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Preface  

In the engineering community the handling of powders and bulk solids is 
called bulk solids technology being, at least in Germany, part of mechani-
cal process engineering. Process engineering involves study of the change 
and transformation of material properties. If mechanical processes are used 
for this transformation, the engineering discipline is called mechanical 
process engineering. The best known unit operations of mechanical proc-
ess engineering are grinding, agglomeration, mixing, and separation. Due 
to the mechanical treatment, the particles – either single particles or a col-
lection of particles – increase in value. To profit from this value increase 
industry and academia perform research and development. When handling 
bulk solids, e.g. storing, dosing and conveying, no value increase can be 
achieved, because the material properties are not changed. What can be 
achieved is “at most” the elimination of problems which is less interesting 
research and development compared to the development of new products 
or processes with the chance to obtain a patent. 

A silo for the intermediate storage of bulk solids often seems to be only 
a single, unimportant element for the realization of a larger process. Bulk 
solid is filled into the silo continuously or discontinuously and discharged 
later at predetermined points of time in desired quantities. That is not al-
ways unproblematic. The known problems of arching and ratholing can 
lead to irregular discharge or complete blockage. The hammer often found 
close to a silo is a known auxiliary means which often is subsequently re-
sorted to due to incorrect silo design. Nearly forty years ago the author of 
this preface wrote a monograph on bulk solids storage, called this disci-
pline as belonging to the “stepchildren” of technology, and summarised 
that it often happens that a problem is accepted as given due to its frequent 
appearance. Has that changed much up to today?  

Today the characterization and handling of bulk solids is taught at many 
(in Germany, nearly all) universities and technical schools in faculties of 
mechanical and chemical engineering. For more than twenty years semi-
nars and short courses have been offered which cover the basics and appli-
cation potential of modern bulk solids technology. The most important 
theoretical fundamentals are known, from which reliable silo design is 
possible. The necessary information is available, but it is often not consid-
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ered or understood. Avoidable failures, unnecessary overtime and produc-
tion shortages or stoppages have to occur before those who have lived with 
the mentioned problems become willing to adopt the available design 
method in which the silo geometry is fitted to measurable bulk solid prop-
erties. 

When designing silos for flow a procedure has to be followed that is 
similar to the one used when designing a heat exchanger. The material 
properties of the concerned fluids have to be known to design the heat ex-
changer. This procedure is state-of-the-art. The necessary data can be 
found in equivalent text books (e.g., “Heat Exchanger Design Handbook”, 
“VDI-Wärmeatlas”) or have to be measured following standardized test 
methods. The procedure to design a silo is similar. Unfortunately there are 
no equivalent text books (no “Silo Design Handbook” containing material 
parameters). So the experimental determination of relevant bulk solid 
properties is much more important. If these properties are known the silo 
geometry can be fitted to the measured values and trouble-free operation 
can be achieved. A prerequisite is that the bulk solid properties measured 
with laboratory equipment are representative. But this prerequisite also 
holds regarding a heat exchanger. If, for example, “fouling” takes place on 
the heat exchanger surfaces the material parameters have changed, and the 
heat exchanger can no longer fulfil the demanded requirements. In a simi-
lar way a silo might not provide trouble-free operation when bulk solids 
with different properties are stored.  

A text book (“Silo Design Handbook”) containing reliable quantitative 
data concerning silo design for flow will never exist. A fluid for which the 
composition is known always has identical material properties. This only 
very seldom holds for bulk solids. Besides chemical composition, which is 
sufficient for characterizing a fluid, further parameters based on the dis-
perse nature of bulk solids have an influence on their properties. Of influ-
ence are particle size, particle size distribution, particle shape, porosity, 
humidity and many more. If one would determine the influence of all these 
parameters on the relevant properties for silo design, many experiments 
would be necessary. Thus it is more practical to measure relevant bulk 
solid properties directly on representative samples. To obtain these proper-
ties shear testers are used. But only when those shear tests are performed 
correctly can data be obtained which enable reliable silo design for flow. 
Experience indicates that the prerequisite of correct performance of a shear 
test is often not realized, due to which it is often concluded – usually too 
quickly – that shear tests only have limited usefulness. 

Today I would not judge bulk solid storage anymore as belonging to the 
“stepchildren” of technology. The most important theoretical fundamentals 
are known, and there are sufficiently many examples available which 
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prove that silos fulfil the demanded requirements when they have been de-
signed according to the present state-of-the-art on the basis of properties 
measured in shear testers. What still can be called shabby and therefore 
could be improved is the broad application, confidence in the method and 
the necessity to apply it. This is all the more remarkable when considering 
that the percentage of bulk solids used in process industry is enormous. A 
few years ago the president of the EFCE (European Federation of Chemi-
cal Engineering) judged that about 60% of all products produced in the 
chemical industries in Europe are bulk solids. An additional 20% of prod-
ucts use bulk solids in the processes.  

This book by Dietmar Schulze certainly will help to improve the under-
standing of bulk solids behavior, especially for people who only occasion-
ally deal with bulk solids. After having obtained his diploma at the Tech-
nical University of Braunschweig he has been continuously concerned 
with all aspects of the characterization of bulk solids, application of meas-
ured bulk solids properties for silo design, and theoretical fundamentals of 
bulk solids technology. He has written important contributions to nearly all 
aspects of bulk solids technology which are documented in many publica-
tions. His effort in the determination of relevant bulk solid properties has 
been very intensive. He developed a special ring shear tester that is today 
known worldwide as the “Schulze Ring Shear Tester”. It is often errone-
ously asserted when mentioning shear testers that they are too complicated 
or too time consuming for many applications. Neither statement is correct. 
Depending on the task and on the problem, only a few experiments with a 
ring shear tester which has been adapted to the problem yield results that 
are more reliable than those which follow from empirical tests or from the 
application of so-called “simple testers”.  

This book was published in German in autumn 2006. One of the main 
merits of the book is the fact that all chapters have been written by the 
same person who is an expert in all of the mentioned topics. The wording, 
nomenclature and mode of presenting graphs and sketches are identical 
throughout the book. This helps in understanding and searching for special 
questions. This has been missing in the English literature. Indeed there are 
some good books on bulk solids technology in English that are worth read-
ing. But the single chapters of these books were mostly written by different 
authors using different nomenclature, etc. Thus, Dietmar Schulze was 
pressed by many of us to prepare an English version of his book, which is 
now available. 

It is my hope this book will help to improve the understanding of bulk 
solids and the problems caused by them. This book treats nearly all prob-
lems which can arise in the technical application of storage and flow of 
bulk solids. The broad understanding and know how are based on the au-
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thor’s own experience in the measurement of bulk solids properties, plan-
ning and performing investigations of large silos and laboratory equip-
ment, consulting with companies in solving problems or planning new silo 
facilities, and on a continuous and broad literature study.  

 
 

Jörg Schwedes Braunschweig, in July 2007 



Foreword 

This book provides an introduction into bulk solids technology starting 
from the flow properties of particulate solids to the flow of powders and 
bulk solids in hoppers, bins, and silos. Besides the basics some newer find-
ings are also included. Furthermore, frequent questions that have been ad-
dressed to the author in the past are taken into account.  

The level of the book should make it well-suited to a wide range of 
readers who are interested in an introduction into the topic. The major part 
of the contents is based on contributions to seminars and conferences, and 
on lectures at the University of Applied Sciences Braunschweig/Wolfen-
büttel.  

Regarding the topics “measurement of flow properties” and “silo de-
sign”, the book follows the great work of Andrew W. Jenike. About 45 
years ago Jenike developed a theory on the flow of bulk solids in silos 
which is still applied today, and he presented a shear tester which can be 
regarded as the basis for the quantitative measurement of flow properties. 
Starting from these results, many research projects on bulk solids technol-
ogy have been performed at many places around the world for several dec-
ades. Thus, a lot of knowledge is available today, but, unfortunately, some-
times it can be observed that the corresponding publications, some of 
which are older than twenty years, are not known, not found, or just ig-
nored. Therefore, it is a further goal of this book to spread and to preserve 
at least a part of the existing knowledge. 

Here as well as in the title of the present book the words “powder” and 
“bulk solid” are intentionally mentioned side-by-side since in some indus-
tries, e.g., the pharmaceutical industry, the word powder is common, 
whereas materials like cement, sand, and coal are known as bulk solids. 
For reasons of simplification, in the present book the term bulk solid is 
used to represent all materials consisting of particles, i.e., fine, cohesive 
powders, granulates, and coarse bulk materials.  

The first chapters deal with the flow behavior and flow properties of 
bulk solids. Knowledge of flow properties is necessary to design hoppers, 
silos and other equipment to avoid flow problems (flow obstructions, seg-
regation, ...). However, even when handling small amounts of bulk solids, 
e.g. when filling the dies of tabletting machines, or when operating dosage 
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equipment, sufficiently good flow behavior is important. Furthermore, to 
an increasing extent quantitative information on flowability is needed, e.g., 
for comparative tests, product development, and quality control.  

In serious bulk solids technology shear testers are mostly used for the 
measurement of flow properties. Thus, shear testers can be regarded as the 
standard testers in bulk solids technology, especially if quantitatively ap-
plicable results with defined physical meaning are required. In this book 
their principle is explained in great detail, because their function and theo-
retical background are sometimes felt to be complicated by newcomers 
and non-experts.  

In the second half of the book the flow of bulk solids in hoppers, bins, 
silos, etc. is considered. This includes, above all, the procedure to design 
bins in order to avoid problems such as flow obstructions and segregation. 
Additional topics like, for example, stresses in bulk solids, feeders, and 
flow promoting devices, are considered in order to support those who have 
to design or operate plants or equipment where bulk solids are stored or 
transported.  

I would particularly like to thank all who helped me to gain experience 
in bulk solids technology, and, thus, to finally prepare this book. About 
twenty years ago I started as a research assistant at the Institute of Me-
chanical Process Engineering of the Technical University of Braun-
schweig, where I got my first insight into bulk solids technology with fi-
nancial support of the German Research Foundation (Deutsche 
Forschungsgemeinschaft) and supervision of Professor Jörg Schwedes. Af-
ter I obtained my Ph.D., the consultancy “Schwedes + Schulze Schütt-
gutechnik” was founded where I could make use of my experience from 
research work and also gain more experience. Also my work as a Professor 
at the University of Applied Sciences Braunschweig/Wolfenbüttel has al-
lowed me to learn more about the behavior of bulk solids, supported, be-
sides others, by the Deutsche Forschungsgemeinschaft, the Lower 
Saxony’s Federation of Innovative Projects (AGIP), and the university it-
self. 

Special thanks are given to emeritus Prof. Dr. Jörg Schwedes for his 
kind assistance in the translation of this book into English, and to Dr. John 
Carson, President of Jenike & Johanson, Inc., for his highly appreciated 
assistance in the review of the English text and many helpful comments 
and discussions.  

Finally, my sincere thank goes to Springer for the agreeable and uncom-
plicated cooperation.  

 
 

Wolfenbüttel, in July 2007 Dietmar Schulze 
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1.  Introduction 

Powders and bulk solids have to be handled or stored in nearly all indus-
tries, from powder coating to food, from nano-scale powders and pharma-
ceutical substances to products like cement, coal, and ore, from dry mate-
rials like fly ash to moist bulk solids like filter cake and clay. All these 
materials have to be transported, conveyed, or handled otherwise. Thus the 
characterization of powders and bulk solids regarding their flow properties 
plays an important role, e.g., for product development and optimization, 
customer support and the response to customer complaints.  

Especially the discharge of powders and bulk solids from silos, hoppers, 
transport containers etc. may result in severe problems, e.g., due to flow 
obstructions, segregation, shocks and vibrations, or unsteady flow. To 
avoid such complications, solutions have to be found considering the flow 
properties of the bulk solid.  

1.1  Common problems with bulk solids  

When a plant is designed, silos, hoppers, and bins are usually not the main 
objective of the design work, because they do not contribute much to the 
processing and refinement of bulk materials like, for example, a mill or a 
mixer. On the other hand, poorly designed silos can reduce throughput and 
product quality. Nevertheless many silos and bins are built without consid-
ering the flow behavior of the bulk solid to be stored. This results in well-
known problems, e.g., the occurrence of flow obstructions. Typical indica-
tions for the latter are hammering traces on hopper walls (Fig. 1.1).  

Even if bulk solids are handled on a smaller scale (e.g., dosage), the 
problems are similar to those in silos, because the basic processes are the 
same and independent of the scale.  

Figure 1.2 shows several problems which can emerge during the opera-
tion of a silo. If the outlet opening is too small, a stable arch can form 
above the outlet and the flow stops (Fig. 1.2.a). If particles are large with 
respect to the opening, the reason for arch formation is the interlocking of 
particles. Materials of very fine particle size can form cohesive arches as a 
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result of the compressive strength caused by consolidation and interparticle 
adhesive forces.  

Another possible source of problems is funnel flow (Fig. 1.2.b). One 
reason for funnel flow is a hopper wall which is too shallow or too rough. 
In this case in a filled silo the bulk solid cannot slide downwards along the 
hopper walls. Thus, so-called stagnant zones build up and the material 
flow is limited to a flow zone above the outlet opening. In a silo used as a 
buffer and never discharged completely, bulk material can remain in the 
stagnant zones over long periods of time and change its properties (e.g., 
decomposition of food products). Furthermore, the bulk solid in the stag-
nant zones can consolidate with time to such an extent that it will not be 
able to flow out after the flow zone has emptied out. The latter results in a 
“pipe” or “rathole” reaching from the outlet opening to the top of the fill-
ing (Fig. 1.2.c).  
 

 
Fig. 1.1. Traces of hammering at a hopper wall indicating flow problems 

The residence time of the bulk solid in the flow zone of a funnel flow silo 
can be extremely short (Fig. 1.2.d), so that the material, which has just 
been fed into the silo, is immediately discharged. Within this short time an 
easily fluidized bulk solid (e.g., flour, fine chalk) cannot sufficiently deaer-
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ate. Hence, it will flood out of the outlet opening like a fluid, resulting in 
increased dust generation and flooding of the feeder. 

Funnel flow can also result in reduced product quality due to segrega-
tion (Fig. 1.2.e). When filling a silo, one has to take into account that the 
product can segregate across the cross-section of the silo. When the silo is 
filled centrically, one often will observe an increased amount of fines close 
to the silo axis, and more coarse particles close to the silo wall. If funnel 
flow takes place at discharge, at first the material from the center (the 
fines) flows out, followed by the coarser material from the silo periphery. 
The time-dependent composition of the discharged bulk solid can be, for 
example, a quality problem during the filling of small packages, or when 
steady-state downstream processes have to be charged.  
 

 
Fig. 1.2. Possible problems during the operation of silos; a. arching; b. funnel flow 
with wide residence time distribution and deterioration in product quality; c. rat-
holing; d. flooding; e. segregation; f. non-uniform discharge with screw feeder; 
g. buckling caused by eccentric flow; h. vibrations (silo quaking and silo noise) 
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Less well-designed feeders can result in a non-uniform withdrawal of the 
bulk solid and, thus, in funnel flow. The screw feeder shown in Fig. 1.2.f 
discharges the bulk solid at its rear end and then conveys it horizontally to 
its outlet, i.e., the screw is filled already at the rear end of the feeder so that 
along the rest of the outlet length no further bulk solid can enter the screw. 
Another reason for eccentric flow is, for example, the discharge from only 
one of multiple outlets (Fig. 1.2.g). Eccentric flow results in unfavorable 
non-symmetrical loads on the silo structure thus increasing the danger of 
buckling of thin-walled metal silos and cracking of reinforced concrete si-
los that have only a single layer of reinforcing steel.  

For different reasons the flow of a bulk solid in a silo can result in vibra-
tions and shocks (Fig. 1.2.h). Depending on the frequency, the effect is 
called silo noise (audible) or silo quaking (low frequency, individual 
shocks).  

The problems described above result on the one hand from the given 
equipment (e.g., design of the feeder), on the other hand from the proper-
ties of the bulk solid (e.g., strength, friction). When designing silos, hop-
pers, bins etc., at first the properties of the bulk solid have to be deter-
mined. This data in combination with proven design procedures yields the 
appropriate geometry (e.g., hopper slope, outlet size). Therefore in the pre-
sent book the flow properties of bulk solids and their measurement as well 
as design procedures (e.g., stresses, avoidance of flow problems) and de-
sign considerations (e.g., hopper shape, feeder) are described.  

1.2  Milestones of bulk solids technology 

As much as Bernoulli’s equation can be regarded as a milestone in fluid 
dynamics, the work of two persons, variously referred to in the present 
book, need to be mentioned with respect to their impact on bulk solids 
technology: H.A. Janssen and A.W. Jenike. 

Janssen was an engineer living in Bremen, Germany, at the end of the 
19th century, when increasing amounts of corn were imported from over-
seas and, thus, needed to be stored. In the United States corn was stored in 
silos (corn being the first bulk solid stored in large silos; cement and flour 
followed around 1900 [1.1]). Engineering books at the time did not list de-
sign procedures for silos, but from the literature [1.2,1.3] Janssen knew 
that stress at the bottom of a silo does not increase linearly with filling 
height as in the case of fluids, but becomes constant from a certain filling 
height. 
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In order to investigate the dependence of the stress on the filling height, 
Janssen used the experimental set-up shown in Fig. 1.3 [1.4]. Model silos 
with square cross-section of different size made from wood were placed 
above a balance. At different filling levels the force acting on the balance, 
and thus the vertical stress, was measured. This way Janssen could confirm 
that the vertical stress is not proportional to the filling level (Fig. 1.4). The 
bulk solid did not show the linear increase of stress with filling height 
typical for fluids.  
 

 
Fig. 1.3. Janssen’s test set-up for the measurement of vertical stress (figure copied 
from [1.4]) 

Janssen recognized that the bulk solid in the silo is supported by friction at 
the silo wall. For the measurement of the coefficient of friction between 
the wall material and the bulk solid he employed the set-up shown in Fig. 
1.5, where a platen made from the wall material (wood) was loaded verti-
cally with weights and moved horizontally across the surface of the bulk 
solid whereby the force F was measured. Furthermore, Janssen derived an 
equation from the equilibrium of forces on a differential slice of bulk solid 
in the silo. This equation, which allows the calculation of stresses in the 
vertical section of a silo, is still applied today and known as the “Janssen 
equation”. It is part of the silo design codes in several countries and can be 
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found, for example, in the old German code DIN 1055 part 6 [1.5] and the 
new Eurocode EN 1991-4:2006-12 [1.6].  

 

 
Fig. 1.4. Janssen’s test results: Measured vertical stress (“ermittelter Boden-
druck”) in dependence on the amount of corn (“eingeschüttete Getreidemenge”) 
filled into the silo (figure copied from [1.4]) 

 
Fig. 1.5. Set-up for the measurement of the friction coefficient between bulk solid 
and wall material (figure copied from [1.4]) 

Dr. Andrew W. Jenike graduated in Mechanical Engineering from Warsaw 
Polytechnic Institute in 1939. After World War II he obtained his Ph.D. in 
Structural Engineering in England, immigrated to Canada and later to the 
United States. In the Fifties, when he was approaching the age of 40, he 
looked for a field in which he could make a unique and significant engi-
neering and scientific contribution. Within one year he studied about 40 
different fields of technology. Finally Jenike chose bulk solids technology, 
because in this field he identified a very low level of technology. With fi-
nancial support from different sources, Jenike set up the “Bulk Solids Flow 
Laboratory” at the University of Utah [1.7].  

On the basis of principles known from soil mechanics, Jenike described 
the behavior of bulk solids by introducing the yield locus. Furthermore, he 
derived a theory describing the stresses in silos, especially in the hopper 
section [1.8,1.9]. Jenike defined the terms mass flow and funnel flow 
[1.10], which are the most important criteria for the assessment of the flow 
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regime in a silo. In case of funnel flow, only a portion of the bulk solid in 
the silo moves downwards during discharge whereby the rest of the bulk 
solid is at rest in the stagnant zones (Fig. 1.6.a). In case of mass flow the 
whole silo contents, i.e., every particle, move during discharge (Fig. 1.6.b).  
 

 
Fig. 1.6. a. Funnel flow; b. mass flow  

On the basis of his theoretical considerations, Jenike derived a procedure 
for designing silos for unobstructed flow. From this point on it was possi-
ble to calculate the slope of the hopper walls to ensure mass flow (Fig. 
1.6.b), and to predict the minimum outlet dimensions required to avoid 
stable arches (Fig. 1.2.a) or ratholes (Fig. 1.2.c). Furthermore, Jenike 
worked on the practical design of silos, e.g., regarding the influence of the 
feeder on the flow in the silo (e.g. Fig. 1.2.f). For the determination of the 
flow properties, which have to be known for the application of Jenike’s de-
sign procedure, he developed a tester, which is widely known as the Jenike 
shear tester. Still today the Jenike design procedure is the most widely ap-
plied method, although in the meantime other (similar) procedures have 
been published. Jenike’s work, especially his most important publication 
for practical application, Bulletin 123 “Storage and flow of solids” [1.9], is 
still cited as fundamental literature for bulk solid and silo technology.  

With the introduction of the yield locus for the representation of flow 
properties and the presentation of a suitable tester, Jenike laid the founda-
tion for the quantitative measurement of flow properties (e.g., flowability), 
which goes far beyond archaic, relatively inaccurate methods like, for ex-
ample, the measurement of the angle of repose. 



2  Fundamentals 

2.1  Particles or continuum? 

A bulk solid consists of individual particles. In principle it is possible to 
describe the behavior of a bulk solid by regarding the particle-particle 
interactions. But, as is easily understandable, this would be a difficult pro-
cedure, because the number of particles in a powder-handling system is 
usually very large (e.g., 109 particles of a diameter of 10 µm are contained 
in one cm3), each particle has a different shape, and the adhesive forces 
between particles can hardly be accurately calculated. Although in the last 
few years more and more calculations based on particle-particle interac-
tions (DEM - discrete element method) have been presented, the output 
with respect to the number of particles and the complexity of particle sha-
pes is limited by the available processing power. 

Another approach is to regard the bulk solid as a continuum. Therefore, 
instead of forces between individual particles, one regards forces or 
stresses, respectively, on boundary areas of volume elements and the re-
sulting deformations, similar to procedures in fluid mechanics and strength 
theory. The volume elements have to be sufficiently large with respect to 
the particle size so that local interactions between individual particles do 
not need to be considered.  

The last mentioned procedure, i.e., the application of the methods of 
continuum mechanics, is the classic way of proceeding in bulk solids tech-
nology and will be outlined in the present book. This is true for the meas-
urement of flow properties, where usually stresses and deformations on a 
defined volume of bulk solid are investigated, as well as for calculation 
procedures.  
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2.2  Forces and stresses 

The state of load on a bulk solid is described using the methods of con-
tinuum mechanics: One does not consider the forces at the individual par-
ticles of the bulk solid, but the forces on the boundary areas of individual 
volume elements. Resolution of force F acting on an area A (Fig. 2.1) in an 
arbitrary direction leads to:  

• the normal force, FN: force acting perpendicular (“normal”) to area A. 
• the shear force, FS: force acting parallel to area A.  

 

 
Fig. 2.1. a. applied force, F; b. resolution of force, F; stresses 

To be able to describe the load on the bulk solid independently of the di-
mensions of the area considered above, stresses are calculated from the 
forces. A stress is defined through the relationship of force to area. If one 
divides the above-described forces, FS and FN, by area A, one obtains: 

• the normal stress σ = FN/A : stress acting perpendicularly (“normally”) 
on area A; 

• the shear stress τ = FS/A : stress parallel to area A.  
 
If a force of any direction is acting on the plane, a resolution of this force 
in a component perpendicular to the plane and another component parallel 
to the plane yields the normal and shear component of this force and thus 
normal and shear stresses acting on the plane can be calculated as de-
scribed above.  

In bulk solids technology, shear stresses always emerge due to frictional 
effects: If, for example, a bulk solid is located on a horizontal plane (Fig. 
2.2.a) and is subjected only to gravity acting perpendicularly to the plane, 
(in the mean) no shear stress is acting between plane and bulk solid. The 
bulk solid remains at rest.  

If the plane becomes inclined to the horizontal by a sufficiently large 
angle α, the bulk solid will slide downwards (Fig. 2.2.c). In contrast to this, 
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the bulk solid will remain at rest at a smaller inclination (Fig. 2.2.b). In 
both cases a shear stress, τ, is acting between bulk solid and plane. The 
directions of the stresses acting on the bulk solid are shown by the arrows 
in Fig. 2.2. If the force transferred through the shear stress is not less than 
the force that pulls the bulk solid downwards, the bulk solid will remain at 
rest. If the transferable shear stress is too small, the bulk solid will slip 
downwards. 

The magnitude of the transferable shear stress is dependent on the fric-
tion between the bulk solid and the plane surface: A rough surface will be 
able to transfer larger shear stresses than a smooth surface, i.e., on an in-
clined plane with a rough surface the bulk solid will slip downwards only 
at a larger angle α than on a plane with a smooth surface. If the surface 
were frictionless (ideally smooth), the bulk solid would slip downwards at 
any inclination α > 0°, because there would be no shear stress for the plane 
to transfer.  

 

 
Fig. 2.2. Shear stresses (example) 

In bulk solids technology, e.g., storage of a bulk solid in a container, nor-
mal stresses are mainly compressive stresses. This means that compressive 
normal stresses are acting on arbitrary volume elements within the bulk 
solid (similar to Fig. 2.1). Tensile forces are found rarely in bulk solids 
technology. In contrast to classic engineering mechanics, but similar to the 
pressure in fluid dynamics, compressive forces are defined as positive 
forces, and compressive stresses as positive normal stresses. Tensile forces 
and tensile stresses are characterized by negative values (σ < 0). There are 
also rules for the direction of positive and negative shear stresses, but these 
are not important for the purpose of this book (for more about this see 
[2.1,2.2,2.3]).  
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The unit used for stress is Pa (Pascal) according to the International Sys-
tem of Units (SI). 1 Pa is equal to 1 Newton per square meter (1 N/m2). 
1 bar is equal to 100 000 Pa, 1 psi is 6 894.76 Pa.  

2.3  Stresses in bulk solids 

Figure 2.3 shows a bulk solid element in a container (assumptions: infinite 
filling height, frictionless internal walls). In the vertical direction, positive 
normal stress (σv > 0, compressive stress) is exerted on the bulk solid. 
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Fig. 2.3. Bulk solid element 

If the bulk solid were to behave like a Newtonian fluid, the stresses in the 
horizontal and vertical direction (and in all other directions) would be of 
equal magnitude. In reality the behavior of a bulk solid is quite different 
from that of a fluid, so the assumption of analogies is often misleading. 

Within the bulk solid (Fig. 2.3) the horizontal stress, σh, is a result of the 
vertical stress, σv, where the resulting horizontal stress is less than the ver-
tical stress exerted on the bulk solid from the top. The ratio of horizontal 
stress, σh, to vertical stress, σv, is the lateral stress ratio, K (alternative des-
ignation: λ): 

v

h
σ
σ

λK ==  (2.1) 

Typical values of K are between 0.3 and 0.6 [2.4].  

2.3.1  Introduction of the Mohr stress circle 

It follows from Fig. 2.3, that – in analogy to solids – in a bulk solid differ-
ent stresses can be found in different cutting planes – even if the bulk solid 
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is at rest. Stresses in cutting planes other than vertical and horizontal can 
be analyzed using a simple equilibrium of forces.  

No shear stresses are exerted on the top or bottom surface of the bulk 
solid element in Fig. 2.3, i.e., the shear stresses, τ, in these planes are equal 
to zero. No shear stresses are acting at the lateral walls, since the lateral 
walls were assumed to be frictionless. Thus only the normal stresses 
shown are acting on the bulk solid from outside. Using a simple equilib-
rium of forces on a volume element with triangular cross-section cut from 
the bulk solid element shown in Fig. 2.3 (Fig. 2.4), the normal stress, σα, 
and the shear stress, τα, acting on a plane inclined by an arbitrary angle α, 
can be calculated. After some mathematical transformations (e.g. [2.1]), 
which are considered in the following section, it follows that: 

( )ασσσσ
σ hvhv
α 2cos

22
−

+
+

=  (2.2)

( )ασσ
τ hv
α 2sin

2
−

=  (2.3)

The pairs of values (σα, τα), which are to be calculated according to Eqs. 
(2.2) and (2.3) for all possible angles α, can be plotted in a σ,τ diagram 
(normal stress - shear stress diagram); see Fig. 2.4. If one joins all plotted 
pairs of values, a circle emerges, i.e., all calculated pairs of values form a 
circle in the σ,τ diagram. 

 

 
Fig. 2.4. Equilibrium of forces on a bulk solid element; Mohr stress circle 

This circle is called the “Mohr stress circle”. Its center is located at σ = σm 
= (σv+σh)/2 and τ = 0. The radius of the circle is σr = (σv-σh)/2. The Mohr 
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stress circle represents the stresses in all cutting planes at arbitrary inclina-
tion angles α, i.e., in all possible cutting planes within a bulk solid element. 
Since the center of the Mohr stress circle is always located on the σ axis, 
each Mohr stress circle has two points of intersection with the σ axis. The 
normal stresses defined through these points of intersection are called the 
principal stresses, whereby the larger principal stress – the major principal 
stress – is designated as σ1 and the smaller principal stress – the minor 
principal stress – is designated as σ2 (Please note that, in contrast to bulk 
solids technology, in continuum mechanics the minor principal stress is 
usually designated as σ3). If both principal stresses are given, the Mohr 
stress circle is defined. 

In the example of Fig. 2.4 both horizontal and vertical planes are free 
from shear stresses (τ = 0) and are thus principal stress planes. In this case 
the vertical stress, σv, which is greater than the horizontal stress, σh, is the 
major principal stress, σ1, and the horizontal stress, σh, is the minor princi-
pal stress, σ2.  

The angle α also can be found with the Mohr stress circle. The stresses 
acting in a cutting plane that is rotated at an angle α to the first cutting 
plane are found at a point on the Mohr circle rotated by an angle 2α rela-
tive to the point representing the stresses in the first cutting plane, where 
the angle 2α on the Mohr stress circle is measured in the opposite direction 
from the angle α between the cutting planes in the bulk solid. For example, 
the horizontal and vertical cutting planes in Fig. 2.4 are perpendicular to 
each other, i.e., the angle inclined by these planes is α = 90°. In the stress 
circle one finds the points that represent the stresses in the cutting planes at 
two positions inclined by α = 180°.  

From the explanation above it follows that the state of stress in a bulk 
solid cannot be completely described by only a single numerical value. 
Depending on the actual load acting on a bulk solid element, the corre-
sponding Mohr stress circle can have a smaller or a larger radius, a center 
at a lesser or greater normal stress, and hence also different principal 
stresses σ1 and σ2. Generally, at a given major principal stress, σ1, there are 
an infinite number of stress circles with different values for the lowest 
principal stress, σ2. Therefore, a stress circle is defined clearly only if at 
least two numerical values are given, i.e., σ1 and σ2.  

The relationships are actually more complicated because in reality a 
three-dimensional state of stress exists, which cannot be represented by 
only one stress circle in one plane as shown in Fig. 2.4. The Mohr stress 
circles in the two planes which are perpendicular to this plane and perpen-
dicular to each other also are required for representation of the three-
dimensional stress state [2.1,2.3,2.5,2.6]. Thus, altogether there are three 
principal stresses, which are perpendicular to each other (Fig. 2.5).  
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The volume element in Fig. 2.5 is cut along the principal stress planes, 
i.e., the surfaces of the volume element are parallel to the principal stress 
planes. For each principal stress plane the Mohr stress circle is plotted in 
the σ,τ diagram. The largest Mohr stress circle represents the stresses in the 
cutting plane perpendicular to the mean principal stress, σ3, because in this 
plane the smallest minor and largest major principal stresses, σ2 and σ1, are 
acting. For many applications in bulk solids technology it is sufficient to 
consider only one plane. In those cases one refers to a “two-dimensional” 
state of stress. As a rule the plane considered is the one in which the small-
est minor and largest major principal stresses, and, thus, the greatest shear 
stress, are acting [2.1,2.5,2.6]. Shear stress is especially important because 
it is responsible for the movement of particles relative to each other, i.e., 
the flow of a bulk solid.  

 

 
Fig. 2.5. Volume element with the three principal stresses being perpendicular to 
each other; stress circles for the three principal stress planes 

For simple practical applications (e.g., flowability tests) it is often too 
complicated to characterize a two-dimensional stress state by two principal 
stresses (i.e., the minor and the major principal stresses), so that usually 
only the major principal stress, σ1, is mentioned. Accordingly, one would 
mark the state of stress presented in Fig. 2.4 through the major principal 
stress, σ1, which in this case is equal to the vertical stress, σv, exerted on 
the bulk solid. Therewith one assumes that the greatest of all normal 
stresses acting in different directions within a bulk solid element is respon-
sible for the actual condition of the bulk solid. 

This simplification or approximation is used, e.g., when loading a bulk 
solid sample with a certain vertical stress, for example, through weights of 
mass m (Fig. 2.6). Thereby, as a rule, one characterizes the stress state by 
the major principal stress, σ1, which in this case is equal to the force of 
gravity, m·g, of the weights divided by the area, A, and denotes this stress 
as the consolidation stress, σ1. 
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Fig. 2.6. Consolidation stress, σ1, at uniaxial consolidation of a bulk solid in a 
hollow cylinder with frictionless walls 

2.3.2  Derivation of the Mohr stress circle  

In the following the mathematical derivation of the Mohr stress circle and 
Eqs.(2.2) and (2.3) is outlined starting from the equilibrium of forces on 
the volume element. Furthermore, the existence of two principal stress 
planes which are perpendicular to each other is shown. 

The equilibrium of forces on the triangular bulk solid element in Fig. 2.4 
in x and y direction yields (dimension of the bulk solid element perpen-
dicular to the x,y plane is equal to 1):  

0sincoscos =−−=∑ αlταlσαlσF ααvx  (2.4)

0sincossin =−−=∑ αlσαlταlσF hααy  (2.5)

It follows: 

α
ασαστ α

α sin
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Substitution of τα in Eq.(2.7) by Eq.(2.6): 
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The well-known equation 

( ) ( ) 1cossin 22 =+ αα  (2.9) 

yields: 

( ) ( )22 sincos ασασσα hv += . (2.10) 

With the known mathematical equations 

( ) ( )αα 2cos1
2
1sin 2 −=  (2.11) 

( ) ( )αα 2cos1
2
1cos 2 +=  (2.12) 

follows from Eq.(2.10) in analogy to Eq.(2.2): 
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Substitution of σα in Eq.(2.6) by Eq.(2.10) results in: 
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( ) αασστα sincoshv −=⇒  (2.14)

With the well-known equation  

ααα 2sin
2
1sincos =  (2.15) 

it finally follows from Eq.(2.14) according to Eq.(2.3): 

ασστα 2sin
2

hv −
= . (2.16) 

The state of stress shown in Fig. 2.4 already assumes that the shear stress 
is zero in two directions perpendicular to each other. One can derive the 
equations for the Mohr stress circle also without this assumption. In a gen-
eral state of stress, the infinitesimal volume element in Fig. 2.7 is subjected 
to (positive) compressive stresses, σx and σy, as well as to shear stresses, τxy 
and τyx. The directions of the shear stresses are chosen under consideration 
of the condition, that one obtains the positive direction of a shear stress by 
rotating the face normal (directed away from the volume element) clock-
wise by 90°. 

The equilibrium of moments around the center of the bulk solid element 
yields that the shear stresses, τxy and τyx, have the same amount, but reverse 
sign: 

yxxy ττ −=  (2.17) 

With Eq.(2.17) the shear stresses can be drawn as shown in Fig. 2.7.b. In 
an arbitrary cutting plane A different normal and shear stresses will act, 
depending on the inclination, α, of the cutting plane. The unknown stres-
ses, σα and τα, acting on the cutting plane A, are drawn in Fig. 2.8 in posi-
tive direction according to the assumptions outlined in the last paragraph. 
The length of the bulk solid element perpendicular to the x,y plane is as-
sumed to be equal to 1, the length of the cutting plane A in the x,y plane is 
also assumed to be equal to 1.The calculation of these stresses in a general 
way is possible based on an equilibrium of forces in x and y direction: 

( ) ( ) αατασασσα sincos2sincos 22
xyxy ++=  (2.18)

( ) ( )22 sincoscossincossin αταταασααστα xyxyxy +−−=  (2.19)
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Fig. 2.7. Volume element (two-dimensional stress state) 

 
Fig. 2.8. Equilibrium of forces at a triangular bulk solid element 

After some conversions similar to Eqs.(2.4) to (2.16) it follows: 

ατα
σσσσ

σα 2sin2cos
22 xy

xyxy +
−

+
+

=  (2.20) 

ατα
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−

=  (2.21) 

It can be shown that a cutting plane exists, which is inclined by the angle 
α = α’ to plane Y (Fig. 2.8), where the shear stress τα’ is equal to zero. 
Angle α’ follows from Eq.(2.21) for τα = 0: 

xy
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σσ
τ

α
−

=
2

'2tan  (2.22) 

Since the tangent function is π-periodical, tan(2α’+π) is also a valid solu-
tion. Thus, two cutting planes exist which are perpendicular to each other 
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and free from shear stresses. These planes are the principal stress planes on 
which the principal stresses, σ1 and σ2, are acting. A similar derivation is 
also possible for the three-dimensional state of stress (see e.g. [2.1]). 

2.4  Bulk density 

The bulk density is designated as ρb. Its unit is kg/m3. Bulk density is de-
fined by the ratio of the mass, m, of an amount of bulk solid to its volume, 
V. If a bulk solid is in a container of known volume, V, one can calculate 
the bulk density, ρb, after having weighed the contents. 

Bulk density, ρb, must be distinguished from solid density, ρs. Solid den-
sity is the density of the material of the individual particles. Bulk density is 
always less than solid density, since voids exist between the individual 
particles of a bulk solid, which are taken into consideration in the calcula-
tion of bulk density. Voids can also exist within particles. The relationship 
between bulk density, ρb, and solid density, ρs, depends on porosity, ε, 
which is the ratio of the void volume (voids between particles and voids 
within particles), VVoids, to the total volume, V, of the bulk solid (including 
all voids): 

V
VVoids=ε  (2.23) 

The bulk density, ρb, follows from the solid density, ρs, and the density of 
the fluid within the voids, ρf: 

( ) fsb ρερερ ⋅+⋅−= 1  (2.24) 

If the fluid in the voids is a gas, the second term in Eq. (2.24) usually can 
be neglected. If the voids are partially filled with liquid, the degree of satu-
ration, S, is used to describe the ratio of the liquid volume, VLiquid, to the 
void volume: 

V
V

S Liquid

⋅
=

ε
 (2.25) 

If the density of the gas is neglected, the bulk density of a moist bulk solid 
can be derived:  

( ) fsb S ρερερ ⋅⋅+⋅−= 1  (2.26) 
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When a powder is tested, for example with a shear tester, often the bulk 
density, ρb, is determined by measuring mass and volume of the bulk solid 
specimen. The bulk density depends on the state of “compaction” or “com-
pression” of the bulk solid, i.e., the magnitude of the consolidation stress 
acting on the bulk solid. With increasing consolidation stress porosity, ε, 
decreases and bulk density, ρb, increases, since with compaction of a bulk 
solid the volumes of the voids between the particles, but usually not the 
particle volumes, decrease.  

With fine-grained bulk solids, bulk density can depend strongly on con-
solidation stress. There are bulk solids with porosities far greater than 0.9 
(more than 90% of the total volume consists of voids); at sufficient con-
solidation (e.g. tabletting, briquetting) one can find porosities less than 0.1 
[2.7]. A typical value for the porosity of a not too-finely grained (> 1 mm) 
dry bulk solid whose particle shape does not deviate too much from that of 
a sphere (e.g. quartz sand) is ε = 0.4. 

The porosity ε of a bulk solid can be calculated by Eq.(2.24), if the solid 
density is known and the bulk density has been measured, for example, 
with a shear tester.  

Example: Limestone has a solid density, ρs, of around 2700 kg/m3. With 
a shear tester a bulk density of 1050 kg/m3 has been determined for a fine-
grained limestone powder at a certain stress level. For this stress level the 
porosity then can be calculated using Eq.(2.24): ε = 1 - ρb/ρs = 0.61. Thus 
the voids between the particles fill 61% of the volume of this bulk solid at 
the stress level considered. 

Regarding moist bulk solids it has to be considered that compaction or 
dilation changes the bulk density and, thus, the degree of saturation, S, if 
the moisture content remains constant. The reason for this is that the void 
volume ε·V in the denominator of Eq.(2.25) is changed. Particularly when 
saturation is attained (S = 1), the bulk solid becomes a suspension and, 
thus, changes its properties dramatically (see Chap. 7). An example for this 
is moist sand on the beach. By compaction, for example tapping with a 
foot, the sand can be converted to a saturated state where it shows the 
properties of a sludge (suspension). 

2.5  Elastic and plastic deformation 

Elastic deformation occurs when a load (e.g. normal stress) is applied and 
the deformation disappears completely after the load is removed. Typical 
examples of elastic deformation are springs (e.g. helical spring, leaf-
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spring). Here, the magnitude of the deformation is proportional to the load 
causing the deformation (Fig. 2.9.a).  
 

 
Fig. 2.9. Stress-strain relationships for elastic (a) and plastic (b) deformation of 
solids 

Elastic deformation does not play an important role for most applications 
in bulk solids technology. In contrast, plastic deformation is of major im-
portance. Plastic deformation occurs when the stress is sufficient to per-
manently deform the material, whereby the stress-strain relationship is not 
linear (Fig. 2.9.b). Since the total strain results from elastic and plastic 
deformation, at removal of the load the strain is reduced according to the 
elastic deformation whereby the plastic deformation remains.  

Plastic deformation of bulk solids generally refers to the deformation of 
a bulk solid element by moving particles against each other rather than the 
deformation of individual particles since the deformation at the contacts of 
individual particles does not contribute much to the total deformation of 
the bulk solid. To describe this effect, the word “flowing” is often used 
instead of “deformation”. When a bulk solid element is flowing (= plastic 
deformation), the volume can increase, decrease, or remain constant, so 
that bulk density also can increase, decrease, or remain unchanged. As 
clarification of each of these processes, consider the following examples:  

• Compaction of a bulk solid (e.g. tabletting):  
Loose powder is compressed in a mold and thereby undergoes plastic 
deformation (Fig. 2.10). Hence, the bulk solid flows with an increase in 
bulk density. Thereby its stiffness increases which is indicated by the 
increasing steepness of the course of the vertical stress, σv, plotted ver-
sus the deformation, ∆h. Upon removal of the compressive stress, only a 
relatively small elastic deformation will take place and the form of the 
tablet will remain. Therefore, the bulk solid was deformed plastically by 
a large force, whereby its volume was reduced and its bulk density was 
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increased. It has to be mentioned that even at unloading the stress-strain 
relationship is not linear, because the stiffness of the bulk solid (not the 
stiffness of the particle material itself) decreases with decreasing stress 
[2.1].  

• Loosening of soil: 
Compacted soil (soil is also a bulk solid) is loosened through mechani-
cal influences (e.g. plowing); i.e., the soil is forced to flow plastically 
and thereby undergoes plastic deformation. The volume of the loosened 
soil is larger than before and thus its bulk density is less. 
 

 
Fig. 2.10. Compaction of a bulk solid and corresponding course of the vertical 
stress, σv, vs. deformation, ∆h, at loading and unloading 

Whether bulk density increases, decreases, or remains constant depends on 
the state of compaction (consolidation) of the bulk solid before plastic 
deformation and on the load exerted on the bulk solid during plastic de-
formation. A slightly compacted bulk solid will consolidate under a large 
load (see the above example for tabletting). On the contrary, a strongly 
compacted bulk solid becomes loosened when it is forced into plastic de-
formation at relatively small loads, i.e., a load smaller than the consolida-
tion load which created the actual compaction (see the above example of 
soil loosened by plowing). 

2.6  Adhesive forces 

The flowability of a fine-grained bulk solid depends largely on the adhe-
sive forces between individual particles. Although adhesive forces are the 
source of such problems as poor flowability or caking, they are a useful 
property, e.g., for agglomeration processes, for powder coating, for black-
board chalk, or for the application of cosmetic powders.  

Adhesive forces are caused by different mechanisms. With fine-grained, 
dry bulk solids, major adhesive forces are due to van der Waals interac-
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tions and electrostatic forces. The van der Waals forces are based on elec-
tric dipoles of atoms and molecules. Their intensity depends on particle 
size and distance as well as on the materials of the interacting surfaces. 
The latter is taken into account with the Lifschitz-van der Waals constant.  

Electrostatic forces are based on different electric potentials of particle 
surfaces. One needs to distinguish between conductors and insulators 
showing a different distribution of electrostatic charges.  

With moist bulk solids, liquid bridges between the particles usually are 
most important. Liquid bridges are formed by small regions of liquid with 
sufficiently low viscosity in the contact zone of particles (if the viscosity is 
too high, the mobility of the liquid is limited and it cannot collect at the 
particle contacts). Due to surface tension the particles are attracted to each 
other. Furthermore, in the liquid a capillary pressure prevails. If this pres-
sure is lower than the ambient pressure, it provides an additional adhesive 
force. Extensive derivations on capillary forces have been published by 
Schubert [2.8]. 

 

 
Fig. 2.11. Principle of a liquid bridge with low-viscosity fluid (α: bridge angle) 

All types of adhesive forces described above are dependent on the dis-
tance. This is demonstrated by calculated adhesive forces, FH, acting be-
tween a spherical particle and a wall (Fig. 2.12). The van der Waals force 
(curve 4) is very large at small distances, a, but decreases strongly with 
increasing distance already in the range of distances below 1 µm (10-3 
mm). This shows that van der Waals forces are of large influence if the 
surfaces are in contact. The more the surfaces are pressed against each 
other (e.g. during tabletting), which goes along with particle rearrangement 
and plastic deformation at contact points, the larger the adhesive forces 
will be. 

Adhesive forces due to liquid bridges (curve 1) are also large at small 
distances, but decrease only slightly with increasing distance. If the dis-
tance becomes too large, the liquid separates and, thus, the adhesive force 
diminishes. Compared to van der Waals forces and liquid bridges, electro-
static forces (curves 2 and 3) are clearly smaller at small distances, a, but 
do not decrease as much with increasing distance. Thus, at larger dis-
tances, adhesive forces due to electrostatic forces are larger than the other 
forces discussed here.   
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Fig. 2.12. Calculated adhesive forces, FH, between a spherical particle (diameter 
x = 10 µm) and a wall as a function of the distance a [2.10,2.11]; (1) liquid bridge 
(bridge angle α = 20°, surface tension of the liquid γ = 7.2·10-2 N/m, contact angle 
δ = 0°); (2) electrostatic force for a conductor (contact potential U = 0.5 V); 
(3) electrostatic force for an insulator (electric charge density σ = 102 e/µm2 = 
1.6·10-17 As/µm2; 3a. sphere-semispace; 3b. sphere-point charge); (4) van der 
Waals force (Lifschitz-van der Waals constant ωh = 8·10-19 J) 

The above examination of adhesive force mechanisms shows that the flow 
of fine-grained bulk solids, where the particles are in contact with each 
other, is influenced above all by van der Waals forces and liquid bridges, 
whereby liquid bridges can only play a role in the presence of a low-
viscosity liquid. Thus, for the flow of dry, fine-grained bulk solids, van der 
Waals forces are dominant. In contrast, electrostatic forces often can be 
neglected regarding powder flow because at small distances their influence 
is small compared to the other adhesive forces discussed here.  

The adhesive force of a liquid bridge is strongly dependent on the 
amount of liquid. Figure 2.13 shows the adhesive force, FH, related to the 
product of surface tension, γ, and particle diameter, x, as a function of the 
dimensionless distance, (a/x), which is the ratio of the distance to the parti-
cle diameter. If only a small amount of liquid is present (small values of 
the fluid portion, φ, see Fig. 2.13), the variation of the distance has a strong 
influence on the shape of the liquid bridge, and, thus, on the adhesive 
force. Furthermore, due to the limited amount of liquid, stable liquid 
bridges are possible only at small values of the dimensionless distance, 
(a/x). In contrast to this, for higher values of the fluid portion, φ, the influ-
ence of the distance is smaller (as discussed above, Fig. 2.12).  
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Fig. 2.13. Dimensionless adhesive force, FH/(γ·x), of a liquid bridge between two 
spherical particles (diameter x) as a function of the dimensionless distance, a/x 
(contact angle δ = 0°) [2.9,2.12]  

 
Fig. 2.14. Influence of particle size, x, on the adhesive force, FH, between a spheri-
cal particle and a wall (taken from [2.10,2.11], where the conditions for the calcu-
lations are reported) 

The influence of particle size on adhesive forces is shown in Fig. 2.14 for 
ideal conditions (ideally smooth surfaces of sphere and wall) [2.10,2.11]. 
As already shown in Fig. 2.12, at small distances (here: a0 = 4·10-4 µm) the 
adhesive forces due to liquid bridges are the largest, followed by van der 
Waals forces. The electrostatic force is clearly smaller. Also plotted in Fig. 
2.14 is the particle weight, which is proportional to the third power of the 
diameter and increases steeper with increasing particle size than the adhe-
sive forces. Therefore, the weight force becomes the dominant force above 
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a certain particle size. This is the reason for small particles (e.g. dust) be-
ing able to adhere to a vertical wall, whereby larger particles (e.g. sand 
grains) cannot.  

It has to be recognized that the forces in Fig. 2.14 have been calculated 
for ideal conditions and are larger than the forces which can be expected in 
reality. One important reason for this is that real particles and walls have 
rough surfaces leading to an increase in distance and therefore a reduction 
of adhesive forces (see Fig. 2.12). The influence of roughness is shown in 
Fig. 2.15. The diagrams plot adhesive forces, FH, acting between a spheri-
cal particle (radius R) and a wall, whereby the particle is provided with a 
hemisphere (radius r) acting as an artificial roughness. 

Since the distance between the wall and the tip of the roughness, simu-
lated by the hemisphere, is kept constant in Fig. 2.15, the distance between 
the spherical particle and the wall increases with the hemisphere radius, r. 
According to the influence of the distance on van der Waals forces (see 
Fig. 2.12), the increase of the hemisphere radius, r, leads to a decrease of 
the adhesive force, FH, as long as the hemisphere radius is sufficiently 
small (see left diagram in Fig. 2.15). The adhesive force is plotted for three 
different particle diameters between 0.5 µm and 50 µm. In the left part of 
the diagram the proportionality between adhesive force and particle diame-
ter as shown in Fig. 2.14 can be recognized. In the right part of the dia-
gram, i.e., at larger values of the hemisphere radius, r, the calculated adhe-
sive force increases with r. Here the adhesive force between the 
hemisphere itself and the wall becomes dominant relative to the adhesive 
force between the spherical particle and the wall.  

The right diagram in Fig. 2.15 shows the influence of roughness on liq-
uid bridges and electrostatic forces for several conditions. Forces of liquid 
bridges are plotted for two different values of the bridge angle (α = 2.5° 
and α = 20°) in order to demonstrate the influence of the amount of liquid. 
Compared to the van der Waals forces, the influence of the roughness is in 
both cases smaller. Particularly for the larger amount of liquid (α = 20°), 
the influence of roughness is very small, since the variation of radius r has 
less influence on the shape of the liquid bridge. If a sufficient amount of 
liquid is present, the roughness (hemisphere) is surrounded by the liquid 
(as in the sketch in the right diagram). If the amount of liquid is too small, 
the liquid bridge forms between the hemisphere and the wall. Thereby an 
increasing radius, r, of the hemisphere acts similar as an increasing particle 
size (see Fig. 2.14): The adhesive force, Fh, increases proportional to r.  

 



28      2  Fundamentals 

 
Fig. 2.15. Adhesive force, Fh, between a spherical particle and a wall in depend-
ence on the radius, r, of a hemisphere simulating the roughness. Distance a0 be-
tween tip of the roughness and wall is constant (taken from [2.10,2.11] where the 
conditions for the calculations can be found) 

The electrostatic force between a spherical particle, which is an insulator, 
and a wall (Fig. 2.15, right diagram) is nearly independent of the rough-
ness (as known from the distance, a, see curve 3a in Fig. 2.12).  

The adhesive force of a particle made from conducting material at first 
decreases with increasing roughness (left part of the diagram: influence of 
increasing distance between particle and wall in analogy to Fig. 2.12), 
then, at larger values of hemisphere radius, r, the adhesive force increases 
(influence of adhesive force between the hemisphere and the wall in anal-
ogy to the influence of particle size as shown in Fig. 2.14).  

The considerations above did not take into account the influence of ad-
sorption layers, which form on the particle surface depending on ambient 
conditions. If the ambient atmosphere contains humidity, adsorption layers 
can build up on hydrophilic surfaces already at a relative humidity far 
below 60%. If the relative humidity is very small, mono-molecular adsorp-
tion layers form (Fig. 2.16). At higher values of relative humidity, multi-
layer adsorption can be observed (in multilayer adsorption not all adsorbed 
molecules are in contact with the surface layer of the adsorbent; it is a 
special property of water to form hydrogen bonds). If the relative humidity 
exceeds approx. 60 – 85% (material depending), capillary condensation 
starts. Capillary condensation is said to occur when multilayer adsorption 
proceeds to the point at which pore spaces (2 to 100 nm [2.13]) including 
pores formed at particle contacts are filled with liquid separated from the 
gas phase by menisci [2.14]. Above the concave menisci moisture conden-
sation is supported by the reduced saturation vapor pressure [2.13].  
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Fig. 2.16. Water adsorption isotherm (in principle) [2.14] 

The influence of adsorption layers on adhesive forces is complex and can-
not be described generally [2.11]. If particles with adsorption layers are in 
contact, there is no direct contact of the particles, but rather of the particles 
with the adsorbed liquid [2.15]. Therefore, the adsorption layers can lead 
to larger or smaller van der Waals forces, which are dependent on mate-
rial-dependent parameters (e.g., Lifschitz-van der Waals constant). In the 
case of overlapping water-based adsorption layers one will obtain larger 
adhesive forces compared to the same particle contact without adsorption 
layers “with high probability” [2.11]. If the relative humidity leads to cap-
illary condensation, one can expect the formation of liquid bridges at the 
particle contacts, which will result in adhesive forces due to liquid bridges. 
Thereby the liquid portions attained through capillary condensation are 
usually small compared to those resulting from typical technical processes 
(e.g., dewatering process with a filter press) [2.15].  

Some bulk solids continue to gain strength if stored at rest under com-
pressive stress for a long time period. This effect is called time consolida-
tion. The reasons for time consolidation are also to be found in the effects 
of adhesive forces. Possible mechanisms are: 

• Visco-plastic or plastic deformation at particle contacts, which leads to 
an increase in adhesive forces through approach of the particles (dis-
tance is reduced) and enlargement of contact areas.  

• Solid bridges due to solid crystallizing when drying moist bulk solids, 
where the moisture is a solution of a solid and a solvent [2.1] (e.g., sand 
and salt water). 

• Solid bridges from the particle material itself, e.g., after some material 
at the contact points has been dissolved by moisture (e.g., adsorbed 
moisture from the ambient atmosphere), and later the moisture has been 
removed [2.1,2.15] (e.g., crystal sugars with slight dampness). 
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• Bridges due to sintering during storage of the bulk solid at temperatures 
not much lower than the melting temperature [2.1,2.11]. This can ap-
pear, for example, at ambient temperature during the storage of plastics 
with low melting points. 

• Chemical processes (chemical reactions at particle contacts). 
• Biological processes (e.g., due to fungal growth on biologically active 

ingredients) 

Whether a bulk solid flows well or poorly depends on the relationship of 
adhesive forces to other forces acting on the bulk solid. It can be shown 
that the influence of adhesive forces on flow behavior increases with de-
creasing particle size (see Sect. 2.7). Thus, as a rule, a bulk solid flows 
more poorly with decreasing particle size. Fine-grained bulk solids with 
moderate or poor flow behavior due to adhesive forces are called cohesive 
bulk solids. 

If particles are pressed against each other by external forces, the com-
pressive force acting between the particles increases. As a result large 
stresses prevail (locally) at the particles' contact points, because the contact 
points are small. This leads to plastic deformation of the particles in the 
contact area, so that the contact areas increase and the particles approach 
each other. Thereby the adhesive forces increase. Thus a compressive 
force acting from outside on a bulk solid element can increase the adhesive 
forces. This mechanism is used, for example, in the production of tablets 
or briquettes.  

The dependence of adhesive forces between particles on external forces 
exerted on a bulk solid is characteristic of bulk solids, especially for cohe-
sive bulk solids. Therefore an evaluation of bulk solids behavior must 
always take into consideration the forces or stresses previously acting on 
the bulk solid, i.e., its stress history. The stress history includes, for exam-
ple, the consolidation stress exerted on a bulk solid, leading to certain 
adhesive forces and hence to a certain strength of the bulk solid (e.g., the 
strength of a tablet is dependent on the maximum consolidation stress at 
tabletting).  

The short survey on adhesive forces presented above may be sufficient 
to give a basic understanding of the influence of the most important pa-
rameters such as particle size and distance. In reality various other (chemi-
cal and physical) quantities and effects have to be considered (for further 
reading please refer to [2.1,2.8,2.11,2.16,2.17]). Direct measurements of 
adhesive forces with centrifuges or atomic force microscopes (AFM) show 
that even particles of identical size exhibit a wide range of adhesive forces 
up to one or two orders of magnitude depending on the surface structure. 
Measurement principles and some results are presented in Sect. 6.5.  
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Regarding this subject matter, the topic of adhesive forces matches well 
to the so-called “Lotus effect”, which has been extensively discussed in 
recent years [2.18]. The name is taken from the sacred Lotus flower, which 
is provided with self-cleaning leaves. One reason for the self-cleaning 
effect is that the surface of the leaves is hydrophobic due to its chemical 
composition. The other reason is the microstructure of the surface, which 
increases the hydrophobic properties further. A water droplet located on 
such a surface touches the leaf only at a few points (the tips of the rough 
surface), whereby air can remain below the droplet (Fig. 2.17). The adhe-
sive force between droplet and leaf is extremely small due to the small 
contact area. Thus the surface tension of the droplet dominates the adhe-
sive forces, and the droplet has nearly the shape of a sphere. The Lotus 
effect can be regarded as the increase of hydrophobic properties of a hy-
drophobic surface by roughness due to a microstructure.  

If dirt particles are deposited on such a surface, the roughness of the sur-
face acts as a spacer and thus reduces the van der Waals forces which are 
dominant on dry surfaces (see Fig. 2.15: van der Waals forces decrease 
with increasing roughness, if the roughness radius is not too large). If wa-
ter is added to this system, nearly spherical droplets form on the hydro-
phobic surface (Fig. 2.18). Even a small inclination of the surface will 
cause the droplets to roll downwards. If a droplet rolls over a dirt particle, 
the particle is wetted and adheres to the droplet. Hydrophilic particles 
move into the droplet, hydrophobic particles remain at the surface of the 
droplet, i.e., they adhere stronger to the surface of the droplet than to the 
leaf [2.18]. The technical application of the Lotus effect (in the meantime 
registered as Lotus-Effect) focuses on dirt-repellent, self-cleaning sur-
faces, e.g., for facade paints and sanitary ware.  

 

 
Fig. 2.17. Water droplet on a rough hydrophobic surface [2.18] 

 
Fig. 2.18. Principle of self-cleaning (Lotus effect): particles (e.g. dirt) are caught 
by the droplets; left: hydrophilic particle, right: hydrophobic particle [2.18] 
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2.7  Influence of particle size on the behavior of a bulk 
solid 

Adhesive, interparticle forces have a major influence on the flow behavior 
of a powder or bulk solid. In Sect. 2.6 the increase of the adhesive force 
between a sphere and a wall with increasing particle size was outlined 
(Fig. 2.14). The flow properties of a fine-grained bulk solid are mainly 
influenced by adhesive forces due to liquid bridges (if moisture is present) 
and van der Waals forces (dominating force for dry, fine-grained bulk 
solids). Both forces are proportional to particle size, x (Fig. 2.14). Similar 
dependencies can be found for adhesive forces between particles.  

The general experience with bulk solids is that flowability increases 
with increasing particle size. The reason for this is to be found in the adhe-
sive forces, even if according to Fig. 2.14 one would expect smaller adhe-
sive forces with smaller particles. To outline the influence of particle size, 
in the following the tensile strength of a bulk solid is examined. Although 
tensile strength does not play an important role in practice where bulk 
solids have to be handled and usually are subjected to compressive stresses 
rather than tensile stresses (e.g., in a silo or a container), it is easy to un-
derstand the link between tensile strength and adhesive forces. To measure 
tensile strength, a platen is coated with a thin layer of glue on its underside 
and then vertically pressed into a powder sample with force FV (Fig. 2.19). 
Afterwards the platen is carefully pulled upwards until the bulk solid fails. 
From the maximum force arising at failure the tensile strength, σt, is de-
termined. The portion of the force related to the strength of the bulk solid 
(FZ) is divided by the area A of the platen (for more information about the 
measurement principle refer to Sect. 6.3.13, further remarks can be found 
in Sect. 5.3.2).  

 

 
Fig. 2.19. Measurement of the tensile strength 

The tensile strength, σt, can be regarded as the sum of the adhesive forces 
at a large number of particle contacts. In the following this is regarded on 
the basis of the van der Waals force. Then the adhesive force, FH, between 
two spherical particles with diameter d of constant distance is proportional 
to the particle diameter: 
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dFH ∝  (2.27) 

The tensile strength, σt , can be calculated from the tensile force at failure, 
FZ, divided by the area of the platen, A (see Fig. 2.19): 

A
FZ

t =σ  (2.28) 

Now it is assumed that the force FZ is the sum of the adhesive forces at the 
individual particle contacts in the failure plane. The number of contacts is 
n: 

HZ FnF ⋅=  (2.29) 

The number of particle contacts, n, is proportional to area A and inversely 
proportional to the square of the particle diameter, d, since the smaller the 
particles, the more particles can be found on a certain area (Fig. 2.20): 

2d
An ∝  (2.30) 

 

 
Fig. 2.20. Particles per area 

With Eqs. (2.27), (2.29) and (2.30) it follows from Eq. (2.28): 
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Thus it is demonstrated that the tensile strength of a powder is inversely 
proportional to particle diameter. A similar relationship can be found for 
compressive strength, σc, which is described in the next section. Generally, 
it can be stated that with decreasing particle size the strength of a bulk 
solid becomes greater and, thus, its flowability is reduced. For the sake of 
completeness it has to be mentioned that there exist exceptions to this rule, 
e.g., when a fine-grained bulk solid is mixed with a small portion of an 
even more fine powder working as a flow agent. This leads to a smaller 
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mean particle size, but reduces the strength and increases the flowability 
(see Sect. 7.2.2).  

An example taken from nature is the gecko, whose feet are provided 
with millions of thin hairs (so-called spatulae). Instead of a small number 
of contacts with a large diameter, the gecko can adhere to a wall with a 
large number of contacts of very small diameter due to the hairs at its feet. 
As outlined above, the tensile strength or transferable tensile force per 
area, respectively, can be increased by a reduction of the particle size (cor-
responding to the small diameter of the hairs). Due to this effect, in theory 
the feet of a gecko can transfer several times the gecko’s weight, which 
allows the gecko to climb vertical walls [2.19]. 

 



3  Flow properties of bulk solids 

The flow properties of bulk solids depend on many parameters, e.g.: 

• particle size distribution, 
• particle shape, 
• chemical composition of the particles, 
• moisture, 
• temperature. 

It is not possible to determine theoretically the flow behavior of bulk solids 
as a function of all of these parameters. Even if this were possible, the ex-
pense for the determination of all parameters of influence would be very 
high. Thus it is necessary, and also simpler, to determine the flow proper-
ties in appropriate testing devices. 

To approach the subject of this section, at first a simple test procedure, 
the uniaxial compression test, will be considered. Following this the meas-
urement of flow properties with shear testers based on Jenike’s contribu-
tions [3.1] will be explained.  

3.1  Uniaxial compression test 

3.1.1  Consolidation of bulk solids 

The phrase “good flow behavior” usually means that a bulk solid flows 
easily, i.e., it does not consolidate much and flows out of a silo or a hopper 
due to the force of gravity alone and no flow promoting devices are re-
quired. Products are “poorly flowing” if they experience flow obstructions 
or consolidate during storage or transport. In contrast to these qualitative 
statements, a quantitative statement on flowability is possible only if one 
uses an objective characteristic value that takes into account those physical 
characteristics of the bulk solid that are responsible for its flow behavior. 

“Flowing” means that a bulk solid is deformed plastically due to the 
loads acting on it (e.g. failure of a previously consolidated bulk solid sam-
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ple). The magnitude of the load necessary for flow is a measure of flow-
ability. This will be demonstrated first with the uniaxial compression test.  

In Fig. 3.1 a hollow cylinder filled with a fine-grained bulk solid is 
shown (cross-sectional area A; internal wall of the hollow cylinder as-
sumed as frictionless). The bulk solid is loaded by the stress σ1 – the con-
solidation stress or major principal stress – in the vertical direction and, 
thus, compressed. The more the volume of the bulk solid is reduced, the 
more compressible the bulk solid. 

With an easy-flowing, dry bulk solid with large, hard particles (e.g., 
wheat grains or glass beads), bulk density will increase very little. With a 
fine and/or moist bulk solid (e.g. flour, moist sand), one will observe a 
clear increase in bulk density. 

In addition to the increase in bulk density from consolidation stress, one 
will observe also an increase in strength of the bulk solid specimen. Hence, 
the bulk solid is both consolidated and compressed through the effect of 
the consolidation stress. 
 

 
Fig. 3.1. Uniaxial compression test 

After consolidation, the bulk solid specimen is relieved of the consolida-
tion stress and the hollow cylinder is removed. If subsequently the con-
solidated cylindrical bulk solid specimen is loaded with an increasing ver-
tical compressive stress, the specimen will break (fail) at a certain stress. 
The stress causing failure is called compressive strength, cohesive 
strength, or unconfined yield strength, σc (another common designation is 
fc as introduced by Jenike [3.1])  

In bulk solids technology one calls the failure “incipient flow”, because 
at failure the consolidated bulk solid specimen starts to flow. Thereby the 
bulk solid dilates somewhat in the region of the surface of the fracture, 
since the distances between individual particles increase. Therefore incipi-
ent flow is plastic deformation with decrease of bulk density (see Sect. 
2.5). Since the bulk solid fails only at a sufficiently large vertical stress, 
which is equal to its compressive strength, there must exist a material-
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specific yield limit for the bulk solid. Only when this yield limit is reached 
does the bulk solid start to flow. 

The yield limits of many solid materials (e.g. metals) are listed in tables. 
However, the yield limit of a bulk solid is dependent also on its stress his-
tory, i.e., previous consolidation: The greater the consolidation stress, σ1, 
the greater are bulk density, ρb, and unconfined yield strength, σc. 

 

 
Fig. 3.2. Bulk density, ρb, and unconfined yield strength, σc, in dependence on 
consolidation stress, σ1  

Uniaxial compression tests (Fig. 3.1) conducted at different consolidation 
stresses, σ1, yield different pairs of values (σc, σ1) and (ρb, σ1). Plotting 
these pairs of values as points in a σc,σ1 diagram and a ρb,σ1 diagram, re-
spectively, and drawing in each diagram a curve through these points, 
usually results in curves like those for product A in Fig. 3.2, where bulk 
density, ρb, and unconfined yield strength, σc, typically increase with con-
solidation stress, σ1. Very rarely a curve σc(σ1) like curve B is obtained 
where within a limited range of the consolidation stress a progressive slope 
is observed. The curve σc(σ1) is called the flow function, or instantaneous 
flow function to emphasize that the strength is measured directly after con-
solidation. 
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3.1.2  Time consolidation 

Some bulk solids increase in strength if they are stored for a period of time 
at rest under a compressive stress (e.g. in a silo or an IBC). This effect is 
called time consolidation or caking. Time consolidation is the result of the 
increase of interparticle adhesive forces with time based on different 
mechanisms (see Sect. 2.6). If particles are moved relative to each other, 
these adhesive forces diminish and can build up again during further stor-
age at rest.  

Time consolidation can be determined with the test shown in Fig. 3.1, in 
order, for example, to simulate long-term storage in a silo. To conduct this 
test one loads the specimen with consolidation stress, σ1, not just for a 
short moment, but for a defined period of time, t. Then the unconfined 
yield strength is determined following the principle explained above (right 
part of Fig. 3.1). 

In Fig. 3.3 the instantaneous flow function σc(σ1) of product A (see Fig. 
3.2) is shown. The instantaneous flow function represents the unconfined 
yield strength without influence of time consolidation, i.e., for a storage 
period t = 0. Additionally, examples of curves σc(σ1) for storage periods 
t > 0 (curves A1, A2) are drawn. The curves σc(σ1) for the storage periods 
t > 0 are called time flow functions. Here each curve results from the con-
nection of several pairs of values (σc, σ1), which were measured at identical 
storage periods, t, but at different consolidation stresses, σ1. 

 

 
Fig. 3.3. Instantaneous flow function and time flow functions 

For the example of bulk solid A, its unconfined yield strength, σc, increases 
with increasing storage time. This result is true for many bulk solids, but 
not for all. There are bulk solids which undergo no or only very slight con-
solidation over time; i.e., σc do not increase or increase only very slightly 
with increasing storage period (e.g. dry quartz sand). Other bulk solids un-



3.1  Uniaxial compression test      39 

dergo a large increase in unconfined yield strength after storage periods of 
only a few hours, whereas after longer storage periods their unconfined 
yield strength does not increase further. These differences are due to the 
different physical, chemical, or biological effects that are the causes of 
consolidation over time, e.g. chemical processes, crystallizations between 
the particles, enlargement of the contact areas through plastic deformation, 
capillary condensation, or biological processes such as fungal growth (see 
Sect. 2.6). 

With measurement of time consolidation, a “time-lapse effect” is not re-
alizable, i.e., one must store a bulk solid specimen at the consolidation 
stress, σ1, for exactly that period of time for which one would like to get 
data on time consolidation. Without such a test no quantitative statement 
can be made regarding time consolidation. 

3.1.3  Representation of stresses using Mohr stress circles  

The uniaxial compression test presented in Fig. 3.1 is shown below in a σ,τ 
diagram (Fig. 3.4). If one neglects the force of gravity acting on the bulk 
solid specimen and assumes that no friction is acting between the wall of 
the hollow cylinder and the bulk solid, both vertical stress as well as hori-
zontal stress are constant within the entire bulk solid specimen. Therefore 
at each position within the bulk solid sample the state of stress, which can 
be represented by a Mohr stress circle, is identical. 

During consolidation the normal stress, σ1, acts on the top of the bulk 
solid specimen. Perpendicular to the vertical stress the smaller horizontal 
stress, σ2, prevails according to the stress ratio, K (see Sect. 2.3). At neither 
the top nor bottom of the specimen, nor at the internal wall of the hollow 
cylinder, which is assumed to be frictionless, will shear stresses be found; 
i.e., τ = 0. The pairs of values (σ, τ) for vertical and horizontal cutting 
planes within the bulk solid specimen are plotted in the σ,τ diagram (Fig. 
3.4). Both points are located on the σ-axis because τ = 0. The Mohr stress 
circle, which describes the stresses in the bulk solid sample at consolida-
tion, is thus well defined (because each stress circle has exactly two inter-
sections with the σ-axis defining the principal stresses). The stress circle 
representing the stresses at consolidation is shown in Fig. 3.4 (stress circle 
A). 

In the second part of the test shown in Fig. 3.1, the specimen is loaded 
with increasing vertical stress after it has been relieved of the consolidation 
stress and the hollow cylinder has been removed. Here vertical stress and 
horizontal stress are principal stresses.  
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Fig. 3.4. Measurement of the unconfined yield strength in a σ,τ diagram 

During the increasing vertical load in the second part of the test, the stress 
states at different load steps are represented by stress circles with increas-
ing diameter (stress circles B1, B2, B3 in Fig. 3.4). The minor principal 
stress, which is equal to the horizontal stress, is equal to zero at all stress 
circles, since the lateral surface of the specimen is unrestrained and not 
loaded. 

At failure of the specimen the Mohr stress circle B3 represents the 
stresses in the bulk solid sample. Since the load corresponding to this 
Mohr stress circle causes incipient flow of the specimen, the yield limit of 
the bulk solid must have been attained in one cutting plane of the speci-
men. Thus, Mohr stress circle B3 must reach the yield limit in the τ,σ dia-
gram. In Fig. 3.4 a possible yield limit is shown. A simplified interpreta-
tion of the yield limit is that it gives for every normal stress, σ, a shear 
stress, τ, which is necessary to initiate flow, i.e., to move particles relative 
to each other.  

The Mohr stress circles B1 and B2, which are completely below the yield 
limit, cause only an elastic deformation of the bulk solid specimen, but no 
failure and/or flow. Stress circles larger than stress circle B3, and thus 
partly above the yield limit, are not possible: The specimen would already 
be flowing when the Mohr stress circle reaches the yield limit (failure), so 
that no larger load could be exerted on the specimen. 
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In Fig. 3.5 the connection between the Mohr stress circle, the yield limit 
and the orientation of the failure plane is shown. The point where the Mohr 
stress circle B3 touches the yield limit defines the pair of values of shear 
stress, τ, and normal stress, σ, that initiates flow. These stresses are attained 
only in cutting planes of two particular orientations. One orientation can be 
identified with the Mohr stress circle in Fig. 3.5. The angle from the point 
on the Mohr stress circle representing the horizontal plane, where the ver-
tical stress, σv, is acting, to the point where it touches the yield limit is 2α. 
Thus, a failure plane in the bulk solid specimen is inclined by the angle α 
to the horizontal, whereby α is measured in the opposite direction as in the 
Mohr circle (see Sect. 2.2). The second orientation of the failure planes is 
defined by the point where the Mohr stress circle touches the yield limit 
mirrored along the σ-axis (not visible in Fig. 3.5).  
 

 
Fig. 3.5. Relationship between Mohr stress circle, yield limit and failure plane in 
the bulk solid specimen 

If, during the second part of the experiment shown in Fig. 3.1 (measure-
ment of compressive strength), one were to apply also a horizontal stress 
greater than zero (σ2 > 0) on the specimen (in addition to the vertical stress, 
σv), one would likewise find stress circles that indicate failure of the speci-
men and reach the yield limit (e.g. stress circle C in Fig. 3.4). Thus the 
yield limit is the envelope of all stress circles that indicate failure of a bulk 
solid sample. 

3.1.4  Numerical characterization of flowability 

Flowability of a bulk solid is characterized mainly by its unconfined yield 
strength, σc, as a function of the consolidation stress, σ1, and the storage 
period, t. Usually the ratio ffc of consolidation stress, σ1, to unconfined 
yield strength, σc, is used to characterize flowability numerically: 
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The larger ffc is, i.e., the smaller the ratio of the unconfined yield strength 
to the consolidation stress, the better a bulk solid flows. Similar to the clas-
sification used by Jenike [3.1], one can define flow behavior as follows: 

• ffc < 1   not flowing 
• 1 < ffc < 2 very cohesive 
• 2 < ffc < 4 cohesive 
• 4 < ffc < 10 easy-flowing 
• 10 < ffc  free-flowing 

 

 
Fig. 3.6. Instantaneous flow function and lines of constant flowability 

In Fig. 3.6 the instantaneous flow function A taken from the σc,σ1 diagram 
in Fig. 3.2 is shown. Additionally, the boundaries of the ranges of the clas-
sifications listed above are shown as straight lines, each representing a 
constant value of flowability, ffc. This diagram clearly shows that the ratio 
ffc of a specific bulk solid is dependent on the consolidation stress, σ1 (in 
most cases ffc increases with σ1 as with bulk solid A). Therefore, with each 
consolidation stress at which σc and thus ffc were determined one obtains a 
different value of flowability: The flowability of a bulk solid depends on 
the stress level (= consolidation stress); thus for most bulk solids one will 
obtain a larger value of flowability (= better flowability) at a greater con-
solidation stress. For most bulk solids one will find a (possibly extremely 
low) consolidation stress at which the bulk solid flows poorly. Because of 
the dependence of flowability on consolidation stress, it is not possible 
(unfortunately) to describe the flowability of a bulk solid with only one 
numerical value. 
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The increase in flowability with increased consolidation stress at first 
glance may seem inconsistent, since unconfined yield strength, σc, in-
creases with increasing consolidation stress, σ1; i.e., the bulk solid increas-
ingly gains strength. How then can it flow better? The answer is to be 
found in the definition of flowability in Eq. (3.1): Flowability is the ratio 
of consolidation stress to unconfined yield strength, and this ratio becomes 
greater with increasing consolidation stress for most bulk solids (e.g. see 
curve A in Fig. 3.2). 

The following will clarify that the definition of flowability is meaning-
ful. In Fig. 3.7 the lower part of a hopper filled with bulk solid is shown. In 
a hopper the major principal stress (= consolidation stress, σ1) decreases 
towards the hopper apex (see Sect. 9.1.2). The diagrams in Fig. 3.7 show 
the consolidation stress, σ1, the unconfined yield strength, σc, resulting 
from the consolidation stress, and the flowability, ffc, determined according 
to Eq.(3.1).  

Poor flowability of the bulk solid in the hopper means that flow obstruc-
tions due to arching occur. From experience it is known that arching can 
be avoided if the outlet opening of the hopper is sufficiently large. This 
finding is supported by the hopper in Fig. 3.7: In the lower part of the hop-
per the flowability, ffc, is close to 1, thus the bulk solid can be character-
ized as nearly not flowing. With increasing distance from the hopper apex 
the consolidation stress increases and the flowability becomes better, so 
that in the upper part of the hopper stable arches cannot form. Thus, if the 
outlet opening is sufficiently large, everywhere in the hopper the flowabil-
ity of the bulk solid is high enough to avoid flow obstructions.  

