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Plane and Geodetic Surveying blends theory and practice, conventional techniques and
GPS, to provide the ideal book for students of surveying.

Detailed guidance is given on how and when the principal surveying instruments
(theodolites, total stations, levels and GPS) should be used. Concepts and formulae
needed to convert instrument readings into useful results are fully and clearly explained.
Rigorous explanations of the theoretical aspects of surveying are given, while at the same
time a wealth of useful advice about conducting a survey in practice is provided. An
accompanying least-squares adjustment program is available to download from
WwWw.sponpress.com/supportmaterial

Developed from material used to teach surveying at Cambridge University, this book
is essential reading for all students of surveying and for practitioners who need a “stand-
alone’ text for further reading.

Aylmer Johnson is a Senior Lecturer in the Cambridge University Engineering
Department and a Fellow of Clare College. His main research interests are in the area of
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Preface

More than almost any other engineering discipline, surveying is a practical, hands-on
skill. It is impossible to become an expert surveyor, or even a competent one, without
using real surveying instruments and processing real data. On the other hand, it is
undoubtedly possible to become a very useful surveyor without ever reading anything
more theoretical than the instrument manufacturers’ operating instructions.

What, then, is the purpose of this book?

A second characteristic of surveying is that it involves much higher orders of accuracy
than most other engineering disciplines. Points must often be set out to an accuracy of 5
mm with respect to other points, which may be more than 1 km away. Achieving this
level of accuracy requires not only high-quality instruments, but also a meticulous
approach to gathering and processing the necessary data. Errors and mistakes which are
minute by normal engineering standards can lead to results which are catastrophic in the
context of surveying.

Yet in the real world, errors will always exist and approximations and assumptions
must always be made. The accepted techniques of surveying have been developed to
eliminate those errors which are avoidable, and to minimise the effects of those which are
not. Likewise, the formulae used by surveyors incorporate many assumptions and
approximations, and save time when the errors which they introduce are negligible by
comparison with the errors already inherent in the observations.

No two jobs in surveying are exactly the same. A competent professional surveyor
therefore needs to know the scope and limitations of each surveying instrument,
technique and formula—partly to avoid using unnecessarily elaborate methods for a
simple job, but mainly to avoid using simplifying assumptions which are invalidated by
the scale or required precision of the project. This knowledge can only be developed by
understanding how the accepted techniques have evolved, and how the formulae work—
and this understanding is becoming increasingly hard to acquire with the advent of
electronic ‘black box’ surveying instruments and software applications, which perform
elaborate calculations whose details are hidden from the user.

It is this understanding which this book sets out to provide. The methods for using
each generic class of surveying instrument have been described in a way which is
intended to show why they have evolved, and the calculations are similarly explained,
such that the inherent assumptions can be clearly identified. Wherever necessary,
practical guidance is also given on the range of distances for which a particular formula
or technique is both necessary and valid.

The material in this book is based on the surveying courses taught in the Engineering
Department at Cambridge University, and | am grateful to the many colleagues who have
both enhanced my own understanding of the subject and contributed to past editions of
the ‘Survey Notes’, from which this book has evolved. The philosophy of engineering
education at Cambridge has always been that an understanding of a subject’s fundamental
principles is the key to keeping abreast with the changes which technology inevitably



brings, and indeed to initiating appropriate changes, when technology makes this
possible. | hope that this book has succeeded in applying that philosophy to surveying, in
a way which will be of value to those who read it.

Aylmer Johnson
Cambridge
August 2003
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Chapter 1
Introduction

1.1 Aim and scope

Engineering works such as buildings, bridges, roads, pipelines and tunnels require very
precise dimensional control during their construction. Buildings must be vertical, long
tunnels must end at the correct place and foundations must often be constructed in
advance to accommaodate prefabricated structural sections. To achieve this, surveyors are
required to determine the relative positions of fixed points to high accuracy and also to
establish physical markers at (or very close to) predetermined locations. These tasks are
achieved using networks of so-called control points; this book aims to give the civil
engineering surveyor all the necessary theoretical knowledge to set up, manage and use
such networks, for the construction and monitoring of large or small engineering works.

The exact way in which control networks are established and managed depends on a
number of factors:

1 The size of the construction project and the accuracy required. The accuracy of each
technique described in this book is explained, together with the limitations of the
various assumptions used in subsequent calculations. In particular, guidance is given
as to when a project is sufficiently large that the curvature of the earth must be taken
into account.

2 The available equipment. As far as possible, the descriptions of surveying equipment in
this book are generic and are not based on the products of any one particular
manufacturer. Both GPS and ‘conventional’ surveying equipment are covered, since
both are appropriate under different circumstances.

3 The country in which the work is being carried out. This book explores some topics
with particular reference to the mapping system used in Great Britain; but a clear
indication is also given of how the same issues are addressed in other countries, with
different mapping systems and survey authorities.

The tools of the engineering surveyor have changed significantly in recent years. Most
notably, GPS is now the simplest and most accurate way of finding the position of any
point on the surface of the earth or (more importantly) the relative positions of two or
more points. However, GPS has some inherent limitations, which are explained in detail
in Chapter 7. As a result, other more conventional surveying techniques must still be
understood and used when appropriate. In addition, the traditional surveying tools such as
levels and theodolites are now predominantly electronic and can usually record (and even
observe) readings quite automatically. The descriptions in this book are largely
independent of these advances, because they do not change the basic way in which the
instrument works, but simply mean that readings can be taken more simply and quickly.
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The particular techniques for using manual instruments have also been included, for those
occasions and locations where electronic instruments are not available or appropriate.

1.2 Classification of surveys

Surveys are conducted for many different purposes, which will determine the type of

instruments which are used, the measurements which are taken and the subsequent

processing of those measurements to produce the required results. It is useful to know the

names of the principal types of survey and the nature of the work which is involved.
Engineering surveys are usually classified in the following ways.

By their purpose

1 Geodetic To determine the shape of the earth or to provide an accurate framework for a
big survey, whose size means that the curvature of the earth must be taken into
account.

2 Topographic To produce ordinary medium-scale maps for publication and general use.
Topographic surveys record all the features of the landscape which can be shown on
the scale of the map. Topographic maps are usually produced by means of aerial or
satellite photogrammetry.

3 Cadastral To establish and record the boundaries of property or territory. Concerned
only with those features of the landscape which are relevant to such boundaries.

4 Engineering To choose locations for, and then set out markers for, engineering
construction works. Engineering surveys are concerned only with the features relevant
to the task in hand.

Engineering surveyors are likely to come in contact with all these types of survey, but are
less likely to have to conduct a topographic survey. For this reason, the techniques of
topographic surveying are not covered in this book—for further information on this class
of surveying, see Mikhail et al. (2001) and Wolf (2000).

By their scale

The scale of a survey will affect the instruments and techniques used, as well as the type
of projection used to display or record the results. In a topographic survey, it will also
determine the amount and type of topographic detail which is recorded.

By the type of measurements taken

1 Triangulation Finding the size and shape of a network of triangles by measuring sides
and angles. Used when each station can see three or more other stations.

2 Traverse Proceeding from one point to another by ‘dead reckoning’, using measured
distances and angles to calculate bearings. Used when the construction work is long
and narrow, such as a motorway or tunnel.
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3 Resectioning Establishing the position of a single station by measuring distances and
angles to a number of other nearby stations, whose positions are already known.

4 DGPS Measuring the relative 3D positions of two stations by simultaneously recording
GPS data at each one and comparing the results.

Often, a particular survey involves a hybrid of all four of these techniques.

By the equipment used

1 Tape For direct linear measurement. Cheap and robust. Still occasionally used for small
detailed surveys, but now largely supplanted by laser-based distance measurement
devices.

2 Compass To observe bearings. Used mainly in reconnaissance.

3 Theodolite A telescopic sight pivoted horizontally and vertically, with two graduated
protractors (called “circles’) for measuring angles. See Figure 1.1.

4 Electromagnetic distance measurement (EDM)devices Typically used for
measurements of lengths from say 5 m to 5 km, though some instruments have ranges
up to about 25 km.

5 Total station Essentially a theodolite with a built-in EDM. Total stations usually have
facilities for recording and processing measurements electronically and have largely
replaced conventional theodolites.

Verucal

Horizoneal /_\\
/i:‘\ :r
A

Horizontal circle

Wertical
circle

Figure 1.1 Angles measured by a
theodolite.
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6 GPS Position fixing by satellite has almost completely replaced terrestrial triangulation
for large-scale control survey and can also be useful on building sites, provided it is
not set up close to buildings or trees.

7 Aerial camera photogrammetry) Mainly used in topographic surveys, but also for
recording the shapes (and subsequent deformations) of buildings. See Atkinson
(2001).

8 Satellite camera Essentially, a long-range aerial camera.

1.3 The structure of this book

There is no single logical order in which to set out the further theoretical knowledge that
a competent engineering surveyor will need. The approach adopted in this book has been
to outline the most important principles of surveying in Chapter 2 and the main activities
of surveyors in Chapter 3. This is followed by four further chapters explaining how
particular measurements are made: angles in Chapter 4, distances in Chapter 5, heights in
Chapter 6 and satellite position fixing in Chapter 7. The use of satellite data in particular
requires an understanding of geodesy, including the shape of the earth and the co-ordinate
systems used to describe the positions of points on or near to its surface; these concepts
are explained in Chapters 8 and 9. Chapters 10 and 11 discuss the main calculations a
surveyor will need, to process raw observations into useful results; Chapter 12 describes a
specialist method for finding height differences, which is particularly useful for tall
structures and for establishing local transforms for GPS data.

The appendices contain useful numerical data, observation and calculation sheets, and
worked examples of some of the calculations described in the book. A Glossary is also
included, explaining words which might be unfamiliar to the reader.

Finally, a least-squares adjustment program called LSQ is included as part of this
book. LSQ will adjust a mixture of DGPS and conventional observations to compute the
most likely positions of stations whose positions are unknown and the likely accuracy to
which they have been found.



Chapter 2
General principles of surveying

Surveying has two notable characteristics: the work is done to a much higher level of
accuracy than most other engineering work and it is easy for quite serious errors to
remain undetected until it is too late to correct them. For this reason, there are some
inherent principles which should be observed in all surveying, regardless of the type of
survey or the equipment used. This chapter describes those principles.

2.1 Errors

All the results of surveying are based on measurements, and all measurements are subject
to errors. Because surveying involves high degrees of accuracy (most surveying
measurements are accurate to within 10 parts per million and some are within 2 parts per
million), it is relatively easy to make errors and relatively hard to detect them. The
understanding and management of errors is therefore possibly the single most important
skill that a professional surveyor must possess. Many of the techniques of surveying are
directed towards cancelling or eliminating errors and towards ensuring that no serious
error remains undetected in the final result. Even so, the presence of unnoticed
‘systematic’ errors in a survey can lead to false, yet seemingly consistent, results. A
recent international tunnelling project drifted several metres from its intended path
because temperature gradients near the tunnel wall caused laser beams to bend, and this
was not detected until an independent method was used to check the work.

High accuracy in surveying is expensive because it involves costly, high-quality
equipment and more elaborate procedures for taking measurements. On the other hand,
cheaper equipment may not be adequate to achieve the required accuracy, particularly if
(for instance) a long distance has to split into several steps, requiring more measurements
and resulting in an accumulation of errors. Surveys are therefore often conducted by
using high-quality equipment to establish a few ‘major control’ stations around the area
to a higher precision than is required overall, and then filling in the intervening detail by
cheaper methods adequate for the shorter distances. This is usually the most economic
way of distributing the ‘error budget’ to achieve a satisfactory final result at minimum
cost.

Types of errors
Surveying errors fall into three categories:

1 Blunders (or gross errors) Blunders are due to mistakes or carelessness, such as
misreading by a metre or a degree. A proper routine of checks should detect them. A
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surprisingly common source of error is the manual transcription of readings from one
place to another.

2 Systematic errors Systematic errors are cumulative and due to some persistent cause—
generally in an instrument, but sometimes in a habit of the observer. They can be
reduced by better technique, but not by averaging many readings, as they are not
governed by the laws of probability. Thus all distances measured with an inaccurate
tape or EDM will, from that cause, have the same percentage or absolute error,
whatever their lengths and however many times they are measured; the only remedy is
to calibrate the device more carefully. This is the most serious sort of error, and the
technique of survey is mainly directed against it—the greater the accuracy required,
the more elaborate and expensive the instruments and the technique.

A special type of systematic error is a periodic error, which varies cyclically
within the instrument. Examples include errors in the positions of the angle
markers on a horizontal circle, or non-linearities in the phase resolver of an EDM
or GPS receiver. This type of error can sometimes be eliminated by special
observation techniques, e.g. measuring a horizontal angle several times, but using
a different part of the horizontal circle on each occasion.

3 Random errors Random errors are due to a number of small causes beyond the control
of the observer. Their magnitude depends on the quality of the instrument used and on
the skill of the observer, but they cannot be corrected. Thus no one can place a mark,
or make an intersection, or read a scale with absolute accuracy or consistency. Even
after allowing for systematic personal bias (covered in 2 above), there will remain
errors which are a matter of chance and are subject to the laws of probability. In
general, positive and negative errors are equally probable; small errors are more
frequent than large ones, and very large random errors do not occur at all.

In statistical terms, random errors cause readings to deviate from the correct value
in the manner of a normal distribution—similar, for instance, to the scatter of
heights to be found in a sample of adults. The scale of the scattering can therefore
be defined by quoting the standard deviation (o) of the distribution; two-third of
all readings will lie within one standard deviation of the correct value (above or
below), and 95 per cent within two standard deviations. Alternatively, the
standard deviation for a reading can be estimated by taking the measurement
several times, and seeing what range of values covers the middle two-third of the
readings; the size of this range is an estimate of 2xc.

Two other measures of quality are also used to define the accuracy of readings
affected by random errors. The probable error expressed as +p is such that 50 per
cent of a large number of readings differ from the correct value by less than p; for
normally distributed errors, p is 0.675 times the standard deviation of the
readings. A more useful measure of accuracy is the 95 per cent confidence value
which, as explained above, is almost exactly two standard deviations.

Assuming that the observation errors from an instrument have a normal
distribution (i.e. that they contain no gross or systematic errors), it can be shown
that the standard deviation associated with the arithmetic mean of a set of n

repeated observations is v *-mtimes the standard deviation of a single
observation. Thus if a single angle measurement can be read to one second of arc,
the mean of four readings should have a precision of 0.5 seconds. Taking the
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same measurement several times can therefore be a valid way of increasing the
overall accuracy of a survey.

It is however important to understand the distinction between precision and accuracy. It
is possible to read an angle to considerable precision, as described above—but if the
circle (i.e. optical or electronic protractor) in the instrument is poorly made, the reading
will still be inaccurate. Even when the greatest precautions are taken in making a reading
(e.g. measuring the angle again using a different part of the circle), systematic errors may
still dominate the results. Too much importance must not therefore be attached to the
estimated standard deviations (ESDs) of a set of observations, based on the apparent
‘scatter’ of the results. A set of consistent readings indicates a consistent instrument and a
good observer, but not necessarily an accurate result.

2.2 Redundancy

Given two points whose positions are known, the position of a third point in plan view
can be found by (for instance) measuring the horizontal distances between it and the two
known points. However, the accuracy of the calculated position can only be inferred from
the quoted accuracy of the distance measurement device, and a gross error in one of the
distance measurements (or an error in the quoted position of one of the known points)
will still give a seemingly plausible solution for the new point’s position.

To overcome both of these problems, a fundamental principle of surveying is to take
redundant readings, i.e. to take more measurements than are strictly necessary to fix the
unknown quantities. Any large inconsistency in the readings will then indicate a gross
error in the measurements or the data, while any small inconsistencies will give an
unbiased indication of the likely accuracy to which the point has been fixed.

When several new points are to be fixed simultaneously, it can become quite difficult
to ensure by simple inspection that enough suitable readings have been taken or planned
to ensure redundancy throughout the network. This soon becomes apparent, though, when
the readings are adjusted (see Section 2.4) by computer. For this reason, many adjustment
programs include a planning mode, which enables a proposed scheme of observations to
be validated for redundancy before it is carried out. A surveyor is strongly advised to
carry out such a check, if there is any doubt about the redundancy of a proposed scheme
of observations.

2.3 Stiffness

In addition to being redundant, a network (and its associated observations) should also be
‘stiff’—in other words, the relative positions of control points and the scheme of
observations should be arranged such that any significant movement of one of the points
would cause a correspondingly significant change in at least one of the observations. This
ensures that the positions of unknown points are established to the highest possible
accuracy, using the instruments which are available.

There is an exact analogy (as with redundancy) between a ‘stiff’ network and a “stiff’
structure. The pin-jointed structure shown in Figure 2.1 (a) is stiff, because any given
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deflection of point C requires that member AC or BC (or both) must lengthen or shorten
by a similar amount. In Figure 2.1(b), by contrast, the structure is much less stiff since C
can make quite large vertical movements with relatively small changes in the lengths of
the two members.

(a) (b)
A
C
! A .
g ; '

Figure 2.1 Stiff and non-stiff structural

frameworks.
(@) (&)
TNorth
A
c Nr:rrrh
East
L ij-
East
A = Known point = Measured distance

Figure 2.2 Stiff and non-stiff survey
networks.

The corresponding situation in surveying is shown in Figure 2.2, where points A and
B are ‘known’ points and C is unknown, and the distances AC and BC have been
measured. As with the structure, Figure 2.2(a) shows a stiff network, in which any
significant movement of point C would involve equally significant changes to one or both
of the measured distances, whereas, in Figure 2.2(b), C could move significantly in the
north/south direction without greatly affecting either of the distances.

If angle measurements are used as well, this corresponds to adding gusset plates to the
structure, which increases its stiffness by removing the freedom in the pin joints.

As with redundancy, it can be quite difficult to determine by inspection whether a
proposed scheme of observations will result in a stiff network. Again, though, an
adjustment program with a ‘planning’ facility will provide a good prediction of how
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accurately the unknown points will be fixed, if the likely accuracy of the planned
observations is known.

2.4 Adjustment

As explained in Section 2.2, the position of new points should always be found by taking
more observations than are strictly necessary. Inevitably, then, the resulting readings will
be in conflict; because of the small random errors in the readings, there will be no single
set of positions for the new points which will be in exact agreement with all the
measurements.

To resolve this problem, some form of ‘adjustment’ is usually applied to the calculated
position of the point, to give the best fit with the measurement data. The commonest
method is called least-squares adjustment, which chooses positions for the new points
such that the sum of the squares of the residual errors® is minimised. This gives the most
likely positions for the new points, assuming that the observation errors are normally
distributed.

A good understanding of what adjustment can, and cannot, achieve is important for a
surveyor. Essentially, it is a statistical process which gives the most likely position for
each new point, assuming that the observation errors are random and normally
distributed. If this is not the case, the results may be misleading or inaccurate. In
particular, least-squares adjustment will give a false impression of accuracy if there are
systematic errors present in the data, e.g. if all distance measurements are made using a
device which is poorly calibrated. It will also generate misleading results if the user is
tempted to reject any seemingly ‘bad’ observations, purely on the grounds that they do
not appear to agree well with the others.

Adjustment is described in greater detail in Chapter 10.

2.5 Planning and record keeping

A successful survey requires an appropriate set of measurements to be taken and
recorded, without unnecessary deployment of human resources or equipment. This can
only be achieved by means of planning. The following guidelines will improve the
quality of any surveying work.

1 Establish clearly what the purpose of the survey is and what additional uses it might be
put to in the future. This will determine the number and the locations of control points,
and the accuracy to which their positions must be found.

1 The residual error is defined as the difference between an observed angle or distance, and the
calculated value based on the assumed position(s) of the new point(s).
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2 Find a suitable map or satellite photograph of the site to be surveyed. This will help in
the creation of a possible network of control points, in suitable locations and with
adequate stiffness. It will also show the approximate scale of the work and will help in
detecting gross errors in angle and distance measurements.

3 Visit the site if at all possible. Check whether control stations can be sited at the places
indicated by step 2 and make a note of what will be needed to build them. If
conventional instruments are to be used, check whether the necessary lines of sight
exist between the station locations, using ranging rods if necessary. If GPS is to be
used, check that the relevant stations have a clear view of the sky. Make notes of any
features on the site (cliffs, ditches, etc.) which might make it difficult to move from
one station to another.

A few simple instruments may also help at this stage. A compass can be used to
estimate horizontal angles, and a clinometer will measure approximate vertical
angles. A hand-held GPS receiver will give the approximate co-ordinates of
points and estimates of the distances between them. If this is not possible, the
distances can be paced.

4 Plan a set of observations which will establish the control network to the required
accuracy at minimum cost. This is generally best done by working ‘from the whole to
the part’; accumulated errors are minimised by first forming an accurate framework
covering the whole area and then adding further control stations to whatever accuracy
is necessary. Accurate measurements require expensive equipment and longer
observation times, so this type of consistent approach will give the most economical
result.

The planning function in an adjustment program is very useful here. The eventual
quality of a network can be reliably predicted by entering approximate
observations (such as the compass angles above), together with estimates of the
accuracy to which the final measurement will be made.? Different observations
can then be included in the scheme, to see which combination will give an
adequate accuracy for minimum investment. Make sure, though, that there are
enough observations so that one or more could be rejected without unacceptable
loss of accuracy or redundancy. The time spent travelling to and from a site is
usually much greater than that needed to take a few “spare’ measurements while
an instrument is set up.

5 Plan the fieldwork in detail to make sure that all the necessary measurements are taken
with the minimum deployment of people and equipment. Each member of the team
should know who will take which measurements, at which locations and with what
instruments.

6 If possible, arrange that all field work has redundancy and that the computations are
carried out such that no incorrect measurement will pass undetected. If some of the
error checks can be carried out in the field, while the equipment is still set up on
station, then the cost of correcting any error will be greatly reduced.

2 The approximate observations establish the geometry of a network to sufficient accuracy for its
eventual stiffness to be determined. This, combined with the accuracy of the final observations,
determines the accuracy to which the points in the network will eventually be fixed.
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7 Before leaving base, make sure that all batteries are fully charged, and that any
necessary co-ordinate data, transformations, etc. have been downloaded into those
instruments that need it. Make sure that everyone is familiar with the instruments they
will be using; get unfamiliar instruments out, read the instruction manuals and practise
their use.

8 Ensure that each group of surveyors keeps a diary of what is done, including a
summary of the weather, on each day. If an error is discovered later, a good diary can
be invaluable in pinpointing the source of the problem—and thus showing which
measurements may need to be repeated.

9 Make sure that observation records are complete and will not degrade with time.
Handwritten records must be legible, and electronic records should be stored securely,
e.g. on a CD. If the information is important, make sure that there are two copies of it,
in different locations; the cost of this is minuscule compared to the cost of taking the
measurements again.

The data generated during a surveying job may need to be consulted years after it was
initially made, so good record keeping is also important. Observations recorded on paper
should be checked for legibility and completeness, and stored in a dry condition;
electronic data should be stored on a permanent medium, such as a CD-ROM. For
important jobs, copies of the data should be made and stored in a different location to the
originals. Finally, a brief summary of the data will greatly assist any subsequent attempt
to re-inspect some part of it.



Chapter 3
Principal surveying activities

3.1 Managing control networks

Before any survey can yield useful results, it is necessary to establish a set of fixed
stations whose positions relative to one another are known—usually to a higher accuracy
than will be needed in the final result. A set of such stations is known as a control
network.

If the scope of an engineering project is relatively small (up to 5 km square, say) and
does not have to be tied in with work elsewhere, then it is usually easiest to set up a local
Cartesian co-ordinate system for the work and to use conventional surveying instruments
rather than GPS. Typically, the first control station® is established at or near the south-
west corner of the site, and defined to be the ‘site origin’, having the co-ordinates
(0,0,0).2 A second station is then set up at the north-west corner of the site with its x co-
ordinate defined to be 0. The horizontal line between the two stations defines the y-axis,
or ‘site north’, and the z-axis is defined to be vertically upwards. An orthogonal Cartesian
co-ordinate system is thus fully specified, such that any point on the site has a unique (x,
y, z or easting, northing, height) co-ordinate.

Further control stations will also be needed on the site, and each one is set up by first
choosing a suitable location, then physically establishing the station and finally taking
measurements to find its co-ordinates. The 2D (x, y) position of each station is found by
measuring horizontal angles and/or distances to or from other stations (see Chapters 4
and 5). If needed, the height (z) co-ordinates are usually found separately by levelling, as
explained in Chapter 6.

If just one further control station was to be added to the initial two points, there would
be three unknowns in the 2D co-ordinate system: namely the (x, y) co-ordinates of the
third control station and the y co-ordinate of station 2. Finding these unknowns with
redundancy thus requires at least four measurements, of which at least two must be
horizontal distance measurements (if one distance and three angles were measured, there
would be no check that the distance had been measured correctly). A typical scheme of
measurements for fixing a third station is shown in Figure 3.1; here, a horizontal angle
has been measured at station 1, and the instrument has then been moved to station 3
where a second angle and two distances have been measured.

1 See Appendix B for a full discussion of control stations.
2 Often a set of positive co-ordinates is chosen for the site origin, e.g. (100, 100, 100) so that no
point on the site has negative co-ordinates.
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If the final network is to consist of more than three control stations, then a minimum
of 2n—2 readings is required to achieve redundancy in two dimensions, where n is the
total number of stations (i.e. including the origin and site north). In addition, redundancy
considerations require that:

1 there should again be at least two distance measurements;

2 site north (which has one unknown) should be involved in at least two measurements;
and

3 each subsequent point (which will have two unknowns) should be involved in at least
three measurements.

These requirements at least ensure that no gross error will pass unnoticed—but it is
generally advisable to take several additional measurements over and above this
minimum, so that any problematic reading can be eliminated from the set altogether,
without loss of redundancy.

The total number of control stations required in the network, and their relative
positions, will depend on the size of the site and the purposes for which they are needed.
If the intention is to set out further points on the ground whose own relative positions
must be guaranteed to be accurate (e.g. the foundation points for a prefabricated bridge)
then there should ideally be three or more control stations near to each point, arranged so
that the positions of the new points will be sufficiently accurate and totally error-poof
when they are set out. If the purpose includes the production of some type of map, then
each relevant feature of the landscape must be visible from (and not too far from) one of
the control stations. Further control stations may also be needed, simply to ensure that the
relative positions of the ‘useful’ stations are known to a sufficient degree of confidence
and accuracy—and also to ensure that the site co-ordinate system will not be lost if one or
both of the original stations were destroyed or displaced.

Ty-axis

Station 1:
site north
Statien 3
Station I: )
site origin XAAE
A = Co-ordinates fully defined M = Measured distance
¥ = Co-ordinates partly defined {E: = Measured angle

Figure 3.1 Survey network with three
control stations.
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Many variants exist for establishing a local Cartesian system, as described above.
There is no need for ‘site north’ to be the same as true north, though it reduces the
likelihood of mistakes if they are more or less in the same direction. Likewise, the station
which defines the ‘site origin’ does not have to be at the south-east corner of the site—but
if it is not, then the chances of gross errors are again reduced if its co-ordinates are not
(0,0,0) but are defined such that every point on or around the site has positive co-
ordinates.

In larger surveys, it is often necessary or more convenient to use an existing regional
co-ordinate system or grid. This is typically done by using nearby existing control
stations with known co-ordinates, to find the grid co-ordinates of the main control
stations around the site. Such grid systems are usually orthogonal, but they often involve
a scale factor; this means that one metre in the grid system does not exactly correspond to
one metre of horizontal distance on the ground. On a very large survey, this scale factor
will alter between one place and another, and this causes discrepancies between angles
observed in the field and those measured between the corresponding straight lines drawn
on the grid projection—see Chapter 9 for further details. There are also complications in
using a national datum for height measurements, which are explained in Chapter 8.

Since about 1980, the most straightforward way to find the relative positions of
stations has been to use differential GPS. GPS receivers are simultaneously placed on two
different stations, and their relative positions are known to within about 5 mm after
approximately half an hour’s ‘observation’. If national grid co-ordinates are required, one
or more national GPS control points (whose grid co-ordinates are now typically published
over the Internet) are also included in the scheme of observations. A particular advantage
of using differential GPS is that the stations do not need to have a line of sight between
them. The use of GPS is explained in Chapter 7.

GPS has not, however, completely supplanted the more traditional ways of
establishing control networks. It cannot be used if the control stations need to be near tall
buildings, beneath trees or in tunnels—and the computation required to transform the
data into a ground-based co-ordinate system can only be checked by making conventional
measurements between some of the control points as well. The equipment is also
relatively expensive and is potentially subject to undetectable systematic errors if used on
its own; so again, it is reassuring to have an independent method of checking the results it
produces. The remainder of this section therefore describes the more traditional ways of
establishing control networks.

Triangulation

Until about 1970, all control networks were set up by a process called triangulation. Two
stations were established on the ground, and the distance between them (called the ‘base
line’) was carefully measured.® The relative position of a third station could then be fixed
(with partial redundancy) by measuring all three angles in the triangle between it and the
other two stations; no further distance needed to be measured, which was an advantage in

3 Accuracy is crucial here, since any error in this measurement will cause an undetectable “scale
error’ to propagate through the whole network.
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the days when distances could only be measured by tape. More stations could
subsequently be added to the network by measuring angles between them and two or
more of the stations already in the net.

For a given instrument accuracy and time budget, the best overall control network for
a particular area using triangulation is obtained by distributing control stations as evenly
over the area as possible, with well-conditioned” triangles, and most stations visible® from
at least three others. Since each extra station requires at least three extra observations to
fix its horizontal position, the total number of stations is kept as low as possible at this
stage; if further control is subsequently required in part of the area, more stations can be
established nearby and fixed with reference to the existing stations.®

The advent of electromagnetic distance measurement (EDM) in about 1970 made
distance measurement much easier and cheaper, and meant that many of the sides of the
triangles in such networks could now be measured as well. This has the effect of making
any network much ‘stiffer’ and eliminates the possibility of an undetected scale error.
However, the use of distances to fix the grid positions of stations even in two dimensions
requires knowledge of the altitudes of the endpoints, as will be shown in Chapter 11—so
the use of distance measurements is sometimes kept to a minimum in conventional
surveys, even now.

Traversing

When the area to be controlled is long and thin (e.g. a new motorway) or when each
station can only see two others, a system of interlocking triangles is impracticable, and a
so-called traverse is used instead. In its simplest form, this consists of setting up a total
station over a station whose co-ordinates are known, observing another ‘known’ station,
then observing the angle and distance to a station whose position is unknown, but which
can now be calculated from the information available. The instrument is now set up over
the new station, and the process is repeated for each ‘unknown’ station in turn, finishing
up on a final ‘known’ station. The agreement between the calculated co-ordinates and the
known co-ordinates for this final station is a measure of the accuracy of the traverse, and
there are two pieces of redundancy in the set of observations, which can be used to give
improved estimates of the positions of all the unknown stations in the traverse.

In practice, most control networks are now established by some hybrid of
triangulation, traverse and GPS. The key features of a good network are that it should be
both stiff and redundant, as described in Chapter 2, and that, if possible, it should be free
of any possibility of systematic error.

4 No angle in the triangle should be less than about 20° or greater than about 160°.

5 Two stations cannot be regarded as being visible from each other if the line of sight between them
passes close to (‘grazes’) some piece of intervening ground. This will have the effect of bending the
light path between them, greatly reducing the accuracy of angle and distance measurements.

6 This was the logic which dictated the construction of the first-order network over the United
Kingdom by the Ordnance Survey between 1936 and 1951. There are approximately 480 first-order
stations covering Great Britain, most of which are at the tops of hills or mountains; in flat parts of
the country, Church towers and water towers are used instead. A much larger network of second-
order stations was subsequently established, using the first-order stations as fixed points.
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3.2 Mapping

This book does not attempt to cover mapping to the depth required by cartographers;
however, engineering surveyors will sometimes need to make maps of small areas, so a
few useful guidelines are given here.

1 Decide what scale of map is required before starting. On a 1:1,000 map, a line of width
0.2 mm will represent 0.2 m on the ground, so there is no value in recording the
positions of points to better than this accuracy.

2 For the same reason, there is no value in recording details of shape which are too small
to show up on the map. If a length of fence or hedge does not deviate from a straight
line by more than one line’s width when plotted on the map, then only the positions of
the endpoints need be recorded.

3 The purpose(s) of the map will determine what details need to be recorded and how this
should be done. If the map is to be used to plan the positions of new control points,
then the line which records, say, the edge of a ditch should mark the closest point to
the ditch where it would be sensible to establish a control point, rather than the water’s
edge. Likewise, the diameter of a tree’s trunk might be of relevance for determining
lines of sight on the ground, while the size of its canopy will be of relevance for GPS.

4 It is useful to draw a freehand sketch of the intended map before starting to take
measurements. This will help show the amount of detail which can usefully be
recorded and can be marked up with numbers which relate to the points whose
positions are actually measured.

5 If points are to be recorded by means of a total station, it will first be necessary to
establish control points such that every point of interest can be observed from one
control point or another. Also, each control point used for mapping must have a line of
sight to some other known point, which can be used as a reference bearing for the
other measurements. If the control points are only needed for mapping purposes, then
their positions probably do not need to be known to better than decimetre accuracy—
but it may be wise to establish them to higher accuracy than this, in case they are
subsequently used for some other purpose.

6 To make a map, the instrument is first sighted on a reference object. Some instruments
can then use the co-ordinates of the instrument position and reference object to ‘orient’
themselves and calculate co-ordinates for all subsequent sightings. A staff-holder then
takes a detail pole (with a reflector) to each point of interest, and the bearing and the
distance are recorded by the instrument. Some total stations are motorised and follow
the target automatically; the surveyor with the detail pole can then tell the instrument
when to take the readings, by means of a radio link. This means that the job of
collecting detail can be done by a single surveyor—but there have been cases of
motorised total stations being stolen, when the surveyor is too far away to prevent it!

7 Small areas are now often mapped using real time kinematic GPS. The operator walks
from one point of interest to another and records their positions using a GPS receiver
in a small backpack. An electronic map can be produced simultaneously by joining the
points with curves or straight lines and adding symbols or descriptive text, using a
hand-held computer.
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As well as making land maps, surveyors sometimes need to ‘map’ complex shapes such
as the facade of a building or the steelwork of a bridge. Devices are now available to do
this relatively automatically; essentially these are high-speed, motorised, reflectorless
total stations which systematically scan across their field of view and produce a 3D “point
cloud’ of observations. These can be fed into solid modelling software, which will
‘clothe’ the points with a surface to produce a computer model of the object. If several
point clouds are captured from different viewpoints and combined, a complete solid
model can be produced.

3.3 Setting out

The most common ultimate purpose of an engineering survey is to ‘set out’ points at
predetermined positions on the ground or on partly built structures, to mark where
foundation points should be built for a new construction—such as a roadway or a
prefabricated bridge or the next storey of a building.

The full range of setting-out procedures for different engineering purposes is not
covered in this book, but is very well and fully described both in Schofield (2001) and in
Uren and Price (1994). Instead, this section describes how to set out single points to the
highest possible accuracy, and Section 3.5 describes how to assess that accuracy, once the
location has been determined.

Setting out in the horizontal plane

If the point is in a suitable place for GPS observations’ and the transformation between
the GPS and the local co-ordinate system has been established, then real time kinematic
GPS can be used to ‘steer’ the operator to the desired point, usually to an accuracy of a
centimetre or two. Prolonged observation at that provisional point will then determine its
position to a higher accuracy, and an appropriate small movement can be made to
improve the location of the point.

If GPS is not available or appropriate, new points can most easily be set out in the
horizontal plane by calculating their bearings and distances from an existing control
station whose co-ordinates are known. A total station is set up on the existing station and
sighted onto another control station to provide a reference bearing. The angle to be turned
through and the distance to be measured® are calculated by simple geometry—see
Appendix F for a worked example of these calculations. The instrument is turned through
the appropriate angle, and a target is moved until it is on the total station’s line of sight
and at the appropriate distance, which places it at (or close to) the desired point. Many
total stations can perform these calculations automatically, given the co-ordinates of the
two control stations and the new point, and will make an audible noise when the target is
in the correct place.

7 See Chapter 7 for an explanation of why some places are unsuitable for GPS.
8 Remember that distances may need to be corrected for the local scale factor of the grid and for
the heights of the two stations—see Chapters 9 and 11.
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As with control networks, it is essential to have some degree of redundancy when
setting out new points, so that any error will be detected before construction work starts.
The simplest form of redundancy is to set the point out again, using different control
points as reference points; if the two resulting points are reasonably close to each other,
the point halfway between them can be used as the “best guess’ for the point to be set out.

