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Preface

Nonholonomic systems are control systems which depend linearly on the control.
Their underlying geometry is the sub-Riemannian geometry, which plays for these
systems the same role as Euclidean geometry does for linear systems. In particular
the usual notions of approximations at the first order, that are essential for control
purposes, have to be defined in terms of this geometry. The aim of these notes is to
present these notions of approximation and their application to the motion plan-
ning problem for nonholonomic systems.

The notes are divided into three chapters and two appendices. In Chap. 1, we
introduce the basic definitions on nonholonomic systems and sub-Riemannian
geometry, and give the main result on controllability, namely the Chow—Rashevsky
Theorem. Chapter 2 provides a detailed exposition of the notions of first-order
approximation, including nonholonomic orders, privileged coordinates, nilpotent
approximations, and distance estimates such as the Ball-Box Theorem. As an
application, we show how these notions allow us to describe the tangent structure to
a Carnot-Carathéodory space (the metric space defined by a sub-Riemannian dis-
tance). The chapter ends with the presentation of desingularization procedures that
are necessary to recover uniformity in approximations and distance estimates.
Chapter 3 is devoted to the motion planning problem for nonholonomic systems.
We show in particular how to apply the tools from sub-Riemannian geometry in
order to give solutions to this problem, first in the case where the system is nil-
potent, and then in the general case. An overview of the existing methods for
nonholonomic motion planning conclude this chapter. Finally, we present some
results on composition of flows in connection with the Campbell-Hausdorff formula
in Appendix A, and some complements on the different systems of privileged
coordinates in Appendix B.

From the point of view of the sub-Riemannian geometry, this book is intended
to be complementary to that of Ludovic Rifford in the same collection [1]. As a
consequence, the subjects that are extensively talked about in the latter (for
instance sub-Riemannian geodesics) are not discussed here.

Notice finally that the main theoretical part about controllability and first-order
theory is self-contained, all the results being proved. However for some
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applications, we took the liberty of stating some results without demonstration.
They concern either developments beyond the scope of these notes (Theorem 2.4
called the Uniform Ball-Box Theorem, Theorem 2.5 on the metric tangent cone) or
technical results on algorithmic procedures (Theorem 2.9 on the desingularization
procedure, the fact that the formula (3.17) on sinusoidal controls may be inverted).
These notes grew out of a series of lectures given at the Trimester on
Dynamical and Control Systems in Trieste in 2003, and more recently at the
CIMPA Schools Géométrie sous-riemannienne in Beirut, Lebanon, in 2012, and
Controle géométrique, stochastique et des équations aux dérivées partielles in
Tlemcen, Algeria, in 2014. I am most grateful to the organizers of these events,
Andrei Agrachev and Ugo Boscain for the first one, Fernand Pelletier, Ali Far-
doun, and Mohamad Mehdi for the second one, and Sidi Mohammed Bouguima,
Benmiloud Mebkhout, and Yacine Chitour for the third one. The materials of the
third chapter mostly come from a collaboration with Yacine Chitour and Ruixing
Long, during the Ph.D. thesis of the latter. This book is also thanks to them.

Paris, April 2014 Frédéric Jean
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Chapter 1
Geometry of Nonholonomic Systems

Abstract This first chapter presents the basic definitions and results on nonholo-
nomic systems and sub-Riemannian distance. We begin in Sect. 1.1 with a discus-
sion on linearization of control systems, which is an underlying theme of this book.
We then introduce in Sect. 1.2 the definition of nonholonomic systems and of the
associated sub-Riemannian distances, that we distinguish from the ones associated
with sub-Riemannian manifolds defined in Sect. 1.3. Finally we state and prove in
Sect. 1.4 Chow-Rashevsky’s theorem as well as rough estimates for sub-Riemannian
distances.

Keywords Control theory - Sub-Riemannian geometry - Nonholonomic systems
Throughout these notes we work in a smooth n-dimensional manifold M.

1.1 Introduction

Let us introduce these notes by some considerations on control theory. Consider a
nonlinear control system in R”,

X = f(x,u),

where x € R” is the state and u € R is the control. Given a control law u(t),
t € [0, T], a trajectory associated with u(-) is defined as a solution of the non-
autonomous ordinary differential equation x = f(x, u(¢)). The first question is the
one of the controllability: for any pair of points, does there exist a control law u(¢),
t € [0, T'], such that the associated trajectory joins one point to the other? In the case
where the answer is positive, next issues are notably the motion planning (i.e. find
a solution u(-) to the previous question) and the stabilization (i.e. design the control
as a function u(¢) = k(x(z)) of the state in such a way that the resulting differential
equation x = f(x, k(x)) is stable).

The usual way to deal with these problems locally is to use a first-order approx-
imation of the system. The underlying idea is the following. Consider a pair
(%, i) € R™*" such that f(x, it) = 0. The linearized system around this equilibrium

© The Author(s) 2014 1
E. Jean, Control of Nonholonomic Systems: From Sub-Riemannian Geometry to
Motion Planning, SpringerBriefs in Mathematics, DOI 10.1007/978-3-319-08690-3_1



2 1 Geometry of Nonholonomic Systems

pair is defined to be the linear control system,

5x = Lz s + Lz, wysu,
ax ou

where 6x € R" is the state and 6u € R™ is the control. If this linearized system is
controllable, so is the nonlinear one near x. In this case the solutions to the motion
planning and stabilization problems for the linearized system may be used to construct
solutions of the corresponding problems for the nonlinear system. Thus, locally, the
study of the control system amounts to the one of the linearized system.

Assume now that the control system depends linearly on u [but a priori not on
(x, u)], that is,

£=> u;Xi(x). (1.1)
i=1

Does the strategy above apply? For every x € R”", the pair (x, 0) is an equilibrium
pair and the corresponding linearized system is

m
§x = duiX;(¥), éxeR", sueR".

i=1

For this linearized system, the reachable set from a point §x is obviously the affine
subset §x + A(x), where A(x) = span {X(x), ..., X,;,(x)}. We distinguish two
cases depending on the dimension of A(x):

e if dimA(x) = n, then the linearized system is controllable and the strategy by
linearization may be usefully applied. Note that in this case the original sys-
tem (1.1) is also locally controllable since it admits as trajectory every C! curve
near Xx;

e if dimA(X) < n, then the linearized system is not controllable. However System
(1.1) may be controllable (and generically it is), as we will see in Sect. 1.4. Hence
the strategy by linearization does not apply, the linearized system does not reflect
the local behaviour of the nonlinear system.

Nonholonomic systems are precisely the systems of the form (1.1) which belong
to the second category. The fact that for such systems the linearized system is useless,
may be understood as follows. The linearization is a first-order approximation with
respect to a Euclidean (or a Riemannian) distance. However for nonholonomic sys-
tems the underlying distance is a sub-Riemannian one and it behaves very differently
from a Euclidean one. Thus, the local behaviour should be understood through the
study of a first-order approximation with respect to this sub-Riemannian distance,
not through the linearized system.

Let us illustrate these ideas with an example, the Brockett integrator. Consider
the nonholonomic system in R3,
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X=uy, y=u2, I=xu, (1.2)

defined by the vector fields X1(g) = (1,0,0) and X7(g) = (0, 1, x), where g =
(x,, z). The linearized system around (¢ = 0, u = 0) writes as,

8x = duy, 8y = Sun, 82 =0,

and is non controllable since no motion in the §z direction is allowed. On the other
hand, (1.2) is clearly controllable; in particular, one can move in the z direction by
using the following control law,

(1,0) forr € [0, ¢],
0,1) forr € [¢g,2¢],
(—1,0) fort € [2e, 3¢],
(0, —1) fort € [3e, 4¢],

u*(t) =

which allows to steer the system from O to ql = (0,0, 82) in time 4¢. The fact that
llg" |l is of order 2 in function of the time, and not of order 1, explains why the control
u*(+) has no effect on the linearized system, and so why the latter is not controllable.

Let us try to quantify the relation between the duration of a motion and the attained
point. For every ¢ € R? we denote by T'(¢) the minimal time needed to go from 0
to ¢ with controls such that ||u(¢)|| < 1. By using the control u*(-) on the one hand,
and direct upper bounds on Eq. (1.2) on the other hand, we easily obtain

1
S (1 +1202) = T(@) = 4 (el + 1+ 12172)

Thus T'(q) has to be compared with the weighted pseudo-norm |x|+ |y| + |z| 1/2 and

not with the usual Euclidean norm, and first-order approximations should be taken
with respect to such a pseudo-norm.

We introduce now in a proper way nonholonomic systems and sub-Riemannian
distances. We will come back to the notions of first-order approximations and
weighted pseudo-norms in Chap. 2.

1.2 Nonholonomic Systems and Sub-Riemannian Distances

Definition 1.1 A nonholonomic system on M is a control system which is of the
form

g=uiX1(@)+ -+ umXm(q), geM, u= (uy,...,uy) €R", (1.3)

where m > 1 is an integer and X1, ..., X, are C* vector fields on M.
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4 1 Geometry of Nonholonomic Systems
The system (1.3) determines a family of vector spaces,
A(g) =span{X1(q), ..., Xm(@)} CTyM, q e M.

The dimension of A(g) is a function of ¢, and may be non constant. If it is constant, A
defines a distribution on M, that is, a subbundle of TM. Although we deal in general
with systems such that the dimension of A(gq) is smaller than n, we do not exclude
the particular case where A(qg) = T, M for every g € M. Strictly speaking in the
latter case the system should be called a holonomic system, but for convenience we
keep the vocable nonholonomic whatever the dimension of A(g).

To give a meaning to the control system above, we have to define what are its
solutions, or trajectories.

Definition 1.2 A trajectory of (1.3)isapathy : [0, T] — M for which there exists
afunction u(-) € L1([0, T], R™) such that y is a solution of the ordinary differential
equation,

G(t)=> uj(HXi(q(t)), forae.te(0,T].
i=1

Such a function u(-) is called a control associated with y .

In particular, every trajectory is an absolutely continuous path y on M such that
y(t) € A(y(t)) for almost every ¢ € [0, T].

Example 1.1 (unicycle) The most typical example of nonholonomic system is the
simplified kinematic model of a unicycle. In this model, a configurationg = (x, y, 6)
of the unicycle is described by the planar coordinates (x, y) of the contact point of
the wheel with the ground, and by the angle 0 of orientation of the wheel with respect
to the x-axis. The space of configurations is then the manifold R* x .71,

The wheel is subject to the constraint of rolling without slipping, which writes
as x sinf — ycos6 = 0, or, equivalently as ¢ € ker w(g), where w is the one-form
sin @ dx — cos 6 dy. Hence the set A defined by the system is ker w.

Choosing as controls the tangential velocity u; and the angular velocity u,, we
obtain the nonholonomic system ¢ = u;X(q) + u2X2(q) on R? x .¥ 1 where
X1 =c0s60dy +sinfdy, and X, = 0.

Let us mention here a few properties of the trajectories of (1.3) (for more details,
see [4]).

e Fix p € M and T > 0. For every control u(-) € L'([0, T], R™), there exists
T € (0, T'] such that the Cauchy problem

g) =>"ui(1)Xi(q@)) forae.r€[0,], (1.4)

q(0) = p, '
has a unique solution denoted by y,, or y (-; p, u). It is called the trajectory issued
from p associated with u.
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e Any time-reparameterization of a trajectory is still a trajectory: if y:[0, T] —
M is a trajectory associated with a control u, and «:[0, S] — [0, 7] is a cl-
diffeomorphism, then y oa: [0, ST — M is a trajectory associated with the control
o’ (s)u (a(s)). In particular, one can reverse time along y : the resulting path y (T —
s), s € [0, T], is a trajectory associated with the control —u(7T — s).

Sub-Riemannian Distance

A nonholonomic system induces a distance on M in the following way. We first define
the sub-Riemannian metric associated with (1.3) to be the function g: T M — R given
by

m
g(q,v) =inf[u%+~.~+u,%1:zuix,»(q) =V], (1.5)
i=1

forqg € M and v € T,M, where we adopt the convention that inf § = +oo. This
function g satisfies:

o if v & A(q), then g(gq,v) = +o00;
e if v € A(g), then the infimum in (1.5) is attained at a unique value u™ € R™, and
thus g(g, v) = |lu*||> where || - || denotes the Euclidean norm on R™.

Such a metric allows to define a distance in the same way as in Riemannian
geometry.

Definition 1.3 The length of an absolutely continuous path y (¢), ¢t € [0, T], is

T
length(y) = / ¢ (0. 7)) di
0

(the integral is well-defined since g (y(¢), y(¢)) is measurable, being the compo-
sition of the lower semi-continuous function g with measurable functions). The
sub-Riemannian distance on M associated with the nonholonomic system (1.3) is
defined by

d(p, q) = inf length(y),

where the infimum is taken over all absolutely continuous paths y joining p to gq.

Consider an absolutely continuous path y having finite length. It necessarily
satisfies y (1) € A(y(¢)) for almost every ¢ € [0, T]. Denote by u*(¢), t € [0, T],
the measurable function defined by g (y (1), y(t)) = ||u*(t)||2. The finiteness of
length(y) implies that x*(-) belongs to L'([0, T], R™), and therefore that y is a
trajectory of (1.3) having u*(-) as an associated control.

Thus only trajectories of (1.3) may have a finite length. As a consequence, if no
trajectory connects p with g, then d(p, q) = +00. We will see below in Corollary
1.1 that, under an extra assumption on the nonholonomic system, d is actually finite
and satisfies the properties of a distance function.
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Remark 1.1 1If the rank of Xy, ..., X;, is constant and equal to m on M, every
trajectory y is associated with a unique control, otherwise different controls are
associated with y. However it results from the discussion above that the length of y
isequal to the L' norm ||u* |1 of the unique control u*(-) defined by g (y (¢), y (1)) =
llu*()||>. We sometimes refer to u*(-) as the control associated with y. Note that
length(y) = |[u*| .1 is also the minimum of ||lu| ;1 over all controls u(-) associated
with y.

An important feature of the length of a path is that it is independent of the parame-
trization of the path. As a consequence, the sub-Riemannian distance d(p, g) may
also be understood as the minimal time needed for the nonholonomic system to go
from p to g with bounded controls, that is,

J atrajectory y, : [0, T] — M s.t.

d(p,q)=inf 17 >0 : vu(0) =p, vu(T) =gq, . (1.6)
and |lu(?)|| < 1fora.e.t € [0, T]

This formulation justifies the assertion made in Sect. 1.1: for nonholonomic systems,
first-order approximations with respect to the time should be understood as first-order
approximations with respect to the sub-Riemannian distance.

Another consequence of (1.6) is that d(p, ¢g) is the solution of a time-optimal
control problem. It then results from standard existence theorems (see for instance [2]
or [4]) that, when p and g are sufficiently close and d(p, g) < oo, there exists a
trajectory y connecting p with ¢ such that

length(y) = d(p. q).
Such a trajectory is called a minimizing trajectory.

Remark 1.2 Any reparameterization of a minimizing trajectory is also minimizing.
Therefore any pair of close enough points can be joined by a minimizing trajectory
of velocity one, that is, a trajectory y such that g(y(¢), y(t)) = 1 for a.e. t. As a
consequence, there exists a control u«(-) associated with y such that [|u(?)| = 1 a.e.
Every sub-arc of such a trajectory y is also clearly minimizing, hence the equality
d(p, y(t)) =t holds along y.

1.3 Sub-Riemannian Manifolds

The distance d of Definition 1.3 does not always meet the classical notion of sub-
Riemannian distance arising from a sub-Riemannian manifold. Let us recall the latter
definition.
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A sub-Riemannian manifold (M, D, ggr) is a smooth manifold M endowed with
a sub-Riemannian structure (D, gg), where:

e D is a distribution on M, that is a subbundle of 7T M
e gp is a Riemannian metric on D, that is a smooth function gg: D — R whose
restrictions to D(q) are positive definite quadratic forms.

The sub-Riemannian metric associated with (D, gg) is the function ggg: TM — R
given by
gr(g,v) ifv € D(q),

400 otherwise. a.7)

gsr(q,v) ={

The sub-Riemannian distance dsg on M is then defined from the metric gsr as d is
defined from the metric g in Definition 1.3.

‘What is the difference between the two constructions, that is, between the Defin-
itions (1.5) and (1.7) of a sub-Riemannian metric?

Consider a sub-Riemannian structure (D, gg). Locally, on some open subset
U, there exist vector fields X1, ..., X,, whose values at each point ¢ € U form an
orthonormal basis of D (q) for the quadratic form gg. The metric gsr associated with
(D, gr) then coincides with the metric g associated with X1, ..., X,,. Thus, locally,
there is a one-to-one correspondence between sub-Riemannian structures and non-
holonomic systems for which the dimension of A(g) = span {X(q), ..., Xn(q)}
is constantly equal to m.

However this correspondence does not hold globally since, for topological rea-
sons, a distribution of rank m may not always be generated by m vector fields on the
whole M. Conversely, the vector fields X1, ..., X}, of anonholonomic system do not
always generate a linear space A(g) of constant dimension equal to m. It may even
be impossible, again for topological reasons (for instance, on an even dimensional
sphere).

A way to conciliate both notions is to generalize the definition of sub-Riemannian
structure.

Definition 1.4 A generalized sub-Riemannian structure on M is a triple (E, o, gg)
where

e F is a vector bundle over M;
e 0: E — TM is a morphism of vector bundles;
e g is a Riemannian metric on E.

With a generalized sub-Riemannian structure is associated a metric which is
defined by

gsr(q.v) = inf{gr(q, u):u € E(q), o(u) =v}, forqe M, veT,M.

The generalized sub-Riemannian distance dsg on M is then defined from this metric
gsr as d is defined from the metric g.

This definition of sub-Riemannian distance actually contains the two notions of
distance we have introduced before.



8 1 Geometry of Nonholonomic Systems

e Take E =M xR",0: E — TM,o(q,u) = > -, u;Xi(g) and gg the Euclidean
metric on R™. The resulting generalized sub-Riemannian distance is the distance
associated with the nonholonomic system (1.3).

e Take E = D, where D is a distribution on M, o: D < T M the inclusion, and
gr a Riemannian metric on D. We recover the distance associated with the sub-
Riemannian structure (D, gg).

Locally, a generalized sub-Riemannian structure can always be defined by a single
finite family X1, ..., X,, of vector fields, and so by a nonholonomic system (without
rank condition). It actually appears that this is also true globally (see [1], or [8] for the
fact that a submodule of 7'M is finitely generated): any generalized sub-Riemannian
distance may be associated with a nonholonomic system.

In these notes, we will always consider a sub-Riemannian distance d associated
with a nonholonomic system. However, as we just noticed, all the results actually
hold for a generalized sub-Riemannian distance.

1.4 Controllability

Given a nonholonomic system,

m

G=> uiXi(q), qeM, (1.8)
i=1

the first question from control theory is the one of the controllability: can we join
any two points by a trajectory?

Definition 1.5 The reachable set from p € M is defined to be the set %, of points
reached by a trajectory of (1.3) issued from p.

The question above then becomes: is the reachable set from any point equal to the
whole manifold M? When it is the case the system is said to be controllable.

It appears that the controllability of the nonholonomic system (1.3) is mainly
characterized by the properties of the Lie algebra generated by X1, ..., X,,. We first
introduce notions and definitions on this topic.

Let V F (M) denote the set of smooth vector fields on M. We define A! to be the
linear subspace of V F (M) generated by X1, ..., X,

Al = span{Xy, ..., X;u}.

For s > 1, define At = A% 4+ [A!, A%], where we have set [Al, AS] =

span{[X, Y]:X € Al vy e A®}.The Lie algebra generated by X1, . .., X, is defined
tobe Lie(X1, ..., X)) = USZ[ A*. Due to the Jacobi identity, Lie(X1, ..., Xp) is
the smallest linear subspace of V F (M) which both contains X1, ..., X, and is

invariant by Lie brackets.
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Let us denote by Z(1, ..., m) the free Lie algebra generated by the elements
{1, ..., m}. Recall that Z(1, ..., m) is the R-vector space generated by {1, ..., m}
and their formal brackets [,], together with the relations of skew-symmetry and
the Jacobi identity enforced. The length of an element I of £ (1, ..., m), denoted
by |7], is defined inductively by |I| = 1 for I = 1,...,m, |I| = |[1]| + |I2]
for I = [I1, I;]. With every element I € Z(1,...,m) we associate the vector
field X; € Lie(Xy, ..., X;;) obtained by plugging in X;, i = 1,...,m, for the
corresponding letter i in /. For instance, X[12] = [X1, X2]. Due to the Jacobi
identity, A* = span{Xj: |I| < s}.

Forq € M, we set Lie(X1, ..., Xn)(q) ={X(g) : X € Lie(Xy, ..., X;»)}, and,
fors > 1, AS(q) = {X(q): X € A®}. By definition these sets are linear subspaces
of T,M.

Definition 1.6 We say that (1.3) (or the vector fields X1, ..., X,,) satisfies Chow’s
Condition if
Lie(Xy, ..., Xw)(q@) =TyM, VYqe M.

Equivalently, for any g € M, there exists an integer r = r(g) such that dim A" (¢) =
n.

This property is also known as the Lie algebra rank condition (LARC) in control
theory, and as the Hormander condition in the context of PDEs.

Lemma 1.1 If (1.3) satisfies Chow’s Condition, then for every p € M, the reachable
set ) is a neighbourhood of p.

Proof We work in a small neighbourhood U C M of p that we identify with a
neighbourhood of 0 in R".

Let ¢§ = exp(7X;) be the flow of the vector field X;,i =1, ..., m. Every curve
t ¢§ (g) is a trajectory of (1.3) and we have

¢ =id +1X; + o(1).

For every element I € Z(1, ..., m), we define the local diffeomorphisms (]5[1 on U
by induction on the length |I| of I: if I = [I1, I5], then

1 1 I . I 1 I I
¢, = [¢zlﬂ t2] = ¢—21 o‘t’—ltO(ptz O¢zl~

By construction, ¢/ may be expanded as a composition of flows of the vector field
Xi,i =1,...,m. As a consequence, ¢>t1 (g) is the endpoint of a trajectory of (1.3)
issued from ¢g. Moreover, on a neighbourhood of p there holds

ol =id + 11X, + o(t1Th. (1.9)
We postpone the proof of this formula to the appendix (Proposition A.1).

To obtain a diffeomorphism whose derivative with respect to the time is exactly
X, we set
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¢t11/\1| ifr >0,
yl =10l if 7 < 0and |7]is odd,
[¢‘l,2|1/u|’ ¢|Iz]\l/\ll] ift < 0and || is even,

where I = [I, I>]. Thus
Yl =id +1X; + o(1), (1.10)

and ¥/ () is the endpoint of a trajectory of (1.3) issued from g.

Let us choose now commutators X, ..., X, whose values at p span T), M. This
is possible thanks to Chow’s Condition. We introduce the map ¢ defined on a small
neighbourhood £2 of 0 in R” by

Iy 1
o1, -5 tn) :wtn 0"'0%1'(17) EM.

We conclude from (1.10) that this map is C ! near 0 and has an invertible derivative
at 0, which implies that it is a local C'-diffeomorphism. Therefore ¢(£2) contains a
neighbourhood of p.

Now, for every t € §2, ¢(¢) is the endpoint of a concatenation of trajectories of
(1.3), the first one being issued from p. It is then the endpoint of a trajectory starting
from p. Therefore ¢ (§2) C Z%,, which implies that &%, is a neighbourhood of p. O

Theorem 1.1 (Chow-Rashevsky’s theorem) If M is connected and if (1.3) satisfies
Chow’s Condition, then any two points of M can be joined by a trajectory of (1.3).

Proof Let p e M. If g € %), then p € %,. As a consequence, %, = %, for any
g € M and the lemma above implies that %, is an open set. Hence the manifold
M is covered by the union of the sets %, that are pairwise disjointed. Since M is
connected, there is only one such open set. O

Remark 1.3 There exist other proofs of Chow-Rashevsky’s theorem, either by using
regular controls as in [4], or by imitating the proof of the Krener Theorem as in
[1]. Ours is not the more elegant but it has two advantages. First it provides some
rough estimates on the sub-Riemannian distance d (see Theorem 1.2 below). Second
it is almost constructive, in the sense that the map ¢ can be used to design a control
steering (1.3) from p to ¢(¢). This may lead to solutions to the motion planning
problem (see Chap. 3 and more particularly Sect. 3.2.3).

Remark 1.4 This theorem appears also as a consequence of the Orbit Theorem
(Stefan [5], Sussmann [6]) since the latter asserts that each set %), is a connected
immersed submanifold of M whose tangent space T, %, atany pointg € %, contains

Lie(Xq, ..., X;»)(g). Note that when the dimension of that Lie algebra is constant
on M, we have Lie(X1, ..., X;;)(q) = Ty %), for every g € #,. Thus in this case
the vector fields X1, ..., X,, restricted to the manifold %, always satisfy Chow’s

Condition.
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Remark 1.5 The converse of Chow’s theorem is false in general. Consider for
instance the nonholonomic system in R3 defined by X| = d;, X, = dy + f(x)0,

where f(x) = eV * for positive x and f(x) = 0 otherwise. The associated sub-
Riemannian distance is finite whereas X1, ..., X;, do not satisfy Chow’s Condition.
However, for an analytic nonholonomic system (i.e. when M and the vector fields
X1,..., X, are in the analytic category), Chow’s Condition is equivalent to the
controllability of (1.3) (see [3, 7]).

