle par-
tition function (Eq. 2.1) into contributions q from the single particles which
constitute the N-particle system according to

1 Please note that the system consists of identical particles, which is the reason for the uniform
mass m occurring in the kinetic contribution.
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Qclass;ideal ¼
qN

N!
; where q ¼ 2pmkBT

h2

� �3=2

V: ð2:4Þ

Strictly speaking, Eqs. 2.3 and 2.4 are only valid in the absence of any interparticle
interactions, but even in the case U(q) = 0, the spatial and momentum coordi-
nates are independent and a separation of the form

Qclass ¼
1

N!

2pmkBT

h2

� �3N=2

� Z;

where Z ¼
Z

exp �bUðx1; . . .; zNÞð Þdx1. . .dzN ; ð2:5Þ

is possible. In this equation, Z is called the configurational integral of the system,
which depends only on the interparticle interactions. However, it is because of
Z that the partition function of an N-particle system in most cases cannot be
evaluated analytically, since a decoupling of the coordinates in U(q) is normally
impossible.

The separability of the N-particle partition function in single particle contri-
butions in the absence of interparticle interactions is a quite general result and
constitutes the basis for the rrho approach.

2.1.1.2 The Quantum Mechanical Limit

The quantum mechanical analogon to the classical Hamilton function H is given
by the Hamilton operator, which for an N-particle system of identical particles
takes the form [1]

Ĥ ¼ K̂ þ U ¼ � �h2

2m

XN

i¼1

r2
i þ Uðx1; . . .; zNÞ ð2:6Þ

If fjWjig denotes a set of eigenfunctions of Ĥ, the Hamilton operator satisfies the
Schrödinger equation

ĤjWji ¼ EjjWji; ð2:7Þ

where Ej denotes the energy eigenvalue corresponding to the state the eigen-
function jWji describes. Carrying out a one-to-one substitution according to

Eq. 2.1 results in an expression of the form expð�bĤÞ, which can be understood as
a function of an operator. The effect of expð�bĤÞ on an eigenfunction of Ĥ can be
illustrated by employing the corresponding MacLaurin expansion [1]
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exp �bĤ
� �

jWji ¼
X1
n¼0

ð�bÞn

n!
Ĥn

 !
jWji ¼

X1
n¼0

ð�bÞn

n!
ĤnjWji

¼
X1
n¼0

ð�bÞn

n!
En

j Wj ¼ exp �bEj

� �
jWji; ð2:8Þ

which is again an eigenvalue equation. Solving for the jth eigenvalue, one obtains

exp �bEj

� �
¼ hWjj exp �bĤ

� �
jWji; ð2:9Þ

since Ĥ is a hermitian operator and the fjWjig can be normalized to an ortho-
normal set.

After transferring the integrand of the classical N-particle partition function,
one has to take care of the integration itself, since the states of a quantum
mechanical system are not continuously distributed over its state space. The
classical partition function in Eq. 2.1 can be understood as a volume integral over
the exponentially weighted energies the N-particle system can adopt. However,
according to Eq. 2.7 a quantum mechanical N-particle system has a discrete set of
energy values and there is no way to populate the state space between these
allowed states, which is the reason why the integration in Eq. 2.1 can be replaced
by a corresponding sum over the allowed states according to

Qqm ¼
X

j

exp �bEj

� �
¼
X

j

hWjj exp �bĤ
� �

jWji ¼ tr exp �bĤ
� �� �� �

: ð2:10Þ

Since the trace of a linear operator’s matrix representation is independent of the
basis, the set fjWjig is not particular in any form and Eq. 2.10 is a most general
result as in case of Eq. 2.1, where in analogy the generalized coordinates q, p are
not restricted to any special set [1].

According to Eq. 2.10, it is possible to calculate the partition function of a
quantum mechanical N-particle system if either its energy eigenvalues or a basis of
its state space is known. Despite this fact, Eq. 2.10 is of little practical use, since
the Schrödinger equation Eq. 2.7 is exactly solvable only for one- and two-particle
problems, and feasible approximations can be applied to systems of hundreds or
thousands particles, which is far from the order of magnitude of macroscopic
particle numbers (*1023) [4]. As in the classical case, a pragmatic approach to this
size problem can be obtained by looking at an N-particle system without inter-
particle interactions (i.e., an ideal quantum gas), since it is clear from Eq. 2.6 that
the coupling between the particles is again solely due to the interaction potential
U(x1, …, zN). Setting U(x1, …, zN) = 0, the many-body Hamilton operator Ĥ can

be decomposed into a sum of single particle contributions ĥi [5]

Ĥ ¼
XN

i¼1

ĥi; where ĥi ¼ �
�h2

2m
r2

i : ð2:11Þ
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Ignoring any possible symmetry constraints like the Pauli principle, the decou-
pling of the many-body Schrödinger equation Eq. 2.7 into single particle equa-
tions for this case can be realized via a wave function product ansatz of the form
jWji = |wj,1… wj,i… wj,Ni, where the set {wj,i} contains single particle eigen-

functions of the operators ĥi. The single particle Schrödinger equations thus take
the form

ĥjwki ¼ �kjwki; ð2:12Þ

where k labels the energy states of the single particle system. In this setup, every
energy state Ej of the macrosystem can be expressed as a sum of the single particle
energies f�kg

Ej ¼ �
ð1Þ
kð1Þ þ �

ð2Þ
kð2Þ þ � � � þ �

ðNÞ
kðNÞ

� 	
¼
XN

i¼1

�
ðiÞ
kðiÞ: ð2:13Þ

Each of the N identical particles will be in one of the single particle states labeled
by k, i.e., the energy state can be understood as a function of the particle number,
which is indicated by the label k(i). Although all energy states Ej of the N-particle

system can be written as sums of the single particle energies �ðiÞkðiÞ, this expansion is

not unique in the case of identical particles, since a permutation of two or more
indices will not change the resulting macrostate Ej. Consider for instance the

expansions �ð1Þ1 þ � � � þ �
ðmÞ
3 þ �ðnÞ4 þ � � � , in which particle m is in energy state 3

and particle n is in energy state 4, and �
ð1Þ
1 þ � � � þ �

ðmÞ
4 þ �ðnÞ3 þ � � �, in which

particle m is in energy state 4 and particle n is in energy state 3. Both sums finally
lead to the same N-particle state Ej and therefore only one of them has to be
included in an enumeration of the macrostates. For that reason it is more appro-
priate to assign occupation numbers {nk} to the single particle states f�kg in a
system of identical particles and express the N-particle state according to [6]

Ej ¼
X

k

nk�k: ð2:14Þ

The values of nk directly correspond to the number of particles occupying state �k,
and the summation is now carried out over the single particle states labeled by
k and no longer over the particles as in Eq. 2.13. Before evaluating the N-particle
partition function in Eq. 2.10 with the aid of Eq. 2.14, one has to consider the
correct weight for each of the macrostates Ej. As illustrated in the example above,
it does not matter which of the individual particles occupies a given single particle
state in a system of identical particles. This is the reason why a given macrostate Ej

is completely characterized by the set of occupation numbers {nk}. The correct
weight gj for the state Ej is thus given as

gjðfnkgÞ ¼
N!

n1!n2!. . .
¼ N!Q

k nk!
; ð2:15Þ
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which represents the number of possibilities to distribute the N identical particles
with respect to the particular values of the occupation numbers {nk} constituting Ej

according to Eq. 2.14 [7]. Applying these ideas, the N-particle partition function
can be factorized in the following way (see also Sect. 7.2 in Chap. 7)

Qqm;ideal ¼
X

j

gj exp �bEj

� �
¼
X
fnkg

N!Q
k nk!

exp �b
X

k

nk�k

 !

¼
X
fnkg

N!Q
k nk!

Y
k

exp �bnk�kð Þ

¼ N!
X
fnkg

Y
k

exp �b�kð Þ½ �nk

nk!
; ð2:16Þ

where
P
fnkg indicates the summation over all possible combinations of the

occupation numbers nk consistent with the condition N ¼
P

k nk. Equation 2.16
already represents a factorization into single particle contributions, but in general
the summation over the sets of occupation numbers and the product over the
energy states k cannot be exchanged as in case of the integration for a classical
system, see Eq. 2.3.2 In order to proceed further, a mathematical theorem known as
the multinomial theorem has to be applied, which is given by [1, 7]

ðx1 þ x2 þ � � � þ xmÞc ¼
X

a1;a2;...am

c!

a1!a2!. . .am!

� �
xa1

1 xa2
2 . . .xam

m : ð2:17Þ

As in Eq. 2.16, the summation over the set {ak} is restricted according to
P

k ak =
c, and x1, x2, … can be identified with the exponentials from Eq. 2.16. Comparing
Eqs. 2.17 and 2.16, the final factorization is obtained as

Qqm;ideal ¼
X
fnkg

Y
k

N!

nk!
exp �b�kð Þ½ �nk

¼ exp �b�1ð Þ þ exp �b�2ð Þ þ � � �½ �N

¼
X

k

exp �b�kð Þ
" #N

¼ qN ; where q ¼
X

k

exp �b�kð Þ: ð2:18Þ

Equation 2.18 demonstrates that one can calculate the partition function of a non-
interacting N-particle system composed of identical particles from the single

2 In fact, Eq. 2.16 does not represent any real simplification, because if the occupation numbers
{nk} would be known for a macroscopic system, the N-particle state energies could be computed
according to Eq. 2.14 and the N-particle partition function could be calculated in the conventional
way, see Eq. 2.10.
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particle partition functions q and the total number of particles N, thereby
representing a real size reduction from the N-particle macrosystem to the single
particle scale. However, by applying the weighting factor for the macrostates Ej

from Eq. 2.15 one important restriction is tacitly assumed, namely the distin-
guishability of the N identical particles. If the N particles in turn are taken to be
indistinguishable, there are no longer N! different arrangements which could
be distinguished from each other, but only one single arrangement. Therefore the
transition from distinguishable to indistinguishable particles is formally achieved
by a division by N! as in the classical case, compare Eq. 2.3. The correct weight
gj of a given macrostate Ej for this case is thus given as [7]

gjðfnkgÞ ¼
1

n1!n2!. . .
¼ 1Q

k nk!
; ð2:19Þ

and the factorization of the N-particle partition function can be expressed as

Qqm;ideal ¼
X
fnkg

Y
k

1
nk!

exp �b�kð Þ½ �nk

¼ 1
N!

X
k

exp �b�kð Þ
" #N

¼ qN

N!
; ð2:20Þ

where the single particle partition function q has the same meaning as in Eq. 2.18.
An identical reduction was obtained for the classical setup (see Eq. 2.4), and
factorization approaches of this kind constitute the first step towards the link
between macroscopic thermodynamic state functions and atomistic calculations.
However, up to this point Eqs. 2.18 and 2.20 are still of limited practical use, since
in general there is an unlimited number of single particle states f�kg and the
evaluation of the single particle partition functions q is not straightforward. In
order to obtain a working relation for the computation of the N-particle partition
function, approximations have to be introduced. Furthermore, in the treatment of
chemically relevant systems one has to consider internal degrees of freedom for
the particles as well as possible symmetry constraints on the N-particle wave
function jWji, which have been omitted from the derivation up to now.

2.1.2 Molecular Systems and Approximations

2.1.2.1 Factorization of the Single Particle Partition Function

The conception presented in the last two parts emphasizes the formal difference
between distinguishable and indistinguishable particles, but does not consider their

2.1 The Rigid Rotor Harmonic Oscillator Model 11



internal structure. Even the simplest atomic systems will exhibit translational and
electronic degrees of freedom, and in the case of molecular systems there will be
rotational and vibrational contributions as well. The results of the last section show
that in order to obtain the partition function Q for a non-interacting N-particle
quantum system composed of indistinguishable and identical particles, it is suf-
ficient to compute the single particle partition function q

q ¼
X

k

exp �b�kð Þ; ð2:21Þ

where the phrase ‘‘particle’’ now stands for a single atom or even a molecule (i.e.,
a collection of elementary particles). The molecular energy states f�kg are solu-
tions to the M-nuclei, n-electron Schrödinger equation, which, however, is not
exactly solvable in general. Even if these solutions were available, there would be
an unlimited number of them and the summation in Eq. 2.21 not necessarily has to
converge to a well-defined limit. In order to tackle the problem, a series of
approximations is usually applied, which, taken together, constitute the so-called
rigid rotor harmonic oscillator approach [1]. The first of these approximations is
the well-known Born-Oppenheimer approximation, which separates the molecu-
lar Schrödinger equation into two simpler equations, one for the electronic degrees
of freedom (treating the nuclei as a constant external field) and one for the
nuclear degrees of freedom (treating the electrons as a collective averaged
potential) [5]. The Born-Oppenheimer approximation thus decouples the nuclear
motion from the electronic motion, and the molecular Hamilton operator can be
written as [8, 9]

ĥ ¼ ĥel þ ĥnuc; ð2:22Þ

where the electronic Hamilton operator ĥel includes the electron-nuclei interaction

for a set of fixed positions of the nuclei and the nuclear Hamilton operator ĥnuc

governs the motion of the nuclei.
The effect of an additive decomposition of the Hamilton operator as in Eq. 2.22

was already examined in the last section, compare Eqs. 2.11 and 2.13. For these
equations it has been shown that the partition function of composite systems can
be written as the product of the component partition functions if the Hamil-
ton operator for the composite system is given as the sum over the Hamilton
operators for each component, see Eq. 2.18. This general result can directly be
applied to Eq. 2.22, which for the molecular partition function q yields a factor-
ization of the form

q ¼ qnucqel: ð2:23Þ

Ignoring excited states of the nuclei (which are not populated in significant frac-
tions at terrestrial temperatures), the remaining molecular degrees of freedom
besides the electronic excitations arise from the translational motion of the whole
molecule as well as rotations and vibrations. If there are no external fields present,
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the contributions entering the molecular Hamilton operator only depend on the
relative distance between the nuclei [5]. In this case, the translational motion can
always be separated from the other degrees of freedom by considering the trans-
lational motion of the center of mass and treating the internal degrees of freedom
in a center of momentum frame, in which the molecular center of mass is at rest
and only the relative motion of the nuclei is accounted for [1]. Since these motions
are uncoupled, the nuclear Hamilton operator further reduces to

ĥnuc ¼ ĥtrans þ ĥint; ð2:24Þ

where ĥtrans represents the Hamilton operator for the center of mass translation and

ĥint accounts for the remaining internal degrees of freedom, i.e., rotations and

vibrations. The final decoupling of rotational (ĥrot) and vibrational (ĥvib) motion is
rationalized on the basis of different timescales for these degrees of freedom as
well as the observation that the vibrational amplitudes in many cases are small
compared to the equilibrium distances between the nuclei, which justifies the
treatment of rotations as being rigid [1, 10]. Following this reasoning, the nuclear
Hamilton operator is given according to

ĥnuc ¼ ĥtrans þ ĥint ¼ ĥtrans þ ĥrot þ ĥvib: ð2:25Þ

The final equations underlying the rigid rotor harmonic oscillator approximation
for a quantum system composed of N identical and indistinguishable molecules
can thus be summarized as [1]

ĥ ¼ ĥel þ ĥtrans þ ĥrot þ ĥvib; �kðw;l;J;vÞ ¼ �w;el þ �l;trans þ �J;rot þ �v;vib;

q ¼ qelqtransqrotqvib

¼
X

w

exp �b�w;el

� �" # X
l

exp �b�l;trans

� �" #

�
X

J

exp �b�J;rot

� �" # X
v

exp �b�v;vib

� �" #
;

Q ¼ qelqtransqrotqvib½ �N

N!
;

ð2:26Þ

where the notation �kðw;l;J;vÞ again indicates the dependancy of the molecular state
�k on the electronic state w, the translational state l, the rotational state J, and the
vibrational state v. The set of approximations discussed above constitutes the main
frame of the rigid rotor harmonic oscillator approach, but additional approxima-
tions will be necessary for the evaluation of the partition functions of the different
degrees of freedom. These will be introduced in the following.
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2.1.2.2 Translational Partition Function

According to Eq. 2.26 the translational contribution to the molecular partition
function q takes the form

qtrans ¼
X

l

exp �b�l;trans

� �
: ð2:27Þ

In order to evaluate this expression, an analytical form for the translational energy
states f�lg has to be found. In the frame of the rrho approach, this is usually
accomplished by treating the center of mass translation as the translation of a
particle in a potential-free cubic box of length a with infinite potential walls at the
borders of the box. This problem is a well-investigated quantum mechanical model
system for which the analytic energy states are given as [11]

�ðlx; ly; lzÞ ¼
h2

8ma2
l2x þ l2

y þ l2
z

� 	
; lx; ly; lz 2 N

�; ð2:28Þ

where N
� denotes the natural numbers not including zero and m indicates the mass

of the particle. The combination of Eqs. 2.27 and 2.28 results in

qtransðV; TÞ ¼
X1
lx;ly;lz

exp �b�ðlx; ly; lzÞ
� �

¼
X1
lx;ly;lz

exp � bh2

8ma2
l2
x þ l2y þ l2z

� 	
 �

¼
X1

lx

exp � bh2l2x
8ma2

� �" #"X1
ly

exp

�
�

bh2l2
y

8ma2

�# X1
lz

exp �
bh2l2

z

8ma2

� �" #

¼
X1

l

exp � bh2l2

8ma2

� �" #3

; ð2:29Þ

where the last identity is valid due to the independence of the quantum numbers
{lk} from each other. The sum occurring in the last line of Eq. 2.29 cannot
generally be written in a closed form, which prevents a direct evaluation of qtrans.
In order to obtain a working relation, an approximate treatment of the summation
as an integration is normally done. This can be rationalized according to the
following reasoning. The distance D�l between adjacent translational states in most
cases is very small compared to the thermal energy kBT at ambient temperatures.
In these cases and at elevated temperatures, the discrete translational spectrum can
thus be treated as a continuum, and therefore this approximation is referred to as
the high temperature limit [11]. The same reasoning will again be employed in the
discussion of the rotational partition function and in the consideration of symmetry
constraints, see below. The application of that approximation results in a Gaussian-
type integral, which can directly be evaluated according to
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qtrans �
Z1

0

exp � bh2l2

8ma2


 �
dl

0
@

1
A

3

¼ 2pmkBT

h2

� �3=2

V ; ð2:30Þ

where the volume V of the box is given as V = a3. The result in Eq. 2.30 has
already appeared before, namely as the single particle partition function in the
classical treatment of an N-particle system of non-interacting particles, see Eq. 2.4.
This is a plausible result, since the only single particle degrees of freedom in a
system of non-interacting particles with no internal structure are expected to be
translational degrees of freedom. It can also be seen that the ad hoc introduction of
the Planck constant h in Eqs. 2.1 and 2.4 occurs in a natural way by treating
translation as a quantum mechanical phenomenon in terms of the energy eigen-
values in Eq. 2.28.

A common practice in statistical thermodynamics is the introduction of the
thermal de Broglie wavelength according to the following definition [1]

K ¼ h2

2pmkBT

� �1=2

: ð2:31Þ

K has units of length, and according to the classical equipartition theorem the
average kinetic energy is given as hekini = p2/(2m) = (3/2)kBT, i.e., the average
momentum equals (mkBT)1/2. Inserting this average momentum in the conven-
tional de Broglie relation k = h/p indicates the analogy to the definition of
Eq. 2.31, and accordingly the translational partition function can be written as

qtrans �
V

K3 : ð2:32Þ

The thermal de Broglie wavelength K can be used to estimate the importance of
quantum effects and the applicability of classical approximations like the high
temperature limit, i.e., a classical or semi-classical treatment is only reasonable if
K3=V � 1 [11].

2.1.2.3 Rotational Partition Function

In order to obtain expressions for the molecular rotational energy states, the
quantum mechanical model system of a rigid rotor is employed. The energy
eigenvalues for this problem are given by [1]

�J ¼
�h2JðJ þ 1Þ

2I
; J 2 N; ð2:33Þ

where I indicates the molecular moment of inertia and J denotes the rotational
quantum number. Equation 2.33 is only valid in this form if the three principal
moments of inertia IA, IB, IC of the molecule under study are identical, i.e., if the
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molecule belongs to the class of spherical tops [1]. The most general case of an
asymmetric top (IA = IB = IC) is a complicated problem and will not be treated
in full detail here, but the quantum mechanical result for a spherical top can easily
be generalized to the classical result for an asymmetric top in a plausible way. It is
important to note that each of the energy states eJ is degenerated by a factor
(2J ? 1)2, which leads to the following form of the rotational partition function [1]

qrotðTÞ ¼
X1
J¼0

ð2J þ 1Þ2 exp �b
�h2JðJ þ 1Þ

2I

� �
: ð2:34Þ

As in the case of the translational partition function, this sum cannot be expressed
in any closed form, which is the reason why the summation again has to be
approximated by an integration. The same reasoning leading to the high temper-
ature limit in the case of the translational degrees of freedom can be applied for the
rotational degrees of freedom as well, with possible exceptions to that given by
molecular species showing small principal moments of inertia, for instance
hydrogen. In this continuum limit, the rotational partition function can thus be
written as [1]

qrotðTÞ �
Z1

0

ð2J þ 1Þ2 exp �b
�h2JðJ þ 1Þ

2I

� �
dJ �

Z1

0

4J2 exp �b
�h2J2

2I

� �
dJ

� p1=2 2IkBT

�h2

� �3=2

; ð2:35Þ

where in addition the increased importance of large values of J at high tempera-
tures is assumed, so that J2 	 J 	 1.

The rotational symmetry has another important impact on qrot besides the
classification as asymmetric or spherical top, namely in the case of the true number
of distinguishable rotational states. If there are any rotational symmetry elements
in the molecular point group which transfer the molecule into itself (besides a C1

axis), there will be an overcounting of identical rotational states. As in the case of
g({nk}) (see Eq. 2.15), the correct weighting can be obtained by neglecting the
redundant states, which is formally achieved in terms of the symmetry number r.
In the general case of a polyatomic molecule, this number equals the order of the
rotational subgroup of the molecular point group, i.e., r = 2 for water and r = 12
for benzene. A more elaborate derivation of the symmetry number on the basis of
the molecular wave function can be found in [1] (see also the section about
symmetry constraints). The consideration of this symmetry effect results in the
following general form of the rigid rotor (rr) partition function

qrrðTÞ ¼
p1=2

r
2IkBT

�h2

� �3=2

: ð2:36Þ
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The generalization of Eq. 2.36 to asymmetric top structures can be achieved by
inserting the classical Hamilton function of a rigid rotor into the classical partition
function (see Eq. 2.1) and carrying out the integration. The result is given as [1]

qrrðTÞ ¼
p1=2

r
2IakBT

�h2

� �1=2 2IbkBT

�h2

� �1=2 2IckBT

�h2

� �1=2

¼ p1=2

r
T3

HaHbHc

� �1=2

; ð2:37Þ

where Hða;b;cÞ denotes the rotational temperature associated with the principal
moments of inertia Ia, Ib, Ic according to

Hða;b;cÞ ¼
�h2

2Iða;b;cÞkB

: ð2:38Þ

It is apparent that this result reduces to the correct expression for a spherical top in
the limit Ia = Ib = Ic.

Equation 2.37 represents a compact form of the rotational partition function and
can be easily computed if the three principal moments of inertia are known. The
central approximations employed in the derivation of Eq. 2.37 include the high
temperature limit (Eq. 2.35) and the evaluation of the classical expressions in the
case of asymmetric top structures.

2.1.2.4 Vibrational Partition Function

The quantum mechanical model system applied for the treatment of the molecular
vibrational degrees of freedom is the model of the harmonic oscillator, for which
the energy eigenvalues are given by [1]

�v ¼ vþ 1
2

� �
hm; v 2 N: ð2:39Þ

Here m denotes the oscillator’s frequency, and for the case v = 0 the characteristic
zero point energy �0 ¼ hm

2 of the oscillator is apparent from Eq. 2.39. According to
Eqs. 2.26 and 2.39, the harmonic oscillator (ho) partition function qho can be
expressed as

qhoðTÞ ¼
X1
v¼0

exp �b vþ 1
2


 �
hm

� �

¼ exp
�bhm

2

� �X1
v¼0

exp �bvhmð Þ

¼
exp � 1

2 bhm
� �

1� exp �bhmð Þ ; ð2:40Þ
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where the last identity is obtained from the limit of the geometric series
P1

i¼1 xi ¼
ð1� xÞ�1 [11]. The harmonic oscillator partition function is the only one in the
rrho approach which can be evaluated directly and without any approximation
(compare the integral substitution in the case of the translational and rotational
partition functions), but the treatment of molecular vibrations as harmonic
oscillations is an approximation in itself. The generalization of Eq. 2.40 to the
(3M - 6) vibrational degrees of freedom of a non-linear polyatomic molecule is
straightforward and can be done in terms of the harmonic approximation.
Following the reasoning from Sect. 2.1.2.1, the vibrational amplitudes are small
compared to the overall molecular dimensions in most cases, and the vibrational
motion of the M nuclei can thus be approximated as a movement in a harmonic
potential around an equilibrium configuration [1]. The coupled (3M - 6)-dimen-
sional Schrödinger equation for this problem can be efficiently decoupled into
(3M - 6) exactly solvable one dimensional harmonic oscillator Schrödinger
equations via a normal mode analysis. The normal mode analysis is an orthogonal
coordinate transformation which diagonalizes the Hessian, thereby eliminating the
dependancy of a given vibration from all the other vibrations in the harmonic
potential [4]. In the normal coordinate representation, the vibrational Hamilton

operator ĥvib is thus given as a sum of single mode harmonic oscillator Hamilton
operators, and according to the reasoning leading to Eq. 2.18 the polyatomic
vibrational partition function can be expressed as a product of the single mode
contributions

qvibðTÞ ¼
Y3M�6

k¼1

qk;ho ¼
Y3M�6

k¼1

exp � 1
2 bhmk

� �
1� exp �bhmkð Þ ; ð2:41Þ

where mk denotes the frequency of the kth normal mode. According to Eq. 2.41, the
calculation of the polyatomic harmonic oscillator partition function can be carried
out if the normal mode frequencies {mk} are known. The normal mode analysis is a
standard procedure of quantum chemistry and implemented in many quantum
chemical codes [12, 13], so that the direct computation of qvib is normally possible
without any significant problems. However, one should keep in mind that Eq. 2.41
is derived from the harmonic approximation and that possible anharmonic cor-
rections applied in the calculation of the frequencies also have to be considered in
the computation of qvib.

2.1.2.5 Electronic Partition Function

In complete analogy to the previous degrees of freedom, the electronic partition
function is given as the sum over the molecular electronic ground state as well as
all excited states according to

qelðTÞ ¼
X

w

exp �b�wð Þ: ð2:42Þ
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There is no simple model system which could provide the molecular energy states
�w as a function of the quantum number w. Different quantum chemical methods
give analytic expressions for the energy eigenvalues of the electronic Schrödinger
equation on the basis of the Born-Oppenheimer approximation, but in general
these equations are quite complex and have to be solved iteratively [9]. Therefore,
an exact calculation of the sum in Eq. 2.42 is not possible, but since the excited
electronic states in most cases are separated from the ground state by energy gaps
large compared to the thermal energy at ambient temperatures, it is generally
sufficient to consider only the first few or even only the first term of the series.
A commonly encountered problematic case for this approach are the halogen
atoms, which show first excited states less than 0.1 eV above the ground state [1].
However, sample calculations show that even in these cases it is sufficient to
consider only the first terms in Eq. 2.42 [11]. This approach in a way reverses the
reasoning in the derivation of the translational and rotational partition functions
and can be understood as a ‘‘reversed high temperature limit’’ as it gets more
inaccurate as the temperature increases.

As in the case of the rotational degrees of freedom, a possible degeneracy of the
electronic states has to be considered in the evaluation of the electronic partition
function. If the wth energy state is degenerated by a factor gw and the electronic
ground state of the molecule is set to zero, the electronic partition function can be
expressed as

qel ¼ g1 þ g2 exp �bD�1;2
� �

þ � � � ; ð2:43Þ

where D�1;2 denotes the energy difference between the first excited state and the
ground state.

2.1.2.6 Symmetry Constraints and the High Temperature Limit

The quantum mechanical treatment of the non-interacting N-particle problem in
Sect. 2.1.1 explicitly excluded possible symmetry constraints. However, all known
particles are either classified as bosons (wave function of an identical N-particle
system is symmetric under interchange of two particles) or fermions (wave function
of an identical N-particle system is antisymmetric under interchange of two
particles) [5]. The distribution of independent identical fermions over the single
particle states is restricted insofar as no two fermions can occupy the same state,
thereby introducing additional constraints to the composition of the N-particle
energy states {Ej} from the single particle states f�kg, see Eqs. 2.13 and 2.14. Even
in the case of bosons for which no occupation limit of a given single particle state
exists, the correct enumeration of microstates is still not trivial in the case of
indistinguishable particles. For both the classical as well as the quantum mechan-
ical case, the transition from the distinguishable to the indistinguishable N-particle
system in Sect. 2.1.1 is achieved by neglecting the number of permutations N!
which are no longer distinguishable in the case of indistinguishable particles.
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However, the number of distinct permutations is only equal to N! if each of the
N particles occupies a different energy state �k, i.e., if the same condition as in the
case of fermions is fulfilled. This can be seen most directly by considering the case
where N - 1 bosons occupy the same state (e.g. �mÞ and one boson occupies
another state (e.g. �nÞ. If the particles are distinguishable, there are N possbile
choices for the particle occupying state �n, and the number of redundant permu-
tations one would have to consider for the transition to indistinguishable particles is
thus N and not N!. This clearly indicates that the division by N! is only exact in the
limiting case of individually occupied single particle states, the condition which
also has to be satisfied in the case of an N-particle fermion system. Nevertheless,
Eq. 2.20 is applicable in most cases due to the same reasoning already encountered
in the derivation of the translational and rotational partition functions, namely the
high temperature limit. At almost all conditions except the lowest temperatures and
the highest densities, the number of available single particle states exceeds the
number of particles N significantly, thereby ensuring that in most cases each
particle will be in a different state and that the division by N! is correct. These cases
for which Eq. 2.20 is valid are said to obey Boltzmann statistics [1]. The underlying
assumptions of Boltzmann statistics will become more and more probable with
increasing temperature, e.g. for a particle of mass m = 10-25 kg confined to a cubic
box of 0.1 m length at T = 300 K the number of translational states alone is of the
order of 1030 [1].

The reasoning presented so far indicates that Boltzmann statistics is applicable
to most problems at ordinary conditions, and all further derivations and results
presented in this thesis are based on this approximation. For the sake of com-
pleteness it is mentioned that the exact treatment of the symmetry constraint of
bosonic and fermionic N-particle systems can be accomplished and that the
resulting equations are referred to as Bose–Einstein statistics and Fermi–Dirac
statistics, respectively [6].

2.2 The Quantum Cluster Equilibrium Approach

2.2.1 Essentials

2.2.1.1 The Ideal Cluster Gas

The rigid rotor harmonic oscillator (rrho) model presented in the last section
constitutes a well-established approach for the calculation of thermodynamic
quantities on the basis of atomistic calculations. However, since it is based on the
factorization of the N-particle partition function Q into the molecular partition
functions q which is only exact for a non-interacting system, the rrho model can be
expected to be a reasonable approximation in the case of dilute gases only, for
which the interparticle interaction is comparatively small. A possible first step for
the extension of the standard rrho model to interacting systems can be realized by
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including interparticle interactions into the single particle unit for which the
‘‘single particle’’ partition function q is computed, i.e., by extending the molecular
unit to a multi-molecular unit, which will be called a ‘‘cluster’’ from now on. Thus,
in this way a cluster is defined as a molecular or atomic aggregate which is held
together by some form of (attractive) interaction. This interaction could for
instance be primarily coulombic in nature (e.g. in the case of sodium chloride
clusters), but non-covalent interactions like hydrogen bonding (water clusters) or
dispersion interactions (noble gas clusters) are thinkable as well. This approach
transfers the interparticle interaction into the fundamental unit partly and in a local
way. The cluster as the new fundamental unit will most generally be treated as the
single molecule in the case of the conventional rrho approach, but in most cases
there will be two different levels of interaction present within the cluster: the true
intramolecular interactions which form the single molecule the cluster is com-
posed of and which are most often covalent in nature, and the less strong inter-
molecular interactions, which are transferred into the cluster (thereby becoming
intracluster interactions) and which ensure that the cluster as an aggregate of
molecules will be stable. This classification is of course artificial: in the quantum
chemical calculation of a cluster, only the type and position of the nuclei as well as
the number of electrons enter, and no distinction between different molecules is
made. It is also obvious that in the case of atomic clusters this classification is
unnecessary, since only the interatomic interactions are present.

The combination of this new reference level with the ideas and approximations
from the rrho approach is straightforward. Before, the fundamental units were
molecules which have been constructed from atoms, thereby introducing rotational
and vibrational degrees of freedom. Now, the fundamental units are clusters which
are constructed from molecules, and since a cluster can be understood as a single
‘‘supermolecule’’, no additional degrees of freedom are necessary. Thus, in
complete analogy to the molecular partition function from the last section a cluster
partition function is now considered, which can be factorized according to the set
of rrho approximations

qj ¼ qj;elqj;transqj;rotqj;vib; ð2:44Þ

where j is a cluster label which will become important later on. The partition
functions for the different degrees of freedom on the right hand side of Eq. 2.44 are
evaluated according to the formulas derived in the last section, for which the
corresponding cluster quantities are used (e.g. the mass of the cluster for qj,trans and
the frequencies of the cluster normal modes for qj,vib). This approach is straight-
forward and allows an easy computation of the cluster partition function qj.
However, one has to be careful in the case of the comparison between different
sized clusters, for instance if the change of a thermodynamic variable for the
reaction of two smaller clusters to a larger one is of interest. In such a case, the
number of the different kinds of cluster degrees of freedom will change, and since
the degrees of freedom are treated by different approximations as presented in the
last section, there will be an artificial effect arising due to the different accuracy of
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the approximations employed. Consider for instance two water molecules which
form a dimer cluster. Taken together, the two molecules have six translational and
rotational degrees of freedom, but the dimer only has three of each of them. In
contrast, the number of vibrations in the dimer is 12, whereas both molecules only
possess 6 vibrational degrees of freedom. Thus, in the dimer three hindered
translations and three hindered rotations will be treated as harmonic vibrations,
and the question arises if the harmonic approximation is as accurate for hindered
translations/rotations as the model of the particle in a box for free translations or
the rigid rotor for free rotations. These questions will be examined in greater detail
in Chap. 3.

If only clusters of a certain type j (e.g. of a certain size) are considered, the
canonical partition function for a non-interacting n-particle system of these
(indistinguishable) clusters in complete analogy to Eq. 2.20 is given as

Qjðnj;V ; TÞ ¼
q

nj

j ðV ; TÞ
nj!

: ð2:45Þ

Even if all intercluster interactions (i.e., interactions between the clusters) are
neglected in Eq. 2.45, it is certainly an improvement over the conventional rrho
model in the modeling of a condensed system, since the intermolecular interac-
tions of the true system are partly accounted for within the cluster via the quan-
tum chemical calculation, and this fraction of interactions considered will become
larger as the cluster size increases. An even more detailed approach would con-
sider not only one certain cluster species j, but many different of them, which
could resemble different structural patterns occurring in the real condensed phase
one is trying to model. Among them one might also include the single molecular
monomer, since this isolated structure could occur in the real system from time
to time, especially in systems showing strong structural fluctuations. These dif-
ferent cluster structures {j} will certainly be distinguishable from each other (e.g.,
by their size), and according to that the total N-particle partition function for an
ideal mixture of these different cluster species is obtained as (see also Eq. 2.18)
[14, 15]

QðN;V; TÞ ¼
Y

j

Qjðnj;V ; TÞ ¼
Y

j

q
nj

j ðV; TÞ
nj!

; ð2:46Þ

where nj now denotes the cluster population of the corresponding cluster species j.
To make sure that Eq. 2.46 is valid, one has to establish a relation between the total
number of particles N and the cluster populations {nj}. For instance, the total
number of particles N could be equal to the number of molecular monomers in the
system, which would be suitable for the calculation of thermodynamic quantities
for, e.g., one mole of water molecules. In this case, the relation between N and the
set {nj} is given by

N ¼
X

j

ijnj; ð2:47Þ
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where ij denotes the number of monomer units in the cluster species j. From the
considerations presented so far, there is no simple way for the determination of the
cluster populations {nj}. As a starting option, the N molecular monomers could be
distributed evenly among the different cluster species {j}, and from the partition
function (Eq. 2.46) the free energy of the system could be obtained. Changing the
distribution {nj} slightly and recalculating the free energy would then yield
information about whether the change in population has a stabilizing or a desta-
bilizing effect on the system. If there is information available on the relative
abundance of a certain structural pattern over another (e.g., the relative stability of
two modifications), these could be employed as well.

Even if the sketched approach will be superior to the conventional rrho model
in most cases, the accurate modeling of condensed phases will have to include
cluster–cluster interactions which will become more and more important at
increasing densities. Furthermore, the volume of the particles will no longer be
negligible at these conditions. An approximate treatment of these factors will be
presented in the following.

2.2.1.2 The van der Waals Cluster Gas

The ideal cluster gas model derived in the previous part would in principle be able
to treat a larger and larger fraction of interparticle interactions as the considered
cluster sizes increase, but due to computational limitations there will be restric-
tions on the cluster sizes and therefore surface effects will always be present. A
more convenient way for the treatment of additional interactions lies in a non-local
mean field approach as realized in the model of van der Waals gases [11]. In this
approach, the gas particles are no longer treated as point particles, but are assigned
a non-zero size via a volume parameter b, and the (attractive) interparticle inter-
action is introduced in terms of a reduced pressure of the gas on the walls of the
container which is governed by the mean field parameter a. Thus, an extension of
the conventional rrho model on the basis of the van der Waals gas will have to
consider the volume of the particles as a function of b as well as some form of
interparticle mean field interaction as a function of a. The treatment of the reduced
volume effect is achieved in a straightforward way by assigning a cluster volume
Vj to each cluster species j and considering the occurrence of this cluster species in
terms of the corresponding cluster populations nj. The total excluded volume Vex is
thereby given as the weighted sum over all cluster species according to [14, 15]

Vex ¼ bxv

X
j

njVj; ð2:48Þ

where bxv is a proportionality constant through which the cluster volume estimates
Vj can be corrected in an average fashion. This is important, since the volume of a
particle is no direct observable and there is no straightforward way of calculating
the numbers {Vj} [14]. In the present thesis as well as in many applications, the

2.2 The Quantum Cluster Equilibrium Approach 23



cluster volume Vj is estimated as the sum of the atomic sphere volumes of the
different atoms contributing to the cluster j, which in turn are obtained from
the corresponding van der Waals radii [16, 17]. A more elaborate treatment of the
cluster volumes could be obtained in terms of the GEPOL algorithm [18].
The excluded volume term calculated in this way subsequently has to be employed
for the correction of the overall volume available to the N-particle system. The
approximations introduced in Sect. 2.1.2 demonstrate that the translational parti-
tion function qj,trans is the only contribution to Q(N, V, T), which depends on the
volume and that the dependancy is that of a simple linear relation (see Eq. 2.30).
According to that, the translational partition function corrected for the excluded
volume is given as [14, 15]

qj;trans ¼
2pmkBT

h2

� �3=2

V � Vexð Þ ¼ DV

K3 : ð2:49Þ

The attractive mean field interaction between the clusters is considered in a similar
way. According to Eq. 2.43, a common zero-of-energy reference has to be
established first for the different cluster types {j}, which in most cases is set to the
ground state energy of the relaxed (molecular) monomer unit. A physically rea-
sonable energy scale for the ordering of the larger cluster structures is then
obtained by considering the difference in the total ground state energy Ej,tot of a
cluster j and ij-times the ground state energy of the relaxed monomer unit E1,tot

DEj;intra ¼ Ej;tot � ijE1;tot; ð2:50Þ

where ij again denotes the number of monomer units in cluster j. Energy differ-
ences of the form as in Eq. 2.50 are frequently encountered in quantum chemical
applications and are referred to as total/supramolecular interaction energies or
interaction energies according to the supramolecular approach [19]. Due to the
limited basis sets normally applied in the actual quantum chemical calculation of
these energies, a treatment of the basis set superposition error (bsse) is often
reasonable, for instance via the counterpoise correction scheme [20]. In addition to
this intracluster energy contribution, the van der Waals-like mean field interaction
between the clusters is accounted for via a potential term of the form

DEj;inter ¼ �
amf ij

V
; ð2:51Þ

where amf is an additional empirical parameter adjusting the strength of the
intercluster interaction. As in the case of the classical van der Waals model, the
factor ij/V can be understood as a number density of the monomer units in cluster
j per volume of the N-particle system. The sum of these two interaction energy
terms is subsequently employed in the computation of the electronic cluster par-
tition function qj,el according to [14, 15]

qj;el ¼ exp �b DEj;intra þ DEj;inter

� �� �
¼ exp �b DEj;intra �

amf ij

V

� �
 �
; ð2:52Þ
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see also Eq. 2.42. From this derivation it is clear that in contrast to the conven-
tional case in Eq. 2.42 true excited states of the monomer units or the clusters are
not considered and that the applied energy ‘‘states’’ are referring to the binding
situation within a cluster as well as the mean field interaction to the other clusters.
Furthermore, it is apparent that the energy contributions in contrast to Eq. 2.43 are
of a stabilizing origin, i.e., both the intracluster interaction energy (Eq. 2.50) as
well as the intercluster interaction energy (Eq. 2.51) are negative, which results in
electronic contributions to the overall cluster partition function larger than one.
From a pure energetic point of view larger clusters exhibiting larger absolute
values in both DEj;intra and DEj;inter are thus favored via the electronic contribution
to the cluster partition function.

The presented van der Waals extension of the rrho model involves the intro-
duction of two new parameters amf and bxv, which can be understood as direct
analogs to the van der Waals parameters a and b. There is no straightforward rule
for the evaluation of these parameters on the basis of first principles methods, and
the most convenient way of determining these unknowns is fitting some calculated
thermodynamic quantity to an experimental reference. In this thesis the chosen
reference quantity will normally be the molar volume, and the employed fitting
procedure is a straightforward application of the commonly used least-squares fit
criterion. According to that approach, a set of test isobars is computed over a
predefined amf/bxv grid, and the absolute difference of each of these test curves to
the (experimental) reference isobar is accumulated in an error vector of the form

DVðamf ; bxvÞ ¼ Vref � Vamf ;bxv

� �
Tmin...Tmax

; ð2:53Þ

where Vref ;Vamf ;bxv
denote the molar reference volume and the volume of one of the

test isobars at a given temperature, respectively, and the vector DV has as many
components as the number of sampled temperature points [17]. In a subsequent
analysis the Euclidean norm kDVk of each sampled vector DV is computed, and
the test isobar yielding the smallest norm is considered to be the most accurate
approximation to the experimental reference. In the following, the Euclidean norm
of the error vector kDVk will also synonymously be denoted as the accuracy of the
underlying test isobar [21, 22].

2.2.1.3 Cluster Equilibrium

The methodology presented so far covers the treatment of particle interactions on
an accurate local scale (intracluster interactions via first principles computations)
and an approximate non-local scale (intercluster interactions via a van der Waals-
like mean field term) as well as the approximate treatment of the excluded volume
in terms of atomic van der Waals radii. However, in order to obtain thermody-
namic information for the N-particle system, the N-particle partition function
(Eq. 2.46) has to be evaluated, which is only possible if the underlying cluster
populations {nj} are known. In addition to the empirical suggestions made earlier,
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an algorithmic way for solving the population equations on the basis of a
thermodynamic equilibrium between the different clusters has been developed in
the late nineties of the last century [14].

The underlying equilibrium reaction takes into account the formation of all
clusters in the set {Cj} from the basic monomer unit C1 according to [14, 15]

C1�
C2

2
� � � ��Cj

ij
� � � ��Cg

ig
; ð2:54Þ

where g denotes the largest cluster in the set and ig equals the number of mono-
mers in this cluster. If the equilibrium in Eq. 2.54 is assumed to be a thermody-
namic equilibrium, the change in free energy A [1]

dA ¼ �SdT � pdV þ
X

j

ljdnj ð2:55Þ

has to be zero, where lj denotes the chemical potential of cluster j. At the con-
ditions of the canonical ensemble (constant volume, constant temperature, constant
particle number) this criterion is identical to the equality of the various chemical
potentials {lj}, i.e., Eq. 2.54 translates to

l1 ¼
l2

2
¼ � � � ¼

lj

ij
¼ � � � ¼

lg

ig
: ð2:56Þ

The chemical potential of a species j can most generally be expressed as a function
of the canonical partition function Q according to [16]

lj ¼ �kBT
o lnðQÞ

onj

� �
nk 6¼j;V ;T

� �kBT ln
qj

nj

� �
; ð2:57Þ

where the final transformation involves the application of Stirling’s approximation
[23]. The relation expressend in Eq. 2.57 provides a simple connection between
the chemical potential lj and the population nj of a given cluster j, and the sub-
stitution of the chemical potentials in Eq. 2.56 according to Eq. 2.57 yields a direct
relation between the populations nj, nk of two different cluster species j and k. If
one of these species (conveniently the monomer, ik = 1) is set as a reference, the
population of all remaining clusters can be expressed as functions of this reference
population

nj ¼ qj
nk

qk


 �ðij=ikÞ
N
ðij�1Þ
A

¼ qj
n1

q1


 �ðijÞ
N
ðij�1Þ
A : ð2:58Þ

According to this approach, the problem of finding g populations is reduced to the
determination of the reference population n1. In order to obtain an equality for this
reference population, the particle conservation condition in combination with a
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fixed total number of particles as expressed in Eq. 2.47 is employed. The substi-
tution of the various populations in Eq. 2.47 according to Eq. 2.58 finally results in
a polynomial equation in the monomer population n1, which takes the form

0 ¼ �N þ
Xg

j¼1

ðijÞqjN
ðij�1Þ
A

q
ðijÞ
1

" #
n
ðijÞ
1 : ð2:59Þ

Without loss of generality, the total number of particles N can be fixed to one
mole, and according to the fundamental theorem of algebra there will be ig dif-
ferent possible monomer population roots to Eq. 2.59 [24]. However, only roots
from the real field are expected to be physically reasonable, and all complex
solutions to Eq. 2.59 are discarded, but in the general case there will also be
several real roots satisfying Eq. 2.59. Each of these roots can be employed to
compute a complete cluster distribution on the basis of Eq. 2.58, which finally
results in up to ig possible cluster distributions (‘‘phases’’) at the chosen state point.
The stable phase at the applied conditions will be the one minimizing the free
energy of the system, e.g., if the total particle number N, the temperature T, and the
pressure p (instead of the volume V) are fixed, the related free energy will be the
Gibbs free energy G, which can be obtained from the partition function
Q according to3

G ¼ �kBT lnðQÞ þ pV; ð2:60Þ

i.e., in order to evaluate the free energy, the volume of the different phases has to
be obtained first. A straightforward way to this end exploits the relation between
the (fixed) pressure p of the system and the canonical partition function
Q(N, V, T) [1, 14, 15]

p ¼ kT
o lnðQÞ

oV

� �
N;T

: ð2:61Þ

The contributions to the partition function Q which depend on the volume V are
the translational partition function qj,trans and the electronic partition function qj,el,
see Eqs. 2.49 and 2.52. The evaluation of the derivative in Eq. 2.61 thus results in
[16]

p ¼
Pg

j kBTnjV2 � amf ijnjDV
� �

V2DV
; ð2:62Þ

3 In principle one has to consider the isothermal–isobaric partition function QðN; T ; pÞ ¼P
j

P
V expð�bEjÞ expð�bpVÞ for these thermodynamic reference variables, but since both

summations are uncoupled, the pressure–volume term can be evaluated directly, yielding
Eq. 2.60 [1].

2.2 The Quantum Cluster Equilibrium Approach 27



where DV ¼ V � Vex (see Eq. 2.49). Besides the volume V, this equation only
contains known quantities and therefore can be rearranged to a polynomial
equation in V taking the form

0 ¼ �p½ �V3 þ kBT
Xg

j

nj þ pVex

" #
V2 � amf

Xg

j

ijnj

" #
V þ amf

Xg

j

ijnj

" #
Vex:

ð2:63Þ

The coefficients of this polynomial equation depend on the cluster population
distribution {nj}, which means that for each of the different population sets up to
three possible volumes can be obtained (the actual number is again equal to the
number of real roots of Eq. 2.63). In combination with the population distri-
butions, these volumes are employed for the determination of the stable phase at
the chosen pressure p and temperature T according to Eq. 2.60, i.e., the popu-
lation–volume combination which yields the minimum in G is considered to
be the stable phase. The population set obtained in this way can subsequently be
employed for the computation of the canonical partition function according to
Eq. 2.46.

The above sketched scheme constitutes an algorithmic approach for the
determination of the cluster distribution set and the phase volume of the stable
phase at the chosen pressure–temperature conditions, which is readily imple-
mented in a computer program [14, 16, 25]. However, in order to compute the
coefficients of the population polynomial (Eq. 2.59), the cluster partition func-
tions {qj} have to be available, but according to Eqs. 2.49 and 2.52 the trans-
lational and electronic contribution to each qj depend on the volume V, which
cannot be calculated until the populations are known, see Eq. 2.63. These mutual
dependencies require an iterative procedure, in which a self-consistent set of
cluster partition functions {qj}, cluster populations {nj}, and volume V is
determined. The flow chart of the core iteration procedure implemented in the
PEACEMAKER code is illustrated in Fig. 2.1 [16, 25]. The first step of the iteration
consists of the computation of the cluster partition functions qj, which depend on
the phase volume V and also on the cluster populations {nj} via the excluded
volume correction term, see Eq. 2.48. This means that in order to start the
iteration, there are two initial guesses to be made, one for the volume V and one
for the populations {nj}. Depending on whether the current p, T state point is the
first one of the calculation or an intermediate one, the initial guesses are either
obtained by setting the volume V to the volume of an ideal gas at the chosen
conditions and by distributing the number of monomer units C1 uniformly over
the different clusters according to Eq. 2.47 (i.e., nj = (ijg)-1), or by constructing
linear combinations of the volume and the populations obtained from previously
converged iterations and the ideal gas volume and uniform distribution,
respectively.

The next step includes the computation of the population polynomial coeffi-
cients, which according to Eq. 2.59 depend on the previously calculated cluster
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partition functions. From the (real) roots of the population polynomial possible
cluster population distributions {nj} are obtained (see Eq. 2.58), which are
subsequently used for setting up the coefficients of the volume polynomial
(Eq. 2.63). During the final step of each iteration, the Gibbs energy of all valid

I

Fig. 2.1 Flowchart of the PEACEMAKER iteration procedure.4

4 Reprinted with permission from Ref. [16]. Copyright 2005, American Institute of Physics
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population–volume combinations is computed and the stable phase for the given
p, T state point is identified. This population set and the corresponding volume
reenter the cycle as the new guess for the next iteration. The quantity which is used
to check the convergence of the iteration procedure is chosen to be the phase
volume V in the PEACEMAKER code, but the populations {nj} or the partition
function Q could be employed for this purpose as well [16, 25].

The algorithmic approach for the computation of the cluster populations of the
van der Waals cluster gas introduced above is known as the quantum cluster
equilibrium (qce) model in literature [14–16]. All relevant information required for
a qce calculation can be obtained from static first principles calculations of
the different cluster structures which are included in the equilibrium reaction, see
Eq. 2.54.

2.2.2 Thermodynamics from Quantum Cluster Equilibrium
Calculations

The quantum cluster equilibrium model introduced in the last section enables the
computation of a self-consistent canonical partition function Q for the van der
Waals cluster gas if a set of cluster structures (and corresponding properties like
moments of inertia and harmonic frequencies) as well as a state point in the
temperature–pressure space are specified as input values. Once the partition
function is available, the computation of thermodynamic quantities is achieved in a
straightforward manner, since all thermodynamic quantities can be expressed as
analytical functions of the partition function Q. An example for such a relation has
already been encountered in the derivation of the qce approach itself, namely
the relation between the Gibbs free energy G (see Eq. 2.60) or the pressure p
(see Eq. 2.61) and the partition function Q.

In all cases relevant for this thesis the functional dependancy between a
quantity O and the partition function Q is of the form O ¼ f ðlnðQÞÞ, compare
Eqs. 2.57, 2.60, and 2.61. This fact, combined with the particular form of the qce
partition function (see Eq. 2.46) makes it possible to express the quantity O in
terms of the cluster populations {nj} and the cluster partition functions {qj} instead
of the N-particle partition function Q, thereby avoiding the computation of Q via a
cumbersome evaluation of the nj! terms in Eq. 2.46 at all. Again, this observation
has been employed before (see Eq. 2.57) and will be demonstrated in the following
using the example of the entropy [17].

The functional dependancy between the entropy S and the canonical partition
function Q is given by [1]

S ¼ kB lnðQÞ þ kBT
o lnðQÞ

oT

� �
N;V

: ð2:64Þ
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The replacement of Q in Eq. 2.64 in terms of the qce factorization from Eq. 2.46
results in

S ¼ kB

Xg

j¼1

ln
q

nj

j

nj!

 !
þ kBT

o

oT

Xg

j¼1

ln
q

nj

j

nj!

 ! !
: ð2:65Þ

In order to resolve the factorial terms in Eq. 2.65, Stirling’s approximation
(lnðn!Þ� n lnðnÞ � n) will be applied (as before in the case of the chemical
potential, see Eq. 2.57), thereby yielding [23]

S ¼ kB

Xg

j¼1

nj ln qj � ln nj þ 1
� �" #

þ kBT
o

oT

Xg

j¼1

nj ln qj � ln nj þ 1
� �" #

¼ kB

Xg

j¼1

nj ln qj � ln nj þ 1
� �" #

þ kBT
Xg

j¼1

o

oT
nj ln qj

" #
: ð2:66Þ

The considerations presented in the last sections show that the cluster partition
functions {qj} can be factorized into degree-of-freedom dependent contributions
(see Eq. 2.44) and that these contributions are analytical functions of the tem-
perature T (see Sect. 2.1.2), i.e., the evaluation of the temperature derivatives in the
second term on the right hand side of Eq. 2.66 can be accomplished in a
straightforward fashion according to

o ln qtrans
j

oT

� �
N;V

¼ o

oT
ln

DVð2pmjkBTÞ3=2

h3

" #
¼ 3

2T
;

o ln qrot
j

oT

� �
N;V

¼ o

oT
ln

p1=2

r
T3

HAHBHC

� �1=2
" #

¼ 3
2T

;

o ln qvib
j

oT

 !

N;V

¼ o

oT
ln

Y3M�6

k

exp � bhmk

2

� 	

1� exp �bhmkð Þ

2
4

3
5

¼
X3M�6

k

hmk

2kBT2
þ

hmk
kBT2

exp bhmkð Þ � 1
;

o ln qel
j

oT

 !

N;V

¼ o

oT
ln exp

�DEj;intra þ ijamfV�1

kBT

� �
 �

¼ ��DEj;intra þ ijamfV�1

kBT2
:

ð2:67Þ

The insertion of the degree-of-freedom dependent temperature derivatives from
Eq. 2.67 in Eq. 2.66 leads to the final qce entropy expression [17]
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S ¼ kB

Xg

j

nj ln qj � ln nj þ 1
� �

þ kBT
Xg

j

nj
DEj;intra � ijamfV�1

kBT2
þ

X3M�6

k

hmk

2kBT2
þ

hmk
kBT2

exp hmk
kBT
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� 1
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2
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ð2:68Þ

The necessary quantities which have to be available for the entropy calculation
according to Eq. 2.68 are the cluster populations {nj}, the cluster partition func-
tions {qj}, and the cluster properties which are also needed to calculate the set
{qj}. As a second example, the equality for the qce isochoric heat capacity is
given, which can be computed according to [26]

Cv ¼
oU

oT

� �
N;V

¼ 2kBT
o lnðQÞ

oT

� �
N;V

þ kBT2 o2 lnðQÞ
oT2

� �
N;V

¼ 2kBT
Xg

j

nj
o

oT
lnðqjÞ þ kBT2

Xg

j

nj
o2

oT2
lnðqjÞ; ð2:69Þ

where the temperature derivatives of the cluster partition functions can be eval-
uated in an analytical way as in the case of the entropy, see Eq. 2.67. In complete
analogy to the approach which led to Eq. 2.68, analytical equations for all the other
relevant thermodynamic quantities can be derived on the basis of the qce partition
function in Eq. 2.46. Although the qce partition function is based on a non-
interacting van der Waals cluster gas and thereby is of a profoundly approximate
nature concerning the treatment of real condensed systems, the calculation of
thermodynamic properties in the frame of the qce approach is realized in an
analytically exact way (with the exception of Stirling’s approximation), which can
be considered to be one of the most important advantages of this method. The
availability of an analytical partition function is not given in most other approa-
ches suitable for the treatment of condensed phase thermodynamics, and in many
cases such approaches have to rely on approximate relations for the relevant
thermodynamic quantities depending on additional parameters or on the compu-
tational details, e.g., the simulation length [27–29]. Some of these approaches will
be outlined briefly in the next section.

2.3 Thermodynamic Data from Molecular Dynamics
Simulations

2.3.1 Equilibrium Methods

In contrast to the static approaches discussed in the preceeding sections, molecular
dynamics (md) simulations explicitly account for the microscopic dynamics of the
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investigated system, i.e., each md simulation evolves on a real time axis. In the
case of an equilibrium md simulation, thermodynamic constraints are placed on
the system according to the thermodynamic nature of the process being investi-
gated, for instance one would fix the number of particles N, the volume V, and the
temperature T in the case of an isochoric system being in equilibrium with a heat
bath. A md simulation in this setup is equivalent to sampling the canonical
(N, V, T) ensemble, for which the relevant thermodynamic potential is the
Helmholtz free energy A given by

A ¼ �kBT lnðQðN;V ; TÞÞ: ð2:70Þ

As outlined above, both the rrho as well as the qce approach are fundamentally
linked to the factorization of the N-particle partition function Q into single particle
contributions, thereby ignoring all interparticle interactions as a first approxima-
tion. However, md simulation methods explicitly incorporate interparticle inter-
actions via an interaction potential U(q), which is either obtained from electronic
structure calculations on the fly (first principles molecular dynamics (fpmd)
simulations) [30, 31] or from an analytical force field function (traditional
molecular dynamics simulations) [32]. Thus, an ideal-gas-like factorization
approach for the determination of Q cannot be brought in line with the basic
methodology of md simulations. On the other hand, a direct evaluation of the
N-particle partition function is prohibitively difficult, which demonstrates the need
for a fundamentally different approach.