An alternative method, which avoids the use of distances, involves setting up
theodolites over three nearby control points (not necessarily simultaneously) and sighting
them along the relevant bearing lines towards the new point, as described above. A small
‘setting-out table’ is fixed in approximately the correct position, and the lines of sight
from the three theodolites are plotted on its surface, to give a figure similar to that shown
in Figure 3.2.

Generally, the lines will not cross at a point, due to errors in the positions of the three
control points, and in setting up the three lines of sight. However, they should very nearly
do so—the sides of the triangle should not be greater than a centimetre or two. Assuming
that the error is likely to be distributed equally between all three lines, the most likely
position of the required point is at the centre of the inscribed circle, as shown in the
figure-and the radius of the circle gives an indication of the likely accuracy to which the
position of the point has been established.

The following points are relevant to this method of setting out:

1 Three lines of sight from existing control stations are necessary to guard against the
possibility of a gross error, e.g. in calculating one of the bearings. Two lines will
always cross at a point—if the third one also passes nearby, it is reasonably unlikely
that any gross error has occurred.

Line of sight frem
theodelite 3

Line of sight
from theodalite |

Inseribed circle

Guessed position
for point

Line of sight fram
theodalite 2

Figure 3.2 Establishing the best
position for a set-out point.
2 The three control stations should be positioned such that the triangle formed by the

lines of sight is a reasonably well-conditioned one, as shown in Figure 3.2. If two lines
of sight cross each other at a very acute angle (less than about 30°) then the accuracy



Principal surveying activities 19

of the final point will be degraded, as it would be strongly affected by a small
movement of either of the two lines. Note, however, that this does not require the
control stations to be spaced at near —120° intervals round the set-out point, as each
station can be at either end of the line of sight.

3 The reference object should be as far away from the control point as possible, and at
least as far away as the point to be set out. Otherwise, any inaccuracies in the relative
positions of the reference object and the control point will cause a larger inaccuracy in
the setting out.

4 The lines of sight are drawn on the table by first holding a small marker (perhaps a
pencil) on the edge of the table nearest to the theodolite and allowing the observer to
‘steer’ it onto the line of sight. This operation is repeated on the far edge of the table,
and the two points are joined by a straight line.

5 For greatest accuracy, each ‘line of sight” will actually consist of two lines—one from
using the theodolite in its “circle left’ configuration, and one from ‘circle right’ (see
Section 4.4). The two lines should lie close to one another, if the instrument is well
adjusted, and they should also be parallel, if the marker has been ‘steered’ carefully by
the observer. A final line is then drawn halfway between the two observed lines and is
taken as the ‘line of sight’ from that theodolite.

6 It is not necessary to have three theodolites for this task. The table can be positioned
and the first two lines drawn, using two theodolites set up on two of the control
stations. When this has been done, one of them is moved to the third control station,
and the final line is drawn on the table. If only one theodolite is available, the first
‘line of sight’ can be approximately recorded using two ranging rods, with a piece of
string tied between them. The theodolite is then moved to the second control station,
and the table is positioned where the second line of sight crosses the taut string. Lines
are now drawn on the table from the second station, and the theodolite is then moved
to the first and third stations for the other lines.

7 If three well-conditioned lines cannot be sighted onto the table, then two lines are
drawn and a suitable target is set up above the intersection. The horizontal distance to
the intersection is then measured from one control station and compared with the
calculated distance. A third straight line can then be drawn on the table perpendicular
to the corresponding line of sight and the appropriate distance from the intersection, to
give a locus of all points on the table which are the “correct’ distance from that control
station. An inscribed circle can then be drawn to touch the three lines, as above.

8 When the most likely position of the point has been established on the setting-out table,
a tripod can be set up over it and an optical or laser plummet sighted down onto the
mark. The table can then be carefully removed, and a more permanent marker
established at the point where the plummet sights onto the ground. (The drawing from
the table should be kept as part of the record of the work.)

9 The size of the triangle gives an indication of the accuracy to which the point has been
set out, but only in relation to the points which were used in the setting out; remember
to add in the inaccuracies of those points, if the absolute accuracy of the set-out point
is required. For an independent check of the work and a better indication of its
accuracy, the point should be resectioned as described in the next section.

Whichever method of setting out is used, it is important to remember that a systematic
error can give an apparently acceptable result which is, in fact, in the wrong place. An
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error in computing the positions of the local control points could have affected them all
equally, and an error in specifying a GPS-to-grid transformation could give incorrect, yet
quite consistent, GPS results. For important setting-out points, it is good practice to use
as independent a method as possible to check the results. A mixture of GPS and total
stations might be used, or, if four points have been set out to form the rectangular base of
a building, the lengths of the sides and diagonals could be measured as a simple check.
Additionally, the point(s) can be resectioned, as described in the next section—
preferably, using further control points in addition to those used in the setting out.

Setting out heights

This is a relatively easy process, compared to setting out in the horizontal plane. For
greatest accuracy, a temporary bench mark (TBM) is established at the place where the
height is to be set out, using the techniques described in Chapter 6. When the height of
the TBM is known, a staff or tape can be used to measure up (or down) to the required
height. The type of monument used to mark the height depends on the job in hand. It may
be a horizontal wooden sight rail for setting out foundations or drainage ditches, or
perhaps a stout stake driven into the ground with its top at the specified height, if the
surrounding area is to be filled in to that height with topsoil.

If the accuracy of the height is critical, it should be checked independently once it has
been established, e.g. by levelling to the top of the stake.

On building sites, height control is often achieved by means of a precisely horizontal
laser beam, which rotates about a vertical axis. This provides a constant height datum
across the entire site, by painting a horizontal line on anything placed in its path. A
similar technique is used to ensure that steelwork, for instance, is erected vertically; here,
the axis of rotation is set to be horizontal, so the rotating laser beam defines an exactly
vertical plane.

GPS is not generally used for setting out heights accurately, because it is usually
slower and less accurate than conventional methods. Usually, a set-out height needs to be
accurate only with respect to some nearby datum, and this is much more easily achieved
using a level. However, GPS is often used for the real time control of earth-moving
machinery, where the accuracy requirements are lower. An antenna mounted on the
vehicle can determine its current position and height, and directly control the grading
blade according to the height specified on the proposed digital terrain model.

3.4 Resectioning

When a point has been set out and a proper monument of its position established, it is
often prudent to carry out further checks to ensure that the mark is in the correct place.
The process of finding the exact horizontal location of a single point with respect to other
known stations is called resectioning.

If the area is suitable for GPS work, the obvious way of carrying out this task is by
means of differential GPS (see Chapter 7). Prolonged observation from the point after it
has been established will then give a more accurate result than that obtained by the real
time kinematic method which might have been used to set it out in the first place.
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However, to guard against the possibility of a systematic error in GPS observations or
data processing, it may be desirable to check the result by some completely independent
means, i.e. the measurement of angles and distances with respect to nearby known
stations. This may be as simple as using EDM to check that the two foundation points for
a bridge are the correct distance apart, or it may require all the set-out points to be
independently resectioned into the control network.

To confirm the position of a point in two dimensions’ with some degree of
redundancy, three or more measurements will be required. This could be any combination
of horizontal distances and horizontal angles—but note that measuring n horizontal
angles from a point involves observing n+1 distant stations.

Normally, resectioning is done by taking all relevant measurements from the point
whose position is to be determined. If three control stations were used to set a point out
initially, then two horizontal angles can be measured by observing those three stations,
and one or more of the distances to the stations can be measured as well.

Care is sometimes needed to ensure that the measurements which are taken are well
conditioned—i.e. that they will fix the position of the point to the best possible accuracy.
With distance measurements, this is usually fairly obvious; if a point was resectioned by
measuring distances to stations which were all nearly due east or west of it, there would
be considerable uncertainty about its position in the north-south direction. In the case of
angle measurements, the effect is more subtle, as shown in Figure 3.3. If the angle RPA is
measured, a piece of information is obtained which will help fix the point P. Specifically,
P is now known to lie somewhere on the circle labelled A, which passes through P, R and
A. However, P could lie anywhere on this circle, and the same angle (o) would still be
observed. Likewise, if the angle RPB were observed, P would be known to lie
somewhere on circle B, which passes through P, R and B. If this was the same circle as
circle A (i.e. if P, R, A and B all lay on a single circle) then nothing further would be
known about the position of P, despite the additional measurement. If, as shown, B does
not quite lie on circle A, then the position of P will be determined by the second
measurement, but only to a very low degree of accuracy compared to the accuracy of the
angle measurements. For instance, measurements taken from any point near P on circle A
would yield an identical value for a and an almost identical value for p.

Normally, the measurements taken to fix the position of P would be fed into a least-
squares adjustment program (see Chapter 10) to find its most likely location. If the
measurements were poorly conditioned, this would become obvious from the results,
which would show a large ‘error ellipse’ for the position of P. The site would then have
to be visited again to take further measurements, which is clearly undesirable. Surveyors
should therefore be aware of the conditions under which measurements are likely to be
ill-conditioned, even at the earlier stage of deciding where to position control points
which might be used for subsequent resectioning.

9 Height would normally be treated separately—see Chapter 5.
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Figure 3.3 Poorly conditioned
resection point.

3.5 Deformation monitoring

A common requirement for an engineering surveyor is to monitor the possible movement
or deformation of a structure—usually during the construction of a new building or
tunnel nearby, but sometimes over a much longer period.

This is achieved by attaching several small markers (studs or small adhesive ‘targets”)
to the face of the building, and establishing a suitable number of control stations on the
ground in the vicinity of the structure. Once the co-ordinates of the control stations are
known (including relative heights), the positions of the markers can be found by
observing them using a total station set up over the control stations.

Typically, the horizontal angle between the marker and a known reference point would
be observed, plus the vertical angle to the marker. If the height of the instrument above
the control station is also measured, these two angles define a fixed line in space, on
which the marker must lie. Defining two such lines (i.e. observing from two control
stations) will precisely define where the marker must be, namely at the intersection of the
two lines. In fact, there is even a degree of redundancy, as the two lines will generally not
quite intersect each other—the most likely position for the marker is then somewhere on
the shortest link between the two lines.

Generally, though, it is wise to obtain further redundancy, and further accuracy, by
taking additional observations of each marker. These could include distance
measurements to the marker as some adhesive targets are reflective, and so-called
‘reflectorless’ total stations can operate without a conventional reflector at the target.
Failing this, the control stations should be arranged such that each marker is visible from
three stations.
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Deformation monitoring is typically the most precise type of surveying, and often
involves measuring the positions of points to the nearest 0.1 mm. All procedures
therefore need to be carried out with special care, particularly the setting up of
instruments exactly above station marks and measuring their exact heights above those
marks. If a non-rotating optical or laser plummet is used to set the instrument up above its
mark, then its accuracy should be checked at regular intervals (see Section 4.5).

The following guidelines are also useful:

1 The control stations should if possible not be more than about 50 m from the markers,
to prevent unpredictable errors caused by the tendency of a light path to bend in the
atmosphere (see Chapter 11).

2 Particular attention should be paid to the “error ellipses’ generated when the initial
positions of the markers are found through least-squares adjustment. Their sizes will
determine the smallest subsequent movement which can be detected with confidence.

3 A surveyor must consider (and possibly take advice on) the possibility that some of the
control stations may be affected by the same movements which affect the building. If
this is unavoidable (e.g. to comply with the 50-m rule, above), then additional control
stations must be established further away and the ‘vulnerable’ stations re-surveyed
before subsequent measurements are made on the building.

4 The surveyor must also be clear on what types of movement need to be measured, when
setting up the control network. It may or may not be necessary to detect movements
which affect all the nearby terrain as well as the structure itself. If it is, then further
more distant control points must also be established. Ultimately, GPS provides the
best detection of movements of large areas of terrain, even including continental drift.

5 Deformation monitoring using adhesive markers can profitably be used in conjunction
with photogrammetry to monitor changes in shape of the structure (or rock face, etc.)
at points away from the markers. If the markers are visible in the photographs, the
position of any other distinguishable feature can be found using this technique—see
Atkinson (2001).

6 For long-term work, it is advisable to have many more markers than necessary on the
structure, as some are likely to be lost with the passage of time, and of course there
should be enough control stations so that the reference co-ordinate system is not lost if
one or more of them is destroyed.



Chapter 4
Angle measurement

A number of the techniques discussed in Chapter 3 require the measurement of angles, to
a greater or lesser degree of accuracy. Horizontal and vertical angles can be measured
approximately using a compass and clinometer, respectively; for more accurate work, a
theodolite or total station will be needed. This chapter explains in detail how angles are
measured using these instruments.

4.1 The surveyor’s compass

The standard surveyor’s compass is a hand-held device which shows the bearing of a line
relative to magnetic north. A graduated circular card incorporating a bar magnet rests on
a low-friction pivot; prisms or mirrors and sights are arranged so that the graduations on
the card may be read whilst making a sighting on the distant point. Damping is
incorporated, and there is usually a locking device for the card whilst the instrument is
not in use. Bearings may be read to 0.5° (or 1 part in 120, when the angle is converted to
radians).

The angle subtended by two stations at a third one can thus be estimated to within a
degree by taking the magnetic bearings of the two stations from the third, and subtracting
one reading from the other.

Note however that the bearings themselves are shown with respect to magnetic north,
rather than true north (where all the meridians meet) or grid north. The difference
between these different bearings can be in excess of 5° and is explained in Chapter 9.

4.2 The clinometer

In its simplest form, a clinometer consists of an optical sighting system with a pendulum
attached to it. The pendulum has a protractor attached to it, so that the inclination of the
sight line can be measured. A distant object is observed through the sights, and a prism
enables the protractor to be read at the same time, giving the vertical angle between the
observer’s eye and the distant object to approximately 20 seconds. When using a
clinometer, be sure to note whether a zenith angle is being read (i.e. the angle made with
the vertical) or a slope angle (i.e. the angle made with the horizontal).

A variation on the clinometer is the sextant, which is typically used at sea to measure
the vertical angle of the sun or of another star. Here, the horizon is used as a reference
direction instead of a pendulum, and the optics of the device allows the difference in
vertical angles to be observed. This is more useful on a boat at sea where (a) the horizon
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always defines a near-horizontal reference direction and (b) a pendulum would be likely
to oscillate.

4.3 The theodolite

The instrument

Angles are measured accurately using a theodolite or total station (which is simply a
theodolite that can also measure distances). These are usually classified by the precision
to which they can be read; thus, in a one-second instrument an angle reading can be made
directly to one second (about 1/200,000 of a radian, i.e. 5 parts per million). Note that this
relates only to the resolution of the instrument, not to the accuracy of the angle which has
been read.

Angles are normally measured in degrees (360 to one complete rotation), minutes (60
to 1 degree) and seconds (60 to one minute). However some instruments measure in gons
(400 to one complete rotation) and decimal fractions (0.001 gon=I milligon; 0.0001 gon=I
centesimal second). Some newer instruments also measure in radians (2z radians to one
complete rotation) and decimal fractions (e.g. milliradians). This used to be avoided in
instruments where the angle was read optically, since there is not a rational number of
radians in a full circle, but this is less of a problem with electronic instruments. The
following discussion assumes an instrument which works in degrees, minutes and
seconds.

In construction, the instrument is a telescopic sighting device (described below)
mounted on a horizontal axis (the trunnion axis) whose bearings are in turn mounted on a
vertical axis. Thus the telescope can be pointed freely in any direction. In particular, the
telescope may be rotated through 180° about the trunnion axis without altering any other
setting; this is known as transitting. A protractor or ‘circle’ is mounted on a plane
perpendicular to the trunnion axis and to one side of the telescope; when the telescope,
viewed from the eyepiece end, has this circle on the user’s left, it is said to be in the
‘circle-left’ position; if the telescope is then transitted, it will be in the “circle-right’
position. Most modern theodolites measure the zenith angle; the vertical angle reading is
zero when the telescope is sighted vertically upwards, 90° when it is horizontal in the
circle-left position, and 270° when horizontal circle right. On electronic theodolites with
no obvious circle, circles left and right are often called position | and position 11, with the
two Roman numerals being engraved onto the body of the instrument.

Each motion, horizontal and vertical, has a clamping screw—uwhen this is tight (never
more than finger-tight), a tangent screw provides a limited range of fine adjustment.

The instrument as a whole may be levelled using a spirit level so that the “vertical
axis’ is in fact exactly vertical; the horizontal axis is constructed so as to be accurately
perpendicular to the vertical axis, though provision is made for adjustment if this
becomes necessary. Usually, a theodolite is mounted on a tripod, which allows it to be
placed vertically over a known point on the ground; such centring is normally carried out
using either a plumb bob, or an optical or laser plummet. Often the instrument is mounted
on a tribrach, which in turn is mounted on the tripod.

A theodolite telescope is an aiming device with four essential parts:
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1 the object-glass, the optical centre® of which is effectively the foresight of the
telescope’s sighting system;

2 the reticle, usually a glass diaphragm, carrying an engraved cross, with a horizontal and
a vertical line, which is set to be on the optical axis of the telescope and which forms
the backsight of the sighting system;

3 the internal focusing lens which is used to focus, in the plane of the reticle, the image of
the target formed by the object-glass;

4 the eyepiece to magnify the reticle and the image of the target.

The exact form of the reticle lines (often called hairs since on early instruments that is
what they were) engraved on the diaphragm varies, but most instruments have a single
full-width horizontal line and two shorter horizontal lines, called the stadia lines, one
above and one below the full-width line.? For all vertical readings, the central horizontal
line is used. Vertically, some instruments have a single full-depth central line, others a
single line on one side of the horizontal line and a pair of lines on the other (see Figure
4.1).

A very common error when sighting the telescope vertically is to use one or other
stadia line instead of the central full-width line. Always make sure that you can see all
the lines engraved on the reticle, when taking a reading.

For angle readings, a disk or “circle’ engraved with degrees and minutes is mounted on
each axis.® The horizontal circle may itself be rotated about the

s
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Figure 4.1 Typical reticle designs in a
theodolite.

vertical axis, so that the value of the reference reading for any angle, or set of angles, may
be changed;* the circle must of course remain undisturbed relative to the axis throughout

1 A lens acts in the same way as a pinhole, except that it collects more light and has a specific focal
length; the optical centre of the lens can be thought of as the position of the equivalent pinhole.

2 The purpose of these lines is explained in Section 5.3.

3 In conventional theodolites, the circle is made of glass, engraved with legible numbers. In
electronic instruments, the circle is engraved with digital “bar code’ markings, which allow
rotational movements to be detected by a laser.

4 In an electronic instrument, the circle is not actually rotated; however, the horizontal angle
reading can be set to any desired value (including zero) when the instrument is pointing in a given
direction.
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each set of readings. The vertical circle may also be rotated about its horizontal axis, so
that its zero can be set to the vertical. This may either be done manually, with the aid of a
special spirit level attached to the circle (called the alidade bubble), or (now more
commonly) automatically, using a damped pendulum.

In a traditional theodolite, the circles are read optically; the reading system
incorporates an optical vernier to enable the desired precision of reading to be obtained.
Readings may usually be estimated to a greater precision than provided by the divisions.
In a total station or an electronic theodolite, the reading is carried out internally and the
limit of precision is determined by the manufacturer.

Handling

Theodolites, whether optical or electronic, are delicate and expensive instruments. They
should be handled with great care. Do not jar or knock them, or use the slightest force on
them. Do not touch or rub the lenses; if they get wet they can be blotted gently with a
tissue.

In the field, a theodolite is normally put in its container for every move and not carried
on its tripod. If for short moves in steady conditions it is ever carried on its tripod, see
that it is secure on the tripod, not too far up on its foot-screws, and that the clamps are all
just tight. When carrying the instrument in this way, keep it vertical; it is not designed to
resist stresses at any other angle.

When being transported in a vehicle, theodolites are vulnerable to high-frequency
vibration, which can cause large accelerations even at small amplitude. It is good practice
to transport them in a foam surround, or with the container held in the lap of a passenger.

Take special care if the instrument has to be set up, even temporarily, on a hard
surface. The legs of a tripod are very liable to slip and should be chained together for
safety. Never leave an instrument unattended—children and animals are very inquisitive.
The instrument should be protected from rain—and, for precise work, from the sun.

Setting up, centring and levelling

There is no one best way of centring and levelling a tripod. The one described below is
simple and works well for centring over a station mark on reasonably level ground. The
ability to set up tripods quickly and accurately is of course necessary when working with
targets and GPS receivers, as well as theodolites.

1 Position the tripod so that its top is roughly horizontal and above the station mark,
using a plumb bob if desired. Note that the top may be levelled by moving the tripod
feet tangentially, without affecting its position over the mark. On sloping ground, it is
better to have one leg uphill and, if the legs are adjustable, shorter than the others.

2 Attach the instrument to the tripod; if it has a detachable tribrach with optical plummet,
this may conveniently be used on its own for the initial adjustments. The instrument or
tribrach should be set at the centre of the tripod head, with the foot-screws about
halfway along their travel. The optical or laser plummet will now be roughly vertical
and should point within one or two centimetres of the ground mark; if it is more than
about 5 cm from the mark, recheck the orientation of the tripod head and make sure it
is approximately horizontal.
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3 If necessary, focus the eyepiece of the optical plummet so that both the reticle and
station mark appear sharp (some optical plummets have separate focussing rings for
these two functions). If your tripod has adjustable legs, tread the feet of the tripod
firmly into the ground.

4 Adjust the levelling screws of the instrument or tribrach until the mark is central in the
field of view of the optical plummet, or, if using a laser plummet, until the ground
mark is illuminated by the laser.

5 Level the bubble on the instrument or tribrach by adjusting the lengths of one tripod leg
followed by another, without moving the feet. As shown in Figure 4.2, this allows the
tribrach to be levelled while hardly altering the point on the ground observed by the
plummet. If the tripod has fixed legs, you can achieve the same effect by moving one
foot at a time radially, as they have not yet been trodden in. You should find that the
plummet is still very nearly pointing at the station mark; if it is not, repeat steps 4 and
5.

Tribrach or
imstrument

Adjust length
Top of tripod of this leg
rotaces aboug
lirie Between

ical
these feer Optica

or laser
v plurmmet
¥

I
A Sight line of plummet
w=e=" remains tangential to
this cirgle

Figure 4.2 Centring a tribrach over a
ground mark.

6 Fully tighten the leg clamps if the tripod has adjustable legs, or tread in the feet if it has
fixed legs. Make final levelling adjustments to the bubble on the instrument or tribrach
using the levelling screws, then use the tripod centring adjustment to bring the optical
or laser plummet onto the station mark. If the centring adjustment has insufficient
travel, you will have to return to step 4.

7 If the plummet is built into the instrument rather than the tribrach, rotate the instrument
through 360° and watch the position of the sighting point or laser spot on the ground
as you do so. If it moves in a circle, this indicates that its line of sight is not aligned
with the vertical axis of the instrument—the effect of this misalignment can be
eliminated by moving the instrument on the tripod so that the station lies at the centre
of the circle.



Angle measurement 29

8 For targets, GPS antennae and self-levelling theodolites, the process is now complete. If
manual levelling is necessary, rotate the instrument so that the plate bubble® (physical
or electronic) lies parallel with the line between two foot-screws. Centre the bubble by
turning these foot-screws equally in opposite directions—you will find that the bubble
follows your left thumb. Swing the instrument through 90° and centre the bubble again
by turning the third foot-screw only. Return the instrument to its first position and re-
centre the bubble if necessary, repeating until the bubble is centred in both positions.
Swing through 180°, note how much the bubble has moved and bring it halfway back.
Swing through 90° and bring the bubble to the same position with the third foot-screw.
The bubble should now remain in this position (not necessarily central) through
whatever angle the instrument is swung. If it does not, repeat the procedure. Levelling
an instrument really means setting the vertical axis vertical.

9 Check that the instrument is still above the station, and least to an acceptable degree of
accuracy. If it is not, this indicates a bubble error in the spirit bubble used in steps 5
and 6. This can be rectified by moving the instrument on the tripod so that the sighting
point is again over the station and then returning to step 8.

Note that the alignment of an optical or laser plummet which is built into a tribrach
cannot be checked in the manner described in step 7, even though a misalignment may be
present. For this reason, tribrachs must be regularly serviced and should always be
handled with particular care, despite their robust appearance.

Telescope focusing

The ability to focus a telescope correctly and thus eliminate parallax in the readings is
possibly the single most important factor in obtaining good readings from a theodolite
(including electronic ones) or from a level. A proper understanding of the next two
paragraphs is therefore crucial to all surveying.

First, with the internal focusing lens right out of focus so that no image of the target is
visible, focus the eyepiece so that the reticle is as clear as possible with your eye relaxed.
This adjustment depends only on your eyesight and not on the distance to the target; once
made, it should only need to be altered if your eye starts to get tired.

For each observation, adjust the internal focusing lens so that the image of the target is
also sharp. This image should then be in the plane of the reticle, on which the eyepiece is
focused. Check this by moving your eye from side to side; there should be no relative
movement of the target and the reticle, i.e. no parallax. If there is any, remove it by
adjusting the internal focusing lens, not the eyepiece. Having done this, it may seem that
the target is no longer exactly in focus; in this case, refocus the eyepiece so that it is, and
check that the parallax has disappeared. If it has not, repeat the procedure above, using
the internal focusing lens followed (if necessary) by the eyepiece. Note that parallax can
be neither eliminated nor introduced by adjusting the eyepiece—though it may wrongly
appear to be present if the eyepiece is badly adjusted for the observer.

5 See the Glossary.
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Observing the target

Having eliminated parallax, the cross hairs must be carefully sighted onto the target.
Depending on what the target is, it might be easier to bisect it with the single cross hair,
or to ‘straddle’ it with the double cross hairs. If possible, use the same part of the cross
hair to sight on each target; this will eliminate any errors due to the cross hairs not being
exactly horizontal or vertical. Always use a part of the relevant cross hair (vertical for
horizontal angles and vice versa) which is close to the place where the cross hairs meet.

It is helpful to be aware of the precision with which a sighting must be made, to
achieve a given level of repeatability. If a target is 100 m away, the cross hairs must be
sighted onto it with a precision of +1.5 mm, for a reading which is repeatable to within 5
s. If the instrument and the target are removed and then replaced, it is unlikely that such a
level of repeatability could be achieved at all, given the inherent errors of centring over
the stations.

Repeatability can also be affected by changes in light conditions, particularly if the
target has a cylindrical or conical shape. If the sun shines on one side of the target, there
is a subconscious tendency to sight the cross hairs onto the sunny side, rather than
centrally. This error, known as a phase error, disappears when the target is shaded from
the sun.

Reading the angle

In electronic theodolites and total stations, this simply consists of reading the numbers on
the display. However, there are still many older instruments in use, with optical reading
systems, and this sub-section refers to those instruments.

Every pattern of instrument is different in the details of circle reading. Most will have
one or more circle-illuminating mirrors, which must be adjusted to obtain even
illumination of the circle being observed. Most will have an eyepiece with provision for
focusing, through which the circles may be read. In some cases, both circles are visible
together, and a single optical vernier applies to both; in other cases, a prism is rotated to
select which circle is seen, and separate optical verniers may be used. In each case,
rotating the optical vernier causes the scale images to move, by tilting a parallel-sided
glass plate in the light path between the circles and the eyepiece. This movement is solely
optical and should not be confused with a rotation of the instrument. In higher precision
instruments, the reading system automatically takes the mean of the readings on opposite
sides of the circle.

Every time, before reading the vertical circle, level the alidade bubble; this ensures a
consistent circle reading when the telescope is truly horizontal. On many modern
instruments, and all electronic ones, this operation is rendered unnecessary by provision
of automatic vertical circle indexing, but without that facility it is essential to check the
bubble every time when reading vertical angles.

Common errors in reading are to read ten minutes or a degree out, to read the
horizontal circle instead of the vertical circle or vice versa, to fail to level the alidade
bubble before reading the vertical circle or to misread the optical vernier. If you have any
doubt on the latter point, it is good practice to turn the vernier to zero and make your best
estimate of what the angle reading should be. Then, turn the vernier to take the reading,
watching carefully what happens in the main display as you do so. This always provides



Angle measurement 31

the clearest possible indication of how the vernier should be read in any particular
instrument.

Errors due to maladjustment of the instrument
In a properly adjusted theodolite:

1 the line of sight of the optical plummet should be along the vertical axis;

2 the trunnion axis should be perpendicular to the vertical axis;

3 the line of sight through the intersection of the reticle lines (called the line of
collimation) should be perpendicular to the trunnion axis;

4 the horizontal and the vertical reticle lines should be parallel to the trunnion and
vertical axes, respectively;

5 when the instrument is level and the line of collimation is horizontal, this should
correspond with the 90° or 270° mark on the vertical circle;

6 for convenience in setting up, the horizontal plate bubble should be central when the
vertical axis is vertical.

These points can be checked and permanent adjustments can be made to all of them. All
these adjustments are called ‘permanent’ to distinguish them from the ‘station’
adjustments, which are made every time the instrument is set up.

In addition to the requirements listed above there are others which cannot be adjusted.
For example:

7 the horizontal circle should be perpendicular to the vertical axis, and the vertical circle
perpendicular to the trunnion axis;

8 the centre of the horizontal circle should coincide with the vertical axis, and the centre
of the vertical circle with the trunnion axis;

9 the circles should be accurately graduated,;

10 there should be no backlash.

Tests to check the correct setting of a theodolite may be made and are described in
Section 4.5. If the instrument under test proves to be out of adjustment, refer to the
maker’s handbook for details. It is unwise to attempt any permanent adjustment to a
theodolite without prior training.

Although maladjusted theodolites can be tiresome to use, most of their effects on
observations are eliminated by the observation techniques which are described in the next
section.

4.4 Observations with a theodolite

Principles

It is neither necessary nor possible to ensure that the permanent adjustments described
above are always faultless. The effects of these and other instrumental imperfections can
be almost eliminated, and careless mistakes can be avoided, by suitable methods of
observation.
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In measuring horizontal angles, errors due to maladjustment of the trunnion axis are
reversed in sign on changing face.® Such errors are therefore eliminated by taking the
mean of circle left (CL) and circle right (CR) measurements.

All collimation errors are also reversed on changing face and are therefore eliminated
in the same way. This applies to both horizontal and vertical angles. Since horizontal
angles are obtained from the difference of two readings of the instrument, the effect of
any error in horizontal collimation is in any case eliminated by subtraction, unless the
points observed are at different altitudes. Vertical angles on the other hand are measured
from a zero in the instrument itself (the alidade bubble), and measurements taken on one
face only are therefore burdened with the whole vertical collimation error. It is therefore
essential to take CL and CR observations for all vertical angles, and for all horizontal
angles where high accuracy is required.

Errors due to eccentric mounting and inaccurate graduation of the circles are reduced
by repeating the observations using a different part of the circle;’ but equal numbers of
CL and CR observations must be taken.

It is common practice to swing the instrument to the right (SR) to observe successive
stations when the instrument is circle left (or position 1), and to swing it to the left (SL)
when it is circle right (or position II). Errors due to any backlash in the instrument are
reduced by using the mean of SR and SL measurements, by turning the tangent (slow
motion) screws clockwise for their final adjustment and by always making the final
optical micrometer adjustments in one direction.

Besides eliminating certain instrument errors, taking the average of a number of
measurements is desirable in itself; any gross errors in circle reading will be detected and
can be discarded. Also, the ESD (from random causes) of the mean of n measurements

varies inversely as Vi
All the above precautions are included in the system of observing and booking
suggested below.

Practical points

See that there is no play in the hinges between the legs and the tripod. If the tripod has
sliding legs, see that the clamps are tight. Focus the telescope and micrometer eyepieces
before levelling. Start with the tangent screws near the middle of their runs. Once the
instrument is levelled, do not jar the tripod or even rest your hands on it. Avoid stepping
near the tripod’s feet if the ground is soft. Swing the instrument by holding the vertical
frames which support the telescope, not the telescope itself. Use the minimum of force on
clamping screws.

No routine of observation eliminates errors caused by inaccurate levelling of the
instrument or inaccurate centring over the station mark.

6 Rotating the telescope through 180° about the trunnion axis, then rotating the instrument through
180° about the vertical axis.

7 For an electronic theodolite, this will involve physically rotating the instrument on the head of the
tripod, and re-centring it.
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Recording observations

Most instruments which display readings electronically are also capable of recording
them onto a memory card. This subsection only applies to instruments where the readings
must be recorded manually.

Haphazard observation and random booking on loose paper lead to mistakes. For
speed and accuracy, a system is essential. The one given here is the result of more than a
century of experience in combating human and instrumental error.

For efficient working, a separate observer and booker are necessary. Record all
necessary data in an observation book. Use a fresh page for each station occupied. Book
with a ball-point pen or pencil and make your figures neat and clear. Do not erase: make
corrections by drawing a single line through the incorrect figures, leaving them legible
and writing the correct figures beside or above them. A fair copy may be made later on
another page if necessary (check carefully for copying errors), but the original pages
must not be discarded. Notice that single-figure entries are written 06° 08’ 05", not 6° 8’
5",

The booker fills in the heading and the stations to be observed, while the observer is
setting up the instrument. The observer calls out the readings; the booker records them
and then reads back what (s)he has written:® the observer then re-checks the reading and
replies “correct’ (or not). Do not omit this seemingly pedantic precaution—it ensures that
there is a “‘closed loop’ between what is visible in the instrument and what is written in
the book.

It is the booker’s duty to detect inconsistencies (such as excessive discrepancy
between CR and CL readings)—if one occurs, the observer is at once told to check, but is
not told what is wrong. The booker works out reduced angles while the observer is
observing the next target. Mental arithmetic is both quicker and less error-prone than use
of a calculator in the field. The booker is responsible for ensuring that the stations are
observed in the right order. Both surveyors should do their own jobs and not interfere
with the other. ldeally, the observer checks the booker’s arithmetic, and both sign the
sheet before leaving the station.

Remember that in practice the time taken in going to and from a station is large
compared with the time actually spent there. So take every reasonable precaution to
ensure that carelessness does not make a second visit necessary.

Horizontal angles

Take at least one full round of observations, i.e. CL/SR and CR/SL—see Figure 4.3. In
the circle-left position, set the horizontal circle reading initially to a random value, not to
any specific reading.® Swinging from left to right, sight on the first point to be observed,
which will be called the RO (reference object). Swinging right throughout, take readings
for all the points to be observed from the station. Always close the round by re-observing
the RO; the difference in readings is called the closing error. A standard for acceptable
closing errors will depend on the instrument in use and on the quality of the work

8 Note that this is not the same as the booker repeating what they have just heard!

9 On the first (or only) round of readings, the arithmetic is simplified if the horizontal
circle is adjusted such that the angle observed for the reference object is just over 0°.
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required—a typical value might be 5 seconds.™ If there is an unacceptable closing error,
all the readings should be discarded and a fresh start made.
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Figure 4.3 Booking horizontal angle
observations.

Change face by transitting the telescope and swinging through 180°. Slightly change
the position of the horizontal circle to guard against repeated misreading of the scales and
unconscious memories of previous readings. Swinging now from right to left, sight again
on the RO and observe the horizontal circle. Swinging left throughout, take the readings
for all the points to be observed from the station, in the order of reaching them—i.e. the
opposite order from the circle-left readings. Close the round again as before.

When booking, it is always best to write the points for SL in the same order as for SR
and to book from the bottom of the form upwards on SL. After the first half round, and
throughout a repeated round, the booker is in a position to know in advance what the next
reading should be and should ask the observer to check if there is an unacceptable
discrepancy.

When a round of horizontal angle observations has been completed, the booker should
enter the mean of the reduced circle-left and circle-right angles in the top part of the

10 Careful selection of a reference object can help in obtaining a small closing error. If the object is
too far away, atmospheric distortions can impair the repeatability of the observation; if it is too
close, the size of the target in the eyepiece will make it hard to sight the theodolite in exactly the
same way. Remember that one second represents a distance of 0.5 mm at a range of 100 m.
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right-hand column. The bottom part of the same column can be used to record any
horizontal or slope distances which are observed.

Vertical angles

Always take sets of observations on both CL and CR (see Figure 4.4). There is no virtue
in swinging left or right, and there is no RO to close on. The horizontal hair may not be
quite horizontal, so intersect always with the same part of it, just to one side of the
vertical hair—remember that the left-hand side of the reticle on CL becomes the right-
hand side on CR.
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Figure 4.4 Booking vertical angle
observations.

