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Foreword

This book reminded me of the unforgettable creative atmosphere in the late 1960s in
the laboratory of my Ph.D. advisor N.G. Basov (at that time already a Nobel laureate
in physics, who shared the prize in 1964 with A.M. Prokhorov and C.H. Townes).
One of the experimental groups at that time included V.S. Zuev, P.G. Kryukov, and
R.V. Ambartsumyan, who were working on an exceptionally important problem
of amplifying nanosecond pulses in a cascade of ruby amplifiers to ignite a nuclear
fusion reaction. I collaborated with this group trying to understand the challenging
problems and questions that arose in the process of the experiments. One such
problem, related to the strange behavior of a nanosecond pulse in a chain of
amplifying crystals, led to the discovery of nonlinear propagation of a front of
amplified pulse with a speed greater than the speed of light. A simpler problem,
self-excitation of stimulated emission in a cascade of amplifiers by examination
of its output with a paper white card, led to the concept of nonresonant intensity
feedback without conservation of a phase. At the same time, I realized that this
effect takes place in a medium with distributed amplification and scattering if the
photon scattering length is significantly smaller than the gain length. In such a
medium, there exists an effect of self-confinement of light, which is characterized
by a stimulated emission threshold and many other properties of regular lasers, but
without spatial coherence of radiation.

Today, I would call such a laser a laser with incoherent feedback. These early
results and ideas were forgotten. However, 20 years later they were revived in
laser-pumped powders of laser crystals. Today the achieved level of understanding
of such lasers is high enough to have the results of numerous original publications
reviewed in a book. This precise work was done by M.A. Noginov. I believe that
this book, useful for many researchers working in the field of quantum electronics,
will be a valuable addition to existing books describing different types of lasers.

Moreover, I foresee in the future important applications of random lasers includ-
ing not only the search for novel laser materials and their express-testing, but
also the development of random lasers based on thin scattering films excited by
low-energy electrons produced by field-emission cathodes. In this way, one can
anticipate the development of new high-brightness displays with an isotropic angu-
lar diagram of emission. Possibly, the progress will reach the level of designing
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viii Foreword

thin-layer illumination systems, which can take different shapes on room and
building walls, and so on. Future illumination devices probably will be based on
controllable stimulated emission rather than noncontrollable or poorly control-
lable spontaneous emission. Any new effect sooner or later becomes very useful.
This surely can be said about solid-state random lasers, and the book presented by
M.A. Noginov will facilitate this progress.

Lund-Troitsk, Russia Professor V.S. Letokhov



Preface

I turn the knob to increase the power of my pumping laser, I turn it further, I turn it
a little bit more, and . . .Yes! A red splash crosses the screen of the streak camera.
Another splash comes, one more pulse, again and again . . . . It is lasing! The beauty
of this moment is irresistible. Those who experienced it will agree with me. Those
who did not . . . well, come visit my lab (please, not all at once) and I will show it
to you.

But wait a second. What is lasing? Does this small amount of powder the size
of a cubic millimeter produce a laser emission without any cavity or mirrors? Is
this possible?

Yes, it is possible, and the name of this miniature source of stimulated emis-
sion is the random laser or powder laser. First proposed by Letokhov in 1968,
the effect of stimulated emission in a scattering medium with gain was stud-
ied by a large number of researchers. The wavelengths of random lasers span
from ultraviolet to mid-infrared. Random laser materials (in the form of pow-
ders and polycrystalline ceramics) include inorganic dielectrics, semiconductors,
polymers, and liquids. Some random lasers are based on liquid solutions of
dyes with scatterers. The size of random lasers can vary from a cubic micro-
meter to hundreds of cubic millimeters, their radiation can be pulsed or cw,
the coherence of emission can be high or low, and so on. The list of differ-
ent varieties is long, and in a number of years it may become endless. Similar
to the case of regular lasers, which range from semiconductor diode lasers to
free electron lasers, various random lasers are extremely different from each
other. So, what is a random laser? In this book I answer this question, empha-
sizing the similarities among various types of random lasers and discussing the
differences.

The majority of random lasers are solid-state. Correspondingly, the focus of this
book is on solid-state random lasers. However, random lasers based on liquid dyes
with scatterers, which were discovered in the early 1990s initiating a renaissance
in this field of study, are described as well. The discussion in this book is centered
on experimental observations. A large number of extremely diverse theoretical
models, which have been proposed over a number of recent years, indicate that the
time for a conclusive review of theories describing random lasers has not yet come.

ix



x Preface

Over the last decade, random lasers have become a rapidly growing field of
research. This is evidenced by the chart below showing the numbers of papers
on random lasers published in different years. The search was done in INSPEC
database using the keywords “random laser,” “powder laser,” and “plaser.” (A
number of articles, including nearly a dozen papers published between the late
1960s and mid 1990s, were not found by the search engine.) The review of such a
field presents a challenge, inasmuch as interesting new publications appear every
month in a constantly increasing rate. To get the book done, I had to finalize its
scope at some point. However, I included the latest results that were published
when the book was in proof stage.

The book is organized as follows. The early theoretical and experimental studies
of random lasers are presented in Chapter 1. The stimulated emission experiments
with neodymium-doped powders and ceramics, the materials of choice in our
group, are described in Chapter 2. The propagation of pumping light in neodymium
random lasers is studied in Chapter 3. The theoretical modeling of stimulated
emission in neodymium random lasers, the results of which are applicable to most
random lasers with incoherent feedback, is discussed in Chapter 4. Some engi-
neering aspects of the random laser design are exemplified in Chapter 5. Chapter 6
is devoted to random lasers pumped with an electron beam. Random lasers based
on semiconductor powders and films, primarily ZnO, are discussed in Chapter 7.
Stimulated emission in liquid dyes with scatterers is described in Chapter 8. The
rest of Chapter 8 is devoted to polymer film random lasers. Random lasers and
relevant phenomena (including cooperative emission in scattering media), which
do not fall in any of the categories above, are discussed in Chapter 9. Potential
applications of random lasers are discussed in Chapter 10.

The references, which, I believe, include most of the important publications, are
aimed to support the discussion of experimental results and theoretical concepts



Preface xi

presented in the course of the book. The task of referring to all publications on
random lasers has not been attempted. The omission of any particular reference
should not be interpreted as a lack of my regard to its merit.

The chapters of the book are almost independent of one another. So, scientists,
engineers, and students interested in any particular aspect of random lasers can
read the relevant section directly. New researchers and students entering the field
of random lasers will find in the book an overview of the research area. Scientists
working in this and relevant fields can use the book as a reference source.

In conclusion, it is a pleasure to thank many friends and colleagues for their
help and advice at different stages of the research and writing. First of all, I
would like to acknowledge Prof. H. John Caulfield, my co-author on many papers
and a permanent source of advice, who strongly encouraged me to write this
book. I want to express my gratitude to Profs. Vladilen S. Letokhov, Vladislav V.
Zolin, and Stephen C. Rand for reviewing the manuscript or its parts and returning
comments to me. Prof. Stephen C. Rand contributed some of his unpublished
results to Chapter 6. Prof. Letokhov, the founder of the field of random lasers,
kindly accepted my invitation to write a foreword for this book. I would also like
to thank Dr. Ch. M. Briskina, Prof. Alexander L. Burin, Prof. Hui Cao, Dr. Vladimir
P. Drachev, Prof. George B. Loutts, Dr. Andrey K. Sarychev, and Profs. Vladimir
M. Shalaev, Diederik S. Wiersma, and Vladisalav S. Zolin for many stimulating
discussions.

Several chapters of this book are based on the original research of myself and
my colleagues, collaborators, and students. I would like to acknowledge the help
of many of my co-authors in different random laser-related papers, especially
Dr. Messaoud Bahoura, Dr. Stephen U. Egavievwe, Ichesia N. Fowlkes, Dr. Milan
R. Kokta, Prof. Sergey B. Mirov, Kaleem J. Morris, Jakub Novak, Dr. Joseph
Paitz, Dr. Irina T. Sorokina, Starre M. Williams, and Guohua Zhu.

My special thanks are due to the editor, Dr. Hans Koelsch, for his great care and
support in preparing this book.

This book could not have been possible without the help, advice, encouragement,
love, and patience of my wife and co-author of many publications, Prof. Natalia
Noginova.

Norfolk, Virginia Mikhail A. Noginov
USA



Color Plate 1

FIGURE 2.23. Experimental setup used for the measurements at small pumped
spot: (1) Nd0.5La0.5Al3(BO3)4 ceramic sample; (2) focusing lens; (3) microscope;
(4) Visible/Infrared CCD camera; (5) fiber optic bundle. (After [16].)



Color Plate 2

FIGURE 4.9. Calculated emission dynamics in (a) strip of 100 cells; pumping intensity
corresponds to 1 J/cm2 of absorbed energy, raver = 8%, the residence time τres is calculated
to be 0.43 ps, the maximum emission intensity is equal to 24,566 rel. units. (b) Strip of 400
cells pumped with the same intensity, with no reflection at the boundaries of the cells, the
residence time is calculated to be 0.67 ps and the maximum emission intensity is equal to
16 rel. units. Loss is neglected in both (a) and (b). (Source: Ref. [30].)



Color Plate 3

FIGURE 4.10. Calculated emission dynamics in a 100-cell strip with loss introduced to
the system, laver = 4%, pumping intensity corresponds to 10 J/cm2 of absorbed energy.
Multiple regions of light localization are seen in the figure. (Source: Ref. [30].)
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1
Lasers with Nonresonant Feedback
and Laserlike Emission from
Powders: Early Ideas and
Experiments

1.1 Idea of Laser with Nonresonant Feedback
and Random Laser

In a laser with a Fabry–Perot cavity and resonant feedback [1,2], stimulated
emission is spatially coherent and its frequencies are primarily determined by
eigenmodes of the resonator. Coherence of a laser emission and its strong depen-
dence on the properties of the cavity present a severe drawback for certain
applications where high spatial uniformity of illumination and high stability of
the emission wavelength are desired. For example, the speckle pattern, which is
due to a high coherence of laser radiation, makes intensity distribution of scat-
tered laser light strongly nonuniform. The frequency of the laser emission mode
is sensitive to optical alignment, thermal expansion of the resonator, mechanical
vibration, and so on. In order to overcome these and other disadvantages caused by
spatial coherence of a laser beam, Ambartsumyan et al. (in 1966) proposed a new
type of laser where a nonresonant feedback occurred via reflection off a highly
scattering medium used in place of the back laser mirror [3–6] (Figure 1.1a). Alter-
native possible realizations of multimode cavities in which nonresonant feedback
conditions can be fulfilled are (i) a cavity with rough reflecting inner walls and a
small pinhole opening (Figure 1.1b) and (ii) a quasi-concentric resonator formed
by two concave mirrors (Figure 1.1c) [6]. (The resonator conceptually similar to
that shown in Figure 1.1b, a piece of fiber with optical gain and rough walls, has
been studied in [7].) A laser with nonresonant feedback is an extreme case of a
multimode laser with very strong interactions between modes [6]. According to
References [8–11], the central emission frequency of such a laser is determined by
the resonant frequency of a gain medium rather than eigenmodes of the cavity. The
dynamics of the line narrowing in a laser with nonresonant feedback is typically
much slower than that in a conventional laser with an open Fabry–Perot resonator
[8]. The laser with nonresonant feedback has no spatial coherence, it is not stable
in phase, and its photon statistics (Bose–Einstein) is strongly different from that
of a regular single-mode laser (Poisson) [12–16].

1



2 1. Early Ideas and Experiments

FIGURE 1.1. Examples of different configurations of multimode cavities in which nonreso-
nant feedback conditions can be fulfilled: (a) scattering surface and mirror; (b) cavity with
scattering walls and small outlet hall; (c) quasi-concentric resonator; (d) combination of
scattering particles in an amplifying medium. (Source: Ref. [6].)

In 1967, Letokhov took one step further and theoretically predicted the possibil-
ity of generating laserlike light by scattering particles with negative absorption in
the case when the mean free path of the photon due to scattering was much smaller
than the dimensions of the system, that is, when the photon motion was diffuse
[17]. In the proposed system, the scattering material at the same time played the
role of an active laser medium and an effective resonator providing for nonresonant
feedback. Letokhov found [17] that the solution of the diffusion equation for prop-
agation of emitted photons in an amplified medium diverges at some critical value
of gain g depending on the characteristic size of the pumped medium B (different
for different shapes of the pumped volume) and the diffusion coefficient D,

g = DB2, (1.1)

(In Ref. [17] and in a more detailed Ref. [18], a homogeneous distribution of pump-
ing in the absence of any reflection from the boundary of the scattering medium has
been assumed.) This critical value of g was associated with the threshold of stim-
ulated emission in a medium with gain and scatterers. That was probably the first
report of what we now call the random laser or powder laser. The proposed appli-
cations of an incoherent random laser included a highly stable optical frequency
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standard and express-testing of laser materials, which could not be easily produced
in the form of homogeneous large crystals.

In Reference [18], Letokhov studied the same system in more detail, including
in the consideration the rate equation for population inversion. In particularly, he
predicted slow kinetics of the spectral line narrowing in a random laser (which is
typical of nonresonant feedback lasers) and damped oscillations in the emission
dynamics, which preceded the establishment of the stationary generation regime
[18]; see Figure 1.2. These oscillations are known in the modern literature as
relaxation oscillations.

Note that in contrast with an open Fabry–Perot resonator, the effective cavity
formed by scatterers in a volume of a random laser is, by nature, a closed three-
dimensional resonator with losses. (Resonators of some thin film random lasers
are effectively two-dimensional.) This suggests that in macroscopic volume V , the
number of modes N per frequency interval �ν around optical frequency ν can be
very large. According to the Rayleigh–Jeans formula,

N = 4π
V

c3 ν2�ν = 4π
V

λ4 �λ, (1.2)

where λ = c/ν is the wavelength, �λ = �νλ2/c is the frequency interval, and
c is the speed of light. At V = 1 mm3 and λ = 1 µm, the number of modes per
�λ = 1 nm is equal to N = 1.25 × 107 (!) and a large fraction of these modes
can be nondegenerate. As stated in Reference [18], a “stochastic resonator” in
the form of a scattering medium (as in Figure 1.1d) constitutes a system with
a large number of modes, which are strongly coupled by scattering and which
have large radiation losses. The large radiation losses and the strong interaction
of the modes lead to a complete overlap of their frequency spectra. The concept
of “mode” loses its usual meaning here and the spectrum becomes a continuum.

FIGURE 1.2. Dynamics of establishment of stationary generation regime in a spherical
scattering region with negative absorption. (Source: Ref. [18].)
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If the number N of interacting modes is sufficiently large, the feedback becomes
nonresonant.

In the case where the photon mean free path l∗ is larger than the characteristic
size of the pumped medium L, only a small fraction of the emitted radiation is
scattered in the ensemble of particles and lasing can occur only when the amplifi-
cation g is large enough. It was shown [6,19] that the laser threshold in this case
can be described as

egL χ

g
> 1, (1.3)

where χ = 1/l∗ is the backscattering coefficient. As argued in Reference [19], this
case is possibly realized in cosmic clouds of optically pumped HO radicals with
dust particles and electrons acting as scattering centers. Stimulated emission effect
in such natural masers (λ = 18.5 cm) was used to explain emission pulsations
registered in radio astronomy experiments. The possibility of the laser effect in
stellar atmospheres was predicted in [20], where OI-oxygen was considered to be
an active laser medium and the scattering (providing for nonresonant feedback) was
assumed to be due to amplifying transitions of excited atoms. The early studies
of nonresonant feedback in space masers and stellar lasers are summarized in
Reference [21]. More recent reports of ultrabright galaxy masers include [22,23]
and many others.

1.2 Early Experiments

In 1971, Varsanyi experimentally observed optically excited stimulated emis-
sion (“superradiant emission” as he called it) at the 3P0 → 3F2 Pr3+ transition
in individual powder particles of PrCl3 and PrBr3 [24]. The stimulated emission,
which was not supported by any cavity, occurred in the volumes where linear size
exceeded 1 µm. The direction of the emitted light was determined by the shape of
the pumped volume. At reasonably small pumping energies, <1 mJ, when the pene-
tration depth of pumping, h ≈ 1 µm, was smaller than the diameter of the pumped
spot d, stimulated emission was generated along the surface of the sample. At
larger pumping energies, when the penetration depth h increased significantly due
to the saturation of ground state absorption and became greater than d, the emit-
ted light suddenly changed its direction and started propagating along the normal
to the sample surface. Accordingly, two different thresholds have been observed
in the input–output dependence. To describe the miniature source of stimulated
emission, Varsanyi used, probably for the first time, the term powder laser. In the
modern literature, this term is primarily used to describe emission supported by an
ensemble of particles. It was proposed that miniature light sources, powder lasers,
could find applications in integrated circuit networks [24].

In the 1970s, Fork et al. observed unusual optical properties in microcrystals of
different luminophosphors containing Eu2+ [25–28]. The anomalously efficient
and fast emission occurred in single microcrystals, the dimensions of which were
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on the order of several optical wavelengths, λ ≈ 0.37 µm. The emission spectrum,
which slightly changed from sample to sample, was attributed to the transitions
between one of the Stark levels of the excited state 6I(4f7) Eu2+ and the ground
state 8S7/2(4f7) Eu2+. A threshold for nonlinear emission behavior and a nonlinear
competition between the wavelength components have been observed with the
increase of the pumping intensity. The nature of this emission has never been
clearly understood. Although several features of emission behavior were close to
those of lasers (selective enhancements of certain spectral components, frequency
shifts, and so on), the authors of [27] concluded that the emission was not due to
the laser effect because (a) the emission line did not narrow above the threshold, (b)
emission was not highly directional, and (c) the enhancement of certain spectral
components occurred both below and above the threshold for nonlinear dependence
of emission on pumping intensity, and so on.

In 1981, Nikitenko et al. studied spectroscopic properties and stimulated emis-
sion of ZnO at high levels of single-photon excitation [28]. Experimental samples,
which included monocrystals, epitaxial layers, and powders of ZnO, were excited
with the N2 laser at T ≥ 80 K (and below the room temperature). It was reported
[28] that at proper (unspecified) conditions, laser action could be obtained in a
powder of ZnO. The wavelength of this emission (374.7 nm) was ascribed to the
first phonon-induced line corresponding to a free A-exciton [28]. The first report
on the experimental observation of stimulated emission in ZnO powder was very
brief [28]. In particular, Nikitenko et al. did not discuss whether this was a collec-
tive lasing effect occurring in an ensemble of excited particles or if the laser action
could also exist in individual particles, as in Reference [24].

In 1986, Markushev et al., conducting routine emission spectroscopy experi-
ments with powders of neodymium-activated luminophosphors (Nd:La2O3 [29],
Nd:La2O2S [29], and Na5La1−xNdx(MoO4)4 [30]), found that above a certain
pumping energy threshold, the duration of the emission pulse shortened by approx-
imately four orders of magnitude. (Most of the experiments in Refs. [29,30] were
carried out at liquid nitrogen temperature and some at liquid helium tempera-
ture.) An approximately equally strong enhancement was found in the intensity
of the strongest spectral component of the 4F3/2 − 4I11/2 emission transition
(≈1.06 − 1.08 µm), the linewidth of which narrowed significantly [29–31]. Only
one narrow emission line was observed in the spectrum above the threshold; see
Figure 1.3. The intensity of this emission line plotted versus pumping energy
resembled input–output dependence in conventional lasers; see Figure 1.4. Inas-
much as the experimental behavior of the observed radiation was characteristic
of lasers, Markushev et al. explained it in terms of stimulated emission from
excited powders [29,30]. The results of References [29,30] and other publications
of the same research group, which undoubtedly holds credit for the first detailed
experimental study of a random (powder) laser and its qualitative and quantitative
description, are discussed in detail in Chapters 2 and 4.

The focus of this book is primarily on the emission enhancements occurring
in ensembles of excited particles or random lasers. However, as evidenced by
the experiments of Varsanyi [24] and Fork [25–27], stimulated emission and
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FIGURE 1.3. Emission spectrum of
Nd3+ (4F3/2 − 4I11/2 transition,
T = 77 K) below (a) and above (b)
the threshold. (Source: Ref. [30].)

FIGURE 1.4. Input–output curve
of stimulated emission in
Na5La1−x Ndx(MoO4)4 powder.
(Source: Ref. [30].)
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unusual optical effects, which remotely resemble stimulated emission, can also
take place in individual particles constituting ensembles. The discovery and
study of powder (random) lasers was done in parallel with the development of
other micron-scale sources of laser emission [32], including microchip lasers
[33,34], microsphere lasers [35–37], and microdisk lasers [37]. What makes
random (powder) lasers principally different from all other micron-sized lasers
listed above is that powder particles, as a rule, have irregular shapes and lack
morphology-dependent resonances supporting stimulated emission.
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2
Neodymium Random Lasers:
Experimental Studies of Stimulated
Emission

2.1 First Observation of Stimulated Emission
in Powders of Neodymium-Doped Materials

As discussed in Chapter 1, the results of the first detailed experimental study
of random laser emission (in Na5La1−xNdx(MoO4)4 powder) were reported by
Markushev et al. in Reference [1]. In this experiment, the particle sizes varied
between 1 and 10 µm, and the concentration of neodymium ions in different
Na5La1−xNdx(MoO4)4 samples ranged between x = 0.01 and x = 0.9 [1]. The
samples were pumped with≈30 ns pulses of Rhodamine 6G laser betweenλ ≈ 575
and 590 nm. The spontaneous emission decay time of the metastable state 4F3/2
Nd3+ was equal to 140 µs at x = 0.01 and decreased to 60 µs at x = 0.9.

The stimulated emission experiment was carried out at liquid nitrogen temper-
ature (T = 77 K). Above the characteristic threshold energy density of the order
of ≈50 mJ/cm2, the duration of the emission pulse shortened approximately four
orders of magnitude [1]. About the same large enhancement was found in the inten-
sity of the strongest emission line at the transition 4F3/2–4I11/2 Nd3+ (≈1.066 µm),
the linewidth of which narrowed significantly [1] (Figure 1.3). (The energy-level
diagram of the Nd3+ ion is shown in Figure 2.1.) The intensity of this amplified
spectral line plotted versus pumping energy resembled an input–output depen-
dence in regular lasers (Figure 1.4). Based on the results of the spectroscopic,
kinetics, and input–output measurements above, Markushev et al. concluded that
the observed phenomenon was a laser emission from excited powder [1].

Similar laserlike emission was observed in neodymium-doped powders of
lanthanum oxide La2O3 and lanthanum oxysulfide La2O2S (with neodymium
concentration nNd equal to 3–7%, T = 77 K) [2], double barium gadolin-
ium molybdate BaGd2(MoO4)4 (nNd = 2–10%, T = 77 K) [1], and ytterbium
selenogallate YbGa2Se4 (nNd ≈ 1%, T = 4.2 K) [3]. At the same time, no lasing
effect was observed in bulk optically clear single crystals of BaGd2(MoO4)4 at
the pumping energy density ≈100 mJ/cm2 [2]. That is why it was concluded that
scattering in an ensemble of particles, providing for diffuse reflection of photons
back to the pumped volume, played a significant role in the stimulated emission

10
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FIGURE 2.1. Nd3+ energy level diagram and the most important excitation and relaxation
processes: (1) pumping; (2) multiphonon relaxation populating the metastable level 4F3/2;
(3) spontaneous radiation and multiphonon relaxation of the level 4F3/2; (4) stimulated
emission at the transition 4F3/2–4I9/2; (5) cross relaxation. The Stark splitting of the
energy levels is not shown in the figure. (Source: Ref. [14].)

process [2]. The history of the discovery of the neodymium random (powder) laser
is described in the review paper [4].

It was concluded in Reference [1] that it is possible to construct a monochromatic
bright source of radiation using fine-grained powders of transparent luminescent
media (powder lasers), similar to those predicted by Letokhov in [5,6]. It was
predicted that other scattering media with gain, such as luminescent ceramics,
zeolites embedded with dye, and frozen or emulsion solutions of luminescent dyes,
could generate stimulated emission as well [1,2]. The proposed applications of
random (powder) lasers [1,2] included express-testing of novel laser materials and
simulation and study in the laboratory environment of the cosmic laser effect [7–9].

2.2 Basic Properties of Neodymium-Doped
Random Lasers

In the series of studies following the pioneering works [1,2], the list of neodymium-
activated random lasers was extended to include a large number of pulverized
materials discussed in Section 2.3. It has been found that many of these materials
demonstrate qualitatively similar behavior. The basic properties of neodymium
random lasers, such as emission kinetics, emission spectrum, threshold input–
output dependence, and angular distribution of stimulated emission are discussed
in this section. Other characteristics of neodymium random lasers are described in
different sections of this chapter as well as Chapters 3 through 5.

Note that the authors of References [1,2] and their coworkers (see, e.g., Refs.
[10–12]) conducted their experiments at cryogenic temperature. However, after
Gouedard et al. [13], random laser emission was predominantly studied at room
temperature.
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2.2.1 Emission Kinetics

In different experiments with neodymium random lasers, the duration of the pump-
ing pulse was varied between approximately 10 and 30 ns [1,10,13,14]. At weak
pumping, only regular spontaneous emission of neodymium ions can be observed
experimentally. [Note that the spontaneous emission kinetics can be shortened and
the emission quantum yield can be reduced due to “concentration self-quenching”
(4F3/2 → 4I15/2, 4I9/2 → 4I15/2 cross-relaxation) known in neodymium-doped
laser materials [15]; see Figure 2.1.]

With the increase of the pumping energy, the regime of amplified spon-
taneous emission (ASE) predominates over the regular spontaneous emission,
causing (a) gradual increase of the peak emission intensity, (b) narrowing of
the strongest emission spectral line, and (c) shortening of the emission decay
kinetic (from 120 µs to ≈10 µs in the example of Nd:LaP5O14 [13]). The ASE
regime is especially pronounced in the materials with a relatively long lumines-
cence lifetime (τ > 10−5–10−4 s) and, respectively, small nonradiative decay.
It has been observed in scattering polycrystalline Nd0.75La0.25P5O14 [13] as
well as NdSc3(BO3)4, NdAl3(BO3)4, and Nd0.5La0.5Al3(BO3)4 powders and
ceramics studied in our group. In the materials with strongly quenched lumi-
nescence, such as NdCl3 · 6H2O (τ ≈ 16 ns), the ASE regime is practically
absent [13]. (In NdCl3 · 6H2O, laserlike emission, described below, emerges
above a certain pumping energy threshold without any noticeable ASE preceding
it [13].)

As the pumping energy is increased further (above the ASE range), one short
and very intense emission pulse appears close to the end of the pumping pulse
[10,13,14]. The duration of this pulse varies in different experiments between
approximately 0.3 and 3 ns. The pumping energy corresponding to the appearance
of this short emission pulse, which is accompanied by a dramatic narrowing of
the emission spectrum and increase of the peak emission intensity, is regarded as
the threshold of laserlike emission. As the pumping energy is increased above the
threshold, the intensity of the emission pulse also increases.

At stronger pumping, the second emission pulse, separated from the first one by
several nanoseconds, emerges in the kinetics. As the pumping energy is increased
further, the number of pulses increases, the pulses get shorter, and the time delay
between the first emission pulse and the beginning of the pumping pulse becomes
smaller [10,13,14]. As a rule, the time intervals between pulses are shorter in
the beginning of the series of pulses than in the end of the series. The emission
kinetics recorded in different pumping regimes in Nd0.5La0.5Al3(BO3)4 ceramic
and NdAl3(BO3)4 powder are depicted in Figures 2.2 and 2.3 (Refs. [14,16]).

2.2.2 Spectrum of Laserlike Emission

The spectrum of spontaneous emission of Nd3+ ions at the 4F3/2 → 4I11/2 tran-
sition consists of 12 partially overlapped Stark-split components (in the sites with
symmetry higher than cubic [17]). In most laser crystals, these spectral lines
are positioned between 1.0 and 1.1 µm. The widths of individual emission lines
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FIGURE 2.2. Evolution of the emission kinetics in Nd0.5La0.5Al3(BO3)4 scattering
ceramic with the increase of the pumping energy (λpump = 532 nm, tpump = 10 ns): (1)
0.02 mJ—spontaneous regime; (2) 0.5 mJ—ASE regime; (3) 0.6 mJ—short-pulsed stimu-
lated emission regime. Inset: high-resolution kinetics above the threshold, approximately
corresponding to that shown by trace 3. The diameter of the pumped spot ≈0.21 mm.
(Source: Ref. [16]).

FIGURE 2.3. Pulses of stimulated emission in NdAl3(BO3)4 powder: (1) near the threshold
(200 mJ/cm2); (2) at x = 1.6 times threshold energy; (3) at x = 1.9; and (4) at x = 3.9.
The bell-shaped line at the bottom of the figure shows approximate position and shape of the
pumping pulse (λpump = 532 nm). The average (mean) linear size of the powder particles
in this particular experiment was equal to 3.6 µm. (After [14].)
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FIGURE 2.4. Emission spectrum of NdAl3(BO3)4 powder (a) below the threshold, pump-
ing density ≈30 mJ/cm2, and (b) above the threshold, pumping density ≈240 mJ/cm2.
λpump = 532 nm, tpump ≈ 10 ns. (Source: Ref. [14].)

(dependent on the temperature) typically range between 0.5 and 3 nm. Above
the random laser threshold, the intensity of the strongest line in the sponta-
neous emission spectrum is increased by two to four orders of magnitude and
its width is reduced to approximately 1Å. Thus, in Na5La(MoO4)4 powder, the
width of the laser spectrum above the threshold did not exceed δν = 1 cm−1

(≈1Å) [10]. In NdCl3 · 6H2O, the reported value of δλ was equal to 1.5Å [13], and
in Nd0.5La0.5Al3(BO3)4 ceramic δν was equal to 0.66Å [18]. Only one narrow line
is observed in the emission spectrum above the threshold. The transformation of
the neodymium emission spectrum when the pumping energy increases the thresh-
old value in Na5La1−xNdx(MoO4)4 powder at 77 K is shown in Figure 1.3 [1]. A
qualitatively similar pattern is observed at room temperature. The emission spectra
of NdAl3(BO3)4 powder before and after threshold at T = 296 K are depicted in
Figure 2.4 [14].

2.2.3 Input–Output Dependence

The input–output dependence in neodymium random lasers, measured at the wave-
length of stimulated emission, is very similar to that in regular lasers. A dramatic
increase of the emission intensity just above the threshold makes the threshold
sharp and well defined; see Figure 1.4.

The input–output curves obtained in NdAl3(BO3)4 powder at the laser wave-
length, (λ = 1063.1 nm) and another, weaker, spectral line (λ = 1054.4 nm),
originating at the same upper laser level 4F3/2, are depicted in Figure 2.5. One
can see that although a characteristic laser input–output curve is observed at
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FIGURE 2.5. Experimental input–output emission curves in NdAl3(BO3)4 powder: (a)
stimulated emission at λ = 1063.1 nm; (b) luminescence at λ = 1054.4 nm registered in
the maximum of kinetics (at t = 0). Both transitions 4F3/2 − 4I11/2 and 4F3/2 − 4I9/2

originate from the same metastable state 4F3/2. Pumping: λpump = 532 nm, tpump ≈ 10 ns.
(Source: Ref. [14].)

λ = 1063.1 nm (Figure 2.5a), the energy dependence of the emission intensity
at 1054.4 nm does not exhibit any noticeable change of the slope at the threshold
energy (Figure 2.5b). This result can be used as evidence that only a small fraction
of excited ions contributed to the stimulated emission or that the lasing volume
was much smaller than the pumped volume.

2.2.4 Angular Distribution of Stimulated Emission

The angular distribution diagram of NdAl3(BO3)4 powder laser emission is shown
in Figure 2.6 [19]. It resembles that for scattering off a rough surface and can be
fitted with the function I (�) ∝ cos(�), where � is the angle measured starting
from the normal to the sample surface. Each data point in Figure 2.6 was obtained
as the result of averaging over many laser pulses. In a separate set of measurements,
it was found that the shape of the angular distribution diagram remains almost the
same from pulse to pulse. (Note that the distribution diagram above is very different
from that of ZnO random lasers (discussed in Chapter 7), where different spectra
of stimulated emission can be observed at different angles [20–22].)

In the particular experiment depicted in Figure 2.6, no data were taken in the
vicinity of the exact backscattering direction for the pumping beam. According to
Reference [23], the angular distribution of emission in the random laser based on
liquid dye with TiO2 scatterers had a characteristic cone shape, which is typically
observed in coherent backscattering (CBS) [24–26] (surprisingly, the cone in the
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FIGURE 2.6. Angular distribution of the stimulated emission intensity in NdAl3(BO3)4
powder sample under 532 nm pumping. Circles: experimental data; solid line: fitting with
cos(�). (Source: Ref. [19].)

angular distribution was not “seeded” by any probe beam at the emission wave-
length). When the intensity distribution of stimulated emission in NdAl3(BO3)4
and Nd0.5La0.5Al3(BO3)4 random lasers has been studied in a narrow range of
angles centered at the exact backscattering direction for pumping, no angular
enhancement of emission exceeding ≈4% noise level has been observed.

2.3 Stimulated Emission in Different Materials
and Types of Samples

Random laser emission has been obtained in more than a dozen neodymium-
doped materials. A summary of properties of neodymium random lasers is given
in Table 2.1. The detailed list of spectroscopic parameters of NdAl3(BO3)4,
NdSc3(BO3)4, NdxLa1−xSc3(BO3)4, and Nd:Sr5(PO4)3 (Nd:SFAP) powder
(random) lasers is given in Table 2.2 [14].

Most of the samples listed in Table 2.1 are powders of laser materials. A typ-
ical Scanning Electron Microscope (SEM) picture of the NdSc3(BO3)4 powder
sample and the corresponding distribution of powder particles by their sizes are
given in Figure 2.7 [48]. However, the lasing effect similar to that illustrated in
Figures 2.3 and 2.4 is not unique to pulverized media. Thus, an apparently similar

(continued on page 22)
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TABLE 2.2. Spectroscopic properties of NdAl3(BO3)4, NdxLa1−xSc3(BO3)4, and
Nd:Sr(PO4)3F powder (random) lasers [14]

NdSc3(BO3)4/
NdAl3(BO3)4 NdxLa1−xSc3(BO3)4 Nd:S-FAP

Nd concentration in
100% doped sample

5.3 × 1021 cm−3,
Ref. [40]

5.1 × 1021 cm−3 in
NdSc3(BO3)4,
Refs. [43,44]

1.68 × 1022 cm−3,
Ref. [46]

4F3/2 life-time 20 µs, Ref. [40] Nd(1–10%):
LaSc3(BO3)4 118 µs
NdSc3(BO3)4 24 µs,
Refs. [43,44]

298 µs, Ref. [47]

Wavelength of the
maximum emission
cross section

≈1.063 µm Ref. [41] 1.0615 µm,
(our measurements)

1.059 µm,
Refs. [46,47]

4F3/2 − 4I11/2
emission cross
section

10 × 10−19 cm2,
Ref. [40]

Nd0.1La0.9Sc3(BO3)4
Ellx,13 × 10−20 cm2,
Elly, 9 × 10−20 cm2,
Ellz, 5 × 10−20 cm2,
Ref. [43], averaged
over different
polarizations:
9 × 10−20 cm2

Ellc, 5.4 × 10−19 cm2,
E⊥c, 2.4 × 10−19 cm2

Refs. [46,47];
averaged over different
polarizations:
3.9 × 10−19 cm2

Absorption cross
section at the pump
wavelength

Ellc 3.3 × 10−21 cm2,
Ellc, 2.6 × 10−21 cm2

(λ = 532 nm)
Ref. [42]

Ellx, 5.1 × 10−21 cm2,
Elly, 4.2 × 10−21 cm2,
Ellz, 2.4 × 10−21 cm2

(λ = 532 nm)
Ref. [45]a

Ellc, 2.26 × 10−19 cm2,
E⊥c, 0.7 × 10−19 cm2

(λ = 805 nm)
Ref. [46]

Threshold pumping
density (in the
powder)

200 mJ/cm2

(λ = 532 nm)
560 mJ/cm2

(λ = 532 nm)
170 mJ/cm2

(λ = 805 nm)

Threshold Nd excited
state concentration

7.5 × 1018 cm−3 2.8 × 1019 cm−3 3.64 × 1019 cm−3

Threshold gain ≈7.5 cm−1 ≈2.5 cm−1 ≈15.7 cm−1

aNd0.1La0.9Sc3(BO3)4 is a trigonal crystal, whereas NdSc3(BO3)4 is a monoclinic crystal, Ref. [43].

stimulated emission was observed in polished and unpolished bulk laser crystals
without cavity [14,40,44]. As follows from Table 2.3, where the behavior of stim-
ulated emission in powders is compared with that in single crystals, the factors
reducing the lasing threshold are: (1) reasonably large pumped volume, (2) pul-
verization of the material (strong scattering providing for nonresonant feedback),
and (3) polished plane-parallel surfaces in optically clear bulk crystals (providing
for resonant feedback).

It is important to note that stimulated emission could not be obtained in a mono-
layer of irregularly shaped powder particles (average particle size ≈3.6 µm) [14].
This suggests that stimulated emission in fine (irregularly shaped) powder is a
collective effect occurring in an ensemble of particles where scattering provides
for feedback.
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FIGURE 2.7. Scanning electron microscope image of (a) the NdSc3(BO3)4 powder sample
and (b) the corresponding distribution of particles by their sizes. (Source: Ref. [48].)

2.4 Stimulated Emission in Mixtures of Powders

In Reference [11], stimulated emission was studied in the mixture of powders
of Na5Nd0.15La0.85(MoO4)4 and Na5Nd0.85La0.15(MoO4)4. The powders in the
compound were mixed in equal proportion. The wavelength of the strongest spon-
taneous emission line at the 4F3/2 → 4I11/2 transition slightly changed with the
change of the crystal composition: at nNd = 0.15 it was equal to 1067.11 nm
and at nNd = 0.85 it was equal to 1067.27 nm. The excitation spectra of stim-
ulated emission in the two individual components were very different as well.
Thus, by scanning the pumping wavelength, it was possible to change the relative
contributions of the two powders to the stimulated emission of the mixture.

Only one spectral line was observed in stimulated emission of the mixture
of the two components [11]. The emission wavelength of the mixture was
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TABLE 2.3. Thresholds of the stimulated emission in the powders and single crystals
of NdAl3(BO3)4, NdxLa1−xSc3(BO3)4, and Nd:Sr(PO4)3F [14]

NdAl3(BO3)4 NdSc3(BO3)4 Nd:Sr(PO4)3F
λpump = 532 nm λpump = 532 nm λpump = 805 nm

Powder
V ≥ 1 mm3

≈3 µm

Threshold:
200 mJ/cm2

Threshold:
560 mJ/cm2

Threshold: 170 mJ/cm2

Monolayer of
powder ≈3 µm

At ≤1 J/cm2

threshold was not
achieved

Single crystals Irregularly shaped; 8 mm polished
plate

Thresh = 625 mJ/cm2

V ≈ 1 mm3; 1.5 mm polished
plate

Thresh = 920 mJ/cm2

Threshold =
600 mJ/cm2

0.8 mm
unpolished plate

Thresh =
1080 mJ/cm2

always larger than that in Na5Nd0.15La0.85(MoO4)4 and smaller than that in
Na5Nd0.85La0.15(MoO4)4. It could be tuned, within approximately 0.07 nm, by
the tuning of the excitation wavelength. This experiment proved that stimulated
emission in powder was a collective effect where powder particles in an ensemble
strongly influenced each other via radiation. An almost similar result was observed
in Reference [27], where different values of neodymium-doping concentrations
and different proportions between powders in the mixtures were used.

A qualitatively different result was obtained in the mixture of NdAl3(BO3)4
and NdSc3(BO3)4 powders [14]. In NdAl3(BO3)4, the peak emission cross sec-
tion at 1063.1 nm is equal to 10 × 10−19 cm2 [40], and in NdSc3(BO3)4, the
peak emission cross section at 1061.5 nm (averaged over different polarizations)
is equal to 9 × 10−20 cm2 [43]. The most interesting result was obtained when
NdAl3(BO3)4 and NdSc3(BO3)4 powders were mixed in the proportion approxi-
mately equal to 1:5 (by volume). At low pumping energy (below the threshold),
the luminescence spectrum of the mixture closely resembled that of the dominant
material, NdSc3(BO3)4. However, at strong pumping, two narrow emission lines
appeared approximately at 1063.1 and 1061.5 nm. Their thresholds and relative
intensities were strongly dependent on very small variations of the concentra-
tions of the components. Attaching the streak camera (Hamamatsu C4334) to a
widely open output slit of the monochromator, one could record two-dimensional
(wavelength–time) patterns of stimulated emission in the mixture of powders [13].
In the particular mixture, the time–wavelength pattern of which is depicted in
Figure 2.8, the line at 1063.1 nm had a lower threshold (E1) than the line at
1061.5 nm (E2). Thus, at E1 < E < E2, only one stimulated emission line at
1063.1 nm has been observed. When the pumping energy was increased above the
second threshold value (E2), required for the both lines to emerge in the spectrum,
several short pulses of emission appeared at ≈1063.1 nm first. Then the emission
“jumped” to the wavelength ≈1061.5 nm, which produced one or several short
pulses, depending on the pumping energy.
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FIGURE 2.8. Image of stimulated emission from the mixture of NdAl3(BO3)4 (≈1/6) and
NdSc3(BO3)4 (≈5/6) as it appears on the screen of streak camera (Hamamatsu C4334)
connected to widely open output slit of a monochromator. (Source: Ref. [14].)

In a single-component medium, the first pulse in the series was always
the strongest one (Figure 2.3). In contrast, in the mixture of two powders, where the
first pulse in the ≈1061.5 nm series overlapped in time with the last pulse in the
≈1063.1 nm series, the first 1061.5 nm pulse was strongly damped and weaker
than succeeding pulses of the same series. This was another clear indication that
particles of different materials in the mixture emitted collectively as an ensemble.

In the mixture of NdAl3(BO3)4 and NdSc3(BO3)4 powders, the emission wave-
lengths were not exactly equal to their values in the pure constituents, 1063.1 and
1061.5 nm, but were slightly shifted toward each other. Depending on the composi-
tion of the mixture, the shift could be as large as 0.2 nm. However, in contrast to the
mixture of Na5Nd0.15La0.85(MoO4)4 and Na5Nd0.85La0.15(MoO4)4 powders [11],
the mixture of NdAl3(BO3)4 and NdSc3(BO3)4 powders never produced a single
laser line that was approximately centered between the emission wavelengths of
the pure powders [14]. Apparently, the major reason for the difference between the
results of the two works is the spectral distance between the emission lines in the
individual components, 1.6 nm in [14] and 0.16 nm in [11].

2.5 Stimulated Emission Supported by
Large Regularly Shaped Particles

Several examples discussed in the preceding sections clearly demonstrate that
stimulated emission in neodymium random lasers composed of small irregularly
shaped granules is a collective effect occurring in an ensemble of particles.
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However, the situation may change dramatically if powder particles are large and
have regular shapes. In Reference [12], three different types of LiNd(PO3)4 and
NdP5O14 powders have been studied: powders consisting of large, up to 250 µm,
regularly shaped particles (prisms and plane-parallel plates); powders consisting of
medium sized, 20 to 50 µm, particles, many of which were regularly shaped; and
powders consisting of small, 1 to 30 µm, particles of irregular shapes (Table 2.1).

Only one narrow (<0.1 nm) emission line corresponding to the maximum of the
gain profile was observed above the threshold in small-sized irregularly shaped
powders. Its wavelength was stable, within <0.1 nm, during the whole series of
the emission pulses. This behavior, previously observed in other fine powders
[10], is typical of random lasers with diffusive incoherent feedback provided by
scatterers [6].

The spectral dynamics in large- and medium-size powders at pumping ener-
gies slightly exceeding the threshold was almost similar to that in fine irregular
powders. At larger pumping energies, several (up to four) narrow spectral lines,
fitting the gain band, could be found in the emission spectra [12]. The separation

FIGURE 2.9. Time-wavelength patterns recorded with a streak camera attached to an output
slit of a monochromator in LiNd(PO3)4 large-granule powders. The series of traces a to d
has been obtained by gradually increasing the pumping rate; series e is the superposition of
several realizations (shots). The samples are pumped and the emission is delivered through
an optical fiber. (After [12].)
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between lines was of the order of 0.1 nm. The spectral positions of these lines
shifted to longer wavelengths within one series of stimulated emission pulses,
semicontinuously or by hopping from pulse to pulse (“staircase”); see Figure 2.9
[4,12]. The narrow emission lines in reasonably large regularly shaped particles
were associated with resonator modes supported by individual granules [12]. The
wavelength shifts were explained by (a) thermal expansion of particles during the
laser pulse and (b) change of the refraction index via thermal or nonlinear optical
mechanisms (obviously, both factors could change the effective optical length of
the cavity). This suggests that powders composed of large, regularly shaped par-
ticles can be regarded as random collections of individual microlasers. The fact
that a reasonably small number of individual narrow lines were observed in the
experiment (instead of an inhomogeneously broadened semi-continuous spectrum
that could be expected in the case of a large number of uncorrelated laser lines
contributing to the net emission signal) was explained by a very small number of
particles situated in the vicinity of the end of the optical fiber used for pumping
and delivery of random laser emission [12].

To summarize, the results of Sections 2.3 through 2.5 suggest that powder laser
emission is a collective effect in ensembles of small irregularly shaped particles
and can be due to intraparticle resonances when granules are large and have regular
shapes.

