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Preface

The field of inverse scattering theory has been a particularly active field in
applied mathematics for the past twenty five years. The aim of research in
this field has been to not only detect but also to identify unknown objects
throught the use of acoustic, electromagnetic or elastic waves. Although the
success of such techniques as ultrasound and x-ray tomography in medical
imaging has been truly spectacular, progress has lagged in other areas of ap-
plication which are forced to rely on different modalities using limited data in
complex environments. Indeed, as pointed out in [58] concerning the problem
of locating unexploded ordinance, “Target identification is the great unsolved
problem. We detect almost everything, we identify nothing.”

Until a few years ago, essentially all existing algorithms for target iden-
tification were based on either a weak scattering approximation or on the
use of nonlinear optimization techniques. A survey of the state of the art for
acoustic and electromagnetic waves as of 1998 can be found in [33]. However,
as the demands of imaging increased, it became clear that incorrect model
assumptions inherent in weak scattering approximations impose severe limi-
tations on when reliable reconstructions are possible. On the other hand, it
was also realized that for many practical applications nonlinear optimization
techniques require a priori information that is in general not available. Hence
in recent years alternative methods for imaging have been developed which
avoid incorrect model assumptions but, as opposed to nonlinear optimization
techniques, only seek limited information about the scattering object. Such
methods come under the general title of qualitative methods in inverse scat-
tering theory. Examples of such an approach are the linear sampling method,
[29, 37], the factorization method [66, 67] and the method of singular sources
[96, 98] which seek to determine an approximation to the shape of the scatter-
ing obstacle but in general provide only limited information about the material
properties of the scatterer.

This book is designed to be an introduction to qualitative methods in
inverse scattering theory, focusing on the basic ideas of the linear sampling
method and its close relative the factorization method. The obvious question
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is an introduction for whom? One of the problems in making these new ideas
in inverse scattering theory available to the wider scientific and engineering
community is that the research papers in this area make use of mathematics
that may be beyond the training of a reader who is not a professional mathe-
matician. This book is an effort to overcome this problem and to write a mono-
graph that is accessible to anyone having a mathematical background only in
advanced calculus and linear algebra. In particular, the necessary material on
functional analysis, Sobolev spaces and the theory of ill-posed problems will
be given in the first two chapters. Of course, in order to do this in a short
book such as this one, some proofs will not be given nor will all theorems be
proven in complete generality. In particular, we will use the mapping and dis-
continuity properties of double and single layer potentials with densities in the
Sobolev spaces H'/?2(9D) and H~/2(9D) respectively but will not prove any
of these results, referring for their proofs to the monographs [75] and [85]. We
will furthermore restrict ourselves to a simple model problem, the scattering
of time harmonic electromagnetic waves by an infinite cylinder. This choice
means that we can avoid the technical difficulties of three dimensional inverse
scattering theory for different modalities and instead restrict our attention
to the simpler case of two dimensional problems governed by the Helmholtz
equation. For a glimpse of the problems arising in the three dimensional “real
world”, we conclude our book with a brief discussion of the qualitative ap-
proach to the inverse scattering problem for electromagnetic waves in R? (see
also [12]).

Although, for the above reasons, we do not discuss the qualitative approach
to the inverse scattering problem for modalities other than electromagnetic
waves, the reader should not assume that such approaches to not exist! Indeed,
having mastered the material in this book, the reader will be fully prepared to
understand the literature on qualitative methods for inverse scattering prob-
lems arising in other areas of application such as in acoustics and elasticity.
In particular, for qualitative methods in the inverse scattering problem for
acoustic waves and underwater sound see [6, 92, 112, 113], and [114] whereas
for elasticity we refer the reader to [4, 20, 21, 48, 91, 93] and [105].

In closing, we would like to acknowledge the scientific and financial sup-
port of the Air Force Office of Scientific Research and in particular Dr. Arje
Nachman of AFOSR and Dr. Richard Albanese of Brooks Air Force Base.
Finally, a special thanks to our colleague Peter Monk who has been a par-
ticipant with us in developing the qualitative approach to inverse scattering
theory and whose advice and insights have been indispensable to our research
efforts.

Newark, Delaware Fioralba Cakoni
June, 2005 David Colton
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1

Functional Analysis and Sobolev Spaces

Much of the recent work on inverse scattering theory is based on the use of
special topics in functional analysis and the theory of Sobolev spaces. The
results that we plan to present in this book are no exception. Hence we begin
our book by providing a short introduction to the basic ideas of functional
analysis and Sobolev spaces that will be needed to understand the material
that follows. Since these two topics are the subject matter of numerous books
at various levels of difficulty, we can only hope to present the bare rudiments
of each of these fields. Nevertheless, armed with the material presented in this
chapter, the reader will be well prepared to follow the arguments presented
in subsequent chapters of this book.

We begin our presentation with the definition and basic properties of
normed spaces and in particular Hilbert spaces. This is followed by a short
introduction to the elementary properties of bounded linear operators and in
particular compact operators. Included here is a proof of the Riesz theorem for
compact operators on a normed space and the spectral properties of compact
operators. We then proceed to a discussion of the adjoint operator in a Hilbert
space and a proof of the Hilbert-Schmidt theorem. We conclude our chapter
with an elementary introduction to Sobolev spaces. Here, following [75], we
base our presentation on Fourier series rather than the Fourier transform and
prove special cases of Rellich’s theorem, the Sobolev imbedding theorem and
the trace theorem.

1.1 Normed Spaces

We begin with the basic definition of a normed space X. We will always
assume that X # {0}.

Definition 1.1. Let X be a vector space over the field C of complex numbers.
A function ||-|| : X — R such that

1|l = 0,
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2. |lel| = 0, if and only if ¢ =0,
3. ||awp|| = |al||¢]| for all a € C,
4l + 9l < flell + (14|

for all o, € X is called a norm on X. A wvector space X equipped with a
norm is called a normed space.

Ezample 1.2. The vector space C" of ordered n-tuples of complex numbers
(&1,&2, -+ ,&,) with the usual definitions of addition and scalar multiplication
is a normed space with norm

]| == (Z @F)é

where z = (£1,&2, -+ ,&,). Note that the triangle inequality ||z + y|| < ||z|| +
[ly|] is simply a restatement of Minkowski’s inequality for sums [3].

Ezample 1.3. Consider the vector space X of continuous complex valued func-
tions defined on the interval [a, b] with the obvious definitions of addition and
scalar multiplication. Then

llell:= max [e(x)]

defines a norm on X and we refer to the resulting normed space as C [a, ].

Ezample 1.4. Let X be the vector space of square integrable functions on [a, b]
in the sense of Lebesgue. Then it is easily seen that

: :
ol = [ / I@(x)lzdf'f]

defines a norm on X. We refer to the resulting normed space as L?[a, b].

Given a normed space X, we now introduce a topological structure on X.
A sequence {pn}, pn € X, converges to ¢ € X if ||pn — || = 0 as n — o
and we write ¢, — @. If Y is another normed space, a function A : X — Y is
continuous at ¢ € X if ¢, — ¢ implies that Ay, — Ay. In particular, it is
an easy exercise to show that ||-|| is continuous. A subset U C X is closed if
it contains all limits of convergent sequences of U. The closure U of U is the
set of all limits of convergent sequences of U. A set U is called dense in X if
U=X.

In applications we are usually only interested in normed spaces that have
the property of completeness. To define this property, we first note that a
sequence {¢n}, on € X, is called a Cauchy sequence if for every € > 0 there
exists an integer N = N(e) such that ||¢, — ¢m|| < € for all m,n > N. We
then call a subset U of X complete if every Cauchy sequence in U converges
to an element of U.
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Definition 1.5. A complete normed space X is called a Banach space.

It can be shown that for each normed space X there exists a Banach space
X such that X is isomorphic and isometric to a dense subspace of X ,i.e. there
is a linear bijective mapping I from X onto a dense subspace of X such that
1¢I5 = |l¢llx for all ¢ € X [79]. X is said to be the completion of X. For
example, [a,b] with the norm ||z|| = |z| for = € [a, b] is the completion of the
set of rational numbers in [a,b] with respect to this norm. It can be shown
that the completion of the space of continuous complex valued functions on
the interval [a, b] with respect to the norm ||-|| defined by

, 3
] == [ / (@) ? dx]

is the space L?[a,b] defined above.
We now introduce vector spaces which have an inner product defined on
them.

Definition 1.6. Let X be a vector space over the field C of complex numbers.
A function (-,-) : X x X — C such that

1. (i, ) 20,
2. (p,p) =0 if and only if ¢ =0,
3. (5037/}) = (w,gp),

4- (oo + Bip, x) = o, X) + By, x) for all o, B € C
for all ,1, x € X is called an inner product on X.

Example 1.7 For x = (517527' o 7£n)7y = (77177727 e 777n) in (Cnv
n
(z,y) ==Y &M
1

is an inner product on C™.

Ezample 1.8. An inner product on L?[a, b] is given by

b
(p,1) == / ey da.
Theorem 1.9. An inner product satisfies the Cauchy-Schwarz inequality

(0, 9)% < (0, 0) (¥, %)

for all p,v € X with equality if and only if ¢ and i are linearly dependent.
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Proof. The inequality is trivial for ¢ = 0. For ¢ # 0 and

o.0) B = (p,¢)

we have that

0 < (ap + B, ap + BY) = |af* (0, ¢) + 2Re {aB(p,¥) } + 181> (1, ¥)
= (0, Q) (W, ¥) — (0, )

from which the inequality of the theorem follows. Equality holds if and only if
ap + B = 0 which implies that ¢ and v are linearly dependent since 5 # 0.
O

A vector space with an inner product defined on it is called an inner

product space. If X is an inner product space, then ||| := (¢, @)% defines a
norm on X. If X is complete with respect to this norm, X is called a Hilbert
space. A subspace U of an inner product space X is a vector subspace of X
taken with the inner product on X restricted to U x U.

Example 1.10. With the inner product of the previous example, L?[a,b] is a
Hilbert space.

Two elements ¢ and 1 of a Hilbert space are called orthogonal if (¢, %) =0
and we write ¢ L 1. A subset U C X is called an orthogonal system if
(p,1) =0 for all p,9 € U with ¢ # 1. An orthogonal system U is called an
orthonormal system if ||p|| = 1 for every ¢ € U. The set

Ut ={peX:y LU}

is called the orthogonal complement of the subset U.
Now let U C X be a subset of a normed space X and let ¢ € X. An
element v € U is called a best approrimation to ¢ with respect to U if

— || = inf [|¢ —ul| .
lp = vll = inf |l = ul

Theorem 1.11. Let U be a subspace of a Hilbert space X. Then v is a best
approximation to p € X with respect to U if and only if o —v L U. To each
p € X there exists at most one best approximation with respect to U.

Proof. The theorem follows from
(e =) + aul[* = [lp = v||* + 2aRe(p — v, u) + | |u]|* (1.1)

which is valid for all v,u € U and « € R. In particular, if u # 0 then the
minimum of the right hand side of (1.1) occurs when



1.1 Normed Spaces 5

Re(o — v, u)

2
1

and hence ||(¢ — v) + aul||* > ||¢ — v||* unless p—v L U. On the other hand, if
¢©—v L U then ||(¢ — v) + aul|* > ||¢ — v||* for all @ and u which implies that
v is a best approximation to ¢. Finally, if there were two best approximations
vy and ve, then (¢ —vy,u) = (p —vg,u) = 0 and hence (p,u) = (vi,u) =
(vg,u) for every u € U. Thus (v; — ve,u) = 0 for every u € U and, setting
u = v1 — vy, we see that v; = vs. O

Theorem 1.12. Let U be a complete subspace of a Hilbert space X. Then to
every element of X there exists a unique best approximation with respect to

U.
Proof. Let ¢ € X and choose {uy},u, € U, such that

1
I = un|[* < d* + — (1.2)

where d := inf,cy ||¢ — ul|- Then, from the easily verifiable parallelogram
equality

2 2 2 2
e+ 117 + 1l = 1 =2 (llell® + 1911) |
we have that
||(‘P_un)+(90_um)”2+||un+um||2:2H90_un||2+2”90_um||2

2 2
<AdP 4+ =+ =

n m

1

and, since 3 (up + um) € U, we have that

2 2 1
|Un_um|2<4d2+n+m_4H(,0_2(Un+um)

2 2

<-4+ —.

n.m

Hence {u,} is a Cauchy sequence and, since U is complete, u, converges
to an element v € U. Passing to the limit in (1.2) implies that v is a best
approximation to ¢ with respect to U. Uniqueness follows from Theorem
1.11. a

We note that if U is a closed (and hence complete) subspace of a Hilbert
space X then we can write ¢ = v+ ¢ —v where ¢ —v L U, i.e. U is the direct
sum of U and its orthogonal complement which we write as

X=UaU".

If U is a subset of a vector space X, the set spanned by all finite linear
combinations of elements of U is denoted by spanU. A set {¢,} in a Hilbert
space X such that span{e, } is dense in X is called a complete set.
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Theorem 1.13. Let {¢,, }3° be an orthonormal system in a Hilbert space X .
Then the following are equivalent:

a. {on}$° is complete.
b. Each ¢ € X can be expanded in a Fourier series

o= Zsoson
1

c. For every ¢ € X we have Parseval’s equality

o0
2 2
lell* = 1@, n)
1

d. ¢ =0 is the only element in X with (¢, ¢n) = 0 for every integer n.
Proof. a = b: Theorems 1.11 and 1.12 imply that

n

un =Y (,0%) Pk

1

is the best approximation to ¢ with respect to span{yi, 2, -, @, }. Since
{on}}° is complete, there exists @, € span{yi,p2, - -,pn} such that
[lin, — || — 0 as n — oo and since [|i, — ¢|| > ||un, — ¢|| we have that
Up — p as M — 0.

b = c: We have that

n
||un|| (U, un) Z‘ ©, 1)
1

Now let n — oo and use the continuity of ||-||.

¢ = d: This is trivial.

d = a: Set U := span{¢,,} and assume X # U. Then there exists ¢ € X with
@ ¢ U. Since U is a closed subspace of X, U is complete. Hence, by Theorem
1.12, the best approximation v to ¢ with respect to U exists and satisfies
(v —,pn) = 0 for every integer n. By assumption this implies v = ¢ which
is a contradiction. Hence X = U. a

As a consequence of part b of the above theorem, a complete orthonormal
system in a Hilbert space X is called an orthonormal basis for X.

1.2 Bounded Linear Operators

An operator A : X — Y mapping a vector space X into a vector space Y is
called linear if

A(ap + BY) = adp + SAY
for all p,9 € X and «, 3 € C.
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Theorem 1.14. Let X and Y be normed spaces and A : X — Y a linear
operator. Then A is continuous if it is continuous at one point.

Proof. Suppose A is continuous at ¢y € X. Then for every ¢ € X and ¢, — ¢
we have that

App = A(pn — @+ wo) + A(p — o) — Apo + Ao — o) = Ap
since @, — @ 4+ Yo — ©o- O

A linear operator A : X — Y from a normed space X into a normed space
Y is called bounded if there exists a positive constant C' such that

1Al < Cllell

for every ¢ € X. The norm of A is the smallest such C, i.e. (dividing by |||
and using the linearity of A)

1All:= sup [[Ag]| . ¢ X
llell=1

If Y =C, A is called a bounded linear functional. The space X* of bounded
linear functionals on a normed space X is called the dual space of X.

Theorem 1.15. Let X and Y be normed spaces and A : X — Y a linear
operator. Then A is continuous if and only if it is bounded.

Proof. Let A: X — Y be bounded and let {,,} be a sequence in X such that
©n — 0 as n — oo. Then ||Ap,|| < C||¢n|| implies that Ap, — 0 as n — oo,
i.e. A is continuous at ¢ = 0. By Theorem 1.14 A is continuous for all ¢ € X.
Conversely, let A be continuous and assume that there is no C' such that
[|Ap|| < Cll¢|| for all ¢ € X. Then there exists a sequence {¢, } with ||¢,|| =
1 such that |[Ag,|| > n. Let ¥, := |[|[Agn||"" ¢n. Then ¢, — 0 as n — oo
and hence by the continuity of A we have that Ay, — A0 = 0 which is a
contradiction since || A, || = 1 for every integer n. Hence A must be bounded.
O

Ezample 1.16. Let K(z,y) be continuous on [a,b] X [a,b] and define A :
L%[a,b] — L?[a,b] by

b
(Ap)() := / K (. y)p(y) dy.

Then
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b
| Ag|? = / (Ag) (@)]? da

Z/ab /:K(x,y)sO(y)dy

b b b
< / / K (z,9)[? dy / o) dy da
2 b b 2
= Il / / K (2,y)? dady.

Hence A is bounded and
b b 3
/ / K (z,y) do dy} :

Let X be a Hilbert space and U C X a nontrivial subspace. A bounded
linear operator P : X — U with the property that Py = ¢ for every ¢ € U is
called a projection operator from X onto U. Suppose U is a nontrivial closed
subspace of X. Then X = U @ U+ and we define the orthogonal projection
P : X — U by Py = v where v is the best approximation to . Then clearly
Py = ¢ for ¢ € U and P is bounded since ||¢]|* = ||Py + (¢ — Po)|]> =
I1Pol)* + |l¢ — Pol|* > ||Pg||* by the orthogonality property of v (Theorem
1.11). Since ||Py|| < ||¢|| and Py = ¢ for ¢ € U, we in fact have that
1P| =1.

Our next step is to introduce the central idea of compactness into our
discussion. A subset U of a normed space X is called compact if every sequence
of elements in U contains a subsequence that converges to an element in U.
U is called relatively compact if its closure is compact. A linear operator
A : X — Y from a normed space X into a normed space Y is a compact
operator if it maps each bounded set in X into a relatively compact set in Y.
This is equivalent to requiring that for each bounded sequence {¢,} in X the
sequence {Ap, } has a convergent subsequence in Y. Note that, since compact
sets are bounded, compact operators are clearly bounded. It is also easy to see
that linear combinations of compact operators are compact and the product
of a bounded operator and a compact operator is a compact operator.

2
dx

1Al <

Theorem 1.17. Let X be a normed space and Y a Banach space. Suppose
A, : X — Y is a compact operator for each integer n and there exists a
linear operator A such that [|A — A,|| — 0 as n — oo. Then A is a compact
operator.

Proof. Let {¢m} be a bounded sequence in X. We will use a diagonalization
procedure to show that {Ay,,} has a convergent subsequence in Y. Since A;
is a compact operator, {¢,, } has a subsequence {1, } such that {A1¢1,} is
convergent. Similarly, {¢1,,,} has a subsequence {2 ,,} such that {Asps.m,}
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is convergent. Continuing in this manner, we see that the diagonal sequence
{@m.m} is a subsequence of {¢,,} such that, for every fixed positive integer n,
the sequence { A, m } is convergent. Since {p,, } is bounded, say ||pmn|| < C
for all m, ||@m.m|| < C for all m. We now use the fact that ||[A — A,|| — 0
as n — oo to conclude that for each € > 0 there exists an integer ng = ng(€)

such that .

14— Augll < 5

and, since {Ay,©m,m} is convergent, there exists an integer N = N(¢) such
that

€

||An0§0j,j - Anowk,kH < 3

for j,k > N. Hence, for j, k > N, we have that
A5 — Avrill < N1Apj5 = Ang@iill + [|Ang s — Ang@i.kl|
+ [| Ang kb — Apr k||
€
<|lA = Angll llj4 + 3t [ Ang — All || ek, k]

< €.

Thus {A¢m,m} is a Cauchy sequence and therefore convergent in the Banach
space Y. O

Ezample 1.18. Consider the operator A : L?[a,b] — L?[a,b] defined as in the
previous example by

b
(Ap)(z) == / K(z,y)¢(y) dy

where K (z,y) is continuous on [a, b] X [a, b]. Let {¢,} be a complete orthonor-
mal set in L?[a,b]. Then it is easy to show that {¢, (7). (y)} is a complete
orthonormal set in L2 ([a, b] x [a, b]). Hence

K(z,y) = Z aijpi(z)ei(y)

ij=1
in the mean square sense and by Parseval’s equality
b b ) o0 )
| [ sl dedy= 3 oyl
@ Ja i,j=1
Furthermore,

2

b b n
// K(z,y) = Y aijoi(a)e;(y)| dedy= " lai|”

ij=1 ij=n+1
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which can be made as small as we please for n sufficiently large. Hence A can
be approximated in norm by A, where

b n
MWWW=/ > ayei)e;(y) | e(y) dy.

@ ig=1

But A, : L?[a,b] — L?[a,b] has finite-dimensional range. Hence if U C X is
bounded, A,,(U) is a set in a finite-dimensional space A, (X). By the Bolzano-
Weierstrass theorem, A, (U) is relatively compact, i.e. A, is a compact oper-
ator. Theorem 1.17 now implies that A is a compact operator.

Lemma 1.19 (Riesz Lemma). Let X be a normed space, U C X a closed
subspace such that U # X and o € (0,1). Then there exists ¢ € X, ||[¢]| =1,
such that |4 — || > a for every ¢ € U.

Proof. There exists f € X, f ¢ U, and since U is closed we have that
= inf — 0.
B =l [If —ell >

Now choose g € U such that

B
B<f—gll <=
o
and define s
1/)::79 .
If =gl
Then ||¢|| = 1 and for every ¢ € U we have, since g + ||f — g|| ¢ € U, that
=gl = |If = (g + I — gll | > o >
— P =1F — 9 — gLl = Z Q.
If =gl I1f = gll

O

The Riesz lemma is the key step in the proof of a series of basic results
on compact operators that will be needed in the sequel. The following is the
first of these results and will be used in the following chapter on ill-posed
problems.

Theorem 1.20. Let X be a normed space. Then the identity operator I :
X — X is a compact operator if and only if X has finite dimension.

Proof. Assume that I is a compact operator and X is not finite dimensional.
Choose p1 € X with ||¢1]|| = 1. Then Uy := span{; } is a closed subspace of X
and by the Riesz lemma there exists ¢z € X, ||2|| = 1, with ||z — ¢1]| > 1.
Now let Us := span{1, ¢2}. Using the Riesz lemma again, there exists @3 €
X, |les|| =1, and ||p3 — ¢1]| > 3. ||¢s — @2|| > L. Continuing in this manner,
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we obtain a sequence {¢,} in X such that ||, || =1 and ||¢n — @m|| > 5 for
n # m. Hence {¢,, } does not contain a convergent subsequence, i.e. I : X — X
is not compact. This is a contradiction to our assumption. Hence if I is a
compact operator, then X has finite dimension. Conversely, if X has finite
dimension, I(X) is finite-dimensional and by the Bolzano-Weierstrass theorem
I1(X) is relatively compact, i.e. I : X — X is a compact operator. a

The next theorem, due to Riesz [101], is one of the most celebrated theo-
rems in all of mathematics, having its origin in Fredholm’s seminal paper of

1903 [44].

Theorem 1.21 (Riesz Theorem). Let A: X — X be a compact operator
on a normed space X. Then either 1) the homogeneous equation

p—Ap=0
has a nontrivial solution ¢ € X or 2) for each f € X the equation
p—Ap=f

has a unique solution ¢ € X. If I — A is injective (and hence bijective), then
(I—A)7": X — X is bounded.

Proof. The proof will be divided into four steps.
Step 1: Let L :=1 — A and let N(L) := {9 € X : Ly = 0} be the null space
of L. We will show that there exists a positive constant C' such that

inf - < C||L
XGNu»Hw x|l < CllLgl|
for all ¢ € X. Suppose this is not true. Then there exists a sequence {y,}

in X such that [|[Ly,|| = 1 and d,, := infyen(z) |[on — x|| — oo. Choose
{xn} C N(L) such that d,, < ||on — xxl|| < 2d,, and set

7//” = Son*Xn .
‘|@n_Xn‘|

Then |1, || = 1 and || L, || < d;;* — 0. But since A is compact, by passing to
a subsequence if necessary, we may assume that the sequence { A, } converges
to an element o € X. Since 1, = (L + A)1),,, we have that {1, } converges
to o and hence o € N(L). But

uf _ _ _ 1 g _ _ _
Xégaonn X! = llen — Xall Xégu»H@n Xn = |1on = Xall XI|

1
—1 .
|len — xnll ngu»Hwn XH__2

which contradicts the fact that ¥, — @o € N(L).
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Step 2: We next show that the range of L is a closed subspace of X. L(X) :=
{r € X : © = Ly for some ¢ € X} is clearly a subspace. Hence if {¢,} is
a sequence in X such that {Ly,} converges to an element f € X, we must
show that f = L for some ¢ € X. By the above result the sequence {d,}
where d,, := inf,en(z) ||[¢n — X|| is bounded. Choosing x, € N(L) as above
and writing @, := ¢, — Xn, we have that {@,} is bounded and L@, — f.
Since A is compact, by passing to a subsequence if necessary, we may assume
that {A@,} converges to an element ¢y € X. Hence ¢,, converges to f + ¢
and by the continuity of L we have that L(f + o) = f. Hence L(X) is closed.
Step 3: The next step is to show that if N(L) = {0} then L(X) = X, i.e.
if case 1) of the theorem does not hold then case 2) is true. To this end, we
note that from our previous result the sets L™(X),n =1,2,---, form a non-
increasing sequence of closed subspaces of X. Suppose that no two of these
spaces coincide. Then each is a proper subspace of its predecessor. Hence, by
the Riesz lemma, there exists a sequence {1, } in X such that ¢, € L"(X),
|[Ynll =1, and [|1b, — || > & for all ¢ € LT (X). Thus if m > n then

and ¥, + L, — Lap,, € L"T1(X) since
ql}m + L/wn - me = Ln+1(Lm_n_1(Pm + on — Lm_n(pm) .

Hence ||At, — Atb,|| > L contrary to the compactness of A. Thus we can
conclude that there exists an integer ng such that L™(X) = L™ (X) for all
n > ng. Now let ¢ € X. Then L™y € L™ (X) = L™*(X) and so L™ ¢ =
L™+ for some ¢ € X, i.e. L™ (p— L)) = 0. But since N(L) = {0} we have
that N(L™) = 0 and hence ¢ = L. Thus X = L(X).
Step 4: We now come to the final step, which is to show that if L(X) = X then
N(L) =0, i.e. either case 1) or case 2) of the theorem is true. To show this, we
first note that by the continuity of L we have that N (L") is a closed subspace
for n = 1,2,---. An analogous argument to that used in Step 3 shows that
there exists an integer ng such that N(L™) = N(L™) for all n > ng. Hence,
if L(X) = X then ¢ € N(L™) satisfies ¢ = L™ for some ¢ € X and thus
L2004 = 0. Thus ¢ € N(L?*) = N(L™) and hence ¢ = L™ = 0. Since
Lo = 0 implies that L™ @ = 0, the proof of Step 4 is now complete.

The fact that (I — A) ™" is bounded in case 2) follows from Step 1 since in
this case N (L) = {0}. O

Let A: X — X be a compact operator of a normed space into itself. A
complex number A is called an eigenvalue of A with eigenelement ¢ € X if
there exists ¢ € X, ¢ # 0, such that Ap = Ap. It is easily seen that eigenele-
ments corresponding to different eigenvalues must be linearly independent.
We call the dimension of the null space of Ly := Al — A the multiplicity of A.
If XA # 0 is not an eigenvalue of A, it follows from the Riesz theorem that the
resolvent operator (A — A)™" is a well defined bounded linear operator map-
ping X onto itself. On the other hand, if A = 0 then A~! cannot be bounded
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on A(X) unless X is finite dimensional since if it were then I = A=A would
be compact.

Theorem 1.22. Let A : X — X be a compact operator on a normed space
X. Then A has at most a countable set of eigenvalues having no limit points
except possibly X\ = 0. Fach non-zero eigenvalue has finite multiplicity.

Proof. Suppose there exists a sequence {\,,} of not necessarily distinct non-
zero eigenvalues with corresponding linearly independent eigenelements { ¢, }3°
such that A\, — X # 0. Let

U, :=span{p1, - ,on}.

Then, by the Riesz lemma, there exists a sequence {t,,} such that ,, € U,,
[¢n|| =1 and ||1,, — || > 5 for every o € Up—1, n =2,3,---. If n > m, we
have that

A LA — A At = s + (= — A L, tn + A L, Um)
- wn - d)

where ¢ € U, _; since if ¢,, = Y | B;¢; then
¢n - AglAwn = Zﬂ] (1 - >\7:1>\J) w5 € Un1
1

and similarly Ly, m € Up,—1. Hence, we have that H)\El/h/)n — )\fnlAz/JmH >
% which, since A, — X # 0, contradicts the compactness of the operator
A. Hence our initial assumption is false and this implies the validity of the

theorem. 0

1.3 The Adjoint Operator

We now assume that X is a Hilbert space and first characterize the class of
bounded linear functionals on X.

Theorem 1.23 (Riesz Representation Theorem). Let X be a Hilbert
space. Then for each bounded linear functional F : X — C there exists a
unique f € X such that

F(e) = (¢, )
for every ¢ € X. Furthermore, ||f|| = ||F||.
Proof. We first show the uniqueness of the representation. This is easy since

if (¢, f1) = (@, f2) for every ¢ € X then (¢, f1 — f2) = 0 for every p € X and
setting ¢ = f1 — fo we have that || f1 — f2||2 = 0. Hence, f1 = fo.
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We now turn to the existence of f. If ' = 0 we can choose f = 0. Hence
assume F' # 0 and choose w € X such that F'(w) # 0. Since F' is continuous,
N(F)={p € X : F(p) =0} is a closed (and hence complete) subspace of X.
Hence by Theorem 1.12 there exists a unique best approximation v to w with
respect to N(F'), and by Theorem 1.11 we have that w —v L N(F'). Then for
g := w — v we have that

(F(g9)p — F(p)g,9) =0

for every ¢ € X since F(g)¢ — F(p)g € N(F) for every ¢ € X. Hence

F(p) = (% ﬂg)f)
gl

_ Flg)g
lgll*

for every ¢ € X, i.e.
f:

is the element we are seeking.

Finally, to show that ||f|| = ||F||, we note that by the Cauchy-Schwarz
inequality we have that |F(o)| < ||f]]||¢|| for every ¢ € X and hence ||F|| <
||f]l. On the other hand, F(f) = (f,f) = ||f||* and hence ||f]| < ||F]]. We
can now conclude that ||F|| = || f|]. O

Armed with the Riesz representation theorem we can now define the ad-
joint operator A* of A.

Theorem 1.24. Let X and Y be Hilbert spaces and let A : X — Y be a
bounded linear operator. Then there exists a uniquely determined linear op-
erator A* 'Y — X such that (Ap,v) = (o, A*Y) for every ¢ € X and

Y €Y. A* is called the adjoint of A and is a bounded linear operator satisfy-
ing [|A*|| = [|A]].

Proof. For each ¢ € Y the mapping ¢ — (Ap, ) defines a bounded linear
functional on X since

|(Ap, D) < (Al [ 1] -

Hence by the Riesz representation theorem we can write (Ap,v) = (@, f)
for some f € X. We now define A* : Y — X by A*iYp = f. The operator
A* is unique since if 0 = (yp, (A} — A3)yY) for every ¢ € X then setting
¢ = (A7 — A3)t we have that ||(A7 — A3)¢||> = 0 for every ¢ € Y and hence
A7 = Aj. To show that A* is linear, we observe that

(¢, BLA 1 + B2 A tby) = By (@, A*91) + B2 (0, A"tha)
= b1 (Ap, ¢1) + B2 (A, 2)
= (Ap, P11 + B21b2)
= (¢, A" (B1¢1 + B2t2))
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for every ¢ € X, ¢1,%9 € Y and (1,02 € C. Hence B1 A% + G A* s =
A* (P11 + Patba), i.e. A* is linear. To show that A* is bounded, we note that
by the Cauchy-Schwarz inequality we have that

|A*p||* = (A%, A*p) = (AA*p, ) < [|A]] [|A*9]]||[¥]]

for every ¢ € Y. Hence ||A*|| < ||A4]|. Conversely, since A is the adjoint of A*,
we also have that ||A|| < ||A*|| and hence ||A*|| = ||4]]. O

Theorem 1.25. Let X and Y be Hilbert spaces and let A : X — Y be a
compact operator. Then A* :'Y — X 1is also a compact operator.

Proof. Let ||1y|] < C for some positive constant C. Then, since A* is bounded,
AA* 1Y — Y is a compact operator. Hence, by passing to a subsequence if
necessary, we may assume that the sequence {AA*,,} converges in Y. But

||A* (wn - wm)HQ = (AA* (wn - wm) W — wm)
S QCHAA* (¢n - "/’m)” )

i.e. {A*yY,} is a Cauchy sequence and hence convergent. We can now conclude
that A* is a compact operator. ad

The following theorem will be important to us in the next chapter of this
book. We first need a lemma.

Lemma 1.26. Let U be a closed subspace of a Hilbert space X. Then U+t =
U.

Proof. Since U is a closed subspace, we have that X = U @ Ut and X =
U+ @ UL+, Hence for ¢ € X we have that ¢ = ¢ + @3 where p; € U and
0y € UL and ¢ = 91 + 9y where ¢y € U+ and 15 € UL. In particular,
0 = (@1 — 1) + (2 — 1b2) and since it is easily verified that U C UL+ we
have that @1 — ¥ = 1 — @9 € U-+. But p1— Y1 € U-+L and hence Y1 = P1.
We can now conclude that U++ = U. a

Theorem 1.27. Let X and Y be Hilbert spaces. Then for a bounded linear
operator A : X — 'Y we have that if A(X):={y €Y : y= Ax for somezx €
X} is the range of A then

A(X)t = N(A*)and N(A")*F = A(X) .

Proof. We have that g € A(X)* if and only if (Ap,g) = 0 for every ¢ €
X. Since (Ap,g) = (p,A*g) we can now conclude that A*g = 0, i.e. g €

N(A*). On the other hand, by Lemma 1.26, A(X) = A(X)J_J_ = N(A")*
since A(X)L = A(X) = N(A%). 0

The next theorem is one of the jewels of functional analysis and will play
a central role in the next chapter of the book. We note that a bounded linear

operator A : X — X on a Hilbert space X is said to be self-adjoint if A = A*,
ie. (Ap, ) = (o, A) for all p, ¢ € X.
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Theorem 1.28 (Hilbert-Schmidt Theorem). Let A: X — X be a com-
pact, self-adjoint operator on a Hilbert space X. Then, if A # 0, A has at least
one eigenvalue different from zero, all the eigenvalues of A are real and X has
an orthonormal basis consisting of eigenelements of A.

Proof. Tt is a simple consequence of the self-adjointness of A that 1) eigenele-
ments corresponding to different eigenvalues are orthogonal and 2) all eigen-
values are real. Hence the first serious problem to face is to show that A # 0
has at least one eigenvalue different from zero. To this end, let A = ||A|| > 0
and consider the operator T := A\2I — A%. We will show that £\ is an eigen-
value of A. To show this, we first note that for all ¢ € X we have that

(T, 0) = (N1 = A2)p,0) = X [[¢l]” — (420, )
2 2
=X lel” = [l 4¢lI* > 0.
Now choose a sequence {p,} C X such that ||p,]| = 1 and [|[Ap,|| — A as

n — oo. Then, by the above identity, (T'¢y,, ¢n) — 0 as n — oo. To proceed
further, we first define a new inner product (-,-) on X by

(@, ¥) = (Tp,v).

The fact that (-,-) defines an inner product follows easily from the fact that
A, and hence T, is self-adjoint and the fact that (T'p,p) > 0 for all p € X.
We now have from the Cauch-Schwarz inequality that

HTQPnH Ton, Ton) = {n, Tepn)
Pn>Pn) 2 (Ton, Tion)?

(
(
= (T¢n, ¢n)* (T%0n, T)?
(T
<|

IN

2 3 1
Gnron)? ||T son||2 | Tenl|?
ITI1? (Tpn, n)?

But (Twn,¢n) — 0 as n — oo and hence by the above inequality T, — 0
as n — oo. Since A is compact, by passing to a subsequence if necessary,
we may assume that {Ap,} converges to a limit ¢ which satisfies ||| =
limy,— o0 ||[Aen|| = A > 0 and T = lim, o TAp, = limy, 0o AT@, =0, ie.
v # 0 and

IN

= (M + AN — A)p =

Thus either Ay = Ap or Ap — Ap # 0 and Ay = —A for p = Ap — Ap. Thus
either A or —\ is a nonzero eigenvalue of A.

We now complete the theorem by showing that X has an orthonormal basis
consisting of eigenvectors of A. We first note that if Y is a subspace of X such
that A(Y) C Y then by the self-adjointness of A we have that A(Y+) C Y.
In particular, let Y be the closed linear span of all the eigenelements of A.
The restriction of A to the nullspace of L := AI — A is the identity operator
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on the closed subspace N(L). Since the restriction of A to N(L) is compact
from N(L) onto N(L), we can conclude from Theorem 1.21 that N(L) has
finite dimension. Now pick an orthonormal basis for each eigenspace of A and
take their union. Since eigenelements corresponding to different eigenvalues
are orthogonal, this union is an orthonormal basis for Y. We now note that
A: Y1t — Y1 is a compact operator which has no eigenvalues since all the
eigenelements of A belong to Y. But this is impossible by the first part of our
proof unless either A restricted to Y+ is the zero operator or Y+ = {0}. If A
restricted to Y+ is the zero operator, then Y+ = {0} since otherwise nonzero
elements of Y+ would be eigenelements of A corresponding to the eigenvalue
zero and hence in Y, a contradiction. Thus in either case Y+ = {0}, i.e.
Y = X, and the proof is complete. a

1.4 The Sobolev Space HP|0, 2]

For the proper study of inverse problems it is necessary to consider function
spaces that are larger than the classes of continuous and continuously dif-
ferentiable functions. In particular, Sobolev spaces are the natural spaces to
consider in order to apply the tools of functional analysis presented above.
Hence, in this and the following section, we will present the rudiments of the
theory of Sobolev spaces. Our presentation will closely follow the excellent
introductory treatment of such spaces by Kress [75] which avoids the use of
Fourier transforms in L?(R™) but instead relies on the elementary theory of
Fourier series. This simplification is made possible by restricting attention to
planar domains having C? boundaries and has the drawback of not being able
to achieve the depth of a more sophisticated treatment such as that presented
in [85]. However, the limited results we shall present will be sufficient for the
purposes of this book.

i [e%s}
We begin with the fact that the orthonormal system {\/%e“"t} is
ﬂ' —o0

complete in L?[0,2n] [3]. Hence, by Theorem 1.13, for ¢ € L?[0,27] we have
that in the sense of mean square convergence

o(t) = iameimt

where the Fourier coefficients a,, are given by

1

Qm = S
21

2m
/ o(t)e "™ dt .
0

If we let (-,-) denote the usual L?-inner product with associated norm |||
then by Parseval’s equality we have that
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S an= 2 [ o) a
= 27'(' 0
1 2
= g ||<PH .

Now let 0 < p < co. Then we define H?[0, 27| to be the space of all functions
¢ € L]0, 27] such that

o0

> (14 m) fan < o0

—00

where the a,, are the Fourier coefficients of ¢. The space HP = HP[0,27] is
called a Sobolev space. Note that HY[0,27] = L?[0, 27].
Theorem 1.29. HP[0, 27| is a Hilbert space with inner product

o0

(QD,’(/J)p = Z(l =+ mZ)pamEm

— 00

where the a,, by, are the Fourier coefficients of v, 1 respectively. The trigono-
metric polynomials are dense in HP[0, 27].

Proof. 1f is easily verified that H? is a vector space and (-,-), is an inner
product. Note that the fact that (-,-), is well defined follows from the Cauchy-
Schwarz inequality

o0 2 oo o
> A+ m) P ambm| <Y (L+mP)P am> D (1 +m?)P byl .

To show that HP is complete, let {¢,,} be a Cauchy sequence, i.e.

oo

> @+ M) | — am i

— 00

2
<€2

for all n,k > N = N(e) where a,,, are the Fourier coefficients of ¢,. In

particular,
M,

Z (1+m?) |amn — am il < € (1.3)
—M;

for all My, My and n,k > N(e). Since C is complete, there exists a sequence
{am} in C such that ay, ., — am as n — oo for each fixed m. Letting k — oo
in (1.3) implies that

Mo
S bl anf? <
My
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for all n > N(e) and all M; and M. Hence

o0

S (14 ) [ — g < € (1.4)

— 00

for all n > N(¢). Defining ,
fm(t) == et

and -
P = Zamfm )

we have by (1.4) and the triangle inequality that

[Z(l +m2>P|am|2] <e+

— 00

S+ m2y |am,n|2] < oo,

— 00

i.e. ¢ € HP. From (1.4) we can conclude that || — ¢,|| — 0 as n — oo and
hence HP is complete.
To prove the last statement of the theorem, let ¢ € HP with Fourier
coefficients a,,. Then for
n
Pn = Z A fm
—n

we have that
oo

le—¢ally= > (T+m*)lan* -0

|m|=n+1

as n — oo since the full series is convergent. From this we can conclude that
the trigonometric polynomials are dense in HP. a

Theorem 1.30 (Rellich’s Theorem). If g > p then H?[0, 27| is dense in
HP?[0,27] and the imbedding operator I : H? — HP is compact.

Proof. Since (1 +m?)P < (1 +m?)? for 0 < p < g < oo, it follows that
H? C HP and ||¢|[, < [|¢l], for every ¢ € H. The denseness of H? in H?
follows from the denseness of trigonometric polynomials in HP.

To show that I : H? — HP is a compact operator, define I,, : H? — HP
by

Iy = Z am fm
-n

for ¢ € H? having Fourier coefficients a,,. Then
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o0

(L = Delly =Y L+m?)P |an|

|m|=n+1
oo

1 2
q—p Z (1+m*)? [an|

< -
=17 B}
( +n ) |m|=n+1

< L 2
< W ||SDHq :

Since I, has finite dimensional range, I,, is a compact operator and from the
. . (p—a)
above inequality we have that ||, — I|| < (14+n2)z" — 0 as n — oo. Hence

I is compact by Theorem 1.17. a

Theorem 1.31 (Sobolev Imbedding Theorem). Let p > % and ¢ €

HP[0,27]). Then ¢ coincides almost everywhere with a continuous and 2m-
periodic function (i.e. the difference between ¢ and this function is a function
n such that [|n||, = 0).

Proof. For ¢ € HP[0,27] we have that for p > 3

o0

0o - 2 [ 1 . 5
[Z‘amelm "| §§m2(1+m) |

— 00

by the Cauchy-Schwarz inequality. Hence the Fourier series for ¢ is absolutely
and uniformly convergent and thus coincides with a continuous 27-periodic
function. Since the Fourier series for ¢ agrees with ¢ almost everywhere (as
defined in the theorem), the proof is complete. O

Definition 1.32. For 0 < p < oo, HP = H~P[0,2n] is defined to be the
dual space of H?[0, 27, i.e. the space of bounded linear functionals defined on
HP[0, 27].

Recall that for F' a bounded linear functional defined on H?[0, 27|, the
norm of F' is defined by

1F]l, == sup [Fe|
pEHP
llell,=1
The following theorem gives an explicit expression for ||F|| and a characteri-
zation of H~P.
Theorem 1.33. For F € H P[0, 2n] the norm is given by

11, = [Z(l +m?) 77 Icmlzl

— 00
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where ¢, = F(fm). Conversely, to each sequence {cy,} in C satisfying

S m?) Plel® < oo,

there exists a bounded linear functional F € H™P[0,2x] with F(fm) = cm.

Proof. Assume that {c,,} satisfies the inequality of the theorem and define
F:HP — C by

F(yp) = Z AmCm

for ¢ € HP with Fourier coefficients a,,. Then F is well defined since by the
Cauchy-Schwarz inequality

IF(@)I* <D (14 m?) P el Y (1 +m?)P [ag”

and furthermore

[N

— 00

11, < lZ(l +m?) 7" Icm|2]

On the other hand, let F' € H~P such that F(f,,) = ¢, and define ¢,, by

n

Pn = Z(l + mz)_pémfm .

—n
Then

llonll, = lZ(l +m?) 77 Icmlzl

—n

and hence

By the calculation in the first part of the theorem we can now conclude that

1Fl, > Elen)] _ [i:(um?)—l) |cm|2r .

—n

1], = lZ(1+m2)_” lcmlﬂ :

—0Q0

O

It follows from Theorem 1.33 that Rellich’s theorem remains valid for
—o0 < p,q < o0.
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Theorem 1.34. For g € L?[0,27], the duality pairing

Glp) =

/0 ﬂtp(t)g(t) dt, ¢eH?

defines a bounded linear functional on HP[0,27], i.e. G € HP|0,27]. In par-
ticular, L?[0,27] may be viewed as a subspace of the dual space H~P[0,2n],
0 < p < o0, and the trigonometric polynomials are dense in H P[0, 27].

Proof. Let by, be the Fourier coefficients of g. Then since G(f,,) = by, by the
second part of Theorem 1.33 we have that G € H™P. Now let F' € H~P with
F(fm) = ¢m and define F,, € H™P by

1 27
F, = — t)g,(t) dt
@ =3 [ o0
where .
gn ‘= Z CTnme .
Then
o0
2 _ 2
IF=Fully = > (1+m*) 7" [cn
|m|=n+1

tends to zero as n tends to infinity which implies that the trigonometric poly-
nomials are dense in H P[0, 27]. O

The above duality pairing can be extended to bounded linear functionals
in H™P. In particular, for ¢ € HP and g € H™P we define the integral

27
/ P(t)g(t) dt
0

to be g(p). We also note that H~? becomes a Hilbert space by extending the
inner product previously defined for p > 0 to p < 0.

More generally, if X is a norm space with dual space X*, then for g € X*
and ¢ € X we define the duality pairing (g, ) by (g,%) := g(¢).

1.5 The Sobolev Space HP(9D)

We now want to define Sobolev spaces on the boundary 0D of a planar domain
D, Sobolev spaces defined on D and the relationship between these two spaces.
To this end let D be the boundary of a simply connected bounded domain
D C R? such that 9D is a class C*, i.e. D has a k-times continuously differ-
entiable 27-periodic representation 9D = {z(t) : t € [0,27),z € C¥[0,27]}.
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Then for 0 < p < k we can define the Sobolev space HP(0D) as the space of
all functions ¢ € L?(0D) such that (x(t)) € HP[0,2n]. The inner product
and norm on HP(0D) are defined via the inner product on H?[0,27] by

(@ V) e op) = (P((t)), Y (2(1))) Hrpo,2x -

It can be shown (Theorem 8.14 of [75]) that the above definitions are invariant
with respect to parameterization.

The Sobolev space H'(D) for a bounded domain D C R? with 9D of class
C! is defined as the completion of the space C''(D) with respect to the norm

1
2

g1y o= [ [ () + lgradu(o)?)

It is easily seen that H!(D) is a subspace of L?(D). The main purpose of this
section is to show that functions in H'(D) have a meaning when restricted to
dD, i.e. the trace of functions in H'(D) to the boundary 9D is well defined.
To this end we will need the following theorem from calculus [3]:

Theorem 1.35 (Dini’s Theorem). If {¢,}5° is a sequence of real valued
continuous functions converging pointwise to a continuous limit function ¢
on a compact set D and if o,(x) > @ny1(x) for each x € D and every
n=12--- then @, — @ uniformly on D.

Making use of Dini’s theorem, we can now prove the following basic result
called the trace theorem. In the study of partial differential equations, trace
theorems play an important role, and we shall encounter another of these
theorems in Chapter 5 of this book.

Theorem 1.36. Let D C R? be a simply connected bounded domain with 0D
in class C%. Then there exists a positive constant C such that

el 13,15y < C 12

for allw € HY(D), i.e. for u € H'(D) the operator u — u|sp is well defined
and bounded from H' (D) into Hz(dD).

Proof. We first consider continuously differentiable functions u defined in the
strip R x [0,1] that are 2m-periodic with respect to the first variable. Let
Q@ :=[0,27) x [0,1] and for 0 <7 <1 define

1 2m Cim
am(n) = %/O u(tvn)e tdt'

Then by Parseval’s equality we have that

o0 1 2
Slan(l = o [t de, 0<n <.
= 0
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By Dini’s theorem this series is uniformly convergent. Hence we can integrate
term by term to obtain

00 1
2 ]- 2
> [ P dn= gl

Similarly, from

1 [* Ou
/ - t —imt dt
i =5 [ Gttae

and
1 (% du

- 2t 7imtdt
o ), @t hme

imam(n) =

we see that

gy 1 ||ou]l?
Z/ lal, ()I* dn = =— || 5~
—~Jo 2T 877 L2(Q)
and )
1
Z/ m? |am ()] dn = — Ou .
2m |10t ]l L2 q)

We now assume that u(-,1) = 0. Then from the Cauchy-Schwarz inequality
and the fact that a,,(1) = 0 for all m we have that

o)

[ 0) 1134 g 5y = 2L+ m%)% |am (0)]?

=23 0 iRe / " (n)ame ) (15)
< 22 [/ () dnr o +m2>/01 am ()2 dnr
ga@/{)lmmﬁ dn] S (14 m?) / am(n ]

ou ]
L2(Q)

on
We now return to the domain D and choose a parallel strip Dy, := {x +
nhv(z) : © € dD,n € [0,1]} where v is the unit inner normal to dD, h > 0,
such that each y € Dy, is uniquely representable through projection onto 9D
in the form y = x + nhv(z) with z € 8D, n € [0,1]. Let 9D}, denote the inner

[

ou
ot

[Huuz(@ ' \
L2(Q)

L2
- ullg ) -
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boundary of Dj. By parameterizing 0D = {z(t) : 0 < ¢t < 27} we have a
parameterization of Dy, in the form

z(t,n) = x(t) + nhv(x(t)), 0<t<2m, 0<n<l1.

The inequality (1.5) now shows that for all w € C*(D},) with u = 0 on 9Dy,
we have that

il g3 oy = @O g 50y < fuu( )] [
< Cllllg o,

where C is a positive constant depending on bounds for the first derivatives
of the mappings x(¢,7) and its inverse.

We next extend this estimate to arbitrary u € C1(D). To this end, choose
a function g € C1(D) such that g(y) = 0 for y ¢ Dy and g(y) = f(n) for
y =« + nhv(x) € Dy, where

fn) = (1 =n)>(1+3n).