The booker records the height of the instrument’s trunnion axis above the station mark.
Note that, without this measurement, the angle observations will be useless!If a target on
a tripod is being observed, the height of the target above the station will also be needed
and can be recorded in the lower part of the right-hand column. If some other object is
being observed (e.g. a lightning conductor), the observer makes a sketch in the
observation book, indicating by an arrow the exact point intersected on the object.
Assuming that the instrument measures zenith angles, the horizontal will appear as 90°
on CL and 270° on CR. The booker should record next to the CR readings the value
obtained by subtracting the reading from 360°. The differences between these and the CL
observations can be booked next to the CL readings and should remain nearly constant;
the constant is zero only if the zero adjustment on the vertical circle is perfect. If any
difference varies significantly from the norm, the booker should demand a check.
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Finally, the top part of the right-hand column should be used to record the accepted
vertical angle for each observation, namely the average of CL and 360°—CR. This
cancels out any maladjustment of the vertical circle. The bottom part of the column can
be used to record any slope distances which have been measured and/or the heights of
observed targets above their stations.

Always centre the alidade bubble before taking each reading of the vertical circle.

Setting out angles

As mentioned in Chapter 3, it is sometimes necessary to set up a theodolite to sight in a
predetermined direction, rather than simply to record the direction it is sighted in when
observing a target. Usually the starting point is a known horizontal angle which must be
swung through, once a reference object has been observed.

With an electronic theodolite, the process is then simple. Sight on the reference object
with the instrument in position | and set the horizontal angle to zero. Then swing the
instrument to approximately the right direction, clamp it and turn the horizontal tangent
screw until the required horizontal angle is displayed. Markers can then be set up at any
point along the line of sight. The reference object is then sighted again, to ensure that no
setting has been disturbed. For accurate work, this process is then repeated with the
instrument in position I1, and an average of the two sight lines is used.

With a conventional theodolite, a booking sheet is partially filled before going out into
the field, with the station name and all columns except ‘Observed Angle’ and ‘Mean’
filled in from the known data. Once out in the field, the reference object is observed in
CL, and the angle recorded in the usual way. The reduced angle of the required direction
is then added to this reading and written down in the ‘Observed Angle’ column. The
observer is told to swing the instrument to this angle, and does so by first setting the
optical vernier to read the appropriate number of minutes and seconds, then swinging the
instrument and using the horizontal tangent screw until the entire correct reading is
shown in the display.** As with the electronic instrument, the reference object is then re-
observed (and booked), and the process repeated in CR. See Appendix F for a worked
example in calculating an angle for setting out, including the preparation of a booking
sheet.

4.5 Checks on permanent adjustments

It is usually impossible to make corrections to permanent adjustments in the field, and
often unwise to attempt them back at base either, unless clear instructions are given in the
instrument manual. However, it is necessary at least to know when an instrument needs to
be sent back to the maker for adjustment, and to give the correct diagnosis of the
problem. The following guidelines should assist in this; the simpler adjustments are
described first.

11 A small amount of thought and practice will usually show how this is done on any particular
instrument.
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Bubble errors

If there is a significant error in the plate bubble when levelling the instrument up (see
Section 4.3, under Setting up, step 8), this can be removed by levelling the instrument
carefully, then adjusting the plate bubble so that it lies in the centre of its glass. In a level
instrument with no bubble error, the instrument can be rotated about its vertical axis and
the bubble will always return to the centre point.

If the instrument has been levelled on a tribrach and the cup bubble on the tribrach is
not central, then this indicates a bubble error on the tribrach. Again, this can be removed
by levelling the instrument and then adjusting the tribrach bubble.

If there is a significant difference between the CL and 360°—CR readings on a
vertical observation, this indicates a bubble error in the alidade bubble. Putting this right
is more advanced. The procedure is to make a vertical observation and calculate the mean
of the CL and 360°—CR readings. With the instrument observing the target in CL, adjust
the alidade bubble until, with the bubble central, the average reading is obtained. Then re-
observe on CR and check that 360°—CR gives the same angle.

Plummet errors

If the plummet (laser or optical) rotates with the instrument, it is easy to see whether
there is a plummet error by simply rotating the instrument. If the line of collimation
makes a circle then there is an error; this can be removed by keeping the instrument still
and adjusting the line of collimation of the plummet to point at the centre of the circle.
Details of how to do this should be given in the instrument’s manual.

If the plummet does not rotate (e.g. it is fixed to a tribrach), then errors are harder to
detect. One simple method is periodically to lay the instrument on its side on a bench,
with the tribrach attached and the vertical axis clamped. Sight through the plummet and
mark the point on the wall on the line of collimation. Unclamp the vertical axis, rotate
through approximately 120°, and repeat; then rotate through a further 120°, and repeat
again. If the three marks are in different places, the plummet has an error. Correcting
such an error generally requires a special instrument, or professional servicing.

Reticle errors

Reticle errors should only be corrected by an instrument maker, but are relatively easy to
diagnose. To check the vertical reticle, sight on a suitable target with some part of the
reticle, then rotate the telescope about the trunnion axis and see whether all parts of the
vertical reticle align with the target. The horizontal reticle is similarly checked, by
rotating the telescope about the vertical axis.

Collimation errors

Collimation errors in the horizontal plane can be detected by sighting on a target at a
similar height to the instrument and taking a horizontal angle reading; then transitting the
instrument and taking the reading again. If the two readings do not differ by exactly 180°,
then this is due to Collimation error. As explained above, this error is relatively
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unimportant, since it largely disappears when one horizontal observation is subtracted
from another.

Collimation errors in the vertical plane have no real meaning in instruments with an
alidade bubble; any such error is effectively treated as a bubble error. In pendulum
instruments, any discrepancy between CL and 360°—CR vertical angle readings is due to
collimation error, but is also compensated for by adjusting the pendulum.

Trunnion axis misalignment

If the circle-left reduced horizontal angle of an object (reading to the object minus
reading to the reference object) differs significantly from the corresponding circle-right
angle, the most likely cause is misalignment of the trunnion axis, particularly if it only
occurs when the lines of sight to the two distant objects have different slopes. This can be
verified by setting up a long plumb line indoors, levelling the instrument carefully and
sighting the telescope on the bottom of the line, then rotating the telescope about the
trunnion axis (only) so that the telescope points to the top of the plumb line. If the reticle
no longer points exactly at the line, then the trunnion axis is misaligned and must
(usually) be adjusted by the manufacturer.



Chapter 5
Distance measurement

5.1 General

Distances may be measured by four methods: direct, optical, electromagnetic or GPS.
The method used for any particular job depends upon the nature of the ground, the range,
the accuracy, the number of distances to be measured, the time available, and the cost and
the availability of the equipment. For all but the smallest or largest tasks, electromagnetic
distance measurement (EDM) is the simplest choice for terrestrial measurement. GPS
measurements provide inter-point distances over any distance and without the need for
inter-visibility, but the procedure is somewhat more complex.

Before making any measurement, it is wise to obtain an estimate of its value by an
approximate method, to reduce the possibility of gross errors. At least three methods are
available for this:

1 Pacing is used for rough measurements and to check accurate measurements against
gross errors. Test your natural pace over a measured distance, rather than trying to
pace metres. The accuracy on smooth ground is about 1 part in 50.

2 A perambulator is a wheel fitted with a revolution counter and is wheeled along the line
to be measured. It is more accurate than pacing and is frequently used in measurement
for costing of highway repairs.

3 If a suitable map is available, scaling from it will give a close approximation.

5.2 Tape measurements

Tapes are now mainly used only for the quick measurements of short distances
(horizontal or vertical). However, they used to be the most accurate method of measuring
all distances, so their use was developed to a fine art by surveyors in the first part of the
twentieth century. Tape measurements are subject to the following sources of error:

1 inaccuracy in the length of the tape;

2 variations in the length of the tape due to changes in temperature;

3 variations in the length of the tape due to changes in tension;

4 slope (since it is usually the horizontal component of the length that is required);
5 sag on any unsupported spans;

6 errors at the junction of tape lengths.

For further details of precision taping, see Bannister et al. (1998).
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Surface taping

Fabric tapes made of linen or preferably of fibreglass are used for low accuracy or detail
work. Steel bands or tapes are more accurate but are easily damaged if kinked or trodden
on. On smooth ground, an accuracy of about 1/2,000 is attainable. For the highest
accuracy:

1 calibrate the tape against a known distance, at the same temperature and tension as will
be used on the job;

2 avoid large changes of temperature by working early, late or on a cloudy day;

3 use a steady pull, ideally by means of a spring balance;

4 correct for slope; if there are marked changes of gradient, measure the slope and note
the length of each section;

5 use the longest tape possible, if the distance is greater than one tape length;

6 take the mean of two measurements in opposite directions.

5.3 Optical methods (tachymetry)

The stadia hairs (Figure 4.1) on the reticle of a theodolite or level subtend a particular
angle o, usually 1/100 radian. Thus, if a distant vertical staff is viewed horizontally by
means of a theodolite, the distance D from the instrument to the staff is given by s/a (i.e.
usually 100s) where s is the length of the staff between the two stadia hairs. Either an
ordinary levelling staff or a specially made tachymetry staff may be used.

This method of determining distance is perfectly straightforward when the line of sight
is horizontal, and modern digital levels also use this principle to measure the distance to
their (bar-coded) levelling staffs. However, it becomes more complex if the line of sight
of a theodolite needs to be inclined by some angle to the horizontal in order to observe
the staff. It is not practicable to hold the distant staff perpendicular to such a line of sight;
instead, it is still held vertical by means of a spirit level, and the two readings (plus the
vertical angle of the theodolite) can be used to obtain both the horizontal distance to the
staff and the height difference between the instrument and the base of the staff.

The calculations for this form of tachymetry are tiresome, and the technique is now
largely obsolete.* In any case, the accuracy of vertical staff tachymetry is always limited
by the fact that lines of sight defined by the two stadia hairs are differently affected by
atmospheric refraction.

For distances up to about 50 m, a form of horizontal staff tachymetry, known as
subtense, is still sometimes used. A special staff called a subtense bar, usually 2 or 3 m
long, is mounted horizontally and at right angles to the direction of view. The horizontal
angle subtended at the instrument is then measured, and the horizontal distance can be
deduced by simple trigonometry.

1 The formulae are given in Uren and Price (1994), p. 144.
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5.4 Electromagnetic methods (EDM)

Principles

The principle of the method depends on measuring the transit time of an electromagnetic
wave which is transmitted along the line and reflected back to the transmitter. Some
devices transmit a pulsed laser beam and simply measure the time taken for the pulse to
be reflected—this can be done without the need for a special reflector at the far end of the
line and is known as a ‘reflectorless’ system. Others use a carrier wave modulated at a
known frequency and measure the phase change of the reflected modulation to calculate
the distance (see Figure 5.1). Errors can arise from difficulties in knowing the exact point
of measurement within the instrument (a matter of a few millimetres), from inaccuracies
in measurement (usually fewer than 10 parts per million) and from variations in
atmospheric temperature and pressure along the path of the wave (up to about 20 parts
per million, if no correction is made).

L. (1]
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Instrument Reflector

Figure 5.1 Electromagnetic distance
measurement with a reflector.

The reflectors (for those instruments which require them) take the form of ‘corner
cubes’ with precisely ground faces, so that the radiation is reflected back along the exact
path it came along. It is important to use only the correct type of reflector with a given
instrument, since each type has a different “‘distance constant’, depending on the path
length of the optics and the density of the glass. Neglect of this factor will lead to a
systematic error in all measurements.

Most modulating EDM devices now use infrared or a visible laser (wavelength a few
microns) as the carrier wave, modulated at around 1 GHz to give a modulation
wavelength of about 30 cm. Their range can be up to 30 km. Some earlier instruments
used microwaves (wavelength a few centimetres) as a carrier and were capable of
measuring up to 100 km, provided that the end stations were inter-visible. (Measurements
of this length would now be done by GPS.)

The total distance travelled by the modulated wave, 2D, will be equal to a number of
whole wavelengths nA plus a fraction of a wavelength A8 (see Figure 5.1). & is relatively
easy to determine by comparing the phase of the reflected wave with that of the
transmitted wave. Some possible methods are:
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1 to use a phase discriminator circuit to compare phases directly;

2 to shift the phase of the reflected signal by a known amount until it gives a null with the
reference signal;

3 to use a digital count of time signals between the reference null and the reflected null,
then multiply by the modulation frequency to find the phase difference.

The value of n can be found by increasing the modulation frequency by a small fraction
and measuring the change in 8. Typically, the modulation frequency is increased by 1 per
cent; the resulting fractional change in & is then multiplied by 100 and rounded down to
the nearest integer to give the value of n. The change in & is measured by changing to the
new frequency and subtracting the new value of  from the old value, adding one whole
cycle in cases where & appears to have decreased. However, this method only works
properly when n is less than 100; any multiples of 100 would pass undetected. Such
multiples can, however, be counted by altering the frequency by 0.01 per cent (1 per cent
of 1 per cent) and again measuring the fractional change in 8. Long-range machines may
thus need to make several changes of modulation frequency to compute the distance

properly.

Use of EDM

For short-range work, hand-held laser devices can be used to measure distances with an
accuracy of around 3 mm, without the need for a reflecting target at the far end of the ray.
EDM systems mounted on tripods are used for high-accuracy (5 parts per million)
measurements of distances between, say, 10 m and a kilometre. Longer distances are now
generally measured using GPS. Although the instruments required for GPS are more
expensive, they are more accurate (2 parts per million) and they save time, especially in
rough country and in conditions where the line being measured is obstructed (e.g. by
buildings) or subject to interference by traffic.

The basic measurement made by an EDM device is a slope distance between the
instrument and the target, uncorrected for atmospheric conditions. On most instruments,
it is possible to correct for atmospheric conditions while in the field. Temperature and
pressure are measured near the instrument (and for accurate work, near the target), and a
nomogram or ‘slide rule’ is provided to convert these readings into a parts-per-million
correction, which is then entered into the instrument. To guard against undetected errors,
it is wise also to record the temperature, pressure and uncorrected distance, so that the
field correction can be checked back in the office.

Some EDMs do not always show the whole of the distance that they are measuring;
for instance, the display might show 2,345.678 when the distance is actually 12,345.678.
A 10 km error should not easily pass unnoticed, but a useful field check is to record the
readings obtained with the atmospheric correction set first to +50 ppm and then to —50
ppm. The difference between the two readings, when multiplied by 10%, gives the
approximate distance, and any ‘overflow’ in the display will then be detected quite easily.

In addition to slope distance, most EDMs are also able to calculate the horizontal and
vertical distances between the instrument and the target. In the case of horizontal
distance, this has the advantage that the heights of the instrument and the target above
their stations do not need to be measured, since the horizontal distance between the
instrument and the target will also be the horizontal distance between their respective
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stations. (For the other distance measurements to be useful, it is of course vital that these
measurements are recorded.)

To make a calculation of horizontal or vertical distance, the microprocessor inside the
EDM must know the vertical angle between the instrument and the target. This means
that the instrument must be carefully aimed at the target; it is not sufficient simply to
sight it well enough for the radiated signal to be returned. Additionally, on some
detachable instruments, a calibration must be set so that the correct vertical angle is
displayed. The relevant angle is obtained from the theodolite to which the instrument is
attached, remembering to centre the alidade bubble if necessary.

For precise or long-distance work, however, these calculated distances must be treated
with caution. A fully accurate ‘horizontal distance’ calculation involves knowing the
height of the instrument above sea level, and both calculations have to make some
assumption about how light curves in the atmosphere, which may not be valid at the time
of the measurement. Chapter 11 discusses both of these issues in detail.



Chapter 6
Levelling

Levelling is the process of finding the height of a new point or points by comparison with
that of an existing point which has been selected as a datum or whose height is already
known with respect to some other datum.

If the points are close to each other and only their relative heights are needed, the
simplest procedure is as described in this chapter. If however ‘absolute’ heights are
required, e.g. for comparison with other points elsewhere in the country, then the scheme
of levelling should be tied into one or more nearby bench marks' of known height. (The
heights of bench marks around Britain are published by the Ordnance Survey, but cannot
now be fully relied upon as many bench marks are no longer checked regularly—see
Chapter 8.) Alternatively, GPS can be used to find the absolute heights of some of the
points, but this is also more complex than might be supposed, as explained in Chapters 7
and 8.

The simple process of comparison is generally done with a level and a staff. A level is
a telescope mounted on a tripod, fitted with cross hairs and a sensitive bubble; means are
provided for setting the line of collimation (the sighting line) to be exactly horizontal. A
staff is simply a long ruler and is usually graduated in centimetres.

6.1 Theory

To find the difference in level between two points A and B (see Figures 6.1 and 6.2), the
observer sets up the instrument at an arbitrary third point 11. An assistant holds the staff
vertical with its foot resting on A. The observer rotates the telescope about its vertical
axis until the staff appears in the

1 Typically a horizontal v-shaped slot cut into a vertical wall. They are used by inserting a bracket
into the slot and standing a staff on the bracket. The bracket is properly called a ‘bench’; hence the
term bench mark.centre of the field of view, sets the line of collimation to be horizontal and then
reads the scale of the staff against the horizontal cross hair (distance a in Figure 6.1). The staff is
then moved to B and the observer again directs the telescope on to it, obtaining the reading b. The
difference in level between A and B is then a—b, since, if the instrument is correctly adjusted, both
lines of collimation are horizontal. The height of the instrument at 1, does not affect the calculation.
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Figure 6.1 Measurements of height
differences using a level.
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Figure 6.2 Typical line of levelling,

If the height of a third point C, beyond B, is required, the instrument is moved to I,
between B and C. The difference in level between B and C is then found in the same way.
By repeating this process, the difference in level between points at any distance apart can
be found.

In levelling from a mark at A whose level is known (e.g. a bench mark), the
observation I;A is called a backsight. This establishes the level of the instrument (or line
of collimation) at I;. The observation 1,B is called a foresight. Similarly 1,B is a
backsight, I,C is a foresight, and so on.

A line of levelling is usually started at one bench mark of known height and, if
possible, finished at a different one. A long line should be broken into a series of bays, of
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between one and five instrument positions. Each bay should be ‘closed’ by being levelled
out and then back to its starting point, as a check against error. Each bay should run
between two well-defined markers which can support the staff and will not change in
height; either a permanent bench mark or a temporary one, such as a stout peg. It is
helpful if the top of the bench mark is convex or if the peg is driven in at a slight angle,
so that there is a uniquely defined “highest point’ on it, which is taken as its height.

Figure 6.2 shows a line of levelling in plan view. The first bay runs from a bench mark
at A out to C (via B) and then back to A (via D); points B and D are called change points,
and point C is a temporary bench mark. A second, smaller bay then runs from C to E and
then back to C. Finally, an ‘open’ bay is run from E to Z; if this gives a height for the
closing bench mark which is in good agreement with its published height, then there is no
particular need to close that bay back to its starting point, and the calculated heights of all
points in the line can be accepted. If the agreement is not good, then the bay should be
closed; if it closes well, then it raises the possibility that the first or last bench mark might
have subsided since its height was last checked.

If the heights of further points are required, the staff is held (say) at P and Q and at R
and S, and readings are taken from I, and I,, respectively. If these intermediate points lie
in a straight line and the horizontal distances between them are measured, a vertical
section of the ground (a level section) can be plotted. Observations to intermediate points
are called intermediate sights; they can be made more quickly than sightings to change
points, because several sightings can be made from each instrument position; but they are
also more prone to error, because they do not form part of a closed bay.

Note the following:

1 When the staff is moved, the instrument must remain stationary, and when the staff
remains stationary, the instrument must move, to guard against a reading error going
undetected. (If the instrument was not moved from Is to I in the second bay, then a
misreading to the staff at E would ‘cancel out’ to give a bay which appeared to close
well, yet gave the wrong height for E.) The only time when both move is at the start of
a new bay or at the end of the job.

2 The instrument positions, 1y, |, etc., need not be on the lines AB and BC, etc.

3 It is important that there is something definite to stand the staff on at the temporary
bench marks (positions C and E in Figure 6.2), because both these stations are left and
then revisited later in the job. By contrast, change-point stations B, D and F are only
visited once, so do not necessarily need to be found again later.

4 There is no independent check on the heights recorded for stations P, Q, R and S. Any
point whose height is critical should form part of a levelling line, rather than being
taken as an intermediate sight.

5 A team of experienced levellers might level from bench mark A to bench mark Z
(Figure 6.2) with a single open bay, involving five or more instrument positions. If all
goes well, this is very efficient—but if the bay does not close, the whole job must be
repeated. By contrast, a team of novice surveyors would be well advised to make their
first bay as small as possible, such as the one between C and E.
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6.2 The instrument

In a tilting level, the telescope assembly is carried on a friction-controlled ball joint
which can be locked by a locking ring. The telescope and a sensitive bubble are pivoted
on a horizontal axis and can be slightly elevated or depressed by means of a micrometer
screw. There is usually a further cup bubble on the body of the instrument. On setting up,
the cup bubble is used to level the instrument approximately by means of the ball joint,
but no attempt is made to get the vertical axis truly vertical. Before each individual
reading, but after the telescope has been pointed at the staff, the telescope is levelled
accurately by means of the sensitive bubble and the micrometer screw. Slopes can also be
set out, if the instrument has a graduated ring mounted on the drum of the micrometer
SCrew.

In a self-setting or automatic level, a stabiliser automatically levels the line of
collimation for every sighting. The stabiliser consists of one prism fixed internally to the
telescope casing and two prisms which are suspended freely as a pendulum within the
telescope. When setting up, a cup bubble on the tribrach is centred to ensure that the
telescope axis is not more than 20’ from the horizontal. The pendulum is then
automatically released from its clamps and the staff can be read at once. The makers
claim that the pendulum has a repetition accuracy of less than 1 second of arc. This type
of instrument saves much time when running a line of levels. It is, however, more subject
to interference in windy conditions.

At normal ranges (up to about 50 m), both types of level permit readings to be
estimated quite easily to within 5 mm. For work requiring greater accuracy, a level fitted
with a parallel plate micrometer is used; readings may then be taken to the nearest
millimetre. For higher accuracy still, precision levelling can be used (see Section 6.6).

6.3 Technique

Many modern levels (especially precision levels) read the staff digitally; some of the
guidance below is specifically for conventional levels, but most is relevant to both types.

Set up, focus and eliminate parallax as with a theodolite (see Section 4.3). Level the
instrument if necessary, as described above. Never rest your hands on the tripod while
observing.

We have assumed that the line of collimation is horizontal when the instrument is
levelled. This is only true if the instrument is in exact adjustment. If the permanent
adjustments are not perfect, the line of collimation will point up (or down) slightly when
the instrument is levelled, and all staff readings contain a ‘collimation error’. Since this
error is proportional to the distance of the staff from the instrument, it will cause equal
errors in sights of equal length. Consequently, since the carrying forward of the height
depends on the difference between backsights and foresights, the errors will cancel out if,
at each position of the instrument, the foresight and backsight distances are equal; i.e.
I1A should equal 11B in Figure 6.1. In practice, the errors will be kept small if the
difference in distances is less than about 5 m.
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The line of collimation can also deviate from the horizontal as a result of the tendency
of light paths to bend in a vertical plane (see Section 11.2). The effect of this varies with
the square of the length of the line of sight and does not remain constant. With ordinary
instruments, therefore, do not take sights longer than 50 m.

Particularly when observing on a slope, it is very easy accidentally to use one of the
stadia hairs (see Figure 4.1) instead of the main horizontal hair. On a typical sight length
of 30 m, this will introduce an error of approximately 15 cm, which should be apparent
on checking. It is, of course, preferable not to make the mistake in the first place.

On some instruments, the staff is seen upside down in the telescope; do not correct this
by holding the staff itself upside down !Before starting work, study the scale carefully,
both with the naked eye and through the telescope. Note the difficulty of distinguishing
sixes from nines.

The staff-holder faces the staff towards the instrument and stands behind it with one
hand on each side so as not to hide the scale. It is very difficult to hold the staff vertical.
The observer can see if it is leaning sideways by means of the vertical hair in the
telescope and can signal to the staff-holder accordingly, but cannot see if it is leaning
forwards or backwards. The staff-holder should therefore swing the top of the staff
slowly towards and away from the instrument, passing through the vertical position. The
observer records the smallest staff reading, since this corresponds with the vertical
position of the staff.

At change points, rest the foot of the staff on something firm and convex. If necessary
drive a peg, preferably with a dome-headed nail driven into it, so that the foot of the staff
is always in contact with the highest point, when the staff is vertical. If no dome-headed
nail is available, it is actually preferable to deliberately drive the peg in at an angle so that
one corner is uppermost, rather than attempting to get the top face of the peg level.

6.4 Booking

Figure 6.3 shows the method of booking. Successive rows of entries on the form refer to
successive staff stations; the foresight from I1 and the backsight from I, (both to staff
position B, in Figure 6.2) are therefore booked on the same line. At each instrument
station, the height of the line of collimation is obtained from the backsight, and then the
reduced level of the next foresight is calculated by subtracting the relevant staff reading.

The booker, who may well also be the observer, books each reading in the field book
as it is taken, using a pencil or ball-point pen. Fill in a name for each staff station; the
entries in the distance columns need only be approximate and can be judged by pacing.
Do not erase; make corrections by drawing a single line through the incorrect figures,
leaving them legible and writing the correct figures above them. A fair copy can be made
later on another page if necessary, but take care to avoid copying errors, and do not
destroy the original papers. Sign and date the work.

Immediately after booking a reading, verify it by again looking through the
instrument; beware of gross errors of a metre or a tenth of a metre. Then look at the
bubble again to verify that the instrument is level.
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Figure 6.3 Booking levelling
observations.

When the bay is complete, the booker should add up the total of all the backsights
(upward movements) and of all the foresights (downward movements), as shown in
Figure 6.3. The difference between these two quantities should be the same as the
calculated difference in height over the bay (in this case 4 mm). If it is not, it means there
is an arithmetic error somewhere on the booking sheet. This check is useful in that it
might ‘rescue’ a bay which appears to have closed badly; conversely, it will also flag a
bay which appears to have closed well as a result of two errors cancelling each other.
Note, though, that it does not detect errors in the observations themselves.

If the bay has closed acceptably and the arithmetic has been checked, the height of all
points in the bay can be accepted. If desired, these heights can also be ‘adjusted’ to their
most likely values, given any mis-closure in the bay. In the case shown, point A has
closed 4 mm higher than it should; the most likely assumption is that there has been a
steady upwards “drift” around the bay, meaning that the calculated heights for points B, C
and D should be adjusted downwards by 1, 2 and 3 mm, respectively. The relevant
adjustment is shown for point C in Figure 6.3, as the starting height for the next bay.

A further useful check is to add up the total distances for all the foresights and
backsights in the bay, as shown in Figure 6.3. In this example, the individual backsights
and foresights from each instrument position (25/28, 27/31, 20/25, 31/34) are all
individually within tolerance, but there has been a slight systematic bias towards having
longer foresights than backsights, as shown by the totals. If the instrument has a
collimation error, this accumulating difference will introduce errors into the recorded
heights, and might, in this case, explain why the bay has not closed especially well.
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6.5 Permanent adjustments

The permanent adjustments which can be made to a level ensure that the line of
collimation is horizontal when the instrument has been levelled. Alterations to these
adjustments should only be undertaken back at base, but it is sometimes useful to check
them in the field, particularly if the instrument has just been subjected to a heavy impact.

Figure 6.4 “Two-peg test’ for a level.

A simple field test called the ‘two-peg test’ involves driving two pegs into the ground, a
measured distance x (usually 25 m) apart, as shown in Figure 6.4. Set the instrument up
approximately in line with (but not in between) the two pegs, and observe to the staff on
each peg in turn (readings a and b in Figure 6.4). Move the instrument to the other end of
the line (so that the peg which was near to the instrument is now the far one) and repeat
the process, to obtain readings a’and b’.

The slope error of the instrument (in radians) is given by the expression
((b—b"—(a—a"))/2x when all distances are expressed in metres, and a positive value
denotes an upward slope. If the absolute value is less than 0.0001, then the instrument is
fine; remember that even a value of 0.0002 would cancel completely if the foresights and
the backsights are of equal length, and would only produce 1 mm of error if the sight
lengths differed by 5 m.

For information about tests and adjustments for a particular instrument, refer to the
maker’s handbook. (Some instruments have software for computing the results of a ‘two-
peg test’ automatically.)

6.6 Precision levelling

A slower but much more accurate type of levelling is known as precision levelling, in
which differences in heights are typically read to 0.01 mm. The overall principles are
identical to those described above, but some extra details are required to achieve the
higher precision:

1 The staff is not rocked backwards and forwards as described above, but is supported by
some form of tripod and is made precisely vertical by means of a staff bubble.
Precision levelling staffs are typically made of Invar, to minimise errors caused by
thermal expansion.



Levelling 51

2 For maximum accuracy, two staffs are used: one for the backsight and one for the
foresight. Since the staffs may not be identical, it is essential that bays start and end
using the same staff. This means that open bays must always have an even number of
instrument positions. The smallest possible ‘closed’ bay (from a known benchmark to
a new station and back to the known one) will therefore involve four instrument
positions, so that the same staff is always placed on all the temporary bench marks
which are to be used as the starting point of a new bay. Thus, the bay from A to C and
back in Figure 6.2 would be a valid bay for two-staff precision levelling, but the bay
from C to E and back is too small.

3 The purpose of using two staffs is to allow for changes in temperature which would
cause even an Invar staff to change slightly in length. The procedure is to read a
backsight, then a foresight, then a second foresight and finally a second backsight. The
time interval between readings 3 and 4 is made as close as possible to that between
readings 1 and 2. Averaging the two results eliminates any temperature effects,
assuming that both staffs are heating (or cooling) at a constant rate.

4 The possibility of cumulative errors from a collimation error in the instrument is more
important. To guard against this, the cumulative totals of distances to the backsights
and foresights in a bay are recorded at each step and are kept as close to one another as
possible throughout each bay. The distances are often measured by tachymetry (see
Section 5.2) but can also be taped for maximum accuracy and for planning the layout
of a bay.

5 All modern instruments read the staff electronically, the staff being marked with a bar
coding rather than with numbers. (Older instruments had an optical vernier consisting
of a piece of glass with high refractive index and precisely parallel surfaces, which
made them very expensive.)

6 The importance of finding firm ground on which to stand the staffs is much greater.
The staffs are heavy and may settle by a millimetre or more on soft ground while the
readings are being taken. Even on firm surfaces, it is advisable to let each staff rest for
a minute or so before taking the first reading.

6.7 Contours

Contours (Bannister et al., 1998) are the best method of showing variations in level on a
plan; they may be thought of as the tidemarks left by a flood as it falls by successive
vertical intervals. Contouring is laborious; the following methods are used:

1 The contours are pegged out on the ground with a level and a staff and then surveyed
(perhaps by a total station). The staff may have a movable vane set at the same height
as that of the telescope above the required contour level, to speed its positioning.

2 A total station is set up and oriented as for mapping (see Section 3.3), above a station of
known height. A detail pole is set to the height of the instrument above its station, so
that any height difference between instrument and reflector is always the same as the
height difference between the station and the foot of the pole. The height difference
from the station to the required contour is calculated, and the pole-holder follows the
ground line which gives this height difference, with the instrument recording the pole
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position at suitable intervals. The contour is then plotted in the same way as other
mapping detail.

3 The spot levels of points where the slope of the ground changes are taken, usually with
a total station, and the contours are interpolated. This is a common method in
engineering work; it is less accurate than method (2), but much quicker.

4 Heights are measured at evenly spaced points on a (x, y) grid, and the contours are
drawn by interpolation. This method is particularly useful if the volume of earth in an
area needs to be estimated, as part of a mass-haul calculation—see Allan (1997) for
details. Some total stations can ‘steer’ the detail pole to the necessary places and
perform the volume calculations.

5 Over larger areas, contours are most easily plotted by means of aerial or satellite
photogrammetry. Contours on published maps are now generally plotted by digital
photogrammetry (Egels and Kasser, 2001).

6 Contours may very effectively be plotted by kinematic GPS (see Chapter 7).



Chapter 7
Satellite surveying

7.1 Introduction

At the time of going to press, satellite surveying relies mainly on a system called global
positioning system (GPS), which was originally set up as a military navigation aid by the
USA in the mid-1980s, but which has now become a significant tool for civilian use in
general and surveyors in particular. Using so-called differential GPS (DGPS), in which
data recorded by a receiver at a ‘known’ station are combined with data recorded
simultaneously by a second receiver at a new station which might be 30 km away, it is
possible to find the position of the second receiver to within about 5 mm. The advantage
of GPS compared to all earlier methods of surveying is that the two stations do not need
to have a line of sight between them. This means that national networks of ‘known’
stations (provided round Great Britain by the Ordnance Survey) no longer need to be
located on high hilltops or towers but can, for instance, be positioned on the verges of
quiet roads.

7.2 How GPS works

The GPS system consists of a set of about 24 satellites, each of which is in a near-circular
orbit about the earth with a period of 12h' and (therefore) a radius of approximately
26,000 km. The orbits are all inclined at about 55° to the plane of the equator, and lie in
six different planes, equally spaced around the equator. As a result, there are at least four
satellites visible at all times everywhere on the surface of the earth, unless blocked by
terrestrial obstructions. In most places and for most of the time, the number is greater
than this, often up to eight or ten.

Each satellite broadcasts a set of orbital parameters (the ‘ephemeris’) which allow its
position at any instant to be calculated to within about 20 m, plus two digital signals
whose ‘bits” are transmitted at very precise moments in time. By recording the time at
which it receives the digital signal (and knowing the speed of light), a GPS receiver is
able to determine how far it is away from the satellite (the ‘pseudorange’?), and thus to
position itself somewhere on a sphere with a known centre and radius.

1 Strictly, 12 sidereal hours (a sidereal day being the time for the earth to complete one revolution with
respect to the stars, rather than the sun). A given constellation of satellites therefore recurs twice each day, and
about 4 min earlier on each subsequent day.

2 The pseudorange of the satellite is the distance calculated by measuring the time when the digital signal is
received, not allowing for clock errors in the receiver or satellite or for delays caused by the earth’s atmosphere.
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When a second satellite is detected another sphere is calculated, and the locus of
possible positions for the receiver becomes the circle of intersection between the two
spheres. A third satellite provides another sphere, which will intersect this circle at just
two points. One of these will typically lie many thousands of kilometres away from the
surface of the earth; discarding this will give one possible position for the receiver.

At this point, the principal error in the calculation is caused by the clock in the
receiver (the satellites have atomic clocks, which are highly accurate). Because light
travels at 300 Mm/s, an error of just 1 ps in the receiver’s clock will cause an error of 300
m in the calculated radii of all the spheres, and thus a large error in the calculated
position. For this reason, a fourth satellite must be detected and a fourth sphere
calculated—the radii of all four spheres are then adjusted by an equal amount, such that
they all touch at one single point. This point is taken as the position of the receiver, and
the required adjustment in the radii (divided by the speed of light) is taken to be the
receiver clock error.

If more than four satellites are visible, the extra information can be used to provide
redundancy in the calculation, and the receiver will report a position based on the best fit
of the available data.

If only three satellites are visible, some systems will also provide a ‘two-dimensional’
solution, by assuming that the receiver is at sea level. Figure 7.1 is a plan view of the
earth’s surface which shows how three satellites can provide such a 2D solution and
correct the receiver clock error. The three solid circles are the loci of all points on the
earth’s surface which are the appropriate distance from each satellite, as calculated from
the pseudoranges. As can be seen, there is no one place on the earth’s surface which lies
on all three circles. However, if the receiver’s clock is running slow, this would cause it
to underestimate its distance from each satellite; advancing the receiver’s clock
appropriately and recalculating the ranges gives the three dotted circles, which do meet at
a point.

The method described above will enable a single GPS receiver to calculate its so-
called ‘navigational’ position to within about 10 m.* This accuracy can be improved to
better than 1 m by leaving the receiver in the same place for an hour or more and
averaging the readings. Note that these figures have improved significantly since the US
military withdrew ‘selective availability’ (the deliberate downgrading of the data
provided by the satellites) in May 2000—earlier literature quotes much higher errors than
this.