2.6 Quantum Yield of Stimulated Emission

It was shown in a number of publications that the quantum yield of neodymium ran-
dom lasers pumped through the surface is typically very low. In Reference [14], the
4F3/2 → 4I11/2 emission kinetics in NdAl3(BO3)4 powder was recorded at strong
pumping (I1) above the threshold (Figure 2.10a), and at very low pumping (I0)
below the threshold, (Figure 2.10b). The area under the former emission kinetics
trace (S1) is proportional to the number of photons that went to the stimulated
emission channel, and the area under the latter one (S0) is proportional to the
number of photons emitted spontaneously below the threshold. Assuming that the
quantum efficiency of population of the state 4F3/2 is independent of pumping
energy (at the pumping densities used in the experiment, the depopulation of the
ground state 4I9/2 was negligibly small), the fraction of the 4F3/2 excitation going
to the stimulated emission channel can be calculated as

ε = S1

S0

I0

I1
η, (2.1)

where η is the quantum yield of spontaneous emission. The value of η, which is
determined by the rates of cross relaxation, multiphonon quenching, and sponta-
neous emission, is not known in NdAl3(BO3)4. In the material of the same family,
NdSc3(BO3)4, η can be estimated as 0.2 < η < 1 [42,43]. At η = 1, the calculated
value of ε is equal to ≈0.2% at the pumping energy twice exceeding the threshold
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FIGURE 2.10. (a) Kinetics of stimulated emission above the threshold in NdAl3(BO3)4
powder at the pumping density ≈400 mJ/cm2; (b) kinetics of spontaneous emission below
the threshold at the pumping density ≈55 mJ/cm2, λpump = 532 nm. (Source: Ref. [14].)

energy [14]. Thus, according to this experiment, only very small fraction of energy
stored in the state 4F3/2 was emitted in form of short laser pulses.

In Nd0.5La0.5Al3(BO3)4 ceramic, the input–output curves of random laser emis-
sion were studied at different diameters of the pumped spot [35]. Experimentally,
the sample was pumped through the surface, and the diameter of the pumped spot
was controlled with the position of the focusing lens. The light pulse energy was
assumed to be proportional to the area under the recorded emission kinetics trace.
In order to calibrate the output energy, the kinetics of scattered pumping light
was recorded in the same geometry. This calibration required the knowledge of
the pumping pulse energy, the reflection coefficient of powder at the pumping
wavelength [32], and the spectral sensitivity of the photodetector at the pumping
and the emission wavelengths. Additionally, it was assumed that the random laser
emission and the scattered pumping light had the same angular distribution dia-
grams (Figure 2.6). Figure 2.11 shows the input–output curves measured this way.
The dependence of slope efficiency on the size of the pumped spot is shown in
Figure 2.12. As follows from this figure, the slope efficiency increases with the
increase of the size of the pumped spot at small diameters d and saturates at the
value ≈1% at large values of d [35].

In References [29–31], one or several 20 to 30 µm bright emission spots posi-
tioned inside the 300 to 350 µm pumped spot were observed on the surface of
NdAl3(BO3)4 powder above the threshold. These bright spots were interpreted as
localized regions of stimulated emission in small ensembles of optically coupled
particles. The ratio of the emission intensity integrated over those small bright
spots to the emission intensity integrated over the whole pumped area was of the
order of 0.005 [29]. Thus, the value of the random laser output efficiency was
equal to 0.5%.
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FIGURE 2.11. Output energy of the stimulated emission from Nd0.5La0.5Al3(BO3)4
ceramic plotted versus absorbed pumping energy. The diameter of the pumped area is
equal to (1) d = 0.050 cm, (2) d = 0.062 cm, (3) d = 0.071 cm, (4) d = 0.088 cm, (5)
d = 0.097 cm, (6) d = 0.101 cm, (7) d = 0.146 cm, (8) d = 0.213 cm, (9) d = 0.286 cm,
(10) d = 0.357 cm, (11) d = 0.415 cm. (Source: Ref. [35].)

Random lasers pumped through the surface of a scattering medium have an
obvious disadvantage: a fraction of the pumping energy, sometimes very large, is
reflected by the sample and, thus, wasted. This increases the threshold energy and
reduces the slope efficiency of stimulated emission.

The slope efficiency (as well as the threshold) can be improved if a random laser
is excited through an optical fiber that delivers pumping energy deep inside the
scattering medium. In Reference [10], where Na5La(MoO4)4 powder was pumped

FIGURE 2.12. Slope efficiency plotted versus diameter of the pumped area. (Source:
Ref. [35].)
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FIGURE 2.13. Excitation spectra of luminescence in Nd (15%):Na5La(MoO4)4 powder (a)
below and (b) above the lasing threshold. The samples are pumped with dye laser through
an optical fiber. Luminescence of 4F3/2 → 4I9/2 is registered ∼0.9 µm. (After [10].)

through a fiber, the excitation spectrum of the 4F3/2 → 4I9/2 emission (originating
at the upper laser level; Figure 2.1) has been studied below and above the lasing
threshold. From the fact that the tops of the strongest peaks in the excitation
spectrum flattened above the threshold (Figure 2.13), the authors of Reference
[10] concluded that a significant fraction of excitation stored at the upper laser
level 4F3/2 went to the stimulated emission channel. Following this argument, one
can roughly estimate from Figure 2.13 the quantum yield of stimulated emission
to be equal to 20 to 25%.

A fiber-pumped random laser [49] is discussed in detail in Section 5.3.

2.7 Coherence Studies

Coherence is one of the important laser parameters. Knowledge of the coherence
properties helps to understand better the mechanisms of the operation of random
lasers and to optimize their performance. Several studies of coherence in random
lasers are presented in this section.

2.7.1 Interferometric Measurements of Longitudinal
Coherence

In Reference [18], a piece of highly scattering Nd0.5La0.5Al3(BO3)4 ceramic
was pumped with a Q-switched second harmonic Nd:YAG laser (λ = 532 nm)
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operating at a 10 Hz repetition rate. The experimental setup for the longitu-
dinal coherence measurements was based on a Twyman–Green interferometer
(Figure 2.14a). The Nd0.5La0.5Al3(BO3)4 sample was placed close to the focal
plane of lens 9. The set of characteristic concentric rings was observed in screen 7.
When mirror 4 was slowly moved, fringes moved as well. The dynamics of light
intensity in the center of the concentric ring pattern was recorded when a fast
Si photodetector with a small pinhole aperture was positioned in the place of
screen 4. The fringe dynamics at 1.06 µm (random laser emission, Figure 2.14b)
and at 532 nm (scattered pumping light) could be recorded separately by choosing
a proper color filter (6).

When the fringe dynamics was recorded at different positions of mirror (4),
the minimum and maximum values of the fringe light intensity were plotted as a
function of the mirror displacement (Figure 2.15a) [18]. If one assumes a Gaussian
form of the spectral line,

P(ν) = 1

�ν
exp

(
−π

(
ν − ν0

�ν

)2
)

,

FIGURE 2.14. (a) Setup for longitudinal coherence measurements: (1)
Nd0.5La0.5Al3(BO3)4 sample, (2) beamsplitter, (3) mirror, and (4) movable mirror
compose an interferometer; (5) control unit for the motor driven mirror; (6) spectral filter;
(7) screen; (8) pumping focusing lens; (9) collimating lens; (10) polarizer; (b) fringe
intensity as a function of displacement of mirror 4 (recorded for 1.06 µm random laser
emission). (Source: Ref. [18].)
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FIGURE 2.15. (a) Maximum and minimum fringe light intensity Imax,min of the oscillating
interference pattern (Figure 2.14b) recorded in the setup of Figure 2.14a. Circles: 1.06 µm
random laser emission; triangles: scattered 532 nm light; (b) Fit of experimental data points
I1(X) with the function exp[−π(�νX/c)2]. Triangles: 1.06 µm random laser emission;
circles: scattered 532 nm light; solid line: theoretical fit. Inset: quasimonochromatic line
with a Gaussian shape. (Source: Ref. [18].)

where ν0 is the central frequency and �ν is the linewidth (Figure 2.15b inset),
then the data points in Figure 2.15a, Imax,min(X), can be fitted with the envelope
{1 ± exp[−π(�νX/c)2]}, where X is the optical path length difference between
the two branches of the interferometer and c is the speed of light [50].

In order to estimate the linewidth �ν, the experimental data of Figure 2.15a
were recalculated as I1(X) = |Imax,min(X) − 1|, averaged over the left and right-
hand side parts of the bell-shape distribution Imax,min(X), normalized to unity,
and plotted against X (Figure 2.15b). The fitting of the experimental dependence
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I1(X) with the function exp[−π(�νX/c)2] yielded the bandwidth of the 532 nm
laser emission to be equal to �ν1 = 3 × 1010 Hz (�λ1 = �ν1λ

2
1/c = 0.28Å) and

that of the 1.06 µm random laser emission to be equal to �ν2 = 1.8 × 1010 Hz
(�λ2 = �ν2λ

2
2/c = 0.66Å). (In the experiment, the pumping energy exceeded

the threshold value approximately twice [18].)
The determined value �λ2 is in good agreement with the linewidths mea-

sured in different neodymium random lasers with the use of spectrographs or
monochromators, ≤0.5Å [30], <1Å [10], <2Å [14], and ≈1.5Å [13].

The fact that the radiation of the solid-state random laser can be studied in a
conventional interferometric experiment [18] clearly demonstrates that random
lasers (equipped with a simple optics) can produce high-quality collimated beams
of stimulated emission. This conclusion is of great importance for applications of
random lasers.

2.7.2 Speckle Pattern Analysis

The contrast of a speckle pattern is an important parameter characterizing the
coherence of a light source [51]. In order to evaluate the degree of coherence of
the emission of NdCl3:H2O and Nd0.75La0.25P5O14 random lasers, their speckle
patterns have been analyzed in Reference [13]. Figure 2.16a depicts the polarized
speckle pattern of the 1.06 µm fundamental line of the pumping laser scattered
in the powder. Its intensity distribution histogram P(I) corresponds to that of a
highly coherent light source with the contrast close to unity [13]. The corresponding
degree of coherence was calculated to be equal to σ/〈I 〉 = 0.98. (Here 〈I 〉 is the
mean intensity and σ is the variance of distribution.)

The analogous speckle patterns from 0.3 ns emission pulses of the NdCl3:6H2O
random laser and 1 ns pulses of the Nd0.75La0.25P5O14 (Nd:LaPP) random laser
had much smaller contrasts. The corresponding intensity histogram is shown in
Figure 2.16b. The degrees of coherence of neodymium random laser emission
were calculated to be equal to σ/〈I 〉 = 0.14 in NdCl3:6H2O and σ/〈I 〉 = 0.08 in
Nd:LaPP.

To explain the low degree of coherence of random laser emission, it has been
hypothesized [13] that (a) grains of powder emit collectively with a distributed
feedback provided by multiple scattering, and (b) emission within the lasing vol-
ume is uncorrelated owing to multiple scattering. Correspondingly, the low contrast
of a speckle pattern of random laser emission can be due to an effective averaging
over N = tpulse/tc high-contrast speckle patterns changing one another during the
pulse (or train of pulses) of laserlike emission [13]. Here tpulse is the duration of
the random laser pulse and tc is the emission coherence time.

This interpretation is in line with that of Letokhov [6], who has proposed that a
“stochastic resonator” in the form of a scattering medium constitutes a system with
a large number of modes (waves of different directions), which are strongly coupled
by scattering and have large radiation losses. If the number N of interacting modes
is sufficiently large, the feedback becomes nonresonant. Accordingly the emission
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FIGURE 2.16. (a) Speckle pattern of 1.06 µm light of the pumping laser scattered in the
powder (left) and the corresponding intensity distribution histogram (right); (b) intensity
distribution histogram of the speckle pattern of the NdCl3:6H2O random laser emission.
(After [13].)

of such a “supermultimode” laser with frequent photon exchange between modes
has low coherence.

In References [29–31], similar studies of the contrast of a speckle pattern were
done in NdAl3(BO3)4 and NdP5O14 powder lasers. In the majority of powder sam-
ples studied, the degree of coherence σ/〈I 〉 was between 10 and 20%, in agreement
with the results of Reference [13]. However, in some NdP5O14 samples the degree
of coherence was as large as 40 or 50%. About the same high degree of coherence
was found in the emission of a pulsed dye laser that was used to pump the random
laser [30]. The example of a high-coherence intensity distribution histogram in
a neodymium random laser is shown in Figure 2.17. Evidently, the shape of this
distribution is much closer to that in Figure 2.16a than that in Figure 2.16b.

Another finding of Reference [29] was that the degree of coherence of random
laser emission decreased with the increase of the pumping power. Following [6],
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FIGURE 2.17. Distribution histogram of light intensity in the speckle pattern of NdP5O14
random laser with high degree of coherence. (After [29].)

this result can be interpreted as the increase of the number of mixed strongly
coupled modes above the threshold with the increase of the pumping power. (Note
that the coherence of ZnO random laser emission [52] increased with the increase
of the pumping energy above the threshold; see Section 7.5.)

The authors of References [29–31] did not believe that the feedback in their
random lasers was due to the diffuse scattering, because the number of powder
particles, which could fit the size of the bright spot of stimulated emission (see
Section 2.6), was not large enough. Instead, they explained the experimental results
in terms of coupled intraparticle resonators [27]. Another argument against the
diffusion model was a relatively high degree of coherence observed in some of the
samples.

2.7.3 Interferometric Studies of Transversal Coherence

The transversal coherence of emission of a Nd0.5La0.5Al3(BO3)4 ceramic ran-
dom laser was studied in [18] using a Young interferometer. Experimentally, the
magnified real image of a random laser surface was projected to the slit plane
of the Young interferometer and the fringe pattern was examined in the far field
using a CCD camera or a scanning low-aperture Si detector (Figure 2.18). The
fringe pattern at 0.53 µm (scattered light of frequency-doubled Nd:YAG laser),
used as a reference, was compared to that at 1.06 µm (random laser emission).
Experimentally, the distance between the two local areas on the sample surface,
which were imaged onto the two slits, was equal to ≈86 µm (measured between
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FIGURE 2.18. Setup for transversal coherence measurements: (1) Nd0.5La0.5Al3(BO3)4
ceramic sample; (2) imaging lens; (3) opaque screen with slits; (4) cylindrical lens with
masking screens that was used in some measurements; (5) scanning small-aperture Si
detector or a CCD camera; (6) steering mirrors; (7) pumping focusing lens; (8) mirror was
used to illuminate the slits with direct 532 nm laser beam; (9) long-path color filter. (Source:
Ref. [18].)

the centers). The resolution of the imaging system was better than 40 µm, so the
two images were well resolved.

When mirror (8) was introduced to the scheme and the slits were
illuminated with 532 nm light of the frequency-doubled Nd:YAG laser, the
profile of the fringe pattern, as expected, was described by the product
{cos2[πya/(λd)]}{sinc2[πyb/(λd)]}, where a was the distance between the cen-
ters of the slits, b was the slit width, d was the distance between the slit plane
and the observation screen, λ was the wavelength, and y was the coordinate in the
horizontal direction in the observation plane [50].

When mirror (8) was removed and the pumped spot on the ceramic surface
was imaged to the slits (λ = 532 nm), the phase distribution in the slit plane
was randomly scrambled due to scattering. As a result, although the periodical
fringe pattern still had an expected period λd/a, its envelope was not shaped by
sinc2[πyb/(λd)] (Figure 2.19a). On the contrary, the fringe pattern was widely
spread, arbitrarily modulated, and had low peak intensity. In addition, the sets
(“layers”) of fringes at different heights were shifted relative to each other. (One
such layer is marked in Figure 2.19b with a dashed box).

To simulate this type of light distribution, each slit was divided into 51 sec-
tions and cross interference between all 102 subareas was calculated. To account
for scattering, a random initial phase angle φ0 was attributed to each of 102
components. When all phase shifts φ0 were set equal to zero, the expected
distribution {cos2[πya/(λd)]}{sinc2[πyb/(λd)]} was obtained (Figure 2.20a).
However, when the nonzero random phase shifts (caused by scattering) were
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FIGURE 2.19. (a) Light intensity distribution and (b) corresponding fringe pattern recorded
in the detector plane when the slits were illuminated with scattered 0.53 µm light imaged
from the sample surface. The profile in (a) corresponds to the dashed box in (b). (Source:
Ref. [18].)

FIGURE 2.20. Calculated fringe pattern in the cases of (a) coherent and (b) “coherence
scrambled” illumination of the slits. (The amplitude of light intensity distribution in (b) is
magnified 10 times). (Source: Ref. [18].)
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accounted for, the calculated distribution of light intensity was similar to the
experimental one: the fringe pattern had a period λd/a, it was widely spread, and
randomly modulated (Figure 2.20b). Obviously, the scattering “scramble” was
different at different vertical positions on the observation screen. This explains
numerous phase shifts between different fringe layers observed experimentally
(Figure 2.19b).

Because the CCD camera in Reference [18] was not sensitive in the infrared,
a low-aperture Si detector (equipped with a horizontally oriented cylindrical lens
to improve the efficiency of the light collection) was used to record the intensity
distribution at both random laser wavelength 1.06 µm, and pumping wavelength
0.53 µm (Figure 2.18). The fringe pattern produced by scattered pumping light,
recorded with the help of a Si detector, is shown in Figure 2.21a. Only a 4 mm-wide
horizontal slit in the center of the cylindrical lens was open for light. However, this
width already corresponded to more than two high-contrast fringe layers observed
in the lens plane, reducing the contract of the interference pattern. Without doubt,
the characteristic “scrambled” interference pattern, similar to that in Figure 2.19a,
is seen in Figure 2.21a.

FIGURE 2.21. Far-field light intensity distribution recorded with the help of fast Si detector
(and cylindrical lens) when the pumped spot was imaged to the slits: (a) λ = 532 nm;
(b) λ = 1.06 µm. (Source: Ref. [18].)
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In the next measurement, the same scan was repeated with the long-pass color
filter placed in front of the detector. (The filter transmitted 1.06 µm random laser
emission and cut off 0.53 µm pumping.) No interference fringes comparable to
or exceeding the noise level could be seen in the intensity distribution pattern
at 1.06 µm (Figure 2.21b). The recordings at 0.53 and 1.06 µm were repeated
several times. The result was perfectly reproducible: the fringes were clearly seen
at 0.53 µm and not at 1.06 µm. Similar results were also obtained when the distance
between the two spots on the emitting surface, which were imaged onto the two
slits, was larger than 86 µm.

The preceding experimental result can, in principle, have alternative
explanations.

1. Coherent random laser emission occurs in small uncorrelated volumes (like
bright spots in near-field emission pattern [29,53]) and the size of those volumes is
smaller than 86 µm. However, localized bright spots of stimulated emission were
never observed in Nd0.5La0.5Al3(BO3)4 ceramic.

2. The spatial transversal coherence is diminished due to the existence of a very
large number of strongly coupled modes in the stochastic resonator of a random
laser [6]. Because of the exchange between modes, many uncorrelated coherent
field distributions change each other in time, smearing out any speckle or interfer-
ence fringe pattern. This explanation, similar to the one given in Reference [13],
appears to be more plausible.

As proposed in [13], low-coherence laser sources can be advantageous in holog-
raphy, laser inertial confinement fusion, transport of energy in fibers for medical
applications, etc., where the coherent properties of conventional lasers present
a severe drawback by degrading the luminescence uniformity. Beam-smoothing
techniques used in laser fusion are based on incoherent superposition of uncor-
related speckle patterns [54,55]. Such superposition is naturally generated in
neodymium random lasers with incoherent (nonresonant) feedback.

2.8 Dependence of the Stimulated Emission Threshold
on the Diameter of the Pumped Spot

The dependence of the random laser threshold Eth on the diameter of the pumped
spot d was studied in highly scattering sintered Nd0.5La0.5Al3(BO3)4 ceramic in
References [16,35,56]. The SEM image of the ceramic surface is shown in Fig-
ure 2.22. The coherent backscattering technique [57,58] was used to characterize
the transport mean free path lt in the sample. (The experimentally measured CBS
cone is shown in the inset of Figure 2.22.) Calculated from the angular width
W of the backscattering cone as lt ≈ 0.7λ/2πW [24–26], lt was estimated to be
approximately equal to 4.5 µm. This value was much smaller than the thickness of
the sample L ∼ 1 cm and the smallest diameter of the pumped spot d (∼60 µm)
used in the experiments.

Two different experimental setups were used in the studies of relatively large
pumped volumes and small pumped volumes. In the first setup [35], the lens
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FIGURE 2.22. Scanning electron microscope image of the surface of the
Nd0.5La0.5Al3(BO3)4 ceramic sample. Inset: CBS cones measured at λ = 514.5 nm.
(Source: Ref. [56].)

focusing the pumping beam (focal distance f = 1 m) was installed on the optical
rail in front of the sample. By moving the lens along the beam, it was possible
to vary the pumped spot diameter (measured at the level 1/e2) between 0.4 and
5 mm. A fast Si photodetector covered with an IR long-pass filter and positioned
approximately 20 cm from the sample was used to detect random laser emission.
In order to average the signal better over different local spots on the sample, the
piece of ceramic, mounted on a motorized stage, was slowly rotated during the
data collection. The diameter of the pumped spot d was measured with the help of
a CCD camera placed in the position of the sample.

In the second setup, the lens with a shorter focal length (f ≈ 9 cm) allowed
one to vary beam spot diameters between ∼60 µm and ∼350 µm. The sample
in this case was mounted in the object plane of an optical microscope equipped
with a visible/IR CCD camera (Figure 2.23, see Color Plate 1). Depending on
the spectral filter installed in the microscope, the CCD camera could monitor
the near-field distribution of scattered pumping light (λ = 0.53 µm) or emitted
light (λ = 1.06 µm) on the surface of the sample. A fraction of emitted and/or
scattered light was collected with a bundle of optical fibers and delivered to a
monochromator with a photomultiplier tube (PMT) attached to its exit slit. This
setup allowed one to study simultaneously the spectral dynamics of emission and
its near-field distribution.

At relatively large diameters of the pumped spot, d ≥ 130 µm, the emission
behavior was typical of a majority of known neodymium random lasers (see
Section 2.2). No pronounced localized bright spots were found in the near-field
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intensity pattern below or above the threshold. This was in contrast to Refer-
ences [29–31,53,59] where sharp bright spots were observed in the near-field
emission of NdAl3(BO3)4 and ZnO random lasers. The threshold pumping energy
was measured at the first appearance of a short (nanosecond-scale) pulse of
stimulated emission.

The experimentally measured threshold energy Eth and threshold energy den-
sity Eth/S are plotted versus the size of the pumped spot in Figures 2.24a and
2.24b. As follows from these figures, at d > 130–150 µm, the threshold energy
increases almost linearly with the increase of the diameter of the pumped spot.
The experimental dependence Eth(r)/S can be fitted with the formula [35]

Eth

S

[
mJ

cm2

]
= C1

[
1

r[cm] + C2

]
, (2.2)

where r = d/2 is the radius of the pumped spot, C1 = 17.3, and C2 = 2.02. The
nature of this functional dependence is discussed in Chapter 4.

The threshold pumping energy increased remarkably at small diameters of the
pumped spot d (≤110 µm) (Figure 2.24a). At the further reduction of d (≤90 µm),
a sharp bright spot appeared in the near-field emission pattern. The spectroscopic
studies demonstrated that this bright spot was not related to neodymium emission
and possibly was due to laser-induced plasma or continuum wave generation.

2.9 Dependence of the Stimulated Emission on the
Powder Volume Density

The influence of the volume density of scattering material on the operation of
random lasers has been studied in Reference [33]. The experimental samples in
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FIGURE 2.24a. Threshold pumping energy Eth in Nd0.5La0.5Al3(BO3)4 ceramic as a
function of the diameter of the pumped spot d . (After [16].)
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FIGURE 2.24b. Circles: experimental values Eth/S versus d in Nd0.5La0.5Al3(BO3)4
ceramic; squares, triangles, and diamonds: Monte Carlo simulation of the dependence
(τ

p
res)

−1 versus d calculated for different values of the scattering length (sizes of the
cubic cell s); squares: s = 1 µm, triangles: s = 3 µm, and diamonds: s = 9 µm. Solid
curve: dependence calculated according to the Letokhov formula gth ∝ 1/d2 + const [6].
(Source: Ref. [56].)

that particular experiment were Nd0.5La0.5Al3(BO3)4 powders of different volume
density loaded in flat 1 mm thick optical cuvettes and a piece of scattering ceramic
of the same material. All powder samples had the same mean particle size, ≈4 µm.

In the first particular experiment, the intensity of the 532 nm pumping light
scattered off different samples studied has been measured. The scattered light
was detected in a small solid angle, the same for all samples, which did not
coincide with either the direction of exact backscattering or the direction of spec-
ular reflection off the cuvette wall. It was assumed that the angular distribution
of scattered light, ∝ cos(�) (Figure 2.6), was the same for all samples stud-
ied. The forward scattering (transmission) in all samples was very small, �1%.
Thus, the reflection signal was proportional to the amount of energy that was
not absorbed by the material. The results of the reflection measurements are
summarized in Table 2.4. All reflection intensities in Table 2.4 are normalized

TABLE 2.4. Volume densitya and reflectionb from different
Nd0.5La0.5Al3(BO3)4 samples at 532 nm

Low Density Medium Density High Density
Sample Powder Powder Powder Ceramic

Volume density 0.48 0.54 0.59 0.63
Reflection 0.66 0.52 0.53 0.40

aRatio of powder or ceramic density to that of single crystal.
bReflection normalized to that from Al2O3 powder [33].
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to that of Al2O3 powder, the scattering material without absorption. As follows
from Table 2.4, high-density samples absorb (utilize) more pumping energy than
low-density samples.

The input–output curves of stimulated emission in Nd0.5La0.5Al3(BO3)4
samples of different volume density are shown in Figure 2.25a. The same curves
recalculated in terms of absorbed pumping energy are depicted in Figure 2.25b. In
conventional lasers, a set of input–output curves characterized by similar slopes and

FIGURE 2.25. Stimulated emission intensity plotted as a function of (a) incident pump-
ing energy and (b) absorbed pumping energy in Nd0.5La0.5Al3(BO3)4 sample of volume
density equal to 0.48 (circles), 0.54 (triangles), 0.59 (squares), and 0.63 (diamonds).
(Source: Ref. [33].)
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different thresholds, like that in Figure 2.25b, is typical for a series of measurements
done with different output couplers, when the intracavity loss is negligibly small.
The analogy with conventional lasers implies that the effective output coupling
is higher (and the cavity Q-factor is lower) in high-density samples than in low-
density samples. The theoretical model describing this experiment is presented in
Chapter 4.

2.10 Dependence of the Stimulated Emission on the
Powder Particle Size

The fact that the stimulated emission in random lasers depends on the powder
density (see Section 2.9) suggests that it should also depend on the average size of
the particles. The effect of the granule size on the properties of the NdSc3(BO3)4
random (powder) laser was studied in Reference [48].

In the course of experiments, 13 powder samples of NdSc3(BO3)4 were prepared
by grinding (with mortar and pestle) single crystals. Samples were ground for
different periods ranging between 1 and 50 min, which resulted in powders of
different mean particle size. The finer powders were further suspended in acetone.
Relatively large particles precipitated first and smaller ones stayed suspended for a
longer time. This helped one to separate powders of different size and to fabricate
samples with a mean particle size below 0.5 µm. Images of all powder samples, one
of which is shown in Figure 2.7a, were acquired by a scanning electron microscope.
As one can see from this figure, all the particles had irregular shapes. This was
true for particles of all sizes. The sizes of the particles in each SEM image were
measured and presented in the form of the histogram (Figure 2.7b). At the same
time, the mean particle size was calculated.

The powder samples were placed in glass cylinders, each several millime-
ters long with inner diameter 1 mm and outer diameter 1.5 mm, and excited at
532 nm with a Q-switched, frequency-doubled Nd:YAG laser (pulse duration,
10 ns; repetition rate, 10 Hz). The diameter of the pumped spot, measured by a
knife-edge technique, was varied in different experiments between ≈0.3 mm and
≈0.7 mm [48].

First, the luminescence kinetics were recorded in NdSc3(BO3)4 powder samples
at weak excitation. In the powder composed of large particles (190 µm—nearly
bulk crystallines), a slightly nonexponential decay of luminescence was deter-
mined by the combination of spontaneous emission, multiphoton decay, and
cross-relaxation [48]. With a decrease in particle size below 1 µm, the emission
kinetic shortened. The characteristic decay times measured (i) at the initial stage
of the decay kinetic, and (ii) when the luminescence intensity dropped below the
level 1/e are plotted versus mean particle size in Figure 2.26. The shortening of the
emission kinetics in smaller particles can possibly be explained by luminescence
quenching on surface-related defects, or change of the phonon spectrum, or may
be due to the increased rate of energy transfer cross-relaxation associated with the
change of the phonon spectrum [60–62]. The shortening of the decay time with
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FIGURE 2.26. Luminescence decay times in NdSc3(BO3)4 powder as a function of parti-
cle size. Triangles: measurements done at the initial stage of the decay kinetics; circles:
measurements done when the luminescence signal has dropped to the level 1/e. (Source:
Ref. [48].)

reduction in particle size in the microsecond range was not larger than ≈25%. This
could not seriously affect stimulated emission in the random laser, which develops
at a nanosecond scale.

Different powder samples had different reflection coefficients at the pumping
wavelength and, accordingly, absorbed different fractions of incident pumping
energy. It was assumed that the amount of pumping energy absorbed by a sample
was proportional to the intensity of neodymium spontaneous emission excited by
short, 532 nm laser pulses. Absorption efficiency determined in this way is plotted
against mean particle size in Figure 2.27.

0

2

4

6

8

10

12

14

16

18

20

0.1 1 10 100 1000

Particle size (mm) 

E
m

is
s
io

n
 i
n

te
n

s
it
y
 (

re
l.
 u

n
it
s
)

FIGURE 2.27. Emission intensity as a function of the particle size, measured at weak
pumping. (Source: Ref. [48].)
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FIGURE 2.28. Threshold of stimulated emission in NdSc3(BO3)4 random laser as a function
of the particle size. Different characters correspond to measurements done at different
pumped spot diameters. Open characters indicate the measurements where the threshold
could not be reached at the maximum applied pumping energy. The vertical axis corresponds
to incident pumping energy. Inset: typical input–output curve. (Source: Ref. [48].)

The input–output curves of stimulated emission were recorded in all 13 samples
studied. The value of the random laser threshold was determined at the intersection
of the slope line and the horizontal axis, as shown in the inset of Figure 2.28.
The results of the incident energy threshold measurement in different powder
samples are summarized in Figure 2.28. The values of the absorbed threshold
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FIGURE 2.29. Threshold absorbed energy as a function of the particle size in NdSc3(BO3)4
powder. Different characters correspond to measurements done at different pumped-spot
diameters. Connected dots represent theoretical curve Pth/S calculated in diffusion approx-
imation by using Eq. (4.26b). Inset: same data plotted in log–log scale. (The experimental
data in Figure 2.29 correspond to those in Figure 2.28). (Source: Ref. [48].)
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FIGURE 2.30. Slope efficiency of stimulated emission in NdSc3(BO3)4 random laser
(normalized to absorbed pumping energy) as the function of the particle size. (Source:
Ref. [48].)

energies are plotted versus s in Figure 2.29. It is evident from this figure that in the
NdSc3(BO3)4 random laser, the threshold pumping density is nearly independent
of particle size s in a wide range of values of s, 1 µm < s < 50 µm. However,
at s < 1 µm ≈ λem and s > 50 µm, the value of the threshold density increases
dramatically. A qualitatively similar result was observed in neodymium random
lasers in Reference [12].

The slope efficiency in the NdSc3(BO3)4 random laser (defined as dEout/dEinput
above the threshold and normalized to the absorption efficiency) is plotted versus
s in Figure 2.30. By comparing the data in Figures 2.28 through 2.30, one can see
that at s < 1 µm, the increase in the threshold pumping energy corresponds to the
strong reduction of the slope efficiency of stimulated emission.

Note that the dependence of the threshold Eth on the particle size d in ZnO
random lasers has been studied experimentally and theoretically in Reference [63].
(For the detailed discussion of ZnO random lasers read Chapter 7.) The dependence
Eth vs d in Reference [62], measured when the particle size diameters varied from
less than 100 nm to more than 600 nm, qualitatively resembles the reduction of
the threshold with the increase of the particle size in the corresponding part of
Figure 2.28.

The experimental results of this section are discussed in detail in Chapter 4.
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3
Propagation of Light in Neodymium
Random Lasers

Scattering of photons in random lasers governs propagation of both pumping light
and stimulated emission. Scattering and light propagation in neodymium-doped
and some other random laser materials are discussed in this chapter.

3.1 Propagation of Pumping Light

In powders of solid-state optical materials light propagates in a highly irregular
manner, both inside and outside the granules. The boundaries of large particles,
small particles, as well as small air gaps between particles play the role of scatterers.

In neodymium random lasers, the diameter of the pumped spot typically strongly
exceeds the characteristic penetration depth of pumping light. In such geometry, the
Kubelka–Munk two-flux model can be successfully used to describe propagation
of light in scattering media with absorption [1]. The advantage of the method is
that it needs no more than simple algebraic operations and has been found to give
reasonably good agreement with experimental data. The drawback of the method is
that it requires empirical determination of coefficients and the range of its validity
and its theoretical basis are not well established [1].

In this section, the two-flux model is applied to describe the propagation of
pumping light in random (powder) laser material. Experimentally, the transmission
and reflection of light by Nd0.5La0.5Al3(BO3)4 and Ti-sapphire powder samples,
placed in cuvettes of different thickness, have been studied at several different
wavelengths [2]. An adequate agreement between the theoretical predictions and
the experimental results has been demonstrated, and the parameters characterizing
light propagation in the examined random laser materials have been determined.

3.1.1 Model

The most general two-flux Kubelka–Munk model [1,3] can be used to describe
incident plane wave propagation in a scattering medium. This theory does not
require any additional assumptions on the nature of the scatterers, and is based
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on the consideration of two diffuse light fluxes F+ and F− traveling in opposite
(inbound, z, and outbound, −z) directions, with the energy exchange between the
fluxes due to scattering.

Following Reference [1], the flux intensities in a scattering medium can be
described with two coupled differential equations

dF+/dz = −(K + S)F+ + SF−, (3.1)

dF−/dz = (K + S)F− − SF+, (3.2)

where z is the distance from the plane boundary of the scattering medium, and
K and S are the coefficients (in cm−1) representing absorption and scattering.
According to Reference [1], K is approximately equal to 2kplane, where kplane is
the absorption coefficient for hypothetical nonscattering propagation of a plane
wave in the medium. In the first approximation, kplane can be defined as

kplane = kabsρ, (3.3)

where kabs is the average over different polarizations’ absorption coefficient in a
single crystal material and ρ is the volume density of powder (defined as the ratio
of the powder density and that of single crystal). Thus,

K ≈ 2kabsρ. (3.4)

At K = 01, the solution to Eqs. (3.1) and (3.2) is given by [1]:

F+(z)/F0 = C1e
αz + C2e

−αz, (3.5)

F−(z)/F0 = C1A
−1eαz + C2Ae−αz, (3.6)

where F0 is the incident photon flux, α has a meaning of inverse effective
penetration depth and is defined as α = (K(K + 2S))1/2, A is defined as A =
S/(S + K + α), and C1 and C2 are the coefficients determined by the boundary
conditions. For a powder sample of thickness z0, coefficients C1 and C2 are given
by [1],

C1 = (1 − Ri)(A − R2) exp (−αz0)/�, (3.7)

C2 = −(1 − Ri)(A
−1 − R2) exp (αz0)/�, (3.8)

and

� = (1 − R1A
−1)(A − R2) exp(−αz0)

− (1 − R1A)(A−1 − R2) exp(αz0), (3.9)

where Ri is the reflection coefficient for the incident wave at z = 0, R1 is the
reflection coefficient for F− incident upon the front surface at z = 0, and R2 is the
reflection coefficient for F+ incident upon the back surface at z = z0.

1In practice, some nonzero absorption is present in all, even nominally not absorbing,
materials.
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Following Reference [1], one can define the reflectance at z = 0 as

R = Ri + (1 − R1)F−(0)/F0 (3.10)

and the transmittance at z = z0 as

T = (1 − R2)F+(z0)/F0. (3.11)

For a semi-infinite medium (z0 → ∞), the reflectance at z = 0 can be found as

R = Ri + (1 − R1)(1 − Ri)/(1 − R1A). (3.12)

The transmittance T and reflectance R are the system parameters, which can be
measured experimentally. The comparison of the experimentally measured values
T (z) and R(z0 → ∞) with the theoretically predicted ones allows one to con-
clude on the model applicability to a particular scattering medium and determine
scattering and reflection coefficients entering the model.

3.1.2 Transmission and Reflection Measurements
in Powders

Experimentally, the reflection and transmission have been studied in powders of
Nd0.5La0.5Al3(BO3)4 and Ti(0.1%,0.2%)-sapphire laser crystals and nominally
not absorbing α-alumina (Al2O3) [2]. The average particle size was equal to
s ≈ 3.5 µm in neodymium-doped powder, s ≈ 3 µm in Ti-sapphire powders, and
s ≈ 1 µm in Al2O3 powder. The powders of the volume density equal to ≈55%
were filled into optical cuvettes with plane-parallel walls. The thickness of the
cuvettes ranged from z0 = 0.4 mm to z0 = 3 mm. The powders were illuminated
with laser beams (at λ = 514.5, 532, 632.8 nm) incident nearly normally to the
sample surface. The diameters of the laser beams were comparable to or larger
than the thickness of the cuvettes. The transmission of the powder samples has
been studied as a function of z0. Several representative curves obtained in the
transmission measurements are depicted in Figure 3.1.

FIGURE 3.1. Experimental transmittance T (z0) as a function of thickness of cuvette z0 for
Al2O3 powder at 632.8 nm (×), Nd0.5La0.5Al3(BO3)4 powder at 632.8 nm (♦), Ti-sapphire
powder at 514.5 nm (�), and Nd0.5La0.5Al3(BO3)4 powder at 532 nm (+). Solid lines are
the theoretical curves calculated according to Eqs. (3.5) to (3.9). (After [2].)
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The reflection of 532 nm laser light off several powder samples was experimen-
tally studied using the setup described in Section 2.9. In the particular measurement
discussed in this section, the powders were loaded into optically thick cuvettes. The
powder volume density, ≈55%, approximately corresponded to the “medium” cat-
egory in Table 2.4. The results of the transmission and the reflection measurements
are summarized in Table 3.1.

3.1.3 Comparison of the Model Predictions
with the Experimental Results

In the comparison of the theory with the experiment, the experimentally obtained
data T (z0) and R(z0 → ∞) were fitted with the theoretical curves calculated
according to Eqs. (3.10) to (3.12). The fitting parameters were the scattering coef-
ficient S and the reflection coefficients Ri , R1, and R2. The effective absorption
coefficient K was calculated according to Eq. (3.4).

The function T (z0), calculated according to Eq. (3.11), is proportional to
exp(−αz0) at large values of z0 and characterized by a shorter-range decay com-
ponent as z0 → 0 (Figure 3.1). Accordingly, in a strongly absorbing medium,
such as Nd0.5La0.5Al3(BO3)4 at λ = 532 nm, the dependence T (z0) is predomi-
nantly determined by the exponential decay ∝ exp(−αz0). At the same time, the
short-range component in the dependence T (z0) at z0 → 0, strongly dependent
on the reflection coefficients, is more pronounced in media with low absorption or
nominally nonabsorbing media (such as Al2O3).

This implies that the accuracy of determination of α is higher in strongly absorb-
ing media, where the result is practically independent of the assumptions made on
the values of the reflection coefficients Ri , R1, R2 varied in the fitting procedure in
the range 0.1 < Ri, R1, R2 < 0.9. On the other hand, the shape of the curve T (z0)

in weakly absorbing media and the reflection coefficient R calculated according to
Eq. (3.12) are strongly sensitive to the choice of Ri , R1, and R2. Correspondingly,
the experimental values of R and T (z0) in samples with low absorption were pre-
dominantly used for the determination of the reflection coefficients Ri , R1, and
R2. Because the front surface of the cuvette with powder was identical to the rear
surface, it was assumed R1 = R2 ≡ R1,2.

It was found that the experimental dependence T (z0) could be adequately fitted
with the model, Eqs. (3.5) to (3.9) and (3.11), at the system parameters given
in Table 3.1. The reflection coefficient R1,2, obtained in the fitting procedure,
was close to 0.7, the value determined in Al2O3 powder for the diffuse flux inci-
dent to the plane medium/air interface from the side of a scattering medium [4].
The reflection coefficient Ri was of the order of 0.1, the value close to that
for a plane wave normally falling from the air to a nonscattering medium with
the index of refraction equal to 1.8.2 The agreement between the experimen-
tally measured Rexp(z0 → ∞) and calculated Rcalc(z0 → ∞) reflection off the

2 The index of refraction of Nd0.5La0.5Al3(BO4)3 is equal to ≈1.84 [5] and that of sapphire
(α-alumina) is equal to 1.76 [6].
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powder sample was reasonably good but not always absolutely perfect, such
as Rexp(z0 → ∞) = 0.52 and Rcalc(z0 → ∞) = 0.7 in Nd0.5La0.5Al3(BO3)4 at
532 nm. This discrepancy limits the accuracy of the model, which nevertheless
appears to be adequate for semi-quantitative evaluation of the propagation of light
in random laser media.

The determined value of the scattering parameter S is larger in 1 µm
Al2O3 powder (S = 5000 cm−1) than in 3 to 3.5 µm Ti-sapphire and
Nd0.5La0.5Al3(BO3)4 powders (S = 2200 cm−1 and S = 2500 cm−1, respec-
tively). In Nd0.5La0.5Al3(BO3)4 and Ti-sapphire powders, the value of S−1 varies
between 1.1s to 1.5s, whereas in undoped Al2O3 powder S−1 is equal to 2s (Table
3.1). The relationship between the scattering efficiency of the powder and the mean
particle size is discussed in detail in Section 3.2.

The experimental dependence T (z0) in undoped Al2O3 can be fitted with
high accuracy at K = 0.011 cm−1. This low value, which corresponds to
≈ 1 m absorption length in a single crystal, is reasonable for nominally
nonabsorbing material. Some traces of absorption in Al2O3 could also originate
from unintentional contamination of Al2O3 powder with foreign particles.

As follows from Eqs. (3.5) to (3.9), the function F+(z) describing the photon
flux propagating in a thick cuvette (z0 → ∞) is single exponential, ∝ exp(−αz),
over the whole length of the cuvette except the vicinity of the back wall. Thus,
the penetration depth for pumping light in random laser media is simply given by
α−1 = (K(K + 2S))−1/2. Substituting in this formula the coefficients K and S

from Table 3.1, one can calculate the penetration depth of λ = 532 nm pumping
light to be equal to 38 µm in Nd0.5La0.5Al3(BO3)4 powder and 91 µm in (0.2%)
Ti-sapphire powder.

3.2 Determination of the Transport Mean Free Path
in Random Laser Material

Determination of the photon mean free path is a substantial fundamental problem in
the physics of scattering media. It has a special practical significance in the case of
solid-state random (powder) lasers. The knowledge of this parameter is important
to understand the regime of operation of a random laser [7] and to model its
behavior. The scattering process in NdAl3(BO3)4 powder (random) laser material
was studied in Reference [8]. This included experimental evaluation of the photon
transport mean free path lt and derivation of the relationship between lt and the
mean particle size s.

The transport mean free path lt , is the average distance a wave travels before its
direction of propagation is randomized. In Reference [8], it was experimentally
determined in NdAl3(BO3)4 powder using the coherent backscattering technique
[9–11], a mature experimental method that was proved to yield adequate results
in suspensions of scatterers in liquids [12,13]. In a number of publications, CBS
was used to determine the parameter lt in solid-state random laser materials; see,
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for example, [14–16]. However, the applicability of this method to tightly packed
solid-state powders has not been rigorously proven. In [8], the relationship between
lt and the mean particle size s was theoretically derived and compared with the
experiment.

3.2.1 Experimental Samples and Absorption Spectra

A ground powder of NdAl3(BO3)4 laser crystals was studied in the experiment.
The SEM picture of a monolayer of powder was taken and the sizes of particles
were measured. The average particle size, defined as an arithmetic mean, was
equal to

s =
∑

i f (si) si∑
i f (si)

= 3.55 µm. (3.13)

The porosity of the powder sample placed in a 1 mm thick cuvette was equal to
46% (the volume-filling factor of crystalline material was equal to 54%).

The absorption spectra of a NdAl3(BO3)4 single crystal in polarizations E‖c
and E⊥c were experimentally obtained in Reference [17]. Because the crystal is
uniaxial, the isotropically average spectrum k̄abs (averaged over E‖c and E⊥c

polarizations) can, in the first approximation, be calculated as k̄abs = (2kE⊥c
abs +

k
E‖c
abs )/3, where kE⊥c

abs and k
E‖c
abs are the absorption spectra in polarizations E⊥c

and E‖c, respectively (Figure 3.2). To calculate the effective absorption spectrum
in the porous samples, the absorption spectrum of a single crystal was multiplied
by the volume-filling factor.

FIGURE 3.2. Absorption spectrum of NdAl3(BO3)4 single crystal: (1) E⊥c, (2) E‖c,
(3) averaged spectrum (digitized and recalculated from the transmission spectra published
in [17]). (Source: Ref. [8].)
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3.2.2 Idea of Coherent Backscattering

CBS was first experimentally demonstrated in pioneering studies [9–11], where
enhanced scattering intensities (cones) were observed in the exact backscattering
direction. Photons incident onto a scattering medium experience a smaller or larger
number of (random) scattering events until they leave the medium through the front
surface or are absorbed. However, light is a wave and the light diffusion process
should be described by amplitudes rather than by probabilities [18]. Any random
path of light inside a scattering medium can be time reversed and followed in the
opposite direction. Two photons counterpropagating along the same optical path
have equivalent phase delays. Thus if two partial waves entering the same optical
path from the opposite ends are in phase, they will also be in phase when they
leave the sample, causing constructive light interference in the exact backscattering
direction. The theoretical model describing the shape of the CBS cones in diffusion
approximation [13, 19–21] allows one to determine the parameters lt and kabs by
fitting the experimental curve with the calculated one.

3.2.3 Experimental Setup

The measurements of the CBS cones were done in a standard setup depicted in
Figure 3.3. A low divergence (<0.45 mrad) Ar laser was used as a light source. The
linearly polarized laser beam (1/e2 waist of 1.7 mm) was sent to the sample by a
beamsplitter. The light power incident onto the sample did not exceed 10 mW. The
direct beam transmitted through the beam splitter was carefully dumped. The CBS
cones were recorded at four different wavelengths, 457.9 nm, 488 nm, 496.5 nm,
and 514.5 nm.