Remark 1.6 Our proof of Theorem 1.1 also shows that, under the assumptions of
the theorem, for every point p € M the set

{exp(ti, Xi) o -+ oexp(t, Xi ) (p)k €N, 1, € R, ij € {l,....m}}

is equal to the whole M. This set is often called the orbit at p of the vector fields
X1y, X

The proof of Lemma 1.1 gives a little bit more than the openness of . For &
small enough, any ¢/ (¢), 0 <t < ¢, is a trajectory of length ¢. Thus ¢ (1, ..., ;) is
the endpoint of a trajectory of length less than N(|t1 AL Itnll/ll”‘), where
N counts the maximal number of concatenations involved in the @[/fi ’s. This gives
an upper bound for the distance,

d(p.p@) = N4, |V10). (L.11)

This kind of estimates of the distance in terms of local coordinates plays an
important role in sub-Riemannian geometry, as we will see in Sect. 2.2.1. However
here (71, ..., t,) are not smooth local coordinates, as ¢ is only a C 1-diffeom0rphism,
not a smooth diffeomorphism.

Let us try to replace (71, ..., t,) by smooth local coordinates. Choose local coor-
dinates (y1, ..., y,) centered at p such that a%'l’ = X,(p). Themap ¢* = yoop
is a C'-diffeomorphism between neighbourhoods of 0 in R”, and its differential at
0is dgy = Idpn.

Denoting by || - ||g» the Euclidean norm on R” we obtain, for ||¢||g: small enough,
vi(t) = t; + o(]|t||rn)- The inequality (1.11) becomes

) 1
d(p,q”) < NIyl

where ¢ denotes the point of coordinates y, and r = max; |I;|. This inequality
allows to compare d to a Riemannian distance.

Let gg be a Riemannian metric on M, and dg be the associated Riemannian
distance. On a compact neighbourhood of p, there exists a constant ¢ > 0 such
that gr(X;, X;)(g) < ¢~!, which implies cdg (p, q) < d(p, q). Moreover we have
dr(p,q”) = Cst|ly|lrn. We have then obtained a first estimate to the sub-Riemannian
distance.
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Theorem 1.2 Assume (1.3) satisfies Chow’s Condition. For any Riemannian metric
gr we have, for q close enough to p,

cdr(p,q) <d(p,q) < Cdr(p, )"'",

where c, C are positive constants and r is an integer such that A; =T,M.

Remark 1.7 If we choose for gg a Riemannian metric which is compatible with g,
that is, which satisfies gg|4 = g, then by construction dg(p, q) < d(p, q).

Corollary 1.1 Under the hypotheses of Theorem 1.1, d is a distance function on M,
Le.,

(i) d is a function from M x M to [0, 00),
(i) d(p,q) =d(q, p) (symmetry);
(i) d(p,q) =0 ifand only if p = ¢;
(iv) d(p,q)+d(q,q") <d(p,q’) (triangle inequality).

Proof By Chow-Rashevsky’s theorem (Theorem 1.1), the distance between any pair
of points is finite, which gives (i). The symmetry of the distance results from the
fact that, if y(s), s € [0, T], is a trajectory joining p to g, then s — y(T —s)isa
trajectory of same length joining ¢ to p. Point (iii) follows directly from Theorem
1.2. Finally, the triangle inequality is a consequence of the following remark. If y (s),
s € [0, T, is a trajectory joining p to g and y'(s), s € [0, T'], is a trajectory joining
q to q’, then the concatenation y * y’, defined by

oy (s if s € [0, T],
yry ()= [y’(s—T) ifs e[T,T+T1",

is a trajectory joining p to ¢’ whose length satisfies

length(y * ') = length(y) + length(y"). ]

A second consequence of Theorem 1.2 is that the sub-Riemannian distance d is
1/r-Holder with respect to any Riemannian distance, and so continuous.

Corollary 1.2 If (1.3) satisfies Chow’s Condition, then the topology of the metric
space (M, d) coincides with the topology of M as a smooth manifold.
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Chapter 2
First-Order Theory

Abstract Consider a nonholonomic system ¢ = > i*; u; X;(q), on a manifold M
satisfying Chow’s Condition, and denote by d the induced sub-Riemannian distance.
As we have seen in Sect. 1.1, the infinitesimal behaviour of this system should be
captured by an approximation to the first-order with respect to d. In this chapter we
will then provide a notion of first-order approximation and construct the basis of
an infinitesimal calculus adapted to nonholonomic systems. To this aim, a funda-
mental role will be played by the concept of nonholonomic order of a function at
a point, which is introduced in Sect. 2.1. We will then see that approximations to
the first-order appear as nilpotent approximations, in the sense that X1, ..., X,, are
approximated by vector fields that generate a nilpotent Lie algebra. In Sect. 2.2 we
will use these approximations to obtain estimates of the sub-Riemannian distance
in terms of privileged coordinates. We will give a purely metric interpretation of
this first-order theory in Sect. 2.3, and show how the distance estimates allow us to
compute Hausdorff dimensions. Finally, it will appear along the chapter that singu-
larities of the Lie algebra generated by the vector fields X1, . .., X,, cause qualitative
changes in the approximations. We will then show in Sect. 2.4 how to get rid of these
singularities by a process of lifting.

Keywords Sub-Riemannian geometry - Nonholonomic systems * Nilpotent systems *
Carnot-Carathéodory metric spaces

2.1 First-Order Approximations

The whole section is concerned with local objects. Henceforth, throughout the chapter
we fix a point p € M and an open neighbourhood U of p that we identify, when
necessary, with a neighbourhood of 0 in R” through some local coordinates.

2.1.1 Nonholonomic Orders

Definition 2.1 Let f : M — R be a continuous function. The nonholonomic order
of f at p,denoted by ord, (f), is the real number defined by
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ord,(f) =sup{s €R : f(q) = O0(d(p,q)")}.

This order is always nonnegative. Moreover ord,(f) = 0 if f(p) # 0, and
ord,(f) = +ooif f(p) =0.

Example 2.1 (Euclidean case) When M = R", m = n, and X; = 0, the sub-
Riemannian distance is simply the Euclidean distance on R". In this case, non-
holonomic orders coincide with the standard ones. Namely, for a smooth function
f,ordg(f) is the smallest degree of monomials having nonzero coefficient in the
Taylor series

X) ~ ) coxi. xon
1 n

of f at(0. We will see below that there exists in general an analogous characterization
of nonholonomic orders.

Let C*(p) denote the set of germs of smooth functions at p. For f € C*®(p),
we call nonholonomic derivatives of order 1 of f the Lie derivatives X1 f, ..., X, f.
We call further X; (X f), X;(X;j(Xk f)),... the nonholonomic derivatives of f of
order 2, 3,... The nonholonomic derivative of order O of f at p is f(p).

Proposition 2.1 Let f € C*(p). Then ord,(f) is equal to the biggest integer k
such that all nonholonomic derivatives of f of order smaller than k vanish at p.
Moreover,

f(@) = 0(d(p, q)" ).

Proof The proposition results from the following two assertions:

(i) if £ is an integer such that £ < ord, (f), then all nonholonomic derivatives of f
of order < £ vanish at p;

(ii) if £ is an integer such that all nonholonomic derivatives of f of order < ¢ vanish
at p, then f(q) = O(d(p,q)*™").

Let us first prove point (i). Let £ be an integer such that £ < ord,(f). We write a
nonholonomic derivative of f of order k < £ as

8k
Xiy ... Xy Hp) = mf(exp(kaik) o---0 eXP(tIXil)(P))’

1=l

The point ¢ = exp(%X;,) o --- o exp(t1X;,)(p) is the endpoint of a trajectory of
length |¢t{| + - - - + |t,|. Therefore, d(p, g) < |t1| + - - - + |tul.

Since k < £ < ord,(f), there exists a real number s > 0 such that f(g) =
0((|t1| 4+ 4 |t,,|)k+‘). This implies that

k

d
Xiy ... X, H(p) = mf@ =%

Thus point (i) is proved.
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The proof of point (ii) goes by induction on £. For £ = 0, assume that all non-
holonomic derivatives of f of order < 0 vanish at p, thatis f(p) = 0. Choose any
Riemannian metric on M and denote by dg the associated Riemannian distance on
M. Since f is smooth, there holds f(g) < Cst dr(p, q) near p. By Theorem 1.2,
this implies f(q) < Cst d(p, q), and so property (ii) for £ = 0.

Assume that, fora given £ > 0, (ii) holds for any function f (induction hypothesis)
and take a function f such that all its nonholonomic derivatives of order < £ + 1
vanish at p.

Observe that, for i = 1,...,m, all the nonholonomic derivatives of X; f of
order < £ vanish at p. Indeed, X;, ... X; (X; f) = X;, ... X;, X; f. Applying the
induction hypothesis to X; f leads to X; f(g) = O(d(p. ¢)*). In other words, there
exist positive constants C1, ..., C,, such that, for g close enough to p,

X f(q) < Cid(p, )"

Fix now a point g near p. By Remark 1.2, there exists a minimizing curve y (-)
of velocity one joining p to g. Therefore y satisfies

p() =D uiX;(y(n) forae.tel0.T], y(©) =p. y(T)=gq.
i=1

with >, u%(t) = 1 a.e. and d(p, y(t)) = t for any t € [0, T]. In particular

dip.q) =T
To estimate f(q) = f (y (T)) , we compute the derivative of f (y (t)) with respect
torz,

—f y (1)) Zu OXi f(v®),

i=1

Z|u,(r)|c, (p.y®)" <ctt,

= '— flyv®)
where C = C1 + - - - + Cy,. Integrating this inequality between 0 and ¢ gives

c
|y (t))|<|f(17)|+€+1 £

Note that f(p) = 0 since the nonholonomic derivative of f of order 0 at p vanishes.

Finally, att = T = d(p, q) we obtain

C
< — 71t
lf( @ = — T

which concludes the proof of (ii). O
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As a consequence, the nonholonomic order of a smooth (germ of) function is
given by the formula

ordp(f)zmin{s eN:3Jiy,...,ise{l,...,m} s.t. (Xil...X,-sf)(p);éO},

where as usual we adopt the convention that min J = +o0.

Itis clear now that any function in C°°(p) vanishing at p is of order > 1. Moreover,
the following basic computation rules are satisfied: forevery f, g in C°°(p) and every
A e R\ {0},

ord,(fg) = ord,(f) + ord,(g),
ord,(Af) = ord,(f),
ord, (f + g) = min (ord, (f), ord,(g)).

Note that the first inequality is actually an equality. However the proof of this fact
requires an additional result (see Proposition 2.2).

The notion of nonholonomic order extends to vector fields. Let V F(p) denote
the set of germs of smooth vector fields at p.

Definition 2.2 Let X € V F(p). The nonholonomic order of X at p, denoted by
ord, (X), is the real number defined by:

ord, (X) = sup {a eR :ord,(Xf) >0 +ord,(f), Vfe C°°(p)}.

The order of a differential operator is defined in the same way.

Note thatord ,(X) € Z since the order of a smooth function is an integer. Moreover
the null vector field X = 0 has infinite order, ord, (0) = +oo.

Since the order of a function coincides with its order as a differential operator
acting by multiplication, we have the following properties. Forevery X, Y € V F(p)
and every f € C*(p),

ord, ([X, Y]) > ord,(X) + ord, (Y),
ord,(fX) > ord,(f) + ord, (X),
ord,(X) < ord,(Xf) —ord,(f),
ord,(X +Y) > min (ordp(X), ordp(Y)).

@.1)

As already noticed for functions, the second inequality is in fact an equality. This
is not the case for the first inequality (take for instance X = Y). As a consequence
of 2.1), X1, ..., X,y areof order > —1, [X;, X ;] of order > —2, and more generally,
every X in the set AK is of order > —k.

Example 2.2 (Euclidean case) In the Euclidean case (see Example 2.1), the non-
holonomic order of a constant differential operator is the negative of its usual order.
For instance dy; is of nonholonomic order —1. Actually, in this case, every vector
field that does not vanish at p is of nonholonomic order —1.
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Example 2.3 (Heisenberg case) Consider the following vector fields on R3:
X) =0y — %az and X, = d, + %az.

The coordinate functions x and y have order 1 at 0, whereas z has order 2 at 0,
since X1x(0) = Xpy(0) = 1, X1z(0) = X2z(0) = 0, and X1X»z(0) = 1/2.
These relations also imply ordo(X;) = ordg(X2) = —1. Finally, the Lie bracket
[X1, X2] = 0, is of order —2 at 0 since [ X, X3]z = 1.

We are now in a position to give a meaning to first-order approximations.

Definition 2.3 A family of m vector fields ()? Lovvns )A(m) defined near p isA called
a first-order approximation of (X1, ..., X;;) at p if the vector fields X; — X;, i =
1,...,m, are of order > 0 at p.

A consequence of this definition is that the order at p defined by the vector fields
X1, ..., X, coincides with the one defined by Xy, ..., X,,. Hence for any f €
C°°(p) of order greater than s — 1,

Xy X1, @) = Ry K3, @)+ 0 (d(p. ™ =),

To go further in the characterization of orders and approximations, we need suit-
able systems of coordinates.

2.1.2 Privileged Coordinates

We have introduced in Sect. 1.4 the sets of vector fields A%, defined by A% =
span{X; : |I| < s}. Since X1, ..., X, satisfy Chow’s Condition, the values of
these sets at p form a flag of subspaces of T, M, that is,

Al(pyc A*(p)c---c AN (p) ¢ A (p) = TyM, 2.2)

where r = r(p) is called the degree of nonholonomy at p.

Set n; (p) = dim Al (p). The r-tuple of integers (n1(p), ..., n,(p)) is called the
growth vector at p. The first integer in the growth vector is the rank n;(p) < m of
the family X{(p), ..., X, (p), and the last one n,(p) = n is the dimension of the
manifold M.

Lets > 1. By abuse of notations, we continue to write A* for the map g — A*(q).
This map A* isadistribution if and only if ns (¢) is constant on M. We then distinguish
two kind of points.

Definition 2.4 The point p is a regular point (w.r.t. X1, . .., X,,) if the growth vector
is constant in a neighbourhood of p. Otherwise, p is a singular point.
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Thus, near a regular point, all maps A are locally distributions.

The structure of the flag (2.2) may also be described by another sequence of
integers. We define the weights at p, w; = w;(p),i = 1,...,n, by settingw; = s
if ng_1(p) < j < ns(p), where ngp = 0. In other words, we have

Wl == Wy =1, Wn1+1:"'=Wn2:2, e s Wh 1 = =Wy, =T

A

The weights at p form an increasing sequence wi(p) < ---
constant near p if and only if p is a regular point.

wy(p) which is

Example 2.4 (Heisenberg case) The Heisenberg case in R? given in Example 2.3
has a growth vector which is equal to (2, 3) at every point. Therefore all points of
IR? are regular. The weights at any point are w; = wy = 1, w3 = 2.

Example 2.5 (Martinet case) Consider the following vector fields on R3,

%2
X =0, and X2=3y+78z.

The only nonzero brackets are
[X1, Xo] =x0; and [Xy,[X), X2]] = 0.

Thus the growth vector is equal to (2,2, 3) on the plane {x = 0}, and to (2, 3)
elsewhere. As a consequence, the set of singular points is the plane {x = 0}. The
weights are w; = wp = 1, w3 = 2 at regular points, and w; = wr, = 1, w3 = 3 at
singular ones.

Example 2.6 Consider the vector fields on R
X1 =0y and Xp =0y + f(x)0,,

where f is a smooth function on R which admits every positive integer n € N as
a zero with multiplicity n (such a function exists and can even be chosen in the
analytic class thanks to the Weierstrass factorization theorem [23, Theorem 15.9]).
Every point (n, y, z) is singular and the weights at this point are w; = wy = 1,
w3 = n + 1. As a consequence the degree of nonholonomy w3 is unbounded on R3.

Let us give some basic properties of the growth vector and of the weights.

e At a regular point, the growth vector is a strictly increasing sequence: ni(p) <

- < ny(p). Indeed, if ny(q) = ns41(g) in a neighbourhood of p, then A® is

locally an involutive distribution and so s = r. As a consequence, at a regular point

p, the jump between two successive weights is never greater than 1, w; 1 —w; < 1,
and there holds 7 (p) <n —m + 1.

e For every s, the map g — n,(q) is a lower semi-continuous function from M to

N. Similarly, foreveryi = 1, ..., n, the weight w; () is an upper semi-continuous
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function. This is in particular the case for the degree of nonholonomy r(-) = w;, (-),
thatis, r(g) < r(p) for g near p. As aconsequence r(-) is bounded on any compact
subset of M.

e The set of regular points is open and dense in M. The openness results from the
very definition of regular points. As for the density, take any point p in M and
consider an open neighbourhood V of p small enough so that r(g) < r(p) for
g € V. For every s, the set of point V; where ng reaches its maximal value on V
is an open and nonempty subset of V' due to the lower semi-continuity of ns. The
intersection of all V; for s < r(p) is an open subset of V and contains only regular
points since the growth vector is constant on this subset. The density of the set of
regular points follows.

e The degree of nonholonomy may be unbounded on M (see Example 2.6 above).
Thus determining if a nonholonomic system is controllable is a non decidable
problem: the computation of an infinite number of brackets may be needed to
decide if Chow’s Condition is satisfied. However, in the case of polynomial vector
fields on R” (relevant in practice), it can be shown that the degree of nonholonomy
is bounded by a universal function of the degree k of the polynomials (see [8, 14]):

r(x) < 23n2n2nk2n’

The meaning of the sequence of weights is best understood in terms of basis
of T, M. Choose first vector fields Yy, ..., Y, in Al whose values at p form a
basis of Al (p). Choose then vector fields Yy, 11, ..., ¥y, in A? such that the values
Yi(p), ..., Yy, (p)form abasis of Az(p). For each s, choose Yy, 41, ..., ¥p, in A®
such that Y1(p), ..., ¥, (p) form a basis of A*(p). We obtain in this way a family
of vector fields Yq, ..., Y, such that

YieAv i=1,...,n. @3)

[ Y1(p), ..., Ya(p) is abasis of T, M,
A family of n vector fields satisfying (2.3) is called an adapted frame at p. The word
“adapted” means here “adapted to the flag (2.2)”, since the values at p of an adapted
frame contain a basis Y1(p), ..., Y, (p) of each subspace A*(p) of the flag. By
continuity, at a point g close enough to p the values of Y1, ..., Y, still form a basis
of T, M. However, if p is singular this basis may not be adapted to the flag (2.2) at q.

Let us explain now the relation between weights and orders. We write first the
tangent space as a direct sum,

T,M = Al'(p) @ A*(p)/A' ()& --- & A (p)/A™ (p),

where A% (p)/A*~1(p) denotes a supplementary of AS~1(p)in A% (p). Letus choose
local coordinates (y1, . . ., y,). The dimension of each space A (p)/A*~!(p) isequal
tong — ng—1, SO we can assume that, up to a reordering, the local coordinates satisfy
dy;(AS(p)/ A~ (p)) # 0 forng_y < j <ns.
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Take an integer j such that 0 < j < nj. From the assumption above, there
holds dy (Al (p)) # 0, and consequently there exists X; such that dy; (X;(p)) # 0.
Since dy;(X;) = X;y; is a first-order nonholonomic derivative of y;, we have
ord,(yj)) < 1 =wj.

Take now an integer j such thatng_; < j < ny fors > 1, thatis, w; = s. Since
dy;(A* (p)/ A~ 1(p)) # 0, there exists a vector field ¥ in A* such that dy;j(Y(p)) =
(Yy;j)(p) # 0. By definition of A*, the Lie derivative Yy; is a linear combination
of nonholonomic derivatives of y; of order not greater than s. One of them must be
nonzero, and so ord, (y;) < s = w;.

Finally, any system of local coordinates (y1, ..., y,) satisfies ord,(y;) < w; up
to a reordering (or Z?:l ord, (y;) < Z;‘zl w; without reordering). The coordinates
with the maximal possible order will play an important role.

Definition 2.5 A system of privileged coordinates at p is a system of local coordi-

nates (z1, ..., Zy) such thatord,(z;) =w; for j =1,...,n.
Notice that privileged coordinates (zy, ..., z,) satisfy
dzi (A" (p)) #0, dz (A"~ '(p) =0, i=1,...,n, (2.4)

or, equivalently, d;, |, belongs to A" (p) but not to A"/ ~1(p). Local coordinates sat-
isfying (2.4) are called linearly adapted coordinates (‘“adapted” because the differ-
entials at p of the coordinates form a basis of 7,; M dual to the values of an adapted
frame). Thus privileged coordinates are always linearly adapted coordinates. The
converse is false, as shown in the example below.

Example 2.7 Take X1 = 3y, X2 = 9y + (x> + y)d; in R3. The weights at 0 are
(1,1,3) and (x, y, z) are adapted at 0. But they are not privileged: indeed, the coor-
dinate z is of order 2 at 0 since (X2 X7z)(0) = 1.

Remark 2.1 Let us define privileged functions at p to be smooth functions f on U
such that

ord,(f) = max{s € N : df(A*(p)/A*~ (p)) # 0},

(a similar notion has been suggested by Kupka [17]). It results from the discussion
above that some local coordinates (z1, .. ., z,) are privileged at p if and only if each
z; is a privileged function at p.

Let us now show how to compute orders using privileged coordinates. We fix
a system of privileged coordinates (zy, ..., z,) at p. Given a sequence of integers
a = (ay,...,q,), we define the weighted degree of the monomial z* = Z‘f‘ Lz
to be w(o) = wiay + - - - + wy o, and the weighted degree of the monomial vector
field z%9;; to be w(e) — w;. The weighted degrees allow to compute the orders of
functions and vector fields in a purely algebraic way.

Proposition 2.2 For a smooth function f with a Taylor expansion
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@)~ cad”,
o

the order of f is the least weighted degree of monomials having a nonzero coefficient
in the Taylor series.
For a vector field X with a Taylor expansion

X (z) ~ Z aoz,jzaaz_/ s

o,

the order of X is the least weighted degree of a monomial vector fields having a
nonzero coefficient in the Taylor series.

In other words, when using privileged coordinates, the notion of nonholonomic order
amounts to the usual notion of vanishing order at some point, only assigning weights
to the variables.

Proof Fori = 1,...,n, we have d,,|, € A" (p). Then there exist n vector fields
Yy, ..., Y, which form an adapted frame at p and such that Y1(p) = 9;1p, ...,
Y, (p) = 0,|p. Forevery i, the vector field Y; is of order > —w; at p since it belongs
to A", Moreover we have (¥;z;)(p) = 1 and ord,(z;) = w;. Thus ord ,(¥;) = —w;.

Take a sequence of integers « = (i, ..., ®,). The monomial z* is of order
> w(a) at p and the differential operator Y* = Y|"' ... Y, is of order > —w(a).
Observing that (Y;z,)(p) = 0if j # i, we easily see that (Y*z%)(p) = W £0,
whence ord, (z%) = w(a).

In the same way, we obtain that, if z%, zP are two different monomials and A, %
two nonzero real numbers, then ord, (1z% + puz?) = min (w(a), w(B)). Thus the
order of a series is the least weighted degree of monomials actually appearing in the
series itself. This shows the statement on order of functions.

Asaconsequence, for any smooth function f, the orderat p of 9;; fis> ord, (f)—
w;. Since moreover d;;z; = 1, we obtain that ord, (9;,) is equal to —w;. The second
part of the statement follows. (I

A notion of homogeneity is also naturally associated with a system of privileged
coordinates (zj, ..., z,) defined on an open neighbourhood U of the point p. We
define first the one-parameter family of dilations

Sf:(zlv'-'9zn)'_)(thzlv"'vtwnZn)v IZO'

Each dilation §; is a map from R” to R”. By abuse of notations, for ¢ € U and ¢
small enough we write §;(q) instead of 6;(z(q)), where z(g) are the coordinates of
q. A dilation §; acts also on functions and vector fields by pull-back: 8] f = f o §;
and 6/ X is the vector field such that (67 X) (5] /) = 8] (Xf).

Definition 2.6 A function f is homogeneous of degree s it §; f = t° f. A vector
field X is homogeneous of degree o if 8 X = t° X.
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For a smooth function (resp. a smooth vector field), this is the same as being a
finite sum of monomials (resp. monomial vector fields) of weighted degree s. As a
consequence, if a function f is homogeneous of degree s, then it is of order s at p.

A typical degree 1 homogeneous function is the so-called pseudo-norm at p,
defined by:

20 llzllp = |z " 4z 2.5)

When composed with the coordinates function, the pseudo-norm at p is a (non
smooth) function of order 1, that is,

Izl = O(d(p, ).

Actually, it results from Proposition 2.2 that the order of a function f € C*®(p) is
the least integer s such that f(q) = 0(||z(q)||§,).

Examples of Privileged Coordinates

Of course all the results above on algebraic computation of orders hold only if
privileged coordinates do exist. Two types of privileged coordinates are commonly
used in the literature.

a. Exponential coordinates
Choose an adapted frame Y, ..., ¥, at p. The inverse of the local diffeomorphism

(z1, ... zn) P exp(z1Y1 + - + 2, Y (p)

defines a system of local privileged coordinates at p, called canonical coordinates
of the first kind. These coordinates are mainly used in the context of hypoelliptic
operator and for nilpotent Lie groups with right (or left) invariant sub-Riemannian
structure.

The inverse of the local diffeomorphism

(21, -, 2n) P> exp(zpYy) o -+ - oexp(z1 Y1) (p)

also defines privileged coordinates at p, called canonical coordinates of the second
kind. They are easier to work with than the one of the first kind. For instance, in
these coordinates, the vector field Y, read as d,,. One can also exchange the order
of the flows in the definition to obtain any of the Y; as d;,. The fact that canonical
coordinates of first and second kind are privileged is proved in Appendix (Sects. B.1
and B.2).