The accuracy of a result is also determined by other factors, such as the relative
positions of the satellites being observed, which will affect the geometry of the
computation. This effect is referred to as the geometric dilution of precision (GDOP)* and
is expressed as a multiplying factor for the potential error; a GDOP of less than 2 is very
good, but it could rise to 20 or more if all the visible satellites lay in a straight line across
the sky. Also, some cheap receivers only use the so-called ‘coarse acquisition’ (C/A)

3 The accuracy in vertical position is always about 2.5 times poorer than the accuracy in horizontal
position, due to the fact that the satellites being observed are always above the plane of the horizon.
This factor also applies to all subsequent accuracies described in this chapter.

4 Sometimes broken down into the ‘Positional Dilution of Position” (PDOP) for the accuracy of the
positioning on a horizontal plane, and ‘Vertical Dilution of Position” (VDOP) for height
information, due to the general difference in accuracy of these two calculations, mentioned above.
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digital signals from the satellites to compute pseudoranges, while others also use the
more precise P-code, which has a 10-times higher ‘chipping rate’.® Finally, the best
receivers are dual frequency—they receive the P-code from the satellites on carrier waves
at two slightly different frequencies,® and can thus estimate (and so largely eliminate) the
effect of the earth’s atmosphere on the speed of propagation of the signals.

The accuracy discussed above refers to the absolute position of the receiver on the
surface of the earth and is considerably higher than anything which could be achieved
prior to 1980, using astronomical observations. However, it is insufficient for many
engineering purposes, which typically require the differences between stations to be
known to a few millimetres. For this reason, surveyors tend to use differential GPS,
which is described in the next section.

7.3 Differential GPS (DGPS)

The factors which most affect the accuracy of a single high-quality GPS receiver are
errors in the positions of the satellites, errors in the satellite clocks and the effects of the
earth’s atmosphere on the speed at which the satellite signals travel. If two such receivers
are within, say, 10 km of each other, the effects of these factors will be virtually identical
and the difference vector in their positions will be correct to within a decimetre or two. If

5 The rate at which bits are transmitted in the satellite’s binary signal.
6 These are known as the L1 frequency (1575.42 MHz) and the L2 frequency (1227.60 MHz).
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the distance between the receivers is greater than this, the accuracy of a simple difference
calculation is degraded by the fact that the two receivers will be observing the same
satellites, but from somewhat different angles—so that the positional and clock errors of
the satellites will have slightly different effects on the calculated positions of the two
receivers. This is overcome, however, by a more sophisticated form of post-processing
which requires one of the receivers to be at a known position, and then effectively
corrects the positions of the satellites using the data recorded by that receiver. Ultimately,
the accuracy of DGPS is limited by the fact that signals to the two receivers are passing
through different parts of the earth’s atmosphere and will suffer different propagation
effects. This constrains the overall accuracy of DGPS to about 2 mm for every kilometre
of separation between the two receivers (i.e. 2 parts per million), up to the point where
the two receivers can no longer see the same satellites.

The final precision of DGPS is achieved by measuring the phase of the carrier wave
onto which the P-code is modulated. The chipping rate of the P-code is 10.23 MHz,
which means the bits in the signal are about 30 m apart. By contrast, the L1 carrier wave
has a frequency of 1,575.42 MHz, and thus a wavelength of about 19 cm. Interpolation of
the phase of the carrier signal will yield a differential positional accuracy of a few
millimetres, provided it has been possible to use the P-code to obtain a result to within 19
cm beforehand. If not, the carrier phase cannot be used because of the uncertain number
of whole wavelengths between the satellite and the receiver. The attempt to determine the
number of whole carrier wavelengths is called ‘ambiguity resolution’. It is usually
possible to resolve ambiguities when the receivers are up to 20 km apart, given a good
GDOP and enough observation time—and it is usually unwise to attempt it’ if the
receivers are more than 30 km apart, because of the unknown differences in atmospheric
delays along the two paths. Note, therefore, that the term ‘DGPS’ can imply a wide range
of relative positioning accuracy, from about 2 mm up to 2 dm or so.

A final factor which is important at the top level of precision is ‘multipath’, i.e. the
reception of signals which have not come directly from the satellite but which have
bounced off (for instance) a nearby building; this can cause errors of up to half a metre in
the calculated position of the receiver. For this reason, differential GPS stations should
always be sited well away from buildings and large metal objects. In particular,
differential GPS cannot be relied upon to produce accurate results in the middle of a
construction site; it is much better practice to use DGPS to fix control stations around the
edge of the site, and then to use the more conventional surveying methods within the site.

Base stations for differential GPS

As explained above, if two receivers are more than about 10 km apart, the accurate
computation of a DGPS difference vector requires that the absolute position of the base
station is known to an accuracy of about 1 m. If a completely ‘local’ co-ordinate system

7 Processing the data under these circumstances may yield a seemingly plausible solution, which
might, in fact, be incorrect by one or more whole wavelengths. Software from responsible suppliers
will warn a surveyor against using results unless the statistical likelihood of their correctness is
high. Even then, however, it is impossible to guarantee that the calculation has yielded the correct
result.
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is to be used for a project, it is perfectly acceptable to base the whole system on a point

which has been fixed as a navigational solution, provided it is observed for long enough
to fix it to that accuracy. All difference vectors built out from that point will be of high
accuracy, and all points fixed using those vectors will also have an absolute accuracy of
less than 1 m, so in turn they can be used as base points for further vectors.

Often, however, it is necessary to tie in new GPS stations to a country’s national
mapping system. This can be done in three different ways, using three different types of
‘known’ station:

1 Passive stations Most countries, including the UK, provide a network of stations with
known (and published) co-ordinates. These are often sited on roadsides or other public
places, and so can be occupied without obtaining permission. Using one or
(preferably) more of these stations as base stations will tie all new stations into the
national co-ordinate system.

2 Active stations In addition to passive stations several organisations maintain ‘active’
base stations at known positions. These record GPS data which are subsequently
published (usually via the Internet) and which can be downloaded for post-processing
in conjunction with data recorded by a roving receiver. This system allows users with
only one GPS receiver to carry out differential GPS and increases the productivity of
users with more than one receiver. The format of the data is normally Receiver-
INdependent EXchange (RINEX), which is the standard format for passing GPS
observations between different manufacturers’ equipment.

Before using this service, it is wise to check the frequency at which the chosen
active station records its observations (typically once every 15 s), and to set your
own receiver to record at the same frequency; this simplifies and improves the
quality of the subsequent post-processing. Be prepared also to return from
recording your own observations only to find that they cannot be used because the
active station was not working that day!

The fact that the base and the roving station may be using different types of
antenna may also cause problems, as they will have different offsets. The
documentation for the post-processing software should explain how to allow for
this—but any error in inputting this information will potentially go undetected. As
a check, download some further data from another active station, with yet another
antenna type, and check that the two differential vectors produce consistent
results.

3 Broadcasting stations An emerging service in several countries is the permanent
installation of GPS receivers which act as base stations and broadcast their data via
short-wave radio to any nearby GPS receiver. Surveyors who have paid to use the
service, and who have suitably equipped receivers, can use this information to show
their position to within a centimetre or so in real time (see ‘Real time kinematic’). This
system is also used at airports, enabling DGPS to be used as a precision landing aid.
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7.4 Using DGPS in the field

Differential GPS relies on the same satellites being observed at the same time by the two
receivers. If one receiver is recording while the other is not, those observations will be
unusable. There are a number of ways of using DGPS in practice, depending on the size
and purpose of the survey. The principal ones are as follows:

1 Static When the two receivers are more than about 15 km apart, it is necessary for them
to remain simultaneously in position for an hour or more, recording observations every
15 s or so. The time period allows the satellites to move through significant distances
and for a larger number of satellites to be observed by both receivers simultaneously-
and the number of observations ensures a good chance of resolving ambiguities if that
is desirable or of obtaining a well-averaged result if it is not. Static survey is usually
used for the establishment of new control stations in an area well away from any
existing ‘known’ stations.

2 Rapid static If the distance between the receivers (the ‘baseline’) is less than 15 km, the
observing time can be reduced because the atmospheric effects will be nearly identical
for each receiver. The time required depends on the length of the baseline, the number
of satellites, the GDOP and the algorithms in the receiver. The instruction manual
should give advice on the observation time required; failing that, about 10 min is
probably prudent in most cases. With lines shorter than 5 km, five or more satellites
and a GDOP of less than 8, 5 min will probably be adequate.

3 Stop and go In this procedure, the roving receiver makes a rapid static fix at its first
station and is then moved to other stations while maintaining lock on the satellites
which it is observing. Subsequent points can then be fixed very quickly, in about 10s.
This procedure is suitable for collecting the positions of a large humber of points in
open country, but if fewer than four satellites can be tracked at any point, a new
‘chain’ must be started by doing another rapid static fix.

4 Kinematic This procedure also starts with a rapid static fix,® after which the roving
receiver moves continuously, recording its position at regular time intervals (perhaps
as frequently as once per second). As with stop and go, satellite lock must be
maintained at all times. This technique is typically used for surveying boundaries and
other line features.

5 Real time kinematic (RTK) If two suitably equipped receivers are less than about 5 km
apart and have a near line of sight between them, it is possible for the base station to
transmit its position and observations to the roving receiver using a short-wave radio.
The roving receiver can then carry out the DGPS calculations in real time and display
its current position in the GPS co-ordinate system (see Section 7.6). If a suitable
transform has also been downloaded, the roving receiver can also display its position

8 Increasingly, the processing software is capable of resolving phase ambiguities even while the
roving receiver is moving, but a user would normally wish to wait at the first point until enough
readings had been taken to resolve ambiguities, in order to fix the position of that point.
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in the local co-ordinate system. Using RTK, the operator of the roving station can
be confident that enough observations have been recorded to resolve ambiguities
while still out in the field, and so can carry out rapid static or stop and go
procedures more quickly. In addition, RTK can be used to ‘set out’ a station at a
predetermined location, albeit without any independent check of its accuracy—
see the next section.

Whichever method is used, there are some fundamental rules which should be followed
when using GPS to maximise the chances of accurate results:

1 Avoid using satellites which are at a low elevation (less than 15° above the horizon,
say), as the signals from these satellites will be greatly affected by atmospheric effects,
due to their long path through the atmosphere. Most surveying GPS systems will
ignore all such satellites, by default.

2 Avoid working close to large buildings. In the northern hemisphere, a building to the
south will tend to block out visible satellites completely, while buildings anywhere
else may cause multipath effects. The combination of these two effects is potentially
disastrous!

3 Working beneath the canopy of a tree can also block the signals from satellites. When
working in stop and go or kinematic mode, just passing briefly beneath the canopy of
a tree can cause loss of lock, resulting in greatly reduced accuracy for all subsequent
readings in the chain.

4 Most GPS processing software allow a surveyor to check in advance what the GDOP of
the satellite constellation will be at the time when it is planned to take readings. This
simple precaution can avoid long periods wasted out in the field, waiting for the
GDOP to improve to the point where useful readings can be taken.

Building a network of stations

Usually, the goal of a GPS survey is to establish the precise location of a number of fixed
stations in the field. Logically, this is achieved by fixing the position of an ‘unknown’
station with respect to a ‘known’ one using DGPS. The unknown point then becomes
known and can be used (if required) as the basepoint for further DGPS vectors, to find
the position of other unknown points.

In practice, there is no need for the sequence of observations to follow this logical
order; it is simply necessary for the results to be processed in that order. Nor is it
necessary for one receiver always to act as the base station, while the other always acts as
the roving station; it is quite permissible for them to ‘leapfrog’ each other, taking the role
of base and rover respectively as a chain of points is visited.

It is, however, important to plan in advance what readings need to be taken, and then
to plan a sequence of movements for the receiver(s) to ensure that they are, in fact, taken.
A clear written record of what observations have been taken by each receiver (together
with a note of the height of the antenna above the station) will also greatly simplify the
subsequent processing and archiving of the data. A form for this purpose is given in
Appendix G.
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7.5 Redundancy

Attentive readers of this book will be aware of the need for redundancy in all surveying
measurements. Although properly post-processed differential GPS results are the average
of many individual ‘observations’, there is still the possibility of a systematic error (one
receiver not being in exactly the correct place, for example) which will cause an
erroneous result.

The straightforward solution to this is to establish each new station by setting up
DGPS vectors from at least two ‘known’ stations. A gross error will then quickly be
detected if the two vectors do not meet at almost the same point. Furthermore, the post-
processing software supplied with the GPS equipment will probably contain a least-
squares adjustment facility, which will find a ‘best” position for each unknown point,
based on the co-ordinates of the known points and the DGPS vectors which have been
collected. Clearly, collecting more ‘redundant’ vectors will result in a more accurate
result with a smaller chance of an undetected gross error.

If time is limited, redundancy can be achieved by conducting a GPS ‘traverse’, similar
to the conventional traverse described in Chapter 2. The first unknown point is fixed with
respect to an initial known station and is then used to fix the next point. This then
becomes the base station for the third point, etc., finally finishing on another known point
(preferably not the one where the traverse started). If the position of the final point as
calculated by the traverse is in good agreement with its known position, it can be
assumed that all has gone well. This approach does, however, have two drawbacks:

1 It is possible that a satisfactory result masks two errors which have cancelled out, e.g.
the incorrect entry of an antenna offset when the antenna is used an equal number of
times as ‘back’ station and ‘front’ station along the traverse.

2 If an error is detected, it will not be possible to determine the leg in which it occurred,
and another visit to the site will be necessary. It may, therefore, be wiser to take more
redundant readings on the first visit, since this could allow a faulty reading to be
eliminated without another site visit.

Ultimately, though, all surveyors should be aware that GPS has the tendency to be a
‘black box’ science, in which a large amount of information is collected and may not be
fully checked by the user. There is a distinct possibility of some overall systematic error
in the collection or processing of GPS information (the inappropriate use of a program,
the wrong settings in a transformation, or a software bug, perhaps) which might cause a
completely undetected error in the final result. If absolute confidence is required in a set
of new stations for a major project, it is strongly advised that a few checks are made by
conventional surveying techniques. The re-measurement of some distances using EDM,
for example, is generally less accurate than DGPS—nbut will clearly show if a scaling
error has inadvertently been introduced into the GPS results. This is simply the modern
equivalent of the old practice of pacing a distance which has been measured by tape, to
check that the number of complete tape lengths has not been miscounted.

Height information obtained from DGPS needs particular care, partly because it is less
accurate anyway and partly because of the nature of the co-ordinate system used by GPS,
which is described in the next section. If the heights of stations fixed by GPS are to be
relied upon, it is strongly recommended that the relative heights of some stations in the
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network are checked by conventional means, such as levelling (Chapter 6) or by
reciprocal vertical angles (Chapter 12). Again, these conventional methods may be less
accurate than GPS—but if any discrepancies are too large to be accounted for by their
inaccuracy, then there is clearly a problem with the GPS results.

7.6 Processing GPS results

The ephemeris information of all GPS satellites, and thus the navigational position of a
single GPS receiver, is expressed in terms of a co-ordinate system called WGS84.% In its
basic form, WGS84 is defined as a set of right-handed orthogonal axes, with its origin at
the centre of mass of the earth, the x- and y-axes lying in the equatorial plane and the
z-axis passing through the North Pole.

The exact orientation of the axes was originally set up to coincide with the equatorial
plane as defined by the Bureau Internationale de I’Heure at the very start of 1984, with
the x-axis passing through the ‘prime meridian’ (approximately the Greenwich meridian)
at the same instant. Subsequently, the orientation of the axes has been defined such that
the mean drift of all the tectonic plates on the earth’s surface is zero with respect to them.
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Figure 7.2 Cartesian and geographical
co-ordinate systems.

9 World Geodetic System, 1984.
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The xyz-axes are complemented with a biaxial ellipsoid' of defined shape®* (close to the
overall shape of the earth), with its centroid at the origin and its axis of rotational
symmetry lying along the z-axis, as shown in Figure 7.2. This gives a more natural way

of defining a point on the earth’s surface, in terms of its latitude (the angle L1j), longitude
(the angle A) and its height above the ellipsoid (h). These two co-ordinate systems are
called Cartesian and geographical, respectively, and are explained in more detail in
Chapter 9.

This is a properly ‘global’ co-ordinate set for a GPS, but unfortunately it does not suit
any single country particularly well, for two principal reasons:

1 The positions of ‘fixed” points on the earth’s surface (e.g. concrete blocks set into the
ground) do not have constant co-ordinates in the WGS84 system, because of
continental drift. In the UK and northern Europe, this drift is in excess of 2 cm per
year; in some parts of the world, it is up to 10 cm per year.

2 The heights reported by GPS measurements are heights above the surface of the
WGS84 ellipsoid, which is in general not parallel to the surface of zero height (the
‘Geoid’—see Chapter 8) in any particular country. Thus, the difference in ellipsoidal
heights between two stations measured by differential GPS might be quite different
from the difference in their orthometric heights, as measured using a level. A naive
surveyor might be surprised to find that water can flow from a point with a low
WGSB84 height to another point with a greater WGS84 height!

To make proper use of GPS results, it is therefore necessary to understand about the
relationship between WGS84 and heighting and mapping co-ordinate systems used
within a particular country.

In Europe, the first step was to take the accepted WGS84 co-ordinates of a number of
ground stations around Europe (all on the Eurasian tectonic plate) in 1989, and to
establish a co-ordinate system or “frame’ similar to WGS84 which is defined to be the
best fit to those published co-ordinate values. This co-ordinate frame is called ETRF89,*
and effectively eliminates the first of the two problems described above, by slowly
drifting away from WGS84. The ETRF89 co-ordinates of all immovable ground stations
in the UK remain constant, and the definitive ETRF89 co-ordinates of several GPS
control points around the UK are published by the Ordnance Survey. By setting up a base
station on one or more of these control points and using differential GPS, the precise
ETRF89 co-ordinates of any other point can be found.*®

ETRF89 is simply a “framework’ of points which form the practical realisation of a
larger ‘system’ called ETRS89. This system defines that the WGS84 ellipsoid should be
used to convert ETRS89 Cartesian co-ordinates (X, y, z) to geographical co-ordinates (X,

‘1’). Amongst other things, it also predicts the rate at which the ground stations are
moving with respect to the WGS84 system, and thus provides a method for defining other
ETREFs in the future.

10 The 3D shape created by spinning an ellipse about its minor axis.

11 The dimensions of this and other commonly used ellipsoids are given in Appendix A.

12 European Terrestrial Realisation Frame, 1989.

13 Although the ETRF89 co-ordinates of the base station will differ by a few centimetres from its WGS84 co-
ordinates, this difference is too small to affect the accuracy of the DGPS calculation described in Section 7.3.
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For surveying work, it is usually necessary to transform the ETRS89 co-ordinates
(geographical or Cartesian) into suitable local mapping co-ordinates. There are two
principal types of transform which can be set up to do this:

1 The ‘one-step’transform If the transform is only to be used over a small area of land (up
to 10 km square, say) a localised transform can be set up by quoting the 3D positions
of three or more™ points in the local co-ordinate system (i.e. easting, northing and
height in the country’s mapping system, or a site co-ordinate system) and also in
ETRS89. Provided the points are well distributed over the area in which the
transformation is to be used,™ the errors inherent in this type of transform are small by
comparison with the errors inherent in differential GPS. All other points whose
positions have been found with respect to ETRS89 can then be processed through the
transform to find their local co-ordinates.

2 The “classical’ transform In all mapping projection systems there is a scale factor,
which varies from place to place, by which a distance measured on the ellipsoid must
be multiplied before it can be plotted on the projection (see Chapter 9). The ‘one-step’
transform can accommaodate this, but assumes that the scale factor is constant over the
area for which the calculated transformation is to be used. If the area is too big for this
assumption to be valid, it is necessary to use the so-called ‘classical’ or Helmert
transform, which first transforms the ETRS89 (x, y, z) co-ordinates into equivalent (x,
y, z) co-ordinates of whatever ellipsoid has been used for the mapping projection
(Airy, in the UK). These are then converted to geographical co-ordinates (latitude and
longitude) for the relevant ellipsoid (see Chapter 8), and appropriate projection system
is applied to give map co-ordinates of easting, northing and height above the local
ellipsoid (see Chapter 9). Then, data must be available to convert the height above the
local ellipsoid into a height above the geoid (also known as an ‘orthometric’ height). A
complete ‘roadmap’ of this process is shown in Figure 7.3.

As with the one-step transform, a classical transform can be established if the co-
ordinates of three or more points are known, both in the ETRS89 system and also
in one of the local systems.

A classical transform will produce valid results over a much larger area than a
one-step transform. In order to set it up, however, it is necessary to know the co-
ordinates of three or more points in both systems, i.e. in WGS84 (or a realisation
of WGS84 such as ETRS89), and also with respect to the ellipsoid used for the
local mapping projection system. If the map co-ordinates and projection method
are known, the latitude and longitude on the local ellipsoid can easily be
calculated; but to find the ellipsoidal heights from the orthometric heights, the
separation between the geoid and the local ellipsoid must be known at each point.
Likewise, to obtain orthometric heights from GPS data using a classical
transform, it is necessary to have a method for converting a height above the local
ellipsoid to an orthometric height at any point within the area of interest.

14 1f more than three points are available, a least-squares fit will be used to generate the best
transformation between the two co-ordinate systems.

15 The accuracy of the transform will be compromised if the points lie in a near-straight line. This
will not matter, however, if the area of the survey is itself a near-straight line, e.g. a pipeline or
road.
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Figure 7.3 Roadmap for converting
between co-ordinate systems.

Both transforms allow for full 3D rotation and translation, to convert from one co-ordinate system
to the other. In addition, they both make provision for a scale factor to be introduced, to give the
best possible “fit” between the two systems. This can be useful, but the scale factor must then be
applied to any distance which is to be converted from a ‘real’ distance to one in the local co-
ordinate system, or vice versa. In the case of the classical transform, this scale factor is additional
to any scale factor implied by the projection method; so when setting up classical transforms, it is
often better to insist that the transformational scale factor is kept at unity.

It is clear from the descriptions above that the ‘one-step’ transform is the easier one to
use, provided the area of application is sufficiently small. Exact details of how to set up
and apply both these types of transform will be found in the user manual for the post-
processing software provided by the GPS supplier.

7.7 Further details of GPS

The present GPS system consists of three so-called segments:

1 The control segment This comprises the computing power necessary to track the
satellites and to predict their orbits ahead for 24 h using a highly sophisticated model
of the earth’s gravitational field. Tracking is done by a network of six tracking stations
around the world, which then feed information back to the main control centre in
Colorado. The orbital predictions are uploaded to the satellites every 24 h.

2 The space segment This comprises the 24 satellites, each of which receives and stores
its predicted orbit, and transmits this and other information to...

3 The user segment The rest of the GPS community.
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Despite the huge expense of deploying and maintaining the satellite network, an expense
borne by the US Department of Defense, the US Government is currently committed to
maintaining a level of free civilian access to the system.

The GPS signal

Each of the satellites transmits signals on two carrier frequencies, both derived from a
fundamental oscillator running at 10.23 MHz. The two frequencies are L1, 1,575.42 MHz
or 154 times the fundamental and L2, 1,227.60 MHz or 120 times the fundamental. As
explained earlier, the purpose of having two frequencies is to enable the correction of
errors caused by ionospheric effects.

Each satellite also transmits a number of digital signals modulated on the L1 and the
L2 signals. It is important to realise that since the signal strength is so weak in relation to
the background noise and all the satellites transmit at the same frequencies, a particular
transmission can only be recognised by knowing in advance what code is modulated onto
it, and thus what to ‘listen’ for.'® These codes are:

1 The coarse acquisition or C/A code, a pseudorandom®’ bit sequence of length 1,023
bits, different for each satellite and with a repetition time of 1 ms. The C/A code
enables the receiver to distinguish between transmissions from the different satellites.
It is used in low-cost navigation receivers as the basis for measurements. The bits are
released at a rate of 1.023 Mb/s (the so-called “chipping rate’, derived from the
fundamental oscillator), so one bit corresponds to a distance of approximately 300 m.
The C/A code hence gives access to what is known as the standard positioning service.

2 The precision or P-code, also a pseudorandom bit sequence, but at ten times the
frequency of the C/A code, with a chipping rate of 10.23 Mb/s. The cycle length of the
complete P-code is in excess of 37 weeks, and each of the satellites is allocated a
different ‘week’, so that each satellite effectively has its own P-code. The code for all
satellites is reset every week at midnight on saturday/sunday. Contrary to what is said
in much of the early literature, the P-code is not restricted to military use in itself. The
generation algorithm is, and always was, in the public domain. However, its use can
sometimes be denied to the civilian user by the substitution of an encrypted form of P-
code known as the Y-code. The encryption algorithm is not publicly available.
Encryption is known as anti-spoofing or AS, since its purpose is to prevent an enemy
force from setting up a ‘spoof’ transmitter which could make the US military receivers
indicate false positions.

3 The navigation message, a digital data stream running at 50 b/s. This message contains,
amongst other things, orbital information (called the ephemeris) for the transmitting
satellite, repeated every 30 s, and less precise ‘almanac’ information to tell the
receiver which other satellites are likely to be visible. Reception of the almanac for the
whole constellation takes 12.5 min.

16 Somewhat similar to hearing one’s name spoken on the other side of a room full of people
talking.

17 The bit pattern in the code looks as though it is random and would pass most ‘randomness’
tests—but it is in fact entirely predetermined.
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The navigation message and the P- or Y-code are carried on both L1 and L2 frequencies,
whereas normally the C/A code only appears on L1. This makes acquisition of L2 signals
difficult when AS is present, but the manufacturers of survey receivers have developed
ingenious ways of avoiding the problem.

lonospheric effects

As mentioned earlier, these can be estimated by comparison of pseudoranges measured
on both L1 and L2 frequencies. (It should be noted that the ionosphere delays the code
parts of the signals, but advances the carrier phase by an equal amount.) Single frequency
receivers thus have greater difficulty in resolving phase ambiguities, since they have no
estimate of the ionospheric effect, that being derived from the different delays in the code
transmissions on the two frequencies.

GPS time

The fundamental measure of time used in the world is called universal co-ordinated time
(UTC). The length of a UTC second is defined by the decay rate of caesium. To ensure
that midnight continues to occur in the middle of the night on average, ‘leap seconds’ are
occasionally introduced into UTC, so that the final minute in a year often lasts for 61 s
instead of 60 s.*®

GPS time is measured in weeks and seconds from 0:00:00, on 6 January 1980. It is
established by averaging the clock readings from all the satellites™ and from a ground-
based master clock, and is then steered so that its seconds increment within one
microsecond of UTC seconds. However, GPS time has no leap seconds, so now runs
ahead of UTC by more than 12 s. A further complication is that the ‘week counter’ is
only 10 bits long, so ‘rolls over’ to zero after 1,023 weeks. This occurred for the first time
in August 1999, causing problems in many receivers. It will happen again in March 2019.

7.8 Other satellite positioning systems

GPS has never been the only satellite positioning system; other systems such as Transit
preceded it, and Russia has a system called Glonass, which has remained mainly a
military system.

To enhance the accuracy of GPS in certain areas and to provide a backup system in the
event of GPS failing or being withdrawn, several countries have already developed
regional augmentation to the GPS (and Glonass) signals, using geostationary satellites.

18 Prior to this definition, the length of a second was defined as 1/86,400 of the time taken for the
earth to rotate once with respect to the sun, averaged over the year—hence the term Greenwich
Mean Time. Although this avoided the problem of leap seconds, it meant that no one knew exactly
how long a second was, until the end of the year!

19 Because the satellites are moving at nearly 4,000 m/s around the earth, there is a noticeable
effect on the four atomic clocks they each carry, due to relativity.
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These include WAAS in the United States, MS AS in Japan and EGNOS (European
Geostationary Navigation Overlay System) in Europe. EGNOS is due to come online in
2004 and will deliver positional accuracy of better than 5 m from a single receiver,
throughout Europe.

In addition, the European Union has planned an entirely independent satellite system
called Galileo, which will further enhance navigational accuracy as well as provide a
number of other services (e.g. for search and rescue). In particular, it is intended that
there should be no common mode of failure between GPS and Galileo.

Galileo is planned to come online in 2008 and will consist of 30 satellites in circular
orbits inclined at 56° to the equator; there will be three orbital planes, with ten satellites
equally spaced on each plane. The orbital radius will be 30 Mm, giving an orbital period
of about 14 h.

Galileo is conceptually quite similar to GPS and will also work by measuring the time
taken for signals to travel from a satellite to a receiver.

However, it will broadcast signals on three different frequency bands (1,164-1,215
MHz, 1,260-1,300 MHz and 1,559-1,591 MHz) which should significantly improve the
calculation of atmospheric delays. In addition, some of the signals will incorporate an
integrity check, intended to guard against false indications of position.

Galileo will bring two major benefits to the surveying community:

1 It will improve accuracy and reduce observation times by providing more satellites;
GDOPs of greater than 6 will cease to occur.

2 It should perform noticeably better than GPS in built-up areas, due to the integrity
checks in the signals.

On the other hand, Galileo is planned as a commercial venture, in which the users will
pay for the deployment and maintenance of the system. In particular, it is intended that
commercial users (i.e. surveyors) should pay for the enhanced positioning services that
they will need, by means of access-protection keys on their receivers.



Chapter 8
Geoids and ellipsoids

8.1 Definition of the geoid

The purpose of engineering surveying is to find the relative positions of points in three
dimensions; so a 3D co-ordinate system is needed to record the findings. The one
absolute direction which can always be found is ‘up’, using nothing more sophisticated
than a plumb bob. For this reason alone, it makes sense to define one axis of the co-
ordinate system in the upward direction. The other two axes can then be conveniently
defined to form an orthogonal set with the first axis and can be thought of as lying at right
angles to each other on the surface of a bowl of water held at the foot of the plumb bob.

Extended over a hundred metres or so, this water surface is virtually a flat plane™—so
a simple Cartesian co-ordinate system, with the z-axis pointing upwards, is ideal for
small-scale work. When extended part or all of the way round the world, however, the
surface (which is actually a surface of constant gravitational potential energy) is not flat,
and ‘up’ is not always in the same direction—so a more elaborate co-ordinate system is
needed for larger surveys.

There are infinite number of surfaces of constant gravitational potential around the
earth, each at a different height. The one used by surveyors worldwide is called the geoid
and can be thought of as the surface defined by the sea level around the world, in the
absence of wind or tidal effects.

The geoid is thus easy to define, but its exact position in any part of the world can be
quite hard to find. In Great Britain, a local realisation of the geoid was created by
observing the mean tide height at Newlyn in Cornwall between 1915 and 1921 and
establishing a physical datum mark at the resulting average point.?> All so-called
orthometric heights in Great Britain are measured with respect to this datum. In fact, the
shape and position of the geoid is steadily changing, due to effects such as continental
drift and global warming. Thus, all countries tend in practice to define their own geoid by
measuring heights from a fixed datum close to the geoid, rather than using a common
geoid.

1 Even over this distance, the direction of the vertical will alter by about 3 seconds.
2 This is called ‘Ordnance Datum Newlyn’ or ODN.
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8.2 The need for an ellipsoid

The exact shape of the geoid is complex and irregular. It dips in the middle of deep
oceans and rises in mountainous areas. Overall, however, it corresponds fairly closely (to
within 100 m or so) to a biaxial ellipsoid®>—the 3D shape achieved by rotating an ellipse
about its minor axis. A useful co-ordinate system for large surveying projects is therefore
the so-called “Geographical’ system, in which the positions of points are defined in terms

of latitude (‘1’), longitude (1) and height (h) above an earth-shaped ellipsoid, as shown for
point P in Figure 8.1.
Note that:

1 The line PR is the line passing through P which is perpendicular to the surface of the
ellipsoid at the place where it passes through it. It does not, in general, pass through
the centre of the ellipsoid.

2 When the sizes of the ellipsoid’s major and minor axes (a and b in Figure 8.1) are

known, the geographical co-ordinates of P (d’, A, h) can

A
Marth pole 7
Sa Point P

Meridian
of paint

B Equator

mieridian

Figure 8.1 Defining a point using
geographical co-ordinates.

3 Sometimes called a spheroid in the literature.
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be converted into (X, y, z) co-ordinates in a Cartesian system having its origin at
the centre of the ellipsoid, the z-axis lying along the minor axis of the ellipse and
the x-axis passing through the zero (Greenwich) meridian. Section 8.4 explains
how (and why) this is done.
3 The distance h is called the ellipsoidal height. It is not a height in the true sense, since
the geoid is not exactly ellipsoidal in shape.

Historically, there was no obvious reason for every country to use the same ellipsoid for
mapping purposes—so different countries each chose an ellipsoid whose surface
corresponded closely to the geoid within their area of interest. These local ellipsoids each
have different shapes and different positions and orientations with respect to the earth’s
crust. Moreover, since the position of each ellipsoid is defined in terms of fixed points in
the country which adopted it, the relationship between them is continually changing,
because of continental drift.

In Great Britain, the Airy 1830 ellipsoid was adopted for mapping purposes—this
corresponds quite closely to the geoid over the British Isles, being about 1 m above it
along much of the east coast and about 3-4 m below it along the west coast—see Figure
8.2. By contrast, the separation between the geoid and the ETRS89 ellipsoid varies
between 45 and 56 m across Britain, as shown in Figure 8.3. Note that the geoid has been
defined in slightly different ways in these two figures—but the difference is negligible
compared to the difference between the two ellipsoids.

The fact that the surface of the geoid is not parallel to any particular ellipsoid gives
rise to two effects which need to be considered:

1 If a plumb bob was hung from the point P in Figure 8.1, it would not lie exactly along
the line PR. Moreover, the neighbouring surfaces of constant gravitational potential
are not even parallel to each other—so if the string of the plumb bob was made longer,
it might point in yet another direction. These differences, however, are negligible for
all practical purposes.

2 More importantly, the difference in ellipsoidal heights between two points on the
earth’s surface will not be the same as the difference in their orthometric heights (i.e.
their heights above the geoid or the height difference found by levelling). To convert
between the two, it is necessary to know the ‘geoid-ellipsoid separation’ (usually
denoted N, and defined as positive if the geoid lies above the ellipsoid) at each of the
two points. In Figure 8.4, it can be seen that the difference in the orthometric heights
of two points (H,—H1) is given by:

Hz—Hi=(h,—h;)—(N2—Ny)
@8.1)
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Figure 8.2 The British geoid on the
Airy ellipsoid.

The second of these effects becomes even more noticeable as a result of GPS, which has
made it increasingly attractive for countries to use the WGS84 ellipsoid (or a derivative
of WGS84, such as ETRS89%) in place of their ‘local’ ellipsoids. Because WGS84 was
designed to provide a global ‘best fit” with the earth’s geoid, it is neither as close nor as
parallel to the geoid as the local ellipsoid of any particular country. In other words, N is
larger, and apt to vary significantly between one place and another, as shown in Figure
8.3.

4 See Section 7.6 for the definition of the WGS84 and ETRS89 co-ordinate systems.
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8.3 Orthometric heights and bench marks

The procedure for determining orthometric heights in Britain, mentioned briefly at the
start of Chapter 6, can now be explained in greater detail.

During the first half of the twentieth century, a number of fundamental bench marks
(FBMs) were established across Britain by precise levelling from the Newlyn Datum. A
large number of additional bench marks were subsequently established, using the nearby
FBMs as reference heights. To find the orthometric height of any point in the UK, a
surveyor would simply level from the nearest BM, as described in Chapter 6. Effectively,
the shape of the British geoid was defined by the physical positions and published heights
of these bench marks.

FBMs consist of elaborately constructed underground chambers in geologically stable
places, containing the actual bench mark. These are topped off with a small pillar which
protrudes just above the ground and which carries a domed brass marker, whose height is
published and upon which a levelling staff can be placed. The top mark is then normally
used for levelling—but if it is destroyed, it can be rebuilt and its height re-established
from the FBM below. By contrast, ordinary BMs are cut into walls of buildings, etc. and
are much more liable to subsidence and destruction.

The task of regularly checking all BMs throughout the UK and publishing any changes
in height was a massive one, and has now been abandoned by the Ordnance Survey
because of the advent of GPS. The positions and heights of BMs are still published, but
they must now be used with increasing caution, especially in areas liable to subsidence.

