@ Wi Trress SECOND EDITION



Elements of Plasticity

Theory and Computation

WITrrEss

WIT Press publishes leading books in Science and Technology.
Visit our website for the current list of titles.
WWW.witpress.com

WlTeL/'brary

Home of the Transactions of the Wessex Institute, the WIT electronic-library
provides the international scientific community with immediate and permanent
access to individual papers presented at WIT conferences. Visit the WIT eLibrary
at http://library.witpress.com



High Performance Structures and Materials

Objectives

The High Performance Structures and Materials series has been established to
document the dynamic and rapid changes presently happening in the field of
structural engineering. New concepts are constantly being introduced, and the series
reflects the wide range of significant international research and development.

The series encompasses the following topics:

High Performance Structures
Nonlinear Structural Behaviour
Emerging Applications

Design Innovation

Smart Structures

Space Structures
Microstructures

Marine and Offshore Structures
Composite Structures
Retrofitting of Structures
Sustainability in Design

Shape and Topology Optimisation

Shock and Impact

Structural Capacity under Damage
Soil Structure Interaction
Material Technology
Dynamic Control of Materials
Smart Materials

Sensor Technology

Virtual Instrumentation
Numerical Methods
Computer Packages
Computer Modelling

Control Systems

Associate Editors

K.S. Al Jabri
Sultan Qaboos University, Oman

B. Alzahabi
Kettering University, USA

J.A.C. Ambrosio
Instituto Superior Tecnico, Portugal

H. Azegami
Toyohashi University of Technology,
Japan

A.FEM. Azevedo
University of Porto, Portugal

G. Belingardi
Politecnico di Torino, Italy

C.A. Brebbia
Wessex Institute of Technology, UK

S.C. Burns
University of Illinois at Urbana-
Champaign, USA

W. Cantwell
Liverpool University, UK

J.J. Connor
Massachusetts Inst. of Technology, USA

L. Doltsinis
University of Stuttgart, Germany

M. Domaszewski
Universite de Belfort-Montbeliard, France



K.M. Elawadly
Alexandria University, Egypt

M. El-Sayed
Kettering University, USA

C. Gantes
National Tech. University of Athens,
Greece

P. Gaudenzi
Universita Degli Studi di Roma ‘La
Sapienza’, Italy

D. Goulias
University of Maryland, USA

J.M. Hale
University of Newcastle, UK

N. Ishikawa
National Defense Academy, Japan

N. Jones
The University of Liverpool, UK

A.J. Kassab
University of Central Florida, USA

T. Katayama
Doshisha University, Japan

E. Kita
Nagoya University, Japan

T. Krauthammer
Penn State University, USA

M. Langseth
Norwegian University of Science and
Technology, Norway

S. Lomov
Katholieke Universiteit Leuven, Belgium

M. Maier
Institut fuer Verbundwerkstoffe GmbH,
Germany

H.A. Mang
Technische Universitact Wien, Austria

H. Martikka
Lappeenranta University of Technology,
Finland

R.W. Mines
The University of Liverpool, UK

A. Miyamoto
Yamaguchi University, Japan

D. Necsulescu
University of Ottawa, Canada

R. Schmidt
RWTH Aachen, Germany

L.C. Simoes
University of Coimbra, Portugal

S. Tanimura
Aichi University of Technology, Japan

I. Tsukrov
University of New Hampshire, USA

D. Yankelevsky
Technion-Israel Institute of Technology
Israel

T. X. Yu
Hong Kong University of Science and
Technology
Hong Kong



This page intentionally left blank



Elements of Plasticity
Theory and Computation

SEconD EpITioN

Ioannis Doltsinis
Faculty of Aerospace Engineering and Geodesy
University of Stuttgart, Germany

WITPRESS Southampton, Boston



Ioannis Doltsinis
Faculty of Aerospace Engineering and Geodesy
University of Stuttgart, Germany

The computer graphics of this volume and the original text processing in LaTex were
carried out by Grethe Knapp Christiansen.

Published by

WIT Press

Ashurst Lodge, Ashurst, Southampton, SO40 7AA, UK
Tel: 44 (0) 238 029 3223; Fax: 44 (0) 238 029 2853
E-Mail: witpress@witpress.com
http://www.witpress.com

For USA, Canada and Mexico

WIT Press

25 Bridge Street, Billerica, MA 01821, USA
Tel: 978 667 5841; Fax: 978 667 7582
E-Mail: infousa@witpress.com
http://www.witpress.com

British Library Cataloguing-in-Publication Data

A Catalogue record for this book is available
from the British Library

ISBN: 978-1-84564-428-4
ISSN: 1469-0071
Library of Congress Catalog Card Number: 2009932305

No responsibility is assumed by the Publisher, the Editors and Authors for any
injury and/or damage to persons or property as a matter of products liability,
negligence or otherwise, or from any use or operation of any methods, products,
instructions or ideas contained in the material herein. The Publisher does not
necessarily endorse the ideas held, or views expressed by the Editors or Authors of
the material contained in its publications.

© WIT Press 2010

Printed in Great Britain by Lightning Source UK Ltd., Milton Keynes

All rights reserved. No part of this publication may be reproduced, stored in a retrieval
system, or transmitted in any form or by any means, electronic, mechanical,

photocopying, recording, or otherwise, without the prior written permission of the
Publisher.



Contents

Preface to the second edition

Preface to the first edition

Preliminaries
INErOAUCTION ....euiiiiciiicc e
MaAtITX NOTALION. ...ttt st

CHAPTER 1

Elastoplastic material behaviour

1.1 The uniaXial CaSE.......ccuerierieriirieriieiieieeieeiieteete ettt
1.1.1 Description of material reSPONSE .........ccveverrverieereerierreneenreeeeens
1.1.2 Plastic flow and stress—strain relations ........c..cocceceeereeeieniencnennens

1.2 Plastic yielding under multiaxial conditions ............ccceevereeriereeneennnne
1.2.1 State of stress and StraiN..........cceeeuereeriereerie e
1.2.2 Variation of the reference system: principal stresses.....................
1.2.3 Perfectly plastic material ..........cccooeeiiiriinieniiiieeee e
1.2.4 Representation in principal SPaCe .........cceeeevveerieriieriienieneeneeeee
1.2.5 Biaxial stress: rectangular plate under tension............ccccceeverueeens

1.3 Hardening rules ...........ccieiirieniieniieiieieseese ettt
1.3.1 ISOtropiC hardening ............ccccceevvieruieeeseeniieieereeeeseeseeseene e
1.3.2 Kinematic hardening and mixed model ............cccoovevviriirvenriennnnne.
1.3.3 Thin-walled cylinder under tension and torsion.............cccceeeevennens
1.3.4 Cyclic 10ading.....c.cccverieriieiieieeiesiieie ettt

1.4 A general view on elastoplastic constitutive description............c.ccc.e......

R T o4 (0] o) U311 TSR

CHAPTER 2

Elastoplastic response of structures and solids

2.1 Considerations on elastoplastic StruCtUres. ..........ccoceeeeerieieniesiereneene
2.1.1 Introductory remarks.........ccoveeriiiiiiiiiiieeee e
2.1.2 Simple elastic—perfectly plastic truss........coceeeeeeeieriereieseseeens
2.1.3 Loading—unloading cycle: residual state...........ccccceevireverrerreennnne.
2.1.4 Beam under bending moment..............ccceeveeeierienieenieeie e

2.2 Elastoplastic analysis of SOIIdS.........cceeeverierieniiiiiiecieseee e



2.2.1 Static equilibrium and Kinematics.............cceevvereerreeriereerrereeneenns 80

2.2.2 Methods of elastoplastic analysis..........ccccceereerreecrerieneesieeriennenes 83
2.2.3 The residual State .........coceveriririreeieieieeseereeee e 85
2.2.4 Static and kinematic determinateness ............ccoceeererenereeeenennes 86
2.3 DISEINCE CASES...cuveurertitirierieeiteitetetete st sttt ettt et ettt s sbe e ebe e enaenee 88
2.3.1 Torsion of cylindrical bars............cccoeeeiieiirieiieee e 88
2.3.2 Plane Straif........ccceevueeiuierieeie e e e 96
2.3.3 Thick-walled cylinder under internal pressure...........c.cccecereennenne. 99
2.3.4 Plane StIESS....ccueruieuiiieieieieterieetesee ettt 102
2.3.5 Reduced stress and Strain SPACE ........cevververeeeueeeeeeieneeneneeseeseaeeas 104
2.3.6 A note on the torsion of thin-walled cylindrical shells .................. 107
2.4 PrODICIMNS ..ot 111
CHAPTER 3
Load-carrying capacity of perfectly plastic systems 117
3.1 Introductory remarks..........ccevieruierieerieeieeieeeeie e 117
3.1.1 The principle of virtual Worki...........cccoecverieiieciiiiiiecieeee e 117
3.1.2 Drucker’s plasticity postulate ...........cceccveveeceeiienienieneee e 118
3.1.3 Uniqueness of incremental elastoplastic solutions......................... 122
3.1.4 Plastic HMIt....ccoooiiiieiieieeeeee e 123
3.2 Static limit load theorem ...........c.cccevevirininniincinceseeeeeeee 127
3.3 Kinematic limit load theorem.........c..coecveneininiinennineeececeene 129
3.4 Simple applications of the limit load theorems............ccccoocvvirieinnennene 131
3.4.1 Plastic limit of three-bar truss .........c.cooeverireeieneneneseeesceens 132
3.4.2 Two plane eXamples ........cccvevveeiieierieriieieeie et 135
3.5 PIODICIMS ..ottt 138
CHAPTER 4
Theory of shakedown 141
4.1 Structures under time-variant 10ading...........cccceeevevvverieniivieeieeiereeiene 141
4.2 Static shakedown theorem (Melan)...........cccceeieiiiiiinieiiieceeee 143
4.3 Kinematic shakedown theorem (KOiter) .........ccoevvievieeviienieeiie e 145
4.4 Application of shakedown theory .........cccceviiiiiiniiniieee 149
4.4.1 Shakedown of rod under torsion and tension...........c.cceceeveeenennens 149
4.4.2 Further 1€ading..........cccveverierieenieeieiieeeeeie et aeseae e e 152
CHAPTER 5
Development of finite element solution methods 155
5.1 The systematics of the finite element method...........coccoeeiviiiincnennnn. 155
5.2 Elastic computation proCedure...........cceeevereerierueeiieeienreneesreesieeee e e 160
5.3 Algorithms for plastic flOW .........cccoveviieiiriiirieieeieeee e 161
5.3.1 BasiC SChEMES .....eeuiieiiieiieciieieeeeee e e 161
5.3.2 Convergence of the iterative solution technique..............ccocceene..e. 166
5.4 Integration of inelastic stress—strain relations .........c.cceeeeeeeervereeneeeenne 170

5.4.1 SubINCremMentation ............ccoevuveeeieeiieiiieeeeeeeeeiieeeeeeeeeesrereeeeeeennns 171



5.4.2 Incremental approXimation ...........ceccveeeerreerreeereeeeneeseenseenesenenns
5.4.3 Stability of inteZration ..........cceevveeieeierieieeie e
544 Radial TEHUIT .o..ovviiiiiiiiiieiiiieteere et
5.4.5 A more general return technique...........ccoevvevvenieneece e
5.5 Elastoplastic COMPULAtION ........ccceevvieriieveeieniieiieieeieeeesreeseeese e eens
5.5.1 INCTemMENtation .......cceeecviiiiieeiiecieeeieecieeeieesre e sre e e seveeene s
5.5.2 Overview of algorithms .........cccoeeieiiiinieiiee e
5.5.3 SUMMATY .oeiiieiiiiieiiee et

CHAPTER 6
Extension of inelastic description
6.1 Influence of tEMPETAtUIe .........cccceeviieriiiiiiiiieiceeee e
6.2 ViscoelastiCity and CIEEP ........cevveerieriieiieieeienieete e eveseee e eae e e
6.3 VISCOPIASTICILY .evevvirieiieiieieiieeieesie ettt eteeste b esbeetaesteesteeseensesnneeeas
6.4 Effects OF INETTIA .....ccvveiieieic e
6.4.1 ContinUuM LEVEL .....vviiiiiiiieiii e
6.4.2 Finite element SOIUtION .........ccuveiievveeiiiiiieeeeee e
6.5 Pressure sensitive MAaterials .........oooviiviiiueiiiiiiieiiiiieeeee e ee e
6.5.1 POrous SOIAS ....coooouveiiiiiiiiiieiieeeeeeeeeeeee et
6.5.2 SOl MAEIIAlS ...ooviiiieiiiiiiiiieeeeeeeee e

CHAPTER 7
Application of finite element analysis
7.1 Remarks on numerical SOIUtIONS ......c.ccoevireririnerininicinenccree e
7.2 Pressure vessel With N0ZZIe .......c.ccocoevieiiiiiiiiiiiieeeeee
7.3 Aluminium sheet with circular hole: comparison of analysis

WIth @XPEITMENL.....c.viiiiiieieieiectieieete ettt e e ete e eeeesaeesbeeseesseesseesaeseeas
7.4 Heat shrink fitting of @ Wheel .........ccocveviiiiieiieeece e
7.5 Thermal cycling of cylindrical container .............cccoecveevereeneenieeniesnene
7.6 Vessel for liquid ZINC .....coccvevieriieriieiieiccieeecee e
7.7 Creep behaviour of pressure Vessel ........coecveerrieriereeiene e
7.8 Viscoplastic analysis of a thermal shock problem ...........ccocceerveneneenne.
7.9 Dynamic response of a beam under impact loading...........cccceveereeenennne.
7.10 Soil stresses connected with the construction and operation

of atraffic tunnel ..o

Index

195
195
204
214
219
219
229
234
234
238

251
251
253

256
259
262
265
269
272
277

283

287



This page intentionally left blank



Preface to the second edition

The good reception to the first edition in academia as well as among
practising engineers and the positive echo throughout the professional
community have been understood as an obligation to continue caring
about the contents of the book. Using Elements of Plasticity in the class
as a companion textbook to the related course taught by the author at
Stuttgart University revealed, over the years, space for improvements,
now implemented in the second edition. It is anticipated that the
readership will benefit even more from the revised text, which has been
supplemented where advisable.

Apart from the impulses that came while teaching the subject, helpful
suggestions have been contributed by readers of the book. As in the first
edition, the author has pleasure in acknowledging the indispensable
assistance of Grethe Knapp Christiansen in processing the text. Thanks
are due to the Publishers for encouraging the project and for its efficient
realization.

Toannis Doltsinis
Stuttgart, Germany
January 2010
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Preface to the first edition

Plasticity, the ability to undergo permanent deformations, is a property of
metallic materials that has great significance for the load carrying behaviour
of engineering structures, and for the manufacturing of structural compo-
nents by forming processes. This book deals with the load carrying aspect
of plasticity. In particular, deformations are considered infinitesimal and
emphasis is placed on the distribution and intensity of stress and permanent
strain. Unlike elasticity, under plastic conditions solutions are not scalable.
Instead they evolve during the course of loading, as a result of the interac-
tion between the structural system and the changing material characteris-
tics. The storage of stress that may accompany plastic strain determines the
behaviour upon unloading and subsequent loading cycles. At the same time,
the stress limiting properties of plastic materials allow for the estimation of
the load carrying capability of structures, and of failure limits under time
varying conditions. This situation is of vital importance to the structural
analyst and to the design engineer, who are forced to establish the strength
of the structure for safety under the constraints of minimum material and
weight, and thus have to account for plasticity.

For the purpose of an overview to this volume, two phases will be distin-
guished in the evolution of the research topic of plasticity. In the first phase,
researchers explored plastic and elastoplastic material behaviour and set up
mathematical formalisms for its description, investigated the behaviour of
elastoplastic structures, developed analytical solutions and postulated gen-
eral theorems, thus establishing the theoretical foundations of plasticity.
However, one fact ought not to be overlooked when considering this phase
of research: the difficulty in obtaining solutions, because of the complexity
of the rigorous material description, which lead to various compromising
but nonetheless interesting alternative approaches. A representative stage
of that era is documented in the literature (Proceedings of the Second Sym-
posium on Naval Structural Mechanics, Brown University, Rhode Island,
April 5-7, 1960, E.H. Lee and P.S. Symonds (Eds), Pergamon Press, Oxford,
1960).

The second phase of research, in which the author was involved, is char-
acterized by the development of computational methods of elastoplastic
analysis. The use of computational methods in structural analysis began in
the 1950s and evolved into the finite element method, the boundary element
method, and the other numerical methods that are widely used today. These



are not only utilized for standard investigations of stress and deformation,
but also as research tools in various branches of science and engineering.
Initial steps in computer-based elastoplastic analysis were explorative in
nature. They combined physical and numerical constituents mostly depen-
dent on intuition. The author, then at the Institute for Statics and Dynamics
of Aerospace Structures, University of Stuttgart, has actively experienced
the initiating impulses, and from the late 1960s had the opportunity to
shape the development of rigorous numerical techniques of elastoplastic
analysis. The prime objective was to produce stable and accurate computa-
tion schemes for application in engineering practice. Their implementation
in the general-purpose, finite element software ASKA (Automatic System
for Kinematic Analysis) with Dipl.-Ing. (ETH) Hans Balmer from the early
1970s was exclusively guided by industrial demands. The algorithms, con-
tinuously extended with regard to the structural elements, on one hand,
and the inelastic material options (thermoplasticity, creep, viscoplasticity,
soil materials), on the other hand, have also become standard procedures
in the other commercial software PERMAS. The latter was developed from
ASKA and has since progressed independently.

The community of practising engineers has shown, from the beginning,
an interest in the advantages offered by the computational techniques of
elastoplastic analysis, but at the same time scientists also showed a hes-
itancy in adopting the novel approach, despite its firm grounding in the
basics of plasticity. Numerous seminars and workshops held at the interna-
tional level served audiences from both industry and academia, and have
given rise to considerable published material on the subject. On the other
hand, working with graduating students has revealed a tendency among
them to simply apply computer software with little regard to the circum-
stance. This motivated the author to establish a university course, which
stressed the most important elements of plasticity to improve the physical
understanding, to correctly posing problems of elastoplastic analysis, solving
problems with the aid of the computer and providing a sound interpretation
of the numerical results. This course is being taught by the author at the
Faculty of Aerospace Engineering, University of Stuttgart, for almost two
decades now. Working with students over a long period has revealed a need
for written background material. Although some excellent monographs on
plasticity are available and are referred to in this volume, the conventional
treatment of the subject does not appear well suited for the purpose of a
computer-oriented approach.

As a result, the present volume has been produced by bridging conven-
tional theory and the numerical analysis of elastoplastic systems. The text
focuses on the most important elements of theory and computation using
matrix notation. It avoids the development of analytical solutions except
for the purpose of illustration and verification. The scope of the book goes
much further than the time limitations of the original, one-semester univer-
sity course. In particular, it answers a more general demand for the subject,



and includes results of research and development work by the author and
his team in computational plasticity, compiled from unpublished notes
and from papers in professional journals. Complementary to plasticity,
some considerations on creep and viscoplasticity have been added in the
book, and a number of selected applications from engineering practice
demonstrate the usage of computational techniques. The book is aimed
equally at graduate students, practising engineers and consultants, and
can serve either to elucidate computational concepts and tools for the
analysis of elastoplastic structures and solids, or to further advance the
essential knowledge of the subject.

The author would like to express his appreciation to WIT Press for
their cooperation in publishing the book and for the care taken with its
production.

Toannis Doltsinis
Stuttgart, Germany
November 1999
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Preliminaries

Introduction

This text is concerned with the mechanical response of elastoplastic solids
and their characteristic properties in the consideration of structural anal-
ysis. Whenever appropriate, plasticity will be established by pointing out
differences from elasticity. The latter subject is assumed to be sufficiently
familiar to the reader to serve as a background for the present purpose. In
this connection we refer to the classical textbook on the theory of elasticity
by Timoshenko and Goodier [1].

In common language the term elasticity is sometimes used as a synonym
for the deformability of a solid. It implies, however, that deformations dis-
appear completely after the removal of the applied forces. Elastic materials
are therefore not formable; changes in shape can be maintained only under
the continuous action of forces. Beyond elasticity certain materials exhibit
the property of plasticity (i.e. formability).

In substance this work refers primarily to metals. As illustrated by the
schematic force—deformation diagram for a metallic specimen in Fig. 1,
the resistance of the specimen to deformation — its stiffness — diminishes
once the elasticity limit is exceeded, and removal of the force then recov-
ers deformation only partially. The development of permanent deformation
under moderate additional forces beyond the elasticity limit is character-
istic of plasticity. This property is the basis for a number of important
manufacturing processes in metal forming (e.g. forging, rolling, upsetting
and extruding), which shape the desired part by significantly changing the
original geometry of the workpiece material. Plasticity is beneficial for the
production of structural parts by materials processing. The mathemati-
cal modelling and the numerical analysis of material deformation processes
make up the contents of a different volume [2].

This account rather deals with the response of structures and structural
components to applied loads. The appearance of plastic deformation under
service conditions will affect the stress and strain response to the loading
programme and the load-carrying capacity in a manner not predictable by
the elastic analysis of the structure. In order that stress and strain are
reproducible under the loading conditions, the structure is, as a rule, not
permitted to exceed the elasticity limit of the material during standard



2 ELEMENTS OF PLASTICITY

Load Elastic Elastoplastic

W

Deformation

Figure 1: Elastoplastic vs elastic response.

operation. Structural design (specifying dimensions of load-carrying com-
ponents) is not restricted, however, to service conditions, but also accounts
for the safety of the system in critical situations. Keeping stress levels below
the elasticity limit for both service and safety does not utilize the reserve
capacity of the structure when deforming plastically. For an appropriate
employment of the material, overloading at extreme situations is accommo-
dated within the plastic range, thus helping to save weight. The safety of
the structure then has to be proved on the basis of an elastoplastic analy-
sis. If plastic deformation has to be tolerated even under service conditions,
elastoplastic analysis is also necessary in this connection. Such situations
can arise from stress concentrations at isolated locations in the structure,
or from the diminution of the yield stress, the elasticity limit of the material,
in parts operated at high temperature levels. In the present context, notice-
able changes of the geometry of the structure may be considered as failure,
and therefore the theoretical treatment refers to negligible effects of the
deformation upon the geometrical shape and dimensions of the structure.

For an illustration of the design aspect of plasticity we consider the sim-
ple case of a beam with a rectangular cross-section under pure bending as
described in Fig. 2. Let the elasticity limit of the material be defined by
the stress oy, which is not altered by plastic deformation. The beam, sub-
jected in its plane to the bending moment M under service conditions, must
ultimately sustain a bending moment nM, where n > 1 denotes the safety
factor. For an elastic design the ultimate bending moment is determined by
the linear stress profile in the upper part of Fig. 2, defined by the stress
magnitude |o| = o5 in the outmost fibres. It reads

2
nM = §beh?as (1)

and specifies the thickness b, pertaining to the elastic design for an otherwise
prescribed height 2h of the beam.
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Figure 2: Elastic vs plastic design of beam.

Plasticity theoretically allows the magnitude of the stress to increase up
to the elasticity limit oy across the entire beam, as shown in the lower part
of Fig. 2. This tendency to smooth out the stress distribution on the penalty
of plastic deformation is a consequence of the limitation of the stress level
in the plastic range of the material, and may be considered characteristic
of plasticity. The above remark on homogenization does not apply to the
distribution of the strain, where the effect is reversed. From the ultimate
stress profile in the cross-section of the plastic beam, we deduce for the
bending moment the expression

nM = b,h*os, (2)

which determines the beam thickness b, pertaining to the plastic argument.
Comparison of eqns (1) and (2) reveals that

2
bp = gbe (3)

and indicates the superiority of the plastic design with respect to saving
material resources and structure weight. Apart from the critical loading,
operation under service conditions must be within the elastic range, i.e.

2
M=Zbltlol, (ol <o), (4)

Comparison with eqn (2) gives the safety factor in plasticity

%z . (5)

n =

N o
| w
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The minimum value n = 3/2 corresponds to the case that the stress magni-
tude |o| in the outmost fibres attains the elasticity limit oy during service
operation.

It is worth noting that, in the above considerations, the load-carrying
capacity reserve in the plastic range is not provided by the material since it
was not able to build up stresses beyond the elasticity limit. It is rather the
beam (the structure component) which allows — by plastic deformation —
the stress distribution to be adapted to an increasing loading. Conversely,
if structures are not able to redistribute stresses, an increase of the load-
ing above elasticity is only possible in conjunction with suitable material
properties.

The text of this volume consists of three main parts: the description of
elastoplastic material behaviour, the elastoplastic response of solids and
structures, and the development and application of computational finite
element techniques. The subject of the behaviour of elastoplastic solids and
structures will be exposed in the present context from the point of view of
the mechanics of structures and continua as applied to infinitesimal defor-
mations. Throughout the main text, we assume isothermal conditions and
a constant velocity of deformation or alternatively rate insensitivity of the
material (i.e. absence of viscosity). Chapter 1 deals with the mathematical
description of the constitutive response of elastoplastic materials. A discus-
sion of the uniaxial stress—strain characteristic of the material reveals the
particular type of the elastoplastic material law that is then established
for uniaxial and multiaxial conditions. Chapter 2 performs the transition
from the local considerations to the most essential issues regarding the
response of elastoplastically deforming structures and to the description
of field problems in elastoplasticity. In this connection, the equations gov-
erning quasistatic equilibrium are discussed along with appropriate solution
methods. Chapter 3 addresses the load-carrying capacity of elastoplastic
structures under monotonic loading conditions, whereas Chapter 4 consid-
ers limit behaviour under alternating loads. Each chapter comprises case
studies introducing the subject or illustrating the presented material.

Chapter 5 summarizes finite element techniques for the numerical solution
of elastoplastic problems with a digital computer. On the background of the
enhanced solution capabilities offered by numerical techniques, extensions
of inelastic material behaviour are considered in Chapter 6. They comprise
temperature dependence, time and rate effects, the significance of inertia
and pressure sensitive materials. Chapter 7 demonstrates the application of
finite element techniques to the numerical solution of problems related to
engineering practice.

This volume intends to provide the reader with a concise presentation of
the most essential issues both of the theory of plasticity and of the computa-
tional analysis techniques as based on finite elements. It is worth mentioning
that the main steps of the algorithmic procedure are applicable, however, to
different discretization methods as well. The theoretical development should
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be useful in understanding elastoplastic behaviour and suitably applying
and interpreting numerical elastoplastic analysis. For additional physical
insight and theoretical information, the reader is referred to the classical
books by Nadai [3], Hill [4], Kachanov [5] and Kaliszky [6]. Concerning
finite elements in plasticity, reference is made to the early book by Owen
and Hinton [7]. A wide presentation of the finite element method is given
by Zienkiewicz et al. in [8].

Matrix notation

This section introduces the matrix notation used in the text. It also explains
the symbolic presentation of matrix operations encountered in the other
chapters. Matrix algebra is assumed to be familiar to the reader, and there-
fore explanations are largely restricted to what might be considered of spe-
cific interest to our subject. More details can be found in specialized texts
like the concise presentation by Marcus in [9] and the mathematical treatise
by Serre in [10].

Definitions

A matriz is the arrangement of numbers or variables in a rectangular (or
square) array structured in rows and columns. For example, the matrix

a a a
A — 11 12 13 (6)
a21 ag2 a23

is arectangular 2 x 3 matrix with elements a;; (¢ = 1,2;5 = 1,2, 3). The first
index specifies the row, the second refers to the columns of the scheme, thus
positioning the element in the array. A short-term presentation of eqn (6)
reads

A=lay]  (mxn), (7)

and (m x n) is the size of a matrix with m rows and n columns as dimen-
sions. The transpose of the matrix is defined as

ail a2
_At = a1z G292 or _At = [aji]. (8)
a13  a23

It is obtained by interchanging columns and rows in the original scheme. A
square (n X n) matrix is symmetric if

A=A, (9)



6 ELEMENTS OF PLASTICITY

A diagonal matrix is a square matrix possessing non-zero elements only
on the diagonal. Display of zero elements is usually omitted:

di
D= or D=1[d;]. (10)
dm
The unity matrix (or identity matrix) is defined as

1
I= or I=11], (11)
1

and a zero matrix is a rectangular array occupied by zeros throughout. We
shall use the symbol 0 for a zero array whether it is a matrix or a vector.
A wvector is a matrix array with a single column:

ai
a=|: or a={ay---a;- am}. (12)

am

The alternative presentation of the vector in eqn (12) will be employed for
typographical brevity. The braces are used in order to distinguish it from
the row vector:

at=[a1- ;- -apm] or b=[b- b byl. (13)

Vectors consisting of zero and unity elements are useful in summing up
and/or distributing quantities. In connection with the state of stress or
strain we shall encounter the vector

e={111000}, (14)

but different patterns are also suitable for other situations.

A single real number is a scalar quantity in distinction to a vector or
a matrix, which assemble scalar elements. Hypermatrices and hypervectors
(also known as block matrices and block vectors, respectively) are assem-
bled from matrices or vectors as their elements. The elements of such hyper-
schemes are called submatrices or subvectors.

In contrast to scalar quantities, matrices and vectors are denoted by bold
face characters: matrices are preferably upper case, vectors lower case.

Matrix algebra

Elementary operations
Equality of two matrices (or vectors) implies that the dimensions are the
same and elements in corresponding positions are equal:

A:B; aij:bij (2:1,,m,j:1,,n) (15)
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Sum and difference
The matrices (or vectors) must have the same dimensions, and their sum is
found by adding elements in corresponding positions:

Multiplication
The scalar product of two vectors of equal dimension (n) is defined as

a’b = aiby + asby + -+ -+ apb, = bta. (17)

The symbolic notation for the sum in eqn (17) refers to column vectors. It
has to be modified if a and/or b are row vectors.
The two vectors are considered orthogonal if their scalar product vanishes:

a'b=0, eg [111] 1| =0. (18)
-2

The scalar product of a vector with itself supplies the squared length
(magnitude) of the vector:

ala=al+a3+---+ad. (19)

The product of two rectangular matrices B and A with dimensions m x k
and k X n, respectively, is obtained as:

b, bja; bjay -+ bia,
bg b2a1 bgag s ann

BA = . [al a2~-~an] = . . (20)
b, b,,a; bjaz -+ b,a,

The row vectors by bs - - - b,,, represent the rows of the matrix B, the vectors
aj as - - - a, the columns of the matrix A. Accordingly, the elements b;a; of
the product matrix are obtained as the scalar products of the respective
vectors. The vector dimension must be unique (k), and the dimension of
the matrix product (m x k)(k x n) is m x n. Obviously, BA # AB.

With reference to eqn (20), the matrix product of two (column) vectors
b and a with dimension m and n, respectively, is a matrix of dimensions
m X n obtained as

bl b1a1 b1a2 tee blan
" b baay boay - -- baay,
ba = . [al a2 R a’ﬂ] = . * (21)

b bnar bpas -+ bpan
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The matrix product of a vector with itself is seen to yield a symmetric
matrix

b3 biby - biby
bobi b3 - Db

bbt=| & 7 2 (22)
bmby bz - b2,

It is noticed that the transpose of a product of matrices is related as
follows to the transpose of the individual matrices:

(ABC)' = C'B*A! (23)

and thus (bb®)* = bb' in eqn (22).
For completeness, multiplication of a matrix by a scalar implies that every
element of the matrix is multiplied by this scalar:

cA = [ca; ). (24)

Functions of quadratic matrices
The square of a quadratic matrix or more generally the nth power (integer
n) is defined as the product

A?=AA and A"=AA---A  (ntimes). (25)

The following property of the powers of the matrix product of two vectors
of the same dimension can easily be confirmed:

(ab®)? = (b'a)ab® and (ab®)" = (b‘a)" 'ab'. (26)

Accordingly, the nth power of the matrix ab' is obtained by multiplying
the matrix by the scalar quantity (bta)”~!. If the vectors are orthogonal
(bta = a'b = 0), all higher powers of the product matrix ab® vanish. In the
particular case b = a we have:

(aa")? = (a’a)aa’, (aa")" = (a’a)" 'aa’. (27)

The scalar factor is here the squared magnitude (or length) of the vector.
Polynomials of a square matrix can be defined as

P(A):COI+81A+62A2+...+CTLAn, (28)
and analogously power series. In particular, we note the exponential form

t3

3
3!A 4.

t2
exp(tA) =T+ tA + EAQ +

=y %An. (29)
n=0
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Inverse of a matriz
The inverse of a square matrix A is denoted by A~! and is defined by the
property that

AAT'=ATTA =T (30)

For the inverse of a product of two square matrices we have

AB(AB)"' =1 and (AB)"!'=B'A~l (31)
The reversed order in the second equation is obtained by multiplying from
the left the first equation consecutively by A~! and B~!. The inverse of a
matrix of the particular form I + ab® can be given explicitly:

_ 1
b = [ | 32)

Matrix inversion is encountered in the solution of linear systems
Ax=b and x=A"'b. (33)

A solution of the system can be obtained if the determinant of the coefficient
matrix does not vanish; |A| # 0. If |A| = 0, the solution of eqn (33) is not
possible. At the same time, the matrix A is said to be singular. Conversely, if
a square matrix is singular, its determinant is zero. The inverse of a singular
matrix does not exist.

Eigenvalues and eigenvectors
For every square matrix A, a scalar A and a non-zero vector y can be found
such that

Ay = )y. (34)

The scalar A is called an eigenvalue and y an eigenvector. From eqn (34),
we obtain the equations stating the eigenvalue problem

[A—My=0 and |A—A|=0. (35)

The condition of a zero determinant in eqn (35) ensures non-trivial solutions
of the matrix equation for y. This condition establishes the characteristic
equation |A — AI| = 0. If the dimension of A is m x m, the characteris-
tic equation will have m roots (i.e. the matrix will have m eigenvalues
A1, A2, ..+ s Am). The eigenvalues will not necessarily all be distinct or non-
zero. With the eigenvalues )\; known, the associated eigenvectors y; can be
determined from the matrix equation in eqn (35). It is easy to confirm that
ay; are also eigenvectors, which means that the direction of eigenvectors is
unique but not their magnitude (or length). Usually, eigenvectors are scaled
so that y'y = 1.

The eigenvalues of a symmetric matrix are real numbers and the eigen-
vectors are mutually orthogonal. If A and B are square and have the same
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dimensions, the eigenvalues of AB and BA are the same but not necessarily
the eigenvectors.

The determinant of any square matrix A possessing the eigenvalues
A1, A2, ...y A, is given by the product

Al =M A2 A = [T N (36)

—-

Il
-

K2

The matrix is singular if one of the eigenvalues is zero.
For completeness, the trace of the matrix (the sum of its diagonal ele-
ments) is obtained as

tr(A) =a11+  +amm =M+ A =D A (37)

Spectral decomposition
The spectral decomposition of a quadratic m x m matrix A is given by the
relationship

A=CAC™. (38)

In eqn (38), A denotes the diagonal matrix of the eigenvalues \; (the spec-
trum) of A,

A

and the matrix C is composed of the respective eigenvectors y; as its
columns:

C=lyiy2 - yml =y
We arrive at eqn (38) by considering the identity,
A=AcCct (cct=1).
In detail,
A=Aly1y2-ym]C"

= [Ay1 Ayy - Ay, |C!

= [My1dey2 - Amym] C71 = CAC™!
The inverse transformation to eqn (38) is seen to diagonalize the matrix:

C'AC=A. (39)
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The spectral decomposition presumes that the eigenvalues and the eigen-
vectors of the matrix are known, and that the matrix C of the eigenvectors
has an inverse. For a symmetric matrix A, the eigenvectors y; are mutually
orthogonal (yly; =0, ¢ # j). Using normalized eigenvectors (yly; = 1), the
matrix C is seen to be orthogonal (C'C = CC' = I, and C* = C~1). Thus,
for a symmetric matrix,

A =CAC' and C'AC=A. (40)
Differential forms

If f(x) is a scalar function of the variables x, o, ...z, collected in the
vector x, then the differential of the function f is given as:

d.’El
_[or or or]| e | _ds
df = [83;1 O0xo 8xn} : n dxdx' (41)
dz,,
The row vector
df _[of oF  Of
dx {83}1 0xo 830”] (42)

comprises the partial derivatives of the function f with respect to the vari-
ables z;. In case that two (or more) groups of variables are involved consti-
tuting the vectors x and y respectively, we have f(x,y) and

df:gidergidy:Bi gi] [g’y‘] (43)

In the collective hypervector notation the quantities df/0x,0f /0y repre-
sent subvectors, as do the quantities dx and dy.
Next, we consider the vector

91(131"" 7In)
g(x) = (44)
gm(xla s xn)
Its differential is defined as
dg1 Or1  Oxo oz, dzy d
dg = : = : : = SBx. (45)
. . . dx
dgm 9gm  Ogm OGm, da,

Or,  Oxs oz,
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The m x n matrix

991 091 0o

dg O0r1 Oxs ox,

Tx = : (46)
09m  Ogm 99m
5301 8:102 o axn

comprises the partial derivatives dg;/0x; as its elements.
For two (or more) groups of variables x and y, the functional dependence
can be written as g(x,y). The differential reads

_0g Jg . [o0g o0g] [ dx

and 0g/0x,0g/dy enter the hypermatrix operation as submatrices.
Below, we list the derivatives of some special functional forms:

df

oty 4t

f=a'x, I A

f=x"Ax, jlzxt[AJrAt}:zxtA (forA* = A); (48)
b4

g = Ax, d—g:A.
dx

We also notice the chain rule in the case where f(y) and y(x):

af = Yy - Yy df dfdy
dx dydx =~ dx dydx’

Analogously,

984y - dedy,,  d8_desdy (49)

d .
8~ ax dydx  dx dydx

The second differential of a scalar function f(x) of the vector x is

obtained as:
df df
2, t
& = dx <dx )dx dx (d dxt) x

d*f
= dx" Tt dx. (50)

The transpose of the row vector df/dx has been denoted by

af]t  df
| -
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and is called the gradient of the scalar function f. The second-order differ-
ential quotient in eqn (50) can be detailed as

oof oy 0
e 0x? 022011 02,011
dxdxt ’ (51)
o f of . 9f
0x10x, Ox20x, ox?

The matrix assembles the second-order partial derivatives of the function f
with respect to the variables x1,xs,...,z, as indicated. It is symmetric if
the function depends continuously on the variables.

The matrix representation of the Taylor series expansion of the function
f(x) up to the second order reads

df d2f
—dx dt
dx * dxdx®

fx+dx) = f(x) + dx (52)

which utilizes the differential forms developed above.
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CHAPTER 1

Elastoplastic material behaviour

1.1 The uniaxial case
1.1.1 Description of material response

We begin our considerations in the elastoplastic regime with the case of
a rod specimen of metallic material under uniaxial tension. This simple
case encompasses all the essential features of elastoplastic material response
which are deduced directly from macroscopic experimental observations.
Beyond the importance of the conventional tension test for obtaining mate-
rial properties, the mathematical methodology of elastoplastic material
description can be introduced herewith as a basis for the subsequent exten-
sion to multiaxial stress and strain states. For the tensile specimen with
length [ and cross-section A in Fig. 1.1, we define the uniaxial stress

P
= 1.1
o=, (1)
where P denotes the axially applied force, and the longitudinal strain
)

where § denotes the elongation of the specimen.

Stress—strain diagram

The specimen is considered originally undeformed. An increase of the tensile
force from zero produces values of stress and strain lying along the solid
line in the diagram of Fig. 1.2 (left). Inspection of the plot of the recorded
stress and strain values indicates the deviation from the initial linear part —
inherent to elastic response — at point L, the linearity limit. Beyond this
point the stress—strain diagram is curvilinear with decreasing slope.

The above refers to monotonic loading conditions. If, in a different test
programme, the specimen is first stressed to a state well beyond point L
and is then unloaded, the strain follows the dashed line in the diagram.
It is thereby observed that the removal of the stress restores the strain only
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P <

—+—

—

| > P

Figure 1.1: Rod specimen under uniaxial tension (schematic).

partially, while part of it adheres permanently to the specimen. Careful
examination of the test data reveals that permanent, plastic deformation
appears beyond point E, the elasticity limit. Reloading takes place along
a slightly different path until the monotonic tensile characteristic is again
reached. The latter is observed when the loading is increased further. The
described behaviour is typical of any unloading and reloading operation in
the elastoplastic regime of the test programme independently of the stress
level. The path difference between unloading and reloading is known as the
hysteresis loop.

The actual elastoplastic behaviour illustrated in Fig. 1.2 appears to be
complex. Despite an increasing tendency to pay particular attention to sec-
ondary effects, reasonable simplifications are helpful for a suitable descrip-
tion of metal plasticity. The idealized behaviour in the elastoplastic regime
depicted in the stress—strain diagram of Fig. 1.2 (right) is attributed to
Ludwig Prandtl [1]. Accordingly, the elasticity limit is assumed to coincide
with the linearity limit at A, the yield point of the material under uniaxial
tension. We denote the associated stress by os. The material response to
stresses below the yield limit is elastic, and in this region unloading com-
pletely restores the deformation of the specimen.

Continuous loading beyond A follows the same curvilinear path as in
Fig. 1.2 (left), but unloading from point B, for instance, is assumed here
along a straight line parallel to the initial elastic one. Thereby, the elastic
part ¢ of the strain is restored, while the plastic part n remains after the

=4

Figure 1.2:

Elastoplastic

4

of

Og

v

stress—strain diagram and idealization (right).
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removal of the stress. Reloading from point C takes place along the same
elastic path as unloading, and the increase of the strain is purely elastic
up to B, the state before unloading. Thus, the plastic strain at B and C
is the same. For an increase of the stress beyond o¢, the stress at state B,
the material follows the monotonic loading diagram as if unloading had not
occurred. Stress removal from a further advanced state D on the diagram
indicates that this transition from B has been accompanied by additional
plastic strain.

The appearance of a permanent plastic strain 7 in addition to the
reversible elastic strain e is characteristic of the elastoplastic regime. The
total strain v may be presented as

vy =¢c+n. (1.3)

The additive decomposition refers to the strain v defined by eqn (1.2).
Partition of the total elongation of the specimen ¢ into elastic and plastic
terms specifies the respective strains € and 7 for [ = const.

The development of plastic strain along the tensile stress—strain diagram
initially requires loading beyond the yield stress os. The maximum stress
once imposed under plastic deformation, however, is recorded by the mate-
rial and becomes the actual yield limit of for additional plastic straining.
Thus o¢ takes the place of the original o5 when the specimen is unloaded
and later reloaded. A functional dependence

or = o¢(n) with o¢(0) = o5 (1.4)

can be deduced from the tension test after subtraction of the elastic strain
¢ from the measured strain -. Since the yield stress of is increasing with
plastic strain 7, the material is said to (strain-)harden, and the function
o¢(n) describes the hardening characteristic.

Nature of the stress—strain relations

The additive composition of the strain as given by eqn (1.3) suggests the
description of elastoplastic material behaviour by means of an elastic and
a plastic constituent. This is demonstrated in Fig. 1.3 where the uniaxial
stress—strain characteristic is split into two distinct diagrams pertaining to
the parts € and 7 of the strain . At a given stress level ¢ the elastic strain
can be determined by Hooke’s law as

€= (1.5)

E,
where E denotes the modulus of elasticity of the material. Equation (1.5)
between stress and elastic strain may be considered an equation of state,
relating € uniquely to o regardless of the particular loading sequence pro-
ducing the actual stress. Any variation of the stress is accompanied by
variations of the elastic strain along the straight path described by the law
of elasticity.



18 ELEMENTS OF PLASTICITY

c o) do>0,dn>0

- + 6,4 40<0,dn=0

E

Stress-strain diagram Elastic constituent Plastic constituent

Figure 1.3: Elastic and plastic constituents.

Conversely, the stress may be considered to be a result of the elastic
strain. Using eqn (1.3), we obtain from eqn (1.5)

oc=Fe=E(y—n). (1.6)

Determination of o requires knowledge of the permanent strain 7 in addition
to the measured strain 7. The stress—plastic strain diagram in Fig. 1.3 (right)
represents the hardening characteristic o¢(n) of the material. It is obtained
from the original tensile stress—strain curve after reduction of the strain ~
by the elastic strain ¢ from eqn (1.5). Simple knowledge of the momentary
stress proves to be insufficient for a unique determination of the plastic
strain. While the hardening characteristic provides us with a value for n at
the given stress level, the same stress can be reached by unloading from any
higher point of the hardening curve, and may therefore be associated with
different values of the plastic strain unless the preceding loading history is
specified.

For the above reason, we shall pay attention instead to the relations
between incremental variations of stress and plastic strain along a prescribed
stress path. For changes in plastic strain (plastic flow), the applied tensile
stress o must be raised to the state o¢(n) ultimately attained in the past by
the material. Then, an incremental increase of the stress by do > 0 produces
an increment dn in the plastic strain. Reduction of the stress by do < 0
corresponds to elastic unloading and leaves the plastic strain unaffected,
dn = 0. In contrast to elasticity, an essential difference between loading and
unloading becomes obvious in plasticity and introduces a nonlinear response
even for incremental variations of the stress state.

1.1.2 Plastic flow and stress—strain relations

From the foregoing discussion of experimental observations, a mathematical
description of uniaxial plastic flow will be based on the following three
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postulates:
(a) Yield condition p=0—0¢<0 (@ =|ol]);
(b) Hardening law or = o¢(7) (1 = [nl); (1.7)
(¢) Flow rule dn = sd7 (s = % = ;) .

The yield condition in terms of the yield function ¢(o,0¢) states that
the momentary yield stress of the material, o¢, cannot be exceeded by the
applied stress 0. The absolute value of ¢ as an argument in the yield function
aims at its use for compressive loading as well. This presumes that the
magnitude o¢ of the yield stress is the same under tension or compression.

Hardening defines a material characteristic specifying the yield stress
(of > 0) as a function of the plastic strain independently of the sign (77 > 0).
Experimental evidence supports the hypothesis that the magnitude of the
yield stress attains the same value under tension or compression. Strictly,
this statement applies to separate tests under tensile or compressive action,
not to combined loading sequences. Then, o(—n) = —o(n) (see Fig. 1.4), and
the material yield stress can be stated as a positive quantity o¢(7) depend-
ing on the absolute value of the plastic strain, for tensile or compressive
action. A more general definition of the quantity 7 is given by

7= / a7, di = |dy] (1.8)

which offers a measure for the accumulated plastic strain in alternating
loading. Hardening in such a case will be discussed later in Section 1.3.

At this stage the formalism involves merely absolute values of the mechan-
ical variables of the system. The direction of plastic flow is specified by the

ot
[
-n
n
| -0y
/ o

Figure 1.4: Yield stress under monotonic tension or compression.
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of| o $>0
de>0,d7>0 _
== ot (1), 9= 0
h
d& <0,d7 =0 4<0
Og {
7

Figure 1.5: Yield condition and plastic loading.

flow rule. Thereby, the stress state at the occurrence of plastic flow defines
the sign of changes in plastic strain. This can be stated as

dn o
[dn| o]

and is reflected under (c) in eqn (1.7).

In the 7,7 - diagram of Fig. 1.5, the hardening characteristic o¢(7) is seen
to separate two regions, one below the curve where ¢ < 0, the other beyond
it where ¢ > 0, while ¢ = 0 along the hardening curve. We consider a spec-
imen which is unstressed, but may have been deformed plastically in a
previous loading programme so that the actual yield stress o¢ is above the
original og. Increasing the stress & from zero will not cause any additional
plastic strain until the value o; is reached. Therefore, ¢ < 0 defines the
region where the material responds elastically to the applied stress. When
o = ot, the material is said to be at a plastic state. This is a necessary condi-
tion for the occurrence of plastic flow, but the change in stress at this state
is decisive. In particular, do < 0 points into the elastic regime ¢ < 0 and
is associated with di = 0, while d > 0 is accompanied by an increment of
plastic strain df > 0, thus advancing the material state along the hardening
characteristic ¢ = 0. By this mechanism, the region ¢ > 0 is not accessible
to the material despite an increasing magnitude of stress.

Plastic flow requires that the yield function in eqn (1.7) is zero:

¢p=0—or=0. (1.10)
Differentiation leads to the consistency condition during plastic flow

d¢ = d& — dog = 0. (1.11)
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The increment of the yield stress can be related to the increment of plastic
strain via the hardening law:

d
dog = hdfj with h = = > 0. (1.12)
dn
The parameter h is the local slope of the hardening curve. From eqns (1.11)
and (1.12),

1
djj = 3-dz > 0. (1.13)

The requirement d77 > 0 ensures that the quantity 7 can only increase and
is satisfied by the loading condition for plastic flow,

do = sdo > 0. (1.14)

The expression for do in eqn (1.14) is deduced by differentiation of the
equality 62 = 0% and use of the definition of s in eqn (1.7). Substituting
in eqn (1.13) and applying the flow rule, we obtain for the plastic strain
increment:

1 1
dn = Essda: Edo if ¢ =0 and dé = sdo > 0;

(1.15)
dn =0 otherwise.

Incremental stress—strain relations

Whenever plastic flow occurs according to the conditions listed in eqn (1.15),
dn supplements the incremental elastic strain de as from eqn (1.5) to give
the strain increment:

E+h

dy=de+dn = h

do. (1.16)

Equation (1.16) determines the change in strain dv for a given incremen-
tal change in stress do. For h = 0 (non-hardening material) this relation
becomes meaningless, since eqn (1.15) is not applicable for the plastic strain.
The non-hardening material is said to possess a perfectly plastic constituent.
In this case of great theoretical significance the stress can be increased elas-
tically from zero to the yield limit og, but subsequent deformation takes
place at constant stress (Fig. 1.6). As a consequence, we have

do=FEde=0 (1.17)

and thus
dy =de +dn=dn. (1.18)

In the perfectly plastic case, once the yield limit is reached, the elastic part
of the incremental strain vanishes and the latter is entirely of a plastic
nature.
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c

Os+

y=¢e+n
Figure 1.6: Elastic—perfectly plastic behaviour.
For an alternative description of the plastic strain increment, do in

eqn (1.15) is expressed via the elastic relation, eqn (1.6), in terms of the
difference (dy — dn). Solution for dn then gives the expression

E
dn=——-+d 1.19
=g ad (1.19)
for the incremental plastic strain, and the loading condition
sdy >0 (1.20)

in terms of the strain increment d-y. In the case of a perfectly plastic material
(h = 0) the above formulation implies eqn (1.18).

Subtraction of the plastic strain increment by eqn (1.19) from dv gives
the elastic part of the strain increment, and the stress change

Eh

is as for hardening: do = hdn. Equation (1.21) determines in the elastoplas-
tic material range the change in stress do for a given strain increment d~.
It can be identified as the inverse relation to eqn (1.16).

1.2 Plastic yielding under multiaxial conditions
1.2.1 State of stress and strain

For a definition of stress and strain, we refer to the cubic element of the
material in Fig. 1.7 which is oriented along the Cartesian axes. Stresses are
defined by the Cartesian components of the force per unit area (traction)
acting on each of the faces of the cubic element. Considering the face nor-
mal to the z-axis, for instance, we have the direct (or normal) stress oy
normal to the surface, and the shear (or tangential) stresses oy, and oy, tan-
gential to it. The first stress index refers to the surface normal, the second
specifies the direction of the component.
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Oyz
{’ Oxz 4|\/——9 %y

Figure 1.7: Definition of stress components.

Stresses are taken to be positive as indicated in Fig. 1.7. The nine com-
ponents visible in the figure define the stress state at a point. They can
be reduced to six by taking into account that shear stresses with reversed
indices must be equal in order to ensure moment equilibrium. For a collec-
tive representation of the stress state we introduce the 6 x 1 matrix array
(stress vector)

o= {O’XX Oyy Oz \/ﬁoxy \/iayz \/ioxz} . (1.22)

The state of strain is characterized by the direct strains yxx, Yyy, Y2z, Which
are obtained as the extensions of a unit cube along the coordinate axes, and
the shear strains ~yyy, Vyz, Vxz representing the changes of the angles of the
cube in the respective planes (Fig. 1.8). For a collective representation of

Yyy

1 Yxx

Figure 1.8: Definition of direct and shear strains.
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the strain state, the 6 x 1 strain vector

Y= {’YXX Vyy Vaz %’ny %Wyz \}57)(2} (123)
is introduced in analogy to eqn (1.22) for the stress. The prefactors of the
shear components in eqns (1.22) and (1.23) will help to simplify matrix
operations [2].

Isotropic materials exhibit a markedly different response to normal
stresses acting equally in all directions than to shear stresses. The so-called
hydrostatic stress oy is defined as the mean value of the normal stress
components,

1 1
oHg = g(Uxx + 0y +04,) = geta, (1.24)

where the indicated matrix operation makes use of the summation vector
e={111000}. (1.25)

The single value of the hydrostatic stress is expanded to a hydrostatic stress
state represented by the 6 x 1 stress vector

O'H:{O'HUHO'H 000} (126)

It consists of three direct components identical to oy and zero shear compo-
nents, thus specifying the hydrostatic part of the stress state o. The matrix
notation for the formation of oy reads

oy =oge = geeto' (1.27)

and defines the hydrostatic operator applied to the stress o.
The difference of the actual stress state o to oy defines the deviatoric
stress:

1
op=0—0oy = {I - 3eet} o, (1.28)

where I denotes the identity matrix. The deviatoric stress components opxy,
ODyy; - .. are defined as in the array:

op = {(O'XX —on) (0yy —on) (04 — on) \/ioxy \/iayz \/ﬁoxz} . (1.29)
The deviatoric matrix operator applied to o in eqn (1.28) modifies the direct
stress components, while the shear stresses remain unaffected.