In most cases, it is not necessary to calculate the absolute value for, e.g.,
A according to Eq. 2.70 in order to extract the relevant thermodynamic informa-
tion, since most chemical processes involve a change from a well-defined initial
state 1 to a final state 2, and it is often sufficient to have access to the change of a
thermodynamic quantity during the reaction course 1 ? 2. If the quantity of
interest is the free energy change DA, Eq. 2.70 reduces to

DA ¼ A2 � A1 ¼ �kBT ln
Q2

Q1

� �
; ð2:71Þ

and if the masses of the particles do not change during the process 1 ? 2, Eq. 2.5
can be employed to obtain

DA ¼ �kBT ln
Z2

Z1

� �
: ð2:72Þ

This equation indicates that the new target quantity is the ratio Z2/Z1, which often
is still too complicated to calculate for systems with many degrees of freedom if no
further treatment is applied, and the largest part of this section will be devoted to
transformations of Eqs. 2.71 and 2.72, respectively, to expressions which can
readily be combined with the methodology of md simulations. The two emerging
methods covered here are referred to as free energy perturbation (fep) theory and
thermodynamic integration, which are among the most frequently employed
approaches for the calculation of free energy changes from md simulations today
[33, 34].
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One of the most powerful and universal approaches of applied mathematics is
perturbation theory, which divides a problem too complicated to be exactly
solvable into a (simpler) reference problem and a perturbation. In the frame of the
Hamiltonian formalism introduced in Sect. 2.1.1 such a division is often realized in
the following way [33]

Htotðp; qÞ ¼ Hrefðp; qÞ þ DHðp; qÞ: ð2:73Þ

In this equation Htotðp; qÞ refers to the Hamiltonian of the full problem (compare
also Eq. 2.2), and Hrefðp; qÞ;DHðp; qÞ denote the Hamiltonian of the simpler
reference problem and of the perturbation, respectively. For instance, the full
problem could be a solute at infinite dilution in a solvent. In this case the reference
problem Href could be chosen to be the unsolvated solute, and the perturbation DH
would consist of all the solute–solvent interactions5 [33]. Following Eqs. 2.1 and
2.71, the free energy change between the perturbed system 2 (H2 ¼ Htot) and the
reference system 1 (H1 ¼ Href) can be expressed as

DA ¼ �kBT ln

R
expð�bH2ðp; qÞÞdpdqR
expð�bH1ðp; qÞÞdpdq


 �

¼ �kBT ln

R
expð�bDHðp; qÞ expð�bHrefðp; qÞÞdpdqR

expð�bHrefðp; qÞÞdpdq


 �
: ð2:74Þ

In the frame of the (N, V, T) ensemble the probability P for the system under
investigation to be in a certain energy state Ej (or to occupy a certain region of
phase space dpdq in a classical treatment) is proportional to the corresponding
Boltzmann factor exp(-bEj), and the proportionality constant is the inverse of the
partition function Q, which ensures a normalization of the overall probability to
one [6]. According to that reasoning, the probability distribution function
P1(p,q) for the reference state 1 is given as

P1ðp; qÞ ¼
expð�bH1ðp; qÞÞ

QðN;V; TÞ / expð�bH1ðp; qÞÞR
expð�bH1ðp; qÞÞdpdq

: ð2:75Þ

With this definition, the free energy change for the process 1 ? 2 can be for-
mulated in terms of the probability distribution function [33]

DA ¼ �kBT ln

Z
expð�bDHðp; qÞÞP1ðp; qÞdpdq


 �

¼ �kBT ln hexpð�bDHðp; qÞÞi1½ �; ð2:76Þ

where the brackets h…i indicate a so-called ensemble average (and no scalar
product as in the case of Sect. 2.1.1). The direct computation of the ensemble
average would require the availability of the probability distribution function

5 Depending on the exact nature of the problem and the quantity of interest, the solvent-solvent
interactions would have to be included in the perturbation term as well.
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P1(p, q) and thereby of the partition function Q (see Eq. 2.75), but under the
assumption of the ergodic hypothesis an md simulation in the (N, V, T) ensemble
samples the phase space of the examined system just according to the probability
distribution in Eq. 2.75 and thus intrinsically provides the correct statistical
weight for the average in Eq. 2.76 [29]. It should be noted that in cases where
the particle masses do not change during the transformation 1 ? 2, an identical
derivation starting from Eq. 2.72 yields the equality

DA ¼ �kBT ln hexpð�bDUðqÞÞi1½ �; ð2:77Þ

where DUðqÞ denotes the perturbation in the potential in analogy to Eq. 2.73.
The result expressed in Eqs. 2.76 and 2.77 demonstrates that in order to obtain the
free energy change for the process 1 ? 2 it is only necessary to sample
the reference system 1 and to employ the obtained trajectory for the evaluation of
the exponential average in Eq. 2.76. Despite this simple procedure, there might be
practical problems in the evaluation of Eq. 2.76. In order to illustrate these aspects,
it is helpful to rewrite Eq. 2.76 in terms of the probability distribution function of
the perturbation PðDUÞ, which thereby reduces to a one-dimensional integral
according to [33]

DA ¼ �kBT ln

Z
expð�bDUÞP1ðDUÞdDU


 �
: ð2:78Þ

In many cases, P1ðDUÞ will be roughly of Gaussian-like shape. However, the
integrand being relevant for the free energy change is not P1ðDUÞ but the product
between P1ðDUÞ and expð�bDUÞ, which is also of Gaussian-like form but shifted
to lower DU. This means that the most important contributions to the integral in
Eq. 2.78 will occur with a relatively low probability in the sampling of P1ðDUÞ if
the two distributions do not overlap significantly, thereby limiting the general
applicability of Eqs. 2.76 and 2.77, respectively [33]. Another problem arises if the
initial and final states of the system under investigation are very different in a
sense that their important regions in phase space either only overlap partly or do
not overlap at all. In these cases the perturbation DH will be rather large, and an
enhanced sampling procedure has to be applied. A straightforward approach
considers the construction of intermediate states {i} representing only sections of
the overall process 1 ? 2. Each of these intermediate processes can then be
treated separately in terms of the fep approach, and the total change in free energy
is obtained as

DA ¼
X

i

DAi;iþ1 ¼ �kBT ln hexpð�bDUi;iþ1Þii
� �

: ð2:79Þ

The second method for the calculation of free energy changes on the basis of md
simulations presented here is the thermodynamic integration scheme [29, 34]. The
basic idea behind this approach can be summarized as instead of calculating the
free energy directly, e.g., via Eq. 2.70, the derivative of the free energy with
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respect to an (arbitrary) order parameter k is computed. This is a most natural
approach which in a similar way is also employed in real experiments, where only
relative changes of the free energy with respect to an external parameter (e.g. the
volume) are measureable [29]. The order parameter k can either be a function of
the (generalized) coordinates of the system (e.g. the distance between two parti-
cles) or be a parameter in the Hamiltonian H, which is used to switch a certain
interaction on or off [34]. This latter variant is also referred to as an alchemical
transformation (since the system can undergo significant changes during the
process 1 ? 2, see below) and it will be the one which is treated here exemplarily.
The parametrization of the Hamiltonian is usually carried out in the following way

Hkðp; qÞ ¼ ð1� kÞH1ðp; qÞ þ kH2ðp; qÞ; ð2:80Þ

so that for k = 0 the initial state 1 and for k = 1 the final state 2 is obtained. The
free energy of the system under investigation can readily be expressed in terms of
this parameterized Hamiltonian via the partition function from Eq. 2.1. The
derivative of this free energy expression with respect to the order parameter k is
given as

dAðkÞ
dk
¼

R oHkðp;qÞ
ok

� 	
expð�bHkðp; qÞÞdpdqR

expð�bHkðp; qÞÞdpdq
: ð2:81Þ

This equation is again of the form $O(k)Pk dpdq (compare Eq. 2.75) and thus can
be identified as an ensemble average for O ¼ oHk=ok. Thus Eq. 2.81 can be
rewritten as

dAðkÞ
dk
¼ oHkðp; qÞ

ok

� 
k

; ð2:82Þ

and the free energy change for the process 1 ? 2 follows from integrating Eq.
2.82 along k according to

DA ¼
Zk¼1

k¼0

dAðkÞ
dk

dk ¼
Zk¼1

k¼0

oHkðp; qÞ
ok

� 
k

dk: ð2:83Þ

The free energy change DA can thus be computed from ensemble averages of the
change in the Hamiltonian under variation of k, which are typically obtained from
a series of equilibrium md simulations carried out at different values for k between
0 and 1 [29]. This approach is a very general one and will be applicable as long as
Hk interpolates smoothly between H1 and H2. The path along which the order
parameter is varied not necessarily has to be a physical one. For instance, it is
possible to calculate the difference in free energy upon transformation of a
functional group within a molecule into another one by gradually changing the first
group into the second at different values of k [29]. It is clear that during such a
transformation the particle masses will possibly change, which is the reason for
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parameterizing the full Hamiltonian (see Eq. 2.80) and not only the configurational
contribution U. If, however, the particle masses stay constant during the process
1 ? 2, Eq. 2.83 again simplifies to

DA ¼
Zk¼1

k¼0

oUkðqÞ
ok

� 
k

dk: ð2:84Þ

It should be noted that additional weighting factors can be included to each of the
ensemble averages used to compute the free energy change according to Eq. 2.83,
which help to stress the influence of certain k-stages on the path k = 0 ? k = 1
[34].

The discussion so far concentrated on the calculation of free energy changes in the
(N, V, T) ensemble, and due to the missing availability of the partition function in md
simulations, there is no general approach for the computation of other thermody-
namic quantities like e.g. the entropy. However, the methodologies of perturbation
theory and thermodynamic integration are often applicable to other properties in a
similar way. For instance, entropy differences in the (N, V, T) ensemble can be
expressed in the thermodynamic integration scheme in a straightforward way
following the same route as in the case of free energy changes [35]

DS ¼ S2 � S1 ¼
1

kBT2

Zk¼1

k¼0

oHðkÞ
ok

� 
k

hHðkÞik �
oHðkÞ

ok
HðkÞ

� 
k


 �
: ð2:85Þ

Another approach is based on the application of classical thermodynamic relations,
e.g. between the free energy A and the entropy S

S ¼ � oA

oT

� �
N;V

; ð2:86Þ

which can be evaluated with the aid of Eqs. 2.70 and 2.1 according to [35]

S ¼ kB lnðQÞ þ
R
Hðp; qÞ exp �bHðp; qÞð Þdpdq

N!h3NQT

¼ kB lnðQÞ þ hHi
T
¼ �Aþ hHi

T
;

DS ¼ DhHi � DA

T
:

ð2:87Þ

The changes in free energy DA are either obtained via the fep scheme or the
thermodynamic integration method, and the energy change DhHi can be estimated
from the difference in total energy between the two considered states 1 and 2 [35].
Finally, the derivative in Eq. 2.86 could also be evaluated by numerical methods,
for instance in terms of the finite difference method, which yields approximate
equations of the form [33, 35]
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DS ¼ �DAðT þ DTÞ � DAðT � DTÞ
2DT

; ð2:88Þ

where DT is an appropriate temperature interval and DAðT þ DTÞ;DAðT � DTÞ
denote the free energy change for the process 1 ? 2 at the temperatures T þ DT
and T � DT , respectively. Is is clear from Eq. 2.88 that this approach relies on the
approximation of a linear dependancy between free energy and temperature in the
interval 2DT .

Besides the entropy, thermodynamic response functions as, e.g., heat capacities
often yield important contributions to the thermodynamic characterization of a
system. In the frame of md simulations, such response functions are most generally
expressed as functions of the ensemble averages of fluctuations hdO2i in a
mechanical quantity O, which are defined as [32]

hdO2i ¼ hO2i � hOi2: ð2:89Þ

In the case of the (N, V, T) ensemble the relevant specific heat capacity is the
isochoric heat capacity CV related to fluctuations in the Hamiltonian according to
[32]

CV ¼
hdH2i
kBT2

: ð2:90Þ

It should be noted that in general estimates of changes in the free energy com-
ponents DH and DS via the above sketched approaches are more inaccurate than
the calculation of the corresponding free energy change via fep or thermodynamic
integration, which is the reason why free energy changes have been discussed in
greater detail in this section [33, 36]. Suggestions have been made that a careful
sampling protocol (e.g., the consideration of additional sampling stages as in the
case of the reasoning behind Eq. 2.79) is of higher importance for accurate esti-
mates of DH and DS than the actual method of computation [36]. In addition,
system specific information might be used to guide the choice of an appropriate
computational method, e.g., the calculation of entropy changes in a system near a
phase transition via Eq. 2.88 could give rise to problems [33].

2.3.2 A Unified Nonequilibrium Approach

The considerations of the previous part concentrated on two important methods for
the computation of free energy changes for a process 1 ? 2 on the basis of md
simulations, namely free energy perturbation (fep) and thermodynamic integration.
These two approaches can be understood as the limiting cases of a more general
framework which will be covered in the present section.

The basic idea behind the fep scheme is the sampling of an equilibrium distri-
bution at the initial state 1, from which the instantaneous energy differences to the
final state 2 are calculated and exponentially weighted, see Eqs. 2.76 and 2.77. From a
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formal point of view, there is no sampling of intermediate states or step-by-step
changing of the order parameter k, although the consideration of intermediate stages
can considerably contribute to the accuracy of the computed free energy change
(compare Eq. 2.79). In contrast, the thermodynamic integration approach relies on
the generation of an equilibrium distribution at each individual k stage, and the free
energy change is computed along this equilibrium path from k = 0 to k = 1 by
summing up (integrating) the changes in the Hamiltonian resulting from the variation
in k, see Eqs. 2.83 and 2.84. Along this path, the system is always in equilibrium,
which means that the whole process is completely reversible and no dissipation of
work into heat takes place. Thus, the work W necessary to initiate (or gained from) the
process 1 ? 2 directly corresponds to the change in free energy. In a more general
framework, one could express the change from k = 0 to k = 1 as a continuous, time-
dependent process, thereby introducing a time dependancy in the order parameter
k ? k(t) and thus in the Hamiltonian. If the rate at which k changes is again very
slow, the system will stay in (or near the) equilibrium during the whole process, and
the thermodynamic integration formula (see Eq. 2.83) can be rewritten as [37]

DA ¼ lim
s!1

Zs

0

oH
ok

����
k¼kðtÞ

_kðtÞdt; ð2:91Þ

where the dot denotes the rate at which k(t) changes, i.e., the time derivative of k,
and the limit s ? ? indicates an infinitely slow changing rate, thereby ensuring
reversibility. If in contrast the transformation from k = 0 to k = 1 is done at a
finite rate, the process will no longer be reversible, since the system will be driven
out of equilibrium as the process proceeds. During this irreversible change, the
necessary (or gained) work W no longer corresponds to the change in free energy
due to the dissipation of work into heat, which implies that on average the per-
formed work is larger than the free energy change

hWðsÞi
DA; ð2:92Þ

where the equality in Eq. 2.92 only holds for the limiting case of a reversible
change. Equation 2.92 can be understood as a formulation of the second law of
thermodynamics in terms of work and dissipation. Following this reasoning,
Eq. 2.91 for finite s is given as [37]

WðsÞ ¼
Zs

0

oH
ok

����
k¼kðtÞ

_kðtÞdt: ð2:93Þ

So far, the treatment of a time-dependent change in the order parameter k(t) only
led to an inequality between work (which can be obtained from nonequilibrium md
simulations) and the change in free energy, see Eq. 2.92. However, Jarzynski
demonstrated that the inequality in Eq. 2.92 can be transformed into an equality if
instead of W and DA the corresponding exponentially weighted quantities are
considered [37, 38]
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hexpð�bWðsÞÞi ¼ expð�bDAÞ: ð2:94Þ

Equation 2.94 is widely known as the Jarzynski equality and constitutes a more
general framework of the equilibrium concepts which underlie the fep and ther-
modynamic integration scheme, namely the determination of the free energy
change DA of a process 1 ? 2 for changes in the Hamiltonian (via k(t)) at an
arbitrary rate. There exist several ways for the derivation of Eq. 2.94 (which will
not be covered here), of which the relation between the equilibrium Boltzmann
distribution and path integral ensemble averages according to the Feynman-Kac
theorem is possibly the most instructive and useful variant [37, 39–41].

There are some caveats concerning the practical application of Eq. 2.94 to be
considered, though. First of all, the integration of the equations of motion (in case
of traditional md simulations) for a time-dependent Hamiltonian can generally
lead to larger errors in the trajectories using the conventional integration schemes
[32, 37]. Furthermore, the equilibrium distribution for k = 0 from which the
nonequilibrium trajectories will be generated has to be sampled sufficiently in a
way that the different initial configurations are uncorrelated. If this is the case, the
corresponding work averages in Eq. 2.94 will also be uncorrelated, thus enabling
the application of advanced statistical methods for the free energy estimate like
e.g. Bennett’s acceptance ratio approach, which additionally considers the back-
ward direction path (i.e., going from k = 1 to k = 0) [42, 43]. Such approaches
are especially important in the light of the sampling problems discussed for the fep
approach in the last section. The comparison of Eqs. 2.94 and 2.78 shows that in
both cases the ensemble average is taken over the exponential of a quantity and not
over the quantity itself, and as pointed out in the discussion of Eq. 2.78 important
contributions to the ensemble average might occur with relatively low probability
if both probability distributions do not overlap significantly. In addition, the
probability distribution of the work values strongly depends on the transformation
path chosen for the process 1 ? 2. The occurrence of large barriers which are
crossed under tension or a transformation carried out too rapidly without sampling
relevant parts of the corresponding phase space can lead to broad work distribu-
tions and an increased effect of dissipation [37]. In such cases the obtained free
energy change can be subject to a systematical error which will not disappear even
if the statistical error is reduced. A possible way to obtain work distributions of
smaller width lies in the consideration of additional stages in the overall process
1 ? 2 as introduced for the fep methodology in the last section, see Eq. 2.79.
However, this approach significantly increases the computational effort, since in
order to obtain starting points for the nonequilibrium trajectories a new equilib-
rium distribution has to be sampled for each new k stage [37].
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Chapter 3
Assessment of the Rigid Rotor Harmonic
Oscillator Model at Increased Densities

Following the methodology introduced in the preceding chapter, the most
straightforward approach for the calculation of thermodynamic quantities from
atomistic calculations, namely the rigid rotor harmonic oscillator model, will be
tested and evaluated in the following. The rrho model is explicitly formulated for
the conditions of an ideal gas and thereby per definition is only a gross approxi-
mation to the condensed state of matter. Nevertheless, this approach is employed
frequently for the prediction of thermochemical reaction data in combination with
static first principles computations also for reactions taking place in solution.
In this chapter, supramolecular architectures of the rotaxane type will be applied as
test systems of high chemical complexity, thereby providing a demanding chal-
lenge for the model. The second part concentrates on a detailed analysis of the
errors and problems occurring in this simplified approach and helps to set the stage
for the application of more elaborate models.1

3.1 Supramolecular Compounds as Test Systems
of High Complexity

3.1.1 The Rotaxane Architecture

The term ‘‘rotaxane’’ refers to a certain class of supramolecular architectures in
which an axle-like molecular structure is combined with a macrocyclic compound
in such a way that a threaded arrangement is created [4]. In this arrangement, the
axle is held in place inside the cavity of the wheel in terms of a mechanical bond.
Such a bond does not constitute a chemical bond in the usual sense, but never-
theless makes the breaking of a chemical bond necessary in order to separate the

1 Parts of this chapter have already been published in [1–3].

C. Spickermann, Entropies of Condensed Phases and Complex Systems,
Springer Theses, DOI: 10.1007/978-3-642-15736-3_3,
� Springer-Verlag Berlin Heidelberg 2011
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two components. The mechanical bond in the rotaxane architecture is normally
realized in terms of sterically demanding substituents at both ends of the axle
(so-called stoppers), which prevent the wheel from dethreading off the axle [4].
In rotaxane syntheses, the threaded arrangement between wheel and axle is
typically established first by exploiting some form of the so-called template effect,
which preorganizes the threaded arrangement in terms of non-covalent interac-
tions, and the stoppers are added during the final step, thereby fixing the preor-
ganized structure [5–7]. The preorganized intermediates without stoppers are
commonly referred to as pseudorotaxanes, because they already show the final
spatial arrangement of wheel and axle, but the mechanical bond is not yet
established and the stability of the threaded arrangement solely depends on the
strength of the template effect between both components [8]. A typical example of
a pseudorotaxane complex is illustrated in Fig. 3.1.

The ball and stick model shown in Fig. 3.1 indicates two wheel-to-axle amide
hydrogen bonds labeled as ‘‘wa1’’ and ‘‘wa2’’ as well as a single axle-to-wheel
hydrogen bond labeled as ‘‘aw’’. The orientation of the four amide groups of the
macrocycle is also indicated via the labels ‘‘in’’ and ‘‘out’’, where ‘‘out’’ denotes
an amide group whose carbonyl bond points away from the cavity of the wheel.

Supramolecular architectures of the rotaxane type have been in the focus of
chemical research during the last years, because they can possibly be employed as
the fundamental units of molecular machines [9, 10]. The basic idea behind this
approach is a controlled motion of the wheel between different ‘‘docking stations’’
along the axle, which is referred to as ‘‘shuttling’’ [11]. In general, non-covalent
axle-wheel interactions at the docking stations ensure the extra stability of the

Fig. 3.1 Ball and stick
model of a pseudorotaxane
complex. The preorganization
is realized via a template
effect relying on hydrogen
bonding between amide
groups. Hydrogen bonds and
conformations of wheel
amide groups are labeled.
Color code: White Hydrogen;
blue Nitrogen; red Oxygen;
orange Carbon
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resulting complex. The controlled activation of these docking stations (e.g. via a
pH gradient or redox processes) can result in a controlled shuttling process of the
wheel from one docking station to another. In addition to these controlled shuttling
processes, the construction of a molecular motor, i.e., a unit which converts energy
into work, would be possible on the basis of an unidirectional rotation of the wheel
around the axle. This principle, for instance, is employed in the enzyme
atp-synthase, which transforms adp (adenosine diphosphate) and phosphate to atp
(adenosine triphosphate) via a unidirectional rotation of its axle-like F1 component
[12, 13]. In this example the unidirectional rotation is ensured in terms of a proton
gradient inside a channel of helical geometry, thereby introducing chirality to the
system. There are several possibilities to enforce a unidirectional rotation of a
macrocyclic component in an artificial supramolecular system, for instance via the
exploitation of topological chirality [14]. Further details about these topics can be
found in [10, 14].

3.1.2 Systems Investigated

3.1.2.1 Optimized Geometries

The test systems applied in this chapter for the assessment of the rrho model are
pseudorotaxanes V1–V5 consisting of the Hunter-Vögtle macrocycle V and axles
bearing a secondary benzoylamide group but different substituents 1–5 at the para
position of the aromatic ring, see Fig. 3.2 upper panel [15]. Furthermore, a sixth
Vögtle-type complex (denoted as V6) has been considered, which does not contain
one of the typical benzoylamide axles, but a single chloroform molecule. This
structure will be employed for the comparison of the thermochemical reaction data
obtained from the rrho approach with the corresponding experimentally deter-
mined quantities, which were measured in chloroform as solvent. In contrast to the
pseudorotaxanes V1–V5, this complex only exhibits a single hydrogen bond
contact between the guest CH group and the wheel carbonyl oxygen in the ‘‘in’’
conformation (see Fig. 3.1). In addition, some results are presented for a different
kind of pseudorotaxane complexes, namely the Leigh-type pseudorotaxanes
L10–L50 composed of a characteristic disubstituted fumaramide axle 10–50 and a
benzoylamide-based macrocycle L, see Fig. 3.2 lower panel. The computational
methodology applied for the electronic structure calculations is summarized
in Sect. 7.1.

As indicated in Figs. 3.1 and 3.2, the Vögtle-type pseudorotaxanes are preor-
ganized in terms of three amide hydrogen bonds, two of which are directed from
neighboring NH groups of the wheel to the axle carbonyl group (wa1 and wa2) and
one connecting the axle NH group to a wheel carbonyl group exhibiting the ‘‘in’’
orientation (aw). It is also apparent from Fig. 3.2 that the axle’s substituent X is
conjugated with the carbonyl part of the amide group via the aromatic system,
which is the reason why a pronounced effect of the substituent on the two
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wheel-to-axle hydrogen bonds wa1 and wa2 could be expected. This is illustrated in
Fig. 3.3 using the example of the methoxy substituent 5 [1]. Electron-donating
substituents are able to increase the electron density at the axle amide group,

Fig. 3.3 Mesomeric effect of an electron-donating substituent on the electron density at the
carbonyl oxygen atom of the axle’s amide group in the Vögtle-type pseudorotaxane architecture.
Spickermann et al. How can rotaxanes be modified by varying functional groups at the axle?
A combined theoretical and experimental analysis of thermochemistry and electronic effects [1].
Copyright Wiley-VHC Verlag GmBH & Co. KGaA. Reproduced with permission

Fig. 3.2 Chemical composition of the investigated pseudorotaxane complexes and substitution
pattern of the different axles. Upper panel Vögtle-type pseudorotaxanes; lower panel Leigh-type
pseudorotaxanes. Reprinted with permission from Ref. [3]. Copyright 2010 American Chemical
Society
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which enables the formation of a larger charge transfer and thereby of a stronger
wheel-to-axle hydrogen bond. On the contrary, if electron-withdrawing substituents
are present, the negative charge at the carbonyl oxygen is expected to be smaller,
which would possibly result in a weaker hydrogen bond. However, these simple
empirical considerations have to be confirmed by electronic structure calculations.
Due to the different atom connectivity in the axles of the Leigh-type pseudoro-
taxane architecture, there is no conjugation possible between the substituents and
the carbonyl part of the amide group participating in the four wheel-to-axle
hydrogen bonds, i.e., on the basis of this qualitative approach one would expect a
rather small influence of the substituents on the strength of the hydrogen bonds in
these structures.

The geometric parameters (bond lengths and angles) of the hydrogen bonds in
the Vögtle-type pseudorotaxanes V1–V5 and the chloroform complex V6 as
obtained from the geometry optimization are summarized in Table 3.1 [1].
Table 3.2 contains the same information for the Leigh-type pseudorotaxane
structures [3]. Due to the C2h symmetry of these complexes, all four hydrogen
bonds are equivalent. Therefore, the listed parameters are averages over the four
hydrogen bonds in a given complex. The numbers from Table 3.1 indicate that the
bond lengths r(OH) of the different hydrogen bonds occurring in the Vögtle-type
complexes differ significantly by up to 42 pm. Largest and smallest values are
found for the wa2 bond and the aw bond, respectively, and the wa1 bond is always
of intermediate length no matter which substituent is present. There are small
substitution trends visible for all hydrogen bonds in the Vögtle-type pseudoro-
taxanes. In the case of the two wheel-to-axle hydrogen bonds wa1 and wa2 the
bond lengths decreases for the stronger electron-donating substituents, whereas the
bond length increases with decreasing electron-accepting ability of the substituent
for the bond aw.

However, the observed trend is small and possibly within the error of the
applied quantum chemical method. These trends are in line with the reasoning
behind Fig. 3.3, from which stronger wheel-to-axle hydrogen bonds and a weaker

Table 3.1 Bond lengths rOH, rON and bond angles aOHN of all three hydrogen bonds for com-
plexes V1–V5 as well as the corresponding values for the CH����O hydrogen bond found for
complex V6 [1]

No. Guest wa1 wa2 aw

rOH rON a rOH rON a rOH rON a

V1 R-NO2 218 316 163.2 244 344 159.6 202 301 162.0
V2 R-Cl 215 314 163.6 242 341 160.7 204 303 162.2
V3 R-H 215 314 164.1 241 340 161.2 206 304 159.4
V4 R-tBu 215 314 164.2 239 339 161.6 207 304 159.8
V5 R-OCH3 213 312 162.0 239 338 164.5 208 306 160.5
V6 CHCl3 – – – – – – 202 311 172.2

All distances in [pm] and all angles in [�]. Abbreviations: w wheel; a axle (guest)
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axle-to-wheel hydrogen bond are expected in the case of electron-donating
substituents.

With regard to this point it should be noted that a correlation between the length
and the strength of a bond in general is not necessarily given, but in the present
case apparently does exist, see also the following part [16]. Identical trends are
found for the r(ON) bond lengths, which indicates a nearly undisturbed NH bond
length of approximately 99–100 pm (the NH bond length in the isolated wheel and
axles is equal to 100 pm). There is no clear trend present in the calculated
hydrogen bond angles, which exhibit values of approximately 160�. The hydrogen
bond length in the Vögtle-type solvent complex V6 is comparable to those for the
aw hydrogen bond in the corresponding pseudorotaxanes, but the angle a(OHC) is
larger by approximately 10�.

The calculated geometries for the Leigh-type pseudorotaxanes show a trend of
the hydrogen bond length which is similar to the one observed for the wa1

hydrogen bond in the Vögtle-type complexes, but slightly more pronounced. This
is remarkable, since one might expect a stronger influence of the substituent in the
Vögtle-type structures due to its conjugated arrangement to the carbonyl group.
This observation indicates that in the present case the disubstitution of the Leigh-
type axles has a more significant effect on the hydrogen bond situtation as the
conjugated connectivity in the case of the Vögtle-type axles. The values obtained
for the oxygen–nitrogen distances again point at a nearly undisturbed NH bond
length, and the angles are also similar to the values of the Vögtle-type structures,
but show a reversed trend with regard to the corresponding bond lengths as
compared to the situation found for the wa1 bond, see Table 3.1. This behavior can
again be rationalized if the bond length is taken as an indicator for the bond
strength, in which case the stronger bonds of the axles substituted with electron-
donating groups tend to assume a hydrogen bond geometry close to the optimal
arrangement of 180�.

3.1.2.2 Interaction Energies

In addition to obtaining the optimized structures discussed in the previous para-
graphs, the results of the electronic structure calculation can be evaluated in
analogy to Eq. 2.50, thereby yielding the supramolecular interaction energies DEtot

Table 3.2 Hydrogen bond
lengths rOH, rON and angles
aOHN of the Leigh-type
complexes L10-L50

(C2h symmetry) [3]

No. Guest rOH rON a

L10 R-NO2 229 328 162.8
L20 R-Cl 224 323 165.4
L30 R-H 222 322 166.1
L40 R-tBu 221 322 166.9
L50 R-OCH3 220 321 167.9

The listed values are averages over all four hydrogen bonds in
every structure. All distances in [pm] and all angles in [�]
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which are a direct measure for the total interaction between wheel and axle.2

Table 3.3 lists these energy differences for the Vögtle-type pseudorotaxanes
together with the energies of the individual hydrogen bonds obtained from the
shared electron number (SEN) analysis (see Sect. 7.1 for the computational
methodologies) [17]. It should be noted that the values in Table 3.3 are approxi-
mately corrected for the basis set superposition error in terms of the counterpoise
correction approach [18, 19]. The overall interaction between wheel and axle as
indicated by the DEtot values is of moderate strength and lies between -35 and
-38 kJ/mol for all substituents. The interaction energy of the solvent complex V6
is significantly smaller (-6.8 kJ/mol) due to the presence of only a single
hydrogen bond. There is only a small trend visible in these interaction energies,
which indicates more stable complexes for the electron-donating substituents. This
can be rationalized as in the case of the hydrogen bond lengths discussed before,
i.e., these substituents have a stabilizing effect on the two wheel-to-axle bonds wa1

and wa2 as well as a destabilizing effect only on the single axle-to-wheel bond aw,
compare also Table 3.1. The total interaction energy corrected for the zero point
energy differs by approximately 2–3 kJ/mol from the values without this correc-
tion as apparent from the values in column DEtot

ZPE in Table 3.3, thereby indicating
an insignificant contribution from this nuclear quantum effect on the overall
interaction in the investigated complexes.

A more detailed examination of the energetic circumstances in the hydrogen
bonds between wheel and axle can be achieved in terms of the individual hydrogen
bond energies Esen

wa1
, Esen

wa2
, and Esen

aw as obtained from the shared electron number
analysis.3 These numbers show clear trends with respect to the substitution pattern,
which parallel the tendencies observed for the bond lengths of the individual

Table 3.3 Different energies for the Vögtle-type complexes

No. Guest Individual hydrogen bond energy Total interaction energy

Esen
wa1

Esen
wa2

Esen
aw DEtot DEtot

ZPE

V1 R-NO2 -13.0 -3.8 -16.0 -35.7 -32.6
V2 R-Cl -14.4 -4.4 -14.8 -36.6 -33.9
V3 R-H -14.4 -4.6 -13.9 -36.5 -33.9
V4 R-tBu -14.4 -5.0 -13.4 -36.0 -34.6
V5 R-OCH3 -15.8 -5.2 -13.1 -37.9 -35.8
V6 CHCl3 - - - -6.8 -6.5

Individual hydrogen bond energies for wa1, wa2, and aw are given in addition to the total
counterpoise corrected interaction energies DEtot including the zero point energy correction
DEtot

ZPE [1]. All energies in [kJ/mol]

2 As far as all interactions relevant in the system under study are adequately described by the
applied quantum chemical method.
3 Please note that the sum of the individual interaction energies Esen

wa1
, Esen

wa2
, and Esen

aw is always of
smaller magnitude than the total interaction energy DEtot, since the latter one includes
additional host–guest interactions as e.g. dipole–dipole interactions in contrast to the SEN
analysis which solely accounts for the actual bond under consideration.
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hydrogen bonds in Table 3.1. The two wheel-to-axle hydrogen bonds wa1 and wa2

are of significantly different strength and differ by approximately 10 kJ/mol, no
matter which substituent is present. The strength of the third hydrogen bond aw is
comparable to the wa1 bond, but follows an inverse trend as indicated in the
discussion of Fig. 3.3. Both wheel-to-axle hydrogen bonds are stabilized by
electron-donating substituents to a similar extent (the wa2 bond is stabilized to a
lesser extent), thereby justifying the picture of an increased electron density at the
amide group of the axle as discussed previously. In addition, this explanation is
also consistent with the reversed trend observed for the axle-to-wheel hydrogen
bond aw. This bond is stabilized by electron-withdrawing substituents which are
able to reduce the electron density at the amide group, thereby increasing the
positive charge at the hydrogen bond donor atom. Such a charge increase results in
a pronounced charge transfer between hydrogen bond acceptor and donor and
finally in a stronger hydrogen bond. The observed trends for the wheel-to-axle and
axle-to-wheel hydrogen bonds also explain the relatively small trend in the
interaction energies DEtot, since these values capture the total interaction between
wheel and axle and therefore include both compensating effects. Thus, the neg-
ligible substituent effect on the overall host–guest interaction in the Vögtle-type
pseudorotaxanes is rooted in the different nature of the hydrogen bonds between
the two components.

These considerations are also supported by a calculation of atomic charges on
the basis of the natural population analysis (NPA) summarized in Table 3.4 [1, 20].

In the case of the two wheel-to-axle hydrogen bonds wa1 and wa2, the negative
charge on the axle carbonyl oxygen atom is increased by electron-donating
substituents as indicated in Fig. 3.3, thereby stabilizing these two interactions.
In contrast, the positive charge on the axle amide hydrogen atom involved in the
axle-to-wheel bond is increased by electron-withdrawing substituents, which leads
to a stronger axle-to-wheel interaction in agreement with the results presented in
Table 3.3. However, the substituent effect is considerably smaller in the latter
case, which could be based on the larger distance between the substituent and the
hydrogen bond donor of the axle-to-wheel interaction, see Fig. 3.2.

The individual as well as the total interaction energies for the Leigh-type
pseudorotaxanes are summarized in Table 3.5. The total interaction energies DEtot

Table 3.4 Results of the
natural population analysis
for complexes V1–V5 [1]

No. Guest wa1 wa2 aw

qdon qacc qdon qacc qdon qacc

V1 R-NO2 0.450 -0.747 0.445 -0.747 0.463 -0.712
V2 R-Cl 0.452 -0.755 0.447 -0.755 0.460 -0.707
V3 R-H 0.453 -0.758 0.448 -0.758 0.459 -0.703
V4 R-tBu 0.453 -0.761 0.449 -0.761 0.458 -0.701
V5 R-OCH3 0.454 -0.765 0.449 -0.765 0.457 -0.703

Values for the charge analysis refer to the hydrogen atom (qdon)
and hydrogen bond acceptor (qacc). For denotation of hydrogen
bonds see Fig. 3.1. All charges are in [e]
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exhibit larger absolute values, but are still in the same order of magnitude as the
numbers obtained for the Vögtle-type structures. In contrast to the Vögtle-type
complexes the Leigh-type pseudorotaxanes contain disubstituted axles in which no
conjugation is present between the substituents and the amide group forming the
hydrogen bond to the wheel, see Fig. 3.2. In addition, all hydrogen bonds in
the Leigh-type structures are of the same kind, i.e., all four hydrogen bonds are
wheel-to-axle interactions in which the NH part of the four wheel amide groups
acts as the hydrogen bond donor and the carbonyl part of the axle amide groups as
hydrogen bond acceptor.

This different bonding situation is clearly reflected in the numbers listed in
Table 3.5. The total interaction energies DEtot show a well-defined trend which is
not present in the corresponding energies of the Vögtle-type pseudorotaxanes (see
Table 3.3), even though no direct conjugation between substituent and the hydrogen
bond location is possible in the Leigh-type structures, see Fig. 3.2. As in case of the
wheel-to-axle hydrogen bonds in the Vögtle-type structures (see third and fourth
column in Table 3.3), electron-donating substituents stabilize the total interaction
between wheel and axle, whereas electron-withdrawing substituents have a desta-
bilizing effect. This observation is again in agreement with the picture of a higher
electron density at the axle carbonyl oxygen atoms in case of electron-donating
substituents and thereby with a stabilization of the corresponding hydrogen bond.
Due to the missing axle-to-wheel hydrogen bond, no compensating effects as in the
case of the Vögtle-type structures occur. Consequently, this trend is also present in
the individual hydrogen bond energies obtained in terms of the SEN analysis, see
the third column in Table 3.5. As in the case of the individual energies for the
wheel-to-axle hydrogen bonds in the Vögtle-type complexes, a stabilization of each
individual hydrogen bond by the presence of electron-donating substituents is
observed, but for a given substituent the two strong hydrogen bonds in the Vögtle-
type structures (wa1 and aw) are always more stable than one of the hydrogen bonds
in the Leigh-type complexes. However, in the case of the Leigh-type structures the
net stabilization obtained by changing the substituent from NO2 to OCH3 is larger
for the total interaction (*20 kJ/mol) and for the individual hydrogen bond
(*4 kJ/mol) as compared to the corresponding stabilization in the Vögtle-type
pseudorotaxanes (*2 and *3 kJ/mol, respectively). The reason for this relatively
large stabilization of the Leigh-type complexes besides the absence of counter-
balancing trends in the individual hydrogen bonds is thus possibly found in the

Table 3.5 Individual
hydrogen bond energies Esen

and total interaction energies
DEtot including zero point
energy correction DEtot

ZPE

for the Leigh-type
pseudorotaxanes [3]

No. Guest Esen DEtot DEtot
ZPE

L10 R-NO2 -6.8 -35.7 -29.5
L20 R-Cl -8.8 -46.4 -39.0
L30 R-H -9.3 -51.4 -43.9
L40 R-tBu -9.6 -54.2 -46.7
L50 R-OCH3 -10.7 -56.4 -47.8

Please note that due to the symmetry all four hydrogen bonds are
equivalent. Therefore only the average value for Esen is given.
All energies in [kJ/mol]
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disubstitution of the fumaramide axles. Furthermore, it is interesting to see that the
gradual stabilization of the total host–guest interaction DEtot assumes largest values
for the replacement of NO2 by Cl (*10 kJ/mol) and Cl by H (*5 kJ/mol), i.e., for
the reduction of the electron-withdrawing character of the substituent. The increase
of the electron-donating character of the substituent (i.e., changing L30 to L40 and
L40 to L50) results in a smaller stabilization of *3 and *2 kJ/mol, respectively.
The more pronounced substituent effect in the Leigh-type pseudorotaxanes is also
visible in the influence of the zero point energy correction to the total interaction
energy (see the last column in Table 3.5), which approximately amounts up to
10 kJ/mol for the methoxy substituent. Thus, clear trends are apparent in the
interaction energies predicted for the Leigh-type pseudorotaxanes, even though no
direct conjugation according to Fig. 3.3 is possible in these structures.

3.1.3 Evaluation of Thermodynamic Quantities

3.1.3.1 Models for the Pseudorotaxane Formation

According to the explanation presented in Sect. 2.1.2, the computation of the rigid
rotor harmonic oscillator partition function Q can be carried out on the basis of
electronic structure calculations, i.e., if the structural (mass and principal moments
of inertia) and vibrational (harmonic frequencies) properties of the system under
investigation are known. The calculation of thermodynamic quantities from the
partition function Q is routinely achieved following textbook procedures, see for
instance Eqs. 2.60 and 2.64 [21]. However, the values obtained in this way are in
most cases unsuitable for a direct comparison with experimental measurements,
since they represent absolute values with a reference temperature of T = 0 K.
The experimental free energy changes employed in this chapter for the evaluation
of the rrho approach were obtained via a 1H NMR titration analysis of the asso-
ciation reaction between the free wheel and the free axle in chloroform solution [1].
In the frame of the rrho approach this association between wheel and axle can be
modelled in analogy to the computation of the supramolecular (or total) interaction
energy as expressed in Eq. 2.50, i.e., the value of a given quantity (e.g. the free
energy G) calculated for the isolated wheel and the isolated axle are subtracted from
the corresponding value calculated for the pseudorotaxane complex. The change in
the quantity under examination obtained from this course of action would then
represent the association reaction according to the direct formation [1]

axleþ wheel �! pseudorotaxane: ð3:1Þ

A more elaborate approach would consider the fact that the experimental reference
values were obtained in chloroform solution via some form of microsolvation,
which explicitly includes a limited number of solvent molecules in the electronic
structure calculation. Since the association reaction takes place in a localized area
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near the cavity of the wheel, negligible effects from solvent molecules at the
outside of the macrocycle can be expected. However, it is reasonable to expect one
(or more) solvent molecules to occupy the cavity itself, because the formation of a
hydrogen bond between the carbonyl groups of the wheel and the chloroform
molecule is energetically favorable, see the last line of Table 3.3. In this case the
association reaction between wheel and axle could be understood as a displace-
ment process in the cavity of the wheel, in which the chloroform guest is replaced
by the axle. In order to model this guest exchange reaction in terms of the rrho
approach, electronic structure calculations for the complex V6 containing a single
chloroform molecule inside the cavity of the wheel were carried out. The changes
in the different thermodynamic quantities are then obtained by subtracting the
corresponding values for the wheel including the solvent molecule and the axle
from the sum of the values obtained for the appropriate pseudorotaxane complex
and the released chloroform molecule. Formally, this corresponds to the following
reaction equation [1]

axleþ wheel � CHCl3 �! pseudorotaxaneþ CHCl3: ð3:2Þ

In Eq. 3.2 the term ‘‘wheel � CHCl3’’ denotes the solvent complex V6. The two
different approaches summarized in Eqs. 3.1 and 3.2 will be referred to as ‘‘direct
formation’’ and ‘‘exchange formation’’, respectively, and they will both be applied
for the calculation of thermodynamic reaction data in the following parts. In the
case of the exchange reaction defined by Eq. 3.2, the possibility of a second
chloroform guest in the cavity of the solvent complex V6 at reaction start was
considered additionally. However, the changes in the quantities obtained from
using this extended complex as the reactant instead of structure V6 are relatively
small and do not lead to an improvement with respect to the experimentally
determined values [1]. Therefore, the V6 structure will exclusively be employed
for the calculation of thermodynamic quantities according to the exchange for-
mation reaction in Eq. 3.2.

3.1.3.2 Thermodynamic Quantities for the Direct Formation

In this part the focus is set to the pseudorotaxane association according to the
direct formation (see Eq. 3.1) as introduced in the last paragraph. Table 3.6
summarizes the corresponding thermodynamic energy changes calculated for

Table 3.6 Thermochemical
quantities at T = 298.15 K
and p = 101,325 Pa
according to the direct
formation of Eq. 3.1 [1]

No. Guest DH TDS DG

V1 R-NO2 -26.9 -52.1 25.1
V2 R-Cl -28.1 -50.6 22.4
V3 R-H -28.2 -50.4 22.2
V4 R-tBu -28.2 -49.5 21.3
V5 R-OCH3 -29.7 -49.0 19.3

All values in [kJ/mol]
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standard conditions (T = 298.15 K and p = 101,325 Pa) in terms of the rrho
approximation. The change in enthalpy DH amounts -25 to -30 kJ/mol and is
negative for all investigated substituents, thereby indicating a favorable process
from the pure enthalpic point of view. This observation is to be expected, since the
formation of hydrogen bonds between wheel and axle upon association yields an
energetic stabilization (see also Table 3.3).

It is also obvious that the small substitution trend observed in the thermally
uncorrected total interaction energies DEtot in Table 3.3 is present in the enthalpy
changes as well. Thus, the considerations pointed out in the preceding paragraphs
regarding the increase of electron density at the atomic sites relevant for the host–
guest interaction by electron-donating substituents are still valid at standard con-
ditions, at least according to the rrho model. As in the case of the total interaction
energies, the largest relative substituent effects on DH are found for the strongest
electron-withdrawing and the strongest electron-donating substituent. However,
the values calculated for DH also indicate that the overall interaction between
wheel and axle is weakened by approximately 10 kJ/mol as compared to the zero
Kelvin interaction energies DEtot listed in Table 3.3.

The calculated association entropies TDS reveal a significant loss of entropy at
T = 298.15 K upon formation of the pseudorotaxane complex. There is a substi-
tution trend present in the entropy changes as well, but this trend inverts the one
found for the interaction energies and enthalpies. The magnitude of the entropy loss
is almost twice as large as the change in the enthalpy for the electron-withdrawing
substituents and is still considerably larger as the enthalpy contribution for
the electron-donating substituents, thereby clearly indicating a disfavoring entropic
effect upon host–guest association. Taken together, these results finally
lead to positive values for the free energy change of association in the range of
19–25 kJ/mol, i.e., the formation of all investigated Vögtle-type pseudorotaxanes is
predicted to be unstable in thermodynamic terms by the direct formation model.
Due to the reversed substitution trend found for the enthalpy and entropy contri-
butions as well as the different sign of these two quantities in the Gibbs–Helmholtz
equation, a larger relative stability is calculated for the complexes bearing electron-
donating substituents as already observed in the case of the total interaction
energies, see Table 3.3. However, each individual complex is predicted to be
unstable at standard conditions according to the direct formation model.

A more detailed analysis of the calculated thermodynamic association quanti-
ties can be carried out by considering the effect of the different molecular degrees
of freedom. In the frame of the rrho approach, the single particle partition function
q is factorized into contributions from the molecular degrees of freedom, and these
contributions are available as analytic functions of molecular properties, see
Sect. 2.1.2. These analytic expressions enable the decomposition of most ther-
modynamic quantities into additive contributions from the different degrees of
freedom, which represents an advantage of the simple rrho approach over many of
the other approaches for the calculation of thermodynamic quantities presented in
Chap. 2 [22]. The contributions from the translational, rotational, and vibrational

54 3 Assessment of the Rigid Rotor Harmonic Oscillator Model at Increased Densities

http://dx.doi.org/10.1007/978-3-642-15736-3_2#Sec5
http://dx.doi.org/10.1007/978-3-642-15736-3_2


degrees of freedom for the axle-wheel association to the Vögtle-type complexes
according to the direct formation model are listed in Table 3.7. It should be noted
that there is no explicit contribution from the electronic degrees of freedom, since
all quantum chemical calculations were carried out for the electronic ground state
and the zero of energy is set to the energy of the isolated wheel and axle at an
infinite separation, i.e., only the first term in Eq. 2.43 is considered. This choice for
the zero of energy also implies that the contribution to the change in enthalpy and
free energy due to the change in electronic structure upon complex formation is
directly given by the adiabatic interaction energies DEtot (see Table 3.3), i.e., the
enthalpy change DH in Table 3.6 corresponds to the total interaction energy DEtot

according to Eq. 2.50 and the contributions from the changes due to the remaining
degrees of freedom (translation, rotation, vibration). These latter values are the
ones which are listed in Table 3.7.

From these numbers it is apparent that the translational and rotational degrees
of freedom yield system-unspecific enthalpy contributions of -3.7 kJ/mol. This
value corresponds to the one expected from the equipartition theorem of classical
thermodynamics, which states that in thermal equilibrium each degree of freedom
entering the Hamiltonian quadratically has an average energy of (3/2)RT [22].
At standard conditions, this is equal to 3.7 kJ/mol, and according to Eq. 3.1 the
change in enthalpy is thus given as -3.7 kJ/mol. The fact that the classical result is
obtained even though the rrho approach is a model relying on quantum statistics
can be understood by considering the different approximations this approach relies
on, see Sect. 2.1.2. For the analytical evaluation of the translational and rotational
partition functions, the summations in Eqs. 2.27 and 2.34 are replaced by integrals

Table 3.7 Thermochemical
quantities at T = 298.15 K
and p = 101,325 Pa
according to the direct
formation of Eq. 3.1 [1]

No. Guest DH TDS

Translation
V1 R-NO2 -3.7 -51.6
V2 R-Cl -3.7 -51.4
V3 R-H -3.7 -50.8
V4 R-tBu -3.7 -51.7
V5 R-OCH3 -3.7 -51.3
Rotation
V1 R-NO2 -3.7 -40.4
V2 R-Cl -3.7 -39.9
V3 R-H -3.7 -38.7
V4 R-tBu -3.7 -41.0
V5 R-OCH3 -3.7 -39.9
Vibration
V1 R-NO2 16.2 39.9
V2 R-Cl 15.9 40.7
V3 R-H 15.8 39.1
V4 R-tBu 15.2 43.2
V5 R-OCH3 15.6 42.2

All values in [kJ/mol]
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over the corresponding quantum numbers. Due to this high temperature approxi-
mation, the discrete quantum mechanical character of translation and rotation is
lost and these degrees of freedom are treated in a pure classical sense, i.e., their
discrete energy spectra are replaced by an energy continuum. Consequently, the
obtained translational and rotational enthalpy contributions are equal to the values
obtained from classical thermodynamics.4 This is different in the case of the
vibrational enthalpy contributions, since the spacing between vibrational energy
levels in general is too large to be approximated by a continuum, see the discussion
of Eq. 2.40. Therefore, these contributions considerably depend on the number and
the frequency of the involved vibrational degrees of freedom. However, there is
only a small variation visible in the vibrational enthalpy changes listed in the last
block of Table 3.7, which can be attributed to the fact that upon complex
association only a relatively small number of modes is affected directly e.g. due to
hydrogen bond formation. The positive sign of the vibrational contributions can be
explained by the fact that there is a larger number of vibrations present in the
associated pseudorotaxanes, i.e., the vibrational enthalpy of the product is larger
than that of the reactants. Compared to the translational and rotational contribu-
tions, the numbers obtained for the vibrations are relatively large. This is the
reason why the combined enthalpy contribution from translation, rotation, and
vibration is also positive and thereby yields a destabilizing contribution to the
pseudorotaxane association. However, this unfavorable effect is more than
compensated by the formation of the three hydrogen bonds (and additional host–
guest interactions) as expressed in the energies from Table 3.3. There is also a
slight substituent trend apparent in the vibrational enthalpy changes, which
indicates the differing effect of electron-withdrawing and electron-donating sub-
stituents on the electron density and thereby on the vibrational modes involving
the hydrogen bonding sites. In combination with the frequency changes occurring
upon complex formation, such effects can be exploited for a correlation between
substituent effect, frequency shift, and hydrogen bond energy as demonstrated in
recent studies [2, 3].

The situation for the entropy contributions arising from the translational,
rotational, and vibrational degrees of freedom is comparable to the behavior found
for the corresponding enthalpy contributions only concerning the influence of the
substituent as well as the sign. The values predicted for the translational associ-
ation entropy contribution are not substituent-specific and lie in a narrow interval
between -50 and -52 kJ/mol at the chosen conditions. Compared to the trans-
lational enthalpy change, these values assume a considerably larger magnitude.
This behavior can be attributed to the different number of translational degrees of
freedom on both sides of the reaction arrow in the direct formation model, see
Eq. 3.1. The same is true in the case of the rotational entropy contributions, which
parallel the corresponding translational numbers but are smaller in absolute value

4 It should be noted that this reasoning is only valid for the enthalpy contributions, since there is
no equipartition theorem for the entropy.
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by approximately 11 kJ/mol. The unspecific character for these two types of
degrees of freedom with regard to the substituent can be ascribed to the fact that
the effect of the substituent on the relevant molecular quantities (mass and
principal moments of inertia, see Eqs. 2.30 and 2.37) is present in the reactants as
well as in the associated product, thereby affecting the entropy change for the
association only in an insignificant manner. As in the case of the enthalpy, the
vibrational entropy changes show a different sign as compared to the translational
and rotational entropy contributions due to the larger number of vibrations in the
pseudorotaxane complexes. For each investigated complex, the magnitude of the
vibrational entropy change matches the one for the corresponding rotational
contribution to within 2–3 kJ/mol, which results in a virtual cancellation of the
entropy changes arising from these two degrees of freedom. The total entropy
change upon complex association therefore is almost completely determined by
the translational contribution, which explains the similarity of the entropy changes
in Table 3.6 and the first block of Table 3.7. In addition, the magnitude of the
translational entropy changes is always considerably larger than those of the
rotational and vibrational contributions at least in the case of all investigated
pseudorotaxane complexes. The generality of these observations will be examined
in Sect. 3.2.

The thermodynamic situation obtained from the rrho approach and the direct
formation model thus predicts an increase of the free energy upon the association
of the wheel and all axles and according to that an association constant smaller
than one [23]. This thermodynamic instability of the pseudorotaxane complexes is
not affected by the substitution pattern, but instead arises due to a large entropy
loss upon complex association.

3.1.3.3 Thermodynamic Quantities for the Exchange Formation

The exchange formation reaction as expressed in Eq. 3.2 models the pseudoro-
taxane association in terms of a guest displacement process taking place in the
macrocycle’s cavity. Upon the formation of the pseudorotaxane complex, a solvent
molecule previously bound to the macrocycle is released. The thermodynamic
quantities calculated for this process according to the rrho approach are summa-
rized in Table 3.8. The computed enthalpy changes DH are again negative and
very similar to the values obtained for the direct formation reaction in Table 3.6.
In addition, the small substituent trend found in the case of the total interaction
energies (see Table 3.3) is again reflected in the enthalpy changes.5 Thus, the
transition from the direct formation to the exchange formation has virtually no

5 It should be noted that the contribution to the association enthalpy due to the change in total
energy in the case of the exchange formation is given as the DEtot value for the pseudorotaxane
complex minus the DEtot value for the solvent complex V6. In the case of the direct formation
this contribution directly corresponds to the DEtot value of the pseudorotaxane complex. The
difference is based on the distinct form of the reaction equations, see Eqs. 3.1 and 3.2.
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effect on the total association enthalpies. This observation is not necessarily to be
expected, since the change in total energy upon complex association according to
the exchange formation differs from the one for the direct formation by the neg-
ative interaction energy of the solvent complex V6 (+6.8 kJ/mol, see Table 3.3).
However, this difference is almost completely compensated by a difference in
association enthalpy of reversed sign (-7.0 kJ/mol in case of complex V5), which
results in a negligible net effect in the enthalpy change between the two different
association models.

The situation is completely reversed in the case of the association entropies
TDS. The entropy changes computed for the exchange formation reaction still
indicate a loss of entropy during the exchange process and thereby a destabilizing
contribution to the change in free energy, but the magnitude of this entropy loss is
significantly smaller compared to the enthalpy change of the exchange formation
as well as the entropy change of the direct formation, see Table 3.6. As in the case
of the association entropies of the direct formation, there is a small substituent
trend present in the TDS values listed in Table 3.8, which covers an interval of
approximately 3 kJ/mol and again is reversed to the trend found for the
corresponding enthalpy changes. However, the striking difference lies in the much
smaller absolute value of the predicted entropy loss upon complex formation.
Compared to the computed enthalpy changes, the entropy change is smaller by
approximately 17 kJ/mol in the case of the nitro-substituted complex V1 and by
more than 20 kJ/mol in the case of the methoxy-substituted compound V5. These
considerable differences are also present in the quantities obtained for the direct
formation, but in that case the magnitude of the entropy change is larger by the
corresponding amount.

Consequently, this reduced entropy contribution is also visible in the calculated
free energy changes. All investigated Vögtle-type pseudorotaxane complexes are
predicted to be stable in thermodynamic terms by the exchange formation model
as indicated by the negative sign of the computed free energy changes. There is no
difference concerning the substitution trend between the two models, though. Both
the direct formation and the exchange formation predict the association of axle 5
and wheel V to the methoxy-substituted complex V5 to be more stable by
DDG ¼ �5.8 kJ/mol as compared to the nitro-substituted compound V1. This
trend is also consistent with the one found for the zero Kelvin interaction energies
DEtot and for the individual hydrogen bond energies Esen

wa1
, Esen

wa2
, and Esen

aw listed in

Table 3.8 Thermochemical
quantities at T = 298.15 K
and p = 101,325 Pa
according to the exchange
formation of Eq. 3.2 [1]

No. Guest DH TDS DG

V1 R-NO2 -27.1 -10.1 -17.0
V2 R-Cl -28.3 -8.6 -19.7
V3 R-H -28.4 -8.5 -19.9
V4 R-tBu -28.4 -7.5 -20.9
V5 R-OCH3 -29.9 -7.1 -22.8

Complex V6 (CHCl3) is used as reaction partner for modeling
the exchange reaction. All values in [kJ/mol]
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Table 3.3. These analogies indicate that both thermodynamic models support the
simple picture of a stabilizing effect due to increased charge transfer via the two
wheel-to-axle hydrogen bonds wa1 and wa2 in the presence of electron-donating
substituents as indicated in Fig. 3.3. However, a final assessment of the two
proposed approaches can only be achieved through a comparison to the real
thermodynamic situation obtained from experimental measurements. This vali-
dation will be presented in the next section.

The contributions of the translational, rotational, and vibrational degrees of
freedom to the association enthalpy and entropy according to the exchange for-
mation model are summarized in Table 3.9. In the case of the enthalpy the listed
values are again the net thermal corrections without the change in total energy as
for the corresponding values in Table 3.7, see the discussion of these values in the
last part. In contrast to the direct formation, there is no change in the translational
and rotational enthalpies upon complex association. This is to be expected, since
these numbers are computed in terms of the rrho approximation, and in this setup
the translational and rotational degrees of freedom are treated in a classical way as
discussed for the translational and rotational enthalpy changes of the direct
formation.

Thus, each particle taking part in the reaction yields a constant contribution of
(3/2)RT, and due to the constant particle number on both sides of the reaction
arrow (see Eq. 3.2) the net enthalpy change is zero. This is different in the case of
the vibrational enthalpy contributions, which again assume positive values and
show a small, irregular substituent dependancy as found for the corresponding

Table 3.9 Thermochemical
quantities at T = 298.15 K
and p = 101,325 Pa
according to the exchange
formation of Eq. 3.2 [1]

No. Guest DH TDS

Translation
V1 R-NO2 0.0 -1.8
V2 R-Cl 0.0 -1.6
V3 R-H 0.0 -1.0
V4 R-tBu 0.0 -1.9
V5 R-OCH3 0.0 -1.5
Rotation
V1 R-NO2 0.0 -6.3
V2 R-Cl 0.0 -5.8
V3 R-H 0.0 -4.6
V4 R-tBu 0.0 -6.9
V5 R-OCH3 0.0 -5.8
Vibration
V1 R-NO2 1.3 -2.0
V2 R-Cl 1.0 -1.2
V3 R-H 0.9 -2.8
V4 R-tBu 0.3 1.3
V5 R-OCH3 0.7 0.3

Complex V6 (CHCl3) is used as reaction partner for modeling
the exchange reaction. All values in [kJ/mol]
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numbers of the direct formation in Table 3.7. The difference in vibrational
association enthalpy computed for the nitro-substituted complex V1 and the
methoxy-substituted complex V5 amounts only 0.6 kJ/mol, which exactly corre-
sponds to the value found for this difference in the case of the direct formation, and
complex V4 is identified as an outlier with respect to this trend. The situation
predicted for the translational, rotational, and vibrational contributions to the
association entropy is different. The translational contributions are negative and
thereby disfavor the complex association as in the case of the direct formation.
However, due to the small and substituent-unspecific magnitude this destabilizing
effect is only of minor importance in contrast to the considerable destabilization
found in the case of the direct formation, see the first block in Table 3.7. The
rotational association entropies are still significantly smaller than the corre-
sponding numbers of the direct formation reaction, but they exceed the transla-
tional as well as the vibrational contributions and constitute the most important
part of the overall entropy change upon complex association. This is in contrast to
the situation observed for the direct formation, where the translational degrees of
freedom constitute the most important contribution and the rotational and vibra-
tional parts cancelled each other almost completely. A possible explanation for this
increased importance could lie in the enlarged relative effect of the substituent on
the molecular moments of inertia in the isolated axles as compared to the
associated pseudorotaxane and resulting from that a larger rotational partition
function, compare Eq. 2.37. This assumption is supported by the fact that complex
V4 bearing the substituent with the largest mass also shows the largest loss of
rotational entropy upon association, and that the unsubstituted compound V3
yields the smallest rotational entropy change due to the small mass of the hydrogen
atom. Clearly, this effect will also be present in the direct formation model, but in
that case the influence of the changing number of translational degrees of freedom
seems to be even larger. There is no substituent trend visible in either the trans-
lational or rotational association entropies in accordance with the absence of such
a trend in the direct formation model. The calculated vibrational association
entropies are again of a smaller magnitude and do not show a clear substituent
trend as well. However, there is a change in the sign of these contributions for the
electron-donating substituents in V4 and V5. The corresponding entropy changes
calculated for the direct formation (see Table 3.7) are positive and of considerable
magnitude, which can clearly be attributed to the larger number of vibrational
degrees of freedom in the associated complex. In the present case, there is no
change in the number of normal modes upon complex association and more subtle
effects due to the different masses or steric demands of the substituents become
important. This is supported by the fact that the largest loss of vibrational entropy
is predicted for the smallest ‘‘substituent’’ in V3 and that the largest gain of
vibrational entropy is obtained for the largest and most heavy substituent in V4.
However, the exact nature of these influences is difficult to estimate from elec-
tronic structure calculations.

At last, the thermodynamic picture emerging from the exchange formation
model is in strong contrast to the situation obtained from the direct formation
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model. Whereas there is virtually no difference in the association enthalpies
predicted from both models, the difference in the predicted association entropies is
always larger than 40 kJ/mol at standard conditions for all investigated systems.
Even though the same substituent trends are present in both models, the absolute
differences are considerably larger and in the case of the exchange formation lead
to an association process which is favorable in thermodynamic terms due to a
relatively small entropy loss upon complex formation. Thus, the pseudorotaxane
formation reaction is predicted to be an exergonic process by the exchange
formation and to be an endergonic process by the direct formation.