Instead of defining the British geoid through a network of BMs, the Ordnance Survey
now does so by means of a numerical model called OSGMO02.° This was constructed by
comparing the orthometric heights of several FBMs around the country (measured as
describe above) with their ellipsoidal heights in the ETRS89 system (measured by

5 This supplants OSGM91, used for the production of Figure 8.3.
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differential GPS) to give known values for the separation between the British geoid and
the ETRS89 ellipsoid at various places around Britain. These values were incorporated
into an interpolator which is then able to calculate a value for the geoid-ellipsoid
separation at any other place.®

1 The British geoid as defined by the new method is slightly different from the ones
defined by the old method (e.g. SN70), except at the FBMs used to construct
OSGMO02.

2 Neither definition yields the exact shape of the true geoid passing through the Newlyn
Datum, as both are based on many further measurements and approximations, which
potentially contain errors. The inaccuracies inherent in the new definition are,
however, small by comparison with the errors inherent in making practical use of it.

This change has been prompted by the fact that an ellipsoidal height can now be found
anywhere in the country to within about 1 cm, using differential GPS. One receiver is
placed at the point whose height is required; another is placed on a GPS passive station
with known ETRS89 co-ordinates, or data are downloaded from a nearby ‘active’ station.
After recording data for about 24 h (necessary because of the comparative inaccuracy of
height readings from GPS) the ETRS89 co-ordinates of the new station are computed.
The OSGMO02 model then provides the orthometric height of the station.

To find differences in heights over a short distance, it is more accurate and often
quicker to use levelling techniques (fixing one height by GPS if orthometric heights are
also required) than to fix both heights independently by GPS. However, the best accuracy
which can be expected even from precise levelling is about 2Yd mm, where d is the
distance between the two points in kilometres—so if the two points are more than 25 km
apart, it is more accurate (and certainly much quicker) to find their relative heights by
means of GPS.

8.4 Transformations between ellipsoids

Because points on the earth’s surface can be expressed in terms of different
Cartesian/ellipsoidal systems, there is often a need to convert a point’s co-ordinates from
one system (A, say) to another (B). This is particularly the case when GPS information
(which is measured in the WGS84 system, or perhaps in ETRS89) needs to be combined
with information defined in terms of a local ellipsoid, such as Airy 1830.

First, the (‘1’, L, h) (i.e. latitude, longitude, height) co-ordinates of the point in
ellipsoidal system A are converted into the corresponding (X, y, z) co-ordinates, as shown
in Figure 8.1. This requires the shape parameters of the ellipse in question, which are
normally given in terms of the semi-major axis, a, and the reciprocal of flattening,” r. The
semi-minor axis, b, can then be obtained (if required) from the expression;

|
b=a 1 p 8.2)
6 Note that:
7 The flattening, f, of an ellipse is defined by:
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1l _a-b
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and the eccentricity, e, of the ellipse by:

y _at—b _ 2r—1

&
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The first step is to calculate the distance QS in Figure 8.5. Calling this distance d, it is
straightforward (but a bit tedious) to show that:

nr . i
1—e?sin® o (8.4)
5
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Figure 8.5 Conversion from
geographical to Cartesian co-ordinates.
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and also that the distance QR is given by:

R=d(1 - ¢
Q (1—e%) (@5)

The Cartesian co-ordinates of P are then easily obtained by the following formulae:
x=(d+h)cosbcosi

(8.6)
y={(d+b)cosdsink

(8.7)

z= d(l-e*)+h sing ©.9)

The next step is to transform the (x, y, z) co-ordinates of P in system A into
corresponding co-ordinates in system B, which we will term (x', y’, z). This
transformation consists of a translation and a rotation to accommodate the fact that the
two ellipsoids have different centres and orientations with respect to each other.
Sometimes, though, a scale factor is also defined as part of the transform. This is
fundamentally illogical, since 1 m in system A should equal 1 m in system B, albeit in a
different orientation. The purpose, however, is to allow for the fact that the sets of fixed
markers which still define some ellipsoids are not the exact distance apart that they have
been defined to be, due to the difficulty of measuring accurate distances at the time when
the size of the ellipse and the co-ordinates of the markers were defined.

Any change in orientation in three dimensions can be thought of as a rotation of a
given magnitude about an axis lying in a given direction. The vector re can be used to
define this rotation, with the unit vector e=[e, e, e,]" defining the direction of the axis
and r the magnitude of the rotation in radians. The scalar values of re,, re, and re, are the
so-called Euler angles, which define the change in orientation and are more simply
written as ry, ry and r,.

The transformation caused to the point (X, y, z) by a rotation through an angle r about
the axis e passing through the origin, is given by:

¥ (1= r)c'i +¢ (1l =¢ege, —se, (1=clege, +35e, x
y o= (I-¢)ee,+5e; (1 -."]li',':'. re (l-eleye,—see  y (8.9)
4 (1-clege; —sey (1 -cleye; +5e, (1 (:}.s';l ke 2

where c¢=cos r and s=sin r. When r is in radians and is very small (as it usually is
between ellipsoids)® this formula can be simplified by assuming that cos r=1 and sin r=r.
The transformation then becomes:

x' 1 re;  rey X
Vo= re; 1 —rey Y (8.10)
2 —re,  rey 1 7

8 Note that if a one-step transformation is being established (see Section 7.6) the rotation will not
be small. Then, the full expression given in equation 8.9 must be used.
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The origin shift t and the scale factor s (which is usually expressed as a fractional
increase or decrease, so must have 1 added to it) can now be incorporated into the
transformation. Doing this, and substituting the simpler format for the Euler angles gives:

."CI l‘_'[ ] - & —?";_ T':,- A
Yy = & + r 14s -1y ¥ (8.11)
el t. —Ty Ty l 45 7

It is important to realise that the equation above is not actually being used to move the
point at (%, y, z)! Rather, it is being used to re-express the point’s co-ordinates in terms of
a different (x’, y', z) set of axes, which are not exactly aligned with the original (x, y, z)
axes.

I
Finally, the transformed (x’, y’, z) co-ordinates are converted back into (‘I’ , A, h)) co-
ordinates on ellipsoid B. Inspection of equations 8.6-8.8 will show that this is not as

straightforward as converting from (d’, J, h) to (x, y, 2), but it can be done as follows.
The value of )’ can be found by dividing equation 8.7 by equation 8.6 and rearranging
to give:
"t 1 J."l

remembering that if x is negative, then A lies between 90° and 270° W of Greenwich.

I
¢'is most easily found by iteration. Equations 8.6 and 8.7 can be combined to give:

X% 4y = (d' + b)) cos ¢’
(8.13)

! .
Since h is generally much smaller than d, a good first guess for ®'is to assume that h'is
zero, and use equation 8.13 to write:

x4y = d cosd’

(8.14)
Likewise, we use equationr8.8 to obtain:
1 = gz~ dsing’ (8.15)
Combining these gives the first guess fo:r ‘I’I:
$) = tan™! - L'"Il:lt R (8.16)

This value is then used in equation 8.4 to obtain a first guess for d’ (with n=1):
¥

“
&, -
1—¢? sin

S (8.17)

o
QH
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Equation 8.8 can now be rewritten as:
7 +de?sing’ = (d +b)sind’

(8.18)
r
and combined with equation 8.13 to obtain an improved guess for ¢
S an-! 7 +die” sind)
q)rj- | — 4an x-'l + }|r1 (819)

, r
Equations 8.17 and 8.19 are now used repeatedly to get improved values of d and ¢ ,
r
respectively, until the changes in ®are within the accuracy required. Finally, h' is
, I
obtained from equation 8.13, using the final values for d and ¢

4 j.al
b=
cos§ (8.20)
A worked example of this process is given in Appendix C.
The following points are useful when applying the transform:

1 Be sure to use the given parameters correctly in equation 8.11. The values of ry, r, and
r, must be in radians, and the value of 1+s should be very close to unity. (The given
angles are often quoted in seconds of arc, and the scale factor is often quoted in parts
per million.)

2 Remember that if (say) millimetre precision is required from the conversion, this is
about one part in 10'°, compared with the (x, y, z) co-ordinates of the point. All
calculations must be done to ten significant figures, and ‘double precision arithmetic’
should be used in computer programs.

3 It is useful to have at least one point whose position is already known in both systems,
to test that the transform has been set up correctly before further points are
transformed.

4 The reverse transform can be obtained by changing the signs of the shifts, rotations and
scale factor quoted for the forward transform. Note that this reverse transform is not
the exact inverse of the original transform matrix, so any transformed points will not
return exactly to their original positions; the resulting position errors will be of the
order of 5°/Rg, where & is the movement caused by the rotational part of the transform
and R the earth’s radius (6.38x10° m). This is because the transform matrix is the
approximate version shown in equation 8.10, rather than the exact (and conformal)
version given in equation 8.9. The resulting errors are usually negligible, but might
become significant for Euler angles larger than one second.

8.5 ETRS89 and the International Terrestrial Reference System

A common application of ellipsoid transformations is the conversion of co-ordinates
between the realisation of WGS84 on a particular continent (ETRS89 in Europe) and the
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International Terrestrial Reference System (ITRS), which is the “‘definitive’ realisation of
WGS84 on the earth’s surface. ITRS is a method for generating reference frames by
means of a ‘best fit’ to a number of points around the world, but since these points lie on
different continents, they are continually moving with respect to one another by quite
substantial amounts. Applying the method thus gives rise to a series of so-called
International Terrestrial Reference Frames (ITRFs), which are published from time to
time by the International Earth Rotation Service (IERS). At the time of writing, the most
recent one is ITRS2000.

ETRS89 was based on the accepted ITRS co-ordinates of the ETRF stations in Europe
at the start of 1989, but then slightly amended by subsequent and more accurate re-
measurement of the relative positions of the stations. Since 1989, the drift of the Eurasian
tectonic plate has caused the two systems to move steadily further apart.

As a result, the official transform between ETRS89 and ITRS2000 quoted by IERS
has a time element built into it. The time which must be used is the period (in years)
between 1 January 1989 and the date for which the ITRS co-ordinates are required.
Applying this transform allows surveyors from different continents to combine their data
on a common ‘best-fit” framework, at any given point in time.

The parameters for this transform, together with the dimensions of several commonly
used ellipsoids, are given in Appendix A.



Chapter 9
Map projections

9.1 Categories and properties of projections

Chapter 8 has shown that it is useful to express the 3D positions of points near the earth’s
surface in terms of latitude, longitude and height above an ellipsoid of defined shape.
This system gives a precise and straightforward definition of any point’s location, in
terms of parameters (east, north and up*) which are convenient to use everywhere around
the world.

It is often necessary to record the positions of points, boundaries and natural features
such as coastlines, on a map—and this too is usually done by showing the (east, north)
positions directly on a flat 2D projection, and (where necessary) the heights by means of
contour lines, etc. The complication which arises is that the surface of any ellipsoid,
including a sphere, is doubly curved, and therefore cannot be developed (i.e. unwrapped)
to form a planar projection. One solution is to project the surface features of the ellipsoid
directly onto a plane; alternatively, they can be projected onto a developable surface such
as a cylinder or cone, which is then developed to give a planar projection. In each case,
the resulting projection can subsequently be scaled down to give a map of a useful size.

It is not possible to project a doubly curved surface onto a planar or developable
surface in such a way that the scale of the projection is unity (or any other constant value)
at all places. Thus, all such projections involve some degree of distortion on the resulting
map, except at certain points or along particular lines. By varying the exact method of
projection, it is possible to manipulate the changes in scale so as to avoid some aspects of
distortion on a map, but usually at the expense of increased distortion in other respects. In
particular, there are three important properties which maps may have; they are as follows:

1 A conformal projection manages the scaling effects such that, at any point on the
projection, the scale in all directions is the same.? Such maps are also orthomorphic,
which means that small shapes on the ground (buildings, etc.) are shown as the same
shape on the map. The result of this is that the angles at which two lines cross on the
earth’s surface are preserved exactly on the map. However, the shortest distance over
the ellipsoid between two distant points (a geodesic) does not in general plot as a
straight line on the map.

2 An equal area projection manages scaling such that if the scale at a point is increased
in one direction, then it is reduced in another. Thus, the area of any feature on an equal
area map (e.g. a state) is preserved exactly, subject to the quoted scale of the map.

1 Not exactly ‘up’ as defined by a plumb bob, as the ellipsoid is not necessarily exactly parallel to
the geoid.

2 This scale is called the scale factor and is greater than 1 if the size on the projection is greater
than the size on the ellipsoid.
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However, the shape of the area will not be preserved exactly; and at any point on the
map, the scale in one direction (e.g. north-south) will generally differ from the scale in
any other direction (e.g. east-west). Small circles drawn on the surface of the earth
would plot as ellipses of the same area on the projection, but with greater eccentricity
in places where the distortion of the projection is higher.
3 In an equidistant projection, the scale of the projection is maintained at unity along a
particular set of geodesics. Equidistant projections are normally azimuthal projections
(see below)—then, the scale is preserved along all geodesics radiating out from the
central point of the projection. These geodesics also plot as straight lines, so that
distances from the central point to any other point on the map can be measured directly.
However, all other geodesics will plot as curved lines on the map.

No projection can have more than one of these properties over an extended area, and
some have none of them, preferring instead to strike a compromise between them.
Conformal projections are generally preferred for surveying purposes, because angles
measured in the field (with total stations, etc.) can be plotted directly onto the map.

Apart from these properties, there are three important classes of projection, depending
on the surface onto which the initial projection is made. These are described below.

Azimuthal projections

At any point on the earth’s surface, the azimuthal plane is defined as the plane passing
through the point and lying normal to the vertical at that point. An azimuthal projection
involves projecting the surrounding region onto that plane; this can be done so as to give
a conformal, equal area or equidistant projection.

An azimuthal projection at the North Pole (Figure 9.1) would show the North Pole as a
central point, with lines of constant latitude (known as parallels) appearing as concentric
circles around it. If the whole world was projected, the South Pole would appear as the
outermost circle.® Meridians would appear as radial lines, crossing the parallels at 90°.

Azimuthal projections can be made at any point on the earth’s surface and have the
advantage of having distortion which is zero at the central point and increases as a
function of distance from that point. They are thus suitable for mapping countries or
regions which are approximately circular in shape. However, Azimuthal projections at
points other than the Poles would normally treat the earth as a sphere rather than an
ellipsoid, to simplify the projection algebra. This makes them unsuitable for high-
precision surveying work on a large scale (over 100 km, say), because it is inappropriate
to model the geoid as a spherical surface over large areas.

3 The South Pole could not be shown at all if the projection was conformal, as the scale factor
would be infinitely large.
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Cylindrical projections

The classical cylindrical projection can be visualised as wrapping a sheet of paper round
the earth’s equator to form a cylinder and projecting points on the earth’s surface out onto

it, as shown in Figure 9.2. The projection angle, a, is a function of the latitude, d’, of a
given point; the function can be defined so as to give an equal area projection or a
conformal projection.
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Figure 9.1 Azimuthal projection.
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Figure 9.2 Cylindrical projection.

When the paper is unwrapped, the resulting projection shows parallels as straight
horizontal lines and meridians as straight, equally spaced vertical lines. This type of
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projection has no distortion on the equator and low distortion nearby, and so is
particularly suitable for mapping tropical countries.

The transverse form of a cylindrical projection involves wrapping the sheet of paper
round a meridian (called the central meridian) rather than the equator, as shown in Figure
9.3. (Actually, this is not strictly a cylindrical projection, since meridians on an ellipsoid
are not exactly circular.) Transverse cylindrical projections give maps which have no
distortion on the central meridian and low distortion nearby, and so are suitable for
countries at any latitude which lie in a predominantly north-south direction (e.g. the
British Isles).

Oblique cylindrical projections also exist, in which the earth is treated as a sphere
rather than an ellipsoid, and the cylinder touches its surface round a great circle other
than a meridian or the equator. Such projections are useful for mapping countries which
lie along such a line.

Conical projections

Conical projections are generally made onto a cone whose axis passes through the North
and South Poles, and whose surface passes through the surface of the earth along two
parallels, known as the standard parallels. Points on the earth’s surface are projected onto
the cone which is then developed to give a map of the shape shown in Figure 9.4. As in
an azimuthal projection, the lines of constant latitude are concentric circular arcs, and the
meridians are straight radial lines at right angles to the arcs. The spacing of the parallels
can be arranged to give a projection which is conformal, equal area or equidistant (with
the central pole as the reference point).

Mearth Pale

Equater

o entral meridian

Figure 9.3 Transverse cylindrical
projector.

The resulting projection has no distortion of shape or scale on the standard parallels
and low distortion near to them. A suitable choice of standard parallels can thus give a
minimum-distortion projection of a country running in a predominantly east-west
direction, such as the United States of America.
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Standard
parallels

Figure 9.4 Conical projection.

The angle between neighbouring meridians, and thus the shape of the developed map,
depends on the shape of the initial cone (which in turn depends on which two parallels
are chosen as the standard parallels). At one extreme, the cone becomes a flat circular
disc and the result is an azimuthal projection, as described above. At the other extreme,
the cone becomes a cylinder, either touching just at the equator or cutting parallels which
are equally spaced north and south of it—this, of course, is a cylindrical projection.

9.2 Individual projections

There are over 60 different types of projection in use around the world, usually selected
to give the least overall distortion in the context of the size, shape and location of the area
which is to be mapped. It is beyond the scope of this book to describe all of these to a
useful level of detail—the reader is referred to Bugayevskiy and Snyder (1995) in the
first instance. Four projections will, however, be described in further detail, as they are of
particular interest to surveyors around the world.

The Lambert conformal projection

This is a conical projection, as described in Section 9.1, and, as its name suggests, the
spacing of the parallels is arranged so as to give maps which are conformal. An
ellipsoidal shape and two standard parallels must be specified to define the projection
fully. The scale factor of the map is unity on these two parallels; between them it is less
than unity (meaning that projected features would be smaller than life size on a full-sized
projection), and outside them it is greater than unity. It rises to infinity at the pole which
is furthest from the apex of the cone, so this pole cannot be shown on the map.

The USA is typically mapped by means of the Lambert conformal projection; the
parallels at 33° N and 45° N and the GRS80 ellipsoid* are normally used when mapping

4 See Appendix A for the dimensions of this ellipsoid.
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the entire country. Individual states are also mapped using this projection—but with
different standard parallels, to minimise the distortion in their particular area of interest.

As with all conformal projections, there is only one family of geodesics which project
as straight lines, in this case, the meridians. All others will project as curves, and
allowance for this must be made for large surveys, as described in the next section.

Note that there are several other types of ‘Lambert projection’. As stated above,
cylindrical and azimuthal projections can be seen as special cases of conical projections,
so can be classed as Lambert projections; and Lambert projections are sometimes plotted
as equal area projections rather than as conformal ones. In addition, the azimuthal
versions do not always have the North or South Pole as their central point, but may
instead use any other point, specified by its latitude and longitude. In these cases, the
earth is treated as a sphere rather than as an ellipsoid to simplify the subsequent
computations.

The Mercator projection

The Mercator projection is a conformal cylindrical projection, with the cylinder touching
the earth around its equator. The scale factor of the projection is a function of latitude
only; it is unity on the equator and rises to infinity at the poles. Normally, therefore, a
Mercator projection only shows latitudes up to about £80°.

This projection has the useful property that a straight line drawn between two points
on the map cuts each meridian at the same angle; this is a so-called ‘rhumb line’, which a
navigator could set as a constant compass bearing to travel between the two points.
However, rhumb lines are not generally the shortest path between two points, and the
corresponding geodesics between the same two points plot as curved lines on the map.

A major drawback of this projection is that above latitudes of, say, 40°, the scale
factor of the map starts to change significantly with increasing latitude. This makes
Acrctic countries look much larger than they really are, by comparison with tropical ones,
and also means that in a country such as Great Britain, the north of Scotland is plotted at
a noticeably larger scale than the south of England.

The transverse Mercator projection

Also known as the Gauss-Lambert projection, this is a conformal version of the
transverse cylindrical projection described in Section 9.1 (see Figure 9.3), and is defined
by specifying the shape of the ellipsoid, a central meridian and the value of the scale
factor along it (known as the central scale factor).

Great Britain is mapped using a transverse Mercator projection, for the reasons
described in Section 9.1. The Airy 1830 ellipsoid® is used together with the 2° W
meridian, being the meridian which most nearly runs up the middle of the country.

If the central scale factor for Britain was set to unity on the central meridian, it would
rise to about 1.0008 at the extreme east and west of the country. For making a map of the
British Isles, it is desirable to have the scale factor as near to unity as possible over the
whole of the mapping area; so the central scale

5 See Appendix A for the dimensions of this ellipsoid.
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factor is actually defined to be about 0.9996° on the central meridian, rising to about
1.0004 at the extreme east and west of the country. This can best be visualised as having
the original cylinder lying slightly inside the central meridian, and cutting through the
earth’s surface about 180 km on either side of it; features between the two cutting lines
are reduced in size when projected onto the cylinder, and those outside them are enlarged.

The universal transverse Mercator (UTM) projection

This projection system provides a low-distortion projection of the whole world and
consists of separate transverse Mercator projections of 60 so-called zones (‘segments’) of
the earth’s surface, lying between lines of constant longitude. Each zone covers a 6° band
of longitude, with zone 1 having its central meridian on the 177° W meridian, and
subsequent zones following on in an easterly direction. Thus, the central meridian of zone
29 is 9° W, that of zone 30 is 3° W and that of zone 31 is 3° E. (These are the three zones
which are of relevance to the UK.) The central scale factor of each zone is exactly
0.9996.

The UTM projection is normally used in conjunction with the international 1924
ellipsoid, whose details are given in Appendix A. However, it is sometimes used in
conjunction with other ellipsoids (e.g. WGS84), so it is wise to check which ellipsoid has
been used before processing UTM data.

UTM is a useful global projection system—nbut it is not a universal panacea, because a
region which does not wholly lie within 6° of one of the 60 central medians cannot be
properly plotted on a single TM zone. Possible solutions to this are:

1 to extend a zone slightly, so as to include the whole region;
2 to create a non-standard TM projection, by using a different central meridian;
3 to butt two or more neighbouring UTM projections together in the region of interest.

Options 1 and/or 2 are feasible solutions to the problem; a UTM can readily be extended
by 500 km on either side of the central meridian, so any area spanning up to 1,000 km
from east to west can be handled with negligible loss of accuracy.

Option 3 is inappropriate for surveying purposes. As shown in Figure 9.5, the
boundaries of neighbouring zones (known as ‘gores’) are not straight, so can only touch
one another at a single latitude. Thus any other point on the common boundary would
map to two separate places on the projection, and lines would ‘kink’ as they passed from
one zone to the next.

6 The exact value at the central meridian is 0.9996012717.
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Figure 9.5 Universal transverse
Mercator projection.

9.3 Distortions in conformal projections

Distortions on a conformal map only become obvious to the naked eye about 45° away
from the central meridian (or from a standard parallel in the case of a conic projection).
However, some distortion of shape or scale is present over virtually the entire projection,
so must be taken into account by surveyors.

The two important aspects of distortion in a conformal projection are: (a) that the line
of sight between two points does not plot as a straight line and (b) that the scale factor
varies from point to point. Methods for dealing with both of these are described below.

Curvature of geodesics

When the line of sight between two points is projected onto the surface of the ellipsoid,
the resulting line is called a geodesic, which is defined as the shortest line on the surface
of the ellipsoid between the two points in question.

On a perfect sphere, geodesics are all great circles, with their centres at the centre of
the sphere. On an ellipsoid, things are more complex; some geodesics ‘snake’ slightly
between their two endpoints. However, the geodesics between two points with the same
longitude always lie on the (elliptical) line of longitude between the points; and for other
points less than about 30 km apart, the difference between a geodesic and a great circle is
negligible.

In conformal conical projections, the only geodesics which remain exactly straight are
meridians; in transverse cylindrical projections, they are the central meridian itself, and
those geodesics which cross the central meridian at right angles. All others appear to
bulge in the direction of higher scale factor, when projected. (The angles which these
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lines make with other lines they meet or cross are, however, exactly the same as on the
earth’s surface.)

The effect of this distortion can be seen by reference to Figure 9.6, which is a
transverse Mercator plot of three stations, A, B and C. If a theodolite is set up on station
B and stations A and C are observed, the two lines of sight made by the theodolite will
plot as the curved lines on the figure. Because these lines in general ‘bulge’ by different
amounts, the angles they make at B with the corresponding straight lines on the
projection (labelled ‘t”) are different—so the angle between the two lines labelled ‘T’ (i.e.
the horizontal angle observed by the theodolite) will be slightly different from the angle
ABC as calculated by trigonometry from the (x, y) co-ordinates of A, B and C.

The angles between the ‘T’ lines and their corresponding ‘t” lines at a point can be
calculated if the shape of the ellipsoid, the projection parameters and the positions of both
endpoints are known; this calculation is called a ‘(t-T)" correction’. For the British
National Grid (and, by extension, for UTM projections), the calculation is described fully
in Ordnance Survey (1950), pp. 14-16.

For distances of less than 1 km which lie within 200 km of the central meridian, the
(t=T) correction is negligibly small. However, over longer distances, or on conformal
projections which cover larger areas, it must be taken into account. In Figure 9.7, for
example, the 7° W meridian should ideally project as a straight line between the latitudes
50° N and 58° N, since it is a geodesic; in fact, it cuts the 54° N latitude at a point which
is about 800 m west of the intercept made by a straight line drawn on the projection
between the same endpoints. The (t—T) correction for this line is about 12 minutes at each
end of the ray.
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Figure 9.6 Curvature of geodesics on a
transverse Mercator projection.

7 Pronounced ‘tee to tee’.
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The (t—T) calculation is tedious to carry out by hand and would normally be done by
computer, in the context of adjusting horizontal angle observations. A surveyor should
ensure that any adjustment software which works with projected (as opposed to
geographical) co-ordinates takes account of this correction, before using it for a large-
scale survey.®

Scale factor distortions

The local scale factor of a projection must be taken into account whenever distances in
the field are converted to projected distances. Distances are routinely measured to just a
few parts per million, so a local scale factor which lies outside the range 0.999999-
1.000001 will make a significant difference. The scale factor of a projection is defined as
(projected length/ true length) on the full-size projection—so any distance measured on
the ellipsoid must be multiplied by the local scale factor before it can be treated as a
distance on a conformal projection. (Slope distances or ‘horizontal’ distances measured
above or below the reference ellipsoid require additional processing, as explained in
Chapter 11.)

In all conformal projections, the scale factor S is a function of the central scale factor
(if any) and the distance from the point or line(s) of zero distortion. For short lines (<10
km), the local scale factor will be reasonably constant along the whole length of the ling,
so a single scale factor can be applied—ideally, this would be obtained at the midpoint of
the line.

For longer lines, the scale factors should be found at both endpoints and at the
midpoint of the line; a mean scale factor can then be estimated using Simpson’s Rule,
i.e.

g _5I+52+4X5mid
mean = Eﬂ (91)

The formula for calculating the scale factor at a point depends on the details of the
projection. The formula for calculating scale factors in all transverse Mercator projections
is given in Appendix D.

9.4 Grids

Having developed a planar projection from one of the projections described in Section
9.2, it is often convenient to superimpose a right-handed, rectangular Cartesian grid
system onto it. This enables the plan position of any point on the map (or ground) to be
identified by an (x, y) co-ordinate. The Y-axis is usually defined to lie along a meridian
(the central meridian in the case of a transverse Mercator projection), and the x and y co-
ordinates are then known as eastings and northings, respectively.

8 LSQ, provided with this book, does so for UTM and British National Grid projections.
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Figure 9.7 The British National Grid.

The grid system is positioned by specifying the latitude and longitude of a reference
point, which is called the true origin of the system. However, if the true origin is given

-ordinates, which can

be undesirable. The true origin may therefore be given a different set of co-ordinates;

these are known as ‘the false co-ordinates of the true origin’,? and the point which

the co-ordinates (0,0), it may lead to some points having negative co

9 Or sometimes, just the “‘false co-ordinates’.
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thereby acquires the co-ordinates (0,0) is known as the false origin.

In the case of the British National Grid, the unit of length is the metre, and the true
origin has latitude 49° N and longitude 2° W, with false co-ordinates (400,000E,
—100,000N). This places the false origin somewhere to the south-west of the Scilly Isles.
All points in the British Isles thus have positive grid co-ordinates, and all points on the
mainland can be specified to an accuracy of 1 m using two six-figure co-ordinates.

In Britain, this grid is sometimes broken down into 100 km? with two-letter
designators for approximate referencing purposes, as shown in Figure 9.7; thus the co-
ordinates of the Cambridge University Library’s tower (a second-order control point in
OSGB36) can be quoted to the nearest centimetre as (544166.76E, 258409.19N), or to
the nearest kilometre as TL4458.

UTM grids are likewise defined in metres, and the true origin for each zone is where
the central meridian crosses the equator. The false co-ordinates of each true origin are
(500,000E, ON) for the northern hemisphere, so that all points in the zone have positive
eastings and northings. For the southern hemisphere, the false co-ordinates are usually set
to (500,000E, 10,000,000N), so that the northings of these points are positive also. To
distinguish points with the same co-ordinates in different UTM zones, the zone number is
attached to the easting as a prefix, e.g. the point on the equator with a latitude of 3° W
would have UTM co-ordinates of (30,500,000E, ON).

In each case, the grid is attached to the full-size projection, after the central scale
factor has been applied. This means that a horizontal distance measured over the surface
of the ellipsoid must be multiplied by the local scale factor to convert it to a distance on
the grid; likewise, a grid distance must be divided by the scale factor when converting it
to a ‘real’ distance on the ellipsoid.

In transverse Mercator projections, the local scale factor is mainly a function of the
distance from the central meridian, and therefore depends mostly on the easting' of a
given point, compared to the easting of the central meridian. The exact formula is given
in Appendix D; a useful approximation (which assumes a spherical earth) is:

(E — En]l
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where S is the scale factor at a point whose easting is E, Sy and E, are the central scale
factor and (false) easting of the central meridian, respectively and Rg is the mean radius
of the earth (which can be taken as 6.381x10° m). For points within 200 km of the central
meridian, this formula always gives an answer which is accurate to within 5 parts per
million; at 500 km from the central meridian, the accuracy is +30 parts per million.

The formulae required to convert between the geographical (d’, \) co-ordinates of a
point and its eastings and northings in the British National Grid are fairly complex and
are unlikely to be needed by an engineering surveyor. If required, they can be found in
Ordnance Survey (1950) or in a document entitled ‘A guide to coordinate systems in

10 Because the Airy ellipsoid is not exactly a sphere, the scale factor also varies very slightly with
northing.
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Great Britain’, available (April 2003) as a .pdf file from the Ordnance Survey website
(http://www.ordsvy.gov.uk/). The same site also provides a downloadable Excel®
spreadsheet, for performing this and similar calculations.

9.5 Bearings

In surveying, all bearings are measured in a clockwise direction from ‘north’, as on a
compass. However, ‘north’ can have different meanings, and so the bearing of a line
between two points can have different values, as follows:

1 True bearings are measured with respect to the meridian running through a point. True
north is where the meridians all meet, on the ellipsoid in use; note that true north on
the Airy ellipsoid (for instance) is not in the same place as true north on the WGS84
ellipsoid.

2 Magnetic bearings are measured with respect to magnetic north, the point on the earth’s
surface which is aligned with its magnetic axis. This point is neither stationary nor
coincident with true north on any ellipsoid. The angle between true north and
magnetic north is called the magnetic variation, and can be looked up on some types
of map (e.g aviation maps). If the magnetic variation is west, then magnetic north is to
the west of true north, and the deviation should therefore be subtracted from the
magnetic bearing to obtain a true bearing. In Great Britain, magnetic deviation is
currently about 4.5° w, and reducing by about 6 minutes annually.

3 Compass bearings (the actual reading from a compass) may differ from magnetic
bearings because of nearby ferrous objects, particularly if the compass is mounted in a
vehicle. The correction which must be applied to a compass reading to get a magnetic
bearing is called the deviation of the compass and is usually plotted as a function of
the compass reading. If the deviation is west, then the ‘compass north’ is to the west of
magnetic north, and the deviation should be subtracted from a compass reading to
obtain a magnetic bearing.

4 Grid bearings are measured with respect to grid north, i.e. the y-axis on the grid system.
In the case of a transverse Mercator projection, the y-axis is aligned with the central
meridian, so grid north is the same as true north for any point along the central
meridian. Elsewhere, the angle between grid north and true north is called the
convergence of the meridian and can be calculated as a function of the grid co-
ordinates of the point (Ordnance Survey, 1950:21). Convergence is defined as being
positive when true north appears to be to the west of grid north—on transverse
Mercator projections, it is therefore positive at all points to the east of the central
meridian. A positive convergence should be subtracted from a true bearing to obtain a
grid bearing.

The relationship between these directions and angles is summarised in Figure 9.8, for the
bearing from point A to point B. Note that the convergence is shown as being positive,
and the variation and deviation are both shown as being west.



Map projections 93

Convergence (positive) A Grid north

True narth

Magnetic variation (west) —__

Magnetic north
Deviation (west) — o __ -

Compass north "W T Grid bearing

True bearing
Magnetic bearing
Compass bearing

Meridian
of paint A

L]

Figure 9.8 Definition of bearings.

9.6 The realisation of the British National Grid

Section 9.4 has explained how the British National Grid is defined in principle—it is
important for surveyors in Britain also to understand how it is realised in practice.

Between 1936 and 1951, about 480 so-called first-order stations were established
around mainland Britain, and their relative positions were found by means of
triangulation, plus the measurement of a single base line on the Salisbury Plain. The
difficulty of measuring distances accurately and the lack of computing power for
adjusting all the observations simultaneously contributed to inaccuracies in the computed
positions of those stations which are now apparent with the benefit of modern
technology. In the meantime, however, all published mapping in Britain has been based
on the grid co-ordinates which were originally published for those stations, collectively
known as OSGB36."* Until the year 2000, the British National Grid was realised (and
thus effectively defined) in terms of the physical positions and published co-ordinates of
the first-order stations which comprise OSGB36.

The true grid positions of some first-order stations, particularly those in northern
Scotland, are now known to be up to 20 m different from those quoted in OSGB36. These
discrepancies would be sufficient to cause serious confusion over the actual positions of
boundaries, etc. compared to their positions as shown on existing maps, and to invalidate
many GIS* databases which use cartographic data from maps based on OSGB36. There
is therefore a requirement for the Ordnance Survey to support some kind of
transformation between ETRS89* and OSGB36, so that data collected by GPS
equipment can be fully compatible with existing maps and GIS databases.

11 In modern parlance, this is known as a terrestrial realisation frame (TRF).
12 Geographical Information System.
13 See Section 7.6 for a full definition of this terrestrial realisation frame.
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In response to this requirement, the British Ordnance Survey has developed a
transform called OSTNO2™ (supplanting the earlier OSTN97™) which converts
ETRS89 Cartesian co-ordinates to grid co-ordinates which are very close to OSGB36.
The added benefit of this development is that it has allowed the Ordnance Survey to
abandon the network of first-order stations as a means of defining the OSGB36 reference
frame. Instead, a frame which closely resembles the old OSGB36 is now defined by
means of the ETRS89 reference frame, plus the algorithm of OSTN02™. OSTN02™ is
freely available in the form of a co-ordinate converter program called GridInQuest,
downloadable (April 2003) from the Ordnance Survey’s GPS website
(http://lwww.gps.gov.uk/), and is now the standard means for obtaining the grid co-
ordinates of any point whose ETRS89 co-ordinates are known. As such, it complements
the OSGMO2 National Geoid Model (also included in the converter), which has similarly
supplanted the national network of bench marks.

The nature of the errors in the original OSGB36 data means that no simple or
homogeneous transformation would provide a satisfactory conversion of co-ordinates, so
a two-stage process is used. First, the ETRS89 co-ordinates are converted to eastings and
northings by applying the transverse Mercator projection and British grid (described
above) to the GRS80 ellipsoid. Then, these eastings and northings are converted to
OSGB36 eastings and northings using a ‘rubber sheet’ transformation, which
accommodates the many local distortions present in OSGB36 by means of a piecewise
bilinear interpolation. The quoted accuracy for this transformation is 0.4 m (for 95 per
cent of data), though the relative accuracy between nearby points can be expected to be
somewhat better than that.'* The transform is therefore quite accurate enough to map
GPS points onto the correct places on an OSGB36 map, but it may cause unacceptable
errors in a large engineering project which requires high internal accuracy.

9.7 Coordinate systems for engineering works

As explained above, a simple conversion of GPS data to OSGB36 co-ordinates using
OSTNO2™ will not produce a fully conformal framework of points. In particular, the
scale factor might differ from its theoretical value by up to 20 parts per million and might
also depend on the bearing of the line in question. Also, the scale factor changes
unpredictably from one region of the country to another, because of the piecewise method
originally used to adjust the network of first-order control points.

