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Preface 

Elasticity theory is a classical discipline. The mathematical theory of 
elasticity in mechanics, especially the linearized theory, is quite mature, 
and is one of the foundations of several engineering sciences. In the last 
twenty years, there has been significant progress in several areas closely 
related to this classical field, this applies in particular to the following two 
areas. 

First, progress has been made in numerical methods, especially the 
development of the finite element method. The finite element method, 
which was independently created and developed in different ways by sci­
entists both in China and in the West, is a kind of systematic and modern 
numerical method for solving partial differential equations, especially el­
liptic equations. Experience has shown that the finite element method is 
efficient enough to solve problems in an extremely wide range of applica­
tions of elastic mechanics. In particular, the finite element method is very 
suitable for highly complicated problems. One of the authors (Feng) of 
this book had the good fortune to participate in the work of creating and 
establishing the theoretical basis of the finite element method. He thought 
in the early sixties that the method could be used to solve computational 
problems of solid mechanics by computers. Later practice justified and 
still continues to justify this point of view. The authors believe that it 
is now time to include the finite element method as an important part of 
the content of a textbook of modern elastic mechanics. 

The second area is the development of composite elastic structural 
mechanics. In modern engineering practice we face not only the geo­
metrically simple, elastic body, but also, more importantly, bodies com­
posed of several elastic members, including those with different dimensions 
and with different properties, i.e., composite structures, such as aerospace 
structures, reactor structures, tall building structures, off-shore platform 
structures, underground structures. 

The development of composite elastic mechanics has great significance 
in both practice and theory. 

The development of composite elastic structural mechanics and the 
development of the finite element method, influence each other. To this 
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date, however, the mathematical basis of composite structure theory is 
still not sufficiently rigorous and complete. At the same time, the theory 
of elliptic equations on composite manifolds developed in recent years by 
one of the authors (Feng), can be applied to place composite structure 
theory in a comparatively strict theoretical fra.mework, aiding the further 
development of both theory and application. Thus, it also makes it possi­
ble to include a mathematical theory of composite structures in this book 
on modern elastic structural mechanics. 

In view of these considerations this book covers the following main 
topics: 1. The classical theory of linear elasticity 2. The mathemati­
cal theory of the composite elastic structures. Here the mathematical 
method proposed by the authors is presented. 3. The numerical method 
for solving elastic structural problems-the finite element method. The 
authors try to treat these three topics within the framework f a unified 
theory. It seems likely that the material covered in the book has not been 
published before. To this end, the whole book carries on a theoretical dis­
cussion on the mathematical basis of the principle of minimum potential 
energy, using displacement as the fundamental variable. The emphasis 
is on the accuracy and completeness of the mathematical formulation of 
elastic structural problems. This is another unique feature of this book. 
As is well known, the variational principle is one of the mathematical 
formulations of elasticity. 

The variational principle can be used to deal with almost any elas­
tic problem, although it is not the only possible method. As is also well 
known, although the principle of minimum potential energy based on dis­
placement is not the only form of the variational principle of elasticity, it 
is sufficient for our needs and has the greatest generality. It is especially 
suitable for the problems with high complexity. We should point out that 
the finite element method, based on the mathematical form of the varia­
tional principle, especially the form of the variational principle based on 
displacement, has had great success in practice. Proceeding according to 
this guiding idea, we hope to achieve our goal rather economically. 

The authors express their heartfelt thanks to Lin Qun, Wang Jin-xian, 
Van Chang-zhou, Fu Zi-zhi and others for their enthusiastic support and 
help during the process of writing, lecturing on and revising the book. 

Feng Kang 
Shi Zhong-Ci 
April 1, 1994 
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Chapter 1 

Simple Modes of Elastic Deformation 

§1 Simple Stretching and Compression of Springs 

1.1 Deformation mode 

Consider a spring of length L. One end of the spring, 0, is fixed. The 

spring is stretched or compressed by an external force which is applied at 

the other end of the spring, A. 

Suppose the elongation of 
the spring, i.e., the dis­
placement of point A, is u 0 

under the action of the ex­

ternal force f (Fig. 1). We 

define that: u > 0 means 
stretching of the spring, 

and u < 0 compression. It 

o 

has been shown by exper- fomm-F=" u. I 
iment that, within certain 0 . f 
range, the applied external A' 
force f is proportional to 
the elongation u 
of the spring: 

Fig. 1 

f = cu, 

A' 

tl--*--.... f 
A' 

(1.1) 

where c > 0 is the spring constant depending on the material property 
and the geometric shape of the spring. 

A so-called elastic reaction force is induced in the spring interior when 

one of its ends is loaded. According to Newton's third law, the elastic 

reaction force induced by the elongation u of the spring is 

R = -cu, (1.2) 
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where R is the internal force of the spring and the direction of the internal 

force is opposite to that of the external force oppsitely. This is Hooke's 

law. 

Hence, when the elongation of the spring is u under the action of the 

external force f, the resultant force is 

F = R + f = -cu + f. 

In particular, when the resultant force F = 0, i.e., 

-cu+ f = 0, (1.3) 

the spring is in equilibrium. This is the equilibrium equation of the mass 

point A. Hence we obtain the displacement in the state of the equilibrium 

configuration, 

u = flc, 

and then, using Hooke's law, the elastic reaction force at the point A is 

found to be 

R = -CU"=-f. 

Furthermore, we consider the resultant force F of the spring. When 
a mass point moves a distance du under the action of the external force 

F and the directions of the force and the displacement are the same, the 

work done is 

dw = Fdu. 

The potential energy dJ of the mass point, customarily expressed as the 

negative of the work, is 

or 

dJ = -dw = -Fdu, 

dJ =-F 
du . 

Integrating over du, we obtain 

J = - J Fdu + Jo, 

(1.4) 

(1.5) 

where Jo is a constant of integration denoting the reference potential en­

ergy, which may as well be taken as zero. Therefore, if the potential energy 
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J is known, then the force F can be obtained by differentiating the po­
tential energy, then changing its sign. Conversely, if the force F is known, 
then the potential energy J can be obtained by integrating the force, then 
changing its sign. 

Now the resultant force of the spring is 

F = F( u) = -cu + f, 

and its direction coincides with that of the stretching and compression, so 
the potential energy is 

J(u) = - J Fdu = ~cu2 - fu, (1.6) 

This is the potential energy possessed by the spring when the elongation 
of the spring is u (whether the spring is in the equilibrium configuration 
or not) under the action of the external force f. 

The resultant force F of the spring is composed of two parts. One is 
the internal force Fin, the other is the external force Fex, and 

Fin = R= -cu, Fex = f, 

F = Fin + Fex· 

Correspondingly, the potential energy J can also be divided into two parts 

and 
dJin Fin = --- = -cu, 
du 

Jex = -fu, 

dJex 
Fex = --- = f· du 

Jin is the elastic energy in the interior of the spring, which is a quadratic 
function of the displacement u and positive definite, i.e., 

Jin = 0, if and only if u = o. 

It is noted that there is a factor of 1/2 in the expression of Jin. Jex is 
called the potential energy of the external work, which is a linear function 
of u and Jex has a negative sign. 
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1.2 Variational principles and equilibrium equation 
In the section of 1.1, the equilibrium equation is derived from the intu­

itive equilibrium principle of forces. It is important that the equilibrium 

equation in elasticity can also be derived from a completely different way, 

i.e., from the method based on the principle of minimum potential energy. 

In fact, according to (1.4), the relation between the potential energy 

and the force is 
F =_dJ 

du' 

Hence the equilibrium equation F = ° is equivalent to ~~ = 0. Since the 

second derivative of J is: 
d?J 
du2 = C > 0, 

the displacement u of the equilibrium configuration makes the potential 

energy J a minimum. Conversely, the state that makes the potential 

energy a minimum must be the equilibrium configuration. That is the 

principle of minimum potential energy. 

Thus, the equilibrium problem in mechanics can be reduced to an 
extremum problem in mathematics, i.e., a variational problem 

J(u) = ~cu2 - fu = Min. (1.7) 

The principle of minimum potential energy may still have an alter­
native equivalent form, the so-called principle of virtual work. Suppose 
the displacement u of the equilibrium configuration is incremented by a 
virtual displacement v, and becomes u + v. Then the potential energy of 

the spring becomes J(u+v) from J(u). Since J(u) is a quadratic function 

ofu, 
1 

J(u + v) = J(u) + J'(u)v + "2J"(u)v2 

1 
= J(u) + J'(u)v + "2cv2. 

Obviously, the necessary and sufficient condition for making J a minimum 
IS 

J'(u)v = 0, 

i.e., for any virtual displacement v we have 

cuv - fv = 0, (1.8) 
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The mechanical meaning is that the displacement of the equilibrium con­
figuration makes the total virtual work vanish. Hence it is also called the 
principle of virtual work. 

To sum up, the solutions of the following three problems are equivalent: 

1. The principle of minimum potential energy: 

J{u) = ~cu2 - lu = Min; 

2. The principle of virtual work: 

cuv - Iv = 0, for any virtual displacement v; 

3. The equation of equilibrium: 

cu - I = O. 

For the simplest equilibrium problem of the stretching and compression of 
a spring with one degree of freedom, the equivalence of the three kinds of 
mathematical formulations above mentioned is almost tautological, with­
out any actual difference in contents. However, a similar equivalence gen­
erally holds also for all other problems of elastic equilibrium which will 
discuss in the book. It will be shown that, different mathematical for­
mulations will lead to different methods of solution, and their practical 
effects are very different. In other words, the equivalence in mathematics 
does not mean equal effects in practice. 

§2 Stretching and Compression of Uniform Rods 

2.1 Deformation modes 

Suppose a slender rod n with length L and cross sectional area A, which is 
uniform along the x-axis, is fixed at one end and is stretched by uniformly 
distributed longitudinal loads exerted on the other end. Let the resultant 
force of the load be I, and the elongation of the rod be 8L (Fig. 2). 
As in the case of the stretching and compression of springs, a form of 
Hooke's law holds, i.e., the force exerted per unit area of the rod I/A is 
proportional to the relative elongation 8L/ L: 
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... L ------l~~ 

(a) 
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.. 
Fig. 2 

L=E8L 
A L' 

(b) 

(2.1) 

where E is a constant called elastic modulus or Young's modulus, which 

depends only on the material but independent of the geometry of the rod. 

Since 8f is dimensionless, the dimension of the elastic modulus E is ~, 
i.e., force/area. 

Under the action of the load, the rod deforms elastically. The interior 

of the rod is in strained state, and yields internal forces. Taking an ar­

bitrary cross section S, orthogonal to the longitudinal x-axis of the rod, 

the rod n is cut into two parts n+ and n- (Fig. 3a). There will be forces 
acting on each other across S. The force per unit area across the cross 
section S is called stress. Let the stress exerted on the negative side n­
by the positive side n+ across S be u. Assuming that the loads on the 
end section are uniformly distributed and the rod is slender, the stress u 
will also be uniformly distributed over S. Therefore, the resultant force of 

the stress exerted on the negative side by the positive side over the whole 

cross section, i.e., the internal force, is 

Q=uA. (2.2) 

The internal force exerted on the positive side by the negative side over 

the cross section S is -Q, therefore Q > 0 means that the force is tensile 
and Q < 0 means that the force is compressive. 

Arbitrarily take two cross sections Sand S', with coordinates be x and 
x', and with corresponding internal forces be Q(x) and Q(x'), respectively. 
Now consider the equilibrium of the block between these two cross sections 
(Fig. 3c). Since there is no load between S and S', 
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Ca) 

so that 

Cb) 

Fig. 3 

-Q(x) + Q(x') = 0, 

a(x) = a(x'), 

7 

91 
/1-----'----'------' ==t 

CC) 

i.e., a(x) is independent of the coordinate x of the cross section: 

a(x) == a = const. 

Then considering the equilibrium of the segment n+ (Fig. 3b), we obtain 

-Q+1 = 0, 

i.e., 

-Aa+1=0, (2.3) 

this is the equilibrium equation expressed in terms of stresses, from which 
the stress can be found immediately as 

1 
a= A. 

The elastic deformation of the rod is measured in terms of the relative 
elongation, called the strain, and denoted by c. Then Hooke's law can be 

expressed in terms of stress and strain as 

a=Ec, 
8L 

c=y, (2.4) 

where c > ° corresponds to the tensile deformation and c < ° corresponds 
to the compressive deformation. Under the condition of the above men­
tioned uniformly loaded slender rod, the strain c, like the stress a, is also 
uniform. 
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If the stress a inside the rod is nonuniform, then the strain e is also 

nonuniform. It is the limit of the relative elongation. Suppose the rod 

deforms under loading, so that the mass point located at coordinate x is 

displaced by u(x), and the displacement of the point x' = x + ~x near x 
is u(x') = u(x + ~x), then the limit of the relative elongation is 

1. u(x + ~x) - u(x) '() 
1m A =ux . 

.6.x-+O uX 

Thus, at each point x, the strain is given by the derivative u'(x) of the 

displacement u(x), i.e., 

e = u'. (2.5) 

When the strain is uniform, the displacement u is a linear function of x 

U2 -Ul 
u=U(X)=Ul+ LX, (2.6) 

where 

Ul = u(O) = 0, U2 = u(L) = 8L. 

From (2.5), (2.6) and Hooke's law (2.4), we can rewrite the equilibrium 

equation (2.3), representing stresses as 

EA -yu2 + f =0, (2.7) 

The coefficient ~A is called the tensile rigidity of the rod. Hence the 

displacement can be found immediately as 

One can take the displacement u in the equilibrium equation (2.7) as the 

unknown, and solve for it first, then solve for the strain and the stress by 

(2.5) and Hooke's law. The method of solving the equilibrium equation by 

solving first for the displacement is called the displacement method. Con­

versely, one can take the stress a as unknown in the equilibrium equation 

(2.3), and solve for it first, then solve for the strain and the displacement 
by Hooke's law and (2.5). The method of solving the equilibrium equation 

in this way is called the force method. These two methods of solving the 
equilibrium equation are the ones commonly used in elasticity. The book 
will mainly discuss the displacement method. 
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Just the elastic modulus E is not enough to describe all elastic proper­
ties of the materiaL Experiments show that there are transverse compres­
sive (tensile) deformations associated with the longitudinal tensile (com­
pressive) deformation caused by the longitudinal load (Fig. 2b). In fact, 
u, c, and a defined above only refer to the longitudinal x-direction. Anal-

ogous displacements v and w, the strains Cy = :~, c z = ~:, and as well 

as the stresses ay and ax can also be defined in the other two transverse 
directions, i.e., in the y - and z - directions. For the above mentioned 
longitudinal stretching under longitudinal load, Hooke's law is written as 

while there exist the transverse compressions proportional to the longitu­

dinal stretching 

Here, the dimensionless coefficient 1/ is a constant dependent only on the 
material, called Poisson's ratio. The negative sign in the expression means 
that, under the action of the longitudinal load, the longitudinal and the 
transverse strains of opposite sign. One can prove that, the elastic prop­
erty of an isotropic (Le., it is invariant under arbitrary rotation) solid 
material can be completely described by the elastic p10dulus E and Pois­

son's ratio 1/. However, this is not true for the antistrophic materials. 
For example, 3 material constants are needed for cubic crystals and 21 
material constants for general triclinic crystals. We will prove later that 

1 
Poisson's ratio 1/ satisfies 0 < 1/ < "2. 

Table 1 
Material Elastic modulus (Dyne/cm2 ) 

Steel 20.0xlO11 

Copper l1.0xlO11 

Concrete 2.7x1011 

Rubber 0.50xlO11 

Poisson's ratio 

0.28 

0.34 

0.10. 

0.48 

The elastic moduli and Poisson's ratios of some engineering materials 
are listed in Table 1. It can be seen that, E is a very large value. That 
means, the elastic deformation is very small under the condition of an 
ordinary load. In fact, Hooke's law (i.e., the so-called elastic law), which 



10 Chapter 1 Simple Modes of Elastic Deformation 

describes the linear relationship between the stress and strain, holds only 
for small deformations. When the stress has increased to a certain ex­
tent, the material starts to yield, great deformation may be caused by 
small increase of stress, and the material becomes plastic. Finally, it will 
be damaged as the stress successively increases. For some engineering 
materials, the capacities for resistance to stretching and compression are 
different, e.g., concrete can endure greater compression but less tension. 
Furthermore, the stress-strain curve of some engineering material goes 
along a path in the e - (7 plane during loading, and another different path 
during unloading. Such materials remain more or less residual deforma­
tion and can only partially return to their original state after the load has 
been removed. All of such cases deviate from the ideal linear elastic law 
and will not be discussed in the book, though they are often encountered 
in practice. 

2.2 Variational principles and equilibrium equations 
Now, starting with energy, we use the variational principles to further 
analyze the tensile and compressive deformations of uniform rods. 

The work is done by the internal force during the deformation of the 
rod and the strain energy is stored. 

Arbitrarily choose a unit cross 
....__-----::>r"/"'"I sectional area and of unit length in-

,," ., : side the rod as a volume element. 
~~ I 

r-----.......c.-,.// : Suppose the stress (7' inside the body, 
: --+--t-: -. (7' i.e., the force per unit area, changes 
: I from 0 to (7. The corresponding strain 
: .,: .... .J 

: _/-,-,~ 
-' e', i.e., the elongation per unit length, 

'--___ -"'"_...J./' changes from 0 to e (Fig. 4). Let-

I+- -le'l+­
Fig. 4 

ting 

(7' = t(7, e' = te, 

t changes from 0 to 1. Therefore, the strain energy stored in the unit 
volume (called the volume density of strain energy) is 

W = (7'de' = t(7edt = (7e tdt = -(7e. Ioe 101 101 1 
o 0 0 2 

(2.8) 

Note the factor ~ in the expression. Because no work has been done by 
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the longitudinal load in causing the simultaneous transverse deformations, 

it contributes nothing to the strain energy. 

From (2.8), the strain energy per unit length of the rod (called the line 
density of strain energy) is 

w = W A = ~AO"e: = ~EAe:2 
2 2 ' 

so the total strain energy of the rod (supposing that the left end is fixed, 

i.e., Ul = 0) is 

where 

- 1 2 1 EA 2 1 2 
P = WL = -EALe: = --(U2 - Ul) = -cu2' 

2 2 L 2 

c- EA 
- L . (2.9) 

On the other hand, work fU2 is done by the right end load f through 

the local displacement U2, so the potential energy of the external work is 

- fU2. Then the total potential energy of the rod is 

1 2 
J( U2) = 2CU2 - fU2. (2.10) 

This is a problem with are degree of freedom and the variable U2 is its 

unknown. Its form is exactly the same as (1.6) for the potential energy 

of springs during stretching and compression in §1, hence there are still 

three equivalent mathematical formulations (write U2 = U and V2 = v for 
brevity): 
1. The principle of minimum potential energy: 

J(U) = ~cu2 - fu = Min, 

2. The principle of virtual work: 

cuv - fv = 0, for any virtual displacement v, 

3. The equilibrium equation: cu = f. 

In the following, we consider the case of a rod of which both ends are 

loaded by loads II and 12, respectively. Both end displacements Ul and 

U2 are unrestrained, and the strain energy is 
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where 

where (u, v) denotes the inner product ofthe vectors u and v. The matrix 
C of the quadratic form (2.11) for the strain energy is called the stiffness 

matrix. It is symmetric, and is positive semi-definite because the strain 

energy P( u) is non negative. 

The potential energy of the external work is 

-F(u) = (!IUl + hU2) = -(f, v), f = [1/21], (2.12) 

and the total potential energy of the rod is 

(2.13) 

J ( u) is a quadratic function of the variable elements Ul and U2. J ( u) has 
two first partial derivatives and four second partial derivatives: 

[
CUI - CU2 - h 1 
-CUI + CU2 - h ' 

82 J 
8U28u2 

82J 

8u~ 

J(U) has the Taylor expansion 

[ 
C -c] = C, 

-C C 

Since the matrix of second derivatives J" = C is positive semi-definite, 
it can be seen from the above expansion that a necessary and sufficient 
condition for making the total potential energy J a minimum is J' = 0, 
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l.e., 

{ 
aJ = CUl - CU2 - 11 = 0, 
aUl 

aJ 
- = -CUl + CU2 - 12 = 0. 
aU2 

Written in matrix form, this becomes 

Cu=f· 

13 

(2.14) 

The vanishing of first derivatives of J is also equivalent to the principle of 

virtual work. 

for any Vl, V2. 

Written in inner product form, 

(Cu,,,) - (1,,,) = 0, lorany v = [ :: ]. (2.15) 

Equation ~ 2. J 4) is just the equilibrium equation of the rod unrestrained 

at both ends. If we arbitrarily take a cross section S cutting the rod into 

two parts n-- and n+ (Fig. 3a), we can establish the equilibrium for each 

part: 

n-: 11 +aA = 0, 

n+ : -a A + 12 = 0, 

respectively. By substituting 

a = Ec = E U2 - Ul --L-

into the above expressions, we get (2.14). 

The coefficient matrix C of (2.14) is the coefficient matrix of the 

quadratic form of strain energy. 

It is singular because its determinant 

det C = c2 - c2 = 0. 
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Hence, equation (2.14) may have no solutions. The corresponding system 

of homogeneous equations 

has a general solution 

where a is an arbitrary constant. 

Obviously, a necessary and sufficient condition for the existence of 

solutions of the system of nonhomogeneous equation (2.14) is that the 

load vector f and the vector v are orthogonal: 

(j,v) = a(j,v(1)) = a(h + h) = 0, 

i.e., 

h+h=O. (2.16) 

This is the self-equilibrating condition of the two external end loads, which 
is the prerequisite for equilibrium of a unrestrained rod, called the com­
patibility condition. Under this condition, there exists a solution of the 

equilibrium equation. A particular solution is 

while the general solution is 

Hence the solution is unique only up to a rigid translation by av(1), which 

corresponds to a rigid translation. However, the stress solution is unique: 

(J' = h/A = - fI/A. 

We see that, the stress (J' is uniform over the rod, hence we still have a 

problem of single degree of freedom, viewed in terms of the stress. How­

ever, the problem is one of two degrees of freedom Ul and U2, viewed in 

terms of the displacement. 
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Now let the left end load be changed into an elastic support. Suppose 

the elastic reaction force exerted on the end by the support is proportional 
to the deviation of the displacements 

-Cl(Ul - ud = -ClUl + h, h = ClUb 

where Cl > ° is the spring constant of the support, Ul is a reference 
displacement, and h is known. Hence the supporting force can be consid­
ered as the sum of the elastic reaction force -Cl Ul and the load h = Cl Ul 

which is independent of the displacement Ul. So the strain energy ~CIU~ 
of the support should be added to the total strain energy of the system in 

1 
addition to the strain energy "2C(U2 - Ul)2 of the rod, i.e., 

1 1 
P(u) = P(Ub U2) = "2 C(U2 - ul)2 + 2ClU~ 

1 
= "2(Cu,u), 

where the stiffness matrix 

c= [ 
C + Cl -c 1 

-c C 

is obviously symmetric and positive definite. 

The potential energy of external work is still 

-F(u) = -(f,u). 

The total potential energy of the system is 
1 

J(u) = J(Ul,U2) = "2(Cu,u) - (f,u). 

(2.17) 

As in the two cases discussed above, there are three mathematical formu-
lations: 1 

1. J(u) = "2(Cu,u) - (f,u) = Min, 

2. (Cu,v)-(f,v) =0, for any v, (2.18) 

3. Cu = f. 
In order to verify that (2.18), derived from the variational principle, is 

just the equilibrium equations, one can simply separate the rod into two 
parts n- and n+, and write out the equilibrium equations respectively, 

n- : (-C! Ul + h) + a-A = 0, 

n+ : -(T A + h = 0, 

and then substitute E(U2 - ud/L for the stress (T. 
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The coefficient matrix C of the equilibrium equations (2.18) is just 
the stiffness matrix (2.17), which is positive definite. Hence there exists a 
unique solution 

U2=h+h+h. 
CI c 

(2.19) 

The corresponding stress solution is 

u= h/A, 

so the stress in the rod is still uniform. 

Two points can be seen from the above discussion: 1. The stiff­
ness matrix is always symmetric and positive definite or positive semi­
definite, unclear-I think it should be: 2. The stiffness matrix, i.e., the 
quadratic form of strain energy, and acts both as the coefficient matrix 
of the quadratic form of strain energy, and as the coefficient matrix of 
the equilibrium equations is positive definite whenever a geometrical con­
straint or elastic support is imposed on the end point. 

The foregoing analysis of the stretching and compression of uniform 
rods can be immediately generalized to the piecewise uniform rod and to 
the plane system of rods in tension. These two cases will be discussed in 
the following two sections, respectively. 

2.3 Piecewise uniform rods 

Suppose a rod Xl ~ X ~ XN is divided into N - 1 segments: [Xl, X2], [X2' 

X3],"', [XN-bXN]. Each segment [Xi-bXi] possesses a uniform mate­
rial constant Ei , a uniform sectional area ~, and a length Ei = Xi -

Xi-I. There are loads h,"', IN exerted on the interface sections X = 

Xl, ... , X N, respectively, but no further loads are exerted on the interior 
of each segment. This guarantees that both the stress and the strain are 
uniform: 

while the displacement u is linear within each segment [Xi-I, Xi]' Hence, as 
a whole, both u(x) and e(X) are piecewise constant, and u(x) is piecewise 
linear, i.e., a broken-line distribution determined by the nodal displace­
ments UI, ..• ,UN (Fig. 5). 
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The strain energy of this composite rod equals the sum of the strain 

energies of the individual segments. Since the strain energy of the segment 

[Xi-I, Xi], based on the (2.11), is 

1 2 -c·(u· - U· 1) 2 ~ ~ ~- , i = 2,···,N, 

the total strain energy is 

(2.20) 

Fig. 5 

The displacement vector is u = (UI,···, UN)T, where the superscript T 

always denotes the transpose of a vector or a matrix, and the matrix 

C2 -C2 0 

-C2 C2 + C3 -C3 

C = [cijkj=l, ... ,N = (2.21) 

0 -CN CN 

is tridiagonal symmetric. C is called the stiffness matrix of the composite 
rod. Because P( u) 2 0 for any u, C is positive semi-definite. 
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The potential energy of the external work of the system is -F(u), 

F(u) = F(UI,··· ,UN) = 1: hUi = (f,u), (2.22) 

so the total potential energy is 

1 
J(u) = P(u) - F(u) = "2(Cu,u) - l(f,u). (2.23) 

By the principle of minimum potential energy, the displacement of the 
equilibrium configuration minimizes the total potential energy a minimum: 

J(u) = Min. 

On the other hand, since the stiffness matrix C is symmetric positive semi­

definite, it follows from the extremum theorem of multivariable functions 
in calculus that the following three problems are equivalent, i.e., either 
they all have the same solution, or none of them has a solution. 

1. J(u) = ~(Cu, u) - (f, u) = Min, (2.24) 

2. (Cv,v) - (f,v) = 0, for any v = (v!,··· ,VN)T, (2.25) 

3 8J -iN "··U· - .t. - ° i = 1, ... ,N. (2.26) . 8 - "-'"t)) J z - , Ui j=I 
The quadratic form 

i=2,···,N, 

i.e., VI = V2 = ... = VN = a (italic is an arbitrary constant), so the stiff­
ness matrix C is degenerate and the determinant vanishes. The nontrivial 
general solution of the homogeneous equations 

IS 

rN 
CijVj = 0, i = 1,···, N 

lj=I 

VI = V2 = ... = V N = a 

which corresponds to the rigid translation. 
By the fundamental theorem of linear algebra, a necessary and suffi­

cient condition for the existence of solutions to the degenerate equations 
(2.26) is that the right hand vector f and the general solution v = 

(a, ... , a f of the system of homogeneous equations be orthogonal: 

(f,v) = a(!I + ... + IN) = 0, 
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I.e., 

h + ... + iN = O. (2.27) 

Such a condition means the self-equilibration of the external loads. Be­

cause of the equivalence of the above three problems, it is also the neces­

sary and sufficient condition for the equilibrium of unrestrained, piecewise, 

and uniform rods. we have already mentioned this in the discussion of the 
uniform rod. 

If the condition (2.27) is satisfied, then there exists a solution of the 

system of equations (2.26), but the solution is only unique up to a constant 

(rigid translation): 

Ui = u: + a, i = 1, ... , N, 

where u* is an arbitrary particular solution of the system of equations. 

Although the displacement solution is not unique, the solutions for the 

stress (J'i or the strain Ci are still unique because the rigid translation 

contributes nothing to the stress or strain. When a constraint condition 

{N Ui = 0 
Ji=I 

is imposed on the solution u, the displacement solution becomes unique 
as well. 

One can easily see that, the system of extremum equations (2.26) in 
problem 3 is just the equilibrium equation. For let X. I be the midpoint of 

'-2 
the segment [Xi-I, Xi]' Writing out the equilibrium equations of forces on 

each segment [x. I, X. d and [Xl, X3], [X I, XN], where i = 2"", N -1, 
'-2 '+2 2 N- 2 

we obtain 
(J'2 A 2 + h = 0, 

-(J'2A2 + (J'3 A3 + h = 0, 
(2.28) 

Using the stress-strain relation and the strain-displacement relation, the 

system of equations (2.28), where stresses are used as the unknowns, can 

be transformed into the system of equations (2.26), where displacements 
are used as unknowns. 
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Hence, as in the case of uniform rods, the stiffness matrix C is sym­

metric positive semi-definite, and is the coefficient matrix not only of the 

quadratic form of the strain energy but also of the equilibrium equations. 

If the left end of the rod is fixed, Ul = 0, then the strain energy is 

P(u) = P(U2,··· ,UN) = ~C2U~ + ~ iN Ci(Ui - Ui-l? 
2 2 i=3 

1 
= "2(Cu,u), 

U=(U2,···,UN)T, 

the stiffness matrix becomes symmetric positive definite, 

c= 

o 

This is because 

i.e., 

(Cv, v) = 0 {::=:} V2 = 0, Vi - Vi-l = 0, i = 3,· .. , N, 

V2 = V3 = ... = v N = O. 

The potential energy of the external work is 

-F(u) = -(hu2 + ... + fNUN) = -(f,u), 

f = (12,··· ,iNfo 

The total potential energy is 

1 
J(u) = P(u) - F(u) = 2(Cu,u) - (f,u). 

(2.29) 

Since the matrix C is symmetric positive definite, the three equivalent 

problems which are analogous to (2.24)-(2.26) have the same unique so­
lution. 
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If the left end is changed into an elastic support, and the supporting 

force is -CIUI + iI, then the elastic energy !cIui should be added to the 
2 

strain energy of the system. We obtain 

u = (UI' ... ,UN)T, 

where 
CI + C2 -C2 0 

-C2 C2 + C3 -C3 
c= (2.30) 

0 -CN CN 

Since (Cv,v) = 0 {::::::::} VI = O,Vi - Vi-I = O,i = 2,··· ,N, i.e., 

VI = V2 = ... = VN = 0, 

the matrix C is symmetric positive definite. The potential energy of the 

external work is 

-F(u) = -(iIUI + ... + fNUN) = --(f,u), 

f = (h,···,fNf· 

The total potential energy is 

1 
J(u) = P(u) - F(u) = 2(Cu,u) - f(f,u). 

Hence, as in the case where the left end is fixed, there exists unique so­

lutions of all three equivalent problems. The only differences are that 

coefficient matrices C are slightly different and the range of subscripts 

should be taken i,j = 1,···, N. 

We see from the above discussion that the stiffness matrix is posi­

tive semi-definite when both ends are unrestrained, and that the stiffness 

matrix becomes positive definite if one of the ends is fixed or elastically 

supported, i.e., the stiffness matrix can be made positive definite by adding 
geometric constraints or elastic support. 
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2.4 Systems of rods in plane tension 

In the foregoing, we have discussed the tensile and compressive defor­

mations of piecewise uniform rods. A peculiarity of composite rods of this 
kind is that the axial directions of the individual rods are coincident. With 

modifications, the analysis above can also be used to discuss so-called sys­

tems of rods in plane tension, which are composed of rods in tension lying 

in the same plane, but without a common axial direction. 

Suppose each rod of the system of rods is uniform, the loads are all 

exerted at the ends of the rods (called nodal p~ints for brevity), and 

all connections among the rods are pin-connected. Axial stretching and 
compression, but no flexural deformation normal to the axial direction, is 

considered for each rod. 

Y(V) 

y(v) x(u) 

----'~--'----------- X(U) 

Fig. 6 

Since the axial directions of the rods are not completely coincident, for 

convenience of treatment, we introduce a system of coordinates (xy) for 

each rod, called the local coordinates, with the convention that the axial 

direction of the rod is taken as the x- direction. The displacement vector 

in the local coordinates is denoted by (u, v). The y-directional compo­

nent of the displacement vector v = 0 because no transverse bending is 

considered. Besides the local coordinates of the rods we also need global 
coordinates (X, Y) in the plane as reference coordinates for the whole sys­
tem of rods. The displacement vector in the global coordinates is denoted 

by (U, V). 

Suppose there is a rod L with two end points denoted by PI and 
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P2 . The local and the global coordinates are shown in Fig. 6. The 

transformation relations between these two sets of coordinates are 

{
X = XcosO+ YsinO, 

y = -X sinO + Y cosO. 

Correspondingly, the transformation relations among the local and global 

components of the displacement vector are 

{ 
U = U cosO + V sinO, 

v = -U sinO + V cosO. 
(2.31) 

We first consider this case where the ends are not fixed. Hence suppose 

that the stiffness matrix in the local coordinates of the rod, which is 

unrestrained or elastically supported at both ends, is C. Its concrete form 
can be seen from the relevant expressions in Section 2.2. Then the strain 

energy of the rod is 

the potential energy of the external work is 

where hand 12 are the axial loads exerted on the end points Pl and P2 

of the rod, respectively. 

Now we discuss the transformation from the local to the global dis­

placement vector. From the transformation relations (2.31), 

Ul 

u= [:: 1 
sinO 0 

:ine 1 
Vl 

=RU, (2.32) 
0 cosO U2 

V2 
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the transformation matrix is 

R = [coo sO sinO 0 0 1 
o cos 0 sin 0 ' 

U= 

Hence in the global coordinates the strain energy of the rod is 

P(U) = ~(CRU,RU) = ~(RTCRU,U) 
1 

= 2(KU,U). 

The potential energy of the external work is 

-F(U) = -(f,RU) = _(RT f,U) = -(F,U). 

(2.33) 

(2.34) 

(2.35) 

The matrix K = RT C R is just the stiffness matrix of the rod in global 
coordinates, and is obviously still symmetric positive semi-definite; F = 
RT f is the corresponding load column matrix. 

Assuming in global coordinates the strain energy of the i-th rod is 

the potential energy of the external work is 

Summing up the strain energies and the potential energies of external 
work of all the rods, respectively, the total strain energy and the total 
potential energy of external work of the system of rods can be obtained: 

{ 
P(U) = 1 p(U(i)) = ~ l(K(i)u(i), U(i)) = ~(KU, U), 

-F(U) = -1 F(U(i)) = -l(F(i), U(i)) = -(F, U). 
(2.36) 
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The total potential energy is 

J(U) = P(U) - F(U) = ~(KU,U) - (F,U), (2.37) 

where the matrix K is the total stiffness matrix of the system of rods and 
F is the total load column matrix. Note that K is still symmetric positive 

semi-definite. 
According to the equivalence mentioned several times above, the fol­

lowing three problems: 
1 . 

1. J(U) = 2(KU, U) - (F, U) = Mm, 

2. (KU, V) - (F, V) = 0, for any V, 
3. KU =F. 

(2.38) 

(2.39) 
(2.40) 

Eigher all have the same solution, or none of them has a solution. Neces­
sary and sufficient conditions for the existence of solutions are 

(F, Vi) = 0, i = 1,2,···, l (2.41 ) 

where Vi, i = 1,· .. ,l, constitute the linearly independent solution of the 

homogeneous equations KV = o. 
Since 

KV = 0 ¢::::::} (KV, V) = 01) (2.42) 

i.e., the strain energy vanishes, so the nontrivial solutions Vi of the ho­

mogeneous equations KV = 0 are also called the strainless state. 
The coefficient matrix of the equilibrium equations (2.40) is also called 

the coefficient matrix of the quadratic form of the total strain energy, i.e., 
the global stiffness matrix. The stiffness matrices of the individual rods 

1) The proof of the equivalence is as follows: If KV = 0, then obviously (KV, V) = 
o. Conversely, if (KV, V) = 0, then the quadratic form for arbitrarily given vector U 
and real number t, 

(K(V + tU), V + tU) = (KV, V) + 2t(KV, U) + e(KU, U) ~ 0, 

because the stiffness matrix K is symmetric positive semi-definite. Hence the discrimi­
nate of two quadratic equation in t is nonpositive, so 

(KV, U)2 ::; (KV, V)(KU, U) = O. 

Consequently, 
(KV, U) = 0 for any U. 

Hence KV = o. Q. E. D. 
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that are components of the system of the rods are generally called the 

element stiffness matrices. The global stiffness matrix is assembled by 

superimposing the element stiffness matrices according to the connections 

of the end points of the rods. Similarly, the load column matrix F is also 

assembled by superimposing the load column matrices of each rod element 

according to the same rule. 

In the foregoing, we have not considered the case of displacement con­

straints at the fixed end. Three methods often used to deal with such 

geometrical constraints will be introduced in the following. Suppose the 
displacement component Vi(i) at the first nodal point of the i-th rod is 

fixed: V1(i) = vii) (a given value), and let the displacement component 
V1(i) be the k-th component of vector U. 

The first method: Delete the k-th row including the right-hand term 
in the equilibrium equations KU = F, set the unknown V1(i) in the k-th 

column on the left-hand side equal to vii) and transpose this column to 
the right-hand side. When V1(i) = 0, this is just a matter of deleting the 

k-th column. The rank of the system of equations is thereby reduced by 
one. This operation must be repeated several times if there are several 

fixed displacement components, and the rank of the coefficient matrix is 

reduced by one each time. 
This approach has the advantage of saving computer memory. How­

ever, programming it is somewhat complicated because it needs to rear­
range the coefficient matrix of equations. 

The second method: Set all the off-diagonal entries in the k-th row and 
in the k-th column of the global stiffness matrix K to zero, the correspond­
ing diagonal entry equal to 1, and set the k-th component of the vector 

F on the right side equal to vii). The rank of the system of equations 

remains unchanged. The advantage of this method is that, it is compara­

tively simple to program. But on the other hard, some computer memory 

as well as computational effort is wasted. 

The third method: Set the diagonal entry at the crossing of the k-th 

row and column of K equal to a large number L and the k-th component of 
the vector F on the right-hand side equal to Lvii), while all other entries 
are kept unchanged. Thus, all other terms except the diagonal term of the 
k-th equation are relatively small quantities and play an insignificant role. 
Hence LV1(i) ~ Lvii), i.e., Vi(i) ~ vii). The advantage of this method 

is that the programming becomes even simpler. But memory as well as 
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computational effort is wasted as in the second method, and some error 

will be induced as well. 

In addition, there is a method to deal directly with the displacement 

constraint at the fixed end, i.e., to distinguish whether the rod has a fixed 

end or not before constructing each element stiffness matrix. If the rod 

has a fixed end, the stiffness mah-ix for an element with fixed end should 

be used, e.g., if the left end is fixed, then the strain energy of the rod is 

where c is the tensile rigidity, the element stiffness matrix is C = c, the 

displacement vector is u = U2, and the load vector is f = h. The element 
stiffness matrix in global coordinates is 

K=c 

the load vector is 

[ 
cos2 e 

sin e cos e 
sin e cos e 1 

sin2 e 

F= [hcose l' 
h sine 

and the displacement vector is 

u = [ U2], u = [ c~se ] T U. 
V2 sme 

The advantages of the method are the compactness and the saving of 
computer memory. The shortcoming is that, the kind of stiffness matrix 
to be used must be determined for each rod in advance. Consequently the 

process is not as uniform as before. 

By treating the displacement constraint at the fixed ends may make the 

global stiffness matrix positive definite. Then the equilibrium equations 

have a unique displacement solution. However, it still may be positive 

semi-definite, then the displacement solution is not unique and may differ 

by an arbitrary strainless state. 

The main steps for analyzing the system of rods in plane tension can 

be summarized as follows: 

1. Select the global coordinates and the local coordinates for each rod. 
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2. Construct the element stiffness matrices and load column matrices of 

the individual rods, and transform them into global coordinates. 

3. According to the connections of the rods, assemble all the element 

stiffness matrices and load column matrices in the global coordinates 

to form the global stiffness matrix and load column matrices. 

4. Treat the displacement constraints at fixed ends. This step may be 

omitted if the displacement constraint has already been considered 

during the construction of the element stiffness matrix. 

5. Solve the equilibrium equations - the linear system of algebraic equa­

tions-and determine all the nodal displacements in the global coordi­

nates. If one desires to evaluate the displacement components in the 

local coordinates, then use transformation (2.32). 

We illustrate the details of how to assemble to element stiffness ma­

trices and load column matrices to form the global st:ffness matrix and 

load column matrices with the following examples. 

Example 1. An equilaterally triangular system of rods (Fig. 7). 

Suppose an equilateral tri-

angle ABC is composed of 

three uniform rods numbe­
red 1, 2, 3, respectively. The 
local x-directional coordin­
ate of each rod is shown by 
an arrow. The global coor­
dinates and the local coor-

dinates of rod 1 are coinci-

Y(V) 

C 

2 

dent. Let the external force A 60° 60° B 
----I'--'----~---'--'---------. X (U) 

applied of each nodal point 

be decomposed into the ax­

ial forces of the two rods which 

Fig. 7 

are intersecting at this nodal point. Denote the axial forces applied to the 
ends of rods 1 2 3 by j(l) j(l). j(2) /-,(2). /-,(3) j(3). respectively where " A , B , B ,JC ,JC , A , , 

the superscripts denote the rod, while the subscripts denote the number 
of the nodal point at which the force is applied. The tensile rigidities are 

CI, C2 and C3, respectively. 

At first, we will not consider displacement constraints at fixed ends or 

the elastic supports not considered first. According to the steps summa-
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rized above, the analysis is as follows: 

Steps 1, 2. Construct the element stiffness matrices and load column 

matrices of the individual rods. 

Denote the intersection angle between the local x-coordinate and the 

global X-coordinate by O. Then we have 

Rod 1: 01 = O,COS01 = 1,sinOl = o. 
The transformation matrix is 

[
COS (h sin 01 

R1 = 
o () 

o 
cos 01 

the local element stiffness matrix is 

[ 1 -1 1 
C1 = C1 -1 1_ ; 

the load column matrix is 

[ 
(1) 1 f (l) = IA . 
(1) , IB 

the displacement vector is 

[ 
(1) 1 u(l) = UA . 
(1) , 

UB 

the global element stiffness matrix is 

K(l) = Ri GIRl = CI [ 

1 0 
0 0 

-1 0 

0 0 

the global load column matrix is 

o 0 

o 1 

-1 

~ ] ; 0 

1 

0 

F(l) - RT f(l) - (/(1) 0 1(1) O)T. 
-1 -A"B" 

and the displacement vector is 
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[ 
_~ v'3 

R2 = 2 2 

o 0 

[ 
(2) 1 

/ (2) = fB 
(2) , 

fe 
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o 0 l' 62 = C2 [ 1 -1 1 ' 
1 v'3 -1 1 -- -
2 2 

u(2) = [ u~) 1 
(2) , ue 

1 v'3 
4 4 
v'3 3 

4 
3 

1 

-
4 
v'3 

4 
3 

4 
3 
-

4 4 4 4 

F(2) = RT/(2) = ( _ ~f(2) v'3 f (2) _~ 1(2) v'3 /(2»)T 
2 2 B , 2 B' 2Je ' 2 Je , 

U(2) = (UB' VB,Ue, Ve?, u(2) == R 2U(2). 

JJ 
4 

4 
3 
4 

u(3) = Ue 
[ 

(3) 1 
(3) , 

1 v'3 

-

JJ 
4 

4 
3 

4 
3 
-
4 

uA 
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F(3) = RTf(3) = (_ ~ A3) _ v'3 ,(3) _~f(3) _ v'3 f (3»)T 
3 2JC' 2 JC, 2 A' 2 A , 

U(3) = (UC, VC,UA, VA?' u(3) = R3U(3). 

Step 3. Construct the global stiffness matrix and the load column matrices. 

We shall explain through diagrams the process of assembling the in­
dividual element stiffness matrices through diagrams. Suppose the global 
stiffness matrix is K, the load vector is F, and the displacement vector is 

U = (UA' VA, UB, VB, Uc, Vc? Arrange the quadratic form of the total 
strain energy (KU, U) and the negative potential energy of the external 
work (F, U) into a tabular form, and start by setting all the entries to 
zero. 

UA VA UB VB Uc Vc F 

UA 0 0 0 0 0 0 0 

VA 0 0 0 0 0 0 0 

UB 0 0 0 0 0 0 0 

VB 0 0 0 0 0 0 0 

Uc 0 0 0 0 0 0 0 

Vc 0 0 0 0 0 0 0 

UA VA UB VB F(l) 

UA Cl 0 -Cl 0 f~l) 

VA 0 0 0 0 0 

UB -cl 0 cl 0 f}J) 

VB 0 0 0 0 0 



32 Chapter 1 Simple Modes of Elastic Deformation 

Now arrange the quadratic form of the strain energy (K(1)U(1) , U(1») 

and the negative potential energy of the external work (F(1), U(l») of rod 

1 into a similar tabular form, in which the part of the square block is 
actually the element stiffness matrix K(l) and the last column is the load 
column matrix F(l). Superimpose the individual entries in this table on 

the corresponding locations in the large table for (KU, U) and (F, U). 
For example, the entry at the crossing of row U A and column U B is -C1. 

Superimpose this entry on the entry (being zero at present) at the crossing 
of row U A and column U B in the large table, and assemble the result into 
the large table. Similarly, the entry at the crossing of row U B and column 
F(l) is 111). Superimpose this entry on the entry (being zero at present) 

at the crossing of row U B and column F in the large table, and assemble 
the result into the large table, etc. 

Continue by applying the same treatment to rods 2 and 3. After 
finishing the superimposition of these three rods, we obtain a large table 
as follows: 

UA VA UB VB Uc Vc F 

UA 
1 vI3 1 vI3 1'1) _ ! 1'3) 

Cl + 4"Cl 4 C3 -c3 0 -4"C3 -4C3 A 2 A 

VA 
3 v'3 3 _ v'31'3) -C3 0 0 --C3 --C3 
4 4 4 2 A -

UB 
1 v'3 1 vI3 1'1) -! 1'2) 

Cl + 4"C2 --C2 --C2 -C2 B 2 B 4 4 4 -

VB 
3 v'3 3 vl31'2) -C2 -C2 --C2 
4 4 4 2 B -

Uc symmetric 
1 1 vI3 vI3 -! t<2) - ! t(3) -C2 + -C3 --C2 + -C3 

- 4 4 4 4 2 c 2 c 

Vc 
3 3 vI3 t<2) _ vI3 t<3) -C2 + -C3 
4 4 2 c 2 c 

The square block in the left-hand part of the table is just the global 
stiffness matrix K which is to be determined. The entries in the lower 
triangular part are omitted due to symmetry. The last column is the 
global load column matrix F. 

Such a mechanical and monotonous operation is well suited for imple­
mentation on computers. 
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Step 4. Consider the strainless state. 
Because 

(KV, V) = ° {:::::::> (K(l)V(l), Vel)) 

= (K(2)V(2), V(2)) = (K(3)V(3), V(3)) 

UA = UB, 

= ° {:::::::> 

1 v'3 1 v'3 
"4 UB - 4VB - "4Ue + 4Ve = 0, 

1 v'3 1 v'3 
"4Ue+ 4Ve - "4UA - 4VA =0, 

this system of equations has six unknowns UA, VA, UB, VB, Ue, Ve, but 
only three independent equations, so there must be three linearly inde­
pendent solutions: 

(I) UA=UB=Ue=l, VA=VB=Ve=O. 
In terms of mechanics, this solution represents a translation in the X 

direction. 

(II) UA = UB = Ue = 0, VA = VB = Ve = l. 
This is solution represents a translation in the Y direction. 

v'3 1 
(III) UA = 0, VA = 0; UB = 0, VB = 1; Ue = -2' Ve = 2· 
The third solution represents an infinitesimal rotation about the point 

A in the plane of the system of rods. That point can be verified directly 
as follows: suppose a point (X, Y) in the plane coordinate system XOY 
makes an infinitesimal rotation about the origin 0 and the angle of ro­
tation is w. Point (X, Y) becomes point (X', Y') owing to the rotation. 
According to the transformation relations of coordinates, we have 

{
X' = Xcosw - Ysinw, 

Y' = X sinw + Y cosw. 

Hence, point (X, Y) sufters a displacement 

U(X, Y) = X' - X = X(cosw -1) - Y sinw, 

V(X, Y) = Y' - Y = X sinw + Y(cosw - 1). 

When the angle of rotation w is very small, cosw ~ 1, and sinw ~ w. 
Hence, 

U(X, Y) = -Yw, V(X, Y) = Xw. (2.43) 
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Y 

(X', Y') 

(X,Y) 

w 

--~~------------------------~-- X o 
Fig. 8 

Now the coordinates of point A are XA = YA = 0, so UA = VA = O. The 

coordinates of point Bare XB = L (the length of the rod), YB = 0, so 

UB = 0, VB = Lw. 

. . 1 V3 
The coordmates of pomt Care Xo = 2 L, Yo = 2 L, so 

V3 
Uo= T Lw, 

Thus, when the triangle ABC makes an infinitesimal rotation w about 

point A, the displacements yielded at the three vertices differ from the 

solution (III) only by a constant factor Lw. 
The above three linearly independent solutions are just three indepen­

dent strainless states of the triangular system of rods: two translations 

and one rotation. Let them be abbreviated by VI, V 2, V 3, respectively. 

Then the necessary and sufficient conditions for the existence of solutions 

of the equilibrium equations KU = Fare 

i = 1,2,3, 

written concretely as follows: 

(F VI) = ll) - ! l3) + ll) - ! l2) - ! l2)- ! l3) = O. 
, A 2 A B 2 B 2 0 2 0 

This denotes the X -directional equilibrium of the external forces; 

(F V2) = _ V3 j (3) + V3 j (2) + V3 1(2) _ V3 1(3) = O. 
, 2 A 2 B 2 JO 2 JO 



§2 Stretching and Compression of Uniform Rods 35 

After simplification, this becomes 

which denotes the Y -directional equilibrium of the external forces. 

=0. 

After simplification, this becomes f~) + fg) = 0, which denotes the mo­
ment equilibrium of the external forces about point A. 

These three self-equilibrating conditions of the loads can be written 
in another equivalent form. Substituting f~) + fg) = 0 obtained from 

(F V3) - 0 into expression (F V2) - 0 we obtain f(3) + ;(3) - 0 , - , -, A JC - • 

Furthermore, substituting the two expressions of fj}) + fg) = 0 and f~3) + 
fg) = 0 into expression (F, VI) = 0, we obtain f~1) + fiP = o. The latter 
three conditions mean that, the axial loads applying on each rod are self­
equilibrating. These two sets of self-equilibrating conditions of the loads 
are equivalent. 

When the self-equilibrating condition on the loads is satisfied, there 
exists a solution of the equilibrium equations of the unrestrained system 
of rods, but the displacement solution is not unique and may differ by 
an arbitrary strainless state, which in the example is just a plane rigid 
displacement. We can eliminate such arbitrariness by simply fixing three 
of the the six displacement components (or linear combination of them) of 
the displacement vector U. In other words, by adding three geometrical 
constraint conditions, the global stiffness matrix can be made positive 
definite instead of positive semi-definite. In terms of mechanics, to restrain 
the plane rigid motion of the triangular system of rods, we have imposed 
three displacement constraints. 

To treat fixed displacement, anyone of the methods introduced above 

can be used. 
Step 5. The last step is to solve the symmetric positive definite system 

of the algebraic equations. We will not discussed this here. Readers are 
referred to the relevant literature on computational linear algebraic. 
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Example 2. A rectangular system of rods (Fig. 9). 

For simplicity, assume that the 
y tensile rigidities of the individual 

rods are all the same. In the present 
3 example, these four rods are orthog-D C 

onal to each other, hence the 10-

4 2 cal coordinates are no longer nec-

essary. The element stiffness ma-
X trices and load vectors can be con-A 1 B 

structed directly in the global co-

Fig. 9 ordinates. In the following, the no-

tation is the same as in Example 1. 

K(l) = c [ 1 -~ ] , [ (1)] [ ~~ ] Rod 1: F(I) = fA U(2) = 
-1 (1) , 

fB 

Rod 2: K(2) = c [ 1 -~ ] , F(2) = [ Iii) ] U(2) = [ ~: ] (2) , -1 fc 

K(3) = C [ 1 -~ ] , [ (3)] 
u(3) = [ ~: ] Rod 3: F(3) = fD 

-1 (3) , 
fc 

K(4) = c [ 1 -: ] , [ (4)] 
U(4) = [ ~: ] . Rod 4: F(4) = fA 

-1 (4) , 
fD 

The global stiffness matrix is 

1 0 -1 0 0 0 0 0 

1 0 0 0 0 0 -1 
1 0 0 0 0 0 

K=c 
1 0 -1 0 0 

1 0 -1 0 

sym. 1 0 0 

1 0 

1 

F = (J(I) /4) /1) /2) 1(3) l2) /3) /4»)T 
A'D'B'B'C'C'D'A , 

U = (UA, VA,UB, VB,UC, VC,UD, VD)T. 
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The strainless states are given by: 

(KV, V) = 0 -¢=::} (K(1)V(1), V(1») = (K(2)V(2), V(2») 

= (K(3)V(3), V(3») = (K(4)V(4) , V(4») 

=0 

Hence there are four linearly independent strainless states: 

(1) an X -directional translation, 

UA = UB = Uc = UD = 1, VA = VB = Vc = VD = o. 
(2) a Y -directional translation, 

UA = UB = Uc = UD = 0, VA = VB = Vc = VD = 1. 
(3) an infinitesimal plane rotation about point A, 
UA=O, VA=O, UB=O, VB=I; Uc=-I, 
Vc = 1; UD = -1, VD = O. 

(4) UA = 0, VA = 0; UB = 0, VB = 0; Uc = 1, Vc = 0; 

UD = 1, VD = o. 

37 

The points A and B are fixed, while the points C and D make an equidis­

tant horizontal slide to the right. 
Denote these four independent strainless states by VI, V 2, V 3, V4 

respectively. Then the necessary and sufficient conditions for making 

the equilibrium equations of the unrestrained rectangular system of rods 

solvable are 
i = 1,2,3,4. 

or the X -directional equilibrium of the external forces, 

the Y -directional equilibrium of the external forces, 

the equilibrium of moments about point A; 

and the equilibrium of the axial loads exerted on rod 3, 
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Substituting f~) + it) = 0 into (F, V 3 ) = 0 and (F, VI) = 0, respec­

tively, we obtain 

fr;) + f~) = 0, 

f~l) + f11) = o. 

These two expressions denote the equilibrium of the axial loads on rods 

1 and 2. Furthermore, substituting 112) + I~) = 0 into (F, V2) = 0, we 

obtain l}i) + 1~4) = 0, which denotes the equilibrium of the axial loads on 

the rod 4. 

Hence, only if the axial loads on each rod are self-equilibrating does 

there exist a solution of the equilibrium equations of the rectangular sys­
tem of rods. This conclusion is exactly the same as that of the triangular 
system of rods in Example 1. In Example 1, the displacement solution is 
not unique and may differ by an arbitrary strainless state. In Example 

2, there are four independent strainless states, i.e., two translationstates, 
one rotation state, and one slide state in which one of the edges is fixed, 
and the opposite edge makes an equidistant parallel slide. 

In order to make the equilibrium equations have a unique displacement 

solution, it is necessary to impose four constraint conditions so as to elim­
inate the four strainless states. However, only to fix, e.g., four displace­
ment components of the two points A and B is not enough to eliminate 
the strainless states, because points C and D can still slide horizontally. 
Therefore, these four constraint conditions are actually not independent: 
only three of them are independent. However, if two displacement com­
ponents of point A, the Y -directional displacement component of point B 
or C, and the X-directional displacement component of point Cor D are 

fixed, then the global stiffness matrix becomes positive definite, and there 
exists a unique displacement solution of the equilibrium equation. 

§3 Stretching and Compression of Nonuniform Rods 

3.1 Deformation modes 

The elastic deformation problem for uniform or piecewise uniform rods 
in tension has been discussed in §2. When the rod is subjected to a 
longitudinal body force in addition to the end loads, or the area A = A(x) 
of the cross section Sx is varying, the stress distribution is longitudinally 
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nonuniform and may be a function of the coordinate x: 

(J = (J{x), e: = e:{x) = u'{x), (3.1) 

although the stress distribution within the rod may be considered as uni­
form over each cross section (or is only concerned with its mean value over. 
the cross section). The displacement u{x) is no longer linear. Hence the 
whole system can no longer be described by a finite number of degrees of 
freedom. This is a problem with infinite degrees of freedom. 

The internal force on a cross section Sx is 

Q{x) = A{x)(J{x). (3.2) 

According to the Hooke's law (J = Ee:, we obtain 

Q = A(J = EAe: = EAu'. (3.3) 

This can be thought of as Hooke's law for the deformation mode of stretch­
ing and compression of rods. The internal force Q is proportional to the 

strain e:, and the coefficient ofratio EA is called the tensile rigidity of the 
cross section, which may vary with x. 

From §2 we see that the volume density of the strain energy of the 
stretching and compression of rods is 

1 1 W = -(Jg = _Eg2. 
2 2 

Intergrating W over the cross section s, we obtain the line density of the 
strain energy 

and 

- - {[ 1 2 
W = W{x) = lls Wds = 2EAe: , 

Q =oW 
oe: ' 

- 1 
W= -Qe:. 

2 
(3.4) 

Intergrating W over the length of the rod, we obtain the total strain energy 
of the rod 

ib lib P{u) = W dx = - Q{u)e:{u)dx 
a 2 a lib lib = - EAg2{u)dx = - EAu,2dx. 

2 a 2 a 
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3.2 Variatoinal principles 
For a given displacement function u = u(x), no matter whether it is 
an equilibrium configuration or not, there always exists a corresponding 

strain energy 

1 Ib P(u) = - EAu,2dx. 
2 a 

(3.5) 

Hence P(u) is "a function of the function u(x)" called a functional. 

Introduce the notation 

D(u, v) = lb EAu'v'dx. (3.6) 

Obviously, D is symmetric 

D(u, v) = D(v,u), (3.7) 

and is bilinear, i.e., linear to both "variables" u and v, respectively: 

{ 
D(tu,v) = tD(u,v), for any real number t, 

(3.8) 
D(u + w, v) = D(u, v) + D(w, v). 

D( u, v) is called the bilinear symmetric functional of u and v. Hence the 
corresponding strain energy is 

1 
P(u) = 2D(u,u), 

and 
D(u,u) ~ 0, for any displacement function u. 

In the case of piecewise uniform rods in tension, th~ strain energy 

P = P(UI,··· ,UN) 

is a homogeneous quadratic form of the variables U = (UI,···, UN f, while 
in the case of nonuniform rods the strain energy P = P( u) is a homoge­
neous quadratic functional of the variable u = u( x) satisfying 

{ 
D(tu,tu) = t2D(u,u), 

(3.9) 
D(u + v, u + v) = D(u, u) + 2D(u, v) + D(v, v). 

On the other hand, suppose the rod is subjected to body loads, with 
force per unit length f = f(x). Then the potential energy of the external 
work is 

-F(u) = -lb fudx, (3.10) 
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F(u) is also a functional of the variable u = u(x), but it is a first order 

homogeneous, i.e., linear functional satisfying 

{ 
F(tu) = tF(u), 

F(u + v) = F(u) + F(v). 
(3.11) 

Hence the total potential energy 

1 
J(u) = "2D(u, u) - F(u) 

is a quadratic nonhomogeneous functional of u. The strain energy ~ D{ u, u) 
is the quadratic homogeneous part and the potential energy of the external 

work -F{u) is the linear homogeneous part. 

In §2, we described in matrix form the variational principles for equi­
librium problems with finite degrees of freedom. In order to make this 
theory suitable for all kinds of equilibrium problems nomatter what the 

concrete form of the strain energy and the potential energy of external 
work, we formulate the variational principles in more abstract form. The 
general characteristics of the strain energy and the potential energy of the 

external work are 

1. D( u, u) 2: 0, and D( u, v) is a bilinear symmetric functional satisfying 
the conditions (3.8). 
2. F{u) is a linear functional satisfying the conditions (3.11)~ 

In linear elasticity, these two requirements are satisfied generally. 
In some equilibrium problems, geometrical constraints are often pre­

scribed for the displacement u, e.g., the value of the displacement at the 
boundary point x = a is prescribed to be u{a) = fla (a given value), and 
so on. The set of all displacements u satisfying the prescribed constraint 
is denoted by K. 

If the displacements u, w E K, then the increment v = u - w satisfies 
the annihilating constraint corresponding to the prescribed constraint. For 

example, if the prescribed constraint is u{a) = fla, then the corresponding 

annihilating constraint is 

v{a) = u{a) - w(a) = O. 

This kind of displacement increment is called the virtual displacement in 
elasticity. In fact it is the increment within the admissible domain of the 
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prescribed constraint. The set of all virtual displacements v is denoted by 

Ko. Hence, if u E K,v E Ko, then u + v E K. 
If no constraint has been imposed on the displacement in the problem, 

then K can be understood as the set of all displacements, and then Ko = 

K. 
For the sake of convenience, we introduce the following definitions are 

introduced. 

Definitions: 
1. The strain energy (neglecting the factor of ~, similarly below) D( v, v) 
is called non-negative under the prescribed constraint if D( v, v) 2: 0 for 

any v E Ko. 
2. The strain energy D( v, v) is called positive definite under the prescribed 

constraint if D(v,v) > 0 for any v E Ko,v"¥= O. 
3. The strain energy D(v, v) is called degenerative under the prescribed 

constraint, ifthere exists v E Ko,v"¥= 0 such that D(v,v) = 0, v is called 

the strainless virtual displacement or strainless state. 

The principle of minimum potential energy states that, under the pre­

scribed constraint, the displacement making the total potential energy a 

minimum is just the equilibrium configuration: 

J(u) = ~D(u, u) - F(u) = Min. 

Here and below we always suppose u E K. 

Proposition 1.1 Suppose D(v,v) is non-negative. Then the so­

lutions of the following two variational problems are identical: 

1. J(u) = ~D(U,u) - F(u) = Min (the principle of minimum potential 

energy), 

2. D(u, v) - F(v) = 0, for any v E Ko (the principle of virtual work). 

Proof. Suppose Uo is a solution of problem 1, i.e., Uo is a minimal point 

of J(u). Choose an arbitrary take v E Ko. Then Uo + tv E K for any real 

number t. Let 

<p(t) = J(uo + tv). 

Expanding <p(t), we obtain 

t 2 
<p(t) = J(uo) + t[D(uo,v) - F(v)] + 2"D(v, v), -00 < t < 00. 
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Because Uo is the minimal point of the functional J(u), t = 0 is the mini­

mum of the function <p( t) of single variable. Hence 

<p'(O) = D(uo,v) - F(v) = 0, for any v E Ko, 

i.e., Uo is a solution of the problem 2 as well. 

Conversely, suppose Uo is a solution of the problem 20 • Taking w E K, 
let 

then 

v = w - Uo E K o, 

1 
J(w) = J(uo + v) = J(uo) + [D(uo, v) - F(v)] + -D(v,v) 

2 
1 

= J(uo) + 2D(v,v). 

Since D is non-negative from the assumption, i.e., 

D ( v, v) ~ 0, for any v E K 0, 

so 

J(w) 2 J(uo). 

Hence Uo is a solution of the problem 10 as well. Q.E.D. 

This is similar to the case of finitely many degrees of freedom, D( u, v) 
is just the work done by the internal force of the displacement "applied 

over the virtual displacement v, hence it is called the functional of virtual 

work. F( v) is the work done by the external force applied over the virtual 

displacement v, so that 

D(uo,v) - F(v) = 0, for any v E: K. 

This means that the virtual work done by the internal force of the equi­

librium configuration Uo is identically equal to the virtual work done by 

the external load. This is exactly the principle of virtual work. Hence the 

principle of virtual work is an equivalent form of the principle of minimum 

potential energy. 

Proposition 1.1 proves that, when D(v,v) is nonnegative, the solutions 

of these two variational problems are identical. We still have not answered 

the question of whether or not exists a solution for a given variational 
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problem. The following two propositions will answer this question from 

both positive and negative sides. 

Proposition 1.2 Suppose D( v, v) is positive definite. Then there 

exists a solution of the variational problems in Proposition 1.1, and the 

solution is unique. 

Proof. The proof of the existence of a solution is rather difficult. It 

needs considerable mathematical preliminaries, which are out of the scope 

of the book. Hence we omit it here. However, the proof of the uniqueness 

of the solution is quite simple. In fact, suppose Ul and U2 are two solutions 

of the variational problem 2°, i.e., 

D(ul,v) - F(v) = 0, for any v E K o, 

D(U2' v) - F(v) = 0, for any v E Ko. 

Substracting of one from another of the above two expressions, we obtain 

D(UI - U2,V) = 0, for any v E Ko. 

Ul - U2 E Ko because Ul, U2 E K. Taking 

in the above expression, 

Since D is positive definite, 

hence the solution is unique. Q.E.D. 

Proposition 1.3 Suppose D(v, v) is degenerative and that D has 
p linearly independent strainless virtual displacements: v( i) ,i = 1,· .. ,p. 

That is, there exist p linearly independent v(i) E Ko such that D( v(i), v(i)) = 

0, i = 1,··· ,po Then the necessary and sufficient condition for the exis­

tence of solutions of the variational problems is 

i = 1,··· ,po (3.12) 

The displacement solution is not unique and may differ by a strainless 
virtual displacement when the solution exists. 
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Proof. Let us first prove a relation, which we will use below. For an 

arbitrary u E K and strainless virtual displacement v(i), we always have 

(3.13) 

By the nonegative definiteness of D and the defintion of the strainless 

virtual displacement, for any real number t we have 

D(u + tv(i),u + tv(i)) = D(u,u) + 2tD(u,v(i)) 2 o. 

Hence 

Necessity. Suppose Uo is a solution of the variational problems, i.e., 

D(uo, v) - F(v) = 0, for any v E Ko. 

Taking v = v(i), from (3.13) D( uo, v(i)) = 0, we have 

i = 1,···,p. 

Sufficiency. Suppose the condition (3.12) holds. Impose p additional 
constraints 

i = 1,·· .,p (3.14) 

to the variational problem 2 so as to make it a new variational problem: 

{ 
D(u,~) - F(v) = 0, for any v E Ko, 

( V vet)) = 0 i = 1 ... p , , " , 
(u, v(i)) = o. 

(3.15) 

Here the notation (u, v) denotes the integral h uvdx, and h··· dx de­

notes the integral over the two or three dimensional domain Q of the two 

or three dimensional problem, respectively. 

Now we prove that, by imposing p new constraints in addition to the 

original ones, D( v, v) becomes positive definite. This is because 

p 

D(v,v) = 0 ¢=::::? v = I:CjVj, 
j=l 
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and the constraints on the virtual displacement v are (v, V(i)) = 0, i = 
1,· .. ,p, in the new variational problem (3.15). Hence 

p p 

(v, v(i)) = (L Cjv(j) , v(i)) = L Cj( v(i), v(j)) = 0, 
j=l i=l 

i = 1,··· ,p. (3.16) 

One can prove (as we will give later on) that the determinant 

I(V (i) vU))I" 1 -J.. ° , 1,)= ,"',p r . (3.17) 

Hence the homogeneous equations (3.16) can have only the zero solution 

Cl = C2 = ... = Cp = 0. 

Thus v == 0, hence D is positive definite. 

From Proposition 2, we see that there exists a unique solution Uo of the 
variational problem (3.15). It remains to prove that Uo is also a solution 

of the original variational problem. 

An arbitrary displacement u E K can be decomposed into 

u = w + v*, W E K, v* E K o, 

where W satisfies the constraint conditions 

i = 1,··· ,p, 

while v* is a strainless virtual displacement. 

In fact, let 
p 

W = U - LCiVU), 
j=l 

(3.18) 

where the coefficients Cj are to be determined. From conditions (3.18), we 
obtain 

p 

LCj(v(i),v(j)) = (u,v(i)), 
j=l 

Since the coefficient determinant 

i = 1,··· ,po 
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there exists a unique solution of the above equations Cj = c;' Let 

p 

v' = '"' c~v(j) w = u - v·. L J ' 
j=l 

This is the required decomposition. 
Decomposing u into w + v· , we have 

I 
J(u) = J(w + v') = J(w) + [D(w, v') - F(v')] + 'ID(v', v'). 

Since v* is a strainless virtual displacement, D(v', v·) = O. And since 
wE K,D(w ,v*) = 0, by (3.13). Furthermore, it follows from (3.12) that, 

p p 

F(v') = F(I>lv(j») = L clF(v(j») = o. 
j= l j= l 

Thus we have 
J(u) = J(w). 

w is a displacement function of the variational problem (3.15) because it 

satisfies the constraint condition (3.18), and uo is just the solution of that 

problem. Hence, from the principle of minimum potential energy 

J(w) ~ J(uo). 