If a bulk solid is set to flow, its yield limit must be attained. Often only 
stresses of the same order of magnitude as at the previous consolidation 
can be applied (e.g. the force of gravity). In the above example (bulk solid 
in a hopper, Fig. 3.7) the bulk solid should flow after the outlet is opened. 
After opening of the outlet approximately the same stresses act on the bulk 
solid as previously (with the outlet closed). The bulk solid can flow out 
only if the stress acting on the bulk solid is greater than the strength of the 
bulk solid. A measure of this strength is the unconfined yield strength, σc. 
One can also say that the greater the ratio of the stress acting on the bulk 
solid to the unconfined yield strength, the more easily will the bulk solid 
flow. Precisely this relationship is indicated through the value of flowabil-
ity, ffc, according to Eq.(3.1). This value of flowability, being the ratio of 
the consolidation stress, σ1, to the unconfined yield strength, σc, is there-
fore in many cases the criterion that determines whether a bulk solid flows 
in a certain situation or not. 
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Fig. 3.7. Consolidation stress, σ1, unconfined yield strength, σc, and flowability, 
ffc, of the bulk solid in the hopper  

With the results of time consolidation tests, flowability can be determined 
with Eq.(3.1), using the unconfined yield strength, σc, which was measured 
after the corresponding storage period. If the bulk solid shows a time con-
solidation effect, one will measure a larger unconfined yield strength with 
increasing storage period, so that from Eq.(3.1) lesser flowability will fol-
low. This is logical: If a bulk solid gains strength with an increasing period 
of storage at rest at a certain consolidation stress, it will be more difficult 
to get this bulk solid to flow; i.e., its flowability decreases with increasing 
storage period. 

In Fig. 3.3, Sect. 3.1.2, an instantaneous flow function and two time 
flow functions are shown. The instantaneous flow function represents un-
confined yield strength, σc, as a function of consolidation stress, σ1, with-
out influence of a storage period, i.e., for the storage period t = 0. A time 
flow function represents the unconfined yield strength which emerges after 
storage at the consolidation stress over a period of time, t (see Sect. 3.1.2). 
The instantaneous flow function and time flow functions from Fig. 3.3 are 
shown in Fig. 3.8.a along with the boundaries of the ranges, which follow 
from the classification of flowability as outlined above. It can be seen that 
flowabilities, ffc, measured at identical consolidation stress, but after dif-
ferent consolidation periods, decrease with increasing consolidation time. 
For the consolidation stress σExample (Fig. 3.8.a) chosen as an example, one 
obtains measurement points in areas of decreasing flowability when in-
creasing consolidation period t (see arrow in Fig. 3.8.a). The decrease of 
flowability with consolidation period is shown in Fig. 3.8.b. 
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Fig. 3.8. Influence of storage period on flowability; a. instantaneous flow function 
A and time flow functions A1, A2; b. flowability vs, time  

From the dependence of flowability, ffc, on consolidation stress, σ1, it fol-
lows that one can compare the flow behavior of several bulk solids quanti-
tatively using ffc only if all measurements have been performed at identical 
consolidation stresses. Otherwise, totally different (incorrect) statements 
might result. See the example in Fig. 3.9, where the instantaneous flow 
functions of two bulk solids, A and B, are shown. The flowability, ffc, of 
the better flowing bulk solid A was measured at a very low consolidation 
stress, so that a relatively low flowability value emerged. The flowability 
of the more poorly flowing bulk solid B was measured at a clearly greater 
consolidation stress, where this bulk solid has a better flowability than the 
better flowing bulk solid A at the lower consolidation stress. Therefore, a 
comparison of ffc values would result in an incorrect ranking of flowabili-
ties. If one had measured flowability at identical consolidation stresses, 
one would have determined flowabilities that represent the true relation-
ships. 

 

 
Fig. 3.9. Influence of consolidation stress on flowability 



46      3  Flow properties of bulk solids 

When providing the flowability value, ffc, of a bulk solid, the consolidation 
stress at which flowability was measured must also be given. Otherwise 
the flowability value is meaningless because - as outlined above - depend-
ing on the consolidation stress selected one can measure very different 
values of flowability for any product. 

In addition, the time consolidation of different bulk solids can be com-
pared only at identical consolidation stress and identical consolidation 
time. Therefore, besides the ffc value, one must provide the consolidation 
stress and the consolidation period values used. 

The consolidation stress and the consolidation period selected for testing 
should reflect, as much as possible, the actual process conditions in which 
the problem occurs (e.g. stress and storage period for storage in bags on 
pallets, stress near the outlet opening of a silo, see Sect. 4.2). This is the 
most reliable way to achieve realistic data. Since the flowability ranking of 
several bulk solids is in many cases largely independent of stress level (ex-
ample: Fig. 3.9: Product A flows better than product B throughout the con-
solidation stress range), it is often sufficient that the consolidation stresses 
measured roughly approximate the actual stresses. Very much more impor-
tant than the absolute magnitude of the consolidation stress is that during 
comparative tests all products be tested at the same consolidation stress. 
This has already been discussed in detail above. 

In exceptional cases a different ranking of the flowability of two prod-
ucts may result based on stress level (σ1). This is shown by the flow func-
tions of products A and B in Fig. 3.2. Due to the intersection of the flow 
functions there is a range of σ1 where the flow function of A is located 
above that of product B, so that product B flows better in this range of 
stresses. But there is also a range of σ1, where product A flows better. In 
such a case it is very important to use a consolidation stress close to the 
stress acting in the practical application under consideration. 

With many applications the bulk solid flows by gravity, e.g. when flow-
ing out from a bin or silo. Two bulk solids with the same flowability value, 
ffc, but a different bulk density, ρb, will flow differently because a larger 
gravitational force acts on the bulk solid with the larger bulk density. This 
means, for all applications utilizing gravity flow of bulk solids (e.g. flow 
out of a silo), that flow of a bulk solid with greater bulk density is sup-
ported by a greater force. Because of the greater force of gravity at equal 
flowability the strength of the bulk solid with the greater bulk density can 
be overcome more easily. 

With comparative tests on similar samples of a product, often individual 
samples differ only slightly in their bulk density, so the influence of bulk 
density can be neglected. Then the flowability value, ffc, is sufficiently ac-
curate. Sometimes one finds very strong differences between the bulk den-
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sities of samples to be compared, particularly with very fine-grained pro-
ducts. Here bulk density must be considered in order to reach conclusions 
about flowability under gravity flow. It might be useful then to consider 
the product of flowability, ffc, and bulk density, ρb: 

w

b
cffff

ρ
ρ

ρ ⋅=  (3.2) 

with ρw = 1000 kg/m3 (liquid water at 0°C, 1 bar). 

In order to obtain a non-dimensional term, the bulk density, ρb, is divided 
by the density of liquid water (ρw = 1000 kg/m3 at 0°C and 1 bar, rounded). 
Of course, this is not physically meaningful, since the density of water 
plays no role in the gravity flow of a bulk solid, but in this way one obtains 
a non-dimensional term which is called the “density-weighed flowability”.  

3.2  Principles of shear testing 

The use of the uniaxial compression test with fine-grained, cohesive bulk 
solids is problematic, since one obtains unconfined yield strength values 
that are too low (Chap. 5) [3.2-3.6], and since preparation of the hollow 
cylinder to obtain frictionless walls is very time-consuming if not impossi-
ble to achieve (Sect. 6.3.10). In addition, further important parameters (e.g. 
internal friction and wall friction) cannot be determined with this test. 
Therefore shear testers are used in advanced bulk solids technology. The 
first shear tester designed for bulk solids is the translational shear tester 
developed by Jenike around 1960 (Jenike shear tester) [3.1]. Some years 
later the first ring shear testers designed for bulk solids followed [3.7]. In 
the following the test procedure (called “shear test”) is described in gen-
eral, i.e., independent of a specific type of shear tester. The implementa-
tion of the procedure with different types of shear testers follows in Chap.  
4.  

3.2.1  Test procedure 

The test procedure described in the following  corresponds to the test pro-
cedure recommended by Jenike for the translational shear tester [3.1,3.8–
3.12]. Similar to a uniaxial compression test, the test procedure is done in 
two steps: First the bulk solid specimen is consolidated, what is called 
“preshear”. Subsequently a point on the yield limit is measured. This step 
is called “shear” or “shear to failure”.  
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Fig. 3.10. a. Initial loading of the bulk solid specimen with a vertical normal 
stress, σ; b. shear deformation (constant velocity, v) 

Because the principle of a shear test is often regarded as difficult to under-
stand, at first some simplified considerations are presented. Thus Fig. 3.10 
shows the principle of shear deformation. The bulk solid specimen of 
cross-sectional area A (A seen from the top) is first subjected to a vertical 
normal stress, σ (Fig. 3.10.a). Afterwards the top is moved horizontally 
(velocity v) relative to the bottom (bottom is fixed) in order to shear the 
bulk solid specimen (Fig. 3.10.b). Due to friction between particles a shear 
stress, τ, is acting in the bulk solid which is transferred to the top and 
measured.  

If a loose, uncompacted specimen of a fine-grained bulk solid is loaded 
with a normal stress, σ, as in Fig. 3.10.a, it is compressed and thus its bulk 
density, ρb, increases somewhat. During the following shear deformation 
the particles are moved against each other resulting in the shear stress, τ, 
indicated in Fig. 3.10.b. Shear stress and bulk density are plotted versus 
time in Fig. 3.11.a. Since the particles are relatively loosely packed at the 
beginning of shear, particles can move against each other and rotate. Inter-
particle friction forces will be small and thus the shear stress will be small 
at the beginning (see Fig. 3.11.a). With increasing shear deformation the 
bulk solid becomes increasingly compacted, so that the particles are 
pressed against each other and thus the frictional forces increase. Shear 
stress and bulk density therefore increase as a result of further shear de-
formation. Thus the bulk solid is deformed plastically with increase of 
bulk density. Plastic deformation is a permanent deformation remaining 
even after removal of the load. A specimen that shows an increase in bulk 
density and strength when being sheared is called underconsolidated. 

The increasing compaction and consolidation of the bulk solid specimen 
during shear can be explained by regarding the force, FR, in Fig. 3.10.b, 
which results from normal stress and shear stress and, thus, increases with 
increasing shear stress. With time the curve of increase of shear stress vs. 
time becomes flatter (Fig. 3.11.a), and the same is true for the resultant 
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force, FR. Finally the frictional forces between the particles are fully mobi-
lized, so the maximum possible friction force – with respect to the applied 
normal load – is acting. The measured shear stress, τ, does not increase fur-
ther after this state has been attained (see Fig. 3.11.a). Bulk density, ρb, 
also does not increase further. Thus flow, or plastic deformation (plastic 
deformation see Sect. 2.5), occurs at constant bulk density and constant 
stresses. This type of flow is called steady-state flow. The state of the bulk 
solid after steady-state flow is attained is called “critically consolidated 
with respect to the normal stress, σ” [3.1,3.12]. The greater the normal 
stress, σ, the greater values of bulk density and shear stress will be attained 
during steady-state flow.  
 

 
Fig. 3.11. Course of shear stress, τ, when shearing differently preconsolidated 
samples at identical normal stress, σ; a. underconsolidated specimen, b. overcon-
solidated specimen 

In the following the shear process shown in Fig. 3.10 is considered again, 
but instead of a loose, underconsolidated bulk solid specimen a highly 
consolidated (overconsolidated) specimen is sheared while the identical 
vertical normal stress, σ, is applied. Note that the bulk solid specimen is 
consolidated before shearing by a consolidation stress which is greater 
than the normal stress, σ, applied during shearing. Due to this previous 
consolidation, the particles have approached each other. Thus the bulk 
density and the adhesive forces have been increased. If this strongly con-
solidated bulk solid is sheared, flow will start only after the shear stress is 
sufficiently large to move the particles, which are adhering to each other 
due to the previous consolidation, against each other. In other words: The 
yield limit must be attained.  

The latter is illustrated by the course of the shear stress, τ, in Fig. 3.11.b: 
At the beginning of shear the shear stress will increase, but it will cause 
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only elastic deformation - not (plastic) flow. The compacted bulk solid 
specimen will start to flow only after the shear stress acting on it is suffi-
ciently large, i.e., only when the particles can move relative to each other 
(incipient flow) and the yield limit is attained. As a rule, failure will take 
place only in a thin planar area, the so-called shear zone.  

After failure, the particles in the region of the shear zone move against 
each other, and the distances between the particles increase. Thus, bulk 
density in the shear zone decreases, and the material in the shear zone di-
lates. In accordance with increasing distances, adhesive forces decrease; 
i.e., the strength of the bulk solid and thus its shear resistance (the shear 
force required to shear the specimen) also decrease. Dilation of the bulk 
solid in the shear zone is plastic deformation with decreased density (Fig. 
3.11.b). 

If the specimen is further sheared after failure, the bulk solid in the shear 
zone will dilate increasingly until steady-state flow prevails, where shear 
stress and bulk density are constant. The values of shear stress and bulk 
density are the same as would have been attained in shearing a loose, un-
compacted specimen (underconsolidated specimen, see above) under the 
same normal stress. Since shear deformation of the overconsolidated 
specimen occurs in a narrow shear zone, the above statement regarding 
bulk density is valid only for the shear zone. The mean bulk density at 
steady-state flow in the overall specimen is higher for an overconsolidated 
specimen. 

Since steady-state flow is a process that transfers a bulk solid into a 
well-defined, reproducible state regarding bulk density and strength, shear 
to steady-state flow is commonly used as a procedure to attain a defined 
consolidation of a bulk solid specimen whose flow properties are to be 
measured. One starts with an underconsolidated specimen in order to get a 
largely homogenous specimen. If one were to start with an overconsoli-
dated sample, steady-state flow would take place only in the narrow shear 
zone, and the rest of the sample would remain in the highly consolidated 
state with a high bulk density. Thus, the specimen would be less homoge-
nous.  

After the initial considerations above, in the following the procedure of 
a shear tester is considered. As outlined above, it is started with an under-
consolidated bulk solid specimen. For consolidation (preshear) the speci-
men is loaded in the vertical direction by the normal stress σ = σpre, called 
the normal stress at preshear, and then sheared (Fig. 3.12.a). The shear 
stress, τ, prevailing due to the deformation is measured.  

At the beginning of preshear the shear stress, τ, increases with time (Fig. 
3.12.c) as already discussed (Fig. 3.11.a). Often a linear increase in shear 
stress can be observed, indicating that the bulk solid has deformed elasti-
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cally. With time the curve of increase of shear stress vs. time becomes flat-
ter, and finally it remains constant even though the specimen is sheared 
further. The constant shear stress is called τpre. After constant shear stress 
has been attained, shear resistance (and strength) and bulk density do not 
increase further. Thus the bulk solid specimen is sheared at constant nor-
mal stress, σ, constant shear stress, τ, and constant bulk density, ρb. The 
state of the bulk solid after steady-state flow is attained is called “critically 
consolidated with respect to the normal stress, σpre” [3.1,3.12]. 

 

 
Fig. 3.12. Shear stress, τ, and bulk density, ρb, at preshear and shear to failure 

The bulk density, ρb, and the shear stress, τpre, attained at steady-state flow 
are characteristic for the applied normal stress at preshear, σpre. In princi-
ple, an identical state of consolidation, characterized by the same bulk den-
sity, ρb, and the same shear stress, τpre, will be attained with other speci-
mens of the same bulk solid presheared under the same normal stress, σpre. 

From preshear until steady-state flow, the bulk solid specimen attains a 
well-defined and reproducible state of consolidation, known as critical 
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state. The preshear procedure corresponds to the consolidation step in the 
uniaxial compression test (Fig. 3.1), but has several advantages 
[3.2,3.5,3.6]. One advantage is that at preshear one can recognize when 
critical consolidation has been attained: One simply has to shear until 
steady-state flow prevails. If, for example, the specimen has been filled 
into the test device non-homogeneously (e.g. local voids or regions with 
low bulk density exist), one will not notice this with uniaxial compression. 
In contrast, one can expect that local inhomogeneities are compensated at 
sufficient shear deformation, and that the shear stress measured will be 
constant only after the specimen is sufficiently homogeneous. 

After the bulk solid specimen has been consolidated by the preshear 
procedure, the direction of shear is reversed and thus the specimen is re-
lieved from shear stress, i.e., the shear stress, τ, is reduced to zero (Fig. 
3.12.c). The pair of values of normal stress and shear stress at steady-state 
flow (σpre, τpre) is plotted in a normal stress - shear stress diagram (σ,τ dia-
gram, Fig. 3.13.a). The point (σpre, τpre) is called the preshear point. 

After preshear the bulk solid specimen is defined as a critically consoli-
dated specimen. The characteristic stress for this consolidation will be con-
sidered later. The second step of the test procedure – shear or shear to fail-
ure – is discussed next.  

For shear to failure the normal stress acting on the specimen is de-
creased to a value σsh < σpre. Then the bulk solid specimen is sheared under 
the normal stress σsh, which is less than the normal stress at preshear, σpre. 
This corresponds to shearing of an overconsolidated specimen as shown in 
Fig. 3.11.b. Had the specimen been presheared under the lower normal 
stress, σsh, and not under σpre, its bulk density and strength would have 
been less. Since the specimen was presheared under the greater normal 
load, σpre, it was consolidated more than it would have been with the lower 
normal load, σsh. Therefore, the specimen is overconsolidated with respect 
to the normal stress at shear, σsh, and the course of shear stress as shown in 
Fig. 3.11.b is to be expected. 

If the consolidated specimen is sheared under the normal stress σsh < 
σpre, it will start to flow (fail) when a sufficiently large shear stress is at-
tained. Then the material will start to dilate (decrease in bulk density), and 
shear resistance and thus shear stress will decrease (Fig. 3.12.c). The 
maximum shear stress characterizes incipient flow. The corresponding pair 
of values (σsh, τsh) is a point on the yield limit of the consolidated specimen 
in the σ,τ diagram (Fig. 3.13.a). Such a point is called a “shear point” or a 
“point of incipient flow”. 
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Fig. 3.13. Preshear point and shear point in a σ,τ diagram; a. cohesive bulk solid; 
b. cohesionless, free-flowing bulk solid 

In the present section so far only bulk solids have been considered whose 
strength can be increased by applying a consolidation stress. Here the ad-
hesive forces have a major influence on the location of the yield limit. The 
stronger the adhesive force, the more the shear point in Fig. 3.13.a is 
shifted towards higher shear stresses. If the influence of the adhesive 
forces can be neglected, a bulk solid is called cohesionless (free-flowing). 
A cohesionless bulk solid cannot be consolidated, so that at shear to failure 
no shear stress maximum is observed. In this case the yield limit is a 
straight line running through the origin with both the preshear point and 
the shear point being located on the yield limit. (Fig. 3.13.b).  

In order to measure the yield limit, several of the tests described above 
must be performed, where the specimens must first be consolidated at 
identical normal stress, σpre (preshear). Then the specimens are sheared (to 
failure) under different normal stresses, σsh < σpre. As outlined above, by 
preshearing at identical normal stress, σpre, each specimen reaches the same 
state of consolidation. In Fig. 3.14 the courses of shear stress are plotted 
vs. time for several tests at the same normal stress at preshear, σpre. Each 
test yields the same preshear point (σpre, τpre), and one individual shear 
point (σsh, τsh) in accordance with the different normal stresses, σsh, applied 
at shear.  

It would not be acceptable to preshear a bulk solid specimen only once 
and then measure several points of incipient flow one after the other, be-
cause already after the first shear to failure the state of the specimen is dif-
ferent from the state directly after preshear. The reason for this is that the 
specimen dilates at shear to failure (at least in the shear zone, see course of 
the bulk density in Fig. 3.12.c). Thus, shear to failure without directly pre-
ceding preshear would lead to too small shear stresses at shear to failure 
and thus to incorrect test results (for more about this refer to Sect. 6.1.1).  

The yield limit follows from a curve in a σ,τ diagram plotted through all 
measured shear points (Fig. 3.14). The yield limit, extrapolated towards 
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higher normal stresses, is usually located above, i.e., at higher shear 
stresses, than the preshear point. When a bulk solid is free-flowing, the 
preshear point is located on the yield limit (Fig. 3.13.b). 

 

 
Fig. 3.14. Determination of the yield limit from the measured shear stresses  

 
Fig. 3.15. Course of the shear stress when measuring several points of the yield 
limit with one bulk solid specimen 

If the shear tester allows a sufficiently large shear deformation, in contrast 
to the procedure shown in Fig. 3.14, more than one point of the yield limit 
can be measured with one specimen. The course of shear stress with this 
procedure is shown in Fig. 3.15. The specimen is first presheared (consoli-
dated) at the normal stress, σpre, and subsequently sheared the first time at a 
lower normal stress, σsh < σpre. Then the specimen is presheared again un-
der the normal stress σpre, then sheared to failure, and so on.  
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3.2.3  Yield locus and flow properties  

The yield limit of a consolidated bulk solid is called a yield locus, or in-
stantaneous yield locus to emphasize that the strength is measured directly 
after consolidation [3.1].  

A yield locus is valid for only one normal stress at preshear, σpre, i.e., for 
one well-defined state of consolidation (and one bulk density), which has 
been attained by preshearing until steady-state flow prevailed. If a different 
normal stress is applied at preshear, one will obtain a different yield locus. 
Since one can choose an infinite number of normal stresses at preshear, an 
infinite number of yield loci can be attained. 

A yield locus is usually a slightly convex upward curve. The curvature 
increases towards smaller normal stresses. With free-flowing, cohesionless 
bulk solids one usually obtains a nearly straight-lined yield locus that goes 
through the origin. A yield locus is valid for one specific bulk density, 
namely that bulk density prevailing at the end of preshear when steady-
state flow is attained. If the yield locus is known, various parameters called 
flow properties can be determined. These are the already mentioned pa-
rameters consolidation stress, unconfined yield strength, and flowability, 
but also include additional properties such as the internal angle of friction 
of the bulk solid. 

3.2.3.1  Consolidation stress and unconfined yield strength 

To determine consolidation stress and unconfined yield strength one ap-
plies the Mohr stress circle (see Sect. 2.3.1 and [3.1,3.8,3.9]). Each point 
on a Mohr stress circle represents the normal and shear stress on one par-
ticular cutting plane of a bulk solid specimen. As outlined at the derivation 
of the Mohr stress circle, the center of any Mohr stress circle is located on 
the σ-axis.  

For each yield locus there is a Mohr stress circle that represents the 
stress state at the end of consolidation, i.e., at steady-state flow attained at 
the end of preshear.  

From the shear test one knows one point on this Mohr stress circle: the 
preshear point (σpre, τpre). It represents the normal and shear stress acting in 
the horizontal cutting plane at steady-state flow.  

Before the Mohr stress circle for steady-state flow can be drawn, one 
additional condition must be defined. Thus one assumes that the Mohr 
stress circle touches the yield locus at a normal stress σ ≤ σpre (usually the 
point of tangency is to the left of the preshear point; for free-flowing bulk 
solids the point of tangency is sometimes identical to the preshear point). 
This procedure for determining the Mohr stress circle for steady-state flow 
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is an approximation, but yields applicable results (see Sect. 5.3). The theo-
retical background is described, for example, in [3.1,3.8–3.10]. 

Therefore, under the conditions where 

• the center of the Mohr stress circle is (per definition) on the σ-axis,  
• the preshear point is a point on the Mohr stress circle, and 
• the Mohr stress circle touches the yield locus at σ ≤ σpre, 

the Mohr stress circle representing steady-state flow can be determined 
uniquely (Fig. 3.16). For this, often the yield locus must be extrapolated 
somewhat toward greater normal stresses (broken line in Fig. 3.16), be-
cause the point of tangency of the yield locus and the Mohr stress circle 
representing steady-state flow is usually (but not always) to the right of the 
measured points of incipient flow. The point of tangency is by definition 
the end point of the yield locus (point e in Fig. 3.16). The major and minor 
principal stresses, σ1 and σ2, are where the Mohr circle intersects the σ-
axis. 

 

 
Fig. 3.16. Yield locus and Mohr stress circles defining the unconfined yield 
strength, σc, and the consolidation stress, σ1; analogy to the uniaxial compression 
test 
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The major principal stress, σ1, of a Mohr stress circle is the largest of all 
normal stresses acting during steady-state flow in all possible cutting 
planes of the specimen (see Sect. 2.3.1). This stress is regarded as the char-
acteristic consolidation stress for the yield locus, and it is comparable to 
the consolidation stress, σ1, of the uniaxial compression test (Sect. 3.1), 
where σ1 is also the largest normal stress. The other flow properties (e.g. 
bulk density, ρb) are usually presented as a function of consolidation stress, 
σ1 (and not as a function of normal stress at preshear, σpre). 

The unconfined yield strength was described in Sect. 3.1 in the example 
of the uniaxial compression test: σc is the compressive strength of the bulk 
solid, measured at uniaxial compressive load. This kind of load cannot be 
realized in a shear test. Therefore, the unconfined yield strength cannot be 
measured directly with a shear test and must be determined from the yield 
locus. Here again the Mohr stress circle is applied. The Mohr stress circle 
represents the stresses acting in different cutting planes in the bulk solid 
specimen (Sect. 2.3.1). Consider first the stresses at the unconfined yield 
strength measured using the uniaxial compression test (Fig. 3.16, bottom). 
At incipient flow (failure) a normal stress, σ, and no shear stress (τ = 0) act 
on the top of the specimen, and neither normal nor shear stresses act on the 
lateral surface of the specimen (σ = 0, τ = 0). 

The Mohr stress circle representing the stress state at failure runs 
through the origin of the σ,τ diagram (σ = 0, τ = 0). The second point of in-
tersection of the Mohr stress circle with the σ-axis is at the normal stress, σ 
= σc. A consolidated specimen will flow only if the Mohr stress circle of 
the actual stress state touches the yield locus and, thus, the yield limit is 
attained. Therefore the relation between the unconfined yield strength, σc, 
and the yield locus is given: The unconfined yield strength can be deter-
mined from a yield locus by drawing a Mohr stress circle which fulfills the 
following conditions: 

• the center of the Mohr stress circle must be on the σ-axis,  
• the origin of the diagram (σ = 0, τ = 0) is a point on the Mohr stress cir-

cle, and  
• the stress circle is tangent to the yield locus. 

In Fig. 3.16 the Mohr stress circle for σc is drawn according to the above 
conditions. Once consolidation stress, σ1, and unconfined yield strength, σc, 
are known, flowability, ffc, can be calculated per Sect. 3.1.4.  

Below the diagram in Fig. 3.16 the uniaxial compression test is shown 
to demonstrate the similarity of the shear test and the uniaxial compression 
test: in both tests a consolidation stress, σ1, is acting on a bulk solid speci-
men, and in both tests the unconfined yield strength, σc, is determined. For 
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the sake of completeness it has to be mentioned that the two test proce-
dures lead to different Mohr stress circles for the consolidation as well as 
for the unconfined yield strength even if the same consolidation stress is 
applied (see Sect. 5.1).  

The difference between a flow function and a yield locus is summarized 
again below:  

• A yield locus is the yield limit of a bulk solid in a σ,τ diagram. A yield 
locus is valid for only one consolidation stress, σ1; i.e., for each consoli-
dation stress there is a yield locus. The yield locus defines several pa-
rameters (flow properties), e.g. the unconfined yield strength, σc. The 
pair of values (σc, σ1) of one yield locus defines one point on the flow 
function. 

• The flow function represents unconfined yield strength, σc, as a function 
of consolidation stress, σ1. Several yield loci must be measured to de-
termine a flow function. 

3.2.3.2  Mohr stress circles for preshear and shear to failure  

Now that the yield locus and the stress circles defining consolidation stress 
and unconfined yield strength have been discussed, preshear and shear to 
failure will be described by considering the Mohr stress circles. In Fig. 
3.17 a σ,τ diagram with a yield locus and a Mohr stress circle representing 
steady-state flow is shown. The bulk solid specimen is first loaded by the 
normal stress, σpre, and then subjected to shear deformation.  
 

 
Fig. 3.17. Yield locus; Mohr stress circles during preshear 

When the specimen is initially subjected to the vertical normal stress (ini-
tial load), σpre, it undergoes a uniaxial consolidation where the vertical 
stress is identical to the major principal stress. Perpendicular to this stress a 
smaller stress prevails which in most cases is about 40% to 50% of the ap-
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plied normal stress, σpre (see Sect. 2.3). The stress circle representing this 
stress condition is drawn in Fig. 3.17 (initial load).  

When the bulk solid specimen is sheared, the shear stress in the horizon-
tal cutting planes increases. Thus the vertical stress, σpre, cannot be a prin-
cipal stress, because in the horizontal cutting plane a shear stress is acting. 
Two Mohr stress circles, representing possible states of stress while the 
shear stress is increasing, are plotted in Fig. 3.17. The increasing shear 
stress, τ, inevitably results in an increase of the major principal stress (the 
major principal stress is to be found at the right point of intersection of the 
Mohr stress circle with the σ-axis). Finally steady-state flow is attained and 
the major principal stress, σ1, remains constant. This major principal stress 
is the characteristic consolidation stress of the yield locus. The construc-
tion of the Mohr stress circle according to Jenike’s assumptions was out-
lined in the previous section.  

Previously at the derivation of the Mohr stress circle in Sect. 2.3.1 and 
at the discussion of the stresses for the uniaxial compression test in Sect. 
3.1.3, the relationship between the stress circle and the stresses in individ-
ual cutting planes of the bulk solid specimen was outlined. The same is 
done for steady-state flow in Fig. 3.18, where a Mohr stress circle and the 
corresponding bulk solid sample are shown.  

 

 
Fig. 3.18. Determination of the orientation of the principal stress plane at steady-
state flow 

In the horizontal plane the normal stress, σpre, and shear stress, τpre, are act-
ing. These stresses represent the preshear point in the σ,τ diagram. In the 
Mohr stress circle the angle between the preshear point and the major prin-
cipal stress is 2α measured in the clockwise direction. Thus in the bulk 
solid specimen the principal stress plane is inclined by the angle α to the 
horizontal plane measured in the counterclockwise direction. Since the 
preshear point (when the Mohr stress circle for steady-state flow is con-
structed as proposed by Jenike) is usually somewhat left to the zenith of 
the Mohr stress circle representing steady-state flow, it follows that the an-
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gle (2α) is a bit greater than 90°. Thus, in the bulk solid sample the direc-
tion of the major principal stress at steady-state flow is inclined by an an-
gle of little more than 45° to vertical (see bulk solid element in Fig. 3.18).  

In Fig. 3.19 possible stress states emerging during shear to failure are 
shown. At the beginning of shear to failure, the previously consolidated 
bulk solid specimen (consolidation by preshear until steady-state flow, Fig. 
3.18) is subjected to the vertical normal stress, σsh. The corresponding 
Mohr stress circle is plotted in Fig. 3.19. In this situation the applied nor-
mal stress, σsh, is identical to the major principal stress. When the bulk 
solid specimen is sheared, the shear stress on the horizontal cutting plane 
increases as shown by the arrow in Fig. 3.19. Due to the shear stress on the 
horizontal plane, the vertical normal stress, σsh, cannot be the major princi-
pal stress any longer. Two examples of Mohr stress circles passed during 
the increase of the shear stress are plotted in Fig. 3.19. They demonstrate 
the increase of the major principal stress with increasing shear stress, τ. Fi-
nally the Mohr stress circle touches the yield locus which causes the bulk 
solid specimen to flow (failure or incipient flow, respectively). Following 
this (not shown in Fig. 3.19) the bulk solid dilates and the shear stress de-
creases (see Fig. 3.12).  

 

 
Fig. 3.19. Mohr stress circles at shear to failure 

When a shear test is evaluated according to Jenike, one assumes that in-
cipient flow happens in a horizontal plane, i.e., in a plane perpendicular to 
σsh and parallel to the shear velocity, v, and the measured shear stress, τsh. 
In this case the pair of values (σsh, τsh) measured at the shear stress maxi-
mum is a point on the yield locus and called a “shear point”. Thus the 
shear plane defined by the applied shear deformation is assumed to be a 
failure plane [3.11,3.13,3.14] (for more information see Sect. 5.3).  
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3.2.3.3  Further flow properties 

For applications such as silo design, which go beyond merely determining 
flowability, further parameters (flow properties) can be determined from 
the yield locus: 

• slope angle of the linearized yield locus, φlin 
• effective angle of internal friction, φe (slope of the effective yield locus) 
• angle of internal friction at steady-state flow, φsf 
• bulk density, ρb 

The angle of internal friction at incipient flow, φi, is defined as the local 
slope of the yield locus against the σ-axis (abscissa) of the σ,τ diagram. 
Since a yield locus is usually a convex upward curve, the angle of internal 
friction varies along the yield locus. For many applications it is sufficient 
to use a constant value for the angle of internal friction. Then the angle of 
internal friction is represented by the slope of the linearized yield locus, 
φlin, measured against the σ-axis (Fig. 3.20). The linearized yield locus is a 
straight line tangent to both Mohr stress circles, i.e., the Mohr stress circles 
defining σc and σ1. 

 

 
Fig. 3.20. Yield locus and flow properties  

It must be mentioned here that neither the so-called angle of internal fric-
tion at incipient flow, φi, nor φlin are friction angles in the true sense. A 
friction angle is usually calculated from the arc tangent of the ratio of shear 
stress to normal stress; i.e., a friction angle is like a friction coefficient, a 
measure of the ratio of shear stress to normal stress (or shear force to nor-
mal force). As can be seen clearly in Fig. 3.20, a ratio of shear stress to 
normal stress is defined neither by φi nor by φlin. 
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In order to calculate the shear stress needed for a given normal stress to 
initiate flow in a consolidated bulk solid, one must proceed as follows: 
First draw the yield locus, then read the shear stress, τ, at the normal stress, 
σ, under consideration.  

A straight line through the origin of the σ,τ diagram, tangent to the lar-
ger Mohr circle (steady-state flow), is the effective yield locus. The slope 
of the effective yield locus is called the effective angle of internal friction, 
φe (Fig. 3.20). Since the larger Mohr circle represents the stresses at 
steady-state flow, φe can be regarded as a measure of the internal friction at 
steady-state flow. 

The effective angle of internal friction defines the ratio of the minor 
principal stress to the major principal stress at steady-state flow: 
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The angle of internal friction at steady-state flow, φsf, is calculated from 
the ratio of shear stress, τpre, and normal stress, σpre, at steady-state flow: 
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φsf can be determined graphically by drawing a line through the origin and 
the preshear point (τpre, σpre), see Fig. 3.20. The slope of this line against 
the σ-axis is equal to φsf. φsf characterizes the internal friction at steady-
state flow in the cutting plane parallel to the shearing velocity, v, i.e., the 
horizontal cutting plane in Fig. 3.10. For information on the application of 
φsf see Sect. 9.3.2 and [3.15]. 

Bulk density, ρb, is calculated from the mass and the volume of the con-
solidated bulk solid specimen. Since the yield locus and the flow proper-
ties are related to the state of consolidation, which is characterized by the 
consolidation stress, σ1, the bulk density also has to be determined for the 
consolidated bulk solid specimen.  

Two more quantities can be determined from the yield locus at small 
and negative normal stresses: 

• Cohesion, τc: Value of the shear stress where the yield locus intersects 
with the τ-axis, i.e., at the normal stress σ = 0.  
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• Uniaxial tensile strength, σt: Normal stress at the left end of the yield lo-
cus [3.9,3.11,3.16]. 

Although cohesion and tensile strength are well-defined quantities, it is 
difficult to measure the yield locus at small and negative stresses (see Sect. 
5.3.2). Since in bulk solids handling more or less exclusively compressive 
stresses take place, the knowledge of cohesion or tensile strength is impor-
tant only in very rare cases. Thus these quantities are not discussed further 
in the present section. Much more important is the unconfined yield 
strength, σc, which can be determined more easily and more accurately 
with the test procedures presented here.  

3.2.3.4  Flow properties as a function of consolidation stress 

When measuring yield loci with different normal stress loads at preshear, 
σpre, one obtains different yield loci, each with a different value of consoli-
dation stress, σ1. Figure 3.21 shows three yield loci with different consoli-
dation stresses, σ1. With increasing consolidation stress, σ1, the yield locus 
is shifted towards greater shear stresses. This is to be expected: The more 
consolidated a bulk solid, the greater must be the shear stress, τ, necessary 
to initiate flow. 

Each yield locus has one characteristic consolidation stress, σ1 (= major 
principal stress at consolidation). For each yield locus (and thus for each 
consolidation stress) corresponding values of the flow properties bulk den-
sity, ρb, unconfined yield strength, σc, and angles φlin, φe and φsf. are found. 
In Fig. 3.21 the consolidation stress, σ1, and the Mohr stress circle of σc are 
drawn for only one yield locus. 

For every yield locus one effective yield locus can be found (see defini-
tions in Sect. 3.2.3.3). The effective angle of internal friction, φe, usually 
decreases with increasing consolidation stress, σ1. Sometimes the effective 
yield locus is confused with the steady-state yield locus introduced by 
Molerus [3.1]. The steady-state yield locus is the common tangent of all 
Mohr circles representing steady-state flow at different stress levels. It is 
approximately a straight line for free-flowing bulk solids. For cohesive 
materials this is true only at sufficiently high consolidation stresses, be-
cause close to the origin of the σ,τ diagram the steady-state yield locus is 
curved downwards (see Fig. 3.21) [3.17].  

For free-flowing bulk solids, the effective angle of internal friction, φe, 
is not as a function of consolidation stress. In this case, all effective yield 
loci coincide with the steady-state yield locus and run through the origin. 
For bulk solids which are not free-flowing, φe increases with decreasing 
consolidation stress. Therefore, the steady-state yield locus (common tan-
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gent to all Mohr circles representing steady-state flow) intersects with the 
τ-axis at τ > 0 (Fig. 3.21). Recent measurements indicate that the steady-
state yield locus is increasingly curved downwards as shown in Fig. 3.21 
when approaching the τ-axis, and does not go far beyond the τ-axis to-
wards negative normal stresses [3.17] (see Sect. 5.3.3). 
 

 
Fig. 3.21. Three yield loci and corresponding effective yield loci of a bulk solid; 
steady-state yield locus  

Fig. 3.22 shows a typical graph of flow properties vs. consolidation stress, 
σ1. Unconfined yield strength, σc, and bulk density, ρb, have been discussed 
already in Sect. 3.1 in connection with the uniaxial compression test.  

Both bulk density and unconfined yield strength almost always increase 
with consolidation stress, whereas the graph of unconfined yield strength 
(the instantaneous flow function) usually shows a decreasing slope with 
increasing consolidation stress. In some cases a progressive increase oc-
curs in parts of the flow function. Towards very small consolidation 
stresses the instantaneous flow function does not (or only very little, see 
Sect. 5.3.3) go above the line σc = σ1 [3.17], i.e., the ratio ffc = σ1/σc (flow-
ability) approaches values close to 1 towards consolidation stresses σ1 = 0. 
With cohesive bulk solids this can be the case in the range of some 100 or 
1000 Pa, as has been demonstrated by measurements at low stresses [3.17]. 
With free-flowing bulk solids this can be expected only for consolidation 
stresses close to zero.  

The friction angles, φsf and φe, usually decrease with increasing consoli-
dation stress, because they are dependent mainly on adhesive and frictional 
forces acting between the particles. The ratio of adhesive to frictional 
forces decreases with increasing stress (see Sect. 5.5), because adhesive 
forces do not increase as much with increasing stresses as frictional forces 
do. 
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Fig. 3.22. Flow properties as a function of consolidation stress (cohesive bulk 
solid, qualitatively) 

The slope angle of the linearized yield locus, φlin, often increases slightly 
with increasing consolidation stress. This is because, with increasing con-
solidation stress, σ1, the unconfined yield strength, σc, increases at a slower 
rate (usually). Thus the (smaller) Mohr stress circle representing the un-
confined yield strength, σc, becomes smaller relative to the (larger) Mohr 
stress circle representing steady-state flow, and accordingly the slope of 
the yield locus against the σ-axis increases. However, sometimes a slight 
decrease of φlin can be observed.  
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3.2.4  Time consolidation (caking) 

The effect of time consolidation has been outlined in Sect. 3.1. Before time 
consolidation can be measured, a yield locus must be determined at the 
same consolidation stress. 

The time consolidation test is similar to the measurement of a yield lo-
cus. First a bulk solid specimen is presheared (consolidated). After pre-
shear the specimen is stored for a period t under the vertically acting nor-
mal stress, σ, which is selected to be equal to the consolidation stress, σ1, 
of the corresponding yield locus (Fig. 3.23). This ensures that during the 
consolidation period the same major principal stress (= consolidation 
stress, σ1) acts on the specimen as during steady-state flow at preshear. The 
direction of σ1 during the consolidation time is inclined by about 45° to the 
direction of σ1 at steady-state flow (see Fig. 3.18).  

 

 
Fig. 3.23. The principle of a time consolidation performed with a shear tester  

The reason for this procedure is that before the time consolidation period, 
the bulk solid specimen is consolidated by shearing it under a vertical 
normal load, σpre, until steady-state flow prevails (preshear) and shear 
stress, τpre, acts in the (horizontal) shear plane. The major principal stress at 
steady-state flow is the consolidation stress, σ1 (this follows from the Mohr 
stress circle representing steady-state flow, Fig. 3.23 and Sect. 3.2.3). This 
consolidation stress is clearly larger than the normal stress at preshear, σpre. 
During the time consolidation period t the specimen is subjected to a static 
(vertical) load; i.e., it is not sheared. Thus the major principal stress acting 
on the sample is equal to the applied vertical stress. If during the time con-
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solidation period one were to exert a static vertical normal stress equal to 
the normal load at preshear, σpre, the major principal stress in the specimen 
would be much less than at steady-state flow, because the preshear normal 
stress, σpre, is less than the consolidation stress, σ1, at steady-state flow. 
Therefore, during the consolidation period, a vertical normal stress equal 
to the consolidation stress, σ1, acting at steady-state flow (preshear) must 
act on the specimen. 

After the time consolidation period t the specimen is sheared (to failure). 
For this, a vertical normal load, σsh < σ1, is selected (Fig. 3.23). As with 
shear without time consolidation (measurement of a point on a yield lo-
cus), so also after time consolidation one will observe a shear stress maxi-
mum (Fig. 3.24). If consolidation time affects the bulk solid under consid-
eration, after the consolidation period t the shear stress maximum, τsh, will 
be larger than it would have been without a consolidation period between 
preshear and shear. 

The maximum shear stress, τsh, is a point on a yield limit, which is valid 
for the applied storage period, t, and called a time yield locus. One can 
measure several points on a time yield locus by performing tests with the 
same consolidation stress and consolidation period, but different values of 
normal stress at shear (σsh). Figure 3.25 shows a (instantaneous) yield locus 
and two time yield loci obtained for different consolidation periods, t1 and 
t2.  
 

 
Fig. 3.24. Shear stress vs. time at shear without (a) and with (b) time consolidation  

With the measured shear points a time yield locus can be approximated 
similarly to the approximation of a yield locus. Compared to the yield lo-
cus, the time yield locus is shifted towards greater shear stresses, τ (if the 
bulk solid shows an increase of strength with time, see Fig. 3.25, t2 > t1). 
Time yield loci can be determined for different storage periods (consolida-
tion periods). Each time yield locus is valid for only one consolidation pe-
riod and one consolidation stress. The unconfined yield strength, σc, is de-
termined in the same way as for a yield locus by drawing a Mohr stress 
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circle through the origin and tangent to the time yield locus. In Fig. 3.25 
the values of the unconfined yield strength for the consolidation periods, t1 
and t2, are designated as σc(t1) and σc(t2). 

A value of flowability, ffc, can be obtained also from a time yield locus, 
where ffc is the ratio of the consolidation stress, σ1, to the unconfined yield 
strength, σc, of the time yield locus (e.g. σc(t1)). Since unconfined yield 
strength usually increases with increasing consolidation period, flowabil-
ity, ffc, will decrease with increasing storage period (see Fig. 3.8).  
 

 
Fig. 3.25. Yield locus (instantaneous yield locus)  and time yield loci 

The angle of internal friction, φt, at incipient flow after a certain consolida-
tion period is defined as the local slope of the time yield locus against the 
σ-axis. Since a time yield locus also can be a convex upward curve, the an-
gle φt can vary along the time yield locus. For many applications it is suffi-
cient to use a constant value for the angle of internal friction. Then the an-
gle of internal friction is represented by the slope of the linearized time 
yield locus (time yield locus approximated as a straight line) measured 
against the σ-axis (Fig. 3.26). In accordance with [3.12], φt is determined 
by the slope of the time yield locus at the point of tangency with the Mohr 
circle for the unconfined yield strength, σc. If the time yield locus is ap-
proximated as a straight line, this value is identical to the slope of the time 
yield locus. 

It must be mentioned here that the angle of internal friction of the time 
yield locus, φt, is not a true friction angle. The explanation of this is given 
in Sect. 3.2.3.3, where the angle of internal friction of the yield locus, φi, is 
discussed. 

Since time consolidation tests are time-consuming, it is common prac-
tice to measure only one shear point of a time yield locus. The time yield 
locus is then approximated by a parallel to the linearized yield locus run-
ning through the measured shear point. When this procedure is applied, the 
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slope of the time yield locus is equal to the slope of the linearized yield lo-
cus. Thus, the internal angle of friction, φt, of the time yield locus is equal 
to the slope angle, φlin, of the linearized yield locus. If such a simplified 
test procedure is applied, it has to be ensured that the results are on the safe 
side regarding quantitative application (e.g. silo design). 

 

 
Fig. 3.26. Slope angle of the time yield locus (here: time yield locus approximated 
as a straight line) 

3.3  Wall friction 

Wall friction is the friction between a bulk solid and a solid surface, e.g. 
the wall of a silo or a bin. The wall friction angle is important for silo de-
sign for flow and for silo design for strength, but also for the design of 
chutes and other equipment, where the bulk solid will flow across a solid 
surface. 

3.3.1  Test procedure for wall yield loci 

A simplified description of the test procedure follows. The procedure cor-
responds to the procedure recommended for the Jenike Shear Tester 
[3.1,3.8–3.12].  

The principle of the test setup for a wall friction test is shown in Fig. 
3.27. The bulk solid specimen is subjected to a vertical normal stress. The 
normal stress acting between bulk solid specimen and wall material is 
called the wall normal stress, σw. 

In order to measure the wall friction, a bulk solid specimen is moved 
across the surface of a wall material sample with constant velocity, v. This 
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process is called shear (similar to the yield locus test). At the beginning of 
the shear process the wall shear stress, τw, increases (Fig. 3.28). With time, 
the rate of increase of the wall shear stress becomes less until finally a con-
stant wall shear stress is attained (steady-state shear stress). The constant 
wall shear stress, τw, is characteristic for the applied wall normal stress, σw. 
 

 
Fig. 3.27: Setup for measuring wall friction  

 
Fig. 3.28. Course of the wall shear stress in a wall friction test, wall yield locus in 
a σw,τw diagram  

The pair of values of wall normal stress and constant wall shear stress 
(σw,τw) describes the kinematic wall friction at the wall normal stress, σw, 
and is used for the evaluation of the test. Since wall friction is often de-
pendent on wall normal stress, wall normal stress is varied incrementally 
during the test. Thus the normal stress is adjusted to another value after 
steady-state flow has been observed. In this way values of steady-state 
wall friction at several wall normal stresses are measured. 

The pairs of values of wall normal stress and steady-state wall shear 
stress are plotted in a σw,τw diagram (Fig. 3.28). The curve (or line) running 
through the measured points is called the wall yield locus. 

3.3.2  Wall yield locus and wall friction angle 

The wall yield locus is a yield limit like the yield locus. The wall yield lo-
cus describes the wall shear stress, τw, necessary to move a bulk solid con-
tinuously across a wall surface under a certain wall normal stress, σw. Since 
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the wall yield locus is based on the shear stresses measured at steady-state 
conditions, it describes the kinematic friction of the bulk solid. Thus the 
wall yield locus could more exactly be called a kinematic wall yield locus 
[3.12]. 

To quantify wall friction, the wall friction angle, φx, or the coefficient of 
wall friction, µ, are used. The larger the wall friction angle or coefficient of 
wall friction, the greater is wall friction. The coefficient of wall friction, µ, 
is defined as the ratio of wall shear stress, τw, to wall normal stress, σw, for 
a point on the wall yield locus: 

w
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τ

µ =  (3.6) 

The wall friction angle, φx, is the slope of a line running from the origin of 
the σw,τw diagram to a point on the wall yield locus: 
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In Fig. 3.29 two wall yield loci are shown. If the wall yield locus is a 
straight line running through the origin (Fig. 3.29.a), the ratio of wall shear 
stress, τw, to wall normal stress, σw, has the same value for each point on 
the wall yield locus. Thus one obtains the identical wall friction coeffi-
cient, µ, and the identical wall friction angle, φx, for each point on the wall 
yield locus. In this case wall friction is independent of wall normal stress. 

The wall yield locus shown in Fig. 3.29.b is curved and does not run 
through the origin. In this case one finds a different wall friction coeffi-
cient and wall friction angle for each point on the wall yield locus accord-
ing to Eqs.(3.6) and (3.7). Thus the wall friction coefficient and the wall 
friction angle are dependent on wall normal stress, σw. This can be seen by 
the wall friction angles, φx1 and φx2, which follow for the wall normal 
stresses, σw1 and σw2 (Fig. 3.29.b). In this case the wall friction angle is not 
equal to the slope of the wall yield locus. 

When the wall friction angle is used for a certain application, e.g. for 
silo design for flow, it is important to take into account the stress depend-
ence. The relevant wall normal stress must be assessed and then the wall 
friction angle for this stress can be determined from the wall yield locus. 
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Fig. 3.29. Wall yield loci; a. constant wall friction angle, φx; b. wall friction angle, 
φx, dependent on wall normal stress, σw 

The shear stress at the point where the wall yield locus intersects with the 
τ-axis is called adhesion, τad (Fig. 3.29.b). This value is equal to the shear 
stress which can be transferred if the normal stress, σw, is equal to zero. 
Values τad > 0 are found for bulk solid which can adhere at vertical walls 
due to large adhesive forces (e.g. moist clay, where the adhesive forces due 
to liquid bridges are dominant).  

3.3.3  Time wall yield locus, static wall friction  

An increase of adhesive forces with time, which is called time consolida-
tion, can be observed not only within a bulk solid but also between a bulk 
solid and the surface of a rigid body. In analogy to the time yield locus the 
time consolidation at a surface is characterized by a time yield locus. In 
contrast to the wall yield locus, which describes kinematic wall friction, 
the time wall yield locus represents static wall friction(static wall yield lo-
cus) resulting from storage of a bulk solid on the surface of a rigid wall 
under a static normal stress over a given period of time [3.12].  

The test setup is the same as for a wall friction test (Fig. 3.26). First the 
wall normal stress, σw, for the point on the time wall yield locus to be 
measured is selected. Then the wall normal stress for preparation, σw,prep, 
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which should be about 10% to 20% larger than σw used for the test, is cho-
sen.  

Measurement begins with preparation of the specimen, i.e., shearing the 
bulk solid specimen on the wall material under the wall normal stress for 
preparation, σw,prep. Thereby the wall shear stress, τw, increases and finally 
attains a constant value, τw,prep (Fig. 3.30). 

Once steady-state wall friction is attained, the (lower) wall normal stress 
of the test point, σw, is adjusted, and the specimen is sheared further until 
steady-state wall friction prevails again (Fig. 3.30). The pair of values of 
wall normal stress, σw, and steady-state wall shear stress, τw,pre, is a point of 
a (kinematic) wall yield locus. The described step is called preshear in 
analogy to a yield locus test. 

After preshear, shear stress is reduced to zero. Then the specimen is 
stored at rest for the selected storage time. During storage, the same wall 
normal stress, σw, as during preshear is applied. 

 

 
Fig. 3.30. Wall shear stress, τw, during measurement of a point of a time wall yield 
locus  

At the end of the storage time, the specimen is sheared again under the 
same wall normal stress, σw, as applied at preshear and storage. This is 
called shear or shear to failure in analogy to a yield locus test. Often a 
shear stress maximum, τw,sh, can be observed during shear. This maximum 
is interpreted as static wall friction. The pair of values of the wall normal 
stress, σw, and the maximum shear stress, τw,sh, measured at shear, defines a 
point on a time wall yield locus in a σw,τw diagram (Fig. 3.31). To obtain 
several points on a time wall yield locus, the entire test procedure must be 
repeated several times at different wall normal stresses, σw, but with the 
same wall material sample and for the same storage time at rest, t. The 
time wall yield locus represents the static wall friction after a certain stor-
age time at rest, t.  
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Fig. 3.31. Wall yield locus and time wall yield locus in a σw,τw diagram  

The time wall yield locus defines the wall shear stress, τw, required to initi-
ate flow of a bulk solid across the surface of a wall after the bulk solid has 
been stored at rest under the wall normal stress σw for a specific period of 
time on this surface. In analogy to a wall yield locus, wall friction angles 
can be determined from a time wall yield locus; these wall friction angles 
are static wall friction angles, φx,st. 

The procedure to determine the static wall friction angle, φx,st, is the 
same as described for the wall yield locus (Fig. 3.29). In most cases the 
time wall yield locus is not a straight line running through the origin. Thus, 
the static wall friction angle is dependent on wall normal stress, σw. 

 



4  Practical determination of flow properties 

4.1  Measurement with shear testers 

As outlined in Chap. 3, for a shear test a bulk solid specimen is subjected 
to a vertically acting normal stress, σ, and then sheared by shifting its up-
per and lower side relative to each other in the horizontal direction (Fig. 
4.1). The shear stress, τ, in the horizontal plane prevailing due to the de-
formation is measured. If the relative displacement is translational, the 
shear tester is called a translational shear tester. The Jenike shear tester, 
which is described in Sect. 4.1.1, is the most common tester of this type.  
 

 
Fig. 4.1. Principle of the shear deformation in a translational shear tester  

A shear tester, where the relative displacement is achieved by rotation of 
the top of the bulk solid specimen relative to the bottom, is called a rota-
tional shear tester. The bulk solid specimen in Fig. 4.2.a is loaded verti-
cally with a normal force, FN, by a circular plate with a rough underside 
which results in a vertical stress, σ. Furthermore, by rotating the circular 
plate around its vertical axis the bulk solid specimen is subjected to shear 
deformation. The moment, M, resulting from the shear stress, τ, developing 
in the specimen is measured. Shear testers according to this principle are 
called torsional shear testers. Deformation of the bulk solid during shear-
ing varies with the radius. It is zero in the center and increases linearly 
with the radius.  
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Fig. 4.2. Principle of rotational shear testers: a. torsional shear tester; b. ring shear 
tester 

In contrast to a torsional shear tester, the shear cell of the ring shear tester 
is annular-shaped like a ring (Fig. 4.2.b). Thus the deformation of the bulk 
solid specimen is more homogeneous, but still dependent on the radius. 
Scientific investigations of ring shear testers with different ratios of inner 
to outer diameter of the annulus have shown that this influence can be ne-
glected if the inner diameter is at least 50% of the outer diameter, and that 
with an appropriate test procedure results comparable to the Jenike shear 
tester are obtained [4.1–4.4].  

In the following the test procedure is described regarding two common 
shear testers, the Jenike shear tester and the ring shear tester. These two 
types of shear testers have been investigated in science more than other 
testers. These testers have been built in a diversity of research institutes in 
many countries in order to investigate, for example, the stress distribution 
in a bulk solid specimen and the influence of the geometry of the shear 
cell. Thus quite a lot of information is available about the shear process in 
the bulk solid specimen. The torsional shear tester is used at several labs, 
but the test procedure and evaluation is somewhat different from Jenike’s 
approach [4.5–4.7].  

4.1.1  Measurement of yield loci with the Jenike shear tester  

Jenike presented the major results of his work, the Jenike shear tester and 
an approach for silo design, around 1960 [4.8,4.9] (Sect. 1.2). At first the 
Jenike shear tester was mostly applied for silo design. It was developed on 
basis of direct shear testers known from soil mechanics (e.g., Casagrande 
shear box [4.10]), which could not be used for the stress range relevant for 
silo design.  

The shear cell of the Jenike shear tester is shown in Fig. 4.3. The base of 
the shear cell is fixed to a stationary bearing plate. The shear ring is placed 
on the base. Base and shear ring contain the bulk solid specimen, which is 
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covered with the shear lid. The shear lid and thus the bulk solid specimen 
are loaded centrically by a normal force, FN, by means of a weight hanger 
(the weight hanger is a device for carrying weights, which is set on the 
central tip of the shear lid) and weights. 

 

 
Fig. 4.3. Principle of the shear cell of the Jenike shear tester (dimensions in mm) 

In Fig. 4.3 the standard dimensions of the shear cell are shown. In addition, 
shear cells with smaller or larger dimensions are possible, for example for 
the case that only a limited amount of bulk solid is available for testing, or 
if a bulk solid with large particles has to be tested. The latter follows from 
the condition that the specimen must contain a sufficient number of parti-
cles to ensure that it behaves like a continuum. If the number of particles is 
too small, the measured shear force fluctuates, since the stress is trans-
ferred through a small number of force chains which undergo a permanent 
change (force chains: see Sect. 5.1.1). Furthermore, the measured shear 
stresses are too large due to the restricted mobility of the particles 
[4.11,4.12]. With a shear cell as shown in Fig. 4.3 one can test bulk solids 
with a maximum particle size of about 2 mm in the case of a very narrow 
particle size distribution, and up to about 5 mm in case of a wide particle 
size distribution (e.g., 0 mm to 5 mm). If particles are hard and sharp-
edged, the maximum particle size is somewhat smaller.. 

To shear the bulk solid specimen, the upper part of the shear cell, i.e., 
shear ring and shear lid, are moved horizontally (to the right in Fig. 4.3). 
This is caused by a stem that presses against the bracket attached to the 
shear lid. The stem is driven forward at a steady rate of approximately 1 to 
3 mm/min. The stem is attached to the drive system through a force trans-
ducer which measures the shear force, FS. The shear force is transferred to 
the bulk solid specimen through the bracket and the shear lid as well as 
through the small pin (attached at the bracket) and the shear ring.  
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The shear test procedure for the Jenike shear tester is outlined in the fol-
lowing according to the procedure described in the “Standard Shear Test-
ing Technique” [4.13], which is an internationally agreed standard on the 
operation of the Jenike shear tester. The same procedure can be found in 
the ASTM standard D-6128 [4.14]. 

For the preparation of a test the base along with the shear ring is placed 
on the bearing plate (Fig. 4.4). A mould ring is then placed on the shear 
ring. Shear ring and mould ring are then pressed against locating screws 
(not shown in Fig. 4.4), which are adjusted so that shear ring and mould 
ring are in the offset position, i.e., a position where the shear ring has an 
offset against the shear direction. The offset is equal to the thickness of the 
wall of the shear ring. After the shear cell has been filled with the bulk so-
lid, excess material is scraped off level with the top of the mould ring and, 
thus, a plane surface is attained.  
 

 
Fig. 4.4. Shear cell in initial position: The shear ring is in the offset-position, i.e., 
it is displaced against the shear direction by the shear ring wall thickness. After 
filling, excess material is removed by scraping off with a spatula. 

The shear displacement of the Jenike shear cell is limited to twice the wall 
thickness of the shear ring, i.e., about 6 to 8 mm (depending on the shear 
cell dimensions). Therefore at preshear, steady-state flow has to be at-
tained after a sufficiently small shear displacement. This is only possible 
when the bulk solid specimen is close to critical consolidation (consolida-
tion attained at steady-state flow) prior to preshear, so that only a relatively 
small shear displacement is necessary until steady-state flow prevails. 
Thus the bulk solid specimen has to be preconsolidated prior to preshear. 
For this a procedure called “twisting” is used.  
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For twisting the twisting lid is placed on the bulk solid. With the hanger 
and appropriate weights the bulk solid specimen is loaded with the same 
normal force, FN, which has been selected for preshear. For the case that 
the shear tester is provided with a twisting device as shown in Fig. 4.5, the 
twisting device is connected to vertical bolts on the top of the twisting lid. 
Then the twisting lid is twisted by means of the twisting device. Each twist 
consists of a 90° rotation of the twisting lid which is then reversed. Due to 
friction between the smooth underside of the twisting lid and the bulk 
solid, shear stresses develop in the circumferential direction. The shear 
stresses along with the normal stress created by the normal force, FN, con-
solidate the bulk solid specimen. If the shear tester is not provided with a 
twisting device, the twisting lid is rotated with a wrench, whereby the pro-
cedure is in principle the same as described above.  
 

 
Fig. 4.5. Shear cell; setup for preconsolidation (twisting) 

The required number of twists depends on the bulk solid and the stress le-
vel selected for the yield locus. It must be established with trial tests where 
it is varied until steady-state flow is attained within about 80% of the 
maximum shear displacement (some additional shear displacement is 
needed for shear to failure). If a very compressible bulk solid is tested, it 
may happen that as soon as the weight hanger has been placed on the 
twisting lid, the bulk density increases significantly and thus the twisting 
lid moves downwards well into the filling mould. In this case hanger and 
twisting lid have to be removed and the shear cell has to be filled further. 
This has to be repeated until a sufficient amount of bulk solid is in the 
shear cell, so that even after twisting the bulk solid surface is above the top 
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of the shear ring. If the latter is not the case, then it is necessary to prepare 
a new test specimen.  

After twisting the twisting device and weight hanger are removed. Then 
the mould ring is carefully lifted and subsequently the twisting lid is slid 
off the bulk solid specimen in direction of the stem. Excess material is then 
scraped off in small quantities to be flush with the top of the shear ring 
(similar to Fig. 4.4, but without the mould ring). Care has to be taken that 
neither a downward force is exerted by the spatula nor the upper shear ring 
is moved relative to the base.  

The last step of the preparation is to place the shear lid centered on the 
shear ring on the bulk solid specimen (Fig. 4.3 but with the shear ring in 
the offset position as shown in Fig. 4.4). In this position the width of the 
gap between the pin and the shear ring should be about 0.1 to 0.2 mm. 
Then the hanger with weights is placed on the central tip of the shear lid to 
apply the normal force, FN. In order to ensure that the shear ring is not in 
contact with the base and thus shear and normal stresses are transferred be-
tween the rings, the shear ring is carefully rotated around its axis and si-
multaneously lifted until the distance between the base and the shear ring 
amounts to about 0.2 mm. Now the shear cell is ready for preshear. The 
normal stress at preshear, σpre, is the vertical stress in the horizontal plane 
between base and shear ring. This plane is called the shear plane, and for 
the stress calculation it is assumed that the shear deformation takes place 
in this plane. The normal stress at preshear is calculated from the normal 
force, FN, resulting from the hanger and weights on the hanger, the weights 
of all other parts above the shear plane (shear lid, shear ring) and the bulk 
solid within the shear ring.  

For preshear the stem is driven with constant velocity in direction to-
wards the shear cell (Fig. 4.3). The position of the shear cell relative to the 
stem must be such that the stem acts on the bracket in the shear plane. 
Only in this way the shear force does not exert a moment on the shear 
plane which can be easily shown by equilibrium of forces and moments of 
the upper part of the shear cell (shear lid and shear ring with bulk solid) 
[4.15]. The measured shear force, FS, is recorded during the test (chart re-
corder, data acquisition system). At preshear the shear force should at first 
increase with a steep slope, than become flatter and finally attain a con-
stant value (Fig. 4.6). Thus steady-state flow is attained. The stem is then 
driven backwards until the shear force, FS, is reduced to zero.  

Prior to shear to failure, the normal stress, σsh, for the first point of in-
cipient flow must be adjusted. For this the normal force, FN, is reduced by 
removing weights from the hanger. The hanger must not be lifted because 
the bulk solid specimen should not be disturbed or unloaded completely. 
Subsequently the specimen is sheared by driving the stem in the forward 
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direction. In the case of a fine-grained, stiff bulk solid specimen the shear 
force increases quickly until it reaches a maximum. At the shear force 
maximum the specimen starts to flow (failure), subsequently the shear 
force, FS, and the shear stress, τ, decrease (Fig. 4.6). After the shear stress 
maximum has been recognized, the stem is driven backwards to reduce the 
shear stress to zero. The filled shear cell is then removed from the tester 
and weighed in order to determine the overall bulk density under consid-
eration of the known weight and volume of the shear cell. Since here the 
total internal volume of the shear cell is used, the calculated bulk density is 
the overall bulk density directly after twisting.  

After measurement of the first point of the yield locus, more points have 
to be measured by repeating the procedure described above. For each indi-
vidual test one should use a fresh bulk solid sample. If the material has not 
been changed by the shear test (e.g., by attrition), the same sample can be 
used repeatedly. In this case the material should be well loosened before 
each test. After several shear points have been measured at different nor-
mal stresses at shear, σsh, the yield locus and its parameters can be deter-
mined (Fig. 4.6). 
 

 
Fig. 4.6. Measurement of a point of the yield locus (shear point) by preshear and 
shear to failure 

When running a shear test according to the procedure described here, the 
course of the shear force, FS, and the shear stress, τ, respectively, has to be 
observed carefully in order to check whether the preconsolidation (twist-
ing) of the specimen is appropriate. A course of the shear stress as shown 
in Fig. 4.7.a is typical for an initially underconsolidated specimen which is 
sheared until steady-state flow is attained: the bulk density increases dur-
ing shear, and the maximum shear stress is the shear stress at steady-state 
flow. If, in contrast to this, an overconsolidated specimen is presheared, 
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the shear stress, τ, passes a maximum during preshear (Fig. 4.7.b) which is 
greater than the shear stress at steady-state flow. The maximum, which can 
be less pronounced than in Fig. 4.7.b, characterizes incipient flow or fail-
ure, respectively. Although at further shear steady-state flow prevails, the 
specimen is not in the same condition at the initially underconsolidated 
specimen described in Fig. 4.7.a, because steady-state flow is limited to the 
material in the region of the failure plane. Thus only the bulk solid close to 
the failure plane has properties corresponding to steady-state flow. The rest 
of the specimen remains in the state of overconsolidation. Thus, the speci-
men is nonhomogeneous, and the measured overall bulk density is too high 
compared to the bulk density corresponding to steady-state flow. 
 

 
Fig. 4.7. Shear stress vs. time at preshear of an underconsolidated (a) and an over-
consolidated (b) specimen 

Because of the nonhomogeneity an overconsolidated specimen should not 
be used for measurement of a shear point [4.13]. Instead, for subsequent 
shear tests the number of twists has to be reduced. Thus it may be neces-
sary to repeat preshear several times until the appropriate number of twists 
has been found out.  

Sometimes a shear stress maximum at preshear can also be observed 
when shear is continued even after the shear stress has become constant for 
a certain time interval (shear stress plateau). This maximum, which is usu-
ally less pronounced than described above, is often caused by the height of 
the shear zone decreasing (shear localization, see Sect. 5.2.2) with ongoing 
shear deformation, and particles in the shear zone changing their orienta-
tion. These processes lead to a decrease of the shear stress. In addition, 
when coarse particles are presheared, dilation can be observed in the first 
part of preshear thus resulting in a shear stress maximum (see Sect. 5.2.3).  

Sometimes the number of twists is not sufficient to attain steady-state 
flow within the available shear displacement, i.e., the shear stress is in-
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creasing until the end of the available shear displacement. In this case the 
number of twists has to be increased. If after 50 twists steady-state flow 
still cannot be achieved, the normal load can be increased in steps of 50% 
of σpre. If this is done, care has to be taken in order to avoid the bulk solid 
specimen becoming overconsolidated, but the overconsolidation is not rec-
ognized because of the limited shear displacement. Especially when very 
fine-grained bulk solids (dry or moist) are tested, overconsolidation can 
lead to a shear stress maximum developing very slowly as shown in Fig. 
4.8. If this specimen requires an extended shear displacement, the operator 
will be happy to have attained steady-state flow within the available shear 
displacement when seeing that the shear stress does not increase further 
with time (apparent steady-state flow). Thus the operator will stop preshear 
and proceed with shear to failure. But, as can be seen in Fig. 4.8, a larger 
shear displacement would lead to a decrease of the shear stress (broken 
curve in Fig. 4.8) since the shear stress at steady-state flow is smaller than 
assumed. Due to the limited shear displacement of the Jenike shear tester it 
is usually not possible to measure the broken curve in Fig. 4.8. This makes 
is sometimes difficult to identify an overconsolidated specimen.  
 

 
Fig. 4.8. Possible course of the shear stress when preshearing an overconsolidated 
specimen requiring a large shear displacement  

It is not possible to quantify the time required to measure a yield locus 
since it depends on the bulk solid, the number of trials until the optimal 
number of twists has been found out, and the skill of the operator. Assum-
ing that points of incipient flow (shear points) are measured at three differ-
ent normal stresses, and each point is measured twice with respect to the 
accuracy of the test procedure (manual preconsolidation, operator’s influ-
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ence), a realistic time for the measurement of a yield locus lies between 
one and two hours.  

4.1.2  Measurement of yield loci with the ring shear tester  

The fundamental advantage of rotational shear testers over translational 
shear testers is that the shear displacement is not limited by the apparatus 
as demonstrated with the Jenike shear tester (see Sect. 4.1.1). The principle 
of the ring shear tester was developed by Hvorslev [4.16] in the 1930’s for 
testing of soils. Since naturally in soil mechanics high stresses have to be 
applied, the tester was accordingly heavy and not suitable for the small 
stresses applied in bulk solids technology. The first ring shear tester espe-
cially designed for bulk solids was developed by Walker in the 1960’s 
[4.17]. Other ring shear testers have been built in universities for research 
purposes [4.3,4.4,4.18–4.23] and rarely used for industrial applications. In 
this section a ring shear tester developed by the author in the early 1990’s 
is described [4.15,4.24,4.25] (Fig. 4.9), which is employed in industry as 
well as in research. The main difference to earlier designs is the lighter 
construction, a shear cell which can be removed from the tester with lid 
and bulk solid specimen, the option of running wall friction tests, and the 
application of very small stresses. A computer-controlled version allows 
automatic measurement and evaluation.  

In Fig. 4.9 the shear cell of a ring shear tester developed by the author is 
shown [4.15,4.24,4.25]. The ring-shaped (annular) bottom ring of the shear 
cell contains the bulk solid specimen. The annular lid is placed on top of 
the bulk solid specimen and attached to a crossbeam. Two parallel tie rods 
are connected to the crossbeam. Each of the tie rods is connected to a load 
beam (not visible in Fig. 4.9) so that the forces, F1 and F2, which are acting 
in the tie rods, can be measured. To shear the bulk solid, the lid and the 
bottom ring of the shear cell must rotate relative to each other. This is ac-
complished by rotating the bottom ring in the direction of the arrow ω (ω 
is the angular velocity), while the lid and crossbeam are prevented from ro-
tation by the tie-rods. The bottom of the shear cell and the lower side of 
the lid are rough in order to prevent the bulk solid from sliding relative to 
these surfaces. Therefore, rotation of the bottom ring relative to the lid cre-
ates a shear deformation within the bulk solid. The roughness of the bot-
tom and the lid is realized, for example, by radially-oriented bars (vanes). 
During shear the shear force, which is the sum of the forces F1 and F2, is 
recorded. The shear force is directly proportional to the shear stress acting 
in the bulk solid specimen in the circumferential direction. 
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Fig. 4.9. Shear cell of the Schulze ring shear tester [4.15,4.24,4.25]  

The horizontal position of the lid is adjusted by the tie rods and the two 
lateral guiding rollers. Thus a bearing for the lid, as used for earlier ring 
shear testers, is not necessary. The advantage of this construction is that 
the lid can tilt somewhat and thus can adjust to the bulk solid specimen (li-
ke the shear lid of the Jenike shear tester), which results in a more uniform 
stress distribution in the bulk solid specimen. Furthermore, similar to the 
Jenike shear tester this design allows one to remove the shear cell along 
with the lid and the bulk solid specimen, for example, for time consolida-
tion tests with external storage.  

The vertical normal force, FN, is exerted on the crossbeam which is fi-
xed at the lid. This can be accomplished with weights (as used with the 
Jenike shear tester) placed on a hanger which is attached to the crossbeam, 
Automatic ring shear testers are provided with a device for the computer-
controlled adjustment of the normal force. The weights of the lid, hanger, 
crossbeam, and tie rods can be compensated by a counterbalance force, FA, 
which is directed upward and acts at the crossbeam. The result of the coun-
terbalance force which is created, for example, by a counterweight, is to 
make possible the application of normal stresses smaller than the stresses 
resulting from the weight forces of the lid and the parts connected to the 
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lid. In principle, this way normal stresses smaller than 100 Pa and even 
negative normal stresses can be applied on the bulk solid specimen 
[4.26,4.27]. 

The shear force is recorded versus time (chart recorder, data acquisition 
system, control system). If the lid of the shear cell is connected to a dis-
placement transducer, the vertical position of the lid can also be measured. 
Thus the volume of the specimen and, if the mass of the bulk solid speci-
men is also determined by weighing, the overall bulk density, ρb, can be 
calculated. For evaluation of a yield locus and its parameters the bulk den-
sity prevailing at steady-state flow and thus corresponding to the consoli-
dation stress, σ1, is important. 

Similar to the Jenike shear tester, the size of the shear cell is a limiting 
factor for the particle size of the bulk solid to be tested. Following the ex-
perience of the author, in a ring shear cell with 200 mm outer diameter and 
900 cm3 specimen volume, bulk solids with particles up to a diameter of 5 
mm in case of a very narrow particle size distribution, and up to 10 mm in 
case of a wide particle size distribution (e.g., coal with particles from 0 to 
10 mm) can be tested. If very fine-grained bulk solids have to be tested 
(e.g., < 250 µm), also much smaller shear cells, and thus a smaller shear 
tester, can be used (e.g., specimen volumes in the range of 9 cm3 to 70 cm3 
[4.28]). Accurate upper limits of the particle size cannot be given because, 
in addition to particle size, particle shape and hardness also play a role.  

The test procedure of the ring shear tester is described in detail in 
ASTM standard D-6773 [4.29]. It is explained in the following regarding 
the manually-operated version of the ring shear tester discussed above.  

For preparation of a test the bottom ring of the shear cell is filled with 
the test bulk solid. Excess material is removed by scraping off with a spat-
ula until flush with the top of the bottom ring (similar as shown in Fig. 4.4 
for the Jenike shear cell). Subsequently the filled bottom ring is weighed. 
The mass is required to calculate the bulk density when evaluating the test.  

Since in principle the shear displacement of a rotational shear tester is 
unlimited, manual preconsolidation as with the Jenike shear tester (twist-
ing) is not necessary. Thus, after filling, the bottom ring is set on the ring 
shear tester, and the lid is positioned concentrically to the bottom ring on 
the bulk solid specimen. Then hanger (force FN, Fig. 4.9), counterweight 
system (counterbalance force, FA) and tie rods (shear force, forces F1 and 
F2) are appended at the crossbeam. The hanger is loaded with weights to 
adjust the normal force, FN, and thus the normal stress, σpre, required for 
preshear. Now preparation of the shear cell is finished and the shear test 
can begin.  

For preshear the bottom ring is rotated clockwise (seen from the top), 
whereby the lid is prevented from rotation by the tie rods. At the beginning 
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of preshear the shear stress, which is calculated from the forces acting in 
the tie rods (forces F1 and F2 in Fig. 4.9), increases with time (Fig. 4.10), 
whereby the height of the specimen usually decreases according to the 
compaction of the bulk solid (a typical course of the bulk density at pre-
shear is shown in Fig. 3.12). Only cohesionless, incompressible bulk solids 
can dilate at the beginning of preshear which results in the height of the 
specimen increasing somewhat (see Sect. 5.2.3).  

 

 
Fig. 4.10. Measurement of a yield locus by preshear and shear to failure with a 
ring shear tester where several points are measured with one bulk solid specimen  

When the shear stress does not increase further and, thus, steady-state flow 
is attained, the direction of rotation of the bottom ring is reversed. After 
the shear stress is reduced to zero, the bottom ring is stopped, and the nor-
mal force, FN, is reduced to adjust the normal stress, σsh, of the first point 
of incipient flow. Then the bulk solid specimen is sheared until the maxi-
mum value of shear stress can be identified. The shear stress maximum 
represents incipient flow (failure). It is interpreted as a point on the yield 
locus (same assumption as with the Jenike shear tester, see previous sec-
tion). 

After shear to failure, the specimen can usually be presheared again 
(σpre), then sheared to failure (σsh), and so on, until the desired shear points 
have been measured (Fig. 4.10). Thus with bulk solids which do not 
change their properties due to the shear deformation (true for nearly all 
bulk solids), a complete yield locus test can be performed with one speci-
men. This greatly reduces the time required for a shear test [4.30] and 
makes possible the automatic measurement of a yield locus [4.31].  

For the automatic measurement the ring shear tester presented here is 
connected to a PC running the control and test software. The hanger and 
weights are replaced by a device for the computer-controlled adjustment of 
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the normal force, FN. Furthermore, the computer controls the shear cell ro-
tation and measures shear force and specimen height. The control software 
must be able to identify steady-state flow as well as incipient flow in order 
to terminate preshear or shear to failure when appropriate. Thus control, 
measurement and evaluation are done by the computer. This reduces the 
time that an operator is required to about five minutes per yield locus 
[4.31]. 

The ring shear tester is used increasingly as an alternative to the Jenike 
shear tester. Especially for bulk solids which cannot be accurately tested 
with the Jenike shear tester because of its limited shear displacement, the 
ring shear tester is advantageous, for example, for testing soft elastic (plas-
tics powder, rubber granules) [4.10] or plastic materials (sewage sludge, 
filter cake, plastic clay). Furthermore, with the ring shear tester smaller 
stresses can be applied than with the Jenike shear tester [4.15]. Also better 
reproducibility [4.32], limited influence of the operator and clearly less 
time of operation [4.31] are arguments for the ring shear tester. The latter 
may be the reason for the growing number of users in other fields than silo 
design, for example, in quality control or product development, where the 
Jenike tester is rarely applied.  

4.1.3  Measurement of time consolidation   

The measurement of time consolidation with the Jenike shear tester and the 
ring shear tester is based on a similar procedure and thus described in the 
following for both testers. 