3.1.3.4 Comparison to the Experiment and Model Assessment

The results presented in the previous parts demonstrate that the two proposed
models for the pseudorotaxane association reaction make a contrary prediction
concerning the thermodynamic stability of the investigated pseudorotaxanes. Thus,
the experimental examination of the real thermodynamic situation accompanying
the association reaction would clearly help to discriminate between the actual
physical significance of the two models. The last column in Table 3.10 summa-
rizes the experimental free energies of association measured in 1H NMR titration
experiments at T = 303 K and standard pressure [1]. From these numbers it is
apparent that the association reaction between wheel and axle in chloroform
solution is an exergonic process at the chosen temperature and pressure conditions
as predicted by the exchange formation model. In addition, the small stability trend
with regard to the substituent predicted by both models as well as the zero Kelvin
interaction energies in Table 3.3 is not present in the experimental values. Given
that the error bar of the applied experimental method amounts to ±2 kJ/mol, a
discussion of the very small substitution effects found in the DGexp values would
not be reasonable [1, 24].

In fact, the important information to be extracted from the DGexp values lies in
the observation that all investigated axles form a stable complex with the mac-
rocycle V and that the magnitude of the free energy lowering for this process is

Table 3.10 Calculated thermochemical quantities at T = 298.15 K and p = 101,325 Pa as well
as the experimental free energy change of association DGexp measured at T = 303 K [1]

No. Guest Direct formation Exchange formation Experiment

DH TDS DG DH TDS DG DGexp

V1 R-NO2 -26.9 -52.1 25.1 -27.1 -10.1 -17.0 -13.7
V2 R-Cl -28.1 -50.6 22.4 -28.3 -8.6 -19.7 -13.6
V3 R-H -28.2 -50.4 22.2 -28.4 -8.5 -19.0 -11.0
V4 R-tBu -28.2 -49.5 21.3 -28.4 -7.5 -20.9 -11.4
V5 R-OCH3 -29.7 -49.0 19.3 -29.9 -7.1 -22.8 -12.1

Complex V6 (CHCl3) is used as reaction partner for all other guests in case of the exchange
formation. All values in [kJ/mol]
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considerably larger than the errors of the applied methodology, thereby allowing a
robust determination of the thermodynamic stability of all investigated pseudo-
rotaxanes. This result also demonstrates in an unambiguous way that the exchange
formation is the only one of the two proposed models being able to predict the
qualitatively correct thermodynamic situation of the pseudorotaxane association in
solution. The comparison of the free energy changes calculated from this model to
the experimental ones shows that the calculated values overestimate the stability of
all pseudorotaxanes by approximately 5–10 kJ/mol. The smallest differences are
found for the complexes bearing the electron-withdrawing substituents, which
indicates that either the amount of electron donation of the corresponding sub-
stituents in V4 and V5 is overestimated by the applied electronic structure method
or that these effects are weakened by e.g. solvent effects more subtle than the
single chloroform molecule used for the microsolvation in the formation exchange
model. However, considering the trends found in the calculated enthalpy and
entropy contributions in the second block of Table 3.10, it is seen that the larger
discrepancies in free association energy calculated for the electron-donating sub-
stituents arise from both the enthalpic as well as the entropic part. In addition to a
more negative enthalpy change in the case of the complexes bearing electron-
donating substituents, a smaller loss of entropy upon complex formation is pre-
dicted for these compounds, thereby contributing to their increased stability in
terms of the free energy change. Additional experimental measurements have been
carried out according to the van’t Hoff method for the determination of enthalpy
and entropy changes in the case of complex V2 [24]. The results of these exper-
iments yield an enthalpy contribution of DHexp ¼ �22.0 kJ/mol and an entropy
contribution of TDS ¼ �8.8 kJ/mol (at T = 303 K) to the association reaction [1].
Upon comparison with the numbers in the second block of Table 3.10, these
numbers indicate that the association entropy is very well captured by the
exchange formation model and that the discrepancies in the free association energy
are due to an overestimation of the association enthalpy magnitude alone. These
observations thereby indicate that it is possible to model the entropy change of
reactions in the condensed phase according to the rrho approach quite accurately if
a reasonable model of the process under investigation is taken as a basis, which is
an important result, since condensed phase entropies and entropy changes are often
considered to be more difficult to calculate from theoretical approaches than e.g.
enthalpy changes [25]. On the other hand, the deviation in the association enthalpy
could well be based on the computed total interaction energies from Table 3.3 and
thereby on the quality of the applied quantum chemical methodology, since in
addition to neglecting certain molecular interactions an overestimation of inter-
action energies by dft methods has been reported in the literature before [26, 27].
Thus, the prediction of the free energy change of complex association in solution
could be improved even further by applying a more sophisticated method for the
electronic structure calculation, as for example Møller–Plesset perturbation theory.
However, due to the large number of atoms in the investigated pseudorotaxane
complexes such a method refinement would also involve a significant increase in
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the computational effort, but in the case of smaller systems such an approach
would seem reasonable. A more elaborate electronic structure method could even
be able to capture the electronic situation in the complexes bearing electron-
donating substituents (V4 and V5) more accurately and thereby reduce the larger
discrepancies found for these compounds in the computed association enthalpies,
see Table 3.10.

The comparison to the experimental free association energies clearly demon-
strates that only the exchange formation is able to predict the correct thermody-
namic behavior of the pseudorotaxane association, and the discussion laid out in
the two previous parts as well as the summary in Table 3.10 clearly indicate that
the thermodynamic difference between the two proposed models is based on
entropic contributions alone. From this point of view the change in entropy upon
complex association in solution is described much more accurately by a
displacement of a solvent molecule from the wheel cavity as by an exclusive
binding of the axle to an empty macrocycle. This result could have been expected
from chemical knowledge due to the high concentration of the solvent present in
the solution. However, the relevant methodological difference between the direct
formation and the exchange formation is certainly given by the number of particles
on the sides of the reactants and the products, respectively. This is immediately
seen from Eqs. 3.1 and 3.2. The particle number on the side of the reactants is
always two, but in the case of the direct formation the two reactants form a single
product, whereas the release of the chloroform molecule in the case of the
exchange formation leads to the occurrence of a second particle on the product
side of the reaction equation. Besides the low probability for an unoccupied cavity
at liquid phase densities, the reaction course according to Eq. 3.1 seems to be
artificial in a methodological sense as well. The reason for that can be found in the
entropy contributions from the different molecular degrees of freedom summa-
rized in Table 3.7. Compared to the corresponding contributions calculated for the
exchange formation model (see Table 3.9), the entropy changes for each indi-
vidual type of degree of freedom are considerably larger in the case of the direct
formation model. In addition, the entropy change is controlled by the translational
part alone due to the almost complete compensation of the vibrational and rota-
tional parts. Consequently, these large individual contributions must therefore be
based on the change in particle number occurring in the direct formation reaction.
This conclusion is rationalized in a straightforward way by counting the single
degrees of freedom of each type on both sides of the reaction equation. In the case
of the direct formation, six translational and rotational degrees of freedom in the
reactants are compared to only three translational and rotational degrees of free-
dom in the product. Thus, the ‘‘loss’’ of these degrees of freedom explains the loss
of entropy predicted for the translational and rotational contributions by the direct
formation. Of course, these degrees of freedom are not lost but are merely
transformed to additional vibrational modes in the product, which explains the
gain in entropy upon complex association predicted for the vibrational degrees of
freedom. However, the gain in entropy due to the newly established normal modes
cannot account for the significant combined loss in entropy due to the translational
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and rotational degrees of freedom as indicated by the numbers in Table 3.7, which
finally results in a large unfavorable entropy change for the association reaction.
Such an interconversion of different types of molecular degrees of freedom does
not occur in the exchange formation model. Due to the uniform number of
particles on both sides of the reaction equation, the number of translational,
rotational, and vibrational degrees of freedom remains constant as well, and the
comparison to the experimentally determined values demonstrates that this situ-
ation is the physically more reasonable variant in the high density regime of the
liquid phase. However, the question remains why the loss of entropy arising from
translation and rotation cannot be compensated by the vibrational degrees of
freedom, in which case the total entropy change would be closer to the real
thermodynamic situation found for the complex association. In order to clarify this
matter, a closer look on the artificial decomposition into these degrees of freedom
and the accuracy of the resulting entropy contributions at liquid phase densities has
to be taken, which will inevitably lead back to the factorization of the molecular
partition function in the rrho model as expressed in Eq. 2.26. A detailed analysis of
these aspects will be presented in the next section. The results of the actual section
have shown that the differing influence of the translational, rotational, and
vibrational degrees of freedom on the entropy can be bypassed by keeping the
number of particles constant during the course of the reaction. Thus, the formu-
lation of model reactions according to that rule should yield reasonable entropy
changes as found for the systems investigated in this chapter and can be recom-
mended for modeling entropy changes in the condensed phase according to the
rrho approach.

3.2 A Quantitative Error Analysis of the Rigid Rotor
Harmonic Oscillator Model

3.2.1 Analysis of the Particle Number Effect

The results and conclusions presented in the previous sections demonstrate that the
stoichiometry of the reaction for which thermochemical reaction data according to
the rrho protocol are calculated has a considerable effect on the entropy contri-
butions. If the number of particles does not stay constant during the reaction, an
interconversion of translational and rotational degrees of freedom into vibrational
modes (or vice versa) takes place, which in the general case of an association
reaction between compound A and compound B to the complex A���B results in the
formation of six new vibrations and the loss of three translations as well as three
rotations according to

Aþ B|fflffl{zfflffl}
6trans=rot

�! A � � �B|fflfflffl{zfflfflffl}
3trans=rot

: ð3:3Þ
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The decomposition of the entropy changes for the complex association
according to the direct formation (see Table 3.7) has shown that the translational
part has the largest influence, while the rotational and vibrational parts cancel each
other almost exactly. In order to confirm these observations and to exclude
coincidental effects due to the specific binding situation in the pseudorotaxane
structures the results of additional calculations for the association of small mol-
ecules will be presented in the next paragraph. The comparison of the calculated
values to experimental association entropies measured in the gas phase will show
if the pronounced particle number effect arises from the application of the simple
rrho model to systems at liquid phase densities or if it is an artificial contribution
due to approximations (or errors) in the applied methodology. From the results
presented so far it is clear that the change in particle number during the reaction
course only affects the entropy changes and not the change in enthalpy (see
Table 3.10). Therefore, the focus will be set on this quantity for the rest of the
chapter.

3.2.1.1 Model Reactions in the Gas Phase

The examination of the agreement between thermochemical quantities of gas
phase reactions and the corresponding predictions made by the rrho approach will
provide information about the performance of the model at the conditions it was
originally developed for, namely the low density gas phase. It is reasonable to
expect that the various approximations introduced in the derivation of the rrho
approach (see Sect. 2.1.2) are more accurate at high temperatures and low
densities, but these conditions are still different from the isolated molecule picture
the rrho approach is based on. In order to quantify these differences in thermo-
dynamic terms, a comparison to experimental measurements is essential.
Furthermore, the comparison of association entropies measured in the gas phase to
the association entropy of complex V2 (TDS ¼ �8:8 kJ/mol at T = 303 K) in
solution will provide an order-of-magnitude estimate for the effect of the increased
density on the entropy change upon complex formation in real systems. The
selected gas phase association reactions are the dimerization of water,

2H2O �! ðH2OÞ2; ð3:4Þ

the dimerization of acetic acid,

2H3CCOOH �! ðH3CCOOHÞ2; ð3:5Þ

and the dimerization of nitrogen dioxide,

2NO2 �! N2O4: ð3:6Þ

All of these reactions are association reactions and therefore are subject to the
particle number effect in the rrho model. However, the type of association is
different in each case. The dimerization of the two water molecules is accompanied
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by the formation of a single hydrogen bond, whereas two hydrogen bonds are
established during the association of the acetic acid monomers. Thus, it is
reasonable to expect that the flexibility of the dimer with regard to the isolated
monomers is smaller in the case of acetic acid, which is the reason why a larger loss
of entropy should be expected for that system. The same is true for the association
of nitrogen dioxide, upon which a covalent bond is formed in contrast to the non-
covalent interactions in the two former cases.

The association entropies as obtained from the rrho approach at T = 298.15 K
as well as the experimentally determined values are summarized in Table 3.11
[31]. From these numbers it is apparent that for all investigated systems the change
in translational entropy lies between -40 kJ/mol and approximately -45 kJ/mol
at standard conditions. Given the large difference in mass, system size, and general
complexity of the system, these numbers are very similar to the translational
association entropy predicted for the direct formation of the pseudorotaxane
complexes, see Table 3.7. Larger discrepancies between the examined reactions
are found in the case of the rotational and vibrational association entropies. The
loss of rotational entropy upon formation of the water dimer (TDS ¼ �3.3 kJ/mol)
is considerably smaller than the corresponding value calculated for the nitrogen
dioxide dimerization (TDS ¼ �16.4 kJ/mol), although both complexes have a
comparable spatial extent. However, this observation can be rationalized due to the
smaller mass of the hydrogen atoms and the reduced influence on the principal
moments of inertia in the complex as compared to the terminal oxygen atoms in
the hydrazine molecule. The largest magnitude of rotational association entropy is
predicted for the dimerization of the large acetic acid molecule, and the com-
parison of the rotational contributions in Table 3.11 to the ones from Table 3.7
indicates that the change in rotational entropy is significantly affected by the size
and the mass of the investigated system, respectively. The situation is again dif-
ferent in the case of the vibrational association entropies. As in the case of the
pseudorotaxane complexes, these contributions are positive due to the formation of
six new vibrational modes upon complex association, but are considerably smaller
as compared to the numbers summarized in Table 3.7. In addition, the vibrational
entropy changes from Table 3.11 show differences of up to 8 kJ/mol, which are
not present in the corresponding numbers calculated for the pseudorotaxanes.
These large differences relative to the total magnitude of the vibrational

Table 3.11 Contributions from translational, rotational, and vibrational degrees of freedom to
the association entropy for three gas-phase reactions according to the rrho approach at
T = 298.15 K and p = 101,325 Pa

Reaction TDStrans TDSrot TDSvib TDSel TDStot TDSexp
tot

2H2O! ðH2OÞ2 -40.6 -3.3 12.9 0.0 -31.0 -23.2 ± 1.7
2AcOH! ðAcOHÞ2 -45.1 -23.6 20.7 0.0 -48.0 -44.3 ± 1.3
2NO2 ! N2O4 -44.1 -16.4 12.1 -3.4 -51.8 -52.7

Experimental data and corresponding error bars are given for comparison (no error bars are
provided in [28]) [28–30]. All values are in [kJ/mol]
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contributions apparently do not correlate with changes in the mass, the strength of
interaction, or the loss of flexibility upon complex formation as could be ratio-
nalized in the case of the rotational contributions. Consequently, the compensation
between the rotational and vibrational association entropies observed for all
pseudorotaxane complexes (see Table 3.7) is not present in the case of the smaller
complexes in Table 3.11. However, the largest effect on the net association
entropy still comes from the translational degrees of freedom. A novel feature
introduced by the nitrogen dioxide dimerization is the contribution of the elec-
tronic degree of freedom to the association entropy. The reason for this contri-
bution is directly visible from Eqs. 2.43 to 2.64 and lies in the fact that the nitrogen
dioxide monomer is an open shell system with a single unpaired electron. The
multiplicity of the electronic ground state is therefore given as g1 = 2, and
according to that the entropy of the electronic ground state is equal to Sel = Rln(2),
which results in an entropy loss of -3.4 kJ/mol at T = 298.15 K for the dimer-
ization due to the formation of a closed-shell system in the hydrazine molecule.
The calculated net association entropies TDStot predict a disfavoring entropic
contribution for all three gas-phase dimerizations amounting between -31 and
-52 kJ/mol, and the largest contribution to this negative association entropy in all
cases stems from the translational part, which constitutes -40 to -45 kJ/mol and
thereby overrules the contributions from rotations and vibrations. This behavior is
not based on the rather compact structure of the chosen molecules, since it is also
observed for the much larger and more widespread pseudorotaxane complexes, see
Table 3.7. As expected, the vibrational contribution to the association entropy
partially compensates for the unfavorable contributions, but in all three cases it
cannot account for the rotational part alone though the difference between TDSvib

and TDSrot for the acetic acid and nitrogen dioxide dimerization is rather small.
Due to the large vibrational contribution and the small magnitude of the rotational
association entropy computed for the water dimerization the magnitude of the net
entropy loss is rather small as compared to reactions 3.5 and 3.6, which show
comparable values. The numbers computed for the latter two reactions (-48.0 and
-51.8 kJ/mol, respectively) are again very similar to the ones predicted for the
pseudorotaxane association, see Table 3.6. Due to the considerable differences in
structure as well as bonding situation between these systems, this finding indicates
a universality of rrho calculated association entropies of a rather system-unspecific
nature. The dimerization of water in the gas phase constitutes an obvious exception
to that observation.

Of course it is no surprise that an association in the gas phase is accompanied
by a formal loss of entropy, which is in accordance with the picture of a higher
ordered reaction product. The question to be addressed here is whether this loss of
entropy is properly reproduced by the methods of the rrho approach. The exper-
imental dimerization entropies at T = 298.15 K for the investigated reactions are
equal to TDSexp

H2O ¼ �23:2� 1:7kJ/mol, TDSexp
NO2
¼ �52:7kJ/mol (no error bars

given), and TDSexp
AcOH ¼ �44:3� 1:3 kJ/mol [28–30]. Upon comparison with the

theoretically predicted values it is quite surprising that the putatively most simple
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system, namely the water dimer, exhibits the largest deviation between the
prediction according to the rrho model and the experiment, and that the computed
nitrogen dioxide dimerization entropy including the open-shell spin contribution
probably is as accurate as the experimental error bars. The small deviations found
for the acetic acid and nitrogen dioxide association entropies again demonstrate
that size and molecular complexity do not necessarily give an indication for the
accuracy of the resulting rrho-computed entropy changes, and more important that
the degree-of-freedom interconversion inherent in the dimerization reactions is
accurately described in terms of the rrho model in gas phase reactions.

With the exception of the water dimerization reaction, the association entropies
computed for reactions of the form as in Eq. 3.3 according to the rrho approach
lie in a rather narrow interval around -50 kJ/mol at T = 298.15 K, see Tables 3.6
and 3.11. The experimental values listed in Table 3.11 indicate that an entropy
loss of that magnitude is a realistic prediction for association reactions in the gas
phase. In contrast, the experimentally determined association entropy for the
pseudorotaxane formation of compound V2 amounts to TDS ¼ �8:8 kJ/mol
(T = 303 K) [1]. From these numbers, a difference in association entropy of
approximately TDDS ¼ 40 kJ/mol between gas phase association and association
in solution can be estimated. This is of course only an order-of-magnitude
estimate, since the entropy change for pseudorotaxane V2 is the only reference
value for an association in solution and the universality of this value could be
rather low due to specific solvent-solute interactions or the complexity of the
involved structures. However, a model for the prediction of association entropies
in the condensed phase on the basis of the rrho approach has to account for a
difference of this order of magnitude upon transition from the low density to the
high density domain. The considerations from Sect. 2.1.2 show that the density
dependancy in the rrho approach is established by applying the model of the
particle in a box to the translational degrees of freedom, thereby introducing the
volume of free translation (the box volume) to the formalism. This is in agreement
with the observations of the present chapter that the translational degrees of
freedom have the largest effect on the entropy changes of association reactions
according to Eq. 3.3.

3.2.1.2 Entropy Contributions Due to the Interconversion of Different
Degrees of Freedom

In order to quantify the observed difference between the translational, rotational,
and vibrational degrees of freedom on the association entropies in the gas phase as
well as in the liquid phase, the formal relation between the mechanical quantity
relevant for each degree of freedom (volume, mass, principal moments of inertia,
frequencies) and the corresponding entropy contribution are required. In complete
analogy to the course of action from Sect. 2.2.2, these are obtained by exploiting
the factorization of the rrho partition function according to Eq. 2.26 as well as the
logarithmic relation between entropy and partition function as expressed in
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Eq. 2.64. Due to this logarithmic dependancy, the total entropy according to
Eq. 2.64 can be decomposed into additive contributions from the different degrees
of freedom according to

S ¼ kB ln
qN

N!

� �
þ kBT

o ln qN=N!ð Þ
oT

� �
N;V

¼ kB ln qN
transq

N
rotq

N
vibqN

el

� �
� lnðN!Þ

� �
þ kBT

o lnðqN
transq

N
rotq

N
vibqN

elÞ
oT

� �
N;V

¼ NkB ln qtransð Þ þ NkBT
o lnðqtransÞ

oT

� �	 

þ NkB ln qrotð Þ þ NkBT

o lnðqrotÞ
oT

� �	 


þ NkB ln qvibð Þ þ NkBT
o lnðqvibÞ

oT

� �	 

þ NkB ln qelð Þ þ NkBT

o lnðqelÞ
oT

� �	 


� kB lnðN!Þ; ð3:7Þ

where qtrans, qrot, qvib, and qel denote the rrho partition functions of the corre-
sponding degrees of freedom as introduced in Sect. 2.1.2. However, care has to be
taken of the N!�1 factor arising in the (N, V, T) partition function due to the
indistinguishability of the particles (see Eq. 2.26), which only occurs once and
therefore has to be assigned to one of the degree-of-freedom dependent partition
functions. This �kB lnðN!Þ term in the entropy decomposition is usually resolved
according to Stirling’s approximation and combined with the translational partition
function qtrans (see Eq. 2.30), which results in the following expression for the
translational entropy

Strans ¼ NkB ln qtransð Þ þ NkBT
o lnðqtransÞ

oT

� �
N;V

�NkB lnðNÞ þ NkB

¼)
N¼NA

R ln
V

NA

2pmkBT

h2

	 
3=2
 !

þ 5
2

R: ð3:8Þ

This equation is the well-known Sackur–Tetrode equation for the molar entropy of
a classical ideal gas, which is to be expected, since the translational degrees
of freedom are the only degrees of freedom in such a system [21]. The evaluation
of the rotational and vibrational contributions in Eq. 3.7 according to Eqs. 2.37 and
2.41 leads to the following molar entropy contributions from these degrees of
freedom [21]

Srot ¼ R ln
p1=2

r
T3

HAHBHC

	 
1=2
 !

þ 3
2

R ð3:9Þ

Svib ¼ R
X3M�6

k¼1

bhmk

expðbhmkÞ � 1
� ln 1� expð�bhmkÞ½ �; ð3:10Þ
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where all symbols have the same meaning as in Sect. 2.1.2. An interesting detail in
these individual contributions is the sum occurring in the vibrational entropy in
Eq. 3.10, which indicates that each single mode of vibration yields an independent
contribution to the entropy solely depending on the temperature and the frequency
of that mode. This is of course a direct consequence of the transformation to
normal coordinates and the decoupling of the vibrational modes resulting from
that, which leads to the product in the polyatomic harmonic oscillator partition
function (see Eq. 2.41) and due to the logarithmic dependancy between entropy
and partition function to the sum in Eq. 3.10. In contrast, the translational and
rotational entropies inherently include the three degrees of freedom of the
respective kind, as can be seen from the product of the three rotational tempera-
tures in Eq. 3.9 and the occurrence of the volume in Eq. 3.8. Based on this
observation, a further decomposition of the vibrational contributions listed in
Table 3.11 for the gas phase dimerization of the small molecules is possible.
Assuming that the dimer modes which are already present in the monomers are not
shifted by large amounts upon dimerization, the vibrational association entropies
will be a direct consequence of the six new vibrational modes formed in the
complexes due to the loss of three translational and three rotational degrees of
freedom according to Eq. 3.3. The validity of this assumption can be checked by
the numbers from Table 3.12, which summarize the effect of the new vibrational
modes in terms of wavenumbers and entropy contributions. The first block in
Table 3.12 gives the wavenumbers of the vibrational modes which are formed in
the dimers during the association process due to the loss of three translational and
three rotational degrees of freedom.

However, this process will also have an effect on the modes already present
in the monomers, and the magnitude of this effect can be estimated by the
mean square shift Dmshift of the remaining vibrations. This value is calculated
according to

Table 3.12 Wave numbers m and vibrational entropies TS of the six new vibrations in the dimers

Frequencies
Dimer m1 m2 m3 m4 m5 m6 Dmshift

(H2O)2 164 175 202 216 404 645 29
(AcOH)2 63 89 108 168 194 201 27
N2O4 88 190 262 400 452 636 33
Vibrational entropies
Dimer TS1 TS2 TS3 TS4 TS5 TS6 TDSshift

(H2O)2 3.1 3.0 2.6 2.5 1.2 0.5 0.0
(AcOH)2 5.4 4.6 4.1 3.1 2.7 2.7 -1.9
N2O4 4.6 2.8 2.1 1.2 1.0 0.5 0.2

Dmshift denotes the mean square shift of the remaining vibrational modes due to the dimerization
weighted by the total number of these modes. TDSshift gives the combined entropy contribution of
these vibrational shifts. All entropies are calculated at T = 298.15 K and p = 101,325 Pa. All
wavenumbers in [cm-1 ] and all entropies in [kJ/mol]
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Dmshift ¼
1

Nvib

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XNvib

k

Dm2
k

vuut ; ð3:11Þ

where Dmk denotes the shift in wavenumber for each individual mode k and Nvib

the number of the vibrational degrees of freedom in the dimers without the six
modes introduced through the association process. The numbers listed in the first
block of Table 3.12 indicate that most of the six new vibrations in the dimers
occur in the low wavenumber domain below 450 cm-1. In fact, with the
exception of the acetic acid dimer the newly formed modes exhibit wavenumbers
considerably lower than the lowest modes of the corresponding monomers, and
the difference between the lower monomer modes and the new vibrations is
almost always larger than several hundreds of wave numbers in the examined
dimers. In the case of acetic acid, there are two low-lying modes in the monomer
as well, which correspond to bending motions of the methyl group. The
examination of the normal coordinates belonging to the new vibrational degrees
of freedom in the dimers demonstrates that these modes are mainly related to
bending vibrations of the whole complex which can be understood as hindered
translations and rotations, thereby indicating their origin from these degrees of
freedom. The smallest wavenumbers below 100 cm-1 are obtained for the acetic
acid dimer and the hydrazine molecule, whereas the lowest vibration in the water
dimer lies at m = 164 cm-1. This rather large difference can be rationalized in
terms of the small mass of the water molecule as compared to the one of acetic
acid and nitrogen dioxide. The values calculated for the mean square shift of the
remaining frequencies are in comparable ranges of approximately 30 cm-1 per
mode, which indicates a small, but non-negligible effect of the dimerization on
the modes of the monomers on average. The second block in Table 3.12 sum-
marizes the effects on the entropy due to the changed vibrational situation in the
dimers. According to Eq. 3.10, low-frequency vibrations yield contributions of
largest magnitude to the vibrational entropy (see also the plot of Svib in Sect.
3.2.2). This important observation is clearly visible in the entropies in
Table 3.12. The largest individual entropy per mode is found for hydrazine as
well as the dimer of the acetic acid, which also show the lowest individual mode
m1 in terms of wavenumbers. However, the wavenumbers of the subsequent
vibrations m2-m6 rise considerably faster in the case of hydrazine as compared to
the dimers of water and acetic acid, and considerable contributions to the
vibrational entropy arise from the first three modes alone. This is different in
the case of the water dimer and especially in the case of the acetic acid dimer. In
the latter case, all newly formed modes assume wavenumbers below approxi-
mately 200 cm-1. Hence, all of these new vibrations contribute in a significant
manner to the total vibrational entropy, which is clearly reflected in the large
vibrational entropy gain of the acetic acid dimer upon association as listed in
Table 3.11. In the case of the water dimer, the relatively low wavenumbers of
the first four modes result in significant vibrational entropy contributions, and in
combination with the larger wavenumber of the first mode the overall situation
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of the vibrational entropy is comparable to the one of the hydrazine dimeriza-
tion, see Table 3.11.

In addition to the new vibrational modes established during the dimerization
process, the shift of the modes already present in the monomers contribute to the
vibrational association entropy as well. This effect is quantified by the TDSshift

values in Table 3.12, which represent the difference in entropy of a given mode in
the dimer and the same mode in the monomer summed over all modes already
present in the corresponding monomers. It is important to note that these entropy
contributions cannot be obtained from the frequency shifts of the corresponding
modes in a reasonable way, because the vibrational entropy is very sensitive to the
magnitude of the frequency (as can be seen from the individual mode entropies
in Table 3.12) and more important because Svib is not defined for negative shifts
(i.e., if the mode is shifted to a lower wavenumber in the dimer) due to the
logarithmic term in Eq. 3.10. By calculating the absolute entropy and taking the
difference between the value of a certain mode in the dimer and in the monomer
instead, shifts of existing modes which lead to lower wavenumbers result in
positive entropy contributions and vice versa, thereby providing a reliable measure
of the frequency shift effect on the vibrational entropy arising from modes already
present in the monomers.

In the case of the three investigated model reactions this contribution is
qualitatively different for each case, but the magnitude is always negligible as
compared to the effect of the new vibrational modes formed during the dimer-
ization. With the exception of very large shifts (which are not observed in these
systems), the magnitude of the shifts arising from the dimerization of water is
always insignificant due to the large wavenumbers of the three modes in the
water monomer (ranging from approximately 1,600–3,800 cm-1). As long as the
shifted mode is in that order-of-magnitude wavenumber domain, the effective
vibrational entropy contribution is much smaller than the accuracy of the com-
putations and negligible compared to the other factors contributing to the entropy
change, which results in a zero net effect from the shifts of existing vibrational
modes in the case of water. A similar situation is observed for the dimerization
of nitrogen dioxide, for which the only entropy contribution worthy of mention
arises due to the shift of the lowest mode in the nitrogen dioxide monomer
(742 cm-1) by approximately -15 cm-1, thereby leading to an insignificant
TDSshift value of 0.2 kJ/mol. The corresponding value calculated for the
dimerization of acetic acid equals -1.9 kJ/mol and is thus larger in magnitude as
the previously discussed numbers, but still smaller in absolute value than the
entropy contribution from every single of the newly formed modes. This increase
in magnitude as compared to the TDSshift values of hydrazine and the water
dimer can be rationalized in terms of the larger overall number of vibrations in
the acetic acid molecule as well as the shift of the two low-lying vibrations
already present in the monomer. As a consequence of the dimerization reaction,
one of these vibrations is shifted from 148 to 167 cm-1. In combination with a
larger number of shifts to higher wavenumbers, a formal loss of entropy due to
the shifts in already existing modes is observed, but as stated previously these
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contributions are negligible compared to the vibrational entropy gain from the
newly established modes.

The association entropy contributions arising from the rotational and transla-
tional degrees of freedom are always negative due to the loss of three degrees of
freedom in each case as can be seen from the corresponding numbers in
Table 3.11. In contrast to the vibrational entropy change, the entropy contributions
from these degrees of freedom cannot be uniformly decomposed into each single
degree of freedom of the respective kind. It is therefore more instructive to obtain
equations for the rotational and translational entropy change for reaction equations
of the form as in Eq. 3.3 by evaluating the corresponding equation

DSrot=trans ¼ SAB
rot=trans � SA

rot=trans � SB
rot=trans ð3:12Þ

on the basis of the absolute entropies as expressed in Eqs. 3.9 and 3.8. If the
symmetry number r of the dimer AB is the same as those of the monomers A and
B, this procedure yields for the rotational association entropy

DSrot ¼ �R ln
p1=2

r
T3

DHA;B
AB

" #1=2
0
@

1
A� 3

2
R

¼ DSyrot �
3
2

R; ð3:13Þ

where DHA;B
AB denotes the fraction between the rotational temperatures of the

monomers A, B and the rotational temperature of the dimer AB according to

DHA;B
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: ð3:14Þ

By applying the same course of action to the change in entropy due to the
translational degrees of freedom the corresponding equation for DStrans is given by

DStrans ¼ �R ln
V

NA

2pDmA;B
AB kBT

h2

" #3=2
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2
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� �
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2
R; ð3:15Þ

where DmA;B
AB abbreviates the mass relation between the dimer and the monomer

masses in complete analogy to the fraction of the rotational temperatures in
Eq. 3.14

DmA;B
AB ¼

mAmB

mAB
; ð3:16Þ

and KðDmÞ the thermal de Broglie wavelength according to Eq. 2.31 with regard to
the mass relation Dm expressed in Eq. 3.16. It is apparent from Eqs. 3.13 and 3.15

3.2 A Quantitative Error Analysis of the Rigid Rotor Harmonic Oscillator Model 73

http://dx.doi.org/10.1007/978-3-642-15736-3_2#Equ31


that the change in rotational and translational entropy upon the dimerization
consists of a constant contribution (-(3/2)R and -(5/2)R, respectively) as well as a
contribution due to the change in the relevant mechanical quantity (principal
moments of inertia and mass, respectively). The multiplicative relations in
Eqs. 3.14 and 3.16 found for these latter contributions are a direct consequence
of the logarithmic dependancy of the entropy on these quantities, see Eqs. 3.9 and

3.8. In addition, the inverse of the number density q�1
n ¼ ðNA=VÞ�1 yields a

contribution to the translational entropy change as well. With regard to a rrho-based
model for association entropies in the high density domain, a separation of the mass
contribution and the density contribution to the translational entropy change would
be reasonable. However, a further partitioning of the translational entropy change
in Eq. 3.15 according to these considerations would result in an argument of
the logarithm function not being free of units, which is not reasonable from a
physical point of view. In order to solve that problem and to obtain a sensible
partitioning, the introduction of an inverse unit number density (i.e., a unit volume)
qy�1

n ¼ 1m3 and a unit thermal de Broglie wavelength K1 ¼ 1m is necessary.
These quantities can then be employed for the partitioning of the translational
association entropy into a mass contribution DSmass and a density contribution
DSdens according to

DSmass ¼ �R ln qy�1
n KðDmÞ�3

� 

DSdens ¼ �R ln
V

NA
K�3

1

� �

DStrans ¼ DSmass þ DSdens �
5
2

R:

ð3:17Þ

The different contributions to the rotational and translational association entropy
according to Eqs. 3.13 and 3.17 are summarized in Table 3.13. From these

numbers it is seen that the change in rotational entropy TDSyrot due to the difference

in rotational temperature between dimer and the two monomers DHA;B
AB is rather

small and positive in the case of the water dimerization and that the overall
rotational association entropy is controlled by the constant contribution
(3/2)R. This result is based on the relatively large change in the rotational

Table 3.13 Mass (TDSmass) and number density (TDSdens) contributions to the translational

association entropy as well as rotational association entropy (TDSyrot) without the constant con-
tribution (3/2)R (listed separately) of gas phase dimerizations at T = 298.15 K and
p = 101,325 Pa

Reaction TDSyrot
�Tð32 RÞ TDSmass TDSdens �Tð52 RÞ

2H2O! ðH2OÞ2 0.4 -3.7 -179.3 144.9 -6.2
2AcOH!ðAcOHÞ2 -19.9 -3.7 -183.8 144.9 -6.2
2NO2 ! N2O4 -12.7 -3.7 -182.8 144.9 -6.2

All values in [kJ/mol]
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temperature for the water dimerization according to Eq. 3.14 which is in the
order of magnitude of T 3 at T = 298.15 K (T 3=DH2H2O

ðH2OÞ2
= 0.2). The rotational

temperature change mainly depends on the ratio of the principal moments of
inertia of dimer and monomer (see Eq. 2.38). Due to the very small principal
moments of inertia in the water monomer as compared to the dimer, this ratio is
rather large and therefore the dimerization entropy is only affected very little by
this contribution. The situation is different in the case of the hydrazine formation
and especially in the case of the acetic acid dimerization. The difference in order
of magnitude between the principal moments of inertia of the dimer and the
monomer for the dimerization of NO2 is considerably smaller and the change in
rotational temperature (see Eq. 3.14) is largely affected by the quadratic term in
the numerator (A = B in the case of dimerization reactions).

Consequently, the argument of the logarithm function in Eq. 3.13 assumes
considerably larger values as in the case of the water dimerization
ðT3=DH2NO2

N2O4
� 8; 700Þ. Following from that the change in rotational entropy

is negative and of a considerably larger magnitude as the constant contribution
(3/2)R as well as the value obtained for the rotational association entropy of water.
The same reasoning is true for the association of acetic acid, but in that case the
discussed effects are even more pronounced.

The partitioning of the translational association entropy summarized in the
second block of Table 3.13 indicates large contributions at T = 298.15 K from the
change in number density as well as the change in mass for all three model
reactions, which are significantly larger in absolute value as compared to the
constant contribution of (5/2)R. The magnitude of the system-unspecific TDSdens

value clearly arises due to an increase of the inverse particle density ðNA=VÞ�1

(i.e., a decrease of the number density), thereby extending the entropy of the
system. A reversed effect is observed for the translational entropy contribution due
to the change in mass as expressed in Eq. 3.17.6 For all investigated systems, an
entropy loss of considerable magnitude is predicted, which in combination with
the constant contribution of (5/2)R is responsible for the dominant effect of these
degrees of freedom on the total entropy change as e.g. expressed in Table 3.11.
The TDSmass part is always larger in magnitude than the contribution arising from
the change in number density, but the difference in mass between the various
monomers in the three investigated systems is not as noticeable in the resulting
entropy changes as in the case of the rotational degrees of freedom. This obser-
vation is based on the additional dependancy of the moments of inertia on the
distance to the center of mass, which in general will be larger in the dimer as

6 Please note that in an association reaction according to Eq. 3.3 there is of course no formal
change in mass taking place. However, by calculating the association entropy as expressed in
Eq. 3.12, the additive mass relation between the product and the reactants translates into a ratio
according to Eq. 3.16, which is equal to the reduced mass of the system. This quantity relevant
for the translational entropy change is not equal to one even if mA = mB as in the case of
dimerizations.
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compared to the monomer. Thus, the rotational association entropy is not only
affected by the increasing mass upon association, but also by the larger molecular
dimension of the dimers, and these two effects finally lead to a more significant
discrimination between the three examined systems in terms of the rotational
entropy change. However, the translational association entropy is the most
important contribution concerning the total magnitude, and the values listed in the
second block of Table 3.13 show that this entropy change is a balance between
two large opposing contributions due to the change in number density and a mass
difference according to Eq. 3.16, with a predominance of the latter part.

Thus, the detailed analysis of the association entropy contributions from the
interconversion of different degrees of freedom presented in this part supports the
previously observed controlling influence of the translational degrees of freedom
on the entropy change. The increase in vibrational entropy upon dimerization can
clearly be attributed to the formation of six new low-frequency vibrations in
the dimers rather than to an entropy production due to a shift of existing modes in
the dimers. There is no evidence found for the compensating effect between the
rotational and vibrational association entropy as observed for the pseudorotaxane
association (see Table 3.7) neither in the numbers from Table 3.11 nor in the
explicit expressions in Eqs. 3.13 and 3.10. However, the transition from the low
density regime (for which the association entropies of the rrho approach are in
good agreement to the experimental values, see Table 3.11) to the high density
regime in the frame of entropy changes according to the rrho approach possibly
has to be realized in terms of the translational degrees of freedom. The discussion
so far clearly demonstrates that in reactions subject to a particle number effect as
expressed in Eq. 3.3 the dominant contribution in all cases arises from the change
in translational entropy. In addition, the results of the present part show that the
translational association entropy (see Eq. 3.15) explicitly depends on the inverse
of the number density according to the Sackur–Tetrode equation, which will be
considerably different in the gas phase and in the condensed phase. Before
proceeding on this subject, a short literature review of previous studies on
the effect of changing particle numbers in entropy calculations will be given in the
following.

3.2.1.3 The Particle Number Effect in Literature

The preceeding sections are mainly focussed on a discussion and quantification of
the particle number effect occurring in association reactions of supramolecular
pseudorotaxane complexes and some small molecule systems. However, early
investigations concerning the subject of degree-of-freedom interconversion and
the accompanying entropy change already took place in biochemical research
during the 1950s and 1960s, when the thermodynamics of protein association were
examined in greater detail. One of the first of these studies was carried out by Doty
and Myers, who analyzed the equilibrium constant of the insulin monomer–dimer
equilibrium through intensity reduction of scattered light [32, 33]. The measured
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reaction entropies of the dissociation reaction were found to lie between
0 J/(mol K) and up to 50 J/(mol K) averaged over a temperature range from 293 to
313 K depending on the pH value of the aqueous insulin solution. These results
were in strong contrast to their theoretical estimate of about 122 J/(mol K) based
on the gain of translational and rotational entropy upon dissociation of a struc-
tureless dimer in the gas phase. Some 9 years later Steinberg and Scheraga
revisited the problem in a more rigorous fashion and pointed out that in protein
association reactions where the association takes place via non-covalent inter-
actions like hydrophobic bonding, the assumption of a complete loss of six
translational and rotational degrees of freedom might be inaccurate [34].
Furthermore, they stressed the importance of a possible entropy recovering
through new vibrational degrees of freedom in the associated product and gave a
straightforward decomposition of the association entropy into contributions from
the association itself (intrinsic entropy change) and the entropy change due to
different solute-solvent interactions of the monomer and the dimer. In principle,
this theoretical framework allows the calculation of the intrinsic entropy change
according to the statistical thermodynamics of an ideal gas (i.e., in analogy to the
rrho approach), whereas the solute-solvent contribution is expressed in terms of
phase space integrals, for which the interaction potentials between the solute and
solvent particles as well as between the solvent particles themselves have to be
known. Due to these contributions an appropriate extension of the rrho approach
can hardly be employed on the basis of static quantum chemical calculations.
Through estimates of the entropy contributions arising from the different degrees
of freedom they arrived at a total association entropy of -40 J/(mol K) for the
dimerization of two structureless insulin particles in solution, a value which is in
reasonable agreement to the measurements of Doty and Myers as well as to the
numbers calculated for the pseudorotaxane exchange reaction, see Table 3.8.
Although these results were referred to as not to be valid in the case of dimer-
izations involving more rigid covalent bonding, they clearly demonstrated the
importance of a detailed treatment of the degree-of-freedom interconversion for
the entropy difference in bimolecular reactions at an early stage.

The loss of translational and rotational entropy in bimolecular reactions was
also recognized as an important factor in the discussion of the chelate effect and
rate accelerations of intramolecular reactions [35, 36]. Page and Jencks pointed out
that the rate acceleration in solution for an intramolecular reaction compared to the
corresponding bimolecular reaction can be understood as an increased ‘‘effective
molarity’’ of one reactant relative to the other, which is based on an increased
number of rotational and translational entropy contributions to the reaction entropy
[36]. It was assumed that due to a possible displacement of several solvent
molecules upon the chelate ligand’s association, there will be an additional gain in
translational entropy and thus in effective concentration of the reactants
concerning the overall reaction rate. However, these considerations are difficult to
verify on the basis of common rrho calculations which rely on the single molecule
picture of static quantum chemistry. At the concrete example of a Diels–Alder
reaction the relevant aspects of the accurate treatment of solvent effects to the
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reaction entropy in solution as well as the residual entropy of the reaction product
due to low lying vibrations were already addressed. One of the major conclusions
of that study was the estimation of degree-of-freedom contributions to the entropy
and the observation that in most cases the translational contribution exceeds those
from rotations and vibrations, which is completely confirmed by the results pre-
sented in the previous parts of this thesis. In addition, the authors stated that even
low-frequency harmonic oscillations at e.g. 100 cm-1 or internal rotations,
for which estimates of S0 = 14–19 J/(mol K) per mode were given, can barely
compensate the translational contribution calculated to be between 121 and
151 J/(mol K) at molecular weights of 20–200 u and the standard concentration
1 M [36]. Again these numbers are in excellent agreement to the translational
association entropies obtained in the previous sections on the basis of the rrho
model, see Tables 3.7 and 3.11.

The interconversion of degrees of freedom in bimolecular association or
dissociation reactions and the influence on the reaction entropy remained a subject
of intensive research in the following years and gave rise to numerous publications
mainly in the field of biochemical sciences, which covered issues like ‘‘enthalpy-
entropy compensation’’ or ‘‘cratic entropy correction’’ [37–43]. One of the first
more accurate treatments of residual entropy in the association product of an
association reaction according to Eq. 3.3 in terms of semiquantitative calculations
was given in 1992 by Doig and Williams, who investigated the thermodynamics of
urea dimerization as a model system for the peptide bond in proteins [38]. These
authors estimated the intrinsic entropy change of hydrogen bond formation by
decomposition of the experimental reaction entropy of the dimerization reaction
into (negative) contributions from the lost translational and rotational degrees of
freedom and the replacement of the C–N internal rotation by a torsional harmonic
oscillation. For the actual calculation of the single components a force field and the
rrho model were employed in combination with a correction for the solvent effect,
in which additional water molecules bound to the substrate and their effect upon
mass and moments of inertia were considered as well as the condensation to the
pure liquid and dilution to the 1 M reference state. Furthermore, the entropy gain
due to newly formed vibrations in the reaction product was treated as part of the
hydrogen bond formation entropy, which thereby corresponds to a true loss of six
degrees of freedom in the dimer. In order to estimate these contributions, addi-
tional calculations of peptide monomers and dimers in non-polar solvents were
carried out including a harmonic frequency analysis, and the authors found some
new low-frequency vibrations in the dimer, for which an entropy contribution of
approximately 60 J/(mol K) per hydrogen bond was predicted. One of their con-
clusions concerning new vibrations and solvent effects implied that in non-polar
solvents as CCl4 the newly introduced vibrations can account for nearly all of the
hydrogen bond formation entropy and that their approach could not be easily
transferred to more polar solvents due to transient bonds between solvent and
solute. This is another example for a successful attempt to model entropic effects
within a solvent by means of microsolvation as in the case of the exchange
reaction for the pseudorotaxane association, but such approaches could be hardly
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feasible for routine standard quantum chemical calculations and the results are
hardly transferable between different solvents.

Another molecular mechanics study concerning the entropy change in dimer-
ization reactions was published by Tidor and Karplus in 1994 [41]. In this paper a
refined approach to the dimerization of insulin was presented including a full
normal mode analysis, thereby extending the structureless-particle model of Doty
and Myers [32]. Furthermore, these authors applied a strict decomposition of the
condensed phase reaction entropy into an intrinsic (gas-phase) contribution and the
solvent contribution based on statistical mechanics in the manner of Steinberg and
Scheraga, and stated that the use of gas-phase equations is a reasonable approxi-
mation if the solute–solvent interactions are constant over the conformational
space sampled during the reaction course.

During the last decade, the application of the rrho approach in combination with
static quantum chemical calculations has received considerable interest due to the
increase in computational performance of hardware and software alike. Besides
the association between supramolecular or biochemical compounds, reactions as
expressed in Eq. 3.3 are found in the catalytic cycles of homogeneous transition
metal catalysis. Numerous publications show that it is common practice to
calculate changes in thermodynamic quantities for different steps of a catalytic
cycle, which are employed for the prediction of the stabilities of intermediates and
to obtain a deeper understanding of the underlying reaction mechanism [44–58].
Although it is often mentioned that calculated entropy changes are computed
according to equations which are derived for gas phase reactions and that the
corresponding values would be different in solution, only few studies apply
correction schemes to account for that fact. Such corrections often rely on
modified Born-Haber cycles in which the thermodynamic reaction quantities are
calculated for the gas phase reaction and the transition to the condensed phase is
carried out in some approximate way or is based on empirical observations
concerning the entropy loss of compounds upon solvation [38, 59]. A prominent
example of this kind is the observation of Wertz that all substances lose a
comparable amount of their entropy upon transformation from the gas phase to
aqueous solution and that during this process the entropy change of water does not
significantly contribute to the solvation entropy of the substrate, even if consid-
erable solute-solvent interactions like e.g. hydrogen bonds are formed [59].
The solvation entropy estimate DSsolv proposed in that study for the transition to
aqueous solution is given by

DSsolv ¼ �0:46S; ð3:18Þ

where S denotes the gas phase entropy of the substrate at a concentration of
55.5 mol/L. Estimates of this kind have been successfully combined with static
quantum chemical computations for the entropy change occurring in ligand
association or dissociation reactions by Zhu and Ziegler [56]. These authors
applied a three-step process for the correction of the entropies calculated according
to the rrho approach, in which the substrate is first compressed to the molar volume
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of the solvent, thereby changing its entropy by DS ¼ RlnðVm;f=Vm;iÞ where Vm,f

and Vm,i denote the final and initial molar volume, respectively. Next, the entropy
fraction a lost upon the solvation process is obtained from the absolute entropies of
the pure solvent in its gas (S0

gas) and liquid (S0
liq) phase according to [56]

a ¼
S0

liq þ ðS0
gas þ R lnðVliq=VgasÞÞ

S0
gas þ R lnðVliq=VgasÞ

: ð3:19Þ

Finally, the substrate in solution is diluted to the 1 M reference state which
involves an entropy contribution similar to the one of the first step. In the case
of water, the authors confirmed the value for the fractional entropy loss of
a = -0.46 proposed by Wertz.

The approach of Zhu and Ziegler and the suggestion of Wertz demonstrate that
the intrinsical shortcomings of the rrho approach concerning the particle number
effect in entropy calculations can be corrected on the basis of empirical consid-
erations. Numerous suggestions of this kind either depending on solvent-specific
properties (as in the case of the approach by Zhu and Ziegler) [47, 56], on an
estimate of the solvation entropy (as in the Wertz example) [57, 59], or on rules of
thumb (as e.g. multiplying the gas phase reaction entropy by 2/3) [54, 55] can be
found in the literature. However, no general strategy for the transition from the gas
phase to the condensed phase with regard to the association entropy has been
suggested on the basis of the conventional rrho approach, which does not depend
on experimental measurements of solvent properties or phenomenological obser-
vations. The results of the previous part show that such a suggestion could be
formulated most conveniently in terms of the translational association entropy,
which explicitly depends on the inverse of the number density according to the
Sackur–Tetrode equation (see Eq. 3.8). However, the contributions arising from
the remaining degrees of freedom will also change upon transition from low to
high densities, and it would be helpful for the design of a high density rrho
approximation to permit a simplified treatment of these effects as well. Further-
more, a closer investigation of the approximations and the resulting errors
occurring in the combined application of standard quantum chemical calculations
and the rrho approach is of particular importance, because it is not directly clear
how these errors affect the association entropy at different densities. The error
analysis and the scaling parameters introduced in the next sections will provide a
tool for the treatment of these factors.

3.2.2 Quantification of Errors

The previous section provides a detailed analysis of the particle number effect in
reaction entropies of association reactions, and it is found that the association
entropy of these reactions in the gas phase can be calculated to good precision,
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see Table 3.11. However, due to the small test set of investigated reactions the
universality of this observation is not given, and the particle number effect in the
case of the pseudorotaxane association reaction in solution gives rise to consid-
erable differences between experimental measurement and the calculated values.
The following parts will focus on a classification of the approximations and errors
introduced in the general derivation of the rrho approach as presented in Sect. 2.1
and their quantification in terms of a numerical evaluation of the translational
partition function as well as scaling factors to the mechanical properties relevant
for the degree-of-freedom dependent partition functions. This first part aims at the
classification of the different errors occurring in the combined application of the
rrho model and static quantum chemical standard methods for the computation of
the mechanical quantities required as input by the model. The employed
approximations will be assigned to one of the three different classes:

• Model errors
• Model-inherent errors
• Technical errors

The class of model errors will feature the shortcomings arising from the primal
assumptions of the model itself, i.e., approximations which are directly employed
in the derivation of the rrho approach. These approximations largely contribute to
the simplicity of the rrho model and enable the analytical formulation of this
approach, thereby providing one of the most important advantages of this method
as compared to many methods relying on molecular dynamics simulations,
see Sect. 2.3. In addition, the molecular quantities required as input data to the
model are readily obtained from static quantum chemical calculations, for which
reason the rrho model can be applied as a natural and straightforward extension to
such computations as can be seen in many actual quantum chemical program
packages [60, 61]. However, this simplicity is not acquired without loss of
accuracy due to the model assumptions, which in general are not fulfilled by the
real system under investigation. Different from that class are errors arising within
the applied methodology, i.e., errors which would be present even if the model
would be exact. These are collected in the class of model-inherent errors and in the
frame of the rrho approach mainly appear in the form of an inaccurate prediction
of the mechanical quantities in terms of the applied quantum chemical method-
ology. Errors belonging to this class can be quantified in terms of scaling factors to
the particular quantity, and analytical expressions for the entropy as a function of
these scaling factors can be derived as will be shown in the following. The
introduction of scaling factors is a common concept in quantum chemistry and can
be efficiently employed for the correction of systematic errors due to an approx-
imate methodology. For instance, it is well known that harmonic frequencies
calculated in terms of the Hartree–Fock method overestimate the corresponding
frequencies obtained from experiments, and therefore it is common practice to
assign a scaling factor of approximately 0.9 to these values [62]. The last class of
errors includes inaccuracies arising due to technical reasons. In the case of the
computational rrho approach such errors are often of lesser importance as
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compared to the inaccuracies introduced by errors from the first two classes.
In addition, these inaccuracies often can be reduced further in a systematic way,
and their magnitude can be estimated to a good precision. The analysis of technical
errors will not be covered in detail in this thesis, but a short qualitative summary of
this class of inaccuracies will be given below.

3.2.2.1 Model Errors

The first class of errors arises due to the most obvious kind of approximations
introduced by the design of the rrho model itself. In real molecular systems,
rotations are not rigid due to centrifugal forces, oscillations are not harmonic due
to deviations of the real potential energy surface from the parabolic form, and
translational motion of molecular units does not take place in a potential-free cubic
box, especially not at higher densities. However, the application of these highly
ideal model systems is necessary for accessing the energy eigenvalues of the
respective degrees of freedom as pointed out in Sect. 2.1.2 and for successfully
establishing a connection between the rrho approach and results computable by
electronic structure theory. For this reason and due to the lack of ‘‘exact’’ alter-
native formulations, a quantification of the errors introduced by the application of
these model systems is very difficult and will not be covered in full detail in this
thesis. One exception to this is given by the vibrational degrees of freedom, which
can be systematically improved by extending the harmonic approximation in terms
of anharmonic corrections. If such corrections are applied in the vibrational
analysis, it is important to note that the harmonic oscillator partition function
(Eq. 2.41) is also no longer applicable, since this equation is explicitly derived on
the basis of the energy eigenvalues of a harmonic oscillator. Nevertheless, it is in
principle possible to account for these corrections e.g. in terms of quartic poten-
tials instead of the harmonic ones or by calculating anharmonic frequencies and
the corresponding partition functions on the basis of vibrational self consistent
field methods [63–65]. However, such approaches often come along with a
considerable computational effort and are not yet established as standard methods
for the calculation of thermodynamic properties of large or chemically complex
systems. In addition, with regard to an evaluation of the rrho approach at liquid
phase conditions the impact of anharmonic corrections on the vibrational entropies
is expected to be rather small as e.g. compared to the effect of the number density
on the translational entropy, which is found to be of considerable magnitude
according to the results discussed in the previous sections (see e.g. Table 3.13).
This reasoning is fully supported by a recent error analysis of the vibrational
entropy according to the harmonic oscillator approach with regard to entropies
obtained from a full vibrational configurational interaction (fvci) calculation for a
single water molecule [65]. The results of that study demonstrate that the entropies
calculated from the harmonic oscillator model and the fvci approach differ by
approximately TDS ¼ 0:01 kJ/mol at a temperature of T = 298.15 K, which is far
less than the inaccuracies in entropy expected from most other approximations of
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the rrho model.7 Thus, the analysis of model errors will focus on a quantification
of contributions arising from the treatment of the translational degrees of freedom
in the rrho model instead of the treatment of rotations as being rigid and vibrations
as being harmonic.

Besides these approximations, the derivation of the rrho approach in Sect. 2.1.2
involves additional inaccuracies which can be classified as model errors. As
pointed out in detail in Sect. 2.1.1, the factorization of the canonical N-particle
partition function Q into the single particle contributions q relies on the indistin-
guishable and (more important) ideal character of the constituting particles,
thereby ignoring any form of spatial dimensionality and interaction between the
particles. The error introduced by this ideal gas approximation is clearly more
severe for the treatment of condensed phase processes, but even in the gas phase
the importance of interparticle interactions cannot generally be ignored.
For instance, the gas phase of hydrogen fluoride at ambient conditions contains a
significant number of six-membered rings which would not be stable if the
intermolecular hydrogen bond is neglected [66, 67]. Thus, the isolated molecule
picture applied in static single molecule calculations (and in the factorization of
the rrho partition function) is often different from the real gas phase, and one
particular way of considering interparticle interactions (which will be investigated
in the next chapter) are cluster approaches treating more than a single particle in
the quantum chemical calculation. The single particle partition functions q are
generally still too complicated to calculate for most molecular systems, which is
the reason for an additional factorization of the single particle partition function
into its contributions from the molecular degrees of freedom as laid out in detail in
Sect. 2.1.2. This second factorization implies that each degree of freedom is
independent from all others and can be treated in terms of a separate partition
function. However, it is known from experiment as well as theory that certain
molecular degrees of freedom do couple, as can be seen in the finite values of, e.g.,
rotation-vibration coupling constants [68, 69]. The magnitude of these coupling
constants can provide information about the accuracy of the factorization into
different degrees of freedom (and whether it is reasonable at all), but without
knowledge of such system-specific properties the extent of this approximation and
the resulting error can hardly be estimated in a general way and with regard to the
density of the system.

Besides the factorizations of the partition functions Q and q, additional model
errors arise in the evaluation of the translational partition function qtrans and the
rotational partition function qrot due to the approximate treatment of the summa-
tion as an integral, see Eqs. 2.30 and 2.35. These model errors are accessible to a
numerical evaluation and will be quantified in the following for the translational

7 It should be noted that these small differences also arise due to the relatively large
wavenumbers of the vibrations in the water monomer, which affect the vibrational entropy only
to a small extent (see Eq. 3.10). Nevertheless, deviations in the order of magnitude of only some
J/(mol K) can be estimated for the low-frequency modes occurring in the dimers as well, which
justifies a preferential treatment of the remaining degrees of freedom.
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entropy of a water molecule at T = 298.15 K, thereby following the observation
that the translational entropy contributions show the largest impact on the total
association entropies, see Tables 3.7 and 3.11.

The accuracy of the high temperature approximation for the translational
degrees of freedom can be estimated by calculating the difference in the argument
of the exponential function bD�trans in Eq. 2.29 for two adjacent values of l, which
is given by [21]

bD�trans ¼ b
h2ðlþ 1Þ2

8ma2
� h2l2

8ma2

 !
¼ b

h2ð2lþ 1Þ
8ma2

: ð3:20Þ

From this equation it is apparent that the difference between the exponential terms
in Eq. 2.29 decreases as the temperature is increased which is to be expected
according to the high temperature limit. For a water molecule of mass m = 18 u
and a box length of a = 10 cm, the translational quantum number l assumes
values in the order of magnitude of 109–1010 at room temperature, and the
difference in translational energy states weighted by temperature according to
Eq. 3.20 amounts to approximately 3 9 10-10 [21]. Consequently, the effect of
the continuum approximation to the translational energy spectrum can be expected
to be rather small at these conditions. However, a box length of 10 cm is not a
realistic estimate for the range available for translational motion in the condensed
phase. The length scale of translational motion for a water molecule in the liquid
phase at ambient conditions can be estimated from the density and the molar
weight of water to be in the order of magnitude of 3 9 10-10 m or even smaller
(a more rigorous approach to the estimation of the free translational volume in the
condensed phase will be presented at the end of the chapter). At these conditions a
typical value for the translational quantum number is given by l = 10 according to
Eq. 2.28 and the equipartition theorem. Accordingly, the thermally weighted
difference expressed in Eq. 3.20 assumes values as large as bD�trans ¼ 0:1, which
clearly is in a different order of magnitude as the value obtained for the previous
conditions. Thus, the distance between adjacent translational energy states
amounts to approximately 10% of the available thermal energy b-1, and the
integral approximation of the sum in the translational partition function according
to Eq. 2.30 can be expected to be less accurate as in the case of macroscopic box
dimensions. In order to quantify the accuracy of the high temperature limit for the
translational partition function in the condensed phase, values obtained from the
exact equality as expressed in Eq. 2.29 have to be compared to numbers obtained
from the integral approximation in Eq. 2.30 at translational length scales repre-
sentative for liquid phase densities. The exact evaluation of the sum in Eq. 2.29 is
in principle not possible (which is the reason for the application of the integral
approximation) due to the infinite number of terms, but the inverse quadratic
dependancy of each summand on the translational quantum number l should lead
to an acceptable convergence behavior, and the estimate for l according to the
equipartition theorem indicates that relatively small values of the translational
quantum number yield the most important contributions to the sum in Eq. 2.29 at
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length scales typical for the condensed phase. This can clearly be seen from the
distributions of the individual terms as a function of the translational quantum
number l as illustrated in Fig. 3.4. For a translational scale of approximately
a = 3 9 10-10 m estimated for liquid water at ambient conditions, a steep decline
of the translational exponential terms is observed and the only significant contri-
butions arise from translational quantum numbers of up to l = 30. Within this
interval, the value of these terms decreases by two orders of magnitude, and from a
numerical point of view the zero limit for l!1 is virtually reached for l&65.