Hence, for an arbitrary u E K , we always have 

J(u) = J(w) ~ J(uo). 

That is to say, Uo is also a solut ion of the original variational problem. 
One can also see that, if Uo is a solution, then Uo +v* is also a solution, 

where v* is an arbitrary strainless virtual displacement. In fact 

I 
J(Uo + v') = J(uo) + [D(Uo,v') - F(v')] + 'ID(v"v') 

= J(uo). 

Hence the displacement solution is not unique and may differ by an arbi­

trary strainless virtual displacement. 
What remains to be proved is that, if v(l), ... ,v(p) are linearly inde­

pendent , then the determinant 
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Arbitrarily take a set of real numbers it,···, tp not all zero. Since 
v(l), ... , v(p) are linearly independent, the linear combination 

p 

f = LtiV(i) ¢ o. 
i=l 

Consequently, 

p p p 

(/, J) = (L tiV(i) , L tjv(j») = L (v(i), V(j»)titj > O. 
i=l j=l i,j=l 

This is a positive definite quadratic form with respect to ti and tj. The 
refore the determinant of the coefficient matrix 

Q.E.D .. 

3.3 Boundary value problems 

Now let us apply the above-mentioned variational principles to the con­
crete problem of elastic equilibrium of nonuniform rods in tension. We 
will discuss three kinds of problems according to their different respective 
boundary conditions. 

1. First kind of boundary condition: The prescribed displacement. 
Suppose u(a) = Ua , u(b) = Ub, where ua and Ub are given values. 
The strain energy: 

1 lib -D(u, u) = - EAu,2dx, 
2 2 a 

the functional of virtual work: 

D(u,v) = i b EAu'v'dx, 

and the potential energy of the external work: 

-F(u) = -lb fudx, 

K = (u(x)lu(a) = Ua , u(b) = Ub), 

Ko = (v(x)lv(a) = v(b) = 0). 
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According to the variational principle, the displacement of the equilibrium 

configuration satisfies 

D(u,v) - F(v) = 0, for any v E Ko. 

Integrating by parts and noting the boundary conditions, we have 

D(u, v) = lb EAu'v'dx = [EAu'vJ~ -lb (EAu')'vdx 

= -lb (EAu')'vdx, 

consequently, 

D(u, v) - F(v) = lb[-(EAu')' - fJvdx = 0, for any v E Ko. 

(3.19) 

Since v(x) is arbitrary in the open-interval (a, b), the value included in the 
brackets [ ... J under the above integral sign must vanish according to the 
foundamental lemma of the variational method. Hence, the displacement 
u of the equilibrium configuration satisfies the following equation 

a < x < b : -(EAu')' = f. (3.20) 

This is a second order ordinary differential equation. In order to deter­

mine the solution, in general the boundary conditions at the two ends 
are needed. This is a two-point boundary value problem. The geometri­
cal constraints prescribed in the variational problem provide the following 
two conditions 

x =a: 

x = b: 

u(a) = ita, (3.21) 

(3.22) 

Conditions (3.21) and (3.22) are called the geometrical boundary con­

ditions or the essential boundary conditions. By saying "essential," we 

mean that these boundary conditions must be imposed on the variational 
problem. 

Conversely, suppose u is a solution of the above boundary value prob­

lem. Multiplying both sides of Equation (3.20) by an arbitrary v E Ko 
and then integrating over x, we obtain 

fob (-EAu')'vdx = lab fvdx. 
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Using integration by parts and the boundary conditions, we have 

i.e., 

lb -(EAu')'vdx = 1- (EAu')vl: + lb EAu'v'dx 

= lb EAu'v'dx = lb Jvdx, 

D(u,v) - F(v) = 0, for any v E Ko. 

Hence u is also a solution of the variational problem. This shows that 

variational problem (3.19) is equivalent to the boundary value problem 

(3.20)-(3.22). 
2. The second kind of boundary conditions: The loading support. 

Suppose the load applying at the end point x = a is ga, the load at 

the end point x = b is gb. Their contributions to the potential energy 

of external work are -gau(a) and -gau(b), respectively. Then the total 

potential energy of external work is 

Since there are no constraints on the positions of the two ends, K and Ko 
are both equal to the set of all displacement functions. Starting from the 
variational principle 

D(u,v) - F(v) = 0, for any v, 

and applying integration by parts, 

D(u,v) = lb EAu'v'dx = [EAu'v]~ -lb(EAu')'vdx, 

we obtain 

D(u,v) - F(v) = [(EAu')b - gb]v(b) + [-(EAu') - ga]v(a) 

+ l b[-(EAu')' - J]vdx = 0, for any v. 

(3.23) 

Since v(x) within (a, b) and the values v(a) and v(b) at the two end points 
are arbitrary, the terms included in the above three brackets [ ... ] must 
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vanish for the same reason as in 1. Then the equations satisfied by the dis­

placement u of the equilibrium configuration and the boundary conditions 

are, 

{
:::: b: 

x =b: 

-(EAu')' = f, 

-(EAu')a = 9a, 

(EAu'h = 9b. 

(3.24) 

(3.25) 

Conversely, one can prove using a simular method that the solution of the 
above boundary value problem is exactly the solution of the variational 
problem (3.23). Thus these two problems are equivalent. Note that here 
the boundary conditions (3.24) and (3.25) are derived automatically from 
the variational principle, so they are also called the natural boundary con­
ditions, so as to be distinguished from the essential boundary conditions 
of the first kind. Thus, the variational principle automatically provides 
the mechanical boundary conditions at the end points when no constraints 
exist. 

3. The third kind of boundary conditions: Elastic support. 

Suppose the rod is elastically coupled with the external region at its 
end points. The rod is subjected to elastic reaction forces which are pro­
portional to the deviations of the displacements. For example, the elastic 
reaction force at x = a is 

and the elastic reaction force at x = b is 

where Ca, Cb > O. Ca and Cb are constants of the elastic coupling. ua and 
Ub are reference displacements. 9a and 9b are given values. At that time, 

the strain energy will be increased by an amount ~CaU2(a) + ~Cbu2(b). 
Correspondingly, the functional of virtual work D( u, v) is increased by an 
amount of cau(a) + cbu(b). The potential energy of external work is 

-F(u) = -(lb fvdx + 9au(a) + 9bU(b)). 

The two end points are still unrestrained: K and Ko are equal the set of 
all displacement functions. Similarly, the variational principle implies 
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D(u, v) - F(v) = 0, for any v. 

The equivalent boundary value problem can be derived through inte­
grations by parts as 

{

a < x < b: -(EAu')' = j, 

x = a : -(EAu')a + cau(a) = ga, 

X = b : (EAu')b + cbu(b) = gb. 

(3.26) 

Here, the boundary conditions (3.26) and (3.27) are also automatically 
derived from the variational principle and need not be listed explicitly as 
prescribed constraints in the variational principle. Hence they too can be 
considered to be natural boundary conditions. 

Sometimes the rod is coupled elastically with the external region lon­
gitudinally elastically along its length. The elastic reaction force per unit 

length of the rod, which is a applied to the whole length or a segment 
a' ::; x ::; b' (a ::; a' < b' ::; b), is 

-c(u - u) = -cu + f, f = cu, 

where c > 0 is the constant of elastic coupling. f may be merged into 
the line load and then the elastic reaction force per unit length may be 
regarded as -cu. Then, the strain energy should be increased by adding a 

term ~ rb cu2dx. This corresponds to adding to D(u, v) a term rb cuvdx, 
2 Ja Ja 

i.e., 

D(u,v) = lab EAu'v'dx + lab cuvdx. 

We can set c = 0 in the region without elastic support. The potential 
energy of external work is 

and both end points are still unrestrained. Then the equivalent boundary 
value problem can be derived from the variational principle as 

{ 
X
a: xa~. b: -(EAu')' + cu = j, 

-(EAu')a = ga, 

X = b : (EAu')b = gb. 

(3.27) 
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The above three kinds of boundary conditions can also be mixed to­

gether, i.e., anyone of these three kinds of boundary conditions can be 
taken at each end point, and different modes can be prescribed at the two 
end points as well. 

Interface conditions. Suppose that the tensile rigidity EA is dis­
continuous at some cross section x = p (Fig. lOa), or a concentrated load 
gp acts at a cross section x = p (Fig. lOb), or these two cases arise simul­
taneously. Then the form of the strain energy remains unchanged, while 
the potential energy of the external work should be modified to 

At the same time, owing to the discontinuity of EA at x = p, the inte­

gration of lab EAu'v'dx by parts must be performed on the two segments 

individually. Hence we have 

Ib IP-O lb D(u,v) = EAu'v'dx = EAu'v'dx + EAu'v'dx 

a 

a a p+O 

1P- O lb = -(EAu')'vdx + -(EAu')'vdx 
° p+O 

-(EAu')av(a) + (EAu')bV(b) - [EAu'l~::g(p). 

p 
(a) 

b a 

Fig. 10 

p b 
(b) 

Then from the variational principle, 

D(u,v) - F(v) = IP-
O[-(EAu')' - Jlvdx + fb [-(EAu')' - Jlvdx 

a h~ 
+[-(EAu')a - galv(a) + [(EAu'h - gblv(b) 

+[-[EAu'l~~g - gplv(p) = 0, for any v. 
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we obtain 

a < x < p, p < x < b: -(EAu'Y = /, 

x=a: 

x=b: 

x=p: 

-(EAu')a = ga, 

(EAu'h = gb, 

[EA ,]P+O_ - u p-o - gpo 

(3.28) 

Besides this, it is still necessary to impose the constraint condition for the 
continuity of displacement u at x = p 

(3.29) 

(3.28) and (3.29) are two interface conditions. (3.28) is automatically 
derived from the variational principle, so it too is also a kind of nat­
ural boundary condition. However, in the boundary value problems of 
the differential equation, (3.28) is constituent part which is the necessary 
condition to get a well-defined solution. 

The continuity condition (3.29) need not be set out as a essential 
condition if the convention has been made such that the displacement is 
single-valued at the discontinuity. 

The case of serveral discontinuity points is handlied like the case of a 
single discontinuity point. 

3.4 Equilibrium equations 
In the case with finitely many degrees of freedom, the linear equations 
derived from the variational principle are just the equilibrium equations 
of the system. Similarly, in the case with infinite degree of freedom, the 
differential equation and natural boundary conditions (including the in­
terface conditions) derived from the variational principle are just the equi­
librium equations. 

Arbitrarily taking a segment (Xl, X2) of the rod, we consider the equi­
librium relation of the longitudinal forces (Fig. 11). 

The equation holds for any Xl and X2 within the interval (a, b), hence the 
equilibrium equation can be obtained 

a < x < b: -Q' = J. 



§3 Stretching and Compression of Nonuniform Rods 55 

From (3.3), Q = EAu'. In terms of the displacement u, the equilibrium 
equation becomes 

a < x < b: -(EAu')' = f. 

This is equation (3.20), satisfied by the displacement u of the equilibrium 
configuration derived from the variational principle. 

---~----~ 
\ ---
\ I(x) 

--1-- -- -- -- -- -- -- --/ 
/ 

------ Xl 

Fig. 11 

For uniform cross sections, the equilibrium equation becomes 

-EAu" = f. 

If there is no body load, 1 = 0 and the displacement 

is a linear function of x. The strain c: = u' = al and the stress a = 

Ec: = Eal The problem is then reduced to a problem with one degree of 
freedom, which is just the uniformly deformed rod discussed in §2. When 
1 = is constant., the displacement 

is a quadratic function of x, while c: and a are linear functions of x. This 
is a case of two degrees of freedom. For general 1 or EA, the system 
has infinitely many degree of freedom, which can not described by a finite 

number of parameters. 
Now we consider the equilibrium relations of the forces acting at the 

end points as well as at the interface point. Suppose there exists a point 
load 9b at x = b. Take a small interval of length Ax in the neighborhood 
of x = b, on which the equilibrium relation of the longitudinal forces is 

-Q(b-Ax)+9b+ fb Idx=O. Jb- Arv 
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Letting ~x ----+ 0, we obtain 

-Q(b) + gb = o. 

This is the natural boundary condition (3.25): 

(EAu'h = gb. 

Similarly, suppose there exists a point load ga at x = a. Take a small in­

terval ~x in the neighborhood of x = a, on which the equilibrium relation 

of forces is 

la+~x 

Q(a+~x)+ga+ a jdx=O. 

Letting ~x ----+ 0, we obtain 

Q(a) + ga = o. 

This is also the natural boundary condition (3.24): 

If there exist elastic supports at the end points, then terms belonging to 
elastic reaction forces should be added to the above equilibrium relations 
as well. This yields the natural boundary conditions (3.26) and (3.27). 

We continue by discussing the equilibrium of forces at an interface 
point within the rod. Suppose there exists a concentrated load gp at 
x = p. Taking a small interval (p - ~x, p + ~x) including x = p, we then 
have the equilibrium relation 

lp+~x Q(p+ ~x) - Q(p - ~x) + gp + jdx = o. 
p-~x 

Letting ~x ----+ 0, we obtain 

Q(p + 0) - Q(p - 0) + gp = o. 

This is the interface condition (3.28). Hence we obtain the following two 

corollaries: 
1. Suppose there exists the concentrated load gp = 0 at the cross 

section x = p and the tensile rigidity EA has a jump across the section. 

Then 
[Q]P+O = [EAu']P+o = o. 

p-o p-o 
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This shows that at x = p the internal force Q is continuous, but the strain 
e = u' is discontinuous. 

2. Suppose that EA is continuous at the cross section and that 9p 1= O. 
Then 

[Q]P+O - EA[ ']P+o _ - p-o - - u p-o - 9p· 

This shows that a concentrated load 9p leads to the discontinuity of the 
internal force Q and the strain e. 

3.5 Strainless states 
According to the variational principle in Section 3.2, whether or not there 

exists a solution of the variational problem and its equivalent equilibrium 
equations and whether or not the solution is unique depends on whether 
the quadratic functional of the strain energy D ( v, v) is positive definite 
or degenerate, and the latter is closely related to the statement of the 
boundary conditions. Now let us discuss this problem according to the 

three kinds of boundary conditions described in Section 3.3, respectively. 
1. Prescribed displacement. 
Prescribed constraints at both ends: 

Ko = (v(x)lv(a)=v(b)=O), 

or a prescribed constraint at one end: 

Ko = (v(x)lv(a)=O or v(b)=O)' 

The strainless virtual displacement 

v E Ko: D(v, v) = lb EAv'2dx = 0 {::::::} v' == 0 {::::::} v == o. 

Hence D is always positive definite no matter whether the constraint is 
prescribed at both ends or at one end. There exists a unique solution of 

the equilibrium problem. 

2. Loading support. 
The displacement is uncanstrained. The strainless state 

v: D(v,v) = lab EAv,2dx = 0 {::::::} v' == 0 {::::::} v = k(const.), 

hence D is degenerate. The strainless state has one degree of freedom: 
vel) = 1, which corresponds to a rigid translation. Hence the displacement 
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solution u of the variational problem is not unique and may differ by a 

rigid translation according to the theorm 3 in Section 3.2. However the 

rigid translation contributes nothing to the internal force or the strain 

€. The stress solution of the equilibrium state is still unique even in the 

degenerative case. The necessary and sufficient condition for the existence 

of solutions is 

F( V(l») = F(l) = 0, 

l.e., 

lb fdx + 9a + 9b = o. (3.30) 

(3.30) indicates that the external loads are self-equilibrating. This is the 

prerequisite for achieving equilibrium in the unrestrained case. There are 

no solutions if the prerequisite is not satisfied. 

3. Elastic support. 

The displacement is still unrestrained. The strainless state 

v: D(v, v) = lb EAv,2dx + cav2(a) + Cbv2(b) = 0 

-{:=} v' == 0, v(a) = v(b) = 0 

{::::::::} v == o. 

Hence D is positive definite and there exists a unique solution of the equi­

librium problem. It is the same as the case of the prescribed displacement, 

D is actually positive definite so long as one of its ends is elastically sup­
ported. 

4. Rods on an elastic foundation. 

Since 

D(v,v) = lb EAv,2dx + lb cv2dx, 

so long as the constant of elastic coupling c > 0 unclear the strainless 

state 
v: D(v,v) = 0 -{:=} v' == 0 (a::; x::; b), 

v == 0 (a':S x :S b') -{:=} v == 0 (a:S x :S b), 

i.e., D is positive definite, and there exists a unique solution of the equi­

librium problem. 

Two conclusions follow from the above discussions: 
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1. The equilibrium problem in which the boundary is supported by 

loads (i.e., the pure mechanical boundary condition)' is degenerate. In 
that case, the external loads must be self-equilibrating for achieving equi­
librium. 

2. Adding geometrical constraints or elastic supports always reduces 
the number of degrees of freedom of the strainless states, i.e., brings the 
strain energy closer to positive definiteness. 

These are two general rules of elasticity. 

For rods in tension, since the strainless state of the degenerate problem 
has only one degree of freedom, the strain energy is positive definite pro­
vided that one of the ends has been geometrically restrained or elastically 
supported. 

To sum up, starting from the concept of energy and establishing the 

energy equation for a given deformation mode, we can derive all equations 
about elastic equilibrium of rods in tension from the variational principle, 
including the equilibrium equation over the rod, the mechanical bound­
ary conditions for all types of loading and elastic support, the interface 

conditions at discontinuity, and so on. In contrast with the statement of 

equilibrium in terms of a differential equation boundary value problem, 
the variational problem only needs the geometrical boundary conditions 
as constraint conditions. In the variational problem, if we put the all 
relevant contributions into the energy functional then all other mechan­
ical boundary conditions, as well as the equilibrium equation, are satis­
fied automatically when the potential energy achieves a minimum. The 
mechanical boundary conditions conditions involve the derivatives of u 

and and the from are comparatively complex. In particular, the interface 
conditions are the natural boundary conditions. Note that the retained 
essential boundary conditions in the variational problem only involve the 
function u itself. Their form is comparatively simple, while the natural 
boundary conditions caused by the discontinuity of coefficients at an in­

ter face point are more tedious. These conditions can not be neglected 
in the statement in terms of the boundary value problem of differential 

equations, but these complications be simplified or neglected altogether 
in the statement in terms of the variational problem. Therefore, the vari­
ational principle leads to great simplification in practice. It puts complete 
information about equilibrium into an extremely compact energy expres­
sion. Here we state the variational principle in a quite abstract form, 
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which makes it suitable for various kinds of elastic equilibrium problems. 

The conclusions derived from the equilibrium problems of rods in tension 

are generally valid in elasticity. Though the idea of the variational princi­
ple can clearly be explained through simple cases, its advantages become 

clear only when the problem is more complex. The following discussions, 

will gradually make these advantages clear. 

§4 Stretching and Compression in Various Directions 

4.1 Hook's law and strain energy 

We can now proceed to discuss three dimensional stretching and compres­

sion under three dimensioI\al loads in the light of our knowledge of the 

simple stretching and compression under one dimensional loads. Consider 

a rectangular parallelopiped whose the lengths in the x, y and z directions 

are Lx, Ly , Lz respectively. Th-e loads Fx, Fy , Fz are applied uniformly in 
the x, y and z directions. We discuss the stress and strain states within 
its body. This problem can be considered as the- superimposition of three 

independent problems with unidirectional loading. 

The stresses and the strains caused by the x-directional load Fx alone 
are 

(J'(l) - F. /A - F. /L L (J'(l) - 0 (J'(l) - 0 x - x x - x y z, y - , z - , 

Similarly, 

(J'(2) - 0 (J'(2) - D /A - D /L L (J'(2) - 0 x - , y - ry y - ry z x, z - , 

",.(2) _ _ v",.(2) ",.(2) _ (J'(2)/E ",.(2) _ _ V",.(2) 
ex - .... y, "'y - y ,ez - lOy. 

And 

(J' (3) - 0 (J'(3) - 0 (J'(3) - F. /A - F. /L L x - , y - , z - z z - z x y, 
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The results of the linear superimposition are 

3 3 

(J =" (J(i) = (J(I) (J =" (J(i) == (J(2) 
x L..Jx x,y L..Jy Y' 

i=1 i=1 

3 

(J =" (J(i) = (J(3) x L..J z x, 
i=1 

3 

e =" e(i) = ~(J(2) - ~((J(3) + (J(3)) 
y ~y EY E Z x' 

2=1 

e = ~ e(i) = ~(J(3) _ ~((J(I) + (J(2)) 
Z ~z EZ EX Y' 

2=1 
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Hence we obtain the Hooke's law in the case of three dimensional stretch­

ing and compression: 

1 1 
ex = E [(Jx - V((Jy + (Jz)] = E [(1 + v)(Jx - v((Jx + (Jy + (Jz)]' 

1 1 
ey = E [(Jy - v((Jz + (Jx)] = E [(1 + v)(Jy - v((Jx + (Jy + (Jz)], (4.1) 

1 1 
ez = E [(Jx - v((Jx + (Jy)] = E [(1 + v)(Jx - v((Jx + (Jy + (Jz)]. 

By further superimposing the above three expressions, a relation between 
the sum of the three dimensional strains and the sum of the three dimen­
sional stresses can be obtained: 

(4.2) 

Thus the inverse of (4.1) can be expressed as 

E 
(Jx = ( )( ) [(1 - V)ex + V(ey + ez)] 1 + v 1 - 2v 

E Ev 
= --ex + ( )( )(ex + ey + ez), 1 + v 1 + v 1 - 2v 

E 
(Jy = ( )( ) [(1 - V)ey + V(ez + ex)] 

1 + v 1- 2v 
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E Ev 
= --ez + ( )( ) (ex + ey + ez). (4.3) 

1 + v 1 + v 1- 2v 

Since the direction of ax coincides with that of ex but is orthogonal 
to that of ey and ez, the contribution of ax to the strain energy per unit 

volume is !axex, according to (2.8). Similarly, there are contributions 
2 

!ayey and !azez. Hence the volume density of the strain energy is 
2 2 

(4.4) 

Substituting (4.3) into (4.4), we obtain 

(4.5) 

W is a quadratic form (quadratic homogeneous expression) in ex, ey, ez, 
and we have 

oW oW oW 
ax = Oex' ay = Oey' az = Oez· 

Hence 
l(OW oW OW) W=- ~ex+~ey+~ez . 
2 uex uey Uez 

(4.6) 

4.2 Changes of volume 
The relative change of volume can be expressed in terms pf the three 
components of the strain. The original volume V = LxLyLz. Suppose 
the elongations of the three edges after deformation are 8Lx, 8Ly, 8Lz, 
respectively. Then the increment of volume is 

hence the relative increment of volume is 

(4.7) 
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i.e., the sum of the strains in the x, y and z directions. 

Consider the special case, of isotropic compression (or stretching). In 
1 - 2v 

this case CTx = CTy = CTz = CT, hence Ex = Ey = Ez = E, and E = ~CT. 
Thus 

or 

where 

8V 3(1 - 2v) 
- = 3E = CT 
V E' 

8V 
CT=K-=3KE 

V ' 

K= E 
3(1 - 2v) 

(4.8) 

(4.9) 

is the bulk modulus, a constant describing the resistance of the solid mate­

rial to compression of volume. 

The volume density of the strain energy is then 

(4.10) 

The modulus K is always positive for any material. This means 

that the volume becomes smaller during compression and becomes larger 

during stretching. If K < 0, the elastic strain energy would be negative. 
Deformation would occur spontaneously and without limit because the 
material always tends towards the state of the minimum potential energy. 
But this is impossible. 

So K = (E ) > 0 and equivalently 1 - 2v > 0, i.e., v < !. This 
3 1 - 2v 2 

1 
is actually an upper bound of Poisson's ratio. For rubber, v '" 2' which is 

close upon this upper bound. On the other hand, for all known materials, 

v > o. So far no materials with v < 0 have been discovered. (This would 

mean that when one direction is stretched, the other two directions also 

stretch.) Only for porous solids, such as cork, is Poisson's ratio close to 

the lower bound v '" o. 
Another important special case of stretching is so-called "single-direc­

tional compression". A rectangular parallelopiped is compressed and 
shortened in the longitudinal direction, but the two transverse direc­
tions are restrained by rigid walls and cannot stretch or compress, i.e., 
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ey = ez = O. Then (4.3) implies that 

U - E(l - v) e - E'e 
x - (1 + v)(l _ 2v) x - x, 

E' = E(l- v) , 
(1 + v){l - 2v) 

Ev 
(4.11) 

Uy = Uz = (1 + v)(l _ 2v) ex, 

1 1 '2 
W = "2Uxex = "2E ex' 

E' > E, since 0 < v < ~,(1 + v)(l - 2v) = 1 - v - 2v2 < 1 - v. Thus 

we can see that the tensile rigidity of the transversely fixed rod, which is 

loaded longitudinally, is larger then that of the transversely free rod .. 

§5 Shear Deformations 

5.1 Shearing stresses 
In the above case of isotropic compression, the strains in all directions 
are identical. Hence the body's shape does not change--only its volume 
varies. The opposite occurs in another special case, i.e. the volume re­
mains unchanged while the shape varieds. This is called a simple shear or 
shear deformation. In this case 

8V V = ex + ey + ez = O. (5.1) 

By (4.2), 

U x + u y + U z = O. (5.2) 

In order to discuss the simple shear, it is necessary to discuss com­

pletely the stress defined in §4.1. Taking a cross section s normal to the 

+x-direction, denote by Uxx , uyx , Uzx the components offorce per unit area 

in the x, y, and z, directions, by which the positive side s+ acts on the 

negative side s- across s. Similarly, denote the three components of stress, 

respectively as uxy , Uyy , uzy when the normal direction of the cross section 
is +y. Similarly when the direction the cross section is +z (Fig. 12). 

Hence there are nine components of stress at each point. Among these, 

Uxx , Uyy and Uzz are the components of normal stress and the other six 

uxy , uyz ,'" are the components of shear stress. 
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z y 
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-rj t r 

X --7 

X 

Fig. 12 Fig. 13 

In the case of the isotropic stretching and compression in §4.2, 

(5.3) 

i.e., there are only normal stresses but no shearing stress. 

Now consider a cube of unit volume. A pair of uniformly distributed 

forces, which are tangential to the faces and have no component in the z­
direction, acts on the left-right and front-back pairs oflaterals. According 
to the equilibrium of forces and moments, the forces of each pair are equal 

in magnitude but reverse in direction (Fig. 13). ·We can assume that the 

stress distribution in the body is also uniform. Then we obtain 

O"xx = 0, O"yx = 7, O"zx = 0, 

O"xy = 7, O"yy = 0, O"zy = 0, (5.4) 

O"xz = 0, O"yx = 0, O"zx = 0. 

Hence the stresses acting on the cross sections with the normal directions X 

and y, respectively, are all shear stresses and there are no normal stresses. 

5.2 Shear strains 
If we rotate the coordinates axes in the xy plane through 45°, the trans­

formation relations between the new and the original coordinates are as 
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follows: 

x'= ~(x+y), y'= ~(-x+y), z'=z. 

Inverting these relations yields 

y 

y' -T~ 
o --7 

Fig. 14 

i.e., 

x' 

x 

Consider the equilibrium of 
forces acting on the triangle 

shown in Fig. 14. The lengths 
of the two sides of the trian­
gle are 1, and the length of 
the hypotenuse is.;2. Then 
from the equilibria of the x­

directional forces and of the y-

directional forces, we get 

.;2Uxx' - u xy = 0, 

.;2uyx' - u yx = 0, 

Uxy 7 

U xx' = .;2 = .;2' 

U yx 7 
U yx' = .;2 = .;2. 

Here, Uxx' and u yx' , respectively, stand for the x-and the y-directional 
components of the stress on a cross section normal to the x' -axis. Thus 

the x'-, y'-, and z'-directional components of the stress are 

1 
Ux'x' = .;2(uxx' + u yx') = 7, 

(5.5) 

ux'x' = 0. 

For the same reason, the x'-, y'-, and z'-directional components of the 
stress on a cross section normal to the y' -axis are 

Ux'y' = 0, Uy'y' = -7, Ux'y' = 0. (5.6) 
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Moreover, since no forces act on the top and bottom, 

C7X' ZI = 0, C7ylzl = 0, C7ZIZI = o. (5.7) 

We observed that in the new system of coordinates x', y', z' (x', y' 
correspond to the diagonal directions of the original square block), (5.5)­
(5.7), which are just like to the stretching and compression in all directions 

as described in §4, stand for stretching in the x' -direction and compression 

in the y' -direction. Hooke's law takes the form 

B~ 1 l+v 
Bx' = €X'X ' = E (C7XI X' - VC7y l y l) = -ET , 

Bv' 1 1 + v 
By' = €ylyl = E(C7y l y l - VC7XI XI) = --TT, 

Bw' 1 
- = €ZIZI = -(C7ZIZI - VC7XI X' - VC7y l y l) = O. 
Bz' E 

There is no change of volume because 

8V 1 + vi+- v 
- = €X'X ' + €ylyl + €ZIZI = --T - --T + 0 = O. 
VEE 

(5.8) 

Return to the original system of coordinates x, y, z. In order to de­
scribe the shear deformation, in addition to the components of the normal 
strain 

Bu Bv Bw 
€xx = Bx' €yy = By' €zz = Bz' 

we also need to define the components of the shear strain as follows: 

1 (Bv Bu) 
€xy = €yx = 2" Bx + By , 

(5.9) 

In the case of small strains (See Fig. 15), 
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ov y 
ox = tgo: >=::::: 0:, 

ou 
oy = tgf3 >=::::: f3, 

hence 

1 
exy = eyx >=::::: "2(0: + f3) 

1 
= -'Y. (5.10) 0 

2 
... X 

Fig. 15 

After the deformation, the included angle of the local x - y frame 

of axes, which is 7r /2 originally, is decreased by 'Y. Thus, the geometric 
meaning of the shear strain exy is 'Y called the half angle of shear. exy > 0 

indicates that the right angle becomes acute, while exy < 0 indicates that 
the right angle becomes obtuse. In Fig. 15, the angle of shear is 'Y = 0: + f3. 

5.3 Hooke's law and the strain energy of shear deformations 
Since 

we get 

u' = ~(u+v), v' = ~(-u+v), 
o 1 (0 0) 0 1 ( 0 0) 

ox' = .J2 ox + oy , oy' =.J2 - ox + oy , 

ou' = ~ (OU + ov + ov + OU) 
ox' 2 ox oy ox oy 

1 
= "2(exx + eyy + 2exy) = exy, 

ov' _ ~ (OU + ov _ ov _ OU) 
oy' 2 ox oy ox oy 

1 = "2(exx + eyy - 2exy) = -exy. (5.11) 

Hooke's law for shear deformation can then be obtained from (5.8), as 

1 E 
exy = 2CO'xy, C = 2(1 + v)· 

This indicates that the shear stress T is proportional to the angle of 
shear 'Y 

T=C"Y' (5.12) 



§6 Torsion of Circular Rods 69 

G is a material constant called the modulus of shear rigidity. 

The volume density of strain energy of the pure shear deformation is 

(5.13) 

§6 Torsion of Circular Rods 

6.1 Deformation modes 

Take a circular rod with radius a and length L. Suppose one of its ends 
x = 0 is fixed. A moment M is exerted at another end x = L to twist 
it. The angle of rotation is O. For the sake of convenience, cylindrical 
coordinates (r, 0, x) are employed and the unit vectors er , ee, ex constitute 
a right-hand system (Fig. 16). 

z 

J"---'-"----1f--__ -y 

x=O x=L 
x r=a 

Fig. 16 

After the torsional deformation, each cross section normal to the x­

axis of the circular rod is twisted through an angle w = w(x) relativize 
to the cross section at the fixed end. The angle of twist depends on the 
axial coordinate x of the cross section, and w(O) = 0, w(L) = O. Since the 
cross section of the circular rod is uniform and no load has been applied 
at anywhere except at the two ends, the rate of twist will be uniform, i.e. 

(6.1) 
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Inside the circular rod, the mass point located on every cylindrical surface 
with radius r = constant will still be on that cylindrical surface after the 
twist. In fact, the mass points on each meridian circle still stay on that 
meridian circle and are displaced only in the O-direction. The fibre parallel 
to the x-axis on every cylindrical surface is then deflected by an angle but 
still stays on that cylindrical surface. Hence a torsion deformation is a 
pure shear deformation without change of volume. The apparence of such 

a shear deformation is that the included angle of the local (eo, ex) frame of 

axes is diminished by an angle 'Y, i.e., the component of strain is eox = ~'Y. 
Consider a cylindrical surface r = constant between x and x + dx. 

After deformation, the direction of the line element on the meridian circle 
of that cylindrical surface, i.e. tangential to eo, is unchanged. The angle 
of deflection of the line element parallel to ex is 'Y. The angle of rotation 
of the cross section at x + dx relative to the cross section at x is dJ.,;. It 
can be seen from Fig. 17 that 

l = 'Ydx = rdJ.,;. 

Hence the angle of shear is 

(6.2) 

dx 

.--.......---+1--. X 

Fig. 17 

Hence this is a nonuniform shear strain depending on the radial coor­
dinate r. 
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The corresponding shearing stress G'(}z = T is the O-directional compo­

nent of the force per unit area acting on the negative side from the pos­
itive side of the cross section. Here the normal direction is the +x-axis. 
Since no load has been applied in the r-and x-directions, the correspond­
ing components are G'rz = G'zz = o. According to Hooke's law for shear 
deformations, 

T = G, = Ger. 

The moment of shearing stress per unit area is 

Hence the total moment of the shearing stress (of the positive side acting 
on the negative side) on the cross section S, i.e. the moment of torsion 
about the x-axis, is 

(6.3) 

where 
J = 27r r3dr = _a4 . loa 7r 

o 2 
(6.4) 

The relation (6.3) can be regarded as Hooke's law for torsion defor-
mation of circular rods, where the "strain" is represented by the rate of 

twist e = ~, and the "stress" is represented by the moment of torsion 

Mz . The coefficient GJ is called the torsional rigidity of the cross section, 
and J is called the geometric torsional rigidity. J depends only on the 
shape and measure of the geometry of the cross section, but is independent 
of the material of the circular rod. 

In the present case, where the rate of twist is uniform the moment of 
torsion Mz = GJe is independent of the coordinate x: Mz = M. Hooke's 
law for uniform torsion can then be obtained from (6.2) as 

M n 
J=G L , 

which is similar in form to Hooke's law for uniform tension (2.1). 

6.2 Variational principles and equilibrium equations 
The density of strain energy for torsion of a circular rod is 

1 1 
W = -T, = -Ger2. 

2 2 
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Hence the line density of strain energy is 

Clearly, 

aw W- = !Mc M = GJe = ae' 2 "', (6.6) 

and the total strain energy of the circular rod is 

(6.7) 

The corresponding bilinear functional of virtual work is 

fL dw dt.p 
D(w, t.p) = 10 GJ dx dx dx. (6.8) 

Supposing a torsion load per unit length J.£x = J.£ is exerted along 
the longitudinal length of a circular rod. The work done per unit length 

through the angle of rotation w is f.1.w. Hence the total work is foL f.1.wdx. 

Furthermore, suppose two concentrated torsion moments mo and mL act 
at the two ends x = 0, L and the work done by the two moments is mowd 
and mLWL, respectively. Hence the potential energy of external work is 

- F(w) = - (foL J.£Wdx + mowo + mLwL). (6.9) 

The total potential energy of the circular rod in torsion is then 

1 
J(w) = "2D(w,w) - F(w) 

=! fL GJ(dw)2dx _ fL J.£Wdx - mowo - mLwL. 
210 dx 10 

(6.10) 

The mathematical form of (6.10) is identical with that of the rod in ten­
sion, and is only different in the mechanical meaning. Hence, by §3, the 
variational problem 

1 . 
J(w) = "2D(w,w) - F(w) = Mm (6.11) 
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is equivalent to 

D(w, cp) - F(cp) = 0, for all cp, (6.12) 

and is also equivalent to 

_~(GJdw) = 1£, 0< x < L, 
dx dx 

(6.13) 

dw 
-GJ- =mo x=O, 

dx ' 
(6.14) 

dw 
GJ dx = mL, x = L. (6.15) 

(6.13) is just the equation of torsional equilibrium, while (6.14) and (6.15) 
are equilibrium conditions of the torsion moments at the two ends and 
are just the natural boundary conditions. The strainless state is w = 

cp(const.), i.e., the whole circular rod rotates through a constant angle cpo 

The boundary conditions can also be changed into geometrically con­
strained, i.e. essential, conditions. For example, the natural boundary 
condition (6.14) can be replaced by the constraint Wo = Wo and (6.15) can 
be replaced by the constraint WL = WL. 

6.3 Torsion of circular tubes 
Although the above discussion concerns circular rods, all the arguments 
hold for circular tubes as well, so long as the cross sectional integral is 
modified into lis ... dB = la 

... 27rrdr, 

where a is the external radius of the circular tube and b is the internal 
radius. Then except that the geometrical torsional rigidity (6.4) should 
be changed to 

J = fa 27rr3dr = ~(a4 _ b4), Jb 2 
(6.16) 

the other arguments and formulas are still valid. Let A = 7r( a2 - b2 ) be 
the area of the cross section ofthe circular tube and Al = 7rb2 be the area 
of the hole, then 

For the circular rod, because b = 0, Al = 0, 
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Hence, under the condition that cross sectional area A is the same, the 
torsional rigidity 

It follows that, the circular tube has a greater torsional rigidity than 
that of the circular rod under the condition that the same amount of 
material has been used for both cases, and consequently, the circular tube 
undergoes a smaller deformation under the condition that the external 
forces are the same. 

§7 Bending of Beams 

7.1 Deformation modes 

A slender rod (beam) yields by bending, which is a special kind of defor­
mation, under the action of a bending moment or transverse load. Suppose 
the longitudinal direction of the beam is the x-axis. Then bending occurs 
in the xy-plane, and the coordinate axes x, y, z consist of a right-hand sys­
tem. The longitudinal fibre element of the beam is a straight line segment 
before the deformation, and bends into an arc after deformation. Suppose 

its curvature is Kz = ± ~, where R is the radius of curvature. To be defi-

nite, suppose it is downwards convex (Fig. 18). Then Kz = ~. The total 

length of the line element is fundamentally unchanged during the bending 

deformation. Speaking more exactly, there is a neutral surface within the 
body of the beam, and on that surface the length of the longitudinal fibre 
is unchanged. The longitudinal fibres elongate below the neutral surface 
and shorten above the neutral surface. This leads to a downwards convex 
condition. 

Choose coordinate axes that make the neutral surface correspond to 
y = 0 before deformation, and make the coordinate y indicate the height 
of departure from the neutral surface. For an arbitrary fibre element with 
length dx departing distance y from the neutral surface, its length becomes 
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dx' after deformation. The increment is dux = dx' - dx, where Ux is the 
x-directional displacement. 

I r -I _ x 

R 

! 
t== ==4 y=oB y=O ...... 

~ 
/ 

dx dU2 
dx' 

Fig. 18 Fig. 19 

A proportional relationship can be obtained from Fig. 19 as 

~ __ dux _ dx 
- y - R' 

hence 
dux -y 

Cxx = dx = R = - Kzy. (7.1) 

Since Kz > 0, Cxx < 0 means compression, with y > 0, while Cxx > 0 
means stretching; with y < O. Hence the bending of beams is a kind of 
nonuniform pure stretching and compression. The corresponding normal 
stress based on Hooke's law is 

(7.2) 

u xx stands for the force per unit area acting on the negative side from 
the positive side of the cross section S normal to the x-axis, and yields 
a moment of rotation about the z-axis, i.e., the z-directional bending 
moment 

Mz = - Jis yuxxdS = EKz Jis y2dS. (7.3) 

Since the beam is not subjected to longitudinal loads, the resultant 
force of the longitudinal stresses over every cross section vanishes, i.e., 
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Hence y is 0: 

y = lis YdS / lis dS = 0, 

where y is the y-coordinate of the center of mass of each cross section. 
It follows that the intersecting line of the cross section and the neutral 
surface y = 0, i.e., the z-axis, passes through the center of mass. Hence 
the inertial moment of the cross section rotated the z-axis is 

Iz = lis (y - y)2dS = lis y2dS. 

Consequently, the bending moment (7.3) can be expressed as 

Mz = EIzKz = DKz, D = EIz. (7.4) 

In the bending problem for beams, one may take the point of view 
that the "strain" is described by the curvature Kz and the "stress" is 
described by the bending moment Mz • Hence the relation (7.4) indicates 
that the stress is proportional to the strain and can be called the Hooke's 
law for the beam bending problem, where the constant D = EIz is called 
the flexural rigidity of the cross section. The larger its magnitude, the 
more the bending can be resisted. Obviously, for a given kind of material 
and a given expenditure of material, i.e., a given cross sectional area, the 
farther the distribution of material in the cross section departs from the 
z-axis, the larger the magnitude of I z , i.e., the larger the flexuous rigidity. 
Examples of this occur in daily life. For the beam of rectangular cross 
section shown in Fig. 20, the power of resistance to transverse bending is 
very different from the resistance to vertical bending. 

Fig. 20 

Now let us try to express the curvature Kz in (7.4) in terms of the 
transverse (y-directional) displacement. Suppose every point on the neu­
tral surface has a transverse displacement uy = uy (x) which is generally 
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called the deflection of the beam. Hence the angle of rotation W z = wz(x) 

about the z-axis and the curvature Kz = Kz(x) can be expressed as (Fig. 

21) 
duy 

tgwz = dx' 

K = dw z 
z dS· 

For this small deformation, the arc 

length ds ~ dx, tgwz ~ W z , hence 

the curvature is 

y 

\.......::"--+-=--....1\----+ X 

K _ dwz _ d2u y 
z - dx - dx2· 

The bending moment is 

(7.5) 
o 

Fig. 21 

7.2 Variational principles and equilibrium equations 

(7.6) 

For brevity, we will neglect the subscript which indicates the spatial di-
. d d h d· . du ,. rectlOn, an enote t e envatIve dx as u , l.e., 

'K K II uy = u, W z = W = U , z = = u , 

Since the bending deformation is variety of nonuniform pure stretching 
and compression, the strain energy per unit volume of the beam can be 
obtained from (7.2) as 

1 1 2 = ~EK2y2. W = "2O"xxcxx = "2 Ecxx 2 

Hence the strain energy per unit length is 

Clearly, 

W = Jis WdS = ~EK2 Jisy2dS = ~ElzK2 

= ~Elz(ull? 
2 

(7.7) 

(7.8) 
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Hence the total strain energy of the beam is 

P(u) = Ib Wdx = ~ Ib M(u)K(u)dx 
a 2 a 

= ~ Ib Elz(u"?dx = ~D(u, u), 
2 a 2 

(7.9) 

the corresponding functional of virtual work is 

D(u,v) = lb M(u)K(v)dx = lb Elzu"v"dx. (7.10) 

Suppose the beam is subjected to a transverse load. The force per 

unit length fy = f does work lb fudx in the direction of the transverse 

displacement u. Furthermore, suppose both the ends of the beam x = a, b 
are not subjected to geometric constraints but subjected to transverse 

point forces 9a,9b and z-directional point bending moments ma, mb, re­
spectively. The work done by them in the directions of the transverse 

displacement u and in the z-directional angle of rotation w = u' is 

Hence the total potential energy of external work of the beam is 

-F(u) = -{ lb fudx + 9aUa + 9bUb + mau~ + mbu~}, 
consequently, the total potential energy is 

1 
J(u) = 2D(u,u) - F(u) 

= ~lb Elz(u")2dx 
2 a 

-lb fudx - 9aua - 9bub - mau~ - mbu~. 

(7.11) 

(7.12) 

By the variational principle in §3, the displacement u of the equilibrium 
configuration satisfies 

1 . 
J(u) = 2D(u,u) - F(u) = Mm (7.13) 

which is also equivalent to 

D(u,v) - F(v) = 0, for any v. (7.14) 
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The equilibrium equation and the equilibrium conditions of forces and 

moments at the two ends can still be derived from (7.14). To this end, we 

must perform integration by parts twice: 

D(u,v) = lb ElzUIV"dx 

= -lb(Elzull)'v'dx + [Elzu"v'l~ 

= lb (ElzUI )"Vdx - [(Elzu")'vl~ + [Elzu"v'l~. 

Hence 

D(u,v) - F(v) = lb[(Elzull )1I - jlvdx 

+[-(Elzu")b - gblvb + [(Elzu")~ - galva 

+(Elzu'b - mb)vb + (-Elzu~ - ma)v~ 

=0. (7.15) 

Because v(x) is arbitrary, Va,Vb,V~ and vb' the above expression is equiva­
lent to 

(ElzUI )" - j = 0, a < x < b, (7.16) 

(Elzu")~ - ga = 0, X = a, (7.17) 

-(Elzu")a - ma = 0, x =a, (7.18) 

-(Elzu")b - gb = 0, X = b, (7.19) 

(Elzu")b - mb = 0, x = b. (7.20) 

Now let us explain the mechanical meaning of (7.16)-(7.20). Take 

an arbitrary interval (XI, X2) qn the beam. The transverse shearing force 

yielded by the shearing stresses ayx on each x- cross section of coordinate 

X IS 

Q(x) = lis ayxdS. (7.21) 

Moreover, the bending moment yielded by the normal stresses a xx on the 

cross section s is 

M(x) = - Jis yaxxdS. 
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Considering the equilibrium of the y-directional forces on the beam 

element between (XI, X2) (See Fig. 22), we obtain 

-Q{XI ) Q{X2 ) 

-M(X, )(1 [ 111111111111 M(X,) 

Fig. 22 

As the above expression holds for arbitrary Xl, X2, the equilibrium equation 
of shearing forces is 

-dQ 
dx=f. (7.22) 

Considering the equilibrium of the moment rotated the z-axis on the same 
interval, we obtain 

(M{X2) + X2Q{X2)) - (M{XI) + XIQ{XI)) + i:2 xf /dx 

= rX2 [ddM + dd (xQ) + xf]dx = o. iXl X X 

The above expression holds for arbitrary Xl! X2, hence 

dM d 
dx + dx (xQ) + xf = o. 

Noting (7.22), the equilibrium equation of the moment is then obtained 

dM =_Q 
dx . (7.23) 

Substituting (7.23) into (7.22), the equilibrium equation of the beam is 

d2M 
dx2 = f. 

This is exactly the equation (7.16) derived from the variational principle. 
In addition, the shearing force at the left end x = a is 

(7.24) 
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and the shearing force at the right end x = b is 

(7.25) 

Hence the boundary conditions of the differential equations (7.17) and 

(7.19) give the equilibrium of the shearing forces at the two ends. At the 

same time, the bending moment at the left end x = a is 

(7.26) 

and the bending moment at the right end x = b is 

(7.27) 

Hence the boundary conditions (7.18) and (7.20) denote the equilibrium 

of the moments at the two ends. 

The equilibrium equation (7.16) is a fourth order differential equation 

of the displacement u. In order to determine unique solution, 4 bound­
ary conditions are required. (7.17)-(7.20) give just the needed conditions. 

Since these 4 boundary conditions do not appear in equations (7.13) and 

(7.14) of the variational problem, they are the natural boundary condi­

tions, giving the equilibrium of the forces and moments at the two ends 

and the mechanical boundary conditions as well. To sum up, in regard to 

the equilibrium of beams, we have 
du 

the angle of rotation: W z = d:' 
dwz d2 u y 

the curvature: Kz = dx = dx2 ' 

d2u 
the bending moment: Mz = ElzKz = Elz dxi , 

. dMz d ( d2u y ) 
the sheanng force: Qy = - dx = - dx Elz dx2 ' 

and the equilibrium equation: - d~y = f y , i.e., 

d2Mz d2 d2uy 
dx2 = dx2 (Elz dx2 ) = fy. 

7.3 Boundary conditions and interface conditions 
Like rods in tension, there are three types of boundary conditions for the 
equilibrium problem of flexible beams. 
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1. Geometric constraints, dash the first kind of the boundary condi­
tion. 

1.1 A fixed displacement 

For example, the displacement is fixed at the left end point x = a 

x = a: ua = ita. (7.28) 

At that time, the displacement u of the equilibrium configuration corre­
sponds to a minimum of the potential energy under the prescribed con­
straint, while the corresponding virtual displacement v satisfies the anni­
hilating constraint 

x = a: Va = o. (7.29) 

By the principle of virtual work (7.14), the displacement u of the equilib­
rium configuration satisfies the following equation, 

D( u, v) - F( v) = 0, for any virtual displacement v. 

Using the boundary constraint (7.29), (7.15) becomes 

D(u,v) - F(v) = lb[(Elzu"Y - f]vdx + [-(Elzu")b - 9b]Vb 

+[(Elzu")b - mb]v~ + [-(Elzu")a - ma]v~ 

=0. 

(7.30) 

Hence (7.30) is equivalent to the equilibrium equation (7.16) and the 
boundary conditions (7.18)-(7.20). Compared with the free boundary 
conditions at the two ends (7.17)-(7.20), it lacks the equilibrium condi­
tion of shearing forces (7.17) at the left end point x = a, which is replaced 
by the displacement constraint condition (7.28) 

1.2 A fixed angle of rotation 

If the angle of rotation is fixed at the left end point x = a 

(7.31) 

'then the corresponding virtual displacement v satisfies the annihilating 
constraint v~ = o. Thus, the equilibrium on bending moments at the 
end point a (7.18) is replaced by the constraint condition of the angle of 
rotation (7.31). 
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The case when the geometric constraint conditions (including the dis­
placement and the angle of rotation) are applied at the right end is similar. 

2. A prescribed load-dash the second kind of the boundary condition. 
2.1 A prescribed point force (concentrated force) and free displace­

ment. 
2.2 Prescribed point moment (concentrated moment) and free angle 

of rotation. 
These two cases have already been discussed above. For example, if a 

point force ga is prescribed at the point x = a, then we have (7.17) as the 
equilibrium condition for shearing forces. Similarly, if a point moment rna 
is prescribed at the point x = a, then we have (7.18) as the equilibrium 
condition for moments. 

3. Elastic support-dash the third kind of the boundary condition. 
3.1 The prescribed elastic reaction force and free displacement. 
Suppose there is such an elastic support at the point a. Then we have 

an elastic reaction force proportional to the deviation of the displacements 
at that point 

In this case, a term !CaU~ must be added to the strain energy !D{u, u), a 
2 2 

term -gaua must be added to the potential energy of external work, and 
equation (7.17), giving the equilibrium condition for shearing forces, must 
be changed to 

(7.32) 

3.2 Prescribed moment of elastic reaction and free angle of rotation. 
Suppose that at point a there is an elastic support with a prescribed 

moment. Then we have an elastic reaction moment proportional to the 
deviation of the angles of rotation at that point 

11' 
In this case, a term -c;u~ must be added to the strain energy -D{u,u), 

2 2 
and a term -rnau~ must be added to t~e potential energy of the exter-
nal work. Equation (7.18) giving the equilibrium condition for bending 
moments must be changed to 

(7.33) 
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At each end point, any two of the above six boundary conditions deter­
mine the solution of the equilibrium problem. However, the prescribed dis­
placement and free displacement conditions cannot hold simultaneously; 
neither can the prescribed angle of rotation and free angle of rotation hold 
simultaneously. In the variational principle, only the first kind, i.e., the 
geometric boundary condition must be set out as a condition for determin­
ing the solution, which is the essential boundary condition. The second 
and the third kinds, i.e., the mechanical boundary conditions in the vari­
ational problem are the natural boundary conditions and need not be set 
out explicitly. This point is just the same as in the case of the variational 
principle for rods in tension. 

In practice, the following three combinations of boundary condition, 
for flexible beams are encountered most often. 

1 ° A fixed end: u = 0 (essential), u' = 0 (essential), at the end a shown 
in Fig. 23(a). 

2° A pinned end: u = 0 (essential), u" = 0 (natural), at the ends a 
and b shown in Fig. 23(b). 

3° A free end: (Elzu")' = 0 (natural), u" = 0 (natural), at the end b 
shown in Fig. 23(a). 

~ ~ 

I I 

• • a b a b 
<a) (b) 

Fig. 23 

A further case is that of a beam on an elastic foundation, i.e., a beam 
is elastically coupled with a foundation along its longitudinal direction. 
Suppose that within a certain interval a' ~ x ~ b' (a ~ a' < b' ~ b) an 
elastic reaction force per unit length of - c(u - u) = -cu + f, f = cu, is 
applied, where c is the constant of elastic coupling. f may be absorbed into 
the load f and the elastic reaction force per unit length may be regarded 
as -cu. In the interval without elastic support, we may let c = O. Then 
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a term of ~ rb cu2dx must be added to the total strain energy. The 
2 Ja 

equilibrium equation (7.16) becomes 

(EIzu")" + cu = f. (7.34) 

Now we discuss interface conditions. 

If the flexuous rigidity EIz of the beam is discontinuous at x = p, e.g., 

because the cross section or the elastic modulus has a jump (Fig. 24) or 

there is a concentrated load rp acting at x = p, then a term -rpu(p) must 

be added to the corresponding potential energy of the external work. In 
such a case, integration by parts must be carried out piecewise during the 

derivation of the equilibrium equation from the variational principle. The 

interface conditions at x = p can be derived as follows: 

_[Q]P+O = [(EI u")']P+o = r p-o z p-o p, 

[M]P+O = [EI u"]P+o = O. p-o z p-o 

(7.35) 

(7.36) 

(7.36) indicates that the bending moment is always continuous whether 

there is a concentrated force or not. However, when there is a concen­

trated load at x = p, then (7.35) implies that the shearing force must 

have a jump at that point so as to produce an effective transverse point 

force to achieve equilibrium with the concentrated load. The interface 

conditions (7.35) and (7.36) are the natural boundary conditions, which 
can be derived automatically from the variational principle. In addition, 

it is still necessary to impose the continuity conditions of the displacement 

and of the angle of rotation, 

[u]~~~ = 0, 

a P 

Fig. 24 

(7.37) 
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It should be pointed out that, the energy functional contains only 
the first derivative of the displacement u' for the beam in tension, while 

the equilibrium equation containing u" is of second order. The essential 
boundary condition containing u is of only one choice, while the natural 
boundary condition containing u' is also of only one choice. However, the 
energy functional contains the second derivative of the displacement u" 
for the flexible beam, while the equilibrium equation containing u"" is of 

fourth order. Thus, the essential boundary conditions fall into two classes, 
according to whether they contain u or u'. Likewise, the natural boundary 

conditions divide into those that contain u" and those that condtain u"'. 
Furthermore, the boundary conditions may be combined in many ways. 
Hence, in comparison with the rod in tension, "the situation here is quite 
complex. In the variational principle form, the complex natural boundary 
conditions (including the interface condition) can be omitted and the order 
of the derivative of u in the energy functional is lower two ranks than that 
in the equilibrium equation. Thus the superiority of the mathematical 
formulation in terms of the variational principle becomes much clearer of 
the beams bending than in the case of rods in tension during the actual 
solution process. 

7.4 Strainless states 

The strain energy of bending is obviously nonnegative, i.e., satisfies 

However it becomes degenerate when the boundary is not subject to any 
geometric constraints. This is because 

D(v,v) = 0 ~ v"(x) = 0 

~ vex) = a + (3x = av(1)(x) + (3v(2)(x), 

v(1)(x) = 1, v(2)(x) = x. (7.38) 

Hence the strainless state has has two degrees of freedom. One of them is 
a transverse rigid translation vex) = av(l)(x) = a, while another one is an 
infinitesimal rigid rotation vex) = (3v(2)(x) = {3x about the z-axis. It has 
already been proved in §3 that a necessary and sufficient condition for the 
existence of solutions f of the degenerative equilibrium problem (7.13) or 
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(7.14) is 

i = 1,2, 

l.e., 

F(V(i)) = lb fdx + ga + gb = 0, (7.39) 

F(v(2)) = lb xfdx + a· ga + b· gb + ma + mb = 0. (7.40) 

These two expressions denote the equilibrium of the y-directional forces 

and the equilibrium of the moments of rotation about the z-axis of the 

external loads. 

Under the prerequisites (7.39) and (7.40), there exists a solution of 

the equilibrium problem of rods in bending but the solution for the dis­

placement is not unique and may differ by a rigid motion a + j3x. Since 

the rigid motion contributes nothing to the bending moment and to the 

shearing force, the solution for the stress is still unique. 

We have already seen in §3 that introducing geometric constraints or 

elastic supports in a problem always reduces the number of degrees of 

freedom of the strainless state, i.e., to raise the positive definiteness of 

the strain energy for rods in tension. This is also true for bending beams. 

For example, if the angle of rotation u~ is fixed at end point a, then 

the virtual displacement v satisfies the annihilating constraint condition 
v'(a) = 0. Hence, in the strainless virtual displacement v(x) = a+j3x,j3 = 

v' (a) = 0, and v = a, which means that the strainless state must be a 
rigid translation. Thus, one degree of freedom is eliminated. Furthermore, 

if the displacement U a at point a is fixed, then the virtual displacement 

v should also satisfy v( a) = 0, so that the strainless state is v == 0. The 

strain energy D( v, v) becomes positive definite and there exists a unique 

solution of the equilibrium problem. 

The case of elastic supports is similar to the above. For example, when 

an elastic reaction force and a moment act simultaneously at the end point 

a, then the strain energy becomes 

Ca > 0, c~ > 0. 
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Clearly, 

D(v,v) = 0 ~ v" = O,va = O,v~ = 0 ~ v = o. 

Hence D( v, v) is positive definite. 

Furthermore, for the beam on elastic foundations, the strain energy is 

1 lIb lIb - D( v, v) = - Elz ( v"?dx + - cv2dx. 
2 2 a 2 a 

Hence the strainless virtual displacement must be v == 0 provided that 
c> 0 over an arbitrary small interval. 



Chapter 2 

Static Elasticity 

In Chapter 1, we learned the basic concepts of elastic displacements, 
strains, stresses, Hooke's law, strain energy, and variational principles 
of energy by discussing on some simple but typical elastic deformation 

modes. Now it is possible and also necessary to further systematize these 

fundamental concepts and rules and to organize a set of comparatively 

complete theories so as to solve the more complicated and more difficult 

problems of elastic structures, that we meet in engineering practice and 
in scientific experiments. We give a brief introduction to the fundamental 
theory of linear static elasticity will be given in this chapter. 

§ 1 Displacements and Strains 

1.1 Strains 
Choose a set of rectangular coordinates in the three dimensional space. 

For brevity, name the coordinates x = xI, y = X2, and z = X3. Suppose 
there is an elastic body n which becomes n' after a deformation. A mass 
point, whose position vector is x = (XI, X2, X3)T in the internal body of 
n, moves to x' = (xi, x~, x~) T after the deformation. Consequently, it 
undergoes a displacement u = x' - x, i.e., 

x' = x + u, u = (Ul,U2,U3)T, Ui = Ul(XI,X2,X3). 

The essential point about elastic deformation is that the relative distances 
between various points in the body are changed, but any simple displace­
ment of all points is not considered. When a body has made a rigid motion 
such as translation or rotation, its position has changed, but the relative 

distances between various points remain unchanged, i.e., there is no de­
formation. That is the strainless state mentioned several times before. 

Take another point x + dx in an infinitesimal neighbourhood of x, 
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which changes to a point x' + dx' in an infinitesimal neighbourhood of x' 
after deformation, dx' = dx + duo Because 

3 ou. 
dUj = L 0 ~ dXi, i = 1,2,3, 

i=l X t 

the square of the distance between the two points x and x + dx 
3 

where 

ds2 = '"' dx~ ~ J' 
j=l 

3 3 3 

ds'2 = L dX? = L (dXj + L OU~ dXi) 2 
. 1 . 1 . 1 OX t J= J= t= 

= ds2 + 2 L Cijdxidxj, 
t,J 

3 
~ ~J. = ~ (OUj + ~Ui + '"' OUk OUk) , 
c. ~ i,j=1,2,3. 

2 OXi OXj k=l 8Xi 8xj 

In what follows, we always assume that the deformation is sufficiently 

small, hence the quadratic terms of the derivatives ~Ui on the right hand 
UXj 

of the above expressions are infinitesimals of higher order relative to the 
linear terms. This assumption is a fundamental prerequisite of the linear 

elasticity. Hence, neglecting the quadratic terms of the derivatives ~Ui, 
UXi 

the strain tensor is defined as 

~~J. = ~ (OUj + OUi), c. i,j=1,2,3, 
2 OXi OXj 

(1.1 ) 

and we have 

(1.2) 

The strain tensor is obviously symmetric in i and j, 

Cij=Cji, i,j=1,2,3. (1.3) 

Hence, among the nine components of Cij, there are only six essential 

components, which are enough to describe the change of relative distances 
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in the elastic body and consequently can completely describe the elastic 
deformation. When i = j, 

Eij = ~(OUi + OUi) = OUi 
2 OXi OXi OXi ' 

i = 1,2,3. 

These are the normal strains which represent the rate of elongation of the 

displacements Ui in the xi-directions. When i i- j, Eij = Eji are shear 
strains. 

Suppose that the included angle of the local (Xi,Xj) axes, which is 

originally 7r /2, is decreased by an angle "(. The shear strains Eij = Eji 

reprensente the half of the angle of shear ,,(/2 (see §5, Chapter 1). 

1.2 Rotations 

The rate of change inspace of a displacement field Ui(Xl, X2, X3) is given by 

nine independent partial derivatives ~Ui ,i,j = 1,2,3. The components Eij 
UXj 

of the strain tensor field of U are symmetric combinations of the derivatives 

~Ui . There are only six independent Eij'S. Hence, although the strain field 
uXj 

is enough to describe the deformation, it is still not enough to completely 
describe the rate of change of the displacement. To describe completely the 
rate of change of the displacement, we must introduce the complementary 

oU· 
antisymmetric combinations of ~ as follows: 

UXj 

W .. _ ~(OUj _ OUi) 
tJ- , i,j=1,2,3. 

2 OXi OXj 

Wij is called the rotation tensor. Obviously it is antisymmetric: 

and we have 

Wij = -Wji, Wii = 0, i, j = 1,2,3, 

OU· 
__ J = Eij + Wij. 
OXi 

(1.4) 

(1.5) 

(1.6) 

There are only three nonvanishing independent rotational components, 

e.g., W12, W23, and W31. Generally speaking, we assume 

(1.7) 

In the tensor analysis, for an arbitrary vector field U = (UI, U2, u3f, 
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we can define another vector field 

aU3 aU2 
(rot u h = - - -, 

aX2 aX3 

aUI aU3 
(rot u h = - - -, 

aX3 aXI 

aU2 aUI 
(rot u h = - - -, 

aXI aX2 

which is called the curl field rot u. 
Hence W = (WI, W2, W3 f, regarded as a vector field, is half the curl of 

the displacement field u( xl, X2, X3): 

1 
W ="2 rot u. (1.8) 

The rotation tensor Wij contributes nothing to the elastic deformation, 

i.e., makes no contribution to the change in relative distances. However, 

it has its own geometrical meaning. Let OXIX2 be the local (XI, X2) coor-

dinate system which becomes 0' x~ x~ 
after deformation (projected again X2( U2) 

on the Xlx2-plane). We may trans-

late origins of coordinates 0 and 0' 
to make them coincide. Suppose 
OM is the bisector before the de-
formation and OM' is the bisector 
after the deformation. The angle 
through which the bisector is ro­

tated about the x3-axis (Fig. 25) 

is 

X' 2 

W 

Fig. 25 

LMOM' ~ ~(~ _ aUI _ aU2) + aU2 _ ~ 
2 2 aX2 aXI aXI 4 

= ~ (aU2 _ aUI) = Wl2 = W3. 
2 aXI aX2 

M' 
M 

X' I 

Hence, W3 = Wl2 can be regarded as the angle of rotation of the bisector 
of the local (Xl, X2) coordinate axes about the x3-axis. W3 > 0 denotes a 
positive rotation about the x3-axis according to the right hand rule, while 

W3 < 0 denotes a negative rotation. The meaning of WI and W2 is similar 

to that of W3. Hence Wij is called the rotation tensor and Wi are generally 
called the (infinitesimal) angles of rotation about the xi-axes. 
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The strains Cij and the rotations Wij are independent of each other in 

themselves, but their derivatives are related. In fact, 

Hence 

8Wij 8 1 (8Uj 8Ui) 1 ( 82uj 82Ui) 
8Xk = 8Xk 2 8Xi - 8xj = 2 8Xk8xi - 8Xk8xj 

1 ( 82uj 82uk 82uk 82Ui) 
= 2 8Xi8xk + 8Xi8xj - 8xj8xi - 8xj8xk . 

8x' ' J 

ij = 12,23,31,k = 1,2,3. 

1.3 Strainless states and infinitesimal rigid displacements 

(1.9) 

We say that an elastic body is in a strainless state if the following equality 

holds everywhere. 

1 (8Uj 8Ui) 
Cij = 2 8Xi + 8xj = 0, i,j = 1,2,3. (1.10) 

That means that under an infinitesmal deformation there is no elastic 
deformation, i.e., ds'2 = ds2. The consistency of this definition of the 

strainless state with the definition in terms of the vanishing of the strain 

energy given in Chapter 1, will be explained in §5 of this Chapter. 
There are two kinds of infinitesimal rigid displacements, as they are 

called. One is the translation, i.e., u == a = (aI, a2, a3f is a constant 

vector and another is the infinitesimal rotation, namely, u == b 1\ x, where 
b = (b I , b2 , b3 )T is a constant vector, where b 1\ x stands for the cross 
product. Hence 

Uz = b2X3 - b3X2, U2 = b3XI - b1X3, U3 = blX2 - b2XI. 

The general form of infinitesimal rigid displacements is the superimposi­

tion of the above two forms: u = a + b 1\ x, i.e., 

UI = al + b2X 3 - b3X 2, 

(1.11) 

Since 
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etc., Cij == 0. It shows that any infinitesimal rigid displacement must be 

strainless. 

Conversely, a strainless displacement field can certainly be expressed 

in the form of infinitesimal rigid displacements as (1.11). From (1.9), we 

h 8Wij . ·f D can see t at -8 = 0, I.e., Wij are constants, 1 Cij = 0. enote 
Xk 

On the other hand, since Cij = 0, 

and 

i =1= j, 

it follows that 

bl = W23 = ~ ( 8U3 _ 8U2) = 8U3 = _ 8U2 
2 8X2 8X3 8X2 8X3 ' 

b2 = W31 = ~(8UI _ 8U3) = 8UI = _ 8U3 
2 8X3 8XI 8X3 8XI ' 

b3 = Wl2 = ~ (OU2 _ OUI) = OU2 = _ OU! • 
2 8XI 8X2 8XI 8X2 

Thus, we obtain th following three systems of the first order differential 
equations related to UI, U2, and U3. 

8UI 8U2 _ b 8U3 _ -b2 
8XI = 0, 8 - 3, 8XI - , Xl 

8UI _ -b3 
8U2 8U3 _ b 

8X2 - , 8X2 = 0, 8 - 1, 
X2 

8UI _ b 8U2 - -bl 
8U3 

8 - 2, 8X3 - , 8X3 = 0. X3 

From above three systems of the equations, we get 

UI = al - b3X2 + b2X3, 

U2 = a2 + b3X I - b1X3, 

U3 = a3 - b2X I + b1X 2. 

These are just the rigid displacements (1.11). 
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§2 Transformation of Principal Axes 

and Principal Strains 

2.1 Rotation of coordinate axes 

For a special kind of deformation, i.e., the multi-directional stretching 

and compression discussed in §4 of Chapter 1, the strain has only normal 

components but no shear components and the strain tensor is expressed 

in diagonal form as 

The elastic rule is quite simple at that case. 

For the case of pure shear in §5 of Chapter 1, the strain tensor has 

nondiagonal form 

o r/2G 0 

o o 

o o 

However, rotating the coordinate axes Xl and X2 about the x3-axis through 
45°, the strain tensor becomes diagonal in the new system of coordinates 

x~, x~, and x~: 

r/2G 0 0 

[c~jJ = 0 -r/2G 0 

0 0 0 

The pureshear case is transformed into the case of multi-dimensional 

stretching and compression. Thus we derive the elastic rule for pure shear. 