FIGURE 3.3. Setup for coherent backscattering measurements. (Source: Ref. [8].)
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The angular distribution of the backscattered light intensity was recorded using a
photodiode mounted on a motorized translation stage (Figure 3.3) [8]. The distance
between a silicon photodetector and the sample was equal to ≈87.5 cm. A mask
with small pinhole (0.5 mm diameter) was placed in front of the detector. The
corresponding angular resolution in the experiment, predominantly determined by
the finite size of the laser spot on the sample, was approximately equal to 2 mrad.
The detection was performed in the polarization-conserving channel. The plane
of the cuvette wall was slightly tilted from the normal to the incident beam in
order to prevent the specular reflection from reaching the detector. The sample
was mounted on a motorized spinning holder to provide for the averaging over
speckle patterns (Figure 3.3). Stray light scattered off various surfaces and optical
components was carefully eliminated.

3.2.4 Experimental Results

As an example, the CBS cone obtained at 488 nm is shown in Figure 3.4. The
solid line in the figure is the theoretical fit to the experiment. The theoretical
curve, as given in References [13,19–21], was fitted to the experimental data with
the following adjustable coefficients: (1) the transport mean free path lt , (2) the
enhancement factor, and (3) a numerical factor that scales the y-axis, whereas
the absorption coefficient (determined from the spectrum in Figure 3.2) was taken
fixed. The transport mean free path determines the width of the backscattering
cone, whereas the ratio between the top and the diffuse background is deter-
mined by the enhancement factor. The enhancement factors for the cones recorded
at different wavelengths, defined as the ratio between the intensity scattered in
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FIGURE 3.4. CBS cone in NdAl3(BO3)4 powder at 488 nm. Diamonds: experiment; solid
curve: theoretical fitting following Refs. [13, 19–21]. (Source: Ref. [8].)
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TABLE 3.2. Absorption and transport mean free path length in the NdAl3(BO3)4
powdera

Wavelength, nm kabs,cm−1 FWHM, mrad lt , µm (cone fitting) lt , µm (FWHM)

514.5 15.4 9.3 7.64 6.2
496.5 0.46 8 6.32 6.9
488 1.04 8.1 6.26 6.7
457.9 3.21 8.3 6.74 6.1

a The values lt are obtained by two different methods, cone fitting and FWHM measure-
ments. Absorption coefficients kabs used in the fitting procedure are corrected for porosity.
Source: Reference [8].

the exact backward direction and the diffuse background, range between 1.6 and
1.8. These numbers (common to polarization-conserving measurements in which
single scattering cannot be eliminated) are smaller than the maximum theoret-
ically possible value equal to 2. The results of the fitting are summarized in
Table 3.2.

For wavelengths ranging from 457.9 nm to 514.5 nm, lt is practically indepen-
dent of λ. This is an expected result at λ � s. The average value of lt calculated
with this method and averaged over the four different wavelengths studied is equal
to lFIT

t = 6.7 µm.
In NdAl3(BO3)4 powder at the laser wavelengths used, the maximum prod-

uct (kabs lt )max was approximately equal to 10−2. It was hypothesized [8] that at
(kabs lt )max � 1, the absorption in the medium could be neglected and the trans-
port mean free path lt could be calculated from the full width at half maximum
(FWHM) W of the CBS cones [13,19–21]:

lt ≈ 0.7
λ

2πW
. (3.14)

The values of lt determined using approximation (3.14) are given in Table 3.2,
along with the data obtained from curve fitting. The average (over the four wave-
lengths studied) transport mean free path lFWHM

t calculated from the FWHM is
equal to 6.5 µm, which is close to lFIT

t determined by the first method. This proves
that at (kabs lt )max � 10−2, lt can be determined by use of the simple FWHM
method instead of much more elaborative curve fitting.

3.2.5 Correlation Between Transport Mean Free Path lt
and Particle Size s: Comparison with Experiment

The concepts of the scattering mean free path ls and the transport mean free path lt
were originally introduced in the literature to describe scattering in media where
the average distance between particles is significantly larger than the particle size.
This is not the case of tightly packed powders.
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FIGURE 3.5. (a) Schematic drawing of tightly packed powder; (b) propagation of a photon
flux inside a particle; (c) steplike distribution of the photon flux intensity I (x) and its
approximation with an exponential function. (Source: Ref. [8].)

In the first approximation, tightly packed powder (with a large filling factor)
can be modeled as an almost monolithic solid with air gaps crossing it in all
directions (Figure 3.5a). One can assume that the air gaps are not exactly plane-
parallel, although they are not very far from being plane-parallel. By definition, the
scattering mean free path ls is the length at which the intensity of photon flux (plane
wave) that falls onto the sample is reduced by a factor 1/e. This definition assumes
that (1) all photons, whose directions of propagation have been disturbed even
slightly, are lost for the original photon flux; (2) the decay of the original photon
flux is exponential, ∝ exp(−x/ls); and (3) all surface effects at the medium–air
interface are neglected.

The flux of photons propagating along the direction x inside a particle is not
disturbed until the flux reaches the particle wall at x = s (I (x) = I0 at x ≤ s),
and it is totally refracted at x = s (correspondingly, at x > s the intensity of the
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original flux propagating in the direction x is equal to zero) (Figure 3.5b). The plot
of the function I (x) (a step function) is shown in Figure 3.5c. The most adequate
fit of the step function I (x) with the exponential function ∝ I0 exp(−x/ls) is such
that conserves the area under the I (x) trace,∫ ∞

0
I0e

−lsxdx =
∫ ∞

0
I (x)dx =

∫ s

0
I0dx, (3.15)

yielding ls = s. Thus in the first approximation, in tightly packed powder, the
scattering mean free path ls can be assumed to be equal to the average particle size
s. The transport mean free path lt , can be calculated from lsusing the formula

lt = 1

1 − 〈cos (θ)〉 ls , (3.16)

where 〈cos (θ)〉 is the average cosine of the scattering angle. In Reference [8],
〈cos (θ)〉 was calculated assuming that scatterers are (plane-parallel) air gaps sep-
arating different particles in a powder. In the model, when the angle of incidence
was smaller than the angle of total internal reflection ϕcrit , the reflection coef-
ficients of the material–air boundaries were calculated according to the known
Fresnel formula

ρ⊥ =
(

n1 cos (ϕ) − n2 cos (ψ)

n1 cos (ϕ) + n2 cos (ψ)

)2

(3.17a)

and

ρ‖ =
(

n2 cos (ϕ) − n1 cos (ψ)

n2 cos (ϕ) + n1 cos (ψ)

)2

, (3.17b)

where ρ⊥ is the reflection coefficient for light polarized in the direction perpen-
dicular to the plane of incidence, ρ‖ is the reflection coefficient for light polarized
in the plane of incidence, n1 is the refraction index of the crystalline material,
n2 = 1 is the refraction index of air, ϕ is the angle of incidence in the crystalline
medium, and ψ is the propagation angle of the refracted light inside of the air gap.
The corresponding angles and light rays are shown in Figure 3.6.

Light was assumed to be randomly polarized [8]. Thus in the model, some
effective reflection coefficient ρ was calculated as

ρ =
√

ρ2⊥ + ρ2‖
2

. (3.18)

To take into account the effect of two material–air boundaries associated with every
gap, the effective reflection and transmission coefficients were calculated as

ρeff = 2ρ − ρ2 (3.19a)

and

τeff = 1 − 2ρ + ρ2. (3.19b)
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FIGURE 3.6. (a) Refraction of the light beam at the crystalline–air boundaries separating
two particles of powder; (b) total internal reflection. (Source: Ref. [8].)

The critical angle of the total reflection ϕcrit was calculated according to
Snell’s law

sin(ϕcrit)n1 = sin(π/2)n2. (3.20)

At incidence angles larger than ϕcrit, a scattering event manifests itself as total
internal reflection. To calculate the average cosine of the scattering angle, 〈cos (θ)〉,
the integral over all incidence angles ϕ(0 < ϕ < π/2) was taken, at each angle
accounting for the intensities and the directions of the reflected and transmitted
beams (the integral was normalized by 2π). The calculated dependence of lt / ls =
1/ (1 − 〈cos (θ)〉) on the index of refraction n1 is shown in Figure 3.7.

As follows from Figure 3.7, in a wide range of the practically important values
of n1(1.6 < n1 < 3.2), the ratio lt / ls is nearly constant, lt / ls = 2.0 ± 0.4.

The index of refraction in NdAl3(BO3)4 is close to ≈1.84 [5]. At this value of
n1, lt / ls = 1/ (1 − 〈cos (θ)〉) = 2.07. If ls is equal to the average particle size
s = 3.55 µm, then the calculated transport mean free path would be equal to
7.3 µm, which is reasonably close (within 10%) to the value lt = 6.7 µm obtained
from the CBS cone fitting.

Thus, the value of the transport mean free path lt obtained in the CBS exper-
iment appears to be reasonable (at the given index of refraction and particle size
distribution). This validates the proposed model that allows one to determine
lt in tightly packed powders if the particle size and the index of refraction are
known.

Note that the Fresnel formulas (3.17a) and (3.17b) are derived in the geometrical-
optics approximation, which is valid at s � λ. As shown in Reference [8], adequate
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FIGURE 3.7. Calculated dependence 1/1 − 〈cos θ〉 versus n1. (Source: Ref. [8].)

results can be obtained at s/λ ≈ 7. Experimental data available in the literature
demonstrate that the model can predict the correct order of magnitude of lt even
at s < λ. In ZnO nanopowders, the ratios lt /s were equal to ≈3.2 (s = 100 nm,
λ = 410 nm) [22] and ≈4 (s = 50 nm, λ = 410 nm) [23]. The index of refraction
in ZnO is equal to 2.008 and 2.029 for two different crystallographic directions
[6,24]. Thus, according to the model [8] (Figure 3.7), the ratio lt /s in ZnO powder
with large particle sizes (s � λ) should be equal to 1.9, which is still not so far
from the experimental data 3.2 and 4 obtained in fine-particle powders.

The increase of the ratio lt /s in fine-particle ZnO powders (as discussed above)
can be qualitatively explained in terms of Rayleigh theory (at s � λ) or Mie theory
(at s ≤ λ) [25], both of which predict the reduction of scattering efficiency when
the size of the scatterer is smaller than the wavelength. The dependence of the
normalized scattering cross-section QS on the particle size, calculated according to
the Mie model [26] at λ = 0.41 µm for particles with refraction index of n = 2.02,
is shown in Figure 3.8. The transport mean free path, corrected for the function of
Figure 3.8, can be calculated as

lcorr
t = lt

[
QS(s → ∞)/QS

]
, (3.21)

where QS(s → ∞) is the normalized scattering cross section at s → ∞ and lt is
the transport mean free path calculated in the geometrical-optics approximation.
This suggests an increase of lcorr

t and lcorr
t /s at s → 0, which is in qualitative

agreement with the results of References [22,23]. However, quantitatively, the
function of Figure 3.8 predicts much greater values of lcorr

t /s than those in
[22,23]. The possible reasons for this discrepancy are: large-scale inhomogeneities
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FIGURE 3.8. Normalized scattering cross-section Qs of dielectric spheres with a refractive
index of 2.02 as a function of the particle size s calculated for λ = 0.41 µm with the help
of the MIECALC program [26]. (Source: Ref. [8].)

on the powder density, failure of Mie theory to describe scattering in dense media,
or possible localization of light [27].
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4
Theoretical Modeling of
Neodymium Random Lasers

Understanding of the mechanisms of stimulated emission in powder (random)
lasers is of great academic interest and practical importance. Neodymium powder
lasers were the first random lasers studied systematically. A review of several
theoretical models proposed to explain the behavior of neodymium random lasers
is given in this chapter. After little modification, the same arguments are applicable
to many other solid-state random lasers.

The diffusion model of random lasers proposed by Letokhov in the late 1960s
is discussed in Section 4.1. Historically, this was the first model describing stim-
ulated emission in scattering media with gain. The results of many experimental
works on random lasers, including neodymium random lasers, are compared to
the predictions of the diffusion model.

The results of the rate equation modeling of relaxation oscillations and the
thresholds in the neodymium random laser, presented in Section 4.2, are in rather
good qualitative and quantitative agreement with the experimental data. As shown
in Section 4.3, the kinetics of random laser emission are strongly different at
different widths of the pumping pulse. However, according to the laser model, the
threshold energy does not depend on the pumping regime as long as the duration
of the pumping pulse is shorter than the spontaneous lifetime. The extended rate
equation model is used to calculate the spectral dynamics in NdAl3(BO3)4 random
laser in Section 4.4.

The importance of feedback in random lasers and the dramatic difference
between the emission in a scattering medium with feedback and that in open
amplification paths elongated by scattering is outlined in Section 4.5.

The penetration depth of the pumping energy, the photon residence time in a
gain volume, and the threshold pumping power are calculated in the diffusion
approximation in Section 4.6.

The effect of the mean particle size and the volume density (filling factor)
of the random laser material are analyzed and compared with the experiment in
Section 4.7.

In Section 4.8, a Monte Carlo simulation of the diffusion process is used to
calculate the photon residence time that determines the threshold. It is shown that
when the realistic geometry of the experiment and the boundary conditions are
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taken into account, the diffusion model can predict the experimental dependence
of the threshold on the diameter of the pumping spot d, ∝1/d + const, which is
different from that proposed by Letokhov [1–3], ∝ 1/d2 + const.

The model of coupled intraparticle resonators (oscillators), which enable
random laser emission, is discussed in Section 4.9.

4.1 Diffusion Model

4.1.1 Prediction of Stimulated Emission

Assuming that photon migration in a scattering medium is diffusion, Letohkov has
proposed the following equation describing the flux density Φω(r, t) of emitted
photons in pumped volume with high concentration of scatterers [1–3]:

1

c

∂Φω(r, t)

∂t
= D∆Φω(r, t) + Qω(r, t)n0Φω(r, t), (4.1)

where D is the diffusion coefficient, n0 is the concentration of particles with gain,
Qω is the cross section of negative absorption of light (gain), c is the speed of
light, r is the coordinate, ω is the frequency of light, and t is time. The general
solution of Eq. (4.1) is given by

Φω(r, t) =
∑
n

anψn(r) exp
[
−

(
DB2

n − Qωn0

)
ct

]
, (4.2)

where ψn(r) and Bn are the eigenfunctions and eigenvalues of the equation:

∆ψn(r) + B2
nψn(r) = 0. (4.3)

The threshold condition (corresponding to the divergence of the flux density
Φω(r, t)) comes from the requirement(

DB2 − Q0n0

)
ct ≤ 0. (4.4)

Hence, the threshold value of gain gth = n0Q0 is given by

n0Q0 = DB2, (4.5)

where B is the smallest eigenfunction of Eq. (4.3). For a cylinder with radius r

and height h (which is a typical geometry of a pumped volume in random laser
experiments), the threshold gain gth depends on h and r as

gth ∝ B =
[(

2.4

r

)2

+
(π

h

)2
]1/2

. (4.6)

If the gain in the system is assumed to be constant in time, then Eqs. (4.1) to (4.5)
predict an infinite increase of the emission flux density above the threshold. This
is qualitatively similar to an “atomic bomblike” explosion behavior for multiple
scattering of light in an amplifying medium at critical volume and gain. Following
Letokhov, many researchers (see, e.g., Refs. [4–6]) have identified this divergence
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of the emission flux with the random laser threshold in incoherent or coherent
systems. However, gain (or the imaginary part of the particle’s permittivity ε′′(r, t),
which is a function of Φω(r, t)), is not constant. According to [2,3], it is described
by the equation

∂ε′′(r, t)
∂t

+ 1

T1
∂ε′′(r, t) = −2σa∂ε′′(r, t)

∫
a(ω)Φω(r, t)dω + 1

T1
ε̃′′(r), (4.7)

where σ0 = σ(ω0) is the emission cross section of active ions, T1 is the sponta-
neous decay time of excitations, a(ω) is the spectral shape of the emission line
normalized to unity in the maximum, and ε̃′′(r) is the term proportional to the
pumping power. Thus, above the threshold, the exponential rise of the emission
intensity continues until the decrease in gain ε′′(r, t), caused by the depopulation
effect, is getting strong and drives ε′′(r, t) below the threshold. As a result, the
emission intensity falls sharply, but then, because of pumping ε̃′′(r) the threshold
is exceeded again and pulsations are repeated. Pulsations of this kind are known as
relaxation oscillations; see, for example, [7–9]. The calculated dynamics of relax-
ation oscillations in a random laser is shown in Figure 1.2. Relaxation oscillations
in random lasers with diffusion have been studied in the more recent Reference [10]
and other works.

4.1.2 Spectrum Narrowing

As shown in References [2,3,11], in lasers with nonresonant feedback, and in ran-
dom lasers in particular (in which the photon migration is assumed to be diffusion),
the process of spectrum narrowing is much slower than the process of establish-
ment of stationary intensity. Thus, the generation spectrum remains nonstationary
even when the integral intensity stabilizes in time at its cw value. The asymptotic
dynamics of the emission spectrum was calculated in [2,3,11] under the following
assumptions.

1. The pumping pulse is a step function “turned on” at t = 0.
2. Given sufficient time, the integral emission intensity I (t) and the excited

state concentration n(t) are close to their stationary values and their damped
pulsations (relaxation oscillations) are small.

3. The emission line-shape a(ν) is Lorentzian with the characteristic spectral width
equal to ∆ν0.

4. The width of the stimulated emission line ∆ν is much smaller than ∆ν0.

It was shown in [2,3,11] that the dynamics of spectral narrowing can be
described as

Φ(ν, t) ≈ Φ′(ν) exp

{
−Q0n0ct

(
2
ν − ν0

∆ν0

)2
}

, (4.8)

where Φ′(ν) is the normalization factor and ν0 is the central frequency of
the amplification spectrum. The momentary width of the emission spectrum at
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half-maximum, ∆ν, can be calculated from Eq. (4.8), at ∆ν � ∆ν0, as

∆ν = ∆ν0

(
Q0n0ct

ln 2

)−1/2

. (4.9)

The authors of Reference [12], who did not rely in their calculations on the assump-
tion ∆ν � ∆ν0, obtained the following expression for the line-width dynamics:

(∆ν/∆ν0)
2

1 + (∆ν/∆ν0)2 = 1

g0l
ln

[
2

1 + (∆ν/∆ν0)2

]
, (4.10)

where g0 = Q0n0 is the gain and l = ct is the photon propagation path in the
amplifying medium over time t . [At∆ν � ∆ν0, Eq. (4.10) is identical to Eq. (4.9)].

In [12,13], Eqs. (4.9) and (4.10) were used to calculate the effective photon
path-length l in neodymium random lasers from the known narrowing of emis-
sion linewidth ∆ν/∆ν0 and gain g0. The value of l calculated this way in the
Nd:Na5La(MoO4)4 powder laser was equal to ≈2 cm [12]. The calculation done
in [13] for the random laser experiment described in [14] yielded l = 1.63 cm.
Both values appeared to be too large for photon paths in submillimeter pumped
volumes. However, one should note that assumptions 1 to 3 above were not strictly
satisfied in the experiments of References [12–14]. In fact, (a) the pumping pulse
was short and had a bell-shape form, (b) short-pulse stimulated emission, which
was very far from the cw limit, was studied experimentally, and (c) the neodymium
emission spectrum, consisting of a large number of partially overlapped Stark-split
lines, which suffer (to a smaller or larger extent) from inhomogeneous broaden-
ing, cannot be accurately approximated with a Lorentzian line shape. Thus, the
estimations of photon pathlength l done in [12,14] could be not accurate enough.

4.1.3 Application of the Diffusion Model to Stimulated
Emission in a Mixture of Powders

Stimulated emission in mixtures of Na5La1−xNdx(MoO4)4 powders with different
concentrations of neodymium ions (x) has been studied experimentally and the-
oretically in [15,16]. The wavelength of stimulated emission in a mixture of two
powders depended both on the proportion between the powder components and
the excitation wavelength. The relative value of the shift x of the laser wavelength
λ was defined as

x = λhc − λ

λhc − λlc

, (4.11)

where λhc and λlc were the emission wavelengths in the high and low neodymium-
doped components, correspondingly.

Under the assumption of the diffusion mechanism of stimulated emission and
Lorentzian shape of the gain spectrum, the value of x was shown to be determined
by the equation:

x(n1/n2)

1 + x2 (λhc − λlc/∆)2 = (1 − x)M2/M1

1 + (1 − x)2 (λhc − λlc/∆)2, (4.12)
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whereM1 andM2 were the volume fractions of the high and low neodymium-doped
components, n1 and n2 were the corresponding excited state concentrations, and ∆

was the full width at half maximum of the gain spectral band. Assuming further that
the ratio n1/n2 was governed by the ratio of the fractions A1 and A2 of incident
radiation absorbed by the two components, and using the theory developed by
Melamed in [17], the ratio n1/n2 was determined to be equal to

n1

n2
= A1

A2
=

[
1 − exp(−2k1d/3)

] [
1 − mi exp(−2k2d/3)

]
[
1 − mi exp(−2k1d/3)

] [
1 − exp(−2k2d/3)

], (4.13)

where k1 and k2 were the absorption coefficients of the two components. By sub-
stituting Eq. (4.13) into Eq. (4.12), the relative wavelength shift x was theoretically
calculated and compared with the experiment [16].

In particular, it was shown that when the ratio of concentrations of
Na5La0.05Nd0.95(MoO4)4 and Na5La0.85Nd0.15(MoO4)4 powders in the mixture
was equal to 1:7 (by volume), the calculated value of x was equal to ≈0.8 in the
center of the excitation line and ≈0.5 at the wings of the line. At the same time,
the experimental values of x measured in the center of the line and at its wings
were equal to ≈0.7 to 0.8 and ≈0.1, respectively. Thus, it has been concluded
[16] that the diffusion model does not adequately describe the behavior of a pow-
der (random) laser and some alternative concept or theory is needed. (The model
of coupled intraparticle resonators developed in Reference [16] is presented in
Section 4.9.)

4.2 Modeling of Stimulated Emission Dynamics

In regular lasers, the solution of rate equations for the population inversion and the
density of emitted photons predicts damped oscillations of the emission intensity
known as relaxation oscillations [7–9]. A similar system of rate equations was
used to model the dynamics of stimulated emission in neodymium random lasers
in Reference [18]:

dn

dt
= P(t)

Slphνpump
− n

τ
− E

hνem

cσemn,

dE

dt
= − E

τres
+ ζ

n

τ
hνem + Ecσemn. (4.14)

Here n is the concentration of excited neodymium ions (in state 4F3/2); P(t)/S

is the pumping power density; lp is the penetration depth of pumping light (in
the absence of scattering, lp = Nσabs, where N is the neodymium ground state
concentration and σabs is the absorption cross section at the pumping wavelength);
E is the emission energy density; σem is the emission cross section; hνpump(hνem)

is the photon energy at the pumping (emission) wavelength; τ is the lifetime of
the upper laser level 4F3/2, which is determined by spontaneous emission decay,
multiphonon decay, and (cross relaxation) self-quenching; ζ is the quantum yield of
excitation of the metastable level 4F3/2 spontaneously emitted to the random laser
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mode(s); τres is the effective residence time of the photon in a pumped volume
(in conventional lasers, a similar term represents the lifetime of a photon in a
cavity); and c is the speed of light. In Reference [18], the spatial nonuniformity of
pumping, emission, and population inversion, as well as the spectral dependence
of the emission intensity, have been neglected for simplicity. Equations (4.14)
are written in the most general form and are suitable for almost any feedback
mechanism. In approximation of the diffusion model, the parameters τres and lp
are calculated in Section 4.6.

The calculated dynamics of the emission energy density and the 4F3/2 excited
state concentration (population inversion) is shown in Figure 4.1. Calculations
predict that one short (≈1 ns) high-intensity pulse appears in the emission kinetics
at the lasing threshold. With the increase of the pumping energy, the intensity of
this pulse increases; it gets shorter and shifts toward the beginning of the pumping
pulse. At even stronger pumping, the second short pulse appears in the emission
kinetics. At further increase of the pumping energy, the number of short emis-
sion pulses (which resemble relaxation oscillations in a highly nonlinear regime)
increases and the time intervals between pulses shorten. It is important to note a
remarkable similarity between the calculated emission kinetics (Figure 4.1) and
the experimental one observed in the NdAl3(BO3)4 random laser (Figure 2.3).

FIGURE 4.1. Calculated [according to Eqs. (4.14)] dynamics of stimulated emission (a, c, f )
and 4F3/2 excited state concentration (b, d, e) in NdAl3(BO3)4 powder. Pumping density:
1000 mJ/cm2 in a,b; 400 mJ/cm2 in c,d, and 200 mJ/cm2 (the threshold) in f,e. Dashed
line: pumping pulse (not plotted to scale). (Source: Ref. [18].)
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In Reference [18], the following set of spectroscopic parameters, approximat-
ing those in NdAl3(BO3)4 powder (Table 2.2), was used in the numerical solution
of Eq. (4.14): σem = 1 × 10−18 cm2, lp ≈ [Nσabs]−1 = [(5 × 1021 cm−3) ×
(3 × 10−21 cm2)]−1 ≈ 0.67 mm, hνabs = 4 × 10−19 J, hνem = 2 × 10−19 J, τ =
20 µs, ζ ≈ 0.9. The pumping pulse was assumed to have Gaussian form with the
full width at half of maximum equal to 4.1 ns (close to that used in the experiment).
The only unknown parameter in Eq. (4.14) was the effective photon residence time
in the pumped volume τres . Its value was used as an adjustable parameter to fit
the experimental energy threshold,

∫
(P (t)/S) dt = 200 mJ/cm2 (Table 2.2). The

best fit was obtained at τres = 10 ps. At the index of refraction equal to n ≈ 1.8,
which is typical of the crystals of this family [19], the value of τres obtained from
the threshold fitting corresponds to the effective photon path length in the pumped
medium equal to l = 1.7 mm. The estimated value of l appears to be reasonable
for the experiment, where the characteristic pumped volume was of the order of
≈1 mm3 [18]. The resemblance of the calculated and the experimental emission
kinetics as well as a fairly accurate fit of the lasing threshold suggest that rate
Equations (4.14) can describe (with reasonable accuracy) stimulated emission in
neodymium random lasers both qualitatively and quantitatively.

As follows from Figure 4.1, the amplitude of oscillations of population inversion
n is much smaller than that of emission energy density E. The steady-state value of
n, realized when the relaxation oscillations are damped, practically does not depend
on the pumping energy. This behavior is typical of lasers operating according
to a four-level scheme. Figure 4.2 depicts the input–output curve of stimulated
emission and the dependence of steady-state population inversion on the pumping
density calculated for the system parameters listed above. Both calculated curves
are typical of lasers; compare, for example, Figures 4.2 and 2.5a.
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FIGURE 4.2. Calculated input–output curve (right vertical axis) and dependence of the 4F3/2
excited state concentration (left vertical axis) on pumping density in NdAl3(BO3)4 powder
laser. (Source: Ref. [18].)
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Calculations have shown that the emission decay time τ and the quantum yield
of luminescence ζ slightly affect the phase of relaxation oscillations but practically
do not influence the input–output curve. The calculated threshold pumping energy
density (registered at the appearance of the first emission spike) was found to be
proportional to the thickness of the pumped layer lp and inversely proportional to
the emission cross-section σem and the photon residence time τres.

The calculated stimulated emission pulses in Figure 4.1 are always delayed
in respect to the beginning of the pumping pulse. This delay is partly because
of the finite time needed to reach the critical population inversion and partly
because the emission photon density inside the amplifying volume needs some
time to build up. In References [12,20], the experimentally observed delay between
the pumping pulse and the short stimulated emission pulse (∆t = 10 to 30 ns)
was explained by slow relaxation of excitation from the directly pumped upper
excited state (4G5/2) to the metastable state 4F3/2 [this delay is not taken into
account in Eq. (4.14)]. Apparently, in real experimental situations, all three factors
contribute to the delay of the stimulated emission with respect to the pumping
pulse.

Relaxation oscillation kinetics similar to that depicted in Figure 4.1 can be
predicted at different mechanisms of the stimulated emission feedback. For exam-
ple, compare Figure 4.1 with the emission kinetics calculated in a random laser
when (i) the diffusion term was explicitly taken into account in the rate equations
(Figure 1.2 [2]); (ii) Maxwell equations describing phase-dependent electromag-
netic fields were used in the model instead of the rate equation for light intensity
(Figure 4.3a [21]); or (iii) the laser action was assumed to be supported by reso-
nances within individual powder particles or an ensemble of coupled intraparticle
resonators (Figure 4.3b [12]).

The resemblance above presents a difficulty for random laser analysis, because
it makes it impossible to distinguish between different mechanisms of stimulated
emission based solely on the shape of the emission kinetics. On the other hand,
this similarity allows one to evaluate certain important random laser parameters
without detailed knowledge of underlying physical mechanisms of the random
laser emission.

4.3 Invariance of the Threshold Pumping Energy
in Different Pumping Regimes

The analysis of the system of Eqs. (4.14) shows that the behavior of the stimulated
emission kinetics depends strongly on the duration of the pumping pulse. The
series of emission kinetics calculated at fixed pumping energy and different pulse
widths is shown in Figure 4.4. As follows from this figure, by merely changing
the duration of the pumping pulse, one can predict (i) single-spike emission, (ii)
multiple-spike emission, or (iii) smooth emission kinetics without any sharp spikes,
the shape of which closely resembles that of the pumping pulse.
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FIGURE 4.3. Emission kinetics with relaxation oscillations calculated in random laser when
(a) the model is based on Maxwell equations and phase-dependent electromagnetic fields
instead of the rate equation for light intensity (after [21]) and (b) the laser action is assumed
to be supported by three coupled intraparticle resonators (after [12]).
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FIGURE 4.4. Pumping pulses (1) and corresponding stimulated emission pulses (2)
calculated in random laser at constant pumping energy density E/S = 0.5 J/cm2 and
varying pumping pulse durations, tpump. (a) tpump = 19.6 ps; (b) tpump = 313 ps;
(c) tpump = 2.5 ns; (d) tpump = 40 ns; (e) tpump = 640 ns; and (f ) tpump = 5.12 µs.
Absorbed pumping rate and emission rate are given in terms of quanta/cm3 s. Parame-
ters of the system approximately correspond to NdAl3(BO3)4 random laser: τ = 20 µs,
λem = 1.06 µm, σem = 1 × 10−18 cm2, τres = 10 ps, kabs,532 = 12.5 cm−1. (Source:
Ref. [22].)

In regular lasers, when the duration of a pumping pulse tpump is shorter than the
spontaneous emission lifetime τ, the threshold energy Eth is nearly independent
of tpump and equal to

Eth ≈ P cw
th τ. (4.15)

In random lasers characterized by a very strong dependence of the emission
kinetics on tpump (Figure 4.4), the invariance of the threshold pumping energy is
not obvious a priori. The question arises whether dramatic threshold changes of
the emission behavior in a pulsed regime can be described in terms of the same
simple balance between gain and loss, which determines the threshold in a cw
regime. In order to answer this question, the solution of Eqs. (4.14) was studied in
Reference [23] in a wide range of shapes and widths of the pumping pulse.
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4.3.1 Random Laser Threshold in cw Regime

In cw approximation, the system of rate equations (4.14) has a solution

n = E

τres

(
ζhνe

τ
+ cσemE

), (4.16)

E = τresνe

2Slpνp

[(
P − P ∗) ±

√
(P − P ∗)2 + 4ζ4PP ∗

]
, (4.17)

where

P ∗ = hνpSlp

ττresσemc
. (4.18)

[In Eq. (4.17), only the “+” sign has a physical meaning.] At P → ∞, the
asymptotic behavior of E is

E = τresνe

Slpνp

[
P − P ∗(1 − ζ)

]
, (4.19)

and at P → 0,

E = τresνe

Slpνp

P ζ. (4.20)

According to Eq. (4.19), the slope efficiency above the threshold is independent
of ζ and equal to

η ≡ E

P
= τresνe

Slpνp

.

(The slope efficiency defined this way has units [s/cm3]. It always can be easily
renormalized to become unitless.)

At ζ → 0, the threshold pumping power is equal to P cw
th = P ∗ [Eq. (4.19)] and

the slope efficiency below the threshold approaches zero [Eq. (4.20)]. This is the
case of regular lasers, in which ζ → 0.

In random lasers, especially in random lasers with incoherent feedback, where
the emission is omnidirectional and the density of spectrally overlapped modes
is very high, the value of ζ is determined by the quantum yield of luminescence
(in a spectral band of laser emission) and cannot be neglected. The nonzero value
of ζ lowers the value of the threshold to P ∗(1 − ζ) [Eq. (4.19)] and provides for
nonzero slope below the threshold [Eq. (4.20)].

The input–output curves and the functions n(P ) calculated at different values of
ζ and the spectroscopic parameters, which are typical of neodymium random lasers
(σe = 1 × 10−18 cm2, τ = 2 × 10−4 s, τres = 1 × 10−11 s, lp = 0.8 mm, and
λp = c/νp = 532 nm), are depicted in Figure 4.5. The calculated value of P cw

th /S

is equal to 5 × 102 W/cm2, expectantly, much lower than those experimentally
determined in short-pulsed neodymium random lasers, 2 × 105 − 109 W/cm2

[13] (the experimental pumping pulse durations are typically much shorter than
the life-time of the metastable laser level). The curves calculated at ζ → 0,
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which exhibit sharp thresholds and locking of the population inversion above the
threshold, are typical of regular lasers. As ζ increases, the input–output curves
become smoother and the value of population inversion determined at the thresh-
old differs from that as P → ∞. The predicted smoothness of cw thresholds in
random lasers is in agreement with that observed experimentally [24] (inset of
Figure 4.5).

At ζ = 1, the input–output curve does not have a threshold at all. This result is
easy to understand because the laser process cannot improve the quantum yield of
emission (which is already equal to unity), and the output is linearly proportional to
the input. The pumping-dependent contributions from the spontaneous emission
and the stimulated emission to the total emission are also shown in Figure 4.5.
Note that at P → ∞, the asymptotic behavior of stimulated emission is given
by Eq. (4.19) at ζ = 0. (The same asymptotic behavior of stimulated emission
contribution holds for all values of ζ.)

Note the thickness of the pumped layer lp and the residence time τres, which
enter Eqs. (4.14 to 4.20), can be calculated using the diffusion model; see
Section 4.6.

4.3.2 Random Laser Threshold in Pulsed Regime

In Reference [23], the study of random laser dynamics started with examining the
case of an infinitely long steplike pumping pulse turned on at t = 0. The kinetics
of emission E(t) and population inversion n(t) have been calculated numerically
at different pumping intensities.

At low pumping power, P < P cw
th , the emission is predominantly spontaneous.

In this regime, the characteristic time constant of the buildup of E(t) and n(t)

[∞(1 − e−t/τ)] is close to the lifetime τ. With an increase of the pumping power
to P cw

th , gain balances loss and the system reaches the lasing threshold. However at
ζ of the order of 1 (the condition which is approximately satisfied in many random
lasers), this does not cause any significant change of the stimulated emission
dynamics (Figure 4.6a). Likewise, the character of stimulated emission remains
the same in some range of power exceeding P cw

th . In the latter case, the only
predicted change is the shortening of the characteristic buildup times for E(t) and
n(t).

At much higher pumping power, the character of stimulated emission changes
significantly: after a certain duration of the pumping pulse, the emission intensity
increases in almost steplike manner (Figure 4.6b). A sharp increase of the emission
density is associated with the threshold of the random laser. At even stronger pump-
ing power, characteristic relaxation oscillations are predicted in the stimulated
emission kinetics (Figure 4.6c).

Note that at ζ → 0 (the case of regular lasers), the shape of the stimulated
emission kinetic calculated at P = P cw

th approximately resembles the one in
Figure 4.6b, but not that in Figure 4.6a. At the same time, kinetics computed
at much higher pumping intensities do not strongly depend on the value of ζ.
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FIGURE 4.5. (a) Calculated input–output curves of random laser emission. Curve 4, calcu-
lated at ζ = 10−6, is typical of regular lasers. Curves 2, 3, and 4 are calculated at ζ = 0.1,
0.5, and 1, correspondingly. Curves 4a and 4b, calculated at ζ = 1, correspond to the stimu-
lated emission contribution and spontaneous emission contribution to the total emission. (b)
Functions n(P ) corresponding to the emission curves in Figure a. (Source: Ref. [23].) Inset
of (a): peak emission intensity (at λem = 362 nm) of Ce:δ-Al2O3 random laser pumped
with dc electron beam as a function of current. (After [24].)
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FIGURE 4.6. Kinetics of emission energy density E(t) (trace 1) and population
inversion n(t) (trace 2) calculated at ζ → 1 at steplike pumping (trace 3): (a)
P/S = 5 × 102 W/cm2 = P cw

th
/S; (b) P/S = 5 × 104 W/cm2 = 100P cw

th
/S; and (c)

P/S = 5 × 105 W/cm2 = 1000P cw
th

/S. (Source: Ref. [23].)
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TABLE 4.1. Invariance of pumping energy in random laser excited with
pulses of different duration. (Source: Ref. [23].)

Type of pumping P/S (W/cm2) tpump (ns) E/S (J/cm2)

cw 5 × 102

Infinitely long rectangular step 5 × 104 2000a 0.1
Infinitely long rectangular step 5 × 105 200a 0.1
Rectangular pulse 2 × 105 500 0.1
Rectangular pulse 2 × 106 50 0.1
Rectangular pulse 2 × 107 5 0.1
Gaussian pulse 50 0.1
Gaussian pulse 10 0.1
Gaussian pulse 2.5 0.1

aTime of the steplike increase of the emission intensity.

The dynamics of stimulated emission and the lasing thresholds were further
investigated under pumping of the system with short rectangular and Gaussian
pulses, the duration of which ranged between 5 and 500 ns [22]. In this regime,
which closely resembles the one realized in many random laser experiments, the
threshold is associated with the appearance of the first short pulse in the stimulated
emission kinetics; see also Section 4.2.

In several different pumping regimes discussed above the behavior of stim-
ulated emission was strongly different. However, as follows from Table 4.1,
summarizing pumping powers and pulse durations at different excitation con-
ditions, the threshold energy is an invariant value given by Eq. (4.15) if tpump � τ.
Thus, knowing the threshold pumping power of a random laser at one pulse
duration, it is possible to predict its value at a different pulse duration or cw
excitation.

The result above has another important consequence. Despite the fact that the
majority of random lasers operate in pulsed regime, many theoretical studies of
random laser emission are carried out in cw approximation; see, for example,
References [25–27]. At the same time, few studies were done to justify the use
of a cw approximation for the analysis of pulsed random lasers. The result above
suggests that it is possible to study the dependence of the random laser threshold
or slope efficiency on some of the system parameters (transport mean free path,
diameter of the pumped spot, etc.) in a cw regime and expect to have the same
dependence in a pulsed regime.

4.4 Spectral Dynamics of Neodymium Random Lasers

To calculate the spectral dynamics of random laser, one can divide the spectrum of
spontaneous emission I (ν) into N frequency channels (ν1, ν2, . . . , νi , . . . , νN)

and then expand the system (4.14) to N + 1 equations, where the first equa-
tion accounts for the population inversion n and other N equations describe the
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stimulated emission dynamics E(νi ) in each of N spectral channels:

dn

dt
= P(t)

Slphνpump
− n

τ
−

∑
i=1,...,N

E(νi )

hνi

cσem(νi )n,

dE(ν1)

dt
= −E(ν1)

τres
+ I (ν1)∑

i=1,...,N

I (νi )
ζ
n

τ
hν1 + E(ν1)cσem(ν1)n,

dE(νi )

dt
= −E(νi )

τres
+ I (νi )∑

i=1,...,N

I (νi )
ζ
n

τ
hνi + E(νi )cσem(νi )n,

dE(νN)

dt
= −E(νN)

τres
+ I (νN)∑

i=1,...,N

I (νi )
ζ
n

τ
hνN + E(νN)cσem(νN)n. (4.21)

Here E(νi ) is the emission energy density and (I (νi )
/∑

i=1,...,N I (νi )) is the
fraction of total spontaneous emission intensity in the spectral channel i. The pho-
ton residence time τres was assumed to be frequency-independent. The calculated
spectral dynamics in the very beginning of the development of the emission pulse
is shown in Figure 4.7a. As follows from this figure, different spectral components
attain significant stimulated emission intensities at different times, depending on
their emission cross sections. With the increase of time, the spectral component
characterized by the highest emission cross section predominates in the spectrum.
Simultaneously, the intensities of other (weaker) spectral components become sat-
urated (compare, for example, the emission dynamics at 1.061 and 1.042 µm,
Figure 4.7a). When the strongest spectral component predominates over all oth-
ers, it behaves as predicted by Eqs. (4.14), which neglect any spectral dependence
of the emission intensity. This is confirmed by Figure 4.8b showing the further
evolution of the spectral dynamics depicted in Figure 4.7a. Note that the intensity
scale in Figure 4.7b is 10,000 times larger than that in Figure 4.7a. The dramatic
increase of the peak emission intensity above the threshold is in agreement with
the experimental results (Ref. [20]).

Note that in Reference [28] a spectral dynamics of a liquid dye random laser
emission, qualitatively similar to that discussed in this section, was modeled using
a Monte Carlo simulation of a random photon walk (diffusion photon motion) in
a scattering medium with gain.

4.5 Stimulated Emission in One-Dimensional Array
of Coupled Lasing Volumes

The dynamics of stimulated emission in a one-dimensional strip of amplifying
volumes separated by partially reflective walls (granules composing random laser
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FIGURE 4.7. Spectral dynamics of stimulated emission in Nd0.5La0.5Al3(BO3)4 powder
under 532 nm Q-switched pumping: (a) initial stage of the pulse development; (b) developed
laser pulse. Pumping pulsewidth (at 1/e2 level): 5 ns; absorption coefficient at the pump-
ing wavelength: 25 cm−1; photon residence time τres = 10 ps; Nd luminescence lifetime:
20 µs, maximum Nd emission cross section: 1 × 10−18 cm2. The intensities of the pumping
pulse and the Nd luminescence spectrum are not shown in scale. (Source: Ref. [22].)
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FIGURE 4.8. Schematic diagram
of one-dimensional strip of lasing
volumes. (Source: Ref. [29].)

pumping
1-d stripe of laser cells

emission

ri ri+1

reflecting “walls” between cells

material) was studied in References [29,30], Figure 4.8. In the numerical calcula-
tions, the cell size was equal to 1 µm, which corresponded to a typical particle size
in neodymium random lasers. All cells were assumed to be pumped uniformly. In
the model, emission could propagate only along the strip, one photon flux going to
the right and one to the left. Reflection coefficients of the cell walls r were calcu-
lated with the help of a random function generator and were randomly distributed
between r = 0 and r = 2raver, where raver was the average reflection coefficient.
In a similar way, the photon loss l (caused, for example, by absorption) was cal-
culated for each cell, with the value of l randomly distributed between l = 0 and
l = 2laver, where laver was the mean value of the loss.

The model aimed to describe neodymium random lasers, which are characterized
by low coherence (Section 2.7), and was based on the system of rate Eqs. (4.14) that
inherently neglected any coherence effects. In the computation procedure, instead
of direct introduction of the residence time τres to the system, two neighboring
cells were allowed to “communicate” with each other, exchanging photons, in
accordance with the reflection and transmission coefficients assigned to each inter-
cell boundary. The bouncing of reflected photons back and forth determined the
photon residence time in a strip. The other random laser parameters were assumed
to be similar to those used in the calculations in Sections 4.2 and 4.3.

The typical calculated two-dimensional (time/cell number) kinetics of emission
characterized by relaxation oscillations is shown in Figure 4.9a (see Color Plate 2).
In this particular calculation, the strip consisted of 100 cells, raver was equal to 8%
and the mean residence time of the photon in the system was equal to τres = 0.43 ps.
As follows from Figure 4.9a, in the system with feedback the emission becomes
localized (confined) in the central part of the pumped volume.

In the presence of loss, multiple spatially confined locations of stimulated
emission can be predicted in a strip of lasing cells (Figure 4.10, see Color Plate 3).
(At the threshold, the stimulated emission in the strip occurs only in one localized
spot. However, with the increase of the pumping energy, the number of locations
of confined stimulated emission increases.)

In a number of theoretical and experimental works (see, for example, Refs.
[21,31–34]), the localization of random laser modes to volumes with characteristic
sizes ranging from a fraction of wavelength to hundreds of wavelengths has been
reported. According to [32], the number of localized lasing modes first increases
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with the increase of the pumping intensity (in agreement with the results presented
in this section) and then saturates at stronger pumping power. It is important to note
that the localization in References [21,31–34] was treated as a property directly
relevant to the coherence of a light wave. In contrast, as shown in [30], spatial
localization of random laser intensity can also take place in the case of incoherent
(nonresonant) feedback.

Figure 4.9b shows the dynamic of stimulated emission in a strip consisting of
a larger number of cells, 400, and without loss or reflection at the cell bound-
aries, laver = 0, raver = 0. Because of the larger size of the strip, the mean photon
residence time τres was equal to 0.67 ps, longer than that in the strip of Fig-
ure 4.9a. The amount of pumping energy per cell in Figure 4.9b was the same as
that in Figure 4.9a. However, despite longer residence time, no short high-intensity
pulses of stimulated emission have been predicted in the long strip. Furthermore,
no spatial confinement of emission to the central part of the pumped volume is
seen in Figure 4.9b. Instead, the emission has its maximum values at the ends of
the strip, which is an expected behavior in the case of amplification in open paths.
Although this has not been proved rigorously [30], it appears likely that relaxation
oscillations and the spatial confinement accompany each other and can serve as
evidence of feedback in the system.

The majority of known solid-state random lasers, including optically pumped
neodymium random lasers [12,14,18], ZnO random lasers [21], and random
lasers based on scattering polymers [35], operate in pulsed regime with relax-
ation oscillations. Based on the calculated result above, it has been concluded
that all types of random lasers listed above do have feedback, which is nec-
essary for the realization of relaxation oscillations and confinement of a lasing
mode. Simple ASE in photon open paths, which are elongated by scattering, is
not enough to cause the stimulated emission dynamics similar to that observed
experimentally.

The major results of Reference [30] can be summarized as follows. (i) The
feedback in random lasers is essential for the regime of relaxation oscillations.
Elongation of open photon paths by scattering is not enough for producing a train
of short stimulated emission pulses (relaxation oscillations) in response to one
longer pumping pulse. (ii) Relaxation oscillations and the spatial localization of
the stimulated emission accompany each other and apparently serve as evidence
of feedback in the system.