By definition, the deviatoric stress does not possess any hydrostatic com-

ponent. Therefore, the condition

eto-D = ODxx T ODyy + 0pgz = 0 (130)
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constrains the direct components of the deviatoric stress that cannot be
varied independently. Hydrostatic and deviatoric constituents of the stress
state are said to be orthogonal to each other in the sense that

ohoy =ojop =0, (1.31)

which can be easily confirmed.
The strain state is partitioned in analogy to the stress. The volumetric
strain vy is defined as

1 1
W = g(VXX + Vyy + rYZZ) = get’Y' (132)

A volumetric state of strain,

1
Tv =ve = gee'y, (1.33)

is obtained from the actual strain state by an application of the hydrostatic
matrix operator of eqn (1.27). Analogously, the deviatoric strain

1
Yo =7 Vv = [I - 3eet} Y (1.34)

follows as a result of the matrix operation defined in eqn (1.28). Deviatoric
deformation conserves volume since

et’YD = VDxx + TDyy + VDzz = 0. (135)

In the elastoplastic regime each of the strain components in eqn (1.23) is
considered to consist of two additive parts, the elastic strain and the plastic
strain. The elastic part of the strain defines the 6 x 1 vector

1 1 1
€ = { Exx Eyy Euz —=Exy —=Eyz —=Exz ( , 1.36
{emmery em Tgom 55 st (1.36)
and the plastic part of the strain defines the 6 x 1 vector
1 1 1
= XX zz ~— =lIxy — =llyz T = Ixz . 137
n {77 Nyy 7 \/577 y \/iny \/577 } ( )
The measured strain ~ is then composed as
y=¢e+mn. (1.38)

Volumetric and deviatoric states of € and 1 are defined as for . For
instance, from eqn (1.33),

1
Yy = geet[e +n]=ev +nvy, (1.39)
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where ey and 71y, result from the application of the hydrostatic operator to
each of the constituents. Also, from eqn (1.34),

1
1= |1 geo'| le nl=en o, (1.40)
where ep and np denote the result of the deviator operation as applied to
€ and n), respectively. The condition of eqn (1.35) concerns each constituent
separately:

elep =0, e'np=0. (1.41)
Elasticity
The partition of stress/strain into hydrostatic/volumetric and deviatoric

constituents is utilized in forming the elasticity matrix for an isotropic mate-
rial. In this case, hydrostatic stresses are proportional to volumetric strains:

on =3Kev. (1.42)

The modulus of volume expansion K can be expressed in terms of the modu-
lus of elasticity in tension (Young’s modulus F) and the coefficient of lateral
contraction (Poisson’s ratio v):

_E
T 1-2

3K (1.43)

Deviatoric stresses are set proportional to the deviatoric strains by the mod-
ulus of elasticity in shear G. The relationship between the respective vector
arrays reads:

op = 2G€D, (1.44)

where 5
2G = . 1.45
1+v ( )

Superposition of eqns (1.42) and (1.44) gives the actual stress state, and
expressing the parts ep and ey in terms of the entire € in analogy to
eqns (1.34) and (1.33) leads to the elastic stress—strain relationship:

o =2Gep + 3Key = 2G {I + 7 _VQVeet} €. (1.46)
In compact form, eqn (1.46) is written as
o =Ke, (1.47)

with the symmetric elasticity matrix (elastic material stiffness),

_ v t
Kk =2G [I+ 1_21/ee] . (1.48)
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The matrix relation in eqn (1.46) is easily inverted to determine the elastic
strain for a given stress. Alternatively, the inverse form can be obtained
directly using eqns (1.42) and (1.44). Superposition of the deviatoric and
the volumetric part of strain from the above equations gives the elastic
strain

1 1 1 v
_ o= — |[I— —ee'| 0. 1.49
€= 5GP 3o 20{ 1+yee}" (1.49)
Here, op and o have been expressed in terms of the stress o by eqns (1.28)
and (1.27), respectively. The inverse relation to eqn (1.47) becomes

e=kr'o (1.50)
with
1 v
-1 _ _ t
K =on [I T Vee} . (1.51)

1.2.2 Variation of the reference system: principal stresses

Prior to an analysis of the stress and strain components under transforma-
tions of the reference system, we consider a quantity which remains invari-
ant: the work of the stresses on the strains. For this purpose, we refer to
the volume element in Fig. 1.7 and assume the strain « to be imposed on
the material independently of an existing stress o. Since the stress com-
ponents represent forces per unit area and strains may be interpreted as
displacements per unit length, the expression

W = OxxVxx T OyyVyy + OzzVoz + OxyVxy + OyaVyz + OxaVxz = o't'y (1'52)

supplies the work of the stresses on the strains per unit volume of the
material; it is invariant to transformations of the reference system.

Rotated reference system

Let the new reference system 0—z'y’z’ be rotated with respect to the original
system O-zyz. The coordinates of a point in the new system are obtained
by the transformation

&' = Cox® + Coyy + Cxin?

Y =cyxt + cyyy + cyraz (1.53)

2 = Cp® + Cpyy + Cprpz.
The coefficients in eqn (1.53) are the direction cosines of the rotated axes
with respect to the original axes. For instance cyy = cos(z’,y) denotes the
cosine of the new z’-direction to the original y-direction. Introducing the

vectors
X ={z"y 7}, x={xyz} (1.54)
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and the transformation matrix,

Cx'x  Cx'y Cx'z
C= | cyx cyy cyy |, (1.55)

Crx  Caty  Cyiy
one obtains a compact form of eqn (1.53) as
x' = Cx. (1.56)
The inverse transformation reads

T =Coxt + Y + epn?
Y =coyt + cyyy + cpy? (1.57)
2= o + ey + cpn?,
and in matrix form
x = C'%/. (1.58)
From eqns (1.56) and (1.58), it follows that

C'C=CC'=1 (1.59)

Therefore, scalar multiplication of each column of C by itself gives unity,
while multiplication by a different column yields zero; the same applies
to the rows. The matrix C is orthogonal and its inverse is obtained by
transposition.

For a transformation of the stress components, the infinitesimal tetrahe-
dral element in Fig. 1.9 is considered to have the oblique face with area
A normal to the new z’-direction. The areas of the three other faces are
obtained as the projections of A onto the coordinate planes. These are

Ax = ACX/X, Ay = Acxxy, Az = ACX/Z. (160)

Figure 1.9: Transformation of stress components.
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The force transferred by the oblique face to the tetrahedron is equilibrated
by the stress resultants on the other three faces. Let t = {t« ¢y ¢,} denote the
force transferred per unit area of the oblique face (traction). The component
of the force along the x-direction is determined by

txA = OxxAx + Oyx Ay + 0,5 As. (1.61)

Analogously, two other equations are deduced for the y- and the z-
directions. Substituting the areas Ay, Ay, A, from eqn (1.60) in these three
equations we obtain the component quantities ¢y, ¢y, ¢, on the oblique face as

tx = Oxx Cx'x T Oyx Cx'y + Oux Cx'z
ly = Oxy Cx + Oyy Cxry + Oy Cxig (1.62)
tz = Oxz Cx'x + Oyz Cx'y + Ouz Cx/z-

Projection onto the new directions gives the direct and the shear stresses in

the system 0-z'y’2’ for a plane normal to z’ as

/
Oyx = Cx'x ty + Cx'y ty + iz ty

Ory = Cyrxtx + Cyyty + cynty (1.63)

/
Oyy = Corx tx + Cpyly + Cyyty.

Both eqns (1.63) and(1.62) are interpreted as matrix multiplications and
combined in the expression

/

Oxx Cx'x  Cx'y Cx/yg Oxx Oyx Ogzx Cx'x
!/ p—

Oxy | = | Cy'x Cyy Cyn Oxy Oyy Ogzy oy |- (1.64)
!/

Oxz Cp'x  Cygly  Cyly Oxz Oyz Oz Cx'z,

The stress components on planes normal to the other two directions 3’ and
z' are obtained analogously by considering elemental tetrahedra with an
oblique face in the system 0-zyz normal to the new directions. Thereby,
the denomination of the stresses on the left-hand side of eqn (1.64) has to
be changed for the new normal direction considered. The latter is specified
on the right-hand side. Summarizing, eqn (1.64) is completed as follows:

/ / /
XX ny zX
! /! !/

Xy Yy zy
! / !

Q
Q.9
Q

Xz vz Oz
Cx'x  Cx'y Cx/g Oxx Oyx Ogzx Cx'x  Cy'x  Cz'x

= |eyx Cyry Cyrm Oxy Oyy Ozy Cxy Cyry Cyy | . (1.65)
Cz'x Cyly  Cyly Oxz Oyz Oz Cx'z  Cy'z Cyly

The first coefficient matrix in eqn (1.65) is C, eqn (1.55), while the last is
the transpose matrix C'. With reference to eqn (1.59), the inverse relation
to eqn (1.65) can be given explicitly.
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Transformation of vector arrays
Transferring eqn (1.65) to the 6 x 1 stress vector o, eqn (1.22), we obtain
instead

o' =Co (1.66)

between the stress components in the original and the rotated system. The
detailed form of the coefficient matrix in eqn (1.66) is

= Cnn \/écns
C= _ _ , (1.67)
\/iCSIl CSS
with the submatrices

2 2 2

CX/X CX’y CX/Z
_ 2 2 2

Con=| Gk Gy Cym |

2 2 2

Cox Cory Cyy

Cx'x Cyty + Cx/y Cy'x  Cxly Cylz + CxigCyly  Cx/x Cyiz F+ Cx/z Cyrx

Css = | Cy'x Crry + Cyly Czix  Cyly Cyly, + Cyly Cyly  Cyix Cyly + Cy'z Cy/x s

Cx'x Cyly + Cx'y Cz'x  Cx'y Cy/g + Cxig Cyz'y  Cx'x Cyly + Cxip Corx

(1.68)
Cx'x Cx'y  Cx'y Cx'z  Cx/x Cx'z
Cus = |eyxeyry CyyCyn CyxCya |
L Ca'x Cgly  Cyly Cziz Cyix Cylyg ]
Cx'x Cy'x  Cxl/y Cyly  Cxl/z Cyly
Csn - Cy/X Cyrx Cy/y CZ’y Cy/Z Cyly
_Cx’x Cz'x  Cx'y Czly  Cx/z Czly

The transformation for the strain can be deduced from the invariance
of the elementary work expression, eqn (1.52):

w=0o'y= (o) =o'C'~. (1.69)

Since the invariance of the elementary work to the reference system is inde-
pendent of a particular stress state, there follows from eqn (1.69) for the
strain

~=C'y. (1.70)

The inverse transformation to eqn (1.66) is found to be

o =C'o’ (1.71)
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and implies the dual relation for the strain
v = C~. (1.72)

Comparison of eqns (1.71) and (1.72) with eqns (1.66) and (1.70), respec-
tively, gives o o
C'C=CC'=1 (1.73)

and therefore C is an orthogonal matrix.
By virtue of eqn (1.73) it can be confirmed that the magnitude (length)
of stress and strain vectors is invariant to rotations of the reference system:

o'oc = (d')'CC'a’ = (0')'a’ (1.74)

and o
(7)Y =~'C'Cy =" (1.75)
Considering next the hydrostatic stress separately we obtain

1 1, - 1
oy = geta = getCto" = geta’, (1.76)

which conforms with the identity fore = {11100 0}:
Ce=C'e=e. (1.77)

The expression for oy is invariant to rotations of the reference system, and
this is obviously reflected in the complete hydrostatic stress vector:

o} = Coy = oy. (1.78)

The deviatoric stress in the transformed system is obtained by

o =0 — oy = Cop. (1.79)

In analogy to the stress, the transformation by eqn (1.72) for the strain
applies to the deviatoric part, while the volumetric strain is insensitive to
it. The transformation is, of course, not affected by the physical nature of
the strain, be it elastic or plastic.

Principal azes
Principal stress directions are defined by the requirement that only normal com-
ponents exist on the plane element, while any tangential component is absent. Let
the normal vector n = {{mn} specify a principal stress plane. The components of
the traction t = {¢x ty t,} on the associated plane element are obtained in analogy
to eqn (1.62). In matrix form:

t=T'n. (1.80)
Here, the symbol T* stands for the arrangement of the stress components in
the 6 X 6 matrix array as in eqn (1.64), and the normal vector n replaces the
previous specification of the z’-direction. Since the traction t is now requested to



32 ELEMENTS OF PLASTICITY

point along the principal axis, it can be represented as t = on, o being a scalar
multiplier to the normal n. Comparison with eqn (1.80) leads to the condition

[T* —oIln=0 (1.81)

for the principal direction n, which defines an eigenvalue problem. Non-trivial
solutions of the homogeneous linear system for n require that the determinant of
the coefficient matrix vanishes. We write

Oxx — O Oxy Oxz,
t
T —oI| = Oyx Oyy — O Oyz =0. (1.82)
Ozx Uzy Ozz — O

The solution of eqn (1.82) for o and eqn (1.81) for n specifies three principal
directions for the considered stress state [3]. They are orthogonal to each other
and associated with three values of the scalar o, the principal stresses o1, 02 and
o3. The principal directions thus define the axes of a reference system O0—zyrz1 (or
simply 0-123) in which the considered state of stress does not exhibit tangential
components, but only the above normal components.

A principal stress vector is introduced as the 3 x 1 column array
o1 = {0'1 g2 0'3}. (183)

Given the principal directions, it can be obtained from the stress state by
the transformation of eqn (1.66) to

o1 = Cio. (1.84)

The principal stress vector in eqn (1.83) allows the transformation to be
accomplished with the reduced matrix

CI = [Cnn \@Cns]la (185)

instead of the complete one in eqn (1.67). It can be easily verified that the
inverse relation to eqn (1.84) reads

o = Cloy, (1.86)

and thus the three principal stresses completely define the stress state in
conjunction with the principal directions. The transformation by eqn (1.84)
also applies to the deviatoric part of the stress

Op] = CIO'D and op = C%O‘DI. (187)

The hydrostatic part is invariant to rotations of the reference axes.
In analogy to the principal stresses, principal strains

Y1 =1{71 Y273} (1.88)

can be obtained for a given strain state independently of the stress. It is
of interest, however, to consider strains associated with the stresses by the
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constitutive law of the material. For the isotropic elastic material an impo-
sition of stresses results in strains determined by eqns (1.42) and (1.44).
In this case, principal deviatoric stresses opr lead to principal deviatoric
strains:

1 _
EpI = ﬁaDI = CIED. (189)

The transition to the last expression uses eqn (1.87) for the principal stress
transformation and observes the elasticity law. Since hydrostatic stresses
cause volumetric elastic strains independently of coordinate rotations, the
latter may be added unaltered to the deviatoric strain on both sides of
eqn (1.89). As a result, we obtain for the complete strain state

e1 =Cie and &= Cley, (1.90)

which demonstrates that in isotropic elasticity the principal strains are
co-axial to the associated principal stresses. The matrix Cp from the stress
transformation also applies to the strain and vice versa.

1.2.3 Perfectly plastic material

Yield criterion and yield condition
In order to define combinations of stresses critical to plastic flow, we consider
the elastic energy stored in a unit volume element of the material:

€
1
We = /O'td&‘ = 50’“4*10'. (1.91)
0

The integral in eqn (1.91) is evaluated for the stress using the elasticity law,
eqn (1.50). With reference to deviatoric and hydrostatic or volumetric stress
and strain, the energy expression is resolved into two parts:

/O’tdé? = /O']thED—F?)/UHdEv. (1.92)

As deviatoric stresses are orthogonal to volumetric strains (Section 1.2.1)
the respective mixed scalar products vanish.

The first integral on the right-hand side of eqn (1.92) supplies the devia-
toric strain energy, or energy of elastic distortion. Evaluation for the devi-
atoric stress op by utilizing the elastic relation for ep, eqn (1.44), gives

ED oD

1 1
/UEdED =5 /UEdO‘D = EO‘EO‘D. (1.93)
0 0

The second integral on the right-hand side of eqn (1.92) supplies the energy
of volume change. Utilizing the elastic relation between the volumetric strain
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ey and the hydrostatic stress oy, eqn (1.42), we obtain:

’ 1 1
3/0Hd€\/ = E /O’HdO'H = ﬁ(f%{ (194)
0 0

Metallic materials are found to be insensitive to plastic yielding when
subjected to hydrostatic stress. The criterion for yielding is therefore based
on the assumption that metals yield when the energy of elastic distor-
tion attains a critical value independently of the particular combination
of the stresses. When a uniaxial tensile specimen reaches the elastic limit
stress og, the deviatoric stress state is specified by the direct components
205/3,—05/3,—05/3. From eqn (1.93) the critical energy of distortion is then

determined as )

o
= 5 1.
e (1.95)

For multiaxial stress states, the condition limiting the elastic range can be
deduced by equating the expression for the energy of distortion in eqn (1.93)
to its critical value from the uniaxial test, eqn (1.95). It reads

Wy

3
§UEUD =02 (1.96)
Equation (1.96) motivates the introduction of the equivalent deviatoric

stress o defined by

3 3

72 = obop = ~obo, (1.97)

2 2
as a yield criterion. This criterion was proposed by Huber [4] and later
independently by von Mises [5]. The transition to the second expression in
eqn (1.97) is possible because hydrostatic stresses in o do not contribute to
the scalar product with the deviatoric stresses. Since the equivalent stress
is defined by a work expression, it is invariant to rotations of the reference
system in which the stress components are specified, cf. also eqn (1.74).

The component form of 5% is obtained with the entities of o'p, eqn (1.29), as

3 3

52 _ 5o"f)ch = i(UiXD + O'}Q,yD +oip + 20,2(}, + Qng + ZJzz) (1.98)
and interprets the equivalent stress as a measure of the magnitude of the devi-
atoric stress vector. The alternative expression for > in eqn (1.97) appears to
be advantageous when some components in the stress vector o are zero, while
present in the deviatoric op. In the uniaxial case, for instance, the only non-zero
stress is 0xx = o and therefore evaluation of 52 requires merely a single deviatoric
component: opxx = 20/3. From eqn (1.97),

o3 3

72 = 20h0 = SopxxOxx = 2. (1.99)

2 2

For a two-dimensional stress state, the stress vector becomes

0 = {0xx 0yy 0V20,, 00} (1.100)
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and evaluation of the equivalent stress expression is reduced to the non-zero
stress components in the x,y-plane. The normal components of the deviatoric
stress in the plane are opxx = (20xx — 0yy)/3 and opyy = (20yy — 0xx)/3, while
the third, ops, = —(0xx + 0yy)/3, is not required for the present purpose. Then
from eqn (1.97),

7’ = §O'fgo' =0l + 0'32,), — OxxOyy + 30,2(y. (1.101)

2

In a three-dimensional stress state the normal deviatoric stress components are
obtained as opxx = (20xx — Oyy — 022)/3,0Dyy = (20yy — 02, — 0xx)/3 and op,, =
(20,2 — 0xx — Oyy)/3. Together with the shear stress components they define the
vector op. Evaluation of eqn (1.97) gives

_2

g _§0't0'
72 D

[(0sx = 0yy)” + (Oyy = 02)” + (02 — 0xx)” + 6(03y + 07, +0%,)] 5

N —

(1.102)

in terms of the components of the complete stress vector.

Equation (1.96) in conjunction with the definition by eqn (1.97) suggests
the introduction of a yield function ¢(o) such that

d(o) =5 — 0o, <0. (1.103)

The yield function ¢ compares the stress state o with the uniaxial yield
stress oy of the material via the equivalent stress &, and specifies the yield
condition as in eqn (1.103). Thereby the value of the yield function limits
elastic stress states to ¢(o) < 0 and defines plastic states at the yield limit

(o) =0.

Plastic flow

Non-hardening, perfectly plastic materials are characterized by a constant
yield stress and therefore the yield condition of eqn (1.103) remains the same
as for initial yield independently of the amount of plastic deformation. The
yield function ¢ for a certain material then depends solely on the stress, and
once o coustitutes a plastic state ¢(o) = 0, stress changes consistent with
the yield condition are restricted by the requirement

¢

d
d¢ = —do <0. 1.104
6= odo <0 (1.104)

The matrix notation of the differential operation implies the definitions

dp [0 96 99 1 9p 1 99 1 9o (1103
do D0xx 00yy 004, /2 00xy /2 Doy, \/2 Doy, '

and
do = {doyy doyy do,, V2do,, V2do,, V2do,,}.
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In eqn (1.104) the negative sign leads to elastic states ¢ + d¢ < 0, while
transitions to another plastic state ¢ + d¢ = 0 are governed by the equality
sign and may be accompanied by plastic flow.

From eqn (1.103), changes of the yield function are given by d¢ = da.
With reference to eqn (1.97) for the equivalent deviatoric stress &, by
differentiation,

26ds = % l[ohdop +dopop] (1.106)
and since in scalar products factors can be interchanged, there follows

31 31

Thus the differential quotient in eqn (1.104) reads

d¢  do

31,

The yield function is not allowed to increase, and therefore admissible stress
increments do emanating from a plastic state build non-positive products
with the deviatoric stress op.

Plastic changes of the stress state at ¢(o) = 0 obey the consistency con-
dition d¢ = do = 0, which by eqn (1.107) implies

ohdop = 2Got,dep = 2Go,de = 0. (1.109)

The transition to the last expression documents that volumetric components
do not contribute to the scalar product with the deviatoric stress. From
eqn (1.109), the vanishing of d& is equivalent to a vanishing increment of
the work of elastic distortion.

Expressing the elastic de in eqn (1.109) by the difference between the
total strain increment d+ and the plastic part dn, results in

ohdn = ohdy > 0. (1.110)

In perfectly plastic flow, the incremental work of distortion is entirely con-
verted into plastic work because the elastic part vanishes as a consequence
of dg = 0. Originally, the right-hand side of eqn (1.110) may be positive,
negative or zero. We notice, however, that negative values diminish ¢ and
are associated with elastic unloading. Therefore, the left-hand side, involv-
ing plastic flow, can only attain positive values or vanish. The inequality
in eqn (1.110) states the condition for plastic loading in terms of the strain
increment d-y.

In addition to the yield condition and the assumption of a non-hardening
material discussed so far, we also need information on the direction of plastic
deformation. Such information is provided by the flow rule. For metals,
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from experimental evidence incremental plastic strains are set proportional
(co-axial) to the deviatoric stress at which the flow occurs:

dn = Aop. (1.111)

The flow rule stated by eqn (1.111) ensures that plastic deformation is
isochoric; the volumetric part of the plastic strain vanishes:

n=1np, Nv-= éetn:(). (1.112)
The scalar multiplier A in eqn (1.111) is determined by eqn (1.110) as a non-
negative quantity. In this manner, yield condition, non-hardening assump-
tion and flow rule establish an expression for the incremental plastic strain in
perfectly plastic materials once the stress state at yield and the incremental
change of strain are given.
For a rational interpretation of eqn (1.111) we introduce a positive scalar
quantity d7, equivalent to the incremental plastic strain by means of the
work equality:

adn = ahdn. (1.113)
Substitution of eqn (1.111) for dn gives the proportionality factor A as
3 d7i
A=2 (1.114)
2 0

With the deviatoric stress op from eqn (1.111), eqn (1.113) defines the
equivalent plastic strain increment as a measure of the magnitude of the
incremental plastic strain:

2
di? = golntdn
_2

1 1 1
(02 o+ dndy -+, & Sy + Sdnd, + Sdnd,). (1.115)

Alternatively to eqn (1.111), the incremental plastic strain may be rep-
resented in terms of the magnitude di and the direction s of the plastic
flow:

dn = dgs. (1.116)

Introduction of eqn (1.116) for dn in the first eqn (1.115) gives

s's :g (1.117)

and confirms s as a direction vector of constant length. By comparison of
eqn (1.116) with eqn (1.111) under consideration of eqn (1.114) the vector

s becomes . .
31 do do
= —— =|— =|—1 . 1.118
® 5P {do} [da} ( )
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The equality to the differential quotients refers to eqn (1.108). We note an
association of the flow rule with the yield condition in that the direction of
plastic flow can be derived from the yield function ¢(o) by differentiation
with respect to the stress.

With s from eqn (1.118) the increment of equivalent stress, eqn (1.107),
becomes

de = s'dop = s'do (1.119)

and must be non-positive for a perfectly plastic material. During plastic
flow, vanishing of d& implies that

stdnp = s'dy > 0, (1.120)

in equivalence to eqn (1.110). With eqn (1.116) for dn, we obtain from
eqn (1.120) the magnitude of the plastic strain increment as

2
dij = gstow >0, (1.121)

the inequality reflecting the plastic loading condition.
In turn, the incremental plastic strain reads

2
dn = gsstd'y if s'dy >0

(1.122)
dn =0 otherwise.

Equation (1.122) describes flow in a perfectly plastic material when a yield
state ¢(o) = 0 has been reached.

A relation establishing co-axiality between strain rates and stresses in two-
dimensional plastic flow (plane strain) was suggested by Saint Vénant [7] follow-
ing the Tresca yield hypothesis [6] (see below at the end of Section 1.2.4). The
generalization to three-dimensional conditions was performed by Lévy [8]. The
association of the incremental plastic strain to a regular but otherwise general
yield function (associated flow rule) goes back to von Mises [9].

In the absence of (or neglecting) elasticity, the flow rule as given by eqn (1.111)
or eqn (1.116) (proportionality of the strain increment or rate to the deviatoric
stress) describes the behaviour of a rigid—plastic solid. It is known as the Lévy—von
Mises constitutive law.

The completion of the constitutive relation by the elastic constituent was given
for plane problems by Prandtl [10]. Its extension to the three-dimensional case is
due to Reuss [11]. The equations resulting for elastic—perfectly plastic solids are
known as the Prandtl-Reuss equations. Incremental stress—strain relationships
for elastoplastic solids will be presented subsequently in Section 1.3 discussing
hardening materials.
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1.2.4 Representation in principal space

Yield condition and plastic flow

Once the principal directions are known, the stress state can be represented
by a vector o7 with components 01,05 and o3 along the principal axes
(Fig. 1.10). The hydrostatic stress oy defines an axis with equal angular
distances to each of the three principal directions, while the deviatoric stress
opr lies in a plane perpendicular to the hydrostatic axis at distance |oy| =
V3o from the origin. The equivalent deviatoric stress

3 3
5° = §UEIUDI = 5(012)1 + 0py + D3) (1.123)

1/2 of the deviatoric

is proportional to the magnitude |opi| = (o}0DI1)
stress vector.

The yield condition is based on the distinction between stress states that
can be attained elastically and those prone to plastic flow. In the princi-
pal stress space, the elasticity limit (yield locus) can be represented by a
three-dimensional surface containing the elastic region of the material. For
metals, with elasticity limit not depending on the hydrostatic stress, the
yield surface has the shape of a cylinder of infinite extent inclined parallel
to the hydrostatic axis.

By the yield condition of eqn (1.103) in conjunction with eqn (1.123),
the cross-section of the cylinder in the deviatoric plane is a circle with the
centre on the hydrostatic axis (Fig. 1.11). It is described by the equation
lop1| = ro with radius r, = \/ﬁ 0s. The space of elastic stress states is
limited by

lopi| < v/2/3 o,

Hydrostatic axis

Deviatoric plane

o1

Figure 1.10: Vector representation of stress in principal space.
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03, OD3
lopr | > ro
[opr | = ro
< Yo
To
01, 0D1 02, D2

Figure 1.11: The von Mises yield surface in the principal stress space.

while the hydrostatic stress is not restricted. A view in the deviatoric plane
perpendicular to the hydrostatic axis is depicted in Fig. 1.11 (right). Devi-
atoric stress vectors are directed along the radius. Those ending inside the
circle are ascribed to elastic states. For a plastic state, the stress vector
ends on the circle. Stress states outside the circle cannot be attained in the
elastic—perfectly plastic material.

The yield surface is isotropic with respect to the direction of the deviatoric
stress; it limits merely the magnitude |opp| of the deviatoric stress vector.
The radius r, can thus be adjusted to the experimental data from a single
test, be it multiaxial or uniaxial. In the present context, r, is adjusted to
the uniaxial yield stress o4 of the material in tension.

In perfect plasticity the stress vector ends on the yield surface, and
changes in stress are consistent with the condition of non-increasing
magnitude:

d|0'DI‘ = n%da’DI § 0. (1].24)

In the above expression for d|opj|, the unit vector

1

= 0 1.125
oo P! ( )

ny

defines the external normal to the yield surface (Fig. 1.12). Stress increments
pointing inwards to the yield surface, nidopr < 0, lead to elastic unload-
ing, while for n{dopr = 0 another plastic state is approached on the yield
surface. Changes with n§d0D1 > (0 are not admitted because of the fixed
elasticity limit.

In the consistency condition, eqn (1.124), the incremental stress can be
expressed by the incremental elastic strain (dopr = 2Gdepy) and gives

nidep; = nide; < 0. (1.126)

The second expression is due to the deviatoric nature of ny, eqn (1.125). It
follows that changes of the elastic strain in perfect plasticity are at most
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Figure 1.12: Plastic flow in perfect plasticity.

tangential to the yield surface, as also are the stress changes. With the
elastic strain in the form der = dv; — dny:

njdn; = njdy; > 0. (1.127)

Thus, the projections of the plastic and the total strain increment normal
to the yield surface are equal.

In view of eqn (1.125) the co-axiality of the plastic strain increment and
deviatoric stress in principal space can be written as

dny = |dny|n; = (njdn;)nr. (1.128)

Accordingly, plastic flow is directed along the exterior normal n; to the yield
surface and with eqn (1.127) there follows

dn; = ninjdy; for njdvy; >0
(1.129)
dn; =0 otherwise.

Assuming strains are referred to the same axes as stresses, plastic flow occurs
if, at a stress state on the yield surface, the incremental strain vector d-;
points outwards from the surface. From eqns (1.127) and (1.126), its decom-
position normal and tangential to the yield surface then defines the incre-
mental plastic strain and elastic strain, respectively (Fig. 1.12).

Tresca yield criterion
Tresca considered the maximum tangential stress at a point as characteristic of
plastic yield [6]. A mathematical formulation of this hypothesis was given later by
Saint Vénant for the case of plane strain [7].

The tangential stresses assume extremum values in the planes bisecting the
angles between the principal planes (passing through the principal axes 1,2 and
3). They are called principal tangential stresses and are given by

T = 5(0’2 — 0'3)7 T2 = *(0'3 - 01)7 T3 = 7(0-1 - 0—2)' (1130)

2 2
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The normal stresses on the same planes are

%(02 + o3), %(03 +01), %(01 + 02),

respectively. The above expressions for the principal tangential stresses and the
associated normal components can be easily verified by utilizing the transforma-
tion of eqn (1.86) for the bisecting planes.

The maximum value in eqn (1.130) specifies the maximum tangential stress
Tmax at a point. If the (normal) principal stresses are ordered with respect to their
value, the yield criterion reads

Tmax = —= (03 —01) = —12  for o1 > 02 > 03.

2

In the general case, where o1 > 02 > o3 does not need to be fulfilled, each one of
the principal tangential stresses in eqn (1.89) is restricted by the yield condition:

1

\T1| = §|02 —03| < Ts;
1

Ir2| = Slos — on] < 75 (1.131)
1

|3 = §|01 — 02| < 7%.

Here, 75 denotes the yield stress of the material under pure shear. The relation to
the yield stress under uniaxial tension, os, can be established by recalling that in
the latter case 01 = 0 and o2 = 03 = 0. For the Tresca yield condition,

1
Ts = —0s.

2

In eqn (1.131), the inequality sign ensures that the stress state is elastic, while
plastic states of stress satisfy the equality in one or two of the three conditions.
In the principal stress space the conditions,

o9 — 03 = *o0s, o3 — 01 = *os, o1 — 09 = *0%

are represented by pairs of planes parallel to those defined by the principal axes
1,2 and 3 and the hydrostatic axis o1 = o2 = 03. Thus, the Tresca yield surface
is a prism with regular hexagonal cross-section in the deviatoric plane (Fig. 1.13).

Figure 1.13: The Tresca yield limit.
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The intersection of the planes with the axes of the principal stress is at a
distance os from the origin, and the projection of their distance on the deviatoric
plane is mgs. This defines the radius of the circle circumscribing the hexagon,
and at the same time the von Mises yield locus.

Since the Tresca yield condition is linear between segments, it simplifies the
solution of problems with stresses restricted within a single segment. Otherwise,
the observance of three inequalities is inconvenient, and some difficulties regarding
the direction of plastic flow arise at the corners of the hexagon. The subject of
plasticity associated with a singular yield surface has been addressed in [18]. Under
general conditions of stress and strain, plasticity as based on the smooth von Mises
yield surface is suitable for numerical treatment using a computer.

1.2.5 Biaxial stress: rectangular plate under tension

The following example illustrates the theory of perfectly plastic flow for the
case of plane stress. The rectangular plate shown in Fig. 1.14 has a constant
thickness and is subjected to the uniaxial stress o7 while the strain in the
lateral direction is suppressed (y2 = 0). Normal to its plane the plate is
unconstrained and free of stress. The material is assumed elastic—perfectly
plastic with Young’s modulus F, Poisson’s ratio v and yield stress os.

Without the lateral constraint, the homogeneous stress state in the plate
is uniaxial and identical to the applied o1, which then can be increased
only up to the yield stress os. The kinematic constraint induces a lateral
normal stress oo; shear stresses are absent. In the elastic range, the lateral
constraint relates the stress components via Hooke’s law:

1
Eg = E(O—Q - l/(Tl) = 0, and 09 = V0o1. (1132)

The strain €; in the direction of the loading thus reads

1 1—12
&1 = E(al — 1/0'2) = E o1q. (1133)
0NN

0000000000000000

o< —= o,

2
000000000 000000

LIILSLLIP 7777777777
1

Figure 1.14: Rectangular plate under tension.
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For the two-dimensional principal stress state oy, 09, the equivalent stress
expression of eqn (1.101) reduces to

7% =0} + 02 — 0109, (1.134)
and the elasticity limit is attained when ¢ = o4. A graphical representation
of the yield locus in the o1, 02-plane is given in Fig. 1.15. Equation (1.134),
taken at & = oy, describes an ellipse with the longest axis inclined by 45°
with respect to the oj-axis. The ellipse passes through the points o1 =
+o0g, 00 = +0 on the axes, and 09 = 01 = *04,00 = —01 = ias/\/g.

The elastic paths defined by eqn (1.132) are straight lines of slope v,
emanating from the origin. The lowest o1 on the ellipse is associated with
v =0, and the highest with v = 1/2. Substitution of o5 from eqn (1.132) in
eqn (1.134) leads to

7l=(1-v+1v?)o? =02 (1.135)

S

and determines the stress oy at the elasticity limit

o1\’ 1
1

= . 1.136
(US) 1—v+v? ( )

elastic

Loading beyond elasticity induces plastic flow, while the perfectly plastic
material imposes the restriction & = o5. Therefore eqn (1.134) becomes an
equation for o in terms of o1. The quadratic equation has two roots

o 3 1/2
1
oy =7+ <a§ - 405) , (1.137)
i 27}
[}
v=12 4" v=1/
% v=0 v=0
Oy (o] / G
L
Os

Figure 1.15: Elasticity limit (left) and stress path in elastic—perfectly plastic
deformation of the plate (right).
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but the one with the plus sign does not represent here an admissible solution:
at the elasticity limit, eqn (1.136), the stresses o and o7 are still related by
eqn (1.132), which is reproduced only for the minus sign. The above equation
for o9 in the plastic state is meaningful as long as the discriminant is not
negative. Vanishing of the discriminant determines the maximum applied

stress o1 as
o\ 2 4
(1> =, (1.138)
O 3

The maximum applied stress o1 can alternatively be obtained as the out-
most point of the limiting ellipse along the oj-direction. Differentiating
eqn (1.134) at & = o, and setting doy/dog = 0, we get the extremum o4
on the ellipse for o9 = 01/2, and the highest o; as given by eqn (1.138).
Equations (1.136) and (1.138) define the lower and the upper limit bound-
ing the elastoplastic interval of the loading;:

1 o \> 4
— <= <= 1.139
1—V—|—V2_<JS> -3 ( )
Considering the strains, we notice that due to the lateral constraint,
Yo=¢e2+1n2=0, and 7y = —es. (1.140)

The elastic and plastic parts of this strain component compensate each
other. The elastic strain €5 is related to the stresses o1 and o2 by means of

the elastic relation
1 1[1-2 1/2
VUl — (0'82 — io’%) ] s (1.141)

€9 = E(O’Q — VUl) = E

2

where eqn (1.137) has been substituted for oo. Analogously for the strain
€1 in the direction of the applied stress o,

1 1[2- 1/2
%n+yQﬁ—3ﬁ> ]. (1.142)

g1 = E(O—l — VUQ) = E

2 4

It still remains to determine the plastic strain component 7;. From the
flow rule, eqn (1.111), all components of the incremental plastic strain
exhibit the same proportionality to the components of the deviatoric stress.

Therefore,
d 201 —
dm _ op1 _ 201 — 02 (1.143)
dn2  op2 202 — o0
The lateral plastic strain increment dny is determined by the elastic one
deg, and from eqn (1.141) by differentiation

—1/2
1-2v 3 3
5 +-4al(a§—-4a§) ]daL (1.144)

1
dng = —dey = B
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Figure 1.16: Axial stress—plastic strain diagram for the plate.

With eqn (1.137) for o5 and eqn (1.144) for dne we obtain from eqn (1.143)
the relation

1 (1-2
dp = = Y 4 (1-4)B+ B?| doy (1.145)
E 4
between the differentials dn; and doy. In eqn (1.145) we used the abbrevi-
ation
3 , 3 ,\ Y2
B= 17! <O’S - 401) . (1.146)

Integration of eqn (1.145) from the elasticity limit, eqn (1.136), gives the
axial component of the plastic strain

Os 1+vo; 3(o1\° V3 1"’@% "
n=— |- ——(1-v/l—=—=] +—In—="
E 2 o, 4 \ o4 4 1_Ba

2 o5 (U—l)el

Ts

(1.147)

as plotted in Fig. 1.16. The quantity o4/ E is the strain €5 at the yield stress
o of the material.

The thickness strain in the plate is also given for completeness. The plastic
strain 773 maintains the volume, and reads

ns = —(m +n2). (1.148)

From o3 = 0, the elastic contraction as a consequence of €1 and &5 is

E3 = — (51 + 62). (1149)

v
1-v

In conclusion, we notice that application of a compressive stress o7 instead
of the tensile one does not modify the results, but the sign. For the case of
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an oblique applied stress which in addition to the axial stress o also exhibits
a shear component 7 (see Chapter 2, Problem 4).

1.3 Hardening rules

Hardening describes the effect of plastic deformation on the yield condition.
The isotropic hardening rule [12] and the kinematic hardening model [13]
will be discussed in the following sections. Isotropic hardening is sufficient
for plastic deformation under monotonic loading conditions, while cyclic
plasticity is better described by the kinematic model. The combination of
the kinematic and the isotropic rule is also considered, as a generalization.
A recent discussion of the hardening issue is found in the monograph [19].

1.3.1 Isotropic hardening

In contrast to the perfectly plastic model, the yield criterion is affected
by plastic deformation in the case of hardening materials. The stress—strain
characteristic covers the description of monotonically applied uniaxial stress,
but leaves space for different interpretations under more general loading
conditions.

The isotropic hardening model assumes that plastic deformation modifies
the yield condition independently of the direction of the inducing stress.
In the principal stress space, the circular cylinder which represents the
yield surface ¢ =0 is allowed to expand around the hydrostatic axis. In
the deviatoric plane, the circle is specified by the radius r = mgf from
the origin. The radius r follows the increase of the flow stress oy with plastic
deformation (Fig. 1.17). Accordingly, isotropic hardening modifies the yield
condition, eqn (1.103), to

¢(0'7Jf) =0—o0r <0. (1.150)

The flow stress oy is defined as a function of the accumulated equivalent
plastic strain 7 = [ d7, a scalar measure of the plastic deformation experi-
enced by the material in an arbitrary loading programme. The functional
dependence o¢(7) is considered a material characteristic. It can be deduced
from any experiment on continuous plastic flow in the form o¢(7) = (7).
For the tensile test & = o and 7 = 1, so the relationship

oi(17) = o(n) (1.151)

can be derived from uniaxial test data.
Plastic states are defined by ¢ = 0, and during plastic flow d¢ = 0. In
conjunction with eqn (1.150), the consistency condition gives

d¢ =0: dos = hdp =do and

1 1
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Figure 1.17: Isotropic hardening of the yield surface.

where eqn (1.119) has been used for dg. The hardening parameter

doy  d
=t _ (1.153)

h= 2t 27
dn dn

can be specified by the slope of the uniaxial flow characteristic o ().

The loading condition expressed by the inequality in eqn (1.152) asso-
ciates plastic flow with an expansion of the yield surface. With s defined
by eqn (1.118), the equivalent plastic strain increment is a consequence of
a stress increment do pointing outwards from the yield surface. Utilizing
eqn (1.152) for d7 in the flow rule, eqn (1.116), the incremental plastic strain
assumes the form

1
dn =dis = Esstda for do = s'do > 0. (1.154)
In extension of eqn (1.118) the direction of plastic flow is associated here
with the yield surface pertaining to the actual state of hardening:
o, - 2]

=357 |oo

20

og=const.

Superposition of the incremental plastic strain on the elastic one, deter-
mines the strain increment for a given increment of stress:

2
dy=de+dnp=r"" {I + Sssﬂ do. (1.155)

If the incremental stress does not satisfy the condition for plastic loading,
eqn (1.155) must be reduced to the elastic stress—strain relation.
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The above formulation fails to describe perfectly plastic material with h =
0 because the stress cannot be varied arbitrarily in this case, but is restricted
by the condition do = s'do = 0. An alternative expression is obtained in
terms of strain. With do = 2Gs'[dvy — dn] from elasticity in eqn (1.152),

dij = stdy >0, (1.156)

h+ 3G

and with the flow rule, eqn (1.116), the plastic strain increment becomes

dn = dis = "t 3Gsstd’y for s'dy > 0. (1.157)
The incremental stress follows:
2G
do =kl[dy—dn] =k |I — ———ss'| d~. 1.1
o =kl dn] = |1 25 sty (1.158)

This is the inverse relation to eqn (1.155), and must be reduced to the elastic
one if the strain increment d- does not fulfil the plastic loading condition
stdy > 0. The perfectly plastic case is reproduced for h = 0.

1.3.2 Kinematic hardening and mixed model

The isotropy of the hardening rule implies that in the uniaxial case the
yield stress o¢ induced under tension applies to subsequent compression as
well, and vice versa. Thus, the yield condition, eqn (1.150), confines elastic
variations of the uniaxial stress by —or < o < g¢. The elastic region of the
specimen for alternating sequences in tension and compression is enlarged
from initially 205 to actually 20¢ by plastic deformation (Fig. 1.18).

of

as |

Figure 1.18: Demonstration of the Bauschinger effect.
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Following experimental observations, load reversals are found to diminish
the yield stress such that o, < 0?‘ , which is known as the Bauschinger effect.
In order to account for this effect, the kinematic hardening rule proposed
by Prager [13] assumes that the original yield surface remains rigid, but is
displaced during the course of plastic deformation. In the principal stress
space, the yield locus in the deviatoric plane is defined by the equation

— t — = 2
(e}
[opr — ai]'[opr — aj] = 7.

This equation describes a circle of radius r, = \/ﬂas with the centre dis-
placed by a; from the hydrostatic axis (Fig. 1.19). The vector ap is by
definition deviatoric in nature.

In terms of ordinary stress, the yield limit reads

[op — al‘lop —a] = 30 (1.159)
Defining the equivalent quantity,
3
Ok = SOKDOKD (1.160)

2

with the ‘kinematic’ deviatoric stress given by the difference
OKD = 0D — &,
the yield condition can be stated analogously to eqn (1.150) as
¢k(o,a) =0k —0s < 0. (1.161)

Equation (1.161) implies kinematic hardening of the yield surface by the
deviatoric stress-type vector

a = {Qxx Qyy 0y \/Eaxy \/iayz \@axz}, (1.162)

of

a
3
8]
]\q
s

o
S /
c:S

2 —
1 r0=\/%as n

Figure 1.19: Kinematic hardening model.
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which changes in proportion to the incremental plastic strain:

da=Cdn = %hdn. (1.163)

The vector a accounts for the effect of residual microstresses in the material as
a consequence of plastic deformation. The difference oxp = op — o is apparently
the active stress in the present plasticity model [15]. In the case of uniaxial stress
o where

2 o o a a .
UD—{gU*g*gOOO}, a—{af§f§000}, (i)

the equivalent stress quantity in eqn (1.161) becomes

g — —Qf.

; (i)

oK =

The yield condition then bounds elastic stress states by
3
—os <o — 70 < os, (iii)

which fixes the span for elastic sequences in stress from tension to compression,
and vice versa, to 20y (Fig. 1.19). If plastic deformation develops under tensile
action, the stress follows the uniaxial hardening characteristic:

azas—i—ga:m(n) and ga:af(n)—as. (iv)

In stress reversal, the elastic range is seen bounded by
or —20s < 0 < oy. (V)

From eqn (iv), for incremental changes in continuous loading,
2
gda = hdn = ngn and C = gh. (vi)

In eqn (vi), the proportionality daw = C'dn has been used between the axial com-
ponents and specifies the proportionality factor C' as employed in eqn (1.163).

The incremental plastic strain is presented in the form
dn = disk. (1.164)
The direction of plastic flow sk is defined by
o= 52] - 5]
oo oo |’

SK = 5 ——OKD = (1.165)
T

and is thus associated with the yield condition in eqn (1.161).
The consistency condition during plastic flow is d¢x = dog = 0. With
eqn (1.160) for oxk:
dok = sik[do — da] = 0. (1.166)
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With eqn (1.163) for de and eqn (1.164) for dn,
2
sicda = ghs{(dn = hdn. (1.167)
Substituting in eqn (1.166),
1
di = Esf(da > 0. (1.168)
The incremental plastic strain of eqn (1.164) is then obtained as
1
dn = ESKS%dU for si;do > 0, (1.169)

the formalism being completely analogous to the previous isotropic hard-
ening model. Similarly, the expression in terms of the strain increment d-~
instead of dor and the complete incremental stress—strain relations are anal-
ogous to those for isotropic hardening.

Equation (1.167) suggests introduction of the quantity

da = sida = doy and @:/d@:af—as,

as a scalar measure of kinematic hardening. For completeness, we also notice
the following relations:

2
da = gddsK, da? = gdatda.

Mixed hardening model
A combination of kinematic and isotropic hardening can be obtained by
stating the yield condition in the form

¢om = 0k — 0is < 0. (1.170)

In contrast to the fixed og in eqn (1.161), the material parameter ojs is
allowed to vary with plastic deformation:

ois = 0is(7) and  dojs = Cied7. (1.171)
For uniaxial tension,
3
o =0ois(n) + 5o = ot(n), (1.172)
as detailed in Fig. 1.20. By differentiation,
dois 3 da 3
B L =Cy+-Ck=h 1.173

where Ck pertains to the kinematic constituent, eqn (1.163). For Cx =
0, eqn (1.170) describes isotropic hardening, for Cis = 0 it reduces to the
kinematic hardening model.
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Figure 1.20: Mixed hardening model.

1.3.3 Thin-walled cylinder under tension and torsion

Experimental tests on plasticity under multiaxial stress are conveniently
performed with thin-walled circular cylinders. In this case the state of stress
can be controlled directly by the applied loading: axial force, internal pres-
sure and torque. The particular experiment referred to here appears to be
important to the hardening model. The loading sequence comprises torsion,
torsion/tension and tension. It was observed that in the last step of the
sequence, the plastic twist obtained before by tension under constant tor-
sion decreases [14], which is contradictory to the isotropic hardening predic-
tion. This observation has been explained by the assumption of a kinematic
hardening model [15].

The thin-walled circular cylinder (Fig. 1.21) is subjected to a loading
programme of torsion and tension. The load system induces a homogeneous
stress state defined at each instant by the shear stress 7 from torsion and
the axial stress o from tension. At each point the stress state with reference
to a system 0-r ¢ z along the radial, circumferential and axial direction,
respectively, specifies the vector:

g = {Urr Opp Ozz \/éo—rga \/§U¢Z \/§Jrz}
={0 0 o 0 V2r 0}. (1.174)

I p
4
Tny
Poan @
&

Figure 1.21: Thin-walled cylinder under tension and torsion.
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Deviatoric stress and plastic strain are detailed as

2
UD:{—‘; -2 “0\/570} (1.175)

3 3
and )
D N/ R/
n—{ 3 2770\/570}, (1.176)

where 77 denotes the plastic strain in the axial direction, and v the shear
strain.
The equivalent deviatoric stress (Section 1.2.3) is obtained as

o3 ¢ 2 2

0" =50p0 =0 + 37 (1.177)
and, therefore, during the course of plastic flow under isotropic hardening
(Section 1.3.1),

0?4312 = o} (1.178)

Equation (1.178) can be represented by a circle centred in the o, V/37-plane
with radius of, the actual yield stress (Fig. 1.22, left). Initially, of = oy, the

elasticity limit of the material.
From the flow rule dn = d7js = (3d#/26)op, we deduce the relationship
dy 37

— 1.1
= (1.179)

between the shear and axial components of the incremental plastic strain.
The loading programme can be followed in Fig. 1.22 (left). The torque is
applied first until the elasticity limit os (path AB); no plastic flow occurs.

At constant torque, the axial force is superposed increasing from zero (path
BC). Thereby plastic flow occurs and contributes to both the elongation

NEY
B S C
A D E o o

Figure 1.22: Isotropic hardening (left) and kinematic hardening (right).
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and the twist. The strain components increase in proportion to the stress
components as given by eqn (1.179), which determines the slope of the
7,n-diagram in Fig. 1.23. At point B (v/37 = 05,0 = 0) we have dy/dn =
37/0 = o0. As the axial stress o increases, the slope diminishes. At point C
(V37 = 0 = 0y) it is dy/dn = v/3. Removal of the torque at constant axial
force (path CD) leaves plastic deformation unchanged. Further increase of
the axial force beyond the expanded yield locus (point E) induces plastic
flow only in the axial direction since the stress state (7 = 0,0) implies that
dvy/dn = 37/0 = 0 and therefore the shear strain v remains constant. This
disagrees with the experimental observation, where the plastic twist is seen
to go back.

Next, considering kinematic hardening (Section 1.3.2) we introduce the
deviatoric translation vector

a:{f%f%aO\/ﬁBO}. (1.180)

The relative stress is

OKD = 0D — O

(1.181)
and determines the equivalent stress quantity,
3 3\
= 5a'f(Do'KD = (0 — 2@) +3(r—p)°. (1.182)
The yield locus is thus given by
3 \?2
<O’ - 2a> +3(1 — B)* = 2. (1.183)
4
>~
isotropic
kinematic

NEY

Figure 1.23: Effect of plastic extension upon twist (schematic).
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It describes a circle in the o, v/37-plane, of radius og, with the centre at
o = 3a/2,V/31 = /34. Initially, « = 8 = 0 (Fig. 1.22, right).

From the flow rule: dn = dijsk = (3d7/26k )okp we obtain for the com-
ponents of incremental plastic strain

d 3(r —
dy _30-p), (1.184)

dn o — 5

The loading sequence is identical to the previous case of isotropic harden-
ing, but the yield locus is modified by the kinematic model (Fig. 1.22, right).
Since da = C'dn, the translation of the centre of the circle is directed along

df _ldy _37-5
doz_2d77_20—%oz'

(1.185)

Application of the torque (path AB) is an elastic process. Superposition of
the axial force (path BC) induces plastic flow contributing to both deforma-
tion modes: elongation and twist. The proportion of the two components is
given by eqn (1.184) in conjunction with eqn (1.185), and defines the slope
of the related -, n- diagram in Fig. 1.23. At point B (V37 = 05,0 = 0;3 =
a = 0), we have dy/dn = v/30,/0 = co as for isotropic hardening. At point
C (\/§T = 05,0 = 05; 3, a), the slope is less than in the isotropic model
since with « the quantity 0 rises faster than «a to this point. Removal of
the torque (path CD) is elastic; additional plastic flow occurs when the
axial force increases beyond point E. Here (7 =0,0;03,a), the quotient
dvy/dn = —38/(c — 3a/2) is seen to be negative. That means the plastic
twist is going back with continuing extension of the tube. Since § is also
diminishing with ~, the tendency decreases. Thus, the kinematic model cor-
rectly reproduces the effect of extension upon previous plastic twist. This
result is particularly due to the association of the flow rule to the kinematic
yield condition.

ANNANAN

“Omax

Figure 1.24: Cyclic loading programme.
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1.3.4 Cyclic loading

The performance of the hardening models is discussed next for the case of
cyclic loading. Figure 1.24 shows the loading programme for a uniaxial spec-
imen subjected to alternating stress —op, < o < oy, with amplitude beyond
the elasticity limit: o, > 0.

The material exhibits a bilinear stress—strain characteristic. Figure 1.25
demonstrates the development of plasticity for isotropic (left) and kinematic
hardening (right). In both cases the first loading induces an elastic strain up
to oy, plastic flow occurs from oy to oy,. Isotropic hardening thereby modifies
the yield stress to of = o, and extends the span of the elastic region to
20 = 20y, so that subsequent response to the loading programme is elastic.
Kinematic hardening fixes the elastic region to 205 < 20y,. Therefore, stress
reversal is accompanied by plastic flow after the elastic traversal of 20. The
same process is observed in all subsequent cycles, which produce alternating
plastic strain.

Figure 1.26 refers to the behaviour of the two hardening models under
cyclic strain —yy, < v < v, with amplitude exceeding the elasticity limit:
Ym > 0s/E. Isotropic hardening (left) enlarges the elastic region via the
increasing yield stress of, and therefore plastic strain production diminishes
from cycle to cycle. Kinematic hardening (right) behaves as in the stress
programme, following the same cycle in each sequence after the first strain-
ing to Y.

It is reported in [16] that the hardening observed in the early sequences
of a cyclic strain programme is much less extensive than the prediction of
the isotropic model. Saturation of hardening ultimately leads to stabilized
stress—strain cycles in the material response as described by the kinematic
model.

Om

O T

“Om

Figure 1.25: Response to cyclic stress.
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“¥m

205

Ym

Figure 1.26: Response to cyclic strain.

1.4 A general view on elastoplastic constitutive description

In the regime of infinitesimal deformations the strain - is assumed to
be composed additively of an elastic part € and an inelastic part 7. For
incremental quantities:

dy =de +dn =k "'do +dn.

The elastic strain increment de is associated with the stress increment do
by the law of elasticity. The variation dn of the inelastic strain is the result
of plastic flow.

Plasticity theory is based on the yield condition,

#(a,q) <0,

where the stress state o enters the yield function ¢ as the argument, and q
denotes a vector array of parameters describing the current plastic state of
the material. It is not difficult to specify the parameters in the array q for
the hardening models presented so far.

The equation ¢(o, q) = 0 limits the elastic domain for the stress o at the
current state of hardening. It describes a convex surface in stress space with
the hardening variables q as parameter. For stresses within the yield surface
(¢(o,q) < 0) the material is in an elastic state, those on the yield surface
are denoted as plastic. Plastic deformation does not occur, except from a
plastic state.

Plastic flow affects the yield surface of hardening materials. A relation of
the form

dq = Hdn

is assumed between the variation of the hardening parameters and the plas-
tic strain.