This is a special example, but it has general meaning. All arbitrary strain 

tensors Cij can be transformed into diagonal form, at least locally, by a 

suitable rotation of coordinate axes. In order to illustrate ·this problem, 

let us examine first how the components of the displacement vector and 
of the strain tensor vary when the coordinate axes are rotated. 
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2.2 Strain tensors in the transformed and original 

systems of coordinates 

Rotate the coordinate axes Xl, X2, and X3 to a new orthogonal system of 
coordinates x~, x~, and x~. The transformation relations between the two 
systems of coordinates are 

{ 

x~ = Xl cos(x~, xd + X2 cos(x~, X2) + X3 cos(x~, X3), 

X~ = Xl cos(x~, xd + X2 cos(x~, X2) + X3 cos(x~, X3), 

X~ = Xl cos(x~, xd + X2 cos(x~, X2) + X3 cos(x~, X3), 

(2.1) 

where cos(x~, Xl)' cos(x~, X2), and cos(x~, X3) stand for the three direction 
cosines of the new x~-axes with respect to the original coordinate axes Xl, 

X2, and X3, i.e., the three components of the unit vectors e~ on the x~-axes, 

(2.2) 

The transformation of coordinates (2.1) can be written in matrix form: 

(2.3) 

Because the new coordinate axes x~, x~, and x~ are orthogonal, the three 
unit vectors e~(i = 1,2,3) are also orthogonal. Hence the coefficient matrix 
A of (2.3) is an orthogonal matrix, which satisfies AAT = I. So we 
have A-I = AT. Then the following reciprocally inverse transformation 
relations hold between the new and the original coordinates 

3 

X~ = LaijXi, 
i=1 

3 

Xi = Lajixj. 
j=1 

(2.4) 

As stated in §1, the displacement vector u = x* - x' is expressed 

as the difference of two position vectors before and after deformation of 

the elastic body. Hence, the relations between the new and the original 
coordinates Ui and u~ of the displacement vector during the rotation of 

coordinate axes are the same as (2.4), 

3 

U~ = LaijUj, 
j=l 

3 

Ui = Lajiuj. 
j=l 

(2.5) 

The components of the strain tensors derived from the same displace­
ment field in the new and in the original systems of coordinates are 

1 (8Uj 8Ui)' 1 (8uj 8u~) 
eij ="2 8Xi + 8xj ,eij ="2 8x~ + 8xj , 
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respectively. Since 

aul 3 aul a 3 a 3 

a ~ = L ~ aX7 = Laika(I:ajlUl) 
Xi k=1 Xk Xi k=1 Xk 1=1 

~ aUI 
= ~ aikajla' 

k I-I Xk , -

exchanging the subscripts i and j and then k and I in the above expression, 
we can obtain 

aU' , 
axl 

J 

3 aUI ~ aUk 
L ajkail a = ~ ajlaik a · 

k,I=1 Xk k,l=1 Xl 

Hence the relations between the components of the strain in the new and 
in the original systems of coordinates are 

3 

E~j = L aikEklajl· 
k,I=1 

This can be written in the matrix form. Let 

E = [Eij], 

Both are symmetric matrices. Then 

E' = [E~·l 
'J ' 

E' = AEAT. 

(2.6) 

(2.7) 

Because A is an orthogonal matrix, the following inverse relation holds. 

(2.8) 

2.3 Principal axes and principal strains 
For symmetric matrices in linear algebra the following fundamental theo­
rem holds: for an arbitrary real symmetric matrix E, there always exists 
an appropriate real orthogonal matrix A such that 

(2.9) 

o 0 

is diagonal. The above expression can be written as 
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i.e., 
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[ 

elall e2a 21 

elal2 e2a 22 

elal3 e2a 23 

e3
a

31 1 
e3a 32 • 

e3a 33 

This means that ei are the eigenvalues of the matrix e and the three 

column vectors of AT are just the eigenvectors of the matrix e. 

Since the transformation relation between the strain tensors in the new 

and in the original systems of coordinates is 

e' = AeAT , 

if the three eigenvectors of the strain tensor e are taken as the new co­

ordinate axes e~, then according to the fundamental theorem, the strain 

tensor e' is reduced to diagonal form in this new system of coordinates. 

Its diagonal entries el, e2, and e3 are just the eigenvalues of the matrix e, 

which are called the principal strains, while the eigenvectors e~, e~, and 

e~ are called the principal axes, and the corresponding stresses are called 
the principal stresses. In other words, the strain tensor transformed to the 

principal axes is diagonal, i.e., it appears as multi-directional stretching 

and compression without shear component. 
Suppose the characteristic polynomial of matrix e is 

ell -,x 

cp(,x) = 

e31 e32 e33 -,x 

It is not difficult to show that 

h = ell + e22 + e33, 

ell el2 e22 e23 ell el3 
h= + + 

e21 e22 e32 e33 e31 e33 

ell el2 el3 

Ia= e21 e22 e23 

e31 e32 e33 

On the other hand, because el, e2, and e3 are the three eigenvalues of the 
matrix e, 

(2.11) 
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Comparing (2.10) with (2.11), we obtain 

12 = ele2 + e2e3 + e3el, 

h = ele2e3· 
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(2.12) 

(2.13) 

(2.14) 

Although the components of the strain tensor are changed after an ar­

bitrary rotation of coordinate axes (whether they are principal axes or 

not), we know from (2.12)-(2.14) that, the values of It, 12 and hare 
unchanged, which are the three invariants of the strain tensor. Among 

them, an invariant 

(2.15) 

is often used. 

§3 Stresses 

3.1 Components of stress 

When an elastic body is deformed under the action of loads, the body 

is in a strained state. All parts of the body are affected by the stresses. 

The stress state at each point (Xl, X2, X3) in the body is given by the nine 

components of stresses CTij, i, j = 1,2,3. 
Taking a cross section normal to the +xi-axis at a point (Xl, X2, X3), 

the force per unit area exerted on the "negative side" from the positive 
side" is CTj. The three components of the force are denoted by CTlj, CT2j, 

and CT3j, respectively. CTjj is the positive stress, i.e., the normal stress 
CTjj > 0 indicates a tensile force, while CTij < 0 indicates a compressive 
force. When i =I- j, CTij are the shearing stresses tangential to the cross 
section. CT = [CTij] is called the stress tensor, and the dimension of which 

is [force / area]. 

The importance of the components of stress CTij lies on the unit cross 

section, in which the normal direction at any point (Xl, X2, X3) is n = 
(nI, n2, n3f and ni + n~ + n~ = 1, the three components CTln, CT2n and 
CT3n of the stress CTn exerted on the "in side" from the "out side" can be 

expressed in terms of CTij and nj, i.e., 
3 

CTin = L CTijnj, i = 1,2,3. 
j=l 

(3.1) 
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In fact, we need only take an infinitesimal tetrahedron V with height 

h (sufficiently small) and base area S (Fig. 26) at that point. The out­

ward normal directions of the four surfaces S, Sl, S2, and S3 of V are 

(nl,n2,n3?, (-l,O,O)T, (0,-1,0?, and (O,O,-l)T, respectively. Note 
1 

that the volumne of the tetrahedron V = 3hS and Si = niS. Sup-

pose the density of the load acting on the interior of the elastic body is 

f = (II, 12, h?· According to the equilibrium of body force and surface 
force in the three directions, we obtain 

i.e., 

Because the outward normal direction nj to the base of the tetrahedron 

S remains unchanged when the height h varys, (3.1) can be obtained 

immediately if we let h --t ° in the above expression. 

S 

Fig. 26 

It follows that, the projection (J'n of the stress on the cross section on 

any direction 

is 
3 3 

(J'mn = L (J'inmi = L (J'ijminj, (3.2) 
i=l i,j=l 

where n is the normal direction of the cross section. 
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Especially, the normal component of the cross section stress CTn is 

3 

CTmn = L CTijninj' 
i,j=l 

3.2 Equilibrium equations 

(3.3) 

Suppose an elastic body 0 is subjected to a volume load with density 

f = (ft, 12, hl· Consider an arbitrary subvolume V c 0, whose outward 
normal direction is n = (nl, n2, n3)T. Through the boundary 8V, an 
external force acts on the subvolume V. The xj-directional component of 
the surface force exerted on the area element dS is 

3 

CTindS = L CTijnjdS. 
j=l 

(3.4) 

The xi-directional component of the body force acting on a volume element 
dV within V is !idV. Assume that the xi-directional components of force 
are in equilibrium. We obtain 

3 fi L CTijnjdS + fff !idV = 0, i = 1,2,3, 
av j=l v (3.5) 

for any V c O. 

This is the equilibrium equation in integral form. 

According to Gauss's formula 

we have 

i = 1,2,3, 

for any V c O. 

Shrinking V to a point (Xl, X2, X3) E 0, then we obtain an equation of 
elastic equilibrium in the differential form 

n . _ ~ 8CTij - +. . 1 2 3 
H. ~ - J~, Z = , , . 

j=1 8xj 
(3.6) 

Now let us consider the equilibrium of moments. Recall the definition 
of the moment: suppose a force f = (ft, 12, hl acts at the point x = 
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(XI, X2, x3f, the cross product M = x /\ f is then the moment. The 
components of the three coordinate axes are, respectively, 

MI = x2!3 - x2h, M2 = x3h - Xd3, M3 = Xd2 - x2!l. 

Then, the xl-directional component of the stress moment of the area ele­
ment dB E av is 

( X2 L O'3jnj - X3 L O'2jnj) . dB, 
j j 

while the xI-directional component of the moment of the body forces on 
the volume element dV E V is (x2!3 - x3h) . dV. Hence we obtain the 
following equilibrium equation for moments in integral form: 

xl-axial: 
3 Ii L(X2O'3j - X3O'2j)njdB + IJf (x2!3 - :c3h)dV = 0, 

aVj=1 1Jv 
for any V c o. 

Similar equations in the x2-and x3-axial directions can be obtained by 
cyclic permutation of subscripts 1 ---t 2 ---t 3 ---t 1. Using Gauss's formula 
again and shrinking V to a point, we obtain the equilibrium equation of 
moments in differential form as 

Xl - axial: 

=0. 

Based on the equilibrium equation of forces (3.6), we have 

0'32 - 0'23 = 0, z.e., 0'32 = 0'23. 

Similarly, 

Thus, the symmetry of the stress tensor can be derived from the equilib­
rium of forces and moments 

O'ij = O'ji, i,j = 1,2,3. (3.7) 
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3.3 Principal stresses 

We proved the symmetry of the stress tensor above. Let us now examine 

the relationship between the new and the original stress tensors under the 

rotation of coordinate axes. 

Suppose the coordinate axes Xl, X2 and X3 are rotated to the new 

coordinate axes x~, x~, and x;, and the unit vector on the x~-axis is 

(see (2.2) of Chapter 2). In the new system of coordinates, the stress 

component O"~j is the x'-directional component of the stress on the cross 

section, the normal direction of which is +x~-axis. Then, in (3.2), let 

we obtain 

Written inmatrix form 

3 

O"~j = L aikO"klajl· 
k,l=l 

0"' = AO"AT. 

(3.8) 

(3.9) 

This equation gives the relation between stress tensors in the new and in 

the original systems of coordinates. The relation is the same as the trans­

formation relation (2.7) between the new and the original strain tensors. 
Therefore, by a suitable rotation of coordinate axes, the stress tensor can 
be expressed in diagonal form, i.e., there are only direct stresses but no 
shearing stresses: 

AO"AT = 0"' = (3.10) 

where 0"1, 0"2, and 0"3 are called the principal stresses, which are also the 

eigenvalues of the symmetric matrix 0", while the vectors of principal axes 

e~, e~, and e; are then the eigenvectors of 0". 

Note that the transformation matrix A = [aij], which transforms the 

stress tensor into the principal axes, is dependent on 0" = [O"ij]. Generally, 
it is different from the transformation matrix which transforms the strain 
tensor into the principal axes. 
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§4 Hooke's Law and Strain Energy 

4.1 Hooke's law 
We saw in §2 that, through a suitable rotation of coordinate axes 

x' = Ax, (4.1) 

the strain tensor e = (eij) can be transformed into diagonal form 

AeAT = e' = [e; :: : 1 ' 
o 0 e3 

(4.2) 

which becomes a pure three dimensional stretching and compression with­
out shear strain. 

Suppose that the medium is isotropic. We saw in §4 of Chapter 1 that, 

the corresponding stress tensor 0-' = [o-~jl also has no shear components, 
so 0-' is diagonal, too: 

Hooke's law is 
E Ev 3 

o-i= l+vei+ (1+v)(1-2v) {;ek ' i=1,2,3. (4.3) 

Written in matrix form, 
3 

, E, Ev (") 0- = --e + L...J ek l. 
l+v (1+v)(1-2v) k=l 

(4.4) 

Since the stress tensor becomes diagonal in the new system of coordi­

nates, the new coordinate axes x~ determined by (4.1) are the principal 
axes of both the strain tensor and the stress tensor, i.e., 

0-' = Ao-AT . (4.5) 

This shows that, for isotropic bodies, the stress tensor and the strain 
tensor can be simultaneously diagonalized, i.e., into the principal axes 
through a suitable rotation of coordinate axes. 

Premultiplying both sides of (4.4) by AT and postmultiplying them by 
A, since 
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we obtain 
E Ev 3 

0"= l+vc + (I+V)(1-2V)(Eck )I. 
Moreover, according to (2.15) 

3 3 

LCk = LCkk, 
k=l k=l 

so that 

E Ev (3 ) 
0" = --C + Ckk I. 

1 + v (1 + v)(l - 2v) E (4.6) 

Written componentwise, this becomes 

E Ev 3 

O"ij = 1 + v Cij + (1 + v)(1 _ 2v) (E ckk )Oij, (4.7) 

i,j = 1,2,3, 

where 

Oij = {
I, i = j, 

0, i =1= j. 

(4.6) or (4.7) is just a general form of Hooke's law 

Letting i = j in (4.7) and superimposing the three expressions of 

i = 1,2,3, we obtain 

3 E 3 3Ev 3 

L O"kk = 1 + v L ckk + (1 + v)(l _ 2v) L ckk 
k=l k=l k=l 

E 3 

=--Lckk' 
1 - 2v k=l 

Moreover, substituting the above expresssion into (4.6), we obtain the 

inverse relation 

(4.8) 

or 
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4.2 Strain energy 

For an isotropic elastic body, the strain energy per unit volume with the 

principal axes is 
1 3 

W = - L O'iei· (4.10) 
2 i=l 

Note that 

0'1 0 0 el 0 0 0'1 el 0 0 

0" e' = 0 0'2 0 0 e2 0 0 0'2e 2 0 

0 0 0'3 0 0 e3 0 0 0'3 e 3 

and 

hence 
3 3 

~)O"e')ii = :L(O'e)ii' 
i=1 i=1 

consequently, 

1 3 1 3 1 3 1 3 

W ="2 LO'iei ="2 L(O"e')ii ="2 L(O'e)ii ="2 L O'ijeij, 
i=1 i=l i=l i,j=l 

i.e., 
1 3 

W = "2 .~ O'ijeij· 
',J=1 

(4.11) 

Substituting the linear stress-strain relation (4.7), obtained from Hooke's 

law, into the expression above, we obtain the volume density of strain 

energy 

1 E 3 2 Ev 3 2 

W = "2{ 1 + v .~ eij + (1 + v)(l _ 2v) (L ekk ) }. 
',J=1 k=1 

It is easy to verify that 

so that 

oW .. 
O'ij = -0 ,Z,) = 1,2,3, 

eij 

1 3 oW 
W= - L -eij· 

2 .. lOeij 
',J= 

(4.12) 

( 4.13) 
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We see from (4.12) that W is quadratic and homogeneous in Cij. Therefore 

(4.13) is a special case of an n-th homogeneous expression as in Euler's 

theorem in algebra, with n = 2. 

Since E > 0, ° < v < ~, 
2 

Ev E (~)2 
(1 + v)(l - 2v) > 0, (1 + v)(l - 2v) E ckk 2:: 0, 

hence 

That is to say, W is positive definite as a quadratic form in Cij, i.e., we 

always have W 2:: 0 for any Cij, and 

W = 0 ==? Cij = 0, i,j = 1,2,3. 

This reflects the facts that the strain energy is positive definite in mechan­
ics, and that solutions of the elastic equilibrium equation for stress exist 
and are unique. 

In the literature of elasticity theory, two fundamental elastic moduli 
of isotropic bodies, called Lame's moduli, 

,X= Ev 
(1 + v)(l- 2v)' 

E 
(4.14) 

It = 2(1 + v) 

are often used to replace the two conventional fundamental moduli E and 

v in engineering. E and v can be expressed in terms of ,X and It by 

,X 
v = -2 (:--jJ,-+----,,X---,--r (4.15) 

Furthermore, the bulk modulus K and the modulus of the shear rigidity 

G can also be expressed in terms of ,X and jJ, as 

E 2 
K - - >. +-1/. 

- 3(1 - 2v) - 3 r , (4.16) 

E G- -jJ, - 2(1+v) - . 
(4.17) 
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Hooke's law and the strain energy for isotropic bodies can then be ex­

pressed in terms of A and J.L by 

§5 Variational Principles and 

Elastic Equilibrium 

5.1 Variational principles 

(4.18) 

(4.19) 

Suppose an elastic body n deformed elastically under the action of loads, 

including body and surface loads. That is to say, every point within the 

body n undergoes a displacement Ui = Ui(Xl, X2, X3). This displacement 
induces a strain field 

and a stress field 

E Ev 3 
CTij(U) = --Eij(U) + ( )( ) (L Ekk(U) )8ij . 

1 + v 1 + v 1 - 2v k=l 

A strain energy p( u) is always stored when the elastic body undergoes a 
displacement Ui whether it is in equilibrium or not. According to (4.11) 

and (4.12), 

p(u) = I/l, WdV = HIL.tl Uij (U)€ij (u)dV 

3 

= ~ iik {1 ! V i~l E;j(U) + (1 + v~~ - 2v) 

3 21 
X(LEkk(U)) }dV = -D(u,u). 

k=l 2 
(5.1) 

From (5.1) we get 

D(u,u) = 0 ~ Eij(U) == 0, i,j = 1,2,3. 
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This shows that the two definitions about the strainless states mentioned 

in Section 1.3 of the Chapter 2 are equivalent. Let 

3 

D(u,v) = iik.L O"ij(U)cij(v)dV 
z,J=1 

= rrr {~ t Cij(U)cij(V) JJin 1 + v .. 1 
Z,J= 

Ev 3 3 

+ (1 + v)(l - 2v) E ckk(U) . E ckk(V) }dV. (5.2) 

Clearly, D( u, u) is a nonnegative quadratic functional of u, while D( u, v) 
is a bilinear symmetric functional of U and v, which is just the functional 
of virtual work. 

Suppose the density of the body load acting on the interior of the 

body n is f = (iI, 12, hf, and the density of the surface load acting 
on the boundary an is g = (g1,g2,g3)T. For the time being, we will not 

consider a displacement constraint or elastic support temporarily. Then 

the potential energy of external work produced by the body load f and 

the surface load 9 is 

and the total potential energy of the system is 

1 
J(u) = 2D(u,u) - F(u). (5.4) 

By the variational principles described in Chapter 1, the following two 
problems are equivalent: 

1 . 
problem 1, J(u) = 2D(u,u) - F(u) = Mm, (5.5) 

problem 2, D( u, v) - F( v) = 0, for any b. (5.6) 

For the strainless state v, 

D(V,V)=O~Cij(V)=O~v=a+b/\x (5.7) 

which is also an infinitesimal rigid displacement determined by (1.11) in 
§ 1 of Chapter 2. It has six degrees of freedom, and the corresponding six 
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linearly independent rigid displacements are 

Hence, the necessary and sufficient conditions for the existence of solution 
of the variational problems 1 or 2 are 

F( v(i») = 0, i = 1,2, ... ,6. 

Substituting (5.8) into (5.3), we get 

Ilk lidV + liar>. 9idS = 0, i = 1,2,3, 

Ilk (x2/3 - x3!2)dV + liar>. (X293 - X392)dS = 0, 

iiln (X3!I - xlh)dV + iian (X391 - X193)dS = 0, 

iiln (Xd2 - x2!I)dV + liar>. (X192 - X291)dS = 0. 

(5.9) 

(5.10) 

These are equilibrium conditions of forces and moments of the external 
loads. Under the prerequisites of (5.9)-(5.10), there exists a solution of the 
variational problem. However the displacement solution is not unique and 

can differ by an infinitesimal rigid displacement, while the stress solution 
is unique. Because the rigid displacement has six degrees of freedom, six 
integral conditions such as 

Ilk UidV = 0, i = 1,2,3, 

Ilk (X2U3 -X3U2)dV = 11k (X3Ul - XIU3)dV 

= Ilk (XIU2 - X2Ul)dV = ° 

(5.11) 

(5.12) 

have to be added in order to eliminate these six degrees offreedom. Under 
these conditions, the displacement solution is unique. 
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5.2 Equilibrium equations 

From the above variational problem 2, we can derive an equivalent prob­

lem: 

Problem 3: 

n .. _ ~ OO"ij(U) = !., 
H ~ • i = 1,2,3, 

j=l OXj 

3 

an: LO"ij(u)nj = gi, i = 1,2,3. 
j=l 

(5.13) 

(5.14) 

The proof is as follows. By Gauss's integral formula and the symmetry of 

the stress tensor 
3 

D(u,v) = 111 L O"ij(U)Cij(v)dV 
o i,j=l 

Hence 

D(u,v) - F(v) ~ - fflnt. [t.IJ~~;U) +h]VidV 

3 3 

= 11 L[LO"ij(u)nj-gi]VidS=O. 
aOi=l j=l 

(5.15) 

Since Vi is arbitrary, the terms included in the brackets of the above two 

integrals must vanish: 

~ OO"ij(U) ! 
~ a + i = 0, 
j=l Xj 

3 

LO"ij(u)nj - gi = 0, 
j=l 

i = 1,2,3, in n, 

i = 1,2,3, on an. 

These are the two systems of equations of Problem 3. We know from Sec­
tion 3.2 of Chapter 2 that these two systems of equations are the equilib-
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rium equations inside the elastic body n and on its boundary an. Thus, 

we have derived the equilibrium equations directly from the variational 

problem. 

Conversely, if we want to derive Problem 2 from Problem 3, we need 
only note that, provided U is a solution of equations (5.13) and (5.14), 

(5.15) still holds by the Gauss integral formula. Hence for arbitrary v, we 

always have 

D(u, v) - F(v) = o. 

Thus, we have proved the equivalence of the three mathematical for­

mulations of the elastic equilibrium problem. Since 

E Ev 3 
O"ij(U) = --Cij(U) + ( )( ) (L ckk(U))8ij 

1 + v 1 + v 1 - 2v k=l 

_ E (aUj + aUi) 
- 2(1 + v) aXi aXj 

Ev (~aUk)8 
+ (1 + v)(l - 2v) ~ aXk ij, (5.16) 

the equilibrium equations (5.13) are three second order elliptic partial 

differential equations for the three unknown functions UI, U2, and U3. In 
order to determine a unique solution, we must prescribe three boundary 
conditions on the boundary an in addition to the boundary conditions 

are given by (5.14). 

5.3 Boundary conditions and interface conditions 

In §5.2, the equilibrium equations inside the elastic body and the boundary 

conditions, which are derived from the variational principle, are obtained 

based on the essumption that the whole boundary an is subjected to 

surface loads. Now we will discuss the general case, i.e., according to the 

different boundary mechanisms, the whole boundary an is divided into 

several parts, 

(5.17) 

with a different boundary condition on each part. 

1. The first kind of the boundary condition: fixed supports. Geometric 
constraints conditions are prescribed on fl' e.g., the fixed displacements 
are known, 
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(5.18) 

2. The second kind of the boundary condition: loading supports. 

Surface loads with density g = (91, 92, 93)T are exerted on r 2. 

3. The third kind of the boundary conditon: elastic supports. The 

boundary is coupled with an external elastic body on r 3 . A given unit 

area is subjected to an elastic reaction force, "which is proportional" to 
3 

the local displacement - L CijUj + 9i, i = 1, 2, 3. Here, C = (Cij) is a 
j=l 

symmetric positive definite matrix indicating the elastic coefficients of the 

support. This is a direct generalization of the ease of a one dimensional 
elastic support stated in Chapter 1, where C is a positive coefficient, while 

in the present case C is a positive definite coefficient matrix. Obviously, 

the boundary condition on r 2 can be considered as a special case of that 

on r 3 , corresponding to Cij = o. 
In addition to these three kinds of boundaries, we further assume that 

there is an interface r ' in the interior of n, that the elastic media on its 

two sides consist of different materials, and that the elastic modulus has 

the discontinuity or jump on the interface r'o Define a positive normal 

v = (VI, V2, V3)T. We call the side in the positive direction n+, and the 
side in the negative direction n- : n = n+ + n-, and 

E+ -::f E-, v+ -::f V-. (5.19) 

Note that the displacement u on the interface r' is still continuous, i.e., 

u+ = u-, on r'o (5.20) 

Let us now write down the strain energy and the potential energy of 
external work of this system. The strain energy is 

~D(u,u) = ~ fff t O"ij(U)cij(u)dV 
2 2 1110++0- .. 1 

t,J= 

(5.21) 

The potential energy of external work is 
3 3 

-F(u) = -{ fff L !iuidV + rr L9iUidS}. 
1110.++0.- i=l 11r2+r3 i=l 

(5.22) 
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The functional of virtual work is 

(5.23) 

Since the displacement u on r 1 has geometric constraints (5.18), the 
virtual displacement v in the variational problem must satisfy the corre­
sponding annihilating constraints 

r 1 : Vi = 0, i = 1,2,3. (5.24) 

Moreover, since the displacement u is continuous on the interface r', the 
virtual displacement v must also be continuous on r', i.e., 

i = 1,2,3. (5.25) 

Hence the complete statement of variational problem 2 is 

D( u, v) - F( v) = 0 for any virtual displacement v 

satisfying constraints (5.24)-(5.25), 
(5.26) 

i = 1,2,3. 

Due to the discontinuity of the medium, we use Gauss's integral for­
mula piecewise on n+ and n-. Noting the continuity of Vi on the interface 

r' and the symmetry of Uij and Cij, we obtain 

where u~ and uij denote the stress components in n+ and n-, respectirely. 
The material constants in n+ are E+, v+ and the material constants in 
n- are E-, v-. Further, using the constraint conditions on Vi (5.24), we 
have 
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D(u,v) - F(v) = - [[[ _ t [t 8~j(~) + Ii]VidV 
JJJn+H2 i=l j=l XJ 

3 3 

+ fir L[LUij(u)nj-gi]vidS 
r3 i=l j=l 

3 3 3 

+ fir L [L Uij(u)nj + L CijUj - 9i]VidS 
r3i=1 j=l j=l 

333 

+ fir, L [LUij(u)uvj - LU~(U)Vj]VidS = o. 
r i=l j=l j=l 

Because the Vi are arbitrary, the terms included in the brackets under the 
above integral signs must vanish. Hence 

_ ~ 8Uij(U) - f. + 
~ 8 - t, i=1,2,3,0 +0-; 
j=l Xj 

Ui = Ui, i = 1,2,3, f 1 ; 

3 

L Uij(u)nj = gi, i = 1,2,3, f 2 ; 

j=l 

3 3 

LUij(u)nj + LCijUj = gi, i = 1,2,3, f3; 
j=l j=l 

ut=U-';, i=1,2,3, f'· , 
3 3 

L Uij(U)Vi - L u~(u)Vj = 0, i = 1,2,3. 
j=l j=l 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

Substituting the formula for the stress Uij(U) (5.16), in which Uij(U) is 
represented by the first partial derivatives of the displacements Ui into the 
above expressions, we obtain the following results: 

Corresponding to (5.27), within 0+ + 0-, we get a system of second 
order partial differential equation satisfied by the displacement Ui of the 
equilibrium configuration; 

Corresponding to (5.28), on fl we get geometric boundary conditions 

involving only the displacement; 

Corresponding to (5.29) and (5.30), on f2 and f 3, we get mechanical 
boundary conditions, which involve the first order of partial derivatives of 
the displacements; 
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There are also two interface conditions on the interface r' within the 
medium n: One is the displacement continuity condition corresponding 
to (5.31). The other is the stress equilibrium condition involving the first 
order partial derivatives, which corresponds to (5.32). This stress equi­

librium condition is also a kind of complete "geometrical" mathematical 
formulation of the elastic equilibrium problem, expressed as a boundary 
value problem of the system of second order partial differential equations 

in three unknown functions UI, U2, and U3. 

5.4 Strainless states 

We mentioned in Chapter 1 that adding geometric constraints or elastic 
supports always reduces the number of degrees of freedom of the strainless 
state and raises the positive definiteness of the strain energy. This is just 
as it was for the equilibrium problem of the three-dimensional elastic body. 

As stated in 5.3, if the whole boundary an has the second kind of the 
boundary condition loading support, then the strain energy is degenerat, 
and the strainless state is an infinitesimal rigid displacement, which is six 
degrees offreedom. If there is a geometric constraint on a subset r 1 of an, 
then the original stress equilibrium condition is replaced by the geometric 
constraint condition on r 1 , and the strainless virtual displacement v must 
satisfy the annihilating constraint condition on r 1 in addition to being 
an infinitesimal rigid displacement. Hence, we must have v == 0 provided 
there are three points in r 1 not on the same straight line. Thus, under 
such a constraint, the strain energy becomes positive definite, and the 
equilibrium problem has a unique displacement solution. If r 1 is a straight 

line, or only one or two components of the displacement are prescribed. 

Accordingly, the strain energy may still not be positive definite, but the 
degrees of freedom of the strainless state are decreased. 

On the other hand, if there has an elastic support on another part r3 
3 

of the boundary an, then the strainless state v satisfies L CijViVj = 0 
i,j=l 

on r3 as well, where Cij is a symmetric positive definite matrix. So we 
must have Vi = 0 on r3. As in the case of a geometric constraint, if three 
points in r3 do not lie on the same straight line, then we must have v == o. 
Consequently, the strain energy becomes positive definite as well. 

Furthermore, we have seen that, in the equilibrium problem of a three-
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dimensional elastic body, the mechanical boundary conditions (5.29) and 

(5.30) and the stress equilibrium conditions on the interface (5.32) are all 

natural boundary conditions. Only the geometrical boundary conditions 

(5.28) and the displacement continuity conditions (5.31) on the interface 
are essential boundary conditions. 

5.5 On variational principles and finite element methods 

We have shown above in detail that, an elastic equilibrium problem may 
have mathematical formulations which are different in form but equiva­

lent in essence. One mathematical formulation is the variational problem 

which is the problem of minimizing the energy functional as required by 
the variational principle. Another is to state the problem as a boundary 

value problem of the system of second order elliptic equations given by 
the equilibrium equation. 

The different mathematical formulations have inspired different ways 
of solving the problem in practice. These different ways have different 

effects. If we want to solve the problem analytically, i.e., to find a so­
lution in closed form, the way via equilibrium equations is comparatively 

straightforward. However, it is well known that, only a few model prob­

lems, for which both geometrical and physical conditions of the problem 

are extremely regular and simple, can be solved in closed form. In prac­

tice both geometrical and physical conditions are complicated. Generally 

the difficulty of the analytic method makes it necessary to find solutions 
numerically. This makes the method based on the variational principle 
becomes more advantageous. The reason is that the variational principle 
states the problem in a comparatively simple and compact form: the en­
ergy expression only involves lower derivatives, and only the comparatively 
simple essential boundary condition are retained as constraint conditions 
while the comparatively complicated natural boundary conditions (includ­

ing the interface condition of the medium) are omitted. This character of 

the variational principle becomes more prominent when the geometrical 

and the behaviour of the material of the elastic body and the load condi­

tions become complicated. To simplify calculations and its statement, we 

have expressed the variational principle in a comparatively abstract form. 

A more important reason for doing so is to express all static elasticity 

problems encountered henceforth in such a unified form that only the en­
ergy expression and the constraint condition differ in concrete problems. 



118 Chapter 2 Static Elasticity 

Such unity in mathematical form reflects the unity of the fundamental 

laws of mechanics, and it can greatly reduce the tediousness inherent in 

elasticity problems. 

Recently, on the basis of productive practice both in China and in other 

countries, a complete and systematic set of numerical methods, knows as 
the difference-variational method or the finite element method, has been 

developed for elliptical equation problems, elasticity problems including 

the problem in elasticity. It is just based on the variational principle with 

the cooperation of the approximation of geometric subdivision that the 

potential superiority of the variational principle can be brought into full 

playas a result, especially it suitable to both geometrically and physically 

complicated problems, This numerical method possesses high currency 
and flexibility, which is suitable to computer-calculation, and has the ad­

vantages of strong intuitive properties on both geometry and physics. The 
method itself is also easy to be grasped. This set of methods has stood 

extensive tests in practice, met with great success, occupied a leading po­

sition in the field of numerical methods of the problem in both elasticity 
and structural mechanics, and promoted the widespread application of 

computers to engineering technical problems. A brief introduction of the 

finite element method will be given in Chapter 5 of the present book use­
ing a number of typical elastic equilibrium problems discussed in Chapters 

1 to 4. 

§6 Geometrical Compatibility 

6.1 Integrability conditions of vector fields 

and topological properties of domain 

As is well known in calculus that, a differentiable function in a single 

variable f = f{x) has its derivative ~~. Conversely, an integrable function 

g{x) must have a primitive function f{x) such that df = g. The general 
dx 

form of the primitive function is 

f{x) = f{xo) + [X g(x)dx, 
lxo 

where f{xo) is an arbitrary constant of integration. 

A differentiable function f = f{xI, X2) with two variables has two first 
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partial derivatives 88 f and 88 f. Conversely, for two arbitrary double-
Xl x2 

variate functions of 91 and 9~), the problem whether there exists a primi­

tive function f = f{X1, X2) such that 

8f 8f 
-8 =91, -8 =92 xl x2 

is called the problem of integrability of 91 and 92. Obviously it is different 
from the one dimensional case and a primitive function need not exist. In 
fact, if they are integrable, then 

82f 82f 

Hence, 91 and 92 must satisfy 

892 _ 891 = 0 
8X1 8X2 ' 

this is a necessary condition for integrability. 

(6.1) 

There is a similar integrability problem as well for the three dimen­

sional case, of three variables. Assume 91, 92, and 93 are three functions 

with three variables. The problem of integrability of 9}' 92 and 93 IS 

whether there exists a primitive function f = f{X1, X2, X3) such that 

8f 
-8 = 9i, i = 1,2,3. 

Xi 

Speaking in the language of vector analysis, for an arbitrary vector field 

9 = {g},g2,g3f, 

the problem of integrability is whether 9 can be expressed as a gradient 

field of one scalar quantity f such that 

grad f = (88 f '88 f '88 f )T = g. 
Xl X2 X3 

It is obvious that a primitive need not exist, since 

Necessary conditions for integrability are 

893 _ 892 = 0 891 _ 893 = 0 
8X2 8X3 '8X3 8X1 ' 

(6.2) 

1) Here we assume that f has continuous second partial derivatives and both gl and 

gl have continuous first partial derivatives. We do not want to go into these continuity 

conditions deeply but only want to investigate the integrability condition. 
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or 

Rot g = o. 

Thus g must be an irrotational field. 

The conditions (6.1) or (6.2) are necessary conditions of integrability. 

Are these also sufficient conditions? If not, what additional conditions 

are needed? The answer to these questions depends on the topological 

properties of the domain. In what follows, we shall mainly discuss the 

three dimensional problem. 

Lemma. Suppose a domain 0 is connected, i.e., any two points in 0 

can be connected by an arc in O. The 91, 92, and 93 are integrable over 

o if there a exists a single-valued function f = f(xl, X2, X3) such that 

of 
-- = 9k, k = 1,2,3, O. 
OXk 

A necessary and sufficient condition for integrability is: 

3 

J L 9kdxk = 0, for any loop leO. 
JL k=1 

When 91, 92 and 93 are integrable, any primitive function f satisfies 

P 3 

f(P) = f(Po) + 1,0 E 9kdxk, 

(6.3) 

(6.4) 

(6.5) 

where Po = (xiO), x~O), x~O)) is an arbitrary initial point in 0, P = (Xl, X2, X3) 
is an arbitrary point in 0, and the path of integration PoP can be chosen 
arbitrarily in o. 

Proof Necessity. If there exists a singlevalued function f such that 

(6.3) holds, then 

i 3 i 3 of i L9kdxk = L adXk = df = 0, 
L k=1 L k=1 Xk L 

for any loop LeO, 

i.e., (6.4) holds. But since the domain is connected, any two points Po 
and P can be connected by an arc in O. Consequently, 

{P 3 of (p 3 
f(P) = f(Po) + iT> L a dXk = f(Po) + i, L 9kdxk, 

Po k=1 Xk Po k=1 

hence (6.5) also holds. 
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Sufficiency. If (6.4) holds, then the integral at the right side of the 
expression above is independent of the selection of the path of PoP. Hence 
a single-valued function f(Xl,X2,X3) = f(P), where f(xiO),x~O),x~O)) = 
f(Po) is a constant of integration chosen arbitrarily, can be defined in n. 
Obviously, such a function f satisfies (6.3). Q.E.D. 

Stokes integral formula is well-known in calculus 

(6.6) 

From now on, the curved surface S, the curves 8S and L, etc. will all be 

considered as oriented. The orientation of a curved surface S is given by a 

direction n normal to it. If a direction t tangential to the curved surface 

S is defined on 8s so as to form a right-handed system {v, t, n} where 

v is the outward normal direction to the contour 8S (Fig. 27), then the 
direction of 8S is defined to be the tangent t. 

/' 
/ 

n 

/ S 
I 

8S 

-------.. -, , 
'\ n I 

Fig. 27 

t 

v 

n 

L2~Ll 

Fig. 28 

L 

By (6.2), irrotationality is the necessary condition of integrability. By 

the lemma and Stokes formula, irrotationality is also a sufficient condition 

for integrability if an arbitrary loop L in n can be expressed as the contour 

8S( = L) of some curved surface S in n. A domain n with this property 

is said to be simply connected. To investigate simple connectivity, we 

introduce the concept of homology of loops. 

Definition. 
10 For an oriented loop Len, if there exists an oriented curved 
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surface 8 c n such that 08 = L, then we say that L is homologous to 0 
in n. We write this as L rv O. 

2° For two oriented loops Ll and L2 in n, if Ll - L2 rv 0, then Ll and 

L2 are called homologous in n (Fig. 28). 

Roughly speaking, a loop homologous to 0 in n is just a loop which 

can be shrunk to a point via a continuous deformation in n. Mutually 

homologous loops are loops which can be transformed from one loop to the 

other loop via a continuous deformation in n. It is convenient to introduce 

the foregoing terminology and notation because we shall mainly discuss the 

loop integral, called the circulation, of irrotational fields. Irrotationality 
and Stokes formula imply that if L rv 0 then 

=0. (6.7) 

3 3 i L 9kdxk - fL2 L 9kdxk 
1 k=1 k=1 

3 3 

= 1 L9kdxk = 1 L9kdxk 
JL l -L2 k=1 Jas k=1 

= ff (093 - 092) dx2dx3 + ... = O. JJs OX2 OX3 
(6.8) 

That is to say, for irrotational fields the circulation of a loop homologous 

to 0 equals 0, and the circulations of homologous loops are equal. 

Let us now illustrate the concepts of simply connectivity and multiply 

connectivity. If every loop in a connected domain n is homologous to 0, 

then n is said to be simply connected, otherwise it is said to be multiply 
connected. 

In the two dimensional case, any domains without a hole is simply 

connected, while any domain with a hole is multiply-connected because a 
loop around a hole is not homologous to o. 
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In three dimensional space, any domain without a hole is simply con­
nected, while a domain with holes can be either simply connected or multi­
ply connected. For example, the domain between two concentric spheres 
is still simply connected because any loop L in it can be shrunk to a point 
via continuous deformation keeping away from the center hole. Conse­
quently, a cap-like curved surface S (Fig. 29) lies in the domain with L as 
its contour. Typical multiply connected domain is the torus a sphere with 
a hole through it. The center axis of a torus cannot be expressed in the 
form as for S a surface contained in the torus. There are domains with 
higher degrees of multiple connectivity, such as the double torus, multiple 
torus, etc. (Fig. 30). 

L 

s 

\ 
I 

/ 

Fig. 29 

/0/----------"'" I \ , \ 
I I 
\ , 
\ I 
" /' ........ ..../ 

......... _- ... _----_ ... 

Fig. 30 

Fig. 31 

Let us now proceed to investigate multiply connected domains. By 
cutting an arbitrary multiply connected domain 0 by one or more suitably 
chosen crosscuts, we can always make the separated domain 0' simply 

connected. Here, the '''crosscuts'' S1, S2,···, Sp are cross sections in 0, 
of which all the boundaries as1as2 ,···, asp lie on the boundary surface 
ao of o. Although the selection of cross sections which make 0' simply 
connected is quite arbitrary, the number p of the cross sections is always 
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the same. This number p is a topological invariant called the connectivity 

number of O. When 0 is simply connected, p = O. The connectivity 

number p of the torus is one, and the crosscut Sl can be any meridian 

cross section perpendicular to the axis of the torus. For the double torus, 

p = 2, and the crosscuts Sl and S2 can be taken as that shown in Fig. 31. 
The situation is much simpler for domains in the plane. The crosscut 

is a cross line in 0 and the connectivity number p just equals the number 

of holes in the domain. 

Now let 0 be a multiply connected domain, whose connectivity number 
is p. 0 becomes a simply connected domain Of after being cut by cross 

sections Sl, ... , Sp' 

Each cross section Si divides 0 locally into two parts, one positive 

and the other negative which side is positive and which negative may be 

difined. Hence, the cross section Si may viewed as having a positive side 

st and a negative side Si-' which are two parts of the boundary of the 
separated simply connected domain Of but have a coincident geometrical 

location. Arbitrarily choose a point Oi on each Si. We may also to assume 

that Oi is divided into one positive point ot and one negative point 0;, 
which belong separately to the two sides st and Si but are coincident. 

Draw an arbitrary oriented curve Li from 0; to ot in Of. In Of, Li is 
not a loop (a closed curve), but it seems in 0, that Li is an oriented loop 
which crosses Si (from the positive to the negative side) at point Oi. A 
set of such loops L 1,'" ,Lp , can be 
selected in 0 (Fig. 32). 

Although choice of the set of loops 
{L1' ... , Lp} is quite arbitrary, it al­
ways has the following fundamental 

properties!) independent of the se­

lection method: 

For each oriented loop L in 0, 

there exists a uniquely defined 
Fig. 32 

set of integers (positive, negative or 0, depending on L), n1, ... ,np , such 
that 

p 

L"" LniLi. (6.9) 
i=l 

This shows that up to homology equivalence, the set of loops {L1' ... , Lp} 

1) We do not want to prove this conclusion. 
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generates all loops in 0. The uniqueness of the coefficients nl, ... ,np in­

dicates that the loops are independent of one another. Hence, {L1,··· Lp} 
called a fundamental set of loops, which constitute a basis set for the 
multiply connected domain 0. 

For plane domains, any set containing an arbitrary simple closed curve 

around each hole constitutes a fundamental set of loops. 

On the basis of the above discussion on simply and multiply connected 

domains, we can answer the question about the sufficient condition for 

integrability. 

Proposition 2.1 For a simply connected domain 0, a necessary and 

sufficient condition for integrability of a vector field 9 = (91, 92, 93f is 

rot g = O. 

The primitive f satisfies the equation 

P 3 

f(P) = f(Po) + to {; 9kdxk, 

where the path of integration PoP can be chosen arbitrarily. 

Proof. Sufficiency. Since any loop L '" 0 in a simply connected domain, 

from (6.7), the circulation of an irrotational field 9 satisfies 

3 

1 :E 9kdxk = o. 
JLk=l 

By the lemma, 9 is integrable and the above equation for f holds. 
Necessity. The necessary condition for integrability rot g = 0 was 

proved in (6.2) and it is omitted here. 

Proposition 2.2 On a multiply connected domain 0, necessary and 

sufficient conditions for the integrability of a vector field g = (91, 92, 93f 
are 

1. rot g = 0, 
3 

2.1 :E9kdxk=0, i=1,···,p, 
JLi k=l 

where {L1 ,···, Lp} constitute a fundamental set of loops in 0, and the 

primitive f satisfies the equation 

P 3 

f(P) = f(Po) + to {; 9kdxk, 

where the path of integration PoP can be chosen arbitrarily. 
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Proof. Sufficiency. Because any loop LeO in a multiply connected 
domain satisfies 

p 

L rv "n·L· L..J z z, 
i=l 

by (6.8), the circulation of 9 is 

3 p 3 i L9kdXk = Lni i L9kdxk. 
L k=l i=l Li k=l 

The right hand side of the above expression vanishes by condition 2, hence 
the left hand side vanishes, 

3 

1 L 9kdxk = 0, for any loop LeO. 
!L k=l 

By the lemma. The vector field 9 is integrable. 

Necessity. 

1. We proved earlier. that rot 9 = O. 
2. Because 9 is integrable, there exists a single valued function f such 

8f 
that -8 = 9k, k = 1,2,3. Therefore, for any loop LeO, we always have 

Xk 

[df = o. 

Particularly, taking L = Li (a fundamental loop), we have 

That is the condition 2. Q.E.D. 

6.2 Equations of geometric compatibility. 
and conditions for integrability 

Suppose a displacement field 

Ui = Ui(Xt, X2, X3), i = 1,2,3 

i = 1,···,p, 

is defined in a space domain 0 and has first partial derivatives 88Uj , i, j = 
Xi 

1,2,3. Making a symmetric combination of these partial derivatives, we 
obtain the strain field 

(6.10) 
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Making an antisymmetric combination, we obtain the rotation field 

w-- _ !(OUj _ OUi) 
'3 - 2 ox- ox-' Wij = -Wji· 

3 3 

Thus, we have 

(6.11) 

k=1,2,3. (6.12) 

We know that the elastic deformation depends only on the strain field; 
the following two questions concern the inverse dependence: 

(1) Is an arbitrary symmetric tensor field Cij always the strain field of 
some displacement field, i.e., do there always exist Ui, i = 1,2,3 on n that 
make (6.10) true? If not, then under what condition does the displacement 
field exist? 

(2) How is the displacement field Ui expressed in terms of the corre­
sponding strain tensor Cij? 

These two problems are similar to the problem of integrability, i.e., 
the problem of relationship between the primitive function and its par­
tial derivatives discussed above. However, the problems here are more 
complicated than that of integrability. The reason is that here we re­
quire three primitive functions Uj, each required to have three of the nine 

aaUj = Cij + Wij, expressed in terms of the six symmetric combinations of 
Xi 

Cij· 
The answer to question (1) can be expressed in terms of the following 

proposition. 

Proposition 2.3 If the domain n is simply connected, a necessary 
and sufficient condition for a symmetric tensor field Cij to be a strain field 
that it satisfy Saint Venant's six equations of geometric compatibility: 

o2c22 + o2cu _ 2 o2c12 _ 0 1 --t 2 --t 3 --t 1, 
oxt ox~ OXlOX2 - , (6.13) 

o2c23 o2c12 o2c13 o2c22 

OXlOX2 + OX20X3 - ox~ - OXI 0X3 = 0, (6.14) 

1--t2--t3--t1. 

If n is multiply connected, a necessary and sufficient condition is given by 
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adding to Saint Venant's equations the 6p Volterra integral conditions: 

ij = 12,23,31jm = 1"" ,p, 
(6.15) 

aj(Lm) = J t [ckj - t (8ej~ - 8Ci~)Xi]dxk = 0, 
!Lm k=l i=l 8x~ 8x) 

(6.16) 

j=1,2,3j m=1,···,p, 

where Lm, m = 1,···,p constitute a fundamental set of loops of the 
multiply connected domain 0, and the connectivity number of 0 is p. 

Proof. The proof divides into three steps. 1. Find first a necessary 

and sufficient condition for the existence of Wij satisfying (6.12), given Cij' 

2. Find then a necessary and sufficient condit on for the existence of Uj 
satisfying (6.11) given Cij and Wij' 3. Prove that Uj is a displacement 
field iducing the symmetric tensor field Cij as its strain field. We carry 
out these steps as follows. 

1. By propositions 2.1 and 2.2 of Section 6.1, necessary and sufficient 

conditions for the existence of single-valued functions Wij, ij = 12,23,31 
satisfying 

k = 1,2,3 (6.12) 

are that 

~(8ejk _ 8eik ) _ ~(8ejl _ 8cjl) 
8Xl 8Xi 8xj - 8Xk 8Xi 8xj' 

ij = 12,23, 31j k, I = 1,2,3. (6.17) 

When the domain 0 is multiply connected, we require 3p further integral 
conditions 

i ~ (8cjk 8eik ) .. L.J -8 . - -8 . dXk = 0,'/,) = 12,23,31j 
Lm k=l X~ x) 

m=1,···,p. (6.18) 

Let us investigate the conditions in (6.17). Obviously, only the equations 
with subscripts ij, kl = 12,23,31 need be discussed here. There are nine 
equations in all, but it follows easily from the symmetry of Cij that, if we 
interchange the subscripts i and k or j and I, then the equations remain 
unaltered. Hence, there are really only six distinct equations among these 
nine. Letting ij = kl = 12,23,31, we can obtain three different equations. 
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(6.13) in Proposition 2.3 is the case of ij = kl = 12, and the other two 

equations can be obtained through the cyclic permutation of subscripts 

1 ----* 2 ----* 3 ----* 1. Furthermore, letting 

ij = 12, kl = 23; ij = 23, kl = 31; ij = 31, kl = 12; 

we obtain three more distinct equations. (6.14) in Proposition 2.3 is the 

case of ij = 12, kl = 23, and the other two equations follow similarly by 
the cyclic permutation of subscripts, too. 

Thus, (6.17), the first part of the necessary and sufficient conditions 

in 1, is just Saint Venant's equations of geometric compatibility, and ob­

viously, (6.18), the second part of the necessary and sufficient conditions 

is just Volterra's integral condition (6.15). 

2. From the single-valued functions Wij, ij = 12,23,31 determined in 
1, define an antisymmetric tensor 

Wji = -Wij, ij = 12,23,31, Wii = 0, i = 1,2,3. 

By Propositions 2.1 and 2.2, given for the symmetric tensor field Cij and 

the antisymmetric tensor field Wij in 0, necessary and sufficient conditions 

for the existence of single-valued functions Uj, j = 1,2,3 satisfying 

are 

OUj 
~ = Cij +Wij, i,j = 1,2,3 
UXi 

(6.19) 

(6.20) 

When the domain 0 is multiply connected, we need to add 3p more integral 

conditions 
3 

J L(ckj+Wkj)dxk=O, j=1,2,3, m=1,···,p. 
JLrn k=l 

(6.21) 

By the definition Wij in 1 and the antisymmetry stipulated here in 2, 

(6.12) holds. Hence 

OWkj Ocjl Ockl OWlj _ Ocjk _ Oclk 

OXI OXk - OXj' OXk OXI OXj 

By substituting the two expressions above into (6.20), the two sides are 
identical. Hence the necessary and sufficient conditions are in fact auto­

matically satisfied. 
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Let us now investigate the second part of the necessary and sufficient 
conditions as shown in (6.21). These conditions are equivalent to 

3 

1 L (ekj + Wkj )dXk = 0, for any loop LeO. 
JL k=l 

Choose an arbitrary point Po = (Xl (Po), X2(PO), X3(PO)) as the initial 
point of integration, then for an arbitrary point P in 0, the integral 

P 3 

{ L(ekj + Wki)dxk 
}Po k=l 

is independent of the path of integration. Integrating by parts, we get 
P 3 P 3 P 3 

{ L ( ekj + Wkj )dXk = { L ekjdxk + { L WkjdXk 
}Po k=l }po k=l }po k=l 

P 3 3 3 

= ( L ekjdxk + L Wkj(P)Xk(P) - L Wkj(PO)Xk(PO) 
} Po k=l k=l k=l 

j = 1,2,3, 

which is equivalent to 

1 t [ekj - t (oej~ - oei~ ) Xi] dXk = O. 
JLm k=l i=l OXt ox) 

j = 1,2,3; m = 1,···,p. 

(6.22) 



§6 Geometrical Compatibility 131 

These are the Volterra integral conditions (6.16) in Proposition 2.3. 
3. By (6.19), we have 

aUj aUi 
~ = Cij +Wij, ~ = Cji +Wji. 
VXi vXj 

Adding and subtracting these two equations and using the symmetry of 
Cij and the antisymmetry of Wij, we obtain 

Cij = ~ (aUj + aUi) 
2 aXi aXj 

and 

Woo _ ~(aUj _ aUj) 
~3 - • 

2 aXi aXj 

This shows that Uj actually is a displacement field whose strain field is 
the given symmetric field Cij and whose rotational field is Wij. 

To sum up 1 and 2, the necessary and sufficient conditions to determine 
Uj from Cij are the six Saint Venant's equations (6.13) and (6.14), plus 
the 6p Volterra's integral conditions (6.15) and (6.16) when n is multiply 
connected. Q.E.D. 

On the basis of Proposition 2.3, it is very easy to solve the second 
problem, i.e., how to express the displacement fields in terms of the strain 
fields. Because 

it follows that 

ip 3 auo i P 3 
Uj{P) = Uj{Po) + L !l 3 dXk = Uj(Po) + L{Ckj + Wkj)dxk. 

Po k=l vXk Po k=l 

By (6.22), this expression can be written 
3 3 

Uj{P) = Uj{Po) + L Wij{P)Xi{P) - L Wij{PO)Xi{PO) 
i=l i=l 

i p 3 [ 3 (OcOk OcOk) 1 + L Ckj - L _3_
0 

- _3_
0 

Xi dXk· 
Po k=l i=l ax~ aX3 

(6.23) 

The right hand side still contains a rotational component Wij(P) indepen­
dent ofthe strain component Cij in the expression. But integrating (6.12), 

we get 
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Substituting this into (6.23), we obtain a final form 

3 

Uj(P) = Uj(PO) + LWij(PO)(Xi(P) - Xi(PO)) 
i=l 

+ {p t [Ckj + t ({){)Cj~ - (){)Ci~) X (Xi(P) - Xi)] dXk. 
} Po k=l i=l X~ xJ 

This expression contains a total of six constants of integration Uj (Po) and 

Wij(PO), while the integral on the right side is independent of the path of 

integration. 

§ 7 Thermal Effects 

7.1 Hooke's law and strain energy 

Suppose the unloaded state of an elastic body at uniform temperature 

To is a strainless state. Now this body is heated to a temperature T = 
T(xl, X2, X3) and is free to expand. Suppose the body is isotropic and 
every element in the body will expand at equal amount in each direction 

without shear. Then no stress is produced in the body and the thermal 

strains cIj are given by 

cji = a(T - To), i = 1,2,3, 

c'!'· = 0 i ..../.. J .. 
~J ' r 

(7.1) 

(7.2) 

(7.1) is the primary law of thermal expansion indicating that the rel­
ative elongation is proportional to the temperature rise, where a is the 

coefficient of linear thermal expansion of the material. For the sake of 

convenience, we denote the temperature rise by T, i.e., 

T - To = T = T(Xl' X2, X3). (7.3) 

Then (7.1) and (7.2) can be combined and written 

(7.4) 

If the surface of the body is restrained so as not to be able to expand 
freely, or if the heating is nonuniform or there are external loads, then 

stresses (iij and strains Cij will be produced in the interior of the body. 

In that case, the strains will be the superposition of the free thermal 
strains crj mentioned above and the strains sr; produced by the stresse 
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O"ij without increase in temperature. That is, 

(7.5) 

According to the conventional Hooke's law 

hence 

l+v v(~) 
Eij = -----e-O"ij - E ~ O"kk bij + aTbij. 

k=l 

(7.6) 

Letting i = j = 1,2,3 in the above expression and then adding, we obtain 

so 
3 E 3 3Ea 

L O"kk = -- L Ekk - --T. 
k=l 1 - 2v k=l 1 - 2v 

Hence we obtain an inverse relation 

E Ev 3 Eo. 
O"ij = 1 + v Eij + (1 + v)(l _ 2v) (E Ekk )bij - 1 _ 2v Tbij. (7.7) 

This is the Hooke's law under thermal effects. The difference from the con­

ventional Hooke's law without thermal effects is that the relation between 
the stress and the strain is no longer a linear homogeneous expression 
but a linear nonhomogeneous expression including a term for zero order 
induced by thermal effects. Owing to the appearance of the term for ther­
mal effects, there may exist stresses when the strain is absent, and may 

exist strains when the stress is absent as well. 

Hooke's law, (7.6) or (7.7), can be written in matrix form as 

3 

E = 1 + v 0" - ~ ( L O"kk) I + aT I, 
E E k=l 

E Ev 3 Eo. 
0" = --E + (LEkk)I - --TI. 

1 + v (1 + v)(l - 2v) k=l 1 - 2v 

(7.8) 

(7.9) 

In order to determine the volume density of the strain energy under 
thermal effects, we must perform the principal transformation of coordi­
nates following the method of §2-4. It is clear, as in §4, that the strains 
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and the stresses can be transformed onto the principal axes simultane­

ously, i.e., 

e' ~ AeAT ~ c: : :,), ~ ~ MAT ~ (: : :,) 

Premultiplying by A and postmultiplying by AT on both the sides of (7.9) 

and writing 
3 3 

LCkk = LCk, 
k=1 k=1 

we obtain 
3 

I E I Ev ( ") En a - --10 + L...Jck 1 - ---71 
- 1 + v (1 + v)(1 - 2v) k=1 1 - 2v ' 

i.e., 

E Ev 3 En 
ai = --Ci + ( )( ) LCk - --7,i = 1,2,3. 

1 + v 1 + v 1 - 2v k=1 1 - 2v 

Letting c~ = tCi, we get 

I (E Ev ~) En 
ai = t 1 + V Ci + (1 + v)(1 _ 2v) 6 ck - 1 _ 2v 7. 

c~ varies from 0 to Ci and a: varies from -~7 to ai as t varies from 
1- 2v 

o to 1. Hence the strain energy per unit volume is 

3 11 {E Ev 3 En} = L t(--Ci + L 10k) - ---7 Cidt 
i=1 0 1 + v (1 + v)(1- 2v) k=1 1 - 2v 

1 {E 3 2 Ev 3 2} En 3 

="2 1 + v E 10k + (1 + v)(1 - 2v) (E 10k ) - 1 - 2v 7 E 10k. 

Note that the factor ~ appears only in the first term but not in the second 

term! 

Returning to the original system of coordinates, since 
3 3 3 3 

LCk = LCkk, LC~ = L c7j, 
k=1 k=1 k=1 i,j=1 
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we obtain the volume density of the strain energy under thermal effects 

1 {E 3 2 Ev 3 2} Eo: 3 

W = 2 1 + v i~l Cij + (1 + v)(I- 2v) (ECkk) - 1- 2VT ECkk. 
(7.10) 

Comparing with (4.12), the equation for strain energy without thermal 
effects, we see that here W is no longer a quadratic homogeneous expres­
sion of Cij but a nonhomogeneous expression which includes a first order 
thermal effect term. 

It is easy to verify that the relation 
8W 

Uij =--
8cij 

3 

still holds, while the relation W = ! L UijCij no longer holds, because 
2 .. 

~,J=l 

here W is not a quadratic homogeneous expression of Cij and Euler's 
theorem is not applicable. 

7.2 Variational principles and equilibrium equations 
Whether or not we consider thermal effects, the relation between strains 
and displacements is always 

Cij = ! (8Uj + 8Ui). 
2 8Xi 8xj 

In addition, the relations of the geometric compatibility which must be 
satisfied by the strain components, i.e., Saint Venant's equations and 
Volterra's integral conditions, still hold because these relations are purely 
geometric properties and independent of thermal effects. 

From (7.10), the strain energy of the elastic body is 
3 

IIIn WdV = ~ IIIn {I! v i~l C~j + (1 + v~~ - 2v) 

x ( Eo" j'}<w - JJIn 1 ~~v 7( Eo" )dV. (7.11) 

Suppose the elastic body is subjected to body loads inside n, with densities 

Ii, i = 1,2,3, and surface loads, on the boundary 8n, with densities gi, 

i = 1,2,3. Then the potential energy of external work is 
3 3 

- fff LfiUidV - ff L9iUidS. 
111oi=1 llao i =l 
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The total potential energy of the system is 
3 3 

J(U) = III W(u)dV - III ~/iuidV - Ii ~9iUidS. 
o 0t=l aO t =l 

(7.12) 

This is different from before, because there is a thermal effects term. The 
strain energy (7.11) is no longer a quadratic functional of the displacement 

u and cannot be considered as ~D(U,u). For this reason, we introduce 

the following notation 

I E E1/ (~) 
(iij = 1 + 1/ Cij + (1 + 1/)(1- 21/) 6 Ckk 8ij 

3 
_ E (8Uj + 8Ui) + E1/ (L 8Uk )8.. (7.13) 
- 2(1 + 1/) 8Xi 8xj (1 + 1/)(1 - 21/) k=1 8xk t)· 

Note that (i~j is not the stress but only a constituent part of the stress. 
From (7.7), the stress 

I Eo. 
(iij = (iij - 1 _ 21/ T8ij . (7.14) 

When there is no thermal effect, i.e., T = 0, we have (i~j = (iij. 
Let 

3 

D(u,u) = llfo.~ (i~j(u)cij(u)dV, 
t,)=l 

3 

D(u,v) = llfo.~ (i:j(u)cij(v)dV, 
t,)=l 

F(u) = rrf ~o. T t ckk(U)dV + frr t /iuidV 
1110 1 21/ k=l 1110 i=l 

3 

+ Ii L giUidS. 
aO i=l 

Clearly, D(u, u) is a nonnegative quadratic functional of u, D(u, v) is a 
bilinear symmetric functional of u and v, and F(u) is a linear functional 
of u. From (7.12), the total potential energy is 

1 
J(u) = 2D(u,u) - F(u). 

Thus according to the variational principle, 

J(u) = Min 
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is equivalent to 

D(u,v)-F(v) =0, forallv. 

The equivalent equilibrium equations can be derived from above as follows: 

D(u,v) -F(v) 

= rrr t (T~j(u)€ij(v)dV - rrr ~a T t €kk(V)dV 
JJin i,j=l JJin 1 2// k=l 

3 3 - rrr L fiVidV - rr L 9iVidS 
iiini=l iiani=l 

= - rrr {t 8(T~j(~) - ~ x ( ~T) + h}VidV 
JJin j=l 8x] 8x l 1 - 2// 

+ rr {L(T~j(U)nj - ~Tni - 9i}VidS = 0, 
JJan . 1 - 2// 

J 

hence 

0.: 

3 Ea 
80.: L (Tijnj = 9i + --Tni, i = 1,2,3. 

i=l 1 - 2// 

(7.15) 

If the (T~j in the above expression are replaced by the stresses (Tij, then 

the equilibrium equations of the stresses in the body and on the boundary 
are respectively, 

3 
_ '" 8(Tij = j;, ~ . i = 1,2,3, 

j=l 8xj 

3 

L (Tijnj = 9i, i = 1,2,3, 
j=l 

0., 

(7.16) 

80.. 

Formally (7.16) is identical to (5.13) and (5.14). Substituting (7.13) and 

(7.14), which are stresses represented by the partial derivatives of dis­

placements, into (7.16), we obtain 
3 3 

0. . _ L ~{ E (8Uj + 8Ui) } + ~ E// L 8Uk 
. j=18xj 2(1 + //) 8xj 8xj 8Xi (1 + //)(1 - 2//) k=l 8Xk 

i = 1,2,3, 

(7.17) 
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(7.18) 
Compared to the case without thermal effects, a temperature gradient 

term - aa ( En r) has been added to the right hand side of (7.17). 
Xi 1- 2/, 

This term plays the part of a load, and may as well called the thermal 

body load. Similarly, a thermal surface load term En rni has been 
1- 2/, 

added to the right hand side of the boundary condition (7.18). 
Using the same method as in this section, we can discuss other kinds 

of boundary conditions and interface conditions of the medium. 



Chapter 3 

Typical Problems of Elastic Equilibrium 

The classical linearized theory of the threedimensional elastic body has 
been introduced in Chapter 2, where we emphasized the view-point of 
energy and variational priciples. Since all elastic bodies are three-dimensi­
onal, they can in principle be solved by directly using that general three­
dimensional theory. In practice, this way of solving problems is used 
more and more, especially when finding numerical solutions based on the 
finite element method. However, there are many typical elastic structures 
in engineering which have their own special geometric and mechanical 
features, such as thin plates and shells, slender beams and rods, and bodies 
with various symmetries. 

The task of this chapter is apply the fundamental theory in Chap­
ter 2 to the concrete case from the general view-point. Some typical 
two-dimensional and one-dimensional modes are examined and the corre­
sponding variational principles are obtained based on the geometrical and 
mechanical characteristics of the modes. Thus, not only are simplified 
methods of solution found, but the theory is also enriched and developed. 
We shall return again to the problems introduced in Chapter 1, and discuss 
them more completely. 

§1 Plane Elastic Problems 

The plane elastic problem is a general term for the plane strain prob­
lem and plane stress problem. Their common characteristic is that, the 
displacement u depends only on two coordinates Xl and X2, but is inde­
pendent of the third coordinate of X3: 

(1.1) 

The so-called plane strain problems should further satisfy 
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while the plane stress problem should satisfy 

0"13 = 0"23 = 0"33 = o. 

For the plane strain problem, from (1.1) and (1.2), we have 

""13 = ~ (aU3 + aUi) = ~ aU3 = 0 c;, , i = 1,2,3, 
2 aXi aX3 2 aXi 

(1.2) 

(1.3) 

so that U3 is constant. We may let U3 = O. This corresponds to, the 
displacement being constrained in one ofthe directions (the x3-direction). 

Conversely, for the plane stress problem, (1.3) implies that there is no load 
in the x3-direction, while the displacement is absolutely free. 

For a uniform cylinder with infinite length, whose the axial direction 
is X3, its elastic deformation belongs to the plane strain problem when 
the load distribution is independent of X3 and the component of the load 
in the x3-direction vanishes. If the cylinder with infinite length is trans­
formed into that with finite length, e.g., if a segment included between 
two parallel rigid cross sections is to be treated, whose displacement in 
the x3-direction is restrained, then this is also a plane strain problem. 
In general, a straight and long dam or tunnel, a long roller in roller bear­
ings, a long tube under internal and external pressures, etc., can all be 
considered as cases of the plane strain problem. 

The plane stress problem is mainly intended to describe in-plane de­
formation of thin plates, i.e., the so-called thin plate in stretching. In 
that case, the loads are parallel to the plane of the plate and distributed 
uniformly over the thickness of the plate. The two surfaces of the plate 

are completely free. Let the plane be normal to the X3 axis. On the plane 
of the plate there is the relation O"i3 = 0 holds, and it also holds in the 

plate because the plate is very thin. The plane stress problem also applies 

to the bending of beams. If the width of the beam is comparable to the 

length of the beam in the plane of bending, the so-called deep beam or 
retaining wall, the beam bending problem can also be considered to be a 
plane stress problem. 

Although the mechanical background of the plane strain and of the 
plane stress problems are entirely different, we will see that they have a 
unified mathematical form. We shall discuss the general case containing 
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thermal effects. The conclusion in the absence of thermal efffects can be 
obtained immediately by letting the temperature rise 7 = o. 

1.1 Plane strain problems 
Substituting the conditions 

e13 = e23 = e33 = 0 

into Hooke's law (7.7) and formula (7.10) for the volume density of strain 
energy of a three-dimensional elastic body with thermal effects in §7 of 

Chapter 2, we get 

E Ev 2 EO'. 
(7ii = 1 + v eii + (1 + v)(1 - 2v) E ekk - 1 _ 2v 7 

E 8Ui Ev (8U1 8U2) 
= 1 + V 8Xi + (1 + v)(1 - 2v) 8X1 + 8X2 

EO'. 
---7, i = 1,2, 

1- 2v 

E E (8U2 8U1) 
(712 = (721 = 1 + V e12 == 2(1 + v) 8X1 + 8X2 ' 

(713 = (723 + 0, 

Ev EO'. 
(733 = (1 + v)(1 _ 2v) (en + e22) - 1 _ 2v 7. 

(1.4) 

(1.5) 

Note that (733 does not vanish in general. All the stress components 
(7ij(i,j = 1,2,3) can be expressed in terms of the three strain compo­

nents eij( i, j = 1,2). 
The volume density of the strain energy is 

2 
I EO'. "" W = W - --7 L....Jekk, 

1- 2v k=1 

where 

W' ~ H I! V it, oli + (1 + v~: _ 2v) x (Eo,,)'}. 

(1.6) 

(1.7) 

W is a nonhomogeneous quadratic form of eij(i,j = 1,2), whose ho­

mogeneous quadratic part W' is positive definite. Clearly , we have 

8W 
(7ij = -8 ' i,j = 1,2. 

eij 
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but 
1 2 

Wi- "2 .~ 0"ijl°ij· 
~,J=l 

Let n denote a standard cross section of the original elastic body and 
an denote the intersecting line of the original boundary and this cross 
section. Suppose that an = r 1 + r 3; that there are fixed displacements 
Ui = Ui, i = 1,2 on r1; and that there are elastic supportings on r3, 

2 

whose elastic reaction forces are - L CijUj + gi, i = 1,2, where [Cij] 
j=l 

is a symmetric positive definite matrix. Furthermore, suppose that the 
densities of external loads on n are Ii, i = 1,2, and that there exists an 
interface line r' of the medium in the interior of n. Hence, the strain 
energy is 

ff W(u)dS = ff W'(u)dS - ff ~T t ckk(U)dS 
110. 110. 110. 1 - 211 k=l 

where 

ff W'(u)ds =! ff {~ t C~j(u) 
110. 2 110. 1 + 11 i,j=l 

+ (1+ vfr~ - 2v) (t. ekk(U)) , }dS 
The potential energy of the external work is 

Let 

2 2 -11 L liuidS - l L giUidl . 0. i=l r3 i=l 

D(u,v) = ff {~ t Cij(U)cij(V) 110. 1 + 11 .. 1 
~,J= 

(1.8) 

(1.9) 

(1.10) 
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Then the principle of minimum potential energy is 

{ 
~D(u, u)~ F(~) = Min, 

f 1 :Ui=Ui,1,=1,2, 

which is equivalent to the principle of virtual work 

{ ;,(~: ~ ~2 v ~ : :: 2for any virtual displacement v } 

The equilibrium equations are 

n - f' : - t 8aij = Ii, i = 1,2, 
j=1 8xj 

2 2 

f3: Laijnj + LCijUj = gi, i = 1,2, 
j=1 j=1 

2 2 

f': La~jVj - LatVj = 0, i = 1,2. 
j=1 j=1 
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(1.11) 

(1.12) 

(1.13) 

(1.14) 

Here, (VI, V2) denotes a normal direction prescribed arbitrarily on the in­

terface line f', aij and at denote the stress components evaluated accord­
ing to the different material constants on the two sides of f', respectively. 