We leave it to the reader to verify that the diffeomorphism
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@1, ..oy zn) P exp(zn Yy 4+ -+ + zg+1Ys41) o exp(zs Ys) - - - oexp(z1 Y1) (p)

also induces privileged coordinates. As a matter of fact, any “mix" between first and
second kind canonical coordinates defines privileged coordinates.

b. Algebraic coordinates

There exist also effective constructions of privileged coordinates (the construction of
exponential coordinates is not effective in general since it requires to integrate flows
of vector fields). We present here Bellaiche’s algorithm, but other constructions exist
(see [2, 24)).

1. Choose an adapted frame Y1, ..., Y, at p.
2. Choose coordinates (y1, ..., y,) centered at p such that 9y, |, = Y; (p).
3. Forj=1,...,n,set

Wj—l

Zj=Yyj— Z he(y1, -, yi-1),
k=2

where, fork =2,...,w; — 1,
k—1 yal y‘?[jfll
Ly — ) G-y 0 S
WO,y = Y (= ) ) o P
loe|=k q=2 ’
wlo)<w;

with |a| = @) + - - - + ay.

The fact that coordinates (zi,...,z,) are privileged at p will be proved in
Sect. B.3.

Coordinates (y1, ..., y,) are linearly adapted coordinates. They can be obtained
from any original system of coordinates by an affine change. The privileged coor-
dinates (zy, ..., z,) are then obtained from (yi, ..., y,) by an expression of the
form

1 = Y1,
72 = y2 +pol(y1),

Zn = Yn +pol(y1, ..., Yu—1),

where each pol is a polynomial function without constant nor linear terms. The
inverse change of coordinates takes the same triangular form, which makes the use
of these coordinates easy for computations.
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2.1.3 Nilpotent Approximation

Fix a system of privileged coordinates (z1, ..., z,) at p. Every vector field X; is of
order > —1, hence it has, in z coordinates, a Taylor expansion

Xi(2) ~ D j2%0:,,
o,

where w(a) > wj — 1 if aq, j # 0. Grouping together the monomial vector fields of
same weighted degree we express X; as a series

Xi = X 4 X0 4 x4

where X l.(s) is a homogeneous vector field of degree s.

Proposition 2.3 Ser X, = Xl.(fl), i = 1,...,m. The family of vector fields
(X1, ..., Xm) is a first-order approximation of (X1, ..., Xm) at p and generates
a nilpotent Lie algebra of step r = wy,.

Recall that a Lie algebra Lie(X1, ..., X;,) is said to be nilpotent of step s if all
brackets X; of length || greater than s are zero.

Proof The fact that the vector fields X I X m form a first-order approximation
of X1, ..., X, results from their construction. Note further that any homogeneous
vector field of degree smaller than —wy, is zero, as it is easy to check in privileged
coordinates. Moreover, if X and Y are homogeneous of degree respectively k and
[, then the bracket [X, Y] is homogeneous of degree k + [ because §;[X,Y] =
[6%X,8:Y] = t*H[X, Y]

It follows that every iterated bracket of the vector fields X Lseens X, m of length k
is homogeneous of degree —k and is zero if k > wy,. (]

Definition 2.7 The family (X, ..., X,,) is called the (homogeneous) nilpotent
approximation of (X1, ..., X,;) at p associated with the coordinates z.

Example 2.8 (unicycle) Consider the vector fields on R? x.%! defining the kinematic
model of a unicycle (see Example 1.1), that is, X; = cos 00, + sinfdy, Xo = 0g.
We have [X1, X] = sin6d, — cos 69y, so the weights are (1, 1, 2) at every point. At
p = 0, the coordinates (x, €) have order 1 and y has order 2, consequently (x, 6, y)
is a system of privileged coordinates at 0. Taking the Taylor expansion of X and X»
in the latter coordinates, we obtain the homogeneous components:

(=1) (0) 1)
Xl :ax+98y, Xl :0, Xl =__8X__8y7

and Xéﬁl) = X, = 0y. Therefore the homogeneous nilpotent approximation of
(X1, X2) at 0 in coordinates (x, 6, y) is
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Xi =0, +00,, X»=2d.

We easily check that the Lie brackets of length 3 of these vectors are zero, that
is, [ X1, [X1, X2]] = [X2, [X1, X211 = 0, and so the Lie algebra Lie(X1, X2) is
nilpotent of step 2.

The homogeneous nilpotent approximation is not uniquely defined by the m-tuple
(X1, ..., Xn), since it depends on the chosen system of privileged coordinates.
However, if X Is-- X and X ’1, L X, X! arethe nilpotent approximations associated
with two dlfferent L systems of coordmates then their Lie algebras Lze(X T m)
and Lze(X e m) are isomorphic. If moreover p is a regular point, then Lie
(X1,..., Xp)is isomorphic to the graded nilpotent Lie algebra

Gr(4), = A(p) & (A%/AH(p) @ --- @ (A1 /A" (p).

Remark 2.2 The nilpotent approximation denotes in fact two different objects. Each
X; may be seen as a vector field on R” or as the representation in z coordinates of
the vector field z* X, ; defined on a neighbourhood of p in M (recall that X, i denotes
the pullback d(z™!) o X jozof X, i by the local diffeomorphism z). This will cause
no confusion since the nilpotent approximation is associated with a given system of
privileged coordinates.

Itis worth to notice the particular form of the nilpotent approximation in privileged
coordinates. Write X = Zl 1 fij(2)0;, i =1,...,m. Since X is homogeneous
of degree —1 and 9, of degree —w, the function fl j is a homogeneous polynomial
of weighted degree w; — 1. In particular it can not involve variables of weight greater
than w; — 1, that s,

n
Xi(@) =" fij @1z~

The nonholonomic system z = » /L u i)? i (2) associated with the nilpotent approx-
imation is then polynomial and in a triangular form,

m

ij:Zl,tifij(Z],...,anj,]). (26)

i=1

Computing the trajectories of a system in such a form is rather easy: given the input
function (u1(¢), ..., uu (), itis possible to compute the coordinates z ; one after the
other, only by integration. As a consequence, for every input function the associated
differential Eq. (2.6) is complete and every X is a complete vector field on R”.

As vector fields on R”, X I,..., X, generate a sub-Riemannian distance on R"
which is homogeneous with respect to the dilation §;.
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Lemma 2.1 (i) The family (3(\1, el 5(\,,1) satisfies Chow’s Condition on R".
(ii) The gmwth vectorat(Q of()?l R m) is equal to the one at p of (X1,..., Xm).
(iii) Let d be the sub Riemannian dlstance on R" associated with (X Ly ooy Xim).

The distance d is homogeneous of degree 1,
d(8,x,8,y) = td(x, y).

(iv) There exists a constant C > 0 such that, for all z € R",
1 ~
EIIZII,; <d(0,2) = Clizllp,

where the pseudo-norm || - ||, at p is defined by (2.5).

Proof Through the coordinates z we identify the neighbourhood U of p in M with
a neighbourhood of 0 in R”.

For every element I € £(1, ..., m), we denote by )A([ € Lie()A(l, A S(\m) the
vector field that is obtained by pluggmg in J X; i»i=1,...,m,for the corresponding
letteri in /. For k > 1 we set Ak span{X1 I < k} As noticed in the proof of
Proposition 2.3, a bracket X of length |I] = k is homogeneous of weighted degree
—k, and by construction of the nilpotent approximation, there holds X; = X;+
terms of order > —k. Therefore,

)?1(0) = X1(p)m0dspan{81j|p :wj <k} = X;(p)mod Ak_l(p).
As a consequence, for any integer k > 1, we have
dim A¥(0) = dim A% (p), (2.7)

and property (ii) follows. Moreover, let us choose an adapted frame Xy, ..., Xy, at
p. The family (X 1,0), . X 1,(0)) i is ¢ of rank n, which implies that its determmant
is nonzero. Since the determlnant of X Is - X 1, 1s an homogeneous polynomial
of weighted degree 0, and so a constant, it is nonzero everywhere. This implies (i).

As for the property (iii), consider the nonholonomic system defined by the nilpo-
tent approximation, that is, z = 7. u; X; (z). Observe that, if ¥ is a trajectory of
this system, that is, if

m
Y =D wXi(y1), tel0,Tl,
i=1
then the dilated curve §; 7 satisfies

d S o
HP0 = ;xuixi (5:7@), te€l0,T].
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Thus 87 is a trajectory of the same system, with extremities (8,,7)(0) = 8, (3(0))
and (8, 7)(T) = 8, (y(T)), and its length equals Alength(37). This proves the homo-
geneity of d.

Finally, since (5(\ Lo vvns )A(m) satisfies Chow’s Condition, the distance ZZ\(O, -) is
continuous on R” by Corollary 1.2. We can then choose a real number C > 0 such
that, on the compact set {||z|| = 1}, we have 1/C < Zf(O, z) < C. Both functions
d (0, z) and ||z|| being homogeneous of degree 1, the inequality of Property (iv)
follows. O

2.2 Distance Estimates

2.2.1 Local Distance Estimates

As it is the case for Riemannian distances, in general it is impossible to compute
analytically a sub-Riemannian distance (it would require to determine all minimizing
curves). Therefore it is very important to obtain estimates of the distance, at least
locally. In a Riemannian manifold (M, g), the situation is rather simple: in local
coordinates x centered at a point p, the Riemannian distance dg satisfies:

dr(q.q") = 1x(q) = x(@)lg, +olllx(@llg, + Ix(@)llg,),

where || - [|¢, is the Euclidean norm induced by the value g, of the metric g at p. This
formula has two consequences: first, it shows that the Riemannian distance behaves
at the first-order as the Euclidean distance associated with [ - ||, ; secondly, the norm
| - Ilg, gives explicit estimates of dg near p, such as

1
EIIX(CI)IIg,, =dr(p,q) = Cllx(@)lg,-

In sub-Riemannian geometry, the two properties above hold, but do not depend on
the same function: the first-order behaviour near p is characterized by the distance
d, » defined by a nilpotent approximation at p, whereas explicit local estimates of
d(p, -) are given by the pseudo-norm || - ||, at p defined in (2.5). We first present the
latter estimates, often referred to as the “Ball-Box Theorem”, and then the first-order
expansion of d in Theorem 2.2.

Theorem 2.1 The following statement holds if and only if z = (z1,...,2,) Is a
system of privileged coordinates at p: there exist constants Cp, and €, > 0 such that,
ifd(p,q) < €p, then

1
C_”Z(q)”p =d(p,q) = Cpllz@llp, (2.8)
P

where z(q) denotes the coordinates of g and || - ||, the pseudo-norm at p.
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Corollary 2.1 (Ball-Box Theorem) Expressed in a given system of privileged coor-
dinates, the sub-Riemannian balls B(p, ¢) satisfy, for & < ¢,

Box(Cis) C B(p, &) C Box(Cpe),
p

where Box(g) = [—&"!, e"1] x -+« x [—&"n, g"n].

The Ball-Box Theorem is stated in different papers, often under the hypothesis
that the point p is regular. To our knowledge, two valid proofs exist, the ones in [22]
and in [4]. The result also appears without proof'in [15] and in [9], and with erroneous
proofs in [19] and in [21].

We present here a proof adapted from the one of Bellaiche [(our is much simpler
because Bellaiche actually proves a more general result, namely (2.16)]. Basically,
the idea is to compare the distances d and d. The main step is Lemma 2.2 below,
which is essential in other respects to explain the role of nilpotent approximations in
control theory.

Fix a point p € M, and a system of privileged coordinates z = (z1, ..., 2x)
at p. Through these coordinates we identify a neighbourhood of p in M with a
neighbourhood of 0 in R”. As in the previous section we denote by X Toonns )?m the
homogeneous nilpotent approximation of X1, ..., X, at p (associated with the given
system of privileged coordinates) and by d the induced sub-Riemannian distance on
R". Recall also that r = w,, denotes the degree of nonholonomy at p.

Lemma 2.2 There exist constants C and & > 0 such that, for any z° € R" and any
t € RY satisfying v = max(||zo||,,, t) < &, we have

lz(t) =20, < Cee'/",

where z(-) andZ(-) are trajectories of the nonholonomic systems defined respectively
by X1,..., Xmand Xy, ..., Xy, starting at the same point 20, associated with the
same control function u(-), and satisfying |lu(@)| = 1 a.e.

Proof The first step is to prove that ||z(¢) ||, and [[Z(z)], < Cst t for small enough
7, where Cist is a constant. Let us do it for z(#), the proof being exactly the same for
z(t).

The equation of the control system associated with X1, ..., X, is

zi= > ui(fij@ +rij@). j=1....n,
i=1

where f;;j(z) + r;j(z) is of order < w; — 1 at 0. Thus, for j = 1,...,nandi =

L....m, |fij(2) +71ij(x)| < Cst ||z||;§j_1 when ||z||, is small enough. Note that,

along the trajectory z(?), ||zl p is small when t is. Since [lu(t)|| = 1 a.e., we get:
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12,1 < Cst 2|0 (2.9)

To integrate this inequality, choose an integer N such that all N/w; are even
integers and set ||zlly = (2.1, |z,~|N/W")1/N. The function ||z||y is equivalent to

Izl » in the norm sense, and it is differentiable except at the origin. Inequality (2.9)
implies % llzlly < Cst, and then, by integration,

lz()lly < Cstt +[1z(0)||y < Cstt.

The functions ||z||y and ||z||, being equivalent, we obtain, for a trajectory starting
at 29, lz(t)ll, < Cst T when 7 is small enough.

The second step is to prove |z;(r) —Z;(t)] < Cstt"it. The function z; —Z;
satisfies the differential equation

i(fij@ = fij@ +rij(2),

;=7

i Z (zx =20 Qijk(z,2) +r1ij (@) | »

{k:we<w;}

m
D u
i=1

m
Du
i=1
where Q;jk(z,7) is a homogeneous polynomial of weighted degree w; — wy — 1.
For |z||, and ||Z]| , small enough, we have

lrij ()| < Cstllzll,” and [Qiji(z. )| < Cst (llzllp + IZ1,)" .

Using the inequalities of the first step, we obtain finally, for T small enough,

2j(0) =Z 01 < Cst - D |z =@ Cse e (2.10)

{k:wr<wj}

This system of inequalities has a triangular form, hence it can be integrated itera-
tively. For w; = 1, the inequality is |2 (t) —Z; ()| < Cstt,and so |z, (t) —Z;(t)| <
Cst tt. By induction, let j > n; and assume |z;(t) — Zx(t)| < Cst t"*t fork < j.
Inequality (2.10) implies

|2;(t) = Zj()] < Cst T~ 4+ Cst v < Cst "7,

and so |z (1) —Z;(t)| < Cstt"it.
Finally,

lz(t) =2, < Cst T/ . 4 ¢1/¥ny < Cst e/,

which completes the proof of the lemma. (]
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Proof [of Theorem 2.1] Observe first that, by definition of the order, a system of
coordinates z is privileged if and only if d(p, q) > Cst ||z(¢g) || ,. What remains to
prove is that, if z are privileged coordinates, then d(p, g) < Cst ||z(q)|| -

As above, we identify a neighbourhood of p in M with a neighbourhood of 0 in
R” through the coordinates z. We will show that, for 12001 p small enough,

d(0,7%) <2d(0, "),

and so d(0, z°) < Cst ||zO||p by Lemma 2.1. This will prove Theorem 2.1.

Fix 70 € R”, ||z0||p < ¢e. Let Zo(2), t € [0, Tp], be a minimizing curve for c?,
having velocity one, and joining z° to 0. According to Remark 1.2, such a curve
exists, and there exists a control ug(-) associated with Zo such that ||ug(¢)| = 1 a.e.
Moreover, Ty = d (0, zo).

Let zo(#), t € [0, To], be the trajectory of the control system associated with
X1, ..., Xy, starting at z0 and defined by up(-). We have length(z()(-)) < Tp. Set
2! = 20(Tp). By Lemma 2.2,

121, = llzo(To) —Zo(To)ll,, < CT,"",

where T = max([|z°]| 5, To). By Lemma 2.1, Ty = d(0, 2°) satisfies T > [|2°]| ,/C’,
sot < C'Ty, and
d(,z" = I, < €"d(, 2%,

with C” = C"*C.

Choose now Z;(t), t € [0, T1], a minimizing curve for d of velocity one join-
ing z' to 0. There exists a control u(-) associated with Z1 such that [lu1(r)| = 1
a.e. Let z1(¢), t € [0, T1], be the trajectory of the control system associated with
X1, ..., X, starting at z! and defined by u1(-). Set 2=z (T1). As previously, we
have length(z;(})) = d(0,z') and d(0, z2) < C"d(0, ZH)I+1/r,

Repeating this construction, we obtain a sequence of points z°, z!, z2, ... such
that ZI\(O, < C”ZZ\(O, 17 and a sequence of trajectories zj (-) joining o

K+ of length equal to d(0, z5).

Takmg ||z | , small enough we can assume C"d(0, 2V < 1/2. We have then
d(0,z") < d(0,2z%/2, ...,d(0, Z5) < d(0, z°)/2F,... Consequently, z* tends to 0 as
k — +o0. Putting end to end the curves zx(-) gives a trajectory joining z° to 0 of
length d(0, z%) +d(0, z') + - - - < 2d(0, z°). This implies d(0, z°) < 2d(0, z°), and
the proof is complete. ]

Now, the distance d on R" induces a distance d on a neighbourhood of p in M
by setting d, »(q.q) = d(z (q), z(q")). This dlstance gives the first-order term in the
expansion of d(p,-).
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Theorem 2.2 On a neighbourhood of p in M there holds

d(p,q) =dp(p,q) (1+ O (dp(p.q)) -

Remark 2.3 By Theorem 2.1 and Lemma 2.1, when d(p, g) is small enough we get
the estimate

1~ -
Edp(p, q) <d(p,q) <Cdy(p,q), (2.11)

where C is some positive constant. Theorem 2.2 essentially states that this constant
can be chosen arbitrarily close to 1.

Proof Fix § > 0. We have to prove that there exists ¢ > 0 such that, if d(p, q) < ¢,
then

(1=8)dy(p,q) <d(p,q) < (1+8)dy(p,q). (2.12)

Let ¢ be a point in M. Setting z0 = z(g) in the proof o of Theorem 2.1 furnishes a
trajectory joining ¢ to 0 whose length is equal to > o d(0, z5), the points z¥ being
such that d(0, ZF+1) < €”d(0, Z+) 1+,

From (2.11), there exists ¢ > 0 such that d(p, ¢) < & implies c"d, 0V <
8/(1 4 §). In this case the length of the trajectory from g to 0 is not greater than
(1 + 8)d(0, z°) and we have

d(p,q) < (1 +8)dy(p, q),

since dA(O, 9 = Zz’\p(p, q).

To prove the other inequality in (2.12), we use the same argument but reverse the
role of d and d. Again, we identify a neighbourhood of p in M with a neighbourhood
of 0in R" through the coordinates z.Letzo(f), t € [0, Tp], be a minimizing curve for
d of velocity one joining 70 t0 0, and let uo(-) be a control associated with zo(-) such
that ||ug(?)|| = 1 a.e. We have Ty = d(O 0. Let Zo(),t € [0, To] be the trajectory
of the control system associated with X Lsvonns X, m starting at 7% and defined by the
control uq(-). In particular, length(zO(~)) < To.

Setz! = 20(Tp). By Lemma 2.2,

12, = llz0(To) = Z0(To)lp < C2Ty"",
where T = max(llzollp, Tp). Theorem 2.1 implies T < C,,Tp, and

d(0,z") < Cpliz'll, = €"d(0, 2%,
with C” = C3C.

Repeating this construction gives a trajectory of X, .. ., X,, joining ¢ to p whose
length is equal to 352 ) d(0, z¥), where d (0, 1) < €”d(0, 25)' /7.
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For d(p, q) small enough, we have C”d(0, z°)!/" < §/(1 — &) and the trajectory
from ¢ to 0 is of length < 1/(1 — §)d (0, z9), which leads to

dp(p,q) < d(p,q).

T (1=9

This completes the proof. O

2.2.2 Uniform Estimates

In the preceding sections we have built notions of privileged coordinates and nilpotent

approximations at a given point p, as well as distance estimates from this point. We

now study in which extent these quantities vary continuously as the point p varies.
Let first define what we mean by continuity of a system of privileged coordinates.

Definition 2.8 A continuously varying system of privileged coordinates on an open
subset £2 of M is a mapping @ taking values in R", defined and continuous on a
neighbourhood of the set {(¢g, ¢), g € 2} C §2 x £2, and so that the partial mapping
@ (p, -) is a system of privileged coordinates at p.

In a neighbourhood of a regular point p, such a continuously varying system
of privileged coordinates always exist. Indeed, all the examples of construction of
privileged coordinates given in Sect. 2.1.2 are based on adapted frames. And, the
point p being regular, an adapted frame Y1, ..., ¥, at p will be an adapted frame at
every p in a neighbourhood §2 of p. It is then easy to see that using the same adapted
frame at every p € §2 will give privileged coordinates @ (p, -) varying continuously
with p. For instance, if @ (p, g) = z is defined by

q = exp(z1Y1 +---+ ZnYn)(p)a

the continuity of @ results from the Implicit Function Theorem.

On the other hand, the existence of a continuous varying system of privileged
coordinates is not ensured near a singular point. It is not excluded either, as shown
by the following example.

Example 2.9 (Martinet case) Consider the Martinet case, described in Example 2.5.
There exists singular points, those are the points of the plane {x = 0}. It is however
easy to check that the following map @ defines a continuous varying system of
privileged coordinates on R3,

=2
¢((f»y32),(x»y72))=(x—i’y_)_’,z—z—%(y_)_/)),

the third coordinate being of order 2 if x # 0, and of order 3 if x = 0.
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Definition 2.9 A nilpotent approximation of (X1, ..., X;,) on an open subset §2 of
M is a mapping o7 which associates, with every p € £2, a nilpotent approximation
of (X1,...,Xm) at p,

o (p)=(XP,....XD).

We say that <7 is continuous if the mapping (p, ) — <7 (p)(q) is well-defined and
continuous on a neighbourhood of the set {(p, p), p € 2} C £2 x £2.

Recall (Definition 2.7) that a nilpotent approximation (}A( P X, Py at p is the
homogeneous nilpotent approximation at p associated with some privileged coor-
dinates z at p, that is, X lp is the homogeneous part of weighted degree —1 in the
Taylor expansion of X; expressed in coordinates z. Now, if the weights are con-
stant on £2 and if there exists a continuous varying system of privileged coordinates
on £2, the resulting nilpotent approximation on £2 is continuous. For every regular
point p € M both conditions are satisfied near p, which ensures the existence of a
continuous nilpotent approximation in a neighbourhood of p.

Near a singular point on the contrary, the weights are not constants and a priori
there do not exist continuous nilpotent approximations.

Assume now that a continuous varying system of privileged coordinates and a
continuous nilpotent approximation are given on an open set £2 C M containing
only regular points. It is just a matter of routine to check in the computations of
Sect. 2.2.1 that the constants C, €, of Theorem 2.1 and C, ¢ of Lemma 2.2 may be
chosen as continuous functions of p. More precisely, we have the following result,
which summarizes the discussion above.

Theorem 2.3 Let p € M be a regular point. There exists an open neighbourhood
§2 of p, a continuous varying system of privileged coordinates ®@ on §2, a continuous
nilpotent approximation </ on $2, and two positive continuous functions €(-), C(-),
such that the following properties are satisfied.

For every pair (p, q) € 2 x 2 withd(p, q) < &(p), there holds,

) lz(@)llp = d(p,q) = C(PIz(@p, (2.13)

where 7 = @ (p, -). Moreover, for every control u(-) satisfying ||ull;1 < e(p), we
have

Iz (T q.w) — 2 (T: g, )l < C(p)max (2@l p. lluell 1) el )y, (2.14)

where r is the degree of nonholonomy at p, and y (3 q,u) is a trajectory of the
nonholonomic system defined by < (p) = (XV, ..., Xh).

This result underlines the importance of the case where there are no singular
points.
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Definition 2.10 A manifold M equipped with vector fields X1, ..., X, is said to
be equiregular if every point in M is regular w.r.t. X1, ..., X,,.

As a direct consequence of Theorem 2.3 we have an estimate of the volume of
small sub-Riemannian balls in equiregular manifolds. Assume that M is an oriented
manifold with a volume form w and let vol,, be the measure on M associated with
w, i.e. vol,(A) = fA w for any measurable subset A C M.

Corollary 2.2 Assume that M is equiregular. Given a compact set K C M there
exist positive constants C and o such that, for all g € K and ¢ < &,

L o 0
Ce <vol,(B(g,¢)) < Ce*, (2.15)
where Q = Y'_, wi(q) does not depend on q.

Uniform Ball-Box Theorem

Near a singular point, it is no longer possible to have continuous functions (-), C(-)
like the ones of Theorem 2.3. In particular, if (p,) is a sequence of regular points
converging to a singular point p (this is possible since regular points are dense in
M), the sequence &(p,) tends to zero whereas the constant ¢, of Theorem 2.1 is
not equal to zero. It is however possible to obtain some uniform estimates through
a process of desingularization. We just mention here the results, we refer the reader
to [16] for the proofs.

Let K C M be a compact set and rpax be the maximum of the degree of non-
holonomy on K (as noticed in Sect. 2.1.2 rpyax is finite). We assume that M is an
oriented manifold with a volume form w.

Let X be the set of n-tuples X = (X, ..., X;,) of brackets of length | /;| < rpax.
Itis a finite subset of Lie(X1, ..., X;,)". Givenq € K and & > 0 we define a function
fq,s X—>R by
Jq.eX) = )“)q (X1 (e, -..,Xln(q)e‘l"')).

We say that X € X is an adapted frame at (q, ¢) if it achieves the maximum of f, .
on X.

The values at g of an adapted frame at (g, ¢) clearly form a basis of T, M. More-
over, g being fixed, the adapted frames at (g, ¢) are adapted frames at g for & small
enough.