Then for f(0) = f(0) =1 and f(1) = f/(1) = 0 which implies that

ull 1 oy = lgull < Cllgull gy < Crllull gy

H% (D) H%(0D)
for all u € C*(D) where C is a positive constant depending on bounds for g
and its first derivatives.

We have now established the desired inequality for u € C1(D), i.e. A :
u — ulpp is a bounded operator from C*(D) into Hz (dD). It can be easily
shown [79] that if X is a dense subspace of a normed space X and Y is a
Banach space then, if A : X — Y is a bounded linear operator, A can be

extended to a bounded linear operator A : X — Y where ||A|| = ||A]||. The
desired inequality now follows from this result by extending the operator A
from C(D) to HY(D). O

We note that in the above proof 9D must be in class C? since v = v(z)
must be continuously differentiable.
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I1l1-Posed Problems

For problems in mathematical physics, Hadamard postulated three properties
which he deemed to be of central importance:

1. Existence of a solution.
2. Uniqueness of a solution.
3. Continuous dependence of the solution on the data.

A problem satisfying all three of these requirements is called well-posed. To be
more precise, we make the following definition: Let A : U — V be an operator
from a subset U of a normed space X into a subset V' of a normed space Y.
The equation Ap = f is called well-posed if A is bijective and A= : V —
U is continuous. Otherwise Ap = f is called ill-posed or improperly posed.
Contrary to Hadamard’s point of view, in recent years it has become clear
that many important problems of mathematical physics are in fact ill-posed!
In particular, all of the inverse scattering problems considered in this book are
ill-posed and for this reason we devote a short chapter to the mathematical
theory of ill-posed problems. But first we present a simple example of an
ill-posed problem.

Example 2.1. Consider the initial-boundary value problem

ou  0u .

E = @ m [O,TF} X [O,T]
u(0,t) =u(m,t) =0 , 0<t<T
w(z,0)=p(x) , 0<z<m7

where ¢ € C[0,7] is a given function. Then, by separation of variables, we
obtain the solution

e 2
u(z,t) = Z ane " sinna
1

an = 7/ o(y) sinny dy ,

™ Jo
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and it is not difficult to show that this solution is unique and depends contin-
uously on the initial data with respect to the maximum norm, i.e.

max |u(z,t)| < Cmax|p(x
[0,71']><[0,T]| (z,1)] na> ()]

for some positive constant C' [24]. Now consider the inverse problem of deter-
mining ¢ from f := u(-,T). In this case

u(z,t) = Z bpe™ T gin
1

2 T
b, = f/ f(y) sinny dy
™ Jo

and hence
s 2w 2 on?
Iell? = = 3 bl
1

which is infinite unless the b,, decay extremely rapidly. Even if this is the case,
small perturbations of f (and hence of the b,,) will result in the non-existence
of a solution! Note that the inverse problem can be written as an integral
equation of the first kind with smooth kernel:

[fK@ww@myﬂm L 0<a<n

where

2

o0
Ze‘"szinnwsinny , 0<z,y<m.
1
In particular the above integral operator is compact in any reasonable function
space, for example L2[0, 7]. O

Theorem 2.2. Let X and Y be normed spaces and let A : X — Y be a
compact operator. Then Ap = f is ill-posed if X is not of finite dimension.

Proof. Assume A~! exists and is continuous. Then I = A7'A4 : X — X is
compact and hence by Theorem 1.20 X is finite dimensional. a

We will now proceed, again following [75], to present the basic mathemat-
ical ideas for treating ill-posed problems. For a more detailed discussion we
refer the reader to [46, 65, 75], and, in particular, [43].

2.1 Regularization Methods

Methods for contructing a stable approximate solution to an ill-posed prob-
lem are called regularization methods. In particular, for A a bounded linear



2.1 Regularization Methods 29

operator, we want to approximate the solution ¢ of Ap = f from a knowledge
of a perturbed right hand side with a known error level

15— sl <.

When f € A(X) then if A is injective there exists a unique solution ¢ of
Ap = f. However, in general we cannot expect that fo € A(X). How do we
construct a reasonable approximation ¢° to ¢ that depends continuously on

£

Definition 2.3. Let X and Y be normed spaces and let A : X — Y be an
injective bounded linear operator. Then a family of bounded linear operators
R,:Y — X, a>0, such that

lir% Ro,Ap =

for every ¢ € X is called a regularization scheme for A. The parameter « is
called the regularization parameter .

We clearly have that R,f — A~'f as a — 0 for every f € A(X). The
following theorem shows that for compact operators this convergence cannot
be uniform.

Theorem 2.4. Let X and Y be normed spaces, A : X — Y an injective
compact operator and assume X has infinite dimension. Then the operators
R, cannot be uniformly bounded with respect to o as a — 0 and Ry, A cannot
be norm convergent as o — 0.

Proof. Assume ||R,|| < C as o — 0. Then since R, f — A7 f as a — 0 for
every f € A(X) we have that ||[A=1f|| < C||f|| and hence A~! is bounded
on A(X). But this implies I = A~1A is compact on X which contradicts the
fact that X has infinite dimension.

Now assume that R, A is norm convergent as aw — 0, i.e. ||[RoA —I|| — 0
as a — 0. Then there exists a > 0 such that |[RoA — I|| < 3 and hence for
every f € A(X) we have that

A7 ][ = |47"f ~ RaAA™'f + Raf]|
< [[AT = RaAAT || + || Ra S|
11 = Ra Al [[A ] + | Radl 1]

1
5 AT I+ IR

IN

IN

Hence ||A71f|| < 2||Ral| || f]], ie. A= : A(X) — X is bounded and we again
have arrived at a contradiction. O

A regularization scheme approximates the solution ¢ of Ap = f by



30 2 Ill-Posed Problems

go‘; = Rafé.

Writing
@i_@:Rafé_Raf+RozA90_§0a

we have the estimate
|05 — || < 61|Rall + [|RaAp — ]| .

By Theorem 2.4 the first term on the right hand side is large for « small
whereas the second term on the right hand side is large if a is not small! So
how do we choose a? A reasonable strategy is to choose o = «(6) such that
0 — pasd— 0.

Definition 2.5. A strategy for a regularization scheme R,, o > 0, i.e. a
method for choosing the regularization parameter o = «(9), is called regular
if for every f € A(X) and all f° €Y such that Hf‘s — fH < § we have that

Ry f' — A7 f
as 6 — 0.

A natural strategy for choosing a« = «(9) is the discrepancy principle
of Morozov [89], i.e. the residual ||Atpi — f‘sH should not be smaller than
the accuracy of the measurements of f. In particular « = «(d) should be
chosen such that HARaf‘S — f‘SH = v0 for some constant v > 1. Given a
regularization scheme, the question of course is whether or not such a strategy
is regular.

2.2 Singular Value Decomposition

From now on X and Y will always be infinite dimensional Hilbert spaces
and A : X —» Y, A # 0, will always be a compact operator. Note that
A*A : X — X is compact and self-adjoint. Hence by the Hilbert-Schmidt
theorem there exist at most a countable set of eigenvalues {\, }7°, of A*A and
it A*Apy = Apn then (A% Apn, on) = Anlleall’s ie. [[Apall* = Anllenll”
which implies that A, > 0 for n = 1,2, ---. The nonnegative square roots of
the eigenvalues of A* A are called the singular values of A.

Theorem 2.6. Let {u, }$° be the sequence of nonzero singular values of the
compact operator A : X — 'Y ordered such that

M1 2 g 2 3 =

Then there exist orthonormal sequences {pn}3° in X and {g,}5° in Y such
that

A@n = MUngGn A*gn = UnPn -
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For every ¢ € X we have the singular value decomposition

= (p,0n)pn+ Pp
1

where P : X — N(A) is the orthogonal projection operator of X onto N(A)

and
o0
Ap =" pn(e,0n)g
1

The system (fin, ©n,gn) s called a singular system of A.

Proof. Let {©,}5° be the orthonormal eigenelements of A*A corresponding
to {pn}$°, ie.

A" Ap = pion
and define a second orthonormal sequence by

1
gn = —Apy, .
Hn

Then Ay, = pngn, and A*g, = p,@y,. The Hilbert-Schmidt theorem implies
that

©=> (,0n)pn+ Pp
1

where P : X — N(A*A) is the orthogonal projection operator of X onto
N(A*A). But ¢ € N(A*A) implies that (Ay, AY) = (¥, A*Ayp) = 0 and
hence N(A*A) = N(A). Finally, applying A to the above expansion (first
apply A to the partial sum and then take the limit), we have that

Ap =" pin(p, @n)gn
1

O

We now come to the main result we will need to study compact operator
equations of the first kind, i.e. equations of the form Ay = f where A is a
compact operator.

Theorem 2.7 (Picard’s Theorem). Let A: X — Y be a compact operator
with singular system (fn, Pn, gn). Then the equation Ap = f is solvable if and
only if f € N(A*)* and

oo

212 (f, gn)l 2 <00. (2.1)

1

In this case a solution to Ap = [ is given by

p=> L (£, 0n)0n
1
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Proof. The necessity of f € N(A*)L follows from Theorem 1.27. If ¢ is a
solution of Ap = f then

pn (@, on) = (0, A%gn) = (Ap, gn) = (f, gn) -

But from the singular value decomposition of ¢ we have that

o0

2 2 2
el = 1, 0n)* + [Pl

1

and hence
o0

Zl 1(F, g Zw% <l

I3

which implies the necessity of condition (2.1).
Conversely, assume that f € N(A*)L and (2.1) is satisfied. Then from
(2.1) we have that

oo

Zi (f9n)¢

’I’L

converges in the Hilbert space X. Applying A to this series we have that

o0

Ap = Z(fv gn)gn

1

But, since f € N(A*)*, this is the singular value decomposition of f corre-
sponding to the operator A* and hence Ay = f. O

Note that Picard’s theorem illustrates the ill-posed nature of the equation
Ap=f.In partlcular setting f0 = f + &g, we obtain a solution of Ap? = f9
given by ¢° = ¢ + 6@,/ fin. Hence, if A(X) is not finite dimensional,

lle" el _ 1
o=l o

since by Theorem 1.14 we have that u,, — 0. We say that Ap = f is mildly ill-
posed if the singular values decay slowly to zero and severely ill-posed if they
decay very rapidly (for example exponentially). All of the inverse scattering
problems considered in this book are severely ill-posed.

From now on, in order to focus on ill-posed problems, we will always
assume that A(X) is infinite dimensional, i.e. the set of singular values is an
infinite set.

Ezample 2.8. Consider the case of the backwards heat equation discussed in
Example 2.1. The problem considered in this example is equivalent to solving
the compact operator equation Ap = f where
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/ K(z,y)p(y)dy , 0<z<nm

and

2 —n2T _: :
=— e sinnx sinny .
)= 21: y
Then A is easily seen to be self-adjoint with eigenvalues given by A\, = e ’T,
Hence pu, = A\, and the compact operator equation Ap = f is severely ill-

posed. a

Picard’s theorem suggests trying to regularize Ap = f by damping or
filtering out the influence of the higher order terms in the solution ¢ given by

p=> i(f, In)en
1

The following theorem does exactly that. We will subsequently consider two
specific regularization schemes by making specific choices of the function ¢
that appears in the theorem.

Theorem 2.9. Let A : X — Y be an injective compact operator with singular
system (fin, Pn, gn) and let g : (0,00) x (0,]|4]|]] — R be a bounded function
such that for every a > 0 there exists a positive constant c(a) such that

lg(o, )| < cla)p , 0<p <||A]l,

and
lim g(a,p) =1, 0<p<[A]l.

Then the bounded linear operators Ry, : Y — X, a > 0, defined by

oo

1
Zi a, tin)(f 9n)en
T Mn
for f €Y describe a regularization scheme with
|Ral| < c(a).

Proof. Noting that from the singular value decomposition of f with respect
to the operator A* we have that

AP =D 1 g + 1P
1

where P : X — N(A*) is the orthogonal projection of X onto N(A*), we see
that for every f € Y we have that
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o0

1
1B = 3 (o) P 1CF, 00

1 n

@)Y I(f. )l
< le(@)? |11

and hence ||Ry]|| < ¢(a). From

1
(RaAp, pn) = ;TQ(O" pin) (Ap, gn)

n

= q(a, pin) (9, Pn)

and the singular value decomposition for R, Ap — ¢ we obtain, using the fact
that A is injective, that

HR,XAQD - ‘PHQ = Z |(RocA<p - ¢ Son)|2

Z|q Q, fin _1| (¢, (Pn)|
1

Now let ¢ € X, o # 0, and let M be a bound for q. We first note that for
every € > 0 there exists N = N(e) such that

€
(0, 00> < 55
N§+:1 2(M +1)2

Since lim,—q g(a, ) = 1, there exists ag = ag(€) such that

2 €

lg(e, pn) = 11" < 3
2{[ell

forn =1,2,---,N and all a such that 0 < a < ag. We now have that, for
0 < a<ag,

N
|Radp — ol = la(e, pn) = 117 (0, 0m)|?
1

+ > gl ) = 117 [(,00)|

N+1

22|¢1§0n| +7

2||s0||

But, since A is injective,
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o0
2 2
el =" 1, 9n)]
1

and hence ||RyAp — ¢||> < € for 0 < a < ag. We can now conclude that
RoAp — ¢ as a — 0 for every ¢ € X and the theorem is proved. a

A particular choice of ¢ now leads to our first regularization scheme, the
spectral cut-off method .

Theorem 2.10. Let A: X — Y be an injective compact operator with singu-
lar system (fin, ©n,gn). Then the spectral cut-off

Rpnfi= Y L (. m)0m

Hon 2 Pom

describes a reqularization scheme with regularization parameter m — oo and
Bl = 1/t

Proof. Choose ¢q such that ¢(m,pu) = 1 for u > pn, and g(m,u) = 0 for
4 < . Then since p, — 0 as m — oo the conditions of the previous
theorem are clearly satisfied with ¢(m) = u%n Hence ||Rp|| < /%1 Equality
follows from the identity R,,gm = ©m/ thm- a

We conclude this section by establishing a discrepancy principle for the
spectral cut-off regularization scheme.

Theorem 2.11. Let A : X — Y be an injective compact operator with dense
range in'Y, let f €Y and § > 0. Then there exists a smallest integer m such
that

|ARq f - fll < 0.

Proof. Since A(X) =Y, A* is injective. Hence the singular value decomposi-
tion with the singular system (pi,, gn, @n) for A* implies that for every f € Y
we have that

F=> (f9n)9n- (2:2)

Hence

ARy = DfIIP = > |(f.92)" =0 (2.3)

Pn <fm

as m — oo. In particular, there exists a smallest integer m = m(4) such that
|ARm f = fll < 0. O

Note that from (2.2) and (2.3) we have that

AR f = fIP = AP = D> 1 9a)l” - (2.4)

Hon = Pom
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In particular, m(0) is determined by the condition that m(d) is the smallest
value of m such that the right hand side of (2.4) is less than or equal to &°.
For example, in the case of the backwards heat equation (Example 2.1) we
have that g,(x) = \/2/msinnz and hence m is determined by the condition
that m is the smallest integer such that

m

AP = lbal* < 62

1

where the b,, are the Fourier coefficients of f.
It can be shown that the above discrepancy principle for the spectral cut-
off method is regular (Theorem 15.26 of [75]).

2.3 Tikhonov Regularization

We now introduce and study the most popular regularization scheme in the
field of ill-posed problems.

Theorem 2.12. Let A: X — Y be a compact operator. Then for every a > 0
the operator al + A*A : X — X 1is bijective and has a bounded inverse.
Furthermore, if A is injective then

Ro = (al + A*A)~1A*
describes a reqularization scheme with ||Rq|| < 1/2¢/a.

Proof. From
allpl” < (ap + A" Ap, )
for ¢ € X we can conclude that for a > 0 the operator al + A* A is injective.
Hence, since A*A is a compact operator, by the Riesz theorem we have that
(al + A*A)~! exists and is bounded.
Now assume that A is injective and let (u,, ©n,gn) be a singular system
for A. Then for f € Y the unique solution ¢, of

ape + A" Ap, = A* f

is given by

— A

_ n
Pa Sy (fs9n)¢en s

i.e. R, can be written in the form

=1

Rof = —aqla, in)(f, gn)¢n
1 n

where
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12

a+p?
Since 0 < g(a,p) < 1 and ap < (a+ p?) /2, we have that |g(a, p)l
w/2+/a and the theorem follows from Theorem 2.9.

qlo, p) =
<
O

The next theorem shows that the function ¢, = R, f can be obtained as
the solution of an optimization problem.

Theorem 2.13. Let A: X — Y be a compact operator and let o > 0. Then
for every f € Y there exists a unique p, € X such that

14¢a = FI* + allpall” = int {Il4p = fIF +allgl*} -
peX

The minimizer is the unique solution of apy + A*Ap, = A*f.

Proof. From

1A — f1I? + e llel” = [|Apa — fII* + all@all®
+ 2Re(p — pa, po + A" Apy — A* f)

2 2
1Al = @a)ll” + el = wall

which is valid for every ¢, v, € X, we see that if ¢, satisfies ap, +A*Ap, =
A* f then ¢, minimizes the Tikhonov functional

1Ap = fII” +allell* .
On the other hand, if ¢, is a minimizer of the Tikhonov functional, set
V= aps + A" Apy, — A™ f
and assume that ¢ # 0. Then for ¢ := ¢, —t1), t a real number, we have that

14¢ = fII” + allel* = [|Apa — fII” + allpall®
= 2t|[|* + ([ AY|* +a|lg]*). (2.5)

The minimum of the right hand side of (2.5) occurs when

e
1461 + o [[]

and for this ¢ we have that ||[Ap — f||* + a|l¢||®> < ||Aga — fII* + a|lall’
which contradicts the definition of ¢,. Hence ¢ = 0, i.e. ap,+A*Ap, = A*f.
O
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By the interpretation of Tikhonov regularization as the minimizer of the
Tikhonov functional, its solution ¢, keeps the residual ||Ap, — f] |2 small and
is stabilized through the penalty term « ||goa||2. This suggests the following
two constrained optimization problems:

Minimum Norm Solution: For a given § > 0 minimize ||p|| such that
|4 — fIl < 6.
Quasi-Solutions: For a given p > 0 minimize ||A¢ — f|| such that |[¢|| < p.

We begin with the idea of a minimum norm solution and view this as a
discrepancy principle for choosing ¢ in Tikhonov regularization.

Theorem 2.14. Let A: X — Y be an injective compact operator with dense
range in'Y and let f € Y with ||f|] > 6 > 0. Then there exists a unique «
such that

[AR0f — fll =4

Proof. We have to show that

F(a) = [|[ARaf — f|* -
has a unique zero. As in Theorem 2.11 we have that

oo

F=> (f:9n)9m

1

and for ¢, = R, f we have that

oo

(PQZZ Hn (f?gn) Pn

a2

Hence
o0

W)|° — 62,
ZaJrun |(f,90)

1

Since F' is a continuous function of a and strictly monotonically increasing
with limits F(a) — —6% as a@ — 0 and F(a) — ||f||* =62 > 0 as @ — oo, F
has exactly one zero o = «(9). O

In order to prove the regularity of the above discrepancy principle for
Tikhonov regularization, we need to introduce the concept of weak conver-
gence.

Definition 2.15. A sequence {¢,} in X is said to be weakly convergent to
pe X if
Jim (9, 0n) = (¢, )

for every ¥ € X and we write p, — @, n — 0.
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Note that norm convergence ¢,, — p, n — o0, always implies weak con-
vergence but, as the following example shows, the converse is generally false.

Ezample 2.16. Let £? be the space of all sequences {a, }3°, a, € C, such that

Z lan|® < o0 (2.6)
1

It is easily shown that, with componentwise addition and scalar multiplication,
£2 is a Hilbert space with inner product

(a,b) = i anbn,
1

where a = {a,,}$° and b = {b,}5°. In £2 we now define the sequence {¢,} by
¢n = (0,0,0,---,1,0,---) where the one appears in the n*" entry. Then {¢,}
is not norm convergent since ||, — @um|| = V2 for m # n and hence {¢,} is
not a Cauchy sequence. On the other hand, for ¢ = {a,} € £* we have that
(Y, 0n) = ap — 0 as n — oo due to the convergence of the series in (2.6).
Hence {¢,} is weakly convergent to zero in £2.

Theorem 2.17. Every bounded sequence in a Hilbert space contains a weakly
convergent subsequence.

Proof. Let {¢,} be a bounded sequence, ||¢,|| < C. Then for each integer m
the sequence (¢, ©n) is bounded for all n. Hence by the Bolzano-Weierstrass
theorem and a diagonalization process (c.f. the proof of Theorem 1.17) we can
select a subsequence {wn(k)} such that (©m,@n)) converges as k — oo for
every integer m. Thus the linear functional F' defined by

is well defined on U := span{y,,} and, by continuity, on U. Now let P :
X — U be the orthogonal projection operator and for arbitrary ¢ € X write
= Py + (I — P)y. For arbitrary ¢ € X define F(¢) by

F(Q/J) = klir{:o(waspn(k)) = khanolo [(Pzz/}aﬂpn(k)) + ((I - P) wa‘pn(k))]
= kh~>nolo (Pwa <Pn(k))

where we have used the easily verifiable fact that P is self-adjoint. Thus F' is
defined on all of X. Furthermore, || F|| < C. Hence, by the Riesz representation
theorem, there exists a unique ¢ € X such that F(¢) = (¢, ) for every
¥ € X. We can now conclude that limg oo (¢, 0nk)) = (¢, @) for every ¢ € X,
i.e. op(k) is weakly convergent to ¢ as k — oo. a

We are now in a position to show that the discrepancy principle of Theorem
2.14 is regular.
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Theorem 2.18. Let A: X — Y be an injective compact operator with dense
range in Y. Let f € A(X) and f° €Y satisfy Hf‘s —fH <d< ||f5H with
0 > 0. Then there exists a unique o = (d) such that

||ARus) = £°]] =6

and
Ry f' — A7 f

as 6 — 0.

Proof. In view of Theorem 2.14, we only need to establish convergence. Since
@d = R f % minimizes the Tikhonov functional, we have that

2 2 2
0 +al|”|]” = []A¢° = £ + e ||¢"]]
<[JAA7f - | oA g
<& +alla )
and hence Hgo‘SH < }|A*1fH. Now let g € Y. Then

[(A¢° — f.9)| < (||[A¢® = £ + ||£° = £]]) gl
< 2d0]|g|] — 0 (2.7)

as § — 0. Since A is injective, A*(Y) is dense in X and hence for every ¢ € X
there exists a sequence {g,} in Y such that A*g, — 1. Then

(@° —p,00) = (¢° — 0, A%gn) + (¢° — @, — A*gy) (2.8)

and, for every ¢ > 0,
|(0° = o — A%ga)| < |6 — || IV = A*gnll < 5 (2.9)

for all 6 > 0 and N > Ny since H<p5 — <pH is bounded. Hence, for N > Nj and
0 sufficiently small, we have from (2.7) - (2.9) that

1(¢° — 0, 0)| < [(¢° — @, A"gn)| + |(¢° — 0,00 — A%gy)|
S |(A§06 _fagn)| +§

<e€

where we have set f = Ap. We can now conclude that ¢® — A= f as § — 0.
Then, again using the fact that ||g05|| < ||A*1f| |, we have that

lof = A7 = |1 = 2Re (" A7L1) + [J47| 230
<2([|JA7 P - Re (¢, 4711)) =0

as 6 — 0 and the proof is complete. a
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Under additional conditions on f, which may be viewed as a regularity
condition on f, we can obtain results on the order of convergence.

Theorem 2.19. Under the assumptions of Theorem 2.18, if f € AA*(Y') then
s “1g] _ 1/2
[¢° - atr||=0(s2) . 6—o0.

Proof. We have that A=1f = A*g for some g € Y. Then from (2.10) we have
that

le* — A= f][* <2 ([|A7 ]~ Re (o, 41 ))
=2Re (A7 f —¢°, A71f)
= 2Re (f — Agp‘;,g)

<2(|lF = [+ 117 = 4| gl
< 48 gl

and the theorem follows. O

Tikhonov regularization methods also apply to the case when both the
operator and the right hand side are perturbed, i.e. both the operator and
the right hand side are “noisy”. In particular, consider the operator equation
App = f0, A, : X — Y, where ||, — Al| < h and Hf — f‘SH < § respectively.
Then the Tikhonov regularization operator is given by

Ry = (al + AL AL) " Af

and the regularization solution ¢* := R4 f? is found by minimizing the
Tikhonov functional
[Ane = || + llel] -

The regularization parameter o« = «(d, h) is determined from the equation

[[4nga = 11" = (-+ hlleall”) -

Then all of the results obtained above in the case when A is not noisy can be
generalized to the present case when both A and f are noisy. For details we
refer the reader to [89].

We now turn our attention to the method of quasi-solutions.

Theorem 2.20. Let A : X — Y be an injective compact operator and let
p > 0. Then for every f € Y there exists a unique po € X with ||¢ol| = p
such that

[[Apo — fII < [|Ap — £l

for all ¢ satisfying ||¢|| < p. The element @o is called the quasi-solution of
Ap = f with constraint p.
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Proof. We note that ¢ is a quasi-solution with constraint p if and only if Apg
is a best approximation to f with respect to the set V := {Ag : ||| < p}.
Since A is linear, V is clearly convex, i.e. A\p1+(1—A)p € V for all p1,p2 € V
and 0 < A < 1. Suppose there were two best approximations to f, i.e. there
exist v1,vo € V such that

1f = wall = [1f = wall = inf [1f ]

Then, since V is convex, 1 (v1 4 v2) € V and hence

By the parallelogram equality we now have that

V1 + Vo

f=3

Z|If —wll .

2 2 2
[[vr = val|” = 2||f = v1]|” + 2| f — v2]]

_4Hf_vl-2ﬂfz

<0

and hence v; = vy. Thus if there were two quasi-solutions ¢, and o then
Ap; = Apy. But since A is injective @1 = o, i.e. the quasi-solution, if it
exists, is unique.

To prove the existence of a quasi-solution, let {y,} be a minimizing se-
quence, i.e. ||p,|| < p and

lim |[Ag, — fl| = inf [[Ap— f]. (2.11)
n—oo llell<p

By Theorem 2.17 there exists a weakly convergent subsequence of {p,} and

without loss of generality we assume that ¢, — @y as n — oo for some

o € X. We will show that Ap,, — Apy as n — oo. Since for every p € X we

have that

Jim (A, ) = lim_ (pn, A%) = (p0, A"¢) = (Apo, )
we can conclude that Ay, — Apg. Now suppose that Ap,, does not converge
to Apg. Then {Ap,} has a subsequence such that HAgon(k) — A<P0H > 6 for
some ¢ > 0. Since [|@,|| < p and A is compact, {Ap, )} has a convergent
subsequence which we again call {Ap,)}. But since convergent sequences
are also weakly convergent and have the same limit, A,y — Apo which is
a contradiction. Hence Ap,, — Agg. From (2.11) we can now conclude that

1Apo = fll = inf [[Ap — f]]
llell<p

and since ||o||* = limp—o0 (#n, o) < pllpol| we have that ||go|| < p. This
completes the proof of the theorem. a
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We next show that under appropriate assumptions the method of quasi-
solutions is regular.

Theorem 2.21. Let A : X — Y be an injective compact operator with dense
range and let f € A(X) and p > |’A‘1f||. For f% € Y with Hf‘s—fH <9,
let 0 be the quasi-solution to Ap = f° with constraint p. Then ¢ — A=1f
as 0 — 0 and if p = HA_lfH then p® — A= f as § — 0.

Proof. Let g € Y. Then since HA‘lfH < p and ||A<p5 —f‘5|| < ||A<p—f5|’
for f = Ay we have that

[(A¢® = £.9)| < (||4¢® = £°]| + [|£° = £1]) llgll
< (|47 = 22|+ 11£2 = £1]) gl (2.12)
<24 ||gl| -

Hence (Ago‘S — f, g) = ((,0‘s — A7, A*g) — 0 as 6 — 0 for every g € Y. Since
A is injective, A*(Y) is dense in X and we can conclude that ¢° — A~!f as
d — 0 (c.f. the proof of Theorem 2.18).

When p = ||A7 f|| we have (using ||¢°|| < p=||A71f||) that

1¢° = A7 f|]F = [[¢°]]" = 2Re (¢, A7) + [[A72 1| (2.13)
<2Re (A7'f—¢’ AT f) =0
as 0 — 0. O

Note that for regularity we need to know a priori the norm of the solution
to the noise-free equation.

Theorem 2.22. Under the assumptions of Theorem 2.21, if f € AA*(Y) and
p=||ALf|| then
I —aill=0(5) . 5o,

Proof. We can write A~1f = A*g for some g € Y. From (2.12) and (2.13)

we have that ||¢? — A*1f||2 < 2Re (f — Ap®,g) < 45||g|| and the theorem
follows. a
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Scattering by an Imperfect Conductor

In this chapter we consider a very simple scattering problem corresponding
to the scattering of a time harmonic plane wave by an imperfect conductor.
Although the problem is simple compared to most problems in scattering
theory, its mathematical resolution took many years to be accomplished and
was the focus of energy of some of the outstanding mathematicians of the
twentieth century, in particular Kupradze, Rellich, Vekua, Miiller and Weyl.
Indeed the solution of the full three dimensional problem was not fully realized
until 1981 (c.f. Sect. 9.5 of [33]). Here we will content ourselves with the
two dimensional scalar problem and its solution by the method of integral
equations. As will be seen, the main difficulty of this approach is the presence
of eigenvalues of the interior Dirichlet problem for the Helmholtz equation
and we will overcome this difficulty by using the ideas of Jones [64], Ursell
[110] and Kleinman and Roach [73].

The plan of this chapter is as follows. We begin by considering Maxwell’s
equations and then derive the scalar impedance boundary value problem cor-
responding to the scattering of a time harmonic plane wave by an imperfectly
conducting infinite cylinder. After a brief detour to discuss the relevant prop-
erties of Bessel and Hankel functions that will be needed in the sequel, we
proceed to show that our scattering problem is well posed by deriving Rel-
lich’s lemma and using the method of modified single layer potentials. We
will conclude this chapter by giving a brief discussion on weak solutions of the
Helmholtz equation. (This theme will be revisited in greater detail in Chap. 5).

3.1 Maxwell’s Equations

Consider electromagnetic wave propagation in a homogeneous, isotropic, non-
conducting medium in R? with electric permittivity e and magnetic perme-
ability p. A time harmonic electromagnetic wave with frequency w > 0 is
described by the electric and magnetic fields
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E(x,t) = e V2E(x)e™

, (3.1)
H(x,t) = p~YV2H (z)e ™!
where x € R? and &, H satisfy Mazwell’s equations
curl € + uaa—H =0
t (3.2)
curl H — ea—g =0
o
In particular, from (3.1) and (3.2) we see that E and H must satisfy
curl E —ikH =0
(3.3)

curl H +1kE =0

where the wave number k is defined by k = w,/ep.
Now assume that a time harmonic electromagnetic plane wave (factoring
out e~wt)

. . 1 _

E'(x) = E*(x;d,p) = = curl curl pet*®-d

‘ . 1 . (3.4)

H'(z) = H'(z;d,p) = —k curl petke-d
i

where d is a constant unit vector and p is the (constant) polarization vector
is an incident field that is scattered by an obstacle D that is an imperfect
conductor, i.e. the electromagnetic field penetrates D by only a small amount.
Let the total fields E and H be given by

E=FE+FE°
' (3.5)
H=H'+H®

where Ef(x) = E°(z;d,p) and H*(x) = H*®(x;d,p) are the scattered fields
that arise due to the presence of the obstacle D. Then E*, H® must be an
“outgoing” wave that satisfies the Silver-Miiller radiation condition

lim (H* xxz —rE*) =0 (3.6)
where r = |z|. Since D is an imperfect conductor, on the boundary 0D the
field E must satisfy the boundary condition

vxecurlE—iA(v x E) xv =0 (3.7

where A = A(z) > 0 is the surface impedance defined on dD. Then the
mathematical problem associated with the scattering of time harmonic plane
waves by an imperfect conductor is to find a solution E, H of Maxwell’s
equations (3.3) in the exterior of D such that (3.4)—(3.7) are satisfied. In
particular, (3.3)—(3.7) defines a scattering problem for Maxwell’s equations.
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Now consider the scattering due to an infinite cylinder with cross section
D and axis on the zg-coordinate axis where z = (z1,22,23) € R3. Assume
E =(0,0,FE3), p=(0,0,1) and d = (d1, d2,0), i.e.

E?(x) — eik?{:'dé?)

where é3 is the unit vector in the positive x3 direction. Then E and H will be
independent of 23 and from Maxwell’s equations we have that H = (H;, Hs,0)
where F3, H; and Hy satisfy

0F3

— =ikH

81‘2 ! !

0Fj3

— = —ikH.

8m1 ! 2
0H, 0H; .
— — — = —ikE;s.
(91’1 6562 ! 3

In particular, -
AE3 +k*E3 =0 inR*\ D. (3.8)

In order for E3 to be “outgoing” we require that E3 satisfy the Sommerfeld
radiation condition

lim /7 (6E3 - zkE3> =0. (3.9)

7—00 87”

Finally, we need to determine the boundary condition satisfied by
Es(z) = *=d 4 BS(x) (3.10)

where now x € R2. To this end, we compute for £ = (0,0, F3) and v =
(v1,12,0) that v X curl E = (0,0, —9F3/0v) and (v x E) x v = E. This then
implies that (3.7) becomes

OFEs

— +iAE3=0. A1

v +1 3 0 (3 )
Equations (3.8)—(3.11) provide the mathematical formulation of the scattering
of a time harmonic electromagnetic plane wave by an imperfectly conducting
infinite cylinder and it is this problem that will concern us for the rest of this
chapter.

3.2 Bessel Functions

We begin our study of the scattering problem (3.8)—(3.11) by examining spe-
cial solutions of the Helmholtz equation (3.8). In particular, if we look for
solutions of (3.8) in the form

Es(z) = y(kr)e™® n=0,41,42, -
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where (r,0) are cylindrical coordinates, we find that y(r) is a solution of
Bessel’s equation

1 2
y' + ;y’ + <1 — ”) y=0 (3.12)
for v = n. For arbitrary real v, we see by direct calculation and the ratio test
that i
( 1) v+2k
=3 CV )
k'Fk:—Fl/—l—l) 2 (3.13)

where I' denotes the gamma function is a solution of Bessel’s equation for
0 <r < oo.J, is called a Bessel function of order v. Forv = —n,n=1,2,---,
the first n terms of (3.13) vanish and hence

()

nJFS n+2s
n+s 's' ( )

—1)"Jn(7")

tnqg

=
I

n

tl/Jg

A%

which shows that J, and J_,, are linearly dependent. However if v # n then
it is easily seen that J, and J_, are linearly independent solutions of Bessel’s
equation.

Unfortunately, we are interested precisely in the case when v = n and
hence we must find a second linearly independent solution of Bessel’s equation.
This is easily done using Frobenius’ method and for n =0,1,2,--- we obtain
the desired second solution to be given by

n—1

Y, (r) == %Jn(r) logg - % > w (2)% ”
s (3.14)

[W(k+1)+ 9k +n+1)

where (1) = —v, ¥(m + 1) = 7+1+%+--~—|—% form =1,2,---, v =
0.57721566 - - - is Euler’s constant and the finite sum is set equal to zero if
n = 0. From (3.13) and (3.14) we see that

Jn(T)Z%(g)n[l—kO(rQ)] . =0 (3.15)

and, for n > 1,

_ (=D 14+ O0(rlogr), n=1 -
Ya(r) = ——=(3) {1+O(r2), "L 0 (3.16)
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whereas for n = 0 we have that
2

Yo(r) = —logr+0(1) , r—20. (3.17)
T

Note that in (3.15) and (3.16) the constant implicit in the order term is
independent of n for n > 1. Finally, for n a positive integer we define Y_,, by

You(r) = (~1)"Ya(r)

which implies that .J,, and Y,, are linearly independent for all integers n =
0,£1,42,---. The function Y,, is called the Neumann function of order n.

Of considerable importance to us in the sequel are the Hankel functions
Hr(ll) and Hr(tz) of the first and second kind of order n respectively which are
defined by

HWO(r) i= Jo(r) + Yy (r)

H® (r) :== Jn(r) —iY,(r)

n

(3.18)

forn=0,£1,£2,---, 0 < r < 0. Hr(Ll) and H,(f) clearly define a second pair
of linearly independent solutions to Bessel’s equation.
Now let y; and y» be any two solutions of Bessel’s equation

(ry}) + <r — ”:) y1 =0 (3.19)
(rys) + (r - ”:) Yo =0 (3.20)

and define the Wronskian by

Y1 Y2

Wiys, =
(yl y2) yll yé

Then multiplying (3.19) by y2 and subtracting it from (3.20) multiplied by y;
we see that

d
and hence
C
W(yhyQ) = ?

where C' is a constant. The constant C' can be computed by
C = limrW(y1, y2) .-

In particular, making use of (3.15)—(3.18) we find that
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21
W(J,, HY) = = 3.21
(s HD) = = (3.21)
y
W(HDY, H?) = -2 (3.22)
mwr

We now note that for 0 < r < oo, 0 < |t| < 0o, we have that

o0

J ¢
rt/2 —r/2t r
DR

and, setting j — k = n, we have that

St St k,.n+2k
r/2(t=1/4) _ (=1)"r n
¢ = [Z 22 (1 k)R | |

n=—oo Lk=0

- (3.23)
= Z Jn(r)t

Setting ¢ = ie? in (3.23) gives the Jacobi-Anger expansion
zrcose ZZnJ WLG ) (324)

In the remaining chapters of this book we will often be interested in entire
solutions of the Helmholtz equation of the form

27 )
vy(z) = / T eos(0=9) (4 4 (3.25)

where g € L?[0,2n]. The function v, is called a Herglotz wave function with
kernel g. These functions were first introduced by Herglotz in a lecture in 1945
in Gottingen and were subsequently studied by Magnus [84], Miiller [90] and
Hartman and Wilcox [57]. From (3.25) and the Jacobi-Anger expansion, we
see that since g has the Fourier expansion

where -
> anl* < oo, (3.26)

vy is a Herglotz wave function if and only if v, has an expansion of the form

x) = Z aan(k;r)ei"g
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such that (3.26) is valid. Note that v, is identically zero if and only if g = 0.
Finally, we note the asymptotic relations [82]

(3.27)
2 n 7r
M) = 4/ 2 =z —3/2
H,"(r) 1/mqexpz<r 5 4)+O(r ), T— 00
and the addition formula [82]
e}
1 in
o (k= o) = 37 HD (k) Tk y)e™ (3.28)

which is uniformly convergent together with its first derivatives on compact
subsets of |z| > |y| and @ denotes the angle between z and y.

3.3 The Direct Scattering Problem

We will now show that the scattering problem for an imperfect conductor in R?
is well-posed. We will always assume that D C R? is a bounded domain con-
taining the origin with connected complement such that 9D is in class C2. Our
aim is to show the existence of a unique solution u € C?(R? \ D) N C1(R? \ D)
of the exterior impedance boundary value problem

Au+k*u=0 inR*\ D (3.29)

u(x) = e*d 4y (z) (3.30)

Tim /7 <85; zku) =0 (3.31)
ou

= tidu= 32

By +idu =0 (3.32)

where A € C(0D), A(z) > 0 for z € 9D, v is the unit outward nomal to 9D
and the Sommerfeld radiation condition (3.31) is assumed to hold uniformly
in @ where k > 0 is the wave number and (r, #) are polar coordinates. We also
want to show that the solution u of (3.29)—(3.32) depends continuously on the
incident field u! in an appropriate norm.

We define the (radiating) fundamental solution to the Helmholtz equation
by _
Play) =

’ 4
and note that @(z, y) satisfies the Sommerfeld radiation condition with respect
to both z and y and as | — y| — 0 we have that

H§Y (k|2 —y)) (3.33)

B(z,y) = — log +o(1). (3.34)

2 7 |z —yl
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Theorem 3.1 (Representation Theorem). Let u® € C?(R?\ D)NC*(R?\
D) be a solution of the Helmholtz equation in the exterior of D satisfying the
Sommerfeld radiation condition. Then for x € R?> \ D we have that

S(z) = u® _0 x _ 0w x S
ww) = [ (000 s - oo ) ds).

Proof. Let x € R?\ D and circumscribe it with a disk

Qpe:={y:|z—y|l<e}

where (2, . C R2\ D. Let 2% be a disk of radius R centered at the origin and
containing D and (2, . in its interior. Then from Green’s second identity we
have that

s L T —aus T s(y) =
/ b (u (1) s (o) — G ) ,y>) ds(y) = 0.

From the definition of the Hankel function, we have that

d
s ) = -1 (r)

and hence on 02, . we have that

0 1 1
— P(r,y) = ————
" T ey

Using (3.34) and (3.35) and letting € — 0 we see that

+ O(Jz — y|log |z — y|) . (3.35)

x) = u® _9 x o x s
@)= [ (w5 #to) - G2 ) sty

soy O ) ) )
] (W g - G ) aw

where as usual v is the unit outward normal to the boundary of the (interior)
domain. Hence to establish the theorem we must show that the second integral
tends to zero as R — oo.

We first show that

(3.36)

lim lu®|® ds = O(1). (3.37)
R=o0 Jlyl=r

To this end, from the Sommerfeld radiation condition we have that

2

a S
0= lim Y ikut| ds
R—oo Jiy =g | OF
ous | s (3:38)
= lim + k2 |u®|® + 2k Im (us > ds.
R—o0 ly|=R or or
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Green'’s first identity applied to Dr = 2 \ D gives

/ usau ds:/ usalds—kQ/ u®|? dy—|—/ lgrad u®|? dy
lyl=r  Or oD OV Dr Dnr

and hence from (3.38) we have that

lim
R=o0 Jiy|=R

and from this we can conclude that (3.37) is true.
To complete the proof, we now note the identity

2 —
,  Ou®

+ k2 |u‘5|2> ds = —2kIm w S ds (3.39)
oD aV

ou®
or

sty 9 " o’ ) o
[ (0 e - S ) dw

o (=2t — irda )
_/Iyl—Ru ) <3|y|¢( ,y) — ikad( 7y)) ds(y) (3.40)

ARy (5o = k@) ) st

Applying the Cauchy-Schwarz inequality to each of the integrals on the right
hand side of (3.40) and using (3.37), the facts that &(z,y) = O(1/v/R) and &
and u® satisfy the Sommerfeld radiation condition we have that

0 ou’®
lim w(y)=——P(z,y) — y@x,y)dsy:O
dm [ (00t - 9t ) dst)
and the proof is complete. a

Now let D be a bounded domain with C? boundary D and u €
C?(D) N CY(D) a solution of the Helmholtz equation in D. Then by using
the techniques of the proof of the above theorem it can easily be shown that
for z € D we have the representation formula

Ju 0
u(x) = —(y)?(x,y) — u(y) m——P(z, ds(y) . 3.41
@ = [ (Grweea) g o) dsw. @
Hence, since @(z,y) is a real-analytic function of x; and x5 where x = (21, x2)
and x # y, we have that v is real-analytic in D. This proves the following
theorem:

Theorem 3.2. Solutions of the Helmholtz equation are real-analytic functions
of their independent variables.

The identity theorem for real-analytic functions [63] and Theorem 3.2 imply
that solutions of the Helmholtz equation satisfy the unique continuation prin-
ciple, i.e. if u is a solution of the Helmholtz equation in a domain D and
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u(z) = 0 for = in a neighborhood of a point ¢ € D then u(z) = 0 for all = in
D.

We are now in a position to show that if a solution to the scattering
problem (3.29-(3.32) exists, it is unique.

Theorem 3.3. Let u® € C*(R?\ D) N C*(R? \ D) be a solution of the Helmholtz
equation in R? \ D satisfying the Sommerfeld radiation condition and the
boundary condition Ou®/Ov + iAu® =0 on 0D. Then u® = 0.

Proof. Let {2 be a disk centered at the origin and containing D in its interior.
Then from Green’s second identity, the fact that R and A are real and hence
ou® ou®

ey + i’ = ey —iAus=0 on dD

we have that

/ —ou®  Ou® d _/ —ou® Ou’ d
90 “ar T ar 5T oD o T o y
:—22'/ Au®|? ds.
oD

But, since by Theorem 3.2 u® € C*(R?\ D) (in fact real-analytic), we have
that for x € R? \ 2 u® can be expanded in a Fourier series

(3.42)

u’(r,0) = Z an(r)e™?
oo (3.43)

1 2 )
an(r) = E/o u®(r,0)e=" do

where the series and its derivatives with respect to r are absolutely and uni-
formly convergent on compact subsets of R?\ 2. In particular, it can be verified
directly that a,(r) is a solution of Bessel’s equation and, since u® satisfies the
Sommerfeld radiation condition,

an(r) = o HY (kr) (3.44)

where the o, are constants. Substituting (3.43) and (3.44) into (3.42) and

integrating termwise, we see from the fact that H,(Ll)(kr) = H,@(kr) and the
Wronskian formula (3.22) that

8i |%f:fm/ Au®)? ds.

Since A\ > 0, we can now conclude that «, = 0 for every integer n and hence
u®(x) = 0 for z € R*\ 2. By Theorem 3.2 and the identity theorem for real-
analytic functions we can now conclude that u*(x) = 0 for z € R? \ D. O
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Corollary 3.4. If the solution of the scattering problem (3.29)—(3.32) exists,
it is unique.

Proof. If two solutions u; and wus exist, then their difference u® = u; — us
satisfies the hypothesis of Theorem 3.3 and hence u® = 0, i.e. u; = us. a

The next theorem is a classic result in scattering theory that was first
proved by Rellich [100] and Vekua [111] in 1943. Due perhaps to wartime
conditions, Vekua’s paper remained unknown in the west and the result is
commonly attributed only to Rellich.

Theorem 3.5 (Rellich’s Lemma). Let u € C%(R?\ D) be a solution of the
Helmholtz equation satisfying

lim lul> ds = 0.
R=ee Jiyl=r

Then v =0 in R?\ D.

Proof. Let {2 be a disk centered at the origin and containing D in its interior.
Then, as in Theorem 3.3, we have that for x € R?\ 2

u(r,0) = Z an(r)eme

1
T or

2m
an (1) /0 u(r,0)e~"? dp

and a,(r) is a solution of Bessel’s equation, i.e.
an(r) = an HY (kr) + 8, H? (kr) (3.45)

where the «,, and 3, are constants. By Parseval’s equality we have that

/u ul? ds = 2Ry o (R
Y= —0oco

and hence, from the hypothesis of the theorem,

lim Rlan(R)|*=0. (3.46)

R—o00

From (3.45), the asymptotic expansion of Hfll)(kr) given by (3.27) and the

fact that H,Sl)(kr) = H,gz)(kr), we see from (3.46) that a,, = 3, = 0 for every
n and hence u = 0 in R? \ 2. By Theorem 3.2 and the identity theorem for
real-analytic functions we can now conclude as in Theorem 3.3 that u(z) = 0
for x € R?\ D. 0
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Theorem 3.6. Let u®* € C%(R?\ D) N CY(R?\ D) be a radiating solution of
the Helmholtz equation such that

Im/usau ds > 0.
ov
oD

Then u® =0 in R?\ D.
Proof. This follows from the identity (3.39) and Rellich’s lemma. O

We now want to use the method of integral equations to establish the
existence of a solution to the scattering problem (3.29)-(3.32). To this end,
we note that the single layer potential

u(z) = / o(y)B(z,y) ds(y), = €R?\ 0D (3.47)
oD

with continuous density ¢ satisfies the Sommerfeld radiation condition, is a
solution of the Helmholtz equation in R?\dD, is continuous in R? and satisfies
the discontinuity property [75, 85]

ous 0 1
5@ = [ o) te ) ds) T 5e(@), 2 e oD

where .
3ui

E» (x) := ;1;13%) v(z) - Vu(z+hv(z)) .

(For future reference, we note that these properties of the single layer potential
are also valid for ¢ € H~'/2(0D) where the integrals are interpreted in the
sense of duality pairing [75, 85].) In particular, (3.47) will solve the scattering
problem (3.29)—(3.32) provided

o) =2 [ o) g o) dsty) ~ 2000) [ o).y dsto)

i (3.48)
-9 [‘9“ (z) + i)\(x)ui(x)} .,  x€dD

ov

where u’(z) = e**'9, Hence to establish the existence of a solution to the
scattering problem (3.29)—(3.32) it suffices to show the existence of a solution
to (3.48) in the normed space C(9D) (Example 1.3).

To this end, we first note that the integral operators in (3.48) are compact.
This can easily be shown by approximating each of the kernels K(x,y) in
(3.48) by

0, T=1y

Kn(z,y) := {

where
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0, 0<t<3
h(t):=q2t—1, +<t<1
1, 1<t< >

and using Theorem 1.17 and the fact that integral operators with continuous
kernels are compact operators on C(9D) (c.f. Theorem 2.21 of [75]). Hence,
by the Riesz theorem, it suffices to show that the homogeneous equation has
only the trivial solution. But this is in general not the case! In particular,
let k? be a Dirichlet eigenvalue, i.e. their exists v € C%(D) N C(D), u not
identically zero, such that

Au+k*u=0 inD

u=0 ondD.

It can be shown that u € C'(D) [30] and Gu/dv is not identically zero since, if
it were, then by the the representation formula (3.41) v would be identically
zero which it is not by assumption. Hence for ¢ := du/0v we have from
Green’s second identity that

/ p(y)P(x,y)ds(y) =0, zeR*\D (3.49)
oD

and, by continuity, for z € R?\ D. Hence, using the previously stated discon-
tinuity properties for single layer potentials, we have that

0
o) =2 [ o)z ds) =0, w€oD. (350
(3.49) and (3.50) now imply that ¢ is a nontrivial solution of the homogeneous
equation corresponding to (3.48). Thus we cannot use the Riesz theorem to
establish the existence of a solution to (3.48).