Substituting (1.4) and (1.5) into (1.14), we get a boundary value problem 
consisting of two second order partial differential equations relating the 

two unknown functions Ul and U2 on the plane domain n. 

1.2 Plane stress problems 
Substituting the conditions 

into (7.7) of Chapter 2 (j = 3), we obtain 

V 2 l+v 
£33 = - -- "" £kk + --aT, 

I- v L..t I-v 
k=1 

£13 = £23 = 0, 
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so that 
~ 1 - 211 ~ 1 + 1I 
~ Ckk = ---~ Ckk + --aT. 
k=1 1 - 1I k=1 1 - 1I 

Substituting the foregoing expression into (7.7) of Chapter 2 (j = 1,2) 
again, we obtain 

2 

(1'ii = ~Cii + ~ '" ckk - Eo. T 
1 + 1I 1 - 1I2 ~ 1 - 1I 

k=1 

E ~Ui Ell (OUI OU2) Eo. 
= 1 + 1I OXi + 1 - 1I2 OXI + OX2 - 1 _ 1I T, 

(1.15) 

E E (OU2 OUl) 
(1'12 = (1'21 = 1 + 1I c12 = 2(1 + 1I) OXI + OX2 . (1.16) 

The stress components (1'ij(i,j = 1,2,3) can all be expressed in terms of 
the three strain components cij(i,j = 1,2). Note that C33 does not vanish 
in general. 

The volume density of the strain energy is 

2 
I Eo. '" W=W ---T ~ckk, 

1 - 1I k=1 

where 

{ 2 2} lIE 2 Ell 2 
W = - - L Cij + --2 ( L Ckk) . 

2 1 + v .. -1 1 - 1I k-l 
~,J- -

(1.17) 

(1.18) 

As in plane strain problem, W is a nonhomogeneous quadratic form of 
cij(i,j = 1,2), whose homogeneous quadratic part W' is positive definite. 
We have 

oW 
(1'ij = -;--, 

UCij 
i,j = 1,2. 

As in the plane strain problem, we can now write down the variational 
principle and the equivalent equilibrium equations for the plane stress 
problem. 

1.3 Comparisons 

As with the two dimensional stress and strain tensors (1'ij, cij(i,j = 1,2), 
the Hooke's law and the strain energy expressions of the plane strain 
problem and of the plane stress problem are identical in form, differing 
only in their coefficients. From (1.4), the three coeffficients of the Hooke's 
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law in the plane strain problem are 

E Ev Ea 
----

1 + v' (1 + v)(1 - 2v)' 1- 2v 

From (1.15), the three corresponding coefficients of the plane stress prob­
lem are 

E Ev Ea 
1 + v ' 1 - v2 ' 1 - v 

If we let 

E' = E(1 + 2v) 
(l+v)2 , 

, V 
V =--

1 + v' 
, a(l+v) 

a = ---'-----'-
1 + 2v ' 

then we have 

E' 
1 + v' 

E E'v' Ev E'a' 
-,------,---- = 

1 + v' (1 + v')(I- 2v') I-v2 ' 1- 2v' 
Ea 
I-v 

Hence the plane stress problem, whose material constants are E, v and a, 
is identical to the plane strain problem, whose material constants are E', 
v', and a'. 

Conversely, if let 

then we have 

E"-~ 
-1-v2 ' 

" V " V = --, a = (1 + v)a, I-v 

E" E 
l+v" 1+p,' 

E"v" Ev 
(1 + v")(1 - v") (1 + v)(1 - 2v)' 

E"a" 
1 - v" 

Ea 
1 - 2v 

Hence the plane strain problem, whose material constants are E, v, and 
a, is identical to the plane stress problem, whose material constants are 

E", v", and a". 
Comparing again the strain energy density of the plane strain problem 

with that of the plane stress problem without thermal effects, i.e., T = 0, 
we have W = W'. Since 

Ev Ev 
-,----~--~ > ---
(1 + v)(1 - 2v) 1 - v2 ' 
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from (1.7) and (1.8), we obtain 

I 1 {E 2 2 Ev 2 2 } 
W p1ane strain = 2 1 + V .~ Cij + (1 + v)(1 _ 2v) (~Ckk) 

t,)-l k-l 

{ 2 2} 1 E 2 Ev 2 I 

> 2 1 + V .~ Cij + 1 _ V2 ( L ckk) = Wplane stress 
t,)=l k=l 

Therefore, for the same material under the same strain, the potential 
energy stored in the plane strain state is larger than that in the plane stress 
state. This means that, for the same material, the power of resistance in 
the plane strain problem, in which displacement in the direction normal 
to the plane is restrained, is larger than that in the plane stress problem, 
in which the displacement in the normal direction is free. We obtained 
the same conclusion for one dimensional rods in §4 of Chapter 1. 

Without thermal effects, the strainless states of plane problems are just 
infinitesimal rigid displacements in the plane. Because Cij == 0, i,j = 1,2, 
we immediately get 

or 

where b3 is an infinitesimal rotation angle of (Xl - X2) plane about the 
x3-axis. 

1.4 One dimensional problems 

We can reduce the plane elastic problem still further to an one-dimensional 
elastic problem, in which the displacement vector depends only on one of 
the coordinates Xl and is independent of X2 and X3: Ui = Ui(X). Con­
sequently, the problem of plane strain or of plane stress is reduced to a 
problem of one dimensional strains or one dimensional stresses, respec­
tively. 

1. The one dimensional strain problem 

C13 = C23 = C33 = 0, which corresponds to U3 = 0, 

C12 = C22 = C32 = 0, which corresponds to U2 = 0. 
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Hence 
E(l- v) Ea 

0"11 = (1 + v)(l _ 2v) 1011 - 1 _ 2v T, 

Ev Ea 
0"22 = 0"33 = (1 + v)(l _ 2v) Ell - 1- 2v T, 

Note that, there are no displacements (U2 = U3 = 0) but there are still 

direct stresses 0"22 and 0"33 in the X2- and x3-directions. 

The strain energy density is 

, Ea 
W = W - --TEll 

1- 2v ' 

W' -! E(l - v) 10 2 
- 2 (1 + v)(l - 2v) 11, 

8W 
0"11 = 8Eu· 

2. The one dimensional stress problem 

0"13 = 0"23 = 0"33 = 0, which corresponds to U3 being free, 

0"12 = 0"22 = 0"32 = 0, which corresponds to U2 being free. 

Hence 

1022 = C33 = -VEu + (1 + v)aT. 

In this case there are deformations in the x2-and x3-directions. 

The strain energy density is 

W = W' - EaTE11, 

Let 
E' _ E(l- v) 

- (1 + v)(l- 2v)' 
v' = v , 

8W 
0" 11 = -;;;--. 

uE11 

, l+v 
a =--a. 

l-v 

The problem of one dimensional strains, whose material constants are E, 
v, and a, is then identical to the problem of one dimensional stresses, 

whose material constants are E', v', and a'. 
The transversely free or fixed rod in tension discussed in §3 and §4 of 

Chapter 1 is just the mode of one dimensional stresses or one dimensional 
strains, respectively. 
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§2 Plane Geometric Compatibility 

and Stress Function 

2.1 Plane geometric compatibility 

In the plane elastic problem, whether it is a plane strain or plane stress 

mode, the elastic deformation can be fully determined by a two dimen­

sional displacement vector field 

and has the corresponding two dimensional strain tensor 

1 (aUj aUi) .. 
€ij = €ji = - ~ + ~ ,'t,] = 1,2. 

2 UXi UXj 
(2.1) 

€ij have only three essential components 

aUl aU2 1 (aU2 aUl) 
€n = ~, €22 = ~, €l2 = €2l = -2 ~ + ~ . 

UXl UX2 UXl UX2 

Correspondingly, the two dimensional rotation tensor 

1 (aUj aUi) 
Wij = -Wji = '2 OXi - OXj' i, j = 1,2 (2.2) 

has only one essential component 

Wn = W22 = 0, 

Wl2 = -W2l = W3 = ~(aU2 _ aUl), 
2 aXl aX2 

and 
aUj 
~ = €ij +Wij, i,j = 1,2. (2.3) 
UXi 

As in §1 of Chapter 2, the derivatives of €ij and Wij, are in the relations 

aWij _ &jk _ &ik 

aXk aXi aXj' 
ij = 12, k = 1,2, (2.4) 

i.e., 
a€22 &12 

OXl - OX2 . 

Since 
a aWl2 a aWl2 
--- ----
aXl aX2 aX2 aXl ' 
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the two dimensional Saint-Venant geometric compatibility equation can 

be obtained from (2.4). 

02Cl1 o2c22 o2c12 
--+--=2---
oX§ OX! OX10X2 . 

(2.5) 

Note that, in the case of three dimensions, there are six geometric com­

patibility equations in all (see (6.13)-(6.14) in §6 of Chapter 2), which are 

reduced to only one equation in the case of two dimensions. 

For a simply-connected domain n, the geometric compatibility equa­

tion (2.5) is a necessary and sufficient condition of making Cij as a strain 

tensor (i.e., there exist such U1 and U2 as to make (2.1) valid). 

Now consider a multiply-connected domain n, whose connectivity num­

ber, which is just the number of holes in n, is p. Taking a simple closed 

loop around each hole, we obtain L1,···, Lp, which constitute fundamen­

tal a set of loops of n. According to Proposition 2.3 in §6 of Chapter 2, we 

must add to the necessary and sufficient condition for making Cij a strain 

tensor 3p more Volterra integral conditions 

2 

1 L (Oc2k - Oclk)dxk = 0, m = 1,2,··· ,p, 
fLm k=l OX1 OX2 (2.6) 

1 t [Ckj - t (Ocjk - Ocik )Xi] dXk = 0, 
fLm k=l i=l ox. ox) (2.7) 

j=,2j m=l,···,p 

in addition to the Saint-Venant geometric compatibility equation (2.5). 
These conditions imply the monodromy of the curl W12 and of the dis­
placements U1 and U2, i.e., for any loop L in n, 

i dW12 = 0, i dU1 = 0, i dU2 = 0, (2.8) 

respectively. 

2.2 Stress function 
In §1 of the present chapter, we introduced a mathematical formulation 

and solution method for plane elasticity problems that uses U1 and U2 

as fundamental variables. This is called the displacement method. It is 
also possible to take the stresses (Jij as fundamental variables. That is 

called the force method. In the plane situation, the force method can be 
simplified in some measure by introducing the stress function. 
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How to analyze an elastic problem by the force method, depends as a 

rule, on the topological properties of the domain of the elastic body. Let 

us first consider the case of simply-connected domains. 

Suppose we have a uniform, elastic plane body n, whose material mod­

uli E, v, a are all constants, and that there are no body loads: h = h == o. 
In the equilibrium state, the stress field O'ij satisfies the homogeneous equi-

librium equations 

(2.9) 

Since n is simply-connected, these two conditions respectively guarantee 

(Proposition 2.1 in §6 of Chapter 2) the existence of singlevalued functions 

<P1 and <P2 on n such that 

0<P1 
~ = -0'12, 
UX1 

(2.10) 

0<P2 
~ = -0'22, 
UX1 

(2.11) 

Moreover, since 0'12 = 0'21, 

(2.12) 

This guarantees the existence of a single-valued function c.p on n such that 
oc.p 8c.p 
~ = -c.p2, ~ = <Pl. (2.13) 
UX1 uX2 

Then 
&c.p &c.p &c.p 

O'u = !:l 2' 0'22 = !:l 2' 0'12 = 0'21 = -!:l !:l • 
uX2 uX1 UX1UX2 

(2.14) 

This function c.p is called the Airy stress function. 

Suppose there are two stress functions c.p and.r:p corresponding to the 

same stress field, then the difference c.p - r:p satisfies 

_02-.'-'( c.p_-:-c.p'--'..-) _ 0 2 (c.p - r:p) _ 02 (c.p - r:p) = 0 
ox~ - ox~ - OX10X2 - • 

So that 

(2.15) 

Thus, the stress function corresponding to a given stress field depends on 

three constants of integration. These three constants of integration, can 
oc.p oc.p •. 

be taken as the values of ~, ~, and c.p at a speCIfied pomt Po. 
uX1 uX2 
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Up to a polynomial of degree 1, the stress function is determined 

uniquely by the stress field. Thus, the stress tensor field aij can be re­

placed by a scalar field <p satisfying (2.14). Since 

oan oa12 03<p 03<p -+-- -0 
OX1 OX2 - OX10X~ OX20X10X2 - , 

oa21 oa22 -03<p 03<p 
-+-= + =0 
OX1 OX2 OXI OX1 OX2 oX20xi ' 

the equilibrium equations (2.9) are satisfied automatically. 

According to Hooke's law, the strain field €ij can also be expressed in 

terms of the stress function <po For the sake of clarity, considering a plane 

stress mode. We have 
1 v 1 02<p v 02<p 

IOn = -an - -a22 + aT = --- - --- + aT 
E E E OX~ E oxi ' 

1 v 1 02<p v 02<p 
1022 = -a22 - -an + aT = -- - -- + aT (2.16) 

E E E oxi E ox~ , 

1 + v 1 + v 02<p 
1012 = 1021 = -----e-a12 = - -----e- OXI OX2 . 

Now, the geometric compatibility equation (2.5) satisfied by €ij can be 

expressed as 
1 2 n: Eb.. <p = ab..T, (2.17) 

where 
82 82 84 84 84 

~ = 8x2 + 8 2' ~ 2 = 8 x 4 + 2 8 28 2 + 8 4· 
1 X2 1 Xl X2 x 2 

Hence the stress function <p satisfies a nonhomogeneous biharmonic equa­
tion with a term ab..T on its right hand side, which is a fourth order elliptic 
equation. When no thermal effect is taken into account, i.e., T == 0, or 
when there is a steady sourceless temperature distribution, i.e., b..T == 0, 

the right hand of (2.17) vanishes. Then <p is a biharmonic function: 

n : b..2<p = O. (2.18) 

To sum up, we can see that, in the force method based on the stress 

function <p, the stresses and the strains are expressed in terms of sec­

ond order derivatives of <p as in equations (2.14) and (2.16), respectively, 

while the geometric compatibility equation, which is expressed as a fourth 

order elliptic equation (2.17) in <p, plays the role of the fundamental equa­
tion. For simply-connected domains, such an equation guarantees that, 
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the Cij determined from (2.16) are exactly the strains induced by a cer­

tain displacement field, and the (Jij determined from (2.14) are exactly the 

stresses. If necessary, it is also possible to obtain the required displace­

ments by integrating the strains Cij. The equilibrium equations (2.9) can 

be neglected because they are satisfied automatically. 

Conversely, when a problem is solved by the displacement method, tak­

ing the displacements Ul and U2 as the unknown functions, the stresses and 

the strains are expressed in terms of the first derivatives of the displace­

ments. The equilibrium conditions, which are expressed as two second 

order elliptic equations in Ul and U2, are the fundamental equations, and 

the displacements Ul and U2 can be found by solving it. And consequently, 

the strains and the stresses can be obtained without having to consider 

the geometric compatibility equation, because it is satisfied automatically 
once the displacements have been obtained. 

2.3 Boundary conditions 
Since the geometric compatibility equation (2.17) satisfied by the stress 

function <p is a fourth order elliptic equation, in order to determine a solu­

tion on n, it is necessary to prescribe two boundary conditions. Suppose 

the whole boundary is subject to given surface loads 

(2.19) 

where n = (nl, n2)T is the outward normal direction of an. 
From §5 of Chapter 2, we see that in order to guarantee that there 

exist a unique equilibrating stress field in n, the resultant force and the 
resultant moment of the prescribed external loads must vanish, i.e., 

1 gldl = 0, 1 g2 dl = 0, 
Jan Jan 

1 (Xlg2 - X2g1)dl = o. 
Jan 

(2.20) 

When the stresses (Jij are expressed in terms of the stress function <p, 

(2.19) becomes two boundary conditions involving the second derivatives 

of <p 

(2.21) 
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These boundary conditions determine a unique solution of (2.17). How­
ever, the form of (2.21) is still not the standard form boundary conditions 
for biharmonic equations. It is disirable to transform them into the form 

I · I· d a<p on y mvo vmg <p an an. 
Since n is assumed to be simply-con­

nected, an is a loop. Choose an arbitrary 
reference point Po = (x~o), x~o)) on an. 
Define a tangential direction t = {h, t2 f 
along the loop that forms a right hand 

system (n, t) (Fig. 33). That is, the 
tangent points in the anticlockwise direc-

tion. Then we have 
dX2 

X2 

t 
p 

an 
t1 = -n2 = dz = cos(), 

(2.22) ~-----------------'X1 

Fig. 33 

From the loads 91(1) and 92(1) on an, we can define three other functions: 

M{P) = fP (Xlg2 - x2g1)dl. 
}Po 

(2.23) 

Here and below, integration always proceeds from the reference point Po 
to P in the positive direction on an. From (2.20) we see that, G1{P), 
G2 {P), and M{P) are all single-valued functions on an. Clearly, 

(2.24) 

dG1 
-----;n: = 91, 

dM 
dz = x192 - x291· (2.25) 

Furthermore, the stress function <p depends on three constants of integra­
tion which can be chosen arbitrarily and may be taken as 

(2.26) 
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Using to (2.22), the boundary conditions (2.21) can be rewritten as 

E)2 <p a2 <p a (a<P) a (a<P) d ( a<p ) 
nl ax~ - n2 aXl aX2 = aX2 aX2 t2 + aXl aX2 tl = dl aX2 = 91, 

-nl a2<p + n2 a2<p = _ [~( a<p )t2 + ~ (a<p )t2] 
aXl aX2 ax~ aX2 aXl aXl aXl 

= - :z (::) = 92· 

Integrating the foregoing two expression again, we obtain 

Hence 

a<p a<p a<p 
-a = -a nl + -a n2 = (AI - G2(P))nl + (A2 + Gl (P))n2. (2.27) 

n Xl X2 

On the other hand, since 

dip a<p a<p 
di = aXl tl + aX2 t2 = (AI - G2(P))tl + (A2 + Gl (P))t2, 

integrating both sides and noting (2.24) and (2.25), we obtain 

<p(P) = <p(Po) + [p [(AI - G2)tl + (A2 + Gl )t2]dl 
}Po 

[p [ dXl dX2] = A3 + }Po (AI - G2)Tz + (A2 + Gl)Tz dl 

= A3 + [xl(Al - G2) + x2(A2 + Gd];o 

-J~ [Xl:Z (AI - G2) + x2(A2 + G l )] dl 

= A3 + xl(Al - G2(P)) + x2(A2 + Gl(P)) 

-[XiO)(Al - G2(PO)) + X~O)(A2 + Gl(PO))] 

+ [p (X192 - X291)dl 
}Po 

= A3 + xl(Al - G2(P)) + X2(A2 + Gl(P)) 

-(xiO) Al + x~O) A2) + M(P). (2.28) 
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Letting the constants of integration be Al = A2 = A3 = 0, we obtain two 
boundary conditions 

{ 
c.p = -xlG2 + X2Gl + M, 

an: ac.p 
an = -nl G2 + n2Gl 

(2.29) 

which are equivalent to (2.21). The functions on the right hand of (2.29) 
are all given on an. These are the boundary conditions of the standard 
form of biharmonic equations. 

2.4 Multiply-connected domains 
The stress function and its boundary conditions discussed above all apply 
to simply-connected domains. Now we shall discuss the case of multiply­

connected domains. Suppose n contains p holes. Then the boundary is 
decomposed into p + 1 loops 

an = Lo + Ll + ... + Lp , 

where, Lo is the external boundary, and Ll,"', Lp are internal bound­
aries, i.e., the boundaries of the holes. Owing to the multiply-connectivity, 
the problem becomes complicated in two respects: 

(1) In order to guarantee that Cij are the geometric compatibility con­
dition of the strains, it is still necessary to add 3p Volterra integral con­
ditions (2.6) and (2.7) in addition to the Saint-Venant equations (2.5). 
Therefore, the stress function c.p must satisfy 3p integral conditions, be­
sides satisfying the biharmonic equation (2.17) or (2.18). When E, 1I, and 
0: are constants, substituting (2.16) into (2.6) and (2.7), we obtain 

f aF(c.p)d aF(c.p)d_ 
- a Xl + a X2 - 0, 

L"" X2 Xl 

J (F(c.p)_1+lIa2~ -X2 aF(c.p)) dxl 
!Lm E aXl aX2 

( 1+1I a2c.p aF(c.p)) 
+ -~ aXlaX2 + X2 aXl dX2 = 0, (2.30) 

i ( 1 + 1I a2c.p aF(c.p))d 
- -- +Xl Xl 

L"" E aXl aX2 aX2 

+ (F(c.p) _ 1 + 1I a2c.p _ Xl aF(c.p) dx2 = 0, 
E ax~ aXl 

m= 1,"',p, 
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where 
1 

F(<p) = Etl<P + CiT. 

(2) In order to guarantee the existence of single-valued 'l/JI and 'l/J2 
satisfying (2.10) and (2.11) valid (fij must satisfy (2.9) and 

m=1,2,···,p. 

Since 

dXI = t1dl = -n2dl, dX2 = t2dl = nldl, 

(2.31) can be rewritten as 

{
Am ((fl1 n l + (f12 n2)dl = 0, 

1 ((f2In l + (f22n2)dl = 0, 
!Lm 

m=1,2,···,p. 

(2.31) 

(2.32) 

Thus, in order to guarantee the further existence of a single-valued <p 
satisfying (2.13), 'l/Ji must satisfy 

i i ( dX2 dXI) 
-'l/J2dx l + 'l/JI dX2 = 'l/JI dz - 'l/J2 dz dl 

Lm Lm 

= Am [XI(~~:tl + ~~:t2) 
( ENI a'I/JI)] 

-X2 aXI tl + aXI t2 dl 

=0, m=1,2,···,p 

in addition to (2.12). The second of the equalities above uses the mon­

odromy of 'l/JI and 'l/J2. From (2.10), (2.11) and (2.22), the foregoing ex­

pressions become 

1 [XI((f21 n l+ (f22 n2) - X2((fl1 n l + (f12 n2)]dl = 0, 
!Lm 

m=1,2,···,p. (2.33) 

Now suppose that surface loads on the whole boundary an = Lo + 
LI + ... + Lp are prescribed, i.e., the boundary conditions are of the 

form of (2.19), where Lo stands for the external boundary and L1,···, Lp 
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stand for the internal boundaries. We can see by suubstituting them into 
(2.32) and (2.33) that, in order to guarantee the existence of a single­
valued stress function t.p in the multiply-connected domain n satisfying 
the relations (2.14), for the stress boundary condition (2.19), in addition 
to (2.20), these are the boundary conditions on the internal boundaries 

1 9idl = 0, 1 92dl = 0, 1 (X291 - X192)dl = 0, (2.34) 
fLm fLm fLm 

where m = 1,2,··· ,po Note that, (2.20) and (2.34) certainly imply 

1 91 dl = 0, 1 92dl = 0, 1 (X291 - X192)dl = 0. (2.35) 
fLo fLo fLo 

This is to say, for a multiply-connected domain, the resultant force and 
the resutant moment on each loop of the internal and external boundaries 

must vanish. 
Now let us consider how to transform the boundary conditions (2.21) 

into the standard form under the conditions (2.34) and (2.35). Following 

the discussions about the simply-connected domain in Section 2.3, choose 
a reference point Pm = (xim) , x~m)) on each boundary Lm(m = 0,1,··· ,p) 
and define three single-valued functions 

Gim)(p) = (P 91dl , G~m)(p) = (p 92dl , 
jPm jPm 

M(m)(p) = {p (X192 - X291)dl. 
jPTn 

Note that the tangential direction t on the external boundary Lo is anti­
clockwise while t on the boundaries of holes L1, ... ,Lp are clockwise, so 
that, on each boundary it is always the case that 

tl = -n2, t2 = nl· 

Moreover, define the constants Aim), A~ m) , A~ m), m = 1, ... ,p, by 

8t.p I - A(m) 8t.p I - A(m) (m) 
- 1 , - 2 , t.p(Pm) = A3 . 

8Xl PTn 8X2 Pm 
Then, as in (2.27) and (2.28), the boundary conditions for the stress fu­

unction t.p can be obtained as follows: 

:~ = nl(Aim) - G~m)(p)) + n2(A~m) + Gim ) (P)), 

t.p = A~m) _ (xim) Aim) + x~m) A~m)) + Xl (Aim) 

_G~m)(p)) + x2(A~m) + Gim)(p)) 

+M(m)(p), m = 0, 1,··· ,po 

(2.36) 
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The three constants of integration on the external boundary may taken 
to be A~O) = A~O) = A~O) = O. There are 3p coefficients A~m), A~m), 
A~m\m = 1,2,··· ,p) to be determined. The stress function i.p satisfies 

the biharmonic equation (2.17) in the domain nand 3p integral conditions 

(2.30) on the loops. 

§3 Torsion of Cylinders 

3.1 Deformation modes 

The preliminary investigation of the torsion 

of circular rods has been performed in §5 of 

Chapter 1. In the present section, we will 

further discuss the torsion of cylinders on 

the basis of the theory of three dimensional 
elasticity. 

Consider the torsion of a cylinder with 

arbitrary cross sections, uniform material, 
and torque loads applied at the two ends, 

but without body and surface loads. We 
adopt the convention that, X3 denotes the 
axial direction of the cylinder, the origin lies 
in the cross section at one end, and there is 

no thermal effect. Then, as for the circular Xl 

rod, each cross section n of the cylinder has 
an infinitesimal rigid rotation with respect Fig. 34 

to the adjacent cross sections. Suppose the 

rotation angle is W3(X3). Then the two displacement components of the 

cross section n are 

(3.1) 

For the circular rod, the axial displacement is U3 = o. That is, each 
meridian circle of the circular rod remains a meridian circle after the twist, 

1) See (2.43), §2, Chapter 1. 
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but rotates through an angle W3(X3). For general cylinders, however, this 

conclusion no longer holds and must be changed to 

(3.2) 

That is, each cross section is not only rotated but also warped and is no 
longer a plane. 

We know from (3.1) and (3.2) that, 

(3.3) 

This means that torsion is a pure shear deformation without volume 
change. According to Hooke's law, 

(3.4) 

Hence only two shear strains C3l, C32 and two shearing stresses 0"31, 0"32 
do not vanish: 

1 (8U3 .) 1 (8U3 . ) 
C3l = - - - W3 X2 ,c32 = - - + W3 Xl , 

2 8Xl 2 8X2 

where 

Let 

1f1(Xl, X2) is called the torsion function. Then 

1. (81f1 ) 1. (81f1 ) C3l = -W3 - - X2, C32 = -W3 - + Xl , 
2 8Xl 2 8X2 

0"31 = GW3(:~ - X2), 0"32 = GW3(:! + Xl)' 

The volume density of the strain energy is 

W = ~(0"3lC3l + 0"13C13 + 0"32C32 + 0"23 c 23) = 2G(C~1 + C~2) 
2 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 
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The strain energy per unit length of the cylinder is 

W = fin W dXldx2 

= ~Gw~ fin [(:~ -X2)2 + (:! -XI)2] dx ldx2. 

3.2 Torsion function 

(3.11) 

Since there are no body or surface loads and the outward normal to the 

lateral face of the cylinder is n = (nl,n2,Of, by (5.13) and (5.14) in §5 
of Chapter 2, the equilibrium equations are the cross section n and its 
boundary an. The outward normal to the lateral face of the cylinder is 
n = (nl,n2,0)T, where (nl,n2)T is the outward normal to the plane curve 

an. By (5.13) and (5.14) in §5 of Chapter 2, the equilibrium equations on 
the cross section n and its boundary are 

{ 
. (a(J'31 a(J'32)_ n.- -a +-a -0, Xl X2 

an : (J'31nl + (J'32n2 = o. 

(3.12) 

(3.13) 

Substituting (3.10) into the above two equations, we immediately ob­
tain the equilibrium equation and the boundary condition, expressed in 
terms of <p. 

(3.14) 

(3.15) 

Thus, 'l/J is a plane harmonic function and satisfying a boundary condition 
of the second kind. Moreover, the following compatibility condition holds: 

1 {{ (aX2 aXI) Jan (x2nl - xln2)dl = lln aXI - aX2 dXldx2 = o. (3.16) 

Hence the boundary value problem (3.14) and (3.15) has a solution unique 
up to a constant. 

If we prescribe 'l/J = 0 on the axis of the cylinder, i.e, 'l/J(O,O) = 0, 'l/J 
will be determined uniquely. 

When the cylinder is a circular rod, an is a circle. Suppose its radius 
is R. Then the components of the outward normal to the circle are 
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Thus the boundary condition (3.15) becomes 

a'IjJ 
an: an = 0, 

161 

and the solution of (3.14) is 'IjJ == 0. That is to say, the cross section of 
the circular rod does not warp during the twist, which coincides precisely 
with the conclusion reached B in §5 of Chapter 1. 

For general cylinders, the torsion function 'IjJ is independent of the 

shearing modulus C and of the rate of twise W3, depending only on the 
geometry and size of the cross section n. It can be evaluated a priori from 
(3.14) and (3.15). Then the shear strains and the shearing stresses can be 
found using (3.9) and (3.10). 

The torsion function 'IjJ can also be evaluated using the variational 
principle. Let 

!J~ ( a'IjJ ar.p a'IjJ ar.p) 
D('IjJ, r.p) = -a -a + -a -a dXldx2, 

n Xl Xl X2 X2 

F(r.p) = [ (X2nl - Xln2)r.pdl, 
Jan 

then the boundary value problem (3.14) and (3.15) for determining the 
torsion function 'IjJ is equivalent to the following two variational problems: 

1. -21 D('IjJ, 'IjJ) - F('IjJ) = min, 
for any r.p. 

2. D('IjJ,r.p) - F(r.p) = 0, 

Clearly, the quadratic functional D( r.p, r.p) is degenerate and the strainless 
state is 

D( v, v) = ° ¢=} v(l) == const. 

Hence solutions of the variational problems can differ by an arbitrary 
constant. A necessary and sufficient condition for the existence of solutions 
is F(v(1)) = 0, which is just the compatibility condition (3.16). 

When the twist angle W3 of the cross section along the cylinder is given, 

the stress distribution on each cross section is determined. Having done 

this, we can go back and discuss the overall problem of the cylinder acting 
as a one dimensional rod in torsion, i.e., how to determine its twist angle 

W3 = W3 (X3) according to the torque load so as to completely solve the 

torsion problem for the cylinder. 
From (3.11), the strain energy per unit length of, cylinder is 

w- lcr2 - 2 W3' 
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where 

(3.17) 

Since 1/J is a solution of the boundary value problem (3.14) and (3.15), by 
Green's formula we get 

Let 

J = flo [(:~)2 + (!:f] dXldX2 - 2 flo (X2!: 

-Xl::)dXldZ2 + fln(xi +X~)dXldx2 

= flo [Xl(:: +Xl) -X2(!: -X2)] dxldx2. 

M3= 8~ = GJW3 
8W3 

= flo [XI GW3(!: +Xl) -X2GW3(!: -X2)] dxldx2 
= flo (Xl 0"32 - X20"31) dxldx2. 

(3.18) 

(3.19) 

This means that, M3 is the resultant moment (i.e. the torque) of the shear 

stresses on the cross section n about the x3-axis the torque i.e.,. Hence 
the relation 

(3.20) 

can be thought of as the form of Hooke's law for the torsion of cylinders. 
This is similar to formula (6.3) for torsion of circular rods in §6 of Chapter 
1. The factor GJ is called the torsional rigidity of the cross section, while J 
is called the geometric torsional rigidity. J depends only on the geometry 
and size of the cross section and is independent of the material. By (3.18) 
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and (3.19), the geometric torsional rigidity J can also be expressed as 

J = fin(xi +X~)dXldx2 - fin [(!~)2 + (!!)2]dXldX2. (3.21) 

3.3 Stress function 
In the preceding subsection, we determined the shearing stress and the 
torsional rigidity of the cross section using the s<rcalled torsion function. 
It is also possible to reach the same goal another way, i.e., by the use of 
the s<rcalled stress function. 

Let us first consider the case in which the cross section n is a simply­
connected domain. Let 

G· a~ 2G. a~ 
0'31 = 2 W3-a ' 0'32 = - W3-a ' 

X2 Xl 
(3.22) 

where ~ = ~(Xl' X2) is called the torsional stress function. Clearly, the 
function ~ determined by the above expression satisfies the equilibrium 
equation (3.12). On the other hand, by (3.10), 

G ·(a'IjJ ) G·a~ 
0'31 = W ax! - X2 = 2 W aX2 ' 

G · (a'IjJ ) 2G. a~ 0'32 = W3 aX2 + Xl = - W aXl ' 

hence 

(3.23) 

Differentiating the first expression with respect to X2 and the second ex­
pression with respect to Xl and subtracting, we obtain 

t::..~= -1, 

so that the stress function ~ satisfies Poisson's equation. Furthermore, 
substituting (3.22) into the boundary condition (3.13), we obtain 

. (a~ a~) 
0'3ln l + 0'32n2 = 2Gw3 aX2 nl - aXl n2 

. (a~ a~) 
= 2Gw3 aX2 t2 + aXl h 

G. d~ = 2 w3di = 0, (3.24) 

where tl and t2 stand for the direction cosines of the tangent, and l is 
the arc length (see (2.22) in §2). Therefore, on the boundary an, cp == 
const., and there is no loss in taking this constant to be zero. Thus, the 
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stress function ep is a solution of Poisson's equation: with the first kind of 

boundary condition 

{ 
n: /j.ep = -1, 

an: ep = o. 
(3.25) 

This problem is simpler than the second kind of boundary value problem 
(3.14) and (3.15) for the torsion function"p. However, such as the force 
method, the stress function method is more complex when n is a multiply­

connected domain. 

Let us now discuss the case of multiply-connected domains. Suppose 
that the connectivity number of n is p. Denoted the external boundary 

by Lo and the internal boundaries 

by Lm, m = 1,···,p, and let an = 

Lo + Ll + ... + Lp, (Fig. 35). By 
dep 

(3.24), dI = 0 on the boundary 

an. Hence, ep is constant on each 
of the external and internal bound-

aries epm (m = 

Lm : ep == epm (const.), 

m=O,I,···,p. 

There is no loss in taking the con-
stant epo = 0 on the external bound­
ary Lo, while the constants 

Fig. 35 

1, ... , p) on the internal boundaries Lm are to be determined. Thus there 

is a total of p undetermined constants. On the other hand, since the 

torsion function "p is single-valued, 

m=I,···,p, 

substituting (3.23) into this formula, we obtain 

tm ( 2 :~ + X2) dxl - (2 :~ + Xl) dx2 

= 21 (aaep n2 + aaep nl)dl + 1 (X2n2 + xlnl)dl 
!LTn X2 Xl !Lm 

i aep 
= 2 -a dl - 28m = 0, 

Lm n 
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where the loop integral about Lm is performed clockwise, and 8m > ° 
stands for the area bounded by the internal boundary Lm. Therefore 

m= 1,2,···,p. (3.26) 

The p constants 'Pm, m = 1"", P are determined by these p constraint 
conditions. Thus, for multiply-connected domains, the equation and the 
boundary conditions for determining the stress function 'P are 

n: /:::"'P = -1, 

Lo: 'P = 0, 

!, 8'P 
-8 dl = 8m , 

Lm n 

(3.27) 

m=I,···,p. 

This boundary value problem has a unique solution. The corresponding 
variational problem is 

1. min [!D('P, 'P) - F('P)], 
t.pEK 2 

2. 

where 

{ 
D('P, 'P) - F('P) = 0, 

'P E K, 

for any 'P E K, 

8'P1 8i L"" = 0, m=I, ... ,p}. 

Since the strainless virtual displacement is 

v E K: D(v, v) = ° -¢:::::::} v == 0, 

(3.28) 

the quadratic functional D( 'P, 'P), 'P E K is positive definite, and the vari­
ational problem has a unique solution. The equivalence of the variational 
problem with the boundary value problem (3.27) can be derived using 
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Green's formula as follows: 

cp E K : D(cp, 'I/J) - F('I/J) = [[ (aacp aa'I/J + aacp aa'I/J )dXldx2 iin Xl Xl X2 X2 
P -f1 'l/JdXldx2 - L Sm'I/Jm 

n m=l 

P [acp [[ P 

= L iT an 'l/Jdl- iir, (Acp + 1)cpdxldx2 - L SmCPm 
m=l Lm n m=l 

= t (1 :~ dl- Sm)'l/Jm - f1 (Acp + 1)'l/Jdxldx2 = o. 
m=l Lm n 

Since 'I/J is arbitrary in the interior of nand 'l/Jm is arbitrary on Lm , we 
obtain 

Acp = -1, 

In addition, cp E K hence 

1 acp 
-a dl=Sm, 

Lm n 
m=1,···,p. 

cplLo = 0, cplLm = CPm. (const.), 

This is just the boundary value problem (3.27). 

Taking 'I/J = cp in (3.28), we have 

D(cp, cp) = F(cp), 

i.e., the stress function cp satisfies the integral identity 

fin [(:~)2 + (:~)2]dXldX2 = fin cpdXldx2 + fl SmCPm. 

By substituting (3.23) into the torsional rigidity J (3.27), we obtain the 
torsional rigidity expressed in terms of the stress function cp: 

J = 4 fin [(::r + (:~)2]dXldX2 

(3.29) 

3.4 Torsion formulas of several specified cross sections 
In this section, we give formulas for the torsion function, the stress func­
tions, and the torsional rigidities of several specified cross sections. 

1. Circle of radius R. 
Torsion function 'I/J(X2' Xl) = O. 
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1 
Stress funtion cp(XI' X2) = 4(R2 - xi - X~). 

G . . 1· ·d·t J 7rR4 eometnc torslOna ngl 1 y = -2-. 

2. Ellipse (with major axis is 2a, minor axis 2b, and coordinate axes 

coincident with the major and minor axes). 
b2 _ a2 

'l/J(Xl,X2) = 2 b2XIX2, 
a + 
1 a2b2 ( x2 X2) 

cp(XI' X2) = 2 a2 + b2 1 - a~ - b; , 

a3b3 

J=7r 2 b2 • a + 

b 

--+--r-------r------~_+--_+ X2 

Fig. 36 

3. Hollow tube with elliptic cross section (Fig. 36). Equation of the 

outer ellipse is 

Equation of the inner ellipse is 
x2 x2 

L . I + 2-1 
I . k2a2 k2b2 - , 

al = ka, bi = kb, k > 1, 

b2 _ a2 

'l/J(XI' X2) = 2 b2 XIX2, 
a + 
1 a2b2 xi X~) 

cp(Xl, X2) = 2 a2 + b2 ( 1 - a2 - b2 ' 
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B 

--+-+-----~----~ X2 o A 

C 

Fig. 37 

4. Equilateral triangle (Fig. 37). 

Assume the length of a side is a, and that the three altitudes intersect 
at the origin. The equations of the three sides are 

AB: 

BC: 

CA: 

Thus we have 
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§4 Bending of Thin Plates 

4.1 Deformation modes 

The elastic deformation of thin plates has two typical modes. The first 

is deformation by longitudinal stretching and compression under the ac­
tion of loads longitudinal (in the plane of the plate). The second is the 
transverse deformation, i.e., the bending under the action of transverse 
(normal to the plane of the plate) loads. 

Deformation by longitudinal stretching and compression of thin plates 
is just a problem of plane stress and has already been discussed in §1 of 
the present chapter. Its main features are 

(1) 0"31 = 0"32 = 0"33 = 0. 
(2) The deformation depends absolutely on the longitudinal displace­

ments Ul, U2 and the corresponding strain components en, e22, e12. Hence, 
Ul and U2 are the fundamental variables and depending only on the lon­
gitudinal coordinates Xl and X2, from that the transverse strains e33 is 
induced. So e33 cannot fully satisfy the spatial geometric compatibility, 
which is not taken into account in fact. 

In the flexural deformation of thin plates, we assume a very thin plate, 

whose thickness is far smaller than the geometrical sizes in the other two 

directions. In order to obtain a flexural deformation, it is only necessary to 
apply a bit of loads on the plane of the plate, which are at least far smaller 
than the stresses of longitudinal stretching and compression produced by 
themselves in the interior. Hence, in the boundary equilibrium equations 
((5.14) in Chapter 2) for a three dimensional elastic body, the loads gi can 
be neglected and we get 

3 

L O"ijnj = gi ~ 0, 
j=l 

where n = (nl, n2, n3f is the outward normal to the boundary surface. 
Since what under consideration is of small deformation, it can be reputed 

that, the outward normal direction n of the plate is parallel to the x3-axis 
after bending: n ~ (0,0, ±1)T. Thus, on the plane of the plate, we have 

3 

L O"ijnj ~ ±O"i3 ~ 0. 
j=l 
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Moreover, since the plate is very thin, the above relation also holds in the 
interior of the plate. Thus we can assume that, within the plate 

(1') 0"31 = 0"32 = 0"33 = 0, (4.1) 

where 0"3j at least, are of minor quantities with respect to the other stress 
components. This point is similar to (1) of the deformation of longitudinal 
stretching and compression. 

On the other hand, the internal longitudinal fibres are stretched or 
compressed during the flexural deformation of the thin plate. There is 
stretching on the convex face and compression on the concave face of the 
plate. Since the transformation from stretching to compression is con­
tinuous, there exists a neutral surface without longitudinal stretching or 
compression. The deformations on the two sides of the neutral surface are 
reverse in sign. Obviously, the neutral surface is symmetric with respect 
to the upper and lower surfaces of the plate, i.e., lies in the middle of the 
thickness of the plate. 

We take the neutral surface before deformation to be the (Xl, X2) plane, 
i.e., X3 = o. The displacements in the three directions on the neutral 
surface are, respectively, 

u~O) = u~O) = 0, u~O) = u~O)(Xl, X2). 

Since the plate is very thin, we can assume that, the deflection u3 IS 

uniform along the thickness of the plate, i.e, 

U3(X1, X2, X3) ~ U~O)(X1' X2). 

From (4.1), the strains e3i = 0, i = 1,2, so that 

8Ui 8U3 8u~0) 
8X3 = - 8Xi ~ - 8Xi' i = 1,2. 

After integration, we obtain 

8 (0) 

Ui(XI, X2, X3) = Ui(X1, X2, 0) - X3 8U3 , i = 1,2. 
Xi 

Since the small deformation is small, 

Ui(XI, X2, 0) ~ u~O) = 0, i = 1,2, 

hence 

i = 1,2. 
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For the sake of convenience, introduce the abbreviation 

u~O) = w. 

171 

From now on w denotes the transverse displacement of the neutral surface. 

Then 

(4.2) 

(4.3) 

From this, the expressions of the strains eij and the infinitesimal rotation 

angles Wij can be obtained in terms of the transverse displacement w as 

Let 

i,j = 1,2, 

fpw 
Kij = - 8 8 ' i,j = 1,2, 

Xi Xj 

(4.4) 

(4.6) 

which is just an approximation of the 1st order of the curvature tensor of 
the neutral surface after the bending. Then 

(4.7) 

8W2 -K 
8 - 11, 

Xl 
(4.8) 

Thus, we obtain the second characteristic of the flexural deformation 

of thin plates: 

(2') The flexural deformation depends entirely on the transverse dis­

placement w, i.e., the so-called deflection. Which depends only on the 

longitudinal coordinates Xl and X2, while the longitudinal displacements 
UI, U2 and the strains ell, e12, e22 are determined by the deflection w 
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through (4.2) and (4.4). This characteristic is entirely different from that 
of longitudinal stretching and compression. 

Since (1) and (I') are identical, from (1.15) and (1.16), we obtain the 
stress-strain relation of the flexural deformation as 

Or 

E Eo 
au = 1 _ v2 (en + Ve22) - 1 _ V T, 

E Eo 
0'22 = -1 2 (Ven + e22) - -1 -T, -v -v 

E 
0'12 = 0'21 = --e12' 

l+v 

a~j = ~ 2 [(1 - V)eij + v( t ekk )Oij ]. 
1 v k=1 

(4.9) 

Moreover, from (1.17) and (1.18), we obtain the volume density of strain 
energy 

2 
, Eo '" W = W - --T L-Jekk, 

1- v k=1 
(4.10) 

Therefore, in the modes of bending and stetching and compression of thin 
plates, Hooke's law and strain energy have identical forms. However, they 
are essentially different difference between the second characteristics (2') 
and (2) of these two kinds of modes. 

4.2 Variational principles 
At first, we will not consider thermal effects. Then the Hooke's law (4.9) 
and the strain energy (4.10) can be expressed using relation (4.7) in terms 
of the curvatures Kij as 

<Ii; = I~X~2 [(1 - v)Ki ; + V(t,Kk') 0;;] , i,j = 1,2, (4.11) 

(4.12) 
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Since the neutral surface is symmetrk with respect to the upper and 
lower surfaces of the plate, if we assume the thickness of the plate is h, 
let jh/2 

Mij = X30"ijdx3, i, j = 1,2, 
-h/2 

substitute (4.12) into (4.13) and integrate the result, we obtain 

or 

Mij = D[(1-V)Kij + v( t Kkk)8ij] ' 
k=1 

Eh3 
D=-----:-

12(1 - v2 ) , 

Mll = D(Kll + VK22 ), M22 = D(vK22 + K ll ), 

M12 = M21 = D(1 - V)K12. 

(4.13) 

(4.14) 

The above expression is the Hooke's law for flexural deformation constitute 
of thin plates, which is similar in form to that for stretching and compres­
sion deformation. Here, however, what represents the 'strain" is the cur­
vature Kij and what represents the "'stress" is Mij (its mechanical mean-

ing will be shown in Section 4.3). The constant ratio D = (Eh3 
2) IS 

12 1- nu 

called the flexural rigidity. Compared with the tensile rigidity D' = Eh 2 
1-v 

the stretching and compression deformation, the flexural rigidity is a mi-
nor quantity of higher order when the thickness h of the plate is quite 
small. 

Similarly, the areal density of the strain energy can be evaluated as 

jh/2 1 [ 2 2 2] 
W= WdX3=-D (1-v) L K~+v(LKkk) . 

-h/2 2 " "-1 k-1 ~,J- -

(4.15) 

We have 
1 2 

W = "2 "~ MijKij. 
~,J=1 

(4.16) 

The whole plate n has the flexural strain energy P( w) and the correspond­

ing functional of virtual work D ( w, v): 

P(w) = fin W(w)dx1dx2 = ~ fin L Mij(w)Kij(w)dx1dx2 

1 
= "2 D (w,w), (4.17) 



174 Chapter 3 Typical Problems of Elastic Equilibrium 

(4.18) 

It is clearly seen from (4.15) that D(w, w) is a quadratic functional 
of wand is nonnegative, while the functional of virtual work D( w, v) is a 
bilinear symmetric functional of wand v. Using (4.15) and (4.16), we can 
write D( w, w) in terms of the derivatives of w as 

D(w,w) = ff D[(aa2~r + laa2~1 110. Xl X2 

a2w a2w ( a2w ) 2] +2v-a 2-a 2 +2(1-v) a a dxdy 
Xl X 2 Xl X2 

For the potential energy of ex­
ternal work, let us first con­
sider the case where the bound­
ary is not subjected to any ge­
ometric constraint and there 
is no elastic support. Then 
the transverse load P3 on the 
plane of the plate n and the 
transverse load q3 and the mo­
ment load mi on the boundary 
an yield the potential energy 
of external work (Fig. 38): 

f ~ 
~ : F I 

3 I 

Fig. 38 

(4.19) 

Let n = (nl' n2, of denote the outward normal direction to the bound­
aryan and e3 = (0,0, l)T denote a unit vector on the positive X3-axis, 
and define a positive tangential direction t = (tl' t2, 0) on an to be that 
makes {n, t, e3} a right-handed system (Fig. 38). WI ( w) in the potential 
energy of external work (4.19) denotes a tangential rotation angle on the 
boundary an during flexural deformation. The plate after the bending 
has an infinitesimal of rotation angle with respect to the plate before the 
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bending on on. The components of w about the xl-and x2-axes are 

ow oW 
WI= - W2=--

OX2' OXI' 
respectively, and the tangential component of W called the tangential ro­
tation angle, is 

ow (OW) ow 
Wt(w) = tlwl + t2w2 = -n2 OX2 + nl - OXI = - on· (4.20) 

This is illustrated in Fig. 39. 

t 

Fig. 39 

Substituting (4.20) into F(w), we obtain 

F(w) = [{ P3wdxldx2 + 1 Q3wdl - 1 mi ~w dl. llo Jao Jao un 
(4.21) 

Then, according to the variational principle, the deflection w of the con­
strained equilibrium configuration makes the total potential energy a un­
conditional minimum, 

1 . 
J(w) = 2D(w,w) - F(w) = Mm. (4.22) 

This is equivalent to the principle of virtual work 

D(w, v) - F(v) = 0, for any v. (4.23) 

4.3 Equilibrium equations 
In order to derive the equilibrium equation from the variational principle, 

we must, as a rule establish Green's formula, that is, we must transform 

D( w, v) into an expression containing only v itself but not its derivatives 

by the use of Gauss's integral formula on the domain n. Here, since 
D( w, v) contains the second derivatives of v, it is necessary to use Gauss's 



176 Chapter 3 Typical Problems of Elastic Equilibrium 

integral formula twice. This point is different from the foregoing three 
dimensional or plane elastic problem but similar to the flexural problem 
of beams in §7 of Chapter l. 

Let us first consider a plate with uniform thickness and material, i.e., 
E, II, and h are all constants in the interior of n. Then the corresponding 
equilibrium solution w is smooth enough to justify the use of Gauss's 
integral formula. By Gauss's formula, we obtain 

Since on the boundary an we have 

av av av 
aXi = ni an + ti at ' 

the line integral term in (4.24) is 

Let 

i 2 av i 2 av L Mij(w)nj-a dl = L Mij(w)ninj-a dl 
an .. 1 Xi an .. 1 n 

Z,J= Z,J= 

2 aMi' 
n : Q3i = L~' i = 1,2, 

j=l xJ 

2 

an: Q3n = L Q3ini, 
i=l 

2 

an : Mnn = L Mijninj, 
i,j=l 

2 

an : Mtn = L Mijtinj, 
i,j=l 

(4.25) 

(4.26) 

(4.27) 

(4.28) 
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then 

(4.29) 

Using Gauss's formula once more for the first term on the right-hand side 

of the above equation, we obtain 

Since ~~ on the boundary 80, is determined by v on this boundary, ~~ 
can be eliminated using integration by parts for the last term of (4.29). 
Suppose are all the corner points (Le., points at which the tangent has 

a jump) that on the boundary 80, (Fig. 40). Then after piecewise inte­

gration by parts, we obtain 

(+) P2 (-) 

n 
n 

(-) (+) 
P3 (_) PI 

(+) 

n 

Fig. 40 



178 Chapter 3 Typical Problems of Elastic Equilibrium 

Thus, we obtain a Green's formulas: 

(4.30) 

It follows that 

=0. (4.31) 

Because v is arbitrary in the interior of n, on the boundary an, and at 

the point Pi, (4.31) immediately yields the equilibrium equation and the 

boundary conditions: 

n : - t aQ3i(W) = P3, 
i=l aXi 

aMtn(w) 
Q3n(W) + az = Q3, 

an: Mnn(w) = mt, 
P:+-

[Mtn(w)]p;- = 0, i = 1,2,···, m. 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

Substituting (4.25), (4.6) and Hooke's law (4.14) into (4.32), we obtain 

the flexural equation of thin plates expressed in terms of the deflection w: 
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( 4.36) 

This is a fourth order elliptic partial differential equation in the deflection 
w. For thin plates with uniform material and thickness, D and v are all 

constants. Then the above equation is reduced to a biharmonic equation 

( 4.37) 

We shall now illustrate the meaning of equation (4.32) and the bound­
ary conditions (4.33)~(4.35) in terms of the principle of equilibrium in 

mechanics. To this end, to give the mechanical meaning of the quantities 

Mij, M tn , M nn , Q3i, Q3n, etc, introduced in the preceding section. 

Fig. 41 Fig. 42 

(1) Since 

Jh / 2 
Mij = X30"ij dx3, 

~h/2 
i,j = 1,2, 

from the meaning of the stress components O"ij, and Fig. 41, it is not dif­

ficult to see that: Mn denotes the bending moment on the Xl-directional 

cross section (about +x2-axis), M21 denotes the twisting moment on the 

Xl-directional cross section (about -xl-axis), M22 denotes the bending 

moment on the x2-directional cross section (about -xl-axis), and Ml2 

denotes the twisting moment on the x2-directional cross section (about 

+x2-axis). 
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(2) We have 

(4.38) 

(4.39) 

where (7nn and (7tn are the component of the stress in nand t, respectively, 
and nand t are the normal the tangential direction of the cross section, 
respectively. We can see from Fig. 42 that Mnn denotes the bending 
moment (about t) on the cross section with the normal direction of n, 
and - Mtn denotes the twisting moment (about n) on the same cross 
section. 

(3) In order to illustrate the mechanical meaning of Q3i and Q3n, 

consider the transverse shearing forces 

j h/2 
Q3i = (73idx3, 

-h/2 
i = 1,2. (4.40) 

Q31 and Q32 are the resultant force of the transverse shearing stresses (731 
and (732 acting on the cross sections with normal directions Xl and X2, 

respectively, and the dimension of the resultant forces is force/length. 

Take an arbitrary area element s on the neutral surface, and from 
it, construct a cylinder V in the plate, whose top and base are denoted 
S+(X3 = h/2) and S-(X3 = -h/2) and whose lateral surface is denoted 
by B. Suppose the transverse body load density is h and the surface load 
density acting on the top and on the base are 9t and 9:;, respectively. 
To have an equilibrium of the x3-directional forces on this cylinder V, we 
must have 

(4.41) 
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Since the outward normal direction on the lateral surface B IS n = 

(nl,n2,Of, 
3 2 

ff (J3ndB = ff L (J3inidB = ff L (J3inidB 
JJB JJB /=1 JJB i=l 

In ~ - h~~8Q3i = L.. Q3in i dl = L..~dXldx2. 
as i=l S i=l UXz 

The sum of the last three terms in the equilibrium equation (4.41) is 

lis+ gt dS+ + lis- gi dS- + III hdV 

Let 

( 4.42) 

This is the transverse surface load acting on the element of area S, whose 

dimension is force/area. Then the equilibrium equation (4.41) becomes 
2 -lis (t; 88~:i + P3 )dXl dx2 = 0 for any S C ~. 

From this, we obtain a differential form of the equilibrium equation for 
forces in the x3-direction: 

0: (4.43) 

Next, consider the equilibrium of moments about the xl-axis of the 
above-mentioned cylinder V: 

lis (X2(J3n - X3(J2n)dB + lis+ (X2gt - x3gt)dS 

+ lis- (X2gi - x3g:;)ds + III (x2!3 - x3h)dV = o. 
Because all of the longitudinal loads gl, g2, h, and h in the flexural 

problem of plates are zero, and by noting the formulas for the bending 

moments, i.e., 

i,j = 1,2, 
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the above-mentioned equation of the moment equilibrium can be reduced 

to 
2 2 Il (X2 .r; 0"3jnj - X3.r; 0"2jnj ) dB + IIs+ x29t dB 

+ IIs- x293 ds + III x2hdV 

2 2 

= fos (X2 .r; Q3jnj - [; M2jnj) dl + lis X2 P3dx I dX2 

2 8 
= ff [I: a-: (X2Q3j - M2j ) + X2 P3]dx l dx2 

JJs j=l XJ 

= lis ["2 (t. aa~;; +P3) + (Q32 - t. a!;;) 1 dxl dx2 

= 0, for any B c 11, 

Here, the equilibrium equation of the x3-directional forces (4.43) has been 

used. It follows that 
- ~ 8M2j 

11 : Q32 = L.J ~. 
j=l xJ 

Similarly, considering the equilibrium of the moments about the x2-axis 
of the cylinder V, we get 

2 
- '" 8Mlj 

11 : Q31 = L.J -8 .. 
j=l xJ 

To sum up, from the equilibrium of the moments about the xl-and 

x2-axes, we obtain the relations among the transverse shearing forces Q3i 
and the bending moments Mij 

2 

n '. Q-3'; = '" 8Mij , H • L.J j = 1,2. 
j=l 8xj 

(4.44) 

Comparing (4.44) with (4.25), we see that the quantities Q3i intro-

duced in the variational principle are just the transverse shearing forces 
Q3i on the xi-directional cross section: 

Q3i = Q3i, i = 1,2. 
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Hence the equation(4.32) derived from the variational principle is also the 
equilibrium equation (4.43). 

2 

Furthermore, from (4.26), Q3n = L Q3ini. Thus Q3n is just the 
i=l 

transverse shearing force on the cross section with normal direction n. 

4.4 Boundary conditions and interface conditions 
The equilibrium equation (4.36) or (4.37) is the fourth order elliptic partial 
differential equation of w. In general, two boundary conditions must be 
prescribed on the boundary to determine a unique solutions. 

1. The first kind of boundary condition consists of prescribed geomet­
ric constraints. It can be further classified into two cases. 

1.1 A prescribed transverse displacement. 

r 1: w = ill is given. 

1.2 A prescribed tangential angle of rotation. 

r~ : Wt( w) = Wt is given, or 

(4.45) 

aw (4.46) 
- = -Wt, is given. 
an 

For the above two cases of geometric constraints, the virtual displacement 
1/ in the variational problem must satisfy the corresponding annihilating 
constraint conditions 

v =0, r ' . 1 . 
av 
-=0. an 

With these constraints, the functional of the strain energy remains un­
changed, while the potential energy of the external work is transformed 
into 

Then, by the use of Green's formula, the equilibrium equation (4.32) can 
be obtained from the variational principle, while the boundary conditions 
are transformed into 

aMtn(w) 
Q3n + at = Q3, 

an-r~: Mnn(w) = mt, 

which just complement the boundary conditions (4.45) and (4.46). We 
can see from the foregoing that, if the transverse displacement w has been 
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prescribed on a certain segment of the boundary, then any local transverse 

load q3 is out of action. For the same reason, if the tangential rotation 
angle Wt has been prescribed, then the local tangential bending moment 

mt is also out of action. 

The geometric boundary conditions which must be listed out as con­
straint conditions in variational problems are essential boundary condi­
tions. They contain wand the first derivatives of w, and are comparatively 
simple in form. 

2. The second kind of boundary condition consists of prescribed loads. 

There are mechanical boundary conditions, which can also be classified 
into two cases. 

2.1 A prescribed transverse load q3 on r 2 • 

From (4.33), the mathematical statement of the boundary condition 
IS 

which denotes the equilibrium of the transverse shearing forces on the 
boundary and contains the third derivatives of w. It might seem intui­

tively that only Q3n = q3 is possible, but in fact there is a second term 

aMtn h' h b h h f' . ----at w lC can e t oug t 0 as an eqUIvalent transverse shearmg force 

a~t generaled by the drop of the twisting moment on the boundary of 

the plate. This term, together with Q3n, balances the external load q3. 
2.2 A prescribed moment load mt on r~. 
From (4.34), the mathematical statement of the boundary condition 

IS 

r~ : Mnn(w) = mt, 

which denotes the equilibrium of bending moments on the boundary. 

Furthermore, we see from (4.35) that, if the corner point Pi of the 
boundary an is not subjected to any load, then the twisting moment M tn 
is continuous at that point. If there is a point load ri at Pi, then a "point 
term" -rw(Pi ) must be added to the potential energy of external work 
-F(v). Then the equilibrium equation at point Pi will be 

p;r 
Pi : [Mtn(w)lp~- = rio (4.47) 

• 
This says that the twisting moment must have a jump at Pi that produces 
an effective transverse point force to balance the point load ri (Fig. 44). 
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n 

-+------~--~~-------. t 

Fig. 43 Fig. 44 

The mechanical boundary conditions are natural boundary conditions 
in variational problems. As for to the internal equilibrium equation, they 
will be satisfied automatically when the potential energy achieves a min­
imum. They are, in fact just the equilibrium equations on the boundary. 

The natural boundary conditions contain the second and third derivatives 
of w, and their analytic form is very complicated. The advantages of the 
variational principle approach seem more evident in the flexural problem 
of thin plates. Historically, the exact form of the mechanical boundary 
condition for the bending of thin plates was first derived by Kirchhoff just 
using the variational principle. 

3. The third kind of boundary condition consists of elastic supports, 
appearing as elastic couplings of the plate with the external region on the 
boundary or on the plane of the plate. These can be classified into three 
cases. 

3.1 On r 3 , in addition to the transverse load Q3, there is a transverse 
elastic reaction force -COw proportional to the deflection, where Co > 0 is 
the constant of elastic coupling. 

In this case, on r3 there will be a per unit length elastic energy ~cow2, 
which contributes a term 

! f C2w2dl 
2 lr3 

to the potential energy of external work, and contributes a term 
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to the functional of virtual work. The equilibrium equation on r3 will be 

oMtn(w) r3: Q3n(W) + {)l + COW = Q3· (4.48) 

3.2 On r~, in addition to the bending moment load mi, there will be 

I ·· ow. 1 h '1 an e astIc reactIOn moment -CIWt = Cl on proportIOna to t e tangentIa 

rotation angle, where Cl > 0 is the constant of elastic coupling. 

On r~, there will be a per unit length elastic energy ~C}w; = ~Cl (~:) 2, 

which contributes a term 

! 1 Cl (OW)2 dl 
2 r~ on 

to the potential energy of external work, and contributes a term 

[ Cl ow ov dl 
lr~ on on 

to the functional of virtual work. The equilibrium equation on r~ will be 

, () ow r3 : Mnn W - Cl on = mt· (4.49) 

The elastic support boundary condition is another kind of mechanical 
boundary conditions. It is only necessary to absorb the elastic coupling 
energies into the total potential energy but needless to list them out as 
the conditions for determining the solution. As for to the second kind of 
boundary condition, a prescribed load, if the transverse displacement has 
been prescribed, then the local elastic reaction force is. If the tangential 
rotation angle has been prescribed, then the local elastic reaction moment 
is also. 

3.3 There exists an elastic coupling between the external region and a 
plane with the plate, i.e., we consider the plate of elastic foundation. 

Suppose the plate is subjected to an elastic reaction force -cw pro­
portional to the deflection on a subdomain 0' of 0, where C > 0 is the 
constant of elastic coupling. Then on the plane of the plate 0', there will 

be a perr unit area elastic energy !cw2, which contributes a term 
2 

! [[ cw2dxldx2 
2110.' 

to the total potential energy, and contributes a term 

fL, CWVdXl dX2 
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to the functional of virtual work. The equilibrium equations in the interior 

of the plate n will be 

(4.50) 

On each segment of the boundary, we may impose two boundary un­

ditions of any of the three kinds discussed above, two geometric or one 

geometric, two mechanical or one mechanical, and we may impose different 

kinds on the different segments. This can give rise to quite a complicated 

combination. One should note that the boundary conditions 1.1 and 2.1 

or 3.1 as well as 1.2 and 2.2 or 3.2 repel each other, i.e., are not com­
patible. In practice, the following three kinds of boundary conditions are 

frequently encountered. 

B 

(a) Fig. 45 

(1) A fixed edge (Fig. 45a) : 

Displacement w = 0 (essential), 

angle of rotation ~: = 0 ( essiential). 

(2) A pinned edge (Fig. 45b) : 

Displacement w = 0 (essential), 

bending moment Mnn = 0 (natural). 

(3) A free edge: 

Bending moment Mnn = 0 (natural), 

. 8M'n ( ) shearmg force Q3n + -m = 0 natural. 

(b) 

(4.51) 

(4.52) 

(4.53) 
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In the following, the two natural boundary conditions of free edge are 
expressed in terms of the partial derivatives of the displacement w. Since 
the bending moment is 

Mnn =Mun~ + M22n2 + 2Ml2nln2 

(4.54) 

On the other hand, from (4.25) and (4.26), the shearing force is 

( 8Mu 8M12) (8M21 8M22 ) 
Q3n = Q3ln l + Q32n2 = 8XI + 8X2 nl + 8XI + 8X2 n2 

__ D{8(~w) 8(~w)} _ _ D8(~w) 
- 8 nl + 8 n2 - 8· 

Xl X2 n 
(4.55) 

From (4.28), the twisting moment is 

Moreover, since (see (2.22) in §2 of the present chapter) 
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it follows that 

{ ( a2w a2W) a2w } 
= D(l - II) -a 2 - -a 2 nln2 + a a (n~ - ni) . 

Xl X2 Xl x2 

Hence, the natural boundary condition Q3n + a~tn = ° can be written 

as 

(4.56) 

For the fixed edge, since 

w=o, 
can be the natural boundary condition Mnn = 0, i.e., (4.54), further 

simplified. To this end, transform the partial derivatives with respect to 

Xl and X2 in (4.54) into partial derivatives with respect to the tangent t 
and the normal n. Now 

aw aw aw 
-a = -a nl + -a n2, n Xl X2 

a2w a2w a2w a2w 
-a 2 = -a 2 ni + -a 2 n~ + 2 a a nl n2, n xl X2 Xl X2 

( 4.57) 

aw aw aW2 
8z = aXI tl + aX2 t2, 

a2w a2w a2w a2w 
al2 = -a 2 ti + -a 2 t~ + 2 a a t1t2 

xl X2 Xl X2 

aw d2x1 aw d2x2 +--+--
aXI dl2 aX2 dZ2 

(4.58) 

a2w a2w a2w dO aw 
= -a 2 n~ + -a 2 ni - 2 a a n1n2 - dz-a ' xl X2 Xl X2 n 

where 0 is the angle included between the tangential direction t and the 

xl-axis. Adding up (4.57) and (4.58), we obtain 

a2w a2w dO aw 
~w = an2 + 812 + dZ an' 
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so that (4.54) can be rewritten as 

82w 82w (82w dO 8w) 
v~w+(1-v)8n2 = 8n2 +v 812 + dl8n =0. (4.59) 

. h fix d d 8w 82w L· 82w o· Smce w = 0 on tee e ge, 8l 812 = o. ettmg 8[2 = m 

(4.59), then we obtain the following two boundary conditions on the fixed 
edge: 

{ 
w=O, 

82w d08w 
8n2 + v dl 8n = O. 

(4.60) 

If the boundary is a segment of a straight line, then ~~ = o. In that 

case, we obtain the fixed-edge boundary conditions 

{ 
w=O, 

82w 
8n2 = o. 

(4.61) 

This holds only. Note that, for general curvilinear boundaries, the simply­
supported conditions should be (4.60), not (4.61). 

Now we discuss interface condition. 
During the derivation of equilibrium equations by the variational prin­

ciple, if the flexural rigidity D of the plate has a discontinuity, for example, 
that which is introduced by a jump in the thickness along a certain line 
L in the domain n, we can use Green's formula piecewise to obtain the 
interface conditions, 

L: [Q + 8Mtn (W)] + = 0 
3n 8l _ ' (4.62) 

L: [Mnn(w)]~ = O. (4.63) 

Here, n is the normal direction taken arbitrarily on L. The two equations 
denote the continuities of the shearing force and the bending moment, 
respectively. 

As for the mechanical boundary conditions (4.33)-(4.35), the interface 
conditions (4.62) and (4.63) are satisfied automatically when the potential 
energy achieves a minimum, and are also of a kind of natural boundary 
conditions that do not need to be listed as conditions for determining a 
unique solution to the variational problem. 
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4.5 Strainless states 

From (4.17), 

2 

D{v,v) = fln.~ Mij{v)Kij{v)dx1dx2 
~,J=I 

~ J£, D [(1- v) it, K~(v) + V(t,Kii(V) r] dx,dx, 

~ 0, for any v. 

So that the strainless condition 

191 

Hence, D( v, v) is degenerat, when the strainless state has three degrees 
of freedom: one is the transverse rigid translation a3 and another two 
degrees of freedom are the two components b1 and b2 of the rigid angle of 
rotation. The strainless v can be expressed as 

where 

V (I) - 1 W(I) - 0 w(l) - 0 
-'1-'2-' 

V (2) = x w(2) - 1 w(2) - 0 2, 1 - , 2 - , 

V(3) - -x w(3) - 0 w(3) - 1 
- 1,1-'2-' 

(4.64) 

Thus, the necessary and sufficient conditions for the existence of solutions 
of the equilibrium problem without constraints on the displacement or the 
angle of rotation are 

F{v(i») = 0, i = 1,2,3, 



192 Chapter 3 Typical Problems of Elastic Equilibrium 

i.e., 

fin P3dx l dX2 + fan q3dl = 0, (4.65) 

[[ X2P3dxldx2 + { X2Q3dl + { mttldl = 0, 110, lao, lao, (4.66) 

rr -xP3dxldx2 + { -XlQ3dl + ( mtt2dl = 0. 
~ kn kn (4.67) 

(4.65) denotes the equilibrium of force of the transverse loads, while (4.66) 

and (4.67) denote the equilibrium of the moments of loads about the Xl­

and, X2-axes respectively. These are the prerequisites for achieving the 

equilibrium. 