By restricting the evaluation of the translational partition function according to
Eq. 2.29 to the first 30 terms in the sum, 99% of the value obtained for qtrans on the
basis of the first 2,000 terms is recovered. These considerations demonstrate that at
liquid phase densities a numerical evaluation of the translational partition function
is feasible and that such a calculation could be a more accurate alternative as
compared to the integral approximation. The situation is different if the transla-
tional scale a is raised by a factor of ten. In this case the decline of terms obtained
from larger values of l is not as pronounced as before, and considerable contri-
butions are found for translational quantum numbers of up to l = 300. The zero
limit for l!1 is numerically obtained for quantum numbers as large as l = 650,
and the first 30 terms of the sum in Eq. 2.29 only contribute approximately 1% to
the value of qtrans calculated from the first 2,000 terms. Thus, an accurate evalu-
ation of qtrans on the basis of the exact equality in Eq. 2.29 becomes increasingly
difficult if the translational scale is enlarged. This is even more obvious if the box
length is again raised by a factor of ten to a value of a = 3 9 10-8 m. Now the
first 30 terms yield a constant contribution of 1.0 according to the limit l! 0, i.e.,
the fraction l2/a2 is so small that this limit is numerically reached for the first 30
terms, and the decline of the distribution is considerably slower as for the previ-
ously examined cases. This can clearly be seen in the large contribution arising
from the term for l = 2,000, which is equal to 1.38 9 10-1 and thereby amounts
to approximately 14% of the first term in the sum. From these observations it is
clear that for length scales in the order of magnitude of 10-8 m and larger the sum
in the exact equality for qtrans does not converge within the first few thousand

0 50 100 150 200 250 300 350

translational quantum number l

0

0.2

0.4

0.6

0.8

1

ex
p(

-β
h2 l2 /(

8m
a2 )) a=3x10

-10 m

a=3x10
-9

 m

a=3x10
-8

 m

Fig. 3.4 Distribution of
terms appearing in the
translational partition
function (Eq. 2.29) with
varying translational quan-
tum number l for three
different box lengths
(a = 3 9 10-10 m,
a = 3 9 10-9 m, and
a = 3 9 10-8 m) at
T = 298.15 K. For the sake
of clarity only every second
term is plotted in the two
latter cases

3.2 A Quantitative Error Analysis of the Rigid Rotor Harmonic Oscillator Model 85

http://dx.doi.org/10.1007/978-3-642-15736-3_2#Equ29
http://dx.doi.org/10.1007/978-3-642-15736-3_2#Equ29
http://dx.doi.org/10.1007/978-3-642-15736-3_2#Equ29
http://dx.doi.org/10.1007/978-3-642-15736-3_2#Equ29


terms and that a numerical evaluation of the translational partition function
represents a considerable task which could be too laborious for standard appli-
cations. However, at translational volumes in the order of magnitude estimated to
be relevant for liquid water, an acceptable convergence of the sum in Eq. 2.29 can
be expected, and on the basis of this observation a comparison between the exact
equality and the integral approximation for the translational partition function can
be carried out at these conditions.

However, there is still one important detail which has to be considered in order
to perform a reasonable comparison between the numbers obtained from Eqs. 2.29
to 2.30. The lower limit of the integral in Eq. 2.30 is equal to zero, i.e., the lowest
value the integration variable l can assume is zero, thereby allowing a convenient
evaluation of the Gaussian-type integral. In contrast, the explicit summation over
the Boltzmann factors of the particle-in-a-box energy eigenstates is accomplished
in terms of the quantum number l, which can assume values from the set of
positive natural numbers, i.e., a term for l = 0 does not occur in Eq. 2.29
according to the quantum mechanical treatment of the particle-in-a-box problem
(for l = 0 the wave function of the particle would also be equal to zero and
therefore no normalization would be possible). This is no problem in the high
temperature limit where l is treated as a continuous variable according to the
assumption of a continuum of energy states, since in this approximation l can
assume any value arbitrarily close to zero. In order to account for this difference in
the energy scale between both approaches for the calculation of qtrans, one has to
ensure that the lowest possible energy state obtained for l = 1 is equal to zero,
which formally corresponds to a translational quantum number of zero according
to Eq. 2.28. This can be done most directly by the introduction of a shifted
spectrum of eigenstates f�yðlÞg, which differs from the original spectrum by the
energy of the ground state according to

�yðlÞ ¼ �ðlÞ � �ð1Þ; ð3:21Þ

i.e., the energy of the lowest state in the shifted spectrum is equal to zero. The
effect of these shifted translational energy eigenvalues on the translational parti-

tion function qytrans is directly obtained from Eqs. 2.29 and 3.21 according to

qytrans ¼
X1

l

exp �b�yðlÞ
� �" #3

¼
X1

l

exp �b½�ðlÞ � �ð1Þ�ð Þ
" #3

¼
X1

l

exp �b�ðlÞð Þ � exp b�ð1Þð Þ
" #3

¼ exp b�ð1Þð Þ
X1

l

exp �b�ðlÞð Þ
" #3

¼ exp 3b�ð1Þð Þqtrans; ð3:22Þ

i.e., the partition function is affected by a constant factor of expð3b�ð1ÞÞ. The
comparison between qtrans obtained from the high temperature limit as well as
calculated according to Eq. 3.22 is illustrated in Fig. 3.5, in which the natural
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logarithm of the translational partition function obtained from these two different
approaches is plotted as a function of the box length. In this comparison the natural
logarithm is employed instead of the actual value of the partition function itself due
to the many order of magnitudes which qtrans adopts in this length scale interval.
Furthermore, the natural logarithm is the relevant quantity on which the entropy
depends on in the (N, V, T) ensemble according to Eq. 2.64. The plots in Fig. 3.5
demonstrate that at length scales of a = 2.5 9 10-10 m the replacement of the sum
by an integral according to Eq. 2.30 is a rather accurate approximation at
T = 298.15 K. There is only a small difference between the logarithms of qtrans

calculated from Eqs. 3.22 to 2.30, respectively, as can be seen from the difference
function D lnðqtransÞ which assumes values very close to zero in this region.
Increasing deviations between the two approaches are found at length scales of
a = 1.5 9 10-10 m and smaller. In this region, the result obtained from Eq. 3.22
constantly yields values of lower magnitude as compared to the ones calculated
according to the integral approximation, and the differences are increasing
with a further decrease of the box length as can be seen in the values of the
difference function D lnðqtransÞ deviating from zero. At translational scales of
a = 5 9 10-11 m and smaller the difference in qtrans calculated from the two
approaches decreases again, and at approximately a = 3 9 10-11 m both curves
cross each other. However, beyond that point both partition functions diverge rather
fast, which is the reason for a steep rise of the difference function D lnðqtransÞ at this
length scale and smaller values of a. The curve obtained from the numerical
evaluation (Eq. 3.22) declines less significantly than before and asymptotically
approaches zero in the limit a! 0. This behavior is to be expected, since smaller
box lengths formally correspond to a decrease of temperature according to
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Fig. 3.5 Natural logarithm of the translational partition function calculated according to the
shifted summation (Eqs. 3.22 and 2.29) and according to the integral approximation (Eq. 2.30) as
a function of the box length a at T = 298.15 K. D lnðqtransÞ gives the magnitude of difference
between the exact result and the one obtained from Eq. 2.30. For the evaluation of Eq. 2.29,
a constant upper summation limit of l = 2,000 is chosen
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Eq. 2.29, and the canonical partition function approaches one in the limit of T ! 0
due to the vanishing contribution from the higher terms in the sum of Eq. 3.22 [70].

However, this progression is not observed for the curve calculated from the high
temperature limit, which is of the functional form f ðxÞ ¼ lnðx3=2Þ according to Eq.
2.30 and thereby represents the graph of an analytic logarithm function. Conse-
quently, in the limit of a! 0 the integral approximation for the calculation of qtrans

behaves like the ordinary natural logarithm function and approaches -?. This
contrary trend observed for the two approaches leads to significant differences at
the lower end of the examined length interval. Below a = 2.5 9 10-11 m the
difference function deviates from zero by a considerable amount, and at the
smallest box length considered (a = 1 9 10-11 m) the result obtained from
Eq. 3.22 differs from the one according to the integral approximation by a factor of
approximately 14. This clearly indicates that at translational scales of roughly
a = 1 9 10-10 m or lower the high temperature approximation to qtrans as
expressed in Eq. 2.30 might introduce a non-negligible error to the translational
entropy, but at the translational scale of approximately a = 3 9 10-10 m estimated
previously for the case of liquid water there is only a very small difference between
the two approaches. Hence, the error introduced to the translational entropy is
negligible at these conditions. However, this value of a is only a rough order-of-
magnitude estimate of the translational length scale in liquid water and for instance
neglects the distinctive hydrogen bond network found in the liquid water phase,
which will additionally constrain the translational motion of individual water
molecules [71, 72]. Therefore, the actual translational length scale in liquid water
could as well be smaller than a = 3 9 10-10 m, but since substantial large devi-
ations between the two investigated approaches do not show up at length scales
above a = 2.5 9 10-11 m (which is equal to approximately one quarter of the
oxygen–hydrogen bond length in the water molecule), the effect on the translational
entropy at ordinary liquid phase densities can be expected to be rather small.

In order to confirm these considerations, the difference in translational entropy
calculated from the shifted sum in Eq. 3.22 and from the high temperature limit
will be quantified in the following. As laid out in the discussion of the Sackur–
Tetrode equation (see Eq. 3.8), the factorial term N!-1 in the canonical partition
function (see Eq. 2.20) is usually combined with the translational entropy and
evaluated according to Stirling’s approximation. However, at translational length
scales as small as those illustrated in Fig. 3.5, this contribution is considerably
larger (�R lnðNAÞ þ R ¼ �133:3 kJ/mol at T = 298.15 K) than the true transla-
tional entropy obtained from qtrans, which will result in a shift of the translational
entropy to negative values due to the negative sign of the �R lnðNAÞ term. For this
reason only the true translational contribution as expressed in Eq. 3.7 will be
analyzed. In the case of the high temperature limit, this procedure leads to a
modified Sackur–Tetrode equation for the translational entropy, which is given by

Strans ¼ R ln V
2pmkBT

h2

	 
3=2
 !

þ 3
2

R; ð3:23Þ
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i.e., all dependencies on the particle number are eliminated from the equation.
In analogy, only the first term in the third line of Eq. 3.7 will be considered in the
case of the numerical evaluation of qtrans. According to the definition in Eq. 2.64,
the derivative of the logarithmized partition function with respect to the temper-
ature has to be calculated in addition to the absolute value, which is already plotted
in Fig. 3.5. In the case of the modified Sackur–Tetrode equation, this derivative
term yields a constant contribution of (3/2)R as can be seen in Eq. 3.23. The
situation is different for the shifted partition function in Eq. 3.22, since each single
term of the sum depends exponentially on the inverse temperature and the shift of
the translational energy states according to Eq. 3.21 has to be considered. For that
case the differentiation with respect to temperature is thus given by

o lnðqytransÞ
oT

 !

N;V

¼ o

oT
ln expð3b�ð1ÞÞ �
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The translational entropies calculated from these equations are illustrated in
Fig. 3.6 as a function of the translational length scale. For the numerical approach

the contribution to the entropy arising from the absolute term R lnðqytransÞ and the

derivative term RTðo lnðqytransÞ=oTÞ are plotted separately. It is apparent that in
analogy to the curves in Fig. 3.5 there is only a very small difference in transla-
tional entropy calculated according to the high temperature limit and from the

partition function qytrans down to length scales of approximately a = 1 9 10-10 m.
Below this distance, the two curves start to show larger differences, and at length
scales of approximately a = 2.5 9 10-11 m both approaches predict a completely
different entropy trend. At these distances, the translational entropy obtained from
the high temperature limit declines very fast and crosses the zero entropy line at
approximately a = 1.5 9 10 -11 m, and at even smaller length scales a negative
translational entropy is predicted by this approximation with Strans ! �1 in the
limit a! 0. Such a trend is physically unreasonable, since the smallest entropy a
system can assume is zero according to the third law of thermodynamics, but is to
be expected due to the logarithmic dependancy of the translational entropy on the
volume as expressed in Eq. 3.23 [21].

Thus, the integral approximation can be classified as being accurate at length
scales of approximately a = 1 9 10-10 m and above, but smaller translational
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scales lead to increasing inaccuracies and a physically not reasonable entropy
prediction below a box length of approximately a = 1.5 9 10-11 m. In contrast,
the translational entropy calculated from the numerical evaluation of Eq. 3.22
assumes constantly smaller values of approximately 5 J/(mol K) than those cal-
culated from the high temperature limit at length scales below a = 1 9 10-10 m.
At even lower length scales, the slope of this curve decreases significantly and no
longer parallels the one predicted by the high temperature approximation. In the

limit a! 0 the translational entropy obtained by the numerical evaluation of qytrans

approaches Strans ! 0, which is in complete contrast to the high temperature
prediction in the corresponding limit. However, this is a physically reasonable
progression which is to be expected according to the third law of thermodynamics,
since a variation of the translational scale is qualitatively equivalent to a variation
in temperature, see Eq. 2.29. From the curves calculated for the individual

contributions R lnðqytransÞ and RTðo lnðqytransÞ=oTÞ it is apparent that at length scales
larger than a = 5 9 10-10 m the translational entropy is largely determined by the

absolute term R lnðqytransÞ concerning magnitude and especially the slope of the

curve, whereas the derivative term RTðo lnðqytransÞ=oTÞ yields a constant contri-
bution of approximately 10 J/(mol K). Both contributions cross at approximately
a = 4 9 10-11 m, and at even smaller distances the derivative term starts to
decline as well, but not as fast as the absolute term. Consequently, the largest
contributions to the entropy in this length domain arise from the derivative term,
but the estimated differences of about 2–3 J/(mol K) are rather small. In the limit
of very short distances, both terms approach zero, which is the reason for the
translational entropy to behave equally in the numerical evaluation scheme of the

0 5e-11 1e-10 1.5e-10 2e-10 2.5e-10

box length a [m] 

-10

0

10

20

30

40

50

60

70

S
 [J

/(
m

ol
 K

)]
S(q

+
trans) exact

Rln(q
+

trans)

RT(dln(q
+

trans)/dT)

S(qtrans) integral

Fig. 3.6 Translational entropies calculated according to the shifted summation (Eqs. 3.22 and
2.29) and to the integral approximation (Eq. 2.30) as a function of the box length a at

T = 298.15 K. R lnðqytransÞ and RTðo lnðqytransÞ=oTÞ denote the individual contributions from the

absolute and the derivative term according to Eq. 2.64 for the numerical evaluation of qytrans. For
the evaluation of Eq. 2.29, a constant upper summation limit of l = 2,000 is chosen
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translational partition function. Thus, the translational entropies predicted by the
integral approximation and the numerical summation of the translational partition
function are almost identical over a very large translational scale. Deviations
between the two approaches start to show up at length scales of approximately
a = 1 9 10-10 m and below, thereby demonstrating that the high temperature
limit is an accurate approximation at gas phase densities and possibly also at
ordinary liquid phase densities. Care has to be taken at very short translational
scales of approximately a = 5 9 10-11 m and below, at which both predictions
show larger discrepancies. This is especially apparent in the limit a! 0, in which
the high temperature approximation approaches a physically not reasonable
translational entropy of Strans ! �1. However, the significance of this behavior at
length scales considerably below those of most chemical bonds for translational
entropies in the condensed phase is questionable.

In addition to the application of the high temperature limit to the translational
and rotational partition functions, Stirling’s approximation is typically invoked for
standard entropy calculations in the frame of the rrho model in order to combine
the factorial term of the canonical partition function in Eq. 2.26 with the
translational entropy as expressed in the Sackur–Tetrode equation, see Eq. 3.8.
Stirling’s approximation can be understood as an integral approximation and
therefore belongs to the class of model errors in complete analogy to the high
temperature limit, since the sum appearing in the logarithm of the factorial
expression

lnðN!Þ ¼
XN

n¼1

lnðnÞ ð3:25Þ

is approximated by an integration according to

lnðN!Þ ¼
XN

n¼1

lnðnÞ �
ZN

1

lnðnÞdn ¼ N lnðNÞ � N ð3:26Þ

for large values of N [21]. In addition, Stirling’s approximation is an example for
an asymptotic approximation to an analytic function, which implies that it will
become more accurate as the magnitude of the function argument is increased [21].
In analogy to the procedure applied in the case of the high temperature limit, the
accuracy of Stirling’s approximation is most directly quantified by comparing the
results of the exact equation to the one obtained from the approximate expression.
Such a comparison for increasing values of N is summarized in Table 3.14 [22].
The numbers listed in Table 3.14 indicate that for N [ 1,000 Stirling’s approxi-
mation can be seen as being exact with regard to the entropy calculations in the
frame of the rrho model, because in that model Stirling’s approximation is usually
applied to resolve the term kB lnðN!Þ, and in almost all cases N is in the order of
magnitude of Avogadro’s number NA. For these values of N, no difference between
the exact expression and Stirling’s approximation can be computed via standard
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applications, which demonstrates that the effect of this approximation on the
calculated entropies can be neglected.

Hence, there are three approximations classifiable as model errors in the rrho
approach, namely the decoupling of the N-particle system (and of different
molecular degrees of freedom), Stirling’s approximation, and the approximation
introduced by the quantum model systems including integral substitution of sums
over energy states. The first of these model errors is based on the complete neglect
of intermolecular interactions and will be examined in detail in the following
chapter in terms of cluster approaches to condensed phase thermodynamics.
The error arising from the application of the quantum mechanical model systems is
difficult to quantify in the case of the particle-in-a-box model and the model of the
rigid rotor, because a more elaborate treatment of the corresponding degrees of
freedom soon leads to models too complicated to be routinely employed in
standard applications [21, 73]. In the case of the harmonic approximation, a
quantification is possible in terms of anharmonic corrections to frequencies and the
vibrational partition function, but their effect on the entropy are calculated to be
small for the case of water at ambient conditions by the fvci method [65].
However, the situation can be different if a considerable number of low-frequency
vibrations is present, which are often poorly treated by a harmonic potential but at
the same time yield the largest entropy contributions, see Table 3.12 [37, 74]. This
situation can e.g. occur if internal rotations within the molecule are treated as
harmonic vibrations. However, a numerical analysis carried out for the gas phase
association between hydrogen fluoride and chlorine monofluoride indicates that
the rrho approximation is again applicable with a reasonable accuracy for entropy
calculations at medium temperatures like e.g. room temperature [75, 76]. The
analogous numerical analysis for the assessment of the integral approximation to
the translational entropy contribution and the application of Stirling’s approxi-
mation presented in this section demonstrates that these integral approximations
are accurate over a rather large interval of the relevant parameters as well.
The numerical result for the translational entropy differs from that of the high
temperature approximation considerably only at small translational scales of
approximately one hundred picometers and below, and Stirling’s approximation
can be classified as being accurate for those numbers typically occurring in the
treatment of chemical systems.

Table 3.14 Results obtained
from Stirling’s approximation
N lnðNÞ � N and the exact
expression lnðN!Þ for
increasing values of N

N lnðN!Þ N lnðNÞ � N Deviation [%]

1 9 100 0.00 -1.00 -

1 9 101 1.51 9 101 1.30 9 101 13.8
1 9 102 3.64 9 102 3.61 9 102 0.9
1 9 103 5.91 9 103 5.91 9 103 0.1
1 9 104 8.21 9 104 8.21 9 104 0.0
1 9 105 1.05 9 106 1.05 9 106 0.0

The last column gives the deviation between both results in
percent [22]
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At the end of this part it should be noted that in the usual combination of static
quantum chemical calculations and the rrho approach another form of model error
is often encountered, which results from the neglect of conformational effects at
finite temperatures. At a given temperature several different conformers will
typically make a relevant contribution to the thermodynamic state in most systems
according to their Boltzmann factor, but in many quantum chemical applications
these contributions are neglected and only one minimum structure is considered.
The effect of this model error is highly system-specific though, and for a given
system and a given temperature could be estimated in terms of md simulations in
the (N, V, T) ensemble (or an appropriate Monte Carlo sampling). However, this
chapter concentrates on the calculation of thermodynamic quantities from the
single molecule approach of static quantum chemistry and its link to the rrho
model via the mechanical properties obtained from the electronic structure
calculation, and the effect of inaccuracies in these properties will be quantified in
the following section.

3.2.2.2 Model-Inherent Errors

The results and the discussion presented in the previous part is focussed on the
errors in entropy arising from the approximations which are typically invoked
during the derivation of the rrho model, see Sect. 2.1.2. In contrast, the following
content will concentrate on a quantification of errors in entropy predictions due to
inaccuracies beyond the ones which are introduced by the model itself, i.e., errors
occuring within the applied methodology. According to the formulation of the rrho
approach as laid out in Sect. 2.1.2, the molecular properties which have to be
available for the evaluation of the molecular partition function are the molecular
mass m and the principal moments of inertia Ia,b,c for the translational and rota-
tional degrees of freedom, respectively, and the full set of harmonic frequencies
{mk} in the case of the vibrational partition function. In addition, the degeneracy of
the electronic ground state has to be known in order to calculate the contribution
from that state to the electronic partition function, and if excited electronic states
are thermally accessible the respective energies also have to be provided for a
numerical evaluation of qel according to Eq. 2.43. The determination of these
quantities and the effect of possible inaccuracies in that determination is no direct
consequence of the rrho approach, and therefore these errors are separated from
the model errors in the class of model-inherent errors. A possible way for the
determination of the above listed molecular properties are experimental mea-
surements, but the analysis of this section will concentrate on the calculation via
static quantum chemical methods. However, the quantification of errors in entropy
predictions presented below can also be applied to inaccuracies due to experi-
mental measurements.

The most general approach for the computational determination of the required
molecular properties is the execution of a structure optimization of the sys-
tem under investigation followed by a normal mode analysis (see Sect. 7.1).
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The optimized geometry will provide information about the principal moments of
inertia, whereas the normal mode analysis yields the full set of harmonic
frequencies. The determination of the molecular mass is a straightforward
procedure for which no electronic structure calculation is required. It should be
noted that isotopic effects are rarely considered in the structure optimization and
the normal mode analysis, i.e., the mass of individual isotopes has to be applied in
the determination of the molecular mass rather than the atomic weights. However,
translational entropies according to the rrho approach are barely affected by these
differences, e.g. the difference in translational entropy for a monomer of heavy
water and one monomer of normal water is less than 2 J/(mol K) at T = 298.15 K.
The situation will be more complicated in the case of the principal moments of
inertia and the harmonic frequencies, because these quantities directly depend on
the quantum chemical methodology and thereby are normally exposed to several
approximations from the chosen method. On the level of the quantum chemical
methodology most of these approximations can either be classified as model errors
(e.g. the neglect of excited determinants in single reference methods) or technical
errors (e.g. finite values for the convergency criteria of an iterative calculation),
but in the frame of the rrho approach these inaccuracies are labeled as
model-inherent errors, because they do not arise within the rrho model itself.
A direct quantification of such model-inherent errors on the theoretical basis of the
chosen electronic structure method is very complicated due to the interference of
technical errors which are always present in the computational implementation of
a given methodology. In addition, an incorporation of these expressions into the
evaluation of the partition functions for the rotational and vibrational degrees of
freedom according to the procedures introduced in Sect. 2.1.2 would have to be
accomplished.

The approach pursued in this section will be different insofar as the individual
sources of inaccuracies arising from the application of a certain electronic struc-
ture method are merged into a universal scaling factor dx for each of the relevant
molecular properties (x 2 fm; q�1

n ; Ia;b;c; fmkgg) (with regard to a high density
assessment, both the mass m as well as the inverse number density q�1

n will be
subject to the scaling procedure even though these quantities are not obtained from
the electronic structure calculation). There are extensive studies available in the
literature evaluating the performance of many different electronic structure
methods with regard to structure optimization and normal mode analysis [62].
From these investigations the uncertainty of the applied methodology for the
calculation of the particular property x can be estimated and translated into an
appropriate scaling factor, which can subsequently be employed for the determi-
nation of the corresponding error in the entropy dSy according to

dSyðdx; xÞ ¼ Sideal
y ðxÞ � Sreal

y ðdx; xÞ; ð3:27Þ

where Sideal
y ðxÞ denotes the unscaled entropy contribution from the regular rrho

model for the particular degree of freedom y (y: trans, rot, vib) and Sreal
y ðdx; xÞ the

entropy being subject to inaccuracies in terms of the corresponding scaling factor dx.
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The first application of this scheme will be the scaling of the translational
entropy as a function of the mass m and the inverse number density q�1

n .
According to the analytic form of the Sackur–Tetrode equation (Eq. 3.8) the
corresponding error functions dStransðdmÞ, dStransðdq�1

n
Þ only depend on the scaling

factors dm, dq�1
n

and are given by the following expressions

dStransðdmÞ ¼
3
2

R ln
1
dm

� �
ð3:28Þ

dStransðdq�1
n
Þ ¼ R ln

1
dq�1

n

 !
: ð3:29Þ

From the inverse logarithmic dependancies expressed in Eqs. 3.28 and 3.29 it is
clear that the error will be zero for a unit scaling dm ¼ dq�1

n
= 1 and that the error

will increase as the scaling factors deviate from unity. A plot of the translational
error functions is illustrated in Fig. 3.7. From these curves it is apparent that
non-negligible errors of dStrans = 5 J/(mol K) in the translational entropy are
found for scaling factors of approximately dq�1

n
= 0.6 and dm = 0.8. There is only a

moderate increase in both error functions over a rather wide interval of scaling
factors, with dStransðdmÞ rising faster at smaller values of the corresponding scaling
factor as it is to be expected according to Eq. 3.28. At scaling factors of d = 0.2
and below the increase of the error in the translational entropy is more pronounced
already for small variations in d, and in the limit d! 0 both curves approach
dStrans = ? which again is apparent from Eqs. 3.28 to 3.29. However, it is also
obvious that substantially large errors in the translational entropy are only obtained
in the case of very small scaling factors. Even if the relevant property is reduced to
10% of its original value (i.e., a scaling parameter of d = 0.1 is applied), the
error in translational entropy only amounts to free energy contributions of
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TdStransðdmÞ ¼ 8:6 kJ/mol and TdStransðdq�1
n
Þ ¼ 5:7 kJ/mol for the scaling of mass

and inverse number density, respectively. If for instance the transition from heavy
water to normal water is exemplarily considered, a mass scaling factor of dm = 0.9
is calculated. Thus, it is apparent from Fig. 3.7 that the error in translational
entropy due to isotope effects or comparable mass inaccuracies can be neglected in
most cases.

However, the situation could be different in solution. If non-covalent interac-
tions of sufficient strength are present between solvent and solute, the effective
translational mass could be considerably different from the molecular mass of the
solute due to the translational motion of the whole solvent cage surrounding the
solute. During the association reaction between two solute molecules, chemical
transformations (e.g., the formation of new bonds, the alteration of functional
groups, or the increase of the steric demand in the associated product) can lead to a
mass reduction of the solvent cage per monomer, thereby introducing rather large
uncertainties in the effective translational mass. Since these aspects are highly
system-specific, Eq. 3.28 could help to estimate such effects for a concrete case.
A similar situation is found for possible inaccuracies of the inverse number density
q�1

n as can be seen from Fig. 3.7. In a typical rrho computation, the number density
of an ideal gas is applied in the frame of the Sackur–Tetrode equation. If this
approach is to be employed for the treatment of condensed phase processes, the
number density will be considerably different from that of an ideal gas, and the
error in translational entropy can be estimated from Eq. 3.29 and Fig. 3.7,
respectively. This can again be illustrated for the case of water at ambient con-
ditions. An order-of-magnitude estimate of q�1

n = 1.8 9 10-5 m3/mol for the
inverse number density of liquid water at room temperature can be obtained
from the mass density (qmðH2OÞ � 997kg/m3) and the molar mass (MðH2OÞ ¼
0:018 kg/mol) [77]. In order to rescale the corresponding inverse number density
of an ideal gas (q�1

n ¼ 2:4� 10�2 m3=mol at T = 298.15 K) to the value
estimated for liquid water, a scaling factor of dq�1

n
¼ 7:5� 10�4 has to be applied,

for which an error in translational entropy of dStransðdq�1
n
Þ ¼ 59:8 J/(mol K) is

calculated according to Eq. 3.29. Such an error results in a considerable contri-
bution to the free energy of about TdStransðdq�1

n
Þ ¼ 17:8 kJ/mol at T = 298.15 K

and thereby constitutes a non-negligible impact on translational entropy changes in
the condensed phase obtained from the rrho approach. It is important to note that
according to Fig. 3.6 estimates of this kind are only reasonable at liquid phase
densities for which translational length scales of approximately a = 1 9 10-10 m
or larger are to be expected, because the error function expressed in Eq. 3.29 is
derived from the Sackur–Tetrode equation (see Eq. 3.8), which in turn is based on
the integral approximation for the evaluation of the translational partition function
as expressed in Eq. 2.30. The analysis carried out in the previous part demonstrates
that this approximation is of reasonable accuracy at translational lengths in the
domain of about one hundred picometers and larger, and the order-of-magnitude
estimate obtained in that section for liquid water at ambient conditions
amounts to a & 3 9 10-10 m. These numbers indicate that the high temperature
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approximation and therefore the error function as expressed in Eq. 3.29 should be
reliable for this particular case.

The second entropy contribution which will be examined in terms of the scaling
factor approach is the rotational entropy expressed in Eq. 3.9. The evaluation of
the error function dSrot according to Eq. 3.27 for the special case of a symmetric
top results in the following expression

dSrotðdIÞ ¼
3
2

R ln
1
dI

� �
; ð3:30Þ

from which the corresponding expression for the general case of different principal
moments of inertia can be obtained by ignoring the factor of three and treating
each principal moment of inertia in terms of an individual scaling factor. However,
for a general analysis of the error in rotational entropy the expression for a
symmetric top in Eq. 3.30 can be employed without loss of generality. It is clear
from Eqs. 3.30 and 3.28 that the error in rotational entropy has the same functional
form as the error in translational entropy due to inaccuracies in the mass, which is
based on the same functional dependancy of the rotational and translational
partition functions on the principal moments of inertia and the mass, respectively
(see Eqs. 2.30 and 2.36). However, the magnitude of the scaling factor dI will be
different in general. Given that the mass of the investigated compound in general is
available with a much higher accuracy, the inaccuracies in the principal moments
of inertia obtained from quantum chemical calculations can be reduced to errors in
the geometry, i.e., in the calculated bond lengths. Such errors largely depend on
the applied quantum chemical methodology and the system under investigation.
In the case of transition metal-ligand bonds, errors in the bond length of 15–20 pm
have been reported for hybrid functionals commonly applied in quantum chemical
calculations [17, 78, 79]. For structure optimizations of a single water molecule in
terms of the Hartree–Fock method, a significant basis set dependancy of the
oxygen–hydrogen bond length rOH is observed [62]. While the result obtained
from a double-f basis set (rOH = 94.63 pm) is quite close to the experimental
bond length of rOH = 95.78 pm, the geometry obtained at the basis set limit yields
an even smaller value of rOH = 93.96 pm [62, 80]. Corresponding values calcu-
lated from commonly employed density functionals yield values in the range of
96–98 pm in combination with double-f and triple-f basis sets [62]. From these
examples a reasonable parameter interval of 0.8–1.2 for the rotational scaling
factor dI can be estimated in order to calculate the error in rotational entropy due to
inaccuracies in the applied quantum chemical methodology. A plot of the error
function dSrot in this interval is shown in Fig. 3.8.

From this graph it is apparent that structural errors typically arising in state-of-
the-art quantum chemical applications do not exceed the magnitude of approxi-
mately 2.5 J/(mol K) (which is equal to a free energy contribution of 0.8 kJ/mol at
T = 298.15 K) and thereby do not lead to considerable inaccuracies in the rota-
tional entropy. However, the situation is again expected to be more complicated in
the condensed phase. As in the case of the mass, the principal moments of inertia
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could be largely affected by non-covalent solute-solvent interactions and the
resulting formation of a solvent cage. In addition, the bond distances of the solute
will be influenced by such interactions, but also by the increased density of the
surrounding medium, i.e., the values obtained from the isolated molecule calcu-
lation are expected to be subject to additional inaccuracies beyond the errors of the
quantum chemical method. Thus, the effective moments of inertia of a compound in
solution could require scaling factors from outside the interval considered in
Fig. 3.8, but these influences are again difficult to quantify in a general manner and
have to be estimated specifically for a given system e.g. in terms of microsolvation.

In contrast to the translational and rotational degrees of freedom, the scaling of
the vibrational entropy contribution according to Eq. 3.27 results in an error
function dSmk

vibðdmkÞ depending on the scaling factor dmk as well as the scaled
frequency mk according to

dSmk
vibðdmk ; mkÞ ¼ R

bhmk

expðbhmkÞ � 1
� bhdmkmk

expðbhdmkmkÞ � 1

	

þ ln
1� expð�bhdmkmkÞ

1� expð�bhmkÞ

� �

: ð3:31Þ

This dependancy on the scaling factor as well as on the frequency itself arises due
to the exponential relation between frequency mk and vibrational entropy Svib as
expressed in Eq. 3.10, which prevents a cancellation of the error-afflicted quantity
in the error function as in the case of the logarithmic relation found for the
translational and rotational entropies. The total error in vibrational entropy for a
non-linear polyatomic molecule is then obtained as the sum of the individual
contributions given by

dStot
vibðfdmkg; fmkgÞ ¼

X3M�6

k¼1

dSmk
vibðdmk ; mkÞ; ð3:32Þ
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Fig. 3.8 Error of the
rotational entropy for a
symmetric top according to
Eq. 3.30 as a function of the
scaling factor dI
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where M again denotes the number of nuclei in the molecule. A comparison of
different quantum chemical methodologies with respect to the performance in
predicting harmonic frequencies shows that most quantum chemical methods
routinely applied in standard calculations are able to reproduce the experimental
harmonic frequencies of a single water molecule to values which correspond to
scaling factors dmk between 0.9 and 1.1 [62, 81]. Similar values have been found in
the case of more complex systems [82, 83]. Following these observations, the error
in vibrational entropy dSmk

vibðdmk ; mkÞ is plotted in Fig. 3.9 as a function of the
harmonic wavenumber and the scaling factor dmk in the interval between 0.5 and 2.
This graphical representation indicates that in the chosen interval of the scaling
factor dmk non-negligible errors in the vibrational entropy are only to be expected
from individual modes of approximately ~m ¼ 500 cm�1 or below. This corre-
sponds to the previously obtained result that significant contributions to the
vibrational entropy are only found for low-frequency vibrations, see the discussion
in Sect. 3.2.1 and Table 3.12. Thus, for a reasonable error estimate of the
vibrational entropy only those modes with wavenumbers of approximately
~m ¼ 500 cm�1 and smaller have to be considered for the sum in Eq. 3.32. It is also
clear that in this low-wavenumber domain values of the scaling factor dmk larger
than 1 lead to an increase in vibrational entropy and vice versa. Therefore,

Fig. 3.9 Error of the vibrational entropy dSmk
vibðdmk ; mkÞ (in [J/(mol K)]) according to Eq. 3.31 as a

function of the scaling factor dmk and the harmonic wavenumber ~mk (in [cm-1]). The plot has been
generated with the MATHEMATICA program [84]
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a systematic scaling in terms of a single scaling factor dfmkg normally done for the
correction of inaccuracies in the applied quantum chemical method can lead to a
considerable total error according to Eq. 3.32 if the number of low-frequency
vibrations in the system under investigation is large enough. However, the impact
of the inaccuracy of each individual mode on the free energy will typically not
exceed ±1 kJ/mol at T = 298.15 K if the scaling parameter lies within the
interval estimated above to be relevant for the scaling of calculated harmonic
frequencies. In contrast, even if individual scaling parameters fdmkg of relatively
large magnitude are applied to low frequency vibrations (i.e., the individual error
in vibrational entropy dSmk

vibðdmk ; mkÞ of that particular vibration is of large absolute
value according to Eq. 3.31), the overall effect on the vibrational entropy as
expressed in the dStot

vibðfdmkg; fmkgÞ value (Eq. 3.32) can be considerably smaller if
these scaling factors in equal parts assume values larger and smaller than 1.

Such larger scaling factors can e.g. become important if anharmonic effects are
to be modelled via this approach, but it should be noted that Eqs. 3.31 and 3.32
are only strictly valid in the case of harmonic vibrations, because they are based on
the partition function of a harmonic oscillator. Furthermore, possible solvent-
solute interactions in the liquid phase already discussed above for the translational
and rotational entropy error functions might as well lead to vibrational scaling
factors of larger magnitude as the upper (1.1) and lower (0.9) limiting values
estimated for the correction of methodological deficiencies. As in the case of the
principal moments of inertia, these interactions can result in larger effective
masses involved in the harmonic oscillation, thereby reducing the actual frequency
of the process and possibly leading to larger vibrational scaling factors as
otherwise would be applicable for the corresponding vibration in the gas phase.

3.2.2.3 Technical Errors

Inaccuracies from the class of technical errors arise from the implementation of a
certain electronic structure method in the form of a software code. The most
important factors to be considered in this regard are the application of an
incomplete basis set in the molecular orbital calculation (and the resulting con-
tribution to inaccuracies in the calculated potential energy surface relevant for the
computation of the principal moments of inertia and the normal mode analysis) as
well as numerical errors due to the limited accuracy of hardware-based data
processing or the application of numerical approximations to analytical expres-
sions occurring in the applied methodology. An important example for the latter
case is the calculation of harmonic frequencies as numerical derivatives of ana-
lytically obtained energy gradients as compared to the analytic evaluation of the
(exact) second energy derivatives, which is a commonly applied procedure [61]. In
most cases the impact of technical errors can be systematically reduced, e.g., by
carrying out extrapolations to the complete basis set limit or by employing more
sophisticated numerical differentiation procedures, but such approaches normally
go along with an increase of the computational effort [61, 62, 85]. An example for

100 3 Assessment of the Rigid Rotor Harmonic Oscillator Model at Increased Densities



such investigations is the examination of the basis set dependancy of the rrho zero
point energy obtained from different density functional theory methods [86]. In
this study it has been concluded (besides other things) that with the exception of a
comparably small double-f basis set the effect of the chosen density functional is
generally larger than the error introduced due to basis set incompleteness and that
a basis set of triple-f size including polarization functions is normally sufficient
even for the treatment of e.g. anharmonic effects.

With regard to the error analysis of the rrho approach, the effect of most
technical errors can be handled in the same manner as the inaccuracies due to
model-inherent errors treated in the previous part. The determination of appro-
priate scaling factors can be carried out in a straightforward way by performing
model calculations with more sophisticated methods or basis set extrapolation
studies and comparing to the original results. Accordingly, the framework for
estimating the influence of technical inaccuracies on entropies from the rrho
approach has already been derived in the last section and this class of errors will
not be covered in further detail in this thesis.

3.2.3 Entropy Changes from the Rigid Rotor Harmonic
Oscillator Model at Increased Densities

The final part of the present chapter will be focussed on a discussion of the
applicability and accuracy of the rrho approach with regard to entropy changes in
the condensed phase. The results and discussion presented in this chapter so far
will provide a guideline for this rather widespread topic. In order to make this
transition from the low density to the high density domain accessible in a com-
prehensible manner, the differences between a compound in the gas phase and in
solution with regard to the different degrees of freedom will be reviewed shortly
from a pragmatic and intuitive perspective, and a connection to the assumptions of
the rrho model will be drawn. Afterwards, the main results of this chapter
are summarized and a short discussion of the modeling of liquid phase entropy
changes in the literature is presented, extending the literature review from
Sect. 3.2.1.3 and introducing important concepts for a final evaluation of the rrho
model at increased densities.

3.2.3.1 Transition from the Gas Phase to the Condensed Phase

In the condensed phase, it is reasonable to expect that completely free translations
and rotations are no longer possible for an individual molecule. This is especially
important if considerable solvent–solute interactions like e.g. hydrogen bonds are
involved. Instead of the free motions, librations and hindered rotations can be
expected to occur at these conditions. The quantum mechanical treatment of a
hindered rotor is in principle possible but complicated, which is the reason why
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numerical tables of the energy eigenvalues as a function of the potential height V0

between successive potential wells are normally applied in combination with the
numerical computation of hindered rotor partition functions [21, 87]. The appli-
cation of these approaches will not be investigated here for two reasons. First, the
potential height V0 is a highly system-specific quantity considerably depending on
the solvent and the solute. There is no straightforward way to extract this infor-
mation efficiently from static quantum chemical calculations, and extensive
computations of rotation potentials via single point calculations in combination
with a microsolvation treatment of the solvent soon become highly demanding in
terms of the computational effort with increasing system size. An additional aspect
of the system-specific nature of such a description for the translational and rota-
tional degrees of freedom in solution is the temperature interval in which these
degrees of freedom can reasonably be expected to behave like hindered rotations.
At low temperatures where kBT � V0 is fulfilled, most of the molecules will be
concentrated at the potential wells and the crossing of the potential barrier V0 can
be expected to be a rare event. Thus, the effective potential for the rotational
movement is accurately described by a parabolic form and the corresponding
degree of freedom is accurately represented by a harmonic oscillation, making the
additional difficulties of the treatment as a hindered rotor essentially unnecessary.
In the case of high temperatures or low potential heights (i.e., kBT 	 V0), most
molecules are not significantly constrained by the presence of the changes in the
rotational potential, and for that reason the corresponding degree of freedom could
be approximated as a free rotation without considerable loss of accuracy.
According to these considerations, the combination of a model which includes
hindered rotations with the static quantum chemical approach would lead to a
more complicated formalism and introduce a considerable degree of system
specificity. The second reason for disregarding a more detailed treatment in terms
of hindered rotations is related to the purpose of the present chapter, which is an
assessment of the rrho approach at high densities, i.e., a validation of the
approximations introduced by the rrho model at conditions it has not been
developed for originally. The consideration of major extensions like the applica-
tion of a different underlying quantum mechanical model system would alter
the rrho approach considerably and therefore abandon the basic ingredients of the
model, thereby making a concise assessment of the original approach nearly
impossible. With regard to the results presented so far, a scaling of the rigid rotor
entropy in terms of increased effective principal moments of inertia via the scaling
approach introduced in the previous section (see Eq. 3.30) would be more helpful.

Another issue apparently relevant for the transition from the gas to the
condensed phase is the increased importance of intermolecular interactions with
regard to the factorization of the N-particle partition function. This aspect is of
special relevance if relatively strong intermolecular interactions like hydrogen
bonds are present in the system under investigation, but will be non-negligible in
most other cases as well. One suitable approach for the treatment of such inter-
particle effects lies in the explicit treatment of an interparticle potential function
and the evaluation of expressions derived from the (classical) N-particle partition
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function (see Eq. 2.5) as outlined in Sect. 2.3. However, this course of action is
again not combinable with the fundamental idea of the partition function
factorization found in the rrho approach (see Eq. 2.26), which per definition is only
exact in the absence of an interparticle interaction potential. Nevertheless, a
straightforward extension of the rrho model concerning the treatment of inter-
particle interactions is given by the quantum cluster equilibrium (qce) model
outlined in Sect. 2.2.1. In this approach, the interactions between different particles
to a large extent are treated via the quantum chemical calculation (i.e., clusters are
the fundamental units instead of the single particle), thereby increasing the
computational effort in a considerable but for many systems still feasible way.
These clusters are treated as a non-interacting gas in the zeroth order qce model,
which permits the usual factorization of the N-particle partition function into
contributions from the different cluster degrees of freedom closely resembling the
corresponding expressions of the conventional rrho approach, see Sect. 2.2.1.
In a refined treatment residual interactions between different clusters are modelled
in terms of a mean-field approach, thereby affecting the electronic partition
function and some other model-specific expressions, but not preventing the
factorization of the N-particle partition function. Thus, the qce model can
be understood as an extension to the rrho model for the treatment of interparticle
interactions, which leaves the basic assumptions and approximations of the original
approach untouched. The performance of the qce model for the calculation of
thermodynamic quantities and especially entropies in the condensed phase will be
investigated in detail in the following chapters of this thesis.

The third contribution to which an effect due to the transition from the gas to the
condensed phase might intuitively be expected are the vibrational degrees of
freedom. However, as already indicated in Sect. 3.2.2, the overall impact of a
possible frequency shift between gas phase and solution might be rather small as
compared to other factors, but since these shifts can be determined experimentally a
direct quantification is possible [88–90]. A summary of several frequency shifts for
the transition from the gas to the condensed phase measured for a number of small
molecules and different solvents can be found in [89]. These numbers indicate that
shifts of this kind typically assume magnitudes in the range between 5 and
30 cm-1, and that the sign of these shifts is not necessarily uniform for the set of
vibrational modes in a given molecule. Largest shifts of -43 and -44 cm-1 are
found for the hydrogen–oxygen stretching vibrations of water in a chloroform
solution. The translation of these shifts into individual vibrational scaling factors
dmk as introduced in the frame of the error analysis presented in Sect. 3.2.2 results in
values of dmk ¼ 0:99, from which a negligible effect on the vibrational entropy is
predicted according to the plot in Fig. 3.9. Even in the case of low-frequency
vibrations of about 550 cm-1 (methyl iodide dissolved in itself), shifts of
approximately 20 cm-1 correspond to values of vibrational scaling factors as low
as dmk ¼ 1:04, thereby again affecting the vibrational entropy to virtually no extent
[91]. Thus, as long as the number of shifted low-frequency modes is not too large
and the sign of these shifts is not uniform, the effect on the vibrational entropy due
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to the transition from the gas to the liquid phase is considerably lower than the those
of the remaining degrees of freedom and can be neglected as a first approximation.

The final and putatively most important quantity considered for the transition to
the liquid and the application of the standard rrho model in the condensed phase is
the volume relevant for the translational degrees of freedom. Besides the possible
occurrence of hindered rotations for a molecule in solution, the translational
volume has been identified before in this chapter as a crucial quantity for the
transition from the gas to the condensed phase. This is evident, because the major
difference between these two phases is the difference in density, which directly
affects the volume of the system if the particle number is kept constant.
Furthermore, the computational results obtained for the association reactions in the
present chapter demonstrate that, regardless of the size of the investigated system,
the translational degrees of freedom always yield the largest contributions to the
total entropy change, see Tables 3.11 and 3.7. These observations are in total
agreement with the numerous publications treating the entropy change of associ-
ation reactions in solution, some of which will be discussed in greater detail in the
following part [34, 36, 39, 41, 42, 92–97]. As pointed out in Sect. 2.1.2, the basis
of the volume dependancy of the translational entropy contribution according to
Eq. 3.8 is introduced via the treatment of the translational degrees of freedom in
the frame of the particle in a cubic box model. In this approach, the size of the box
V = a3 defines the portion of space in which the particle of mass m can undergo a
potential-free translational motion. Outside this area the potential is assumed to be
infinitely high, and the probability of finding the particle outside the box is
therefore zero. The analogy to a particle in a dilute gas confined to a box of some
macroscopic dimension is striking, but the question arises how this picture changes
upon the transition to the liquid state. The first and probably most straightforward
conclusion would lie in the estimation (or calculation) of an effective box length,
in which translational motion in the condensed phase is actually taking place. Such
estimates have been proposed previously (see Sect. 3.2.2) to assume orders of
magnitude of several hundreds of picometers in the case of liquid water at ambient
conditions. Even if such estimates only constitute a rough appraisal and possibly
rely on empirical data as e.g. the density of the liquid phase under consideration,
their incorporation into the rrho approach can be done in a straightforward way for
instance via Eqs. 3.15 and 3.29 in contrast to more elaborate refinements like the
hindered rotor model, which in addition violate the basic assumptions of the rrho
approach. Corrections of this kind to the translational entropy in solution have
been termed free volume theories of translational entropy recently and are usually
based on a cell model of liquids [96–100]. However, there are also arguments in
literature which propose that such a partitioning of the system volume into indi-
vidual contributions for each molecule is not reasonable, at least if a comparison
with experimental measurements is intended [97]. According to these objections
the instantaneous translational volume available to a molecule in solution is
indeed given by the dimension of the solvent cage, but over the time scale of
typical experimental measurements the molecule will still undergo translational
motion within a volume comparable to the macroscopic dimensions of the
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containing vessel. Thus, the translational volume which has to be employed for the
evaluation of the Sackur–Tetrode equation should still be that of the whole system.
If this reasoning is applied consistently, an explicit time dependancy of the
translational volume ought to be introduced according to V ! VðtÞ, and the actual
value of V(t) has to be obtained from system-specific properties like e.g. the
diffusion coefficient. However, the question arises if such a treatment is still
consistent with the original model, namely the particle in a cubic box. The
quantum mechanical treatment employed for the calculation of the energy
eigenvalues in Eq. 2.28 is based on the stationary Schrödinger equation, and the
box length a is usually considered to be constant [22]. In this case, the Hamilton
operator does not explicitly depend on time, and the separation of the
time-dependent Schrödinger equation into the time-independent equation and a
time-dependent phase factor to the stationary eigenfunctions can be carried out.
Thus, the application of the energy eigenvalues expressed in Eq. 2.28 is based on a
stationary treatment of the problem, and the length scale available for translational
motion is thereby best understood as an instantaneous property of the system not
depending on time.

According to these considerations, a modified treatment of the translational
degrees of freedom in terms of a corrected number density qn is most important for
the adaption of the rrho model to entropy changes in the condensed phase. The
consideration of hindered rotations, increased interparticle interactions, or shifts in
vibrational modes either results in a significant complication of the formalism or
leads to entropy changes which are expected to be negligible is most cases. This
outstanding influence of the translational degrees of freedom has been recognized
in the literature before, and the following part will provide a short overview of
studies related to this subject.

3.2.3.2 Approaches for Modeling Condensed Phase Translational
Entropy Changes in the Literature

As already pointed out in the previous part as well as in Sect. 3.2.1, the transfer of
gas phase entropies to systems in solution and the special importance of the
translational degrees of freedom is a widely discussed subject in the literature,
especially in the field of biochemistry [34, 36, 39, 41, 42, 92–97, 101]. Several
approaches have been developed and proposed in the last decades, most of which
are covered in the review articles found in [92, 97]. In the following, several of
these methods as well as some of those already introduced in Sect. 3.2.1 will be
discussed shortly with regard to a possible applicability in the frame of the rrho
approach.

One of the earliest approaches to the problem was given by Steinberg and
Scheraga, who concluded that translational entropies according to the Sackur–
Tetrode equation are also applicable to condensed phase processes [34]. This
suggestion is based on the assumption that translational and rotational motions
in solution are equal to the corresponding motion in the gas phase and that the
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effect of the solvent on the entropy of association can be considered as a
separate term independent from the contribution of translation and rotation.
Such a treatment considers the solvent as a structureless continuum not
affecting the translational and rotational degrees of freedom, and the solvent
contribution to the association entropy is defined as the difference between the
experimental value and the intrinsic entropy change, which is equal to the result
obtained for the corresponding gas phase reaction. It is apparent that this
approach is not capable of providing the actual entropy contribution arising
from the solvent-solute interaction without experimental aid (though methods
for estimating this part are given for the case of protein association reactions)
and therefore is not well suited for computational applications of the rrho
model. Nonetheless, the method and several variations have been applied in
various studies [102, 103].

Another approach already discussed in Sect. 3.2.1 equates the effect of the
solvent on the entropy of a solute to the vaporization entropy of that substance
[36, 38]. This correction can be understood as a two-step process in which the
solute is transferred from the gas phase to the pure liquid state and afterwards
diluted to the actual concentration in solution. For the association reaction
between two urea molecules in liquid water it is found that the association
entropy obtained from this model is reduced by approximately 50% as compared
to the ideal gas value, i.e., upon the transfer from the gas phase to a 1 M
aqueous solution [38]. Such correction schemes based on an empirical treatment
of the condensation process are in principle well suited for a combination with
the computational rrho approach, which for instance has been shown for the
case of the Wertz-model (discussed in Sect. 3.2.1) by Zhu and Ziegler [56, 59].
However, the application of these models often requires knowledge about
reference quantities (like the vaporization entropy of the solute in the approach
proposed by Doig and Williams), which in general are not predictable by
the methods of first principles quantum chemistry. In the case of the vaporization
entropy, a reasonable guess can be expected from Trouton’s rule if the liquid
phase of the solute under investigation is not associated significantly, but the
general applicability of these empirical corrections might be severely limited
with regard to chemically complex systems [104].

Besides the improvement of the model description on the side of the solute in
the liquid phase, some effort has also been raised to obtain more accurate
predictions for entropy changes in solution via a consideration of contributions to
such changes in terms of the solvent. An early suggestion of this kind was
proposed by Gurney and has become known as the cratic correction term, which is
given by [105, 106]

Scratic ¼ DnR ln
1;000qs

Ms

� �
; ð3:33Þ

where qs and Ms denote the density and molar mass of the solvent, respectively,
and Dn the change in particle number during the reaction course. The cratic
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correction can be understood as the solvent contribution to the entropy of the
solute arising from the solvation process, i.e., it is a measure for the entropy due to
the mixing between solute and solvent at a standard solute concentration of 1 M in
the case of an ideal solution. For a particle conserving reaction (i.e., Dn ¼ 0), there
is no need for such an approach, since the mixing entropy according to Eq. 3.33
solely depends on solvent properties which are not involved in the reaction.
However, for an association (or dissociation) reaction where Dn 6¼ 0, the cratic
correction has been used to ‘‘subtract out’’ the additional translational entropy
contributions appearing on the reactant’s side of the reaction [106, 107]. It has
been argued that this additional translational motion is reasonably reflected in the
additional mixing entropy arising from the increasing (or decreasing) particle
number, and that the total entropy balance corrected via this approach refers to a
system in which no effective center of mass translational motion takes place, i.e.,
to an entropy change for translationally stationary particles. Such estimates for
translational association entropies in solution could be brought to a better agree-
ment with experimental measurements, and it was proposed to prefer the cratic
entropy contribution over corresponding values obtained from the Sackur–Tetrode
equation and over the vaporization entropy correction as well [107]. However, a
detailed analysis of Holtzer demonstrates that there is no rigorous basis for the
cratic correction either in thermodynamics or in statistical mechanics, and that the
situation of stationary reaction participants putatively accessible via Eq. 3.33 is not
fulfilled in this approach [39]. In addition, a warning concerning the artificial
partitioning of entropy into contributions from center of mass translation and
rotation as well as internal vibrational degrees of freedom is given, and it is
pointed out that in a proper statistical mechanical treatment all momentum
contributions to the free energy change (and thereby also to the change in entropy)
necessarily have to cancel. This is rationalized in terms of a viewpoint according to
which a molecule is understood as a sum of atoms each possesing three transla-
tional degrees of freedom, and that the number of atoms is constant during
each chemical reaction, no matter if the number of molecules does change [39].
It is clear that such a sum-over-atoms perspective conveniently replies to the
methodology of md simulations, but is not compatible in a straightforward way to
the assumptions of the rrho model, which explicitly relies on a partitioning into
different degrees of freedom.

From Eqs. 3.13 and 3.15 it is apparent that this momentum (mass) indepen-
dence is not given for entropy changes in the frame of the rrho model at first
glance. However, this point has been examined in detail as a part of a recent study,
and it could be demonstrated that even if each individual contribution from the
rrho model to the entropy change depends on the mass, this dependancy almost
cancels in the total entropy change in the case of the quantum treatment of
vibrations and exactly cancels for a classical treatment of the vibrations, see Fig. 3
and Sect. 5.3.2 in [97]. In the case of the sum-over-atoms (flexible molecule
approach, fm), there is no mass dependancy as expected according to the reasoning
pointed out by Holtzer [39, 108]. Thus, the decomposition into molecular degrees
of freedom can be understood as being artificial in the sense that the physical
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meaning of each kind of degree of freedom can be questioned due to an apparent
dependancy on momentum quantities, but the total change in entropy is consistent
with regard to this objection. Nevertheless, the fundamental problem of the large
sensitivity of reaction entropies from the rrho model to the stoichiometry of the
reaction is of course also present in the total entropy change and therefore not
subject to these aspects.

The final suggestion from the literature to the problem of predicting (transla-
tional) entropy changes in solution discussed here with regard to a possible
application in terms of the rrho model will be the free volume theory of transla-
tional entropy already referred to previously [96, 97, 101]. The basic idea behind
this approach is related to the cell theory of liquids, in which the total liquid phase
volume V is divided into a large number of equal cells each of which contains a
single molecule [97, 98, 100]. The individual cell volume v is given in a
straightforward way as v ¼ V=N ¼ q�1

n , i.e., it is equal to the inverse number
density already introduced in Sect. 3.2.1. In contrast, the free volume vf for
an individual particle is given in terms of a localized configuration integral (see
Eq. 2.5) according to [96]

vf ¼
Z

V

exp �bUðrÞð Þdr0; ð3:34Þ

where
R

V dr0 denotes an integration over the whole cell volume v. As outlined in
Sect. 2.1.1, this expression reduces to the cell volume v in the limiting case of
non-interacting particles of zero volume and translational motion in a potential-
free box (cell), and in cases where the evaluation of Eq. 3.34 is not possible due to
missing knowledge of the interaction potential U(r) an estimate of the free volume
vf in terms of the cell volume v and the spherical molecular diameter is provided in
[96]. Following this reasoning, the total configurational integral Z is given as
Z = (Nvf)

N, and the translational entropy of a particle in the liquid phase is
obtained from a Sackur–Tetrode-like equation [96]

Sliq
trans ¼ NkB ln

vf

K3

� �
þ 5

2
NkB; ð3:35Þ

i.e., the particle in solution is treated like a gas with an effective smaller free
volume exponentially weighted in terms of the interaction potential U(r). From a
principal point of view a combination between the treatment of translational
entropy in the rrho approach and this free volume model can be accomplished in a
straightforward way. However, in the case of the association reaction between a
protein and a ligand (for which the model was originally developed for) a different
equality for the translational entropy change as the one proposed in Eq. 3.12 has
been employed, which is given by [96]

DStrans ¼ Sprotein;b
trans þ Sligand;b

trans � Sprotein;f
trans � Sligand;f

trans : ð3:36Þ
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In this equation the superscripts b and f indicate the bound and the free state of the
protein and the ligand, respectively, i.e., the associated complex is still treated as
two individual particles, but the translational volume of the ligand is considerably
reduced upon association, namely to the (estimated) volume of the binding site.
A similar approach has been suggested independently of the cell theory model in
[97]. The basic difference to the conventional rrho model lies in the fact that there
is no interconversion between different degrees of freedom according to Eq. 3.36,
because the ligand bound to the binding site still possesses three translational
degrees of freedom and no new vibrations are introduced in the complex. This is
rationalized in terms of the non-covalent binding situation of the ligand, which
more closely represents a translational motion according to the particle in a box
model than a harmonic vibration [96]. In addition, the estimation of the
frequencies required for a harmonic oscillator treatment has been deemed to be
difficult [96]. However, the situation might be different in many chemical appli-
cations, where the investigated structures are usually smaller and all harmonic
frequencies are accessible via a normal mode analysis. Furthermore, if a covalent
bond is formed upon association, a harmonic oscillator treatment is probably more
precise than the particle in a (potential-free) box approach. It should also be noted
that the form of Eq. 3.36 is similar to the exchange formation approach introduced
for the treatment of the pseudorotaxane association reaction in solution, see
Eq. 3.2. In combination with the additional consideration of a different particle
density of solute and solvent in terms of the free volume vf and of an empirical
estimate of the rotational entropy change, this free volume approach has been
successfully employed for the prediction of the liquid phase entropy of pure water,
and rate enhancement values for intramolecular binding processes as compared to
the corresponding intermolecular reactions have been reproduced to the right order
of magnitude [96]. In addition, the necessity of a comparable correction for the
rotational entropy change has been stressed.

Thus, translational entropy changes of association reactions in solution are a
wide-spread problem occurring in many fields of the chemical sciences, and
several approaches have been suggested for its theoretical treatment. Some of
these have been reviewed in this part, with a special emphasis on those methods
probably applicable for a combination with the rrho model and computational first
principle approaches. Consequently, the following part will take a closer look at
the practicability of such a combination for the calculation of translational entropy
changes in solution, which ideally does not depend on the stoichiometry of the
underlying reaction.