The time consolidation test is similar to the measurement of a yield lo-
cus. First a bulk solid specimen is presheared. After preshear the specimen 
is not immediately sheared to failure (Fig. 4.11.a), but stored within the 
shear cell for a period t under static load. This can be done on the shear 
tester, whereby in this case the tester cannot be used for other tests during 
the storage period, or apart from the tester, for example, on a special de-
vice called a time consolidation bench (Fig. 4.12). In this device the shear 
cell with the bulk solid specimen is loaded vertically with weights. The 
weights are adjusted so that the stress state in the specimen is similar to the 
stress state at the end of consolidation, i.e., at steady-state flow. Thus, the 
vertical stress (= major principal stress) in the specimen applied during the 
consolidation period (which is the major principal stress in this situation) 
must be equal to the consolidation stress, σ1 (the major principal stress at 
steady-state flow).  
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Fig. 4.11. Shear stress, τ, vs. time during preshear and shear to failure; a. meas-
urement of a point on a yield locus; b. measurement of a point on a time yield lo-
cus 

 
Fig. 4.12. Time consolidation bench with covers (version for Jenike shear tester) 

The time consolidation bench in Fig. 4.12 is provided with covers to con-
strain the specimen and prevent or at least reduce influence from environ-
mental effects such as evaporation or humidification during the consolida-
tion period. Sometimes it is desired to store the specimen at defined 
conditions, e.g., in a climate chamber. In this case one would store the spe-
cimen without cover. However, under all circumstances it has to be en-
sured that the specimen is not subjected to vibration or unwanted tempera-
ture changes due to heating equipment or sunlight. 
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In the way described above several specimens are prepared, presheared, 
stored under the consolidation stress for the desired time, and finally shea-
red to failure. As with shear without time consolidation (measurement of a 
point on a yield locus, Fig. 4.11.a), so also after time consolidation one 
will observe a shear stress maximum (Fig. 4.11.b). If consolidation time 
affects the bulk solid under consideration, after the consolidation period 
the shear stress maximum will be larger than it would have been without a 
consolidation period between preshear and shear. If identically prepared 
specimens are sheared to failure after different consolidation times, t, one 
will obtain different shear points in the σ,τ diagram. It is common practice 
to measure only one shear point on a time yield locus, i.e., shear to failure 
at only one specific normal stress. The time yield locus is then approxi-
mated by a parallel to the linearized yield locus running through the meas-
ured shear point (Fig. 4.13). Each time yield locus is valid for only one 
consolidation period and one consolidation stress. The unconfined yield 
strength, σc, is determined in the same way as for a yield locus by drawing 
a Mohr stress circle through the origin and tangent to the time yield locus 
(minor principal stress σ2 = 0). If only one point on a time yield locus is 
measured, the measured shear point should be close to the point where the 
Mohr stress circle representing σc touches the time yield locus. If this is not 
the case, the accuracy is reduced because the time yield locus has to be ex-
trapolated to a larger extent to determine the unconfined yield strength, σc. 
 

 
Fig. 4.13. Yield locus with time yield loci approximated as parallels to the yield 
locus 
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4.1.4  Measurement of kinematic wall friction 

The test procedure for measuring wall friction is similar for the Jenike 
shear tester and the ring shear tester. Therefore it is described here for both 
testers in this section.  

For measuring wall friction with the Jenike shear tester the base of the 
shear cell is replaced by a sample of the wall material (Fig. 4.14) which is 
fixed to the base plate of the shear tester.  
 

 
Fig. 4.14. Setup to measure wall friction with the Jenike shear tester  

The shear cell is prepared similar to a yield locus test (Sect. 4.1.1). The 
mould ring is placed on the shear ring, and shear ring and mould ring are 
filled with the bulk solid. Excess material is scraped flush with the top of 
the shear ring. Then the twisting lid is placed on the bulk solid filling, the 
hanger is placed on the lid, and weights are placed on the hanger, corre-
sponding to the largest normal stress of the intended wall friction test. 
Then the lid is twisted several times to homogenize the specimen and in-
crease its bulk density thus ensuring that the shear lid will not move 
downwards too much when being loaded with hanger and weights. Since 
the dependence of wall friction angle on bulk density can usually be ne-
glected, the time-consuming procedure for determination of the optimum 
number of twists, which is an important part of the preparation of a yield 
locus test, can be omitted.  

During the test the bulk solid specimen is moved relative to the wall ma-
terial surface. Since wall friction is usually smaller than the internal fric-
tion of the bulk solid, the complete bulk solid specimen moves relative to 
the wall material. Commonly wall friction is measured with one bulk solid 
specimen at different levels of wall normal stress, σw. This is possible be-
cause the influence of bulk density can be neglected and thus it is not nec-
essary to prepare a new specimen for every stress level.  
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It is usual to start with the largest wall normal stress, σw, and then in-
crementally decrease the wall normal stresses once a constant wall shear 
stress has been attained (Fig. 4.15). Thus, the bulk solid specimen is first 
subjected to the largest wall normal stress, σw, and normal force, FN, re-
spectively. When using the Jenike shear tester, appropriate weights are 
placed on the hanger. Then the stem is driven forward in order to move the 
shear cell across the wall material sample. As shear starts, the shear force, 
FS, and thus the wall shear stress, τw, increase (Fig. 4.15). When the shear 
stress reaches a constant value, weights are removed from the hanger until 
the normal stress is reduced to the next level. When the shear stress has 
again become constant, the normal load is again reduced and so on until 
the constant shear stress has been measured at all selected stress levels, σw. 
The pairs of values of wall normal stress, σw, and wall shear stress, τw, are 
plotted in a σw,τw diagram and a curve is drawn through the points. This is 
the wall yield locus of the tested bulk solid on the specific wall material. 
From the wall yield locus the wall friction angle can be determined accord-
ing to Sect. 3.3.2.  
 

 
Fig. 4.15. Wall friction test: Shear stress vs. time and wall yield locus 

In Fig. 4.16 the setup of the wall friction ring shear cell is shown. The an-
nular bottom ring contains a sample of the wall material to be tested. On 
top of the wall material sample is the bulk solid specimen, which is cov-
ered with the annular lid of the shear cell. A normal force, FN, is applied to 
the bulk material specimen with the lid of the shear cell (as with a yield lo-
cus test, Fig. 4.9). The normal force creates the vertical wall normal stress, 
σw, acting between the bulk solid specimen and the wall material sample. 
To measure wall friction the shear cell is rotated slowly in the direction of 
arrow ω, while the lid is prevented from rotating by the two tie rods. Since 
the layer of bulk solid located between the lid, which has a rough under-
side, and the surface of the wall material is also prevented from rotating, 
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the bulk solid is moved across the surface of the wall material sample 
while it is subjected to the normal stress, σw. The forces acting on the tie 
rods, F1 and F2, are proportional to the wall shear stress, τw. Thus, from the 
measured forces, F1 and F2, the wall shear stress, τw, can be calculated. The 
test procedure is the same as described above for the Jenike shear tester 
(Fig. 4.15). 
 

 
Fig. 4.16. Measurement of wall friction with a ring shear tester [4.33] 

Comparing the ring shear tester and the Jenike shear tester regarding the 
wall friction test, one can say that the Jenike tester has the advantage that 
the required wall material sample is just a rectangular plate of sufficient 
dimensions, whereby the shear cell of the ring shear tester as shown in Fig. 
4.16 requires an annular-shaped wall material sample. Therefore wall fric-
tion testing with many different wall materials, which are replaced by new 
samples very often, is less expensive with the Jenike shear tester. In addi-
tion, the dependence of wall friction angle on the shear direction, e.g., if 
the wall material surface has grooves in a certain orientation, can be meas-
ured with the Jenike shear tester due to the translational shear, whereby 
with a ring shear tester wall friction is measured in all directions simulta-
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neously thus resulting in a mean wall friction angle for all directions. On 
the other hand the ring shear tester, which provides unlimited shear dis-
placement, allows one to study the long-term behavior of the wall friction, 
e.g., with bulk solids changing the surface of the wall material by wear or 
by materials adhering at the surface (see Sect. 7.1.2). The unlimited shear 
displacement is also an advantage for combinations of bulk solid and wall 
material requiring large shear displacements. If such combinations are 
sheared with the Jenike tester, always after the maximum shear displace-
ment is reached the stem has to be retracted and the shear cell pushed back 
to its initial position by hand [4.13,4.14]. 

4.1.5  Measurement of static wall friction 

The time wall yield locus described in Sect. 3.3.3 gives information about 
the static angle of wall friction, which is dependent on the previous storage 
time at rest. From the author’s experience wall friction time tests are re-
quired less often than measurements of kinematic wall friction. Therefore 
in the following only a short description of the test procedure is given.  

The preparation and procedure of a wall friction time test are similar to 
a wall friction test. The main difference is that after steady-state wall fric-
tion has been attained the specimen is unloaded from shear stress and then 
stored at rest (consolidation time) on the wall material sample while the 
normal stress is kept constant (Fig. 3.30). For this the shear cell with the 
bulk solid specimen can remain on the shear tester, but the tester cannot be 
used for other tests during the consolidation time. Thus it is advantageous 
to store the specimen under static load on a time consolidation bench (Sect. 
4.1.3, Fig. 4.12). After the storage time the shear cell with the bulk solid 
specimen is placed on the shear tester and sheared again under the same 
normal load as before the consolidation time. The maximum shear stress 
defines a point on the time yield locus (for more details refer to Sect. 
3.3.3). 

4.1.6  Attrition test 

Attrition tests help to evaluate particle breakage and fines generation by 
abrasion (both are included here under the term attrition) from flow of a 
bulk solid (e.g., flow in a silo). With this kind of test products can be com-
pared regarding their sensitivity to attrition, or the maximum stress for the 
storage of a specific product in order to minimize attrition can be deter-
mined [4.34,4.35]. It is important that the stress level of an attrition test 
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can be adjusted to the conditions that simulate where a product is stored or 
handled.  

Fines are generated when particles are subjected to stresses, but a static 
load has to be distinguished from shear deformation (kinematic load). 
Commonly – and not unexpected – more fines are generated by kinematic 
load than by static load at the same stress level. For attrition testing at ki-
nematic load a device is required where a bulk solid specimen can be sub-
jected to an adjustable normal stress and a large shear deformation. This is 
fulfilled with a rotational tester like a ring shear tester [4.34–4.37] in con-
trast to a translational tester (Jenike shear tester) with its limited shear dis-
placement allowing only limited deformation of the bulk solid specimen. 

The procedure of an attrition test with a ring shear tester is as follows 
(with other testers the procedure has to be adjusted corresponding to their 
specific features): Particles smaller than a specific size are removed by 
sieving (e.g., if a granulate with particles from 2 mm to 5 mm must be 
tested for attrition, one could use a sieve with 1 mm mesh size to remove 
fines).  

The prepared bulk solid sample is filled into the shear cell (Fig. 4.9). 
The shear cell is then placed on the tester, covered with the lid, and loaded 
with the selected normal stress, σ, or normal force, FN, respectively. The 
specimen is sheared (similar to preshear during a yield locus test) to a cer-
tain shear displacement selected by the operator. Shear displacement is the 
relative rotational displacement of the bottom ring and lid, measured at the 
mean radius of the specimen. The relative displacement follows from the 
shear velocity times the duration of shearing.  

After shearing the specimen is sieved with the same sieve used for 
preparation of the specimen, or with a sieve of a smaller mesh size. The 
amount of fines (material finer than the mesh size of the sieve) generated 
during the test is a measure of the bulk material’s sensitivity to attrition. It 
can be useful to divide the mass of the fines by the total mass of the 
specimen. 

Alternatively to the analytical procedure described in the previous para-
graph, one can measure particle size distribution before and after shearing. 
A comparison of both particle size distributions may give more insight into 
the attrition processes. 

Attrition tests provide only qualitative data. Among other reasons this is 
because during the shear process essentially only the bulk solid in the 
shear zone is subjected to a kinematic load, and the exact volume of the 
shear zone is unknown. The thickness of the shear zone for not too fine 
bulk solids is on the order of magnitude of five to twenty particle diame-
ters (see Sect. 5.2.2). However, even if attrition could be measured quanti-
tatively and independent of the test device, this would not be a significant 
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advantage, because the shear deformation in silos, hoppers etc. cannot be 
predicted quantitatively. One reason for this is that shear deformation is 
concentrated in shear zones (see Sect. 14.4). 

In Fig. 4.17 it is shown qualitatively how the fines content evolves dur-
ing an attrition test. The larger the normal stress, σ, the quicker the fines 
are generated. After a sufficient shear deformation the fines content attains 
a nearly constant level, since at the given test conditions no further attrition 
is possible. This state has been reached in Fig. 4.17 for the stresses σB and 
σC. The larger the normal stress, σ, the larger is the fines content to be ex-
pected, because the load on the individual particles increases with the 
stress level. If one selects a series of stresses for attrition tests, which are 
large relative to the strength of the particles, it can happen that all particles 
are destroyed independent of the applied stress.  
 

 
Fig. 4.17. Attrition test: fines content as a function of normal stress and shear dis-
placement (qualitative) 

Before attrition testing, preliminary tests to determine optimal shear de-
formation are recommended. If there is too little shear deformation, the 
quantity of fines generated might be too small to be precisely measured. If 
shear deformation is too large, all particles in the shear zone may be com-
pletely destroyed, so one cannot determine differences between various 
samples of a bulk solid or between different levels of the applied normal 
stress. During preliminary tests, therefore, several (identical) samples of a 
bulk solid should be subjected to different shear deformations. The results 
(amount of fines generated during the test) should show at least in a lim-
ited range of the applied shear deformation a measurable fines content and 
increased fines content with shear deformation. Such a range is indicated 
in Fig. 4.17. A shear deformation within this range should then be selected 
for the attrition tests. This ensures that a measurable amount of fines is 
produced and that shear deformation is not so large that all particles within 
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the shear zone are completely destroyed. Thus one can distinguish between 
the attrition sensitivity of individual samples.  

4.1.6  Compressibility test 

The term “compressibility” characterizes increasing bulk density with in-
creasing consolidation stress (see example in Fig. 4.18). The more bulk 
density increases, the more compressible the bulk solid. For some applica-
tions it is of interest to know a characteristic value for the degree of com-
pressibility. Other applications require knowledge of the dependence of 
bulk density on stress (e.g., the assessment of a silo’s mass capacity).  
 

 
Fig. 4.18. Example: Bulk density, ρb, of coal with 12 % moisture as a function of 
the consolidation stress, σ1 [4.38] 

Compressibility can be easily measured with a setup as shown in Fig. 4.19. 
The bulk solid is filled loosely in a mould, scraped off flush with the top of 
the mould, and then subjected to a vertical force, F, through a platen of 
area A (Fig. 4.19). This causes a vertical stress in the bulk solid specimen 
which is equal to the major principal stress, σ1, in the axis of the specimen. 
From the height, h, and the mass of the specimen the bulk density is calcu-
lated. A source of error is the friction at the side walls of the mould. This 
friction reduces the normal stress from top to bottom (see Sect. 9.2.2) so 
that the bulk solid specimen is consolidated less towards the bottom of the 
mould. Thus for a simple test as shown in Fig. 4.19 a cylindrical mould 
with smooth walls and small height/diameter ratio (e.g., < 0.3) should be 
used. To reduce the wall friction, the walls of the mould can be lubricated 
(walls coated with a thin layer of lubricant, and the lubricant covered with 
a thin foil).  
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Fig. 4.19. Simple setup for a compressibility test  

If a yield locus is measured, one obtains one value of bulk density, ρb, for 
one particular consolidation stress, σ1. Thus, the dependence of bulk den-
sity on consolidation stress can be obtained by measuring several yield loci 
at different consolidation stresses. The bulk density resulting from a yield 
locus test is typically somewhat larger than that from a compressibility test 
where the specimen is not sheared, but uniaxially consolidated (see Sect. 
5.1.2). 

For some applications it is of interest to know a characteristic value for 
the degree of compressibility. Compressibility can be an important pa-
rameter also for comparative tests. A single value describing compressibil-
ity can be obtained by measuring bulk density, ρb, at two different stress 
levels A and B. The consolidation stresses at these stress levels are called 
σ1,A and σ1,B, respectively, where σ1,A is the smaller of the two consolidation 
stresses, σ1,A and σ1,B. At both consolidation stresses the bulk density is 
measured, e.g., in a setup as shown in Fig. 4.19, or by measuring a yield 
locus at each of the two consolidation stresses.  

With the bulk densities of the yield loci, ρA and ρB, the ratio ρB/ρA is de-
termined as a characteristic value of compressibility. The larger the ratio, 
the larger is the increase in bulk density in the range of the consolidation 
stresses, σ1,A and σ1,B. To ensure that the compressibility values of different 
bulk solid samples are comparable, it is important to use identical consoli-
dation stresses, σ1,A and σ1,B. The advantage of this procedure over the 
comparison of the bulk density of a loose specimen to its tap density is that 
here the bulk density is a result of a well-defined stress, whereby the loose 
density depends on how this loose state has been prepared (Sect. 6.3.7).  

If the bulk density as a function of the consolidation stress is of interest, 
several pairs of values of bulk density and consolidation stress must be 
measured in the relevant stress range. The results should be indicated then 
in form of an equation adapted to the measuring points, which indicates 
bulk density as function of the consolidation stress. One finds an overview 
of meaningful equation types in [4.39]. A function, which can be adapted 
simply and usually describes bulk density in a limited stress range suffi-
ciently well, is: 
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Here ρ0 and a are parameters which have to be adapted. They both have 
the same units as the bulk density.  

4.2  Selection of stresses 

4.2.1  Yield locus (flowability) 

4.2.1.1  Selection of stress level 

Before beginning a test, the stress level, i.e., the appropriate consolidation 
stress, must be chosen. It is recommended that stresses similar to the 
stresses acting on the bulk solid in the application under consideration be 
selected. This can be the maximum stress in a silo, the stress in the hopper 
of a silo (especially for silo design for flow), the stress associated with 
storage of the bulk solid in IBCs or on pallets, the stresses in small con-
tainers (e.g., barrel, pail), or the stresses associated with dosage of very 
small masses (e.g., tabletting machine).  

If similar materials must be compared on the basis of the test results, the 
stress level usually has no influence on the qualitative ranking of a set of 
products in terms of their flowability. Thus in most cases it is sufficient to 
adjust to the order of magnitude of the stresses of the application, because 
often the exact stresses acting in an application cannot be calculated and 
must be roughly estimated.  

The measure of the stress level is the consolidation stress (major princi-
pal stress), σ1, which depends on the geometry of the system and the flow 
properties. Stresses acting in a specific system can be calculated, or at least 
assessed, based on appropriate theories (see Chap. 9). However, for com-
parative tests a rough estimation of the relevant consolidation stress is usu-
ally sufficient. Some support in the assessment of stresses is given by ap-
propriate computer programs (e.g. [4.40]).  

For a very simple assessment of consolidation stress, σ1, Table 4.1 can 
be used. It shows values of consolidation stress characteristic for specific 
applications. Since stresses in a bulk solid usually result from forces due to 
gravity, bulk density, ρb, plays an important role: The greater the bulk den-
sity, the greater the stresses (consolidation stresses) acting in the bulk 
solid. Furthermore, consolidation stress increases with the mass of the bulk 
solid in a specific application: The stresses in small containers are usually 
less than those in large silos. When regarding silos and hoppers it has to be 
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considered that flow problems usually arise in the vicinity of the outlet 
opening, where (especially in the discharge state) stresses are small and 
independent of the silo filling height or silo capacity (see Sect. 9.1.2; as-
sessment of stresses at the outlet: Sect. 9.2.4). Thus in most cases it is not 
practical to measure the flow properties at the maximum stress occurring 
in the vertical section of the silo.  

Table 4.1. Consolidation stress, σ1, as a function of application and bulk density, 
ρb (for rough assessment of consolidation stress). 

Bulk density ρb [kg/m3] from ... to Application 
    0 ... 
           50 

   150 ... 
          300

   300 ... 
          600

   600 ... 
        1200

   1200 ... 
        2500 

Containers up to 20 liters,  
dosage equipment 

400 Pa 800 Pa 1600 Pa 2500 Pa 4 kPa

Containers up to 100 liters 800 Pa 1500 Pa 2500 Pa 5 kPa 10 kPa
IBCs, sacks packed on pal-
lets, transport containers 

1500 Pa 2500 Pa 5 kPa 10 kPa 20 kPa

Vertical section of  silos  
 

Stress depends on silo dimensions; for assessment of 
stresses see equations in Sect. 9.2.1. 

Outlet openings of silos  
and hoppers 

Stress depends on outlet dimensions; for assessment 
of stresses see equations in Sect. 9.2.4. 

 
When selecting consolidation stress one must consider that lower limit of 
adjustable normal stresses depends on the type of shear tester. A lower 
limit for a typical Jenike-type shear tester is a consolidation stress of about 
3 kPa, whereby the ring shear tester (Fig. 4.9) allows testing at smaller 
stresses. Thus, the numbers given in Table 4.1 have to be adjusted to the 
capabilities of the particular shear tester.  

There is, of course, almost no application which can be characterized 
completely by only one consolidation stress. The stresses in a silo depend 
on location (hopper, cylinder). Furthermore, the stresses in a container or 
silo are strongly dependent on shape (e.g., height-to-diameter ratio) and 
other parameters (e.g., wall roughness). This section provides the user with 
a guide for rough assessment of the appropriate stress level for the tests.  

In practice it can happen that the flow properties of a bulk solid must be 
determined generally, i.e., without knowing the application. Furthermore, 
sometimes the stresses acting in an application are not known and cannot 
be assessed. In such cases it is recommended that a consolidation stress 
ranging from 4 kPa to 8 kPa, which is the stress range for many applica-
tions, be used.  

After the consolidation stress, σ1, has been selected, the normal stresses 
for preshear and shear to failure have to be determined.  
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4.2.1.2  Normal stress at preshear and shear to failure 

The relevant consolidation stress, σ1 (= major principal stress at preshear), 
of a yield locus can be determined only after the yield locus has been con-
structed; i.e., after the test. In contrast to normal stress at preshear, σpre, 
consolidation stress, σ1, cannot be determined exactly before the test (ex-
cept for the cases that a preliminary test is run, or the normal stress can be 
adjusted during the test as described in Sect. 4.2.1.3). 

The consolidation stresses of similar bulk solids that are presheared with 
identical normal stresses, σpre, usually do not differ much. In addition, 
slightly different consolidation stresses usually affect the flowability value 
only slightly. Therefore, it is generally sufficient, for comparative tests, to 
select the same normal stress at preshear, σpre, for each bulk solid sample, 
and thus to accept slightly different consolidation stresses, σ1.  

The exact relationship between σ1 and σpre depends on the bulk solid and 
the stress level. Thus there exists no generally accepted calculation proce-
dure by which one could compute the necessary normal stress at preshear, 
σpre, for obtaining exactly a desired consolidation stress, σ1, before the test. 
For a rough estimate, the following equation can be used: 

1σkσ pre ⋅=  (4.2) 

with k = 0.3 .. 0.7 (usually). A fairly realistic value for a rough assessment 
is k = 0.5.  

After the normal stress at preshear, σpre, is chosen, the normal stresses at 
shear, σsh,i, are specified. The normal stress at shear, σsh,i, should not be 
greater than about 80% of the normal stress at preshear, σpre. The adjust-
able minimum normal stress is dependent on the shear tester, e.g., with the 
Jenike tester the minimum stress is given by the mass of the bulk solid 
above the shear plane and all other parts supported by the bulk solid 
specimen. However, if possible, the points of incipient flow should not be 
located to the left of point B where the yield locus touches the Mohr stress 
circle defining the unconfined yield strength, σc (Fig. 4.20). On the other 
hand, the point of incipient flow with the lowest normal stress, σsh,i, should 
not be located at much greater normal stresses than point B, because in this 
case the yield locus must be extrapolated too far in the direction of lower 
stresses to be able to construct the Mohr stress circle for σc. The latter leads 
to an increase in uncertainty when determining the unconfined yield 
strength, σc. The range of normal stress at shear, σsh,i, arising from these 
considerations is indicated in Fig. 4.20. 
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Fig. 4.20. Desired range of the normal stress for shear to failure, σsh,i 

The rule that no measuring points to the left of the point where the yield 
locus touches the Mohr stress circle defining σc be used originates from 
the operation of the Jenike shear tester [4.8,4.13]. With the Jenike shear 
tester one observes a strong curvature of the yield locus towards lower 
shear stresses to the left of point B, i.e., at high ratios of shear stress to 
normal stress (Fig. 4.21). The curvature is increasingly pronounced with 
increasing distance from point B. One reason for this effect is that a part of 
all Mohr stress circles touching the yield locus to the left of point B is lo-
cated to the left of the τ axis, i.e., at negative normal stresses. Thus tensile 
stresses are acting in the bulk solid, but bulk solids usually can transfer 
only small tensile stresses. Furthermore, to the left of point B the direction 
of the major principal stress at shear to failure is increasingly inclined to 
the direction of the principal stress at preshear. This is expected to lead to a 
further reduction of the shear stress at failure, because bulk solids show 
anisotropic behavior [4.26] (for more information about this see Sect. 5.3). 
Another reason for the curvature of the yield locus is probably the con-
structional conditions of the Jenike Shear Tester [4.15], where the shear lid 
can tilt at large ratios of shear stress to normal stress [4.15].  

The exact values of the normal stresses at shear do affect the results, in 
particular the value of the unconfined yield strength, σc, somewhat [4.41]. 
The reason is that a yield locus is usually slightly curved [4.42,4.43], espe-
cially to the left of point B (see above). Thus by measuring only some in-
dividual points on the yield locus, which is commonly done for practical 
reasons, one obtains an approximation of the yield locus. If one of the 
shear points is located clearly left to point B and thus shifted towards the σ 
axis due to the curvature of the yield locus at small stresses (as depicted in 
Fig. 4.21), one would obtain an approximated yield locus with its left part 
shifted to lower shear stresses. This would lead to a smaller value of un-
confined yield strength, σc. To avoid this, shear points to the left of point B 
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have to be omitted [4.13]. The better way would be to select appropriate 
normal stresses prior to the test.  
 

 
Fig. 4.21. Yield locus with shear points and corresponding Mohr stress circles to 
the left of point B, where the yield locus touches the Mohr stress circle defining 
the unconfined yield strength, σc. 

The rules outlined above are especially important when the shear test re-
sults have to be applied quantitatively. Regarding silo design for flow ac-
cording to Jenike’s theory (Chap. 10), a too small value of unconfined 
yield strength would lead to an underestimation of the minimum outlet size 
to avoid flow obstructions. However, practical experience has shown that 
shear points to the left of the tangency point B can be tolerated as long as 
the curvature of the approximated yield locus is not increased significantly.  

When comparative tests have to be run and it is important to identify 
even small differences in flow behavior, one should select identical nor-
mal stresses at shear, σsh,i, for all yield loci [4.44]. These stresses should 
cover the desired range of normal stresses at shear according to Fig. 4.20 
in order to avoid extensive extrapolation of the yield locus to the left, 
which reduces the accuracy when determining the unconfined yield 
strength, σc. However, when running comparative tests with identical nor-
mal stress at preshear, points to the left of point B can be tolerated since 
they are not expected to have an influence on the ranking of the flowabili-
ties of the tested samples.  

The magnitude of the unconfined yield strength, σc, and the normal 
stress, σ, of the tangency point B, which both depend on the bulk solid’s 
flow properties as shown in Fig. 4.22, are not known prior to a shear test. 
Therefore one must guess the lower limit for normal stress at shear, σsh, be-
fore beginning the test. Table 4.2 provides a guideline for choosing the 
lower limit. 
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Fig. 4.22. Position of tangency point B for different values of the flowability. 
Point B is the point where the Mohr stress circle defining the unconfined yield 
strength, σc, touches the yield locus, for different flow behavior.  

Table 4.2. Values for the assessment of the lower limit of normal stress at shear to 
failure. The examples are valid for a range of normal stresses at preshear from 
approx. 2 to 10 kPa.  

Expected flow behavior Lower limit of σsh Examples 
Free-flowing (< 0.10) σpre Dry sand, refined sugar, plastic 

pellets, salt 
Easy-flowing to slightly 
cohesive 

(0.10 ... 0.25) σpre Pulverized brown coal, detergent 
powder  

Cohesive (0.25 ... 0.4) σpre Moist coal 0 – 5 mm, flour, 
icing sugar 

Very cohesive (> 0.4) σpre Moist flue gas desulfurization 
gypsum, zinc oxide, sewage 
sludge, moist clay, TiO2 

 
Table 4.2 shows that with free-flowing products, where the Mohr stress 
circle defining the unconfined yield strength is very small, the lowest nor-
mal stress at shear, σsh, can be 10% of the normal load at preshear, σpre. 
With more poorly flowing products a lower limit of 40% and more can be 
appropriate. For the case where an assessment of flow behavior is not pos-
sible, it is recommended to start with the assumption of a slightly cohesive 
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material and choose a minimum normal stress at shear, σsh,j, of about 20% 
of the normal stress at preshear, σpre.  

The normal stresses for shear to failure, σsh,i, should be distributed equi-
distantly between the chosen minimum normal stress and around 80% of 
the preshear normal stress. To limit the time for testing on the one hand, 
and to obtain a yield locus with sufficient accuracy on the other hand, it is 
usually sufficient to select three different normal stresses, σsh,i, for shear to 
failure. This means that the lowest normal stress, σsh,1, is equal to the lower 
limit of the normal stresses at shear. The greatest normal stress at shear, 
σsh,3, is equal to the maximum value, which is 0.8 σpre. Then σsh,2 is equal to 
the mean value of σsh,1 and σsh,3. If more than three different normal 
stresses have to be used, the stresses have to be determined accordingly. In 
any case it makes sense to distribute the stresses equidistantly.  

4.2.1.3  Automatic selection of stresses at preshear and shear 

The preceding section explained the selection of normal stresses. Espe-
cially important is the selection of the normal stresses at shear to failure, 
which should be within the range defined in Fig. 4.20. In the present sec-
tion a procedure for the ring shear tester presented in Sect. 4.1.2 is de-
scribed which allows automatic determination of normal stresses at pre-
shear and at shear to failure during a test [4.45, 4.46]. The procedure 
consists of two parts: 

• automatic selection of normal stress at preshear based on the consolida-
tion stress, 

• automatic selection of normal stresses at shear to failure. 

With automatic selection of normal stress at preshear, during the preshear 
process the computer program controlling the ring shear tester [4.45] as-
sumes the probable size and position of the Mohr stress circle representing 
steady-state flow. Furthermore, the program assumes the position of the 
preshear point (i.e., the pair of values of normal stress and shear stress at 
steady-state flow) on this Mohr stress circle, which usually is somewhat to 
the left of the circle's zenith.  

Fig. 4.23 shows the procedure: At the beginning of preshear, the normal 
stress, σstart, is selected. σstart is somewhat lower than the desired consolida-
tion stress, σ1. With increasing shear stress, the assumed Mohr stress circle 
increases, and so does its major principal stress, σ1. If shear stress, τ, in-
creases to the extent that the major principal stress might become greater 
than the desired consolidation stress, normal stress is reduced. The stress 
path (Fig. 4.23, dashed) demonstrates how shear stress and normal stress 
might develop during preshear. After steady-state flow is attained, the con-
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trol program has adjusted the preshear normal stress, σpre, which would 
lead to the desired consolidation stress, σ1, if the assumptions regarding the 
position of the Mohr stress circle and the position of the preshear point are 
correct. 

In Fig. 4.23 several Mohr stress circles which would result in steady-
state flow if steady-state flow were to occur at lower shear stresses (for 
bulk solids with less internal friction than the bulk solid regarded here) are 
plotted (dotted). One can see that the higher the shear stress at preshear, 
the lower is the normal stress adjusted. 

 

 
Fig. 4.23. Determination of the normal stress at preshear, σpre, during preshear  

 
Fig. 4.24. Determination of the smallest normal stress at shear to failure, σsh,1, dur-
ing shear to failure  

With normal stresses at shear (incipient flow) automatically selected, the 
bulk solid specimen is first presheared. For measurement of the first point 
of incipient flow, normal stress, σstart, is adjusted (Fig. 4.24) to a very low 
value amounting to a few percentage points of normal stress at preshear, 
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σpre, taking into account the minimum adjustable normal stress. During 
shear, the possible position of the point of incipient flow (i.e., the pair of 
values of shear stress and normal stress at incipient flow) relative to the 
Mohr stress circle defining the unconfined yield strength, σc, is assessed. 
The point of incipient flow should not be to the left of the tangency point B 
of the yield locus with this Mohr stress circle (see Fig. 4.20 and remarks in 
the preceding section). Thus, the point of incipient flow should be located 
on the right side of the point of tangency, but not too distant from this 
point in order to avoid having to extrapolate the yield locus toward much 
lower stresses. The latter would reduce the accuracy of the unconfined 
yield strength determined. To match a point fulfilling these conditions, the 
normal stress at shear is increased with increasing shear stress until incipi-
ent flow prevails. The stress path in Fig. 4.24 (dashed) shows how normal 
and shear stress develop during the test. 

The normal stress at the moment of incipient flow is taken as the mini-
mum normal stress at shear, σsh,1, of the yield locus. The other normal 
stresses at shear, σsh,i, are then distributed equidistantly between minimum 
normal stress and maximum normal stress at shear, which is set to 80% of 
normal stress at preshear (see preceding section). 

With the procedure outlined above the yield locus can be measured alo-
ne after the desired consolidation stress (major principal stress) has been 
fixed. Thus the operator does not need to worry about normal stresses at 
preshear and shear to failure.  

4.2.2  Time yield locus (flowability after time consolidation) 

4.2.2.1  Selection of stress level 

The choice of stress level follows the same procedure as for a yield locus 
test (see Sect. 4.2.1.1). 

4.2.2.2  Normal stresses at preshear and shear to failure 

Since a yield locus must be measured prior to the time consolidation test, 
the same normal stress as at preshear, σpre, is applied for the time consoli-
dation test. After the consolidation time t, the specimen must be sheared to 
failure. It is recommended that a normal stress equal to one of the normal 
stresses, σsh, used for the measurement of the corresponding yield locus be 
selected for shear. For measuring the point of incipient flow the same ap-
plies as for measurement of a yield locus: The measured point of incipient 
flow should not be located to the left of the point where the time yield lo-
cus touches the Mohr stress circle defining the unconfined yield strength, 
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σc, but not too far removed from this point in order to avoid having to ex-
trapolate the yield locus toward much lower stresses. Well selected shear 
points are shown in Fig. 4.13.  

If three points of incipient flow (three different normal stresses at shear, 
σsh,1 < σsh,2 < σsh,3, see Sect. 4.2.1.2) have been determined for the yield lo-
cus, and the amount of time consolidation cannot be assessed prior to the 
time consolidation test, it is recommended to choose the mean normal 
stress at shear, σsh,2, for the time yield locus test. On the basis of the results 
of this preliminary time consolidation test the optimal normal stress for 
shear can be determined. If only a very small time consolidation effect is 
expected, the lowest normal stress, σsh,1, can be applied for shear. If much 
consolidation over time is expected, it is recommended that the highest 
normal stress for shear, σsh,3, or an even higher normal stress be applied. In 
any case several bulk solid specimens should be set up for each particular 
consolidation time in order to have the opportunity to vary the normal 
stress at shear to failure.  

4.2.2.3  Automatic selection of the normal stress at shear to failure 

The optimal normal stress at shear for a time consolidation test can be de-
termined during shear in the same way as described for the yield locus test 
(see Sect. 4.2.1.3). The goal of the procedure is to adjust a normal stress, 
σsh, which is somewhat greater than the normal stress at the tangency point 
B, where the Mohr stress circle defining the unconfined yield strength, σc, 
touches the yield locus. At shear to failure, first a low normal stress, σstart, 
is selected (Fig. 4.25).  

 

 
Fig. 4.25. Determination of the normal stress at shear to failure, σsh, during the 
measurement of a point of a time yield locus  
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During the shear process, the normal stress is increased as shear stress in-
creases, until finally failure is attained. For assessment of the position of 
the shear point relative to the Mohr stress circle defining the unconfined 
yield strength, σc, it is assumed that the time yield locus is parallel to the 
linearized (instantaneous) yield locus. 

4.2.3  Wall yield locus (wall friction) 

4.2.3.1  Selection of wall normal stresses 

Wall friction should be measured at normal stresses similar to the normal 
stresses acting between wall surface and bulk solid in the application under 
consideration. If wall friction is measured within a comparative test series 
where one yield locus is measured for each sample, the highest wall nor-
mal stress of the wall yield locus (σw,1 in Fig. 4.15) should be chosen equal 
to the consolidation stress, σ1, of the yield locus. 

Only when no yield loci, but only wall yield loci, are measured, the rele-
vant stress level must be assessed; i.e., the maximum wall normal stress, 
σw,1, must be chosen. This can be done in the same way as determining the 
relevant consolidation stress, σ1: First the consolidation stress, σ1, relevant 
to the application under consideration is determined with the help of the 
tables in Sect. 4.2.1.1. Then the maximum wall normal stress, σw,1, is set 
equal to the consolidation stress, σ1. 

If the wall friction of a bulk solid must be determined “generally”, i.e., 
without knowing the application, or if the stresses acting in an application 
are not known and cannot be assessed, it is recommended that a maximum 
wall normal stress in the range from 4 kPa to 8 kPa be selected. This is the 
stress range pertinent to many applications. 

Since wall friction angles are often dependent on wall normal stress, the 
wall friction angle should be measured at different wall normal stresses. It 
is common to measure at six wall normal stresses. After selection of the 
maximum wall normal stress, σw,1, as outlined above, the minimum stress, 
σw,6, is set to about 5% to 10 % of the maximum wall normal stress, σw,1, 
whereby the range of adjustable stresses of the shear testers has to be taken 
into account. In [4.13] it is recommended to ignore the result of the first 
test point measured at the maximum wall normal stress, σw,1.  
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4.3  Application-related measurement of flow properties  

4.3.1  Comparative tests 

With comparative tests, the quality of a product, for example, can be 
checked regularly, or products can be optimized in terms of their flowabi-
lity. Depending on the application, different types of measurement can be 
useful: 

• Flowability, ffc, resulting from a yield locus test quantifies instantaneous 
flow behavior, i.e., the behavior of a bulk solid that has not been stored 
at rest for a longer time.  

• Flowability, ffc, resulting from a time consolidation test (caking test) 
quantifies flow behavior of a bulk solid after long-term storage at rest. 
With such a test the influence of conditions during storage (air humidity, 
temperature) also can be studied, if the bulk solid specimen is placed in 
a time consolidation bench and stored under defined ambient conditions 
(e.g., in a climate chamber).  

• The wall friction angle, φx, quantifies the effort required to move a bulk 
solid across the surface of a specific wall material. Wall friction is not 
often measured for comparative studies, but a wall friction test can pro-
vide important answers, for example, whether or not a bulk solid will 
flow across the wall of a hopper or a chute. 

When selecting the normal stresses the guidelines given in Sect. 4.2 should 
be considered.  

4.3.2  Silo design for flow 

In addition to determining flowability as part of comparative tests, surely 
silo design for flow pursuant to Jenike’s theory [4.8] (see Chap. 10) is the 
most frequent application of shear testers. For this the flow properties of 
the bulk solid based on consolidation stress, σ1, must be known. These data 
are determined by measuring several yield loci in the relevant stress range. 

It is usual to measure three or four yield loci at different consolidation 
stresses for silo design for flow [4.8,4.13]. Consolidation stresses must be 
chosen so that stresses acting in the lower part of a hopper are covered. 
These stresses are proportional to bulk density, ρb. In Table 4.3 suitable 
values of consolidation stress σ1 of the yield locus with the lowest consoli-
dation stress are presented. The consolidation stress of this yield locus is 
known as σ1,min. The values in Table 4.3 correspond to recommendations 
for the Jenike shear tester [4.13].  
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Table 4.3. Consolidation stress, σ1,min, of the yield locus with the smallest consoli-
dation stress [4.13] 

Bulk density ρb [kg/m3] 
from... to 

< 300 300 ... 
       800 

800 ... 
     1600 

1600 ... 
     2400 

> 2400 

Smallest consolidation stress 
σ1,min [kPa] (approximately)  

1.5 2.0 2.5 3.0 4.0 

 
The consolidation stresses, σ1, of the other two or three yield loci should be 
two, four, or eight times as high as the minimum consolidation stress, 
σ1,min, listed in Table 4.3. If a bulk solid flows relatively easily, measure-
ment of the fourth yield locus is usually not necessary. For poorly flowing 
bulk solids the first yield locus is often not required. This follows from the 
procedure for silo design for flow according to Jenike [4.8] (Chap. 10). 

If measurement of time consolidation is also necessary, time yield loci 
corresponding to individual yield loci must be determined. Consolidation 
times must be chosen based on the problem under consideration. 

Wall friction, which is very important for silo design, is measured ac-
cording to Sect. 4.1.4. The highest wall normal stress should be approxi-
mately equal to the consolidation stress of the yield locus with the second 
lowest consolidation stress [4.13]. 

 



5  A more detailed look at properties of bulk 
solids  

Some derivations and statements in the preceding sections are based on 
assumptions and simplifications on the bulk solids properties. This is usu-
ally not a disadvantage regarding the practical determination of flow prop-
erties with shear testers, but sometimes for the description of the behavior 
of a bulk solid in a specific apparatus or testing device a deeper insight 
into the processes within the bulk solid is desired. Unfortunately, for this 
general theories are still not available. Therefore in the following the be-
havior of bulk solids is discussed on the basis of experimental findings 
from research in bulk solids technology and simplified models.  

5.1  Anisotropy and influence of deformation on stresses 

The properties of a bulk solid in a specific situation are strongly dependent 
on the preceding deformation (e.g. uniaxial compression or steady-state 
flow) and the corresponding stresses. Even the deformation velocity, i.e., 
strain rate, plays a role [5.1], but this can often be neglected with regard to 
the small velocities usually occurring during bulk solids flow.  

The influence of deformation can only be studied with a test apparatus 
allowing controlled deformation of a bulk solid specimen, e.g. a biaxial 
tester. In the biaxial tester shown in Fig. 5.1 [5.2,5.3] a rectangular bulk 
solid specimen is confined by rigid walls in all three dimensions. The walls 
in x and y directions can be moved forward and backward independent of 
each other. Thus the specimen can be deformed in x and y directions, while 
the distance between the confining walls in z direction is constant. The 
surfaces of the confining walls are lubricated and then covered with a thin 
rubber membrane. Thus the shear stresses acting on the confining walls 
can be neglected, and the normal stresses can be regarded as principal 
stresses. For the measurement of stresses in x, y and z directions the walls 
are provided with stress measuring cells (not drawn in Fig. 5.1). In another 
type of biaxial tester (flexible wall biaxial tester [5.4–5.6]) the bulk solid 
specimen is confined by rubber membranes instead of rigid walls. Here the 
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stress on the bulk solid is adjusted through a gas pressure acting on the rear 
side of the membranes. In order to keep the membranes plane, the defor-
mation of the membranes is detected with contacts. If a deformation is 
detected, the gas pressure at the rear side of the membrane is regulated 
appropriately. An overview on different devices is given in [5.7].  
 

 
Fig. 5.1. Biaxial tester [5.3] 

Some basic methods to deform a bulk solid specimen in a biaxial tester are 
depicted in Fig. 5.2. All start with a specimen having the same dimensions 
in x and y direction after filling. Uniaxial compression in x direction (pro-
cedure I) or in y direction (procedure III) can be studied. Procedure II 
represents identical compression in x and y directions. Procedure IV is 
characterized by isochoric deformation (constant volume) of the specimen, 
which is realized by forward movement of the walls in x direction and 
retraction of the walls in y direction. When flowing at constant volume, in 
the ideal case constant stresses are developing. This is called steady-state 
flow.  



5.1  Anisotropy and influence of deformation on stresses      115 

 
Fig. 5.2. Examples of deformation procedures of a biaxial tester [5.2,5.3]; the 
dashed lines show the shape of the bulk solid specimen before deformation. 

5.1.1  Stresses 

The influence of deformation on stresses will be outlined by regarding two 
examples of tests conducted with a biaxial tester [5.8]. Only the stresses in 
x and y directions (σx and σy), which are principal stresses in the biaxial 
tester, will be considered. The stress acting in z direction (σz) is also a prin-
cipal stress, but it will not be taken into account here since it lies in most 
cases between the principal stresses acting in x and y directions and thus 
only plays a minor role (a survey on the principal stress in z direction at 
different types of deformation can be found in [5.5]). Thus, depending on 
the stress path, either σx or σy is identical to the major principal stress. 

In the quadruple diagram in Fig. 5.3 stresses and strains measured dur-
ing deformation of a bulk solid specimen are plotted. The four differently 
named axes of the quadruple diagram, which in fact consists of four dia-
grams, represent strain, ε, and normal stress, σ, in both x and y directions. 
The course of the strains in quadrant III is called the strain path, the course 
of the stresses in quadrant I is called the stress path .  
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Fig. 5.3. Strains and stresses in a bulk solid specimen (limestone powder) during 
deformation in x and y directions plotted in a quadruple diagram. Applied strain 
path: First, uniaxial compression in x direction according to procedure I in Fig. 
5.2, then uniaxial compression in y direction according to procedure III (compres-
sive stresses and compressive strains are positive; arrows indicate direction of the 
stress path; constant strain rate 0.1 %/min; Roman numerals are used for number-
ing the quadrants) [5.8].  

According to the stress path in Fig. 5.3, the bulk solid specimen (limestone 
powder) was deformed in two steps starting from its initial state (small 
stresses, σx = σy = approx. 1.3 kPa): First the specimen was compressed in 
x direction, then in y direction. The applied strains, εx and εy, are plotted in 
quadrant III. The deformation can be characterized as uniaxial compres-
sion in x direction according to procedure I in Fig. 5.2 followed by uniaxial 
compression in y direction according to procedure III.  

During compression in x direction the stresses σx and σy are proportional 
with σx being the major principal stress, σ1. The ratio σy/σx corresponds to 
the stress ratio, K, which prevails during uniaxial compression of a loose, 
uncompacted bulk solid and is a material parameter (see Sect. 2.3). The 
ratio σy/σx amounts to about 0.44 (value taken from data in [5.8]) shortly 
before the deformation direction is changed, i.e. close to the kink in the 
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stress path. After the kink the specimen is compressed in y direction only. 
This leads, after a short transition phase, to σy being the major principal 
stress, σ1. Furthermore, again a nearly linear relationship between stresses 
σy and σx prevails, but no proportionality. The ratio of the minor to the 
major principal stress, σx/σy, decreases and amounts to about 0.54 at the 
end of the test. In other tests not reported here, where the same bulk solid 
was compressed uniaxially without changing the strain direction, at the 
same stress level a ratio of the minor to the major principal stress of about 
0.46 was attained. One can see that in the test shown in Fig. 5.3 the stress 
path is parallel to the line σx/σy = 0.46 (broken line in Fig. 5.3), i.e., with 
increasing stresses the stress ratio asymptotically approaches this value 
[5.8–5.11].  

Based on the test discussed above some qualitative statements regarding 
the behavior of bulk solids can be derived: 

• Uniaxial consolidation of an initially loose and uncompacted bulk solid 
leads to a nearly constant ratio of the minor to the major principal stress. 
This is the known stress ratio, K, as described in Sect. 2.3. 

• The ratio of the principal stresses is dependent on the previous deforma-
tion (the deformation history), i.e., the bulk solid is provided with a kind 
of memory. If a bulk solid specimen is compressed uniaxially, after hav-
ing been compressed previously in a different direction, one will ob-
serve an initially strong, then smoother change of the ratio of the minor 
to the major principal stress (see Fig. 5.3, stress path after the kink in 
quadrant I). Thus a certain amount of deformation is required to change 
the stress ratio completely.  

A second test is shown in Fig. 5.4. As in the first test the bulk solid speci-
men is first compressed uniaxially in x direction (according to procedure I 
in Fig. 5.2). After the kink in the deformation path the specimen is com-
pressed in y direction, but simultaneously dilated in the x direction to the 
same extent (εx decreases, εy increases). Thus the specimen is subjected to 
isochoric deformation (deformation with constant volume as in steady-
state flow) corresponding to procedure IV in Fig. 5.2. In quadrant IV of the 
quadruple diagram in Fig. 5.4 one can recognize that immediately after the 
kink the stress in x direction decreases sharply with decreasing strain, εx, 
and finally attains a constant value. The ratio of the minor to the major 
principal stress, σx/σy, amounts to about 0.09 at the end of the test. Similar 
values of the stress ratio have been found in other tests, where different 
strain histories were followed by isochoric deformation [5.8]. From this it 
can be concluded that the stresses prevailing at isochoric deformation (like 
steady-state flow) are less dependent on a bulk solid’s history than stresses 
prevailing during uniaxial compression.  
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Fig. 5.4. Strains and stresses in a bulk solid specimen (limestone powder) during 
deformation in x and y directions plotted in a quadruple diagram. Applied strain 
path: First uniaxial compression in x direction, then isochoric deformation by 
compression in y direction and simultaneous dilation in x direction (compressive 
stresses and compressive strains are positive; arrows indicate direction of the 
stress path; constant strain rate 0.1 %/min) [5.8]. 

Different ratios of the minor to the major principal stress at different de-
formations are found more or less pronounced for every bulk solid. It is 
important in many applications, e.g. calculation of stresses acting in a 
hopper and the vertical section of a silo, to distinguish between the proce-
dures “uniaxial compression” (corresponding to the stress state in the ver-
tical section of a silo, see Chap. 9) and “steady-state flow” (nearly fulfilled 
when bulk solid flows in a mass flow hopper). The difference between the 
stress ratios of these procedures is demonstrated qualitatively in Fig. 5.5 by 
the corresponding Mohr stress circles. If in both procedures the major 
principal stresses, σ1, are the same (as in Fig. 5.5), the Mohr stress circle 
representing uniaxial compression is always located within the Mohr stress 
circle being touched by the effective yield locus and representing isochoric 
deformation or steady-state flow, respectively (see Sect. 3.2.3.3). The ratio 
of the minor to the major principal stress, σ2/σ1, at uniaxial compression 



5.1  Anisotropy and influence of deformation on stresses      119 

(σ2B/σ1 in Fig. 5.5), i.e. the stress ratio K0, is therefore always greater than 
the ratio σ2/σ1 at steady-state flow (σ2A/σ1 in Fig. 5.5).  
 

 
Fig. 5.5. Mohr stress circles representing uniaxial compression and steady-state 
flow in the x,y plane (qualitatively) 

The common assumption that the powder is a continuum makes under-
standing of the reasons for the behavior discussed above more difficult. 
However, if the interactions of individual particles are considered, at least 
a simple qualitative model can be derived which helps one to understand a 
bulk solid’s behavior when being deformed. The forces acting between 
individual particles of a bulk solid have been investigated experimentally 
(elasto-optic measurement of stresses [5.12,5.13]) as well as theoretically. 
The most common method for theoretical considerations is the discrete 
element method (DEM, e.g. [5.14–5.17]). With these means one can 
“look” into the bulk solid and investigate magnitude and direction of inter-
particle forces. In the following a simplified interpretation of the bulk solid 
behavior shown in Figs. 5.3 and 5.4 will be presented based on particle 
interactions (Fig. 5.6).  

If a bulk solid is subjected to a stress and/or deformed, the load acting 
on the bulk solid is transferred through individual particle contacts by 
normal and shear forces. If the bulk solid is considered as a continuum, it 
is assumed that the number of contacts in a volume element is large so the 
processes at individual contacts do not play a role. This leads to the as-
sumption of a stress being homogeneously distributed across the area over 
which it is acting. But in reality particles in a bulk solid are distributed 
randomly, so in the direction of the applied stress some particles are close 
to each other, and others are more distant from each other. A possible ini-
tial situation of a loose bulk solid composed of spherical particles is shown 
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in Fig. 5.6.a. In reality the particles are distributed three-dimensionally, but 
for reasons of simplification this is reduced to a two-dimensional cutting 
plane as shown in Fig. 5.6. The distances between particles result from the 
actions of (not shown) particles behind and in front of the drawn cutting 
area. Especially with very fine-grained and/or moist bulk solids, where 
adhesive forces play an important role, stable structures with much larger 
voids than in Fig. 5.6 can exist.  
 

 
Fig. 5.6. Transmission of stresses in a bulk solid at different steps of deformation 
(simplified model); bold lines represent possible force chains; dashed lines repre-
sent force chains which were created by previous deformation. F: force in direc-
tion of compression; v: velocity of the side walls when retracted; a. loose bulk 
solid (initial state); b. uniaxial compression in x direction; c. uniaxial compression 
in y direction after previous compression in x direction; d. isochoric deformation 
with compression in y direction and dilation in x direction (after previous com-
pression in x direction).  

In Fig. 5.6.b the bulk solid specimen is uniaxially compressed in the x 
direction. This corresponds to the first deformation step in Fig. 5.3 (before 
the kink). Due to compression the particles approach each other, and this 
effect is more pronounced in the x direction (direction of deformation) than 
in the y direction. The force, F, or stress, σx, respectively, required to de-
form the bulk solid, can only be transferred from particle to particle 
through particle contacts. Lines connecting these contacts are called force 
chains or stress chains. Due to deformation in x direction, the force chains 
in Fig. 5.6.b are mainly oriented in the x direction, but have also compo-
nents in y direction, which are responsible for the stress σy acting perpen-
dicular to the direction of compression (see stress σx and smaller stress σy 
in Fig. 5.3, before the kink). The distribution of normal vectors at all parti-
cle contacts shows the highest values in directions around the direction of 
the major principal stress [5.12] so that the particles orient like columns 
[5.18]. In addition, if the bulk solid contains non-spherical particles (e.g. 
flat particles), it is to be expected that these particles will exhibit a pre-
ferred orientation after compression.  
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During the second step of deformation in Fig. 5.3 (uniaxial compression 
in y direction after previous compression in x direction) a ratio of the mi-
nor to the major principal stress develops which is different from that ob-
tained in the first deformation step (first step: uniaxial compression of the 
loose, uncompacted bulk solid specimen in x direction). The second de-
formation step is represented in Fig. 5.6.c. Since the bulk solid is com-
pressed in the y direction, new force chains are formed primarily in the 
y direction. Since the particle pattern is influenced by the previous com-
pression in x direction (see dashed lines connecting particles along former 
force chains, Fig. 5.6.c), the number of particle contacts perpendicular to 
the direction of compression is greater than in Fig. 5.6.b where an initially 
loose bulk solid specimen is compressed. Thus in Fig. 5.6.c there are more 
stress chains with components perpendicular to the compression direction 
than in Fig. 5.6.b. With additional second deformation step the particles 
are increasingly displaced. Thus the influence of the first deformation step 
decreases, and the ratio of the minor to the major principal stress ap-
proaches the value which was also attained when compressing an initially 
loose bulk solid specimen (i.e., the first deformation step). Exactly this can 
be observed in Fig. 5.3. 

A different result is obtained if the bulk solid specimen is in the first 
step compressed uniaxially in x direction, but in the second step subjected 
to isochoric deformation, i.e. compression in y direction and dilation in 
x direction, according to Fig. 5.4. Because of the dilation perpendicular to 
the compression direction, in the second step stress chains in x direction 
(resulting from the first deformation step) are cut due to particle distances 
increasing in x direction (Fig. 5.6.d), but at the same time the creation of 
new particle contacts in compression direction (y direction) is supported. 
Therefore the structure resulting from the first deformation step diminishes 
quicker than during the second step of the test of Fig. 5.3, i.e., the speci-
men “forgets” its history more quickly. This is demonstrated in Fig. 5.4 by 
the quick change of stresses after the kink where isochoric flow begins. 
Furthermore, after sufficient deformation isochoric flow leads to a more 
pronounced concentration of the force chains in deformation direction 
which goes along with a ratio of the minor to the major principal stress 
(here: σx/σy) being much smaller than the principal stress ratio attained 
after uniaxial compression. 

Flow at constant volume and constant stresses as attained at the end of 
the test shown in Fig. 5.4 is called steady-state flow. When measuring a 
yield locus, the bulk solid specimen is consolidated in a defined way by 
shearing until steady-state flow is attained (preshear, see Chap. 3). The 
considerations in the previous paragraph show that this makes sense: Dur-
ing shear until steady-state flow (isochoric deformation) structures result-
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ing from previous deformations (the history, e.g. the filling process at the 
preparation of a shear test) diminish or at least become less influential. 
Furthermore stress chains oriented in the major principal stress direction 
develop in the bulk solid.  

Since deformation results in the formation of stress chains, a bulk solid 
gains anisotropic properties through anisotropic deformation (deformation 
varies with direction, e.g. uniaxially compression). After uniaxial com-
pression, stiffness and compressive strength of a bulk solid specimen are 
greater in compression direction than perpendicular to this direction, be-
cause it has been subjected to a higher normal stress (namely the major 
principal stress) in direction of compression. The more different the strain 
and stress, respectively, in different directions, the more pronounced is the 
anisotropy after deformation. Thus steady-state flow (isochoric deforma-
tion) leads to a more anisotropic specimen than uniaxial compression [5.5]. 
If the bulk solid is composed of non-spherical particles it is likely that 
during the deformation the particles orientate primarily in a specific direc-
tion. This effect increases the anisotropic properties further [5.18]. Aniso-
tropy resulting from deformation is called induced anisotropy [5.13,5.19]. 

Isotropic deformation can be realized by uniform compression of a bulk 
solid specimen in all directions, i.e., in x, y, and z directions. This would 
not be possible with the biaxial tester shown in Fig. 5.1, since it does not 
allow deformation in the z direction. For isotropic deformation a triaxial 
tester with cubical specimen [5.20,5.21] or cylindrical specimen [5.22–
5.24] is required. Assuming that a bulk solid specimen is isotropic prior to 
deformation (i.e., no primary orientation of stress chains or particles), 
during isotropic deformation the same normal stress is acting in all direc-
tions and, thus, the three Mohr stress circles representing stresses in the 
three planes perpendicular to the x, y, and z directions (see Fig. 2.5) would 
be points (radius = 0). An orientation of the stress chains would not be 
expected.  

It has to be mentioned that it is impossible to prepare an isotropic bulk 
solid specimen, because just by filling of a container or a test apparatus the 
particles are arranged in a specific way due to the force of gravity and 
geometrical conditions; non-spherical particles may have a specific orien-
tation after filling [5.18,5.19]. This effect is demonstrated by tests on a 
device called a “Lambdameter” (Fig. 5.7) [5.25,5.26]. The Lambdameter 
allows one to determine the stress ratio, K, used for the representation of 
the ratio of horizontal stress to vertical stress in the vertical section of a 
silo (see Sects. 2.3 and 9.1.1; in some countries instead of K the Greek 
letter λ is used as the symbol for the stress ratio). In the Lambdameter the 
cylindrical bulk solid specimen is covered with a lid and loaded vertically 
by a vertical force, F. This results in the vertical stress, σv, acting in the 
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bulk solid specimen. The horizontal stress, σh, is measured by means of 
strain gauges fixed to the side walls of the measuring ring (for more details 
refer to [5.25,5.26]).  
 

 
Fig. 5.7. Setup of the Lambdameter [5.25,5.26] (dimensions in mm) 

 
Fig. 5.8. Lambdameter after filling following different filling procedures: The 
lines in the bulk solid represent the shape of the bulk solid surface during filling 
[5.26]. a. centered filling; b. peripheral filling; c. filling in small portions; d. uni-
form filling with a sieve (horizontal surface)  

For the tests the Lambdameter was filled with a bulk solid following dif-
ferent procedures:  

• Centered filling through a funnel led to a growing conical pile with the 
bulk solid sliding downwards on the surface of the pile (Fig. 5.8.a).  

• Peripheral filling created an annular pile (Fig. 5.8.b). 
• Filling in small portions led to several small conical piles (Fig. 5.8.c). 
• Filling through a sieve resulted in an always horizontal surface (Fig. 

5.8.d). 
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Depending on the filling procedure the shape of the bulk solid surface 
during filling was different as indicated by the lines within the bulk solid 
specimen in Fig. 5.8. After filling excess material was scraped off flush 
with the top of the measuring ring, the lid placed on the bulk solid speci-
men and loaded with the vertical force, F. The ratios of horizontal to verti-
cal stress measured for different bulk solids depend on the filling proce-
dure (Table 5.1). With the coarse products (glass spheres, granular 
limestone) the smallest stress ratios, K, were obtained by filling through a 
sieve, and peripheral filling led to the largest values. Clearly the filling 
procedure influences the structure of the bulk solid and, thus, the primary 
orientation of the stress chains. An important parameter is the shape of the 
bulk solid’s surface (Fig. 5.8) on which particles slide downwards during 
filling. This creates a certain structure in the bulk solid which results in 
different horizontal stresses being measured. This effect can found even 
with the glass spheres where a specific orientation of individual particles 
can be excluded (e.g. orientation of the longitudinal particle axes parallel 
to the surface of the bulk solid filling). It is worth mentioning that with the 
cohesive limestone powder only a weak dependence of stress ratio on fill-
ing procedure was found. The probable reason for this is that after filling 
the cohesive limestone powder contains relatively large voids (high poros-
ity) due to the influence of the interparticle forces. Thus, when the vertical 
stress is increased, the bulk density changes rapidly, especially compared 
to the two other products, and the particles have the ability to rearrange 
and to form new stress chains. Therefore the history “filling” has less in-
fluence.  

Table 5.1. Ratios of horizontal to vertical stress at uniaxial compression measured 
with the Lambdameter (Fig. 5.7) for different filling procedures (Fig. 5.8); applied 
vertical stress σv = 35 kPa [5.26] 

Measured ratio σh/σv 
Filling procedure Glass beads 

(1 mm) 
Granular limestone  
(0.1 mm to 0.5 mm) 

Limestone powder 
(x50 = 4.7 µm) 

Centered (Fig. 5.8.a) 0.555 0.379 0.457 
Peripheral (Fig. 5.8.b) 0.590 0.407 0.486 
Portions (Fig. 5.8.c) 0.573 0.345 0.477 
Uniform (Fig. 5.8.d) 0.460 0.301 0.470 
 
From the dependence of the stress ratio on the filling procedure (Table 5.1) 
it can be concluded that a loose uncompacted bulk solid specimen can ex-
hibit anisotropic behavior induced by the filling process. This anisotropy 
has an influence on the stresses at subsequent deformation (e.g. compres-
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sion). The anisotropy, which is already existent before the specimen is 
deformed, is called inherent anisotropy [5.13,5.19].  

5.1.2  Bulk density  

 
Fig. 5.9. Bulk density, ρb, as a function of the maximum principal stresses applied 
in x and y directions during compaction [5.5,5.6]. The dotted curves representing 
uniaxial compression have been added by the author (according to results of uni-
axial compression tests in [5.5]).  

The bulk density obtained after compression of a bulk solid specimen de-
pends not only on the major principal stress, σ1, but also on the compres-
sion procedure (e.g. uniaxial, isotropic) and the other principal stresses. 
Figure 5.9 shows results obtained with a flexible wall biaxial tester (see 
Sect. 5.1) where a rectangular bulk solid specimen can be deformed in x 
and y directions as with the biaxial tester in Fig. 5.1, but in contrast to Fig. 
5.1, the walls of the flexible wall biaxial tester are formed from rubber 
membranes [5.5,5.6]. The axes of the diagram (Fig. 5.9) represent the 
stresses, σx and σy, acting in x and y directions. σx and σy are principal 
stresses. The stress in z direction is not considered here. The ratios of the 
principal stresses (σx/σy) obtained at steady-state flow (isochoric deforma-
tion) are plotted as dashed curves. These curves are limiting the range of 



126      5  A more detailed look at properties of bulk solids 

possible principal stress ratios at the end of compaction. Within this range 
curves for constant bulk density, ρb, are plotted.  

It is obvious that uniform compression in x and y directions (σx = σy) re-
quires clearly larger stresses to obtain a certain bulk density than uniaxial 
compression (dotted curves) or even compression with subsequent steady-
state flow (dashed curves). Based on the simple particle model described 
in the previous section, the result can be interpreted as follows: The larger 
the difference between the principal stresses in x and y directions (and 
between the corresponding strains, respectively), the better the particles 
can move and thus rearrange to a denser packing, especially when the 
specimen can dilate in one direction such as at isochoric deformation. The 
latter has been demonstrated by the development of stress chains (Fig. 
5.6). Thus it is to be expected that the higher the difference of stresses (and 
strains) in x and y directions (i.e. the higher the degree of anisotropy at 
compaction), the higher the resulting bulk density.  

5.1.3  Unconfined yield strength (compressive strength)  

Since particle arrangement depends on the deformation procedure during 
compaction (see previous section), it is to be expected that also the 
strength, which is based on the adhesive forces acting between particles, 
depends on the deformation procedure and, thus, may be anisotropic as a 
result of anisotropic deformation. This has been investigated experimen-
tally by several authors [5.2,5.3,5.5,5.6,5.22,5.27–5.30]. Here results of 
Saraber et al. [5.30] and Harder [5.2,5.3] will be presented.  

Saraber et al. [5.30] investigated the dependence of unconfined yield 
strength on the direction of stress application with a Jenike shear tester 
similar to earlier investigations of Molerus [5.27]. This was accomplished 
by rotating the direction of shear relative to the direction of preshear by an 
angle α. In Fig. 5.10 this is demonstrated for the angle α = 180°. In the 
diagram in Fig. 5.11 the values of unconfined yield strength, σc, resulting 
from yield loci measured for different angles α are plotted. Above angles α 
of about 30° the unconfined yield strength decreases strongly due to the 
reduction of the maximum shear stresses at shear to failure. With the sim-
plified assumption that the major principal stress at preshear as well as at 
shear to failure is inclined by about 45° to vertical (this assumption is ex-
plained in Sects. 5.2.1 and 5.3.1), the angle β between the directions of the 
major principal stress at preshear and shear to failure can be assessed 
roughly as a function of α [5.31]. The plot of unconfined yield strength as 
a function of angle β (Fig. 5.11) shows that, up to an angle β of about 25°, 
no significant decrease of shear stresses at failure (τsh) and thus unconfined 
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yield strength is to be expected. If β exceeds 25°, unconfined yield strength 
decreases strongly until about β = 60°. For angles β greater than about 60° 
no further reduction of unconfined yield strength can be observed.  
 

 
Fig. 5.10. Preshear (a) and shear to failure (b) with a Jenike shear cell. For shear to 
failure the lid of the shear cell and thus the shear direction was rotated by the 
angle α relative to the shear direction at preshear (Fig. b: α = 180°). β is the as-
sumed angle between the directions of the major principal stresses, σ1,pre und σ1,sh, 
at preshear and shear to failure. The shear stresses, τpre and τsh, indicate the direc-
tion of shear at preshear and shear to failure. 

 
Fig. 5.11. Unconfined yield strength, σc, as a function of angles α (angle between 
the directions of shear) [5.30] and β (assumed angle between the major principal 
stresses at preshear and shear to failure) [5.31] (bulk solid: limestone powder). 

Harder [5.3] investigated the influence of consolidation procedure on un-
confined yield strength with the biaxial tester shown in Fig. 5.1. Starting 
from bulk solid specimens of both identical dimensions and identical bulk 
density (Fig. 5.2, initial state), the specimen was compacted (consolidated) 
following four different procedures in order to obtain the same final vol-
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ume and same final bulk density, respectively. Procedure I represents uni-
axial compression in x direction, procedure II uniform compression in x 
and y directions, and procedure III uniaxial compression in y direction. 
With procedure IV steady-state flow is attained at the end of consolidation 
when the specimen is compressed in x direction and simultaneously al-
lowed to dilate in y direction. The major principal stress, σ1, acting at the 
end of the consolidation process is equal to σx for procedures I and IV, σx 
and σy for procedure II, and σy for procedure III.  

After consolidation the specimen is unloaded. To measure a Mohr stress 
circle representing incipient flow (failure), the stress in y direction is ad-
justed to the desired value of the minor principal stress and kept constant. 
Then the confining walls in x direction are driven forward until the stress 
in x direction, σx, passes a maximum. The maximum stress, σx, and the 
stress in y direction, σy, measured at the same time are the minor (σy) and 
major principal stress (σx) of a Mohr stress circle representing incipient 
flow. Repeating the test several times with identical consolidation proce-
dure, but different minor principal stress (σy) at incipient flow, one obtains 
a couple of Mohr stress circles for incipient flow. The common tangent to 
these circles is the yield locus. Knowing the yield locus, the unconfined 
yield strength, σc, is determined.  
 

 
Fig. 5.12. Unconfined yield strength, σc, vs. major principal stress, σ1, of limestone 
powder measured after different consolidation procedures (see Fig 5.2) [5.2,5.3] 

The unconfined yield strength, σc, determined with the discussed consoli-
dation procedures is plotted in Fig. 5.12 versus the major principal stress at 
consolidation, σ1. The main results regarding the influence of the consoli-
dation procedure are: 
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• In case of identical directions of the major principal stress at consolida-
tion and at measurement of strength (failure) (procedures I, II and IV), 
the procedure where steady-state flow is attained (procedure IV) leads to 
the largest value of unconfined yield strength at all consolidation 
stresses, σ1. The unconfined yield strength after uniaxial compression 
(procedure I) is smaller, and even smaller strength is obtained after uni-
form compression in x and y directions (procedure II, i.e. isotropic com-
pression in the x,y plane). This result is in accordance with the findings 
for bulk density (Fig. 5.9) and the simplified particle model in Fig. 5.6: 
The more the principal stresses and the corresponding strains, respec-
tively, are different from each other, the denser the particles are packed 
(higher bulk density) and the more pronounced the orientation of the 
stress chains in the direction of the major principal stress. A higher bulk 
density means that the particles are closer to each other. This increases 
the adhesive forces acting between particles (see Sect. 2.6) and thus the 
strength of the bulk solid.  

• The comparison of procedures I and III, which differ from each other 
only in the direction of compression (i.e., the direction of the major 
principal stress), shows that the strength of a consolidated bulk solid 
specimen can be anisotropic. The greater value of unconfined yield 
strength is measured in the direction of the major principal stress at con-
solidation. Following the simplified particle model (Fig. 5.6.b), the rea-
son for this can be seen in the stress chains which are primarily oriented 
parallel to the major principal stress at compression. As outlined above, 
the particles have more contacts in direction of the stress chains than in 
the perpendicular direction. This result corresponds to the findings of 
Saraber et al. [5.30] and Molerus [5.27].  

5.2  Shear deformation, shear zones, localization 

5.2.1  Idealization: simple shear and pure shear 

Steady-state flow as explained in Sect. 5.1 by considering the biaxial tester 
is defined as isochoric flow under constant stresses. This type of flow (Fig. 
5.13.a), which is achieved in the biaxial tester by compression in x direc-
tion and simultaneous dilation in y direction, is called pure shear. Here the 
strain rate,ε& , represents the momentary deformation per time unit.  
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Fig. 5.13. Isochoric shear deformation (view on a cutting plane parallel to the x,y 
plane); a, b, A, and B characterize planes in the bulk solid specimen; in the bottom 
part of the figure the directions of the principal stresses are drawn under the as-
sumption of isotropic material behavior; a. pure shear; b. simple shear  

For the practical determination of flow properties, shear testers are used 
(see Chaps. 3 and 4). To obtain a consolidated bulk solid specimen in the 
shear cell, the material is subjected to shear deformation (preshear) until 
steady-state flow prevails. Shear deformation is achieved by moving the 
top and bottom of the shear cell, and thus the top and bottom of the bulk 
solid specimen, parallel to each other in opposite directions. In the ideal 
case shear deformation at steady-state flow can be characterized as simple 
shear, where no strain takes place in the x and y directions (Fig. 5.13.b). 
The momentary shear deformation at simple shear is represented by the 
shear rate, 2/γ& . 

Assuming isotropic material behavior (which is an idealization as out-
lined in the previous sections), the principal strain directions coincide with 
the principal stress directions. A principal strain direction is the normal 
direction of a plane on which the shear rate is zero (i.e. the plane does not 
rotate during deformation), in analogy to a principal stress plane where the 
shear stress is zero. Since in pure shear (Fig. 5.13.a) the volume is con-
stant, the strains in x and y directions must have the same amount, but 
opposite direction. This results in a Mohr strain circle with its center at the 
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origin (Fig. 5.14.a) [5.32]. The intersections with the ε& axis represent 
strain rates in x and y directions. (Please note: The relations presented in 
Chap. 2 between directions in the Mohr stress circle and in the bulk solid 
specimen are also valid for the Mohr strain circle).  

Since pure shear is regarded here as the same process as steady-state 
flow, the Mohr stress circle representing pure shear touches the effective 
yield locus. Assuming isotropic behavior, the major principal stress, σ1, has 
the same orientation as the strain in x direction. The planes of maximum 
shear stress τa and τb, which are also planes of maximum shear rate (γ& /2)a 
and (γ& /2)b, are found in the Mohr stress circle rotated by 90° to the princi-
pal stress planes, thus in the bulk solid the planes of maximum shear stress 
(planes a and b in Fig. 5.13.a) are inclined by 45° to the x direction.  
 

 
Fig. 5.14. Mohr strain circles (here the momentary strain per time unit is plotted) 
and Mohr stress circles for pure shear (a) and simple shear (b) according to Fig. 
5.13  

With simple shear (Fig. 5.13.b) the same Mohr strain circle is attained as 
in pure shear, but at simple shear the strain rates in x and y directions are 
zero (Fig. 5.14.b). Thus the intersections of the Mohr strain circle with the 

2/γ&  axis represent the conditions in x and y directions. Therefore the 
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greatest shear deformation or strain rate, respectively, is found in planes 
being perpendicular to the x and y axes (these are the horizontal and verti-
cal planes in Fig. 5.13.b). The Mohr stress circle, which is drawn under the 
assumption of isotropic behavior, shows that in these planes the largest 
shear stresses are acting. Furthermore, the normal stresses in x and y direc-
tions are equal. The principal strain planes and principal stress planes A 
and B are inclined by 45° (in the Mohr circles by 90°) to the x and y axes, 
whereby the positive principal strain, Bε& , and the major principal stress, 
σ1 = σB, are normal to plane B (see Fig. 5.13.b, bottom) [5.33,5.34].  

Both pure shear (biaxial tester) and simple shear (shear tester) represent 
steady-state flow as defined in bulk solids technology. In both cases the 
bulk solid is compressed in one direction, and it dilates in the perpendicu-
lar direction (see deformation of the circle on the bulk solid element in Fig. 
5.13). A difference between the shear processes is the rotation of material 
axes. During pure shear the orientation of material axes parallel to the 
principal strain directions remains constant whereby all other material axes 
are rotated. Thus the bulk solid rotates with respect to the plane of greatest 
shear deformation or greatest shear stress, respectively. During simple 
shear only the orientation of the material axes parallel to the applied shear 
deformation (y direction in Fig. 5.13.b) remains constant. Thus, in this case 
the bulk solid does not rotate with respect to the plane of greatest shear 
deformation or greatest shear stress.  

It has to be added that the shear deformation of real bulk solids in real 
situations (shear tester, biaxial tester) can be different from the ideal cases 
“pure shear” and “simple shear” (e.g. [5.13,5.33,5.35,5.36]). One reason 
for this is the (local) concentration of the shear deformation in so-called 
shear bands. This effect is discussed in the following section.  

5.2.2  Shear zones and shear bands 

In recent years shear deformation in shear testers has been examined using 
DEM simulations (discrete element method) (e.g.[5.15,5.16, 5.37]), and 
there also has been some experimental work performed. In [5.32] the shear 
zones (i.e. zones where the shear deformation takes place) prevailing in the 
Jenike shear tester have been investigated using x-ray technique (Fig. 
5.15). When an underconsolidated bulk solid specimen is presheared, a 
lens-shaped shear zone of nearly the same height as the shear cell prevails. 
The shape results from the fact that from geometrical considerations the 
bulk solid at the edges of the shear cell is not sheared. The large height of 
the shear zone results from the increasing consolidation of the initially 
underconsolidated specimen which goes along with an increase of the 
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shear stress, τ, until steady-state flow is attained (Fig. 5.15.a). If the height 
of the shear zone were smaller, only the bulk solid in the shear zone would 
become consolidated, but not the bulk solid above and below the shear 
zone. However the still unconsolidated bulk solid would not be strong 
enough to bear the increasing load caused by the increasing shear stress. 
Thus, the unconsolidated material flows (shear deformation), and the 
height of the shear zone increases. Therefore it can be stated that the height 
of a shear zone generally increases if the shear stress increases with in-
creasing shear deformation [5.38].  
 

 
Fig. 5.15. Regions of shear deformation (shear zones) in the shear cell of the 
Jenike shear tester after shearing of an underconsolidated specimen (a) and an 
overconsolidated specimen (b) [5.32]. The shear zones were caused by the total 
shear deformation from the beginning to the end of a deformation. Thus the shear 
zones are not momentary, but integral shear zones.  

When shearing an overconsolidated specimen (like shear to failure in a 
yield locus test, Sect. 3.2.1), the bulk solid starts for flow only after the 
applied shear stress is sufficiently large (Fig. 5.15.b). Incipient flow of an 
overconsolidated specimen is followed by decreasing shear stress and 
dilation of the bulk solid. The shear deformation is concentrated in a nar-
row shear zone. The reason for this is that as soon as the yield limit is at-
tained in a region, however thin it is, the shear stress decreases and thus is 
not large enough to initiate flow also in the rest of the specimen where the 
bulk solid is still consolidated. In analogy to the “weakest link of a chain” 
the shear zone prevails where the yield limit is attained first with respect to 
the local strength of the bulk solid specimen and the stress distribution. 
The generalization of this result leads to the statement that decrease of 
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shear stress with increasing deformation leads to a concentration of the 
shear zone [5.38]. 

The shear deformation achievable with the Jenike shear cell is limited 
since the maximum horizontal displacement of the shear ring is twice its 
wall thickness. The region of shear deformation at preshear usually devel-
ops in the same manner as shown in Fig. 5.15.a. But if a bulk solid speci-
men is subjected to a larger shear deformation, which can be realized, for 
example, with a rotational shear tester, one observes that with increasing 
shear deformation the height of the shear zones decreases, i.e., the shear 
zone localizes. Figure 5.16 shows the development of the shear zone by 
deformation of a colored vertical particle layer. The local deformation, 
which was initially distributed uniformly across the height of the bulk solid 
specimen, concentrates increasingly until finally a very narrow so-called 
shear band is formed beneath the rough lid. One reason for the position of 
the shear band close to the lid is the increase of normal stress towards the 
bottom of the shear cell due to the force of gravity. The latter results in 
slightly smaller shear stresses required to deform the bulk solid close to the 
lid than in regions located further down.  

 

 
Fig. 5.16. Initially underconsolidated specimen in the shear cell of a ring shear 
tester after shear [5.39,5.40]. The shear deformation increases from the left (no 
shear displacement) to the right. v is the velocity of the lid relative to the bottom, 
∆x is the relative horizontal displacement, and h the momentary height of the bulk 
solid specimen. The specimen is subjected to a constant vertical stress, σ, during 
the test. The shear stress prevailing during shear is τ.  

Formation of the shear band during preshear is neither a device-specific 
process nor limited to shear deformations similar to simple shear (Fig. 
5.13.b). Shear bands can be found in many situations, e.g. in bulk solids 
flowing in the hopper of a silo, where the deformation is concentrated in 
shear zones between regions which are momentarily not deformed and 
flow downwards as almost rigid blocks (see Sect. 14.4). Even in a testing 
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device similar to the biaxial tester shown in Fig. 5.1 shear bands have been 
observed at a deformation according to procedure IV (Fig. 5.2) or pure 
shear, respectively [5.13,5.18]. The same has been found in a triaxial tester 
for similar deformation processes (e.g. [5.35]). The thickness of shear 
bands or shear zones, respectively, is according to the literature between 
five and twenty times the mean particle size (e.g. [5.13,5.18,5.36,5.41–
5.43]) for bulk solids with a particle size of some 100 µm or more. With a 
cohesive limestone powder (mass median x50 = 3 µm) shear zones with a 
thickness of 200 times the mass median have been observed [5.39].  