Theorem 2.4 (Uniform Ball-Box theorem [16]) There exist positive constants C
and eq such that, for q € K, € < &y, and any adapted frame X at (q, €), there holds

1
Boxx (¢, Es) C B(q,e) C Boxx(gq, Ce),

where Boxx (q, &) = {exp(x1Xp,) 0 -+ o exp(x, X1,)(q) : |x;| < &, 1 <i <n}.
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Of course, when the point ¢ is fixed, the estimate above is equivalent to the one
of the Ball-Box theorem for & smaller than some ¢1(gq) > 0. However, the main
difference is that here ¢y does not depend on ¢, whereas in the Ball-Box theorem
€1 = €1(q) can be infinitely close to 0 as g varies.

As a consequence of the Uniform Ball-Box theorem, we obtain an estimate of the
volume of small sub-Riemannian balls that generalizes Corollary 2.2.

Corollary 2.3 There exist positive constants C and o such that, for all ¢ € K and
e < &,

1
C Max fq.e(X) = volo(B(g, £)) = Cmax f.-(X),

the maximum of fy (X) = |a)q (X]1 (@)el, ..., X, (q)8|1"|)| being taken over all
n-tuples X = (Xy,, ..., X1,) of brackets of length |I;| < rmax.

2.3 Application to Carnot-Carathéodory Spaces

The manifold M endowed with the sub-Riemannian distance d defines a metric
space (M, d) which is called a Carnot-Carathéodory space. The first-order theory
introduced previously has a metric interpretation and will allow us to describe the
local structure of a Carnot-Carathéodory space.

2.3.1 Tangent Structure to Carnot-Carathéodory Spaces

In describing the tangent space to a manifold, we essentially look at smaller and
smaller neighbourhoods of a given point, the manifold being fixed. Equivalently,
we can look at a fixed neighbourhood, but expanding the manifold. As noticed by
Gromov, this idea can be used to define a notion of tangent space for a general metric
space.

If X is a metric space with distance d, we define A X, for A > 0, to be the metric
space with same underlying set as X and distance Ad. A pointed metric space (X, x)
is a metric space with a distinguished point x.

Loosely speaking, a metric tangent space to the metric space X at x is a pointed
metric space (Cy X, y) such that

(CyX,y) = lim (AX, x).
A— 400

Of course, for this definition to make sense, we have to define the limit of pointed
metric spaces.

Let us first define the Gromov-Hausdorff distance between metric spaces. Recall
that, in a metric space X, the Hausdorff distance H — dist(A, B) between two subsets
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A and B of Xis the infimum of p > 0 such that any point of A is within a distance p
of B and any point of B is within a distance p of A. The Gromov-Hausdorff distance
GH — dist(X, Y) between two metric spaces X and Y is the infimum of Hausdorff
distances H —dist(i (X), j (Y)) over all metric spaces Z and all isometric embeddings
i X—=>2Zj:Y¥Y—>Z

Thanks to Gromov-Hausdorff distance, one can define the notion of limit of a
sequence of pointed metric spaces: (X, x,) converge to (X, x) if, for any positive r,

GH — dist(BX" (X, 1), BX(x, r) —0 asn— +oo

where BY(y, r) endowed with the distance of Y is considered as a metric space.
Note that all pointed metric spaces isometric to (X, x) are also limit of (X, x,).
However the limit is unique up to an isometry provided the closed balls around the
distinguished point are compact [3, Sect. 7.4].

Finally, one says that (X;, x;) converge to (X, x) when A — oo if, for every
sequence 1,, (X;,,, x3,) converge to (X, x).

Definition 2.11 A pointed metric space (C.X, y) is a metric tangent space to the
metric space X at x if (AX, x) converge to (CX, y) as A — +o0. If it exists, it is
unique up to an isometry provided the closed balls around x in (AX, x) are compact.

For a Riemannian metric space (M, dr) induced by a Riemannian metric g on
a manifold M, metric tangent spaces at a point p exist and are isometric to the
Euclidean space (T, M, gp), that is, the standard tangent space endowed with the
scalar product defined by the quadratic form g .

For a Carnot-Carathéodory space (M, d), the metric tangent space is given by the
nilpotent approximation.

Theorem 2.5 A Carnot-Carathéodory space (M, d) admits metric tangent spaces
(CpM, y) at every point p € M. The space CpM is itself a Carnot-Carathéodory
space isometric to (R", d) ), where d is the sub-Riemannian distance associated with
a homogeneous nilpotent approximation at p.

This theorem, due to Bellaiche, is a consequence of a strong version of Theorem
2.1: for ¢ and ¢’ in a neighbourhood of p,

d(q.q") —d(q.q")| < Cstd(p.q)d(q.q)"". (2.16)

In these notes, we present neither the proof of this result, nor the one of Theorem
2.5, and we refer the reader to [4, 21].

Remark 2.4 Recall that d is not intrinsic to the frame (X1, ..., X;). Thus Theorem
2.5 does not provide an intrinsic characterization of the metric tangent space. Such
characterizations exist for sub-Riemannian manifolds (M, D, gg) in [7, 20], and the
latter could easily be adapted to the case of a sub-Riemannian geometry associated
with a nonholonomic system. However these constructions are intrinsic to the dif-
ferentiable manifold M equipped with the sub-Riemannian structure (D, gr), or to
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M equipped with the frame (X1, ..., X;;), not to the metric space (M, d). To our
knowledge, the problem of finding a characterization of the metric tangent space
C,M depending only on the Carnot-Carathéodory space (M, d) is still open.

What is the algebraic structure of C), M? Of course C, M is not a linear space in
general: for instance, d is homogeneous of degree 1, but with respect to dilations
d; and not with respect to the usual Euclidean dilations. It appears that C, M has
actually a natural structure of group, or at least of quotient of groups.

Let us introduce the group G, generated by the diffeomorphisms exp(t}A( ) acting
on the left on R" (note that every exp(tX ) is a global diffeomorphism on R" since
X is a complete vector field). Since g, Lze(X Lsonns Am) is a nilpotent Lie
algebra, G is a simply connected Lie group and has g, as its Lie algebra, that is
G, = exp(gp). This Lie algebra g, splits into homogeneous components

gng_l@"'@g_ra

where g™ is the set of homogeneous vector fields of degree —s, and so g, is a graded
Lie algebra. The first component g~ = span(X1, ..., X,,) generates gp as a Lie
algebra. All these properties imply that G, is what we call a Carnot group.

Definition 2.12 A Carnot group is a simply connected Lie group, such that the
associated Lie algebra is graded, nilpotent, and generated by its first component.

Note that the dilations §; act on g, as a multiplication by #~* on g~*. This action
extends to G, by the exponential mapping.

Example 2.10 (Heisenberg group) The simplest non Abelian Carnot group is the
Heisenberg group H? which is the connected and simply connected Lie group whose
Lie algebra satisfies

g= g_l @ 9—2’ with dimg_l =2.

As a consequence, dim H3 = 3. Choosing a basis X, Y, Z = [X, Y] of g, we define
coordinates on H? by the exponential mapping

(x,y,2) = exp(xX +yY +z2).

By the Campbell-Hausdorff formula (see Sect. A.1), the law group on H? in these
coordinates is

1
x,y,2- &Y, DH=+xy+y, 2+ + E(xy’ —x'y),

which is homogeneous with respect to the dilation §,(x, y, z) = (¢x, ty, tzz).

Finally, denote by X1, X, the left-invariant vector fields on H> whose values at
the identity are respectively X and Y. In coordinates (x, y, z), these vector fields
write as
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X
—3@

X1=8x—%81 and  Xo =+

which are the vector fields of what we have called the Heisenberg case in Examples 2.3
and 2.4.

Let El, . ,Em be the right-invariant vector fields on G, such that g,-(id) =
where id is the identity of G . Equivalently,

E(g) = [expax )g]],—o-

With @, . ,Em) is associated a right-invariant sub-Riemannian metric and a sub-
Riemannian distance dg, on G .

The action of G, on R" is smooth and transitive. Indeed, for every x € R", the
orbit of x under the action of G, is the set

{exp(til}?il) o--- oexp(tik}?ik)(x) tkeN, 1 eR, ijefl, m}}

By Chow-Rashevsky’s theorem (or more precisely by Remark 1.6), this set is the
whole R” since ()A( Lsvvns X, m) satisfies Chow’s Condition on R” (Lemma 2.1).

To understand the algebraic structure of C, M we will use the following standard
result on transitive action of Lie groups (see for instance [18, Theorem 9.24]).

Theorem 2.6 Let G be a Lie group acting on the left smoothly and transitively on
a manifold M. Let ¢ € M and H be the isotropy subgroup of ¢ which is defined by

={geG : g-q=gq}. Then H is a closed subgroup of G, the left coset space
G/H is a manifold of dimension dim G — dim H, and the map F : G/H — M
defined by F(gH) = g - q is an equivariant diffeomorphism.

Let H), be the isotropy subgroup of 0 € R" under the action of G ,. According to
Theorem 2.6, the map ¢, : G, — R", ¢,(g) = g(0), induces a diffeomorphism
Vp:Gp/Hpy > R",  Yp(gHp) = g(0).

Observe that H), is invariant under dilations, since §,g(8;x) = &;(g(x)). Hence
H), is connected and simply connected, and so H, = exp(h,), where §j, is the Lie
sub-algebra of g, containing the vector fields vanishing at 0,

bp={Zeg, : Z(0) =0}.

As gp, b is invariant under dilations and splits into homogeneous components.
Now, the elements X Iyo- X of g, act on the left on G,/ H), with the notation

g SWH
d
£(gH)y) = [exp(rx )gH, |-
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These vector fields define a sub- Rlemanman metric and a sub-Riemannian distance d
onG,/H,. We clearly have ¥, *E P = X; i» 50 ¥, maps the sub-Riemannian metrlc on

G/ H)p associated with & Lsvees ém) to the one on R” associated with (X1 vy X)),
We summarize this construction by the following result.

Theorem 2.7 The metric tangent space C, M and (R", d ) are isometric to the coset
space G,/ H, endowed with the sub-Riemannian distance d.

Example 2.11 (GruSin plane) Consider the vector fields X1 = 9, and X, = xd,
on R?. The Carnot-Carathéodory space defined by these vector fields is called the
Grusin plane.

The only nonzero bracket is X|1 2] = [X1, X2] = dy. Thus, at p = 0, the weights
are (1, 2), and (x, y) are privileged coordinates. Smce X1 and X» are homogeneous
with respect to this system of coordinates, we have X 1 = Xjand X2 = X». The Lie
algebra they generate is

go = span(X 1y, X2, X[1,2))

which is of dimension 3, and the group exp(go) is actually the Heisenberg group
H3 (see Example 2.10). The Lie sub-algebra ho of go containing the vector fields
vanishing at 0 is

bo = span(X2),

which is one-dimensional. Thus the Grusin plane is isometric to H3/ exp(ho)
endowed with the distance d.

Example 2.12 (Martinet case) Consider the Martinet case, defined on R? by
2

X; =9 and X2=83,+%az.

As noticed in Example 2.5, at p = 0 the coordinates (x, y, z) are privileged and
by homogeneity X, = X, and X, = X». Moreover the only nonzero bracket are
X(1,2) = x9; and X1 [1,21] = 9;. Thus,

go = span(X 1y, X, X{1,21, X[1,11,217)

which is of dimension 4. The group exp(go) is called the Engel group, and is denoted
by E*. The Lie sub-algebra b of go containing the vector fields vanishing at 0 is

ho = span(X{1,2)).

When the point p is regular, Theorem 2.7 can be refined thanks to the following
result.

Lemma 2.3 If p is a regular point, then dim G, = n.
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Proof Let Xy, ..., Xy, be an adapted frame at p. Since p is regular, X;,, ..., X,
is also an adapted frame near p, and any bracket X ; can be written as

X;@= D, a@X;@),

{i:1L1=1T]}

where each qa; is a function of order > |I;| — |J|. Taking the homogeneous terms of
degree —|J| in this expression, we obtain

X,@= D a0)X;(),

(i i|=1J1}

and so 5(\1 S span()?ll,...,)?b,). Thus }?11,...,5(\1,! is a basis of g,, and so
dim G, =n. O

As a consequence H), is of dimension zero in this case. Since H), is invariant
under dilations, H, = {id}, and hence the mapping ¢p: G, — R", ¢,(g) = g(0),
is a diffeomorphism. Moreover ¢, é, = X; i, which 1mphes that ¢, maps the sub-
Rlemanman metrlc on G associated with (E 1y~ ém) to the one on R” associated
with (X 1, ---» Xm). This gives the following result

Proposition 2.4 When p is a regular point, the metric tangent space C, M and the
Carnot-Carathéodory space (R", d) are isometric to the Carnot group G ,, endowed
with the right-invariant sub-Riemannian distance dg ,.

Thus Carnot groups have the same role in sub-Riemannian geometry as Euclidean
spaces have in Riemannian geometry. For this reason they are sometimes referred
to as “non Abelian linear spaces”: the internal operation—addition—is replaced by
the law group and the external operation—multiplication by a real number—by the
dilations. Note that, when G, is Abelian (i.e. commutative) then G, has a linear
structure and the sub-Riemannian metric on G is a Euclidean metric.

Example 2.13 (unicycle) In the case of the distance d associated with the unicycle
(Examples 1.1 and 2.8), the growth vector is (2, 3) at every point. Hence every point
p € R?x.#!isregular, and the Lie algebra generated by the nilpotent approximation
satisfies

gp = 9*1 €Bg’2, with dim g*‘ =2.

As a consequence, G, = H? (see Example 2.10), and so the metric tangent space to
(R? x .1, d) at every point p has the structure of the Heisenberg group.

! This result appeared first in [19], but with an erroneous proof. The presentation given here is
inspired from the one of [4].
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2.3.2 Hausdorff Dimension

Consider a metric space (M, d) and denote by diam S the diameter of a set S C M.
Let k > 0 be a real number. For every subset A C M, we define the k-dimensional
Hausdorff measure % of A as JOK(A) = lim,_, o+ Jfgk(A), where

o0 o
jf;k(A) = inf [Z (diam S,-)k 1 AC U S;, S; closed set, diam S; < e] .

i=1 i=1

We also define the k-dimensional spherical Hausdorffmeasure 7% of A as . #%(A) =
lim,_, o+ 5”8" (A), where

o0 o
kA = ianZ(diamSi)k cAC U S;, S; isaball, diam S; < g].

i=1 i=1

In the Euclidean space R", k-dimensional Hausdorff measures are often defined
as 2 X (k) #F and 2 % a (k).7*, where a (k) is defined from the usual gamma func-
tion as (k) = I (%)k /T (% 4+ 1). This normalization factor is necessary for the
n-dimensional Hausdorff measure and the Lebesgue measure to coincide on R”.

For a given set A C M, #*(A) is a decreasing function of k, infinite when k
is smaller than a certain value, and zero when k is greater than this value. We call
Hausdorff dimension of A the real number

dim p A = sup{k : J*(A) = oo} = inf{k : H*(A) = 0}.

Note that 2% < 7% < 2k % 50 the Hausdorff dimension can be defined equiva-
lently from Hausdorff or spherical Hausdorff measures.

In the case where the metric space (M, d) is a Carnot-Carathéodory space, only
few results exist on Hausdorff measures, except for specific cases [1, 12]. The most
general result is the following one.

Theorem 2.8 Ler (M, d) be an equiregular Carnot-Carathéodory space and p a
point in M. Then the Hausdorff dimension of a small enough ball
B(p,r)isdim_y B(p,r) = Q, where

n

0= wi(p) = X_i (dim 47(p) — dim 47 (p))
i=1 i>1

does not depend on p. Moreover 72 (B(p, r)) is finite.

Proof Fix avolume form w on B(p, r) (itis possible for a small enough r), and denote
by vol,, the associated measure. It results from Corollary 2.2 that, for ¢ € B(p, r)
and e small enough,



44 2 First-Order Theory

Lo 0
Ee <voly,(B(q, ¢)) < Ce*~. 2.17)
Define N, to be the maximal number of disjoints balls of radius & included
in B(p,r), and consider such a family B(g;,¢), i =, ..., N, of disjoints balls.
By (2.17),

1
EeQNe <vol,(B(p,r)) = N, < Ce %vol,(B(p,r)).
On the other hand the union Ui B(qi, 2¢) covers B(p, r), and by Theorem 2.4 every
ball B(g;, 2¢) is of diameter > %8 if & is small enough. This implies

0 . 4¢\ 2
S 2 (B(p,r)) <liminf N, { — < 00.
e—0 C

Therefore dim y» B(p,r) < Q.
Conversely, let | J; B(gi, r;) be a covering of B(p, r) with balls of diameter not
greater than ¢. If ¢ is small enough, every r; is smaller than gp and there holds

voly (B(p.1) < D voly(B(gi.r;)) < C > rf.

As a consequence, we have .72 (B(p, r)) > vol,(B(p, r))/C, which in turn implies
dim_y» B(p,r) > Q. This ends the proof. O

When (M, d) is not equiregular, the Hausdorff dimension of balls centered at
singular points behaves in a different way. Let us show it on an example.

Consider the Martinet space (Example 2.5), that is, R3 endowed with the sub-
Riemannian distance associated with the vector fields

%2
X; =0, and X2=8y+781.

A point ¢ = (x, y, z) is regular if x # 0 and in this case >, w;(¢) = 4, otherwise
it is singular and >_, wi(g) = 5.

Lemma 2.4 Let p a point in the Martinet space.

e If p is regular, then dim s B(p, r) = 4, and 5¢*(B(p, r)) is finite.
o If p is singular, then dim_y B(p, r) = 4, but 5*(B(p, r)) is not finite.

Proof When p is regular, the result is a direct consequence of Theorem 2.8. Let us
consider a singular point p and aradius r > 0. Since regular points form an open set,
B(p, r) contains small balls centered at regular points, and thus dim s B(p, r) > 4.

Let us apply Corollary 2.3. We choose as a volume form w = dx A dy A dz, the
associated measure vol,, being the Lebesgue measure x on R3. The function Jq.e
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takes only two values, f, . (X) = |x|84 if X = (X1, X2, X12)) and f; (X) = & if
X = (X1, X2, X11,11,211)- Thus, for ¢ = (x, y, z) close enough to p and for e > 0
small enough,

é&nmnuhe)guux%e»5(k4mquL@. (2.18)

We proceed as in the proof of Theorem 2.8. Define N, to be the maximal number
of disjoints balls of radius ¢ included in B(p, r), and consider such a family B(g;, ¢),
i =,..., Ng,of disjoints balls, with ¢; = (x;, y;, z;). Notice that the first coordinate
x is of nonholonomic order < 1 at any point. This implies that there exists a constant
C’ > 0 such that

B(gi,e) CB(p,r)N{g=(x,y,2) : |x —x;| <C'e}.
As a consequence, for an integer k, every ball B(g;, €) such that (k—1)e < |x;| < ke
isincluded in the set B(p,r) N{qg = (x,y,2) : x| € (k—1—=C)e, (k + C"&]}.

The volume of the latter set is smaller than C”¢, where C” is a constant (depending
neither on k nor ¢). Then it results from (2.18) that

1
EM@M§§C%,

where N, (k) is the number of points g; such that (k — 1)e < |x;| < ke. The Ball-Box
Theorem implies that N (k) = 0 when k > C’r/e, and hence

/el const /el 1 const 1
N, = N (k) < - < log{ -]},
. ; f) < — ; P g(g)

where [¢] denotes the integer part of a number ¢. Now the union | J; B(g;, 2¢) covers
B(p,r) and every ball B(g;, 2¢) is of diameter > éé‘ if ¢ is small enough. This
implies that, for any real number s > 4,

, 4e\* , 1
S (B(p,r)) < lim (—8) N < lim const 54 log (—) =0.
e—0\ C £—0 e

Consequently dim j» B(p, r) < 4, and hence dim j» B(p, r) = 4, since the converse
inequality holds.

We are left to show that s#*(B(p, r)), or equivalently .7*(B(p, r)), is not finite.
Let |J; B(qi. ri) be a covering of B(p, r) with balls of diameter not greater than &.
For an integer k > 1, denote by .#; the set of indices such that  J e B(gi,ri)isa
covering of the set B(p,r) N{qg = (x,y,z) : |x| € ((k — 1)e, ke]}. Thus
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Z w(B(qi,ri)) = conste.
i€ 9

On the other hand i € . implies u(B(g;, ri)) < const r;‘ ke, and so

4 const
ry =
k

i€ 9

Summing up over k, we obtain, for a small enough ¢,
4 1
Z ri > const log 2)
i

As a consequence, Yf(B(p, r)) > const log(%), and so yf(B(p, r)) = oo. This
ends the proof. (|

Note that after the writing of these notes, new results on Hausdorff measures and
dimensions in Carnot-Carathéodory spaces have been published (see [13]).

2.4 Desingularization

We have seen in the previous sections that the key feature of regular points is unifor-
mity:

e uniformity of the flag (2.2);

e uniformity w.r.t. p of the convergence (A(M, d), p) — C,M (as explained by
Bellaiche [4, Sect. 8], this uniformity is responsible for the group structure of the
metric tangent space);

¢ uniformity of distance estimates (see Sect. 2.2.2).

All these uniformity properties are lost at singular points. We can however recover
some of these properties by a process of desingularization.

2.4.1 Lifting of a Nonholonomic System

In order to desingularize a mathematical structure, the usual way is to consider a
singularity as the projection of a regular object. We will then try to construct a
manifold M = M x R¥ and vector fields &1, ..., &y, such that:

o fori = 1,...,m, X; is the pushforward . of & by the canonical projection
7w M — M,thatis,
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dnpE(P) = Xi(n(p)) forevery p € M;

vsihen it is the case, we say that (&1, ..., &,) is a lifting of (X1, ..., X;y) to A7I;
e M equipped with &1, ..., &, is equiregular (see Definition 2.10).

The algebraic structure of the metric tangent space provides a good indication on
how to obtain such alifting. Indeed, let us consider the particular case of vector fields
Xi,..., X, onR" which are a nilpotent approximation of X1, ..., X,, at a singular
point p- Keeping the notations and definitions of Sect. 2.3.1, we have the following
diagram between Carnot-Carathéodory spaces,

G, da,)
T dp\

_ Y ~

(Gp/Hp,d) — (R",d)

Thus up to an isomorphism (R”, d) is the projection of (G, dg,), which is an
equiregular Carnot-Carathéodory space since the sub- Rlemannlan metric on G,

is rlght-lnvarlant Recall now that 51, .. Em (resp. £ Is-- Sm) are mapped to
X1, ..., Xm by ¢p (resp. ). Working in a system of coordlnates we identify
G,/ H with R” and &; with X;. These coordinates on R" ~ G »/Hp, denoted by x,
1nduce coordinates (x, y) € RY on G, for which we have

N
(. =Xi(x)+ D bij(x,y)dy,. (2.19)
Jj=n+1

Hence R" equipped with ?1 e Em is an equiregular lifting of R" equipped with
X1, X

We will use this idea to desingularize the original space (M, d). Choose for x
privileged coordinates at p, so that

X;(x) = X;(x) + Ri(x)  withord,R; > 0.

Set M = M x RN ~", and in local coordinates (x, y) on M , define vector fields on
a neighbourhood of (p, 0) by

N
E(x.y) =Xi(x) + D bij(x,)dy,.

j=n+1

with the same functions b;; as in (2.19). These vector fields realize locally a lifting
of the vector fields X1, ..., X;; to M: denoting by 7 : M — M the canonical
projection, we have X; = m,§; fori =1,...,m.
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We define in this way a nonholonomic system on an open set U C M whose
nilpotent approximation at (p, 0) is by construction (a, e ,/é\m). Unfortunately,
(p, 0) can be itself a singular point. Indeed, a point can be singular for a system and
regular for the nilpotent approximation taken at this point.

Example 2.14 Take the vector fields X| = 0y, X2 = 0y, + X10x; + x128x4 and
X3 =0y +x 1100 x4 ON R3. The origin 0 is a singular point. However the nilpotent
approximation at 0 is X| = X1, X» = X2, X3 = 0y, for which 0 is not singular.

To avoid this difficulty, we need a group bigger than G ,, namely the free nilpotent
group N, of step r with m generators. Let us first recall some general facts on free
Lie algebras (see [5] for more details).

Let & = Z(1,...,m) be the free Lie algebra generated by {1, ..., m}. We use
Z* to denote the subspace generated by elements of . of length not greater than s,
and 7 to denote the dimension of .£.

Definition 2.13 Let &1, ..., &, be m vector fields on a manifold M, and r be a
positive integer. The Lie algebra Lie(&1, ..., &) is said to be free up to step r if,
for every x € M, the elements ny(x), ..., n,(x) of the growth vector are equal to
Ay, ..., iy

Remark 2.5 Consider a manifold M of dimension n,. If Lie(&y, ..., &) is free up
to step r, then every point in M is regular. It is in particular the case when the degree
of nonholonomy of (§1, ..., &,) equals r at every point of M.

Let £ be the subspace of .# generated by elements of length equal to s. Then
n, = 2/ 27+ is nilpotent of step r and is called the free nilpotent Lie algebra

of step r generated by {1, ..., m}. The corresponding simply connected Lie group
N, = exp(n,) is the free nilpotent group of step r. It is a Carnot group, and the
generators «p, ..., oy, (¢; =i mod & 4Dy of n, define on N, a right-invariant

sub-Riemannian distance dy .
Now, the group N, defines a left action on R": given g € N,, we have g = exp([)
where I € n,, and the action is defined by

g:qeR > g-q =exp(X))(q),

where 5(\1 € Lie(ff\l, ...,5(\,,,) is obtained by plugging in )?i, i=1,...,m, for
the corresponding letter i in /. Denoting by K the isotropy subgroup of O for this
action, we obtain that (R", c’l\) is isometric to N, /K endowed with the restriction of
the distance dy.