In order to obtain an integral equation that is uniquely solvable for all val-
ues of the wave number k, we need to modify the kernel of the representation
(3.47). We will do this following the ideas of [64, 73] and [110]. We begin by
defining the function x = x(x,y) by

. OO0
x(@,y) = 7 D7 anHD (k) HD (kr, e 0= (3.51)

where z has polar coordinates (r,8), y has polar coordinates (7, 0,) and the
coefficients a,, are chosen such that the series converges for |z, |y| > R where
Nr :={x:|z| < R} C D. The fact that this can be done follows from (3.15),
(3.16), (3.18) and the fact that

HY (kr) = (=1)"HO (kr)

forn =0,1,2,3,---. In particular these equations imply that
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] -0 ()

for n = 41,42 --- and r on compact subsets of (0,c0). Defining

I(z,y) == ®(z,y) + x(,y) ,

we now see that the modified single layer potential

w(z) == /a eIy ds(y) (3.52)

for continuous density ¢ and z € R? \ (D U 2R) satisfies the Sommerfeld
radiation condition, is a solution of the Helmholtz equation in R?\ (DU 2g)
and satisfies the same discontinuity properties as the single layer potential
(3.47). Hence (3.52) will solve the scattering problem (3.29)—(3.32) provided
o satisfies (3.48) with @ replaced by I'. By the Riesz theorem, a solution of
this equation exists if the corresponding homogeneous equation only has the
trivial solution.

Let ¢ be a solution of this homogeneous equation. Then (3.52) will be a
solution of (3.29) - (3.32) with e?***¢ set equal to zero and hence by Corollary
3.4 we have that if u® is defined by (3.52) then u®(x) = 0 for z € R?\ D. By
the continuity of (3.52) across 9D, u® is a solution of the Helmholtz equation
in D\ Qg, u* € C}(D\ 2g)NC(D\ 2x) and u*(z) = 0 for x € dD. From
(3.51), (3.52) and the addition formula for Bessel functions, we see that there
exist constants «,, such that for Ry < |z| < Ry where R < R; < Ry and
{z : |z| < R} C D we can represent u° in the form

Zan{ (k) +anH(1)(k:r)} "o

Since
ul () := xlirgD u’(x)
xzeD
ou’, . ou
v (z) = xl—lng v (z)
z€D

exist and are continuous, we can apply Green’s second identity to u* and u*
over D\ {z : |z| < R;} and use the Wronskian relations (3.21), (3.22) to see

that
ous _ Ous out  _ du
0= s + 5 + d :/ s d
/BD (u+ aV u+ 81/ ) s |z|=R (u 61/ 31/) 5

=2} o (1 1+ 2an|2) .
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Hence, if either |1+ 2a,| < 1 or |1+ 2a,| > 1 for n = 0,£1,£2,--- then
ap =0forn=0,%£1,4£2,---, i.e. u¥(z) = 0 for R; < |z| < R2. By Theorem
3.2 and the identity theorem for real-analytic functions, we can now conclude
that u*(x) = 0 for x € D\ 2g. Recalling that u*(x) = 0 for z € R2\ D, we
now see from the discontinuity property of single layer potentials that

B ous B ous,
) ov

(z) = ¢(x)

i.e. the homogeneous equation under consideration only has the trivial solu-
tion ¢ = 0. Hence, by the Riesz theorem, the corresponding inhomogeneous
equation has a unique solution which depend continuously on the right hand
side.

Theorem 3.7. There erists a unique solution of the scattering problem (3.29)-
(3.82) which depends continuously on u'(z) = e***? in C1(0D).

It is often important to find a solution of (3.29)-(3.32) in a larger space
than C?(R?\ D) N CY(R?\ D). To this end, let 2r := {z : |z| < R} and
define the Sobolev spaces

HL (R*\D):={u:ue H'((R*\ D)N2g) for every R >0
such that (R?\ D) N N2g # 0}

H! (R*\ D):={u:uec H (R?\ D),u is identically
zero outside some ball centered at
the origin} .
We recall that HP(9D), 0 < p < o0, is the dual space of HP(9D) and, for
f € HP(ID) and v € HP(0D),

8 é fods = f(v)

is defined by duality pairing.
Then, for f € H='/2(0D), a weak solution of

Au+Ek*u=0 inR?*\D (3.53)
lim /r Ou _ iku ) =0 (3.54)

7—00 67" o ’
Gu +idu = f oD (3.55)
(91/ IAU = on .

is defined to be a function u € H}

loc

—/ (Vu - Vo — k*uv) dz + z/ Auv ds = / fvds (3.56)
R2\D oD oD

(R2\ D) such that
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for all v € HL,,, (R?\ D) such that u satisfies the Sommerfeld radiation condi-
tion (3.54). Note that by the trace theorem we have that v|pp € H'/2(0D) is
well defined and hence the integral on the right hand side of (3.56) is well de-
fined by duality pairing. The radiation condition also makes sense in the weak
case since, by regularity results for elliptic equations [85], any weak solution
is automatically infinitely differentiable in R? \ D. It is easily verified that if
u € C*(R?\ D)NCH(R?\ D) is a solution of (3.53)—(3.55) then u is also a
weak solution of (3.53)—(3.55), i.e. u satisfies (3.56). The following theorem
will be proved in Chap. 8:

Theorem 3.8. There exists a unique weak solution of the scattering problem
(8.53)-(3.55) and the mapping taking the boundary data f € H~Y?(0D)
onto the solution v € H'((R?\ D)\ 2g) is bounded for every R such that
(RQ\D)QQR?&Q).

In an analogous manner, we can define a weak solution of the Helmholtz
equation in a bounded domain D to be any function v € H*(D) such that

/ (Vu~Vv — kguv) dr =20
D

for all v € H*(D) such that v = 0 on 9D in the sense of the trace theorem.
The following theorems will be useful in the sequel, but we will delay their
proofs until Chap. 5 where they will constitute a basic part of the analysis of
that chapter.

Theorem 3.9. Let D be a bounded domain with C? boundary 0D such that
k? is not a Dirichlet eigenvalue for D. Then for every f € H'/?(OD) there
exists a unique weak solution u € H(D) of the Helmholtz equation in D such
that w = f on 0D in the sense of the trace theorem. Furthermore, the mapping
taking f onto u is bounded.

Theorem 3.10. Let u € HY(D) and Au € L*(D) in a bounded domain D
with C? boundary 0D having unit outward normal v. Then there exists a
positive constant C' independent of u such that

ou
v
Finally, we note that Green’s identities and the representation formulas for

exterior and interior domains remain valid for weak solutions of the Helmholtz
equation and we refer the reader to Chap. 5 for a proof of this fact.

< Cllullgr(py -
H-1/2(3D)




4

The Inverse Scattering Problem
for an Imperfect Conductor

We are now in a position to introduce the inverse scattering problem for an
imperfect conductor, in particular given the far field pattern of the scattered
field to determine the support of the scattering object D and the surface
impedance A. Our approach to this problem is based on the linear sampling
method in inverse scattering theory that was first introduced by Colton and
Kirsch [29] and Colton, Piana and Potthast [37]. As will become clear in
subsequent chapters, the advantage of this method for solving the inverse
scattering problem is that in order to determine the support of the scattering
object it is not necessary to have any a priori information on the physical
properties of the scatterer. In particular, the relevant equation that needs
to be solved is the same for the case of an imperfect conductor as it is for
anisotropic media and partially coated obstacles that we will consider in the
chapters which follow. Of course, for the specific inverse scattering problem
we are considering in this chapter, there are alternate approaches than the
one we are using and for one such alternate approach we refer the reader to
[77].

The plan of our chapter is as follows. We first introduce the far field pattern
corresponding to the scattering of an incident plane wave by a perfect conduc-
tor and prove the reciprocity principle. We then use this principle to show that
the far field operator having the far field pattern as kernel is injective with
dense range. After showing that the solution of the inverse scattering problem
is unique, we then use the properties of the far field operator to establish the
linear sampling method for determining the support of the scattering object
and conclude by giving a method for determining the surface impedance \. As
we will see in Chap. 8, the methods used in this chapter carry over immedi-
ately to the case of partially coated perfect conductors, i.e. the case when the
impedance boundary condition is imposed on only a portion of the boundary
with the remaining portion being subject to a Dirichlet boundary condition.
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4.1 Far Field Patterns

The inverse scattering problems we will be considering in this book all as-
sume that the given data is the asymptotic behavior of the scattered field
corresponding to an incident plane wave. Hence, our analysis of the inverse
scattering problem must begin with a derivation of precisely what this as-
ymptotic behavior is. To this end, we first recall the scattering problem under
consideration, i.e. to find u* € C2(R?\ D) N C*(R?\ D) such that

Au+k*u=0 inR*\D (4.1)
u(z) = ™4 4 us () (4.2)
. ou® 0\
Tlirgoﬁ( 5 iku > =0 (4.3)
Gu +idu=0 ondD (4.4)
5, TiAu=0 o .

where v is the unit outward normal to 9D and A = A(z) is a real valued,
positive and continuous function defined on dD. Then from the asymptotic
behavior (3.27) of the Hankel function, the estimate

2)1/2

Y

o 2\ 12
=r (1 — ~FZcos (0 —0,) + rg)

|z —y| = (r® — 2rrycos (0 — 6,) +r

,
1
:r—rycos(9—9y)+0(r>

where (ry, 6,) are the polar coordinates of y and (r, #) are the polar coordinates
of x, we see from the Representation Theorem 3.1 that the solution u® of (4.1)
- (4.4) has the asymptotic behavior

\/; o0
where d = (cos ¢, sin ¢), k is fixed and

u’(x) =

(0,0) + O(r=3/2) (4.5)

eim/4 J s _,
Uso 97 — w® 671kry cos(6—0y) _ efzkry cos(6—0y) ds )
0= e [ (v o, v
(4.6)

The function u is called the far field pattern corresponding to the scattering
problem (4.1) - (4.4).

Theorem 4.1. Suppose the far field pattern corresponding to (4.1) - (4.4)
vanishes identically. Then u®(x) =0 for x € R?\ D.
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Proof. We have that

Pas= [ Jun(8,0) db 0<1>
[ as= [ oo w0 (g

as R — oo. If us, = 0 then by Rellich’s lemma u*(x) = 0 for 2 € R? \ D and
by continuity for x € R?\ D . 0

We can now consider the inverse scattering problem corresponding to the
direct scattering problem (4.1) - (4.4). There are in fact three different inverse
scattering problems we could consider!

1. Given uy and A, determine D.
2. Given us, and D, determine \.
3. Given us, determine D and .

From a practical point of view, the third problem is clearly the most realistic
one since in general one cannot expect to know either D or A a priori. Hence,
in what follows, we shall only be concerned with the third problem and will
refer to this as the inverse scattering problem. Note that the far field pattern
of

1 .
Up(r,0) = EHfbl)(kr)ezne ,n>0

1 2 — n _in
Un,o00(l) = n\/;e MA(=1)mem?

Hence w00 — 0 as n — oo in L?[0, 2] whereas since

is

—2™(n — 1)!
m(kr)™

HW (kr) ~ , L — 00
uy, will not converge in any reasonable norm. This suggests that the problem
of determining u® from u°° is severely ill-posed and in particular we can expect
that the inverse scattering problem is also ill-posed. Further evidence in this
direction is the fact that from (4.6) we see that u. is an infinitely differentiable
function of # and since in general a measured far field pattern does not have
this property we have that a solution does not exist to the inverse scattering
problem for the case of “noisy” data.

We begin our study of the inverse scattering problem by deriving the
following basic property of the far field pattern.

Theorem 4.2 (Reciprocity Relation). Let ux(6,¢) be the far field pat-
tern corresponding to the scattering problem (4.1)-(4.4). Then us(6,¢) =
Uoo (P + m, 0 + 7).

Proof. For convenience we write uoo(Z, d) = us (6, ¢) where & = 2/ |2, e.g.

efikry cos(0—0y) _ 67iky~i’ A

= ui(ya 71})
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when u'(z,d) = e**"? denotes the incident field. Then from Green’s second
identity we have that

A 9 i I A I 0 i —
[ (w9 - o -0) il ) ds =0 @1

and, using Green’s second identity again, deforming 0D to {z : |x| = r} and
letting » — oo we have that

s 9 " s N0 -
[ (w0 ot ) - w0 -0) o)) st =0, (49
From (4.6) we have that

Verke "/t ug (i, d) =

[ (v i, ) it ) o)) dste)
o\ Doy, y, =) 5 u (Y, y
and, interchanging the roles of & and d,
V8rke ™ty (—d, —&) =
(4.10)

Lo <“(y ) 5o g d) = g )5, —ﬁ)) ds(y)

Now subtract (4.10) from the sum of (4.7), (4.8) and (4.9) to obtain

by the boundary condition (4.4). Hence uso(Z,d) = uoo(—d,—2) and this
implies the theorem. a

We now define the far field operator F : L?[0,2n] — L?[0,27] by

27
(Fg)(0) == / oo (8, 8)g(6) d. (4.11)

From the representation (4.6) for ue and the fact that u® depends continu-
ously on u? in C1(9D) we see that u (6, $) is continuous on [0, 27] x [0, 27].

Theorem 4.3. The far field operator corresponding to the scattering problem
(4.1) - (4.4) is injective with dense range.
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Proof. Using the reciprocity relation, we see that if F* denotes the adjoint of
F' then

(F*g)(6) = / (6.0 g(6) do

2T
:/0 w0 T T T 1) g(9) d

27
— [ @ go - do
0
where we view us, and g as periodic functions of period 27. We now see that
(£F7g)(0) = (Fh)(0 + )

where h(¢) = g(¢ — 7). Hence F' is injective if and only if F** is injective. By
Theorem 1.27 we now see that the theorem will follow if we can show that F’
is injective.

To this end, suppose Fg = 0 for g # 0. Then, by superposition, there exists
a Herglotz wave function vy with kernel g such that the far field pattern ve,
corresponding to this Herglotz wave function as incident field is identically
zero. By Rellich’s lemma the scattered field v®(x) corresponding to v, is
identically zero for € R? \ D and the boundary condition (4.4) now implies
that

Ovg

— 4+iXv, =0 ondD.
v + A

Since v, is a solution of the Helmholtz equation in D, we have from Green’s

second identity applied to v4 and 9, that

2@/ Ao, |? ds = 0.
oD

Hence vy = 0 on dD and by the boundary condition satisfied by v, on 0D
we also have that dv,/0v = 0 on 9D. The representation formula (3.41)
for solutions of the Helmholtz equation in interior domains now shows that
vg(x) = 0 for # € D and hence g = 0, a contradiction. Hence F'g = 0 implies
that ¢ = 0, i.e. F' is injective, and the theorem follows. a

4.2 Uniqueness Theorems for the Inverse Problem

Our first aim in this section is to show that D is uniquely determined from
Uoo (0, @) for § and ¢ in [0, 27] without knowing A a priori. Our proof is due
to Kirsch and Kress [71].

Lemma 4.4. Assume that k? is not a Dirichlet eigenvalue for the bounded
domain B with C? boundary OB and that R?\ B is connected. Let u'(z,d) =
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e’ d_Then the restriction of {u'(-,d) : |d| = 1} to OB is complete in
H'2(0B), i.e.

span {ui(-,d)|sp : |d| = 1} = H/*(0B).

Proof. Let ¢ € H=/2(0B) satisfy

/ ly) e ds(y) = 0 (4.12)
OB

for all d such that |d| = 1. By duality pairing, to prove the lemma it suffices
to show that ¢ = 0. To this end, we see that (4.12) implies that the single
layer potential

ulz) = /8 PP dsly) o€ R\ OB

has vanishing far field pattern u., = 0. Hence, by Rellich’s lemma, u(z) = 0
for x € R? \ B. It can easily be shown that in this case ¢ € C(dB) (c.f.
Theorem 4.10 in the next section of this chapter for the analysis in a related
case) and since in this case the single layer potential is continuous across 9B,
u satisfies the homogeneous Dirichlet problem in B. Thus, since k2 is not
a Dirichlet eigenvalue for B, u(x) = 0 for € B. From the discontinuity
property of the normal derivative of the single layer pontential (see Sect. 3.3),
we can now conclude that

0= ou™  Out
- Ov w7
and the proof is finished. O

Theorem 4.5. Assume that D1 and D2 are two scattering obstacles with cor-
responding surface impedances A1 and Ao such that for a fired wave number
the far field patterns for both scatterers coincide for all incident directions d.
Then D1 = DQ.

Proof. By Rellich’s lemma we can conclude that the scattered fields u®(-,d)
corresponding to the incident fields u’(x, d) = e?***¢ coincide in the unbounded
component G of the complement of D; U Ds. Choose z¢ € G and consider the
two exterior boundary value problems

Aws + k*w; =0 inR*\ D, (4.13)
ow®
[lim VT (;}TJ — zkw;) =0 (4.14)
a S N S
3 [w + D(-,x0) | + i) [w) +P(,20)] =0 ondD; (4.15)

for j =1,2.
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We will first show that wj(z) = wi(z) for x € G. To this end, choose a
bounded domain B such that R2 \ B is connected, D1 UDy C B, zy ¢ B
and k2 is not a Dirichlet eigenvalue for B. Then by Lemma 4.4 there exists a
sequence {v,} in span {u’(-,d) : |d| = 1} such that

|‘Un_¢('am0)||H1/2(aB)_’O ,n— 00.

From Theorem 3.9 one can conclude that v, — &(-,x9) and gradv, —
grad @(-, zo) as n — oo uniformly on D; U D,. Since the v,, are linear com-
binations of plane waves, the corresponding scattered fields v;, ; and v, 5 for
D and Ds respectively coincide on G. But from Theorem 3.7 we have that
vy, ; — wj as n — oo uniformly on compact subsets of R?\ D; for j = 1,2
and hence wi(z) = wi(x) for z € G.

Now assume that Dy # Ds. Then, without loss of generality, there exists
r* € OG such that 2* € D; and x* € Dy (see Figure 4.1). We can choose
h > 0 such that

h
Ty =2+ —v(z*) ,n=12--
n

is contained in G and consider the solutions wy, ; to the scattering problem
(4.13)—(4.15) with x¢ replaced by ;. Then w;, ;(v) = w;, 5(x) for z € G. But,

n,l

Vv(x™)

Fig. 4.1.

considering wy, = wy, 5 as the scattered field corresponding to Da, we see that
ow;,
ov

remains bounded as n — o0o. On the other hand, considering w;, = wy, | as
the scattered field corresponding to D1, we have that

(@) + idg (z%)ws (2*) (4.16)

T+ i) = = (Gt o) + (a0 )

and hence (4.16) becomes unbounded as n — oo. This is a contradiction and
hence Dy = Ds. O
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We now want to show that the far field pattern us not only uniquely
determines D but the surface impedance A = A(x) as well [77]. To this end,
we first need the following lemma [65].

Fig. 4.2.

Lemma 4.6. Let D C R? be a domain that is decomposed into two disjoint
subdomains D1 and Do with common boundary I' :== 0D N 0Dy _(see Figure
4.2). Assume that 9D is in class C*. Suppose uj € C*(D;)NC*(D;) satisfies

Au]‘ —+ kQUj =0 in Dj

and u; = ug on I' and Quy/Ov = Ous/Ov on I' where v is the unit outward
normal to I' considered as part of 0D1. Then the function

() = {ul(x), x € Dy

us(x), x € Dy
is a solution to the Helmholtz equation in D = Dy U Dy U T,
Proof. Fix xg € I'ND and let 2 :={x : |[xt — zo| < €} C D. Let £2; := 2ND;
and let z € £21. Then by the representation formula (3.41) we have that

8’LL1 0
@) = [ |G e - n) gt )

for € £21. On the other hand,

ou 0
0= [ |GRnn - s ewy)] a)

for x € £2,. Now add these two equations together, noting that the contribu-
tions on I' N {2 cancel, to arrive at

@ = [ |GEmeea) g sewn| st @

for x € {2;. Similarly,
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ou 0
uz(x) = —(y)P(x,y) —uly) =——P(x, ds 4.18
()= [ |Seeen) - u) posatwn| ast) @
for 2 € (25. Now note that the right hand sides of (4.17) and (4.18) coincide
and define a solution of the Helmholtz equation in {2 and the lemma follows.
O

Theorem 4.7. Assume that D1 and Do are two scattering obstacles with cor-
responding surface impedances A1 and Ao such that for a fized wave number
the far field patterns coincide for all incident directions d. Then D1 = Dy and
AL = Ao

Proof. By Theorem 4.5 we have that D; = Dsy. Hence it only remains to
show that A;(x) = Aa(z) for x € 9D where D = Dy = Ds. Let uy and ugy
be the solutions of (4.1) — (4.4) for A = Ay and A\ = A respectively. Then,
by Rellich’s lemma, u;(x) = uz(z) for x € R?\ D and hence u; = us and
Ouy /Ov = duy/Ov on OD. From the boundary conditions

8Uj

s +iXNju; =0 ondD (4.19)

for j = 1,2 we have that
()\1 - )\2)11,1 =0 ondD. (420)

Now suppose that u; = 0 on an arc I' C dD. Then from (4.19) we have that
Ouy/Ov =0 on I' and by Lemma 4.6 we have that

_Jui(w) ,x €R2\ D
“(x)_{o reD

defines a solution of the Helmholtz equation in (R* \ D) U I' U D. By the
fact that solutions of the Helmholtz equation are real analytic, we can now
conclude that uy(z) = 0 for x € R?\ D. But

ikx-d

(@) = M9 4 w3 ()

and u§ satisfies the Sommerfeld radiation condition but ¢?***¢ does not. This
is a contradiction and hence u; cannot vanish on any arc I" C dD. Thus if
x € 0D there exists a sequence {x,} C D such that z,, — x as n — oo and
uy(xy,) # 0 for every n. From (4.20) we have that A\j(x,) = A2(x,) for every
n and, since A; and Az are continuous functions we have that A\ (z) = \a(z).
Since z € 9D was an arbitrary point, the theorem is proved. a

4.3 The Linear Sampling Method

We shall now give an algorithm for determining the scattering obstacle D from
a knowledge of the far field pattern corresponding to the scattering problem
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Au+k*u=0 inR*\D (4.21)
u(z) = e 4 us () (4.22)

lim /7 (‘?;i —ikus) =0 (4.23)
9 ixu=0 onoD (4.24)
aV IANU = on .

where A € C(9D), M(x) > 0 for z € 9D and it is not assumed that A is
known a priori. The algorithm we have in mind is the linear sampling method
and was first introduced by Colton and Kirsch [29] and Colton, Piana and
Potthast [37]. For survey papers discussing this method we refer the reader
to [25] and [28].

We begin our discussion of the linear sampling method by considering the
general scattering problem

Aw+E*w=0 inR*\ D (4.25)

lim /7 9 ik ) = 0 (4.26)

T—00 87" B ’
O i = oD (4.27)
5, M= f on .

where f € H~'/2(OD), i.e. we are considering weak solutions of (4.25) —
(4.27). The boundary operator B : H='/2(0D) — L?[0,2x] is now defined to
be the linear operator mapping f onto the far field pattern w., corresponding
to (4.25) — (4.27).

Theorem 4.8. The boundary operator B is compact, injective and has dense
range in L?[0, 27].

Proof. By representing w in the form of a modified single layer pontential

w(z) = /8 ) ) ds(y) (4.28)

as discussed in Sect. 3.3 and generalizing the analysis given there for ¢ €
C(OD) to the present case ¢ € H~'/2(9D) it can be shown by the Riesz
theorem that there exists a unique density ¢ € H~1/2 (0D) such that w, as
defined by (4.28), satisfies (4.25) — (4.27) and the mapping f — ¢ is bounded
in H=1/2(9D). From (4.28) we have that the far field pattern wy, is given by

woo(£) = / () Do, ) ds(y) (4.29)
oD

where & = x/ |x| and I's is the far field pattern of I'. Viewing I'o(%,-) as a
function in H (D), we see that for p € H=1(0D) we have
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/8 o0) [T (i1,1) ~ ol v)] ds(y)
< ||50HH*1(8D) [[1o0 (81, ) = Ioo (22, ')HHl(aD)

and hence (4.29) defines a bounded operator from H~1(dD) to C[0,27]. Pa-
rameterizing D and using Rellich’s theorem, we see that the imbedding op-
erator from H~1(0D) to H~'/2(dD) is compact and (4.29) defines a compact
operator from H~'/2(9D) to C[0, 2x]. This implies that (4.29) is also compact
from H~'/2(0D) to L?[0,2x]. Since f — ¢ is bounded in H~'/2(9D), we can
now conclude that B : H=/2(9D) — L?[0, 2] is compact.

Now suppose that the far field pattern wy, corresponding to (4.25) — (4.27)
vanishes. Then by Rellich’s lemma we have that w(z) = 0 for x € R?\ D and
from the weak formulation (3.56) we see that

fvds=0
oD

for allv € H},, (R?\D),i.e., from the trace theorem, for every v € H'/?(0D).

Hence, by duality pairing, f = 0 and this implies that B is injective.
To show that B has dense range, let

n .
Un,00(0) = Z ae’? .
—n

Then wy, o is the far field pattern of

U (r,0) = Zalfyl_lHl(l)(kr)em

vy (5 3)]

and wu, satisfies (4.25) — (4.27) for

ou, .
f= <6u —|—z)\un)

Since f is continuous and hence in H~/2(9D), we can conclude by the com-
pleteness of the trigonometric polynomials in L?[0, 2] that B has dense range.
O

where

oD

The following theorem will provide the key ingredient of the linear sam-
pling method for determining D from the far field pattern ue..

Theorem 4.9. If & (1, 2) is the far field pattern of the fundamental solution
&(z, z), then Poo(, 2) is in the range of B if and only if z € D.
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Proof. If z € D then @(-, z) is the solution of (4.25) — (4.27) with
D

f= (8 + i)@)
ov

and Bf = &,. If 2 € R?\ D and &, is in the range of B then by Rellich’s
lemma &(-, z) is a weak solution of (4.25) — (4.27) with f again given by (4.30).
But & is not in H{(R?\ D) and hence this is not possible. Thus if z € R?\ D
then @, is not in the range of B. O

(4.30)

oD

Now let v, be a Herglotz wave function with kernel g € L?[0,27] and define
the operator H : L2[0,27] — H~'/2(0D) by

v .
Hg:= <6yg + z)\vg>

The importance of the operator H follows from the fact that the far field
operator I is easily seen to have the factorization

oD

F=-BH.
The following theorem was first proved in [39] (see also [34]).

Theorem 4.10. The operator H is bounded, injective and has dense range in
H~Y2(dD).

Proof. From the definition of H and vg4, H is clearly bounded and injectivity
follows from the uniqueness of the solution to the interior impedance problem
(see the end of Sect. 4.1). In order to show that the range is dense, it suffices
to show that if

Up () == J,, (kr)e™?

T

is complete in H~1/ 2(0D). By duality pairing, this requires us to show that
if g € HY/2(9D) and

then the set

:n:O,il,iQ,---}
oD

/BDQ(’(J) ((,)01 + i)\> un(y) ds(y) =0 (4.31)

forn=0,4+1,4£2,--- then g =0.

Suppose that (4.31) is valid for some g € H'/2(0D) and let 25 be a disk
centered at the origin of radius R and containing D in its interior. Then from
(4.31) and the addition formula for Bessel functions, we can conclude that

u(z) == /6D 9(y) (aya(y) + i)\) b(x,y) ds(y) (4.32)
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is identically zero for = € R?\ 2z. By Theorem 3.2 we can conclude that
u(z) = 0 for z € R? \ D. We now make use of the fact that the double layer
potential

0
v(x) = y &(z,y)ds(y) ,xeR2\ 9D
@ = [ o) gaitla)dsty \
with continuous density ¢ satisfies the discontinuity property

0s(0) = [ o) g5 Pa ) ds(s) & 5ela) . a< 0D

where 4 denotes the limits as x — dD from outside and inside D respectively

and that 5 5
V4 - v_
5 () = B (x) ,ze€0D.

Furthermore, these properties remain valid for ¢ € H'/2(0D) where the in-
tegrals are interpreted in the sense of duality pairing [75, 85]. Hence, since
u(z) =0 for z € R? \ D, we have that

O=g(x)+2/

9(y) (8 + i)x) &(z,y)ds(y) ,x€dD.
aD

ov(y)

Since 0/0v(y)®(x,y) is continuous and P(x,y) = O(log|z — y|), we can now
easily verify that ¢ is continuous.

We now return to (4.32) and use the discontinuity properties of double
and single layer potentials with continuous densities to conclude that

Ouy  Ou— )
o e Y
and, since uy = duy /Ov = 0, we have that
%+i)\u_ =0 ondD.
v

We can now conclude as we did at the end of Sect. 4.1 that u(z) = 0 for z € D
and since u(z) = 0 for € R?\ D we now have that 0 = uy —u_ = g and the
theorem follows. O

In order to derive an algorithm for determining D, we now introduce the
far field equation

27
/0 oo (6, 6)g(6) dp = y exp (—ikr cos(6 — 6s)) (4.33)

where (7., 0.) are the polar coordinates of a point z € R? and
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ei‘n’/4

8k

"y =
or, in simpler notation,
(Fg)() = Poo(, 2)
where & = (cos#,sin ) and

—ikZ-z

Poo(,2) = e

is the far field pattern of the fundamental solution &@(z,z). The following
theorem provides the mathematical basis of the linear sampling method [8].

Theorem 4.11. Let uo, be the far field pattern corresponding to the scattering

problem (4.21) — (4.24) with associated far field operator F.

1. If z € D then for every e > 0 there exists g5 := g, € L?(0,2n] satisfying

the inequality
||[Fg. — @m('aZ)HL?[o,Qw] <e
such that
zLI»%lD 19211 1270,20) = 00
and
i {[vg. g oy = 0

where vy, is the Herglotz wave function with kernel g, .

2. If 2 € D then for every e >0 and § > 0 there exists g5 := g, € L?[0, 2]

satisfying the inequality
1Fg. — g25c><>('72)”L2[0,27r] <et+o

such that
g{% 19211 L210,24) = 00

and

%i_r)% ||ng||H1(D) =00

where vy, is the Herglotz wave function with kernel g,.

Proof. Assume z € D. Then by Theorem 4.9 there exists f, € H~'/?(dD)
such that Bf, = =P (-, 2). By Theorem 4.10 we see that for every e > 0

there exists a Herglotz wave function with kernel g, € L?[0,27] such that

|Hg. — szH—l/z(aD) <e€ (4.34)

and, from the continuity of the operator B, there exists a positive constant C'

independent of € such that

|[BHg. — Bf:|| 12102, < Ce.
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Hence, since F' = —BH, we have that
[|[Fg. — Q'JOOHLQ[O)%] < Ce.

Since f. = — (2 +iA) &(,,2)|yp, When z — 0D |l fr-1/2(opy tends to
infinity since otherwise @(-, z), z € 9D, would be a solution of (4.25) — (4.27)
for f = f., ie. &(,2) € HL (R?\ D), a contradiction. It now follows from
(4.34) that |[Hg:||;-1/2(9p) — o0 and hence from Theorem 3.10 and Theorem
1.36 we have that ||vg, | |H1(D) — 00. We can now conclude from this fact that
19211 2[0,2) also tends to infinity.

Now assume that z € D. Then —® (-, z) is not in the range of B. However
the range of B is dense in L?[0,27] and hence for every § > 0 there exists a
regularized “solution” f2 of Bf = —®(+, 2) given by

fa - lu”ﬂ

S &
< 1 a+ﬂg( 50 In)Pn

where (fin, ©n, gn) is a singular system for B such that
IBSS + Poo (-5 )l L20,0m) < - (4.35)

This follows from the fact that f¢ minimizes the Tikhonov functional. From
Picard’s theorem we see further that ||f&|[;-1/29p) — 00 as @ — 0 since

—®.(+, 2) is not in the range of B. We can again find g¢ € L?[0, 27| such that
|BfS — BHg?HL?[O,%r] <€ (4.36)
for e arbitrarily small. Hence, from (4.35) and (4.36) we have that
1F9Z = Poo (s 2)l 210 2 = [[BHYZ + Poo (5 2) [ 120,27
<|[BHgZ = Bl 20,0m) + 1B+ Poo (5 2)l 210, 2m
<e+d.

The facts that Hfza”H—l/?(aD) — o0 as @ — 0 and f2 is approximated by

Hg? in H='/2(8D) now imply (using Theorem 3.10 and Theorem 1.36 again)
that

(}}L%HUQ?HHWD) =
and hence
iig%) ||9?||L2[0,27r] =0
The theorem now follows by noting that lims_,o a(d) = 0. O

The linear sampling method is based on numerically determining the func-
tion g, in the above theorem and hence the scattering object D. However, at
this point, the numerical scheme that is used is rather ad hoc since in general
the far field equation has no solution even in the case of “noise-free” data
Uso- Nevertheless, the procedure that has been used to determine g, has been
proven to be numerically quite successful and is as follows:
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1. Select a grid of “sampling points” in a region known to contain D.

2. Use Tikhonov regularization and the Morozov discrepancy principle to
compute an approximate solution g, to the far field equation for each z
in the above grid. In the case when A = 0, a justification for using such
a procedure to construct g, has been given in [5] but the general case
remains open. It is of course possible to use other regularization schemes
to reconstruct g, and investigations in this direction have reported on in
[109].

3. Choose a cut-off value C' and assert that z € D if and only if ||g,|| < C.
The choice of C' is heuristic but becomes empirically easier to choose when
the frequency becomes higher [23].

For numerical examples using the above numerical strategy, we refer the
reader to Chap. 8 as well as to the papers in the references.

4.4 Determination of the Surface Impedance

Having determined the scattering object D (without needing to know A a
priori!) we now want to determine A\. We shall do this following the ideas of
[11] and note that the method we will present is also valid when the impedance
boundary condition is only imposed on part of the boundary and on the other
part the total field u is required to satisfy a Dirichlet boundary condition
corresponding to that portion of the boundary being a perfect conductor (see
Chap. 8).

We begin by noting that there exists a unique weak solution u, € H'(D)
of the interior impedance problem (see Chap. 8)

Au, +E*u, =0 inD (4.37)
ou, . B 0 .
£y +idu, = — (81/45(.’ z) +iAD(-, z)) on 0D (4.38)

where z € D and as before A = A(z) € C(9D), A(z) > 0 for z € 9D. From
Sect. 4.3 we have that the following theorem is valid:

Theorem 4.12. Let ¢ > 0, z € D and u, be the solution of (4.37), (4.38).
Then there exists a Herglotz wave function vy, with kernel g, € L*[0,2x] such
that

[ *ngHHl(D) <e

and there exists a constant C > 0, independent of €, such that
||ng - é('vz)”L2[0,27r] < Ce.

Now define
wy = u, +D(+,2).
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Lemma 4.13. For every z1, 29 € D we have that
2/ W, M, ds = —Amk |y|? Jo(k |21 — 22])
oD
i (U (21) — us, (22)

where v = ei“/4/\/ 87k and Jy is a Bessel function of order zero.

7

Proof. We have previously noted that Green’s second identity remains valid

for weak solutions of the Helmholtz equation. In particular,

22/ Wy, )\wzz ds = / (wzl 81I)zz — 8wz1 ) ds
aD 8D ov ov

_ /@D (@(.,zl)a‘i@(-,zz)_gp(-,zQ)@aV@(-,zl)) ds

0 U,
—l—/aD <uzlayd5(',22) — P(-, 29) 5 > ds

But

= —2ik ~/|i—1 Do (T, 21)Poo (T, 22) ds(&)

— 9%k |’7|2 efikﬁzl eiki-zg dS(:i‘)
|&]=1

= —dikm |y Jo(k |21 — 22|)

from the Jacobi-Anger expansion (3.24). From the representation formula

(3.41) we now obtain

2i/ Wy MU, ds = —4ikm |7|2 Jo(k|z1 — za|) + Uz (21) — Uz (22)
oD

and the lemma follows by dividing both sides by i.

Assuming D is connected, let {2, C D be a disk of radius r contained in

D and define the set W by

W:={feL?*OD): f=w.lpp .2 €2} .

O

The following theorem will give us a constructive method for determining

the maximum of .
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Remark 4.14. If D is not connected, the theorem remains true if we replace 2,
by a union of discs where each component contains one disc from the union.

Theorem 4.15. Let A = A\(x) be the surface impedance of the scattering prob-
lem (4.21)—(4.24). Then

S audiy [—am o (k |z = 21) = i (s, () — s (25) ) |

max A(xz) = sup 2 5

z€EOD 2, €0,

a;eC 2 Zai (u% +¢(a21))

i L2(8D)
where the sums are arbitrary finite sums.
Proof. 1t is easy to see that
max A\(x) = sup %/ A fI? ds.
z€ob rer2@p) || fl 2oy Jop

Hence the theorem will follow from Lemma 4.13 if we can show that W is
complete in L?(dD) (first fix z; and then z» and consider linear combinations
of w, for z € £2,).

To show that W is complete in L?(9D), let ¢ € L?(9D) be such that for

every z € (2, we have
/ wypds =0.
oD

We want to show that ¢ = 0. To this end, let v be the (weak) solution of the
interior impedance problem

Av+kv=0 inD

v
v
Then for every z € (2, we have that

Oz/ wzgodSZ/ ne (31}_”)\1}) ds
oD oD ov
@

ov
_ du . B(. A\(-
/8D<uzay+z)\u2v+ (’Z)8y+2)\ (,z)v) ds

ov ou,, 0 .
= /BD (uZ&/ + v (— 5, E@(-,z) - z)\d5(~7z)>) ds

+/6D (@(.,z)gz +mqs(.,z)> ds

+iv=¢ ondD .
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Since v is a solution of the Helmholtz equation in D, and hence real-analytic
by Theorem 3.2, we now have that v(z) = 0 for every z € D and hence by the
trace theorem and Theorem 3.10 we have that ¢ = 0. a

Given that D is known (e.g. by the linear sampling method) we can now
approximate u, by the Herglotz wave function v,, with kernel g, being the
approximate solution of the far field equation given by the first part of The-
orem 4.11. By Theorem 4.15 this in turn provides us with an approximation
to max,eop A(z). In the special case when A(z) = A is constant, we can set
21 = 29 = 2o € {2, in Lemma 4.13 to arrive at

_ —2rk | — Im(u (0))
Huzo + QS(: Z)”i?(aD)

Numerical examples using this formula will be provided in Chap. 8 when we
consider mixed boundary value problems in scattering theory for which the
same formula is valid.

4.5 Limited Aperture Data

In many cases of practical interest, the far field data us(6,¢) = ueo(Z,d)
where & = (cosf,sinf) and d = (cos ¢,sin ¢) is only known for & and d on
subsets of the unit circle, i.e. we are concerned with limited aperture scattering
data. In order to handle this case, we note that from the proof of Theorem 4.11
the function g, € L?[0,2n] of this theorem is the kernel of a Herglotz wave
function that approximates a solution to the Helmholtz equation in D with
respect to the H'(D) norm (c.f. Theorem 4.12). Therefore to treat the case of
limited aperture far field data it suffices to show that if {2z is a disk of radius
R centered at the origin then a Herglotz wave function can be approximated in
H'(2g) by a Herglotz wave function with kernel supported in a subset Iy of
L?[0,27]. This new Herglotz wave function and its kernel can now be used in
place of g. and vy, in Theorem 4.11 where [[Fg. — $oo (-, @)|[ 12(g 2 I8 replaced
by [[Fg. — Poc(:, 2)||, Where I is a subset of L?[0,27] and 19211 22[0,27) 18
replaced by ||g.|, - In particular, the far field equation (4.33) now becomes

/ Uso (0, 9)g(@) ddp = yexp (—ikr, cos(6 — 0,)) ,0 €I .
Iy

We now proceed to prove the above approximation property [10]. Assuming
that k2 is not a Dirichlet eigenvalue for the disk {25 (this is not a restriction
since we can always find a disk containing D that has this property), by the
trace theorem it suffices to show that the set of functions

— eikz-d s
vla) = [ glayet=tasa)
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where ¢ is a square integrable function on the unit circle with support in some
subinterval of the unit circle is complete in H/2(9£25). With a slight abuse
of notation we call this subinterval Iy. Hence, using duality pairing, we must
show that if p € H=1/2(0125) satisfies

/mR o() Upog(d)e“”'d ds(d)] ds(z) = 0

for every g € L?(Ip) then ¢ = 0. To this end, we interchange the order of
integration (which is valid for ¢ € H=Y/2(0025) and g € L?(I}) since ¢ is a
bounded linear functional on H'/2(9125)) to arrive at

/FO g9(d) [/MR o(z)etked ds(x)] ds(d) = 0

for every g € L?(Ip). This in turn implies (taking conjugates) that the far
field pattern (S@)s of the single layer potential

(52)(y) = /a @) dsla) y € B\ 2

satisfies
(5)nold) =7 /@ @ ds(a) = 0

for d € I'y where
eifr/4

7= Rk

By analyticity we can conclude that (S@) = 0 for all vectors d on the unit
circle. Arguing now as in the proof of Lemma 4.4, we can conclude that ¢ =0
and hence ¢ = 0. O

In conclusion, we mention that it is also possible to consider inverse scatter-
ing problems for D in a piecewise homogeneous background medium instead of
only a homogeneous background [25, 28, 42]. To do this requires a knowledge
of the Green’s function for the piecewise homogeneous background medium.
In some circumstances however, the need to know the Green’s function can
be avoided and for partial progress in this direction we refer the reader to [18]
and [26].
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Scattering by an Orthotropic Medium

Until now the reader has been introduced only to the scattering of time-
harmonic electromagnetic waves by an imperfect conductor. We will now
consider the scattering of electromagnetic waves by a penetrable orthotropic
inhomogeneity imbedded in a homogeneous background. As in the previous
chapter, we will confine ourselves to the scalar case that corresponds to the
scattering of electromagnetic waves by an orthotropic infinite cylinder. The
direct scattering problem is now modeled by a transmission problem for the
Helmholtz equation outside the scatterer and an equation with non constant
coefficients inside the scatterer. This chapter is devoted to the analysis of the
solution to the direct problem.

After a brief discussion of the derivation of the equations that govern
the scattering of electromagnetic waves by an orthotropic infinite cylinder,
we proceed with the solution of the corresponding transmission problem. The
integral equation method used by Piana [94] and Potthast [95] to solve the for-
ward problem in this case is only valid under restrictive assumptions. Hence,
following [55], we propose here a variational method and find a solution to
the problem in a larger space than the space of twice continuously differen-
tiable functions. In order to build the analytical frame work for this variational
method, we first extend the discussion of Sobolev spaces and weak solutions
initiated in Sect. 1.5 and 3.3. This is followed by a proof of the celebrated
Lax-Milgram lemma and the investigation of the Dirichlet to Neumann map.
Included are several simple examples of the use of variational methods for
solving boundary value problems. We conclude our chapter with a solvability
result for the direct problem.

5.1 Maxwell Equations for an Orthotropic Medium
We begin by considering electromagnetic waves propagating in an inhomoge-

neous anisotropic medium in R?® with electric permittivity € = ¢(x), magnetic
permeability u = p(x) and electric conductivity ¢ = o(z). As the reader
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knows from Chap. 3, the electromagnetic wave is described by the electric
field £ and the magnetic field H satisfying the Mazwell equations
9] o€
curlé'—l—ua—tlzo, curlH—eE:oé’.
For time harmonic electromagnetic waves of the form
E(x,t) = E(x)e ™", H(x,t) = H(z)e ™

with frequency w > 0, we deduce that the complex valued space dependent
parts ' and H satisfy

curl E — iwp(z)H = 0
curl H + (iwe(z) — o(x))E = 0.

Now let us suppose that the inhomogeneity occupies an infinitely long con-
ducting cylinder. Let D be the cross section of this cylinder having a C?
boundary 0D with v being the unit outward normal to dD. We assume that
the axis of the cylinder coincides with the z-axis. We further assume that the
conductor is imbedded in a non-conducting homogeneous background, i.e. the
electric permittivity ¢y > 0 and the magnetic permeability ;o > 0 of the back-
ground medium are positive constants while the conductivity o¢p = 0. Next
we define

1 Eint,emt ﬁint,ezt — 1 int,ext

Alw) = o () +172) W) = o)

€o

Eint,ert _ k‘2 — €0MOW2a

where E¢*t %t and B H™ denote the electric and magnetic fields in the
exterior medium and inside the conductor, respectively. For an orthotropic
medium we have that the matrices A and N are independent of the z-
coordinate and are of the form

air a2 0 ni1 ni2 0
A= |a a0 N = | n21 naz 0
0 0 a 0 0 n

In particular, the field £, H™ inside the conductor satisfies
curl E™ — ikNH™ =0,  curl H™ + ik AE™ =0 (5.1)
and the field E¢**, He** outside the conductor satisfies
curl B¢t — ik H®*" = 0, curl H¢*! 4+ ik Bt = 0. (5.2)

Across the boundary of the conductor we have the continuity of the tangen-
tial component of both the electric and magnetic fields. Assuming that A
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is invertible, and using ikE"™ = A~lcurl H"* and ikE*** = curl H**!, the
Maxwell equations become

curl A= eurl H™ — PN H™ = 0 (5.3)
for the magnetic field inside the conductor and
curl curl H"! — k2H" = () (5.4)

for the magnetic field outside the conductor. If the scattering is due to a given
time harmonic incident field E*, H* we have that

Eea:t — E$ 4 Ei, Hea:t - HS + Hi

where E*, H® denotes the scattered field. In general the incident field E¢, H*
is an entire solution to (5.2). In particular, in the case of incident plane waves,
E' H' is given by (3.4). The scattered field E*, H® satisfies the Silver-Miiller
radiation condition

lim (H® xx—rE®) =0

T — 00

uniformly in & = z/|z| and r = |z|.

Now let us assume that the incident wave propagates perpendicular to the
axis of the cylinder and is polarized perpendicular to the axis of the cylinder
such that

H'(z)=(0,0,4'),  H°(x)=(0,0,u"),  H"(z)=(0,0,v).
By elementary vector analysis it can be seen that (5.3) is equivalent to

V- AVo+Ek’nv=0  inD (5.5)

1 a1 a
11 Q21
A= —————— .
a11a22 — G12a91 \A12 A22

Analogously, (5.4) is equivalent to the Helmholtz equation

where

Au® +k%u* =0  inR*\D. (5.6)

The transmission conditions v x (H*+ H?®) = v x H""" and vx curl (H*+ H?) =
v x A lcurl H™ on the boundary of the conductor become

v—u®=u" and v-AVv-—v. -Vu®=v. Vi on 9D. (5.7)

Finally, the R? analogue of the Silver-Miiller radiation condition is the Som-
merfeld radiation condition

lim /- (85; - zku) -0
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which holds uniformly in & = z/|z|.

Summarizing the above discussion we have that the scattering of incident
time harmonic electromagnetic waves by an orthotropic cylindrical conductor
is modeled by the following transmission problem in R2. Let D C R? be a
nonempty, open, and bounded set having C? boundary 9D such that the
exterior domain R?\ D is connected. The unit normal vector to D, which is
directed into the exterior of D, is denoted by v. On D we have a matrix-valued
function A : D — C?*2) A = (a;)jk=1,2 with continuously differentiable
functions a;, € C1(D). By Re(A) we mean the matrix-valued function having
as entries the real parts Re(a;i), and similarly we define Im(A). We suppose
that Re(A(z)) and Im(A(z)), z € D, are symmetric matrices which satisfy
€-Im(A)¢ <0 and & - Re(A)¢ > v[€]? for all £ € C? and € D where v
is a positive constant. Note that due to the symmetry of A, Im (£- A¢) =
£-Im(A)¢ and Re (£ A¢) = £ - Re(A) £&. We further assume that n € C(D)
with Im(n) > 0.

For functions v € C*(R? \ D) and v € C'(D) we define the normal and
conormal derivative by

E(x) = hlirgo v(z) - Vu(z + hv(z)), x € 90D
and 5
v .
%(aj) = h,linio v(z) - A(x)Vou(z — hv(x)), x € 0D

respectively. Then the scattering of a time harmonic incident field u’ by an
orthotropic inhomogeneity in R? can be mathematically formulated as the
problem of finding v, u such that

VAV +k*nv=0 in D (5.8)
Au® + k2 uf =0 in R\ D .
v—u® = u on 9D (5.10)

ov ou’ ou’
_ = D 11
ovg ov ov on 0 (5.11)

lim /7 (({g‘; zku) =0. (5.12)

The aim of this chapter is to establish the existence of a unique solution to the
scattering problem (5.8)—(5.12). In most applications the material properties
of the inhomogeneity do not change continuously to those of the background
medium and hence the integral equation methods used in [94] and [95] are not
applicable. Hence we will introduce a variational method to solve our problem.
Since variational methods are well suited to Hilbert spaces, in the next section
we reformulate our scattering problem in appropriate Sobolev spaces. To this
end we need to extend the discussion on Sobolev spaces given in Sect. 1.5.
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5.2 Mathematical Formulation
of the Direct Scattering Problem

In the context of variational methods, one naturally seeks a solution to a lin-
ear second order elliptic boundary value problem in the space of functions
that are square integrable and have square integrable first partial derivatives.
Let D be an open nonempty bounded subset of R? with smooth boundary
dD. In Sect. 1.5 we have introduced the Sobolev spaces H'(D), Hz(dD)
and H~2(AD). The reader has already encountered the connection between
H2(8D) and H'(D), namely Hz(dD) is the trace space of H'(D). More
specifically, for functions defined in D the values on the boundary are defined
and the restriction of the function to the boundary 9D is called the trace. The
operator mapping a function onto its trace is called the trace operator. Theo-
rem 1.36 states that the trace operator can be extended as a continuous map-
ping o : H*(D) — H2 (D) and this extension has a continuous right inverse
(see also Theorem 3.37 in [85]). The latter means that for any f € Hz(8D)
there exists a u € H'(D) such that you = f and ||ul|g1(p) < OHf”H%(aD)
where C' is a positive constant independent of f.

For any integer » > 0 we let

C"(D) :={u: 0%u exists and is continuous on D for |a| < 1},
C"(D) := {u|p : ue€ C"(R?)}
and put
C*(D)=()C"(D) C*D)=()C"(D).
r=>0 r=>0
In Sect. 1.5 H'(D) is naturally defined as the completion of C'(D) with
respect to the norm

||UH%11(D) = ||U||2L2(D) + ||VU||%2(D)-
Note that H!(D) is a Hilbert space with the inner product

(u,v) 51 (py = (u,v)2(py + (Vu, V) 12(py.