Considering the formation of shear zones and shear bands discussed 
above, it is unlikely that during shear deformation under constant stress 
(e.g. constant normal stress at preshear) steady-state flow prevails whereby 
the shear zone permanently comprises the whole specimen. Rather, with 
increasing shear deformation the shear zone is concentrated in a region of 
decreasing thickness (localization). Usually the localization goes along 
with the decrease of stresses.  

 

 
Fig. 5.17. Shear stress, τ, and variation of the specimen height, ∆h, during large 
displacements, ∆x, of the lid relative to the bottom of the shear cell of a ring shear 
tester. In both cases the initially loose (underconsolidated) specimen is sheared 
according to Fig. 5.16 under the normal stress σ = 5000 Pa (initial specimen 
height: hS = 12 mm). 

In Fig. 5.17 typical courses of the shear stress during a shear deformation 
in accordance with Fig. 5.16 are plotted both for a fine-grained, cohesive 
bulk solid (limestone powder) and a free-flowing, nearly uncompressible 
one (sand). In both cases the shear stress at first increases, then passes a 
more or less pronounced maximum and decreases. Finally, after a certain 
displacement ∆x of the top relative to the bottom, a constant shear stress 
prevails. Although the shear stress obviously does not become constant 
when the maximum shear stress is attained, but decreases, in the present 
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book the term “steady-state flow” is further used to characterize the flow 
of an initially underconsolidated specimen after the shear stress maximum 
has been attained (according to the common nomenclature in shear testing 
[5.55]). A further discussion of the term “steady-state flow” follows in 
Sect. 5.2.4.  

The decrease of the shear stress and the localization depend on each 
other. For a shear deformation similar to Fig. 5.16 Beeler [5.38] formu-
lated an equation describing the influence of the height of the shear zone, 
hS, on the shear stress, τ: 
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The term γτ &∂∂ /  gives the dependence of shear stress on shear rate (see 
Fig. 5.13.b), and the term δτ/δγ describes the dependence of shear stress on 
shear deformation. hS is the thickness (height) of the shear zone, v the rela-
tive velocity, and ∆x the relative displacement between top and bottom of 
the bulk solid specimen (Fig. 5.16). Following the principle of minimum 
energy (simplified: “The energy of a system approaches a minimum value 
at equilibrium”), the shear zone will prevail in a way that the shear stress 
becomes as small as possible, so the differential of the shear stress, dτ, 
becomes negative. If the terms γτ &∂∂ /  and δτ/δγ are negative, the shear 
stress decreases with decreasing height of the shear zone, hS. This happens 
when an overconsolidated specimen is sheared (e.g. at shear to failure 
when measuring a point on a yield locus): Since the bulk solid specimen 
dilates at incipient flow, it holds that δτ/δγ < 0. Neglecting the influence of 
shear rate, the shear stress can be minimized only if dhS < 0, i.e., the height 
of the shear zone decreases. This corresponds to the narrow shear zone in 
Fig. 5.15.b.  

The localization observed at steady-state flow (Fig. 5.16) can also be in-
terpreted on the basis of Eq.(5.1): At small shear rates many bulk solids 
show negative ratios γτ &∂∂ / , and these ratios are small compared to those 
of Newtonian liquids [5.1,5.44] (see Sect. 7.1.1). If such a bulk solid is 
sheared at constant relative velocity, v, applied to the bulk solid specimen 
from the outside, and the height of the shear zone decreases during shear, 
the shear rate in the shear zone increases and, thus, the shear stress de-
creases according to γτ &∂∂ / < 0. Even the term δτ/δγ can be negative, e.g. 
due to a specific orientation of the particles forming “smoother” or 
“weaker” shear planes, on which the shear resistance is smaller compared 
to cutting planes with other orientations [5.33]. This effect has been dem-
onstrated with tests on sand, where a primary orientation of the particles in 
the shear zone was found [5.13,5.18,5.45]. Therefore it can be concluded 
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that at steady-state flow the terms in the bracket in Eq.(5.1) can become 
negative, so that the shear stress is minimized by a decrease of the height 
of the shear zone (dhS < 0).  

During shear of an underconsolidated specimen (e.g. at preshear before 
steady-state flow prevails) a large shear zone develops (Fig. 5.15.a). Here 
the shear resistance increases with shear deformation, thus δτ/δγ > 0. Ne-
glecting the influence of the shear rate, the shear stress or the increase of 
the shear stress, respectively, can be minimized only when dhS > 0, i.e., the 
height (thickness) of the shear zone increases.  

Processes at large shear deformation have been investigated in geology 
(e.g. [5.38,5.46,5.47]). In Fig. 5.18 it is shown how shear stresses and 
shear zones develop in particle layers (results taken from laboratory tests 
where flow processes in simulated geological fault zones have been exam-
ined) [5.46]. When the particle layer is subjected to simple shear, one ob-
tains a course of the shear stress versus displacement similar to Fig. 5.17. 
Based on the similarity of the shear stress curves it is assumed that the 
mechanisms during shear deformation are the same for the bulk solid and 
the particles in the simulated fault zone [5.47].  

 

 
Fig. 5.18. Shear stress, τ, acting in a cohesionless particle layer (simulated geo-
logical fault zone) vs. horizontal displacement, ∆x, of the top relative to the bot-
tom (in principle) [5.46]. The hatched area represents the range of shear stresses 
measured with different bulk solids and different preconsolidation procedures (a 
loose particle packing obtained by careful filling results in less pronounced shear 
stress maxima). The shear deformation is indicated by the deformation of the 
black layers, which have been initially vertical (above the diagram).  
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Before the shear stress maximum (point A in Fig. 5.18) is attained, the 
shear deformation is distributed in the whole particle layer. This corre-
sponds to Eq.(5.1): To the left of point A the shear stress increases, and 
thus the shear zone grows in order to reduce the increase of the shear stress 
(dhS > 0). After the shear stress maximum has been attained (A) the local-
ization of the shear zone begins. According to Eq.(5.1) the shear stress is 
minimized by the concentration of the shear deformation to a smaller re-
gion (dhS < 0). Thus some inclined shear bands are formed (Riedel shears 
[5.48]), which are distributed in the whole particle layer after point B. 
After point C shear bands close to the confining walls of the particle layer 
can be observed (boundary shears), and beyond point D a final state with 
horizontal shear bands (Y shears) is attained. In this region two almost 
rigid blocks of bulk solid are moving across each other. The shear defor-
mation is then concentrated in a horizontal shear band between the rigid 
blocks.  

 

 
Fig. 5.19. Deformation of a bulk solid element by simple shear (the figure shows a 
cutting plane parallel to the x,y plane) and corresponding Mohr stress circle 
(stresses at point A in Fig. 5.18); R1 and R2 are “Riedel shears” [5.33,5.48,5.49] 

The development of “Riedel shears” after point A (Fig. 5.18) is explained 
in Fig. 5.19. Assuming that at point A steady-state flow according to the 
effective yield locus plotted in Fig. 5.19 is attained (in analogy to Fig. 
5.13.b and 5.14.b), the bulk solid can flow in those planes, where the pair 
of values of shear stress and normal stress is a point on the effective yield 
locus. This is the case for the planes marked as R1 and R2. These planes are 
inclined by ±(45°+ φe/2) to the major principal stress plane, i.e., the plane 
where the major principal stress is acting. During further shear deforma-
tion, after point D in Fig. 5.18 horizontal shear bands are formed 
(Y shears). Figure 5.20 shows a possible Mohr stress circle (D) which 
results in a smaller shear stress τD < τA although the vertical stress, σx, is 
still constant. Following Mandl’s [5.33] assumption that horizontal shear 
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planes are weaker than other planes (“horizontal plane of weakness”), the 
Mohr stress circle characterizing the stresses to the left of point D can be 
located partly above the yield limit for the horizontal shear plane. Thus the 
bulk solid has become anisotropic through the large shear displacement 
and formation of shear bands.  
 

 
Fig. 5.20. Mohr stress circle (D) possibly attained after large shear deformation 
(after point D in Fig. 5.18). It is assumed that the bulk solid behaves anisotropi-
cally due to the existence of a weak horizontal shear plane (after Mandl [5.33]). 
For comparison, Mohr stress circle A taken from Fig. 5.19 and the corresponding 
effective yield locus are plotted.  

The question remains whether the results obtained in geotechnical research 
(Figs. 5.18 to 5.20) can be applied to bulk solids technology. Reasons for 
this are, beside the similarity of the processes, the similar courses of the 
shear stress developing during shear (Fig. 5.17) as well as the formation of 
shear zones (Fig. 5.16), at least considering the uniform shear deformation 
at the beginning (Fig. 5.18, left of point A) and the narrow shear zone 
attained finally (Fig. 5.18, to the right of point D).  

5.2.3  Dilatancy 

The shear stress maximum, which can often be observed when cohesion-
less bulk solids are presheared (preshear for consolidation of a specimen in 
a yield locus test, Sect. 3.2.1), is to a major extent a result of the dilation 
during shear, which is clearly visible for the sand in Fig. 5.17 (∆h > 0). In 
contrast to cohesive, compressible powders, where the height of an ini-
tially loose specimen decreases during preshear (see limestone powder in 
Fig. 5.17), a cohesionless material like dry sand forms a relatively dense 
structure upon filling. The latter is possible because for non-cohesive bulk 
solids the interparticle adhesive forces are small compared to the particle 
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weights thus giving the particles high mobility. When such a dense struc-
ture is sheared according to Figs. 5.13.b and 5.16, respectively, the mate-
rial dilates (principle of dilatancy). Only when an initially very loose pack-
ing of bulk material is sheared, it exhibits prior to the dilation a slight 
compaction due to the increasing load caused by the increasing shear stress 
(see initially negative ∆h for the sand in Fig. 5.17).  

 

 
Fig. 5.21. Simple model of a shear zone demonstrating particle movement during 
shear deformation of a coarse bulk solid: Due to the shear deformation resulting 
from the horizontal displacement, ∆x, of the top relative to the bottom of the bulk 
solid specimen (a), particle columns (bridges) forming the stress chains are rotated 
(b) thus increasing the height of the specimen, h. If the shear deformation pro-
ceeds, individual particles slide across each other (see position A in Fig. 5.21.c) 
[5.45,5.50]. 

The reason for the dilation is that during shear, particles have to move 
across other particles, i.e. they must be moved slightly upwards from their 
initial position in the dense packing (Fig. 5.21.a). In shear the applied load 
is carried by a network of stress chains that span the particle layer and are 
primarily oriented in the direction of the major principal stress. Consider-
ing the inclined stress chain marked in Fig. 5.21.a, the column of particles 
forming the stress chain becomes steeper with increasing shear deforma-
tion (see rotation indicated in Fig. 5.21.b). Thus the height, h, of the bulk 
solid specimen increases. As the particle column becomes steeper, at a 
certain position of the column the particles may slide across each other (A 
in Fig. 5.21.c) [5.45,5.50]. Thus the stress chain becomes ineffective. 
Shear deformation of a bulk solid is accommodated by a process in which 
individual stress chains continuously fail and new ones form and take their 
place [5.22,5.50]. The larger the particles, the greater is the expected verti-
cal dilation, since the particles have to be lifted more to be able to flow 
across other particles, and the thickness of a shear zone is a multiple of the 
particle size, thus ∆h is larger from geometrical reasons (Fig. 5.21.b).  
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After the initial dilation described above, the height of the bulk solid 
specimen remains constant upon further shear (see Fig. 5.17: sand). If 
shear is stopped and the specimen is unloaded from shear stress, the 
specimen deforms somewhat opposite to the former shear direction, which 
is partly caused by elastic recovery, and the specimen height decreases. 
The deformation at unloading can be interpreted considering the particle 
model shown in Fig. 5.21: Particle columns, which have become steeper 
during shear, rotate against the direction of the arrow in Fig. 5.21.b during 
unloading. Thus the specimen height is reduced.  

Figure 5.22 shows results of a test performed by Mandl et al. [5.33], 
where the specimen (sand) was compacted prior to shear and, thus, shows 
a clearly visible dilation. Beside the measured values of shear stress, τ, and 
change of specimen height, ∆h, the shear stress τd, required for the vertical 
dilation is plotted. This shear stress is a part of the overall shear stress, τ. It 
is assessed on the basis of an energy balance using the angle of dilatancy 
[5.33,5.51].  
 

 
Fig. 5.22. Shear stress, τ, and variation of the specimen height, ∆h, vs. horizontal 
displacement, ∆x, of the top relative to the bottom of a ring shear cell after Mandl 
et al. [5.33]. τd is the shear stress portion resulting from the dilation of the speci-
men (calculated from a balance of energy). τf is the difference (τ - τd). (vertical 
normal stress applied during shear: σ = 9.2·105 Pa; initial specimen height: h = 12 
mm; sample was preconsolidated before shear by applying a vertical normal stress 
σ = 1·106 Pa). 

The angle of dilatancy, ν, is a measure of the change of volumetric strain 
with respect to the change in shear strain. It can be derived by considering 
the deformation of a bulk solid element (Fig. 5.23) [5.13,5.39,5.52]. ∆y is 
the displacement of the top of the initially rectangular bulk solid element 
relative to the stationary bottom during the time span ∆t. Within this time 
span the height of the element increases by ∆h (measured in the vertical 
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direction). According to the definition reported above, the angle of dila-
tancy, ν, describes the momentary dilation related to the shear deformation 
by defining the direction of movement of the top of the bulk solid element 
relative to horizontal (y axis):  
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Fig. 5.23. Definition of the angle of dilatancy, ν; the figure shows a vertical cut 
through an initially rectangular bulk solid element before and after deformation 
[5.39,5.52] 

The minus sign in front of the strain dεx results from the definition that 
compressive strain, ε, is positive (in analogy to compressive stress). Thus 
dilation of the bulk solid results in positive values of dh and positive an-
gles ν, but a negative strain dεx. 

If during shear the bulk solid specimen dilates in the vertical direction, 
work is required to raise the top of the specimen by ∆h against the vertical 
force, which is here equal to σx · A.(A: area on which σx is acting). This 
work corresponds to the volumetric strain energy known from thermody-
namics. If the force is constant, the work can be derived from the product 
of force and displacement in the direction of the force: 

hAW xVd ∆⋅⋅=∆ σ  (5.3) 

The only way this work can be supplied to the bulk solid is the shear pro-
cess, i.e., shear deformation and shear stress, respectively, applied from 
outside (e.g. by the drive moving the top of the specimen relative to the 
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bottom). Thus, at constant shear rate, dilation leads to an increase of shear 
stress. With additional shear stress resulting from the dilation, τd, the fol-
lowing additional work is provided within the time span ∆t: 

yAW dVs ∆⋅⋅=∆ τ . (5.4) 

Equating ∆WVd with ∆WVs, one obtains the momentary acting additional 
shear stress, τd, for the limit as ∆y approaches zero ( 0→∆y ): 
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Thus the overall shear stress, τ, applied to the bulk solid specimen can be 
divided into the portion related to dilation, τd, and a portion associated with 
friction on the shear plane, τf [5.33,5.51,5.53]:  

df τττ +=  (5.6) 

With this simplified energy balance we neglect (as in [5.33]) energy that 
may be dissipated during dilation due to additional friction (e.g. by rear-
rangement of particles) [5.13,5.51].  

In Fig. 5.22 the shear stress portions discussed above, namely τd and τf, 
are plotted as dashed curves. One can recognize that the maximum in the 
course of the overall shear stress, τ, results to a major extent from dilation 
of the specimen during shear. After the end of the dilation process the 
shear stress decreases further, which gives rise to the assumption that fur-
ther mechanisms (e.g. the localization of the shear zone) are responsible 
for the shear stress decrease. Also the shear stress maximum observed with 
fine-grained, cohesive limestone powder (Fig. 5.17) is unlikely to result 
from dilation (the specimen height decreases with proceeding compaction), 
but follows from the effects related to localization of the shear zone (Sect. 
5.2.2).  

Dilation occurs also when a consolidated bulk solid specimen is shea-
red, e.g. at shear to failure in a yield locus test. Typical courses of shear 
stress, τ, and specimen height, h, during preshear and shear to failure of a 
cohesive bulk solid are plotted in Fig. 5.24. At the end of preshear the 
specimen is relieved from the shear stress which results in a slight reduc-
tion of specimen height as discussed above. During shear to failure, i.e., 
shear of an overconsolidated bulk solid specimen, the specimen dilates and 
thus its height increases (Fig. 5.24). Dilation of the specimen goes along 
with the decrease of bulk density within the shear zone and, thus, with 
weakening of the specimen resulting in decreasing shear stress. However, 
a portion of the observed dilation results from the fact that during shear to 
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failure additional space is required to allow particles to move across each 
other (as shown in Fig. 5.21 for preshear). This portion is assumed to be on 
the order of magnitude of the height decrease at the end of preshear when 
the specimen is relieved from the shear stress (Fig. 5.24). 
 

 
Fig. 5.24. Shear stress, τ, and specimen height, h, vs, time, t, during preshear and 
subsequent shear to failure of a cohesive bulk solid 

If free-flowing bulk solids, which are nearly incompressible and thus their 
bulk density is nearly independent of the normal stress (e.g. glass beads), 
are sheared to failure, the observed dilation is primarily a result of the 
space required for shear deformation according to Fig. 5.21.  

The present section can be summarized as follows: Because of the dila-
tion occurring at shear to failure, the shear stress includes a portion accord-
ing of Eq.(5.5). This is true for both free-flowing and cohesive bulk solids. 
Thus, generally it can be stated that at the beginning of a flow process, 
which does not result in an increase of the bulk density, dilation can be 
observed (see particle model in Fig. 5.21). On the contrary the transition 
from flow to a state of rest leads to a volume reduction [5.39].  

5.2.4  Steady-state flow and dilation during flow property 
testing  

In bulk solids technology the standard test method for determination of 
flow properties is the shear test (Sect. 3.2). To obtain a bulk solid speci-
men with defined conditions before measuring the strength, an undercon-
solidated specimen is sheared until steady-state flow prevails (preshear) 
[5.54,5.55]. Also the flow process in the hopper of a silo is approximated 
as steady-state flow [5.54,5.56]. 

In the previous sections it has been outlined that steady-state flow is an 
idealized flow process which in reality cannot proceed indefinitely. During 
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simple shear of a cohesive bulk solid (e.g. limestone powder, Fig. 5.17) 
one will find a point after which the shear stress decreases or at least does 
not increase further, i.e., the specimen is not consolidated further. At this 
moment the shear zone comprises a large part of the bulk solid specimen. 
Immediately after the shear stress maximum has been attained, localization 
of the shear zone begins, which leads more or less quickly to a more or 
less strong decrease of the shear stress. Thus the shear process is not a 
steady-state flow process with respect to constant stresses. However, the 
shear stress (especially when shearing fine-grained, cohesive powders) can 
remain for a certain period of time at the level of the maximum shear stress 
thus exhibiting a kind of shear stress plateau before the shear stress de-
creases (Fig. 5.25). Therefore the plateau corresponds to the concept of 
steady-state flow.  
 

 
Fig. 5.25. Shear stress plateau (example) during preshear of a cohesive bulk solid 

When measuring a yield locus, preshear is stopped as soon as the plateau 
described above is attained and the shear stress does not increase further 
[5.54,5.55]. When a Jenike shear tester is used, it is often not possible to 
observe the course of the shear stress during large shear deformation, be-
cause the shear displacement is limited. Thus the operator of a Jenike tester 
is usually satisfied when steady-state flow prevails within the available 
shear displacement. Preshear is stopped then and shear to failure is con-
ducted (Sect. 4.1.1). Thus it becomes clear that in connection with the 
Jenike shear tester the term “steady-state flow” means the flow process in 
the vicinity of the shear stress plateau. This flow process is a good ap-
proximation to the ideal flow process “steady state flow” because the shear 
zone is still relatively large (Fig. 5.15.a) and localization just starts.  

A major advantage of the preshear procedure, where the specimen is 
sheared until steady-state flow is attained, is that the shear stress plateau is 
reached only after the whole bulk solid specimen is sufficiently consoli-
dated. Thus it is possible to monitor the state of consolidation by observing 
the shear stress.  
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The results and interpretations in the present and previous sections 
should not be understood as criticism of the common consolidation proce-
dure applied with shear testers, namely the preshear procedure where a 
specimen is sheared until steady-state flow prevails. Discussion of the 
processes within the powder rather should help one to understand what 
happens in a bulk solid during shear, especially at large shear displace-
ments, so that a user is provided with more background knowledge regard-
ing performance and interpretation of shear tests.  

An important result of the considerations above is that preshear should 
be stopped after the constant shear stress is attained and before the shear 
stress eventually starts to decrease (or at least before it decreases too 
much). In this state the localization effect is still limited. As outlined ear-
lier in the present section, this is the common procedure with the Jenike 
shear tester where the shear deformation is limited and thus preshear is 
terminated as soon as the shear stress is constant.  

The same procedure should be applied to rotational shear testers with 
unlimited shear displacement (ring shear tester, torsional shear tester) if 
steady-state flow is to be obtained under similar conditions as with the 
Jenike tester, and if the test results shall be comparable to those obtained 
with the Jenike tester. Sometimes it can be observed that the unlimited 
shear displacement encourages users to proceed with preshear until the 
region of Y shears (right of point D in Fig. 5.18) is attained, where the 
shear stress is constant at a lower level compared to the shear stress maxi-
mum. The reason given for this procedure [5.54,5.55] is that at the end of 
preshear steady-state flow and thus a constant shear stress has to be at-
tained. The maximum in the course of the shear stress (the plateau in Fig. 
5.25) is then interpreted according to [5.54,5.55] as an indication of an 
initially overconsolidated bulk solid specimen. Since the rules regarding 
constant shear stress and overconsolidation originate from the procedure 
for the Jenike shear tester, where the shear deformation is limited and the 
specimen is manually preconsolidated (twisting) prior to preshear, they 
should not be applied to another type of tester without appropriate adjust-
ment. Since a rotational shear tester does not require a manual preconsoli-
dation, the bulk solid is filled loosely into the shear cell so the stresses in 
the bulk solid are usually far below the stress applied at preshear. Thus 
there is no reason for overconsolidation. The maximum in the course of the 
shear stress (the plateau in Fig. 5.25) results rather from the localization 
discussed in Sect. 5.2.2 which commonly is not attained with the Jenike 
shear tester due to the limited shear deformation. The localization leads to 
a local weakening of the bulk solid specimen (decreasing shear resistance, 
“horizontal plane of weakness”, see Sect. 5.2.2). Thus with an excessively 
large shear deformation at preshear one obtains a smaller shear stress at 
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“steady-state flow” compared to the Jenike shear tester, so the shear stress 
maximum at shear to failure is also reduced. The latter has been investi-
gated experimentally with a ring shear tester and a torsional shear tester 
[5.57,5.58].  

As outlined in the previous paragraph, preshear should be stopped when 
constant shear stress is attained (i.e., on the shear stress plateau, Fig. 5.25, 
before the shear stress eventually decreases). This way the idealized flow 
process “steady-state flow” is very closely attained at the end of preshear. 
Only when free-flowing bulk solids with coarse particles are presheared, 
the possible influence of dilation has to be taken into consideration (Sect. 
5.2.3). The dilation at the begin of shear results in a shear stress maximum 
which is passed within a shorter time than the shear stress plateau observed 
with more cohesive products. Nevertheless the specimen should be pre-
sheared until the shear stress does not increase further, which is the com-
mon procedure for the Jenike shear tester [5.54,5.55]. Since in this case the 
measured shear stress is equal (or close) to the maximum shear stress, it 
contains a portion τd which is the result of the dilation (see Fig. 5.22). Thus 
the shear stress at steady-state flow is overestimated somewhat. The shear 
stress maximum due to dilation can be reduced by careful filling without 
any compaction (no vertical stress, no vibration, no shocks) thus obtaining 
a very loose specimen. If one would measure the vertical strain in the bulk 
solid specimen during preshear, the shear stress portion τd could be as-
sessed and subtracted from the measured overall shear stress [5.51]. The 
result would be the shear stress τf according to Fig. 5.22. Preshear had to 
be terminated then on the plateau in the course of τf.  

Since dilation also emerges at shear to failure, a portion of the maxi-
mum shear stress measured at incipient flow is a result of the dilation (τd, 
see Sect. 5.2.3). Thus the yield locus contains the influence of the dilation. 
The latter seems to be reasonable, because whenever a bulk solid starts to 
flow the material in the shear zone must dilate against the normal stress 
acting in the direction of the dilation.  

5.3  Yield locus 

Construction of a yield locus according to Jenike (Chap. 3), which is 
widely applied, is based on assumptions and thus should be regarded as an 
approximation. This is not a disadvantage because the method has proven 
itself, e.g. by the fact that the flow properties obtained this way have been 
applied successfully for the design of thousands of silos. Nevertheless, 
some of the assumptions are discussed in the following in order to provide 
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more information on the interpretation of test results. More considerations 
on the interpretation of shear test results can be found in publications of 
Jenike [5.54,5.59], Schwedes [5.32,5.60], and Molerus [5.27]. 

5.3.1  Preshear point, shear points and Mohr stress circles 

Following Jenike’s evaluation method, the shear points (maximum shear 
stress at shear to failure) are located on the yield locus [5.54,5.55], and the 
Mohr stress circle representing steady-state flow is tangent to the yield 
locus (see Fig. 3.16). The position of the shear points is based on the as-
sumption that the failure planes, i.e. the planes where incipient flow takes 
place, are oriented horizontally and, thus, are parallel to the direction of the 
applied shear stress. Only in this way can the applied normal stress and the 
measured shear stress at shear to failure form a point on the yield locus. 
Since a direct shear tester like the Jenike shear tester or a ring shear tester 
does not provide information about the stresses acting in other directions 
than the horizontal plane, the Mohr stress circle representing the stresses at 
incipient flow cannot be determined without assumptions, i.e., the stress 
circle is not defined unambiguously [5.27,5.32,5.56].  

One way to get more information for the evaluation is the inclusion of 
the deformation of the bulk solid specimen. The orientation of the failure 
plane where incipient flow takes place is determined under the assumption 
of coincidence of the principal strain axes with the principal stress axes 
[5.32,5.39,5.52]. This is accomplished by measuring the change of speci-
men height, ∆h (dilation), and relative displacement, ∆y (Fig. 5.23), vs. 
time during shear to failure (note: the dilation in y direction is zero). The 
angle of dilatancy, ν, is then calculated with Eq.(5.2). Knowing ν, the 
Mohr strain circle, or, more exactly, the strain rate circle (circle of momen-
tary strain rates), can be drawn (Fig. 5.26). Point ( 2/, xyx γε && ) of the circle 
represents the conditions in horizontal planes of the bulk solid specimen. 
In the Mohr strain circle the angle between this point and the axis of major 
principal strain, 1ε& , is (90°+ ν). If coincidence of principal stress and prin-
cipal strain axes is assumed, the same angle can be found in the Mohr 
stress circle between the axes of major principal stress and normal stress 
(σx) acting in the horizontal plane. With this additional information the 
Mohr stress circle representing incipient flow and running through the 
measured shear point (σx, τxy) can be drawn (Fig. 5.26).  
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Fig. 5.26. Determination of the measured shear point (incipient flow) on the Mohr 
stress circle under assumption of coincidence of principal stress and principal 
strain axes [5.32,5.39,5.52] 

When measuring points on a yield locus at different normal stresses σsh, the 
angle of dilatancy, ν, becomes larger with decreasing ratio σsh/σpre, i.e., the 
ratio of the normal stress at shear to failure to the normal stress at preshear 
[5.31,5.39]. Knowing the angle of dilatancy, one obtains a Mohr stress 
circle for every shear point. An example is shown in Fig. 5.27.   

The Mohr stress circle representing steady-state flow is drawn according 
to Fig. 5.14.b where the preshear point forms the zenith of the stress circle. 
This construction corresponds to Fig. 5.26 for ν = 0 (steady-state flow = 
flow at constant volume). The yield locus is then drawn as a curve being 
the common tangent of the Mohr stress circles for incipient flow. An ex-
ample is shown in Fig. 5.27 [5.39]. It is obvious that the yield locus is 
located above the shear points.  

If a yield locus test is evaluated as outlined above (Fig. 5.27), one ob-
tains similar or greater values of the effective angle of internal friction, φe, 
and larger values for the unconfined yield strength, σc [5.32,5.39,5.52]. 
However, this evaluation procedure is not commonly used. On the one 
hand, it is too difficult and expensive to determine the angle of dilatancy 
sufficiently accurate, e.g. because the deformation in a shear tester is not 
sufficiently homogeneous [5.32,5.52], and some types of shear testers like 
the Jenike shear tester are not provided with a means to measure the dila-
tion. On the other hand it cannot be excluded that with this evaluation 
procedure the unconfined yield strength is overestimated [5.32,5.39], espe-
cially regarding silo design where sufficiently safe results are obtained 
with the Jenike shear tester and the common evaluation procedure (e.g. 
sufficiently large outlet dimensions to avoid arching). For other applica-
tions of shear test results, e.g. comparative tests, the common evaluation 
procedure leads to applicable results, so the additional effort for the deter-
mination of the angle of dilatancy does not seem to be necessary.  
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Fig. 5.27. Example of a yield locus constructed under the assumption of coinci-
dence of principal stress and principal strain axes [5.39]. The dashed circles are 
stress circles representing the stresses at incipient flow, the solid circle is the Mohr 
stress circle for steady-state flow. Here for shear to failure different normal stres-
ses up to the normal stress at preshear, σpre, have been applied. 

When a yield locus is constructed according to Jenike’s assumptions, the 
Mohr stress circle representing steady-state flow runs through the preshear 
point and touches the yield locus to the left of the preshear point (Fig. 
3.16) [5.54,5.55]. The point of tangency is by definition the end point e of 
the yield locus.  

The condition that the Mohr stress circle for steady-state flow touch the 
yield locus, is an approximation which is required so as to have sufficient 
information to construct this circle. Actually it is to be expected that the 
Mohr stress circle for steady-state flow, which represents stresses in the 
flowing bulk solid, is located somewhat below the corresponding yield 
locus, which is valid for incipient flow. Since the bulk density in the shear 
zone of a flowing bulk solid is smaller than the bulk density in a bulk solid 
at rest (at the same normal stress), dilation takes place due to the initiation 
of flow. The effect of dilation increases the shear stress (see remarks on 
the effect of dilation on shear stress in Sect. 5.2.3 and 5.2.4). Furthermore 
in a bulk solid at rest the particles are closer to each other and thus the 
adhesive forces are larger than in the shear zone of a flowing bulk solid. 
Accordingly one finds shear stress maxima when a bulk solid specimen, 
previously presheared under the normal stress σpre, is sheared to failure at a 
normal stress σsh to the right of the end point e (end point e see Fig. 3.16). 
Even at shear to failure under the normal stress σsh = σpre the maximum 
shear stress is usually larger than the shear stress at steady-state flow 
[5.39,5.61]. Shear points to the right of the end point are included in Fig. 
5.28 (and previously shown in Fig. 5.27).  
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Fig. 5.28. Yield locus constructed from the measured points of Fig. 5.27 following 
Jenike’s evaluation procedure [5.39].  

If the test points of Fig. 5.27 are evaluated according to Jenike [5.54,5.55], 
the yield locus shown in Fig. 5.28 is obtained. In this case the point e is 
defined as the end point of the yield locus, but as outlined in the previous 
paragraph shear stress maxima at shear to failure (i.e., points of incipient 
flow) can be measured also to the right of the end point e [5.39,5.61]. Thus 
the yield locus extends beyond point e, i.e., it is unlikely that point e is the 
real end point of the yield locus.  

Although the assumption of the yield locus being tangent to the Mohr 
stress circle for steady-state flow is an approximation, this does not seem 
to be necessarily a point of criticism, because the evaluation procedure due 
to Jenike has been proven over the years to be sufficiently accurate. The 
latter has been demonstrated by the successful application of the results, 
e.g. for the design of silos.  

5.3.2  Tensile strength and cohesion 

The tensile strength, σt, of a bulk solid is defined by the end point of the 
yield locus at negative stresses. The shear stress at the intersection of the 
yield locus with the shear stress axis is called cohesion, τc (see Sect. 
3.2.3.3). With most shear testers it is not possible to measure points of the 
yield locus at very small or negative stresses because such stresses cannot 
be applied, e.g. in the Jenike shear cell the lower limit of normal stresses 
amounts to some 100 Pa, dependent on the bulk density and design of the 
shear cell [5.62]. In this case the cohesion can be determined only by ex-
trapolating the yield locus towards small normal stresses. Since a yield 
locus is increasingly curved towards small stresses, the value of the cohe-
sion cannot be determined very exactly this way and is usually less accu-
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rate than the unconfined yield strength, σc. Thus the unconfined yield 
strength should be preferred over the cohesion if different bulk solids have 
to be compared regarding their flow behavior. 

A ring shear tester, where the shear zone is just below the annular lid, 
offers the possibility to install a device which exerts an upward directed 
force to the lid (see force FA in Fig. 4.9). This force counteracts the weight 
of all parts resting on the bulk solid specimen. Thus very small normal 
stresses can be applied so that shear points can be measured at normal 
stresses of some 10 Pa or less (depending on the tester design and the bulk 
density) [5.31,5.62]. Therewith the cohesion can be determined without 
much extrapolation as shown in Fig. 5.29. It has to be mentioned that the 
Mohr stress circles measured at small normal stresses are crossing the 
region of tensile stresses (Fig. 5.29). Since the tensile strength of bulk solid 
is much smaller than its compressive strength (unconfined yield strength), 
the yield locus must be increasingly curved downwards with decreasing 
normal stresses.  
 

 
Fig. 5.29. Yield locus with shear points and preshear point; the shear points at 
small normal stresses are accompanied by the corresponding Mohr stress circles 
which are partially located in the negative stress region (evaluation according to 
Jenike like in Fig. 5.28 [5.54,5.55]).  

It was shown in [5.31,5.63,5.64] that even shear points at negative normal 
stresses (tensile stresses) can be measured if the lid of the shear cell is 
appropriately formed and/or covered with an appropriate adhesive. A yield 
locus with shear points at negative normal stresses is shown in Fig. 5.30. 
The tensile strength, σt, was measured by first preshearing the bulk solid 
specimen and then pulling the lid upwards without applying a shear de-
formation. Therefore the same consolidation procedure was applied prior 
to measurement of tensile strength as prior to measurement of a point on 
the yield locus. Thus it is possible to combine the measured tensile 
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strength with the yield locus. If the specimen had been consolidated in a 
different way for the tensile strength test, e.g. by uniaxial compression, as 
in Fig. 2.19 (Sect. 2.7), the combination with the yield locus would be 
meaningless because of the different consolidation procedures (see Sect. 
5.1.3 where the influence of the consolidation procedure is discussed).  
 

 
Fig. 5.30. Points on a yield locus of limestone powder and corresponding angles 
of dilatancy, ν, at positive and negative normal stresses (i.e., at compressive and 
tensile stresses); the point representing the tensile strength, σt, was measured by 
lifting the lid of the shear cell [5.31]. 

When a consolidated specimen is subjected to a negative normal stress 
(smaller in absolute value than the tensile strength) and subsequently 
sheared to failure, the shear stress passes a maximum similar to shear to 
failure at positive normal stresses (Fig. 5.31). After the maximum the shear 
stress does not stop decreasing, and the bulk solid in the shear zone dilates 
increasingly. Finally the strength of the dilated bulk solid becomes too 
small to withstand the applied tensile stress so the shear cell lid with some 
bulk solid adhering to it (i.e., the bulk solid located above the shear zone) 
separates from the rest of the bulk solid specimen. The latter is indicated in 
Fig. 5.31 by the sudden increase of the measured value of specimen height, 
h [5.31].  
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Fig. 5.31. Shear stress, τ, and specimen height, h, at preshear and shear to failure 
vs. time, t. For shear to failure a negative normal stress (tensile stress) of 20 Pa 
was applied. After incipient flow and the corresponding shear stress maximum, 
respectively, was attained, the bulk solid started to dilate until the lid of the shear 
cell lifted (the upward movement of the lid was indicated by the rapid increase of 
the measured specimen height, h) [5.31]. 

In Fig. 5.30 the angle of dilatancy, ν, measured for the individual shear 
points and calculated according to Eq.(5.2), is plotted. The angle of dila-
tancy of the tensile strength measurement is 90°, because ∆h > 0 and ∆y = 
0 (Fig. 5.23, Eq.(5.2)). As already mentioned (Sect. 5.3.1), the angle of 
dilatancy increases with decreasing ratio of normal stress at preshear to 
normal stress at shear to failure. This effect is especially pronounced in the 
range of negative normal stresses.  

Assuming isotropic behavior with coincidence of principal stress and 
principal strain axes (Sect. 5.3.1, Fig. 5.26), the direction of major princi-
pal stress can be assessed as a function of the angle of dilatancy (see Fig. 
5.32). At steady-state flow, where ν = 0°, the pair of values of normal 
stress at preshear and shear stress form the zenith of the Mohr stress circle 
(like at simple shear, Fig. 5.14.b). In the stress circle the angle between the 
major principal stress and the zenith is 90°, thus the principal stress plane 
is inclined by 90°/2 = 45° to horizontal. At shear to failure the angle be-
tween the major principal stress and the shear point is (90° + ν) in the 
Mohr stress circle, and (45° + ν/2) in the bulk solid. Thus the angle be-
tween the major principal stresses at preshear (σ1,pre) and shear to failure 
(σ1,sh) is ν/2 (Fig. 5.32.b).  

It was demonstrated in Sect. 5.1.3 that one obtains a smaller unconfined 
yield strength if the difference between the directions of the major princi-
pal stresses at preshear and shear to failure is large (e.g. > 25° for lime-
stone powder, see Fig. 5.11). Thus it has to be expected that the points on 
the yield locus (shear points) measured at negative normal stresses are 
influenced by this effect, especially the value of tensile strength, where the 
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major principal stresses at preshear and at the measurement of strength are 
inclined by 45° to each other. Therefore the measurement of points on a 
yield locus at negative normal stresses does not seem to be useful, particu-
larly since tensile stresses are difficult to apply with a shear tester, and 
only small tensile stresses can be realized [5.31].  

 

 
Fig. 5.32. a. Mohr stress circle with shear point (incipient flow) drawn under the 
assumption of coincidence of principal stress and principal strain axes (see Fig. 
5.26); b. bulk solid element (vertical cutting plane) with directions of the major 
principal stresses at preshear (σ1,pre) and shear to failure (σ1,sh). Plane A represents 
the horizontal plane where the measured shear stress, τxy, is acting. 

At shear to failure at positive normal stresses the angles of dilatancy are 
small so the principal strain axes at preshear and shear to failure are not 
inclined to each other by more than ν/2 = (10° … 20°). For the limestone 
powder (Fig. 5.11) it was found that the influence on the test results is 
small if ν/2 is less than 20° [5.28,5.30]. Unfortunately more detailed inves-
tigations on this topic are not available. So it can be concluded that for a 
usual yield locus test, where cohesion is not of interest, shear points at very 
small normal stresses should be avoided. Information on the selection of 
normal stresses is given in Sect. 4.2.1.  

In the literature methods for the direct measurement of cohesion or ten-
sile strength in specially suited test devices are proposed (see Sect. 6.3.8, 
6.3.12 and 6.3.13). In most of these devices the bulk solid is consolidated 
by uniaxial compression, which is likely to lead to smaller strength and 
greater scatter of the results than a consolidation procedure where steady-
state flow is attained. More details about these test methods are given in 
the sections mentioned above.  

It can be concluded from the considerations in the present section that 
tests at very small or negative normal stresses are more difficult and re-
quire more effort than at the stresses commonly applied in shear testers, 
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and such tests can be performed only with a small number of testers, which 
have to be specially designed or modified for these tests.  

However, since the quantities cohesion and tensile strength do not play 
an important role when bulk solids are handled (in particular, tensile stres-
ses seldom occur in bulk solids flow) and are not required, for example, for 
the design of bins and silos, there is usually no need to measure them.  

5.3.3  Flow properties at very small stresses 

In some situations a bulk solid must flow under stresses clearly smaller 
than 100 Pa, e.g. when very small containers (a few cm3) or dies of tablet-
ting machines are filled. Thus it would be interesting to know the flow 
properties in this stress range. However, the design of most testers does not 
allow measurements in this stress range, for example, just by filling pow-
der layers of a few millimeters height, stresses greater than 100 Pa (de-
pending on the bulk density) are possible. Additional stresses may arise 
due to the weight of parts carried by the bulk solid specimen (e.g. a lid 
placed on top of the specimen as with the Jenike shear cell). Thus the 
lower limit of adjustable normal stresses depends on the tester. For the 
Jenike shear tester it amounts to several 100 Pa, i.e., the smallest consoli-
dation stress, σ1, of a yield locus is some 1000 Pa [5.62].  

Because of the difficulty to measure flow properties at very small stres-
ses, flow properties are usually measured at higher stresses and then ex-
trapolated towards small stresses. Linearity is usually assumed for yield 
loci, flow functions and steady-state yield loci. The assumption of linearity 
can be justified by particle interactions [5.65,5.66], and seems to be rea-
sonable in the range of sufficiently high stresses. However at very small 
stresses the assumption of linearity can be incorrect. The latter has been 
demonstrated by measurements at very small stresses using a specially 
designed ring shear tester [5.31,5.63,5.64]. Some results, namely the flow 
function and the steady-state yield locus, are discussed in the following.  

The flow function represents the unconfined yield strength, σc, as a 
function of consolidation stress, σ1. As an example in Fig. 5.33 the flow 
function of a cohesive limestone powder at small consolidation stresses is 
shown. Although the slope of the flow function is small at higher consoli-
dation stresses, the unconfined yield strength decreases clearly with de-
creasing consolidation at small stresses (say below 500 Pa) where the flow 
function is close to the line ffc = σc/σ1 = 1. If one were to measure points of 
the flow function only at stresses higher than, for example, 1000 Pa, ex-
trapolation of the flow function to the left would result in an overestima-
tion of the unconfined yield strength at small consolidation stresses.  



5.3  Yield locus      157 

 
Fig. 5.33. Flow function of limestone powder (x50 = 4.7 µm) at small consolidation 
stresses [5.31,5.63,5.64]; lines of constant flowability, ffc  

The yield locus corresponding to the lowest point of the flow function in 
Fig. 5.33 is shown in Fig. 5.34. Evaluation of the yield locus according to 
Jenike (shear points are points on the yield locus) results in an unconfined 
yield strength which is slightly higher than the consolidation stress, and a 
Mohr stress circle representing steady-state flow which is partially located 
in the range of negative normal stresses (i.e., σ2 < 0). Similar conditions 
have been found for all yield loci measured with limestone powder at con-
solidation stresses smaller than 500 Pa. Obviously the unconfined yield 
strength determined from the instantaneous yield locus can be slightly 
larger but not much larger than the consolidation stress. Thus at small 
stresses the flow function is close to the line ffc = 1.  
 

 
Fig. 5.34. Yield locus of limestone powder (x50 = 4.7 µm) at a very small consoli-
dation stress (about 70 Pa) [5.31,5.63,5.64]  

It has to be mentioned that the yield locus presented in Fig. 5.34 is not 
exactly covered by Jenike’s definitions. According to Jenike, the end point 
of the yield locus is the point where the yield locus touches the Mohr stress 
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circle representing steady-state flow (point e in Fig. 3.16). The Mohr stress 
circle defining σc in Fig. 5.34 touches the yield locus to the right of point e, 
i.e., where it is not defined. Furthermore, it is not possible to draw the 
effective yield locus (line through the origin and tangent to the Mohr stress 
circle for steady-state flow) and to determine the effective angle of internal 
friction, φe, because σ2 is negative for steady-state flow conditions (Fig. 
5.34). However, yield loci like that in Fig. 5.34 are sometimes obtained 
from shear tests (even at higher consolidation stresses than in Fig. 5.34). 
Considering that with shear testers points of incipient flow (characterized 
by failure and decrease in bulk density) can be measured even to the right 
of point e (e.g., Fig. 5.28), and that the determination of a yield locus is 
based on assumptions (Sect. 5.3.1), it may be reasonable to evaluate yield 
loci even if this results in σ2 < 0 and σ1 < σc, respectively. 

The steady-state yield locus is the common tangent of all Mohr stress 
circles for steady-state flow. In [5.27,5.65,5.66] it is assumed (based on 
particle interactions) that the steady-state yield locus is a straight line 
which can be extrapolated to small and negative normal stresses. The as-
sumption of a straight steady-state yield locus can be verified in the range 
of consolidation stresses typically applied in shear tests (= stress range 
where tests can be performed with common shear testers, i.e. stresses 
higher than a few 1000 Pa). In Fig. 5.35.a a steady-state yield locus and 
Mohr stress circles for steady-state flow are shown for the limestone pow-
der considered in Figs. 5.33 and 5.34. In fact the straight-lined steady-state 
yield locus is tangent to the Mohr stress circles measured at higher stresses 
(even to those measured at higher stresses than those drawn in Fig. 5.35.a). 
But below a consolidation stress (major principal stress) of about 0.5 kPa 
the Mohr stress circles are clearly below the straight-lined steady-state 
yield locus. Thus it is likely that the steady-state yield locus is curved in 
the low stress region.  

Although the test results do not support the assumption of a straight-
lined steady-state yield locus [5.27,5.65,5.66] in the full range of stresses, 
the observed behavior seems to be plausible. If the straight-lined steady-
state yield locus would be valid even for negative normal stresses, Mohr 
stress circles would exist which were located (partially or totally) within 
the range of negative normal stresses (tensile stresses, σ < 0). Thus it 
would be possible to obtain steady-state flow when shearing a bulk solid 
specimen under a negative normal stress. This is contradicted by Fig. 5.35 
where the minor principal stresses of the measured Mohr stress circles for 
steady-state flow remain close to σ = 0 (Fig. 5.35.b) and do not move far-
ther in negative σ-direction with decreasing major principal stress, σ1, as 
one would expect from a linear steady-state yield locus. Another contradic-
tion is the result of Fig. 5.31 where during shear to failure the bulk solid 
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specimen dilated until the lid of the shear cell with the bulk solid above the 
shear zone was lifted by the applied tensile stress so that steady-state flow 
could not be attained. Considering these observations, the deviation from 
the straight-lined steady-state yield locus is obviously a result of the inabil-
ity of bulk solids to withstand considerable tensile stresses (this argument 
is similar to that regarding the curved shape of a yield locus at small 
stresses, see Sect. 5.3.2).  
 

 
Fig. 5.35. a. Mohr stress circles for steady-state flow at different consolidation 
stresses; steady-state yield locus approximated by a straight line (limestone pow-
der, x50 = 4.7 µm); b. minor principal stress vs. major principal stress at steady-
state flow [5.31,5.63,5.64]  

The sensitivity to tensile stresses at steady-state flow is demonstrated by 
the following simplified consideration: If a bulk solid specimen is sub-
jected to a tensile stress and sheared (Fig. 5.36.a), the major principal 
stress, σ1, is negative and inclined to the vertical. In Fig. 5.36.b two parti-
cle layers within the shear zone are considered. Since a bulk solid has 
certain elasticity, the interactions with the particles above and below the 
two layers in Fig. 5.36.b are substituted by tension springs simulating the 
negative major principal stress.  

When the powder is sheared, the particles are moved relative to each 
other. Thus, particle contacts are replaced by others. Due to the tensile 
stresses considered here, the total number of contacts decreases. The latter 
is a result of the elastic tension, here simulated by the tension springs: As 
soon as two adjacent particles loose contact, the adhesive force (e.g. van-
der-Waals force) between these particles decreases sharply, and the parti-
cles are pulled away from each other by the force of the springs (i.e., the 
powder under tension). The increased distance between the particles leads 
to (1) the number of contacts decreasing with time, and (2) new contacts 
with smaller adhesive forces. Hence, the tensile stress transferable by the 
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powder decreases with increasing shear deformation. Finally the powder 
specimen fails because it cannot withstand the applied tensile stress (an 
example of this is shown in Fig. 5.31 where the lid of the shear cell with 
some adhering powder layers is lifted during shear to failure).  
 

 
Fig. 5.36. a. Stresses during shear of a bulk solid specimen subjected to a tensile 
stress (σ < 0); b. simple particle model with tension springs 

The particle model demonstrates that shear deformation under consider-
able tensile stresses leads to increasing dilation of the specimen. Thus 
steady-state flow is not possible. Therefore Mohr stress circles which are 
located in total (or at least to a major part) in the tensile stress region 
(σ < 0) do not exist. This is clearly demonstrated by the Mohr stress circles 
(left part of Fig. 5.35.a) and the minor principal stresses (Fig. 5.35.b) at 
small major principal stresses: When the major principal stress decreases, 
the minor principal stress remains in the vicinity of zero. Thus the steady-
state yield locus is not linear, but curved downwards in the range of small 
stresses. 

From the considerations in the present section it can be concluded that 
extrapolation of flow properties toward very small stresses can be difficult. 
On the other hand, measurements at very small stresses, especially if accu-
rate results are desired, are time-consuming and difficult [5.31] so that at 
present routine tests at very small stresses do not seem to be practical.  

5.4  Influence of velocity  

For the measurement of flow properties with shear testers, usually shear 
velocities (relative velocity between top and bottom of the bulk solid spe-
cimen; specimen height is typically on the order of a few centimeters) of 
about 1 mm/s to 2 mm/s are applied. Since the yield limit (yield locus) is 
measured, the transition from a state of rest to a state of flow (incipient 
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flow) is of interest. This transition can be easily determined at small ve-
locities because there is sufficient time to observe the measured shear 
stress and inertia forces can be neglected. Also in most practical situations 
(bins, hoppers, silos) a bulk solid flows with relatively small velocities 
below 1 m/s.  

Compared to liquids, shear stresses in bulk solids are much less sensi-
tive to shear velocity. For small flow velocities (say < 1 m/s) this influence 
is usually neglected. On the other hand, the stress level (liquids: pressure 
level) does not have much influence on the shear stresses in a liquid, but is 
the dominant quantity regarding shear stresses developing in bulk solids. 
Since in a flowing bulk solid particles (= solid bodies) move relative to 
each other, parallels to solid friction can be found, where, for example, 
microscopic deformations at contact points play an important role. De-
pending on the material behavior, shear stress can increase or decrease. 
Measurements have shown that shear stress can change on the order of 
several percent per decade increase in shear velocity. More pronounced 
effects on shear stress are observed during sudden changes of shear veloc-
ity, which therefore have to be avoided when measuring flow properties of 
bulk solids. The velocity influence is discussed further in Sect. 7.1.1.  

For rapid flow of bulk solids, i.e. flow at velocities of several m/s, other 
mechanisms have to be taken into account, which are not discussed here. 
At these velocities collisions between particles play an increasing role, and 
shear stress usually increases with velocity [5.43].



6  Discussion of testers and test procedures  

Shear testers are the standard testers in bulk solids technology. Although 
the results are based on assumptions and approximations, e.g., assumptions 
for evaluation of a yield locus (Sect. 5.3), relatively much is known about 
conditions in the bulk solid specimen from hundreds of publications on the 
results of research projects carried out in many countries. In addition, deci-
sions on the design of hoppers and silos, and, thus, on large investments, 
are based on the results obtained with shear testers.  

If test results are needed for comparison of bulk solids rather than for 
equipment design, often simple test methods (“simple testers”) are sought. 
In addition, sometimes shear testers are regarded with a certain amount of 
reserve since at first sight the presentation of test results with yield loci and 
Mohr stress circles is complicated. Thus, for the assessment of flowability 
sometimes other test devices than shear testers are used. Some of these 
simple test devices are based on other test methods and measure other 
physical quantities. Because it is often claimed that flow properties, or at 
least the flowability of powders and bulk solids, can be measured with 
such simple testers, one must assess their quality by applying the same cri-
teria as for shear testers. The latter is done in the present chapter.  

6.1  Influences on test results 

6.1.1  Procedure and principal stresses  

Since test results depend on a number of influencing variables and condi-
tions, test methods with clearly defined conditions should be preferred. 
Based on the properties of bulk solids discussed in Chap. 5, one can derive 
basic rules for the measurement of flow properties, e.g., unconfined yield 
strength, σc, which is especially important for silo design for flow as well 
as for the determination of flowability:  

• The consolidation procedure should end with steady-state flow since 
this eliminates the influence of deformation history (filling, preceding 
deformation), and one obtains the greatest strength at a given consolida-
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tion stress (greater than after uniaxial or biaxial consolidation, see Fig. 
5.12). Furthermore, steady-state flow prevails only after the whole bulk 
solid specimen is sufficiently consolidated, so the state of consolidation 
can be checked by observing the stresses during consolidation.  

• Here the term “steady-state flow” means that the stresses (if a shear 
tester is used: shear stress) do not increase further during consolidation 
(preshear). If this is observed, the consolidation process has to be 
stopped. The specimen should not be deformed further to the point that 
the stresses decrease, e.g., due to localization (Sect. 5.2), and become 
constant at a lower level of stress. The latter would lead to too small 
stresses at failure (shear tester: too small shear stress at incipient flow) 
and, thus, to too small values of unconfined yield strength, σc.  

• The major principal stresses should have the same orientation at con-
solidation (preshear) and at measurement of strength (shear to failure).  

• During a test the deformation rate (e.g., shear velocity of a shear tester) 
must not change suddenly.  

These conditions are largely fulfilled with shear testers. The principal 
stresses at preshear and shear to failure have similar orientations if the 
normal stress at shear to failure is sufficiently high (see Sect. 5.3.2). For 
instance, in the shear cell of the Jenike shear tester (Fig. 6.1) the major 
principal stress is inclined to vertical by about 45° at preshear (σ1,pre), and 
by slightly larger angles at shear to failure (σ1,sh). For such small differ-
ences the influence of the principal stress orientation is small and, thus, 
can be neglected (Sects. 5.1.3 and 5.3.2). The condition “consolidation un-
til steady-state flow is attained” is also fulfilled with a shear tester if the 
test is run correctly.  

 

 
Fig. 6.1. Directions of the major principal stresses at preshear (σ1,pre) and shear to 
failure (σ1,sh) in the shear cell of a Jenike shear tester (qualitatively)   
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In contrast to a shear tester, the uniaxial compression test (Sect. 3.1, Fig. 
3.1) does not fulfill all conditions listed above. The principal stresses at 
consolidation as well as at strength measurement are oriented vertically, 
but the consolidation procedure is uniaxial compression. This corresponds 
to procedure I in Sect. 5.1 (Fig. 5.2) which is likely to lead to a too small 
value of unconfined yield strength, σc, compared to a procedure where 
steady-state flow is attained at the end of consolidation.  

Another advantage of the procedure “consolidation until steady-state 
flow is attained” compared to uniaxial compression is that less scatter of 
test results can be expected: Since preshear is only terminated when shear 
stress does not increase further, the actual state of consolidation can be ob-
served. As long as no insufficiently consolidated regions exist in the bulk 
solid specimen, the shear stress will increase further. Inhomogeneities 
(e.g., voids or regions of low density), which can form when the specimen 
is filled into the test container, are removed to a certain extent by the shear 
deformation at preshear. 

A condition of great importance is the defined state of consolidation 
prior to measurement of strength. Thus, if the strength of a consolidated 
specimen has been measured once, the specimen must be consolidated 
again before its strength can be measured a second time. Therefore, when 
measuring a yield locus with a shear tester, the specimen must be pre-
sheared prior to shear to failure (see procedure described in Fig. 3.14).  

Sometimes procedures are published which do not follow this principle. 
Enstad et al. [6.1] described a procedure where a specimen is presheared 
with a Jenike shear tester only once. Subsequently it is sheared to failure 
several times at different normal stresses without being presheared in be-
tween (Fig. 6.2.a). Since shear to failure goes along with dilation of the 
bulk solid specimen, the specimen is less consolidated after shear to failure 
than before. Thus, the shear stresses at incipient flow of the second and all 
following shear points are too small, i.e., several points of the yield locus 
are shifted towards lower shear stresses.  

A similar effect takes place with the procedure described in [6.2,6.3], 
where the bulk solid specimen is first presheared with a translational shear 
tester (equipped with a shear cell similar to the Jenike shear cell). After 
steady-state flow is attained, the normal stress is continuously reduced 
(Fig. 6.2.b). With decreasing normal stress, the measured shear stress also 
decreases. The idea behind this procedure is that the stress path in the 
σ,τ diagram is identical to the yield locus. However, a yield locus repre-
sents failure conditions, and, as outlined in the paragraphs above, failure 
changes the density and, thus, the state of consolidation of the bulk solid 
specimen. If the stress path in Fig. 6.2.b would be a yield locus, the state of 
failure without any change of density and strength had to be preserved dur-
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ing a certain time period. This is unlikely to occur because the bulk solid 
specimen dilates when being sheared under normal stresses smaller than 
the normal stress at preshear, σpre, so the state of consolidation deviates in-
creasingly from its initial state obtained with preshear. Therefore, it is to 
be expected that the yield locus is shifted towards smaller stresses [6.4–
6.7].  
 

 
Fig. 6.2. a. Shear stress vs. time when the specimen is presheared once and subse-
quently several points of incipient flow are measured [6.1]; b. stress path in a 
σ,τ diagram when measuring a yield locus following the procedure described in 
[6.2,6.3] (direction given by arrows). After steady-state flow is attained (preshear 
point), the normal stress is continuously reduced which leads to dilation and de-
crease of shear stress (see stress path). 

Considering the problems of the procedure in Fig. 6.2.b, Haaker et al. [6.6, 
6.7] modified a shear cell (similar to a Jenike shear cell) to keep the speci-
men volume constant during shear to failure. Thus the dilation at shear to 
failure could be avoided, i.e., the properties of the specimen remained 
nearly constant. With this cell it was possible to measure a complete yield 
locus in one test with a procedure similar to that in Fig. 6.2.b. The test re-
sults agreed well with yield loci measured in the usual way (preshear and 
shear to failure, Fig. 3.14). However, this procedure is not commonly ap-
plied because it requires a more complicated tester compared to standard 
shear testers (Jenike tester, ring shear tester). Thus, shear testers are usu-
ally operated following the procedure proposed by Jenike, where a speci-
men is presheared prior to shear to failure.  

6.1.2  Stresses in the measuring plane 

Stresses in the measuring plane, e.g., the failure plane within the bulk solid 
specimen, must be known in order to obtain a quantitative result. For in-
stance, in the shear cell of a Jenike shear tester (Fig. 6.1) the measuring 
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plane is located at the separation between the shear ring and the base. With 
a slight rise of the shear ring prior to the shear test, any contact between 
these rings is avoided. Therefore, any measured shear force is not affected 
by possible friction forces between the rings. This also applies to the nor-
mal force [6.8]. With this procedure, the average normal stress and aver-
age shear stress in the measuring plane are clearly known. 

Further, the stresses anywhere in the measuring plane should be equal 
(homogeneous stress distribution). If this was not the case, the bulk solid at 
the consolidation stage (preshear) would be consolidated differently at 
various locations and one would measure subsequently (at shear to failure) 
the average strength of the variable range of consolidation within the bulk 
solids sample.  

Inhomogeneities of stresses can be found, for example, in the Jenike 
shear cell close to the walls of shear ring and base, especially, as viewed in 
shear direction, in the front and rear parts of the specimen [6.9]. Since the 
inhomogeneities are limited to small regions, one obtains sufficiently reli-
able results. The latter has been demonstrated by comparative tests with 
more sophisticated testers [6.6,6.10–6.15].  
 

 
Fig. 6.3. Vertical stress at uniaxial compression in a hollow cylinder (specimen 
diameter 5 cm, specimen height 10 cm, wall friction angle φx = 30°, stress ratio 
K = 0.4, bulk density ρb = 1000 kg/m3) 

The problem of testers in which the stresses acting in the specimen are not 
known exactly is demonstrated by the uniaxial compression test (see Sect. 
3.1, Fig. 3.1). The vertical stress in the specimen, σv (= consolidation 
stress, σ1), decreases downwards due to friction at the cylinder wall (Fig. 
6.3). The stress decrease depends on the bulk solid properties (stress ratio, 
wall friction angle), i.e., neither the course nor the mean value of the verti-
cal stress is known. The calculated stresses in Fig. 6.3 (for the calculation 
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of stresses refer to Sect. 9.2) demonstrate that the relative decrease of ver-
tical stress, σV, towards the bottom of the cylinder is larger, the greater the 
consolidation stress. Furthermore, the decrease of vertical stress is espe-
cially pronounced in the top part of the specimen. Thus, the applied verti-
cal stress is acting only close to the top platen. If subsequently the com-
pressive strength is measured, failure will occur more likely in the less 
consolidated bottom part of the specimen. This leads to underestimation of 
the bulk solid’s strength.  

6.2  Requirements for testers to measure flow properties  

To obtain a quantitative statement regarding the flowability of a bulk solid, 
as described in Sect. 3.1.4, a defined measurement of strength is required 
following the above mentioned defined consolidation of the test specimen. 
Only in this way can test results be applied quantitatively (e.g., for silo de-
sign for flow), and a comparison of the flow properties of bulk solids is 
possible independent of the test apparatus.  

If one does not need a quantitative statement, then all tests are in princi-
ple possible where a test specimen is somehow consolidated and its 
strength subsequently somehow determined. As indicated in the previous 
sections, the effects of wall friction, anisotropy, etc., may reduce the accu-
racy and, thus, the applicability of the results.  

Further useful features of a test apparatus are: 

• Variation of consolidation stress: This allows adjustment of consolida-
tion stress to the situation where a bulk solid is stored or handled. Thus 
the test results are more representative of the actual problem which is 
especially important if the test results have to be applied quantitatively.  

• Measurement of time consolidation: Often problems occur in situations 
where the bulk solid has been stored at rest for a long time period in a 
silo, an IBC, or even in a small container. Possible problems due to time 
consolidation are the formation of lumps, or the formation of flow ob-
structions such as stable arches. Time consolidation can be quantified 
only by time consolidation tests. It cannot be determined from the in-
stantaneous properties.  

Based on these features as well as on the requirements outlined in Sect. 
6.1, a list of criteria can be developed for a test apparatus which provides 
quantitative results of flowability and other flow properties as defined in 
Chap. 3. The last two criteria (6 and 7) should be regarded as desirable ca-
pabilities which are not necessary if only flowability has to be determined.  
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1. Consolidation procedure with subsequent measurement of strength. 
2. Consolidation of the bulk solid test specimen until steady state flow 

has been reached (preshear). 
3. Not too much difference in directions of load application, i.e., similar 

orientations of the major principal stresses during consolidation and 
measurement of strength  

4. Reproducible load application of the bulk solid specimen for consoli-
dation (4a) and for measuring strength (4b). 

5. Known average stresses in the measuring plane with possibly the 
most uniform stress distribution for consolidation (5a) and for meas-
uring strength (5b). 

6. Possibility for varying consolidation stresses (adjustment to applica-
tion of test results). 

7. Possibility for measuring increase of strength with time (time con-
solidation; if required for the application).  

6.3  Measuring techniques and equipment (overview) 

In the following, some measuring techniques and equipment for the 
evaluation of the flowability of bulk solids are explained based on earlier 
publications of the author [6.16,6.17]. The test methods have been selected 
with the intention to demonstrate the variety of physical principles applied. 
Some of the techniques are applied in practice, others have been proposed 
in publications. Apparatus that will only be used in the framework of re-
search (e.g. [6.6, 6.11–6.13,6.15,6.18]) are not included (overview: see 
[6.10,6.19,6.20]). The inclusion of a particular tester in the following sur-
vey does not mean that this tester makes sense from the point of view of 
bulk solids mechanics. On the other hand, there may exist useful testers 
which are not listed here.  

The measuring techniques are going to be discussed with respect to their 
application for the determination of flowability, ffc, as defined in Sect. 
3.1.4, whereby the criteria listed in Sect. 6.2 are applied. In order to be 
complete, techniques will also be included which do not cover a measure-
ment of flowability according Sect. 3.1.4, but assist in evaluation of the 
flow properties established by other means. Such techniques may by use-
ful, for example, if a specific application is simulated by the measuring 
technique but the technique does not fulfill the criteria defined in Sect. 6.2.  

It must be accepted that any schematic listing of the many measurement 
techniques will not be precise in all aspects. An apparently poor evaluation 
does not necessarily exclude application of the equipment for special pur-
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poses. Thus, nobody shall be prevented from purchasing or using any of 
the techniques discussed here. When in doubt, before the procurement of 
any new equipment one must review what must be measured and whether 
that piece of equipment can produce the required information, such as 
stress levels, condition of the bulk solids, storage time, etc. It is recom-
mended to experiment with different types of equipment. 

The explanation of the measuring technique is presented in a simplified 
schematic form for the most important measurement value. Subscript “V” 
indicates a consolidation of the bulk solid specimen for the measurement, 
subscript “M” indicates the measured value (such as m for mass, F for 
force, M for moment, p for pressure, α for angle, d for diameter, t for time 
and ρb for bulk density). “FN” indicates a normal force which is applied to 
the bulk solid specimen during the test. After a short description of the 
measuring principles and some general comments, a table follows with a 
listing describing the compliance with criteria 1 to 7 from Sect. 6.2. If any 
criterion is not applicable, a “–” sign is noted in the column. 

Evaluation of the correctness of a measuring technique (“general com-
ments” in Sects. 6.3.1 to 6.3.20) establishes, in comparison with the Jenike 
shear tester, that the criteria of a measurement technique mentioned in 
Sect. 6.2 are (nearly) completely fulfilled. The use of the term “quantita-
tive statement” means that these measurements have similar values for 
strength as obtained from the Jenike shear tester. “Limited quantitative 
statement” means that the measured values differ somewhat from those ob-
tained with the Jenike shear tester, while one of the criteria 1 to 7 from 
Sect. 6.2 is not or not completely met. “Qualitative statement” means that 
at least two of the criteria are not met, so that the results deviate more from 
the truth (e.g. due to unknown stresses, or the influence of other parame-
ters such as permeability). 

Assessment of the measuring techniques focuses on the test principle 
and the physical processes in the bulk solid specimen. Other criteria, e.g., 
user-friendliness, quality of the apparatus, appropriate design, are not 
taken into account. These points have to be considered on each type of 
tester. Even shear testers can lead to incorrect results, such as by inappro-
priate design (e.g., if test results are influenced by friction in the shear cell 
or in bearings, or if normal stresses cannot be adjusted accurately), inap-
propriate test procedure (e.g., incomplete preshear, or too large shear de-
formation, see Sect. 5.2), or inappropriate operation (e.g., by ignoring the 
prescribed test procedure) [6.21,6.22]. 
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6.3.1  Funnel 

 
Fig. 6.4. a. Funnels with varying outlet diameters, b. funnel for measuring time of 
discharge; c. like b., additionally equipped with a stirrer acting as discharge aid  

Description: 
Bulk solids are fed through a funnel with varying outlet diameters (Fig. 

6.4.a). Measurement of flowability is the minimum size of the outlet, dM, at 
which flow occurs [6.23].  

Alternative: measurement of the time, tM, required to discharge the sol-
ids through a given outlet size (Fig. 6.4.b). Sometimes discharge aids (e.g., 
stirrer in Fig. 6.4.c) are installed to avoid flow obstructions with cohesive 
bulk solids. The shorter the time, the better the rating of flowability [6.24, 
6.25]. 

General comments: 
This is a simple comparison test without a quantitative statement con-

cerning flowability and time consolidation. The filling method (influence 
of the operator) as well as the flow regime (mass flow or funnel flow, see 
Sect. 10.1) may affect the measurement. Furthermore, the mass flow rate is 
influenced by the permeability of the bulk solid, since a slight vacuum 
prevails in the bulk solid flowing downwards the hopper. Due to the vac-
uum, air flows from the outlet upwards into the bulk solid (countercurrent 
air flow) [6.26] (see Sect. 12.1). For the same reason the actual filling 
height plays a role: At small filling levels air can flow from the top into the 
bulk solid in the hopper thus reducing the air flow from the outlet. If dis-
charge aids are used, the result (tM) is affected by its design and operation 
(e.g., stirrer speed).  

Table 6.1. Evaluation (funnel)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment no – – – – – no 
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6.3.2  Angle of repose 

 
Fig. 6.5. Measurement of angle of repose; a. poured angle of repose (conical pile); 
b. drained angle of repose; c. dynamic angle of repose 

Description: 
Angle of repose, αM, is the slope of a more or less conical pile of loose, 

uncompacted bulk solid [6.27,6.28] (Fig. 6.5.a). The pile is usually formed 
by pouring the bulk solid through a funnel which is located above a bottom 
plate. The funnel can be either fixed or moved upwards while the pile is 
formed in order to keep the distance between the tip of the pile and the 
funnel constant. To avoid the influence of the surface of the bottom plate, 
it is provided with a protruding outer edge to retain a layer of bulk solid 
[6.24].  

A different approach is the measurement of drained angle of repose 
[6.26,6.29,6.30], which is the slope angle, αM, of the material remaining in 
a container with flat bottom and central outlet after discharge (Fig. 6.5.b). 
Other test set-ups allow measurement of the drained angle of repose on 
plane or convex surfaces, whereby different surface shapes result in differ-
ent angles [6.30].  

Dynamic angle of repose (Fig. 6.5.c) is measured in a slowly rotating 
cylinder with horizontal axis [6.24,6.30]. Depending on the revolving 
speed and the bulk solid properties one obtains a more or less varying sur-
face slope [6.30]. Especially with cohesive materials it can be observed 
that the bulk solid does not flow downwards continuously, but in ava-
lanches, i.e., the bulk solid does not slide continuously across the surface 
(see Sect. 6.3.3). The latter makes the determination of angle of repose 
more difficult.  
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Fig. 6.6. Conical pile with varying angle of repose often observed with cohesive 
bulk solids [6.30] 

General comments: 
This is a simple comparison test without a quantitative statement con-

cerning flowability and time consolidation. The slope angle in Fig. 6.5.a 
results from material properties at very low compaction, which occurs at 
the surface of the pile. Furthermore, since the bulk solid is falling from 
above and then sliding downwards on the surface, dynamic effects may 
play a role. No statement is possible about the behavior of the material un-
der greater stresses (as in a bin, silo, or container) or about time consolida-
tion. With cohesive powders heaps with a peaked tip often can be observed 
(Fig. 6.6).  

When measuring drained angle of repose (Fig. 6.5.b), the bulk solid is 
somewhat consolidated by the stresses acting in the test mold after filling. 
The larger the stresses (e.g., due to a high bulk density or a large filling 
height), the steeper the slope angle of the remaining material.  

In general, angle of repose is dependent on the test procedure (e.g., the 
way the heap is formed) and, thus, it is not an intrinsic property of the bulk 
solid [6.24,6.30]. This is also true for the dynamic angle of repose, which 
depends on the revolving speed, [6.30], the degree of air entrainment due 
to the constant movement of the material, which can lead to a state of flu-
idization, and the ratio of particle size to cylinder diameter [6.31]. Even 
segregation and agglomeration can occur in the revolving cylinder thus in-
fluencing the result. 

Table 6.2. Evaluation (angle of repose)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment no – – – – – no 
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6.3.3  Avalanching 

 
Fig. 6.7. Avalanching in a revolving cylinder 

 
Fig. 6.8. Result of an avalanching test (strange attractor) ([6.32,6.33])  

Description: 
The set-up of the avalanching test is similar to the measurement of dy-

namic angle of repose. The bulk solid in the revolving cylinder forms an 
inclined surface on which material flows downwards (Fig. 6.7). Ava-
lanches can be observed especially with cohesive bulk solids. Since ava-
lanching is a chaotic process, it is not possible to predict the magnitude of 
the avalanches. As common in chaos research, a “strange attractor” is plot-
ted for representation of the results (Fig. 6.8) [6.34]. During an avalanche 
test, the time, t, between two successive avalanches is measured. This time 
is a measure of the size (mass) of the avalanche. To obtain the strange at-
tractor, time tn+1 is plotted vs. time tn with n being the number of the ava-
lanche. The larger the scatter of times, tn, the larger the area where points 
(tn, tn+1) are found. The size of this area and the position of its center are 
considered as a measure for flowability.  
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General comments: 
Here the same comments as given for the dynamic angle of repose 

(Sect. 6.3.2) are valid. Depending on the bulk solid, the constant move-
ment of the material may lead to segregation, agglomeration, or air en-
trainment resulting in fluidization. In [6.35] it is reported that the avalanch-
ing test did not show differences between cohesive powder samples of 
different flowability according to another measuring technique.  

Table 6.3. Evaluation (avalanching)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment no – – – – – no 

6.3.4  Imse test  

 
Fig. 6.9. Principle of the Imse test 

Description: 
Bulk solid is put into a funnel located on top of a sieve: the funnel is 

then slowly raised (Fig. 6.9). Subsequently the sieve is vibrated with the 
aid of a vibrating table. A measure of flowability is the mass mM which is 
left on the sieve (smaller mass = better flowability) [6.36]. 

General comments: 
This is a simple comparison test (initially for cement) without a quanti-

tative statement concerning flowability and time consolidation. Similar to 
the funnel test (Sect. 6.3.1), the results are dependent on the experimenter 
(process of filling) and on the degree of aeration. No statement is possible 
for the material under greater stresses as they occur, for example, in a silo. 
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Table 6.4. Evaluation (Imse test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment no – – – – – no 

6.3.5  Carr flowability index  

 
Fig. 6.10. Tests for determination of the Carr index [6.37–6.41]; a. angle of repose 
(with angle of fall); b. angle of spatula; c. sieving  

Description: 
This is a combination of different tests; in order to determine flow be-

havior the following measurements are made [6.37–6.41]:  

• Figure 6.10.a: The angle of repose, αM, of the material is measured after 
it has been poured from a vibrating funnel onto a round platen (see Sect. 
6.3.2). For determination of a floodability index, the so-called angle of 
fall is measured, which is the slope angle, αM, after the platen has been 
shocked five times by a falling weight.  

• Angle of spatula (Fig. 6.10.b): The slope angle, αM, of the material on a 
spatula is measured, after the spatula has been lifted up with material 
outside the container (similar to the determination of drained angle of 
repose, Sect. 6.3.2).  

• Screening of bulk solids with a defined oscillation over a predetermined 
time span on three sieves with different openings (Fig. 6.10.c), and then 
determining the mass mM of bulk solid left on each screen.  

• Determination of loose (specimen filled loosely into the test container) 
and tapped bulk density; alternative (for larger solids): computation of a 
characteristic value describing the width of the particle size distribution.  
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Each one of the above tests (excluding the angle of fall) provides a number 
between 0 and 25. The sum of the four tests becomes the flowability index. 
Further tests (e.g., determination of the fall angle) allow determination of 
the floodability index indicating the tendency of the bulk solid to flood due 
to interstitial gas overpressure.  

General comments: 
This is a qualitative comparison test for fine-grained bulk solids without 

a quantitative statement concerning flowability and time consolidation as 
defined in Sect. 3.1.  

Table 6.5. Evaluation (Carr flowability index)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment no – – – – – no 

6.3.6  Stirrer 

 
Fig. 6.11. Stirrer  

Description: 
The bulk solid is filled in a container equipped with a stirrer (Fig. 6.11) 

which can have vertical or inclined stirrer blades of various shapes. Flow-
ability is assessed by the torque, MM, measured as a function of time or ro-
tational speed, or by the energy transferred to the bulk solid [6.42]. Some-
times the vertical force on the stirrer is measured.  

General comments: 
The material is tested in a moving and aerated mode. The stresses acting 

in the shear zone of complicated geometry are not known. Therefore, a 
quantitative statement cannot be made concerning flowability and time 
consolidation as defined in Sect. 3.1. Due to the action of the stirrer, fluidi-
zation or agglomeration may arise thus influencing the test result.  
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Table 6.6. Evaluation (stirrer)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment no – – – – – no 

6.3.7  Compressibility test 

 
Fig. 6.12. a. Principle of a compressibility test; b. determination of tapped density 
in a tap volumeter 

Description: 
A bulk solid sample is compacted under increasing vertical stress or ver-

tical force, FV, respectively (Fig. 6.12.a). From the increase in bulk den-
sity, ρb, as a function of the vertical stress the flow behavior is evaluated 
(poorer flow behavior with increasing compressibility) [6.43]. An often 
used method is the determination of compressibility from only two quanti-
ties: the bulk density of the specimen poured loosely into the test container 
(aerated or loose bulk density, ρb0) and tapped density, ρt. The tapped den-
sity is determined with a tap volumeter (Fig. 6.12.b) [6.44–6.46]. Here the 
specimen is poured into a test cylinder which is then tapped against a hard 
surface a specified number of times. The tapped density, ρt, is determined 
from the mass and final volume of the specimen.  

From the aerated and tapped densities different parameters can be de-
rived, e.g., compressibility index, KI (also known as Carr compressibility 
index), and Hausner ratio, H [6.24,6.30,6.47]: 
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A compressibility index KI = 0 or a Hausner ratio H = 1, respectively, indi-
cate an incompressible bulk solid (ρt = ρb0). This is interpreted as the best 
possible flowability. The larger the values of KI or H, the poorer the flow-
ability.  

General comments: 
This test is based on the influence of interparticle adhesive forces on 

bulk density: in loose bulk solids of poor flowability relatively large voids 
(high porosity) are formed due to the action of adhesive forces. This is not 
the case with free-flowing bulk solids. Thus it is to be expected that poorly 
flowing bulk solids are more compressible.  

The test results are device-dependent [6.24,6.46], e.g., the diameter of 
the test cylinder and the magnitude of the taps play a role. Inertia forces 
acting on the bulk solid due to the taps depend on the stiffness of both the 
apparatus and the bulk solid. Thus, the compressibility test is a qualitative 
comparison test for fine-grained bulk solids without a quantitative state-
ment concerning flowability and time consolidation as defined in Sect. 3.1. 

Table 6.7. Evaluation (compressibility test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment no – – – – – no 

6.3.8  Cohesion tester, flowability test 

Description: 
The “Warren Spring Bradford cohesion tester” [6.48,6.49] consists of a 

cylindrical test mold containing the bulk solid specimen (Fig. 6.13.a). First 
the specimen is vertically compacted (force FV). After removal of the ver-
tical load, a vaned paddle is lowered into the bulk solid (arrow v) until the 
top edge of the vanes is level with the surface of the bulk solid, and then 
rotated. From the maximum torque (MM) measured at failure a shear stress 
is calculated and interpreted as cohesion (see Sect. 3.2.3.3).  