4.6 Calculation of Random Laser Threshold
in Diffusion Approximation

The threshold conditions for the appearance of short-pulsed stimulated emission in
a medium with gain and scattering have been derived by Letokhov in the diffusion
approximation in References [1–3]. The isolated gain volume in [1–3] was assumed
to be uniformly pumped; however, the means of such pumping were not specified.
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Most of the known solid-state random lasers are excited through the front surface
and only a thin layer of the material is pumped efficiently.

In Section 4.3, the threshold population inversion n (Eq. 4.16) and the threshold
absorbed pumping power P cw

th (1 − ζ) ≡ P ∗(1 − ζ) [Eqs. (4.18) and (4.19)] were
derived as functions of the thickness of the pumped layer lp and the photon res-
idence time τres. In Reference [29], the diffusion model was employed to derive
the expressions for lp and τres in a surface-pumped random laser in terms of the
transport mean free path lt and the absorption length la and then, after substituting
the calculated values into Eq. (4.18), determining the threshold absorbed pump-
ing density. In [29], the value ζ was assumed to be negligibly small. (Note that
the pumping of a scattering gain medium from the front surface has also been
considered in Refs. [10,36,37] and other publications.)

If the diameter of the pumped spot d is much greater than lp, the propagation of
incident light in scattering absorbing media can be adequately described in terms
of the Kubelka–Munk model [38]. According to this model, the distribution of
light intensity I (z) in the depth of the medium is given by

I (z) ∝ exp(−αz) ≡ exp(−z/lp), (4.22)

where z is the coordinate perpendicular to the sample surface and lp ≡ α−1 is the
characteristic penetration depth given by

lp = [K(K + 2S)]−1/2. (4.23)

Here K ≈ 2ρkabs is the effective absorption coefficient of the material corrected
for the porosity ρ, and S is the effective scattering coefficient [38]. One can rewrite
Eq. (4.23) in terms of the absorption length labs ≡ 1/kabs and the transport mean
free path at the pumping wavelength lat as

lp =
[

1

labs

(
1

labs
+ 2

p

lat

)]−1/2

, (4.24)

where p is the numerical factor of the order of unity. Note that Eq. (4.24) is almost
equivalent to that known in diffusion theory

lp = √
labslt /3 (4.25)

at lat � labs, and is more accurate than Eq. (4.25) at lat ≥ labs.
If the photon motion in scattering media is diffusion, the residence time

of the emission photon in a pumped layer of thickness lp is given in a first
approximation by

τres = ql2
p

D
, (4.26)

where D is the diffusion coefficient and q is the form factor of the order of unity.
To a first approximation, the layer of thickness lp can be assumed to be pumped
uniformly. The diffusion coefficient for photons in scattering media is given by
[39]

D = clet

3
. (4.27)
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Here let is the transport mean free path at the emission wavelength and la is the
absorption length.

Combining Eqs. (4.24), (4.26), and (4.27) one gets the following expression for
the photon residence time τres:

τres = q
3l2

absl
a
t

clet (2plabs + lat )
. (4.28a)

In many practically important situations in random lasers, lat � labs. In this case
Eq. (4.28a) can be simplified and rewritten as

τres = 3q

2p

labsl
a
t

clet
. (4.28b)

If the transport mean free path at the pumping wavelength lat is equal to that at the
emission wavelength let , which is the case in powder composed of large particles
(s > λ), then the photon residence time τres is determined solely by the absorption
length labs and is independent of scattering,

τres = 3q

2p

labs

c
≈ 3

2

labs

c
. (4.28c)

(The index of refraction n is neglected in the consideration above. To account for
the index of refraction, c should be replaced with c/n.)

Substituting Eqs. (4.24) and (4.28a) into Eq. (4.18), one obtains the following
expression for the threshold absorbed pumping density in a random laser in the
cw regime P cw

th ≡ P ∗:

Pth

S
=

hνpump

[
1

labs

(
1

labs
+ 2

p

lat

)]−1/2

let

3qσemτ
. (4.29a)

At lat � labs, Eq. (4.29a) can be rewritten as

Pth

S
=

(√
2

3

) (√
p

q

)
hνpump

σemτ
√

labs

let√
lat

. (4.29b)

If one assumes further that lat = let = lt , then Eq. (4.29b) can be simplified and
rewritten as

Pth

S
=

(√
2

3

) (√
p

q

)
hνpump

σemτ

√
lt

labs
. (4.29c)

Note that a similar dependence of the threshold absorbed pumping density on lt
and labs has been derived in Reference [25] from a different physical requirement:
that the frequency spacing between localized modes should be larger than the mode
line width.

In diffusion approximation, the fraction of incident pumping power, which is
absorbed in scattering medium, is proportional to

√
lat / labs [40,41]. Thus, under

the assumptions used in Eq. (4.29b), the threshold incident pumping density is
independent of absorption length labs and proportional to let / lat . (A similar result
was obtained in Ref. [42].) Correspondingly, under the additional assumption
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let = lat , the threshold incident pumping density is independent of both absorption
length and photon mean free path.

4.7 Application of the Diffusion Model: Comparison
with Experiment

In this section, the predictions of the diffusion model developed in Section 4.6
are compared with the experimental results of Section 2.10 (dependence of the
random laser emission on the mean particle size) and Section 2.9 (dependence of
the random laser emission on the powder density).

In both experiments, relaxation oscillations (which serve as an evidence of
feedback in a system, Section 4.5) have been observed in the stimulated emission
kinetics. The lack of coherence in neodymium random lasers indicates that the
feedback mechanism is not resonant. Large mean scattering paths (longer than the
wavelength) typical for the majority of the samples studied exclude the mecha-
nism of Anderson localization [43–46]. Because crystalline granules composing
the experimental samples were small and irregularly shaped (similar to those in
Figure 2.7a), it was concluded that the feedback in laser powders occurred in
ensembles of scatterers; see Sections 2.4 and 2.5.

According to Reference [39], the diffusion character of photon motion realizes at

λ < lt � L, (4.30)

where λ is the emission wavelength and L is the smallest linear size of the random
laser medium (in the geometry of random experiments in Sections 2.9 and 2.10,
L is equal to the penetration depth of pumping lp).

In Section 3.2, the relationship between the transport mean free path lt and
the scattering mean free path ls , which in tightly packed powders is approxi-
mately equal to the mean particle size s, has been studied in the geometrical
optics approximation and at s < λ. The dependences lt versus s calculated in
a NdSc3(BO3)4 random laser at the pumping and the emission wavelengths are
shown in Figure 4.11 [29]. [This calculation is based on Eqs. (3.16) and (3.21),
the value 1/(1 − 〈cos �〉) determined at the index of the refraction of the material
n = 1.84 (Figure 3.7), and the normalized Mie scattering cross-section QS(s),
computed using the application program [47].]

The dependences depicted in Figure 4.11 are qualitatively similar to those exper-
imentally measured and theoretically calculated in Reference [48] for ensembles
of closely packed ZnO particles.

It has been shown in [29] that the condition (4.30) is satisfied in NdSc3(BO3)4
powder at s < 115 (almost the whole range of the granule sizes used in
Section 2.10). This justifies the application of the model developed in Section 4.6
to the neodymium random lasers of Section 2.10. (The same arguments are
applicable to the samples of Section 2.9.)

In neodymium random lasers studied in Chapter 2, the values of the transport
mean free path at the pumping and the emission wavelengths are much smaller
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FIGURE 4.11. Transport mean free path lt in NdSc3(BO3)4 powder calculated according to
Eqs. (3.16) and (3.21) as a function of mean particle size s(s = ls ): trace 1 (open squares),
λ = 1.06 µm; trace 2 (filled circles), λ = 0.53 µm; dashed line, wavelength-independent
value of lt calculated according to Eq. (3.16). (Source: Ref. [29].)

than the absorption length labs or the gain length lg . Thus, Eq. (4.29b) can be used
for the calculation of the threshold absorbed pumping density.

By substituting lat (s) and let (s) plotted in Figure 4.11 into Eq. (4.29b) and assum-
ing that the powder volume density and, correspondingly, labs do not change with
the change of s, one can calculate the dependence of the threshold absorbed pump-
ing energy in the NdSc3(BO3)4 random laser on the particle size s (Figure 2.29).
According to Figure 2.29, the dependence of the threshold absorbed pumping
density on s, as calculated in the diffusion approximation, is in good qualitative
agreement with the analogous experimental curves. Indeed, both calculated and
experimental curves demonstrate strong increase of the threshold pumping den-
sity at very small and very large particle sizes and reduction of the threshold at
intermediate particle sizes. However, a more careful analysis of the data plot-
ted in log–log coordinates shows that the calculated and the experimental curves
have significantly different slopes at s > 1 µm (1/2 and <1/4, respectively); see
Figure 2.29 inset.

The input–output curves plotted in Figure 2.25b (Section 2.9) versus absorbed
pumping energy correspond to four Nd0.5la0.5Al3(BO3)4 random lasers charac-
terized by different volume densities (filling factors) of laser material. In regular
lasers, such a series of parallel input–output curves would be expected if the only
difference among the four lasers (characterized by low intracavity loss) is the cavity
Q-factor, higher Q-factor corresponding to lower threshold.
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In random lasers, it is reasonable to relate the Q-factor to the photon residence
time τres, which is inversely proportional to the absorption coefficient kabs; see
Eq. (4.28c). [Note that in powders of Section 2.9, s > λ and lat ≈ let . This justifies
the use of Eqs. (4.28c) and (4.29c).] Following this argument, the input–output
curve characterized by the lowest threshold (circles) should correspond to the
smallest absorption coefficient kabs and the input–output curve characterized by
the highest threshold (diamonds) should correspond to the largest absorption coef-
ficient. This is exactly the case for the data of Figure 2.25b, because the curve
with the lowest threshold corresponds to the material with the smallest volume
density and the curve with the highest threshold corresponds to the material with
the largest volume density.

Alternatively, according to Eq. (4.29c) the value of the threshold should be
proportional to

√
lt kabs. If lt is constant, then the monotonic dependence of the

threshold on kabs is qualitatively similar to that discussed above. The dependence
of lt on the material volume density is not known exactly. One can speculate
that in strongly compressed powders or sintered ceramics, the air gaps between
particles become smaller than the wavelength, which leads to the reduction of
the scattering efficiency and increase of lt . Thus, the experimental dependence
of the random laser threshold on the volume density (filling factor) of the laser
material can be qualitatively explained in terms of the diffusion model developed
in Section 4.6.

4.8 Dependence of the Random Laser Threshold
on the Diameter of the Pumped Spot

As shown in Section 2.8, the threshold energy density Eth/S in a
Nd0.5La0.5Al3(BO3)4 random laser depends on the diameter of the pumped spot
d as Eth/S ∝ 1/d + const at d ≥ 130 (Figure 2.24b, circles). Reasonably similar
functional relationships have been observed in ZnO thin films, Eth/S ∝ 1/d1.04,
and the PMMA film doped with rhodamine 640 dye and TiO2 nanoparticles
(lt = 0.9 µm), Eth/S ∝ 1/d1.2 [25].

The threshold dependence above is strongly different from that predicted by
Letokhov in the diffusion approximation for a uniformly pumped cylinder with
height h and diameter d, ∝ (4.8/d)2 + (π/h)2 [1–3] (Figure 2.24b, solid line). A
seeming discrepancy between the experimental results and the predictions of the
diffusion model initiated a number of theoretical studies where the experimental
threshold dependence was explained in terms of low dimensionality of a thin-
film random laser [25] or strong dispersion of the loss factors of lasing modes
[25,49]. As shown in this section, the experimental dependence Eth/S versus
d can be predicted in terms of the diffusion model if the realistic geometry of
experiment and boundary conditions are taken into account [50]. In the numerical
simulation [50], emitted photons were allowed to walk both in a pumped volume
and surrounding it scattering medium without gain. On the other hand, Letokhov
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considered a ‘free-standing’ cylindrical pumped volume with no reflections at the
boundaries [1–3]. This was the principal difference between the assumptions made
in References [1–3] and in this section.

4.8.1 Model and Monte Carlo Simulation
of the Residence Time

The developed theoretical model, explaining the experimental results of
Section 2.8, is based on the following assumptions:

1. Stimulated emission in a random laser occurs in a system with feedback. In
fact, according to Section 4.5, relaxation oscillations observed in the kinetics
of a random laser emission serve as evidence of feedback in the system.

2. Because crystalline granules composing the experimental sample are small and
irregularly shaped, it has been concluded that the feedback in the random laser
studied occurs in an ensemble of scatterers (Sections 2.4 and 2.5).

3. Stimulated emission in neodymium random lasers can be adequately described
with the system of Eqs. (4.14).

4. The residence time τres is assumed to be proportional to the average photon
pathlength inside the pumped volume. The pathlengths of random photon walks
are assumed to be unaffected by gain or absorption. An escape of photons to
the air is assumed to be the only loss mechanism for the photon density in the
scattering medium.

5. Because the transport mean free path of photons in the experiment was much
greater than the light wavelength and much smaller than the characteristic lin-
ear size of the pumped volume, the character of the photon motion in the
random laser medium (following the criterion of Ref. [39]) was assumed to be
diffusion.

In the Nd0.5La0.5Al3(BO3)4 ceramic sample studied in Section 2.8, irregularly
shaped and randomly positioned granules of laser material are separated by air
gaps. Reflection and refraction of light at crystalline–air boundaries determine the
scattering of photons in the medium. In the computer simulation, for the sake of
simplicity, the photon walks were examined in a periodic three-dimensional matrix
composed of cubic cells (Figure 4.12a). Because no wave coherence effects have
been taken into account, the diffusion character of photon motion in a regular
matrix should not be much different from that in an ensemble of randomly posi-
tioned scatterers. The size of a cubic cell was associated with the average size
of granules forming the ceramic. Each cell was assumed to contain five partially
reflecting planes (thin plane-parallel slides) with the index of refraction equal to
that of Nd0.5La0.5Al3(BO3)4 (Figure 4.12b). Photons in the system were allowed
to propagate through the centers of the cubic cells along the axes of a matrix
[1,0,0], [0,1,0], and [0,0,1]. The probability of a photon to be reflected by one of
the planes (or to propagate through the cell without reflection) was proportional to
the corresponding Fresnel coefficients. Light was assumed to be depolarized. The
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FIGURE 4.12. (a) Matrix of scattering cubic unit cells; and (b) a single cubic unit cell
with scattering planes, where a bold arrow indicates the incoming light and dashed arrows
indicate possible directions of the reflected light. (Source: Ref. [50].)

pumped volume in the model was a cylinder (disk), with diameter d and height h,
adjacent to the medium–air boundary. The cylinder was assumed to be uniformly
pumped.

In the computer model, the spontaneous emission of photons inside a pumped
volume, as well as the further photon motion through the scattering medium, was
governed by a random function generator, which output, when appropriate, was
weighed with the Fresnel reflection coefficients. The photon walks were calculated
until photons left the scattering medium to the air. (Otherwise, the calculation was
aborted after 105 steps. Only very small percentage of photons did not leave
the system over this time.) For each photon walk, the number of steps inside the
pumped volume was counted. A large number of photon walks were simulated and
the average was taken over different realizations. As with any simplified model,
this calculation neglected certain effects that can take place in real ceramic, such
as occasional multiple reflections of light inside crystalline granules. However, as
shown below, the model adequately describes the diffusion character of photon
motion and, thus, serves the purpose.

4.8.2 Calculation Results

To confirm that the photon motion calculated according to the procedure described
in Section 4.8.1 was, indeed, diffusion, the average square deviation of the photon
position from the point of the photon’s origin was calculated as the function of
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FIGURE 4.13. Dependence of the average photon walk versus d, calculated for different
sizes of the cubic unit cell. Circles: cylinder with height h = 60 µm, and diamonds: sphere.
Inset: computed average square deviation of the photon from the point of its origin as the
function of the step number. (Source: Ref. [50].)

the step number (which is proportional to time in a real experiment). The linear
dependence depicted in the inset of Figure 4.13 confirms the diffusion character
of the modeled photon motion.

As the next step, the dependence of the residence time τ
p
res and, accordingly,

of the threshold gain gth on the size of the pumped volume was calculated in two
configurations studied by Letokhov in [1–3]. (In the used model of a random laser,
which is outlined in Sections 4.2 and 4.8.1, τres is proportional to the number of
steps, gth is proportional to the threshold pumping energy Eth, and Eth is inversely
proportional to τres.) In particular, the dependence of gth on d was examined in
spherical and cylindrical uniformly pumped scattering volumes. The boundary
conditions (similarly to Refs. [1–3]) neglected any reflection at the medium–air
interface or the return of escaped photons back to the gain volume. The calculation
yielded the dependence gth ∝ (τ

p
res)

−1 ∝ d−2 for the sphere and the dependence
gth ∝ (τ

p
res)

−1 ∝ d−2 + const for the cylinder, both relationships predicted by
Letokhov [1–3]. This agreement can be used as reasonable evidence of the validity
of the proposed model and the assumptions made.

Finally, the dependence of the photon residence time τ
p
res on d for the flat-disk

geometry of the pumped volume realized in the experiment of Section 2.8 was
calculated. The series of the (τ

p
res)

−1 versus d curves, calculated for different sizes
of the cubic unit cell, is shown in Figure 2.24b. In this calculation, the depth
of the pumped layer was assumed to be 60 µm, which is a reasonable value for
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neodymium random lasers [51].As follows from this figure, the inverse photon resi-
dence time (τ

p
res)

−1, which is proportional to the threshold pumping density Eth/S,
depends on d as (τ

p
res)

−1 ∝ 1/d + const, which means that the experimental and
the calculated curves in Figure 2.24b have the same functional dependence on d.
This functional dependence is distinctly different from that predicted by Letokhov
[1–3] (Figure 2.24b, solid curve) and the one calculated when no escaped photons
were allowed to return back to the pumped volume (Figure 4.13). The agreement
between the theory and the experiment in the power dependence Eth/S versus d

obtained above justifies the proposed theoretical model and the assumptions made
in the beginning of Section 4.8.1.

The numerical discrepancy between the experimental and the calculated values
of the constant C2 in formula (2.2) (1 cm−1 and ≈1 mm−1, respectively) can
probably be explained by underestimated values of h or lt or by nonuniform spatial
distribution of excitation in the pumped volume.

By varying parameters h, lt , s, and the distance between the pumped volume
and the medium–air boundary, one can obtain a broad variety of the functional rela-
tionships (τ

p
res)

−1 ∝ 1/dx + const, with the parameter x varying between 1 and 2.
Thus, various functional dependences Eth/S versus d obtained in the experiments
of different research groups may not be in disagreement with the predictions of
the diffusion model.

4.9 Model of Coupled Intraparticle Resonators

In order to characterize the effective cavity (cavities) supporting stimulated emis-
sion in a neodymium random laser, the authors of Reference [12] analyzed its
linewidth �ν. Assuming that �ν is determined by the loss in a resonator cavity,
they have used a standard formula for a resonator Q-factor

Q = ν0

�ν
= 2πlν0

c

n
(1 − r)

(4.31)

to estimate the value of the output coupling (1 − r). (Here ν0 is the central fre-
quency of emission, l is the effective distance between reflectors, n is the index of
refraction, and c is the speed of light.) Further presuming that the effective cavity
length l was equal to the particle size, s ≈ 10−3 cm, they have determined from
the experimental value ν0/�ν the parameters Q = 104 and r = 0.99. The close-
ness of the effective reflection coefficient to unity suggested that the total internal
reflections played a significant role in the lasing process.

In a typical laser material with the index of refraction n = 1.8–2.0, the angle of
total internal reflection is equal to ϕ = 33.7–30 degrees. Assuming that the angles
of incidence of emission light-generated inside particles are random, the average
probability of total internal reflection is given by F = cos ϕ. Correspondingly, the
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average number of reflections, which the photon makes inside a particle before it
leaves it, is equal to k = (1 − F)

∑
m mFm−1 [12]. At n = 1.9, F = 0.85 and k ≈

7. It was further calculated [12] that for a photon, which makes k = 7 reflections
within one particle before moving to another particle (experiencing 20% reflection
loss at the two medium–air boundaries), the average reflection coefficient is equal
to r ≈ 0.97. This value is much smaller than r = 0.99 estimated above from the
linewidth �ν. Thus, it has been concluded [12] that ring laser modes supported by
total internal reflections within individual particles, rather than collective modes
in which photons freely walk from one particle to another, support stimulated
emission in neodymium powder (random) lasers.

The emission supported by intraparticle ring resonators was further modeled
in Reference [12] with the rate equations, which accounted for the population
inversion and the emission photon density in a cavity and, similar to Eqs. (4.14),
predicted relaxation oscillations in random lasers. Different powder particles have
different shapes and sizes. In addition, the pumping intensity varies with the
depth of the powder. The dispersion of individual parameters of independent gran-
ules should smear out any short spikes in the emission kinetics of an ensemble
of particles, thus making the calculated kinetics different from those observed
experimentally.

In order to describe the (not smeared) relaxation oscillations observed in
experiments, it was further assumed that emission in individual particles was syn-
chronized due to a weak coupling between them [12]. The calculated dynamics
of stimulated emission in two and three coupled resonators (see, for example,
Figure 4.3b) looked similar to the experimental ones. Thus, it was concluded
[12] that stimulated emission in a random laser was supported by weakly coupled
intraparticle resonators.

(The arguable point in the analysis above is the unjustified assumption that
the characteristic cavity size l is equal to the particle size s ≈ 10−3 cm. Instead,
one can hypothesize that l is larger than s; for example, l = 10s. In this case,
the effective reflection coefficient will be equal not to r = 0.99, but to r = 0.9,
Correspondingly, no assumption of high-quality intraparticle ring resonators would
be needed to explain the relatively low value of the reflection coefficient r = 0.9.)

The idea of coupled intraparticle resonators has been further developed in Ref-
erence [16]. As shown in Section 4.1, the diffusion model cannot adequately
describe the wavelength shifts in the mixture of Na5La0.05Nd0.95(MoO4)4 and
Na5La0.85Nd0.15(MoO4)4 powders. In search for a better theory explaining the
experimental results, the authors of [16] employed the model of coupled intraparti-
cle resonators. The active material was described in terms of the Liouville equation
for the density matrix and the field was described by the reduced Maxwell equation
taking into account the polarization of the medium determined by the off-diagonal
elements of the density matrix. It was further assumed that there were only two
types of particles in the mixture (highly doped and low doped) and that the transition
frequency was the only difference between them. By introducing the normalized
values of the density matrix elements R = ρµ2/2ε0�ω, complex field amplitude
E = Eµ/�ω, pumping intensity P = pµ2/2ε0�ω, decay rate Γ = γ/ω, and time
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t1 = tω, the following system of equations was obtained [16].

dRja

dt1
= −ΓaRja − i

2

(
RjE

∗
j − R∗

j Ej

)
+ Pj ,

dRjb

dt1
= −ΓbRjb + i

2

(
RjE

∗
j − R∗

j Ej

)
,

dRj

dt1
= −ΓRj − iRj

ω

(
ωj − ν

) − i
(
Rja − Rjb

)
Ej ,

dEj

dt1
+ iEj

ω

(
Ωj − ν

) + Ej

Qj

− MjlEl = iRj . (4.32)

Here indexes j, l = 1, 2 apply to high and low neodymium-doped components,
respectively; Ra and Rb are the diagonal elements of the density matrix and Rj

are the off-diagonal elements of the density matrix; Ωj and Qj are, respectively,
the eigenfrequency and the quality factor of the cavity of the jth type; and ν is
the steady-state frequency. The coupling coefficient Mjl is given by Mjl = kjlτl ,
where klj is the number of particles of type l located near the particle of type j

and τl = τ exp(iζ) is the complex coupling coefficient.
Solving Eqs. (4.32) and substituting to the solution the known values of the

spectroscopic parameters, the authors of [16] obtained better agreement between
the calculation and the experiment than in the case where they used a diffusion
model. This agreement was used as a proof of the validity of the coupled resonator
model.

One should note that the model developed in Reference [16] used many sim-
plifying assumptions. Thus, only two types of particles were considered, the only
difference between high- and low-concentration particles was the transition fre-
quency, etc. This makes the justification of the model of coupled resonators not
very rigorous.

Apparently, an intraparticle feedback scenario is realized in certain random laser
materials, but not in all of them. As shown in [52], stimulated emission supported
by intraparticle resonances is observed in powders composed by large (≥50 µm)
regularly shaped particles. At the same time in fine powders, the particles of which
have irregular shapes, stimulated emission is supported by scattering occurring in
an ensemble of particles [52,18].

Note that the concept of coupled resonators is similar to the idea of coupled
dipole oscillators (like those in the Mie theory), which was recently proposed in
Reference [49] in order to describe the stimulated emission in ZnO powder and
random lasers based on polymers mixed with TiO2 particles.
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5
Engineering Aspects of Neodymium
Random Lasers: External Seeding,
Design, and Second Harmonic
Generation

5.1 Control of Neodymium Random Laser Emission
with External Seeding Light

As shown in Sections 2.4, 4.1, and 4.9, two laser powders characterized by slightly
different emission wavelengths, when mixed together, can influence stimulated
emission in each other. Similarly, random laser emission can be affected by intense
external laser light (control light or seeding light), the wavelength of which is
reasonably close to that of the random laser emission.

In Reference [1], a Nd0.5La0.5Al3(BO3)4 powder sample was illuminated with
short (≈10 ns) pulses of 532 nm pumping light and 1064 nm control light. The
wavelength of the control light was 0.9 nm longer than the wavelength of the
strongest emission line in Nd0.5La0.5Al3(BO3)4 powder, 1063.1 nm. The two
light spots with diameters equal to ≈2.5 mm, ideally overlapped each other. The
dynamics of the Nd0.5La0.5Al3(BO3)4 random laser emission and the seeding light
were monitored with a streak camera connected to a widely open output slit of a
monochromator.

The characteristic two-dimensional streak camera patterns recorded with and
without seeding light are depicted in Figure 5.1. Varying the intensity of the seeding
light, it was possible to control both the intensity (Figure 5.2) and the wavelength
(Figure 5.3) of the random laser emission. As shown in Figure 5.1, when 532 nm
pumping energy is close to the threshold, external seeding light can totally suppress
the random laser emission. Thus, using the control laser light, one can switch the
random laser emission on and off.

5.2 Effect of External Mirror on Stimulated Emission

The fact that stimulated emission in neodymium random lasers is sensitive to
external seeding light (Section 5.1) suggests that it also should be sensitive to the
presence of external mirrors. As shown in Section 4.2, the threshold of stimulated
emission in a random laser is inversely proportional to the photon residence time

101
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FIGURE 5.1. (a) Streak camera image of the stimulated emission in Nd0.5La0.5Al3(BO3)4
random laser at the excitation of the powder with 532 nm pumping light only. (b) The
absence of the random laser emission (at 1063.1 nm) at the simultaneous excitation of the
powder with 532 nm pumping light [of the same intensity as in Figure (a)] and 1064 nm
seeding light. (Source: Ref. [1].)

τres in the pumped volume. Thus, it is logical to assume that external mirrors,
which elongate the residence time τres, should be advantageous for stimulated
emission in random lasers.

The results obtained in laser dyes mixed with scattering particles (liquid ran-
dom lasers), which were operated with external reflectors, seem to be controversial.
Thus, the authors of Reference [2] claim that external reflectors broaden the stim-
ulated emission line and, hence, are disadvantageous for the random laser. On the
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FIGURE 5.2. Input–output curves of 1063.1 nm stimulated emission in
Nd0.5La0.5Al3(BO3)4 powder. Solid circles: 532 nm pumping only; shaded squares:
532 nm pumping and 1064 nm seeding. (Source: Ref. [1].)

other hand, according to [3], external mirrors lead to three- to fivefold reduction of
the emission linewidth and, thus, are highly beneficial for the stimulated emission
of random lasers. Apparently, so large a difference between the conclusions above
is due to the difference in the experimental parameters, such as the diameter of the
pumped spot, the thickness of the gain volume, the concentration and the size of
the scatterers, the value of the gain, etc.

FIGURE 5.3. Wavelength of the Nd0.5La0.5Al3(BO3)4 random laser emission as a function
of the 1064 nm seeding pulse energy. (Source: Ref. [1].)
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In ZnO random lasers, the presence of an external reflector strongly influences
the laser modes, the output intensity, and the threshold of stimulated emission. An
almost tenfold increase of the output energy was obtained in ZnO film consisting
of 20 to 150 nm nanoparticles in Reference [4]; see Section 7 for more details.

In order to investigate the effect of external mirrors on stimulated emission in
the neodymium random laser, the experiment was carried out in [1]. In the setup
shown in Figure 5.4, the mirror, which had high reflection at 1.06 µm and high
transmission at 0.53 µm, was positioned close to the front wall of the 1 mm thick
cuvette containing Nd0.5La0.5Al3(BO3)4 powder. The powder was pumped (with
the radiation of a frequency-doubledQ-switched Nd:YAG laser) through the mirror
and the emission was collected from the rear side of the cuvette (Figure 5.4). In the
reference measurement, the mirror was removed from the setup. The input–output
curves obtained with and without the external mirror are shown in Figure 5.5.
As follows from this figure, the external mirror helps to reduce the threshold and
increase the slope efficiency of random laser emission.

The relative smallness of the effect (≈20%) can be explained by a considerably
large distance between the powder and the mirror (≈1 mm) determined by the
thickness of the cuvette wall and the air gap between the cuvette and the mirror. In
Reference [5], where the layer of NdSc3(BO3)4 powder was placed between the
dichroic dielectric mirror and the gold mirror (without gaps between the mirrors
and the powder), the reduction of the threshold was fourfold. These experiments
suggest that a significant improvement of random laser efficiency can be expected
if laser powder is enclosed in a black-body like cavity with highly reflective walls
and a small opening for pumping and delivery of stimulated emission (Figure 5.1b).

A dramatic reduction of the threshold in the setup of Figure 5.4 (much larger than
that in Figure 5.5) has been predicted theoretically in Reference [6]. The calculated
decrease of the threshold was due to a better overlap between the pumped region
and the lasing modes, as well as different eigenmode structures of the systems
with and without the mirror. An analysis of the decay rate distributions in one-
dimensional systems open at one end and both ends showed an enhancement of
localization in the former case.

mirror

cuvette with powder

collecting lens

monochromator
pumping

FIGURE 5.4. Schematic diagram of the Nd0.5La0.5Al3(BO3)4 powder laser with external
mirror. The mirror has high transmission at the pumping wavelength, 532 nm, and high
reflection at the random laser wavelength, 1063.1 nm (after [1]).
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FIGURE 5.5. Stimulated emission in Nd0.5La0.5Al3(BO3)4 powder with external mirror
(squares) and without external mirror (diamonds). (Source: Ref. [1].)

The threshold reduction in the one-mirror random laser scheme allowed the
authors of Reference [7] to demonstrate a quasi-cw Nd:YAG random laser pumped
with 100 to 200 µs rectangular pulses of semiconductor laser (λpump ≈ 805 nm).
The random laser consisted of a 4%-doped Nd3+:YAG powder tablet with a
dimension of Ø 16 × 3 mm3 and a mirror with high-reflective coating at 1064 nm
(measured to be ∼99.5%). The coated mirror face was at the powder side. A scan-
ning electron microscope image showed that the powder particles had an average
size of about 250 nm. The volume fraction of powder was approximately equal
to 50%.

Experimentally, the threshold behavior and a substantial spectral narrowing
of the spectral line (δν ≤ 0.1 nm) were observed at the increase of the pumping
power [7]. In addition, spiking behavior was observed when the pumping power
exceeded the second critical threshold. When the pumping power increased further,
the spiking behavior, explained in terms of relaxation oscillations, became more
pronounced (larger amplitude and higher repetition rate).

5.3 Fiber-Coupled Random Laser

Random lasers pumped through the surface of a scattering medium have two
obvious disadvantages: a fraction of the pumping energy, sometimes very large,
is reflected by the sample and, thus, wasted; and the gain volume in the
medium is, as a rule, located very close to the surface of the sample, which
reduces Q-factors of effective cavities formed by scatterers. These two factors
increase the threshold energy and reduce the slope efficiency of stimulated
emission.

Both the threshold energy and the slope efficiency can be improved if a random
laser is excited through an optical fiber that delivers pumping energy deep inside
the scattering medium. For example, such pumping was realized in [8], where a
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relatively high quantum yield of stimulated emission, η ∼ 0.2 to 0.25 (measured
with respect to the stored population inversion), was reported.

In Reference [9], the threshold and the slope efficiency of stimulated emis-
sion in the NdSc3(BO3)4 random laser were studied when the powder was
pumped through (I) the 400 µm fiber that was inserted deep inside (∼5 mm)
the volume of the powder and (II) the same fiber separated from the surface of
the powder by ∼0.35 mm glass wall. Similar to many other neodymium ran-
dom lasers (see, for example, Refs. [8,10,11]), the peak emission intensity of
NdSc3(BO3)4 powder increased dramatically above the threshold, its emission
spectrum narrowed to a single line, and the emission kinetics changed from ∼16 µs
nearly exponential decay to one or several pulses of nanosecond scale (relaxation
oscillations).

The input–output curves recorded in configurations I and II are shown in
Figure 5.6, where the energy of short-pulsed stimulated emission delivered through
the fiber is plotted along the vertical axis.

One can see that in setup #I the threshold energy is half as large and the slope
efficiency is fivefold larger than in the surface-pumped configuration of setup #II.
The observed reduction of the threshold was, most likely, caused by the higher
fraction of absorbed pumping energy and the longer photon residence time in
setup #I. The relatively high slope efficiency in setup #I originated partially from
the enhanced fraction of absorbed pumping energy and partially from the larger
fraction of stimulated emission coupled to the fiber.
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FIGURE 5.6. Input–output curves of NdSc3(BO3)4 random laser emission recorded
in fiber-pumping configurations I and II. In all experiments, the samples were pumped
with ∼10 ns laser pulses at 532 nm. (Source: Ref. [9].)
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The time interval �t12 between the first and the second relaxation oscillation
pulses in the emission kinetics, in the first approximation, can be associated
with the inverse frequency of relaxation oscillations �t12 ∼ ν−1. As shown in
Reference [12], with the increase of the pumping energy �t12 decreases first and
then saturates at large pumping energies. The saturated value �t12 monotonically
increases with the increase of the photon residence time and, correspondingly, the
Q-factor of a random laser [12]. (Note that in the literature [13–15] the dependence
ν ∼ τ

−1/2
res takes place only in the case of damped relaxation oscillations.)

The experimentally measured (saturated) time interval �t12 is larger by ∼20% in
configuration I than in configuration II [9]. This suggests that the photon residence
time and the Q-factor of an effective cavity get larger when the fiber is inserted
deep inside the scattering medium. (Due to the nonlinear dependence of �t12 on
Q, the ratio of the Q-factors in configurations I and II should be larger than 20%.)

To investigate the efficiency of stimulated emission that is unaffected by the
fraction of emitted light collected to the detector, the total number of stimulated
emission photons was normalized by the total number of neodymium ions excited
to the upper laser state 4F3/2. (The latter is proportional to the time-integrated
spontaneous emission signal below the threshold.) It has been found that the slope
efficiency normalized this way is as high as 80–90% in configuration I [9].

Note that in addition to the demonstrated significant improvement of the opera-
tion parameters, fiber-coupled random lasers may be advantageous for photonics
applications because of easy-to-handle stimulated emission delivered through
a fiber.

5.4 Demonstration of a Second-Harmonic
Powder Laser

In Reference [16], a second-harmonic generation in a mixture of powders of laser
Nd0.5La0.5Al3(BO3)4 and frequency-doubling 2-methyl-4-nitroaniline (MNA)
materials has been demonstrated. The short-spike 1.06 µm stimulated emission
and its second harmonic have been described with the model accounting for
the population inversion and the energy density of 1.06 µm and 0.53 µm radi-
ation in the pumped volume. The experimental results are in good agreement
with the model predictions. The optimum MNA concentration was shown to be
dependent on the pumping energy. The theoretically predicted optimal nonlinear
coefficient in (pulverized) nonlinear material was 102 to 103 times larger than that
in MNA.

5.4.1 Experimental Samples

As an active medium for the second-harmonic random (powder) laser, a mixture of
Nd0.5La0.5Al3(BO3)4 and 2-methyl-4-nitroaniline was used in [16]. The average
size of Nd0.5La0.5Al3(BO3)4 powder particles was approximately equal to 3.5 µm.
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MNA was obtained from Aldrich Chemical and then was purified by the physical
transport method using argon gas as the carrier at 150 to 160◦C.

The spectroscopic and frequency-doubling properties of MNA, one of the most
efficient second-harmonic materials, are described in [17] and [18]. The χ(2)

nonlinear coefficients reported in MNA (d12 = 38 and d11 = 250 pm/V [17])
are many times larger than those of conventional inorganic nonlinear materials
such as potassium dihydrogen phosphate and lithium niobate. Other nonlinear
optical coefficients in MNA (d33, d13, etc.) are at most only a few percent
of d11 [17]. The comparison of several powders of frequency-doubling materi-
als, which included MNA, methyl-(2,4-dinitrophenyl)-aminopropanoate (MAP),
MAP:MNA mixed crystal [19], LiNbO3, and Nd:YAl3(BO3)4] has shown that
MNA gives the most efficient 1.06 → 0.53 µm frequency conversion. This
determined the choice of MNA as the nonlinear material in the random laser
experiment.

Three mixed Nd0.5La0.5Al3(BO3)4/MNA samples studied in Reference [16]
contained 4, 16, and 29% of MNA (by weight). A pure Nd0.5La0.5Al3(BO3)4
powder was also used in some of the measurements for comparison.

5.4.2 Experimental Results

Experimentally, the powders were excited with yellow light (λ = 580 nm) of a
pulsed dye laser pumped by a frequency-doubled Q-switched Nd:YAG laser. The
duration of 580 nm pulses was close to 10 ns. The pumping beam was focused
to 0.02 cm2 spot. The measurements of the emission intensity were carried out
with a small-aperture detector that was set up at 20 cm from the illuminated
sample.

Under intense pumping, one or several short (∼1 ns) stimulated emission
pulses were observed in all powder samples studied. Simultaneously, a second-
harmonic radiation was found in the mixed samples. The spectra of ≈1063.1 nm
random laser emission and its ≈531.6 nm second harmonic are shown in
Figure 5.7.

The 531.6 nm light intensity (I0.53) is plotted against 1063.1 nm light intensity
(I1.06) in Figure 5.8. As follows from this figure, the slope of the dependence
log(I0.53) versus log(I1.06) is equal to 2, which is an expected signature of a second
harmonic generation.

The input–output curves of stimulated emission in the four samples studied
are shown in Figure 5.9. As follows from this figure, the threshold of stimu-
lated emission increases and the slope efficiency decreases with the increase of
MNA concentration in the mixture. Two possible reasons for this, the reduction of
the absorbed pumping energy in Nd0.5La0.5Al3(BO3)4 powder mixed with MNA
powder and the effect of 1.06 → 0.53 µm frequency conversion, are discussed in
Section 5.4.3.

The dependence of the second-harmonic output on MNA concentration, which
has the maximum close to a MNA concentration equal to 16%, is shown in
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FIGURE 5.7. The spectra of (a) ≈1063.1 nm emission and (b) ≈531.6 nm emission in a mix-
ture of Nd0.5La0.5Al3(BO3)4 and MNA powders. The linewidth is limited by the spectral
resolution of a monochromator. (Source: Ref. [16].)

Figure 5.10. This experimental dependence is compared with the theoretical
modeling in Section 5.4.3.

At 580 nm pumping, the efficiency of 1063.1 nm stimulated emission in the
Nd0.5La0.5Al3(BO3)4 powder laser was of the order of ≈1%. This measure-
ment was done by comparison of the random laser emission intensity (at the
pumping energy approximately two times the threshold energy) and the intensity
of light scattered from nonabsorbing Al2O3 powder. The intensity of 531.6 nm
second-harmonic radiation was approximately three orders of magnitude smaller
than that of 1063.1 nm stimulated emission.

5.4.3 Modeling: Comparison of Theory and Experiment

As shown in Section 4.2, the rate equation model similar to that describing
relaxation oscillations in regular lasers, which accounts for population inversion
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FIGURE 5.8. Dependence of the 531.6 nm light intensity versus 1063.1 µm light intensity.
(Source: Ref. [16].)

and density of stimulated emission energy in the pumped volume, in the first
approximation adequately describes the dynamics of stimulated emission pulses
and the threshold in neodymium random lasers. To account for second-harmonic
generation in the mixture of laser and frequency-doubling powders, the system of

FIGURE 5.9. Input–output curves in pure Nd0.5La0.5Al3(BO3)4 powder and mixtures of
Nd0.5La0.5Al3(BO3)4 and MNA powders. 1 (circles): x = 0; 2 (triangles): x = 0.04;
3 (diamonds): x = 0.16; 4 (squares): x = 0.29. (Source: Ref. [16].)
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FIGURE 5.10. Solid curves indicate calculated dependencies ESH versus X. (1)
Ein = 5.5 mJ; (2) Ein = 4 mJ; (3) Ein = 2.5 mJ. Arrows indicate the optimum MNA con-
centrations. Circles indicate experimental data obtained at Ein = 4 mJ. The effective area
of the pumped spot is equal to ≈0.02 cm2. (Source: Ref. [16].)

Eqs. (4.14) was modified to the form [16],

dn

dt
= P(t)

Slphνpump
− n

τ
− E1.06

hνem

cσemn,

dE1.06

dt
= −E1.06

τres
+ ζ

n

τ
hνem + E1.06cσemn − xAE2

1.06, (5.1)

dE0.53

dt
= xAE2

1.06 − E0.53

τres

.

Here E1.06 is the energy density of random laser emission, E0.53 is the energy
density of second-harmonic radiation, and A is the factor accounting for the
second-harmonic conversion efficiency. In Reference [16], the penetration depth
of pumping lp has been assumed to be equal to [(1 − x)k0

abs]−1, where x is the
relative concentration of MNA powder in the mixture and k0

abs is the absorption
coefficient in pure laser powder. For simplicity, the photon residence time τres was
assumed to be the same for 1063.1 nm stimulated emission and 531.6 nm second-
harmonic radiation. The numerical values of spectroscopic parameters in Eq. (5.1)
were taken to be the same as in Section 4.2.

According to [17], when 1.06 µm pumping flux exciting l = 50 µm thick plate
of (not specially oriented) MNA is of the order of P1.06/S = 108 W/cm2, the
approximate second-harmonic converting efficiency is equal to ς = 10−3. The
refraction index in MNA, averaged over different polarizations and propaga-
tion directions, is approximately equal to n∗ = 2. Equating second-harmonic
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energy density generated during the time that a photon needs to propagate
through the sample (AE2

1.06n
∗l/c) and the product of E1.06 and ς, one gets

(n∗l/c)AE2
1.06 = ςE1.06, where E1.06 = (P1.06/S)n∗/c. Combining these two

equations, one can roughly estimate the value of A in MNA powder to be equal to
A = ςc2/[(P1.06/S)n∗2l] ≈ 4.5 × 1011 cm3 s−1 J−1.

Solving the system of rate equations (5.1) at x = 0.1 and A ranging from
10 cm10 s−1 J−1 to 1017 cm3 s−1 J−1, one can show that at A < 1013 cm3 s−1 J−1,
the dynamics of 1063.1 nm stimulated emission pulses, Figure 5.11, is similar to
that obtained experimentally and calculated theoretically in the system without
second-harmonic generation (Figures 2.3 and 4.1).

The set of input–output curves of 1063.1 nm stimulated emission, I1.06,
and 531.6 nm second-harmonic radiation, I0.53, calculated at A = 4.5 ×
1011 cm3 s−1 J−1 and x equal to 0, 0.04, 0.16, and 0.29 is shown in Figure 5.12.
Comparing Figures 5.12a and 5.9, one can see that the model predictions for
1063.1 nm emission are in good qualitative agreement with the experimental
results. The data from Figures 5.12a and 5.12b are plotted according to the basis
ln(I0.53) versus ln(I1.06) in Figure 5.13. As follows from Figure 5.13, the slope
of the ln(I0.53) versus ln(I1.06) dependence is close to 2. More careful consid-
eration shows that this slope is slightly larger than 2 before the threshold, the
slope increases to an even higher value after the threshold (at small emission
energies), and finally, it decreases to a value slightly less than 2 at large pump-
ing (and emission) energies. The increase of the slope to a value larger than 2
can be explained by reduction of the 1063.1 nm pulse duration and corresponding
increase of the 1063.1 nm peak emission power, which occur at the increase of the
pumping energy (Sections 2.2.1 and 4.2, Ref. [11]). The reduction of the slope at
high pumping energy is due to the increase of the number of pulses in the series,
which reduces the 1063.1 nm peak emission power. In the fairly wide range of the
emission intensities (above the threshold) the slope of the dependence ln(I0.53)

versus ln(I1.06) is very close to 2. The experimental curve shown in Figure 5.8
corresponds to this energy range. The good agreement between the calculations
above [dynamics of stimulated-emission pulses, input–output dependences, and
ln(I0.53) versus ln(I1.06) dependence] and the experimental results proves that,
in a first approximation, the system of rate equations (5.1) adequately describes
stimulated-emission and second-harmonic generation in a mixture of laser and
frequency-doubling powders.