It can be shown that C°°(D) is dense in H!(D). The proof of this result can
be found in [85].

Since H'(D) is a subspace of L?(D) we can consider the imbedding map
T : HYD) — L*(D) defined by Z(u) = u € L*(D) for u € H*(D). Obviously
7 is a bounded linear operator. The following two lemmas are particular cases
of the well known Rellich compactness theorem.

Lemma 5.1. The imbedding Z : H'(D) — L*(D) is compact.
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In the sequel we also need to consider the Sobolev space H?(D) which is
the space of functions u € H'(D) such that u, and u, are also in H'(D).
Similarly, H2(D) can be defined as the completion of C?(D) (or C*°(D)) with
respect to the norm

HUH%JQ(D) = ||UH%2(D) + ||VU||%2(D) + HUJEIH%Q(D) + ||“zy\|%2(D) + ||UyyH%2(D)'
Lemma 5.2. The imbedding T : H*(D) — H'(D) is a compact operator.

The proof of the Rellich compactness theorem can be found for instance in
[47] or [85]. For the special case of H?[0, 27| this result is proved in Theorem
1.30.

We now define
C5°(D) :=={u: v e C¥(D) for some compact subset K of D}

where
C¥(D):={ueC>®(D): suppu C K}
and the support of u, denoted by supp u, is the closure in D of the set

{x € D : u(x) # 0}. The completion of C§°(D) in H'(D) is denoted by
H}(D) and can be characterized by

Hy(D) :={u€ HY(D) : ulsp = 0}.

This space equipped with the inner product of H!(D) is also a Hilbert space.
The following inequality, known as Poincaré’s inequality, holds for functions
in H}(D)

[ullL2(py < ClIVullL2(p)
where the constant C' > 0 depends only on D [63].

Remark 5.8. Our presentation of Sobolev spaces is by no means complete.
A systematic treatment of Sobolev spaces requires the use of the Fourier
transform and distribution theory and we refer the reader to Chap. 3 in [85]
for this material.

For later use we recall the following classical result from real analysis.

Lemma 5.4. Let G be a closed subset of R%. For each € > 0, there erists a
Xe € C*°(R?) satisfying

Xe(l') =1 Zf xr e G,
0<xelx)<1 if 0< dist(z,G) <e,
Xe(z) =0 if  dist(x,G) > e,

where dist(x,G) denotes the distance of x from G.
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The function x.(z) defined in the above lemma is called a cut-off function for
G. It is used to smooth out the characteristic function of a set.

Having in mind the solution of the scattering problem in Sect. 5.1, we
now extend the definition of the conormal derivative du/dv4 to functions
u € HY(D,A,) where

HY(D,A,):={uec H'(D): V-AVuc L*(D)}
equipped with the graph norm
lullz (p,an = lullin oy + 1V - AVl 22 ).

In particular, we have the following trace theorem:

Theorem 5.5. The mapping 1 : u — Ou/Ova := v - AVu defined in C>(D)
can be extended by continuity to a linear and continuous mapping, still denoted
by v1, from HY(D,Ax) to H™= (D).

Proof. . Let ¢ € C*(D) and u € C°(D). The divergence theorem then
becomes

/¢V~AVuds:/V¢~AVudx+/¢V~AVudx.
oD D D

As C>(D) is dense in H'(D), this equality is still valid for ¢ € H'(D) and
u € C*(D). Therefore

/¢u AVuds| < Clullioanllélmp Vo e H'(D), Yue (D)
D

where C is a positive constant independent of ¢ and u but depending on A
and D. Now let f be an element of H2(9D). There exists a ¢ € H'(D) such
that v9¢ = f where g is the trace operator on dD. Then the above inequality
implies that

Vf e H2(0D), Yue C®(D).

[ £v-avuds| < Clulm .ol )
D

Therefore the mapping

fﬂ/fu~AVuds feH?(D)
oD

defines a continuous linear functional and
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lv-AVall, < Cllulap,a.-

~2(8D) —

Therefore the linear mapping y; : u — v-AVu defined on C*°(D) is continuous
with respect to the norm of H(D, A4). Since C*°(D) is dense in H!(D, Ay),
71 can be extended by continuity to a bounded linear mapping (still called
1) from HY(D, Ap) to H=2 (D). O

As a consequence of the above theorem we can now extend the divergence
theorem to a wider space of functions.

Corollary 5.6. Let u € H'(D) such that V - AVu € L*(D) and v € HY(D).
Then
/Vv AVudx+/vV AVudxr = /vy AVuds.

D oD

Remark 5.7. With the help of a cutoff function for a neighborhood of 0D we
can in a similar way as in Theorem 5.5 define du/dv for u € lOC(Rz\D) such
that V- AVv € L} (R?\ D) (see Sect. 3.3 for the definition of H} -spaces).

Remark 5.8. Setting A = I in Theorem 5.5 and Corollary 5.6 we have that
du/dv is well defined in H~2(9D) for functions u € HY(D,A) := {u €
HY(D): Au € L?(D)}. Furthermore the following Green’s identity holds:

/Vszuder/vAudx:/v%ds we H\(D, A), v e H'(D).
12
D D oD

In particular, Theorem 3.1 and equation (3.41) are valid for H!-solutions to
the Helmholtz equation.

We are now ready to formulate the direct scattering problem for an or-
thotropic medium in R? in suitable Sobolev spaces. Assume that A, n and D
satisfy the assumptions of Sect. 5.1. Given f € Hz2(dD) and h € H~=(dD),
find w € H. (R?\ D) and v € H*(D) such that

V- AV +E*nv =0 in D (5.13)
Au+k2u=0 in R?*\D (5.14)
v—u=f on 0D (5.15)
ov  Ou
- _ 7 _ D Nl
Boa o h on 0 (5.16)
lim /r (gu - zku> =0. (5.17)
r—oo r

The scattering problem (5.8)—(5.12) is a particular case of (5.13)—(5.17). In
particular the scattered field u® and the interior field v satisfy (5.13)—(5.17)
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ou’
o |op

with u = u®, f = u’|pp and h = where the incident wave u? is such

that _ _
A+ Eu =0 in R?.

Note that the boundary conditions (5.15) and (5.16) are assumed in the sense
of the trace operator as discussed above and u and v satisfy (5.13) and (5.14),
respectively, in the weak sense. The reader has already met in Sect. 3.3 the
concept of a weak solution in the context of the impedance boundary value
problem for the Helmholtz equation. In the next section we provide a more
systematic discussion of weak solutions and variational methods for finding
weak solutions of boundary value problems.

5.3 Variational Methods

We will start this section with an important result from functional analysis
namely the Laz-Milgram lemma. Let X be a Hilbert space with norm || - || and
inner product (-, -).

Definition 5.9. A mapping a(-, ) : X x X — C is called a sesquilinear form
if

a(A1ug + Agug, v) = Ara(ug, v) + Asa(usg,v)
for all A\, A2 € C, ug,ug,v € X

a(u, p1v1 + pav2) = fna(u,v1) + fga(u, va)
for all pq, po € C, u,v1,v0 € X

with the bar denoting the complex conjugation.

Definition 5.10. A mapping F : X — C is called a conjugate linear func-
tional if

F(/Jl’l)l + MQ”UQ) = ,L_LlF(Ul) + ,L_LQF(UQ) for all py, po € C, vy,v9 € X.
As will be seen later, we will be interested in solving the following problem:

Given a congugate linear functional F : X — C and a sesquilinear form a(-, -)
on X x X, findu € X such that

a(u,v) = F(v) forall veX. (5.18)

The solution to this problem is provided by:
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Theorem 5.11 (Lax-Milgram Lemma). Assume thata: X x X — C is a
sesquilinear form (not necessarily symmetric) for which there exist constants
a, B > 0 such that

la(u,v)| < aflu| ||v|| forall veX, veX (5.19)

and
a(u,u) > B|ull? forall ueX. (5.20)

Then for every bounded conjugate linear functional F': X — C there exists a
unique element u € X such that

a(u,v) = F(v) forall veX. (5.21)
Furthermore ||u|| < C||F|| where C > 0 is a constant independent of F.

Proof. For each fixed element v € X, the mapping v — a(u,v) is a bounded
conjugate linear functional on X and hence the Riesz representation theorem
asserts the existence of a unique element w € X satisfying

a(u,v) = (w,v) forall ve X.
Thus we can define an operator A : X — X mapping u to w such that
a(u,v) = (Au,v) for all wu,v e X.

1. We first claim that A : X — X is a bounded linear operator. Indeed, if
A, A2 € C and uy,us € X we see by using the properties of the inner
product in a Hilbert space that for each v € X we have

(A(A1ur 4+ Aausg),v) = a((Arug + Agug), v)
= Aa(u1,v) + Asa(uz,v)
= M (Au,v) + A2 (Aug,v)
= (M Au; + A Auz,v)

Since this holds for arbitrary uy, us,v € X and Ay, Ay € C we have estab-
lished linearity. Furthermore

[ Au* = (Au, Au) = a(u, Au) < ajul || Au].

Consequently || Au|| < afjul| for all u € X and so A is bounded.
2. Next we show that A is one to one and the range of A is equal to X. To
prove this, we compute

Bllul® < a(u,v) = (Au, u) < || Aul [|ull.

Hence S|lul| < ||Aul|. This inequality implies that A is one to one and
the range of A is closed in X. Now let w € A(X)* and observe that
Bllw|)? < a(w,w) = (Aw, w) = 0 which implies that w = 0. Since A(X) is
closed we can now conclude that A(X) = X.
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3. Next, once more from the Riesz representation theorem, there exists a
unique w € X such that

F(v) = (w,v) forall veX

and ||| = ||F||. We then use part 2 of this proof to find a u € X satisfying
Au = w. Then

a(u,v) = (Au,v) = (0,v) = F(v) forall veX

which proves the solvability of (5.21). Furthermore, we have that
1 1 1
u|| < =||Au|| = =||w]| = =||F|.
lull < ZllAull = Fllol = FIE]

4. Finally we show that there is at most one element u € X satisfying (5.21).
If there exist u € X and @ € X such that

a(u,v) = F(v) and a(@,v) = F(v) forall veX

then
alu—a,v) =0 forall ve X.

Hence, setting v = u — @ we obtain
Bllu—all? < a(u— i —a) =0

whence u = 4.
O

Remark 5.12. If a sesquilinear form af(-, ) satisfies (5.19) it is said that a(-,-)
is continuous. A sesquilinear form a(-,-) satisfying (5.21) is called strictly
coercive.

Example 5.13. As an example of an application of the Lax-Milgram lemma
we consider the existence of a unique weak solution to the Dirichlet problem
for the Poisson equation: Given f € H2 (D) and p € L2(D) find u € H'(D)
such that

{ Au=p in D (5.22)

u=f on 9D.

In order to motivate the definition of a H'(D) weak solution to the above
Dirichlet problem, let us consider first u € C%(D) N CY(D) satisfying Au = p.
Multiplying Au = p by v € C§°(D) and using Green’s first identity we obtain

/Vu -Vodr = /pl‘) dz (5.23)

D D

which makes sense for v € H*(D) and v € H}(D) as well. Note that the
boundary terms disappear when we apply Green’s identity due to the fact



92 5 Scattering by an Orthotropic Medium

that v = 0 on 0D. Now we will use (5.23) to define a weak solution. To this
end we set X = Hy(D) and define

a(w,v) = (Vu, Vo) r2p), w,v € X.
In particular, it is clear that

la(w,v)| < [|[Vw|[2(p)[VVllL2(p) < Wz o)1 2 (p)-

Furthermore from Poincaré’s inequality there exists a constant C' > 0 depend-
ing only on D such that

a(w,w) = [|Vwl||Lz(p) = Clwlfnp)

whence a(-, -) satisfies the assumptions of the Lax-Milgram lemma.
Let now ug € H'(D) be such that ug = f on 9D and |ugllgr(p)y <
CHf”H%(aD)' If u= f on D then u —ug € Hi(D). Next we examine the

following problem:
Find u € HY(D) such that

u—ug € HY(D)
(5.24)
a(u — ug,v) = —a(ug,v) + (p,v) L2(D) for all v € H}(D)

A solution of (5.24) is called a weak solution of the Dirichlet problem (5.22)
and (5.24) is called the variational form of (5.22).

Since a(-, -) is continuous, the mapping F' : v — —a(ug,v) + (p,v)r2(p) is
a bounded conjugate linear functional on Hg (D). Therefore, from the Lax-
Milgram lemma, (5.24) has a unique solution v € H'(D) which satisfies

Jull 2oy < Clluoller oy + lellzzpy) < CUIf + [lollz2(p))

H?% (D)

where the constant C' > 0 is independent of f and p.

Obviously any C?(D) N C'(D) solution of the Dirichlet problem is a weak
solution. Conversely, if the weak solution w is smooth enough (which depends
on the smoothness of 9D, f and p - see [85]) then the weak solution satisfies
(5.22) pointwise. Indeed, taking a function v € C§°(D) in (5.24) we see that

/(Au—p)vda::() for all v € C§°(D)
D

and hence Au = p almost everywhere in D. Furthermore u — ug € HE (D) if
and only if u = ug on 9D, whence u = f on 0D.

Now we return to the abstract variational problem (5.18) and consider it in
the following form: Find v € X such that

a(u,v) + b(u,v) = F(v) forall veX (5.25)

where X is a Hilbert space, a,b: X x X — C are two continuous sesquilinear
forms and F' is a bounded conjugate linear functional on X. In addition



5.3 Variational Methods 93

1. Assume that the continuous sesqilinear form a(-, -) is strictly coercive, i.e.
ai(u,u) > aflu||* for some positive constant . From the Lax-Milgram
lemma we then have that there exists a bijective bounded linear operator
A: X — X with bounded inverse satisfying

a(u,v) = (Au,v) forall veX.
2. Let us denote by B the bounded linear operator from X to X defined by
b(u,v) = (Bu,v) for all ve X.

The existence and the continuity of B is guaranteed by the Riesz rep-
resentation theorem (see also the first part of the proof of Lax-Milgram
lemma). We further assume that the operator B is compact.

3. Finally, let w € X be such that

Fv) = (w,v) forall veX

which is uniquely provided by the Riesz representation theorem.

Under the assumptions 1-3 (5.25) equivalently reads
Find v € X such that Au + Bu = w. (5.26)

Theorem 5.14. Let X and Y be two Hilbert spaces and let A : X — Y be
a bijective bounded linear operator with bounded inverse A~' : Y — X, and
B : X — Y a compact linear operator. Then A + B is injective if and only

if it is surjective. If A+ B is injective (and hence bijective) then the inverse
(A+B)7':Y — X is bounded.

Proof. Since A~! exists, we have that A+B = A(I —(—A~!)B). Furthermore,
since A is a bijection, (I — (—A~1)B) is injective and surjective if and only if
A+ B is injective and surjective. Next we observe that (—A~1)B is a compact
operator since it is the product of a compact operator and a bounded operator.
The result of the theorem now follows from Theorem 1.21 and the fact that

(A+B)™ =T - (-A7)B)~'A7L. o

Example 5.15. Consider now the Dirichlet problem for the Helmholtz equation
in a bounded domain D: Given f € H=(dD) find u € H'(D) such that

2 _ .
{ Au+k*u=0 in D (5.27)

u=f on 9D

where k is real. Following Example 5.13, we can write this problem in the
following variational form: Find v € H'(D) such that

u—ug € H}(D) (5.28)
a(u — ug,v) = —a(ug, v) for all v € H}(D) '
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where ug is a function in H'(D) such that ug = f on dD and |jug| g1 (p) <

CHf||H%(8D)7 and the sesquilinear form a(-, -) is defined by

a(w,v) := / (Vw - Vo — k*wd) d, w,v € HJ(D).
D

Obviously a(-, -) is continuous but not strictly coercive. Defining

a1 (w,v) = /Vw -Vodz, w,v € Hy(D)
D

and
ag(w,v) := —k? /wTJ dx, w,v € Hy(D)
D

we have that
a(w,v) = a1 (w,v) + az(w, v)

where now aj (-, -) is strictly coercive in H} (D) x H(D) (see Example 5.13).
Let A : HY(D) — H}(D) and B : H}(D) — H}(D) be bounded linear
operators defined by (Au,v) = ay(u, v) and

(Bu,v) = /u@ dx for all v € H}(D),
D

respectively. In particular A is bounded and has a bounded inverse. We claim
that B : Hj(D) — Hg(D) is compact. To prove this claim we take two
bounded sequences {¢;},{¢;} € H}(D). Then by Theorem 2.17 we can ex-
tract subsequences, still denoted by {9} and {¢,}, which converge weakly to
¢ and ¢ in H}(D) respectively. Since from Lemma 5.1 the imbedding from
H}(D) to L?(D) is compact there again exist subsequences, still denoted by
{¢;} and {¢;}, converging strongly to 1 and ¢ in L?*(D) respectively, i.e.
IVillz2py — [1¥llz2(py and ||@5|lz2(py — [|¢llz2(p)- Hence, from the defin-
ition of B, By; is weakly convergent in Hj (D) and (Bvj, ¢j) — (B, ¢).
Consequently, setting ¢; = Bip; we obtain that || Byl g (p) — 1BV m(p)-
Hence we have shown that for each bounded sequence {¢;} in H} (D), {B;}
contains a convergent subsequence which proves that B is compact.

We can now apply Theorem 5.14 to (5.28). In particular the injectivity of
A — k%B implies the existence of a unique solution to (5.28). The injectivity
of A —k?B is equivalent to the fact that the only function u € H} (D) that
satisfies

a(u,v) =0 for all v € H}(D)

is u = 0. This is the uniqueness question for a weak solution to the Dirichlet
boundary value problem for the Helmholtz equation. The values of k? for
which there exists a nonzero function u € HJ (D) satisfying
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Au+k*u=0 in D

(in the weak sense) are called the Dirichlet eigenvalues of —A and the cor-
responding nonzero solutions are called the eigensolutions for —A. Note that
the zero boundary condition is incorporated in the space H}(D).
Summarizing the above analysis, we have shown that if k2 is not a Dirichlet
eigenvalue for —A then (5.27) has a unique solution in H!(D).

Theorem 5.16. There exists an orthonormal basis u; for H}(D) consisting
of eigensolutions for —A. The corresponding eigenvalues k? are all positive
and accumulate only at 4+o00

Proof. In Example 5.15 we have shown that u € H}(D) satisfies
Au+Eu =0 in D

if and only if u is a solution to the operator equation Au — k?Bu = 0 where
A: HYD) — H}(D) and B : H}(D) — H} (D) are the bijective operator and
compact operator, respectively, constructed in Example 5.15. The equation
Au — k?>Bu = 0 can be written as

(;21 — A—lB) u=0 ue Hj(D).
It is easily verifiable that A (and hence A1) is self-adjoint and that A=! and
B commute. Since B is self-adjoint we can conclude that A~! B is self-adjoint.
Now noting that A='B : H}(D) — H}(D) is compact since it is a product
of a compact operator and a bounded operator, the result follows from the
Hilbert-Schmidt theorem. a

Remark 5.17. The results of Example 5.13 and Example 5.15 are valid as well
if D is not simply connected, i.e. R? \ D is not connected.

The boundary value problems arising in scattering theory are formulated
in unbounded domains. In order to solve such problems by using variational
techniques developed in this section, we need to write it as an equivalent
problem in a bounded domain. In particular, introducing a large open disc {2p
centered at the origin that contains D, where D is the support of the scatterer,
we first solve the problem in 2z \ D (or in 2 in the case of transmission
problems) by using variational methods. Having solved this problem, we then
want to extend the solution outside {2r to a solution of the original problem.
The main question here is what boundary condition should we impose on the
artificial boundary 92 to enable such an extension? To find the appropriate
boundary conditions on 92z we introduce the Dirichlet to Neumann map.
We first formalize the definition of a radiating solution to the Helmholtz
equation.
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Definition 5.18. A solution u to the Helmholtz equation whose domain of
definition contains the exterior of some disk is called radiating if it satisfies
the Sommerfeld radiation condition

lim \/?(g:f —iku) =0

T—00

where v = |z| and the limit is assumed to hold uniformly in all directions

Definition 5.19. The Dirichlet to Neumann map T is defined by

0
T:w— v on 082
v
where w is a radiating solution to the Helmholtz equation Aw+k?w = 0, 0f2g
is the boundary of some disk of radius R and v is the outward unit normal to

02g.

Taking advantage of the fact that (2r is a disk, by separating variables as
in Sect. 3.2 we can find a solution to the exterior Dirichlet problem outside
2r in the form of a series expansion involving Hankel functions. Making use
of this expansion we can establish the following important properties of the
Dirichlet to Neumann map.

Theorem 5.20. The Dirichlet to Neumann map T is a bounded linear oper-
ator from Hz(002g) to H=2(892g). Furthermore there exists a bounded oper-

ator Ty : H2 (002g) — H~2(002R) satisfying

— / Towwds > C||lw|? 1 (5.29)

H2 (082R)
CYors

for some constant C > 0, such that T — Ty : H2(802g) — H~2(d12g) is
compact.

Proof. Let w be a radiating solution to the Helmholtz equation outside {2
and let (r,0) denote polar coordinates in R%. Then from Sect. 3.2 we have
that

w(r,0) = ZanH,(ll)(kr)eme, r>Rand0<0 <27

where HS" (kr) are the Hankel functions of the first kind of order n. Hence T
maps the Dirichlet data of w|sgp, given by

oo
in6
wlon, = E ane
— 00
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with coefficients a,, := aanll)(kR) onto the corresponding Neumann data

given by
o0
Tw = Z anyne™?
— 00

where W’
Wn::w, n=20,1,....
n’ (kR)
The Hankel functions and their derivatives do not have real zeros since oth-
erwise the Wronskian (3.22) would vanish. From this we observe that T is
bijective. In view of the asymptotic formulas for the Hankel functions devel-
oped in Sect. 3.2 we see that

cin < || < con, n==41,42, ...

and some constants 0 < ¢; < ¢o. From this the boundness of T : H3 (002g) —
H_%((‘)QR) is obvious since from Theorem 1.31 for p € R the norm on
HP(0§2R) can be described in terms of the Fourier coefficients

oo

1002y = D (140 |an.

— 00

For the limiting operator T : H2 (002g) — H~2(02g) given by

> n
Tow = — g —ane™?
R
— 00

we clearly have
oo

- /Towwds = Z %|an|2
Qg e
with the integral to be understood as the duality pairing between Hz (925)
and H~ 2 (812g). Hence
— / Towwds > O||U)||2 1

H3 (0Q8)
ORRr

for some constant C' > 0. Finally, from the series expansions for the Bessel
and Neumann functions (see Sect. 3.2) for fixed k we derive

vn:—g{l—&—O(;)}, n — 00.

This implies that 7' — Ty is compact from H?2 (882g) into H~2 (8£25) since it
is bounded from Hz (0£2g) into Hz (812z) and the imbedding from Hz (925)
into H~2(912g) is compact by Rellich’s theorem 1.30. This proves the theo-
rem. O
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Ezxample 5.21. We consider the problem of finding a weak solution to the
exterior Dirichlet problem for the Helmholtz equation: Given f € H %(3D)
find u € H} (R?\ D) such that

Au+ k*u =0 in R2\ D
u= on 0D
gu (5.30)
Tim /7 (ar - zku) =0

Instead of (5.30) we solve an equivalent problem in the bounded domain 25 \

D, namely find u € H*(£2g \ D) such that

Au+k*u=0 in Pg\ D
u=f on 0D
ou (5.31)
— =Tu on 693
ov

where f € H? (0D) is the given boundary data, T is the Dirichlet to Neumann
map and {2g is a large disk containing D.

Lemma 5.22. The problems (5.30) and (5.31) are equivalent.

Proof. First let u € H} _(R?\ D) be a solution of (5.30). Then the restriction
of u to 25\ D is in H*(2g \ D) and is a solution of (5.31). Conversely let
u € H(2r \ D) be a solution to (5.31). In order to define u in all of R? \ D
we construct the radiating solution @ of the Helmholtz equation outside {2g
such that @ = uw on 9f2gx. This solution can be constructed in the form of a

series expansion in terms of Hankel functions in the same way as in the proof
ot

of Theorem 5.20. Hence we have that Tu = —. By using Green’s second
v

identity for the radiating solution @ and the fundamental solution &(x,y)
(which is also a radiating solution) we obtain that

[ [roeees) - ] as, =0, ae on

ONR

Consequently the representation formula (3.41) (see Remark 5.8) and the fact
0

that au_ Tu imply
ov

u(x) = / {u(y)aééi’y) — g:j@(x,y)} dsy
oD
- [ st 2 - Lo as,
on

_ / {u(y)aqjgi’y) - g:j@(x,y)] ds,.

oD
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Therefore u coincides with the radiating solution to the Helmhltz equation in
the exterior of D. Hence a solution of (5.30) can be derived from a solution
of (5.31). O

Next we formulate (5.31) as a variational problem. To this end we define the
Hilbert space

X:={uc H'(R2r\D): u=0 on 0D}

and the sesquilinar from a(-, -) by

a(u,v) = / (Vu - Vo — k*uv) dx — / Tuvds
Qr\D 2R
which is obtained by multiplying the Helmohltz equation in (5.31) by a
test function v € X, integrating by parts and using the boundary condi-
tion Ou/0v = Tu on 0f2r and the zero boundary condition on dD. Now let

ug € H'(2\ D) be such that ug = J on 0D. Then the variational formulation
of (5.31) reads: Find uw € H'(2g \ D) such that

u—1uy €X
(5.32)
a(u — ug,v) = —a(ug,v) for all v € X.

To analyze (5.32) we define

a1 (w,v) = / (Vw - VU + wv) do — / Towvds
N2r\D [eX052)

and
ag(w,v) = —(k* + 1) / wo dx — / (T —To)wods
Qm\D 0%2n
where Tj is the operator defined in Theorem 5.20 and write the equation in
(5.32) as
a1 (u — ug,v) + as(u — ug,v) = F(v), forallv e X

with F(v) := a(ug,v). Since T is a bounded operator from H?z(882g) to
H™ 3 (002r), F is a bounded conjugate linear functional on X and both a; (-, -)
and as(+, ) are continuous on X x X. In addition, using (5.29), we see that

ar(w, w) > C||w||§{1(QR\D).

Note that including a L2-inner product term in a;(:, -) is important since
the Poincaré inequality does not hold in X any longer. Furthermore, due to
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the compact embedding of HY(2p \ D) into L?(25 \ D) and the fact that
T —Ty: H2(8025) — H~2(d12g) is compact, as(-, -) gives rise to a compact
operator B : X — X (see Example 5.15). Hence from Theorem 5.14 we
conclude that the uniqueness of a solution to (5.31) implies the existence of
a solution to (5.31) and consequently from Lemma 5.22 the existence of a
weak solution to (5.30). To prove the uniqueness of a solution to (5.31) we
first observe that according to Lemma 5.22 a solution to the homogeneous
problem (5.31) (f = 0) can be extended to a solution of the homogeneous
problem (5.30). Now let u be a solution to the homogeneous problem (5.30).
Then Green’s first identity and the boundary condition imply

—uds-/—uds—!— / (IVul® — k*|ul?) dx (5.33)

= [ (vup - ) @ (534

Qr\D

Im / —uds =0.

From Theorem 3.6 we conclude that v = 0 in R?\ D which proves the unique-
ness and therefore the existence of a unique weak solution to the exterior
Dirichlet problem for the Helmholtz equation. Note that in the above proof
of uniqueness we have used the fact that off the boundary a H} (R*\ D)
solution of the Helmholtz equation is real-analytic. This can be seen from
the Green’s representation formula as in Theorem 3.2 which is also valid for
radiating solutions to the Helmholtz equation in H} (R?\ D) (see Remark
5.8).

whence

In this section we have developed variational techniques for finding weak
solutions to boundary value problems for partial differential equations. As the
reader has already seen, in scattering problems the boundary conditions are
typically the traces of real-analytic solutions e.g. plane waves. Hence, provided
that the boundary of the scattering object is smooth, one would expect that
the scattered field is in fact smooth. It can be shown that if the boundary, the
boundary conditions and the coefficients of the equations are smooth enough,
a weak solution is in fact C? inside the domain and C'! up to the boundary.
This general statement falls in the class of so called regularity results for the
solutions of boundary value problems for elliptic partial differential equations.
Precise formulation of such results can be found in any classical book of partial
differential equations (c.f. [47] and [85]).
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5.4 Solution of the Direct Scattering Problem

We now turn our attention to the main goal of this chapter, the solution of
the scattering problem (5.13)—(5.17). Following Héhner [55], we shall use the
variational techniques developed in Sect. 5.3 to find a solution to this problem.
In order to arrive at a variational formulation of (5.13)—(5.17), we introduce
a large open disk 2r centered at the origin containing D and consider the
following problem: Given f € H=(8D) and h € H~%(dD), find u € H' (25 \

D) and v € H*(D) such that

V-AVo+k*nv=0 in D (5.35)
Au+k>u=0 in 2g\D (5.36)
v—u=Ff on 0D (5.37)
ov  Ou
L - D .
Boa o h on J (5.38)
ou
o Tu on 00g (5.39)

where T is the Dirichlet to Neumann operator defined in Definition 5.19.

We note that exactly in the same way as in the proof of Lemma 5.22 one
can show that a solution u,v to (5.35)—(5.39) can be extended to a solution
to the scattering problem (5.13)—(5.17) and conversely a solution u,v to the
scattering problem (5.13)-(5.17) is such that v and u restricted to 25 \ D
solves (5.35)—(5.39).

Next let uy € H'(2g \ D) be the unique solution to the following Dirichlet
boundary value problem:

Aup+k*up =0 in Qg \ D, up=f ondD, up =0 ondf2g.

The existence of a unique solution to this problem is shown in Example 5.15
(see also Remark 5.17). Note that we can always choose {25 such that k? is not
a Dirichlet eigenvalue for —A in 25\ D. An equivalent variational formulation
of (5.35)—(5.39) is: Find w € H'(£2g) such that

/ (Vo - AVw — k2n$w) dr + / (Vo Vw — k2$w) dz (5.40)
Qr\D
¢Twds = [ ¢hds — ¢Tufds—|— (Va-VUf—kQEUf) dx
e e e ),

for all ¢ € H'(£25). With the help of Green’s first identity (see Corollary 5.6
and Remark 5.8) it is easy to see that v := w|p and u := w|g,\ p — uy satisfy
(5.35)—(5.39). Conversely, multiplying the equations in (5.35)—(5.39) by a test
function and using the transmission conditions one can show that w = u in
D and w = u + uy in 2\ D is such that w € H'(£2r) and satisfies (5.40),
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where v, u is a solution of (5.35)—(5.39).
Next we define the following continuous sesquilinear forms on H!(£2g) x
H1 (.QR)Z

a1(¢,¢)::/(vaAvw+M) dz + / (Vo -V + ¢ o) dx

D 2r\D
- / STy ds 6.0 € H' ()
on

and

as(V,d) : = —/(nk2 +1)¢tp do — / (k* + 1)p ) da

D 22r\D

- / 3(T — To) ds b1 € H'(2p)

O0Nr

where the operator Ty is the operator defined in Theorem 5.20. Furthermore,
we define the bounded conjugate linear functional F' on H'(§2g) by

F(¢):= [ ¢hds — ¢Tuyds + (Vg-Vuf —k2$uf) dx.
o e ]

a-QR QR\D
Then (5.40) can be written as the problem of finding w € H'(£2r) such that

ay(w, @) + az(w, ) = f(@) for all ¢ € H*(2R).

From the assumption & - Re(A4)¢ > v|¢|?, for all ¢ € C? and x € D and
(5.29), we can conclude that the sesquilinear form aq(-, -) is strictly co-
ercive. Hence as a consequence of the Lax-Milgram lemma the operator
A : H'(2g) — H'(2g) defined by ai(w,¢) = (Aw,d)g1(0y,) is invert-
ible with bounded inverse. Furthermore, due to the compact imbedding of
HY(2g) into L2(2g) and the fact that T — Ty : Hz(02gr) — H 2 (02g)
is compact (see Theorem 5.20), we can show exactly in the same way as
in Example 5.15 that the operator B : H'(2g) — H(Qg) defined by
az(w, ¢) = (Bw, ¢) g1 (0p) is compact. Finally, by Theorem 5.14, the unique-
ness of a solution to (5.35)—(5.39) implies that a solution exists.

Lemma 5.23. The problems (5.35)-(5.39) and (5.13)-(5.17) have at most
one solution.

Proof. According to our previous remarks, a solution to the homogeneous
problem (5.35)~(5.39) (f = h = 0) can be extended to a solution v € H'(D)
and u € HL _(R?\ D) to the homogeneous problem (5.13)—(5.17). Therefore

loc
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it suffices to prove uniqueness for (5.13)—(5.17). Green’s first identity and the
transmission conditions imply that

u—ds-/u—ds—&— / (|Vu\2—k2|u|2)2

Tols Qr\D

:/(VE~AVU—k2n|U|2)2 dx + / (|Vu\2—k'2|u|2)2 dx

D Q2r\D

Now since & -Im(A) ¢ < 0 for all ¢ € C2 and Im(n) > 0 for x € D we conclude
that
Im / u— ds | <0,

which from Theorem 3.6 implies that v = 0 in R?\ D. From the transmission
conditions we can now conclude that v = 0 and dv/0v4 = 0 on OD.

In order to conclude that v = 0 in D we employ a unique continuation prin-
ciple. To this end we extend Re(A) to a real, symmetric, positive definite,
and continuously differentiable matrix-valued function in 2z and Im(A4) to
a real, symmetric, continuously differentiable matrix-valued function which is
compactly supported in 2. We also choose a continuously differentiable ex-
tension of n into 2 and define v = 0 in 2z \ D. Since v = 0 and dv/dv4 = 0
on OD then v € H'(2g) and satisfies V- AVv +k?nv = 0 in 2. Then by the
regularity result in the interior of {2g (see Theorem 5.25), v is smooth enough
to apply the unique continuation principle (see Theorem 17.2.6 in [59]). In
particular since v = 0 in 2z \ D then v = 0 in 2. This proves the unique-
ness. O

Summarizing the above analysis, we have proved the following theorem on the
existence, uniqueness and continuous dependence on the data of a solution to
the direct scattering problem for an orthotropic medium in R2.

Theorem 5.24. Assume that D, A and n satisfy the assumptions in Sect. 5.1
1 1
and let f € Hz(0D) and h € H™2(9D) be given. Then the transmission

problem (5.13)—(5.17) has a unique solution v € H*(D) and u € H} (R?\ D)
which satisfy
ol o)+ Nl oy < € (115 iy + Iy 5 ) (541)

with C' > 0 a positive constant independent of f and h.

Note that the a priori estimate (5.41) is obtained using the fact that by a

duality argument [|F|| is bounded by ”hHH—%(aD) and [[uy g1 (0, py Which
in turn is bounded by ||fHH 5 o) (see Example 5.15).
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We end this section by stating two regularity results from the general the-
ory of partial differential equations formulated for our transmission problem.

The proofs of these results are rather technical and beyond the scope of this
book.

Let Dy and D, be bounded, open subsets of R? such that D; C D, and
assume that A is a matrix-valued function with continuously differentiable
entrees aj; € C1(Dy) and n € C'(D,). Furthermore, suppose that A is sym-
metric and satisfies € - Re(A4) & > v[¢|? for all € € C? and = € D, for some
constant y > 0.

Theorem 5.25. If u € H'(Ds) and q € L*(D2) satisfy
V- AVu+ k*nu = q
then uw € H*(D1) and

lull 2(pyy < C (llullmr(ps) + lallz2(ps))
where C' > 0 depends only on v, D1 and Ds.

For a proof of this theorem in a more general formulation see Theorem 4.16 in
[85] or Theorem 15.1 in [45]. Note also that a more general interior regularity
theorem shows that if the entries of A and n are smoother then C! and ¢ is
smoother then L? then one can improve the regularity of u and this eventually
leads to a C? solution in the interior of Ds.

For later use, in the next theorem we state a local boundary regularity
result for the solution of the transmission problem (5.13)—(5.17). By {2.(z) we
denote an open ball centered at z € R? of radius e.

Theorem 5.26. Assume z € D, and letu’ € H'(D) such that Au® € L*(D).
Define f :=u' and h := 0u’/dv on 0D .

1. If for some € > 0 the incident wave u® is also defined in 22.(2) and the
restriction of u® to $2s.(2) is in H?2((2.(2)) then the solution u to (5.13)-
(5.17) satisfies u € H?((R?\ D) N 2.(2)) and there is a positive constant
C such that

ull 22\ Dy, o)) < C (1u' 2 (0. 2)) + 10 1 (D)) -
((R2\D) (2))

2. If for some € > 0 the incident wave u® is also defined in Qg \ 2.(z) and
the restriction of u® to 2r\ 2:(2) is in H?(2r\ 2.(2)) then the solution u
to (5.13)-(5.17) satisfies u € H*(R?\ (DU {22.(2))) and there is a positive
constant C' such that

[l g2 e\ (B (o)) < C (1612 (2m\20(20) + [0 [ 11(D)) -

This result is proved in Theorem 2 in [55]. The proof employs the interior
regularity result stated in Theorem 5.25 and techniques from Theorem 8.8 in
[47].
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The Inverse Scattering Problem
for an Orthotropic Medium

In this chapter we extend the results of Chap. 4 to the case of the inverse
scattering problem for an inhomogeneous orthotropic medium. The inverse
problem we shall consider in this chapter is to determine the support of the
orthotropic inhomogeneity given the far field pattern of the scattered field for
many incident directions.

The investigation of the inverse problem is based on the analysis of a non-
standard boundary value problem called the interior transmission problem.
This problem plays the same role for the inhomogeneous medium problem as
the interior impedance problem plays in the solution of the inverse problem
for an imperfect conductor studied in Chap. 4. Having discussed the well-
posedness of the interior transmission problem and the countability of the
transmission eigenvalues following [13], we proceed with a uniqueness result
for the inverse problem. We will present here a proof due to Hahner [55] which
is based on the use of a regularity result for the solution of the interior trans-
mission problem. Finally, in the last section of this chapter, we derive the
linear sampling method for finding an approximation to the support of the
inhomogeneity. Although the analysis of the justification of the linear sam-
pling method refers to the scattering problem for an orthotropic medium, the
implementation of the method does not rely on any a priori knowledge of the
physical properties of the scattering object. In particular, we show that the
far field equation we used in Chap. 4 to determine the shape of an imperfect
conductor can also be used in the present case where the corresponding far
field pattern is used for the kernel of this equation.

6.1 Formulation of the Inverse Problem

Let D be the support and A and n the constitutive parameters of a bounded
orthotropic inhomogeneous medium in R? where D, A and n satisfy the as-
sumptions given in Sect. 5.1. The scattering of a time harmonic incident plane
wave u' := e**? by the inhomogeneity D is described by the transmission
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problem (5.13)—(5.17) with f := ¢**? and h := 9¢***?/9v which we recall
here for reader’s convenience:

V-AVv +k*nv =0 in D (6.1)
Aut + k2 uf =0 in R?*\D (6.2)
v—ut = ethrd on 0D (6.3)

s ikxz-d
Qv _Ou” e on 0D (6.4)

%_ ov  Ov
lim /7 (8871 —zk‘u) ~0 (6.5)

T—00

where £ > 0 is the (fixed) wave number, d := (cos ¢, sin ¢) is the incident

direction, * = (1, ¥3) € R? and r = |z|. In particular, the interior field

v(+) := v(-,¢) and scattered field u®(-) := u®(-,¢) depend on the incident

angle ¢. The radiating scattered field ©° again has the asymptotic behavior
ikr

€

\/;

where the function us (-, ¢) defined on [0, 27| is the far field pattern cor-
responding to the scattering problem (6.1)-(6.5) and the unit vector & :=
(cos 0, sin ) is the observation direction. In the same way as in Theorem 4.2
it can be shown that the far field pattern uo. (6, ¢) corresponding to (6.1)—
(6.5) satisfies the reciprocity relation ue (6, ¢) = tuso(¢p+m,0+m) and is given
by

u’(x) =

Uss(0,0) +O(r %), r—oo

_ o 0TV ey OU (y)
Uoo (0, ¢) = \/ﬁaB (u (y)T —e y@y) ds(y) (6.6)

where 0B is the boundary of a bounded domain containing D (it can also be
0D).

The following result can be obtained as a consequence of Rellich’s lemma (see
Theorem 4.1):

Theorem 6.1. Suppose that the far field pattern us corresponding to (6.1)-
(6.5) satisfies use =0 for a fized angle ¢ and all 6 in [0, 2x]. Then u® =0 in
R2\ D.

Note that by the analyticity of the far field pattern Theorem 6.1 holds if
Uso = 0 only for a subinterval of [0, 27].

The inverse scattering problem we are concerned with is to determine D
from a knowledge of the far field pattern u..(6,¢) for all incident angles
¢ € [0, 27r] and all observation angles 8 € [0, 27]. We remark that for an
orthotropic medium standard examples [51, 94] show that A and n are not in
fact uniquely determined from the far field pattern us (6, ¢) for all ¢ € [0, 27]
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and 0 € [0, 2], but rather what is possible to determine is the support of the
inhomogeneity D.

We now consider the far field operator F : L?[0, 2x] — L?[0, 27] corre-
sponding to (6.1)—(6.5) defined by

2m

(Fg)(6) = / oo (0, 8)g(6)dd (6.7)

0

As the reader has already seen in Chap. 4, the far field operator will play a
central role in the solution of the inverse problem. The first problem to resolve
is that of injectivity and the denseness of the range of the far field operator.
We recall a Herglotz function with kernel g € L2[0, 27] is given by

2
vy(2) 1= / () do (6.8)
0

where d = (cos ¢, sin ¢). Note that by superposition, Fg is the far field pattern
of the solution to (6.1)—(6.5) with e?**'¢ replaced by v,. For future reference

we note that
27

tyla) i= [ e g(6) do (6.9)
0
is also a Herglotz wave function with kernel g(¢ — ).

Theorem 6.2. The far field operator F' corresponding to the scattering prob-
lem (6.1)-(6.5) is injective with dense range if and only if there does not exist
a Herglotz wave function vg such that the pair v,vq is a solution to

V- -AVu+k*nv=0 and Av,+k* v, =0 in D (6.10)
v _ Dy

e oy on 9D (6.11)
A

V=17, and
Proof. Exactly in the same way as in Theorem 4.3, one can show that the far
field operator F' is injective if and only if its adjoint operator F™* is injective.
Since N(F*)+ = F(L2|0, 27]), to prove the theorem we must only show that F'
is injective. But F'g = 0 with g # 0 is equivalent to the existence of a nonzero
Herglotz wave function v, with kernel g for which the far field pattern u
corresponding to (6.1)—(6.5) with e?***¢ replaced by v, vanishes. By Rellich’s
lemma we have that u® = 0 in R? \ D and hence the transmission conditions
imply that

du _ vy

% = o on 0D.

V=17, and

Since vy is a solution of the Helmholtz equation we have that v and v, satisfy
(6.10) as well. This proves the theorem. O
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Motivated by Theorem 6.2 we now define the interior transmission problem
associated with the transmission problem (5.13)—(5.17).

Interior Transmission Problem. Given f € Hz(dD) and h € H~=(dD),
find two functions v € H*(D) and w € H*(D) satisfying

V- -AVv+Ek*nv=0 in D (6.12)
Aw+k*w=0 in D (6.13)
v—w=f on 0D (6.14)
ov  Ow
- = D d
9. o h on 0 (6.15)

The boundary value problem (6.12)—(6.13) with f = 0 and h = 0 is called
the homogeneous interior transmission problem.

Definition 6.3. Values of k? for which the homogeneous interior transmis-
ston problem has a nontrivial solution are called transmission eigenvalues.

In particular Theorem 6.2 states that if k2 is not a transmission eigenvalue
then the range of the far field operator is dense.

6.2 The Interior Transmission Problem

As seen above, the interior transmission problem appears naturally in scatter-
ing problems for an inhomogeneous medium. Our approach to studying the
interior transmission problem is based on [13] and [19]. Of particular concern
to us in this section is the countability of the transmission eigenvalues. For
more information on the interior transmission problem and other solution ap-
proaches we refer the reader to Chap. 8 in [33] and [103] which deal with
(6.12)—(6.15) when A = I (which is excluded in our analysis).

We begin by establishing the uniqueness of a solution to the interior trans-
mission problem.

Theorem 6.4. If either Im(n) > 0 or Im(f_~ A.f) < 0 at a point xg € D,
then the interior transmission problem (6.12)—(6.15) has at most one solution.

Proof. Let v and w be a solution of the homogeneous interior transmission
problem (i.e. f = h = 0). Applying the divergence theorem to 7 and AVwv
(see Corollary 5.6), using the boundary condition and applying Green’s first
identity to w and w (see Remark 5.8) we obtain

/Vi-AVUdy—/k2n|v|2dy= /f- ;Tvdyz/|Vw|2dy—/k2|w|2dy.
D D aD 4 D D

Hence
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Im /VE-AVvdy =0 and Im /n|v|2dy =0. (6.16)
D D

If Im(n) > 0 at a point ¢ € D, and hence by continuity in a small disk {2 (z),
then the second equality of (6.16) and the unique continuation principle (The-
orem 17.2.6 in [59]) imply that v = 0 in D. In the case when Im (- A¢) <0
at a point 2o € D for all ¢ € C2?, and hence by continuity in a small ball
2:(xp), from the first equality of (6.16) we obtain that Vv = 0 in 2. (x¢)
and from (6.12) v =0 in 2.(xo), whence again from the unique continuation
principle v = 0 in D. From the boundary conditions (6.13) and (6.14), and
the integral representation formula, w also vanishes in D. a

We now proceed to the solvability of the interior transmission problem. In the
following analysis we assume without loss of generality that D is simply con-
nected. We first study an intermediate problem called the modified interior
transmission problem, which turns out to be a compact perturbation of our
original transmission problem.

The modified interior transmission problem is given f € H %(3D), h €
H~2(dD), a real valued function m € C(D), and two functions p; € L2(D)
and py € L*(D) find v € H(D) and w € H'(D) satisfying

V-AVv—muv=p in D (6.17)
Aw — w = py in D (6.18)
v—w=f on 0D (6.19)

ov  Ow

We now reformulate (6.17)—(6.20) as an equivalent variational problem of the
form (5.18). To this end, we define the Hilbert space

W (D) = {w € (I2(D))*:V-we L*D) and Vxw= o}
equipped with the inner product

(W1, wo)w = (W1, Wa)r2(p) + (V- w1, V-wWa)r2(p)

and the norm
1wty = wliZzpy + IV - Wli72(p)-

We denote by (-, ) the duality pairing between Hz (D) and H~2(8D). The
duality pairing

(go,q,b-u):/cpv-'t,bdx+/Vga'¢dm, (6.21)

D D
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for (¢,1) € HY(D) x W(D) will be of particular interest in the sequel.
We next introduce the sesquilinear form A defined on {H!(D) x W(D)}? by

AU V)= [ AVv-V@dr+ [ mvpde+ [ V-wV-pde+ [ w-9dr
R /
(v, Y -v)—(p, w-v) (6.22)

where U := (v,w) and V := (p,%) are in H'(D) x W(D). We denote by
L: HYD) x W(D) — C the bounded conjugate linear functional given by

L<v>=/<pl¢a+pzv~fp> dz+ (@, by — (f, % v) . (6.23)

Then the variational formulation of the problem (6.17)—(6.20) is to find U =
(v,w) € HY(D) x W(D) such that

AU, V) = L(V), forall V € HY(D) x W(D) . (6.24)

The following theorem proves the equivalence between problems (6.17)—(6.20)
and (6.24).

Theorem 6.5. The problem (6.17)-(6.20) has a unique solution (v,w) €
HY(D) x HY(D) if and only if the problem (6.24) has a unique solution
U = (v,w) € HY(D) x W(D). Moreover if (v,w) is the unique solution to
(6.17)-(6.20) then U = (v, Vw) is the unique solution to (6.24). Conversely,
if U= (v,w) is the unique solution to (6.24) then the unique solution (v, w)
to (6.17)-(6.20) is such that w = Vw.

Proof. We first prove the equivalence between the existence of a solution (v, w)
to (6.17)—(6.20) and the existence of a solution U = (v, w) to (6.24).

1. Assume that (v, w) is a solution to (6.17)—(6.20) and set w = Vw. From
(6.18) we see that since Vw = w + py € L?(D) then w € W (D). Taking
the L? scalar product of (6.18) with V - 4 for some 1 € W (D) and using
(6.21) we see that

/V-wVwszx+D/w~{bdx<w,'z,_b~1/>—/p2Voﬂzdx.

D D
Hence, by (6.19)

D/V~wV-¢dx+Zw-'¢da:—<v,¢-y>

:7<f71,_b~y>+/pgv~1,_bdx. (6.25)

D
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We now take the L? scalar product of (6.17) with ¢ in H'(D) and integrate
by parts. Using the boundary condition (6.20) we see that

/AV%V@der/mvcﬁdxf(cﬁ,wq/):<gb, h>+/p1<ﬁdx. (6.26)
D D D

Finally, adding (6.25) and (6.26) we have that U = (v, Vw) is a solution
to (6.24).

. Now assume that U = (v,w) € HY(D) x W(D) is a solution to (6.24).
Since V x w = 0 and D is simply connected we deduce the existence of a
function w € H'(D) such that w = Vw where w is determined up to an
additive constant. As we shall see later, this constant can be adjusted so
that (v,w) is a solution to (6.17)—(6.20). Obviously, if U satisfies (6.24)
then (v, w) satisfies (6.25) and (6.26) for all (p, ) € H*(D)x W(D). One
can easily see from (6.26) that the pair (v, w) satisfies

V-AVv —muv = p; in D (6.27)
ov ow

On the other hand, substituting for w in (6.25) and using the duality
identity (6.21) in the second integral we have that

/(Aw—w)v-@dm+<w—v,{b~u> (6.29)

D

— )+ [ Vs
D

for all ¢ in W(D).