A similar test is the “Flowability Test” (Fig. 6.13.b) [6.50]: The bulk 
solid specimen is first consolidated by applying a vertical force (FV) on the 
top platen, while a stirrer is already within the bulk solid specimen. The 
plate is subsequently raised and the stirrer is slowly turned. The torque, 
MM, is measured over the turning angle. Flowability is assessed based on 
the measured torque, e.g., the maximum torque at failure [6.50]. 
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Fig. 6.13. a. Warren Spring Bradford cohesion tester [6.48,6.49]; b. flowability 
test [6.50] 

General comments: 
The bulk solid is consolidated uniaxially (no steady-state flow). The di-

rection of the major principal stress at failure is inclined to the major prin-
cipal stress at consolidation (vertical) by at least 45°. When turning the 
vaned paddle or stirrer, respectively, a force is applied by the vanes or stir-
rer blades only locally, so the deformation depends on radius. The stresses 
in the complex shear plane (plane of failure) are not known. Thus the test 
can be regarded as a qualitative comparison test concerning cohesion.  

Table 6.8. Evaluation (cohesion tester, flowability test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no no yes/yes yes/no yes yes 

6.3.9  Penetration test 

 
Fig. 6.14. Penetration test 

Description: 
The bulk solid test specimen is compacted vertically (force FV, Fig. 

6.14). Subsequently, a pointed probe is pushed from the top into the mate-
rial, and the penetration force, FM, is measured. With sufficient force fail-
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ure occurs along curved slip lines. The bulk solid strength is determined 
from the force measured at the moment of failure [6.51]. 

General comments: 
This is a qualitative comparison test concerning flowability. Measure-

ment of time consolidation (qualitative) is possible. However, there is no 
quantitative statement concerning flowability and time consolidation. The 
stresses in the shear plane (curved slip lines) are not known. 

Table 6.9. Evaluation (penetration test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no no yes/yes yes/no yes yes 

6.3.10  Uniaxial compression test 

 
Fig. 6.15. Uniaxial compression test 

Description: 
See the description of the uniaxial compression test in Sect. 3.1; for ap-

plications refer to [6.12,6.52–6.55]. In order to minimize the effect of fric-
tion between the solids and the cylinder wall (see Fig. 6.3), the wall must 
be “friction-free”. This may be nearly achieved if the wall is covered with 
a layer of rubber or plastic and a lubricant is placed between the wall and 
the layer [6.52]. 

General comments: 
If the walls are friction-free (lubricated), this test results in a limited 

quantitative statement concerning flowability and time consolidation for 
cohesive bulk solids with a tendency for smaller strength values because of 
the consolidation procedure “uniaxial compaction” (see Sect. 6.1). If the 
walls are not friction-free, the consolidation stress may strongly decrease 
downwards (see Fig. 6.3) thus leading to a severe underestimation of the 
strength (tests results reported in [6.56] show that in this case the measured 
strength can be 50% or less compared to the results of a shear tester), so 
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that the measured strength additionally depends on the wall friction angle. 
Further, even with lubricated walls, there is a danger of non-homogeneity 
(no homogenizing effect of steady-state flow, see Sect. 6.1.1). A useful 
application of the uniaxial compression test is the measurement of time 
consolidation of coarse solids (with lubricated walls, see description). 

Table 6.10. Evaluation (uniaxial compression test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no yes yes/yes yes*/yes yes yes 
* if wall friction is eliminated by lubrication 

6.3.11  Monoaxial shear test 

 
Fig. 6.16. Principle of the monoaxial shear test 

Description: 
This test is similar to the uniaxial compression test: The bulk solid 

specimen is compressed in the vertical direction (force FV), and then, after 
removal of the vertical load, stressed in the horizontal direction by pushing 
a side wall into the material (Fig. 6.16). From the force FM measured at the 
moment of failure the unconfined yield strength is calculated [6.10,6.57]. 

General comments: 
Compared to the uniaxial compression test, the measured strength is ad-

ditionally decreased through the anisotropic effects caused by the differ-
ence in direction of 90° between consolidation and strength measurement 
(see procedure III in Fig. 5.12, Sect. 5.1.3). Thus, it is not possible to es-
tablish a quantitative statement concerning flowability and time consolida-
tion.  

Table 6.11. Evaluation (Monoaxial Shear Test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no no yes/yes yes*/yes* yes yes 
* if wall friction is eliminated by lubrication 
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6.3.12  Powder bed tester with tensile strength test 

 
Fig. 6.17. Principle of the powder bed tester [6.58]; a. tensile strength test; b. shear 
test 

Description: 
This is a combination of two measurement techniques [6.58,6.59]:  

• Determination of tensile strength (Fig. 6.17.a): The bulk solid specimen 
is placed in a vertically split cell and compacted in the vertical direction 
(force FV). Subsequently, after removal of load the test specimen is 
pulled horizontally, and the pull force at failure, FM, is measured. From 
FM the tensile strength is calculated. This measuring technique is in ac-
cordance with a test principle proposed earlier by Ashton et al. 
[6.60,6.61] 

• Figure 6.17.b: A sliding skid (i.e., a rectangular platen with a rough un-
derside) is placed on top of a 3 mm layer of bulk solid. This layer is then 
consolidated by vertical force, FV, by placing weights on the skid. Sub-
sequently, the skid is pulled horizontally over the test specimen at a 
lower vertical stress (normal force FN < FV), and the pull force at failure, 
FM, is measured  

From the results of both measurements (sometimes several measurements 
are necessary) a yield locus is determined. The curved shape of the yield 
locus is approximated by the Warren Spring equation [6.60]:  
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The Warren Spring equation contains three parameters, i.e., tensile 
strength, σt, cohesion, τc, and an exponent, n, having values between 1 and 
2. In [6.60] it is stated that n characterizes the flowability.  
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General comments: 
This results in a qualitative statement regarding flowability. The sample 

is consolidated uniaxially as with the uniaxial compression test (no steady-
state flow), resulting in a lower measured strength. This effect is increased 
further through anisotropic effects due to the different directions of con-
solidation and measurement of strength (90° inclination between the orien-
tations of major principal stresses in the tensile strength test; 45° in the 
shear test with the skid) [6.10,6.20,6.62,6.63]. The value of tensile strength 
depends on the height of the bulk solid specimen [6.64].  

Table 6.12. Evaluation (powder bed tester, tensile strength test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no no yes/yes yes*/yes yes yes 
* if wall friction at consolidation prior to the tensile strength test can be neglected  

6.3.13  Uniaxial tensile strength test 

 
Fig. 6.18. Principle of uniaxial tensile strength test [6.65–6.67]  

Description: 
The bulk solid test specimen is compacted by a plate in the vertical di-

rection (Fig. 6.18, force FV). Subsequently the plate is raised. Since its un-
derside is coated with an adhesive, a layer of particles adheres to the plate, 
i.e., failure takes place within the bulk solid. From the difference of the 
maximum force measured at failure, FM, and the weight of the plate with 
the adhering bulk solid, tensile strength is calculated.  

General comments: 
This results in a qualitative statement regarding flowability. The sample 

is consolidated uniaxially as with the uniaxial compression test (no steady-
state flow). In contrast to the tensile strength test discussed in Sect. 6.3.12 
(Fig. 6.17.a), the orientations of the major principal stresses at consolida-
tion and measurement are identical. Therefore larger values of tensile 
strength are to be expected [6.65]. However, the measuring technique only 
works if the tensile strength between the adhesive and the bulk solid is lar-
ger than the tensile strength of the bulk solid.  
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Table 6.13. Evaluation (uniaxial tensile strength test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no yes yes/yes yes/yes yes yes 

6.3.14  Tensile strength test with gas flow 

 
Fig. 6.19. a. Principle of the tensile strength test with gas flow; b. gas pressure vs. 
time during measurement of tensile strength [6.68–6.70]  

Description: 
A cylindrical container with porous bottom (Fig. 6.19.a) is filled with 

the bulk solid specimen which must be fine-grained and fluidizable. First 
the specimen is fluidized by an upward gas flow. Afterwards the direction 
of gas flow is reversed (gas velocity wV). The specimen is then consoli-
dated due to the resulting pressure drop, ∆pV, and its weight, so it is as-
sumed that the consolidation stress at the bottom is (∆pV + ρbgh). For 
measurement of strength, the specimen is subjected again to an upward di-
rected gas flow which is slowly increased (gas velocity wM) until the pres-
sure drop, ∆pM, passes a maximum (Fig. 6.19.b) similar to the maximum 
pressure drop at the onset of fluidization known from fluidized bed tech-
nology (see Sect. 7.2.4). The maximum goes along with fracture starting at 
the bottom of the specimen. Subsequently the pressure drop decreases to 
ρbgh. The maximum difference (∆pM - ρbgh) is interpreted as the tensile 
strength of the bulk solid specimen [6.68–6.70].  

General comments: 
This provides a qualitative statement regarding flowability. The sample 

is consolidated uniaxially as with the uniaxial tensile strength test (Sect. 
6.3.13, no steady-state flow). The consolidation stress increases from top 
to bottom, so the effect of friction along the cylinder walls must be taken 
into account, i.e., the consolidation stress is unlikely to be equal to (∆pV + 
ρbgh). The latter can be demonstrated by including the pressure drop into 
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the Janssen equation (see Sect. 9.2.2). During measurement of tensile 
strength, the vertical tensile stress increases from top to bottom (Fig. 9.12). 
Only if any wall friction effects can be neglected in the presence of vertical 
tensile stresses (i.e., no adhesion to the wall; no residual wall normal 
stresses resulting from the consolidation process) is the tensile strength at 
the bottom equal to (∆pM - ρbgh).  

Table 6.14. Evaluation (tensile strength test with gas flow)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no yes yes/yes no/yes* yes no 
* if wall friction effects during strength measurement can be neglected 

6.3.15  Johanson Hang-up Indicizer™, similar techniques  

 
Fig. 6.20. Principle of Johanson Hang-up Indicizer™ [6.71–6.73]  

 
Fig. 6.21. Principle of Compact Strength Tester [6.74,6.75] 

Description: 
In the automatic Johanson Hang-up Indicizer™ (Fig. 6.20) a cylindrical 

bulk solid specimen is compressed in axial direction (force FV) via an up-
per piston consisting of two concentric areas. Subsequently, after removal 
of the load, the piston at the bottom of the specimen is removed and the 
inner part of the upper piston pushes on the test specimen until failure oc-
curs. From failure force, FM, the unconfined yield strength, σc, or an index 
describing the bulk solid’s ability to form stable arches or ratholes in silos, 
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is calculated [6.71–6.73]. The assumptions for calculation of stresses and 
unconfined yield strength have not been published by Johanson. Van der 
Kraan [6.75] presented a reconstruction of Johanson’s assumptions.  

A similar measuring principle is realized with the manually-operated 
Compact Strength Tester (Fig. 6.21) [6.74,6.75]. The ratio of specimen di-
ameter to height is greater than for the Indicizer, so the vertical stress at 
consolidation is more uniform over the specimen height. Another tester 
following the same principle is the Bates/Ajax Uniaxial Direct Shear 
Tester [6.74,6.75].  

General comments: 
This results in a qualitative statement regarding flowability and time 

consolidation. The stresses at consolidation and during strength measure-
ment are not fully known and are not homogeneous. The consolidation 
stress decreases downwards due to wall friction (see Fig. 6.3) depending 
on the bulk solid properties (ratio of horizontal to vertical stress, wall fric-
tion angle) and the specimen’s geometry (height-to-diameter ratio). The ef-
fect is small with very small height-to-diameter ratios as in Fig. 6.21, but 
increases with larger ratios, whereby a reduction to about 60% of the stress 
applied on the top is possible [6.76]. Thus, neither the stress distribution 
nor the average stress values in the specimen is specifically known. During 
measurement of the bulk solid’s strength, the vertical stress decreases 
downwards towards zero (free surface), and, thus, the specimen is sub-
jected along its height to a variable stress. Consequently, the bulk solid’s 
strength, as measured with the devices under consideration, is an “average 
value”, which results from various consolidation and stress levels that are 
not clearly defined.  

Further, there are influences of anisotropy (different directions of prin-
cipal stresses during consolidation and strength measurement) and of the 
consolidation procedure “uniaxial compression”, see Sect. 6.1. In [6.75] 
the dependence of test results on geometry (e.g., diameters of bottom 
opening and piston, specimen height) has been demonstrated. According to 
comparative measurements [6.56,6.73,6.77], the values of a bulk solid’s 
strength are likely to be lower in comparison to a shear tester (Jenike shear 
tester, Schulze ring shear tester). 

Table 6.15. Evaluation (Johanson Hang-up Indicizer™, similar measuring tech-
niques)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no no yes/yes no/no yes yes* 
* long-term storage under consolidation stress 
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6.3.16  Quality control tester 

 
Fig. 6.22. Principle of the quality control tester [6.78] 

Description: 
A model silo (Fig. 6.22) is filled with bulk solid. The outlet opening is 

closed off with a porous slide gate. The solids are compacted by an air 
stream flowing from top to bottom. The pressure differential across the 
bulk solid column, ∆pV, is measured and considered as consolidation pres-
sure. In order to measure the strength of the bulk solids, the silo is again 
subjected to an air pressure after the slide gate is opened. The air pressure 
is gradually increased until flow (of the bulk solid) is established. The 
maximum pressure differential, ∆pM, becomes a measure of strength 
[6.78].  

General comments: 
This provides a qualitative statement regarding flowability. There are 

possible influences from the flowing air, such as transport of fine particles 
and change in moisture content. Stresses in the failure plane (near the out-
let) are not known.  

Table 6.16. Evaluation (quality control tester)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes no yes yes/yes no/no yes no 
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6.3.17  Biaxial compression test 

 
Fig. 6.23. Principle of the biaxial compression test [6.79,6.80] 

Description: 
The bulk solid in the flat test mold is consolidated by moving a loading 

plate with rough underside linearly in x direction (Fig. 6.23) until the de-
sired consolidation stress is acting in the x direction (force FV in the load-
ing rod). Afterwards the loading plate is further pushed in x direction, but 
simultaneously the guide rod is driven backwards (i.e., in negative y direc-
tion) to such an extent that the desired consolidation stress in x direction 
and the force FV, respectively, remain constant. Thus steady-state flow 
(i.e., flow at constant stresses) prevails. Subsequently the bulk solid is 
unloaded from the stresses in x and y directions. For measurement of un-
confined yield strength, after removal of the guide rod the loading plate is 
again driven in x direction until failure takes place. From the maximum 
force in the loading rod, FM, measured at failure, the unconfined yield 
strength is calculated [6.79,6.80]. For a time consolidation test, the speci-
men is first consolidated as outlined above. Subsequently, the guiding rod 
is fixed and the specimen is subjected to a static consolidation stress dur-
ing the desired consolidation period. Finally the strength is measured as 
described above.  

General comments: 
This provides a quantitative statement regarding flowability (steady-

state flow is attained at the consolidation procedure). If isotropic behavior 
(coincidence of major principal strains and stresses) is assumed, the major 
principal stresses at consolidation and at strength measurement have the 
same orientation. Similar to the uniaxial compression test, here the con-
solidation stress and unconfined yield strength are directly applied or 
measured, respectively.   
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Table 6.17. Evaluation (biaxial compression test)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes yes yes yes/yes yes/yes yes yes 

6.3.18  Jenike shear tester 

 
Fig. 6.24. Shear cell of the Jenike shear tester  

Description: 
see Sect. 4.1.1 and [6.8,6.26,6.81,6.82].  

General comments: 
This results in a quantitative statement regarding flowability and time 

consolidation. The operation of Jenike shear tester requires training, which 
means that the results are operator sensitive. Since the Jenike tester is 
manually operated and for each test point a new sample has to be prepared 
(see Sect. 4.1.1), the time required for measurement of a complete yield 
locus is about one to two hours.  

Some proposals exist to reduce the time for testing (see Sect. 6.1.1), but 
are likely to decrease accuracy. Another possibility with reduced accuracy 
is measurement of only one point on the yield locus (one point test [6.84]). 
However, since preparation of a test specimen requires relatively much 
time, these methods do not save much time compared to a complete yield 
locus test performed in an automatic rotational shear tester (e.g. [6.4]).  

Table 6.18. Evaluation (Jenike shear tester)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes yes yes yes/yes yes/yes yes yes 
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6.3.19  Torsional shear tester 

 
Fig. 6.25. a. Shear cell of a torsional shear tester [6.85]; b. torsional shear tester 
with split level shear cell [6.57,6.86,6.87]  

Description: 
The test sample is contained in a cylindrical shear cell (Fig. 6.25.a). 

Through a round, roughened lid on top of the sample a normal force, FN, is 
applied. By rotation of the lid relative to the shear cell, a shear deformation 
is developed and torque, MM, is measured. The shear stress acting in the 
sample is calculated from the measured torque. The design of Fig. 6.25.b 
consists of a shear ring and a base (similar to the Jenike shear cell), which 
enables rotation of lid and shear ring relative to the base. As with the 
Jenike Tester, the test sample is being presheared and sheared to failure, so 
a yield locus can be developed.  

General comments: 
This provides a quantitative statement regarding flowability and time 

consolidation, whereby the deformation varies with radius in the cell; at 
the perimeter it is maximum, in the center it is zero, i.e. no shear deforma-
tion in the rotational axis [6.19,6.85]. From comparative measurements it 
is known that the results of a torsional shear tester can differ from those of 
the Jenike tester [6.73, 6.85], so the test procedure often applied with tor-
sional shear testers [6.86] is likely to play an important role [6.22] (the test 
procedure begins with a relatively large shear deformation which can re-
sult in lower shear stresses, see Sect. 5.2.4). 

Table 6.19. Evaluation (torsional shear tester)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes yes yes yes/yes yes/yes* yes yes 
* with limitations due to the variation of deformation with radius [6.19] and the 
recommended test procedure [6.22].  
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6.3.20  Ring shear tester 

 
Fig. 6.26. Shear cell of a ring shear tester (e.g. [6.83–6.85]) 

Description: 
This is similar to the torsional tester, but here the sample is contained in 

an annular trough. The normal force, FN, is applied through a roughened 
annular lid. To shear the bulk solid sample, the trough rotates relative to 
the lid. The torque, MM, necessary for shearing is measured. As with the 
Jenike tester, the test sample is being presheared and sheared to failure, so 
a yield locus can be developed.  

For more details refer to Sect. 4.1.2 and [6.83–6.85]. 

General comments: 
This results in a quantitative statement regarding flowability and time 

consolidation. Compared to the torsional tester, inhomogeneity of the de-
formation, which results from the dependence of shear stress on radius, is 
less strong and can be neglected if the ratio of the inner to the outer shear 
cell diameters is sufficiently large [6.19,6.85]. With proper test procedure 
and correct design of the ring shear tester, test results close to those 
achieved with the Jenike shear tester can be obtained [6.21,6.84,6.85], but 
the reproducibility is clearly better [6.48].  

Table 6.20. Evaluation (ring shear tester)  

Criterion 1 2 3 4a/4b 5a/5b 6 7 
Fulfillment yes yes yes yes/yes yes/yes* yes yes 
*with sufficiently large ratio of inner to outer shear cell diameter and appropriate 
test procedure test results similar to those of the Jenike shear tester are obtained 
[6.84]. 
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6.4  Remarks on reliability and accuracy   

The various types of shear testers raise the question of whether the same 
results are obtained with different testers. Usually the Jenike shear tester is 
regarded as the standard due to its historical position. However, with re-
spect to its difficult operation, one must ask how much longer this tester 
can be considered as the only standard. On the other hand, much research 
work on the Jenike tester has been carried out, including comparative tests 
with more sophisticated testers, and this work has shown that the Jenike 
tester leads to sufficiently accurate and applicable results if it is operated in 
the correct way. This is confirmed by the successful application of the 
Jenike tester for silo design for more than four decades.  

An international collaborative project of the European Federation of 
Chemical Engineers carried out comparative tests over several years fo-
cused on operation of the Jenike shear tester. The test procedures were dis-
cussed and improved again and again until finally a generally agreed pro-
cedure, the “Standard Shear Testing Technique…” [6.8], was published. A 
defined limestone powder (CRM-116, x50 = 4.1 µm) was used for the shear 
tests. Samples of this powder and results from five of the laboratories in-
volved in the study [6.88] are available from the European „Institute for 
Reference Materials and Measurements” [6.89]. These “certified” results 
are commonly regarded as “correct”, so that everyone has the possibility of 
comparing their own test results with certified values. The results are pre-
sented as normal and shear stresses for preshear and shear to failure, and 
shear stresses are given as mean values with their 95% confidence inter-
vals, which are on the order of ±7% to ±12% of the corresponding mean. 
The intervals may appear large at the first sight, but it has to be remem-
bered that they are mostly a result of differences between the laboratories. 
Multiple tests of individual laboratories showed smaller confidence inter-
vals [6.48,6.88]. 

Generally, comparative tests of different testers should always be con-
sidered with care. For instance, such tests are useful only if the selected 
bulk solids are appropriate for the testers involved in the study (e.g., the 
particles must not be too large for any tester). If yield loci are measured, 
identical sets of normal stresses for preshear and shear to failure should be 
selected for all testers (see Sect. 4.3.1).  

Several papers have been published on comparative tests where differ-
ent testers and test procedures have been investigated (e.g., [6.21,6.22, 
6.48,6.56,6.73–6.75,6.85,6.90]). The problem with this type of tests is that 
their results cannot necessarily be understood as generally valid. For in-
stance, one can find papers where results of the Jenike shear tester are 
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compared to those of ring shear testers (e.g., Schulze ring shear tester 
[6.84]). Several tests have shown similar results for both testers 
[6.21,6.48,6.84,6.91,6.92], but if inappropriate test procedures have been 
applied, or the testers have not been designed carefully, differences (typi-
cally: smaller shear stresses and, thus, smaller values of unconfined yield 
strength) have been found [6.22,6.93]. Regarding the torsional shear tester 
(design according to Peschl [6.86]) results have been published where, 
compared to the Jenike shear tester, smaller values of unconfined yield 
strength have been measured [6.22,6.73,6.74], but in other studies the dif-
ferences are small [6.48]. Another example is the Johanson Hang-up In-
dicizer™: According to [6.56,6.73,6.77], it gives smaller values of uncon-
fined yield strength than the Jenike shear tester or the Scnulze ring shear 
tester.  

Even a ranking of different bulk solids regarding flowability can be de-
pendent on the tester. Markefka et al. [6.90] tested samples of lactose pow-
ders with gradually varied fines content using different measuring tech-
niques (ring shear tester, avalanching, stirrer, and compressibility). Only 
the shear tester showed a steady decrease of flowability with increasing fi-
nes content. In tests conducted by Margreiter [6.94], the results of a shear 
tester and a stirrer partly showed the opposite trend regarding flowability 
of the tested samples. Also investigations of Bell et al. [6.74] demonstrate 
that with so-called simple testers the ranking of different bulk solid sam-
ples regarding flowability can depend on the measuring technique.  

Even with biaxial testers (see Sect. 5.1), which are sophisticated testers 
intended to induce defined stresses and deformations, different flow func-
tions have been measured. A flow function (i.e., unconfined yield strength 
as a function of consolidation stress) of limestone powder CRM-116 
measured by Maltby [6.95] lies within the range of the certified results of 
the Jenike shear tester [6.48], but van der Kraan [6.75] found clearly 
higher values of unconfined yield strength. With another type of biaxial 
tester (Fig. 5.1) and a different limestone powder, Harder [6.11] found 
good agreement with results from a Jenike shear tester and a ring shear 
tester.  

To give an idea of the situation, in Fig. 6.27 the unconfined yield 
strength, σc, measured with the above-mentioned limestone powder CRM-
116 is plotted versus consolidation stress, σ1. Data points for the Jenike 
shear tester have been determined from mean values given in the certified 
results. The other results are taken from different publications (see legend 
of Fig. 6.27), which have been mentioned above. The diagram clearly 
demonstrates that it is quite possible that different testers and test proce-
dures, respectively, can lead to different results. Possible sources of differ-
ences are discussed in the sections where the testers are described.  
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Fig. 6.27. Points of the flow function of limestone powder CRM-116, measured in 
different labs with different testers. Data sources: 1: [6.84,6.91]; 2: [6.73,6.74]; 
3: [6.95]; 4: [6.48]; 5: [6.75]; 6: [6.56]; the hatched area indicates the range around 
the certified results obtained with a Jenike shear tester. It is the author’s intention 
that the hatched area represents the flow properties of CRM-116 and should be 
matched with other shear testers. For consolidation stresses smaller than 5 kPa no 
certified results are available since the range of stresses realizable with the Jenike 
tester has a lower limit of several kPa. The test results of the ring shear tester (1) 
indicate the course of the flow function in the low stress region. 

The examples discussed above demonstrate that measurement of flow 
properties is not trivial. As outlined in Chap. 5, several conditions can in-
fluence the test results. Therefore, not only for quantitative application, 
e.g., silo design, but also for quality control, product design etc. appropri-
ate testers should be selected which allow well-defined test conditions. 
Thus the criteria listed in Sect. 6.2 are generally useful for the selection of 
appropriate test equipment.  

So-called simple tests (e.g., angle of repose, funnel) do not fulfill these 
criteria. As a rule, these testers usually are not simple regarding what hap-
pens within the bulk solid specimen (what can be simple, for example, in a 
chaotic process?), but just seem to be simple at first sight, because there is 
no theory available describing what happens within the specimen, and, 
thus, the user is not in a situation to be confronted with theories.  

Accuracy and reproducibility of flow property testers cannot be quanti-
fied without considering the bulk solid. Fine powders usually result in 
smooth curves, e.g., when being sheared with a shear tester. Other bulk 
materials lead to fluctuating signals up to slip-stick oscillations, which ma-
kes it difficult to find unique test results, i.e., accuracy and reproducibility 
are reduced. If the measuring technique is sensitive to the operator, this too 
may decrease accuracy and reproducibility.  
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6.5  Measurement of adhesive forces  

Since the flow properties of a bulk solid are strongly dependent on inter-
particle adhesive forces, it is of interest to measure adhesive forces di-
rectly. In earlier investigations centrifuges were used for this (Fig. 6.28). A 
certain amount of particles is first pressed with a defined force (i.e., the 
centrifugal force) against a rigid wall. Subsequently, after the wall has 
been reversed, the centrifugal force acts in a direction to pull the particles 
from the wall.  

 

 
Fig. 6.28. Measurement of adhesive forces in a centrifuge (in principle); a. a parti-
cle is pressed against a rigid wall due to the centrifugal force, FF; b. after the rigid 
wall is reversed, the centrifugal force, FF, acts in a direction to separate the parti-
cle from wall [6.96]  

 
Fig. 6.29. Adhesive forces, measured with a centrifuge (taken from [6.96]) 

Because each particle has a different shape and surface topography, differ-
ent adhesive forces are measured even for particles of identical size. Thus, 
a distribution of adhesive forces is obtained for each particle size (Fig. 
6.29) so a sufficient number of tests must be performed to obtain a repre-
sentative statement. Therefore it is often easier to measure flowability of a 
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bulk solid sample than to measure adhesive forces. This is especially the 
case if specific conditions, e.g., temperature or moisture, must be met. 

The results in Fig. 6.29 demonstrate the influence of surface roughness 
(see Sect. 2.6): The greatest adhesive forces, FH, have been found for glass 
spheres and a smooth wall. The smooth surfaces make possible small dis-
tances between particle and wall, and, thus, large van der Waals forces. If 
the surface roughness of either the wall (diagram: rough wall) or the parti-
cles (diagram: non-spherical particles) is increased, the adhesive forces, 
FH, become smaller due to the increased distance.  

For a couple of years now adhesive forces have been measured with 
atomic force microscopes (AFM). The heart of the AFM is a microscale 
elastic cantilever with a sharp tip (Fig. 6.30.a). When the tip is brought into 
proximity to a sample surface, forces (van der Waals forces, electrostatic 
forces, etc.) between the tip and the sample lead to deflection of the canti-
lever. Typically, the deflection is measured using a laser spot reflected 
from the top of the cantilever into an array of photodiodes. The forces act-
ing on the tip are dependent on its distance to the surface. Thus, the topog-
raphy of a sample can be determined by moving the tip across the surface 
and measuring the distance-dependent force through the deflection of the 
cantilever.  

 

 
Fig. 6.30. Principle of measurement with an atomic force microscope; a. surface 
topography; b. adhesive force  

The sensitive force measuring system of the AFM can be applied to deter-
mine adhesive forces of particles. For this measurement a particle is fixed 
on the cantilever (Fig. 6.30.b) [6.97] and pressed against a solid surface or 
another particle with the positioning system of the AFM. Subsequently, the 
particle is pulled away from the contact and the required force – the adhe-
sive force – is measured. As with the centrifuge, multiple measurements 
with an AFM result in a distribution of adhesive forces, so a correlation to 
strength parameters exists (e.g., the tensile strength of a powder [6.70]). 
However, the application of adhesive force measurements on determina-
tion of flowability of bulk solids seems to be too expensive and time-
consuming for practical applications.  
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6.6  Summary 

The flowability of bulk solids can be characterized by the relationship be-
tween defined quantities “unconfined yield strength” and “consolidation 
stress”. For these measurements reliable testers are available, especially 
shear testers, which can be regarded as the standard testers in bulk solids 
technology. These testers yield useful and quantitatively applicable results, 
which is demonstrated by the fact that thousands of properly working silos 
and other bulk handling equipment have been designed based on shear test 
results.  

If accurate physical quantities are not required, e.g., for comparative 
tests, measuring techniques can be applied which only give a qualitative 
statement, but are easier to operate. When selecting such a device, one 
should favor testers where the results are not affected by other conditions 
and quantities, e.g., filling procedure, wall friction angle, fluidization of 
the specimen, tester dimensions in relation to particle size. Furthermore, 
the measuring technique should cover the boundary conditions of the ap-
plication (e.g., stress level in a container where the bulk solid is to be 
stored).  

The criteria listed in Sect. 6.2 are fulfilled best by shear testers. Since 
measurement with a Jenike shear tester requires much skill and time, 
nowadays automated shear testers are preferred. Automated testers (usu-
ally rotational shear testers) reduce the influence of the operator and, thus, 
increase reproducibility. 

Even for qualitative applications, e.g., comparative tests, shear testers 
should be preferred, because the purpose of such tests is usually not to dis-
tinguish between easy-flowing and cohesive bulk solids, but to identify 
even small differences in flow behavior, e.g., if small amounts of flow a-
gents are added to a powder. For this application high reproducibility is re-
quired, which can only be obtained with defined conditions. 

 



7  Properties exhibited by some bulk solids 

In the present chapter effects are described which sometimes occur in flo-
wing bulk solids. Furthermore, means and conditions are described that 
have an influence on the flow of bulk solids. Since most effects are related 
to specific materials, one cannot draw general conclusions from them, but 
the knowledge of such effects helps to assess the flow behavior of bulk 
solids.  

7.1  Effects in flowing bulk solids 

7.1.1  Slip-stick behavior  

Slip-stick friction (also known as stick-slip friction) is a phenomenon oc-
curring in many physical systems where surfaces are sliding against each 
other. Slip-stick leads to spontaneous, jerking movements or self-excited 
oscillations with constant or varying frequency, e.g., when playing a vio-
lin, rubbing a wet finger on the rim of a glass, squealing brakes or tires, 
and grinding of teeth. Even earthquakes, where tectonic plates are sud-
denly displaced relative to each other, result from slip-stick friction.  

7.1.1.1  Conditions for slip-stick oscillations 

Slip-stick friction can occur between surfaces of rigid bodies, within a bulk 
solid (internal friction), and between a bulk solid and the surface of a rigid 
body (wall friction). In Fig. 7.1.a to c a simplified model is shown for each 
case where a body (mass m in Fig. 7.1.a, the upper part of the bulk solid in 
Fig. 7.1.b, or the entire bulk solid layer in Fig. 7.1.c) is moved to the right, 
i.e., in x direction. The body is coupled by an elastic spring to a driving 
system moving at constant velocity, v. The spring constant, c, represents 
the stiffness of the system. The normal stress, σ, acting on the contact 
planes results from the weight of mass m (Fig. 7.1.a) or the vertical stress 
exerted on the bulk solid through a top plate, respectively (Figs.7.1.b and 
c). To move solid bodies or particles (which are also solid bodies) across 
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each other or across a plane solid surface, the friction between them has to 
be overcome and, thus, a sufficient shear stress, τ, must be applied.  

Slip-stick oscillations are caused, as the term slip-stick says, by an alter-
nating slipping and sticking of surfaces being in contact and moved paral-
lel across each other, e.g., as in Fig. 7.1.a. During a stick period, the shear 
stress, τ, increases until the static friction is overcome (Fig. 7.1.d). Thus, 
the mass suddenly starts to move. This is accompanied by a sudden de-
crease of shear stress, τ, due to the change from static friction to usually 
smaller kinematic friction. As shown in Fig. 7.1.d, the sudden decrease of 
shear stress is associated with an abrupt displacement in x direction (see 
coordinate x vs. time) and a peak in the velocity, dx/dt, of mass m. The rea-
son for the sudden acceleration is that immediately at the onset of motion 
only a portion of the force, F, which at this moment is still transferred by 
the spring, is needed to overcome the reduced friction, so the excess force 
accelerates the mass. Thus, the system releases energy (previously stored 
as elastic energy in the spring and other elastic components) to accelerate 
the mass.  
 

 
Fig. 7.1. a. Friction between solid bodies; b. internal friction in a bulk solid; 
c. friction between a bulk solid and a solid surface; d. shear stress, τ, displacement, 
x, and velocity, dx/dt, of the moving body in the presence of slip-stick friction 
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Depending on the properties of the system (damping, elasticity, masses, 
and, in case of a system according to Figs. 7.1.b or c, properties of the bulk 
solid) the effect described above can happen periodically thus resulting in 
oscillations. If the relative motion stops after a certain period of move-
ment, the surfaces stick to each other again. Then the cycle starts again, 
i.e., the shear stress increases again until static friction is overcome and so 
on. The result is a “saw tooth” type shear stress pattern (Fig. 7.1.d) due to 
alternating slip and stick periods.  

A simple mechanical system, which has been investigated experimen-
tally, is the friction-excited oscillator (Fig. 7.2.a) [7.1]. A mass, m, rests 
(sticks) on a moving belt and is coupled to its surroundings by a spring and 
a damper. If the belt moves with constant velocity, u, the mass moves with 
the same velocity in x direction. After a certain time the spring is stressed 
so much that the spring force is equal to the maximum static frictional 
force between mass and belt. Thus, the mass starts to move (slip) relative 
to the belt with the relative velocity, vr. If the coefficient of kinematic fric-
tion is smaller than the coefficient of static friction, µ0 (idealized friction 
behavior as shown in Fig. 7.2.b), at this moment the spring force is greater 
than the frictional force (kinematic friction). The difference between 
spring force and frictional force accelerates the mass in negative x direc-
tion, so the spring releases elastic energy and the spring force decreases.  
 

 
Fig. 7.2. a. Friction-excited oscillator with damper and spring; b. coefficient of 
friction vs. relative velocity, vr; simplified behavior: µ = const. for vr > 0; c. real 
behavior: µ ≠ const. for vr > 0 
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While the mass is slipping relative to the belt, the friction on the belt de-
celerates the mass and subsequently accelerates it in x direction until the 
relative velocity, vr, is zero and, thus, stick is attained again. This slip-stick 
mechanism can only occur if the friction force is reduced after the onset of 
relative motion. This means for the idealized friction behavior according to 
Fig. 7.2.b, that the coefficient of kinematic friction is smaller than the co-
efficient of static friction, µ0. Additionally, the system must have the abil-
ity to oscillate (e.g., damping must be sufficiently small) [7.1–7.3]. Thus, 
generally slip-stick behavior is a result of both material properties and 
system properties. Therefore, if slip-stick oscillations emerge in a specific 
situation (e.g., during shear in a particular shear tester), there is no reason 
that that slip-stick will necessarily occur in a different situation (e.g., with 
another type of shear tester, or in a silo). If, on the other hand, in a specific 
situation no slip-stick oscillations can be observed, this is no reason to ex-
clude them from other situations.  

Friction between rigid bodies is characterized by the coefficient of fric-
tion, µ. For the idealized frictional behavior according to Fig. 7.2.b as as-
sumed above for the friction-excited oscillator, the coefficient of friction 
can be described as a very simple function of the relative velocity, vr, be-
tween mass and belt. However, in reality bodies already start to move very 
slowly against each other due to creeping at the contacts when subjected to 
a force parallel to the frictional plane (even if the force is smaller than the 
maximum friction force). Thus, when the coefficient of static friction is 
measured and an increasing force is applied, a very small relative velocity, 
vr, is present [7.4]. Furthermore, the coefficient of static friction depends 
on the time of (stationary) contact [7.5]. Thus the coefficient of static fric-
tion, µ0, is not a fixed value [7.6].  

Steady-state kinematic friction is a process where materials are moved 
across each other with constant relative velocity. Here often a decrease of 
the coefficient of kinematic friction, µ, with increasing relative velocity, vr, 
can be observed in a certain range of relative velocities (see Fig. 7.2.c) 
(e.g., [7.7]). Alone this effect, without the presence of a large coefficient of 
static friction, can cause slip-stick, because, for example, in a system as 
shown in Fig. 7.2 the increasing relative velocity yields a decrease of the 
coefficient of kinematic friction. Therefore, the material-specific condition 
for the occurrence of slip-stick must exceed the simple condition “static 
friction > kinematic friction”. Here the condition “decrease of the coeffi-
cient of friction with increasing relative velocity” is required.  

Slip-stick behavior emerging while shearing a bulk solid with a shear 
tester leads to more or less regular shear stress oscillations (Fig. 7.3), whe-
reby mostly the “saw tooth” pattern described above prevails. This is char-
acterized by a relatively slow increase of shear stress followed by a sudden 
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drop. The frequency depends on several parameters; one of them is the 
shear velocity. Within the common range of shear velocities of about 1 to 
2 mm/s often frequencies in the range of 1 to 10 Hz are observed. Slip-
stick is more often observed during wall friction tests, where a bulk solid 
specimen is moved across the surface of a rigid body, than during yield lo-
cus tests, where the bulk solid is deformed internally (examples of bulk so-
lids where slip-stick oscillation have been observed: cement, wheat flour, 
starch, milk powder, rice). Also when flowing in a silo or when being 
compressed (e.g., tabletting) slip-stick can result in jerking motion, 
thumps, or even in audible oscillations called “silo noise” (Chap. 14). 
 

 
Fig. 7.3. “Saw tooth“ type pattern of shear stress, τ, vs. time which is typical for 
slip-stick friction 

The frictional behavior of bulk solids is to some extent similar to that of 
solid bodies as discussed in Fig. 7.2. The influence of shear velocity, vs, 
i.e., the velocity of the upper part of a shear cell relative to the lower part, 
is demonstrated in the following by the results of a study carried out with a 
ring shear tester (Sect. 4.1.2, Fig. 4.9) [7.3]. Subjected to a constant normal 
stress σ = 5000 Pa, a specimen was first sheared until constant shear stress 
was attained. Then the shear velocity, vs, was varied in steps in the range 
from 0.05 mm/min to 30 mm/min. In Fig. 7.4 shear stress, τ, and specimen 
height, h, obtained with PE powder and limestone powder, are plotted ver-
sus time, t. 

The PE powder dilates (h increases) if the shear velocity increases, and 
compacts if the shear velocity decreases. With the limestone powder this 
effect could not be measured with a displacement transducer having a reso-
lution of 1.5 µm. In Fig. 7.5 the steady-state shear stress, τsf, of both pow-
ders is plotted versus the shear velocity, vs. Limestone powder shows a de-
crease of shear stress with increasing shear velocity (approx. 1.5% per 
decade). In contrast to this, PE powder shows an increase of shear stress of 
approx. 4% per decade in the range of velocities investigated here.  
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Fig. 7.4. Shear stress, τ, and specimen height, h, as a function of time, t, at step-
wise varied shear velocity, vs (normal stress σ = 5000 Pa) [7.3] 

 
Fig. 7.5. Steady-state shear stress, τsf, vs. shear velocity, vs (individual measure-
ments and regression lines; normal stress σ = 5000 Pa) [7.3] 

If a system exhibits slip-stick oscillations, a shear stress τ > 0 acts during 
the stick period, but beside creeping no relative motion occurs. In order to 
investigate the influence of the duration of the stick period on the static 
friction which has to be overcome subsequently, so-called "slide-hold-slide 
tests" (SHS tests) were conducted. At first the powder specimen is sheared 
until steady-state flow (shear stress τsf) is attained. Then the motor is 
stopped and restarted after a defined period, the holding time, ∆t [7.8,7.9]. 
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The measured shear stress, τ, and the specimen height, h, are plotted versus 
time, t, in Fig. 7.6.  

 

 
Fig. 7.6. Shear stress, τ, and specimen height, h, vs. time, t, during a slide-hold-
slide test; normal stress 5000 Pa, shear velocity at sliding 0.05 mm/min (limestone 
powder, PE powder) and 1 mm/min (PE powder) [7.3] 

During the holding time, ∆t, the shear stress decreases to the value τmin(∆t) 
due to relaxation resulting from viscoplastic deformation of the particle 
contacts, and the rate of decrease becomes slower and slower with time 
(see curves (τmin-τsf)/τsf plotted in Fig.7.7; the shear stress decreases during 
the holding time nearly linearly with the logarithm of the holding time). 
Simultaneously the height of the powder specimen, h, decreases (clearly 
visible for PE powder). After the holding time, when the specimen is 
sheared again the shear stress exhibits a maximum, τmax, which is higher 
than the shear stress, τsf, observed at steady-state flow prior to the holding 
time. During further shear, finally steady-state flow as observed prior to 
the holding time is attained. The longer the holding time, the larger the 
maximum shear stress, τmax (see curves of (τmax-τsf)/τsf in Fig. 7.7). While 
with limestone powder and wheat flour a pronounced shear stress maxi-
mum could be observed, PE powder exhibited only a weak shear stress 
maximum. The maximum shear stress increases nearly linearly with the 
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logarithm of the holding time (as, for example, in [7.8,7.9]). Since the 
maximum shear stress takes place at the onset of shear, it corresponds to 
the static friction discussed above. The results in Fig. 7.7 clearly show the 
dependence of the maximum shear stress on the duration of the contact. 
Thus, it is demonstrated that the coefficient of static friction is not a fixed 
value for a specific material or material combination. 

 

 
Fig. 7.7. Relative shear stress differences, (τmax-τsf)/τsf and (τmin-τsf)/τsf, vs. holding 
time, ∆t  

As an example of slip-stick oscillations shear test results of wheat flour are 
plotted in Fig. 7.8 [7.3]. The slip-stick oscillations are characterized by a 
“saw tooth” pattern as discussed above, i.e., a nearly linear increase of 
shear stress, τ, followed by a sudden drop during the slip period. The slope 
of the increasing shear stress is a function of the stiffness of the system 
(bulk solid specimen, shear tester). Thus smaller shear velocities, vs, yield 
larger amplitudes and shear stress maxima, respectively. One reason for 
this is the increase of the stick periods with decreasing shear velocity. The 
stick periods act similar to holding times (see Fig. 7.7) thus resulting in an 
increase of static friction. The higher the static friction, the more elastic 
energy is stored in the system and can be released at the start of slip thus 
resulting in a larger acceleration and a stronger decrease of the shear stress 
during slip (smaller values of shear stress minima). While the shear stress 
maxima represent static friction, the shear stress minima are not only de-
pendent on the powders properties, but also on the dynamic behavior of the 
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system. Thus, the minima can be smaller or greater than the shear stress 
described by kinematic friction, i.e. the steady-state shear stress when no 
slip-stick oscillations take place. 

 

 
Fig. 7.8. Shear stress, τ, and specimen height, h, vs. time, t, during slip-stick fric-
tion (wheat flour); the shear velocity, vs, was varied stepwise; the small steps in 
the h curve are artifacts due to the resolution.  

During the test shown in Fig. 7.8 the specimen height, h, decreases sharply 
at every slip, and increases nearly linearly during the increase of the shear 
stress (stick period). The decrease of the specimen height, h, during a slip 
is similar to the decrease during the holding time of the SHS tests (Fig. 7.6, 
PE powder). At both processes the decrease of the shear stress goes along 
with a compaction. At the increase of shear stress, which starts at slip-stick 
directly after the slip and at SHS tests after the restart of the motor drive 
(i.e. directly after the holding time), the powder dilates. This behavior cor-
responds to the effect of dilatancy described in Sect. 5.2.3 which results in 
an increase of the specimen height at beginning shear deformation, and a 
decrease if the specimen is relieved of shear stress. Since during the in-
crease of height additional energy has to be supplied to the specimen (Sect. 
5.2.3), at least a part of the shear stress increase during the stick period 
(Fig. 7.8) is assumed to result from this effect.  

With respect to the bulk solid properties, only the maximum values of 
shear stress have a physical meaning. They characterize static friction and, 
thus, the onset of plastic flow. The minimum values of shear stress are not 
meaningful. They do not characterize kinematic friction. Thus these values 
should not be used for any other application. 
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7.1.1.2  Shear testing of materials exhibiting slip-stick friction 

If slip-stick friction emerges when measuring a yield locus with a shear 
tester (Fig. 7.9), the shear stress oscillations result in a certain reduction of 
accuracy and reproducibility. The following measures are recommended in 
order to obtain meaningful test results: 

• The shear velocity should be reduced so that the measuring system of 
the shear tester is able to properly resolve the oscillations. However, a 
reduction of shear velocity leads to higher amplitudes (see Fig. 7.8). 

• Preshear should be stopped after the shear stress oscillations show con-
stant maximum values. This is regarded as semi-steady-state flow (see 
Fig. 7.9). The level of the maximum shear stress is then taken as the 
shear stress at preshear for evaluation of the yield locus.  

• If at shear to failure slip-stick oscillations emerge as shown in Fig. 7.9, 
the largest local maximum shear force is used for calculation of a point 
on the yield locus.  

 

 
Fig. 7.9. Slip-stick friction during preshear and shear (yield locus test) 

Since the amplitude of slip-stick oscillations decreases with increasing 
shear velocity (Fig. 7.8), it is sometimes possible to reduce the oscillations 
by a moderate increase of shear velocity to such an extent that a shear test 
can be performed in the usual way.  

If slip-stick friction takes place during a wall friction test, the common 
test procedure (see Sect. 4.1.4) results in the shear stress pattern shown in 
Fig. 7.10. The stepwise decrease of shear stress, τw, results from the step-
wise decrease of normal stress, σw. The frequency and amplitude of slip-
stick oscillations depend on normal stress and shear velocity.  
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Fig. 7.10. Shear stress in a wall friction test where slip-stick friction occurs  

If slip-stick friction occurs during a wall friction test, similar measures are 
recommended as for a yield locus (see above). At each level of normal 
stress semi-steady-state flow will prevail, where the shear stress oscilla-
tions show constant maximum values (Fig. 7.10). For applications where 
the maximum wall friction angle is of importance (e.g. mass flow design, 
Sect. 10.1) the wall yield locus should be constructed with these maximum 
values. The minimum values of the shear stress oscillations are not mean-
ingful (see Sect. 7.1.1.1.). 

7.1.2  Variation of wall friction with displacement   

Some combinations of bulk solid and wall material exhibit a change of 
wall friction angle with shear displacement, i.e., with increasing relative 
displacement between bulk solid and wall. In Fig. 7.11 are shown results 
of wall friction tests for especially large relative displacements, ∆x [7.10]. 
The coefficient of wall friction of millet against perspex decreases with in-
creasing shear displacement. Cleaning of the plate resulted in the (higher) 
wall friction angle observed initially. This indicates that a greasy layer 
may have formed on the wall surface.  

The formation of thin layers adhering to a wall surface can be observed 
also with certain types of corn and plastic pellets. It can result in a reduc-
tion of wall friction angle as in Fig. 7.11 (millet), which is likely to happen 
especially with initially rough surfaces (e.g., concrete). Also several crys-
talline products (such as sugar or sodium) tend to form a thin, hardly visi-
ble layer on the wall surface. The layer consists of very fine particles 
which originate, for example, from attrition of the particles, and can lead to 
a drastic increase of wall friction angle. For example, with the combination 
of sugar with smooth wall materials (e.g., plastic coating, cold-rolled 
stainless steel) the author has observed an increase of wall friction angle 
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from initially about 15° to 20° (clean wall surface) to more than 30° 
(nearly invisible layer of sugar on the wall surface).  

Wall friction angle can change with increasing displacement also due to 
wear of the wall surface. The wall friction coefficient measured with sand 
on a stainless-steel surface (Fig. 7.11) increased from about 0.17 to 0.58 
and remained at this level even after the wall surface had been cleaned 
which is an indication of the change of the wall surface. 

 

 

Fig. 7.11. Variation of coefficient of wall friction with displacement, ∆x (results 
taken from [7.10]) 

If the wall friction angle measured in a test apparatus changes with dis-
placement, the same is to be expected in an equivalent application, e.g., on 
a hopper wall or on a chute. Thus, when measuring wall friction, attention 
has to be paid to possible changes of wall friction angle, i.e., the wall fric-
tion test must be conducted (or repeated without cleaning the wall material 
sample between repetitions) until the shear stress does not change further. 
When applying the measured wall friction angles, e.g., for mass flow de-
sign or structural silo design, the total range of measured wall friction an-
gles has to be considered in order to obtain sufficient function and stability 
for the new equipment in the initial condition as well as after a longer op-
erating time. 

7.2  Parameters and conditions influencing flow behavior  

7.2.1  Particle size distribution 

Adhesive forces acting between individual particles have considerable in-
fluence on the flow behavior of bulk solids. Most important for the flow 
behavior of bulk solids are the forces due to liquid bridges (if sufficient 
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moisture is present) and van der Waals forces (dominant force in dry, fine-
grained bulk solids). Both forces are proportional to particle diameter (see 
Fig. 2.14, Sect. 2.6). Similar dependencies as in Fig. 2.14 can be found 
also for adhesive forces between individual particles.  

Since in a particle bed the number of contacts per unit area is inversely 
proportional to the square of the particle diameter, the strength of a bulk 
solid increases with decreasing particle size, and, thus, flowability de-
creases (see Sect. 2.7). Examples of the influence of particle size are pre-
sented in Sect. 8.5.  

Since nearly all bulk solids are composed of particles of different size, 
fineness cannot be defined exactly by only one parameter, e.g., the median 
(x50) of the particle size distribution. Therefore, flow properties also do not 
correlate with only one particular parameter of the particle size distribution 
so other parameters such as the width of the particle size distribution have 
to be considered. Unfortunately, the prediction of, for example, flowability 
on the basis of a particle size distribution is difficult and can sometimes be 
misleading. Thus, an accurate measurement of bulk solid properties is es-
sential. Nevertheless, the following qualitative rules often apply:  

• Flowability of bulk solids having a particle size distribution of similar 
shape increases with increasing median, x50  

• Flowability of bulk solids having the same median, x50, increases with 
decreasing width of the particle size distribution.  

Further measurements and consideration on the influence of the particle 
size on the flow properties can be found, e.g., in [7.11]. 

7.2.2  Flow agents 

Flow agents are used to improve the flow behavior of bulk solids. This is 
achieved by a reduction of interparticle adhesive forces.  

Coarse, dry products with particles larger than about 100 µm often ex-
hibit good flow behavior because adhesive forces are insignificant com-
pared to gravity forces. For such products flow agents are applied mainly 
to reduce the tendency to form stable lumps (caking, time consolidation). 
Flow agents used here are often so-called release agents which prevent the 
particle surfaces from direct contact, e.g. beeswax as release agent for 
gummi bears, or talcum powder for animal feed pellets containing molas-
ses. 

With very fine-grained, dry bulk solids (“powders”) poor flow behavior 
is often observed which results from interparticle van der Waals forces. 
Here highly-dispersed powders like Aerosil® (highly-dispersed silicon di-
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oxide), as well as products such as magnesium carbonate, magnesium 
stearate or lactose are added to reduce adhesive forces. Usually only a 
small percentage of flow agent is added (typically up to 1 % by weight). 
The flow agent particles should then adhere to the particles of the bulk 
solid as shown in Fig. 7.12.b.  

 

 
Fig. 7.12: Particle arrangements (sectional view) with and without flow agent 
(highly-dispersed powder); a. particles without flow agent; b./c. with flow agent; 
in Fig. c the surface is covered completely. 

The effect of flow agent particles is similar to that of an increased surface 
roughness: The adhesive forces are reduced due to the increased distance 
between particles. Thus, the term „roller bearing effect“, which is some-
times used for explanation, does not describe correctly what happens. The 
effect of distance, e.g. due to surface roughness, is outlined in Sect. 2.6 
(see Fig. 2.15). Results of an assessment of adhesive forces when a flow 
agent particle is considered are shown in Fig. 7.13. Adhesive force, FH, has 
been calculated for the ideal case that a flow agent particle (radius r) is lo-
cated between a smooth spherical particle (radius R) and a smooth wall 
[7.12]. If the distance between wall and flow agent particle is kept con-
stant, the distance between the wall and the spherical particle (radius R) in-
creases with increasing radius, r, of the flow agent particle. Compared to 
the curves in Fig. 2.15, which were calculated based on the same parame-
ters for a hemispherical roughness, the adhesive forces in Fig. 7.13 are 
slightly smaller because the distance between the wall and the spherical 
particle is greater for the same value of r (distance r + a0 in Fig. 2.15 and 
2r + a0 in Fig. 7.13). 

A calculation based on the adhesive forces between two particles with a 
flow agent particle in between [7.13] is a somewhat more realistic ap-
proach than the above calculation of forces between a particle and a wall. 
However, this calculation leads to slightly smaller adhesive forces, but 
shows the same general tendencies (Fig. 7.14).  
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Fig. 7.13. Influence of radius, r, of a spherical flow agent particle on the adhesive 
force, FH, between a spherical particle (radius R = 0.5 µm, 5 µm, and 50 µm) and a 
smooth wall at constant contact distance, a0 = 4·10-4 µm (after [7.12]; calculated 
newly with parameters of Fig. 2.15) 

 
Fig. 7.14. Influence of radius, r, of a spherical flow agent particle on the adhesive 
force, FH, between two spherical particles of equal radius, R (R = 0.5 µm, 5 µm, 
and 50 µm) at constant contact distance, a0 = 4·10-4 µm (calculated after [7.13] 
with parameters of Fig. 2.15) 

In the right part of the diagrams in Figs. 7.13 and 7.14, i.e., for greater val-
ues of the particle radius, r, of the flow agent, the adhesive force is increas-
ing with r. Here the adhesive force of the flow agent particle itself is sig-
nificant (see Fig. 2.14: the adhesive force increases with increasing particle 
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diameter). This demonstrates that flow agent particles must be sufficiently 
small in order to limit the adhesive forces of the flow agent particles them-
selves. According to Figs. 7.13 and 7.14, powders applied as flow agents 
should have particle diameters in the range of about 5 nm up to some 
100 nm (depending on the particle size of the bulk solid to which the flow 
agent is added). However, general statements are difficult to make.  

If a flow agent is added to a cohesive powder, one can expect an ini-
tially increasing improvement of flow behavior with increasing concentra-
tion of the flow agent, because the flow agent covers an increasing per-
centage of the particle surfaces. Thus, the probability of two adjacent 
particles of the cohesive powder being separated by one or more flow 
agent particles is increasing [7.12–7.15] (see Fig. 7.12.b). If the surface 
coverage is increased further until the flow agent influences all particle 
contacts, the best possible flowability is attained. A further increase of the 
flow agent percentage until the particle surfaces are totally covered (Fig. 
7.12.c) does not improve flowability further, but can result in less favor-
able flow properties. One possible reason for the latter is the formation of 
larger contact areas between the particles being totally covered with flow 
agent particles [7.15].  

Since flow agents are often based on nanosized particles, it has to be 
considered that these particles form stable aggregates, which adhere to 
each other thus forming less stable agglomerates with porous and branched 
structures (Fig. 7.15.a) [7.12]. 

 

 
Fig. 7.15. Agglomerates of nanosized flow agent particles adhering at a particle 
surface during mixing [7.12]; a. at the beginning of the mixing process individual 
agglomerates, often exhibiting a branched structure, adhere to the particle surface; 
b. during further mixing the agglomerates break and smaller fragments adhere to 
the surface. 

Insight into the complex behavior of nanosized flow agents is provided by 
the results of investigations on the action of different flow agents [7.12–
7.15]: If a flow agent is mixed with a cohesive bulk solid, at first agglom-
erates of flow agent particles adhere to the particles (Fig. 7.15.a). Since the 
agglomerates have a relatively loose structure, they are neither very stable 
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nor adhere very firmly to the particle surface. Thus, during further mixing 
agglomerates either break thus forming smaller fragments (aggregates or 
smaller agglomerates) or separate from the particle surface. The fragments 
adhere more firmly to the particle surface than the initial agglomerates 
(Fig. 7.15.b) and, thus, cover the particle surface increasingly with increas-
ing mixing time.  

During the mixing process the flowability of the cohesive bulk solid is 
improved until a certain surface coverage is attained, i.e., a certain per-
centage of the particle surfaces is covered with the flow agent fragments. 
During further mixing the flowability does not increase although the sur-
face coverage is increased further (the same effect has been observed for 
an increasing flow agent percentage, see above). Finally, after long mixing 
times, the flow agent can form a dense, smooth layer thus reducing the 
roughness of the particle surfaces [7.15]. This allows for smaller parti-
cle/particle distances and, therewith, a decrease of flowability. 

The effect of a flow agent as discussed above is likely to be more pro-
nounced if it is added to a bulk solid having smooth particles. If the parti-
cle surfaces are rough, the flow agent particles will preferentially collect 
within the valleys so the effect on interparticle distance is smaller.  

Also liquids are used as flow agents, e.g., for cement grinding so-called 
“grinding aids“ (e.g., triethanolamine, propylene glycol) are utilized, 
which reduce interparticle adhesive forces, for example, by forming ad-
sorption layers with smaller Lifschitz-van der Waals constants, and thus 
reduce the tendency for agglomeration. Therefore these liquids act as flow 
agents.  

The effect of flow agents cannot be predicted exactly. Thus, it is rec-
ommended to determine the optimal conditions by measuring flow proper-
ties (e.g., with a shear tester) of samples with different percentages of dif-
ferent flow agents. Furthermore, mixing time and process can play a role 
and, thus, should be considered.  

7.2.3  Liquids, moisture 

If a small amount of low viscosity liquid is added to a dry bulk solid which 
is wettable by the liquid, the liquid accumulates in narrow gaps between 
particles and forms liquid bridges (Fig. 7.16.a). The liquid bridges increase 
interparticle adhesive forces due to their surface tension and a possible 
negative capillary pressure (see Sect. 2.6). This results in an increase of the 
material’s strength and a pronounced decrease of flowability (Fig. 7.17). If 
further liquid is added, the liquid bridges grow and the first saturated re-
gions appear (Fig. 7.16.b) so flowability decreases further but usually less 
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strong (Fig. 7.17). Finally the bulk solid is saturated with liquid (Fig. 
7.16.c), i.e., the voids within the bulk solid are totally filled with liquid so 
that liquid surfaces and their surface tension disappear. As soon as satura-
tion is attained, flowability increases sharply, and the moist bulk solid is 
transformed into a suspension. The moisture content at saturation is not 
one fixed value, but lies within a range as indicated in Fig. 7.17. The rea-
son for this is explained in the following. 

Saturation means that the degree of saturation, S, according to Eq.(2.25) 
is equal to 1: 
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Fig. 7.16. Particles with different amounts of liquid; a. liquid bridges; b. liquid 
bridges and saturated regions; c. saturated bulk solid 

 
Fig. 7.17. Flowability as a function of moisture content (in principle) 

The bulk density, and thus the porosity, ε, of a bulk solid can change. A 
very moist but not yet saturated bulk solid can be transformed into a satu-
rated state alone by compaction, i.e., without further addition of liquid. 
This effect can be demonstrated, for example, on a beach during falling 
tide: when one starts to tap his foot on a section of moist sand, the initially 
stable sand below the foot begins to compact (ε decreases) and becomes a 
suspension (saturation). Thus it becomes clear that saturation can be at-
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tained at different values of moisture content, dependent on the actual bulk 
density. This is indicated in Fig. 7.17 by the hatched area.  

If a saturated bulk solid is dewatered, e.g., by gravity, the capillary pres-
sure in the remaining liquid is greater than that in a liquid which has been 
added to an initially dry bulk solid (same moisture content in both cases). 
Due to the larger capillary pressure, the flow properties of the dewatered 
bulk solid are less favorable (e.g., tensile strength is larger) [7.11,7.16]. 
Handling of saturated bulk solid might cause unexpected problems because 
it initially appears to be good flowing (slurry), but soon after a small 
amount of liquid has drained off, a state just below saturation is attained 
where flowability is especially poor (Fig. 7.17).  

Regarding the influence of moisture on the flow properties of bulk sol-
ids one has to distinguish between inherent moisture including pore fluid, 
i.e., moisture which is bound within the particles, and surface moisture, 
which forms liquid bridges and, thus, has a strong effect on flow proper-
ties. Especially when the flow properties of a bulk solid should be tested 
for a specific moisture content, but the bulk solid has lost moisture prior to 
the test (e.g., due to contact with the atmosphere) it has to be checked criti-
cally whether the addition of moisture can lead to the same conditions as 
prior to drying. Products like, for example, lignite contain relatively high 
inherent moisture. If after drying the same amount of moisture is added 
which previously had been removed by drying, the particles cannot take up 
their initial amount of inherent liquid. This results in excess surface mois-
ture (sometimes saturation is attained) and flow properties which are dif-
ferent from the flow properties in the initial state.  

Not only strength of a bulk solid is influenced by moisture, but also fric-
tion between a bulk solid and a rigid wall surface (wall friction). If a moist 
bulk solid is in contact with a surface (Fig. 7.18.a), liquid bridges are 
formed between particles and wall surface (Fig. 7.18.b), which result in 
adhesive force, FH (Fig. 7.18.c). Thus, the contact force, FK, between a par-
ticle and wall is not only caused by the normal force, FN, resulting from the 
vertical stress, σ, applied to the bulk solid, but also by the adhesive force, 
FH. Thus, as indicated in Fig. 7.18.c, FK = FN + FH.  

If the bulk solid is moved across the wall (velocity v, Fig. 7.18.a), those 
particles that are in contact with the wall surface have to move relative to 
the surface. Thus a sufficiently large tangential force, FT, must act on each 
of these particles in order to overcome the friction force, FR, between par-
ticle and wall surface. The friction force is equal to the contact force, FK, 
multiplied by the wall friction coefficient, µ. Thus, without any external 
normal stress, σ, a force FT > 0 is required to move the particle along the 
surface. The (mean) shear stress between the bulk solid and the wall, τ, 
which results from the tangential force, FT, is plotted in Fig. 7.18.d versus 
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the externally applied normal stress, σ. With the assumption of a constant 
coefficient of friction, µ, the function τ(σ) is a straight line intersecting 
with the shear stress axis at a value τ > 0. This line is a wall yield locus 
(Sect. 3.3.2), which does not run through the origin due to the adhesive 
forces caused by the liquid bridges. The shear stress at the point of inter-
section is known as adhesion, τad (see Sect. 3.3.2, Fig. 3.29).  

 

 
Fig. 7.18. Influence of moisture on wall friction; a. bulk solid is moved across a 
wall surface; b. liquid bridge between particle and wall surface (wetting liquid); 
c. forces acting on a particle being moved across the wall surface; d. shear stress, 
τ, required to move the bulk solid across the wall surface as a function of external 
normal stress, σ.  

The influence of moisture content on wall friction angle of wettable wall 
materials is often similar to its influence on the bulk solid’s strength or 
flowability, respectively (Fig. 7.17). Starting from dry product, wall fric-
tion angle increases at first steeply with increasing moisture content, then 
attains a plateau, and finally decreases if the moisture content approaches 
saturation.  

On wall materials which are not or just poorly wettable (e.g., water in 
combination with PTFE or UHMW-PE) no adhesion enhancing liquid 
bridges can be formed. Here sometimes a decrease of wall friction angle 
with increasing moisture content can be observed. Some examples of the 
influence of the moisture content are given in Sect. 8.2. 
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7.2.4  Gas flow 

If gas (e.g., air) flows through a layer of bulk solid, the behavior of the par-
ticle bed depends on the gas velocity. One has to distinguish between three 
regimes, namely the stationary particle bed, the fluidized bed, and pneu-
matic conveying. The transition between these regimes is shown in Fig. 
7.19, where the pressure drop is plotted versus superficial gas velocity 
(i.e., the volume per unit time of gas divided by the cross-sectional area).  

If a stationary particle bed is subjected to an upward directed gas flow 
with increasing velocity, the particle bed remains undisturbed (fixed bed) 
as long as the gas velocity is not too large. The pressure drop, ∆p, across 
the bed increases with increasing gas velocity and acts against the gravity 
force, i.e., the flowing gas supports an increasing portion of the weight of 
the particle bed. When the gas velocity is sufficiently high and approaches 
the minimum fluidization velocity, wL, the particle bed starts to expand 
slightly and becomes fluidized. At this stage the pressure drop is large 
enough to carry the weight of the particle bed. At the onset of fluidization 
a local maximum in the plot of the pressure drop may appear (see Fig. 
7.19) which depends on the bulk solid and its degree of consolidation. The 
maximum results from expansion of the initially fixed particle bed, where 
adhesive forces must be overcome. When decreasing the gas velocity from 
the fluidized state no maximum can be observed since the bulk solid settles 
slowly and no adhesive forces have to be overcome. Furthermore, the pres-
sure drop may be smaller when decreasing the gas velocity from a fluid-
ized state because of the looser packing (see Fig. 7.19, increase and de-
crease of gas velocity is indicated by the arrows in the fixed bed region).  
 

 
Fig. 7.19. Pressure drop, ∆p, across a particle bed vs. superficial gas velocity, w 
(note logarithmic scaling). ∆pL is the pressure drop in the fluidized state (homoge-
neous fluidization). [7.17,7.18] 
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Further increase of superficial gas velocity (w > wL) causes the particle bed 
to expand further, whereby the pressure drop, ∆p = ∆pL, remains almost 
constant. In this regime the effect of gas velocity on pressure drop is com-
pensated by the increasing permeability due to increasing voids (expan-
sion). Only at much larger gas velocities individual particles are carried 
upwards which is equivalent to the onset of pneumatic conveying. From 
this point the pressure drop increases further with increasing gas velocity.  

As long as the particles remain stationary (fixed bed), the gas flow does 
not change the flow properties. Only after the onset of fluidization the flow 
behavior changes dramatically since the aerated bulk solid behaves like a 
fluid, e.g., by forming a horizontal surface. Naturally, in this state the bulk 
solid flows better than in the non-fluidized state, which can be positive 
with respect to the initiation of flow (e.g., pneumatic discharge aids, see 
Sect. 12.2.1), but can also result in unwanted effects, e.g. uncontrollable 
outflow (flooding) resulting in dosage problems or dangerous situations. 
Based on such observations sometimes people characterize the flow behav-
ior with terms like “flows like water”. However, it must be considered that 
this does not characterize the flowability, ffc, of the bulk solid in an aerated 
state, but in a state of fluidization. A previously fluidized material can 
even exhibit poor flowability after settling and deaeration. With a shear 
tester the properties of a bulk solid are measured in a deaerated state.  

If the superficial gas velocity is smaller than the minimum fluidization 
velocity (fixed bed, w < wL), the pressure drop due to the gas flow counter-
acts the force of gravity and, thus, reduces the stresses acting in the particle 
bed, but not the flow properties of the bulk solid [7.19]. This effect can 
support the flow of a bulk solid in some situations, so that on first sight it 
might appear as if the gas flow would improve the flow properties. This, 
however, is usually not the case. This is illustrated by two examples in the 
following.  

Example 1: Layer of bulk solid on an inclined porous surface (Fig. 7.20): 
The pressure drop, ∆p, across the layer of bulk solid (fixed bed, not flu-

idized) which is subjected to an upward gas flow from the porous bottom 
causes a force, Fp, which acts against that component of the gravity force, 
FG, which is oriented perpendicular to the porous surface. Since this re-
duces the normal force, FN, acting between the bulk solid layer and the po-
rous surface, the maximum friction force, FR, between the bulk solid and 
the surface is also reduced. The wall friction angle, φx, remains unchanged 
(if it is independent of the normal stress):  

)tan( xNR FF ϕ⋅=  (7.2) 
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Since here the gas flow reduces the friction force, FR, the layer of bulk so-
lid can slide downwards on the surface at smaller inclination angles than 
without gas flow. Thus, the injected gas supports the flow of the bulk solid 
without changing its flow properties (here: wall friction).  

If one would increase the gas velocity to such an extent that the bulk so-
lid becomes fluidized, it would flow like a liquid across the porous surface. 
In this case the flow properties had been changed by the gas flow.  

 

 
Fig. 7.20. Layer of bulk solid on an inclined porous surface; forces acting on the 
layer 

Example 2: Bulk solid arch in a hopper (Fig. 7.21): 
If air is injected into the hopper of a silo as shown in Fig. 7.21, most air 

flows towards the outlet opening if the filling level and, thus, the flow re-
sistance, of the material in the silo shaft is sufficiently high. Fluidization of 
the bulk solid in the sense of a fluidized bed is usually neither intended nor 
attained (even if sometimes the word “fluidization” is used to describe the 
effect of air injection devices, e.g., pneumatic discharge aids). The effect 
of downward air flow on a stable arch in a hopper is illustrated in Fig. 
7.21. The pressure drop, ∆p, across the arch and the resulting force, Fp, act 
in the same direction as the gravity force of the arch. Therefore, the gas 
flow increases the arch supporting force, FA, at the hopper wall. If the 
pressure drop across the arch is sufficiently large, the major stress in the 
arch overcomes the strength of the bulk solid (unconfined yield strength, 
σc) and the arch fails.  
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Fig. 7.21. Flow promotion by injection of air  

A further example where flow properties are not changed by gas flow is 
the effect of the gas pressure gradient in a hopper on the discharge rate. 
This is discussed in Sect. 12.1. 

A classification of dry bulk solids regarding their fluidization behavior 
has been published by Geldart [7.20]. It is shown in Fig. 7.22 with bounda-
ries according to Molerus’ calculations [7.17,7.18].  
 

 
Fig. 7.22. Geldart’s classification of fluidization behavior with boundaries accord-
ing to Molerus [7.17,7.18] 

Geldart identified four regions (A to D) in which the fluidization character-
istics can be distinctly defined based on particle size, x, and the difference, 
∆ρ, between solid density and fluid density (note that the boundaries are 
not sharply defined): 

A. Easy to fluidize, sometimes simply by shaking or stirring; considerable 
expansion of the fluidized bed; slow settling of the bed when the gas 
flow is stopped. Strong tendency for flooding. 

B. Not as easy to fluidize as group A, small expansion of the bed at fluidi-
zation, deaerates and settles quicker than A, therefore there is only a 
low flooding tendency. 
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C. Small particles, cohesive behavior due to the dominance of interparti-
cle adhesive forces. Fluidization cannot be attained without further as-
sistance, e.g., by stirring. Air flow results in formation of stable chan-
nels, while material between the channels remains stationary (similar 
to a fixed bed). Low tendency to flooding. 

D. Coarse particles, very large gas velocities required for fluidization. Due 
to their very low gas flow resistance, these products settle and deaerate 
very quickly. Thus, flooding is unlikely to occur.  

The above consideration shows that air injection influences the behavior of 
group A products the most. Such products are fine-grained, but not too fine 
bulk solid, e.g., with particle diameters from about 20 µm to 100 µm and 
solid densities in the range from about 2000 kg/m3 to 3000 kg/m3. For 
group B products air injection can also be applied, but this is often not 
economical because of the larger required air flow rates. The same is even 
more true for group D. If, however, the particles are too small (group C), 
channels are formed by the air which inhibit a homogenous permeation of 
the particle bed. Thus, the mechanisms shown in Figs. 7.20 and 7.21 are 
unlikely to work well with group C products.  

7.2.5  Particle shape 

Although particle shape affects flow properties, general statements about 
this effect cannot be made. When considering coarse particles (say larger 
than 0.5 mm), one often finds that smooth, spherical particles flow better 
than rough, sharp-edged, non-spherical particles. For cohesive bulk solids 
a statement is not that easy since the interparticle adhesive forces play the 
major role. A pronounced roughness can hinder the ability of particles to 
approach each other as smooth particles can, so the rough particles may 
exhibit a more favorable flow behavior (see Sect. 2.6 and effect of flow 
agents in Sect. 7.2.2).  

Whereas it is possible to characterize all kinds of typical bulk solids 
with the usual test procedures (e.g., shear testers), the same is much more 
difficult for not too fine-grained (estimate: particles larger/longer than 
roughly 1 to 2 mm) fibrous and flaky particles of small thickness. These 
products can result in severe handling problems. Typical examples taken 
from recycling processes are shredded tires (high portion of fibers and 
steel wires) and shredded foil (plate-like particles of small thickness). Fi-
brous and flaky materials have to be handled in many other industries, e.g., 
when producing fiber-reinforced plastics, brake pads or chipboards. Since 
theoretical approaches to describe the behavior of these materials are not 
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known, their behavior is discussed in the following based on observed 
phenomena and a simple model.  

Flow problems with fibrous and plate-like particles often appear when 
the material is subjected to high stresses. A practical example is shown in 
Fig. 7.23, where discharge by an elongated feeder (chain feeder) results in 
severe compaction of the bulk solid near the outlet at the front wall and, 
thus, excessive driving forces, Fh. In this region the longitudinal axes of 
the particles are preferentially oriented perpendicular to the assumed direc-
tion of major principal stress. The flow properties of such products cannot 
be measured with shear testers because they exhibit reasonable flow be-
havior in the loose state, but become less favorable with increasing load 
(as demonstrated in Fig. 7.23). This behavior is discussed in the following 
by measurements with a test mould shown in Fig. 7.24 [7.21]. 

 

 
Fig. 7.23. Discharge of a bulk solid composed of thin, flexible flakes with a chain 
feeder, compaction at the front wall; possible direction of the major principal 
stress, σ1, in the region of compacted material 

With the test set-up the compressibility and elasticity of the bulk solid are 
measured by loading and unloading the bulk solid specimen through the 
vertically movable lid (Fig. 7.24.a). From the applied vertical force and the 
displacement of the lid, the vertical stress, σv, and strain, εv, are calculated. 
Since during compaction elastic deformation is superimposed by plastic 
deformation, the elasticity is measured while unloading the lid, i.e. during 
elastic recovery.  

A second application of the test mould follows the principle shown in 
Fig. 7.24.b. The bulk solid specimen is at first subjected to a vertical stress, 
σ1. Subsequently the lid is fixed in position, the closing plate at the bottom 
of the test mould is removed, and the center part of the lid, the circular 
loading plate, is moved downwards (force FD) until the material fails 
(flows). The force required to initiate flow, the failure force, FD,max,, is re-
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garded as a measure of the strength or the flow resistance, respectively, of 
the bulk solid. The test simulates conditions similar to those at the outlet of 
the silo shown in Fig. 7.23. However, as outlined in Sect. 6.3.15, where a 
similar procedure is used for the measurement of flowability, this test can 
only give qualitative results.  

 

 
Fig. 7.24. Test mould: a. compaction; b. measurement of failure force, FD (in prin-
ciple) 

In a test series different products composed of fibers and flakes have been 
investigated. For comparison, a typical cohesive bulk solid, namely lime-
stone powder, was also tested. Table 7.1 shows the characteristics of the 
individual bulk solids.  

For compressibility and elasticity measurements the bulk solid specimen 
is first consolidated by a vertical stress of about 40 kPa, and subsequently 
unloaded. Examples of the measured stress-strain relationships are shown 
in Fig. 7.25. 

The relatively fine-grained, cohesive limestone powder exhibits pro-
nounced compressibility which is indicated by the large strain, εv, at 
maximum stress. The typical progressive slope of the stress-strain curve 
results from increasing bulk density, which makes the bulk solid increas-
ingly stiff and, thus, makes further compression increasingly difficult. 
While unloading the specimen from the vertical stress, elastic recovery 
takes place with a stress-strain curve being clearly steeper than during 
loading.  
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Table 7.1. Bulk solids 

Bulk solid Description Particle size and shape 
Limestone powder  Typical cohesive 

bulk solid 
x50 = 4.7 µm, round/cubical  

Pig hair Native product Short hairs, length 1 to 2 mm,  
diameter < 0.1 mm 

Hemp hurds  Native product  
(core fiber from 
the woody stalk) 

Slim, partly cylindrical particles with ta-
pered ends, length ca. 10 –30 mm, diame-
ter ca. 2.5 mm 

Decorative overlay 
for furniture  
(shred) 

Recycled material 
(cutting mill) 

Thin plates of irregular, polygonal shape, 
thickness ca. 0.2 – 0.5 mm, length and 
width up to ca. 8 mm (median ca. 3 mm) 

Plastic coffee cups 
(shred) 

Recycled material 
(cutting mill) 

Thin plates of irregular, polygonal shape, 
thickness ca. 0.2 mm, length and width up 
to ca. 8 mm (median ca. 2.5 mm) 

Roof sheeting 
(shred) 

Recycled material 
(cutting mill) 

Thin plates of irregular, polygonal shape, 
thickness ca. 1.5 mm, length and width up 
to ca. 8 mm (median ca. 2.9 mm) 

 

 
Fig. 7.25. Vertical stress, σv, vs. vertical strain, εv, while loading and unloading a 
specimen within the test mould 

The shredded products (roof sheeting and hemp hurds) exhibit a clearly 
larger recovery strain (up to 53% of the total strain) than limestone pow-
der. The reason for this is their particle shape: Both products consist of 
relatively flexible, plate-like particles, which form a very dense packing 
under load, and the particles change their orientation and adjust their shape 
as they “snuggle up” to each other. While unloading the specimen, the 
slope of the stress-strain curve becomes flatter with decreasing stress, i.e., 
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the specimen becomes less stiff (this effect can also observed with the 
limestone powder, Fig. 7.25, but clearly less pronounced), and the particles 
return to their initial shape to a certain extent, i.e., the plastic deformation 
of the particles is limited. Thus, the plastic deformation of the total bulk 
solid specimen results primarily from an increase in bulk density and only 
to a smaller extent from the plastic deformation of the particles.  

Failure force, FD,max, is measured in a test mould as shown in Fig. 7.24.b 
(diameter 250 mm, height 128 mm; diameter of loading plate 80 mm, di-
ameter of bottom opening 100 mm). The bulk solid specimen is subjected 
to a vertical stress of 40.7 kPa. Subsequently, after removal of the closing 
plate, the loading plate is moved downwards (force FD). The force-
displacement curves for this step are shown in Fig. 7.26.  
 

 
Fig. 7.26. Vertical force, FD, vs. vertical displacement, s, of the loading plate, 
measured with limestone powder and hemp hurds; diameter of the loading plate 
80 mm, diameter of the bottom opening 100 mm, bulk solid specimen consoli-
dated with σv = 40.7 kPa [7.21]. 