As the common practice, the introducing of geometric constraints will 
always enlarge the subspace on which the quadratic functional of strain en­

ergy D( v, v) is positive definite. For example, if the geometric constraints 

(4.45) and (4.46) 

r 1 : w = ill, 

have been introduced, then the strainless virtual displacement II must 

satisfy the corresponding annihilating constraint conditions 

r ' . 1 . 

v = a3 + blX2 - b2Xl = 0, 

8v 8v 8v 
- = -nl + -n2 = -b2nl + bln2 = 0. 
8n 8Xl 8X2 

(4.68) 

(4.69) 

Consequently, the degrees of freedom of the strainless state will be de­
creased such as to make one among the three parameters or all of them 

vanish. In the latter last case, for any virtual displacement v, D( v, v) = ° ~ v = 0, that is just the positive definiteness of D( v, v) which guaran­
tees the equilibrium problem has a unique solution. We can see from 

(4.68) that, one can ensure the positive definiteness of D(v,v) so long as 

the boundary segment r 1 of the prescribed displacement contains three 

points not situated on the same straight line, e.g., there exists a segment 
of bent pinned boundary on r 1 (Fig. 46a). Moreover, the positive def­
initeness of D( v, v) can also be ensured if r 1 and r~ hold on the same 

segment, i.e., there exists a segment of fixed boundary (Fig. 46b). 

As for the geometric constraint condition, whenever the elastic support 

condition is added, the number of degrees of freedom of the strainless state 
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will always be decreased, too. The reason is that 

D(v, v) = !1. D [(1 - v) it. K&(v) + v( t. Kii(v») ,] dx.dx, 

+ rr cv2dxldx2 + r cov2dl 1101 lr3 

+ i~ Cl (~:) 2 dl, c, Co, Cl > O. 

(a) (b) 

Fig. 46 

Hence, for any v, D ( v, v) = 0 is equivalent to 

n: Kij(V) == 0, i. e., v = a3 + b1X2 - b2xI, 

n': av 
v = 0; f3 : v = 0; f~ : an = O. 

Under these additional conditions, the number of degrees of freedom of the 
strainless state will be reduced to zero, making D( v, v) positive definite. 
Obviously, D(v, v) is positive definite so long as there exists a constant of 
elastic support C > 0 on a subdomain n' of n with an area no matter how 
small but not vanishing. For improvements in the positive definiteness of 

D(v,v), the results induced by the two kinds of the elastic supports on 

the boundaries r~ and f3 are the same as the results induced by the two 

kinds of geometric constraints. 

4.6 Thermal effects 

Having given the stress-strain relations in (4.9) and the strain energy 

density formulas (4.10), let us now return to the problem of thermal effects. 

Assume that the temperature field T in the interior of the plate body 
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is linearly in the thickness, i.e., in the x3-direction: 

T = T(XI' X2, X3) = T(Xl, X2, 0) + X3T' (Xl, X2). (4.70) 

Let 
1 jh/2 

r = r(xI' X2) = -h T(XI' X2, X3)dx3 
-h/2 

be the mean temperatur~ averaged over the thickness of the plate. Inte­
grating both the sides of (4.70) with respect to the thickness of the plate, 
we obtain 

so that 

T = r(Xl,X2) + X3T'(Xl,X2). 

Substituting this expression into (4.9) and (4.10), we obtain 

I EO! (_ ') 
Uij = Uij - -1-- T + X3T Oij, -v 

(4.71) 

(4.72) 

The relations between U~j or W' and Kij are identical with those that 
hold when there is no thermal effect. Here, however, they stand for not 
the stress or the strain energy but only. Let 

j h/2 
Mij = X3Uijdx3, 

-h/2 

- jh/2 
W= WdX3. 

-h/2 

After integration, if we note that 

jh/2 
X3dx3 = 0, 

-h/2 

i,j = 1,2, 
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we obtain 

(4.73) 

2 

W = W' - Dr' L Kkk, 
k=1 

W'=~D[{l-V) t, K&+V(t,Kkk)2] =~LMIjKij, 
2 " 1 k 2 Z,J= =1 

(4.74) 

where 
_ Eh3O'. 

D = ( ) = D{l + v)o'.. 12 1- v 

We also have, 
8W 

Mij = 8Kij' i,j = 1,2. 

(4.73) is just Hooke's law with thermal effects. When T' == 0, (Jij = (J~j' 
Mij = MIj , and W = W', they reduce to the case without thermal effects. 
Note that, under the assumption that the temperature is linear in the 
thickness, for flexural deformation of plates, the thermal effect only acts 
through the transverse temperature difference r', while the transverse av­
erage temperature T is out of action. But for the longitudinal deformation, 
the thermal effect acts through the transverse average temperature, which 
is just contrary to the case of the flexural deformation. 

For the deflection field w, the total strain energy of the plate is 

P{w) = fin W{W)dX l dx2 

2 2 

= ~ {[ L MIj{w)Kij{w)dxldx2 - ff Dr' L Kkk {W)dXldx2. 
2 lln ' '-I lln k-l Z,J- -

(4.75) 
Compared to the case without thermal effect, (4.75) has an extra term 
that depends on the temperature difference: 

2 

-Fr{w) = - ff Dr' L Kkk {W) dXl dx2. 
lln k=l 

This term is a linear functional of w. It can be considered to be the 
potential energy of external work induced by the temperature load and 
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can be included in the potential energy of external work -F(v). Thus, 
there is no loss in letting the strain energy be a second order functional 
independent of temperature 

P(w) = ~ ff t MIj(w)Kij(w)dxldx2 211n .. I 
1,)= 

1 
= '2 D (w,w). 

The corresponding bilinear functional of virtual work is 
2 

D(w,v) = 11 L Mij(w)Kij(v)dxldx2' 
n i,j=l 

These formulas have the same form as (4.17) and (4.18). 
For the load condition (4.19), we have 

F(v) = [[ P3vdxldx2 + 1 Q3vdl - 1 m t 8
8V dl + Fr(v). lln Jan Jan n 

The total potential energy is 
1 

J(w) = '2D(w,w) - F(w). 

Since 
2 82v 82v 

EKkk(V) = -(8 2 + 8 2) = -!l.v, 
k=l Xl x2 

using Green's formula, it is easy to obtain 

-Fr(v) = fin Dr' !l.vdxldx2 

(4.76) 

= [[ !l.(Dr')vdxldx2 - 1 8(~r') vdl + 1 Dr'88v dl. 
lln Jan n Jan n 

So that 

F(v) = 11n[P3 - !l.(Dr')]vdxldx2 + fan [g3 + 8(~:')]vdl 

i -, 8v 
- (mt + Dr )-8 di. an n 

Then, substituting (4.73) into (4.76), from the variational principle 

D(w, v) - F(v) = 0, for any v, 

we can derive the equilibrium equation, the mechanical boundary condi­
tions, and the prerequisites for equilibrium when the geometric constraints 
are absent, etc. These are formally identical with (4.32)-(4.35) provided 
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that the load terms P3, Q3, in (4.32)-(4.35) are increased by a temperature 
load, transforming them into 

respectively. 

8(Dr') 
Q3+ 8n' 

§5 Bending of Spatial Beams 

5.1 Deformation modes 

- , 
mt+ Dr , 

Several kinds of modes of elastic deformation of rods were discussed in 
Chapter 1: the first was longitudinal stretching and compression under 
longitudinal (in the axial direction) loads, and the second was shear de­
formation including longitudinal simple shear and torsion. Another typi­
cal deformation is transverse deformation, i.e., bending under transverse 
(normal to the axial direction) loads. Since it is to a plane, we have al­
ready given a preliminary discussion of this kind of bending. Comparing 
with the one dimensional stress mode in §1 and the bending mode in §4, 
the general case of bending of spatial beams will be further discussed in 
the present chapter on the basis of the three-dimensional elasticity. 

Deformation by longitudinal stretching and compression (free in the 
two transverse directions) of slender rods is called the one dimensional 
stress mode. Its main features are 

(1) 0"12 = 0"22 = 0"32 = 0, 0"13 = 0"23 = 0"33 = o. 
(2) The deformation depends only on the longitudinal displacement Ul 

and the corresponding strain Cn. Hence, Ul is taken as the fundamental 
variable depending only on the longitudinal coordinate Xl. 

Thus the bending of slender rods can be considered as the further 
simplification of the bending of thin plates. In the following, the discussion 
will be performed in the form of §4 but being reduced to one dimension 
from two dimensions. 

Since the rod is very thin (the size of the cross section is far smaller 
than the length), in order to obtain a flexural deformation, it is only 

necessary to apply some not too large loads 92 and 93 on the surface of 
the rod which are far smaller than the stresses of longitudinal stretching 
and compression that they produce in the interior. Hence, on the surface 
of the rod, we have 
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3 

Laijnj ~ 0, i = 1,2,3, 
j=l 

where n = (nI, n2, n3f indicates the outward normal direction to the 
surface of the rod. Since we are considering only a, the outward normal 
direction to the surface of the rod is n ~ (0, n2, n3 f. Hence 

3 

L aijnj = ai2n 2 + ai3n 3 ~ ° for any n2, n3· 
j=l 

Consequently, on the surface of the rod, 

ai2 ~ 0, ai3 ~ 0, i = 1,2,3. 

Moreover, since the area of the cross section is very small, we can consider 
that, in the interior of the rod, we also have 

(I') 0'12 = 0'22 = 0'32 = 0, 0'13 = 0'23 = 0'33 = 0, or at least, ai2 and ai3 

are small compared with the remaining stress component an. 
On the other hand, in taking that there exists a neutral axis without 

longitudinal stretching or compression during the bending of the slender 
rod. There is no loss to take neutral axis before deformation as the Xl­
axis, i.e., X2 = X3 = 0. The there components of the displacement of the 
neutral axis are denoted in turn by 

UlO) = 0, u~O) = u~O) (Xl)' u~O) = u~O) (Xl). (5.1) 

Since the area of the cross section is very small, the transverse displace­
ments, i.e, the deflections U2 and U3, can be considered as consistent over 
the cross section, i.e., approximately equal to the deflections on the neutral 
axis 

Since 0'12 = 0'13 = 0, then e12 = e13 = 0, and we have 

aUl aU2 du~O) 
aX2 = - aXl ~ - dXl ' 

aUl aU3 du~O) 
-=---~---

aX3 aXl dXl 

Integrating (5.2) with respect to X2, we obtain 

d (0) 

Ul(Xl,X2,X3) = --':'X2 dU2 + !(XI,X3). 
Xl 

(5.2) 

(5.3) 
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Differentiating the above expression with respect to X3, and using (5.3), 
we obtain 

of = _ du~O) 
OX3 dXI 

Integrating again with respect to X3, we have 

d (0) 

f(xI, X3) = -X3 dU3 + g(XI). 
Xl 

Thus 

Letting X2 = X3 = 0, we have 

UI(XI,O,O) = g(XI) ~ U~O)(XI) = 0, 

so that 
d (0) d (0) 

( ) u2 u 3 
UI XI,X2,X3 = -X2-d- - X3-d-. 

Xl Xl 

For the sake of convenience in what follows, which dispense with the super­
scripts in the deflections of the neutral axis, 

(0) () (0) () U2 = U2 Xl , U3 = U3 Xl . 

Now the transverse displacements U2 and U3 stand for the deflections of 
the neutral axis. 

Because 

(5.4) 

the longitudinal displacement UI can be expressed in terms of the derivatives 
of the deflections U2 and U3. Besides, UI still depends on X2 and X3 linearly. 
Accordingly, we immediately obtain the strain 1011 and the infinitesimal 
angle of rotation Wij expressed in terms of the deflections U2 and U3 obtain 
as follows: 

(5.5) 

WI = W23 = ~ (OU3 _ OU2) = 0, 
2 OX2 OX3 

W2 = W31 = ~ (OUI _ OU3 = ~ ( _ dU3 _ dU3) = -u~, (5.6) 
2 OX3 OXI 2 dXI dXI 

W3 = Wl2 = ~(OU2 _ OUI) = ~(dU2 + dU2) = u~. (5.7) 
2 OXI OX2 2 dXI dXI 
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Let 

(5.8) 

these are the first order approximations of the curvature vector of the 
spatial curve formed by the neutral axis after bending. Then 

(5.9) 

Thus, we obtain the second characteristic of the flexural deformation 
of slender rods: 

(2') The flexural deformation depends only on the deflections U2 and 

U3, which depend only on the longitudinal coordinate Xl. The longitudinal 

displacement UI and the strain e11 are determined by the deflections U2 

and U3. 

Since the first characteristics of the deformation of stretching and com­
pression (1) and the bending deformation of slender rods (1') are identical, 
according to the one dimensional stress mode in Section 1.4 of the present 
chapter, we obtain 

e22 = e33 = -Ve11 + (1 + v)aT, 

Hooke's law takes the form 

0"11 = Ee11 - EaT, (5.10) 

and the volume density of the strain energy 

1 1 2 
W = 20"11e11 = 2Ee11 - EaTe11' (5.11) 

Hence, the forms of the Hooke's law and the strain energy of rods in 

bending are identical with those of rods in tension. However, in these two 
kinds of deformation modes, the schemes (2) and (2') for determining the 
longitudinal displacement UI differ essentially. 

5.2 Variational principles 

At first, we do not consider thermal effect. Since there are no longitudinal 
loads in the flexural problem of rods, the resultant force of the longitudinal 
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stresses on the individual cross sections must vanish, i.e., 

11 (111 dX2dX3 = 11 E(X3 K 2 - x2K3)dx2dx3 

Hence 

= EK2 11 X3dx2dx3 - EK3 11 X2dx2dx3 

= 0 for any K 2 , K3 . 

11 X2 dx2dx3 = 0, 11 X3dx2dx3 = o. 

201 

This implies that, the centroid of the cross section lies on the xl-axis. 
Hence the moment of inertia of cross section S on the X2 - x3-plane is 

expressed as 

l.e., 

(5.12) 

122 = lis x~dS-the moment of inertia with respect to the x2-axis, 

h3 = lis x~dS-the moment of inertia with respect to the x3-axis, 

h3 = 122 = - 11 x2x3dS-the product of inertia with respect to the 

x2-and x3-axes. 

Hence, the line density of strain energy of the rod is 

Define 

or 

TV = 11 W dX2dx3 = ~ 11 Eeil dX2dx3 

= ~ 11 E(X3 K 2 - X2 K 3)2dx2dx3 

= ! E(I22K '#, + 2I23K 2K 3 + h3K~) 
2 

1 3 

= "2 .~ E1ijKiKj. 
1,)=2 

{ 
M2 = E(h2K 2 + h3K 3), 

M3 = E(h2K 2 + 133K 3) , 

(5.13) 

(5.14) 
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then we have 

(5.15) 

In mechanics Mi represent, the resultant moment of the stresses, i.e., the 
bending moment, about the xi(i = 2, 3)-axes on the cross section. 

The bending moment about the x2-axis is 

11(x30'11 - XI0'3d dS = 11 X30'11 dS = 11(Ex5K2 - EX2X3K3)dS 

= EI22K2 + EI23K 3 = M2. 

The bending moment about he x3-axis is 

11 (X IO'2 I - X20'11)dS = - 11 X20'11 dS 

= 11(-Ex2x3K2 + Ex~K3)dS 

= EI32K2 + EI33K3 = M3· 

(5.16) 

(5.17) 

This is Hooke's law for the bending of rods. Here the strain is described 
by the curvatures K2 and K 3, and the stress is described by the bending 
moments M2 and M3. The constant E1ij is called the flexural rigidity of 
the rod, where Iij is the moment of inertia of the cross section depending 
only on the geometric size and shape but independing of the material. 

The bending strain energy of the whole rod is 

where u = (U2' U3 f. The bilinear functional of the virtual work is 

D(u,v) = ib(M3(U)V~ - M2(U)v~)dxI. 

(5.18) 

(5.19) 

Suppose there are transverse linear loads q2 and q3 acting along the 
length of the rod, the potential energy of the external work is 

- i b(Q2 U 2 + Q3U 3)dxI. 

Furthermore, suppose that at the two end points Xl = a, b there are 
transverse point loads of force r2 and r3 and point the loads of moment 
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m2 and m3 about the x2-and X3-axes, respectively. Then the potential 
energy of external work will be 

- L (r2u2 +r3u3 + m2w2 + m3w3)p 
p=a,b 

= - L (r2 u2 + r3u3 + m3u~ - m2u~)p. 
p=a,b 

Hence the total potential energy of external work is 

-F(u) = -{ lb (Q2u2 + Q3U3)dxl 

+ L (r2u2 + r3U3 + m3u~ - m2u~)p}, (5.20) 
p=a,b 

and the total potential energy is 

1 
J(u) = "2D(u,u) - F(u). 

Suppose that no constraint conditions of displacement or angle of ro­
tation are imposed at the two end points of the rod. Then according to 
the variational principle, the deflection of the equilibrium configuration 
u = (U2, U3) makes the total potential energy J ( u) a unconditional mini­
mum 

J(u) = ~D(U,u) - F(u) = Min, 

or 

D(u,v) - F(v) = 0, for any v = (V2,V3l. 

5.3 Equilibrium equations 

Integrating by parts twice, we obtain 

D(u,v) = lb(M3V~ - M2V~)dxl 

= lb (M~V2 - M~V3)dxl 
+ L (eM3V~ - eM~V2 - eM2V; + eM~V3)p, 

p=a,b 

(5.21) 

(5.22) 
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where, c:(b) = 1, c:(a) = -1. Hence, by (5.20) 

D(u,v) - F(v) = lb[(Mf - q2)V2 + (-M; - Q3)V3]dx2 

+ L [( -c:M~ - T2)V2 + (c:M~ - T3)V3 + (c: M3 - m3)v~ 
p=a,b 

= 0, for any V2, V3. 

This expression is equivalent to the equilibrium equations in the interior 

and at the two end points of the rod 

{ 
Mf = Q2, - M~' = Q3i a < Xl < b, 

M'- M'- b -c: 3 - T2, c: 2 - T3, Xl = a, , 

c:M2 = m2, c:M3 = m3· 

The boundary conditions can be written as 

{ 
M~(a) = T2(a), 

-M2(a) = m2(a), -M3(a) = m3(a); 

-M~(a) = T3(a), 

{ -MHb) = T2(b), M~(b) = T3(b), 

M2(b) = m2(b), M3(b) = m3(b); 

respectively. Now we have 

(5.23) 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

Substituting these two expressions into (5.23)-(5.25), the bending equations 

for a spatial beam become 

{ 
(Eh3U~)" - (Eh2U~)" = Q2, 

-(Eh3U~) + (EI22u~)" = Q3, 
a < Xl < b. (5.28) 

The boundary conditions at the two end points can now be expressed in 
terms of the deflections U2 and U3 by 
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-c(Eh3U~ - Eh2U~)' = r2, 

c(Eh3U~ - Eh2U~)' = r3, 

c(EI23u~ - Eh2U~) = m2, 

c(EI33u~ - EI32u~) = m3, 

Xl = a,b. 
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(5.29) 

In what follows, let us consider a special case, i.e., the products of 
inertia of the cross section s are zero: 123 = 132 = o. This implies that, 
the X2 and X3 are the principal axes of inertia on the cross section S. 
For example, if the cross section S is symmetric with respect to the X2-or 
x3-axis, then the x2-and x3-axes are just the principal axes of inertia. In 
general, the x2-and x3-axes can be made principal axes of inertia by ro­
tating the coordinates. If exist the principal axes of inertia, the equations 
(5.28) for the bidirectional bending of spatial beams and the boundary 
conditions (5.29) can be simplified to two separate equations of single di­
rectional bending and the corresponding boundary conditions, which have 
already been discussed in § 7 of Chapter 1. 

The equation and the boundary conditions for the deflection U2 are 

{ 
(EI33u2)" = Q2, a < Xl < b, 

-c(EI33u~)' = r2, cE133u~ = m3; Xl = a, b. 

And the equation and the boundary conditions for the deflection U3 are 

{ 
(EI2u~)" = Q3, a < Xl < b, 

-c(EI22u~)' = r3, -cEI22u~ = m2; Xl = a, b. 

Let us now illustrate the mechanical meaning of the equations (5.23) 
and the boundary conditions (5.24) and (5.25). Consider an arbitrary 
segment (X~, xq) of the rod, which is acted on by body loads of density h 
and h and surface loads of density g2 and g3. The resultant forces of the 
transverse shearing stresses acting on a cross sections of the rod are the 
shearing forces Q2 and Q3: 

(5.30) 

The resultant moment about the Xi-axis of the stresses on the cross section 
is just the bending moment Mi. 

Equilibrium of the Xi-directional forces on line element (x~, xq) the rod 
is given by the equation 
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(5.31) 

Let 

qi = las gidl + Jllids, i = 2,3, 

which is the line density of a transverse load prescribed in the flexural 
problem of slender rods. Its dimension is force/length. Thus, (5.:;1) be­
comes 

" 'lxr 1xr (dQi ) Qi(xI) - Qi(xl) + qidxl = -d + qi dXl = O. 
x~ x-I' Xl 

The above expression holds for any xi, x~ E [a, b]. Hence we have the 
equilibrium equations of shearing forces 

dQi -- = Qi, i = 2,3, a < Xl < b. (5.32) 
dXl 

Next, determine the equilibrium of moment about the x2-axis of the 
same line element of the rod 

[[ (X30"1l - Xl0"3I)dS - ff (X30"1l - Xl0"3I)dS lls(xr) lls(xr) 

1x
" In 1x

" !J~ + 1 dXl (X3gl - Xlg3)dl + 1 dXl (x3h - xI!3)dS = O. 
x~ as x~ s 

Since gl = h = 0, we obtain 

(M2(x1) -X1Q3(dD) - (M2 (xi) - xiQ3(xi)) _lxr xlq3dxl 
x~ 

x" dM d 
= 11 [-d 2 - -d (XlQ3) - xlq3] dxl = o. 

x~ Xl Xl 

The above expression holds for any xi, X~ E [a, b]. Hence we have 

dM2 d 
- - -(XlQ3) - Xlq3 = o. 
dXI dXl 

Moreover, using (5.32), we obtain the equilibrium equation of moments 

dM2 = Q3. (5.33) 
dXl 

For the same reason, examining the equilibrium of moments about the 
x3-axis of the element, we obtain 

- dM3 = Q2. (5.34) 
dXl 
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By substituting (5.33) and (5.34) into (5.32), the equilibrium equations 
can be expressed in terms of the bending moments Mi : 

a < Xl < b: M" - 2 = q3· 

These are just the equations (5.23) derived from the variational princi­
ple. Furthermore, we can see from (5.33) and (5.34) that the boundary 
conditions (5.24) stand for the equilibrium of shearing forces at the end 
points, while the boundary conditions (5.25) stand for the equilibrium of 
moments at the end points. 

5.4 Boundary conditions and interface conditions 

The equilibrium equations (5.28) for the bending of spatial beams are two 
fourth order ordinary differential equations in two unknown functions. In 
order to determine a unique solution, it is necessary to give four boundary 
conditions at each end. Appropriately, (5.29) provides the right number 
of boundary conditions. 

The boundary conditions (5.29), which are derived from the variational 
principle, are mechanical boundary conditions, i.e., the natural boundary 
conditions which denote the equilibrium of the shearing forces and of the 
bending moments at the end points. Another kind of boundary conditions 
are geometric boundary conditions including fixed displacement and fixed 
angle of rotation, which must be listed out as constraint conditions in 
the variational problem and are essential boundary conditions. When a 
displacement boundary condition is introduced, an equilibrium condition 
of shearing forces in the same direction will be replaced locally by the 
displacement boundary condition, and when an angle of rotation boundary 
condition is introduced, an equilibrium condition of bending moments 
in the same direction will be replaced locally by the angfie of rotation 
boundary condition. These two kinds of boundary conditions are mutually 
complementary but incompatible. The corresponding boundary condition 
of shearing forces or bending moments can be derived from the variational 
principle automatically at places where the displacement or the angle of 
rotation is unconstrained. The end point may have an elastic support as 

well, which is also a kind of natural boundary condition provided that the 
elastic energy of the coupling has been absorbed into the total energy. For 
detailed discussion of boundary condition, see §7 of Chapter l. 

Interface conditions. When the flexural rigidity E1ij of the rod has 
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a discontinuity, e.g., due to the cross section having a jump some point 

x = p, the interface conditions 

[M']P+O = 0 3 p-O , 

[M2]~~~ = 0, 

[M']P+O = 0 2 p-O , 

[M3]~~~ = o. 

(5.35) 

(5.36) 

can be derived from the variation principle by piecewise integration by 

parts over a ::; x ::; p and p ::; x ::; b. (5.35) denotes the continuity of 

the shearing forces Q2 and Q3 at the interface, while (5.36) denotes the 

continuity of the bending moments M2 and M3 at the interface. Suppose 

there are transverse point loads r2(p) and r3(p) at the point x = p. Then 

the potential energy of external work will be increased by 

Using the same method, we can verify that 

[M~]~~~ = r2(p), -[M~]~~~ = r3(p), 

[M2]~~~ = 0, [M3]~~~ = o. 

(5.37) 

(5.38) 

The equations (5.37) denote a stet of the shearing forces at the interface, 

namely jumps that balance the point loads. The equations (5.35) are par­

ticular cases. (5.38) says that, the bending moments are still continuous 
even if there are point loads at the interface. These two interface con­

ditions belong to the natural boundary conditions, and will be satisfied 

automatically when the potential energy achieves a minimum. 

5.5 Strainless states 
Because footnote connfused with superscript 

Ii x~ds . Ii x~ds > (11 X2 X 3ds r, 
it follows that 

(5.39) 

Thus 

1) The proof of this inequality is as follows: Take arbitrarily a real number t. Then 

11(tx2 + X2)2ds > o. Hence 

11(cx2 + X3)2ds = e 11 x~ds + 2t 11 X2X3ds + 11 x~ds > o. 
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is a positive definite quadratic form of K2 and K 3. Now 

D(u, u) = lab (Eh2K2 + 2EI23K2K3 + EI33Ki)dxl. 

Hence, a state 1/ is strainless iff 

D( v, v) = 0 {=:} K2 = K3 = 0 {=:} v~ = v~ = 0 

{=:} V2 = a2 + b3Xl, V3 = a3 - b2Xl· 

We can write this in the form 
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(5.40) 

These are exactly the projections of the following infinitesimal rigid dis­
placement on the planes of X2 and X3: 

a + b /\ x = [ :~ 1 + [ ::: = ~:: 1 
a3 b1X2 - b2Xl :1:2=:1:3=0 

(5.41) 

Each transverse displacement V2 or V3 has two degrees of freedom. The 
degrees of freedom of V2 are the x2-directional rigid translation a2 and the 
infinitesimal rigid rotation b3 about the x3-axis. The degrees of freedom 
of V3 are the x3-directional rigid translation a3 and the infinitesimal rigid 
rotation b2 about the x2-axis. Necessary and sufficient conditions for the 
existence of solutions of the variational problem (5.21) or (5.22) are 

F(v(i») = 0, i = 1,2,3,4. 

Of these, F(v(1») = F(v(3») = 0 denote the equilibrium ofthe x2-directional 
forces and the equilibrium of the moments about the x2-axis, and F( v(2») = 
F(v(4») = 0 denote the equilibrium of the directional forces and the equi­

librium of the moments about x3-axis. 

for any real number t. Since the coefficient of e satisfies J 1 x~ds > 0, the discriminant 

Q.E.D. 
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As for the relation between geometrical constraints, elastic support 
and the degrees of freedom of the strainless state, see §7 of Chapter 1 for 
details. 

5.6 Thermal effects 
Suppose the distribution of the temperature field T on the cross section S 
I.e. 

(5.42) 

where r(xI) is the average temperature on the cross section. By (5.11), 
the strain energy density with thermal effects is 

1 2 
W = "2Een - EO:Ten 

= ~E(X3K2 - X2K3)2 

-Eo:(r + X2T2 + X3T3) (X3 K 2 - X2K3). 

Since the centroid of the cross section passes through the Xl-axis, 

lis X2dS = lis X3dS = o. 
Hence the total strain energy is 

P(u) = lb dXI 11 WdS 

Let 

I1b( 2 2 = - E122K2 + 2E123K 2K3 + E133K3 )dXI 
2 a 

-lb Eo: [(h3T - 133T2) - (123T2 - 122T3)K2]dxI. 

FT(U) = lb Eo: [(123T3 - 133T2)K3 - (h3T2 - h2T3)K2]dxI 

= lb Eo:[(123T3lg3T2)u~ + (h3T2 - 122T3)U~]dxI 

= lb (E2U~ + E3U~)dxb 
E2 = Eo:(123T3 - 133T2), E3 = Eo:(123T2 - 122T3). 

(5.43) 

(5.44) 

(5.45) 

(5.46) 

This is a linear functional of U = (U2' U3 f. Compared to the case without 
thermal effect there is an extra linear term - FT ( u) depending on the 
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temperature differences of 72 and 73, 

1 
P(u) = iD(u,u) - Fr(u). 
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Merging this term into the potential energy of external work -F(u), from 
(5.20), we obtain 

F(u) = lb(q2U2 + Q3U3)dxI 

+ L [r2u2 + r3u3m3u~ - m2u;]p + Fr(u). 
P=a,b 

Then the total potential energy is 
1 

J(u) = iD(u,u) - F(u). 

Integrating Fr(u) by parts twice, we have 

Fr(u) = lb (E2U~ + E3U~)dxI 

= lb (E~U2 + E~U3)dxI 
+ L [-eE~U2 - eE~U3 + eE2U~ + eE3U;]p, 

P=a,b 

(5.47) 

(5.48) 

where the meaning ofthe notation e is the same as before: e(b) = 1, e(a) = 

-1. The equilibrium equations and the load boundary conditions can be 
derived from the variational principle as follows: 

Mf = Q2 + E~, -M~' = q3 + Eg, a < Xl < b, (5.49) 

-eM~ = r2 - eE~, eM~ = r3 - eE~, Xl = a, b. (5.50) 

eM2 = m2 - eE3, eM3 = m3 + eE2. (5.51) 

(5.50) represents the equilibrium of shearing forces, (5.51) the equilibrium 
of bending moments. 

These forms are identical with (5.23)-(5.25) in the case without ther­
mal effect, except that the right hand side contains an additional temper­
ature load term. 
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Composite Elastic Structures 

§ 1 Introduction 

Deformation problems for various kinds of individual elastic bodies,such 
as rods, plates and three-dimensional elastic bodies, have been discussed 
in the preceding chapters. What we often encounter in engineering prac­
tice, however, is often not the individual rod, plate or body but a certain 
combination of them, i.e., there contain various kinds of members cou­
pled in one way or another in the system. A system consisting of several 
similar or different kinds of elastic members is called a composite elastic 
structure. 

Fig. 47 

The structure as shown in Fig. 47 is composed of one body member a, 
two plate members /31 and /32, and three rod members 1'1, 1'2 and 1'3. In a 
structure, a plate member may be a separate entity, like such as /31, which 

is connected with plate member /32 through rod member 1'3, or may be 

the boundary surface of a body member like /32' Similarly, a rod member 
may be a separate entity, like 1't, which intersects the rod member 1'2 at 
the point 82, or may be n boundary line of a plate member like 1'2 and 1'3. 

In order to solve a large number of problems arising from engineering 
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practice it is necessary to generalize the theory of three dimensional elas­

ticity to the composite structure. Since a composite structure has various 
kinds of members, the couplings among the members are of great signifi­

cance. This is the key point distinguishing the composite structure from 

the individual elastic body. So it cannot be treated individually as an 

individual member. On the other hand, it is also inconvenient to look 

on the whole structure as an individual and indistinguishable three di­

mensional elastic body and to solve it in a uniform way by the theory of 

three dimensional elasticity. A reasonable method is to take the simplified 

models of plates and rods in the preceding chapters, i.e., to look on the 

plate as a two dimensional elastic plane without thickness geometrically, 

to look on the rod as an one dimensional line without cross section, and 
in the meantime to consider the elastic couplings among the members of 
various dimensions. This is in a sense also a simplification of the theory 
of three-dimensional elasticity in a sence. 

In the following model of the composite structures, we consider only 

three kinds of members, i.e., three dimensional body members, two dimen­

sional plate members and one dimensional rod members. For convenience, 
we also include null dimensional point members. Members of these four 

kinds are denoted by a, {J" and 8, respectively. 

In this model there is still a fundamental convention: when two mem­

bers are coupled, the dimension (begin the null dimension, one dimension, 

and two dimension, correspondingly) at a joint (being a point, a line or 
a surface) can only differ from the dimensions of the two adjacent mem­
bers at most by one dimension. A joint at which the dimension difference 
is higher than one is called the nonstandard joint such joints will not be 
considered in the present chapter. All the joints shown in Fig. 48 are non­
standard joints, but they can often be transformed into standard joints 
by including an additional member or changing some individual member. 

For example, in Fig.(a) the edge where a plate is connected with a rod can 

be in Fig.(a), transformed into a rod member in Fig.(c); the surface where 

a corner point of a body is connected with a rod can be transformed into 
a plate member and its edge through this corner point transformed into a 

rod member, in Fig. ( d) the two surfaces by the two sides of a joint of two 

bodies can be transformed into plate members in Fig. ( e), the two surfaces 

at the joint of the bodies and plates can be transformed into plate mem­
bers; and so on. All joints become standard after these transformation. 
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Because composite structures can be very complicated both geometri­
cally and mechanically, it is from the view of mathematical treatment it is 
of great advantage to adopt the displacement method and the variational 
principle emphasized throughout this book. The mathematical basis of 
the composite structure model presented in this chapter is rigorous and 
complete so long as the connections between members follow with the 
fundamental convention state above. 

plate-rod (a) plate-rod (b) body-rod (c) 

body-body (d) body-plate (e) 

Fig. 48 

We must emphasize that the equilibrium equation derived from the 
variational principle is extremely complicated and tedious due to the com­
plexity of the composite structure, so that it is quite difficult to solve 
practical problems starting from this equation. However, the variational 
principle for composite structures is not complicated in itself its formu­
lation is very simple. Basically it is similar to the variational principle 
for individual members. Hence, starting from the variational principle, 
the application of the finite element method will be a straightforward and 
fruitful way to solve the equilibrium problem of composite structures. 

In the following, this idea will be detailed in two parts. As a special 
case, plane composite structures will be discussed first. The problem in 
this case is comparatively simple, but it suffices to explain all concepts 
and methods. Afterward, we will generalize the problem to that of three­
dimensional structures. 
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§2 Plane Composite Structures 

2.1 Geometric description 

Plane composite structures form a special case of composite struCtures. 

All members lie in the same plane, and the loads are also restricted to this 
plane, as for a plane plate-rod struCture and a plane frame. Plane systems 

of rods in tension, already discussed in Section 2.4 of Chapter 1, form just 

such an example. Since the elastic displacement and the bending are all 
restricted in the same plane, a plate member is just a thin plane plate 

in stretching when transverse flexural deformation is not considered. A 
rod member is also a plane member when only stretching and bending in 

the plane are considered, but bending in other directions and torsion are 
negleCted. 

Suppose a composite struCture 0 is composed of plate members /31, ... , 
/3 N in stretching and rod members 11, ... , IN, in stretching and bending, 
all lying in the same plane: 

0= {/3I, ... , /3N; 11,·· ., 12}. 

For example, in Fig. 49 doublelines stand for rod members, while shaded 

blocks stand for plate members. Here, 0 = {/3I, /32; 11, 12, 13, 14}. We 
denote the one dimensional and the two dimensional parts of the struCture, 

respeCtively, by 

nl = hI,··· ,INl }, n2 = Vh,··· "BN2 }. 

In Fig. 49, nI = hl,12,13,14}, 0 2 = {/3I,/32}. 
Geometrically, all rod members are straight line segments. The bound­

aries 8r of each rod member I are the two end points. All the boundary 
points of the rod members are denoted by 81 , ... , 8No , which are the point 

elements of the structure. Let 

rO can be considered as the null dimensional boundary of the struCture 

O. In Fig. 49, rO = {8I ,82 ,83 ,84}. 

All plate members are polygons, which may as well be assumed to be 

simply-connected. The boundary 8/3 of each plate member /3 is composed 

of several line segments. Geometrically, a rod member may be a boundary 
line segment of a plate member hI, 14 E 8/32 in Fig. 49), but need not 
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be b2 and 1'3 in Fig. 49). Conversely, a boundary line segment of a plate 

member may be a rod member bl and 1'4 in Fig. 49), but need not be, 
i.e., being its own boundary of the plate member b5,1'6 and 1'7, in Fig. 
49). By denoting all such boundary line segments of the plate members 

their own as I'N+I,··· ,I'N', and by letting 
1 

rl = hN1+I,··· ,I'N'}. 
1 

1'6 

1'2 1'1 

Fig. 49 

r l can be considered as the one dimensional boundary of the structure 
O. In Fig. 49, r l = {1'5, 1'6, 1'7}. The rod members 0 1 and the one 
dimensional boundaries r l are merged into 

0 1 + rl = hI,·· . ,I'NllI'Nl+1,· .. ,I'N~} 

the set of all line elements of the structure. The boundary of the structure 
o can be considered to be composed of r = {r\ rO}. 

Inverse boundary 
The connection of various members in a structure is mainly described 

using the boundary relation a, where the boundary aA of a p-dimensional 

element A is (p - 1 )-dimensional. We can also recognize the internal con­

nection among the members through an inverse relation a-I, i.e., defining 

a(p + 1 )-dimensional inverse boundary a-I A for a p-dimensional element 

A. For an arbitrary line element. I' E 0 1 + r l , its inverse boundary 
a-II' is defined as a set of all plate members having I' as a segment of 
the boundary. Similarly, for an arbitrary point element 8 E rO, a-18 is 

defined as a set of all rod members having 8 as a boundary point. For 

example, in Fig. 49, a- l l'7 = {,Bl' ,Bd, a-ll'l = {,B2}, a-184 = h3,1'4}. It 
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is easy to see that, 

for "( E 0 1 + r l , (3 E 0 2 : "( E 8(3 {::::=:} (3 E 8-1,,(, 

for 8 E ,,(0, "( E 0 1 : 8 E 8"( {::::=:} "( E 8-18 . 

. Global coordinates and local coordinates 
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In the plane of a structure, take a right hand orthogonal coordinate 

system (Xl, X2) as the reference coordinates, called the global coordinates. 
Further, for each point (8), line ("() or area ((3) element in 0, choose a lo­

cal right hand orthogonal coordinate system (xi,x~), (xI,xD, or (xf,xg), 
respectively. In the plane, however, there is no loss in using the global 

coordinates as the local coordinates of point elements and of area elements: 

(Xl, X2) = (xt xg) = (xf, xg). 

For a line element ,,(, we adopt the convention that xI is its longitudinal 

direction and x~ is its transverse direction, so that xI and x~ form a right 
hand system and an end point 8 of"( is the origin of the local coordinates. 
Suppose the global coordinates of 8 are (6,6), and the angle measured 
from the Xl-axis to X I -axis in the anticlockwise direction is (lY. Then 

the transformation relations between the global coordinates and the local 

coordinates are (See Fig. 50), 

Let 

{
Xl = 6 + xI cos()'Y - x~ sin()'Y, 

X2 = 6 + xI sin()r + x~ cos()'Y. 

L-__ -L~____________________ Xl 

Fig. 50 

aI2 ] = [ cos ()'Y 

a~2 sin ()'Y 

- sin ()'Y ]. 

cos(r 

(2.1) 

(2.2) 
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The coordinate unit vectors eI and e~ of the local coordinate system have 
global components 

eI = (all,a~lf = (cos(P,sinO'Y)T, 

e~ = (aI2' a~2)T = (- sin'Y, cos o'Yf. 
(2.3) 

A plane displacement vector U can be expressed in terms of the unit 
vectors el = (1, O)T, e2 = (0, If of the system of global coordinates as 

2 

U = LUiei, 
i=l 

where Uj are called the global components of the displacement. The same 
displacement can also be expressed in terms of the unit vectors on the 
system of local coordinates eI and e~ as 

2 

U = LuJeJ, 
i=l 

where uJ are called the local components of the displacement. We can see 
from the transformation relations (2.1) that the transformation relations 
between the global and local components of the displacement are 

i.e., 

2 

Ui = LaJ;uJ, 
j=l 

u = A'Yu'Y, U = (ul,u2f, u'Y = (uI,u~f. 

(2.4) 

Since the transformation matrix AI' is an orthogonal matrix, (A'Y)-l 
(A'Yf. Hence 

2 

uJ = LaJ;ui' (2.5) 
i=l 

i.e., 

These transformation relations are also applicable to any plane vector such 
as the force f. The rotation angle W3 in the plane is essentially a rotation 
about x3-axis perpendicular to the (Xl - x2)-plane, and as a rotation 
vector, it points to the x3-axis. Hence its magnitude remains unchanged 
after the rotation of the coordinates in the plane, i.e., 
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W3 = wI· 
A similar invariant relation also applies to the moment M3 in the plane 
and so on. 

Oriented connection between the members 
Since we have prescribed an individual right hand system (global or 

local) for the point, line, or area element, we have also prescribed a "di­
rection" for them. In all of the following discussion, every element will be 
considered as oriented. 

The boundary 8/3 of each area element /3 has an outward normal direc­

tion nf3, which lies in the plane of the area element. Choose a tangential 
direction t f3 to the boundary 8/3 so as to construct a right hand system 
{nf3, t f3 }. On the other hand, suppose there is 8 line element 'Y E 8/3 the 
tangential direction t f3 on 'Y is denoted by [tf3p. According to the conven­
tion for local coordinates of a line element, the longitudinal unit vector 
of 'Y is el. We say that /3 and 'Yare conforming when el has the same 
direction as [tf3]"Y' and we say that /3 and 'Y are inverse when el is opposite 
in direction which is reverse to [tf3]"Y (Fig. 51). Then, for arbitrary area 
element /3 and line element 'Y, we define the oriented connection relations 
by 

{ 

0, if'Y ¢ 8/3, 

e(/3, 'Y) = 1, if'Y E 8/3 

-1 if'Y E 8/3 

Consequently, 

if /3 and 'Yare conforming, 

if /3 and 'Y are inverse . 

'Y E 8/3 => [tf3]"Y = e(/3, 'Y )el, [nf3 ]"Y = -e(/3, 'Y )el. (2.6) 

Similarly, each line element 'Y has a longitudinal unit vector el. For 
a point element 8 E 8'Y, if el is directed toward the point 8, then we say 
that 'Y and 8 are conforming (82 in Fig. 51). If el is directed away from 
the point 8, then we say that 'Y and 8 are inverse (81 in Fig. 51). Then, 
for arbitrary line element 'Y and point element 8, the relations of oriented 
connection can be defined by 

,(f3,-y) ~ { 
0, if8¢8'Y, 

1, if8E 8'Y, if 'Y and 8 are conforming, 

-1, if8E8'Y, if 'Y and 8 are inverse . 
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Using this notation, the ordinary definite integral formula can be written 

as 

This expression is convenient when the problem becomes complicated . 

• • r 

Fig. 51 

As stated above, a connection relation c({3, I) can be determined for 

each area element (3 and line element I' Hence a matrix c({3j"k) can 
be formed for all area elements and line elements. Similarly, a matrix 
c ( Ik, 81 ) can be formed for all line elements and point elements. These two 
matrices are called the connection matrices. They qualitatively describe 
the connection relationship, i.e., the topological relationship among the 
various members inside the structure. 

2.2 Fundamental members 

A plane structure has only two basic kinds of members: the one dimen­

sional plane rod in stretching and bending and the two dimensional thin 
plate in stretching. Using the notation of the preceding chapters, we now 
summarize their geometric and mechanical essentials as follows. 

1. One dimensional rods. 

Local coordinates: xl, i = 1,2. Longitudinal coordinate is xl, and 
transverse coordinate is x~. x~ = 0 on the rod. 

Fundamental variables: displacements ul (Xl), i = 1,2, longitudinal 

displacement uI, transverse displacement u~ and rotation angle W3 = ddu~. 
Xl 



§2 Plane Composite Structures 

Transformation of coordinates: 
2 

U = Alul, Ui = 'L,a'buJ, i = 1,2, 
j=l 

2 

uJ = 'L,a'bui' j = 1,2. 
i=l 
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(2.7) 

All the following quantities are expressed in the local coordinates. 

Strains: 

tension 

bending 

Stresses: 

tensile force 

Ql = Ql(u) = EAcl1(u); 

bending moment 

shearing force 

Q _ QT( ) __ dM3 (u) 
2- 2n- d . 

Xl 

Here, A denotes the area of the cross section and h3 denotes the moment 
of inertia of the cross section about the x3-axis which is normal to the 

(Xl - x2)-plane (Fig. 52). 
The strain energies: 

tension 

~D1(u, u) = ~ 1 Ql(u)cl1(u)d')' = ~ 1 EAcil(U)d')', 
2 2 I 2 I 

which depends only on Ul; 

bending 

~D;(u, u) = ~ 1 M3(U)K3(U)d')' = ~ 1 EI33K~(u)d')', 
22121 

which depends only on U2; 

total 

~DI(u,u) = ~Di(u,u) + ~D;(u,u). 
2 2 2 
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L-___________ -. Xl 

Fig. 52 

Functionals of virtual work: 
tension 

Di(u,v) = i QI(u)en(v)d,), = i EAen(u)en(v)d')'; 

bending 

DJ(u,v) = i M3(U)K3(V)d')' = i EI33K3(u)K3(v)d')'; 

total 

D'Y(u,v) = Di(u,v) + DJ(u,v). 

Strainless states: 
tension 

i.e., 

Loads: 

Di(v,v) = 0 -¢=> en(v) == 0 -¢=> VI = al; 

bending 

DJ(v,v) = 0 -¢=> K3(V) == 0 -¢=> V2 = a2 + b3xl, W3 = b3; 

total 

D'Y(v, v) = 0 -¢=> en(v) == K3(V) == 0 

forces 

(2.8) 
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Potential energies of external work: 

tension - Fi(v) = - J, !tVI&Y, 

which is depending only on VI; 

bending - Fi ( v) = - J, h V2d'Y, 

which is depending only on V2; 

total - F'Y(v) = -(Fi(v) + n(v)). 

Total potential energy: 

Green's formulas: 
tension 

bending 

1 
P(u) = "2 D'Y ( U, u) - F'Y(u). 

D~(u,v) = 1 ( -d~2(U))V2d'Y 
'Y Xl 

total 

+ 2: C:('Y,c:)[Q2(U)V2 + M3(U)W3(V)]b; 
bEa'Y 

D'Y(u,v) = 1 t ( - d~i(U))Vid'Y + 2: c:("(,8) 
'Y i=l Xl bEa'Y 

2 
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(2.9) 

x [2: Qj(U)Vj + M3(U)W3(V)k (2.10) 
j=l 

Elastic support: the elastic energy of coupling should be included in the 
strain energy when the rod member has elastic couplings with the external 

region. 

Strain energies: 

! D'Y ( U, u) must be increased by ! 1 CI u~ d'Y, 
2 2 'Y 

! D~ ( u, u) must be increased by ! 1 c2u~d'Y. 
2 2 'Y 

Functionals of virtual work 
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D;{u,u) must be increased by i CUIUIVld" 

D;{u,v) must be increased by i C2U2V2d ,. 

The first term at the right hand side of the Green's formula for D'Y (u, v) 
should be rewritten as 

I t ( -dQi{U) + CiUi)Vid" 
'Y i=l dXI 

where Ci ~ 0 is the constant of coupling. 
2. The two-dimensional plate member 
Local coordinates = the global coordinates: 

Xi = x~, i = 1,2. 

Fundamental variables: 

displacements Ui = U~{XbX2)' i = 1,2; 
. 1 (aU2 aUI) rotatIOn angle W3 = - -a - -a . 

2 Xl X2 
Transformation of coordinates: 

U = uf3. 

Strains: 

i,j = 1,2. 

Stresses: 
2 

Qij = Q~{u) = hUij = D'[{1-v)cij + V(Eckk )8ij ], i,j = 1,2, 

Tensile rigidity: 
D'- Eh 

- 1- v 2 ' 

where h is the thickness (Fig. 53a). 
Strain energy: 

k=l 
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(3 

{3 -Xl 

Ql1 

--r-------------~~ Xl 

(a) (b) 

Fig. 53 

Functional of virtual work: 
2 

Df3(u,v) = Ii L Qij(U)E:ij(v)d{3 
f3 i,j=l 

2 2 

= li D'[(1-V) L E:ij(U)E:ij(V)+V(LE:kk(U)) 
f3 iJ=1 k=l 

2 

X ( L E:kk( V))] d{3. 
k=l 

Strainless states: 

i.e., 

Loads: 

Df3(v, v) = 0 {::::::::} VI = al - b3X2, V2 = a2 + b3Xl, W3 = b 3 , 

forces 

Ii = ff(XI, X2), i = 1,2. 

Potential energy of external work: 
2 

-pf3(v) = - Ii LIivid{3. 
f3i=1 

Total potential energy: 
1 

Jf3(u) = -Df3(u,u) - Ff3(u). 
2 

(2.11) 

(2.12) 
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Green's formula: 

DP(u, v) = ff t ( -t OQij~U))Vid{3 
JJ P i=l j=l ox) 

2 

+ L 1 L Qjn(U)Vjd'Y 
rEap 'Y j=l 

(2.13) 

2 

where Qjn(u) = L Qjk(u)nk,n = (nl,n2f the outward normal to o{3 
k=l 

(Fig. 53b). 
Elastic support: the potential energy of the coupling must be included 

in the strain energy when the plate member (3 has elastic couplings with 
the external region. Suppose the elastic reaction force per unit area is 

2 

- L~Uj, i = 1,2. Then, strain energy !DP(u,u) should be increased 
j=l 2 

by ~ fi .t ~~uiujd{3, functional of virtual work DP(u,v) should be 
P ~,)=1 

2 

increased by fi L ~uivjd{3. 
P i,j=l 

Green's formula: the first term.in the Green's formula (2.13) for 
DP (u, v) should be rewritten as 

Jf, t [t ( - O~j~u) +~uj)]vid{3, 
Pi=l j=l x) 

where [~kj=1,2 is a symmetric positive definite or positive semi-definite 
matrix of the couplings. 

2.3 The rigid connection 
For a compound elastic structure, it is still necessary to satisfy specified 
continuity conditions at the joints of the various members. Let us first 
discuss the case where the members are rigidly connected. In this case, 
we have the continuity of displacements and the specified continuity of 
rotation angles. 

For the sake of convenience, the values taken by the global displace­
ment u (correspondingly, the local displacement u'Y) on the area element 
(3, on the line element 'Y, and on the point element li are denoted in 
terms of [ulp, [uh, [ulo([u'Ylp, [u'Yl'Y' [u'Ylo), respectively. The value on the 
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boundary line element, taken by the global displacement [ul.a on the 

area element (3 is denoted by [ul.a" , and so on. Sometimes, [u'h will be 
abbreviated u'. 

Continuity of displacements (to transfer forces). 

1. The continuity of displacements at a joint of members with the 
same dimension. 

(i) The displacement is continuous when two rod members, and " 
are connected at the point 8: 

[ul"a = [uh',a. 

(ii) The displacement is continuous when two plate members (3 and (3' 
are connected on a line element, which is not a rod member 

[ul.a" = [ul.a',,. 

It follows that, on the boundary elements 8 E rO and, E r1 there exist 
single-valued displacements [ula and [ul, satisfying 

[ula = [uh,a 
for any rod member , connected at the point element 8, 

[uh = [ul.a" 
for any plate member (3 connected on the line element ,. 

2. The displacement is continuous: [uh = [ul.a", when the members 
with different dimensions, i.e., the rod member, and the plate member 
(3(r E 8(3), are connected. It follows that, on the rod member r E n\ 
there also exists a single-valued displacement [u],. 

The continuity of rotation angles (to transfer moments). 

The rotation angle is continuous when two rod members, and " are 
connected at the point 8 : [w31"a = [w31",a. It follows that, on every point 
element 8 E rO, there exists a single-valued rotation angle [w31a satisfying 

[w3la = [w3h,a 
for any rod member , connected at the point member 8. 

Note that, in relation to the continuity of rotation angles of the rigid 
connection, there is only one requirement for the plane structure, i.e., the 
different rod members have the same rotation angle W3 at the joint point. 
It is not required that two members have the same rotation angle W3, on a 
joint line, when a plate member is connected with another plate member 
on the line element , or a rod member , is taken as the boundary of the 
plate member. This is illustrated by the following two examples. 
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Example 1. Suppose two blocks of thin 
plates f3+ and f3- are rigidly connected 

on a line segment / (Fig. 54). For the 
plate f3-, the rotation angle is 

wt = !(aU; _ aU;), 
2 aXI aX2 

L---------------__ Xl 
For the plate f3+, the rotation angle 

IS 

Fig. 54 
1 (au+ au+) - 2 1 W -- -------

3 - 2 aXI aut· 

If we require that the rotation angles on the joint line / are equal to 

each other: [wtll' = [w3h, then 

[aut aut] [aU; au!] 
aXI - aX2 l' = aXI - aX2 1" 

Since f3+ and f3- are rigidly connected on /, from the continuity of dis­
placement, we have 

so that, 

[aut] [aU;] 
aXI l' = aXIl" 

hence 

[aut] [au!] 
aX2 l' = aX2 1" 

It follows that 

1 [aut aut] 1 [aU; aU!] 
2 aXI + aX2 l' = 2 aXI + aX2 1" 

This implies that, on the joint line /, the shear strains satisfy [ct21l' = 

[c!21"Y' 
On the other hand, one can see from the interface condition, which 

must be satisfied on the internal interface in an elastic body (the equilib­
rium equations on the interface derived as the natural boundary condition 
of the variational problem) in §5 of Chapter 2, that the shearing force Q12 

satisfies 
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Hence the requirement that the rotation angles are equal on the joint line 

" leads to 

[~]+ = [~]-. 
l+v l+v 

The plate members {3+ and {3-, however, may have different thickness or 

may be of different materials, hence the constants [ Eh ] + and [ Eh ]-
l+v l+v 

may be different, a contradiction. Thus, the rotation angles W3 on the 
joint line of two plate members will not in general be equal. 

Example 2. Suppose a rod, is taken as the boundary of the plate {3 
and is rigidly connected with the boundary (Fig. 55). 

The rotation angle of the plate is 

[W3J.S = ~ (8[U21f3 _ 8[Ul1(3 ), 
2 8Xl 8X2 

and the rotation angle of the rod is 

[ 1 - d[U2h 
W3"Y - -d--' 

Xl 

9 

- g 

Fig. 55 

If the rotation angles on , are required to be equal to each other, 

[w31f3,"Y = [w31"Y' then 

1 [8[u21f3 8[ul1f3] _ d[u21"Y 
"2 a;;- - 8X2 "y - ~. 

Since, and {3 are rigidly connected, from the continuity of displacements, 

we have, 

so that 
[8[u2Jf3] = 8[U2Jf3,-y = d[U2J"Y . 

8Xl "y 8Xl dXl 
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Thus 
~ [8[U2 lf3 + 8[Ul lf3] = o. 
2 8Xl 8X2 'Y 

This implies that, on " the shear strain of the plate satisfies [c-~2l'Y = 0, 
so that the shearing force vanishes, 

f3 _ Eh f3 _ 
[Qd'Y - --[c-d'Y - o. 

l+v 
As illustrated in Fig.55, let us now apply the loads to the three seg­

ments of the boundary of plate /3, and apply a longitudinal line load to 

the rod ,. Let 9 = Eh . Suppose the surface load is equal to zero. Then 
l+v 

the equilibrium equations of this plane composite structures are 

8Q~1 + 8Q~2 _ 0 
8Xl 8X2 - , 

8Qgl + 8Q~2 _ 0 
8Xl 8X2 - , 

plate /3 : 

f3 _ Eh f3 f3 
Q11 - 1 _ v2 (c11 + vC22)' 

f3 _ Eh 2 f3 
Q22 - 1 _ v2 (Vc11 + c22)' 

f3 _ f3 _ Eh f3 
Q 12 - Q2l - --c12· 

l+v 
The boundary conditions for the plate are: 

{ 

BC: Q~l = 0, Qgl = g, 

DC: Q~2 = g, Q~2 = 0, 

AD : Q~l = 0, Qgl = g. 

The equilibrium equations for the rod, are: 

.. d2 [ull'Y f3_ 
tenSIOn. - EA d 2 - Q12 - -g, 

Xl 

. d4 [Ulh f3 
bendmg : EI33 d 4 + Q22 = O. 

Xl 

It is easy to verify that, this equilibrium problem has a (nonunique) 

displacement solution of the following form: 

/3. ,. { 
[ullf3 = Ul(XI, X2) = X2, { [ull'Y = 0, 

[u21f3 = U2(XI, X2) = Xl· [U21'Y = Xl· 
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Because of the rigid connection, this solution satisfies the continuity 

conditions of the displacements for the rod "I and the plate (3: 

[Ul],8,I' = Ul(Xl,O) = 0 = [Ul]I" 

[U2],8,I' = U2(Xl, 0) = Xl = [U2h­

Further, in the plate (3, we have 

Q,8 _ Q,8 _ 0 Q,8 _ Q,8 _ Eh _ 9 
11 - 22 -, 12 - 21 - -- - • 

1+v 
So that, the equilibrium equation and the boundary conditions of the plate 

are satisfied. On the rod "I, since d2ju~h = d1u~h = 0, the equilibrium 
xl Xl 

equation of the rod is also satisfied. 

Although this displacement solution is not unique and may differ by 

a plane rigid displacement, the stress is unique. However, we have the 

shearing force Qf2 = 9 in the interior of the plate (3, so that 

,8 _ _ Eh 
[Qdl' - 9 - 1 + v ¥= O. 

This contradicts the conclusion that [Qf2]I' = 0, which was derived above 
from the requirement that on "I the rotation angles are equal. Therefore, 
when.a rod is taken as the boundary of a plate and is rigidly connected 

with the boundary, it is not in general true that the rod and the plate 
have the same angle of rotation on the joint line. 

2.4 Boundary conditions 
The boundary of a plane composite structure is simply divided into two 
parts: the one dimensional boundary r l and the null dimensional bound­
ary rO. These will be illustrated as follows. 

1. The one dimensional boundary rl, "I E rl. 
The plane stress mode for thin plates, as the geometric boundary con­

ditions, the displacement can be prescribed. E.g. 

'" . uI' - u-I' ,; - 1 2 /·i-i'·-'· 

When "I is subjected to line loads Ii, i = 1,2, the potential energy of 

external work is 

(2.14) 
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'Y may also be subjected to the elastic support. Suppose 'Y is subjected to 
2 

per unit length elastic reaction forces - L c~u], i = 1,2. Then the strain 
j=l 

energy is 

and the functional of virtual work is 

2. The null dimensional boundary rO, 6' E rO. 
In the stretching and bending mode for plane beams, the displace­

ments and the rotation angle or only a part of them can be prescribed as 

geometric boundary conditions 

Suppose the point 6' is subjected to point force loads [fils, i = 1,2 and 

a moment load [m3Jo. Then 

the potential energy of external work is 

2 

-Ft2(V) = = L[fils[Vils, -Ft(v) = -[m3ls[W3ls, 
i=l 

(2.15) 

The point 6' may also be elasticly supported. Suppose the elastic re-
2 

action forces are - L cfj[ujls, i = 1,2, and the elastic reaction moment 
j=l 

IS -C3W3,S. Then the strain energies are 
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and the functionals of virtual work are 

2 

Df2(U,V) = L C~j[Ui]o[Vj]O, 
i,j=l 

Dg(u,v) = C3[W3(U)]o[W3(V)]o, 

DO(u,v) = Df2(U,V) + Dg(u,v). 
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Note that, the corresponding loads [fi]o (or [m3]o) are not in play whenever 
the geometrical constraint Ui (or W3) has been prescribed. 

2.5 The pinned connection 

We have discussed above the completely rigid-connected plane structure, 
at the joints of its members, in which the three continuity conditions of 
the displacements and the rotation angles (see Section 2.3) are satisfied. 
In practice structure may also have nonrigid connections, i.e., at some 

specified "joints", the continuity condition may be relaxed or partially re­
laxed, which brings about an increase in the number of degrees of freedom 
of the displacement or of the rotation angle. 

One kind of nonrigid connection is to relax the continuity of the dis­
placement, i.e., the displacement at a joint may be discontinuous, so that a 
dislocation can arise. We will not discuss this possibility. Another kind of 
nonrigid connection encountered more frequently in practice still retains 
the continuity of displacement but relaxes the continuity of rotation angle, 
i.e., there is a certain rotational freedom between the members. Such a 
joint that can transfer the forces but not moments is a loose-leaf hinge. In 
general, this kind of joint is called a pinned connection. For plane com­
posite structures, the pinned connection only appears at joints between 
rods. At the pin-connected point, the rotation angles are no longer single­
valued. As a result, the loaded mode, the expression of potential energy, 
and even the form of the equilibrium equations will all be modified. 

Suppose 8 E rO is a pin-connected point. Let 8-18 be a set of all rod 

members II, ... "q intersecting at 8. These rod members are divided into 
p groups of pinned connection, and denoted by 81"18, ... ,8;18: 

In each group 8;18, the individual rod members are mutually rigidly con­
nected, and the rotation angles at the point 8 have a common value which 
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is denoted by [w31a:-1t5,t5' then 
J 

[w31a:-1t5,t5 = [w31-y,t5, for any 'Y E a;18. 
J 

The various groups are mutually pin-connected. Hence at the point 8 
there are p independent values of the rotation angle, 

[w31a:-1t5,t5' j = 1"" ,p, 
J 

instead of a single-valued [w31t5 for the completely rigid connection. 
The case p = 1 corresponds to a completely rigid connection, and the 

case p = q to a completely pinned connection: a;18 = 'Yj,j = 1"", q. In 
the latter case, the rotation angles at the joints of various rod members are 
completely independent, having totally q independent values: [w31rj,t5, j = 

1,"·,q. 
In the group-pinned connection above, each rigidly connected group 

a;18 can be subjected to moment loads 

[m31a:-1t5,t5' j = 1"" ,p, 
J 

at the point 8, totalling P moment loads instead of a single [m31t5 for 
the rigid connection. Consequently, it produces the potential energy of 
external work 

(2.16) 

instead of -Ft(v) = -[m31t5[w31t5 for the rigid connection. In general, all 
such moment loads vanish at the pin-connected point, i.e., 

Ft(v) = O. 

Principally, the values of the rotation angles [w31a:-1t5,t5,j = 1"" ,p can 
J 

also be prescribed as geometric constraint conditions at the pin-connected 
point 8. 

2.6 Variational principles 
Suppose we have a plane structure a as defined above. A two dimensional 
member f3 E 0 2 and an one dimensional member 'Y E 0 1 of a have their 
own elastic structures and strain energies. All of them can be subjected 
to loads and produce potential energies of the external work. A one di­
mensional boundary element 'Y E r 1 and a null dimensional boundary 
element 8 E rO of a can also be elasticly supported and then have elastic 
energies of the coupling to be included as the strain energies. They can 
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also be subjected to loads and have the corresponding potential energies 

of external work. Adding up all such potential energies, we obtain the 

total strain energy, the corresponding functional of virtual work and the 

total potential energy of the external work: 

~D(u,u) = '" ~Df3(u,u) + '" ~DI'(u,u) 2 L..,.. 2 L..,.. 2 
f3E02 I'Eo1+r1 

'" 1 0 + L..,.. 2D (u, u), 
oEro 

D(u,v) = L Df3(u,v) + L DI'(u,v) 
f3E02 I'Eo1+r1 

-F(u) = -{ L Ff3(u) + L FI'(u) 
f3E02 I'Eo1+r1 

+ L FO(u)}. 
OEro 

The total potential energy of the whole structure n is 
1 

J(u) = 2D(u,u) - F(u). 

(2.17) 

(2.18) 

(2.19) 

Suppose the structure is completely rigid-connected. Then Ui, i = 
1,2 and W3 must satisfy the continuity conditions 1. to 3. in Section 
2.3. Besides this, we can impose geometric boundary conditions on the 
boundary of n, i.e., we can fix the displacement on a boundary line 'Y E r 1 

and both the displacement and the rotation angle on a boundary point 
8 E rO, thus we have prescribed a set of geometric constraints. By the 
variational principle, the displacement of the equilibrium configuration 
u under the prescribed constraints makes the total potential energy a 

mInImum: 

J(u) = Min. (2.20) 

This is equivalent to the principle of virtual work, 

D( u, v) - F( v) = 0, for any virtual displacement v. (2.21) 

From (2.21), the equilibrium equations on the various parts of the struc­
ture and on its internal and external boundaries can then be derived by 
the use of Green's formula. 
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2.7 Equilibrium equations 

For the sake of simplicity, no elastic support will be considered below. 

Using the Green's formula (2.13) for Df3(u,v) and transforming the dis­
placements Vj expressed in global coordinates in the line integral term into 

the local coordinates of, through the transformation formula (2.7), we 

obtain 

VP(u,v) = f~t. ( -t. a~~~u))[Vi[pd~ 
2 

+ L 1 L Qjn(U) [Vj] f3,'Y d, 
'YE8f3 'Y j=l 

= lft. ( -t. ~~~u))[Vi[Bdf3 
(2.22) 

Similarly, using the Green's formula (2.10) for D'Y(u,v) and transforming 

the displacements v f expressed in local coordinates on the boundary points 

into global coordinates (the coordinates of a point 8 are just the global 
coordinates), we obtain 

+[M3( u )]'Y,C[W3( v )]-y,c] 

= it. ( -d~~U))[v7[,d7 
2 2 

+ L: c({, 8) [L: (L: Q](u)a0) [Vi]'Y,6 
CE8'Y i=l j=l 

(2.23) 
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Substituting (2.22) and (2.23) into (2.18), we obtain 

2 

+ L L Qjn(u)a~[v71t3,-y]d, 
t3E8- l -y j=I 

2 2 

+ L L 1 L L Qjn(u)aJn(u)aJi[v71t3,-yd, 
-yErl t3E8- l -y -y i=I j=I 

2 2 

+ L L c:(,,8) [ L (LQJ(u)alj)[vi]-Y,6 
6Ero -yE8- l 6 ji=I j=I 

(2.24) 

From (2.19) and the potential energies of external work on various ele­
ments, (2.9), (2.12), (2.14) and (2.15), we obtain 

2 2 

F(v) = L 11 L[fi]t3[Vi]t3d~ + L 1 L[J7]-y[v71-yd, 
t3EOl ~i=l -yEQl -Yi=l 

2 2 

+ L 1 L[N]-y[v71-yd, + L (L[Ii]6[Vi]6 + [m3]6[W3]6). 
-yErl -y i=l 6Ero i=l 

(2.25) 
(2.24) is just the general Green's formula no matter whether the structure 
is rigidly connected or not. According to the continuity conditions in 
Section 2.3, when n is completely rigidly connected we have 

[v71-y = [v71t3m i = 1,2, for any ~ E a-I" 
[Vi]6 = [Vi]-y,t3, i = 1,2, for any, E a- I 8, 

[W3]6 = [W3]-y,6, for any, E a- I 8. 

Then, from (2.24) and (2.25), we obtain 
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D(u,v) - F(v) = L 11 t [ -t 8~j~U) 
[3En2 [3 i=l j=l X J 

] '" 1 {-- [-dQ7(u) - [h][3 [vi][3d,B + LJ LJ d \ 
rEnl 7i=1 Xl 

2 

+ L L Qjn(u)aJi - [flh] [v717d, 
[3E{J-l7 j=l 

2 2 

+ L 1 L [ L L Qjn(U)d]i - [flh] [v7hd, 
7Erl 7 i=l [3E{J-1 7 j=l 

2 2 

+ L L [ L c(,,8) L QJ(u)aJj - [!i]8] [Vi]8 
8Ero i=l 7E{J-l8 j=l 

+ L [ L c(T18)[M3(U)h,8 - [m3]8] [W3k 
8Ero 7E{J-l8 

(2.26) 

Now suppose that no geometric constraint is imposed on the bound­
aries rl and rO. Then the necessary and sufficient condition for the valid­

ity of (2.21) is that every bracket in (2.26) vanishes, i.e., [ ... ] = O. From 
the above, we obtain the following equilibrium equations 

-t a~j(u) = [!i][3, i = 1,2, f3 E 0 2 , 

j=l Xj 
(2.27) 

-dQJ(u) '" {--[Q ()] 7 [f7]' 2 d 7 + LJ LJ jn u [3,7aji = i 7' 'Z = 1, 
Xl [3E7j=1 

(2.28) 

2 

L L[Qjn(U)][3,7aJi = [flh, i = 1,2, , E rl, (2.29) 
[3E{J-l7 j=l 

2 

L c(T,c) L[QJ(U)]7,8ai; = [!i]8, 8 E rO, (2.30) 
7E{J-l8 j=l 

(2.31) 
7E{J-l8 

We can see from the equations above that the equilibrium equations 
(2.27) on the two-dimensional plate member 0 2 are just the equilibrium 
equations for a single plane stress plate without considering the coupling. 
Compared with the ordinary equilibrium equation of a single rod member, 
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there is one more term, i.e., the second term on the left hand side of the 
equations (2.28), which arise from the plate couplings. Because of the 
continuity of displacements, forces are transferred from the plate to the 
rod. Whenever geometric constraints are prescribed on r1 and rO so as to 
fix the displacement component Ui or the rotation angle W3 at some point, 
the equations containing Ii or rn3 are displaced locally, while all the other 
remain unchanged. 