According to Figure 5.12, the maximum 1.06 → 0.53 µm conversion
efficiency is of the order of 3.2 × 10−3. This result is in reasonable
agreement with the experimental observation. To determine optimum frequency-
conversion efficiency for second-harmonic generation in a random laser,
one can calculate the series of input–output curves for x = 0.1 and A =
108 cm3 s−1 J−1, 109 cm3 s−1 J−1, . . . , 1017 cm3 s−1 J−1 (Figure 5.14).As follows
from Figure 5.14a, the effect of second-harmonic generation in the mixture of pow-
ders in practice does not affect the threshold and the slope efficiency of 1.06 µm
stimulated emission if A ≤ 1012 cm3 s−1 J−1. This implies that the change in
the threshold and the slope efficiency observed experimentally (Figure 5.9) and
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FIGURE 5.11. Calculated dynamics of (1) 1063.1 nm stimulated-emission pulses and
(2) 531.6 nm second-harmonic radiation in the mixture of powders of laser and
frequency-doubling materials; (3) pumping pulse shape. The stimulated-emission
kinetics are calculated for pumping energy equal to 500 mJ/cm2, x = 0.1, and
(a) A = 1011 cm3 s−1 J−1, (b) A = 1012 cm3 s−1 J−1, (c) A = 1013 cm3 s−1 J−1, (d)
A = 1014 cm3 s−1 J−1, (e) A = 1015 cm3 s−1 J−1, and (f) A = 1016 cm3 s−1 J−1.
(Source: Ref. [16].)
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FIGURE 5.12. (a) Calculated input–output curves of 1063.1 nm µm stimulated emission.
The calculation is done for A = 4.5 × 1011 cm3 s−1 J−1 and (1) x = 0, (2) x = 0.04,
(3) x = 0.16, and (4) x = 0.29. (b) Calculated input–output curves for 531.6 µm
second-harmonic radiation. The calculation is done for A = 4.5 × 1011 cm3 s−1 J−1 and
(1) x = 0.04, (2) x = 0.16, and (3) x = 0.29. The vertical scale in Figure (a) is compatible
with that in Figure (b). (Source: Ref. [16].)

calculated at A = 4.5 × 1011 cm3 s−1 J−1 (Figure 5.12a) is due to the reduction
of pumping-absorption efficiency in Nd0.5La0.5Al3(BO3)4 powder diluted with
MNA powder but not to second-harmonic generation. The relevant dependence
of the stimulated-emission intensity on powder volume density (filling factor) is
discussed in Reference [20]. The efficiency of second-harmonic conversion at
A ≤ 1012 cm3 s−1 J−1 is also fairly small. (The value of A in MNA is equal to
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FIGURE 5.13. Calculated ln(I0.53) versus ln(I1.06) dependence corresponding to
the input–output curves shown in Figure 5.12. The curves are calculated for
A = 4.5 × 1011 cm3 s−1 J−1 and (1) x = 0.04, (2) x = 0.16, and (3) x = 0.29. Trace 4
corresponds to the slope equal to 2. The vertical line corresponds to 1% of the maximum
1.06 µm emission signal in Figure 5.12a. (Source: Ref. [16].)

4.5 × 1011 cm3 s−1 J−1.) The efficiency of 1063.1 nm stimulated emission signif-
icantly decreases with the increase of A at A ≥ 1013 cm3s−1J−1. This effect is
understandable, because efficient frequency conversion reduces 1063.1 nm emis-
sion energy density, which is essential for stimulated emission. The decrease of
peak 1063.1 nm emission power with the increase of A as well as the behavior
of peak second-harmonic radiation power with the change of A are shown in
Figure 5.15. As follows from Figure 5.11, sharp emission spikes disappear and
the emission kinetics becomes smoother with the increase of A. This behavior
is reasonable because the efficiency of second-harmonic generation is propor-
tional to E2

1.06, and thus the frequency conversion is damping primarily sharp
high-power 1063.1 nm emission spikes. The efficiency of second-harmonic gener-
ation increases with the increase of A until A = 1015 cm3 s−1 J−1 and then rapidly
decreases with a further increase of A. The roll-off of second-harmonic energy at
large values of A can be explained with a significant decrease of the peak 1063.1 nm
emission power and net emission energy.

As follows from Figure 5.12b, close to the threshold, the energy of 531.6 nm
radiation is larger in the mixture of powders with MNA concentration equal
to x = 0.04, at larger pumping energy the second-harmonic output is larger
in the mixture with x = 0.16, and at maximum pumping energy it is larger at
x = 0.29. To optimize MNA concentration, the input–output dependence in the
mixed Nd0.5La0.5Al3(BO3)4/MNA samples (Figure 5.9) was described in the first
approximation with the formula

Eout
1.06 = (Ein − Eth(1 + χx))η(1 − ξx), (5.2)
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FIGURE 5.14. Calculated input–output curves (a) of 1063.1 nm stimulated emission and
(b) of 531.6 nm second-harmonic radiation. The calculation is done for x = 0.1 and
A = 108 cm3 s−1 J−1, (2) A = 109 cm3 s−1 J−1, . . ., (10) A = 1017 cm3 s−1 J−1. The
vertical scale in (a) is compatible with that in (b). (Source: Ref. [16].)

where Eout
1.06 is the output energy (at 1063.1 nm), Ein is the pumping energy, Eth is

the threshold pumping energy in pure Nd0.5La0.5Al3(BO3)4 powder, η is the slope
efficiency in pure Nd0.5La0.5Al3(BO3)4, x is the percentage of MNA powder in the
mixture (by weight), and χ and ξ are the coefficients accounting for the increase
of the threshold and reduction of the slope in the mixed samples. The experimental
data of Figure 5.9 can be reasonably accurately fitted with Eq. (5.2) at χ = 0.8
and ξ = 2.25. The dependences Eout versus x calculated according to Eq. (5.2)
for different pumping energies are shown in Figure 5.16.
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Ref. [16].)

Because the energy of second-harmonic generation ESHG is proportional to
(Eout

1.06)
2 and x [see Figures 5.8 and 5.13 and Eq. (5.1)], one can write

ESHG = {[Ein − Eth(1 + χx)]η(1 − ξx)}2x. (5.3)

The dependences of ESHG on x calculated according to Eq. (5.3) for several dif-
ferent pumping energies are shown in Figure 5.10. Good agreement between
calculated and experimental results (Figure 5.10) validates this simple model. As
follows from Figure 5.16, the MNA concentration at which the second-harmonic
output reaches its maximum value is different at different pumping energies. This
gives one a tool for optimizing second-harmonic generation in powder lasers.

The model considered in Reference [16] [Eq. (5.1)] accounts only for spatially
averaged population inversion and energy density of 1063.1 nm emission and its
second harmonic in the pumped volume, and does not account for any specific
features of light propagation in the pumped volume. The effect of scattering comes
to the model only through the photon residence time τres, which is determined by
the diffusion of photons in a scattering medium.

Second-harmonic generation in scattering materials has been studied in detail in
theoretical work [21]. According to [21], the size of the particles, elastic scattering
lengths at fundamental and second-harmonic frequencies, the sign of the frequency
dispersion of the refractive index (it should be negative for the best result), and
many other parameters (in addition to second-harmonic nonlinear coefficients)
are very important for optimization of the second-harmonic output. Apparently,
these factors, as well as the pumped volume, penetration depth for pumping,
volume density (filling factor) of the powder particles, and so on, determine the
efficiency of second-harmonic generation in a powder laser. This suggests many
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FIGURE 5.16. Calculated dependences Eout
1.06 versus x. (1) Ein = 5.5 mJ, (2) Ein = 4 mJ,

(3) Ein = 2.5 mJ, (4) Ein = 2 mJ. The effective area of the pumped spot is equal to
≈0.02 cm2. (Source: Ref. [16].)

opportunities for the further study and optimization of second-harmonic intensity
in random (powder) lasers. The possibility of frequency conversion in powder
lasers strongly increases their spectral range and can lead to new and interesting
applications.
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6
Random Lasers Pumped with
Electron Beam

6.1 Rare-Earth Random Lasers Directly Pumped
with Electron Beam

The majority of random lasers are pumped optically, in most cases via the sample
surface. In such pumping geometry, scattering, which is essential for providing a
stimulated emission feedback, also plays a negative role, reflecting pumping light
and reducing the pumping efficiency. One of the ways to increase the pumping
efficiency is to deliver excitation light deep inside a scattering volume through
an optical fiber [1,2] or a narrow channel “drilled” in a powder by focused laser
light [3]. Alternatively, the thickness of a pumped layer and, correspondingly, the
quality factor of an effective resonator formed by scatterers, can be increased if
electron beam pumping is used instead of optical pumping [4–7]. In the latter case,
the penetration depth can be controlled by the energy of an electron beam [5,6]
(Figure 6.1).

Rare-earth random lasers pumped with a dc electron beam have been studied in
References [4–10]. The nanopowders of δ-alumina doped with Ce3+, Pr3+, and
Nd3+ ions have been synthesized using a flame spray pyrolysis technique [8]. In
different samples, the doping level varied between 100 and 1000 ppm and the size of
individual particles varied between 10 and 40 nm. The typical transmission electron
microscope image of doped δ-alumina nanoparticles is shown in Figure 6.2.

Loose powders were lightly compressed and mounted in several-millimeter-
wide shallow recesses of oxygen-free copper platen in an ultra-high vacuum
(6 × 10−10 − 9 × 10−10 T ) and irradiated with an electron beam. In different
experiments, the diameter of the electron beam varied between 1 and 7 mm, and
the electron energy varied between 1 and 10 keV. The spectra of cathodolumines-
cence at different electron beam currents and energies were recorded using a 1 m
grating spectrometer.

6.1.1 Ce:δ-Alumina Random Laser

Stimulated emission in Ce3+ doped δ-alumina (δ-Al2O3) has been studied in
References [4,5,8,9]. In the experiment described in [6], the mean particle size

120
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FIGURE 6.1. Monte Carlo simulation of mean electron penetration in alumina versus incident
energy. The mean value of the Gaussian distribution in the inset is plotted versus energy in
the main frame. (Source: Ref. [5].)

was equal to 20 nm and the doping level was equal to 1000 ppm. The transport
mean free path, determined in the coherent backscattering (CBS) experiment, was
equal to lt = 114 nm at the wavelength λ = 363.8 nm.

The spectrum of cathodoluminescence consisted of two almost unresolved
bands, corresponding to the transitions 5d−4f 2F5/2 (higher energy) and
5d−4f 2F7/2 (lower energy) Figure 6.3. (A Dieke diagram for the energy levels of
trivalent cerium, praseodymium, and neodymium ions discussed in this chapter is
shown in Figure 6.4.) The physical mechanism of the excitation of cathodolumi-
nescence, supposedly similar to that in scintillators [12,13], was not discussed in
detail in References [4,5,8,9].

At small pumping current, the combined emission band had a peak at approxi-
mately 2.6 × 104 cm−1 (≈0.385 µm) and a full width at half maximum equal to
6.6 × 103 cm−1. With the increase of the pumping current above a certain critical
threshold value, the emission band narrowed to 4.8 × 103 cm−1 and its maximum
shifted to approximately 2.8 × 104 cm−1 (≈0.36 µm). The dependence of the
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FIGURE 6.2. Transmission electron microscope picture of δ-alumina nanoparticles. (Source:
Ref. [9].)

emission intensity at λ = 362 nm versus pumping current can be described with
a combination of two straight lines with different slopes (inset of Figure 4.5a).
The change of the slope occurs at exactly the same threshold at which the narrowing
of the emission band is observed.

The experimental results above were explained by an onset of cw stimulated
emission at the Ce3+ 5d−4f 2F5/2 transition. In fact, in the case of lasing, only
the emission intensity at the laser transition continues to grow above the threshold,
and the emission intensity at the other transition originating from the same upper
laser level (5d−4f 2F7/2) saturates at its threshold value. This explains the experi-
mentally observed spectral changes. The fact that the input–output curve consisted
of straight lines (as opposed to an exponential function) was used as reasonable
evidence that the observed phenomenon was a stimulated emission with feedback
rather than an amplified spontaneous emission (ASE) in open paths.

Note that the threshold behavior lacking a strong change of the slope (inset
of Figure 4.5a) is in line with the results of the theoretical modeling of a
cw random laser emission discussed in Section 4.3. The fact that the stim-
ulated emission threshold is first achieved at the transition terminating at
the ground state 4f 2F5/2 (three-level laser scheme) rather than at the empty
excited state 4f 2F7/2 (four-level laser scheme) can be explained if one assumes
that the transition 5d−4f 2F5/2 has a higher cross section than the transition
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FIGURE 6.3. Cathodoluminescence spectra of Ce:δ-Al2O3 nanoparticles excited by various
electron beam current levels (4 keV, 2 mm beam diameter). (Source: Ref. [9].)

5d−4f 2F7/2 and that the ground state 4f 2F5/2 is strongly depopulated by strong
pumping [14].

The spectrum of Ce:δ-Al2O3 stimulated emission depicted in Figure 6.3 was
lacking any sharp lines, which could be attributed to coherent laser modes
supported by morphological intraparticle or interparticle resonators. In addition,
no speckle pattern was seen in cerium random laser emission [9]. These two
observations served as evidence of low coherence of the Ce:δ-Al2O3 random laser.
The low degree of coherence has been explained by a very short (shorter than half
of wavelength) photon mean free path, which causes strong (Anderson [15–18])
localization of light in a scattering material.

It has been argued [7,9] that if emitted electromagnetic energy is significantly
attenuated (by scattering) at a distance shorter than a wavelength, the emitted light
does not propagate or diffuse at all. Instead, it assumes a distribution similar to that
of a three-dimensional evanescent field as a result of lossless reflection between
particles. Accordingly, if closed paths providing for feedback are shorter than half
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FIGURE 6.4. Dieke diagram for the energy levels of triva-
lent cerium, praseodymium, and neodymium ions (after
[11]).

wavelength, interference of light required to produce frequency selectivity cannot
occur [9].

The proposed applications of electron-beam-pumped Ce:δ-alumina lasers
included nanolithography, sources for airborne and space communication devices,
and novel materials for displays [4].
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6.1.2 Pr:δ-Alumina Random Laser

Stimulated emission in Pr3+ doped δ-alumina has been studied in
References [5,8,9] (in [5] the same material was identified as β”-alumina). The
mean particle size was equal to 40 nm and the level of praseodymium doping
was equal to 1000 ppm [9]. The transport mean free path, determined in a CBS
experiment, was equal to lt = 311 nm at λ = 632.8 nm, less than half a wavelength.

The change in the spectrum of electron-beam-pumped praseodymium emission
with the increase of current is shown in the inset in Figure 6.5. As follows from
this inset, the two sharp emission lines at 15,810 cm−1 and 16,000 cm−1 (λ ≈
0.63 µm), which are almost nonexistent at small current, become predominant in
the spectrum at stronger pumping. These spectral lines were assigned to the Pr3+
transition 3P0 − 3H6 (Figure 6.4) [9]. These stimulated emission wavelengths and
the transition were different from those in the optically pumped praseodymium
random laser, 0.76 to 0.77 µm and 3P0−3F4 [19,20].

FIGURE 6.5. Emission intensity versus current at λem = 633 nm in Pr:δ-Al2O3 nanoparti-
cles, and electron energy (1 to 10 keV). Inset: Emission spectra of Pr:δ-Al2O3 illustrating
growth of the red transition with increasing current at 7 keV. (Source: Ref. [9].)
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The series of input–output curves (emission versus current) measured at different
electron beam energies is shown in the main frame of Figure 6.5. Based on the
combination of the threshold behavior of input–output curves, which was more
pronounced at small energies of an electron beam, and the evolution of the spectra,
the observed emission was concluded to be a stimulated emission of Pr:δ-alumina
random laser.

With the increase of electron beam energy, the input–output curves became
steeper, developed more curvature, and the threshold current lowered [5,9]
(Figure 6.5). This threshold behavior was not surprising, since with the increase
of the electron energy, the penetration depth of pumping and, correspondingly,
the Q-factors of effective cavities increased too [5,9,14]. The input–output curves
characterized by not very dramatic changes of the slope are in good qualitative
agreement with those calculated in cw approximation in Section 4.3 (Figure 4.5).
The curvature of input–output dependences became highly pronounced at the elec-
tron energy exceeding ≈4 keV (Figure 6.5), at which the penetration depth of an
electron pumping was of the order of the transport mean free path. This effect was
explained by stimulated emission generated in the depth of powder and ampli-
fication of spontaneous emission occurring in the layers of powder, which were
relatively close to the surface [5,9,14].

The stimulated emission of Pr:δ-alumina, similar to that of Ce:δ-alumina, was
characterized by the absence of speckle pattern, absence of directionality, and
absence of narrow emission lines (coherent modes) in the spectrum [5]. The
observed properties of the praseodymium random laser emission were explained
(analogous to the case of Ce:δ-Al2O3 random laser) by strong localization of
light in subvolumes much smaller than the emission wavelength. When lt � λ,
the coherence length lc is also shorter than λ, and light becomes evanescent
and nonpropagating, oscillating in time but not in space. In this regime, a low-
coherence omnidirectional laser emission without any speckle or mode structure
is expected [5].

Studies of emission in a praseodymium random laser pumped with electron beam
were also mentioned in References [19,20]; however, no experimental details were
given.

6.1.3 Nd:δ-Alumina Random Laser

Stimulated emission in Nd:δ-Al2O3 nanopowders pumped with an electron beam
has been observed at several different wavelengths in References [6] and [10]. In
[6], δ-alumina particles had log-normal distribution of their sizes, mean diameter
equal to 27 nm, and 1000 ppm concentration of Nd3+ ions (≈240 neodymium ions
per granule). The diameter of the focused electron beam was equal to 1 to 2 mm.
By varying the energy of an electron beam between 2 and 10 keV, one could control
the penetration depth of electrons (Figure 6.1) and, correspondingly, the position
of the pumped volume with respect to the surface of the sample.

It has been found [6] that at the energy of electron beam equal to 8 keV and
relatively small current, 3.3 µA, the largest emission peaks in the vicinity of 400 nm
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FIGURE 6.6.Voltage dependence of cathodoluminescence spectral peaks in the 25,000 cm−1

region. Features above 25,000 cm−1 (attributed to the transitions originating from the state
2F7/2) grow rapidly up to 5 kV and then quench. Features below 25,000 cm−1 (attributed
to the transitions originating from the state 2F5/2) are absent until 5 kV. (Source: Ref. [6].)

are located above 25,000 cm−1. At the same time, at stronger current, 16.9 µA,
the largest peaks appear below 25,000 cm−1 and the original intense lines vanish.
A similar pattern is observed with the increase of the electron energy as shown
in Figure 6.6. Spectroscopic studies allowed one to assign most of the observed
emission lines to corresponding electronic transitions [6]. Thus, spectral features
above 25,000 cm−1 were assigned to transitions originating at the state 2F7/2 and
those below 25,000 cm−1 were attributed to transitions originating at the state
2F5/2 (Figure 6.4).

Emission intensities observed at several UV and visible transitions starting at the
levels 2F5/2 and 2F7/2 are plotted versus electron beam current in Figure 6.7a [6].
According to this figure, emission at all transitions, except 2F5/2 − 4F9/2, quenches
rapidly above ≈3 µA. (The population of the state 2F7/2 follows that of 2F5/2
because the two states have a relatively small energy gap, � ∼ 650 cm−1 and
are strongly thermally coupled.) At the same time, the emission at the transi-
tion 2F5/2 − 4F9/2 demonstrates a typical laser input–output curve, with a sharp
threshold and linear growth above the threshold. Note that in lasers, the population
inversion above the threshold should be locked at its threshold value. Thus, the
reduction of intensities of spontaneous emission transitions originating from the
upper laser level with an increase of the pumping power above the threshold
(Figure 6.7a) is rather unusual. However, as shown in Figure 6.7b, a simple rate
equation model, which takes into account ASE transitions originating from the
upper laser level, gives semiquantitative agreement with experimentally observed
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FIGURE 6.7. (a) Current dependence of ultraviolet and visible cathodoluminescence inten-
sities of the 2F5/2 and 2F7/2 states at 8 kV. All curves (but one) quench rapidly above

3 µA, where intensity of the 2F5/2 − 4F9/2 transition undergoes an abrupt change in
slope. (Source: Ref. [6], modified in accordance with [14].) (b) Intensities of stimulated
emission originating at the same upper level 4F3/2 and terminating at different lower
levels in Nd3+:d-Al2O3 nanopowder pumped with electron beam. Data points: experi-
ment; solid lines: calculation [14]. [The rate equation model comprised only the ground
state (|1 > 4I9/2), the metastable excited state (|2 >= 2F5/2), and three intermediate

states (|3 >= 4F9/2; |4 >= 4F3/2; |5 >= 4I15/2). Fixed decay rates γij from level i to

level j were taken to be γ23 = 2.1 × 105 s−1, γ24 = 2 × 106 s−1, γ25 = 4.25 × 105 s−1,
γ34 = 6 × 108 s−1, γ35 = 6 × 108 s−1. The diameter of the cavity was assumed to be
λ = 400 nm and cavity decay time was determined to be τc = 100 ± 50 ps [14].
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quenching dynamics [14,21]. The three emissions depicted in Figure 6.7b share a
common upper level 2F5/2 in a 5-level model. Three terminal levels of three stim-
ulated emission transitions, 4F9/2, 4F3/2, and 4I15/2, are coupled via the excitation
relaxation 4F9/2 → 4F3/2 → 4I15/2, which suppresses the stimulated emission at
the transitions 2F5/2 → 4F3/2, and 2F5/2 → 4I15/2 and increases the relative inten-
sity of the stimulated emission at the transition F5/2 → 4F9/2. In calculations, the
cavity size was taken to be equal to the wavelength, and the best agreement with
the experiment was obtained at the cavity decay time equal to τc = 100 ps.

Based on the spectral evolution (Figure 6.6) and the input–output behavior
(Figure 6.7), the authors of Reference [6] concluded that the observed phenomenon
was a laser emission with highly efficient feedback. When the energy of an elec-
tron beam and, accordingly, the distance between the pumped volume and the
surface of the sample increased, the intensity of the stimulated emission increased
(Figure 6.6) and the threshold decreased. The observed stimulated emission was
speckle-free; its spectrum did not depend on the detection angle, and it lacked
any narrow lines (similar to those found in ZnO or polymer films [22–26] and
associated with frequency resonances).

It has been concluded [6] that the obtained laser action (similar to the case
of Ce:δ-Al2O3 and Pr:δ-Al2O3 random lasers discussed in Sections 6.1.1 and
6.1.2) resulted from strong localization of light. In fact, according to the coherent
backscattering measurements, the transport mean free path was equal to lt ≈ 174 ±
31 nm, shorter than half the emission wavelength. Given that the coherence length
lc is limited to a subwavelength value, lc < lt < λ, light generated by impurity ions
necessarily acquires a spatial distribution resembling that of a three-dimensional
evanescent wave [27]. This property in combination with spatial randomization
on length scales smaller than λ/2 precludes directionality, mode selectivity, and
coherence of random emission.

In Reference [10], a Nd3+:δ-alumina sample synthesized from a different
metallorganic precursor than the sample of [6] (and possibly having differ-
ent absorption loss and porosity [14]) was studied in an experimental setup almost
similar to that of [6]. A series of emission spectra recorded at different electron
beam currents reveals many lines characteristic of Nd3+ (Figure 6.8). At low cur-
rent, 1 µA, the most prominent line, assigned to the transition 2F5/2 − 4F7/2 [10],
was observed at 25,000 cm−1 (Figure 6.4). At intermediate current values (20 to
40 µA) the intensities of transitions at 25,000 and 24,500 cm−1 reverse [14], just
as in [6]. At much stronger current, >50 µA, three emission lines originating
from the state 2F5/2 (at 25,000 cm−1, 32,500 cm−1, and 34,500 cm−1) were com-
pletely quenched and the intensity of the fourth transition originating from the
same level (2F5/2 − 4F3/2 at 27,000 cm−1) grew up strongly. In the same strong
current range (>50 µA), the spectral line at 23,000 cm−1, corresponding to the
transition 2P1/2 − 4I9/2, was quenched, whereas the intensity of another emission
line originating from the same state (2P1/2 − 4I11/2 at 21,000 cm−1) increased
significantly. This spectral redistribution, along with the threshold behavior of the
input–output curves (Figure 6.9), served as evidence of stimulated emission at
367 nm, 469 nm, and 870 nm (not shown in Figure 6.8) [10].
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FIGURE 6.8. Spectra of cathodoluminescence of Nd:δ-Al2O3 powder excited by various
electron beam currents at 10 keV (T = 295 K). (Source: Ref. [10].)

6.1.4 Discussion of Experiments with Electron
Beam-Pumped δ-Alumina Powders

In References [4–10], low-coherence, speckle-free, resonance-free, omnidirec-
tional random laser emission, observed in scattering media characterized by the
transport mean free path shorter than λ/2, was explained in terms of strong (Ander-
son) localization of light in volumes of subwavelength size. It has been assumed
that strong localization provides for high-quality effective cavities capable of
supporting cw laser emission at low gain [9]. The open questions relevant to
understanding of experiments discussed in this section are:

1. If the stimulated emission is supported by localization of light in small isolated
volumes, then what is the fraction of those small volumes in the total pumped
volume, and what, accordingly, is the efficiency of stimulated emission?

2. How do evanescent modes radiate light? What is the coupling mechanism
between localized modes and propagating modes?
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FIGURE 6.9. Peak emission intensity at λ = 469 nm in Nd:δ-Al2O3 powder pumped with
electron beam at 5 keV, plotted versus electron current (T = 295 K). (Source: Ref. [10].)

Note that low-coherence omnidirectional random laser emission cannot be used as
sufficient proof of localization of laser modes to subwavelength volumes. Incoher-
ent emission is also expected in diffusion-dominated random lasers with incoherent
feedback [28,29]. However, direct evidence has recently been provided that the
experiment in [6] involved cavity feedback on the scale of an optical wavelength.
As the electron penetration depth was increased from 0.25 to 1.2λ, laser emission
intensity has been shown to increase [30]. Because this result is the opposite of
what would be expected if the sample surface acted as a mirror, and occurred on
the distance scale of the optical wavelength, it furnishes evidence both of the laser
mechanism being independent of surface reflections and the cavity size being of
the order of a wavelength.

6.2 Nd:YAG Pumped with an Electron Beam
via Scintillator

The pumping of Nd:YAG with electron beam via scintillator has been demonstrated
in References [31,32]. A special electron-beam tube was designed, which allowed
one to cool samples down to 77 K. The layer of Nd:YAG and the layer of scintillator
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(cathodoluminophore) were deposited onto the surface of the target and coated
from the top with the reflecting layer of aluminum. (The parameters of powders
were not specified in References [31,32].) The scintillator was pumped by an
electron beam and produced an optical emission, the spectrum of which matched
the absorption spectrum of Nd:YAG. The aluminum film served as a mirror helping
to increase the efficiency of pumping and provide a confinement for Nd:YAG
emission.

The electron beam pulses were 0.7 µs long. When the pumping energy was
increased from 18 to 20 keV, the ratio of the intensities of the 1063 and 1081 nm
spectral lines (at the transition 4F3/2 − 4I11/2) increased sharply in a threshold-
like manner, from 2 to 3. Although the behavior of the Nd:YAG emission
closely resembled that of Ce:δ-alumina random lasers and Nd:δ-alumina ran-
dom lasers described in Sections 6.1.1 and 6.1.3, the authors of References
[31,32] described the observed emission as superfluorescence, meaning by it a
stimulated emission process below the threshold. It was further estimated that
it is unlikely that a short-pulsed random laser emission (similar to that excited
with Q-switched laser light) can be obtained under electron beam pumping
of reasonable intensity. However, a combined pumping by an electron beam
and a laser light is possible and can potentially find application in information
processing [31,32].
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7
Semiconductor Random Lasers

Stimulated emission in ZnO powder was first reported in 1981 in Reference [1].
Unfortunately, Reference [1] was lacking any details which could make it possible
to conclude whether the stimulated emission in ZnO occurred in individual gran-
ules or was supported by an ensemble of particles, what the character of feedback
was or the degree of coherence, and so on. The detailed study of ultraviolet stim-
ulated emission in ZnO powders is primarily due to Cao et al. (see, for example,
Refs. [2–5]). Near-infrared emission of semiconductor random lasers has been
demonstrated in GaAs0.972N0.028 film [6] and GaAs powder [7]. Eye-safe mid-
infrared random laser emission from Cr2+ doped semiconductor materials ZnSe
and ZnS [8,9] is discussed in Chapter 9. Random lasers based on semiconducting
polymers are described in Chapter 8.

7.1 ZnO Random Laser: Phenomenological
Description and Intuitive Model

In Reference [2], Cao et al. investigated 300 to 350 nm thick ZnO films composed
of 50 to 150 nm particles deposited (grown) on amorphous fused silica substrates
by ablation. A cross-sectional transmission electron microscopy (TEM) image
demonstrated a columnar growth of granules in the film. X-ray diffraction mea-
surements indicated that the particles in the film were textured with the c-axis
oriented perpendicularly to the substrate plate. The in-plane pattern of deposited
polycrystalline particles was highly disordered, resulting in strong optical scat-
tering of the film. The coherent backscattering measurements showed that the
scattering mean free path was of the order of 0.4 µm.

The samples were optically pumped with 15 ps pulses of a frequency-tripled
Nd:YAG laser at 355 nm. (The same type of pumping was used in the majority of
ZnO experiments performed by Cao’s group, which are discussed in this chapter.)

At low pumping intensity, a single spontaneous emission band, ascribed to
the transition from the conduction band to the valence band of ZnO, with the
maximum at ≈387 nm and the full width at half maximum equal to ≈10 nm has
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FIGURE 7.1. Emission spectra of ZnO film when the excitation intensities are (a)
330 kW/cm2, (b) 380 kW/cm2, and (c) 600 kW/cm2. The excited area is a strip
100 × 40 µm. The emission is collected from the edge of the film. (Pumping intensities are
given in terms of absorbed power. Only ∼1% of incident pumping power was absorbed and
∼99% reflected [10]). The inset of (a) is a schematic diagram showing the formation of
a closed-loop path for light through multiple optical scattering in a random medium. The
inset of (b) shows the integrated emission intensity as a function of excitation intensity. The
inset of (c) shows the intensity of the laser emission from the edge of the ZnO film as a
function of polarization angle when the excitation intensity is 400 kW/cm2. The intensity
maximum corresponds to the polarization direction parallel to the film. (Source: Ref. [2].)
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been observed (Figure 7.1a). As the pumping power increased, the emission band
became narrower, due to amplification of spontaneous emission in the vicinity of
the maximum of the gain band. When the pumping energy exceeded some thresh-
old level, narrow emission lines, with the FWHM smaller than 0.4 nm, appeared
in the spectrum (Figure 7.1b). The number of narrow lines in the emission spec-
trum increased with the further increase of the pumping energy (Figure 7.1c). The
dependence of the integrated emission intensity on the pumping energy resembled
the typical input–output curve known in regular lasers (inset of Figure 7.1b). The
emission above the threshold was strongly polarized (inset of Figure 7.1c). The
emission spectrum varied with the observation angle or when the pumped spot
was moved along the sample. It was found that the threshold pumping energy
density increased with the reduction of the pumped spot [2]. The threshold pump-
ing densities measured in different semiconductor random laser experiments are
summarized in Table 7.1. Similar laser effects have been observed in GaN powder
with an average particle size of 100 nm [2].

To explain the observed phenomenon, it has been proposed [2] that due to strong
scattering, emitted photons may return to the same positions where they were born,
thereby forming closed-loop paths (see inset of Figure 7.1a). Such loops can serve
as ring resonators for laser light, determining the frequencies of narrow stimulated
emission lines. Because different resonators have different losses and support
different oscillation frequencies, different stimulated emission lines appear in the
spectrum at different thresholds.

It has been further suggested that multiple ring cavities can have outputs at
different preferential directions. This explains the change of the emission spectrum
with the change of the observation angle. With increase of the size of a pumped
spot, the number of ring cavities increases, determining an increase of the number
of narrow emission lines in the spectrum. Correspondingly, when the area of the
pumped spot gets so small that it does not contain any low-loss modes, the threshold
of the stimulated emission increases and, eventually, the lasing stops [2].

The intuitive model above [2], later regarded by its authors as “naive,” quali-
tatively explains the majority of experimental features observed in ZnO random
lasers. More accurate and elaborate models of stimulated emission in scattering
ZnO powders and films are discussed below in this chapter.

7.2 Study of Angular Distribution of Stimulated
Emission in ZnO Random Laser

In Reference [11], the angular distribution of random laser stimulated emission
has been studied in 300 nm thick film of (0001) ZnO deposited on (0001) sapphire
substrates. It has been shown that the emission collected from the edge of the film,
both in the plane of the film and at the angles inclining to the surface of the film
(Figure 7.2a) is much more sensitive to the observation angle than the emission
collected from the film surface (Figure 7.2b).
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FIGURE 7.2. (a) Side emission spectra observed from different angles (0◦, 20◦, and 40◦) in
the plane of the film. The excitation intensity is 383 kW/cm2. The excitation stripe length
is 155 µm. The inset shows the experimental configuration. (b) Surface emission spectra
observed at different observation angles (0◦, 20◦, and 40◦) in the plane normal to the film.
The excitation intensity is 382 kW/cm2. (Source: Ref. [11].)

In the experiment, the central emission wavelength was equal to λ ≈ 385 nm,
the scattering mean free path (measured using the CBS technique) was equal to
2.6λ (≈1 µm), and the thickness of the film was equal to ≈0.8λ. The linear size
of the pumped spot varied in different measurements between 40 µm and 1 mm.

It has been argued [11] that because of a thin-film geometry of the samples
and the fact that the thickness of the film does not exceed the photon mean free
path, the effective lasing cavities (modes) lie and preferentially emit in the plane of
the film. It has been also assumed that different effective laser cavities or modes,
which oscillate at different resonant frequencies, can have one or several highly
directional outputs at different angles. Correspondingly, light signals from different
cavities (or ensembles of cavities) are detected at different angles, which results in
a strong angular dependence of the stimulated emission spectrum collected from
the edge of the film (Figure 7.2a).

It has been further speculated [11] that cavities (modes) have no highly direc-
tional outputs emerging from the surface of the film. Instead, each effective cavity
has numerous (and presumably relatively weak) nearly omnidirectional surface
losses. Thus, each cavity contributes to the surface emission at practically any
angle, which explains relatively moderate angular dependence of the stimulated
emission collected from the surface (Figure 7.2b).
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7.3 Effect of External Feedback in ZnO
Random Laser

The effect of an external feedback on stimulated emission of a ZnO random laser
was studied in [12]. The experimental samples were 300 to 350 nm ZnO films
consisting of grains, the sizes of which varied from 20 to 150 nm. The samples
were pumped through the front surface. The width of the excitation stripe was
equal to 40 µm and its length was varied in different measurements.

In two particular sets of experiments, an external mirror was placed (a) in front
of the edge of the sample (perpendicular to the film and the excitation stripe, Setup
#1) and (b) underneath the sample (parallel to the film, Setup #2). In both cases,
the presence of the mirror helped to increase the efficiency of laser emission and
the number of lasing modes.

It was inferred that in Setup #2, the primarily role of the mirror was to redirect
the pumping energy transmitted by the ZnO film back to the sample and, thus,
increase the pumping efficiency.

Because effective lasing cavities are preferentially oriented in the plane of the
film [11,12], the mirror in Setup #1 can effectively couple stimulated emission back
to lasing modes and, thus, increase their quality factors and reduce the threshold
energies. This was the most important role of the mirror in Setup #1. (The results
of this random laser experiment were consistent with the results of the ASE studies
carried in the same setup below the threshold [12].) The secondary function of the
mirror in Setup #1 was to increase the pumping efficiency via redirecting escaping
pumping photons back to the pumped volume. However, the relative enhancement
of stimulated emission caused by this latter mechanism was smaller in Setup #1
than in Setup #2.

7.4 ZnO Microlaser and Strong Spatial
Confinement of Stimulated Emission

In References [15,16], ZnO powders with the average particle size equal to 50 nm
(much finer than those used in Refs. [2,11–13]), were synthesized using the
precipitation reaction [19]. These powders we used to fabricate ≈1 µm isolated
clusters [15,16]; see inset of Figure 7.3. The samples were excited with a fourth
harmonic of the Nd:YAG laser (λ = 266 nm, tpulse = 15 ps). Experimentally, a
near-field distribution of stimulated emission was monitored simultaneously with
the emission spectra.

The evolution of the emission spectra and the input–output curves in [15,16]
(Figure 7.3) were similar to those in [2,13] and other related works. It has been
argued that the dramatic increase of the output efficiency above the threshold
in the ZnO random laser is due to the increase of the emission quantum yield
resulting from the competition between the radiative and nonradiative mechanisms
of emission decay.
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FIGURE 7.3. Spectrally integrated intensity of emission from the ZnO cluster as a function
of the incident pump pulse energy. The inset is the SEM image of the cluster. (Source:
Ref. [15].)

Below the threshold, the spatial distribution of emission intensity in a pumped
spot was nearly uniform, resembling that of pumping [15,16]. At the lasing
threshold, when the first narrow line appeared in the emission spectrum, two or
several bright spots appeared in the near-field emission pattern (Figure 7.4). With
further increase of the pumping energy, the number of bright spots in the near-field
emission increased along with the increase of the number of narrow emission spec-
tral lines. Because no spatial nonuniformity was detected in near-field spontaneous
emission, it was concluded that bright spots observed in stimulated emission cor-
respond not to the local areas where emission, hypothetically broadly distributed
in the interior of the sample, leaks out, but to the areas of spatial confinement of
stimulated emission.

It has been argued [15,16] that localization of emission observed in a near-
field pattern can be evidence of Anderson localization of light in micrometer-
scale random media [20–23].1 To support this statement, the Thouless criterion,
δν/�ν < 1 [26–29], was used, where δν = 1.8 × 1011 Hz (the mode linewidth in
the ZnO microlaser) was narrower than the mode spacing �ν = 2.4 × 1011 Hz.
Another argument supporting the existence of Anderson localization in the ZnO
random laser was a nearly satisfied Ioffe–Regel criterion, kl∗ ≤ 1, where k was

1Anderson localization in combination with coherent amplification was shown to be the
key factor determining an enhancement of reflection in random laser media [24]. Random
laser thresholds in the regime of Anderson localization were studied theoretically in [25]
and other works.
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FIGURE 7.4. (a) The measured spectra of emission from the ZnO cluster. (b) The measured
spatial distribution of emission intensity in the cluster. The incident pump pulse energy is
0.25 nJ. (Source: Ref. [15].)

the wave number of emission light and l∗ was the scattering mean free path [30].
In References [15,16], l∗ ≈ λ/2 and, hence, kl∗ ≈ 3. A possible argument against
Anderson localization in the ZnO random laser relies on a striking similarity of
the emission spectra in [15,16] and those, for example, in [11], where l∗ ≈ 2.6λ,
kl∗ ≈ 16, and the Ioffe–Regel criterion is not satisfied by far.

To model the near-field emission pattern and the spectrum of stimulated emission
in the ZnO random laser, the electromagnetic field distribution in a random medium
was calculated in [15] by solving Maxwell equations using a finite-difference
time-domain (FDTD) method. The gain was introduced to the system via negative
conductance σ and the randomness via the dielectric constant ε, which was varied
spatially to model the random distribution of ZnO particles. The calculations have
shown that when the optical gain exceeds its threshold value, the electromagnetic
field oscillation starts building up in the time domain. Using the Fourier trans-
form of the time domain data, the emission spectrum was calculated [15]. It has
been theoretically predicted that just above the threshold, one narrow spectral line
appears in the emission spectrum and several bright emission spots emerge in the
near-field emission pattern, close to the center of the pumped area (Figure 7.5).
Thus, the results of the model calculation resembled, in the first approximation, the
experimental results (compare Figures 7.4 and 7.5). The independence of the near-
field emission distribution and the emission spectrum of the boundary conditions
indicated that the lasing mode was formed by multiple scattering and interference
deep inside the disordered medium. In some sense, such a mode can be viewed as
a localized mode.

The theoretical study above was in line with those of [31,32], where by com-
bining the FDTD method with semiclassical laser theory [33,34], the authors were
able to analyze the interplay of localization and amplification. They predicted the
near-field pattern and the spectral peaks of localized laser modes in the system
(similar to those observed experimentally), explained nonisotropic properties in
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FIGURE 7.5. (a) The calculated emission spectrum. (b) The calculated spatial distribution
of emission intensity in the random medium. (Source: Ref. [15].)

the emission spectra, and predicted a mode repulsion, which is responsible for
the saturation of the number of lasing modes in a given laser system [31,32]. The
mode distribution in random lasers with coherent feedback was studied in [35].

7.5 Photon Statistics in ZnO Random Laser

Photon statistics is among the most important characteristics of laser radiation. It
was studied in lasers with nonresonant feedback and random lasers in References
[36–38]. The photon statistics of the ZnO random emission laser was studied
in [39]. The experimental sample in this particular measurement was a cold-pressed
pellet composed of 80 nm ZnO particles. The diameter of the pellet and its thickness
were equal to 1 cm and 2 mm, respectively. The diameter of the focused laser spot
on the sample was equal to ≈15 µm, and the photon mean scattering path was
equal to ≈2.3λ (0.9 µm).

The random laser emission was experimentally studied using a streak cam-
era, with 2 ps time resolution, attached to the output port of a spectrometer. This
setup allowed one to monitor the emission dynamics in several laser modes (nar-
row spectral lines) simultaneously. A typical two-dimensional (time–wavelength)
streak camera image of ZnO random laser emission is shown in Figure 7.6 [17]. The
photon statistics was measured in rectangular area �t�ν of a streak camera image,
in the maximum of an emission pulse in one of the strongest lasing modes. The sam-
pling time �t was chosen to be shorter than the coherence time of the radiation field
1/�ν. Thus, the area �t�ν < 1 corresponded to a single electromagnetic mode.

For single-mode coherent light, the photon number distribution P(n) is
Poissonian,

P(n) = 〈n〉ne−n

n! , (7.1)

where 〈n〉 is the average photon number [40,41]. At the same time, for a single-
mode chaotic light, P(n) corresponds to the Bose–Einstein distribution,

P(n) = 〈n〉n
(1 + 〈n〉)n+1 . (7.2)
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FIGURE 7.6. Typical two-dimensional streak camera image of ZnO random laser emission.
(Source: Ref. [17].)

The character of distribution P(n) determines the value of a second-order
correlation coefficient

G2 = 1 +
(〈(�n)2〉 − 〈n〉)

n2 . (7.3)

For a Poisson distribution G2 = 1 and for a Bose–Einstein distribution G2 = 2.
Thus, by analyzing the experimentally measured photon number distribution P(n),
one can conclude the degree of coherence of laser emission [39].

The photon number distributions P(n) measured in the ZnO random laser at
different values of pumping energy are shown in Figure 7.7. The experimentally
determined values G2 are plotted against the pumping energy in Figure 7.8. As
one can see from these two figures, at the threshold, when the narrow emission
spectral lines just appeared, the photon statistics was very close to the Bose–
Einstein statistics, and the corresponding G2 number was equal to 1.94. With
the increase of the pumping energy, the photon statistics got closer and closer
to a Poissonian statistics and the second-order correlation coefficient gradually
reduced to one (when the pumping energy was 5.6 times the threshold energy, the
value G2 was equal to 1.06).

Thus the photon statistics of light emitted by the ZnO pellet changed conti-
nuously from the Bose–Einstein statistics at the threshold to the Poisson statistics
well above the threshold. The Poissonian photon statistics (typical for lasers)
observed in this experiment is evidence of the coherent character of stimulated
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FIGURE 7.7. The solid columns are the measured photon count distribution of emission from
a ZnO pellet. The dotted (dashed) columns are the Bose–Einstein (Poisson) distribution of
the same count mean. The incident pump intensity is (a) 1, (b) 1.5, (c) 3.0, and (d) 5.6 times
the threshold intensity where discrete spectral peaks appear. (Source: Ref. [39].)

emission in the ZnO random laser. It can be observed only at strong enough pump-
ing, where the effect of gain saturation quenches the photon number fluctuations
in (isolated) laser modes.

Note that in References [42,43] Poissonian photon statistics have been predicted
in random lasers without direct use of wave equations or arguments of resonant
feedback.

7.6 Effect of the Pumped Area on the Operation
of ZnO Random Laser

In Reference [2], the threshold pumping energy density increased with the reduc-
tion of the size of the pumped spot. A qualitatively similar result was observed
in [13,14]. In [13], ZnO powder with average particle size 100 nm was deposited
onto ITO-coated glass substrates. The thickness of the films in [13] varied from
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FIGURE 7.8. The second-order correlation coefficient G2 as a function of the ratio of the
incident pump intensity Ip to the threshold intensity Ith. (Source: Ref. [39].)

6 to 15 µm and the scattering mean free path, measured using the CBS technique,
was equal to lt ≈ 0.8λ at λ = 410 nm. When the area of the pumped spot was var-
ied at constant pumping density, the number of narrow spectral lines representing
laser modes increased with the increase of the size of the pumped spot. When the
area of the pumped spot decreased below some critical value, the laser oscilla-
tion stopped. Correspondingly, at fixed pumping energy density, the intensity of
stimulated emission increased with the increase of the pumped area.

The dependence of the threshold in the ZnO random laser on the pumped area
was studied in detail in [14], where 350 nm thick film composed of ZnO particles
(30 to 130 nm particle size) was etched to make disks with diameters ranging
between 2 and 40 µm. The pumped spot in each particular measurement covered
the whole individual disk. The dependence of the threshold pumping density Ith

on the disk area A is depicted in Figure 7.9. It can be fitted with the formula
Ith ∝ A−0.52 ∝ d−1.04, where d is the disk diameter.

This experimental result is in seeming contradiction to the known prediction of
the diffusion model, Ith ∝ a1/d

2 + a2/h2 [44,45], where h is the height of the
pumped cylinder and a1 and a2 are the constants. In Reference [14], the experi-
mentally obtained dependence Ith versus d has been explained under the following
assumptions.

1. The ZnO random laser is a two-dimensional (2D) system, with the characteristic
to 2D systems dependence of the mode density on the linear size, ∼d2;

2. Individual modes in a random laser have a very broad distribution of quality
factors;
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FIGURE 7.9. Threshold pumping intensity Ith as a function of ZnO disk area A. The dashed
line is a fitting curve Ith ∝ A−0.52. (Source: Ref. [14].)

3. The random laser threshold is determined by the mode with the lowest loss
γ; and

4. The distribution of the mode decay rates P(γ) is assumed to be proportional to
γ [14] [the latter assumption is consistent with the known distribution of delay
times τ, P(τ) ∝ 1/τ3, when light passes through a random medium [46,47]].

Once the distribution function of the decay rates is known, the distribution of
lasing thresholds, the mean value of the lasing threshold, and the average value of
lasing modes can be derived [14,48]. It has been calculated [14] that the number
of low-loss modes in the ZnO random laser increases with the increase of the
diameter d, and the threshold pumping density Ith depends on d as Ith ∝ d−1, in
good agreement with the experiment.