ELASTOPLASTIC MATERIAL BEHAVIOUR 59

The flow rule defines the direction of plastic flow by the state of stress at
¢(o,q) = 0. The associated flow rule derives from the yield function as
0¢ 0¢

=A— A >0).
80’} Jdot (A20)

dn=A [
It fulfils the normality condition with respect to the yield surface (see
Chapter 3).
Continuous plastic flow is governed by the requirement d¢ = 0, the con-
sistency condition. Utilizing the hardening law and the flow rule,
o¢ o . 99 ¢, 0

do+—dg=—do+A—H — =

d¢8 oq = Oo 0q Oo

and

o6 0o\ ' 9¢
A (aq Oot ) oo 9007 =0

From the yield condition, the occurrence of plastic flow requires ¢ = 0 and
(0¢/0o)do > 0, which is termed the plastic loading condition. The change
of state is otherwise elastic. It is noticed that the structure of the yield
condition must be such that the convention A > 0 is observed in plastic
loading. This requires that the scalar hardening factor is a positive quantity

0 9]

009,99 -,
Jdq Oot
The determination of the plastic strain increment dr in terms of the stress

increment do is now completed:

09 _ <8¢%6¢>16¢8¢d

= A"
Jdo 0q Oot oot do

If the strain increment is given instead of the stress increment, it can be
introduced in the equation of plastic flow by the law of elasticity. The con-
sistency condition then reads

¢ 9¢ 99 09
5‘qd do H

oo 0q =0

do = 27 do +

% sty (% % ay
Employing the flow rule for dn and solving for the scalar multiplier we
obtain

A (98,00 96 0
do 80’t dq Oot

99
_ >
H— ) Fo iy 20,

which completes the determination of the incremental plastic strain in terms
of the strain increment. The condition for plastic loading is (9¢/do )rd~y > 0.
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In the above expression for A, the second term in the parentheses is a
negative scalar quantity; the first is a positive one since it can be interpreted
as an elastic energy. It is concluded that the plastic loading condition is
compatible with the convention A > 0.
An alternative presentation of the flow rule reads
¢

The magnitude d7 of the incremental plastic strain is defined by
2
di? = gdntdn

and therefore the vector s possesses the property of a constant length

3
te — —
s's = o
With the associated flow rule for dn the definition of dn furnishes the

relation

. 2096 9¢ \'/*?
= e i >
dn A<380’80't) 20,

and substitution in the alternative presentation gives the flow direction

_ (200 96\ 90
“ \ 300 dot Oot’

Obviously, we obtain the identities dj = A and s = d¢/da’ if the yield
function is defined such that (8¢/00)d¢/dat = 3/2.

It is recalled now that we considered here the flow approach to plasticity
and in the form most frequently employed. For a more detailed presentation
the reader can consult the early review given in [17] and the précis in [18].

1.5 Problems

1. Given a nonlinear stress—strain diagram prove whether the material is
elastoplastic or nonlinear elastic (unloading!).

2. An elastoplastic rod carries at the considered instant a tensile stress o; >
0s. Mark on the stress—strain diagram (Fig. 1.27) at least three different
paths leading to this stress and indicate the respective strain v associated
with o7.

3. Confirm that in a cycle (0 — o — 0) of uniaxial stress, the work ¢ od~y
of the stress on the strain vanishes if the loading remains below the yield
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Y=€+M

Figure 1.27: Problem 2.

stress (o < og), while it is given by [odn if the stress exceeds the yield
stress (o > o).

4. For a material with yield stress oy in tension obeying the von Mises yield
criterion, determine the stress o at the elasticity limit for the following states
of principal stress:

5. Under plane stress conditions, the von Mises yield locus in the oy, os-
plane is an ellipse. Determine the stress ¢ at the elasticity limit o with
the von Mises (and alternatively with the Tresca) yield criterion for the
following states of plane stress:

o1 =*0, o09=0,
09 =0, 01 =0,
o1 = 09 = *o,

01 = —09 = +o.

6. A spherical membrane (radius R, thickness ¢) is inflated by internal
pressure of intensity p (Fig. 1.28). The elasticity limit in the membrane is
attained at ps = 2tos/R.

In order to obtain a permanent expansion of the sphere, the pressure is
increased to p = Aps. What is the associated permanent increase in radius
and change in membrane thickness?
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of
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JI/Z
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|

Figure 1.28: Problem 6.

In the present case, the plastic strain 7, along meridians and 7, across
the thickness are related by n, = —2n,,. Confirm that the equivalent plastic
strain is given by 7 = 29y, = ||
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CHAPTER 2

Elastoplastic response of structures and solids

2.1 Considerations on elastoplastic structures
2.1.1 Introductory remarks

General considerations

For simplicity of presentation, we consider a structure loaded by a single
force P and denote the corresponding displacement (same location and ori-
entation as the force) by w. The response of the structure to the applied
force will be followed up in the force—displacement diagram.

The behaviour of the structure (Fig. 2.1) is linear elastic as long as the
applied force P does not exceed the value P, at which the stress somewhere
in the structure first reaches the elasticity limit of the material. An increase
of the applied force beyond P; induces plastic flow in certain parts of the
structure and is accompanied by decreasing stiffness. Unloading from a plas-
tically deformed state takes place elastically, unless plastic flow sets in anew.
Since geometric changes are considered negligible, plastic deformation does
not modify the elastic properties of the structure. Therefore, elastic unload-
ing from a plastically deformed state is governed by the stiffness of the
original elastic structure.

elastic (—) or
accompanied by
plastic flow ()

elaq?tic //

i

Ug Uy u

Figure 2.1: Elastoplastic force-displacement response of structure.
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Figure 2.2: Example of statically determinate structure.

As long as the applied force induces stresses below the elasticity limit of
the material everywhere in the structure, changes in the mechanical state are
completely reversible and disappear upon removal of the loading. Loading
beyond elasticity leads to permanent strains, and changes of the initial state
are obtained after removal of the applied force. The plastic strains developed
in the loading sequence are maintained after elastic unloading. Depending
on the type, the integrity of the structure may necessitate the appearance of
complementary elastic strains that establish kinematic compatibility. The
resulting residual strains are compatible with the residual displacements.
The residual stresses associated with the elastic strains in the unloaded
structure constitute a self-equilibrated stress system.

Statically determinate systems

A characteristic of statically determinate systems is the possibility of obtain-
ing the stresses from the condition of static equilibrium without reference to
the material constitutive law and the kinematic compatibility. An example
of a statically determinate structure is given in Fig. 2.2 in the form of a
plane truss.

In such a system, the time history of the applied forces determines the
temporal variation of the stresses by statics. Elastic and plastic parts of the
strain are obtained by an evaluation of the respective material constitutive
law. Removal of the applied forces implies vanishing of the stress everywhere
in the system. Therefore, the residual state is characterized by the absence
of stress and elastic strain. The residual strains are identical to the plastic
strains developed during the loading sequence, which are compatible with
the residual displacements. The plastic strains in a statically determinate
system may be associated with admissible displacements, as may also the
elastic strains on their own.

Kinematically determinate systems
In kinematically determinate systems the displacements are prescribed such
that the strain can be completely determined. Figure 2.3 shows an example
for a kinematically determinate truss structure.

Given the time history of the displacements imposed on the system, the
strain variation is determined by kinematics. The associated stresses are
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Figure 2.3: Example of a kinematically determinate structure.

obtained by an evaluation of the stress—strain relations for the elastoplastic
material, and are continuously in equilibrium with the constraining forces.

In the present case, unloading stands for the removal of the imposed
displacements. Therefore, the residual state is characterized by the absence
of displacement and strain. The condition of vanishing residual strain implies
that plastic strains are compensated by elastic strains which determine the
residual stresses.

2.1.2 Simple elastic—perfectly plastic truss

The plane truss depicted in Fig. 2.4 consists of three bars of elastic—perfectly
plastic material. Their mechanical response is characterized by the elastic
modulus E and the yield stress os. Since the dimensions (length I, cross-
sectional area A) are identical for all three bars, their behaviour as structural
members may be described uniquely by the force—elongation diagram in the
figure. The bar force is defined as the stress resultant S = oA, and the
elongation is & = l. The elastic response of the individual bars is specified
by the elastic stiffness k = FA/l, and is limited by Ss = o.A.

The truss is loaded by the force P applied at the junction point of the
three bars and acts along the direction of the middle bar 1, the line of
symmetry of the truss; the corresponding displacement is denoted by w. The
side bars experience identical conditions of stress and strain (S5 = Ss, d5 =
d2). With reference to Fig. 2.5, we obtain, from the static equilibrium of the

k=EA/l

5=yl

Figure 2.4: Elastic—perfectly plastic truss.
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St

S S

P u, 51

Figure 2.5: Statics and kinematics at the joint of the three bars.

forces at the application point of P, the relation

PZSl-f—@Sz-l-gS

5 3 = S1 + V2S,. (2.1)

Projection of the displacement u along the directions of the bars gives the
elongations

51 = u, 52 = 53 = —u, (22)
which ensure the kinematic compatibility of the truss.

Elastic response

The static condition, eqn (2.1), and the kinematic condition, eqn (2.2), do
not rely on any particular response of the material. Within the elastic range,
however, the force S in each bar is related to the elongation § by the elastic
stiffness k. We then have

V2

Sl =k (51 = ku, SQ =k (52 = 7 ku. (23)

Substitution in the equilibrium condition, eqn (2.1), gives the relation
P = 2ku, (2.4)

from which the elastic stiffness of the truss system is seen to be 2k. Equa-
tion (2.4) determines the displacement u for a given force P, and so the
elongations of the bars follow from eqn (2.2) and the stress resultants from
eqn (2.3):

Si1=—, S2=

P g (2.5)

SE

Since the cross-sectional areas of all bars are the same, the stress magnitude
is highest in the middle bar 1. This bar is therefore the first to attain the
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yield stress os when loading is increased starting from P = 0. We obtain the
elastic limit load of the system for S; = Ss in eqn (2.5) and the associated
displacement by eqn (2.4) as

(2.6)

Elastoplastic response

For loading in the elastoplastic regime (P > P;) the force in bar 1 cannot
be further increased and remains at Ss. The force in bars 2 and 3 is thus
specified directly by the equilibrium condition, eqn (2.1), as a function of
the applied force P. We then have for the stress resultants S in the bars

51 =205, So= g (P —Ss). (2.7)
The condition S; = Ss imposed by the material on bar 1 during elastoplastic
deformation enables us to determine the stress state in the truss from the
static equilibrium alone. In this sense the originally simply redundant system
becomes statically determinate for P > P;.

Regarding next the deformations, as long as the side bars 2 and 3 are
still below the elasticity limit Sy, the elastic relation in eqn (2.3) determines
the elongation d, with the stress resultant Sy from eqn (2.7). This does not
apply to the middle bar 1, which is in a plastic state. However, ; can be
obtained in terms of J; by the kinematic compatibility, eqn (2.2). From the
above,

S2 \/§ P— Ss
bp=""=2r (P=5), &= V26, = — (2.8)
While the elongations d3 = do are entirely elastic, that of bar 1 reads
01 = d1e + d1p (2.9)

and is composed of an elastic part d1, related to the stress resultant S; = S
by elasticity, and the plastic part d;,. The two constituents are given by

516 = %7
(2.10)
P —25;
51p = 51 _51e - T

In the elastoplastic range of the system we can relate the applied force
P to the corresponding displacement u if we observe in eqn (2.1) for the
equilibrium, the plasticity condition S; = S5 = kus and the elastic relation
of eqn (2.3) for Sy. We thus obtain

P=k(us+u) and P — P;=k(u—us), (2.11)
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Figure 2.6: Load—displacement diagram for the truss.

where eqn (2.6) has been utilized in the second expression. It is noticed that
the stiffness of the system is reduced from 2k in the elastic range to k in
the elastoplastic range (Fig. 2.6).

Limit state

The force P can be increased further until the elasticity limit Sy is also
reached in the side bars 2 and 3. Then the maximum value of P is obtained
from eqn (2.1) as

1+V2

Pr=(1+V2)S, = 5 P (2.12)
At this state the displacement u follows from eqn (2.11) to
up = V2 ug, (2.13)

and may be increased further while the applied force remains constant at
P = Pp (Fig. 2.6). The associated elongations of the bars can be determined
by eqn (2.2) from the kinematics; their elastic parts are restricted to Ss/k
by the material.

2.1.3 Loading—unloading cycle: residual state

The three-bar truss in Fig. 2.7 is considered a simplification of the support-
ing system for the main landing gear of a civil aircraft. Given the elastic
design under regular loading conditions, it is of interest to assess the safety
afforded by the elastoplastic range, and the residual state in the truss after
unloading. For an estimation, the material of the bars is assumed elastic—
perfectly plastic with elastic modulus E and yield stress o.

Statics and kinematics

With reference to Fig. 2.8, the condition of equilibrium between the stress
resultants in the three bars (the bar forces Si,S3,53) and the loading
(vertical force P, horizontal force @ = 0) is derived as

SQ+\/§S3 =0, 251+\/§52+S3 =-2P or S3—S51=P. (2.14)
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Figure 2.7: Landing gear support of aircraft (simplified).

From the kinematics, the displacement of the loading point by v and v in
the vertical and horizontal directions, respectively, implies changes d1, d2, 03
in the length of the bars given by

Elimination of u and v supplies the condition of kinematic compatibility in
the form

61 — V305 4 03 = 0. (2.16)

S

S3 % -

Figure 2.8: Statics and kinematics.
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Elastic response
In the elastic range the bar forces are related to the elongations:

EA EA

Sl - Tél - 7517
EA V3 EA

SQ - ?62 - 7752, (217)
EA 1FA

S3 ?53 =577, %3

The bar lengths are Iy, 12,13 and h = 1 = v/3ly/2 = I3/2 is the height of the
truss. The cross-sections of all three bars have the same area A.

With the elastic relations of eqn (2.17), the kinematic compatibility con-
dition, eqn (2.16), can be expressed in static terms,

1
551 — S5+ 853 =0, (2.18)

and completes eqn (2.14) for the determination of the bar forces:

1+3

S1=-2——P,
34203
V3
Sy=——Y> _p 2.19
T 3+2v3 (219
1
S3 =—=P.
P 3+2v3
The elongations follow from eqn (2.17):
5= — 1+V3 b
1 — 3+2\/§ EA Y
2 h
bp=——— P, 2.20
‘T 312/3EA (220
2 h

f3=——2 _"p
T 341 9/3EA

A more systematic procedure uses the kinematic relations of eqn (2.15)
in order to express the elongations d1, 2,03 in eqn (2.17) for the bar forces
in terms of the displacement components v and v. After substitution in the
equilibrium condition, eqn (2.14) is solved for the displacements which in
turn determine bar elongations and stresses, also cf. Section 2.2.2.
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The magnitude of the force is largest in the vertical bar 1. The yield stress
o is first reached in this element (this is not necessarily true for bars with
different cross-section areas). From eqn (2.19) with S; = 0,4 = S;, the load
at the elasticity limit is obtained as

13+2\f 3+f
s 21_’_\[ 4 s

(2.21)

Elastoplastic range

In the elastoplastic range (P > Ps), the constitution of the non-hardening
material maintains the bar force S; = Ss. The other two bar forces are
obtained from the equilibrium condition, eqn (2.14). One has

Sl = _Ssv
S3=P+S5 =P—285,, (2.22)
—V383 = —V/3(P — S,).

Plastic limit

The load carrying capacity of the truss is exhausted when a second bar
attains the yield stress. From eqn (2.22), the next to yield is bar 2, the
intermediate oblique element. The bar forces at the plastic limit state are

Sy =8 =-8,, S3= fisz *fss (2.23)

and eqn (2.14) determines the plastic limit (maximum) load

3+\/§SS

Pr=955—-51 = 3

(2.24)

Comparison with the elasticity limit in eqn (2.21) yields the safety factor
Pr/P,=4/3.

At the plastic limit, bars 3 and 2 are still elastic. Their elongations are
related to the stress resultants by eqn (2.17). This does not apply to bar 1,
which has experienced plastic deformation. It satisfies, however, the kine-
matic compatibility by eqn (2.16). The elongations of the bars are:

1EA\ ! 2 h
53:<> Sy = V328,

2 h 3EA
-1
V3 EA 2 h
8o = <2h Sy = \fgﬂs (2.25)

61 = V38 — b3 = (3+xf)3EA
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The elastic part of §; is given by eqn (2.17) with S; = —S;, and subtraction
from eqn (2.25) furnishes the plastic elongation:

BA\ 2\ h

Residual state

Unloading from P = Pr to P = 0 is associated with elastic changes in the
mechanical state of the system. The residual state can be obtained by
superposition of the solution for unloading to that for elastoplastic load-
ing. To this end, the result of an elastic application of P = — P is obtained
from eqns (2.19) and (2.20). Alternatively, the state at the elasticity limit
(P = Ps) may be multiplied by the load factor —Pp/Ps; = —4/3.

For the residual force Sy, in bar 1, it is observed that S; = —S at both
the plastic limit P = Prp and the elasticity limit P = P;. The other two
forces, Sa, and Ss,, are preferably obtained from the condition of equilib-
rium, eqn (2.14), with P = 0:

4 1
Slr - 7SS + §S§ - 5587

1
Sgr = S1r = 555, (2.27)
SQr = *\/§S3r = 7§SS.

Regarding the residual deformations, the elongations of the elastic bars 3
and 2 are related to the residual stresses by eqn (2.17), as is also the elastic
part of the residual elongation of bar 1 in the truss. Superposing the plastic
part from eqn (2.26) we obtain

2 h
A o
2 h
52r - 75@’5‘53 (228)
2 h
531» - gﬂss

Of course, the residual elongations satisfy the condition of kinematic com-
patibility. This condition could have been utilized for an alternative deter-
mination of §;, using 6o, and 03,.

2.1.4 Beam under bending moment

The beam in Fig. 2.9 has a cross-section which is constant over the entire
length [ and symmetric with respect to the - and the y-axis. The bending
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Figure 2.9: Beam under bending moment.

moment M applied at the end cross-sections acts in the y, z-plane, which
is the plane of symmetry of the problem. Longitudinal fibres of the beam
are bent parallel to this plane. The fibres in the x, z-plane are bent without
extension to a curve with radius R, and define the neutral plane in the
original configuration. Cross-sections of the beam remain plane and are
rigidly connected to the neutral plane, thus following the rotation around
the z-axis, the neutral axis of the cross-section.

The elongation ¢ of longitudinal fibres in the beam is then found to be
proportional by the factor [/R to the distance y from the neutral axis.
Accordingly, the axial strain v reads

o _y
r=7=% (2.29)
The above kinematics conforms to the elementary or engineer’s theory of
bending (ETB) which disregards in-plane deformation of the cross-section.
It will be employed in the elastic and the elastoplastic range.

Elasticity
Within the elastic range of the material, v = ¢ and the strain induces in
each cross-section axial stresses

E
—Fe=—= 2.30
o=Ee= 5y, (2.30)

linearly distributed along the y-axis. Stress and strain are zero on the neutral
axis and attain their maximum intensities at the outmost fibres of the beam.
The condition of a vanishing axial force

E
/O’dA =% /ydA =0 (2.31)
A A
requires that the neutral axis passes through the centre of gravity of the

cross-section with area A, and is here identically fulfilled for the z-axis of
symmetry. For the bending moment we obtain

E E

M= dA== [ y?dA= =1 2.32

E/W R/y =l (2.32)
A A
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where

h
I= /ysz = 2/b(y)y2dy (2.33)
A 0

defines the moment of inertia of the cross-section with respect to the z-axis.
Evaluation of the second integral in eqn (2.33) requires the width b of the
cross-section as a function of y.
The yield stress oy of the material limits the elastic response of the beam
by the condition
max |o| < oy (2.34)

and is attained at the same time in the upper (y = h) and lower (y = —h)
outmost fibres (Fig. 2.10). Denoting the bending moment at the elastic-
ity limit by My, and combining eqn (2.32) with eqn (2.30) we deduce the
expressions

1 M O

s
My=<] — =-5=21"°%
" n" R, EI Eh

(2.35)

Elastoplastic range
For loading beyond M the strain is still given by eqn (2.29), while the stress
is restricted by the flow characteristic of the material. If the material does
not harden, the magnitude of the stress is limited by oy and the elastic
strain by os/FE. The cross-section of the beam then exhibits an elastic core
of extension 2¢ (Fig. 2.10), the remaining outer regions being in the plastic
state, |o| = os. The strain is entirely elastic within the core. In the outer
regions the elastic strain is ¢ = 5 = 0/ E, the difference to the total strain
v from eqn (2.29) defines the plastic part 7.

The antisymmetric stress distribution over the cross-section ensures that
no axial force arises, as required. The bending moment can be determined
as the sum of two parts. The bending moment pertaining to the elastic core

&=0s/E

-&

Os

Figure 2.10: Stress and strain at and beyond the elasticity limit (lower).
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is obtained by application of eqn (2.32) to this part of the cross-section and
reads

FE O
M,=—=1.=— I.. 2.36
5 L=2 (2.36)
Here,
3
I :/ ysz:2/ b(y)ydy (2.37)
A 0

and eqn (2.30) was used to express the quotient F/R. The bending moment
carried by the plastic regions of the cross-section (|o| = oy) is obtained as

h —h
M, = /aydA =0y /ydA — 0y /ydA = 05Sp, (2.38)
Ap 3 —&
where
h —h h h
Sp :/ ydA —/ ydA = 2/ ydA = 2/ b(y) ydy, (2.39)
3 —£ 3 3

is twice the area moment of the upper plastic region of the cross-section.
In the elastoplastic range, bending moment and curvature are

M = M, +Mp = o, |:Ieé£) +Sp(€):| 7
4
- (2.40)
R

For a given bending moment M > Mj, eqn (2.40) determines the extension §
of the elastic core; this, in turn, specifies the radius R of the bent beam. The
extension of the elastic core, £, diminishes with increasing curvature of the
beam or equivalently with decreasing radius R. Thereby, the contribution
M, to the bending moment M decreases while M, increases.

Plastic limit
Ultimately, when & = 0, the bending moment is equilibrated exclusively in
the plastic state characterized by |o| = o5 entirely in the cross-section:

MF = Og S, (241)
where

h h
S = 2/ ydA = 2/ b (y) ydy. (2.42)
0 0
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- -— vplastic

--------------- ry---f1--------------- elastic

Figure 2.11: Neutral axis of a T-shaped beam in the elastic and plastic
states.

Comparison of the above plastic limit with the elastic limit moment M,
eqn (2.35), yields
Mg WS
=—>1. 2.43

Although eqn (2.43) might be considered a satisfactory safety factor from
the static point of view, it is seen from eqn (2.40) that the state £ = 0 is asso-
ciated with a vanishing curvature radius R, which implies an unacceptable
permanent change in the shape of the beam.

It is worth noting that in the fully plastic state the elastic condition for
a vanishing resultant of the axial stress, eqn (2.31), has to be replaced by
the requirement

/ odA = / oudA + / (0 )dA = o, (A1 — Ay) = 0. (2.44)

A Ay Az

By the elastic condition the neutral axis passes through the centre of gravity
of the cross-section, while by the plastic condition it has to divide it into two
equal areas. Consequently, the neutral axis translates from one position to
the other during elastoplastic deformation, unless it is an axis of symmetry.
As an example, Fig. 2.11 demonstrates the neutral axis in the elastic and
plastic states of a T-shaped cross-section.

Rectangular cross-section
As a specific case, we consider a rectangular cross-section (height 2k, width
b) and obtain the characteristics

2
I=3b R, S =1bh% (2.45)
For a varying elastic core:

Io=-b¢& S, =bh*-¢&%). (2.46)
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Figure 2.12: Bending moment vs radius of curvature for a beam of rectan-
gular cross-section.

The bending moment in the elastoplastic range, eqn (2.40), becomes here

M = 1_}§ b h? (2.47)
= 372 Os. .

The elasticity limit is obtained for £ = h, and the plastic limit for £ =0 as
2

M, = 3 bh?o, and My =bh? oy, (2.48)

respectively. For the rectangular cross-section, the quotient in eqn (2.43)

assumes the value My /M = 3/2.
Equation (2.47) normalized by the moment at the elasticity limit reads

M 3 1 ¢
Ms:2<l_3f€2>' (2.49)

The ratio of the associated radii of curvature follows from eqns (2.35) and
(2.40) as

R ¢
and substitution in eqn (2.49) gives
2 —1/2
M _3 (| LR\ B _V3( 2M . (2.51)
M, 2 3 R? R 3 3 M

A graphical representation of the variation of curvature with bending
moment is shown in Fig. 2.12.

Unloading

For an illustration of the residual stress in the rectangular cross-section,
the bending moment is removed from M = My to M = 0. The stress dis-
tribution in the cross-section after unloading can be obtained by superpo-
sition of the elastoplastic solution at M = My and the elastic solution for
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e +

Figure 2.13: Residual stress after unloading from M = M.

M = —Mp. For the latter, the linear stress distribution at the elasticity limit
M = M is multiplied by the load factor —Mp /Mg = —3/2. The magnitude
of the unloading stress does not exceed the elastic range of the material
(305/2 < 20). The process of superposition is demonstrated in Fig. 2.13,
and results in a self-equilibrating system of residual stress at M = 0.

The kinematics of the bending model completely determines the strain
once the curvature radius of the neutral plane is given. This is an exam-
ple of a kinematically determinate system. Bending beyond the elasticity
limit to a curvature 1/R > 1/Rs induces plastic strain in the cross-section.
Upon removal of the imposed bending deformation the plastic strain is com-
pensated by an elastic part such that v = e, + 1 = 0. This is illustrated in
Fig. 2.14. The residual stress o, = —En implies that a bending moment
is associated with the unloaded state 1/R = 0. Removal of deformation is
elastic only if the plastic strain to be compensated is || < os/E.

Figure 2.14: Kinematic unloading of an elastoplastic beam.

2.2 Elastoplastic analysis of solids

2.2.1 Static equilibrium and kinematics

With reference to Fig. 2.15 we consider the static equilibrium of a
deformable body of solid material subjected to body forces

£={fefy 1.} (2.52)

acting in the interior per unit volume V', and to surface forces

t = {txty t,} (2.53)
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Figure 2.15: Body forces f and surface forces t acting on the solid.

acting per unit area on the surface S with local unit normal
n={lmn}. (2.54)

The equilibrium condition for the stresses in the interior of the solid is
expressed by the equilibrium equations for the force components along the
coordinate axes:

80' XX aayx 8O-zx
+ +

Ox Jy 0z

00y . Ooyy . 004y

ox oy 0z

00x,  0Ooy, 00,
+ =+

ox oy 0z

On the boundary of the solid the stresses must satisfy the condition

+fx:Oa

+fy =0, (2.55)

+fz:0

lgxx + Mmoyx + nox = txa
lowy + moyy + o,y = ty, (2.56)
log, + Moy, + 10y, = t,.

The strains in the solid derive from the displacements

u = {uvw}, (2.57)
with components u, v and w along the coordinate axes as
ou Oou Ov
Txx = 9z’ Vxy = 37y 9z
T R (2.58)
ow ou Ow

722:57 sz:£+%
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The displacement field satisfies the kinematic conditions imposed on the
boundary and maintains the continuity of the solid. From the latter require-
ment, kinematic compatibility conditions can be deduced for the strains.

The utility of the above relations for the strains and the stresses can be
summarized as follows. For a given displacement field the strains in the solid
are uniquely determined by eqn (2.58). In matrix notation,

v = Ou, (2.59)
where the array
-5 -
B 0 0
il
0 o9 0
0 0 2
0= Lo 10 0 (2.60)
V20y 20z
0 10 190
V20z /20y
1 9 0 1 9
L 20z V2 oz |

defines the differential matrix operator applied to the displacement u(x) in

order to obtain the strain v = {yxx Vyy Yoz 'yxy/\/ﬁ 'yyz/\/i Yz V2}.
With the notation in eqn (2.60), the static condition, eqn (2.55), can be
alternatively presented in matrix form,

8o +f =0, (2.61)

which collectively expresses the equilibrium between body forces f in the

solid and stresses o = {0xx Oyy 04, V2 Oxy V2 Oyz V20,,}).
For an analogous presentation of the static boundary condition,
eqn (2.56), we introduce the 3 x 6 matrix,

I 0 0 m/vV2. 0 n/V2
N'=|0m 0 I/V2 n/vV2 0 : (2.62)
0 0 n 0 m/vV2 /2

arranging the components of the unit surface normal, and obtain instead
N'o =t. (2.63)

The matrix N has the same pattern as 9, eqn (2.60), the direction cosines
I, m and n taking the place of the differential operators 9/0x, 8/dy and
9/0z.

In contrast to the kinematics, the stress state cannot be derived from
given forces f and t as the strains are derived from displacements. The
static conditions, eqns (2.61) and (2.63), may rather be interpreted as oper-
ations accumulating a given stress field to resultant forces equilibrating f
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and t. The inverse task, the determination of the stress state induced by the
given forces, requires solution of eqn (2.61), the system of three differential
equations with the associated boundary conditions in eqn (2.63), as will be
outlined below.

2.2.2 Methods of elastoplastic analysis

As long as the mechanical state everywhere in the solid is below the elasticity
limit, the stress o in eqn (2.61) can be expressed in terms of the strain via
Hooke’s law. The elastic strain v = € is derived from the displacements by
eqn (2.59) and therefore

o = ke = KOu. (2.64)

The equilibrium condition, eqn (2.61), then becomes
9'(kOu) +f =0 (2.65)

and is thus converted into a system of three differential equations for
the three components of the displacement vector u in the solid. In this
connection, the static boundary condition, eqn (2.114), is also expressed
in terms of the unknown displacements by means of the elastic relation,
eqn (2.64), while any kinematic constraints can be imposed directly on the
displacements.

When regions in the solid undergo inelastic deformation, eqn (2.59) gives
the compound strain v = € + 1 consisting of elastic and plastic parts. The
elasticity relation is based on the elastic strain, and eqn (2.64) has to be
modified accordingly. The expression for the stress reads

o =k[y—n] =kK[0u-—n|. (2.66)

This requires knowledge of the plastic strain 7 in addition to the displace-
ment field u. Since plastic flow is described by stress-dependent incremental
relations, an integration has to be carried out locally accounting for the time
history of the stress up to the instant under consideration

t

n— / 7 dt. (2.67)

0

The above exposition suggests that beyond the elasticity limit the equi-
librium problem is preferably stated in the incremental or rate form

d'¢+f=0 (2.68)

instead of eqn (2.61). For typographical brevity we prefer to use here time
rates () = d()/dt in place of differential changes d( ), although plasticity
is not a time-dependent phenomenon.
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In eqn (2.68) the rate of stress can be expressed by the rate form of
eqn (2.66) which reads

c=kK[y—n]=r[0u—mn. (2.69)

This gives the equilibrium equation in terms of the displacement velocity u
and the time rate of plastic strain 7, as

9 (ko) + [f — 8" (k7)] = 0. (2.70)

A comparison of eqn (2.70) with eqn (2.65) for the elastic case reveals that
the elastoplastic problem may be interpreted as an elastic one for the dis-
placement velocity 1, with the body forces f modified by the effect of stress-
like terms originating from the plastic strain rate 7. Analogous remarks
apply to the static boundary conditions.

The elastoplastic problem as stated by eqn (2.70) suggests an iterative
procedure, implying a sequence of elastic solutions along with the prediction
and correction of the plastic strain rate (termed the method of successive
elastic solutions in [1]). For isotropic hardening (Section 1.3.1) the algorithm
for a single iteration cycle i,7 + 1 reads

Predictor 1,
Determine 1; as from 8'(kdu;) + [f — 8" (k7)) = 0

: o C (2.71)
Y = 0w, o =k[Y; — 10
. 1 .. . 2G ‘.

Corrector 1,1 = 7SS0 Or My = mss ¥;-

The above recurrence scheme is activated anew with the corrected estimate
for m until convergence is achieved. The rate of convergence may depend
on the expression determining ,,, in eqn (2.71). In particular, problems
exhibiting a weak dependence of the stress on the plastic strain favour the
determination of 7) with &, by eqn (1.154). If, on the other hand, the strain
is the quantity less sensitive to variations of the plastic strain, 4 would be
chosen for the calculation of 7 in accordance with eqn (1.157). Implemen-
tation of kinematic hardening (Section 1.3.2) is straightforward.

Instead of eqn (2.69) an alternative expression for the rate of stress is
based on the elastoplastic material stiffness from eqn (1.158):

&= [I - j—cj’)GSSt} KA = R = RO (2.72)

Substitution in eqn (2.68) for the rate equilibrium leads to
d'(rd0) +f =0, (2.73)

which can be formally viewed as an elastic problem for the displacement
velocity u, with stress-dependent material coefficients. In addition, the rate
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problem defined by eqn (2.73) is nonlinear since the actual entry of the
material stiffness (elastoplastic & or elastic k) depends on the condition of
plastic loading or unloading, thus requiring knowledge of the solution.

The complete treatment of an elastoplastic problem can be subdivided
into two distinct parts. An elastic solution furnishes the mechanical state
until the elasticity limit is attained first somewhere in the solid. Beyond this
state incrementation requires a number of rate-type elastoplastic problems
to be solved and the solutions to be accumulated in a sequence following
the prescribed application of the external forces and/or displacements. In
general, elastoplastic solutions require the employment of numerical com-
puter techniques usually based on extensions of the elastic finite element or
other methods to the elastoplastic range. These techniques will be discussed
in Chapter 5. Independently, analytical solutions developed under certain
simplifying assumptions give valuable insights into elastoplastic behaviour.

2.2.3 The residual state

As long as the applied force system does not lead to stresses beyond the elas-
ticity limit of the material, all changes of the mechanical state in the solid
are reversible and disappear after removal of the imposed action. Loading
beyond the elasticity limit, on the other hand, leads to permanent strains
and therefore changes of the mechanical state remain even after an elastic
removal of the applied loads. Let u,~ and o denote the actual displacement
field, the strains and the stresses, respectively, in the loaded solid, and n
the plastic strains. If elasticity were unlimited, u., €. and o, = ke, would
denote the mechanical fields associated with the same loads, while by defini-
tion 19 = 0. Since plastic flow does not modify the elastic properties, elastic
unloading from a plastic state induces changes —u,, —&,, —0.. The resid-
ual state may thus be obtained by simple superposition of the elastoplastic
solution for the loading path and the elastic solution pertaining to the same
ultimately applied loads as

U =u—Ue, 7Y =7 E&e
(2.74)

O, =0 — 0, =0 — KEg.

Conversely, it follows from eqn (2.74) that if the residual state u,,~,, o
were known, an elastic solution yielding u,, €., 0, is sufficient for the deter-
mination of the actual elastoplastic state. In detail,

U=uc+u, Y=€+7, O=0c+0;,. (2.75)

Whenever the plastic strain 1 developed during the course of the loading
process remains unaffected by the unloading, the residual strain in eqn (2.74)
can be expressed alternatively as

’Yr = 6.I‘ + T] (276)
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The plastic part of the strain will not necessarily be kinematically compat-
ible and therefore complementary elastic strains e, appear such that kine-
matic compatibility is restored by the compound residual strain «,. The
residual stress,

o, = K&y, (2.77)

constitutes a self-equilibrating stress system associated with vanishing
applied forces.

2.2.4 Static and kinematic determinateness

The statically determinate system

As outlined previously, static determinateness implies that the stresses can
be obtained from the conditions of static equilibrium without reference to
the material constitutive law and the kinematic relations.

From the above, the stress and the time history of stress can be considered
functions of the applied force system and its time history, independently of
the behaviour of the particular material. The elastic strain is obtained at
each instant ¢ of the loading programme by Hooke’s law:

et) =k lo(t). (2.78)
Where yielding occurs, the rate of plastic strain (isotropic hardening) is

1
n= Esstc'r, (2.79)

and integration with respect to time furnishes the plastic strain
t
1
n(t) :/Esstc'rdt. (2.80)
ts

At instant tg the yield stress is first attained at the respective location. The
strain v = € + n follows by the additive composition of the elastic and the
permanent part. In the present case the strain < obtained from the stress
via the constitutive material law satisfies kinematic compatibility.

Since the stress is a function of the applied force only, unloading to zero
force does not leave any stress, independently of previous plastic flow. For
this reason, there is also no residual elastic strain

0. =0, & =0. (2.81)

Consequently, the residual strain after an elastic unloading is identical to
the plastic strain developed during the course of the loading process:

¥, = 1. (2.82)
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It follows from eqn (2.82) that, in the statically determinate case, the
plastic strains satisfy the kinematic compatibility conditions and are asso-
ciated with a field of permanent displacements. The same can be concluded
for the elastic strains so that ultimately the displacement field may be sep-
arated here into an elastic and a plastic part.

The kinematically determinate case
Kinematically determinate problems are characterized by a prescribed dis-
placement field u(¢) from which the strain can be obtained everywhere in
the system at any time instant ¢t. One may thus start with the determination
of the strain:

¥(t) = Bu(t), (2.83)

and obtain the stress up to the elasticity limit by
o(t) = kOu(t). (2.84)
Beyond the elasticity limit,

o=k[y—n. (2.85)

For isotropic hardening, the rate of plastic strain during flow follows from
an evaluation of the expression

2 .
nrsas T (2.86)

M=

Integration with respect to time supplies the plastic strain

2G .
n= / PETeh Adt. (2.87)

The direction s of plastic flow requires the stress from eqn (2.85). In the
kinematically determinate case the stresses obtained via the material con-
stitutive law from the prescribed strains satisfy static equilibrium.

Here unloading implies the removal of the imposed displacements. As a
consequence, no residual strains are left in the system

v, =& +n=0. (2.88)

The appearance in eqn (2.88) of the plastic strain i developed during the
course of loading presumes an elastic removal of the imposed displacements.
The requirement of vanishing residual strains implies that plastic strains are
compensated by elastic strains inducing residual stresses

O, = KE = —K7). (2.89)
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Figure 2.16: Cylindrical bar under torsion.

2.3 Distinct cases
2.3.1 Torsion of cylindrical bars

The case under consideration is described in Fig. 2.16. A cylindrical or
prismatical bar of arbitrary cross-section is twisted by the application of a
torsional moment 7" at the end cross-sections. As shown in the figure, the
coordinate system of reference is defined such that the z-axis is directed
along the bar, while cross-sections perpendicular to it are referred to the
x, y-plane.

Kinematics
The kinematics of torsion is based on the Saint Vénant assumption that
cross-sections perpendicular to the longitudinal axis undergo rotation with-
out deformation in their plane (z,y-plane) and warping in the longitudinal
direction (z-axis); see [2] for an historical account. For convenience, the
z-axis is chosen to coincide with the axis of rotation.

The rigid rotation of cross-sections is specified by the angle of twist

de
0 = I, — constant, (2.90)
2

which is considered independent of the location along the longitudinal axis.
The angle of rotation for a cross-section at position z in the longitudinal

direction thus reads
6 =207 (2.91)

As a consequence of the rotation, material points P with coordinates x,y
in the cross-section are displaced to a new position P’ (Fig. 2.17).
For small angles, the displacements along the z- and the y-axes are

u=—0y=—0z2y, v=~0zx=0zx. (2.92)
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Figure 2.17: Displacement of point P due to rotation 6.

The longitudinal displacement is assumed to be independent of the
position z:
w=w(z,y;0). (2.93)

It defines the warping w, which varies with location x, y in the cross-section.
The angle of twist 6’ affects the magnitude collectively.

From the displacement functions in eqns (2.92) and (2.93), it is seen that
all direct strains vanish, Yxx = ¥yy = Vzz = 0. The shear strain in the plane
of the cross-section also vanishes,

_Ou  Ov ;o

and the functions in eqn (2.92) indeed do not produce any in-plane defor-
mation. For the remaining two shear strain components, one derives

ov  Ow o ow

'sz:&+87y: x+87y’
(2.95)

_87u_~_87w__’ +a£

= T e . YT b

Differentiation of the shear strain vy, = 7,, with respect to x and of v, =
Y.x With respect to y gives

0y . O%w
— 9 —_—
Ox + Oy oz’

(2.96)

a,YZX _ 0/ 82 w

oy +8x8y'

Assuming a continuous variation of w with z and y, the mixed second-order
partial derivatives on the right-hand side of eqn (2.96) are independent
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of the differentiation sequence and are therefore equal. Subtraction of the
upper equation from the lower equation thus yields

OVox  0ay

dy ox

=20 (2.97)

Equation (2.97), derived from the deformation kinematics of the torsion
problem, expresses a condition for kinematic compatibility in terms of the
strains 7y, and 7,y .

Statics

The absence of the strain components vxx, Vyy, Vzz and 7xy implies, by virtue
of the material law, the absence of the corresponding stress components.
Therefore, oy = 0yy = 04, = 0 and oy, = 0 in the elastic as well as in the
elastoplastic range. The remaining two components o,x = 0x,, 0,y = Oy,
represent shear stresses. Their mode of action in the plane of the cross-
section is indicated in Fig. 2.18. It is noticed that a resultant shear stress 7
is obtained from

=02 + afy. (2.98)

Taking into account the vanishing stress components in conjunction with
the fact that no body forces are present, the condition of static equilibrium
for the stresses, eqn (2.55), reduces to

00, Ooyy

0z 0z

= 0’
(2.99)
00, 004y

ox dy

=0.

From the upper set of equations, the non-vanishing stress components o,y
and o,, are independent of the location along the z-axis. The variation in
the x,y-plane is governed by the lower equation.

Figure 2.18: Components of the shear stress 7 acting in the cross-section.
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Prandtl’s stress function [3]
If a function F(z,y) is defined such that the shear stresses are

OF oF
= = (2.100)

Ozx = 7~ Oy 5.
oy’ Y Ox’

then the equilibrium condition in the z,y-plane, eqn (2.99), assumes the
form
0’F 0*F B
oyoxr Oxdy

and is identically satisfied if F' is a continuous function of x and y.
Substitution of the expressions for the shear stress components from
eqn (2.100) in eqn (2.98) gives the resultant 7 in terms of the stress function

) e

The stress function ' may be visualized as a surface spanned over the x, y-
plane. For isolines on the surface (F' = constant, dF' = 0), with eqn (2.100),

(2.101)

oF oF
dF = a—xdm + 8—ydy = —0gydx + 0, dy = 0. (2.103)

From the last equation it follows that,

Ouy _ dy
0,x dz

(2.104)

and the resultant shear stress 7 is thus tangential to the lines F' = constant,
which are known as shear stress trajectories (Fig. 2.19). Since the shear
stress along the contour of the cross-section must be tangential to it, the
contour is an isoline. This expresses the static boundary condition.

F =const.

F=const.

Figure 2.19: Isolines F' = constant and shear stresses.
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There are no resultant shear forces (Qx, Qy) in the cross-section. Because
of I' = constant along the contour:

QXZ//UZdedyzf(/gjdy) dz = 0.

Similarly, @y = 0 for the other component. Integration is over the cross-
section. It is noticed that [ %—gdy = [0,F = AFy; the difference between
contour values of the stress function, here at x = constant, vanishes: AF, =0
(Fig. 2.20).

Calculation of the torsional moment (torque) from the shear stress leads
to the integral

T= //(ozyz —oxy)drdy = — // (?f;x + 251;) drdy, (2.105)

which extends over the cross-section of the bar. The second expression is
obtained by utilizing eqn (2.100) for the shear stress components. Applica-
tion of partial integration in conjunction with the definition F = 0 along
the contour gives the torque in terms of the stress function

T = 2//dedy. (2.106)

This is twice the volume of the space between the surface F'(z,y) and the
T, y-plane.

For the transformation of the integral on the right-hand side of eqn (2.105) by
partial integration, we write the first term as

[ [ ([ 3)on

and using the relation
7]
—I(Fm) =F+ —=z, (2.108)

/ (Axc )y=const.

(AF C )x:const.

— Fc=0

Figure 2.20: On integration over the cross-section.



ELASTOPLASTIC RESPONSE OF STRUCTURES AND SoOLIDS 93

we obtain
OF 0

Evaluation of the first integral on the right-hand side of eqn (2.109) for the
cross-section yields

0
/% (Fz)dz = /ax(Fm) = F. Az, (2.110)

where Az. denotes the difference of the z-coordinate of the contour at y = con-
stant, and F¢ is the contour value of the stress function (Fig. 2.20). The integral
vanishes for the choice F. = 0 and therefore eqn (2.107) simplifies to

oF
//%xda:dy— —//Fdxdy. (2.111)

An analogous treatment for the second term in the last integral in eqn (2.105)

gives
//(Z—Fydydx: f//dedx, (2.112)
Y

and eqn (2.106) for the torque follows by summation of eqns (2.111) and (2.112).

Specification of the stress function
Since the equations of static equilibrium are satisfied identically by the
stress function, its specification must be based on different conditions. For
a problem of elastic torsion, denote the stress function by F,. Here, the
stresses 0,x and o0,y are related to the strains v,x = €,x and ~,, = €,, by
the elastic shear modulus G. Using the expressions in eqn (2.100) for the
stresses,

1 OF, 1 OF;
G oy’ Yoy TEW T TG B

(2.113)

Vzx = Ezx =

Substitution of eqn (2.113) in the condition of kinematic compatibility,
eqn (2.97), supplies a differential equation for the elastic stress function

0*F, 0°F,
ox? Oy?

= —2G0’ = constant. (2.114)

Equation (2.114) has the same form as the differential equation governing
the deflection of an elastic membrane subjected to pressure loading. On
this basis, Ludwig Prandtl introduced a solution for the problem of elastic
torsion of prismatical bars by analogy [3]. For experimental integration,
an elastic membrane spanned over the contour of the cross-section of the
bar is subjected to pressure loading. The deflection of the membrane can
be interpreted as the stress function Fe(x,y). Specification of the stress
function determines in turn the shear stress components o, and oy, the
resultant shear stress 7, and the torque T = T, according to the foregoing
results. The components of shear strain are given by eqn (2.113).
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Next, considering plastic torsion for materials obeying the von Mises yield

condition we notice that the equivalent stress here is given by

23 ¢ 2 2 2

0" =50p0D = 305 +0,y) =377 (2.115)
In fact, the only non-zero entities of the deviatoric stress vector are v/2 o,
and \@UZy, leading to the expression in eqn (2.115). In the cross-section
the elasticity limit is reached where 6 = o, or on account of eqn (2.115),
where

N (2.116)
This defines the yield stress 75 of the material under shear and relates it to
the tensile yield stress og for the von Mises criterion.

We denote the stress function in the plastic case by Fy,. If the cross-section
is made of perfectly plastic material and has completely entered the plastic
range, the shear stress 7 is constrained everywhere by the yield stress of the
material. With reference to eqn (2.100), we then obtain

2 2 2
i <581;p> + (%?’) = (%S = constant. (2.117)

It is observed that OF,,/0x,0F, /0y are the components of the gradient of
the stress function and thus eqn (2.117) states that the gradient length is
constant. This defines the stress function Fj,(z,y) as a surface of constant
maximum inclination, spanned over the cross-section.

Once the stress function is specified, the shear stress components can
be determined; their resultant is constant at 7 = 7. The torque T =T,
obtained as

T, = 2//dexdy = T, (2.118)

determines the carrying capacity Tg of the plastic cross-section.

For an illustration, we consider the plastic torsion of a bar with circular
cross-section made of perfectly plastic material with tensile yield stress oy
(Fig. 2.21). The surface of constant maximum inclination spanned over the

Figure 2.21: Plastic torsion of a circular bar.
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circle is a cone and represents the stress function Fj,(z,y) at full plastic
yield. The slope is defined by the quotient of the height A of the cone to the
radius a of the circle. With reference to eqn (2.117), it is specified by the
yield stress of the material and reads

h_os (2.119)

a V3

This determines Fj,(z,y) and the plastic stress state completely. The plastic
yield moment is given by twice the volume of the cone

Ty = ~ma*h = ~ma’® —. (2.120)

Of course, o5/ V/3 = 74, the yield stress of the material in shear.

For more complicated cross-sections, Nadai [4] proposed that surfaces
of constant maximum slope can be obtained by forming a sand heap over
the cross-section. This simple method is known as the sand-heap analogy
to plastic torsion. Apart from the demonstration effect, the analogy might
be utilized for a determination of the plastic stress function by simulating
sand heap formation over the cross-section in question via analytical or
computational techniques (Fig. 2.22; [5]).

The two extreme cases considered up to now, the elastic case with the
stress function F, governed by eqn (2.114) and the plastic case with the
stress function F}, governed by eqn (2.117), have to be supplemented by
the elastoplastic situation. Here, the cross-section is only partially at plas-
tic yield while the core is still elastic (Fig. 2.23). The stress state in the
elastic and the plastic regions is specified by the stress functions F, and Fyp,
respectively, which may be determined as before. At the common boundary
separating the two regions, the equality of the stress components requires

Figure 2.22: Computer generated sand heap over a quadratic cross-section.
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plastic region

elastic region

Figure 2.23: Part of the cross-section at plastic yield, the other part being
elastic.

that the stress functions satisfy the continuity condition

oR_oF, oF, _oF,
dr oz’ dy Oy’

(2.121)

by the partial derivatives and determines the location of the interior bound-
ary as a function of the applied torque T' = T¢ + T,.

At the elasticity limit (T = T}) the stress function F still spans the entire
cross-section. With increasing torque the elastic region shrinks and vanishes
at the plastic limit (7' = Tr). At the same time the plastic region grows from
the contour into the interior of the cross-section. Ultimately, the function
F,, alone governs the stress state.

2.3.2 Plane strain

Long cylindrical or prismatical bodies subjected to loads in the cross-section
not varying along the axis deform under plane strain conditions if the axial
displacement is suppressed at the ends. Choosing the z-axis in the lon-
gitudinal direction, cross-sections perpendicular to it lie in the x,y-plane
(Fig. 2.24). Under plane strain conditions, the kinematics of deformation of
the body is described by the displacements

u=u(z,y), v=v(z,y), w=0. (2.122)

The longitudinal displacement w vanishes completely, while the displace-
ments u, v in the plane of the cross-section do not depend on the location
along the z-axis. From the displacement functions in eqn (2.122), the strains
Vx> Vyy and 7xy in the plane of the cross-section derive as functions of x
and y. The out-of-plane strains vanish: 7,, = ¥, = 75, = 0.

With the shear strains, the shear stress components oy, = 0, and
Oy, = Oy are also zero, for an elastic as well as for an elastoplastic mate-
rial. An axial stress component o,,, however, exists: in-plane deformation
implies axial strain in elasticity and plasticity, and imposition of the plane
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M\T t= {1 1y}

Figure 2.24: Cylindrical body in plane strain (cross-section).
strain condition induces axial stress. For the static equilibrium of the non-
vanishing stress components eqn (2.55) reduces to

004« 00 yx

Or oy

+fx=0,

(2.123)

00y 0oy
=0.

ox * dy Iy

These differential equations concern the distribution of the three stress com-
ponents oy, 0yy and oy, in the cross-section, while the requirement

00,

0z =0

establishes the constancy of o,, along the z-axis. The associated boundary
conditions are

lowx +m0yx =1y,
(2.124)
logy +moy, =ty,

where the components ¢, and t, of the surface forces acting perpendicular
to the longitudinal axis are by definition independent of the z-coordinate.

Stationary elastic strain

In spite of the reduced dimensions, a solution of the elastoplastic problem
under the condition of plane strain requires activation of the procedures
described in Section 2.2.2. A particular situation arises when the elastic
strains become stationary. Then £,, = 0 and the suppression of the axial
deformation implies that the plastic strain rate 7,, also vanishes:

j/zz - 7.7zz =0. (2125)
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For this, the flow rule requires the deviatoric stress op,, to be zero,

ODzz = Ozz —0n = 0, (2.126)
and relates the axial stress to the in-plane stress components

UXX + Uyy

2

Ozz —OH —

(2.127)

The deviatoric stress components in the plane of the cross-section are

ODxx =— Oxx — OH = Toox ; Uyy)
(2.128)
Oyy — O
TDyy = Oyy — O = = D) =,
and since op,, = 0, they satisfy the condition
ODxx + ODyy = 0. (2129)
The equivalent deviatoric stress, eqn (1.98), becomes
_o 3, 9 2 2 Oxx — Oyy ? 2
%= 5(0Dxx + 0pyy +20%,) =3 —a + o5y (2.130)

For a perfectly plastic material which is completely in the plastic range,
& = o5 everywhere in the cross-section. In this case, eqn (2.130) provides us
with an algebraic equation for the in-plane stress components:
o oyy \ 2 o2
XX 2 S 2
(2”>+%=5=@ (2.131)
Either the tensile yield stress oy or the shear yield stress 73 may be used
for a limitation of the stress state. It is noticed that elimination of o,, by
eqn (2.127) and the plastic condition for the three in-plane components of
the stress, eqn (2.131), convert the equilibrium condition, eqn (2.123), to a
system sufficient for determination of the stress state. The problem may then
be considered statically determinate in that the kinematic compatibility
condition is not required for the calculation of the stresses.
Regarding the plastic flow, we deduce from the flow rule — eqn (1.116)

with eqn (1.118) — using eqn (2.128) for the deviatoric stresses, the strain
rates

. 31
Txx = Zg(axx - ny)a

(2.132)

ﬁyyzz
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Since 7, = 0, the in-plane components satisfy the isochoric condition
Nxx + Nyy = 0. (2.133)

The plastic shear strain rate follows as
N
Ty = 350,(3,. (2.134)

From eqn (2.132), the difference of the normal strain rate components is
proportional to the difference of the normal stress components in the plane,

. . 37
Thxx — 77yy = ig(o'xx - O-yy)y (2135)

and dividing by eqn (2.134) we obtain the quotient

Thox ~flyy _ Txx = Tyy. (2.136)

Ny 204y

In the absence of elastic constituents, the plastic strain rate obeys the
kinematic compatibility conditions.

2.3.3 Thick-walled cylinder under internal pressure

The thick-walled cylinder in Fig. 2.25 is subjected to internal pressure
p under the condition of plane strain. The material is assumed elastic—
perfectly plastic with yield stress in shear 75. In the present axisymmetric
case, the use of a cylindrical reference system 0-ryz appears advantageous.

The stress state is defined in terms of the normal stress components o, o,
in the plane and o, along the longitudinal axis. Because of the axial symme-
try the shear stress vanishes and the normal stresses are independent of the
angular location. The single equilibrium condition to be satisfied is along
the radial direction. It is deduced as

do, or—o0y

=0. 2.137
dr T ( )

L\

s

Figure 2.25: Elastic—perfectly plastic thick-walled cylinder.
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The elastic solution of the problem given in [2] is

2 2 2 2
pa b pa b
Ur_lﬂi (12(1_7’2)7 Uw_lﬂi a2<1+7"2)’

L
R ——

(2.138)

where a and b denote the inner and the outer cylinder radii, respectively.
With eqn (2.138) for the stress components in conjunction with v = 1/2
for simplicity, the hydrostatic stress becomes

oy +o,+ 0, pa2
on = 3“0 =gz (2.139)

and the deviatoric stress components are

a? b2
op, =0, —og =0, 0Dy = —0Dr = b2p—7a2r72 (2.140)

The equivalent deviatoric stress, eqn (2.130), follows to

_ 3 pa?  b?

a(r) = §(U%r + 0]2:)%) = \/§7b2 53 (2.141)
It is a function of the cylinder radius with the maximum at r = a, the
interior boundary. The elasticity limit of the material is attained for 5(a) =
V37, and the associated pressure from eqn (2.141) is

b? —a?

T (2.142)

Ps =

Beyond this pressure the deformation is elastoplastic. The plastic limit

state is characterized by the stationarity of the stress, so the rate of elastic

strain vanishes (see Chapter 3). The condition of plane strain then implies

that 7, =0, and op, = 0. In this case, the von Mises yield condition is

expressed by eqn (2.131). For the present axisymmetric stress state, pre-
suming o, > o, everywhere, there follows

0, — 0y = 27, = constant. (2.143)

With the above yield state for the stresses in the entire cross-section the
equilibrium condition, eqn (2.137), at the plastic limit reads
do, 27

_2 2.144
dr r ’ ( )

which can be integrated for the radial stress

oy =21:Inr+C. (2.145)
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|/_,,--—-
G, /Ts

0/

Figure 2.26: Radial distribution of stress components in the cylinder.