Reasoning as we did above with (G, dg,), we are able to lift locally the vector
fields Xi,..., X,, on M to vector fields on M x R7r—n having «ay, ..., a, for
nilpotent approximation at (p, 0). Moreover (p, 0) is aregular point for the associated
nonholonomic system in M x R~ since N, is free up to step r. We obtain in this
way a result of desingularization.
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Lemma 2.5 Let p be a point in M, r the degree of nonholonomy at p, and M =
M x R ~"_Then there exist a  neighbourhood U C M of (p, 0), a neighbourhood
U C M of pwithU x {0} C U, local coordinates (x, y) on U, and smooth vector
fields on U,

N
ECLY) =X+ D bijle, »dy, i=1,...,m, (2.20)
j=n+1
such that:
e &1,..., &, satisfy Chow’s Condition and have r for degree of nonholonomy every-

where (so the Lie algebra they generate is free up to step r);

o everyqinU is regular;

e denoting by w : M — M the canonical projection, and by d the sub-Riemannian
distance defined by &1, ..., &y, on U, we have w,&; = X, and for q € U and
& > 0 small enough,

B(q.¢) = JT(BJ((q, 0), 8)),

or, equivalently,

d(g1.q2) = _ inf d((q1.0).2).
@ enq)

Proof The only things that remain to prove are the last equalities. Let (x(-), y(-)) be
a trajectory of the nonholonomic system in U defined by &1, .. ., &,. Then, for every
control u(-) associated with the trajectory,

E (@), $(1)) = D ui (D& (x, ).
i=1

It follows from (2.20) that x(-) is a trajectory in U of the system defined by
X1, ..., X,,, which is associated with the same controls u(-), so that

length(x(-)) = length((x, y)(-)).

The relation between d and d follows. O

Remark 2.6 The lemma still holds if we replace r by any integer greater than the
degree of nonholonomy at p.

Thus any Carnot-Carathéodory space (M, d) is locally the projection of an
equiregular Carnot-Carathéodory space (M, d). This projection preserves the tra-
jectories, the minimizers, and the distance.

Example 2.15 (Martinet case) Consider the vector fields of the Martinet case (see
Example 2.5), defined on R by:
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x2
X1 =09, and X2=8y+78z.

Let 7 : R* — R3 be the projection with respect to the last coordinates, 7 (x, y, z, w)
= (x,y,2). Then X; and X, are the projections of the vector fields defining the
Engel group E* (see Example 2.12),

x2

§1=0y and & =0, + ?81 + x0,,
that is 7.&; = X;. Thus, for every pair of points g1, g2 € R3,
dMart(Qla q2) - inf dE4 ((qls 0)7 (an W))v
weR

where dmare and dgs are the sub-Riemannian distance in respectively the Martinet
space and the Engel group.

Example 2.16 (GruSin plane) Consider the vector fields
X1 = 0y, Xzzxay,

on R?, which define the Grusin plane (see Example 2.11). Let 7 : R? — R? be the
projection with respect to the last coordinates, 7w (x, y, z) = (x, y). Then X| = 7.&
and X, = m.&, where

§&1=0y and & =09, +x0y,

are, up to a change of coordinates, the vector fields defining the Heisenberg case (see
Example 2.3).

2.4.2 Desingularization Procedure

Lemma 2.5 states the existence of a desingularized lifting of the vector fields
X1, ..., X;y. Our aim now is to give an effective construction involving only explicit
(and purely algebraic) changes of coordinates and intermediate constructions. We
will also obtain, as a byproduct, a nilpotent approximation of the lifting in a “canon-
ical form”. We begin with the presentation of this canonical form.
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P. Hall Basis and Canonical Form

Recall that we use . = Z(1, ..., m) to denote the free Lie algebra generated by
the elements {1, ..., m}. The P. Hall basis of £ is a subset 7 = {I;} jen of .Z,
endowed with a total order <, that satisfies the following:

(H1) if [I;] < |1;|, then I; < I};

(H2) {1,...,m} C S, and we impose that | <2 < --- < m;

(H3) every element of length 2 in 77" is in the form [/;, I;] with [;, I; € {1, ..., m}
and I,' < Ij;

(H4) an element [ € .Z of length greater than 3 belongs to S if I =
(x> [Tk, Ixz]] with Iy, Iy, Ik, € €, and (i) [Ix,, Ix;] belongs to 7,
(ii) Ik, < iy, (1) fg, < Ig; O Iy = Iip, and (iv) I, < [Li,, Iis ]

The elements of .7# form a basis of %, and < defines a strict and total order over
the set 7. In the sequel, we use I; to denote the k™ element of .77 with respect to
that order. Let .77 be the subset of .77 of all the elements of length not greater than
s. The elements of 57 form a basis of .Z* and Card(¢°) = n;.

By (H1)—(H4), every element /; € .7 can be expanded in a unique way as

Ij =y, Ukys o5 Uy Ie] - - W1, (2.21)
withky > -+ > ki, k; < k,andk € {1,...,n1}. Weset ¢(I;) = k. For I; E?fV’
the expansion (2.21) also associates with I; € /7’ a sequence oj = (oz}, e a?’) in
7" where af is the number of occurrences of £ among ki, ..., k;. By construction,
one has o = 0 for ¢ > Jjrande; =(0,...,0)for 1 < j <ny.

Let us give now the construction of a canonical form for free nilpotent Lie algebras
of step r. The construction takes place in R"", where r is a positive integer and 7,

the dimension of .#". Let Iy, ..., I5, be the elements of .7#" sorted by increasing
order with respect to <. We define the monomials P;(x), j =1, ..., iy, by
1 j—1
xT’ ...x;ti 1
Pi(x) = — (2.22)
' afl. )

where o is the sequence associated with /;.

Definition 2.14 Let X1, ..., X,, be m vector fields on an open subset §2 of R and
x be a local system of coordinates on §2. The family (X1, ..., X;,) is said to be in
canonical form in the coordinates x if one has

X*XIZBXP
nXi=0y+ D Pjx)dy, i=2...m

2<|Ij|<r

))=i
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In this case, Lie(Xq, ..., X;;) is a free nilpotent Lie algebra of step r, and one has
X[j.(()) = 8)(_/., for Ij e ",

where the vector field X;; € Lie(Xj, ..., X,,) is obtained by plugging in X;, i =
1, ..., m,forthe corresponding letteri in /; (see [10, 11] for a complete development
on this canonical form).

Reasoning by induction on the coefficients P;, one can show that the nonholo-
nomic system x = > ;" u; X;(x) associated with a canonical form may be written
component by component as,

. k - . k
ijalexh, lfljzadljllh’ (223)
k .
Whereadljlljz = [Ijl’ [Ijl,..., [Ijl,ljz],Wltth2 = [Ij3’1j4] ande3 < Ijl'
—_—————
k times

Remark 2.7 Note that the canonical coordinates of the second kind (see Sect. B.1)
allows one to obtain canonical forms. Indeed, assume that X1, ..., X,, generate a
free nilpotent Lie algebra of step r. Then (Xy,, ..., Xp; ) form an adapted basis at
every point and (X1, ..., X;;) is in canonical form in the canonical coordinates of
the second kind associated with that basis (see [25]).

Construction of a Desingularized Lifting

As we are concerned here with algorithmic issues, we work on an open subset §2 of
R” rather than on a general manifold. We denote by x the canonical coordinates on
2.

Consider m vector fields X, ..., X, on §2 satisfying Chow’s Condition, and
fix a point p € £2. Choose also an integer r greater than or equal to the degree of
nonholonomy at p, and an-tuple ¢ = (Ii, ..., I,) of elements of ¢ such that the

vectors Xy, (p), ..., X, (p) form abasis of R". We define an open domain ”1// C 2
containing p by

Vy={xe : det(X;,(x),....X;,(x) #0).

We are going to construct a family of m vector fields (&1, ..., &,) defined on
”I/j X ]R;’"_", which is a lifting of (X1, ..., X,,), and which generates a free up
to step r Lie algebra. At the same time, we will give a nilpotent approximation of
&1,....,&n)atp=(p,0) € ”I// x R~ in canonical form.

Define
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JP={lje ¢, with|lj| =5}, fors=>1,
G =5\ 7, fors > 2.
We denote by k the cardinal of #°, and by ks the cardinal of ¢*. We also define

Wi, ..., Wr,, called the free weights of step r, by w; = s if ny_1 < j < ny. We are
now ready to describe our procedure.

Desingularization Algorithm

Initialization step

() Set V=74 x ROk plie (p,0) e 7!, ¢! =TI\ I,

Denote by v! the points in Rk =1
(ii) Define the vector fields 511, cee 5,1]1 on 7! by:

0, forie g!
1 1 Loy : :
Yx,v) e’ fi(x,v)._X,(x)+’aV]’ fori e @'\ g,

(iii) Compute the affine coordinates y! on 7! satisfying

dy1 = ‘511/-(]71) for I; € o', and y'(ph) =o0.
J

(iv) Construct the coordinates z! on 7! by

z} = yjl-, for j 2,

ni
=y =D E YOO iz we forlj e T\ A
k=1
where I; denotes the j element in 7!,
Iteration steps
Fors =2,...,r:
(i) Setys := w51 XR’;""S, p*i=(p,0) e ¥V, and #* := J/S*‘U(@\/S).

Denote by v* the points in Rks—ks
(ii) Define the vector fields &/, ..., &, on 7 by:

Vet §E@T =671+ D AEThay .

e¥*\ g°
¢ Up)=i
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(iii) Compute the linear change of coordinates (z°~!, v*) — y* on ¥ by

ay; :g}j(ps) forevery I; € 2 .

(iv) Construct the coordinates zZ° on ¥ by the following recursive formulas:
o for I; € 77,
[1j1=1
2=y = D Oy, (2.24)
k=2

where, fork =2,...,|I;| -1,

POV Vioy)

k—1

; S G L O L
B . Bi-1 s s 1 e
|Z= (&) P8 ;rq)](y =0 o
w(B)<l|l;|
o forI; € 5\ 7,
2=y = D> O ), (2.25)

k=2

where, fork =2, ..., s,

(- )

_ B (yS_ )P
2. [@f.)ﬁ‘m@z})ﬂ”'<yj—2rq> 55 )Iy—o(ﬂ)' A

]
= pe B,
w(p)<s

(v) Construct the coordinates z* as:

[Z; —Z +WA(Z17"'92;_1) for,j:l’""ﬁSs
z; _z] for j > ny,

where the functions lI/]‘.Y are determined by the following properties:

o forj=1,...,n;, lI/j?' is an homogeneous polynomial of weighted degree equal

to w;, the weight of a coordinate Z; being wy;

e denoting by ordj)x(-) the nonholonomic order at p* defined by (£{, ..., &;,), one
has
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%‘:Z; :5,’¢(1])P](zi,,Z;,1)+R,,](ZY), J: 1,...,7ls, (226)

where ord‘;S(Ri’ j) = w; and §; 4 denotes the Kronecker symbol (note that by
construction ords (Pj) = wj — 1).

Remark 2.8 The polynomials (llfj‘?) j=1,..,ii; are computed by identification. Indeed,
the first property above implies that llfj‘? is a finite sum of the form,

wIE) = D AEDT .G, (2.27)

w(a)=w;

where every c? is a real number. One can then put this expression in (2.26), and so
obtain by identification the scalar coefficients ¢%, provided they exist. Actually it is
possible to show that these coefficients do exist (see [6, Claim 9 of Sect. 3.4]).

Let us illustrate the previous remark with an example.

Example 2.17 Assume m = 2, I} = 1, I, = 2, and Iz = [, 2], and consider the
previous algorithm at the step s = 2. Item (iv) produces coordinates z and vector
fields &1, & which are necessarily of the form:

£ =[14 Ri1(D] 0 + Ri22)3, + [e1Z1 + @222 + Ri3(2)10z, + -
& = Ry, 1(2)0, + [1 + R22(2)105, + [B121 + P2Z2 + R23(2)]0z, + - -

where the real numbers a1, a3, B1, B2 verify B1 — ap = 1, and where every R; j is a
sum of homogeneous polynomials of weighted degree greater than w; — 1.

The coordinates z of item (v) satisfy (z1, z2) = (21, 22), 23 = 23 + ¥3(2), and
zj = zj for j > 3. We look for ¥3 as a linear combination,

W3(3) = az1 % + bZ] + 23,

with a, b, c to be determined. The constraints (2.26) imply &1 -z3 = 0and & -z3 = 73
up to higher orders terms, that is,

(a1 +2b)71 + (2 +a)z2p =0,
Br+a)z1+(B2+20)72=2z21=171.
By identification, one gets a = —ap, b = —0‘71, c = —% and 81 +a = 1. Since
B1 — aa = 1 the last equation is automatically verified. Then

. -~ Qo P
V3(z) = —onZ122 — 72% -5

The outputs of this Desingularization Algorithm are the coordinates z" defined
onY 7 X R"~" and the vector fields &7, ..., &, defined on this domain. Note that
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z" are global coordinates on ¥ 7 X R " since they are obtained from the original
coordinates (x, v) by a triangular change of coordinates.

Theorem 2.9 The outputs & =&/, i =1,...,m, and z := 7" of the Desingular-
ization Algorithm satisfy the following properties:

e the vector fields &1, . . ., &, realize a lifting of X1, ..., Xm to ”Vj X Rﬁﬁ”;
e &1,...,&, generate a Lie algebra which is free up to step r;
e z=(21,...,27, )i's a system of privileged coordinates at p for (&1, ..., &y);
e the vector fields (&1, ..., &) defined in the coordinates z by the canonical form,
=0+ D Pi@.....zj-1)d;, fori=1,....m, (2.28)
zflljlfﬁr
oj)=i
form a nilpotent approximation of (&1, ..., &y) at p.

We refer to [6, Sect. 3.4] for a proof of this result.

Remark 2.9 A very nice feature of the Desingularization Algorithm is that, if the
original Lie algebra Lie(X1, ..., X;,,) is nilpotent, then the lifting (&1, ..., &,) gen-
erates also a nilpotent Lie algebra. In fact, (&1, ..., &) is equal to its nilpotent
approximation (El, . ,Em) at p, and so is in the canonical form in the coordinates
z, which implies in particular that Lie(&y, . . ., &) is a free nilpotent algebra of step
r. Note that in that case r may be chosen as the nilpotency step of (X1, ..., X;).

Remark 2.10 As a consequence of the Remark 2.7, Ehe coordinates z are the canon-
ical coordinates of the second kind on ¥ s R™~" associated with the basis

(/5\1l e glﬁr ). Thus the algorithm above provides an algebraic construction of these
canonical coordinates.
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Chapter 3
Nonholonomic Motion Planning

Abstract This last chapter addresses one of the most basic control issue: how to
construct a control law steering a control system from a given state to another one?
This problem is known as the motion planning problem. In the case of nonholonomic
systems it can be solved exactly for specific classes of systems, in particular for
nilpotent systems (Sect. 3.2). However for a general nonholonomic systems it is
hopeless to look for exact solutions to the problem. Thus a solution must be thought
as an algorithm which steers the system to an arbitrarily small neighbourhood of
the goal. In this context a key notion is the one of approximation and we will see
in Sect. 3.3 how the concepts introduced in the previous chapter allow to construct
such an algorithm. We will also discuss two other methods in Sect. 3.4 and give an
overview of the literature in Sect. 3.5.

Keywords Control theory - Nonholonomic systems + Motion planning - Nilpotent
systems

As we are concerned here with algorithmic issues, we will not work in a general
manifold but rather on an open subset of R"”. Thus we consider a nonholonomic
system

m

%= ZMiX[(x), (3.1)

i=1

defined on an open subset £2 of R”.

3.1 Nonholonomic Motion Planning

Definition 3.1 The motion planning problem for (3.1) is defined as follows: for each
pair of points (x™tal xfinaly ¢ & » @ find a control u(-) € L' ([0, T], R™) with
T > 0 such that the corresponding trajectory of (3.1) starting from x4l at r = 0
reaches xfMl at ¢ = T, that is,

V(T. xinitial Lt) _ xﬁnal
9 bl - .
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We will always assume that £2 is connected and that (3.1) satisfies the Chow Con-
dition. The existence of a solution to the motion planning problem is then guaranteed
by Chow-Rashevsky’s theorem (Theorem 1.1). Note that in practice the vector fields
X1, ..., X, generally belong to the analytic category, and in this case our assump-
tions are equivalent to the existence of a solution (see Remark 1.5).

Remark 3.1 Itis worth to notice here that the presence of additional state constraints
does not prevent the existence of solutions, provided the connectivity of the admissi-
ble state space is preserved. This is particularly important for applications in robotics.
Indeed, assume that the system (3.1) models the dynamics of a robot whose space
of configurations is £2. When the robot moves amid obstacles, one represents the
configurations of the robot in collision with an obstacle as closed subsets O of §2. If
the open set £2\ O remains connected, the motion planning problem in that set has a
solution, which means that it is possible to steer the robot from one configuration to
another by avoiding the obstacles. Note that since £2\ O is an open set, connectivity is
equivalent to arc connectivity. The motion planning problem is then usually tackled
in two steps (see [22]):

e find a curve in the free space £2\ O connecting x™"! to xfindl (this curve is in
general not a trajectory of (3.1));

e approximate the curve by a trajectory of (3.1) close enough to be contained in the
free space.

This strategy separates global topological problems from local dynamic ones. The
first step is independent of the control system, it only depends on the topology
of £2 and of the obstacles. It is a well modelled and understood problem of algo-
rithmic geometry (see for instance [5, 32]). The second step may be considered as a
motion planning problem without state constraints provided we use a motion planning
method with a good local behaviour, namely the resulting trajectory y (-; x™tal )
converge to x™1 for the C” topology when x ™™ converges to x". The drawback
is that, imposing this property complicates the design of a motion planning method.

Strictly speaking, a solution to the motion planning problem (also called a steering
method) is a function which associates with any pair (x4l xfinaly 3 control u
steering the system from x4l to xfi"al ‘When the design of such an exact solution
seems to be out of reach, one will rather look for an approximate solution, that is
for an algorithm whose inputs are the points (x™tal xfinaly and a tolerance e > 0,
and whose output is a control u steering the system from x™! to a point e-close to
xﬁna].

We investigate in the next section the class of nilpotent systems, a class for which
exact solutions are known, and we present in the following sections approximate solu-
tions valid for any nonholonomic system. Before these presentations let us present
some ways of reducing the class of investigated systems.
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Reduction of the Problem

To simplify the problem we can replace the considered nonholonomic system
by another one simpler to handle, and for which the motion planning problem
is equivalent. The first way to do this is to use the notion of feedback equiva-
lence. We say that two nonholonomic systems x = sz=1 u; X;(x), x € 2, and
X = Z:": 1 1;X;(X), X € 2, are feedback equivalent if there exists a diffeomor-
phism @ : 2 x R” — 2 x R™ of the form,

D (x,u) = (¢p(x), B(x)u), where B(x) an invertible matrix,

which transforms the first system into the second, that is

de (x) (Zuixi (x)) =D u X)),  withi = B(x)u.

i=1 i=1

This is equivalent to require that the sets of vector fields A = span{X1, ..., X}
and A = span{X1, ..., X,,} are diffeomorphic, or that the trajectories of both sys-
tems are diffeomorphic to each other. As a consequence of the definition, a method
solving the motion planning problem for a given nonholonomic system also solves
the problem for any feedback equivalent system (provided the diffeomorphism @ is
known explicitly).

A second way to simplify the problem is to desingularize the system. Assume
first we want to solve the motion planning problem for (3.1) on a domain ”i/ 7 C 82
defined by

¥ g = {p € 2 such that det(X 1, (p), ..., X,(p)) #0},

where ¢ = (I1,...,1,) is an n-tuple of elements of the the P. Hall basis
. Let xMitial gpd yfinal ¢ 7 y be the initial and final points. Applying the
Desingularization Algorithm presented in Sect.2.4.2 at the point x" we obtain
vector fields &y, ..., &, on ”I// xR =" such that, first the Lie algebraLie(&y, ..., &,)
is free up to step r, and second X; = m.& fori = 1,...,m, where &

4 7 X R — ¥ "y denotes the canonical projection. As a consequence, the

projection by 7 of a trajectory 7 (-; Xl ;) of the control system
m ~
i:Zuisi(Z), XeVy xR, (3.2)
i=1

is a trajectory of

m

F=D wiXi(x), xeVy, (3.3)

i=1
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associated with the same input, i.e., n(y( Finitial u)) = y(-; w(x™Mitaly 4. There-
fore, any control u steering (3.2) from xitial ()cmltlal 0) to xfinal — (xfinal () gs0
steers (3.3) from xMtal o xfinal 1t is then sufficient to solve the motion planning
problem for the lifted system (3.2).

Assume now that we want to solve the motion planning problem for (3.3) on
a compact set K C §2 which is not included in one single domain ¥ . Let us
denote by r the maximal value of the degree of nonholonomy on K (as mentioned in
Sect.2.1.2, this maximum exists). For every n-tuple ¢ = (I1, ..., I,) of elements
of 7", the domain ¥ & is open in §2 (possibly empty) and for every p € ¥ », the
vectors Xy, (p), ..., X1,(p) form a basis of R". Since K is compact, there exist a
finite number of n- tuples A1, ..., #u of elements of 5" and connected compact
sets Ky, ..., Ky such that K; C 7/% fori =1,..., M, and

K C U K;. (3.4)
i=l1

It is clearly sufficient to solve the motion planning on each of these compact sets
KicvV #:» where we can apply the method by lifting described above.

As a conclusion, we can reduce the motion planning problem to systems (3.1)
such that the vectors fields X1, ..., X,, generate a free up to step r Lie algebra. If
moreover (3.1) is nilpotent, by Remark 2.9 we can also assume that (X1, ..., X;)
is given in the canonical form.

3.2 Nilpotent Systems

A nilpotent system is a nonholonomic systems (3.1) such that the vector fields
X1, ..., X,y generate a nilpotent Lie algebra. A system (3.1) is nilpotentizable if
it is feedback equivalent to a nilpotent system.

Nilpotent systems play a very important role for motion planning purposes. First,
nilpotentizable systems form the widest class of nonholonomic system for which an
exact solution to the motion planning problem is known. Second, we have seen in
Sect.2.1.3 that every nonholonomic system admits first-order approximations which
are nilpotent systems. Thus when using Newton like methods to solve the problem,
we have to deal with these nilpotent systems.

Note however that most of the nonholonomic systems are not nilpotent, and not
nilpotentizable either. In fact, the class of nilpotentizable systems is clearly a non
generic class of nonholonomic systems when the dimension of the state space is
large enough. In addition, there are no criteria for deciding whether a system is
nilpotentizable.

We give in this section a solution to the motion planning problem for nilpotent
systems which uses sinusoidal controls. We present first the method in the simple
case of chained systems in Sect.3.2.1, and then in the general case in Sect.3.2.2. We
finally discuss other methods in Sect.3.2.3.
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3.2.1 The Case of Chained Systems

In order to better understand the use of sinusoidal controls, we consider first the
particular case of a chained system, which is a nonholonomic system on R” in the
following form,

)'62 = Uujp
X3 = Xxou1
X4 = X311 (3.5)

Xn = Xp_1U].

Equivalently, X = u;X(x) 4+ u2X2(x), where the vector fields X; and X, are
given by

n
X =3x1+zxi—13x,-, X7 = 0y,.
i=3

Such a system is clearly nilpotent, the only nonzero brackets of X; and X, being

(adX1) X, = (—1)0, i=1,...,n—2,

i+2°
where we write (adX)X» for [X1, X2], (adX)%X, for (adX)((ad X ) X>7), etc. It
also satisfies the Chow Condition.

The particular structure of (3.5) suggests to control the system one component
after the other. The crucial point of this strategy is to ensure that if a component xj is
moved during a period [0, T'], then none of the components x; with i < k is moved,
that is x; (0) = x; (T'). The use of sinusoidal controls with integer frequencies is well
suited to such a strategy because of the usual properties:

2
/sin wt dt =0 forall w € Z, (3.6)
0
2

|0 if weZ and w # 0,
/coswt dt = [ 1 ifw=0. 3.7
0

Consider then a control u(t) = (u1(¢), uz(t)), t € [0, 2], of the form

u1(t) = asinwit, u>r(t) = bcoswst.
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Due to the particular structure of (3.5), for every i > 3 the dynamics x; is a linear
combination of sinusoids whose frequencies are

wy + N wi, where N € Z, |N|<i-—2. (3.8)

Moreover the sinusoid with frequency wy + (i — 2) w; appears with a nonzero
coefficient (if a and b are nonzero).

Assume that we want to move xi to its desired value without changing the values
of x;, for every i < k. The relations (3.6) and (3.7) imply that we must choose w
and w, so that one cosine term with null frequency (i.e. a constant term) appears
in the dynamic component x;. In addition, no component x; with i < k should
verify this condition in order to ensure x; (0) = x; (2). For instance, a simple choice
guaranteeing both properties is w1 = 1 et wp = k — 2.

The argument above translates to a complete algorithm (Algorithm 3.1) which
gives an exact solution to the motion planning problem for the system (3.5).