Equilibrium equations of moment at pin-connected points. 
Assume that the structure described above is completely rigid-connected. 

Let us now see how to modify the equilibrium equation for the moment 
(2.31) at the pin-connected point 8. Consider the simplest and also the 
most often encountered case, that in which the point 8 is completely pin­
connected. In that case, the rotation angles [W3]rj,6 at the point 8 of the 
individual rods 'Yj in 8-18 = bb ... , 'Yq} are independent of one another, 
so the rotation angle has q degrees of freedom at 8. Suppose all moment 
loads for the individual degrees of freedom vanish. Then the potential en­
ergy of external work at the point 8 is Fff(v) = 0 according to (2.16). Due 

to the independence of the rotation angles [W3]rj,6, j = 1"", q, we can 
see from the principle of virtual work (2.21) that, there are q equilibrium 
equations for the moment at the point 8, 

8 E rO: [M3 (u)]"Yj,6 = 0, j = 1"" ,q, (2.32) 

instead of the single equation (2.31) for a completely rigid connection. 
(2.32) says that the bending moment of the individual pin-connected rod 
members at the pin-connected point vanishes. 

Since the displacements VI and V2 at a pin-connected point are con­
tinuous, as in the case of a rigid connection, the other two equilibrium 
equations (2.30) at the point 8 remain unchanged. 

2.8 Strainless states 
Consider a geometrically unrestrained, free elasticaly supported, and com­
pletely rigid-connected plane structure. For the strainless states are given 

by 

D(v,v) = 0 -¢:::::} D{3(v,v) = D"Y(v,v) = 0, for any {3 and 'Y. 

Hence, from (2.8) and (2.11), that any strainless state is a plane rigid 
body displacement on each plate or rod member. In global coordinates, 
they are 
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VI = af -I{X2' V2 = a~ + b3xl, (Xl, X2) E (3, 

VI = aI - bJX2, V2 = a1 + bJxl, (Xl, X2) E 1, 

respectively. On each member, there are two translation parameters al 
and a2 and one rotation angle parameter b3. It follows easily from the 

rigid connection condition that these three parameters are equal on the 

different members. For example, if the plate members (31 and (32 are 

rigid-connected on the line element 1, then, according to the continuity of 
displacements, 

[Vl].Bl,'Y = [Vl].B2,"Y' [V2].Bl,"Y = [V2].B2,"Y" 

That is, for (Xl, X2) E 1, we must have 

(afl - af2) - (I{l _1{2)X2 = 0, 

(a~l - a~2) + (b~l - b~2)Xl = 0. 

It follows that 

Similarly, if a plate member (3 is rigid-connected with a rod member 

1, then, according to the continuity of displacements, 

[Vl]"Y = [Vl].Bm [V2]"Y = [V2].Bm 

That is, for (Xl, X2) E 1, we must have 

so that 

(af - aD - (I{ - bJ)X2 = 0, 

(a~ - a1) + (I{ - bJ)Xl = 0, 

a.B-a"Y a.B-a"Y ,B_b"Y 
1 - l' 2 - 2' 0'3 - 3· 

Moreover, if the rod members 11 and 12 are rigid-connected at a point 
element 8, then, from the continuity of displacements, 

[Vl]"Yl,8 = [vlh2,8, [V2]"Y1,8 = [V2]"Y2,8. 

That is, for the point (Xl, X2) = (x8, x~), we must have 

(all - all) - (bJl - bJ2)X~ = 0, 

(a~l - a~2) + (bIl - bJ2)xi = 0. 

Again, from the continuity of rotation angles we have 

[W3]"Yl,8 = [w3h2,8, 
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I.e., 

[OV2] [OV2] 
OXI ,1,8 = OXI ,2,8· 

Hence bJl = bJ2. Substituting this equation into the expression above, we 
immediately obtain 

This shows that the displacement field of the strainless state of the whole 
structure is a plane rigid displacement having three degrees of freedom 
in all. Therefore the strain energy D( v, v) is degenerate under the unre­
strained condition. Let 

then 

Any strainless state v can be expressed as a linear combination 

v = al v(1) + a2v(2) + b3v(3). 

(2.33) 

The prerequisites for the existence of solutions to an unconstrained equi­
librium problem are 

F( v(i)) = 0, i = 1,2,3, (2.34) 

where 
2 2 

F(v) = L 11 L[Ii]{3[vi]{3d{3 + L 1 L[II],[v71,d-y 
{3E02 {3i=l ,E01+r1 'i=l 

2 

+ L (L[Ji]8[Vi]8 + [m3]8[W3]8). 
8Ero i=l 

Transforming the second term in the integrand of the above expression 

from local cQ-Ordinates into global coordinates, and letting 

[ l' 1 [ v' 1 !' = 1 v, = 1 

, J ' " 12 v2 

according to the transformation formula (2.4), in global 'coordinates the 

force ! and the displacement v are 

! = A'!', v = A'v', 
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where, A'Y is an orthogonal matrix, i.e., (A'Y)-l = (A'Yf. Thus, we have 

2 

LflvJ = (f'Y,v'Y) = ((A'Y)-lj,(A'Y)-lv) 
i=l 

2 

= (f,v) = L!ivi. 
i=l 

So that 

2 

F( v) = L 11 [!i]f3 [Vi]f3 [vi]f3dfj + L 1 L[!i]'Y[Vi]'Yd, 
f3E0,2 f3 'YEO,l+r' 'Y i=l 

2 

+ L (L[!i]8[Vi]8 + [m3]8[W3]8). 
8Ero i=l 

Substituting (2.33) into this equation, the prerequisites (2.34) are met i.e., 
the resultant forces in the Xl and X2 directions and the resultant moment 

about the x3-axis all vanish: 

F( v(i)) = L 11 [!i]i3dfj + L 1 [!i]'Yd, + L [!i]8 
i3E0,2 i3 'YEO,l+rl 'Y 8Ero 

= 0, i = 1,2, 

F(V(3)) = L 11 [Xd2 - x2!I]i3dfj + L 1 [Xd2 - x2!I]'Yd, 
i3E0,2 i3 'YEO,l+rl 'Y 

+ L [Xd2 - x2!I]8 + L [m3]8 
8Ero 8Ero 

= o. 

The equilibrium problem is solvable when these three prerequisites have 

been satisfied. However, the displacement solution is only unique up to 

a plane rigid displacement. The stress solution is still unique. As the 

number of geometric constraints or of elastic supports is increased, the 
number of degrees of freedom of the strainless state is reduced until the 
strain energy D( v, v) becomes positive definite and a unique displacement 
is guaranteed. These conclusions are identical with those in the case of 
the single elastic body. 
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§3 Space Composite Structures 

3.1 Geometric description 

A space composite structure is composed of three kinds of elastic members: 

three dimensional elastic body members, two dimensional plate members, 

i.e., thin plates in stretching and in bending, and one dimensional rod 
members, i.e., slender rods in tension, in bending and in torsion. 

For the sake of simplicity, assume that each three dimensional elastic 

body member 0: is a geometrically simply-connected polyhedron, and its 

boundary ao: is composed of four or more polygons (Fig. 56). Next, as­

sume that the two dimensional plate member f3 is a geometrically simply­

connected polygon, and as its boundary af3 is composed of three or more 

line segments. A plate member may be connected with a body member 

its boundary surface (Fig. 57), and also may exist independently. An one 

dimensional rod member, is geometrically a straight line segment, and 

its boundary a, is composed of two end points. As for plane structures, 

a rod member may be part of the boundary of a plate member, i.e., a 

stiffener of a plate member (Fig. 58), and also may exist independently. 

Fig. 56 Fig. 57 

Two body members may have a common interface and be connected 
directly (Fig. 59a), or may be connected indirectly through a plate mem­

ber as their common interface (Fig. 59b). 

Two plate members or more than two plate members, may be con­

nected directly through a common interface line (Fig. 60a), and also may 

be connected indirectly through a rod member as their common interface 
(Fig. 60b). 
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Two rod members or more than two rod members may have a common 

boundary point (Fig. 61). 

Suppose there are N3 body members aI, ... , aN, N2 plate members 

/31,'" ,/3, /3Nl' and NI rod members TI," " TNl • 

(a) (b) 

Fig. 58 Fig. 59 

(a) (b) 

Fig. 60 

Fig. 61 
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They compose a space structure 0: 

The three dimensional, two dimensional and one dimensional parts of 0 
are denoted, respectively, by 

0 3 = {a1, ... ,aN3 }, 0 2 = tB1,···,,BN2}' 

0 1 = {'Yl, ... ,'YNJ. 

As has been stated before, the boundary surface of a body member 
need not be a plate member, i.e., it may be a proper boundary area 
element. Denote such boundary area elements as ,BN2+1,···, ,BN', and 

2 

let 
2 {,B ,B } -2 2 2 r = N2+1, ... , N' , 0 = 0 + r . 

2 

02 can be considered as the set of two dimensional boundaries of the 
composite body o. It contains not only the external boundaries of the 
body members but also the internal boundaries among the body members. 
Thus, the boundary au of an arbitrary body member a may not belong 
to 0 2, but will surely belong to 0 2, i.e., 

a E 0 3 ~ aa E 0 2• 

Like wise, the boundary line of a plate member need not be a rod 
member but may be its own boundary line. Denote such boundary line 
elements as 'Y Nl H, ... , 'Y N{, and let 

r1 = {'YNlH, .. · ,'YN{}, 0 = 0 1 + r1. 

Then we have 

r 1 can be considered as the one dimensional boundaries of the composite 
body 0, which contains the external boundaries of the plate members and 
the common edges among the plate members. Generally speaking, 0 1 still 
does not contain all the line elements of the structure, e.g., there are still 
edge lines on proper boundaries of the body elements, but they are of no 
significance in the following mechanical model and are neglected. 

Denote all the boundary points (a common point is counted only once) 

of the rod members 'Y1, .. . , 'YNl , as D1,···, DNo' and let 

rO = {81 , ... , 8 No}' 
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then, we have 

rO can be considered as the null dimensional boundary of O. It contains 
the external boundary points of the rods as well as the intersecting points 
of the rods. rO still does not contain all the point elements of the structure, 
such as the corner points of the boundaries of the body members and the 
corner points of the proper boundaries of the plate members. The former 
are .of no significance in the mechanical modal of the three dimensional 
elasticity, and can be neglected. However, the latter are significant in the 
mechanical model of thin plates in bending (see (4.30) in §4 of Chapter 
3), and still should be taken into account for the sake of completeness. 
Let such corner points of proper boundaries of the plate members be 

8No+I,"', 8N " and let o 

ro = {80,···,8No,8No+1,···,8~,}:J rOo 
o 

-2 -/ 
An element of 0 is called an area element, an element of 0 is called a 
line element and an element of ro is called a point element. 

Inverse boundaries 

For plane structure, we have already defined the inverse boundaries of 
line and point elements. These concepts are still valid for space structures. 
In addition, define the inverse boundary a-1{3 of an arbitrary area element 
{3 E n2 to be the set of all the body members having {3 as a boundary 
surface. For example, a-1{3 = a in Fig. 57, and a-1{3 = {aI,a2} in Fig. 
59. Clearly, we have 

a E a-I {3 {::=:} {3 E aa. 

Global coordinates and local coordinates 

Fix a right hand orthogonal system (XI, X2, X3) in the space, called the 
global coordinates. Further, define local right hand coordinate system for 
each body member a, area element {3, line element 'Y, and point element 
8 of the structure 0, respectively denoted as follows: 

(x~, x2, xa), (xf, xg, x~), (xI, x~, x'Y), (xt xg, xg). 

In practice, the local coordinates of a body member-a or a point element 
8 are taken to be just the global coordinates 

(X~,X2,Xa) = (x~,xg,xg) = (XI,X2,X3). 
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For the local coordinates (xf, xg, xg) of an area element f3, we adopt 

the convention that xf amd xg are longitudinal directions of the plate, 
i.e., the coordinates in the neutral surface of the plate, and xg is a direc­

tion transverse to the plate, i.e., normal to the neutral surface. Suppose 
(6, 6, 6) is the origin of the local coordinates, then the transformation 
relations between the global coordinates and the local coordinates have 
the form 

3 

Xi = ei + L a~x1, or :z: = e + A,8:z:,8. 
j=l 

The transformation relations between the global components and the local 
components of the displacement are then 

3 

Ui = '" a~"u~ or u = A,8u,8. ~ ~J J' 
j=l 

(3.1) 

The transformation matrix A,8 is an orthogonal matrix, 
following concrete form: 

which has the 

[ 

COS(Xl' x~) COS(Xl' xg) 

A,8 = (a~) = cos(x2,xf) COS(X2,xg) 

COS(X3, xf) COS(X3, xg) 

Hence, (3.1) can be written in inverse form as 
3 

cos(XI, xg) 1 
COS(X2' xg) . 

COS(X3, xg) 

uf = L a1iU j, or u,8 = (A,8f U. 

j=l 

Fig. 62 

(3.2) 

(3.3) 

For the local coordinates (xI,x;,xn of a line element ,",(, we adopt 
the convention that xl is the longitudinal direction, i.e., the straight line 
coordinate of the axis of rod, x~ and xj"are the transverse directions, 
i.e., normal to the axis of rod, and the origin of the local coordinates is 
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located at an end point of the rod. The transformation formulas between 
the global coordinates and the local coordinates are identical with (3.1) 
and (3.3) except that the supercript f3 must be changed to ,. 

Global coordinates and local coordinates are illustrated in Fig. 62. 
Sometimes we want to perform the conversion between local displace­

ment components of adjacent elements. For example, for, E af3, since 

u = A(3u(3 = A'Yu'Y , 

it follows that 

u(3 = (A(3f A'Yu'Y = A(3,'Yu 'Y, A(3,'Y = (A(3f A'Y, 

or 
3 3 

u~ = '" a~!'Yu'Y, a~!'Y = '" a(3k,a'Yk ,. 
Z L...J ZJ J ZJ L...J Z J (3.4) 

j=l k=l 

Oriented connections between members 
In §2 the oriented connection relations e(f3, ,) and e(!, 8) between the 

area element and the line element and between the line element and the 
point element were defined for plane structures. In the case of space struc­
tures, we must also say that the tangent t(3 to the boundary af3 of area 
element f3 must be chosen so as to make {n(3, t(3, e~} a right hand sys­
tem. Here, n(3 denotes the outward normal direction of the area element 
boundary af3 in the longitudinal plane, and e~ denotes the unit vector of 
the transverse coordinate of the area element. 

Now define the oriented connection relations between volume elements 
and area elements. If f3 E aa, denote the outward normal direction to the 
boundary aa of the volume element a by nQ and the part of nQ on f3 
by [nQ](3. We say that a and f3 are conforming if the unit vector of the 

transverse coordinate e~ of the area element f3 is consistent with [nQ](3, 
and we say that a and f3 are inverse if e~ is reverse to [nQ](3 in sign (Fig. 

63). Thus, for an arbitrary volume element a and an area element f3, we 
define the oriented connection relations by 

e(a,/3) ~ { 

0, if f3 rt aa, 

1, if f3 E aa and a and f3 are conforming, 

-1 if f3 E aa and a and f3 are inverse, 

consequently, 

f3 E aa ===} [nQ](3 = e(a,f3)eg. (3.5) 
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3.2 Fundamental members 

249 

[nQl,a = ±c4 

The following models, contain only three kinds of fundamental elastic 
members: 

10. One dimensional elastic members, having the deformation modes 

of slender rods in stretching, in bending, and in torsion (§3, §6, and §7 of 
Chapter 1). 

2. Two dimensional plate members, having the deformation modes of 

thin plates in stretching and in bending (§1 and §4 of Chapter 3). 

3. Three dimensional body members, having the general modes of 
three dimensional elastic deformations (§5 of Chapter 2). Those compose 
the general space elastic composite structure and are usually sufficient to 
deal with the stress problem in ordinary engineering structures. 

As a special case, in addition to the plane structures in §2, we also 
have space plate-rod structures which only contain two-dimensional plate 
members and one-dimensional rod members, space frames which contain 
only one-dimensional rod members, and so on. 

The geometrical and mechanical essentials of the three kinds of fun­
damental members are listed in the following. Global coordinates are 
adopted for body members, but all the variables of plate and rod members 
are expressed in terms of their local coordinates xf and xl. At the same 
time, in order to simplify the notation, when there will be no confusion, 

we will omit the superscripts f3 and 'Y with respect to the local coordinates. 
The notation in the preceding chapters and sections will continue to be 

used, with minor modifications uniformity for the sake of uniformity. For 

example, for the displacement u and the rotation angle w as well as the 
load f and the moment m, we shall use the parallel notations 
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Here, the rotation angle takes as a generalized displacement, and the mo­

ment takes as a generalized force. 

1. One dimensional rod members. 

:yocal coordinates: Xi = xl, i = 1, 2, 3. Longitudinal coordinate is Xl, 

transverse coordinates are X2 and X3, and X2 = X3 = 0 on the rod. 

Fundamental variables: displacements Ui = ul (Xl)' i = 1,2,3. Longi­
tudinal displacement is UI, transverse displacements are U2 and U3 rotation 

angles Wi = wI = uj+i' i = 1,2,3, 

w. =u! • t , 

Coordinate transformations: 

Strains: 

Stresses: 

tension 

bending 

torsion 

tensile force 

_ I ( ) _ dUI 
Cll - cll U - -d ' 

Xl 

QI = QI(u) :::;; EAcll(U); 

bending moments 

M2 = MJ(u) = Eh2K3 + Eh3K3, 

M3 = MJ(u) = EI32K2 + Eh3K3; 

twisting moment 
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shearing forces 

Q _ Q"(( ) __ dM3(u) 
2- 2 U - d ' 

Xl 

Q _ Q"(( ) _ dM2 (u) 
3-3 u - d ' 

Xl 

where, A is the area of the cross section, Iij is the moment of inertia of the 
cross section, and J is the geometric torsional rigidity of the cross section 

(Fig. 64). 

Strain energies: 
tension 

Fig. 64 

~DI(u,u) = ~ j QI(U)cll(U)d, = ~ j EAcil(U)d" 
2 2"( 2"( 

which depends only on UI: 

bending 

1 11 3 -DJ3(U, U) = - L Mi(U)Ki(U)d, 
2 2 "( i=2 

which depends only on U2 and U3; 

torsion 

~Dl(u,u) = ~ j Mi(U)KI(u)d, = ~ j GJKf(u)d,; 
2 2"( 2"( 
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which depends only on U4; 

total 
1 1 
2D"Y(u, u) = 2[Di(u, u) + D~3(U, u) + D"Y(u, u)]. 

Functionals of virtual work: 
tension 

bending 

= i EAcll(u)cll(v)d,; 

3 3 

D~3(u,v) = 1 LMi(U)Ki(V)d, = 1 L E1ijKi (u)Kj (v)d,; 
"Y i=2 "Y i,j=2 

torsion 

Dl(u,v) = i M1(u)K1(v)d, = i GJK1 (u)K1 (v)d,; 

total 

D"Y (u, v) = Di (u, v) + D~3 (u, v) + Dl (u, v). 

Strainless states: 
tension 

i.e., 

bending 

D~3(v,v) = 0 {:::::::} K2 = K3 == 0 {:::::::} V2 = a2 + b3xI, 

V3 = a3 - b2xI, W2 = b2, W3 = b3; 

torsion 

total 

v = [a + b 1\ :Z:]X2=X3=O = [a + b 1\ :z:]"Y' W = b, 

a = (a!, a2, a3)T, b = (bI, b2, b3)T, W = (WI, W2, W3)T. 
(3.6) 
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Loads: 

forces 

moments 

Potential energy of external work: 

tension 

-Fi(v) = - i iIvId'Y, 

which depends only on VI; 

bending 
3 

-Fi3(v) = -1 L fiVid'Y, 
'i=2 

which depends only on V2 and V3; 
torsion 

-Fl(v) = - i miwI(v)d'Y = - i !4V4d'Y, 

which depends only on V4; 

total 
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4 

-F'(v) = -[Fi(v) + Fi3(v) + Fl(v)] = -1 LfividT (3.7) 
li=1 

Total potential energy: 

Green's formulas: 

tension 

bending 

1 
P(u) = -D'(u, u) - F'(u). 

2 

, 1 ~ ( dQi(u)) D23 ( U, v) = ,~ - dXI Vid'Y 

2 3 

+ L c(')',8) [2: Qi(U)Vi + 2: MiV3+it; 
8E&, i=2 i=2 
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total 

D'(u,v) = i [t, ( -d~~\U))Vi + ( - d~;U))V4ld7 
3 3 

+ :L c(8,8) [:LQi(U)Vi + :LMi(u)V3+iL· (3.8) 
bE8'Y i=l i=l 

Elastic support: When the rod member 'Y is elastically coupled with the 

external region, for example, the rod on elastic foundation. The elastic 
energy of the coupling must be included into the strain energy. 

For strain energies: 

~Di(u,u) must be increased by ~ 1 quid'Y, 
2 2 'Y 

1 11 3 - D~3 (u, u) must be increased by - :L CijUiUjd'Y, 
2 2 'Y'.2 t,)= 

~ Dl (u, u) must be increased by ~ 1 c4u~d'Y 
2 2 'Y 

For functionals of virtual work: 

D'Y (u, v) must be increased by i CI UI VI d'Y, 

3 

D~3 (u, v) must be increased by 1 :L CijUiVjd'Y, 
'Y i,j=2 

Dl (u, v) must be increased by i C4U4V4d'Y, 

For Green's formula: 

The first term in the right side of Di (u, v) must be changed to 

1 ( - d~I(U) + CIUI )v1d'Y; 
'Y Xl 

the first term in the right side of D~3( u, v) must be changed to 

1 3 dQi(U) 3 :L (- d + :L CijUj )Vid'Y; 
'Yi=2 Xl j=2 

and the first term in the right side of Dl (u, v) must be changed to 

1 ( dMI(U) ) 
- d + C4U4 V4d'Y, 

'Y Xl 
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where, CI = ci ~ 0, (Cij) = (c,& kj=2,3 is a symmetric positive definite or 
positive semi-definite matrix, and C4 = cl ~ 0, are the constants of elastic 
coupling. 

t 

(b) 

Fig. 65 

2. Two dimensional plate members. 

Local coordinates: Xi = xf, i = 1,2,3. The longitudinal coordinates are 

Xl and X2, the transverse coordinate is X3, X3 = ° on the plate member. 
The fundamental variables: displacements Ui = Uf(XI' X2), i = 1,2,3. 

The longitudinal displacements are UI and U2, the transverse displace­
ment is U3. 

Rotation angles Wi = wf = Uf+3' i = 1,2,3, 

f3 _ 8U3 f3 __ 8U3 f3 _ ~ (8U2 _ 8Ul ) 
wI - 8 ,w2 - 8 ,w3 - 8 8 . X2 Xl 2 Xl X2 

Coordinate transformations 

u = Af3uf3, w = A,8w,8, A,8 = (af!·)i ,·-12 3. 1.) ,-, t 

Strains: 
• ,8 () 1 (8Uj 8Ui) . . 

tenSIOn Cij = Cij U ="2 8Xi + 8xj , ~,J = 1,2; 

• ,8 82U3 
bendmg Kij = Kdu) = - , i,j = 1,2. 

, 8Xi8xj 
Stresses: 

tensile forces 

2 

Qij = Q~(u) = hUij = D' [(1- V)Eij + V( L Ekk)8ij], i,j = 1,2; 
k=l 
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bending mements 

2 

Mij = M~(u) = D[(1- v)Kij + v( L Kkk )Oij], i,j = 1,2; 
k=l 

shearing force 

Q . _ Qf3 ( ) _ ~ 8Mij(U). 
3) - 3j U - L.J ' 

i=l 8Xi 

tensile rigidity 

D'-~ 
- 1- v 2 ' 

flexural rigidity 

Eh3 
D = ---,:--------:~ 

12(1 - v 2 )' 

where h is the thickness (Fig. 41 and 65). 

Strain energies: 

tension 

1 f3 1~~ 2 -D12 (u, u) = - L Qij(U)cij(u)d{3 
2 2 f3.. 1 

t,)= 

= ! 11 D'[(1- v) t c7j + v( t ckk)2]d{3, 
2 f3 i,j=l k=l 

which depend only on Ul and U2; 

bending 

which depend only on U3; 

total 
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Functionals of virtual work: 

tension 
2 

Df2(U, v) = 11 L Qij(U)Cij(v)d{3 
(3 i,j=l 

2 

= 11 D'[(1- v) L Cij(U)Cij(V) 
(3 i,j=l 

2 2 

+v( L ckk(U)) (L ckk(V)) ]d{3; 
k=l k=l 

bending 

2 

D~(u,v) = 11 L Mij(u)Kij(v)d{3 
(3 i,j=l 

2 

= 11 D[(1- v) L Kij(u)Kij(V) 
(3 i,j=l 

2 2 

+v( L Kkk (u)) (L Kkk(V)) ]d{3; 
k=l k=l 

total 

Strainless states: 
tension 

Df2(V,V) = 0 {::::::} Cij == 0 {::::::} VI = al - b3X2, 

V2 = a2 + b3xt, W3 = b3· 

bending 

D~(v,v) = 0 {::::::} Kij == 0 {::::::} V3 = a3 - b2XI + b1X2, 

total 

D(3( v, v) = 0 {::::::} VI = al - b3X2, V2 = a2 + b3xt, 

V3 = a3 - b2XI + b1X2, WI = bt, W2 = b2, W3 = b3, 

i.e., 
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v = [a + b 1\ :Z:]X3=O = [a + b 1\ :Z:](3, w = b. (3.9) 
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Loads: 

forces 

Potential energies of external work: 

tension 

bending 

-Ff(v) = - Jhhv3d{3; 

total 

Total potential energy: 

Green's formulas: 

tension 

2 

1 
Jf3(u) = "2 Df3(U,U) - Ff3(u). 

(3.10) 

where Qin(U) = 2: Qij(u)nj and n = (nbn2,O)T is the outward normal 
j=l 

direction to o{3; 

where 

bending 

D~(u,v) = - ff t O~j~u)V3d{3+ f (Q3n(U)V3 
llf3 j=l xJ 18f3 

OV3 OV3) 
-Mnn(u) on - Min(U) at d" 

2 2 

Q3n(U) = 2:Q3j(u)nj, Mnn(u) = 2: Mij(u)ninj, 
i=l i,j=l 

2 

Min(U) = 2: Mij(u)nitj, nl = t2, n2 = -tl; 
i,j=l 



§3 Space Composite Structures 259 

total 

D{1(u,u) = ff t ( -t 8Qij~U))Vid{3 
JJ {1 i=l j=l 8xJ 

i ( ~ 8V3 8V3) + L.,... Qin(U)Vi - Mnn(U)-8 - Min(u) 81 d,. 
8{1 i=l n 

(3.11) 
Elastic support: the elastic energy of the coupling must be included into 
the strain energy when the plate member (3 is elastically coupled with the 
external region, as with plate on an elastic foundation. 

Strain energies 

1 1 ~~ 2 -Df2(U, U) must be increased by - L CijUiUjd{3, 
2 2 {1 .. 1 

~,J= 

~ D~ (U, u) must be increased by ~ [[ c3u~d{3. 
2 2 JJ{1 

Functionals of virtual work 
2 

Df2(U, v) must be increased by J1, L CijUiVjd{3, 
(1 i,j=l 

D~(u, v) must be increased by Jk C3u3v3d{3. 

Green's formula: 

The first term on the right side of D~2( u, v) must be changed to 

ih t. [t. ( -a~~;,,) + Cii"i ) 1 v,dfl, 

the first term on the right side of D~ (u, v) must be changed to 

ff ( ~ 8Q3j(U) ) JJ (1 - ~ 8xj + C3U3 v3d{3, 

where, (Cij) = (~kj=1,2 is a symmetric positive definite or positive semi­

definite matrix, and C3 = ~ 2 0, are the constants of elastic coupling. 

3. The three dimensional body member 

Local coordinates = global coordinates: 

Xi=Xi, i=1,2,3. 
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Fundamental variables: the displacements Ui = Ui(X1,X2,X3), i = 1,2,3; 

and the rotation angles Wi = U3+i, i = 1,2,3; 

WdJ' = ~ (aUj _ aUi), . i,j=I,2,3. 
2 aXi aXj 

I 
I 
I 

: 0"31 
I 

/).-

.... ///611 

(a) (b) 

Fig. 66 

Coordiante transformation: u = u a . 

Strains 

Stresses 

(See Fig. 66) 

Strain energy: 

a () 1 (QUj QUi) 
eij = eij u = 2" aXi + aXj , i,j = 1,2,3. 

i,j = 1,2,3. 

tDa(u,u) = t ffl.t O"ij(U)eij(u)da 
~,J=1 

= ~ f{[ [~ t e;j(U) 
2 llla 1 + 1I .. 1 

Z,J= 
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Functional of virtual work: 

3 

DO(u,v) = 111.I: O"ij(U)cij(v)da 
t,)=l 

= rrr [~ t Cij(U)cij(V) JJJo l+v .. 1 
t,)= 

Strainless states: 

l.e., 

Loads: 

DQ(v,v) = 0 ~ Cij == 0 ~ VI = al + b2X3 - b3X2, 

v2 = a2 + b3Xl - b1X3, V3 = a3 + b1X2 - b2Xl, 

forces 

Potential energy of external work: 

Total potential energy: 

Green's formulas: 

3 
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(3.12) 

(3.13) 

where O"in(U) = I: O"ij(u)nj and n = (nl' n2, n3f is the outward normal 
j=1 

direction to oa. 
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3.3 The rigid connection 
Rigidly connected space structures, like rigidly connected plane structures, 
exhibit two kinds of continuity: continuity of displacements and continuity 
of rotation angles. The continuity of displacements is identical in prin­
ciple with that of plane structures. However, the continuity of rotation 
angles is somewhat more complicated than for plane structures. These two 
kinds of continuity will be illustrated for the various types of members, 
as follows. 

Continuity of displacements (to transfer forces) 

1. Continuity of displacements at a joint of members with the same 
dimension. 

(i) The displacement is continuous where two rod members 'Y and 'Y' 

are connected at the point 8: 

[uJ-r,.s = [u]'Y',.s. 

(ii) The displacement is continuous where two plate members (3 and 
(3' are connected on the line element 'Y (not a rod member): 

[u],a''Y = [U],a',T 

(iii) The displacement is continuous when two body members a and 
a' are connected on the area element (3 (not a plate member): 

[u]a,,a = [u]a',,a. 

Accordingly, there exist single-valued displacements [u].s, [uJ-r, and [u],a 
on the boundary elements 8 E rO, 'Y E r1 and (3 E r2, which satisfy: 

[u].s = [uJ-r,.s for any rod member 'Y intersecting 

at the point element 8j 

[uJ-r = [u],a''Y for any plate member (3 intersecting 

on the line element 'Yj 

[u],a = [u]a,,a for any body element a intersecting 

on the area element (3. 

2. Continuity of displacements at joints 9f members with different 
dimensions. 

(i) The displacement is continuous where a rod member 'Y and a plate 
member (3 are connected (i.e., 'Y E 8(3): 

[u]'Y = [u],a,'Y' 
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(ii) The displacement is continuous where a plate member (3 and a 
body member a are connected (i.e., (3 E oa): 

[U],8 = [u]a,,8. 

According, there exist the single-valued displacements [uh a~d [u],8 
on every rod member 'Y E 0 1 and plate member (3 E 0 2. 

Continuity of rotation angles (to transfer moments) 

1. • The rotation angle is continuous where two rod members 'Y and 'Y' 

are connected at the point element 8: 

[W]'Y,6 = [W]'Y',6. 

Accordingly, at every point element 8 E rO, there exists a single-valued 
rotation angle [W]6 satisfying 

[W]6 = [Wk6, for any rod member 'Y intersecting at point 8. 

Note that all three components of the rotation angle Wi, i = 1,2,3 are 
required to be continuous here, while in the plane structure only the com­
ponent W3 is required to be continuous. 

2. The tangential angle of rotation (i.e., the angle of rotation about 
the unit coordinate vector eI of the line element 'Y) is continuous where 
two plate members (3 and (3' intersect on the line element 'Y (not a rod 
member): 

[W],8,'Y . eI = [w ],8',1' . eI, 
where the notation "." denotes the "dot" or inner product of these two 
vectors, i.e., the length of projection of the vector [w],8,'Y on the direction 
of eI. By (2.6) in §2, we have 

[w],8,'Y· eI = e((3,'Y)[W],8,'Y· [t,8]'Y. 

Moreover, we know from (4.20) in §4 of Chapter 3 that the tangential 
angle of rotation with respect to the boundary 0(3 on 'Y satisfies 

,8 _ ,8 _ [oU~] [w],8,'Y . [t ]1' - [w'Y]'Y - - on,8 1" 

so that 

Accordingly, on the boundary line element 'Y E r 1, there exists a single­
valued tangential angle of rotation wi satisfying 
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wi = [W]i3,-y' ei = -e({3,'Y)[:~~]-y' 
(3.15) 

for any plate member {3 intersecting at 'Y. 

3. The tangential angle of rotation is continuous where a rod member 
'Y and a plate member {3 are connected (Le., 'Y E 8(3): 

wi = [W]i3,-y' eI = -e({3''Y)[:~~L· 
Accordingly, there exists a single-valued tangential angle of rotation wi 
on the rod 'Y E nl. 

Note that, in the plane structure, the continuity of rotation angles is 
need not hold ingeneral at a joint of plates and plates or of plates and 
rods (see the two examples in Section 2.3 of §2). In the space structure, 
according to 4 and 5 above, the tangential angle of rotation at a joint of 
plates and plates or of plates and rods must be continuous. The rotation 
angles in other two directions need not be continuous. Continuity of the 
rotation angle at a joint of bodies and bodies as well as of bodies and plates 
also need not hold in general for the same reason as in the corresponding 
examples for plane structures. The rigid connection conditions 1-5 are 
themselves sufficient to guarantee that the strainless state of the whole 
composite structure is just a global rigid displacement. 

3.4 Boundary conditions 

Boundary conditions can be imposed on the boundary of a composite 
structure n no matter whether it is a two dimensional r 2, a one-dimensional 
r1, or a zero dimensional rO. In general, they are of three kinds: The 
first kind is the geometric boundary condition, which prescribes the dis­
placement and/or the rotation angle. The second kind is the mechanical 
boundary condition. The third kind is the elastic support. The second 
and the third kinds may exist simultaneously. In the variational principle 
formulation, only the first kind of the boundary condition must be listed 
out as an essential geometric constraint, while the second and the third 
kinds are natural boundary conditions and it is only necessary to absorb 
the corresponding loads and elastic energy of couplings into the potental 
energy of external work and into the strain energy, respectively. 
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We illustrate boundaries of various dimensions as follows. 

1. The two dimensional boundary r2, {3 E r2. 

265 

According to the theory of three dimensional elasticity, the displace­
ments or only a subset of them can be prescribed as geometric boundary 
conditions: 

{3: ur = fir, i = 1,2,3. 

(3 may also be subjected to area force loads If, i = 1,2,3. Then the 
potential energy of external work is 

3 3 

-F~(v) = - 11 Llfvrd{3 = - 11 L[lfl~[vrl~d{3. 
~i=I ~i=I 

(3.16) 

If (3 has an elastic support and elastic reaction forces per unit area is 
3 

- L~u1, i = 1,2,3, then 
j=I 

the strain energy 

3 

~D~(u,u) is increased by ~ {[ L c~u1u1d{3, 
2 2 JJ~ .. 1 

t,)= 

the functional of virtual work 

Due to the continuity of displacements for rigid connections, the dis­
placement is also single-valued even if {3 is an internal interface of a body 
member. Hence the foregoing statement about boundary conditions is 
still correct. However, the internal interface of a body member in three­
dimensional space is unreachable, and the conditions listed above are in 

practice difficult to realize at such an interface, so these boundary con­

ditions are generally imposed only on the external boundary of a body 

member. 

2. The one dimensional boundary rI, 'Y E ri. 
According to the theories of thin plates in stretching and in bending, 

the displacements and the tangential angle of rotation or only a subset of 

them can be prescribed as geometric boundary conditions: 

'Y: ul = fil, i = 1,2,3, wi = wi-
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If 'Y is subjected to line force loads J?, i = 1,2,3, then the potential 

energy of external work is 

(3.17) 

If 'Y is also subjected to an axial moment load mI = fJ, then the 

potential energy of external work is 

-Fl(v) = - i fJvld'Y = i[fJh[v1hd'Y' (3.18) 

If 'Y has an elastic support and elastic reaction forces per unit length 
3 

are - L cljuJ, i = 1,2,3, then 
j=l 

the strain energy 

3 

~ DI23 (u, u) is increased by ~ j L cZul uJ d'Y, 
2 2 'Y .. 1 

~,J= 

the functional of virtual work 

3 

DI23(u,v) is increased by j L cijulvJd'Y. 
'Y i,j=l 

If an axial elastic reaction moment subjected to a unit len"gth is -cluJ, 
then 

the strain energy 

~ Dl ( u, u) is increased by ~ j cJ u~ d'Y, 
2 2 'Y 

the functional of virtual work 

Dl ( u, v) is increased by i cJ U4 V4d'Y. 

If 'Y is a common interface line of several plates, since the rigid connec­

tion condition guarantees that the displacement and the rotation angle 

are single-valued, the foregoing statement about boundary condition is 
still correct for this case. In the there dimensional space, the interface 
line of plates is generally reachable so long as it is not enclosed in three 
dimensional body members, so that the conditions listed above are real­

izable. 
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3. The null-dimensional boundary 'Yo and 8 E rO. 
According to the theories of slender rods in stretching, in bending, 

and in torsion, the displacements and the rotation angles or only a part 
of them can be prescribed as geometric boundary conditions: 

8: Ui=U~, i=1,2,3, Wi=W~, i=1,2,3. 

If 8 is subjected to a point force load [fi].S- and moment loads [mi]8 = 

[f3+i]8, i = 1,2,3, then the potential energies of external work are 

3 

-Ff23(V) = - L[!i]8[Vi]8, 
i=l 

3 

-Ft56(V) = - L[J3+i]8[V3+i]s. 
i=l 

If 8 also has an elastic support with the elastic reaction forces 

3 

- LC~j[Uj]8' i = 1,2,3, 
j=l 

and the elastic reaction moments 
3 

- 2: C~+i,3+j[U3+j]8, i = 1,2,3, 
i=l 

then for the strain energies: 

3 

~D~23(U, u) is increased by ~ L C~j[Ui]8[Uj]6' 
2 2 .. 1 

t,J= . 

and for the functionals of virtual: 
3 

D~23(U, v) is increased by L C~j[Ui]8[Vi]8' 
i,j=l 

3 

D~56(U,V) is increased by L cg+i,3+j[U3+i]8[V3+j]s. 
i,j=l 

(3.19) 

(3.20) 

Since the rigid connection guarantees the monodromy of the displace­
ment and of the rotation angle at a common intersecting point of rods, the 

above conditions also hold for a common intersecting point 8 of several 
rods and are realizable. 
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In all of the above mentioned cases, whenever the geometric constraint 

Ui (including the displacement and the rotation angle) is prescribed, the 
corresponding load component Ii is out of action. 

3.5 The pinned connection 
The pinned connection is a kind of elastic connection which relaxes the 
continuity of the rotation angle. For space structures, we see from the 
continuity conditions 3-5 for the rotation angle in Section 3.3 that the 

pinned connection may exist at a common line element of plate and plate 
as well as of plate and rod and at a common point element of rod and 

rod. At such a pin-connected line or point, the rotation angle will not be 
single-valued and consequently only the force but not the moment will be 
transferred. 

Suppose "I is a pin-connected line element, and a-1'Y = {,Bt, ... , ,B4} is 
a set of all the plate members with "I as the common boundary line. We 
discuss the following three cases. 

1. The intersecting line "I is not a rod member, i.e., "I E "I E r1. 
Suppose the plate members in a-1'Y are divided into p sets of rigidly 

connected members a;l'Y,j = 1,2,," ,p: 

a-1'Y = {a11'Y, ... ,a;l'Y} = {,Bt, ... ,,Bq}. 

This corresponds to a completely rigid connection when p = 1, and to a 
completely pinned connection when p = q. The plates are mutually rigid­
connected in each group a;l'Y' so that they have a common value of the 
tangential angle of rotation (expressed in terms of the local coordinates of 

"I) on the boundary "I 

[Wlla;l,)",), == [vJla;l')',')' = -c(,B''Y)(=:~)')'' for any,B E a;l'Y' 

Since the rotation angles are free among the various sets, there are alto­

gether p independent values of the tangential angle of rotation 

[vJla:-l')',')', j = 1"" ,p 
J 

instead of a single angle of rotation [vJ]')' for the rigid connection. In that 
case, there is also no single tangential moment load [mIl" == [J1l" Rather, 
there is a distinct load for each rigidly connected set: 
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Consequently, instead of (3.18), the potential energy of external work takes 

the form 

(3.21) 

where 

'1 _ [8vg] -1 [v4la-1 --v({3,,) 8 f.l ,forany{3E8Jo ,. 

j '10 n~ '1 

2. The line of intersection, is a rod member, E 0 1 and the rod 
member and the intersecting plates are all pin-connected. 

The difference between this case and 1 is that the rod , has its own 

independent value of the tangential angle of rotation vi. Hence, it can be 
independently subjected to a load J1 whose potential energy of external 

~ork is - i [Jll-r[vll'Ydl , then the total potential en~rgy of external work 

IS 

p 

-Fl(v) = - i (rJ1l-r[vll'Y + ~[J1la;l'Y''Y[vIla;l'Y''Y)d'. (3.22) 

3. The line of intersection , is a rod member and is rigid-connected 
with at least one of the intersecting plates. 

For the sake of simplicity, assume that 8-1, is divided into a total of 

p + 1 sets rigidly connected members, while the rod member, is rigidly 
connected with the last set of the rigid connection 8~1'. Then both of 

them have a common value of the rotation angle [vll", = [vIla-l "" and 
I v+1'Y" 

are jointly subjected to the load [fJl'Y. Thus, the case is identical with 
2, and consequently the form of the potential energy of external work is 
identical with (3.32). 

For the above three cases, the moment loads is all vanish, so the poten-
tial energy of external work is 

-Fl(v) = o. 
The values of the tangential angle of rotation [vIla:-l'Y''Y' j = 1,··· ,p can 

J 
in principle also be prescribed as geometric constraint conditions. 

For the pinned connection among the rod members, the situation be­

comes even more complicated. Suppose 8 is a pin-connected point, and 

8-18 = hI,··· "q} is the set ofthe rod members which contain the point 
8. Each rod member ,i has its own boundary values for the three com­
ponents of rotation angle vector at the point 8 (expressed uniformly in 
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global coordinates at point 8), hence there are altogether 3q components 
at the point 8. In the case of a completely rigid connection, all of the cor­
responding components are equal, and there are only three independent 
values. For the general pinned connection, however, there may be various 
combinations of rigid and pinned connections. 

In the following, only a simple case will be discussed. Suppose the rod 
members in 0-18 are divided into p sets 0;1 ... , j = 1,··· ,p: 

0-18 = {aI 18, ... ,a;18} = bb ... '/4}. 

The rod members within each set 0;16 are all mutually rigid-connected, 

so that they have a common rotation angle vector [wla-:-1 5,5 at the point 6. 
J 

The various sets are mutually pin connected, i.e., the rotation angle vectors 
are independent of one another. Hence, at the point 6 there are altogether 

/ rotation angle vectors [wla-:-15,5' j = 1,··· ,po Correspondingly, at the 
J 

point 6 there may be p moment loads [m]a-:-15,5 imposed on the individual 
J 

rigidly connected groups 0;16, j = 1,··· ,p, respectively. Therefore, at 
the point 8, the potential energy of external work is 

3 P 

-F!56(v) = - L L[!3+i]a-:-15,5[V3+ila-:-15,5 
i=l j=l J J 

(3.23) 

instead of the (3.20) for the rigid connection. 

Usually these moment loads all vanish, hence Ft56(v) = o. In prin­
ciple, the values of the rotation angle [w]a-:-15,5' j = 1,··· ,p can also 

J 

be prescribed as geometric constraint conditions at the pin-connected 
point 8. 

3.6 Variational principles 
Suppose 0 is a rigidly connected elastic composite structure. Let 0 3, 0 2 

and 0 1 stand for the sets of three, two, and one dimensional members, and 
let r2, r1 and rO stand for its two, one, and null dimensional boundaries, 
respectively. 

In Section 3.2, the functionals of strain energy were established for 
individual members, as well as functional of the elastic energy of coupling 
for an elastic support on the boundary. Suppose that loads have been 
imposed on the individual members and on the boundary elements; these 
induce a corresponding potential energy of external work. The total strain 

1 . 
energy 2" D( u, u) and the total potentIal energy of external work - F( u) of 
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the structure n are the sums of the individual local quantities, respectively, 

1 1 [ "2 D(u,u) ="2 L DO(u,u) + L D/3(u,u) 
oE03 /3Eo2+r2 

+ L D"Y(u, u) + L DO(u, u)], 
"YEo1+r1 OEro 

D(u,v) = L DO(u,v) + L D/3(u,v) 
oE03 /3Eo2 +r2 

+ L D"Y(u,v) + L DO(u,v), 
"YEo1+r1 OEro 

+ L FO(u). 
OEro 

The total potential energy of the whole structure n is 
1 

J(u) = "2D(u,u) - F(u). 

(3.24) 

(3.25) 

(3.26) 

The displacements u and v denote compatible generalized displacement 
fields defined on the whole structure n, respectively. Their local values 
on the volume, area, line, and point elements are just the displacements 
and the rotation angles in the local coordinates of the individual kinds 
of members. By a generalized displacement we mean the displacement 
and the rotation angle components of the different kinds of members (for 
example, a rod element has three local displacement components and one 
component of the tangential angle of rotation). By compatibility we mean 
that the continuity conditions 1-5 for rigid connection in Section 3.3 are 
satisfied. 

We can still impose geometric boundary conditions on the generalized 
displacement of various members on the boundaries r = {r2, r 1, rO} of 
structures. However, the total strain energy is clearly nonnegative no 

matter what the prescribed geometric constraint is. 
According to the variational principle, the displacement field of the 

equilibrium configuration u under the prescribed geometric constraint 
must make the total potential energy J ( u) a minimum 

J(u) = ~D(U, u) - F(u) = Min. (3.27) 
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This is equivalent to the principle of virtual work 

D(u,v) - F(v) = 0, for any virtual displacement v. (3.28) 

3.7 Equilibrium equations 
The equations of elastic equilibrium inside the individual members of the 
structure and on its boundary can, as usual, be derived from the vari­
ational principle using Green's formula (3.28). Since the elastic coupling 
among the members occupies an important place in the composite struc­
ture, it is necessary to modify the Green's formula for various members 
into the form more suitable to the coupling. 

For a three-dimensional body member Q, from (3.14), Green's formula 
becomes 

V"( ", ,,) ~ llL t, ( -t. IJ~~; u) ) vida + ff .. t. (Tjn( U )vjd~. 
Expressing the boundary integral in terms of the sum of the integrals 
of individual area elements on the boundary and considering the trans­
formation of local coordinates between the body element and the area 
element, 

3 

Vj = I:a1ivf, 
i=l 

we have 

DO(u,v) = lIlt ( -t a~~(~))[vilodQ 
° ~=1 3=1 3 

3 3 

+ L Ii L (LO"jn(u)a1i)[Vil~,/3d{j. 
/3Eoo /3 i=l j=l 

(3.29) 

For a two-dimensional plate member (j, Green's formula (3.11) is 

3 2 aQ/3 (u) 
D/3(u,v) = 11 L ( - L ij /3 )vfd{j 

/3 i=l j=l aXj 

i ( ~ /3 /3 /3 av~ /3 aV~) + L..JQjn(U)Vj -Mnna /3 -Mjn -az d-y. 
0/3 j=l n 

Integrating the third term of the line integral in the above expression once 
by parts and transforming the local displacements on the plate member {j 
into the global displacements at the point element 8, we have 
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{ f3 8vf " " f3 f3 (8M! f3 - in MtnTzd'Y = - ~ ~ E(,8,'Y)E("(,8)[Mtnv3J'Y,o + in -----;)lV3 d'Y 
8f3 OE 8'Y 'YE8f3 8f3 

3 

= - L L E(,8, 'Y)E("(, 8) x L[M!Jr,oa~3[viJf3,'Y'O 
OE8'Y 'YE8f3 i=1 

" 18M! f3 + ~ -----;)lv3 d'Y. 
'YE8f3 'Y 

Using the transformation formulas 
3 3 

vf3 = " " af3k oa 'YkoV! J ~~ J tt' 

i=1 k=1 

which transform the local displacements on the plate element p contained 

in the individual terms of the line integral into the local displacements on 

the line element 'Y, and using (3.15), i.e. 

[ 8vf] _ ( ) 'Y _ ( ) 'Y 8nf3 - -E ,8, 'Y wI - -E ,8, 'Y V4 ' 

we obtain 

{ ( 3 2 8Qf3 (u) 
Df3(u,v) = iir; L ( - L ij f3 )[vfJf3d,8 

f3 i=1 j=1 8Xj 
3 3 3 

+ L 1 [L (L L Q1n(u)a~jaZi 
'YE8f3 'Y i=1 j=1 k=1 

~ 8M! f3 'Y) [ 'YJ + ~ -----;)lak3aki vi f3,'Y 
k=1 

+E(,8''Y)M~n[v2Jf3''Y]d'Y - L L E(,8,'Y) 
OE8'Y 'YE8f3 

3 

XE("(, 8) L[M!J'Y,Oa~3[viJf3,'Y'O' (3.30) 
i=1 

For the one dimensional rod member 'Y, (3.8) Green's formula (3.8) is 

D'Y(u,v) = 1 [t ( -dQ7~u))v7 + ( - dMi~u))v2]d'Y 
'Y i=1 dX I dX I 

3 3 

+ I: E("(,8) [I: Q](u)v] + LM](u)vl+jL-
OE8'Y j=1 j=l 
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Transforming the local displacements on the line element 'Y in the second 
term into the global displacements at the point element 8 

3 3 3 

vI = La'hvi, vJ+j = wI = La'hwi = L a'hV3+i, 
i=l i=l i=l 

we have 

D'Y{u,v) = 1 [t ( -dQ7~u))[vll-r + ( _ dMl~u)) 
l' i=l dX1 dX1 

3 3 

x [vll-r]d'Y + L c(T,8)[LLQ7{u) 
6E8-y i=lj=l 

3 3 

xa'h[vil'Y,6 + LL M]{u)a'h[V3+il'Y,6]. (3.31) 
i=lj=l 

Adding up the Green's formulas (3.29)-{3.31) for the above various 
members and the corresponding potential energies of external work, and 
noting the rigid connection conditions 1-5, finally we obtain 

D{u, v) - F{v) 

= L 111 t [ -t {)~j{~) - [lila] [vilada 
aEn3 a i=l j=l X J 

3 

+ L LO"jn(u)a1i - [ffl{3] [vfl{3d,B 
aE8- 1{3j=1 
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+[ L c(,8,')')M~n(u) - [J1l'Y] [vll'Y}d')' 
(3E8- 1 'Y 

3 3 

+ L L [ L c(,),,8) L Q](u)a'b 
.sEro i=l 'YE8- 1 .s j=l 

- L L c(,8,')')c(')',8)M!(u)af3-[fil.s][Vi l.s 
'YE8- 1 .s (3E8- 1'Y 

3 3 

+ L [ L c( ,),,8) L MJ (u )a'b - [f3+il.s] [v3+il.s] 
i=l 'YE8- 1 .s j=l 

3 

L L [L L c(,8,')')c(')',8)M!(u)a~[vil.s] (3.32) 
.sEf'0-ro i=l 'YE8- 1 .s (3E8- 1 'Y 

Now we consider the equilibrium of a geometrically unrestrained, free 
elastically supported and completely rigid-connected composite structure. 
According to the variational principle, u of the equilibrium configuration 
makes D(u,v) ~ F(v) = 0 for any v. In particular, this having holds 

for any [vila, [vfl{3, [v71'Y' and [vil.s, hence it is equivalent having all of the 
brackets at the right hand of (3.32) vanish, [···l = o. The equilibrium 
equations on the various members and on the boundaries of various di­

mensions can now be written as follows: 

_ ~ 8aij(U) = [f;l~, 3 L.t . ~ i = 1,2,3, 0: En, 
j=l 8Xj 

(3.33) 

(3.34) 
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3 

L L[O"jn( U )]a,{3a1i = [If]{3, i = 1,2,3, (3 E r2, 
aEa- l {3j=1 

~ [8M!(U)] {3, ) + L...J 8l ak3aki 
k=1 {3" 

= [!l]" i = 1,2,3, 

dMl( u )" ) [ {3 ()] _ [ ,] 1 - dx' + L...J c((3" Mnn U {3" - 14 " , En, 
1 {3Ea-I, 

L c((3")[Mgn(U)]{3,, = [fJ]" , E rl 
{3Ea- I , 

3 

L c(r, 8) L[QJ] (u)]",salj 
,Ea-I,s j=l 

= [Ii],s, i = 1,2,3, 8 E rO, 

3 

(3.35) 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

L c(r,8) L[M](u)]",salj = [/3+i],s, i = 1,2,3, 8 E rO, (3.41) 
,Ea-l,s j=1 

L L c((3, ,)v(r, 8)[M!( u)]",sa~3 = 0, 
,Ea-l,s {3Ea- I , 

i = 1,2,3, 8 E rO - rOo (3.42) 

Note that the sums L ' L ' L ,etc. stand for the elastic 
aEa- l {3 {3Ea- I , ,Ea-l,s 

coupling terms of higher dimensional members with respect to the lower 
dimensional members. This is an important property of the equilibrium 

equations of the composite structure. 
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If there exist geometric constraints, then whenever some generalized 
displacement Ui has been prescribed at some place, the equation containing 
the load Ii of the same subscript is displaced locally. If there are elastic 
supports, then the strain energy must absorb the contributions of the 
elastic support. The Green's formula (3.32) must be modified to some 
extent, and the resulting equilibrium equations must be increased by the 
relevant elastic reaction force terms. We will not repeat the details here. 

Equilibrium equations at a pin-1connected line (point) 
Since the rotation angle at a pin~conhected line (point) is multiple­

valued, the form of the equilibrium equation must be changed at that 
place. 

For a pin-connected line 'Y, we shall investigate the three cases dis­
cussed in Section 3.5. 

1. 'Y is not a rod member but a boundary line element 'Y E r1. 
Divide 8-1'Y into p sets of rigidly connected members 8;1'Y' J -

1"" ,po Each set has its own rotation angle [vl1,,-1 -there is no com­
Vj 'Y,r 

mon rotation angle vl on 'Y. From (3.21), the corresponding potential 
energy of external work is 

Hence 

[ L e(,B,'Y)Men(u) - [l1h] [vlh· 
/3Ea- 1 'Y 

The boundary line element term L in Green's formula (3.32) must be 
'YEr1 

modified to 
p 

L [ L e(,B,'Y)M~n(u) - [11]a~l ] [vl1a~1'Y''Y' 
. 1 1 3.Y.Y 3 
J= f3Ea; 'Y 

Consequently, the equilibrium equations on 'Y become 

L e(,B,'Y)[Men(u)lf3,'Y = [111 a; 1'Y,'Y , j = 1"" ,p, 'Y E r1 
f3E8;1'Y 

instead of the single equation (3.39). 

(3.43) 

2. 'Y is a rod member, i.e., 'Y E 0 1, and this rod member and the 
plates intersecting are all pin-connected. 
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There are p + 1 independent rotation angles on ,,(, one of them, v J, 
belongs to the rod member itself, [vJla-1 ,j = 1"" ,p belong to the p 

j ",(,,,,( 

sets of rigid connection 8; 1,,(, respectively, and the corresponding potential 
energy of external work is (3.22), i.e., 

Hence 

The rod member term L in Green's formulas (3.32) must be modified to 
",(E01 

(3.44) 

We then obtain the equilibrium -equations on 'Y 

(3.45) 

instead of (3.37). 

3. "( is a rod member and is rigidly connected with at least one of the 
intersecting plates. 

Then according to Section 3.5, 8-1,,( is divided into p + 1 rigidly con­
nected sets 8;1"(, the rod member "( being rigidly connected with the 

members of last group 8;~1"(' Hence on "( there are p + 1 independent 
values of the rotation angle 

[vJh = [vJla;~l"'(''''(' [VJlajl",(,,,,(' j = 1"" ,p, 

while the form of the potential energy of external work is still (3.22). 
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However, (3.44) must be further modified to 

[( - d~i~u) + L c({3,,)Men(u) - [!1h) [vlh 
xl 1 /3Ea;+l"Y 

p 

+ ~ ( L c({3,,)Men(u) - [!1]a;l"Y'''Y)[vl]a;l''Y'''Y]' 
J=l /3Ea-: l "Y 

3 

From this, the equilibrium equations on , can be obtained: 

dMi(u) /3 
- d "Y + L c({3,,)[Mnn(u)]/3,"Y = [!1]"Y' 

Xl 1 

279 

/3Ea;+l"Y 
, E 0 1 . (3.46) 

L c({3,,)[Men(u)]/3,"Y = [!1]a-: l "Y,"Y' j = 1"" ,p, 
3 

/3Ea;l"Y 

These equations replace (3.37). 
For a pin-connected point 8, we shall investigate only the simple case 

mentioned in Section 3.5. 
In this special case, 8-18 is divided into p sets rigidly connected 

8-;18, j = 1"" ,po On 8, each set has its own independent vector of 

rotation angle [w]a-:lc5,c5' and the corresponding potential energy of exter-
3 

nal work is (3.23): 
3 P 

-F!S6(V) = - L L[!3+i]a-:lc5,c5[V3+i ]a-:1 c5,c5' 
i=l j=l 3 3 

Hence 
3 3 

L [ L c(" 8) L M~ (u )alk - [!3+i]c5] [V3+i]c5. 
i=l "YEa- l c5 k=l 

The point term L in Green's formula (3.32) must be changed to 
c5Ero 

3 p 3 

LL [ L c(r,8) LM~(u)alk - [!3+i]a-:lc5,c5] [V3+i] a-: lc5,c5' 
'1'1 1 k 1 3 3 ~= J= "YEa; "Y = , 

Consequently, the equilibrium equations on 8 are 
3 

8 E rO : L c(" 8) L[M~(u)]"Y,c5alk = [J3+i]a-:lc5,c5' 
3 "YEa-:1 c5 k=l 

3 

i = 1,2,3, j = 1, ... , p 

instead of (3.41). 

(3.47) 
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3.8 Strainless states 

For a completely rigid-connected composite structure n which is not sub­

ject to any geometric constraint or elastic support, the strainless states 

are given by 

D(v,v) = 0 -¢=} DCX(v,v) = Df3(v,v) = DI'(v,v) = 0, 

for any a, {3, "{. 
We can see from (3.6), (3.9) and (3.12) in Section 3.2 that 

1. DCX(v, v) = 0 -¢=} v = (aCX + bcx /I. x)cx, w = bcx . 

This is a rigid displacement. 

2. Df3(v, v) = 0 -¢=} vf3 = (a + rl /I. x (3 ) f3_ , wf3 = rl. 
x3 -0 

This is also a rigid displacement. Transformed into global coordinates, it 

becomes 

3. DI'(v,v) = 0 -¢=} vI' = (al' + ljl' /I. xl')x;=x~=o, wI' = ljl'. 
This is also a rigid displacement. Transformed into the global coordinates, 

it becomes 

v = (al' + bl' /I. x)I" W = bl'. 

Therefore, on every member of the structure there exist constant vec­
tors acx, bcx ; af3 , lf3 and a'Y, b'Y, which represent the individual rigid trans­

lations and rotation angles, respectively. Using the continuity conditions 
1-5 for the displacements and rotation angles of the rigid connection, one 
can prove that the respective displacement vectors and rotation angles 
must be equal whenever two members are connected by a joint. One can 

see from the foregoing and from the connectedness of the structure that, 

there exist constant vectors a and b such that 

a = acx = af3 = aI', b = bcx = ~ = bl', for any a, {3,"{. 

Therefore, as expected, the strainless state of the whole composite struc­

ture is a global rigid displacement 

v = (a + b /I. x)o, 

which contain six parameters ai, bi , i = 1,2,3. Any strainless state v can 
be expressed as 

333 

V = L aiv(i) + L bi v(3+i), w = L biv(i), (3.48) 
i=l i=l i=l 
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where 

1 [1 v(3) ~ : 1 ' v(4) ~ [ ::31 ' v(1)= 0 v(2) = , 

0 
(3.49) 

[ X3 [ -x'1 v(5) = 

~XI 
v(6) - Xl , , -

0 

while 

W(l) = w(2) = w(3) = 0, W(4) = V(l), w(5) = V(2), w(6) = v(3). (3.50) 

In this case, the equilibrium problem without geometric constraints 
and elastic supports is degenerate, and necessary and sufficient conditions 
for solvability are 

F(V(k)) = 0 k = 1 ... 6 , " , (3.51) 

where 
3 3 

F(v) = L 111 L[fi]o[Vi]oda + L 11 L[ff]i3[vf]i3d;3 
oE01 °i=l i3E02+f2 i3i=1 

4 6 

+ L 1 L[Jl],[v71,d'Y + L L[fi]6[Vik 
,E01+f1 'i=l 6EfO i=1 

Transforming the local coordinates on f3 and 'Y into the global coordinates, 

this equation becomes 
3 3 

F(v) = L 111 L[Ji]o[Vi]oda + L 11 L[Ji]i3[Vi]i3d/3 
oE03 °i=l i3E02+f2 i3 i=1 

4 6 

+ L 1 L[fi],[Vi],d'Y + L L[fi]6[Vik 
,E01+f1 'i=l 6EfOi=1 

Using (3.49) and (3.50) and noting that f3+i == mi, V3+i == Wi, i = 1,2,3, 
the necessary and sufficient conditions (3.51) become 

+ L 1 [f],d'Y + L [f]6 = 0, (3.52) 
,E01+f1 , 6EfO 
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when k = 1,2,3. If we let [TnJ/' = [ml,O,OV, then the conditions (3.51) 

become 

(3.53) 

when k = 4, 5, 6. These are two vector equations. They have a total of six 

component equations, which state that the resultant force and moment of 

the loads must vanish, respectively. As expected, when the displacement 

and the rotation angle are unrestrained and there is no elastic support, 

the self-equilibrium of the loads is the prerequisite to make the structure 

achieve equilibrium. 

When the prerequisites (3.51) have been satisfied, there exists a so­

lution of the above equilibrium problem without constraints and elastic 

supports, but the displacement solution is not unique and may differ by a 

strainless state. However, for the strainless state v, the strains 

c~(v) == c~(v) == K~(v) == cl1(v) == K7(v) == 0, 

correspondingly, the stresses 

O"ij(v) == Q~(v) == Me(v) == Ql(v) = M7(v) == 0. 

Hence the stress has still a unique solution. 

As is usual in elastic equilibrium, whenever a geometric constraint or 

an elastic support is imposed, it always reduces the degrees of freedom of 

the strainless state, and raise the positive definiteness of the strain energy 

D( v, v). When there are enough geometric constraints or elastic supports 

to make D( v, v) positive definite, the equilibrium problem has a unique 

displacement solution. 

Suppose the displacements Ul, U2 and U3 are fixed on some two di­

mensional boundary area element (3 E r2. Then, under this prescribed 

constraint, D is positive definite, this is D( v, v) = ° implies v == 0. This 
is because 

D(v,v) = ° -¢:::::::} v = a+b/\x, 

which corresponds to a rigid displacement, while the virtual displacement 

v should satisfy the annihilating constraint condition v 1,8 = ° under the 
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prescribed constraint which corresponds to fixing the rigid body on a plane 

block (3, and consequently, its displacement v == o. Such a conclusion is 
consistent with that in the case of the single three dimensional elastic 
body. 

Next, suppose no geometric constraint is imposed on the two dimen­
sional boundary r 2 , while the displacements Ul, U2 and U3 and the rotation 
angle wI about , are fixed only on some one dimensional boundary line 
element, i.e., on the boundary, of the plate element. D is also positive 
definite under this prescribed constraint. This is because there must be 
v == 0 when the rigid body is located on a segment of straight line and 
the rotation angle about the straight line is fixed. This case is different 
from that of the single three dimensional body. Under the condition of 
the single three dimensional body, fixing the displacement and the tan­
gential angle of rotation only on a segment of straight line of the boundary 
surface, it is still not enough to guarantee the positive definiteness of the 
strain energy, i.e., not enough to guarantee the existence of a unique so­
lution. However in the three dimensional composite structure, it is enough 
to guarantee the positive definiteness of the strain energy provided that 
the segment fixing the displacements is located on the boundary of a plate 
member. 

Furthermore, suppose no constraint is imposed on either the two di­
mensional or the one dimensional boundaries, but take three arbitrary 
non-collinear points among the null dimensional boundaries rO (i.e., the 
end points of the rod members) and fix the displacements there, or only 
take two points and fix the displacements and the rotation angle there. 
Then positive definiteness is guaranteed. This is because the rigid dis­
placement v == 0 can be made under such fixing conditions, but the posi­
tive definiteness still can not be guaranteed in the single three dimensional 
body. 

The geometric constraints to guarantee the positive definiteness of 
the strain energy for a composite structure and for a single elastic body, 
are thus quite different. For the composite structure, through the elastic 
coupling between the members with different dimensions, the geometric 
constraints necessary to guarantee positive definiteness can be applied to 
the boundary with the lowest dimension down to two or three individual 
points. It is, however, impossible to do this for a single elastic body. This 
is an important peculiarity of composite structures. 
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The mechanical background of the composite structure, of course, is 
the three dimensional elastic body. For the linear three dimensional elastic 
body, we know that a strainless state is just a rigid displacement while 
the prerequisite for achieving equilibrium under the condition without dis­
placement constraints and elastic supports is a self-equilibrium of external 
loads. The composite structure model discussed in the present chapter is 
on the one hand the extension of the three dimensional elasticity to the 
composite body with different dimensions and on the other hand is the 
simplification and modification of three dimensional elasticity owing to 
the introduction of the specified synthesis of some deformation modes 
(plate, beam). However, under the case of this model, it is still possible to 
guarantee the validity of the conclusions about the strainless state and the 
unrestrained elastic equilibrium (some modes are only satisfied approxi­
mately). This shows that the composite structure model is in some sense 
a reasonable one. 

3.9 Treatment of the offset distance 

Although the composite structure model employed in the present chapter 
is reasonable, it is in the end simplified model, in which a thin plate is 
simplified to be an elastic plane (neutral surface) without the thickness 
and depending only on two plane coordinates, and a slender rod is simpli­
fied to be an elastic line (neutral axis) without clOss-sectional area cross 
section and depending only on one straight line coordinate. For a single 
elastic body, just such deformation modes are used in Chapter 3 to dis­
cuss plates and rods. This is consistent with the actual situation. For 
a composite structure, however, such simplified modes are often to some 
degree discrepant with the actual situation in elastic coupling between 
members. This is because during the discussion of interconnections, the 
joints between a body member and a plate member (three dimensional 
and two dimensional), between a plate member and a plate member (two 
dimensional and two dimensional), between a plate member and a rod 
member (two dimensional and one dimensional), as well as between a rod 
member and a rod member (one dimensional and one dimensional), are 
not the actual joints between the two members mentioned above e.g. thin 
rod and thin plate, thin plate and body. The deviation between the joint 
in the model and the actual joint is generally called the offset distance. 

When Green's formula is used to derive the elastic relation between adja-
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cent members and consequently to obtain the equilibrium equation, there 

will be some inaccuracy in the equations due to the offset distance be­

tween the members. Generally speaking, since the plate is comparatively 
thin and the rod is comparatively slender, the influence of the offset dis­

tance is small and can be neglected consequently. However, the influence 

of the offset distance must still be taken into account under some condi­

tions. One method of dealing with the offset distance will be given in the 

following through an example plane structural problem. 

Suppose a plate member (3 and a 

rod 'Yare rigidly connected on the bound-

ary (Fig. 67). The neutral axis of the X2 

rod 'Y is denoted by 'Y and is taken as 

the xl-axis. The local coordinates of 
the rod 'Yare also the global coordi­

nates. Let us first write out the Green's 
formulas and the equilibrium equations 

for both plate (3 and rod 'Y according 
to the plane structure model in §2. We 

assume that the line of intersection of 

plate (3 and rod 'Y is 'Y in this model. 