The integration constant C' is obtained from the exterior boundary condi-
tion o.(b) =0, and specifies o, completely. The circumferential stress o,
satisfies the yield condition, eqn (2.143), and the axial stress o, equals the
hydrostatic stress. The normal stress components are:

r
oy = 275 In -,

b
Gy =27 + 0y = 27, (1 +In %) : (2.146)
UZ:O}—FT%:TS <1+21n%).
The interior boundary condition determines the plastic limit pressure
b
pr = —or(a) = 2751n —. (2.147)
a

Unloading from the plastic limit leaves residual stresses which can be
obtained as the difference between the plastic solution, eqn (2.146), and
elastic stresses, eqn (2.138), calculated for p = prp from eqn (2.147). The
result is:

r a2bt—r?_ q
(Ur)r =0y — (Ur)c =275 (hl B - ﬁm In b> )

r a?b®+1r2. a
(ng)r =0y — (U¢)e = 27‘5 <1 +1Hg + ﬁmln b> s (2148)

1 r a® a
(Jz)r =0z — (Uz)e = 27—5 <2 +1H5 + mln b) .
The above applies if the residual stress does not exceed the elasticity limit,

(0 = 0u)el = (0 = o0)r = (pr/Ps) (0 — 01)s| < 27,

and implies pr/ps < 2, or b/a < 2.22. A graphical representation of the

radial distribution of the stresses at p = ps, = pr, = 0 is given in Fig. 2.26.



102 ELEMENTS OF PLASTICITY

2.3.4 Plane stress

The condition of plane stress is commonly ascribed to thin plates of con-
stant thickness loaded by forces acting uniformly over the thickness along
the periphery of the plate (Fig. 2.27). Since all out-of-plane stress com-
ponents vanish, ¢,, = 0x, = gy, = 0, the equilibrium condition, eqn (2.55),
reduces to

O00yx | O0yx

Ox Oy +5=0
(2.149)
00xy  Ooyy B
ox Oy =0

It concerns the variation of the in-plane components oy, oyy, 0xy as func-
tions of z and y. The static boundary conditions are as in eqn (2.124).
The elastoplastic problem can be solved by an application of the algorithms
described in Section 2.2.2, accounting for the fact that stresses in the z-
direction are absent.

It is observed that for o,, = 0 the hydrostatic stress oy is given by

Oxx + 0O
o = ﬂ, (2.150)
3
and leads to the deviatoric normal stresses
2045 — O
ODxx = Oxx — OH = XX3 yy7
20y — O
ODyy = Oyy = OH = —g—, (2.151)
Oxx + O
ODzz — —0H = — XX3 44
z

Figure 2.27: Plate under plane stress conditions.
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With reference to Section 1.2.3 one obtains from eqn (1.97) for the equivalent
deviatoric stress

_ 3 3
02 = 501]50 = 5 (ODxxex + ODyyOyy + 2U>2(y)
= U>2cx + Uiy — OxxOyy + 30'}2(},, (2152)

where advantage has been taken of the fact that o,, = 0 in evaluating the
scalar product of the two stress vectors.

In the particular case of a perfectly plastic material, the completely plas-
tic state is characterized by & = oy everywhere, and eqn (2.152) supplies
an algebraic equation constraining the stress components. It can be used in
conjunction with the differential equilibrium equations (2.149) in order to
determine the plane stress state without reference to the kinematic compat-
ibility. In this sense, the problem may be considered statically determinate.

The plastic strain rate exhibits three components in the plane 7y, 1y,
Txy and one out-of-plane component 17,,, which determines the permanent
change in thickness of the plate. From the isochoric condition

ﬁzz = _(ﬁxx + ﬁyy)- (2'153)

This relation is used in order to express the equivalent plastic strain rate in
terms of the in-plane components. From eqn (1.115),

KX 2 . . . 1 .
=3 (nix + 0y 1, + 2n§y>

4 [, . .. 1,
= g (n»zcx + 7733, + NxxMyy + 477)2(},) . (2154)

Solutions to plane stress problems (as well as to plane strain problems)
can be found in the books by Kachanov [6] and Kaliszky [7], for example,
along with detailed discussions. In terms of principal stresses o1 and o9,
solutions of the form

01 = 275 CcOS (w — %) ,

(2.155)

09 = 274 COS (w + %) ,
are seen to satisfy the yield condition & = o5 = /37 identically for the
perfectly plastic material in the state of plane stress. This is confirmed
by substitution in eqn (2.152) for the equivalent stress. The function w =
w(z,y) can be related to the hydrostatic stress o. In fact, with eqn (2.155)
we obtain

3on = 01 + 09 = 237 cosw = 20, cos w. (2.156)
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The ultimate solution utilizes the equilibrium equations (2.149) for finding
w(x,y). If the problem does not exhibit natural principal directions, these
constitute an additional variable.

The silently assumed constancy of the mechanical state over the plate thick-
ness requires discussion. Solutions of plane stress problems that neglect variations
over the thickness are approximate in nature and refer to thin plates; for a treat-
ment of the elastic case see [2]. It is noted that eqn (2.149) for the equilibrium
defines a problem for the stress distribution in the z, y-plane. Variations perpen-
dicular to the plate along the z-direction must establish kinematic compatibility.
In order to elucidate the argument recall that the vanishing of the out-of-plane
stress components 0,,, 0x, and oy, implies vx, = ¥y, = 0 while 7,, # 0. Focusing
on the non-vanishing out-of-plane strain +,, we deduce from the strain kinematics,
eqn (2.58), the relations

ver __ 0pxx
Ox2 022’

82’Yzz _ 82’Yyy
B, =5z (2.157)

oxdy 022

9 0? Vzz o’ Ixy

The above equation is based on a continuous displacement field and consti-
tutes a part of the familiar conditions of kinematic compatibility, the remainder
involved in the solution of eqn (2.149). The right-hand sides in eqn (2.157) vanish
if variations over the plate thickness are not allowed. Then the left-hand sides
of the equation require that the distributions 7,,(z,y) is not higher than linear.
Otherwise, kinematic compatibility implies a dependence of the in-plane quanti-
ties on the thickness dimension, but of higher order. This leads to the conclusion
that plane solutions are adequate for thin plates.

2.3.5 Reduced stress and strain space

The lower dimensionality of plane problems suggests representation of stress
and strain by reduced 3 x 1 vectors comprising only in-plane components.
Omitting particular indication, we write

1
0 = {0 Oyy \/iaxy}, v = {’Yxx Yyy ﬂ%{y} . (2.158)

The transition from the complete 6 x 1 vectors to the above 3 x 1 represen-
tation entails certain modifications in the elastic as well as the elastoplastic
relations between stress and strain.
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Plane stress
The reduced stress vector contains information on all non-vanishing com-
ponents. Partitioning into hydrostatic and deviatoric constituents,

1

oy — gega, OH = 0OHE€2 (e2 = {1 10}) (2.159)

and
op =0 —0Yy.

The reduced deviatoric stress vector lacks the axial component and therefore
the sum of the in-plane components will in general not vanish:

ehop = ey[o — oges] = on. (2.160)

For the same reason the reduced deviatoric and hydrostatic portions are not
orthogonal:
ohop =0F. (2.161)

The in-plane strain vector does not contain complete information on the
strain state because of the existence of an axial component. The condition
of plane stress o,, = 0, however, establishes by elasticity a relation between
the three normal components of the elastic strain, thus allowing elimination
of €,,. The two-dimensional elasticity law for plane stress assumes the form

o = kly—n
with
k=2G I3+ ee nfl:iI 7 esel (2.162)
3 1 _ 2Co2 (> 20 1+v 2€2 1 .

where I3 denotes the 3 x 3 identity matrix. The inverse of the material
stiffness matrix could be simply deduced by reducing the three-dimensional
operator to the in-plane entities.
In plasticity the equivalent stress can be obtained from
o _ 3 ¢ 3 4 2
0" =50p0 =3 (opop +of) (2.163)
where the first expression takes advantage of the plane stress state. By
differentiation,
31 31
do = = ~obdo =s'do S=—-—0 2.164
77 257D ( 20 D) ( )
formally as before in the complete representation but with the reduced 3 x 1
vector s. The latter defines the direction of flow in the x, y-plane for perfect
plasticity as well as for isotropic hardening:
1

dn =dgs, dij= Edc‘r Estda. (2.165)
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An alternative expression of the plastic strain increment in terms of the
incremental strain is arrived at using the elastic relation for the stress incre-
ment in eqn (2.165), right,

do = s'do = s'kdy — (s'ks)d7 (2.166)
and solving for
1
dij = ————s'kdy. 2.1
1= eims® P (2.167)

The simplifications of the complete representation (Chapter 1) are not appli-
cable. For the in-plane 3 x 1 vector s we notice the relations

3o0H 3 3 o2 31— 2vo?
te _20H . _9(;_°2%H b — _2 9u
e =5,8S 2( U),s&s SG(I 51—, 32 )

(2.168)

which reduce to those for the 6 x 1 vectors (e's = 0,s's = 3/2,s'ks = 3G)
only if o = 0 (i.e. for o = —0yy).

In the case of kinematic hardening (Section 1.3.2), the consideration
of plastic flow can also be restricted to the in-plane components. The
description of the yield condition, however, requires in the quantity ok
complete information on the translation of the yield surface. Since trans-
lation is by a deviatoric vector, in-plane representation by a 3 x 1 vec-
tor a = {ozXx Qyy ﬂaxy} does not contain complete information: the term
Qi = —(0xx + Qyy) is missing. In order to retain the previous formulation
in the reduced space, we introduce a plane translation vector 3 such that,

B = [I3 + ez} (2.169)

and

It is also seen that for the reduced vectors the equivalent stress gk is

o = ofo —Blblo — B = soknox  (ox=0-p).  (2170)

Differentiating, we obtain the consistency condition in the form
_ ¢ 31
dUK = SK[dO' - d,@} =0 SK = =——OKD | - (2171)
2 OK
Observing that
sicdB = da = hd7, (2.172)

the magnitude d7 of the plastic strain increment follows as for the complete
representation.
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Plane strain
In plane strain the in-plane 3 x 1 strain vector contains complete informa-
tion, but the reduced stress vector does not because of the existence of an
axial component o,, # 0. Even for the strain, the argument does not apply
to the elastic and plastic constituents separately, but to v,, = €,, + 1., = 0.
In the elastic range the vanishing of the axial strain (e,, = 0) allows simple
reduction of the complete elastic material stiffness to the in-plane compo-
nents. It also establishes a relation between the normal stresses, used for
the elimination of o,, when considering the inverse. The two-dimensional
elasticity matrices for plane strain read

_1
T 2G

Kk =2G [Ig + Vegeg} , k!

1 o [13 — I/ege;] . (2173)

The transition from the plane stress expressions is obtained by substituting
v/(1—v) for v.

In plasticity the non-vanishing axial elastic component restores the condi-
tion of plane strain: e,, = —1,, for isochoric plasticity —7,; = Nxx + Nyy =
elm. This leads in the reduced space to the elastic stress—strain relations

o = Kle + veges] = k[y — 1Y) (2.174)
with
0" = [L— veseln.
The axial stress o,, is related to in-plane quantities by elasticity as follows
Ee,, = 04 — V(0xx + Oyy) = 04, — veSo,

which gives
04 = e5[En + vo. (2.175)

Despite the principal possibility of space reduction, in plane strain the
axial components of quantities involved in the description of plasticity are
seen to play an active role. Determination of the plastic flow is therefore
based conveniently on the three-dimensional formalism developed in Chap-
ter 1 (Sections 1.2 and 1.3).

2.3.6 A note on the torsion of thin-walled cylindrical shells

The thin-walled shell depicted in Fig. 2.28 has an arbitrary cross-section
with thickness possibly varying along the circumferential direction. The
cross-section of the shell (and the distribution of thickness) is constant along
the longitudinal axis. The shell is subjected to a torsional moment (torque)
T acting at the ends, which are not constrained and are free to deform. The
deformation is assumed to result from a rigid rotation of the cross-section
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Figure 2.28: Torsion of a thin-walled cylindrical shell.

in its plane and warping along the longitudinal axis. Peripheral positions in
the cross-section are specified by the mid-thickness coordinate s (Fig. 2.29);
the shear stress 7 is defined tangential to s. It is assumed that the shear
stress is constant over the thickness ¢(s). The shear flow

qg=rTt (2.176)

defines a shear force per unit length.
The condition of equilibrium for an element of the shell (Fig. 2.30) reduces
here to the requirements

9q 9q
— =0, — =0, 2.177

Js 0z ( )
which state that the shear flow ¢ is constant in the cross-section, and does
not depend on the axial position z. In view of eqn (2.176), the consequence
of eqn (2.177) for the stress is

or 710t or
2L L = 2.1
95 + ' 95 0, 0 (2.178)

%*7

Figure 2.29: Geometry of ring cross-section.
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oq
+-—+ds
1 Os

Figure 2.30: Equilibrium of a shell element.

since t = ¢(s) and 0t/0z = 0. The shear stress does not vary along the longi-
tudinal direction; it is not constant within the cross-section if the thickness
is variable.

The torsional moment equilibrated by the shear stress (Fig. 2.31) is

dT = hgds = 2qdA,

and by integration we obtain Bredt’s formula [8]:
T = qu[dA — 24, (2.179)

where A is the enclosed area. For ¢ = constant the components of the lateral

shear force vanish:
Qx:]{qu:q%dxzo

Qy:fqdy:qj{dy:()-

and

Figure 2.31: Torsional moment.
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Regarding description in terms of the stress function F' (Section 2.3.1),
the condition of pure torsion requests that F' = constant along the outer
and inner contours of the cross-section. The assumption of a constant shear
stress over the thickness is equivalent to a linear variation of F' between
the contours limiting the cross-section. For convenience, let an example be
constructed by considering the solution of the elastic problem for the solid
cross-section and defining the inner contour of a ring along the isoline (F' =
constant) next to the outer contour. The elastic solution for the ring cross-
section is given by the surface F' between the two contours and determines
the equilibrated torque T. The assumption of a linear stress function based
on the small thickness of the ring neglects variations in the tangent of the
surface over the thickness.

The above simplification in elasticity may be transferred to the case of
hardening plasticity [6]. In the fully plastic state, the assumption of a con-
stant shear flow is, however, not compatible with the requirement 7 = 7, =
constant everywhere along the periphery unless the thickness of the cylin-
drical shell is constant. In the case of constant thickness (¢t = constant)
the plastic limit moment determined for an arbitrary cross-section from
eqn (2.179) amounts to

Ty = 275t A = 2¢. A. (2.180)

The quantity
gs = Tsl (2.181)

defines a critical value for the shear flow q.

Conversely, if the stress distribution in a rod of solid (or thick-walled)
cross-section allows representation by shear flow in an assembly of tubes
of constant thickness, the torque at the plastic limit can be obtained from
differential contributions by eqn (2.180). With reference to Fig. 2.32, the
cross-section area of tube elements is dA = tS, and therefore

dTy = 27,tA = 2TS%dA,

A

Figure 2.32: Representation of a solid cross-section.
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where S denotes the length of the perimeter enclosing the area A. Integrat-
ing over the solid cross-section,

Tr = 273/%1/1, (2.182)

which can be used as an alternative to eqn (2.106) under the specified
restrictions.

2.4 Problems

1. The truss structure investigated in Section 2.1.3 exhibits in the elastic
range the force—displacement relationship

3+2V3k EA
p="""7"""4, k==,
1++v3 2 h

In the elastoplastic range this becomes

1 k ( )
s — T =ao\U—Us),
1++32 °
where ug is the vertical displacement of the loaded node at the elasticity

limit P = P,. Arrive at the above result and compare the stiffness of the
system below and beyond the elasticity limit.

2. The truss depicted in Fig. 2.33 is a modification of the case study in
Section 2.1.3. In the present configuration the cross-sections of the bars

A

O%o?ooooo —

s

l],A 12, 44 3, A \‘

30° h

>
HR
R

Figure 2.33: Problem 2.
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differ, and therefore determination of the sequence of plastic yielding can-
not be based on the bar forces but requires consideration of the stresses.
Furthermore, the ground reaction force exhibits a vertical component R and
a horizontal component uR = R/2 representing ground friction.

Obtain the elastic, elastoplastic and residual state in the bars after
unloading from the plastic limit. To check the solution, the elastic limit
and the plastic limit are given as

3+ 2v3

R, =42 1°V°
j 104+ 3

Sy and Rp = (14 V3)Ss,

respectively (Ss = 054).

3. The background developed in Section 2.1.4 for the beam under pure
bending will be utilized for the treatment of loading by a lateral force. If
the effect of shear is neglected, the problem reduces to that of a bending
moment varying along the longitudinal axis.

For the elastic—perfectly plastic beam shown in Fig. 2.34 (E, o), the
critical cross-section at z = 0 determines the elastic limit and the plastic
limit as

2 bh? bh?
= gTJS and PF = — 0,

Py
l

respectively. At P = Pg, confirm that the extent of the plastified zone along
the beam is (z/1), = 1/3, and determine the elastic core {/h in the cross-
sections as a function of the position z/l. Obtain the distribution of the
residual stress in the end cross-section (z = 0) after unloading from Pp.
Prepare a graphical representation of the above results.

P

Og

b I

Figure 2.34: Problem 3.

4. As an extension of the case study in Section 1.2.5 for the laterally con-
strained plate (7yy = 0) under tension, a shear stress is superposed here
(Fig. 2.35). The loading at the vertical sides of the plate consists of the ten-
sile stress oxx = o cos and the shear stress oxy = osing (0 < ¢ < 7/2).
The material is modelled as elastic—perfectly plastic (E, v, 75).
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Oyy

——> Oyx

Oxy = osin ¢
<« %y =0 —_
E vz Oxx = OCOS @
E—

Figure 2.35: Problem 4.

Confirm that the von Mises yield criterion predicts the limits of the elasto-
plastic range as follows:

2
3 (%) < 1
(I—v+v2)cos?p+3sin®p ~ \7s/ ~ sin®p+ 1cos?e’

For the choice v = 0, depict the elastic and plastic limits given above as a
function of the parameter . Deduce an expression for the quotient (A, —
dnyy)/dnxy of the incremental plastic strain. Show that the stress state left
after unloading from the plastic limit is defined by

1w Cos ¢
(O’xx)r = (ny)r = Oa (Uyy)r = . 2(2 1) 5 1/2 Ts.
(sm @+ 7 cos cp)

5. The thin-walled circular cylinder shown in Fig. 2.36 is subjected to inter-
nal pressure p and a torque 7. The material is assumed to be elastic—
perfectly plastic (F,v,0s) obeying the von Mises yield criterion. Only
membrane stresses (UW,, sy Uw) are considered; the longitudinal strain is
suppressed (7, = 0).

Determine the state of stress in the elastic range as

a T

Opp = p; ) Ozz = VOypyp, Ozp = m
and establish the relationship between the components o,, and oy, at
the elasticity limit o5. In the elastoplastic regime, deduce the axial stress
04, from the yield condition. Show that at the plastic limit (0,, = 04 /2)

these components are related by
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b=

[T

%z

-1—
S
NI ERRRRRARRR

Yzz=0
Figure 2.36: Problem 5.

o)

and prepare a graphical representation of the o, 0y, relationship at the
elastic and plastic limits for v = 0.
Alternatively, for the unconstrained cylinder (v, # 0) we have,

pa 1

Tm =91 T 27w
and the condition limiting the elastic range here coincides with the plastic
limit of the previous constrained case. Also, the elastic and plastic limits
are now unique since the system has become statically determinate.

Suppose in one loading programme, the elasticity limit is attained by
the pressure p acting alone, and plastic flow is then induced by applying a
torque at the rate T while p = constant. In a different loading programme,
the torque T is applied alone up to the elasticity limit, and plastic flow
is then induced by the application of the pressure at the rate p while T' =
constant. Study the momentary direction of the plastic flow in the two cases
respectively.

6. (a) A rod of constant cross-section is subjected to torsion (perfectly plas-
tic material, yield stress in shear 73). Discuss the Prandtl stress function
in the fully plastic range and confirm the associated limit torque for the
following cross-sections (Fig. 2.37):

Quadratic (side length a): Tp =

Circular ring (radius a,b): Tp = ~7(b® — a®)7,

Circular shell (thickness t): Tp = 27a’trs.

(b) In addition, consider a rectangular cross-section a x b, a compound
cross-section (hemicircle a/2, rectangle a x (b — a)), a regular triangle with
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Figure 2.37: Problem 6(a

N ./
N )A

Figure 2.38: Problem 6(b

side-length a (Fig. 2.38). Check the results by the alternative shear flow
approach given in Section 2.3.6:

1 ay fa\2 2 ra\3
Tk = 6(31)— a)a’ts, Tp = (2b+ﬂ'§) (5) Ts, dp = 3 (5) Ts.
7. Based on the geometrical interpretation of the stress function F(z,y) in
torsion as a surface, reflect on the transition from the elastic to the fully
plastic state and discuss the meaning of the continuity condition given in
eqn (2.121).
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CHAPTER 3

Load-carrying capacity of perfectly
plastic systems

3.1 Introductory remarks

Perfectly plastic materials are characterized completely by the yield stress
o limiting the elastic range. In this case, the load-carrying capacity of a
uniaxial tensile specimen is exhausted once the elasticity limit is reached.
The specimen then exhibits a tendency to extend further by plastic flow at
constant stress. Truss structures assembled from bar members do not reach
the elastic limit of the material everywhere at the same time, and therefore
the externally applied loads can be increased beyond the limit of incipient
yield as long as the magnitude of the stress can still be increased in some
members. Multiaxial stress in perfectly plastic solids at the state of yield
can be subjected to variations under observance of the yield condition. The
ability of the system to sustain an increasing loading is exhausted when
stresses need not be changed for continuing plastic flow. Examples have
been given in Chapters 1 and 2.

From the above considerations, it can be concluded that structures of per-
fectly plastic material are characterized by a limited load-carrying capacity.
At limit load the structure may undergo plastic flow at constant applied
forces. At the incipient stage of plastic deformation under investigation, the
geometrical dimensions are assumed constant. An estimation of the load-
carrying capacity of perfectly plastic structures will be based on two con-
cepts, one concerning the system and the other the material. These are the
principle of virtual work and Drucker’s plasticity postulate, respectively.

3.1.1 The principle of virtual work
Consider a deformable body subjected to body forces f and to surface forces

t (Chapter 2). Let o (x) denote a virtual stress field which satisfies the static
equilibrium in the interior

8'c +f =0, (3.1)
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and the boundary condition
N'e =t. (3.2)

Since no further restrictions are imposed on the virtual stresses o, there
will generally exist more than one statically admissible stress distribution,
satisfying the static equilibrium as stated by equns (3.1) and (3.2). One of
them is the actual stress field in the loaded system.

Independently, let u(x) be a virtual velocity field compatible with the
requirement to maintain the integrity of the body and with the kinematic
boundary conditions. From the virtual velocity field, a strain rate can be
derived as

4 = i (33)

and is kinematically admissible for the system under consideration. The

above requirements define in general a class of virtual velocities 1 and asso-

ciated strain rates <, including the actual velocity field and strain rate.
The principle of virtual work, presented in the rate form, reads

/ fladV + / ttudS = / a'ydV. (3.4)

14 S 14

Accordingly, the rate of work (power) performed by the applied forces f,t
on the virtual velocity equals the power of the virtual stress on the virtual
strain rate in the body. It is pointed out that the virtual stress and virtual
strain rate may be completely independent. The former must only establish
the static equilibrium with the applied forces, while the latter is derived from
an assumed velocity field which is kinematically admissible. In eqn (3.4) the
rate of work of the distributed forces may have to be supplemented by the
contribution Z]K:1 P;Q ; of any loading represented by discrete forces P,
at single locations j = 1, ..., K; u; denotes the respective virtual velocity.

3.1.2 Drucker’s plasticity postulate

The postulate refers to the material properties in plasticity and was for-
mulated by Drucker [1], thus it bears his name. Figure 3.1 reproduces the
uniaxial stress—strain diagram for an elastoplastic hardening material. In
order to avoid any apparent assumption of particular conditions, let the
tensile specimen have previously been deformed plastically and now be sub-
jected to a certain stress level o, below the flow stress pertaining to the
experienced plastic strain.

An additional loading programme increases the stress level in the spec-
imen until the value o where the actual yield limit is attained. Further
increase by the stress increment do is then associated with plastic flow,
producing the increment dn in plastic strain. Subsequently, the additional
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Oo

Figure 3.1: On the formulation of Drucker’s plasticity postulate.

stress is removed and the original level o, is restored. The mechanical work
dissipated in the cycle by the excess stress is given by the expression

1
dw = (0 — 0,)dn + 3 dodn > 0. (3.5)

The inequality sign in eqn (3.5) is a consequence of the dissipative nature
of plastic deformation. For the particular choice o, = o it expresses the
hardening property of the material:

d
dodp >0 and <2 > 0.
dn

This property is associated with material stability in the sense that the
increase in magnitude of the strain requires an increase in magnitude of
the stress. In perfect plasticity deformation occurs at constant stress such
that dodn = 0, which for o, # ¢ modifies the requirement in eqn (3.5) to
dw = (¢ — go)dn > 0.

The counterpart of eqn (3.5) under multiaxial conditions is obtained anal-
ogously starting at a stress state o, in the elastic domain, ¢(o,,...) < 0, of
the material which might have already experienced plastic deformation (the
dots ‘...” stand for the actual value of the hardening parameters). The mate-
rial is then stressed to a plastic state o where ¢(o, ...) = 0, and an additional
increment in stress, do, produces the incremental plastic strain dn. There-
after the original stress state o, is restored. A pictorial representation is
given in Fig. 3.1 with reference to the deviatoric plane in principal space.
Drucker’s plasticity postulate requires the work of the additionally applied
stresses in the cycle to be positive:

1
dw = [0 — 7,]'dny + 5 dotdn > 0. (3.6)
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The above refers to a hardening material. In perfect plasticity the second-
order term is set equal to zero and the work may vanish. The postulate will
be elucidated by a number of applications to follow.

Equation (3.6) contains fundamental statements of the mathematical the-
ory of plasticity, which will be deduced below assuming smoothness of the
yield function in stress space or of parts of it, and avoiding singular locations.
Furthermore, the postulate will be utilized when discussing load-carrying
capacity and shakedown.

Normality of plastic flow
The perfectly plastic case is defined by setting in eqn (3.6) the second-order
term equal to zero

do'dn =0, (3.7

from which the increment of plastic strain is orthogonal to the increment
of stress. At the same time, the stress changes that induce plastic flow
are here tangential to the yield surface ¢(o) = 0 such that [d¢/do|de = 0.
Therefore, the strain increment in eqn (3.7) must be normal to the yield
surface along the gradient of the yield function,

dn = A [jﬁ] t . (3.8)

Interpretation of the first-order term in eqn (3.6) for o, = 0 along with
eqn (3.8) gives

d
dw = o'dn = A£O’ > 0. (3.9)

This requires the plastic strain increment dn at stress state o to point
outwards from the yield surface, and the scalar multiplier to be a positive
quantity, A > 0.
For the hardening material, taking o, = o in eqn (3.6), the plasticity
postulate requires that
do'dn > 0, (3.10)

which is satisfied by the normality statement for the incremental plastic
strain, eqn (3.8). Here, ¢(0o,...) =0 and

dn=A Bﬂt. (3.11)

In fact, substituting eqn (3.11) in eqn (3.10), one confirms that
dotdn = A%da > 0. (3.12)
oo

The term [0¢/0o]do must be positive for the occurrence of plastic flow in
the case of hardening, and A > 0 as stated previously.
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If the plastic flow were allowed to possess a component dn, tangential
to the yield surface in addition to the normal one dn, such that dn =
dn,, + dn,, then the work expression

do'dn = do'dn, + dotdn, (3.13)

is not necessarily positive. The first term on the right-hand side of the equa-
tion is positive by the normality condition. However, the second contribution
may be negative because the inducing stress increment do can assume an
arbitrary direction relative to drn, the direction of the latter being fixed by
the stress state o.

A graphical interpretation of the normality condition is given in Fig. 3.2
for the deviatoric plane in principal stress space. Assuming a plastic state
o1 defining a point on the yield surface ¢ = 0, plastic flow is induced by
stress increments doj pointing out from the yield surface. According to
the notion of the flow rule, the direction of the plastic strain increment
depends on the stress state where the flow occurs but not on the stress
increment inducing the flow. For this reason, only increments of plastic
strain dn; that are directed along the exterior normal to the yield surface
at o satisfy eqn (3.10). For any other assumed direction of dny, inducing
stress increments dop may be found for which eqn (3.10) is not satisfied.

Convezity of the yield surface
The satisfaction of eqn (3.10) by the normality condition for plastic flow
allows the first term in the work expression of eqn (3.6) to be

[0 —a,)'dn > 0. (3.14)

The significance of eqn (3.14) for the yield surface is visualized by the vec-
torial representation of stress and plastic strains in principal space (Fig. 3.2
(right)). Let o1 be a stress state on the yield surface, ¢(o7) = 0, where plas-
tic flow occurs as specified by the incremental plastic strain dn; along the
external normal. Different stress states o1, on the yield surface, ¢(o1,) = 0,
satisfy eqn (3.14) only if the vectors o, are within the interior side of the
tangent plane at o1. As a consequence, the yield surface is locally convex.

dn c
I Sl ) dn
dO’]
o g1
o1 o2 T “l‘
g(on=0 ¢=0

Figure 3.2: Normality of plastic flow and convexity of yield surface.
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The same can be concluded for the vicinity of any other plastic state o1 and
thus the yield surface is entirely convex.

3.1.3 Uniqueness of incremental elastoplastic solutions

The general principles presented so far will be utilized next to discuss the
uniqueness of incremental elastoplastic solutions. For this purpose, we con-
sider a certain instant in the course of the loading programme where the
mechanical state in the solid is assumed to be uniquely known as a result of
previous evolution. The momentary change of the applied loads at this state
is specified by the time rates f and t of the body and surface forces, respec-
tively. The solution of the elastoplastic problem furnishes the velocity 1,
strain rate 4 and stress rate & depending on the position in the solid. Stress
rate and strain rate are linked by the constitutive law of the elastoplastic
material.

For an examination of the uniqueness of the solution of the rate elasto-
plastic problem, we assume that apart from the one solution uj,~,,01, a
different solution s, ¥,, o2 might exist. Since either stress rate, 61 and o2,
is in equilibrium with the same force system f ,t, their difference does not
exhibit any resultant force. Therefore, considering the virtual work for the
difference [63 — &1] the left-hand side of eqn (3.4) vanishes identically for
any admissible velocity field, and the stress integral on the right-hand side is

/ (62— 6] 32 — A1)dV = 0. (3.15)
\%

Use of the difference [¥, — 4] as an admissible strain is justified since both
<, and 7, are assumed to be solutions and thus kinematically compatible.
Utilization in expressing the virtual work statement for &1, 5 individually
and subtraction also leads to the result of eqn (3.15).

The integrand in eqn (3.15) can be detailed as

(62 — 1] 2 — 4]
= [02 = 61]'[e2 — &1] + [0 — 1] [1n, — 1y]. (3.16)
The analysis of the strain rate in eqn (3.16) into elastic and plastic con-
tributions helps to discuss the impact of the respective material properties
separately. In isotropy, the term with the elastic part of the strain rate can
be transformed by the relationships for deviatoric and hydrostatic quanti-
ties, eqns (1.44) and (1.42), to
[0 — 61]'[€2 — é1]
1[. . :Itl:. . ] + 1 [. . :Itl:. . ] >0 (317)
= —[63—o1]ploe — & — |69 —F1]ylos — O . .
2G 92 1/plo2 Up + 577102 1alo2 1/H
The right-hand side of eqn (3.17) consists of sums of quadratic terms mul-
tiplied by the elastic constants; it is positive unless 5 = &1, in which case
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it vanishes. Isotropy is not a necessary assumption; the properties of the
matrix k ensure that the work of elastic deformation is positive such that
o'e = e'ke > 0 for any o0 = ke # 0.

Next, considering locations where a plastic strain rate also appears in
eqn (3.16), we write the respective term as

(62 — 61" [0y — 7y] = 6571y — 47, — G0y + 617, > 0. (3.18)

We restrict the verification of eqn (3.18) to perfect plasticity in which case
1,09 are tangential to the yield surface at the plastic state considered, and
)1, M, are normal to it. Therefore, all scalar products in eqn (3.18) vanish.
If one of the stress rates does not induce plastic flow, its scalar product with
the other plastic strain rate is negative and makes the expression positive.

From the above discussion it follows that the integrand in eqn (3.15) is
always positive, and the volume mtegral vanishes only if the solution for the
stress rate is unique, 65 = o1 = 7.

Formally, perfect plasticity is characterized by the condition of a non-varying
yield surface ¢(o) = 0:

do .
é= —¢ = £o'2 =0. (3.19)
By the normality of plastic ﬂow
L [delt L [de
=M [da} s =N [da] - (3.20)

In the two cases, the derivative d¢/deo is unique since it refers to the same plastic
state. Use of eqn (3.20) in eqn (3.18) and observance of eqn (3.19) reveals that
either expression in eqn (3.18) vanishes and confirms the equality to zero. If at
certain locations one of the rate solutions, say &1, induces plastic flow while the
other causes elastic unloading, the set of equations (3.19) and (3.20) assumes the

form b | o

50'1 = O, EU’Q < 0 (321)
and .

. do .

=M {5} , T, =0. (3.22)

This makes several terms in eqn (3.18) equal to zero except for a negative term
647, which causes the expression to be positive. The inequality sign in eqn (3.18)
is thus justified. The treatment for hardening material is left as an exercise to the
reader.

3.1.4 Plastic limit

We define the plastic limit as the mechanical state of an elastic—perfectly
plastic system at which deformation may be momentarily continued while
the applied forces are kept constant. In this sense the load-carrying capacity
of the system is then exhausted, the applied forces constitute a limit load
system (or collapse load). If the loading consists of body forces f and surface
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forces t, or is represented by discrete forces P; (j =1,..., K), their value
at the plastic limit is denoted by fr, tr and Prj, respectively. At this state,
a velocity field ug will be found that deforms the body at constant applied
forces: ij =0, fr = 0,tp = 0. The stress rate or = 0 can be associated
with the vanishing rate of the external loading and, following previous dis-
cussion, it represents a unique solution to the rate problem. In conformity
with the vanishing stress rate, the rate of elastic strain vanishes as well, and
the rate of strain deduced from ur is entirely plastic in nature:

fp = Yp = Oup. (3.23)

The velocity field ug is called a yield or flow mechanism; it is inherent to
the plastic limit state.

Once the plastic strain rate 1 is locally known, the gradient d¢/do® of
the yield function (directed along 7) specifies the stress state o at ¢p(o) =0
where plastic flow occurs. It can be concluded that the power of dissipation
per unit volume (d) is a function of the plastic strain rate:

d=o'n=d(n) >0. (3.24)

The power of dissipation for a body of volume V is,

D= / otndV (3.25)
14

For an assessment of a given level f,t,P; (j =1,...,K) of the applied
forces with respect to the plastic limit, a safety factor n is introduced such
that the set nf, nt,nP; constitutes a limit load system. Thus

fFZ’I’Lf, 131:*:7’Lt7 ij:nPj (]Zl,,K) (326)

Accordingly, the system is loaded below the plastic limit if n > 1. Forn < 1
the plastic limit is exceeded; n = 1 reproduces the limit load.

The limit load theorems to follow in Sections 3.2 and 3.3 provide us with
a means for estimating the safety of loaded perfectly plastic systems against
collapse, without the necessity of a complete solution to the elastoplastic
problem. An historical account on the subject is found in [2] along with a
concise theoretical exposition.

Independently of the small strain assumption, the tendency of the system to
deform may be of importance for the load carrying capacity. For an indication of
the significance of the deforming geometry, we consider the tensile test under the
force P = oA with both the stress o and the cross-section area A varying during
extension. Differentiating, stationary loading is characterized by the requirement

dP do  dA _

P Al @
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For constant volume V = Al we simply have dA/A + dl/l = 0 where dl/l = dv,
the strain increment. Then from eqn (i),

do ..

— =o0. ii

C=o (i)
The above stationarity condition accounts for only instantaneous deformation;
overall changes in geometry may be negligible. The tensile force attains a maxi-
mum at dP = 0 for do/dy = o > 0, before the slope of the stress—strain diagram
becomes zero. In perfect plasticity the condition of eqn (ii) is met at the yield
stress, where the transition from elasticity with do/dy = E to plasticity with
do/dvy = 0 occurs immediately.

Plastic flow of hollow cylinder

The plastic yielding of the thick-walled cylinder under internal pressure
(inner radius a, outer radius b, Fig. 3.3) has been considered in Section
2.3.3; the solution of the plane strain problem was developed in terms of
stress. In the following we explore the kinematics of the plastic flow at the
limit state of the perfectly plastic solid, express the power of dissipation and
determine the associated magnitude of the applied pressure.

Plane deformation of the axisymmetric problem is completely defined
by the radial displacement u. Circumferential and axial components, along
the ¢-direction and the z-direction, are absent: v = w = 0. Description
of the flow mechanism requires specification of the displacement velocity
4(r) = 4p(r) along the radius r. The strain deduced therefrom is entirely
plastic in nature: 4 = 7. The components of the strain rate in the radial
and circumferential directions derive from the velocity of plastic flow as

da U

- o= . 3.27
dr’ N r ( )

e =
the axial strain vanishes by definition. Substitution in the isochoric condition
7 + 1, = 0 constrains the velocity field @(r) by the differential equation

di
— 4+ —-—=0. 3.28
dr + r ( )

iy
1

Vs

1 2 rla 3

Figure 3.3: Yield mechanism for a hollow circular cylinder.



126 ELEMENTS OF PLASTICITY

The above result is also arrived at by suppressing changes of the material
volume element rdpdrdz directly. With dr/dt =7 = 4,

d
a(rdtpdrdz) = (udr + rdu)dpdz = 0. (3.29)
This is equivalent to eqn (3.28) which supplies the velocity field as
U a
— = —. 3.30
Uy T ( )

The solution has been adapted to the (unknown) displacement velocity i,
at inner radius r = a.
Use of eqn (3.30) in eqn (3.27) gives the strain components

. a iy . a Ug )
4 =2 — . 3.31
Ne R e o N ( )
The equivalent plastic strain rate becomes

1
- 2 ) %) 2 2 aua
= — = ————, . 2
n [B(m +m;)] Bt (3.32)

With the flow mechanism as an admissible velocity field, the statement
of virtual power for the cylinder of unit length subjected to the internal
pressure p assumes the form

b
2wapi, = /a‘th(Qm"dr), (3.33)

the stress o being statically equivalent to the applied pressure. At limit
state p = pp, the stress taken as the actual o = o, the integral on the
right-hand side of eqn (3.33) supplies the power of dissipation. Then, since
o and 7 are associated by the flow rule, the specific power of dissipation

(per unit volume) for the von Mises material becomes
otiy = o7 = 2r, 2 L2, (3.34)

rrT

We expressed & = 0, = v/37, by the yield stress in shear, and 77 by eqn (3.32).
With eqn (3.34) the power of dissipation per unit cylinder length follows to

/ b
D= 271/0't7'77“dr = 4dratsi, In —. (3.35)

a

a

Substituting for the integral in eqn (3.33) we obtain the pressure p = pr at
the plastic limit as

PR = 27 hl*,
a

which confirms the result given in Section 2.3.3.
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3.2 Static limit load theorem

The static theorem examines the safety of the loaded structure (generally a
deformable body) with respect to the plastic limit by means of virtual stress
systems which are in equilibrium with the applied forces. The theorem reads:
The structure is capable of sustaining the given loading as long as a virtual
stress system exists which is in equilibrium with the applied forces and is
everywhere in the structure within the elastic range as defined by the yield
condition. The structure will, on the other hand, not be able to sustain the
given loading if a statically admissible stress system cannot be found for
which the yield condition is not violated somewhere in the structure.

For an elucidation of the theorem, let the loading be specified by the
body forces f and the surface forces t; the limit load is given as fr = nf and
tr = nt, respectively. Virtual, statically admissible stress systems o must
satisfy the equilibrium conditions with f and t. The static theorem then
states that:

(i) if for a single system &, ¢(a) < 0 everywhere, then n > 1;
(ii) if for all systems o, ¢(o) > 0 somewhere, then n < 1.

For a proof of the second part of the theorem, we point out that (ii) also
comprises the actual stress system so that no solution can be found for the
applied forces which satisfies static equilibrium and the yield condition at
the same time; the structure is loaded beyond its plastic limit.

Regarding the first part of the theorem, we complete the characterization
of the plastic limit state by the definition of the flow mechanism g, which
produces exclusively plastic strains 4p = np. Furthermore, the actual stress
system at the limit load is denoted by . Using the flow mechanism for
the virtual kinematics required in order to link the statically associated
quantities o and f,t by the principle of virtual work, eqn (3.4), one has

/ flupdV + / ttupdS = / FinpdV (3.36)
1% S 1%

and at the plastic limit state with op and ff, tg,
/fﬁuFdV—i—/ttFuFdS = /a%ﬁFdV. (3.37)
v S v

Setting in eqn (3.37) fr = nf, tg = nt and dividing by eqn (3.36) we obtain
the safety factor n in the form

[ otnpdV
v

o npdV
J o
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Figure 3.4: Drucker’s plasticity postulate in the context of the limit load
theorems (left: static theorem; right: kinematic theorem).

For an assessment of the safety factor, next we interpret the plasticity
postulate, eqn (3.6), for the perfectly plastic material. Here o denotes the
stress state at which the plastic flow My occurs, and takes the place of o
(Fig. 3.4). According to the static theorem, o is regarded an elastic stress
state and plays the role of . Therefore, eqn (3.6) becomes

[oF — &' fp > 0, (3.39)

where the strain rate has been used instead of the increment. Detailing the
inequality and integrating over the volume,

/ obnpdV > / o' npdV. (3.40)
1% 1%

Thus from eqn (3.38) for the safety factor,
n>1, (3.41)

which means that the structure is loaded below the plastic limit. Since
eqn (3.41) was deduced for a virtual stress system in the elastic range and
in equilibrium with the applied forces, the first part of the static theorem
is seen to be true.

The static theorem may be utilized in order to obtain a lower limit to
the safety factor. For this purpose, let a virtual stress system o satisfy the
yield condition everywhere in the structure such that ¢(or) < 0, and be in
equilibrium with a multiple of the applied forces: nf, nt. Linking the above
static quantities by the principle of virtual work, as in eqn (3.36), we write

n / flapdV + / ttapdS | = / GpnpdV (3.42)
\% S \4
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and division by eqn (3.37) gives the quotient
J eripdV
\%

= = = .4
f"%ﬁFdV (3.43)
1%

3

In analogy to eqn (3.39), the plasticity postulate assumes in the present
case the form

lop — &) iy >0 (3.44)
from which _
JotnedV
v
<1 3.45
JornpdV ~ (3.45)
v
and, comparing with eqn (3.43),
n<n. (3.46)

Accordingly, approximations n to the safety factor n by satisfaction of
the static equilibrium and the yield condition supply only values not higher
than the complete solution of the limit state problem.

3.3 Kinematic limit load theorem

The kinematic theorem examines the safety of the elastic—perfectly plastic
structure or deformable body using virtual yield mechanisms which are com-
patible with the kinematics of the system. The theorem reads: The structure
is not able to carry the applied forces if for a single virtual yield mechanism
the power of the applied forces is higher than the power of dissipation in
the structure. The structure is, on the other hand, in the position to carry
the loading if the power of the applied forces is lower than the power of
dissipation for all possible virtual yield mechanisms.

For an elucidation of the kinematic theorem, let the applied loading con-
sist of body forces f and surface forces t, the limit load being fr = nf,tp =
nf. A virtual yield mechanism up is introduced as a kinematically compat-
ible velocity field producing exclusively plastic strain rates: 4p = Np. The
stress locally associated with the virtual plastic flow 9y via the yield func-
tion is denoted gr. Extending the discussion of Section 3.1, the power of
dissipation based on the virtual yield mechanism is

D- / d(ipe)dV = / gtidV > 0. (3.47)
1% 1%

The power of the applied forces in conjunction with the virtual yield mech-
anism up reads

L= / frapdV + / ttapds. (3.48)
|4 S
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The kinematic theorem may then be stated as:

(i) if for a single system ap, L > D, then n < 1;
(ii) if for all yield mechanisms up, L < D, then n > 1.

For a proof of the kinematic limit load theorem, we first express the
principle of virtual work for the limit load system fg, tp, which induces the
stresses o in the structure. Using the virtual yield mechanism ur as input
for the kinematics in eqn (3.4), we write

/ flapdV + / thupdS = / olipdV. (3.49)
14 S |4

Comparison of the left-hand side in eqn (3.49) with the right-hand expres-
sion in eqn (3.48) reveals that the former is n-times the latter since fr = nf
and tp = nt. Also, inspection of the right-hand side of eqn (3.49) and of
the analogous expression in eqn (3.47) shows that, despite the same strain
rate, the stress is different in each case. Therefore, the virtual power L of
the applied forces, eqn (3.48), and the power of dissipation D of the virtual
yield mechanism, eqn (3.47), may be linked by eqn (3.49) as follows:

\%4 14

The difference between the two quantities is

Q - ’I’LL/ = /[QF — O'F]t’f’] FdV (351)
\%4

The integrand may be examined by means of the plasticity postulate,
eqn (3.6). In the present case, g is defined as the local stress state at
¢(or) = 0 associated with the virtual plastic flow 17 r, and has to be treated
like o (Fig. 3.4). The stress op at the same location satisfies the yield con-
dition ¢(or) < 0 within the structure, but is not associated with the virtual
plastic flow and takes the place of o,. Therefore, here eqn (3.6) assumes the
form

gr —or]'nr >0 (3.52)

and establishes by eqn (3.51) the inequality

nL<D or n<

(3.53)

e}

For D < L, it follows from eqn (3.53) that n < 1, which confirms the first
part of the kinematic theorem. Regarding the second part, the safety factor
n > 1 cannot be deduced immediately from the inequality in eqn (3.53) if
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D > L. The theorem requires, however, that D > L for all admissible yield
mechanisms which also comprises the actual one at the plastic limit. Evalu-
ation of the expressions in equs (3.47), (3.48) and (3.49) for the mechanical
power with the actual yield mechanism up, the associated strain rate 7y
and stress o, converts eqn (3.50) to

nlL = /fguFdVJr/ttFuFdS = /a};hFdV =D. (3.54)
\%4 S |4
There follows:
— (3.55)
= ,

and thus n > 1if D > L for the actual yield mechanism, which confirms the
second part of the kinematic theorem. At the same time, failure as given by
the first part is excluded for all other virtual yield mechanisms.

The kinematic limit load theorem may be utilized to determine an upper
limit to the safety factor n. For this purpose, the rate of dissipation D is
obtained by eqn (3.47) using an admissible yield mechanism, and the virtual
power L of the applied forces by eqn (3.48). An approximation to the safety
factor can then be defined by the quotient

_Ly (3.56)
Q—L_n, .

the inequality having already been established in eqn (3.53). Accordingly,
approximations n to the safety factor n based only on plastic flow kinematics
and the yield condition supply values that are not lower than the complete
solution of the limit state problem.

From eqns (3.56) and (3.46), it is concluded that, by the kinematic and
the static limit load theorems, the safety factor of the structure at a given
level of the loading is bounded as follows:

n<n<n. (3.57)

As a consequence, the actual safety factor n may be considered the mawi-
mum value of statically obtained trials n, or the minimum of trials n based
on kinematics.

3.4 Simple applications of the limit load theorems

The purpose of the following simple examples is to illustrate the employ-
ment of the limit load theorems, and to demonstrate verification of their
features to some extent. To this end, cases known from complete elastoplas-
tic solutions in previous chapters will be the subject of direct load-carrying
capacity considerations. For applications of practical interest to engineering
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structures the reader is referred to Refs [3-5]; readers may also consult the
monograph [6] on plastic limit analysis.

3.4.1 Plastic limit of three-bar truss

The three-bar truss under consideration has been investigated in Section
2.1.3. Here, the ultimate load of the elastic—perfectly plastic structure will
be estimated by utilizing the limit load theorems.

An expression of the virtual work principle suitable for truss structures
reads

K N
L=> Phi;=> S, (3.58)
j=1 k=1

The left-hand side of the equation represents the rate of work that the forces
P;, applied at the joints of the truss, perform on the respective virtual
velocities 1 ;. The right-hand side gives the work of statically admissible
stress resultants S) = oA, in the bar members (cross-section Ay, length
li) with the rate of change in length 0 = 4 il induced by the virtual
velocities at the joints. The power of dissipation in the truss is

N N
D= Z Skdpr = Z Stkl ok, (3.59)
k=1 k=1

where Sg, = oAy 1s based on the actual flow stress op, in the kth bar
and dpr = Mili is the plastic part of the rate of change in length. In perfect
plasticity, Sgr < Sg = 05 Ag.

Evaluation of the expressions in eqns (3.58) and (3.59) for a virtual yield
mechanism supplies the quantities L and D, respectively, as defined for the
system in Section 3.3.

Static approach

The static limit load theorem relies on stress states satisfying the condition
of static equilibrium within the elastic range of the material (Fig. 3.5). From
eqn (2.14), for the equilibrium of a virtual stress system

§2 + \/?;53 =0, 251 + \/§§2 + §3 = —2P, (360)
and for bar stresses whithin the elastic limit
|§1| S SSa ‘§2| S SSa |§3| S Ss- (361)

From eqn (3.60) left, bar 3 is in the elastic range as long as |Sa| < Ss. For

this reason, S5 can be eliminated in eqn (3.60) right, such that estimates of
the limit load are obtained as

Pp=-5 — ?@. (3.62)
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Figure 3.5: Three-bar truss: statics of virtual stresses.

This expression will attain a maximum value for §1 = §2 = —8,, and sup-
plies the limit load:

\f~>_3+¢3
3

}%‘:Inm<<—§1—3352 = Ss. (3.63)

From Section 2.1.3, this is in fact the limit load. Therefore, the admissible
stress system maximizing the applied force is as for the complete solution.
There are, of course, a variety of stress systems complying with the contents
of the static theorem. They provide us, however, with values lower than the
one determined above for the limit load. For instance, the stress state at the
elasticity limit represents an admissible system which is associated with a
lower magnitude of the applied force and therefore Pr = P < Pp.

Kinematic approach
Fundamental to the kinematic limit load theorem are admissible yield mech-
anisms. These are characterized by the induction of exclusively plastic strain
rates such that the applied load remains unchanged. In the three-bar truss a
yield mechanism (4 = 4 ) implies that two of the bars undergo plastic flow,
the third remaining rigid (Fig. 3.6). Thereby, the displacement velocity of
the point joining the three bars is perpendicular to the non-deforming bar.
This member experiences momentarily a rotation about the fixed hinge. The
(plastically) deforming bars are at yield: |S g;| = Ss. There are three alter-
native yield mechanisms possible in the truss, and they will be examined in
the following with respect to the estimation of the limit load (P = Pr).

Assuming the vertical bar 1 to be rigid, a virtual yield mechanism is
defined by the horizontal velocity ¢ of the joint of the bars. The oblique
members deform plastically and contribute to a finite value of the power
of dissipation D defined as in eqn (3.59). The virtual power of the applied
force, on the other hand, is L =0 - P. Equating, we obtain an estimate of
the limit load from

L=0-P=D and P =o0. (3.64)



134 ELEMENTS OF PLASTICITY
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Figure 3.6: Three-bar truss: plastic yield mechanisms.

A second trial assumes bar 2 (middle) to be rigid, and the associated
virtual yield mechanism is defined by a displacement velocity « of the joint,
which is perpendicular to bar 2. The velocity possesses a vertical component

4/2 and imposes variations in length of the two other bars:
1 . 1 .

——u, d3=-u (62=0).
2%7 g3 21& (~2 )

The virtual power of dissipation and that of the applied force are obtained as

g1 =

D=-831+53 =St (3.65)

and
1

L = =P,
2 ~ o~

respectively. Equating, the limit load is estimated as

P =28, (3.66)

which is lower than the first estimate.
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The third yield mechanism deforms bars 1 and 2, while bar 3 is kept
rigid. The displacement velocity ¢ of the joint is perpendicular to bar 3. Its
vertical projection is \/gg/ 2, the variations in length of the other bars are:
V3 1

i, do=—5i (§3=0).

=%k 2

The power of dissipation and the power of the applied force read

1++3

D=-841-50>="—

Sqit (3.67)

and

V3
2

P

9

respectively. Equating, the limit load is estimated as

3443
p gf

S (3.68)

The last yield mechanism is seen to supply the lowest value for the limit
load, which equals the exact one from the complete solution: Pr = P = Fr.

3.4.2 Two plane examples

Ultimate bending of beam
The bending of a beam has been repeatedly referred to and is familiar to
the reader. The simplest case is offered by the symmetric situation discussed
in Section 2.1.4. Recalling the static theorem, it becomes obvious that the
stress distribution shown in Fig. 3.7 (left) is associated with the maximum
magnitude of the bending moment My given by eqn (2.41) with eqn (2.42).
All other possible approximations complying with the requirement not to
exceed the yield limit supply lower bending moments.

The yield mechanism employed for the application of the kinematic theo-
rem is defined in Fig. 3.7 (right). The rate of the angle of rotation, ¢y = ¢ F,
induces exclusively plastic flow in the cross-section o7

n=4="Yo. (3.69)

The virtual power of the bending moment M = M and the dissipation rate

are

L=Mg¢



136 ELEMENTS OF PLASTICITY

y
MF M}:

) L

Figure 3.7: Limit bending moment of the beam.

and
h

D= / oV = 20, / yb(y)dy | &, (3.70)
\% 0

respectively. The latter expression for the dissipation rate makes use of the
yield mechanism in eqn (3.69). Equating the expressions for L and D we
obtain the limit moment

h
M =205 | yb(y)dy. (3.71)
/

The estimate in eqn (3.71) is seen to be identical to the ultimate moment
My from the complete solution, eqn (2.41) with eqn (2.42). This is due to
the fact that the selected yield mechanism is the actual one.

Limit analysis of constrained plate

This is the example treated in Section 1.2.5, where the elastoplastic solution
of the plane problem has been developed. Here, the maximum load pertain-
ing to plastic collapse will be estimated directly by means of the limit load
theorems for perfectly plastic systems.

The static approach observes the equilibrium condition and the yield
limit. The former equates the longitudinal stress o; in the plate to the
applied stress, while the lateral stress o5 is a free quantity. Also, we recall
the von Mises yield condition for the perfectly plastic material:

0?4+ 0% — 0109 = 02, (3.72)

An admissible stress state & = oF estimating the limit can be obtained
by substituting the elastic solution oo = vy for the lateral stress in the
yield condition and solving for &; = (1 — v + v?)Y/20,. This actually deter-
mines the stress state at incipient yield. In order to deduce the collapse load
utilizing the static limit load theorem we seek the maximum o satisfying
the yield condition. To this end, differentiating eqn (3.72) we obtain the
extremum condition i 05 =
g1 02 — 01
B~ 2. 3, 0. (3.73)
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Figure 3.8: Limit analysis of a constrained plate.