The limestone powder shows a steep increase of the force, FD. Failure of 
the specimen occurs at about FD,max = 60 N (this force corresponds to a ver-
tical stress beneath the loading plate of about 12 kPa). After failure the 
force decreases sharply (Fig. 7.26). The failure force, FD,max, measured 
with hemp hurds is greater than 3000 N (corresponding to a vertical stress 
below the loading plate of about 600 kPa) and, thus, clearly larger than that 
measured with limestone powder. Furthermore, a significant vertical dis-
placement of the loading plate is necessary until failure occurs. A com-
pletely different behavior is found for the roof sheeting particles, which 
exhibit a similar stress-strain relationship at compaction (Fig. 7.25): Im-
mediately after the closing plate is removed, the roof sheeting particles 
flow through the bottom opening, i.e., FD,max = 0. 

The results reported above (and further measurements [7.21]) show that 
bulk solids composed of fibrous and plate-like particles with a sufficiently 
small ratio of thickness to length, and a length of at least several millime-
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ters, require relatively large failure forces, FD,max, which can amount to 
more than fifty times the force required for cohesive limestone powder. On 
the other hand, even these products show reasonable flow behavior in a 
loose, uncompacted condition. Obviously a mechanism is acting in these 
products which results, in contrast to typical bulk solids like limestone 
powder, in increasing strength while the material is increasingly stressed 
by the loading plate.  

An explanation for this behavior can be given by a simple model: The 
load applied through the lid and the loading plate when compressing the 
material before the failure force is measured (Fig. 7.24.b) results in vertical 
stress acting in the bulk solid specimen. Thereby horizontally oriented par-
ticles tend to remain in their orientation, but particles having an inclined 
orientation are likely to approach a more horizontal orientation (Fig. 7.27). 
Flexible, thin particles may become bent in this situation, so only a part of 
such a particle adjusts to a more horizontal position (this effect is not de-
picted in Fig. 7.27). The result of the deformation is a more intensive over-
lap of the particles and, thus, an increase of the transferable friction force.  

 

 
Fig. 7.27. Orientation of plate-like particles (schematically); a. before compres-
sion; b. after compression in the vertical direction (vertical stress, σv)  

When the loading plate is moved downwards to measure the failure force, 
FD,max, a failure plane as indicated in Fig. 7.24.b develops. If it is assumed 
that after compaction the particles are primarily oriented horizontally (Fig. 
7.28.a), the particles must adjust their orientation to the failure plane. This 
is demonstrated in Figs. 7.28.b and c where the possible formation of a 
shear zone is shown for two plates which are moved vertically against each 
other. Stiff particles must change their orientation according to Fig. 7.28.b 
to form a shear plane. If particles are sufficiently flexible, the particle 
shape can adjust to the direction of the shear plane (Fig. 7.28.c). In both 
cases individual particles have to be extracted from the bond of horizon-
tally oriented particles left and right of the developing shear plane, i.e., 
friction acting on the particle surface has to be overcome.  
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Fig. 7.28. Orientation of particles along the shear plane while measuring failure 
force according to Fig. 7.24.b; a. after compaction, i.e., before the loading plate is 
moved downwards; b. formation of a shear plane in case of stiff particles; 
c. formation of shear plane in case of flexible particles  

Transferring the model of Fig. 7.28 to conditions in the test mould (Fig. 
7.24.b) it becomes clear that formation of a failure plane is made difficult 
by the following mechanisms: 

• The bulk solid cannot expand unhindered in the region where the failure 
plane forms to provide sufficient space for rearrangement of the parti-
cles (Figs. 7.28.b and c).  

• The increasing vertical force, FD, exerted through the loading plate in-
creases the normal stress between the particles and, thus, an increasing 
shear stress is required to move the particle surfaces relative to each 
other. Therefore, formation of a failure plane becomes more difficult 
with increasing vertical force, FD.  

Due to these mechanisms the specimen gains in strength as a result of the 
increasing force, FD, exerted through the loading plate: If FD is increased, 
the friction forces between the particles increase which requires a higher 
force FD to form the failure plane and so on. In other words: The force 
which should initiate failure increases the strength of the material further. 
This effect leads to the high values of FD,max as measured with some of the 
investigated materials (Table 7.1) in the test mould according to Fig. 
7.24.b.  

A typical bulk solid, here represented by limestone powder, does not 
exhibit this behavior since the particles neither arrange in a specific orien-
tation nor overlap to a noteworthy extent. Thus, a typical bulk solid fails in 
a situation as in Fig. 7.24.b as soon as the strength of the material is over-
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come. As outlined above, with fibrous and flaky particles (e.g., hemp 
hurds, shred coffee cups and shred overlay, see Table 7.1) the increasing 
force, FD, increases the frictional forces between particles and, thus, in-
creases the strength of the material. For this effect the ratio of particle 
thickness to length must be sufficiently small. This is obviously not the 
case for the shredded roof sheeting (Table 7.1). Also the pig hair (Table 
7.1), a product consisting of thin, relatively short fibers, exhibited a behav-
ior similar to the limestone powder despite its fibrous character. Here the 
rearrangement of particles for the formation of the failure plane is facili-
tated by the small particle dimensions.  

Based on test results and further theoretical considerations not discussed 
here [7.21], it can be concluded that with fibrous and flaky particles more 
problems and differences from the behavior of typical bulk solids have to 
be expected,  

• the larger the ratio of particle length to thickness; 
• the larger the friction coefficient between the particle surfaces, 
• and the smaller the porosity, ε. 

Furthermore, observations from practical handling situations (e.g., Fig. 
7.23) and the tests described above (Fig. 7.24) show that high stresses and 
local stress concentrations should be avoided when storing, discharging or 
conveying fibrous or flaky particles.  

Shear testers and other test devices (e.g., uniaxial compression test), 
where a specimen is first consolidated and then relieved from the consoli-
dation stress before strength is measured, should not be used for those bulk 
solids whose behavior is dominated by fibrous and flaky particles such as 
hemp hurds. If these test principles are applied, the bulk solid specimen 
will show a pronounced expansion due to elastic recovery (as can be seen 
in Fig. 7.25 for the hemp hurds) when being unloaded after the consolida-
tion step (unloading means reduction of the normal stress for shear to fail-
ure in a shear test, Fig. 3.12, or relief from the consolidation stress and re-
moval of the hollow cylinder in case of a uniaxial compression test, Fig. 
3.1). Thus, the properties of the specimen change during unloading, and 
strength is measured on a specimen of higher porosity which is likely to be 
less consolidated than at the end of the consolidation process. However, 
wall friction tests, where a bulk solid specimen is moved across the surface 
of a wall material sample (Fig. 3.27), can be conducted with these materi-
als. 



8  Examples of measured flow properties  

The flow properties of powders and bulk solids depend on several parame-
ters, e.g., particle size distribution, moisture, temperature. Often flow 
properties vary with stress level. Flow agents, added to a bulk solid, can 
improve flow behavior. Besides flow properties, in specific situations other 
effects may be of interest, e.g., attrition of particles when flowing in a silo. 
In the present chapter such effects are demonstrated on the basis of meas-
ured flow properties.  

Although the examples presented in the following cannot be applied di-
rectly on other bulk solids, they should point out which effects can be ex-
pected and how these effects can be quantified with appropriate testing 
equipment.  

8.1  Flow agent 

Flow agents are applied to improve the flow behavior of bulk solids (see 
Sect. 7.2.2). An example is shown in Fig. 8.1, where the flowability, ffc, of 
a crystalline bulk solid is plotted versus flow agent concentration. The 
product had to be improved by the addition of a flow agent because it ex-
hibited a strong time consolidation effect. To find the optimal concentra-
tion, samples with different percentages of flow agent were prepared. With 
each sample a yield locus (instantaneous properties) as well as a time yield 
locus for a storage time of 22 hours (t = 22 h) has been measured with a 
shear tester. As can be seen from Fig. 8.1, the sample with the concentra-
tion 0.55 % resulted in the largest flowability both for instantaneous condi-
tions and after time consolidation. An increase of flow agent concentration 
beyond 0.55 % led to a reduction of flowability.  

This example illustrates how one can quantitatively predict the effect of 
a flow agent on flowability. Another example is shown in Fig. 8.2, where a 
mixture of pepper extract (liquid) and salt was tested both with and with-
out a flow agent (MgCO3). The product without flow agent looked less dry 
and showed a strong tendency to form agglomerates, which is a typical in-
dication of a less favorable flow behavior. This is in accordance with the 
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test results obtained at a relatively small consolidation stress (approx. 
1000 Pa, Fig. 8.2), where the material with flow agent showed a smaller 
unconfined yield strength, σc, and thus a higher flowability, ffc, than the 
product without flow agent. 

 

 
Fig. 8.1. Flowability, ffc, of a crystalline product as a function of flow agent con-
centration (instantaneous behavior, t = 0, and behavior after 22 hours storage un-
der consolidation stress) [8.1] 

 
Fig. 8.2. Unconfined yield strength, σc, of pepper extract on salt, with and without 
flow agent (MgCO3); lines of constant flowability, ffc 

However, shear tests on the same samples at a higher consolidation stress 
of about 4000 Pa (Fig. 8.2) showed slightly higher flowability of the prod-
uct without flow agent compared to the product with flow agent. Thus, the 
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flow agent improves flowability only at small stresses. If the material has 
to be handled or stored at higher stresses (e.g., in a large container or silo) 
the flow agent (and flow agent concentration) according to the test results 
in Fig. 8.2 does not help. Thus, the flow agent should be left off, or it 
should be checked based on shear tests if a different flow agent concentra-
tion could improve flowability at higher stresses. However, if the product 
is handled at small stresses (e.g. in a small dosage system), the flow agent 
will improve the flow behavior.  

8.2  Moisture content 

If moisture is added to a bulk solid, it forms liquid bridges between parti-
cles and, thus, increases interparticle adhesive forces (Sect. 7.2.3). Addi-
tionally moisture can result in specific mechanisms depending on the bulk 
solid, e.g., chemical reactions or forming a solution on the particle surface 
with subsequent crystallization, which can result in severe time consolida-
tion.  
 

 
Fig. 8.3. Unconfined yield strength, σc, of FGD gypsum (flue gas desulfurization 
gypsum) of varied moisture content as a function of storage time at rest, t; con-
solidation stress σ1 = 26 kPa [8.2] 

An example of a moist bulk solid is gypsum from flue gas desulfurization 
plants (FGD gypsum). In Fig. 8.3 the unconfined yield strength, σc, of 
samples with different moisture content is plotted versus storage time at 
rest. Each measurement point in the diagram is the result of either a yield 
locus (storage time t = 0, i.e., instantaneous behavior) or a time yield locus 
(t > 0). The results obtained for t = 0 demonstrate the increase of uncon-
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fined yield strength with moisture content which is a result of liquid 
bridges. While the unconfined yield strength of the almost dry sample 
(moisture content 0.2%) does not increase with storage time, a strong in-
crease is found for higher values of moisture content. Only for the highest 
moisture content investigated (10%) the unconfined yield strength after 
longer storage time was below that obtained for 5% moisture which indi-
cates that the time consolidation effect might decrease with a further in-
crease of moisture content.  

An example of the influence of moisture on wall friction angle is given 
in Fig. 8.4, where the wall friction angle of FGD gypsum is shown for two 
wall materials versus moisture content. The wall friction angle measured 
against mild steel (with mill scale) first increases with increasing moisture 
content and remains constant from 5 % to 10 % moisture. The reason for 
the increase of wall friction with moisture content is the increasing influ-
ence of adhesive forces due to liquid bridges between particles and wall 
surface (see Sect. 7.2.3). The other wall material, a plastic lining (UHMW-
PE: ultra-high molecular weight polyethylene), is poorly wettable by wa-
ter. Here no liquid bridges which increase the adhesive forces can form, 
but the liquid instead reduces the wall friction, possibly by forming a liq-
uid film on the particle surfaces. The meaning of these results regarding 
silo design is that with mild steel no mass flow hopper of acceptable steep-
ness can be realized, whereas an appropriate lining (here: UHMW-PE) 
could solve the problem.  

 

 
Fig. 8.4. Wall friction angle, φx, of FGD gypsum as a function of moisture content 
[8.2] 
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8.3  Temperature 

A material exhibiting time- and temperature-dependent flow behavior is 
sulfur. In Fig. 8.5 is shown an open stock-pile, where sulfur granules (lens-
shaped particles) are stored directly after being formed from molten sulfur 
[8.3]. The instantaneous behavior of the sulfur granules can be character-
ized as free-flowing, but due to the high temperature of the freshly pro-
duced pellets a strong time consolidation can be observed, which is dem-
onstrated in Fig. 8.5 by vertical walls of up to 14 m height.  
 

 
Fig. 8.5. Sulfur granules in an open stock-pile; height of the pile about 14 m [8.3] 

Spherical sulfur granules, produced in a different process and having a di-
ameter of several millimeters, had to be stored in a large silo (10 000 tons). 
For the silo design the flow properties had been measured [8.3]. Especially 
important was the measurement of consolidation with time, since the mate-
rial had to be stored in the silo for long periods. As an example, in Fig. 8.6 
the unconfined yield strength, σc, and flowability, ffc, are plotted versus 
temperature. The individual specimens were stored in an oven for 14 days 
subjected to a consolidation stress of σ1 = 117 kPa. The large consolidation 
stress had been chosen to simulate storage conditions in the large silo.  

For storage temperatures up to 40°C no time consolidation effect could 
be measured, i.e., the sulfur remained free-flowing even after storage un-
der load over a period of 14 days (unconfined yield strength σc = 0; flow-
ability ffc >> 10). At 50°C a slight time consolidation effect was measured, 
but the flowability was still reasonable (ffc = 7). For temperatures above 
60°C unfavorable small flowabilities close to 1 were obtained. Based on 
these results it was decided to cool the sulfur down to at least 50°C to 
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55°C before charging it into the silo. Flow problems due to time consolida-
tion have not been observed in the new silo [8.3].  
 

 
Fig. 8.6. Time consolidation of sulfur granules [8.3] 

8.4  Time consolidation 

Time consolidation is exhibited by a wide range of products and is, de-
pendent on the application, an important quantity. Especially for silo de-
sign the time consolidation should be known, because only then are state-
ments on the formation of arches after long periods of storage at rest 
possible. Also the usually unwanted formation of lumps (caking), e.g., in 
packages or IBCs, is a result of time consolidation.  

Time consolidation is the increase of unconfined yield strength, σc, with 
storage time at rest, t. An example of this is shown in Fig. 8.3 (Sect. 8.2) 
where unconfined yield strength is plotted versus time for samples of FGD 
gypsum with different moisture content. The results for 0.2 % moisture 
demonstrate that bulk solids exist which do not exhibit any time consolida-
tion effect. The curves measured for the other values of moisture content 
(Fig. 8.3) represent the typical pattern which can be observed with most 
bulk solids exhibiting time consolidation: The initially steep slope of the 
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curves becomes increasingly smaller with time, and often a constant 
strength is attained after a certain storage time.  

In Fig. 8.7 the instantaneous flow functions and time flow functions of 
two samples of FGD gypsum (different from the FGD gypsum in Fig. 8.3) 
are plotted. Flow functions represent the dependence of unconfined yield 
strength, σc, on consolidation stress, σ1. The time flow functions have been 
determined for a storage time of 5 days. They are clearly steeper than the 
(instantaneous) flow functions. This can also be observed with several 
other bulk solids, especially in case of a very distinctive time consolidation 
effect. Thus, a time flow function should not be assumed as being parallel 
to the flow function.  
 

 
Fig. 8.7. Instantaneous flow functions and time flow functions of two different 
samples of FGD gypsum [8.2] 

Examples of time consolidation can also found in Figs. 8.1 and 8.6. In Fig. 
8.1 the possible effect of a flow agent on time consolidation can be seen. 
In Fig. 8.6 the unconfined yield strength and flowability of sulfur granules 
are plotted as a function of temperature for a storage time of 14 days.  

8.5  Particle size 

In most cases the flow properties of bulk solids become more unfavorable 
(e.g., smaller flowability) with increasing fines content. A general state-
ment is not possible, especially if the fineness is characterized by only one 
particular parameter of the particle size distribution (e.g. mass median, 
x50), since also shape and width of the particle size distribution play a role. 
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However, for similar products with a particle size distribution of similar 
shape a correlation of a fineness parameter with flowability is often found.  

Due to segregation effects (see Chap. 13), fineness can vary even if the 
same product is always charged into a bin. If, for example, coarser parti-
cles are located primarily in the vicinity of the bin wall, whereas an in-
creased amount of fine particles is found at the center, properties such as 
flowability or wall friction angle of the material may vary across the cross-
section of the bin. Obviously it is important to use the correct properties – 
which requires the correct particle size distribution – depending on how 
the results are to be used. 

An example on the influence of fineness is shown in Fig. 8.7, where the 
flow functions and time flow functions of two types of FGD gypsum of 
different particle size distribution (B: x50 = 25 µm; C: x50 = 35 µm) are plot-
ted. Not only is the flow function of the finer material located at higher va-
lues of unconfined yield strength, σc, than that of the coarser product, but 
also the time flow function, where the effect is even stronger compared to 
the flow function. Thus, in this example the smaller particle size leads to 
higher strength and a stronger time consolidation effect.  
 

 
Fig. 8.8. Yield loci of mixtures from two types (A and B) of lactose (type B is 
finer than A)  

Another example of the influence of particle size is shown in Fig. 8.8. 
Mixtures from two types of lactose (A and B) with different percentages of 
finer component B have been prepared. With each mixture a yield locus 
has been measured with a ring shear tester. The larger the percentage of 
the finer component B, the more the yield locus is shifted towards higher 
shear stresses and, thus, the larger the unconfined yield strength, σc, and 
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the smaller the flowability, ffc (see Table 8.1 and Mohr stress circles for σc 
in Fig. 8.8). The results show a continuous decrease of flowability with in-
creasing fines content. Additionally, it is obvious that the flowability does 
not decrease much further if the percentage of component B is greater than 
40 %. The reason for this is that the finer component dominates flow be-
havior from a certain concentration, so a further increase of its percentage 
does not change the flow behavior significantly.  

Table 8.1. Flow properties of mixtures from two types (A and B) of lactose; (type 
B is finer than type A) 

Percentage of B σ1 [Pa] σc [Pa] ffc [-] 
50 % 4288 1976 2.17 
45 % 4158 1893 2.20 
40% 4261 1840 2.32 
35 % 4232 1693 2.50 
30 % 4210 1541 2.73 
25 % 4208 1352 3.1 
20 % 4090 1229 3.3 
15 % 4015 1082 3.7 
10 % 3991 914 4.4 
5 % 3948 767 5.1 

 

 
Fig. 8.9. Wall friction angle, φx, of moist FGD gypsum of different particle size 
measured against mild steel [8.2] 

Also the wall friction angle can depend on the particle size distribution. In 
Fig. 8.9 wall friction angles, φx, are plotted which have been measured 
with the FGD gypsum samples from Fig. 8.7 against mild steel. In the en-
tire range of investigated wall normal stresses, σw, the wall friction angle of 
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the finer FGD gypsum sample B is about 3° larger than that of sample C. 
The reason for this is the increasing influence of adhesive forces between 
particles and wall surface with decreasing particle size (see Sect. 7.2.3). 
The decrease of wall friction angle with increasing wall normal stress is 
discussed in Sect. 8.8.  

8.6  Attrition 

Some bulk solids are sensitive to attrition, i.e., the generation of fines due 
to particle breakage or abrasion. To avoid or at least reduce attrition, the 
bulk solid must be handled gently. When the material is discharged from a 
bin or a silo, the stresses in the flowing material must be kept sufficiently 
small. The upper limit of acceptable stresses can be found by attrition tests 
with a shear tester according to Sect. 4.1.6.  
 

 
Fig. 8.10. Attrition of granulated sugar [8.4] 

Results of attrition tests on granulated sugar performed with a ring shear 
tester are shown in Fig. 8.10. The fraction of fines smaller than 200 µm is 
taken as a measure of the fines generated during shear deformation. In the 
diagram the fines fraction is plotted versus normal stress, σ, for different 
values of shear displacement (i.e., the relative circumferential displace-
ment between top and bottom of the ring shear cell). A static load without 
shear deformation generates only a negligible amount of fines (see Fig. 
8.10: no shear displacement). Only if the material is subjected to shear de-
formation, larger amounts of fines are generated for normal stresses, σ, lar-
ger than 3 kPa. Following these results, a silo for the storage of granulated 
sugar was designed so that the flowing bulk solid was not subjected to 
stresses greater than 3 kPa [8.4].  
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Another example of the design of a silo based on attrition tests is re-
ported in [8.3] (sulfur granules). A sample problem on this topic is given in 
Chap. 15 (sample problems 2 and 3). 

Attrition tests can be utilized not only for silo design, but also for com-
parative tests. A possible application is the optimization of a product re-
garding its resistance to attrition. The advantage of the test procedure out-
lined above is that the bulk solid specimen is subjected to a defined and 
reproducible load.  

8.7  Bulk density 

The bulk density, ρb, of fine-grained or cohesive bulk solids is strongly de-
pendent on consolidation stress, σ1, whereas free-flowing, coarse materials 
are usually almost incompressible. In cohesive products the adhesive 
forces are large compared to the gravity force, so a loose packing with 
large stable voids (high porosity) can be formed when such a material is 
poured loosely into a container. Only when the material is subjected to lar-
ger stresses, the porosity can be reduced and, thus, the bulk density can be 
increased. As an example, in Fig. 8.11 the bulk density, ρb, of a cohesive 
limestone powder is plotted versus consolidation stress, σ1. The data points 
are the results of yield locus tests performed with two ring shear testers.  
 

 
Fig. 8.11. Bulk density, ρb, of limestone powder eskal 500 (x50 = 5 µm) vs. con-
solidation stress, σ1 [8.5] 

In the stress range from about 60 Pa to 15 kPa the bulk density increases 
from about 650 kg/m3 to 1100 kg/m3. Due to the decreasing slope of the 
curve more than 50% of the density change takes place below 1500 Pa. 
With increasing bulk density the material becomes increasingly stiff. If one 
would increase the stress range of Fig. 8.11 towards very large stresses, 
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one would attain the range of tabletting and briquetting where the curve 
would become almost horizontal.  

In Fig. 8.12 the bulk density, ρb, of moist coal as used, for example, for 
combustion in power plants is plotted versus consolidation stress, σ1. The 
shape of the curve is in principle the same as found for limestone powder 
(Fig. 8.11), but here a broader stress range is considered.  
 

 
Fig. 8.12. Bulk density, ρb, of moist coal vs. consolidation stress, σ1 [8.6]  

Knowledge of bulk density, ρb, as a function of consolidation stress, σ1, is 
useful, for example, to assess the mass contents of a bin. As an example, in 
the following a silo for limestone powder is considered (different from the 
product in Fig. 8.11). For reasons of simplification, the silo is assumed to 
consist only of a cylindrical shaft of 4 m diameter and 20 m filling height 
[8.6]. Knowing the flow properties and wall friction angle, stresses in the 
silo can be assessed with Janssen’s approach (see Sect. 9.2.1), and by tak-
ing into account the dependence of bulk density on stress. This way the 
bulk density is determined for any position in the silo, so that a more real-
istic assessment of the mass of the silo contents is possible. In Fig. 8.13 the 
assessed contents (mass) is plotted versus filling level. For reasons of 
comparison, the results of calculations based on constant bulk density are 
added. For this both the bulk density from DIN 1055-6 (1987) [8.7], and 
the bulk density in a loose, uncompacted state (aerated density) have been 
used. As one would expect, with the aerated density the mass of the silo 
contents is clearly underestimated, namely by 30%. The value taken from 
DIN 1055-6 (1987) results in an underestimation of only about 10%. How-
ever, the bulk density of bulk solids depends on their particle size distribu-
tion (beside other parameters): If the limestone powder is finer, the bulk 
density is likely to be smaller. Thus it is recommended to measure the bulk 
density for each particular case in order to obtain more realistic results (as 
shown in Fig. 8.13). 



8.8  Stress dependency of wall friction      243 

 
Fig. 8.13. Influence of assumed or measured bulk density, ρb, on calculated silo 
contents (limestone powder) [8.6]  

8.8  Stress dependency of wall friction 

If the wall friction angle is stress-dependent, usually a decrease of wall 
friction angle with increasing wall normal stress is observed, e.g., when 
measuring a wall yield locus. This effect typically takes place if the adhe-
sive forces between wall surface and particles are large. The adhesive 
forces superimpose the applied normal stress and, thus, increase the shear 
stress significantly (see Sect. 7.2.3). In this case the wall yield locus does 
not run through the origin, but intersects with the shear stress axis at posi-
tive shear stress (Fig. 8.14).  

With increasing wall normal stress the ratio of adhesive forces to wall 
normal stress becomes smaller, because the adhesive forces do not increase 
proportionally to the applied normal stress. Thus, the influence of adhesive 
forces on shear stress decreases, and the wall friction angle, φx, which is 
determined for each point on the wall yield locus from the ratio of shear 
stress to normal stress, decreases with increasing wall normal stress, σw 
(see Sect. 3.3.2). An example of this effect is shown in Fig. 8.14, where 
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both the wall yield locus and the wall friction angle are plotted for moist 
coal against mild steel. In the stress range of Fig. 8.14 the wall friction an-
gle decreases from about 34° for σw = 1 kPa to 24° for σw = 100 kPa. Under 
no circumstances should this difference be neglected when applying the 
wall friction angle, even if at first sight the shape of the wall yield locus 
does not give an indication of strong stress dependence. For instance, mass 
flow design requires the wall friction angle measured at relatively small 
wall normal stresses (usually < 10 kPa) occurring in the lower part of the 
hopper, whereas for structural design the wall friction angles at relatively 
high stresses in the vertical section have to be applied.  
 

 
Fig. 8.14: Wall yield locus of moist coal; wall friction angle, φx, vs. wall normal 
stress, σw [8.6] 

The FGD gypsum in Fig. 8.9 and many other moist bulk solids exhibit a 
similar behavior as moist coal. On the contrary, significant stress depend-
ence is rarely seen with dry, not too fine-grained bulk solids in combina-
tion with hard wall materials (steel, aluminum, concrete). Here the influ-
ence of adhesive forces is small and, thus, affects the wall friction angle 
only slightly. However, even with dry bulk solids a stress dependent wall 
friction can occur if either the bulk solid or the wall is soft and plastically 
deformable. This is the case, for example, for hard, brittle particles and a 
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wall material made from plastic (or a wall with a relatively soft coating), 
where at high wall normal stresses the edges of the particles can penetrate 
into the wall resulting in an increased wall friction angle.  

8.9  Influence of wall material on wall friction angle  

Wall friction depends on the properties of both the bulk solid and the wall 
material. Important parameters of the wall material are its surface structure 
(e.g., roughness and microstructure), hardness and chemical composition 
(influence on wettability). Forming (e.g., when a conical hopper is formed 
from a metal sheet) can change the surface structure causing the wall fric-
tion angle to increase. Important parameters of the bulk solid are its parti-
cle size distribution, surface structure of the particles, particle hardness, 
moisture, and chemical composition.  

Investigations of several combinations of bulk solids and wall materials 
have shown that one can recognize tendencies regarding the influence of 
the parameters mentioned above, but general statements cannot be made 
[8.8–8.11]. To illustrate this, in Fig. 8.15 the wall friction angle, φx, of salt 
is shown as a function of roughness, Ra, of the wall material [8.12, 8.13]. 
Furthermore, the maximum slope, Θc, of a conical hopper to achieve mass 
flow (see Chap. 10) is plotted. The wall materials are steel sheets of differ-
ent roughness depending on the surface treatment (hot- and cold-rolled 
sheets from mild steel and stainless steel, surface treatment e.g. by grind-
ing, polishing, sand-blasting). It is clearly evident that the wall friction an-
gle in principle increases with increasing roughness, Ra, but for the same 
roughness one can find different wall friction angles. Thus other parame-
ters are likely to play a role.  

The variation of hopper slope angles for mass flow, Θc, is even larger 
than that of the wall friction angles, φx (Fig. 8.15). Thus, the selection of a 
wall material based alone on one roughness parameter (e.g., Ra) appears to 
be risky (e.g., for Ra = 3 µm hopper slope angles, Θc, from 6° to 16° can be 
found, see Fig. 8.15).  

An example of the influence of chemical composition of the wall mate-
rial is shown in Fig. 8.4. The wall friction angle of moist FGD gypsum 
against the poorly wettable wall material UHMW-PE is clearly smaller 
compared to the easily wettable mild steel.  
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Fig. 8.15. Wall friction angle, φx, and hopper slope angle for mass flow, Θc, of salt 
for wall materials of different roughness parameter, Ra (stainless steel and mild 
steel, different surface treatments) [8.12,8.13] 

Wall friction angle is of essential importance not only regarding the flow 
of a bulk solid (e.g., mass flow), but also regarding structural silo design. It 
is recommended to measure the wall friction angle for each particular case 
since many different parameters play a role. Although there is a lot of ex-
perience with many combinations of bulk solids and wall materials, only 
tendencies regarding the influence of individual parameters (roughness, 
moisture, …) can be given in the following, whereby for almost all state-
ments one can find a particular example to prove the opposite:  

• Wall friction angle often decreases with decreasing wall surface rough-
ness [8.9]. 

• Polishing of (already relatively smooth) wall surfaces is not always use-
ful, because despite the reduction of surface roughness the wall friction 
angle can increase [8.10,8.11]. 

• Grinding of a wall surface usually leaves grooves, which can result in a 
significant increase of wall friction angle. This effect is especially im-
portant for wall materials which are relatively smooth prior to grinding 
(e.g., cold-rolled stainless steel).  

• In case of parallel grinding grooves, one can often find a dependence of 
wall friction angle on the direction of flow. Flow parallel to grooves 
usually results in the lowest, and flow perpendicular to the grooves in 
the highest, wall friction angles. 
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• The influence of surface roughness is less pronounced with very fine-
grained, cohesive bulk solids (e.g., x < 50 µm) than with coarse bulk 
solids. 

• The finer the bulk solid, the larger the wall friction angle (usually).  
• Smooth wall materials are less appropriate for hard, sharp-edged parti-

cles, because their edges can penetrate into the wall material and thus 
increase wall friction. The same is true for soft coatings and liners. 

• For moist, adhesive bulk solids wall materials of low wettability are ad-
vantageous.  

• Several crystalline products (e.g. sugar) tend to form a thin, almost in-
visible layer on the wall surface, which can lead to an increase of wall 
friction angle. The effect is especially strong with smooth wall materi-
als.  



9  Stresses 

The knowledge of the stresses prevailing in bulk solids, especially when 
being stored in bins and silos, is extremely important when considering the 
following topics:  

• Silo design for flow (e.g., design procedure according to Jenike) 
• Load assumptions for structural silo design (e.g., [9.1–9.3]) 
• Loads on feeders and inserts  
• Limitation of stresses acting in a bulk solid (e.g., to avoid particle dam-

age) 
• Adjustment of the stress level of shear tests (or other flow property 

tests) to the situation in the application under consideration. 

Furthermore, the possibility exists to calculate stresses for other applica-
tions, for example, consolidation of powders in dies, or movement of bulk 
solids plugs in tubes. Following some basic considerations of stress states 
in bulk solids, methods for assessment of stresses in silos and factors influ-
encing the stresses are explained in the present chapter.  

9.1  Stress states in silos 

9.1.1  Ratio of horizontal to vertical stress 

Previously in Sect. 2.3 it was explained that within a bulk solid different 
stresses can act in different directions, and in Sect. 5.1 the influence of de-
formation on stresses was discussed. One specific case of deformation, 
namely uniaxial compression, which represents, for example, deformation 
in the vertical section of a silo, is presented in an idealized manner in Fig. 
9.1.a where an element of bulk solid is confined in a cylinder with fric-
tionless, perfectly rigid walls. In the vertical direction the stress σz = σv is 
applied to the bulk solid causing the horizontal stress, σx = σh. The ratio of 
horizontal to vertical stress, σh/σv, is called the lateral (or horizontal) stress 
ratio, K, being first introduced in soil mechanics and as well being used in 
the new European silo code [9.2,9.3] where it is called “lateral pressure ra-
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tio” (in the former version of DIN 1055 part 6 [9.1] the lateral pressure ra-
tio was designated as λ). The special case of a frictionless wall (as shown 
in Fig. 9.1) is indicated by index “0”:  

v

h
00 σ

σ
λK ==  (9.1) 

 
Fig. 9.1. Bulk solid element confined by parallel, frictionless walls; a. vertical 
compression; b. horizontal compression  

Generally the lateral stress ratio, K, prevails whenever a bulk solid is con-
solidated uniaxially, i.e., when the bulk solid is compressed in one direc-
tion while no deformation occurs in the perpendicular direction. The stress 
perpendicular to the direction of consolidation can be assessed by multi-
plying the consolidation stress by the stress ratio, K. The latter is inde-
pendent of the direction of consolidation although the term “horizontal 
stress ratio” seems to contradict this. Thus, it follows for the horizontal 
consolidation shown in Fig. 9.1.b (frictionless walls; stresses σx and σz are 
principal stresses; gravity force neglected): 

x

z
00 σ

σ
λK ==  (9.2) 

As already explained in Chap. 2, in bulk solids technology the bulk solid is 
mostly regarded as being a continuum. If differently inclined cutting 
planes within the bulk solid element are considered, one can show that dif-
ferent shear and normal stresses act on those planes. An indication of this 
fact is figure 9.1 showing that stresses are not the same in all directions. As 
outlined in Sect. 2.3.1, stresses acting in different cutting planes are repre-
sented by the Mohr stress circle (Fig. 9.2). For every Mohr stress circle 
with a radius greater than zero one can find a maximum normal stress. 
This stress is called the major principal stress, σ1. The smallest normal 
stress, called the minor principal stress, σ2, is acting perpendicular to σ1.  
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Fig. 9.2. Mohr stress circle (upper half) for uniaxial consolidation  

The principal stresses act on the principal stress planes. The shear stresses 
on these planes are zero (intersections of the Mohr stress circle with the σ-
coordinate, Fig. 9.2). Also the stresses presented in Fig. 9.1 are principal 
stresses, for example, in Fig. 9.1.a the consolidation stress, σv, is identical 
to σ1, and σh acting in the perpendicular direction is identical to σ2. Thus, 
the stress ratio, K0, in Eq. 9.1 is the ratio of the minor to the major princi-
pal stress.  

The lateral stress ratio is used in silo technology to describe the ratio of 
the wall normal stress to the mean vertical stress in the silo’s vertical sec-
tion. The bulk solid is compressed vertically by gravity, but strain in the 
horizontal direction is prevented. Thus, the deformation in the vertical sec-
tion is comparable to that in Fig. 9.1.a. Since the silo walls are not fric-
tionless as the walls in Fig. 9.1.a, the vertical and horizontal stresses are 
principal stresses only along the silo axis, but not at the silo walls. There-
fore, the lateral stress ratio, K, in a silo’s vertical section is dependent on 
the wall friction angle and, thus, somewhat different from K0 [9.4].  

The value of the lateral stress ratio differs with the bulk solid. While the 
stress ratio of a perfectly rigid, inelastic solid body would be equal to zero, 
and that of a Newtonian fluid equal to one, the values for bulk solids at rest 
(e.g., in a silo’s vertical section) are usually between 0.3 and 0.6 [9.4], 
very rarely beyond these limits.  

It has to be mentioned that the above statement is valid for bulk solids 
which had been compressed in only one direction starting from a very 
loose state of packing. If a bulk solid is, for example, compressed in two 
steps, first in z-direction and second in x-direction, a ratio σz/σx will be 
achieved after the second step which is not identical to the ratio that would 
have been achieved without the first compression step. The reason for this 
is the fact that any deformation causes a specific particle arrangement. De-
pending on the following deformation this arrangement is more or less pre-
served and has an influence on the stress relations (see Sect. 5.1.1). Meas-
urements of the deformation behavior and approaches to describe it can be 
found in [9.5,9.6]. 
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9.1.2  Stresses in silos 

 
Fig. 9.3. Pressure and stress, respectively, in liquids and bulk solids 

As it is known from the friction between solid bodies, bulk solids at rest 
can also transmit shear stresses (contrary to Newtonian fluids). While pres-
sure increases linearly with depth in a liquid container (Fig. 9.3), the shear 
stress exerted from the bulk solid onto the container wall – i.e. the friction 
at the container wall – carries part of the bulk solids weight. As a conse-
quence the stress in a container filled with a bulk solid is increasing less 
and less in downwards direction.  

A typical silo consists of a vertical section (vertical section, cylinder 
section) and a hopper. The stress conditions in the hopper are more com-
plex than in the vertical section. If a previously empty silo is filled with a 
bulk solid, a stress distribution results as shown in Fig. 9.4.a [9.7]. In the 
vertical section both the wall normal stress, σw, and the mean vertical 
stress, σv, are increasing in the downward direction and tend to approach 
an asymptotic value. The ratio of the wall normal stress to mean vertical 
stress is given by the lateral stress ratio, K (Sect. 9.1). The major principal 
stress, σ1, is oriented vertically along the silo axis and deviates more and 
more from vertical towards the silo walls. This state of stress is called “ac-
tive state of stress” or “active stress field”. The direction of the major prin-
cipal stress is represented in Fig. 9.4 by major principal stress lines. 

At the transition to the hopper the wall normal stress has a discontinuity 
caused by the sudden change of wall inclination. Further downwards in the 
hopper both the vertical stress and the wall normal stress are decreasing 
and approach zero at the hopper apex (the outlet is assumed as infinitely 
small), but depending on the vertical stress at the transition, the silo shape, 
and the bulk solid’s properties the stresses in the hopper either increase in 
the first instance and then decrease, or decrease continuously from the 
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transition to the apex as in Fig. 9.4.a (the stress distributions plotted in Fig. 
9.4 shall be regarded as qualitative examples). In general the stresses in 
vertical direction are larger than those in horizontal direction. Along the 
hopper axis the major principal stress is oriented vertically, i.e., an active 
state of stress (active stress field) prevails as in the vertical section. The 
stress field in the hopper prevailing after filling is also referred to as “fill-
ing state of stress” or just “filling conditions”.  

 

 
Fig. 9.4. Qualitative distributions of wall normal stress, σw, and mean vertical 
stress, σv (dashed, only in Figs. a and c), vs. the vertical coordinate (within the si-
los lines of major principal stress, σ1, are plotted; stagnant zones are hatched 
[9.7,9.8]; the hopper outlet in Figs.9.4.a to c is assumed to be infinitely small). 
a. Filling conditions prevailing during initial filling of an empty silo; b. emptying 
conditions in the lower part of the hopper; c. emptying conditions in the entire 
hopper; d. emptying conditions in a funnel flow silo (mixed flow according to 
[9.3]). 



254      9  Stresses 

When material is discharged from a mass flow silo the first time after it 
has been filled, after a short transition period the entire contents of the silo 
moves downward. Due to the convergent flow zone in the hopper the bulk 
solid is compressed horizontally, while it dilates in the vertical direction 
due the downwards flow. As a result the larger stresses act in the horizon-
tal direction, and the major principal stress along the hopper axis is ori-
ented horizontally. This stress field is called “arched” (according to the 
shape of the lines of major principal stress in the hopper, which are in-
creasingly inclined towards the wall; see Fig. 9.4.c) or “passive” stress 
field. Other designations are “passive state of stress”, “emptying state of 
stress” or just “emptying conditions”. Figure 9.4.b shows the situation a 
very short time after the onset of discharge, where the passive stress field 
has developed only in the lower part of the hopper. A bit later compared to 
the situation in Fig 9.4.b, the passive stress field is fully developed (Fig. 
9.4.c). Here the stresses in the hopper decrease remarkably towards the 
apex. In the lower part of the hopper the so-called “radial stress field” de-
velops where the local stress is nearly proportional to the distance from the 
hopper apex. In the emptying state the stresses close to the outlet are inde-
pendent of the stresses in the upper part of the hopper and, therefore, also 
independent of the silo’s dimensions or level of filling. 

The deformation of the bulk solid while flowing in the hopper approxi-
mately corresponds to steady-state flow (flow at constant stresses and con-
stant bulk density, i.e., compression in one direction and dilation in the 
perpendicular direction). The ratio of the minor and major principal 
stresses at steady-state flow cannot be described with the lateral stress ra-
tio, K, which is valid only for uniaxial compression. Figure 9.5 shows an 
example of a stress circle for steady-state flow and a stress circle for uniax-
ial consolidation as discussed above. It can be clearly seen that for identi-
cal major principal stresses, σ1, a smaller minor principal stress, σ2, results 
for steady-state flow compared to uniaxial consolidation (for further ex-
planations regarding the influence of deformation on stresses refer to Sect. 
5.1). Thus, the ratio of the minor to the major principal stress in the hopper 
axis is similar to that of steady-state flow.  
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In the silo’s vertical section the active state of stress remains during emp-
tying, as long as no local convergences exist (reduction of the cross-
section due to inserts, dents, etc.). The transition from the active to the pas-
sive state of stress is called “switch”. Considering the arched principal 
stress lines in the hopper, the switch takes place in an arched region origi-



9.1  Stress states in silos      255 

nating from the cylinder/hopper transition (see Fig. 9.4.c). The switch is 
accompanied by a local peak of the wall normal stress. Since the passive 
stress field and the stress peak are not a result of dynamic forces, they are 
preserved even when discharge is stopped.  

 

 
Fig. 9.5. Mohr stress circles representing steady-state flow and uniaxial consolida-
tion  

The switch stress peak develops while starting discharge from a silo which 
has been freshly filled from completely empty (Fig. 9.4.a). From the be-
ginning of discharge the passive stress field develops in the hopper starting 
at the outlet and, thus, the switch region and the stress peak travel up (Fig. 
9.4.b) until they become caught at the cylinder/hopper transition (Fig. 
9.4.c). The passive stress field does not establish in the entire hopper im-
mediately after the start of discharge, but only after a certain amount of 
bulk solid has been discharged (depending, for example, on the bulk 
solid’s properties and hopper dimensions). One reason for this is that a 
bulk solid dilates somewhat at the onset of flow.  

In funnel flow stagnant zones are formed which remain at rest while the 
material in the flow zone is flowing downwards (Fig. 9.4.d). If the bound-
ary between a stagnant zone and the flow zone meets the silo wall within 
the vertical section, a stress peak occurs due to the “switch” from active to 
passive stress field caused by the convergent flow zone beneath the top of 
the stagnant zone. For the sake of completeness it has to be mentioned that 
the large wall normal stress along the hopper walls of the funnel flow silo 
in Fig. 9.4.d results from the shallow slope of the hopper walls.  

The stress peak has to be considered when designing a silo for strength 
[9.1]. Compared to mass flow, this is more difficult in funnel flow, be-
cause the stress peak acts in the sensitive vertical section where its position 
cannot be accurately predicted [9.9]. In addition, the stress peak can be 
asymmetric with respect to the perimeter, and it can change its position 
with time. Thus, the complete vertical section has to be designed accord-
ingly [9.1]. Silo damages resulting from unexpected stress peaks are re-
ported in [9.10]. Some bulk solids (e.g., crystalline sugar) have the ten-
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dency to form very steep flow zones in funnel flow silos (Fig. 9.6.a). The 
boundary between stagnant and flow zones does not meet the silo wall, or 
it meets the silo wall only near to the surface where the stresses are small. 
Thus, no (or no significant) stress peak develops at the silo wall.  

Figure 9.6.b shows a funnel flow silo with eccentric outlet causing an 
eccentric flow zone (eccentric flow, Sect. 9.4.2). Although a stagnant zone 
is formed only on the left side, the principal stresses change their direction 
over the total width of the silo due to the transition from active to passive 
stress field (switch). Thus, a stress peak is to be expected also at the right 
side [9.10]. The same would happen if the silo in Fig. 9.6.b were a mass 
flow silo with a steep hopper wall, i.e., an inclined wall instead of the 
stagnant zone. Thus it becomes clear that a switch, i.e., the transition from 
an active to a passive state of stress, results in a pronounced local increase 
of wall normal stress where the transition zone meets the silo wall. There-
fore, a stress peak can occur at the upper edge of a hopper (Fig. 9.4.c), and 
also along vertical walls without any stagnant zones located directly at 
these walls (Fig. 9.6.b). 
 

 
Fig. 9.6. Wall normal stresses σw (at the right silo wall) during discharge; lines of 
major principal stress in the flowing bulk solid; stagnant zones are hatched; a. 
funnel flow with steep flow zone (pipe flow according to [9.3]), b. funnel flow 
with eccentric flow zone (eccentric pipe flow according to [9.3]). 

The stress peak can be explained by the orientations of the principal 
stresses (Fig. 9.7): In the vertical section the major principal stress, σ1, is 
oriented more or less vertically (see lines of principal stress in Fig. 9.4.c). 
Thus the vertical stress is greater than the horizontal stress. The principal 
stresses, σ1 and σ2, acting along the silo axis are plotted in Fig. 9.7 as ar-
rows (see bulk solid elements right to the silo), with the length of an arrow 
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being a qualitative measure of the magnitude. When flowing in the hopper 
the bulk solid is compressed in the horizontal direction, but it can dilate 
vertically. Thus, the horizontal stress is larger than the vertical stress in the 
hopper, and along the hopper axis the minor principal stress, σ2, acts verti-
cally and the major principal stress, σ1, horizontally. Since at the transition 
from active to passive stress field the vertical stresses from above have to 
be in equilibrium with the vertical stresses from below, a significant in-
crease of the horizontal stress occurs as can be seen from the peak in the 
wall normal stress (e.g., Fig. 9.4.c). Even though the principal stresses are 
increasingly inclined to the vertical and the horizontal, respectively, with 
increasing distance from the axis, this does not change anything in the 
principal validity of this consideration.  

 

 
Fig. 9.7. Principal stresses at the transition from the vertical section to the hopper 
of a mass flow silo (major principal stresses acting along the silo axis above and 
below the transition from active to passive stress field are plotted as arrows with 
the length of an arrow being a qualitative measure of the magnitude).  

An estimation of the magnitude of the stress peak is in principle possible, 
for example, with the approaches derived by Enstad [9.11], Walters 
[9.12,9.13], and Jenike [9.14]. Silo codes such as as the German code DIN 
1005 part 6 or the present Eurocode [9.1–9.3] contain equations for calcu-
lation of the stress peak; however, it is reasonable to assume that the 
stress-strain behavior of the bulk solid has an influence on the stress peak. 
A stiff, incompressible bulk solid will lead to a more pronounced local 
peak stress than a fine-grained, compressible material. The latter needs 
more deformation for reorientation of the major principal stresses (active 
→ passive) and, thus, must flow further downwards in the hopper until the 
passive state of stress is fully attained. Therefore it is to be expected that 
the stress peak is less sharp and has a smaller maximum, but will act over a 
larger area.  
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9.2  Assessment of stresses   

Following the considerations in the previous section, it becomes clear that 
for the assessment of stresses acting in silos three conditions have to be 
considered: 

• Stresses in the vertical section  
• Stresses in the hopper (active state of stress, filling conditions)  
• Stresses in the hopper (passive state of stress, emptying conditions) 

Stresses in silos have been investigated starting more than one hundred 
years ago, experimentally and theoretically. At first stresses in vertical 
channels were considered (Roberts [9.15,9.16], Janssen [9.17], Koenen 
[9.18]). Later stresses acting in hoppers were also considered. Well-known 
approaches are those of Jenike [9.19,9.20], Walker [9.21,9.22], and Wal-
ters [9.12,9.13]. The first theoretical approaches were based on slice ele-
ment methods which considered the force equilibrium on a slice element of 
infinitesimal thickness in the vertical section [9.12,9.17] and the hopper, 
respectively [9.13,9.21,9.22].  

The procedure for calculation of stresses in a hopper during emptying 
conditions (passive state of stress) derived by Jenike [9.19,9.20] is based 
on differential equations being solved with the method of characteristics. 
In addition, this approach allows designing silos for the hopper inclination 
for mass flow to occur and the minimum outlet dimensions to prevent 
arching and ratholing (see Chap. 10). Jenike presented the results of his 
calculations in the form of diagrams.  

From more recent investigations those of Enstad [9.11] and Benink 
[9.23] should be mentioned, who calculated emptying stresses in the hop-
per with slice element methods. Important for the calculation of the 
stresses in the filling state is the work of Motzkus [9.24,9.25]), who recog-
nized the assumptions of Walker and Walters as being unrealistic and in-
troduced new and improved assumptions.  

Also the method of finite elements (FEM) is used for calculation of 
stresses (e.g., [9.6,9.26,9.27]), whereby the bulk solid properties are given 
by constitutive models (sometimes also called constitutive laws). These 
constitutive models describe the stress-strain behavior of bulk solids. The 
necessary parameters have to be obtained by relatively extensive meas-
urements. Thus, at present FEM seems to be too expensive for application 
to practical problems related to bulk solids.  

A recent approach is the discrete element method (DEM, e.g., [9.28, 
9.29,9.30]). In DEM the bulk solid is not considered as being a continuum 
but the interactions between individual particles are simulated. This re-
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quires a high demand for processing power. Also the complex shapes of 
particles cannot be closely approximated. Thus, at present DEM is primar-
ily suited to simulate situations in which the interactions of individual par-
ticles that are well defined regarding size and shape are important, and 
where the number of particles is limited (e.g., in a tumbling mill). With the 
increasing capacity of computers more applications can be expected in the 
future.  

For practical applications slice element methods are still mainly used 
due to their relatively easy handling. Several codes [9.1–9.3,9.31,9.32] for 
the design of silos for strength are based on the equation of Janssen, which 
can be adapted to the situation in the silo by an equivalent selection of 
suitable parameters. For calculation of stresses in a hopper in the filling 
state (active state of stress) the slice element method of Motzkus 
[9.24,9.25,9.33] yields useful results, and for the emptying state (passive 
state of stress) the equations derived by Enstad [9.11] can be used (espe-
cially in the form presented by Arnold and McLean [9.34]). 

The determination of stresses in a vertical section according to the 
method of Janssen [9.17] will be described in detail in the following sec-
tion. Additionally the application of this method for other tasks (e.g., uni-
axial consolidation of bulk solids) will be explained. Regarding the calcu-
lation of stresses in a hopper one is referred to the literature mentioned 
above (further surveys see [9.10,9.24,9.33]). For an estimation of stresses 
acting close to the outlet simple equations will be given. An estimation of 
stresses is also possible with the freeware program “Silo Stress Tool” of 
the author [9.35].  

9.2.1  Stresses in vertical channels (Janssen’s approach) 

The classical method to calculate stresses in a silo’s vertical section (active 
state of stress) was derived by Janssen [9.17]. He considered a slice ele-
ment, i.e., an elemental section of the vertical section, of infinitesimal 
height, dz (Fig. 9.8). With the assumptions of constant vertical stress, σv, 
acting across the cross-section, and constant bulk density, ρb, equilibrium 
of forces in z-direction gives: 

dzUτdσσAdzAρgAσ wvvbv ++=+ )(  (9.4)

Introducing the wall friction angle (assumed to be fully mobilized),  

hwx στ /tan =ϕ , (9.5) 

and the lateral stress ratio,  
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vh σσK /= , (9.6) 

one obtains a differential equation for the vertical stress, σv: 
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=+ ϕtan  (9.7) 

 
Fig. 9.8. Slice element (bulk solid) in the vertical section  

Assuming constant values of parameters ρb, φx, and K, this is a first order 
differential equation which can be solved analytically. With the condition 
that a vertical surcharge stress, σv0, is acting on the top surface (z = 0), in-
tegration of the differential equation yields: 
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For the case that the stress on the top surface is zero (σv0 = 0 at z = 0), 
Eq.(9.8) yields the well-known “Janssen equation”:  
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σh and τw follow from Eq.(9.8) by substituting K and tanφx, respectively, 
using Eqs.(9.5) and (9.6): 
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For large values of z the exponential functions in Eqs.(9.8) to (9.11) ap-
proach zero. Thus, the expression in front of the brackets is the final (as-
ymptotic) stress, which is attained for z → ∞. The final value of the verti-
cal stress is: 
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b
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)( =∞→=∞  (9.12) 

σv∞ is independent of silo height and surcharge stress, σv0. It depends on 
the bulk solid’s properties and the ratio A/U, which is A/U = D/4 in a cyl-
inder of diameter D. Thus, according to Eqs.(9.9) to (9.11) the maximum 
possible stress in a cylindrical section, where usually no significant sur-
charge load is applied, is proportional to the silo diameter. Therefore slim 
silos can be high without getting too large stresses in the silo, whereas 
tanks for storing liquids (e.g., oil tanks) are preferably built with small 
heights and large diameters because of hydrostatic pressure. 
 

 
Fig. 9.9. Horizontal stress measured in the vertical section of a model silo (filling 
state) vs. coordinate z; wall roughness was varied (z = 0 at the surface; lines repre-
sent the 95% confidence interval; bulk solid: semolina) [9.37] 

The validity of Janssen’s equation (9.9) has been proven in many experi-
mental investigations, for example [9.7,9.10,9.36–9.38]. It is the basis of 
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most codes for the design of silos for strength (e.g., [9.1,9.2,9.31,9.32]). 
As an example, in Fig. 9.9 measured horizontal stresses, σh, are plotted 
[9.37]. One can recognize the typical distribution of horizontal stress with 
respect to height as predicted by Eq.(9.10). Furthermore, the influence of 
the angle of wall friction, φx, is demonstrated: The rough wall (larger angle 
of wall friction, φx) results in smaller horizontal stresses because it carries 
a larger part of the bulk solids weight than the smooth wall. 

9.2.2  Further application of Janssen’s equation  

Janssen’s equation can be applied not only to silos, but also to other situa-
tions where a bulk solid being confined in a rigid parallel channel is 
stressed in axial direction. An example of this is the uniaxial compression 
of a bulk solid specimen (Fig. 9.10). The stress being exerted by the punch 
at the top of the specimen is the surcharge stress denoted as σv0 in Eq.(9.8). 
To generalize the representation, the vertical stresses, σv and σv0, are related 
to the final vertical stress, σv∞, which would be attained at infinite depth, 
and the vertical coordinate, z, is related to the diameter, D, of the speci-
men. Applying this to Eq.(9.8) yields:  

 

 
Fig. 9.10. Uniaxial compression of a bulk solid specimen; diagram shows the non-
dimensional vertical stress vs. the non-dimensional vertical coordinate for differ-
ent surcharge stresses, σv0. 
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The non-dimensional stress, σv/σv∞, depends only on the surcharge load, 
σv0/σv∞, and parameters K and φx. Thus, for geometrically similar contain-
ers and identical parameters (σv0/σv∞, K, φx) identical non-dimensional 
stress distributions are obtained.  

The non-dimensional stress according to Eq.(9.13) is plotted in Fig. 9.10 
versus the vertical coordinate for different surcharge loads and typical val-
ues of K and φx (K = 0.5 and φx = 25°). Since the exponential function rap-
idly gets small at large values of z/D, values of σv/σv∞ close to 1 are at-
tained at about z/D = 3 almost independent of the surcharge load. This 
demonstrates, for example, that it is not practical to choose too large ratios 
of height-to-diameter when consolidating bulk solids according to Fig. 
9.10. 

If a plug of bulk solid should be pushed upwards in a vertical channel 
(Fig. 9.11.a), the wall shear stress acts on the plug in the opposite direc-
tion, i.e., downwards. A derivation based on Fig. 9.8 (but with the shear 
stress acting downwards) yields a differential equation similar to Eq.(9.7), 
but with a negative sign before the term with the angle of wall friction. The 
solution of the modified differential equation is: 
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Without surcharge stress (σv0 = 0) it follows: 
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For the cylindrical plug in Fig. 9.11.a Eq.(9.15) can be transformed into a 
non-dimensional form by introducing σv∞ according to Eq.(9.12): 
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Fig. 9.11. a. Cylindrical plug (height h) pushed upwards with a piston; b. required 
vertical stress, σvp, at the bottom of the plug as a function of height, h (non-
dimensional representation)  

With Eq.(9.16) the vertical stress, σvp, at the bottom of the plug (i.e., at 
z = h, Fig. 9.11.a) can be calculated. This is the vertical stress which must 
be transferred through the piston to push the plug upwards. In Fig. 9.11.b 
the dimensionless vertical stress, σvp/σv∞, is plotted versus the non-dimen-
sional height of the plug, h/D. For h/D = 5 more than 100 times the vertical 
stress, σv∞, according to Eq.(9.12) would be necessary. σv∞ is the maxi-
mum vertical stress below a stationary column of bulk solid only subjected 
to the force of gravity (as in Fig. 9.10.a). Thus it becomes clear that it is 
not practical to push a plug of bulk solid with a large height-to-diameter 
ratio upward through parallel channels such as tubes.  

If a gas flows through a stationary packing of bulk solid, the stresses in 
the bulk solid are influenced by the pressure gradient. This effect can be 
taken into account for a setup as shown in Fig. 9.12 by adding the pressure 
gradient, dp/dz, due to a vertical gas flow to the equilibrium of forces ac-
cording to Eq.(9.4).  

( ) dzUτdσσAdzAdzAρgAσ wvvdz
dp

bv ++=−+ )(  (9.17)

When the gas is flowing downwards, the gas pressure, p, decreases in z-
direction, i.e. the pressure gradient is dp/dz < 0 (Fig. 9.12.a). When the gas 
is flowing upwards, p increases in z-direction (dp/dz > 0, Fig. 9.12.b). In 
the latter case the pressure gradient counteracts the gravity force. As long 
as the resultant of gravity force and pressure gradient acts downwards, the 
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shear stress acts upwards as in Fig. 9.8. If constant pressure gradients and 
constant bulk solids properties are assumed for the entire particle bed, in 
analogy to Eq.(9.9) the solution of the differential equation without sur-
charge load is: 
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The vertical stress according to Eq.(9.18) is plotted in Fig. 9.12.a versus 
the vertical coordinate. The shape of the curve is similar to that of the 
curve for σv0/σv∞ = 0 in Fig. 9.10. The final value of the vertical stress, σv∞, 
which is the maximum vertical stress attained below a bulk solid column 
of infinite height, follows from Eq.(9.18) for z → ∞:  

( )
UK

Aρg
zσσ

x

dz
dp

b
vv ϕtan

)(
−

=∞→=∞   for  ( ) 0≥− dz
dp

bρg  (9.19) 

 

 
Fig. 9.12. Distributions of vertical stress and (absolute) gas pressure in a station-
ary particle bed (fixed bed) subjected to vertical gas flow (gas velocity: w). 
a. downward gas flow; b. upward gas flow where gρb < dp/dz (before the onset of 
fluidization)  

At gρb = dp/dz the vertical stress is zero throughout the complete plug, be-
cause the gravity force equals the force resulting from the pressure gradi-
ent of the upward gas flow. If the pressure gradient exceeds the gravity 
force only slightly, the resultant force on the bulk solid acts upwards. 
Thus, a negative vertical stress (tensile stress) is acting within the material. 
In this situation a loosely packed, cohesionless bulk solid starts to dilate, 



266      9  Stresses 

transforms into a fluidized bed, and due to the increased porosity the pres-
sure drop decreases so that again gρb = dp/dz is fulfilled (onset of fluidiza-
tion, see Sect. 7.2.4). A cohesive bulk solid can still be in the state of a 
fixed bed at considerable pressure gradients dp/dz > gρb even before the 
onset of fluidization. The reason for this is the ability of a cohesive bulk 
solid to transfer tensile stresses due to its tensile strength, which is depend-
ent on the actual state of consolidation. For the calculation of vertical 
stress it is assumed that in the presence of vertical tensile stresses the 
(horizontal) wall normal stress and, thus, the shear stress transferred be-
tween the bulk solid and the confining walls, is zero, i.e., adhesion accord-
ing to Fig. 3.29.b and possible residual stresses in the horizontal direction 
which can result from a preceding consolidation and remain even after the 
material is relieved from the consolidation stress (e.g., [9.4]) are excluded. 
Considering this condition (τw = 0) and introducing the pressure gradient in 
the equilibrium of forces on a slice element according to Fig. 9.8, one ob-
tains:  

)( vvdz
dp

bv dσσAdzAdzAρgAσ +=−+  (9.20) 

Integrating this equation and solving for the vertical stress gives: 
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According to Eq.(9.21) the vertical stress is zero at the upper surface and 
decreases linearly downwards, i.e., a tensile stress acts in the bulk solid 
which is maximum at the bottom (Fig. 9.12.b). If the tensile stress is suffi-
cient to overcome the bulk solid’s tensile strength, the onset of fluidization 
(see Sect. 7.2.4) will be reached and the fixed particle bed is transformed 
into a fluidized bed. The pressure difference being necessary for the onset 
of fluidization therefore depends on the actual yield limit and, thus, on the 
state of consolidation of the bulk solid. For the sake of completeness it has 
to be mentioned that with sufficiently cohesive bulk solids in an arrange-
ment according to Fig. 9.12.b the complete bulk solid mass can also rise in 
form of a plug.  

9.2.3  Bulk solid properties for calculation of stresses  

To apply Janssen’s equation the values of bulk density, ρb, angle of wall 
friction, φx, and lateral stress ratio, K, are needed. While both the bulk den-
sity and the angle of wall friction can easily be measured with shear test-
ers, determination of lateral stress ratio is more difficult. 
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Janssen determined the lateral stress ratio by fitting Eq.(9.9) to the 
stresses measured in a model silo. This possibility is normally not avail-
able when calculating silo stresses. Thus, alternative methods are used.  

Koenen [9.18] proposed to calculate the lateral stress ratio according to 
Rankine’s coefficient of active earth pressure, K0, which is the ratio of the 
minor to the major principal stress (therefore index “0”) in the active plas-
tic state of stress. This is equivalent to the steady-state flow concept used 
in bulk solids technology (see Fig. 9.5, stress circle for steady-state flow): 
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The application of Eq.(9.22) in combination with Janssen’s equation im-
plies firstly that the vertical and the horizontal stresses in the vertical sec-
tion are principal stresses (which due the presence of wall friction is only 
possible along the axis of the vertical section), and secondly that the bulk 
solid is in an active plastic state of stress which is equivalent to steady-
state flow. To eliminate the first incorrect assumption, equations for the 
calculation of the lateral stress ratio have been derived which consider fric-
tion at the wall (e.g., Walters [9.12]). The assumption of steady-state flow 
also cannot be correct, because steady-state flow could only be achieved if 
the bulk solid in the vertical section had the possibility to sufficiently di-
late in the horizontal direction. This is normally not possible due to the 
stiffness of the silo walls [9.10,9.24,9.25,9.36].  

As stated above, the bulk solid in the vertical section is compressed only 
in the vertical direction as a result of the gravity force, whereby almost no 
deformation takes place in the horizontal direction. Thus, the material is 
subjected to uniaxial compression. For certain major principal stresses, σ1, 
a larger minor principal stress, σ2, develops at uniaxial compression com-
pared to steady state flow (e.g., [9.4,9.39]). Thus, the Mohr stress circle for 
uniaxial compression (active elastic state of stress) plotted in Fig. 9.5 lies 
below the Mohr stress circle representing steady-state flow (active plastic 
state of stress) and, thus, below the effective yield locus. Therefore, 
Eq.(9.22) predicts a too small lateral stress ratio for the vertical section.  

Several publications exist in which other relations for the lateral stress 
ratio, K, have been derived. Surveys can be found in [9.5,9.24,9.36,9.40]. 
Often the coefficient of earth pressure at rest, K0, calculated according to 
an equation proposed by Kézdi [9.41], is used to describe the ratio, K, of 
horizontal to vertical stresses in the vertical section: 

ϕsin1−== 0KK  (9.23) 
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φ is the angle of internal friction, which is often approximated by the ef-
fective angle of internal friction, φe, since this angle can be determined 
with shear tests. The advantage of Eq.(9.23) compared to Eq.(9.22) is the 
better agreement between calculated and measured values of lateral stress 
ratio [9.39]. But, strictly speaking, Eq.(9.23) is only valid for a particle bed 
having infinite dimensions in the horizontal direction, i.e., the influence of 
the wall is neglected as in Eq.(9.22). Also silo codes such as DIN 1055 
part 6 (version from 1987) [9.1] are based on a slightly modified form of 
Eq.(9.23):  

)sin1(2.1 ϕ−⋅=K  (9.24) 

Eq.(9.24) leads to larger wall normal stresses and shear stresses in the up-
per silo part which leads to safer load assumptions compared to Eq.(9.23). 
For applications where the vertical stress is of importance (e.g., to deter-
mine the load on a feeder) it is recommended to use the smaller value of K 
resulting from Eq.(9.23), since it yields larger vertical stresses compared to 
the predictions of Eq.(9.24).  

For rough estimates of the stresses in the vertical section a value of  

4.0=K  (9.25) 

is often recommended [9.42,9.43].  
The values of the lateral stress ratio calculated according to Eq.(9.24) 

should be regarded as estimates. They cannot be correct in any case, since 
the lateral stress ratio in a real silo is dependent on other parameters (e.g., 
the angle of wall friction). A step forward to get more reliability is the rec-
ommendation in the new European silo code (DIN 1005-6:2005-03 [9.2], 
Eurocode [9.3]) to determine the lateral stress ratio from a uniaxial com-
pression test in a modified oedometer (Fig. 9.13). In this test, in a similar 
form realized, for example, by Lohnes [9.44] and recommended by Niel-
sen and Kolymbas [9.45], a bulk solid specimen within a cylindrical mould 
is compressed vertically while measuring the resulting horizontal stress. 
With this test certainly not all parameters of influence are taken into ac-
count, but at least those parameters are considered which are based on the 
bulk solids properties. Measurements in a special tester designed by the 
author and called “Lambdameter” (see Sect. 5.1.1, Fig. 5.7) [9.4] demon-
strate its applicability for the determination of the lateral stress ratio. 
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Fig. 9.13. Direct measurement of the lateral stress ratio (in principle)  

In Fig. 9.14 lateral stress ratios, K, measured with the Lambdameter are 
plotted versus the effective angle of internal friction, φe. Additionally re-
sults calculated according to Eqs.(9.23) and (9.24) are drawn as dashed 
curves. Some measured values show a significant deviation from the pre-
dicted values. Generally the measured values of K are within a smaller 
range than the results obtained with the equations. The average value of 
the measurements is about K = 0.5. Note that bulk solids with a large ef-
fective angle of internal friction, φe, exhibit large deviations from the cal-
culated values. Thus, the recommendation in [9.2,9.3] to measure the lat-
eral stress ratio directly seems to be a significant improvement. 
 

 
Fig. 9.14. Lateral stress ratio, K, measured with the Lambdameter and calculated 
from Eqs.(9.23) and (9.24) where the effective angle of internal friction, φe, is sub-
stituted for the angle of internal friction, φ [9.4]  
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9.2.4  Estimation of stresses at an outlet opening 

The calculation of stresses in a hopper is too complex to be described here 
in detail. Moreover some numerical solutions are necessary. In Sect. 9.2 
one is referred to appropriate literature and to a computer program pro-
vided by the author. To determine vertical stresses and wall normal 
stresses at an outlet opening, diagrams published by Jenike [9.19] or 
equivalent equations [9.8,9.34] can be found. A very rough estimate being 
at least valid for an idea of the order of magnitude of the vertical stress, 
σva, at the outlet of a mass flow hopper is possible with the following equa-
tions: 

Conical hopper: 

dρgσ bva ⋅= 2.0  (9.26a)

Wedge-shaped hopper:  

bρgσ bva ⋅= 4.0  (9.26b)

d is the outlet diameter of a conical hopper, b the outlet width of a wedge-
shaped hopper (see Sect. 10.3, Fig. 10.4).  

The major principal stress at the outlet opening can be roughly esti-
mated for emptying conditions with Eq.(9.3) in combination with the equa-
tions listed above by setting the vertical stress equal to the minor principal 
stress:  

dρgσ b
e

e
1 ⋅⋅

−
+

= 2.0
sin1
sin1

ϕ
ϕ

 (9.27a) 

and  

bρgσ b
e

e
1 ⋅⋅

−
+

= 4.0
sin1
sin1

ϕ
ϕ

 (9.27b) 

At filling conditions (i.e., after a silo has been freshly filled from com-
pletely empty) the stresses at the outlet opening depend on several condi-
tions and cannot be calculated precisely. It is known from stress measure-
ments (e.g., [9.25,9.33]) that the vertical stress at the outlet can be up to 
five to ten times larger compared to emptying conditions. Since at filling 
conditions the major principal stress in the hopper is oriented more or less 
vertically (see Fig. 9.4.a), the major principal stress does not differ much 
from the vertical stress. 
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9.2.5  Assessment of the stress distribution in a silo   

To calculate stresses in a silo as shown by example in Fig. 9.15, the indi-
vidual sections (vertical section, hopper, etc.) are considered one after the 
other, with the calculation starting at the upper surface and continuing 
downwards. Thus, at first the stresses in the vertical section are calculated 
with Janssen’s equation. The vertical stress at the lower edge of the verti-
cal section gets the designation σv1. Afterwards the stresses in the hopper 
for both filling and emptying conditions are calculated under consideration 
of the surcharge stress, σv1, resulting from the material in the vertical sec-
tion. Suitable are, for example, the mentioned methods of Motzkus 
[9.24,9.25] and Enstad and Arnold/McLean, respectively [9.34]. The verti-
cal stress at the lower edge of the hopper (designation σv2, Fig. 9.15) is 
then used as the surcharge stress for the calculation of the stresses in the 
lower vertical section (Janssen’s equation with surcharge). The vertical 
stress at the outlet opening is σv3. 

The procedure just mentioned for the calculation of stresses is used in 
the “Silo Stress Tool” software (freeware) [9.35]. The program enables es-
timation of stresses acting in simple silo forms as shown in Fig. 9.15 (cir-
cular/rectangular vertical sections, conical/wedge-shaped hoppers). How-
ever, the program is not suitable for the design of silos for strength since 
for this other calculation methods and safety factors as provided in related 
codes [9.1-9.3,9.31] have to be used.  
 

 
Fig. 9.15. Silo subdivided in sections for calculation of stresses  
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9.3  Loads on feeders 

Most silos are provided with a feeder. The feeder must withstand the load 
resulting from the bulk solid in the silo, and it must be able to move the 
bulk solid beneath the outlet opening. Following a fundamental considera-
tion of stresses at a silo’s outlet opening, the principal procedure for esti-
mating driving forces of feeders is explained by simple examples.  

9.3.1  Vertical stress at an outlet opening 

As outlined in Sect. 9.1.2, after a silo has been freshly filled from com-
pletely empty (filling conditions, active state of stress), the vertical stress 
at the outlet opening is larger than at emptying conditions [9.19,9.33,9.34, 
9.42,9.46] (in experiments up to ten times larger stresses were measured 
for the filling state compared to the emptying state [9.19,9.33]). In Fig. 
9.16.a the filling level, hf, of a silo is plotted for filling and subsequent dis-
charge. While filling the silo, the vertical stress acting on the feeder (Fig. 
9.16.b) is increasing, but the increase per unit time becomes smaller due to 
the effect of the hopper and silo walls increasing with filling height. To 
discharge bulk solid, the feeder must be able to move the material which is 
subjected to the high vertical stress attained at the end of the filling proc-
ess. Thus, high friction forces have to be overcome which results in a high 
driving force, Fh (Fig. 9.16.c) . As soon as discharge has started, the pas-
sive stress field (emptying conditions) develops in the hopper which re-
sults in a sudden drop of the vertical stress, σv, at the outlet opening (Fig. 
9.16.b) with the consequence of a lower driving force, Fh (Fig. 9.16.c).  

The large driving force occurring at discharge following filling condi-
tions can be avoided only by means of reduction of vertical stress: 

• Continuous discharge during filling (especially while the hopper is 
filled) reduces the vertical stress in the hopper by transforming the ac-
tive to a passive stress field; the discharge rate can be very small to limit 
the amount of discharged material, alternatively material can be dis-
charged intermittently [9.46].  

• If complete emptying of the silo is avoided, a material cushion remains 
in the silo so the passive stress field is preserved. During subsequent 
filling the stresses in the cushion may increase to a certain extent (de-
pendent on the amount of material; it is advantageous to keep the entire 
hopper filled), but the stress at the outlet is considerably smaller com-
pared to a silo being filled from completely empty. Further advantages 
of this method are the reduction of wear by avoiding material falling di-
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rectly on the feeder during filling (important for coarse, hard materials). 
Fine-grained materials, which may be in a fluidized state just after being 
filled into a silo, are hindered from flooding through the silo outlet 
[9.46].  

• The vertical stress at a silo outlet can be reduced with appropriate inserts 
(Sect. 9.4.1.2) [9.47] which have to be designed so that they do not 
cause flow problems such as stagnant zones or stable arches.  

• A slide gate (or similar device) installed above the feeder should be 
closed during filling. If it is then opened just before the feeder is started, 
the bulk solid in the silo flows a bit downwards which leads to a reduc-
tion of the vertical stress due to the beginning transition from the active 
to the passive stress field as shown in Fig. 9.4.b.  

 

 
Fig. 9.16. Filling level, hf, vertical stress at the outlet, σv, and driving force, Fh, 
during filling and subsequent emptying of a silo  

If no means are taken to reduce the vertical stress, one must ensure that the 
vertical displacement of the silo during filling is not larger than the dis-
placement of the feeder. This can happen, for example, when the silo is 
suspended in a steel frame, and the feeder (e.g., an en-masse feeder) is 
placed on a concrete foundation: The increase of the silo weight might lead 
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to a significant downward displacement of the silo, but there is only a 
small vertical displacement of the feeder due to its rigid foundation. Even 
when the displacement of the silo relative to the feeder is small (< 1 mm), 
the vertical stress exerted by the bulk solid in the silo onto the feeder can 
reach a multiple of the vertical stress which normally prevails in the filling 
state [9.33]. Figure 9.17 shows qualitatively the vertical stress, σvg, acting 
on a feeder (filling conditions) as a function of the difference ∆z = za - zs of 
the displacements of feeder (za) and silo (zs): Positive values of ∆z mean 
that the feeder is displaced downwards relative to the hopper as happens if 
the feeder is suspended flexibly (also feeders suspended from a hopper are 
likely to displace downwards relative to the hopper). In this case the verti-
cal stress is slightly reduced (Fig. 9.17). On the other hand, an extreme in-
crease of the vertical stress follows for negative values of ∆z (decreasing 
distance between silo and feeder during filling) which, thus, have to be 
avoided. 

 

 
Fig. 9.17. Vertical stress, σvg, acting on a feeder, as a function of the vertical dis-
placement, ∆z, of the feeder relative to the silo during filling [9.33]  

9.3.2  Estimation of driving forces 

The driving power required by a feeder is the result of several conditions 
and processes, for example, friction within the feeder system (pulleys, 
chains, bearings, etc.), inertia forces, and others. In the following only the 
force required to move the material below the outlet opening of a bin is 
considered. Inertia forces can usually be neglected due to the small trans-
port velocities typically occurring at discharge; internal friction forces of 
the feeder depend on the type of the feeder and can be estimated with help 
of characteristic values used in conveyor technology [9.48]. The driving 
force is then calculated as the sum of all friction forces which have to be 
overcome at discharge. For this the motion of the material beneath the out-
let has to be considered.  
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For three types of feeders the calculation of the driving force is demon-
strated in the following, i.e., belt feeder (Fig. 9.18), apron feeder (Fig. 
9.19), and en-masse feeder (Fig. 9.20). Descriptions of the feeders are 
given in Sect. 12.3.2. All three feeders are positioned beneath the outlet 
slot of a wedge-shaped hopper. It is assumed that the hopper/feeder inter-
face is designed to provide withdrawal over the entire outlet area (for de-
tails refer to Sect. 12.3.2). The vertical stress at the outlet opening, σva, can 
be estimated with the equations described in Sect. 9.2. The stress acting on 
the feeder is larger than σva due to the weight of the particle layer beneath 
the outlet opening. For the layer normally a linear (hydrostatic) increase of 
stress can be assumed, because wall friction does not need to be considered 
due to the height of the layer being small compared to its horizontal di-
mensions.  

 

 
Fig. 9.18. Discharge with a belt feeder from a wedge-shaped hopper 

 
Fig. 9.19. Discharge with an apron feeder from a wedge-shaped hopper 

 
Fig. 9.20. Discharge with an en-masse feeder from a wedge-shaped hopper 
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First the belt feeder (Fig. 9.18) is considered. The maximum force which 
can be transmitted from the belt to the bulk solid is determined by the 
maximum friction force between belt and bulk solid [9.33]. The vertical 
stress, σvg, acting on the belt is given by 

ghρσσ bvavg += . (9.28) 

The vertical stress, σva, at the outlet opening can be assessed according to 
Sects. 9.2.4 and 9.2.5. The maximum possible driving force, Fh, of the belt 
feeder equals the friction force being transmitted by the belt:  

)tan( ,sgxvgh LbσF ϕ=  (9.29) 

φx,sg is the angle of friction between bulk solid and belt.  
Measurements on a model silo equipped with a belt feeder have shown 

that Eq.(9.29) really leads to an upper limit of the driving force, i.e., usu-
ally the driving force is smaller than the calculated value [9.33,9.49]. Fig-
ure 9.21 shows the measured maximum driving force of a belt feeder when 
discharging from a hopper at filling conditions. The data points correspond 
to the maximum in the course of the driving force, Fh, in Fig. 9.16.c. The 
slope of the hopper wall, Θ, and the shape of the transition from the hopper 
to the feeder had been varied in the experiments. The straight line in Fig. 
9.21 corresponds to Eq.(9.29). Also in the literature, somewhat pure em-
pirical equations for calculation of the driving force of belt feeders can be 
found, mostly resulting in smaller values of driving force ([9.42,9.46,9.50, 
9.51], surveys in [9.33,9.49]).  
 

 
Fig. 9.21. Maximum driving force, Fh, as a function of the vertical force on the 
belt feeder, Fvg = σvg · L · b (filling conditions in the hopper; different values Fvg 
result from different hopper wall slopes, Θ). The line represents the feeder force 
calculated with Eq.(9.29) based on the measured vertical stress [9.33]. 
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The apron feeder shown in Fig. 9.19 is equipped with pans provided with 
flanges projecting upwards. Thus, the bulk solid cannot slip across the sur-
face of the pans. For calculation of the driving force it is assumed that the 
pans transport a particle layer of height h horizontally. Thus, friction forces 
have to be overcome at the upper side of the layer (internal friction, i.e., 
friction within the bulk solid) and along the stationary vertical side walls 
(wall friction).  