Algorithm 3.1 Steering method for chained systems

1: move x; and x; to their final positions (in straight line for instance);

2: for every k > 1, move xy4, from its current value x,’(‘ 4o toits target value x,?frazl by using

u(t) = (asint,bcoskt), te[0,2r],
where the parameters a and b verify

- 2)%b
oy = 20

3.2.2 Sinusoidal Controls

Consider a nilpotent system on R” defined by vector fields (X1, ..., X,;). As noticed
in Sect. 3.1, up to adesingularization we can reduce the problem to a system satisfying
the following three assumptions (all notions have been introduced in Sect.2.4):

e the Lie algebra Lie(X1, ..., X,,) is free up to step », where r is its nilpotency step;
as a consequence, n = 7,
e (X1,..., X;n)is givenin the canonical form in some coordinates x, i.e. the control

system is written as follows,

X = u;, ifi=1,...,m;

. . . 3.9
X7 = %xljlxlh’ if I = adljjl Ij,, Ij,1Ij, € IO, 3.9)

where the components of x are numbered by the elements of J#";
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final

e the goal point x""* in the motion planning problem is always the origin O of R

in coordinates x.

As we did for chained systems, we will choose control functions in the form of
linear combinations of sinusoids with integer frequencies.

We first note that if every component u; of the control u# in (3.9) is a linear
combination of sinusoids with integer frequencies, then every component x; of a
solution of (3.9) is also a linear combination of sinusoids with integer frequencies, the
latter being linear combinations of the frequencies involved in u. One may therefore
expect to move some components during a 27 time-period without modifying others
if the frequencies in u are properly chosen.

Due to the triangular form of (3.9), it is reasonable to expect to move the
components of x one after another according to the order < induced by the P. Hall
basis. In that case, one must ensure that, after each 27 -period of control process, the
component under consideration arrives to its preassigned position, and all “smaller”
(w.r.t. <) components return to their initial values. However, it appears that all the
components cannot be moved independently by using sinusoids. To take this into
account, we introduce the following notion of equivalence.

Definition 3.2 For I € Z(1,...,m) and i € {1,...,m}, we denote by |/|; the
number of times i occurs in /. Two components x; and x;, I, J € J¢", are said to
be equivalent if |I]; = |J|; fori =1, ..., m. The equivalent classes of components
will be denoted by

EW, . by =1x; : i =0, fori=1,....,m)

We will see below that the frequencies occurring in the dynamics of x; only depend on
the equivalence class of x;, and not on the structure of the bracket I € 7#". Therefore,
the equivalent components cannot be moved separately by using sinusoids.

The equivalences classes inherit an order from the one of the P. Hall basis. A class
&y, ..., Ly is said to be smaller than &(¢y, ..., 7¢,,) if the smallest element
(W.rt. <) in &(Ly, . .., y) is smaller than the smallest one in &(¢1, ..., €,), and
we write (by abuse of notation) &£y, ..., €y) < EWLL, ..., 0y). ~

The components of x may be partitioned in equivalent classes & Lg2 . &N,
sorted by increasing order. Our control strategy consists in displacing these equiva-
lence classes one after another according to the order < by using sinusoidal inputs.
Foreveryi =1,..., N, the key point is to determine how to construct an input '
defined on [0, 27r] such that the two following conditions are verified:

(C1) under the action of u’, every element of &' reaches its preassigned value at
t =2m;

(C2) under the action of u’, for all j < i, every element of &/ returns at t = 27 to
its value taken at t = 0.

Once one knows how to construct an input u' verifying (C1) and (C2) for every
i =1,..., N,itsuffices to take the concatenation of these inputs in order to steer the
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complete system to the goal. The resulting control is defined on the interval [0, 2N7]
by

u1*~-~*u1\7(t)=ui(t—2(i—1)”)’ (3.10)

fort € [2(i — ), 2iw]andi € {1, ..., N}.

Choice of Frequencies for a Class &'

Let us fix an equivalence class &*. According to the strategy described just above,
we have to choose the frequencies appearing in the sinusoidal control u! in such a
way that Conditions (C1) and (C2) are verified. For sake of clarity, we only treat the
case m = 2, the reader is referred to [9] on how to adapt the method to greater values
of m.

Assume first that & contains only one component, denoted by x;. Setm = ||,
and my = |I |3, so that & = & (m1, my). We look for the control u’ under the form,

uﬁ(t) = coswit, ué(t) = cos wat + a cos(wst — 8%), t €[0,27], (3.11)

where w1, wy, w; are positive integers, ¢ € {0, 1}, and a is a real number.
By induction, one obtains that, for every J € .7 such that J < I, the dynamics
X is a linear combination of cosine functions,

T
cos ((lel + Gwy + G0d) t — (G + 01+ 6+ 63— 1) 5) : (3.12)
where €1, €>, {3 € Z satisfy [£1| < my, |€2] + €3] < m». In particular, the term
N T
cos ((mla)l + (ma — Dwy —w3) t — (=g +my +my— 1) 5)

occurs in X; with a nonzero coefficient that depends linearly on a.
Now, note that integrating between 0 and 27 a function of the form cos(w? +-£7%)
withw € Z and ¢ € N always gives 0 exceptif w = 0and ¢ = 0 mod 2. Therefore,
in order to obtain a non trivial contribution in the component x, its derivative x; must
contain some cosine functions of the form (3.12) verifying the following condition
[ﬁla)l +£2w2+€3a)§ =0, (3.13)
lze+4€1+my+¥€3—1=0 mod 2. ’

Moreover this condition shall not be satisfied by any cosine function appearing in
Xy, J < I, so as to prevent non trivial contributions in the component x;. A way to
ensure both properties is to impose
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w5 =mw) + (my — Dy,

e=my+mr—1 mod 2, 3.14)

and
wy > (my +my)miwy. (3.15)

In that case,

e Condition (3.13) is never satisfied by a cosine function appearing in x;, J < I;

e among the cosine function of the form (3.12) appearing in x;, the function with
£y =my, L, = my — 1, and €3 = —1 is the only one that verifies (3.13);

e x;7(2m) — x7(0) is proportional to a with a ratio f; = fr(w1, w2).

Let us precise the last point. For every element J < I, we set m{ = |J1, mg = |J|3,
and, in the decomposition of Xy as a linear combination of cosine functions, we denote
by F; the coefficient in front of the term

cos ((m{a)l + (md — Dy — o)t — (ml +md —1— a)%) ,

and by g the one in front of the term
b4
cos ((mlja)l + mga)z)t — (mlj + mg — 1)5) .

Then Fj is proportional to a and we write F; = afj(wi, w2). Moreover g; =
gj(w1, wy) is a never vanishing function of (w;, wy) and the quotient vy = f;/gy
verifies the following inductive formula:

o =0,a0 = 1;
o if J =[Jy, J2], then

J J
mi'wi +my' @

ay = oy +ay,.

7 7
my'w; + (my' — Dwy — o

This formula implies that o7 is a rational function of (w;, w;) which can be proved to
be non identically zero. Hence o7, and so f7, is nonzero on R2 minus a finite number
of algebraic hypersurfaces. In other words, for almost all w1, w; satisfying (3.15),
x71(2m) — x7(0) is proportional to a with a nonzero ratio.

As a consequence, by choosing properly wi, w; and a, the control u' steers,
during [0, 27r], the component x; from any initial value to any preassigned final
value without modifying any component x; with J < I.

Assume now that the equivalence class & = &(my, my) contains two compo-
nents x;, and x,. This situation first occurs for Lie brackets of length 5, for instance
in &(2,3) with I; = [2, [1,[1, [1,2]]1]1 and I, = [[1, 2], [1, [1, 2]]]. If one chooses
frequencies verifying the resonance condition (3.14) for x;,, the same resonance
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occurs in x7,. Such two components cannot be independently steered by using reso-
nance. The idea is then to move simultaneously these components. For instance, one

can choose u' as follows,

u’l (t) = coswit,

ué(t) = COS Wyl + aj COS w5t + COS w3t + ay COS Wit,
with w; = 1, w; satisfying (3.15),

w; = (my — Dy + miwi, i = (my — Doz +mio,

and w3 large enough to guarantee Condition (C2). After explicit integration of (3.9),

one obtains

(Xll Q2m) — xpy (0)) _ (fh (w1, @2) f1, (w1, w3)) (all) A (all)
xp(2r) — x1,(0) fn(o1, @) fr(w1,w3)) \ar, ap )’

where f;, and fy, are two rational functions. Thus, u’ controls exactly and simulta-

neously x, and xy,, provided that the matrix A is invertible.

Let us generalize this strategy. Let xy,, . . ., xj, be the elements of the equivalence

class & = &(my, my). We look for a control u' of the form

N my )
i _ J
=33 cosly,
k=1 j=1
N fmael t €0, 2],
i J * 4
u, = Z Z COS Wy, I + ag cos(wyt — 85) ,
k=1 \ j=1

L S
where all the frequencies wj, , @};, are positive integers, ¢ equalsOor 1,and ay, . ..

are real numbers. We impose “resonance relations",

mo—1

mi

x J J —

Wy, = E i + E wy,, for k=1,...,N,
i=1 i=1

e=m;+my—1 mod 2,

and the following inequalities, fork =1,..., N — 1,
a){,:rl >m1w{k, j=1,...,my,

) > m)
2k 1@ »
Jj j—1 my .
Wy, > My +miwy, j=2,...,my—1,
1 my—1 mi
Wiy > M2y +mwy .

(3.16)

5aN

(3.17)

(3.18)
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We then obtain that, if x; € &/ with Jj <i,then x;(2mw) — x;(0) = 0. Moreover,

Xn (27[) _.XII(O) ai
. 1 —1 .

: = A, ..., )| : (3.19)

Xpy 2m) — x1,,(0) an
where A(a)}l, R a)g']@_]) isa (N x N) matrix whose coefficients are rational func-
tions of the frequencies. One can then show that, for almost all! frequencies a)ljk
satisfying (3.18), the matrix A(a)} Lo wg’]ff]) is invertible (see [9] for the proof).
As a consequence, we can choose aj, . . ., ay so that the corresponding control u’
steers, during [0, 2], the components xj,, ..., xy, of & from any initial values to

any preassigned final values without modifying any component x; in &7 with j < i.

Let us summarize the discussion above. We have seen that it is possible to construct
acontrol u! in the form (3.16) that satisfy Conditions (C1) and (C2). Our construction
involves N (m| +m,) integer frequencies that are widely spaced (condition (3.18)) in
order to prevent contributions in components x; belonging to “smaller” equivalence
classes, and that verify a resonance condition (equation (3.17)) which implies the
linear relation (3.19).

However this construction tends to produce high frequencies while it is desirable
to find smaller ones for practical use. Therefore, the solution we recommend is
to implement an algorithm that will search for the frequencies appearing in the
expression (3.16) of the control ' . This algorithm would test iteratively all N (m +
my)-tuple of integer satisfying the resonance condition (3.17), and would search for
the smallest ones which prevent contributions in components x; belonging to classes
&7 with j < i, and which produce an invertible matrix A. The discussion above
guarantees the finiteness of such an algorithm.

Note also that we could test in that algorithm controls ' involving less frequencies.
We have seen that 3 frequencies are enough when N = 1 whatever the values of
m1, my. We conjecture that, for N > 1, 3N frequencies suffice, instead of N(m| +
m>), and more generally N (m + 1) when m is greater than 2.

Anyway, for each equivalence class & i — {I, ..., Iy}, the result of these off-line
computations will be a control law u'[a] : [0, 27] — R depending on a parameter
a € RY and an invertible matrix A; such that:

e u'[a] is a linear combination of cosine functions with integer frequencies (u'[a]
is defined by (3.16) in the abovg construction); _

e the trajectory associated with u'[a] satisfy x; (27) = x;(0) if J € &7 with j < i,
and

1 More precisely, for all points with integer coordinates in RN ™1+2) minus a finite number of
algebraic hypersurfaces, that number being a function of N, m and m>.
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Xn (27[) — X5 (O)
: = Aja.

xiy (2m) — x1,(0)

Design of the Steering Law

We are now in a position to construct a steering method for the nilpotent system
defined by X1, ..., X,,. Note that since X1, ..., X;; are assumed to be given in
canonical form, the method only depends on the number of controlled vector fields
m and on the degree of nonholonomy r. The method is devised so that the produced
trajectories satisfy the topological property of Remark 3.1, namely the resulting tra-
jectory y (-; xMtal 4y converge to x™2! for the C topology when x™™! converges
to x4 Note that we have assumed that x"! is always the origin.

Let us fix first some notations. Remind that the components of x € R are
partitioned in equivalent classes & L g2 ., &N, sorted by increasing order. With
every equivalence class &' is associated a parameterized control law u’[a] and an
invertible matrix A;. We set B; = A; ' and N; = Card(6"),i = 1,..., N. For

x € Rﬁ’, we willuse [x]; . with1 < j < k < 7, to denote the vector (x;, ..., xi),
and ||x||o to denote the pseudo-norm of x defined by the free weights. We also use
8. (x) = W"'xq, ..., A"nx,) to denote the weighted dilation with parameter .

Algorithm 3.2 produces a control Steery, (xnitaly that steers the canonical form
from an initial point x"%2l € R™ to the origin.

Algorithm 3.2 Construction of the control law Steer,, , (cnitialy
Require: By, ..., By, and Ny, ..., Ny;
1: A= ”xinilialllo;

2. xhew .— 5, (xini{ial).
L 5

3 Unorm = 0;
4: j:=0;
5:fori=1,...,Ndo

x =" s

6:

7. a' =B x;
8: construct u' = u'[a’] by Formula (3.16);
9: X"V .=y Qm; x"V, u');

10:  Unomm = Unom * U';

11: j=j+N;

12: return u := Allporm.
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Remark 3.2 Once the frequencies and matrices are obtained by an off-line computa-
tion, the on-line computation Steer,, , contains only a series of matrix multiplications,
and the computations of y (277; x"%, u'). The latter do not require to solve differen-
tial equations but are obtained simply by successive integrations of u’, because the
system is in triangular form. Thus all computations in Steer,, , can be performed
quickly on-line without any numerical difficulty.

Proposition 3.1 For every x"" ¢ R the control Steer,, , (x™) steers Sys-
tem (3.9) from x™al o xfal — 0 Moreover, there exists a constant C > 0 such
that

”Steerm’r(xinitia])”LI S Cd()(O, xinitial)’ \% xinitial c Rﬁr, (320)

where we use d to denote the sub-Riemannian distance on R definedby X1, ..., X;.

Note that the length of the trajectory y (-; x4 4) associated with the control
u = Steer,, , (xMtaly jg

length (y(~; initial u)) = ||Steer,,1,r(xinitial)||L1.

Hence (3.20) implies that this length tends to 0 as x ™12 — 0, which is the topological
property required in Remark 3.1. We will see in Sect.3.3 that this property is also
related to the notion of sub-optimal laws.

Proof The fact that the procedure described by the Lines 5-12 in Algorithm 3.2
produces an input oy steering System (3.9) from § L (xMitialy to 0 results from the
choice of frequencies discussed previously. We also note that, due to the homogeneity
of System (3.9), if an input u steers this system from x to 0, then, for every A > 0,
the input Au steers it from § (x) to 0. Therefore, the input Steerm,,(xi“i‘ial) steers
(3.9) from x™Mitial ¢o (.

Letus now show (3.20). Let x € R andset & = llx|lo- Then x = §; (Xporm) Where
Xnorm belongs to the sphere S(0, 1) = {y : |ly|lo = 1}. Setting u(x) = Steer,, ,(x)
we have

luCHll = 1AuGnorm) | 1 = AMluGnorm) 1 < A sup  [lu(y)|L1.
yeS(0,1)

Note that dy(0, -) and || - ||p at O are both homogeneous of degree 1 with respect to
the dilation &, (-), so there exists a constant C > OsuchthatA < Cd (0, x). Moreover
supyes,1) ez is bounded since y + u(y) is continuous and S(0, 1) compact.
Inequality (3.20) follows. (]

Remark 3.3 The control we constructed are C*° during each time interxal [2im, 2
(i+ Drm],fori =1,...,N —1, buLnot globally continuous on [0, 2N ] due to
discontinuity at t = 2m,4m,...,2(N — ). It is however not difficult to devise
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continuous controls by using interpolation techniques. We illustrate the idea with a
simple example. Assume that we use «' and u/ defined by
uil(t) = cos wi;!,
. . LT
uh(t) = cosawnit + a* cos(ws;t + 815), te2(i — m,2in],
u{(t) = coswy jt,

u) (1) = coswnjt +a’ cos(w3 ;1 + sf%), te2(j — D, 2jrl,

to steer two consecutive classes &' and &/ (i.e. j = i + 1) which are both of
cardinal equal to 1. The concatenation u' * u”/ is not continuous, so we will construct
a modification u#/ of u/ in such a way that u’ % i’/ is continuous, i.e.

i 2m) =l 2m), (3.21)
ub(2m) = W 2m). (3.22)

To ensure (3.21), we take
] (1) = ul 2m) cos wy 1. (3.23)

For (3.22), we distinguish two cases:

e if e/ = 1, we can take

w3 (1) = uh(2m) coswajt +a’ cos(w3 ;1 — E); (3.24)
o if &/ = 0, we add to ué a frequency w. which is large enough to avoid any

additional resonances,
i5(1) = cos wa;t +a’ cos it + (uh(2m) — al — 1) cos wet. (3.25)

By construction, the new input u' %717 is continuous over the time interval [2i7, 2 jml,
and steers the components in & and &/ to the same values as u’ % u/ does.

Itis clear that this idea of interpolation by adding suitable frequencies can be used
to construct continuous inputs over the entire control period [0, 2Nr]. In fact, by
using more refined interpolations, one can get inputs of class C* for any arbitrary
finite integer k.
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3.2.3 Other Methods for Nilpotent Systems

Besides sinusoids, other classes of functions may be used to give exact solutions to
the motion planning problem for nilpotent systems, in particular polynomials and
piecewise constants functions.

Polynomial Inputs

Assume that the nilpotent system X = >/, u; X; (x) is polynomial and in triangular
form, that is,

Xj =Zuifij(x1,---,xj—1), J=1...,n,
;

where every function f;; is polynomial. Chained systems and systems in canonical
form satisfy this assumption, as well as nilpotent approximations expressed in priv-
ileged coordinates (see (2.6) in Sect.2.1.3). Actually, any analytic nilpotent system
can be put locally in this form [17].

This structure allows to compute easily the trajectories: given a control function
u(t), the coordinates x; (t) may be computed by integration one after the other. Let
us choose the controls as parameterized polynomial functions, for instance,

N
wi(t) =Y apt*, i=1....m, (3.26)
k=0

with a parameter a = (aio, ..., @m0y ---, AIN,---,dmN) € RW+Dm - p being a
large enough integer. With such a control every coordinate x;(t) is a polynomial
function of ¢, of the parameter a, and of the initial values x1(0), ..., x;(0). In par-
ticular there holds,

xj(1) = Pj(a,x(0)), where P;isapolynomial function.
Thus, in order to obtain a control of the form (3.26) steering the system from initial
to x Ml it is necessary to solve the algebraic system,

Pj(a,xiniﬂal) — x?nal =0, j=1,...,n,

where the unknown is the parameter a € RW+D™ (of course one must choose N
such that (N + 1)m > n). Unfortunately the size and the degree of this algebraic
system increase exponentially with respect to the dimension n and to the degree of

nilpotency r, and there does not exist a general efficient method to solve it. Even
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the existence of solutions is a non trivial issue. However this method may be useful
when 7 or r is rather small (seemingly whenn < 5 orr = 2).

Piecewise Constant Controls

Consider a nilpotent system of step » on R" defined by analytic vector fields
(X1,..., Xm). We fix an initial point xinitial R and an open neighbourhood
U of this point. We make the following assumption.

Assumption (A) The system is provided with:

(i) a family of brackets X;,, ..., X, n > n, whose values at xinitial

linear space Lie(Xq, ..., Xm)(xi“itial);
(i) a mapping x € U > g = q(x) € R such that

generates the

x = exp(qiXp;) o - oexp(q Xp,)(x Ml (3.27)

Let x" be the goal point and ¢ = ¢ (x"). Given a control function u, we denote
by S“(z) the flow of the time-dependant vector field > ; u; X;. The principle of the
method is to produce separately and sequentially, fori = 1, ..., i, control functions
u' defined on [0, T'] such that S* (T) equals exp(g; X ;) up to flows of brackets of
bigger length, the latter modifying the remaining factors exp(q; X ;) with j > i (the
I; are ordered by increasing length). This is not difficult to achieve with piecewise
constant controls thanks to the Campbell-Hausdorff formula (see Sect. A.1). We
illustrate this idea with an example.

Assumem = 2,11 = 1, I, = 2 and I3 = [1, 2]. For simplicity we also suppose
g3 > 0. Define the controls ul(t) = (g1, 0) and u?(t) = (0, q2),t € [0, 1]. The asso-
ciated flows at time r = 1 satisfy su! (1) = exp(q1Xy,) and S”z(l) = exp(q2Xp,).
Define the piecewise control u3 as,

(Vq3,0) forzr €0, 1],
0, /q3) fort e[l,2],
(—=/q3,0) forr e [2,3],
(0, —/q3) fort e[3,4].

W) =

The flow at time 1 = 4 §*’ (4) equals (])([1;’2] = exp(R) o exp(q3[X1, X2]), where R

is a Lie polynomial that involves Lie brackets of length greater than 2 (see Remark
A.l).

If the degree of nilpotency r is equal to 2 (and so n = 3), then R = 0 and the
concatenation of the controls u! s u? % u> steers the system from x"tl to

exp(q3X 1) o exp(q2Xp,) o exp(qr X ) (x"ialy = yfinal,
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If r > 2, we can rewrite the product exp(g7 X ;) o - - - 0o exp(q4Xy,) o exp(R) as
exp(q7 Xr;) o -+ - oexp(q4Xy,), and we can iterate the construction to generate the
term exp(q4Xy,). This procedure finishes in a finite number of steps and produces
an exact solution to the motion planning problem for the nilpotent system.

Remark 3.4 1t is also possible to produce piecewise controls u' such that S“i(T)
exactly equals exp(g; Xy, ), as explainedin [15]. Such a control avoids the computation
of g; 1, ...,q, ateach step.

Of course the key point for this method is Assumption (A). It holds for instance
in the following cases:

e the coordinates x in which the system is given, are the canonical coordinates of
the second kind centered at x™%! = 0 and associated with an adapted basis
X1, ..., X1, at0; in this case n = n and ¢ (x) = x;

e (X1,..., X;;)isin canonical form in the coordinates x and x = 0; as noticed
in Remark 2.7, this is a particular case of the previous one when one choose
{n,..., I} =".

initial

There is however a general method to construct the mapping x — ¢g(x), and so to
show that (A) holds for any real analytic nilpotent system. This method, that have
been introduced in [21], works as follows.

We choose first a family of brackets X, ..., X that generates the Lie algebra
Lie(Xq, ..., X;;) (which is finite dimensional since the system is nilpotent). In par-
ticular this family satisfy (i). For instance 11, ..., Iz may be chosen as elements of

the P. Hall basis 57" (see Sect.2.4.2).
The second step is to construct for every x
that

final e {7 a 7-tuple (q1, . .., g7) such

xﬁnal mmal) )

=exp(qgnX ) o---oexp(q1 Xy )(x
Let us introduce the extended control system,
X=X+ X)), (3.28)

where v = (vq, ..., vy) is the control. It is easy to find a control v which steers the
system (3.28) from xinitial ¢ yfinal {pdeed we choose a C! path y : [0,T] — R”
connecting xinitial ¢ final segment for example), and, for all + € [0, T], we
express the tangent vector y (¢) as a linear combination of Xy, (), ..., X (¢). The
coefficients of this combination are exactly vi(z), ..., vi(2).

Denote by S"(¢) the flow of the time-dependent vector field > ; v; X;,. By con-
struction xnal = §v(7)(xitial) Since Xy, ..., X generate Lie(X1q, ..., X,;), one
can show that there exist 7 functions hy, ..., h} defined on [0, T'] such as

SU(t) = exp(h2(t)X 1) o -+ o exp(h) () X1,), (3.29)
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To compute these functions hl.v(~), we replace SY(¢) by its expression (3.29) in the
differential equation,

$U () = > viX, (S (1), §°(0) =1d.

i=1

It appears that, once expressed in terms of A}, ..., h%, this differential equation is a
triangular system of the form,

B = Qr(hy, ... hl vy v, k=1,...,7, (3.30)
with 71(0) = --- = h7(0) = 0. We then compute the functions A}, ..., h} by a
direct integration. Since x"l = §(T)(x"tal) e obtain ¢ = ¢ (xf") by setting
qi = hi(T)fori =1, ..., n. Wehave constructed in this way the mapping x +— g (x)

of (ii), and hence ensured that Assumption (A) holds.

3.3 Method by Approximation

When the nonholonomic system is non nilpotentizable, we will look for an approxi-
mate solution to the motion planning problem rather than an exact one. The notion of
first-order approximation for nonholonomic systems we have introduced in Chap. 2
suggests the use of a Newton type iterative method. Such a method works on the
following scheme: solve first the motion planning problem for a first-order approxi-
mation of the system, and apply the so obtained control to the original system; iterate
then the procedure from the resulting point. Taking this idea as a starting point, we
present in this section a complete procedure for solving the motion planning problem.
This procedure, which is inspired by the one in [16], has been introduced in [9].

3.3.1 Steering by Approximation

Let us first explain informally the principle of a method by approximation.

Given an initial point x™%! and a final point x", one first solves the motion
planning problem for a nilpotent approximation of (3.1) at x" by using one of the
methods described in Sect.3.2; then, one applies the resulting input # to (3.1) and
iterates the procedure from the current point. If we use p(¢; p,u), t € [0,T], to
denote the trajectory of the nilpotent approximation associated with the control u
and starting at p, a local version of this algorithm is summarized in Algorithm 3.3,
where d is the sub-Riemannian distance associated with (3.1) and e is a fixed positive
real number.
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Algorithm 3.3 Local Steering Algorithm

Require: xinitial’ xﬁnal, e
k:=0;
xK=x ;

while d (x¥, xfnal) > ¢ do
Compute % such that xfinal = 5 (T xk, 3%y,
Set xk+1 .= y(T; x*, 4%);
k:=k+1;

initial .