3.2.3.3 A Final Assessment of the Rigid Rotor Harmonic Oscillator
Model for Entropy Changes in the Condensed Phase

The discussion in this chapter and the presented results demonstrate that a
theoretical treatment of entropy changes of association reactions in solution is a
demanding and complex procedure, no matter what (or if any) computational
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methodology is applied for the generation of molecular data. The two parts
reviewing the suggestions made in previous studies on this subject (see
Sects. 3.2.1.3 and 3.2.3.2) indicate that even the interpretation of experimental data
or the specification of most essential quantities and concepts are controversial
issues. The rrho model as outlined in Sect. 2.1.2 certainly is one of the most simple
approaches to this problem and it might even be questioned if this high temper-
ature gas phase approximation to statistical thermodynamics is suitable for the
treatment of such complex processes at all. However, from the perspective of first
principles quantum chemistry this approach is valuable particularly due to its
simplicity and the straightforward combination with electronic structure calcula-
tions. As pointed out before, such computations yield an important contribution to
fields of research as e.g. homogeneous catalysis, where an accurate treatment of
the electronic structure might be an important issue due to the chemical com-
plexity of the involved species and force field-based methods for the calculation of
thermodynamic quantities (as discussed in Sect. 2.3) are not applicable. A model
for translational entropy changes in solution based on the simplicity of the rrho
approach would therefore be very useful. It is apparent that due to the complexity
of the association process in solution a treatment via the quantum chemical single
molecule approach has to rely on an empirical extension of the rrho model aligned
to the practical applicability in standard calculations. All approaches from the
literature discussed in the previous part can in principle be combined with the rrho
model, but a correction in terms of vaporization entropies might be less useful in
the case of chemically complex (or novel) compounds for which this quantity
might not be known. In contrast, the alternative modification of the translational
entropy according to the cratic correction term is explicitly formulated for a 1 M
solution (even though a generalization to arbitrary concentrations would be
straightforward) and thereby introduces a quantity which at first is not given in the
single molecule picture of static quantum chemical calculations. It is also clear that
the application of the cratic correction is limited to the association process in
solution and would not be reasonable for the corresponding process in the gas
phase, thereby leading to a formal discrimination between the two density
domains. More important, it has been shown that there is no sound basis for this
approach from a theoretical perspective, which are the reasons why the cratic
correction will not be considered in this thesis [39]. Thus, a correction of the
translational entropy change in terms of the free volume approach will be carried
out in the following and evaluated on the basis of the experimental entropy change
measured for the association of the Vögtle-type pseudorotaxane V2 in chloroform
solution (TDS ¼ �8:8 kJ/mol at T = 303 K, see Sect. 3.1.3) [1, 96, 101]. It is
apparent from Eq. 3.35 that the translational entropy in this approach is very
similar to the conventional Sackur–Tetrode equation employed in the rrho model.
However, it should be noted that this approach has not been derived in the frame of
the rrho model, in which a true interconversion of degrees of freedom takes place
and the translation and rotation of one of the monomers are treated as harmonic
vibrations in the associated complex. Rather, the free volume approach has been
evolved from the theoretical treatment of non-covalent protein-ligand associations
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in solution, for which the association entropy is calculated according to Eq. 3.36
and the residual center-of-mass motion of the ligand is still treated as translational
and rotational degrees of freedom [96, 97]. According to that, the translational
entropy change does not depend on any momentum quantity and is not given by an
equation of the form as in Eq. 3.15, which clearly depends on the mass relation of
the reacting species as expressed in Eq. 3.16. The free volume approach has been
combined with the rrho model only to account for the reduced size of the active
site in a metallo-enzyme or to give qualitative reasons for large entropy losses of
association reactions in solution, but not for the consideration of effective trans-
lational length scales of a solute in a specific solvent in combination with a
translational entropy change according to Eq. 3.15 [109–111]. Thus, it will be
interesting to see if the application of the free volume model within the conven-
tional rrho approach is able to affect the calculated association entropies signifi-
cantly and if a result as accurate as in the case of the exchange formation of the
pseudorotaxane association (see Table 3.10) can be obtained, which explicitly
circumvents the interconversion of different degrees of freedom.

According to the discussion in the previous section, it is clear that the basic
difficulty for the application of the free volume approach is the evaluation of the
free volume vf given in Eq. 3.34. Even though the spatially restricted integration
constitutes a major simplification over the exact equality (see Eq. 2.5), there is no
straightforward way to sample the potential of a particle within its cell via static
quantum chemical methods. For this reason the determination of vf has to be
accomplished in an empirical way, and one possible solution to this problem has
been suggested in [96]. In this approach the particle in solution is treated as a hard
sphere with diameter d, and the free volume vf in solution can be estimated from
the volume per particle v obtained from the number density qn of the liquid and the
the diameter d according to

vf ¼ ðv1=3 � dÞ3: ð3:37Þ

A similar method (ignoring the volume of the particle introduced via d) has been
employed in Sect. 3.2.2 for estimating the translational length scale in liquid water
to a value of approximately a = 3 9 10-10 m. This will be an upper bound to the
true translational length in water due to the additional effect from the volume of
the particles not considered in this estimate, and a more refined value obtained
from traditional md simulations (a = 4.6 9 10-11 m) is nearly one order of
magnitude smaller than this estimate [101].

Following this approach, the estimated free translational length scale in the
case of liquid chloroform is equal to a = 1.5 9 10-10 m based on a number
density of qn = 2.4 mol/L at T = 298.15 K and an estimated diameter of
d = 3.6 9 10-10 m calculated as twice the length of a Cl–C bond in the chloro-
form molecule (the bond length is obtained from a geometry optimization
employing the same quantum chemical methodology as in the case of the
pseudorotaxane calculations, see Sect. 7.1) [112]. However, with regard to the
determination of vf for the pseudorotaxane components it is important to note that
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the free volume of a particular solute is mainly influenced by the interaction with
its neighbor molecules and not by its size, because vf is a measure for the restricted
motion of the center of mass of the solute and not for the whole molecular
structure [101]. This is clearly apparent from the vf values obtained from md
simulations in [101], according to which e.g. the computed average free volume
for glycerol in water is smaller than that of a single water molecule in water. In
addition, it is pointed out that the translational motion of a large solute requires the
coordinated movement of a larger number of solvent molecules, which is the
reason why spatially extended molecules tend to exhibit smaller effective vf values
as opposed to possible expectations based on the size of the solvent cage alone
[101]. Thus, the translational length scale of the macrocycle V (or one of the axles
1–5) will probably be even smaller as the value estimated for a single chloroform
molecule. The effect of the solvent-solute interactions on the translational length
scale can be approximated by comparing the intermolecular hydrogen-chlorine
distance r between a pair of chloroform molecules (r = 4.8 9 10-10 m) to the
distance between the chloroform hydrogen atom and the oxygen atom of the amide
group coordinating the solvent molecule in complex V6 (r = 2.0 9 10-10 m, see
Table 3.1). From these values a distance scaling factor of approximately 0.42 can
be estimated, and according to that a reduced translational length scale of
a = 6.3 9 10-11 m for the Vögtle-type pseudorotaxane components in chloro-
form solution.8 If this value is taken as an estimated reference for the pseudoro-
taxane association in chloroform solution, the effect on the entropy according to
the direct formation (see Eqs. 3.1 and 3.12) can be quantified directly in terms of
the scaling factor approach introduced in Sect. 3.2.2.2. The free volume of a
particle in an ideal gas applied in the conventional Sackur–Tetrode equation (see
Eq. 3.8) is given by vf = V/NA = 4.1 9 10-26 m3, i.e., it is equal to the inverse
number density q�1

n per particle. From the estimated translational length in
chloroform solution (a = 6.3 9 10-11 m) a free volume of vf = 2.5 9 10-31 m3

for the pseudorotaxane components is calculated, which corresponds to a scaling
factor of dq�1

n
¼ 6:2� 10�6 for the scaling of the inverse ideal gas number density.

This scaling factor can directly be employed for the calculation of the translational
entropy error with the aid of Eq. 3.29, thereby yielding a difference of
TdStransðdq�1

n
Þ ¼ þ29:7 kJ/mol at T = 298.15 K. Thus, the magnitude of the

translational entropy loss upon association is considerably reduced by this free
volume estimate. Table 3.15 summarizes the thermodynamic data of the direct
formation model (see Eq. 3.1) calculated according to the free volume approach
for the translational entropy change.

Besides the model-inherent volume scaling to the estimated vf-value in chlo-
roform solution, the additional influence of the high temperature approximation in

8 Please note that this is only an estimate relying on the assumption that the distance of the
solvent molecules to all parts of the solute is equal to the corresponding distance calculated for
the axle-to-wheel hydrogen bond in the solvent complex V6.
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the derivation of the Sackur–Tetrode equation (as well as in the derivation of
Eq. 3.35) has to be considered.

From the data set plotted in Fig. 3.6 a relatively small shift of approximately
TdSnum

trans= 0.7 kJ/mol at T = 298.15 K is obtained for the transition from the
integral approximation to the numerical summation result at a translational scale of
a = 6.3 9 10-11 m, which nonetheless is considered for the values listed in
Table 3.15. These corrected results indicate that the treatment of the translational
entropy contributions in terms of the free volume approach instead of the con-
ventional Sackur–Tetrode equation change the predicted overall thermodynamic
situation completely. The entropy penalty at T = 298.15 K upon association is
now smaller in magnitude than the corresponding enthalpy changes for all sub-
stituents, and therefore the association reaction to the pseudorotaxane complexes is
predicted to be exergonic in all cases. This qualitative prediction is in agreement
with the experimental measurements and also is in line with the results obtained
from the particle conserving exchange formation reaction, see Table 3.10. From a
quantitative perspective it is apparent that the calculated DGvf values more
accurately reproduce the experimental values and even lie within the experimental
error bars (approximately ±2 kJ/mol) in some cases, whereas the numbers
obtained from the exchange formation model overestimate the complex stability to
a larger extent on average. However, with regard to the van’t Hoff analysis of the
association between axle 2 and the macrocycle (DHexp ¼ �22:0 kJ/mol, TDS ¼
�8:8 kJ/mol at T = 303 K) the association entropies predicted by the exchange
formation can be classified as being more accurate and the values listed in
Table 3.15 obviously benefit from a cancellation of errors, in which the magni-
tudes of both the association enthalpy and entropy are overestimated but com-
pensate each other partly to yield a free energy change close to the experimental
results. Thus, the free volume model of the translational entropy in solution pro-
vides a significant improvement over the unmodified Sackur–Tetrode prediction,
but the model of the particle conserving exchange formation apparently is even
closer to the real situation in the case of the entropy change. However, this per-
formance is validated only for a single measurement, and it is not clear how

Table 3.15 Calculated
thermochemical quantities for
the direct formation reaction
at T = 298.15 K and
p = 101,325 Pa as well as
the experimental free energy
change of association DGexp

measured at T = 303 K [1]

No. Guest Direct formation Experiment

DH TDSvf DGvf DGexp

V1 R-NO2 -26.9 -21.7 -5.2 -13.7
V2 R-Cl -28.1 -20.2 -7.9 -13.6
V3 R-H -28.2 -20.0 -8.2 -11.0
V4 R-tBu -28.2 -19.1 -9.1 -11.4
V5 R-OCH3 -29.7 -18.6 -11.1 -12.1

All entropy contributions TDSvf are corrected for the estimated
free volume effect (TdStransðdq�1

n
Þ ¼ þ29:7 kJ/mol) and the

effect of the high temperature limit TdSnum
trans ¼ þ0:7 kJ/mol. All

values in [kJ/mol]
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important the combined effect of the neglected contributions arising from e.g.
hindered rotations or interparticle interactions as well as the model-inherent
shortcomings due to the applied quantum chemical methodology really are for the
transition from the gas to the liquid phase. For instance, the consideration of the
different free volumes vf estimated for the solutes (vf = 2.5 9 10-31 m3) as well
as for a single chloroform molecule (vf = 3.4 9 10-30 m3) gives rise to a small
but non-negligible entropy contribution of TdStransðdq�1

n
Þ ¼ þ6:5 kJ/mol at

T = 298.15 K for the exchange formation as well, which takes the values listed in
Table 3.10 close to DS-neutrality and results in an additional stabilization of the
associated products. If this contribution is considered, the free energy changes
according to the exchange formation are no longer as accurate as the values from
Table 3.15, which indicates that either the difference in free volume of solute and
solvent molecules is smaller than the estimated value or that the combined mag-
nitude of the other contributions (see Sect. 3.2.3.1) affecting the free energy
change is larger than expected. In order to arrive at a final assessment of the rrho
approximation with regard to the calculation of entropy changes in the condensed
phase, a summary of the important results and conclusions obtained in this chapter
so far will be given in the following.

• The comparison between experimental association entropies measured in the gas
phase and those obtained from the rrho model as expressed in Eq. 3.12 shows
that the theoretical predictions are accurate (see Table 3.11) even though an
interconversion of different degrees of freedom is observed according to the
stoichiometry of the association reaction. This indicates that the considerable
loss of entropy upon association is correctly reproduced by the model, but due to
the artificial partitioning into (momentum-dependent) contributions this is not
necessarily based on a translational motion of the center of mass as predicted by
the Sackur–Tetrode equation (see Eq. 3.8).

• The entropy changes computed from the unmodified rrho model for the asso-
ciation of the pseudorotaxane complexes are in reasonable agreement to the
experimental values measured in solution as well if the number of particles is
artificially kept constant during the association process in terms of microsol-
vation (see Table 3.10). Thus, the rrho approach is in principle capable of
reproducing the entropy change in solution if no interconversion of degrees of
freedom takes place.

• The formation of new low-frequency vibrations in the associated compound
partly compensates for the unfavorable rotational and translational contribu-
tions, but the magnitude of this compensation is to small to get the overall
process close to DS-neutrality. Within the rrho model only low-frequency modes
yield relevant contributions to the entropy, but in all examined cases the newly
formed vibrations can all be classified as low-frequency modes (see Table 3.12).

• The large magnitude of the translational entropy change is the result of even
larger absolute contributions arising from a mass dependent term and a number
density dependent term in the equality obtained for the translational entropy
change according to Eq. 3.12. Due to the difference in sign a smaller value
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results for the total translational contribution, which nonetheless is always larger
than the values calculated for the rotational and vibrational degrees of freedom
(see Table 3.13).

• The approximations and errors occurring in the combined application of the rrho
model and first principles quantum chemical calculations can be assorted in
different error classes. Whereas the effect of model errors is difficult to estimate
in most cases, a quantification of model-inherent errors in terms of scaling
factors and entropy error functions as expressed in Eq. 3.27 is readily obtained.
These scaling factors may either be used to calculate (and correct) possible
shortcomings of the applied methodology or to model a more drastic change of
the particular quantity arising from external influences (like e.g. the transition
from the gas to the liquid phase).

• A quantification of model errors has only been done for the approximations
occurring in the derivation of the Sackur–Tetrode equation, see Sect. 3.2.2.1.
It is observed that at almost all conditions relevant for a molecular system
these approximations can be classified as being accurate. The integral
approximation applied in the high temperature limit for the evaluation of the
translational partition function is accurate down to translational length scales
of a = 1 9 10-10 m, but in the limit a! 0 predicts physically unreasonable
translational entropies (see Fig. 3.6).

• From an intuitive point of view effects due to the transition from the gas to the
liquid phase might be expected for the rotational motion, the degree of inter-
action between particles, the translational motion, and the vibrational frequen-
cies. It has been argued that a more sophisticated treatment of molecular rotation
via the model of a hindered rotor would lead to a considerable complication of
the rrho approach as well as to a large degree of system specificity. In contrast,
the effect on the vibrational entropy was found to be negligible upon application
of experimentally determined frequency shifts for the transition from the gas to
the liquid phase (see Sect. 3.2.3.1).

• Consequently, the proposed high density correction to the rrho model for the
prediction of entropy changes either has to be accomplished in terms of the
translational degrees of freedom or in terms of the incorporation of interparticle
interaction. The effect of the latter point will be investigated in the next chapter
of this thesis, and the present chapter is focussed on a correction of the asso-
ciation entropy via a more appropriate treatment of translational motion in
solution.

• The free translational volume for the components of the examined supramo-
lecular structures (wheel, axles, pseudorotaxanes) is estimated to approximately
amount to vf = 2.5 9 10-31 m3 on the basis of the density of the solvent
(chloroform) and a comparison between the intermolecular distance of two
chloroform molecules and the corresponding distance in the chloroform
complex V6. Comparing this estimate to the free volume per particle in the
Sackur–Tetrode equation (vf = 4.1 9 10-26 m3), a scaling factor for the inverse
number density of dq�1

n
¼ 6:2� 10�6 is obtained, and from this value a modi-

fication of the translational entropy change of TdStransðdq�1
n
Þ ¼ þ29:7 kJ/mol at
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T = 298.15 K according to Eq. 3.29. In combination with a smaller correction
for the high temperature limit, this contribution results in free energy changes
being more accurate than the ones predicted by the unmodified direct formation
approach as expressed in Eq. 3.12, see Table 3.15.

In conclusion it is noted that entropy changes in the condensed phase obtained
from the rrho approach are more accurate than one might expect due to the
simplicity of the model if some care of the translational degrees of freedom is
taken into account. This can either be done by setting up model reactions in which
the number of participating molecules is constant during the reaction course
(thereby avoiding an interconversion between different degrees of freedom and
any net excess effect of the translational contributions) or by estimating the actual
length scale available for translational motion in the condensed phase under
examination and applying the free translational volume obtained in this way for
the calculation of the translational entropy instead of the ideal gas volume applied
in the Sackur–Tetrode equation. Both methods are capable of reproducing the
experimentally measured free energy changes for the pseudorotaxane association
in solution to approximately 10 kJ/mol and thereby give qualitatively correct
predictions concerning the thermodynamic stability of these complexes. With
regard to the numerous approximations finally contributing to the computational
rrho approach, this result can be considered as accurate, although it is not really
clear to what extent this observed accuracy benefits from system-specific error
cancellations due to the chosen model systems. With regard to this point a
systematic evaluation of predicted association entropies for a larger test set with
regard to experimentally determined values would be helpful. According to the
results and conclusions presented in this chapter, a particle-conserving model
reaction as expressed in Eq. 3.2 can be suggested for association entropies in
solution as the most straightforward approach avoiding any empirical estimates
with regard to static quantum chemical calculations. If this is not possible for any
reason, the unmodified rrho model will likely overestimate the loss of translational
entropy in solution upon association as already reported in numerous studies on
this subject, see the literature review sections in this chapter. As a reasonable
correction scheme to overcome this problem the free volume model from the cell
theory of the liquid phase can be suggested, which explicitly accounts for a
reduced translational length scale at higher densities and which is not limited to a
specific solvent like, e.g., water. However, the free volume vf of a given species in
solution cannot directly be calculated in terms of quantum chemical methods and
therefore has to be obtained from empirical estimates like the density of the
solvent or via different computational methodologies (e.g., md simulations or the
application of continuum solvation models) [113–115]. However, the determina-
tion of the free volume for a solute in the condensed phase should in general be
more easily accessible than the determination of its vaporization entropy, which
could alternatively be employed for the correction of the computed association
entropy. Thus, a completely general approach for the calculation of association
entropies in solution on the basis of the rrho model being independent of any
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system-specific data or the stoichiometry of the underlying reaction does not seem
to be possible according to the analysis presented in this chapter.

Besides a more accurate treatment of the available translational volume the
neglect of interparticle interactions has been identified as a major approximation of
the rrho model in the beginning of this section with regard to the treatment of the
condensed phase. As pointed out in Sect. 2.2.1, an approximate treatment of these
interparticle interactions on the basis of static quantum chemical calculations can
be accomplished in terms of the qce approach, which can be understood as a van
der Waals extension to the conventional rrho model. The performance of this
model for the prediction of condensed phase entropies (and thereby the importance
of interparticle interactions for this particular quantity) will be investigated in the
following chapter.
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Chapter 4
Liquid Phase Thermodynamics
from the Quantum Cluster
Equilibrium Model

In the present chapter the effect of interparticle interactions (and excluded volume)
on thermodynamic quantities of the liquid phase will be investigated in terms of
the quantum cluster equilibrium model. The main focus will again be set to the
calculation of condensed phase entropies, since this quantity proved to be prob-
lematic for the conventional rigid rotor harmonic oscillator approach. The results
presented in the previous chapter demonstrate that if a partitioning of the atomic
degrees of freedom of a molecule into molecular degrees of freedom is carried out,
the (approximate) treatment of the volume available for translation is of increased
significance for the translational entropy contribution. In the following, this result
will be examined in more detail and related to the effect arising from interactions
between the particles. These factors can be expected to be most important in the
case of associated liquids, and the systems investigated are the liquid phases of
water and hydrogen fluoride, both of which exhibit relatively strong intermolecular
interactions in terms of hydrogen bonding.1

4.1 Quantum Cluster Equilibrium Computations
for Associated Liquids

4.1.1 Systems Investigated and Cluster Sets

The computational treatment of associated liquids like water and hydrogen fluoride
dates back to the very beginning of computational chemistry. Due to the non-
negligible presence of intermolecular hydrogen bonds in liquid water, the natural
choice for a computational treatment are Monte Carlo simulation and molecular
dynamics simulation methods, and the first calculations for liquid water have been

1 Parts of this chapter have already been published in Refs. [1–3].
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performed on the basis of these two methodologies [4, 5]. In spite of continuous
methodological improvements in terms of e.g. polarizable force fields and the
development of first principles md simulations, the difficulties in the computa-
tional treatment of liquid water with its unusual physical properties are still per-
sistent and there is no atomistic computational model being capable to predict all
relevant properties of water in a quantitative way [6–9]. A more recent example for
the problems related to this particular substance is the discussion of the hydrogen
bond number of a single water molecule in the liquid at ambient conditions and
over the whole temperature domain at which the liquid is the thermodynamic
stable phase [2, 3, 10–12]. The question about the local composition of liquid
water was already investigated over one century ago by Röntgen, who stated
that two different coordination patterns exist in liquid water, which undergo
interconversion depending on the temperature of the liquid and that these are
also responsible for the point of maximum density at approximately T = 277 K
[13]. More recent computational examinations either rely on a prevalent occur-
rence of a fourfold coordination pattern (typically observed in traditional molec-
ular dynamics simulations) or on a mainly twofold hydrogen-bonded local
structure, but the issue remains a reason of scientific discussions up to now [3, 11,
14–16].

Due to the hazardous properties of pure hydrogen fluoride the experimental
interest in this particular liquid has been rather small, especially concerning the
determination of thermodynamic quantities. Nonetheless, there are several com-
putational studies dealing with the liquid phase of this substance mainly relying on
molecular dynamics simulation methods either in its traditional form employing
(polarizable) force fields or on the basis of first principles approaches [17–22]. In
most of these studies the focus has been set to larger structural aspects of the liquid
phase instead of the local coordination pattern, which is not as manifolded as in the
case of liquid water due to the more simple molecular structure of hydrogen
fluoride. Results obtained from first principles md simulations indicate that linear
staggered chains are an important structural motif in liquid hydrogen fluoride at
ambient as well as supercritical conditions, but earlier experimental investigations
also discuss the occurrence of cyclic species in the liquid phase. These studies
point out that cooperative effects (which are generally expected to be of lesser
importance in the liquid phase as compared to the gas phase) could be of increased
importance in highly associated liquids like hydrogen fluoride [19, 21, 23].
However, more recent experimental studies conclude that a large fraction of the
molecules in liquid hydrogen fluoride is associated in chain-like arrangements at
both ambient and elevated temperatures [24, 25].

There are numerous studies in the literature concerned with the treatment of
associated liquids in terms of the qce approach, the earliest of which investigating
the temperature dependancy of the hydrogen bond network in the liquid phase of
formamide [26]. As in the case of other computational methods suitable for the
study of liquid phase systems, a substance frequently examined in terms of the qce
model is liquid water, for which general thermodynamic quantities, phase transi-
tion properties of the liquid–solid and liquid–vapor phase transition, isotope effects
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and effects of cooperativity and dispersion contributions, as well as the tempera-
ture dependancy of the hydrogen bond number have been computed via this
approach [1, 3, 15, 27–30]. Besides this extensive treatment, qce calculations have
been performed for a variety of other condensed phase systems like e.g. liquid
sulfur, formic acid, different alcohols, or cyclotriazane, to name but a few [31–36].
However, the liquid phase of hydrogen fluoride has not been treated in terms of the
qce approach before and will thus serve as a test case for the predictability of the
model in addition to the well-studied liquid phase of water for which a wealth of
experimental data is available. In addition, a fully automated procedure for the
adjustment of the excluded volume parameter bxv and the intercluster interaction
parameter amf (see Sect. 2.2.1) to fit experimental densities will be employed in
order to validate the capability of the model for the quantitative calculation of
condensed phase thermodynamic quantities [1, 37].

4.1.1.1 Water Cluster Sets

According to the derivation of the qce model in Sect. 2.2.1, the basic input data for
a qce calculation is a cluster set and the corresponding mechanical quantities of
each cluster which would also have to be available for a conventional rrho cal-
culation, i.e., the mass m, the principal moments of inertia Ia,b,c, the harmonic
frequencies {mk}, and the degeneracy of the electronic ground state g1 as well as
the total (supramolecular) interaction energies, respectively (see Eq. 2.52).

There is no direct possibility to extract information about the composition of the
cluster set out of the model or to estimate the cluster structures and sizes important
for a reasonable treatment of the condensed phase, which means that in general an
educated guess for the cluster set has to be made first on the basis of e.g. geometry
optimizations, some sampling procedure, or experimental information. However, it
is apparent from Eq. 2.58 that in the course of the calculation the population of
each cluster species j is computed. This information can be employed for a con-
secutive optimization of the employed cluster set by deleting clusters which do not
exceed a certain population limit, i.e., redundant structures or those not contrib-
uting significantly to the composition of the liquid phase at the chosen conditions
are identified by the model. In the case of liquid water, it has been found that
accurate results can already be obtained from a seven-membered cluster set con-
taining the monomer w1, the dimer w2, cyclic structures up to the hexamer w6,
and a cubic octamer w8c [15, 27]. This combination of cluster structures is
illustrated in Fig. 4.1 and will be denoted as the 7w8cube cluster set from now on.
It is apparent that this cluster set mainly covers twofold coordinated water mol-
ecules in flat cluster structures and that the w8cube cluster is the only bulky
structure exhibiting a coordination number of three for each water monomer. Thus,
with regard to the importance of the fourfold coordination pattern proposed in
literature, larger inaccuracies might be expected for this cluster set in the low
temperature domain of the liquid water phase [11, 16]. The (bsse-corrected)
supramolecular interaction energies DEj;intra calculated for this cluster set by
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different quantum chemical methodologies are summarized in Table 4.1 [2, 27]. In
addition to these fully cooperative energies, pair interaction energies according to

DEj;pair ¼
Xij

k;l\k

Ek;tot � El;tot ð4:1Þ

have been computed for each cluster in the 7w8cube set, see the last column in
Table 4.1. In Eq. 4.1 Ek,tot denotes the total energy of the kth monomer unit
in cluster species j, and ij labels the total number of monomer units in cluster j. In
contrast to previous studies dealing with the same water cluster set in terms of the
Hartree–Fock approach, the herein applied methods (Kohn–Sham density func-
tional theory (dft) and second order Møller–Plesset perturbation theory (MP2))

Fig. 4.1 Cluster components
of the 7w8cube cluster set
(without the monomer w1).
Reprinted with permission
from Ref. [2]. Copyright
2009 American Chemical
Society

Table 4.1 Supramolecular interaction energies DEj;intra (see Eq. 2.50) and the energy per
monomer DEj;intra=ij for members of the 7w8cube cluster set as obtained from different quantum
chemical methods [2, 27]

Cluster BP B3LYP MP2

TZVP TZVPP TZVP TZVPP TZVP TZVPP TZVPP
Cooperative Cooperative Cooperative Pair

DEj;intra DEj;pair

w2 -20.9 -18.0 -22.3 -19.0 -19.9 -19.2 -19.0
w3A -68.5 -61.4 -69.0 -61.1 -60.3 -61.7 -46.4
w3B -63.9 -57.3 -65.2 -57.6 -57.3 -58.6 -44.0
w5 -162.3 -147.9 -161.6 -145.0 -140.4 -140.9 -68.2
w6 -201.4 -182.5 -201.0 -180.2 -175.2 -175.0 -74.3
w8cube -311.9 -283.0 -308.5 -277.9 -269.9 -280.9 -98.4

DEj;intra=ij DEj;pair=ij
w2 -10.5 -9.0 -11.2 -9.5 -10.0 -9.6 -9.5
w3A -22.8 -20.5 -23.0 -20.4 -20.1 -20.6 -15.5
w3B -21.3 -19.1 -21.7 -19.2 -19.1 -19.5 -14.7
w5 -32.5 -29.6 -32.3 -29.0 -28.0 -28.2 -13.6
w6 -33.6 -30.4 -33.5 -30.0 -29.2 -29.2 -12.4
w8cube -39.0 -35.4 -38.6 -34.7 -33.7 -35.1 -12.3

The last column lists the pair interaction energies DEj;pair according to Eq. 4.1. All values in
[kJ/mol]
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provide a more sophisticated treatment of electron correlation and therefore should
yield more accurate data concerning cluster structures, energetics, and frequencies
[15].

As can be seen from the second and third row in Table 4.1, the less symmetric
trimer w3A is predicted to be the more stable conformer over the alternative
arrangement in w3B by all employed methods. The values calculated for the
different cluster structures adopt values in the range of approximately -20 kJ/mol
for the dimer and up to approximately -310 kJ/mol for the octamer. Most stable
cluster structures are predicted by the density functional theory methods with the
gradient-corrected BP functional yielding the largest absolute values for almost
each cluster structure. There is a considerable basis set effect visible for both the
gradient-corrected BP functional and the hybrid functional B3LYP, i.e., for all
investigated clusters the basis set containing the lesser number of polarization
functions (TZVP) predicts more stable structures. This effect is most pronounced
in the larger clusters and in the case of the octamer amounts to differences of
approximately 20 kJ/mol. A reversed and less distinctive trend is apparent in the
energies obtained from the MP2 calculations as well, yielding a difference of
approximately 10 kJ/mol between the TZVPP and the TZVP result for the w8cube
cluster. Since bsse effects have (approximately) been corrected in terms of the
counterpoise correction scheme in all cases, it can be expected that these devia-
tions are not based on technical errors alone, and a comparison of the optimized
geometries shows that the hydrogen bond lengths within a given cluster for both
dft methods are always larger by some pm for the TZVPP structure as those in the
corresponding TZVP structure. Thus, the presence of the additional polarization
functions elongates the hydrogen bond and thereby affects the cluster structure and
interaction energies.

From a methodological point of view the results obtained from the MP2/TZVPP
calculations can be expected to be the most reliable data, and with regard to these
numbers it is apparent that most dft results overestimate the magnitude of the
intracluster interaction energy. It should be noted that a comparable overbinding
behavior of dft approaches has been observed previously in similar cluster cal-
culations and also in first principles md simulations [14, 38]. The examination of
the pair interaction energies listed in the last column of Table 4.1 indicates that for
all clusters larger than the dimer the calculated interaction energy is poorly
recovered by only considering pairwise interactions between the constituting
monomer units. The deviation between the fully cooperative interaction energies
and the pair interaction energies increases for the larger cluster structures, for
which less than half of the cooperative interaction energies is recovered. These
results demonstrate that the isolated cluster structures employed here considerably
benefit from so-called cooperative effects (i.e., three- and higher-body contribu-
tions to the interaction energy), which additionally stabilize each hydrogen bond
within a cluster due to the presence of the extra water molecules [27, 39, 40]. Such
cooperative effects have been proposed to be of special importance in ring-like
structures due to the donor-acceptor character of the hydrogen bond and the
possibility of electron density delocalization comparable to the effect found in
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aromatic systems in contrast to the dipolar distribution expected for open end
chain-like structures [39, 41, 42]. The second block of Table 4.1 estimates these
contributions in terms of fractional interaction energies per monomer unit in the
cluster. From the pairwise DEj;pair values per monomer it is apparent that the
exclusive consideration of pair interactions within a cluster yields an almost
constant contribution of approximately -10 to -15 kJ/mol per monomer unit to
the overall pair interaction energy, i.e., there is an approximately linear relation
between the pairwise interaction energy and the number of monomer units. This is
in contrast to the trend found for the supramolecular interaction energies DEj;intra

per monomer. For all clusters larger than the dimer the predicted energy fractions
are lower by at least 5 kJ/mol as compared to the corresponding pair energy
fractions. In addition, the supramolecular interaction energies do not fall off in a
linear fashion, i.e., the magnitudes of the corresponding energy fractions per
monomer increase with growing cluster size, thereby showing a typical behavior
of cooperative systems. Due to the relatively large number of hydrogen bond
contacts the most significant stabilization in terms of cooperative effects is found
for the w8cube cluster regardless of the applied methodology. However, the largest
increase in the stabilization of about 10 kJ/mol is found for the transition from the
dimer to the trimer clusters. This observation can be rationalized in terms of the
reduced number of hydrogen bond contacts with respect to the monomer units in
the chain-like w2 structure (two monomers, one hydrogen bond) as compared to
the situation in ring clusters (n monomers, n hydrogen bonds). An almost equally
large stabilization can be observed for the transition from the trimers to the w5
cluster, but here two monomer units are added and additional effects arising from
the lesser ring strain in the larger cyclic structures can be expected. For the
transition from the pentamer to the hexamer a negligible stabilization of approx-
imately 1 kJ/mol per monomer is predicted by all methods, thereby indicating that
either no significant differences in the cooperative effects between those clusters
are present or a possible increased stabilization due to cooperativity is counter-
balanced by e.g. a spatial arrangement of the monomers more unfavorable in terms
of hydrogen bonding as compared to the pentamer. Finally, the octamer again
benefits from a more favorable number of hydrogen bonds per monomer unit as
can be seen from Fig. 4.1 and therefore exhibits the largest stabilization per
monomer of all examined structures. However, due to the magnitude of this
fraction (1.5 hydrogen bonds per monomer) the computed stabilization is rela-
tively small compared to the pentamer and hexamer structure, and the consider-
ation of interaction energy fractions per hydrogen bond (DEw8cube;intra=nw8cube ¼
�23:4 kJ/mol, where nw8cube = 12 denotes the number of hydrogen bonds) indi-
cates that largest cooperative effects are to be expected for the cyclic w5 and w6
clusters [2, 15]. It is clear that these considerable cooperative effects are a direct
consequence of the isolated cluster calculations, in which any environmental
effects are absent. This can e.g. be seen by comparing the values listed in
Table 4.1 to supramolecular interaction energies obtained from calculations in
which the electrostatic effect of the solvent is considered in terms of a continuum
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solvation model [43]. These values are less affected by cooperative effects and lie
in the range of the pairwise interaction energies presented in Table 4.1, but such
approaches only consider the electrostatic continuum effect (which is a pairwise
contribution) and neglect the non-classical character of hydrogen bonding from
solvent molecules outside the cluster [42, 44]. Thus, the degree of cooperativity
which is present in the real liquid water phase is difficult to quantify from these
cluster calculations alone.

The importance of a tetrahedral coordination pattern for the reproduction of the
anomalies of liquid water as well as the general treatment of the low temperature
domain including the liquid–solid phase transition has been pointed out by several
authors [11, 16, 28]. In view of this reasoning additional water clusters including
fourfold hydrogen bonded water molecules have been calculated to complement
the previously introduced 7w8cube cluster set. These new cluster structures are
illustrated in Fig. 4.2.

Due to the structural similarity of the central fourfold coordinated water mol-
ecule to the corresponding organic compounds these additional clusters are
denoted as spiro clusters. The supramolecular interaction energies calculated for
these new structures are summarized in Table 4.2. It is apparent that all spiro
structures are predicted to be more stable than the members of the 7w8cube set
with the exception of the w8cube itself, which is based on the larger number of
hydrogen bond contacts in these structures. As in the case of the smaller structures
from the 7w8cube set, largest absolute values for the cooperative interaction
energies are obtained from the dft methods with differences to the MP2 results as
high as approximately 55 kJ/mol in the case of the s13 cluster and the TZVP basis
set. For the dft methods the additional polarization functions of the TZVPP basis
set again result in a destabilizing effect on the interaction energies of all spiro
clusters, which amounts up to approximately 45 kJ/mol for the largest structures.
This pronounced basis set effect is not seen in the case of the MP2 computations,
where only the largest cluster is predicted to be less stable by the larger basis set
and a reverse trend is found for the s7 cluster, which is thereby in line with the
MP2 basis set trend observed in the interaction energies of the 7w8cube cluster set.

Fig. 4.2 Spiro cluster struc-
tures containing the fourfold
coordination pattern.
Reprinted with permission
from Ref. [2]. Copyright
2009 American Chemical
Society
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The pair interaction energies obtained for the spiro clusters are again less than half
the magnitude of the fully cooperative energies, and in the case of the s11 and s13
structures even less than one quarter of the corresponding DEj;intra values. Thus, the
magnitude of the pair interaction energies decreases with increasing cluster size,
whereas a reversed trend could be observed for the clusters of the 7w8cube set. In
combination with the increasing magnitude of the supramolecular interaction
energies, this is a clear indication for the elevated importance of cooperative
effects in these spiro structures.

This observation is also reflected in the magnitudes of the interaction energies
per monomer listed in the second block of Table 4.2. With the exception of the
w8cube structure, all members of the 7w8cube set show smaller absolute
DEj;intra=ij values, which indicates that the average stabilization of the individual
monomers is relatively large in the spiro structures. With regard to this point it is
also apparent that there are no large differences between the individual spiro
clusters, i.e., for the stabilization of the individual monomer it does not matter if it
is bound in the s7 or in the s13 structure. This is not necessarily to be expected
according to the differences in ring size (and therefore in ring strain) between the
distinct spiro clusters, see Fig. 4.2. If again the supramolecular interaction energies
DEj;intra per hydrogen bond are considered instead, values between -26.1 kJ/mol
(s7) and -28.8 kJ/mol (s13) are calculated [2]. Compared to the corresponding
numbers of the 7w8cube set, these numbers indicate a significant stabilization of
each hydrogen bond in the larger cyclic clusters (w5, w6, s11, s13) as compared to
e.g. the bulky w8cube structure, and the largest stabilization in these terms is
predicted for the w6 cluster, see Table 4.1 The direct transferability of these
energetic criteria to the treatment of the liquid phase is questionable, but the

Table 4.2 Supramolecular interaction energies DEj;intra (see Eq. 2.50) and the energy per
monomer DEj;intra=ij for the spiro cluster structures depicted in Fig. 4.2 as obtained from different
quantum chemical methods [2, 27]

Cluster BP B3LYP MP2

TZVP TZVPP TZVP TZVPP TZVP TZVPP TZVPP
Cooperative Cooperative Cooperative Pair

DEj;intra DEj;pair

s7 -247.3 -218.6 -236.5 -213.7 -203.1 -208.8 -90.6
s9 -324.7 -296.5 -321.7 -290.3 -279.9 -281.7 -75.0
s11 -392.5 -356.3 -391.8 -351.9 -342.5 -342.8 -66.5
s13 -461.6 -416.6 -462.4 -413.6 -405.2 -389.1 -52.1
DEj;intra=ij DEj;pair=ij
s7 -35.3 -31.2 -33.8 -30.5 -29.0 -29.8 -13.0
s9 -36.1 -32.9 -35.7 -32.3 -31.1 -31.3 -8.3
s11 -35.7 -32.4 -35.6 -32.0 -31.1 -31.2 -6.0
s13 -35.5 -32.1 -35.6 -31.8 -31.2 -29.9 -4.0

The last column lists the pair interaction energies DEj;pair according to Eq. 4.1. All values in
[kJ/mol]
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importance of five- and six-membered rings for the liquid phase of water has been
explicitly discussed before [15, 42].

4.1.1.2 Hydrogen Fluoride Cluster Set

As noted above, several experimental as well as computational studies discuss the
occurrence of staggered chains of hydrogen-bonded molecules in the liquid phase
of hydrogen fluoride, but there are also studies emphasizing the possible impor-
tance of ring structures in the liquid [22–24, 45–47]. Some of the computational
investigations provide estimates for the average number of monomer units in
hydrogen fluoride chains and rings to be equal or less than eight [19, 22]. With
regard to these observations quantum chemical calculations have been performed
for several possible chain- and ring-like arrangements of hydrogen fluoride
monomer units employing dft methods as well as second order Møller–Plesset
perturbation theory in combination with basis sets of triple-f (TZVP) and
quadruple-f (QZVP) quality, respectively. An overview of all considered cluster
structures is given in Fig. 4.3. However, the results obtained from the MP2 normal
mode analysis show that chains including more than three monomer units in
general yield one (or more) negative frequency values and therefore are no minima
on the MP2 potential energy surface (with the exception of the MP2/TZVP cal-
culation), see Sect. 7.1 [38]. Thus, the only open-end chain structures present in all
hydrogen fluoride cluster sets are the dimer c2 and the trimer chain c3c, and the
inclusion of the hexamer chain structure c6c is only realized in the case of the dft
calculations. For the calculated MP2/QZVP structures additional geometry opti-
mizations and normal mode analyses employing a smaller (i.e., more precise)
convergency criterion for the norm of the cartesian gradient have been carried out
(see Sect. 7.1) in order to obtain an accurate set of geometries. These refined
structures have been subsequently employed for the calculation of high quality
ab initio interaction energies and complete basis set (cbs) limit extrapolation
studies in terms of the coupled cluster method including single and double exci-
tations and the perturbative treatment of triple excitations (CCSD(T)) as well as
the incremental scheme in case of the larger cluster structures [48–50]. The cal-
culated interaction energies from all considered methods are summarized in
Table 4.3 (the column ‘‘QZVPI’’ lists results based on the more accurate geom-
etry optimizations). It is apparent that in the case of the hydrogen fluoride dimer c2
the calculated values are in the same order of magnitude as in the case of the water
dimer (approximately -19 kJ/mol), which indicates that the isolated hydrogen
bond in both substances is of comparable strength. The interaction energies
obtained from the PBE functional in combination with the TZVP basis set yield
more stable clusters than any of the other approaches no matter which of the
clusters is considered. In the case of the dimer, this overbinding amounts to
approximately 2 kJ/mol as compared to the CCSD(T)/cbs result and reaches a
difference of nearly 50 kJ/mol in the case of the cyclic octamer c8r.
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This tendency of gradient-corrected dft has also been observed in the calcu-
lations of the water clusters (see the first two columns in Table 4.1), but not to
such an extent. In contrast, the second gradient-corrected density functional (BP)
shows no uniform trend compared to the interaction energies obtained from the
CCSD(T)/cbs approach. Beginning with the cyclic tetramer c4r, all larger clusters
are predicted to be more stable, whereas the smaller clusters show lesser magni-
tudes of the supramolecular interaction energy with respect to the CCSD(T)/cbs
reference. However, this underbinding tendency is of insignificant extent (less than
or equal 2 kJ/mol in all cases), while the overbinding tendency found for the larger
clusters assumes differences of approximately 20 kJ/mol in the case of the octamer
cluster.

In the case of the MP2 results the basis set effect already found for the water
clusters in Tables 4.1 and 4.2 is even more pronounced as can be seen from the
central block in Table 4.3. For the transition from the TZVP to the QZVP basis set
a lowering in interaction energy of more than 20 kJ/mol is predicted in the case of
the c8r cluster, and an additional decrease again of approximately 20 kJ/mol is

Fig. 4.3 Cluster components
of the hydrogen fluoride
cluster set (without the
monomer c1)
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observed for the extrapolation to the cbs limit. For most smaller clusters it is found
that the interaction energies obtained from the MP2/QZVP combination are closer
to the ones predicted for the cbs limit than to the values of the MP2/TZVP
combination, i.e., the gain in accuracy for the change from the TZVP set to the
QZVP is comparatively large in these clusters at least concerning the computed
energies.

It is also apparent that the effect of increasing the accuracy of the geometry
optimization on the MP2/QZVP interaction energies is completely negligible and
in the case of the smaller clusters virtually leads to no difference between the
computed numbers, see the column labeled ‘‘QZVPI’’. The comparison between
the dft and MP2 methods at the same basis set (TZVP) again shows large dis-
crepancies between the two approaches, in which the dft methods always predict
more stable cluster structures with differences as large as approximately 90 kJ/mol
in the case of the c8r structure. However, these discrepancies are smaller if the
basis set size for the MP2 calculations is increased, and in the cbs limit of the MP2
interaction energies the differences to the BP/TZVP results do not exceed
approximately 20 kJ/mol. It is interesting to see that the open end chain clusters c2
and c3c are energetically disfavored by the BP functional (predicted to be less
stable as compared to MP2/cbs), whereas all cyclic species exhibit larger

Table 4.3 Supramolecular interaction energies DEj;intra (see Eq. 2.50) and the energy per
monomer DEj;intra=ij for the hydrogen fluoride cluster structures depicted in Fig. 4.3 as obtained
from different quantum chemical methods [50]

Cluster CCSD(T) MP2 BP PBE

CBS CBS QZVPI QZVP TZVP TZVP TZVP

DEj;intra

c2 -19.5 -19.2 -17.8 -17.8 -17.0 -17.9 -21.4
c3c -45.1 -44.6 -41.5 -41.5 -39.3 -43.1 -50.1
c3r -65.1 -64.0 -59.2 -59.1 -50.5 -64.4 -72.6
c4r -119.0 -118.4 -109.8 -109.8 -95.0 -124.5 -136.5
c6c – – – – – -137.9 -154.9
c6ra -198.7 -198.9 -184.3 -184.3 -165.1 -212.3 -231.7
c6rb -199.1 -199.2 -184.6 -184.6 -165.2 -212.9 -232.4
c8r -268.8 -269.0 -249.4 -249.0 -225.1 -288.9 -314.4
DEj;intra=ij
c2 -9.7 -9.6 -8.9 -8.9 -8.5 -9.0 -10.7
c3c -15.0 -14.9 -13.8 -13.8 -13.1 -14.4 -16.7
c3r -21.7 -21.3 -19.7 -19.7 -16.8 -21.5 -24.2
c4r -29.8 -29.6 -27.4 -27.4 -23.8 -31.1 -34.1
c6c – – – – – -23.0 -25.8
c6ra -33.1 -33.1 -30.7 -30.7 -27.5 -35.4 -38.6
c6rb -33.2 -33.2 -30.8 -30.8 -27.5 -35.5 -38.7
c8r -33.6 -33.6 -31.2 -31.1 -28.1 -36.1 -39.3

The column ‘‘QZVPI’’ denotes results obtained from a more accurate convergency criterion for
the geometry optimization (see Sect. 7.1). All values in [kJ/mol]
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magnitudes in the interaction energy as compared to MP2/cbs. However, the size
of the sample is definitely too small to arrive at a general conclusion in that
direction. Comparing the MP2/cbs energies to the corresponding CCSD(T)/cbs
values shows that both approaches agree to a large extent in all examined cases
with differences smaller than 1 kJ/mol for almost all cluster structures. In the case
of the smaller systems the coupled cluster approach predicts slightly more stable
structures, whereas a reversed trend is found for the larger rings c6ra, c6rb, and
c8r. A comparison between the calculated dimer interaction energies listed in the
first row of Table 4.3 and an experimental measurement of the hydrogen fluoride
dimer dissociation energy (De = 19.1(+1.2, -1.1) kJ/mol) demonstrates that the
MP2/cbs and the CCSD(T)/cbs approaches are the most accurate methods
employed in this study [51].

The interaction energies per monomer unit DEj;intra=ij are listed in the second
block of Table 4.3. According to these numbers, largest stabilization of the
monomer units is found for the large ring clusters and the dft methods as to be
expected from the observed trends in the supramolecular interaction energies. In
the case of the trimer structures a considerably larger stabilization is obtained for
the ring isomer due to the additional hydrogen bond. However, if this contribution
is estimated by adding the interaction energy of an isolated hydrogen bond
(obtained from the c2 cluster) to the corresponding value of the chain isomer c3c,
it is seen that there is virtually no preference for the ring structure predicted by any
of the employed methods. This observation can again either be rationalized by the
absence of significant differences between cooperative effects in the hydrogen
bonds of the c3c and the c3r cluster, respectively, or by a compensating effect due
to ring strain in the small cyclic cluster c3r. However, the relatively large sta-
bilization of approximately 10 kJ/mol per monomer predicted by all employed
methods for the transition from the cyclic trimer c3r to the cyclic tetramer c4r and
the larger ring structures indicates that a considerable release of ring strain upon
this transition is very likely. A more distinguished analysis of cooperative effects
in chain and ring structures can be done in terms of a comparison between the
hexamer chain and ring isomers as obtained from the dft methods (due to the
higher order saddle point characteristic of the c6c structure on the MP2/QZVP
potential energy surface this method is not considered in that regard). For both
density functionals the difference in interaction energy per monomer unit amounts
to approximately 13 kJ/mol in favor of the cyclic species c6ra and c6rb. If this
number is compared to the stabilization obtained from an additional (isolated)
hydrogen bond per monomer (in a hexamer this amounts to approximately 3 kJ/
mol), it is clear that the larger ring clusters benefit from increased cooperative
effects as compared to the ones found in the hexamer chain c6c.

Additional insight into the degree of cooperativity of the different hydrogen
fluoride clusters can be obtained by analyzing the electron occupancy of certain
orbitals at the acceptor units of the intracluster hydrogen bond. In general, the
canonical scf orbitals are delocalized over the whole molecular structure and
therefore cannot be unambiguously assigned to a certain atom or group of atoms.
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In order to perform a reasonable population analysis with regard to hydrogen
bonding, the canonical scf orbitals have to be localized first. In the present case the
natural bond orbital (NBO) localization followed by a natural population analysis
(NPA) has been employed [41, 42, 52]. In the localized natural orbital basis the
occupancy of the rI antibonding orbital of the intramolecular hydrogen fluoride
bond can provide information about the amount of charge transfer between distinct
hydrogen fluoride units, because this orbital is unoccupied in the non-interacting
hydrogen fluoride monomer unit. The average occupancy of the rI orbital as
obtained from the NPA is illustrated in Fig. 4.4 as a function of the cluster size and
the cluster type (chain or ring).

From this plot it is apparent that the amount of charge transfer due to hydrogen
bonding is always larger in the case of the ring clusters regardless of the cluster
size or the electronic structure method applied. In most cases the degree of
occupation obtained for the chain clusters is equal or less than half the value
obtained from the same method for the ring cluster of corresponding size. In
addition, the dotted lines indicate an almost perfectly linear relation between the
number of monomers ij in a chain cluster and the corresponding average occu-
pancy of the rI orbital, i.e., the occupancy of a chain cluster containing
n monomer units can be approximated by n - 1 times the occupancy of the dimer
c2 to good precision. In contrast, the occupancies calculated for the cyclic clusters
show a considerable increase for the transition from the trimer to the tetramer and
from the tetramer to the hexamer, after which the occupancy remains approxi-
mately constant. If the dimer is additionally taken into account, the largest
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Fig. 4.4 Average occupancy of the rI orbital of the H–F bond as a function of the cluster type
[50]. For ij = 6 the boat-like conformer c6ra has been employed in the case of the cyclic clusters.
The dotted lines are meant to guide the eye. Please note that the hexamer chain cluster c6c is a
minimum on the MP2/TZVP potential energy surface and therefore is employed in this analysis
as well. However, in order to ensure comparability to the remaining post-Hartree–Fock methods
this structure is not considered in the qce results presented in this chapter. This is also the reason
why no interaction energy for this cluster is listed in Table 4.3
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cooperative contributions are obtained for the trimer and the tetramer (increase in
occupation by a factor of approximately 5 for c2 ? c3r and 2 for c3r ? c4r,
respectively, in the case of the dft results), which is in accurate agreement to the
results obtained in a previous study [53]. Accordingly, the almost linear depen-
dancy of the rI occupation on the cluster size predicted for the chain structures is
absent and an approximately logarithmic relationship can be estimated, which only
leads to a relatively small increase in cooperative effects at larger cluster sizes.
This result can also help to explain why the majority of ringlike structures found in
first principles md simulations of liquid hydrogen fluoride contains up to eight
monomer units, because the gain in cooperativity for even larger aggregates is
rather small and the loss of entropy upon ring closure could be more severe,
thereby favoring the formation of chain structures of larger size [19, 22]. As in the
case of the supramolecular interaction energies listed in Table 4.3 the occupancies
obtained from the MP2/TZVP NBO analysis are smaller by a factor of approxi-
mately 0.5 in all cases than the ones predicted by the dft methods, which yield
almost identical rI occupations for all clusters. This in turn indicates that the
occupancies cannot directly be correlated to the supramolecular interaction ener-
gies, since the energies computed by the two considered density functionals differ
significantly as can be seen in the last two columns of Table 4.3. However, it
should be kept in mind that the supramolecular interaction energy is the difference
between the total energies of the cluster and the relaxed monomer units and
therefore includes all possible interactions reasonably described by the applied
quantum chemical method, whereas the occupancy of the rI orbital is a measure
for the hydrogen bond interaction only and does not cover additional interactions
e.g. between permanent molecular multipoles.

4.1.2 Zeroth Order Quantum Cluster Equilibrium Calculations

As pointed out in Sect. 2.2.1 the quantum cluster equilibrium approach to the
condensed phase involves the determination of two empirical parameters, namely
the intercluster interaction parameter amf (see Eq. 2.51) and the excluded volume
factor bxv according to Eq. 2.48. These parameters control the van der Waals-like
contributions from the volume of the particles as well as the mean field interaction
between different clusters, but as pointed out in the discussion of Eq. 2.45 a certain
fraction of the intermolecular interactions is captured in the first principles cluster
calculations as intracluster interactions. Thus, in order to examine the effect of this
partial treatment of intermolecular interactions, the qce model will first be
employed in a zeroth order setup, in which the residual intercluster interaction is
not considered (amf = 0 (J 9 m3)/mol) and the volume of the particles is either
included as the unmodified sum of the atomic van der Waals volumes (bxv = 1) or
completely neglected (bxv = 0). The water and hydrogen fluoride cluster sets
introduced in the previous section will serve as the model systems for these
investigations.
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4.1.2.1 Complete Neglect of Cluster Volume

In order to obtain an understanding of the exclusive influence of the transition from
the single molecule approach routinely applied in many static quantum chemical
calculations to the cluster approach of partly associated molecules, the contribu-
tion of the reduced volume effect due to the cluster volume will be ignored first.

Besides the external pressure p and the temperature T several technical param-
eters have to be provided for a qce calculation like for instance the maximum number
of iterations ncyc or the convergence criterion Vcrit for the computed phase volume.
A summary of these details and the values assigned to the corresponding parameters
can be found in Sect. 7.1. The first system examined in terms of this complete
parameter-free setup will be the liquid phase of water in terms of the 7w8cube cluster
set illustrated in Fig. 4.1 and the extended cluster set additionally including the spiro
clusters (7w8cube + spiro clusters, see Fig. 4.2). The molar volume as a function of
the temperature calculated on the basis of this parameter setup and of the cluster
properties obtained from the different quantum chemical methods considered is
plotted in Fig. 4.5. From the curves in Fig. 4.5 it is apparent that all methods predict
an ideal gas-like behavior for the cluster equilibrium at temperatures larger than
T = 280 K. Below this temperature a volume collapse can be observed in all curves
obtained from fully cooperative interaction energies, whereas the isobar based on the
pairwise MP2/TZVPP interaction energies from Table 4.1 retains the ideal gas
character over almost the whole investigated temperature domain. Due to the
smooth decline of the curves the calculated condensation processes do not corre-
spond to real first order phase transitions, but nevertheless represent a decrease in
molar volume to approximately 15% of the corresponding ideal gas volume over a
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Fig. 4.5 Molar volume V as a function of the temperature T as obtained from different quantum
chemical methods employed for the calculation of the 7w8cube cluster set. The lowest temper-
ature of each isobar corresponds to the point at which the qce iterations no longer converge
(maximum number of iterations ncyc = 1,000). All calculations refer to a pressure of
p = 1 9 105 Pa
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relatively small temperature interval of approximately 20 K. There are considerable
differences in the onset of the condensation process predicted by the various
quantum chemical methods. The highest condensation temperature of approxi-
mately T = 280 K is obtained for the BP/TZVP curve, followed by the B3LYP/
TZVP isobar (approximately T = 270 K). Besides the difference in the transition
temperature, these two isobars also differ in the slope of the curve in the conden-
sation interval with the B3LYP isobar showing a steeper decline. The condensation
temperature of the curves obtained from the dft methods in combination with the
larger TZVPP basis set are shifted to lower temperatures by approximately 30 K
(BP) and 50 K (B3LYP), respectively, but at the same time their characteristic slope
in the condensation interval is retained. In the case of the MP2 cluster calculations,
the obtained isobars exhibit a considerable shift of the condensation temperature
towards lower values (T = 240 K for MP2/TZVPP and T = 225 K for MP2/TZVP,
respectively) as compared to the dft isobars. In addition, the absolute difference in
the condensation point between the TZVP and the TZVPP basis sets is smaller as in
the case of the dft curves, and the decline of the MP2/TZVPP isobar is even more
pronounced as the one found for the B3LYP/TZVPP curve. However, the major
difference between the isobars obtained from the MP2 and dft cluster set calcula-
tions clearly lies in the reversed basis set trend with regard to the condensation
temperature. In the case of the MP2 calculations the isobar based on the larger basis
set exhibits a higher condensation temperature as the corresponding TZVP curve,
whereas the opposite trend is observed for the dft calculations. This reversed basis
set effect of the MP2 and dft results has been found previously in the supramolecular
interaction energies listed in Table 4.1, for which an additional stabilization of the
cluster structures for the larger basis set in the case of the MP2 approach and the
opposite trend in the case of the dft methods is observed. Consequently, it is rea-
sonable to expect that larger magnitudes in the interaction energy lead to an increase
of the transition temperature between the low density ideal gas phase and the high
density liquid-like phase. This conclusion is additionally supported by the fact that
the sequence of phase transition points is almost perfectly matched by the corre-
sponding order of stability in terms of the supramolecular interaction energies (with
the exception of the MP2/TZVPP and the B3LYP/TZVPP results). The most stable
cluster structures (obtained from the BP/TZVP combination, see Table 4.1) also
exhibit the highest phase transition temperature, and the ideal gas phase of the least
stable set (MP2/TZVP) covers the largest temperature domain of all investigated
methods, i.e., it does exist at temperatures for which all remaining ideal gas phases
are no longer stable. Furthermore, the isobar obtained from the MP2/TZVPP pair
interaction energies shows no transition to a high density phase at all in the inves-
tigated temperature interval, which is in accordance to the fact that the magnitudes of
these energies are significantly smaller than those of the fully cooperative energies,
regardless of the applied quantum chemical method. These findings also have been
reported in previous qce studies on liquid water for a zeroth order parameter setup in
which the intercluster interactions are equally switched off as in the present case
(amf = 0 (J 9 m3)/mol), but the excluded volume has been considered in an
unmodified fashion (bxv = 1) [15, 27].
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From the results presented here it is clear that this shift of the phase transition
point is directly based on the stability differences between the clusters as obtained
from different interaction energies and no volume effect possibly arising from
varying Vex values calculated for different cluster equilibria in terms of different
quantum chemical methodologies.2 This observation can also be expected
according to the physical reasoning that at a given temperature stronger inter-
molecular interactions (as expressed in more stable cluster structures) tend to
increase the density of the system under investigation and require larger amounts
of energy for the evaporation as indicated in increased vaporization enthalpies and
higher boiling points (for which liquid water is a demonstrative example) [54, 55].
Thus, the simple model of an ideal cluster gas as introduced in Sect. 2.2.1 is
capable of capturing the essential features of the phase transition from the low
density gas phase to a high density liquid-like phase in a qualitative way. The
extension of the 7w8cube cluster set by the use of the spiro clusters illustrated in
Fig. 4.2 introduces the fourfold coordination pattern into the cluster set. The
isobars calculated for this extended cluster set in the complete parameter-free qce
setup (amf = 0 (J 9 m3)/mol, bxv = 0) are plotted in Fig. 4.6. The isobars in
Fig. 4.6 indicate that the additional spiro clusters do not affect the general pro-
gression of the different methods over the examined temperature domain and that
the onset of the condensation process is also only barely affected by the extended
cluster set. However, it is apparent that in the present case all isobars converge to
the lowest temperature considered in the qce calculation (with the exception of the
B3LYP/TZVP curve showing some unconverged iterations in the phase transition
part), which is not the case if the 7w8cube cluster set is employed exclusively
(compare the low temperature part of Figs. 4.5 and 4.6). From this observation it
can be inferred that the fourfold coordination pattern as introduced via the spiro
clusters is an important structural element in the low temperature regime of liquid
water and that this motif is necessary for a consistent modeling of this part of the
water phase diagram in terms of the (zeroth order) qce approach [3, 16]. In
addition, this result again indicates that the partial treatment of intermolecular
interactions via the isolated cluster approach is sensitive enough to detect the
significance of this coordination pattern. The isobars calculated for the hydrogen
fluoride cluster set (see Fig. 4.3) and the parameter-free qce approach are plotted
in Fig. 4.7. It is apparent that the obtained curves qualitatively agree to the ones
calculated for the extended water set (see Fig. 4.6), but the condensation tem-
peratures are shifted to larger values. In addition, all curves converge down to
T = 150 K as in the case of the extended water cluster set including the spiro
clusters, thereby indicating that no important coordination pattern is missing as in
the low temperature domain of the 7w8cube water cluster set. The direct corre-
lation between the strength of intermolecular interaction, i.e., the magnitude of the

2 According to Eq. 2.48, the excluded volume contribution depends on the calculated cluster
populations, which in turn are related to the applied methodology via the cluster partition
functions {qj} as expressed in Eq. 2.58.
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supramolecular interaction energies (see Table 4.3), and the onset of the con-
densation process found for the water cluster sets is again clearly visible in
Fig. 4.7. Both density functional methods predict the most stable cluster structures
and accordingly the corresponding isobars show a stable high density phase over
the largest temperature interval. In contrast, the MP2 calculations with the triple-f
and quadruple-f basis sets yield less stable cluster structures and consequently the
condensation temperatures are shifted to lower values, whereas the curves obtained
from the complete basis set extrapolations are intermediate both regarding the
magnitude of the interaction energies as well as the condensation temperatures.
Furthermore, the comparison between the interaction energies and isobars obtained
from the MP2/cbs and the BP/TZVP combinations indicates that the point of
condensation is more significantly affected by the energetics of the larger cluster
structures, since in the case of the smaller clusters the BP/TZVP approach predicts
less stable clusters and therefore should also lead to a lower condensation tem-
perature. This increased contribution of the hexamers and the octamer is also
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reflected in the population computed at each temperature point of the qce calcu-
lation according to Eq. 2.58 (not depicted). The apparent equality of the MP2/cbs
and CCSD(T)/cbs isobars furthermore show that the parameter-free qce model is
not sensitive to differences in the cluster interaction energy which are below
1 kJ/mol. As pointed out above, the transition from the ideal gas phase to the high
density liquid-like phase occurs at higher temperatures in the case of the hydrogen
fluoride cluster set. It is therefore instructive to compare the calculated conden-
sation temperatures to the experimental boiling point of liquid hydrogen fluoride,
which for a pressure of p = 1 9 105 Pa occurs at T = 292.69 K [56]. With regard
to this reference value, it is visible from Fig. 4.7 that the isobars obtained from the
complete basis set limits of the MP2 and CCSD(T) methods as well as the MP2/
QZVP curve are most accurate in predicting an onset of the transition to the gas
phase at approximately 290 and 260 K, respectively (see Fig. 5.3 for a more
precise determination of the phase transition temperatures via the turning points in
the specific heat capacities). This is in accordance with the fact that these two
methods (MP2 and CCSD(T)) exhibit the most elaborate treatment of the elec-
tronic structure problem and predict the experimentally measured dissociation
energy of the hydrogen fluoride dimer to highest precision [51]. In addition, this
observation demonstrates the methodological consistency of combining the
(parameter-free) qce model with cluster results obtained from high level electronic
structure calculations and indicates that in the case of hydrogen fluoride the
estimation of the boiling point of the real liquid is possible on the basis of a pure
ab initio treatment.