A similar theoretical result was obtained in Reference [49], where a 2D model
of coupled dipole oscillators, representing pumped powder particles, has been
studied. It has been argued that the dependence of Ith on the total number of
particles, which is proportional to the area of the pumped disk, is strongly related
to the fluctuations of quasistate decay rates. (Note that according to Ref. [50],
statistically rare high-efficiency scattering events can cause random laser emission
even in the media, the characteristic linear size of which is smaller than the photon
transport mean free path.)

In [51], the experimental dependence Ith ∝ d−1 was predicted in approxima-
tion of the 3D diffusion model under the additional assumption of saturation of
absorption transition by intense pumping light. As shown in Reference [52], the
same dependence Ith versus d can be predicted in the 3D diffusion model with-
out any saturation of absorption, if a realistic geometry of the pumped volume
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FIGURE 7.10. Saturated value of the number of lasing modes as a function of ZnO disk
area. (Source: Ref. [14].)

and a photon exchange between the pumped volume and the rest of the scattering
medium are taken into account (Chapter 4).

It has been experimentally shown in [14] that with an increase of the pumping
energy above the threshold, the number of emission modes increases first and then
saturates at higher pumping energy. Furthermore, the number of saturated laser
modes increases with the increase of the disk diameter (Figure 7.10). According
to [14], at high pumping power spatially overlapped laser modes strongly compete
for gain and population inversion and, as a result, only one strongest mode survives
at the expense of weaker overlapped modes. That is why only spatially separated
modes can operate simultaneously. Comparing the sizes of ZnO disks with the
maximum numbers of lasing modes, it has been concluded that one mode occu-
pies between 10 and 40 µm2. The mode repulsion leading to the saturation in the
number of lasing modes was predicted in [31,32], where Maxwell equations for a
system with scattering and gain were solved using a finite-difference time-domain
(FDTD) method.

7.7 Study of the Dynamics of ZnO Random
Laser Emission

The dynamics of stimulated emission in the ZnO random laser was studied in [17].
In this work, the average size of ZnO particles was equal to ≈100 nm and the
thickness of different ZnO powder films studied varied between 10 and 30 µm.
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The diameter of the pumped spot was equal to ≈20 µm. The kinetics of random
laser emission at different wavelengths was recorded using a streak camera attached
to the output of a spectrometer.

It was shown that the characteristic emission decay time in ZnO powder changes
from 167 ps below the lasing threshold to 27 ps above the threshold [17]. The stim-
ulated emission pulses observed at different wavelengths (lasing modes) started
at different moments of time and had different widths. Close to the threshold, the
relaxation oscillations (first predicted in a random laser by Letokhov in 1968 [45])
have been observed in stimulated emission of ZnO powder. In certain cases, stim-
ulated emission started at one mode and then hopped to another one, or the lasing
mode experienced a frequency shift during the pulse. (All these dynamics effects
are well known in neodymium random lasers, see, e.g., Refs. [53,54].)

In Figure 7.6, some modes of the ZnO random laser experience a blue shift with
time and other modes remain unchanged or even experience a slight red shift (such
as those at ∼388 and ∼399 nm), with the tendency of the “mode attraction” toward
some central frequency [17,55]. In [55], the spectral shifts in the ZnO random laser
lines were explained by the third-order nonlinear optical effect.

The theoretical simulations based on the semi-classical laser model and the
finite-difference time-domain (FDTD) computation method reproduced most of
the experimental observations and additionally predicted a spatial motion of local-
ized modes during the pumping pulse [17]. Note that relaxation oscillations in
lasers can be predicted at many different feedback mechanisms, both resonant and
nonresonant.

7.8 Spectrally Resolved Speckle Studies in ZnO
Random Laser

In Reference [56], a speckle pattern of ZnO random laser emission was used
to study localized states of light. It has been assumed [56] that some isolated
localized states can exist in random lasers even when the scattering is not strong
enough, and the system as a whole is far from the localization threshold. It has
been further hypothesized that (i) in random laser emission the localized states
strongly predominate over the extended states, and (ii) the localized states can be
conveniently characterized based on their speckle patterns.

In the ZnO powders studied in [56], the product of the wave vector k and the
mean scattering path l∗ was smaller than 10 and larger than 1. Thus, the Ioffe–Regel
criterion of Anderson localization, kl∗ ≤ 1 [30], was not exactly satisfied.

The schematic of the experimental setup used in [56] is shown in Figure 7.11. The
samples placed in a focal plane of the objective lens (f = 8.3 mm) were pumped
with a third harmonic of a Nd:YAG laser. A CCD array detector was attached to the
output port of a spectrometer. In a CCD image obtained this way, the horizontal
axis corresponded to the wavelength and the vertical axis corresponded to the
angular direction (in a vertical plane) of the emitted light.
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FIGURE 7.11. Schematic of spectrally resolved speckle measurement. (Source: Ref. [56].)

Above the threshold, when discrete narrow peaks emerged in the emission spec-
trum, a CCD image consisted of vertical dotted lines, each line manifesting a
speckle pattern in individual lasing mode. At each wavelength, emission intensity
fluctuated randomly with the angle. The emergence of the speckle pattern was
direct evidence of coherent emission from a random laser. (Qualitatively similar
dotted lines in the emission of a polymer random laser are shown in Figure 8.17.)

The experimentally measured (in one spectral line) angular distribution of the
emission intensity I (q) and the spatial field correlation function at the sample
surface, C(x) ≡ ∫

E∗(x′)E(x + x′)dx′, form a Fourier transform pair [56],

C(x) =
∫

I (q)e−2πxqdq. (7.4)

Thus, a speckle pattern of a lasing state gives its spatial field correlation function.
When plotted against x, the absolute value |C(x)| looks like a noisy function
decaying with the increase of x. The integration of |C(x)| gives

S(x) =
∫ ∞

x

|C(x′)|dx′. (7.5)

Function S(x) is much smoother than |C(x)|. (As an example, distributions |C(x)|
and S(x) corresponding to one of the wavelengths in the pattern of Figure 8.17 are
shown in Figure 8.18.) Well above the threshold, S(x) and, accordingly, the enve-
lope of the spatial field correlation function can be described with good accuracy
by an exponent, S(x) ∝ |C(x)| ∝ exp(−x/ld). The exponential decay manifests
the localized emission state. The decay length ld represents the characteristic size
of this state.

The value ld , which is relatively large at the threshold, decreases and then
saturates at high pumping intensities. In the vicinity of the threshold, the shape of
the function S(x) somewhat deviates from the exponential. These two effects have
been explained by the (discussed in Ref. [39]) increase of the degree of coherence
of a laser state with the increase of the pumping power above the threshold.

In the ZnO random laser, the values ld , different for different lasing modes,
varied from 1.5 to 4 µm [56]. (This estimate of the spatial size of a localized mode
in the ZnO random laser is close to that in Ref. [14].) According to [57,58], the
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size of the localized mode in random laser emission is the same as that in a pas-
sive scattering medium. Hence, the experiment of [56] suggests that individual
localized states of light, indeed, exist in scattering media far from the localization
threshold for the whole volume.

7.9 Stimulated Emission from 3D Photonic Crystals
Made of Self-Assembled ZnO Colloidal Spheres

The technique for producing monodisperse ZnO colloidal spheres composed of
10 to 20 nm crystallines has been reported in References [5,59]. The synthesis of
nearly spherical particles ranging in size between ∼100 and ∼600 nm, with 6 to 8%
variation of sphere diameter in each sample has been demonstrated. Periodic arrays
of colloidal spheres were self-assembled by dropping the reaction solution onto
substrates and evaporating the solvent. The fabricated arrays exhibited photonic
gaps in the fcc (111) direction at approximately 2.2d, where d was the particle
diameter.

For random laser measurements, ZnO spheres of eight different diameters were
used to prepare 16 samples [59]. Particles of each particular size were used to
fabricate 2 samples, 1 random and 1 self-assembled periodic. The domain size of
islands of ordered spheres exceeded 10 µm [5].

All 16 samples exhibited stimulated emission evidenced by an appearance of
narrow spectral lines above a threshold. In all cases, periodic samples demonstrated
lower lasing thresholds than corresponding random samples composed of spheres
of the same size. The “periodic-to-random” threshold ratio factors varied between
∼1.5 and 4 [59]. In a series of ordered arrays of monodispersed spheres, the
lasing threshold reached its minimum when the photonic band gap (PBG) in the
(111) direction overlapped with the ZnO emission band [5]. [Note that random
laser emission in periodic (PBG-type) structures has been discussed and realized
in [60–62].] According to [63], the maximum reduction of the threshold should
be obtained at partial ordering of an ensemble of scatterers. Alternatively, the
threshold reduction in ordered structures can be explained, at least in part, by
higher sphere-packing densities in periodic structures [59].

7.10 Quasi cw Stimulated Emission in ZnO Pellet

In the ZnO random laser experiment discussed in Reference [18], a large pellet
(cold-pressed under a pressure of 6 tonne for 20 min and then sintered at 1000◦C
for 5 h) with the diameter 20 mm and the thickness 8 mm has been studied. The
pellet was composed of 20 nm ZnO particles. The photon transport mean free path
in the sample, measured using a CBS technique, was equal to ∼0.24 µm. Thus,
because of small scattering length and small absorption length (≤1 µm at 355 nm
[10]), the thickness of the pumped volume was very small.
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The sample was pumped with 5 ns pulses of a third harmonic of a Nd:YAG
laser. Taking into account the fact that the lifetime of spontaneous emission in
ZnO is equal to ∼0.17 ns [17], this was effectively a quasi cw pumping regime.
The diameter of the pumped spot was considerably large, between 5 mm and 2 cm.
Large sizes of the sample and the pumped spot, long durations of pumping pulses,
and fairly short transport mean free path made this particular experiment different
from other ZnO experiments discussed in this chapter.

The input–output curve and the evolution of the emission spectra in [18] were
qualitatively similar to those in many other ZnO random lasers. The linewidths of
individual modes in [18] decreased with an increase of the pumping energy, the
emission spectrum depended on the observation angle, and the threshold pumping
density decreased with the increase of the diameter of the pumped spot. All these
effects have been discussed in the preceding sections of this chapter. At the same
time, narrow lasing modes in [18] were distributed in a nearly regular manner
(Figure 7.12), whereas in ZnO lasers based on scattering thin films such distribution
appeared to be random (Figure 7.1). The regularity of emission modes is the most

FIGURE 7.12. Emission spectra of the ZnO pellet taken at different excitation intensi-
ties, (a) 1527 kW/cm2, (b) 2860 kW/cm2, (c) 3310 kW/cm2, (d) 7890 kW/cm2. Inset:
schematic diagram of the experimental setup, M: mirror, L: lens. (Source: Ref. [18].)
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intriguing (and not well understood) feature of the bulk pellet ZnO random laser
of [18].

Based on a simplistic model of ring cavities formed in an ensemble of scatter-
ers [2] and using in calculations the experimentally measured mode spacing, the
authors of [18] estimated the length of the perimeter of the ring cavity to be equal
to 7 µm. This is close to the estimated size of localized modes in thin-film ZnO
random lasers [14,56]. It has also been argued in [18] that in the ZnO random
laser one cannot neglect absorption at the stimulated emission wavelength and
that the ZnO random laser operates according to a three-level scheme rather than
a four-level scheme.

7.11 New Technological Realizations of ZnO
Random Lasers

A recent effort of several research groups has been focused on new technological
realizations of ZnO random lasers.

Thus, random laser action with coherent feedback was achieved in composite
films consisting of ZnO clusters embedded in SiO2 dielectric matrix prepared by
sol-gel technique [64]. The proper control of light confinement inside the ran-
dom cavities led to coherent random lasing. In Reference [65], room-temperature
ultraviolet lasing was demonstrated in ZnO thin-film waveguides on (100) silicon
substrate. Laser cavities, which were due to optical scattering from the lateral
facets of the irregular zinc oxide grains, were generated through the post-growth
annealing of high-crystal-quality zinc oxide thin films obtained from the filtered
cathodic vacuum arc technique.

A random laser action with coherent feedback was observed in ZnO nanorod
arrays embedded in ZnO epilayers in Reference [66]. The sample was fabricated
by depositing a MgO buffer layer and followed by a layer of ZnO thin film onto
a vertically well-aligned ZnO nanorod arrays grown on sapphire substrate. The
possibility of realization of a high-power single-mode emission in ZnO random
laser, by the use of a proper coupled-cavity design, was investigated in Reference
[67].

In Reference [68], ZnO thin film random laser has been fabricated by an elec-
trochemical deposition performed in a chemical cell with three electrodes, using
an aqueous solution of Zn(NO3)2 as electro-deposition solution. The observed
emission wavelength, 403.9 nm, was slightly longer than that in the majority of
known ZnO random lasers, 380–390 nm.

In Reference [69], random laser action was demonstrated in organic-inorganic,
disordered hybrid materials consisting of ZnO semiconductor nanoparticles dis-
persed in an optically inert polymer matrix. Short-pulsed laser pumping of the
nanohybrids led to a dramatic increase in the emitted light intensity accompanied
by a significant spectral and temporal narrowing above a certain threshold of the
excitation energy density.
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7.12 Random Lasing in Epitaxially Grown GaAsN

In Reference [6], samples of GaAsN alloys containing 0.6, 1.77, and 2.8% nitrogen
were grown on semi-insulating GaAs (100) substrates by low-pressure metalor-
ganic chemical vapor deposition (MOCVD). The thickness of GaAsN layers varied
between 200 and 800 nm. In spectroscopic and laser studies, experimental samples,
4 × 4 mm2 platelets, were excited with a cw Ar laser (at λ = 514.5 nm) or a pulsed
frequency-doubled Nd:YAG laser (λ = 532 nm, tpulse = 1 µs). A femtosecond
Ti-sapphire laser tunable between 750 and 900 nm was used in time-resolved
photoluminescence (PL) measurements based on the known PL upconversion tech-
nique [70,71]. The samples were mounted in He cryostat, the temperature of which
could be varied between 10 K and room temperature.

Strong reduction of a band gap even at a small concentration of nitrogen is one
of the most interesting properties of Ga(In)AsN alloys [6]. The emission spec-
trum of a GaAs0.972N0.028 sample recorded at low temperature and low pumping
intensity is shown in Figure 7.13a. A slightly asymmetric luminescence band has
a maximum at ≈1095 nm and an exponential low-energy tail. At strong Nd:YAG
pulsed pumping, the emission spectrum changed radically in the samples, which
contained 2.8% nitrogen and which had the thickness of the GaAsN layer larger
than ∼200 nm (Figure 7.13b,c). In such samples, several narrow lines (modes),
similar to those in ZnO random lasers (Figure 7.1b,c), appeared in the emission
spectrum above a certain pumping energy threshold.

The threshold behavior of several emission modes is shown in Figure 7.14.
The lasing thresholds, varying for different modes between 0.1 and 10 kW/cm2,
depended on the position of the excitation spot on the sample. Correspondingly,
the emission spectra measured in different excitation spots looked dissimilar to
each other (Figure 7.13b,c). Thus, it was concluded that different laser modes
were related to different effective cavities formed by scatterers. The narrow-line
emission spectra of the GaAs0.972N0.028 samples were angle-dependent [6], and
the threshold pumping density decreased with the increase of the diameter of
the pumped spot. Narrow-line laser like emission in GaAs0.972N0.028 disappeared
above ≈100 K.

Below the threshold, the emission kinetics in GaAs0.972N0.028 was characterized
by the time constant ≈355 ps (Figure 7.15a). Above the threshold, the decay-time
shortened to 20–80 ps, depending on the sample position and the excitation inten-
sity. Moreover, the emission kinetics often exhibited two different time constants
(Figure 7.15a). At some positions of the pumped spot on the sample, relaxation
oscillations were observed (Figure 7.15b). Such temporal behavior is consistent
with the nature of (stimulated) emission in the GaAs0.972N0.028 and similar to that
in ZnO random lasers [17].

The emission properties of GaAs0.972N0.028 films discussed above were qual-
itatively similar to those of ZnO and other random lasers. Correspondingly, one
can expect a similarity of physical mechanisms governing the stimulated emis-
sion in these systems. Scatterers were not intentionally introduced to the grown
epitaxial GaAsN layers. However, this group of materials has inherent structural
inhomogeneities, and the films have had dislocation defects and cracks [6]. Another
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FIGURE 7.13. (a) Low temperature (T = 10 K) photoluminescence spectrum of
GaAs0.972N0.028 layers grown on GaAs below threshold excitation. (b), (c) The emission
spectra at two different points on the sample above the threshold. (Source: Ref. [6].)

source of scattering providing for the stimulated emission feedback in the sys-
tem could be GaN nanocrystals embedded at the interface between the GaAsN
film and GaAs substrate [6]. Note that the existence of critical thickness of the
GaAs0.972N0.028 film, below which a random laser effect cannot be observed, may
be an indication of a waveguide character of random laser modes, similar to that
discussed in polymer films in [72].

7.13 GaAs Random Laser

In Reference [7], random laser emission in the most popular and commercially
available semiconductor laser material, GaAs, has been reported. GaAs has
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FIGURE 7.14. Low-temperature photoluminescence of a GaAs0.972N0.028 layer as a func-
tion of the excitation intensity for three laser modes, as shown in the insert, indicating the
different threshold behavior for each of the emission modes. (Source: Ref. [6].)

the highest index of refraction (3.48) among all known random laser materials.
Anderson localization of light in a powder of GaAs has been reported in [73].

Experimentally, a wafer of undoped GaAs was mechanically pulverized to a
micron-sized powder. Loose powder samples were loaded in glass cuvettes and
pumped with ∼10 ns laser pulses at 532 nm. Because of very strong absorption of
GaAs at 532 nm, all pumping energy is absorbed by a first layer of particles. Thus,
in pure GaAs powder, scatterers provide rather poor feedback for emitted photons.
To improve the situation, GaAs powder (x) was mixed withAl2O3 powder (1 − x),
x = 1, 0.1, 0.01, and 0.001 (x indicates a weight fraction). In mixed samples, the
penetration depth of pumping was larger than that in pure GaAs, and, correspond-
ingly, the Q-factors of effective laser cavities were higher. In some measurements
a free-standing cold-pressed tablet (thickness ∼2.7 mm, diameter ∼2.5 cm) of the
composition {GaAs}0.01:{Al2O3}0.99 was used instead of powder.

The input–output curves of GaAs emission recorded in the four powder sam-
ples studied are shown in Figures 7.16a,b. A typical input–output curve has three
characteristic regions:

I. A very weak spontaneous emission is observed at small pumping energy. In
this regime, there is no population inversion in the material and the absorption
at the stimulated emission wavelength is larger than the gain.
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FIGURE 7.15. (a) Low-temperature emission decay as a function of time, demonstrat-
ing the reduction of the effective decay-time constant above the threshold. (b) Relaxation
oscillations observed in emission of GaAs0.972N0.028 random laser. (Source: Ref. [6].)

II. Above a well-defined threshold, the emission intensity grows significantly and
the emission band centered at ∼880 nm slightly narrows with the increase of
the pumping energy (Figure 7.17). The spectral range of emission corresponds
to the edge of a strong absorption band in GaAs.

III. Above the second energy threshold, the slope of the input–output curve
increases considerably. The emission band (recorded using averaging over
many pulses) narrows, and its maximum shifts to ∼886 nm. In the vicinity
of the maximum of the emission band, 886 ± 10 nm, the output inten-
sity becomes highly unstable, fluctuating strongly from pulse to pulse. The
emission intensity in the wings of the spectral band is much more stable.

A seemingly similar two-threshold behavior, where the second threshold mani-
fested the transition from the incoherent regime of operation to the coherent one,
was observed in a polymer random laser in [74].



158 7. Semiconductor Random Lasers

0

50

100

150

200

250

300

350

400

450

500

0 0.02 0.04 0.06 0.08

Pumping energy (mJ)

E
m

is
si

on
 (

re
l.u

ni
ts

)
E

m
is

si
on

 (
re

l.u
ni

ts
)

I

II

III

10% GaAs

1% GaAs

100% GaAs

0.1% GaAs

0

50

100

150

200

250

300

350

400

450

500

0 0.005 0.01 0.015 0.02 0.025 0.03

Absorbed pumping energy (mJ)

10% GaAs

1% GaAs 
G

100% GaAs

0.1% GaAs

a

b

FIGURE 7.16. (a) Input–output curves in (GaAs)x :(Al2O3)1−x random (powder) lasers.
Triangles: x = 1, squares: x = 0.1, circles: x = 0.01, and crosses: x = 0.001. Regions
I, II, and III, discussed in the text, are shown for the laser with x = 0.01. (b) The same
curves as in (a) plotted versus absorbed pumping energy. The diameter of the pumped spot
∼0.8 mm. (Source: Ref. [7].)

Single-pulse measurements of emission spectra were not done in [7]. So,
it was not clear whether narrow lines in the stimulated emission spectra of
(GaAs)x(Al2O3)1−x existed. It was shown that pulse-to-pulse fluctuations of the
integral emission intensity recorded in a wide spectral window, �λ = 20 nm, cen-
tered at the emission maximum, λ0 = 885 nm was very strong. However, this did
not exclude the possibility of the existence of narrow spectral lines, the positions
of which randomly changed pulse after pulse, similar to those in liquid dyes with
scatterers [4,75].

According to Figure 7.16b, the absorbed energy thresholds are reduced and the
slope efficiency, calculated relative to the absorbed pumping energy, is increased
with the reduction of GaAs concentration in the mixture. This threshold behavior is
in line with [14,68] predicting that the absorbed threshold energy Eth depends on
the absorption length la as Eth ∝ l

−1/2
a . The improvement of the laser performance
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FIGURE 7.17. Typical emission spectra of (GaAs)x :(Al2O3)1−x random lasers. Pumping
energy: 1: 0.024 mJ, 2: 0.030 mJ, 3: 0.043 mJ, and 4: 0.085 mJ. The diameter of the pumped
spot ∼0.8 mm. (Source: Ref. [7].)

due to the dilution of GaAS powder was so high, that the highest slope efficiency
calculated in respect to the incident pumping energy was obtained in different
measurements2 in the samples with x = 0.1 or x = 0.01, where the fraction of
absorbed pumping energy was equal to 33% or 13%, respectively. The incident
pumping density corresponding to the first threshold was approximately equal to
2 mJ/cm2 or 0.2 MW/cm2. These threshold values are lower than those reported in
ZnO random lasers (Table 7.1). The second threshold, approximately three times
larger than the first one, was also low.

Recently, the first anti-Stokes solid-state laser, in which only one pumping
photon is required to produce one higher-energy emission photon, has been demon-
strated in GaAs powder [77]. The maximum pumping wavelength in Reference
[77] was equal to 1.3 µm, while the emission wavelength was equal to ≈885 nm.
The difference of energy was drawn from phonons. The demonstrated results
may lead to a breakthrough in solid-state laser cooling and heat management of
solid-state lasers.
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8
Dye and Polymer Random Lasers

Although the focus of this book is on solid-state random lasers, this chapter starts
with a brief discussion of liquid dye random lasers because of their close relevance
to the ones realized in polymer films.

8.1 Liquid Dye Random Lasers

8.1.1 Liquid Dye Random Lasers with Nonresonant
Feedback

In 1993 and 1994, Lawandy et al. have shown that when the density of pumping
of a mixture of liquid rhodamine 640 dye with TiO2 nanoparticles exceeds some
critical threshold value, (1) the emission band narrows dramatically, from ≈80 nm
to ≈5 nm, (2) the emission decay time shortens from 4 ns to smaller than 300 ps,
and (3) the peak emission intensity increases superlinearly, resembling the input–
output intensity dependence in regular lasers (Figures 8.1 and 8.2) [1,2]. These
phenomena, which appeared to be relevant to those earlier observed in neodymium-
doped powders [3–5], tended to be explained in terms of model [6,7] of photon
diffusion in a medium with gain and scattering. The major problem with invoking
light diffusion as an origin of feedback in the system was that the scattering length
in the experiments of Reference [2] did not exceed the thickness of the samples.
In [8], Wiersma et al. attempted to explain the phenomena experimentally observed
in [2] by the amplification of spontaneous emission in open paths.

However, according to [9–11], stimulated emission with feedback provided by
scatterers can also take place in the case opposite the diffusion, when the photon
mean free path is larger than the dimension of the pumped medium L. In this case,
the threshold of stimulated emission is determined by the inequality

eαL > α/χ, (8.1)

where α is amplification per unit length and χ is the backscattering coefficient
(χ � α, 1/L) [9–11]. This regime of stimulated emission with feedback, arguably

164



8.1 Liquid Dye Random Lasers 165

FIGURE 8.1. Trace a: emission spectrum of a 2.5 × 10−3 M solution of a rhodamine 640
perchlorate in methanol pumped by 3 mJ (7 ns) pulses at 532 nm. Traces b and c: emission
spectrum of the TiO2 nanoparticle (2.8 × 1010 cm−3) colloidal dye solution pumped by
2.2 µJ and 3 mJ pulses, respectively. The amplitude of the spectrum in b has been scaled
up by a factor of 10, whereas that in c has been scaled down by a factor of 20. (Source:
Ref. [2].)

FIGURE 8.2. Emission kinetics of the dye and TiO2 nanoparticle colloidal dye solution at
(a) low, 1.2 × 10−2 mJ, and (b) high, 1.2 × 10−2 mJ pumping energies. The dye con-
centration is 2.5 × 10−3 M and the nanoparticle density is 2.8 × 1019 cm−3. (Source:
Ref. [2].)
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different from the amplification of spontaneous emission in open paths without
feedback, is predicted to occur in galaxy masers [9,11].

In [12], the dependence of the threshold of stimulated emission on the con-
centration of scatterers did not follow a simple pattern. Thus, scatterers strongly
reduced the threshold of laserlike emission in highly concentrated rhodamine 640
solution, 2.5 × 10−2 M, and increased it in a dilute dye solution, 5 × 10−4 M. In
the dye solution of medium concentration, 10−3 M, the addition of small concen-
trations of scatterers first increased the threshold and then decreased it, when the
concentration of scatterers got higher.

In [13], where similar laserlike effects were observed in mixtures of rhodamine
6G dye and Al2O3 scatterers, the effect of scattering on the critical (threshold)
pumping density, which corresponded to the line narrowing, was explained as
follows. In a neat dye solution, ASE is strongest in the direction of the largest
dimension of the pumped volume (Figure 8.3a). An addition of a small concen-
tration of scatterers to such a sample disturbs and shortens long photon paths
(Figure 8.3b) thus causing an increase of the threshold. Further increase of the
concentration of scatterers causes a diffusionlike motion of photons, which elon-
gates the residence time of emission photons in the pumped volume (Figure 8.3c)
and reduces the threshold of stimulated emission again.

The effect of the diameter of the pumped spot d (or the ratio of d and the photon
free path l∗) on the threshold pumping density in rhodamine B dye with TiO2
scatterers was studied in [14]. It was shown that at constant value of l∗, the threshold
increased ∼70 times when the diameter of the pumped spot d was changed from
d � l∗ (diffusion regime) tod≈l∗ (low scattering regime, apparently similar to that

FIGURE 8.3. Propagation of stimulated emission in a pumped volume (a) without scatterers,
(b) at small concentration of scatterers, and (c) at high concentration of scatterers. (Source:
Ref. [13].)
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in References [9–11]). This result is in qualitative agreement with those obtained
in ZnO random lasers [15–17] and neodymium random lasers [18,19].

A blue shift of the stimulated emission line in comparison with the maximum
of the spontaneous emission band (Figure 8.4) has been observed in solutions
of dye and scatterers in [13,2] and several other works. In many laser dyes, the
short-wavelength wing of the emission band overlaps the long-wavelength wing
of the absorption band. This causes reabsorption of spontaneous emission and its
red shift, which is especially strong when photon paths in the medium are long.
Scatterers elongate photon paths in luminescent materials and, thus, cause an even
stronger red shift of spontaneous emission.

On the other hand, stimulated emission first occurs at the wavelength at which
gain exceeds loss or at the wavelength of maximum gain, if loss is wavelength-
independent. With an increase of the population inversion (and partial bleaching
of the ground-state absorption), the spectral band of gain experiences a blue shift,
more closely resembling the emission cross-section band. Thus, it is well possi-
ble that at a high value of the population inversion, the wavelength of stimulated
emission is shorter than that of (reabsorbed and re-emitted) spontaneous emission

FIGURE 8.4. Emission of a highly concentrated rhodamine 6G dye with Al2O3 particles
precipitated at the bottom of the cuvette at low pumping density 0.5 J/cm2 (trace 1) and
high pumping density 40 J/cm2 (trace 2). (Source: Ref. [13].)
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observed in dyes with or even without scatterers. Note that in [20], the wave-
length of stimulated emission in rhodamine 640 dye with TiO2 particles increased
with the increase of dye concentration (at fixed concentration of particles equal
to ρ = 1011 cm−3) and reached its maximum at ρ = ≈5 × 1011 cm−3 (at fixed
concentration of dye equal to c = 2.5 × 10−3 M).

The details of temporal and spectral behavior of stimulated emission in liquid dye
random lasers have been studied in [21–31]. A blue shift of a stimulated emission
line, apparently similar to that discussed above [13], was predicted in Monte
Carlo simulation of random walks of photons [26]. The computation procedure
in [26] took into account a nonlinear relationship between the position-dependent
values of population inversion and photon density within the spectral band of
spontaneous emission. Many authors, describing the behavior of liquid random
lasers, further developed or modified the diffusion model [28–31] proposed by
Letokhov in [6,7,10].

The model of a random laser, which relies on nonresonant feedback provided
by unexcited scattering volume positioned beneath the pumped volume, has been
proposed in [23]. Alternatively, the model of a coherent stimulated emission feed-
back in random lasers (the idea of which is relevant to lasers with distributed
feedback, although in an periodic media) has been discussed in [32].

Note that basic physical mechanisms of random laser operation, such as amplifi-
cation of light by stimulated emission radiation and feedback due to scattering, are
principally the same in the systems where gain is located inside or outside scattering
particles. This makes the difference between liquid random lasers and solid-state
(powder) random lasers more apparent than real. The difference between the two
classes of random lasers becomes evident only in rare situations, in which the stim-
ulated emission is supported by intraparticle morphology-dependent resonances
(MDR).

8.1.2 Transition from Incoherent Regime of Operation
to Coherent Regime of Operation

Laserlike emission in solutions of rhodamine 640 (5 × 10−3 M) with differ-
ent concentrations of ZnO nanoparticles was studied in References [33,34].
Experimentally, 532 nm laser light (tpulse = 25 ps) was focused onto the sample
using a lens with the focal length f = 10 cm. At a small concentration of scatter-
ers, 2.5 × 1011 cm−3, a narrowing of the emission band to 5 nm and an increase
of the slope of the input–output curve above the threshold, were observed at an
increase of the pumping energy. This emission, the behavior of which was similar
to that in many experiments discussed in Section 8.1.1, was explained in terms of
lasing with nonresonant feedback.

The character of stimulated emission changed dramatically when the concen-
tration of particles was increased to 1 × 1012 cm−3. In this case, discrete narrow
lines (�λ ∼ 0.2 nm) appeared on the top of a much broader (�λ ∼ 5 nm) emis-
sion band above the threshold. When the pumping intensity was increased further,
a larger number of sharp emission lines appeared in the spectrum (Figure 8.5).
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FIGURE 8.5. Emission spectra in the solution of rhodamine 640 laser dye (5 × 10−3 M)
with high concentration of ZnO scatterers (1 × 1012 cm−3). The pumping pulse energy is
equal to 0.68 µJ (bottom curve), 1.1 µJ (middle curve), and 1.3 µJ (upper curve). (Source:
Ref. [34].)

Qualitatively, the stimulated emission at high concentration of scatterers appeared
to be similar to that in ZnO random lasers; see Chapter 7. Correspondingly, the
observed effect was explained in terms of coherent (resonant) feedback, where
the interference between scattered waves created a quasi-stationary distribution of
electromagnetic field and determined the resonant lasing frequencies. (Note that
because of continuous Brownian motion of scattering particles, the positions of
the narrow emission lines changed from pulse to pulse.)

The behavior of the stimulated emission was particularly interesting at the inter-
mediate concentration of scatterers, 6 × 1011 cm−3. In this case, as the pumping
intensity was increased, a narrowing of the emission band (similar to that in a low-
scattering solution) occurred first. Then, at some higher pumping energy threshold,
discrete narrow peaks (similar to those in a highly scattering solution) emerged on
the top of the narrowed emission band (Figure 8.6).

The experimental results above have been explained [33] in terms of quasi-states,
eigenmode solutions of Maxwell equations in a finite-sized random medium. It
has been argued that losses in quasi-states are due to (i) losses at the medium–air
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FIGURE 8.6. Emission spectra in the solution of rhodamine 640 laser dye (5 × 10−3 M)
with medium concentration of ZnO scatterers (6 × 1011 cm−3). The pumping pulse energy
is (from bottom to top) 0.74, 1.35, 1.7, and 2.25 µJ. (Source: Ref. [34].)

boundaries and (ii) transfer of energy to other quasi-states. The energy coupling
between quasi-states, which according to [33] is stronger at low concentration of
scatterers than at high concentration of scatterers, redistributes energy between
the quasi-states but does not affect the loss in an ensemble of quasi-states as a
whole. Thus, the stimulated emission is first achieved in an ensemble (of stronger
or weaker coupled) quasi-states, which has relatively low loss. This corresponds to
a regime of nonresonant feedback [10]. According to [33], at some higher energy
threshold the laser action occurs in individual quasi-states, which have higher loss.
This is the regime of coherent feedback. Following the arguments above (the loss
in individual modes decreases with the increase of the concentration of scatterers),
the difference between the two thresholds should be smaller at high concentration
of scatterers than at low concentration of scatterers. This must determine the dif-
ference in the behavior of low-scattering and highly-scattering laser dye solutions.

One should note that discrete (nondegenerate) laser modes, such as those in
Figures 8.5 and 8.6, are the states with different photon energies. Thus, the coupling
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of quasi-states discussed in [33] is possible only if there is a mechanism by which
the frequency of the laser oscillation may change. As possible examples of such
mechanisms, acoustic vibrations, Doppler shift due to moving scattering particles,
random frequency modulation in the active medium, and the like were discussed
in [10]. In liquid dye random lasers studied in [33,34], the average energy difference
between laser modes is of the order of several inverse centimeters; however, no
physical mechanism that can provide for so large a frequency shift was discussed.

An alternative explanation of narrow-line random laser emission in liquid dye
with scatterers has been proposed in Reference [3]. In [35], narrow lines in the
emission spectrum have been explained by amplification of stimulated emission in
very long but statistically very rare photon paths. It has been argued that introduc-
tion of exponential gain in a multiple light scattering process strongly increases
the importance of such long light paths, which are often neglected in passive
disordered materials.

8.2 Solid-State Polymer Random Lasers
with Nonresonant Feedback

8.2.1 Photonic Fibers

The idea of a random laser based on organic dye doped into a solid-state organic
host was proposed in Reference [36], in which a “photonic textile fiber” was
demonstrated. In [36], rhodamine 590 and rhodamine 640 laser dyes (at typical
concentration 2 × 10−3 M) as well as TiO2 particles were doped in the nylon-6
host, which then was drawn into fibers of different diameters. Nylon fibers doped
with pure dye showed morphology-dependent resonances over the entire emis-
sion spectrum of dye. However, with addition of scatterers (in concentration
≈1011 cm−3) MDRs disappeared completely, and the emission band narrowed
and shifted to shorter wavelengths. The dependence of the peak emission intensity
on the pumping energy was typical of that in regular lasers, and the emission band-
width narrowed dramatically above the threshold. Analogous laserlike behavior,
similar to that of liquid dyes discussed in Section 8.1.1, was observed in several
other technologically important laser materials, including polyester, Kevlar, and
Nomex [36]. Proposed applications of the developed fibers included soldier-level
identification of friend or foe, search and rescue, anticounterfeiting, and so on.
Markers based on organic dyes with scatterers have been used for identification
purposes in [37].

8.2.2 Random Laser Action from Semiconducting
Polymers with TiO2 Nanoparticles

Semiconducting conjugated polymers can be used as active media in light emitting
diodes [38,39]. The achievement of spectrally narrow polymer laser diodes is an



172 8. Dye and Polymer Random Lasers

important goal for polymer photoelectronic devices [40]. The laser action from
poly(2-metoxy,5-(2′ethyl-hexiloxy)-1,4-phenylene-vinylene) (MEH-PPV) mixed
with TiO2 nanoparticles in polystyrene has been observed and studied in [40].

Experimentally, 150 to 250 µm free-standing films of polymers have been
prepared. The samples were excited with 10 ns laser pulses at λ = 532 nm or
λ = 435 nm. The significant narrowing of the emission band above the threshold
was qualitatively similar to that in liquid dye solutions with scatterers or pho-
tonic fibers (see [2] and other examples discussed in Sections 8.1.1 and 8.2.1). At
the same time, the stimulated emission threshold was difficult or impossible to
achieve in samples without scatterers. The blue shift of the stimulated emission
with respect to the maximum of the spontaneous emission, observed in MEH-PPV
films with TiO2 particles [40], was similar to that in the mixture of liquid dyes and
scatterers [2,13].

MEH-PPV liquid solutions and solid films demonstrated qualitatively the same
type of emission behavior. However, the lasing threshold was nearly an order of
magnitude lower in films than in liquid solutions of comparable concentration.
The laser threshold in films was much below an onset of the optical damage.
The parameters of the MEH-PPV random laser discussed above as well as other
polymer random lasers are summarized in Table 8.1.

8.2.3 Laserlike Emission in Variety of Conjugated
Polymers

The important difference between conjugated polymers and liquid laser dyes is
that liquid dyes undergo concentration quenching and conjugated polymers do
not [42]. Accordingly, much higher gain can be achieved in undiluted polymers
than in liquid dyes. In [51,52], stimulated emission has been demonstrated in over a
dozen different semiconducting polymer films representing a variety of molecular
structures with emission wavelengths covering almost the whole visible range.
High optical gain and stimulated emission in several other π-conjugated polymers
have been reported in [41,43,53–55]. Lasing in microcavities made of PPV and
PPV derivative, BuEH-PPV, has been demonstrated in [56,57]. The advances in
the development of conjugated polymers for solid-state random lasers have also
been reported in [58–60].

Absorption and emission spectra as well as chemical structures of 12 polymers
studied in [42] are shown in Figure 8.7. Experimentally, thin-film polymer sam-
ples were spin-cast on glass or ITO substrates and excited with 10 ns pulses at 532,
435, or 355 nm. The thickness of the films was smaller than 1 µm. Imperfections
in the films provided for scattering of light. No other scatterers were intentionally
introduced to the polymers. All polymers depicted in Figure 8.7 demonstrated
narrowing of the emission bandwidth above some well-defined threshold, quali-
tatively similar to that in Figure 8.1. The existence of gain in neat undiluted films
of BuEH-PPV under photoexcitation has been confirmed directly in [61], proving
that the observed spectral narrowing is, indeed, due to the stimulated emission
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process. Blue shifts of the stimulated emission with respect to the maximum of the
spontaneous emission, which were observed in many conjugated polymers studied
in [42] were qualitatively similar to those in MEH-PPV films and liquid dyes with
scatterers [2,13,40].

The indexes of refraction in all polymers depicted in Figure 8.7 are in the range
1.56 < npolymer < 2, that is, larger than those in glass (nglass = 1.52) or air (nair =
1). Thus, a waveguide propagation of light is possible in polymer films if the film
thickness is greater than some critical cutoff value hcutoff, which is determined by
the indexes of refraction of all three media. The width of the emission band at high
pumping energy (>10 µJ), which can be used as an indicator of the stimulated
emission, is plotted in Figure 8.8 as a function of the film thickness in the three
different polymers studied. In all three materials, the abrupt change of the emission
bandwidth corresponds to the value of hcutoff estimated for each polymer based
on the value of the refraction index [42]. This experiment proves that laserlike
emission in conjugated polymer films occurs in a waveguide regime. Because the
coupling between emitting dipoles in the film cannot be altered by merely turning
the waveguiding on and off, the superfluorescence, which was proposed in [62] as
a possible explanation of laserlike emission in polymer films, cannot be the sole
mechanism of a bandwidth narrowing.

In Reference [63], random laser emission characterized by a narrowing of the
spectral band has been demonstrated in MEH/PPV/glass waveguide with 20 nm
TiO2 scatterers.

8.2.4 Time-Resolved Studies of Stimulated Emission
in Polymer Film

In Reference [44], emission dynamics in thin films of 2,5-dioctyloxy PPV (DOO-
PPV) has been studied with femtosecond resolution below and above the threshold
for spectral narrowing. The gated upconversion technique used in [44] is described
in detail in [64]. Experimentally, the polymer film was excited at 400 nm with 150 fs
pulses of second harmonic of Ti-sapphire regenerative amplifier. The fundamental
laser beam at 800 nm was used as a gated “clock” pulse. It was mixed in BBO
crystal with the photoluminescence signal of the film to generate the sum frequency
in the ultraviolet. The signal was detected with a photomultiplier tube attached to
the output slit of the spectrometer. This setup allowed for time resolution equal to
300 ps and spectral resolution equal to 2 ns.

In [44], a spin-cast DOO-PPV film had a thickness of 200 nm. The spontaneous
emission spectrum of the DOO-PPV film was inhomogeneously broadened, with
different decay times in different parts of the spectrum and energy migration within
the excitonic state distribution.

Above some critical pumping energy, the emission spectrum narrowed sig-
nificantly, with the maximum at λ ≈ 630 nm. At the same threshold, (i) the
emission lifetime in the film (at λ ∼ 630 nm) shortened from ∼250 to ∼3 ps, and
(ii) the onset of the stimulated emission was delayed in respect to the spontaneous
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TABLE 8.1. Parameters of different polymer random lasersa,b

Pumping Scattering
wavelength/ Scattering length Film thickness Pumped spot

Material pulsewidth particles (µm) (nm) size

MEH-PPV 532 nm/10 ns TiO2, 270 nm, (150–250) × 103 d ∼ 1.5 mm
∼1011 cm−3

126–252
BuEH-PPV 435 nm/10 ns 87–208
BCHA-PPV 277–650
BEH-PPV 300
MEH-PPV 87–405

532 nm/10 ns 355
325

M3O-PPV 310
BuEH-MEH

copolymers: 330 d ∼ 1 mm
10:90

70:30 420
90:10 No intentional 370
95:5 435 nm/10 ns scatterers 450
97.5:2.5 500
HEH-PF 120
BDOO-PF 355 nm/10 ns
CN-PPP 100
BeEH-PPV 435 nm/10 ns 210
CN-PPP 355 nm/10 ns 100
BCHA-PPV 532 nm/10 ns 580
DOO-PPV 540 nm/150 ps 30–2000
DOO-PPV 400 nm/150 fs 200
DOO-PPV 9

Rhodamine 532 nm/100 ps SiO2 balls ∼30 × 103 3 mm × 30 µm
6G doped 2 × 1010 cm−3

gel film
DOO-PPV (0.5–1) × 103 1 mm × 30 µm
DOO-PPV No intentional >300 ∼1 × 103 1 mm × 30 µm
DOO-PPV scatterers ∼15 1 × 103 2 cm × 100 µm
DOO-PPV 15 ∼1 × 103 2 cm × 250 µm
PMMA with 532 nm/25 ps TiO2, 400 nm. ∼0.3 150 × 103 d ≈ 50 µm

rhodamine 640
dye and TiO2
scatterers

0.9 0.03 mm2

532 nm/30 ps No intentional (0.5–1) × 106 d ≈ 50 µm
scatterers

aFull chemical names of polymers:
MEH-PPV – poly(2-metoxy,5-((2′ethyl-hexil)oxy)-1,4-phenylenevinylene);
BuEH-PPV – poly(2-butyl-5-(2′-etylhexyl)-1,4-phenylenvinylene);
BCHA-PPV – poly(2,5-bis(cholestanoxy)-1,4-phenylenvinylene);
BEH-PPV – poly(2,5-bis((2′-ethylhexyl)oxy)-1,4-phenylenvinylene);
M3O-PPV – poly(2-methoxy-5-(3′-octyloxy)-1,4-phenylenvinylene);
BuEH-MEH – copolymers synthesized from different ratios of BuEH-PPV and MEH-PPV monomers;
HEH-PF – poly(9-hexyl-9-(2′-ethylhexyl)fluorene-2,7-diyl);
BDOO-PF – poly(9,9-bis(3,6-dioxaoctyl)fluorene2,7-diyl);
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Wavelength Threshold Threshold
(wavelength Threshold Threshold energy density power density
range) (nm) criterion energy (µJ) (µJ/cm2) (kW/cm2) Ref.

570–580 ∼2 × 104 ∼1.1 × 106c ∼1.1 × 105c [40]

520, 560 0.4 ± 0.2 ∼51c ∼5.1c

0.2 ± 0.1 ∼25c ∼2.5c

540, 620 1.0 ± 0.4 ∼130c ∼13c

580, 650 0.5 ∼64c ∼6.4c

585, 625 1.1 ± 0.4 ∼140c ∼14c

3 ∼380c ∼38c

4 ∼510c ∼51c [41]
530, 620 Narrowing of 4 ∼510c ∼51c

the emission
580, 625 bandwidth 3.2 ∼410c ∼41c

565, 600 1.0 ∼130c ∼13c

550, 580 1.0 ∼130c ∼13c

545, 580 1.6 ∼200c ∼20c

540, 570 1.0 ∼130c ∼13c

425, 445 4.2 ∼530c ∼53c

430, 450, 540 2.3 ∼290c ∼29c

420 4 ∼510c ∼51c

555–570 ∼0.6 ∼76c ∼7.6c

∼420 ∼9 ∼1100c ∼110c [42]
∼600 ∼2 ∼250c ∼25c

∼60 ∼400c [43]
630 <50 <3.3 × 105c [44]
∼630 Superlinear 0.5 [45]

increase of 1
555–565 emission 0.23c 250c 2.5 × 103 [46]

intensity

625–640 0.03c 100c 1 × 103

625–635 0.05c 160c 1.6 × 103 [47]
625–640 Narrow lines 1 50c 500c [48]
630–640 (modes) <2 <40c <400c [49]

∼0.07 ∼3.6 × 103c ∼1.4 × 105c [50]

∼0.75c ∼2.5 × 105c ∼1 × 105

∼620–625 <0.98 ∼5 × 104c ∼1.7 × 106c [17]

CN-PPP – poly(2-((6′-cyano-6′methylheptyl)oxy)-1-4-phenylene;
DOO-PPV – poly(2,5-dioctyloxy)-1,4-phenylenvinylene;
PMMA – poly(methyl methacrylate).
bWhen several threshold values were reported in the same publication for different
experimental conditions, the smallest of the reported values was used in this table.
cThe value is calculated by the author (M.N.) from the data reported in the paper.
(In calculations, the threshold pumping energy and the threshold pumping power are
related via the width of the pumping pulse, but not the spontaneous emission lifetime.)
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FIGURE 8.7. Absorption (bold smooth curves) and photoluminescence (thin slightly noisy
curves) spectra of neat thin films of BuEH-PPV, BCHA-PPV, MEH-PPV, BEH-PPV,
BuEH-PPV/MEH-PPV copolymers at different monomer ratios, HEH-PF, BDOO-PF, and
CN-PPP. Insets: molecule structures. (Source: Ref. [42].)

emission by several picoseconds. These changes in the emission spectra and
kinetics were qualitatively similar to those in liquid dyes and polymer films
discussed in preceding sections of this chapter. (Note that due to a small vari-
ation of the film thickness, the film had high waveguiding efficiency [44], and
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FIGURE 8.8. Bandwidth of the photoluminescence spectrum at high pumping energy
(≥10 µJ) as a function of the film thickness for BuEH-PPV (half-filled squares, 435 nm exci-
tation), BCHA-PPV (dotted circles, 532 nm excitation), and MEH-PPV (crosses, 532 nm
excitation) films spin-cast on glass substrates. (Source: Ref. [42].)

a random laser based on this film was, most likely, two-dimensional rather than
three-dimensional.)