Now consider a function ¢ € L3(D) = {QS €L*(D) : [¢dx= 0} and
D
let x € H'(D) be a solution to

Ax=¢ in D
9x =0 on 0D. (6.30)
ov

The existence of a solution of the above Neumann boundary value problem
can be established by the variational methods developed in Chap. 5 (see
Example 5.13). We leave it to the reader as an exercise [85]. Taking v =
Vy in (6.29) (note that from (6.30) V-1 = ¢ in D and 1 -v = 0 on 9D)
we have that

/(Awfwfpg)gbdxzo for all ¢ € L23(D)
D
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which implies the existence of a constant ¢; such that
Aw—w—ps=c¢; inD. (6.31)

We now take ¢ € LZ(0D) and let o € H'(D) be a solution to

{AU =0 inD
do - (6.32)
Foie ¢ on 0D.

Taking ¢ = Vo in (6.25) (note that (6.32) implies that V - ¥ =0in D
and ¥ - v = ¢ on 0D) we have that

/(w—v+f)¢ds=0 for all ¢ € L3(9D)
oD

which implies the existence of a constant c¢s such that
w—v+ f=c ondD. (6.33)

Substituting (6.31) and (6.33) into (6.29) and using (6.21) we see that

(01702)/V~1,_bdx:0 Ve W(D)

D

which implies ¢; = ¢3 = ¢ (take for instance ¥ = Vo where 9 € H}(D)
and Ap = 1in D). Equations (6.27), (6.31), and (6.33) show that (v, w—c)
is a solution to (6.17)—(6.20).

We next consider the uniqueness equivalence between (6.17)—(6.20) and
(6.24).

Assume that (6.17)—(6.20) has at most one solution. Let U; = (v1,wy)
and Us = (ve,wz) be two solutions to (6.24). From step 2 above we
deduce the existence of wy and ws in Hl(D) such that w; = Vw; and
wo = Vws and (v1,w;) and (vg, wy) are solutions to (6.17)—(6.20), whence
(v1,w1) = (vo,ws) and (vy,w) = (v, Wa).

Finally assume that (6.24) has at most one solution and consider two
solutions (v1,w1) and (vg,wsz) to (6.17)—(6.20). We can deduce from step
1 above that (v1, Vw;) and (ve, Vws) are two solutions to (6.24). Hence
v1 = vy and w = w; — wy is a function in H!(D) that satisfies

{Aw—w:O in D

which implies w = 0.
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We now investigate the modified interior transmission problem in the varia-
tional formulation (6.24).

Theorem 6.6. Assume that there exists a constant v > 1 such that, for x €
D

Re(&-A(x)€) = ~[¢)* forall £€C* and m(z) > 7. (6.34)

Then problem (6.24) has a unique solution U = (v,w) € H'(D) x W(D).
This solution satisfies the a priori estimate

v+1
ol oy + Iwlly < 207 <||p1||L2(D) + o2l 2 ()

+ 15113 oy + 1Al 3 o)

where the constant C' > 0 is independent of p1, p2, f, h and .

(6.35)

Proof. The trace theorems (see Sect. 5.2) and Schwarz’s inequality ensure the
continuity of the conjugate linear functional L on H'(D) x W (D) and the
existence of a constant ¢ independent of p1, p2, f and h such that

12 < € (Norllge + lloallge + 10y + 0,y ) - (6:36)

On the other hand, if U = (v,w) € HY(D) x W(D) then, by assumption
(6.34),
AU D) = 7 [0l + Wiy = 2Re (0, w)) (6.37)

According to the duality identity (6.21), one has by Schwarz’s inequality that

(@ W) [ < ol (1wl

and therefore

2 2
AW O) = 7 vl + Wl =2 ol Wl -

2
Using the identity ya? + y? — 2zy = WT'H (x — % y) + 77_1:52 + %yz, we

conclude that 1
7= 2 2
AT 2 2 (Il + el )
whence A is coercive. The continuity of A follows easily from Schwarz’s in-
equality, the trace theorem and Theorem 5.5. Theorem 6.6 is now a direct

consequence of the Lax-Milgram lemma applied to (6.24). O

Theorem 6.7. Assume that there exists a constant v > 1 such that, for x €
D,

Re(&-A(x)€) >~[¢|* forall £€C? and m(z) > 7. (6.38)
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Then the modified interior transmission problem (6.17)-(6.20) has a unique
solution (v,w) that satisfies

y+1
vl py + Wil (py < Cﬁ <||p1||L2(D) + llp2llp2(p) (6.39)
1813 oy + 103 o))

where the constant C' > 0 in independent of p1, p2, f, h and 7.

Proof. The existence and uniqueness of a solution follows from Theorem 6.5
and Theorem 6.6. The a priori estimate (6.39) can be obtained directly from
(6.17)—(6.20) but can also be deduced from (6.35) as follows. Theorem 6.5 tells
us that (v, Vw) is the unique solution to (6.24). Hence, according to (6.35),

¥+
vl + [Vl 2 < 017 —

1
= (sl e + ool + 113 + 101,y )
From Poincaré’s inequality in Sect. 5.2 we can write

loll iy < C2 (V020 + N0l 2(o)

Now by using the boundary condition (6.19) and the trace theorem we obtain
that

el 2y < €2 (19l 20y + 1ol 2y + 120

for some positive constant Cs. The constants C; and Cy can then be adjusted
so that (6.39) holds. O

Now we are ready to show the existence of a solution to the interior transmis-
sion problem (6.12)—(6.15).

Theorem 6.8. Assume that either Im(n) > 0 or Im(£-A¢&) <0 at a point
xg € D and that there exists a constant v > 1 such that, for x € D,

Re (& A(z)€) >~[¢]* forall € C*. (6.40)

Then (6.12)-(6.15) has a unique solution (v,w) € HY(D) x HY(D). This
solution satisfies the a priori estimate

lar20) + 10l 120y < € (11113 oy + 1Al 3 o) (6.41)
where the constant C' > 0 is independent of f and h.
Proof. Set
X(D) = {(v,w) € H'(D) x H'(D) : V-AVv € L*(D) and Aw € L*(D)}

and consider the operator G from X(D) into L2(D) x L2(D) x Hz(dD) x
H~2(9D) defined by
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Gv,w) = <V - AVY —mv, Aw — w, (v —w)),,, (gz — ?;) > (6.42)
lo

where m € C(D) and m > 1. Obviously G is continuous and from Theorem
6.7 we know that the inverse of G exists and is continuous. Now consider the
operator 7 from X (D) into L%(D) x L2(D) x Hz(0D) x H~2(dD) defined
by

T (v,w) = ((*n+m)v, (k* +1)w, 0, 0)

From the compact embedding of H!(D) into L?(D) (see Sect. 5.2), the op-
erator 7 is compact. Theorem 6.4 implies that G + 7 is injective and there-
fore from Theorem 5.14 we can deduce the existence and the continuity of
(G+7T)~ !, which means in particular the existence of a unique solution to the

interior transmission problem (6.12)—(6.15) that satisfies the a priori estimate
(6.41). O

In general we cannot conclude the solvability of the interior transmission prob-
lem if A and n do not satisfy the assumptions of the previous theorem. In
particular, if Im(A) = 0 and Im(n) = 0 in D, k* may be a transmission
eigenvalue (see Definition 6.3). Do transmission eigenvalue exist and if so do
they form a discrete set?” We can only provide a partial answer to the above
question in the following theorem.

Theorem 6.9. Assume that Im(n) = 0 and Im(A) = 0 in D and that there
exists a constant v > 1 such that, for x € D,

EA@E> AP VECR and n(x) > .

Then the set of transmission eigenvalues is either empty or forms a discrete
set.

Proof. Consider the operator G defined by (6.42) with m = n and the compact
operator 7 from X (D) into L%(D) x L2(D) x Hz(0D) x H~2(dD) defined
by

7 (w,v) = (nw,v, 0, 0).

We want to prove that the operator G+ (k*+1)7 is invertible for all k € C\ S
where S is an empty or discrete subset of C. Since G is bijective (Theorem 6.7),
this is equivalent to showing that (I + (k? +1)G~*7)~! exists, where I is the
identity operator from X (D) into X' (D). The fact that this operator exists and
is bounded except for at most a discrete set of k values follows immediately
from Theorem 1.22. Note that (k* + 1)G~17 is a compact operator. O

In general it is not known if transmission eigenvalues exist. The only known
result on the existence of transmission eigenvalues is for the case when A =T
and n(x) = n(r) (see Theorem 8.13 in [33])

The above analysis of the interior transmission problem requires that the
matrix A satisfies
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Re (f_ A(x) f) > 7|¢|* for all £ € C? z € D and some constant y > 1

that is ||[Re(A)|| > 1. The case of Re(A) positive definite such that [|[Re(A)|| <
1 is considered in [19]. By modifying the variational approach of Theorem 6.5
and Theorem 6.6 one can prove the following results.

Theorem 6.10. Assume that there exists a constant v > 1 such that, for
r €D,

Re (f (A(z)) ™! §) >ql€]? forall €€C? and v ' <m<1.
Then (6.17)-(6.20) has a unique solution (v, w) that satisfies

[0l 2oy + 1wl oy <€ (||p1||L2(D) + o2l 2 (p)
F 173 0y + WAl s oy
where the constant C' > 0 in independent of p1, p2, f, h.

Theorem 6.11. Assume that either Im(n) > 0 or Im(g- A§) < 0 at a point
x9 € D and that there exists a constant v > 1 such that, for x € D,

Re (g. (A(z)) ™" g) > Al¢2 for all €€ C2

Then (6.12)-(6.15) has a unique solution (v,w) € HY(D) x HY(D). This
solution satisfies the a priori estimate

ol oy + Nellir oy < © (143 oy 1ol o)
where the constant C > 0 is independent of f and h.

Finally in the same way as in Theorem 6.9 one can show that in this case,
under additional assumptions on n, the set of the transmission eigenvalues is
at most discrete. In particular the following theorem holds.

Theorem 6.12. Assume that Im(n) =0 and Im(A) =0 in D and that there
exists a constant v > 1 such that, for x € D,

£ (A@)) ™ €2 I¢l® forall £€C?
and
v <n(z) < 1.
Then the set of the transmission eigenvalues is either empty or forms a dis-
crete set.

We end this section by remarking that in the case of A = I, where [ is the
identity matrix, the above analysis is no longer applicable. This case can be
treated either by rewriting the interior transmission problem as a boundary
value problem for a fourth order partial differential equation for the difference
v —w € H?(D) [103] or by using analytic projection operators (Sect. 8.6 of
[33]). The case when ||Re(A(x))|| > 1 for x € Dy C D and |Re(A(z))| < 1
for x € D\ Dy remains an open question.
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6.3 Uniqueness

The proof of uniqueness for the inverse medium scattering problem is more
complicated than for the case of scattering by an imperfect conductor con-
sidered in Chap. 4. The idea of the uniqueness proof for the inverse medium
scattering problem originates from [61, 62] in which it is shown that the shape
of a penetrable, inhomogeneous, isotropic medium is uniquely determined by
its far field pattern for all incident plane waves. The case of an orthotropic
medium is due to Hahner [55] (see also [35]), the proof of which is based on
the existence of a solution to the modified interior transmission problem. We
begin with a simple lemma.

Lemma 6.13. Assume that either & - Re(A) € > ~[¢]? or € Re(A™1) € > ~[¢]?
for some v > 1. Let {v,, w,} € HY(D) x HY(D), n € N, be a sequence of
solutions to the interior transmission problem (6.12)—(6.15) with boundary
data f, € H2(OD), h,, € H~2(0D). If the sequences {f,} and {h,} converge
in H2(8D) and H~2(8D) respectively, and if the sequences {v,} and {wy,}
are bounded in H*(D), then there exists a subsequence {w,, } which converges
in HY(D).

Proof. Assume first that £ - Re(A) & > v[€]2, v > 1, and let {v,, w,} be as in
the statement of the lemma. Due to the compact imbedding of H!(D) into
L?(D) we can select L?-convergent subsequences {vy, } and {w,, }. Hence,
{vn, } and {wy,, } satisfy

V- AV, —yon, = —(v + k*n)vy, in D

Awy,, — Wy, = —(1+ k?)w,, in D
Uy — Wy = [y on OD
O,  Owny,
— k — h, D.
81/A ov F on 0

Then the result of the lemma follows from the a priori estimate of Theorem
6.7. In the case when & - Re(A™1) ¢ > v[¢|?, v > 1, we use Theorem 6.10 and
1/~ instead of v in the above equation for v,, to obtain the same result. O

Note that in the proof of Lemma 6.13 we use the a priori estimate for the
modified interior transmission problem instead of the a priori estimate for
the interior transmission problem. This allows us to obtain the result without
assuming that k2 is not a transmission eigenvalue.

We are now ready to prove the uniqueness theorem.

Theorem 6.14. Let the domains D1 and Do, the matriz-valued functions Ay
and Asg, and the functions ni and ne satisfy the assumptions in Sect. 5.2.
Moreover assume that either € - Re(A1) € > ~[€2 or € - Re(AT) € > ~[€]?,
and either € - Re(Ay) & > ~|E]? or € - Re(A;1) € > 4|€|? for some v > 1.
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If the far field patterns ul_(0,¢) and u?_(0,¢) corresponding to Di, A1, ny
and Da, As, no, respectively, coincide for all 6 € [0, 2] and ¢ € [0, 27], then
Dy = Ds.

Proof. Denote by G the unbounded connected component of R? \ (D; U D3)
and define D§ := R?\ Dy, D§ := R?\ Dy. By Rellich’s lemma we conclude that
the scattered fields u; and us which are the radiating part of the solution to
(5.13)—(5.17) with Dy, Ay,nq and Ds, Ay, no, respectively, and boundary data
with f := e?**d and h := 9e?**4 /0y, d = (cos ¢,sin ¢), coincide in G. Let
&(x, z) denote the fundamental solution to the Helmholtz equation given by
(3.33).

We now show that the scattered solutions u1 (-, 2) and us (-, z) also coincide
for the incident waves @(-,z) with z € G, i.e. for f := &(-,2) and h =
O0P(-,2)/0v. To this end, choose a large disk {2z such that D; U Dy C 2z
and k? is not a Dirichlet eigenvalue for £25. Then, for 2 ¢ {25, by Lemma 4.4,
there exists a sequence {u’,} in span{e?**? . |d| = 1} such that

[uy, = 2(-, 2)|

a3 (908) — 0, asn — oo.
The well-possedness of the Dirichlet problem for the Helmholtz equation in
g (see Example 5.13) implies that u’, approximates ®(-, z) in H*(£2g). Then
the continuous dependence on the data of the scattered field (5.41) together
with the fact that the scattered fields corresponding to uf, coincide as linear
combinations of scattered fields due to plane waves imply that us(-,z) and
us(+, ) also coincide for a fixed z ¢ 2g. Since ®(-, z) and its derivatives
are real-analytic in z, we can again conclude from the well-posedness of the
transmission problem (5.13)—-(5.17) that u; (-, z) and ua(-, z) are real-analytic
in z, and therefore must coincide for all z € G.

Let us now assume that D; is not included in Ds. Since D5 is connected,
we can find a point z € 9D; and € > 0 with the following properties, where
£25(z) denotes the ball of radius § centered at z:

1. Qge(z) N DQ = @,

2. The intersection Dy N 2. (2) is contained in the connected component of
D; to which z belongs,

3. There are points from this connected component of D; to which z belongs
which are not contained in Dy N Qg.(2),

4. The points z,, = z + %u(z) lie in G for all n € N, where v(z) is the unit

normal to 0D, at z.

Due to the singular behavior of @(-, z,) at the point z,, it is easy to show
that ||9(-, z,)|| g1 (p,) — o0 as n — oo. We now define

1

w'(z) = ———
) = @0 m on

b(x, zn), x € DU Dy
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and let v}, u} and v§,u} be the solutions of the scattering problem (5.13)—
(5.17) with boundary data f := w™ and h := Qw"/9dv corresponding to D,
and Do, respectively. Note that for each n, w™ is a solution of the Helmholtz
equation in D; and Dy. Our aim is to prove that if D; ¢ D5 then the equality
u1 (-, 2) = ug(+, 2) for z € G allows the selection of a subsequence {w™ } from
{w™} that converges to zero with respect to H'(D;). This certainly contradicts
the definition of {w"} as a sequence of functions with H*(D;)-norm equal to
one. Note that uy (-, z) = us(-, z) obviously implies that v} = u% in G.

We begin by noting that, since the functions &@(-, z,) together with their
derivatives are uniformly bounded in every compact subset of R?\ 25.(2) and
I2(-, 2n)ll 1 (D)) — 00 as n — oo, then [[w"| g1(p,) — 0 as n — oc. Hence,
if £2r is a large ball containing Dy U Dy, then |[uf||g1(0yne) — 0 as n — oo
from the a priori estimate (5.41). Since u} = w4 in G then |[u} || g1 (2pne) — 0
as n — oo as well. Now, with the help of a cutoff function y € C§°(2s.(2))
satisfying x(z) = 1 in §27.(z) (see Theorem 5.4), we see that |[uf|| g1 (0xna) —
0 implies that

d(xu?)
ov

(xut) — 0, — 0, asn — 0o (6.43)
with respect to the H2 (0D)-norm and H -3 (0D)-norm, respectively. Indeed,
for the first convergence we simply apply the trace theorem while for the
convergence of d(xul)/0v, we first deduce the convergence of A(xup) in
L?3(2g N D$), which follows from A(xu}) = yAul + 2Vy - Vul + u Ay,
and then apply Theorem 5.5. Note here that we need conditions 2 and 4 on z
to ensure 2s.(z) N D§ = 2s.(2) N G.

We next note that in the exterior of 25.(2) the H?(2g \ 22.(2))-norms of
w"™ remain uniformly bounded. Then the assertion about boundary regularity
of the solution to (5.13)-(5.17) stated in the second part of Theorem 5.26
implies that u} is uniformly bounded with respect to the H2((£2r N D$) \
24¢(2))-norm. Therefore, using the compact imbedding of H?(£2z N D¥) into
HY(25 N D), we can select a H'(2z N DY) convergent subsequence {(1 —
X)ur*} from {(1 — x)ut}. Hence, {(1 — x)ui*} is a convergent sequence in
Hz(dD), and similarly to the above reasoning we also have that {9((1 —
X)ul)/dv} converges in H~2(AD). This, together with (6.43), implies that

the sequences
ou*
Nk d 1
O

converge in H2(8D) and H~ 2 (dD), respectively.

Finally, since the functions v{'* and w™* are solutions to the interior trans-
mission problem (6.12)—(6.15) for the domain D; with boundary data f = u™*
and h = Ou}*/dv, and since the H'(D;)-norms of v{’* and w™ remain
uniformly bounded, according to Lemma 6.13 we can select a subsequence
of {w"™}, denoted again by {w"*}, which converges in H'(D;) to a func-
tion w € H(D;). As a limit of weak solutions to the Helmholtz equation,




120 6 The Inverse Scattering Problem for an Orthotropic Medium

w € HY(Dy) is a weak solution to the Helmholtz equation. We also have that
W] p,\2,. () = 0 because the functions w™* converge uniformly to zero in the
exterior of (25.(z). Hence, w must be zero in all of D; (here we make use of
condition 3, namely the fact that the connected component of D; containing
2 has points which do not lie in the exterior of £25(z)). This contradicts the
fact that |[w™ || g1 (p,) = 1. Hence the assumption Dy ¢ Dy is false.

Since we can derive the analogous contradiction for the assumption Dy ¢ Dy,

we have proved that D = Ds. O

6.4 The Linear Sampling Method

Having shown that the support of the inhomogeneity can be uniquely deter-
mined from the far field pattern, we now want to find an approximation to
the support. To this end we will use the linear sampling method previously
introduced in Chap. 4 for the inverse scattering problem for an imperfect con-
ductor. In particular, we shall show that, providing k2 is not a transmission
eigenvalue, the boundary dD of the inhomogeneity D can be characterized by
the solution of the far field equation (4.33) where the kernel of the far field
operator is the far field pattern corresponding to (6.1)—(6.5).

Given (f,h) € H2(0D) x H=2(dD), let (v,u) € H (D) x H. (R2\ D) be
the unique solution to the corresponding transmission problem (5.13)—(5.17).
We recall that the radiating part v has the asymptotic behavior

eikr
7

where u, is the far field pattern corresponding to (v, u).

u(z) = Uoo () + O(r/?), r— oo, &=uz/|x|

Definition 6.15. The bounded linear operator B : H2 (D) x H~2(8D) —
L2[0, 2n1] maps (f, h) € H2(OD) x H=2(dD) onto the far field pattern un, €
L?[0, 27] where (v,u) is the solution of (5.13)—(5.17) with the boundary data
(fh).

Note that the fact that B is bounded follows directly from the well-posedness
of (5.13)—(5.17).

As in the case of the scattering problem for an imperfect conductor, the op-
erator B will play an important role in the solution of the inverse problem.
In order to determine the range of the operator B, it is more convenient to
consider its transpose instead of its adjoint. This is because operating with
the duality relation between H2(8D), H~2(dD) is much simpler then using
the corresponding inner products. In the following we will define the transpose
operator and derive some useful properties of this operator.

Let X and Y be two Hilbert spaces and let X* and Y* be their dual spaces.
For any linear mapping A : X — Y, the transpose AT : Y* — X* is the linear
mapping defined by



6.4 The Linear Sampling Method 121
<ATv,u>X o = (v, Au)yy forallue X andv e Y™

where (-, -) denotes the duality pairing between the denoted spaces.

It can be shown (see Lemma 2.9 in [85]) that the transpose AT is bounded if
and only if A is bounded. To describe the relation between the range and the
kernel of A and AT we use the following terminology. For any subset W C X,
the annihilator W is the closed subspace of X* defined by

We*={ge X*: (g,u) =0for allu € W}.

Similarly, for V' C X*, the annihilator ®V is the closed subspace of X defined
by
WV={ueX: (gyuy=0forallg e V}.

Lemma 6.16. The null space and range of A and AT satisfy
N(AT) = A(X)* and N(A)=°2AT(Y™").
Proof. Applying the various definitions we obtain

AX)*={geY": (g,v) =0 for all v €rangeA}
={geY": (g,Au) =0 for all ue X}
={geY™": <ATg,u> =0 forall ue X}
={geY*: ATg=0}=N(A")
A similar argument shows that N(A) = 2AT(Y*). O

It is an easy exercise to show that a subset W C X is dense if and only if
W® = {0}. In particular from Lemma 6.16 we have that

Corollary 6.17. The operator A has dense range if and only if the transpose
AT s injective.

With the help of the above lemma and corollary we can now prove the
following result for the operator B.

Theorem 6.18. The range of B : H2(dD) x H™2(dD) — L2[0, 2x] is dense
in L2[0, 27].

Proof. We consider the dual operator BT : L?[0, 27] — H~2(dD)x Hz(dD)
which maps a function g into (f, h) such that

<B(f7 h)vg>L2><L2 = <f7f>H%><H_% + <h’h>H_%><H%
where (-, -) denotes the duality pairing between the denoted spaces. Now let
(9,1) be the unique solution of (5.13)—(5.17) with (f, k) := (94]ap, 004/0V|ap)
where 9, is the Herglotz wave function defined by (6.9). Then from (6.6) we
have
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B(.10.9) = [ ux@0)d0 = [ (u) "5~ 3,0 750 ) sy

0 oD

Since u and % are solutions of the Helmholtz equation in R? \ D satisfying
the Sommerfeld radiation condition, an application of Green’s second identity

implies that 3
[ st %52 ) %52 ast) = o
oD

Using the transmission conditions on the boundary for @ and ¥ we obtain

<B(f7h)7g>L2><L2 =

= [t (P42 4 20—y )+ ) P2 |t

oD

= / (U(y)aglfi) f@(y)ag(yy) >ds(y)
oD

= [ [0 - 100 52 o) (52— ) s
oD

Finally, applying Green’s (generalized) second identity to v and © we have

that ~
_00(y)
Ovy

(BUB),9) 12,1 =a£ 10 (<52 + st asto

Hence the dual operator BT can be characterized as

0v .
BTg = ( av|¢9D> .
oD

- 81/A
In the following we want to show that the operator BT is injective. To this
end let B'g =0, g € L?[0, 2r]. This implies that & = 0 and 05/9v4 = 0 on
the boundary dD. Therefore 1 satisfies the Helmholtz equation in R?\ D, the
Sommerfeld radiation condition and, from the transmission conditions,

o1 o
i=-9, and — =-—2 on dD.
g ov ov
Thus, setting @ = —v, in D we have that @ can be extended to an entire

solution of the Helmholtz equation satisfying the radiation condition. This is
only possible if @ vanishes which implies that 9, vanishes also and thus g = 0,
whence BT is injective. Finally, from Corollary 6.17, we have that the range
of B is dense in L%[0, 27]. O
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From Lemma 6.16 we also have that

N(B) = BT(LQ[O, 27‘(])“ = (fo;ho) : / <—f088:1 + ho@) ds=0,,
oD

where v is as in the proof of Theorem 6.18. Hence, using the divergence theo-
rem, we see that the pairs (v|gp,dv/dvalap), where v € H(D) is a solution
of V- AVv+k?>nv =0 in D, are in the kernel of B. So B is not injective. We
will restrict the operator B in such a way that the restriction is injective and
still has dense range.

To this end let us denote by H the closure in H'(D) of all Herglotz wave
functions with kernel g € L2[0, 27]. Note that the space H coincides with
the space of H! weak solutions to the Helmholtz equation. In other words,
H = W(D), where W (D) is the closure in H*(D) of W (D) defined by

W(D) :={uec C*D)NC*D): Au+ k*u = 0}.

Indeed, if u € W (D) then by seeing u as a weak solution of the interior
impedance boundary value problem for the Helmholtz equation in D with
A =1 we have from Theorem 8.4 in Chap. 8 (set I'p = ) ) that there exists a
positive constant C' such that

ou
L < CII= 44
lull g1y < CH&/ +iu

H~3%(8D) -
Then the proof of Theorem 4.10 implies that for any € > 0 there exists a

Herglotz wave function vy such that ||u — vg||g1(py < €, whence H = W (D).
For later use we state this result in the following lemma.

Lemma 6.19. Any solution to the Helmhotz equation in a bounded domain
D C R? can be approzimated in the H*(D) norm by a Herglotz wave function.

Next, we define

(0D) = { (vlon- 5

Y ):uEH}.
Vliep

Lemma 6.20. H(dD) is a closed subset of H2 (D) x H™2(dD).

Proof. Consider (f,h) € H(OD). There exists a sequence {uy, du,/0v} con-
verging to (f,h) in Hz(8D) x H~2(dD) where u,, € H. Since the sequence
{tn, Ouy, /OVY} is bounded in Hz (0D) x H™2 (0D), by considering u,, to be the
solution of an impedance boundary value problem in D we can deduce that
{uy,} is bounded in H'(D). From this it follows that a subsequence (still de-
noted by {u,}) converges weakly in H'(D) to a function u which is clearly in
H. From the continuity of the trace operators (see Theorem 1.36 and Theorem
5.5) we deduce that {u,,du,/dv} converges weakly in Hz (D) x H~z(dD)
to (u,0u/0v) and by the uniqueness of the limit (f,h) = (u,du/dv). Hence
(f,h) € H(OD) which completes the proof. O
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From the above lemma, H(OD) equipped with the induced norm from
Hz(OD) x H=2(8D) is a Banach space.
Now, let By denote the restriction of B to H(0D).

Theorem 6.21. Assume that k2 is not a transmission eigenvalue. Then the
bounded linear operator By : H(OD) — L?[0, 27| is injective and has dense
range.

Proof. Let By(f,h) = 0 for (f,h) € H(OD) and let (v,u) be the solution
to (5.13)-(5.17) corresponding to this boundary data. Then the radiating
solution to the Helmholtz equation in the exterior of D has zero far field
pattern, whence u = 0 for x € R?\ D. This implies that v satisfies

V-AVo+k*nv=0 in D, v=f and %:h on OD.
From the definition of H(dD), f, h are the traces on dD of a H*(D) solution
w to the Helmholtz equation and its normal derivative, respectively. Therefore
(v, w) solves the homogeneous interior transmission problem (6.12)—(6.13) and
since k? is not a transmission eigenvalue, we have that w = 0 and v = 0 in D,
whence f =h =0.

It remains to show that the set Bo(H (D)) is dense in L2[0, 27]. To this end,
it is sufficient to show that the range of B is contained in the range of By
since from Theorem 6.18 the range of B is dense in L?[0, 27]. Let us be in
the range of B, that is u, is the far field pattern of the radiating part u of
a solution (v,u) to (5.13)—(5.17). Let (v, w) be the unique solution to (6.12)—
(6.13) with the boundary data (u|sp,Ou/0v|sp). Hence (v,u) is the solution
of (5.13)—(5.17) with boundary data (w|sp,0w/0v|sp) € H(OD) and has far
field pattern coinciding with wus. This means that By (w|sp,0w/0v|sp) =
Uoo - O

Theorem 6.22. The operator By : H(0D) — L?[0, 27 is compact.

Proof. Given w € H consider the solution (v, u) of (5.13)—(5.17) with bound-
ary data f := w|gp and h := Ow/0v|sp. Let 2R be the boundary of a disc
2 centered at the origin containing D. The continuous dependence estimate
(5.41) implies that the operator G : H(OD) — Hz (912g) x H~2(8825) which

maps
< | ow ) | ou
WDy 7 — | Yongr, 7

" lap Yoo,

is bounded. Next we denote by K : H2(82g) x H™2(0025) — L2[0, 2] the
operator which takes (u|ony,, Ou/0v]gn,) t0 us given by

e1'71'/4 He—thi-y i au(y)
e ve o —ikayZP\I)
e (2) | (u<y> S e 2 )ds<y>
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where & = z/|z|. A similar argument as in the proof of Theorem 4.8 shows
that K is compact. Therefore By = KG is compact since it is a composition
of a bounded operator with a compact operator. a

For a Herglotz wave function v, given by (6.8) with kernel g € L?[0, 27] we
define H : L2[0, 27r] — H (D) by
)

Corollary 6.23. Assume that us, € L*[0, 27| is in the range of By. Then for
every € > 0 there exists a g. € L*[0, 27| such that Hg. satisfies

ov
Hg:= (U9|6D’ a—yg

|Bo(Hge) — uoo||L2[0,27r] <e

Proof. The proof is a straight forward application of the definition of the space
H(OD), the continuity of the trace operator and the operator By together with
Lemma 6.19. a

Turning to our main goal of finding an approximation to the scattering
obstacle D we consider the far field equation corresponding to the scattering
by an orthotropic medium given by

2m

/uoo(9, ¢)g(p)dp = ye~*= 2z e R? (6.44)

0

where us(0,¢) is the far field pattern of the radiating part of the solu-
tion to the forward problem (6.1)—(6.5) corresponding to the incident plane
wave with incident direction d = (cos ¢, sin ¢) and observation direction
Z = (cosf, sin ). As in Chap. 4 the far field equation can be written in
the form

(Fg)(i‘):dsoo(i'vz)? z €R?

where F'g is the far field operator corresponding to the transmission problem
(6.1)—(6.5), and Poo(Z, 2) is the far field pattern of the fundamental solution
@(z, 2) to the Helmholtz equation in R?. We observe that the far field operator
Fg can be factored as

Fg = By(Hg).

Hence the far field equation takes the form
(Bo(Hg)) (2) = Poo(, 2), z€R?. (6.45)

As the reader has already encountered in the case of the scattering by an im-
perfect conductor, the linear sampling method is based on the characterization
of the domain D by the behavior of a solution to the far field equation (6.45).
By definition By(Hg) is the far field pattern of the solution (v, u) to the trans-
mission problem (5.13)—(5.17) with boundary data (f,h) := Hg. Therefore,
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for z € D, from Rellich’s lemma the far field equation implies that this «
coincides with @(-, z) in R? \ D. In other words, for z € D, g € L?[0, 27] is a
solution to the far field equation if and only if v and w := v, solve the interior
transmission problem

V- AV +Ek*nv =0 in D (6.46)
Aw+k2w=0 in D (6.47)
v—w=®(2) on 9D (6.48)

v Ow _99(,2) on 8D (6.49)

vy Ov v

where vy is the Herglotz wave function with kernel g. In general this is not
true. However, in the following we will show that one can construct an ap-
proximate solution to the far field equation that behaves in a certain manner.

We first assume that z € D and that k? is not a transmission eigenvalue.
Then the interior transmission problem (6.46)—(6.49) has a unique solution
(v,w). In this case (v, P(-,2)) solves the transmission problem (5.13)—(5.17)
with transmission conditions f := w|gp,h := Ow/Ov|sp. Since the above
solution has the far field pattern @ (-, z) we can conclude that (-, z) is in
the range of By. From Corollary 6.23 we can find a g¢ such that

[Bo(Hgz) — Poo(+, 2) [ £2(0,24) < € (6.50)

for an arbitrary small e. Note that the corresponding Herglotz wave function
vge approximates w in the H (D) norm. We now want to show that if 2
approaches the boundary from the interior of D then the kernel g and the
corresponding Herglotz wave function blow up in the appropriate norms. To
this end we choose a sequence of points {z;}, z; € D, such that
zj:z*fﬁu(z*), i=1,2...,
J

with sufficiently small R, where z* € 9D and v(z*) is the unit outward normal
at z*. We denote by (v;,w;) the solution of (6.46)-(6.49) corresponding to
2z = zj. As j — oo the points z; approach the boundary point z* and therefore
o, Zj)”H%(aD) — 00. From the trace theorem and by using the boundary

conditions we can write
ol oy + sl oy 2 e = w3153 0 = 19620018 oy - (651
In particular we show that the relation (6.51) implies that
Lim w1 (p) = oo
Jj—oo

To this end, we assume on the contrary that
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ijHHl(D)Séa j:1,2,...,
for some positive constant C. From the trace theorem we have

Ow;

<C  and I ov ”H%(&D

lwill 3 o <O =12

We recall that for every j the pair (v;, D(-, z;)) is the solution of (5.13)—(5.17)
with (f, ) :== (w;|,p,0w;/0v|op). The a priori estimate (5.41) implies that

[villzr oy + 19(, 25) [ 1 20\ D)
ow, _
<0 (10l oy + 1523y ) < 26,

which contradicts the fact that ||(-, z;)|| g1 (0,\ py does not remain bounded
as z; — z* € 0D. So we have that

J—0o0

Since for every j = 1,2,... the corresponding Herglotz wave functions vy
J

satisfying (6.50) approximates the solution w; in the H'(D) norm, we con-
clude that

31320 ||Ug;j |H1(D) = 00,

and hence

lim g% [l L2(0, 2] = 00
j—oo

Next we consider z € R?\ D and again we assume that k? is not a transmis-
sion eigenvalue. For these points @ (+, z) does not belong to the range of the
operator By because (-, z) is not a weak solution to the Helmholtz equation
in the exterior of D. But from Theorem 6.21 and Theorem 6.22 we can use
Tikhonov regularization to construct a regularized solution of the equation

Bo(f.h) = Bocl-,2) . (6.52)

In particular, if (f,hg) = (w*(-, 2)|op, Ow*(-,2)/0v|op) € H(ID) with
w®*(-,z) € H is a regularized solution of (6.52) corresponding to the regu-
larization parameter oo chosen by a regular regularization strategy, we have

||BO< o ha> — @oo(-,z)HLZ[Q 27] <4, (6.53)

z z

for an arbitrary small but fixed 6 > 0, and

Jimm, (Hfz Iyt omy + 112 HH’%(SD)) = (6.54)

Note that @« — 0 as 6 — 0. Using Corollary 6.23, for every o and ¢ > 0 we

can find a Herglotz wave function v,e.« with kernel g2¢ € L?[0, 27] such that
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|Bo(Hyz<) = Bo(f2 b L2(0, 2x) < €, (6.55)

and thus
| Bo(Hyee) = Poo (- 2) || L2[0,20) < 0 + €. (6.56)

Moreover, we know that the Herglotz wave function wvge.c approximates
w®(-,2) in H*(D). Hence the continuity of the trace operator yields

[ Hyze = (£2,BE) o) < Cllvgee —w?(,2)[mipy <€ (6.57)

Finally, (6.54) and (6.57) imply that

ap ¥z

H(D) =00 and olélg%) |lvgeell g1 (py = 00

and hence
lim 92|l £2(0, 24 = 0©-
a—0
We summarize the above analysis in the following theorem.

Theorem 6.24. Let the symmetric matriz-valued function A = (a;jk);j k=12,
ajr € CYD), satisfy & - Im(A)¢ < 0 and either £ - Re(A)¢ > ~|¢ or
€ Re(A™1) € > ~[€]? for all € € C? and x € D with a constant v > 1.
Furthermore, let n € C(D) be such that Tm(n) > 0 and D be a bounded
domain having a C2-boundary 0D such that R?\ D is connected. Assume that
k? is not a transmission eigenvalue. Then if F is the far field operator (6.7)
corresponding to the transmission problem (6.1)-(6.5), we have that

1. If z € D then for every € > 0 there exists a solution g¢ := g, € L?|[0, 27]
satisfying the inequality

||ng - ¢OO('7Z)||L2[O,27T] <€
Moreover this solution satisfies
i lgellzeg0,2m = 00 and - L og. [|#1(p) = oo,
where vy, is the Herglotz wave function with kernel g,.

2.1f = € R?\ D then for every ¢ > 0 and & > 0 there exists a solution
g5° := g, € L?[0, 27| of the inequality

HFgZ - ¢OO('aZ)||L2[O,27r} <e+d

such that
tim [lg- 20,20 = 00 and  Jim g, 10y = o0,

where vy, is the Herglotz wave function with kernel g,.
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The importance of Theorem 6.24 in solving the inverse scattering problem
of determining the support D of an orthotropic inhomogeneity from the far
field pattern is clear from our discussion in Chap. 4. In particular, by using
regularization methods to solve the far field equation Flg = @, (-, 2) for z on
an appropriate grid containing D, an approximation to g, can be obtained
and hence JD can be determined by those points where [|g. || £2[0, 2] becomes

unbounded. More discussion on the numerical implementation is presented in
Chap. 8.
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The Factorization Method

The linear sampling method introduced in Chaps. 4 and 6 is based on the far
field equation Fg = P (-, 2), where F is the far field operator correspond-
ing to the scattering problem. In particular, it is shown in Theorem 4.12 and
Theorem 6.24 that, in the case of noise free data, for every n there exists an
approximate solution g2 € L?[0, 2] of the far field equation with discrep-
ancy 1/n such that the sequence of Herglotz wave functions vy= with kernel
g~ converges (in an appropriate norm) if and only if z € D where D is the
support of the scattering object. Unfortunately, since the convergence of vy=
is described in terms of a norm depending on D, vy= cannot be used to char-
acterize D. Instead, the linear sampling method characterizes the obstacle by
the behavior of g7 and it is not possible to obtain any convergence result for
the regularized solution ¢ of the far field equation if the noise in the data
goes to zero. It would be desirable to modify the far field equation in order to
avoid this difficulty and this desire motivated Kirsch to introduce in [66] and
[67] the factorization method for solving both the inverse obstacle scattering
problem and the inverse scattering problem for a non-absorbing inhomoge-
neous medium. In particular, the factorization method replaces the far field
operator in the far field equation by the operator (FF*)'/4. One can then
show that (FF*)/4g = &.(-, z) has a solution if and only if z € D. Despite
considerable efforts [68, 70, 49, 50|, the factorization method is still limited
to a restricted class of scattering problems. In particular, to date the method
has not been established for the case of limited aperture data, partially coated
obstacles and many of the basic scattering problems for Maxwell’s equations
(see Chap. 9). On the other hand, when applicable, the factorization method
provides a mathematical justification for using the regularized solution of an
appropriate far field equation to determine D, a feature which is in general
lacking in the linear sampling method.

The plan of this chapter is as follows. We first present some preliminary
mathematical result on boundary integral operators and Riesz bases in Hilbert
spaces. After establishing some properties of the far field operator, we then
proceed to derive the factorization method for the case of a perfect conductor.
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7.1 Preliminary Results

We begin with some results on single and double layer potentials. In Sect. 3.3
and Sect. 4.3 we have introduced single and double layer potentials with con-
tinuous densities and discussed their continuity properties. In particular, if
D C R? is a bounded domain with C? boundary dD and v is the unit out-
ward normal to 0D, the single layer potential is defined by

(SY)(x) := - U(y)P(z,y)ds,, = eR*\ID (7.1)

and the double layer potential is defined by

Do)@):= [ V) tlwg)ds,  weE\ID  (12)
oD Vy

where @(x,y) := 1/4H (k;|x y|) is the fundamental solution to the Helmholtz
equation with Ho being a Hankel function of the first kind of order zero. For
x € R?\ 9D, both the single and double layer potentials are solutions to the
Helmholtz equation and satisfy the Sommerfeld radiation condition. It can be
shown [75, 85] that, for —1 < s < 1, the mapping S : H*~2 (D) — — HPH(R?)
is continuous and the mappings D : H*"2(0D) — HPH(R? \ D) and
D: H+2(8D) — H*t1(D) are continuous.

For smooth densities we define the restriction of S and D to the boundary
0D by

S0)@) = [ w)dea)ds, acoD (739
(K@) = [ ) t(ey)ds, =z edD (7.4
oD Vy

and the restriction of the normal derivative of S and D to the boundary 0D
by

(K0)@): =5 [ d)dea)ds, acoD (7.5)
)@= 5 [ it >£y (w.y)ds,. wedD.  (7.)

It can be shown [30, 75] that for smooth densities the single layer potential
and the normal derivative of the double layer potential are continuous across
aD, i.e.

(SY)4 = (SY)- = 5¢ on 0D (7.7)

O(DY): _ O(DY)-
ov ov

=Ty on 9D, (7.8)
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while the normal derivative of the single layer potential and the double layer
potential are discontinuous across 0D and satisfy the following jump relations

8<Sw)i _ g 1
5 K'yF §¢ on 0D (7.9)
(DY)+ = Ky + %w on 0D, (7.10)

where the subindex + and — indicates that x approaches 9D from outside
and from inside D, respectively. It can be shown that for —1 < s < 1 (7.7)
and (7.9) remain valid for ¢ € H=275(dD), while (7.8) and (7.10) are valid
for ¢ € H=+5(OD), where us and Oug (r)/Ov are interpreted in the sense
of trace theorems for u € H'T$(R?\ D) and u € H'™%(D), respectively,
(see Theorem 1.36 and Theorem 5.5 for the case of s = 0). Furthermore, the
following operators are continuous (see [60, 85])
S:H 3t5(9D) — H>"*(9D) (7.11)
K : H>*$(9D) — H="5(0D) (7.12)
K':H 2%%(9D) — H~3"%(9D) (7.13)
T : H:t$(0D) — H~25(9D) (7.14)
for -1 <s<1.

Definition 7.1. Let X be a Hilbert space equipped with the operation of con-
Jugation and let X* be its dual. If (-,-) denotes the duality pairing between X
and X* we define

(f,u):<?,u> feX",uelX,

where (f,u) = (f,u).
Definition 7.2. Let X and Y be Hilbert spaces and A : X — Y be a linear
operator. We define the adjoint operator A* : Y* — X* by

(A*v,u) = (v, Au) , veY  ueX
where X* and Y* are the duals of X and 'Y, respectively, and (-,-) is defined
by Definition 7.1.

Note that this definition of the adjoint is consistent with that given in Chap. 1.
Furthermore, up to conjugation, A* is the same as the transpose operator AT
defined in Sect. 6.4.

Theorem 7.3. Assume that k% is not a Dirichlet eigenvalue of —A in D.

1. Let S; be the boundary operator defined by (7.3) with k replaced by i in
the fundamental solution. Then S; satisfies

(Sivo, ) = CIWI2 _y . . %€ H 3(9D)

where (-, -) is defined by Definition 7.1.

3 (aD)
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2.8 — S, is compact from H2 (D) to Hz (D).
3. S is an isomorphism from H~2 (D) onto Hz(dD).
4. Im(Sv, ) =0 for some ¢ € Hf%(aD) implies 1 = 0.

Proof. Let v € H} (R?\ 0D) be the single layer potential given by

o(z) = / Sy)B(e.y)dsy), e H H@D), = eR?\aD.
oD

In particular, v satisfies the Helmholtz equation in D and R? \ D and the
Sommerfeld radiation condition

lim /7 <gv - ikv> =0.
r

r—00

1. Set k =i in the definition of v. Applying Green’s first identity to v and
v in D and g \ D where {2 is a disk of radius R centered at the origin
containing D, and using (7.7) and (7.9), we have that

(Sith, ) = <v, (8;; - a;;» =D/(W|2 + [v]?) da

_Ov
4 / (1Yol + [o]?) de — / 72 s,

Qr\D |z|=R

From the Sommerfeld radiation condition we obtain

(Siw,w):/(|Vv|2+|v|2)dx+ / (IVol* + [v]?) d

D 2r\D
+ / |v|2ds + o(1)
|z|=R
and letting R — oo, noting that v decays exponentially, we have that
(Sith, ) = / (1Vol? + [of?) da . (7.15)
R2

Furthermore, from the jump properties of v across the boundary and the
trace Theorem 5.5, we can write

ov_ 31}+

O <Ol (716)

H™%(0D)

where C' > 0 and hence combining (7.15) and (7.16) we have that

(Si6,0) 2 Clll -y py: >0,



7.1 Preliminary Results 135

2. The kernel of S —S; is a C*° function in a neighborhood of 9D x 9D and
hence by applying the same argument as in the first part of Theorem 4.8
we conclude that S — S; is compact from H~2(9D) to Hz (dD).

3. Applying the Lax-Milgram lemma to the bounded and coercive sesquilin-
ear form

a(, ) == (Sir,d), ¢, € H 2(dD)

we conclude that S;' : Hz2(OD) — H~2(dD) exists and is bounded.
From Theorem 5.14 and using part 2, S is an isomorphism if and only if S
is injective. To show that S is injective, we consider ) € H_%(GD) such
that Sv = 0. Since the single layer potential v is a radiating solution to the
homogeneous Dirichlet boundary value problem in R?\ D, v = 0 in R?\ D.
Similarly, v satisfies the homogeneous Dirichlet boundary value problem
in D and from the assumption that k2 is not a Dirichlet eigenvalue we
conclude that v =0 in D as well. Finally

which proves that S is injective.
4. Let Im(Sv,v) = 0 for some ¢ € Hfé(aD). The same argument as in
part 1 yields

(S, 1) = <v, (68“; _ 38”V+>> - I[ (IVo]? = K2[o]?) da

+ / (Vo> = K*[v|?) dz — /E%ds

2r\D |z|=R
:/(|VU\2—k2|v|2)dx—ik: / lv|*ds +o(1), R— oo
Nr |z|=R

Taking the imaginary part we see that

0=TIm(Sy,9y) = fleim / |v]? ds.
lz|=R
Rellich’s lemma implies that v vanishes in R? \ D and thus S = 0 on D
by the trace theorem (Theorem 1.36). Finally, since S is an isomorphism,

we can conclude that ¢ = 0.
O

Remark 7.4. Property 1 in Theorem 7.3 implies that there exists a square
root Si% of S; and Si% is an isomorphism from H~2(8D) onto L2(dD) and
from L2(8D) onto Hz (9D) (see Sect. 9.4 in [60]). Furthermore Si% is positive
definite using the duality defined by Definition 7.1 and self-adjoint, i.e. Si% =
Si%*, where the adjoint operator is defined by Definition 7.2
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In a similar way as in Theorem 7.3 one can show the following properties for
the operator T.

Theorem 7.5. Assume that k? is not a Neumann eigenvalue of —A in D.

1. Let T; be the boundary operator defined by (7.6) with k replaced by i in
the fundamental solution. Then T; satisfies
(T, 0) = CIIE,y ,, Jor ally € HH(@D)
where (-, -) is defined by Definition 7.1.
2.T —T; is compact from Hz (D) to H=2(dD).
3. T is an isomorphism from Hz (D) onto H=2(0D).
4. Im(T, ) =0 for some ¢ € H%(aD) implies ¥ = 0.
We now turn our attention to the concept of a Riesz basis in a Hilbert

space. Let X be a Hilbert space. A sequence {¢,}$° in said to be a Schauder
basis for X if for each vector u € X there exists a unique sequence of complex

numbers ¢y, ¢z, . .. such that u = Y {° ¢,,¢,, where the converges is understood
as
k
lim |ju — Z on|l =0.

k—o0

1 X

In particular, a complete orthonormal system is a Schauder basis for X.
The simplest way of constructing a new basis from an old is one through
an isomorphism. In particular, let {¢,}° be a basis in X and T : X — X
be a bounded linear operator with bounded inverse. Then {,,}° such that
Yy =T¢n, n=1,2,--- is also a basis for X.

Definition 7.6. Two bases {¢,}5° and {1, }3° are said to be equivalent if
317 enbp converges if and only if Y 7 cahn converges.

It can be shown [115] that

Theorem 7.7. Two bases {¢,}5° and {1, }3° are equivalent if and only if
there exists a bounded linear operator T : X — X with bounded inverse such
that ¥, = T'¢, for every n.

In Hilbert spaces the most important bases are orthonormal bases thanks
to their nice properties (see Theorem 1.13). Second in importance are those
bases that are equivalent to some orthonormal basis. They will be called Riesz
bases.

Definition 7.8. A basis for a Hilbert space is a Riesz basis if it is equivalent
to an orthonormal basis, that is, if it is obtained from an orthonormal basis
by means of bounded invertible linear operator.

Definition 7.9. Two inner products (-, )1 and (-, -)2 in a Hilbert space X
are said to be equivalent if ¢||- |1 < || |l2 < C|| - ||1 for some positive constants
¢, C where || - ||;, 7 = 1,2, is the norm generated by (-, -);.
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The next theorem provides some important properties of Riesz bases.

Theorem 7.10. Let X be a Hilbert space. Then the following statements are
equivalent.

1. The sequence {¢,, }3° forms a Riesz basis for X.

2. There exists an equivalent inner product on X with respect to which the
sequence {¢,}3° becomes an orthonormal basis for X .