The solution is o3 = 71/2, and from eqn (3.72)
0% = —o? (3.74)

which reproduces the result in Section 1.2.5.
For the kinematic approach we define a yield mechanism 1 = fg by the
virtual set

N1, N2=0, f3=—91. (3.75)

This satisfies the lateral constraint condition (Fig. 3.8) and the isochoric
property of plastic flow. With eqn (3.75) the equivalent plastic strain rate
is obtained as

. 2 (. . . 4,
n2:3<n?+n§+n§>=n% (3.76)

The virtual power of the applied action and the virtual rate of dissipation
for the plate with volume V are

and

Us:’z 1‘/7 (377)

respectively. Equating, we obtain the same value for the limiting stress g
as from eqn (3.74). The kinematic estimate coincides with the result of the
complete solution because the yield mechanism employed is the actual one.
Summarizing, 01 = g1 = o1F.
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3.5 Problems

1. The bars of the trusses in Fig. 3.9 have a unique cross-section A and
yield stress og. Determine the limit load for a perfectly plastic material.

Figure 3.9: Problem 1.

2. As in 1. Indicate the bar determining the limit load (yielding first) in
Fig. 3.10, and the momentary motion of the joint at this state for the loading
cases (a), (b) and (c).

Q

D%,
V.

—> Iy
! , P P
@ (b) ©
Figure 3.10: Problem 2.

3. Perform a rigorous transition from the continuum form of the virtual
work principle, eqn (3.4), and the power of dissipation, eqn (3.25), to
the discretized expressions presented for truss structures in Section 3.4.1
(eqns (3.58) and (3.59)).

4. Given that the elastic energy (1/2)ote is a positive quantity for any
o = ke # 0, conclude that the statement [y — 61]"[é2 — €1] > 0 is a con-
sequence of the positive definite form e'xe > 0 as a property of the elasticity
matrix K, not restricted to the case of isotropy detailed in eqn (3.17).

5. Examine the inelastic work term in eqn (3.18) for hardening material.
This is simple in case one of the stress rates does not induce plastic flow:
the expression is seen to be positive based on arguments analogous to per-
fect plasticity. Otherwise, consider a yield condition ¢(o,n) = 0. There-
from, deducing the consistency of incremental changes and introducing the
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normality rule for plastic flow, the multiplier A is determined such that the
plastic strain rate becomes

:_(3¢a¢>—1 ¢ 06 .

andot) datda’
With this,
e 0 9o\ " [, .. 00 0b . .
[Uz—al]t[nz—m]:—(anw> {[0'2—01]t&‘t80,[02—01] >0

unless &5 = &1. Alternatively, utilize the general result for plastic flow
obtained in Section 1.4.

In the above, the preset inverse multiplier is negative, while the expression
in the braces assumes positive values as does the form

a'(bb')a = (a'b)(b’a) = (b'a)? > 0,
as long as the vectors a, b are not orthogonal and a # 0.
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CHAPTER 4

Theory of shakedown

4.1 Structures under time-variant loading

So far, the structure has been loaded by forces that are increasing mono-
tonically with time. Frequently the loading consists of a system of forces
that may vary independently with time, alternating between limits in a reg-
ular or irregular manner. This time variation is assumed to be slow, still
justifying a quasistatic description of the response of the structure.

As long as the stresses induced during the course of the loading pro-
gramme remain below the elasticity limit of the material, the lifetime of
the structure is determined by elastic fatigue, implying a high number of
load cycles. If the loading causes plastic flow within the structure, failure
can occur under various conditions. In conjunction with an elastic—perfectly
plastic material, the combination of the forces may constitute at a certain
instant a limit load system giving rise to plastic collapse. This case has
already been covered by the limit load theory in Chapter 3. However, even
if plastic limit states are not encountered during the course of the loading
programme, repeated occurrence of plastic flow in the loading sequences
may lead to deformations with magnitudes beyond specified tolerances by
the accumulation of plastic strains. In the case of alternating plastic flow,
deformations remain restricted, but the structure will fail by plastic fatigue
after a low number of loading cycles.

It can be concluded that the structure is prone to failure as long as plastic
flow continues to appear during the course of the load sequences. Therefore,
safety demands that plastic flow ceases to occur after an initial period in
the loading programme. This implies that plasticity must develop in the
structure such that subsequent load sequences are accommodated elastically.

In this connection, let the loading programme of a structure or a
deformable body, respectively, comprise time-variant body forces f(¢) and
surface forces t(¢), inducing displacements u(t), strains ~(¢) and stresses
o (t); analogously for discrete forces P;(t) (j = 1,..., K). Where plastic flow
occurs, the strain is composed of elastic and plastic parts: v(t) = e(t) + n(t).
It is assumed that at each instant ¢ unloading from the actual state
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would take place elastically, and can be associated with an elastic solu-
tion ue(t), c(t), oe(t) for the loads at the considered instant. Superposition
of the actual elastoplastic solution and the elastic unloading solution will in
general leave residual displacements u,(t), strains v, (¢) and stresses o (¢)
characteristic of this instant. Conversely, each actual elastoplastic state may
be interpreted as a result of the superposition of the residual state and the
elastic solution for the momentary loading system (cf. Section 2.2.3). For
example, the stress o at instant ¢ can be presented everywhere in the struc-
ture as

o(t) = oult) + oe(t). (4.1)

The residual stress o, in eqn (4.1) is a consequence of the residual elastic
strain &,, which is part of the residual strain

V(1) = &x(t) + n(t). (4.2)

Shakedown of the structure is defined by the disappearance of plastic
flow. Then 7 vanishes and 1 does not vary anymore with time. Therefore,
differentiation of eqn (4.2) with respect to time gives

;Yr = érv (43)

and thus €&, is a kinematically compatible strain (rate) field. It is utilized
in forming the virtual work expression for &, the time rate of the residual
stress field, and yields

/ ote,dV = 0. (4.4)
14

The volume integral in eqn (4.4) vanishes because &, is a self-equilibrating
stress system such that the resultant forces are zero. The integrand can be
transformed by means of the elastic material law to

.t R Lt —1 -
0.6 =€ KE =0,k o, >0. (4.5)

It is a positive quantity, and therefore eqn (4.4) can be satisfied only if
the time rates o, and &, are zero. Apart from this formal conclusion, if
the plastic 1 disappears there is no continuing kinematic incompatibility to
compensate by elastic residual strains &, after unloading. It follows that,
when the structure has shaken down, all residual quantities are no longer
functions of time: the plastic strain 7 by definition, the elastic strain e,
as from the above discussion and the residual strain -, by virtue of its
constituents e, and n, eqn (4.2). Since with e, also the residual stress o, is
time independent, the actual stress o (t) in eqn (4.1) follows the temporal
variation of the elastic solution o.(t). It becomes

o(t) = o, + o.(t). (4.6)
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In conformity with the vanishing plastic flow, the stress must be within the
elastic range everywhere in the structure. By means of the yield condition:

p(o(t),...)=d(or +0e(t),...) <O0. (4.7

The shakedown issue is not restricted to perfectly plastic solids, but may
concern hardening materials as well. The hardening property of the mate-
rial will facilitate shakedown if the sign of the stress is maintained in the
load sequences. The Baushinger effect appearing when stress reversals are
encountered may reduce the benefit of hardening. In the yield condition,
eqn (4.7), the hardening parameters (symbolized by the dots, ... ) are taken
at the level last attained by the preceding plastic deformation. In systems
that do not build up residual stresses, the evolution of plastic deformation
will stop once the elastic solution o(t) does not any more exceed locally
the material yield limit pertaining to the actual state of hardening.

An historical account on the theory of shakedown is found in [1] along
with a concise presentation of the theoretical background.

4.2 Static shakedown theorem (Melan)

Investigation of the capability of the structure to carry the given loading
programme might be based on an elastoplastic analysis, completely account-
ing for the variation of the loading with time. Melan’s static theorem [2, 3|
helps to examine possible shakedown of the structure by a simplified con-
sideration involving virtual self-equilibrating stress systems and the elastic
solution for the transient stress during the course of the loading programme.
The theorem can be stated as follows: The structure will shake down dur-
ing the course of the loading programme if a time-independent system of
residual stresses exists which, superposed to the (fictitious) elastic solution,
results to stress states below the yield limit everywhere in the structure for
the entire loading programme. Shakedown is, on the other hand, not possi-
ble if no time-independent system of residual stresses exists for which the
superposition of the elastic solution would not lead to a violation of the yield
condition at a certain instant somewhere in the structure.

For an elucidation of the static theorem, let o, denote a time-independent
system of residual stresses, and o.(t) the transient stress field pertaining
to the elastic solution for the given loading programme. The stress o, rep-
resents a virtual, self-equilibrating stress system for the structure with no
resultant forces. The virtual stress field

o(t) =0+ 0.(t) (4.8)
obtained by the superposition of o, and o (t) satisfies the static equilibrium

conditions for the loading programme and follows the temporal variation of
the elastically determined stresses o.(t). The static shakedown theorem is
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presented in short form as follows:

(i) The structure will shake down if a single &, exists such that
¢ (o +0oc(t)) <O0.

(ii) Shakedown is not possible if no o, exists for which
¢ (0: +0oe(t) <0.

A proof of the first part of the theorem is given by considering the tempo-
ral variation of the elastic energy of the difference between the actual resid-
ual stress system o,(t) and the virtual one &, entering the static theorem.
Defining for the structure the expression

1 ~ ~
£ = /5 [0 — &) ko, — &,]dV >0, (4.9)
14

we observe that the above energy is a positive quantity by virtue of the
elastic properties of the material.
The time rate of £ in eqn (4.9) is obtained as

E= / (o, — &' k1o, dV = / (o, — &.]" &4V, (4.10)
\4 %

which considers'that o, is a function of time, while &, is not. The second
expression for £ in eqn (4.10) is detailed by means of eqn (4.2) for the
residual strain

/[crr — 5] e dV = / [y — &' 4, dV — / [0 — &' ndV.  (4.11)
\4 \4 \4

As neither o, nor o, possess resultant forces and 4, is a kinematically
compatible strain field, the principle of virtual work shows that the first
integral on the right-hand side of eqn (4.11) is equal to zero. In the second
integral, the difference of the residual stresses o, and &, can be substituted,
with reference to equns (4.1) and (4.8), by the difference of the stresses o
and o. It follows for the integrand that

o, — &' 'n=|oc—a]'n>0, (4.12)

the inequality being a consequence of Drucker’s plasticity postulate (Section
3.1.2). Here, o represents the stress state ¢(o) = 0 where the plastic strain
rate 1) occurs, whereas ¢(o) < 0 as required by the static theorem (Fig. 4.1).
As a consequence of eqns (4.11) and (4.12), the time rate of £ in eqn (4.10)
is negative:

E=—[lo—a]'ndV <o0. (4.13)
/

Since € in eqn (4.9) must be positive (£ > 0), the negative time rate
(€ < 0) can exist only for a limited time, and therefore the plastic flow 7
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$=0
Figure 4.1: On the static shakedown theorem.

must cease to occur after a certain initial period in the loading programme.
This conclusion has been based on the assumption of a time-independent
residual stress system &, which, added to the (fictitious) elastic solution,
results in stresses o representing elastic states of the material, ¢(g) < 0. It
thus verifies the first part of the static shakedown theorem.

The meaning of the second part of the theorem is that the establish-
ment of a stationary residual stress system will actually not be possible
because plastic flow does not cease to occur during the course of the loading
programme.

4.3 Kinematic shakedown theorem (Koiter)

Koiter’s kinematic theorem of shakedown [4] is associated with the notion
of the virtual cycle or increment of plastic strain. In this connection, let an
assumed distribution of plastic strain rate 7(¢) be imposed on the struc-
ture and be considered over a certain time interval 7' within the loading
programme. As long as the plastic strain rate 7 is not kinematically admis-
sible, it induces complementary elastic strains & in order that the sum

y=é+n=0y, (4.14)

constitutes a virtual strain associated with the virtual velocity field u.
The velocity field @(¢) is not a plastic yield mechanism since the elastic
constituent £ is present in eqn (4.14). The stress
& = ke = K[y -1, (4.15)

related to the complementary elastic strain by the elastic properties of the
material constitutes a self-equilibrating system.
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The absence of stress resultants for & can be stated by the virtual work
principle in the form

/:ytgdv =0. (4.16)
s

Expressing in eqn (4.16) the stress rate by the elastic relation, eqn (4.15),
and deriving the strain rate < from the virtual velocity field u one obtains

/ () kOUdV = / (80)' kiydV, (4.17)
14 14

which governs the virtual velocity 1 as a consequence of the imposed plastic
strain rate 7). A solution of eqn (4.17) furnishes u from which 4 is deduced,
and &, & are then obtained via eqns (4.14) and (4.15), respectively.

The wvirtual cycle or increment of plastic strain is defined as a kinemati-
cally compatible strain field given by the time integral

T T
An = /ﬂdtZ/ﬁdﬁ Ay (4.18)
0 0

over the interval T'. For an explanation of the definition of the virtual cycle
of plastic strain rate by eqn (4.18), it is pointed out that the momentary 7
is incompatible, while its integral An over the time interval T" is required to
constitute a kinematically admissible strain field. It follows that the incre-
mental plastic strain

T T
An = /agdt =0 /gdt =0 [éu} (4.19)
0 0
derives from the displacement field,
T
Au = /gdt, (4.20)
0

which may be considered an incremental yield mechanism.

The definition of the virtual increment of plastic strain as a compatible
strain by means of eqn (4.18) implies that for the interval T the elastic
strain from eqn (4.14) vanishes:

T
/gdt =0, (4.21)
0
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as does the associated self-equilibrating stress

T
/gdt = 0. (4.22)
0

Further to the above definitions, we introduce the work of the applied
forces f(t), t(t) on the virtual velocity u(t) over the time interval T by the

integral
T T
/Ldtz/ /ftng—i-/ttgdS dt, (4.23)
0 0

\% S
and the mechanical dissipation over the same interval due to the imposed
plastic strain rate 7(t) by the integral

T T

/ Ddt = / / atndV | dt. (4.24)
0

0 %4

In eqn (4.24), o denotes the stress associated with the imposed plastic strain
rate 7 via the flow rule. In eqn (4.23), a possible contribution Z]K:1 P;gj
on the right-hand side due to discrete forces P;(t) is also subject to the
time integration.

The kinematic shakedown theorem may be stated as follows:

(i) The structure will not shake down by adaptation to the loading pro-
gramme if for an interval T' a single virtual plastic strain increment

T

T
An = / Rdt = / dudt, (4.25)
0 0

can be found which satisfies the inequality

T T
/Ldt > /th. (4.26)
0 0

(ii) The structure will adapt itself to the loading programme if the above
inequality can be reversed for all combinations of imposed plastic strain
rates 7(t) in the virtual cycle and loads f(t), t(¢) in the programme.

For a proof of the kinematic theorem, we assume the structure to shake
down despite the inequality in eqn (4.26). According to the static theorem,
a virtual system of stationary residual stress o, will then exist such that
superposition of the (fictitious) elastic solution () for the loading pro-
gramme does not cause plastic flow. The mathematical expression for the
above is

o, +o.(t)=0c(t) and ¢(o) <O. (4.27)
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The static equivalence of the virtual stress o and the externally applied
forces f,t can be manifested by the virtual work principle. Since u is a
kinematically admissible velocity field and < the associated strain rate, we
can write for the interval T, -

T T
/ / fludv + / tiadS | dt = / / G'4dV | dt, (4.28)
0 \% S 0 \%

where the original expression for the virtual rate of work has been integrated
over the considered time interval.

The left-hand side of eqn (4.28) is identified as the work expression in
eqn (4.23), the left-hand side in eqn (4.26). The right-hand side of eqn (4.28)
is further investigated in the following. In this respect, the volume integral
is detailed by means of the strain composition of eqn (4.14) to read

/ G'ydV = / a'idV + / g'edv. (4.29)

14 14 14

Also, using the definition of & in eqn (4.27),

/ gledV = / oledV + / otedV. (4.30)
14

The integrand in the second expression on the right-hand side of eqn (4.30)
is transformed by the law of elasticity to

ole=olrnla =¢ls. (4.31)

As the elastic solution supplies kinematically compatible strains ., and &
is a self-equilibrating stress system, the principle of virtual work states that

/ag edv = /sg adV =0. (4.32)

v

The result of eqn (4.32) simplifies eqn (4.30) for use in eqn (4.29). Accord-
ingly, the time integral in eqn (4.28) now reads

T T T

/ /&tjdV dt:/ /&tﬂdV dt+/ /&ﬁgdv dt.  (4.33)

0 \% 0 Vv 0 Vv

Since the virtual stress field o, was assumed to be time independent, we
deduce for the second term on the right-hand side in eqn (4.33)

T T
/ / FiedV | dt = / G, / &dt| dv = 0. (4.34)
0 \% 14 0
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The vanishing of the integral for the elastic strain rate over the time interval
T is by definition a property of the virtual plastic strain cycle.
Considering eqn (4.33) with eqn (4.34) in eqn (4.28), we conclude that

T T
/gdt:/ /&tgdv dt. (4.35)
0 0 v

Equation (4.35) which results from the assumption of shakedown will be
contrasted with the inequality in eqn (4.26) stated in the theorem. For this
purpose, we recall that the fictitious stress o in eqn (4.24) is associated
with the imposed strain rate 7 by means of the plastic flow rule, while & in
eqn (4.35) is not. In this case the plasticity postulate may be interpreted as

c-0ol'"n>0 or o'n<an (4.36)

Integration for the volume of the structure and over the time interval T
leads to the inequality

T

T T
/ /EthV dt</ /gtgdv dt:/th. (4.37)
0 \%8 0

0 v

The consequence for eqn (4.35) is

T T
/ Ldt < / Ddt. (4.38)
0 0

It follows that the assumption of shakedown is contradictory to the
inequality stated by the theorem in eqn (4.26). The structure will not adapt
to the prescribed loading programme. This confirms the first part of the
kinematic theorem. Regarding the second part of the theorem, it is con-
cluded by reasoning that if eqn (4.38) is unconditionally valid, the static
theorem is satisfied and therefore the structure will shake down. For a rig-
orous mathematical proof of the second part the reader is referred to [1].

4.4 Application of shakedown theory
4.4.1 Shakedown of rod under torsion and tension

Utilization of the static theorem will be illustrated by the cylindrical rod of
circular cross-section (Fig. 4.2) subjected to the axial tensile force P and
the torque T'; the material is elastic—perfectly plastic. The simple example
treated in [5] is well suited for the purpose of demonstration.
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N
& @

Figure 4.2: Rod under torsion and tension.

We notice the elastic solution for the axial stress o and the shear stress 7

P
Oc = —5,
Ta?
(4.39)
T 2T r
Te =Ta™ = T3
a Tada

where 7, denotes the value of the shear stress at the periphery (r = a). In
eqn (4.39) the shear stress has been related to the torque

a

T= 27r/71"2d7’. (4.40)
0

In the elastic range the integral is evaluated for a linear variation of 7 along
the radius. The elasticity limit is attained when 7, = 75, the yield stress of
the material in shear. Then,

’/TCL3

T, = T (4.41)

The plastic limit state is given for 7 = 75 in the entire cross-section. The
associated torque is

Te = -7 = 5Tk (4.42)

The homologous quantities of axial force are

P, = na*0s = Pp, (4.43)

where o4 = /37, is the yield stress of the material in tension.
An obvious system of stationary residual stresses is defined by the
quantities

7= (1 - 47”) 7. (4.44)
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The residual stresses are taken as by elastic unloading from the fully plastic
state. The multiplier A is a free parameter.
The virtual stresses entering Melan’s theorem are

5:O—e+5r:727
a

~ - 2T r 4r
T=Te+Th=—5—-+tA|1-5- |7
Ta° a 3a

(4.45)

For shakedown the above stress state must be below the yield limit of the
material. With the von Mises yield criterion:

52 + 372 < o2,

or normalizing by the yield stress,

@@

Loading factors for the axial force and the torque are defined with ref-
erence to the values at the elastic limit, a dimensionless radial distance is
introduced:

P 1P
p= P, o.ma?’
T 12T
L2 4.47
4 T, T1smad’ (4.47)
’
p=-.
a

With the above quantities the elastic constituents o, and 7, in eqn (4.45)
can be referred to the elasticity limit in tension and shear, respectively.
Then one obtains

o T 4
gzp, qu+>\(1p>. (4.48)
O Ts 3

The yield locus from eqn (4.46) can now be expressed in the form

4
qp+)\<1—3p) =41 —p? (4.49)

and bounds the shakedown region.
For pure torsion (p = 0) eqn (4.49) suggests representation in the g, \-
plane (Fig. 4.3). Since 0 < p <1, eqn (4.49) bounds the shakedown region

by a parallelogram:

p=0: A==1, p=1: ¢—)A/3=+1.
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-1
Figure 4.3: Shakedown diagram for the rod.

The loading cycles associated with A = 0 are symmetric: (—1 < ¢ < 1), no
yield. For A =1 shakedown is ensured if —2/3 < ¢ < 4/3; the maximum

torque coincides with the plastic limit moment for the twisted rod. Inde-
pendently of the value of the parameter A the shakedown interval for ¢ is

bounded by ¢max — ¢min = 2.
Combination with the axial force (p # 0) is seen to reduce the shakedown

region while maintaining the shape of a parallelogram:

A=11-p%, ¢g—)A/3=41-p%
The maximum torque is now given by gmax = (4/3)y/1 — p?, and the shake-
down interval iS gmax — Gmin = 24/1 — p? independently of the value of the

parameter .

4.4.2 Further reading
A survey on the shakedown analysis of elastoplastic structures is given in
[6]. In this paper, shakedown analysis is positioned within a classification
of elastoplastic problems, the shakedown theory is extended to account for
thermal effects and some applications are presented. In addition, reference is
made to additional literature dealing with specific issues of shakedown anal-
ysis of structures and structural members. The literature on variable loads
in plasticity surveyed in [7] goes beyond basic assumptions of the present
classical theory. The continuing development of the subject is reflected by

the individual articles in [8].
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CHAPTER 5

Development of finite element
solution methods

5.1 The systematics of the finite element method

The finite element method is described here to the extent required for the
present purpose. For complete information on the subject, the reader is
referred to the standard textbook by Zienkiewicz et al. [1].

The development of finite element methods for the numerical analysis
of solids and structures relies on the virtual work principle presented in
Chapter 3. It is expressed as

K
> uip +/gttd5+/1~1tfdv = /'ytadV. (5.1)
1=1 %

\%4 \%4

The quantities u and ~ refer to the virtual displacement field and the asso-
ciated strain, respectively, P; denotes a point force vector, t the surface
forces acting on the surface S, f the body forces in the volume V. The
above equivalence of the inner stresses and applied forces is an alternative
statement of the equilibrium conditions (Chapter 2).

Next, the domain of integration in eqn (5.1) is divided into a number
of finite elements (nel) defined by a mesh with N nodal points (Fig. 5.1).
The geometry of the finite element model is described by the coordinates
x; = {x y 2z}, of the N nodal points. They are collected in the 3N x 1 vector
array

X:{X1X2---Xi-~-XN}. (52)

Each individual finite element is specified by n element nodal points. The
respective coordinates can be grouped from the vector in eqn (5.2)

Xg={x1-%Xj - Xp}q = a;X. (5.3)

The 3n x 1 vector array X, comprises the coordinates of the gth element;
the incidence matrix a, symbolizes the grouping operation. Between nodal
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Figure 5.1: Discretization by finite elements.

points the coordinates vary in accordance with the prescribed geometric
characteristics of the element.

The displacement vector of the system is defined in analogy to eqn (5.2)
as

U:{u1u2-~-ui~-~uN} (54)

and u; = {uvw}; denotes the displacement of the ith mesh nodal point.
Grouping for individual elements is as in eqn (5.3):

Uy={u1--u;---u,}t, =a,U. (5.5)

The variation of the displacement u = {uvw} within the element is pre-
sented in the form

u(x) = w(x)U,. (5.6)

The 3 x 3n matrix w contains interpolation functions pertaining to the finite
element approximation of the deformation kinematics. From eqn (5.6), the
strain within the element can be obtained analogously to eqn (2.59) with
the differential operator of eqn (2.60),

7(x) = 9(wlUy) = a(x)U,. (5.7)

The 6 x 3n matrix a(x) denotes the strain operator for the finite element
associated with the displacement distribution by the function w(x).

The piecewise (i.e. within the domain of single elements) function defined
by eqn (5.6) is utilized for the virtual displacements on the left-hand side of
the work expression in eqn (5.1). The virtual work of the applied forces can
be obtained as the sum of contributions from the individual finite element
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domains. For a single finite element

L
Zg;PkJr/g%dSJr/gtfdv
k=1

Sq Ve

L
“ U [ Seimns [olas+ [utar] —uie, 63)
k=1 Sq Va

This defines the 3n x 1 vector array

P,={P,---P;---P,},

L
> wiPr+ / wtdsS + / w'EdV (5.9)
k=1

Sy Vq

of forces P; = { P« P, P,}; at the element nodal points, which are equivalent
to the actually applied ones, P, (k =1,..., L), t and f. The forces applied at
single points in the element are denoted by Py, and wy, = w(xy) is the value
of the interpolation function at the point of application with coordinates
x; = {zyz},. Note that tractions transmitted between elements do not
appear in eqn (5.8). They cancel one another in the sum if the kinematic
approximation guarantees the continuity of the velocity across the element
boundaries.

The summation of eqn (5.8) over all finite element contributions furnishes
the virtual work of the forces in the entire discretized domain:

K nel
> uip+ /gttd5+ /gtde => UiP,. (5.10)
=1 S v q=1

Introduction of the hypervectors

UE:{UlUZUqUn(’l}
PE:{PIPZ"'Pq"'Pnel}

allows symbolic representation of the sum in eqn (5.10) as a scalar product

> UiPy=UpPs.

q=1
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With eqn (5.5) for the individual elements in the hypervector Ug, one
obtains collectively between elemental and mesh nodal point displacements:

Ug=| Uy, | =| a4 | U=al. (5.11)

This ordering operation applies equally to virtual displacements. The virtual
work expression in eqn (5.10) becomes

ULPg = Uta'Pr = U'P. 5.12
~ E et et

This formally defines the 3N x 1 vector,
P={P,P,---P;---Py} =a"'Pg (5.13)

comprising the forces P; = { P« P, P,}, at the mesh nodal points, equivalent
to those actually applied to the system. The matrix operation in eqn (5.13)
stands for their formation effected by accumulating element contributions
from Ppg following the pattern of the incidence matrix a (see eqn (5.18)
below).

For an analogous hierarchical evaluation of the virtual work of the stresses
on the right-hand side of eqn (5.1), we consider a single element in conjunc-
tion with the approximation for the virtual strain in eqn (5.7)

/ZtadV = INJZ/atO'dV =U.S,. (5.14)
v, v,

The 3n x 1 vector
S, ={S1 R P RR Snte = /atadV (5.15)

Va

comprises the forces S; = {Sx Sy S, }; resulting at each element nodal point
from the stress o in the element.

The virtual work of the stresses in the entire discretized domain is
obtained by summation of all element contributions from eqn (5.14):

nel
/ztadv =Y "U's,
v a=1

and
nel

> UiS,=UiSp =U'S. (5.16)
q=1
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Summation over elements has been substituted by the scalar product of the
hypervectors U g and

Se=|Sq | ={Sq} (g=1,...,nel).

The association of elemental and mesh nodal point displacements by
eqn (5.11) is implied in the transition to the last expression in eqn (5.16).
Analogously to eqn (5.13), the vector

S={S;S;-S; Sy} =a'Sg (5.17)

defines a 3N x 1 array comprising the stresses resulting at the nodal points
of the finite element assembly. These are effectively determined by accumu-
lation of element contributions:

nel

S=a'Sp =) alS,. (5.18)
q=1

Equation (5.18) for the assembled S along with eqn (5.15) for the elemental
S, may be interpreted as the integral

nel

S = /atadV:Zag/atadV
1% 7=1

Vq

evaluated by means of the finite element systematics.
Analysis of the virtual work of the stress in the discretized system into
finite element contributions is summarized in the following compressed form

nel

nel
/’Nyto'dV => INJZ/atO'dV =U" Za;/atad‘/.
v 7=l =Ly,

Vq

The above utilizes finite element kinematics, and the sum in the last expres-
sion supplies the stress resultants S at the nodal points of the mesh.

With eqns (5.10) and (5.12) for the contribution of the applied forces and
eqn (5.16) for that of the stresses, the virtual work equality in eqn (5.1) is
expressed in the finite element representation of the problem as

U'P = U'S.

This establishes at the nodal points of the finite element mesh the equilib-
rium condition
P=S (5.19)

between the applied loads in the vector array P and the stress resultants in
the vector array S.
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5.2 Elastic computation procedure

Equation (5.19) expresses the condition of static equilibrium for the dis-
cretized finite element system utilizing kinematic compatibility of displace-
ments and strains. A complete description of the deformation problem
requires specification of the stress—strain relations, and their introduction
into the finite element equation. Within the elastic range, the stress—strain
relations are as in eqns (1.47) and (2.64). The strain € = - derived from the
finite element approximation is given by eqn (5.7), and substitution in the
elasticity law supplies the stress within a finite element

o = ke = kaU,. (5.20)

Use in eqn (5.15) relates stress resultants and displacements at the nodal
points of the element

S, = /atf@adV U, =k,U,. (5.21)
v,

The symmetric matrix
k, = /atl@adV (5.22)
Vq
is known as the stiffness matrix of the elastic element. It determines the
forces S, resulting from displacements U, imposed on the element nodal
points. Higher-order elements require a numerical evaluation of the volume

integral in eqn (5.22) based on values of the integrand at a number of
integration points. For all elements collectively eqn (5.21) becomes

S = [k, |Ug = kUg (5.23)

with the diagonal matrix

The relation between stress resultants and displacements for individual
elements enters the analogous relation for the assembled discretized system.
With eqn (5.11) for the element displacements in eqn (5.23) and substituting
in eqn (5.17), we obtain

S = a'kaU = KU. (5.24)
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The symmetric matrix

K = a’ka (5.25)

is known as the stiffness matrix of the elastic finite element system formed by
accumulating element contributions (refer to eqns (5.18), (5.21) and (5.5)):

nel

K= Zaflkqaq = /atmadV.
q=1 v

It may be formally considered an extension of the elemental stiffness,
eqn (5.22), and determines the forces S resulting from displacements U
imposed at the mesh nodal points.

With eqn (5.24) for the stress resultants eqn (5.19), the finite element
equation determines the displacements in the elastic system

S=KU=P and U=K'P. (5.26)

The solution of eqn (5.26) is not unique unless the system is fixed against
arbitrary motion. Suppression of the degrees of freedom (displacements) at
the supports implies elimination of the respective positions in the matrix
equation. This leaves a reduced system of equations possessing a unique
solution. Analogously, displacement values may be prescribed at a number
of nodal points.

After the solution step, the displacements U, of the individual elements
are grouped from the complete vector U, eqn (5.5). Evaluation of the strains
€ =, eqn (5.7), and the stresses o, eqn (5.20), at defined locations in the
finite element terminates the elastic computation.

5.3 Algorithms for plastic flow
5.3.1 Basic schemes

For an introductory discussion on solution algorithms accounting for plas-
tic flow, we first refer to momentary response described by the time rates
of the variables. Where necessary, specification will refer to isotropic hard-
ening (Chapter 1). The issue of incrementation will be treated separately
later. It is observed that the equation of virtual work and the finite element
formalism developed in Section 5.1 transfer equally to the time rates of
applied forces, inner stresses, displacements and strains. This can be proved
by incrementing the relationships in question (or forming the time rate) for
a fixed geometry of the system, as assumed here.

The tangential stiffness method
An immediate extension of the previous elastic algorithm to the present
elastoplastic case can be based on the stress—strain relation of eqn (2.72).
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The finite element form is derived by utilizing eqn (5.7) for the strain rate in
o = iy = kaU,, (5.27)

where & denotes the momentary elastoplastic stiffness of the material in
loading. Otherwise kK = K, the elastic material stiffness.

The stress resultants at the element nodal points are obtained by utilizing
eqn (5.27) in the rate form of eqn (5.15) as

S, = /atkadv U, =k,U,, (5.28)

which defines the momentary elastoplastic stiffness matrix k, of the element.
Then, with reference to eqn (5.18) for the stress resultants at the mesh nodal
points

S = a'kaU = KU. (5.29)

This defines the symmetric stiffness matrix K of the elastoplastic system
at the considered instant. It relates rate quantities and is formed in a man-
ner similar to that for the elastic case in eqn (5.25), but with the element
contribution k instead of k.

From the finite element equation, eqn (5.19),

S=KU=P and U=K'P. (5.30)

The uniqueness of the solution implies appropriate elimination of degrees of
freedom fixing the system. Subsequent computation of the strain rate v and
the stress rate &, eqn (5.27), from the displacement velocity U completes
the momentary elastoplastic solution. The procedure resembles the elastic
one and is considered a direct solution in contrast to the iterative algorithms
outlined subsequently, except for the check on the plastic loading condition
(Section 2.2.2). Since the procedure is based on the momentary elastoplastic
stiffness matrix of the system, it is known as the tangential stiffness method.
The sequence of instructions for this algorithm is summarized in Scheme 5.1.
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Predictor U

Element loop, q = 1,nel
Integration points

4<aU , &< k(elastic)

Plastic low (¢(o) =0and s'4 > 0): & < & (elastoplastic)

Element stiffness: k, < / a'kadV
v,

q

End integration
Contribution to system matrix K < K + agﬁqaq

End elements
Corrector U <= K~ 'P

Scheme 5.1: Tangential stiffness algorithm.

The loop over the integration points calculates the volume integral for
the elastoplastic element stiffness using a numerical approximation except
for finite elements allowing analytical evaluation. The loop over the ele-
ments performs the accumulation into the stiffness matrix of the system.
Computer implementation, particularly with vector arithmetic, favours long
loops. This is achieved by reversing the order of the element and the inte-
gration loop. Thereby, each integration point is processed for a specified
number of elements adapted to the vector length of the hardware.

Initial load methods

Alternative solution schemes are inherently iterative. They are based on
eqn (2.69), the form of the constitutive relation that requires explicit deter-
mination of the plastic strain rate 7. In the finite element approximation,

b=k[y-n=k [aUq - n} (5.31)

where k denotes the elastic stiffness matrix of the material. In regions
deforming elastically, 7 = 0 and v = €.

With eqn (5.31), the rate of the stress resultants at the element nodal
points is obtained from eqn (5.15) as

S, = /atnadV U, - /atm? v =k, U, +J,. (5.32)

Vq Vq

Comparison with eqn (5.28) shows that employment of the elastic element
stiffness k, instead of the elastoplastic one implies compensation by the
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additional nodal loads
J, = / a‘kndV, (5.33)
Vo
which account for the plastic strain rate 7 where plastic flow occurs. With

the element contributions from eqn (5.32) in eqn (5.18), the stress resultants
at the mesh nodal points are obtained as

S=a'kaU +a'Jp = KU +J (5.34)
and
Je={--J,--} (¢=1,...,nel).
This defines the nodal loads

nel

J=atis =Y ald,
q=1

required in conjunction with the elastic stiffness matrix K for the description
of the momentary response of the elastoplastic system.
The finite element equation (5.19) now becomes

S=KU+J=P and U=K'[P-1]], (5.35)

the solution referring to the appropriately fixed system. Given the displace-
ment rate, computation of the strain rate %, eqn (5.7), and stress rate &,
eqn (5.31), completes the momentary solution, in principle. It has to be
recalled, however, that the solution relies on the plastic strain rate as an
input, which is not a datum. It must be estimated prior to the solution,
and can be obtained a posteriori using either the computed rate of strain or
stress (see eqn (2.71)). The two alternative expressions for the plastic strain
rate in terms of the finite element approximation are

n= %sstd' = %SStK, [aﬁq - 7'7} , (5.36)
with
s'oc =s'k {aﬁq — 7'7} >0,
and . 1 . 1 t .
=135 (k%) = TR (kaUy), (5.37)
with

s'(k4) = s'(kaUy,) > 0.

The evaluation of either of the above expressions under observance of the
respective plastic loading condition furnishes new estimates for a subsequent
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iteration cycle. Instead of simplifying the product ks <= 2Gs we retained
the original form for two reasons: not to exclude special cases like plane
stress/plane strain (see Section 2.3.5) and to leave (k%) in eqn (5.37) in the
form of a stress in case strains are not computed explicitly by the particular
software. In such a case, the plastic strain rate in eqn (5.36) also enters
eqn (5.33) for the compensation loads as the combination (k7).

If the strains 1 were not the result of plastic flow but prescribed, the solu-
tion is associated with given initial strains and the vector J comprises the
initial loads. Accounting for initial strains (e.g. thermal strains) is a stan-
dard option in finite element analysis of elastic systems. It can be utilized
in plasticity in conjunction with the iterative determination of strains from
plastic flow [2]. The initial load method can be executed in either the initial
strain mode [3] based on plastic flow in terms of the stress rate, eqn (5.36),
or in the initial stress mode [4] based on the strain rate, eqn (5.37). The
computation steps of the initial load iteration are indicated in Scheme 5.2.

Predictor U

FElement loop, q =1,nel

Integration points

Predictor 77 : 6" = kY < kaU,, & < o* — (k)

M) < 7555s'6”  (initial stress)

n < tss'o (initial strain)

Corrector {

Initial load (element): J, < — / a'kndV
Vq

End integration

Initial load (system) J < J+ agjq

End elements

Corrector U <= K™! [P — J}

Scheme 5.2: Initial load iteration with elastic stiffness K

(initial stress/initial strain version).

The general remarks on the function of the loops in Scheme 5.1 apply here
as well. In both cases, the sequence of operations has been selected such that
the element loop is activated only once. This will necessitate some caution
regarding the first iteration cycle. In Scheme 5.2 (initial load iteration) the
formation of the elastic stiffness matrix of the system is not shown explic-
itly. The elastic stiffness matrix is not affected by plastic deformation; it
is considered available once and for all. The argument also concerns the
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factorization of the matrix required in the solution step for the displace-
ments. This fact attains significance in a complete elastoplastic analysis
extending over a sequence of several incremental loading steps (Section 5.5).

The etymology of the historical denotations initial stress and initial strain
goes back to deviations from elasticity [5]. The elastoplastic stress—strain relation
o = k7 can be alternatively expressed as

C=KRY+[R—K|Y=rY+T (5.38)
in terms of the elasticity matrix x and an initial stress,
T =Rk —K]Y, (5.39)

accounting for the deviation from elastic response. The initial stress term 7 is a
function of the strain rate 4. Analogously, the inverse elastoplastic stress—strain
relation 4 = £ '& can be brought into the form

y=kTlo+ [ —ko=KrTo+7. (5.40)

Here, the initial strain
_—1

n=[rk " — nfl] o (5.41)
accounts for the deviation from elasticity as a function of the stress rate . Com-
paring eqns (5.38) and (5.40), we obtain between 7 and 7 the relationship

F+ K0 =0. (5.42)

Accordingly, implementation of plasticity via initial stress or initial strain is a
matter of the functions available in the computer software. The most significant
issue is the dependence of each quantity on either the strain rate, eqn (5.39), or
the stress rate, eqn (5.41), which influences the numerical behaviour. Favourable
employment of each form has been investigated by Dieter Scharpf [6], and will be
discussed subsequently.

5.3.2 Convergence of the iterative solution technique

In the following, the convergence properties of the iterative initial load
method of solution are discussed for either the initial stress or the initial
strain mode of execution. For this purpose, referring first to the initial strain
formalism in Scheme 5.2, an iteration cycle for the plastic strain rate can
be defined by the recursive instruction

1 .
<hsst>k djk or

it1 oAy

ur

(5.43)

. [ 2G . )
{Metip1 = (hsst) J a{n,}, (k=1,...,nipxnel).
k
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In eqn (5.43), the vector arrays extend over the locations where stresses
and strains are evaluated. Commonly, these locations are the integration
points (nip) in each element amounting to a total number of nip x nel in
the entire finite element system. The size of the vector arrays thus is (noc x
nip x nel) x 1, where noc denotes the number of components in each i or
o. In accordance with Scheme 5.2, 7, ,; is the corrector, and &; the result
of the predictor step. The transition to the second expression in eqn (5.43)
relies on the transformation

_ {ai}
oy}

The matrix

(o1} () = [ra{n  (Lk=1,...,nipx nel). (5.4)

a = |—K/_1J 8{0'1} _ 8{51}

= [k, =

My 0{my}

globally describes the sensitivity of the stress (more precisely that of the
elastic strain &) to the plastic strain. It is a quadratic matrix with dimensions
(noc x nip x nel)?.

In a statically determinate system where o is fixed by the applied forces,
a = 0. The matrix a can be expressed alternatively in terms of the strain
~ as

(5.45)

Cofe)  olv)
T R e

and in a kinematically determinate system where ~ is fixed by the external
action, & = —I. Under more general conditions the matrix e is to be derived
from the computational steps determining the stress o for a given strain -.
At this place, it is worth noticing that in Scheme 5.2 the organization of
the instructions reflects the programmer’s point of view. The essential task
performed by the algorithm, however, is the determination of the plastic
strain rate 79 by the recursive operation of eqn (5.43). This can be easily
revealed by just another interpretation of the iteration cycle.

A convergent solution of eqn (5.43) implies that 70,,, =n; =7 every-
where in the system. Iterates will deviate from the solution 7 by a quantity
4. Thus,

=1,...,nip x nel), (5.46)

n; =n+0;, Niy1 =N+ 0it1 (5.47)
and from eqn (5.43) the deviations during consecutive iterations are gov-
erned by

b= [(Zs) [t (=t s

For convergence of the iterative procedure, the deviation from the solution
must diminish. In the statically determinate case (o = 0) no deviations
arise; the solution can be obtained at once. In the other special case, the
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kinematically determinate system (a0 = —I), eqn (5.48) assumes at each
evaluation point £ = 1,...,nip X nel the form

(Ok)it1 = — (fSStL (0r)i = — <h>k (8k)s- (5.49)

The transition to the last expression observes that the deviations are pro-
portional to the vector s: at each point §; = (7], — 7])s. At the same time, this
fact reduces the essential task to the convergence of the equivalent plastic
strain rate 7.

From eqn (5.49), the sign of the deviation vector {4y} will alternate during
the course of the iteration. Its magnitude will diminish if all coefficients
3G /h are less than unity. Accordingly, a condition for convergence can be

stated as
3G
max () < 1. (5.50)
k h )

It is seen from eqn (5.50) that the initial strain procedure becomes divergent
for the kinematically determinate system when h < 3G. Moreover, the initial
strain formalism fails entirely in the case of perfect plasticity (h =0) as
explained earlier.

Next, following in Scheme 5.2 the initial stress option, the iteration cycle
for the plastic strain rate is

e = | (g | o,

= KhiGsGsst)kJ B{n.}; (k=1,...,nipxnel). (5.51)

The matrix

M} _
oy}

globally describes the sensitivity of the strain « to the plastic strain n. It is
analogous to the matrix a, eqn (5.45), and is related to it by eqn (5.46). For
a kinematically determinate system, 3 = 0, whereas 3 = I in the statically
determinate case (a = 0).

An examination of convergence can be based on the behaviour of the devi-
ation 9; of the ith iterate from the solution, cf. eqn (5.47). With reference
to eqn (5.51), the deviations of consecutive iterations are here governed by

8= a+l (5.52)

(8k}isr = K@sst)kJ B{6wyi  (k=1,...,nip x nel).  (5.53)

If the system is kinematically determinate (8 = 0), the deviation vanishes
and the solution is obtained at once. In the statically determinate case
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(B =1) eqn (5.53) can be written for each evaluation point individually:

(Ok)iv1 = (fiC;)GSStL (0k)i = (hiiG)k (k)i- (5.54)

As in eqn (5.49), the transition to the second expression in eqn (5.54) relies
on the proportionality of ; = (7; — 1])s to the direction vector s.

From eqn (5.54), the sign of the deviations §; remains the same during
the course of the iteration. Its magnitude will diminish if all coefficients

3G/(h + 3G) are less than unity. Therefore, the condition for convergence

can be stated as C
max( ) <1 (5.55)
k

k h+ 3G

For a diminishing value of the hardening parameter h, the quotient in
eqn (5.55) increases and attains unity at h = 0. Consequently, the initial
stress formalism is always convergent also under statically determinate con-
ditions, but for the case of perfect plasticity. The failure of the iterative
algorithm then, is due to the fact that in a perfectly plastic material varia-
tions in stress cannot be imposed arbitrarily.

Summarizing, the initial strain formalism furnishes immediately the solu-
tion to the plastic flow problem under controlled stress conditions (statically
determinate case). Under controlled strain conditions (kinematically deter-
minate case) its range of convergence is quite limited, cf. eqn (5.50). The ini-
tial strain formalism fails completely for perfectly plastic material (h = 0).
The initial stress version furnishes immediately the solution to the plastic
flow problem under controlled strain conditions (kinematically determinate
case). Under controlled stress conditions (statically determinate case) its
range of convergence extends up to the case of perfect plasticity which at
the same time limits the existence of solutions.

Apart from the special cases considered, the deduction of explicit conver-
gence criteria is not that simple under more general conditions. For either
scheme the evolution of the deviations §; during iteration can be written as

{0k }it1 = M{0x }i. (5.56)

The magnification matrix M of the deviations §; in eqn (5.56) is specified
as from eqn (5.48) for the initial strain mode of the iteration algorithm, and
from eqn (5.53) for the initial stress mode. Convergence is tested with the
Euclidean norm ||{d}| of the vector array {dx}. This norm is defined by
the sum of squares of the vector components

{8k }I* = {0k} {6k} (5.57)

For convergence, it is requested that |[{dx}ir1]l < |{0x}ill, or with
eqn (5.56)
M8 all < (M| {I{8}4ll < ({8 }:ll- (5.58)
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The scalar quantity [|[M| = o(M) is known as the spectral norm of the
matrix M. It conforms with the Euclidean norm of the vector {dx} by
satisfying the first inequality in eqn (5.58). The convergence condition is
deduced from the second inequality, and reads

M| = (M) < 1. (5.59)

The spectral norm o(M) of the real matrix M is defined as the positive
square root of the maximum eigenvalue \; of the product M*M. It reads

o(M) = y/max\;(M*M). (5.60)

The above formulation can be specified for the previous cases and leads
to the same convergence conditions as before. This is left as an exercise
to the reader. Furthermore, since the direction s of the plastic strain rate
1) = 7js remains fixed with the stress state during iteration, the proof for
convergence can be limited to the magnitude j.

5.4 Integration of inelastic stress—strain relations

Inelastic analysis is actually carried out for a given loading programme and
is concerned with the determination of displacements, strains and stresses
rather than the momentary variation of these quantities. Since the con-
stitutive equations of plastic flow refer merely to the strain rate © or the
infinitesimal increment dm, respectively, the inelastic strain 1 has to be
obtained by integration

t

n= /hdt. (5.61)

0

Evaluation of the integral in the above equation demands an approxi-
mate incremental procedure for which accuracy is an obvious requirement.
Besides, if the integrand itself depends on the inelastic strain, integration
effects the solution of a differential equation 7) = f(n). Then, the stability
of the numerical scheme becomes important. This issue has been addressed
by the author in [7].

Various approximate schemes are feasible for the integration of the inelas-
tic strain. Given a finite increment in time (or another appropriate progress
parameter) leading from state t,, to state t,1, the integral in eqn (5.61) is

written as
n+1

Npt1 = Ny + / ndt (5.62)

n

and the task to be performed is the approximation within the increment.
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5.4.1 Subincrementation

Given the stress increment o A such that o, 11 = 0, + o, ns equal subin-

crements are specified by

1
0o =—on (5.63)
ns

and define within the increment the stress states (Fig. 5.2)
op =0, + kio (k=1,...,ns). (5.64)

Subincrements of the plastic strain can be obtained by the initial strain
expression in Scheme 5.2 as

1
oy, = (hsst> 0o (5.65)
k-1

Here, the notation allocates the quantities h and s to the stress stage k — 1
at the beginning of the subincrement, but specification at k or any other
location in between is equally possible. The approximation of the plastic
strain within the actual increment then reads

n+1

nA:/dn <= Zdnk. (5.66)
k=1

n

Alternatively, a strain increment v, given such that v, = v, +va, is
partitioned in ns subincrements

1

which determine the intermediate states of a fictitious stress quantity

o} = 0o, + k(KkdY) (k=1,...,ns). (5.68)

$(0,q,)=0

Figure 5.2: Subincrementation in stress space.
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Obviously, o, = o* at the beginning of the increment while specification of
the stress at the subincremental stations requires knowledge of the plastic
strain. From the initial stress expression in Scheme 5.2,

1
oy = [ ——=ss' 0 :
me= (aes) o (5.69)
and the stress sequence within the increment is obtained as
k
oL =0 — Z(/@(Sn)i (k=1,...,ns). (5.70)
i=1

The stress determined at station k is utilized in the calculation of the next
subincremental plastic strain 07, ,. This defines a sequential procedure
for the explicit evaluation of eqn (5.69). The use of any other stress state
within the subincrement requires in general an iterative procedure for ém,.
Accumulation to M as in eqn (5.66) supplies the approximation to the
actual plastic strain within the entire increment.

It can be seen, in retrospect, that in both cases the approximation to the
incremental plastic strain is performed in accordance with

n+1 n+1 ns
/ dn = / sd < Zsk,léﬁk. (5.71)
n n k=1

The individual schemes — initial strain and initial stress — differ in the com-
putation of the scalar equivalent quantity d7; by

_ l t 5 1 t
0k = (hs )k_l do and On = (h—|—3GS )k_l (Kd7), (5.72)

respectively.
5.4.2 Incremental approximation

For a discussion of approximations based exclusively on the end points of
the increment, we consider the following integration scheme:

n+1 n+1
A = / dn = / sdf] = s¢fja (5.73)

n

with Ao = fnt1 — 7ln. Equation (5.73) reflects the mid-value theorem of
integral calculus, where s¢ indicates specification of the flow direction s at
position ¢. The normalized quantity 0 < ¢ <1 is known as the collocation
parameter. In terms of the integration variable 7,
— N —1n
ﬁnJrl - ﬁn ’
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but formulation in other progress variables is also feasible. It defines loca-
tions within the increment such that ¢ = 0 marks the beginning, ( = 1 the
end of the incremental step.

In general, the flow direction will depend on both the stress and the hard-
ening state: s(o, q), but only dependence on the stress o will be exemplified
in what follows. Integration by eqn (5.73) can be effected in conjunction with
an assumed linear relationship of the stress within the increment n,n + 1,

UC:(l_C)0n+<Un+17 (574)

which gives as an approximation to the incremental plastic strain

Na =s(0¢)la = s¢ha. (5.75)

The value of the collocation parameter ¢ in eqns (5.75) and (5.73) can
be chosen so as to satisfy specific requirements related to simplicity of the
computation, accuracy of the approximation and stability of the integration.

Since the equivalent plastic strain 77 constitutes the integration param-
eter in eqn (5.73), the magnitude 7ja of the incremental plastic strain is
considered a given quantity while the direction s is subject to selection. In
an explicit, forward Euler scheme it is taken at the beginning of the incre-
ment: sc—g = s,. In a fully implicit, backward Euler procedure the direction
S¢=1 = Sp41 is employed, pertaining to the end of the increment. A superior
accuracy is usually achieved for values within the interval. At the same time,
this requires storage of two stress states o, and o,41 at each evaluation
point in the system.

Actually, incremental changes of plastic strain have to be considered for a
given increment in stress or strain, not for 7. This is pursued below for the
case of isotropic hardening. To this end, we extend the mid-value argument
to the integration of eqn (1.152) for d7j and obtain

n+1
1 1
A = / EStdO' = ESZUA (O'A =O0Onp+t+1 — o'n)~ (576)

n

In terms of the incremental strain from eqn (1.156),

n+1
2G 2G

A = dvy = j = - 5.77
N TR Te R A P T R (YA =Ynt1 = V) (B77)

n

or, alternatively,
1 t

A = ———— I 5.78

where the quantity

ES
OA = KA
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may be interpreted as a fictitious stress increment. We notice that with
equs (5.76) and (5.77) in conjunction with eqn (5.75), the relations between
the differentials in eqns (1.154) and (1.157) simply transfer to the present
case of finite incremental changes. The test on plastic loading is interpreted
analogously.

Elastic—plastic transition
The above considerations on incremental plastic strain assume both the
beginning and the end of the transition n,n + 1 located in the plastic regime.
If a plastic state n + 1 is reached from an elastic state n, then only part of
the increment is associated with plastic flow, the transition up to the yield
limit being elastic (Fig. 5.3). The state n’ where plastic flow initiates is
defined by the condition ¢(o,/,q,) =0, which determines the stress o, .
The quantity q, represents the value of the hardening parameters prior to
the incremental change. Assuming a linear variation of stress within the
increment as by eqn (5.74), we have o, = (1 — {')o, + ('opnt1, and the
value of ¢’ can be obtained from the yield condition. In the expressions
for incremental plastic flow, the stress o, takes the place of o, and the
relevant increment in stress is 41 — 0 = (1 = (')oA.

As an example of the linear variation, the equivalent stress 7., is given by

[(]— - </)0-Dn + CIUDn+1]t[(1 - C/)aDn + C/O-DnJrl]

Q
Il
| o

n’

Il
~—
—

= {205 + ()00 +3(1 = ¢)ohu D01 (5.79)

The von Mises yield condition with isotropic hardening, eqn (1.150), in
the form &2, = U]%n becomes a quadratic equation for the parameter (.
Analogously, in the case of kinematic hardening eqn (1.159) or eqn (1.161),
respectively, used in conjunction with the linear variation of op within
the increment determines the value of ¢’. The hardening variable here is
dn = @y, taken at the state prior to the incremental change.
Computational finite element procedures effectively deal with the incre-

ment of strain rather than with the increment of stress. A fictitious stress

On+1

$(0,4,)=0

Figure 5.3: Elastic—plastic transition.
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defined in this connection within the increment as
0" =0n+K[Y— 7] (5.80)

assumes at the limit points the values

*

0,=0, and 0, =0, +KYA. (5.81)
If state o, at the beginning of the increment is within the elastic range, we
have o, = o,/ at the yield limit. Then the condition ¢(o,,q,) = 0 for o,
determines the initiation of plastic flow, as does the condition ¢(o,/,q,) = 0
in terms of o,,,. With a linear approximation for o* within the increment:

o =01-)o, +(or,,. (5.82)
It turns out that the value of the parameter ¢’ at incipient plastic flow in the
increment can be obtained from the yield condition as before (with o7 ; in
place of o,1), but the result is different. In the present case ¢’ is used to
define the part v, ; — v, = (1 = (')va or (1 —¢')oy respectively, of the
incremental strain associated with plastic flow instead of the incremental
stress in the former case.