Stimulated emission had maximum intensity at λ ∼ 630 nm and was much
weaker at all other wavelengths within the spontaneous emission band. As a
result, the random laser pulse quickly depopulated excitons corresponding to the
stimulated emission wavelength (630 nm), and energy still was stored (long after
the end of the pumping pulse) at excitons of other frequencies. With time, which
was determined by the rate of spectral energy diffusion, excitons at the stimulated
emission wavelength became re-excited due to the energy transfer from excitons of
other frequencies, and were able to produce another pulse of stimulated emission
(Figure 8.9).

In some sense, the observed multipulse behavior of stimulated emission was
nothing else but relaxation oscillations known in conventional lasers [65–67] and
random lasers [68–71]. The principal difference between “traditional” relaxation
oscillations and those of [44] is that in the majority of lasers, relaxation oscil-
lations sustain only during the pumping pulse, when the population inversion
is continuously renewed by pumping. However, in [44], relaxation oscilla-
tions were observed after the end of the pumping pulse. This became possible
because the energy stored at excitons of nonlasing frequencies continued to
“feed” the population inversion at the lasing transition via spectral excitation
migration.

As shown in [72], relaxation oscillations observed in the kinetics of stimulated
emission can serve as evidence of feedback in a system. Thus the experiment above
rules out ASE in open paths as a possible explanation of stimulated emission in the
DOO-PPV film in [44] and proves that the observed laserlike behavior is supported
by (apparently nonresonant) feedback.
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FIGURE 8.9. Picosecond stimulated emission dynamics of DOO-PPV at 630 nm for
I = 300 µJcm−2 per pulse for different lengths L of the excited strip. The second emission
bump is clearly seen at L = 300 µm and L = 350 µm. (Source: Ref. [44].)

8.3 Polymer Random Lasers with Resonant Feedback

8.3.1 Transition from Incoherent Regime of Operation
to Coherent Regime of Operation

In [45], emission in poly(dioctyl-oxy) phenylevinylene film has been studied in
a wide range of pumping intensities. At weak excitation, the emission spectrum
is very broad, with the characteristic width equal to 120 nm and the maximum
corresponding to 625 nm (Figure 8.10). In this regime, the emission intensity
depends linearly on the excitation intensity (region I in Figure 8.11).

At stronger pumping, the emission intensity increases with the increase of
the excitation intensity superlinearly (region II in Figure 8.11). Simultaneously,
the emission band narrows to less than 8 nm. Qualitatively, the narrowing of the
emission band above is similar to that observed by many authors in solutions of
liquid dyes with scatterers and polymer thin films (see Sections 8.1 and 8.2). The
authors of [45] described this regime of operation in terms of ASE; however, they
did not make a distinction between ASE and a random laser with nonresonant
feedback.

At even higher pumping intensity (above the second critical threshold), the
emission intensity depends on the excitation intensity linearly again (region III
in Figure 8.11). Simultaneously, narrow lines appear in the spectrum on the
top of a broader band of incoherent stimulated emission (Figure 8.12a). (Much
more pronounced narrow emission lines have been observed in DOO-PPV film
in Ref. [47]; see Figure 8.12b,c.) Based on the appearance of the multiple-line
emission spectrum in Figure 8.12, which resembles that in ZnO random lasers
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FIGURE 8.10. Emission spectra of a DOO-PPV film at low pumping intensity, solid line,
and at higher pumping intensity corresponding to region II in Figure 8.11, dashed line.
(Source: Ref. [45].)

(Chapter 7), one can conjecture that above the second threshold, the random laser
operates in a coherent regime. The validity of this conclusion is proven later in
this section.

The evolution of the emission spectrum in DOO-PPV film with the increase of
the pumping power resembles that observed in [33] in liquid dye with a medium
concentration of scatterers. A qualitatively similar multiple-line emission has been
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FIGURE 8.11. Emission intensity as a function of the threshold intensity; region I cor-
responds to the regime of spontaneous emission, region II corresponds to the incoherent
random laser regime, and region III corresponds to the coherent random laser regime.
(Source: Ref. [45].)
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(a)

(c)

(b)

FIGURE 8.12. (a) Random laser emission spectrum of a DOO-PPV film at high excitation
intensity (region III in Figure 8.11) showing narrow laser modes on the top of a broader
incoherent stimulated emission peak. (Source: Ref. [45].) (b) Stimulated emission spectra
of DOO-PPV film obtained using a stripelike excitation area with the length of 1 mm and
width of 30 µm. (c) Emission from a different area of the same film at pumping density
2 MW/cm2. (Source: Ref. [47].)

observed in gelatin or polymer films doped with laser dye and scatterers [17,46,50]
and opals infiltrated with DOO-PPV or rhodamine dye [45,73–75].

8.3.2 Photon Statistics of Polymer Random Lasers

The photon statistics of random laser emission in DOO-PPV thin-film lasers has
been studied in [45]. The idea of this type of experiment, originally proposed
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FIGURE 8.13. Normalized photon distribution function, P(N) (full line), of the random
laser emission (at the λ = 630 nm spectral line) shown in Figure 8.12a. The dashed line
through the data points is fit using Poisson distribution around < N >= 5, proving that the
random laser emission is indeed a coherent process. (Source: Ref. [45].)

in [76], is described in Section 7.5. According to [77,78], the Poisson photon
distribution function corresponds to coherent radiation, and the Bose–Einstein
distribution is expected in the case of noncoherent light. In [45], the pho-
ton distribution histogram was studied at 630 nm in one of the random laser
modes shown in Figure 8.12a. The transient emission kinetics generated by
each pulse was divided into time intervals, which were smaller than the emis-
sion coherence time. The number of photons N was measured in each time
interval and for each pulse, and a photon number histogram P(N) (shown in
Figure 8.13) was calculated in order to obtain the probability distribution func-
tion. It was found that the data points can be fit with the Poisson distribution
P(N) = 〈N〉Ne−〈N〉/N !, where 〈N〉 (equal to 〈N〉 = 5 for Figure 8.13) is the
mean photon number. Thus, it was concluded that the narrow-line random laser
emission, the spectrum of which is depicted in Figure 8.12a, was, indeed,
coherent.

In organic random laser media, similar photon-counting experiments have been
performed in dye-TiO2 polymer systems [76] and liquid solution of dye with
TiO2 scatterers [79]. It has been shown that although the random laser emission
is coherent in narrow spectral lines (modes) above the threshold, the emission
between narrow spectral lines [79] or the emission below the threshold [76] has
Bose–Einstein statistics and, thus, is incoherent.
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8.3.3 Fourier Transform of the Emission Spectra
of Polymer Random Laser

In several publications [45,48,49,79–81], the spectra of coherent stimulated emis-
sion in polymer random lasers have been analyzed in terms of the Fourier transform
model developed in [48,49,82] for thin-film ring lasers. This model, in turn, is
based on the theory formulated for Fabry–Perot resonators that can be applied
successfully to microring cavities [83].

The mode spacing �λ in Fabry–Perot or microring cavities is given by

�λ = λ2

2nL
= λ2

πnD
, (8.2)

where λ is the wavelength, n is the index of refraction, L is the length of the
Fabry–Perot cavity, and D is the diameter of the ring. The quality factor Q of a
Fabry–Perot resonator is given by:

Q = 2πL

λ

√
r

1 − r
, (8.3)

where r is the mirror reflectivity. In the case of a laser cavity with gain and loss,
the effective value of r can be defined as R exp[(γ − α)L] [73,84], where R is the
actual mirror reflectivity, γ is gain per unit length, and α is loss per unit length.
[At the laser threshold, when r = 1, Eq. (8.3) is no longer valid.] Alternatively,
the Q-factor can be defined as

Q = λ

δλ
, (8.4)

where δλ is the width of a longitudinal emission mode. If δλ and r are known
experimentally, the value nL can be calculated.

The Fourier transform (FT) of the emission spectrum gives a more accurate
estimate of nL than the method described above. The Fourier transform consists
of a series of equally spaced diminishing lines described by [85,49]:

I (d) = |1 − R exp(2i�)|2
∞∑

m=0

∞∑
l=0

Rl+m exp(−2i�(l − m))

kL(l + m + 1) + i(πd + nL(l − m))
,

(8.5)
where k is the wavenumber; k = 2π/λ, d is the conjugate variable to wavevector;
l, m are integers; and � is the phase change due to reflection from the mirrors.
The peaks in the dependence I (d) are produced whenever the imaginary part
of the denominator goes to zero. This occurs when d is a multiple of nL/π in
the case of a Fabry–Perot cavity or a multiple of nD/2 in the case of a circular
geometry of a microring. In a simple case of small absorption and short wavelength
range [86], the ratio of one Fourier transform peak to the next one is given by r .
The experimentally determined value of r can then be substituted to Eq. (8.3) to
calculate the value of the Q-factor.

In [49], the experimental samples were made by spin-casting of saturated DOO-
PPV solutions in toluene to form approximately 1 µm thick films. The synthesized
films were baked at 80◦C in nitrogen atmosphere to evaporate the solvent. No
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scatterers were intentionally added to the films. Inhomogeneities, for example,
local density variations or dust particles, played the role of scattering centers. A
frequency-doubled Nd:YAG laser with pulsewidth equal to 100 ps was used to
pump the samples. The excitation beam was focused through a cylindrical lens
exciting a narrow stripe on the film, approximately 250 µm × 2 cm. The emission
spectrum was collected using a CCD and spectrometer with the overall resolution
equal to 0.02 nm.

The spectrum of a coherent random laser emission in DOO-PPV film, charac-
terized by a series of narrow lines on the top of a broader band, was qualitatively
similar to those in Figure 8.12 and many other experiments [46,48,50,80,81]
(Figure 8.14). This spectrum was reproducible at the fixed position of the pumped
spot and the pumping energy and changed at small changes of the excitation
intensity or the position of the pumped spot on the sample.

The emission spectrum was analyzed in terms of the Fourier transform discussed
in the beginning of this section. The main frame of Figure 8.14 shows the absolute
value of the Fourier transform of the emission spectrum depicted in the inset of the
same figure. The first peak at d = 0 is not interesting in as much as it is merely due
to the fact that all emission values are positive. The three dominant peaks in the

FIGURE 8.14. Main frame: Fourier transform of the DOO-film emission spectrum shown
in inset. The square symbols indicate the main peak, twice the main peak, and three times
the main peak. Inset: Emission spectrum from a thin film of DOO-PPV at the excitation
energy of 2 µJ. (Source: Ref. [49].)
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Fourier transform spectrum occur at 41, 74, and 97 µm. The discrete spacing of
points in the Fourier transform is 4.5 µm. Thus, the second peak can be considered
as a multiple of the first harmonic. At the same time, the third peak at 97 µm is
not the third multiple of the first peak. If it is related to the resonance at 41 µm, it
must be the third peak of a strongly anharmonic cavity. Alternatively, and possibly
more likely, this peak corresponds to the first harmonic of some other cavity. The
round-trip optical pathlengths of the two cavities in real space (equal to 2πD) are
L = 260 µm and L = 610 µm, respectively. Both of these characteristic lengths
are much larger than the film thickness 1 µm, which indicates the alignment of
lasing modes in the plane of the film. According to the coherent backscattering
measurements, the photon mean free path in the sample is equal to 15 µm. Thus,
taking into account the index of refraction in the medium, n = 1.7, there are
approximately i = 10 scattering events per loop in the short cavity and i = 24
scattering events per loop in the long cavity.

The value of r , discussed in the beginning of this section, has been evaluated from
the analysis of the peak intensities in the Fourier transform spectrum. Substituting
to the formula

r = R exp[(γ − α)L] (8.6)

the values of r and L as well as the values of gain γ and loss α (determined in
[49] under the same pumping in a similar film configured to form a microring laser
cavity), the authors of [49] calculated the total effective reflectivity of all mirrors in
the cavity to be equal to R = 4.45 × 10−3 for a short cavity and R = 6.55 × 10−7

for a long cavity. If the qualitative model of simple ring cavities is accepted (see
inset of Figure 7.1a and relevant discussion in Chapter 7), then the reflection
coefficient per one scattering center can be calculated as Rsingle = R1/i . The values
of Rsingle calculated this way for the short and the long loops were approximately
the same, equal to 0.58 and 0.55, respectively.

Note that the model of lasing cavities, which are randomly formed in scattering
polymer films, is, in some sense, relevant to the model of spatially localized stimu-
lated emission modes found in ZnO and polymer random lasers in [17]. Surprising
and not well understood in the experiments of [49] are (i) the extremely low values
of reflectivity, which are still able to support coherent stimulated emission, and (ii)
the fact that the contribution from the cavities of only two distinctly different sizes
(i = 10 and i = 24) are seen in the emission spectrum. Note that in [48] only cavi-
ties with i = 15 and i = 18 contributed to the polymer random laser emission and
in [45] stimulated emission was supported only by cavities with i = 20. In [87], the
picture of ring cavities formed by scatterers, which are able to support stimulated
emission, was argued to be unrealistic due to very strong scattering out of the loop.

8.3.4 Uniformity of Random Laser Cavities in Polymer
Random Lasers

An alternative point of view and an explanation of the coherent stimulated emis-
sion in polymer random lasers have been presented in [79–81]. In these works,
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the multiline emission spectra of DOO-PPV polymer random lasers have been
experimentally obtained and their Fourier transforms have been analyzed.

As discussed in Section 8.3.3, spectral positions of narrow stimulated emission
lines change when the pumped spot is moved along the sample. When several tens
of emission spectra were averaged, the narrow lines in the spectra smeared out [79–
81], producing a nearly featureless band, which was similar to that observed in an
incoherent regime at lower pumping energy. At the same time, when the Fourier
transforms of many individual emission spectra were averaged, their features did
not disappear but, instead, became more obvious and pronounced. The positions
of the peaks in the averaged Fourier transform spectra corresponded to only one or
two characteristic cavity sizes. At the same time, tens of bright spots (presumably
associated with individual localized modes or effective laser cavities) were seen
in the near-field emission pattern.

In order to explain this seemingly paradoxical situation, it has been suggested
[79–81] that all the resonators, which are responsible for lasing in polymer films,
are approximately the same. The nature of such cavities and their uniformity
has been described in terms of the model based on long-range fluctuations of the
effective index of refraction, which is briefly discussed below. It has been proposed
[81] that polymer thin films have thickness inhomogeneities, the shapes of which
are circular in a first approximation (Figure 8.15). It has also been assumed that the
characteristic (in-plane) linear size of such inhomogeneities is much larger than
the photon mean free path l∗ determined by scatterers, which, in turn, is much
larger than the light wavelength λ. Because light is confined within the film due to
waveguiding [42,81], the larger film thickness h leads to a higher in-plane wave
vector of the light modes, that is, to higher effectiveness of refraction neff [81],

neff =
√

n2 − (p + 1)2
(

λ

2h

)
, (8.7)

where n is the refraction index of the medium and p is the number of the transverse
waveguide mode. By virtue of this mechanism, long-range fluctuations of h can
facilitate the formation of microdisk-type resonators [79–81], the properties of
which are known in the literature [88,89]. (According to the model presented in

FIGURE 8.15. (a) Schematic illustration of the thickness fluctuation of the polymer film; the
refractive indexes of the polymer and glass substrate are given. (b) Schematic illustration
of the whispering-gallery-type mode in a resonator formed by a thickness variation δh; L

is the round-trip resonator path length. (Source: Ref. [81].)
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Ref. [87], nearly circular resonators in polymer random lasers can also be formed
via correlated arrangements of scatterers.)

It has been argued [80,81] that although the stimulated emission in polymer
random lasers and in ZnO random lasers have similar evolution and appearance,
the underlying physical mechanisms of the two lasing processes are principally
different. According to [81], although scatterers facilitate stimulated emission
feedback in ZnO, they detract it in polymer films.

To explain the uniformity of sizes of unintentionally formed microdisk-type
resonators, the following model was proposed [81]. For the lasing process to start,
the gain in the cavity should exceed loss. For any given value of gain in the medium,
there exists a minimum size of microdisk cavity Lγ below which the threshold
cannot be reached. On the other hand, it has been argued that the formation of
high-quality resonators with the size L � l∗ is very unlikely and the probability
of their existence decreases exponentially with the increase of L due to short-range
disorder (scattering). Thus, the size of the resonator is limited by the cut-off value
Lγ on the lower end and by a steep exponential decay on the upper end. Thus, the
resonator sizes are expected to have a very narrow distribution [79–81].

The other consequence of the effect of scatterers is that the most probable cavity
size shortens with the increase of the concentration of scatterers and the positions
of peaks in the Fourier transform of the emission spectrum scale with the mean free
path l∗. To confirm this prediction, two similar polymer films have been fabricated
in [81]: one nominally pure and another with TiO2 particles. The averaged Fourier
transform spectra of the both samples are plotted as functions of distance normal-
ized to l∗ in Figure 8.16. The good match of the peaks in the two Fourier transform
spectra in Figure 8.16 can serve as proof of the validity of the developed model.

Note that the model developed in References [80,81] does not explain the obser-
vation of two (and only two) extremely different cavity sizes in the emission spectra
of polymer random lasers, for example, 260 and 610 µm in [49], 56 and 216 µm in
[81], and so on. In addition, the strikingly similar appearance of stimulated emis-
sion in polymer random lasers [46,79–81], opals infiltrated with dyes [45,73–75],
liquid organic dyes [33,34], and ZnO polycrystalline films [33,90,91] calls for an
explanation that is common to all these phenomena.

8.3.5 Coherent Polymer Random Lasers Based on PMMA
Films Doped with Rhodamine 640 Dye and TiO2 Particles

Random lasers based on Poly(methyl methacrylate) (PMMA) films doped with
rhodamine 640 dye and TiO2 scatterers were studied in [17,50]. Experimentally,
concentrations of dye and scatterers in the samples were varied in a very wide
range [50]. The thickness of the films was equal to approximately 150 µm in
[50] and 0.5 to 1 mm in [17]. The samples were excited by 25 to 30 ps laser
pulses at λ = 532 nm. The area of the pumped spot in the experiments was varied
between approximately 0.002 mm2 and 0.03 mm2. The CBS technique was used
to characterize the transport mean free path lt in the system.
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FIGURE 8.16. Average of 125 power Fourier transforms scaled by l∗. Dotted lines are the
emission of pure polymer and polymer doped with TiO2 scatterers, respectively. The solid
line is the result of theoretical model developed in Ref. [80]. (Source: Ref. [81].)

The behavior of the PMMA-based polymer random laser was similar to that of
many other coherent random lasers [17]. Thus, at low pumping intensity the emis-
sion spectrum had a single broad spontaneous emission peak. When the pumping
energy exceeded a threshold, discrete narrow lines emerged in the emission spec-
trum. For each spectral peak, the emission intensity fluctuated randomly with the
angle. It has been found that [50]:

1. The threshold pumping intensity Ith is proportional to the square root of the
transport mean free path lt . [The theoretical explanation of this result [50] was
based on the assumption that the frequency spacing between modes in random
lasers, characterized by diffusionlike motion of photons, should be larger than the
mode linewidths. In Chapter 4, a similar result was derived from the balance of
gain and loss in random lasers [92]. (Both theoretical predictions were done for
absorbed pumping density. In the experiment of [50], absorbed pumping energy
was not much different from incident pumping energy [93].)

2. The number of lasing modes in the emission spectrum increases with the
reduction of the transport mean free path lt . This increase is especially dramatic
when lt approaches the emission wavelength.
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3. At constant transport mean free path lt , the number of lasing modes increases
with the increase of the pumping intensity I at relatively small values of I and
saturates at high values of I . (The results (2) and (3) are in line with those of
[94], where (a) the increase of the number of lasing modes with the increase of
the pumping intensity, (b) the repulsion of lasing modes, (c) the saturation of the
number of modes for a given size of the system, and (d) the relation between the
localization length and the average mode length have been predicted by applying
the FDTD computation technique and semi-classical laser model [95,96] to an
inhomogeneous random medium.)

4. The threshold pumping intensity Ith decreases with the increase of the diam-
eter of the pumped spot d (At lt = 0.9 µm, Ith was proportional to d−1.18, and at
lt = 9 µm, Ith was proportional to d−1.5 [50].) This observation is in line with the
results of [19], showing that in random lasers with photon diffusion, the threshold
pumping density depends on the diameter of the pumped spot as ∝ 1/dx + const,
where the value x can vary between 1 and 2, depending on the shape of the pumped
volume, its vicinity to the surface of the scattering sample, and so on.

In [17], localized states of stimulated emission in PMMA thin-film random lasers
have been examined using a spectrally resolved speckle technique. The method and
the experimental setup (Figure 7.11 are discussed in Chapter 7. The spectral image
of the emission from the PMMA polymer containing rhodamine 640 dye and TiO2
particles is shown in Figure 8.17, and the corresponding amplitude of the spatial

FIGURE 8.17. Fragment of spectrally resolved speckle pattern of emission of PMMA
polymer doped with rhodamine 640 dye and TiO2 particles. (Source: Ref. [17].)
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field correlation function lC(x)l for the laser line at λ = 622.8 nm is depicted
in Figure 8.18. The emergence of a speckle pattern in the PMMA random laser
was direct evidence of a coherent character of narrow-line stimulated emission
[17]. It has been argued that the envelope of the spatial field correlation function
directly reflects the wave function of a localized state. With the increase of the
transport mean free path, the localized states were shown to shrink in size. This
experimental observation was in agreement with the theoretical prediction made in
[94]. It was finally concluded [17] that individual localized states exist in a random
laser medium far from the localization threshold for the whole scattering sample.

FIGURE 8.18. (a) The amplitude of the spatial field correlation function |C(x)| for the
lasing peak at λ = 622.8 nm in Figure 8.17 (marked by an arrow); (b) the solid line is S(x)

obtained by integrating |C(x)| in (a). The dotted line represents the fit of S(x) with an
exponential decay function. (Source: Ref. [17].)
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8.4 Other Random Lasers Based on Dyes
and Polymers

Random lasers based on organic gain media are not limited to liquid solutions
with scatterers and scattering polymers. Several other interesting realizations of
organic random lasers are briefly described below.

Random laser emission from dye-treated animal tissues was observed in [97],
where significant narrowing of the emission spectrum and shortening of the
emission pulses were observed in optically pumped chicken tissue and pig fat
samples treated with rhodamine 640 dye solution. The observed effects were
attributed to mirrorless laser action in optically pumped tissue with gain and
multiple scattering of emission.

In Reference [98], stimulated emission was obtained in human kidney and colon
tissues infiltrated with dye. It has been found that malignant tissues show a much
larger number of laser lines compared to healthy tissues taken from the same organ.
Consequently, the typical random resonators were found to be different for healthy
and cancerous tissues. Proposed potential applications of stimulated emission in
(biomedical) tissues include optical imaging, and diagnostic and optotherapeutic
treatment of tumors in humans [97,98].

In a number of publications, random laser emission was obtained in opal crys-
tals infiltrated with solutions containing dyes or polymers [45,73–75]. Opals are
porous three-dimensional arrays of silica spheres. The face-centered cubic (fcc)
lattice of opals usually contains many defects [45]. The emission spectra of opals,
which at strong pumping are characterized by a bandwidth narrowing followed
by an appearance of narrow lines (modes) on the top of the emission spectrum,
have a striking similarity to those of liquid random lasers or thin-film polymer
random lasers [45]. However in opals, spectrally narrow lines (modes) of stimu-
lated emission can be observed at the mean free path l∗ equal to several hundred
wavelengths, ten times longer than those in liquid dyes with scatterers or polymer
films demonstrating the same type of behavior.

In Reference [99], porous sintered glass was infiltrated with laser dye dissolved
in a liquid crystal. Random laser action was evident as a strong narrowing of the
emission spectrum and an abrupt increase of the emission intensity above some
critical threshold value. Liquid crystals go through partially ordered phases when
heated. Different phases have different indexes of refraction. Thus, when a random
laser matrix (sintered glass) is infiltrated with liquid crystal, its diffusion becomes
strongly temperature-dependent. Correspondingly, the quality factors of effective
cavities formed by scatterers become temperature-dependent too. In [99], this
effect was used to switch the random laser emission on and off by changing the
temperature. The details of this effect were studied experimentally and theoretically
in [100–102]. A random laser effect in a disordered system, in which the multiple
scattering feedback mechanism can be switched from a 3D random walk to a quasi-
2D type of transport by applying an electric field, is reported in Reference [103].
The phenomenon is observed in dye-doped polymer dispersed liquid crystals and
makes use of the strong scattering anisotropies in these materials.
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In Reference [104], laser effect has been demonstrated in a stack of glass slides
(of slightly varying thickness) with rhodamine 6G dye embedded between the
glass slices. Stimulated emission in Reference [104] was supported by long-lived
localized modes overlapping the localized gain region. Laser emission in a stack of
glass slides has been also proposed and theoretically analyzed in Reference [105].

Microlasers based on microspheres, microdisks, or microrings containing dye
or polymer have been studied in many publications; see for example, References
[47,82,106–113]. The spectra of such lasers are dominated by a periodic series
of morphology-dependent resonance lines. The pattern becomes more compli-
cated when an inhomogeneous gain medium with its own resonance frequencies
is placed inside a cavity. In [114–116], the emission from submillimeter-sized
cylindrical cavities (tubes) filled with solutions of nanostructured fractal aggre-
gate of silver nanoparticles [117–119] and rhodamine 6G dye has been studied. In
fractal aggregates, optical excitations are concentrated in regions smaller than the
diffraction limit of conventional optics, resulting in strong enhancements of opti-
cal fields. Placing an aggregate into a microcavity can further increase the optical
fields because of interaction of aggregate modes with cavity resonance modes. As
demonstrated in [114–116], this enhancement can result in multiple-mode lasing
of dye (with line strengths and line frequencies not fitting any simple pattern) at
very low pumping intensity.

As it has been shown in recent Reference [120], the localized surface plasmon
resonance of nanostructures exhibits a singularity when surrounded by amplifying
medium with critical value of gain. The singularity in enhancement occurs because
gain of the amplifying medium can compensate losses in surface plasmons. In this
case, the enhancement can be truly gigantic and it is limited only by saturation
effects in the amplifying medium. Such composite medium should exhibit strong
scattering, leading to light localization effects and low-threshold random laser
action. Note that the scattering in such a system will be high in the emission band
and low in the absorption band. These are the ideal conditions for the low threshold
and high-slope efficiency of random laser because of highly efficient utilization
of the pumping energy, low reflection of pumping, and strong feedback at the
stimulated emission wavelength [103].
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9
Other Types of Solid-State Random
Lasers

9.1 Praseodymium-Doped Oxisulfide Powder Lasers

Laserlike emission in powders of praseodymium-doped oxisulfides of yttrium,
lanthanum, and gadolinium has been reported in References [1,2] under laser
pumping (at different wavelengths) and electron beam pumping. The concentration
of praseodymium was varied in different experiments between 1020 cm−3 and
1021 cm−3. When the pumping density exceeded its threshold value (which was
smaller than in the neodymium random laser, Chapter 2), one of the emission lines
strongly increased in comparison with the other spectral lines, its width reduced
to 1Å, and the emission pulsewidth shortened to 8 to 20 ns. This experimental
behavior, similar to that in neodymium random lasers [3,4], was explained in
terms of stimulated emission.

The stimulated emission wavelength in La2O5S-Pr2O5S powder was equal to
758.7 nm and that in Y2O2S-Pr2O2S powder was equal to 768 nm [1]. Both wave-
lengths were assigned to the Pr3+ transition 3P0–3F4. These wavelengths and the
transition were different from those in a Pr:δ-alumina random laser pumped with
an electron beam, λ ≈ 0.63 µm and 3P0-3H6, respectively [5].

It was found that the threshold of stimulated emission depended strongly on
the particle size, the number of layers of particles in the sample (which provided
for the feedback), and the index of refraction. The model explaining the effect,
analogous to that in [4], was based on the concept of coupled resonators supported
by reflections off microcrystalline facets.

9.2 Ti-Sapphire Random Laser

9.2.1 Experimental Observation of Stimulated
Emission in Ti-Sapphire Powder

Stimulated emission in Ti-sapphire powder was obtained in [6]. The two powder
samples studied had Ti concentrations equal to 0.1 and 0.2 at.%, which was higher

198
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FIGURE 9.1. The channel in the powder volume “drilled” by the pumping laser beam.
(Source: Ref. [6].)

than in regular Ti-sapphire laser elements.1 The Ti-sapphire crystals were ground
(with the use of a mortar and pestle) to a powder characterized by the mean particle
size ≈3 µm. The powder samples were loaded into glass cuvettes and excited with
a second-harmonic Q-switched Nd:YAG laser.

Because the absolute output efficiency of stimulated emission in high-density
Nd0.5La0.5Al3(BO3)4 samples was higher than that in low-density samples (see
Section 2), the experiments with Ti-sapphire were started with strongly compressed
powders [6]. However, in high-density Ti-sapphire powders, stimulated emission
could not be obtained below the damage threshold of the glass wall of the cuvette.
Surprisingly, laserlike emission characterized by short pulses and substantial nar-
rowing of the emission spectrum, with the maximum at λ ≈ 800 nm, was relatively
easily obtained in a low-density sample, where a focused pumping beam, push-
ing particles out of its way, “drilled” a narrow channel in the powder volume [6].
(Note that the effect of channel formation was of purely mechanical nature, due
to light pressure applied to powder particles. At the pumping densities used in the
experiment, no burning, chemical decomposition, melting, or evaporation of the
crystalline material was observed.) The diameter of the channel was of the order of
1 mm at the front surface of the cuvette and strongly reduced, down to ∼100 µm,
at the depth of 3 to 5 mm (Figure 9.1).

According to Figure 9.2a, showing stimulated emission in Ti-sapphire powder
in response to nth

1 , nth
2 , nth

3 (n3 > n2 > n1) pumping pulses, which created and
continuously increased the hole in the volume of Ti-sapphire powder, the formation
of a narrow channel was advantageous for the stimulated emission in this material.
(There was not much difference between stimulated emission in 0.1% doped and
0.2% doped Ti-sapphire samples.)

It is interesting to note that the experiment with Nd0.5La0.5Al3(BO3)4 powder
(3.5 µm mean particle size) demonstrated an opposite behavior: the creation of

1The Ti-sapphire crystals were grown by Milan R. Kokta, who was at that time with the
Union Carbide Corporation.
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(a)
(b)

FIGURE 9.2. (a) Evolution of stimulated emission pulses in 0.2% doped Ti-sapphire powder.
Traces 1–3 demonstrate the development of stimulated emission pulses along with the
increase of the pumping pulse number and the size of the channel. (b) Evolution of stimulated
emission pulses in Nd0.5La0.5Al3(BO3)4 powder. Traces 1–3 demonstrate the degradation
of stimulated emission along with the increase of the pumping pulse number and the size of
the channel. At typical pumping energies used in the experiment, traces 1,2,3 corresponded
to approximately the third, eighth, and twentieth pulse in the series. The intensity scale is
different for different traces. (Source: Ref. [6].)

a channel in a powder caused a reduction of the stimulated emission efficiency
(Figure 9.2b).

9.2.2 Qualitative Explanation of the Influence of a Channel
Formation on Stimulated Emission in Powders

The difference in behavior of Ti-sapphire and Nd0.5La0.5Al3(BO3)4 random
lasers was explained in terms of the photon absorption and scattering in a gain
medium [6].

1. When absorption in powder is weak and scattering is strong (as in the case
of Ti-sapphire), only a small fraction of incident pumping light is absorbed in
the sample. A much greater amount of energy is diffusely reflected (scattered)
off the sample. Thus, the incident pumping energy is utilized very inefficiently.
A narrow channel formed in a powder works as a cavity (first approximation to
a black body) helping one to reabsorb pumping photons otherwise reflected by
the scattering medium. This increases the pumping efficiency and reduces the
threshold of stimulated emission.

2. In a medium with relatively strong absorption (such as Nd0.5La0.5Al3(BO3)4
powder), the major fraction of incident pumping energy is absorbed in the sample.
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TABLE 9.1. Reflection of 532 nm Light off Tita-
nium-Doped and Neodymium-Doped Powders.a

Material Relative reflection

Nd0.5La0.5Al3(BO3)4 powder 0.52
Ti-sapphire powder (0.2% of Ti) 0.86
Ti-sapphire powder (0.1% of Ti) 0.88
Al2O3 powder 1.0

aReflection is normalized to that off Al2O3 powder.
Source: Ref. [6].

The formation of a channel in such a medium practically does not increase the
amount of utilized pumping energy, which is already high. On the other hand, a
needlelike spatial distribution of the absorbed pumping and the gain is far from
optimum (in terms of maximizing the residence time of emission photons in a
pumped volume) and determines the high threshold of stimulated emission [6].
[Following this logic, one infers that in Ti-sapphire powder a positive effect of
the channel formation (better utilization of the pumping energy) overcomes the
negative effect caused by the needle shape of the pumped volume.]

To justify the heuristic model above, the measurements of reflection of Ti-
doped and Nd-doped powders at λ = 532 nm were carried out using the technique
described in Section 2.9 [6]. Following the classification of Section 2.9, all powders
used in this particular experiment were “medium-dense,” filled into cuvettes, and
shaken. Because the powder samples were optically thick, the transmission was
negligibly small, and all pumping light, which was not reflected, was absorbed in
the powder.

As follows from Table 9.1, which summarizes the results of the reflection mea-
surements, there is a large difference between absorption in neodymium-doped
and titanium-doped powders. Thus, Nd0.5La0.5Al3(BO3)4 powder absorbs nearly
half of the incident pumping energy, whereas the absorption in Ti-sapphire pow-
ders is as low as 12 or 14%. The reflection off the samples, in which channels were
created, was difficult to measure with high accuracy; however, it was evaluated to
be smaller than in the samples without channels. These results support the model
outlined above [6].

9.2.3 Studies of Light Amplification
in Ti-Sapphire Powders

Amplification of backscattered and transmitted light in optically pumped Ti-
sapphire powder has been studied in [7–9]. In Reference [8], several Ti-sapphire
samples with titanium concentration equal to 0.15 wt.% and transport mean pulse
ranging between 10 and 40 µm have been prepared and investigated.

The samples were pumped with 14 ns pulses of Nd:YAG laser focused into a
5 mm spot [8]. The maximum pumping energy was equal to 200 mJ. A Monte
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Carlo simulation of light diffusion in Ti(0.15 wt.%):Al2O3 powder has predicted
the pumping efficiency (absorption efficiency) to be equal to 7.7% [8]. This value
is not very far from 12 and 14% experimentally measured in Ti-sapphire powders
in Ref. [6]; see Table 9.1.

The pumped spot was probed with low-energy light pulses (Epulse = 40 µJ,
tpulse = 14 ns) at the wavelength close to the maximum of the gain spectrum. The
transmission and the backscattering amplification coefficients were measured by
comparing the intensities of, respectively, the transmitted and the backscattering
probe lights when the pumping was on and off. The maximum amplification of the
transmitted light was equal to 1.42 and that of the backscattered light was equal to
2.55 [8]. The optical gain in excited Ti-sapphire powders caused a significant nar-
rowing of the coherent backscattering cones [7,9]. No lasing effect in Ti-sapphire
powders has been reported in [7–9].

In a similar experiment with ruby powder (Cr = 2.1 wt.%), the maximum ampli-
fication in transmission was equal to 1.04 [8]. The strong difference between the
magnitudes of the effect in ruby and Ti-sapphire is probably due to the fact that
the ruby laser operates according to a three-level scheme and the Ti-sapphire laser
operates according to a four-level scheme.

9.3 Color Center Powder Laser

The relatively low emission cross section of neodymium-doped and other rare-
earth-doped laser crystals and glasses (≤1018 cm2) determines a relatively high
threshold of random lasers based on these materials, which may limit their
applications. Color centers (CC) have one of the highest emission cross sec-
tions in dielectric solid-state laser materials [10]. Spectroscopic properties of
CC:LiF powders, different from those of bulk crystals, as well as efficient
stimulated emission of the CC:LiF random laser [11] are discussed in this
section.

9.3.1 Experimental Samples and Setup

Experimentally, two crystals of LiF with CCs have been studied in Reference [11].
The crystals were grown by the Kyropolus method in platinum crucibles from
nominally pure materials. They were subjected to γ-irradiation with a dose of
1.5 × 108 Rad (Crystal #1) and 1 × 107 Rad (Crystal #2) at a temperature of
293◦K. Crystal #1 had high concentration of F2 CCs characterized by the max-
imum absorption coefficient of kmax

abs ≈ 200 cm−1; the color of the material was
dark red in the bulk form. Crystal #2 was yellow in the bulk form and had rela-
tively low concentration of F2 CCs (kmax

abs ≈ 25 cm−1). The powder samples were
produced by grinding single crystals with a mortar and pestle. The powder of
Crystal #1 was yellowish-tan and the powder of Crystal #2 was light yellow. Most
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of the experimental results reported in this section were obtained using Crystal
#1. Hereafter, by LiF sample we mean Crystal #1 unless otherwise stated. In
the experiment, the samples were excited at λ = 532 nm with Q-switched laser
pulses (tpulse ≈ 15 ns, 10 Hz repetition rate) or trains of 100 ps pulses (≈12.8 ns
between pulses). The emission spectra and emission kinetics were studied at dif-
ferent pumping densities. A Si diode, McPherson 0.3 m monochromator, and a
boxcar integrator were used for the spectra acquisition, and a monochromator
and a Hamamatsu Streak Camera C4334 were used for the kinetics recording.
The transmission spectra of the samples were studied with a UV-VIS Varian
spectrophotometer.

9.3.2 Experimental Results

9.3.2.1 Color Centers in Bulk LiF Crystal

The absorption spectrum of a 1.25 cm thick bulk crystal of LiF is shown in
Figure 9.3a. According to [10], the strongest absorption band with the maximum
at ≈445 nm belongs to F2 CCs; the peak centered at ≈380 nm belongs to F3 CCs;
a shoulder at ≈550 nm represents N CCs; a weak band at ≈800 nm belongs to F−

3
CCs; and an increasing absorbance beyond 900 nm represents the absorption band
of F−

2 CCs centered at ≈960 nm.
The emission spectra of bulk samples recorded at weak excitation (Figure 9.4,

trace 1) correspond to F2 CCs [10]. At the excitation of bulk samples with a train
of weak 100 ps pulses, the emission decay at 673 nm was found to be single-
exponential, with the effective lifetime equal to ≈16.4 ns in Sample #2 and 15.3 ns
in Sample #1 (Figure 9.5, trace #1). These experimental lifetimes are in reasonably
good agreement with the 18.3 ± 1.7 ns lifetime reported in [12]. Slight shortening
of the emission decay time in the sample with higher CCs concentration (#1) may
imply energy migration over F2 CCs to some quenching centers.

It is known that at strong optical pumping, two-step photoionization converts F2
CCs into F+

2 CCs [10,13]. At room temperature, the absorption band of F+
2 CCs in

LiF is centered at 645 nm and has a width equal to �ν = 3500 cm−1; this absorp-
tion hinders laser emission of F2 CCs. The maximum of a wide (�ν = 2300 cm−1)
F+

2 emission band is at 910 nm [14]. The decay time of F+
2 luminescence at

77 K is 29 ns [15]. However, the luminescence quantum yield (η) decreases
with the increase of the temperature from η = 0.52 at T = 90◦K to η = 0.15
at T = 300◦K [16]. F+

2 CCs in bulk LiF crystal are thermally unstable; at room
temperature their effective degradation time is equal to several hours [10].

The emission spectrum of a strongly pumped (at 50 mJ/cm2) bulk crystal is
shown in Figure 9.4 (trace 2). The infrared luminescence band in the spectrum
corresponds to F+

2 CCs. This band is photoinduced, because it is not present at
weak excitation of the sample (compare with trace 1). Trace 3 of Figure 9.4 shows
the infrared peak alone, calculated as the difference between normalized to unity
traces 2 and 1.
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FIGURE 9.3. Absorption spectrum of LiF with color centers (sample #1): (a) bulk sample,
l = 1.25 mm, trace 1: full spectrum (left scale), trace 2: zoomed infrared bands (right
scale); (b) powder samples, trace 1: not exposed, trace 2: preliminary exposed with intense
532 nm laser light. Powder was pressed between two glass slices; the average thickness of
the powder layer was equal to 100–200 µm; the thickness of the sample was nonuniform.
(Source: Ref. [11].)

9.3.2.2 Color Centers in Pulverized Not Strongly Exposed Samples

The absorption spectra of powder samples were taken with the powder compressed
between two glass slides. To reduce, to some extent, the effect of scattering, the
samples were put very close to the detector port of the spectrophotometer. The
thickness of the powder samples was equal to 100 to 200 mm; the uniformity
and thickness of the powder layer was difficult to monitor or control. A powder
pressed between two glass slides looked porous and had large nonuniformity of
the effective thickness. One can argue that in a strongly absorbing sample with
strong nonuniformity of the thickness, the ratio of the measured absorption inten-
sity in strong and weak lines is much smaller than the similar ratio in a uniform
sample. Although the absorption spectra obtained this way cannot be used for
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FIGURE 9.4. Emission spectrum of the bulk LiF sample (#1); excitation: 532 nm,
Q-switched pulses. Trace 1 (open circles): weak pumping (<0.1 mJ/cm2); trace 2 (closed
circles): strong pumping (50 mJ/cm2); trace 3 (open squares): infrared emission peak
alone, calculated as the difference between the normalized to unity traces 2 and 1.
(Source: Ref. [11].)

precise quantitative analysis, they show the existence and positions of different
absorption bands.

The absorption spectrum of an unexposed LiF powder sample is shown in
Figure 9.3b, trace 1. The main qualitative differences between the absorption

FIGURE 9.5. Kinetics of F2 luminescence registered at λ = 673 nm at weak excitation of
the samples with a train of 100 ps, 532 nm pulses. The distance between pulses is equal to
12.8 ns. Trace 1 (open circles): bulk material; trace 2 (shaded squares): powder sample. An
arrow indicates the position of the next pumping pulse. (Source: Ref. [11].)
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spectrum of the bulk sample (Figure 9.3a) and that of the powder sample (Fig-
ure 9.3b, trace 1) are: (a) the presence in the spectrum of powder of a wide,
not well-structured band at ≈600–800 nm and (b) the absence of powder in the
spectrum of the band centered at ≈800 nm (F−

3 CCs).
The emission spectrum of a very weakly pumped (0.12 mJ/cm2) powder sample

is shown in Figure 9.6, trace 1. This spectrum consists of two bands. One of them,
red, is similar to the emission spectrum of F2 CCs in the bulk sample (Figure 9.4,
trace 1). The second, infrared, band has a maximum at ≈850 nm and is shifted to
shorter wavelengths relative to the F+

2 emission peak in the bulk sample (compare
traces 1 and 4 in Figure 9.7). The shape of the emission spectrum of the powder
remains unchanged at twice stronger, but still very weak (0.24 mJ/cm2), excitation.
This suggests that CCs responsible for the infrared emission are not photoinduced
but created during pulverization of the material. By comparing two powder samples
prepared from the same crystal (#1), it was found that the 840 nm infrared peak
was stronger in the powder with smaller particles.

The decay kinetics recorded at 673 nm under weak excitation of a fresh (not
strongly exposed by 532 nm light) powder sample with a train of weak 100 ps,
532 nm pulses is shown in Figure 9.5, trace 2. This kinetics is shorter than that in
bulk material: the initial luminescence decay time is equal to 6.8 ns, and the further
decay is characterized by the time-constant equal to 12.2 ns. (Note that because
the effective luminescence decay time is comparable to the distance between exci-
tation pulses, the shape of nonexponential kinetics excited with a train of pulses
is different from that excited by a single pulse.) The difference between the lumi-
nescence decay kinetics (at λ = 673 nm) in bulk and pulverized samples can be
explained by a combination of the following reasons: (a) enhanced energy transfer

FIGURE 9.6. Emission spectra of the CC:LiF powder sample. Excitation: 532 nm,
Q-switched pulses; trace 1 (closed circles): 0.12 mJ/cm2, trace 2 (open circles):
3.7 mJ/cm2, trace 3 (shaded squares): 11 mJ/cm2. (Source: Ref. [11].)
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FIGURE 9.7. Infrared emission band, calculated as the difference between the normalized to
unity (at 680 nm) experimentally recorded spectrum and extracted emission spectrum of F2
CCs in the unexposed bulk material (trace 1 in Figure 9.4). Excitation: 532 nm, Q-switched
pulses; trace 1 (open circles): powder sample, 0.12 mJ/cm2; trace 2 (open triangles): powder
sample, 3.7 mJ/cm2; trace 3 (open squares): powder sample, 11 mJ/cm2; trace 4 (shaded
diamonds): bulk crystal, 50 mJ/cm2. For a more convenient presentation, the zero level of
trace 2 is set to be equal to 0.5 and the zero level of traces 3 and 4 is set to be equal to 1.
(Source: Ref. [11].)

from F2 CCs to some quenching centers in powder, (b) the presence in the pow-
der of some other CCs, the lifetimes of which are shorter than the lifetime of F2
CCs, and (c) enhancement of the emission cross section of F2 CCs in pulverized
material.