3. The sequence {¢,}3° is complete in X and there exists positive constants
c and C such that for an arbitrary positive integer k and arbitrary complex
numbers ci,...,cone has

k k 2 k
CZ|C"|2 < ch(bn §CZ|cn|2.
1 1 1

Proof. 1 = 2: Since {¢,}5° is a Riesz basis for X, there exists a bounded
linear operator T' with bounded inverse that transforms {¢,}$° into some
orthonormal basis {e,}{°, i.e. T¢, = e,, n = 1,2,---. Define a new inner
product (-, -); on X by setting

(¢7 1/’)1 = (T¢7 Tw)7 Qf),?/l eX

and let || - ||]; be the norm generated by this inner product. Then

HMH < ol < ITHol

for every ¢ € X. Hence the new inner product is equivalent to the original
one. Clearly,

(¢n7 ¢m)1 = (T¢7u T¢m) = (67” em) - (snm

for every n and m, where d,,, = 0 for n # m and d,,, = 1 for n = m.
2 = 3: Suppose that (-, -); is an equivalent inner product on X and {¢,}5°
is an orthonormal basis with respect to (-, -);. From the relation

cllglly < lgllz < Cllglh

where ¢, C are positive constants, it follows that for arbitrary complex num-
bers cq, ..., ci one has

1 k k 1 k
@Z|Cn|2 S ch¢n S ?Z|Cn|2
1 1 1

Clearly, from Theorem 1.13, {¢, }3° is complete in X.

3 = 1: Let {e,}$° be an arbitrary orthonormal basis for X. We define op-
erators T' and S on the subset of linear combinations of {e,}° and {¢, }$°
by

2
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k k k k
Tzcnen = ch(bru Szcn(bn = chen-
1 1 1 1

It follows by assumption that 7" and S are bounded on their domain of defin-
ition. Since both {e,}$° and {¢,}5° are complete in X (Theorem 1.13), each
of the operators T" and S can be extended by continuity to bounded linear
operators defined on the entire space X. It is easily seen that ST =TS = I,
whence T—! = S. Hence {¢,,}$° is a Riesz basis for X. O

For a more comprehensive study of the Riesz basis we refer the reader to [115].
We end this section with a result on Riesz basis due to Kirsch [66] which
will later play an important role in the factorization method.

Theorem 7.11. Let X be a Hilbert space. Assume that K : X — X is a
compact linear operator with Im(K ¢, ¢) # 0 for all p € X, ¢ # 0. Let {pp }3°
be a linearly independent and complete sequence in X which is orthogonal in
the sense that

where (-, ) is the inner product on X and the constants ¢, are such that
Im(¢p,) — 0 as n — oo and there exists a positive constant r > 0 independent
of n such that |c,| =7 for alln=1,2,.... Then {¢n}3° is a Riesz basis.

Proof. The proof consists of several steps.

1. We first show that the sequence {¢,}3° is bounded. Assume on the con-
trary that there exists a subsequence, still denoted by {¢,}5°, such that

[|drn || — o0. Set bn = &n/|lonll and note that
1+ (K, én) = ((I+ K)(;Aﬁn,én) —0 asn—o00. (7.18)

Since {én}‘fo is bounded, there exists a subsequence, still denoted by
{(;ASH}‘fO7 that converges weakly to a qAS € X. Since K is compact we have
that || K¢, — K¢| — 0 for a further subsequence, still denoted by {¢,, }5°.
Hence (K oy, ¢n) = (Kén — Ko, dn) + (Ké,q@n) — (K(ﬁ, (;AS) as n — oo.
Then (7.18) implies that 1 4+ (K¢, $) = 0. Taking the imaginary part we
see that Im(K , qg) = 0 and thus ¢ = 0 which contradicts the fact that
1+ (K¢, ¢) = 0.

2. We next show that r is the only accumulation point of {c, }5°. To this end
we notice that the conditions on ¢, implies that +r are the only possible
accumulation points of the sequence {¢,, }$°. Assume now that there exists
a subsequence, still denoted by {¢,, }$°, such that {c, }$° — —r as n — oo.
Since from the previous step {$,, }5° is bounded there exists a subsequence,
still denoted by { ¢, }$°, such that ¢,, — ¢ weakly. As in step 1 we conclude
that (K¢, ¢n) — (K¢, ¢) and thus from (7.17)
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On the other hand since Im(c,) — 0 we obtain that Im(K ¢, $) = 0 and
hence ¢ = 0. Another application of (7.17) implies that ||¢,||> — —r which
is impossible since r > 0. Thus we have shown that ¢, — r. In particular,
there exists an integer ng such that Re(c,) > r/2 for all n > ny.

. We define the closed subspace U C X by

U={peX: (I+K)p, ¢pm)=0 form=1,...,n90—1}.

We will show that the set {¢, : n > no} is complete in U. To this end,
we first note that from (7.17) ¢, € U for n > ng. For a given ¢ € U, since
{¢n}$° is complete in X, there exists oV eC,n=1,.. kandkeN
such that

no—1

Za(k)qb + Za ¢n — ¢ ask — oo.

n=no

Applying I + K and taking the inner product of the result with ¢,,,

m=1,...,n9 — 1, from the continuity of K and of the inner product we
obtain
’I’Lofl
Z Oé%k) I+ K d’na ¢m Z Oé I+K ¢7L7 ¢m) ((I+K)¢, ¢m)
— _/_/
n=1 =cndnm n=no =0 =0
and thus aglk) — 0 as k — 0 for every n =1,...,n9 — 1. This implies that
no—1
Z aff)én —0 ask — oo,
n=1
whence
k
Z agf)¢n—>¢ as k — oo
n=no

and hence span{¢,, : n > ng} is dense in U.
. In the next step we show that there exists a C' > 0 such that

Re((I+K)p, ¢) > C|¢|*> forallpeU. (7.19)
To this end, we first claim that
Re((I + K)o, ¢) >0 for all ¢ € U.
Indeed, from step 2 we know that
Re ((I + K)én, ¢n) = Re(en) >0 for n > nyg.

The orthogonality relation (7.17) yields
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k k k
Re ((I +K) andn, Z%%) =3 " Re(en)lanl? > 0
1 1 1

and the completeness of {¢, : n > ng} in U proves the claim. Having
proved that Re (I + K)¢, ¢) > 0, we now suppose on the contrary that
(7.19) is not true. Then there exists a sequence {¢pU)}, 1) € U, with
o) = 1 satisfying

Re ((I +K)WD, ¢><J'>) 0 as j— oo

By the completeness of {¢, : n > ng} in U we can assume without loss
of generality that ¢(*) is of the form

kj
o =" aP¢,, oY ecC

n=no

From the orthogonality relation (7.17) we have that

(1+K)0D, 60) = [U+5) Y aPsu, Y o,
n=ng n=ngp
k; ks
= Z ag)a%) ((I+K)¢na ¢m) = Z Cn|041(1j)|2-
n,m=no n=ngo

Taking the real part we now have that

kj
Z Re(cy)|aP)? =0 as j — oo.
n=no

Since from step 2 we have that /2 < Re(c¢,) < r, this implies that

k;
a2 =0 as j — o
> ol J ;

n=nogo

whence 4 '
((1+ K)o, ¢<J>) S0 as j—oo. (7.20)

Now we proceed as in step 1, where we replace qgn by ¢\, to conclude
that a subsequence of ¢, still denoted by ¢\9), converges weakly to an
element ¢ and consequently (K¢, () — (K¢, ¢). From (7.20) we
conclude that Im(K¢, ) = 0 which implies that ¢ = 0. From (7.20)
again we have that ||¢/)|| — 0 which contradicts the fact that ||¢()| = 1.
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5. We now define the self-adjoint operator
1
T::I+§(K+K*)

and observe that T is strictly coercive in U since

1

(T¢,0) = 5 (I +K)p,¢) + 5 (I + K)o, ¢)

(I + K)$,¢) + 5 (6, (I + K)9)
Re ((I + K)é,¢) > Cll¢|  for all ¢ € U.

N — N
— o

Hence from the Lax-Milgram lemma 7T is an isomorphism on U and the
bilinear form

(@,9), = (T¢,9)

defines an inner product on U and (-, -); is equivalent to the original inner
product. Furthermore, the set {¢, : n > ng} is orthogonal with respect
to (-, +)1 since

(¢n7¢m)1 = (T¢na¢m) = L ((I + K)¢na¢)m) ;((I+ K)¢n7¢m)
= Re(cn)dnm for n,m > ng.

Hence, {¢n/+/Re(cn) : n > no} is a complete orthonormal system in U.
Obviously, from Theorem 1.13, for every ¢ € U

(¢, ¢n (T, Pn)
¢) Z ! (ybn - Z m¢n

and Parseval’s equality gives
I( T<z5 ¢n
ll* = Z

In particular, from Theorem 7.10, the set {¢, : n > ng} forms a Riesz
basis for U.

6. Finally, we show that every element ¢ € X can be expanded in a series of
the ¢,. Let ¢ € X, define

s = 3 UKo 60)

Cn

Pn

1

and set ¢12} := ¢ — @11}, One can easily see that ¢12} € U since for
m=1,...ng—1
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((1+ K06, 60) = (T +K)6, )
- Z (I + K)o, )

Cn

((I+K)¢n7 ¢m) = 0.
NG

1
CnOnm

Hence by step 5

'n.g—l

¢ = Zan¢n+ Z P, -
no 1
—pi2} —p{1}

Thus X = U &V where V is the finite dimensional space of linear combi-
nations of ¢, for n =1,...,n9 — 1. From step 5, the fact that V is finite
dimensional and the fact that the sum X = U @V is direct (i.e. every
$ € X can be uniquely written as ¢ = ¢{1} 4+ ¢{2} where ¢!} € V and
p12 € U), it is easily seen that {¢,} forms a Riesz basis for X. The proof
is now finished.

O

7.2 Properties of the Far Field Operator

We shall now prove some important properties of the far field operator in
the case when the scattering obstacle is a perfect conductor. In particular,
consider the direct scattering problem of finding the total field u such that

Au+ k*u=0 in R*\ D (7.21)

u(r) = u®(z) + ui () (7.22)

u=0 on 0D (7.23)

Thj& NG (g: - iku> =0 (7.24)

where u® := u®(, ¢) is the scattered field due to the incident plane wave
ui(x) = e**? propagating in the incident direction d = (cos ¢, sin ¢). This

scattering problem is a particular case of the following exterior Dirichlet prob-
1 -
lem: given f € Hz(dD) find u € H} (R?\ D) such that

loc

Au+ k*u =0 in R*\ D (7.25)
u=f on 0D (7.26)
Tlggo NG (?;: - iku) =0 (7.27)

which is shown in Example 5.21 to be well-posed. In particular, the scattered
field u® satisfies (7.25)—(7.27) with f = —etk@d|yp.
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The reader has already seen that the Sommerfeld radiation condition im-
plies that a radiating solution u to the Helmholtz equation has the asymptotic
behavior

eikr

N
uniformly in all directions & = (cos 6, sin#), where u,(#) is the far field pat-
tern given by

w(z) = —uso () + O3/ r=|z| - (7.28)

61'77/4 < Heiky-2 au(y)
u

— _ iky-& 9
5 Jon 5 5 € > ds(y) . (7.29)

Uco (0)
Now, let F' : L2[0, 27r] — L?[0, 2] be the far field operator corresponding to
the scattering problem (7.21)—(7.24) given by

2

(Fg)(6) = / oo (6, 6)g(6) do

0

where ux (0, ¢) is the far field pattern of u®(x, ¢).
In the same way as in Theorem 4.2 one can establish the following theorem:

Theorem 7.12. The far field pattern us (6, @) corresponding to the scattering
problem (7.21)-(7.24) satisfies the reciprocity relation

Using the reciprocity relation, one can now show exactly in the same way as
in Theorem 4.3 that the following result is true:

Theorem 7.13. Assume that k% is not a Dirichlet eigenvalue of —A in D.
Then the far field operator corresponding to scattering problem (7.21)—(7.24)
is injective with dense range.

We now want to establish the fact that the far field operator F' corresponding
to the scattering problem (7.21)—(7.24) is normal , i.e. F*F = FF* where
F* is the L?-adjoint of F. To this end, we need the following basic identity
[25, 31, 32].

Theorem 7.14. Let F : L?0, 2x] — L2[0, 27| be the far field operator cor-
responding to the scattering problem (7.21)-(7.24). Then for every g,h €
L?[0, 27] we have

Vorke /4 (Fg,h) = V2rket™* (g, Fh) + ik (Fg, Fh).

Proof. We first note that if v and w are two radiating solutions of the
Helmholtz equation with far field patterns u., and wss, then from Green’s
second identity and the uniformity of the asymptotic relation (7.28) we have
that
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27

ow ou _
/ <u3y - way> ds = f2zk/uoowood9 . (7.30)
aD 0
If vy is a Herglotz wave function with kernel g given by
27
wlo) = [ g@)e=1as.  di= (coss,sing)
0
we have
27
vy __0Ou == Oe~thzd gy
D 0 oD
27
= V8rke /4 / 9(B) oo (¢)do. (7.31)

0

Now let v, and v, be Herglotz functions with kernels g, h € L?[0, 27], re-
spectively. Let ug and uj, be the corresponding scattered fields, i.e. uy and uj,
satisfy (7.21)—(7.24) with u’ replaced by v, and vy, respectively, and denote

by Ug,00 and up, o the corresponding far field patterns. Then from (7.30) and
(7.31) we have

0= / <(u§ o2 ton) gt vg)) ds

ov ov
D

_ saﬁ Tauz avh 6’&
_/<ugay _“hay>d5+/<ga_vhay ds
oD oD

2 2m

27
- 92k / Uy 0o Th oo dp + V8ke T™/4 / Py sodg) — V/8ke!™/* / G oadd
0 0 0

3

= —2ik (Fg, Fh) + V8rke /4 (Fg,h) — V8rke™* (g, Fh).
and the proof is complete. a

Theorem 7.15. The far field operator corresponding to the scattering prob-
lem (7.21)-(7.24) is normal, i.e. FF* = F*F.

Proof. From Theorem 7.14 we have that

(g, ikF*Fh) = 27k (e“”/‘* (g, Fh) — e=i™/4 (g, F*h))
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for all h and g in L?[0, 27|, and hence
ikF*F =21k (e—“/‘lF - e+”/4F*) . (7.32)

Using the reciprocity relation, as in the proof of the first part of Theorem 4.3
we see that

(F*g)(#) = RFRg
where R : L?[0, 2] — L?[0, 27| defines the reflection property (Rg)(¢) =
g(¢ + 7). From this, observing that (Rg, Rh) = (g, h) = (h, §), we find that

(F*g, F*h) = (RFRh, RFRg) = (FRh, FRg),
and hence, using Theorem 7.14 again,
ik (F*g, F*h) = \/2rk { (e—”/ ‘FRR, Rg) — etim/4 (R, FRg)}
= \/ﬂ{e*”/‘l (g, F*h) — e*im/4 (F*g, h)} :
If we now proceed as in the derivation of (7.32) we find that
ikFF* = 27k (e*”/‘lF - e“”/‘*F*) (7.33)
and the proof is finished. a

Assuming that k2 is not a Dirichlet eigenvalue for —A, it can be shown that,
since F'is normal and injective, there exists a countable number of eigenvalues
Aj € C of F with A\; # 0 and the corresponding eigenvectors 1; form a
complete orthonormal system for L?[0, 2] [104]. From Theorem 7.14 we see
that the eigenvalues of the far field operator F' lie on the circle of radius
/27 /k with center at e37/4, /21 [k.

Of importance in studying the far field operator is the operator B :
Hz(0D) — L2[0, 27] defined by Bf = s, where u is the far field pattern
of the radiating solution u to (7.25)~(7.27) with boundary data f € Hz(dD).
We leave to the reader as an exercise to prove, in the same way as Theorem
4.8, the following properties of the operator B.

Theorem 7.16. Assume that k% is not a Dirichlet eigenvalue for —A in D.
1

Then, the operator B : Hz(0D) — L?(0, 27| is compact, injective and has

dense range in L*[0,27].

We end this section with a factorization formula for the far field operator F’

in terms of the operator B and the boundary integral operator S defined by
(7.3).

Lemma 7.17. The far field operator F can be factored as
F=-~5'BS*B*

with B* : L2[0, 2x] — H~2(dD) and S* : H~2(8D) — H2(dD) the adjoints
of B and S respectively (defined by Definition 7.2) and v = '™/*/\/87k.



146 7 The Factorization Method

Proof. Consider the operator H : L2[0, 27] — H%(GD) defined by Hg =
vglap where v, is the Helglotz wave function with kernel g given by

2m
vg(x) = /0 g(0)e* =Y ds 9 = (cosf, sinf).

By changing the order of integration it is easy to show that the adjoint (see
Definition 7.2) H* : H=2(0D) — L2[0, 2] such that

(Hg,¢) = (9, H"p)
is given by
H6(0) = [ el ™ 1asty), &= (cosoysing) . (139
oD

By a superposition argument we have that
Fg=—-BHg. (7.35)

On the other hand, from the asymptotic behavior of the fundamental solution
(see Sect. 4.1) we observe that vyH*p is the far field pattern of the single layer
potential Sy given by (7.1). Since Sp|sp = S¢ where S is given by (7.3) we
can write

YH*p = BSep,
whence

H=75'8*B*. (7.36)
Substituting H from (7.36) into (7.35) the lemma is proved. O

7.3 The Factorization Method

In this section we consider the inverse problem of determining the shape of
a perfectly conducting object D from a knowledge of the far field pattern
Uoo (6, @) of the scattered field u®(x, ¢) corresponding to (7.21)—(7.24). Exactly
in the same way as in Theorem 4.5 one can prove the following uniqueness
result.

Theorem 7.18. Assume that D1 and Do are two obstacles such that the far
field patterns corresponding to the scattering problem (7.21)—(7.24) for D,
and Dy coincide for all incident angles ¢ € [0, 2w]. Then Dy = Ds.

We shall now use the factorization method introduced by Kirsch in [66] to
reconstruct the shape of a perfect conductor from a knowledge of the far field
operator.
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We assume that k2 is not a Dirichlet eigenvalue for D. From the previ-
ous section we know that there exists eigenvalues A; # 0 of F' and that the
corresponding eigenvectors form a complete orthonormal system in L2[0, 27].
It is easy to see that {|\;|,v;,sign(X;)1;}]° is a singular system for F' (see
Sect. 2.2), where for z € C we define sign(z) = z/|z|. From Lemma 7.17 we
can write

—FI'BS*B*; =\, j=1,2,---.
If we define functions p; € L?[0, 2] by

where the branch of y/}; is chosen such that Im\/A; > 0 (note that Im(};) >

0 since \; # 0 lie on the circle of radius \/27/k and centered at e*™"/4, /27 /k),
we see that

BS*¢; = =7/ A4; - (7.38)
Since
1
(Sej, 1) = (v, 5 p1) = ——== (B";, S"B™11)
’ ’ VAV !
1 A
E——— (waBS*B*wl) e ——— (1/17,(/”) )
VWA VAWV
we have that
_ A .
(Spj, 1) = cjdy  where ¢ = mbw Gl =1,2,-- . (7.39)
j

From Sect. 7.2 we know that \; lies on a circle of radius y/27/k and center
e3m/4, /21 [k which passes through the origin. We further know that A; — 0
as j — oc. Therefore, we conclude that |¢;| = 1/v/87k, and Im(c;) — 0 as
j — oo.

Let S; again be the boundary integral operator given by (7.3) corresponding
to the wave number k = i. Since from Remark 7.4 we have that Si% is well
defined and invertible, we can decompose S in the form

N
=
N

S=S8Z[[+8;%(S— )8, ?]8? = SZ[I + K]S

A i %

(7.40)

where

[NIE

K=872(S— 88 % . (7.41)

Recall that from part 2 of Theorem 7.3 that S — S; : H~2(dD) — H=(dD) is
compact. Hence K : L?(0D) — L?(0D) is compact since it is the composition
of bounded operators with a compact operator. Letting

@i i=SZp;  j=1,2,---, (7.42)
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the orthogonality relation (7.39) takes the form

Ai G l=1,2,--- . (7.43)

((I+K)pj,¢1) =cjdj where ¢, := —im,
J
The main step toward the final result is the following theorem.

Theorem 7.19. The set {¢;}7° defined by (7.37) is a Riesz basis for H~=(dD).
Proof. We apply Theorem 7.11 to X := L%(0D), K = S;%(S - S)S;
and the set {@;}7° defined by (7.42) which is certainly linearly independent
and complete in L2(OD) since B and B* are injective and S and S? are
isomorphisms. We need to verify that K satisfies Im(K, ¢) # 0 for ¢ # 0.

To this end, let ¢ € L2(dD) and set 1) = S, 2. Then ¢ € H~2(dD) and

Since (S;1, ) is real valued (note that the kernel of S; is a real valued func-
tion), then the result follows from part 5 of Theorem 7.3. Hence Theorem 7.11

[N

implies that {$;}5° is a Riesz basis for L?(9D). Finally, since Si% is an iso-
morphism from H~2(9D) onto L?(D), we obtain that {p;}3° forms a Riesz
basis for H~z (OD). O

Remark 7.20. Let A : X — X be a compact, self-adjoint, positive definite
operator in a Hilbert space. It is easy to show that for each r > 0 there exists
a uniquely defined compact, positive operator A" : X — X. In particular, this
operator is defined in terms of the spectral decomposition

AT = "X (0, 05) @5
1

where A; > 0 and ¢;, j =1,2,---, are the eigenvalues and eigenvectors of A,
respectively. The inverse of A" is defined by

o0

Ao =X (0, 05) @5
1

We are now able to prove the first main result of this section.

Theorem 7.21. Assume that k? is not a Dirichlet eigenvalue for —A in D.
Then the range of B : H2 (D) — L2[0, 2x] is given by

B(H%wD)):{ijwj: >l <oo}:<F*F>i<L2[o, 2r)) (144)
A

1

where {|\;],;,sign(X;)v;}° is the singular system of the far field operator
F.
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Proof. First, we note that $* : H=2(8D) — Hz(8D) is an isomorphism since
S*p = S%. Suppose that By = 1 for some ¢ € H2(dD). Then (S*) "¢ €
H~3(dD) and thus (S*) "¢ = S25°a;p; with 325° o[ < oo, since {p;}
forms a Riesz basis for H2 (D) (see Theorem 7.10). Hence, by (7.38) we

have -
Y =Bp=BS"(5) p= —vZaJ VA = pity
1
with p; = —Jo;4/A; and thus
- ‘pj|2_7200 12 7.45
Z\)\l|_ Z|a1|<oo. (7.45)
1 J 1
On the other hand, let v = 77 p;1; with the p; satisfying 377 (|p;[2/|\;]) <

oo and define ¢ == Y " ajp; with o = 5 1p;/\/A;. Then > 77 |a;|? < o0
and hence ¢ € H~2 (D). But S*¢ € Hz (OD), whence

B(S*¢) ==Y a;j\/ A =Y pjty; =0
1 1

We now observe that /|\;| and v; are the eigenvalues and eigenfunctions,

respectively, of the self-adjoint operator (F*F )% (see Remark 7.20). Hence
Theorem 2.7 yields

o0

(F*F)E (L2, 2w1>—{2pj¢j: Z'f;’“ <oo}— B(H* (D)) .
1 vl

1
We recall that from Remark 7.20 (F*F)~1 is well defined.
Lemma 7.22. The operator (F*F)~3B is an isomorphism from Hz(OD)
onto L?[0, 27).
Proof. Let {¢;}7° be defined by (7.37). Then from Theorem 7.10, since S :
Hz(OD) — H~2(dD) is an isomorphism, we have that {Sp;}° is a Riesz
basis for H2 (8D). In order to show that (F*F)~% B is an isomorphism, from

o

Theorem 7.10 it suffices to show that {(F*F)’%BSQOJ-}1 forms a Riesz basis
for L2[0, 27]. To this end, using (7.37) and Lemma 7.17, we obtain

(F*F)"iBSp; = (F*F)~1BSB*y;

1
VA

= —WA](F*F)_iw] - ’[ ‘)\ |¢g . (746)

The result now follows from the fact that the set {1;}7° is a complete ortho-
normal system in L2[0, 27]. O
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The following theorem gives examples of functions in the range of B. Recall
that @ (&, z) denotes the far field pattern of the fundamental solution @(z, 2)
of the Helmholtz equation.

Theorem 7.23. (-, z) is in the range of B if and only if z € D.

Proof. First take z € D and define f := &(-, z)|gp. Then, since &(-, z) is
a solution to the Helmholtz equation in R? \ D, by definition we have that
Bf = @oo(v Z)

Next, let z € R2\ D and assume that there exists a f € H2(9D) such that
Bf = ®(:, z). Let u be the solution of the exterior boundary value problem
(7.25)—(7.27) with boundary data f. By Rellich’s lemma, u(z) = @(x, z) for
all  outside of any sphere containing D and z. If z ¢ D this contradicts the
fact that u is analytic in R? \ D while &(z, z) is singular at = z. If z € 9D
we have that ®(z,z) = f(z) for z € AD, ie. &(-,2) € Hz(dD). This is a
contradiction since V&(-, z) is neither in L?(D) nor in L2 (R?\ D). 0

loc

Combining Theorem 7.19 and Theorem 7.23 we obtain the main result of this
section.

Theorem 7.24. Assume that k? is not a Dirichlet eigenvalue of —A in D
and let F be the far field operator corresponding to (7.21)-(7.24). Then

, o\ 2
D = zeR.Z = <0
j

1
- {z € R?: B (-, 2) € (F*F) (L0, 271'])}

~ o0
where {O’j,i/)jﬂ/)j} is the singular system of F', and p(z) (Poo (5 2), ¥j) 12
1
j=1,2,---, are the expansion coefficients of Poo (T, z) with respect to {1;}3°.
Moreover, there exists C > 1 such that

0o (z)
Hj{z (8D) < |pj | < C*|19(,2 )Hi” (oD zeD. (747)
T 9 )’

= l1(.2)

Proof. It only remains to prove the last estimate. From the proof of Theorem
7.19 we have that for z € D

oo (
=,
1 0j
is the solution of (F*F)ig = (-, z). On the other hand, (-, 2) is the far
field pattern of the fundamental solution @(-, z), i.e. if we define f := @(-, 2)|op
then Bf = @o. (-, ) and hence g = (F*F)~ % Bf. The estimate (7.47) follows

from the fact that [|g[|3. = >°1° \pjz) | /o; and using Lemma 7.22 and Theorem
7.10. O
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Remark 7.25. The estimate (7.47) describes how the value of the series blows

up when z approaches the boundary dD. In particular, it is easily shown that

|D(- 2) ”i]l on behaves as | In(d(z, dD))| where d(z, 0D) denotes the distance
2

of z € D from the boundary.
The factorization method looks for a solution to the linear equation
(F*F)ig = ®uo(-, 2) (7.48)

which is ill posed since (F*F)% : L2[0, 2n] — L2[0, 27] is compact. Therefore
a regularization scheme is needed to compute the solution of (7.48). In par-
ticular, using Tikhonov regularization, a regularized solution g is defined as
the solution of the well posed equation

ag® + (F*F)2g® = (F*F)idy(-, 2)

where o > 0 is the regularization parameter which can be chosen according
to the Morozov discrepancy principle (see Sect. 2.3) such that

I(F*F)tg® — @ (-, )] = 667

with 0 > 0 being the error in the measured far field data. Unlike the far field
equation F'g = @, (-, z) on which the linear sampling method is based, (7.48)
is solvable if and only if z € D. Therefore, it is possible to obtain a convergence
result for the regularized solution of (7.48) when § — 0. This is provided by
the following theorem from the theory of ill-posed problems, which we recall
for the reader’s convenience [65].

Theorem 7.26. Let K5 : X — Y, § > 0, be a family of injective and compact
operators with dense range between Hilbert spaces X and Y such that || Ky —
Ks|| <6 for all 6 > 0. Furthermore, let f € Y and (as,gs) € RT x X be
the regularized Tikhonov-Morozov solution of the equation Ksg = f, i.e. the
solution of the system

(as + K3 Ks)gs = Kif  [1Ksg— £l = 6llgsl] -

Then

1. If the noise free equation Kog = f has a unique solution g € X then
gs — g as 6 — 0.

2. If the noise free equation Kog = f has no solution then ||gs|| — oo as
6 — 0.

7.4 Closing Remarks

The factorization method described in the previous section relies in an es-
sential manner on the fact that the far field operator corresponding to the
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scattering problem is normal. Unfortunately this is not always the case. In
particular, the far field operator is not normal in the case of the scattering
problem for an imperfect conductor considered in Chap. 3 and the scattering
problem for an absorbing inhomogeneous medium. A version of the factor-
ization method that does not need the far field operator to be normal was
introduced by Kirsch in [68, 70].

A drawback of both the linear sampling method and the factorization
method is the large amount of data needed for the inversion procedure. In
particular, the factorization method has not been established for limited aper-
ture data. Although the linear sampling method is valid for limited aperture
far field data (see Sect. 4.5), one still needs a multistatic set of data i.e. the
far field measured at all observation directions on a subset of the unit circle
with incident directions on a (possibly different) subset of the unit circle.
What happens if the far field pattern is only known for a finite number of
incident waves? In certain cases it has been shown ([22, 38, 102], [106]) that
only a finite number of incident plane waves is sufficient to uniquely determine
the support of the scattering object. Progress has recently been made in the
use of qualitative methods which use only a finite number of incident plane
waves. In particular, it was shown in [80, 81] and [99] that a single or few
incident waves can determine the convex scattering support which provides a
lower bound for the convex hull of the scatterer.
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Mixed Boundary Value Problems

This chapter is devoted to the study of mixed boundary value problems in
electromagnetic scattering theory. Mixed boundary value problems typically
model the scattering by objects that are coated by a thin layer of material on
part of the boundary. We shall consider here two main problems: 1) the scat-
tering by a perfect conductor that is partially coated by a thin dielectric layer
and 2) the scattering by an orthotropic dielectric that is partially coated by a
thin layer of highly conducting material. The first problem leads to an exte-
rior mixed boundary value problem for the Helmholtz equation where on the
coated part of the boundary the total field satisfies an impedance boundary
condition and on the remaining part of the boundary the total field van-
ishes, while the second problem leads to a transmission problem with mixed
transmission-conducting boundary conditions. In this chapter we shall present
the mathematical analysis of these two mixed boundary value problems.

In the study of inverse problems for partially coated obstacles, it is impor-
tant to mentioned that, in general, it is not known a priori whether or not the
scattering object is coated and if so what is the extent of the coating. Hence
the linear sampling method becomes the method of choice for solving inverse
problems for mixed boundary value problems since it does not make use of the
physical properties of the scattering object. In addition to the reconstruction
of the shape of the scatterer, a main question in this chapter will be to find
out whether the obstacle is coated and if so what are the electrical properties
of the coating. In particular we will show that the solution of the far field
equation that was used to determine the shape of the scatterer by means of
the linear sampling method can also be used in conjunction with a variational
method to determine the maximum value of the surface impedance of the
coated portion in the case of partially coated perfect conductors and of the
surface conductivity in the case of partially coated dielectrics.

Finally, we will extend the linear sampling method to the scattering prob-
lem by very thin objects, referred to as cracks, which are modeled by open
arcs in R2.
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8.1 Scattering by a Partially Coated Perfect Conductor

We consider the scattering of an electromagnetic time harmonic plane wave
by a perfectly conducting infinite cylinder in R? that is partially coated by a
thin dielectric material. In particular, the total electromagnetic field on the
uncoated part of the boundary satisfies the perfect conducting boundary con-
dition, namely the tangential component of the electric field is zero, whereas
the boundary condition on the coated part is described by an impedance
boundary condition [53].

More precisely, let D denote the cross section of the infinitely long cylinder
and assume that D C R? is an open bounded region with C? boundary 0D
such that R?\ D is connected. The boundary D has the dissection 0D =
0D pUdD;, where 9D p and 0D are disjoint, relatively open subsets (possibly
disconnected) of dD. Let v denote the unit outward normal to D and assume
that the surface impedance A € C(9D;) satisfies A(z) > Ao > 0 for z € dDy.
Then the total field © = u® + u’, given as the sum of the unknown scattered
field u* and the known incident field u?, satisfies

Au+k*u=0 in R*\D, (8.1)
u=20 on 0Dp ,

ou .

W +idu=0 on oDy, (8.3)

where k > 0 is the wave number and u® satisfies the Sommerfeld radiation
condition

. ou®
lim \/;( - zkus> =0 (8.4)
—00 or

uniformly in # = z/|z| with r = |z|. Note that here again the incident field u’
is usually an entire solution of the Helmholtz equation. In particular, in the
case of incident plane waves, we have u’(x) = e'**¢ where d := (cos ¢, sin ¢)
is the incident direction and z = (z1, z2) € R?.

Due to the boundary condition the above exterior mixed boundary value
problem may not have a solution in C?(R?\ D)NC*(R\ D) even for incident
plane waves and analytic boundary. In particular, the solution fails to be
differentiable at the boundary points of 9D p N dD;. Therefore looking for a
weak solution in the case of mixed boundary value problems is very natural.

In order to define a weak solution to the mixed boundary value problem
in the energy space H!(D), we need to understand the respective trace spaces
on parts of the boundary. To this end we now present a brief discussion of
Sobolev spaces on open arcs. The classical reference for such spaces is [83].
For a systematic treatment of these spaces, we refer the reader to [85].

Let 0Dy C 0D be an open subset of the boundary. We define

H?(0Dy) := {ulop, : u € H?(0D)}

i.e. the space of restrictions to Dy of functions in Hz (0D), and define
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ffé(ﬁDo) ={ue H%([)D) :suppu C dDo}

where supp u is the essential support of u, i.e. the largest relatively closed
subset of 0D such that v = 0 almost everywhere on 9D \ suppu. We can
identify H2(0Dg) with the trace space of H}(D,dD \ D) where

Hi(D,0D\ 0Dy) = {u € H' (D) : ulyp\35, = 0 in the trace sense} .

A very important property of H %(3D0) is that the extension by zero of
u € H2(9Dy) to the whole D is in Hz (9D) and the zero extension operator is
bounded from H?2 (8Dy) to H= (8D). It can also be shown (c.f. Theorem A4 in
[85]) that there exists a bounded extension operator 7 : Hz (8Dg) — Hz (OD).
In other words for any u € H2(8D,) there exists an extension 7u € H2(dD)
such that
< Clul] (8.5)

[[7ull

H3 (D) H? (8Do)

with C' independent of w.

Example 8.1. Consider the step function

u(t){l t €0, 7]

0 te(m 27

Using the definition of Sobolev spaces in terms of the Fourier coefficients
(see Sect. 1.4) it is easy to show that the step function is not in Hz [0, 27]. In
particular, the Fourier coefficients of u are asy = 0 and agi4+1 = 1/(4(2k+1)7)
whence

oo oo

Z(1+m2)%|am|2:Z(l+(2k+l)2) mz—koo.

— 00 —00

N

Now consider the unit circle 92 = {zx € R? : x = (sin t, cos t), t € [0, 2n]}
and denote by 929 = {z € R? : x = (sint, cost), t € [0, 7]} the upper
half circle. Let v : 029 — R be the constant function v = 1. By definition
v € Hz(012) since it is the restriction to A2 of the constant function 1
defined on the whole circle 92 which is in H2 (8£2). But v ¢ Hz (02 since its
extension by zero to the whole circle is not in H2 (842) (note that the extension
#(sin t, cos t) is a step function and from the above is not in Hz[0, 2]).

The above example shows that if u € Hz (0Dg) then it has a certain behavior

at the boundary of 0Dy in dD. A better insight to this behavior is given in
1

[83]. In particular, the space Hz(0Dy) coincides with the space

Hoéo(aDO) i={u € H#(0Do) : r~*u € L*(dDy)}

where r is the polar radius.
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Both Hz(0Dy) and H?2(8Dy) are Hilbert spaces when equipped with the
restriction of the inner product of Hz(8D). Hence, we can define the corre-
sponding dual spaces

H’%(aDO) = (ﬁ%(aDo))/ = the dual space of }NI%@DQ)
and

H: (0Dg) := (H%((?DO))/ = the dual space of H%(()DO)
with respect to the duality pairing explained in the following.

A bounded linear functional F € H~2(0Dy) can in fact be seen as the
restriction to D, of some F € H~2(dD) in the following sense: if @ €
Hz (0D) denotes the extension by zero of u € Hz(0Dy), then the restriction
F := F|pp, is defined by 3

With the above understanding, in order to unify the notations, we identify
H™3(8Dy) := {v|op, : v € H 2(dD)}

and

() -3 (o). ir% 000 = U B i3 0y 1% (o)

where (-,-) denotes the duality pairing between the denoted spaces and @ €
Hz(8D) is the extension by zero of u € Hz (0Dy).
For a bounded linear functional F € H ’%(8D), we define supp F' to be

the largest relatively closed subset of D such that the restriction of F' to
dD \ supp F is zero. Similarly for Hz(9Dy) we can now write

ﬁ—%(aDo) ={ve H_%(aD) :suppwv C 87D0} .

Therefore, the extension by zero & € H~2 (D) of v € H~2(dDy) is well
defined and

() -4 op), 113 01y = V™ i3 (2p0) 1% (90)

where u € Hz (dD).
We can now formulate the following mixed boundary value problems:

Exterior mized boundary value problem:  Let f € H%(aDD) and h €
H~2(dDy). Find a function u € H. (R?\ D) such that



8.1 Scattering by a Partially Coated Perfect Conductor 157

Au+ k*u =0 in  R*\D (8.6)
u=f on 0Dp (8.7)

O | ixu=h oD 8.8

5, A= on I (8.8)

lim +/r (31: - zku) =0. (8.9)

Note that the scattering problem for a partially coated perfect conductor
(8.1)—(8.4) is a particular case of (8.6)—(8.9). In particular the scattered field
u® satisfies (8.6)—(8.9) with f := —u'|yp, and h:= —0u'/dv — i\u'|sp,.

For later use we also consider the corresponding interior mixed boundary
value problem.

Interior mized boundary value problem: Let f € H%(BDD) and h €
H~2(8Dy). Find a function u € H'(D) such that

Au+k’u=0 in D (8.10)
u=f on 0Dp (8.11)

ou .

W +ilu=h on 0D; (8.12)

Theorem 8.2. Assume that Dy # O and A\ # 0. Then the interior mized
boundary value problem (8.10)-(8.12) has at most one solution in H*(D).

Proof. Let u be a solution of (8.10)—(8.12) with f = 0 and h = 0. Then an
application of Green’s first identity in D yields

ka/ |u|2dx+/ \Vu\zdm:/ @ﬂds, (8.13)
D D ap Ov
and making use of homogeneous boundary condition we obtain
—k2/ lu|? da —l—/ |Vu|? de = —i/ Mul*ds. (8.14)
D D aD;

Since A is a real-valued function and A(z) > Ag > 0, by taking the imaginary
part of (8.14) we conclude that ulsp, = 0 as a function in Hz(8D;) and
consequently du/dv|sp, = 0 as a function in H~2 (D).

Now let 2, be a ball of radius p with center on 9Dy such that Qp NoDp =0
and define v = u in DN 2,, v =0 in (R?\ D) N £2,. Then applying Green’s
second identity in each of these domains to v and a test function ¢ € C§°(2,)
we see that v is a weak solution of Helmholtz equation in {2,. Thus v is a
real-analytic solution in f2,. We can now conclude that v = 0 in {2, and thus
u=01in D. O

Theorem 8.3. The exterior mized boundary value problem (8.6)—(8.9) has at
most one solution in HE (R?\ D).
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Proof. The proof of the theorem is essentially the same as the proof of Theo-
rem 3.3. a

Theorem 8.4. Assume that OD; # ) and X\ # 0. Then the interior mized
boundary value problem (8.10)-(8.12) has a solution which satisfies the esti-
mate

il o) < € (171,53 oy + 1200 3 0) (8.15)

with C' a positive constant independent of f and h.

Proof. To prove the theorem we use the variational approach developed in
Sect. 5.3. (For a solution procedure based on integral equations of the first
kind we refer the reader to [14]). Let f € Hl(aD) be the extension of the
Dirichlet data f € H2(dDp) that satisfies ||f||H2 (op) = CHf”Hz(aD

by (8.5), and let ug € H'(D) be such that ug = f on 8D and ||u0|\H1 (D) <

CIly o
Example 5.13). Defining the Sobolev space H}(D,dDp) by

given

. In particular we may choose ug to be a solution of Auy = 0 (see

H{(D,0Dp) :={ue€ H'(D): u=00n0Dp}

equipped with the norm induced from H'(D), we observe that w = u —ug €
H}(D,0Dp) where u € H'(D) is a solution to (8.10)—(8.12). Furthermore, w
satisfies

Aw + k*w = —k*ug in D (8.16)
and 5
w . ~
5 +idw=nh on 0Dy (8.17)
where h € H=2(0Dy) is given by
h:= —ﬁ—z)\uo—kh
v

Multiplying (8.16) by a test function ¢ € H}(D,dDp) and using Green’s first
identity together with the boundary condition (8.17) we can write (8.10)—
(8.12) in the following equivalent variational form: Find u € H'(D) such that
w=u—uy € H}(D,0Dp) and

a(w, ) = L(p), for allp € HY(D,0Dp) (8.18)

where the sesquilinear form a (-, -) : H}(D,0Dp) x HY(D,0Dp) — C is
defined by
a(w, ¢) ::/(VwV@szw@) do +i / Aw @ ds
D oDy

and the conjugate linear functional L : H}(D,dDp) — C is defined by
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L(@):kz/uogbdx+ / h-@dx

D 0D

where the integral over 0D; is interpreted as the duality pairing between
h e H-2(dD;) and ¢ € Hz(0D;) (note that ¢ € Hz(0D;) since Hz (dD;)
is the trace space of H}(D,dDp)).

Next we write a(-, -) as the sum of two terms a(-, -) = a1 (-, -) + a2(+, -) where

a1 (w, @) ::/(Vw-V@—l—w(ﬁ) dm—f—i/)\w@ds
D oD,

and

az(w, @) == —(k* + 1)/wgbdx .
D

From the Cauchy-Schwarz inequality and the trace Theorem 1.36, since A is
a bounded function on 9Dy, we have that

lay(w, @) < Cillw|lgrpyllellarpy + CallwllL2op) |€ll L2007
< & (Nl oyl + 10115 o) 19114 o)
< Cllwllgrpyllell ar oy

and
laz(w, )] < OHW||L2(D)||<P||L2(D) < C’H“’||H1(D)H<PHH1(D) .

Hence a; (-, -) and as(:, -) are bounded sesquilinear forms.
Furthermore, noting that ¢ = 0 on 0Dp, we have that

/%QdSZ/%gZ)ds:/Vuo-Vgﬁdx.
ov v
oDy oD D

Therefore from the previous estimates and the trace Theorems 1.36 and 5.5
we have that

IL(@)l < Culluollarpyllellar(py + Calluoll
+Cs]|n|]

H%(aD)”Sa”H%(aD)

a3 ool gt opy)

<¢ (”fHH%(aD) T ”h”H—%(aD,)) el 21 (D)

=¢ (”fHH%(aDD) + ”h”H‘%(aD,)> lell 1 (o) forall peV

which shows that L is a bounded conjugate linear functional and
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120 < € (17153 oy + 13 o) (8.19)

with the constant C' > 0 independent of f and h.
Next, since A(x) > Ag > 0, we can write

a1 (w, w)| > ||w||12r{1(D) + /\0||w||2L2(aDI) 2 ||w||§11(p)

whence aq (-, -) is strictly coercive. Hence from the Lax-Milgram lemma there
exists a bijective bounded linear operator A : Hi(D,dDp) — H}(D,dDp)
with bounded inverse such that (Aw,¢) = a1(w, ¢) for all w and ¢ in
HY(D,0Dp). Finally, due to the compact imbedding of H'(D) into L?(D),
there exists a compact bounded linear operator B : H}(D,dDp) — H}(D,8Dp)
such that (Bw, ) = as(w, ¢) for all w and ¢ in H}(D,dDp) (see Example
5.15). Therefore, from Theorem 5.14 and Theorem 8.2 we obtain the exis-
tence of a unique solution to (8.18) and consequently to the interior mixed
boundary value problem (8.10)—(8.12). The a priori estimate (8.15) follows
from (8.19). O

Now let us consider an open disk {2r of radius R centered at the origin
and containing D.

Theorem 8.5. The exterior mized boundary value problem (8.6)—(8.9) has a
solution which satisfies the estimate

Il ey < € (113 om0 -3 ) (8.20)
with C' a positive constant independent of f and h but depending on R.

Proof. First, exactly in the same way as in Example 5.21, we can show that
the exterior mixed boundary value problem (8.6)—(8.9) is equivalent to the
following problem

Au+k*u=0 in 0Qr\D, (8.21)
u=f on 0Dp, (8.22)
9 i =h oD (8.23)
5, TiAU= on I, .
ou
o Tu on 00 (8.24)

where T is the Dirichlet to Neumann map. If f € H 2 (0D) is the extension of
f € Hz(dDp) that satisfies (8.5) with dDy replaced by dDp, we construct
ug € H'(2g \ D) such that uy = fondD, u =0 on 82z and Aug = 0
in 25\ D (see Example 5.13). Then, for every solution u to (8.21)—(8.24),
w = u — ug is in the Sobolev space H}(2r \ D,0Dp) defined by

H{(2r\ D,0Dp) :=={ue€ H' (2r\D): u=00n0Dp}
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and satisfies the variational equation

/ (Vw - V@ — K*wp) ds—i/)\w@ds—/ngbds

2r\D D1 on
0
= k2 / wep dr — / (au() — iAug +h) @ds
1%
Qr\D 9D1
Oug \ _ 1 A
+ Tug — = gds  forall ¢ € Hy(2z\ D,0Dp)
1%

Making use of Theorem 5.20, the assertion of the theorem can now be proven
in the same way as Theorem 8.4. a

Remark 8.6. In the case when either D; = () (this case corresponds to the
Dirichlet boundary value problem) or A = 0 the corresponding interior prob-
lem may not be uniquely solvable. If non uniqueness occurs, then k? is said to
be an eigenvalue of the corresponding boundary value problem. In these cases,
Theorem 8.4 holds true under the assumption that k2 is not an eigenvalue of
the corresponding boundary value problem.

Remark 8.7. Due to the change of the boundary conditions, the solution to the
mixed boundary value problems (8.6)—(8.9) and (8.10)—(8.12) has a singular
behavior near the boundary points in dDp U dDy. In particular, even for
C® boundary 0D and analytic incident waves ! the solution in general is
not in H2 (R?\ D). More precisely, the most singular term of the solution
behaves like O(rz) where (r,¢) denotes the local polar coordinates centered
at the boundary points in dDp U Dy [41]. This is important to take into
consideration when finite element approximations are used to compute the

solution.

8.2 The Inverse Scattering Problem for a Partially
Coated Perfect Conductor

We now consider time harmonic incident fields given by u(z) = e***'¢ with
incident direction d := (cos ¢, sin ¢) and x = (71, z2) € R%. The correspond-
ing scattered field u® = u®(-, ¢) which satisfies (8.1)—(8.4) depends also on
the incident angle ¢ and has the asymptotic behavior (4.5). The far field pat-
tern ueo (6, @), 6 € [0, 27] of the scattered field defines the far field operator
F : L?[0, 2] — L?[0, 27] corresponding to the scattering problem (8.1)—(8.4)
by
2m

(Fg)(6) = / (0, 8)g($)dd g€ L2[0, 2n]. (8.25)

0
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The inverse scattering problem for a partially coated perfect conductor is given
the far field pattern us (6, @) for 6 € [0, 27| and ¢ € [0, 27| determine both D
and A = A(x) for z € 0Dy.

In the same way as in the proof of Theorem 4.3, using Theorem 8.2 we
can show the following result.

Theorem 8.8. Assume that 0Dy # () and X\ # 0. Then the far field operator
corresponding to the scattering problem (8.1)-(8.4) is injective with dense
range.

Remark 8.9. It 0Dy = () or A = 0, all the following results about the far field
operator and the determination of D remain valid assuming the uniqueness
for the corresponding interior boundary value problem. Note that the case of
0D = ) corresponds to the scattering problem for a perfect conductor.

Concerning the unique determination of D, the following theorem can be
proved in the same way as Theorem 4.5. The only change needed in the proof is
that we can always choose the point «* such that either £2.(z*)N9dD; C dD1p
or 2.(z*)NOD, C 9D for some small disk £2.(z*) centered at z* of radius e
and satisfying £2.(z*)N Dy = (), whence one uses either the Dirichlet condition
or impedance condition at x* to arrive at a contraction.

Theorem 8.10. Assume that Dy and Ds are two partially coated scattering
obstacles with corresponding surface impedances A1 and Ao such that for a
fized wave number the far field patterns for both scatterers coincide for all
incident angles ¢. Then D1 = Ds.

Theorem 8.11. Assume that Dy and Dy are two partially coated scattering
obstacles with corresponding surface impedances A1 and Ao such that for a
fized wave number the far field patterns coincide for all incident angles ¢.
Then D1 = D2 and )\1 = /\2.

Proof. By Theorem 8.10 we first have that Dy = Dy = D. Then, following the
proof of Theorem 4.7 we can prove that the total fields u; and us correspond-
ing to A\; and My coincide in R? \ D, whence u; = uy and Quy /0v = Oug /v
on JD. From the boundary condition we have

us
uj =0 ondDp,, %—&—i)\jujzo on 9Dy,

for j = 1,2. First we observe that dDp, N 0Dp, = (), because otherwise
u1 = Quq/0v = 0 on an open arc I’ C 9D and a contradiction can be obtain
as in the proof of Theorem 4.7. Hence 0D, = 0Dy, = 0Dy. Next

()\1 - AQ)Ul =0 on 8D1,

and again one can conclude that Ay = Ay as in Theorem 4.7. O
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Having proved the uniqueness results, we now turn our attention to find-
ing an approximation to D and A. Our reconstruction algorithm is based on
solving the far field equation

Fg=0,(,2) zcR?

where @ (%, z) is the far field pattern of the fundamental solution (see Section
4.3). The far field equation can be written as

—(BHg) = ®oo(-, 2)  z€R?

where B : H2(0Dp)x H™2(dD;) — L2[0, 27] maps the boundary data (f, h)
to the far field pattern u,, of the radiating solution w to the correspond-
ing exterior mixed boundary value problem (8.6)—(8.9) and H : L?[0, 27| —
H2(0Dp) x H=2(8Dy) is defined by

o + iN(z)vg(z) x € 0Dy

with vy being the Herglotz wave function with kernel g.
Lemma 8.12. Any pair (f,h) € H2(dDp) x H~2(8D;) can be approzimated
in H2(0Dp) x H=2(8D;) by Hg.