An accuracy study

We consider approximate computation of the plastic strains in the rectangular
plate under tension discussed analytically in Section 1.2.5. The plane problem can
be represented by the reduced stress and strain vectors,

o=[al =0 =) g

with components along the sides of the rectangular plate. The elastic relationship
between stress and strains reads

ou| _ E 1 v Y1 — M mm| l 1 —v o1 (ii)
o9 1—v2 v 1 [y2—m2]" |72—m E| —-v 1 oa |’
The deviatoric stresses in the plane define the direction of plastic flow

op = 201 — 02 and s—éla' (iii)
D= 209 — 01 25 D

Starting at the elastic limit, the state of stress is advanced incrementally such
that
Ont1 =0, +0oa and oa = {Um } . (iv)
voia — Enaa
In the incremental stress vector in eqn (iv), the component o1 is imposed in
each step as a prescribed loading condition. The expression for o2a arises from
the suppression of the lateral strain component, v2a = 0 in the incremental form
of eqn (ii), and requires knowledge of the plastic strain increment.
The incremental plastic strain 1, is approximated by eqn (5.75), but eqn (5.77)
for 7ja relies on the complete three-dimensional definitions of stress and strain and
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cannot be used in conjunction with the present reduced vector arrays. For this
purpose, we state an incremental condition of perfect plasticity in the form

scoa =sck[ya —nal =0, )
with the elasticity matrix k as from eqn (ii). Then with eqn (5.75),

1

———s¢ky, and My = fasc. (vi)
SERSC

Na =
An iterative treatment of the incremental elastoplastic problem starts each itera-
tion cycle with an estimate 1,,; = fais¢; of the plastic strain increment. Computa-
tion of the increment of stress oa, and of strain 7y 5, determines the direction s¢;41
and the magnitude 7ja;+1 of the incremental plastic strain Nair1 = NAai+1S¢i+1,
which enters as a new estimate in the next iteration cycle.

The actual numerical investigation [5] refers to the case v = 0 and covers loading
from the elastic limit within the range 1 < o1/0s < 1.13. Results are alternatively
obtained with the explicit scheme (¢ = 0) and the mid-step approximation ({ =
1/2). In terms of a Taylor series expansion, the above schemes correspond to a
first- and second-order approximation within the increment, respectively.

The accuracy of the two approximations is demonstrated in Fig. 5.4 by a com-
parison with the longitudinal stress—plastic strain plot of the analytical solution.
Numerical results are shown for two different incrementations: five steps lead-
ing to the ultimately applied stress, or single-step computation. As expected, the
accuracy of the second-order integration scheme is superior to the linearized one;
remarkably good results are obtained with the latter by applying the loading in a
single step.

Figure 5.5 indicates convergence of the numerical approximation to the ana-
lytical value for a diminishing size of the load increments. For this purpose, the
normalized deviation of the numerical result 7; from the analytical ‘exact’ value
71e at ultimate load is depicted as a function of the number of load increments
employed. It is seen that the rate of convergence is higher for the second-order

2/V3 T
Plastic limit T,

1134 ® x e = == %
/ T
- X
o, /o, /
4 /xc — Analytical solution (v= 0)
5 steps

- X ;
/ ® 1step } First order
© 5steps 1 gecond order
1 @ 1 step }
10 Elastic limit
"% 62 | 04 06 0.8 0 m/e

Figure 5.4: Approximate vs analytical solution for a perfectly plastic plate.
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First order appr.

Second order appr.

LA LI 1
0 20 40 60 80 100 Number of increments

Figure 5.5: Error in plastic strain at final load depending on increment size.

approximation. In order to achieve a high-quality solution in the increments, the
convergence criterion allowed only a relative deviation of < 107'* in the iterated
variables. The number of iterations in the step appears to be insensitive to the
step size, and therefore the number of iterations for the entire computation follows
closely the variation in the number of loading increments.

5.4.3 Stability of integration

For the integration of the plastic strain

n=/dn=/sdﬁ,

the integrand s(o) requires the stress o as a prescribed function of the
parameter 7. If such a relationship is given, the incremental approximation
concerns the evaluation of the integral and raises merely the question of
accuracy. If, on the other hand, the strain -+ is assumed to be known as
a function of 7, then the direction of plastic flow has to be interpreted as

s(k[y —n]), and
dn =s(k[y —n])d7y (5.83)
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represents a differential equation for the plastic strain 7. The incremental
approximation to its solution raises the issue of numerical stability, which
concerns the propagation of perturbations.

The differential equation to be solved will be studied in a model form by the
analogy,
1
dn
where x = (1/dt)dx denotes the rate of change of the variable x with respect to
the progress parameter ¢. For integration analogous to eqns (5.73) and (5.75), we
obtain from eqn (5.84),

dn—-s(n)=0 = x+f(x)=0, (5.84)

Xnt+1 = Xn — 7(x¢), (5.85)
with 7 = t,4+1 — t, defining the incremental step. In addition, we state a linear
variation of x within the increment,

x¢ = (1 = )%n + (Xn+1, (5.86)

where ( = (¢t — t,)/7.

The stability of the approximate integration concerns sensitivity of the solution
to numerical perturbations. A perturbation dx to the solution x implies a variation
of the integrand f(x). From eqn (5.85),

0Xpt1 = 0%y — T0F(X¢), of = %5x = Néx. (5.87)
With eqn (5.86) we obtain dx, and

B8(xc) = Ne (1= ()8, + (%] (Nc— = )
¢

Substituting in eqn (5.87), we deduce for the propagation of perturbations the
relation

I+ ¢TN¢]0%nt1 = [I— (1 — {)TN¢]|0xs,. (5.88)
Ultimately, eqn (5.88) can be written as
5%ni1 = Adxn, (5.89)
where the matrix
A = [I+4 (7N I = (1 = ¢)7N¢] (5.90)

is the amplification matrix for the perturbation.

In order to study the sensitivity of the integration scheme, the perturbation
0x, is represented as a linear combination of the m eigenvectors y;(A) of the
amplification matrix A,

0Xp = Zciyi and 0Xnt1 = Zci)\iyi. (5.91)
i=1

i=1

Repeated application of eqn (5.91) over k consecutive integration steps following
an initial perturbation dx¢ gives

(5Xk = Ak5X0 = Z ci/\fyi. (592)

=1
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Since the exponent k increases during the course of the incremental integration,
the perturbation will diminish if all eigenvalues \; of the matrix A are absolutely
less than unity. Stability requires that perturbations are not amplified. A sufficient
condition therefore can be given in terms of the spectral radius p of the matrix
A as
p(A) = max|\;(A)| < 1. (5.93)
In eqn (5.90), the amplification matrix A is a rational function of the matrix
N. Then, the eigenvalues \;(A) exhibit the same functional dependence:

M(A) = 1—(1—¢QrAi(N) TAi(N¢)

1+ ¢Thi(Ne) 14 CrA(Ne)

The stability requirement of eqn (5.93) restricts the eigenvalues to |A\;(A)| < 1,
and hence

(5.94)

7A:(N¢)
-1<1l— ——— < 1. 5.95
1—|—<7’)\i(N<) ( )
From eqn (5.95), there follows
2
(N . .
0 < 7 §)<1_2C (5.96)

Accordingly, the stability of the integration requires the eigenvalues of the matrix
N to be positive, A;(IN) > 0, and the incremental step 7 to be limited by

2 1
T rmaNg (056<3) (5:81)
Here, p(IN) = max \; (IN) denotes the spectral radius of the matrix N.

For ¢ = 0 the integration is explicit, and for stability 7 < 2/p(N). For 0 < ( <1
the integration involves quantities at the end of the increment, and is termed
implicit. In the interval 0 < ¢ < 1/2, the integration is stable for finite values of
the increment 7 complying with the condition of eqn (5.97). The transition from
conditional stability to unconditional stability is at { = 1/2, so that 7 — oo for
1/2 < ¢ < 1. Within this interval, the integration is insensitive to perturbations
independently of the choice for the incremental step 7.

The stability requirement, eqn (5.93), ensures damping of the perturbation
which was represented by eqn (5.92). If the eigenvalues of the amplification matrix
A are positive, the damping is effected monotonously. For negative eigenvalues the
sign of contributions from individual eigenvectors changes consecutively. Thus, the
sign of the eigenvalues of A given by eqn (5.94) defines an oscillation limit in terms
of the incremental step 7.

Stability is associated with the nature of the expected solution. Assuming lin-
earity in eqn (5.84), we obtain for the evolution of the variable x the differential
equation

%X + Nx = 0. (5.98)
The solution of the above equation is

x = exp(—tN)xo

2 3
= X0 — tNXO —|— %N2XQ — %NSXO —|— ey, (599)

where the second expression results from the power series expansion of the expo-
nential. Representation of the initial vector x¢ as a linear combination of the
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eigenvectors y;(IN) of the matrix N,
X0 =Y i, (5.100)
i=1
transforms the power series in eqn (5.99) as follows:

t2 t3
xo — tNxgp + ENQXO — §N3X0 -+ -

m 242 313
27 NS
= E (Ciyi —cith\iyi + CiT'ZYi — CiT,zyi + - ) . (5.101)
i=1 : :

Here, \;(N) are the eigenvalues of the matrix N, and the solution of eqn (5.98)
can be expressed as

x=Y e My (5.102)
i=1
Since stability requires A;(IN) > 0, cf. eqn (5.96), it is associated with a decaying
function x(t) as from eqn (5.102).
The incremental transition for t,41 <= t, + 7 obtained from eqn (5.99) reads

2

3
X1 = Xn = TNX + 0o N"x, - %N‘?xn Foee (5.103)

The linear part,

Xn+1 = [I — 7N]x, (5.104)
is identical to the explicit integration (¢ = 0) of eqn (5.98) by the incremental
scheme of eqn (5.85). Conversely, the explicit form of the integration scheme mod-
els exactly the linear part of the solution for the incremental step in eqn (5.103).

The above considerations on stability of the model equation can be immediately
transferred to the equation of plastic flow on the left-hand side of eqn (5.84) by
the substitution

x<n, f(x)<—sn). (5.105)
Also implied is the assumption of a linear variation of the stress within the
increment, eqn (5.74), and determination of s = s(o¢) in eqn (5.75).

Perturbations in n are propagated by the incremental update n,, | <
7, + M in accordance with

OMypy1 = 0M,, + Nadsc. (5.106)

The direction of plastic flow

31 3/3 , \'?
s=5-0p=3 <20'D0'D> op, (5.107)

is a function of the deviatoric stress

op =2G[yp —n] and dop = —2Gin. (5.108)
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The strain - is considered free of perturbations such that these are intro-
duced exclusively by the plastic strain n. Therefore,

0 = —Noén. 1
s = dUD n n (5.109)
The matrix 5 4 50 )
S S
N=_-2"029 = I-— Zsst 11
on GdO'D G [ 3 ] (5.110)

is defined in analogy to eqn (5.87). From eqn (5.107) by differentiation,

ds 31 2
=== |I— Zss 11
dop 20 |: SS:|’ (5 )

which leads to the last expression for IN.
Noticing that

50']3( = (1 — C)dUDn + <60D7L+1
= —2G[(1 = {)én,, + (dm,, 4] = —2Gon,, (5.112)

we obtain with eqn (5.109)

bs¢ = ~Nedn, = ~Ne[(1 = Q)om, + o], (5.113)

the matrix N to be specified at position (.
Substitution of eqn (5.113) in eqn (5.106) and rearrangement of terms
gives
[T+ ¢naNc]on, . = [T (1 = ()7aNclon, (5.114)

in place of eqn (5.88) pertaining to the model problem, with all related
arguments applicable. In particular, interpretation of the stability condition
of eqn (5.97) for the numerical integration of the equation of plastic flow

leads to
2

(1-20)3G/5
Here, 7 <= 7ja and p(N) <= 3G/ for the spectral radius as from eqn (5.110).

fia < (5.115)

Interpretation of stability

Assuming plastic flow under monotonically increasing loading to be gov-
erned by isotropic hardening, the equivalent stress follows the uniaxial hard-
ening characteristic of the material: & = o¢(77) and g = hijao where h can
be referred to as a mid-value or a secant adapted to the finite incremental
relationship. Then eqn (5.115) defines a stability condition in terms of the
increment of equivalent stress a. However, since the discussion concerns
rather a prescribed strain history, we notice that o = s'e = 2Gs'[¥ — 7]
from which the quantity &* = 2Gs'4y = (h + 3G)7 is deduced as a ficti-
tious equivalent stress rate in terms of the strain rate. Taking finite incre-
ments 64 = (h + 3G)7a with h as defined above, the stability condition in
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eqn (5.115) can be used to restrict the quantity 63 = 2Gsgy, and thus
control the strain increment 4.

It is recalled that stability ensures damping of disturbances é7 propagated
by the incremental integration, eqn (5.106). In the integration scheme, fja
is considered a fixed quantity and thus disturbances in 1 are constrained.
In fact, from eqn (5.75) with s's = 3/2 we observe that

3
NYNA = 57?2 = constant and n%\én, = 0. (5.116)
The second equality in eqn (5.116), obtained by differentiation, expresses the
orthogonality between m5 and ém, as a consequence of the fixed magnitude.
This implies that

Na[0n,1 —0n,] =0 = sidsc = 0. (5.117)

The final result in the above equation makes use of eqns (5.106) and (5.75).
It concerns the direction of incremental plastic flow and shows that distur-
bances induce a rotation in the vector s¢, maintaining the constancy of its
length.

5.4.4 Radial return

The term was introduced in [8] in connection with incrementation of per-
fectly plastic flow. The following presentation uses the formalism of the
account in [9].

After application of an increment in strain -y, the stress can be
obtained as

Tni1 =0+ E[YA —Na]l =011 — 2GN4. (5.118)

The fictitious stress
Oyl =0n+KYA (5.119)

predicted under the assumption of elasticity must be corrected by the contri-
bution of the incremental plastic strain n, such that the stress 0,41 meets
the yield surface (Fig. 5.6). In isochoric plasticity, this procedure affects only
the deviatoric state of stress since plastic strains do not exhibit volumetric
parts.

Perfect plasticity and isotropic hardening
The direction of the incremental plastic strain is specified here by the stress
0,41 at the end of the increment

1

6n+1

_ . 3
Na =7asnt1 With snpq =2 O Dni1- (5.120)

Then, from eqn (5.118) for the deviatoric part,

Obmi1 = ODnt1 + 2GMA = <1 + 3G577A > Dt (5.121)
n+1
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Figure 5.6: Radial return to the yield surface.

and therefore the directions of opp41 and o7, 4y are identical:

S = o = o =S .. .
n+1 D) 51 Dn+1 2 _:l . Dn+1 n+1

Thus, in eqn (5.118), the correction by 2Gm A up to the yield surface is along
0 D41, Which suggests the denotation radial return for this technique.
From eqn (5.120) right, the equivalent deviatoric stress &,41 can be
expressed as
Oni1 = S:H_lO'Dn_H = S;_‘_lo-n_l,_l. (5.123)

With eqn (5.118) for o,41, eqn (5.120) for n, and s,41 =s;;,; from
eqn (5.122),

Ont1 =sShi100 1 —3Gia =055, — 3Gija. (5.124)

In perfect plasticity the condition to be observed in inelastic deformation
i8S ¢py1 = Tpy1 — 0s = 0, and with eqn (5.124) the equivalent plastic strain
increment follows to

Ta = 55 (T — 02) 2 0. (5.125)
The quantity o, is computed as an equivalent stress with the fictitious
stress o7}, , and o, denotes the uniaxial yield stress. Backsubstitution in
eqn (5.120) for na with s,41 =s},;, and in eqn (5.118) completes the
determination of the stress state o,41 at the end of the increment.

The above formalism follows as a special case of the technique devel-
oped in [9] independently for hardening plasticity. For isotropic hardening

(Section 1.3.1), plastic states at the end of the increment comply with

Pn+1 = Ont1 — Ofng1 = 0. (5.126)

From the uniaxial flow curve in Fig. 5.6, the yield stress of the material can
be expressed as
Otn+1 = Ofn + hija, (5.127)
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where & is an estimated incremental average or a secant slope computed
during the course of an iteration procedure.

With eqn (5.124) for 6,41 and eqn (5.127) for ¢, 41, the equivalent plastic
strain increment follows from eqn (5.126):

1

na
This expression for 7o incorporates the incremental plastic loading con-
dition (7}, — o¢n) > 0, and reduces to eqn (5.125) for a perfectly plastic
material (b = 0). In conjunction with s, 1 = s}, as a consequence of the
radial return technique, eqn (5.128) determines the plastic strain increment
N in eqn (5.120) using the fictitious stress o7, | as input, and completes
the computation of the stress o,4+1 by eqn (5.118). The incremental quan-
tity at the origin of eqn (5.128) is the strain «y, as for the initial stress
version for the plastic strain increment.

If the stress increment o A is given instead of the incremental strain, the
input is the stress 7,41 = 0, + o a. The task then reduces to the computa-
tion of the equivalent plastic strain increment in eqn (5.120). The condition
dn+1 =0, equ (5.126), along with eqn (5.127) for the yield stress gives

(Gpi1 — o) > 0. (5.129)

Sl

A =

The hardening parameter h can be specified such that the uniaxial flow dia-
gram is exactly reproduced, for which reason eqn (5.129) may be considered
superfluous. It conforms, however, with the overall formalism and pertains
to the initial strain version for nx.

Kinematic hardening
Referring to Section 1.3.2, plastic states satisfy the condition

PKnt1 = OKnt1 — 05 = 0, (5.130)

where analogously to eqn (5.123) for the equivalent stress

_ . 3 1
OKn+1 = S%{n,+1UKn+1 with SKn+1 = 55‘ OKDn+1- (5131)
Kn+1
In the ‘kinematic’ stress vector,
OKn+1 = [o'n + UA] - [an + aA] = Ui{n-i-l — QA, (5132)

the part

/
OKn+1 = [O’n + O'A] —Qp = 0Opt1 — Op

— OKkn + 0 (5.133)

can be determined once the stress increment oA is given.
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The incremental translation aa of the yield surface is assumed to point
along the direction sk,11, and can be written as
2_ QA
QA = —AASKntl = — OKDn+1- (5.134)
3 TKn+1

Therefore, from eqn (5.132) for deviatoric parts,

aa
O'i(DnJrl = OKDn+1 T+ A = (1 + ™ +1> OKDn+1, (5135)
n

and the directions of o, | and okpn41 are identical, i.e. Skni1 = Sk, 1-
Thus, with eqn (5.132) for ok,+1 and eqn (5.134) for aa we obtain for
the equivalent stress in eqn (5.131),

6K’ﬂ+1 = (Si(nJrl)to-i(n«kl - (Si(nJrl)taA = 6£(n+1 - @A7 (5136)

where i, ., is determined by applying the equivalent stress operation to
the vector oy, ,, and

aa = hia.

The condition ¢k,+1 = 0, eqn (5.130), then furnishes for 7a the initial strain

form,

1
M = 7 (Bkns1 = 0) 20, (5.137)

and for the incremental plastic strain,
Na = NASKn+1 = ﬁAsi{ner (5138)

If, alternatively, the strain increment «y, is given (Fig. 5.7), use of the
elastic relation oa = k[ya — Nl in eqn (5.132) leads to the expression

OKnt1 = [0n + KYA] — [an + aa] —2Gnp
= ORns1 — [@a +2Gn,]. (5.139)
Here, the part

*/ *
OKn+1 = [On +KYA] —apn = Ont1 — On

=OKn + kYA (5.140)

is available from the incremental finite element solution and the state at
the beginning of the increment. Since both aa and n, are assumed to be
directed along sk,i1, an argument analogous to eqn (5.135) shows that

/
SKn+1 = sf(n#»l'



186 ELEMENTS OF PLASTICITY

2G na o ot
N oy p _
N e a
(an)D ‘\‘ G| et
(Oxkntdp \ &
7a
' n T+l n

ay ay

Figure 5.7: Radial return for kinematic hardening.

Then, with eqn (5.139) for ok,+1 the equivalent stress quantity from
eqn (5.131) becomes

Tknt1 = (SKn11) Ok 11 — (SKny1) [@a + 2G4 ]

= 0int1 — (@a +3GTa), (5.141)

where @a = hija. Utilization in the condition ¢k,+1 = 0 of eqn (5.130) gives
for A the initial stress form

_ 1 s

instead of eqn (5.137). The quantity &y, is computed as an equivalent
deviatoric stress with the vector o, ,, eqn (5.140). The direction sy,
of its deviatoric part completes the specification of the incremental plastic
strain m,, eqn (5.138), and of the translation aa, eqn (5.134).

In retrospect we notice that fundamental to the radial return technique is
the employment of the flow direction at final state, for the entire incremental
step. This selection corresponds to the fully implicit, backward Euler scheme
of the incremental approximation with s¢—; = s,41.

5.4.5 A more general return technique

In case that the material behaviour is not isotropic and when the plastic
flow is not directed along the stress deviator, techniques different from radial
return are required to adapt the elastic excess stress in the increment to
the yield surface. The algorithm developed in [10] for this purpose may be
referred to the generalized formalism of Section 1.4 with the yield condition
¢(o,q) <0, and will be outlined in the following.

Let the strain increment «y, pertaining to the transition n — n+ 1 be
given. If the stress o}, | = o, + kv, from the elastic prediction violates
the yield condition such that ¢(o7:,1,q,) > 0, it is fictitious and must be
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corrected by accounting for the effect of plastic flow on the hardening param-
eters q until

bn+1 = ¢(0nt1,dn+1) = 0. (5.143)

The correction is performed iteratively. Entering an iteration cycle with
estimates (0n+1)i, (Qn1)i for which (¢,41); > 0, improved estimates

(Ont1)it1 = (Ony1)i + 0075,

(5.144)
(An+1)it1 = (Qny1)i + 0,
are required to satisfy the yield condition in the form
o¢ o¢
(Pn+1)it1 = (ns1)i + 72 00 + —— dq; = 0, (5.145)
oo n+1,7 aq n+1,:

which is obtained by linearization at state (67,,+1)i, (Qn+1)i- Since the cor-
rection process takes place at constant strain 7y, + va, elasticity gives for
the stress variation in eqn (5.145)

00; = —KOM),;. (5.146)
The variation of the hardening parameters is
(Sqi = (’Hnﬂ)iéni, (5147)

while the variation in plastic strain is assumed given by the flow rule as

on; = A {8"5} . (5.148)

80' n+1,1

After substitution, eqn (5.145) is solved for

(96 09 0o, 96\ _
Ai = <80’K/ao't — 8(1%80"3>n+17i (¢n+1)z~ (5149)

This determines d7; and dq;, do; for the new estimates (6,+1)i+1, (An+1)i+1
in eqn (5.144). In place of eqn (5.148) for the variation in plastic strain we
might use the alternative representation

on; = 67i(Sn+1)is

but this introduces inhomogeneity in the formalism.
The iterative return is started with

*
(0'71,+1)1 =0, + RYA = Oyt

(qn+1)1 =qn-
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At the end of the iteration, when the yield condition is met after rit iteration
cycles, the increment of plastic strain is

it rit

Na =) 0m; =Y 0ii(snt1)i-
=1 =1

When the conditions are met the procedure effects radial return since
it o
(Snt1)i = sii,y = constant, and na = (31" 67;)s5 1.

5.5 Elastoplastic computation
5.5.1 Incrementation

The numerical finite element analysis of elastoplastic systems for a specified
history of slowly applied loads is based on the consideration of the condition
of quasistatic equilibrium at a series of stages. It combines an elastic solution
until initial yield (Section 5.2) with a sequence of incremental solutions
in the plastic range. Beyond the elastic limit the algorithm is controlled
by a stepwise application of the loading. This is necessitated by the path-
dependent nature of the elastoplastic stress—strain relations, which imply
incremental approximation. Referring to the transition from stage n to stage
n + 1, the statement of static equilibrium between applied loads P at the
mesh nodal points and stress resultants S as expressed by eqn (5.19) taken
at n + 1, the end of the loading step, reads

PnJrl - Pn + PA - Sn + SA = Sn+1. (5150)

Since equilibrium has been established at stage n, we are left with an incre-
mental equation for the displacement Un:

Pa = Sa(Un). (5.151)

Non-equilibrated numerical residuals at stage n can be accounted for in the
subsequent incremental solution by modifying the increment of the applied
loads to

PA ~ [Pn-i-l - Pn] + [Pn - Sn] = Pn-i—l - Sn

Under the assumption that displacements do not modify appreciably the
geometry of the system, Sa is obtained with the incremental stresses oa
in exactly the same manner as S is obtained with the stress o. The above
can be concluded from the finite element formalism in Section 5.1. The
functional dependence on the incremental displacement U 4 is a result of the
approximate integration of the elastoplastic stress—strain relations, which
provides us with a relationship between the increment of stress and the
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increment of strain. To be specific, the strain increment required there is
determined by the finite element kinematics as

Ya = aUga = aa,Ua.

The principle of the incremental computer procedure can be summarized
as shown in Scheme 5.3.

Elastic limit state max ¢(o.,05) =0 : Py

Py =P, Uy <= U, 00 < 0y
Loading loop: n = 0, ninc
Load increment Pa: Phi1 =P, +Pa
Elastoplastic solution Ua : U,4; = U, +Ux

OA: Opp1 =0, +0A

End loading

Scheme 5.3: Incremental elastoplastic algorithm.

At the beginning of an elastoplastic computation stands the specification
of the elastic limit state. This is the state at which the elasticity limit of the
material is first attained locally in the system. Frequently, the loading P can
be assumed to be proportional, varying by a factor from a reference level
Pgr: P = APg. Determination of the elastic limit state then requires a single
elastic solution and scaling by the factor s obtained from the condition of
initial yield:

max ¢(AoR) = As(max og) — o5 = 0.

The maximum is searched for within the system. In the case of a different,
arbitrary loading history, either incrementation is started at the origin or
the elastic limit state is obtained iteratively.

The subsequent loading is applied in increments P o. The choice of the size
of the loading increment is guided merely by two aspects: the linearization
error and the convergence of a possible iterative solution. The expressions
for incremental plastic flow developed in Section 5.4.2 are homologous to
those for the time rates in the algorithms of Section 5.3. Therefore, the
basic solution schemes are equally applicable to finite increments, in prin-
ciple. Modifications arise from higher-order incremental approximation and
elastoplastic transition.

It is worth noticing that both issues, higher-order approximation in the
incremental step and transition, affect the direct nature of the tangential
stiffness method and necessitate iteration. On the contrary, accommodation
in the initial load technique is straightforward. A simple solution algorithm
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for the elastoplastic increment in Scheme 5.3 is obtained with the assump-
tion that the stress state at the end specifies the direction of plastic flow
(radial return, Section 5.4.4).

Incremental solution

Scheme 5.4 demonstrates employment of the initial load technique stated
previously in Scheme 5.2 for the rate problem. The algorithm refers to the
radial return approximation associated with the initial stress approach. The
scheme can be easily modified for the analogous initial strain procedure.
Since the scheme is then based on the stress at the end of the increment,
the computation of o, 1 must be placed prior to that of 7o by eqn (5.129).
This necessitates a prediction for nn = fas when entering each iteration
cycle. The reader will realize that implementation of kinematic hardening
as from Section 5.4.4 in the incremental Scheme 5.4 is straightforward. All
instructions can be used without modification by changing the input to the
appropriate quantities for kinematic hardening. This requires storage and
incremental update of the translation vector a of the yield surface. Incor-
poration of mixed isotropic—kinematic hardening is also simple.

In Scheme 5.4, the sequence of operations is listed from the programmer’s
point of view. The essential iteration concerns, however, the incremental
plastic strain n, and its magnitude 7, and convergence is tested with this
quantity.

Input: Pa,o,
Predictor Ua
Element loop : ¢ = nel
Integration points
oA =kYa = kaUpg, 0, | =0, +0x

1

A hgag T T o) 20

n
— * *
Na <= NASp+15  On+l = Opnt1 — RNA

Initial load (element) Ja, < — / a’knpadV
Vq

End integration

Initial load (system) Ja < Ja + aZJAq

End elements

Corrector Upr <« K1 [Pa — J4A]

Scheme 5.4: Initial load algorithm for radial return.
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5.5.2 Overview of algorithms

We arrive at a unified fashion of incremental algorithms by considering the
solution of the vector equation

Ra(Ua)=Pa —Sa(Ua) =0, (5.152)

which is the residual form of eqn (5.151).

An iteration cycle for U in eqn (5.152) starts with an estimate Up; for
which, in general, Ra(Ua;) # 0, and supplies the next estimate Ua;1+1 by
solving the linearized equation:

dR
Ra(Uai+1) = Ra(Uni) + [dUi] [Uai+1 — Uai] = 0. (5.153)
From the above equation,
dRaT ™!
Upir1 =Upi — |2 | Ra(Uay), (5.154)
dUa |,

which is known as the Newton—Raphson iteration technique for the solution
of nonlinear equation systems. If the system is linear, the solution is obtained
in a single cycle.

For the residual vector in eqn (5.152) the recursive scheme of eqn (5.154)
assumes the form

dSa ] ) [Pa —Sa(Uay). (5.155)

Upir1 = Up; —
Ai+1 A+[dUA

i
With reference to the finite element formalism in Section 5.1, the stress
resultants in eqn (5.155) are obtained from element contributions in Sag =
{Saq} (¢=1,...,nel) by accumulation:

Sa=a'Sag and Sa, = /ato'AdV. (5.156)
Vq
The derivative with respect to the displacement increment reads
dSa +dSAE . dSAE

_ _ 5.157
AU~ 2 dUx 2 AU (5.157)

where
dUag
dUa

The entry of individual elements in the gradient matrix in eqn (5.157) is
given by

UAE = aUA)

dSap [ dSa,
dUag ’

T | dU,,
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and in the diagonal hypermatrix

dSAq / t dO’A
= [ a'"——adV. 5.158
dUaq dva ( )
From finite element kinematics,
dya
=aUp,, =a
RN Agq dUAq

Application of the Newton—Raphson technique, eqn (5.155), ultimately
requires the stress increment as a function of the incremental strain in
eqn (5.156), which enters the residual and leads to the system gradient
in eqn (5.157) via the element contributions of eqn (5.158). The system gra-
dient exhibits the structure of the momentary elastoplastic stiffness matrix
as in eqn (5.29), but is different. It results as a derivative from the incre-
mental approximation of the elastoplastic problem (Section 5.4.2), and is
determined at the state pertaining to the ith iteration cycle.

The stress increment can be written as

oA =K[Ya —Nal = E¢Yas (5.159)

where, with eqns (5.75) and (5.77) for the plastic strain increment, the
coefficient matrix is
2G
ke=#k|I - ————s¢st|. 5.160
¢ he +3G ¢ (5.160)
Substitution in eqn (5.156) and tracing back the finite element hierarchy
transfers the incremental constitutive description to the discretized system

SA=KUp +Ja = KgUA- (5.161)

The relation between incremental stress oA and incremental strain vy,
eqn (5.159) in conjunction with eqn (5.160), resembles the elastoplastic rela-
tion between infinitesimal quantities in eqn (1.158); it is nonlinear as long
as ¢ > 0. The matrix k¢ can be used as an approximation to doa/dya;
employment of the associated system matrix KC as an approximation to
the gradient dSa/dUa in eqn (5.155) gives

Upit1 =Un; + K&l [PA — SA(UAi)]- (5.162)

It can be seen, with the second expression for Sa in eqn (5.161), that
eqn (5.162) is equivalent to an iterative secant solution for the increment

Upir1 = K(;'Pa, (5.163)

which is homologous to the tangential stiffness technique, eqn (5.30).



FINITE ELEMENT SOLUTION METHODS 193

Alternatively, if the recursive scheme of eqn (5.155) is operated with the
stiffness matrix K of the elastic system as another approximation to the
system gradient, we have

Upit1 =Un; + K_l[PA — SA(UAi)]. (5.164)

This is, by the first expression for Sa in eqn (5.161), equivalent to the initial
load iteration
Uit = K7 Pa — Ja(Uni)]. (5.165)

The dependence of the initial load vector Ja on the incremental displace-
ment Ua is not explicit, but via the incremental plastic strain n,, which
may be computed by either the initial strain or the initial stress version.

It is worth noticing that both solution techniques, the initial load itera-
tion, eqn (5.165), and the secant (or tangential) solution, eqn (5.163), can
be developed from the incremental equation of equilibrium, eqn (5.151),
in conjunction with the alternative expressions for the stress resultants in
eqn (5.161). For a linear (explicit) approximation of the incremental plas-
tic strain, the secant technique supplies the solution directly (with caution
regarding the condition of plastic loading), while the initial load method
requires iteration even in the linearized case.

5.5.3 Summary

Due to the nature of the elastoplastic stress—strain relations and the path
dependence of plastic deformation, elastoplastic analysis requires a stepwise
application of the loading when in the system the yield stress of the mate-
rial is exceeded and plastic flow sets in. The incrementation of the process
demands caution with regard to the stability of the numerical integration.
The incremental solutions in the loading sequence may be performed either
directly by the tangential stiffness approach or iteratively by the initial load
technique. The former is based on a system matrix that varies while plas-
ticity progresses; the latter solves repeatedly an elastic problem within each
step with corrective loads accounting for the effect of plasticity, and poses
the task of convergence. The initial strain and the initial stress mode of
evaluation of the incremental plastic strain entering the corrective loads,
one based on the stress and the second on the strain increment, exhibit
different convergence behaviour.

Methods of elastoplastic analysis have been exemplified so far on the back-
ground of the finite element methodology. Implementation may be effected,
in principle, as an extension of computer codes designed for the analysis
of elastic systems. At this place, we would like to mention discretization
methods other than finite elements. The reader may be interested in learn-
ing about the boundary element method [11] and its early application to
plasticity [12], a subject whose scope is still extending. In addition, numer-
ical approaches not making use of a mesh as required by the finite element
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method are making steady progress [13]; see also [14] for a comprehensive
survey. Each particular discretization technique necessitates an appropri-
ate implementation of plasticity. However, this affects neither the numerical
treatment at the material constitutive level nor the overall solution algo-
rithms presented in this chapter.
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CHAPTER 6

Extension of inelastic description

6.1 Influence of temperature

Thermoelasticity

Stress analysis under non-isothermal conditions (temporally or spatially)
necessitates a description of the mechanical response of the material to tem-
perature variations. In the elastic range, the appearance of thermal strains

np=a(T —T,)e (6.1)

is a major effect. Here, o denotes the coefficient of linear thermal expan-
sion, T the actual absolute temperature, and T, the reference temperature
from which the thermal strain is measured. In an isotropic material thermal
expansion (or contraction) is a volumetric effect, and therefore the vector
N is proportional to e = {111000}, cf. Section 1.2.1.

Under the combined action of stress and change in temperature the mea-
sured strain -y is composed as

Ny=e+np=k"'o+a(T -T,)e, (6.2)
where & denotes the part associated with the stress o. The stress then reads
o =kK[y—np| =Ky —-3Ka(T —T,)e (6.3)

and is zero at v = 0, T =T, or if the thermal action is unconstrained. It
should be noticed that both the elastic constants in the matrix x and the
coeflicient a can be temperature-dependent quantities.

The significance of the thermoelastic stress—strain relations for the con-
tinuum is as follows. Using in eqn (6.3) the kinematic relation of eqn (2.59)
for the strain 4, and substituting in eqn (2.61) for the static equilibrium
(Chapter 2), we obtain instead

8'(kdu) + [f — 8'(kmy)] = 0O (6.4)

as a differential equation for the displacements u. Accordingly, thermal
strains can be taken into account by a modification of the body forces in
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the equilibrium condition, cf. eqn (2.65) for the isothermal case. Determi-
nation of the additional ‘pseudo’ body forces presumes knowledge of the
distribution of the thermal strain or the temperature respectively, within
the domain of the problem. The presence of the thermal strain in eqn (6.3)
also modifies the expression of the static boundary condition, eqn (2.63), in
terms of the displacements.

Regarding thermoelastic analysis by finite elements, we notice that the
stress in eqn (5.20) now reads

o = klaU, — ] (6.5)
and therefore the stress resultants in the element, eqn (5.21), are
Sq =kqUq +Jq(nr), Jg(nr) = _/a"”?TdV- (6.6)
Vq

The origin of the initial loads J, in the finite element is here the thermal
strain 7.
Accordingly, on the level of the discretized system,

S=KU+J(np) =P and U=K '[P - J(n)] (6.7)
in place of the isothermal eqn (5.26).

Non-isothermal elastoplasticity
Plastic flow adds to the non-elastic part of the strain such that the elastic
stress—strain relation becomes

o =K[y—nr —np]
and in differential form
do = k[dy — dny — dnp| + de[y — np — 1p). (6.8)

The subscript ‘P’ denotes the plastic contribution.
In the differential expression for the stress in eqn (6.8), the second term
is a consequence of temperature dependent elastic parameters:

k=k(T) and dk=dTk'.
Therefore, expressing the strain in terms of the stress
de[y —nr —nmp| = dTK'k 0. (6.9)
In the first part of eqn (6.8), the variation in thermal strain is obtained from

eqn (6.1) as
dny = pBdTe with f=a+d (T —1T,) (6.10)
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Figure 6.1: Temperature dependence of the yield stress.

and is determined by the temperature variation d7" with the differential
coefficient of thermal expansion 8. Combining eqns (6.10) and (6.9) in the
differential stress—strain relation, eqn (6.8), we obtain instead

do = k[dy — dnt — dnp], (6.11)
where the quantity
dnk = [fe — k 'k/'k1o]dT = g*dT (6.12)

summarizes the effect of temperature variations on the elastic response.

In plasticity, variations of temperature modify the yield stress of the mate-
rial such that oy diminishes if the temperature is elevated (Fig. 6.1). For-
mally, the yield stress depends on plastic strain and temperature

ot = o¢(7p, T), dog = hdijp + gdT. (6.13)
The coefficients in the differential expression are
h=00¢/0np >0 and ¢ = 0o¢/0T < 0.

For isotropic hardening refer to Section 1.3.1. Employing eqn (6.13) in
the consistency condition of plasticity (d¢ = dé — dor = 0), the equivalent
plastic strain increment follows as

1 1
dijp = E(d& —gdT) = E(Stda —gdT) > 0. (6.14)

Since the coeflicient ¢ is a negative quantity, elevation of the temperature,
dT > 0, enhances the magnitude of plastic flow. For the same reason, the
plastic loading condition dijp > 0 can be satisfied even if do = s*do < 0.

Using eqn (6.14) for the plastic strain increment dnp = dfjps in eqn (6.11),
we obtain the strain increment in terms of the incremental stress and
temperature:

2
dy =k 'do +dn; +dnp = {I + Ssst} kK ldo + [,8* - %s} dT. (6.15)
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The stress increment can be deduced from eqn (6.15) by inversion, but
instead we derive first an alternative expression for the magnitude of the
incremental plastic strain in terms of the strain increment, along the lines
of Section 1.3.1. To this end, substituting eqn (6.11) for do in eqn (6.14)
and solving for dip we obtain

2G g
dijp = Ydy — dns) — —9_ar
e =5 agS [y —dnl - s
= t w >
e <sd~y+ T ) >0, (6.16)

For the transition to the second expression, note with eqn (6.12) that

— v
stdnh = s'[fe — k 'Kk 1o]dT = —%%dT. (6.17)
In fact, since s is deviatoric we have: se =0, s'k™! =s'/2G, s'k’ =
2G’'s', and s'o = .
Building in the stress—strain relation the incremental plastic strain dnp =
djps with eqn (6.16), and with eqn (6.12) for the thermoelastic contribution,
we arrive at the relation

2G

_ 26 aG'/G—g
I+ 3G

dr. 6.18
h+3G (6.18)

do = [I t] Rd’y—n{ﬂ*—&—
This determines the variation in stress for a specified variation in strain
and temperature in the presence of plastic flow. Also, & = of by the yield
condition.

For kinematic hardening (Section 1.3.2) the consistency condition during
plastic flow reads

d¢x = si[do — da] — dos = 0. (6.19)

It is stated here that temperature variations should not affect the position o
of the yield surface, and therefore dax = (2/3)hdnp, sikda = da = hd7 as in
the isothermal case. The effect of temperature on the extent of the yield sur-
face is accounted for by the quantity o, which now follows the temperature
dependence of the yield stress o¢: dog = gdT'. Then, from eqn (6.19),

1
dp = 7 (skdo — gdT) > 0. (6.20)

The expression in eqn (6.20) is homologous to eqn (6.14) associated with
isotropic hardening except for the vector sk in place of s, which also specifies
the direction of plastic flow for kinematic hardening: dnp = d7psk.

It is seen that the kinematic hardening model does not formally modify
the plastic and elastoplastic stress—strain relations developed for isotropic
hardening. Because of the appearance of sk in place of s, we also have
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to replace & = s'o by sko in eqns (6.16) and (6.18). Finally, the effect
of temperature on the position of the yield surface — excluded above —
can be introduced within the framework of the mixed kinematic—isotropic
hardening model, described by the yield condition of eqn (1.170). With the
mixed model the influence of temperature on o¢(7, T) can be partitioned
between the location « and the extent ois(7, T') of the yield surface, similar
to the effect of the plastic strain in the isothermal case, cf. eqns (1.171) and
(1.172). Thereby, the essential formalism for the incremental stress—strain
relations is not affected.

The statement of the momentary elastoplastic problem for the solid under
non-isothermal conditions follows the lines of the isothermal case in Section
2.2.2. First, eqn (6.18) is presented as a relation between time rates,

o =ky— BT =kdu— T, (6.21)

where the expressions symbolized by & and 3 can be easily identified. We
notice the mechanical (deformation) and the thermal (temperature) part of
the relation. Second, substituting in the rate equilibrium condition for the
stress, eqn (2.68), we obtain the differential equation for the velocity field
a(x):

8" (ROU) + [f - at(BT)} —o. (6.22)

Comparison with the isothermal counterpart, eqn (2.73), based on the
elastoplastic material stiffness reveals that the action of a prescribed tem-
perature rate can be simply accounted for by a modification of the body
forces f.

Alternatively, an implicit form analogous to eqn (2.70) based on the elas-
tic material stiffness is obtained with the stress—strain relation of eqn (6.11).
The plastic strain rate i7p = 7jps from either eqn (6.14) or eqn (6.16) exhibits
one part emanating from the mechanical action and another part induced
by the thermal action. The mechanical part is subjected to the iteration
procedure defined in eqn (2.71) while the thermal part contributes along
with the thermoelastic rate effects to the modification of the body force
f. Summarizing, instead of eqn (6.21) we have for the stress rate the
relation

é. = K’[’Y - 7:,P|T] - BTa
where fp| denotes the part of the plastic strain rate associated with the
mechanical actions at constant temperature. This modifies the condition of
static equilibrium in eqn (6.22) to

8'(kdu) + [f — 8"(BT) — 8" (k 7p|y)] = O,

with the elastic material stiffness k in place of the elastoplastic k.
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Incremental computation
The isothermal case has been treated in Section 5.5. Equilibrium of the
finite element system at loading stage P,, 1 requires

Pn+1 = Sn+1 with Sn+1 = /at0n+1dV (623)
14

The resultants S,, 11 of the internal stresses o,41 are actually formed by
accumulation of element contributions at the mesh nodal points (Section
5.1).

Under non-isothermal conditions the stress reads

Ontl1 = nn+1[7n+1 —NMpnt1 — nTn-&-l}
= Knt1[Vn — Mpn — nTn+1] + Kng1[Ya — Mpal- (6.24)

The local temperature T}, 1 determines the actual elastic material stiffness
and the thermal strain:

Knt1 = K(Tni1), Nrnt1 = (Tng1) (Tt — To)e.

In eqn (6.24), the quantities «,, and 7p,, are known from past analysis, the
difference [y,, — Mp,,] can be stored. The quantities to compute are the strain
increment vy and the incremental plastic strain 1p A ; the latter necessitates
in fact the incrementation. Note that a temperature dependence of the ther-
moelastic properties of the material does not favour representation of the
stress as op41 = 0, + O, since the expression for oo appears inconve-
nient, cf. eqn (6.8).
With eqn (6.24), the stress resultants in eqn (6.23) become

Snt1 =Jo+Kni1Ua +Ja(Mpa), (6.25)

where K,, 11 denotes the stiffness matrix of the elastic system for the thermal
state at the end of the increment and Ja the initial loads accounting for the
incremental plastic strain. Past effects and thermal strain are considered by
the vector

Jo = / Y PP | (6.26)
A%

assembled from element contributions. For its interpretation, it is worth
noticing the case of temperature-insensitive elastic properties, where

']0 = /atn[’)’n — Npn — nTn]dV + /atnnTAdV
\% \%

= Sn+JA(nTA)~ (6.27)
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Utilizing eqn (6.25) for the stress resultants in the equilibrium condition
of eqn (6.23), and solving for the incremental displacement:

Ua =K, [ [Pri1 —Jo—Ja(mpa)] = K, 11 [PA — Ja(mpa)].  (6.28)

As the plastic strain increment 1p depends on U, eqn (6.28) suggests an
iterative algorithm for the solution of the incremental problem.
The load vector P introduced in eqn (6.28) is defined as

Pr=P,y1—Jo= [Pn+1 - Sn] - JA(’?TA) =Pa - JA(TITA)'(G'29)

The second expression refers to temperature-insensitive elastic properties,
eqn (6.27), in the last expression Po = P, 41 — S,, comprises numerical
residuals P, — S,, not equilibrated at stage n. Then, eqn (6.28) reduces
to

Uar =K '[Pa —Ja(nra) = Ja(npa)l: (6.30)

This is the incremental version of the thermoelastic finite element solution,
eqn (6.7); except for the plastic contribution, or — equally — the isother-
mal elastoplastic initial load form, eqn (5.165), except for the thermal
contribution.

Incrementation of the plastic strain considers satisfaction of the yield
condition. For isotropic hardening in the non-isothermal case

Gn+1 = Tnt1 — 0t (M1, Tny1) < 0. (6.31)

The temperature 1,41 is a given quantity, and therefore we write

0t (1, Trng1) = 0¢(n, Trg1) + hia, (6.32)

which means that transition from temperature 7,, to 1,41 is performed
beforehand (cf. Fig. 6.2). Then from eqn (6.31) we obtain for the equivalent
plastic strain increment the familiar initial strain form

1

pA = E[5n+1 — 0¢(pn, Tnt1)] <0 (6.33)

ot(Ty)

En.g-] / O'f(Tn +1)
5 [

n /

/

ﬁn ﬁn+1 n

Figure 6.2: Scheme for non-isothermal transition.
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in terms of actual stress, which specifies the incremental plastic strain n, =
fpaS¢ in conjunction with the selected flow direction s;.

For an alternative expression of the incremental plastic strain in terms of
overall strain we separate the stress in eqn (6.24) as in Section 5.4.4

Ont1 = "n+1[’7n+1 —Nrnt1 — Npn) = Knt1Mpa

— i1 — 2G0T (6.34)

This is similar to eqn (5.118), but the fictitious stress quantity is defined
here as

Ur*wrl = 'in+1[’7n+1 —Nrnt1 — Mpnls (6.35)

and for temperature-insensitive elastic properties:

Opi1 = On+KE[YA — N1l

The deviatoric part of o7, | reads

UEn—i—l = 2G7l+1[7Dn+1 — Npn) = ODnt1 + 2Gn11Mpa (6.36)

as in eqn (5.121), and for the radial return technique where npa =
ipASn+1 = Tpa(3/20)0 Dpt1, it is proportional to opy,1; therefore, s, 11 =
sy, +1. The volumetric thermal strain does not contribute to the deviatoric
quantities.

With the above, the equivalent stress in the yield condition in eqn (6.31)
can be presented as in eqn (5.124) except for the definition of o7, by
eqn (6.35). Using also eqn (6.32) for the uniaxial yield stress, we obtain
from ¢, 11 = 0 the magnitude of the incremental plastic strain

1

= 530, O~ otlien Tast)] 2 0. (6.37)

PA
This is formally the same as the isothermal initial stress form eqn (5.128),
but implies temperature update of the yield stress o¢ and of the elastic shear
modulus. The scalar quantity o, is obtained as an equivalent stress with
the fictitious stress o7, ; from eqn (6.35). In this connection, volumetric
thermal strains can be discarded since they do not affect deviatoric quan-
tities; equally for the flow direction s} ., = (3/27 )0, in the relation
Npa = flpaS;,  for the incremental plastic strain.

This completes the formalism for the initial load method and an itera-
tive solution by the successive approximation of eqn (6.28). A Newton-like
procedure as in Section 5.5.2 may be applied to the residual form of the
equilibrium condition in eqn (6.23)

P,i1—Sni1(Ua) = 0. (6.38)
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In analogy to eqn (5.155) the recursive scheme for Up is written as

dSn+1
dUa

—1
Upit1 = Un; + [ } _ [Prt1— Snt1(Uai)]. (6.39)

With reference to the definition of the stress resultants in eqn (6.23), the
system gradient matrix is symbolically given by

dSn+1 tdan+1
= dv. A
10, /a v adV. (6.40)

The actual formation of the gradient matrix follows the operations in
eqn (5.157) with the elemental contributions of eqn (5.158), which here rely
on the differential quotient do,11/dvy, in the element. From eqn (6.24) for
the stress 0,11, we deduce

dopi1 dnpa _
— = = Kp I-——=| =2k, . 6.41
v Kn+1 { dva Kn+1¢ ( )
Here, the matrix
_ 2Gn+1 t
— | [ 6.42
Fnt1,6 = Kot [ he +3Gper ¢ (6:42)

can be computed as an elastoplastic material stiffness, cf. eqn (6.18), at
temperature 1,11 and position 0 < ¢ < 1 within the step. The expression
in eqn (6.42) is obtained as an approximation of the differential quotient
in eqn (6.41) using eqn (6.16) in Mpa = fpasc for the plastic strain incre-
ment. If, on the other hand, the variation of np with v, is neglected in
eqn (6.41) the elastic material stiffness k,11 can be used as an alternative
approximation to the differential quotient. In each case, the iteration scheme
of eqn (6.39) is operated with

dS,11 B dS, 41
K,
qU, © Swtle o or dUAx

= Kn+1 (643)

in place of the system gradient. The matrices Kn+1,< and K,, 1 are the
global counterparts of the local approximations: the elastoplastic Kpn41,¢
and the elastic K11, respectively. Employment in eqn (6.39) of the elastic
stiffness matrix K, 11 of the system is equivalent to the initial load tech-
nique, eqn (6.28).

Kinematic hardening

A description of incremental plastic flow in conjunction with the kinematic
hardening model has been developed in Section 5.4.4 for isothermal condi-
tions. The extension to the non-isothermal case assumes that variation of
temperature modifies the size of the yield surface but not its position. This is



204 ELEMENTS OF PLASTICITY

accounted for by an elastic limit o4(T") reproducing the temperature depen-
dence of the uniaxial yield stress o¢(7,T) at constant plastic deformation
(Fig. 6.2). For the incremental transition n,n + 1,

Us(Tn+1) - US(Tn) = Uf(ﬁnaTn+1) - Uf(ﬁnaTn)- (6-44)

Variation of position « is exclusively due to plastic deformation,

an = hia = ot (Mny1, Tnv1) — 05 (0, Tnt1)- (6.45)

With the above definitions, the magnitude of the incremental plastic
strain, eqn (5.137), changes in the non-isothermal case to

1
s = H[0tnss — ou(Tusa)] 2 0. (6.46)

h
It relies on the stress o,41 which determines the vector o, 41 = Ont1 —
a,, eqn (5.133), and the direction of incremental flow taken as skpi+1 =
S/I(n+1'
Similarly, for the radial return algorithm, the non-isothermal expression
of the initial stress form, eqn (5.142), can be written as

_ 1 .
= ——0\[0x — > 0. .
nA h + 3Gn+1 [JKn+1 Us(Tn+1)] - 0 (6 47)

It is based on the fictitious kinematic stress

*/ _ %
UKnJrl - K’n+1[7n+1 - nTn+1 - T]Pn] — Q= 0'n+1 — Oy, (648)

defined as the isothermal one, eqn (5.140), but with o7}, ; from eqn (6.35)
for non-isothermal conditions. The stress vector of eqn (6.48) specifies the
direction of the increment g5 = fasy,,; for the radial return to the yield
surface.

Introduction of the above quantities allows the treatment of kinematic
hardening by the initial load technique either as in the successive approx-
imation by eqn (6.28) or in the Newton-like fashion, eqn (6.39), with the
elastic stiffness K,, 1 of the discretized system as an iteration matrix. A
closer approximation to the gradient matrix of the system is obtained along
the lines indicated for the isotropic hardening material on the basis of elasto-
plastic relations referring to finite increments, cf. eqns (6.40)—(6.42).

6.2 Viscoelasticity and creep

Viscosity

Metals loaded at elevated temperature undergo, in addition to the instanta-
neous deformation caused by the thermal and mechanical loading, time-
dependent inelastic deformation due to activation of viscous processes.
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Viscosity is attributed to the amorphous constituents of the material,
whereas plastic flow is related to the microscopic structure [1]. A descrip-
tion of time-dependent material response is necessary in order to account
for creep (progressing deformation at constant stress) and relaxation pro-
cesses (stress release at constant strain), which may determine the useful
lifetime of systems operated at elevated temperature. The dependence of
the material behaviour on the rate of deformation or the rate of loading is,
on the other hand, of great significance when the transient response of a
structure or a component is to be investigated.

The uniaxial response of the viscous material is described by the relation

o = 3y, (6.49)

where p is the viscosity coefficient. It follows that the stress o is induced by
a temporal variation 7y of the viscous inelastic strain. The relation given in
eqn (6.49) pertains to a linear viscous solid. A nonlinear dependence of the
stress on the strain rate can still be represented in the form of eqn (6.49),
but with viscosity coefficient p(7y). For instance, the frequently encountered

power law form
o=kl or ”—(”") (6.50)

Oo Vo

(relating positive quantities or magnitudes) can be accommodated in
eqn (6.49) via the viscosity coefficient:

B = kit = 2t (6.51)
Vo
In eqn (6.50), the values o,, 7y, specify a reference state while o, 7y are
variable quantities.

In either case, the linear or the nonlinear, the stress is a consequence of
the rate of strain and vanishes if the strain is kept temporarily constant.
The exponent m in eqn (6.50) is known as the rate sensitivity of the stress.
It is defined by the differential quotient

dlno
= .52
m dlnﬁv ’ (6 )

referring to the logarithmic form of the equation. For metals 0 < m < 1, the
lower limit pertaining rather to a perfectly plastic solid (o = k), the upper
limit to a linear viscous material.

Viscoelastic material
Viscoelastic response can be modelled by assembling viscous and elastic
material constituents (elements) in various ways. We restrict ourselves in
the following to two essential combinations of linear constituents.

The parallel assembly of an elastic element (spring) and a viscous ele-
ment (dashpot; Fig. 6.3), is known as the viscoelastic Kelvin—Voigt solid.
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Figure 6.3: Viscoelastic Kelvin—Voigt model (left) and Maxwell element
(right).

The stress required for straining the model is composed of two additive
contributions
o= Evy+3uy. (6.53)

The first term on the right-hand side of eqn (6.53) is from the elastic part,
the second from the viscous part. Both constituents undergo the same strain:
v = ¢ enters the elastic relation, ¥ = ry the viscous.