The luminescence kinetics recorded at λ = 850 nm at the 100 ps excitation
is shown in Figure 9.8, trace 1. This kinetics has a fast component, with the
decay time equal to ≈2.2 ns, and a long component, with the decay time equal
to 14 ± 1.5 ns. The presence of two different components in the kinetics suggests
(a) the existence of two different centers emitting at 850 nm or (b) luminescence
quenching due to radiationless energy transfer. In any case, the presence of a fast
component in the kinetics indicates that emitting centers absorb optical pumping
directly. In fact, centers excited via F2 CCs cannot have the decay time shorter
than 12 ns.

The most probable scenario explaining the nature of mechanically produced
(by grinding) CCs is as follows. During the grinding process a substantial number
of dislocations are created in the material. Generally speaking, those dislocations
are traps for electrons. Due to a large affinity to electrons typical of dislocations,
an electron belonging to F2 CC can be attracted and trapped by the dislocation,
producing a dislocation-perturbed F+∗

2 CC. A similar effect was observed in [17],
where a γ-irradiated LiF crystal under plastic deformation changed the color from
yellow to green due to the reduction of the 450 nm absorption band (F2 CCs) and
creation of the 645 nm absorption band (F+∗

2 CCs).
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FIGURE 9.8. Trace 1: luminescence kinetics recorded at λ = 850 nm in fresh (not pre-
liminary exposed) powder. Trace 2: luminescence kinetics recorded at λ = 900 nm in
preliminary strongly exposed, greenish powder. Kinetics taken at weak excitation of the
sample with a train of 100 ps, 532 nm pulses. Arrow indicates position of the next pumping
pulse. (Source: Ref. [11].)

The presence of F+
2 -like CCs in the pulverized material (F+∗

2 ) can explain the
presence of a wide absorption band (at 600–800 nm) in the spectrum of powder.
Apparently, the perturbation of F+

2 color centers by dislocations causes the shift
of the luminescence band maximum from 900 to 850 nm. The observed 850 nm
luminescence decay is also not inconsistent with that expected for F+

2 -like CCs
(because the 29 ns decay time at 77 K and the threefold reduction of luminescence
quantum yield as the temperature changed from 90 to 300 K were reported in the
literature [16]).

The same dislocations can attract and trap electrons from F−
3 CCs, converting

them into F3 CCs. This is the most probable reason why the 800 nm absorption
band (F−

3 CCs) is not seen in the spectrum of the powder.

9.3.2.3 Color Centers in Pulverized Samples Exposed
by Intense 532 nm Radiation

At stronger excitation of the powder sample (≥3.7 mJ/cm2), the infrared emission
peak is slightly shifted to the longer wavelengths and its intensity is reduced relative
to the intensity of the red emission peak (Figure 9.6, trace 2 and Figure 9.7, trace 2).
At further increase of the pumping density (11 mJ/cm2), the relative intensity of
the infrared peak is significantly increased and its maximum is shifted further
to the longer wavelengths (Figure 9.6, trace 3 and Figure 9.7, trace 3). In this
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new position, the infrared emission peak of the powder almost resembles that of
F+

2 CCs in a bulk LiF sample. The transformation of the emission spectra above
suggests that strong 532 nm excitation reduces the concentration of dislocation-
perturbed F+∗

2 CCs and increases the concentration of color centers emitting at
900 nm (regular F+

2 CCs).
Note that the emission spectra of the powder did not change immediately

after the pumping energy was increased. It took some time—minutes to tens
of minutes—for the spectra to transform under exposure. (Simultaneously, the
color of the powder changed from yellowish-tan to greenish.) After the change
in the material was produced, the emission spectrum (and the color of the sam-
ple) did not return back to the original state instantaneously when the pumping
density was reduced. At room temperature the produced changes remained in the
crystal for a long time, days to weeks. This situation is different from that in
bulk LiF, where the room-temperature degradation time of F+

2 CCs is equal to
several hours. Another difference between the bulk and the pulverized LiF sam-
ples is that in the powder the pumping energy density required for the F2 → F+

2
conversion is five to ten times lower than that in the bulk material (Figures 9.4
and 9.6).

The absorption spectrum of the powder sample exposed to intense 532 nm radi-
ation is shown in Figure 9.3, trace 2. (The thickness of the exposed sample was
close but not equal to the thickness of the unexposed sample, trace 1.) The major
differences between the absorption spectra of exposed and unexposed samples are
(a) the presence in the spectrum of exposed powder of the pronounced peak cen-
tered at ≈650 nm (F+

2 CCs) and (b) strong reduction in the spectrum of exposed
sample of the 380 nm band (F3 CCs) and the 550 nm band (N CCs).

The luminescence kinetics (recorded at 900 nm, F+
2 CCs) of strongly exposed

greenish powder sample excited with the train of 100 ps, 532 nm pulses is shown
in Figure 9.8, trace 2. This kinetics is close but not identical to that at 850 nm
(F+∗

2 CCs), Figure 9.8, trace 1. The initial decay of the 900 nm kinetics is not
as fast as that of the 850 nm kinetics and has slightly smaller modulation depth
(smaller number of centers decay with short lifetime). The time constant of the
slow stage of the 900 nm kinetics (which can be assigned to F+

2 CCs) within the
experimental accuracy matches that of the 850 nm kinetics, 14.0 ± 1.5 ns. The
short component in F+

2 CCs luminescence was not discussed in the literature
before. The possible reasons for the two components in 900 nm kinetics are (a)
the luminescence quenching and (b) the presence of more than one center emitting
at 900 nm. Again, the existence of the short component in the 900 nm kinetics
implies direct optical excitation (at least partial) of emitting centers. F+

2 CCs can
be excited by 532 nm light at the short-wavelength wing of their absorption band.

At high pumping density the two-step ionization of F2 CCs occurs according to
the known scheme [10,15] F2 + 2hν0.53 → F ∗

2 + hν0.53 → F+
2 + e (here hν0.53

is the energy of the pumping photon and F ∗
2 is the excited F2 CC). Following the

scenario outlined above, one assumes that the photoinduced centers are mostly
the F2 CCs, which have no close dislocations (because F2 CCs, which have close
dislocations, are already converted into dislocation-perturbed F+∗

2 CCs). Some
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electrons released in the process of photoionization of F2 CCs can be captured
by F+∗

2 CCs. As a result, a part of F+∗
2 CCs will convert into F2 CCs (generally,

also perturbed by dislocations). Thus, strong exposure of powder with 532 nm
light increases the concentration of F+

2 CCs (900 nm) and decreases the concen-
tration of F+∗

2 CCs; see Figure 9.6. In principle, the same scenario accounting for
dislocation traps in pulverized material can explain the reduction of the effective
threshold for the F2 → F+

2 conversion. However, an enhancement of the stability
of photoinduced F+

2 CCs in powders was not completely understood [11].
There is another possible scenario, according to which dislocation traps are

ionized by 532 nm light. One can assume that ionized traps do not attract F+∗
2

CCs any more, and F+∗
2 CCs can migrate away from dislocations, converting into

regular F+
2 CCs and then, after association with F CCs, converting into F+

3 CCs
(F+

2 + F → F+
3 ). (The migration of F+

2 CCs in LiF was discussed in [14].) This
scenario can also explain the reduction in F+∗

2 concentration under exposure of
the powder sample with 532 nm radiation.

Under photoexcitation, F3 CCs (380 nm absorption) and N CCs (550 nm absorp-
tion) convert into F+

3 CCs. The maximum of F+
3 CCs absorption is at ≈460 nm.

This band cannot be seen under a strong absorption band of F2 CCs.

9.3.3 Stimulated Emission in CC:LiF Powder

At strong pumping with Q-switched, 532 nm pulses, the stimulated emission with-
out cavity was observed in CC:LiF powder [11]. Figure 9.9 shows the evolution
of emission spectra in the powder sample made of Crystal #1 when the pump-
ing intensity was changed from low to high. After the pumping energy exceeded
some critical value, the 900 nm infrared emission band (F+

2 CCs) shifted to longer
wavelengths and narrowed. The change of the spectral position of the emission line
stopped when the peak centered at ≈936 nm. The further increase of the pumping
energy caused a reduction of the linewidth and an increase of the peak emission
intensity. A similar spectral behavior is typical of LiF laser operation with F+

2
CCs in the regular laser cavity [10]. At the pumping density equal to 50 mJ/cm2

the emission spectrum consisted of a single line with full width at the half height
(FWHH) equal to 25 nm (Figure 9.9b).

In CC:LiF powder, the wavelength of stimulated emission was longer than the
wavelength of the maximum of spontaneous emission below the threshold. This
shift can be explained by a partial overlap of the F+

2 emission band and the absorp-
tion bands of F+

2 and other CCs. F−
2 CCs, which have a maximum of absorption at

960 nm [10], potentially present a serious problem for the 936 nm stimulated emis-
sion. Apparently, excitation of F−

2 CCs via F2 → F+
2 → F−

2 radiation energy
transfer followed by photoionization of excited F−

2 centers with the laser light
(converting F−

2 CCs into F2 CCs) strongly bleaches the F−
2 absorption band and

makes the laser emission possible.
Figure 9.10 shows the kinetics of stimulated emission in the powder of LiF

with color centers close to the threshold (Figure 9.10a) and far above the thresh-
old (Figure 9.10b). As one can see from this figure, when the pumping energy
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FIGURE 9.9. Evolution of the emission spectra and the stimulated emission in CC:LiF
powder. Pumping: Q-switched pulses at 532 nm; (a1): 4.4 mJ/cm2; (a2): 11 mJ/cm2;
(a3): 23 mJ/cm2; (b): 50 mJ/cm2. (Source: Ref. [11].)

reaches the threshold, a large number of randomly positioned, overlapped stim-
ulated emission pulses appear in the kinetics at λ = 930 to 936 nm. As pumping
energy increases, the intensity of short emission pulses increases, as well as the
number of pulses per unit time. Above a certain pumping energy, the pulses
become unresolved and their envelope closely resembles the pumping pulse.
This behavior is rather different from that of pulverized Nd doped materials
(Figure 2.4).

Trace 2 in Figure 9.10b represents the luminescence kinetics in a prelimi-
nary exposed powder sample recorded at 900 nm under weak excitation with
a train of 100 ps, 532 nm pulses. According to Figure 9.10b, the duration of
individual stimulated emission spikes within the envelope is much shorter than
the spontaneous emission decay time and the decay time of luminescence is
not longer than the width of the stimulated emission envelope, which resem-
bles the pumping pulse. The latter suggests that the quantum yield of stimulated
emission in the CC:LiF random laser is not smaller than that of spontaneous
emission.

A typical input–output curve experimentally recorded in a CC:LiF random laser
at 936 nm is shown in Figure 9.11. As follows from this figure, the threshold in
the LiF powder is not very sharp and the difference between the slopes before and
after the threshold is not very large. This type of input–output curve is strongly
different from that in neodymium random lasers (Section 2.2), where the emission
intensity below the threshold is negligibly small. According to Section 4.3, smooth
thresholds are predicted in cw random lasers. Because in the CC:LiF random laser
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FIGURE 9.10. (a) stimulated emission pulse in LiF powder close to the threshold
(Epump ≈ Eth), excitation: Q-switched, 532 nm pulse, registration: 930–936 nm; (b) trace
1: stimulated emission pulse at 936 nm in the same powder sample at Epump ≈ 2.5Eth;
trace 2 (dotted line): luminescence kinetics recorded in the same sample at 900 nm, at
excitation with a train of 100 ps, 532 nm pulses. (Source: Ref. [11].)

the duration of the pumping pulse is comparable to the spontaneous emission
lifetime, its regime of operation is close to cw. The threshold pumping density in the
CC:LiF random laser, ≈25 mJ/cm2, is smaller than in neodymium random lasers
(Chapter 2) and larger than in semiconductor (Chapter 7) or polymer (Chapter 8)
random lasers.

9.4 Mid-Infrared Eye-Safe Random Lasers Based
on Cr2+:ZnS and Cr2+:ZnSe

In the mid’90s there appeared a new class of laser materials, emitting transi-
tion metal-doped zinc chalcogenides [18] in the mid-infrared. These materials
are characterized by a relatively low saturation intensity resulting in an intrin-
sically low lasing threshold as well as by some other attractive spectroscopic
features. It is therefore not a surprise that they have evolved in the past few
years to the active media of broadly tunable (over 1100 nm around 2.5 µm),
highly efficient, and high-power continuous-wave, Q-switched, and mode-locked
lasers [19].
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FIGURE 9.11. Input–output curve of stimulated emission in CC:LiF powder sample
measured at 936 nm. Pumping: Q-switched pulses at 532 nm. (Source: Ref. [11].)

Random lasers based on the two most successful members of the Cr2+-doped
II–VI compounds, Cr2+:ZnSe [18] and Cr2+:ZnS [20], have been reported in
[21,22]. Experimentally several samples of Cr:ZnSe and Cr:ZnS powders made
by mechanically grinding the single crystals with the concentration of Cr2+ ions
varying between 5 × 1018 cm−3 and 2 × 1019 cm−3 have been studied. The par-
ticle sizes in different samples ranged from submicron to tens of micrometers.
Each powder sample was loaded into a cylindrical glass container, with inner
diameter equal to 1 mm and outer diameter equal to 1.5 mm, and illuminated by
15 ns sub-mJ pulses of an optical parametric oscillator (OPO). The diameter of
the pumped spot was varied between 0.7 mm and 1.1 mm. In the emission kinet-
ics measurements, the samples were pumped near the absorption peak of Cr2+ at
1780 nm in the case of Cr:ZnSe powder and 1700 nm in the case of Cr:ZnS pow-
der. In the spectral studies, the samples were pumped at 1594 nm and 1570 nm,
respectively.

At the pumping energy fluence comparable to the absorption saturation fluence,
(Jsat ≡ hνpump/σabs) of bulk Cr:ZnSe and Cr:ZnS (i.e., between 0.3 and 0.5 Jsat),
the dramatic shortening of the emission lifetime (Figure 9.12a), the thresholdlike
input–output behavior of the emission intensity (Figure 9.12b), and the radical
narrowing of the emission spectrum at gain peak (Figure 9.13) have been observed.
The spectral linewidth of the main peak in Figure 9.13 was limited by the resolution
of the apparatus. Note that the measurements presented in Figures 9.12 and 9.13
were done at different pumping wavelengths and different diameters of the pumped
spot, which determined the difference in the threshold energies.
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FIGURE 9.12. (a) Dependence of the Cr2+ emission decay time on the pumping energy in
Cr2+:ZnSe powder (excitation wavelength ≈ 1780 nm, pumped spot diameter ≈ 0.7 mm).
A qualitatively similar dependence was observed in the Cr2+:ZnS powder. (b) Emission
intensity versus pumping energy for different samples (excitation wavelength 1780 nm,
pumped spot diameter ≈ 1.1 mm). (Source: Ref. [22].)

The threshold pumping energy density as low as ∼20 mJ/cm2 could be observed
in Cr:ZnSe and a factor of 1.5 higher in Cr:ZnS. This difference corresponds to
the higher threshold of Cr:ZnS in the bulk form [20]. The two powder samples,
the input–output curves of which are shown in Figure 9.12b, were prepared from
the same bulk crystal (with relatively high absorption loss). The mean particle size
of one powder (“small grain”) was smaller than half of the emission wavelengths
and the mean particle size of the other powder (“large grain”) was comparable to
the wavelength. As follows from Figure 9.12b, the stimulated emission threshold
in the coarse powder was much smaller than that in the fine (subwavelength-size)
powder. This result is in line with the theoretical predictions made for random
lasers with diffusion character of photon motion (Section 4.7) and the experimen-
tal observations done in neodymium random lasers [23,24]. Note that strongly
irregular shapes of the powder particles excluded the possibility of stimulated
emission supported by resonances in individual granules.

The threshold energy densities in Cr:ZnSe and Cr:ZnS powder (random) lasers
were comparable to those in regular lasers based on single crystals of the same
materials (e.g., in the case of Cr:ZnSe ∼20 mJ/cm2 in powder versus 8 to
62 mJ/cm2 in various regular lasers). This suggests that the efficiency of feed-
back in random lasers is comparable to that in regular lasers. (Note that the typical
output coupling in Cr:ZnSe lasers is about 7.5% [18].)

It is important to note that the random lasers based on Cr2+:ZnS and
Cr2+:ZnSe powders are eye-safe and eye-safe-pumped. This opens a broad range
of applications of mid-infrared random lasers in search and rescue; identification,
including identification of friend and foe (IFF); and so on.
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FIGURE 9.13. Emission spectra of Cr2+:ZnS powder at various pumping pulse energies
(1570 nm). A qualitatively similar evolution of spectra was observed in Cr2+:ZnSe powder.
(Source: Ref. [22].)

9.5 Superradiance and Superfluorescence in Random
Laser Materials

9.5.1 Properties of Cooperative Emission

As outlined in References [25,26], three types of coherent emission effects taking
their roots in spontaneous emission are superradiance (SR), superfluorescence
(SF), and amplified spontaneous emission [27–30]. The criteria allowing one to
distinguish among these three effects have been formulated in [26,29].

In the case of SR, the ensemble of coherently excited atoms in volume <λ3 emits
spontaneously as one collective dipole. The cooperative state of SR is organized
through the interaction of atoms with the coherent pumping field. SF can occur in
volumes >λ3. The pumping in this case is incoherent, and organization of emitting
atoms into a cooperative state comes through their coupling via the emitted field.
The stimulated emission process (collective but not cooperative), which does not
involve a formation of collective dipole, is referred to as ASE.

All three phenomena above are characterized by spectral line narrowing, short-
ening of emission pulses (or multiple-pulsed emission) [30–32], and some sort of
threshold [25]. The quadratic dependence of the emission intensity on the popula-
tion inversion density is the characteristic signature of the SR and SF effects. (The
classification above did not take into account the existence of the cavity providing
for feedback, which strongly changes the emission properties.)
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Although the majority of laserlike effects commonly observed in random lasers
can be described in a first approximation in terms of stimulated emission, SF and
SR always persist as alternative explanations of the phenomenon. The volume
of random lasers typically exceeds λ3 and the pumping is not highly coherent,
therefore SF is more probable than SR. According to [25,26], SF exists and pre-
dominates over ASE when LT � L � Lc, and ASE predominates over SF at
L > Lc. Here L is the size of the pumped medium, LT = LτSF/T2 is the thresh-
old length, Lc = (τSFLc)1/2 is the Arecchi and Courtens [33] cooperative length,
T2 is the phase relaxation time, τSF = 8πτ0/(3ρλ2L) is the SF decay time for
inversion density ρ and radiative decay rate τ−1

0 , and c is the speed of light [25,26].
When L ≈ Lc, an oscillatory behavior of emission is predicted [25].

The cooperative decay of incoherently pumped atoms (SF) in a disordered
medium was studied theoretically in [34]. It has been shown that SF in a dif-
fusive medium can be interpreted as an independent cooperative decay of many
subsystems of atoms that are grouped along different diffusion trajectories. In the
limit of large radiation decay time L2/D (D is the diffusion coefficient), atoms
exchange energy with the field many times. Thus, the stimulated emission becomes
important, and the system exhibits oscillatory behavior, which is qualitatively sim-
ilar to that observed in many experiments. A multipulse emission was predicted in
superradiance of two-component media in [32].

The cooperative emission from an ensemble of incoherently pumped classical
oscillators confined within a volume much smaller than the cubic wavelength,
was studied in [35]. It has been shown that when the oscillator frequencies are
randomly distributed around a central frequency ω0 with some characteristic width
�(0 < � � ω0), the emission peak splits into a system of random narrow spectral
peaks. In the presence of disorder, the emission spectrum of a large number of
oscillators develops a fine structure, which, in the first approximation, resembles
the spectra of coherent ZnO random lasers (Chapter 7) or polymer random lasers
(Chapter 8).

9.5.2 Experimental Observations of Superradiance
and Superfluorescence in Random Laser Materials

In [36], narrowing of the emission band and shortening of the emission pulses
in strongly pumped DOO-PPV film, qualitatively similar to those discussed in
Section 8.2, were explained in terms of SF. However, according to [37], the obser-
vation of waveguiding properties in similar polymer films proves that SF is not the
sole mechanism responsible for the observed laserlike emission.2

In [38], the cone of laserlike emission (similar to the coherent backscattering
cone, although at the wavelength of stimulated emission and without any probe
light beam at the emission wavelength) was observed in liquid dye with scatterers. It

2The explanation in terms of SF was not used in the further publications of the authors of
Ref. [36].



9.5 Superradiance and Superfluorescence in Random Laser Materials 217

FIGURE 9.14. Emission spectra of a single layer of Er:YLiF4 powder with particle size
about 30 µm (a) below the threshold and (b) above the threshold. (Source: Ref. [39].)

has been argued [38] that this not completely understood phenomenon originates
from SF, the possibility of which was predicted theoretically in random lasers
in [34].

The effect of superfluorescence was observed in powders of Er(1%):YLiF4 laser
crystal in [25,39]. (Qualitatively similar effects were observed in bulk Er:LiYF4 in
Ref. [40].) In [25], large-grain powders of Er:YLiF4 (with mean particle size larger
than 100 µm) have been excited with a cw krypton laser at λ = 6470 Å. In [39], the
particle size was reduced to 30 µm and the powder sample was excited with a cw
Ti-sapphire laser at λ = 9666 Å. The emission at the transition 4I11/2–4I13/2 was
studied in the spectral range 2650 to 2900 nm at cryogenic temperatures (<60 K
in Ref. [25] and 11 K in Ref. [39]).

Above a certain power density threshold, 827 W/cm2 in [39], the emission
spectrum of Er:YLiF4 powder changed dramatically; see Figure 9.14. Such trans-
formation of the spectrum was qualitatively similar to that in neodymium random
lasers (Figure 2.4). (However, as argued below, the nature of this narrowing is quite
different.) Exciting the sample with long, 80 ms, rectangular laser pulses below the
threshold, one could observe only regular spontaneous luminescence decay. At the
same time, a much shorter emission spike was observed in the end of the pumping
pulse above the threshold (Figure 9.15). The intensity of this spike quadratically
depended on the pumping power (Figure 9.16). A qualitatively similar emission
behavior was observed in [25] at the Krypton laser pumping.

The thresholds in Er3+:YLiF4 powders were remarkably low, <103 W/cm2

[25,39]. Evaluating the spontaneous emission lifetime of 4I11/2 Er3+ to be equal
to ≈5 ms [39] and calculating the threshold energy according to Eq. (4.15), one can
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FIGURE 9.15. Kinetics of 4I11/2 emission below the threshold (lower trace) and above
the threshold (upper trace). The trace with open dots is the pumping intensity. (Source:
Ref. [39].)

estimate the threshold energy density to be <5 mJ/cm2. This value is much smaller
than the threshold energy densities in neodymium random lasers, ≥100 mJ/cm2;
see Table 1.1. The short-spike emission could be observed only at low Er concentra-
tions and low temperature, <1020 cm−3 and <60 K, respectively [25,39]. These are
the experimental conditions, which maximize the dephasing timeT2 in the medium.

FIGURE 9.16. Integrated intensity of the short superfluorescence pulse of Figure 9.15 plotted
against relative population density of emitting level 4I11/2. The continuous line is a quadratic
fit. (Source: Ref. [39].)



9.5 Superradiance and Superfluorescence in Random Laser Materials 219

The experimental facts listed above point to superfluorescence or superradiance
in the Dicke–Bonifacio sense [27,29], for which the principal condition is the
existence of a long dephasing time T2, longer than the characteristic times of SF
or SR emission.

It has been concluded that SF takes place at the pumping of the upper state 4F9/2
Er3+ with a Krypton laser [25,39]. In this case, excitation reaches the metastable
state 4I11/2 via a combination of incoherent relaxation processes and the phasing
of the spontaneous emission becomes self-organized. In contrast, at the direct
excitation of the state 4I11/2 with a Ti-sapphire laser, the interaction of Er ions with
coherent pumping light facilitates the phasing of emission from the lowest emitting
Stark level (SR). This difference explains the higher efficiency of the Ti-sapphire
laser excitation in comparison with the Krypton laser excitation [25,39].

Note that the neodymium random lasers discussed in Chapter 2 benefit from
high Nd concentration and can be operated at room temperature. This suggests
that the emission of neodymium random lasers is not owing to SF or SR, but rather
due to a regular stimulated emission.
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10
Applications of Random Lasers

The proposed potential applications of random lasers are, as a rule, based on their
properties (described below), which are different from the properties of regular
lasers. All applications will benefit from low cost of random laser materials and
robustness of operation.

The feedback in random lasers is not supported by conventional resonators.
Correspondingly, the emission wavelength (in random lasers with incoherent feed-
back) is determined by the gain spectrum and should not be sensitive to vibrations
of absent mirrors. Therefore, it was proposed in Reference [1] to use random lasers
with incoherent feedback as highly stable optical frequency standards. The same
idea was later discussed in [2,3].

Low coherence of random lasers with incoherent feedback and low contrast
of a speckle pattern is attractive in applications requiring high uniformity of the
field distribution. As proposed in [4,3], low coherent random laser sources can
be advantageous in holography, laser inertial confinement fusion (driver sources
for megajoule lasers), transport of energy in fibers for medical applications, and
other applications, where the coherent properties of conventional lasers present a
severe drawback by degrading the luminescence uniformity. In fact, the basic idea
of beam-smoothing techniques used in laser fusion is the incoherent superposi-
tion of uncorrelated speckle patterns. Such superposition is naturally generated by
random lasers with incoherent (nonresonant) feedback. According to References
[5,6], the absence of speckle in random laser emission can facilitate large-area, sub-
micron optical lithography. Other applications of speckleless radiation of random
lasers include “low-noise” imaging, communication, displays, and new lighting
systems [7].

Uniqueness of the stimulated emission wavelengths, which serve as fingerprints
of particular random laser materials, in combination with remote alignment-free
pumping and low cost allow one to use random lasers for identification, marking,
and machine vision.

Narrow-linewidth emission signatures of random lasers make them ideal for
producing wavelength-domain photonic codes [2]. If N slightly different random
laser materials with overlapped absorption bands and spectrally resolvable stimu-
lated emission lines are available, they can be used to construct 2N identification
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markers with unique spectral characteristics (at N = 10, 2N ≈ 1000, at N = 20,
2N ≈ 1,000,000, etc.). The information encoded in such markers can be read with
a single nanosecond laser pulse from a short or long distance.

Short-range applications include encoding of documents and credit cards [2,8],
photonic barcodes, machine vision [9], sorting parts on conveyer belts [9], and so
on. The combination of wavelength signatures with geometrical pattern signatures
can strongly increase the number of encrypted codes [2].

Long-range applications include search and rescue and military identification
of friend and foe (IFF) [2,9]. Random laser markers can enable search craft to
identify downed vehicles and survivors by a unique wavelength-coded return signal
emanating from painted fuselages, hulls, tarps, sails, life jackets, and marker
plaques attached to various objects [9]. A similar concept can be used in IFF.

The successful field-testing of the proposed long-range systems has been demon-
strated when the distance between the interrogation platform (containing laser and
detector [10]) and the target was equal to 1000 ft [2] and 1 km [10]. In [10],
random laser material in a target plaque was placed in a focal plane of a lens,
which (a) focused pumping and (b) formed 1 mrad beam of random laser emission
propagating in the direction of the interrogation platform. All long-range identifi-
cation applications require eye-safe-pumped and eye-safe-emitting random laser
materials, similar to those recently demonstrated in [11,12].

Embedding of random laser materials (dye and scatterers) into textile fibers
was proposed in [13]. Textiles and papers marked with lasing fibers can be used
for soldier-level IFF, search and rescue, anticounterfeiting, and so on [13]. A
commercial product containing random laser textile fibers was presented at the
CLEAN-99 exhibition (Orlando, FL) [14]. It was demonstrated that laser paint
thread can be used to track garments and linens in commercial and institutional
laundries. Costing from U.S. $0.60 to $0.80, fiber markers can be inserted into
textiles and garments. The information encoded in fibers is easily retrievable, even
when the garment is out of sight or distorted by twisting. The system has been
tested after 100 washes, and has shown no degradation. Laundry management can
track and recall individual items from a conveyor system, or even in a bundle.

On a different note, random microlasers [15,16] can be used to monitor the flow
of liquids by adding a small amount of ZnO clusters to the liquid and detecting the
laser emission over large flow distances [8]. Alternatively, microscopic random
lasers may be used as optical tags in biological and medical studies.

The typically high slope efficiency of dye random lasers (≈50%) in combina-
tion with high-energy density of emission and relatively narrow linewidth (≈4 nm)
make them ideal for photodynamic therapy, dermatology, and medical imaging
(tumor detection) [2,9,17,18]. In the former, drugs that selectively bind to rapidly
dividing cancer cells, such as photofrin and benzophoryn derivatives, are acti-
vated by laser light to destroy these target cells by free radical processes [2]. In
dermatology, specific wavelengths are used to treat port wine stains and remove
unwanted tattoos [2]. Because this application is a contact process, the absence of a
collimated laser beam is not a drawback. Alternatively, high-brightness stimulated
emission obtained in the tissue volume [17] can increase the contrast of medical
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imaging. According to Reference [18], healthy and malignant human colon tissues
infiltrated with dye have significantly different spectra of random laser emission.
This may lead to application of random lasers in cancer diagnostics.

Because of omnidirectional output, high spectral brightness, fast response,
higher quantum yield of stimulated emission in comparison with spontaneous
emission, and possibility of electron beam pumping, numerous applications for
laser phosphors can be imagined in displays and lighting [5–7,9,19–21].

Although the brightness of existing phosphors in televisions, fluorescent lights,
plasma, and field emission displays is strictly limited by the spontaneous emission
rate, this limitation can be overcome with stimulated emission [6]. As predicted
in Reference [7], electron-pumped random laser emission can be obtained not
only by using traditional bulky electron-accelerating tubes, but also much more
compact field-emission cathodes. Multicolor displays can potentially be made by
combining random laser materials emitting in blue, green, and red.

Some applications require emitting displays with unique advanced charac-
teristics. For example, for the development of optical correlators for pattern
recognition, one should have displays with single-frequency emission (linewidth
≈0.1 to 0.2 nm) and pulse duration of one nanosecond [21]. Powder lasers can be a
promising solution for this application. According to [22], where the temperature
control of random laser emission has been demonstrated, random lasers may find
applications in active temperature-sensitive displays and screens.

Sensitivity of random laser emission to temperature or other environmental fac-
tors would allow the use of random lasers as sensors. As proposed in [22], because
the threshold of certain tunable random lasers can be set to specific temperatures,
random lasers may find application in remote temperature sensing, for example, in
investigations of biological processes.

Random lasers can also potentially be used as biochemical sensors. In princi-
ple, chemical or biological agents can change the refractive index or introduce
absorption loss in the vicinity of the stimulated emission line and thus shift fre-
quency of a random laser. Many random lasers have very narrow spectral peaks,
so small frequency shifts can be easily detected, providing for a high sensi-
tivity. The application of random lasers as sensors for atmospheric pollutants
and toxic gases has been discussed in [5,19]. Note that the sensing applica-
tion (based on the change of the laser frequency) and the frequency standard
application (discussed in the beginning of this chapter) exclude each other, the
former requiring high sensitivity and the latter requiring high stability of the laser
wavelength.

Another group of proposed applications of random lasers is aimed to comple-
ment conventional laser technology. Thus, it was proposed in [1,23] to use random
lasers for the study of laser action in substances, which could not be produced in the
form of homogeneous large crystals. According to [24], the measurement (under
standard conditions) of the random laser threshold in pulverized or highly scatter-
ing samples can be put in the basis of an express-testing of potential solid-state
laser materials, which require significant time and effort to be grown in the form of
high-quality laser crystals. In addition, in frequency ranges where high-reflectivity
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mirrors are not available (e.g., gamma-rays, x-rays), scattering can be used as an
alternative way of providing feedback for lasers.

Another group of applications of random lasers is determined by their miniature
sizes. As early as 1971, it was proposed that miniature light sources, powder lasers,
could find applications in integrated circuit networks [25]. (Note that stimulated
emission in Reference [25] occurred in individual powder granules.) As single
random lasers can be made as tiny as a grain of tens of micrometers in diameter
(or even much smaller, comparable to a wavelength), they can find application in
nanophotonics devices [16,22]. Thus, there is a growing effort to develop photonic
crystals, which can guide and switch lightwaves in the way that electronic devices
control electric currents. As proposed in Reference [8], random microlasers can
play the important role of the active elements or miniature light sources in such
crystals.

In [21], the principle of operation of a proposed memory cell was based on
the following properties of random lasers: (a) random lasers have two distinct
states, luminescence and stimulated emission; (b) the transition from one state
to another has a sharp threshold; and (c) the threshold depends on the coupling
between particles. It was proposed to control intergranule coupling and, corre-
spondingly, the state of the random laser by using photosensitive powders, the
index of refraction of which depends on photoexcitation [21].

In [26,27], strong (Anderson) localization of light in highly scattering random
laser materials was discussed as an underlying mechanism of optical energy storage
elements or “optical batteries.” According to [6], confinement of light within sub-
wavelength regions may mediate new or enhanced nonlinear phenomena associated
with ultraslow light, recurrent scattering, and surface resonances.

Superradiance and superfluorescence have been reported in laser powders in
Reference [3]. Because sources of cooperative emission are based on synchro-
nization of spontaneous emission, which constitutes the basic noise limitation
in optical amplifiers, noise-suppressed amplifiers (similar to those discussed in
Ref. [28]) can potentially be realized in laser powders.
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mode spacing, 148, 182, 187
mode width; see linewidth
morphology-dependent resonances

(MDR), 168
multimode laser, 1
multiple resonators, 137

near-field emission distribution, 141, 142
neodymium (Nd), trivalent, energy

levels, 121
neodymium random lasers

basic properties, 11–16
coherence studies, 30–39

interferometric measurements of
longitudinal coherence, 30–33

interferometric studies of transversal
coherence, 35–39

speckle pattern analysis, 33–35
controlled by external seeding light, 101
electron beam pumped, 126–130
Nd:YAG pumped with electron beam via

scintillator, 131–132
propagation of pumping light, 52–57
spectroscopic properties, 22
stimulated emission

dependence on powder particle size,
44 –47

dependence on powder volume
density, 41–44

dependence of threshold on diameter
of pumped spot, 39–41, 91–95

in different materials and types of
samples, 16–23

first observation in neodymium-doped
powders, 10–11

influence of channel formation,
200–201

in mixtures of powders, 23–25, 71–72
modeling of dynamics, 72–75
prediction, 69–70
quantum yield, 27–30
supported by large regularly shaped

particles, 25–27
summary of properties of materials,

17–21
theoretical modeling, 68–97

see also coupled resonators; diffusion
model; spectral dynamics;
threshold pumping energy/energy
density

transport mean free path determination;
see transport mean free path

nonresonant feedback (incoherent
feedback), 1, 33, 164–168, 170,
172–178

transition to coherent regime, 168–171

omnidirectional emission, 131
opal crystals, random laser

emission in, 190
optical energy storage elements, 225
optical frequency standards, 222
optical imaging, 190
optical lithography, 222
optical modes, in arrays of dielectric

particles, 228

particle size
average, 58
correlation with transport mean free

path, 61–66
dependence of stimulated emission on,

44–47
distribution, 44

penetration depth
of electron beam pumping, 120, 126
of optical pumping, 4, 57, 87, 156

photodynamic therapy, 223
photoluminescence upconversion, 154
photon diffusion; see diffusion model
photon localization

one-dimensional (1D), 149–151
two-dimensional (2D), 85
see also Anderson localization

photon mean free path; see transport mean
free path

photon number probability distribution,
143, 228

see also photon statistics
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photon residence time, 87–88
effective, 73, 74
mean, 86
model and Monte Carlo simulation,

92–93
calculation results, 93–95

photon statistics
Bose–Einstein, 1, 143, 144, 181
Poisson, 1, 143, 144, 181
in polymer random laser, 180–181
in ZnO random laser, 143–145

photon walks, 92–93
one-dimensional (1D), 83–85
three-dimensional (3D), 92–93, 190
two-dimensional (2D), 85, 190

photonic crystals, 225
photonic fibers, 171
PMMA films, rhodamine-doped, 186–189
polymer films, 129, 155, 173–178
polymer random laser, 129, 150

with nonresonant feedback, 171–178
laserlike emission in conjugated

polymers, 172–173
photonic fibers, 171
semiconducting polymers with TiO2

nanoparticles, 171–172
time-resolved studies of stimulated

emission in polymer film, 173–178
with resonant feedback, 178–189

based on PMMA films doped with
rhodamine 640 dye and TiO2
particles, 186–189

Fourier transform of emission spectra,
182–184, 185, 186

photon statistics, 180–181
transition from incoherent to coherent

regime, 178–180
polymers

conjugated, 172–173
semiconducting, 171–172

population inversion, 3, 73, 74, 127, 156,
167, 177, 215

powder laser, 2, 4
see also random laser

praseodymium (Pr), trivalent, energy
levels, 121

propagating mode, 130
pulsed regime of operation, 79–82
pumping light

propagation, 52–57
comparison of model predictions with

experimental results, 55–57

Kubelka–Munk two-flux model,
52–54, 87

transmission and reflection
measurements in powders, 54–55

pumping power density, 72

Q-factor (quality factor), 90–91, 95, 105
in electron beam pumped random

laser, 126
of Fabry–Perot resonator, 182
in fiber-coupled random laser, 107

quantum efficiency, 27
quantum yield of emission, 27–30, 140
quantum yield of luminescence, 78
quasi-states, 147, 169–170, 171

random laser, 2
applications of, 124, 132, 190, 214,

222–225
based on dye-infiltrated biological

tissues, 190–191
based on photonic crystals, 151
cerium (Ce), 120–124
coherent, 153
color center; see color center

powder laser
controlled by external seeding light, 101
Cr2+:ZnS and Cr2+:ZnSe (eye-safe),

212–215
cw, 78–79
diffusion model; see diffusion model,

random laser
early experiments, 4–7
electron beam pumped; see electron

beam pumped random laser
erbium (Er), 217–219
with external mirror, 101–105, 140
fiber-coupled, 105–107
GaAs, 135, 155–159
GaAsN, 135, 154 –155
GaN, 137
incoherent regime of operation, 157

transition to coherent regime,
168–171

liquid crystal, 190
liquid dye, 83, 102, 164 –171

with nonresonant feedback, 164–168
transition from incoherent to coherent

regime, 166–171
microlaser, 140–143, 191
neodymium (Nd); see neodymium

random lasers
one-dimensional (1D), 83–85
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random laser (cont.)
photon localization; see photon

localization
polymer; see polymer random laser
praseodymium (Pr), 125–126, 198
pulsed, 79–82
ruby powder, 202
second-harmonic, 107–118

comparison of theory and experiment,
109–118

experimental results, 108–109
experimental samples, 107–108

semiconductor; see semiconductor
random laser

thin-film, 91
Ti:Al2O3 (Ti-sapphire), 198–202
two-dimensional (2D), 146–147
ZnO; see ZnO random laser

random laser film; see polymer films;
random laser, thin-film;
semiconductor random laser

random photon walk, 83, 168
rate equations, 69, 70, 72, 83, 96, 111
Rayleigh scattering, 65
Rayleigh–Jeans formula, 3
red shift of emission, 26, 103, 149, 167
reflection coefficients, 53, 55, 63, 85,

95–96, 184
refractive index, 63, 64, 74, 88, 156

polymers, 173, 185
relaxation oscillations, 3, 70, 72, 75, 86

damped, 107
in GaAsN random laser, 154
in polymer random lasers, 177
in ZnO random lasers, 149

residence time of photon; see photon
residence time

resonant (coherent) feedback, 1, 149, 153,
169, 170, 178–189

resonator mode, 27
ring resonator/cavity, 137, 153
ruby powder random laser, 202

scattering coefficient, 53, 55
scattering efficiency, 57
scattering mean free path, 61–63
search and rescue, 214, 223
second-harmonic generation, 107–118

comparison of theory and experiment,
109–118

conversion efficiency, 111, 112,
114 –115

experimental results, 108–109

experimental samples, 107–108
optimization, 117–118

second-order correlation
coefficient (G2), 144

semiconductor random laser, 105
Cr2+:ZnS and Cr2+:ZnSe (eye-safe),

212–215
GaAs, 135, 155–159
GaAsN, 135, 154 –155
GaN, 137
ZnO; see ZnO random laser

sensors, 224
slope efficiency (output efficiency), 28, 29,

47, 78
in fiber-coupled random laser, 105–106
in GaAs random laser, 158–159

Snell’s law, 64
space maser; see galaxy maser
spatial coherence; see coherence
spatial field correlation function, 150,

188–189
speckle pattern, 1, 149, 188–189, 222

analysis, 33–35
spectral dynamics, of neodymium random

lasers, 82–83
spectrum narrowing, 12–14, 70–71, 83,

121–123, 125–129, 135–137, 152,
154–159, 164–173, 178–180,
210–215, 216–219

spontaneous emission, 12–14, 79
see also amplified spontaneous emission

stellar laser; see galaxy laser
stimulated emission, 4

in color center powder lasers, 210–212
in cw regime, 79
in different materials and types of

samples, 16–23
effect of external mirror on,

101–105, 140
with feedback, 164–165
in GaAs random lasers, 158
in GaAsN random lasers, 154–155
influence of channel formation, 200–201
in mixtures of powders, 23–25, 71–72
modeling of dynamics, 72–75
in one-dimensional array of coupled

lasing volumes, 83–86
in polymer random lasers, 172, 186

time-resolved studies, 173–178
powder particle size dependence, 44 –47
powder volume density dependence,

41– 44
prediction, 69–70
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in pulsed regime, 79–82
quantum yield, 27–30, 140
spectra; see emission spectra
supported by large regularly shaped

particles, 25–27
threshold (laser threshold), 4

dependence on diameter of pumped
spot, 39–41, 91–95, 147

in powders compared with single
crystals, 22, 24

in Ti-sapphire random laser, 198–202
stochastic resonator, 3, 33
superfluorescence (SF), 132, 173, 215–219

experimental observations, 216–219
properties, 215–216

superradiance (SR), 215–216, 219
experimental observations, 219
properties, 215–216

third-order nonlinear optical effect, 149
Thouless number, 141
threshold pumping energy/energy density,

41, 47, 75
absorbed, 89, 90
color center powder laser, 212
Er:YLiF4 random lasers, 217–218
fiber-coupled random laser, 105–106
GaAs random laser, 159
incident, 88–89
invariance in different pumping regimes,

75–82
liquid dye random laser, 166
mid-infrared eye-safe random laser, 214
polymer random laser, 187, 188
random laser in cw regime, 78–79
random laser in pulsed regime, 79–82
regular laser, 77
ZnO random laser, 137, 144, 146

threshold pumping power, 78
Ti-sapphire random laser

light amplification studies, 201–202
stimulated emission

experimental observation, 198–200
influence of channel formation,

200–201

transport mean free path, 87
correlation with (mean) particle size,

61–66
determination, 57–66

experimental results, 60–61
experimental samples, 58
experimental setup, 59–60

in electron beam pumped random laser,
121, 125, 129

in polymer random laser, 187, 188
in ZnO random laser, 65, 151

tumor treatment, 190

volume density of powder, 53, 91
dependence of stimulated emission on,

41– 44

waveguide, 173, 176
waveguide mode(s), 185

yttrium oxisulfide, praseodymium-doped,
198

ZnO random laser, 135–153
emission dynamics, 148–149
external feedback effect, 140
with external reflector, 104
intuitive model, 137
microlaser, 140–143
new technological realizations, 153
phenomenological description, 135–137
photon statistics, 143–145
pumped area effect on operation,

145–148
relaxation oscillations, 149
spectrally resolved speckle studies,

149–151
stimulated emission, 97, 129, 186

angular distribution study, 137–139
from 3D photonic crystals of ZnO

colloidal spheres, 151
quasi cw, in ZnO pellet, 151–153
strong spatial confinement of,

140–143
transport mean free path, 65, 151



Additional Notes and References

Different chapters of this book were finalized between January and June of 2004.
Correspondingly, a number of relevant papers published in 2004 and 2005 were
not referenced in the text submitted to the publisher. These references have been
added to the book at proof. Many of them are incorporated into the corresponding
chapters. Several theoretical works are briefly overviewed below.

The dependence of the size of the threshold gain volume and the threshold
energy on the saturation absorption, dye concentration, transport mean free path,
and spectroscopic parameters of the optical gain material have been studied in
Reference [1] in a scattering random laser medium.

Resonant modes within (cylindrical) particles and ensembles of particles have
been theoretically studied in Reference [2]. It has been demonstrated that (i) inter-
nal resonances of individual particles can strongly influence the emitted intensity
and (ii) optimal tuning of the size and separation of the particles can enhance the
quality factor by more than four orders of magnitude. The potential applications of
this work include optimization of random lasers via appropriate engineered design.

In a relevant work [3], optical modes in finite partially ordered low-dimensional
arrays of dielectric particles have been investigated in a coupled dipole approx-
imation. High-quality modes have been predicted under the condition of small
enough interparticle distances. The analytical and numerical studies have revealed
the dependence of these modes on the system size, dimensionality, and the extent
of disorder.

In References [4,5], the photon number probability distribution of light emitted
from random scattering medium was derived using a generalized master equation
that followed from a diffusion model with gain (originating from a more general
coherence propagation theory for the electric field). It has been demonstrated that
with stronger scattering, the pumping threshold for the transition from chaotic to
isotropic coherent light emission decreases and the local second-order coherence,
above the threshold, increases. In this approach, coherence properties of random
lasers have been derived without direct use of wave equations, which are employed
by many authors in modeling of random lasers with resonant feedback.

A quantum (photon) theory of random laser, which was consistent with a semi-
classical theory, was developed in Reference [6] without use of the first-principle

228
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approach. Scaled Fano factors have been calculated under the assumption of an
open system model.
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