'Y' 

I::::::=======:::::::;;;;:t--- Xl 
p 

Fig. 67 

The Green's formula for the plate (3 (see (2.22)) is 

+ line integral terms on the other three boundaries of plate (3; 

the Green's formula for rod 'Y (see (2.33)) is 

hence 
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D(u, v) - F(v) = Df3(u, v) - Ff3(v) + D'Y(u, v) - F'Y(v) 

~ ikE [ -t. ~~;") -rh]p]v,d/3 

1 ~ [ dQi(U) ] + 'Y 6. - dXI + Qin(U) - [!i]'Y Vid"{ 

2 

+ L [L(e(,,(,8)Qi(U) - [Ji]c5)[Vi]c5 
c5E8'Y i=l 

+(e("(, 8)M3 (u) - [m3]c5) [~:: t]· 
The following equilibrium equations can be obtained from the principle of 
virtual work 

But the model mentioned above does not exactly describe the actual 
situation because the actual intersection line between the plate (3 and the 
rod "{ is someline "{', not "{. Suppose "{' is a straight line parallel to ,,{, 
and the distance between these two lines is h. Take a point P' on "{' and 
another point P on ,,(, and let the displacement vectors at points P' and 
P be u' and u, and the rotation angle vectors be 0' and 0, respectively. 

Suppose there is a rigid displacement from point P to point P', i.e., 

----+ 
u'(P') = u(P) + 0 /\ PP', (3.54) 

----+ 
where P P' stands for the position vector from P to P'. 

In the case of plane structures, the displacement vector u' = (u~, u~, 0) T 

at point P', the displacement vector u = (Ub U2, 0) T at point P, and 

the rotation angle vector 0 = (0,0, ~::) T. Suppose the position vector 

----+ 
PP' = (0, h, 0), i.e., points P' and P have a common coordinate in the 
xl-direction while their coordinates in the x2-direction differ by a constant 



§3 Space Composite Structures 287 

h. Then, by (3.54), we get 

, dU2, ( ) ul = UI - h-d ,u2 = U2. 3.55 
Xl 

Since the actual boundary line of the plate f3 is " and not " the 
Green's formula for plate f3 must be changed to 

D{j(u, v) = 11 t ( -t a~j~u))Vidf3 + I, t Qin(u')v~d, 
(j i=l j=l XJ -y i=l 

+ line integral terms on the other three boundaries. 

Substituting (3.55) into the second term and then integrating once by 
parts, we obtain 

D{J(u,v) = ff t ( -t aQij~U))Vidf3 
11 (J i=l j=l aXJ 

+ line integral terms on the other three boundaries. 

Hence the equilibrium equations should be 

~ aQij(U) [] . 
f3 : - L.J a. = Ii (j, ~ = 1,2, 

j=l xJ 

dQI(U) , 
, : - d + Qin(U ) = [11]-y, 

Xl 

_ d~2(U) + Q2n(U') + h dQ~n(U') = [h]-y, 
X2 Xl 

8: e(T, 8)QI(U) = [11]6, e(T, 8)(Q2(U) - hQln(U')) = [12]6, 

e(,,8)M3(u) = [m3]6. 
We can see from comparing these two systems of equilibrium equations 

that the equilibrium equations for the plate f3 remain unchanged in the 
form. However, because of the offset distance, the x2-directional equilib-

rium equation for the rod, has changed and an extra h dQ~n(U') which 
, Xl 

is a shearing force term induced by the pair of forces hQln = -hQI2, and 
the x2-directional equilibrium equation for the end point 8 also has an 
extra term induced by a pair of forces -hQln(U'). 
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This method of dealing with the offset distance is likewise suitable 
for general space structure. The main point is: use the rigid connection 
relation (3.54) between the points pI and P to express the displacement 
and rotation angle at the corresponding point of the adjacent member of 
higher dimension in terms of the displacement and the rotation angle on 
the member of lower dimension and substitute it into the relevant energy 
functional and the corresponding Green's formula. 



Chapter 5 

Finite Element Methods 

§1 Introduction 

More than ten years ago, the finite element method, a modern, systematic 

numerical method for solving differential equations, was created and de­
veloped independently and along different lines in China[6] and the West. 

Its original purpose was to solve for equilibria and stable configurations, 

i.e. to solve elliptic equations. It has stood a large number of practical 

tests, and, in particular, has been used widely in the field of elastic struc­

tures with remarkable success. Recently, with the aid of computers, the 

finite element method has been applied to almost all fileds of engineering 
and to many fields of science and technology, and has become a routine 

means for modern engineering analysis. It is an important achievement of 
modern computational mathematics. 

The mathematical bases of the finite element method are the varia­

tional principle and triangulated or piecewise approximation. As is well 

known, a round well can be built up with rectangular bricks, a plate 
can be sawed along a curved path with a straight saw, and a continuous 
curve can be approximated by broken lines. The finer the subdivision, the 
closer is the approximation. This is known as subdivision approximation 
or piecewise interpolation. Starting from the variational principle, the fi­
nite element method uses the subdivision approximation approach to find 
a solution. It subdivides a complex integrated structure into a finite num­
ber of fundamental elements, i.e., point, line, area, and volume elements. 
The undetermined function was performed the piecewise interpolation, 

which is generally a simple linear or low order polynomial interpolation. 

Thus the global energy functional can reasonably be approximated by a 

sum of element energies. This process discretizes an extremum problem of 

quadratic functionals with infinite degrees of freedom into an extremum 



290 Chapter 5 Finite Element Methods 

problem of multivariate quadratic functions with a finite number of de­
grees of freedom. The latter is equivalent to a system of linear algebraic 
equations. It is linear system that one finally solves. To sum up, the guid­
ing idea of the finite element method can be summarized in the following 
formula: "break up the whole into parts, substitute the straight for the 
bent, drive out complexity with simplicity, and turn the difficult into the 
easy". 

Owing to the beautiful combination of the variational principle and the 
piecewise interpolation,the finite element method successfully combines 
the advantages of the traditional energy method and of the traditional fi­
nite difference method. Being monotonic and mechanical in form, it is easy 
to program on. computers. Being very essence, it is especially suitable for 
problems with great geometrical and physical complexity. Furthermore, 
being based on the combination of the variational principle and the subdi­
vision approximation, it can simultaneously treat the infinite and the finite 
and continuity and discontinuity, so as to form a complete theoretical ba­
sis and to provide theoretical assurance that meets current demands for 
reliability of the method and closes the longstanding gap between theory 
and practice[5]. In comparison with traditional methods, therefore, the 
finite element method has many different advantages, providing a highly 
efficient solution method, a firm theoretical basis, a straight forward, well­
defined method and a wide range of applications. 

In the present chapter, we will introduce the basic idea and the dis­
cretization process of the finite element method via several typical prob­
lems in elasticity. We will, however, leave aside the solution of the system 
of linear algebraic equations, the problem of convergence of the finite ele­
ment solution to the exact solution, and the problem of error estimates. 

§2 Stretching and Torsion of Rods 

2.1 Variational problems 

According to §3 and §6 of Chapter 1, though the mechanical backgrounds 
of the rod in tension and the rod in torsion are quite different, the math­
ematical forms of their equilibrium equations are identical and can be 
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expressed as the second order ordinary differential equation 

_~(pdu) = f, a < x < b, (2.1) 
dx dx 

where the coefficient p = p(x) > O. In the case of the rod in tension, u 
denotes the longitudinal displacement, p denotes the tensile rigidity of the 
cross section, and f denotes the force load distribution in the longitudinal 
direction; while in the case of the rod in torsion, u denotes the twist angle, 
p denotes the torsional rigidity of the cross section, and f denotes the 
torque load distribution in the longitudinal direction. There are, besides, 
many other practical problems, such as the one-dimensional heat transfer 
problem, which can also be summarized in the form (2.1). 

In addition to the equilibrium equation (2.1), we must consider bound­
ary conditions which are generally classified into three kinds: 

1. u(a) = u(a), u(b) = u(b). 

2. - p(a)u'(a) + Cau(a) = 9a, 

3. - p(a)u'(a) + Cau(a) = 9a, 

p(b)u'(b) + Cbu(b) = 9b, Ca, Cb 2 O. 

Various combinations of boundary conditions can be imposed at the two 
end points. The second kind of boundary condition can be considered as 
a special case of the third kind with Ca = Cb = O. 

We showed in §3 of Chapter 1 that (2.1) and the boundary conditions 
1, 2, and 3 are, respectively, equivalent to the following three variational 
problems: 

10 {J(U) = ~ lb pu'2dx -lb fudx = Min, (2.2) 

u(a) = u(a), u(b) = u(b). 

lib, ib J(u) = - pu 2dx - fudx - 9aU(a) - 9bU(b) 
2 a a 

= Min, (2.3) 

(2.4) 
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In what follows, we take the variational problems (2.4) and (2.2) as 
examples to illustrate the fundamental idea and the discretization process 
of the finite element method. 

2.2 Subdivision and interpolation 
(1) Geometric subdivision 

First subdivide the interval [a, bj on which a solution is to be found into 
a finite number of subintervals (which need not be of equal length). we 

call these line elements and denote them by 'Yl,"', 'Y Nl . The two end 
points of the line elements 'Yi i.e., the subdividing points or the nodal 

points, are called point elements and are denoted lh,"', ONo' We see that 
No = Nl + 1. The line and point elements are both just called elements 
on the straight line. Thus, the interval [a, bj is subdivided into a finite 
number of elements. 

Note that if the coefficient p or the right hand side f of the equation 
is discontinuous in [a, bj, then the discontinuity point should be taken as 
a nodal point of subdivision. 

(2) Linear interpolation 
Consider an arbitrary line element 'Y. Suppose its two end points are 

01 and 02. Let s be the variable of the chord length from 01 toward 02, 
and let l denote the length of 'Y. Linearly interpolate the function u( s) on 

'Y by 

{ 
Q(s) = UlAl(S) + U2A2(S), 

Q(O) = UI, Q(l) = U2, 
(2.5) 

where, Ul and U2 are the values of u(s) at the end points 01 and 02, 
corresponding to s = 0 and s = l, respectively, and Al(S) and A2(S) are 
linear functions of s satisfying the relations 

Clearly, we have 

and 

Al(O) = 1, Al(l) = OJ 

A2(0) = 10, A2(l) = 1. 

(2.6) 

(2.7) 

Al and A2 are called the basis functions of the linear interpotion on 'Y. 
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The following table of integrals will be used later on. 

Table 1 1 <p'l/Jds 

~ 1 A" J 

1 1 l/2 
Ai l(1+8ij )/6 

OAi/OS 

(3) Quadratic interpolation 

OAj/OS 
( -1)1 

( -1)j/2 
( _l)i+j/1 

{
I, 1, =], 

8ij = 0, i =1= j. 

293 

We will interpolate the function u( s) on "( by a quadratic polynomial. 
Since a quadratic polynomial has three coefficients, a third interpolating 
point is required to determine it. The mid point of"( is generally taken as 

the third point. It is denoted 83 after the two end points 81 and 82 . Let 

Q(s) = U1JL1(S) + U2JL2(S) + U3JL3(S), 

Q(Si) = Ui, Sl = 0, S2 = l, S3 = l/2, 
(2.8) 

where, JLi, i = 1,2,3 are quadratic functions of s satisfying the relations 

From the foregoing, one can derive: 

JL1(S) = l~(s -l)(s -~) = 2A~ - AI, 

JL2(S) = l~s(s -~) = 2A~ - A2, 

4 
JL3(S) = ps(l- s) = 4A1A2, 

(2.9) 

where Al and A2 are the basis functions of the linear interpolation (2.6). 
JL1, JL2 and JL3 are called basis functions of the quadratic interpolation 

on "(. 
Using Euler's formula, 

(2.10) 

we know that i All A~2ds = P1!P2!/(p1 + P2 + I)!. (2.11) 

We have the following table of integrals. 
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Table 2 1 c.p'ljJds 
v 

~ 1 /-tl /-t2 /-t3 o/-tI!os O/-t2/ os O/-t3/ os 
1 1 1/6 1/6 21/3 -1 1 0 

/-tl 21/15 -1/30 1/15 -1/2 -1/6 2/3 

/-t2 81/15 -2/3 2/3 0 

o/-tI!os 7/31 1/31 -8/31 

O/-t2/ os 7/31 -8/31 
O/-t3/ os 16/31 

2.3 Analysis of elements (linear elements) 
After subdividing the interval [a, b] into line elements and point elements, 
the energy expression J(u) (2.4) can be approximated by the sum of en­
ergies on the line and point elements: 

Nl 

J(u) = L J-Yi(U) + JS l (u) + JsNo (u), (2.12) 
i=l 

J-y(U) = ! 1pu'2dx -1 fudx, 
2 -y -y 

(2.13) 

1 2 
JSl(v.) = 2"Cau (a) - 9au(a), 

1 2 JsNo (U) = 2"Cbu (b) - 9bU(b). (2.14) 

This step breaks up the whole into parts. The next goal is to complete 
the discretization of J(u) by approximating the energy on each element 
by a quadratic function of nodal variables. This step is called the analysis 
of elements. 

(1) Analysis of line elements 
Consider an arbitrary line element 'Y = (81, 82), and the two integrals 

over it 

~ £ pu'2dx, £ fudx. 

Generally speaking, the undetermined function u(x) is a rather compli­
cated distribution function on the whole interval [a, b]. But if we subdivide 
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the interval into very small intervals, that is, if the length of the line ele­
ment 'Y is very small, then u(x) on each line element 'Y can be treated as 
linear, Le., the linear interpolation function in (2.5) 

can be used to approximate u( x ). This is the step to substitute the straight 
for curve. Thus, the integral becomes 

! 1 pu'2dx ~ ! 1 pQ'2dx = ! 1 p(A~Ul + A~U2)2dx 
2')' 2')' 2')' 

1 ( 2 2) = "2 kll ul + 2k12U l U2 + k22U2 

1 T 
= "2U')' K')'U')', (2.15) 

where, U')' = (Ul,U2)T is a two dimensional column vector, and 

is a second order symmetric matrix called the element stiffness matrix, its 
entries are 

where, 

P')' = i pdx, 

so that 

[ 1 -1 1 K')' = ~; . 
-1 1 

In particular, if p is a constant on 'Y, then 

P')' = i pdx = pi, 

K7~T C~ -~) 

(2.16) 

(2.17) 
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For a general function p, quadrature formulas can be used to evaluate p-y 
(see Table 5). 

Another integral over '1 is 

where, 

l fudx ~ l fQdx = l f(AIUl + A2U2)dx 

- f(-y)u + f(-y)u - UT D 
- 1 1 2 2 - -y £-Y' 

If f is a constant on '1, then 

f (-y) - f(-y) - !fl F - !fl(1 1)T 
1 - 2 -2 '-Y-2 ' . 

(2.18) 

(2.19) 

(2.20) 

For a general f, quadrature formulas can also be used to evaluate fi-y) and 
f~-Y). 

The energy integral over the line element '1 is thus discretized as 

(2.21) 

This is a quadratic function of the nodal values Ul and U2. This discretiza­
tion completes the analysis of line elements. 

In the above, we have approximated u( x) by a linear interpolation on 
'1, called the first order linear element, or just the linear element. We 
can also approximate u( x) using a quadratic interpolation, we will discuss 
quadratic interpolation later in §2.6. 

(2) Analysis of point elements 
The discretization of energy on a point element b is trivial, because a 

point is already discrete. There are two terms: 

(2.22) 

The element stiffness matrix is of the first order, i.e., it is just a scalar 
quantity Ca or Cb. 
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2.4 Assembly 

Piecing together all of the linear interpolation functions on the individual 

line elements, we obtain a piecewise linear function Q(x) on [a,b], which 
is determined by the nodal values Ul,"', UNo of u(x). Q(x) is continuous 
over the whole interval, but its first derivatives are discontinuous at the 
nodal points. 

After discretizing the energy expression something missing using a 
quadratic function on each element, the global energy will have been dis­
cretized as 

Nl 

= L Jri(Q)J81 + J8No 
i=l 

+(~UICaUI - gaUl) 

+(~UNoCbUNO - 9bUNo) 

= !UTKU - UTF. 
2 

(2.23) 

This is a quadratic function of the variables UI, ... , UNo, and the coefficient 
matrix K is called the global stiffness matrix. K is symmetric and can be 
obtained by superposing the stiffness matrices of the individual line and 
point elements (being, respectively, of the second and the first orders) in 
the appropriate way. The vector F is called the load vector. F can be 
obtained in a similar manner by superimposing F"{ and F8 of the individual 

line and point elements. This is the assembly step. 

Note that the superposition producing K and F is performed on the 
existed basis, and that different elements can contribute to a given entry 

location of K and F. We illustrate this for the case NI = 3 as follows. 

First construct a table, whose first four rows and four columns stand for 

the matrix K, while the last column stands for the vector F, and initially 
set all entries of K and F to zero. Superposing K"{i and F"{i (i = 1,2,3) 
for each line element Ii, we obtain in turn 
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F"Yl 

Ul U2 U3 U4 F 

Ul pI/l~ -pI/l~ 0 0 ! /1)1 
211 

u2 pI/l~ 0 0 ! /1)1 
2 2 1 

U3 sym. 0 0 0 

U4 0 0 

Ul U2 U3 U4 F 

Ul pI/l~ -pI/l~ 0 0 ! /1)1 
211 

u2 pI/l~ + p2/1~ -p2/1~ 0 iUJl)h + f~2)12) 

U3 sym. p2/1~ 0 1/2)1 - 2 2 
2 

U4 0 0 

Ul pI/l~ -pI/l~ 0 0 ! /1)1 
2 1 1 

U2 PI + P2 
If l~ 

-p2/1~ 0 iUJl)h + fi 2)b) 

U3 sym. P2 + P3 
l~ l~ 

-P3/1~ iUJ2)12 + fi3)13) 

U4 P3/1~ !/3)l 
2 2 3 
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Further superposing KCi and FCi (i = 1,4) for each point element Di, we 
finally obtain 

PI PI 0 0 (i +Ca -(i 
1 1 

PI + P2 -P2 
0 l2 l2 r 1 2 2 

K= P- 2 P3 P3 
----r-+(i -(i 

2 3 3 

sym. 

P3 
(i +Cb 

3 

1 (1) 
"2/1 h + 9a 

F= 
~(J~I)h + fi 2)l2) 

~(J~2)l2 + fi3)l3) 
(2.24) 

~f~3)l3 + 9b 

The matrix K is symmetric, and it is easy to verify that K is positive def­

inite as well, provided CaG~ 0) and Cb(~ 0) do not vanish simultaneously. 
Furthermore, K is tridiagonal, its nonvanishing entries being concentrated 
on the two sides of the diagonal. 

In (2.23), the quadratic functional of energy J(u) is discretized into 
a multivariate function J(UI,··· ,UNo). The variational problem (2.4) is 
correspondingly discretized into an unconditional minimum problem for 
multivariate functions 

(2.25) 

According to the variational principle of linear algebra, the latter is equiv­
alent to the system of linear equations 

KU=F. (2.26) 

This is the final form to be solved. So far the discretizing process of 
the finite element method has been finished in the case without essential 
conditions. 
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The coefficient matrix of the system of equations (2.26) is symmetric, 

positive definite and banded. There are many approaches to solving such 

systems of equations. Among those commonly used at present are the 

frontal method (the direct method) and the overrelaxation method (a 

combination of the direct method and the iterative method). 

We can see from the process of superposition used to form the global 

stiffness matrix K that product terms UiUj do not arise in the discretized 

quadratic function of energy J( UI,· .. , UNo) when the point elements 8i 

and 8j are not adjacent, i.e., do not belong to the same line element. As 

a result, the entries kij of the corresponding matrix K must vanish. It 

follows that K is a sparse matrix, that is, the vast majority of its entries 

vanish. To save computer memory and computational effort, programs 

need only store the nonvanishing entries of K. This is called the method 
of condensation. 

We can solve the system of equations (2.26) for U = (Ul,···, uNof, 

which is just the discretized solution of the unknown function u(x) at the 
nodal points 81 , ... ,8 No. Sometimes in practical problems we also need 

du 
to know the value of the derivative dx. This value can be obtained as 

follows. Since the interpolation function Q( x) is piecewise linear, its first 

derivative is piecewise constant and can be taken as the value of du on the 
dx 

du 
line element 'Y. If we need the value of dx at a nodal point, then we can 

use the mean value of the derivatives on the two adjacent line elements. 

2.5 Treatment of essential conditions 
If the variational problem has further constraints, then after obtaining the 

coefficient matrix K and the right hand side F, we still need more work 

to obtain the system of linear equations which we must finally solve. As 

an example, we discuss the variational problem (2.2). 

Following the steps given in the last section, we discretize the varia­

tional problem of (2.2) into 

{
I. 

J(UI,··· ,UNo) = 2UTKU - UTF = Mm, 

ul = u(a), UNo = u(b). 
(2.27) 

This is a constrained extremum problem, where the variables Ul and UNo 

in J(UI,···, UNo) take prescribed values. Hence J can be regarded as 
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a function of the other variables U2,"', UNo-I, making the conditional 
extremum problem into an unconditional extremum problem in variables. 
Thus, we should delete the first and No-th equations in the system 

KU=F 

and substitute the values of UI = u(a) and UNo = u(b) into the remaining 
equations after transposing UI and from the left hand to the right hand 

side. We then obtain No - 2 equations in No - 2 variables U2,"', UNo-I. 
The order of the coefficient matrix of the new system of equations is No - 2, 
but the matrix is still symmetric, positive definite, and banded. 

An equivalent procedure is to make the following modifications in the 

original coefficient matrix K and in the right hand member F: 
Change the first entry of F to u(a), the No-th entry to u(b), and the 

remaining entries to 

R - k"Iu(a) - k"M u(b) i = 2 ... No - 1 ~ ~ ~1Yo' " • 

The diagonal entries on the first and the No-th row are set to be 1 and 
all the other entries in the first row, the first column, the No-th row and 
the No-th column are set to zero. 

Thus we obtain a system of equations, of the same order as the origi­
nal one, whose coefficient matrix is still symmetric, positive definite, and 
banded. This procedure may be somewhat simpler to program, because 

it avoids the trouble of renumbering due to the deletion of equations and 
variables, but it requires somewhat more memory and computational effor. 

Note that even if the coefficient p or f' in the right-hand of (2.1)is 
discontinuous, so long as the discontinuity point is taken as the nodal 
point and both p and f take the different values on the two sides of the 
discontinuity point during the evaluation of the line integrals, then the 
remaining steps of discretization are exactly the same as those in the case 

without discontinuity. 

2.6 Applications of the quadratic element 
In the preceding subsections, we used is linear interpolation on the linear 
elements. Its advantages are simplicity and convenience. Its disadvan­

tages are low accuracy and that it requires many nodal points, resulting 
in a rather large coefficient matrix. In this section, we perform the ele­
ment analysis by interpolating with quadratic functions, called quadratic 
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elements. This is also quite simple, but is a tangible improvement over 

the method of linear elements. 

Choose an arbitrary line element 'Y = (81 ,82 ), By substituting the 
quadratic interpolation function Q(x) in (2.8) for u(x), the energy integral 

over 'Y is discretized into 

where U, = (UI, U2, U3)T, while U1, U2, and U3 are, respectively, the values 
of u( x) at the two end points 81 and 82 and at the midpoint 83 of 'Y; 

(2.28) 

sym. 

k33 

kij = i pu~ujdx, i, j = 1,2,3. (2.29) 

K, is just the element stiffness matrix of the quadratic element. When p 

and I are constant on 'Y, according to Table 2 we obtain 

7 1-8 

p 7-8 
K,= -

3i sym. 
(2.30) 

16 

Ii T 
i?, = (3(1,1,4) . (2.31) 

Note that, the order of the three nodal points is 81,82 ,83 in the evalua­

tion of K, and i?,. If we change the numbering so that 82 is the midpoint 
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and 83 is the end point, then the K"{ and F"{ will become 

7 -8 1 

16 -8 

sym. 

7 

For quadratic elements, the analysis of point elements and the assem­
bly step are just the same as for linear elements, so we will not repeat 
them here. 

In order to compare the quadratic element with the linear element 
method, we give a solution using quadratic elements of the variational 
problem (2.4). When NI = 3, the coefficient matrix K and the right­
hand vector F (assuming that P and f are constant on the individual line 
elements) are, 

h 
7PI 7]>2 -8p2 P2 -+----
h 12 12 12 

16p2 -8p2 

12 12 

o 

sym. 7P2 7P3 -8P3 P3 -+----
12 13 13 b 

The solution vector is 

16p3 -8P3 

b b 
7P3 z;- + Cb 

(2.32) 

7x7 
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where, U2, U4, and U6 are respectively the displacements at the midpoints 

of the line elements 1'1, 1'2, and 1'3. 

It is easy to verify that the coefficient matrix of the quadratic element 

is still symmetric, positive definite, and sparse. The proof of positive 

definiteness is as follows. Since the quadratic functional 

is positive definite, i.e. 

D(u, u) = 0 -¢=::} u == 0, 

and we know from the process of assembling K that 

1 T 
iU KU = D(Q,Q), 

we have 

UTKU = 0 -¢=::} D(Q,Q) = 0 ~ Q == 0 ~ U = 0, 

Hence K is positive definite. 

It is a general property of the finite element method that a positive 
definite variational problem gives rise to a positive definite coefficient ma­
trix. 

§3 Bending of Beams 

3.1 Variational problems 
According to §7 of Chapter 1, the equilibrium equation for plane bending 

of beams is 

a < x < b, (3.1) 

where D = Elz denotes the flexural rigidity of the cross section while f 
denotes the transverse load distribution. 

As boundary conditions, we take the left end to be fixed and the right 
end to be free, i.e., 

{ 
u( a) = u' (a) = 0, x = a, 

u"(b) = (Du"(x))~ = 0, x = b. 

(3.2) 

(3.3) 
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we assume that the flexural rigidity D has a discontinity at x = ~, Con­
sequently, we have the interface condition 

[Du"]e+O = 0 e-O , (3.4) 

and the continuity conditions for the displacement and the rotation angle: 

[u]~~g = 0, [u']~~g = o. (3.5) 

More generally, let us consider the problem of beams on elastic foun­
dation. Then the equilibrium equation (3.1) must be replaced by 

d2 d2u 
dx2 (D dx2) + cu = j, a < x < b, (3.6) 

where c > 0 is a constant of elastic coupling with the foundation. 
By the variational principle, the equilibrium equation (3.6), the bound­

ary condtiions (3.2) and (3.3), and the interface conditions (3.4) and (3.5) 
are, taken together, equivalent to the following variational problem 

{ lib 1/ lib ib J(u) = - Du 2dx + - cu2dx - judx = Min, 
2 a 2 a a 

u(a) = u'(a) = O. 

(3.7) 

The boundary conditions (3.3) and the interface condition (3.4) are all the 
natural boundary conditions of the variational problem (3.7), which are 
automatically satisfied by the extremum function and hence donot need 
to be listed explicitly. The continuity conditions (3.5) at the discontinuity 
point of the medium also don't need to be listed explicitly as constraint 
conditions of the variational problem, so long as we prescribe that u and 
u' are single-valued at x = ~. 

3.2 The cubic hermite element 
(1) The interpolation polynomial 

Since the second derivative of the displacement u is contained in the energy 
integral of beams in bending, the first derivative of u must be continuous. 
The linear or quadratic elements used so far for rods in tension can only 
assure the continuity of the interpolation function itself. The first deriva­
tive of the interpolation function is only is piecewise continuous, so that 
these two kinds of elements are not generally used for beams in bending. 
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In order to obtain an interpolation function with continuous first deriva­
tives, we must prescribe the value of the first derivatives (the rotation 
angle) in addition to the value of the displacement u at the nodal point. 
This is called Hermite interpolation. 

Consider an arbitrary line element, with end points 81 and 82. Let s 
be the variable of the chord length from 81 to 82, and let l be the length 
of ,. We require a cubic polynomial Q(s) inter polating the function u(s) 
on , such that 

{ 
Q(s) = a1s3 + a2s2 + a3s + a4, 

Q(O) = U1, Q(l) = U2, Q'(O) = u~, Q'(l) = u~. 

The four coefficients aI, a2, a3 and a4 of Q{s) are determined by the values 
UI, U2, u~, and u~ at the end points of ,. Rewrite the interpolation function 
as 

where, 'PI, 'P2,,,p1 and"p2 are cubic polynomials of s satisfying the relations 

'P1(0) = 1, 'P1(l) = 'Pi(0) = 'P~{l) = 0, 

'P2(l) = 1, 'P(O) = 'P~(O) = 'P~(I) = 0, 

"p~(0) = 1, "pI(O) = "pI (I) = "p~(I) = 0, 

"p~{l) = 1, "p2(0) = "p2{l) = "p~(0) = O. 

Accordingly, it is easy to show that 

'P1(S) = 1- 3Gf + 2(f)3 = Ai(3 - 2A1), 

'P2(S) = 3(ff -2(ff = A~(3 - 2A2), 

"p1(S) = l[f - 2Gf + (f)3] = Ai(Al -1), 

"p2{S) = _l[G)2 - G)3] = A~(A2 -1), 

(3.9) 

where Al and A2 are the basis functions of the linear interpolation on ,. 
The functions 'PI, 'P2,,,p1 and"p2 are called the basis functions of the cubic 
Hermite interpolation on ,. 
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(2) Analysis of elements 
As in §2, divide the interval [a, bj into line elements II," " INl and 

point elements 81 , ... , 8 No, and suppose the discontinuity point ~ of D is 
one of the point elements. Substituting the cubic Hermite interpolation 
polynomial Q(x) for the displacement u(x) on each line element I, we ob­
tain a piecewise cubic function Q(x) on the whole interval [a, bj, whose first 
derivative is continuous and whose second derivative is piecewise contin­
uous. Consequently, Q (x) is an admissible interpolation function for the 
variational problem (3.7). 

The energy integral over the line element I is 

For convenience, we introduce the notation: 

(3.8) can then be abbreviated as Q(x) = U~N(x). The various terms of 
the energy integral J-y( Q) can be expressed as 

so that 

where 

~ 1 DQ"2dx = ~ 1 DUTN"N"TU dx = ~UTK U 2 -y 2 -y -y -y 2 -y -Y-Y' 

11 2 11 T TIT - cQ dx = - eU-y N N U-ydx = -U-y G-yU-y, 
2 -y 272 

i fQdx = i fU~Ndx = U~F-y, 

K-y = i DN" N"T dx, 

G-y = i eN NT dx, 

F-y = 1 fNdx. 

(3.11) 

(3.12) 

(3.13) 

(3.14) 
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If D and c are constant on "(, then we can use formula (2.11) to evaluate 

f "2d f ". 1,11 d f ""2d f 1/ .IJ'd },.y i.pI x J -y i.pI 'n x J -y i.pI i.p x J -y i.pI '1-'2 x 

=D 

=c 

12 6 

i 1/J~2dx i 1/J~i.p~dx i 1/J~1/J~dx 
i i.p~2dx i i.p~1/J~dx 

sym. i 1/J~2dx 
-12 6 

[3 [2 [3 [2 

4 -6 2 
- -
[ [2 [ 

12 -6 
, 

sym. 
[3 [2 

4 
-
[ 

j xi dx j i.p1/JI dx j i.pI i.p2dx j i.pI1/J2dx 

i 1/Ji dx i 1/JI i.p2dx i 1/JI1/J2dx 

sym. 

13[ 

35 

sym. 

j i.p~dx j i.p21/J2dx 

j 1/J~dx 
11[2 9[ -13[2 
--- --
210 70 420 
[3 13[ _[3 

- --
105 420 140 

13[ _11[2 
--

35 210 
[3 

-
105 

(3.15) 

(3.16) 

The following are concrete forms of F-y for several commonly used load 
distributions f: 

1. f is constant on "(. Then 
[ [2 [ [2 T 

F-y=f(2'12'2'-12) . (3.17) 
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2. f is linearly distributed over ,. Suppose at the left end point 

f = iI, while at the right end point f = 12, then 

(3.18) 

3. f is a concentrated force of intensity q acting at point rJ on ,. 

Suppose the distance between rJ and the left end point is sl,O :::; s :::; 1, 

then 

F[ = q('Pl(sl), '1Pt(sl), 'P2(sl), 'l/J2(sl))T 

= q(l - 3s2 + 2s2, l(s - 2s2 + s3), 3s2 - 2s3, -l(s2 - s3)f. (3.19) 

After the nodal values U of the displacement U have been found by 

solving the system of linear equations 

KU=F, 

we must still evaluate the rotation angle e and the bending moment M. 
On , we can take 

(including the nodal points), 

(3.20) 

1 d2u d2Q " '" " " I D M = dx2 ~ dx2 ='PIUl+'l/J1u1 +'P2U2+'l/J2 U2 

(not including the nodal points). (3.21) 

Since d2~ is generally discontinuous at nodal points, if we need the value 
dx 

f d2u h d I . h .. . h o -2 at t e no a pomt, t en we can approxlmate It usmg t e average 
dx 

of the values of d2~ at the midpoints of the two adjacent elements. 
dx 

§4 Poisson Equation 

4.1 Variational problems 
So far, we have introduced the finite element method for one-dimensional 
problems. In this section we shall start to discuss the two-dimensional 
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problem. Consider first the classical second order elliptic partial differen­

tial equation-Poissons equation 

( 4.1) 

where n is a bounded domain on the (x,y)-plane, P = p(x,y) > 0 is 

the prescribed coefficient, and f = f(x, y) is the prescribed right-hand 

distribution. For the torsion of cylinders, both the torsion function 1jJ and 

the stress function <p satisfy (4.1), has already been discussed in §3 of 

Chapter 3. Some other problems, such as the bending of membranes and 

plane heat transfer, can also be summarized this equation. 

Since (4.1) is a second order equation, to determine a unique solution 

we need to prescribe on an boundary conditions of the following three 

kinds: 

1. u = u; 

au 
2. Pan = g; 

au 
3. P an + cu = g, C 2:: o. 

Here, n denotes the outward normal direction to the boundary an. The 
second kind of boundary condition can be considered as a special case of 
the third kind with c = o. The different kinds of boundary conditions can 
be prescribed on different segments of the boundary. 

To be definite, we assume that Fl and F3 are two complementary parts 

of the boundary an, i.e., 

and prescribe 

{ 
F1 : u = u, 

au 
F3 : P an + cu = g. 

(4.2) 

Equation (4.1) and the boundary conditions (4.2) are together equivalent 

to the variational problem 
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(4.3) 

= mIn, 

r 1 : U = u. 

When the coefficient p of the medium has a discontinuity in the interior 

of n, let the discontinuity occur on a line L that subdivides the domain 

n into several smaller pieces. For simplicity, suppose it is subdivided into 

two pieces n = n+ + n-. We prescribe a positive direction on L, for 

instance, the normal direction II pointing to n+ from 0-. Then, using 

Green's formula on n- and 0+, respectively, we can derive the interface 

condition 

( oU)- (oU)+ 
L: p all - p all = 0, 

on the discontinuity line L. This condition needed to determine a unique 

solution to the differential equation (4.1), but it is automatically satisfied 

in the variational problem (4.3) and need not be listed as a constraint. 

4.2 Subdivision and interpolation 
The two dimensional problem is much more complicated than the one 

dimensional problem. Nevertheless, the fundamental idea and the process 
of discretization of the finite element method are still roughly similar to 
that of the one-dimensional problem. 

(1) Geometric subdivision 
First subdivide the domain n of undetermined solutions. The funda­

mental element could a triangle, rectangle, quadrangle, etc. Among these, 
the trianglular subdivision is the simplest and the most often used one, so 
we will introduce it first. 

The domain 0 may be either simply connected or multiply-connected, 

i.e., with holes. If there exist q holes, then the boundary 00 is composed 

of q + 1 closed curves. 

Using a broken line to approximate the boundary 00 of 0, we obtain a 

polygonal domain which we still denote 0, temporarily ignoring the error 

caused by the substitution of straight for curved. Divide the polygonal 

domain 0 into triangles more precisely subdivide 0 into 

area elements: /h,···, {3N1 , 
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line elements: 1'1 ... ,1'Nl' and 

point elements: 81,"', 8 No' 

We call all of these elements. The area element is just the triangle, the 

line elements are just the edges of the triangles, and the point elements 

are just the vertices of the triangles. 

We point out, by the way, that the numbers of the point, line, and 

area elements No, N1 and N2 satisfy Euler's formula 

(4.4) 

where, q is just the number of the holes in n. Formula (4.4) can be used 

to check the information in programs. 

Having numbered the point, line, and area elements, and having given 
the following information: 

1. the coordinates of the point elements (Xk' Yk), k = 1,2" ", No; 
2. the numbers of the two end points of the line elements; 

3. the number of the three vertices of the area elements; 
the geometric subdivision of n is entirely determined. 

If the coefficient p has discontinuities, then the discontinuity line L 
should be approximated as closely as possible by line elements of the 

subdivision. To sum up, the subdivision is basically arbitrary, and it 
may be denser in some places and sparser in others according to practical 
demands. 

(2) Linear interpolation on triangles 
Consider an arbitrary triangle j3. Suppose that the three vertices of 

j3 are 81,82 , and 83 taken in anti-clockwise order (Fig. 68), and that the 

coordinates of 8i are (Xi, Yi), i = 1,2,3. Linearly interpolate the function 

u(x, y) by 

{ 
Q(x,y)=ax+by+c, 

Q(Xi' yd = U(Xi' Yi) = Ui, i = 1,2,3, 

where the coefficients a, b, and c are determined by three interpolation 

conditions. We can also rewrite the interpolation function as 

(4.5) 

where, Ai (i = 1,2,3) are all linear polynomials of X and y satisfying the 
relations 
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Accordingly, we obtain 

where, 

1 
AI(X,y) = 2Ll (1]lx-6Y+WI), 

1 
A2(X, y) = 2Ll (1]2 X - 6y + W2), 

1 
A3(X, y) = 2Ll (1]3 X - 6y + W3), 

1]1 = Y2 - Y3, 1]2 = Y3 - Yb 1]3 = YI - Y2, 

6 = X2 - X3, 6 = X3 - Xl, 6 = Xl - X2, 

Xl YI 1 

2Ll = X2 Y2 1 > 0, 

X3 Y3 1 

313 

(4.6) 

(4.7) 

(4.8) 

Ll is the area of the triangle ;3. Note that when the three vertices of the 

triangle are ordered in the clockwise direction, the determinant 

Xl YI 1 

X2 Y2 1 = -2Ll < o. 

The functions AI, A2, and A3 are the basis functions of linear interpolation 
on the triangle. From (4.6), 

8Ai 8Ai 
8x = 1]i/2Ll, 8y = -ei/2Ll . (4.9) 

When the interpolated function u( X, y) itself is just a linear function, 

we obviously have 

u(X, y) == Q(x, y). 

Hence, letting u(x, y) be 1, x, and Y in turn, we immediately obtain the 

following identities 

{

I = Al + A2 + A3, 

X == Xl Al + X2A2 + X3A3, 

Y == YIAI + Y2 A2 + Y3 A3. 

(4.10) 
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(3) Centroid coordinates and numerical quadrature 

The linear interpolation basis functions AI, A2, and A3 occupy a very 
important place in interpolation and in calculus operations on the triangle 
f3 = (8I, 82,83 ). We shall discuss these three functions in more detail in 
the following. 

Consider an arbitrary point 8. Let its rectangular coordinates be (x, y). 
The corresponding functions (AI, A2, A3) can be evaluated from formula 
(4.6). Only two of these three functions, however, are independent, be­
cause the three functions satisfy identity 

Conversely, give (AI, A2, A3) satisfying the above identity, the correspond­

ing (x, y) can be evaluated from the formula (4.10). Hence, like (x, y), (AI, 

A2, A3) can also be used as coordinates for points in the plane. These are 

called centroid coordinates. The reason is that if we place three masses 

denoted AI, A2, and A3, at the vertices 8I, 82 and 83 , then the centroid 
8 = (x, y) of this system of masses will be 

x = (XlAl + X2A2 + X3 A3)/(Al + A2 + A3) = XlAl + X2A2 + X3A3, 

Y = (YlAl + Y2 A2 + Y3 A3)/(Al + A2 + A3) = YlAl + Y2 A2 + Y3 A3· 

These are just the formulas (4.9). 

On area elements, the centroid coordinates are sometimes called area 
coordinates. For consider a point 8 = (x, y) inside the triangle (81,82, 
83 ). 88283 , 8838I, and 88182 are all anticlockwise because 8I, 82 and 83 are 
anticlockwise. We have the following area formulas (Fig. 68): 

~l 8~2 
82 

~3 

81 

Fig. 68 
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Xl Yl 1 

~ = the area of the triangle 818283 = ~ X2 Y2 1, , 

X3 Y3 1 

X Y 1 

~l = the area of the triangle 88283 = ~ X2 Y2 1, 

X3 Y3 1 

1 
= 2(1Jl X - 6y + WI) = Al~' 

X Y 1 

~2 = the area of the triangle 88381 = ~ X3 Y3 1, 

Xl Yl 1 

1 
= 2 (1J2 X - 6y + W2) = A2~' 

X Y 1 

~3 = the area of the triangle 88182 = ~ Xl Yl 1, 

X2 Y2 1 

1 
= 2 (7]3 X - 6y + W3) = A3~. 

Hence, the controid coordinates (AI, A2, A3) of the point 8 = (x, y) are just 

h . f h f h . I ~l ~2 ~3 t e ratios 0 t e area 0 t e tnang es ~'~'~. 
As we vary the point 8 = (x, y) in the triangle, the values of the 

centroid coordinates (AI, A2, A3) vary through 

0::; A1,A2,A3::; I,Al + A2 + A3 = 1. 

The centroid coordinates of the three vertices 81, 82 and 83 are (1,0,0), 

(0,1,0), and (0,0,1) in turn. Furthermore, Ai = ° (i = 1,2,3) on the edge 
opposite to the vertex 8i . 

When analyzing area elements, we often want to evaluate integrals of 
the form 
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where, P1,P2 and P3 are nonnegative integers. Take Al and A2 as the 
independent variables and A3 = 1 - Al - A2. By (4.6), 

This equation transforms an arbitrary triangle {3 = (81, 82, 83 ) in the (x­
y)-plane into the right triangle on the (AI - A2)-plane 

The Jacobian ofthis transformation is 

8AI 8AI 
-

8(A1, A2) 8x 8y 1 "11-6 1 
= 

8(x,y) 8A2 8A2 (2~)2 "12 - 6 2~' 
-

8x 8y 

8(x,y) 
8('\1, '\2) = 2~. 

Thus, the integration over the triangle {3 can be carried out over the right 
triangle {3' by transforming to centroid coordinates: 

then by the use of Euler's formula (2.10), we obtain 

(4.11) 

We can compute the following Table from this equation and (4.6). 
Numerical quadrature on triangles can also be expressed in terms of 

the centroid coordinates. The general form is 

(4.12) 
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where (Aik), A~k), A~k)), k = 1,··· ,m, are nodes specified in terms of cen­

troid coordinates and p(k) are the corresponding weights. Several fre­

quently used formulas for numerical quadrature are listed in Table 4, 

where accuracy n implies that the formula is exact for polynomials of 

order n. 

Table 3 11 cp'IjJdxdy 
B 

<p OAf OA· 
1 A· _3 

3 AX oy 

~ 
~ TJj -~j 

1 -
3 2 2 

Ai 
(1+8ij)~ TJj -~j 

12 6 6 

OAi TJiTJj -~jTJi 
-ax 4~ 4~ 

OAi ~iTJj 
-oy 4~ 

Like the chord length s, (AI, A2) can also be taken as the coordinates 
for the line element, = (8I, 82 ). Here (AI, A2) are determined from (2.6) 

and (2.7), 

Let 

S 
Al = 1-­

l' 

Al + A2 = 1. 

it = the length of the line segment 882 = 1 - s, 

l2 = the length of the line segment 818 = s. 

Then the centroid coordinates (AI, A2) corresponding to the point 8 = 8(s) 
are just the ratios of the line segment lengths it/I and 12/1. 

Numerical quadrature over line elements can also be expressed in terms 

of centroid coordinates. Its general form is 

1 F(AI, A2)ds = If p(k) F(Aik), A~k)). 
7 k=1 

(4.13) 

For the nodes (Aik) , A~k)) and weights p(k), see Table 5. 



318 Chapter 5 Finite Element Methods 

Table 4 Formulas for numerical quadrature on a triangle 

number of nodes 

m 

1 

3 

7 

7 

7 

0:1 = 0.05961587 

/31 = 0.47014206 

0:2 = 0.79742699 

/32 = 0.10128651 

coordinates of nodes 

( 1 1 1) 
"~'~' ~ 

(o,~,~) 

(~,o,~) 

(~,~,o) 
( 1 1 1) 
3'3'3 

(0 ~ ~) 
, 2' 2 

(~,o,~) 
( 1 1 ) - - 0 
2' 2' 

(1,0,0) 

(0,1,0) 

(0,0,1) 

( 1 1 1) 
3'3'3 

weights 

p 

1 

1 

3 

27 

60 

8 
60 

3 
60 

0.225 

0.13239415 

0.12593918 

accuracy 

n 

1 

2 

3 

5 
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Table 5 Formulas for numerical quadrature over line element 

number of nodes coordinates of nodes wieghts accuracy 

m (A1, A2) p n 

1 (~,~) 1 1 

2 

01(1- od 1 
01 = 0.2113248654 - 3 

2 
(1 - 01, (1) 

1 - 01 = 0.7886751346 

(~,~) 4 
-
6 

(0,1) 
1 

3 - 3 
6 

(1,0) 

3 (~,~) 8 
-
18 , 

·02 = 0.1127016654 (02,1 - (2) 
5 - 5 
18 

1 - 02 = 0.8872983346 (1 - 02,(2) 

( 4) Quadratic interpolation on triangles 
As with quadratic interpolation on line elements, we can, in order to 

raise the accuracy, construct quadratic interpolations on triangular area 
elements. The first case is the six-point quadratic interpolation. 

Use the three vertices 81, 82, 83 of the triangle f3 = (81, 8, 83 ) and the 
midpoints 84 ,85,86 of their opposite edges as interpolation points. Adopt 
the convention that, 81 is opposite 84 ,82 is opposite 85 , and 83 is opposite 
86 (Fig. 69). Form a complete quadratic polynomial 

Q(x, y) = al + a2x + a3Y + a4x2 + a5XY + a6y2 

such that 
Q(Xi,Yi) = Ui, i = 1,2"" ,6. 



320 Chapter 5 Finite Element Methods 

From these equations the coefficients ai (i = 1,2"",6) can be determined. 
The interpolation polynomial can be written as 

6 

Q(x, y) = L UiJ.ti(X, y), (4.14) 
i=l 

where, /.li(X, y) are quadratic polynomials 

(4.15) 

81 L--__ -+ ___ -" 82 
66 

Fig. 69 

These functions can be expressed in terms of the centroid coordinates 
Ab A2 and A3 as 

{ 
/.li(X, y) = 2Ar - Ai, i = 1,2,3, 

/.l4(X, y) = 4A2A3, /.l5(X, y) = 4A3Ab /.l6(X, y) = 4AIA2' 
(4.16) 

/.li(X, y)(i = 1,2, ... ,6) are the basis functions ofthe quadratic interpo-

lation on triangles. They satisfy 

a/.li = T/i(4Ai -1), i = 1,2,3, 
ax 

a/.l4 a/.l5 ( ) 
ax = 4(TJ3A2 + TJ2 A3), ax = 4 TJIA3 + TJ3 Al , 

O/.l6 ) - = 4(T/2Al + TJIA2 , 
ax 

a/.li = -~i(4Ai -1), i = 1,2,3, 
ay 
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8p,4 8p,5 
8y = -4(6).2 + 6).3), 8y = -4(6).3 + 6).1), 

8p,6 
8y = -4(6).1 + 6).2). 

Table 6 J 1 cp1jJdxdy 

'X 1 /1-j /1-3+j 

1 ~ 0 ~/3 

/1-i (76ij - 1)~/180 -6ij~/45 

/1-3+i 4(1 + 6ij)~/45 

Table 7 J 1 cp1jJdxdy 
(3 

~ 1 8/1-1 8/1-2 8/1-3 8/1-4 8/1-5 8/1-6 
8y 8y 8y 8y 8'!J 8'!J 

1 ~ 
-6 -6 -6 26 26 26 

6 6 6 3 3 3 

8/1-1 
"Id6 

"126 "116 "116 0 -"116 -"116 
8x 12~ 12~ 12~ 3~ 3~ 

8/1-2 
"12/6 

"136 -"126 -"136 -"136 0 
8x 12~ 4~ 3~ 3~ 

8/1-3 
"13/6 

"136 "136 -"136 -"136 -"136 0 -
8x 12~ 12~ 4~ 3~ 3~ 

8/1-4 -2"11 
0 -"136 -"126 - L!-l "Ik~k -("116 +"126) -("116 +"136) 

8x 3 3~ 3~ 3~ 3~ 3~ 

8/1-5 -2"12 -"136 0 
-"116 -("126 +'T/16) - L!-l "Ik~k -("126 +"136) 

8x 3 3~ 3~ 3~ 3~ 3~ 

8/1-4 -2"13 -"126 -"116 0 
-("136 +"116) -("136 +"126) - L!-l "Ik~k 

8x 3 3~ 3~ 3~ 3~ 3~ 

The integration formulas for the basis functions P,i and their partial deriva­
tives on the triangle f3 are given in Table 6 and 7. The value of the integral 

f 8p,i 8p,j ( 8p,i 8p,j) b b . d' d' I b b' . o - -a or - -a ' can e 0 tame Imme late y y su stItutmg 'TJ 
ax x ay y 

for ~ (or ~ for 'TJ) in the tables and reversing the sign. 
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4.3 Analysis of elements 
(linear elements and quadratic elements) 

As described above, triangulate the domain 0, and assume that the bound­

aries nand F3 are decomposed into sums of line elements: 

F1 : {'YD, k = 1,2", ',M1; 

F3 : {'Yn, k = 1,2"", M3 • 

Then the total energy J(u) of the variational problem (4.3) can be into 

approximated by the sum of the related elements 

N2 M3 

J(u) ~ L J{3i(U) + L J'Y~(u), (4.18) 
i=l k=l 

where 

(4.19) 

(4.20) 

Since point elements contribute nothing to J(u), we have 

When the domain 0 is not a polygonal, errors will be induced by substi­
tuting the straight for curved on the boundary. That is why the energy 
decomposition (4.18) is only approximate. 

Substituting a quadratic interpolation function for u on each element 

will discretize the energies of the individual elements (4.19) and (4.20) 
into quadratic functions. We will now carry out the analysis of elements 

with respect to linear interpolation (linear elements) and quadratic inter­
polation (quadratic elements) on triangles. 

(1) The linear element 
1. Analysis of area elements 

Consider the linear interpolation on the triangle f3 = (81, 82, 83), 

3 

Q(x, y) = L UiAi, 
i=l 
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as an approximation of u(x, y). Let 

then 

The energy integral on (3 is discretized to 

J~(u) ~ J~(Q) = J~ {~p[ (~~r + (~~r] - fQ }dxdyz 

= J~ {~p[Ul(C;:) (C;:)T U~ 

+Ul(~) (a;:)T U~] - f UI N }dxdy 

1 T T 
= 2U~ K~U~ - U~ F~. 

The element stiffness matrix is 
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(4.21) 

(4.22) 

Ff3 = J~fNdXdY = (J~fAldXdY, J~fA2dXdY, J~fA3dXdy)T. 
(4.23) 

When p and f are constant on (3, the entries of K~ and F~ can be evaluated 
using Table 3 as follows: 

[K 1 -!J~ (8Ai 8Aj 8Ai 8Ai)d d ~i'- P --+-- x Y 
J p 8x8x 8y8y 

= 4~ (rJirJj +~i~j), i,j = 1,2,3, (4.24) 

[F~li = J~f)..idxdy = f:, i = 1,2,3. (4.25) 

For general functions p and f, K~ and F~ can be evaluated numerically 
using Table 4. 

2. Analysis of the line element 
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Consider a line element 'Y. It is an edge of some triangle {3, say (81, 82). 

Considering the values on (81, 82 ) of the linear interpolation Q on {3, since 
the centroid coordinate A3 = 0 on the boundary (81, 82), we have 

where, s indicates the chord length pointing to 82 from 81, i.e., 

s = V(x - Xl)2 + (y - Yl)2. 

On the other hand, we can see from the identities (4.10) for the centroid 
coordiantes that, when A3 = 0, we have 

It follows that 

Hence 

Al + A2 = 1, 

x = XlAl + X2A2, Y = YlAl + Y2 A2. 

x = xl(1 - A2) + X2A2 = Xl + A2(X2 - Xl)' 

Y = Yl(1 - A2) + Y2 A2 = Yl + A2(Y2 - Yd· 

where, l = J(X2 - xd2 + (Y2 - Yl)2 is just the length of the line segment 
(81,82), Then 

This implies that Al(S) and A2(S) are basis functions for the linear in­
terpolation on (8b 82). Therefore, the values taken on the edge 'Y by the 
three-vertex linear interpolation function Q on the area element (3 are the 
same as those of the two-point linear interpolation done independently on 
'Y. Consequently, the linear interpolation function (2.5) in §2 is: 

Q(s) = U:{ N(s), 

U-y = (U1, u2f, N(s) = (Ab A2f 
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which can be directly used for the linear element 'Y. The energy integral 

on the linear element is discretized to 

J-y(U) = i (~cu2 - gu)ds ~ J-y(Q) 

= i (~cU~NNTU-y - gU~N)ds 
1 T T 

= 2U-y K-yU-y - U-y F-y, (4.26) 

where 

(4.27) 

( 4.28) 

If c and g are constant on 'Y, then according to Table 1, we have 

_cl[21] 
K-y - 6 ' 

1 2 
(4.29) 

To sum up, for the function u(x, y) on n with respect to the triangular 
subdivision, the three-vertex linear interpolations performed on each area 

element individually have the same values on the common edges and at 
the common vertices of the area elements. Therefore, the piecewise linear 
function Q(x, y) obtained by piecing together all the individual ones on 
o is determined uniquely by the values UI,"', UN of u(x, y) at the nodal 
points, and is the linear interpolation of the nodal points on each ele­
ment (whether an area element or a line element). Q(x,y) is everywhere 
continuous on 0, while its first derivative has discontinuity on the line 

elements. 
(2) The quadratic element 
1. Analysis of the area element 

Consider an arbitrary area element {3 = (81, 82, 83), and let the mid­

points of its three edges be 84 ,85 , and 86 (Fig. 69). Quadratically inter­
polate /l, on (3 according to formula (4.14): 

6 

Q(x,y) = LUi/l,i(X,y). 
i=l 
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Let 

then 

Q=UJN. 

Therefore, 

where 

(4.30) 

(4.31) 

If p and j are constants on /3, then according to Table 7, we immediately 

obtain 

K P 
(3 = 12L>. 

3('7~ + €~) -('71'72 + €1€2) -('73'71 + €3€1) 0 

4('72'73 + €2e3) 4('73'71 + e3el) 0 

3 

4L('7~H~) 
k=1 

sym. 

jt:::.. T 
~~ = ~(0,0,0,1,1,1) . (4.33) 

For general p and j, K~ and ~~ can be evaluated numerically method 
according to Table 4. 

2. Analysis of the line element 
Consider a linear element, that is an edge (81 ,82 ) of an area element 

/3. We have A3 = 0 on (81,82), hence by formula (4.16), we obtain 

J.t3 = J.t4 = J.t5 = o. 
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Hence the values of Q on (81,82) are given by 

where point 6 is the midpoint of (81,82), and 

JL1(S) = 2).i(s) - ).l(S) = 2)'~(s) - ).2(S), 

JL6(S) = 4).1(S).2(S). 
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We have seen before, however, that ).l(S) and ).2(S) are just the basis 
functions of the linear interpolation on the line element (81 , 82 ) when ).3 = 

O. Thus Q( s) is a quadratic interpolation polynomial on (81,82), Hence, 
on the line element we can directly use formulas (2.8) and (2.9) in §2 for 
quadratic interpolation on a straight line: 

3 

Q(s) = L UiJLi(S), 
i=l 

where, the subscript of the midpoint of the line element (81,82 ) has been 

changed to 3. 

The energy integral on the line element "( is discretized to 

1 T T J-y(u) ~ J-y(Q) = 2UI KIU-y - UI FI , 

where, 

KI = 1 cNNT ds = [1 CJLiJLjds]. . , 
I I t,]=1,2,3 

(4.34) 

FI = 1 gNds = [1 9JLids]. , 
I I t=1,2,3 

( 4.35) 

If C and 9 are constant on ,,(, then according to Table 2, we obtain 

KI = ;~ [4 ~1 
sym. ~ l' 16 

(4.36) 

gl T 
Jel = Ei(1,1,4) . (4.37) 
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Piecing together all the quadratic interpolation functions on the var­

ious area elements, we obtain a piecewise quadratic function Q(x, y) on 
0, which is determined by the values of u at the point elements and at 
the midpoints of the line elements. As with linear interpolation, Q(x, y) is 
everywhere continuous on 0, while its first derivative is still discontinuous 
on the line elements, i.e., its smoothness has not been improved. 

4.4 Assembly and the others 
Whether linear or quadratic elements are used, the total energy J(u) is 
discretized to 

N2 M3 

J(u) ~ J(Q) = L JrdQ) + L J-y~(Q) 
i=l k=l 

For linear elements, the interpolation points are the same as the point 
elements, so that 

For quadratic elements, in addition to all the point elements, the interpo­
lation points include the midpoints of all the line elements. Consequently, 
we need to count all the interpolation points. The number of interpola­
tion points is the number of the point elements plus the number of the 
line elements, that is, No + N 1 . Hence 

The coefficient matrix K (or the vector F) is obtained by superposing 
K(3 and K-y (or F(3 and F-y) of all the individual elements. Superposition 
is carried out just as in §2 so long as we note that the location in K of 
every entry in K (3 and K-y as well as the location in F of every entry 
in F(3 and F-y is determined by the number of the nodal point, i.e., the 
geometric information of the element. Like the analysis of elements, the 
process of assembly is standardized. Note that the coefficient matrix is 
still symmetric, positive definite, and sparse. 
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Essential boundary conditions 
The variational problem (4.3) is attached with essential boundary 

conditions, i.e., on the function U on a set of specified line elements 

'Y~ (k = 1, ... ,MI ) takes the prescribed values: 

'Y~ : U = u, k = 1,"" MI. 

For linear elements, u( s) can be discretized into the linear interpolation 
of the values of u at its two end points, which is compatible with the 

piecewise linear interpolation on n. Hence, provided that Uhk has been 

prescribed at the end points of all line elements in bD by 

where the numberings of the end points are hI,' .. , hM, then the condi­

tional variational problem (4.3) is discretized into a conditional extremum 

problem of quadratic functions 

{ 
J(U~ ~.'UN'): ~.UTKU - uTF = min, 

Uh k - Uk, k -1, ,MI' 
(4.38) 

Hence, after we delete the MI equations, i = hI,"', hMl from the system 

of linear equations 

KU=F 

and the MI prescribed values, Uhk = Uk have been substituted into the 
remaining equations, we finally obtain No - MI equations in No - MI 
variables. The alternate approach for dealing with essential boundary 
conditions introduced in §2, in which the number of equations is kept 
unchanged, is also applicable. 

For quadratic elements, the situation is exact the same as for line 

elements. 

We will now discuss relationship between the number of the point, 

line, and area elements for the triangular subdivision and the number of 

equations in the linear system. 

As stated before, the numbers No, N I, and N2 of the point, line, and 

area elements satisfy Euler's formula 

No - NI + N2 = 1 - q, 
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where q denotes the number of holes in the domain n. For simply­
connected domains, q = 0; while for multiply-connected domains, q > o. 
In practical problems, we generally have 

Hence 

(4.39) 

Furthermore, each triangular area element has three linear elements, and 
each line element is adjacent to two area elements (when the line element 

is in the interior of n) or adjacent to one area element (when the line 
element is on the boundary an). Hence, we have 

where Ni denotes the number of the boundary line elements. In practice, 
we generally have 

hence, 

3N2 ~ 2N1· 

Relating this to the approximate Euler formula (4.39), we obtain the ap­
proximate ratio of the numbers of the three kinds of elements as follows 

(4.40) 

The number of the variables related to each area element is 3 (the 

values of u at the three vertices) for linear interpolation and 6 (the values 
of u at the three vertices and at the midpoints of the three edges) for 

quadratic interpolation, but this does not mean that the number of the 
variables is doubled for quadratic interpolation. In fact, the number of 

variables for linear interpolation is No, while for quadratic interpolation 
it is 

No + Nl ~ No + 3No = 4No· 

i.e., the number of variables has quadrupled. The above comparison, how­
ever, is based on using the same subdivision, whereas the subdivision can 
be made coarser because of the greater accuracy of quadratic interpola­
tion. Practice shows that, to achieve the same accuracy, the number of 
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unknown variables required for the quadratic interpolation with a coarse 

subdivision is often far fewer than for the linear interpolation with a fine 
subdivision. Hence, quadratic interpolation is worth using. 

We will not discuss here the problem of convergence of the finite el­
ement solution to the exact solution. We merely point out that, in con­
structing the triangular subdivision, if the maximum value of the lengths 
of the line elements is h, and 0 and Of are the maximum value and the 
minimum value respectively of the interior angles of the triangle, then the 
solutions of linear, quadratic, and other higher order elements (as long 
as the global continuity of the piecewise interpolation function on n is 
ensured) all converge to the exact solution as long as the interior angles 
have a positive lower bound: 

Of ~ O~ > 0, as h -4 o. (4.41) 

That is, as the subdivision becomes finer, no sequence of triangles be­
comes flatter and flatter in such a way that Of -4 o. Consequently, the 
convergence of the approach can be ensured within a quite wide range. 

Note that, for linear elements, the minimum interior angle condition 
(4.41) can be replaced by 

o ::; 00 < 1r, when h -4 o. (4.42) 

That is, no sequence of triangles becomes obtuser and obtuser so that 0 -4 

1r. Condition (4.42) is somewhat weaker than condition (4.41), because the 
triangle must be quite flat when it is quite obtuse but may not be obtuse 
when it is quite flat. For instance, if two interior angles both approach 
90°, then the minimum interior angle approaches 0° but the maximum 
interior angle does not approach 180°. That is the minimum interior 
angle may approach 0° when (4.42) is satisfied. In such a case however, 
it is very likely that the coefficient matrix of the system of discretized 
algebraic equations will be ill-conditioned, leading to difficulties in solving 
it. Hence, the minimum interior angle condition for the subdivision (4.41) 
should be used in practice. 
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§5 Problems of Plane Elasticity 

5.1 Variational problems 
According to §1 of Chapter 3, there are two kinds of problems in the plane 
elasticity, i.e. the plane strain problem and the plane stress problem, that 
have a unified mathematical form. 

Taking the x and the y directional displacement distributions u( x, y) 
and v(x, y) as the fundamental variables, in both problems the relations 
between the strains and the displacements are 

8u 8v 1 (8v 8u) 
Cl1 = 8x' C22 = 8y' C12 ="2 8x + 8y . (5.1) 

The relations between the stress tensor (0"11,0"22,0"12) and the strain tensor 
(cl1' C22, c12) for the two problems can both be written as 

El 
0"11 = -1--2 (cl1 + Vlc22), 

- vI 

El 
0"22 = --2 (Vlc l1 + c22), 

1- vI 

El 
0"12 = --e12· 

1 +Vl 

For the plane strain problem, 

Eh V 
El = --, VI = --, 

1-v2 I-v 

while for the plane stress problem, 

El = Eh, VI = v, 

where h denotes the thickness of the plate. 
The equilibrium equations are 

{ 
_(80"11 + 80"12) = iI, 

0: 8x 8y 

_(80"21 + 80"22) = h. 
8x 8y 

(5.2) 

(5.3) 

Assume that the boundary conditions have the following general form 
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f 1: the prescribed displacements 

f 2 : the prescribed loads 

f3: the elastic supports 

u = ii, v = V; 

{ 
O"nnl + 0"12 n 2 = gl, 

0"21 n l + 0"22 n 2 = g2; 

{ 
O"nnl + 0"12 n 2 = -(cnu + C12V) + gl, 

0"21 n l + 0"22n 2 = -(C21U + C22V) + g2; 
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(5.4) 

(5.5) 

(5.6) 

where (n1' n2) stands for the direction cosines of the outward normal to 
the boundary an, and the matrix C = [Cij] is symmetric positive definite. 
For the sake of simplicity, the second kind of boundary condition can be 

considered as the particular case of the third kind when Cij = o. 
When eigher of the the medium coefficients E1 or 111 is discontinuous, 

the displacements must be continuous on the line L where El or 111 is 

discontinuous 

[u]~ = 0, [v]~ = o. (5.7) 

The following two interface conditions must also be satisfied 

(5.8) 

where (III, 112) are the direction cosines of the outward normal to the dis­

continuity line L. 
The equilibrium equations (5.2), together with all boundary (includ­

ing all interface) conditions, are equivalent to the following variational 

problem 

J(u,v) = ff ~ t O"ijcijdxdy+ f t(cnu2 + 2ct2UV+C22V2)ds 
lln 2 ., 1 lr3 

Z,J= 

-fL (h u + hv)dxdy - £3 (gl U + g2v)ds = min, 

f1 : u = ii, v = V. 
(5.9) 
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The continuity conditions (5.7) of the displacements on the discontinu­

ity line need not to be listed out as constraint conditions so long as the 

displacements are prescribed to be single-valued on L. 

5.2 Bilinear rectangular elements 
(1) Interpolation polynomials 

Triangular linear element and the quadratic elements were introduced in 
§4. Both of these kinds of elements are also applicable to the problems 

of plane elasticity. It is possible to use rectangles as the fundamental 

Y 

elements of the subdivision when the geome­
try of the domain is sufficiently regular. For 
this purpose, we now introduce bilinear in­
terpolation on the rectangles. 

Consider a rectangle (3. Suppose the four 
vertices of (3 are denoted {h, 82, 83 , 84 , taken 

in the anticlockwise direction, 8i = (Xi, Yi). 
For simplicity, suppose the two edges of the 

'-----------+ x rectangle are respectively parallel to the x 

Fig. 70 
and Y coordinate axes (Fig. 70). Construct 

a bilinear interpolation for U on (3, 

such that 

P(Xi' Yi) = U(Xi' Yi) = Ui, i = 1,2,3,4, 

The conditions above determine the coefficients ai, i 
determined. One can write P(x, y) in the form 

4 

P(x, y) = L Ui'Pi(X, Y), 
i=l 

where 'Pi are bilinear expressions of x and Y satisfying 

Making the coordinate transformation 

1,2,3,4 can be 

(5.10) 

(5.11) 



§5 Problems of Plane Elasticity 335 

the rectangle {3 is transformed into a square of edge length of 2 in the 
(e, 1] )-coordinates, 

{3':-I~e, 1]~1. 

The four vertices 61, 62 , 63 , and 64 of {3 are, respectively, transformed into 
the four vertices of (3': 

(6,1]1) = (-1, -1), (6,1]2) = (1, -1), 

(6,1]3) = (1,1), (e4,1]4) = (-1,1). 
(5.12) 

Because e, x and 1] as well as yare related linearly, the original bilinear 
expressions of x and yare transformed into the bilinear expressions of e 
and 1], i.e., 

<Pi (x, y) = <PiCe, 1]) = bi1 + bi2e + bi37'/ + bi4e7'/' 

<Pi(ej,1]j) = 6ij , i,j = 1,2,3,4. 

From above we get 

(5.13) 

where <Pi, i = 1,2,3,4 are the basis functions of the bilinear interpolation. 
For the same reason, the bilinear interpolation of the displacement v 

on (3 is 
4 

Q(x,y) = LVi<Pi(e,1]). (5.14) 
i=l 

The integrals of the products of the <Pi'S and their partial derivatives 
on {3 are listed in the following table. 

Table 8 J1 'P'l/Jdxdy 
(j 

iz 1 'Pj 
8'Pj 8'Pj 
8x 8y 

ab b a 1 ab -
"2 ej "2'rJj 4 

'Pi Ib6 (1 + ~eiej) X (1 + ~l1il1j ) ~ej X (1 + ~l1il1j ) ~l1j X (1 + ~eiej ) 
8'Pi 1 b (1) 1 
8x 4 ;,eiej X 1 + 311il1j 4eil1j 

8'Pi 1 a (1) 
8y 4 b'Tli'Tlj X 1 + 3€i€j 
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(2) Analysis of elements 

Divide the domain n into rectangles, and then decompose the total 

energy into the sum of energies of all the individual elements. Except for 

the analysis of elements, the remaining steps are all the same as for the 

triangular subdivision and will not be repeated. 

1. Analysis of the area element 

Consider the energy integral on the rectangle (3 

J(3(U, v) = ~ ff t CTijEijdxdy - ff (hu + hv)dxdy. 
2 JJ(3 0 0-1 JJ(3 

~,J-

Let 

and rewrite (5.2) in matrix form 

CT = RE, (5.15) 

where 

1 111 0 

R=~ 111 1 0 
1 - IIi 

1 - 111 
0 0 --

2 

(5.16) 

is a symmetric matrix, whose entries depend only on the elasticity con­

stants E1 and 111. 