Many engineering works require a higher precision than this, so an alternative method
of establishing a fully conformal grid must be used. The possible approaches can be
summarised as follows:

14 The co-ordinates obtained using GPS and OSTN02™ are likely to be only a few centimetres
different from those which might be obtained by resectioning from nearby OSGB36 control points,
using their published co-ordinates; however, both sets may be much further from the “‘correct’
values, which follow from the formal definition of the British National Grid.
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1 A simple localised co-ordinate system can be used in areas of up to 5 km?, which do not
need to be ‘tied in’ to any larger system. The method for doing this is described in
Section 3.1. Initially, the co-ordinate system would need to be established by
conventional means, i.e. total stations and levelling. GPS could be used subsequently,
by establishing a one-step transform between the local and (in Europe) the ETRS89
co-ordinates of three control points (see Section 7.6).

A scale factor of unity should be used, and the scale factor in the transform should
be constrained to be unity, as well.

2 For a larger area, the major control points might be surveyed in by GPS, and the data
can be projected directly into UTM co-ordinates on the WGS84 or GRS80 ellipsoid.
This can usually be done quite easily in the GPS post-processing software;
alternatively, the co-ordinate converter and spreadsheet mentioned above both perform
this function for ETRS89 data. Subsequent observations might be made by a mixture
of GPS and conventional methods, and the adjustment program LSQ will adjust all the
observations to high accuracy, using the scale factor calculations and (t—T) corrections
described earlier in this chapter. A geoid model would also be required, to convert the
ellipsoidal heights recorded by GPS to the orthometric heights required for the project.
This is important, since the local geoid may not be parallel to the WGS84 ellipsoid—
so differences in ellipsoidal heights (as measured by GPS) may differ significantly
from differences in orthometric heights (as measured by a level).

3 If it is necessary to tie in with the British National Grid, a Helmert transform can be set
up by quoting the published ETRS89 and OSGB36 co-ordinates of three nearby
ETRS89 control points, preferably arranged in a triangle around the area of interest. It
is probably wise to constrain the scale factor of the transform to be unity, so that the
projection’s scale factor gives the correct relationship between grid distances and
distances on the ground. The accuracy to which transformed points will map onto the
OSGB36 system will vary in different areas of the country; an indication will be given
by the errors in the three points used to define the transform, which will be reported
back by the transformation software.

If no geoid model is available, the published orthographic heights of the three
points can be quoted as ellipsoidal heights when establishing the transform, and
the resulting ellipsoidal heights of further points can then be taken as orthographic
heights. Effectively, you are setting up your own special orientation of the Airy
ellipsoid, which will provide an even better fit to the local geoid than the standard
one.

4 Finally, the Ordnance Survey has published a set of classical transformation parameters
to map ETRS89 co-ordinates into OSGB36 (effectively stating the position of the Airy
ellipsoid in relation to the ETRS89 ellipsoid). This is a fully conformal transform,
which is quoted as having an accuracy of 5 m. The drawbacks of the transform are: (a)
that it has a scale factor of 20 parts per million, which would need to be included in all
distance computations and (b) unlike OSTN02™ points, these transformed points
might have co-ordinates up to 5 m different from those obtained by conventional
measurements even to nearby OSGB36 control points. This difference is large enough
to make a control point appear to be on the wrong side of a nearby road, when plotted
on a map! The parameters of the transform are given in Appendix A.
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Overall, it is probably advisable to use option 2, wherever possible. No transformation is
involved, so there is no danger of a ‘hidden’ scale factor. Also, there is no danger of co-
ordinates from different sources, or slightly different transforms, being mistakenly used
in the same calculation or adjustment; UTM co-ordinates are sufficiently different from
National Grid co-ordinates for their origins to be obvious.



Chapter 10
Adjustment of observations

10.1 Introduction

The term ‘adjustment’ suggests that some form of cheating might take place during the
process of converting surveying observations into results. This is not necessarily the case.
As explained in Chapter 2, surveying observations always have two particular properties:

1 they contain errors (random, systematic and the occasional gross error);
2 the system of observations should always be such that more observations have been
taken than would be strictly necessary to obtain the required result.

This combination of properties means that no set of surveying observations is ever
exactly consistent. If, for instance, the purpose of the observations is to fix the position of
a new station, there will be no position which will exactly concur with all the data. All we
can do is choose a position for the point which gives the best agreement with the
observational data, and say that this is the most likely position of the point. The process
of finding this ‘best’ position is called adjustment. It only involves cheating if, in
choosing a ‘best’ position for the point, we ignore some of our observations simply
because they do not appear to agree well with the other observations.

The adjustment of large quantities of observations with several stations whose
positions are unknown is a tedious job and is best done by computer. Several programs
exist for this purpose and are able to take detailed account of what constitutes the ‘best’
fit of the available data. The process they use is called ‘least-squares adjustment’ and will
be described later in this chapter. Often, though, it is adequate to use a simpler method
which does not need elaborate computer software; one such method is called a Bowditch
adjustment, and a simplified version of this adjustment is described below.

10.2 The Bowditch adjustment

This adjustment method is best suited to a traverse (either in a horizontal plane or in the
vertical direction). A basic version of the general method will be described with reference
to a simple example. All distances will be assumed to be small, so that the ‘(t-T)
corrections’ described in the previous chapter can be ignored.

A classic traverse to find the grid* positions of two new stations is shown in Figure
10.1. The grid positions of stations A, B, E and F are already known, and the positions of
stations C and D need to be found.

1 As defined in Section 9.4.
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A scheme of observations to find these positions with some degree of redundancy is
also shown in the figure. Angles are measured as shown, at stations B, C, D and E, and
the horizontal distances BC, CD and DE are also measured. Note that the angles are
measured using the previous station as the reference object; at D, for instance, C is used
as the reference object, giving an observed angle CDE greater than 180°.

Given these data, it is first possible to calculate the grid bearing of the line BA by
simple trigonometry; then, by simply adding the measured angle ABC, the grid bearing
of the line BC. Knowing this bearing and the length of the line BC,? we can calculate a
preliminary grid position for C.

We can now repeat this process, to calculate preliminary grid positions for D and then
for E. If all our readings were totally error-free, the preliminary grid position we would
calculate for E would be exactly the same as its known grid position, which we already
have as part of our data.

‘r"_'\, Known point
v Unknown point
/M Measured distance

Figure 10.1 Four-point traverse.

Inevitably, though, this will not be the case, and the fact that E has not turned out to be
exactly where it is known to be means that the calculated positions for C and D are
probably not correct either.

In its simplest form, the Bowditch adjustment assumes that the errors in observation,
which have given rise to the misplacement of E, are uniformly distributed throughout the
traverse; so that C (which is 1/3 of the way through the traverse) should be adjusted by
1/3 of the amount which E must be adjusted, and D (which is 2/3 of the way through the
traverse) should be adjusted by 2/3 of the same amount. Suppose, for instance, that the

2 The measured distance must be reduced to an ellipsoidal distance (Chapter 11) and multiplied by
the local scale factor (Chapter 9) to convert it to a grid distance.
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calculated position for E turns out to be 18 mm north and 12 mm west of the correct
position; the best guess for the actual position of C is to subtract 6 mm from the northing
and add 4 mm to the easting of the preliminary position. Likewise for D, we subtract 12
mm from the northing and add 8 mm to the easting.

More elaborate forms of the adjustment also exist. Suppose, for instance, that the
distance BC is 1/5 of the total distance BC+CD+DE. A better adjustment might be to
adjust C by 1/5 of the adjustment needed for E, rather than by 1/3 as described above. In
general, however, the extra work involved in these more elaborate adjustments does not
result in a noticeably better set of co-ordinates for the unknown points.

A calculation sheet for the application of a simple Bowditch adjustment to a two-point
traverse of the type described above is shown in Figure 10.2. The calculation starts by
filling in all the shaded squares, which are either data or observations.

The next stage is to calculate all the bearings down the right-hand side of the sheet.
The bearing of the line from B to A is calculated first, from the given grid co-ordinates.
Adding the angle ABC? to this value, and subtracting 360° if necessary, gives the bearing
from B to C. Adding or subtracting 180° now gives the bearing from C to B, and the
process can be repeated until a computed value of the bearing from E to F is obtained.
This is then compared with the value which is computed from the known co-ordinates of
E and F.

If the agreement between these bearings is reasonable (not more than about twice the
error that might be expected from a single angle measurement), the main calculation can
now proceed. The next step is to convert all the observed horizontal distances to grid
distances, filling in the spaces provided. This typically involves two operations:

1 Multiplying the horizontal distance calculated by an EDM device by the factor
Re/(Re+h), where R is the radius of the earth (6.381x106 m) and h the height of the
instrument above the ellipsoid (see Chapter 11, up to equation 11.6). Note that the
ellipsoidal height of the instrument includes the height of the instrument above the
geoid (i.e. its benchmark height), plus the height of the geoid above the ellipsoid in the
area where the observation is made. Note also that this adjustment produces a
negligible effect if h is less than about £20 m.

2 Multiplying the distance calculated above by the local scale factor, as described in
Section 9.3. For all but the largest traverses, this factor will be the same for all the
distances in the traverse.

Having done this, the easting and northing components of the vector BC can be
calculated, using the computed bearing and distance from B to C. Adding the grid co-
ordinates of B to this vector gives the preliminary co-ordinates for C. This process is then
repeated to find preliminary co-ordinates for D and E as well.

Finally, the co-ordinates which have just been computed for E are compared with its
known co-ordinates, and the error or mis-closure is found. As described above, 1/3 of this
mis-closure is now subtracted from C, and 2/3 from D, to yield accepted values (i.e. best
guesses) for the co-ordinates of these two points.

3 Defined as the angle measured at B, using A as a reference object and swinging round to C.
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A sample calculation of a Bowditch adjustment is given in Appendix E.
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Figure 10.2 Worksheet for Bowditch
adjustment.

10.3 Leastsquares adjustment

The goal of adjustment is to choose the most likely co-ordinates for points whose
positions are unknown, given the available readings. Once these co-ordinates have been
chosen, the calculated angles and distances between these points and the fixed points will
not all be exactly the same as those which were observed; any difference between each
calculated and observed value must be presumed to be the error in the reading. Assuming
that these errors have a statistically normal distribution, it can be shown that the most
likely co-ordinates for the unknown points are those which yield the smallest value when
the squares of all the errors are added together. The process of finding these co-ordinates
is therefore known as ‘least-squares adjustment’.

The exact process involved in least-squares adjustment” is best explained by reference
to a simple example. Suppose we wish to find the most likely easting and northing co-

4 In fact, there are two methods for carrying out least-squares adjustment; this one is called
‘variation of co-ordinates’.
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ordinates of the unknown point C in Figure 10.3 and have used two known points, A and
B, to take three measurements: (1) the distance AC, (2) the distance BC and (3) the angle
BAC. Because of errors in these measurements, it will not in general® be possible to find

any position for C which will exactly concur with all the data.

The process starts by taking a guessed position for C, and then seeing how this guess
should be altered, in the hope of bringing the sum of the squares of the errors to a
minimum. Taking C’s guessed co-ordinates to be (CN,CE), we can calculate the distance

and bearing from A to this position for C (Figure 10.4);
i 3
dac = (Cn = An)” +(Ce = Ag)”

A Known poine
% Unknown point
/M Measured distance

Figure 10.3 Measurements to
determine the co-ordinates of C.

Figure 10.4 Error in a distance

measurement.

-1 Cg—Ag
= tan et
Cn — An

(10.1)

(10.2)

5 It is always possible that the errors in a set of observations will cancel each other out, to give the
impression that they do not exist at all. Adding further redundancy to a set of observations reduces

the likelihood of this undesirable possibility.
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This calculated distance will in general not be equal to the measured distance, labelled as
m; in Figure 10.4. We define the difference between the calculated value and the
measured value® to be the current error for this reading, i.e.:

g = Eiﬂ(; — My (10 3)

Now consider the two degrees of freedom we have for altering the position of C, denoted
as x; and x; in Figure 10.4. In Figure 10.5, we can see that adding the quantity x, to C’s
easting will increase the calculated distance AC by approximately x; sin o, provided x; is
small compared to dac. Likewise in Figure 10.6, we can see that adding the quantity x, to
C’s northing will increase AC by approximately x, cos a, again provided x, is small.

c £

=01

X in o

Figure 10.5 Effect of easting on a
distance.

A

Figure 10.6 Effect of northing on a
distance.

6 The actual distance measured must first be reduced to the ellipsoid (see Chapter 11) and must
then be multiplied by the local grid scale factor before being used in this equation.
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We can therefore expand equation 10.3 to include the effects of x; and x,, as follows:

ey = dayc + x sina 4+ x3 cosa —
(10.4)

Likewise, for the second measurement, we can write:

e2 = dpc +x18inP +x2c05f—
(10.5)

where f is the calculated bearing from B to the current position of C and m, the measured
distance from B to C.
The third measurement is an angle, and so must be treated slightly differently.
Looking at Figure 10.7, we can first write the equivalent of equation 10.3:
e; = (x—v+2n)—m;
(10.6)

where v is the calculated bearing’ from A to B, based on their (known) co-ordinates.
Now in Figure 10.8, we can see that adding x; to C’s easting will increase the
calculated bearing from A to C by approximately x; cos o/dac provided x; is small
compared to dac, while Figure 10.9 shows that adding x, to C’s northing will reduce the
calculated bearing by approximately x; sin o/dac.
We can therefore write the equivalent of equation 10.4 for angular measurements,
namely:
X COS X SInf
ﬂrm;: ﬂr:v.t:

es = (x+v—2n) 4 i

(10.7)

Figure 10.7 Error in an angle
measurement.

7 If the distances are long, the bearings a and y first need to be adjusted using the *‘(t—T)
correction’, as described in Section 9.3.
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Figure 10.8 Effect of easting on a
bearing.
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Figure 10.9 Effect of northing on a
bearing.

Equations 10.4, 10.5 and 10.7 can now be written in matrix form, giving:
i Cosy

[ , B L [f_.u_'
ey — Sinpcosp X s — dae (10.8)

Cos SN X3
&3 ] 7 - my; — (2 +v—2m)

dac daC
or:

ce=Ax—-K
(10.9)

which shows how the 3D vector e is a linear function of the 2D vector x (provided the
elements in x are small), with A and k containing only constants. Clearly the goal is to set
the elements in x so as to make the components in e as small as possible.
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However, there is one further complication to be overcome first; whereas e; and e, are
distances, e; is an angle, so its value cannot be compared directly with the other two
values. Even in the case of the two distance measurements, it may be that one
measurement is known to be much more accurate than the other, so that, say, a 1 mm
error in measurement 1 is as likely as a 10 mm error in measurement 2.

To overcome this problem, weighted errors are used in place of the actual errors,
obtained by dividing each error by the estimated standard deviation which might be
expected in repeated observations of the same measurement. We define a weighted vector
v such that:

— i) {0

y ESD, " (10.10)

1 | €

Vi = { I‘L\;Ug 0 €1

" o o L1 °

FESND,
or:
v=Re

(10.11)

where R contains the reciprocal of the estimated standard deviation (ESD) for each
reading along its diagonal. Combining equations 10.9 and 10.11 gives:

v=RAx-Rk
(10.12)

and now the goal is to find the values for x which give the smallest result when the scalar
elements of v are squared and added together.

It is clear at this stage that equation 10.12 can be used for problems involving more
than three observations or two variables, as in our simple example. For bigger problems,
v, R, A and k have a row for each measurement, with the elements in A and k being
calculated from the initial guessed geometry, as shown in the example. The remainder of
this explanation will therefore assume that there are m measurements and n variables,
with m being larger than n.

Consider now how the ith element in v is obtained from equation 10.12. We can write:

Vi = rpdi Xy + rdpxs + o0 FidipXy — ".ir'kr'
(10.13)

where the first subscript refers to the row of the matrix and the second to the column.
Now consider the partial differential of vi with respect to one of the variables, x; say. If
all the other elements in x are held constant, this is:

i
=

i1 = Ty,
X i (10.14)

o
-

The partial differential of the square of vi with respect to ¥; is therefore:



Plane and geodetic surveying: the management of control networks 106

Y
= 21”: == ZK#I?’”:EH (10 15)
Ly '

The partial differential of the sum of the squares of all the elements in v with respect to x;
is equal to the sum of the individual partial differentials, i.e.:
Fany
il Vi A
i i 1= {-u I"r';,l ) (1016)
= -?-[_Vlrl Ldyj =+ Var2aday -+ - VP

Y

The sum of the squares of the elements in v can be thought of as a scalar field, which is a
function of the n-dimensional space defined by x. At the minimum? the partial
differential of this scalar field will be zero with respect to each variable in x—in other
words, the expression on the right-hand side of equation 10.16 must be equal to zero for
all values of; between 1 and n. Expressing this requirement in matrix form gives:

an da o0 dmi 11 o - 0 Wi 0
a2 @22 o da 0 rp - 0 V2 0 (10.17)
g dan v g 0 0 -t Vi 0

Noting that the left-most matrix is in fact the transpose of A, dividing both sides by two,
and using equation 10.12 to substitute for v, we can therefore write:

ATRv=ATRRAx-ATRRk=0
(10.18)

or:

ATwAaAx=-ATWEK
(10.19)

where W=(RxR) and is called the weight matrix. This then gives a solution for X,
namely:
x=(A"WA)' AT Wk
(10.20)

Provided the errors vary linearly with the elements in x, these adjustments, when applied
to the current positions of all the unknown points, will yield the lowest possible sum of
the squares of the errors. In practice, of course, the variations in the errors are not exactly
linear with respect to the adjustments, even when the adjustments are quite small, but
provided they are reasonably linear, the new positions for the unknown points will be
much closer to the optimum positions than the old ones. The next stage therefore is to
adjust the positions of the unknown points as indicated, re-compute the values in A and k

8 Another way of stating the (first-order) conditions for the minimum of a scalar field is that the
Grad vector should be zero, which is what equation 10.17 expresses.
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and re-apply equation 10.20. This process is then repeated until the required adjustments
become negligible, i.e. until x=0. Essentially this is a form of Newton’s method for
finding the roots of an expression—and just as in Newton’s method, it is essential that the
initial guesses for the unknown quantities are reasonably close to the correct values, for
the method to converge.

10.4 Error ellipses

An extremely useful by-product of the least-squares adjustment process is an indication
of the likely precision to which the unknown points have been found, based on the
geometry of the observations plus the apparent distribution of errors at the end of the
adjustment.

The first stage is to see whether the initial estimates for the standard deviations on the
readings appear to be valid, now that the weighted errors have been reduced to their
smallest possible size. If they were valid, then the standard deviation of the values in the
weighted error vector v should be unity.

Statistically, if m independent samples (v;—v,) are drawn from a population whose
average value is already known, the standard deviation of the population can be estimated
by the equation:
| mo -

== ["-'4' — EJ"

a .
b i=l

A

(10.21)

where o, is the standard deviation, vi one of the samples and ¥the known average.

In the case of the samples contained in the weighted error vector v, the average value
is in fact known; v is assumed only to contain random errors, which must by definition
have an average value of zero. The summation in equation 10.21 can be evaluated for all
the elements in v using equation 10.12—noting that x is now zero, we can write:
Covi=viveRK) Rk =k'RTRk=k' Wk

(10.22)

Note that the final step can be made because R is a diagonal matrix and W=(RxR).
However, although the vector v does indeed contain m elements, they cannot be

considered to be fully independent of each other, because the n variables contained in x
mo 2

have already been deliberately used to make i=1 Vias small as possible. Instead of

dividing by m, therefore, we should divide by m—n to give:’

o kK'Wk
= (10.23)

9 A detailed justification of this is given in Wolf and Ghilani (1997). A rough-and-ready
justification is to consider the case when m=n, i.e. the number of measurements is equal to the
number of variables, and there is no redundancy. Then, the variables can be adjusted until v=0,
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2
even if errors are present. Under these circumstances, we would expect the expression for “rto
yield an indeterminate result.

If the standard deviations in the initial readings were estimated correctly, then the RHS of
equation 10.23 (commonly known as the estimated standard deviation scale factor) will
evaluate to around unity, once the least-squares iteration has converged. If the factor is
greater than unity, it indicates that the estimates appear to have been on the optimistic
(i.e. small) side, given the remaining values; if less than unity then of course they were
generally on the pessimistic (i.e. large) side. Note, however, that this is only an overall
measure of the estimates; even if the value is unity, it is possible that some ESDs were
too large and some too small. For each individual reading, though, the quoted ESD is
known as the a priori estimate of its standard deviation and its ESD multiplied by o, is
known as the a posteriori estimate of its SD.

Assuming that the relative sizes of the ESDs are more or less correct, the best estimate
for the actual standard deviation of the population in v is now given by o, and the
calculation can proceed to the next stage.

If two variables, x; and x,, can both be expressed as linear functions of m further
variables, we can write this in the form:

¥y dy
X el Ep3 occe Cpw Y2 _ dz o x-Coyoid (10.24)
Xz €1 €12 ot Ly : : ’

Vin 1!;_1

where v contains the m variables and C and d contain constants and/or zeroes. Basic
statistics defines the variance of a variable to be the square of its standard deviation and
tells us that if the standard deviation of the ith element in v is o;, and all the variables in
v are independent of one another, then the variance of x; will be:

2 2 T

: _ 2 P 2 2 2
Oy = €11 G TG T + €l o

(10.25)

with X, having a similar expression. In addition, we must take into account the fact that
statistical variations in x, as a result of variations in v will be partly coupled to variations
in x; (and vice versa), if both are functions of the same elements in v. This is expressed
by means of a covariance between the two variables, which is defined by:
Tyxy = Oyayy = ':.f'll f-.‘l]”f-l + {'L'II flljﬂi_? et ["'Im fitu)“i,"
(10.26)

Bearing in mind that the standard deviation of each variable in v has been estimated to be

oy, We can thus set up a variance/covariance matrix for x; and x», as follows:
i L1

! .
Oy,  Onx a6 oceeoaw G2 (10.27)
Ty, o5 Cxp €12 "+ Oy : :

Clae €
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or, in a more compact form:

ox=CClo, (10.28)

In the context of least-squares adjustment, x is an n-dimensional vector of variables
which we can express in terms of the variables in v by rearranging equation 10.12:

RAx=v—-REk
(10.29)
whence:
—RA '"v—(RA '"REK)
x=(RA) v—(RA) (REk| (10.30)

The second term on the RHS is constant, so by comparing equation 10.24 with equation
10.30, we can see that C equates to (R A)* in the context of least squares. We can thus
rewrite equation 10.28 as:

ox=(RA)T[(RA)'"s] (10.31)

Elementary matrix identities then allow us to write:
oy=ATRTATRTZ=ATR' R (AT &
_A_I R—l (RJj l{AT) 1 ﬁf
¢. v=(A'R'RA) 'cl=(ATWA) o

(10.32)

Since the term (AT W A)™ has already been evaluated for the final adjustments in x
(equation 10.20), the variance/covariance matrix for x is easy to compute.

The variance/covariance matrix given by equation 10.32 contains the covariances
between all the elements in x. Generally, we are only interested in the covariances
between eastings and northings at one of the points which we are trying to fix, such as
that shown in the example (Figure 10.3). A typical 2x2 matrix fragment for such a point
(point i, say) could be written as:

) _
TN = f‘.l-”_; N

TiiE {TE\ (1033)

One standard deviation in the east or north direction is given by cie and oy, respectively.
To find the size of one standard deviation in any other direction, we need some further
statistics. If two quantities, x; and x, are functions of two variables, v; and v, which are
not wholly independent of each other, then the variance of x; is given by:

2 ix; 2 Ox ' X X
Su= mr Cut o mr ot = w O (10.34)
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where o,1,» IS the covariance between v, and v,; and the covariance between x; and X, is
given by:

G f?."v.'] O 2 - 2 : C."l.'] E.T_' ﬁ“l
XX v P vy o) Ovy (10—
f_‘f‘| 0 Xa f‘.‘L‘l E.‘ll."_r 25)
— = | = = 0o,
(R LYy o O ;

On the EN plane, we can write the expression for a movement in the U direction, which
makes an angle 6 with the E-axis (Figure 10.10), to be:
by = dpcosf + G sinb
(10.36)
Applying equation 10.34 to this expression gives us the variance in the U direction:
GE— — cos® 0 0‘% + sin” 0 5'1\- 4 2sinBcos b opy
' (10.37)

Equations 10.34 and 10.35 can likewise be used to express the variance in the V direction
and the covariance between the U and V directions.

Figure 10.10 Co-ordinate
transformation for variances and
covariances.

These results can be combined and expressed in the following compact form:
oy ouy cos  sinl  af  opy cosh —sin0
A j

oy on  —sinl cosO opy ol sin0 cosO (10.38)

Readers who are familiar with eigenvectors will now realise that there will be one
7
orientation of the UV-axes (i.e. one value of 0) for which oyy will be zero, with Oy larger

.l
than ©V. At that orientation, U and V represent the principal directions of the
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variance/covariance matrix for the point, with the maximum possible variance occurring
in the U direction and the minimum in the V direction. The sizes of these principal
variances are of course the two eigenvalues of the (symmetric) ogy matrix, with the U
and V directions being given by the corresponding (orthogonal) -eigenvectors.
Alternatively, the sizes and directions of the principal variances can be obtained from a
Mohr’s circle construction, similar to that used in 2D stress calculations—with variances
in place of plane stress and covariances in place of shear stress.

One standard deviation in any particular direction is of course given by the root of the
variance in that direction, and normally, an engineer would simply be concerned to
ensure that the largest standard deviation (i.e. the root of the largest eigenvalue of ogy)
was adequately small for the job in hand. If needed, though, the standard deviations in
other directions can be found, either by using equation 10.37 or via a Mohr’s circle or
more visually by means of the graphical construction shown in Figure 10.11. Here, an
ellipse has been drawn on the UV-axes, with semi-major and semi-minor axes of o, and
oy, respectively. This is the so-called error ellipse for the point. The size of one standard
deviation in any direction is found by proceeding along a line in that direction until a
perpendicular can be dropped which is tangential to the error ellipse. The resulting locus
of points is known as the pedal curve of the error ellipse. As can be seen, the largest
standard deviation is given by the major semi-axis of the error ellipse—though there are
also several other directions in which the standard deviation is very nearly as large.

i Paint on
pedal curve

Tangent
poing

Error ellipse

Pedal curve

Figure 10.11 Error ellipse and pedal
curve.

10.5 Leastsquares adjustment by computer

The mathematical methods described in the preceding two sections are clearly more
suited to computer programs than hand calculation—though it is worth remembering that
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the adjustment of the first-order control points in OSGB36 was done by hand, using
mechanical adding machines to handle the numbers!

Several programs are available for the least-squares adjustment of both conventional
and GPS surveying data; one such is LSQ, which was developed in the Cambridge
University Engineering Department for student use and is included with this book.

LSQ is essentially a “batch’ program which processes an input file of control points
and observations, to produce a results file of residual errors and likely positions for the
‘adjustable’ points. The observations are all processed in a grid system, as opposed to
being converted to geographical co-ordinates for processing and back to grid co-ordinates
afterwards. This means that reduction to the spheroid, scale factors and (t—T) corrections
must be applied to the measured distances and angles; LSQ takes these into account when
calculating the observations that would result from the current positions of the adjustable
points, which it then compares with the actual observations to find the residual errors.

Any adjustment program which accepts vertical angle observations must either make
corrections for atmospheric and earth curvature effects itself, or require that the
observations are corrected before entry (see Chapter 12). LSQ takes the former path, so
that ‘raw’ input data can be used.

As Section 10.3 shows, the adjustment method only converges reliably if the
adjustable points are in approximately the correct positions at the start. Thus, the iteration
in LSQ may fail if the initial guesses for adjustable co-ordinates are poor, or if some
observations have large gross errors in them.

The format for the input data, the facilities for finding errors in the data and
maximising confidence in the results are fully explained in the user manual, which forms
the help system for the program. A sample adjustment using LSQ is given in Appendix E.

10.6 Interpreting leastsquares results

The results of any least-squares adjustment should be inspected carefully before they are
accepted. In particular, the following points should be checked:

1 Check that the standard deviation of the weighted residual errors (the ESD scale factor
in LSQ parlance) is reasonably close to unity. If it is greater than about 1.5, it means
you have either been excessively optimistic in your estimate of likely standard
deviations for the readings, or that there is at least one non-random error amongst the
data. Try eliminating the observation which has the largest weighted error and running
the adjustment again. If everything works well this time (and there are still enough
readings to provide redundancy), it means that there was almost certainly a gross error
of some kind in that observation.

2 If the ESD scale factor is less than about 0.7, then you may have been overly
pessimistic in your estimates of the likely error present in each reading. Alternatively,
it may be that there are not enough suitable readings to fix the unknown points with
sufficient certainty; a large number of adjustable points which are only loosely tied
into two or three distant known points may produce a very stiff-looking network
which is not, in fact, very well constrained. There is always a statistical possibility that
the random errors have, in fact, all come out close to zero. However, the probability
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that errors are present but are hidden because they appear to ‘cancel out’ will always
be greater.

3 If the ESD scale factor is around unity, check that the distribution of the weighted
errors is similar to what would be expected from a normal™ distribution. Typically,
2/3 of the weighted errors should be less than unity, about one in 20 should be greater
than two and virtually none greater than three. If the distribution differs significantly
from this profile, further investigation is called for.

4 If the program has the facility, check that there is still redundancy in the remaining
data—but note that it is possible to falsely simulate redundancy, e.g. by including
some observations twice in the dataset.

5 If the program has no redundancy check, then check that no weighted error is exactly
zero. If one or more is, then it almost certainly means that there is no other
measurement in the data to provide an independent check of the quantity which it is
measuring—in other words, there is no redundancy in that part of the scheme.

6 Finally, check that the sizes of the error ellipses are acceptable. If an error ellipse has a
large eccentricity (i.e. it is long and thin), it indicates that the point is well fixed in one
direction but poorly fixed in another (see the example in Section 2.3). Further (and
different) observations will then be needed to improve matters and make the error
ellipse more circular. Note that the shape of the error ellipses is principally determined
by the geometry of the observation scheme, rather than by the accuracy of the
measurements themselves. The shapes of the ellipses can in fact be found without
taking a single measurement, provided the likely relative accuracies of angle and
distance measurements are known. Thus, the best set of measurements to produce
near-circular error ellipses can (and should) be determined at the planning stage, and a
highly eccentric ellipse in the results probably means that the planning was poorly
done.

10.7 Summary

Least-squares adjustment is a powerful tool for the surveyor, but needs to be used with
care and skill to produce reliable results. A few final guidelines are:

1 Make sure you have planned to take enough observations to fix each and every variable
in the adjustment with some degree of redundancy—simply having more observations
than unknowns is not necessarily sufficient.

2 If possible, use the adjustment package before any measurements have been taken, to
ensure that the intended measurements will produce well-shaped (i.e. near-circular)
error ellipses. Most least-squares programs (including LSQ) have the ability to be used
in this ‘planning’ mode—the details of how to do so will depend on the package used.

3 Most least-squares programs will require initial guesses for the positions of the
‘unknown’ points. Make reasonably precise initial guesses for these, such that the
initial calculated angles will not differ from the observed angles by more than about
20°. If this is not done, the iteration may not converge.

10 In the statistical sense of the word.
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4 Be very careful when mixing horizontal adjustments with vertical adjustments. It is
hard to get the relative accuracy weightings of the two types of observations correct,
and distortions can result. It is often easier to do height adjustments by hand (as these
are relatively simple) then do horizontal position adjustments using the least-squares
program, with the heights fixed. In particular, avoid fixing heights using slope distance
measurements; if the observed distances are nearly horizontal (as is usually the case)
then small errors in the measurements will cause large errors in the height differences.

5 Be careful not to exclude any observation for no better reason than that it appears to
disagree with your other observations. Being selective in this way can lead to a totally
false indication of accuracy in the final result. It is of course perfectly acceptable to
investigate such an observation further, to see whether there was some reason why it
may not have been as accurate or reliable as the other observations. If you already
have another measurement of the same observation which fits the other observations
better, then it is probably safe to reject the problematic one; if you do not, you should
ideally go and measure it again.

6 Sometimes, the quality of data for the *known’ points may not be as good as you have
been led to expect, and this may result in some of your observations appearing to
disagree with each other. If you suspect this to be the case and you have enough
readings, you may be able to identify possible errors in the known data by making the
known points ‘stiff’ rather than ‘rigid’, and seeing whether the quality of the result
suddenly improves. Again, further observations may be necessary to confirm this to an
acceptable level of confidence.

7 Check all results against the criteria listed in Section 10.6 before accepting them.



Chapter 11
Reduction of distance measurements

The reduction of distance measurements means the process of converting a measured
slope distance between two points to the ‘reduced’ distance over the ellipsoid between
the projections of the two points onto the ellipsoid.

It is useful to start by thinking of the simple geometry which would arise if the earth
were flat, as shown in Figure 11.1. The quantities which would be measured are the
zenith angle z and the slope distance s. It is clear that we can then write:

d = dp = ssinz
(11.1)
Ab = scosz
(11.2)

To a first approximation, these quantities will always be correct, even when the curvature
of the earth is considered, but they are not sufficiently accurate to be used directly in
surveying calculations.
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Figure 11.1 Simple calculation of
horizontal distance.
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11.1 Correction for the earth’s curvature

Although the earth is not perfectly spherical, the imperfection is in fact extremely small;
its diameter at the equator is only about 0.3 per cent greater than the distance between the
North and South Pole. For the purposes of distance calculations on the surface of the
earth, it is therefore perfectly acceptable to assume that the earth is a sphere; the mean
radius is usually assumed to be 6.38x106 m.

The effect of the curvature of the earth is shown (greatly exaggerated) in Figure 11.2.
Here we can see that:

d=(Rg+h)d
(11.3)

where Rg is the local radius of curvature of the earth and d’the angle (in radians)
subtended by the two points at the centre of the earth. But we can also see that:

L ssinz

& =tan”

(Rg +h) +scosz (11.4)
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Figure 11.2 Calculation of distances
with earth curvature.

SO We can write:

i ~1 SSINZ
d = (Rg + b) tan Re T B) + scosz (11.5)
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For all realistic combinations of h, s and z, it turns out that the error in calculating d is
less than one part per million if h is simply assumed to be zero in equation 11.5. It
therefore becomes possible for a total station or other EDM device to calculate the
horizontal distance between two stations to a high degree of accuracy, given a built-in
average value for Rg and no information about the height of either station. When the
value of h is known, this distance can subsequently be converted to the reduced distance
dg, using the simple formula:

I = TR ) (11.6)

where Re can be taken to be 6.38x10° m. To preserve an accuracy of one part per million,
this reduction requires h to be known to an accuracy of Rex10-°, or about +5 m. Note
that h is the height of the geoid above the ellipsoid (see Figure 8.4) plus the height of the
observing station above the geoid (i.e. the orthometric height of the station) plus the
height of the instrument above the station.

We can also write:

(Rg + B )sind = ssinz
(11.7)

;o __Ssing _
P =Sane R (11.8)

Substituting for d’using equation 11.4, and noting that h’=h+4h gives:

Ab = A1 b . — (R + )
- 5z
sin tan ! =
: (R -+ Jr}.l S ECOS T

As with equation 11.5, this equation still gives a highly accurate estimate for the vertical
distance between two stations if h is simply assumed to be zero; for distances of up to 20
km, the resulting error in the value of Ah will be less than one millionth of the measured
slope distance.

11.2 Correction for light curvature
A further complication arises, however, from the fact that light (or any other radiation)

does not travel in a straight line through the earth’s atmosphere. This is because the
refractive index of the atmosphere reduces with height, making it act like a giant lens. To
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see the effect of this, first consider what happens when part of a wave front of light
travels from a medium with refractive index n; to one with (lower) refractive index n,, as
shown in Figure 11.3. During the time that the left end of the wave front travels from A
to A’, the right end (which is still in the denser medium) only travels from B to B'. Thus
the wave front changes from making an angle a with the interface to making an angle b
with it, where a and b are related by the equation:

xsinb _sinb _m
xsina sina  m (11.10)

Now consider light travelling with a zenith angle z from air with refractive index n into
air with refractive index (n+dn), as shown in Figure 11.4. Using equation 11.10, we can
write:

sinz4+62) _  w_n—dn
sinzg  n+on " (11.11)

Expanding the sin term gives:

5INZCos 0z +coszsindz  w— on
sing " (11.12)

m

Figure 11.3 Refraction of light (step
change of medium).