The phase transitions obtained from this parameter-free qce model as illustrated
in Figs. 4.6 and 4.7 of course only qualitatively reflect the liquid phase behavior of
the real liquid phases, but it is clear that even a partial consideration of inter-
particle interactions as accomplished in terms of the cluster structures is sufficient
for a volume collapse to a low density phase, and that no volume for the particles
constituting the system under investigation is necessary for this condensation
phenomenon. It is furthermore apparent from Fig. 4.5 that even in the case of the
most stable clusters (as obtained from the BP/TZVP combination) the phase
transition temperature of real water is underestimated by at least 100 K, whereas
the boiling point of real hydrogen fluoride is approximately captured by the high
level quantum chemical cluster calculations. Following the reasoning pointed out
before, this corresponds to an underestimation of the intermolecular interactions in
the case of water, and it is apparent that in contrast to the hydrogen fluoride system
the isolated cluster energetics as e.g. reflected in the values from Table 4.1 do not
suffice to adequately model the extended intermolecular interaction network pre-
dicted to occur in the liquid water phase [57]. However, considering the fact that
the zeroth order qce model explicitly neglects any possible interactions between
the different clusters, this underestimation of the boiling temperature should be
reducible by introducing additional stabilizing interactions between the cluster
structures, i.e., by setting amf [ 0 (J 9 m3)/mol. Apparently this is not as neces-
sary in the case of liquid hydrogen fluoride as for the qce treatment of water, which
is possibly based on the more simple molecular structure of hydrogen fluoride
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exhibiting only a single donor functionality. The possibility of the water molecule
to act as a double hydrogen bond donor is realized for almost none of the water
molecules in the 7w8cube cluster set (see Fig. 4.1), and in the case of the spiro
compounds only a single monomer unit per cluster structure exhibits the full
fourfold coordination pattern. It is thus reasonable to expect that a larger fraction
of intermolecular interactions is neglected in the case of the small to medium sized
water clusters considered in this thesis as compared to the hydrogen fluoride
cluster set, for which a twofold coordination pattern in the form of hydrogen-
bonded chains is experimentally predicted [24, 25]. Even if recent experimental
measurements demonstrate that the majority of water molecules assumes a twofold
coordination in liquid water at ambient conditions as well, additional (non-
hydrogen bond) interactions to the unoccupied donor and acceptor positions from
the second solvation shell or in terms of long range interactions seem likely, and it
is clear that such contributions are not considered in the isolated cluster approach
applied in this section [10, 58]. Thus, the inclusion of residual cluster–cluster
interactions can be expected to be of higher importance for an accurate qce
treatment of liquid water, and the effect of the simple treatment of intercluster
interactions according to Eq. 2.51 will be examined in Sect. 4.1.3.

4.1.2.2 Unmodified Excluded Volume

The behavior of an unscaled volume estimate (amf = 0 (J 9 m3)/mol, bxv = 1) in
the frame of the qce model in combination with the 7w8cube cluster set has
already been extensively examined in previous studies and therefore will not be
reiterated in this thesis [15, 27, 59]. The extension of the 7w8cube set in terms of
the spiro clusters again improves the convergency behavior in the low temperature
domain, but does not otherwise affect the calculated isobars, leaving the computed
molar volumes at a given temperature almost unchanged. The reason for this
observation can be found in the relatively small values obtained for the unmodified
excluded volumes according to Eq. 2.48, which are typically in the order of
magnitude of 10-2 L and therefore do not alter the translational volume in the
expression for the corresponding partition function (Eq. 2.49) significantly. The
same situation is observed in the case of the unscaled excluded volume contri-
butions calculated for the hydrogen fluoride cluster set, which are even smaller
than the ones obtained for the extended water cluster set due to the smaller average
number of monomer units per cluster. Thus, in the present setup in which the
cluster volumes {Vj} are estimated from the atomic van der Waals volumes (see
the discussion of Eq. 2.48) and the cluster structures are comparably small, the
isobars calculated in the frame of the parameter-free qce model are largely affected
by the cluster interaction energies rather than the cluster volumes. However, this
trend will possibly change if larger cluster structures are considered in the cluster
set or if a more refined treatment for the determination of the cluster volumes with
regard to structural issues is applied [29, 60].
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4.1.3 Mean Field Attraction and Adjustment of Parameters

The results presented in the previous section demonstrate that the partial
treatment of interparticle interaction in terms of isolated cluster structures (i.e.,
the ideal cluster gas) exhibits the qualitative features of a condensation to a
phase of higher density as the one of a conventional ideal gas for both the
examined substances water and hydrogen fluoride. Even if the calculated molar
volumes and the condensation temperatures in most cases do not agree to the
corresponding experimental values, these findings indicate that the cluster
equilibrium approach is in principle capable of treating the condensed phase as
well as the transition to the gas phase. The possibility of calculating phase
transition properties in the frame of the qce model will be examined in greater
detail in the following chapter. This section focusses on the effect of the mean
field interaction between the clusters in order to increase the degree of accuracy
of the qce isobars in the liquid phase temperature domain. For both examined
substances, the high density phases found in the parameter-free qce approach
are predicted to possess a molar volume of approximately 2 L in the low
temperature domain regardless of the magnitude of the supramolecular cluster
interaction energies (with the exception of the MP2/TZVPP pair interaction
energies), see Figs. 4.6 and 4.7, which is approximately one order of magnitude
smaller than the ideal gas volume. However, the molar volume of real water is
still about two orders of magnitude smaller than the parameter-free qce result
(approximately 1.8 9 10-2 L at room temperature), and this additional increase
in density has to be accounted for via the mean field cluster interaction in the
frame of the qce model [61]. Previous studies demonstrate that the molar
volume of liquid water can be calculated to good precision on the basis of the
7w8cube cluster set if the mean field attraction parameter amf is adjusted
manually to reproduce the experimental reference volume at a given temper-
ature [15, 27, 59]. In the following, the effect of the mean field cluster inter-
action will be examined in a most general way and subsequently a more
elaborate fitting procedure as outlined in Sect. 2.2.1 will be employed in order
to obtain molar volumes of higher precision over larger temperature intervals
for liquid water and liquid hydrogen fluoride [1, 50].

4.1.3.1 Unmodified Intercluster Interaction and Excluded Volume

Following the conception of the preceding part, the qualitative effect of the
intercluster mean field interaction can be studied from a general perspective by
considering an unmodified qce setup in which both the excluded volume contri-
bution (Eq. 2.48) as well as the mean field interaction (Eq. 2.51) enter the cal-
culation as unscaled quantities (i.e., setting amf = 1 (J 9 m3)/mol and bxv = 1).
The isobars calculated for this parameter setup and the 7w8cube cluster set are
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illustrated in Fig. 4.8.3 From these plots it is apparent that the inclusion of the
unscaled mean field interaction leads to a shift of all calculated isobars to con-
siderably smaller volumes which in all cases are even smaller than the molar
volume of real liquid water. In addition, the indicated transition to the gas phase
predicted for the case where the intercluster interaction is completely neglected
(see Fig. 4.5) is no longer found in any of the curves even though the temperature
interval for all qce calculations has been extended to T = 500 K. There is an
increase in curvature visible in the isobar obtained from the MP2/TZVP cluster
calculations at temperatures larger than T = 450 K, but not to such an extent as
predicted for the complete neglect of the intercluster interaction. All curves
obtained from the fully cooperative cluster calculations show a similar progression
over the investigated temperature interval, with the MP2 isobars predicting the
largest volumes at elevated temperatures. Smallest volumes are found for the MP2/
TZVPP isobar and the B3LYP/TZVP isobar at lower temperatures and for the BP/
TZVP as well as the B3LYP/TZVP curves at larger temperatures. The lowest
temperatures at which the qce iterations still converge for a given quantum
chemical cluster treatment (i.e., the low temperature ending points of the isobars)
differ considerably between the employed methods. The largest stability with
regard to this aspect is found for the MP2/TZVP combination, whereas the
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Fig. 4.8 Molar volume V as a function of the temperature T as obtained from different quantum
chemical methods employed for the calculation of the 7w8cube cluster set. Excluded volume and
intercluster interaction are unscaled (amf = 1 (J 9 m3)/mol, bxv = 1). The lowest temperature of
each isobar corresponds to the point at which the qce iterations no longer converge (maximum
number of iterations ncyc = 1,000). All calculations refer to a pressure of p = 1 9 105 Pa

3 Please note that the isobars obtained from the extended water cluster set (7w8cube + spiro)
qualitatively agree to the ones depicted in Fig. 4.8 and in most cases again show a better
convergency behavior in the low temperature interval, but due to increased convergency
problems for the MP2/TZVPP clusters at several temperatures the isobars of the original 7w8cube
set are discussed here.
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B3LYP/TZVP 7w8cube cluster set no longer converges at temperatures smaller
than T = 286 K, which is close to the freezing point of real water.

However, the same trend can be observed in the case of the complete param-
eter-free setup (see Fig. 4.5) and therefore cannot be attributed to the intercluster
interaction. The isobar calculated on the basis of the MP2/TZVPP pair interaction
energies again differs from the remaining curves to a large extent. As in the case of
the neglected intercluster interaction, the pair interaction energies lead to a lower
density than the ones predicted for the fully cooperative interaction energies at all
temperatures, with the differences being considerably larger than those found
between the different method/basis set combinations. Furthermore, the pair
interaction curve rises more steeply than any of the other isobars and again shows
the ideal gas-like linear progression already observed for the pair interaction
energies in the previously investigated parameter setup. This indicates that even
though the pair interaction isobar in absolute terms is closest to the experimental
one, a too linear temperature dependancy of the volume is obtained from these
energies which does not exhibit the characteristic curvature found for many of the
remaining isobars and which is also present in the isobar of real liquid water [62].
The comparison of these observations to the magnitudes of the interaction energies
listed in Table 4.1 shows that in contrast to the parameter-free setup (for which the
temperature of the condensation point is found to be dependent on the stability of
the clusters), the degree of intracluster interaction now affects the density of the
calculated phases. This is clearly seen in the high temperature domain, in which
the methods yielding the most stable cluster structures (BP/TZVP and B3LYP/
TZVP) also lead to the isobars of smallest molar volume and vice versa. At lower
temperatures this trend is no longer as pronounced as in the high temperature
domain, but the MP2/TZVP curve still exhibits the largest volume of all isobars
based on the cooperative energies and the smallest volume is always found for the
B3LYP/TZVP energies, which along with the BP/TZVP combination predict the
most stable cluster structures. The considerable smaller magnitude of the pair
interaction energies as well as the large volume difference between the corre-
sponding pair interaction isobar and all remaining curves additionally support this
observation, which has also been found in a similar form in previous qce calcu-
lations [27].

From these exemplary results it can thus be inferred that the stability of the
cluster phase as expressed in the supramolecular interaction energies of the dif-
ferent clusters as well as in the mean field attraction largely determines the
qualitative liquid phase behavior on both the temperature and the volume axis, and
that the contribution of the excluded volume affects this behavior to a much lesser
extent. With regard to this point it should be noted that the isobars obtained from
the different methods not only depend on the calculated supramolecular cluster
interaction energies, but also on the optimized structures and the harmonic fre-
quencies which are both method-dependent and which enter the cluster partition
functions as pointed out in Sect. 2.1.2. However, the example of the pair inter-
action energies and the corresponding isobars demonstrates that in the frame of the
qce model the interaction energies apparently have a considerable impact on the
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isobaric behavior, since the pair interaction curves are based on the same structures
and frequencies as the fully cooperative MP2/TZVPP curves, but significantly
differ from these as can be seen e.g. in Figs. 4.5, 4.6, and 4.8.

The isobars calculated for the hydrogen fluoride cluster set within the
unmodified intercluster interaction setup (amf = 1 (J 9 m3)/mol, bxv = 1)) are
illustrated in Fig. 4.9. As in the case of the water qce calculations, the activation of
the mean field intercluster interaction leads to molar volumes approximately two
orders of magnitudes smaller than the ones obtained for the isolated cluster gas.
Furthermore, it is apparent that the behavior of the isobar obtained from the BP/
TZVP cluster calculations is in strong contrast to the curves predicted by the
remaining methods insofar as the calculated volume is larger by approximately
0.1 mL and the isobar rises more steeply than any of the remaining curves. At
temperatures larger than T = 260 K the qce iterations no longer converge with the
BP/TZVP cluster data as input, which is a surprising result considering the fact
that the qce partition functions rely on the high temperature limit and the qce
model in general shows a much improved convergency performance in the high
temperature domain. There is no straightforward correlation visible between the
BP/TZVP cluster interaction energies in Table 4.3 and the outlying behavior of the
corresponding isobar, because all computed BP/TZVP cluster interaction energies
are intermediate between the PBE/TZVP values and the numbers obtained from
the MP2 calculations. Instead, the reason can be traced back to the harmonic
frequencies obtained from the BP/TZVP normal mode analysis as can be seen
from the isobar labeled as ‘‘BP/TZVP (PBE Freqs)’’ in Fig. 4.9. For this particular
curve the cluster interaction energies (and principal moments of inertia) as
obtained from the BP/TZVP calculations have been employed in combination with
the frequencies calculated from the PBE/TZVP approach, and from this numerical
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experiment it is apparent that the convergency performance is improved and that
the predicted volumes are considerably closer to the values obtained from the
remaining methods. Thus, the isobar calculated from the BP/TZVP cluster data is
very sensitive to the magnitude of the frequencies, and it is clear that not only the
interaction energies, but also the set of harmonic frequencies can influence the qce
isobars to a major extent. This is also seen in the isobar calculated from a modified
approach (PBE/TZVP structures and frequencies combined with the BP/TZVP
interaction energies, see the curve labeled as ‘‘PBE/TZVP (BP DEj)’’), which
differs from the ‘‘BP/TZVP (PBE Freqs)’’-isobar in the principal moments of
inertia, but nevertheless shows a high agreement to this curve over a large tem-
perature interval. In addition, if only the principal moments of inertia are taken
from the PBE/TZVP calculations and the BP/TZVP frequencies and interaction
energies are unmodified (not shown), the obtained isobar is identical to the original
BP/TZVP curve showing the same overestimation in volume with regard to the
remaining isobars and also an equally problematic convergency behavior. These
artificial modifications thereby show that in the case of the hydrogen fluoride
cluster set the changes in principal moments of inertia do not alter the calculated
isobars to a large extent and that the effect of the interaction energies and harmonic
frequencies on the molar volume is much more pronounced. With the exception of
the outlying behavior of the BP/TZVP curve all remaining isobars show a con-
tinuous progression over the investigated temperature range at considerably lower
volumes than for a complete neglect of the intercluster interaction, see Fig. 4.7. As
in the case of the water isobars plotted in Fig. 4.8, the method predicting the most
unstable cluster structures (MP2/TZVP) also yields the largest molar volumes,
whereas all remaining curves only show very small differences over the whole
temperature range. This observation is in contrast to the results obtained for the
7w8cube cluster set, where differences in the supramolecular cluster interaction
energies in the order of approximately 10 kJ/mol and larger lead to visible dif-
ferences between the corresponding isobars, see Table 4.1 and Fig. 4.8. In the case
of the hydrogen fluoride cluster set even larger differences in the cluster interac-
tion energies (approximately 60 kJ/mol and larger for the c8r cluster and the MP2/
QZVP and PBE/TZVP methods, see Table 4.3) do not result in significantly dif-
ferent isobars as can be seen from Fig. 4.9. This result again indicates that for
hydrogen fluoride the magnitude of the supramolecular cluster interaction energies
does not have such a large impact as the one found in the case of the 7w8cube
water cluster set and that in this case the influence of the harmonic frequencies is
of increased importance.

The qce isobars obtained from the unscaled mean field intercluster interaction
for both hydrogen fluoride and water predict molar volumes which are lower than
the corresponding values of the real liquids for almost all methods at all considered
temperatures, i.e., the density of the calculated phases is overestimated with
respect to the experiment. According to the observations presented in this section
so far, this indicates that the degree of attractive interactions within the van der
Waals-like cluster gas is too large, which can either be a result of an
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overestimation of the cluster stability as expressed in the supramolecular cluster
interaction energies or an overestimation of the mean field intercluster interaction.
Given that the latter energy contribution is explicitly formulated in terms of a
scaling factor (amf) in the qce approach, the performance of the method in
reproducing the experimental densities via the adjustment of the amf scaling
parameter will be examined in the following part.

4.1.3.2 Adjustment of the Model Parameters

The results presented so far demonstrate that it is possible to model the condensed
phase behavior of associated liquids on the basis of the qce iterations in a quali-
tative way. In order to evaluate the capabilities of this approach for the calculation
of real liquid phase properties the two scaling parameters amf and bxv will be
adjusted in the following according to the fitting procedure introduced in
Sect. 2.2.1. As pointed out there, experimental isobars will be employed as ref-
erence curves for the determination of a set of error vectors {Vk} and the corre-
sponding Euclidean norm kDVkk (the accuracy of the isobar k) over a fixed grid of
amf-/ bxv-values, and the isobars exhibiting the smallest kDVk values are identified
as the most accurate results with respect to the experimental reference curve [1].
The details of this adjustment procedure (parameter interval and stepsizes) are
summarized in Sect. 7.1.

The isobars calculated in this way for the 7w8cube water set are illustrated in
Fig. 4.10 along with the experimental reference isobar employed for the parameter
adjustment [61]. From these graphs it is apparent that all quantum chemical
methods employed for the calculation of the cluster properties are capable of
reproducing the density of real liquid water over a large temperature interval in an
accurate way, even though there are significant differences between the various
methods in different temperature domains. The largest deviations from the
experimental curve are found in the low temperature part near the freezing point
for all employed methods, which predict a monotonous decline of the molar
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volume without exception. The flattening of the experimental isobar as well as the
point of maximum density is therefore not reproduced by any of the applied
methods, but as stated previously the fourfold coordination pattern is an important
motif in this temperature domain, and this bonding situation is not present in the
7w8cube cluster set [3, 16].

A closer inspection of the low temperature section shows that the curves based
on the BP density functional yield the largest deviations from the experimental
reference, whereas the isobars obtained from the MP2/TZVP and B3LYP/TZVP
cluster calculations are the most accurate ones. However, a simple correlation
between this observation and the magnitudes of the supramolecular interaction
energies from Table 4.1 can no longer be drawn, because these energies are
augmented with different mean field intercluster interaction contributions
according to Eq. 2.52 as expressed in the different values of the mean field
parameter amf listed in Table 4.4. This effect is also seen in the case of the MP2/
TZVPP pair curve, which exhibits a similar progression as the BP/TZVP isobar
over the whole temperature interval even though the corresponding cluster inter-
action energies show very large differences as can be seen from Table 4.1. In the
mid-temperature interval all calculated isobars cross the experimental curve at
approximately T = 290 K and after this point predict volumes too large with
regard to the reference curve, thereby failing to reproduce the pronounced cur-
vature of the experimental isobar. With respect to this point the BP curves as well
as the MP2/TZVPP pair isobar again show the largest deviations.

There is another crossing region between the experimental reference and the
calculated isobars in the high temperature domain starting at approximately
T = 330 K (MP2/TZVP) and ranging up to T = 350 K (B3LYP/TZVP, MP2/
TZVPP pair), after which all qce isobars again underestimate the experimental
molar volume. However, at these temperatures the agreement between calculated

Table 4.4 Optimized qce
parameters amf and bxv as
well as the accuracies kDVk
obtained from the adjustment
procedure for both water
cluster sets introduced in
Sect. 4.1.1

Method kDVk amf bxv

7w8cube
BP/TZVP 0.53 0.1207 1.084
BP/TZVPP 0.34 0.1308 1.084
B3LYP/TZVP 0.26 0.1338 1.101
B3LYP/TZVPP 0.25 0.1399 1.095
MP2/TZVP 0.18 0.1620 1.099
MP2/TZVPP 0.31 0.1620 1.107
MP2/TZVPP pair 0.44 0.3599 1.075
7w8cube + spiro
BP/TZVP 0.57 0.1069 1.102
BP/TZVPP 0.40 0.1072 1.105
B3LYP/TZVP 1.18 0.1079 1.112
B3LYP/TZVPP 0.38 0.1070 1.103
MP2/TZVP 0.19 0.1550 1.117
MP2/TZVPP 0.14 0.1324 1.106
MP2/TZVPP pair 0.44 0.3599 1.075

kDVk in [mL] and amf in [(J 9 m3 )/mol]
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and experimental values is considerably higher as compared to the low tempera-
ture region, and the isobars obtained from the MP2/TZVP and B3LYP/TZVPP
cluster calculations only show very small deviations in the order of magnitude of
approximately 0.01 mL. In contrast, the BP/TZVP and MP2/TZVPP pair curves
again show the largest differences, and considering the whole liquid phase tem-
perature interval these isobars are the ones which underestimate the curvature of
the experimental isobar in a most pronounced way. This behavior is also clearly
reflected in the different magnitudes of the accuracies as obtained from the
parameter adjustment procedure, see Table 4.4. From the first block it is apparent
that the largest deviations (as expressed in large kDVk values) are calculated for
the BP/TZVP and the MP2/TZVPP pair isobar. In addition, the most accurate
curve ðkDVk ¼ 0:18 mLÞ for the 7w8cube cluster set is obtained from the MP2/
TZVP cluster calculations, which is clearly visible in Fig. 4.10. In the case of the
dft methods, the enlargement of the basis set for the cluster calculations always
results in more accurate qce isobars, whereas larger deviations in the curves are
obtained by increasing the basis set from TZVP to TZVPP in the case of the MP2
approach. This is not necessarily an indication of methodological inconsistencies,
but rather points at possible deficiencies in the cluster set itself as can be seen in
the corresponding MP2/TZVP and MP2/TZVPP entries in the second block of
Table 4.4. The comparison between the dft approaches and MP2 shows that the
results obtained from B3LYP and MP2 are of comparable precision, whereas the
calculated BP isobars are less accurate. Considering the significant differences
observed for the MP2/TZVPP pair isobars in the previous parameter setups (see
Figs. 4.6 and 4.8), the accurate performance of this approach in comparison to the
fully cooperative calculations is worth mentioning. With regard to this point it is
apparent that the methods predicting the least stable cluster structures (MP2/TZVP
and MP2/TZVPP pair) exhibit the largest mean field parameter values (amf), and
that the smallest values are found for the BP/TZVP combination, from which the
most stable clusters are obtained. Thus, a possible underestimation of the inter-
molecular interaction on the intracluster scale is compensated by an increased
contribution on the intercluster level via the adjustment procedure, thereby pro-
viding a way to account for the neglected cooperativity in the case of the MP2/
TZVPP pair interaction energies. The resulting kDVk value calculated by the
adjustment procedure is comparable to the values obtained for the fully cooper-
ative methods, which indicates that the missing cooperativity can be compensated
in terms of the mean field approach in an efficient way, at least concerning the
predicted molar volumes. In general, the amf values obtained from the adjustment
procedure for the 7w8cube cluster set all lie in a narrow range between
amf = 0.12 (J 9 m3)/mol and amf = 0.17 (J 9 m3)/mol (with the exception of the
MP2/TZVPP pair isobar) and are thereby smaller than in the unmodified inter-
cluster interaction setup (amf = 1 (J 9 m3)/mol) by nearly one order of magni-
tude. For this latter setup a considerable underestimation of the real liquid phase
volume of water is observed as well as a decline of the calculated molar volumes
with increasing magnitudes of the supramolecular cluster interaction energies, see
Fig. 4.8. The comparison of these observations to the results obtained from the
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adjustment procedure in Table 4.4 indicates that this relation is also given in the
case of the mean field intercluster interaction, i.e., smaller amf values yield larger
molar volumes if the energy contribution from the intracluster level is kept con-
stant. The adjusted excluded volume parameters bxv all lie in an even more narrow
range than the amf values between bxv = 1.07 and bxv = 1.11, which is relatively
close to the unscaled volume estimate setup (bxv = 1). This observation again
emphasizes the previously stated result that in the case of water the proper
treatment of the interparticle interactions is most important for modeling the liquid
phase behavior, and that the consideration of the molecular volume affects the
calculated isobars to a lesser extent.

The extension of the 7w8cube water cluster set in terms of the spiro clusters (see
Fig. 4.2) shows a considerable effect on the results obtained from the adjustment
procedure, see the second block in Table 4.4. The isobars calculated for this
extended cluster set are illustrated in Fig. 4.11. These isobars indicate that the
distinct curvature of the experimental isobar is reproduced in a more pronounced
way for most of the applied methods in combination with the extended water cluster
set, which is especially apparent in the low temperature domain where most
calculated curves are closer to the experimental reference. In this temperature region
the isobars based on the fully cooperative MP2 calculations as well as the B3LYP/
TZVPP curve reproduce the experimental volume to highest precision, followed by
the results obtained from the BP cluster calculations. Larger discrepancies can be
found for the B3LYP/TZVP curve as well as the MP2/TZVPP pair curve, which
again predicts an almost linear increase of the molar volume with temperature.

In comparison to the curve calculated for the 7w8cube cluster set, the isobar
based on the B3LYP/TZVP cluster calculations is much less accurate in the case of
the extended set over the whole temperature range, which demonstrates that the
consideration of additional cluster structures can result in a decrease of the per-
formance with respect to the experimental reference in certain cases. This behavior
has been observed in the frame of the qce model before, and the generation of an
‘‘optimal’’ cluster set from a given variety of clusters via the elimination of
underpopulated cluster structures can help to overcome this problem [2, 3]. In the
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mid-temperature domain almost all calculated qce isobars reproduce the experi-
mental volume to a reasonable precision, with the B3LYP/TZVP and the MP2/
TZVPP pair curves again deviating to the largest extent. At higher temperatures
close to the boiling point, all dft based isobars again show larger discrepancies
with respect to the experiment, whereas the curves based on the fully cooperative
MP2 calculations maintain the accuracy of the mid-temperature part of the isobars.
In addition, the differences found between the MP2/TZVP and MP2/TZVPP
isobars in the case of the smaller 7w8cube cluster set (see Fig. 4.10) are no longer
present in the case of the extended set in Fig. 4.11. Both curves only show very
small differences near the boiling point and are virtually identical in the low
temperature domain. The origin of this behavior could well be coincidental, but
might also be based on a systematic convergence with regard to the composition of
the cluster set and the calculated cluster properties. Additional systematic studies
in this direction including an even larger cluster set would be helpful to elucidate
this matter. The qualitative trends discussed so far are again quantified in the
values obtained from the adjustment procedure for the extended water cluster set,
see the second block of Table 4.4. It is apparent that the large discrepancies in the
high and low temperature part observed for the B3LYP/TZVP isobar in Fig. 4.11
is reflected in an outstanding large kDVk value of kDVk ¼ 1:18 mL, which is the
largest value found in all qce calculations of liquid water in this thesis.
The obtained amf and bxv values assume equal magnitudes as in the case of the
remaining methods and the supramolecular interaction energies are also close to
the ones predicted by the BP/TZVP combination (see Table 4.2), which indicates
that the B3LYP/TZVP harmonic frequencies are the crucial reason for the outlying
behavior of the corresponding isobar. This assumption can again be verified in
terms of the artificial mixing of the B3LYP/TZVP interaction energies and the BP/
TZVP frequencies, which leads to a more accurate isobar (kDVk ¼ 0:50 mL, not
shown) than the one obtained from the pure B3LYP/TZVP data. For the remaining
isobars a heterogeneous trend in the obtained qce parameters can be observed with
regard to the ones found for the smaller 7w8cube cluster set. All curves based on
dft cluster calculations show a decrease in precision (larger kDVk values)
regardless of the applied basis set, even though the loss of accuracy is not as
pronounced as in the case of the B3LYP/TZVP result. In contrast, the MP2 isobars
roughly retain their precision in the case of the TZVP basis set and show an
improved performance in the case of the TZVPP basis set. Accordingly, the
accuracy found for the MP2/TZVPP isobar as calculated from the extended water
cluster set ðkDVk ¼ 0:14 mLÞ is the most precise result of all method/cluster set
combinations examined in this thesis and thereby corresponds to the fact that this
combination is the most sophisticated one from the quantum chemical perspective.
Furthermore, the values listed in Table 4.4 show that the isobar calculated for the
MP2/TZVPP pair interaction energies is not affected by the extension of the
cluster set in any way, which is also reflected in vanishing populations obtained for
these cluster structures in the MP2/TZVPP pair qce calculations at all considered
temperatures (not shown). A reason for the neglect of the spiro structures in the
MP2/TZVPP pair setup could lie in the decreased stabilization of the individual
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water monomer expressed in the small magnitudes of the DEj;intra=ij values (see the
second block of Table 4.2) as compared to the remaining clusters, which is not
present if the fully cooperative interaction energies are considered. The compar-
ison of the different qce parameters found for the 7w8cube cluster set and the
extended water cluster set indicates that with the exception of the MP2/TZVPP
pair and the MP2/TZVP calculations the amf values are smaller by approximately
0.02–0.03 (J 9 m3)/mol, whereas the bxv values are larger by a similar magnitude
in the case of the extended cluster set. The decrease of the intercluster mean field
interaction energy can be rationalized in terms of the fourfold coordination pattern
introduced in the spiro structures, which transfers a larger fraction of the inter-
molecular interaction to the intracluster level treated in terms of the quantum
chemical calculations and thereby reduces the magnitude of the mean field
intercluster interaction [2, 3]. In addition, the increase of the excluded volume
scaling factor bxv could possibly be an artifact of the rough van der Waals estimate
for the cluster volume, which is expected to be more inaccurate in the case of
expanded structures like the spiro clusters as compared to the rather compact
structures of the 7w8cube set. A more refined treatment of molecular volumes
could help to clarify this matter.

The isobars obtained from the parameter adjustment procedure for the hydrogen
fluoride cluster set are illustrated in Fig. 4.12 together with the experimental curve
[63]. It is immediately apparent that the cluster data obtained from the dft methods
as well as the MP2/CCSD(T) cbs limit extrapolation calculations yield accurate
isobars over the whole examined temperature interval, whereas the MP2 results
obtained from the finite basis sets show considerable deviations to the experi-
mental reference at most temperatures.4 This behavior is yet another example for
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Fig. 4.12 Molar volume V as
a function of the temperature
T as obtained from different
quantum chemical methods
employed for the calculation
of the hydrogen fluoride
cluster set (see Fig. 4.3)
compared to the experimental
reference isobar [63]. The qce
parameters are fitted to
reproduce the experimental
volume (see Table 4.5). All
calculations refer to a pres-
sure of p = 1 9 105 Pa

4 The temperature interval chosen for the hydrogen fluoride qce calculations only covers the
upper half of the temperature range in which hydrogen fluoride is in its liquid state at
p = 1 9 105 Pa due to convergence problems of most applied methods at lower temperatures. A
larger cluster set could help to improve these deficiencies as in the case of the extended water
cluster set, see Figs. 4.5 and 4.6.
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the importance of the supramolecular interaction energies, since the MP2/QZVP
and MP2/cbs qce calculations employ almost identical structures and harmonic
frequencies. The outlying behavior of the MP2/TZVP and MP2/QZVP isobars is
comparable to the result obtained from the B3LYP/TZVP approach in combination
with the extended water cluster set (see Fig. 4.11) insofar as the experimental
reference is reproduced to a reasonable precision in the mid-temperature domain,
but the curves show larger deviations at lower and higher temperatures, respec-
tively. This indicates that the slope of the experimental curves cannot be rea-
sonably modelled by these approaches if no care of the basis set size is taken and
that the obtained qce results are inadequate to describe the liquid phase behavior of
the corresponding substances in the investigated temperature interval. In contrast,
the isobars obtained from the cbs limit extrapolations (as well as those from the
remaining dft methods) reproduce the experimental curve to high accuracy at
almost all considered temperatures. A small increase in the deviations can again be
observed in the low and high temperature domain, but more pronounced inaccu-
racies at lower temperatures as in the case of the 7w8cube water cluster set (see
Fig. 4.10) are absent, which can either be attributed to the missing anomalous
behavior of liquid hydrogen fluoride in this part of the phase diagram as compared
to liquid water or in the fact that only the upper half of the liquid phase temper-
ature interval of hydrogen fluoride is examined.

In addition, there are virtually no differences between the isobars computed on
the basis of the dft and the MP2/CCSD(T) cbs cluster data, which is in contrast to
the variation in the qce isobars calculated for the water cluster sets, see Figs. 4.10
and 4.11.5 This indifferent behavior is also reflected in the optimized parameters as
well as in the almost equal accuracy listed in Table 4.5. According to these values,
the MP2 finite basis set results are considerably less accurate than any calculated
water isobar (see Table 4.4), whereas the remaining results are of comparable
accuracy. It is apparent that the loss of accuracy observed for the MP2/TZVP and
MP2/QZVP isobars is accompanied by an increase in both the mean field inter-
action parameter amf as well as in the excluded volume parameter bxv. This

Table 4.5 Optimized qce parameters amf and bxv as well as the accuracies kDVk obtained from
the adjustment procedure for the hydrogen fluoride cluster set introduced in Sect. 4.1.1

Method kDVk amf bxv

BP/TZVP 0.26 0.0208 1.351
PBE/TZVPP 0.22 0.0253 1.363
MP2/TZVP 4.16 0.0866 1.705
MP2/QZVP 4.05 0.0739 1.686
MP2/cbs 0.26 0.0255 1.357
CCSD(T)/cbs 0.27 0.0256 1.359

kDVk in [mL] and amf in [(J 9 m3 )/mol]

5 Please note that the scale of the volume axis in Fig. 4.12 differs from the one in Figs. 4.10 and
4.11, but even if the scale is aligned accordingly there are only very small differences observable
between the MP2/CCSD(T) isobars and the curves based on the dft calculations.
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behavior can again be rationalized in terms of the supramolecular interaction
energies from Table 4.3, which indicate that the finite basis set MP2 calculations
predict the most unstable cluster structures.

Accordingly, this underestimation of the intermolecular interactions on the
intracluster scale is compensated by a larger contribution from the mean field
intercluster interaction, but from the large kDVk value it is apparent that this
process cannot be realized as efficiently as e.g. in the case of the qce calculations
based on the MP2/TZVPP pair interaction energies, see Table 4.4. The reversed
relation between the magnitudes of the supramolecular interaction energies and
the mean field interaction parameter is not directly present for the remaining
methods, i.e., the most stable cluster structures (obtained from PBE/TZVP)
correspond to an isobar exhibiting a small but not the smallest amf value. Thus,
the effect from the differences in harmonic frequencies are again visible, but not
as pronounced as the one arising from the varying supramolecular interaction
energies. The magnitudes of the calculated excluded volume parameters bxv

again do not show large variations with respect to the applied quantum chemical
methods (with the exception of the finite basis set MP2 results). In addition,
these values are again relatively close to the unmodified excluded volume case
(bxv = 1) though larger deviations from this idealized setup are observed than in
the case of the water calculations, see Table 4.4. With regard to this point it is
apparent that all optimized bxv values are larger than one, thereby indicating that
the van der Waals spheres volume approach systematically underestimates the
cluster volume. The amf values optimized for the hydrogen fluoride cluster set
are smaller than the ones found for e.g. the 7w8cube water cluster set by again
nearly one order of magnitude and thereby differ considerably from the
unmodified setup (amf = 1 (J 9 m3)/mol). This result indicates that the fraction
of intermolecular interaction neglected by the isolated cluster calculations is
smaller for liquid hydrogen fluoride than in the case of water, which again can
be rationalized in terms of the more simple molecular structure of hydrogen
fluoride regarding the possible number of hydrogen bond contacts as discussed
before, see Sect. 4.1.2.

The results of the present section demonstrate that medium-sized cluster sets in
combination with the qce approach are capable of reproducing the molar volumes
of typical associated (hydrogen-bonded) liquids either qualitatively if the qce
parameters are fixed to unity or in a semi-quantitative way if the parameters are
adjusted to experimental reference values. Compared to the results of qce calcu-
lations published previously, the proposed adjustment procedure introduced in
Sect. 2.2.1 leads to a much higher agreement between the computed isobars and
the density of the real liquids over large fractions of the liquid phase temperature
interval [15, 27, 59]. The presented results show that the experimental density of
liquid water can be reproduced to within 1–3% regardless of the quantum chemical
method employed for the cluster calculations and the experimental density of
hydrogen fluoride in the high temperature domain of the liquid phase to within
1–2% if care of possible basis set effects is taken. These basis set effects are only
present in the post-Hartree–Fock qce results and indicate that the consideration of
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polarization functions is more important than the presence of additional functions
for the treatment of the valence levels as can be seen from the similar hydrogen
fluoride isobars obtained from the MP2/TZVP (triple-f basis set) and the MP2/
QZVP (quadruple-f basis set) cluster data. A possible underestimation of the
supramolecular interaction energies can be corrected to a certain degree by an
appropriate adjustment of the mean field interaction parameter as can be seen in
the case of the MP2/TZVPP pair isobars for liquid water, but this possibility is not
always given as indicated by the large deviations obtained for the hydrogen
fluoride finite basis set MP2 isobars. Furthermore, the calculation of high quality
supramolecular interaction energies can generally be expected to yield more
accurate qce results than a possible compensation in terms of the amf parameter,
because these energies are cluster-specific, whereas the mean field interaction
parameter is adjusted for the whole cluster set and cannot account for e.g. struc-
ture-specific aspects of certain clusters. In addition, the effect of the limited size of
the employed cluster set has to be considered as well, but this contribution is
difficult to quantify. The results obtained from the extended water cluster set
indicate that all important structural motifs have to be present within the applied
cluster structures in order to model the liquid phase behavior over the whole
temperature interval, and shortcomings of this kind could also be the reason for the
missing convergence of the qce iterations in the low temperature half of the liquid
hydrogen fluoride phase. It is also clear that the applied methodology is only
suitable for the reproduction of the molar volume and not for an ab initio-like
prediction, since the experimental density has to be available for the parameter
adjustment procedure. However, the obtained parameters could subsequently be
employed for the calculation of other thermodynamic properties beside the molar
volume, and the practicability of this approach will be examined in the next
section using the liquid phase entropy as a target quantity.

4.2 Liquid Phase Entropies from the Quantum Cluster
Equilibrium Model

The general procedure for the calculation of condensed phase thermodynamic
data in the frame of the qce model is explained in detail in Sect. 2.2.2. In order
to evaluate the practicability of the derived equations and to obtain a perfor-
mance test for the qce approach in predicting the liquid phase entropies of real
systems, a routine for the calculation of entropies according to Eq. 2.68 has
been implemented into the PEACEMAKER code [1, 37]. In analogy to the outline of
the previous section, the entropies calculated according to the parameter-free
qce setup will be discussed first, and the adjusted parameters from Tables 4.4
and 4.5 will be employed subsequently in order to assess the potential of this
methodology for the quantitative calculation of condensed phase entropies. The
systems under investigation are again the liquid phases of water and hydrogen
fluoride.
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4.2.1 Entropies from the Zeroth Order Model

The complete parameter-free model (amf = 0 (J 9 m3)/mol, bxv = 0) will again
be employed first to gain information about the effect on the entropy arising from
the transition to the (ideal) cluster gas in contrast to the single molecule picture of
the conventional rrho approach. The qualitative influence of the intercluster mean
field interaction will be studied next in terms of the unmodified mean field setup
(amf = 1 (J 9 m3)/mol). The results of the previous section indicate that the
intercluster interaction has a more pronounced effect on the calculated isobars than
the excluded volume contribution, which rather modulates the calculated curves
and does not change the qualitative progression. In contrast, the analysis presented
in Chap. 3 clearly demonstrates that the free volume of translation is a crucial
quantity if the conventional rrho approach is employed for the calculation of
condensed phase entropies. Thus, it will be interesting to see whether this pro-
nounced influence is also present within the frame of the qce approach.

4.2.1.1 Parameter-Free Setup and Comparison to Weighting Approaches

The results presented in the previous section demonstrate that the formation of a
high density liquid-like phase and and a low density gas phase can be observed in
the frame of the complete parameter-free model (amf = 0 (J 9 m3)/mol, bxv = 0)
solely due to the partial treatment of intermolecular interactions on the intracluster
level, see e.g. Figs. 4.6 and 4.7. This effect is also clearly visible in the entropies
calculated for the extended (7w8cube + spiro) water cluster set, which are illus-
trated in Fig. 4.13.6 From this plot it is apparent that the calculated entropies show
an almost identical progression over the investigated temperature interval as the
corresponding isobars in Fig. 4.6, and the same trends are observed for the dif-
ferent quantum chemical methods employed for the cluster calculations. A closer
examination of the computed numbers reveals subtle differences though. The
condensation from the gas phase to the liquid-like phase occurs within a more
narrow temperature interval in most cases, i.e., the phase transition more closely
resembles a true first order phase transition, whereas the calculated condensation
temperatures agree to the ones found for the parameter-free qce isobars. In the
liquid-like temperature region small differences in the entropies between the
applied quantum chemical methods can be observed in Fig. 4.13, which are not
present in the corresponding isobars, see Fig. 4.16. The largest entropies in this
temperature domain are predicted by the MP2/TZVP and the B3LYP/TZVPP
cluster data, followed closely by the curve based on the BP/TZVPP calculations.

6 The entropy curves calculated for the exclusive application of the 7w8cube cluster set
qualitatively agree to the curves obtained from the extended cluster set with the exception of a
lesser convergence performance at lower temperatures, which has also been found for the isobars,
see Figs. 4.5 and 4.6. Thus, only the results calculated for the extended set will be discussed here.
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In contrast, the BP/TZVP as well as the MP2/TZVPP combinations predict the
smallest entropies in this low temperature region, which indicates that the
observed differences neither arise from the different condensation temperatures
predicted by the applied methods nor correlate with the varying cluster stabilities
as expressed in the method-dependent supramolecular interaction energies in
Table 4.1. The largest basis set effect with regard to these differences in the
calculated entropies is found for the BP functional.

This effect is still visible at the lowest temperatures considered, whereas the
entropies obtained from the remaining two methods no longer show relevant
differences with regard to the applied basis set (TZVP or TZVPP) in this tem-
perature region. However, these low temperature variations are not very pro-
nounced with regard to the absolute magnitudes of the calculated entropies and
should not be overemphasized. The comparison of the curves in Fig. 4.13 to the
experimental entropy of liquid water (S0 = 70.0 J/(mol K) at T = 298.15 K)
reveals another difference between the molar volumes and the entropies obtained
from the parameter-free qce setup [64]. According to the isobars plotted in
Fig. 4.6, the liquid-like phase found for this setup overestimates the molar volume
of real water by approximately two orders of magnitude regardless of the applied
quantum chemical methodology. It is clearly seen from Fig. 4.13 that this con-
siderable deviation is absent in the case of the entropies, which assume values
between 50 and 60 J/(mol K) in the high density part of the phase diagram at
temperatures below 200 K. It is apparent that in contrast to the behavior found for
the molar volumes these numbers are in the same order of magnitude as the liquid
phase entropy of real water. Thus, the parameter-free qce approach predicts a
situation which is already close to the condensed phase behavior of real water in
entropic terms, and the qualitative agreement indicates that the populations
obtained from the underlying cluster equilibrium (see Eq. 2.54) in combination
with the corresponding N-particle partition function (see Eq. 2.46) are able to
mimic a real condensed phase behavior without any parameter adjustment. It is
important to note that this result is only obtained from the N-particle partition
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Fig. 4.13 Molar entropy S as
a function of the temperature
T as obtained from different
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employed for the calculation
of the extended (7w8cube +
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function and the corresponding entropy expression (see Eq. 2.68) which are based
on the equilibrium between the different cluster structures and not from the iso-
lated cluster calculations alone.

This is clearly seen if the entropies calculated from the cluster equilibrium
approach are compared to the single cluster entropies calculated according to the
conventional rrho approach, see Table 4.6 [1]. As pointed out in Sect. 2.1.2, the
cluster partition functions employed in the calculation of these values are all based
on the ideal gas volume and only differ in the cluster properties obtained from the
quantum chemical calculation like e.g. the frequencies. Accordingly, the larger
cluster structures also exhibit larger individual entropies as can be seen directly
from the entropy contributions of the different cluster degrees of freedom as
expressed in Eqs. 3.8, 3.9, and 3.10, i.e., a more expanded spatial structure will
likely lead to larger principal moments of inertia and a cluster containing a larger
number of atoms exhibits a higher number of normal modes and therefore a larger
vibrational entropy. This behavior is clearly reflected in the values summarized in
Table 4.6. The increase of the cluster size is directly reflected in a larger entropy
value in all cases. The differences between the applied quantum chemical methods
mainly arise due to differences in the vibrational entropy contributions and are
most pronounced for the values obtained from the BP/TZVP and the MP2/TZVPP
calculations, i.e., the latter method always predicts largest cluster entropies and
BP/TZVP yields the smallest values for most of the clusters. Again basis set
effects are clearly visible, and the largest ones are found for the BP and the MP2
approaches, whereas the differences in entropy obtained from B3LYP/TZVP and
B3LYP/TZVPP do not exceed approximately 10 J/(mol K). The increase of the
entropy with the cluster size amounts to approximately 60–80 J/(mol K) per water
monomer for most of the structures belonging to the 7w8cube cluster set, but is
considerably enlarged to more than 100 J/(mol K) in the case of the spiro struc-
tures, thereby showing the effect of the expanded geometry of these compounds.

Table 4.6 Single cluster entropies for the extended (7w8cube + spiro) cluster set obtained from
different methods and basis sets at T = 298.15 K according to the rrho model

Cluster BP86 B3LYP MP2

TZVP TZVPP TZVP TZVPP TZVP TZVPP

w1 194.7 194.6 194.4 194.4 194.4 194.3
w2 283.7 285.2 278.5 272.1 288.6 288.9
w3A 320.3 322.1 320.6 322.5 327.9 329.4
w3B 324.2 324.2 326.5 327.7 332.4 332.7
w5 442.9 447.9 439.6 431.6 451.0 457.1
w6 504.4 507.6 501.6 511.2 519.1 528.6
s7 549.9 554.3 565.6 573.0 573.0 576.8
w8cube 521.8 532.6 550.0 544.0 544.9 547.7
s9 679.5 690.8 696.3 702.3 705.9 717.1
s11 818.7 855.1 835.9 842.3 843.5 861.9
s13 973.2 995.1 980.1 984.4 992.7 1019.2

All values are given in [J/(mol K)]
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A smaller increase in entropy is predicted for the transition from the dimer w2 to
the cyclic trimers w3A and w3B, which indicates that the ring closure taking place
in this transition is entropically disfavored. Relating the numbers from Table 4.6 to
the curves in Fig. 4.13 shows that none of the isolated cluster values can account
for the low temperature/high density entropies obtained from the qce calculations,
regardless which cluster population distribution is assumed. Even the exclusive
population of the monomer exhibiting the smallest individual entropy would
overestimate the parameter-free qce entropies (as well as the experimental value)
by more than 100 J/(mol K) at the lowest considered temperature
(Sw1(150 K) = 171.5 J/(mol K)), and the results presented in Sect. 4.1.2 as well as
previous studies on the subject demonstrate that the larger clusters are essential
in the low temperature domain [2, 16]. In order to quantify this observation, a test
calculation employing the cluster population distribution obtained from
the parameter-free qce approach at T = 200 K as well as the individual cluster
entropies calculated for T = 200 K on the basis of the MP2/TZVPP cluster
data has been carried out, which yields a population-weighted entropy
value of Spop(200 K) = 398.8 J/(mol K) for the extended water cluster set,
whereas the corresponding MP2/TZVPP qce entropy is equal to Sqce0(200 K) =

61.1 J/(mol K). As previously assumed, this large overestimation is based on the
considerable population of the large w8cube cluster which amounts to more than
75% and thereby also controls the entropy calculated according to this weighting
approach. With regard to these findings it should be noted that the weighting of
individual cluster properties in terms of population distributions obtained from qce
calculations has been successfully applied before e.g. in the context of liquid phase
quadrupole coupling parameters or hydrogen bond number studies [3, 26, 65].
However, in the case of condensed phase entropy calculations this approach is
unsuitable as can clearly be seen from the presented numbers [1]. Considering the
results from Sect. 4.1.2 as well as the chosen parameter setup (amf = 0 (J 9 m3)/
mol, bxv = 0), this observation can again be rationalized in terms of the ideal gas
volume applied for the calculation of the translational contribution to the indi-
vidual cluster entropies in Table 4.6. Since both qce parameters are fixed to zero,
possible influences from the excluded volume part or the intercluster mean field
interaction can be excluded. In addition, the transition from the single molecule to
the partial treatment of intermolecular interactions in terms of cluster structures
cannot be the reason for the observed discrepancies, because the individual
entropies listed in Table 4.6 also include these interactions as they are obtained
from the same cluster structures. Consequently, the only difference between the
rrho approach and the qce model in the parameter-free setup is given by the
volume employed for the translational partition function (see Eq. 2.49) as well as
the supramolecular interaction energies employed for the electronic partition
function (see Eq. 2.52). A detailed analysis of this latter contribution to the con-
densed phase entropies calculated on the basis of the 7w8cube cluster set dem-
onstrates that the effect of the electronic partition function is completely
negligible, see Table 4.3 in Ref. [1]. Thus, it is again the proper treatment of the
volume available for translational motion which is the prerequisite for obtaining a
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qualitative liquid phase behavior of the entropy. The application of the ideal gas
volume in this regard again results in a considerable overestimation of the trans-
lational entropy as expressed in the values listed in Table 4.6 as well as in the
population-weighted entropy of Spop(200 K) = 398.8 J/(mol K), which is in total
agreement with the conclusions drawn in Chap. 3. With regard to this result it is
interesting to see that the qualitative correct prediction of the liquid phase
entropies according to the plots in Fig. 4.13 relies on the volume collapse found in
Sect. 4.1.2 for the parameter-free qce setup, which in turn is a direct consequence
of the partial treatment of intermolecular interactions within the cluster structures
as well as the underlying cluster equilibrium. Thus, for the static modeling of
condensed phase entropies it is apparently necessary to treat intermolecular
interactions at least partly in order to obtain a reasonable volume for the system
under investigation, from which the entropies can be obtained subsequently. If this
is not possible for instance due to the system size (e.g. in the case of biomolecules
or large supramolecular compounds) an appropriate scaling of the free transla-
tional volume as discussed in the context of the cell model approach in Sect. 3.2.3
could provide an alternative route. With regard to this point the comparison
between the isobars and the entropies of the parameter-free qce model in Figs. 4.6
and 4.13 indicates that in order to obtain an order-of-magnitude estimate of the
condensed phase entropy it is not necessary to employ a highly accurate value for
the volume, since the isobars computed for the extended water cluster set in this
setup still show considerable discrepancies to the density of real liquid water.

The entropies calculated for the hydrogen fluoride cluster set in the frame of
the parameter-free qce setup are illustrated in Fig. 4.14. It is again apparent
that the qualitative progression of the curves is very similar to the one observed
for the corresponding isobars, see Fig. 4.7. As in the case of the entropies
calculated for the parameter-free water model, the condensation to the high
density liquid-like phase occurs within a smaller temperature interval. The
sequence as well as the location of the condensation temperature predicted for
the different methods exactly reproduces the situation found for the
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corresponding isobars, which is no surprise considering the pronounced effect of
the volume on the calculated entropies as discussed above. The comparison of
the curves in Fig. 4.14 to the entropies calculated for the extended water cluster
set in Fig. 4.13 indicates that similar values of approximately 180 J/(mol K) are
predicted for both substances in the gas phase. In contrast, the entropies obtained
for the liquid-like hydrogen fluoride phase assume values between 60 and 65 J/
(mol K), thereby being larger than the corresponding water results by approxi-
mately 15 J/(mol K). As in the case of the entropies obtained from the param-
eter-free water model, there are differences in the calculated low temperature
entropies according to the quantum chemical methodologies applied for the
cluster calculations, which are also present in the case of the corresponding
isobars (see Fig. 4.7), but not to this extent. The curves based on the MP2 cluster
calculations predict the largest entropies of approximately 65 J/(mol K) in this
temperature domain regardless of the applied basis set, and the CCSD(T)/cbs
curve also lies within this range. At the lowest temperatures considered in the
qce calculations there are virtually no differences visible in the entropies
obtained from the MP2/QZVP, MP2/cbs, and CCSD(T)/cbs cluster data, whereas
the MP2/TZVP calculations predict a slightly larger value. In contrast, the
entropies obtained from the dft cluster calculations assume constantly smaller
values up to the phase transition temperature to the gas phase.

With regard to this observation it is apparent that the BP/TZVP combination
yields the smallest entropies over a large fraction of the low temperature domain,
but at the same time exhibits a lower phase transition temperature to the gas phase
as compared to the curve predicted by the PBE/TZVP calculations, which results
in an intersection of both curves at approximately T = 275 K. A similar behavior
can be observed in the case of the entropies obtained from the parameter-free
water model for the BP/TZVP and the B3LYP/TZVP curves, see Fig. 4.13.
However, the approximately constant difference between the entropies based on
the dft and MP2 calculations over a large part of the low temperature domain
found in the case of the hydrogen fluoride results are not present in the entropies
obtained for the extended water cluster set, which instead pass through several
intersections between the MP2 and dft curves. As in the case of water, the results
presented in Fig. 4.14 again indicate that the treatment of a condensed phase-like
entropic behavior is principally possible if the equilibrium between the different
cluster structures and the corresponding canonical partition function are consid-
ered, and the values obtained from the parameter-free hydrogen fluoride model are
again in the same order of magnitude as the entropy of real liquid hydrogen
fluoride [56]. The capability to calculate the liquid phase entropies of these two
substances under investigation in an even more precise way via the optimized qce
parameters from Sect. 4.1.3 will be examined in the following. However, a pos-
sible effect of considering the excluded volume contribution in an unmodified way
(bxv = 1) on the calculated entropies will be discussed first in the following
paragraph, since the results presented so far clearly show that the entropies
obtained from the rrho approach as well as from the qce model are very sensitive
to this particular quantity.
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4.2.1.2 Effect of the Unmodified Excluded Volume on the Entropy

The discussion presented in the final part of Sect. 4.1.2 indicates that the con-
sideration of the unmodified van der Waals sphere cluster volume in combination
with the neglect of the intercluster mean field interaction has virtually no effect on
the calculated isobars, i.e., the molar volumes have been found to be equal to the
complete parameter-free qce setup. The reason for that observation lies in the
relatively small magnitude of the excluded volume itself, which is approximately
two orders of magnitude smaller than the phase volume obtained from Eq. 2.63.
With regard to these results, one could expect a minor effect of the unmodified
excluded volume on the qce entropies at the most, and this reasoning is confirmed
by qce calculations employing the corresponding parameter setup (amf = 0 (J 9

m3)/mol, bxv = 1) as well as the cluster sets introduced in Sect. 4.1.1. This
behavior is exemplarily illustrated in Fig. 4.15 for the entropies obtained from the
hydrogen fluoride cluster set. Comparing the calculated curves to the entropies
predicted by the complete parameter-free approach (amf = 0 (J 9 m3)/mol,
bxv = 0, see Fig. 4.14 and the grey curves in Fig. 4.15) clearly demonstrates that
the unmodified excluded volume does not affect the obtained entropies in any way,
and the same result is found for both water cluster sets. Thus, even though the
results presented so far show a pronounced dependancy of the entropy on the
volume in the condensed phase, variations in the order of magnitude of 1–5% as
computed for the unmodified excluded volume contribution do not lead to sig-
nificant variations in the final values. This finding could also be anticipated by
considering the scaling of the inverse number density (i.e., the volume) in the
translational entropy as expressed in Eq. 3.29 and Fig. 3.7. However, it should be
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noted that the qce entropy shows an additional dependancy on the volume intro-
duced via the intercluster mean field interaction term (see Eqs. 2.67 and 2.68) in
which the volume enters according to Eq. 2.51, but the parameter setup chosen for
the present calculations eliminates this contribution due to the zero magnitude of
the amf parameter.

4.2.2 Mean Field Attraction and Entropy

The results presented in the previous section show that in contrast to the molar
volume discussed in Sect. 4.1.2 the experimental entropies of real liquid water and
hydrogen fluoride are already predicted in a qualitative way by the complete
parameter-free qce model. As in the previous part (Sect. 4.1.3) the focus is now set
on the inspection of the potential to calculate these entropies quantitatively by
considering the possibilities of scaling the excluded volume and the mean field
intercluster interaction contributions. However, the effect of the unmodified
intercluster interaction on the qce entropies will be examined first.

4.2.2.1 Effect of the Unmodified Correction Terms on the Entropy

The consideration of the unscaled intercluster interaction and the unscaled
excluded volume (amf = 1 (J 9 m3)/mol, bxv = 1) has been found to affect the
calculated molar volumes to a large extent in Sect. 4.1.3 in reducing the volume by
approximately two orders of magnitude. From these results a pronounced effect on
the qce entropies can be expected as well. Figure 4.16 illustrates the calculated
entropies for the 7w8cube water cluster set. From these plots it is apparent that the
obtained entropies are considerably affected by the mean field intercluster inter-
action though not to such an extent as observed in the case of the molar volumes in
the first part of Sect. 4.1.3.

The most obvious difference to the curves predicted by the parameter-free setup
in Fig. 4.13 is the absence of a phase transition to the gas phase, which is not found
in the present case even if the temperature interval is further enlarged to
T = 800 K (not shown). Instead, the calculated entropies show a homogeneous
increase with temperature and converge to a high temperature limit of approxi-
mately S = 140 J/(mol K). A comparable behavior is also observed in the case of
the molar volumes in Fig. 4.8, and these results can again be rationalized in terms
of the additional energetic stabilization introduced via the (attractive) mean field
cluster interaction as discussed previously. However, the large discrepancies in
magnitude found between the complete parameter-free setup and the unmodified
setup in the case of the isobars (see Figs. 4.5 and 4.8) is not present in the
calculated entropies. As in the parameter-free case, the obtained entropy values of
most methods lie within a narrow range between 60 and 80 J/(mol K) over a large
fraction of the considered temperature interval. The only significant exception to
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this observation is given by the entropies obtained from the MP2/TZVPP pair
interaction energies, which qualitatively show a similar progression as the one of
the remaining curves, but shifted to higher absolute values by a constant contri-
bution of approximately 30 J/(mol K). The entropies calculated on the basis of the
fully cooperative interaction energies again show method-dependent variations as
already observed in the parameter-free setup, see Fig. 4.13. As before, the largest
entropies are predicted by the MP2/TZVP cluster calculations over the whole
temperature interval. At high temperatures, the values obtained from the MP2/
TZVPP calculations are in close vicinity to the corresponding curve calculated
from the MP2/TZVP cluster data, but at temperatures lower than approximately
T = 350 K larger discrepancies are observed. This behavior is a general trend
found in the present parameter setup, i.e., the differences between the calculated
entropies obtained from the dft calculations increase at lower temperatures as well,
whereas only small discrepancies are predicted in the high temperature domain.
With regard to this observation it is seen that in the upper half of the considered
temperature interval the basis set effects are larger than the methodological dif-
ferences between the applied density functionals. This similarity in the entropies as
obtained from the BP and the B3LYP cluster data is also present at lower tem-
peratures in the case of the larger TZVPP basis set, whereas increasing discrep-
ancies are observed between the two density functionals in the case of the TZVP
basis set in this temperature domain. This difference is essentially based on the
progression of the B3LYP/TZVP curve, which evolves nearly linearly and does
not exhibit the pronounced curvature found for all remaining methods. This out-
lying behavior is additionally emphasized by the early convergence failure found
for the B3LYP/TZVP qce iterations, which do not converge at temperatures lower
than T = 286 K, see also Fig. 4.8. In contrast, the entropies calculated from the
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remaining cluster data show a progression increasing fast in the low temperature
domain and exhibiting a characteristic change in the slope over a small temper-
ature interval, which occurs in the mid-temperature domain approximately
between T = 275 K and T = 350 K depending on the particular method and basis
set combination and which is not present in the corresponding curves obtained
from the parameter-free setup, see Fig. 4.13. This characteristic decrease of the
slope can also be observed in the experimental entropy of real liquid water though
to a lesser extent, and the results of the following section will show whether this
qualitative agreement can further be improved via the application of the adjusted
qce parameters from Table 4.4.