In the viscoelastic model, a constant strain (¥ = 0) is associated with a
constant stress as from elasticity, while the viscous contribution vanishes.
The stress increases when the strain rate is increased. If the solid is subject to
a constant stress oo applied at time ¢ = 0, integration of eqn (6.53) furnishes

the strain .
g0 t
=—=|1- e 6.54
R —
which is seen to evolve from initially v9 = 0 towards the asymptotic limit
Yoo = O’Q/E.

An assembly of the elastic and the viscous element in series leads to the
Maxwell model (Fig. 6.3). In this case the stress conditions are uniform
in both constituents, but the strain of the compound element is additively
composed. Thus for the strain rate

o) o
Y= — + —. 6.55
T=5t3, (6.55)
A constant stress induces a constant strain rate associated with the viscous
constituent. Instantaneous application of the stress oy (high stress rate,
o /3u negligible) immediately produces a strain 79 = 0¢/E = ¢q in the elas-
tic constituent. If the strain is fixed at vy (¥ = 0), integration of eqn (6.55)

gives the stress
= (—Et) 6.56)
0 = g exp ) (6.
At constant strain the stress is relaxing with time from initially og towards
ultimately zero. The quotient 3u/E in eqn (6.56) is called the relaxation
time.
It can be concluded that, independently of other properties, the Kelvin—
Voigt model is suitable in describing the temporal evolution of the strain at
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given stress, while the Maxwell model appears to be convenient for describ-
ing the stress relaxation at given strain.

Creep of metals

The creep strain rate 7 is superposed to the elastic strain rate ¢ = 6/F
such that )
G
E
which is a combination of the Maxwell type. A relationship between creep
strain rate and stress is frequently attempted in the power-law form

. n
fe. _ (") . (6.58)
Tco Oo
This can be interpreted as an inverse relation to eqn (6.50) with n = 1/m.
Since the exponent n assumes values higher than unity, the effect of stress
variations on the creep strain rate is significant.

Further to eqn (6.58), functional fitting of uniaxial creep data obtained
experimentally at different levels of constant stress and temperature
(Fig. 6.4) can be employed for establishing the creep law in the form of
a functional dependence

¥ == +1c, (6.57)

770 = f(07 T;t7770)7 (659)

where n¢ is the accumulated creep strain. The question arises then regarding
the utilization of such a data set and the associated functional description,
under transient, i.e. time varying stress and temperature. The rules postu-
lated in this regard are referred to as hardening rules [2].

The time hardening rule assumes that the creep rate at any instant is
defined by a functional dependence of the form

ﬁC = f(Uv T, t)' (660)

g3
e

02

01

Figure 6.4: Uniaxial creep curves.
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Figure 6.5: Hardening rules for creep: time hardening.

Following eqn (6.60), if the stress is changed from o7 to o2 at time ¢y, the
creep rate nce is determined for stress og, at fixed instant ¢; (Fig. 6.5).

The strain hardening rule assumes the creep rate at any instant to be
given by the functional dependence

7.70 = f(av Ta 770) (661)

This implies that, by changing the stress from o1 to oy at strain nci, the
updated creep rate 7ncs is determined for stress oo keeping the strain 7c;
constant (Fig. 6.6). Regarding variations in temperature, they are treated
analogously to the change of stress for both hardening rules.

Under multiaxial conditions, the creep strain rate in metals can be writ-
ten as

. 31
1o = 7 ith s = o~ 62
Ne = fjcs with s 260']3, (6.62)

UK 92

o1

t

Figure 6.6: Hardening rules for creep: strain hardening.
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in formal analogy to plastic flow. The magnitude of the creep strain rate is

defined by
2

i = Sikic (6.63)

and is specified in eqn (6.62) using the function of eqn (6.59) from uniaxial
data with equivalent quantities as arguments: 7jc = f(7,T,t,7c). The vector
s defines the direction of 1), which is assumed along the deviatoric stress
op; the creep strain is isochoric.

The representation of the creep strain rate in eqn (6.62) is equivalent to
the description of the viscous material constituent by

op = 2uMc, (6.64)

the multiaxial analogue to eqn (6.49). For scalar equivalent quantities the
relation of eqn (6.64) assumes the form

o = 3pic, (6.65)

which can be compared with uniaxial material characteristics. Utilizing
eqn (6.59) for fjc in eqn (6.65) specifies the viscosity coefficient:

o

Fo T tnc)’ .

3u =

Incrementation

Inspection of eqns (6.49) and (6.50) describing viscous materials, suggests
that the stress dependence is of primary importance for the strain rate.
Therefore, we investigate incrementation of the functional form ¢ = f(o)
within the time interval 7 =t,,41 — t,:

tni1
ncA = NCn+1 — NCn = / f(o)dt. (6.67)

tn

For a given temporal variation of the stress within the interval, the integral
in eqn (6.67) can be evaluated either analytically or, most likely, numerically.
By the mid-value theorem,

nca = 7f(0¢) (0<¢ <, (6.68)

where a linear variation of the stress ¢ within the increment as in eqn (5.74)
may be assumed in order to express o¢ in terms of o,,0,41 and of the
collocation parameter ¢ = (t — t,+1)/7. Then the incremental transition of
the creep strain is performed by

Nent1 =Nen +7f(0¢),  oc =1 —=)on + (ont1. (6.69)
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If the history of the stress o is considered prescribed in the process, numer-
ical perturbations dnc at stage n are transmitted to stage n + 1 without
any modification by the integration scheme. If, on the other hand, the his-
tory of the strain + is prescribed, the stress o = E(y — n¢) is affected by
perturbations in the creep strain. As a consequence, the incremental approx-
imation by eqn (6.68) can alter numerical perturbations introducing either
amplification or damping, and raises the question of stability.
Incrementation of eqn (6.69) gives

d
oncn+1 = 0Ncn + T o'lf’ do¢
Tl¢

= 677Cn - TEfé [(1 - C)énCn + C6n0n+1] 3 (670)

where f' = df/do, and since v = constant, 6o = —Ednc. From eqn (6.70),
numerical perturbations in the creep strain propagate in accordance with

5 (1o TEIC ) (6.71)
NCn+1 = 1t CTEfé NCn- .

For stability |dncn+1] < [0ncn|, and from eqn (6.71)

2

(6.72)
This requires f/ > 0 on the one hand, and restricts the time increment to

for 0< (< (6.73)

DN | =

2
T< o
(1—20Ef,
on the other hand. Unconditional stability is obtained for 1/2 < ¢ < 1. From

eqn (6.71), the sign of perturbations will not alternate as long as the time
step is below the oscillation limit

1

T=OBf (6.74)

T <

The stability limit for 7, eqn (6.73), and the oscillation limit, eqn (6.74),
are plotted as a function of the collocation parameter ¢ in Fig. 6.7.

For illustration, we consider the uniaxial case of a rod specimen having
experienced the creep strain ncg. At time ¢ = 0 let the specimen be con-
strained to v = 0. This produces a stress ¢ = —Enc and induces a strain
rate 7j¢ = 0/3p. The model problem is governed by the equation

E
] —nc = 0. 6.75
nNc + 3H7IC ( )
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Figure 6.7: Limitation of the time increment by numerical stability.

Integration of eqn (6.75) furnishes the solution

nc Et)
L o—exp(—=). 6.76
1co P ( 3u (6.76)

The creep strain is decaying asymptotically from initially nco to 7cee = 0.
Approximate integration as by eqn (6.69) with

o FE
=2 == 6.77
/ 30 3’u7IC (6.77)

leads to the incremental transformation

TE/3u )
Cn

1+ C¢TE/3p (6.78)

Ncn+1 = <1 -

which can be compared with eqn (6.71). In the present linear case, approxi-
mate solutions and perturbations progress in the same manner. Both quan-
tities are seen to decay as long as the stability condition of eqn (6.72) is
observed:

(6.79)

Instability and oscillatory behaviour, eqn (6.73), can be confirmed. Figure
6.8 demonstrates the significance of the collocation parameter ( for the
accuracy of the incremental approximation.
In the multiaxial case the creep rate is given by eqn (6.62). This relation-
ship can be written as
fc —f(op) =0. (6.80)
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Figure 6.8: Accuracy of numerical integration.

The function f(op) presumes a dependence ijc = f(&) such that
f(op) =1ncs = f()s(op). (6.81)

Incremental integration is effected by

Ncn+1 = Mon T Nca with Noa = 7f(ope), (6.82)

where op¢ is obtained at the selected instant ¢ assuming a linear variation
of the stress within the increment, eqn (5.74). If stresses o are prescribed,
the scheme in eqn (6.82) performs an approximate evaluation of the integral
for the creep strain. For prescribed strain =y, the stress varies with the creep
strain:

dO’D
op = 2Glyp — ncl; E = —2GL

Then eqn (6.80) becomes a differential equation in n¢, and eqn (6.82) is
applied to its numerical solution.

An investigation of stability follows [3] and the lines of Section 5.4.3,
leading to the condition of eqn (5.97) for the time increment 7. The matrix N
defined in eqn (5.87) is specified in the case of eqn (6.80) by the relationship

df dO'D
f - = —N
0 dop dne onc one,
to
df d df
N=-9b_og (6.83)

dO’D d’l]c dO’D '
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With reference to eqn (6.81),

df ds , do
dO’D - de'D +f SdO'D
_3f 2 flo ¢
=35 [I 3 <1 7 >ss , (6.84)

where eqns (1.119) and (5.111) have been considered. It is noticed that the
second term in the parentheses in eqn (6.84) vanishes if f() is linearly
proportional to &.

The spectral radius of the matrix N, eqns (6.83) and (6.84), reads

p(N) = 3G§p. (6.85)

Here, p denotes the spectral radius of the bracket expression in eqn (6.84).
The non-zero eigenvalues of this matrix are 1 and f'd/f. For the power-
law form, eqn (6.58), f'a/f = n > 1, which defines p in this case. Assuming
p = f'G/f, the stability condition for the time increment is deduced from
eqn (5.97) as

2 6.86
TS A= 203G (6.86)
and is comparable to eqn (6.74) for the uniaxial case.

In Section 5.4.3, the stability of incremental plastic strain was investigated
for a prescribed magnitude 7ja . Since the physical origin of 7ja turns out to be
irrelevant in this respect, the stability limit of eqn (5.115) can be interpreted
for the present case of creep. With fjca = 7f(d¢), the time increment is
restricted by eqn (5.115) to

2
1-20)3G(f/o)¢

for 0< (< (6.87)

DN | =

T<(

The above differs from eqn (6.86) because here the magnitude of the incre-
mental creep strain is not subject to perturbations. The two limits are seen
to coincide if f(g) is linearly proportional to . The result is applicable to
a series model of the Maxwell type, immaterial of the nature of the viscous
constituent which specifies the relationship 7 = f(7).

Algorithmic implementation

In a straightforward approach to problems involving history- and rate-
dependent material behaviour, the inelastic strain is assumed to be com-
posed of an instantaneous and a time-dependent part which are described
separately. The instantaneous contribution is governed by the theory of plas-
ticity, while the time-dependent contribution is the result of creep. Bearing
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in mind that, in metals, creep is associated with elevated temperatures and
possibly non-isothermal conditions, the stress is given as

o = K[y =Nt —np —Ncl, (6.88)

which extends the stress—strain relation in eqn (6.8) by the creep strain.
For the incremental computation, the stress at state n + 1 is written in
the form

OTni1 = Knt1[Vy = Mpp = MTnt1 — Mont1) T Fnt1[Ya —Npal,  (6.89)

following eqn (6.24). The incremental creep strain 75 is not directly pro-
portional to the increment of stress or strain as is the incremental plas-
tic strain mpa. Therefore, it can be estimated with the currently available
thermomechanical state for a given time increment 7, and is accumulated
to the creep strain 1, ;1 = Nq, + Nca- After that, the creep strain is for-
mally treated in the same manner as the thermal strain. The creep strain is,
however, deviatoric and completely different in nature from the volumetric
thermal expansion. Furthermore, if the incrementation scheme for nga is
not explicit and involves quantities at the end of the incremental step, the
creep strain 1g,,,; has to be updated following the course of the iterative
solution.

By eqn (6.89) for the stress 0,11, the algorithmic issues presented previ-
ously in Section 6.1 remain essentially unmodified, in particular the deter-
mination of the incremental plastic strain. The update of the creep strain
Ncnt1 = Mon + NMoa and superposition to the thermal strain 7y, | are the
only alterations. Simplifications in the case of isothermal conditions are
obvious, and allow an exclusive consideration of incremental quantities, see
Section 5.5. Finally, in case creep is considered exclusively, the plasticity
branch of the algorithm is not active.

6.3 Viscoplasticity

An alternative approach to rate- and history-dependent material phenom-
ena does not distinguish between viscous and plastic contributions to the
inelastic flow. The simplest form of the viscoplastic model for a state of
uniaxial tensile stress is

o =05+ 3uny. (6.90)

The model apparently consists of the parallel assembly of a perfectly plastic
constituent with yield stress o5 and a linear viscous one (Fig. 6.9, left).
It accounts for the fact that certain materials do not exhibit viscous flow
below a defined stress level (o < o). Equation (6.90) is ascribed to a linear
Bingham medium [4]. The relationship was extended to multiaxial situations
by Hohenemser and Prager [5]; an additional discussion by Prager is found
in [6].
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Figure 6.9: Viscoplastic (left) and elastic—viscoplastic models (right).

An elastic—viscoplastic model is obtained by the superposition of an elastic
constituent. This element is joined in series (Fig. 6.9, right) such that the
rate of overall strain is given by

,_d+U—US
’y_E 3u

(6.91)

In eqn (6.91), ¢/ E represents the elastic contribution, while the second term
is the viscoplastic part from eqn (6.90).

If the specimen is deformed at a constant strain rate (¥ = constant), the
solution of eqn (6.91) for the stress is

Et .
o=o0s+ {1 — exp (—)] 3. (6.92)
3

Equation (6.92) describes the interaction of elastic and inelastic response in
the transient part of the deformation. With increasing time, the exponen-
tial in the parentheses diminishes and the expression for the stress tends to
eqn (6.90) of the viscoplastic constituent. The effect of elasticity loses signif-
icance with time, and the stress ultimately becomes stationary (Fig. 6.10).
The time scale of the phenomenon is defined by the relaxation constant

0.5+

Figure 6.10: Transition to stationary stress.
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3u/E. Since 4 = constant, the time can be measured in terms of deforma-
tion as t = /4.
An obvious generalization of the viscoplastic model defined by eqn (6.90)
reads
o= Jf(?]v) + knxy (6.93)

The quantity o¢(nyv) describes the yield stress as a function of the inelastic
(viscoplastic) strain specified by the hardening characteristic of the material
in the absence of viscous effects. The second term is the power-law form of
a nonlinear viscous constituent.

From eqn (6.93), the rate of viscoplastic strain is

v = <J;Uf>n>0 <n=;> (6.94)

It follows that viscoplastic flow occurs as soon as an ‘overstress’ o — oy
exists, or, alternatively, as long as the yield condition o — o < 0 remains
unsatisfied. Thus, in contrast to inviscid plasticity, viscoplastic flow is not
governed by the satisfaction of the yield condition (consistency condition).

A constitutive framework for rate sensitive plastic materials has been
presented by Perzyna in [7]. In our notation, the viscoplastic strain rate
under multiaxial conditions is stated as

. 31
'f]v = ﬁVS Wlth S = §j0'D, (695)
o

which is homologous to the presentation of plastic flow and creep. The
direction s of viscoplastic flow is still specified by the deviatoric stress. The
magnitude 7}y, defined as usual, is determined by the relationship

v = (@) 2 0. (6.96)
I
In this case the viscous characteristics of the material are represented by the
parameter ji. The function F depends on ¢, the von Mises yield function,
as known from inviscid plastic flow standardized by the yield stress of the
material. Thus, including the temperature as a variable quantity

o — Uf(ﬁVDT)

¢ = e, T) (6.97)

The discontinuity of the function F'(¢) ensures that viscoplastic flow does

not occur for F(¢) < 0.
The above description of the magnitude of viscoplastic flow can be asso-
ciated with the notion of a rate-dependent yield function. To this end, we

introduce for the function F(¢) in eqn (6.96) the specific form

F(¢) = ¢". (6.98)
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Figure 6.11: Range of elastic—viscoplastic response.
Then, rearranging we obtain

o— 1+ (pin)"]or =0 (m = i) . (6.99)

This relation may be interpreted as expressing the effect of viscous phe-
nomena on the static von Mises yield function with isotropic hardening.
In particular, the second term can be viewed as a dynamic yield stress.
It follows an increase or decrease of the viscosity fi and rate of strain 7jy.
In the limiting case of infinite viscosity (i — o0) or for sudden deformation
(fjy — o0) the value of the equivalent stress & is not restricted by eqn (6.99).
At the other end, in the absence of viscosity (i — 0) or for very slow defor-
mation (v — 0) eqn (6.99) reduces to the inviscid yield limit for which &
is bounded by the static yield stress o¢(7jv) (Fig. 6.11).
Elasto-viscoplastic analysis requires the stress in terms of strain,

o =Ky —np—nyl, (6.100)

where the viscoplastic strain 7y, takes the place of the creep and plastic
strain in the previous model. For the computational treatment by incre-
mentation, refer to Section 6.1. At stage n + 1, the stress is

Optl = Hn+1[’Yn+1 —Nvn+1 — 77Tn+1]

= Knt1[Vn = Mven — Drnt1] + Kntr1[va —nval  (6.101)

and the present task reduces to the specification of the incremental vis-
coplastic strain 7y instead of the plastic mp in eqn (6.24).
Incrementation of the viscoplastic strain is performed according to

TMva = TVASC- (6.102)
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The flow direction s = s(op¢) is determined at position ¢; in conformity
with the radial return in plasticity, it is taken as s¢c—1 = s,41. Regarding
the magnitude of the incremental inelastic strain we consider the specific
case F'(¢) = ¢ in eqn (6.96). For the time increment T we obtain

-
i = ——— [Gnt1 — 0t (Tvn, Thn >0, 6.103
nva ﬂUf(ﬁVnaTn-i-l) [ +1 f(?7v +1)] ( )

which can be compared with eqn (6.33) for conventional plasticity.
It is seen that a complete analogy between the plastic and viscoplastic
models is established by the substitution

T

¢ - S _— 4 -
Ao (v, Thtt)

1
N (6.104)
This analogy allows the treatment of viscoplastic flow by the standard
algorithms for plasticity except for the satisfaction of the yield condition.
Implementation of different functions F(¢) requires additional modifica-
tions. Conversely, the viscoplastic material model may be employed for the
solution of problems in plasticity [8]. For this purpose, fictitious viscoplastic
flow is activated in the loading increment as by eqn (6.103) with the
overstress from the elastic solution. The time increment 7 and the viscosity
coefficient i are selected in compliance with the actual plastic hardening
parameter h as in eqn (6.104), such that the stress is not reduced below
the yield limit. At loading stage n + 1 the incremental viscoplastic process
is maintained until the relaxed stress fulfils everywhere the static yield
condition 6,41 = 0¢(fnt+1, Tnt1) to a satisfactory degree, and inelastic flow
ceases. The accumulated viscoplastic flow in the step [n,n+ 1] is taken
as the plastic strain increment 1. For a given strain increment v, =
constant, the technique performs stress relaxation to the yield surface along
the deviatoric stress opn41, thus effecting radial return. The procedure
may be employed in conjunction with a viscoplastic model referring to
more general, non-deviatoric flow conditions, in which case it is comparable
with the return technique described in Section 5.4.5 for plasticity.

Summarizing, an extended form of deviatoric viscoplasticity can be simply
referred to eqn (6.90). Covering multiaxial conditions by the equivalent scalar
quantities, we write

& = ot + 3uiv.

The yield stress o¢(7v, T') provided by the hardening characteristic of the material
for vanishing viscosity describes the plastic constituent of the model. The viscous
constituent is specified by the coefficient u(#jv,#v,T), which may accommodate
nonlinearity and strain dependence in addition to the temperature.

For a given stress, the above equation determines the equivalent strain rate ijv;
the multiaxial strain rate 7y, is obtained by eqn (6.95). If the inelastic strain rate
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is a given quantity, the viscoplastic model defines a dynamic yield stress as

ofry = <1 —+ 73/“7\/) of,

ot

which compares with eqn (6.99).

6.4 Effects of inertia
6.4.1 Continuum level

In a number of problems the loading is applied within a short interval of
time, or it is rapidly varied. Thereby, the property of inertia of the mass
introduces the effect of time in the diffusion of the action of the loading in the
solid. For a comprehensive presentation of dynamic plasticity problems the
reader is referred to [9]. The following elementary introduction is restricted
to the propagation of uniaxial waves; further mathematical details can be
found in [10].

Let us consider the uniaxial case of the rod in Fig. 6.12, which is assumed
to deform under negligible changes of geometry. The equation of motion
along the longitudinal axis of the rod is obtained by equating the resul-
tant of the stresses on a differential element to the inertia force due to the
acceleration. The result is

do 0%u

or o
where u(z,t) denotes the displacement along the longitudinal z-axis, o (x,t)
is the normal stress in the same direction and p is the density of the material
(assumed constant).

Stating the stress o(7y) as a function of the longitudinal strain v(z,t), we
obtain

(6.105)

br_dooy _ow
Or  dvyox’ 7= b

oo
o 2 it
2 gxz; : 5 o dx
dx

Figure 6.12: Dynamics of uniaxial motion (left) and material behaviour
(right).
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and from eqn (6.105)

0%u  1do 0%u 0%u
ﬁzgaﬁzﬁﬁ, (6.106)

1 1/2
c= (gj‘;) , (6.107)

known as the local speed of sound, characterizes the local velocity of prop-
agation of perturbations. The propagation speed follows the variation of
the slope 0 < do/dy < F of the stress—strain characteristic of the material.
It is high in the elastic range and diminishes as the slope decreases with
progressing plastic strain.

The quantity

Linear second-order differential expressions of the form

9%u 0%u 0%u
A—— +2B C—
oz " owor T o2
are classified in accordance with the sign of the discriminant AC' — B2. The dif-
ferential expression is:

hyperbolic for AC — B? <0,
parabolic for ~ AC — B? =0,

elliptic for AC — B* > 0.
In eqn (6.106): A=1,B=0,C = —c?, and
AC - B = —¢* = —1d9.
ody

Hence, the differential equation of motion is of the hyperbolic type as long as
do/dy > 0 (hardening), becomes parabolic for do/dvy = 0 (perfect plasticity), and
would be elliptic for do/dvy < 0 (softening), Fig. 6.12.

Introducing the particle velocity v = du/0t and the strain v = Ju/0x as
alternative variables, eqn (6.106), which is of the second order in u, can be
substituted by a system of two first-order differential equations for v(z,t)
and y(z,1):

ov  ,0v
ot~ ox
(6.108)
oy Ov
ot x

The second equation reflects kinematic compatibility and relies on a con-
tinuous function u(x,t).

With the definitions



EXTENSION OF INELASTIC DESCRIPTION 221

the equation system can be written in the matrix form

v av

— —A—=0. 6.109
ot ox ( )

Wave propagation

As long as the stress in the rod remains within the elastic range of the

material, the wave speed is constant, ¢ = (E/)'/? = ¢y, and solutions of

eqn (6.106) for the displacement wave can be given in the form

u= f(x — cot) + g(x + cot). (6.110)

The wave solution satisfies eqn (6.106) for arbitrary functions f and g, which
must be adapted to the initial and boundary conditions of the problem.
From the arguments, function f pertains to a wave moving along the positive
direction of the z-axis (positive or right-hand side wave) and function g to
a wave along the negative z-axis (negative or left-hand side wave).

Considering a positive wave, we obtain the strain and velocity by differ-
entiation as

_Ou _ Ou ,
Y= % - f y U= a - C()f )
and 5
0 =——0=—0CoU (6.111)
co

for the stress (o = Ee, € = ). From eqn (6.111), particles move in a com-
pressive wave (0 < 0) in the same direction as the wave (v > 0). In an
expansion wave (o > 0) the particle motion is opposed to the wave direc-
tion (v < 0). The same conclusion can be drawn for a negative wave.

If a semi-infinite rod (0 < 2 < c0) is subject to an impact stress —og at
x =0, t =0, the motion of the initiated positive wave is described by

u= f(z —cot) = —%(x—cot). (6.112)

Strain and particle velocity derive from eqn (6.112) as

_ Ou 09 _Ou o
= % = E g, v = a = ECO (6113)

v

and it is seen that the strain complies with the stress boundary condition
via the elasticity law.

The solution in eqn (6.112) can be interpreted in the z, ¢ plane (Fig. 6.13)
as follows. The line & = ¢ot separates the region (z > cot) which is still at
rest from the already disturbed region (x < cot). It defines the motion of
the wave front along the axis of the rod. In the undisturbed region, in front
of the wave, the displacement, velocity and strain are zero. In the region
x < ¢ot, behind the wave front, the displacement u is given by eqn (6.112).
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t
Rest Instant ¢, > ¢,

U= x=cot - tp)
v=0 u\

y=0 i
/ v | |
>
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Figure 6.13: Propagation of stress pulse in an elastic rod.

At fixed instant ¢, it is linearly distributed along x. Its first derivatives with
respect to space and time, the strain v < 0 and the particle velocity v > 0,
are constant, exhibiting a discontinuity at the wave front.

If the impact stress —oq is applied in the form of a constant pulse of
duration tgy, loading waves propagate from x = 0 until an unloading wave
sets in at t = to (Fig. 6.13). Superposition establishes a state of rest behind
the second wave front which is defined by the line x = ¢o(t — o). As a result,
the stress pulse propagates with velocity co along the elastic rod.

The end x =1 of a rod of finite extension may be subject to various
boundary conditions. For a fixed end the boundary condition reads

u(l,t) =0, wo(l,t)= % =0
x=l,t

)

and is seen to be satisfied by the superposition of a negative wave such that
from the end

u= f(x — cot) + g(x + cot) (x=xz—1). (6.114)

The negative wave describes a reflection at the fixed end, and is defined by
the property

g(x + cot) = —f(=x — cot),
which merely reverses the sign of wave and particle velocity. The nature of

the wave (compressive, expansive) is not altered by the reflection.
At the fixed end (x =2 — 1 =0):

u(0,t) = f(—cot) — f(—cot) =0
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for the displacement, and

v(0,t) = Ou

ot = —Cof/(—Cot) + Cof/(—Cot) =0

x=0,t

for the velocity. The strain at reflection is

ou

7(0’ t) = .

B = f'(—cot) + f'(—cot) = 2f'(—cot)

x=0,t

and amounts to twice the value of the arriving wave. The same effect is
experienced by the stress in the elastic solid.

A free end is characterized by the condition of a vanishing stress, and
strain. Thus,

ou

7(17 t) = 3.

ox =0

xz=lI,t

which can be effected by the superposition at x =1 of a negative wave in
eqn (6.114) with the property

g(x + cot) = f(—x — cot).

This negative wave does not reverse the sign of the particle velocity. There-
fore, compressive waves are reflected at the free end as expansion waves and
vice versa.

The strain at the free end (x =z — = 0) is obtained by

Ou
0.0 = 55| = F(—at) — f(—ct) = 0.
T x=0,t
Velocity and displacement at the free end are deduced as
0
v(0,8) = 5 (f + 9hx=04 = —2c0f'(=cot)

and

u(0,) = f(—cot) + g(cot) = 2f(=cot),

respectively. Reflection at the free end is seen to double the value of velocity
and displacement pertaining to the arriving wave u = f(z — cot).

Propagation of elastic—plastic waves

Let the semi-infinite rod (0 < z < c0) be made of elastoplastic material with
elastic limit os and a linear hardening characteristic (Fig. 6.14) described
by the relations

o= FEe for |o| < o,

g =

o h(as + hy) for |o| > o.
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Figure 6.14: Linearly hardening elastoplastic material.

Application of an impact stress op not exceeding the range —og < ¢ < 05
induces an elastic wave which can be analysed as before. Suppose at time
t = 0 the rod possesses a prestress oy = —os equal to the elastic limit of
the material. Application of an additional impact stress —oga at = =0,
initiates a wave along the positive x-axis. Since the induced stress is beyond
the elastic limit, we have do/dy = Eh/(E +h) = E.

In the linear hardening material the elastoplastic wave propagates with
constant velocity ¢ = (E/p)'/? < ¢, and can be described analogously to
the previous elastic case. If the stress increment —oga is a pulse of duration
to, an unloading wave starts to propagate to the right at x = 0,¢ = t4. Since
unloading takes place elastically (do/dy = E), the wave velocity is ¢o. The
faster elastic wave overtakes the elastoplastic one at

ECQ Co

xr = Jfo, t=
Cop— C

)
Cop— C
and from then on the elastoplastic wave is eliminated.
An impact stress —og beyond the elastic limit (|og| > o5) applied to the
stress-free rod at « = 0, ¢ = 0 originates two distinct deformation waves

u = —%(x — cot) —

one propagating with the elastic wave speed cy and the other with the
elastoplastic speed ¢ < c¢g. With reference to the x,t-diagram (Fig. 6.15),
the material is at rest below the line x = ¢yt defining the position of the
elastic wave front, and ¢ = 0 in this region. Below the line x = ¢t defining
the position of the elastoplastic wave front, the elastic limit is not exceeded
and |o| < og here. Elastoplastic deformation occurs above the elastoplastic
line, x < ¢t. At the elastic and elastoplastic wave fronts the stress and the
strain are discontinuous.

The elastoplastic wave extends with time according to T = ¢t, the elas-
tic according to zg = cot. The smaller the ratio z/x¢ = ¢/cg, the flatter
the hardening characteristic of the material. In the perfectly plastic case
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Figure 6.15: Elastic and elastoplastic wave.

(do/dy = 0), the speed of the elastoplastic wave vanishes as well as its
extent (¢=0, T =0). As a consequence, only the strain associated with
the limit stress oy is propagated by an elastic wave, while any deformation
beyond the elastic limit cannot be transmitted along the rod but is local-
ized at the point of application. If the material characteristic is curvilinear,
several waves initiate as indicated in Fig. 6.15 by the fan from the origin.

In the case of a stress pulse of duration ¢y, an unloading wave sets in
at © = 0, t =ty and propagates with the elastic wave speed cg. In front of
the unloading wave the material state is that induced by the elastoplastic
loading wave; behind the front the material is at rest. Since ¢y > ¢, the
unloading wave overtakes the elastoplastic loading wave. From then on, the
pulse propagating along the rod is defined by the elastic loading and unload-
ing fronts.

Nonlinear material

For completeness, we pay attention to issues concerning nonlinear materi-
als for which the differential quotient do/dy depends on the strain -, and
therefore the wave speed is variable

c=c(v)

The equation of motion, eqn (6.106), becomes nonlinear, and solutions
are attempted by a linearization of the equivalent system in eqn (6.108) or
its matrix form, eqn (6.109). To this end, the equations are decoupled by
a transformation of variables. The spectral decomposition of the coefficient
matrix A in eqn (6.109) gives

. 1 |l c 0 |l c
A =CAC, A—[O —c}’ C—{l _1],

where the diagonal matrix A comprises the eigenvalues of A as the diagonal
elements, and the matrix C is composed of the eigenvectors in its columns.
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Utilization in eqn (6.109) supplies instead
0€ o€

_AZS

ot ox

which is a system of two differential equations for the transformed variables

craew ][4 ]3]

Since the coefficient matrix A in eqn (6.115) is diagonal, the two differen-
tial equations are uncoupled. Because of ¢(7y), the system is nonlinear. It can
be linearized by an inversion (or interchange) of dependent and independent
variables. It then assumes the form

oz _ Ot _, Oz 0Ot
o ‘o~ oy “on

=0, (6.115)

=0, (6.116)

known as the canonical system. The canonical system is not equivalent to
the original one in eqn (6.108). The reason is that the inversion of the
variables requires a non-zero functional determinant,

o 08
oxr Ot

A= 0
o o # 0,
ox Ot

and thereby solutions pertaining to A =0 are lost. These solutions are
known as simple waves; they can be constructed by a discussion of the
condition

8£ 877 2 0¢ On

The expressions in eqn (6.117) are obtalned with the aid of eqn (6.115), and
reveal that the following cases satisfy the equation:

(i) & = constant and 7 = constant;
(ii) & = constant or 7 = constant.

A further analysis is not within the scope of this text but it can be
found in [10]. In summary, it can be stated that in an elastoplastic material
the velocity of propagation of waves starts at the elastic ¢y and decreases
as deformation increases beyond the elastic limit. Since higher strains are
transmitted with lower velocities by the material, a constant impact stress
|og| > o5 (or strain) will not propagate as applied (Fig. 6.16). The elastic
wave produces a discontinuous front defined by |o| = o5, while the overstress
|og — og| (or overstrain) attains a smooth distribution along the axis of
the rod. This is a consequence of the lower signal velocity pertaining to
each higher stress (or strain), which can be concluded from an extended
discussion of the linearly hardening material.
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Hh>14

Figure 6.16: Distortion of impact stress profile propagating in nonlinear
material

For the inversion of the variables to z = z(§,n), t = t(£,n) consider the func-
tional dependence

£=¢(x) Withx:[fy 52{5]

Differentiating, we verify the identity
d¢ d¢ dx d¢ dx
dé = =dx= —=>— — = =1
€= ™~ axae dx d€
This provides us with an equation for the partial derivatives in the matrix dx/d¢:

% % dr Ox

dg

or Ot % onp | |1 0
an  on o ot | [ 0o 1 } '
dzx Ot o€ on
The solution is

or Ox on o€

o on | 1| ot ot

ot ot A on 193

o on “0r Oz

and relies on a non-zero functional determinant (A # 0). The components of the
vector quantities 9€/9t, 0&/0z in eqn (6.115) are

o¢ _bz 3 ot
at | on or | _ on
% I I I el R/
ot o¢ ox 0¢

and substitution leads to the linearized differential system of eqn (6.116).
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Unloading wave
From the above, even a constant impact on an elastoplastic rod induces
variations of stress and strain along the axis behind the discontinuous wave
front. A pulse will initiate unloading at x = 0, t =ty which propagates as
an elastic wave through previously strained regions of the rod.

The changes in stress and strain by the unloading are elastic,

o—or=E(y— ).

Here o¢ and ¢ refer to the plastic state at the instant before unloading, and
are to be considered as functions of the location x along the rod. This is
significant for the stress term in eqn (6.105) for the motion:

do oy 0
o E% + %(Uf — Evr),

and instead of the homogeneous eqn (6.106) one obtains

Pu_ ,0u 10
ot? Y9x2 ooz

(Jf — E’}/f). (6.118)

The unloading wave is thus governed by an inhomogeneous differential equa-
tion with the right-hand side known from the solution for the elastoplastic
loading wave.

Three-dimensional continuum

The equations of motion for the three-dimensional continuum can be
obtained from the equations of static equilibrium by simply considering
the inertia force —pu in addition to any other applied body forces. The
matrix form of the equation of motion as from eqn (2.61) reads

8'c +[f — oii) = 0. (6.119)
It is a collective representation of the component equations

00xx  O0yx 00, 0%y B
oz Ay e +<fx 98152>_0’

Ooyy  Ooyy 0oy v\
Ox + Oy + 0z H{ 2o =9

00y, 00y, 004 0w B
or © Ay R +(fz_98t?>_0’

cf. eqn (2.55). The partial derivatives with respect to time are taken for
fixed particles, which are usually defined by their spatial coordinates in
the undeformed solid. Since deformations are assumed to be infinitesimally
small, they do not affect the particle position. Also, the density o is assumed
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to be independent of deformation, but it may vary within an inhomogeneous
solid, o = o(x).

The body forces and the surface forces are defined as functions of time,
f(t) and t(t), as are any kinematic boundary conditions. Here, not only the
displacement u, but also the velocity 1 and acceleration i1 can be subject
to restrictions during the course of the motion. In addition to the boundary
conditions, definition of the transient problem requires specification of the
state of motion at time ¢ = 0 by initial conditions for the displacement or
the velocity in the solid.

6.4.2 Finite element solution

Instead of a discussion on possible analytical solutions for particular cases,
we describe the extension of the numerical finite element approach (Chap-
ter 5) to dynamic analysis. It is noticed that the inertia forces have to be
accounted for in the formulation of the virtual work principle. They modify
eqn (5.1) to:

K
ZQ}PZ+/gttd5+/1~1tde:/'NytadV+/gl~1tﬁdV, (6.120)
=1 5 4 % %

which refers to instant ¢, all variables representing functions of time.

The displacement u is a function of spatial position and time. This can
be stated explicitly in the formalism of the finite element kinematics in
eqn (5.6) by writing

u(x,t) = w(x)Uy(t). (6.121)

The separation of the spatial and temporal variables via the product form

in eqn (6.121) has been presumed implicitly in previous parts of the text. It

ensures that time derivatives (velocity 1 and acceleration 1) are distributed

within the finite element by the same functions w(x) as the displacements u.
The inertia term in eqn (6.120) modifies the quasistatic eqn (5.19) to

P(t) =S + MU, (6.122)

which is the equation of motion for the finite element system. The symmetric
matrix,

nel
M = E aquaq = a'ma,

q=1

m = m, (g=1,...,nel),
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is the mass matrix of the finite element system. It is composed of the element
contributions

m, = /thde. (6.123)
Vq

A numerical analysis of dynamic problems in elastoplasticity is based on
the incremental integration of the equations of motion with respect to time.
For transition from instant ¢,, to ¢,,+1 separated by the incremental step 7,
an approximate integration can be performed by the scheme:

Acceleration U,

Velocity Un+1 = Un +7 {alfjn + agﬁn+1:| (6124)

Displacement U,; = U, + TUn +72 {blfjn + bngnH} .

The four coefficients aq,as,bq,bs can be selected such that various time
integration schemes known in the literature ([11, 12]) are reproduced. Their
specification influences the numerical properties of the approximation.

The numerical analysis of the dynamic problem starts at state t = to with
given initial conditions. In an implicit integration scheme the equation of
motion, eqn (6.122), is stated at each subsequent instant ¢,i1, and the
residual form

R(U,41)=Poy1 —Sup1 —MU, 41 =0 (6.125)

is solved. An iterative solution technique can be based on the instruction

} ; dRr17*! 3}

Upntt,i41 = Upgrs — {} R (UnJrl,i) , (6.126)
dU |,

for the transition from the ith iteration to iteration 7 4+ 1. Execution requires

computation of the residual vector R(U, ;) and of the gradient matrix

dR/ dU of the system, or an approximation to it.

The residual vector in eqn (6.125) comprises the inertia forces

as an additional entry to the static case. They are computed by element
contributions with -[..Jq)n_i'_]_ = aqUn+1 from the ith iteration cycle. The
computation of the stress resultants S, ;i utilizes quasistatic procedures
for elastoplasticity, creep or viscoplasticity. The incremental displacement
Ua = U,4+1 — U,, required as an input for S,, 11, is obtained by the approx-
imation of eqn (6.124) using the U, 11 currently available.
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The gradient of the residual function R(U,,41), eqn (6.125), is deduced as

dR__ dSu dUnpn 0

dSn+1
dfjn+1 dUn+1 dﬂn_;,_l

2dU,4

- M.

In obtaining the gradient, the applied forces P, 41 at instant ¢,4;1 are
assumed to be fixed, and use has been made of eqn (6.124) for the displace-
ment U, ;1. Approximations to the differential quotient dS,,+1/dU, 4+, are
as in eqn (6.43) for the quasistatic analysis.

More sophisticated integration schemes employ higher order time derivatives.
Instead of the acceleration and higher order time derivatives of the motion it is
more convenient to work with the inertia forces and their time rates

F=MU=P-S, F=P-8.

With regard to the right-hand side of the equation for F, inclusion of higher
order derivatives of the inertia forces does not appear reasonable. An accurate
representation of both the applied loading and the internal stress term will present
a difficult task.

Under the above aspect, approximations for the velocity and displacement at
the end of the time increment will be accommodated in the scheme

Un+1 = Un + TM71 |:a1Fn + a2Fn + a3Fn+1 + a4Fn+1:| 5

Un+1 =U, + TUn + 7'2M_1 |:b1Fn + b2Fn + bSFn+1 + b4Fn+1:| .

The coefficients a1,...,as and by,...,bs may express independent approxima-
tions of velocity and displacement in terms of the accelerations at the beginning
and the end of the time increment, or can be consistently derived for an assumed
variation of the acceleration (or the inertia force) within the increment. For a sys-
tematic exposition we refer to [11]. Here, illustrative examples are given following
[13] with reference to Fig. 6.17.

A linear Taylor expansion of the inertia force

F(()=F,+(tF, (0<(<1)

as a function of the normalized temporal variable (= (t —t,)/7, gives by
integration

Upi1 = U, + 7M™ [Fn + an] ,

2
Unsr = Up + 70U, + %M_l [Fn + %Fn] .

Taylor expansions are based on values at the beginning of the time increment
and lead to explicit forms of the integration scheme. Implicit variants can be
obtained by Hermitean approximations [14] which employ sets of values at both
the beginning and the end of the increment (Fig. 6.17). A linear Hermitean approx-
imation of the inertia force (or acceleration) in the increment

F(() = (1= QFn + (Fria,
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Figure 6.17: Taylor expansion of the inertia force (left) and Hermitean
approximation (right).

gives for velocity and displacement the expressions

Un+1 - Un + gM_l [Fn + Fn+1] )

2
U1 = U, + 70 + %M_l [2F, + Foii].

This is also covered by the general integration scheme, the respective coefficients
a1—a4 and b1—bs reproducing Newmark’s linear acceleration method [15].
The next higher Hermitean polynomial is of the third degree in time:

F(¢) = (1 -3¢ +2C")Fn + (¢ — 2¢° + *)rF,,
+(3¢% = 2¢) g1 + (=2 + )1

It leads to velocity and displacement as follows

UTL+1 =U, + %M71 |:6Fn + TFn + 6Fn+1 - TFn+1:| ;

2
Uny1 = Un +7U, + %M—l [21Fn S ) 27Fn+1] ,

and can be represented by the general integration scheme with an appropriate
specification of the coefficients a1—a4 and b;—by.

The numerical applications presented subsequently in the text utilize the cubic
Hermitean approximation of the acceleration as above. Since the scheme is based
on both F = MU and F, it requires solution of the rate equation

Pn+1 - Sn+1 - Fn+1 =0
at instant ¢,41 in addition to eqn (6.125) for the motion. Here, the time rate of
the applied forces has to be derived from their functional dependence on time,
that of the stress resultants relies on the rate form of the stress—strain relations.

Cosine pulse in elastoplastic free rod

The following example demonstrates a simple application of the finite ele-
ment technique and illustrates propagation of uniaxial elastoplastic waves.
The description follows the original numerical study by the author included
in [16]. The example has been conceived such that the rod has a length
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Figure 6.18: Cosine pulse and elastoplastic properties.

of [ = 0.4 units, unit cross-section and unit density. The elastic modulus
amounts to £ = 2.25 - 109, the initial yield stress is o5 = 0.75. The plastic
behaviour of the material is specified by a monotonic stress—plastic strain
dependence in conjunction with kinematic hardening under stress reversal
(Fig. 6.18). The stress pulse applied at the left end of the rod is characterized
by a cosine shape of duration Ty = 1 us and magnitude o9 = 1 exceeding
the elastic limit of the material. Figure 6.19 demonstrates the stress distri-
bution in the elastoplastic rod at 2 s after initiation of the impact. The
agreement between the coarser and finer discretizations in space and time
is good.

Figure 6.20 illustrates the effect of plasticity by comparing with the elastic
wave. The elastic solution is easily confirmed. The elastoplastic solution
shows the interaction of several phenomena. At 2 s, hardening has allowed

Element
stress —o0— 32elements, T = % us
1.00- 1
itial vield fin —X— 64clements, 7 = 7S
015 tial yield limit 5290
[
a
0.50 &
=
[+]
0.25 e
o 9 s " g
0.00 {—i-X-F—-2- 2% L g0y o 8 0_5-g-u-g-n-n-n
—-0.25
2 10 20 30 40 50 60 64
1 5 10 15 20 25 30 32
Element number

Figure 6.19: Results after 2 pus for two different discretizations in space and
time.
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Element

stress 1
1.00 32 elements, T = 4

Initial yield limit —0— f =
0.75 A o o
—X— =4us

0.50 Elastic solution
0.25

0.00 {—54-%-5-2-2-5-b-g7 R x; 280-0-0-0%0-5-5-5
X
-0.25 /
< .
~0.507 /
A
N /" Initial yield limit
-0.75 N\ z
~1.00
1 5 10 15 20 25 30 32

Element number

Figure 6.20: Elastoplastic vs elastic solution after 2 and 4 s.

the stress to increase beyond the initial yield stress of the material, but
this is limited by the unloading part of the stress pulse which sets in after
0.5 ps. In addition, the profile of the pulse is distorted due to the slower
wave motion in the elastoplastic range.

After reflection at the other free end of the rod, the yield stress is dimin-
ished below the initial value by the kinematic hardening rule. The state after
4 ws shows that the front of the reflected wave propagates as the elastic one.
The rising stress—plastic strain characteristic allows the stress to exceed the
new yield stress (of < 0g), while elastic unloading moderates this effect. The
distortion of the profile by the delaying elastoplastic motion is visible.

6.5 Pressure sensitive materials
6.5.1 Porous solids

Introductory remarks

The development of modern powder-metallurgy alloys aims at the achieve-
ment of properties superior to those found in alloys produced by ingot
metallurgy. The employment of products of this type in engineering neces-
sitates the description of their mechanical behaviour. The plastic behaviour
of ductile porous materials, such as sintered or hot-pressed metal powders,
is sensitive to the hydrostatic stress. This sensitivity requires a modification
of the yield condition, on the one hand, and implies permanent changes in
volume, on the other hand.
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We consider elastoplastic deformation of an isotropic solid which con-
tains microscopic pores distributed homogeneously within the basic matrix
material. The local pore volume fraction (porosity)

V-V,

<y <1
v (0<x<1)

X
relates the pore volume (V — V;) to the volume V of the material element.
The solid matrix occupies the volume V, with fraction (1 — x). The con-
stitutive description of such a solid is attempted by suitable modification
of standard relations. The yield condition for the porous material may be
formally stated as

¢(67 0y, 0f, X) S 0.

Here, the yield function ¢ depends on the equivalent deviatoric stress &
and the hydrostatic stress oy. The parameters oy and y are the actual
yield stress of the solid matrix and the porosity, respectively. For vanishing
porosity (x = 0) the yield function must reproduce that of the compact
material. From the consistency condition (d¢ = 0) during plastic flow

5. 90, _ 00, 0
7 do + Do doyg = Do doy By dy.

Plastic flow is assumed to obey the normality rule

(001" o9 1 06

In

001" _[00ds , 06 dou]'

do| |05do  Ooy do
the expressions do/dot = (3/26)op = s, dop/dot = (1/3)e have been sub-
stituted for the differential quotients. The vectors s and e are orthogonal.

The deviatoric and volumetric parts of the plastic strain increment can be
distinguished as follows:

_A9¢

0¢
_ A% _ 4 .
dnp =Agzs, dny =357 e

The permanent change in volume is associated with a modified porosity:

99

_ _ t — _ o
dx = (1 - x)e'dn = (1 Xﬁ\aaH~
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Hardening of the solid matrix material implies a dependence o¢(7},) of the
flow stress on the equivalent plastic strain 7, in the matrix. For incremental
variations

dos = hodn, = Latdn,
(1=x)o¢
where h, denotes the uniaxial hardening parameter. The matrix material
(index ‘0’) is assumed to undergo isochoric plastic flow governed by the con-
ventional von Mises yield condition. The transition to the second expression
makes use of the equivalence

O'td’l’] = (1 - X)a-odﬁo (60 = Uf) y

which states that the plastic work referred to the porous solid is a result of
the plastic flow in the compact matrix with volume fraction (1 — x).

Substituting the expressions for the hardening (dot) and change in poros-
ity (dx) along with the flow rule for dn in the consistency condition, we
deduce the proportionality factor A as

0¢ ¢ 1 0¢ 1 9¢
A=—-|-=do+ —doy | = -——do = kdvy > 0.
(80 7 90m M) T ha0 % T W oo

The last expression in terms of the strain increment implies the use of the
elasticity relation do = k[dy — dn]. In addition, we have introduced the
abbreviations,

B he (06 99 8 9¢ 9
L . (aa"+aaH )aaf =X g0 oy
and
\ o9 [99]"
w=ns 20 [80}

This completes the determination of the plastic strain increment

L P L
dn = [80’} 80’da {60’} o’

In conjunction with the elastic stress—strain relation we obtain

961" 0
dy = {”‘_1 +% {atﬂ ai}

between incremental stress and incremental strain. The inverse reads

_ 1 o| 09
da—{n— [60’] 0 }d'y.
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The formalism follows [17] and is suitable to O¢/Jos = —1. In this case, the
hardening parameter h reduces to h, of the compact solid for x = 0 and
9¢/dx = 0. In the porous solid, the additional term accounts for the effect
of permanent changes in porosity.

Specification of the approach
Various yield conditions proposed for porous solids in the literature are sur-
veyed in [18] along with an assessment of appropriateness and performance.
The following description of a single approach serves as an example.

The simple extension of the von Mises yield condition to pressure sensitive
solids proposed by Green [19] can be stated as

1/2

b= [(‘Z)z i <3;bH>2] o <0. (6.127)

The above shows explicitly the dependence on the equivalent deviatoric
stress & and the hydrostatic stress oy (Fig. 6.21); o denotes the uniaxial
yield stress of the material. The coeflicients,

0<a(x) <1, 0<b(x) <oo

depend on the porosity y and can be adjusted to experimental data. An
assumed relationship is

a=(1-x)% b=-Iny.

The pair a =1 and b = oo pertains to the pressure insensitive yield con-
dition. The yield locus from eqn (6.127) defines a relationship between the
equivalent stress & and the hydrostatic stress oy. For plastic states we obtain

o 2 30 2
—_ — ) =1
(aaf ) + <2baf> ’

O'/O'f . 2l
1 z=0
IX \»
a
0 2 =3 7-2 z-1 COulOt 0 T *

Figure 6.21: Yield model for porous solids.
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which describes ellipses in the 7, op-plane (Fig. 6.21). The von Mises yield
locus is represented by the straight line 6 /o = 1.
For the yield function of eqn (6.127) we obtain the partial derivatives

9 135 a¢>_<3>2aH

05 a?og’ ooy

oa

2b

The quantity og is an abbreviation defined by

2 a\2 3ou 2
=(- — ] . 6.128
76 (a) + ( 2b ) ( )
It represents a scalar equivalent stress pertaining to the Green yield condi-
tion for the porous solid.
The flow rule for the plastic strain specified by the normality condition
reads .
0¢ 1 1
dn=A|—| =A|= — 6.129
L [80’] {aQUD_‘_ 2b20H] ’ ( )
the deviatoric and volumetric parts of the deformation being obvious. The
proportionality factor A deriving from the consistency condition as

1311 1 ¢
A= [ 0'D+20'H} do,

" h2o0g |a® 2b
can be alternatively expressed in terms of the strain increment d-. If the

influence of permanent deformation on porosity can be neglected, the hard-
ening parameter h becomes

ho oG
(1-x) of

(6.130)

6.5.2 Soil materials

Drucker—Prager linear Mohr—Coulomb generalization

Problems of material failure in soil mechanics are often modelled following
the theory of plasticity. The pertinent yield condition exhibits a depen-
dence on the hydrostatic pressure different from that for porous metals.
Material description in soil or rock mechanics is frequently based on the
Mohr—Coulomb hypothesis. Its generalization due to Drucker and Prager
[20] may be interpreted as a linear Mohr envelope for plane strain failure,
and expresses in principle a linear dependence of the deviatoric equivalent
stress & on the hydrostatic stress oy:

¢y =0+ ayog —b<0. (6.131)

With Fig. 6.22 the parameters in the yield condition can be interpreted as

b
ay =—- and b=o0, a=ps.
a
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a oy

Figure 6.22: Linear Mohr—Coulomb generalization.

The quantities os and ps define limiting states of strength under purely
deviatoric and hydrostatic stresses, respectively. The parameter

b—a

OH

ay =

defines the inclination of the yield line in the &, oy-plane. The yield condi-
tion has to be understood here rather as a failure criterion, and hence the
introduction of a hardening ability does not appear meaningful. The mate-
rial is assumed to be perfectly plastic, such that the parameters ay and b
are not affected by plastic flow.

Permanent deformation of Mohr—Coulomb type materials cannot neces-
sarily be associated with the yield function by the normality rule. A non-
associated flow rule can be derived from the function

¢r =0 + apow, (6.132)
which reproduces the associated flow rule for agp = ay. Plastic flow is then

described by

do

The proportionality factor A is determined by satisfying the consistency
condition

=A [dd’F] . (6.133)

doy doy
doy = “DXdo = Pk [dy — dn) =
oy 1o Yo =15 K [dy —dn] = 0.
Employing the flow rule, eqn (6.133), for dn, we obtain
1 doy
———krdy >0 6.134
- (13

with the abbreviation

e oy Tdgp]t
do do
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Ultimately,

t
dn = hl* [d(ﬁF} %ndﬁy.

do | do

The elastoplastic relation between incremental stress and strain follows as

t
do‘n{I 1 {OMF} CMSYH} dvy (6.136)

(6.135)

h* | do do

and is not symmetric because of the introduction of a non-associated flow
rule.
The gradients of the functions ¢r and ¢y are easily obtained:

o] e ) o

do do + 3¢

—e
3
The first defines the direction of plastic flow and distinguishes the deviatoric

and the volumetric part of the incremental plastic strain in eqn (6.133).
Permanent volumetric changes are given by

3dny = e'dn = Aoy,

independently of the stress state. An increase in volume is obtained as long
as ap is a positive quantity (ag > 0). The second gradient enters the deter-
mination of the proportionality factor A in eqn (6.134) either directly or via
the expression

d
ﬂh‘, = [2Gs + ayKe]',
do

with the elastic shear modulus G and the modulus of volume expansion K.
We also notice the expression

h* = %n% =3G + ayarK.
do do

The scalar quantity
01, =0 + ayoqg

may be viewed as an equivalent stress pertaining to the linearly pressure
sensitive yield condition, eqn (6.131).

The Coulomb rule considers the magnitude of the shear stress 7 required for
slip in the soil to depend upon the cohesion c¢ of the material and to be linearly
related to the normal pressure o acting on the slip plane,

|T| =c— otany,
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where tan ¢ is known as the coefficient of internal friction. This limiting condi-
tion is represented by two straight lines in the 7, o-plane (Fig. 6.23). The Mohr—
Coulomb hypothesis of soil slip or yielding is illustrated in the figure for plane
conditions. All combinations of normal and shear stress encountered at a point on
planes of different orientations lie on the Mohr circle. The radius of the circle as
specified by the stress state at the point under investigation is

2 1/2
Oxx — O 2
o[y o)

and is equal to the maximum shearing stress. It is assumed that the material
behaves elastically up to a certain state of stress at which yielding occurs. The
limiting lines from the Coulomb rule determine the radius of the Mohr’s circle at
slip as

Oxxt+0
R=ccosp— >

sin ¢.