On the other hand, let 

(5.17) 

(5.18) 

Then the interpolation formulas (5.10) and (5.14) can be written in the 
matrix form as 

(5.19) 
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Substituting the bilinear interpolations P and Q for u and v in the strain 

e of (5.1), we get 

Consequently, from (5.15), (5.19) and (5.20), we obtain 

J/3( u, v) = ~ Jk aT edxdy - Jk (II U + hv)dxdy 

~ ~ Jk UJ BT RBU/3dxdy - Jk UJ NT fdxdy 

1 T T 
= "2U{3 K/3U/3 - U{3 F/3, 

where 

K/3 = J~ BT RBdxdy; (5.22) 

F{3 = Jia NT fdxdy, f = (II, h)T. (5.23) 
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The element stiffness matrix K{3 is a 8 x 8 matrix, which can be partitioned 
according to the four vertices 81 , 82 , 83 , and 84 of (3 into 

Kn K12 K 13 K14 

K22 K 23 K24 
K{3 = 

K33 K34 

(5.24) 

K44 

where, 

Kij = J~ BTRBjdxdy (i,j = 1,2,3,4) 

is a 2 x 2 matrix. From Table 8, we can evaluate 

When II and h are constants on (3, 

(5.26) 

2. Analysis of the line elements. 

Consider a line element 'Y which is an edge of the rectangle (3, say 

'Y = (81, 82 ). Because 17 = -Ion (81, 82 ) and, from (5.12), 173 = 174 = 1, 
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the values of the basis functions 'P3 and 'P4 on (81, 82 ) are 

1 
r{;3 = 4(1 + 6e)(1 + "13"1) = 0, 

1 
r{;4 = 4(1 + e4e)(1 + "14"1) = o. 

Hence of the interpolation polynomial P(x, y) is given on (81, 82 ) by 

(5.27) 

where 

This means that the value of the rectanglar bilinear interpolation pol­

nomial on a boundary line element is equal to the value of the linear 

interpolation yielded by the function values at the two end points of this 

line element. It follows that the interpolation function pieced together 

from the bilinear interpolation polynomials is everywhere continuous on 

n, although its first derivative may be discontinuous on the boundaries of 

the rectangles. 

The energy integral on the line element can be discretized using (5.27). 

That is, let 

[ : 1 " [ ~ 1 ~ fluo, Uo ~ (Ul,Vl,U2,V2)T, 

N = (N1 ,N2 ), 

then 
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where 

~ [ 2C 
6 C 

(5.28) 

(5.29) 

If gl and g2 are constant on 'Y, then 

(5.30) 

Note that bilinear rectangular elements and linear triangular elements 

can be used together, i.e. one can partition the domain n into some rect­
angular and some triangular elements. For example, we can subdivide 

the domain into rectangles in the interior and triangles on the boundary, 

use bilinear interrpolation on the rectangles and linear interpolation on 
the triangles, evaluate the stiffness matrices of these elements individu­
ally, and then assemble them. This is because these two kinds of elements 
both induce linear interpolation on their boundary line elements, so an in­
terpolation function pieced together from these two kinds of elements will 
still be continuous on the common boundary. The program implementa­
tion may not be unified in this way. However, if a rectangle is divided by 

the diagonal into two right triangles, then the original bilinear rectangular 

element is equivalent to the two linear triangular elements. 

5.3 Essential boundary conditions 

The essential boundary conditions of the variational problem (5.9) are 

fl : U = u, v = v. 

These can be dealt with by the two standard methods introduced before. 
In some practical problems, however, the two displacements u and v in 

the coordinate directions may not be entirely fixed, but the displacement 
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in another direction, e.g., the normal displacement Un on the boundary, 
is fixed: 

(5.31) 

In that case, a boundary condition for the tangential stress needs to be 
added 

where tl and t2 are the tangential direction cosines, and (t, n) forms a 
right handed system, i.e., iI = -n2, t2 = nl. Correspondingly, the energy 
expression needs to be increased by a term 

This term of integral is similar to the integral over r 3 in form, i.e., by 
letting 

it can be handled unifiedly with the integral on r 3 . 

The form of the essential boundary condition (5.31) is not as simple as 
that previously discussed, being expressed in terms of linear combinations 
of the unknown variables U and v. 

Suppose that the global energy is discretized by bilinear rectangular 
elements into 

!UTKU - UTF 
2 ' 

and that the boundary r 1 is subdivided into a set line elements whose end­
points are numbered hI,···, hMl. Then the essential boundary condition 
(5.31) takes the following form. 

(5.32) 

where nlhk and n2hk denote the outward normal direction cosines of the 
end point numbered hk on the boundary line element. 
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Let 

o 
N= 

o 

Then (5.32) can be expressed as 

(5.33) 

Thus, the problem reduces to minimizing the quadratic function 

1 T T J(UI,,,,,UNo)=-U KU-U F 
2 

under the subsidiary condition (5.33). To this end, we use the Lagrange 
multiplier method. Introducing new variables AI,"', AMl and letting 

the quadratic function 

1 T T ( T G(Ul,,,,,UNo,AI, .. ·,AMl)="2U KU-U F+ NU-dc) A 

has No + MI independent variables. The conditional extremum problem 
for J is equivalent to the unconditional extremum problem for G. The 
extremum conditions for the latter are 

It follows that 

aG - = 0, i = 1, ... , No; 
aUi 
aG 
aAi = 0, i = 1"", MI. 

(5.34) 
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The new coefficient matrix is still symmetric, but is no longer positive 
definite, and the order is increased from No to No + MI. We will not 
discuss here the special methods needed to solve this kind of equation. 

§6 Bending Thin Plates 

6.1 Variational principles 

According to §4 of Chapter 4, the equilibrium equation of the problem of 
bending thin plates is 

(6.1) 

where, 

M12 = D(l - 1/)K12 , (6.2) 

82w 
Kij =-88' i,j=1,2,3, 

Xi Xj 
(6.3) 

where w denotes the transverse deflection, f denotes the transverse load 

distribution, and D = (Eh3 2) denotes the flexural rigidity. 
12 1 - 1/ 

We assume the boundary conditions to be 

8w 
r~: w = 8n = 0 (fixed support); 

r": w = Mnn = 0 (simply support); 

8Mtn ( ) r 2 : Q3n + -m = 0, Mnn = 0 free support, 

If the plate and the foundation are elastically coupled then the equilibrium 
equation (6.1) must be changed to 

(6.4) 

where c is the constant of elastic coupling. 
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For the sake of convenience, change the coordinate notation (Xl, X2) 

to (X, y). The equilibrium equation (6.4), together with the boundary 
conditions, is equivalent to the following variational problem: 

J(w) =! [f t MijKijdxdy +! ff cw2dxdt 211n .. I 211n 
t,}= 

- JkfwdXdy, 

ow ri : w = on = OJ r~ : w = o. 

(6.5) 

In the following sections, we will introduce several kinds of plate ele-
ments often used in engineering computations. 

6.2 Incomplete bicubic rectangular elements 
(Addini-Clough-Melosh elements) 

(1) Interpolation Polynomials 
Consider a rectangle /3 = (81, 82, 83 , 84), 8i = (Xi, Yi), and suppose that the 
edges of the rectangle are parallel to the coordinate axes, as in Fig. 70. At 

ow(8i ) ow(8i ) 
each vertex 8i , take w(8i ) = Wi, OX = Wxi, and oy = Wyi as the 

interpolation parameters, giving a total of 12 parameters on the rectangle 
/3, which we write in the matrix form as 

We now construct an interpolation polynomial having 12 degrees of 
freedom. The complete bicubic polynomial 

3 

L aijxiyi 
i,j=O 

has 16 degrees of freedom. Deleting the four high order terms 

we obtain an incomplete bicubic polynomial with 12 degrees of freedom, 
which we take as the interpolation polynomial for w: 

Q(x, y) = al + a2x + a3Y + a4x2 + asxy + a6y2 

+a7x3 + a8x2y + a9xy2 + alOy3 + anx3y + al2xy3. 
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The interpolation conditions are 

Q(Xi, Yi) = Wi, Qx(Xi, Yi) = Wxi, 

Qy(Xi, Yi) = Wyi, i = 1,2,3,4. 

From these equations we can uniquely determine the coefficients ai, i = 

1,···,12,ofQ. 
Rewrite Q as 

4 

Q(x, y) = ~)Wi'Pi(X, y) + Wxi'Pi(X, y) + Wyi(i(X, y)}, (6.7) 
i=1 

where, 'Pi 'l/Ji, and (i are all bicubic polynomials with 12 degrees offreedom 
satisfying the following relations: 

O'Pi(Xj,Yj) = 0 O'Pi(Xj,Yj) = o. 
ox ' oY , 

o'I/Ji(Xj, Yj) _ 8.. o'I/Ji(Xj, Yj) = 0., 
ox - ~J' oY 

O(i(Xj,Yj) _ 0 O(i(Xj,Yj) - 8 .. 
ox -, oY - ~J' 

i,j=I,···,4. (6.8) 

These are three sets of the basis functions of interpolation polynomial. 
Performing the coordinate transformation 

{ e ~ ;(X - xo), 

11 = -(y - Yo), 
b 

1 
Xo = 2(X1 + X2), a = X2 - xl, 

1 
Yo = 2 (Y1 + Y4), b = Y4 - Yl, 

the rectangle f3 is transformed into the square f3' : -1 ~ e, 11 ~ 1, and its 
four vertices correspond to 

(6,111) = (-1,-1), (6,112) = (1,-1), 

(6, 113) = (1, 1), ( e4, 114) = (-1, 1), (6.9) 

respectively. In (e,11)-coordinates, it is quite easy to show that the basis 

functions are 
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(6.10) 

In the following we consider the values of the interpolation polynomial 
Q on the edge 'Y of the rectangle. There is no loss in taking 'Y = (81, 82). 

On this edge we have"., = -1, from (6.10) we obtain 

CP3 = CP4 = 0, tP3 = tP4 = 0, 

(i = 0, i = 1,2,3,4. 

Then we have 

where, 

CPl = l(1- e)(2 - e - e2 ), 

1 
CP2 = 4(1 + e)(2 + e - e2 ), 

- 1 2 tPl = ga(l - e) (1 + e), 
- 1 2 tP2 = -ga(l + e) (1 - e)· 

We can see from the foregoing that the values taken by the interpola­
tion polynomial Q on the boundary (81,82 ) of the rectangle are deter­
mined by the values of the function W1, W2, the values of the derivative 
W Z1 ' W Z2 at the end points and the geometrical location of the boundary 
(81, 82). Hence, the interpolation function pieced together by the interpo­
lation polynomials on the individual rectangles is integrally continuous on 

0, but its first derivative is discontinuous on element boundaries. 
(2) Analysis of elements 
Let us consider an arbitrary rectangular area element {3 = (81, 82, 83 , 84), 

and construct an interpolation polynomial Q for the deflection W using 

(6.7) and (6.10). Let 

[ Mll 1 [Kll 1 M = M22 , K = K22 . 

M12 2K12 
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Write the generalized stress-strain relations (6.2) in matrix form 

(6.11) 

where R is a symmetric matrix depending only on the elastic constants E 
and 1/ and on the thickness h of the plate. Let 

Then 

82w 
8x2 

82w 
K=- 8y2 

82w 
2--

8x8y 

where, 

B=-

and we have 

Q = NU(3. 

~-

()2N 

8x2 

82N 
8y2 

82N 
2--

8x8y 

82Ni 

8x2 

82Ni 

8y2 

82N-2 __ t 

8x8y 

82Q 
8x2 

82Q 
8y2 

82Q 
2--

8x8y 

= 

i = 1,2,3,4, 

-

82 <Pi 
8x2 

82 <Pi 
8y2 

82 -
2-..J!!.... 

8x8y 

(6.12) 

82N 
8x2 

82N 
U(3 = BU(3, (6.13) 8y2 

82N 
2--

8x8y 

821/Ji 82(i 
8x2 8x2 

821/Ji 82(i 
8y2 8y2 

82'lj;- 2 82(i 2 __ t 

8x8y 8x8y 

(6.14) 
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fJ2<Pi 3 
8y2 = - b211i11(1 + eie), 

82 <Pi 1 [ (2 2)] 
8x8y = 2ab ei11i 4 - 3 e + 11 ; 

821/Ji 1 
8x2 = 2a (1 + 11i11)(ei + 3e), 

821/Ji = 0 
8y2 ' 

The energy integral on the rectangle f3 is discretized into 

J(3(W) = ~ J~(MT(W)K(W)dXdY + ~ J~ cw2dxdy 

- J~fWdXdY ~ ~ J~ MT(Q)K(Q)dxdy 

+~ ih cQ2dxdy - ih fQdxdy 

= ~ ih Ui BT RBU(3dxdy + ~ ih cUi NT NU(3dxdy 

(6.15) 

-ih fUi NT dxdy = ~Ui (K(3 + G(3)U(3 - Ui F(3, (6.16) 

where the element stiffness matrix is 

K(3 = {{ BT RBdxdy = [ {{ BT Rbjdxdy]. . . (6.17) 
}} (3 )} (3 ~,J=1,2,3,4 
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Then we have 

where the values of the entries kij are given by 

b2 a2 2(7 - 21/) 
kll = a2C(3 + 17*) + b217*(3 + C) + 5 C17*, 

k b2 t ( * ) a * (t 2 + 31/ t ) 
12 = - 2a <"i 3 + 17 - 217 1/<"j + -5-<"i , 

k a2 ( t*) b t* ( 2 + 31/ ) 
13 = - 2b 17i 3 + <" - 2<" 1/17j + -5-17i , 

k b2 t ( *) a * (t 2 + 31/ t ) 
21 = - 2a <"i 3 + 17 - 217 1/<"j + -5-<"i , 

b2 1 - 1/ 
k22 = 12 (3 + C)(3 + 17*) + 3Qa217*(5C + 3), 

ab 
k23 = 4(~i + ~j)(17i + 17j), 

k a2 ( t*) b t* ( 2 + 31/ ) 
31 = - 2b 17i 3 + <" - 2<" 1/17j + -5-17i , 

ab 
k32 = 4 (~i + ~j ) (17i + 17j), 

a2 1 - 1/ 
k33 = 12 (3 + C)(3 + 17*) + 3Qb2C(517* + 3). 

The energy matrix of the elastic coupling with the foundation is 

G(3 = [{ cNT N dxdy = [ ff cNr Njdxdy] . . . (6.18) JJ (3 JJi ~,J=1,2,3,4 

If the coefficient of the coupling c is constant on /3, then we have 

913] 
g23 , 

g33 

(6.19) 

where the values of the entries gij are given by 
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* 'f/ = 'f/i'f/j, 

where the values of ei and TJi (i = 1,2,3,4) are as in (6.9). 
The load vector is 

Fp = fh f NT dxdy. 

This equation has the following two important special cases. 

1. If f is constant on {J, then 

(6.20) 

2. If f is a concentrated force of intensity q acting at the point 8p = 

(xp, yp) in the rectangle {J, then 

In particular, if Dp is the center of the rectangle, i.e., Dp = (xo, Yo), then 

q ( a b a b a b a b)T 
Fp = 4 1, 4' 4,1, -4' 4' 1, -4' -4' 1, 4' -4 . (6.21) 
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Superpose the stiffness matrices, the energy matrix of the foundation, 
and the load vectors of the various elements so as to assemble the global 
coefficient matrix and the right-hand vector. Then consider the essential 

boundary conditions on r~ and r~. On r~, 

aw 
an = Wx cos(n, x) + Wy cos(n, y) = o. 

This is a linear combination of the unknown variables Wx and Wy (several 
methods for dealing with the essential boundary conditions have been 
discussed in detail before). Finally, we obtain the system linear equations 

KU=F. 

Solving this equation for U, we obtain at once the deflection w, the ro­
tation angle about the x-axis Ox = wyand the rotation angle about the 
y-axis Oy = -Wx at the various nodal points. 

If the internal forces of the plate need to be evaluated too, i.e., 

[ 
Mu 1 M= M22 , 

M12 

then by (6.11) and (6.13), we have M ~ RBUj3, on each element. M 
evaluated using this equation is discontinuous at nodal points. However, 
we may average appropriately the values of M at the centroids of the two 
adjacent elements and take the average as the internal force at the nodal 
point. 

The incomplete bicubic rectangular element with 12 degrees of freedom 
is generally called the ACM element (Adini-Clough-Melosh) in engineering 
computations. 

6.3 Incomplete cubic triangular elements 
(Zienkiewicz elements) 

(1) Interpolation Polynomials 
We construct a cubic interpolation polynomial Q of w on a triangle (3 = 

(81, 82 , 83 ). As we know, the complete cubic polynomial has a total of 10 
terms, i.e., 
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1 223223 
, X, y, X , xy, y , X , X y, xy , y , 

To determine the coefficients of these 10 terms, 10 conditions are needed. 

Three interpolation conditions at each vertex of the triangle are 

(6.22) 

So a total of 9 conditions can be given, but they are still not enough to 

determine Q completely. We still need one more condition. We want to 
choose a condition satisfied by the complete quadratic polynomial. 

The complete quadratic polynomial has a total of 6 terms, which can 

be expressed in terms of the centroid coordinates as 

It is easy to verify that, P2 identically satisfies the equality 

22111 
6P(80 )-2LP(8i ) + -P>'1(81 ) - -P>'1(82 ) - -P>'1(83 ) - -P>'2(81 ) 

i=l 3 3 3 3 

2 1 1 1 2 
+ 3P>'2(82 ) - 3P>'2(83 ) - 3P>'3(8d - 3P>'3(82 ) + 3P>'3(83 ) 

=0, (6.23) 

where 80 stands for the centroid of the triangle (3, whose coordinates are 

We now take the complete cubic polynomial as the interpolation func­

tion Q. It can be expressed in terms of the centroid coordinates as 

Q(Al,A2,A3) = b1AY + b2A~ + b3A~ + b4 AiA2 + b5AIA§ 

+b6 A§A3 + b7 A2A~ + b8A~Al + b9A3Ai 

+blOAIA2A3. (6.24) 

We would like to attach a condition to Q so that it satisfies the equal­
ity (6.23) that the complete quadratic polynomial satisfies. Thus, the 

complete quadratic polynomial is included into this kind of interpolation 
polynomial. Substituting (6.24) into (6.23), we obtain 
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It is this condition that we will require the bicubic polynomial Q to satisfy. 

The other 9 interpolation conditions (6.22) can be expressed in terms 

of the centroid coordinates as 

Q(8i ) = w(8i ), QA1(8i ) = W A1 (8d,QA2(8i ) = W A2 (8i ), i = 1,2,3. 
(6.26) 

Because 
oQ = oQ ox + oQ oy = -6 oQ _ "12 oQ , 
0),1 ox 0),1 oy 0),1 ox oy 
oQ oQ ox oQ oy oQ oQ 
0),2 = ox 0),2 + oy 0),2 = 6 ox + "11 oy , (6.27) 

and the determinant 

-6 -"12 
= 6"12 - 6"11 = 2Ll > 0, 

6 "11 

Qx(8i ) and Qy(8i ) taken together are equivalent to QAl (8i) and QA2(Qi). 
Rewrite the interpolation function Q as 

3 

Q(A1,A2,A3) = L{tfJiW(8d +i[;iWA1(8d +~iWA2(8d}, (6.28) 
i=l 

where tfJi, i{;i and ~i are all complete cubic polynomials. Based on the 
conditions (6.26), we have 

i,j=1,2,3. (6.29) 

These three sets of functions of the interpolation polynomials. 
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Each basis function should satisfy the constraint condition (6.25) attached 

to Q. For example, if w = ~i' then by (6.28) and (6.29), 

Q = ~i = W, 

so that ~i must satisfy condition (6.25). From the interpolation conditions 
(6.29) and the additional constraint (6.25), one can uniquely determine the 
basis functions. After simple computations, we get the following formulas: 

CPl = Ai(3 - 2Al) + 2AIA2A3, 

CP2 = A~(3 - 2A2) + 2AIA2A3, 

CP3 = A~(3 - 2A3) + 2AIA2A3, 

ifil = A~(AI - 1) - AIA2A3, 

- 2 1 
'l/J2 = AIA2 + 2" AIA2 A3' 

- 2 1 
'l/J3 = AIA3 + 2" AIA2 A3' 

2 1 6 = AIA2 + 2" AIA2A3' 

6 = A§(A2 - 1) - AIA2A3, 

2 1 6 = A2A3 + 2"AIA2A3. 

Using the transformation relations (6.27) between the derivatives, the 
interpolation polynomial (6.28) can be written in rectangular coordinate 
form: 

3 

Q(x, y) = 2) CPi(Al(X, y), A2(X, y), A3(X, Y))Wi 

where, 

i=l 

+ifii(Al(X, y), A2(X, y), A3(X, y))( -6Wxi -1J2Wyi) 

+~i(Al(X, y), A2(X, y), A3(X, y))(6Wxi + 1JIWyi)} 
3 

= L {<PiWi + 'l/JiWxi + (iWyd, 
i=l 

(6.31) 

(6.32) 
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The concrete forms of 'l/Ji and (i are as follows: 

'l/Jl = A~(6A2 - 6 Al - 6) + (~6 + 6 )AlA2A3' 

'l/J2 = A~(6A2 - 6 Al - 6) - (~6 + 6)AlA2A3' (6.33) 

'l/J3 = A~(6A2 - 6 Al) + (~6 - 6)AlA2A3' 

(1 = AH'I]lA2 - 'l]2 Al + '1]2) + (~'I]l + 7]2) AIA2A3, 

(2 = A~('I]lA2 -'I]2Al -'I]t) - (~'I]2 + '1]1) AlA2A3, (6.34) 

(3 = A~('I]lA2 - 7]2Al) + ~('I]l - 'l]2)AlA2 A3. 

Consider now the values of the interpolation polynomial Q on the 
boundary 'Y of the triangle. Take 'Y = (81, 82 ). On this edge we have 
A3 = O. Hence from (6.33) and (6.34) we obtain 

so that 

Q(s) = Wl4'l(S) + W24'2(S) + wx1'I/J1(S) + wx2 'I/J2(S) 

+wY1 (l(S) + W y2 (2(S), (6.35) 

where S still denotes the chord length pointing to 62 from 61 on ,,(, while 

4'l(S) = A~(s)(3 - 2Al(S)), 

4'2(S) = A~(s)(3 - 2A2(S)), 

'l/Jl(S) = A~(s)(6A2(S) - 6 Al(S) + 6) = A~(s)(6A2(S) + 6A2(S)) 

= A~(S)A2(S)(6 + ~2) = A~(S)A2(S)(X2 - Xl), 

'l/J2(S) = A~(s)(6A2(S) - 6 Al(S) - ~l) = -Al(S)A~(S)(X2 - Xl), 

(l(S) = A~(S)('I]lA2(S) - 7]2Al(S) + '1]2) = A~(S)A2(S)(Y2 - Yl), 

(2(S) = A~(S)('I]lA2(S) - 'l]2 Al(S) -7]2) = -Al(S)A~(S)(Y2 - Yl), 
S S 

Al(S) = 1- 1, A2(S) = I' 

l = v'(X2 - Xl)2 + (Y2 - Yl)2. (6.36) 
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We can see from the foregoing that Q( s) depends only on the values 
WI, W X1 , xYl and W2, W X2 ' wY2 at the two end points as well as the geometric 
location of these two end points. Since Q( s) is independent of the third 
vertex 83 , it is a cubic Hermite interpolation polynomial with respect to 
s. Hence the interpolation function pieced together by the interpolation 
polynomials Q on the individual triangles is everywhere continuous on 
0, although its first derivatives are discontinuous on the boundaries of 
triangles. 

(2) Analysis of elements 
The interpolation polynomial Q in (6.31) and that introduced in (6.7) 

for the rectangular element are very similar in that they all have three 
parameters w, W x , and wy per nodal point. We can directly use the pro­
cess of element analysis for rectangular elements so long as the subscript 
variables i and j are changed from 1, 2, 3 and 4 to 1, 2 and 3. Hence we 
have the element stiffness matrix 

K{3= ff BTRBdxdy = [ ff BTRBjdxdy]. . , JJ {3 JJ {3 ~,J=I,2,3 

the energy matrix of the foundation 

G{3= ffcNTNdxdy=[ffcNl'Njdxdy].. , JJ {3 JJ {3. ,,}=1,2,3 

and the load vector 

F{3 = Ii f NT dxdy. 

Using the formulas for the basis functions 'Pi, 'l/Ji, and (i, Table 3 in §4 for 
integrals and Euler's formula (4.11), we can compute the entries of K{3, 
G{3, and F{3. Although they are too long to give explicity here, readers are 
recommended to carry out the derivation by themselves. 

For engineering computations, there is still another kind of incomplete 
cubic triangular element determined by a total of ten parameters, nine 
determined at the three vertices and one determined by the value of the 
function at the centroid of the triangle. However, for this kind of element 
the theory cannot guarantee convergence, so we will not introduce it here. 

6.4 Complete quadratic triangular elements 
(Morley elements) 

In this section, we will introduce a rather simple but useful triangular 
element. 
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(1) Interpolation polynomials 
Consider a triangle (3 = (81 ,82,83 ), and denote the midpoints of the 

respective opposite edges by 84 , 85 , and 86 , numbered in the anticlockwise 

direction (see Fig. 69). Taking these 6 points as the interpolation points, 
we construct a complete quadratic polynomial 

which is required to have the same values at the vertices as the function 

w: 

Q(8d = wi,i = 1,2,3. (6.37) 

It is, however, different from the quadratic interpolation polynomial in §4 

such as to have the same normal derivative values at the midpoints of the 
three edges: 

(6.38) 

These 6 interpolation conditions uniquely determine the 6 coefficients of 

the polynomial Q. 
Write Q as 

3 6 

Q(x, y) = L Wi'Pi(X, y) + L Wmi'Pi(X, y), (6.39) 
i=1 i=4 

where all 'Pi, i = 1,···,6 are complete quadratic polynomials satisfying 
the interpolation conditions: 

i,j=1,2,3 
(6.40) 

i = 1,2,3; j = 4,5,6; 

{ 
'Pi(8j) = 0, i = 4,5,6; j = 1,2,3, 

a'Pi(8j ) 8 .. an = ij, Z,] = 4,5,6. 
(6.41) 

We again use the centroid coordinates to construct the basis functions 

'Pi. Consider 'PI first, which is a homogeneous quadratic expression of AI, 
A2 and A3: 

'Pl(X, y) = 'Pl(Al, A2, A3) = bl AI + b2A§ + b3A~ + b4 A2 A3 

b5A3Al + b6 AIA2. 
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From the first expression of condition (6.40), we have 

so that 

'P1(81) = 'P1(1, 0, 0) = b1 = 1, 

'P1(82) = 'P1(0, 1,0) = ~ = 0, 

'P1(83) = 'PI (0, 0,1) = b3 = 0, 

'PI = A~ + b4A2A3 + bSA3A1 + b6A1A2. 

Moreover, from the second expression of the condition (6.40), we have 

= 0, j = 4,5,6, 

where cos( nj, x) and cos( nj, y) denote the normal direction cosines of the 
edge with midpoint 8j lies. Clearly, we have 

~i e· 
cos(n3+i'x) = -Ii' cos(n3+i'Y) = 1;' i = 1,2,3, 

where h, 12 and 13 denote, respectively, the lengths of the three edges 8283 , 

8381 and 8182 of the triangle. We now obtain the system of equations 

From (6.42), we get 

-b4 + bs + b6 = 0, 

2812 
b4 - bs + b6 = r' 

2 

2813 
b4 +bs -b6 = r' 

3 

8ij = -(eiej + ~i~j). 

831 
bs=p' 

3 

(6.42) 
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Hence 
2 (812 831) 831 812 

<PI = Al + (F + (F A2 A3 + (FA3 A1 + (FA1 A2. 
2 3 3 2 

For the same reason, we obtain 

(2) Analysis of elements 
Let 

i = 1,··· ,6. 

359 

(6.43) 

(6.44) 

(6.45) 

(6.46) 

The whole analysis process can be carried out in the same manner as for 
the rectangular element in 6.2. 

The element stiffness matrix is 

where B is a constant matrix, because <Pi is a quadratic polynomial of x 
and y, whose second derivatives are constant. Hence, 

(6.47) 
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where 
k .. _ 82<pi 82<pj + 82<pi 82<pj + V (82<pi 82<pj 

ZJ - 8x2 8x2 8y2 8y2 8x2 8y2 

82<pi 82<pj) 82<pi 82<pj 
+ 8y2 8x2 + 2(1 - v) 8x8y 8x8y· 

From (6.43), it follows that 

82<pl 1 (2 812 2 831 2) 
8x2 = 2~2 171 -lf172 - I5 173 , 

82<pl = _1_ (e _ 812 e _ 831 e) 
8y2 2~ 2 1 I~ 2 I5 3 , 

82<pl 1 ( 812 831 ) 
8x8y = - 2~2 6171 - I~ 6172 - I5 6173 , 

82<p2 1 (2 823 2 812 2) 
8x2 = 2~2 172 - I5 173 -zr171 , 

82<p2 = _1_ (e _ 823 e _ 812 e) 
8y2 2~ 2 2 I5 3 Ii 1 , 

82<p2 1 ( 823 812 ) 
8x8y = - 2~2 6172 -zr6173 -zr6171 , 

82<p3 1 (2 831 2 823 2) 
8x2 = 2~2 'TJ3 - q'TJl - I~ 'TJ2 , 

82<p3 __ 1_ (C2 _ 831 c2 _ 823 C2) 
8y2 - 2~2 <"3 Ii <"1 I~ <"2 , 

82<p3 1 ( 831 8 23 ) 
8x8y = - 2~2 6173 - q6'TJl - I~ 6172 , 

82<p3+i __ 1_ 2 82<p3+i _ _ 1_t2 
8x2 - ~Ii 17i , 8y2 - ~Ii <"i , 

82<p3+i -1 
8x8y = ~Ii ~i'T/i, i = 1,2,3. 

Thus we obtain K(3. 

The energy matrix of the elastic support is 

G(3 = ff cNTNdxdy = [ rr c<Pi<Pjdxdy]. . . 
JJ(3 JJ(3 z,J=I,.··6 

(6.48) 

When c is constant on /3, it is quite easy to compute the various entries 

of G(3 using Euler's formula (4.11) in §4. 
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The load vector is 

If f is constant on /3, then 

~ ( 812 831 823 812 831 823 
Ff3=f61+12+12,1+12+12,1+12+12' 

2 3 3 1 1 2 

2~ 2~ 2~)T 
-4' -Z;' -1"; . (6.49) 

6.5 On nonconforming elements 
The energy integral J ( w) of the plate bending problem contains the sec­
ond derivatives of the deflection w. Therefore, an admissible function for 
the variational problem (6.5) must itself be continuous and must have 
continuous first-order partial derivatives as well as piecewise continuous 
second-order partial derivatives on the domain n. The three kinds of plate 
elements introduced so far do not satisfy those continuity conditions. Be­
cause the first derivatives of the interpolation functions of both the ACM 
rectangular element and the Zienkiewicz triangular element are discon­
tinuous on element boundaries, the first order partial derivatives are only 
piecewise continuous. The Morely triangular element, is much worse, since 
even the interpolation functions themselves are discontinuous on element 
boundaries. 

An element or interpolation function which satisfies the continuity re­
quirement for admissible functions in the variational problem is called a 
conforming element; otherwise it is called a nonconforming element. The 
three kinds of plane elements stated above, therefore, are all nonconform­
ing when they are used as plate elements. 

The following theoretical problem arises from the use of nonconforming 
elements. When the energy integral on the whole domain is decomposed 
into the sum of the energy integrals of the individual elements and the 
interpolation polynomials are substituted for the undetermined function, 
since the interpolation functions do not satisfy the continuity requirement 
of the variational problem, some derivative terms in the energy integral 
present singular distribution of the 8-function. Hence, we cannot ensure 
that it is correct to use Green's formula piecewise. The analysis of non­
conforming elements is therefore theoretically much more difficult than 
that of conforming elements. 
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Recently, the theory of the finite element method (conforming ele­

ments), which has already been established in the early sixties by the 

first author of the book, has developed into a complete mathematical the­

ory. Research on convergence of nonconforming elements has made much 

progress recently, and some criteria for verifying convergence have been 

presented. From those criteria we can prove that the ACM element is con­

vergent. As for the Zienkiewisz triangular element, so long as the element 

subdivision satisfies the so-called parallel condition, i.e., all three edges 

of the triangle are required to be parallel to three fixed directions, or the 

whole domain n is partitioned into a finite number of domains and on 

each sub domain the parallel condition is satisfied, this kind of triangular 

element is convergent, too. It is interesting that convergence of the Morely 

triangular element can, on the contrary, be proved without any geometric 

restriction. 

We can see from the foregoing analysis that, it is much more difficult 

to construct a conforming plate element than a conforming element for 

plane elasticity. Generally, to construct a conforming element for plane 

elasticity, we do not need to use interpolation polynomials of high or­

der, which cause many problems in practical computations. Because of 

the great difficulty in constructing conforming elements, nonconforming 
elements are used rather widely platebending problems. 

§7 Composite Structures 

The mechanical model and the corresponding variational principle for 

composite structure, have been illustrated in detail in Chapter 4. The 

implementation of the finite element method for this theory will be de­

scribed in the present section. 

7.1 Plane composite structures 

A special case of plane composite structures is the plane system of rods 

in tension, discussed in §3 of Chapter 1. Its mechanical model has only 
finitely many degrees of freedom, and the equilibrium equations of the 

system form a system of linear equations. It corresponds to a system of 

equations of a finite element discretization obtained by taking each rod 

as an element and by using the linear interpolation mode. If a rod is 
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not uniform, then it must be divided into several segments, i.e. several 
elements. Each element is assumed to be uniform and is analyzed by the 

method in §2 of Chapter 2 or by the equivalent finite element method. 

The fundamental members of the general plane composite structure are 
the one-dimensional rod in tension and bending and the two-dimensional 
plate in tension (i.e. the plane stress plate) within the plane. The total 
energy of the structure is obtained by summing three kinds energies of 
the members: the tensile energy of the rod; the flexural energy of the rod; 
and the tensile energy of the plate. 

Generally speaking, the finite element discretization of the composite 
structure is accomplished by the following steps. 

1. Settle upon the global coordinates and the local coordinates for the 
various members. 

2. Subdivide the various members in geometry, and give out the geo­
metric information and the mechanical parameters of the various elements. 

3. Employ some interpolation formula, write out the element stiffness 
matrices and the load vectors of the various members in local coordinates, 
and then transform them into the global coordinates if necessary. 

4. Couple and superimpose the stiffness met rices and load vectors 
of the various members according to the connection conditions among 
members, i.e. the elastic coupling relationships. 

5. Deal with the essential boundary condition, and finally obtain a 
system of linear equations. 
Compared with the finite element method for a single elastic body dis­
cussed before, here we have two more steps: the transformation of the 
element stiffness matrices and of the load vectors from local coordinates 
to global coordinates; and the coupling among the stiffness matrices of the 
members. These are the main features of the finite element method for 
composite structures. These two problems will be analyzed and discussed 
in the following. 

(1) Coordinate transformation 
Choose an orthogonal right hand system (x, y) as the global coordi­

nates in the plane of the structure. Fix local coordinates for each member. 
Write the local coordinates as (xf3, yf3) for a plane element and (x'Y, y'Y) for 
a rod element, and adopt the convention that x'Y denotes the longitudinal 
direction of the rod and y'Y denotes the transverse direction. 

The coordinate transformation for rod elements. 



364 Chapter 5 Finite Element Methods 

Let the angle of rotation from the x-axis of the global coordinates to 

the xf'-axis in the anticlockwise direction be Of', then the transformation 
relations between the local components (uf', vf') and the global components 

(u, v) of the displacement vector on the rod element are 

_ [ cos Of' sin Of' 1 Ay- , 
- sin Of' cos Of' 

(7.1) 

while the value of the rotation angle ( 1) in the (x, 17)-plane is kept un­

changed after the rotation of the coordinates. 

Suppose that both the tensile rigidity EA and the flexural rigidity E1x 
on the rod are constant. Superposing the tensile (using the linear element) 

and the flexural (using the cubic Hermite element) element stiffness ma­

trices and the load vectors, all in local coordinates, according to (2.17), 

(2.20), (3.15) and (3.17), we obtain the element stiffness matrix and the 

load vector of the plane rod element in tension and bending as follows: 

EA o 

12E1x 
13 

sym. 

o -EA 
--

1 

0 

-6E1x 
o [2 

EA 

0 0 

-12E1x 6E1x 
[3 [2 

2ELx 
1 (7.2) 

0 0 

12E1x -6E1x 
-[3- [2 

4E1x 
--

1 

Ff' = (i IsA1ds, i IbCP1ds, i Ib'I/Jlds, i IsA2ds, i IbCP2ds , i Ib'I/J2ds) T, 

(7.3) 

where Is and Ib denote the longitudinal and the transverse load distri­

butions, respectively. The element nodal vector in local coordinates is 

(7.4) 

1) In the present section, we unitedly use (J"" (Jy, and (Jz but not the notation w 

to denote the angles of rotation about the x-, y- and x-axes, respectively, in order to 
avoid being confused with the z-directional displacement w. In the plane structure, (Jz 

is abbreviated as (J. 
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and the element energy (including both tensile and flexural parts) is 

(7.5) 

We now transform the element nodal vector U-y in local coordinates into 
the global coordinates in order to couple and superimpose it with the 
adjacent elements. Because 

[ :~] =A, [:~ ], [:] =A, [: ], 

in the element nodal vector in global coordinates is 

(7.6) 

then we have the transformation relation 

(7.7) 

where the transformation matrix is 

o 
1 

(7.8) 
A-y 

o 1 

Hence the element energy is transformed into 

where K-y and F-y are the element stiffness matrix and load vector in the 
global coordinates: 

(7.9) 

Coordinate transformation for a plate element. 
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The element stiffness matrix and the load vector of a plate can be 
transformed in a similar way. Suppose the transformation relation between 
the local coordinates and global coordinates of the plate is 

[ u(3] [ u] [COS()(3 Sin()(3] = A(3 , A(3 = . 
v(3 v - sin () (3 cos () (3 

(7.10) 

For example, given a bilinear rectangular element, whose the element 
nodal vector in local coordinates is 

the element stiffness matrix and the load vector in the global coordinates 
are 

(7.11) 

The transformation matrix is 

A(3 

A(3 0 
8(3 = 

0 A(3 
(7.12) 

A(3 

and the element nodal vector in global coordinates is 

(7.13) 

(2) The realization of the connection condition 
We consider two kinds of connections among members: rigid connec­

tions and pinned connections. 
Rigid connections. 
According to §2 of Chapter 4, in the case of plane structures, the 

continuity properties of a rigid connection are: 
1. The displacement at a joint point of rods is continuous; 
2. The displacement on a joint line of plates and plates is continuous; 
3. The displacement on a joint line of plates and rods is continuous; 
4. The rotation angle at a joint point of rods and rods is continuous. 
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These four continuity condition are equivalent in the finite element method 
to the following requirements: 

1. The values of the global displacement components u, v and () of the 
rod elements joined at a point rigid connection are respectively equal. 

2. The values of the global displacement components u and v of the 
plate elements joined at a line rigid connection are respectively equal at 
the notal points on that line; 

3. The values of the global displacement components u and v of the 
plate element and the rod element rigidly connected at a point are respec­
tively equal. 

In what follows, we will refer to nodal points on a line of rigid connec­
tion as points of rigid connection. 

These three requirements, tell us how to couple and superpose the 
element stiffness matrices and load vectors of the elements at a rigid­
connected point. Note that, there is no rotation angle component among 
the nodal parameters of a plate element, but there are three parameters u, 
v and () at a point rigid connection of a plate element and a rod element, 
where () belongs to the rod element. 

Pinned connections. 
The displacement continuous at a point pin connection of rods, but 

the rotation angles are indepenedent. 
According to this condition, the values of the two global displacements 

u and v at point pin connection of rod elements, are respectively equal, 
while the rotation angle components () are independent parameters. Thus, 

at a pin-connected point of 'Y rod elements, there are two displacement 
components u and v as well as 'Y independent components of the rotation 
angle. Such a simple approach for dealing with pin-connected points is 
quite inconvenient for practical computations, since it leads not only to 
an increase in the number of unknown variables at the nodal point but 
also to nonuniformity in the form of the stiffness matrix form. 

Another method of condensation is as follows. 
Consider a rod element 'Y = (8b 82), and suppose that one of its ends 82 

is pin-connected. According to the foregoing, in the element nodal vector 

(local) 

the rotation angle component ()2 is an independent variable and should not 
be coupled with the rotation angle components of the adjacent elements. 
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This implies that, except for that element r, the unknown variable (h is 
not related with the other elements, i.e., the adjacent elements contribute 
nothing to ()2. We can thus eliminate ()2 a priori in the element 'Y without 
waiting to assemple the system of linear equations and solve them all 
together. By (7.2) and (7.3), the equation corresponding to ()2 in the 
element 'Y is 

6Elx -y 2Elx () _ 6Elx -y 4Elx () -1 t .1. d . 
[2 VI + l I [2 V2 + l 2 - Jb'f/2 S, -y 

hence 

(7.14) 

Substituting this equation into the element energy (7.5), we can eliminate 
()2 and obtain a quadratic function in the five unknown variables uI, vi, 
()I, u~ and vJ. The concrete computation goes as follows: let the new 
element nodal vector (local) be 

(7.15) 

Then by (7.14), 

U-y = CU~ + e, 

where 

1 

1 0 

1 
c= 

0 1 

1 

-3 -1 3 
0 

2l 
0 

2l 2 

and 

e ~ (0, 0, 0, 0, 0, 4~1. /, /b,p-,dS) T. 
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Substituting U y into the energy formula (7.5), we obtain 

The last term in the above expression, 

is a constant and hence does not affect the solution of the global energy 
extremum problem. Therefore we can delete it and obtain a new quadratic 
energy function 

~U'T K' U' - U'T F' 2 "( "( "( "( "(' 

where 

EA 
0 0 

-EA 
0 

3Elx 3Elx 
0 

-3Elx 
t3 t2 t3 

K~ = CTK"(C = 
3Elx 

0 
-3Elx 

--
l t2 

EA 
sym. - 0 

l 
3Elx 
r 

F~ = CT(F"( - K"(e) = (£ fsA1ds, £ fb('Pl- :l'I/J2)ds, 

l fb( 'l/Jl - ~'l/J2 )ds, l fsA2ds, l fb('P2 + :l 'l/J2)ds) T. 

(7.16) 

(7.17) 

(7.18) 

There are just the element stiffness matrix and the load vector in local 
coordinates for a element in tension and bending which is rigid-connected 
at the left end and pin-connected at the right end. Transforming into 
global coordinates, we have 

K- , S'TK' S' F-' = S'TF' "( = "( "( "(' "( "( "(' (7.19) 
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where the transformation matrix is 

s' = "( 

A"( 0 

1 

o ~ 

and the element nodal vector (global) is 

(7.20) 

Using the forms of the element stiffness matrix and of the load vector 
shown in (7.19), we have only two displacement variables u and v but 
no rotation angle variable () at the pin-connected point. Therefore, a 
pinned connection of rod elements can be solved immediately as long as we 
respectively equate the values of u and v of the adjacent rod elements and 
superpose the stiffness matrices. Consequently, the independent rotation 
component of the angle need not be considered. This method is quite 
convenient and helpful in computations. 

The stiffness matrix (7.17) and the load vector (7.18) can be derived 
formally by another intuitive method. Consider the system of equations 

(7.21) 

where K"( is the coefficient matrix, F"( is the right-hand member, and U"( 

is the vector of unknown variables. Taking the diagonal entry 4~l:c at the 

crossing of the 6-th row and the 6-th column as the pivot, and performing 
one step of Gaussian elimination so as to eliminate the variable (}2, we 
immediately obtain the required matrix K~ and vector F~. Note that this 
derivation is only formal, because we have only the element energy (7.5) 
but no system of equations (7.21) on the individual elements. 

7.2 Space composite structures 
The fundamental members of a space composite structure are of three 
kinds: one dimensional rod members, i.e. rods in tension, in bending and 
in torsion; two dimensional plate members, i.e. plates in stretching and 
bending; and three dimensional body elements, i.e. general three dimen­
sional elastic bodies. For the sake of simplicity, we will not consider three 
dimensional body elements but discuss only space plate-rod structures in 
the following. 
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The process of finite element discretization for space composite struc­
tures is similar to that for plane structures. It, too, consists mainly of 
the coordinate transformation and the realization of the conditions on the 
connections of the elements. In particular, the connection conditions are 
more complicated and many-sided in space structures. Consequently, the 
treatment of the finite element method is also much more difficult. 

(1) Coordinate transformation 
Fix a global coordinate system (x, jj, z) and individual local coordi­

nates for each element. The local coordinates of the plate element are 
(xf3, yf3, z(3) under the convention that, xf3 and yf3 denote the longitudinal 
directions of the plate, while zf3 denotes the direction transverse to the 
plate; the local coordinates of the rod element are (x'Y, y'Y, z'Y) with the 
convention that x'Y denotes the longitudinal direction of the rod, while y'Y 

and z'Y denote the transverse directions. 

Coordinate transformation of a rod element. 

A rod member in space may have three kinds of deformations: x'Y­

directional stretching, yL and z'Y-bidirectional bending; and torsion about 

the x'Y-axis. 

In local coordinates, the three stiffness matrices and the three load 
vectors for the tensile (linear element), the flexural (cubic Hermite element 
used in both directions) and the torsional (linear element) deformations 
are superposed to form the overall stiffness matrix and the load vector 
for the rod element. Suppose that the tensile rigidity (EA), the flexural 
rigidity (Elz for the y-directional bending, and Ely for the z-directional 
bending), and the torsional rigidity (GJ) are all constant. Then there are 
6 parameters at each nodal point 

'Y 'Y 'Y (J'Y (J'Y (J'Y 
U ,v ,w , x, y' z' 

where u'Y denotes the displacement of the rod in the x'Y-direction; vT and 

(JJ: ( = ~:~) denote the flexural deflection and the rotation angle of the 

( dw'Y) beam in the (x'Y, y'Y)-plane; w'Y and (J~ = - dx'Y denote the flexural de-

flection the rotation angle of the beam in the (x'Y, z'Y)-plane and (JJ: denotes 
the angle of twist of the rod in torsion in the x'Y-direction. The reader 
should note the signs of the parenthetical expressions for the rotation 
angles (J; and (J~. 
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The element nodal vector (local) is 

The element stiffness matrix for the rod in space is 

EA -EA 
0 0 0 0 0 -- 0 0 0 0 

I I 

12EI", 6EI", 
0 

-12EI", 
0 0 -13- 0 0 0 ---z2 -13- 0 

12Ely 
0 

-6Ely 
0 0 0 

-12Ely 
0 

-6Ely 
-13- -12- -13- -12-

GJ -GJ 
0 0 0 0 0 -- 0 

I I 

4Ely 
0 0 0 

6Ely 
0 

2Ely 

I ---z2 I 

4EI", 
0 

-6EI", 
0 0 0 

I -12-
K"(= 

EA 
- 0 0 0 0 

I 

12EI", 
0 0 0 -13-

12Ely 
0 

6Ely 
-13- ---z2 

GJ 
0 

I 

4Ely 

I 

The load vector is 

where 

Fi = (i fsAi ds , i fyb'Pi ds , i fzb'Pi ds , i fsAi ds , 

-i fxb'I/Ji ds , i fYb'I/Ji ds ) T, 

(7.22) 

0 

6EI", 

---z2 
0 

0 

0 

2EI", 

I 

0 

-6EI", 
-12-

0 

0 

0 

4EI", 

I 

(7.23) 

(7.24) 

where fi denotes the xLlongitudinalload distribution, fyb and fxb denote 
the y'Y_ and z'Y-transverse load distributions, respectively, and fi denotes 
the x'Y -longitudinal torque distribution. 

The element stiffness matrix (7.23) and the load vector (7.24) in the 
local coordinates must now be transformed into that in the global coordi­
nates. 
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The transformation relations between local components and global 
components of the displacement on rod are 

u"Y 

where the transformation matrix A"Y is 

cos(x"Y,x) cos(x"Y,y) cos(x"Y,z) 

A"Y = cos(y"Y,x) cos(y"Y,y) cos(y"Y,z) 

cos(z"Y,x) cos(z"Y,y) cos(z"Y,z) 

(7.25) 

Similarly, the transformation relations between the local components and 
the global components of the rotation angle are 

()"Y x Ox 

f1J =At Oy 

()"Y x Oz 

Therefore, the transformation relations between the local components and 
the global components of the element nodal vector are 

(7.26) 

and the transformation relations between the local coordinates and the 
global coordinates of the stiffness matrix and the load vector of the space 

rod element are 
(7.27) 

Now we consider coordinate transformation of a plate element. 
A space plate member may have two kinds of deformations, i.e., the 

longitudinal stretching in the plane of the plate and the transverse bending 
perpendicular to the plane of the plate. 

The element stiffness matrices and the load vectors of the plate in 
stretching and of the plate in bending in local coordinates are superposed 
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to construct the stiffness matrix and the load vector of the space plate 

member. For the sake of definiteness, assume the rectangular (also may 
be the triangular) subdivision is adopted, the bilinear element being used 
for the plate in stretching, and the ACM element for the plate in bending. 

Thus, there are 5 parameters at each nodal point: 

f3 f3 f3 f3( _ 8w(3 ) f3( _ 8w(3) u ,v ,W ,Ox - 8yf3 ,Oy - - 8xf3 ' 

where uf3 and vf3 denote the longitudinal displacements and wf3, O~ and O~ 
respectively denote the transverse displacement and the angles of rotation 

about the xf3-and the yf3-axes of the plate in bending. Note that, the 
rotation angle O~ about the zf3 -direction does not appear in this finite 
element model. 

The element nodal vector (local) is 

Uf3 = (UI, U2, U3, U4 )T, 

Ui = (uf,vf,wf,o~i,O:i)T. (7.28) 

Suppose that the element stiffness matrix and the load vector of the plate 
in stretching are 

and the element stiffness matrix and the load vector of the plate in bending 
are 

K (b) - [K(b)]. . F(b) = (F(b) p,(b) p,(b) F(b»)T f3 - ij ',)=1,·",4, f3 1 , 2 , 3 '4 . 

Then the element stiffness matrix and the load vector of the space plate 

in stretching and bending are 

(7.29) 

where 

000 

F: = (p(s) F~b»)T 
" '" . (7.30) 

o 0 

o 0 
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Similar to coordinate transformation for the space rod element, the 
transformation relations between the local components and the global 
components of the displacement on the space plate element are 

Uf3] [ il ] 
~ =Ap : ' 

where the transformation matrix Af3 is 

cos(xf3 , x) cos(xf3 , y) cos(xf3 , z) 

Af3 = cos(yf3, x) cos(yf3, y) cos(yf3, z) 

cos(zf3,x) cos(zf3,y) cos(zf3,z) 

(7.31) 

The transformation relations among the components of the rotation angle 
are 

By 

Bz 
where the transformation matrix A~ is derived from Af3 by deleting its 
third row. 

Suppose that the element nodal vector in global coordinates is 

then the transformation relation is 

where 

81 0 

82 [~ ~J 8f3 = , 8i = i = 1,2,3,4. (7.32) 
0 83 

84 
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The stiffness matrix and the load vector of the plate element in global 
coordinates are 

(7.33) 

Note that when all plate elements related to some nodal point are on 
the same plane, the displacements and the rotation angles at that nodal 
point are just expressed in terms of local coordinates (5 parameters) but 
not transformed into global coordinates (6"parameters), in order to avoid 

singularity of the stiffness matrix. 
(2) Realizing connection conditions 
The connection conditions among the various members of a space com­

posite structure are far more complex than those among the members of 

a plane structure, but they can also be classified into the two cases of 
rigid connection and pinned connection. We consider these two cases as 
follows. 

Rigid connections 
According to §3 of Chapter 4, the continuity conditions are as follows. 
1. The displacement is continuous a joint of members of the same or 

the different dimension. 
2. The rotation angle vector is continuous at a point joining of rod 

members to rod members. 
3. The tangential rotation angle is continuous at a line joining plate 

members to plate members. 
4. The tangential angle of rotation is continuous on a line joining plate 

members and rod members. 
These four continuity condition are equivalent to the following require­

ments in the finite element method. 

1. At a point rigidly connecting rods, the three global displacement 
components il, v and ill and the three global components of the rotation 

angle Ox, Oy and Oz of the different rods elements are respectively equal. 
2. At a point rigidly connecting plate elements and plate elements, 

the global displacement components il, v and ill and the tangential angles 
of rotation of of the different plates the rotation angles o~ in the normal 
direction are independent. The subscript t denotes the direction of the 
rigid-connected line, n denotes the direction perpendicular to t on the 
plane of the plate, and (t, n) is required to form a right-handed system. 

3. At a point rigidly connecting plate members and rod members, the 
three global displacement components il, v and ill of the rod and the plate 
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are respectively equal, and the tangential angle of rotation O~ of the rod 

element and the tangential angle of rotation of of the plate element are 

the same, the rotation angle O~ normal the plate element and the rotation 
angles O~ and OJ in transverse the rod element are mutually independent. 

Pinned connections 
On a line joining plates and plates or plates and rods, and at a point 

joining rods and rods, the displacement is continuous but the rotation 
angles are independent. 

The corresponding requirement in the finite element method is: 

At any pin-connected point, the three global displacement components of 
the elements joined are respectively equal, while the three components of 

their rotation angles are independent. 

We give a concrete scheme realizing these connection conditions. The 

basic idea is similar to that of the method of condensation which eliminates 
the independent rotation angle of a rod member at a pin-connected point 
in a plane structure. In a space structure, however, the rotation angle at 
the joint point is sometimes related to adjacent elements so that it cannot 

be eliminated immediately in the element stiffness matrix but should be 
eliminated in a somewhat enlarged stiffness matrix. 

Consider' each member (plate or rod) of the structure as an indepen­
dent unit, or called a substructure. Its boundary is either just the bound­
ary of the whole structure, or is connected with the other members. 

Carry out the geometric subdivision of each member, write out the 
stiffness matrices and the load vectors of the individual elements in terms 
of the local coordinates on that member, then obtain the stiffness matrix 
and the load vector of the member by superposition. 

For the stiffness matrix of a rod member, we transform the three local 
displacement components at each nodal point into the global components, 
but keep the components of the rotation angle in the local coordinates of 
the rod member. There are 6 parameters at each nodal point. 

For the stiffness matrix of a plate member, we classify the nodal points 
into two kinds: boundary points of the plate member, and internal points. 

Since the internal points of the plate member contribute nothing to the 
stiffness matrix of any other member, all nodal parameters at internal 
points can be eliminated in the stiffness matrix and in the load vector of 
the plate member so as to obtain a stiffness matrix and a load vector both 
expressed in terms of the nodal parameters at the boundary points of the 
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plate member. There are five parameters: uf3, vf3, wf3, o~ and Oe at each 
nodal point. 

Let us further analyze the stiffness matrix of a plate member. The 
boundary points of the plate member are of two kinds: boundary points 
of the structure; and points shared the other members. Consider a point 
shared with other members. At a rigid connnection, the displacements as 
well as the tangential angles of rotation must be equal but the rotation an­
gles in the normal direction are independent. At a pinned connection the 
displacements must be equal, but the rotation angles in both directions are 
independent. In either case, the externally imposed boundary conditions 
only involve the displacement and the tangential angle of rotation. Thus, 
the normal angle of rotation at the boundary point of the plate member 
is independent of the other member and the boundary condition. Hence 
we can try to eliminate it in the stiffness matrix and the load vector of 

the plate member. Therefore, the two components of the rotation angle 
O~ and Oe at the boundary point (except for the corner point) of the plate 

member are compounded into the tangential angle of rotation of and the 
normal angle ofrotation o~: 

of = O~cos(t,x) + oecos(t,y), 

(J~ = (J~ cos( n, x) + (J~ cos( n, y), 
(7.34) 

and at the corner point of the plate member, they are compounded into 
two tangential angles of rotation O~ and O~ through that point: 

o~ = O~ cos( tl. x) + Oe cos( tl. y), 

O~ = O~ COS(t2' x) + Oe(t2, y). 
(7.35) 

The normal angle of rotation at each boundary point (except for the cor­
ner point) can thus be eliminated from the stiffness matrix and from the 
load vector of the plate member. At the same time, transform the three 
local displacement components at every boundary nodal point into global 
components. Therefore, at every non-corner boundary nodal point, there 
are four parameters: three displacements and one tangential angle of ro­
tation. At a corner point, there are five parameters: three displacements 
and two tangential angles of rotation. In what follows we shall assume 
that both the stiffness matrix and the load vector of each plate member 
have already been expressed in such a standard form. 
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Their stiffness matrices and load vectors can now be coupled and super­

posed according to the connection relations among the various members. 

1. Rigid connection of plates and plates. 

Since the stiffness matrices of the plates (31 and 

(32 have the same nodal parameters, i.e., three global 

displacements and one tangential angle of rotation 

at the joint point 8, the rigid connection at 8 can 

be realized immediately by letting their values be 

equal. At the rigid-connecting point of these two 
plates, there are four parameters: three displace­

ments and one tangential angle of rotation along 

the rigid-connecting line. If at 8 there is still an-

other plate member which is rigid-connected with 

Fig. 71 

it (see Fig. 71), then at the common nodal point 8 there will be three 

displacement components as well as three tangential angles of rotation 

along the line of triple rigid-connection after the matrices of these three 

plate members (31, (32 and (33 have been coupled. Namely, for each rigid­
connected line through 8, there is always a tangential angle of rotation 

presented as the nodal parameter in the stiffness matrix correspondingly. 

2. Rigid connection of plates and rods. 

At the joint point 8, the three displacements and the tange1ltial angle of 

rotation in the stiffness matrix of the plate equal the three displacements 

and the tangential angle of rotation in the stiffness matrix of the rod. 
This tells us immediately how to couple the two stiffness matrices. At 
8 there are 6 nodal parameters: three displacements and three rotation 
angles, the tangential angle of rotation of the joint line and the other two 
components of the rotation angle vector of the rod member. The latter 

two must not to be eliminated, because it is sometimes necessary to use 
them to couple with other member or to deal with boundary conditions. 

3. Rigid connection of rods and rods. 

The coupling is realized by setting the 6 parameters in the stiffness 

matrices of both members to be respectively equal at the joint point. 

4. Pinned connection of plates and plates or plates and rods. 

Let the three displacements in the stiffness matrices of both members 

be equal at the joint point, and let all the rotation angles be independent. 

5. Pinned connection of rods and rods. 

As we did for pinned connection of rods in the plane, corsider a space 
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rod element, one end of which is rigid-connected and the other is pin­

connected. There are 6 nodal parameters at the rigid-connected end but 

only three displacements and no rotation angle at the pin-connected end. 

When a space rod member is pin-connected, such kind of rod element can 

be used to eliminate the three independent rotation angles on each rod 

member at the common nodal point. 
The stiffness matrix and the load vector of the space rod element 

whose left end is rigid-connected and whose right end is pin-connected are 
as follows: 

EA 
0 0 0 0 0 

-EA 
0 0 

3ELx 
0 0 0 

[3 

3Elx 
0 

-3Elx 
0 

[2 [3 

3Ely 
0 

-3Ely 

[3 [2 
0 0 0 

-3ELy 

[3 

0 0 0 0 0 0 

K'"Y= 
3Ely 

l 
0 0 0 

3Ely 

[2 

3Elx 
0 

-3Elx 
0 

l [2 

sym. 
EAx 

0 0 
l 

3Ely 
0 

[3 

3Ely 

[3 
(7.36) 

(7.37) 

where ft,···, ft2 denote the 12 components of the load vector (7.24) of 
the rod element. 

Having coupled and superposed the stiffness matrices and the load 
vectors of the individual members at each joint point according to the 
rules stated above, we obtain the stiffness matrix and the load vector of 
the whole structure. Its nodal points are just the joint points of the indi­
vidual members and the boundary points of the structure. The number 

of the parameters at each nodal point is determined by the behaviour of 
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the joint point. Finally, solving this system of linear algebraic equations 

according to the boundary conditions of the problem, we obtain the dis­

placements and the rotation angles at the boundary nodal points (in­

cluding the joint points and the boundary points of the structure) of the 

individual members. Then solving the stiffness matrices of the individ­

ual members, we obtain the displacements and the rotation angles at the 

internal nodal points. In engineering computations, this is called the sub­

structure method, which we use here in combination with the treatment 

of the connection condition. 

7.3 Nonstandard connections and the treatment 

of the offset distance 
The mechanical model of composite structures given in Chapter 4 requires 

the connections of the various members to be standard (§1 of Chapter 4). 

That is, the difference between the geometric dimension at the joint of 

members and the dimension of the its own member should not be larger 

than 1. However, the mechanical model is quite a idealized after all. A 

number of structures are often encountered of which the connection among 

various member in engineering practice is nonstandard. For instance, in 

the case of plate-rod structure, the plate and the rod are simply connected 

at a point. In the following, we give a practical method for treating this 

kind of nonstandard connection. 

80 ____ --- '"Y -----~ 

(3 
81 

Fig. 72 

Example 1. The nonstandard connection of a plate and a rod in the 

plane (Fig. 72). According to the mechanical model, the one-dimensional 

rod member '"Y and the two-dimensional plate member (3 are connected at 
the point 80 , where 80 is a point on the neutral line of the rod (the dotted 
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line in Fig. 72). This is one kind of nonstandard connection. The actual 
contacting condition is, however, different from that. If the thickness of 
the plate is neglected, then the joint should be a line segment 8182 , not 
just a point 80 . 

In the finite element method, the element stiffness matrix of the rod 
r has three parameters: two displacements u(80 ), v(80 ) and one rotation 
angle 0(80 ) at the nodal point 80 • For the plate member /3, by taking 
81 and 82 as two nodal points of the element adjacent to the rod, the 
corresponding matrix has two individual displacements at 81 and 82 : u(81), 

v(81 ) and u(82 ), v(82 ). In the case of a small deformation, assume there 
exists a rigid relationship between 80 and 81 , 82 • Then the displacement 
on 81 , 82 can be expressed in terms of the displacement and the rotation 
angle on 80 according to the formula for rigid motion. That is, 

l 
u(81) = u(80 ) + ;0(80 ),v(81 ) = v(80)j 

l 
u(82 ) = u(80 ) - ;0(80), v(82 ) = v(80 ), 

(7.38) 

where h denotes the width of the rod, i.e., the distance between 81 and 
82 . Then the stiffness matrices the plate element and the rod element can 
be coupled and superimposed according to (7.38). Thus we model the 
nonstandard connection of plates and rods. 

Example 2. The most often encountered case 
of nonstandard connection of plates and rods in 
a space structure is that the rod and the plate 
are rigid-connected perpendicularly or obliquely 
to the plane of the plate (Fig. 73). The rectangle 
81828384 shown in Fig. 73 is the cross section at 
the joint of the rod and the plate. Assume that 
the rod has rectangular cross section, and that 80 

is the point of intersection of the plate and the 
neutral line of the rod. According to the mechan­
ical model, the one-dimensional rod and the two-

r-------------~ 

Fig. 73 

dimensional plate intersect at the point 80 which is also a nonstandard 
connection. But what is actually connected is an area element, not just a 
point element. 

In the finite element method, the space rod element has 6 parameters: 
three displacment uo, Vo and Wo and three rotation angles Oxo, OyO and 
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iJxo at 00. By considering the interface 01020304 of the plate and the rod 
as an element of the plate, the stiffness matrix of the plate element has 
6 parameters (global): three displacements Ui, Vi and Wi as well as three 
rotation angles iJxi , iJyi , and iJxi at the nodal point Oi. By approximating 
the relationship between Oi and 00 by a rigid connection, the displacements 
and the rotation angles at Oi can be expressed in terms of the displacements 
and the rotation angles at 00 according to the formula of rigid motion as 
follows: 

(7.39) 
8 i = 8 0,i = 1,2,3,4, 

where the displacement vector and the rotation angle vector of are, re­
spectively, 

U ( - - -)T 8 (8- ()- (}-)T i = Ui,Vi,Wi , ~i = ~xi, yi, zi , 

and the distance vector is 

Rewriting (7.39) in the general matrix form, 

Ui 1 0 0 0 dZi -dYi Uo 

Vi 1 0 -dZi 0 dXi Vo 

Wi 1 dYi -dXi 0 Wo 
(7.40) 

iJxi 1 0 0 iJxo 

iJyi 0 1 0 iJyO 

iJzi 1 iJzo 

The stiffness matrices of the plate element and of the rod element can 
then be coupled accordingly. 

One can see from the two examples above that, at the nonstandard 
joint point, one can couple the stiffness matrices of the members by assum­
ing a rigid relationship between the idealized joint point and the actual 
joint line or surface. Thus the connection of members is realized by us­
ing the formula for rigid motion. From the practical point of view, this 
method is reasonable for small deformations, but this kind of nonstandard 
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connection is not permitted in the mathematical theory of the composite 
structure, so that it is not rigorously justified. 

The treatment of offset distance. 
Another aspect of the difference between the mechanical model of a 

composite structure and the actual structure is that, there is often a cer­
tain distance between the actual joint line (point) of the members and the 
idealized joint line (point), called the offset distance. This problem was 
discussed and a method for treating it given in Section 3.9 of Chapter 4. 
The basic idea here is also to consider the relationship between the actual 
joint line (point) and the idealized joint line (point) as an approximately 
rigid relationship and then to modify the mathematical formulas related 
to the idealized joint line (point) using the formula for rigid motion. This 
kind of method. We can be used directly in the finite element method 
need only deal with the offset distance at the relevant nodal points. An 
example follows. 

Suppose the plate f3 is rigidly connected 
with the rod 'Y (Fig. 74). Since there is 
a certain distance, the offset distance, be­
tween the neutral surface of the plate and 
the neutral line of the rod, in the finite el­
ement method the nodal point of the rod 
element is line and the nodal point of the 
plate element is taken on the neutral taken 
on the neutral surface. We must transform 

f3 

Fig. 74 

the parameters at the nodal point 81 of the plate element into the pa­
rameters at the nodal point 80 of the rod element or vice versa before 
we can couple and superpose the stiffness matrices of the plate element 
and of the rod element. In general we express the displacements and the 
rotation angle of the member with the higher dimensions in terms of the 
corresponding quantitites of the member with the lower dimensions. 

Assuming there exists a rigid relationship between 81 and 80 , and 
letting i = 1 according to (7.40), we immediately obtain a formula ex­
pressing the nodal parameters of the plate element in terms of the nodal 
parameters of the rod element. This is a way of dealing with the offset 
distance at a nodal point in the finite element method. 

Finally, we want to point out that the mechanical model and the vari­
ational principle as well as the corresponding finite element method of the 
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composite elastic structure presented in the book are all founded on a rig­

orous mathematical theory, and that the convergence of the finite element 
method can be ensured[4]. 
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numerical- 118 linear - 312 
overrelaxation - 300 incomplete biscubic - 344 
substructure - 381 prescribed moment load 184 

minimum 4 prescribed tangential angle 
- interior angle condition 331 of rotation 183 



394 Index 

prescribed transverse state 
displacement 183 rotation - 38 

prescribed transverse load 184 slide - 38 
principal axes 98 strainless - 33,93 
principle static elasticity 117 

- of minimum potential energy Stokes integral formula 121 
5,11 strain 7 

- of virtual work 5,11 normal- 67 
principal- 98 

quadrangle 311 shear - 67 
quadratic form 18 small- 67 
quadrature formula 296 thermal- 132 

strainless state 33 
rectangle 311 strainless virtual displacement 57 
relative distance 89 stress 6 
relative elongation 5 normal- 64, 99 
retaining wall 140 principal- 98 
rigidity shear - 64 

flexural- 76,173 shearing - 99 
geometric torsional - 162 - distribution 38 
tensile -of rod 8 stretching 1 
torsional- 162 subdivision 292 

rod 5 triangular - 311 
circular - 69 support 15 
composite - 17 elastic - 15, 113 
slender - 5 fixed - 112 

rotation 34 loading - 57, 113 
infinitesimal rigid - 86 surface 
infinitesimal - 33, 93 neutral- 74 
angles of- 92 lateral - 180 

rubber 63 system of linear equations 300 

Saint venant's equation 127, 135 tangent point 153 
shear Taylor expansion 12 

half angle of - 68 temperature 132 
- deformation 64 - gradient 138 
sample - 64 tensile rigidity of cross section 39 

solid material 63 tensor 
solution 14 rotation - 91 

general- 14 strain - 90 
particular - 14 thermal effect 133 

spring 1 thickness 173 



Index 395 

topological invariant 124 tube 
topological property 120 circular - 73 
torsion 159 hollow - 167 

- of a cylinder 158 tunnel 140 
torque 162 
transformation 22 variational principle 50 

- relation 22 variational problem 4, 50 
translation 34, 93 Volterra integral condition 128, 135 

rigid - 14 volume 
transpose increment of - 62 

- of a matrix 17 relative increment of - 62 
- of a vector 17 

triangle 311 work 2 
equilateral - 168 external- 11 
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