The vertical stress acting on top of the transported layer, σva, can be es-
timated with the equations described in Sect. 9.2. The stress, σvg, acting on 
the pans can be approximated with Eq.(9.28) thereby assuming hydrostatic 
increase of the vertical stress (i.e., no influence of wall friction on vertical 
stress). The stress acting on the side walls is, roughly equal to the mean 
vertical stress in the transported layer multiplied by the lateral stress ratio, 
K: 

2
vgva

hm
σσ

Kσ
+

⋅=  (9.30) 

For the driving force it follows:   

( ) ( )swxhmsfvah LhσLbσF ,tan2tan ϕϕ +=  (9.31) 

The internal friction of the bulk solid at the upper side of the moved layer 
is assessed based on the angle of internal friction at steady-state flow, φsf. 
It takes into consideration that the bulk solids layers are sliding against 
each other as they do in a shear test during steady-state flow. It also would 
be possible to take the effective angle of internal friction, φe, instead of φsf , 
but φe can become rather large (e.g., φe > 70o) for poorly flowing bulk sol-
ids (e.g., moist clay) leading to unrealistic high values of the calculated 
driving force. On the contrary, for easy flowing bulk solids the difference 
between the angles φe and φsf is quite small. Thus, both angles can be used. 
φx,sw is the angle of wall friction for the bulk solid and the material of the 
side walls.  

The driving force of the en-masse feeder (Fig. 9.20) is calculated simi-
larly to that of the apron feeder. Here the bulk solid is shifted across the 
stationary intermediate plate, which results in additional friction to be 
overcome. The vertical stress acting on the intermediate plate, σvb, is calcu-
lated like the stress on the belt feeder according to Eq.(9.28). Then the 
driving force of the en-masse feeder is given by:  

( ) ( ) ( )sbxvbswxhmsfvah LbσLhσLbσF ,, tantan2tan ϕϕϕ ++=  (9.32) 



278      9  Stresses 

Here φx,sb is the angle of wall friction between the bulk solid and the bot-
tom plate. The other parameters are the same as in Eq.(9.31).  

When applying the equations derived above, it has to be considered that 
they are based on ideal assumptions. According to geometrical conditions 
larger driving forces can arise, for example, if the height of the transported 
layer is extremely small compared to its length, or if the layer must con-
verge in conveying direction. The equations can be modified with respect 
to other feeders. To do so the situation in the hopper/feeder interface must 
be examined carefully and described with appropriate mathematical terms. 
However, if the conveying process is too complex it is not possible to de-
rive reliable equations. For several types of feeders, which cannot be con-
sidered as shown above, equations for calculating driving forces exist, for 
example, for screw feeders [9.52–9.54] and vibratory feeders [9.55].  

9.4  Disturbances to the stress distribution 

The stresses acting on silo walls have to be known for the design of silos 
for strength. These are on the one hand the stress distributions following, 
for example, from Janssen’s equation (Sect. 9.2.1) [9.17]. On the other 
hand, according to the flow pattern in a silo (e.g., the shape of stagnant 
zones, if any), deviations (e.g., asymmetric stress distributions) are possi-
ble from the stresses which are calculated on the basis of idealized consid-
erations. If such effects are not taken into account for the design of a silo, 
they can have dramatic consequences on the stability of a silo. Some im-
portant reasons for non-uniform stress distributions are considered in the 
following  

9.4.1  Local variations of the cross-section  

9.4.1.1  Imperfections 

A silo’s vertical section with perfectly vertical walls results in a smooth 
stress distribution as predicted by Janssen’s equation. This is not the case 
for a real vertical section which has more or less pronounced imperfections 
resulting in local convergences and divergences. When a bulk solid in the 
vertical section passes a local convergence when flowing downward, it is 
compressed horizontally. As a result, the horizontal stress increases locally 
[9.9,9.14,9.56]. This effect is taken into account in several silo codes by 
multiplying the horizontal stress determined for filling conditions with a 
factor larger than one [9.1-9.3].  
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Fig. 9.22. Consequences of a local convergence on the wall normal stress; a. silo 
with artificial local imperfection and measured data of the wall normal stress, σw, 
(due to [9.57]); b. assumed lines of major principal stress in the region of the arti-
ficial imperfection  

An example demonstrating the effect of a local convergence is shown in 
Fig. 9.22 [9.57]. The diagram (Fig. 9.22.a) shows measurements of wall 
normal stress, σw, in a silo which can be provided with an artificial imper-
fection. Without imperfection, the wall normal stress behaves as predicted 
by the theory: it increases from the top of the silo according to Janssen’s 
equation, shows a pronounced stress peak at the transition, and decreases 
in the hopper. If the artificial imperfection is installed, the wall normal 
stress exhibits a strong local increase by a factor of up to about four (see 
squares in the diagram). The reason for this is the deformation of the bulk 
solid: To flow around the artificial imperfection, the bulk solid is com-
pressed in the horizontal direction. This is roughly equivalent to the situa-
tion at the transition from a vertical section to a hopper in a mass flow silo 
(see Sect. 9.1.2, Fig. 9.4.c). The more the cross-section is reduced by the 
imperfection, and the less compressible a bulk solid, the more probable 
that a passive stress field develops across the complete width of the verti-
cal section. For this case Fig. 9.22.b shows possible lines of major princi-
pal stress which are oriented predominantly horizontally in the region of 
the local convergence.  

If the local reduction of the cross-section is small compared to the entire 
cross-section of the vertical section, and if the bulk solid is sufficiently 
compressible, it is to be expected that a passive stress field develops only 
close to the local imperfection, because in this case the deformation of the 
bulk solid can be compensated by a local increase of the bulk density. 
Thus, small local convergences following from irregularities of the silo 
wall will lead to lower local stress increases than larger construction parts 
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as in Fig. 9.22. Such parts which project into the silo (e.g., level probes, 
temperature sensors, nozzles, ladders, horizontal weld beads,…) are sub-
jected to large loads resulting from the local change of the state of stress. 
The loads on those parts cannot be determined based on stresses following 
from Janssen’s equation, because this equation does not consider local 
stress increases. Unfortunately, general procedures for the assessment of 
loads on such parts are not available. 

9.4.1.2  Inserts 

Inserts can be installed in a silo’s vertical section (or other vertical chan-
nels), where they cause local convergences as discussed in the previous 
sections, or in a hopper. To date no generally valid equations exist for cal-
culation of loads on inserts, and in several silo codes (e.g., DIN 1005 part 
6 [9.1,9.2], Eurocode [9.3]) loads on inserts are not included. The reason 
for this situation is given by the complex relationship between the flow 
pattern and the resulting stress distribution, which had already been subject 
of many investigations (e.g., [9.47,9.58,9.59]). To describe some basic ef-
fects of inserts, results obtained by Strusch [9.47] are described in the fol-
lowing. Strusch measured insert loads and stresses in a model silo with 
wedge-shaped hopper, rectangular vertical section and wedge inserts of 
different dimensions and positions (Fig. 9.23).  
 

 
Fig. 9.23. Wedge insert  

A sufficiently large insert installed in a vertical section causes convergent 
flow and, thus, leads to similar conditions as in hoppers. On the other 
hand, very small inserts cause only small convergences and, thus have only 
a local effect as already discussed in the previous section (imperfections). 
In the following only large inserts are regarded. In addition, mass flow will 
be assumed because only in mass flow is the flow zone precisely defined.  

Strusch [9.47] found particularly large insert loads and wall stresses 
when the insert was installed in the vertical section and the silo was emp-
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tied. For filling conditions and for inserts installed in the hopper section, 
lower loads and stresses were observed in most cases. The reason for the 
large loads in the vertical section at emptying conditions is the transition 
from active to passive stress field due to the transition to convergent flow 
(similar to the mass flow hopper in Fig. 9.4.c, and the imperfection in Fig. 
9.22.b). In Fig. 9.24.a the lines of major principal stress are depicted for 
the case that a wedge insert is installed along the axis of a vertical section 
and material is discharged (emptying conditions). Between insert and silo 
wall the cross-section converges downwards. Thus, a passive state of stress 
develops as in a mass flow hopper. This goes along with the transition 
from active to passive stress field (the switch) causing a peak of the wall 
normal stress, σw, at the transition from a vertical section to a mass flow 
hopper (see diagram in Fig. 9.24.a showing the distribution of wall normal 
stress and vertical stress). In the region of the insert the wall normal stress 
and the vertical stress decrease downwards. The stresses acting on the side 
walls of the insert will develop similar to the stresses on the opposite silo 
wall, i.e., they are largest at the tip of the insert and decrease downwards 
[9.47]. Beneath the insert the state of stress turns again into an active state 
of stress.  

 

 
Fig. 9.24. Wedge insert in a vertical section of rectangular cross-section; distribu-
tion of the wall normal stresses, σw, and the mean vertical stresses, σv (dashed; 
only in Fig. a) versus silo height; the lines of major principal stress, σ1, are plotted 
as assumed by the author (stresses qualitatively according to [9.47]); a. insert 
along the silo’s axis of symmetry, b. insert laterally displaced, flow velocity is in-
dicated by the length of the arrows.  

If the insert is laterally displaced from the axis of symmetry, both the in-
sert loads and the silo wall stresses become asymmetric. Furthermore, the 
insert shown in Fig. 9.24.b leads to an asymmetric velocity profile. At the 
level of the lower edge of the insert, the vertical stress in the area to the left 
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of the insert is greater than that on the right due to the larger width of the 
flow channel (in a converging channel the radial stress field develops 
where the stress is proportional to the local width). The larger vertical 
stress on the left side of the insert causes the material below to flow faster 
than that on the right side and, thus, finally results in a higher flow velocity 
of the material on the left side of the insert compared to the right side. The 
asymmetric velocity distribution still exists above the insert and is more 
and more equalized in the upward direction. Strusch [9.47] identified a 
boundary layer between the zone with the lower velocity on the right side 
and the zone with the higher velocity on the left side (see Fig. 9.24.b, 
where the boundary layer is indicated by a line starting from the tip of the 
insert). 

For the zone of higher velocity (left) the zone with the lower velocity 
acts similar to a stagnant zone. Thus, convergent flow emerges in the faster 
flowing zone, which goes along with the development of a passive state of 
stress (see lines of major principal stress in this area, Fig. 9.24.b). At the 
top level of the converging flow zone a switch region develops indicated 
by a peak wall normal stress on the left silo wall. In the slower flowing 
zone (right side) no convergent flow takes place so the active state of stress 
is likely to be preserved. The stress in the slower zone increases in the 
downward direction due to the normal and shear stresses transferred 
through the boundary layer (especially important are the nearly vertically 
acting shear stresses due to the relative velocity of the zones). Since a con-
verging channel is formed by the insert and the silo wall, the stress state in 
the slower flowing zone switches from active to passive at the level of the 
upper edge of the insert. The switch region goes along with a significant 
stress peak at the right silo wall. The stresses then rapidly decrease be-
tween insert and silo wall in the downward direction. Due to the smaller 
width between insert and silo wall the wall normal stresses are reduced to 
smaller values in comparison to the situation on the left side (radial stress 
field: stresses are proportional to local hopper width). Similar is the devel-
opment of the vertical stress. The asymmetric vertical stresses have been 
mentioned already before as being the reason for the asymmetric flow pro-
file.  

The stress distributions caused by the insert (Fig. 9.24) demonstrate that 
in the area of the insert significantly larger stresses prevail than in a verti-
cal section without insert, where the maximum vertical stress is given by 
σv∞ according to Janssen’s equation (Eq.(9.12), Sect. 9.2.1). 

A quantity for the representation of the vertical load on inserts is the so-
called specific insert load, σvE,spec, which is equal to the vertical load, FV, 
acting on the insert (Fig. 9.25) divided by the base area of the insert [9.47]: 
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Fig. 9.25. Ratio σvE,spec/σv∞ as a function of the ratio of insert width, bE, to silo 
width, B, according to test results of Strusch [9.47] (insert in the vertical section) 

bE is the width of the insert, L the length of insert and silo (Fig. 9.25). The 
specific insert load has the unit of stress (force per area). In the diagram of 
Fig. 9.25 the ratio of the specific insert load, σvE,spec, to the maximum verti-
cal stress in the vertical section, σv∞, according to Eq.(9.12) is plotted ver-
sus the ratio of insert width, bE, to silo width, B, for both filling and empty-
ing conditions as measured by Strusch in a specific test arrangement 
[9.47]. It can be clearly seen that in the emptying state the specific insert 
load increases disproportionately with decreasing insert width. Further-
more, the specific insert load is larger in the emptying state than in the fill-
ing state for the range of parameters investigated (filling conditions will 
not be further discussed here, for further information refer to [9.47]). Ac-
cording to Fig. 9.25, in the emptying state the specific insert load is up to 
eight times σv∞. Thus, a calculation of vertical insert loads based on the 
vertical stress according to Janssen’s equation (σv∞) multiplied by the base 
area of the insert would underestimate the real loads.  

Especially small inserts (small ratio bE/B in Fig. 9.25) exhibit large spe-
cific insert loads. This can be explained by the fact that the stresses acting 
on the insert are largest at the top edge of the insert and decrease down-
wards (Fig. 9.24.a). If a small insert is regarded as being the tip of a large 
insert, it will become clear that the average of the stresses acting on an in-
sert becomes larger with decreasing insert width.  
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Fig. 9.26. Inclination to the vertical, δ, of the total force, F, acting on the insert as 
a function of the ratio of insert eccentricity, x, to silo width, B, according to meas-
urements of Strusch [9.47] (insert within the vertical section)  

The orientation of the force, F, acting on the insert is almost vertical at 
symmetrical conditions (Fig. 9.25). Small deviations can be caused, for 
example, by eccentric filling of the silo [9.47]. If the insert is displaced 
from the axis of symmetry, the insert load also becomes asymmetric. The 
direction of the total force, F, acting on the insert is plotted in Fig. 9.26 
versus the ratio of insert eccentricity, x, to silo width, B. The inclination, δ, 
of the force to the vertical is increasing with increasing insert eccentricity, 
x. For emptying conditions δ is smaller than 0°, i.e., the force has a hori-
zontal component acting from right to left. The reason for this is the stress 
peak developing on the right side of the insert (see Fig. 9.24.b). Values of 
δ smaller than -45° indicate that the horizontal component of force F is lar-
ger than the vertical component. Thus, horizontal loads on inserts can be 
larger than vertical loads [9.47].  

In the filling state the angle, δ, is slightly increasing with increasing in-
sert eccentricity, x. The reason for this is that on the left side larger stresses 
develop due to the larger distance between insert and wall compared to the 
situation on the right side.  

If an insert is located in the hopper of a silo, in most cases the insert 
load is smaller compared to that on the same insert located in the vertical 
section. This is true especially for emptying conditions in a mass flow silo 
where the passive stress field prevails in the entire hopper. Thus, no switch 
stress develops at the upper edge of the insert (Fig. 9.27.b). The stresses 
between insert and hopper wall decrease stronger in the downward direc-
tion compared to the hopper without an insert, because the width of the 
flow channels left and right to the insert is smaller than the width of the 
hopper (compare distributions of wall normal stress with and without in-
sert, Fig. 9.27.b). Beneath the insert the stresses converge towards the 
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stresses which would be acting there without the presence of an insert, i.e., 
radial stress field prevails, where the stresses are proportional to the local 
width of the hopper.  
 

 
Fig. 9.27. Wedge insert in a wedge-shaped mass flow hopper; qualitative distribu-
tions of the wall normal stress, σw, and the mean vertical stress, σv, vs. silo height; 
the lines of major principal stress, σ1, are plotted as assumed by the author; a. fill-
ing conditions, b. emptying conditions. 

Also for filling conditions (Fig. 9.27.a) a reduction of the stresses in the 
region of the insert can be observed, whereby the active state of stress is 
preserved. Only the orientation of the principal stresses is slightly changed 
due to the presence of the insert. In contrast to emptying conditions, where 
the stress in the lower part of the hopper is proportional to the local width 
and does not depend on the conditions further up in the silo, at filling con-
ditions the stresses in the hopper depend on the surcharge load caused by 
the material in the vertical section. Thus, the stresses beneath the insert are 
significantly reduced compared to the situation without insert (Fig. 9.27.a). 
This is above all important when the vertical stresses at the outlet should 
be reduced by the insert, for example, to decrease the load on a feeder.  

9.4.2  Eccentric flow 

The situation of an asymmetric flow zone, i.e., the bulk solid flows pre-
dominantly on one side of the silo, is called eccentric flow. The problems 
of eccentric flow are – besides the disadvantages of funnel flow – that 
within the silo a stress distribution develops that is asymmetric with re-
spect to the perimeter. This has to be considered for structural design of a 
silo [9.9].  



286      9  Stresses 

 
Fig. 9.28. Eccentric flow in a silo’s vertical section (schematically); a. axial sec-
tion; b. vertical section through the silo axis  

Fig. 9.28 schematically shows a cylindrical section (diameter D) with an 
assumed flow zone (diameter df). The bulk solid flowing downwards exerts 
shear stresses not only on the silo wall, but also on the bulk solid that is at 
rest (stagnant zone), i.e. the flow zone transmits part of its weight to the 
silo wall and to the bulk solid in the stagnant zone. The shear stresses are 
depicted in Fig. 9.28.b showing their directions on the sectional planes. 
Thus, the flow zone can be regarded as being a “silo in a silo” with the di-
ameter df. From Janssen’s equation (see Sect. 9.1.2) it is known that the 
maximum vertical and horizontal stresses being achieved in a cylinder are 
proportional to its diameter. Thus, in the flow zone of diameter df smaller 
stresses prevail than in the stagnant zone.  

The distribution of wall normal stress, σw, developing during eccentric 
flow is schematically depicted in Fig. 9.29 (equivalent measurements see, 
e.g., [9.60,9.61]). In the region of the flow zone significantly smaller wall 
normal stresses prevail than in the remaining part, but on either side of the 
flow zone slightly larger stresses occur [9.27, 9.62–9.64]. Due to this non-
uniform load, the silo wall becomes flattened in the region of the flow 
zone (larger radius of curvature) and nearby slightly more bended (smaller 
radius of curvature). This behavior is most obvious if the silo is fabricated 
from metal. Thus, the silo wall is subjected to bending moments in differ-
ent directions.  

In reality the situation is more complex than shown in Figs. 9.28 and 
9.29: The stresses in the flow zone and in the stagnant zones influence 
each other, the diameter of the flow zone can change with height (normally 
the diameter is increasing with height), and dependent on the shape of the 
flow zone it can happen that further up in the silo the stresses in the flow 
zone are the larger ones [9.60]. Furthermore, the flow zone can change its 
shape and position with time. Surveys of experimental and theoretical in-
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vestigations about eccentric emptying are given by Hampe [9.10] and 
Rombach [9.27]. Calculation procedures can be found, for example, in 
[9.65–9.67]. Some silo codes contain procedures for the consideration of 
loads due to eccentric flow (e.g., [9.1-9.3]).  

 

 
Fig. 9.29. Schematic distribution of the wall normal stresses σw and deformation 
of the silo wall at eccentric emptying  

Reasons for eccentric flow can be:  

• Funnel flow silo with asymmetric flow zone, for example, due to a ec-
centric outlet opening or an asymmetric hopper (Fig. 9.30.a). Note that 
even in a symmetrical funnel flow silo asymmetric flow zones may pre-
vail, for example, due to segregation during filling.  

• Multiple outlet openings, from which discharge does not occur simulta-
neously (Fig. 9.30.b./c.) 

• Not fully opened gate (Fig. 9.30.d) 
• Feeder withdrawing the material only from a part of the outlet opening 

(Fig. 9.30.e) 

Also in a mass flow silo asymmetric stresses can occur around the perime-
ter when the bulk solid is not flowing uniformly over the cross-section. In 
this case the faster flowing bulk solid is supported by the slower flowing 
bulk solid as if it were a stagnant zone. An example is shown in Fig. 
9.24.b, where the different flow velocities are caused by an insert. Also a 
feeder withdrawing asymmetrically can lead to different flow velocities 
within the bulk solid: The belt feeder in Fig. 9.31 withdraws material pref-
erentially from the rear part of the outlet slot. This causes significantly dif-
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ferent wall normal stresses, σw, at the front and rear walls of the silo, 
whereby in the lower part of the hopper the stresses are smaller where the 
downward velocities are larger.  

 

 
Fig. 9.30. Reasons for eccentric flow; a. asymmetric hopper; b./c. multiple outlet 
openings; d. not fully opened gate; e. feeder withdrawing the material only from a 
part of the outlet opening   

The distributions of stresses caused by eccentric emptying are most impor-
tant for the structural design of a silo. Due to the asymmetric load bending 
moments and stresses are created which do not occur under symmetrical 
load [9.9]. For instance, if thin-walled cylindrical metal silos are deformed 
by eccentric loads as outlined above (Fig. 9.29), the radius of curvature of 
the cylindrical wall is increased in the area of the flow zone, so the vertical 
buckling strength is reduced.  

 

 
Fig. 9.31. Stresses while discharging with a belt feeder [9.33] 
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If the position of the flow zone changes with time the stress distribution 
also changes. As an example, in Fig. 9.32 a cylindrical silo provided with 
an orbiting screw feeder is shown. The screw rotates with respect to the 
silo axis while discharging (see Sect. 12.3.2.10). The bulk solid flows from 
above into the screw and, thus, forms an eccentric flow zone, the extension 
and shape of which depends on the geometry of the screw and on bulk sol-
ids properties. Due to the eccentric flow zone the silo walls will be stressed 
and deformed similar to the situation in Fig. 9.29, but since the screw is ro-
tating with respect to the silo axis, the flow zones and the local stresses and 
deformations are traveling around the silo axis [9.68]. Thus, any point of 
the silo wall is subjected to alternate bending moments. This also takes 
place with other discharge techniques where the position of withdrawal is 
moving, for example, with inverted cone silos used for the homogenization 
of raw mix or cement (Sect. 12.3.2.8) [9.64,9.69]. 

 

 
Fig. 9.32. Flow zone rotating around the vertical silo axis while discharging with 
an orbiting screw [9.68]  

 



10  Silo design for flow 

Since poorly designed silos can lead to shut-down periods in production 
plants as well as to product degradation due, for example, to segregation or 
too long residence times, silos should be designed by considering the bulk 
solid properties. As with other components in the design of process plants, 
reliable design criteria for silos are available. In the present chapter the 
well known design procedure due to Jenike [10.1,10.2] is described, which 
is based on the bulk solid’s properties. The expense to measure bulk solid 
properties that are necessary for silo design for flow is normally small 
compared to the costs which arise due to quality problems, production 
stoppages, building adjustments or complete reconstructions if such prop-
erties are ignored. 

10.1  Flow profiles: mass flow and funnel flow 

When a bulk solid discharges under gravity from a silo, one must distin-
guish between mass flow and funnel flow (also known as core flow or plug 
flow), see Fig. 10.1. In a mass flow silo every particle of the bulk solid in 
the silo is moving whenever the outlet is opened provided that arching 
does not occur. Mass flow is only possible if the hopper walls are steep 
and/or low enough in friction. If the hopper wall is too flat or too fric-
tional, funnel flow will occur. In a funnel flow silo (Fig. 10.1.b/c) at first 
only the bulk solid in a channel above the opening flows downwards – if 
anything discharges. The bulk solid located in the stagnant zones (also des-
ignated as dead zones), which develop at the silo periphery starting at the 
hopper walls directly above the opening, can be discharged only if the silo 
is emptied completely. The stagnant zones can reach the top level of the 
filling with the result that a flow funnel is formed at the surface (this type 
of funnel flow is called pipe flow in [10.3]). Thus, in this case funnel flow 
can easily be detected. It is also possible that the stagnant zones exist only 
in the lower part of the silo, because the boundary between the flowing 
bulk solid (flow channel) and the stagnant zones intersects the silo wall 
beneath the top level of the filling (this type of funnel flow is called mixed 
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flow in [10.3]). In this case a clear recognition of the flow profile is not 
possible by only looking from above on the filling (Fig 10.1.c). Addition-
ally the stagnant zones can be asymmetrical (even if the silo is symmetric 
with a centric outlet) thus causing disadvantageous loads on the silo walls 
(Sect. 9.4.2). Even more asymmetric flow may prevail in a silo with an ec-
centric flow zone (eccentric pipe flow according to [10.3], Fig. 10.1.d) 
caused, for example, by an eccentric outlet opening in combination with 
too shallow hopper walls (more reasons for eccentric flow are shown in 
Fig. 9.30).   

 

 
Fig. 10.1. Flow profiles: a. mass flow; b. funnel flow with stagnant zones up to the 
level of filling (pipe flow [10.3]); c. funnel flow with stagnant zones in the lower 
silo part (mixed flow [10.3]); here the stagnant zones are asymmetric; d. funnel 
flow with eccentric flow zone (eccentric pipe flow [10.3]) 

In a mass flow silo the complete mass of filling is in motion whenever 
bulk solid is discharged. However the velocity can be – and almost always 
is – different across the cross-section of the silo. If a uniform velocity dis-
tribution is assumed at the opening, a velocity distribution develops in the 
hopper with the highest values at the hopper axis and the lowest at the 
walls. Figure 10.2 depicts the vertical velocity components in a mass flow 
silo. The velocity at the wall is smaller the more frictional and flatter the 
hopper wall is. If the hopper wall is too frictional or too flat, no movement 
at the wall is possible, and, thus, a stagnant zone develops (funnel flow).  

The velocity distribution in the hopper still exists in the lower part of the 
vertical section, but with increasing distance from the upper corner of the 
hopper it turns into plug flow. The height of this transition zone is typi-
cally about 0.7 to 1.0 times the diameter of the vertical section, D.  

In funnel flow silos, where stagnant zones exist only in the lower part of 
the silo (Fig. 10.1.c), the velocity distributions above the stagnant zones 
are similar to those found in mass flow silos above the hopper. Therefore, 
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observation of the level of filling does not always give the correct indica-
tion of the flow profile. 

 

 
Fig. 10.2. Distribution of vertical components of velocities in a mass flow silo  

10.2  Flow problems in silos 

Problems often occurring during the storage of bulk solids in silos were 
described briefly in Sect. 1.1 (Fig. 1.2). Most of the mentioned problems 
are connected with funnel flow (Fig. 10.1). Therefore, many of the prob-
lems shown in Fig. 1.2 can be avoided if the silo is designed for mass flow:  

• Ratholes (also called pipes) are formed from consolidated stagnant 
zones. Therefore, they are only possible in funnel flow (Fig. 1.2.c).  

• The residence time distribution in a mass flow silo is narrow (“first in – 
first out”). Thus, the unfavorable long and unknown residence times oc-
curring in a funnel flow silo (Fig. 1.2.b) can be avoided. 

• Flooding often is the result of an insufficient deaeration of the bulk 
solid, and, therefore, it occurs when the residence time is too short. Es-
pecially in a funnel flow silo the residence time can be very short when 
the bulk solid is discharged during filling. As a result of the stagnant 
zone, the bulk solid just fed in appears after a very short time at the silo 
outlet (Fig. 1.2.d). Compared to a funnel flow silo, at identical mass of 
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filling and identical discharge rates the residence time in a mass flow 
silo is much longer (additional remarks regarding flooding: Sect. 12.1) 

• Segregation during filling, where different fractions separate across the 
surface of the silo filling, has a strong influence on the transient compo-
sition of the bulk solid discharged from funnel flow silos (Fig. 1.2.e). In 
contrast to this, in a mass flow silo the bulk solid is often sufficiently 
remixed in the hopper section (for means to reduce segregation refer to 
Chap. 13).  

Thus, in mass flow silos only the potential problem of arching remains 
where a stable arch forms above the silo outlet so that discharge is stopped. 
Coarse grained bulk solids can build up arches due to interlocking and 
wedging of particles (Fig. 10.3.a). This kind of arching can be avoided if 
the diameter of the circular outlet of a conical hopper is at least 6 to 10 
times the maximum particle size, xmax. The width of the rectangular outlet 
of a wedge-shaped hopper should be at least 3 to 7 times xmax (the outlet 
dimension depends on particle size distribution and particle shape [10.4]; a 
narrow particle size distribution and sharp-edged particles will tenden-
cially increase the probability of arch formation due to interlocking and 
wedging. Even if the outlet is large enough to avoid the formation of a sta-
ble arch, it may result in pulsating flow. With the maximum values given 
above satisfactory flow may be obtained with a wide range of different 
materials). With fine-grained and cohesive bulk solids the reason for arch-
ing is the cohesive strength (compressive strength, unconfined yield 
strength) of the bulk solid due to adhesive forces between individual parti-
cles. Even in this case arching can be avoided by a sufficiently large outlet 
opening. The calculation procedure will be explained in this section. 
 

 
Fig. 10.3. a. Arching due to interlocking and wedging of coarse-grained bulk sol-
ids; b. arching due to the cohesive strength of a bulk solid; c. ratholing (piping)  
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In case of a funnel flow silo, all problems mentioned above, which are 
characteristic of funnel flow, can occur (e.g., segregation or a wide resi-
dence time distribution). To ensure at least unobstructed flow, arching as 
well as ratholing (piping) (Fig. 10.3.c) must be avoided. A stable rathole 
develops in a funnel flow silo if only the bulk solid vertically above the 
outlet discharges, whereby the rest of the bulk solid – the material in the 
stagnant zones – remains stationary in the silo due to its cohesive strength, 
thus building the walls of a stable rathole. If the bulk solid tends to time 
consolidation, the strength of the stationary material in the stagnant zones 
increases with time, and as a result, the tendency for ratholing is also in-
creased. In the extreme case the bulk solid can be discharged only with 
major effort (e.g., manually loosened and discharged from the silo top with 
truck mounted vacuum equipment). Like arching, ratholing can be avoided 
with a sufficiently large outlet opening. The calculation procedure will also 
be explained in this section.  

10.3  Jenike’s procedure for silo design 

The design procedure developed by Jenike [10.1] has been applied with 
great success for more than 40 years. It allows determination of the hopper 
slope required for mass flow and outlet dimensions for unobstructed grav-
ity flow, i.e., no arching in mass flow silos and neither arching nor rat-
holing in funnel flow silos.  

After Jenike’s fundamental approach had been published, further proce-
dures regarding silo design were presented by other researchers, for exam-
ple, those of Enstad [10.5] and Molerus [10.6]. Nevertheless, Jenike’s de-
sign procedure is still the most applied one and, thus, is explained in the 
following in a simplified form. 

For the design procedure the quantities characterizing the flow proper-
ties of the bulk solid have to be known (Chap. 3). Essentially, these are the 
bulk density, ρb, the effective angle of internal friction, φe, characterizing 
the internal friction of the bulk solid, the unconfined yield strength, σc, and 
the angle of wall friction, φx. The angle of wall friction is the major prop-
erty for mass flow hopper slope design, whereas the unconfined yield 
strength is the decisive property considering arching. It has to be men-
tioned that all flow properties mentioned above depend on the stress level 
being represented by the major consolidation stress, σ1 (see Fig. 3.22). 
They can be measured with shear testers (Chap. 4).  
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10.3.1  Design of mass flow silos  

The basic geometrical shapes investigated by Jenike are the conical hopper 
and the wedge-shaped hopper (Fig. 10.4). Also asymmetric wedge-shaped 
hoppers are treated and instructions are given for asymmetric conical hop-
pers. However both shapes have no advantages – and several significant 
disadvantages (see Sect. 11.2.1) – considering discharge behavior or best 
use of space compared to the equivalent symmetric hoppers. To neglect the 
influence of the front walls, it is supposed for the wedge-shaped hopper 
that the length, L, of the rectangular outlet is at least three times its width, 
b (L > 3b). The goal of the design process is the determination of the hop-
per slope necessary for mass flow and the minimum outlet size to prevent 
flow problems due to arching or ratholing. 

 

 
Fig. 10.4. Basic silo shapes: a. conical; b. wedge-shaped; c. asymmetric wedge-
shaped; d. asymmetric conical 

Jenike’s approach is based on the calculation of stresses in hoppers. With 
the conditions of equilibrium applied to an infinitesimal volume element of 
bulk solid in the hopper, he derived two partial differential equations. The 
properties of the bulk solid are taken into account by parameters obtained 
from yield loci. For the flowing bulk solid steady-state flow conditions are 
assumed where the ratio of major to minor principal stress is defined by 
the effective angle of internal friction, φe, or the effective yield locus, re-
spectively. Incipient flow (being important for arching and ratholing not to 
occur) is characterized by an equation for the linearized yield locus. With 
further simplifying assumptions Jenike postulated that the major principal 
stress σ1 in the lower hopper part is proportional to the distance, r, from the 
virtual hopper apex (“radial stress field”) [10.1]: 
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)sin1(),,,'( eexb1 ΘΘsgrσ ϕϕϕρ +⋅⋅⋅⋅=  (10.1) 

As an approximation the bulk density, ρb, is assumed to be constant. Angle 
Θ' and radius r determine the position of the bulk solid element in the hop-
per (polar coordinates; see Fig. 10.5), whereas Θ is the inclination of the 
hopper wall to vertical. Thus, function s depends on the bulk solid’s prop-
erties, φe and φx, the hopper slope, Θ, and coordinate, Θ'.  

A solution of the system of differential equations exists only for specific 
combinations of parameters, Θ, φe, and φx. Thus, only for these conditions 
mass flow will occur. If the hopper wall is not steep enough, no solution 
exists fulfilling the condition of bulk solid moving along the hopper wall 
(mobilization of wall friction), and, thus, a stagnant zone will form (funnel 
flow). With the solution of the system of differential equations function s 
in Eq.(10.1) is also known. Thus, besides others, the major principal stress 
in the hopper can be calculated. 
 

 
Fig. 10.5. Polar coordinates in a hopper  

In Fig. 10.6 the combinations of parameters which lead to solutions of the 
system of differential equations, and, thus, to mass flow for conical hop-
pers, are indicated as “mass flow” region. The mass flow region is sepa-
rated from the funnel flow region (where no solutions of the differential 
equations are found) by the mass flow boundaries, which depend some-
what on the effective angle of internal friction, φe, characterizing the inter-
nal friction at steady-state flow. In Fig. 10.7 the boundaries for wedge-
shaped hoppers are shown which are not theoretically determined bounda-
ries, but modified based on Jenike’s practical experience (the theoretically 
obtained boundaries are located more to the right, but are not sufficient to 
obtain mass flow at all conditions). In both figures the angle of wall fric-
tion, φx, is plotted versus the slope of the hopper wall, Θ, from vertical (Θc 
for conical hoppers, Θp for wedge-shaped hoppers).  
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Conditions within the mass flow boundaries (Figs. 10.6 and 10.7) lead 
to mass flow whereas conditions outside represent funnel flow. Knowing 
the angle of wall friction, φx, and the effective angle of internal friction, φe, 
the maximum inclination, Θ, of the hopper wall for mass flow to occur can 
be determined from the mass flow boundaries. For the case of a conical 
hopper, a safety margin of 3° to 5° [10.1] should be subtracted from the 
maximum inclination because the mass flow boundaries have been calcu-
lated for ideal conditions (a safety margin of 2° to 3° may be sufficient if 
the properties of the bulk solid and the wall surface are well-defined and 
do not change with time, and the maximum wall friction angles have been 
determined accurately). All boundary lines have a similar shape indicating 
that the maximum hopper slope for mass flow is steeper (Θ smaller) the 
larger the angle of wall friction, φx. 

 

 
Fig. 10.6. Mass flow diagram (conical hopper)  

For identical material properties (φx, φe), the wedge-shaped mass flow 
hopper can be flatter (larger angle Θ) than a conical mass flow hopper; the 
difference is normally in the range of 8° to 12°. This can be explained by 
the fact that at identical hopper inclination the cross-section of a conical 
hopper is reduced more in the direction of flow than that of a wedge-
shaped hopper. The inclined wall of an asymmetric wedge-shaped hopper 
can even be flatter (Fig. 10.4.c; diagram with mass flow boundary: see 
Sect. 10.5). The maximum wall inclination of an asymmetric conical hop-
per (Fig. 10.4.d) follows from a multiplication of the maximum angle of 
inclination of a symmetric conical hopper, Θc, by 1.25 [10.1].  
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Fig. 10.7. Mass flow diagram (wedge-shaped hopper, L > 3b)  

 
Fig. 10.8. Model for determination of minimum outlet size, dcrit, to avoid arching 

For the next step, i.e., determination of the minimum size of the outlet 
opening to avoid arching, the stresses in the hopper are considered. When 
bulk solid is discharged from a mass flow silo, the radial stress field devel-
ops in the hopper (Sect. 9.1.2). The major principal stress, σ1, of the radial 
stress field is (at least at a sufficient distance from the silo’s vertical sec-
tion) proportional to the local hopper diameter which in turn is propor-
tional to the distance, r, to the virtual hopper apex. Thus, σ1 tends towards 
zero at the hopper apex (Fig. 10.8). The major principal stress, σ1, is acting 
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as the consolidation stress which determines the local properties of the 
bulk solid. 

For each major principal stress (= consolidation stress), σ1, the uncon-
fined yield strength, σc, can be measured (Chap. 3). The relation σc(σ1) is 
called the (instantaneous) flow function (Fig. 10.9). The flow function 
should not be mixed up with the yield locus: Each yield locus provides one 
pair of unconfined yield strength, σc, and consolidation stress, σ1, values, 
i.e., one point on the flow function. According to the flow function (Fig. 
10.9), in Fig. 10.8 for every consolidation stress, σ1, the corresponding 
value of unconfined yield strength, σc, is plotted.  

 

 
Fig. 10.9. Flow function and time flow functions  

If a cohesive arch has formed in a hopper (Fig. 10.8), a force resulting 
from the weight of the bulk solid is transferred to the hopper walls. This 
effect is represented by the major stress required to support a stable bulk 
solid arch, σ1', which is comparable to the bearing stress of a road bridge. 
Jenike calculated σ1' by assuming that the bulk solid arch has a smooth 
shape with a constant thickness in vertical direction, and that the arch must 
carry only its own weight, i.e., any load from the material above the arch is 
neglected. With further assumptions it follows for the major stress in a sta-
ble arch [10.4]: 

m
ρgΘr

'σ b
+

⋅⋅⋅
=

1
sin2

1  (10.2) 

m is a parameter describing the hopper shape: m = 0 for wedge-shaped 
hoppers and m = 1 for conical hoppers. The term (2r·sinΘ) represents the 
local hopper diameter, d, for the conical hopper and the local width, b, for 
the wedge-shaped hopper (silo shapes: see Fig 10.4). Coordinate r meas-



10.3  Jenike’s procedure for silo design      301 

ures the distance from the hopper apex to the support of the arch (similar 
to Fig. 10.5, but along the hopper wall, i.e., Θ' = Θ).  

A stable arch is only possible in that part of the hopper where the uncon-
fined yield strength is greater than the stress that would exist in a stable 
arch (σc > σ1'), i.e., beneath the point of intersection of the σc curve with the 
σ1' line (Fig. 10.8). Above the point of intersection the unconfined yield 
strength is smaller than the major stress in the arch, i.e., the material will 
flow. The intersection point defines that position in the hopper (height h*, 
Fig.10.8) where the hopper diameter is equal to the so-called critical outlet 
diameter, dcrit, which must be exceeded if arching is to be avoided. If the 
outlet opening is smaller than dcrit (i.e., lower in the hopper), flow promot-
ing devices have to be installed between the actual outlet opening and the 
critical diameter, dcrit (height h*). The equivalent procedure for a wedge-
shaped hopper with a rectangular outlet leads to a critical outlet width, bcrit. 
Since here the influence of the front walls (friction!) is neglected, the 
length, L, of the outlet must be at least three times its width, b. 

Some bulk solids have the tendency to consolidate with time when 
stored at rest, for example, in a silo (time consolidation, Sect. 3.1.2). In 
analogy to the (instantaneous) flow function which characterizes the in-
stantaneous behavior (unconfined yield strength directly after consolida-
tion, i.e., after the storage period t = 0), time flow functions σct = σc(σ1,t) 
exist which represent the unconfined yield strength after certain consolida-
tion periods. Two time flow functions are plotted in Fig 10.9 being valid 
for two storage periods at rest, t1 and t2 > t1. If the time flow function line 
would be transferred into Fig.10.8, a point of intersection of σ1' and σct 
would result located further upwards, i.e., at h > h*. Thus, a larger critical 
diameter, dcrit, would result. This leads to the well known effect that with 
increasing time of storage at rest larger outlet diameters are necessary to 
avoid arching.  

For the practical determination of critical outlet dimensions Jenike pro-
posed a procedure outlined in the following. It is based on the fact that 
both stresses σ1' and σ1 are proportional to the local hopper diameter which 
in turn is a function of the distance, r, to the hopper apex (see also 
Eqs.(10.1) and (10.2)). Thus, at the hopper wall (Θ' = Θ) the ratio σ1/σ1', 
called the flow factor, ff, is constant. 
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Fig. 10.10. Flow factor, ff, for conical hoppers and φe = 40° [10.1] 

 
Fig. 10.11. Flow factor, ff, for conical hoppers and φe = 50° [10.1] 

The flow factor ff is dependent on the flow properties (φx, φe) and the hop-
per shape (m, Θ). Knowing function s (Eq.(10.1)), the flow factor can be 
calculated. Jenike provided diagrams for an easy determination of the flow 
factor. Each of the diagrams is valid for a specific hopper geometry (e.g., 
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conical) and a fixed value of the effective angle of internal friction, φe, be-
ing varied from diagram to diagram in steps of 10°. Two of these diagrams 
(valid for conical hoppers) are shown in Figs. 10.10 and 10.11. The solid 
curves represent constant values of ff, as given by the labels. For values in 
between and φe values which are not multiples of 10°, the flow factor val-
ues must be obtained by interpolation. The mass flow boundary is also 
plotted in each diagram (dashed curve). Further diagrams are presented in 
Sect. 10.5. The complete set of diagrams is given in Jenike’s Bulletin 123 
[10.1]. Equations approximating ff and the maximum hopper wall angles 
for mass flow are published in [10.7]. 

For determination of critical outlet dimension to avoid arching a σc,σ1 
diagram as shown in Fig. 10.12 is used. Additionally, the major stress in 
the arch, σ1', is plotted in this diagram, which, according to Eq.(10.3), is di-
rectly proportional to σ1. 

ff
σ

'σ 1
1 =  (10.4) 

 
Fig. 10.12. Flow function and time flow functions; major stress in a stable arch, σ1' 

With the measured flow properties, the hopper inclination, Θ, determined 
at the mass flow design, and Jenike’s diagrams [10.1] (e.g. Fig 10.10), the 
flow factor, ff, can easily be determined.  

The point of intersection of the major stress in the arch, σ1', and the flow 
function in the σc,σ1 diagram (Fig. 10.12) is equivalent to the point of inter-
section in Fig. 10.8. The coordinates of the intersection point are provided 
with the index “crit” (unconfined yield strength, σc,crit, and consolidation 
stress, σ1,crit). Finally the equivalent local hopper diameter, the critical di-
ameter, dcrit, has to be calculated. To do so Eq.(10.2) is rearranged, and the 
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major stress in the arch, σ1', is replaced by the unconfined yield strength, 
σc,crit, (at the point of intersection is σ1' = σc,crit). With  

d = 2r · sinΘ (10.5a)

and  

b = 2r · sinΘ (10.5b)

it follows for the critical outlet width, bcrit, of a wedge-shaped hopper:  

b
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The critical outlet diameter, dcrit, of a conical hopper is: 

b

critc
crit ρg

σ
d

⋅
= ,2 . (10.6b)

A more precise calculation yields the following equations: 
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For bulk density, ρb, the value ρb,crit corresponding to σ1,crit is used. The 
function H(Θ) takes into account the hopper geometry (conical or wedge-
shaped; wall inclination Θc and Θp, respectively). H(Θ) is plotted in Fig. 
10.13 (for approximate equations for H(Θ) refer to [10.7]). 

In a similar way the outlet dimensions can be determined which are re-
quired to avoid arching after longer periods of storage at rest (= no bulk 
solid is discharged). For this case the point of intersection of the major 
stress in the arch and the time flow function for the storage time in ques-
tion, σct = σc(σ1,t), has to be determined (Fig. 10.12).  

If a silo has been designed for a specific storage time at rest, some bulk 
solid must be discharged after this time to avoid arching. During discharge, 
the particles in a mass flow hopper are moved relative to each other so ex-
isting particle contacts are replaced by new ones. Thus, any time consoli-
dation that prevailed during the storage at rest diminishes, i.e., the bulk 
solid behaves again as prior to the storage period. To obtain this effect, 
only a portion of the silo contents has to be discharged, because in a mass 
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flow silo the whole contents are in motion during discharge (this is dis-
cussed further in Sect. 10.4).  
 

 
Fig. 10.13. Function H(Θ) [10.1] 

Since the design procedure outlined above is based on the radial stress 
field, i.e., stresses prevailing in the hopper after the bulk solid has moved 
downwards (emptying state, Fig. 9.4.c), the calculations are not valid for 
the filling state which develops when bulk solid is fed into an empty silo 
without any discharge. In the filling state the stresses in the hopper can be 
larger than in the emptying state (see Fig. 9.4) thus leading to a stronger 
consolidation of the bulk solid.  

In practice often an iterative procedure is necessary for silo design. Both 
the hopper angle for mass flow and the flow factor, ff, depend on the effec-
tive angle of internal friction, φe, and the angle of wall friction, φx, which 
often are stress-dependent (see Figs. 3.22 and 3.29). At the start of the de-
sign process the outlet dimensions and, thus, the major principal stress at 
the outlet, are not yet known. Therefore, values for φe and φx have to be es-
timated. After the critical outlet dimension has been determined and the 
major principal stress at the outlet is known, φe and φx can be determined 
for the conditions at the outlet. If these values are not equal to the esti-
mated values, the design process has to be repeated with the new values, 
and so on until finally the estimated values are equal to the calculated val-
ues. The same procedure must be followed if a critical outlet dimension is 
determined with a time flow function.  

If the angle of wall friction is stress-dependent, one must find the wall 
friction angle for a given value of the major principal stress, σ1,crit. This is 
accomplished by considering the situation at the hopper wall close to the 
outlet. The major principal stress, σ1, is inclined by the angle α to the wall 
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normal stress, σw (Fig. 10.14.a). The major principal stress for the critical 
outlet diameter is σ1 = σ1,crit (see above). The effective angle of internal 
friction corresponding to this major principal stress, i.e., φe,crit = φe(σ1,crit), 
follows from the measured yield loci. Since steady-state flow is assumed 
in the hopper, a stress circle with the major principal stress σ1 = σ1,crit being 
tangent to the effective yield locus for φe = φe,crit represents the stresses at 
the outlet (Fig. 10.14.b).  

 

 
Fig. 10.14. Determination of the wall normal stress in a mass flow hopper; a. wall 
normal stress, σw, and major principal stress, σ1, at hopper wall; b. Mohr stress cir-
cle representing the stresses at the wall  

Additionally, the wall yield locus is plotted in the σ,τ diagram. Its right 
point of intersection with the Mohr stress circle characterizes the normal 
and shear stresses at the hopper wall (Fig. 10.14.b). Thus, the angle of wall 
friction, φx, for the stress conditions at the outlet can be easily determined 
from the slope of a straight line running through the origin and the right 
point of intersection. The right intersection point must be used here be-
cause in the emptying state the major principal stress is horizontal at the 
axis of symmetry and slightly inclined downwards at the wall. Thus the 
angle between the major principal stress and the wall normal stress is 
small. On the other hand, the angle between the minor principal stress and 
the wall normal stress is larger as can easily be seen on the stress circle in 
Fig. 10.14.b. The angle between the directions of the major principal 
stress, σ1, and the wall normal stress, σw, can also be obtained from the 
stress circle where it appears as 2α (drawn in the opposite direction of rota-
tion than in the bulk solid, see Fig. 10.14; for more details refer to Sect. 
2.3.1).  

Alternatively to the σ,τ diagram shown in Fig. 10.14.b, the wall normal 
stress at the outlet can also be determined with diagrams provided by 
Jenike [10.1]. 
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10.3.2  Design of funnel flow silos   

To avoid the problems typically occurring in funnel flow silos (e.g., segre-
gation, degradation, ratholing; see Sects. 1.1 and 10.2), mass flow should 
be used. Funnel flow may only be acceptable if “friendly” bulk solids are 
stored which do not exhibit such problems. In the following it will be 
shown how funnel flow silos have to be designed for trouble-free opera-
tion.  

The walls of a funnel flow silo are flatter than those of a mass flow silo, 
but should be steep enough to ensure that the silo can be cleared com-
pletely alone by gravityfor . For cohesive bulk solids, the maximum incli-
nation of the hopper walls to vertical, Θcd, can be assessed according to 
Jenike [10.1] as a function of the angle of wall friction, φx:  

xcdΘ ϕ−°= 65  (10.8) 

This value is only a rough estimate for poorly flowing bulk solids. Having 
easy-flowing bulk solids (i.e. granules), even flatter hoppers can be suffi-
cient (e.g., with an inclination from horizontal of about φx + 10°). Pre-
requisite for complete clearance by gravity is that the strength of the bulk 
solid is too small to support a stable rathole.  

For the design of funnel flow silos to avoid ratholing two procedures are 
outlined in the following. The approach according to Jenike’s first edition 
of Bulletin 123  (1964 edition [10.2]) assumes that the stresses at the wall 
of a stable rathole are independent of the filling level. This procedure is re-
ferred to as giving a lower bound of the maximum diameter of a stable ra-
thole which may only be approached when the bulk solid is withdrawn 
during filling [10.14]. If the latter is not the case, the procedure may sig-
nificantly underestimate the maximum rathole diameter. Thus, Jenike pre-
sented another approach in the 1980 edition of Bulletin 123 [10.1] This 
approach leads to an upper bound of the rathole dimension. It is based on 
the assumption that the bulk solid is consolidated by filling stresses which 
depend on the filling height.  

The “lower bound” approach of Jenike from 1964 [10.2] is based on the 
following considerations: If a stable rathole of diameter D is formed within 
the bulk solid above the outlet (Fig. 10.15), a circumferential compressive 
stress, σ1'', is acting close to the surface of the rathole wall. The reason for 
this stress is that the bulk solid tends to flow into the interior of the rathole. 
If the unconfined yield strength, σc, of the bulk solid exceeds the circum-
ferential stress, σ1'', the bulk solid cannot start flowing, and, thus, the rat-
hole remains stable.  
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Fig. 10.15. Stable rathole and circumferential stress. σ1'' 

The circumferential stress, σ1'', depends on the rathole diameter, D, and can 
be calculated as follows [10.1,10.4]: 
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The function f(φi) is depicted in Fig. 10.16. The angle φi is the local slope 
of the yield locus, which is approximated by the slope of the linearized 
yield locus, φlin. As can be seen in Eq.(10.9), the circumferential stress, σ1'', 
is proportional to the rathole diameter, D. 

To be able to compare the circumferential stress to the unconfined yield 
strength, σc, the consolidation stress σ1 (major principal stress) acting at the 
surface of the rathole has to be known. Then with the flow function the 
corresponding unconfined yield strength can be determined. For this pro-
cedure the lower part of the rathole, i.e., the part directly above the outlet 
opening, is considered. If the rathole is not stable in this region, the bulk 
solid will also flow in the upper silo parts. The consolidation stress above 
the outlet has been derived [10.4] to be: 
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The major principal stress, σ1, and the circumferential stress, σ1'', near the 
surface of a rathole are proportional to the rathole diameter, D. The ratio of 
σ1, to σ1'' is called the “flow factor for ratholing”, ffp: 
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If the calculation leads to a value of ffp < 1.7, a fixed value of ffp = 1.7 has 
to be used.  
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Fig. 10.16. Function f(φi) [10.2] 

For the design of a funnel flow silo to avoid ratholing the circumferential 
stress, σ1'', has to be drawn in a σc,σ1 diagram (Fig. 10.17). The flow factor, 
ffp, needed for this is calculated with Eq.(10.11).  
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Fig. 10.17. Flow function and time flow functions; circumferential stress, σ1'' 
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The coordinates of the point of intersection of the circumferential stress 
with the unconfined yield strength are designated by the index “crit” (un-
confined yield strength, σc,crit, and consolidation stress, σ1,crit). Finally the 
appropriate outlet diameter, Dcrit, is calculated. In doing so the circumfer-
ential stress, σ1'', in Eq. (10.9) is replaced by the unconfined yield strength, 
σc,crit, at the point of intersection. Considering the bulk density, ρb, the 
“critical” value corresponding to σ1,crit is used: 
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The points of intersection of the circumferential stress with time flow func-
tions lead to critical outlet dimensions required to avoid ratholing after the 
equivalent storage times at rest.  

Since the design procedure outlined above is based on stresses prevail-
ing in the emptying state, i.e. after some bulk solid has been discharged, 
the calculations are not valid for the filling state. The filling state develops 
when bulk solid is fed into an empty silo while no material is discharged 
from the silo. In this case larger stresses prevail close to the outlet leading 
to a higher degree of consolidation. As outlined above, a second design 
procedure [10.1] allows for estimation of the maximum rathole diameter 
under consideration of the stresses prevailing in the filling condition (up-
per bound of rathole diameter) [10.14]. This procedure is described in the 
following. 

First the maximum consolidation stress (major principal stress) for fill-
ing conditions is estimated with Janssen’s equation [10.8]. Although this 
equation is valid for vertical sections only, it is also applied here for rea-
sons of simplification to estimate stresses in the hopper. This results in a 
distribution of vertical stress as depicted in principle in Fig. 10.18. Since 
for filling conditions the major principal stress, σ1, is oriented more or less 
vertically in the entire silo (see Sect. 9.1.2), it is approximately equal to the 
mean vertical stress, σv. Thus, the maximum consolidation stress at the bot-
tom of the silo, which is the critical stress, σ1,crit, is obtained with Janssen’s 
equation (see Eq. (9.9)) for z = hf (hf: height of filling, see Fig. 10.18): 
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Parameters A, U, K, φx, and ρb represent conditions within the vertical sec-
tion. If the lateral stress ratio is not known it may be estimated according 
to Sect. 9.2.3 with K = 0.4 or K = 0.5.  
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For the major consolidation stress, σ1,crit, according to Eq. (10.14), the 
corresponding values of the unconfined yield strength, σc,crit, may be de-
termined from the measured instantaneous flow function or time flow 
function (Fig. 10.17). Also the values of ρb and φlin corresponding to σc,crit 
have to be determined. Then the upper bound value of the critical outlet 
diameter, Dcrit, to avoid ratholing can be calculated with Eq.(10.13).  
 

 
Fig. 10.18. Distribution of vertical stress, σv, in a funnel flow silo for filling condi-
tions (stresses in the hopper approximated with Janssen’s equation, see Sect. 
9.2.1) 

Since for a conical funnel flow hopper the critical outlet diameter to avoid 
ratholing is always larger than the one to avoid arching (Dcrit > dcrit), only a 
design to avoid ratholing is necessary. For a wedge-shaped funnel flow 
hopper the calculated critical value Dcrit has to be applied on the diagonal 
of the rectangular outlet. Therefore, the width, b, of the outlet is not neces-
sarily large enough to avoid arching. Thus, the critical width, bcrit, of the 
rectangular outlet must be determined with the design procedure to prevent 
arching (see Sect. 10.3.1), whereby the values ff = 1.7 and H(Θ) = 1.15 
have to be used [10.1].  

The description of the determination of critical outlet dimensions for rat-
holing not to occur might lead to the impression that a funnel flow silo can 
be operated without any problems as a mass flow silo. This, however, is 
not the case because of the potential problems related to funnel flow (see 
Sects. 1.1 and 10.2; e.g. segregation). Additionally, the time consolidation 
in a funnel flow silo cannot be limited by discharge of a part of the silo 
contents in regular time intervals, because in contrast to a mass flow silo 
the particles in the stagnant zones are not moved during discharge. Thus, 
time consolidation is not reduced. Therefore it can be stated: If a bulk solid 
that is affected by time consolidation is stored in a funnel flow silo (which 
generally should be avoided), the silo has to be cleared completely after 
the storage period for which the outlet opening has been designed. 
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10.4  Application of results 

The essential results of silo design for flow are the inclinations of the hop-
per walls for mass flow to occur, and the outlet dimensions for avoiding 
arching and ratholing. In Fig. 10.19.a possible critical outlet dimensions 
are plotted versus storage time at rest, t, for a bulk solid showing time con-
solidation. Typically the values of dcrit (outlet diameter of a conical hop-
per) are about twice as large as the values of bcrit (outlet width of a wedge-
shaped hopper). The critical rathole diameter, Dcrit, is often clearly larger 
than dcrit, especially if the upper bound values are considered. With many 
bulk solids exhibiting time consolidation the increase of critical outlet di-
mensions with time becomes smaller with increasing storage time (as 
shown in Fig. 10.19.a).  

 

 
Fig. 10.19. a. Possible critical outlet dimensions versus storage time at rest, t; 
b. critical outlet diameter, dcrit, vs. time when bulk solid is discharged in regular 
time intervals, ∆t; each discharge cycle reduces the strength of the bulk solid to its 
instantaneous value, and, thus, the critical diameter to dcrit(t = 0). For comparison 
the critical diameter for storage at rest, i.e. without intermediate discharge, is plot-
ted (dashed curve).  

If the critical outlet dimensions as shown in Fig. 10.19.a are known, it is 
possible to quantitatively predict the necessary outlet size as a function of 
storage time at rest. It is also possible to determine the maximum storage 
time at rest for given outlet dimensions so that arching and ratholing do not 
occur. After this maximum storage time the material has to be set in mo-
tion, for example, in the case of a mass flow silo, by discharge of a portion 
of the silo filling, which can be fed again into the silo. Thereby the effect 
of the time consolidation is completely reduced, and, thus, the behavior of 
the bulk solid is characterized by its instantaneous flow properties (i.e., the 
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flow properties according to the storage time at rest t = 0) so that the criti-
cal dimensions for t = 0 are valid again (Fig. 10.19.b). It should be noted 
that this procedure does not work with funnel flow silos, because the mate-
rial in the stagnant zones remains stationary during discharge of only a 
portion of the silo filling. Thus, time consolidation in the stagnant zones 
continues and the critical rathole diameter, Dcrit, increases further. There-
fore a funnel flow silo must be completely discharged in order to limit the 
effect of time consolidation and, thus, the critical rathole diameter, Dcrit.  

Besides the determination of hopper inclination and outlet dimension, 
further statements are possible when the bulk solid’s properties are known. 
Two examples are described in the following (for further examples refer to 
[10.9,10.10]):  

• One can determine hopper slope angles and outlet dimensions for differ-
ent hopper shapes and different wall materials. Thus a comparison of 
capital costs is possible considering different shapes and materials 
[10.9,10.11]. For example, it can be stated whether lining of the hopper 
walls (e.g., with cold-rolled stainless steel) is advantageous considering 
costs in a specific application.  

• If the flow properties fluctuate (e.g., due to variable moisture contents 
[10.12,10.13]), the most unfavorable situation can be predicted. If the 
silo is designed for this situation, trouble-free operation considering all 
possible flow properties is to be expected.  

10.5  Design diagrams  

Jenike published diagrams required for silo design in Bulletin 123 “Stor-
age and Flow of Solids” [10.1]. It is strongly recommended to use this Bul-
letin if silos have to be designed.  

Supplementary to Sect. 10.3.1, in the present section some often used 
diagrams are presented to give an overview of the influence of bulk prop-
erties and silo shape on the flow factor and the hopper slope for mass flow.  
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Fig. 10.20. Flow factor, ff, for conical hoppers and φe = 30° [10.1] 

 

 
Fig. 10.21. Flow factor, ff, for conical hoppers and φe = 60° [10.1] 
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Fig. 10.22. Flow factor, ff, for wedge-shaped hoppers and φe = 30° (L > 3 b) 
[10.1]. In this and the next diagrams the curves for constant flow factors are plot-
ted only for the mass flow range according to the mass flow boundaries proposed 
by Jenike (dashed lines). 

 
Fig. 10.23. Flow factor, ff, for wedge-shaped hoppers and φe = 40° (L > 3 b) [10.1] 
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Fig. 10.24. Flow factor, ff, for wedge-shaped hoppers and φe = 50° (L > 3 b) [10.1] 

 

 
Fig. 10.25. Flow factor, ff, for wedge-shaped hoppers and φe = 60° (L > 3 b) [10.1] 



10.5  Design diagrams      317 

 
Fig. 10.26. Flow factor, ff, for asymmetric wedge-shaped hoppers; the angle of 
wall friction at the vertical wall is φx,v = 30°; φe = 50° (L > 3 b) [10.1] 

 
Fig. 10.27. Mass flow boundaries for asymmetric wedge-shaped hoppers; φx,v is 
the angle of wall friction at the vertical wall; φe = 50° (L > 3 b) [10.1]



11  Silo configurations  

The silo design procedure outlined in the previous chapter predicts the 
slope of hopper walls for mass flow to occur and the minimum outlet di-
mensions to avoid arching and ratholing for the basic silo shapes. These 
values can also be applied to various other hopper shapes and inserts, and 
they influence the complete concept of a silo including the selection of 
feeders and flow promoting devices. For specific tasks many different pe-
culiar shapes exist which are distinguished by special inserts, typical op-
eration procedures, etc. With the aid of selected examples it will be dem-
onstrated some of the possibilities for silo design which exist when the 
specific bulk solid properties are known.  

11.1  Influence of flow properties on silo configuration  

Figure 11.1 shows a diagram with different combinations of the quantities 
determined with the silo design procedure due to Jenike [11.1], i.e., the 
maximum hopper wall slope for mass flow, Θc, and the minimum outlet 
diameter, dcrit, for arching not to occur in a conical hopper. According to 
the values of Θc and dcrit, different silo configurations are appropriate.  

The easy-flowing bulk solid A (e.g., plastic granules) having a small an-
gle of wall friction needs only a relatively shallow hopper (large value of 
Θc) for mass flow, and a small outlet opening to avoid arching. Here for 
feeding and dosing a rotary valve feeder may be useful. Bulk solid B re-
quires a larger effort: For mass flow the hopper has to be steeper, and a 
larger outlet diameter (2000 mm) is necessary to avoid arching. With re-
spect to the large outlet diameter, a bin activator might be an appropriate 
discharger. Bulk solid C is characterized by an extremely large angle of 
wall friction with the result that even in the steepest hopper mass flow 
cannot be achieved. Thus, a silo without hopper is required (Θc = 0°), and 
the feeder must be directly attached to the cylindrical section. The feeder 
must be able to discharge bulk solid from the entire cross-section of the 
silo which can be accomplished, for example, with a properly designed 
large multiple screw feeder.  
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Fig. 11.1. Silo configurations as a function of the results of silo design for flow 

11.2  Hopper configurations  

11.2.1  Hopper shape  

The design procedure due to Jenike [11.1] yields the basic geometrical 
data for conical and wedge-shaped hoppers (Fig. 11.2.a/b), i.e., the wall 
slope, Θc, and the outlet diameter, d, of a conical mass flow hopper, and 
the wall slope, Θp, and outlet width, b, of a wedge-shaped hopper. In addi-
tion, guidelines for the design of asymmetric wedge-shaped hoppers are 
given for a reduced parameter set (Fig. 11.2.c: slope Θap, outlet width b). 
Considering the wedge-shaped hopper it is assumed that the length, L, of 
the rectangular outlet is at least three times its width, b. Only then can the 
influence of the end walls close to the outlet be neglected. 

The maximum wall slope of an asymmetric conical hopper (Fig. 11.2.d) 
should not exceed 1.25·Θc (Sect. 10.3.1) [11.1]. The relatively steep incli-
nation is necessary since this hopper shape tends to funnel flow with a 
flow zone along the steeper side of the hopper.  
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Fig. 11.2. Hopper shapes (basic shapes); a. conical; b. wedge-shaped; c. asymmet-
ric wedge-shaped; d. asymmetric conical 

 
Fig. 11.3. Modified hopper shapes [11.2]; angles (Θ) indicate the maximum slope 
to the vertical for mass flow. 

The design quantities for the basic hopper shapes as shown in Fig. 11.2 can 
also be applied to other hopper shapes. In Fig. 11.3 further possibilities are 
shown [11.1,11.2]. If a cylindrical vertical section is combined with a 
wedge-shaped hopper, designs according to Fig. 11.3.a and b are possible. 
Also in these applications the length, L, of the rectangular outlet has to be 
at least three times its width, b. If the end walls are inclined as in Fig. 
11.3.a, their slope must not exceed Θc, i.e., the maximum wall slope of a 
conical hopper.  

The pyramidal hopper (Fig. 11.3.c) is disadvantageous if mass flow is to 
be obtained, because the bulk solid has to flow downwards in the valley 
formed by pairs of adjacent hopper walls, where friction has to be over-
come on two sides. To get mass flow in a pyramidal hopper, the valleys 
should be rounded, and the inclination of the valleys to the vertical (i.e., 
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the valley angle, Θv) must conform to the maximum wall slope of a conical 
mass flow hopper, Θc. Since the walls of a pyramidal hopper are steeper 
than the valleys, a pyramidal hopper designed for mass flow is always 
steeper and, thus, higher than an equivalent conical hopper. The valley an-
gle, Θv, can be calculated from the angles of inclination of the adjacent 
walls, Θ1 and Θ2 (all measured to the vertical): 

( ) ( ) ( )222 tantantan 21v ΘΘΘ +=  (11.1) 

A mass flow hopper according to Fig. 11.3.d also has to be steeper than a 
conical mass flow hopper. This hopper realizes the transition from a cylin-
drical section to a square outlet. The slope of the plane hopper walls to the 
vertical should not be larger than Θc. 

Comparing the hoppers shown in Figs. 11.2 and 11.3 considering their 
wall steepness required to achieve mass flow, variants c and d in Fig. 11.3 
have to be steepest. The conical hopper (Fig. 11.2.a) can be somewhat flat-
ter. The lowest steepness is possible for a symmetric wedge-shaped hopper 
(Fig. 11.2.b) and its modifications (Fig. 11.3.a/b).  

In some industries still today asymmetric hoppers are favored (e.g., 
pyramidal hopper with four differently inclined walls). Following the prin-
ciples of bulk solid mechanics, no argument can be found for those geome-
tries. Asymmetric hoppers should only be used if due to space require-
ments no alternative exists.  

If mass flow has to be achieved in an asymmetric hopper, the height of 
this hopper is always larger than the height of an equivalent symmetric 
hopper [11.3]. Clearly the comparison of the variants in Fig. 11.2.a and d 
demonstrates this conclusion. Also with respect to arching asymmetric 
mass flow hoppers do not provide advantages. As in equivalent symmetric 
hoppers, the bulk solid flows in a convergent manner towards the outlet. 
Thus, the principal stress lines (i.e., lines indicating the orientation of the 
principal stresses) and possible arches exhibit asymmetric shapes (compare 
Fig. 11.4.a/b).  

Also in the case of funnel flow, asymmetry is of no help when ratholing 
has to be avoided (Fig. 11.4.c./d.). Only with a not too poorly flowing bulk 
solid might it be possible that flow obstructions occur somewhat less often 
in asymmetric funnel flow silos compared to symmetric ones, because less 
friction has to be overcome at the silo wall (Fig. 11.4.d) compared to the 
friction within the bulk solid (Fig. 11.4.c). Furthermore, if a stable rathole 
forms as in Figs. 11.4.c and d, a flow promoting device (e.g., a hammer) 
applied from the outside of the silo will have a stronger effect on the rat-
hole wall in the asymmetric silo than in the symmetric silo, where the dis-
tance from the silo wall to the rathole is greater. However, in general the 
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same problems will occur in asymmetric and symmetric funnel flow silos 
(e.g., segregation, wide residence time distribution, ratholing). Thus, a 
mass flow silo is the better alternative. Furthermore, asymmetric hoppers 
can lead to an unfavorable asymmetric load distribution in the silo shell 
which has to be considered for silo design for strength (see Sect. 9.4.2).  

 

 
Fig. 11.4. Symmetric and asymmetric hoppers; a./b. arching; c./d. ratholing 

11.2.2  Transitions and inclined walls  

Even if the hopper walls are steep enough for mass flow, stagnant zones 
may build up due to poorly designed transitions to downstream equipment, 
inappropriate wall surfaces, or eccentric discharge by feeders (regarding 
feeder design refer to Sect. 12.3.1). 

In Fig. 11.5 two transitions from a hopper to a feeder (or any other 
downstream equipment) are shown. In case of Fig. 11.5.a the cross-section 
is reduced abruptly thus forming a horizontal edge on which stagnant 
zones can form – even if the hopper slope fulfils the requirement for mass 
flow. Also less obvious stepwise reductions of the cross-section must be 
avoided, because a protrusion with a width of only a few particle diameters 
is sufficient for the formation of a stagnant zone. Therefore, possible rea-
sons for stagnant zones can be gaskets or welds protruding inside, poorly 
fitted flanges, partially closed slide gate, etc. Figure 11.5.b illustrates a 
more expensive solution by using an intermediate transition hopper. The 
transition hopper is designed for mass flow. Thus, stagnant zones cannot 
form. At flange connections it is always advisable to make the inner di-
ameter of the lower flange (e.g., the transition diameter of the downstream 
element) larger than the inner diameter of the upstream flange so that a 
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protrusion of the downstream flange can be excluded from consideration 
of possible manufacturing tolerances.  
 

 
Fig. 11.5. Transition from hopper to feeder; a. abrupt reduction of cross-section 
leads to stagnant zones; b. transition hopper designed for mass flow  

When a hopper is provided with a liner, care has to be taken that the liner 
does not cause stagnant zones due to protrusions. If (metal or plastic) 
sheets must overlap, they should be arranged as shingles (Fig. 11.6.b). 
Otherwise, the edges of the sheets will protrude into the bulk solid (Fig. 
11.6.a) thus potentially leading to stagnant zones.  

If metal sheets are butt welded, it is important that the welds, especially 
if they are not parallel to the flow direction, do not protrude into the bulk 
solid (Fig. 11.6.c), but are smooth and flush with the liner surface (Fig. 
11.6.d). If necessary, the welds should be ground fine, but it is important 
that the liner’s surface not become roughened due to the grinding action, 
because this might increase the angle of wall friction, and, thus, could be a 
reason for mass flow not to occur. For instance, the surface quality of 
stainless steel attained by cold-rolling is often advantageous considering 
wall friction, so this material is often used as a liner for hoppers. Grinding 
(even fine grinding) of these relatively smooth surfaces often leads to a 
significant increase of wall friction.  

If the liner is fastened with screws protruding into the bulk solid, mass 
flow might be prevented (Fig. 11.6.e). Thus, it is preferable to use more 
appropriate fastening systems (e.g., countersunk screws, Fig. 11.6.f, or 
weld studs with special nuts and a cover made from the liner material, Fig. 
11.6.g [11.4]).  
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Similar to protruding screws, devices for the measurement of tempera-
ture, humidity, pressure etc. can have a detrimental effect on flow if placed 
on sloping surfaces. Thus, such devices should, if possible, be placed on 
vertical surfaces. 

 

 
Fig. 11.6. Fastening and arrangement of liners [11.12]: a. unfavorable: overlap 
causing protrusions in flow direction; b. favorable: overlap like shingles; c. unfa-
vorable: protruding welds oriented perpendicular to flow direction; d. better: flat, 
fine grinded welds; e. unfavorable: fasteners (here: screws) protruding inside; f. 
favorable: countersunk screw flush with liner [11.4]; g. favorable: weld stud with 
special nut, covered flush with the liner [11.4] 

11.2.3  Multiple outlets 

Occasionally multiple outlets are desired so as to allow discharge to sev-
eral feeders or other downstream units separately from each other. To do 
so silos are equipped with multiple outlets (Fig. 11.7.a) or additional lat-
eral outlets (Fig. 11.7.b). The disadvantage of these designs is that mass 
flow can only be achieved if bulk solid is discharged from all outlets at the 
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same time. If this is not the case, stagnant zones (funnel flow) can be cre-
ated as shown by example in Fig. 11.7. It is absolutely advisable not to use 
multiple outlets if segregation has to be avoided (see Sect. 13.2.3), or if the 
bulk solid exhibits time consolidation and bulk solid is not discharged 
from all outlets. Even considering silo design for strength, the asymmetric 
flow profile is disadvantageous (see Sect. 9.4.2). In order to avoid the 
problems mentioned above, a mass flow silo should be provided with only 
one outlet. Further downstream the discharged material can be split with 
appropriate equipment into multiple streams without any negative impact 
on the flow profile in the silo.  

 

 
Fig. 11.7. a. Silo with multiple outlets; b. silo with additional lateral outlet  

11.2.4  Special cases: hoppers with varying steepness 

In certain conditions it is practicable to use a hopper in which the steepness 
is varied over its height. One possibility is the “expanded flow” hopper 
[11.1], being a combination of a mass flow and a funnel flow hopper (Fig. 
11.8). The minimum diameter of the funnel flow hopper, which is located 
above the mass flow hopper, must be large enough for ratholing not to oc-
cur (minimum outlet diameter to avoid ratholing: Dcrit). If the bulk solid 
exhibits time consolidation, Dcrit must be calculated based on the maxi-
mum period of time between filling and complete discharge of the silo. 

The mass flow hopper is designed for arching not to occur. For the cal-
culation of the critical outlet diameter, dcrit, the time interval between two 
discharge sequences must be taken into account. Generally, one will obtain 
a value dcrit smaller than Dcrit (see Sect. 10.4).  
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Fig. 11.8. Expanded flow: combination of a mass flow hopper and a funnel flow 
hopper [11.1] 

Such a combination of mass flow and funnel flow makes sense only if the 
value of Dcrit is distinctly smaller than the silo diameter, i.e., the time con-
solidation of the bulk solid in the stagnant zones during the maximum pe-
riod of time between filling and complete discharge should not be exces-
sive. If a silo is used continuously as a buffer which is never discharged 
completely, the expanded flow principle is only useful for bulk solids ex-
hibiting little or no time consolidation effect.  

Advantages of expanded flow are: 

• reduced hopper height compared to a mass flow hopper,  
• enlargement of the flow zone compared to a funnel flow silo having the 

same outlet dimensions,  
• smaller outlet dimensions compared to a funnel flow silo designed to 

avoid ratholing (dcrit < Dcrit). 

If the wall friction angle is strongly dependent on the wall normal stress 
(i.e., the normal stress between bulk solid and wall), a hopper configura-
tion according to Fig. 11.9 can be advantageous. In the emptying state of 
stress, the wall normal stress, σw, in a mass flow hopper decreases towards 
the hopper tip (see Sect. 9.1.2). The angle of wall friction of some bulk 
solids (e.g., moist coal) decreases with increasing wall normal stresses. 
Due to the downwards decreasing wall normal stress, the wall friction an-
gle, φx, increases towards the hopper apex (diagram in Fig. 11.9). Increas-
ing angles of wall friction require steeper hopper walls to obtain mass 
flow, i.e., the hopper slope to the vertical, Θ, becomes smaller towards the 
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outlet. If this effect is significant it is worthwhile to design the hopper with 
different slopes. The example hopper in Fig. 11.9 consists of three individ-
ual sections with slopes Θ1 > Θ2 > Θ3, which are calculated based on the 
wall normal stress acting at the lower end of each section. In contrast to the 
hopper in Fig. 11.9, a mass flow hopper with constant steepness and iden-
tical outlet dimensions had to be inclined by the angle Θ3 with the conse-
quence of a distinctly larger height. 
 

 
Fig. 11.9. Mass flow silo with varied hopper slope, Θ, due to a stress-dependent 
wall friction angle, φx  

11.3  Inserts 

Inserts (also called internals) are objects located inside a silo, for example, 
nozzles fixed at the silo wall, inverted cones, pipes, level sensors, or lad-
ders. If inserts are required, it has to be considered that the loads on inserts 
and, thus, on their supports, can be extremely high (e.g. [11.5] and Sect. 
9.4.1.2), and that the current existing theoretical knowledge is not yet suf-
ficient for a safe design. Furthermore, the supports required to carry inserts 
can be detrimental to the flow pattern. Therefore the supports have to be 
designed carefully. For example, their surfaces must be sufficiently steep 
to avoid the formation of stagnant zones, and cross-sections must be large 
enough to avoid flow obstructions due to arching. Therefore inserts should 
only be used if their placement is absolutely necessary due to the given 
task, for example, 
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• measurement of temperature, humidity, etc.,  
• change of the flow profile (e.g., transformation from funnel flow to 

mass flow; enlargement of the flow zone),  
• reduction of segregation, abrasion, or vibrations,  
• enlargement of the mass flow rate,  
• addition of gases or liquids,  
• influencing the stresses in the silo,  
• mixing and homogenizing of bulk solids.  

11.3.1  Inverted cones and wedges  

Inserts like inverted cones or wedges locally reduce the cross-section of a 
silo (Fig. 11.10). The inclined walls of the insert act on the bulk solid simi-
lar to hopper walls. Thus, to avoid flow problems, inserts have to be de-
signed for mass flow, and the minimum width between insert and silo wall 
must be large enough for arching not to occur. The following sections give 
an overview of typical applications of such inserts.  

 

 
Fig. 11.10. Inserts: a. inverted cone; b. wedge  

11.3.1.1  Gas injection  

For the injection of gases into bulk solids the inserts shown in Fig. 11.10 
can be used. The gas stream is introduced into the void within the insert 
(Fig. 11.11.a), from which it flows into the bulk solid distributed across the 
area covered by the insert thus keeping the local velocities small. Equiva-
lent inserts are used, for example, for the cooling of bulk solids (e.g., plas-
tic granules), or for flue-gas cleaning (e.g., in adsorbers filled with acti-
vated coke). 
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Fig. 11.11. Applications of inverted cone inserts: a. gas injection; b. enlargement 
of the flow zone; c. inverted cone silo; d. silo with rotary plow 

11.3.1.2  Enlargement of the flow zone 

An insert can be used to enlarge the flow zone in a funnel flow silo and, 
thus, to make stagnant zones smaller (Fig. 11.11.b) [11.6]. Since the bulk 
solid must flow around the insert, the size of the flow zone is necessarily 
increased. When the insert is correctly designed and placed, a distinct im-
provement of the silo usage compared to the silo without an insert can be 
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obtained. Under favorable conditions, which are not always met, segrega-
tion can be reduced (if the flow pattern approaches mass flow), and the 
probability of ratholing is reduced due to the increased cross-section of the 
flow zone. However, an insert can result in additional problems, for exam-
ple arching between insert and silo wall, or asymmetric stresses (see Sect. 
9.4.1.2). Thus, with respect to most reliable operation, a well-designed 
mass flow hopper (without insert) should be preferred. The insert can be 
regarded as a means of solving not too severe problems in not too large 
funnel flow silos. 

For the storage of cement often large silos with a central inverted cone 
(inverted cone silo, Fig. 11.11.c) are used. Silo wall and insert form a hop-
per with annular cross-section. The bottom is provided with air slides 
which transport the bulk solid through multiple outlet openings located at 
the lower edge of the inverted cone (see Sect. 12.3.2.8).  