This relates the maximum shearing stress to the cohesion ¢ of the material, the
angle ¢ of the linear envelope of the Mohr’s circles and the mean normal stress
(0xx + 0yy)/2 in the plane. For three-dimensional states the shear/normal stress
combinations at a point are characterized by three Mohr circles. The above lim-
iting condition then refers to the largest one.

Drucker and Prager [20] have shown that in the case of plane strain the gener-
alized yield condition in eqn (6.131) reduces to the Mohr—Coulomb rule. To this
end, it is assumed that the incremental plastic strains dn,,, dnx,, dny, vanish. By
the (associated ar = ay = a) flow rule, eqn (6.133), the shear stresses oxz, 0y
are zero, and

2
Figure 6.23: Mohr—Coulomb hypothesis.
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for the deviatoric stress component. The hydrostatic stress then becomes

Oxx + Oyy  Q_

2 9

and the equivalent deviatoric stress is given by

3 Oxx — Oyy \ 2
o = 1_ o |:( B yy) +U,2(y:| .
T 9

Substitution in the yield condition, eqn (6.131), and comparison with the Mohr—
Coulomb hypothesis shows that an identity is established by setting

oH =

b— 3c cos o — 3 sine
T (34sin? p)1/2’ T (34sin? p)t/2’

Parabolic Mohr-Coulomb generalization

More elaborated forms of failure surfaces for soil and rock mechanics can
be found in [21]; the reader may consult also the articles in [22] and the
references therein. Materials of the Mohr—Coulomb type mostly exhibit a
curved Mohr envelope rather than a rectilinear one. It may therefore be
difficult to model the material behaviour appropriately with the above linear
approximation, if the hydrostatic pressure is subject to a strong variation.
A yield condition in terms of the equivalent deviatoric stress ¢ and the
hydrostatic stress oy, which in the case of plane strain failure leads to a
parabolic Mohr envelope, is described by

¢y = (32 + ayon)> b <0, (6.137)
The parameters are defined with reference to Fig. 6.24 as
ay =b*/a and b=oy, a=ps.

The physical interpretation of the constants a and b is identical to that for
the linear model. For a non-associated flow rule, the function in eqn (6.137)

o

a O'H

Figure 6.24: Parabolic Mohr—Coulomb generalization.
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can be modified via the parameter a:

¢r = (67 + aFUH)1/2 : (6.138)

The formalism developed for the previous linear case is applicable here as
well, but for the different specific functions and their derivatives.
We notice that for the functional type in eqns (6.137) and (6.138),

oo} a 0¢ @ ( )

- = _— o=« (0% .

0o O’p7 Oog 20p By
The scalar quantity op defined by

2 _ =2
op = 7° + aon, (6.139)

may be regarded as an equivalent stress associated with the parabolic condi-
tion. The complete gradient of the yield function with respect to the stress
is obtained as

d¢1" 9 1 9¢ G o

—| == -—/—e=—s+—e a=ap,a
|:d0':| oo + 3 Oonu op + op ( F Y)
and specifies the expressions for the incremental plastic strain and the
elastoplastic stress—strain relation. The permanent change in volume results
here in:

R

3dny = e'dn = A .
20’p

It is seen to depend on the stress state by the equivalent stress quantity op.
The volume increases as long as the parameter ap is positive (ag > 0).

An analytical example

In order to demonstrate the significance of the hydrostatic stress on plastic
yielding, consider the rectangular plate of uniform thickness under biaxial
tension or compression treated in Section 1.2.5. The state of stress is spec-
ified by the principal stresses o1 and o, whereby the longitudinal stress o
is directly exerted on the plate. The lateral strain v, is suppressed so that
the longitudinal strain «; alone defines the state of strain.

The elastic solution oy = vo; derives immediately from the prevention
of the lateral contraction. The elastoplastic solution developed before for
perfect plasticity with the von Mises yield condition shall be extended here
to the pressure-dependent yield models.

From the elastic solution, the loading path in the &, op-plane prior to
yielding is described by either of the straight lines

1— 2
F= i37”1:+”aH, (6.140)
14
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where the upper sign refers to loading in tension and the lower to loading in
compression — considered to be the standard case. This convention shall also
hold in subsequent relations. Beyond yielding, the elastic lines, eqn (6.140),
must be replaced by the respective yield condition, which then describes the
relationship between & and oy.

From the yield condition, eqn (6.131) — linear dependence of the equiva-
lent deviatoric stress on the hydrostatic stress (b = o5, y = @) — we obtain

0 =05 — QOH. (6.141)

The intersection of the two straight lines given by eqns (6.140) and (6.141)
determines the elastic limit of the plate (Fig. 6.25). If the applied stress
is compressive, plastic yielding occurs only as long as the elastic path,
eqn (6.140), is steeper than the yield locus, eqn (6.141). The steepest elastic
path is 6/oy = —3 (for v = 0), and therefore the yield line defined by o = 3
represents a limit, at and above which no plastic yielding is possible for any
value of v > 0.

The explicit form of the yield condition, eqn (6.131), reads in the present

case
_ /.2 2 - _
o= 01+O’27O'10'2+§(0'1+0'2)70'S—0.

In conjunction with the elastic solution (o2 = voq) it determines the elastic
limit for o; as above. In the plastic range of loading, it establishes a relation
for the lateral stress:

1— —

A zero discriminant indicates that an upper limit load has been attained.
Thus, the plastic range is found to be bounded as follows:

1 |o1]

In the case of compressive loading, the upper limit approaches infinity for
a = 3/2 and becomes meaningless for higher values.
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G

Oy

Figure 6.25: Elastic path and pressure-dependent yield limit.

Beyond the elastic limit, knowledge of the stresses o1 and o4 is utilized
in obtaining the elastic strains

o?\ Eey v a?] oy
1- < - |
< 9> Os [ 2 (+V)9]US

o 3 a?) o? o1
Z 4+ 1 (22 )L _ 22
R ”\/ (4 3)a§ o

and
a?\ Ees 1 a?] oy
1- = == 1+v)— | =
( 9)as [2 ”+(+V)9}as
a 3 a2\ o2 o
- = 1— (2 =)L _o2=.
3 :F\/ <4 3 ) o2 aos
The lateral constraint implies 75 = —eg; for the longitudinal plastic strain

the associated flow rule (ap = ay = a) gives

1 a? 1+a2 "
—— o= |z+—— )0 =05
9 )7t \2" 9 )72
d771= D) 2 an
1fa7 o5 — 14,0[7 O’+g0
9 )72 \g2 " g )"t T g
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Expressing the right-hand side of the differential relation in terms of o,
and integrating:

o? 2E1)1 1+v o v o? o1
1—— =< — — |4— = 1 — | —
( 9) s { 2 +9{ 2+(+”)9Has

2 3 0[2 01

_ = 92 = | 2L

1 a? s g et (4 3>0S
4+ -4/3— —In .
4 3 3 o? 9 3 a?\ oy
- - 2_Z )t

3 4 3 ) oy

(6.143)

As long as 01 /0 is below the elasticity limit, eqn (6.142) left, n; = 7o = 0.

Considering next a parabolic relation between the equivalent deviatoric
and hydrostatic stress, we start with the explicit form of the yield condition,
eqn (6.137),

«

3(01—1—02)—05:0

¢:\/0%+0§—0102+

and proceed analogously to the above linear hydrostatic dependence.
The lateral stress in the plastic range is

and the plastic range is bounded by

’—(1+V)ai\/(1+u)2a2+36(1—u+u2)03

6(1—v+02)

1 a?
<o < 3|—o¢:l:2\/3052—|—3

The elastic part of the longitudinal strain, €1, is obtained as

. (6.144)

v ! 3 e a?
Fey = (1—2)01—|—V6:|:1/\/U§—4Uf—201—|—36,

and that of the lateral strain, e, is
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Figure 6.26: Influence of hydrostatic stress dependence on axial stress—

plastic strain diagram.

1 o) 3 Q@ a?
E€2:(2—u>01—6¥\/03—405—201+36.

For the plastic parts we have g = —e5 from the lateral constraint v = 0,
and with the associated flow rule:

(0%
20’1 — 09 + g

d771= adn2-
20’2 — 01 + g

The plastic longitudinal strain 7; follows by integration in terms of o; as

1 3
Emp = — _;Valq:(l—u)\/ag—af—al—l—

5 o> o 3
1 a2 SOt gt g tan
+7\/302+ S g — (6.145)
2, & _®_ 2
V375t g gy g

The relationships in eqns (6.143) and (6.145) pertaining to the linear
and parabolic generalization of the Mohr—Coulomb hypothesis, respectively,
are depicted in Fig. 6.26 along with the pressure independent von Mises
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case. The results refer to an evaluation for v = 0. The Drucker—Prager yield
condition has been based on a 45° slope of the yield locus (straight line)
and og # 0. In the second yield condition, the parabola has been determined
such that the bounds of the plastic range coincide with those of the first. The
quantities in the figure have been normalized by the maximum attainable
compressive stress o1y, and start at the state of first yielding which defines
the lower limit for the evaluation of 7; in eqns (6.143) and (6.145).
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CHAPTER 7

Application of finite element analysis

7.1 Remarks on numerical solutions

Computational techniques based on the finite element method prove to be
suitable in providing appropriate numerical solutions to elastoplastic prob-
lems relevant to engineering practice. Relevance to practice implies complex-
ity in geometry and boundary conditions, and in the material properties.
Reasonable simplifications may facilitate the treatment by increasing the
transparency and possibly reducing the effort of the computation. They
are, however, not necessary to the degree requested in the context of ana-
lytical approaches. Conversely, some issues simplifying theoretical analysis
may pose difficulties to the numerical model.

Numerical procedures favour the employment of analytical yield condi-
tions like the Huber/von Mises one, despite the nonlinear form. Singular
forms like Tresca’s are well suited in theoretical analysis, when advantage
can be taken of the piecewise linearity of the yield locus. The perfectly
plastic approximation, a frequent assumption in developing analytical solu-
tions, was a critical issue at the early stage of the evolution of numerical
techniques. Perfectly plastic behaviour of the inelastic material constituent
cannot, of course, be approached as the limiting case of plastic harden-
ing material relying on the increment of stress. It requires an appropriate
formalism in terms of the increment in strain, as detailed in Chapter 1.
Besides, for smooth numerical properties, it is important that the formalism
for the incremental plastic strain [1, 2] also encompasses the plastic loading
condition [3]. An elegant approach was developed in Chapter 5 within the
framework of the radial return technique.

The elastic constituent is essential to the algorithmic concept of elasto-
plastic computation, since it determines the stress. Analytical solutions
based on the approximation of vanishing elastic strain (rigid—plastic
approach) cannot, therefore, be treated by this numerical procedure. How-
ever, the case of small-strain plasticity and small-scale yielding considered
here is characterized by the dominance of elasticity. At the plastic limit
state of structures and structural parts made from elastic—perfectly plastic
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materials, the stresses become stationary and changes in elastic strain do
not occur; the variation in strain is entirely plastic. Although this does not
pose serious algorithmic difficulties, problems may arise from the finite ele-
ment representation. To be specific, the finite element kinematics are not
necessarily able to reproduce an isochoric displacement field as required by
the flow mechanism at the plastic limit.

For an elucidation, we recall that the deviatoric and hydrostatic parts of
the stress rate in the elastoplastic material read

op =2G[yp — 1|, on=3K7y (nyv =0).

In the case that finite element kinematics do not allow isochoric defor-
mation we may have yp = 1) but 4+, # 0 on the penalty of elastic strains
as the plastic limit state approaches. As a consequence, variations in stress
are still present and the applied load does not become stationary. This defi-
ciency of finite element approximations becomes apparent at the limit load,
although it can be inherent to finite element kinematics. The isochoric issue
of plasticity was first investigated in [4].

A simple way out is to weaken the significance of the volumetric response
of the finite element. For this purpose, the stress resultants at the element
nodal points (Section 5.1) are determined by two separate volume integrals:

S, = /atadV = /af)aDdV—i—/a{,aHdV.
V‘Z Vq Vq

The deviatoric part makes use of the original element kinematics ap = a
while the hydrostatic part ay follows a lower-order approximation (see
[5]; for instance, linear variation of deviatoric quantities, constant hydro-
static/volumetric ones). Analogously, numerical evaluation of the two inte-
grals is based on full integration of the deviatoric part and a reduced integra-
tion rule for the hydrostatic part. This transfers equally to the formation of
all other element characteristics, like incremental stress resultants, element
stiffness, initial loads.

As an overall remark, finite element elastoplastic computations cannot
necessarily reproduce classical analytical solutions, but are capable of a more
realistic modelling. On the other hand, each numerical solution represents a
single event associated with a specific set of problem parameters. Analytical
solutions, even if simplified, allow a discussion regarding the significance of
the parameters of the problem.

The following applications of finite element inelastic analysis utilize, in
their majority, standardized software for large-scale engineering problems [3,
12]. Unless stated otherwise, plasticity is governed by the von Mises yield
condition with isotropic hardening. In the numerical model, incrementation
of the plastic strain relies on the radial return technique (Section 5.4.4).
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Figure 7.1: Pressure vessel with nozzle: geometry and finite element model.

7.2 Pressure vessel with nozzle

This example introduces the substructuring technique and demonstrates its
application in elastoplastic finite element analysis [3].

The spherical vessel with a radial nozzle depicted in Fig. 7.1 is subjected
to internal pressure increasing beyond the elastic range. For the finite ele-
ment analysis, the upper quarter of the meridional section of the structure
is represented by 230 triangular axisymmetric six-node elements. The prop-
erties of the vessel material are specified in Fig. 7.2. In the computation,
an initial elastic solution determines the pressure ps = 3.413 MPa at which
the stress in the structure first attains the elasticity limit of the material
0s = 255 MPa. Subsequently, the pressure is increased to twice this value
(p = 2ps) by the application of 10 equal increments of loading.

Plasticity develops at the junction between the spherical part of the vessel
and the nozzle, as depicted in Fig. 7.3 (left). The extent of the plastic zone
at the final pressure p = 2p; = 6.826 MPa is shown in Fig. 7.3 (right) along
with the distribution of the equivalent deviatoric stress @ in the region of the
junction. It is observed that the domain of plastic deformation is confined.
It appears only at the junction, a fact that is predictable in the present
case. Since a large part of the structure remains elastic, the computational
effort of elastoplastic analysis can be reduced by defining an elastic and an
elastoplastic domain (Fig. 7.1), and applying the substructuring technique.
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Figure 7.2: Uniaxial characteristics of the elastoplastic material.

Substructuring [6] is a solution technique that has been used for many
years in large-scale finite element applications — even in elasticity — on
computers with restricted capacity. It has attained new importance in the
context of parallel computing, because it offers a systematic scheme for
the distributed treatment of the problem on several processing units [7].
In this connection, classical substructuring may be considered a domain

Substructure |
Boundary

24.5
p/p
s L4 73.5
2.0
1.6 Equivalent 122.5

stress MPa

ALCEL

Substructure 1.6
Boundary

Figure 7.3: Development of the plastic zone in the -elastoplastic
substructure.
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decomposition method [8]. In elastoplastic analysis, it can be utilized for a
separation of purely elastic and elastoplastic operations in the domain of
computation.

With reference to the finite element mesh in Fig. 7.1, we define three subdomains
or substructures covering in the sum the entire model. Nodal points lying on the
interior boundaries thus created, connect neighbouring substructures and define
a subset Uc of the displacements. In the three substructures, the displacements
are grouped as

U; = {Ui1Us},, U2={UiUs},, Us;={UiUs};.

Each set U comprises the displacements of the nodal points at the connecting
boundary, Ur all other displacements in the substructure. The Ugs can be related
to Uc by the symbolic ordering operation

Ugi = a1 Ug, Up2 =a>Uc, Uss = a3 Ug,
and the a;s denote incidence matrices. Collectively,
Up = {Up1 Up2Ups} = aUc.
The stress resultants in the individual substructures are grouped analogously
S1 ={Si1Ss},, S2={SiSs},, S3={SiSs},.
Accumulation at the connecting nodes supplies the quantities in
Sc=a"'Sp, Sp = {SpiSB2Sm3},

which are equilibrated by the external forces acting at the same positions: S¢ =
Pc. If forces Pp are defined at the connecting boundary in the substructures,
accumulation to Pc is as for the stress resultants.

Each subdomain can be viewed as a structural unit. The incremental equation
of equilibrium for the elastoplastic substructure from eqn (5.34) reads

Sar | | Kn Kis Uar . Jar |
Sas Kpr Ksgs Uas Jas
In the above detailed form K denotes the elastic stiffness and Ja the initial loads
originating from the plastic strain increment. The external forces Pa are here
equivalent to the applied increment of pressure. The connecting boundary can be

loaded at the assembled state, in which case we set Pap = 0.
From the upper equation in the matrix

Par

Pas

Uar = Ki;' [Par — Jar — KigUag] (1)
and substituting in the second row

Sag = [Kee — KKy 'Kis] Uas + Jas + KKy [Par —Jar]. (il

K* JA
In the elastic substructures, plastic strains are absent, Jagp = 0,Jar = 0:

SAB = K*UAB +J*A with J*A = KBIKﬁlPAI.
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Accumulation of the contributions from the substructures to the stress resultants
at the common nodal points yields

Sac = [atKa] Uac +a'Ja =Pac (iii)
with
ai Ki JA1
a=|a |, K= K3 o Ja=| Jao
as K3 JAs

The solution of the reduced system (iii) for Uac supplies the Uags in the sub-
structures. The Ua; for the elastoplastic substructure follows from eqn (i), in the
elastic substructures Jar = 0. This completes the solution of the problem, in prin-
ciple. Iteration with Ja requires determination of the incremental plastic strain in
the elastoplastic substructure, and evaluation of a new JA, eqn (ii). Since all other
entries in eqn (iii) remain unchanged, the iteration process is restricted to oper-
ations within the elastoplastic substructure and repeated solution of the reduced
system (iii) with a modified right-hand side but constant coefficient matrix. The
computational effort is reduced by this technique.

7.3 Aluminium sheet with circular hole:
comparison of analysis with experiment

A comparison of the results of the numerical computation with experimen-
tal measurements is useful for several purposes. It permits a verification
of the algorithmic procedure and the software implementation, on the one

g
| -
IR
T L

Figure 7.4: Sheet with circular hole: geometry and material properties.
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hand, and an examination of the appropriateness of the material description
on the other hand. Validation of the computational model, however, has to
account for the random nature of some of the parameters and involves sta-
tistical comparison techniques [9]. The purpose here is just to demonstrate
the performance of the elastoplastic finite element approach. Therefore, a
description of the numerical analysis and a comparison with measurements
follows [10] without entering details about the experimental technique used
in the large-scale test.

The material is a flat 2mm aluminium sheet cut to form a rectangle
(900 mm x 450 mm) with a circular hole (225 mm ©). The geometry of the
sheet is defined in Fig. 7.4 along with the material characteristics of the AL
2024-T3 aviation sheet employed. For the numerical simulation of the test
by elastoplastic computation, the hardening characteristic relating the yield
stress to the plastic strain is deduced from the experimental stress—strain
diagram. A fairly accurate approximation has been obtained by an expo-
nential function in the lower range of the curve and a fifth-order polynomial
in the upper range of the curve.

Figure 7.5 shows the finite element discretization for the elastoplastic
analysis. The discretization is performed by triangular plane stress elements
with six nodes, and is not particularly fine. The double symmetry of the
problem allows consideration of one quarter of the sheet.

In the numerical simulation the specimen is loaded by an axial tensile
force P distributed uniformly over the horizontal edge of the sheet. The
load at the elasticity limit of the material oy = 260 MPa is P, = 53.22 kN.

Tensile
Load

Figure 7.5: Finite element representation and progress of plastification.
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Figure 7.6: Distribution of axial strain along the weakest cross-section.
Comparison of numerical results with measured data at two
levels of loading.
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Figure 7.7: Deformation of the hole at final load P = 167kN. Compar-
ison of numerical results with photogrammetric laboratory
measurements.
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Subsequently, the loading is increased up to P = 167 kN using 11 incremen-
tal steps gradually diminishing in size. In the elastoplastic computation,
plastic flow sets in at the weakest cross-section. The region where the mate-
rial has deformed plastically expands from the boundary of the hole to the
vertical edge of the sheet as the loading increases (Fig. 7.5).

In Fig. 7.6 a comparison is given between the computed and the measured
longitudinal strain at the weakest cross-section along the horizontal axis of
symmetry. The agreement is equally good in the elastic range (P = 49kN)
and in the plastic range (P = 147kN). Figure 7.7 compares at the end load
(P = 167kN) the deformation of the periphery of the hole as a result of the
numerical simulation, with the displacements of distinct points obtained by
photogrammetrical measurements. In order to enhance visibility, the scale
of the displacements has been magnified considerably.

7.4 Heat shrink fitting of a wheel

As an application of thermal stress analysis involving plasticity we consider
the process of heat shrink fitting of a wheel for a rail road vehicle [10].
The computation can be carried out in two separate steps. First, a heat
conduction analysis determines the temperature distribution in the wheel
at consecutive instants. Then, the incremental elastoplastic stress analysis is
performed employing the obtained variation of the temperature distribution
as an input. The above treatment of the thermomechanical problem relies
on the assumption that the changes of the mechanical state do not induce
appreciable thermal phenomena.

The wheel is made up of two parts, the hub and the rim (Fig. 7.8), each
defining a substructure in the finite element representation (Fig. 7.9). Its

| 465 mm

230 190

400 -

448

Figure 7.8: Rail road wheel: description of geometry.
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Figure 7.9: Finite element model and definition of two substructures.

meridional section is discretized by triangular axisymmetric six-node ele-
ments. Identical discretizations are used for both thermal and elastoplastic
analysis.

Initially, the temperature of the hub is uniformly 20°C, the same as the
ambient air temperature. At that stage, the temperature of the rim is 140°C.
The difference of 120°C corresponds to the required original oversize of the
hub relative to the bore of the rim. The two parts, rim and hub, are in ideal
contact without exerting any pressure on each other. From this state the
structure cools down, the process involving heat exchange between the rim
and the hub by conduction and heat transfer to the surrounding air. The
computed temporal variation of temperature is depicted for a number of
locations in Fig. 7.10.

The elastoplastic analysis is based on the following material data:

2
E=206GPa, v=03, a=17-107° [1 —0.412 (1 — ;;)) ] et

1/20 9 \2
of =05 |14+ 122.3—np , 0s=255|1—|— MPa.
Os 850

S

The elasticity limit og of the material and the coefficient of thermal expan-
sion « are temperature dependent; ¥ denotes the temperature in °C.

The transient temperature loading necessitates an incremental computa-
tion to be carried out from the start. The elastoplastic procedure is activated
automatically as soon as plastic flow sets in. Since the stress level in the
hub is considerably lower than the elasticity limit of the material within the
temperature range in question, the elastoplastic computation can be con-
fined to the rim substructure. As a result of the numerical analysis, Fig. 7.11
shows the temporal variation of the radial stress o, the axial stress o,, and
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Figure 7.10: Temporal variation of temperature at different locations in the
wheel during cooling down.
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Figure 7.11: Temporal variation of stress along the bore of the rim.
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Figure 7.12: Evolution of plastic yielding along the bore of the rim.

the circumferential component oy at different positions along the bore of
the rim during the course of cooling down. The axial stress at the edges
practically complies with the boundary condition ¢,, = 0 and therefore is
not plotted. The development of plastic yielding along the bore of the rim
is demonstrated in Fig. 7.12. The shaded areas specify the axial extent of
plastic flow along the bore at each time increment during cooling of the
wheel.

7.5 Thermal cycling of cylindrical container

The study refers to a nuclear reactor component: the fuel rod operating
under the combined action of internal gas pressure and intermittent heat
flux. The case can be treated as a long cylinder in a state of generalized
plane strain. This implies that the axial strain does not vanish, but it is
constant over the radius and does not vary along the axis.

The computational model reduces to a single layer of axisymmetric ele-
ments (triangular six node elements, Fig. 7.13). The condition of plane strain
requires that the axial displacement is unique over each cross-section. There-
fore, axial displacements are suppressed in the lower row of nodal points
while a single axial freedom is allowed in the upper row. The radial dis-
placements of the nodal points in the upper row are equal to those in the
lower row.

Initially in the loading programme (Fig. 7.13), the pressure p is raised
proportional to the temperature gradient Ta up to pmax = 900 psi, TA max =
170°F (1in = 2.54 cm, 1psi = 6.895kPa, 1°F = 1/1.8 K). Subsequently the
pressure is kept constant while cycling the temperature gradient between
zero and the maximum value. The temperature distribution over the wall
thickness is almost linear. The radial pressure on the interior surface is
accompanied by an axial force P = pR?m due to the end closure.
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Figure 7.13: Description of the fuel rod problem.

The thermoelastic properties of the rod material (SA 240/304 steel) and
the yield stress are taken at an average temperature of 400°F (477.59K) as

E=25-10%psi, v =0.3, « =9.4-107%1/°F,
os = 1.7-10% psi.

The uniaxial hardening characteristic of the material is described by the
functional dependence given in Fig. 7.2, Section 7.2. The cyclic loading
suggests employment of the kinematic hardening rule.

Figure 7.14 demonstrates the representative stress—strain response of the
rod in terms of the axial components. Following the numerical simulation of
the process, shakedown is not attained completely. In that case, the stress—
strain diagram in Fig. 7.14 would be limited by a straight line fixed on the
strain axis. It is seen in Fig. 7.15 that the value of Ta at which plastic
yielding sets in does not reach the limit of 170°F in loading or 0°F in
unloading. It is worth noting that alternately the inner or outer region of
the rod yields plastically; the inner in the unloading phase of the thermal
cycle, the outer in the loading phase.
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Figure 7.14: Axial stress at the outer radius versus axial strain.
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Figure 7.15: Gradient Ta at which yielding sets in during thermal cycling.
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7.6 Vessel for liquid zinc

During the heating phase of vessels for liquid zinc, cracking may occur
induced by stress corrosion. In order to explore the origin of stress corro-
sion induced cracks and identify locations prone to failure, a detailed stress
analysis of the process is necessary [11].

The vessel under investigation has the dimensions 7.6 x 1.3 x 2.55m? and
a capacity of 140tons of zinc (Fig. 7.16). It stands on a grid of concrete
beams and its side walls lean against three horizontal supports. The latter
should prevent bulging of the side walls during operation. The vessel is
heated by four burners at the upper third of the side walls, and the zinc
melts. During the heating time of 255h, temperature and displacements
were measured at several points as indicated in Fig. 7.16.

The double symmetry of the vessel allows consideration of only one quar-
ter of the structure in the finite element analysis. The discretized repre-
sentation is shown in Fig. 7.17. The computation mesh comprises layered
triangular shell elements modelling the walls and layered beam elements
representing the rim stiffener. These bending elements presume the cus-
tomary linear variation of strain, but the layers allow to account for the
development of plasticity across the thickness [12].

The loading of the vessel is a result of the transient temperature distri-
bution during heating and of the interior pressure from the melting zinc.
In addition, forces are transmitted by the horizontal supports. In the com-
putation model, the action of the horizontal supports is accounted for by
displacements prescribed at the respective locations according to the mea-
surements. The temperature distribution in the walls of the vessel has been
modelled on the basis of the temperatures recorded hourly at the measure-
ment points. The assumption on the temporal variation of the internal pres-
sure from the melting zinc follows the development of the temperature field.

(om N
130 \/\/ 4 Horizontal supports
+  Measurement points

Figure 7.16: Vessel for liquid zinc: geometrical description.
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Figure 7.17: Finite element representation of a symmetric quarter of the

vessel.
U, p, ws
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Temperature 0.15 N/mm?
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horizontal supports

100 200 t [h)

Figure 7.18: History of thermal and mechanical loading (schematic): heat-
ing up temperature 1, internal pressure p, displacement of hor-
izontal supports wg.

The vessel is initially filled with 100 tons of zinc, this amount is assumed to
be melted after 190 h; subsequently 40 tons are added gradually. The history
of the thermal and mechanical loading applied in the elastoplastic analysis
of the heating process is shown schematically in Fig. 7.18.

The thermal and elastic material properties (modulus of elasticity, Pois-
son’s ratio, coefficient of thermal expansion) are depicted in Fig. 7.19 as
functions of the temperature. The figure also shows the uniaxial stress—
strain characteristic of the material in the plastic range as derived from
laboratory data at different temperatures.



FINITE ELEMENT APPLICATIONS 267

Ex10-3

108
{N/mm?] Y «*
o

w0toe & 10

150 103 s
100 .
100 200 300 W00 v I
o [N/mm?] _0°C
300 / = -300°C

~400°C

200
_500°C

100 ¥

005 010 015 020 g,

Figure 7.19: Temperature-dependent thermoelastic properties (upper) and
plastic hardening characteristics (lower).

In the elastoplastic computation of the non-isothermal problem, the anal-
ysis of the heating phase has been executed in 15 intervals of time by apply-
ing the respective loading conditions. During the first 50h of the heating
process the supporting conditions at the bottom of the vessel change due
to the induced deformations. In particular, at that time the vessel is seen
standing only at the front end regions (Fig. 7.20). The arising contact prob-
lem is solved by a suitable iteration technique.

As a result of the computer simulation of the heating process of the ves-
sel, Fig. 7.20 shows the deformation (40x magnified) of the finite element
model at four instants of interest. The development of the region where
the material undergoes plastic deformation is demonstrated in Fig. 7.21.
Marked differences are visible between the interior surface and the exterior
surface of the vessel walls. Figures 7.22 and 7.23 display the distribution of
the principal stresses o1 and o9, respectively. They refer to the inner surface



268 ELEMENTS OF PLASTICITY

£

=

a
v, ) s =
(= =750 NENN.mmxmmumw
i SR s

\

€ A ‘1.&?

ing heating up

Figure 7.20: Deformation of the finite element model at various stages dur-

various instants.
mum stresses appear after 150 h near the rim stiffener and at the transition

between the side walls and the bottom. The shear stress in the vessel walls

of the vessel since this is the one prone to stress corrosion cracking. Maxi-
is negligible.

Figure 7.21: Plastic flow domain on the inside and outside of the vessel at
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Figure 7.22: Distribution of principal stress o1 on the inside of the vessel.

Fig. 7.24) is

(

exposed to internal pressure. The magnitude of the uniformly applied pres-
445 psi, which deforms the material below the elasticity

Figure 7.23: Distribution of principal stress o2 on the inside of the vessel.
A thick-walled pressure vessel with spherical end closure

7.7 Creep behaviour of pressure vessel

sure amounts to p
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Figure 7.24: Geometry of pressure vessel and finite element model.

limit; plasticity does not arise. The vessel is operated at elevated uniform
temperature such that creep strains develop with the passage of time. The
study considers the effect of creep on the stress distribution in the material
at constant pressure [10].

For the computational analysis the vessel has been discretized by trian-
gular, axisymmetric, six-node finite elements. The finite element layout is
shown in Fig. 7.24, and takes advantage of the longitudinal symmetry of
the problem. In the present case, the task of inelastic analysis is restricted
to the consideration of creep strains as described in Section 6.2. The creep
law employed reads

ﬁC =921 10716 5_3.61t0.06 — f(&,t)

and is of the time hardening type, cf. eqn (6.60). Plastic strains as well as
thermal strains do not enter the computation.

An elastic solution for the pressure p = 445 psi supplies the stress distri-
bution in the vessel as an initial condition to the subsequent incremental
computation of the evolving creep strain. In the inelastic investigation the
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Figure 7.26: Relaxation of stress at the junction of the cylinder and the end
closure.



272 ELEMENTS OF PLASTICITY

pressure is kept constant while the increments of creep strain are accounted
for by initial loads applied consecutively. The time stepping of the creep
strain follows the explicit forward scheme.

The results of the numerical analysis are presented in Figs 7.25 and 7.26.
Figure 7.25 gives the equivalent stress contours for the elastic solution (start
of creep, t =0) and the contours after approximately 3h of creep. The
plots demonstrate the redistribution of the stress as a consequence of creep,
resulting in an overall smoothing of the stress pattern. After about 3 h, the
stress has reached practically stationary conditions. This is seen in Fig. 7.26,
illustrating the variation with time of the equivalent stress at the junction
of the cylinder and the spherical end closure.

7.8 Viscoplastic analysis of a thermal shock problem

Emergency cooling in machine parts and nuclear reactor components intro-
duces temporarily high temperature gradients responsible for local stress
concentrations and irreversible deformations. The respective structural com-
ponents are designed so as to sustain several cooling events of this kind in
addition to the operational loading. The permanent straining accumulated
during repeated cooling shock enbrittles the material and induces extensive
cracking (Fig. 7.27).

The following study [13] deals with the thermomechanical processes asso-
ciated with the local cooling of a metal block at a temperature of 320°C
(Fig. 7.28). This configuration was the subject of experimental laboratory
tests, where a water jet of 20°C struck the surface of the metal block over
a contact area of 10 mm diameter. Evaporation of the water moderates the
shock effect. In modelling the thermomechanical problem, it is assumed that
the mechanical dissipation does not appreciably modify the development of
temperature in the solid and that in the mechanical part inertia effects are
negligible, justifying quasistatic analysis.

A description of the problem is given in Fig. 7.28, and the specification of
the finite element discretization in Fig. 7.29. The numerical model is reduced
to a two-dimensional mesh layout of the mid-plane of a part of the block,

Figure 7.27: Crack pattern after 22,000 thermal shock cycles.
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Figure 7.28: Description of the thermal shock problem.

while the effect of the remaining portions is substituted by appropriate
boundary conditions for the temperature, that is, the stress analysis. A first
computation performs the numerical simulation of the thermal process con-
sidering heat transfer to the surrounding air as well as to the water vapour.
Without going into details of the thermal analysis, we only mention that
the transient process has been traced incrementally up to a time of 1200s
with time steps increasing gradually from 0.002s at the beginning to 1s,
10s and ultimately 600s. After 10s, no appreciable variations in tempera-
ture occurred, which signifies that stationary conditions are achieved rather
quickly. The stationary temperature distribution is plotted in Fig. 7.30 for
the analysed mid-section below the area impinged by the water jet.

The second part of the computation performs the transient stress anal-
ysis with the obtained temperature history as an input. The assumption
of plane strain is taken here as an upper bound to the three-dimensional
state of stress. The thermoelastic properties of the material depend on the

20°C

320°C

Figure 7.29: Finite element model of the mid-cross-section.
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Figure 7.30: Contour plot of temperature in the cross-section at steady state
(t = 600s).

temperature and are as specified in Section 7.5. The hardening character-
istic also depends on the temperature (Fig. 7.31). Although the functional
dependence is as for the material referred to in Section 7.5, the elasticity
limit is now higher by 74% and the ultimate stress by 41%.

Since the present material exhibits rate dependence, the inelastic response
is modelled by the viscoplastic approach described in Section 6.3. The time
rate of the equivalent viscoplastic strain is given by the relation

7;7 . lo 7Jf(ﬁVaT)
Y/
M Uf(UV» T) ’
¢ [N/mm?) _0°C
500 -300°C
_400°C
Rl
)
300y
“ _500°C
2004
100
005 010 ofs 020 7,

Figure 7.31: Plastic hardening characteristic of the material at different
temperatures.
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Figure 7.32: Temporal variation of temperature and stress at point A.

where the flow stress o¢(7jv, T) follows the diagram in Fig. 7.31. Complete
specification of the material model requires knowledge of the coefficient .
This parameter is determined from the expression for 7y by utilizing the
information that in the tensile test a 25% increase of the static yield stress
to o = 1.250% is observed at the strain rate )y = 1.08 - 1072s~!. Therefore,
i = (0.25/1.08)10% s = 23.148s.

The stress distribution due to the transient temperature field is traced
numerically up to the appearance of stationary conditions. The incrementa-
tion of the viscoplastic strain is performed by the explicit forward scheme.
Since the overstress governing the evolution of viscoplastic strain dimin-
ishes to zero as stationary conditions approach, the incremental time step is
increased accordingly. As a result of the incremental computation, Fig. 7.32
indicates the development of the stresses at the central point of the impinge-
ment of the water jet. The viscoplastic solution is compared with the elastic
and the plastic ones. At the beginning of the sudden cooling process, the
viscoplastic stresses develop close to the elastic stress state. The two solu-
tions diverge as inelastic deformation progresses. At the end of the transient
process the plastic solution does not reproduce the stationary state of the
viscoplastic response except (approximately) for the equivalent deviatoric
stress @. As a matter of fact, the equivalent deviatoric stress is bounded by
the flow stress of the material in both cases, but o¢(7, T) is not the same in
the two solutions because the evolution of the inelastic strain differs. This
is documented in Fig. 7.33. As a consequence of the difference in permanent
strain, the individual stress components deviate markedly for plastic and
viscoplastic response.
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Figure 7.33: Development of the equivalent inelastic strain at impingement
point A.

A contour plot of the equivalent deviatoric stress for the elastic—
viscoplastic model is given in Fig. 7.34 at the instant of maximum stress
(t =0.2s) and in Fig. 7.35 at steady state (¢ = 600s). It is seen that the
steep stress gradient formed at the location of the impingement is smoothed
out with progressing viscoplastic deformation in the passage of time.

The study allows some conclusions to be drawn regarding the design of
mechanical components subject to thermal shock. The comparison with the
viscoplastic analysis shows that the elastic approach overestimates the stress

200 600 400 7 [N/mm?
N —
100

50

20

10

t=02s

Figure 7.34: Elastic—viscoplastic approach: contour plot of the equivalent
deviatoric stress at ¢t = 0.2s (highest values attained).
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Figure 7.35: Elastic—viscoplastic approach: contour plot of the equivalent
deviatoric stress at ¢t = 600s (stationary conditions).

and is therefore conservative for design relying on a maximum stress crite-
rion. Plasticity, on the other hand, overestimates the inelastic deformation
and is conservative for design based on maximum strain.

7.9 Dynamic response of a beam under impact loading

The simply supported beam (4 x 0.32 x 0.32m?) described in Fig. 7.36 is
subjected to impact loading by a vertical force P(t) applied at mid-length.
The short time pulse acts over a period of Ty = 0.1s, the temporal variation
of the impact force simulating aircraft crash. The initial increase up to the
lower level of the loading is associated with the impact of the deformable
fuselage. The second, higher level is a consequence of the retarded impact
of less flexible parts, like the engines.

The beam is made of steel-reinforced concrete exhibiting a rather complex
inelastic behaviour, demonstrated by the bending moment—curvature dia-
gram in Fig. 7.37. Laboratory measurements indicate a slight dependence of
the response on the rate of loading, but a preliminary exploration relies on
the simplifying assumption of an elastic—perfectly plastic overall behaviour
of the beam in bending [14]. The elastic properties of the beam cross-section
and the material density are specified as

EI =5863.6kNm? and o=2.4-10%kgm™>.

Taking advantage of the symmetry, half of the problem is discretized
by two beam elements (Figs 7.38 and 7.41). The dynamic response of the
beam to the pulse loading is traced by an incremental time integration of
the equation of motion for the discretized system. The results of the com-
putation are plotted in Figs 7.39 and 7.40, comparing the elastic—perfectly
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Figure 7.36: Simply supported beam subjected to impact loading.

plastic response to the purely elastic behaviour. Figure 7.39 displays the
deflection at the mid-point of the beam where the impact force acts. After
the passage of the pulse, the elastic beam is seen to undergo free vibrations
following the natural frequency of the system. The plastic beam continues
to deform after the passage of the pulse, elastic vibrations setting in sub-
sequently. They occur with respect to the new position of rest attained by
the preceding permanent deflection of the beam. As seen in Fig. 7.40, the
bending moment opposed to the motion follows the bending deformation of
the elastic beam, whereas the perfectly plastic approach restricts the value
of the bending moment independently of the deformation. The study also
reveals that the initial assumption of small deflections is not justified.

M
[KNm]

60-1

50+

Low-rate loading

40+

30 High-rate loading

20 ———— Perfectly plastic

10

0 T T |
0 0.10 0.20 0.30 1/R [1/m]

Figure 7.37: Bending moment—curvature diagrams from laboratory data,
and elastic—perfectly plastic simplification.
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Figure 7.38: Discretized representation of half of the symmetric beam by
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Figure 7.39: Deflection at mid-length of the impacted beam.
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Figure 7.40: Bending moment at mid-length of the impacted beam.
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Figure 7.41: Definition of beam element.

The beam element in Fig. 7.41 bends in the z, y-plane following the symmetry
of the cross-section. Ignoring the influence of shearing, its deformation is defined
by the deflection v(z), which determines the rotation angle ¢ and the curvature
1/R. For small rotations,

dv  1dv 1 d%v 1 d%v

Tdz 1de’ R d2? T 12de¥

and £ = z/l is a normalized distance along the axis.

Representation of the deformation of the beam by the deflections v1,v2 and the
rotations 1, p2 at the end points defines a third-degree Hermitean polynomial
for the variation of v along the beam axis

V() = wi(&v1 + w2 (§)lpr + ws(§)va + wa(§)lep2.
The distribution functions are
wi=1-37+2 w=¢-27+8, wy=3"-20, wi=-¢+¢.

The kinematics of the beam element can be summarized in matrix form as
follows:

V1
v w1 wal w3 wal
’ / / ’ P1 .
¥ = w1 /l wa WB/Z Wy " , (1)
1/R WY W WY Wl ?

where w] = dw;/d¢, wi’ = d?w;/d€? (i=1,...,4).

The static quantities corresponding to vi,v2 and @1, @2 are the lateral forces
Q1, Q2 and bending moments M1, Ms at the end points of the beam, respectively.
For moment equilibrium,

M M.
QlZ—Q2:%7

while the bending moments in the elastic range are

ETI EI
M, =——, My=—.
! ’ *T R,



FINITE ELEMENT APPLICATIONS 281

The quantity EI represents the flexural stiffness of the beam in the plane of
bending, I denoting the moment of inertia of the cross-section.

The matrix relation between stress resultants at the end cross-sections of the
beam and the kinematic quantities reads

Q1 —1 1 6 3l —6 3l U1
M|  EI|—l O |l/Ri| 2ET |3l 2° =31 I’ ¢
Q| L | 1 —1||1/R| 1B |-6 -3l 6 =3I |
M, 0 1 31 12 =31 2% |
SN—— ——"
Sy kg U,

The last relationship takes account of the element kinematics,

U1
Ry | 2] -3 —20 3 -I o1
1/Ry | 12| 3 I -3 2 vy |’

2

and defines the elastic stiffness matrix k, of the beam element.
In the elastoplastic regime the bending moment—curvature diagram (Fig. 7.37)

suggests the relation
1 1
M=FEI|=—-—
(7= m)

where 1/ R, denotes the residual curvature due to permanent deformation. It gives
rise to the initial loads

Jou ~1

3, = Jm __EI -1 0 1/Rp1
Jq2 l 1 -1 1/Rp2 |’
JIm2 0 l

which have to be superposed to the previously defined stress resultants:
Sq =kUq+Jg.

The evolution of permanent deformation is modelled as for plastic flow. The
yield condition reads

¢=M— M <0.

Here M = |M]|, and the yield moment M; of the cross-section is assumed to be a

function of the accumulated magnitude of permanent curvature Ry ':

dM; = HdA(R; ).

From the consistency condition ¢ = 0 during plastic flow, and with the flow rule
in the form
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we obtain
1 EI
d(Ry") = =dM = ———d(R™").
( ) H EI+H ( )
The first expression reflects hardening cross-section with the parameter H > 0.
The second expression also encompasses the non-hardening case H = 0, as in the
present application. It defines an increment of fictitious bending moment dM™* =
EId(R™'), associated with the change in curvature d(R™') of the beam.
For finite transitions, n — n + 1, the incremental permanent deformation can
be derived from the yield condition ¢,+1 = 0 as

Mn+l Mn+l - an _ M:;-&-l M;:-Q»l - an

—1\ ..
(R )a = My H TN, EI+H (if)

The test quantities are from
My =My + EI(R™Y)a, M1 = My — EI(Ry)a,

in full correspondence with previous definitions for stresses (Section 5.4.4). The
differences in eqn (ii) must be greater than zero or vanish, in accordance with the
condition for plastic loading. The quantities Mp+1/Mp11, My, 1/ M, define the
sign of the incremental permanent deformation.

Instead of the employed semi-direct technique, the stiffness matrix of the beam
element in the elastic range could have been obtained by a formal application of
the finite element method. This will be exemplified for the element mass matrix
in the following. Local motion of the beam is described collectively for the cross-
section by the generalized displacements v and ¢. They are associated with the
translational mass pAdz and rotational mass pldz, respectively, over the length
dz (cross-section area A, moment of inertia I). The inertia forces are locally

o[ 2]

and from the virtual work equivalence for the element

Uim,U, = [ u'm'iidz, U, = {wiuz},.
lq
Employing the element kinematics, eqn (i), in the form u = wU, the mass
matrix of the beam is obtained as
1
mg; = /wtm'wdz = l/wt(f)m'w(f)df.

lq 0

The matrix w collects the interpolation functions for the displacements u = {v ¢}
or equally for their time derivatives in terms of the normalized coordinate &.

In the present example some attention must be paid to the parts of the beam
extending over the supports (Fig. 7.36). These parts can be omitted in the static
solution, but they add to the inertia. They are accounted for by suitably modifying
the rotational mass at the supported points. This completes the description of the
discretized representation of the impacted beam. The incremental integration of
the resulting equations of motion follows the lines of Section 6.4.2.
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Figure 7.42: Cross-section of a traffic tunnel: definition of the problem,
finite element representation and material parameters.

7.10 Solil stresses connected with the construction
and operation of a traffic tunnel

This application refers to an actual case taken from geo-engineering prac-
tice [12]. It demonstrates the employment of elastoplastic analysis in soil
mechanics in conjunction with the Mohr—Coulomb hypothesis of failure. The
particular task to be investigated concerns the states of stress in the soil
surrounding the tunnel. A description of the problem is shown in Fig. 7.42.
The construction of the tunnel essentially consists of the following stages to
be simulated consecutively. After excavating the soil at the site, the tunnel
is constructed on the subsoil and the space remaining on both sides of the
tunnel is filled up with soil. Subsequently, the top of the tunnel and the
soil surface are subjected to pressure, and the traffic through the tunnel
is started. Although the actual load due to traffic can be neglected, the
ensuing vibrations effect a reduction of the soil friction, and thus induce a
redistribution of the stress. Once stationary conditions have been attained,
the surface pressure is removed.

The elastoplastic problem is considered two-dimensional under the condi-
tion of plane strain. Figure 7.42 shows the discretization mesh selected for
the investigated configuration; the finite element type employed is a triangle
with six nodes. The separation into substructures facilitates handling the
removal and addition of material. For the purpose of an elementary demon-
stration of the numerical solution technique, the problem has been kept
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Figure 7.43: Stress state in the subsoil and yield region due to the weight
of the tunnel (o in 10* Pa).

intentionally within limits. Aside from the coarseness and reduced extent
of the finite element mesh, the experienced engineer will also notice the
omission of certain transition zones between the concrete tunnel and the
surrounding soil.

The material constants for the different domains and stages of construc-
tion are specified in Fig. 7.42. The cohesion coeflicient ¢ and angle of
internal friction ¢ define the Mohr—Coulomb condition of failure, which
is approached by a plasticity model via the Drucker—Prager linear general-
ization (Section 6.5.2). For this purpose the constants of the model have to
be related to the parameters ¢ and ¢. In the present case of plane strain,
the relation is as given in Section 6.5.2.

Originally, the soil carries the stresses

Ozz = =72, Oxx = Oyy = AUZZ

due to its own weight. Here, v denotes the specific weight of the soil material;
the vertical z-coordinate, measured from the ground level, is positive when
pointing downwards. For lack of better information the lateral earth pressure
coefficient A is taken as

The above stress distribution gives rise to equivalent loads at the nodal
points of the finite element mesh simulating the dead weight. This is the only
load acting on the subsoil remaining just after the excavation (Substructure
I). The additional load applied subsequently due to the weight of the tunnel
(Substructure III) induces inelastic deformation (Fig. 7.43). In the third
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Figure 7.44: State of stress (in 10% Pa) and yield region after application of
surface pressure p = 3.7 - 10* Pa.

[ IH

Figure 7.45: Distribution of stress (in 10* Pa) and yield region after reduc-
tion of the soil friction (g — ¢¥so) under constant load.

stage of the numerical simulation, the empty space on both sides of the
tunnel (Substructure II) is refilled with soil.

The fourth, fifth and sixth stages are concerned with the application of
the surface pressure (Fig. 7.44), the reduction of the soil friction (angle ¢) at
constant load (Fig. 7.45) and the removal of the surface pressure. Thereby,
material is neither added nor taken away. The results of the computational
analysis shown in Figs 7.43-7.45 comprise plots of the distribution of the
deviatoric equivalent stress & and of the hydrostatic stress og. Also depicted
are the regions of permanent deformation in the soil. Figure 7.45 shows
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that handling the graphical representation of the stress individually within
substructures leads to discontinuities along the boundaries which are pro-
nounced because of the coarse finite element discretization.
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Coulomb hypothesis, 238
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strain, 57-58

stress, 57
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kinematic, 66, 87, 167-168
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deviatoric plane, 39, 40
diagram
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stress—strain, 15
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distortion energy, 33
Drucker—Prager generalization,
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dynamic plasticity, 219

eigenvalue, 9, 170, 179, 180
problem, 9, 32
eigenvector, 9-10, 178
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limit, 1, 16, 34, 65, 83, 189
matrix, 26, 105, 107
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elastic—plastic transition, 174
equations of motion, 228
finite element, 229
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plastic strain, 37, 47
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mixed approximation, 252
reduced integration, 252
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substructure, 255
flow rule, 19, 36
associated, 38, 48, 51, 59-60
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flow theory of plasticity, 60
formability, 1

gradient, 13, 94

gradient matrix, 191
dynamics, 230
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hardening
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kinematic, 49, 53, 57, 106, 184
non-isothermal, 198, 203
mixed, 52
parameters, 21, 48, 51, 58
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time, 207
Hermitean approximation,
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Hooke’s law, 17
hydrostatic axis, 39
hysteresis, 16
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elastic, 221

elastic—plastic, 223, 232
incremental yield mechanism, 146
incrementation

computation, 200
creep, 209
dynamics, 230-232
isothermal plastic flow, 172
non-isothermal plastic flow, 201
kinematic hardening, 203
viscoplasticity, 217
initial load method, 163
initial
strain, 165, 166
stress, 165, 166
integration by parts, 92
integration, numerical (see also
incrementation)
accuracy, 170, 173, 176, 212
stability, 170, 173, 178, 210

interpretation, 181
internal friction, 241, 284
invariance of work, 30
isochoric deformation, 252
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kinematic compatibility, 66, 68, 69,
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theorem, 145

Lévy—Mises equations, 38
limit
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yield, 16
limit load, 123
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matrix, 230
of beam, 282
rotational, 282
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Maxwell model, 206
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Mohr circle, 241
Mohr—Coulomb hypothesis, 238
linear generalization, 238
parabolic generalization, 242
modulus of elasticity
shear, 26
tension (Young’s), 17, 26
volume expansion, 26

normality of plastic flow, 120

numerical integration: see
integration, numerical

Newton—Raphson iteration, 191

overstress, 216

path dependence, 18, 60, 193
perfectly plastic material, 21
plane strain study, 99
plane stress study
biaxial tension, 43
tension and shear, 112
limit analysis of plate, 136-137
pressure sensitivity, 243
plasticity, 1
non-isothermal, 196
postulates, 19
plastic state, 20, 35
point/discrete force, 118
Poisson’s ratio, 26
porosity, 235
porous material, 235
Prandtl-Reuss equations, 38
pressure
creep of vessel, 270
cylindrical container, 262
spherical membrane, 61
thick-walled cylinder, 99,
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thin-walled cylinder, 113

vessel with nozzle, 253
principal

axes, 31

strains, 32

stresses, 32

tangential stresses, 41

radial return technique
isotropic hardening, 182
non-isothermal, 202
kinematic hardening, 184
non-isothermal, 204
perfect plasticity, 182
rate sensitivity, 205
relaxation, 205-206, 271
relaxation time, 206
residual
displacement, 85
strain, 66, 67, 74, 80, 85-87, 142
stress, 66, 67, 74, 79, 80, 85-87,
101, 142-143, 150
residual load vector, 191, 230
iteration, 191, 203
numerical, 188
return technique, general, 186
rotation (coordinates), 27

safety factor, 2, 124
lower limit (static), 129
upper limit (kinematic), 131
Saint Venant, 38, 41, 88
shear flow, 108
small deflections, 278
deformations, 2, 58, 65, 124
soil stresses, 283
solution algorithm
creep, 213
dynamic, 230
incremental, 189
initial load, 165
iterative, 84
Newton—Raphson, 191
non-isothermal, 196, 201
overview, 191
radial return, 190
tangential stiffness, 163
verification, 256
viscoplastic, 218
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spectral
decomposition, 10, 225
norm, 170
radius, 179
spectrum of a matrix, 10
speed of sound, 220
stability
loading, 119
material, 119
numerical, 178, 210
stationary stress, 215, 272, 275
stiffness, 1
elastic, 68, 161
elastoplastic, 69, 162
material, 26, 85
tangential, 162
strain, 15, 23, 81-82
deviatoric, 25
direct/normal, 23
elastic, 17, 25
permanent/plastic, 17, 25
shear, 23
thermal, 195
vector, 24
reduced, 104
volumetric, 25
stress, 15, 23
deviatoric, 24
direct/normal, 22
function, 91
hydrostatic, 24
shear /tangential, 22
vector, 23
reduced, 104
substructure/substructuring, 254,
255, 259, 283
surface force/traction, 29, 80

tangential stiffness method, 161

Taylor expansion, 13, 231

temperature dependent properties,
260, 267, 274

tensile specimen, 15

thermal stress analysis, 259, 265,
272

thermoelasticity, 195

time rate, 83

torsion

solid cross-section, 88, 110,
114-115
thin tubular cross-section, 107
torsion—pressure, 113
torsion—tension, 53, 149
hardening study, 53
shakedown study, 149
traction, 22, 29
truss, 66, 67, 70, 111
limit analysis, 132, 138

unloading, 15, 60, 65, 74, 80, 101
unrestricted plastic flow, 123-124

vector array, 6
virtual
displacement (velocity), 118, 132,
145, 155
strain (rate), 118
strain cycle, 146
stress, 118, 127, 132, 136, 143,
151
work /power, 118, 132, 146, 148,
155, 229
viscoplastic response, 217, 275
viscosity, 204

warping, 89, 108

wave propagation
elastic, 221
elastic—plastic, 223
nonlinear material, 225
unloading, 228

yield
condition, 19, 35
criterion, 34, 41
Huber/Mises, 34, 251
Tresca, 41, 251
function, 35
limit: see elasticity limit
mechanism, 124, 125, 129, 133
incremental, 146
stress
shear, 42, 94/95
temperature dependence, 197
tension, 17
surface, 39
Young’s modulus, 26
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