The “while” loop in Algorithm 3.3 defines a mapping AppSteer : (x¥, xfinal)
y(T; xk, i%). The algorithm converges locally provided that AppSteer is locally
contractive with respect to the distance d,i.e. forx™M ¢ . thereexists e (x") > 0
and c(xM) ¢ (0, 1) such that

d(x™ AppSteer (x, xfM)) < c(xahg (il x), (3.31)

for x € 2 and d (x| x) < g(xfinal),
Assume now that we have a uniformly locally contractive mapping AppSteer on
a connected compact set K C £2, i.e. that there exists ex > 0 and cx € (0, 1) such
that
d(x™ AppSteer(x, xM)) < cpd (x4 x), (3.32)

for x, xl ¢ K and d (x| x) < ek . In this case the local algorithm above can be
transformed into a global one (on K), for instance by using the following idea. Choose
apath I' C K connecting x4 to xfinal and pick a finite sequence of intermediate
goals {x(‘)’ = xinitial xi’, ... ,x;.l = xfmaly on " such that d(xf_l, xi") < ex/2,
i = 0,...,J. It is then clear that the iterated application of a uniformly locally
contractive AppSteer(x’~!, xid ) from the current state to the next subgoal (having
set xl.d = xfnal for j > j) yields a sequence x’ converging to x !,

To turn the above idea into a practically efficient algorithm, two issues must be
successfully addressed:

e construct a mapping AppSteer which is uniformly locally contractive;
e devise a globally convergent algorithm that do not use explicitly the “critical
distance" ¢, the knowledge of the latter being not available in practice.

3.3.2 Local Steering Method

In this section and the next one we will assume that the vectors fields X1, ..., X,,
generate a free up to step r Lie algebra. We have seen in Sect.3.1 that, up to a
desingularization, we can always reduce the problem to that case. Recall that with
that assumption every point x € £2 is regular, the growth vector is constant on §2,
and the weights at every point are equal to the free weights, that is w; = w; for
j = 1,...,n. Moreover the dimension 7 is equal to the dimension 7, of .£".
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Our aim now is to design a mapping AppSteer which is uniformly locally contrac-
tive, so that the corresponding steering Algorithm 3.3 is locally convergent. The first
ingredient is the construction of a continuous nilpotent approximation, which itself
requires the construction of a continuous varying system of privileged coordinates.
For the latter we adapt the algebraic coordinates given in Sect.2.1.2.

Construction of the nilpotent approximation </
Denote by x = (xi, ..., x,) the canonical coordinates in R". For every point p in
£2, we construct the nilpotent approximation 7 (p) of (X1, ..., X,,) at p as follows.

(i) Take {X;, : I; € A"}

(i) Compute the affine change of coordinates x — y = (y1, ..., y,) such that the
new coordinates y satisfy 8},]. = le (p,j=1,...,n.
(iii) Build the system of privileged coordinates 7 = (71, ..., z,) by the following
iterative formula, for j = 1,...,n,
Wj—l
L=yi— D Oy, (3.33)
k=2
where, fork =2,...,w; — 1,
k—1 o yof.i—ll
o a1 1 J—
hi(yi, ..., yj-1) = Z Xlll .. -XI,-I_I '(yj—th)()’)|y:O (x_]! T E
la|=k q=2 J
w(a)<w;

with || = a1 + -+ - 4+ @y,

(iv) Fori =1,..., m,compute the Taylor expansion of X; (7) at0, and express every
vector field as a sum of vector fields which are homogeneous with respect to
the weighted degree defined by the sequence (W;) j=1,...x:

Xxi@=x{""O+x @+,

where we use X l.(k)(Z) to denote the sum of all the terms of weighted degree
equal to k.

(v) Define the vector fields X7, . .., X% on £2 by 5(7 = E*Xi(_l) fori=1,...,m.
Set 7 (p) := (X, ..., XP).

(vi) For j =1, ..., n, identify homogeneous polynomials ¥; of weighted degree
equal to w; such that, in the system of privileged coordinates z = (z1, ..., Zn)
defined by

2j=7j+¥@,....Zj-1), j=1,....n,
the family (X7, ..., X%) is in the canonical form.

(vii) Define @(p, -) as the mapping x > z.
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The outputs of this algorithm are the mappings @ and .o/, which are respectively
a continuously varying system of privileged coordinates and a continuous nilpotent
approximation of (X1, ..., X,,) on §2 (see also Sect.2.2.2).

Remark 3.5 The existence of the polynomials ¥; in Step (vi) is guaranteed by the
same kind of arguments than the one in Step (v) of the Desingularization Algo-
rithm, see Remark 2.8. The role of that step is to construct an approximated system
&/ (p) that has always the same form in coordinates z, regardless of the vector fields
(X1, ..., X;») and of the approximation point p € §2. The specificity of each system
or each approximation point is then hidden in the change of coordinates @.

Now that a nilpotent approximation has been chosen, one must choose a way
to control it. Let us denote by A C §2 x £2 the neighbourhood of the diagonal
{(p, p), p € 2} where the mapping (p, q) — <7 (p)(q) is well-defined and contin-
uous .

Definition 3.3 A steering law for o/ is amapping which, with every pair (x, p) € I,
associates a control # € LY([0, T], R™), henceforth called a steering control, such
that the trajectory y (+; x, i) of the approximated system,

m
i= > X! (x), (3.34)
i=1

is defined on [0, T'] and satisfies 7 (T'; x, i) = p. In other words, i (-) steers (3.34)
from x to p.

A steering law of a nilpotent approximation is intended to be used as an approx-
imate steering law for the original system. For that purpose, it is important to have
a continuity property of the steering control: the closest are x and p, the smaller is
the length of 2. We thus introduce the notion of sub-optimality (which is a sort of
Lipschitz continuity of the steering law).

Definition 3.4 We say that a steering law for o7 is sub-optimal if there exists a
constant Cy > 0and a continuous positive function g, (-) such that, forany (p, x) € I
with d(p, x) < &¢(p), the control i (-) steering (3.34) from x to p satisfies:

lillr < Cedp(x, p) = Cedy(P(0; x, ), (T x, ), (3.35)

where d 1 is the sub-Riemannian distance associated with &7 (p).

Recall that by definition, c?p (x, p) is the infimum of |lu|[;1 among all controls u
steering (3.34) from x to p. As a consequence, sub-optimal steering laws always
exist (and the constant C; can not be smaller than 1).

Looking for a steering law for 7 is much simpler in coordinates z = @ (p, -).
Indeed, in these coordinates .o/ (p) is in canonical form and so independent of p,
and z(p) = 0. Hence all conditions are met in order to use the function Steery, ,(-)
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constructed in Sect. 3.2.2 for steering (3.34) from a point of coordinate z to p. More-
over one has d p(x, p) = do(z(x), 0), where dj is the distance on R associated with
the canonical form. As a direct consequence of Proposition3.1 we then obtain the
following result.

Corollary 3.1 The mapping (x, p) — Steer, (P (p, x)) is a sub-optimal steering
law for o .

From now on, we assume that a sub-optimal steering law for .7 is given. We do
not impose the choice of Steer,, , o @ since there exist other solutions to the motion
planning problem for nilpotent systems.

Definition 3.5 Given a steering law for <7, we define the mapping AppSteer from
I' to 2 as
AppSteer(x, p) = y(T; x, i),

where #(-) is the steering control of .o/ (p) associated with (x, p).

Using a fixed point argument, the following result will ensure the local conver-
gence of the local steering algorithm (Algorithm 3.3) based on the mapping AppSteer.

Proposition 3.2 Let K be a compact subset of 2. Assume that <7 is provided with a
sub-optimal steering law. Then the associated mapping AppSteer is uniformly locally
contractive on K, that is, there exists a constant ex > 0 such that, for every pair
(p,x) € (K x K)N I verifying d(p, x) < €k, there holds,

1

d(p, AppSteer(x, p)) < Ed(p,X), (3.36)
1

lz(AppSteer(x, p))|l, < 3 Gl p, (3.37)

where z = @(p, ).

Note that the pseudo-norm || - ||, does not depend on p € K since the growth vector
is constant on K.

Proof Since @ is a continuous varying system of privileged coordinates and <7 a
continuous nilpotent approximation, it follows from Theorem 2.3 that there exist
continuous positive functions C(-) and ¢(-) such that, for every pair (x, p) € 2 x §2
with d(x, p) < &(p) and every control u(-) with |Ju| ;1 < €(p), there holds,

lz(y (T x, ) = 2(P(T5 x, W)l < C(p) max (2G|l p, ull1) |Iu||2/1r,

where r is the degree of nonholonomy at p, and y (-; x, u) is a trajectory of the non-
holonomic system defined by .2/ (p). Using the definition of a sub-optimal steering
law and Inequality (2.13) in Theorem 2.3, one concludes easily. ]
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Remark 3.6 Another way to construct a uniformly locally contractive mapping
AppSteer is to extend the method described at the end of Sect.3.2.3 to the situa-
tion where the system is not nilpotent. The difficulty in that case is that the Lie
algebra Lie(X1, ..., X;,) is not finite-dimensional, implying that:

(i) the Campbell-Hausdorff formula contains an infinite number of terms, and so
the procedure for constructing piecewise constant controls is no more finite;
(ii) the expression (3.29) is a composition of an infinite number of terms.

The approximation process consists then in keeping only the factors generated by
brackets of order not greater than r in these formula. We can in this way define a
mapping AppSteer which is locally contractive, see [21] for more details.

3.3.3 Global Steering Method

Let K C £ be a connected compact set and x™™1al xfinal pe two points in K.
We devise, under the assumptions of Proposition 3.2, an algorithm (Algorithm 3.3)
which steers (3.1) from x ™2l to a point arbitrarily close to x/" That algorithm is a
globalization of the local steering method Algorithm 3.3 but it does not require any
a priori knowledge on the critical distance ek . This approach of the globalization is

inspired by the trust-region methods in optimization (see for instance [3]).

Recall first that the family of vectors fields (X1, ..., X,;) is assumed to be free
up to step r. As a consequence the weights (w, ..., w,), and so the pseudo-norm,
are the same at any point p € 2. We use the notation || - || for the pseudo-norm at

any point of £2. We introduce the parameterized path t + §;(x), which is defined
by

8;(x) =("z1(x), ..., 1" z,(x)), forx € £2,
where z = @ (x" ) Note that §, is the (weighted) dilation in privileged coordinates

at xM with parameter . In particular, [|z(8,(x))[lo = |¢| [lz(x)|lo. We also define
the function Subgoal as follows.

Subgoal(x, 1, j) .
L1 = max(0, 1 — 5550
2. Subgoal(¥, 7, j) 1= 8, (X)

We note that the formula for generating ¢; guarantees that
l|z(Subgoal (x, n, j)) — z(Subgoal (x, n, j — 1))llo < n,

and that x¢ = x ™ for ; large enough.
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The global algorithm is described in Algorithm 3.4 and used the mapping
AppSteer as a sub-process. It steers (3.1) from x™1 to a point x such that
lz(x)]lo < e, where e > 0 is the desired precision (remind that z = @ (xﬁnal, -), and
sothat || z(xM)[|o = 0). Note that the Euclidean norm [|-|| is smaller than the pseudo-
norm || - ||o, hence the final point x of the algorithm satisfies ||z(x) — z(x || < e.

Algorithm 3.4 Global (xiitial yfinal o g AppSteer)

1i=0;j:=1;
Lx = xinilial; X = xinitial;
sy o= |lz(x™Mbaly 0. {initial choice of the maximum step size}

: while [|z(x;)[lo > e do

1

2

3

4

5. x4:= Subgoal (X, 1, j);
6 x = AppSteer (x;, xd);

7 i @, x)llo > 1P (x?, x1)llo then {if the system is not approaching the subgoal, }
8 n:=12; {reduce the maximum step size}

9

2
X :=ux;;j:=1; {change the path &y ,(x)}

10:  else
11: i=i+Lj=j+1
12: Xi 1= x;x,-d = x4,

13: return x;.

Proposition 3.3 Let K C 2 be a connected compact set equal to the closure of its
interior. Assume that the mapping AppSteer is defined by a sub-optimal steering law
of .

Then, for any pair of points (x™l xfinaly ¢ g s K Algorithm 3.4 terminates
in a finite number of steps for any choice of the tolerance e > 0 provided that the
sequences (x;)i>0 and (xfi)izo both belong to K.

Remark 3.7 The last assumption of the proposition prevents the sequences (x;);>0
and (xl.d )i>0 from accumulating on the boundary of the compact K. This assumption
is of a purely numerical nature, and it can be removed either by adding suitable
intermediate steps to Algorithm 3.4 as in [9], or by using numerical artifacts of
probabilistic nature. Note also that if the points x™2 and xfi"a! are far enough from
the boundary of K, one can prove that the sequences (x;);>0 and (xlfj )i>o will remain
in K.

Proof (of Proposition 3.3) Note first that, if the conditional statement of Line 7 is
not true for every i greater than some o, then xl.d = xfinal after a finite number of
iterations. In this case, the error || z(x; )| o is reduced at each iteration and the algorithm
stops when it becomes smaller than the given tolerance e. This happens in particular if

d(x;, x4 ) < ek for all i greater than iy because condition (3.37) is verified. Another
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preliminary remark is that, due to the continuity of the distance d and of the function
lz(-)llo, there exists 7 > O such that, for every pair (x1, x2) € K x K, one has

lz(xr1) — zG)llo <77 = d(x1. x2) < %" (3.38)

In the following, we will prove by induction that if, at some step ig, one has n < 7,
then, for all i > iy,

dxi—1,xh < (1/2 4+ (1/2) " 0)eg < ex.

We assume without loss of generality that ip = 0 and ¥ = xg. Fori = 1, by
construction, x4 = Subgoal(xp, n, 1) and

lz(x0) — z(xDllo <1 < 7.
In view of (3.38), one obtains d(xq, x¢) < &g /2, which implies by (3.37) that the
conditional statement of Line 7 is not true. Therefore xld = x%andd (x0, x{’ ) < éeg/2.
Assume now that fori > 1 one has

dxi—a, xE ) < 1244 (1/2) Hek. (3.39)

The subgoal xl.d_1 is of the form Subgoal (x, 1, j). Letting x4 = Subgoal(x, n, j+1),
one has

d(xi—1, x?) < d(xi—y, x ) +dxd,, xD).
By construction, it is
lzGip) = 2Dl < <7,
which implies d (xl.df1 ,x%) < gk /2. The induction hypothesis (3.39) implies that
d(xi—y, x4 ) < %d(xi—%x,d_1)~

Finally, one gets

d(xi—1, x%)

IA

1
54, xd ) +dad ) xd

A/24 -+ (1/2))ek.

IA

d d

In view of (3.37), the conditional statement of Line 7 is not true, and so x;

This ends the induction.
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Notice that, at some step i, n > 77 , the conditional statement of Line 7 could
be false. In that case, 7 is decreased as in Line 8. The updating law of 1 guarantees
that after a finite number of iterations of Line 8, there holds n < 7. This ends
the proof. (]

3.3.4 A Complete Algorithm

We can now put together the elements developed in the section and present a global
motion planning strategy. Itis presented as an algorithmic procedure associated with a
given nonholonomic system (3.1) defined on £2 C R” by m vector fields X, ..., X,
which satisfy Chow’s Condition. The required inputs are initial and final points x ™!
and x'M belonging to £2, a tolerance ¢ > 0, and a compact connected set K C £2
(of appropriate size) equal to the closure of its interior which is a neighbourhood of
both xiMtal and xfinal For instance, K can be chosen to be a large enough compact
tubular neighbourhood constructed around a curve joining x ™! and xfinal,

Global Approximate Steering Method

Let (xinital yfinal "o " gy e given.

1. Build a decomposition (3.4) of K into a finite number of compact sets K; C ¥ g,
withi =1, ..., M . Up to renumbering we assume xinitial & g 1, xfinal ¢ g i
for some integer M < M, and KiNnKiy1 #0 for{i =1,...,M — 1. We can
then choose a sequence (x');_; ;7_; such that x' € K; N K; 4| and we set

M _ xﬁnal_

X
2. Set x ;= yinitial
3. Fori = l,...,M:

a. Apply the Desingularization Algorithm at p = x’ with S = Ji (see
Sect.2.4.2). The output is a system of coordinates z on ¥ RS R~ and
m vector fields &1, ..., &, on this domain.

b. Define AppSteer as the mapping associated with the nilpotent approximation
o of (§1,...,&,)on "///[. x R~ and with its steering law Steer,, , o @ (see
Sect.3.3.2).

c. Set xmital .— (x 0), ¥l .= (x, 0). Choose ¢; > 0 so that the set {y € K; :
lz(y) — z(x))|| < ¢;} is included in K; 4| ifi < M,ande; = eifi = M.
Choose also a closed Euclidean ball B(0, R) in R~ of large radius R, and
set K; = K; x B(0, R).

d. Apply Global(Finitial final 0. g, AppSteer) to (£, ..., £). The algorithm
stops at a point X which is e;-close to X" (in the Euclidean norm associated
with the coordinates z).

e. Replace x by 7 (x), where 7 : 7/%- x Rir =" — “//fl. is the canonical projec-
tion, and return to step 3 with i :=i + 1ifi < M.
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This method steers, in a finite number of steps, the nonholonomic system (3.1)
from x4l o a point x € K arbitrarily close to x as ¢ — 0.

Let us mention some advantages of this method. First, it may be easily adapted for
stabilization tasks since it relies on an iterative procedure (see [26]). Second, taking
advantage of the fact that the algorithm may be adapted to produce a C! input, one can
address the motion planning problem for the dynamical extensions of nonholonomic
systems, that is, systems for which the control is not u but its derivative. Finally, let
us point out the modular nature of the method: one can propose other approaches to
obtain uniformly contractive local methods (like the one of Remark 3.6), or replace
Steer,, »(-) by another control strategy for nilpotent systems.

3.4 Two Other Methods

Beside the method by approximation developed in the previous section we present
with less details two other motion planning methods that reveal interesting charac-
teristics of nonholonomic systems.

3.4.1 Path Approximation

Assume that the degree of nonholonomy of (3.1) is bounded by an integer r on the
whole domain 2 and consider the elements Iy, ..., I5, of J#". Forevery x € §2 the
family X1(x), ..., X7(x) generates the whole R”". It follows that any smooth curve
in 2 is a trajectory of the extended system defined as,

)'C=V]X[l(x)+"~+VﬁrX1ﬁr(X), x € $2, (3.40)

where v = (v1, ..., v,) is the control.

The idea of the path approximation method is to construct trajectories of the
nonholonomic system (3.1) approaching the ones of the extended system. More
precisely, given a trajectory y of the extended system, we will explicitly construct a
sequence u/ = (u{ . ..., ujy,) of controls such that the corresponding trajectories of
(3.1) converge uniformly in time to ¥ when j tends to infinity. This result gives an
approximate solution to the motion planning problem: choosing any smooth curve
y (which is also a trajectory of the extended system) that joins x4l to xfinal the
control u/ constructed above will steer (3.1) arbitrarily close to x ™ for j large
enough.

The main advantage of the construction is its universal character: it is independent
of the particular values taken by the vector fields, and depends only on the structure
of the Lie brackets. Therefore, the natural environment to present this construction
is that of the free Lie algebra. However, this abstraction makes thinks difficult to
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understand, so we have chosen to describe the method on a simple example. We
refer the reader to the papers of Sussmann and Liu for a complete presentation (first
appearance in [29], all technical details in [19], and a simplified but more affordable
presentation in [30]).

Consider then the case of a system with two inputs in RS, that is,

= X1(x) +usXa(x), xeR, (3.41)

whose degree of nonholonomy is never greater than 3. The elements /i, ..., [;
of #3are; = 1, =2, 1z = [1,2], I+ = [1,[1,2]], and I5s = [2,[1,2]].
Fix two points x™Mtal xfinal 5 RS and choose a C! curve y : [0, 1] — R such that
y(0) = xMtal and (1) = xfinal There exist smooth real-valued functions vy, . . . , vs
defined on [0, 1] such that # — y (¢) is the solution of the Cauchy problem

X=X (x) 4+ vs(0) X5 (x), x(0) = xinitial

We seek to build a control sequence (u/) jeN such that the sequence of trajectories
of (3.41) associated with (/) jeN converges uniformly in time to y when j tends to
infinity.

Asin Sect.3.2.2, we use oscillating controls that are linear combinations of sinu-
soidal functions with carefully chosen frequencies. Consider three groups of real-
valued frequencies §2;y = {wk.1, w2}, for k = 1,2, 3, and assume that the wy
satisfy the following conditions:

(i) w11 +w12=0, 201 + w22 =0, w31 +2w32=0;
(ii) for any integer oty in [—2, 2] and any wy € 2k, kK = 1, 2, 3, one has,

aiwl +aw +tazwys =0 — o) =ay =a3 =0.

Now, fix some C! functions N, 2, Nkt k = 1,2,3 and [ = 1, 2. We define the
sequence of controls u/ = (u{, u%), Jj € N, by
J _ J J J
u;y @& =m@® + u]ﬁ](t) + uzﬁ](t) + M3,1(t)a
w)(1) = (1) + uf 5 () + ) (1) + uj (1),
where
j L1 . . j s .
ui (1) = I sinwy1jt,  wl, = j2nia@)coswrajt, (3.42)
i 2 2
wy (1) = jima(t)coswyjt,  uy, = jima(t)coswrajt, (3.43)
i 2 . .2 .
uﬁ,l(t) = j3ma()coswsz1jr, uz, = jinza(t)coswsajt. (3.44)

Then the sequence of trajectories of the system (3.41) associated with the sequence
of controls u’/ converges uniformly to the solution of
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2 2
. n,1M1,2 n2,1M2,2 n3,1M3 2
X =mXp () +mX,() - ——=X(x0) - —5—X,(x) - ——— X5 (x).
2011 8w3 4 4w3 1032

As a consequence, by choosing the functions 71, 12, nk,; such that

_ma@ma@)

n@) =vi(t), n@) =), v3(1),
2w,
3 (ON2.2(1) 13,1003
_’—2:‘}4 t 9 _—’ZVS(I)s
8w; | 4wz 1032

the sequence of controls (u/) jeN produces a sequence of trajectories of (3.41) that
converge uniformly to y. This ends the construction.

It is important to notice the role of the conditions (i) and (ii). For instance, the
resonance condition (i) ensures that a control such as (3.42) does a motion in the
direction X3, whereas the independence condition (ii) guarantees that the controls
(3.43) and (3.44) do not produce any displacement in that direction. Thus these
conditions play exactly the same role as (3.17) and (3.18) do respectively for steering
nilpotent systems.

However there is a huge difference between both strategies. Indeed, the path
approximation requires to use sinusoidal controls whose frequencies tend to infinity
in order to ensure that the final state converges to the goal, even if the system under
consideration is nilpotent. This makes the method hardly usable in practice for most
applications.

3.4.2 Continuation Method

Fix a point p € £2 and a time 7 > 0. We will consider only L? control functions,
so we define the set of admissible controls as % = L2([0, T], R™). The end-point
mapping at p in time T is defined by

E,r:ve% — y(T;p,v).

Using this mapping, the motion planning problem may be restated as follows: given
a pair (xMital yxfinaly ¢ & 5 2 find a control u € % such that

E cinitial 7 (1) = xfinal,
Thus, we want to invert the application Einiia 7, Or more precisely, we are looking
for a right inverse of Einiia 7 because it is surjective (the system is controllable),

but it is not injective (there are several controls u such that E inital 7 (u) = xfinaly ‘Wwe
proceed as follows.



88 3 Nonholonomic Motion Planning
Take any control u° € % . The idea is to build a path in % that allows to go
from u° to a control u' satisfying Exinitia],T(Ml) = xfinal get x0 = ExinitialyT(MO), and
choose a path 7 : [0, 1] — £2 such that 7(0) = x° and 7 (1) = x"! We seek a
path IT : [0, 1] — %/ such that, for almost every s € [0, 1],
Exinilial’T(H(S)) =7(s).

Taking the derivative with respect to s, we obtain
dIl dm
dE it 7 (IT1(5)) - ——(5) = —(5), (3.45)
ds ds

where d E iniial 7(v) denotes the differential of E iniial 7 at v € .

If dE ;initia 7 ([1(s)) is of full rank, it admits right inverses. Choose one of them
(for instance the Moore-Penrose pseudo-inverse), and denote it by P (I1(s)). We can
form a differential equation,

dIl dm
—(s)=P(I1 - —(s), 3.46
= (11(s)) © (3.46)
whose solutions satisfy (3.45). As a consequence, the solution of the Cauchy problem,

drll dm
g(s) = P(M(s)) - Z(s)’
I1(0) ul,

(3.47)

is by construction a solution of (3.45), provided it is defined on the whole interval
[0, 1], and its final value u! = I7(1) is a solution of the motion planning problem
between x ™2 and xfi2 Tt can be obtained through a numerical integration of (3.47)
on [0, 1] using for example an Euler scheme.

Hence we are led to study the lifting equation (3.46) as an ordinary differential
equation on % . In order to use this equation to solve the motion planning problem,
we have to guarantee two conditions:

(a) non degeneracy: the path 7 must be chosen so that d E iniiar 7 (11(s)) is of full
rank for every s € [0, 1];

(b) non explosion: for any initial choice u°, the solution of the Cauchy problem
(3.47) must be defined on the whole interval [0, 1].

Point (a) ensures the existence of P([1(s)) for all s € [0, 1], and so that (3.46)
is well-defined. Point (b) ensures the existence of I7(1). Note that the end-point
mapping is smooth, so we always have local existence and uniqueness of the solution
of (3.47).