Proof. Let u be the unique solution to (8.10)—(8.12) with boundary data (f, k).
Then the result of this lemma is a consequence of Lemma 6.19 applied to this
u and the trace Theorems 1.36 and 5.5. O

Lemma 8.13. The bounded linear operator B : H2(dDp) x H™2(dD;) —
L?[0, 2] is compact, injective and has dense range.

vg(z) r €0dDp
(Hg)(z) = { Ivg(z)

Proof. The proof proceeds as the proof of Theorem 4.8 making use of Theorem
8.5 and Theorem 8.8. m]

Using Lemma 8.12 and Lemma 8.13 we can now prove in a similar way as
Theorem 4.11 the following result:

Theorem 8.14. Assume that 0Dy # 0 and A # 0. Let uo be the far field
pattern corresponding to the scattering problem (8.1)-(8.4) with associated
far field operator F.

1. If z € D then for every € > 0 there exists g5 = g, € L*[0,2n] satisfying
the inequality
Hng - @Oo(’7Z)HL2[O,2Tr] <e€
such that
zl—i>IEI)1D ||gz||L2[Ox 2m] = o©
and
A 11vg. g )y = 0

where vy, is the Herglotz wave function with kernel g..
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2. If 2 & D then for every e >0 and § > 0 there exists g := g, € L?[0, 2]
satisfying the inequality

||ng _@oo('aZ)HLQ[O,%r] < €+6

such that
%E%HQZHLZ[O,QT&'] =

and

%l_r)% ||ng||H1(D) =0
where vy, s the Herglotz wave function with kernel g, .

An approximation to D can be now obtain as the set of points z where
l92Il22[0, 2] becomes large with g. being the approximate solution to the far
field equation given by Theorem 8.14.

Having determined D, in a similar way as in Section 4.4, we can now use
g. given by Theorem 8.14 to determine an approximation to the maximum
value of A. In particular, let u, be the unique solution to

Au, + k2u, =0 in D (8.26)
uy, = —P(-, 2) on 0Dp (8.27)

ou, .. 0P(-,z) .

5 +ilu, = 5 IND(-, %) on 0D; (8.28)

where z € D and A € C(0Dy), M(x) > Ao > 0. From the proof of the first part
of Theorem 8.14 the following result is valid:

Lemma 8.15. Assume 0Dy # 0 and A\ # 0. Let € > 0, z € D and let u,
be the unique solution of (8.26)-(8.28). Then, there exists a Herglotz wave
function v, with kernel g, € L?[0, 2r1] such that

[uz = vg. [l (p) <€ (8.29)

Moreover there exists a positive constant C > 0 independent on € such that

||ng _éoo(‘,z)||L2[O’27r] < Ce. (8.30)
Now define w, by
wy = uy + (-, 2) . (8.31)
In particular,
ow, .
w,, =0 and ( ey + sz>| =0 (8.32)
oDy

interpreted in the sense of the trace theorem. Repeating the proof of Theorem
4.13 with minor changes accounting for the boundary conditions (8.32) we
have the following result:
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Lemma 8.16. For every z1, 29 € D we have that
2/ W, A, ds = —47k |y[> Jo(k |21 — 22])
8D1
i (U (o) = 0z, (2))

where v = e”/‘l/\/ 81k and Jy is a Bessel function of order zero.

Assuming D is connected, consider a disk {2, C D of radius r contained in D
(see Remark 4.14) and define

_ 2 . [ =w.lop, withw, = u, + &(-,2),
W= {f €LOD: ¢ 2, and u, the solution of (8.26)-(8.28) [ -

Theorem 8.17. Assume Dy # 0. Let A = \(z) be the surface impedance of
the scattering problem (8.1)-(8.4). Then

2

2 (uz () + D(:, 2i))

L2(8D)
where the sums are arbitrary finite sums.

Proof. First we show that W is complete in L?(0Dy). To this end let ¢ be a
function in L?(0Dy) such that for every z € 2,

/ wypds = 0.

0Dy

Using Theorem 8.4, let v € H!(D) be the unique solution of the interior mixed
boundary value problem

A+ Eko=0 in D
v=>0 on 0Dp
@

+ i v =@ on 0Dj.
v

Then for every z € (2., using the boundary conditions and the integral repre-
sentation formula, we have that
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0= /wzgodSZ /wz @—i—i)\v ds:/wz @—l—i)\v ds
ov ov
¢ oD

8D[ dDI
ov . ov .
= / <UZ81/ —&—z)\uzv—i-@(-,z)% —&-z)@(-,z)v) ds
oD
B ov ou, 0P(-,z) .
= / [uZaV—i—v(— 5 oy —z)@(-,z))} ds
oD

+8/D <¢(-, z)% +i\vd(-, z)> ds = v(2).

The unique continuation principle for solutions of the Helmholtz equation now
implies that v(z) = 0 for all z € D whence from the trace theorem ¢ = 0.
Noting that u,, +P(+, z;) = 0 on dDp, the theorem now follows from the fact
that

max A(z) =  sup 7/ )\|f‘2 ds.
2€dD; feL2(aDy) ||f||i2(8D1) oD

a

Given that D is known (for example by using the far field equation and the
linear sampling method as discussed above) by Lemma 8.15 we obtain an
approximation to max;csp, A(x) by replacing u, in Theorem 8.17 by the
Herglotz wave function v, with kernel g, being the approximate (regularized)
solutions of the far field equation.

In the particular case when the surface impedance is a positive constant
A > 0 we can set z1 = zo = 2o in Lemma 8.16 where zg € (2. and obtain a
simpler formula for A, namely

2k ]2 — Im (s, (20))

= (8.33)
Tz + 90, 20) B o)

Note that the expression (8.33) can be used as a target signature to detect if
an obstacle is coated or not. In particular an object is coated if and only if
the denominator in nonzero.

8.3 Numerical Examples

We now present some numerical examples of the above reconstruction algo-
rithm when the surface impedance ) is a constant. As we explained above, an
approximation for A in this case is given by

—2kry? — Im (v, ())

) z=(z1,22) € D (8.34)
[[vg. (-) + 2(-, Z>||2L2(8D)
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where v, is the Herglotz wave function with kernel kernel g, the solution of
the far field equation

27

im/4

€ —1ik(z1 cos 29 sin
/uoo(¢,9)gz(¢)d¢= N k(e1 cosftzsin6) (8.35)

0

We fix the wave number k& = 3, select a domain D, boundaries 0Dp and Dy
(in some examples dDp = @) and a constant A. Then using the incident field
e*%d where |d| = 1 we use the finite element method to solve the scattering
problem (8.1)—(8.4) and compute the far field pattern. This is obtained as a
trigonometric series

N
Uoy = Z Uoo,n €XP(ind).
n=—N

Of course these coefficients are already in error by the discretization error in
using the finite element method. However we also add random noise to the
Fourier coefficients by setting

Uoco,a,n = Uoo,n(1 + GXTL)

where ¢ is a parameter and x, is given by a random number generator that
provides uniformly distributed random numbers in the interval [—1,1]. Thus
the input to the inverse solver for computing g is the approximate far field

pattern
N

Uso,a = Z Uso,a,n €XP(ind).
n=—N

The far field equation is then solved using Tikhonov regularization and the
Morozov discrepancy principle as described in Chap. 2. In particular, using
the above expression for ue 4, the far field equation (8.35) is rewritten as an
ill-conditioned matrix equation for the Fourier coefficients of g which we write
in the form

Agz = fz (836)

As already noted, this equation needs to be regularized. We start by computing
the singular value decomposition of A

A=U0AV"

where U and V' are unitary and A is real diagonal with 4; ; = 05, 1 < i < n.
The solution of (8.36) is then equivalent to solving

AV* g, =U*f, . (8.37)

Let }
Pz = (pz,lapz,Q,' : 'pz,n) = U*fz .
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Then the Tikhonov regularization of (8.37) leads to solving
min [|AV*g. — f.|[7 + allgl%
g-€R™

where a > 0 is the Tikhonov regularization parameter chosen by using the
Morozov discrepancy principle. Defining v, = V*g., we see that the solution
to the problem is
o; .
Uz g = O_Z.Qﬁpz,iv 1< < n,

and hence

1
n 2 2
(o
g = Vu, and ngHZ2 = Huz||€2 = (Z (042;04)2 |pz7i 2) .
i

=1

For the presented examples, we compute the far field pattern for 100 in-
cident directions and observation directions equally distributed on the unit
circle and add random noise of 1% or 10% to the Fourier coefficients of the far
field pattern. We choose the sampling points z on a uniform grid of 101 x 101
points in the square region [—5, 5]? and compute the corresponding g,. To
visualize the obstacle we plot the level curves of the inverse of the discrete
¢35 norm of g, (note that by the linear sampling method the boundary of the
obstacle is characterized as the set of points where the L?-norm of ¢ starts to
become large; see the comments at the end of Section 4.3). Then we compute
(8.34) at the sampling points in the disk centered at the origin with radius 0.5
(in our examples this circle is always inside D). Although (8.34) is theoreti-
cally a constant, because of the ill-posed nature of the far field equation we
evaluated (8.34) at all the grid points z in the disk and exhibit the maximum,
the average and the median of the computed values of (8.34). In particular,
the average, median and maximum each provides a reasonable approximation
to the true impedance.

For our examples we select two scatterers shown in Fig. 8.1 (the kite and
the peanut).

The kite. We consider the impedance boundary value problem for the
kite described by the equation (the left curve in Fig. 8.1)

x(t) = (1.5sin(¢), cos(t) + 0.65 cos(2t) — 0.65) , 0<t<2r

with impedance A = 2, A = 5 and A = 9. In Fig. 8.2 we show two examples
of the reconstructed kite (The reconstructions for the other tested cases look
similar). In the numerical results for the reconstructed A shown in Table 8.1
and Table 8.2 we use the exact boundary dD when we compute the L?(9D)-
norm that appears in the denominator of (8.34).

The peanut. Next we consider a peanut described by the equation (the
right curve in Fig. 8.1)

x(t) = (\/0082 (t) 4+ 4sin®(t) cos(t), \/cos2 (t) + 4sin?(t) sin(t), 0<t < 271')
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5 5
4 41
3 3t
2 21
1 1r
0 of
- 1t
2 2|
-3t -3
—4 4L
| n n n n n n n n n ] -5 n n n n n n n n n ]
5 -4-3-2-1 01 2 3 4 5 5 -4-32-1 01 2 3 4 5

Fig. 8.1. The boundary of the scatterers used in this study: kite/peanut. When a
mixed condition is used for the peanut, the thicker portion of the boundary is 8Dp.}

Impedance condition 1% noise Impedance condition 1% noise
5 5 1.2
4 1 4
3 0.9 3 1
2 0.8 2
1 0.7 1 0.8
0.6
° 05 ° 0.6
'; 0.4 '; 04
- 03 '
-3 -3
0.2 0.2
-4 o1 4
-5 -5
-5-4-3-2-1 01 2 3 4 5 -5-4-3-2-1 01 2 3 4 5

Fig. 8.2. These figures show the reconstruction of a kite with impedance boundary
condition with 1% noise: on the left with A = 5 and on the right with A = 9.!

Table 8.1. The reconstruction of the surface impedance A for the kite with 1%
s 1
noise.

Maximum |Average|Median
2.050 1.975 | 1.982
4.976 4.679 | 4.787
8.883 8.342 | 8.403

>/|>|/>4
O U Do

Table 8.2. The reconstruction of the surface impedance X for the kite with 10%
i 1
noise.

Maximum |Average|Median
2.043 1.960 | 1.957
4.858 4.513 | 4.524
9.0328 8.013 | 7.992

>/|>|4>/
O O Do
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rotated by 7/9. Here we choose the surface impedance A = 2 and A = 5
and consider the case of a totally coated peanut (i.e. impedance boundary
value problem) as well as of a partially coated peanut (i.e. mixed Dirichlet-
impedance boundary value problem with 0D; being the lower half of the
peanut as shown in Fig. 8.1). Two examples of the reconstructed peanut are
presented in Fig. 8.3. A natural guess for the boundary of the scatterer is
the ellipse shown by dashed line in Fig. 8.4 and we examine the sensitivity of
our formula on the approximation of the boundary by using this ellipse for
computing [[vg, + P(-, 2)||z2(op) in (8.34). The recovered values of A for our
experiments are shown in Table 8.3 and Table 8.4.

5 Impedance condition 1% noise 5 Mixed condition 1% noise

4 12 4 1.4
3 1 3 1.2
2 2 ]

1 @

0 0 08

0.6
-1 -1 @) 0.6
_2 0.4 _
2 0.4
-3 -3

0.2
4 4 02

-5-4-3-2-1 01 2 3 45 -5-4-3-2-1 01 2 3 4 5

Fig. 8.3. The figure on the left shows the reconstruction of a peanut with impedance
boundary condition with A = 5. The figure on the right shows the reconstruction of
a peanut with mixed condition with A = 5 on the impedance part. Both examples
are for k = 3 with 1% noise.!

S5 i s 2ot 0 1 2 3 4 6

Fig. 8.4. The dash line is the approximated boundary we use for computing
[lvg. + @(; 2)llL2¢opy in (8.34) in the case of peanut with impedance boundary
condition.
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Table 8.3. Reconstruction of \ for the peanut with 1% noise.’

Maximum |Average|Median
A=2 impedance 2.192 1.992 | 1.979
A=2 imped., approx. bound.| 2.395 1.823 | 1.886
A=2 mixed conditions 2.595 2.207 | 2.257
A=5 impedance 5.689 4.950 | 5.181
A=5 imped., approx. bound.| 5.534 4.412 | 4.501
A=5 mixed conditions 5.689 4.950 | 5.180

Table 8.4. Reconstruction of A for the peanut with 10% noise.’

Maximum|Average|Median
A=2 impedance 2.297 1.985 | 1.978
A=2 imped., approx. bound.| 2.301 1.828 | 1.853
A=2 mixed conditions 2.681 2.335 | 2.374
A=5 impedance 5.335 4.691 | 4.731
A=>5 imped., approx. bound.| 5.806 4.231 | 4.313
A=>5 mixed conditions 5.893 4.649 | 4.951

8.4 Scattering by a Partially Coated Dielectric

We now consider the scattering of time harmonic electromagnetic waves by an
infinitely long cylindrical orthotropic dielectric partially coated with a very
thin layer of a highly conductive material. Let the bounded domain D C R?
be the cross section of the cylinder and assume that the exterior domain R?\ D
is connected and let v be the unit outward normal to the smooth boundary
O0D. The boundary 0D = 0D, N D> is split into two parts 9D; and 9D,
each an open set relative to D and possibly disconnected. The open arc 9D,
corresponds to the uncoated part and 9D corresponds to the coated part. We
assume that the incident electromagnetic field and the constitutive parameters
are as described in Section 5.1. In particular the fields inside D and outside D
satisfy (5.5) and (5.6) respectively, and on dD;, the uncoated portion of the
boundary, we have the transmission condition (5.7). However on the coated
portion of the cylinder we have the conductive boundary condition given by

vX B —yx B =0 and vx H'—vx H™ = (v x E“") x v (8.38)

where the surface conductivity n = n(x) describes the physical properties of
the thin highly conductive coating [1, 2]. Assuming that 1 does not depend
on the z-coordinate (we recall that the cylinder axis is assumed to be parallel
to the z-direction), on dDs the transmission conditions (8.38) now become

!'Reprinted from F.Cakoni and D.Colton, The determination of the surface im-
pedance of a partially coated obstacle from far field data, STAM J. Appl. Math. 64
(2004), 709-723.
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, ) , v 0 ;

_ s U i () i d Y s (A 0 8D )
v—(u’+u’) znay(u +u') an R 81/(u +u') on 2
where Ov/0vy == v - A(z)Vv.

The direct scattering problem for a partially coated dielectric can now be
formulated as follows: Assume that A, n and D satisfy the assumptions of

Sect. 5.1 and n € C(0D3) satisfies n(z) > 19 > 0 for all z € dDy. Given the
incident field u® satisfying

Aut + K2t =0 in R?,

we look for u® € H} (R?\ D) and v € H'(D) such that

V-AVv +k*nv =0 in D (8.39)
Au® + k2 u® =0 in R?\D (8.40)
v—u® =1 on 0D, (8.41)

_ O(u® + u) ;
v—u® = S e +u*  on ODs (8.42)
Qv _ou _ou on 90D (8.43)

va  Ov ov
lim /7 (aal; zku) = 0. (8.44)

T™—00

We start with a brief discussion of the well posedness of the above scattering
problem.

Theorem 8.18. The problem (8.39)-(8.44) has at most one solution.

Proof. Let v € HY(D) and u® € H} (D,.) be the solution of (8.39)—(8.44)
corresponding to the incident wave u’ = 0. Applying Green’s first identity in
D and (R%\ D) N 2g where (and in what follows) g is a disk of radius R
centered at the origin and containing D, using the transmission conditions we

have that

/(VﬂAVw—anMQ) dy + / (IVu® > — k*[u®|?) dy

D 2r\D
ov __ ou® __ ou®
= [ 7. = ds— 5. d 5. d
/U ova N /u ov st / u ov y
oD oD ORRr
1 o S
:i/*|v—us|2ds+/u5'8u ds.
n v
D> Yo

Taking the imaginary part of the both sides and using the fact that Im(A4) <0,
Im(n) > 0 and n > ny > 0 we obtain
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Im/us~au ds>0.
ov
110353

Finally, an application of Theorem 3.6 and the unique continuation principle
yield, as the proof in Lemma 5.23, u®* = v = 0. a

We now rewrite the scattering problem in a variational form. Multiplying
the equations in (8.39)—(8.44) with a test function ¢ and using Green’s first
identity together with the transmission conditions we obtain that the total
field w defined in 25 by w|p := v and w|q,\ p = u® + u’ satisfies

/ (V@ - AVw — k:2n¢w) dy + / (V@ -Vw — kz2¢w) dy (8.45)
D 2r\D

_/1[¢}-[w]d3_ /¢TWdS=—/¢Tuids+/¢au ds
K ov

oD, Yol Yol 9N2r

where T : H2(8125) — Hz(92g) is the Dirichlet to Neumann operator and
[w] = wt|ap —w~ |ap denotes the jump of w across D with w* and w™ the
traces (in the sense of the trace operator) of w € H*(2g\ D) and w € H'(D),

respectively. Note that [w] € Hz (0D3) since from the transmission conditions
[w]lop, = 0. .
Hence, the natural variational space for w and ¢ is H'(£2r \ dD3). Note
that if u € H*(2r \ 0D3) then u € HY(D), u € H' (2 \ D), [u]|op, = 0, and
2 g3 = Il o + s -

Now, letting

a1<w,¢>:=/<V¢-AVw+¢w)dy+ / (Vo Vw +pw) dy

D Qr\D
- / L E ) ds — / % Towds (8.46)
ODs K ONRr

and
as(w, ) := — /(nk2 +)pwdy — / @ (To —Thwds
2r O2r

where Tj is the negative definite part of the Dirichlet to Neumann mapping
defined in Theorem 5.20, the variational formulation of the mixed transmission
problem reads: find w € H'(£2g \ D>) such that

ar(w,p) +az(w,¢) = L(p) Vo € H'(2r\ IDs) (8.47)
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where L(p) denotes the bounded conjugate linear functional defined by the
right hand side of (8.45). We leave as an exercise to the reader to prove that if
w € H' (25 \ 0D3) solves (8.47), then v := w|p and u® = w|g,\ p —u’ satisfy
(8.39), (8.40) in 25 \ D, the boundary conditions (8.41), (8.42) and (8.43),
and Tu® = Ju®/Ov on OQg. Exactly in the same way as in Example 5.21 one
can show that u® can be uniquely extended to a solution in R?\ D.

Now using the trace theorem, the Cauchy-Schwarz inequality, the chain of
continuous imbeddings

H2(0Ds) C H?(Ds) C L*(0Ds) C H™2(0Ds) C H™2(dDs),

and the assumptions on A, n and 7, one can now show in a similar way as in
Sect. 5.4 that the sesquilinear form ay (-, -) is bounded and strictly coercive
and the sesquilinear form as(+, -) is bounded and gives rise to a compact linear
operator due to the compact imbedding of H ({2 \ D2) in L?(2g). Hence,
using the Lax-Milgram lemma and Theorem 5.14, the above analysis combined
with Theorem 8.18 implies the following result:

Theorem 8.19. The problem (8.39)-(8.44) has exactly one solution v €
HY(D) and u® € H} (R?\ D) that satisfies

ol o) + 0”1 oy < Cllu s o)

where the positive constant C' > 0 is independent of u’ but depends on R.

The scattered field u® again has the asymptotic behavior
ikr
N
where the corresponding far field pattern u~(-) depends on the observation
direction & := (cos 6, sin ). In the case of incident plane waves u!(x) = e*k¥d
the interior field v and the scattered field u® also depend on the incident
direction d := (cos ¢, sin ¢) and so does the corresponding far field pattern
Uoo(*) 1= Uso(+, @). The far field pattern in turn defines the corresponding far
field operator F': L2[0, 27] — L?[0, 27 by (6.7).
As will be seen, the mized interior transmission problem associated with
the mixed transmission problem (8.39)—(8.44) plays an important role in

studying the far field operator. Hence, we now proceed to the discussion of
this problem. Consider the Sobolev space

u’(x) = Uoo (0) + O(r~3/2), r— 00

HY(D,0D,) := {u € H'(D) such that % € L2(aD2)}
14

equipped with the graph norm

2

ou
lolBp.0m.) = el + | 5

L2(0D2) .
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Then the mized interior transmission problem corresponding to the mixed
transmission problem (8.39)(8.44) reads: Given f € Hz (D), h € H~2(dD)
and r € L?(0Ds) find v € HY(D) and w € H'(D, dD5) such that

VAV +Ek*nv =0 in D (8.48)
Aw+k*w=0 in D (8.49)
v—w= flap, on 0D (8.50)

v—w = —in ?%} + flop, +7 on 0Dy (8.51)
ov  Ow
- _ZZ _ D .52
9a oo h on 0 (8.52)

Theorem 8.20. If either Im(n) > 0 or Im(é AE) < 0 at a point xg € D,
then the mized interior transmission (8.48)-(8.52) has at most one solution.

Proof. Let v and w be a solution of the homogeneous mixed interior trans-
mission problem (i.e. f = h = r = 0). Applying the divergence theorem to
7 and AVv (see Corollary 5.6), using the boundary condition and applying
Green’s first identity to w and w (see Remark 5.8) we obtain

2

/V@-AVvdyf/anh;F dy:/|Vw|2dy—/k2‘w|2 dy + / m’é;w ds.
v

D D D D dDs
Hence

_ 2 aw 2
Im Vv - AVudy | =0, Im nlv|*dy ) =0, and [ n|—=—| ds=0.

D D v
oD

2

The last equation implies that Ow/0v = 0 on dDs, whence w and v satisfy
the homogeneous interior transmission problem (6.12)—(6.15). The result of
the theorem now follows from Theorem 6.4. a

The values of k? for which the homogeneous mixed interior transmission prob-
lem (8.48)—(8.52) has a nontrivial solution are called transmission eigenvalues.
From the proof of Theorem 8.20 we have the following result:

Corollary 8.21. The transmission eigenvalues corresponding to (8.48)—(8.52)
form a subset of the transmission eigenvalues corresponding to (6.12)—(6.15)
defined in Definition 6.3

The above corollary justifies the use of the same name for the set of eigenval-
ues corresponding to both the interior transmission problem and the mixed
interior transmission problem.

From the proof of Theorem 8.20 we also see that if the scatterer is fully
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coated, i.e. 0Dy = 9D, then the solution (v,w) of the homogeneous mixed
interior transmission problem satisfies

V-AVvo+Ek*nv=0 in D, ﬁ:O on 0D
aUA

and

Aw+ k?w =0 in D, %:O on dD .

From this it follows that if 0Dy = 0D then the uniqueness of the mixed
interior transmission problem is guaranteed if at least one of the above homo-
geneous Neumann problems has only the trivial solution.

The following important result can be shown in the same way as in Theo-
rem 6.2.

Theorem 8.22. The far field operator F' corresponding to the scattering prob-
lem (8.39)—(8.44) is injective with dense range if and only if there does not
exists a Herglotz wave function vy such that the pair v,vy is a solution to the
homogeneous mized interior transmission problem (8.48)—(8.52) with w = v,.

We shall now discuss the solvability of the mixed interior transmission
problem (8.48)—(8.52). We will adapt the variational approach used in Sect. 6.2
for solving (6.12)—(6.15). In order to avoid repetition, we will only sketch the
proof, emphasizing the changes due to the boundary terms involving 7.

Theorem 8.23. Assume that k? is not a transmission eigenvalue and that
there exists a constant v > 1 such that

cither &-Re(A)E >~|€)> or €-Re(A™HE > ~|¢)? VeEeC?.

Then the mized interior transmission problem (8.48)-(8.52) has a unique so-
lution (v, w) which satisfies

1031 (o) + 1l 0,000 < € (1113 o) + 1l 3 oy + Il 2(0s)) -

Proof. We first assume that £ - Re(A) ¢ > v[¢|? for some vy > 1. In the same
way as in the proof of Theorem 6.8, we can show that (8.48)—(8.52) is a
compact perturbation of the modified mixed interior transmission problem

V- AVv —mv = p; in D (8.53)

Aw — w = po in D (8.54)

v—w = flop, on 0D, (8.55)

v—w = —in g—l: + flop, + 7 on 0Dy (8.56)
ouv_dw_ on 9D (8.57)

al/A ov o
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where m € C(D) such that m(z) > 7. It is now sufficient to study (8.53)
(8.57) since the result of the theorem will then follow by an application of
Theorem 5.14 and the fact that k2 is not a transmission eigenvalue.

We first reformulate (8.53)—(8.57) as an equivalent variational problem. To
this end, let

W(D) = {W € (LQ(D))2 :V-wel*D), Vxw=0,andv-w¢c L2(8D2)}
equipped with the natural inner product
(W1, Wa)w = (W1, Wa)r2(p) + (V- w1, V- Wa)p2(p) + (V- W1, V- W2)2(aD,)
and norm

Wiy = Iwlizp) + IV - Wiz ) + I - WliE2(op,) - (8.58)

We denote by (-, -) the duality pairing between H?(8D) and H~2(dD) and
recall
(gp,'c,b~1/>:/<pV~¢dx+/ch~1/;d:c, (8.59)
D D

for (¢,9) € HY(D) x W(D). Then the variational form of (8.53)—(8.57) is:
Find U = (v,w) € H(D) x W(D) such that

AU V)=L(V)  forall V= (p,9) € H(D) x W(D) (8.60)

where the sesquilinear form A defined on (H*(D) x W(D))? is given by

A(U,V):/AVU'Vcﬁdx+/mv@dx+/V~WV"z_ﬂdz+/w~1_ﬂdx
D D D

D

—i/n(W-V)(fb'V)ds—<v7{ZJ-V>—<¢,W'V>

6D2
and the conjugate linear functional L is given by

L(V):/(m G+ p2V-1p)de—i / nr(-v)ds+ (@, h) — (f, ¥ -v).

D 0D

By proceeding exactly as in the proof of Theorem 6.5 we can establish the
equivalence between (8.53)—(8.57) and (8.60). In particular, if (v,w) is the
unique solution solution (8.53)—(8.57), then U = (v, Vw) is a unique solution
to (8.60). Conversely, if U is the unique solution to (8.60) than the unique
solution (v,w) to (8.53)—(8.57) is such that U = (v, Vw).

Notice that the definitions of A and L differ from the definitions (6.22)
and (6.23) of A and L corresponding to (6.12)—(6.15) only by an additional
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L?(0Ds)-inner product term, which appears in the W-norm given by (8.58).
Using the trace theorem and Schwarz’s inequality one can show that 4 and L
are bounded in the respective norms. On the other hand, by taking the real
and the imaginary parts of A(U,U), we have from the assumptions on Re(A),
Im(A) and 7 that

AU, U)| = Allv[l7r oy + W72y + IV - W72y
— 2Re({v, v - w)) + nol|v - WH%2(6D2)'

From the duality pairing (8.59) and Schwarz’s inequality we have that

1

— —_ 2
2Re((0, v+ w)) < | (0, )| < ol o) (IW1320) + 1V - WlZe)) -

Hence, since v > 1, we conclude that

) > 11

> 1 (Wellncoy + I o) + 19 - Wl ) + ol Wil o,

which means that A is coercive, i.e.

A O)] 2 € ([0l ) + Wl (0 )

where C' = min((y —1)/(y + 1), n9). Therefore from the Lax-Milgram lemma
we have that the variational problem (8.60) is uniquely solvable, and hence
so is the modified interior transmission problem (8.53)—(8.57). Finally, the
uniqueness of a solution to the mixed interior transmission problem and an
application of Theorem 5.14 imply that (8.48)—(8.52) has a unique solution
(v, w) which satisfies

lollar o) + Il 0,002 < € (1153 ) + 103 oy + 722000

where C' > 0 is independent on f, h,r. The case of £-Re(A™1) ¢ can be treated
in a similar way. a

Another main ingredient which we need to solve the inverse scattering
problem for partially coated penetrable obstacles is an approximation prop-
erty of Herglotz wave functions. In particular we need to show that, if (v, w)
is the solution of the mixed interior transmission problem, then w can be ap-
proximated by a Herglotz wave function with respect to the H' (D, dD5)-norm
(which is a stronger norm than the H!(D) used in Lemma 6.19).

Theorem 8.24. Assume that k% is not a transmission eigenvalue and let
(w,v) be the solution of the mixed interior transmission problem (8.53)—
(8.57). Then for every ¢ > 0 there exists a Herglotz wave function v, with
kernel g. € L?[0, 2r] such that

||w — Vg, H(D,0D>) S €. (861)
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Proof. We proceed in two steps:

1. We first show that the operator H : L2[0, 27] — H2(0D;) x L2(8Ds)
defined by

vg(x) x € 0Dy
(H)(@) = { 9vy(2) + ivg(x) x € 0Ds
v
has dense range, where v, is a Herglotz wave function written in the form
2
vg(x) = /e‘ik(“mse“c2 Sing)g(@)ds(@), x = (x1,%2) .
0

To this end, according to Lemma 6.16, it suffices to show that the cor-
responding transpose operator H' : H~2(dD;) x L2(0Dy) — L2[0, 2]
defined by

{29, D) 3 op0y.5-3 opy T 19 ) 120p,),12(0D,)
= <97 H*(¢a 1/))>L2[0,27r],L2[0,27r] ’

for g € L2[0, 2n], ¢ € H=2(dDy),¢ € L2(dDy), is injective, where (-, -)
denotes the duality pairing between the denoted spaces. By interchanging
the order of integration one can show that

- e—tky-T
HT(0.0)@) = [ 23w asty) + [ X0 i) dsty)
oD oD
+i [ e (y) ds(y)
!

where ¢ € H=2(8D) and ¢ € L%(D) are the extension by zero to the
whole boundary 0D of ¢ and 1), respectively. Note that from the definition
of H=2(8D;) in Sect. 8.1 such an extension exists.

Assume now that H' (¢, ¥) = 0. Since H (¢, 1) is, up to a constant
factor, the far field pattern of the potential

P@) = [ @it ds) + [ ZEE i) dsty)

oD oD

+i [ @i dst),
oD
which satisfies the Helmholtz equation in R?\ D, from Rellich’s lemma we

have that P(z) = 0 in R?\ D. As x — 9D the following jump relations
hold
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P+7P7‘3D1:0 P+7P7|3D2:’L/J
oPt  OP~ OPT  OP~ .
— =—09 — = —itp
ov o |sp, ov o |sp,

where by the superscript + and — we distinguish the limit obtained by
approaching the boundary D from R?\ D and D, respectively (see [33],
page 45, for the jump relations of potentials with L? densities, and [85] for
the jump relations of the single layer potential with H —3 density). Using
the fact that Pt = OP"/0v = 0 we see that P satisfies the Helmholtz
equation and

P~ =0 —— +iP” =0
lo2: o dDs
where the equalities are understood in the L? limit sense. Using Green’s
first identity and a parallel surface argument one can conclude, as in Theo-
rem 8.2, that P = 0 in D whence from the above jump relations ¢ = ¢ = 0.
Next, we take w € H!(D,dD,) which satisfies the Helmholtz equation in
D. By considering w as the solution of (8.10)—(8.12) with f := w|sp, €
H3(0D1), h = 0w/Ov + iwl|yp, € L2(ODs) C H=%(0Ds), A =1,0Dp =
0Dy and 0D; = 0D, the a priori estimate (8.15) yields

ow
< C’Hw||H%(aDl) +OH8V +iw

ow
o) + 5

L2(8D2) L2(8D2) .

Since v, also satisfies the Helmholtz equation in D, we can write

|lw =gl (p,op,) < Cllw — UQHH%(aDl) (8.62)
+CVW%WHw_%) .
ov L2(0Dy)

From the first part of the proof, given €, we can now find g. € L?[0, 27]
that makes the right hand side of the inequality (8.62) less then e. The
theorem is now proved.

O

8.5 The Inverse Scattering Problem
for a Partially Coated Dielectric

The main goal of this section is the solution of the inverse scattering problem
for partially coated dielectrics which is formulated as follows: determine both
D and n from a knowledge of the far field pattern u. (6, ¢) for 8, ¢ € [0, 2x].
As shown in Section 4.5, it suffices to know the far field pattern corresponding
to 0 € [0y, 61] C [0, 2] and ¢ € [¢o, ¢1] C [0, 27]. We begin with a uniqueness
theorem.
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Theorem 8.25. Let the domains D' and D? with the boundaries 0D and
0D? respectively, the matriz valued functions Ay and Ag, the functions ny
and ng, and the functions m and ny determined on the portions D3 C
dD' and OD3 C OD?, respectively, (either D3 or dD3, or both, can be
empty sets) satisfy the assumptions of (8.39)-(8.44). Assume that either
£ Re(A1)€ > |€[* or & Re(ATY) € > [€[2, and either & Re(A5) € > €[ or
£- Re(AyY) € > v|¢|? for some vy > 1. If the far field patterns ul, (6, ¢) corre-
sponding to D*, Ay,ny,m and u? (0,¢) corresponding D?, As,na, e coincide
for all 0, ¢ € [0, 27] then D' = D2

Proof. The proof follows the lines of the uniqueness proof for the inverse scat-
tering problem for an orthotropic medium given in Theorem 6.14. The main
two ingredients are the well-posedness of the forward problem established in
Theorem 8.19 and the well-posedness of the modified mixed interior transmis-
sion problem established in Theorem 8.23. Only minor changes are needed in
the proof to account for the space H'(D,dDy) x H*(D) where the solution of
the mixed interior transmission problem exists which replaces H!(D)x H'(D)
in the proof of Theorem 6.14. In order to avoid repetition, we do not present
here the technical details. The proof of this theorem for the case of Maxwell’s
equations in R? can be found in [7]. O

The next question to ask concerns the unique determination of the surface
conductivity 7. From the above theorem we can now assume that D is known.
Furthermore, we require that for an arbitrarily choice of 9Dy, A and 7 there
exists at least one incident plane wave such that the corresponding total field
u satisfies Ou/0v|,p, # 0 where dDg C 9D is an arbitrary portion of 9D. In
the context of our application this is a reasonable assumption since otherwise
the portion of the boundary where du/0v = 0 for all incident plane waves will
behave like a perfect conductor, contrary to the assumption that the metallic
coating is thin enough for the incident field to penetrate into D.
We say that k2 is a Neumann eigenvalue if the homogeneous problem

V-AVV +k*nV =0 in D, V. onoD (8.63)
81/A

has a nontrivial solution. In particular, it is easy to show (the reader can try
it as an exercise) that if Im(A4) < 0 or Im(n) > 0 at a point £y € D then
there are no Neumann eigenvalues. The reader can also show as in Example
5.15 that if Im(A) = 0 and Im(n) = 0 then the Neumann eigenvalues exist
and form a discrete set.
We can now prove the following uniqueness result for 7.

Theorem 8.26. Assume that k? is not a Neumann eigenvalue. Then under
the above assumptions and for fited D and A the surface conductivity n is
uniquely determined from the far field pattern us (6, ¢) for 0,¢ € [0, 2.
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Proof. Let D and A be fixed and suppose there exists n; € C(@T;) and 7y €

C (87D§) such that the corresponding scattered fields u*! and u*2, respectively,
have the same far field patterns ul (0,¢) = u2,(0,¢) for all 0,¢ € [0, 27].
Then from Rellich’s lemma u*! = u%? in R?\ D. Hence from the transmission

condition the difference V = v! — v? satisfies

V-AVV +E*nV =0 in D (8.64)
v
1
Vz%@y%@%%onaD (8.66)

where 77; and 72 are the extension by zero of n; and 72, respectively, to the
whole of 0D and u! = u®! +u’. Since k? is not a Neumann eigenvalue, (8.64)
and (8.65) imply that V' =0 in D and hence (8.66) becomes

5 _out
(m — 772)5 =0 on 0D

for all incident waves. Since for a given 0Dy C dD there exists at least one
incident plane wave such that du'/0v|sp, # 0, the continuity of 7; and 7 in

@; and @;, respectively, implies that 7, = 7. a

As the reader has seen in Chap. 4, Chapter 6 and Sect. 8.1, our method
for solving the inverse problem is based on finding an approximate solution
to the far field equation

Fg=&,(, 2), z € R?

where F' is the far field operator corresponding to the scattering problem
(8.53)—(8.57). If we consider the operator B : H!(D,dDy) — L?[0, 27] which
takes the incident field u® satisfying

A+ k2wt =0 in D

to the far field pattern us of the solution to (8.39)-(8.44) corresponding to
this incident field, then the far field equation can be written as

(Bug)(Z) = Poo(, 2), z € R?

where v, is the Herglotz wave function with kernel g. Note that the formula-
tion of the scattering problem and Theorem 8.19 remains valid if the incident
field u’ is defined as a solution to the Helmhotz equation only in D (or in a
neighborhood of dD) since the traces of u’ only appear in the boundary con-
ditions. From the well-posedness of (8.39)—(8.44) we see that B is a bounded
linear operator. Furthermore, in the same way as in Theorem 6.22, one can
show that B is in addition a compact operator. Assuming that k2 is not a



8.5 The Inverse Scattering Problem for a Partially Coated Dielectric 183

transmission eigenvalue, one can now easily see that the range of B is dense
in L2[0, 2] since it contains the range of F', which from Theorem 8.22 is dense
in L2[0, 27]. We next observe that

Doo(+,2) € Range(B) <=z € D (8.67)

providing that k2 is not a transmission eigenvalue. Indeed, if z € D then the
solution u® of (Bu')(%) = ®oo(Z,2) is u' = w, where w, € H*(D,dD5) and
v, € H(D) is the unique solution of the mixed interior transmission problem

V-AVv, + k*nv, =0 in D (8.68)

Aw, +k?>w, =0 in D (8.69)

v, — (wy +P(-,2)) =0 on 9Dy (8.70)

v, — (w, + D(+, 2)) = —in %(wz +P(, 2)) on 0Dy (8.71)
ov, 0 B

Boa a(wz +&(-,2))=0 on 90D. (8.72)

On the other hand, for z € R?\ D the fact that @(-, z) has a singularity at z,
together with Rellich’s lemma, implies that @ (-, 2) is not in the range of B.
Notice that since in general the solution w, of (8.68)—(5.5) is not a Herglotz
wave function, the far field equation in general does not have a solution for
any z € R2. However, for z € D, from Theorem 8.24 we can approximate
w, by a Herglotz function v, and its kernel g is an approximate solution of
the far field equation. Finally, noting that if u®, v solves (8.39)—(8.44) with
u® € HY(D,dD,) then u’,v solves the mixed interior transmission problem
(8.68)—(8.72) with &(-, ) replaced by u® and Bu' = u, where uy, is the far
field pattern of u®, one can easily deduce that B is injective, provided that k2
is not a transmission eigenvalue. The above discussion and the theory of ill-
posed problems now imply in the same way as in Theorem 6.24 the following
result:

Theorem 8.27. Assume that k2 is not a transmission eigenvalue and D, A,
n and n satisfy the assumptions in the formulation of the scattering problem
(8.39)-(8.44). Then if F is the far field operator corresponding to (8.39)-
(8-44), we have that

1. If z € D then for every e > 0 there exists a solution g := g, € L?[0, 27]
satisfying the inequality

[1Fg. = Poo(-, 2) || L210, 20] < €.

Moreover this solution satisfies
i 19zl L210,27) = 00 and i [09. |t (D.02) = 0,

where vy, is the Herglotz wave function with kernel g..



184 8 Mixed Boundary Value Problems

2.1f z € R2\ D then for every ¢ > 0 and & > 0 there exists a solution
g5° := g. € L?[0, 27| of the inequality

[1Fg. = Poo(-, 2)|lL2[0,27] < €40
such that
Bim [lg- |20, 201 = 00 and  Jim g, 1(p,00) = o0,

where vy, is the Herglotz wave function with kernel g, .

The approximate solution g of the far field equation given by Theorem
8.27 (assuming that it can be determined using regularization methods) can be
used as in the previous inverse problems considered in Chap. 4, Chapter 6 and
Sect. 8.1 to reconstruct an approximation to D. In particular the boundary
0D of D can be visualized as the set of points z where the L2-norm of g,
becomes large.

Provided that an approximation to D is obtained as above, our next goal
is to use the same g to estimate the maximum of the surface conductivity 7.
To this end we define W, by

W, :=w, + (-, 2) (8.73)

where (v.,w,) satisfy (8.68)—(8.72). In particular, since w, € H'(D,dDs),
Aw, € L*(D) and z € D, we have that W.|sp € H2(9D), OW./dv|sp €
H~2(8D) and OW., /dv|sp, € L2(8D5).

Lemma 8.28. For every two points z1 and z3 in D we have that

—Q/szl - Im(A)Vv,, dr + QkQ/Im(n)vzﬁzQ dr + 2 / 77(1:)5”/[/21 W, ds
ov Ov
D

D 0D>

= —dkm|y[*Jo(klz1 — z2|) + i (ws, (22) — Wiy (21)) -

where w,,, W, and w,,, W, are defined by (8.68)—(8.72) and (8.73), respec-
tively, and Jy is a Bessel function of order zero.

Proof. Let z; and 23 be two points in D and v,,, w,,, W, and v,,, w,,, W,
the corresponding functions defined by (8.68)—(8.72). Applying the divergence
theorem (see Corollary 5.6) to v,,,7,, and using (8.68)—(8.72) together with
the fact that A is symmetric we have that

/ ( 2 5 ale) ds = / (szl - AV, — VU, -AVUZl) dx
D

Uz — Uz,
8VZ aVA
oD

—I—/ (v2, V-AVT,, — 0., V-AVv,, ) dv = —Qi/szl -Im(A)V1,, dx
D D

+2ik? / Im(n)v,, 7., dz . (8.74)
D
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On the other hand, from the boundary conditions we have

/ 81}22 . 0vy, d
ouy o, ) ©

oD
oW, — OW, , OW,, OW ,,
:/(I/VZ1 5 - W, 5 )ds—2z/n(a:) R
oD dDs
Hence
—2Z/szl~ AWV, da?+22k32/ m(n)v,, 0., dx
D
_ oW, oW, W,y — W
+2i / n(x) 5 By cls-/(WZ1 5 W ., % )ds
oD oD
- 5‘@(,22) 78@(,21)
/(é("zl)au@("@)ay s
oD
0(2) 0w,
=
oD
0w, 0P(-, 21)
+/(§Z§(,Zl) o — Wy, ) >d
oD

Green’s second identity applied to the radiating solution @(-, z) of the Helmholtz
equation in D, implies that

2m

/ (@(721)W — @(,Zg)%ﬁ) ds = 72lk/@m(,21)@m(,22)d‘9

oD 0

= —Qik‘/ |y|2e=FE =1 eihtze g — _4ikr|y|2 o (k|21 — 22)

and from the representation formula for w,, and w,, we now obtain

—Qz/szl -Im(A)VD,, dx + 2zk2/1m(n)v21@2 dx
D

. oW, 3WZ2 . _
+24 / nlx)—= L ds = —4zk7r|'y\2J0(k\zl — 29|) + W, (21) — Wy, (22).
ODo

Dividing both sides of the above relation by ¢ we have the result. a
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Assuming D is connected, consider a ball {2 C D of radius r contained in
D (see Remark 4.14) and define a subset of L?(9D3) by

f= oW with W, = w, + &(, 2),
o |sp,

z € £, and w,, v, the solution of (8.68)—(8.72)

V=< feL?D,):
Lemma 8.29. Assume that k? is not a transmission eigenvalue. Then V is
complete in L*(0Ds).

Proof. Let ¢ be a function in L?(9D,) such that for every z € £,

ow, B
/ £y pds =0.

0Ds

Since k? is not a transmission eigenvalue, we can construct v € H(D) and
w € HY(D,0D,) as the unique solution of the mixed interior transmission
problem

(i) V-AVv+k*nv=0 in D
(i) Aw+Kkw=0 in D
(#i1) v—w=0 on 0D,
(iv) v—w=—in g + on 0Dy
ov  Ow
(’U) m — % =0 on oD.

Then we have

ow, [0
0—/ £ pds /

W- (v—w)ds—i—i/naw 8wal
v

v Ov
8Ds oD dD,
—/ £y vds—/ 5 s / 81/ 5 (8.75)
oD oD 0D>

From the equations for v, and v, the divergence theorem and the transmission
boundary conditions we have

oW, ov, B
/ £ vds = 81/,4 vds /8szds

oD
aww ds — /naw o s, (8.76)

ov ov Ov
oD 9D

Finally substituting (8.76) into (8.75) and using the integral representation
formula we obtain
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ow oW, B ow ow,
0:/(&/WZ— ED w) ds-/(aywz—ay w) ds
oD oD

_ / (?jqﬁ(.,z)—adsa(;z)w) ds=w(z) Ve . (8.77)

oD

The unique continuation principle for the Helmholtz equation now implies
that w = 0 in D. Then (c.f. the proof of Theorem 8.2) v = 0 and therefore
¢ = 0 which proves the lemma. a

Now we are ready to prove the main result of this section.

Theorem 8.30. Let n € C(9D3) be the surface conductivity of (8.39)—(8.44),
assume that Im(A) = 0 and Im(n) = 0 in D and that k* is neither a trans-
mission eigenvalue nor a Neumann eigenvalue. Then

255,71 &1
S ey (—Amkly 2o (k|2 — ) + iw., () — i@, ()
= sup b 5

5,
zi, 2j € {0y 213 a5 (wz, (+) + D(+; 2
Wee 2 i, (W=, () + 8(52))

L2(8D5)

where w, is such that (w,,v,) satisfies (8.68)-(8.72) and the sums are arbi-
trary finite sums.

Proof. Tt is obvious that

max 7(z) =  sup n(x)| f|*ds.
-/

2€0Dx rer2@ps) 111220, o
2

The theorem then follows from Lemma 8.28 and Lemma 8.29 by fixing first
z9 and then z; and considering linear combinations of W, /dv for different
z € (2. O

Given that D is known, w, in the right hand side of (8.78) still can not
be computed since it depends on the unknown functions n and A. However,
from Theorem 8.24, we can use in (8.78) an approximation to w, given by the
Herglotz wave function v,, with kernel g, being the (regularized) solution of
the far field equation.

In the particular case where the coating is homogeneous, i.e the surface con-
ductivity is a positive constant n > 0, we can further simplify (8.78). In
particular, fix an arbitrary point zg € 2. and consider z; = 2z = zp. Then
(8.78) simply becomes
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L a_%ﬂhp—lm(wzo(jo)) . (8.79)
Hay(wzo(~) + (5 2))

L2(dD3)

A drawback of both (8.78) and (8.79) is that the extent of the coating dDs
is in general not known. Hence, replacing 9Dy by 0D, these expressions in
practice only provide a lower bound for the maximum of 7 unless it is known
a priori that D is completely coated.

8.6 Numerical Examples

We now present some numerical tests of the above inversion scheme using
synthetic data. For our examples, in (8.39)—(8.44) we choose A = (1/4)I,
n = 1 and n equal to a constant. The far field data is computed by using
a finite element method on a domain that is terminated by a rectangular
perfectly matched layer (PML) and the far field equation is solved by the
same procedure as described at the end of Sect. 8.1 to compute g [16].

We present some results for an ellipse given by the parametric equations
x = 0.5cos(s) and y = 0.2sin(s) , s € [0, 2n]. For the ellipse we consider
either a fully coated or partially coated object shown in Fig. 8.5.

We begin by assuming an exact knowledge of the boundary in order to as-
sess the accuracy of (8.79). Having computed g by using regularization meth-
ods to solve the far field equation, we approximate (8.79) using the trapezoidal
rule with 100 integration points and use zo = (0,0). In Fig 8.6 we show results

08|
06|
04|
02}

0 7 C/
-02}
-0.4}

-0.6 +

-0.8 t

A 05 0 05 1
Fig. 8.5. A diagram showing the coated portion of the partially coated ellipse as a

thick line. The dotted square is the inner boundary of the PML and the solid square
is the boundary of the finite element computational domain.?
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N

—&— Computed, partially coated
I —e— Computed, fully coated d
Exact

N
©

Computed 1
o o —_ —_ —_
> ® = v s >

o
'S
T

0 ‘ 1 15 2
Exactn

Fig. 8.6. Computation of 7 using the exact boundary for the fully coated and
partially coated ellipse. Clearly in all cases the approximation of 7 deteriorates for
large conductivities.?

of reconstruction of a range of conductivities 7 for the fully coated ellipse and
partially coated ellipse. Recall that for the partially coated ellipse (8.79) with
0Dy replaced by 0D provides only a lower bound for 7. For each exact n we
compute the far field data, add noise and compute an approximation to w,
as discussed before and in Sect. 8.1.