The entropies calculated for the hydrogen fluoride cluster set in the frame of
the unscaled intercluster interaction and the unscaled excluded volume
(amf = 1 (J 9 m3)/mol, bxv = 1) qce setup are plotted in Fig. 4.17. As in the case
of the entropies obtained for the 7w8cube cluster set, largest values over the whole
temperature range are found for the MP2/TZVP cluster data. There are virtually no
differences between the curves obtained from the MP2 calculations employing the
larger basis sets (QZVP, cbs) as well as from the CCSD(T) interaction energies,
which is no surprise considering that also no differences are observed in the
corresponding isobars, see Fig. 4.9. The progression of the entropy curves based
on these cluster data is similar to the one found for the MP2/TZVP combination,
but shifted to lower values by approximately 2.5 J/(mol K). Larger differences are
predicted for the two dft approaches considered for the cluster calculations.

As in the case of the molar volume, the BP/TZVP combination yields con-
siderable larger values than the ones obtained from PBE/TZVP, but in the present
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case the predicted values are similar to the MP2 and CCSD(T) curves and do not
show the outlying characteristics found for the molar volume, see Fig. 4.9. If the
improved convergence behavior obtained from the combination of the BP/TZVP
interaction energies (and structures) with the PBE/TZVP harmonic frequencies is
again employed for the calculation of the entropy, the discrepancies between the
two dft approaches are significantly reduced in the low temperature domain and at
higher temperatures exhibit a comparable magnitude as the ones between the MP2/
TZVP curve and the remaining MP2 results. The entropy curve calculated on the
basis of the PBE/TZVP cluster data shows a similar progression as the one of the
MP2/cbs and the CCSD(T)/cbs curves, but is shifted to lower values by an
essentially temperature-independent difference of approximately 5 J/(mol K). The
comparison of the hydrogen fluoride entropies obtained from the unmodified qce
setup to the corresponding results obtained in the frame of the complete parameter-
free model (see Fig. 4.14) reveals similar changes as observed for the case of
water. The transition to the low density phase is again absent, and the character-
istic progression of the curves in Fig. 4.17 exhibiting a smaller slope at larger
temperatures is also not reflected in the low temperature part of Fig. 4.14. How-
ever, with the exception of the BP/TZVP values, the sequence of decreasing
entropies at a given temperature (MP2/TZVP ? MP2/QZVP, MP2/cbs, CCSD(T)/
cbs ? PBE/TZVP) is predicted equally in both parameter setups. Comparing the
curves plotted in Fig. 4.17 to the entropies calculated for the corresponding
parameter setup and the 7w8cube cluster set (see Fig. 4.16), a qualitative agree-
ment in the temperature dependancy of the entropies predicted for both substances
is indicated, which is not observed in the case of the molar volumes to this extent,
see Figs. 4.8 and 4.9. The magnitudes of the qce entropies assume values of
approximately 50 J/(mol K) in the low temperature domain and rise to approxi-
mately 80 J/(mol K) over the examined temperature interval in both cases, with
the MP2/TZVP cluster data predicting slightly larger entropies for water as well as
for hydrogen fluoride. This is not necessarily to be expected, since the results
presented in the previous parts of this chapter demonstrate non-negligible differ-
ences in the calculated molar volumes (see Figs. 4.8 and 4.9), in the supramo-
lecular interaction energies (see Tables 4.1 and 4.3), and in the optimized qce
parameters (see Tables 4.4 and 4.5) obtained for both substances. However, this
observation again can be rationalized via the logarithmic dependancy of the
entropy on the volume (see e.g. Eq. 2.66), from which a variation in entropy of
approximately 4 J/(mol K) can be estimated according to the observed differences
in the calculated molar volumes.

Thus, the consideration of the unmodified qce correction terms does not
influence the calculated entropies to such a large extent as observed for the molar
volumes in the previous section, and it is found that the ideal parameter setups
considered so far already yield liquid phase entropies which are in the right order
of magnitude with regard to the entropy of e.g. real liquid water. An additional
improvement of these predictions can possibly be achieved via the application of
the optimized parameters listed in Tables 4.4 and 4.5. This possibility will be
examined in the following part.
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4.2.2.2 Entropies from the Adjusted Parameter Setup

The results obtained for the parameter adjustment with regard to the experimental
density of liquid water indicate that the applied methodology is capable of
reproducing the experimental reference to a reasonable precision, see the last part
of Sect. 4.1.3. However, it is also important to assess the predictive capabilities of
the obtained parameters in terms of a quantity which has not been applied in the
parameter adjustment process. The liquid phase entropies of water and hydrogen
fluoride will be employed for this task in the following. The comparison of the
entropies calculated for the 7w8cube cluster set from the optimized parameters
listed in Table 4.4 to the experimental entropy of liquid water is illustrated in
Fig. 4.18. From these plots it is apparent that the experimental reference is pre-
dicted to a reasonable precision by all applied quantum chemical methods even
though the average deviations are larger as in the case of the molar volumes, see
Fig. 4.10. For almost all methods larger discrepancies are found in the high
temperature part of the liquid phase interval. This observation constitutes a
reversed trend as compared to the behavior obtained for the molar volume on the
basis of the 7w8cube cluster set, where largest inaccuracies are predicted in the
low temperature domain as can be seen from Fig. 4.10. The curves in Fig. 4.18
show that in this high temperature domain almost all applied methods underesti-
mate the experimental reference and that the only overestimation of approximately
5 J/(mol K) is found for the MP2/TZVPP cluster data. The most accurate liquid
phase entropies are obtained from the B3LYP/TZVP cluster calculations exhib-
iting differences of less than approximately 3 J/(mol K) over the whole liquid
phase temperature range, which is in contrast to the intermediate performance of
this combination with regard to the accuracies of the adjusted isobars, see
Table 4.4.

A similar agreement can be observed for the entropies based on the BP/TZVP
cluster calculations, which predict a too steep increase at low temperatures but
underestimate the slope of the experimental curve at higher temperatures, thereby
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intersecting the experimental reference at approximately T = 330 K. Larger
deviations are obtained from the dft methods in combination with the TZVPP basis
set, which again is in contrast to the observation that the larger basis set yields
more accurate isobars, see Table 4.4. With regard to this point it is also obvious
that the method yielding the most accurate isobar for the 7w8cube cluster set
(MP2/TZVP) shows largest discrepancies in the calculated entropies especially in
the mid-temperature domain, which are only exceeded by the MP2/TZVPP pair
and the BP/TZVPP curve at larger temperatures due to a sudden increase of the
MP2/TZVP entropies at temperatures larger than T = 340 K. In addition, it is
apparent that the basis set effects found for the calculated entropies are not
reflected in the accuracies of the corresponding isobars listed in Table 4.4. The
largest basis set effect of approximately 10 J/(mol K) in the high temperature
domain is clearly observed for the entropies obtained from the MP2 cluster cal-
culations, whereas the BP functional shows the largest sensitivity with regard to
this point in the case of the accuracies of the computed isobars.

However, the most significant deviations over the whole temperature interval
are found for the entropies calculated on the basis of the MP2/TZVPP pair
interaction energies, which amount to approximately 8 J/(mol K) at elevated
temperatures. Compared to the even larger discrepancies with regard to the
entropies of the fully cooperative cluster interaction energies found in the
parameter-free setup as well as in the unmodified model (see Figs. 4.13 and 4.16),
this is a considerable improvement and agrees to the increased accuracy observed
for the MP2/TZVPP pair isobar obtained in the frame of the parameter adjustment
procedure. These results thereby indicate that possible shortcomings in the
supramolecular cluster interaction energies can be compensated to a certain degree
via the intercluster mean field interaction not only in the case of the molar volume
but also for the liquid phase entropy. However, it is again apparent that the
entropies obtained from the fully cooperative cluster interaction energies are more
accurate in almost all cases and at almost all temperatures. The liquid phase
entropies calculated for the extended water cluster set on the basis of the optimized
qce parameters from Table 4.4 are illustrated in Fig. 4.19 together with the
experimental entropy of liquid water. It is clearly seen that the accuracy as well as
the general progression of the calculated entropies is affected to virtually no extent
by the addition of the spiro cluster structures in the case of the MP2/TZVP as well
as the MP2/TZVPP pair cluster data, whereas larger deviations are obtained for all
dft methods. These observations indicate that even though there is no direct cor-
relation between the quantitative performance of the calculated molar volumes and
the quality of the corresponding entropies, a rough estimate of the accuracy of the
qce entropy can be obtained from the kDVk values in this case, see Table 4.4. The
additional consideration of the spiro structures results in a considerable loss of
accuracy in the case of the B3LYP/TZVP isobar, and the entropies obtained from
the B3LYP/TZVP cluster calculations also show the largest discrepancies with
regard to the experimental reference in the frame of the extended water cluster set.
The remaining dft approaches all predict very similar entropies over the whole
temperature interval, which are more accurate by approximately 3 J/(mol K) at
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elevated temperatures than the B3LYP/TZVP results, but exhibit a loss of accu-
racy of approximately 5 J/(mol K) as compared to the corresponding entropies
obtained from the 7w8cube cluster set. This result also shows that the consider-
ation of the additional cluster structures considerably reduces the basis set effect in
the entropies of the dft cluster calculations, whereas a lesser influence of this kind
can be found in the case of the MP2 computations. In contrast to the situation
observed for the 7w8cube set, all MP2 results underestimate the experimental
entropy in the case of the extended cluster set, which is the result of a shift in the
MP2/TZVPP entropy curve of approximately 7 J/(mol K) towards lower values. In
agreement with the increased performance of the MP2/TZVPP isobar in the frame
of the extended set (see Table 4.4), this shift leads to an improved accuracy of the
corresponding entropies over the whole liquid phase temperature interval with
deviations smaller than 2 J/(mol K) at all considered temperatures. As in the case
of the remaining methods, the deviations are considerably reduced at lower tem-
peratures and become negligible for the values predicted from the MP2/TZVPP
cluster data at temperatures smaller than T = 300 K. Thus, the extension of the
7w8cube cluster set in terms of the spiro structures generally results in a decrease
of the liquid phase qce entropies, which again cannot directly be inferred from the
isolated cluster entropies listed in Table 4.6, where these structures exhibit the
largest individual values. In qualitative agreement with the changes found in the
accuracies of the isobars for the transition from the 7w8cube to the extended
cluster set, larger deviations of the calculated entropies are found for all dft
methods, whereas the MP2/TZVP and MP2/TZVPP pair entropies are only
affected in a negligible way and the accuracy of the MP2/TZVPP entropies is
considerably increased. Thus, the previously discussed effect of a reduced accu-
racy due to the consideration of additional cluster structures is also apparent in the
dft-based qce entropies, but the optimization of the cluster set with regard to
clusters exhibiting small populations can improve this situation also in the case of
the calculated entropies [2, 3]. However, in the case of the cluster calculations
based on the most sophisticated of all considered quantum chemical methods
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(MP2/TZVPP), the addition of the spiro clusters clearly leads to an improvement
of the liquid phase entropies (see Fig. 4.19), which again indicates that the quality
of the results obtained from the qce approach is very sensitive to these details of
the employed cluster data. The entropies calculated for the upper half of the liquid
hydrogen fluoride temperature interval on the basis of the optimized parameters
(see Table 4.5) are illustrated in Fig. 4.20. It should be noted that the curve labeled
as ‘‘Experimental’’ is only an estimate of the real entropy of liquid hydrogen
fluoride (for which no experimental data could be found in the literature) based
on a simple trapezoid rule integration scheme of experimentally determined
heat capacities [66]. Therefore, the accuracy of this reference is difficult to esti-
mate. With regard to the reference entropy obtained in this way, it is apparent
that all employed methods predict entropies being smaller by approximately
3–4 J/(mol K), which is in agreement to the deviations found in the case of the
extended water cluster set, see Fig. 4.19. It is also clearly seen that all quantum
chemical methods applied for the generation of the cluster data yield very similar
entropies in the examined temperature interval with virtually no differences
between the various methods at temperatures lower than T = 255 K and differ-
ences smaller than 1 J/(mol K) in the high temperature domain. This finding is in
contrast to the molar volumes obtained from the parameter adjustment procedure
(see Fig. 4.12), for which considerable differences between the MP2/TZVP and
the MP2/QZVP isobar and the curves calculated on the basis of the remaining
methods are observed. As in the case of the entropies calculated for the extended
water set (see Fig. 4.19), the results based on the dft cluster data assume the
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smallest entropy values at all temperatures and thereby underestimate the exper-
imental reference to the largest extent. This trend is most pronounced in the
entropies obtained from the BP/TZVP combination, whereas the PBE/TZVP
results show a nearly quantitative agreement to the curve based on the MP2/QZVP
cluster calculations. With regard to the results obtained from the parameter
adjustment procedure of the qce isobars (see Table 4.5 and Fig. 4.12), it is
apparent that in this case a correlation between the accuracies kDVk and the
precision of the calculated entropies is not reasonable, i.e., the isobar obtained
from the PBE/TZVP cluster data is the most precise one of all employed methods,
whereas the corresponding MP2/QZVP curve shows very large discrepancies to
the experimental reference, see Fig. 4.12. It is also clearly visible that the basis set
effects on the calculated entropies for the MP2 method are considerably reduced as
compared to the ones found for the qce entropies of liquid water, see Figs. 4.18
and 4.19. Furthermore, these effects do not show a uniform trend with regard to the
basis set size, i.e., the calculated entropies decrease for the transition from TZVP
to QZVP and increase for the transition from QZVP to the complete basis set limit.
The curves obtained from the MP2 and CCSD(T) methods at the complete basis
set limit are again virtually identical, which is in agreement to the results found for
the idealized parameter setups (see Figs. 4.14 and 4.17) as well as for the molar
volumes (see Figs. 4.7 and 4.12). As in the case of the entropies calculated for the
extended water cluster set (see Fig. 4.19), the methods exhibiting the most
elaborate treatment of electron correlation for the hydrogen fluoride cluster
calculations also yield the most accurate entropy curves with regard to the
experimental reference. However, an assessment of the real precision of the cal-
culated entropies is difficult considering possible inaccuracies in the experimental
curve plotted in Fig. 4.20. A literature value of Sexp(292.69 K) = 74.5 J/(mol K)
for the absolute entropy of liquid hydrogen fluoride at the boiling point based
on calorimetric measurements indicates that the corresponding entropies
obtained from the adjusted parameter qce calculations are in reasonable agree-
ment, with deviations again amounting up to 4 J/(mol K) for the most accu-
rate electronic structure methods (SCCSD(T)/cbs(291.15 K) = SMP2/cbs(291.15 K) =

70.9 J/(mol K), SPBE/TZVP(291.15 K) = 66.4 J/(mol K), SBP/TZVP(291.15 K) =

65.6 J/(mol K)) [56].
Thus, the results presented in this section show that the parameters obtained

from the adjustment procedure of the calculated isobars are also capable of
predicting the entropy of liquid water and liquid hydrogen fluoride to within
5–10 J/(mol K) in most cases. For the results obtained from the extended water
cluster set, a rough estimate of the quality of the calculated entropies can be gained
from the kDVk values of the parameter adjustment procedure, but an analogous
correlation cannot be found in the case of the entropies calculated for the smaller
7w8cube set and the hydrogen fluoride cluster set. With the exception of the
entropies obtained from the 7w8cube cluster set, it is again found that the most
sophisticated electronic structure methods also yield the most accurate liquid phase
entropies if the applied basis set is of sufficient size, but the MP2 hydrogen
fluoride results demonstrate that there is no systematic improvement in the
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entropies with regard to the dimension of the applied basis set. In addition, the
observed trends do not correlate with the calculated interaction energies (see
Tables 4.1, 4.2, and 4.3), thereby indicating an increased importance of the cal-
culated frequencies for the qce entropies. However, due to the iterative determi-
nation of the populations and the volume which both enter the entropy expression
according to Eq. 2.68, a quantification of these effects cannot be accomplished in a
straightforward way.

4.2.3 Summary of Liquid Phase Calculations

The results of the present chapter show that the modeling of thermodynamic liquid
phase behavior in principle is possible on the basis of static first principles cluster
calculations, thereby indicating that for the treatment of the condensed phase the
qce approach is a useful extension of the conventional rrho model. The latter has
been found to be problematic in the preceding chapter especially for entropy
calculations if no modifications are taken into account. With regard to this point it
is important to note that the qce approach (like the rrho model) relies on input data
readily obtainable from static first principles calculations (with the exception
of the two qce parameters), which permits the application of high quality post-
Hartree–Fock methods and thereby the examination of substances exhibiting a
complicated electronic structure over a rather wide temperature interval. This is
not possible in most md simulation approaches, which would be the natural choice
for the modeling of the condensed phase. However, there are also some prob-
lematic issues that have to be regarded for the general applicability of this method.
In accordance with the final part of Chap. 3, this section will summarize the most
important points of the results obtained in the frame of the qce calculations for the
liquid phases of water and hydrogen fluoride.

• Static first principles calculations of small to medium sized hydrogen fluoride
and water clusters employing dft methods (BP, B3LYP, PBE) as well as post-
Hartree–Fock approaches (MP2, CCSD(T)) in combination with triple-f (TZVP,
TZVPP) and quadruple-f (QZVP) basis sets as well as an extrapolation to the
complete basis set limit (cbs) yield supramolecular interaction energies in the
order of magnitude of several tens of kJ/mol for the smaller clusters and several
hundreds of kJ/mol for the larger structures, see Tables 4.1, 4.2, and 4.3. The
calculation of pairwise interaction energies (see Tables 4.1 and 4.2) and
the analysis of the degree of charge transfer via the hydrogen bond in terms of
the occupancy of the involved rI orbitals (see Fig. 4.4) indicate a high degree
of cooperativity in the cyclic cluster structures.

• The combination of moderately sized cluster sets (see Figs. 4.1, 4.2, and 4.3)
with a complete parameter-free qce setup (amf = 0 (J 9 m3), bxv = 0) shows
the typical ideal gas behavior in the high temperature domain, but at certain
temperatures (which are considerably dependent on the quantum chemical
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methodology employed for the cluster calculations) a condensation to a high
density liquid-like phase is observed, see Figs 4.5, 4.6, and 4.7. This conden-
sation phenomenon only occurs if the supramolecular cluster interaction ener-
gies consider cooperative effects (see e.g. Fig. 4.6), and even though the
obtained phase transition temperature in general differs from the experimental
one to a large extent, the application of sophisticated quantum chemical
methods for the cluster calculations can improve the situation (see Fig. 4.7). The
consideration of an unscaled excluded volume estimate according to the atomic
van der Waals radii (bxv = 1) does not affect the results in any qualitative way.
The high density phases obtained from this parameter setup exhibit molar
volumes which are approximately two orders of magnitude larger than the
corresponding experimental values.

• The situation completely changes if residual cluster–cluster interactions are
considered in terms of the unscaled intercluster mean field interaction, see
Figs. 4.8 and 4.9. The calculated molar volumes drop by approximately two
orders of magnitude, but with regard to the experimental isobars the calculated
values are too small by up to a factor of 2/3 in the case of hydrogen fluoride. In
addition, convergency problems start to show up for certain cluster set config-
urations (the extended water cluster set) and certain temperatures (e.g. in the
high temperature domain of the hydrogen fluoride BP/TZVP isobar), which have
not been observed before in the case of the parameter-free setup to this extent.
The consideration of pairwise cluster interaction energies as well as different
combinations of dft-based supramolecular interaction energies, principal
moments of inertia, and harmonic frequencies demonstrate that the isobars
obtained within the frame of the mean field approach considerably depend on
the employed interaction energies and on the harmonic frequencies, see
Figs. 4.8 and 4.9.

• A simple least-squares procedure employed for the adjustment of the two qce
parameters to experimental reference isobars (see Tables 4.4 and 4.5) signifi-
cantly improves the accuracies of the calculated molar volumes and leads to
average deviations kDVk of below 3%. Larger deviations and convergency
problems are found in the low temperature part for the isobars predicted by the
7w8cube cluster set and the hydrogen fluoride cluster set, see Figs. 4.10 and
4.12. The low temperature accuracy of the results based on the 7w8cube set can
be improved by additionally including the spiro cluster structures in the qce
calculations, thereby indicating that the fourfold coordination is an important
motif at these temperatures, see Fig. 4.11. The improved performance of the
isobar calculated from the pair interaction energies indicates that deficiencies in
the cluster interaction energies can be compensated by the mean field approach
for this particular case, but the larger discrepancies found for the MP2/TZVP
and MP2/QZVP isobars of hydrogen fluoride demonstrate that such a correction
is not generally possible, see Figs. 4.10 and 4.12. In the case of the extended
water cluster set, the most accurate isobar is obtained from the most elaborate
treatment of the electronic structure in the cluster calculations (MP2/TZVPP,
see Table 4.4), whereas the dft approaches as well as the post-Hartree–Fock
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methods at the basis set limit show a similar performance in the case of
hydrogen fluoride, see Table 4.5.

• The progression of the entropies calculated in the frame of the parameter-free
qce model is qualitatively similar to the one of the molar volumes in this
parameter setup (see Figs. 4.13 and 4.14) but differs considerably from the
isolated cluster entropies predicted by the conventional rrho model (see
Table 4.6), which again indicates that a reduction of the volume available for
translational motion as obtained from the cluster equilibrium according to Eq.
2.63 is mandatory to model liquid phase behavior. The agreement between the
entropies calculated from the parameter-free model and the experimental
entropies of liquid water and hydrogen fluoride is much higher as in the case of
the corresponding molar volumes, and the consideration of the unscaled inter-
cluster mean field interaction (amf = 1 (J 9 m3)/mol) leads to entropies which
are already in reasonable agreement with the experimental reference, see
Figs. 4.16 and 4.17. Differences between the various quantum chemical meth-
ods applied for the cluster calculations in general do not exceed 10 J/(mol K)
with the exception of the entropies predicted by the MP2/TZVPP pair interac-
tion energies, which are larger by approximately 30 J/(mol K) over the whole
examined temperature interval, see Fig. 4.16.

• The liquid phase entropies predicted by the adjusted parameter qce setup agree
to the experimental values within 10 J/(mol K) in all cases and always under-
estimate the experimental reference with the exception of the MP2/TZVPP data
in the case of the 7w8cube set. Large basis set effects are found for the entropies
calculated on the basis of the 7w8cube cluster set, which are considerably
reduced in the case of the extended water cluster set and are nearly absent in the
case of the hydrogen fluoride set, see Figs. 4.18, 4.19, and 4.20. Most accurate
results are obtained from the most sophisticated electronic structure methods
employed for the cluster calculations in the case of the extended water cluster
set (MP2/TZVPP) and the hydrogen fluoride cluster set (CCSD(T)/cbs), whereas
the entropies predicted by the B3LYP hybrid functional cluster data show the
highest agreement with the experimental reference in the case of the smaller
7w8cube cluster set. However, no clear trend in the liquid phase entropies with
regard to the applied methodology or the basis set size can be observed, and
due to the large number of quantities the qce entropy depends on according to
Eq. 2.68 (cluster populations and the qce volume in addition to the cluster
properties already required in the conventional rrho approach) a systematic
classification of the different influences is not straightforward.

An important result of the present chapter is the observation that the partial
consideration of intermolecular interactions by embedding the isolated molecule
into a cluster surrounding and the subsequent application of a chemical equilib-
rium between the various clusters is sufficient for obtaining a qualitative con-
densed phase behavior. The van der Waals-like parameters appearing in the qce
approach help to adjust the calculated thermodynamic properties in a semi-
quantitative way, but the basic transition from the ideal gas-like behavior of the
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rrho approach to the condensed phase is realized by replacing the single molecule
by a set of clusters, i.e., by allowing several particles to interact with each other.
The consideration of cooperative effects in these interactions is found to be of
considerable importance in the presented results as well as in previous studies on
this subject [1, 2, 15, 27, 59].

Thus, the calculation of liquid phase properties in the frame of the qce model
has been shown to be generally possible to a reasonable precision in the present
chapter. In contrast to most approaches relying on md simulation methods, the
variation of the temperature interval does not constitute a significant bottleneck in
qce calculations once the cluster data is available. Accordingly, the possibility of
treating realistic phase transition processes via the appropriate extension of the
temperature interval and a readjustment of the parameters should be principally
possible, and the capability of this approach will be studied in the following
chapter.
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Chapter 5
Phase Transitions

The final chapter of this thesis will focus on the calculation of changes in
thermodynamic properties associated with the phase transition from the liquid to
the gas phase. As in the previous chapters the primal quantity under investigation
will be the (vaporization) entropy, but other phase transition properties will be
computed as well. According to the results obtained from the parameter-free qce
calculations for water and hydrogen fluoride as presented in the previous chapter,
it is apparent that the transition from a high density liquid-like phase to the gas
phase can be qualitatively modelled by this approach. In this chapter the possibility
of calculating more accurate phase transition properties via a readjustment of the
optimized qce parameters will be examined in detail, and an assessment with
regard to values determined experimentally will be carried out. The systems
employed for these investigations will again be the water and hydrogen fluoride
cluster sets introduced in the previous chapter.1

5.1 Phase Transition Properties from the Parameter-Free
Model

The isobars calculated in the frame of the parameter-free qce model exhibit the
qualitative features of a liquid–vapor phase transition both in the calculations
carried out for water as well as for hydrogen fluoride (see Figs. 4.5, 4.6, and 4.7),
and a similar behavior is found in the case of the entropies obtained from the
parameter-free setup. Even though there are differences of about two orders of
magnitude between the molar volume of the high density phase predicted by this
idealized qce setup and the molar volume of real liquid water, the changes in
thermodynamic quantities in going from this high density phase to the gas phase

1 Parts of this chapter have already been published in Refs. [1–3].

C. Spickermann, Entropies of Condensed Phases and Complex Systems,
Springer Theses, DOI: 10.1007/978-3-642-15736-3_5,
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could nevertheless show smaller discrepancies. Due to the relatively large tem-
perature interval in which these transitions occur (see, e.g., Fig. 4.5), it is difficult
to determine a precise condensation temperature at which the difference in the
quantity under examination between the gas phase and the liquid-like phase is to
be taken. Furthermore, it is apparent e.g. from Fig. 4.6 that the termination of the
condensation process is significantly affected by the quantum chemical method
applied for the calculation of the cluster data, which can lead to differences in the
onset of the phase transition of up to 50 K (see, e.g., the curves based on the BP/
TZVP and the MP2/TZVP combination, respectively, in Fig. 4.6). In order to
overcome these difficulties, a uniform temperature of T = 176 K for water and
T = 200 K in the case of hydrogen fluoride is chosen for the computation of the
differences in the considered thermodynamic quantities between the high density
phase and the gas phase. It is apparent from Figs. 4.6 and 4.7 that at these tem-
peratures all applied methods predict the high density phase to be the thermody-
namic stable one and that the condensation process is completed in all cases. The
transition properties obtained in this temperature domain will not reflect the real
first order liquid–vapor phase transitions of water and hydrogen fluoride, but a
comparison of the calculated order of magnitude to the experimental values is
nevertheless instructive.

5.1.1 Entropy Changes

It is apparent e.g. from the plots in Figs. 4.13 and 5.1 that in the case of water the
phase predicted to be stable by the qce iterations at T = 176 K is the low density
liquid-like phase. In order to obtain an estimate of the qce gas phase entropy at this
temperature, a linear regression of the entropy values calculated for the high
temperature domain has been carried out on the basis of the MP2/TZVP gas phase
entropies at T = 250 K and all larger temperatures.
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The data based on the MP2/TZVP cluster calculations has been chosen for this
approach, because this combination predicts the lowest temperature for the onset
of the condensation process in the parameter-free setup (see Figs. 4.13 and 5.1)
and thereby yields the largest data set for the linear regression. The result of this
procedure is illustrated in Fig. 5.1 exemplarily for the extended water cluster set.
The point at which the phase transition entropies are calculated is indicated via the
label ‘‘D’’. Due to the poor convergence behavior of the 7w8cube cluster set in the
frame of the parameter-free model in the low temperature domain (see Fig. 4.5),
the calculation of phase transition entropies in this setup has been carried out only
for the extended water cluster set and the hydrogen fluoride cluster set. The values
obtained in this way are summarized in Table 5.1.

It is apparent that in the case of water all applied methods predict phase tran-
sition entropies between DS ¼ 120 J=ðmol K) and DS ¼ 130 J=ðmol K). The
largest value is obtained on the basis of the BP/TZVP cluster calculations, which is
no surprise considering the observation that this method predicts the lowest
absolute entropy in the high density phase, see Fig. 5.1. With regard to this point it
is also obvious why the smallest phase transition entropies are predicted by the
MP2/TZVP and the B3LYP/TZVP cluster data, and that the situation would be
different if another reference temperature (e.g. T = 150 K) would be chosen.
There is no phase transition entropy for the MP2/TZVPP pair interaction energies
listed in Table 5.1, and it is clear from Fig. 5.1 that at T = 176 K the stable phase
in this case still is the gas phase and that the condensation process is shifted
to even lower temperatures. The comparison of the values obtained from this
parameter-free setup to the experimental vaporization entropy of real water at
T ¼ 298:15 K ðDvapS(298.15 K) = 118.8 J/(mol K)) indicates that the difference
in entropy calculated between the two qce model phases is in the same order
of magnitude like the one between the liquid and the vapor phase of real water.
This is of course only a qualitative comparison due to the large difference in

Table 5.1 Phase transition entropies at T = 176 K(H2O ext.) and T = 200 K (HF) for the
transition from the high density phase to the gas phase as obtained from the parameter-free qce
setup (see Figs. 4.6 and 4.7) for the extended water cluster set (H2Oext) and the hydrogen fluoride
cluster set (HF)

Set dft Methods

BP B3LYP PBE

TZVP TZVPP TZVP TZVPP TZVP

H2Oext 130.7 125.6 126.2 123.3 –
HF 108.2 – – – 105.8

Post-Hartree–Fock methods

MP2 CCSD(T)

TZVP TZVPP QZVP cbs cbs

H2Oext 122.0 129.8 – – –
HF 98.5 – 101.6 101.9 101.9

All values are given in [J/(mol K)]

5.1 Phase Transition Properties from the Parameter-Free Model 179

http://dx.doi.org/10.1007/978-3-642-15736-3_4#Fig13
http://dx.doi.org/10.1007/978-3-642-15736-3_4#Fig5
http://dx.doi.org/10.1007/978-3-642-15736-3_4#Fig6
http://dx.doi.org/10.1007/978-3-642-15736-3_4#Fig7


temperature of more than 100 K, but it shows that the entropic features of the real
liquid–vapor phase transition are essentially captured in the qce model calculation
and that a more accurate prediction could be possible via a readjustment of the qce
parameters.

The phase transition entropies calculated for the hydrogen fluoride cluster set in
the frame of the parameter-free setup are smaller than those obtained from the
extended water cluster set and show a partitioning into a group of larger values
predicted by the dft cluster data and a group of lower values found on the basis of
the post-Hartree–Fock cluster calculations. Again this is the same ordering as
already plotted in the low temperature part of Fig. 4.7, and according to these
results identical phase transition entropies are predicted by both the MP2/cbs and
the CCSD(T)/cbs cluster data. This almost quantitative equality between the
results obtained from the MP2/cbs and the CCSD(T)/cbs calculations is also
present in many results presented in the previous chapter and can be attributed to
the fact that both approaches employ the same MP2/QZVPI cluster structures as
well as the same harmonic frequencies and barely differ in the supramolecular
interaction energies as can be seen from Table 4.3. In the case of the computed
phase transition entropies in Table 5.1, the value found for the MP2/QZVP cluster
data is also almost equal to the ones predicted by MP2/cbs and CCSD(T)/cbs as
already indicated in the low temperature domain of Fig. 4.14. This again supports
the observation that in the case of the hydrogen fluoride qce entropies the
employed harmonic frequencies have a more significant impact than the supra-
molecular interaction energies (see e.g. Fig. 4.17), which is not found for the water
cluster sets to this extent. In addition, it is also apparent from Fig. 4.14 that the
effect of the reference temperature at which the phase transition entropy is
evaluated is considerably smaller as in the case of water, i.e., even though the
calculated values will quantitatively be different if this temperature is shifted by
e.g. 50 K towards lower or higher values, the order of the different methods will be
unaffected. If the entropy differences between the high density and low density
hydrogen fluoride phases are compared to the experimental vaporization entropy
of hydrogen fluoride at the boiling point (DvapS (292.69 K) = 98.7 J/(mol K)), the
same order of magnitude is again found for both quantities as already observed for
the phase transition entropies of the extended water cluster set [4]. These results
thereby again indicate that the modeling of the real liquid–vapor phase transition
can possibly be achieved in the frame of the qce approach.

5.1.2 Other Quantities

As pointed out in Sect. 2.2.1, the purpose of the qce iterations lies in the deter-
mination of a self-consistent set of cluster populations and volumes from which the
canonical partition function for the stable phase is calculated according to Eq. 2.46.
Once this is accomplished, the calculation of thermodynamic quantities can be
carried out in a straightforward analytical way as demonstrated in Sect. 2.2.2 using
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the example of the entropy. The major part of this thesis is focussed on the
calculation of molar volumes and entropies, but other thermodynamic properties
can be obtained from the N-particle partition function in an analogous manner. This
course of action will be illustrated here exemplarily for the phase transition
enthalpy and the change in the specific heat capacity computed for the transition
from the high density phase to the gas phase as obtained in the frame of the
parameter-free qce model. The enthalpies obtained from this parameter setup and
the extended water cluster set are plotted exemplarily in Fig. 5.2.

In contrast to the entropies from Fig. 5.1 larger differences between the various
methods employed for the cluster calculations are found, which amount to
approximately 10 kJ/mol in the low temperature domain and still add up to several
kJ/mol in the gas phase. The sequence in the enthalpies computed from the dif-
ferent quantum chemical methods in most cases follows the same trends as
observed in the supramolecular cluster interaction energies of the larger cluster
structures (see Tables 4.1 and 4.2), i.e., lowest enthalpies are obtained from the dft
methods employing the smaller TZVP basis set and largest values are found for the
MP2/TZVP combination. These clear trends are absent in the case of the corre-
sponding entropies (see Fig. 4.13), and after the transition to the gas phase the
observed correlation is no longer present. Again, the relatively large differences in
the gas phase have not been found before neither in the case of the entropy nor the
molar volumes, see e.g. Figs. 4.6 and 4.14, and it is apparent from Fig. 5.2 that
largest deviations in the elevated temperature domain are found between the dif-
ferent methods rather than between the basis sets employed for a particular
method. Accordingly, a linear regression for each of the two density functionals
applied for the cluster calculations as well as for the MP2 data has been conducted
separately employing the results of the larger TZVPP basis set in each case to
account for the observed differences in the gas phase (see the labels ‘‘Extrapola-
tion’’ in Fig. 5.2). Furthermore, the reference temperature for the calculation of the
enthalpy difference between the two phases has been reduced to T = 166 K,
thereby considering the large temperature interval for the transition process
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observed for the MP2/TZVP data, which indicates that the condensation to the
high density phase is not completed at T = 176 K.

In the case of the hydrogen fluoride cluster set a similar behavior as for the
extended water set is observed, i.e., there are differences of several kJ/mol in the
gas phase enthalpies between the predictions obtained from the post-Hartree–Fock
and the dft cluster data (not shown). However, the enthalpies calculated on the
basis of the two considered density functionals (BP and PBE) as well as those
predicted by the MP2 and the CCSD(T) computations are very similar in the high
temperature domain, so that a single linear regression for the dft data and for the
post-Hartree–Fock data is sufficient for a reasonable estimate of the phase tran-
sition enthalpies. The enthalpy changes obtained from these linear regressions are
summarized in Table 5.2.

In the case of the extended water cluster set, analogous (but reversed) trends as
already observed in the absolute enthalpies of the high density phase as well as in
the supramolecular cluster interaction energies are found (see Tables 4.1 and 4.2),
i.e., the phase transition enthalpies predicted by the BP/TZVP and the B3LYP/
TZVP cluster data assume the largest values, whereas the smallest enthalpy change
is obtained from the MP2/TZVP calculations. However, the observed differences
do not exceed values of approximately 7 kJ/mol and thereby are considerably
smaller as e.g. the variations found between the different methods employed in the
calculation of the supramolecular interaction energies listed in Tables 4.1 and 4.2.
As in the case of the entropies plotted in Fig. 5.1 the condensation process to the
high density phase is not fullfilled for the enthalpy calculated from the MP2/
TZVPP pair interaction energies even at T = 150 K, which is the reason why no
value for this approach is listed in Table 5.2. The comparison of the calculated
values to the vaporization enthalpy of real water at the boiling point
(DvapH(373.15 K) = 39.5 kJ/mol) indicates that the phase transition enthalpies

Table 5.2 Phase transition enthalpies at T = 166 K(H2O ext.) and T = 200 K (HF) for the
transition from the high density phase to the gas phase as obtained from the parameter-free qce
setup (see Figs. 4.6 and 4.7) for the extended water cluster set (H2Oext) and the hydrogen fluoride
cluster set (HF)

Cluster set dft Methods

BP B3LYP PBE

TZVP TZVPP TZVP TZVPP TZVP

H2Oext 31.6 27.5 30.1 25.8 –
HF 32.4 – – – 35.3

Post-Hartree–Fock methods

MP2 CCSD(T)

TZVP TZVPP QZVP cbs cbs

H2Oext 24.8 27.2 – – –
HF 22.4 – 25.8 28.3 28.3

All values are given in [kJ/mol]
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obtained from the parameter-free qce setup are in the correct order of magnitude,
even if a very large difference in the underlying reference temperature of more
than 200 K is present [5]. This is in agreement with the results obtained from the
parameter-free setup for the phase transition entropies, see Table 5.1.

The enthalpy changes calculated for the hydrogen fluoride cluster set can again
be divided into a group of larger values predicted by the dft approaches and a group
containing the values obtained from the post-Hartree–Fock methods which are
smaller than those of the first group by at least 4 kJ/mol. The largest phase tran-
sition enthalpy is calculated for the PBE/TZVP cluster data in accordance with the
observation that the supramolecular interaction energies obtained from this method
predict the most stable cluster structures and thereby the strongest intermolecular
interactions in the condensed phase, see Table 4.3. This behavior is also found in
the case of the remaining methods, i.e., the correlation between strong intermo-
lecular interactions in the high density phase and corresponding to that a large value
of the phase transition enthalpy (and vice versa) is clearly reflected in the values
listed in Table 5.2. Thus, the enthalpy changes calculated for the hydrogen fluoride
cluster set are considerably affected by the degree of intermolecular interaction,
whereas the corresponding phase transition entropies in Table 5.1 show a larger
dependancy on the employed harmonic frequencies, see the discussion at the end of
Sect. 5.1.1. This can also be seen for instance in the case of the phase transition
properties obtained from the MP2/QZVP cluster calculations, which predict an
almost identical entropy change as compared to the corresponding result of the cbs
limit extrapolation, whereas a different enthalpy change is calculated for both
approaches as can be seen from Table 5.2. In contrast to the behavior found for the
phase transition entropies, the enthalpy changes computed for the extended water
cluster set and the hydrogen fluoride cluster set assume similar values in the range
between DH ¼ 25 kJ/mol and DH ¼ 35 kJ/mol in most cases. As pointed out
previously, this order of magnitude replies to the experimental vaporization
enthalpy of real water at T = 298.15 K. However, the vaporization enthalpy of
liquid hydrogen fluoride at the boiling point is considerably smaller than the cor-
responding value of liquid water (DvapH(292.69 K) = 7.5 kJ/mol) [4]. Thus, the
phase transition enthalpies calculated for the hydrogen fluoride cluster set in the
frame of the parameter-free qce model overestimate the vaporization enthalpy of
real hydrogen fluoride and predict an enthalpic situation which is closer to the one
found for water. The reason for the particular small vaporization enthalpy of real
hydrogen fluoride has been attributed to its highly non-ideal vapor phase, in which a
considerable fraction of molecules are found to be associated [4, 6]. According to
these findings, a lesser number of intermolecular interactions has to be broken for
the transition from the liquid phase to the gaseous state, which finally results in a
smaller value of the vaporization enthalpy as compared to, e.g., water or other
hydrogen-bonded liquids like methanol [5]. Considering this aspect, the reason for
the relatively large discrepancies between the phase transition enthalpies computed
from the parameter-free setup and the experimental vaporization enthalpy at the
boiling point can be traced back to the fact that the low density gas phase predicted
by the qce model is an ideal one, i.e., the cluster populations calculated for this
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phase indicate a population of the hydrogen fluoride monomer of approximately
99% regardless of the method employed for the cluster calculations (not shown). In
addition, there is also no contribution from the mean field intercluster interaction
in the parameter-free setup, which means that the gas phase predicted by the qce
calculations is essentially unassociated and more closely represents the circum-
stances found in the case of water. A possible correction of this situation in terms of
the adjusted qce parameters will be examined in the following section.

As a second example of a thermodynamic quantity not considered so far the
specific heat capacity at constant pressure is illustrated in Fig. 5.3 for the hydrogen
fluoride cluster set calculated in the frame of the parameter-free setup.2

These plots again clearly show the pronounced two-phase behavior of the
parameter-free qce setup in terms of distinctive turning points in the calculated
curves as already observed in the case of the entropies (see Fig. 5.1), the enthalpies
(see Fig. 5.2), or the molar volumes (see Sect. 4.1.2). The sequence of the turning
points found for the heat capacities computed on the basis of the different cluster
calculations agrees to the corresponding order of condensation temperatures in
Fig. 4.7 as it is to be expected, and the most pronounced maximum is obtained from
the BP/TZVP cluster data. In the low and high temperature domains all quantum
chemical methods applied in the cluster calculations yield almost identical heat
capacities, and the curves calculated from the MP2/cbs and the CCSD(T)/cbs
cluster data are again virtually identical. However, it is also apparent that the
parameter-free setup predicts a qualitatively wrong behavior of the Cp values in the
high density phase for all employed methods, because the specific heat capacities of
both hydrogen fluoride and water assume larger values in the liquid phase than in
the gas phase [7]. According to the classical thermodynamic relation between the
isobaric heat capacity and the temperature derivative of the enthalpy, this behavior
also indicates inaccuracies in the slopes of the calculated enthalpy curves as e.g.
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2 Please note that the specific heat capacities calculated for the extended water cluster set and the
parameter-free qce model qualitatively agree to the curves plotted in Fig. 5.3.
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illustrated in Fig. 5.2 for the extended water cluster set. However, the heat
capacities plotted in Fig. 5.3 are calculated directly from the qce partition function
(see Eq. 2.46) and are not obtained e.g. as numerical derivatives of the calculated
enthalpies. With regard to this point it should be noted that in contrast to the entropy
and the enthalpy the heat capacity additionally depends on the second derivative of
the N-particle partition function with respect to the temperature (as can e.g. be seen
in Eq. 2.69 for the case of the isochoric heat capacity), and larger inaccuracies for
thermodynamic quantities showing such a dependancy on Q have already been
found in previous qce studies [8]. A detailed examination of this aspect indicates
that these second derivatives with respect to the temperature are very sensitive to
the frequencies employed in the vibrational partition function and that the con-
sideration of anharmonic contributions can help to improve the situation in certain
cases [8, 9]. Nevertheless, a qualitative correct behavior of the computed heat
capacities can be observed for the temperature interval in which the phase transition
occurs, and the comparison of the specific heat capacity calculated for the low
density qce phase (Cp&33 J/(mol K)) to the experimental value of gaseous
hydrogen fluoride at T = 298.00 K (Cp(298.00 K) = 29.14 J/(mol K)) demon-
strates that both numbers are in the same order of magnitude even though the
intermolecular association found for the real gas phase is not predicted by the qce
calculations.

Thus, the results of this section indicate that order-of-magnitude estimates for
phase transition properties can already be obtained in the frame of the parameter-
free model in many cases as long as the corresponding quantity does not depend on
higher order derivatives of the N-particle partition function or special conditions as
in the case of the gas phase association found for hydrogen fluoride apply. Even if
the calculated curves do not reflect the corresponding experimental curves in a
detailed way and the temperatures at which the phase transition properties are
evaluated are not equal to the experimental phase transition points, a first estimate
can be obtained in terms of the linear regression approach employed in this sec-
tion. Following the course of the previous chapter, the determination of more
precise phase transition properties in terms of a readjustment of the qce parameters
will be examined in the next section.

5.2 Liquid–Vapor Phase Transition and Cooperativity

The final section of this thesis will be concerned with the calculation of phase
transition properties from an optimized parameter setup in the frame of the qce
model. The results presented in this chapter so far indicate that a transition process
from the qce high density phase to the qce gas phase naturally occurs in the
parameter-free setup, and the calculated phase transition properties qualitatively
agree to the corresponding experimental values of water and hydrogen fluoride in
most cases. In the preceding chapter it could be demonstrated that the parameter
adjustment process as introduced in Sect. 2.2.1 leads to a higher agreement
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between calculated and experimental quantities in the case of the liquid phase
calculations (see e.g. Table 4.4 and Fig. 4.19), and the question arises if such an
improved performance can also be obtained for the liquid–vapor phase transition.
The proposed adjustment procedure employs an experimental reference isobar for
the fitting of the qce parameters, which means that the model cannot be predictive
with regard to this particular quantity if this adjustment procedure is applied.
However, the liquid phase entropies calculated on the basis of the optimized
parameters (see Figs. 4.19 and 4.20) clearly show that the prediction of other
quantities is possible to a reasonable precision via this approach. If the first order
liquid–vapor phase transition as well as the experimental phase transition tem-
peratures can be modelled via a readjustment of the qce parameters, a possible
error cancellation in the calculation of the phase transition properties as compared
to the absolute quantities presented in the previous chapter could even result in
more accurate values. The results obtained from the liquid phase qce calculations
furthermore demonstrate that in the case of the molar volume and the entropy the
neglect of many-body effects in the computed supramolecular interaction energies
(as expressed in the MP2/TZVPP pair interaction energies, see Tables 4.1 and 4.2)
can be approximately corrected in terms of an increased mean field contribution
without a too large loss of accuracy (see e.g. Table 4.4), i.e., a qualitative correct
behavior is also obtained from the pairwise interaction energies. However, both
qce parameters do not depend on the temperature and thereby identical values are
applied over the whole examined temperature domain. Thus, the same amf

parameter has to account for the intercluster interaction in the gas phase (expected
to be considerably smaller than in the condensed phase) and possible shortcomings
of the intermolecular interactions computed in terms of the cluster approach in the
liquid phase. In the case of the pairwise interaction energies these shortcomings
are especially pronounced, and it will be interesting to see if a compromise
between the amplified magnitude of the mean field interaction in the high density
phase (as expressed in the large magnitude of the optimized amf parameter in this
phase, see Table 4.4) and the conditions in the gas phase can be obtained.

5.2.1 Isobars in the Liquid–Vapor Phase Transition Domain

In order to consider the liquid–vapor phase transition process for the parameter
adjustment procedure, the temperature interval has been extended to T = 400 K
for the water calculations and to T = 305 K in the case of the hydrogen fluoride
calculations. The isobars obtained from the adjustment procedure for the 7w8cube
water cluster set are plotted in Fig. 5.4, and the corresponding qce parameters are
listed in the first block of Table 5.3.

The plots in Fig. 5.4 demonstrate that all quantum chemical methods employed
for the cluster calculations are capable of reproducing the experimental boiling
point of liquid water in an accurate way, and that the calculated phase transitions
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now exhibit the rapid rise which is being characteristic for the first order phase
transition in real water in contrast to the slow increase over an extended temper-
ature interval observed in the case of the parameter-free model, see e.g. Fig. 4.6.
Thus, a reasonable modeling of the liquid–vapor phase transition is in principle
possible in the frame of the qce approach. All isobars predicted by the fully
cooperative supramolecular cluster interaction energies agree qualitatively to the
experimental curve and show only a small underestimation of the experimental
liquid phase volume of approximately 0.6 mL at T = 274 K. These deviations
are larger as compared to the accuracy of the isobars obtained from the parameter
adjustment procedure in the liquid phase (see Fig. 4.10), but this behavior is to be
expected due to the additional presence of the vapor phase in the adjustment
process. In combination with the deviations found in the vapor phase section of the
calculated isobars (see Fig. 5.5), the increased kDVk values in Table 5.3 can be

Table 5.3 Optimized qce
parameters amf and bxv as
well as the accuracies kDVk
for the liquid–vapor phase
transition obtained from the
adjustment procedure for
both water cluster sets
introduced in Sect. 4.1.1
kDVk in [L] and amf in
[(J 9 m3)/mol]

Method kDVk amf bxv

7w8cube
BP/TZVP 4.21 0.1000 1.030
BP/TZVPP 4.22 0.1000 1.030
B3LYP/TZVP 4.22 0.1000 1.030
B3LYP/TZVPP 4.24 0.1000 1.030
MP2/TZVP 4.20 0.1000 1.030
MP2/TZVPP 4.20 0.1000 1.030
MP2/TZVPP pair 4.20 0.1000 1.030
7w8cube + spiro
BP/TZVP 4.21 0.1000 1.030
BP/TZVPP 4.22 0.1000 1.030
B3LYP/TZVP 4.22 0.1000 1.030
B3LYP/TZVPP 4.24 0.1000 1.030
MP2/TZVP 4.20 0.1000 1.030
MP2/TZVPP 4.20 0.1000 1.030
MP2/TZVPP pair 4.20 0.1000 1.030

275 300 325 350 375 400
T [K]

0.0175

0.02

0.0225

0.025

0.0275

0.03

0.0325

V
 [L

]

BP/TZVP
BP/TZVPP
B3LYP/TZVP
B3LYP/TZVPP
MP2/TZVP
MP2/TZVPP
MP2/TZVPP pair
Experimental

Fig. 5.4 Liquid phase
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rationalized as compared to the much smaller values listed in Table 4.4. It is also
apparent from Fig. 5.5 that the major contribution to these increased mean square
deviations arises due to the overestimation of the molar volume in the gas phase,
whereas the deviations obtained from the liquid phase part of the calculated isobars
are in the same order of magnitude as those found in the exclusive treatment of the
liquid phase temperature interval. The smallest molar volumes in the liquid phase
domain are calculated on the basis of the BP/TZVP and the B3LYP/TZVP cluster
data at elevated temperatures, from which the most stable cluster structures and
thereby strongest intermolecular interactions are obtained as well, see Table 4.1.

Intermediate (and very similar) molar volumes are predicted by all methods
employing the TZVPP basis set at intermediate and elevated temperatures (with the
exception of the MP2/TZVPP pair approach), whereas the small magnitude of
the MP2/TZVP cluster interaction energies results in a larger overestimation of the
experimental reference at elevated temperatures and a too early onset of the phase
transition process. In the present cluster setup, the most accurate reproduction of the
experimental molar volume at the boiling point is obtained from the MP2/TZVPP
cluster calculations. However, the most striking deviations are clearly observed in
the results calculated from the MP2/TZVPP pair interaction energies, which predict
a qualitatively wrong progression of the molar volume over the whole liquid phase
temperature interval. In addition to a considerable overestimation of the absolute
magnitude by nearly a factor of two at T = 274 K, the curve based on the MP2/
TZVPP pair interaction energies exhibits largest volumes at the low temperature
end of the liquid phase interval and declines in a monotonic progression towards the
boiling point (which is nevertheless correctly reproduced by these interaction
energies). This trend is in qualitative contrast to the experimental data and thereby
demonstrates that for a reasonable modeling of the liquid–vapor phase transition in
the frame of the qce model the consideration of cooperative effects is necessary.

From the optimized qce parameters listed in Table 5.3 it is furthermore apparent
that all applied quantum chemical methods yield almost identical values in the
adjustment procedure of the liquid–vapor phase transition. With regard to this point
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it should be mentioned that the methodology applied for the parameter adjustment
strongly disfavors isobars which do not match the phase transition temperature
exactly, because a possible difference between calculated and experimental boiling
point results in large contributions to the error vector DV according to Eq. 2.53.
Thus, the universal nature of the optimized parameters apparently is a prerequisite
for the modeling of the experimental boiling point, at least in the case of the mean
field interaction factor amf. This observation can be verified by test calculations,
which show that a reduction of the mean field parameter by only 0.001 (J 9 m3)/
mol results in a drop of the calculated boiling point by 4 K in the case of the MP2/
TZVPP 7w8cube cluster data. Comparing these numbers to the parameters opti-
mized for the exclusive treatment of the liquid phase, larger variations are found in
the latter data (see Table 4.4). In this case no phase transition point leading to a
rapid change in the molar volume is present, thereby providing a greater degree of
freedom for the parameters to account for details in the experimental reference
curve.

With regard to this comparison it is also apparent that the parameters obtained
for the phase transition and those of the liquid phase optimization employing
the extended water cluster set are similar in most cases, and that the excluded
volume estimate obtained from the atomic van der Waals spheres is a reasonable
approximation to the excluded cluster volume in this case (as can be seen from bxv

values close to unity). The liquid phase section of the isobars calculated for the
extended water cluster set on the basis of the optimized parameters in the second
block of Table 5.3 are illustrated in Fig. 5.6. These plots indicate that the overall
situation in the liquid domain of the extended temperature setup is not seriously
affected by the addition of the spiro clusters. In general, all isobars are shifted
towards lower volumes at liquid phase temperatures, and the B3LYP/TZVP cluster

275 300 325 350 375 400
T [K]

0.0175

0.02

0.0225

0.025

0.0275

0.03

0.0325

V
 [L

]

BP/TZVP
BP/TZVPP
B3LYP/TZVP
B3LYP/TZVPP
MP2/TZVP
MP2/TZVPP
MP2/TZVPP pair
Experimental
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obtained from different quantum chemical methods employed for the calculation of the extended
(7w8cube + spiro) cluster set compared to the experimental reference isobar [7]. The qce
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data predicts smallest volumes in the condensed phase as in the case of the 7w8cube
cluster set. Due to the shift towards lower volumes the isobar calculated on the basis
of the MP2/TZVP cluster data now yields the most accurate reproduction of the
experimental molar volume at the boiling point. In the low temperature domain the
variations in the calculated molar volumes between the different methods employed
for the cluster calculations are less pronounced as compared to the results obtained
from the smaller 7w8cube cluster set. In contrast to the situation observed in Fig.
5.4, there is virtually no basis set effect visible in the isobars obtained from the MP2
computations at low and intermediate temperatures, and in the temperature domain
close to the boiling point both MP2 curves are also closer to each other than to the
isobars based on the dft cluster calculations. This decreased difference between
results obtained from the same method but a different basis set is also present in the
case of the isobars predicted by the BP cluster calculations, and the same trend is
observed for the curves calculated from the B3LYP cluster data though not as
pronounced as in the previous cases. The only curve virtually unaffected by the
extension of the employed cluster set is the isobar obtained from the MP2/TZVPP
pair interaction energies, which exhibits the largest deviations with regard to the
experimental reference and again shows a qualitative wrong behavior in the liquid
phase temperature range. This result again indicates that in contrast to the situation
found for the exclusive calculations of the liquid phase domain the neglect of
cooperativity in the modeling of the liquid–vapor phase transition can neither be
compensated via the extension of the cluster set in terms of coordination patterns
possibly of special relevance at certain temperatures nor via an enlarged mean field
interaction contribution. In addition, the discrepancies found between the isobar
based on the MP2/TZVPP pair interaction energies and the experimental reference
are considerably larger than those found for the different fully cooperative energies,
which shows that in the case of water the consideration of cooperativity is more
important for the liquid–vapor phase transition than e.g. a sophisticated treatment of
electron correlation. These observations have already appeared in previous studies
for the exclusive treatment of the liquid phase, but the present results demonstrate
that cooperative effects are even more important for the qualitative correct treat-
ment of the liquid–vapor phase transition in the frame of the qce model [10, 11].

The results presented so far show that a readjustment of the qce parameters with
regard to the experimental boiling point yields qualitatively correct molar volumes
if cooperative effects in the cluster interaction energies are considered as well as a
quantitative reproduction of the experimental phase transition temperature. The
liquid phase section of the isobars obtained from the optimized parameters are less
accurate than those calculated from the parameters adjusted exclusively to the
liquid phase due to the additional constraint imposed by the presence of the boiling
point and the rapid change of the molar volume. As pointed out before, the
methodology applied for the parameter adjustment favors those isobars which
reproduce the phase transition temperature as close as possible. For the treatment
of the liquid–vapor phase transition of hydrogen fluoride in the frame of the qce
model an approach inverse to the procedure applied for the water cluster sets will
be employed, i.e., the additional constraint of the phase transition point will be
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neglected and the performance of the liquid phase parameters as obtained in the
previous chapter in predicting the phase transition temperature will be examined
by simply extending the temperature range of the qce calculations to T = 305 K.
Figure 5.7 illustrates the isobars calculated in the frame of this extended tem-
perature interval employing the liquid phase parameters from Table 4.5 as well as
the experimental isobar in the corresponding temperature range [12].

From these curves it is apparent that the experimental boiling point of hydrogen
fluoride is predicted by all isobars which are based on the post-Hartree–Fock cluster
calculations to within 4 K, whereas no liquid–vapor phase transition can be found in
the case of the isobars obtained from the dft cluster data up to a temperature of
T = 305 K. These findings indicate that the modeling of the liquid–vapor phase
transition can be successful in the frame of the qce model on the basis of parameters
which are adjusted according to a liquid phase reference only and that a readjustment
of the qce parameters is not essential if minor deviations in the calculated phase
transition temperature can be accepted.3 With regard to this point it is furthermore
apparent that the experimental boiling point is underestimated by the isobars based
on the finite basis set MP2 cluster calculations, whereas it is overestimated by the
MP2/cbs and the CCSD(T)/cbs cluster data. Considering the fact that the cluster
properties obtained from the dft methods do not predict a phase transition up to
T = 305 K, a correlation between the predicted boiling point and the strength of
the intermolecular interaction as expressed in the cluster interaction energies (see
Table 4.3) can be observed as in the case of the corresponding parameter-free qce
isobars, see Fig. 4.7. However, the effect of these energies is much less pronounced
as can be seen in the identical boiling temperatures predicted by the MP2/TZVP and
the MP2/QZVP isobars and only leads to variations in the phase transition point in
the order of magnitude of some Kelvin. Considering the combined accuracy of
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Fig. 5.7 Liquid phase
section of the molar volume
V as a function of the
temperature T as obtained
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3 It should be noted that the analogous procedure does not result in a liquid–vapor phase
transition for both the 7w8cube and the extended water cluster set in the extended temperature
interval of up to T = 400 K.
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reproducing the liquid phase section and predicting the boiling temperature, it is
found that the isobar obtained from the CCSD(T)/cbs cluster calculations shows the
highest precision. Thus, the most elaborate treatment of the electronic structure
again yields the most accurate result in the frame of the qce model as already
observed previously (see e.g. Figs. 4.19 and 4.20), whereas the largest deviations are
found for the curves based on the dft cluster data. However, this observation is only
valid in the high density part of the calculated isobars. If the total change in molar
volume for the transition to the gas phase is considered, the isobars predicted by the
complete basis set limit extrapolations show considerable discrepancies to the
experimental gas phase volume of real hydrogen fluoride. This behavior is illustrated
in Fig. 5.8. From these plots it is seen that both isobars based on the complete basis
set limit calculations yield a qualitatively wrong progression in the gas phase and
underestimate the molar volume of real gaseous hydrogen fluoride by approximately
15 L, whereas the curve obtained from the MP2/QZVP cluster data also exhibits
considerable discrepancies, but not to the extent observed for the MP2/cbs and
CCSD(T)/cbs results. In contrast, the isobar computed from the MP2/TZVP cluster
data and the liquid phase qce parameters predicts both the phase transition process as
well as the molar volume of the gas phase in a qualitatively correct way. With regard
to these findings it should be noted that the supramolecular cluster interaction
energies obtained from the MP2/TZVP and the MP2/QZVP combinations yield the
least stable cluster structures (see Table 4.3) and predict lowest condensation tem-
peratures in the frame of the parameter-free model (see Fig. 4.7). Thus, it is to be
expected that the relatively strong intermolecular interactions (as expressed in the
large magnitudes of the interaction energies computed from the cbs limit extrapo-
lations as well as the dft methods) in combination with a qce parameter setup
optimized for the reproduction of the liquid phase molar volume cannot yield an
adequate description of the gaseous phase at the same time. However, from Fig. 4.12
it is also clearly apparent that these strong intermolecular interactions are necessary
to accurately reproduce the molar volume in the liquid phase, and that less stable
clusters as computed on the basis of the MP2/TZVP and MP2/QZVP combinations
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are unable to reproduce the experimental curve accurately via an increased
mean-field intercluster interaction as for instance found in the case of the
MP2/TZVPP pair interaction energies in the qce water calculations (see e.g.
Fig. 4.10). These observations thereby indicate that in the case of the hydrogen
fluoride system a simultaneous high accuracy treatment of the liquid phase, the
liquid–vapor phase transition, and the vapor phase does not seem possible in the
frame of the qce model and that at most two of these three temperature regions can be
precisely modelled at a time within the present approach. It should be noted that this
situation cannot be changed by a readjustment of the qce parameters to the exper-
imental molar volume in the phase transition domain as it has been carried out in the
case of the water calculations (see Table 5.3).