Both conditions are very difficult to guarantee. For the first point one has to deal
with the singular controls, which are the critical points of the end-point mapping. A
way to ensure (a) would be to require that the path 7 avoids the set of the critical
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values of the end-point mapping. However there is no general characterization of this
set, we do not even know if it is of zero measure (that is, if the end-point mapping
satisfies a Sard type property). We refer to [28] for a discussion on singular controls.

Point (b) consists in proving the global existence of the solutions of a highly
nonlinear differential equation, which is particularly difficult in the general case. It is
related to (a) since the interval of definition of the solutions depends on the domain of
definition of the differential equation itself. Results exist only under very restrictive
assumptions [6, 8].

Thus from a theoretical point of view, the validity of the continuation method
is not settled. In particular a proof of convergence in a general setting seems to be
very difficult to obtain. However the numerical implementation of this method (or of
some of its variants) for concrete examples often provide rapidly a very satisfactory
approximate solution to the motion planning problem. It is then worth to consider
this method in practical problems, and to further investigate its mathematical setting.

3.5 An Overview of the Motion Planning Algorithms

To conclude this section, let us give a brief overview of the existing solutions to the
motion planning problem. Recall that such a solution is an algorithm whose inputs
are the points (x™Mtal xfinaly “and whose output is a control u steering the system
from xiMtal o xfinal o to a point arbitrarily close to x"!. Several criteria may be
introduced to judge such a procedure, we propose the following ones.

1. Generality: to which class of nonholonomic systems applies the algorithm? The
larger the class is, the more general the algorithm will be. The most general
algorithms apply to systems satisfying the sole Chow Condition.

2. Global character of the algorithm: does the algorithm produce a steering control

for every pair of points in £2? Or just for points close enough one to each other?

Note that the core of many algorithms consists in a local procedure and turning

the latter into a global one may be a serious obstacle to overcome.

Convergence: does a mathematical proof of convergence exist?

4. Usefulness for practical applications:

W

is the dimension n of the state drastically limited?

is the procedure robust with respect to the dynamics?

does it produce “nice” trajectories, e.g. smooth enough, without cusps nor large
oscillations?

e does it have a good local behaviour, i.e., is it possible to reduce the state space
£2 to any smaller open and connected subset of R"?

5. Efficiency of the numerical implementations.

Let us present now the existing solutions to the nonholonomic motion planning
problem at the light of the aforementioned criteria. We restrict our overview to
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the algorithms that present a sufficient degree of generality. In particular we do
not mention algorithms applying to very specific systems, or to systems in small
dimension (typically, there exist several particular methods in dimension 3).

At first, in the case of specific classes of nonholonomic systems (i.e. where more
is known than the sole Chow Condition), effective techniques have been proposed,
among which a Lie bracket method for steering nilpotentizable systems (see [18, 21]
and Sect. 3.2.3), sinusoidal controls for chained systems (see [24] and Sect.3.2.1),
averaging techniques for left-invariant systems defined on a Lie group (see [4, 20]),
and a trajectory generation method for flat systems (see [13]). Depending on the
applications, these methods turn out to be extremely efficient, especially when the
system to be steered is shown to be flat with an explicit flat output.

However, the class of systems considered previously is rather restrictive. For
instance for 2-input nonholonomic systems (i.e. m = 2), under suitable regularity
assumptions, a flat system is feedback equivalent to a chained system (cf. [23,
25]), which is a non generic property among nonholonomic systems as soon as the
dimension of the state space is larger than 4. As already mentioned in Sect. 3.2, the
same property of non genericity holds for nilpotentizable systems. Moreover, there
exist standard nonholonomic systems whose kinematic model does not fall into any
of the aforementioned categories. For instance, mobile robots with more than one
trailer cannot be transformed in chained-form unless each trailer is hinged to the
midpoint of the previous wheel axle, an unusual situation in real vehicles. Another
similar example is the rolling-body problem: even the simplest model in this category,
the so-called plate-ball system, does not allow any chained-form transformation and
is not flat.

Regarding general nonholonomic systems, various steering techniques have been
proposed in the literature. Let us first mention the generic loop method, presented
in [31]. It is based on a local deformation procedure but requires an a priori estimate
of some “critical distance" which is an unknown parameter in practice. That fact
translates into a severe drawback for constructing a globally valid algorithm. The
path approximation of [19, 29], which uses unbounded sequence of sinusoids, is
also worth noticed (see Sect. 3.4.1). It is however not adapted to most of the practical
motion planning tasks, since it relies on a limit process of highly oscillating inputs.
A series of papers ([2, 14] and references therein) presents another method of path
approximation based on optimal control but it applies only for certain classes of
nonholonomic systems.

The continuation method of [8, 33] (presented in Sect. 3.4.2) belongs to the class of
Newton type methods. Proving its convergence amounts to show the global existence
for the solution of a non linear differential equation, which relies on handling the
singular controls of the nonholonomic system. That latter issue turns out to be a hard
one, see [10, 11] for instance. This is why, in the current state of knowledge, the
continuation method can be proved to converge only under restrictive assumptions
(see [6, 7, 12]). However the numerical implementations of this method seem to be
very efficient in practice [1, 27, 34].

The most complete methods, with respect to the criteria defined previously,
are iterative methods based on exact solution to the motion planning problem for
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nilpotent systems. The first one has been introduced in [18] and improved in [21]. It
is a completely general method that suffers however from important limitation for
practical use. First, the method is actually a local one, since its globalization requires
the knowledge of a critical distance, which is not available in practice. Second, either
the resulting trajectories in [21] contain a large number of cusps (exponential with
respect to the degree of nonholonomy), or the computation of the steering control
in [18] requires the inversion of a system of algebraic equations. The latter turns out
to be numerically intractable as soon as the dimension of the state is larger than six.
The second iterative method, introduced in [16] and developed in [9], is based on the
notion of nilpotent approximation and has been detailed in Sect.3.3. This method
meets all our criteria except the last one. It has indeed not been fully implemented
up to now, so its numerical efficiency remains to be seen.
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Appendix A
Composition of Flows of Vector Fields

This chapter is dedicated to the proof of Campbell-Hausdorff type formulas for flows
of vector fields. The result in Sect. A.1 has been used in Sect. 1.4, the one in Sect. A.2
will be necessary for the next appendix.

Let U be an open subset of R" and V F(U) the set of smooth vector fields on U.
Given a vector field X € VF(U), we denote its flow by exp(¢ X).

A.1 Campbell-Hausdorff Formula for Flows

We will need in this chapter the Campbell-Hausdorff formula which we recall briefly
here (for amore detailed presentation see for instance [2, Chap. II]). Let x and y be two
non commutative unknowns, and [x, y] = xy — yx their commutator, also denoted
by [x, y] = (adx)y. The length of an iterated commutator (adxy) ... (adxg_1)x,
where each xi, ..., xx equals x or y, is defined to be the number of occurrences k

| . k k
of x and y. Define also e* and e’ to be the series > ;. %7 and > ;- 77- Then we
have e*e? = e (*:Y) in the sense of formal power series, where

1
H(x,y)=x+y+§[x,y]+R(x,y), (A.1)

and R(x, y) is a series whose terms are linear combination of iterated commutators
of x and y of length greater than 2. For an integer N we denote by Hy(x, y) the
partial sum of H (x, y) containing only iterated commutators of length not greater
than N. In particular, Hy =x +yand H, = x + y + %[x, y].

Consider now two vector fields X,Y € VF(U). Given ¢t € R and an integer N,
Hy(tY,tX) is a smooth vector field on U which writes as Z,N:1 t'Y;, where the
vector fields Y7, ..., Yy belong to the Lie algebra generated by X and Y.
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Lemma A.1 Forany p € M, there exist positive constants § and C such that |t| < §
implies
llexp(tX) o exp(tY)(p) — exp(Hn (1Y, 1X))(p)| < Clr|¥ .

Proof Set ¥ (t) = exp(tX) o exp(tY)(p), which is a function defined and C* in
a neighbourhood of 0 € R, and let (x1, ..., x;) be a system of local coordinates
on a neighbourhood of p in U. We will compute the Taylor expansion of every
component x; (Y (¢)),fori = 1, ..., n. Todothis, we introduce the function ¢ (¢, s) =
exp(tX)oexp(sY)(p),sothat (1) = ¢ (¢, t), and we compute the partial derivatives
of x; o ¢ at 0 € RZ. We have:

Bx,- o ([5
ot

d
(t,8) = o [xi 0 exp(1X)] (exp(sY)(p)) = Xxi ($ (1, 5)),

where X x; denotes the Lie derivative of x; along X. Repeating this computation, we
obtain for any integer k,

akx,- o ¢)
otk

(t,5) = X x; (9 (2, 5)).

In the same way, we have:

ak-Hxl, o¢ al akxi o¢
sstar 00 = 50— 0.9
al k vk
= o [ ¥ exp V()] |2 = VX (p).

We then deduce that the formal Taylor series of x; (1 (¢)) = x;(¢(¢,t)) at 0 is

k

(kA Lok L ; tk ‘
2 VX = | 2y | 25X [,

k=0 >0 k>0

where X and Y are considered as derivation operators. From the Campbell-Hausdorff
formula, the product of the formal series 'Y = >",_, %Yl with e =3, %Xk
is equal to the series M Y1X) "Agq consequence, the Taylor expansion of x; (¥ (¢))
up to degree N is given by the terms of degree < N in the series eV X x; (p),
which coincide with the terms of degree < N in the series e /N Y1 X) x; (p).

On the other hand, it results from Lemma A.2 below that eV Y1 X) x; (p) is the
Taylor series at 0 of the function 7 + x; o exp(Hy (tY, tX))(p). Thus

x;i o Y (1) — x; o exp(Hy (Y, tX))(p) = O(|t|N 1)

for every coordinate x;. (]
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Lemma A.2 Let Yy, ..., Yy be vector fields on U, f:U — R a smooth function,
and p € U. The formal Taylor series at 0 € RY of the function (z1, ..., z¢) +—
f(exp(X; ziYi)(p)) is given by

1
> aX f(p) = X ().

k>0 " i

The formal Tay]or series at 0 € R of the function t — f(exp(Y (t))(p)), where
Y1) = Zle t'Y;, is given by

1
> YO () =" f ). (A2)

k>0 "

Proof The second statement is obviously a consequence of the first one, so it is
sufficient to prove the latter. We introduce the functions g(z) = f(exp(D_; ziYi)(p))
and G (¢, 7) = g(tz) which are well-defined and smooth on a neighbourhood of 0 in
RRY, respectively R x R¢. We are looking for the Taylor series of g at 0.

Since G(t, z) = f(exp(t 2 ; zi¥i)(p)), we have, for any integer k > 0,

k
kG
S50 = (sz) f(p).

On the other hand G(t, z) = g(¢z), and hence the previous derivative can also be
computed as

kG k! okg
—(0,2) = § — =2 (0).
k 1ooogot ] g 00 g 0
ot 1k ol ap! 0z, 0z,

Combining both expressions, we obtain

k
o] oy k
Zl ...ZZ a g B ] .
Z !-“az!az?l"'aZ?e(O)_E(lZZlYl) f(p)»

o
ay+-tap=k !
and the lemma follows. O

Lemma A.1 can be extended in two ways. First, since the vector fields and their
flows are smooth on U, the estimate holds uniformly with respect to p. Second,
by Lemma A.2, the vector fields #X and 1Y may be replaced by the one-parameter
families of vector fields X (1) = t X+ - -+t* Xz and Y () = t Y| +- - -+ %Y, where
X1,...,Xrand Y7, ..., Yy are vector fields on U. As an example, Hy (Y, tX) is of
this form. To summarize, a slight change in the proof of Lemma A.1 actually shows
the following result.
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Corollary A.1 Let K C U be a compact. There exist two positive constants §, C
such that, if p € K and |t| < 8, then:

llexp(X (1)) © exp(Y (1)) (p) — exp(Hn (X (1), Y ) (p)|| < Cle|N 1,

‘We are now in a position to prove formula (1.7), that we used in the proof of Lemma
1.1.Let Xy, ..., X, bemelements of V F(U).Forevery element I € Z(1,...,m),
we define the local diffeomorphisms q)tl on U by induction on the length |/]| of /.
Let ¢f =exp(tX;) and set, if I = [I, I»],

1 I 1 I 1
fon =¢3, °¢Jt °¢zz °¢zl~

Proposition A.1 Let K C U be a compactand I € £ (1, ..., m). There exist two
positive constants 8, C such that, if p € K and |t| < &, then

6! ) = p =X, ()| < cp ", (A3)

Proof For § > 0 small enough, the mapping (p, t) — ¢>l’ (p) is defined and C* on
K x (=6, §). As a consequence, we are reduced to prove (A.3) for a fixed p € K.
When |I] =1, d)tl(p) =exp(tX;)(p) forsomei € {1, ..., m}, which is equal to
p+1Xi(p) + O(1]).
Now, let 7 be an element of £ (1, ...,m) and N > |I| an integer. Corollary A.1
implies that ¢/ (p) = exp(H},(1))(p) + OtV T1) where the series H, (1) is defined
by induction on the length |7|: if I = i, then HI{,(t) =tX;,and if I = [I;, 5], then

HY (1) = Hy(Hy (H)! (1), HR2 (1)), Hy(—H) (), —HR2 (1)),

Applying (A.1) iteratively, we can write HJ{, (1) = t'1X; + M+ R, (1), the latter
term being a one-parameter vector field. As a consequence,

¢t1(p) =p+ tIIIXI(p) + terms of degree greater than |/ + 1,

which completes the proof. (]

Remark A.1 Assume that X1, ..., X,, are real analytic vector fields which generate
a nilpotent Lie algebra of step r. In this case, for any pair of vector fields X, Y in
Lie(X1,...,X;,m)and any t € R, we have Hy (X, Y) = H,(X, Y) whenever N > r.
Thus, following Lemma A.1, exp(tX) o exp(tY)(p) and exp(H, (1Y, tX))(p) have
the same Taylor expansion at t = 0. Since both are analytic functions of ¢ they are
equal for ¢ small enough,

exp(rX) o exp(tY)(p) = exp (Hy (1Y, 1X)) (p).
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Using this property in the proof of Proposition A.1, one proves that (A.3) can be
replaced by the following equality,

¢II(P) = exp (fl[lXI + thR[(t)) = exp (t“H'lR/,(t)) o exp (t'”XI) ,

where R; (1) and R (¢) are linear combinations of brackets X ; with || < [J| <r.

A.2 Push-Forward Formula

Given two vector fields X, Y € V F(U), we write (adX)Y for [X, Y], (adX)?Y for
(adX)((adX)Y), etc.

Proposition A.2 Let K C U be a compact, N a positive integer, and X, Y,
Y1,..., Yo vector fields in VF(U). There exist two positive constants §, C such
that, if p € K, t € R and z € R satisfy |t| < 8 and ||z|| < 8, then

Nk
t
exp(rY). X (p) = 2 @A X(p)| < CleN T
k=0 "
¢ Ny ¢ k
exp(D>_ziY)« X (p) —Z;(adem) X(p)| < CllzIM*,
i=1 k=0 """ i=1

where exp(tY )X = d(exp(tY)) o X o exp(—tY) denotes the push-forward of the
vector field X by the diffeomorphism exp(tY).

Proof Let us begin with the first inequality. Set ¢, (t) = exp(tY)+«X (p). For § > 0
small enough, the mapping (p, t) — ¢,(¢) is defined and C* on K x (=6, §). Asa
consequence, there exists a constant C > 0 such that, for every p € K and |f| < §,
we have

N ok gk
t"d*¢
ppt) — D ——LO)| < Clt|VH".
k! dt
k=0
k
It remains to prove that d dﬂp 0) = (adY)*X( p) for any integer k. Note first that

¢, (0) = X (p), and that

d¢ d
d—f(O) = [exp(tY)X]],_,(P)

is by definition equal to —Ly X (p), where Ly X is the Lie derivative of X along Y
(see for instance [1]). Since Ly X (p) = (adY)X (p), the cases k = 0 and k = 1 are
done.
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We need now to compute %(t) at t # 0, or equivalently

Writing ¢, (t + 5) as exp(tY)4 exp(sY )+ X (p), we have

—d¢”[§2+s> at s = 0.

d do,(t + d
%(r) = % ls=0=exp(tY s~ [exp(s ). X] |,_o(p)

= exp(1Y)«((adY) X)(p).

This derivative has the same form as ¢, (¢), X being replaced by (adY)X. Iterating

the argument above, we obtain by induction ddkﬁ” ) = (adY)k X (p), and the first
inequality of the proposition is proved.

As for the second inequality, the same reasoning applies and we only need to
compute the partial derivatives at0 R¢ of the function 5 (2) = exp(zi Z2iYi)« X (p).
This can be done as in the proof of Lemma A.2. The proposition follows. ([
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Appendix B
The Different Systems of Privileged Coordinates

This appendix is devoted to the proof that the examples of coordinates introduced in
Sect. 2.1.2 are actually privileged coordinates.

B.1 Canonical Coordinates of the Second Kind

Let p € M and let us choose an adapted frame at p, i.e. a family of vector fields
Y1, ..., Y, such that

Yi(p),...,Yu(p)isabasisof T,M,
Yie AV, i=1,...,n.

The map

@:(21,...,2n) > exp(z,Yy) o -+ oexp(z1Y1)(p)

is alocal diffeomorphism near 0 € R” and its inverse defines some coordinates called
canonical coordinates of the second kind near p.
The following result is due to Hermes [1].

Lemma B.1 Canonical coordinates of the second kind are privileged at p.

For sake of simplicity, we will write the compositions of maps as products; for
instance, we write

¢ (z) = exp(z1Y1) ...exp(z, Yn)(p).

Proof First, let us recall that ¢ is a local diffeomorphism at z = 0 because its
differential at O is an isomorphism. This results from
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RY d d
97 O =, @0.....1.....0) =0 = 27 @PEYD(P)) |,_g = Yi(p),

fori =1, ..., n. This computation also reads as ¢*a%( p) = Yi(p), which implies
Yizi(p) = 1 (asin Sect. 2.1.1, ¥; z; denotes the Lie derivative of the function z; along
the vector field Y;). Hence the order of z; at p is not greater than w;.

It remains to show that the order of z; at p is at least w; foreachi = 1, ..., n.
This is a direct consequence of the following assertion.

Claim Let X be one of the vector fields X1, ..., X,. Then, fori = 1, ..., n,the Taylor
expansion at 7 = 0 of the function a; (z) = Xz; (¢(2)) is a sum of homogeneous
polynomials in the coordinates z of weighted degree > w; — 1.

From the very definition of a;(z), we have

‘ 3
XG@) = Y @52 @), (B.1)
i=1 !

Given z, let ¢ be the diffeomorphism defined on a neighbourhood of p by ¢(g) =
exp(z1Y1) ...exp(z,Yn)(q). Inparticular, p(p) = ¢(z). Inorder to obtain an equality
in T, M, we apply the isomorphism (d¢ 1,)_1 to both sides of (B.1), and we get

" 9
—1 _ . -1
(0" )« X(p) = E a;(z) (¢ )*_aZi (p).

i=1

This equality is of the form W = ZL] a; V;, where the vectors W = W (z) and
Vi = Vi(z),i = 1,...,n, belong to T, M. If we denote by b = b(z) € R" the
coordinates of W in the basis (Y{(p), ..., Y,(p)) of T,M, and by P = P(z) the
(n x n)-matrix of the coordinates of Vi, ..., V, in the same basis, then the vector
a(z) = (a1(z), - . ., ay(z)) appears as the solution of Pa = b.

Note first that P (0) equals the identity matrix Id. Therefore both matrices P(z)
and P (z)~! are equal to Id+homogeneous terms of positive degree. Hence the Taylor
expansion of a;(z) and the one of b; (z) have the same homogeneous terms of lower
degree.

On the other hand, since (p_l

= exp(—z,Yn) ...exp(—z1Y1), we have
W(z) = exp(—zuYn)s . ..exp(—z1 Y1)« X (p).

Let us choose an integer N bigger than all the weights w;, and apply Proposition A.2
to exp(—z1Y1)«X, then to exp(—ZQYz)*(ale)ll X, and so on,
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N

W(2) =exp(=za¥n)s - .. exp(=22¥2)s D
11=0

(—zph

[ @) X(p) + 00"

N — I — In
= > (lzll') o IZ”') (dy,)" ... (ad¥))" X (p) + O(|z|V*).

Hence every coordinate b; (z) of W (z) satisfies

N o — 7\
b= > (fll,) 2t f”,) B+ 0(Iz1M ), (B2)

where ,Bf denotes the ith coordinate of the vector (adY,)™ ... (adY})"' X (p) in the
basis (Y1(p), ..., Yn(p)). The latter vector belongs to A" (p), wherew = 1+1jw; +
o +1,w, (recall that X € Aland Y; € A%). Since (Yy, ..., Y,)isan adapted frame
at p, ﬂf is zero when 1 + [yw; + - - - + I,w, < w;. It follows that b; (z) — and then
a;(z) — contains only homogeneous terms of weighted degree greater than or equal
to w; — 1. This ends the proofs of both the claim and the lemma. (]

B.2 Canonical Coordinates of the First Kind

Let p € M and Y1, ..., Y, an adapted frame at p. The map
G (@1 zn) = exp Y+ 4 20 V) ()

is a local diffeomorphism near 0 € R” since its differential at O is an isomorphism.
This results from

¢ d ~ d
3 O=7 (60,1, 0) |, = — (exp(YD)(p)) |,y = Yi(p),

fori = 1,...,n. The inverse of $ defines some local coordinates near p called
canonical coordinates of the first kind.
Lemma B.2 Canonical coordinates of the first kind are privileged at p.

The first proof of this lemma appeared in [2], with a different formulation. The
proof we present here is rather different.
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Proof The proof follows exactly the same lines as the one of Lemma B.1, replacing
¢ by ¢, and ¢ by ¢ = exp(>_ i Y;). We are left to compute the coordinates b; (z),

i =1,...,n, of the vector W(z) = ({0"1)*X(p) in the basis (Y1(p), ..., Y, (p)) of
T, M. It results directly from Proposition A.2 that

k

W) = Z (ade, )X(p)+0(|z|’v+l>,

kO

=Z > ad .z + oM,

k=0 Iy 4+, =k

Where Z belongs to AY(p), withw = 1+ 1w+ - -+, w,. Thus every coordinate
b () of W(z) satisfies

N
bi)=> > adl...dB+0@Vh,

k=0 Iy +-+1, =k

Ef being the ith coordinate of Z; in the basis (Y1(p), ..., Y, (p)). This expression is
similar to (B.2), and the same conclusion follows. [l

B.3 Algebraic Coordinates

Let us recall the construction of the algebraic coordinates (zi, ..., z,) given in
page 23. Let Y1, ..., Y, be an adapted frame at p, and (y1, ..., y,) be local coordi-
nates centered at p such that dy,|, = Y;(p). For j =1, ..., n, we set
wi—1
Zj=yj— Z hi(1, ..o, Yj—1)s (B.3)
where, fork =2,...,w; — 1,
< ¥y vy 1
L . _ Yotl a;l( i ) 1 Sl
KOsy = Z )P T o
la|=k
w(a)<w;

with || = a1 + - - - + .
Lemma B.3 The algebraic coordinates (z1, .. ., z,) are privileged at p.

The proof of the lemma is based on the following result.
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Lemma B.4 A function f is of order > s at p if and only if

@y Y f)(p) =0
for all o such that w(a) < s.

Proof Let f be a function of order > s at p. Using the rules (2.1), we have

ord,(Y;) = —wj fori = 1,...,n, and hence ord,(Y;" ---¥;") > —s for every
o = (a1, ...,q,) such that w(a) < s. Consequently, for such an « the iterated
derivative Y 1“ ... Y," f is a function of positive order, and so vanishes at p.

Conversely, let f be a function of order < s at p. We introduce the canonical

coordinates of the second kind (x, ..., x,) defined by means of the adapted basis
Yy, ..., Y,. Proposition 2.2 implies that there exists a such that w(a) = ord, (f) < s
and (3y! -+ - 35" f)(p) # 0. Moreover, every vector field ¥;, i = 1, ..., n, writes in

coordinates x as

n
Z Yl-] (x)dy;, where ordp(Yi]) >wj — wj.
j=1

There also holds Yl.j (0) = §;j since Y; (p) = 0y;. As a consequence,

Yo YO (p) = 9yl - 9% (p) + Z aﬁafll ~--8,’2;’(p),
w(B)<w(@)

and thus (Y] - Y, f)(p) = (3, --- 05" f)(p) # O since w(er) = ord,(f). This
ends the proof. (I

Proof (of Lemma B.3) Leti € {1, ...,n}. Note first that Y;z;(p) = Y;yi(p) = 1,
which implies ord,(z;) < w;. It remains to show that ord,(z;) > w;. For this we
will use the criterion of Lemma B.4.

Let « such that w(«) < w; (and so || < w;). Using the expression (B.3) of z;,
we obtain

wi—1
YlOl1 ...Y,‘l"”zi = Ylw1 ...Y,‘lx" (y,- — z hk()’))
k=2

loe|—1 wi—1
=y = D ) | =y [ D )
k=2 k=lo|

(B.4)

The functions Ay are given by
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k—1 B1 Bi—1
i y Yi_
o = 2 (v = ) () BT
1B|=k g=2 e
w(B)<w;

Therefore, we clearly have (Y{"' ...Y,"hi) (p) = 0if k > |a|, and

lae|—1

(V7Y h) (p) =YY [y = D () ] ()
k=2

Plugging this expression into (B.4), we obtain (Yf‘1 LYz (p) = 0, which ends
the proof. (I
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