We now wish to investigate the solution of the full inverse problem. We
start by using the linear sampling method to approximate the boundary of the
scatterer which is based on the behavior of g given by Theorem 8.27. In par-
ticular we compute 1/||g|| for z on a uniform grid in the sampling domain. In
the upcoming numerical results we have chosen 61 incident directions equally
distributed on the unit circle and we sample on a 101 x 101 grid on the square
[—1,1] x [-1,1].

Having computed g by using Tikhonov regularization and the Morozov
discrepancy principle to solve the far field equation, for each sample point
we have a discrete level set function 1/|g||. Choosing a contour value C' then
provides a reconstruction of the support of the given scatterer. We extract the
edge of the reconstruction and then fit this using a trigonometric polynomial
of degree M assuming that the reconstruction is star-like with respect to the
origin (for more advanced applications it would be necessary to employ a
more elaborate smoothing procedure). Thus for an angle 6 the radius of the
reconstruction is given by

r(0) = Re ( Z T exp(inQ))
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where r is measured from the origin (since in all the examples here the origin
is within the scatterer). The coefficients 7, are found using a least squares
fit to the boundary identified in the previous step of the algorithm. Once
we have a parameterization of the reconstructed boundary we can compute
the normal to the boundary and evaluate (8.79) for some choice of zy (in
the examples always zp = (0,0)) using the trapezoidal rule with 100 points.
This provides our reconstruction of 7. The results of the experiments for a
fully coated ellipse are shown in Fig. 8.7 and Fig. 8.8. For more details on
the choice of the contour value C' that provides a good reconstruction of the
boundary of the scatterer we refer the reader to [16].

0.5

0.4

0.3

0.2

0.1

-0.1

-0.2

-0.3

-0.4

-0.5]

-0.4 -0.2 0 0.2 0.4 0.6

Fig. 8.7. Reconstruction of the fully coated ellipse for = 1.2

In the case of partially coated ellipse (see Fig. 8.5) the inversion algorithm
is unchanged (both the boundary of the scatterer and 7 are reconstructed).
The result of reconstruction of D when 1 = 1 is shown in Fig. 8.9 and the
results for a range of n shown are in Fig. 8.10. We recall again that for a
partially coated obstacle (8.79) only provides a lower bound for n (i.e. D3 is
replaced by 9D).

2Reprinted from F.Cakoni, D.Colton and P.Monk, The determination of the
surface conductivity of a partially coated dielectric, STAM J. Appl. Math. 65 (2005),
767-789.
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—o— Computed
1.8 Exact ]

164

Computed 1

0 \ A \
0 0.5 1 1.5 2

Exactn

Fig. 8.8. Determination of a range of 7 for the (reconstructed) fully coated ellipse.
For each exact n we apply the reconstruction algorithm using a range of cutoffs
and plot the corresponding reconstruction. An exact reconstruction would lie on the
dotted line.?

0.5
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0.3

0.2 L] =

0.1

-0.1

-0.2
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-0.2 0 0.2

0.4 0.6

-0.4

Fig. 8.9. Reconstruction of the partially coated ellipse for n = 1.2
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2 :
—s— Computed
1.8H Exact |
1.6f E
1.4F E

—_
N
T
I

Computed n

0.8 |

0.6r E

0.4F E

0.2r E

00 0‘.5 1‘ 1‘.5 2
Exactn

Fig. 8.10. Determination of a range of n for the (reconstructed) partially coated
ellipse.?

8.7 Scattering by Cracks

In the last sections of this chapter we will discuss the scattering of a time
harmonic electromagnetic plane wave by an infinite cylinder having an open
arc in R? as cross section. We assume that the cylinder is a perfect conductor
that is (possibly) coated on one side by a material with (constant) surface
impedance A. This leads to a (possibly) mixed boundary value problem for the
Helmholtz equation defined in the exterior of an open arc in R?. Our aim is to
establish the existence and uniqueness of a solution to this scattering problem
and to then use this knowledge to study the inverse scattering problem of
determining the shape of the open arc (or “crack”) from a knowledge of the
far field pattern of the scattered field [9].

The inverse scattering problem for cracks was initiated by Kress [74] (see
also [76, 78, 86]). In particular, Kress considered the inverse scattering problem
for a perfectly conducting crack and used Newton’s method to reconstruct the
shape of the crack from a knowledge of the far field pattern corresponding to
a single incident wave. Kirsch and Ritter [72] used the factorization method
(see Chapter 7) to reconstruct the shape of the open arc from a knowledge of
the far field pattern assuming a Dirichlet or Neuman boundary condition.

Let I' C R? be a smooth, open, nonintersecting arc. More precisely, we
consider I' C 9D to be a portion of a smooth curve 9D that encloses a
region D in R2. We choose the unit normal v on I' to coincide with the
outward normal to dD. The scattering of a time harmonic incident wave u’
by a thin infinitely long cylindrical perfect conductor leads to the problem of
determining u satisfying
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Au+k*u=0 in RE\T (8.80)

ut =0 on I, (8.81)

where u® (z) = hlil%l+ u(x £ hv) for x € I'. The total field u is decomposed as

u = u® +u’ where v’ is an entire solution of the Helmholtz equation, u° is the
scattered field which is required to satisfy the Sommerfeld radiation condition

lim /7 (887“7‘; —z'k:us> =0 (8.82)

rT—00

uniformly in & = x/|z| with r = |z|. In particular the incident field can again
be a plane wave given by u’(z) = e***? |d| = 1.

In the case where one side of the thin cylindrical obstacle I' is coated by
a material with constant surface impedance A > 0, we obtain the following
mixed crack problem for the total field v = u® + u’:

Au+k*u=0 in RI\T (8.83)

u” =0 on T, (8.84)
+

% tivit=0 on I (8.85)

where again du® (z)/0v = hhm+ v-Vu(r + hv) for x € I' and u® satisfies the
—0

Sommerfeld radiation condition (8.82).

Recalling the Sobolev spaces H} (R*\ I), Hz(I') and H™z(I') from
Sect. 8.1 and Sect. 8.4, we observe that the above scattering problems are
particular cases of the following more general boundary value problems in the
exterior of I'™:

Dirichlet crack problem: Given f € H2(I') find u € H} _(R%*\ I') such that

Au+k*u=0 in RE\T (8.86)
ut=f on r (8.87)
lim NG (g:f - zkzu) =0. (8.88)

Mized crack problem: Given f € H2(I') and h € H~2(I') find u € H} (R?\

I') such that

Au+k*u=0 in RE\T (8.89)

u =f on r (8.90)
+

% tivit=h on T (8.91)

lim N ((;:f — zkzu) =0. (8.92)

Note that the boundary conditions in the both problems are assumed in the
sense of the trace theorems. In particular u™|p is the restriction to I" of the
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trace u € Hz (OD) of u € H} _(R?\ D) while u~ | is the restriction to I" of the
trace u € H2(dD) of u € H'(D). Since Vu € L? (R?), the same comment
is valid for du*/dv where du/8v € H~2(8D) is interpreted in the sense of
Theorem 5.5.

It is easy to see that the scattered field w® in the scattering problem for a
perfect conductor and for a partially coated perfect conductor satisfies the
Dirichlet crack problem with f = —u‘|r and the mixed crack problem with
f=—u'|r and h = —0u’/dv — i\u'|r, respectively.

, the jump

8u} Out Ou”
' r

ot . _
We now define [u] := u u”|r and { £y 5 oy

u
of u and —, respectively, across the crack I'.

ov
Lemma 8.31. If u is a solution of the Diriclet crack problem (8.86)—(8.88)
ou

or the mized crack problem (8.89)-(8.92) then [u] € Hz(I') and {8] €
v

H=3(I).

Proof. . Let u € HL _(R?\ I') be a solution to (8.86)—(8.88) or (8.89)—(8.92).

Then from the trace theorem and Theorem 5.5 [u] € H2 (9D) and [du/dv] €

H~2(8D). But the solution u of the Helmholtz equation is such that u € C*°

away from I', whence [u] = [0u/0v] = 0 on 0D \ I'. Hence by definition (see

Sect. 8.1) [u] € H2 (I") and [fu/dv] € H=2(T'). O
We first establish uniqueness for the problems (8.86)—(8.88) and (8.89)-

(8.92).

Theorem 8.32. The Diriclet crack problem (8.86)-(8.88) and the mized

crack problem (8.89)—(8.92) have at most one solution.

Proof. Denote by 25 a sufficiently large ball with radius R containing D. Let
u be a solution to the homogeneous Dirichlet or mixed crack problem, i.e. u
satisfies (8.86)—(8.88) with f =0 or (8.89)—(8.92) with f = h = 0. Obviously,
u € HY(2g \ D) U H*(D) satisfies the Helmholtz equation in 2z \ D and D
and from the above lemma w satisfies the following transmission conditions
on the complementary part 9D \ I" of OD:

out  Ou”
o Ov
By an application of Green’s first identity for u and w in D and 2 \ D and
using the transmission conditions (8.93) we see that

/u%ds: / |Vu|2d1:+/|Vu|2d$—k2 / |u|2dw—k2/|u|2dx

eXo 2r\D D NQr\D D

out ou~
+ o —
+ /u oy ds /u £y ds . (8.94)

r Ir

+ —

ut =u and on D\ T . (8.93)
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For problem (8.86)—(8.88) the boundary condition (8.87) implies

out ou~
+ _ - _
/u 81/d8_/u 8Vds—O,

r I

while for problem (8.89)—(8.88), since A > 0, the boundary conditions (8.91)
and (8.90) imply

/u aLds—/u —ds—z)\/|u+|2ds
v

r r

Hence for the both problems we can conclude that

Im / u%ds >0,
ov
02R

whence from Theorem 3.6 and the unique continuation principle we obtain
that u =0 in R?\ I O

To prove the existence of a solution to the above crack problems we will
use an integral equation approach. In Chap. 3 the reader has already been in-
troduced to the use of integral equations of the second kind to solve boundary
value problems. Here we will employ a first kind integral equation approach
which is based on applying the Lax-Milgram lemma to boundary integral op-
erators [85]. In this sense the method of first kind integral equations is similar
to variational methods.

We start with the representation formula (see Remark 5.8)

u(z) = / <aglily)fl5(x,y) — u(y)ala/y@(x, y)> dsy, z€D (8.95)
oD

u(x) = / (u(y)aiyé(x,y) — 852/)@(9”’ y)dsy> dsy, € R?\ D
oD

where &(-, ) is again the fundamental solution to the Helmholtz equation
defined by _

1 1

L6 (ke = ) (8.96)
with Hél) being a Hankel function of the first kind of order zero. By making
use of the known jump relations of the single- and double- layer potentials
across the boundary 9D (see Sect. 7.1) and by eliminating the integrals over
0D\ I, from (8.93) we obtain

b(z,y) =

1 (u +u ) =-5r |:gu:| + Kr[u] on I’ (8.97)

2
1 /Ou™ OuT , [ou
2(8+&/>__KF [3 ]—l—Tp[ ] on I (8.98)
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where, S, K, K/, T are the boundary integral operators
S : H 2(dD) —s H?(dD) K : H*(dD) —s H2(9D)
K': H3(0D) — H™3(8D) T : H?(dD) — H % (8D),

defined by (7.3), (7.4), (7.5) and (7.6), respectively, and Sp, Kp, K}, Tr are
the corresponding operators restricted to I" defined by

(Srip)(z /¢ (z,y)ds, weH 3(I), zel

(K i) (x /w ®(z,y)ds, e HI (), zel
(Kap(x /1/; B(z,y)ds, weH (), =zl
(Tr)(z) = a /w ®(z,y)ds, »eH (), =zel

Recalling that functions in H2 (I") and H=2(I") can be extended by zero to
functions in H 2 (0D) and H -3 (0D), respectively, the above restricted oper-
ators are well defined. Moreover, they have the following mapping properties:

1

Sp: H3(I') — H*(I") Kp: H>(I') — H*(I")
Kp: H 3()— H 3(I')  Tr: H5(I') — H 3(I).
In the case of the Dirichlet crack problem, since [u] = 0 and u* = u~ = f, the

relation (8.97) gives the following first kind integral equation for the unknown
jump of the normal derivative of the solution across I:

S Bﬂ =—f. (8.99)

In the case of the mixed crack problem, the unknowns are both [u] € H 2 (I
P .
and {au] € H~=2(I"). Using the boundary conditions (8.90) and (8.91), to-
v
gether with the relations (8.97) and (8.98), we obtain the following integral

equation of the first kind for the unknowns [u] and [gu] :
v

_ (Z‘AJ; h) . (8.100)
[u]

We let Ar denote the matrix operator in (8.100) and note that Ap is a con-
tinuous mapping from ﬁ*%(F) X H%(F) to H%(F) X H’%(F).

Sr —Kr+1 |:au:|
ov

Kl —1 —Tp—i\
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Lemma 8.33. The operator Sp : H™2(I') — H=(I') is invertible with
bounded inverse.

Proof. From Theorem 7.3 we have that the bounded linear operator S; :
H~2(8D) — H=(dD), defined by (7.3) with k replaced by i in the funda-
mental solution, satisfies

(Siw,v) 2 Clol3 y ,, forv € H3(OD)

where (-,-) denotes the conjugated duality pairing between H %(6D) and
H_%(E)D) defined by Defintion 7.1. Furthermore the operator S, = S — S;
is compact from H~2(0D) to Hz(dD). Since for any ¢ € H~=(I') its exten-
sion by zero ¢ is in H~2(8D), we have that for ¢» € H~2(I")

(Sirth, ¥) = (S, 9) = ClIg = Clyll,-

1 1
H™2(8D) 2 (
and Sp is compact from H=2(I") to Hz(I') where Sip, Ser : f[‘E(F) —
H? (I') are the corresponding restrictions of S; and S..
Applying the Lax Milgram lemma to the bounded and coercive sesquilinear
form

a(, ) = (Sirt,¢), ¢, € H 2(dD)

we conclude that S;;* Hz(OD) — H~2(AD) exists and is bounded. Since S,
is compact, an application of Theorem 5.14 to Sy = S;r + Ser : ﬁ*%(F) —
Hz2(I') gives that the injectivity of Sy implies that Sp is invertible with
bounded inverse. Hence it remains to show that Sp is injective. To this end
let o« € H=2(I") be such that Spa = 0. Define the potential

ue) = [awowy)ds, = - [awaey)ds, s\

r oD

where @ € H=2(AD) is the extension by zero of a.. This potential satisfies the
Helmholtz equation in R? \ I" and the Sommerfeld radiation condition, and
moreover u € H} (R?\ I'). Note that from the jump relations for single layer
potentials we have that & = [Ou/dv] on D. Furthermore, the continuity of
S across 0D and the fact that Spa = S& = 0 imply that u® | = —Sa = 0.
Hence u satisfies the homogeneous Dirichlet crack problem and from Theorem
8.32 u = 0 in R?\ I" whence & = [0u/dv] = 0. This proves that Sr is injective.

O

Lemma 8.34. The operator Ap : H=2(I') x Hz(I') — Hz (I') x H™2(I") is
invertible with bounded inverse.

Proof. The proof follows that of Lemma 8.33. Let ¢ = (q~5 ) € H2(dD) x

Hz(AD) be the extension by zero to dD of ¢ = (¢, ¢) € H %(F) x Hz(I).
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From Theorem 7.3 and Theorem 7.5 we have that S = S;+S. and T = T; + T,
where

Se: H3(0D) — H?(dD),  T,: H*(dD) — H™2(dD)

are compact and

(S ?, ¢>) > C||¢\|27§(8D) for e H 3(dD) (8.101)
( Ty, w) > C\|w||jq }op) for e H?(OD)  (8.102)

where (-,-) denotes the conjugated duality pairing between H %(5‘D) and
H~2(8D) defined by Defintion 7.1. Let Ko and K} be the operators corre-
sponding to the Laplace operator, i.e. defined as K and K’ with kernel &(z,y)
replaced by @o(z,y) = —5 In|z —y|. Then K, = K — K; and K, = K’ — K
are compact since they have continuous kernels [75]. It is easy to show that
K, and K, are adjoint since their kernels are real, i.e.

(Km;, ¢3) - (1;, K()qB) for € H2(0D) and ¥ € H?(9D) .  (8.103)
Collecting together all the compact terms we can write A = (A9 + A.) where
Soé + (=Ko + 1) Se¢ — Kot
AoC = . . and A= ) BE
(Ko — )¢ = (To + 2iA)y K¢ —Tep

In this decomposition A, : H~2(0D) x H2 (D) — H~2(8D) x Hz(dD) is
compact. Furthermore, we have that

(408.8) = (506.8) + (~ k0. 8) + (.0 + (K56.9)

- (gz?,q;) - (T(ﬂZ,J)) — X (&,@Z) . (8.104)
Taking the real part of (8.104), from (8.101) and (8.102), we obtain
Ro (506.6) = (16, 9)] 2 € (1012, + 19021, ) (5105

and (8.103) implies that
(0.5 + (655)] e - (50) (0.9
— Re [— (K()({s, 15) + (K{)(ﬁ,zﬁ)ﬂ —0. (8.106)

Finally
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Re[(56) - (5.0) - ()] 0. (o
Combining (8.105), (8.106) and (8.107) we now have that

‘@&jﬂzR%%&QZCMWbMEH%@m x H¥(OD) . (8.108)
c H™

Recalling that ¢ is the extension by zero of ¢ = (¢, 1) € 2(I') x H2(I),

we can rewrite (8.108) as
(Aor¢. Q) = CIIC|* for ¢ € H(I) x H*(I)

where Ag r is the restriction to I" of Ay defined for ¢ € H—2(I') x H2 ().
The corresponding restriction Aoy : H2(I') x H2(I') — Hz (I') x H™2(I')
of A, clearly remains compact. Hence, the Lax-Milgram lemma together with
Theorem 5.14 imply in the same way as in Lemma 8.33 that Ap is invertible
with bounded inverse if and only if A, injective.
We now show that A is injective. To this end, let ¢ = (a, 8) € H™ 2 (I") x

H?z(I') be such that Ap¢ = 0 and let { = (&, 3) € H2(dD) x Hz(dD) be
its extension by zero. Define the potential

u(z) = / (v)P(z,y)ds, + /B d(v,y)ds, xe€R*\I. (8.109)

This potential is well defined in R?\ I since the densities a and 3 can be ex-
tended by zero to functions in H~2 (9D) and Hz (OD), respectively. Moreover
€ H} (R?\I') satisfies the Helmholtz equation in R? \ I" and the Sommer-
feld radiation condition. One can easily show that o = [Qu/Jv] and 8 = [u].
In particular, the jump relations of the single- and double- layer potentials

and the first equation of Ar¢ = 0 imply
u|——SPﬂ+KH [u] = 0. (8.110)

We also have that

out

v |, o v

:_K[&ﬂ+TH+[&ﬂ

and from the fact that u™ = [u] on I" (8.110) and the second equation of
Ap¢ =0 we have that
du™

W + i)\u+

ou ou
=-K'|— T iAu] =0. A11
[P [ o, an
Hence u defined by (8.109) is a solution of the mixed crack problem with zero
boundary data and from the uniqueness Theorem 8.32 u = 0 in R? \ I" and
hence ¢ = ([Ou/0v], [u]) = 0.

O
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Theorem 8.35. The Dirichlet crack problem (8.86)-(8.88) has a unique so-
lution. This solution satisfies the a priori estimate

lull i 2mvry < Cllfll 3y (8.112)

where g is a disk of radius R containing I' and the positive constant C
depends on R but not on f.

Proof. Uniqueness is proved in Theorem 8.32. The solution of (8.86)—(8.88) is
given by

u(z) = —/ {815(5/)} &(x,y)ds,, x€R2\T

where [Ou/dv] is the unique solution of (8.99) given by Lemma 8.33. The
estimate (8.112) is a consequence of the continuity of S;.' from H%(F) to
H=2(I') and the continuity of the single layer potential from H~2(I") to
HE (R2\T). O

loc

Theorem 8.36. The mized crack problem (8.89)—(8.92) has a unique solu-
tion. This solution satisfies the estimate

lelliscmry < CUN 3 g + IRl ) (8.113)

where Qg is a disk of radius R containing I' and the positive constant C
depends on R but not on f and h.

Proof. Uniqueness is proved in Theorem 8.32. The solution of (8.89)—-(8.92) is
given by

we) = [ |52 ate.nas, + [t aloi)ds, =BT,
r r

s,
where <[8Z] ,[u]) is the unique solution of (8.100) given by Lemma 8.34.

The estimate (8.113) is a consequence of the continuity of A5' from Hz(I') x
H-2 (F) to H~2(I") x Hz (I'), the continuity of the single layer potential from
H=%(I') to H._(R?\ I') and the continuity of the double layer potential from

loc

Hz(I') to HL (R?\ I). 0

Remark 8.37. More generally, one can consider the Dirichlet crack problem
with boundary data having a jump across I", namely u* = f* on I', where
both f and f~ are in H? (I'). In this case the right hand side of the integral
equation (8.99) will be replaced by —(f* + f7)/2.
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We end our discussion on direct scattering problems for cracks with a remark
on the regularity of solutions. It is in fact known that the solution of the crack
problem with Dirichlet boundary conditions has a singularity near a crack tip
no matter how smooth the boundary data is. In particular, the solution does
not belong to H2(R2\ I') due to the fact that the solution has a singularity
of the form r2¢(6), where (r,0) are the polar coordinates centered at the
crack tip. In the case of the crack problem with mixed boundary conditions
one would expect a stronger singular behavior of the solution near the tips.
Indeed, for this case the solution of the mixed crack problem with smooth
boundary data belongs to H%_G(R2 \

barI") for all € > 0 but not to Hi(R2\ I") due to the presence of a term of the
form r%“'”cb(&) in the asymptotic expansion of the solution in a neighborhood
of the crack tip where 7 is a real number. A complete investigation of crack
singularities can be found in [40].

8.8 The Inverse Scattering Problem for Cracks

We now turn our attention to the inverse scattering problem for cracks. To
this end, we recall that approximation properties of Herglotz wave functions
are a fundamental ingredient of the linear sampling method for solving the
inverse problem. Hence, we first show that traces on I" of the solution to crack
problems can be approximated by the corresponding traces of Herglotz wave
functions. More precisely, let vy be a Herglotz wave function written in the
form

2m

vg(x) = /9(¢)67ik(“°05¢+w2 D dg, @ = (11,1) € R?
0
and consider the operator H : L2[0, 27] — H=(I") x H~2(I") defined by
vy on I'
(Hg)(x) := S+ (8.114)

9 izt I
o + 1Ay on

Theorem 8.38. The range of H : L2[0, 2x] — H=(I') x H~2(I) is dense.

Proof. From Corollary 6.17, we only need to show that the transpose operator
HT : H 2(I') x H2(I') — L2[0, 27] is injective. In order to characterize the
transpose operator we recall that H ' is defined by

(Hg, (a,8)) = (g, H (v, 8)) (8.115)

for g € L2[0, 2x] and (o, 8) € H~= (I")x H2 (I"). Note that the left hand side of
(8.115) is the duality pairing between H? (') x H— 3 (I') and H— 3 (') x Hz (I
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while the right hand side is the L2[0, 27]-inner product without conjugation.
One can easily see from (8.115) by changing the order of integration that

H (0, 8)() : = / a(z)e=edds, 1 i) / B(w)e— e dds,
/ﬁ —'ka'ddsx, ¢ € [0, 27]

where d = (cos ¢,sin ¢). Hence vH ' («, 3) coincides with the far field pattern
of the potential

YV(2): = /a( YB(2, z)ds, +z)\/ﬂ (z,2)ds,

T
: R2\ I
—|—/B o D(z,x)dsy, z€R*\
T

i /4

Verk
o and § can be extended by zero to functions in H~2 (D) and H?z(dD),
respectively. Moreover V € H (R?\ I') satisfies the Helmholtz equation in
R2\ I" and the Sommerfeld radiation condition. Now assume that H " («, ) =
0. This means that the far field pattern of V' is zero and from Rellich’s lemma,
and the unique continuation principle we conclude that V = 0 in R?\ I". Using
the jump relations across 9D for the single- and double- layer potentials with
« and S defined to be zero on dD \ I' we now obtain

where v = Note that V is well defined in R? \ I" since the densities

p=[Vlr
oV
rirs=[2]
o |p
and hence a = 3= 0. Thus H ' is injective and the theorem is proven. a

As a special case of the above theorem we obtain:

Theorem 8.39. Every function in H%(F) can be approximated by the trace
of a Herglotz wave function vy|r on I" with respect to the Hz (I') norm.

Assuming the incident field u'(z) = e”*? is a plane wave with inci-

dent direction d = (cos ¢, sin¢), the inverse problem we now consider is
to determine the shape of the crack I' from a knowledge of the far field
pattern us (-, @), ¢ € [0, 27], of the scattered field u®(-, ¢). The scattered
field is either the solution of the Dirichlet crack problem (8.86)—(8.88) with
f = —e*™ 4| or of the mixed crack problem (8.89)—(8.92) with f = —eik=d|
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v
by the asymptotic expansion of the scattered field

0 ,
and h = — ( + i)\) e’*d| 1 In either case, the far field pattern is defined

ikr
W@ 6) = rus(0,0) + 00, =] = oo,
Theorem 8.40. Assume Iy and I are two perfectly conducting or partially
coated cracks with surface impedance A1 and Ay such that the far-field patterns
ul (0,¢) and u2, (0, ¢) coincide for all incidence angles ¢ € [0, 27] and for all

oo

observation angles § € [0, 2n]. Then It = I.

Proof. Let G := R?\ (I'1 U I3%) and 2o € G. Using Lemma 4.4 and the
well-posedeness of the forward crack problems one can show as in Theorem
4.5 that the scattered fields wi and w3 corresponding to the incident field
u' = —&(-, o) (i.e. ws, j = 1,2 satisfy (8.86)—(8.88) with f = —&(-,z0)|r;, or
(8.89)—(8.92) with f = —&(-,20)|r, and h = — (& +4\) (-, 20)|r,) coincide
in G.

Now assume that Iy # I'5. Then without loss of generality there exists x* € I
such that «* ¢ I';. We can choose a sequence {z,} from G such that z,, — z*
asn — oo and x, ¢ I'. Hence we have that wy, 1 = wy, 5 in G where wy, ; and
wy, o are as above with xo replaced by z,. Consider w;, = wy, 5 as the scat-
tered wave corresponding to I's. From the boundary data (w3)™ = —&(-, z,,)
on I3 and from (8.112) or (8.113) we have that |[wy, || g1 (o, ) 18 uniformly

bounded with respect to n, whence from the trace theorem HwﬁLHH% (@@
r 1

is uniformly bounded with respect to n, where 2,.(z*) is a small neighborhood
centered at z* not intersecting I';. On the other hand, considering w;, = wy, ;
as the scattered wave corresponding to I7, from the boundary conditions

(ws)™ = —&(-,z,) on I we have ”wa”H%(Qr(x*))ﬁFl) — 00 as nm — 0o since

||@(-,mn)||H%(Qr(x*)nF1) — o0 as n — oo. This is a contradiction. Therefore
I =1T5%. a

To solve the inverse problem we will use the linear sampling method which
is based on a study of the far field equation

Fg =L, (8.116)
where F : L?[0, 27] — L2[0, 27] is the far field operator defined by

27

(Fg)(0) := / oo (6, 9)9(8) 0

0

and ®L is a function to be defined shortly. In particular, due to the fact
that the scattering object has an empty interior, we need to modify the linear
sampling method previously developed for obstacles with non empty interior.
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Assume for the moment that the crack is partially coated and define the
operator B : H2(I') x H=2(I") — L?[0, 2x] which maps the boundary data
(f,h) to the far field pattern of the solution to the corresponding scattering
problem (8.89)—(8.92). By superposition we have the relation

Fg=—-BHg

where H g is defined by (8.114) with the Herglotz wave function v, now written
as

27
o) = [ gere=tdo.
0
We now define the compact operator F : H=2(I') x Hz(I') — L2[0, 2x] by
0 .
F(a,B)(0) :7/04( Je RV g +'y/ﬁ a— e MY ds, | (8.117)

r

where & = (cos 0, sinf) and v = €!"/*//87k, and observe that for a given
pair (o, B) € H=2(I")x Hz (I'), the function F(a, 3)() is the far field pattern
of the radiating solution P(«, 3)(z) of the Helmholtz equation in R?\ I" where
the potential P is defined by

P(a, B)(z) == / (9)P(x,y)dsy + /B D(x,y)ds,y . (8.118)

Proceeding as in the proof of Theorem 8.38, by using the jump relations across
0D for the single- and double- layer potential with densities extended by zero

to 0D we obtain that o := — [0P/0v] and [ := [P]r. Moreover P satisfies
P_(Oé,ﬁ)h" o

5 =M (8.119)
<8V+M) P*(a, B)r g

where the operator M : H=2(I') x Hz(I') — Hz (I') x H=2(I") is given by
Sr Kr—1
K —T+i\Sp  Tp+i\(I+Kp)
The operator M is related to the operator Ar given in (8.100) by the re-
lation M = <2/\k§ I) Ar (é _OI), whence M~ : H2(I') x H™2(I") —
H~=2(I') x H2(I') exists and is bounded. In particular, we have that

F(a,B) = BM(a,B) . (8.120)
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In the case of the Dirichlet crack problem (8.86)—(8.88), by proceeding exactly
as above, we have Fp(a) = BSp(a) where a € H2(I'), B : H2(I') —
L2[0, 2n], Fp : H™2(I') — L2[0, 2x] is defined by

Fp(a)(8) := 'y/a(y)e_iki‘y dsy . (8.121)
r

and Sr is given by (8.99).

Lemma 8.41. The operator F : H=2(I') x Hz(I') — L2[0, 27| defined by
(8.117) is injective and has dense range.

Proof. Injectivity follows from the fact that F(«, 3) is the far field pattern of
P(a, B) for (o, §) € H=2(I") x H2(I") given by (8.118). Hence F(a,3) = 0
implies P(a, 3) = 0 and so a := — [0P/0v]; = 0 and 8 := [P]p = 0. We now
note that the transpose operator F ' : L2[0, 2x] — H=z(I') x H=2(I') is given
by

v (y)

—17T o
v F g(y) = o (1) yel (8.122)
Ovy

2
where vy(y) = [ g(¢)e”**¥dg, & = (cos ¢,sin ¢). From Corollary 6.17, it is
0
enough to show that F ' is injective. But F'g = 0 implies that there exists
0
a Herglotz wave function v, such that vy|p = 0 and ;g' = 0 (note that
v

the limit of v, and its normal derivative from both sides of the crack is the
same). From the representation formula (8.95) and the analyticity of vg, we
now have that vy =0 in R? and therefore g = 0. This proves the lemma. 0O

We obtain a similar result for the operator Fp corresponding to the Dirich-
let crack problem. But in this case Fp has dense range only under certain
restrictions. More precisely the following result holds.

Lemma 8.42. The operator Fp : H™2(I') — L2[0, 2] defined by (8.121) is
injective. The range of Fp is dense in L?[0, 27| if and only if there does not
exist a Herglotz wave function which vanishes on I.

Proof. The injectivity can be proved in the same way as in the Lemma 8.41
if one replaces the potential V' by the single layer potential.

The dual operator F}) : L2[0, 2r] — Hz(I") in this case coincides with
vg|r. Hence F} is injective if and only if here does not exist a Herglotz wave
function which vanishes on I'. a
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In polar coordinates x = (r,8) the functions
Un(x) = Jn(kr) cos nb, vp () = Jp(kr) sin nb, n=0,1,---,

where J,, denotes a Bessel function of order n provide examples of Herglotz
wave functions. Therefore, by Lemma 8.42; for any straight line segment the
range Fp (and consequently the range of the far field operator) is not dense.
The same is true for circular arcs with radius R such that kR is a zero of one
of the Bessel functions .J,,.

From the above analysis we can factorize the far field operator correspond-
ing to the mixed crack problem as

(Fg)=—-FM 'Hg, g€ L?0,2n]. (8.123)
and the far field operator corresponding to the Dirichlet crack problem as
(Fg) = —FpSp'(vglr), g€ L?0,27]. (8.124)

The following lemma will help us to choose an appropriate right hand side of
the far field equation (8.116).

Lemma 8.43. For any smooth non intersecting arc L and two functions ay, €
~ 1 ~ 1
H=3(L), By € H2(L) we define dL € L2[0, 27 by

oL (9) ::V/aL(y)e*M'ydsy+7/ﬂL(y)a%e*ikf'ydsy (8.125)
Yy
L

& = (cosf,sin®). Then, ®L € R(F) if and only if L C I, where F is given
by (8.117)

Proof. First assume that L C I". Then since H*2(L) ¢ H*2(I) it follows
directly from the definition of F that &L € R(F).

Now let L ¢ I' and assume, on the contrary, that #% € R(F), i.e. there exists
o€ H 2(I') and 8 € H2(I') such that

2L(0) = [ aty)e s+ [ 5 5-e s,
Yy
r

r

Then by Rellich’s lemma and the unique continuation principle we have that
the potentials

ol(z) = / L(y)P(z,y)ds, + /,BL (z,y)ds,y reR?\ L

Plz) = /a( B(z, y)ds, + /ﬁ B(z,y)ds, xE€R\T

r



8.8 The Inverse Scattering Problem for Cracks 207

coincide in R? \ (I"U L). Now let zg € L, 29 ¢ I', and let £2.(xo) be a small
ball with center at xy such that 2.(xo) NI = 0. Hence P is analytic in £2.(z)
while &7 has a singularity at o which is a contradiction. Hence % ¢ R(F).

O

Remark 8.44. The statement and proof of Lemma 8.43 remain valid for the
operator Fp given by (8.121) if we set 8, = 0 in (8.125).

Now let us denote by £ the set of open nonintersecting smooth arcs and
look for a solution g € L?[0, 27] of the far field equation

~Fg=FM 'Hg=®L forLecL (8.126)

where @L is given by (8.125) and F is the far field operator corresponding
to the mixed crack problem. If L C I" then the corresponding (ay,,3r) is in
H2(I') x H2(I'). Since M (ay, 1) € H2(I') x H~2(I') then from Theorem
8.38 for every € > 0 there exists a g5 € L?[0, 2] such that

M (ar, Br) — Hg|| <e

1 1
H2(M)xH ™ 2(I) =
whence from the continuity of M1

with a positive constant C. Finally (8.123), the continuity of F and the fact
that F(ar,Br) = ¢L imply that
||ng+¢£oHLz[0,2ﬂ'] < Ce. (8.128)

Next, we assume that L ¢ I'. In this case #£ does not belong to the range of
F. But, from Theorem 8.41 and the fact that F is compact, by using Tikhonov
regularization we can construct a regularized solution of

Fla,p) = oL . (8.129)

In particular, if (a?,37) € H=2(I') x H2(I') is the regularized solution of
(8.129) corresponding to the regularization parameter p (chosen by a regular
regularization strategy e.g. the Morozov discrepancy principle), we have for a
given § > 0

||‘7:(O/L),7ﬁ2) - ¢£o||L2[O, 27) < 0 ) (8130)

and
3 P P —

The above considerations for (ar,3) can now be applied to (af,37). In
particular, let g7” € L?[0, 27 be such that

1M 80) = HIZ N s oy = €
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and
G B)) = MTHG oy ) gy SCe (8132

Combining (8.130) and (8.132) we obtain that for every € > 0 and ¢ > 0 there
exists a g&, € L?[0, 27 such that

IFg7” + DL |20, 20) < €+ (8.133)
Furthermore, from (8.131) and the boundness of M and M ~!, we have that

hm ||Hng||H2(F)><H by = and ll)ig})”’ugz.pHHl(QR) =0

where v e is the Herglotz wave function with kernel g7 and

gi_{% 92”112 [0, 2] = 00 -

We summarize these results in the following theorem, noting that for L € £
we have that p — 0 as § — 0.

Theorem 8.45. Assume that I' is a nonintersecting smooth open arc. If F
is the far field operator corresponding to the scattering problem (8.83)—-(8.85)
and (8.82), then the following is true:

1. If L C I then for every e > 0 there exists a solution g5 := g1, € L?[0, 2]
of the inequality
IFgL + P51 1200, 27) < €

2. If LZ I then for every e > 0 and § > 0 there exists a solution gi’é +gr €
L?[0, 2] of the inequality

IFgr + @5 || 20,2, S €+ 6
such that
}i_{% ||gLHL2[0727T] =00 and (}iﬂ% ||UgL||H1(QR) =0

where vy, s the Herglotz wave function with kernel gr and (2r is a large
enough disc of radius R.

Remark 8.46. The statement and proof of Theorem 8.45 remain valid in the
case when F' is the far field operator correspondig to the Dirichlet crack if we
set B, = 0 in the definition of L and assume that there does not exist a
Herglotz wave function that vanishes on I'.

In particular, if L C I" we can find a bounded solution to the far field equa-
tion (8.126) with discrepancy € whereas if L ¢ I" then there exists solutions of
the far field equation with discrepancy € + ¢ with arbitrary large norm in the
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limit as § — 0. For numerical purposes we need to replace ¢% in the far field
equation (8.126) by an expression independent of L. To this end, assuming
that there does not exist a Herglotz wave function which vanishes on L, we
can conclude from Lemma 8.42 that the class of potentials of the form

/a(y)e‘im‘y dsy, acH™
L

SIS

(L) (8.134)

is dense in L?[0, 27| and hence for numerical purposes we can replace &%
in (8.126) by an expression of the form (8.134). Finally, we note that as L
degenerates to a point z with az an appropriate delta sequence we have that
the integral in (8.134) approaches —ye~ %2, Hence, it is reasonable to replace
®L by &, where (%, 2) := ve~*%* when numerically solving the far field
equation (8.126) .

8.9 Numerical Examples

As we explained in the last paragraph of the previous section, in order to
determine the shape of a crack we compute a regularized solution to the far
field equation

27
/uoo(G, 0)g(¢) dp = ve ¥ & = (cos¢,sing), z € R?
0

where u, is the far field data of the scattering problem. This is the same far
field equation we have used in all the inverse problems presented in this chap-
ter, which emphasizes one of the advantages of the linear sampling method,
namely it does not make use of any a priori information on the geometry of
the scattering object.

To solve the far field equation we apply the same procedure as in Sect. 8.3.
In all our examples we use synthetic data corrupted with random noise. We
show reconstruction examples for four different cracks all of which are subject
to the Dirichlet boundary condition.

1. The curve given by the parametric equation (Fig. 8.11, top left)
I:= ()—(2'5' )~7T< <77T
=q0(s)=(2sing,sins): - <s< -0

2. The line given by the parametric equation (Fig. 8.11, top right)

I'={o(s)=(-2+s,28): -1 < s <1} .
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Fig. 8.11. The true object (top), reconstruction with 0.5% noise (middle) and with
5% noise (bottom). The wave number is k = 3.3
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8.9 Numerical Examples
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Fig. 8.12. The true object (top), reconstruction with 0.5% noise (middle) and with
5% mnoise (bottom). The wave number is k = 3.

3Reprinted from F.Cakoni and D.Colton, The linear sampling method for cracks,

Inverse Problems 19 (2003), 279-295.
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3. The curve given by the parametric equation (Fig. 8.12; top left)
3
I:.= {g(s) = <s,0.5c0s7;S +O.2sin% —0.1cos ;TS) —1<s< 1} .

4. Two disconnected curves described as in example 2 and 3 (Fig. 8.12, top
right).

In all our examples k = 3 and the far field data is given for 32 incident
directions and 32 observation directions equally distributed on the unit circle.
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A Glimpse at Maxwell’s Equations

In the previous chapters we have used the scattering of electromagnetic waves
by an infinite cylinder as our model, thus reducing the three dimensional
Maxwell system to a two dimensional scalar equation. In this last chapter
we want to briefly indicate the modifications needed in order to treat three
dimensional electromagnetic scattering problems. In view of the introductory
nature of our book, our presentation will be brief and for details we will refer
to Chapter 14 of [87] and the forthcoming monograph [88].

There are two basic problems that arise in treating three dimensional
electromagnetic scattering problems. The first of these problems is that the
formulation of the direct scattering problem must be done in function spaces
that are more complicated that the ones used for two dimensional problems.
The second problem follows from the first in that, due to more complicated
function spaces, the mathematical techniques used to study both the direct
and inverse problems become rather sophisticated. Nevertheless, the logical
scheme one must follow in order to obtain the desired theorems is basically
the same as that followed in the two dimensional case.

We first consider the scattering of electromagnetic waves by a (possibly)
partially coated obstacle D in R3. We assume that D is a bounded region
with smooth boundary 0D such that D, := R?\ D is connected. We assume
that the boundary 0D is split into two disjoint parts Dp and dD; where
ODp and 0D; are disjoint, relatively open subsets (possibly disconnected) of
0D and let v denote the unit outward normal to dD. We allow the possibility
that either 0Dp or 0D is the empty set. The direct scattering problem we
are interested in is to determine an electromagnetic field F, H such that

curl B —tkH =0

. (9.1)
curl H +ikE =0

for x € D, and
vxE=0 ondDp (9.2)

vXcurlE—iA(v x E)xv =0 ondD; (9.3)
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where A > 0 is the surface impedance which, for the sake of simplicity, is
assumed to be a (possibly different) constant on each connected subset of
0Dj. Note that the case of a perfect conductor corresponds to the case when
OD; = 0 and the case of an imperfect conductor corresponds to the case when
ODp = (. We introduce the incident fields

Ei(z): = écurl curl pet*®-d (9.4)
= ik(d x p) x de*k@d
Hi(x) : = curl pe’*®?
= ikd x pe'trd (©:5)

where k > 0 is the wave number, d € R3 is a unit vector giving the direction
of propagation and p € R? is the polarization vector. Finally, the scattered
field E°, H® defined by

E=FE'+FE¢
_ (9.6)
H=H'+H?®
is required to satisfy the Silver-Miiller radiation condition
lim (H® x x —rE®) =0 (9.7

T—00

uniformly in & = z/ |x| where r = |z|.
The scattering problem (9.1) — (9.7) is a special case of the exterior mixed
boundary value problem

curlcurl E — k*E =0 in D, (9.8)
vXxFE=f ondDp (9.9)
vxcurlE—iAv x E)xv=h ondD; (9.10)
lim (Hxx—7rE)=0 (9.11)

rT—00

for prescribed functions of f and h with H = % curl E. The first problem that

needs to be addressed is under what conditions on f and h does there exist a
unique solution to (9.8) — (9.11). To this end we define

X(D,0Dy) == {u€ H(curl, D) : v x ulyp, € L;(0D)}
equipped with the norm

2 2 2
lullx (p,0p) = 1wl curt,py + IV X wll120p,)

where
H(curl, D) := {u € (LQ(D))3 rcurlu € (LQ(D))g}
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L2(8Dy) := {u € (£2(0D))* :v xu=0 on aD,}

with norms
2
el eurt, py = Null(r2(pyys + lleurlul| 12 py)s

HUHL,%(aDI) = HUH(L2(3DI))3

respectively. As in Chapter 3, we can also define the spaces X;,.(D.,dDy)
and Hj,.(curl, D,). Finally, we introduce the trace space of X (D,dDy) on the
complementary part 0Dp by

3
Y(0Dp) = {f € (H_1/2(8DD)) : There exists v € Hy(curl, £2g)
such that v x ul,p € L}(0Dy) and f = v x u|8DD}

where D C 2p = {x : |z| < R} and
Hy(curl, 2g) := {u € H(curl, 2g) : v X uly, =0}.

The trace space is equipped with the norm

2 . 2 2
1B 00 = i {1l eunt o) + 117 % ¥l 320, }

where the minimum is taken over all functions u € Hy(curl, 2g) such that
vXuly, € LF(ODr) and f = v x ulyp,  (for details see [87]). We now have
the following theorem [15]:

Theorem 9.1. Given f € Y(0Dp) and h € L?(0Dy) there exists a unique
solution E € Xjpc(De,0Dy) to (9.8)-(9.11) such that

|Ellx(p.non00:) < CUlfllyopp) + IRl L2 0p,))
for some positive constant C depending on R but not on f and h.

We now turn our attention to the inverse problem of determining D and A
from a knowledge of the far field data of the electric field. In particular, from
[33] it is known that the solution E®, H® to (9.1) — (9.7) has the asymptotic
behavior

6ik:\w|

E(z) = flg'v {Eoo(éi,d,p) +0 (é)}

T U0 +0 ()

as |x| — oo where Eo(-,d,p) and Hu(-,d,p) are tangential vector fields
defined on the unit sphere S? and are known as the electric and magnetic far

(9.12)
He(z) =
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field patterns, respectively. Our aim is to determine A and D from E(Z,d, p)
without any a priori assumption or knowledge of I'p, I'T and A. The solution
of this inverse scattering problem is unique and this can be proved following
the approach described in Theorem 7.1 of [33] (where only the well-posedness
of the direct scattering problem is required).

The derivation of the linear sampling method for the vector case now under
consideration follows the same approach as the scalar case discussed in Section
8.2. In particular, we begin by defining the far field operator F : L?(S?) —
L}(S?) by

(Fg)(&) := e (#,d,9(d)) ds(d) (9.13)
and define the far field equation by

Fg=FE. «(%27q) (9.14)

where E, o is the electric far field pattern of the electric dipole

Ec(z,z,q) := % curl, curl, ¢ @(z, 2) (9.15)

H.(z,z,q):=curl, g Pz, z)

where ¢ € R? is a constant vector and @ is the fundamental solution of the
Helmholtz equation given by

@ et 9.16
We can explicitly compute E, ~, arriving at
A _ ﬁ - & —itkT-z
Eeoo(Z,2,q9) = 1 (T x q) x Ze . (9.17)
7r

Note that the far field operator given by (9.13) is linear since Eo(Z,d,p)
depends linearly on the polarization p.

We now return to the exterior mixed boundary value problem (9.8) — (9.11)
and introduce the linear operator B : Y (0Dp) x L?(0D;) — L?(S?) mapping
the boundary data (f,h) onto the electric far field pattern E. In [15] it is
shown that this operator is injective, compact and has dense range in L?(S?).
By using B it is now possible to write the far field equation as

~(BAE)®) =+ Fee(d7:0) (915)

where A is the trace operator corresponding to the mixed boundary condition,
ie. Au = v xXulyp, on dDp and Au:= v x curlu —iA(v x u) X V|, on
0Dy, and E; is the electric field of the electromagnetic Herglotz pair with
kernel g € L?(S?) defined by
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By(w)i= [ " lg(d) ds(a)

s ) (9.19)
Hy(z) := o curl By ().

)

We note that E. o (%, 2, q) is in the range of B if and only if z € D [15].
Finally, we consider the interior mixed boundary value problem

curlcurl E — k*E =0 in D (9.20)
vxE=f ondDp (9.21)
vxcurl E —iA(v X E) xv=h ondD; (9.22)

where f € Y(0Dp), h € L?*(0Dy). It is shown in [15] that if 9Dy # () then
there exists a unique solution to (9.20) — (9.22) in X(D,dD;) and that the
following theorem is valid:

Theorem 9.2. Assume that 0Dy # (. Then the solution E of the inte-
rior mized boundary value problem (9.20) — (9.22) can be approzimated in
X (D,0Dy) by the electric field of an electromagnetic Herglotz pair.

The factorization (9.18) together with Theorem 9.2 now allows us to prove
the following theorem [15]:

Theorem 9.3. Assume that Dy # 0. Then if F is the far field operator
corresponding to the scattering problem (9.1) — (9.7) we have that

1.if = € D then for every ¢ > 0 there is a function g5 := g, € L?(S?)
satisfying the inequality
I[Fg. — EE,OO('azaQ)||L%(S2) <€
such that
i 1zl e g2y = oo
and
1o L o,0m,) = o
where Eq_ is the electric field of the electromagnetic Herglotz pair with
kernel g., and
2. if z € D, then for every e > 0 and § > 0 there exists g5 := g, € L?(S?)
satisfying the inequality
Hng - Ee,oo('a 2 q)HLf(SQ) <€+ 5
such that
lim [[gz[[ 2 (52) = 00
and
(}I_I%”E z||X(D,aD,) =0

where Eg, is the electric field of the electromagnetic Herglotz pair with
kernel g,.
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Theorem 9.3 is also valid for the case of a perfect conductor (i.e. 9Dy = )
provided we modify the far field operator F in an appropriate manner [10]. For
numerical examples demonstrating the use of Theorem 9.3 in reconstructing
D, see [15, 23] and [27]. By a method analogous to that of Section 4.4 for
the scalar case, the function g, can also be used to determine the surface
impedance A [11]. The case of mixed boundary value problems for screens was
examined in [17].

We next examine the case of Maxwell’s equations in an inhomogeneous
anisotropic medium (which, of course, includes the isotropic medium as a
special case). We again assume that D C R? is a bounded domain with con-
nected complement such that its boundary D is in class C? with unit outward
normal v. Let N be a 3x3 symmetric matrix whose entries are piecewise con-
tinuous complex valued functions in R? such that N is the identity matrix
outside D. We further assume that there exists a positive constant v > 0 such
that

Re (& N(x)€) > vl¢[*

for every ¢ € C3 where N is continuous and
Im (¢ N(2)§) >0

for every £ € C3\ {0} and points € D where N is continuous. Finally, we
assume that N — I is invertible and Re(N — I)~! is uniformly positive definite
in D (partial results for the case when this is not true can be found in [97]).

Now consider the scattering of the time harmonic incident field (9.4), (9.5)
by an anisotropic inhomogeneous medium D with refractive index N satisfying
the above assumptions. Then the mathematical formulation of the scattering
of a time harmonic plane wave by an anisotropic medium is to find E €
H,e(curl, R3) such that

curlcurl E — k*NE =0 (9.23)

E=FE+E (9.24)

lim (curl E® x @ — ikrE®) =0. (9.25)
7—00

A proof of the existence of a unique solution to (9.23) — (9.25) can be found
in [87]. It can again be shown that E*® has the asymptotic behavior given
in (9.12). Unfortunately, in general the electric far field pattern E,, does
not uniquely determine N (although it does in the case when the medium is
isotropic, i.e. N(z) = n(z)I, where n is a scalar [36, 56]). However E., does
uniquely determine D [7] and a derivation of the linear sampling method for
determining D from FE., can be found in [52]. Numerical examples using this
approach for determining D when the medium is isotropic can be found in [54].
Finally, a treatment of the factorization method for the case of electromagnetic
waves in an isotropic medium is given in [69].
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