Reduction of distance measurements 119

" Vertical
/ Light path
z+8z .
e+ dn
h = s n

Figure 11.4 Refraction of light
(continuous change of medium).

so since 0z is small:
Ssinz + GzCosz _ #H—on

5Nz " (11.13)
ie.:
dzcosz _ _ on
sin g n (1114)

where 6z is measured in radians. But ds cos z=6h, so we can substitute in equation 11.14
to get:
oh xdz _ _ on

s8N z b (11.15)
whence:
dz _ sinzde _ 1
ds n dh Rp (11.16)

where Rp is the radius of curvature of light which is travelling at a zenith angle z through
the atmosphere. Conveniently, it turns out that the quantity (1/n)(dn/dh), which is a
property of the atmosphere, is more or less constant throughout the atmosphere, for a
given wavelength of light. It is also negative, which means that the light tends to curve
towards the earth as shown in Figure 11.4.

The actual light path in Figure 11.2 is therefore not a straight line as shown, but a
curved line bulging above the straight line joining the instrument and target. The
geometry of Figure 11.2 can be used, however, if one imagines a distortion of the picture
in which the left edge of the picture is rotated clockwise and the right edge is rotated
anticlockwise, so that the curved light path is bent back to become a straight line. The
effect of this distortion would be to make the vertical lines through the instrument and
target intersect further down the paper, i.e. to increase RE. It turns out that the effect of
light curvature can be allowed for in exactly this way, by using an ‘effective earth radius’
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which is slightly larger than its actual radius. The mathematical derivation of this
effective radius is given below.

Figure 11.5 shows the effect of light curvature on the geometry of Figure 11.2, again
greatly exaggerated; the light is assumed to have constant curvature of radius R, based
on the mean zenith angle of the light path. We can write:

¢ dp
p=z-1¢ Re (11.17)
whence:
1 _ (=7
RE. N Ifg (11-18)

8]

Figure 11.5 Effect of light curvature
on zenith angle measurements.

It can be seen that, in the absence of light curvature, the change in zenith angle between
A_f
instrument and target is z—z'. With light curvature, it becomes 1 7 %1, where:

T T J S
Gon=e-2b=0 Ry (11.19)



Reduction of distance measurements 121

Letting R1 represent the effective earth radius described above, we can therefore write
the equivalent of equation 11.18, namely:

1 (z—-z)

R,  dy (11.20)

Using equations 11.17 and 11.19 then gives:

5
¢_R1=

1 _l-z) _1 s _ 1 _s (11.21)
R, Rpd Red Rp  RpRgd Rg Rpdy

Because the difference between the actual earth curvature and the effective earth
curvature is small, we can now use the approximate formula given in equation 11.1 to
say:

1 1 1
Ry R: Rpsinz (11.22)
whence, using equation 11.16:
41 U1 Redn 1
Ry Ry ndb Rg i db Ry v (11.23)

where « is called the refraction constant. Because (1/n)(dn/dh) is nearly constant for any
given wavelength, x is a dimensionless factor which can also be assumed to be constant
for a given wavelength of radiation.* Typically, « is quoted as being about 1/7 for visible
(or infrared) radiation and 1/4 for microwave radiation. Using these values for «, together
with a value of 6.38x10° m for R, gives values for R; of 7.44x10° m in the case of
visible light and 8.50x106 m for microwaves. Other values quoted for the effective earth
radius in the literature are 7.52x106 m for visible light and 8.62x106 m for microwaves.

We can therefore allow for the effect of light curvature by adapting equations 11.5 and
11.9 to give:

{— R tan ! — SN2

{ I I R | T SCO5T (1124)
Al 5510 2 R

sin tan”! __ssing; : (11.25)

. ) Ry +scosz

where R; is the effective radius of earth curvature for visible light and z; the actual zenith
angle observed by the instrument. The appropriate value for R; can be built into an EDM
device, enabling it to calculate reasonably accurate horizontal and vertical distances for
any sighting within its operating range.

1 x can be defined as being the curvature of light travelling horizontally, compared to the mean
curvature of the earth.
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For precise work, however, it is unsatisfactory to simply use the ‘horizontal’ distance
reported by an EDM device, even allowing for the fact that it has not been reduced to the
geoid. There are three main reasons for this. First, it is not always possible to find out
exactly how a given instrument computes its ‘horizontal’ distances. Second and most
importantly, local atmospheric conditions may mean that the value of R; used by the
device when applying equations 11.24 and 11.25 is quite inappropriate.” Third, it is
usually better practice to measure an ‘unconnected’ distance in the field, and compute
precise corrections to it subsequently, in the office. These corrections will be discussed
next.

11.3 Corrections to distance measurements

The correction of raw measured distances involves three steps. First, the mean velocity
(and therefore wavelength) of electromagnetic radiation along the straight line between
instrument and target is not a known, constant value, but depends on the temperature and
pressure of the air along the line. For some types of radiation, the humidity of the air
must also be taken into account. The correction for this is made using a formula or table
supplied by the instrument manufacturer, as it is a function of the wavelength and
modulation of the radiation used by the instrument. The atmospheric conditions used for
this correction are usually the mean values of those measured at each end of the ray; this
is reasonably accurate for pressure, but note that it may be substantially inaccurate for
temperature if, say, the instrument and target are on opposite sides of a deep valley.

Second, allowance must be made for the fact that the air above the straight line path is
slightly less dense than the air on the straight line path, so the radiation will in fact
propagate more quickly through it; this is, after all, what causes the light path between
the stations to curve as described in Section 11.2. It is therefore necessary to calculate the
path through the atmosphere which the radiation will propagate along in the minimum
time, and allow for the fact that the mean wavelength along this new path will be longer
than the value calculated above. Finally, having now effectively calculated the distance
along this new curved path, an ‘arc to chord’ calculation is carried out to find the distance
along the original straight path.

These last two adjustments are both very small, and indeed tend to cancel each other
out. It is therefore common to roll them together into a single correction formula, which
makes use of our earlier assumption about the way in which the refractive index (and
therefore the propagation velocity) varies with altitude in the earth’s atmosphere. The
formula quoted by Bomford (1980) is:

3
s Nt

2 Ona ‘grazing ray’ in particular, when the light path passes close to the surface of the earth, the
change in temperature with height can mean that the air nearer the ground is less dense than the air
higher up. This causes the light path to bend upwards rather than downwards, giving negative
values for x and values for R; which are smaller than Rg.
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where s is the distance corrected for mean atmospheric conditions and « the refraction
constant defined in equation 11.23.

11.4 Use of slope distances in adjustment calculations

Having made these corrections to s, it might now seem reasonable to calculate dg
manually, using equation 11.24 followed by equation 11.6, and feed this result into the
network adjustment calculations. For really accurate work, however, this is still precluded
by unknown effects on the observed vertical angle caused by the exact atmospheric
conditions at the time of the observation; these effects mean that equation 11.24 may give
an erroneous result, particularly along a steeply sloping ray.? It is therefore best to feed
slope distances into a precise network adjustment, rather than horizontal or reduced
distances. Note, however, that the heights of the two stations will then also be required by
the adjustment program; the absolute heights need only be correct to about 10 m, but the
difference in heights should be correct to within 0.1 m, or even less on a short or steeply
sloping ray.

The use of slope distances may involve one further operation on the distance
computed in equation 11.26. Since this is a distance from instrument to target, it may
need to be adjusted manually to give a slope distance between the two actual stations
before it can be fed into a network adjustment program. An approximate formula for this
correction can be derived from Figure 11.6, in which A and B represent the instrument
and target, and E and F the stations over which they are positioned.

We start by rotating the line AB about X, the point where it crosses the angular
bisector of OA and OB (where O is the centre of the earth), until it is parallel with the
line between the two stations. This gives the line A'B’, which is then shortened to give the

line CD. Because d’is very small, the lengths AC and BD are both approximately
(h,—hy)/2, so we can write:

CD ~ A'B — @ cos z+2

0

=
L
|-

(11.27)

= A'B = (b= b)) CDE:CGS%

3 A slope angle as small as 5° can give rise to significant error, if the exact amount of refraction is
not known.
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Figure 11.6 Correction of measured
slope distances.

i.e. using equation 11.2:

CD = AB — (b2 — by )cosz = AB — [;’l_hlj% (11.28)

The triangles OCD and OEF are similar, so we can now use the approximate distances
OY and OX shown in the figure, and write;

R, 4 HitH
_ oY _ : 2 (11.29)
EF CDX()}{ CD}(R_*H[-':-HI_LIM-}-.IJI
. 2 2
The binomial theorem then gives:
;}| .;}'.l
) e R 3 Iry 4 I (11.30)
S | T R T Ve s e

Combining equations 11.28 and 11.30 gives:
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. I:Jr."l — ||r"|}lH3 - H|] I fr3 4 f}[

EF= AR AR : m (11.31)

which, ignoring third-order terms, gives:
EFa Ap 2= b)(Ha —Hi)  AB(hs + )
o AB 2Rg + Hy + Hy (11.32)

Converting this into the terminology of equation 11.26 gives:
L {hl_hlj[Hﬁ_Hlj sr'{"[j.l-l'blj
s 2R + Ha + Hy (11.33)

where H; and H, are the ellipsoidal heights of the two stations and h; and h, are the
heights of the instrument and target above their respective stations. For normal distance
measurements, the value of h,+h; is so small in comparison to RE that we can ignore H;
and H, in the second term of equation 11.33 and write:

oo (ba=h)(Ha—Hy) $h2+h)

: < 2R (11.34)

This means that we do not need to know the absolute values of H, and H; to find s”, but
merely the difference between them, which typically only needs to be known” to within
about 0.1 m to preserve an accuracy of 1 part per million in equation 11.34. The values of
h; and h, need to be known to within about 2 mm, which can be achieved by measuring
the heights of instrument and target with a tape. A suitable value for H,—H; would
nowadays typically be found using GPS; where this is not practicable it can be found by
levelling or by using reciprocal vertical angles as described in Chapter 12.

A worksheet for adjusting measured slope distances using the formulae developed in
Sections 11.3 and 11.4 is given in Appendix H. A flowchart showing how the necessary
information can be collected for an adjustment involving distances is shown in Figure
11.7. The observation of reciprocal vertical angles and the resulting calculations, which
are referred to in the Figure, are discussed in the next chapter.

11.5 Summary

The essential points covered by this chapter are as follows:

1 EDMs are capable of calculating horizontal distances, but only at the altitude of the
observing station. To obtain a reduced horizontal distance on the ellipsoid, equation
11.6 must be applied.

4 The suggestions for approximations given throughout this chapter are only guidelines, for
measurements taken in normal terrain. A surveyor who is in any doubt about the effect which
approximate data might have on a formula should compute the formula twice, using extreme values
for the data, and see whether the change is significant.
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Figure 11.7 Flowchart for computing
horizontal distances.

2 All observed vertical angles are affected by atmospheric effects. It is possible to make
some allowance for this by using an effective earth radius in place of the real one, but
this makes assumptions about the atmosphere which may not be true in practice.
Under these circumstances, the calculation of a horizontal distance from a slope
distance and vertical angle will be in error, particularly when the slope is steep.

3 The remedy is to use the slope distance in the adjustment combined with the heights of
the two stations, which must therefore both be known. Although the atmospheric
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effects mentioned above affect the measurement of slope distance as well, the effect is
very small in practice.

4 A measured slope distance (instrument to target) may need to be adjusted to a station-
to-station distance before it can be used by an adjustment program.



Chapter 12
Reciprocal vertical angles

The height differences between control points are often explicitly required in engineering
surveying work. Even when they are not, they must (for instance) be found before
distance measurements can be used in accurate surveying work, as shown in Chapter 11.

The methods for measuring height differences covered earlier in this book are
levelling (for short distances, or for maximum accuracy up to 25 km) and GPS for longer
distances, or for shorter distances not requiring accuracies better than about 2 cm.

GPS gives the relative heights of stations to a more than adequate accuracy for the
processing of distance measurements, but suffers from the following drawbacks:

1 It is not possible to use GPS with confidence (or perhaps even at all) near buildings, in
excavations and tunnels, or beneath tree canopies.

2 Height information from GPS is less accurate than horizontal positioning information.
It is possible to get accuracies of the order of 1 cm in height differences, but at least 24
h of observation are required.

3 The conversion of GPS height differences to differences in orthometric height requires
an accurate and reliable geoidal model—and even the best models may not be as
accurate as they are believed to be, where there is significant local distortion of the
geoid. If the model uses a co-ordinate system other than the one on which the GPS
observations are based, a reliable transformation is also required.

4 There is no truly independent check to ensure that results from GPS observations are
correct. Redundancy can be achieved by making additional GPS observations, but all
the results are subsequently processed using the same software. An error in this
software, or in the transformation parameters, or in the geoidal model, will remain
undetected.

Conventional methods do not suffer from these drawbacks, but conventional levelling
over large distances or height differences is extremely time-consuming. In addition, some
height differences are simply unsuitable for measurement by conventional means; the
height of a tall building or a cliff face, for instance. This chapter therefore presents an
alternative approach to finding height differences which, if used carefully, is capable of
results which are accurate to within 5 mm over distances of the order of 2 km, and over
height differences of the order of 200 m—uwithout the need to occupy any stations in
between.

In Chapter 11, it was shown how the slope distance between two stations can be used
to compute the horizontal distance and height difference, if the vertical angle of the target
from the instrument is known. Unfortunately, any vertical angle which is observed by the
instrument is affected by atmospheric conditions along the light path, as shown in Figure
11.5. These conditions cannot easily be measured, making it impossible to estimate
accurately the amount by which an observation might have been affected.
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If the vertical angle is measured from both stations simultaneously, however, most of
these atmospheric effects can be eliminated simply by taking the average of the two
readings. The use of reciprocal vertical angles (RVs), as such measurements are called,
can therefore enable the height difference between two stations to be calculated to a high
degree of accuracy, with an observation time which is short by comparison with other
available methods.

12.1 Procedure

To take RV measurements between two stations, theodolites are set up over each station,
and targets are set up on auxiliary stations, a short distance from each instrument. The
bearing from each instrument to its nearby target is perpendicular to the bearing between
the two instruments. Both these bearings are also in the same direction, so that the two
lines of sight between each instrument and its distant target cross each other, as shown in
plan in Figure 12.1.

Each auxiliary station is set up by observing the distant main station approximately
from the local main station (an accuracy of 1’ is sufficient), then swinging the theodolite
through 90° and setting the auxiliary station

Target Target

Auxillary station E\ /’_/_E Auxiliary station
Main station E’f’/\g Main station

Instrument Instrument

Figure 12.1 Equipment layout for
reciprocal vertical angle observations.

between two and four metres away* on the given line of sight. If the layout of the land
near the two main stations means that the auxiliary stations have to be on opposite
bearings from their main stations, one of the targets is now put on the main station, with
the instrument on the auxiliary station, so that the lines of sight between each instrument
and its distant target still cross. The heights of both the instrument and the target above
their nearby main station are now found, at each end of the operation. This can be done
by using the vertical circle to set the theodolite telescope horizontal, and then using the
instrument as a level.?

1 The distance should be small enough for the two lines of sight in Figure 11.1 to pass through the same body of
air, and for the instrument-to-target distances to be very similar to the instrument-to-instrument distance.
However, it needs to be large enough for the nearby instrument to be able to focus on the target, and to avoid
the danger of the observer knocking into the target.

2 Strictly speaking, a circle-left and circle-right reading should be taken, to eliminate the collimation error
described in Section 6.3. But since the distance is so short, the collimation error should have negligible effect.
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A scheme for recording the information needed to find the necessary heights is shown
as part of the booking sheet for RV observations, in Appendix G. Typically, the height of
the instrument above the main station is first measured, using a tape measure. The tape is
then held vertically against the target in some way, and two readings are taken; one at the
level of the target’s centre and one on the line of collimation from the instrument. The
difference between the two readings gives the difference in height between the target and
the instrument. It is also important to note whether the instrument is higher or lower than
the target, as this will not be obvious when the readings are processed back at base. On
the form shown in the appendix, this is done by filling in the ‘target higher’ or ‘target
lower’ box, as appropriate. Two boxes are provided for each reading, so that height
measurements can be taken both before and after the main observations.

Simultaneous vertical angle observations are now taken by each theodolite to the
distant target, with the circle-left and circle-right readings being taken as quickly as
possible after each other to minimise the effects of atmospheric changes along the light
path. Making these observations quickly, and simultaneously at each station, greatly
improves the accuracy of the result. This can best be achieved by having an observer and
a booker at each station, with the bookers in radio contact. As the agreed time for an
observation approaches, each observer should ensure that the sighting and vernier settings
are approximately correct, and that the alidade bubble is set exactly. At the exact start
time for the observation, each observer makes a final adjustment to the vertical tangent
screw and takes the first reading. The instrument is then quickly transitted to the other
face, and the telescope is immediately aimed exactly at the target; once that has been
done, there is no further need for haste. The alidade bubble can now be set again, and the
second angle reading recorded.

Two or more further observations are then taken—separated by about 5 min (of time),
to allow for the possibility of unusual atmospheric conditions on one occasion.

Each circle-right reading is subtracted from 360°, and the result is compared with the
corresponding circle-left reading. The differences may be found to be anything up to
about 30 seconds;® but it is important that, for each theodolite, all the differences are the
same to within about 5 seconds. If any difference does not meet this criterion, then that
set of readings (and the corresponding set from the other station) must be discarded, and a
further set of readings taken after another 5 min wait. This can happen either because of
observation error, or because of a change in atmospheric conditions between the circle-
left and circle-right readings—e.g. if one was done in sunlight and the other when the sun
was behind a cloud.

A booking sheet for recording RV observations is given in Appendix G. It is important
that both observing teams should note the same times for each observation on their
booking sheets, so that the corresponding pairs of readings can be identified when the
results are discussed and computed.

When three or more mutually acceptable sets of readings have been taken, the heights
of the instrument and target at each station should be re-measured, using the same

3 A larger difference means that the theodolite requires adjustment and may affect the accuracy of
the final result.
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procedure as before. A slope distance would normally then be measured as well, using an
EDM above one main station and a reflector above the other. This measurement is
needed to adjust the instrument-to-target vertical angles collected above to station-to-
station values; but it will probably also be used to find the slope distance between the two
stations, as described in Sections 11.3 and 11.4.

12.2 Scheme of observations

Reciprocal vertical angles can be taken between just two stations, as described above; the
number of observations involved is sufficient to ensure that no gross error could pass
unnoticed. However, it is strongly recommended that a ‘closed bay’ of observations is
taken, between stations A and B, B and C, then C and A. The vertical closure of this bay
will give a good indication of the accuracy of the observations, and if the three stations
form an approximately equilateral triangle, their relative heights from RV measurements
can be compared with GPS results to verify the quality of the transform parameters used
for the latter.

More elaborate schemes of RV observations can also be devised, similar to the
schemes for levelling shown in Chapter 6. In addition, RV results can be freely mixed
with other levelling results, to provide a fully redundant scheme of vertical control.
Generally, though, RV networks would contain fewer observations than levelling
networks, simply because of the time needed to make each observation.

12.3 Calculations

The first stage of the calculation is to find the amount by which the vertical angles
measured from each instrument must be altered to allow for the height of the instrument
above the local station and the height of the target above the remote station. This
correction depends only on the difference between these heights; if the two heights were
the same, no correction would need to be made. Note, however, that a different correction
must be made for the two sets of observations; each instrument and its nearby target are
not generally the same height above their local main station, so the height differences in
the two observed rays will not be the same.

As shown in Figure 12.2, the correction o which must be added onto each zenith angle
measurement is given by the formula:
(b —by)sin(z— o +u)

s (12.2)

sina =

However because z is in the region of /2, and o and d’are both very small, this formula
simplifies to:
'U?g — .FCH:I 5Nz
*= - s (12.2)



Plane and geodetic surveying: the management of control networks 132

where a is of course in radians. Note that s need not be especially accurate in this
equation, since a is small; a simple instrument-to-target distance will be perfectly
accurate enough, so the corrections described in Sections 11.3 and 11.4 need not be
applied at this stage.

Once the observed zenith angles have been corrected by this amount, the mean slope
angle of the line between the two stations can be calculated. Figure 12.3 shows the
geometry of the situation between the two stations (E and F), including the fact that the
light path between the two stations is not a straight line but tends, in general, to curve
above that line.*

z=b

{hy=h,} sin{z —0+0x)

Figure 12.2 Correction of measured
vertical angles.

4 See Chapter 11 for a fuller discussion of this phenomenon.
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Figure 12.3 Mean slope angle between
two stations.

Looking at point F in the figure, we can see that:
n+n—-¢+2=mn

(12.3)
whence:
+n=n+¢ -2
(12.4)
Now looking at point G, we can write:
_T_ i, 9
o= E -1z 7" B) (12.5)
which, on substituting from equation 12.4, gives:
_Z1— 2
2 (12.6)

A mean value of a can therefore be found by taking an average of all the sets of readings,
and it can be seen that the difference in heights between the two stations is given by:

Ab = ssing
(12.7)

This height difference can be used as shown in Figure 11.7 to allow the accurate
calculation of a station-to-station slope distance, and also to allow that slope distance to
be converted to a reduced horizontal distance by an adjustment program.

Note that the curvature of the earth and the curvature of the light path have cancelled
out in equation 12.6, as a result of measuring the zenith angle at both ends of the ray. It
should be borne in mind that this only works if the curvature of the light path is constant,
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or nearly so; if the ray grazes the ground at any point, for instance, the accuracy of
equation 12.6 will be considerably reduced.

Assuming that the light path does have constant curvature, however, we can use the
value of B computed from equation 12.4 to estimate a value for the refraction constant
defined in equation 11.23. Comparing Figures 11.5 and 12.3, we can see that the angle

labelled Ziin Figure 11.5 is equal to zl—d’ +2f in Figure 12.3. So by substituting for Zlin
equation 11.20 and then using the approximation of equation 11.1 for dg, we can write:

Ry~ dp T scosa (12.8)

Now applying equation 11.23 to the LHS and equation 12.4 to the RHS, we can say:

Ry SCOST (12.9)

which gives:
Re(za + 21 — =)
SCOS O (12.10)

kel =

The value for x obtained from equation 12.10 can be compared with the commonly
accepted value of 1/7 for visible light. If visible or infrared laser light has been used to
measure the slope distance between the two stations, then this calculated value of «
(which derives from the actual atmospheric conditions at the time of the measurement)
should be used in equation 11.26 for the precise adjustment of that slope distance.

A worksheet for processing the results of reciprocal vertical angle observations is
given in Appendix H. Note that the formulae have been adapted to work with angles
recorded in degrees, minutes and seconds, rather than in radians.
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Constants, ellipsoid and projection data

A.1 Constants

Approximate mean earth radius: 6.381x10° m

Speed of light in vacuo: 299.8x10° ms *

1 radian=57.295779513°

A.2 Common ellipsoids

Name Semi-major axis, Reciprocal of Uses
a (m) flattening

Airy 1830 6,377,563.396 299.3249646 British National Grid
(OSGB36)

Bessel 1841 6,377,397.2 299.15 Central Europe, Chile,
Indonesia

Clarke 1866 6,378,206.4 294.98 North America, Philippines

Clarke 1880 6,378,249.2 293.47 Africa, France

Everest 1830 6,377,276.3 300.80 India, Burma, Afghanistan,
Thailand

GRS 80 (1980) 6,378,137.0 298.2572221 North America
OSTN02/0SGMO02

International 1924 6,378,388.0 297.0 UTM

(Hayford, 1909)

International Astronomical 6,378,160 298.25 Australia

Union 1968

Krasovsky 1940 6,378,245 298.3 Russia

WGS72 (1972) 6,378,135 298.26 Qil industry

WGS84 (1984) 6,378,137.0 298.2572236 WGS84, ETRS89, ITRS

A.3 Data for transverse Mercator projections
Name Location of true False co-ordinates of true Central scale
origin origin factor

British National ~ 49° N, 2° W 400,000E,—100,000N 0.999,601,272

Grid

UTM Zone 1 0°N,177°W 500,000E, ON

UTM Zone 30 0°N, 3°W (Northern hemisphere) 0.999,600,000

500,000E, 10,000,000N
UTM Zone 60 0°N, 177° E (Southern hemisphere)
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A.4 Common transforms

From ETRS89 ETRS89
To 0OSGB36 ITRS2000
ty (m) —446.448 —-0.054
t, (M) 125.157 -0.051
t, (m) —542.060 —-0.048
Scale (ppm) 20.4894 0
ry (S) —-0.1502 —0.000,081 At
ry (s) —-0.2470 —0.000,490At
r, (S) —0.8421 +0.000,792At

At is the time in years between the start of 1989 and the date for which the ITRS co-ordinates are
required.



Appendix B
Control stations

B.1 What is a control station?

The essence of a control station is a small mark set immovably into the ground, such that
an instrument (e.g. a total station or GPS receiver) or optical target can be set up above it,
to an accuracy of about 1 mm in the horizontal plane.

B.2 Where are they placed?

Control stations are not usually placed in an exactly predetermined position. The normal
process is to choose a location where a control station would be useful, and to place the
station somewhere in that locality. Having built the station, precise measurements are
then taken to determine exactly where it has in fact been placed.

The factors which influence the positioning of a control station are as follows:

1 If it is to be used for setting out, or for deformation monitoring, then it should be placed
where all relevant places and features can be easily seen, without the line of sight
passing close to another object such as a building or hillside (a ‘grazing ray’). If the
station is to be used in conjunction with other similar stations for these purposes (as is
usually the case) then the different lines of sight from the stations should form a well-
conditioned shape, so that the positions of the observed points will be found to the
greatest possible accuracy.

2 If the exact position of a new control station is to be fixed by conventional means, then
it must be visible from at least two other control stations (and preferably from more).
Sometimes, additional control stations are introduced into a network simply because
they will be visible to several ‘useful’ stations and will therefore improve the accuracy
to which the positions of those stations are known.

3 If the station is to be used for GPS, then a large area of sky should be visible at the
station (particularly towards the equator), and there should not be any high walls
nearby which might reflect satellite signals towards the receiver.

4 If an instrument is to be left unattended at a station (e.g. a motorised total station or a
reference GPS receiver), then the station must be in a secure place, such that the
instrument cannot be stolen or disturbed while the surveyor is elsewhere.

5 As far as possible, a station should be sited in a place where it will be easy and safe to
use (away from noise, vibration, traffic, etc.) and unlikely to be disturbed or destroyed
during its anticipated useful life. Stations sited near roads or on tarmac pathways are
always at risk of being covered over, and lost without trace. Stations in the middle of
building sites are at risk of being dug up, or run over by heavy construction traffic.
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The latter may not destroy a station, but it could move it slightly—and thus cause all
subsequent observations involving the station to be subtly inconsistent with those
made beforehand.

B.3 What do control stations look like?

The physical appearance of a control station depends mainly on the place where it is sited
and its anticipated useful lifespan. In open ground, a shortterm control station might be a
1 mm diameter hole or ‘centre pop’ in a brass tack driven into a short (30 cm) wooden
stake, which is then hammered into the ground; on tarmac, it might be a centre mark on a
stainless steel ‘road bolt’, which is likewise driven into the ground. Such road bolts
normally have a hemispherical head with a diameter of about 5 mm, on top of a fixed
disk about 20 mm in diameter. They may also have a coloured plastic washer, or a circle
painted round them, for identification purposes.

For a more permanent marker in open ground, a precast reinforced concrete block with
a suitable marker on its surface might be dug into the ground, so that only its top surface
is visible. Alternatively, a hole can be dug with some ferrous reinforcing bars arranged
inside it and a quantity of concrete poured in, with a non-rusting marker fixed so as to
emerge slightly above the surface of the concrete when it has set; a small solid brass
doorknob, some threaded steel rod which it will screw onto and some ready-mix concrete
for fence posts is all that is required. This gives an extremely durable station at very
modest cost, which has the added advantage that it can be covered over with a piece of
turf or layer of soil, and thus escape the risk of being vandalised when not in use. If the
upper surface of the marker is spherical, then its highest point can also conveniently be
taken to be the height of the station.

A control point on a construction site would normally be surrounded by a small
rectangular ‘fence’, made of brightly painted wood, to warn drivers of its existence. This
reduces the likelihood of the station being run over by a heavy vehicle, and a broken
fence gives a helpful indication that this may have happened.

In Britain there are still many ‘Trig Pillars’ to be found on hilltops, which formed part
of the conventional control network used until the advent of GPS. These are intricately
designed monuments and act as a housing for the actual station marker, which is near
ground level inside the pillar (the height marker is a separate benchmark on the side of
the pillar). In addition, there is a secondary station marker in a buried chamber directly
beneath the main marker, so that the station could be recovered if the pillar was
destroyed. Such pillars are highly durable, but nonetheless need regular inspection to
detect and repair the damage, both accidental and deliberate, which they sometimes
suffer.

Some of these Trig Pillars are nonetheless still maintained and form part of the newer
network of GPS stations around the UK. However, most GPS control stations are markers
set in concrete slightly below ground level, as described above.
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B.4 How can they be found?

As implied above, the less obtrusive a control station is, the less likely it is to suffer
damage. Recently constructed stations can therefore be virtually impossible to find,
unless you know exactly where to look.

When a new station is constructed, an essential part of the process is to draw a small
sketch map of the area, showing clearly where the station is in relation to other visible
and recognisable features nearby. At least three measurements should be taken from the
station to definite ‘measurable’ reference points—such as a tree, the corner of a manhole
cover, a nail driven into the top of a particular fencepost or the perpendicular distance to
the edge of a nearby road. These should be taken with a tape measure, corrected at least
to the nearest 5 cm and should be arranged such that the station could still be found even
if it was well buried and one of the reference points had subsequently disappeared. It is
useful to show the approximate direction of magnetic north on the sketch, too.

To find a buried station, a surveyor should ideally be equipped with a paper copy of
the sketch map described above, the co-ordinates of the station (GPS or Grid), a hand-
held GPS receiver, two 30-m tape measures, a metal detector and a spade.

The hand-held receiver and the station co-ordinates will narrow the search to about 10
m, such that the features on the sketch map are clearly recognisable. Measuring
simultaneously from two of the reference points should then indicate where to dig, and
the metal detector can be used in cases of doubt (assuming the concrete contains some
ferrous metal, as recommended above).



Appendix C
Worked example in transforming between
ellipsoids

This example shows how the geographical co-ordinates of a station can be converted
from one system to another, following the method given in Section 8.4. In this case, the
initial co-ordinates are quoted in the ETRS89 system, so are based on the WGS84
ellipsoid; and they are to be converted to the Airy ellipsoid, whose position and
orientation was defined so as to conform closely with the British geoid. A transform
between these two systems is published by the Ordnance Survey and is given in
Appendix A.

Note that:

1 One second of arc at the centre of the earth subtends about 31 m on the earth’s
surface—so to preserve accuracy to 1 mm, seconds of latitude, longitude and rotation
must be quoted to 5 decimal places.

2 If ‘best guess’ OSGB36 eastings and northings were required for the point, a better
route would be to enter the initial geographical co-ordinates directly into GridInQuest
(Section 9.5) which applies the British Transverse Mercator projection to the GRS80
ellipsoid without prior transformation, and then applies co-ordinate shifts to give a
good match with the local OSGB36 control points.

Station: Ordnance Survey Headquarters active GPS receiver, South-ampton, UK

Geographical co- d’=50° 55/ Data from Ordnance Survey GPS website,
ordinates: ” http://www.gps.gov.uk/

52.60562" N

A=1° 27’ 1.85155"

w

h=100.399 m

a = 6378137.000 Data f \ dix A
ata from Appendix
Data for WGS84 ellipsoid: r = 298.2572236 ppe

From equation 8.3 ¢* = 6.694379989 x 10~
sin” ¢ = 0.6027823555
Using equation 8.4: d = 6391044.780
From equation 8.6: x =4026741.601
y=—101963.784 (note thar . is west, so sin ()

From equation 8.7: is negative)

From equation 8.8: £ = 4928807.847



Appendix C 141

by = —446.448
f = 125.157
t, = —542.060

s = 204894 % 10°°

re = —0.1502" Data from
= —728.2 x 10 "radians  Appendix A
ry = —0.2470"
= —1197.5 x 10" radians
r, = —0.8421"
Transform parameters: = —4082.6 x 10 radians

x' = 4026371.340

}#f = —101853.567
From equation 8.11; 2 = 4928371.671

=17 26" 56.68889" W (since ¥ is negative and
From equation 8.12: x' is positive)

a = 6377563.396

Data for Airy ellipsoid: ¥ = 299.3249646 )
From equation 8.3: e = 6.670540000 x 1073

(1—e?) = 0.9933294600

x? 4yt = 4027659.410
Using equation 8.16: ¢r1 = 50" 55" 50.60667" N
d} = 6390423.710
&) = 50° 55" 50.60104" N
dy, = 6390423.709
tb:; = 507 55" 50.60102" N
dy = 6390423.709
From equation 8.19: by = 50° 55 50.60102" N

From equation 8.20; #' = 53.245m

Note that h'is an ellipsoidal height. The orthometric height of the station is about 0.5
m less than this, as shown for the Southampton area in Figure 8.2. As a check that the
transformation has been applied in the correct direction, the original ellipsoidal height of
100.4 m minus the local geoid-ellipsoid separation of 47 m shown in Figure 8.3 gives a
reasonably similar orthometric height.

Darta from Appendix A

From equation 8.17:
From equation 8.19:
From equation 8.17:
From equation 8.19:
From equation 8.17:



Appendix D
Calculation of local scale factors in
transverse Mercator projections

D.1 Quick calculation

The “quick’ formula for calculating a scale factor is:
(E — Eg)*

S=58 1+
o PR

(D.1)

where S is the central scale factor, Eq the false easting of the true origin and Rg the mean
radius of the earth.

This formula is accurate to 2 parts per million at all places within 200 km of the
central meridian, and to 50 parts per million up to 500 km. At the latitude of Great Britain
the accuracy is better still, as shown in the example below.

D.2 Precise calculation

This calculation is a simplified (but no less accurate) adaptation of the formulae given in
Ordnance Survey (1950). As far as possible, the same symbols have been used here, to
enable comparison between the two approaches.

The data needed to start the calculation are as follows:

e the semi-major axis (a) and some other property (semi-minor axis, reciprocal of
flattening or eccentricity) of the ellipsoid;

e the central scale factor (Fo) and the false easting of the true origin (Ey);

e the exact easting (E) and approximate northing (N) of P, the point where the local scale
factor is to be calculated.

1 The first step is to calculate e? the square of the eccentricity of the ellipsoid. If this is
not directly available, it can be calculated from:
3 _at=b* a2 2r—1
or e

a’ r (D.2)

&

where b is the semi-minor axis of the ellipsoid and r the reciprocal of flattening.

2 Use E and N to estimate d’, the latitude of P. This needs to be estimated to the nearest
0.2° to achieve an accuracy of eight significant figures—even an error of 5° will only
affect the final answer by less than 1 part per million.



Appendix D 143

Strictly the value which should be used in the calculations below is d”, the
latitude of the point on the central median with the same northing as P. However,

the difference between d’and ol is never more than 0.1°, provided the difference
in the longitudes of the two points is less than 4°—so the distinction has little
practical significance.

3 Set
vi = #imm and 1t = 'fl{ll__—i::f‘m (D.3)
4 Set :
x_ E ;_”E., 1] ;.1”1 (0.4)
5 The local scale factor is then given by:
=k 1+5+ % (D.5)
D.3 Example

Local scale factor at Framingham, UK, on the British National Grid

Framingham is a first-order control point in the British National Grid, towards the eastern
edge of the projection. This example has been used because it is also used as an example
in Ordnance Survey (1950). Its co-ordinates are quoted as 626,238.249E, 302,646.415N.
Precise calculation
From Appendix A:
a=6,377,563.396 r=299.3249646 for the Airy ellipsoid
E,=400,000 F,=0.999601272 for the British National Grid

1 From equation D.2: €?=0.006670540.

2 dj:52.5° (to the nearest 0.1°, by estimation from an atlas). Note that the longitude, A,
of the point is about 1.3° E, i.e. about 3.3° E of the central meridian.