This considerably different behavior of the hydrogen fluoride cluster set as
compared to the calculated phase transition properties of the water cluster sets
could be based on various reasons. First of all the consideration of only a single
parameter setup for both the liquid as well as the vapor phase can be expected to
constitute a severe restriction of the degree of intermolecular interaction. Con-
sidering the fact that both the supramolecular cluster interaction energies and the
mean field parameter do not depend on the temperature, the only variation of the
intermolecular interaction in the liquid phase and the gas phase can be accom-
plished in terms of the calculated volumes, see Eq. 2.51. However, the results
calculated on the basis of the water clusters demonstrate that a qualitatively correct
behavior of both phases can be obtained from this single parameter approach.
Accordingly, a further examination of the calculated results indicates that the
reason for the inability of the methods predicting the most stable cluster structures
to additionally account for a qualitatively correct liquid–vapor phase transition can
be found in the behavior of the isobars calculated in the frame of the parameter-
free qce setup. The inspection of the curves obtained from the parameter-free setup
(see Fig. 4.7) clearly show that the MP2/TZVP cluster data is the only one which
predicts the gas phase as the stable phase at the experimental boiling temperature
of T = 292.69 K and does not show an onset of the condensation process in this
temperature region, whereas the remaining approaches either predict the high
density phase as being most stable (BP/TZVP, PBE/TZVP) or exhibit molar
volumes intermediate between the gas phase and the high density phase of the
parameter-free model (MP2/QZVP, MP2/cbs, CCSD(T)/cbs) at this temperature.
This means that with the exception of the MP2/TZVP cluster data all remaining
approaches do not yield a characteristic gas phase behavior at the experimental
boiling temperature even if the qce parameters are set to zero and no additional
intermolecular interaction contribution is obtained from the mean field term, and it
is obvious that such a behavior can even less be obtained from a parameter setup
different from zero as applied for the calculation of the isobars in Figs. 5.7 and 5.8
With regard to these observations it is apparent that the only transition to a low
density gas-like phase possible within the qce approach at a given temperature is
the transition to the phase calculated from the parameter-free model at that tem-
perature, and if the parameter-free model does not predict the gas phase to be the
most stable one (or exhibits an intermediate behavior as in the case of the isobars
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obtained from the MP2/cbs and the CCSD(T)/cbs cluster data), no reasonable
transition process will be observed regardless of the applied parameter setup. This
is especially obvious in the case of the hydrogen fluoride isobars calculated on the
basis of the dft cluster calculations in Fig. 5.7, which do not exhibit a phase
transition point in the examined temperature interval at all. Compared to the
corresponding curves obtained from the parameter-free model (see Fig. 4.7), it is
apparent that the condensation point of the dft curves in this setup lies at
approximately T = 310 K (BP) and T = 350 K (PBE), thereby lying outside
of the examined temperature interval. The results of a test calculation for the
BP/TZVP cluster data and an increased temperature interval of up to T = 350 K
(not shown) employing the same qce parameters as the BP/TZVP isobar in Fig. 5.7
confirm this reasoning by predicting a phase transition point at approximately
T = 310 K. Furthermore, this observation helps to explain why the qce calcu-
lations employing the water cluster sets successfully reproduce the qualitative
features of the liquid–vapor phase transition of real water. The water isobars
calculated in the frame of the parameter-free model (see Figs. 4.5 and 4.6) dem-
onstrate that at the experimental boiling temperature of real water all methods
employed for the cluster calculations predict the gas phase to be thermodynami-
cally stable. Consequently, the isobars obtained from the parameter adjustment
procedure can undergo a transition to this low density gas phase and thereby yield
a behavior which is consistent with the experimental data.

The results of the present section thus show that the qce approach is capable of
reproducing the characteristic features of a first order liquid–vapor phase transition
and that a readjustment of the qce parameters is not essential for these calculations.
The necessary precondition for a successful phase transition modeling is rather
given by the behavior obtained from the parameter-free qce model at the experi-
mental boiling point. The data obtained from the hydrogen fluoride calculations
clearly show that the phase transition temperature can be predicted by employing
parameters adjusted to liquid phase properties, but that a realistic modeling of the
phase transition process is only possible if a gas phase behavior is predicted by the
parameter-free model at the corresponding transition temperature. This observa-
tion is an important feature of the liquid–vapor phase transition modeling in the
frame of the qce approach and demonstrates that the capability of the model to
treat these transitions can be directly predicted by the behavior of the parameter-
free results and that no time-consuming parameter adjustment is necessary in order
to obtain this information. If the parameter-free results indicate that a vapor-like
phase is stable at the transition temperature, qualitative correct results for the
molar volume in the liquid, in the gas phase, and for the phase transition tem-
perature can be expected as can be seen in the isobars obtained from the water
cluster sets and the hydrogen fluoride isobar obtained from the MP2/TZVP cluster
data, see Figs. 5.6 and 5.7. In the preceding chapter, the prediction of liquid phase
entropies has been shown to be possible on the basis of the optimized qce
parameters to a reasonable precision. The results of the following section will
illustrate if this approach can also be employed for the prediction of vaporization
entropies in the frame of the qce model.
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5.2.2 First Principles Vaporization Entropies
and Trouton’s Rule

The entropy changes computed for the transition from the high density phase to the
gas phase on the basis of the previously introduced cluster sets and the parameter-
free qce model indicate that these values are in the right order of magnitude
compared to the corresponding vaporization entropies of water and hydrogen
fluoride, see Table 5.1. In the case of water, the qce parameters optimized to the
molar volumes of the liquid–vapor phase transition and the boiling point (see
Table 5.3) are employed in the present section for the assessment of the predictive
capabilities of these parameters regarding the absolute entropies in the liquid and
the gas phase as well as the vaporization entropy. The corresponding entropies
obtained for the 7w8cube water cluster set in the extended temperature interval up
to T = 400 K are plotted in Fig. 5.9. From this figure it is apparent that almost all
methods employed for the generation of the cluster data predict the progression of
the experimental entropy from the liquid to the vapor phase in a qualitatively
correct way. The most accurate liquid phase entropies are calculated on the basis of
the dft cluster data employing the smaller TZVP basis set, whereas the
MP2/TZVP combination (along with the B3LYP/TZVP result) yields the most
precise entropy value at the boiling point. Considering the whole liquid phase
temperature interval, the largest basis set effects on the calculated entropies are
again found in the MP2 cluster data, which is also observed in the entropies of the
exclusive treatment of the liquid phase, see Figs. 4.18 and 4.19. Compared to these
liquid phase calculations, it is again seen that the entropies computed from the
MP2/TZVPP cluster data constantly overestimate the experimental values, whereas
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the opposite behavior is found for the MP2/TZVP data. However, the most striking
discrepancies are again observed for the entropies calculated on the basis of the
MP2/TZVPP pair interaction energies, which predict an entropy contribution not
larger than 5 J/(mol K) over the whole liquid phase temperature interval. With
regard to the results obtained for the molar volumes in the liquid–vapor phase
transition domain on the basis of these interaction energies (see Fig. 5.4), the
situation has been improved insofar as the experimental entropies are predicted in a
qualitatively correct way, but the large numerical deviations found for the MP2/
TZVPP pair entropies indicate that the essential entropic conditions of the liquid
water phase are not captured by this approach. This observation is also valid for the
phase transition and the entropy calculated in the vapor phase.

Even though the phase transition point is accurately reproduced by the
MP2/TZVPP pair interaction energies (as in the case of the molar volumes, see e.g.
Fig. 5.4), the entropy predicted for the vapor phase again considerably underesti-
mates the experimental values by more than 50 J/(mol K). In contrast, all curves
computed from the fully cooperative interaction energies are in qualitative
agreement to the experimental vapor phase entropies of water, with the BP/TZVPP
combination showing the largest accuracy in this temperature domain. The values
computed on the basis of the MP2/TZVP cluster data again underestimate the
experimental curve, but this behavior is far from the considerable underestimation
found in the case of the MP2/TZVPP pair interaction energies and amounts to a
constant value of approximately 5 J/(mol K) only. All remaining methods predict
gas phase entropies which are too large with regard to the experimental values by
approximately 5–10 J/(mol K). With regard to this observation the largest over-
estimation is found for the B3LYP/TZVP cluster data, whereas the corresponding
B3LYP/TZVPP entropies are considerably closer to the experimental curve.
A basis set effect of similar extent is also seen in the entropies obtained from the
MP2 and the BP cluster data, with the difference that the smaller basis set yields
larger entropies in the case of the BP functional and smaller entropies in the case of
the MP2 method. Comparing the accuracy of the calculated entropies in the dif-
ferent temperature domains, smaller deviations can be observed in the liquid phase
interval for most methods, with the exception of the BP/TZVPP data yielding
highly accurate values in the gas phase domain and the MP2/TZVPP entropies
showing an almost constant overestimation in both phases. In agreement with the
molar volumes calculated for the phase transition region (see Figs. 5.4 and 5.6) as
well as to the results of the previous chapter, a prediction of entropies in the
extended temperature interval is thus possible to a reasonable precision in both
phases on the basis of qce parameters adjusted to the molar volume in the phase
transition region. However, it is also apparent that the consideration of cooperative
effects is a prerequisite in these calculations, and that in contrast to the situation
observed for the exclusive treatment of the liquid phase the neglect of cooperativity
cannot be compensated via the mean field interaction term.

The entropies obtained from the extended water cluster set in the liquid–vapor
phase transition region are illustrated in Fig. 5.10. In general, the trends in the
entropy observed for the extension of the water cluster set in terms of the spiro
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structures are comparable to the ones found in the exclusive treatment of the liquid
phase, see Figs. 4.18 and 4.19. The various dft approaches employed for the cluster
calculations again predict very similar entropies in the liquid phase temperature
domain, and there are almost no basis set effects visible in these dft results. As in
the case of the liquid phase computations (see Fig. 4.19), these methods also show
a considerable underestimation of the experimental values in the liquid phase. In
contrast, the entropies calculated on the basis of the MP2 cluster data are more
accurate. This is especially apparent for the MP2/TZVPP data, which predicts the
experimental entropies in the low temperature domain almost exactly and shows
only negligible deviations at elevated temperatures. A similar behavior is found for
the entropies from the MP2/TZVP cluster data near the phase transition temper-
ature, but at lower temperatures there are larger deviations apparent as the
MP2/TZVP curve approaches those obtained from the dft methods. At the boiling
point, the most accurate entropies are predicted by the MP2 cluster data. The gas
phase entropies calculated for the extended water cluster set show a considerable
lesser degree of scattering as compared to the corresponding values obtained from
the 7w8cube cluster set, and the MP2/TZVP cluster data again yields the only
curve which underestimates the experimental vapor entropies. However, this
underestimation (as well as the overestimation found for the remaining methods) is
not as pronounced as in the case of the gas phase entropies of the smaller 7w8cube
cluster set.

The most accurate predictions in this temperature domain are observed for the
values based on the dft cluster data employing the TZVPP basis set, and the dif-
ferences between the results of the two considered density functionals for a given
basis set are smaller than those between the values obtained from the same density
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functional with varying basis sets. More important, it is obvious from Fig. 5.10 that
the large discrepancies in the entropies predicted from the MP2/TZVPP pair
interaction energies cannot be eliminated by additionally considering the spiro
cluster structures. The entropy curve obtained from these energies is the only one
which is virtually unaffected by the extension of the cluster set and thereby again
demonstrates that the neglect of cooperative effects can neither account for the
entropic situation in the liquid phase nor yield a reasonable description of the
liquid–vapor phase transition process in entropic terms. Thus, the deficiencies
introduced by the pairwise interaction energies affect the qce iterations in a fun-
damental way, and in contrast to the calculations exclusively covering the liquid
phase interval this behavior cannot be corrected in terms of variations in the qce
parameters or the cluster set according to the results presented in this chapter so far.

The entropies calculated for the hydrogen fluoride cluster set in the liquid–
vapor phase transition region are illustrated in Fig. 5.11. The curve labeled as
‘‘Experimental’’ is again obtained from a numerical integration of experimentally
determined heat capacities in the liquid phase temperature interval and the
vaporization entropy at the boiling point (DvapS(292.69 K) = 98.7 J/(mol K))
added afterwards [4, 5]. Since the curves in Fig. 5.11 are not based on a renewed
parameter adjustment procedure as carried out for the liquid–vapor phase transi-
tion calculations of water but instead are obtained from a simple extension of the
temperature interval, the entropies predicted for the liquid phase temperature
domain are identical to the ones in Fig. 4.20.

Accordingly, the liquid phase entropy is again underestimated by all methods
employed for the cluster calculations, and there is almost no variation in the values
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Fig. 5.11 Molar entropy S as a function of the temperature T as obtained from different quantum
chemical methods employed for the calculation of the hydrogen fluoride cluster set (see Fig. 4.3)
compared to an entropy curve obtained from heat capacity measurements [5]. The reference for
all curves is set to S(241.15 K) = 0 J/(mol K). The qce parameters are fitted to reproduce the
experimental volume (see Table 4.5). All calculations refer to a pressure of p = 1 9 105 Pa
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computed for the different approaches, see also Fig. 4.20. In agreement with the
isobars computed in the liquid–vapor phase transition domain (see Fig. 5.7), dif-
ferences start to show up near the phase transition temperature. The entropies
obtained from the MP2/TZVP and MP2/QZVP cluster data underestimate
the transition temperature by approximately 1 K as in the case of the isobars in
Fig. 5.7 and thereby yield the most accurate prediction of the experimental boiling
point. However, the corresponding values predicted by the complete basis set
interaction energies are of almost equal precision, showing an overestimation of
the experimental value of 2 and 3 K, respectively. In complete analogy to the
calculated molar volumes, it is seen that the curves based on the dft cluster data do
not show a phase transition process at all in the examined temperature range.
Considering the phase transition itself it is again apparent that the only accurate
prediction of the gas phase entropy can be obtained on the basis of the MP2/TZVP
cluster data, for which the phase transition process in the parameter-free model is
already complete at the experimental boiling temperature in accordance with
Fig. 4.14. As in the case of the molar volume in the gas phase domain (see
Fig. 5.8), the gas phase entropies predicted by the remaining MP2 cluster calcu-
lations as well as the CCSD(T) cluster data are those of the corresponding
parameter-free model, and since the phase transition for these methods is not
completely finished in the parameter-free approach (or has not even started in the
case of the dft cluster data, see Fig. 4.14), the predicted transition process does not
exhibit the qualitative features of the real liquid–vapor phase transition. Thus, the
model predictions obtained from the entropy calculations clearly reflect the situ-
ation found in the case of the molar volumes and again indicate that a reasonable
treatment of the liquid–vapor phase transition in the frame of the qce model is only
possible if the corresponding transition process in the parameter-free setup occurs
at a lower temperature than the experimental phase transition temperature. It
should be noted that the phase transition behavior of the MP2/cbs and the
CCSD(T)/cbs data as illustrated in Figs. 5.8 and 5.11 is qualitatively different from
the one observed for the MP2/TZVPP pair interaction energies in the case of the
water cluster sets (see e.g. Fig. 5.10), which also underestimate the experimental
gas phase entropies to a large extent. However, these energies also exhibit an
unphysical behavior in the liquid phase temperature interval (as can for instance be
seen in the molar volumes plotted in Fig. 5.6) not found in the case of the cbs limit
interaction energies for hydrogen fluoride, and more important fail to predict a
reasonable liquid–vapor phase transition even though the corresponding parame-
ter-free calculation clearly indicates that a realistic gas phase can be obtained from
the qce model at the transition temperature, see Fig. 4.6. Consequently, the reason
for the inability of the pair interaction energies to yield a physically consistent
phase transition process can be attributed to the neglect of cooperativity in these
energies, whereas the behavior of the parameter-free model prevents a reasonable
description in the case of the MP2/cbs and CCSD(T)/cbs energies of the hydrogen
fluoride cluster set.

As has been demonstrated in Sect. 5.1.1 for the case of the parameter-free
results, the absolute entropies predicted by the qce model in the liquid–vapor phase
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transition region can be applied for the calculation of the vaporization entropy in a
straightforward way, and the values obtained from the parameter-free model are
found to be in the same order of magnitude like the experimental data though at a
different transition temperature, see Table 5.1. The same procedure will be
employed in the following in connection with the entropies calculated on the basis
of the optimized qce parameters in order to predict vaporization entropies at the
experimental boiling point. Due to the inability of the qce model to provide a
realistic gas phase behavior for the hydrogen fluoride dft and cbs interaction
energies at the transition temperature, the linear regression obtained from the high
temperature gas phase entropies of the parameter-free approach (see Sect. 5.1.1)
are combined with the liquid phase data from the optimized parameter setup for
the evaluation of the transition entropy in these cases. For all remaining methods
the vaporization entropy is computed directly as the difference between the gas
phase value and the liquid phase entropy at the calculated phase transition tem-
perature. The vaporization entropies obtained from this course of action are
summarized in Table 5.4 for both water cluster sets and the hydrogen fluoride
cluster set.

In addition to the water cluster sets introduced in Sect. 4.1.1, an additional set is
considered for the evaluation of the vaporization entropy, namely the optimized
spiro set (see the rows ‘‘H2Oopt’’ in Table 5.4). This set is obtained from an opti-
mization procedure of the extended water cluster set, in which cluster structures
exhibiting a population of less than 10% are removed from the set if the accuracy of
the corresponding isobar in the liquid phase temperature interval is increased by this

Table 5.4 Vaporization entropies at the calculated boiling point as obtained from the optimized
parameter setup (see Tables 5.3 (water) and 4.5 (hydrogen fluoride)) for different water cluster
sets and the hydrogen fluoride cluster set

Set dft Methods

BP B3LYP PBE

TZVP TZVPP TZVP TZVPP TZVP

7w8cube 117.7 114.3 119.0 114.0 –
H2Oext 121.0 118.7 121.3 118.8 –
H2Oopt 121.1 118.8 121.6 119.1 –
HF 113.5 – – – 112.7

Post-Hartree–Fock methods

MP2 CCSD(T)

TZVP TZVPP pair QZVP cbs cbs

7w8cube 105.9 109.7 72.4 – – –
H2Oext 109.6 112.7 72.4 – – –
H2Oopt 109.2 113.0 72.4 – – –
HF 106.1 – – 109.9 108.0 108.0

In the case of the hydrogen fluoride data, the gas phase entropies at the transition temperature are
obtained from a linear regression of the parameter-free gas phase values for all methods except
MP2/TZVP. All values are given in [J/(mol K)]
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elimination [2]. In this way a possible redundancy in the cluster structures and
coordination patterns can be corrected via an extended sampling procedure.
The cluster set optimized according to this approach contains most of the
structures from the extended set, with the exception of the w3A, the s7, and the s13
clusters, see Figs. 4.1 and 4.2 [2]. The calculated vaporization entropies
in Table 5.4 indicate that the experimental value at the boiling point
(DvapS(372.76 K) = 109.1 J/(mol K)) is predicted to a reasonable precision by
most methods and cluster sets [7]. In almost all cases the experimental value is
overestimated in accordance to the same trend observed in the absolute entropies,
see Figs. 5.9 and 5.10. This overestimation is most pronounced in the case of the dft
cluster data and the larger cluster sets (H2O ext and H2O opt). In general, the results
obtained from the extended cluster set and the optimized cluster set do not differ by
more than 0.5 J/(mol K), thereby indicating that the optimization procedure does
not influence the entropic features of the phase transition process to a significant
extent. It is also clearly apparent that the increase of the basis set size leads to more
accurate values for both employed density functionals and all water cluster sets, and
that an analogous convergence towards the experimental result is not obtained if the
cluster set is increased instead. The results calculated on the basis of the fully
cooperative MP2 cluster data are more accurate as those predicted by the dft
methods regardless of the size of the cluster set applied, and the deviations observed
for this case do not exceed 4 J/(mol K). Highest accuracy is found for the vapor-
ization entropy based on the MP2/TZVPP cluster data in the case of the 7w8cube
cluster set and the values from the MP2/TZVP cluster calculations in the case of the
two larger cluster sets. For these combinations the experimental vaporization
entropy is predicted almost quantitatively, but it is again seen that this result cannot
be obtained by simply combining the largest basis set (TZVPP) and the cluster set
yielding the most precise isobar in the liquid phase (H2O opt). Nevertheless, the
results of the liquid phase calculations (see Chap. 4) and of the liquid–vapor phase
transition presented so far indicate that a post-Hartree–Fock treatment of the cluster
set employing a basis set of at least triple-f quality leads to thermodynamic
quantities of higher precision as those obtained from corresponding dft cluster data
in almost all cases. The vaporization entropies predicted by the MP2/TZVPP pair
interaction energies do not show any dependancy on the employed cluster set. In
accordance with the corresponding curves in Figs. 5.9 and 5.10, large discrepancies
of more than 35 J/(mol K) are obtained with regard to the experimental value,
which again indicate that the essential physics of the phase transition process cannot
be captured if cooperative effects are neglected. Furthermore, it can be seen that in
the case of the phase transition entropy these effects are even more important than
the rather strong intermolecular association in liquid water, which leads to the
relatively large vaporization entropy of DvapS(372.76 K) = 109.1 J/(mol K) as
compared to vaporization entropies of typical unassociated liquids. These can be
estimated following Trouton’s rule to approximately amount to DvapS � 87 J/(mol K),
thereby indicating that the neglect of cooperativity results in even larger
discrepancies in the vaporization entropy than the neglect of the association via

5.2 Liquid–Vapor Phase Transition and Cooperativity 201

http://dx.doi.org/10.1007/978-3-642-15736-3_4#Fig1
http://dx.doi.org/10.1007/978-3-642-15736-3_4#Fig2
http://dx.doi.org/10.1007/978-3-642-15736-3_4


hydrogen bonding would lead to [1, 13]. A similar effect is found for the phase
transition entropies calculated from the parameter-free model (see Table 5.1),
which show a higher agreement to the experimental situation than the vaporization
entropy calculated from the pair interaction energies in the optimized parameter
setup even though no interaction between the different clusters is possible in the
parameter-free qce model. Thus, for the determination of the entropy change upon
the transition from the liquid to the gas phase the consideration of cooperative
effects in the interparticle interactions can be classified as being more important
than the accurate treatment of the extended hydrogen bond network present in
liquid water.

The vaporization entropies in Table 5.4 calculated for the hydrogen fluoride
cluster set show larger deviations to the experimental value at the boiling point
(DvapS(292.69 K) = 98.7 J/(mol K)) as in the case of the water calculations. The
values obtained from the dft cluster data again overestimate the experimental
vaporization entropy in a significant way (approximately 15 J/(mol K)), with the
largest discrepancy found for the BP/TZVP cluster calculations. As in the case of
the phase transition entropies calculated in the frame of the parameter-free model
(see Table 5.1), the values predicted by the post-Hartree–Fock methods are lower
by several entropic units (J/(mol K)) and thereby are more accurate. The closest
agreement to the experimental value is observed for the MP2/TZVP cluster data,
which in addition is the only combination capable of predicting a realistic phase
transition behavior on the basis of the parameters optimized to the liquid phase
molar volume, see Fig. 5.11. Additional inaccuracies of several J/(mol K) could be
introduced to the values obtained for the remaining methods in terms of the linear
regression analysis of the gas phase entropies calculated from the parameter-free
model. However, in the frame of the methodology chosen for the determination of
the entropy difference between the gas and the liquid phase the most accurate
values are found for the cbs limit cluster interaction energies, and a basis set size
effect of approximately 2 J/(mol K) is observed for the transition from the qua-
druple-f basis set (QZVP) to the cbs limit. An additional reason for the larger
inaccuracies in the hydrogen fluoride vaporization entropies as compared to those
calculated for water is possibly again given by the highly non-ideal character of
the real hydrogen fluoride gas phase, for which a considerable population of
clusters larger than the monomer has been observed [6]. The presence of these
larger aggregates can be expected to have a more pronounced influence on the
vaporization enthalpy (as it is clearly seen in the phase transition enthalpies
obtained from the parameter-free model, see Sect. 5.1.2), but this behavior pos-
sibly leads to a higher degree of ordering in the real vapor phase and thereby to a
smaller increase in entropy upon the phase transition. Since these structural details
are not captured in the gas phase predicted by the parameter-free qce model, an
overestimation of the experimental vaporization entropy can be expected with
regard to this point.

The results of the present section demonstrate that reasonable vaporization
entropies can be calculated in most cases in the frame of the qce approach either by
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adjusting the qce parameters to the phase transition point or by simply extending
the temperature interval accordingly and employing parameters adjusted to the
molar volume of the liquid phase. As in the case of the phase transition isobars
discussed in Sect. 5.2.1, the necessary prerequisite for a true first principles pre-
diction of the vaporization entropy lies in the capability of the parameter-free
model to yield a reasonable gas phase at the phase transition temperature. If this
condition is fulfilled and in addition cooperative effects are considered, a deter-
mination of the vaporization entropy to within 10% is possible in the case of water
and hydrogen fluoride, with the post-Hartree–Fock cluster data yielding a higher
accuracy in general. If no stable gas phase is found at the phase transition point, a
linear extrapolation of gas phase entropies from the high temperature domain can
be employed for the calculation of the entropy difference, but a loss of accuracy of
several entropic units is expected to occur via this approach.

5.2.3 Decomposition into Cluster Degrees of Freedom
and Summary

For the assessment of the conventional rrho approach presented in Chap. 3 the
examination of the entropy contributions arising from the different molecular
degrees of freedom proved to be very instructive and demonstrated that the
essential problems of this approach for the calculation of liquid phase entropies are
rooted in the volume available for translational motion and the application of the
Sackur–Tetrode equation in its unmodified form, see Eq. 3.8. This analysis is
possible due to the factorization of the molecular partition function q into the
degree-of-freedom dependent contributions according to Eq. 2.26, and from the
derivation of the qce approach as presented in Sect. 2.2.1 it is apparent that an
equal factorization approach is employed in the case of the different cluster par-
tition functions qj, see Eq. 2.24. Consequently, an analogous decomposition into
the entropy contributions from the various degrees of freedom occurring in each
cluster j can be accomplished for the qce entropy as well. In contrast to the
decomposition of the entropy in the rrho approach as presented in Chap. 3, the
decomposition scheme employed for the translational part in this section does not
contain separate contributions from the mass and the number density (as e.g.
expressed in Eq. 3.17), but rather differentiates between a real translational con-
tribution Strans depending on the cluster mass as well as the volume available for
translational motion according to Eq. 2.49 and a cluster population contribution
Sind. This partitioning reflects the contributions relevant for the qce approach in a
more detailed way and considers the fact that an analogon to the classical
Sackur–Tetrode equation does not exist in the qce model. As pointed out in
Sect. 3.2.1, the entropy arising from the N!-1 factor occurring in the N-particle
partition function (see Eq. 2.20) due to the indistinguishability of the particles is
normally included in the translational entropy contribution, thereby leading to the
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occurrence of the inverse number density in the Sackur–Tetrode equation in
combination with the dependancy on the translational volume. However, in the
case of the qce model the relevant quantity is not the total particle number N but
rather the set of cluster populations {nj} obtained in the course of the iterative
procedure. This is most directly seen in the form of the canonical QCE partition
function (see Eq. 2.46), which does not depend on the total number of monomers
(usually fixed to one mole in a qce calculation), but rather on the various cluster
populations nj. Accordingly, the entropy arising from the cluster population dis-
tribution will be treated as a separate contribution to the entropy labeled as Sind

(because this contribution is ultimately rooted in the indistinguishability of clusters
belonging to the same species j), whereas the translational entropy contribution
Strans only depends on the mass and the volume in the present decomposition
scheme in agreement with Eq. 2.49.4 It should be noted that the additive
composition of the total entropy from the different contributions at a given
temperature is not affected by this new partitioning, i.e., the equality Stot =

Strans ? Srot ? Svib ? Sel ? Sind is still valid [1]. The decomposition of the qce
entropy in the liquid–vapor temperature interval of water as obtained on the basis
of the MP2/TZVPP cluster calculations and the application of the extended water
cluster set is illustrated in Fig. 5.12.5 In this plot the contribution from each
individual degree of freedom is adjusted to a reference temperature of
T = 273.15 K, i.e., the value calculated for one of the degrees of freedom at a
given temperature is reduced by the value of the same degree of freedom obtained
at T = 273.15 K. According to this procedure negative contributions can occur
at higher temperatures if the degree of freedom under consideration exhibits a
smaller entropy value than the one calculated for this degree of freedom at
T = 273.15 K.

The plots in Fig. 5.12 indicate that all degrees of freedom yield similar con-
tributions to the total entropy in the low temperature domain. At moderate tem-
peratures larger differences start to show up, and the contributions from the
translational degrees of freedom Strans and the population distribution Sind exhibit
largest magnitudes as well as the largest slope, but oppose each other in the sign.
This behavior results in an almost linear progression of the total entropy in the
liquid phase temperature interval. At the boiling temperature, the contributions
from the different degrees of freedom rapidly diverge. It is clearly apparent that no
entropy contribution is obtained from the electronic degrees of freedom in either
the liquid or the gas phase, which is to be expected due to the exclusive occurrence
of closed shell structures in the cluster set under examination. At temperatures
larger than the boiling temperature vibrational entropies smaller than those at

4 The indistinguishability of identical cluster structures is of course no real degree of freedom,
but nevertheless affects the canonical partition function (and thereby the entropy) in a non-
negligible way, which is the reason why this contribution is treated on an equal footing with the
remaining degrees of freedom in the employed decomposition scheme.
5 Please note that the entropy decomposition predicted by the remaining methods qualitatively
agrees to the plots in Fig. 5.12. This is also true in the case of the smaller 7w8cube cluster set.
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T = 273.15 K are observed according to the negative vibrational values in this
temperature domain in Fig. 5.12, whereas a positive vibrational contribution is
predicted over the whole liquid phase interval. This result can be rationalized in
terms of the computed cluster populations, which indicate that larger cluster
structures and higher coordination numbers are present in the low temperature
region, whereas the vapor phase is almost exclusively constituted by the monomer
structure [1–3]. Due to the higher number of normal modes found in the extended
cluster structures especially in the low wavenumber region, the vibrational entropy
contribution assumes larger values at low temperatures and thereby leads to a
negative contribution in the chosen reference scheme in the gas phase. The same
reasoning explains the considerable increase in magnitude observed for the pop-
ulation contribution to the total entropy at the boiling point and in the gas phase.
The almost exclusive population of the monomer unit in the qce gas phase results
in a significantly smaller entropy contribution as the one obtained from the more
homogeneous population distribution in the low temperature domain, and conse-
quently the entropy arising from this factor in the qce partition function drops to
approximately -400 J/(mol K) at the boiling point. In contrast, the translational
entropy which also assumes the largest values in the liquid phase region steeply
increases to approximately 530 J/(mol K) at gas phase temperatures. This con-
siderably enlarged translational entropy in the gas phase can be rationalized in
terms of the change in molar volume accompanying the liquid–vapor phase
transition (see e.g. Fig. 5.6), which will also affect the free volume of translation to
a major extent. In addition, the excluded volume correction (which reduces the
translational volume according to Eq. 2.49) exhibits smallest values in this tem-
perature domain, because the monomer unit is almost exclusively populated, and it
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Fig. 5.12 Contributions of the different cluster degrees of freedom to the molar entropy S as a
function of the temperature T obtained from the MP2/TZVPP calculations of the extended
(7w8cube + spiro) water cluster set compared to the experimental entropies [7]. The reference for
all curves is set to S(273.15 K) = 0 J/(mol K). The qce parameters are fitted to reproduce the
experimental volume (see Table 5.3). All calculations refer to a pressure of p = 1 9 105 Pa
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is apparent that this cluster structure will exhibit the smallest individual cluster
volume in the van der Waals sphere model. Consequently, the only significant
contribution to the excluded volume term according to Eq. 2.48 in the gas phase
will be the excluded volume of the monomer and the calculated Vex value will be
considerably smaller as compared to the liquid phase temperature domain. Thus, it
is apparent that in the applied decomposition scheme the major factors leading to
an entropy increase in the gas phase (larger volume of the cluster phase, smaller
excluded volume) are merged into the translational entropy contribution, whereas
the most important compensation of this entropy gain in the the vapor phase is
found in the uniform population distribution and the corresponding entropy part,
with a smaller effect of this particular population set also being visible in the
vibrational gas phase entropy. In the case of the rotational entropy contribution a
relatively small increase is observed at the liquid–vapor phase transition point,
which can again be attributed to the uniform population distribution predicted for
the gas phase. In principle, a similar decline of the entropy at the boiling tem-
perature as obtained in the case of the vibrational degrees of freedom could be
expected for the rotational entropy as well, since the relevant rotational cluster
quantities (the principal moments of inertia) are smaller in the case of the water
monomer as compared to the cluster structures exhibiting a relevant population in
the low temperature domain. However, this evident effect is again outbalanced by
the more homogeneous population distribution calculated in the liquid phase
temperature range, which reduces the contribution of each individual cluster
structure in a linear way according to Eq. 2.68, whereas possible differences in the
principal moments of inertia enter the rotational entropy logarithmically as can e.g.
be seen from Eq. 3.9 [1]. Thus, the overall situation obtained for the different
entropy contributions of the various cluster degrees of freedom in the frame of
the qce model is similar to the one found for the conventional rrho approach
(see Sect. 3.2.1) insofar as the most important effects in the gas phase domain are
predicted for the volume-dependent quantity (Strans) and the quantity related to the
particle number (Sind). The contributions calculated for the rotational and vibra-
tional degrees of freedom affect the total vapor phase entropy to a considerably
lesser extent and furthermore exhibit a different sign in the high temperature
interval, which results in an almost complete cancellation of the entropy origi-
nating from these degrees of freedom in the gas phase. As in the rrho entropy
calculations no contribution to the qce entropy is predicted for the electronic
degrees of freedom if only closed-shell species are present in the cluster set
regardless of the temperature interval considered. The entropy contributions
obtained for the liquid phase indicate largest influences of those degrees of free-
dom related to the volume and the particle number (Strans and Sind) in this tem-
perature domain as well, thereby justifying the free volume approach for the
calculation of condensed phase entropy changes in the frame of the rrho model as
proposed in Sect. 3.2.3, which essentially neglects possible alterations of the
remaining degrees of freedom upon the transition to the liquid phase.

In summary, the result presented in this chapter demonstrate the general
possibility of calculating phase transition properties for the liquid–vapor phase
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transition in the frame of the qce model. The examined systems can be under-
stood as being representative examples of typical associated (hydrogen-bonded)
liquids, and therefore a general capability of the qce approach to model realistic
liquid–vapor phase transition processes can be expected if some additional
specifications as discussed in the present chapter are met. In addition, previous
studies demonstrate that the treatment of the solid–liquid phase transition can be
realized in the frame of this model as well if cluster structures corresponding to
the solid phase are considered in the cluster set [14, 15]. In line with the
previous chapters, the most important observations regarding the calculation of
liquid–vapor phase transition properties within the qce model will be reiterated
in the following.

• According to the results discussed in Chap. 4, the calculation of thermodynamic
quantities in the frame of the parameter-free model demonstrates that the con-
sideration of intermolecular interactions in terms of a cluster equilibrium of
ideal (non-interacting) cluster structures is sufficient for generating the quali-
tative features of two distinct phases if the temperature interval is chosen large
enough. A linear regression analysis of the thermodynamic quantities calculated
for the low density gas phase in the parameter-free approach can be used for the
extrapolation of these quantities to lower temperatures at which the liquid-like
phase is predicted to be stable, see Figs. 5.1 and 5.2. The phase transition
entropies and enthalpies calculated in this way for the extended water cluster set
are in the same order of magnitude as the corresponding vaporization properties
even if the real phase transition process occurs at considerably larger temper-
atures, see Tables 5.1 and 5.2. Larger deviations are observed in the case of the
hydrogen fluoride cluster set especially in the case of the phase transition
enthalpy, which can be attributed to the highly non-ideal character of the
hydrogen fluoride vapor phase. These anomalies are not captured in the qce
results.

• The calculation of specific heat capacities in the parameter-free setup shows clear
indications of a phase transition process, see Fig. 5.3. The transition temperatures
predicted by the turning points in the heat capacities significantly overestimate
the experimental phase transition temperature in the case of the dft cluster data of
the hydrogen fluoride cluster set, whereas only a small overestimation is
observed for the MP2/cbs and CCSD(T)/cbs hydrogen fluoride cluster data and
an underestimation is found for the MP2/QZVP and MP2/TZVP cluster calcu-
lations. On the contrary, the phase transition temperatures obtained in this way
for both water cluster sets underestimate the experimental boiling point by more
than 100 K regardless of the quantum chemical method employed for the cluster
calculations. The comparison to experimental data shows a reasonable agreement
of the calculated gas phase heat capacity in the case of hydrogen fluoride,
whereas the heat capacities predicted for the liquid-like phase by the parameter-
free model are smaller than those obtained for the gas phase and thereby exhibit a
qualitatively wrong behavior.

5.2 Liquid–Vapor Phase Transition and Cooperativity 207

http://dx.doi.org/10.1007/978-3-642-15736-3_4


• The readjustment of the qce parameters with regard to the extended temperature
interval leads to a reasonable and qualitatively correct reproduction of the volu-
metric properties of the phase transition process for both water cluster sets and
most methods employed for the cluster calculations, see Figs. 5.4 and 5.6. In
contrast to the parameter adjustment results of the liquid phase, the new param-
eters are identical for both cluster sets and all employed methods, see Table 5.3.
This observation can be traced back to the applied parameter adjustment proce-
dure, which evaluates the volume difference between the qce isobar and the
experimental reference at each temperature point and therefore favors those
isobars predicting the boiling point correctly. In a given parameter interval this
exact reproduction is only possible for a certain parameter configuration not
depending on the employed cluster data.

• In contrast to the fully cooperative cluster calculations the behavior of the isobar
computed from the MP2/TZVPP pair interaction energies is found to be quali-
tatively wrong in both water cluster sets, see Figs. 5.4 and 5.6. The possibility to
correct the missing fraction of intermolecular interaction via an increased
intercluster mean field contribution as found in the case of the liquid phase
calculations (see e.g. Table 4.4) is not given in the extended temperature setup if
the phase transition point is to be reproduced correctly.

• The simple extension of the temperature interval in the case of the hydrogen
fluoride cluster set indicates that the parameters solely adjusted to the liquid
phase can account for a phase transition process to within 4 K of the experi-
mental boiling point, see Fig. 5.7. However, a qualitatively correct behavior of
the phase transition can only be predicted if the parameter-free model exhibits a
stable vapor phase at the experimental boiling point to which the transition can
occur. In the case of the hydrogen fluoride qce calculations, this is only given for
the MP2/TZVP cluster data, see Fig. 4.7. This observation can be expected to be
a general feature of liquid–vapor phase transition processes in the frame of the
qce model.

• The application of the readjusted parameters for the entropy in the liquid–vapor
phase transition domain yields a reasonable prediction of both the liquid phase
entropy and the gas phase entropy for both water cluster sets and all fully
cooperative cluster calculations, see Figs. 5.9 and 5.10. Identical trends as in the
case of the liquid phase entropy calculations are observed, see Figs. 4.18 and
4.19. The results obtained from the MP2/TZVPP pair interaction energies
exhibit a qualitatively correct progression, but considerably underestimate the
experimental entropies in both phases. For the hydrogen fluoride cluster set the
only reasonable prediction of the entropy in the liquid as well as in the gas phase
is found for the MP2/TZVP cluster data as in the case of the molar volume, see
Fig. 5.11, which can again be attributed to the results obtained from the cor-
responding parameter-free calculations.

• The calculation of vaporization entropies by either taking the direct difference
between the absolute values from the vapor phase and the liquid phase or by
extrapolating the high temperature gas phase of the parameter-free model down
to the experimental boiling point and subsequently calculating the
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corresponding difference results in a reasonable prediction of the experimental
values with deviations not larger than 10%, see Table 5.4. The most accurate
results are found for the fully cooperative MP2 calculations of the different
water cluster sets, whereas the vaporization entropies calculated from the
pairwise interaction energies only recover 2/3 of the experimental value. This
deviation is larger than the one found from the estimation of the vaporization
entropy according to Trouton’s rule (DvapS � 87 J/(mol K)), which indicates
that the consideration of cooperativity is more important than the extended
association network occurring in liquid water in the case of the vaporization
entropy.

• The decomposition of the calculated entropy in the liquid–vapor domain
exemplarily carried out for the results obtained from the MP2/TZVPP calcu-
lations of the extended water cluster set yields largest but opposing contributions
from the translational degrees of freedom (depending on the volume) as well as
from the population distribution, see Fig. 5.12. A uniform population of a single
cluster structure results in an entropy decrease as compared to a more homo-
geneous distribution. This observation is an important factor for the calculated
vapor phase entropies, in which the water monomer is almost exclusively
populated and which is necessary to compensate for the large translational
contribution arising from the increased volume at these conditions. Less sig-
nificant effects are found for the rotational and vibrational entropy contributions
both in the vapor phase as well as in the liquid in accordance with the con-
clusions of Chap. 3, thereby again demonstrating that the proper treatment of the
accessible volume is the most urgent matter for the calculation of condensed
phase entropies in the frame of the rrho model and the qce approach.

From a technical point of view the most important result of the present chapter
lies in the observation that the capability of the qce approach to predict the liquid–
vapor phase transition in a qualitatively correct way can directly be assessed from
a parameter-free calculation for the system under investigation. According to this
finding the possibility of calculating the corresponding phase transition properties
for a novel compound or cluster set can thus be determined within minutes and
does not have to rely on a time-consuming parameter adjustment procedure. If the
conditions for a stable gas phase are predicted by the parameter-free setup, the
calculation of vaporization entropies seems to be possible to a reasonable precision
in the frame of the qce approach, and the results listed in Table 5.4 indicate that
the obtained results are not significantly affected by variations in the cluster set.
Thus, accurate results can already be obtained from small cluster sets like the
7w8cube set if post-Hartree–Fock methods in combination with basis sets of
adequate size (at least triple-f quality) are employed for the cluster calculations.
Considering the fact that quantities like the vaporization entropy can be obtained
from other atomistic approaches only at relatively large difficulties, the simple and
straightforward procedure as introduced in the present chapter could provide a
helpful addition to established methods, e.g., relying on md simulation techniques
[16–18].
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Chapter 6
Outlook

As already pointed out in the introduction, the major objective of this thesis is the
investigation of methods and approaches for the calculation of the entropy on the
basis of well-established quantum mechanical models such as Kohn–Sham density
functional theory and Møller–Plesset perturbation theory, i.e., on the basis of the
first principles of quantum mechanics. In contrast to ‘‘mechanical’’ properties like
e.g. the dipole moment, the entropy is a thermodynamic property and therefore not
in direct reach of the methods routinely applied in quantum chemistry. This fact
does not constitute a major problem as long as the system under investigation
essentially exhibits a behavior which is close to the ideal gas state, i.e., as long as
interparticle interactions and excluded volume effects can be neglected as a first
approximation. This assumption is valid for most compounds in the gas phase. In
these cases the statistical thermodynamics of the ideal gas can be incorporated into
the quantum chemical calculations in a most straightforward way, and most of the
modern quantum chemical program packages routinely provide thermodynamic
quantities as a part of their output [1–3]. This merge of quantum chemistry and
ideal gas statistical thermodynamics has become known as the rigid rotor harmonic
oscillator model, and due to the unproblematic availability of the results via
quantum chemical program packages nowadays is employed in a variety of
applications in all fields of chemistry, see for instance the literature review parts of
Sects. 3.2.1 and 3.2.3. However, in some cases the foundations of this approach
seem to have been forgotten. Problems start to appear for systems no longer
adequately treatable in the frame of the ideal gas approximation, which in most
cases arises due to an increased complexity in the intermolecular interactions or
simply due to the density of the system at the chosen external conditions. This is
the point where the investigations of the present study become relevant.

The studies undertaken in Chap. 3 concentrate on the behavior of the
conventional approach at those conditions it was originally not developed for, i.e.,
the environmental effects are simply ignored in the investigations of Sect. 3.1
(with the exception of the microsolvation approach expressed in Eq. 3.2).
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The comparison of this most straightforward procedure to experimental results of
the association reaction between supramolecular compounds in solution demon-
strates that the problematic contribution to the free energy change lies in the
calculated entropy change, which shows an extraordinary dependancy on the
stoichiometry of the underlying reaction. A detailed examination of the entropy
calculation in the rrho approach as well as a quantitative error analysis ultimately
indicate that this dependancy stems from the accessible volume in the translational
entropy contribution. Similar inconsistencies in the translational entropy change of
condensed phase association/dissociation reactions have been observed before in
the biochemical sciences and are still a subject of great controversy, see, e.g.,
Ref. [4]. In the frame of the rrho model a simple volume scaling approach orig-
inally suggested by Amzel et al. has been found to considerably improve the
situation and yield deviations between the calculated and measured free energy
changes of less that 5 kJ/mol in most cases (see Sect. 3.2.3) [5]. Thus, it could be
shown that a simple modification is sufficient for an approximate adaption of the
original rrho approach to the high density domain in the case of the investigated
pseudorotaxane systems, but a larger test set systematically covering different
kinds of intermolecular interactions as well as a larger number of structural
(and chemical) motifs certainly has to be examined in order to give a definite
assessment of the proposed approach. However, from the viewpoint of a first
principles prediction of the entropy the free volume model employed in Chap. 3
introduces the additional difficulty of calculating (or estimating) the free volume vf

of a particle in solution. A numerical evaluation of the localized configurational
integral (see Eq. 3.34) is certainly possible on the basis of sampling techniques like
md or Monte Carlo simulations (as has been demonstrated in Ref. [5] for several
liquids), but larger complications arise in the case of static first principles calcu-
lations, for which the proposed modification of the rrho model actually is intended.
In order to overcome this problem alternative routes towards the determination of
(free) volumes on the molecular scale could prove to be useful, for instance by
combining appropriate cluster calculations with a geometrical determination of the
free volume in the optimized cluster structure e.g. in terms of a Voronoi polyhedra
analysis [6, 7]. If this is not possible for any reason, a practical alternative is
probably given by microsolvation approaches as those suggested in Eq. 3.2.
According to the results of the corresponding entropy calculations in Chap. 3, the
major intent of the additional solvent molecules should lie in the artificial
generation of a model reaction not exhibiting any particle effect, i.e., in which no
interconversion between different types of degrees of freedom occurs. Such a
course of action will not result in a large increase of the computational effort in
most cases and will not be affected by the artificially large volume contributions to
the translational entropy due to the constant number of translational degrees of
freedom on both sides of the reaction arrow, which leads to a cancellation of these
effects in the calculation of the reaction entropy. If the system size is not too large
and an even higher accuracy in the calculated thermodynamic reaction quantities is
required, approaches more sophisticated than the original rrho model like e.g.
the full vibrational configurational interaction method for the calculation of
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vibrational contributions or the consideration of hindered rotations via numerical
methods can be suggested [8, 9].

An approach closely related to the concepts of the rrho model is constituted by
the quantum cluster equilibrium theory, which essentially considers a fraction of
the intermolecular interactions on a local scale by employing distinct cluster
structures as the fundamental units instead of the isolated molecule routinely
applied in static quantum chemical calculations. A detailed analysis of this model
concerning the reproduction and prediction of thermodynamic liquid phase
properties as well as the corresponding properties of the liquid-vapor phase
transition is presented in Chaps. 4 and 5 for liquid water and liquid hydrogen
fluoride, which can be expected to be generic examples of hydrogen-bonded fluids.
An important result of these studies lies in the observation that the consideration of
a single isolated cluster structure (i.e., a single cluster partition function qj) is not
sufficient for generating a qualitatively correct liquid phase behavior in thermo-
dynamic terms. Instead, the findings presented in Sec. 4.1.2 demonstrate that the
essential feature for the transition from the ideal gas state to a liquid-like behavior
is the establishment of an equilibrium between the different cluster structures and
the consideration of the corresponding canonical partition function Q, even if this
equilibrium is formulated in terms of the ideal gas state (i.e., the clusters are not
allowed to interact with each other and do not exhibit any kind of spatial volume).
The condensation process observed in the parameter-free calculations clearly
indicate that the consideration of a thermodynamic equilibrium between clusters of
varying size captures the qualitative features of a low density gas phase and a
liquid-like phase as well as the transition between these two states. If no excep-
tional circumstances (like the vapor phase association of hydrogen fluoride) are
present, the enthalpy and entropy changes calculated for the transition between
these two model phases are in the same order of magnitude as the experimental
values, i.e., an order-of-magnitude estimate of phase transition properties from first
principles should in general be possible on the basis of this approach. A more
accurate determination of liquid phase properties as well as phase transition
properties can be realized by modifying the ideal gas cluster equilibrium in terms
of a van der Waals-like extension. As in the case of the classical model of the van
der Waals gas, this extension introduces a parameter for the mean field interaction
between the cluster structures as well as a parameter for the volume excluded
due to the combinded volume of the cluster structures to the model, which in
the present formulation of the model cannot be obtained from first principles
calculations in a straightforward way. The parameter adjustment procedure
employed in this study constitutes a possibility to evaluate these parameters if
experimental data is available in the temperature range of interest, but methodo-
logical improvements in this part of the model would clearly be helpful. The qce
parameters optimized with regard to the experimental isobars of water and
hydrogen fluoride show non-negligible variations between these two compounds,
but differences arising from variations in the cluster set, in the temperature
interval, or in the quantum chemical methodology applied for the cluster calcu-
lations are less pronounced. Thus, the existence of substance-specific sets of
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‘‘universal’’ parameters seems likely to which the qce results might converge if the
cluster set and the quantum chemical methodologies are improved, and the
determination of these parameters on the basis of first principles methods will
certainly be an important issue for the improvement of the predictive capabilities
of the qce approach. In the frame of the present model it is seen e.g. from the
results in Sects. 4.2.2 and 5.2.2 that the parameters obtained from the adjustment to
experimental isobars in most cases predict liquid phase entropies and vaporization
entropies of reasonable accuracy if two additional prerequisites are met. The first
of these conditions is the existence of a stable vapor phase in the parameter-free
model at the experimental boiling temperature to which the phase transition in the
optimized parameter calculation can occur, and the second one is the consideration
of cooperative effects in the supramolecular cluster interaction energies.
The impact of these cooperative effects on the modeling of the phase transition has
been observed to be of such extent that a reasonable behavior can neither be
computed for the liquid phase temperature interval nor for the phase transition
itself if only pairwise interaction energies are considered and the boiling
temperature is to be predicted exactly. To further illustrate this point the vapori-
zation entropy predicted by the pairwise additive approach has been compared to
the estimate according to Trouton’s rule for completely non-associated liquids, and
is is found that the discrepancies arising from the neglect of cooperativity are even
more severe than the neglect of association in liquid water simulated in this way.
This observation is possibly of high significance concerning the treatment of the
solid-liquid phase transition in the frame of the qce model. Depending on the
substance under investigation, considerably larger cluster structures could be
required for a consistent modeling of this phase transition process, and it is
apparent from the results presented here that such structures on all accounts have
to be treated in a fully cooperative fashion and not e.g. in terms of an empirical
pair potential if a reasonable result is to be expected.

Even though the results of the present study are encouraging, is is also apparent
that a lot of effort still has to be put into the development of the qce approach. The
possibly most important point is the elimination of the arbitrary element in the
construction of the cluster set, which in the present model is either designed
according to chemical intuition or employing experimental information e.g. about
coordination patterns relevant in the system under investigation. A possible
alternative to the present situation could lie in a preconditioning of the cluster
set e.g. in terms of a Monte Carlo sampling of differently sized initial cluster
structures. For this process the application of Kohn–Sham density functional
theory in combination with basis sets of small to moderate size (or even
an empirical force field appropriate to the examined system) might be sufficient.
The most stable structures identified by this sampling procedure could afterwards
be subjected to a more sophisticated treatment in terms of high quality ab initio
approaches. A prevalent observation apparent from most results in this thesis is an
increased accuracy of those qce results which are based on high quality quantum
chemical calculations. In general, thermodynamic quantities obtained from the
MP2 (or the CCSD(T)) cluster data exhibit a higher precision as compared to the
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corresponding dft results if the applied basis set is of sufficient size, which for
the systems investigated can be estimated to amount to triple-f quality with
consideration of additional polarization functions (i.e., TZVPP). A notably
exception to this behavior is constituted in the failure of both the MP2/cbs and the
CCSD(T)/cbs cluster calculations (which represent the most accurate quantum
chemical approaches employed in this thesis) to predict a qualitatively correct
phase transition process for hydrogen fluoride. Nevertheless, the progression of the
liquid phase molar volume in combination with the predicted phase transition
temperature is found to be of highest precision in the case of the CCSD(T)/cbs
cluster data, and the inability to model a reasonable phase transition is clearly
rooted in the parameter-free qce calculation. Thus, the calculation of liquid phase
thermodynamic quantities for substances exhibiting a demanding electronic
structure on the basis of high quality ab initio cluster computations can be
expected to be successful, which in contrast could give rise to larger problems in
the frame of alternative approaches relying e.g. on dft methods or empirical force
fields. Chemical substances of this kind can therefore be expected to constitute an
important field for future applications of the qce approach.
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Chapter 7
Appendix

7.1 Computational Details

All quantum chemical calculations have been performed employing the TURBOMOLE

5.91 program package with the exception of the coupled cluster results (obtained
from the MOLPRO package) as well as the natural bond orbital analysis (obtained
from the GAUSSIAN suite of programs) [1–3]. The second order Møller–Plesset
perturbation theory (MP2) and the gradient-corrected density functional theory
results have been obtained in the frame of the resolution of identity (ri) approxi-
mation [4, 5]. In all calculations the energy convergency criterion was fixed to
10-8 a.u. and the maximum norm of the cartesian gradient has been constrained to
10-4 a.u. in all cases, with the exception of the hydrogen fluoride MP2/QZVPI

results presented in Chap. 4, for which it is decreased to 10-5 a.u. The complete
basis set studies employed in the frame of the MP2 and the CCSD(T) approaches
have been obtained from single point calculations on the structures predicted by the
tight convergency MP2/QZVPI geometry optimizations. In these cases the incre-
mental scheme had to be applied for the larger hydrogen fluoride cluster structures
in order to keep the single point calculations feasible from a computational point of
view [6, 7]. The basis sets employed for the complete basis set limit extrapolations
are the Dunning basis sets aug-cc-pVTZ and aug-cc-pVQZ, whereas all remaining
quantum chemical calculations have been obtained from the Ahlrichs basis sets
TZVP, TZVPP, or QZVP [1, 8–11]. The extrapolation to the basis set limit has been
performed in terms of the two point formula of Halkier and Helgaker et al. [12].

For the determination of the harmonic frequencies the SNF program has been
used in all cases, which computes the wave numbers of the normal modes
in the frame of the harmonic approximation as numerical derivatives of the analytic
gradients calculated by the structure optimization routine [13]. All optimized
geometries have been checked to be true minima on the respective potential energy
surfaces by examining the corresponding harmonic wave numbers. The only
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structures exhibiting one (or more) negative eigenvalues are hydrogen fluoride
chain clusters containing more than three monomer units in the case of the
MP2/QZVP combination. These structures are therefore not considered in the qce
calculations. In almost all cases evidence was found that the three-point formula for
the numerical differentiation is of sufficient accuracy, but in some cases the
seven-point formula had to be applied in order to obtain a complete set of positive
wave numbers [14]. All thermodynamic quantities based on the conventional rrho
model have been obtained from the SNF standard output files. For the dft calcu-
lations, the following density functionals were used throughout this thesis:

• BP [15, 16]
• PBE [17]
• B3LYP [18, 19]

The calculated supramolecular interaction energies (see Eq. 2.50) have been
approximately corrected for the basis set superposition error (bsse) in terms of the
generalization of the counterpoise correction as introduced by Wells and Wilson
[20, 21]. No bsse correction scheme has been applied to the interaction energies
calculated at the cbs limit.

7.1.1 Rigid Rotor Harmonic Oscillator Calculations (Chap. 3)

All calculations have been carried out employing the gradient-corrected density
functional BP and the TZVP basis set [10, 11, 15, 16]. The two-center shared
electron number (SEN) employed in the calculation of the individual hydrogen
bond energies (see Tables 3.3 and 3.5) as well as for the determination of atomic
charges (see Table 3.4) are based on the Davidson population analysis [22, 23].
The SEN analysis is based on a linear relation between the hydrogen bond energy
ESEN and the corresponding two-center shared electron number r between the
donor hydrogen atom and the acceptor atom according to

ESEN ¼ m� rþ b; ð7:1Þ

from which the individual hydrogen bond energy can be estimated if the slope m as
well as the axis intercept b of the linear equation are known. In general, these
quantities depend on the acceptor atom of the hydrogen bond, and in accordance
with previous studies of amide-type hydrogen bonds in the frame of the BP/TZVP
combination values of m = -724.00 kJ/(mol e) and b = 2.01 kJ/mol have been
chosen for these parameters [24].

The calculation of the thermodynamic gas phase reaction data for the associ-
ation of the pseudorotaxane complexes as well as the dimerization of nitrogen
dioxide, acetic acid, and water, have been carried out on the basis of the rrho
model as introduced in Sect. 2.1.2. In the case of the gas phase dimerization
reactions (see Eqs. 3.4–3.6), the required molecular data has been obtained from
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quantum chemical calculations employing the BP functional in combination with
the TZVPP basis set.

7.1.2 Quantum Cluster Equilibrium Calculations (Chaps. 4, 5)

All quantum cluster equilibrium calculations in this thesis have been performed
employing the PEACEMAKER code [25]. The damping parameters for the qce
calculations have been set to 0.1 for the damping in the pressure-temperature loop
and to 1.0 for the damping in the iteration and the damping of the solution,
respectively. The criterion for the convergency of the qce iterations has been fixed
to 10-6 L in all calculations and the temperature step has been set to 1 K in general.
In some cases (MP2/TZVP in combination with the parameter-free model) it was
found to be necessary to increase the temperature step to 2 K for a significantly
improved convergence behavior. If the qce iterations were found not to converge at
single temperature points in the investigated interval, these temperatures were
considered in the plots of the calculated molar volumes (see e.g. B3LYP/TZVP in
Fig. 4.6), but were eliminated for the calculation of other thermodynamic data,
since these can only be obtained from a converged qce partition function in a
reasonable way. In the case of the hydrogen fluoride cluster set, increasing
convergency problems have been encountered in the lower part of the liquid phase
temperature interval. For this reason only the high temperature domain of liquid
hydrogen fluoride (241.15–291.15 K) has been examined in the frame of the qce
calculations. The initial parameter ranges for the adjustment procedure have been
set to 0.1 (J 9 m3/mol)–1.0 (J 9 m3/mol) (amf) and 0.5–1.5 (bxv). If the optimized
parameters were found to be equal to these limiting values, the interval has been
adjusted accordingly for the subsequent parameter sampling. The final precision for
the evaluation of the qce parameters has been fixed to 10-4 (J 9 m3/mol) in the
case of the mean field interaction parameter (amf) and to 10-3 for the excluded
volume factor (bxv).

7.2 The Effect of the Boltzmann Operator on a Product
Wave Function for Non-Interacting Particles

Insertion of Eq. 2.11 into the N-particle partition function Eq. 2.10 yields

Qqm;ideal ¼
X

j
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ĥi

 !�����
�����wj;1. . .wj;N

* +

¼
X

j

wj;1. . .wj;N

X1
n¼1

ð�bÞn

n!

XN

i¼1

ĥi
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where the MacLaurin expansion of the exponential operator is employed again.

The result of the operator ð
PN

i ĥiÞn on a product wave function jwj;1. . .wj;i. . .wj;Ni
can be made plausible by exemplarily considering the case for n = 2:
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ĥ1jwj;1. . .wj;i. . .wj;Ni
�
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