3 From equation D.3: V- = 4.08488 x 10" n? = 2.48864 x 1077,
XN = (512246 = 10') » (2.45439 = 107 %)

4 From equation D.4: = 1.25725 = 1073,
F=0.99960127(1 4+ 0.00062862 + 0.00000007)

5 From equation D.5: = 1.0002257.

Note that although just six significant figures have been shown in steps 1-4, this is quite
sufficient to form a final answer which is correct to 8 significant figures in step 5. Note
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also that the final term in expression D.4 need only be included if eight or more
significant figures are required.

Quick calculation

Applying the ‘quick’ formula to the same example gives:

| . (626238249 — 400,000)

— = 1.0002295
2 x (6381 x 10%)°

§ = 099960127 %

This differs from the ‘accurate’ value by just 0.2 parts per million.



Appendix E
Worked examples in adjustment

E.1 Bowditch adjustment

This example shows how the Bowditch calculation sheet, introduced in Chapter 10, is
used in a simple traverse to fix the positions of two unknown points (C and D, in Figure
E.1).

The scheme of observations is as shown in Figure E.1, with stations A, B, E and F
having known co-ordinates. Note that this is not a precise drawing but is sketched
sufficiently accurately so that the bearings are correct to within 30° or so. It is helpful to
make such a sketch before starting the calculations (and even before making the
observations) to guard against gross errors.

The first stage in the calculation is to transfer the initial data (i.e. the eastings and the
northings of the known stations, in the British National Grid) and the observations (i.e.
the measured angles and distances) into the shaded boxes on the calculation sheet, as
shown in Figure E.2.

The next step is to enter the differences in eastings and northings for point A relative
to B (Ad-Bd on the calculation sheet) and for point F relative to E (Fd-Ed on the sheet).
These are used to work out the bearings from B to A and from E to F. In the case of BA
the calculation is straightforward, since A is to the north and east of B, as shown in
Figure E.3. For EF the situation is more complex, and a simple sketch like the one shown
in Figure E.3 is helpful to make sure that the correct angle is calculated.

A

D

Figure E.1 Scheme of observations for
a four-point traverse.
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Eastings Morthings Distances Angles
A s a40 257766.590 a &
carin
K SH4TTTA40 257343006 , g
— o AEMAN
T L . a”
hom 121821 o
[L1]
CBd
C
P
= |
iz
[
5]
180"
=2er) CEm g g4y _ +
.fu_ I DiEgr o
COEm 3
— e — IL e ter | 42| 44
E | +1‘|ﬁﬂ
M sasoroqzs | 257IARITY io
\"r-E-Ed e
&0 | 13| 58
M sqqessear | 257720.098 Compare =
Fd-£d ean”' {AE AAN) EFd
KEY D ||'|p|.|l
4 Data valse o Grid length
m  Measured value = Accepred value

Figure E.2 Bowditch calculation, step
1: data and observations.

Once these bearings have been entered on the sheet (BAd and EFd, respectively), the
remaining angle boxes can be filled in. Starting at the top of the right-hand column, the
bearing from B to C is calculated by simply adding the measured angle at B to the
bearing from B to A. The bearing from C to B is then obtained by adding 180° to this
value, since the bearing BC is itself less than 180°. The same process is then repeated to
obtain the bearing CD, except that 360° is subtracted from the result to bring it into the
range 0-360°. The same thing occurs when bearing DE is calculated, and bearing ED is
found by subtracting 180° from DE since DE is greater than 180°. Finally, bearing EF is
calculated, and the sheet is as shown in Figure E.4.

It can be seen that the two calculated bearings for ED (one based on observations and
one based purely on data) differ by 7 seconds. This is reasonable; assuming the error of
each measured angle has a standard deviation of (say) 5 seconds, the standard deviation

of the sum of the four measurements would be 5x V4 seconds.

Having passed this test, the calculation moves on to the next stage. The measured
horizontal distances are first converted to reduced distances (if necessary), by using
equation 11.6, and then to grid distances (if appropriate) by applying the local scale
factor.
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713,391 =81.501
A F
71,727
422674 N7
Bearing = 3860° = tan~ ! (B1.501/371.727
Bearing = tan~' (713.391/422.674)
B E
Figure E.3 Calculation of bearings
from grid co-ordinates.
Eastings Morthings Distances Angles
|-_“’ 545490840 257766.590 8 &
B S4rrddn 25THI6 | i) earings
[ 713391 422674 [T e - -
T B 59 21T 14
— AR
&2 :,_I;IL“'-“I'W'“*LH}E - ;il . ﬁ
47
= L
P O 56298 | = -
= BCer | E.Farl 47| 4
" o [*EE o se g2
P %FD e
D: U5 0,541 4"“’:
| ;_ﬂ G BC 55| 41] 26
. T [<OEm gy | g2 ae
ED -g—"“"M"LW"H"L 8oE 37| 24| a0
- 4:I#J'
Ed FATOTOA2E 2STHEATT EEEETIETINT
=L.L4 = —
\IE BEF g0 13 58
055927 257720.008 Cmpve:{‘-‘ 347 34| 08
FrEd ~&1. 50 37737 | SR T
KEY Impuit
d  Data value F Grid length
m Measured value ¢ Accepred value

Figure E.4 Bowditch calculation, step
2: calculation of bearings.

In this case, the survey is taking place in Cambridge, where heights above sea level are
negligible. A scale factor must however be calculated, since the British National Grid is
being used; in this case, the size of the traverse means that a single value can be
calculated and used for all distance measurements. The survey is less than 200 km from
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the central meridian, and an accuracy of 2 parts per million will be more than adequate,
S0 equation D.1 can be used.

A suitable mean easting is 545000 m, and E, and Sy are given in Appendix A. Putting
these into equation D.1 gives:

| . (345000 — 400000)*

5= 0.999601 = : 5 = [.999859
2 % (6.381 = 10%)
Eastings Morthings Distances Angles
A 5a5490.840 257766.590 &
B smiinade EI7ETEI) [ . Bearings
ARBE rpnaur 422674 — b. -
™ j21.820
o a0 | L S0 21) 14
- i un ﬂzul fet _“;r. et 9] 26|00
b 110478 2685 [ o x| 7|
= S44896,927 257367601 51807
P COm $6.298 | +
T [P 56,288 258 L A7 09
- L [BEP™ oo | Sa) 2
oC - . L e 0 [ L i {00 olco
K3 000 =13 335 Iy | 41| X6
L FLID70, 097 2ET 344, 2 BE * 2180
—Ted G187 ) T
o Br 125 sl a2
N T SO gsr | 42 44
5 - wn (1) I L oo (H ol —
o135 4,002 A
t SASOF0.032 257348368 ‘ e
Ed -
Y SA5070.028 257348571 ® a7 ] 21110
DEFe g | g3 58
M sesnes; 2577 20.098 Compare ™8 357 | 35| o8
FoB  _sisor 371 7ey | BE 3 | 3s| o
KEY Input
¢ Craea value ;Ir:l Grid length
m  Measured value = Accepted value

Figure E.5 Bowditch calculation, step
3: preliminary grid positions.

All the measured lengths (e.g. BCm) are multiplied by this value, to convert them into
grid distances (e.g. BCqgr).

The vector from B to C is then calculated from the bearing BC and the grid distance
BC, and the easting and the northing components are entered on the form (box C-Bd).
These vector components are added to the co-ordinates of B, to give an initial estimate of
C’s position, which is entered in box C. This process is repeated for D and then E, after
which the form is as shown in Figure E.5.

At this point, it can be seen that the calculated position for point E differs from its
actual position by just a few millimetres in easting and northing, showing that no gross
errors have occurred in either the observations or the calculation. The final stage is to
make the best possible guesses for C and D by ‘distributing’ the error which has
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accumulated during the traverse from B to E. We have arrived slightly to the east and
south of where we should be, so C and D should be moved to the west and north. This is
done by subtracting portions of the final error from the initial estimates, to give final
estimates for C and D as shown in Figure E.6.

Eastings Marthings Distances Angles
S L 257766590 &
:H F4A7TTALD ETTETIL 1T [peae Bearings
Fi3301 422,674 — .
BCm vy 837 | v f
BCer yzis0d SR
i oL [ ro| 26| oo
4 - win (8 I L cen () alee — -
19478 23681 ral| 47| 1
N TLIR0G, 927 2ETI6RGE01 i .ltlBﬂ'

P 0,002 (001 86,298 |
= s - BE 45285 258 | ar| 1
| F4E05.925 QL7 67602 2 BEBm poe | eq| 12
o L sin iy I L cen illll' a L.

- £30070 —21335 [ AR E:
o FA0TE 097 257304, 266 e | I.mu

P —0.003 2002 0541 | =
(& . i & g i 285 | 41| 26
| FAJO7 994 257344, 68 =L ThEn

T - ier | 42| aa
o) = win (H I L cen (0] ulEE —
L35 4502 87 20| o
- SA5070.432 257348368 l'""

\E" FAT070.428 257348371 ®  a57] 24] 10
[2a== {0,005 —i,0613 Bm g0l 13| 5%
= F44988.927 257720088 Cﬂmpamx—"‘ B g7 | 38| o8
Fd-Ed —&1501 77T e faklah) 8 g | e | o
KEY 0 Input
d Daca value g Grid length
m o Measured value < Accepred value

Figure E.6 Bowditch calculation, step
4: final grid positions.

E.2 Leastsquares adjustment

The same adjustment can be done using a least-squares adjustment program, such as
LSQ. In the case of LSQ, the data are entered as shown in Figure E.7.

The input file follows the rules given in the LSQ help system. The first line is a title
and is followed by a line which specifies the projection (in this case, the British National
Grid), to enable the local scale factor(s) to be calculated.

The next group of lines describes the control stations. Stations A, B, E and F are
entered with their known eastings and northings, which are “fixed’ by the letter F which
follows them. Stations C and D are given approximate co-ordinates, which are set to be
adjustable by the letter A. The heights of all the stations are fixed, as this is a 2D
adjustment.
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The horizontal angle observations are entered next, in degrees, minutes and seconds;
the final number is an estimate (in seconds) of the standard deviation of the error which
might be expected in each observation. Two seconds is a typical value for an observation
made under favourable conditions with a good quality instrument.

The last group of lines records the measured horizontal distances, in metres; again, the
final number is the estimated standard deviation (ESD) of the reading. Typically, most
EDM devices have a standard deviation of £5 mm, even on short rays such as these.

Running LSQ produces the result shown in Figure E.8, after nine cycles of adjustment.
It turns out that this number of cycles is necessary, because of the relatively poor initial
guess for the position of C.

The co-ordinates which LSQ has chosen for C and D are within 2 mm of those found
in the Bowditch adjustment above. These small differences come from the different
relative weightings that LSQ is able to give to angle and distance measurements, and
from the fact that the Bowditch method only uses the measured angle DEF as a check and
not as part of the adjustment.

Usefully, LSQ is also able to show the likely accuracy to which C and D have been
found, by means of the error ellipses shown on the printout. The major semi-axis of each
ellipse is 4 mm, so there is a 95 per cent confidence that C and D lie within 8 mm of their
calculated positions (assuming, of course, that the positions of the other points are error-
free).

Four Point Traverse
Projection BHG

A 545480.840 F 257766.580 F O F
B 544777.44% F 2537343.%l6 ¥ O F
E 545070.428 F 257348.371 F O F
F 544988.927 F 257720.098 F O F
T 544800 B 237500 A OF
O 544500 AR 257300 A OF
HE A B C 1% 26 0 2
HA B C D 206 54 12 2
HA C D E 161 42 44 2
HaA D E F B0 13 58 2
HD B € 121.821 .005
B C D 88,238 003
HO 0 E 90.541 .005

Figure E.7 Four-point traverse: data
file for LSQ.
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Figure E.8 Four-point traverse: LSQ
results.

The next block of results compares the readings which were observed with those
which would result from the calculated positions of the adjustable points. The
differences, or residual errors, are shown both in seconds or in millimetres (as
appropriate), and also as weighted differences using the ESD quoted for the reading.

Below this the ‘ESD scale factor’ is shown. This is the calculated standard deviation
of the weighted residual errors, and so indicates whether the residual errors are generally
bigger or smaller than might have been expected from the quoted ESDs. An ESD scale
factor of 2 or more would indicate that either the quoted ESDs were optimistically small,
or there are errors other than observation errors in the data. Here, the ESD scale factor
looks fine.
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Worked example in setting out

The purpose of conducting a traverse of the type described in Appendix E would
typically be to establish additional local control points, in order to set out specified points
for construction work.

Suppose now that it is required to set out a foundation point X at the co-ordinates
(544,850.000E, 257,200.000N) to high accuracy. The accepted co-ordinates of the nearby
stations can be taken from the LSQ results shown in Figure E.7 and summarised as:

Point Easting  Northing
545,490.840 257,766.590
544,777.449 257,343.916
544,896.925 257,367.601
544,979.995 257,344.267
545,070.428 257,348.371
544,988.927 257,720.098

TmMmgooO W >

From a simple sketch map (Figure F.1) it is clear that stations B, C and D would be
suitable for setting out X. It is good practice to use a station as far away as possible as a
reference object, so we will use station A as a reference for B and C. To avoid the
possibility of a systematic error caused by a mistranscription of A’s co-ordinates, we will
use station F as a reference for station D.

F.1 Manual calculation
To calculate the angle which must be turned through at B, we need the bearings BA and

BX. The first of these has already been calculated, as shown in Figures E.3 and E.4. The
other is calculated in a similar manner, as shown in Figure F.2.
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Figure F.1 Sketch map for setting out.

B Bearing= 180° —tan~!(72.551/143.916)

143,216

72551

Figure F.2 Calculation of bearings.

The results can be summarised as:

Angle o
BX 1531447
BA 592114

ABX=BA-BX 935333

The angles for stations C and D are calculated in the same way.
As a field check, it is useful also to know the distances to the new point. For point B,

the grid distance is given by V' 143.9162 + 72.5512 = 161.169 m.To convert this
into a horizontal distance on the ellipsoid, we must divide by the local scale factor
(0.999859, as calculated in Section D.1); this gives 161.192 m. This can also be accepted
as the horizontal distance without further calculation, as the ellipsoidal heights of all the
points are small. Again, the distances from points C and D are calculated in the same
way.
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HORIZONTAL MAERTICAL Ctisenvatians at Eradias B GROUP _ 8 | PAGE
Cabe 2E/ESI08 Instrument Cibserves A Smitd  JOB _Seftiag
Time. M of instc Bocher . Hawcs T
WY eather Checker __
Corcle ! Slatang aned Cbdaredd Angle Réducad ta R.O. Mean
swdng poieity . . - H ) - c =
G| Srenea A (20 [ [l
5% | Stanes 7 9z sz 33
A - ek
HO HEE—TarT e |
ﬁ B, - gl
Srapes A fF sF 53 el fed
Srariow A (2.0) - - -] e

A sample booking sheet, prepared for setting out the angle from point B to point X
using A as a reference object, is shown in Figure F.3. The blank areas in the form will be

Figure F.3 Booking sheet for setting
out.

filled out in the field, as described in Section 4.4.

The above calculation can be done more quickly (and with less chance of mistakes) using
LSQ. If the ‘Data: Update’ command is applied after the adjustment shown in Figure E.8,
the “‘guessed’ for stations C and D are replaced with the calculated ones. The data file can

F.2 Calculation using LSQ

then be manually edited, as follows:

1 set the co-ordinates of C and D to be “fixed’;

2 add station X and its co-ordinates, also ‘fixed’;
3 remove all the original observations and replace them with ‘dummy’ observations,

representing the readings whose values we need to know, e.g. the horizontal angle

ABX and the horizontal distance BX;
4 make an appropriate change to the title.
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Data for setting out X

Frojection BHG

A 545450, 8400 F 2577e6.5900 F 0.0000 F
B 544777 .44980 F 257343.%1e0 F 0.0000 F
E S545070.4280 F 257248.3710 F 0.0000 F
F 544588 4270 F 2RTTZ0.0980 F J.0000 F
C 5448%6, 09246 F 257387.6011 F 0.0000 F
o 544979, 95851 F 257344 28669 F 0.0000 F
Xo44B50 F 257200 F O F

HA R B X0 0 0 1
HA A C X3 0 0 1
HA F D X0 O 01
HD B X1 1
HD C X1 1
HD D X1 1
Figure F.4 LSQ data for setting out.
Data £ = ing X

Date: 1450452003
ritish National Gridh E

28:4¢ Cypslea: 0
a7 Adry 1830

Ezzos: ell ipacs
MAJOR  MINCOR ATI BEIGHT

CALCULATED CIFE WOLFE 1D

BEggess ercers;
WDIFF S02322.00 %0162 5%, 0% XI8D1E, 30 19373 1730 160,19
Oona IG 2 3 1 B 5 4

Bodectiom limin: f{lans]

Figure F.5 LSQ results for setting out.

After these changes, the data file will look as shown in Figure F.4. Note that any value
can be used as an ‘observed’ horizontal angle (zero has been used in this case) but that
observed distances cannot be zero, so a nominal ‘1’ has been used here. Likewise, the
ESDs are dummy values, but must be positive to be legal.

Loading this file into LSQ and simply viewing the results (adjusting the data has no
effect) gives the output shown in Figure F.5. The relevant information is the set of
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calculated values for each of the dummy observations, which shows what angles and
distances LSQ would have expected from the input data.

As can be seen, the angle ABX and the distance BX are the same as in the manual
calculation above; and all the other angles and distances have been calculated as well.
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Booking sheets

These sheets were developed for use in Cambridge University and may be freely copied.
See Figures G.1-G.5.

HORIZONTAL / VERTICAL O85WNS AT: _ i GROWR: PAGE
Dt Inetnument; Dbsoradr: JOB:

Tirmx Ha el st Bk

Waoathar Chiochn:

Circla § Shatons and Dbesenod Angie Roducad Angle Moan CLCH
Ering poantd " i " - ' i i ! -

D/ S0 Targat Hesght

Figure G.1 Booking sheet for
theodolites and total stations.
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LEVELLING From: Te: GROUR. PAGE
Inginempat Chsprver Jo8:
Date: Bogher
Winathe: Chviphops;
[y Redused Digtansy bo Ly ol
Stalf Position Foousight Forzsight Levol Eacksighi Backsight Colbmaton
—_— —

Figure G.2 Booking sheet for levels.
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GPS OBSERVATIONS
Date Type of observation: Card nama:
Observer: Antenna type £ Serial no:
Antonna i
Station nt Start Interva Finish ent
name | A/B/C| Time | Height | 52°5) [ Time | Helght e
soe| SE84

Mouwnling systems and offsels for AT3I02 anlenna:

Type | Method Offsetl (m) | Record height (above, in metres) lo:
A Tripod with height haok 0.385 White marker an hook
B GRTA4 carriar in Tribrach 0.13% Lewer shoulder of carrier
. Top of mounling post
Kinematic pale or Beacon | 0.038 | (4 500m or 2.000 m for Kinematic poles)

Figure G.3 Booking sheet for GPS
observations.
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RECIPROCAL VERTICAL ANGLE OBSERVATIONS

Al (station): I To (staticn):
O (Main/Aux): Tao (MainfAuo):
Ingtrumant: Obserer:
Duter: Booker
Veather: Checkear:

Zenith Angles
Mo, | Time CL 2 CR @

360-CR @ v=1| Meand &a

Figure G.4 Booking sheet for
reciprocal vertical angles (front of
sheet).
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HEIGHT INFORMATION

Tape reading: Theodolios

Tape reading: Target higher

Cr
Tape reading: Targee lower

Tape

Height of Target above mark Hexght of Instrument sbove mark

n Station Mark

Plan View of Station Layout

Circle cerrect word o indicate Theadolite at each end:

Main [ A ain  Aux
Main | Aux D Pain  Aux

Occupied Sation Remote Staton
Mamie: Mame:

Figure G.5 Booking sheet for
reciprocal vertical angles (back of
sheet).
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Calculation sheets

These sheets were developed for use in Cambridge University and may be freely copied.
See Figures H.1-H.3.

Caleulations for Four-Palnt Traverse

Area: Prepared by:
Scale Factor Checked by:
E N DISTANCES ANGLES
B &
B3 BEARINGS
y =3t TGN )
] o ’ ”
(T
By ACm
£ SR b L soslin BC
C
x Vs “
/ - £0m on
o Ciige
DG oo L ST L 258000 co
¥
_ il 1r
|| 7073 DEm =
[ I DEy CDEm
B T R DE
F w i i
o ED
"\ =E-E2 T
COMPARE &
Fa-Ed [ L L1 ] EFcl
HEY
d Laata
m Mieasamed value
o el vishost
% Aroopried waksy
I T

Figure H.1 Calculations sheet for a
four-point traverse.
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Summary Sheet for Slope Distance Measuremaenis

Cbsening Stalion:

Altitude of Station (H,Mm): . Preparedby:

Instrument: . Checked by

Marm: of slation obsened

Dale of cheenation

Time of obsenvation

Alttucie of station (rearast 10m) H,|m

Uncarreclied obsensed distance Oy |m

Zero Comection (soe table below) Cy|m

Oy + Gy o, |m

Mean tempemtune along byht path T |°C

Mean pressune along Bght path @ | mmHg

Almasghenc correction (Formula A C, | ppm

Effoct in matras (Cy x O x 10°5) Co|m

Corrected distanca (D + C,) D |m

Instrument ht above station (nearestcm) | b, | m

Target height above station (nearestcm) | &y, | m

Propagation oormection (Formuta B) Cy|m

Haight correction (Formula C) C,|m

Accepled Slope Distance (D G + Gy m

Instrumaent | Wavelength Cio Formula & (ppm) Accuracy

B00/6BL | visible laser | see manual |308.6=(107.9F/(2732+T))| Smm e 1ppm

144 Infrared a 275 - (10BP F{3T3+ T)) 10 mm + Ippm
120 infranad 0 275 = (1068 / (273 +T)) Smm + T pom

3
Formula B: Cy=

wZi—x?)y  with & = U7 torinfrared and 174 for microwaves
and A = canh's radius = 6.3810%m

(Fhy = Hyh (= ) . O (hy + ﬂd'J
D 2Rg

24R; %

FormulaC: = —[

Mote: ‘nearest 10m’ or siméilar is an indication of the minimum accuracy required, nol an
indication of how the fgure should be rounded,

Figure H.2 Summary sheet for slope
distance measurements.
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Calculations for Reciprocal Vertical Angles

Observing from station 1
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Glossary

Alidade bubble The bubble (usually a split bubble) used to set the vertical circle, usually
so that the zero degree marker is pointing directly upwards.

Backlash The looseness or ‘play’ in a piece of mechanism which means that not all parts
of the mechanism are always in the same place when one part of it is moved to a
particular position. This can, for instance, affect the angle read from a theodolite for a
given sighting, depending upon whether the final adjustments to the telescope and
vernier were made in a clockwise or anticlockwise direction.

Backsight The sighting from a level to a stave positioned on a point whose height is
known. The level’s line of collimation can then be calculated. See Foresight.

Bay A sequence of levelling backsights and foresights which either closes on itself, or
which runs from one point of known height to another. The ‘closure’ of the bay is an
indication of the accuracy of the readings within it.

Bubble error The mis-setting of a spirit bubble such that a piece of equipment is not
exactly horizontal (or vertical) when the bubble indicates that it is.

Change point The point occupied by a levelling staff when the instrument is moved to
level the next part of the bay.

Circle One of the protractors in a theodolite, on which horizontal or vertical angles are
measured.

Clinometer A simple optical device incorporating a pendulum (or spirit level) and a
protractor, for estimating slope angles.

Closure A check on the consistency of a set of observations, e.g.:

1 Re-observing a reference object after taking a set of horizontal angles. A reading which
differs from the original reading by more than the accuracy of the instrument and
makes the other readings suspect.

2 Seeing whether the height of an object given by a set of levelling measurements
corresponds with its known height.

Collimation,line of The line of sight between the centre of the cross hairs in the eyepiece
of a telescope and the distant object they appear to intersect, once parallax has been
removed. In levelling, the height of that (horizontal) line.

Cup bubble A circular “spirit level’ bubble, used for setting a tribrach or level
approximately horizontal.

Detail pole An extendable pole about 1 m in length, equipped with a reflector, used for
collecting detail for mapping. Colloquially known as a ‘pogo’.

Differential GPS The simultaneous reception of satellite signals by two receivers, one of
which is in a known position. The position of the other receiver can then be calculated
to high accuracy.

EDM (electromagnetic distance measurement) Measurement of distance by counting the
number of cycles between a transmitter/receiver and a reflector, of an electromagnetic
wave whose wavelength is known.
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EGNOS The European Geostationary Navigation Overlay System, which enhances the
GPS system over Europe.

Epoch An instant in time, e.g. 00:00 hours on 1 January 1989.

Face An alternative name for the vertical circle.

Foresight The sighting from a level (whose line of collimation is known) to a stave
positioned on a point whose height is required. See Backsight.

Geodesic The shortest path over the surface of an ellipsoid between two points on that
surface.

Geographical The co-ordinate system which defines the position of a point by quoting
its latitude, longitude and distance above the surface of an ellipsoid.

Geoid The irregularly shaped surface defined by the locus of all points around the earth
with the same gravitational potential as some datum—in the British Isles, the datum is
a marker near the mean sea level at Newlyn, in Cornwall.

GPS (global positioning system) The network of satellites managed by the USA, which
enables the position of a station to be determined by measuring its distance from four
or more of them.

Horizontal circle See Circle.

Level A telescope designed to have a horizontal line of collimation, used for comparing
the heights of two stations.

Navigational GPS The use of GPS data to calculate the position of a single receiver,
without reference to any other receivers.

Orthogonal A co-ordinate system in which the three axes are at right angles to one
another.

Orthometric height A height measured from the local geoid.

Parallax The spatial separation between, for instance, the image of a distant object and
the cross hairs in an instrument, which causes the two to appear to move relative to
each other depending on the position of the observer’s eye relative to the eyepiece.

Photogrammetry A technique for determining the relative 3D positions of points by
taking photographs of the points from two different places. Two overlapping
photographs taken from an aeroplane or satellite can be used to create topographic
maps by this technique.

Plate An alternative term for the horizontal circle.

Plate bubble A levelling bubble, usually tubular, built into a theodolite to set the plate, or
horizontal circle, level.

Ranging rod A striped pole, pointed at one end, used for checking lines of sight. The
stripes are usually a decimetre wide, enabling the rod to be used as a crude ‘ruler’.

Real time kinematic A method of differential GPS survey in which the two receivers are
in radio contact with each other and can thus calculate the exact difference in their
positions in real time.

Reciprocal vertical A method of observing vertical angles simultaneously from both
ends of a ray, to cancel out atmospheric effects.

Redundancy The principle of taking more measurements than are strictly required to fix
the positions of unknown points, so that any errors in the measurement data become
apparent. This is analogous to a ‘redundant’ structure, which has more bracing than
necessary to prevent it falling down.
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Reference object A station observed at the start and end of a set of horizontal angle
observations, whose reading on the horizontal circle is used as a datum for the other
readings. The co-ordinates of the reference object need not necessarily be known at
the time of observation—it is more important that the observation should be one which
it is easy to take consistently.

Resectioning Establishing the position of a station by mounting an instrument over it,
and measuring angles and distances to other known stations.

Round A complete set of horizontal angles, measured circle left and circle right, of one
or more stations, with respect to a reference object.

RTK See Real time kinematic.

RV See Reciprocal vertical.

Scale factor The factor by which the actual scale of a map at a given locality differs from
its nominal scale. A local scale factor of, say, 1.25 on a 1:50,000 map would give a
local scale of 1:40,000.

Split bubble A bubble with an optical arrangement which shows its opposite ends side
by side. The bubble is levelled by lining up the images of the two ends. This is more
precise and repeatable than using engraved marks on the glass, but it does not
eliminate bubble error.

Stadia lines Two (usually horizontal) lines parallel to the main cross hairs in a telescope,
subtending a fixed angle of observation and used in tachymetry.

Staff A graduated rod, used for levelling and tachymetry—also called a stave.

Station A fixed point on the ground, whose position is known or required.

Stave See Staff.

Swing The term for rotating a theodolite about its vertical axis. ‘Swing left” means rotate
anticlockwise, as seen from above.

Tachymetry The measurement of distance by observing the length of a distant stave
which subtends a known angle at the instrument, usually by using stadia hairs in the
telescope.

Tangent screw An adjustment screw tangential to the horizontal or vertical axis of an
instrument, which enables precise aiming of the telescope.

Target A visual reference mounted over a station, designed for precise and repeatable
observations of angles to that station.

Temporary bench mark A point established at (usually) the extreme end of a levelling
bay, which will be used as the starting point for another bay.

Theodolite A telescope equipped with protractors in the horizontal and vertical planes,
capable of precise measurement of azimuth and elevation angles.

Total station An integrated theodolite and EDM device, often having the capability to
record readings electronically.

Transit The act of turning the telescope on a theodolite through the vertical, e.g. when
changing from circle left to circle right.

Traverse The establishment of successive station co-ordinates by finding bearings and
distances from a previous station. A traverse is usually ‘closed’ by using a known
station as the final one.

Tribrach An adjustable platform which fixes to a tripod and provides a location for an
instrument or target which is level and directly above a station. Tribrachs have foot-
screws for levelling and may incorporate a plate bubble and an optical plummet.
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TREF (terrestrial reference frame) A set of fixed points on the earth’s surface, with
published co-ordinates, which effectively define the position of a TRS with respect to
the earth. Inevitably, there will be small inconsistencies in a TRF due to the
impossibility of measuring the relative positions of the points exactly, plus the fact
that the points may move relative to one another after the measurements have been
made.

TRS (terrestrial reference system) A set of Cartesian axes, with an associated ellipsoid of
defined size and shape, whose position with respect to the earth is defined in some
way—often as the ‘best fit’ to a TRF.

Trunnion axis The horizontal axis in a theodolite; the bearings which support the
telescope.

Vernier A mechanism for reading a scale to greater precision. An optical vernier bends a
light path until two markers line up, then (effectively) reports the amount by which the
path was bent.

Vertical circle See Circle.

Zenith angle The angle between a line of sight and the vertical at the point of
observation.
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accuracy (definition of), 8
adjustment of observations, 10, 110-29
Bowditch adjustment, 111-13
worked example, 162-6
least squares adjustment, 114-28
worked example, 167-8
alidade bubble, 31, 35, 182
angles
compass, 28
horizontal, 4, 39
measurement of, 28-44
reciprocal vertical, 142, 143-50, 184
setting out, 42
units, 29
vertical, 4, 40
zenith, 29, 185

backlash, 37, 182
backsight, 52, 182
bearings, 104-5

compass, 28, 105

grid, 105

magnetic, 104

true, 104
bench mark, 52, 83

fundamental, 83

temporary, 23, 52, 185
booking sheets, 174-8
British national grid, 101-3, 106, 108

cadastral survey, 2
calculation sheets, 179-81
central meridian, 94, 98
change point (in levelling), 52, 182
circle, 29, 182
clamping screw, 30
clinometer, 11, 28, 182
co-ordinate systems
cartesian, 14, 70, 80
conversion between, 84-6, 87-9
geographical, 70, 79, 183
grids, 15
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collimation
error in, 37, 44
line of, 50, 183
compass, 11, 28
surveying with, 3
continental drift, 27, 69, 70, 90
contours, 58
control networks, 14
redundancy in, 15
control stations, 153-5
convergence, 105
covariance, 122

deformation monitoring, 26
detail pole, 19, 183
deviation (compass), 105
DGPS, see under GPS
diary, use of, 13
distances
corrections to measurements, 131-8
horizontal, 49, 141
measurement of, 45-9
reduction of, 130-42
slope, 49
taping, 45
vertical, 49

earth curvature, 131
Easting, 103, 113
eccentricity (of an ellipse), 85
EDM, see electromagnetic distance measurement
effective earth radius, 135
EGNOS, 76, 183
electromagnetic distance measurement, 3, 17, 47-9, 183
arc to chord correction, 138
propagation corrections, 137
ellipsoids, 78-90
Airy, 80, 97
dimensions of, 151
GRS80, 96
International 1924, 98
WGS84, 70-1, 98
engineering survey, 2
ephemeris, 61
error ellipse, 121, 125
errors, 6
bubble, 34, 43, 182
collimation, 37, 44
gross, 7
in levels, 54
periodic, 7



Index

plummet, 43

random, 7

reticle, 44

systematic, 6-7, 23

in theodolites, 36
estimated standard deviation, 118, 121-3, 127
ETRF89/ETRS89, 71-2, 83-4, 89-90, 106-8
Euler angles, 86
eyepiece (of a telescope), 34

false origin, 103
focussing telescopes, 34
foresight, 52, 183

Galileo, 76, 77
GDOP, 62, 77
geodesics, 92, 99, 100, 183
geodetic survey, 2
geoid-ellipsoid separation, 80
geoids, 78-90
definition of, 78, 183
Global Positioning System, see GPS
Glonass, 76
GPS, 4, 60-77, 183
active stations, 65
base station, 64
broadcasting station, 65
C/A signal, 62, 74
control segment, 73
differential, 3, 15, 63-8, 183
height measurement, 69-70
ionospheric effects, 74-5
kinematic, 66
limitations, 143
navigational, 62
passive stations, 65
P-code, 63, 75
processing results, 69-73
rapid static, 66
real-time kinematic, 19, 66, 184
redundancy in, 61, 68-9
space segment, 74
static, 66
stop and go, 66
time, 75-6
two-dimensional, 61
Y-code, 75
Greenwich meridian, 69-70
grids, 15, 101-4

height
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ellipsoidal, 70, 72, 80
measurement, see levelling
orthometric, 72, 183

International Earth Rotation Service, 89
ITRF/ITRS, 89

laser plummet, 30
leap seconds, 75
least squares, see under adjustment
levelling, 50-9
bay of, 52
booking observations, 55
by reciprocal vertical angles, 143-50
line of, 52
precision, 57
levels, 50-4, 183
adjustments to, 56
automatic, 53
digital, 54
tilting, 53
two-peg test, 57
LSQ adjustment program, 126-8
use for setting out, 171-3
worked example, 167-8

magnetic north, 28, 105
magnetic variation, 104
major control, 6
mapping, 18

MSAS, 76

multipath, 67

Newlyn datum, 78
Northing, 103, 113

OSGB36, 106-8
OSGMO02, 83
OSTNO2, 106

parallax, 34, 183

pedal curve, 126
photogrammetry, 4, 27, 184
planning, 9-11

plumb bob, 30, 78

point cloud, 19

precision (definition of), 8
prime meridian, 69
probable error, 8
projections, 91-109
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azimuthal, 93

categories of, 91-6

conformal, 92

conical, 94

cylindrical, 93

distortions in, 99

equal area, 92

equidistant, 92

Gauss-Lambert, 97

Lambert, 96

Mercator, 97

Transverse Mercator, 97

Universal Transverse Mercator, 98
pseudorange, 61

reciprocal of flattening, 84
record keeping, 11, 13
recording observations, 38
redundancy, 8, 15, 26, 184
refraction, 133-4
refraction constant, 136
resectioning, 3, 24, 184
reticle, 30, 34

errors in, 44

satellite surveying, 60-77
scale factor, 16, 73, 184
central, 97-8
local, 103, 113
calculation of, 159-61
selective availability, 62
setting out (stakeout), 20
worked example, 169-73
sextant, 29
Simpson’s rule, 102
site north, 14
stadia lines, 30, 184
standard deviation, 8
a posteriori estimate, 122
a priori estimate, 122
estimation of, 121
stiffness (of networks), 9
subtense bar, 47

tachymetry, 46, 185

tangent screw, 30, 185

tape survey, 3

TBM, see under bench mark

theodolite, 29-38, 185
adjustments to, 36
angles measured by, 4
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checks on adjustments, 42
errors in, 36
handling, 31
levelling, 32
periodic, 7
setting up, 32
topographic survey, 2
total station, 3, 19, 29, 185
reflectorless, 26
transformations
between ellipsoids, 84-9
worked example, 156-8
classical, 72
onstep, 71
Transit satellite system, 76
traverse, 3, 18, 185
triangulation, 3, 17
tribrach, 30, 185
tripods—setting up, 32-3
true north, 28, 104
true origin, 103
trunnion axis, 29, 185
misalignment of, 44
t=T correction, 100
two-peg test, 57

UTC, 75-6

variance (statistical), 122
variance/covariance matrix, 123
variation (magnetic), 104
vernier (optical), 31, 185

WAAS, 76
weight matrix, 120
WGS84, 69-72, 84
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