Annular outlet slots being formed by a central inverted cone are also 
used in combination with different types of discharge devices, for exam-
ple, rotary plow feeders [11.7] or traveling plow feeders (Sect. 12.3.2.9). A 
rotary plow feeder is depicted in Fig. 11.11.d (see also Fig. 12.25): The 
sickle-shaped discharge arm (Fig. 11.11.d) rotates close to the silo bottom 
around the central vertical axis and moves the bulk solid to the central dis-
charge opening. To avoid stagnant zones, the slope of the inverted cone 
has to be sufficiently steep for mass flow to occur. Additional tasks of the 
inverted cone are (1) reduction of vertical stress at the silo bottom (see 
next section) to avoid too high driving torque of the discharge arm, and (2) 
prevention of unintended discharge of the bulk solid through the central 
outlet opening. 

11.3.1.3  Reduction of stresses 

The stresses in the lower part of a hopper are relatively large in the filling 
state of stress (i.e., after filling an empty silo), whereas in the emptying 
state of stress distinctly smaller stresses are found (see Sect. 9.1.2). The 
large filling stresses are disadvantageous for two reasons:  

• Since the vertical stress acting on the feeder is very large in the filling 
state, the feeder has to be designed for an equivalent driving force. 
[11.7,11.8]. 

• The large filling stresses cause a much stronger consolidation of the 
bulk solid compared to the emptying stresses. Thus, the tendency for 
arching and ratholing is increasing if the bulk solid is subjected to filling 
stresses.  
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A possible means (besides others [11.7]) for stress reduction in the lower 
part of a hopper is placement of an insert above the outlet (e.g., as in Fig. 
11.10). The insert reduces the load onto the bulk solid located beneath so 
that lower vertical stresses are obtained in the filling state. The influence of 
the insert on the stresses as well as the loads acting on such inserts is ex-
plained in more detail in Sect. 9.4.1.2.  

11.3.2  Cone-in-cone insert  

 
Fig. 11.12. a. Silo with cone-in-cone insert; b. pneumatic blending silo 

With a cone-in-cone insert (Fig. 11.12.a), also known as ”Binsert®” [11.9] 
and patented, it is possible to convert a funnel flow hopper into a mass 
flow hopper. The internal cone has to be designed in the same way as a 
normal hopper, i.e., its slope must not be larger than Θc to achieve mass 
flow. To obtain mass flow also in the annular space between the internal 
cone and the hopper, their walls should not be inclined to each other by 
more than Θc. Furthermore, it has to be ensured that arching cannot occur 
either within the cone insert or in the annulus. Therefore, it is not advisable 
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to use a cone-in-cone insert when bulk solids with poor flow properties 
and a considerable tendency to time consolidation have to be stored.  

Normally the cone insert is designed in a way that within and outside 
the cone similar flow velocities prevail. It is also possible to adjust the ra-
tios of the cross-sections at the upper and lower ends of the cone in such a 
way that different flow velocities, and, thus, different residence times pre-
vail within and outside the cone. Thus, when the bulk solid is flowing in 
such a hopper, adjacent particles are separated from each other and subse-
quently combined with others. This is the principle of any mixing process. 
An application of this mixing technique is the pneumatic blending silo 
with cone insert shown in Fig. 11.12.b [11.10]. In the central pipe the bulk 
solid is conveyed pneumatically from the bottom to the top of the silo, so 
that the silo filling can be recirculated several times until the desired blend 
quality is attained.  

11.3.3  Discharge tubes 

Discharge tubes (Fig. 11.13) are vertical tubes placed above the outlet of a 
silo and typically provided with lateral openings. If the discharge rate is 
not too high (Fig. 11.13.a), the bulk solid in the discharge tube flows in a 
plug flow regime. The stresses acting on the material in the discharge tube 
can be calculated in analogy to a cylindrical section of a silo. Thus, the 
maximum possible vertical stress in the discharge tube is (see Sect. 9.2.1): 

x
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ϕ

ρσ
tan4

=∞  (11.2) 

Dtube is the internal diameter of the discharge tube. σv∞ is the stress acting at 
infinite depth, but is usually nearly attained at a depth being equivalent to 
about three times the tube diameter, Dtube.  

In the plug flow regime no bulk solid flows through the lateral openings 
into the discharge tube, although the stresses in the silo (i.e., outside the 
discharge tube) are essentially larger than within the discharge tube. The 
explanation for this is given in Fig. 11.14, where a section of a discharge 
tube is shown. If bulk solid were to flow through the lateral opening, a 
converging flow zone would be created as bulk solid flows towards the 
lateral opening. This would result in a passive state of stress similar to the 
flow zone in a funnel flow hopper (Sect. 9.1.2, Fig. 9.4.d), where the major 
principal stress is oriented more or less perpendicular to the direction of 
flow.  
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Fig. 11.13. Operating modes of discharge tubes; a. plug flow; b. accelerated flow 
[11.11] 

 
Fig. 11.14. Situation at lateral openings of a discharge tube during plug flow; flow 
zone and lines of major principal stress  

The stress acting in the flow direction (σs in Fig.11.14) would then be 
clearly smaller than the vertical stress, σv, in the discharge tube so the bulk 
solid cannot flow through the lateral opening and displace material in the 
plug flow zone. Thus, only at the initial discharge after having filled a pre-
viously empty silo an insignificant amount of bulk solid might flow 
through all lateral openings into the discharge tube until the conditions of 
Fig. 11.14 are met (therefore the flow zone is designated as “short term 
flow zone” in Fig. 11.14). Afterwards the bulk solid exclusively flows 
through the uppermost of the lateral openings which are located beneath 
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the silo’s fill level. Therefore, when discharging a silo with a discharge 
tube, the bulk solid flows only in regions where the stresses are small, 
namely close to the top surface of the filling and within the discharge tube. 
In the same silo, but without a discharge tube, the bulk solid had to flow 
under considerably higher stresses. However, it has to be noted that the use 
of a discharge tube leads to funnel flow, whereby the flow zone is defined 
by the discharge tube. Considering the potential flow problems associated 
with funnel flow, it is not advisable to use discharge tubes for bulk solids 
exhibiting poor flow properties and/or time consolidation.  

If the discharge rate is high, for example, if the bulk solid flows out un-
restricted as in Fig. 11.13.b, the mass flow rate through the uppermost lat-
eral opening below the silo’s fill level is not sufficient to fill the discharge 
tube completely. As a result, bulk solid flows into the discharge tube also 
through lower lateral openings so that plug flow may develop only in the 
lower part of the discharge tube. In the extreme case of unrestricted dis-
charge, the bulk solid falls downwards in the entire discharge tube and, 
thus, gets accelerated, which causes a significant increase of the porosity. 
Thus, plug flow is impossible, and the bulk solid flows into the discharge 
tube through many or all (depending on the geometrical conditions, for ex-
ample, height and diameter of the discharge tube) of the lateral openings as 
depicted in Fig. 11.13.b. The discharge rate can be increased by a factor of 
more than two compared to a silo without a discharge tube [11.11].  

If the discharge tube is used as shown in Fig. 11.13.a (plug flow), the 
following benefits can be realized: 

• Reduction of attrition, which is especially important for sensitive bulk 
solids (see Chap. 15, sample problem 3). 

• Vibrations (silo honking) occurring during discharge are often propor-
tional to the mass of the flowing bulk solid. A carefully designed dis-
charge tube leads to a reduction of vibrations [11.8,11.13–11.14] (see 
Chap. 14). 

• If the silo is filled and later discharged via a discharge tube, segregation 
can be reduced [11.11] (see Chap. 13).  

• Reduction of stresses acting on silo walls [11.15–11.17]. 

The last mentioned effect is explained in the following. In Fig. 11.15.a a 
flat-bottom silo is shown where the stagnant zone acts like a hopper. At the 
top level of the hopper a stress peak develops as is the case with the transi-
tion from a vertical section to a hopper (see Fig. 9.4.d). Since the shape of 
the stagnant zone is neither stationary nor predictable, the position of the 
stress peak in a funnel silo is unknown; this is contrary to a mass flow silo 
where it always coincides with the transition from the vertical section to 
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the hopper. If the wall of a funnel flow silo is damaged due to the local 
peak stress, one possibility of correcting this problem (in conjunction with 
repairing the damaged wall) is the placement of a discharge tube above the 
outlet, which due to this application is called “antidynamic tube“ (the 
stress peak is sometimes called “dynamic peak” or “dynamic overpres-
sure” because it exists only after discharge has started, see Sect. 9.1.2). If 
the bulk solid is discharged through the antidynamic tube (Fig. 11.15.b), 
the bulk solid at the cylinder wall is at rest over the entire height of the fill-
ing. Thus, no stress peak can develop.  
 

 
Fig. 11.15. a. “Dynamic” stress peak caused by a stagnant zone; b. discharge tube 
acting as “antidynamic tube” to avoid the stress peak  

Various types of silos used for blending, mixing or homogenizing make 
use of modified discharge tubes. Since the bulk solid flows due to gravity, 
these silos are often called gravity blenders, whereas the tubes are called 
“blending pipes”. The blending process is realized by drawing off the bulk 
solid from different locations within the silo and combination of the indi-
vidual streams. If required, blending efficiency can be improved by recir-
culation of the material. Figure 11.16.a depicts an example of a gravity 
blender with multiple blending pipes [11.18,11.19], which are provided 
with lateral openings at different positions. Other types of gravity blenders 
have a central blending pipe (Fig. 11.16.b), whereby the lateral openings 
are provided, for example, with baffles protruding into the tube. The baf-
fles disturb plug flow and thus provide space for the material to enter the 
discharge tube through the lateral openings. Furthermore, the baffles re-
duce the vertical stresses above the lateral openings since they act as hop-
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per walls. Thus, as in a hopper, a passive state of stress with small vertical 
stresses develops (see stresses in a mass flow hopper, Fig. 9.4.c). There-
fore the mechanism shown in Fig. 11.14 is disturbed and bulk solid flows 
into the discharge tube through all lateral openings.  
 

 
Fig. 11.16. Gravity blenders [11.18,11.19]; a. multiple blending pipes; b. central 
blending pipe 



12  Discharge of bulk solids 

For simple applications it can be sufficient that the bulk solid flows out 
freely from a hopper or a bin. Here, only the achievable maximum dis-
charge rate is of interest. However, in most cases controlled discharge is 
desired so appropriate feeders are required. Most feeders are either con-
veyors being modified for the requirements of silo discharge, or special 
discharge devices.  

Discharge aids, or flow promoting devices, are used to initiate flow 
(e.g., in the case of arching and/or ratholing), or to improve flow (e.g., to 
change the flow pattern from funnel flow to mass flow, or to increase the 
discharge rate). Some discharge devices or feeders also act as discharge 
aids by initiating flow within the silo. In the present chapter the distinction 
between discharge devices (including feeders) and discharge aids follows 
from their main function. 

Furthermore, means such as the improvement of the flow properties of a 
bulk solid (e.g., addition of a flow agent, Sect. 7.2.2) or installation of in-
serts (e.g., inserts increasing the flow zone, Sect. 11.3) are often consid-
ered as discharge aids. However, in the present chapter only those dis-
charge aids are discussed which are attached to the silo with the aim to 
initiate flow by supplying energy to the bulk solid.  

12.1  Maximum discharge rate  

The unrestricted rate of discharge of a bulk solid under gravity (i.e., when 
an outlet is opened) is dependent on several parameters, e.g., the bulk 
solid’s properties, the size and shape of the outlet, the hopper inclination, 
and, in the case of funnel flow, the shape of the stagnant zones [12.1,12.2]. 
The conditions of unrestricted discharge can also be fulfilled in the pres-
ence of a feeder if the desired discharge rate exceeds the unrestricted dis-
charge rate. Thus, if a feeder is installed, it should be ensured that the un-
restricted discharge rate exceeds the range of adjustable feeding rates.  

With fine-grained bulk solids the influence of air flow has to be consid-
ered [12.3–12.9]. In the vertical section of a silo the bulk solid stress is in-
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creasing in the downward direction. Thus, if material is discharged and the 
filling level of the silo is kept constant, the bulk solid in the vertical section 
is compressed when flowing downwards. Thus, a gas overpressure, pe > 0, 
develops (Fig. 12.1). Dependent on the boundary conditions (permeability 
of the bulk solid, discharge and filling rate, etc.) more or less gas will flow 
upwards through the bulk solid.  

Since in the hopper the stresses decrease in the downward direction (see 
Fig. 12.1), the bulk solid dilates when flowing downwards, i.e., the bulk 
density, ρb, decreases and the porosity, ε, increases. Thus, the gas in the 
voids expands which results in the development of an underpressure 
(pe < 0, Fig. 12.1). The underpressure causes gas to flow following the 
pressure gradient. At sufficiently large filling heights most of the gas will 
enter the hopper through the outlet opening since the flow resistance of the 
bulk solid above the hopper is definitely larger. The pressure gradient in 
the hopper acts opposite to the gravity force resulting in a decrease of the 
mass flow rate. Often a pulsating outflow can also be observed similar to 
liquid outflow from a bottle held with the opening downwards. 

Just as unfavorable as an underpressure in the hopper is an overpressure 
below the outlet, which, for example, may develop when feeding a positive 
pressure pneumatic conveying line. Therefore, overpressure directly at the 
hopper outlet and countercurrent gas flow must be avoided or at least re-
duced, for example, by using double-flap gate valves or rotary valves 
(Sect. 12.3.2.7).  
 

 
Fig. 12.1. Qualitative distributions of major principal stress, σ1, bulk density, ρb, 
and gas overpressure, pe, vs. vertical coordinate, z, during discharge of a fine-
grained bulk solid from a mass flow silo (assumption: before the discharge started, 
the gas pressure in the silo was equal to atmospheric pressure, i.e., pe = 0) 
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To decide which bulk solids have to be regarded as fine-grained or coarse-
grained with respect to their behavior during discharge, the well known 
Geldart diagram (see Sect. 7.2.4, Fig. 7.22) can be used as a guideline. 
Geldart classified dry bulk solids considering their gas permeability into 
four groups A to D. The behavior of group A materials is most influenced 
by gas flow. These bulk solids can easily be fluidized and are fine-grained, 
but not that fine-grained that adhesive forces play a dominant role.  

12.1.1  Discharge rate of coarse-grained bulk solids 

Due to the many influencing parameters it is impossible to exactly predict 
mass flow rates. Many equations can be found in the literature which have 
been developed empirically or with dimensional analysis [12.1,12.2, 
12.10]. Many equations are based on an analogy to the outflow of liquids 
under gravity conditions. For a large tank that is open at the top and has a 
hole a distance h below the water surface the velocity, w, of the liquid 
flowing from the hole follows the well-known Torricelli equation (without 
friction): 

ghw 2=  (12.1) 

Having a bulk solid instead of a liquid the stress („pressure“) is not propor-
tional to height, h, but to the diameter, d, of the outlet opening. Thus, the 
velocity, w, reads: 

gdw∝  (12.2) 

To obtain the mass flow rate the outflow velocity has to be multiplied by 
the cross section, A, of the flowing bulk solid, and the bulk density, ρb:  

5.2dggdAwAm bbb ⋅⋅∝⋅⋅∝⋅⋅= ρρρ&  (12.3) 

As early as 1852 Hagen [12.11] postulated that d in Eq.(12.3) has to be re-
duced because the cross section of the outflowing bulk solid is smaller 
than the cross section of the outlet opening. Therefore, a term kx being 
proportional to the particle diameter, x, is subtracted from d. 

( ) 5.2kxdgm b −⋅⋅∝ ρ&  (12.4) 

This equation shows the basic structure of many equations for the estima-
tion of the mass flow rate of coarse-grained, cohesionless bulk solids. 
Some of the established equations are mentioned in the following. 



342      12  Discharge of bulk solids 

For circular outlet openings and coarse-grained bulk solids Beverloo 
[12.12] stated:  

( ) 5.2kxdgCm b −= ρ&  (12.5) 

C and k are fitting parameters. With different bulk solids Beverloo found a 
range of about C = (0.55 … 0.65) and k = (1.5 … 3.0).  

A similar estimate is given by the British Materials Handling Board 
[12.13,12.14] for coarse-grained (less than 3% < 250 µm), free flowing 
bulk solids. It is distinguished between circular and rectangular outlet ope-
nings: 

Circular outlet openings (diameter d):  

( ) Θ−= kkxdgm b
5.258.0 ρ&  (12.6) 

Rectangular outlet openings (width b, length L > 3b): 

( )( ) Θ−−= kkxbkxLgm b
5.103.1 ρ&  (12.7) 

In Eq. (12.6) and in Eq. (12.7) k is dependent on the particle shape (k = 1.6 
for spherical and k = 2.5 for non-spherical particles). The hopper inclina-
tion, Θ, is taken into account by the factor kΘ: 

kΘ = (tanΘ)-0.35 for hopper inclinations Θ < 45° 
kΘ = 1 for Θ ≥ 45°.  

Compared to openings with horizontal orientation (such as a typical silo 
outlet opening, Fig. 12.1), smaller mass flow rates are attained with outlet 
openings in inclined or vertical walls. For instance, a circular opening in a 
thin vertical wall delivers only about one third of the mass flow rate fol-
lowing from Eq. (12.5). With increasing wall thickness the discharge rate 
is further reduced [12.15].  

An equation for the estimation of mass flow rates of cohesive coarse-
grained bulk solids by considering the flowability was published by Johan-
son [12.14,12.23]. 

12.1.2  Discharge rate of fine-grained bulk solids 

As stated in Sect. 12.1, gas pressure in a hopper plays an important role 
when fine-grained bulk solids are discharged. Thus, Eq.(12.5) to Eq.(12.7) 
cannot be applied. The influence of the pressure and the resultant gas flow 
is highest close to the outlet where the maximum pressure gradient, dp/dz, 
prevails (see Fig. 12.1) [12.9,12.16]. For the case of underpressure in the 
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hopper, the pressure gradient acts opposite to the gravity force (dp/dz < 0) 
and thus reduces the discharge rate. The influence of the pressure gradient 
can be considered in Eq.(12.5) as follows: 

( ) 5.21 kxd
dz
dpgCm

b
b −⋅+=

ρ
ρ&  (12.8) 

The pressure gradient at the outlet cannot be predicted accurately, since 
exact values regarding porosity and permeability would be necessary. Due 
to the inhomogeneity of the bulk solid those values are very difficult to 
measure. Nevertheless equations can be found in the literature being based 
on the compressibility and the permeability of bulk solids (e.g., [12.17–
12.19]). However, the gas pressure distribution in the bulk solid can 
change with time (see further down in this section) which has an influence 
on the mass flow rate.  

If fine-grained bulk solids flow out freely from a hopper, dynamic 
arches can be created dependent on the actual pressure conditions. At the 
beginning of discharge, a dynamic arch moves upwards in the hopper until 
it remains at a certain position (Fig. 12.2). Single particles rain from the 
underside of the arch and are replaced by the bulk solid in the hopper 
slowly moving downwards (Fig. 12.2) [12.20,12.21]. In this situation the 
actual mass flow rate is independent of the size of the outlet opening. Also 
dynamic arches were observed by the author which moved upwards in a 
hopper and then suddenly collapsed. As a result the empty space beneath 
the dynamic arch was quickly filled with bulk solid leading to a large ex-
cess gas pressure, intensive aeration of the bulk solid, and an excessive 
discharge rate due to flooding (fast, unhindered outflow of the aerated bulk 
solid).  
 

 
Fig. 12.2. Dynamic arch of a cohesive bulk solid at maximum mass flow rate (ac-
cording to [12.20]; particles are shown magnified)  
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To increase the discharge rate of a fine-grained bulk solid, the pressure 
gradient at the outlet has to be reduced. This can be achieved by a suffi-
cient increase of the outlet size (dimensions above the size of a dynamic 
arch) or by the injection of gas into the hopper [12.21,12.22]. When in-
creasing the outlet size, the stresses and the bulk density decrease less to-
wards the outlet opening (see diagrams in Fig. 12.1). Thus, dilation of the 
bulk solid and decrease of the gas pressure are less pronounced.  

An example of the injection of gas is shown in Fig. 12.3 [12.21]. When 
discharging ground anthracite (a fine-grained bulk solid with 50% through 
200 mesh) from a mass flow hopper, the discharge rate could not be in-
creased above a certain limit. The bulk solid was raining from the under-
side of the filling onto the belt feeder leading to severe dust development 
(Fig. 12.3.a). The problem was solved with the help of a system for injec-
tion of air inside the hopper (Fig. 12.3.b). At bulk solid mass flow rates of 
up to 3.2 tons per hour an air volume flow rate of up to 3 dm3/min was 
added. This is equivalent to only 0.056 m3 air per ton bulk solid and ap-
proximately equals the volume increase of the bulk solid during downward 
flow in the hopper.  
 

 
Fig. 12.3. Silo for ground anthracite; a. initial situation; b. after installation of an 
air injection system (according to [12.21]).  

The addition of too much air in a situation as shown in Fig. 12.3 has to be 
strictly avoided, because that would lead to gas overpressure in the bulk 
solid. Then the gas gradient dp/dz in Eq. (12.8) would become larger than 
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zero and would enlarge the mass flow rate possibly leading to uncontrolled 
discharge of the aerated bulk solid (flooding).  

If uncontrolled discharge can be avoided, for example, with a rotary 
valve connected to the outlet, or an extremely high discharge rate is de-
manded, the injection of large quantities of gas into the hopper with an ac-
companying gas overpressure in the bulk solid can be a suitable means for 
obtaining sufficiently large mass flow rates (e.g., in blow tanks of pneu-
matic conveying systems).  

Gas overpressure can develop in a hopper also without air injection, for 
example, if the residence time of a fine-grained bulk solid in a silo is too 
short. Directly after being fed into the silo, the bulk solid located close to 
the top surface of the filling has small stresses. The stresses increase if fur-
ther bulk solid is fed into the silo. Due to the increasing stress, the material 
is compressed so that gas overpressure prevails resulting in gas flowing 
from the bulk solid to the surrounding atmosphere (deaeration). The time 
required for deaeration, i.e., the reduction of the gas overpressure, depends 
on the permeability of the bulk solid, the filling rate, and the silo dimen-
sions. If bulk solid is discharged before the gas overpressure has been re-
duced completely, it can happen that bulk solid with gas overpressure ap-
proaches the outlet opening. If the pressure gradient close to the outlet is 
sufficiently large, the gas flows towards the outlet with high velocities thus 
causing uncontrollable flooding from the outlet. Extremely unfavorable re-
garding deaeration are funnel flow silos, because in those silos the freshly 
filled bulk solid reaches the outlet much faster than in a mass flow silo of 
identical volume.  

The process described above can be found with silos where large quanti-
ties of fine-grained bulk solids are continuously filled and discharged. The 
following example of a silo for the storage of ground ore demonstrates this 
effect. The dimensions of the silo are depicted in Fig.12.4.a [12.3]. Be-
neath the rectangular outlet a feeder of appropriate dimensions is placed 
(feeder not shown in Fig. 12.4.a). In the diagram of Fig. 12.4.b the gas 
overpressure, pe, is plotted versus the vertical coordinate, z, for different 
relative discharge rates, totrel /mmm && = .The relative discharge rates are 
equivalent to 100%, 300%, and 600% of the total mass, mtot, in the silo dis-
charged per hour. The upper filling level in the silo is kept constant by 
continuous feeding. At a relative discharge rate of 100% the gas overpres-
sure, pe, is increasing in the silo’s vertical section with depth because the 
bulk solid is increasingly compressed. In the hopper the gas pressure is de-
creasing due to the dilation of the bulk solid, and reaches a small negative 
value (underpressure) in the lower part of the hopper. Thus, at the outlet a 
negative pressure gradient prevails, i.e., air flows countercurrent to the 
bulk solid into the hopper.  
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With the two larger relative discharge rates (300%, 600%) distinctly 
larger gas overpressures, pe, develop, because the higher flow velocity re-
sults in a shorter residence time which does not allow sufficient deaeration. 
Furthermore, the bulk solid moves faster downwards than the air flows 
upwards relative to the bulk solid. Although the bulk solid dilates when 
flowing downwards in the hopper, a distinct gas overpressure remains 
leading to a large positive pressure gradient, dp/dz, close to the outlet and, 
thus, to larger gas velocities. If the relative gas velocity (relative to the 
bulk solid velocity) approximately reaches the velocity for minimum flu-
idization, flooding occurs.  

A possible solution to solve the problem of excessive overpressures and 
flooding without reducing the discharge rate could be the installation of a 
system for the removal of air in the region of the highest gas overpressure, 
for example, with inserts like in Fig. 12.3.b.  

 

 
Fig. 12.4. a. Silo for ground ore; b. gas overpressure, pe, for different relative dis-
charge rates after having reached a steady state (constant filling level; results ac-
cording to [12.3]).  

The examples of gas pressures induced by flowing bulk solid show that 
when discharging fine-grained bulk solids problems can arise due to gas 
underpressure as well as due to gas overpressure. Furthermore, the stresses 
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and, thus, the gas pressures in a silo can change with time, for example, 
due to different filling levels and variable discharge and filling cycles.  

Having very fine and cohesive bulk solids, i.e., group C materials ac-
cording to Geldart’s diagram (Sect. 7.2.4, Fig. 7.22), the occurrence of 
problems due to gas pressures becomes more unlikely with increasing dis-
tance from group A. The reason is the fact that those bulk solids tend to 
form channels during gas permeation (channelling). Due to the strong ac-
tion of the adhesive forces relatively stable bulk solid regions are formed 
between which the gas can easily flow through void and fissures (chan-
nels). Additionally, the very cohesive group C materials require larger out-
let openings for avoiding flow problems compared to group A materials. 
The larger outlet openings yield smaller flow velocities and higher 
stresses, i.e., the bulk solid dilates less in the lower hopper region.  

12.2  Discharge aids 

Discharge aids which initiate flow by transfer of energy can be roughly di-
vided into the following two groups: 

• Pneumatic discharge aids (e.g., air injection)  
• Mechanical discharge aids (e.g., knockers, vibrators, agitators) 

12.2.1 Pneumatic discharge aids  

Pneumatic discharge aids (Fig. 12.5) initiate flow by the injection of air. In 
the systems according to Fig. 12.5.a to Fig. 12.5.e air is injected continu-
ously at low flow velocities. This can be done as shown in Fig. 12.5.a 
through hopper walls made of porous material, but also through aeration 
elements placed at the hopper walls as in the Figs. 12.5.b to 12.5.e. Having 
a simple aeration box or aeration pads, the air enters the bulk solid through 
a porous material, for example, fabric weave or sintered material. Some 
types of aeration nozzles blow the air parallel to the wall into the bulk 
solid in order to activate a larger area of the silo wall. The vibrating aera-
tion nozzle is provided with a flexible cap pressed against the silo wall. Air 
is flowing between wall and cap into the silo while the cap is excited to vi-
brate, i.e., the bulk solid is stimulated by vibration in addition to air flow. 

Air injection causes local overpressures. Thus an air flow prevails in di-
rection to lower pressures, for example, the ambient pressure at the outlet 
opening or at the surface of the filling, so the major portion of the air takes 
the path with the smallest air resistance. Thus, if the silo’s filling level is 
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sufficiently high, and air is introduced into the lower part of the hopper 
(which is usually the case), the majority of the injected air flows towards 
the outlet opening. Thus, the air flow creates additional forces on the bulk 
solid in the direction to the outlet so that wall friction may be overcome, 
and arches and ratholes may be destroyed. Furthermore the air flow en-
courages bulk solids flow towards the outlet, being explained in Sect. 
12.1.2 with the action of a gas overpressure in the hopper. This method of 
aeration is mostly advisable for group A materials according to Geldart’s 
classification (Fig. 7.22). To get a similar effect with distinctly larger par-
ticles very high air velocities and thus uneconomically large air volume 
rates would be necessary [12.14]. Having very cohesive bulk solids (group 
C), the injection of air can also be problematic, since those bulk solids tend 
to channeling, i.e. voids and fissures are created in the bulk solid (e.g., 
close to the wall) through which the air escapes, while the rest of the bulk 
solid remains stationary.  
 

 
Fig. 12.5. Pneumatic discharge aids (examples); a. porous hopper; b. aeration box; 
c. aeration pad; d. aeration nozzle; e. vibrating aeration nozzle; f. air cannon  

The action of air flow on a stable cohesive arch is explained in Sect. 7.2.4 
(Fig. 7.21). The injected air is flowing downward towards the outlet thus 
exerting an additional force onto the arch which can be sufficient to col-
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lapse the arch. The optimal position for air injection (e.g., for the devices 
according to Figs. 12.5.b to 12.5.e) is just above the possible arch. Thus 
the air flow resistance is limited which reduces the energy consumption 
[12.24].  

There may also be an influence of air injection on the flow pattern. In a 
funnel flow silo into which air is injected far from the outlet (Fig. 12.6), 
the action of air close to the outlet (region A) may, for example, break an 
arch and initiate flow. However, the discharged bulk solid will be replaced 
primarily by the bulk solid flowing under the action of gravity from di-
rectly above the outlet (region B). Thus, the flow zone (region B) may be 
enlarged due to air flowing from the air injection device through the stag-
nant zones towards the flowing zone. However, experience shows that 
flow across the wall (approaching mass flow) is often achieved in a limited 
region only (see possible stagnant zone C, Fig. 12.6), especially if the wall 
steepness is far below that required for mass flow, and if the air flow rate 
is small. This also holds for porous hoppers having large diameters (Fig. 
12.5.a): Even if air can flow through the entire hopper wall, the largest 
portion of air flows out in the vicinity of the outlet where the gas flow re-
sistance towards the outlet is lowest. Following these considerations it is 
usually impossible to achieve flow across the entire hopper walls of a large 
funnel flow silo with the help of injected air. Furthermore, extremely high 
air flow rates would be necessary for this which might lead to uncontrolla-
ble flooding from the outlet, or even to fluidization of the bulk solid in the 
vertical section [12.24]. However, a quantitative statement is not possible. 
Flow across the wall initiated by air injection is more likely to occur in 
small hoppers and with high air flow rates.  
 

 
Fig. 12.6. On the influence of injected air on the flow profile  
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Besides continuous injection of air at small flow rates, the possibility ex-
ists to impulsively release compressed air stored in a pressure vessel (vol-
umes of 2 to 500 liters, pressure up to 10 bars) through one or more noz-
zles into the silo. Equivalent discharge aids (Fig. 12.5.f) are known under 
different commercial names; often the term “air cannon” is used (survey 
and applications see [12.25]). The pressure impulse created by the air can-
non generates a stress wave in the bulk solids structure propagating faster 
than the air pressure wave expanding in the pore structure of the bulk 
solid. Clearly a stress wave can be sufficient for the collapse of arches and 
ratholes [12.26–12.28].  

Contrary to continuous air injection, air cannons can also be used for 
coarse-grained bulk solids (e.g., for flow problems resulting from time 
consolidation), since due to the impulsive injection of air a positive action 
can be achieved even if the air flow resistance of coarse-grained bulk sol-
ids is low. Also for the storage of poorly flowing bulk solids in large silos 
air cannons will be used since their range of action is large compared to 
the devices with a slow air injection (note that the required number and 
size of air cannons depends on bulk solid properties and silo dimensions).  

When using air cannons it has to be kept in mind that problems can arise 
if the air cannons are not correctly applied and designed (dust generation 
due to too large air volumes; extremely high local stressing of the silo 
walls due to the pressure impulse [12.29], especially when the bulk solid 
fails to move; excessive loads on the hopper walls or the feeder due to 
large amounts of material suddenly collapsing). A typical application of air 
cannons is the retrofitting of silos which exhibit flow problems and where 
no other means are possible or practicable. For new silos air cannons are 
significant if bulk solids with a strong time consolidation effect have to be 
stored. 

12.2.2  Mechanical discharge aids 

The simplest mechanical discharge aids are rods and similar means in-
serted into a hopper through the outlet opening or poke holes to encourage 
the bulk material to flow, or a hammer used for beating the hopper wall. 
Further development of these archaic methods led to the application of 
knockers and agitators. As an example Fig. 12.7 shows an agitator above a 
vertical axis rotary valve. The agitator blades ensure that the flow zone is 
not limited to the region above the eccentric inlet of the rotary valve, but 
covers the entire cross-section of the hopper. Agitators with horizontal axis 
are also available and applied, for example, in combination with screw 
feeders in metering devices to ensure that cohesive bulk solids flow into 
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the commonly narrow feeding screw. Generally the application of agitators 
is limited to small diameters because the driving torque increases progres-
sively with agitator diameter.  

 

 
Fig. 12.7. Rotary valve with vertical axis and agitator [12.30]   

 
Fig. 12.8. Vibrating insert [12.14] 

Vibrators are widely applied as mechanical discharge aids, and different 
forms of devices are available. Some of them transfer vibrations into the 
silo wall like knockers, but with higher frequencies. Others excite inserts 
located within the bulk solid, for example, a cage as shown in Fig. 12.8. 
Vibrations induced at the silo wall aid to overcome wall friction. Addition-
ally, vibrations momentarily increase the stress in the bulk solid. If thereby 
the yield limit is attained, the vibration breaks stable arches or ratholes. 
However the design of vibrating devices mounted directly on a silo wall is 
difficult, because the properties of the silo structure have to be taken into 
account (e.g., wall thickness and stiffness), and a (conical) hopper is par-
ticular stiff close to its outlet (small radius of curvature) where stable 
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arches are formed predominantly. With vibrating inserts it has to be en-
sured that they do not act as a flow obstruction or as the basis for a stag-
nant zone, which is often the case at least when they are not active.  

According to [12.31] the action of vibrations is best at frequencies 
above 100 Hz. It can be assumed that the effect of vibration decreases with 
increasing fineness and compressibility of the bulk solid, because the latter 
enhances absorption of the vibrations.  

12.2.3  Application of discharge aids  

All flow promoting devices should be used only during discharge. Vibra-
tion of a stagnant bulk solid as well as the action of agitators and knockers, 
or a continuous releasing of air cannons is likely to cause further consoli-
dation and, thus, increasing flow problems.  

  

 
Fig. 12.9. Application of discharge aids; example: air cannon   

Discharge aids have to be located so that they can act at the source of the 
flow problem, i.e., in the case of arching in the region where the arch is 
carried by the hopper wall, or if pneumatic discharge aids are used, some-
what above the arch. If severe problems are present, for example, due to a 
strong time consolidation effect leading to large stable arches or ratholes, 
discharge aids are needed in a larger part of the hopper (Fig. 12.9). Since 
air cannons have a larger range of action compared to other discharge aids, 
their use is specially favored for this application. It is best to use them one 
after the other starting at the lowest position. Thus, the consolidated mate-
rial will be loosened in steps (Fig. 12.9). This is advantageous because the 
bulk solid falls down in portions and builds up a cushion of material above 
the outlet opening so the danger of damage to the feeder or hopper is re-
duced. Furthermore, the bulk solid portions activated by the discharge aid 
can easily fall into existing voids. If this is not possible the bulk solid 
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could fail to move which would result in excessive local stresses and addi-
tional consolidation.  

Apart from air cannons, most discharge aids seem to be most suitable 
for the elimination of smaller flow problems in silos or hoppers that are not 
too large. The reasons for this are: 

• Aeration elements (Fig. 12.5.b to e) have only a small range of action. 
Thus, many elements and a large amount of air would be necessary if 
larger problems exist (e.g., large arches). The dimensions of aerated 
hoppers (Fig. 12.5.a) are limited. 

• The action of knockers and vibrators attached to a silo wall depends on 
the oscillatory behavior of both the silo structure (e.g., wall material, 
wall thickness) and the bulk solid. Therefore, this method is most appli-
cable for smaller metal silos having thin walls. 

• The size of agitator blades is limited due to the necessary driving torque 
increasing tremendously with diameter.  

 
Although discharge aids can provide satisfactory solutions of problems, 
they can also create additional problems, e.g., irregular flow due to col-
lapsing arches and ratholes, flooding of the bulk solid as a result of the in-
jected air (pneumatic discharge aids), consolidation of the bulk solid due to 
inappropriate operation. Thus, when designing new facilities preference 
has to be given to adjust the silo to the measured flow properties in such a 
way that discharge aids are not necessary. However, if a bulk solid shows a 
strong time consolidation effect, the installation of discharge aids can be 
useful to reduce the size of the feeder (see Sect. 12.4).  

12.3  Feeders and other discharge devices  

Discharge devices are well known devices as, for example, belt feeders, 
apron feeders, en-masse feeders, vibratory feeders, rotary valves, and 
screw feeders being attached to the outlet of a silo. Shut-off devices (e.g., 
slide gates, clamshell gates) can also be regarded as discharge devices 
since they allow a certain (often poor and accompanied by problems, see 
Sect. 12.3.1.1) regulation of the discharge.  

12.3.1  Rules for design regarding mass flow 

Even in an appropriately designed mass flow hopper with sufficient steep-
ness (Sect. 11.2), mass flow can be achieved only if the bulk material is 
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withdrawn from the entire outlet opening. Therefore, mainly two rules, 
which are described in the following sections, have to be followed when 
designing feeders:  

1. Any planes which are not sufficiently steep to avoid the formation of 
stagnant zones have to be avoided.  

2. The feeder must be able to discharge bulk solid from the entire outlet 
opening.  

12.3.1.1  Rule 1 

Feeders have to be designed so that all surfaces being in contact with the 
bulk solid are sufficiently steep to avoid the formation of stagnant zones. 
An example of this situation is the double gate shown in Fig. 12.10.a. If 
one of the butterfly valves is closed, a stagnant zone will form on the sta-
tionary saddle between the valves, and the plate of the closed valve. An al-
ternative is the design according to Fig. 12.10.b where a single blade di-
verter is installed below a butterfly valve. All surfaces being in contact 
with the bulk solid are sufficiently steep to avoid stagnant zones.  
 

 
Fig. 12.10. a. Diverter with two butterfly valves; stagnant zone forms on the 
closed valve; b. butterfly valve with downstream single blade diverter 

If converging sections are within a feeder as in the case of the rotary valve 
shown in Fig. 12.11, the minimum cross-section has to be sufficiently 
large to avoid arching. Furthermore, inclined walls within a feeder must be 
steep enough to avoid the formation of stagnant zones which can extend up 
into the hopper and the vertical section thus changing the flow pattern 
from mass flow to funnel flow. 
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Fig. 12.11. Rotary valve with converging inlet section (as used, for example, for 
granules) 

 
Fig. 12.12. Formation of stagnant zones due to partly opened gates: a. slide gate; 
b. clamshell gate  

Another example of the formation of stagnant zones is the slide gate 
shown in Fig. 12.12.a being only partly opened. Originating from the slide 
plate a stagnant zone is formed leading to funnel flow with all known dis-
advantages (flow problems, segregation,...). The same problem will occur 
with any configuration of valves and gates (e.g., clamshell valve, Fig. 
12.12.b), which are not opened completely during discharge. Therefore, if 
mass flow is desired, gates have to be opened completely for discharge, 
and it must be ensured that there are no protrusions into the flowing bulk 
solid. 
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12.3.1.2  Rule 2 

Many types of feeders tend to discharge the bulk solid only from a portion 
of the outlet. An example is the screw feeder (Fig. 12.13). The major ele-
ment of a screw feeder is the rotating screw, consisting of a central shaft to 
which a helical flight is fitted, conveying the bulk solid in a trough with 
circular or U-shaped cross section.  
 

 
Fig. 12.13. Configurations of screw feeders [12.32–12.34,12.40] 

The screw feeder shown in Fig. 12.13.a withdraws the bulk solid preferen-
tially only from the rear end of the outlet slot so a stagnant zone is formed 
(funnel flow) even if the silo is designed as a mass flow silo. The reason 
for this behavior is the fact that the screw fills completely at the rear part 
of the outlet, and the screw conveys this bulk solid towards the exit be-
neath the bulk solid resting above the front part. This behavior can be 
avoided by designing the helical flights in such a way that the conveying 
capacity is increasing in the conveying direction, for example, by an in-
creasing pitch of the screw helix as shown in Fig. 12.13.b (design guide-
lines in [12.35]). Using this method the screw can discharge bulk solid 
across the entire length of the outlet slot. The increase of the pitch of the 
screw should be continuous. If there are too long sections with constant 
capacities (Fig. 12.13.c), stagnant zones can be formed [12.32,12.34].  
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Other possibilities to realize increasing capacity are to decrease the shaft 
diameter in the conveying direction (Fig. 12.13.d), or increase the flight 
diameter (Fig. 12.13.e). The last option is less convenient because the 
width of the trough also has to be enlarged in the conveying direction 
which itself requires an equivalent fitting of the hopper geometry. For out-
let slots with a large length-to-width ratio it is useful to start with a de-
creasing shaft diameter at constant pitch followed by an increasing pitch at 
constant shaft diameter (Fig. 12.13.f) [12.40].  

12.3.2  Types of discharge devices (selection) 

In the present section feeders and other discharge devices used for differ-
ent purposes are described. Crucial points are less the technical details of 
the apparatuses than the influences of the discharge devices on flow of the 
bulk solid in the silo, especially with regard to the achievement of mass 
flow. As will be demonstrated, the above-described principle of increasing 
capacity to achieve withdrawal of the bulk solid from the entire outlet can 
be applied to several types of discharge devices.  

12.3.2.1 Screw feeders 

Screw feeders (Fig. 12.13) are often used for fine-grained and powdery 
bulk solids (e.g., sawdust, maize, cement, sand, coal dust). Since the bulk 
solid is subjected to shear deformation and internal friction within a screw 
feeder, they are less suitable for friable materials. The same holds for very 
abrasive bulk solids leading to wear of the feeder. Hot bulk solids (up to 
800°C) can be conveyed by screw feeders provided with a hollow shaft 
that is cooled from the inside.  

Sticky and adhering bulk solids tend to clog a screw and rotate with it as 
one mass without being conveyed. To avoid this situation the screw helix 
should be as smooth as possible (stainless steel, coatings, if possible with 
poor wetability), and the trough should be rough. For very adhesive bulk 
solids shaftless screws are used, or parallel screws which overlap and thus 
clean each other. A screw feeder can be manufactured dust-, gas-, and 
pressure-tight.  

Normally screw feeders applied for silo discharge have a diameter of a 
few 100 mm; however, some can be found having outer diameters of more 
than 1000 mm. Typical speeds of rotation are 15 to 80 rpm in exceptional 
cases also up to 250 rpm. The speed of rotation should not be too high 
since then the bulk solid cannot flow easily into the screw due to high cen-
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trifugal forces. The driving power of screw feeders is relatively high. De-
sign data can be found, for example, in [12.32,12.35, 12.36].  

The design of screw feeders for obtaining uniform withdrawal is ex-
plained in Sect. 12.3.1.  

12.3.2.2  En-masse feeder  

The conveying element of the en-masse feeder (Fig. 12.14.a) is a single- or 
double-strand drag chain arranged between two end sprockets located 
within a trough. Usually an intermediate plate is arranged beneath the up-
per strand in the region of the silo outlet opening. The bulk solid is dis-
charged by the upper strand moving the material across the intermediate 
plate. Then the bulk solid falls onto the bottom of the trough where it is 
transported to the feeder’s outlet by the lower strand.  

The en-masse feeder is a very robust feeder. Normally the drag chains 
are forged and hardened, and the trough can be lined with wear resistant 
material. The en-masse conveyor is applicable for fine and coarse (up to 
particle sizes of 100 mm), abrasive, hot (up to 1000°C), sticky and adhe-
sive bulk solids, but not for friable materials. The trough can be manufac-
tured pressure shock resistant (up to 3.5 bars) and gas-tight. The width of 
the drag chains ranges from 100 mm to 1800 mm. Discharge should be 
regulated by variation of the chain speed.  

An en-masse feeder has the tendency to discharge bulk solid from the 
rear part (with respect to the transport direction) of the silo outlet opening 
where the drag chain enters the outlet area and is immediately “filled” with 
bulk solid. Thus, in the rest of the outlet area no further bulk solid can be 
discharged by the already “filled” drag chain so a stagnant zone is formed 
(Fig. 12.14.a). A possibility to avoid the stagnant zone by discharging bulk 
solid from the entire outlet is the installation of guide plates directly above 
the drag chain (Fig. 12.14.b) [12.37]. These sloped plates form an outlet 
slot of increasing width in direction of conveying. This way the width of 
the layer of material transported by the drag chain is increasing in convey-
ing direction, i.e., an increasing mass of bulk solid is transported (increas-
ing capacity). When designing the guide plates it has to be ensured that the 
minimum width of the slot is sufficiently large to avoid arching, and that 
the inclination of the guide plates is sufficient for mass flow (Note that this 
method might not work well with fluidized bulk solids or those exhibiting 
a very low angle of repose. These materials may enter the space below the 
guiding plates.). Alternatively to guide plates, the inlet section of an en-
masse feeder can be equipped with layer-height limiters which are de-
scribed in the following section. 
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Fig. 12.14. a. Funnel flow caused by an en-masse feeder; b. en-masse feeder with 
guide plates (cross-hatched) [12.37]  

12.3.2.3  Belt feeder 

A belt feeder (Fig. 12.15.a and 12.3) consists of an endless strap of flexible 
material (usually woven fabric covered with rubber; occasionally belts 
made from other materials are found, for example, woven wire) which is 
stretched between the driving drum and the tension drum [12.14]. Between 
these drums the belt is supported by idlers; at smaller stresses the belt can 
also glide on a smooth metal plate (slider bed). Beneath the outlet opening 
of the silo the distance between the idlers is smaller to carry the additional 
vertical load due to the silo. Often belts used for discharge are flat, i.e., the 
belt surface forms a plane surface and does not form a trough as often seen 
with belt conveyors. 

The driving power of belt feeders is small compared to other feeders 
[12.38,12.39]. The width of the belt can be up to 5 m for special applica-
tions; in most cases the width is smaller than 1 m. The belt velocity is on 
the order of 0.025 to 0.5 m/s which makes possible discharge rates of up to 
some 1000 tons per hour [12.41]. Belt feeders can be used for free-
flowing, cohesive, fibrous and even friable materials (the latter in contrast 
to screw feeders or en-masse feeders), but it is not advisable to use stan-
dard belt feeders for sticky or hot (>160°C) bulk solids. Furthermore, the 
sometimes not insignificant wear of the belt has to be considered. 
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Fig. 12.15. Discharge with a belt feeder: a. non-uniform discharge; a smooth belt 
and a large layer height preferentially results in discharge from the front end; a 
rough belt leads to discharge from the rear end (dashed arrows); b. uniform dis-
charge due to a tapered outlet; c. uniform discharge due to a hopper with tapered 
lower edge and vertical walls; d. uniform discharge due to layer-height limiters 
(rough belt) 

Belt feeders have the tendency to withdraw bulk solid preferentially from 
one end of the outlet. A smooth belt and a tall gate opening at the front  
end result in preferential withdraw from the front part of the outlet slot 
(Fig. 12.15.a, solid arrows). The bulk solid is more discharged from the 
rear part of the silo if the conveyor belt is rough and/or the gate is opened 
less (dashed arrows) [12.38,12.42,12.43]. Other parameters determining 
the flow pattern are the angle of internal friction (large internal friction 
promotes discharge of the bulk solid from the front part), and for the case 
that the outlet is provided with vertical side skirts, the wall friction angle 
of the side skirts (large friction angle at the side skirts promotes discharge 
of the bulk solid from the front part of the outlet slot). The large number of 
influencing parameters makes it impossible to predict exactly the flow pat-
tern, which is, as stated above, usually non-uniform for a standard inter-
face as shown in Fig. 12.15.a. Thus, to withdraw material from the entire 
outlet slot, it is essential to apply the principle of increasing capacity. This 
can be achieved by sloping the lower edge of the hopper thus realizing a 
taper in both plan and elevation, Fig. 12.15.b. As a result, an increasing 
amount of bulk solid can be transported by the belt feeder in direction of 
conveying (increasing capacity).   



12.3  Feeders and other discharge devices      361 

In the example of Fig. 12.15.c vertical walls (non-parallel side skirts) 
are attached to the hopper of Fig. 12.15.b restricting the taper in plan and 
resulting in uniform withdrawal if the gate is properly adjusted [12.43]. 
Since a misadjusted gate can result in non-uniform withdrawal even if the 
interface is properly designed as in Fig. 12.15.c, in general the discharge 
rate should be adjusted by belt speed rather than by the position of the 
gate. Attention has to be paid when discharging cohesive bulk solids since 
their flow pattern is very sensitive to gate adjustment, and often it takes a 
very long time until a steady flow pattern is attained [12.38,12.42].  

Another possibility to get a more uniform withdrawal from a long outlet 
slot is the placement of inserts acting as layer-height limiters (Fig. 
12.15.d). Due to the inserts the height of the horizontally transported layer 
increases in conveying direction thus providing the desired increasing ca-
pacity. This method can also be applied to apron feeders or en-masse con-
veyors [12.38,12.42]. The inserts have to be designed so that neither arches 
nor stagnant zones can be formed on them.  

Prerequisite for success of the means shown in Fig. 12.15.b to d is that 
the angle of friction between the belt and the bulk solid is sufficiently large 
to withdraw material from the rear part of the outlet slot. If the friction is 
too small, the material will still be discharged preferentially from the front 
part (Fig. 15.12.a, solid arrows).  

12.3.2.4  Apron feeder 

Apron feeders discharge bulk solid similar to belt feeders, whereby the 
bulk solid is carried by a “steel belt” composed of overlapping steel pans 
being laterally connected with chains driven by sprockets. Depending on 
the design, chain and pans are carried by rollers attached to the pans or 
chain elements, or by rollers fixed at the feeder’s frame.  

Depending on the application, pans of different type are used. They can 
be almost flat, but also arched or provided with flanges to obtain a “deep” 
pan [12.14]. An apron feeder is suited for extreme operation conditions, 
i.e. for coarse, very abrasive and sharp-edged bulk solids with particle 
sizes of up to 1000 mm and temperatures of up to 1100°C. Furthermore it 
can be used for poorly flowing, wet, fine grained bulk solids which require 
large outlet dimensions and have a large angle of internal friction (large 
driving force), for example, moist clay or filter cake.  

Apron feeders are available in lengths from 2 m to 15 m and widths up 
to 4 m. The operating speed is usually on the order of 0.01 to 0.5 m/s 
[12.44,12.45]. The driving power is significantly larger compared to belt 
feeders.  
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To ensure withdrawal from the entire outlet opening, identical means 
have to be applied as described for the belt feeder and the en-masse feeder. 
The discharge rate should be adjusted by the chain speed, as is recom-
mended for belt feeders (Sect. 12.3.2.3), and not by variation of the layer 
height. 

12.3.2.5  Vibratory feeder 

A vibratory feeder (Fig. 12.16) consists of an elastically supported trough 
located beneath the outlet of a silo. The trough is excited to oscillate by an 
appropriate drive, e.g. an eccentric-mass mechanical drive, an electromag-
netic drive, or, applied less often, a positive mechanical drive with a crank. 
Vibratory frequencies range from 5 Hz to 100 Hz [12.14,12.46,12.47]. 
Discharge rate is dependent on the angle of slope of the trough (0° to -15°, 
measured from horizontal), the bulk solid properties, and the layer height 
[12.48]. By changing the amplitude (electromagnetic drives) or the fre-
quency (all types of drives), the discharge rate can be regulated. Advan-
tages of a vibratory feeder are its simple construction, low maintenance re-
quirements, and low driving power.  

Vibratory feeders tend to discharge the bulk solid preferentially from the 
front part of the outlet, which often causes stagnant zones if the material is 
discharged from elongated outlets (Fig. 12.16.a). Withdrawal from the en-
tire outlet can be only achieved by decreasing the ratio of the outlet length 
to layer height to a value less than 1 (Fig. 12.16.b) [12.34,12.49]; with a 
ratio of about 0.5 a uniform withdrawal can be achieved [12.50]. Further-
more, the drive of the vibratory feeder has to be adjusted in amplitude and 
frequency in such a way that the bulk solid beneath the silo outlet is actu-
ally transported on the trough according to the principle of vibratory con-
veying. If the adjustment is insufficient, one can observe indeed that bulk 
solid is discharged, but this is based on the reduction of the angle of repose 
by the vibration, i.e., the bulk solid only moves on the surface of the 
trough filling, but not on the bottom of the trough (Fig. 12.16.c). Thus, 
similar to Fig. 12.16.a, discharge takes place only in the front part of the 
outlet. Therefore it is essential to consider the discharge behavior when ad-
justing the mass flow rate by variation of amplitude or frequency of vibra-
tions.  
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Fig. 12.16. Vibratory feeder; a. discharge only from the front part due to an inap-
propriate long outlet slot; b. uniform discharge due to a sufficiently small length of 
the outlet in conveying direction; c. misadjusted vibratory feeder resulting in fun-
nel flow  

12.3.2.6  Bin activator and similar principles  

The principle of a bin activator is shown in Figure 12.17.a. It consists of a 
relatively shallow hopper flexibly suspended below the silo outlet. The 
hopper, which is provided with a convex baffle, is excited to horizontal vi-
brations by an externally mounted vibrator motor. Thereby the bulk solid 
flows through the annular gap between baffle and hopper, and further on 
the shallow hopper walls to the outlet. The shapes of hopper and baffle de-
pend on the manufacturer; baffles in the form of an inverted cone or a 
pyramid are also available, and hoppers can be conical or dished, or a 
combination of both. Since a bin activator both initiates flow and dis-
charges material, it can be considered both as discharge aid and discharge 
device.  

Variations of the bin activator are shown in Figs. 12.17.b to d. The 
model in Fig. 12.17.b is provided with a longitudinal insert fixed to an axi-
symmetric hopper. The inserts form parallel outlet slots through which ma-
terial is withdrawn. Furthermore, this model is equipped with two fre-
quency-regulated drives for better control of the discharge rate.  

The version in Fig. 12.17.c is provided with a rectangular frame carry-
ing adjustable blades vibrating with the (rectangular) hopper. Due to the 
adjustability of the blades the discharge rate can be influenced. In contrast 
to the bin activators considered so far, the hopper of the system shown in 
Fig. 12.17.d is fixed to the silo outlet, i.e., it is not flexibly supported, and, 
thus, a flexible seal is not required. This version has advantages when con-
sidering the danger of leakage and the effects of pressure shock. The in-
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verted cone insert can be lifted and vibrated vertically with a vibratory 
drive. The material is then discharged through the annular gap between the 
inverted cone and the silo hopper. The discharge rate depends on the op-
erational settings (amplitude and position of the cone).  
 

 
Fig. 12.17. Bin activator and similar principles (simplified presentation); a. bin ac-
tivator with convex baffle (e.g., [12.77]); b. with insert and additional discharge at 
the center (type Silo-Tray [12.51]); c. with adjustable blades (type Hogan [12.52]); 
d. with agitated conical insert (type Matcon [12.53]) 

One can expect that the devices described above withdraw the material 
from the entire outlet of the silo if it is ensured that the flow rate is not re-
stricted by downstream equipment. The latter can happen if, for example, a 
conveying or dosing device is installed downstream, which limits the mass 
flow rate to a value smaller than the mass flow rate that could be delivered 
by the bin activator at its present operational settings (such a combination 
is often used because the feeding accuracy of the devices discussed here is 
very limited). This situation is shown in Fig. 12.18 for a rotary valve at-
tached to a bin activator. Due to the limitation of the discharge rate by the 
rotary valve, the bin activator may fill completely with the bulk solid, and 
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a possible result is the formation of an eccentric flow zone. The stagnant 
material in the hopper thus becomes increasingly consolidated due to the 
effect of the vibration. To avoid such situations, one has to take care that 
the entire amount of bulk solid entering the vibrating hopper from the top 
is discharged. If this cannot be realized, a buffer with level control has to 
be installed between the bin activator and the downstream equipment. 
Then the bin activator is activated only to fill the buffer.  
 

 
Fig. 12.18. Funnel flow inside a vibrating hopper due to a following conveying 
equipment (here: rotary valve) 

12.3.2.7  Rotary valve 

Two versions of rotary valves (rotary feeders) are shown in Figs. 12.7 
(vertical driving shaft) and 12.11 (horizontal driving shaft). In the case of 
Fig.12.11 the bulk solid flows by gravity from above into the pockets of 
the rotor and is then transferred by the motor-driven rotor to the outlet sec-
tion.  

The rotor of the rotary valve in Fig.12.7 transfers the bulk solid horizon-
tally from the eccentric inlet opening to the outlet which is displaced by 
180° to the inlet [12.30]. To avoid stagnant zones in the hopper due to the 
eccentric feeder inlet, the driving shaft is elongated upwardly and provided 
with an agitator rotating directly above the rotary feeder. If necessary fur-
ther agitators can be applied further up as discharge aids (see Sect. 12.2.2). 

Rotary valves are used to feed bulk solids in systems with different gas 
pressure, for example, from atmospheric pressure into a pneumatic con-
veying line, or from pressurized systems (e.g., pneumatic sifters) to atmos-
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pheric pressure. Thereby pressure differences of up to about 3.5 bars can 
be overcome without the presence of much air leakage [12.54].  

Standard rotary valves are used for relative easy flowing, fine-grained 
bulk solids at temperatures of up to 600°C. The power required to drive ro-
tary valves is low. At speeds of rotation of 5 rpm to 90 rpm and rotor di-
ameters of more than 500 mm mass flow rates of up to 1000 m3/h can be 
achieved depending on the actual type of the rotary valve.  

In rotary valves with a horizontal axis the mass flow rate at first in-
creases nearly linearly with the speed of rotation [12.55]. At higher speeds 
of rotation the mass flow rate decreases because the centrifugal force act-
ing against the gravity force increases and the time available for filling the 
pockets of the rotor becomes smaller. In rotary valves with a vertical shaft 
the centrifugal force has no negative influence on the mass flow rate be-
cause it does not counteract flow of the bulk solid into the pockets [12.57].  

 

 
Fig. 12.19. Discharge of an easy flowing bulk solid with a rotary valve  

Under specific conditions a rotary valve can result in eccentric or intermit-
tent discharge from a hopper. A free-flowing bulk solid fills the pockets of 
the rotor as soon as they enter the inlet area of the rotary valve. The bulk 
solid is therefore primarily discharged from the left part of the silo outlet 
as shown in Fig.12.19. The problem of eccentric discharge can be avoided 
by the addition of an inclined plate in the infeed section as in Fig. 12.11 
(consider angle of inclination and smallest cross section, as discussed in 
Sect. 12.3.1.1), or by a sufficiently tall section of constant diameter (height 
should be 1 to 3 times the diameter, depending on the bulk solid) directly 
above the rotary valve so that the flow zone is likely to cover the entire 
cross-section at the top of this section.  

With hard, brittle bulk solids, intermittent flow which might be caused 
by a rotary valve as depicted in Fig. 12.19 can lead to undesirable vibra-
tions of the silo. In this case continuous discharge can be achieved by a ro-
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tor with an increased number of (smaller) pockets, and by a higher rota-
tional speed.  

 

 
Fig. 12.20. Rotary valve with leakage air vent  

When feeding a (fine-grained) bulk solid with a rotary valve into a system 
of higher gas pressure (e.g., a pneumatic conveying line), one must ensure 
that air leakage due to the pressure gradient is minimized. Otherwise the 
upwards flowing gas can reduce the discharge rate to an unacceptable ex-
tent [12.56] both by reducing the fill efficiency of the pockets, and by 
causing an upward gas flow within the hopper (countercurrent air flow, see 
Sect. 12.1.2). Air leakage results from air flowing through the rotor casing 
clearance and air transported in the empty pockets on the return side of the 
rotor. To minimize air leakage, the rotary valve must be kept in a suffi-
ciently tight condition (maintenance!), and especially with fine powders a 
venting system is helpful. The venting system in Fig. 12.20 (body vent) is 
connected to an external vent line, which may be connected to a filter or to 
the top (roof) of the silo. Since the air flow in a vent line, which is essen-
tially a pneumatic conveying system, is usually small, they tend to become 
blocked by dust. Thus, regular maintenance is important. 

12.3.2.8  Air-assisted discharge  

Fine-grained bulk solids (mainly group A materials according to Geldart’s 
diagram, Fig. 7.22) can easily be loosened and transported by the continu-
ous introduction of air (or any other gas). This effect is described in con-
nection with pneumatic discharge aids, which are primarily used to initiate 
and support bulk solids gravity flow (Sect. 12.2.1), whereby the systems 
discussed in the present section are based on the idea of air-assisted (grav-
ity) conveying on slightly inclined, nearly horizontal surfaces.  
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The principle of air-assisted gravity conveying on an air slide is de-
picted in Fig. 12.21. The air slide consists of a porous material (e.g., 
woven fabric, woven steel laminate, sintered material made from metal or 
plastics) supporting the bulk solid. Pressurized air is then supplied to the 
plenum chamber beneath the porous plate [12.14,12.58]. Thus the bulk 
solid is subjected to a continuous upward flow of gas. Depending on the 
air flow rate, this can lead to reduction of the normal stress (resulting in 
smaller frictional forces), loosening of the material, and even to fluidiza-
tion, so that the bulk solid flows along the air slide being inclined of up to 
15° to the horizontal.  
 

 
Fig. 12.21. Principle of air-assisted conveying on an air slide  

The principle of the air slide is also used to discharge fine-grained bulk 
solids from silos. Figure 12.22 depicts the placement of air slides beneath a 
(relatively small) outlet opening of a silo. The aerated area is divided into 
two sections: section 1 beneath the silo outlet, section 2 next to section 1 in 
the transport section. The sections are supplied with pressurized air inde-
pendent of each other. Fluidization in the original sense as being realized 
in the air slide of Fig. 12.21 is difficult to achieve in section 1 due to the 
column of bulk solid above it, but the air injected in section 1 flows to-
wards the control gate and causes a force on the bulk solid in the same di-
rection due to the air flow resistance. However, in section 2, i.e., between 
silo outlet and control gate, fluidization is possible due to the small layer 
height. The fluidized material flows towards the control gate, where the 
mass flow rate is adjusted by the control gate.  
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Fig. 12.22. Discharge with air slides 

Air slides are also applied to discharge huge silos (diameter up to 25 m; 
height up to 50 m) used for the storage and homogenization of, for exam-
ple, cement or raw mix. In earlier times, these silos were mostly built with 
a shallow bottom provided with one or more outlet openings. Around each 
outlet opening the bottom is sloped by 10° to 15° to horizontal and 
equipped with air slides which are intended to transport the material to the 
outlet opening. For the task of homogenization, for example, for the com-
pensation of variations in the compositions of raw mix, the silo bottom is 
divided into segments which can be aerated separately. This allows dis-
charging the bulk solid from different silo regions one after the other 
which results in the homogenizing effect.  

Since about 1980 homogenizing silos are more and more built as in-
verted cone silos (Fig. 12.23) [12.59–12.61]. In the center of the silo a 
huge inverted cone made from concrete is placed forming an annular hop-
per with the outer wall of the silo. In the lower part of the cone wall four or 
more apertures are provided acting as outlet openings from which the bulk 
solid is discharged with air slides. Depending on the number of apertures, 
further air slides are spread over the bottom of the annular outlet slot. 
Their intention is to transport the bulk solid towards the outlet openings. 
For homogenization only the air slides in one or two particular sections 
(e.g., only the air slides being associated with one outlet opening) are acti-
vated simultaneously, and in regular time intervals other sections are acti-
vated following a specific pattern. Thus, flow zones form temporarily in 
which bulk solid from different layers having different compositions flows 
downward and, thus, is mixed [12.62]. The non-symmetrical flow zone 
and its regularly changing position have to be taken into account when de-
signing the silo for strength [12.63,12.64]. 
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Fig. 12.23. Inverted cone silo [12.62]: vertical section (left) and top view (top 
right); magnified area around an outlet opening with the intended conveying direc-
tion of the air slides (bottom right). Shape of the flow zone assumed according to 
[12.63]. 

When using a silo to store a poorly flowing bulk material tending to time 
consolidation, it must be designed for mass flow to avoid flow problems. 
Considering a silo equipped with air slides, this can only be achieved when 
the material is withdrawn along the entire length of the air slides. Experi-
ence has shown that with long air slides material is not withdrawn uni-
formly with respect to the length of the air slide. Furthermore, in such a 
situation a stagnant zone is likely to be formed over the rear part of the air 
slide (i.e., the part being more distant from the silo outlet, see Fig. 12.24). 
The reason for this is the fact that for transport over the entire length of the 
air slide a layer of bulk solid of the same length as the air slide had to be 
moved on the air slide beneath the bulk solid resting above. The necessary 
forces are not attainable with significant air mass flow rates and realizable 
air pressures (silo walls are loaded by bulk solid stresses and gas pres-
sure!). Additionally, the air will preferentially leave the plenum chamber 
of the air slide where the flow resistance towards the outlet opening is 
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smallest, i.e. in regions close to the outlet opening. Thus, in the region far-
thest from the outlet opening the minimum air flow rate is to be expected. 
A higher air flow rate in those areas can be achieved by subdivided air 
slides with separate air supply as shown in Fig. 12.24. Also steeper air 
slides are likely to increase the size of the flow zone.  
 

 
Fig. 12.24. Possible stagnant zones when a bulk solid is discharged with long air 
slides  

12.3.2.9  Rotary plow feeder, rotary discharge machine  

Rotary plow feeders with one plow as shown in Fig. 12.25 are mostly used 
for the discharge of poorly flowing bulk solids. A rotary plow feeder con-
sists of an inverted cone insert (mostly stationary; sometimes rotating 
[12.65], usually accompanied by a cylindrical part at its lower end) above 
a central outlet opening, and a curved plow located directly above the silo 
bottom. The curved plow rotates around the central, vertical axis, and 
moves the bulk solid through the vertical clearance between insert and silo 
bottom into the discharge opening. The insert prevents uncontrollable dis-
charge of the bulk solid through the central outlet opening. Additionally it 
reduces the load on the plow and, thus, the driving torque, since it forms a 
hopper of annular cross-section with the (vertical or inclined) outer wall, 
where the stress decreases in the downward direction as typical for hoppers 
(see Sect. 9.1.2)  

Rotary plow feeders are available with diameters from 1 m to about 
8.5 m. At low speeds of rotation of a few revolutions per minute volume 
flow rates from 0.5 m3/h to more than 6000 m3/h are achievable. Rotary 
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plow feeders are considered to be robust and suitable for abrasive and poor 
flowing bulk solids [12.65–12.67]. To prevent arching, the minimum width 
of the annular hopper has to be considered which is usually found at the 
lower edge of the insert. Depending on the manufacturer and the dimen-
sion of the rotary plow feeder, the minimum width of the hopper can 
amount up to 1.5 m.  

 

 
Fig. 12.25. Principle of a rotary plow feeder with one plow: a. vertical cut; b. top 
view  

A rotary discharge machine, sometimes also called a rotary plow feeder, 
consists of discharge wheel carried by a wagon traveling on rails beneath a 
roof-shaped insert parallel to the outlet slot of the silo (Fig. 12.26). The 
discharge wheel moves the material through the vertical clearance between 
insert and silo bottom onto a belt conveyor located beneath. In addition to 
discharge machines reclaiming bulk solid from both sides as shown in Fig. 
12.26, devices also exist which only reclaim from one side.  

 

 
Fig. 12.26. Principle of a rotary discharge machine reclaiming from two sides 
(sectional plane perpendicular to the direction of travel), top view of the discharge 
wheel  
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Rotary discharge machines are used for large silos with lengths of the out-
let slot of more than 20 m (e.g., coal silos of power stations), and also to 
reclaim bulk solid from large stockpiles. The discharge wheels can have 
diameters from 2 m to 5 m. Thus, mass flow rates of more than 3000 t/h 
are realizable [12.68]. Rotary discharge machines are considered as being 
extremely robust. Besides easy-flowing bulk solids also coarse (particle 
sizes up to several 100 mm), poorly flowing, and sticky bulk solids can be 
discharged.  

Similar designs also exist for the discharge from huge circular silos with 
inverted cone insert (similar to the silo with the rotary plow, Fig. 12.25, 
but with larger diameter). Thereby the rotary discharge machine rotates 
beneath the inverted cone around the vertical axis of the silo. The dis-
charge wheel reclaims the bulk solid from the annular slot between in-
verted cone and silo wall (similar to the rotary plow in Fig. 12.25), and 
feeds it onto a radially oriented belt conveyor rotating around the silo axis 
with the discharge machine [12.68,12.69]. 

 

 
Fig. 12.27. Arrangement of hopper wall and plow (or discharge wheel)  

Since rotary plows and discharge wheels cannot simultaneously withdraw 
bulk solid from the entire (annular or longitudinal) outlet slot, mass flow is 
achieved only in an integral view, i.e., after one revolution of the rotary 
plow in the case of Fig. 12.25, or after bulk solid has discharged from the 
entire length of the outlet slot in the case of a rotary discharge machine, re-
spectively. Furthermore, for mass flow it has to be ensured that the bulk 
solid is discharged from the entire width of the outlet slot. If this is not the 
case as shown in Fig. 12.27.a, stagnant zones are formed close to the silo 
wall, which is especially a problem when storing poorly flowing bulk sol-
ids and those with a tendency for time consolidation. The reason for the 
stagnant zone in Fig. 12.27.a is that the distance between the tip of the 
plow and the hopper wall is too large. To avoid this, the clearance between 
plow and silo wall must be sufficiently small, and, if the rotary plow feeder 
is located beneath a hopper as in Fig. 12.27, a sufficiently high section 
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with vertical walls (Fig. 12.27.b) or an undercut (Fig. 12.27.c) should be 
added.  

12.3.2.10  Feeders for large outlet openings 

Very cohesive bulk solids can exhibit such poor flow behavior that outlet 
diameters of several meters are required. Sometimes even any hopper of 
reasonable dimensions would cause flow problems, so a silo without hop-
per is a possible option. Such silos are sometimes also built with the inten-
tion to save height. In these cases feeders are needed which have the abil-
ity to withdraw the bulk solid from a large cross-section. Some examples 
of those feeders are presented in the following.  

A multiple screw feeder consists of parallel screws within a common 
housing. In Fig. 12.28 a multiple screw feeder for very large outlet dimen-
sions is presented (up to 6 m side length). The discharge screws withdraw 
the material and transport it towards the central transverse outlet slot, be-
low which a collecting screw is located. For this the discharge screws are 
provided with flights of different orientation left and right of the outlet slot 
in order to obtain opposite conveying directions. Increasing capacity is re-
alized by decreasing the shaft diameter in the conveying direction (similar 
to the single screw feeders, Sect. 12.3.1.2). Above the outlet slot the cross-
section of the screw is enlarged to cover the outlet slot. This prevents the 
collecting screw from being filled completely by too much material enter-
ing the screw from the region above the collecting screw.  

 

 
Fig. 12.28. Multiple screw feeder with collecting screw [12.70]; a. view from the 
top; b. vertical cut  

Besides the standard version with screws placed beside each other as in 
Fig. 12.28, also interlocking screws (all of the same geometry) are applied 
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which minimize rotation of the bulk solid with the screw by “cleaning” 
each other and, thus, preventing the screw from becoming logged with 
sticky, adhering bulk solid. A bottom surface adjusted to the screws keeps 
residual amounts of bulk solid small when the silo is discharged com-
pletely. This is significant if the silo is used for different bulk solids.  

Often multiple screw feeders of smaller dimensions than in Fig. 12.28 
and rectangular cross-section are applied. Here the collecting screw or an 
outlet without further screw feeder is normally located at one end of the 
feeder. Multiple screw feeders are suitable for cohesive, poorly flowing 
bulk solids with not too large particles.  

An alternative for the discharge of bulk solids from large cross-sections 
is the system with oscillating bars [12.71] (Fig. 12.29). It consists of paral-
lel bars, which slowly oscillate (oscillating rotational motion) to promote 
flow. In the closed position, the bars act as a closed gate and prevent dis-
charge (Fig. 12.29.a). The discharge rate can be adjusted by speed and 
opening angle of the bars. The discharged material falls into a collecting 
hopper (Fig. 12.29.b). The oscillating bar discharger can be used for the 
discharge of easy flowing bulk solids, for cohesive, adhering materials as 
well as for products like shredded foil. Devices with dimensions of 5 m by 
6.5 m have been realized [12.71]. It is important for poorly flowing bulk 
solids that the collecting hopper beneath the oscillating bars is not filled to 
such an extent that flow problems (arching, ratholing) will arise there.  
 

 
Fig. 12.29. Discharge system with oscillating bars; a. bars closed; b. discharge by 
oscillating rotation of the bars [12.71] 

Besides the continuous activation of the entire outlet area (multiple screw 
feeder, oscillating bar discharger) discharge devices exist which momen-
tarily withdraw bulk solid only from a part of the outlet area, but within a 
certain time period the entire outlet is activated (similar to the rotary plow 
feeder described in Sect. 12.3.2.9). The orbiting screw feeder (Fig. 12.30) 
represents this group of discharge devices. The orbiting screw rotates 



376      12  Discharge of bulk solids 

around its axis to withdraw the bulk solid and transport it to the central 
outlet opening. Simultaneously, the screw rotates around the vertical silo 
axis. Thus, the screw is orbiting around the silo axis and discharges bulk 
solid from every region of the silo within a certain time period. The drives 
mostly are placed along the silo axis. Orbiting screw feeders are applicable 
to outlet diameters from 2 m to 20 m [12.72,12.73].  

 

 
Fig. 12.30. Orbiting screw feeder [12.72] 

The orbiting motion of the version shown in Fig. 12.30 is load dependent, 
because instead of adjusting its speed a constant torque is exerted on the 
screw in the desired direction. Therefore, the orbiting speed and, thus, the 
time for one revolution is dependent on operating conditions (e.g., vertical 
stresses, strength of the bulk solid). This way excessive forces and torques, 
respectively, are avoided, and the screw construction can be relatively 
light. Other versions of orbiting screws are driven with constant speed 
[12.34,12.74], which results in heavy structures, limits on the screw length, 
and high driving torques especially if the screw is driven from the silo cen-
ter. The latter can be avoided by a drive which is rotating with the screw at 
the perimeter of the silo [12.74], but this leads to a very expensive con-
struction of the silo wall which has to be undercut.  

The usually conical covering of the drive and the outlet opening in the 
center of the silo in principle form a hopper with the silo wall already dis-
cussed with respect to inverted cone silos and rotary plows (Sects. 12.3.2.8 
and 12.3.2.9). If the ratio of outlet diameter to cone diameter is small, this 
effect can be neglected, but at smaller ratios the possibility of arching has 
to be checked.  

To withdraw material over the entire length of the screw, the capacity of 
an orbiting screw must increase in the conveying direction, for example, 
due to an increasing pitch [12.74,12.75] (Sect. 12.3.1.2). However, since a 
screw withdraws only from the region above it, an eccentric flow zone 
with varying location prevails (similar to the central cone silo, Sect. 
12.3.2.8), which leads to a non-symmetric, fluctuating load on the silo 
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walls which has to be considered for silo design for strength [12.64,12.76] 
(see Sect. 9.4.2) . 

12.4  Feeder dimensions and placement of discharge aids  

For reliable operation of a silo, the hopper steepness and outlet size have to 
be determined based on the flow properties of the bulk solid (see Chap. 
10). Knowing these parameters, different concepts can be considered for 
the hopper shape and selection of feeders and, if required, discharge aids. 
Some design concepts are presented in the following by considering a 
conical mass flow hopper. For an example bulk solid, in the diagram in 
Fig. 12.31 the minimum outlet diameter, dcrit, required to prevent arching is 
plotted as a function of storage time at rest, t (i.e., the time between two 
consecutive discharge operations). Since the bulk solid shows a strong 
time consolidation effect (i.e., increase of unconfined yield strength with 
storage time at rest), the critical diameter, dcrit, increases strongly with 
time, t. The maximum storage time at rest expected for maintenance work 
or holidays is t1. 
 

 
Fig. 12.31. Minimum outlet diameter, dcrit, vs. storage time at rest, t; conical hop-
per and critical diameters for storage times t = 0, t1, and t2 

Concept 1: Outlet diameter, d1, according to the maximum storage time at 
rest, t1; d1 = dcrit(t = t1) 

In this case, the outlet diameter d1 = d(t = t1) is large enough to prevent 
arching even after the expected maximum storage time at rest. In the ex-
ample under consideration the maximum storage time is t1 which requires 
the outlet diameter dcrit(t1) = d1 (Fig. 12.31). A hopper with this outlet di-
ameter is shown in Fig. 12.32.a. A feeder of appropriate size (diameter d1) 
has to be fitted to the outlet. The choice of the feeder type depends on the 
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outlet size, bulk solid (particle size, stickiness, flowability, moisture) and 
other requirements (e.g., accurate dosage, pressure shock resistance). 

 

 
Fig. 12.32. Concepts for mass flow hoppers 

Concept 2: Outlet diameter, d2, according to storage time t2 > 0 and t2 < t1; 
dcrit(t = 0) < d2 < dcrit(t = t1) 

If the outlet diameter d is chosen according to d2 (Fig. 12.32.b), the out-
let is large enough to prevent arching for storage times at rest up to t2 (see 
Fig. 12.31). If the bulk solid is stored at rest over a longer period up to t1, 
stable arches can form. Hence, discharge aids are required in the region be-
tween the outlet and the diameter d1 to initiate flow after storage time t2 
was exceeded (t > t2; Fig. 12.32.b). Due to their large range of action air 
cannons would be a possible solution. Discharge aids are only required to 
initiate flow after storage times at rest greater than t2; they are needed nei-
ther to initiate flow after shorter storage periods (t < t2), nor to maintain 
flow because time consolidation is no longer a consideration after the ma-
terial has been caused to flow.  
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The choice of the outlet diameter d3 = dcrit(t = 0) (Fig. 12.32.c) is the 
limiting case of concept 2. Here the discharge aids must always be used to 
initiate flow if the bulk solid has been stored at rest for a period t > 0. To 
maintain flow a further use of the discharge aids is not necessary.  

Concept 3: Outlet diameter d4 < dcrit(t = 0) 
For an outlet diameter d4 < dcrit(t = 0) (see Figs. 12.31 and 12.32.d) arch-

ing is possible even without time consolidation. Therefore, discharge aids 
have to be used between the outlet and that position where the hopper di-
ameter is equal to the minimum diameter, d1, to avoid arching after the 
maximum storage time at rest, t1. Discharge aids located below diameter 
d3 = dcrit(t = 0) have to be used continuously during discharge, while dis-
charge aids above that diameter (as in concept 2) have to be used only to 
initiate flow after a storage time 0 < t < t1. 

The three concepts described above are only valid for mass flow silos. In 
the case of mass flow only the problem of arching exists; ratholing is only 
possible in funnel flow silos. In a mass flow silo the whole contents of the 
silo are in motion during discharge. Thus, time consolidation is completely 
overcome. In a funnel flow silo stagnant zones are formed in which the 
bulk solid remains at rest even during discharge, and these stagnant zones 
are moved only when the silo is emptied completely. Thus, bulk solid can 
stay in the stagnant zones over very long times and, therefore, is consoli-
dated increasingly so that it builds up stable ratholes. Furthermore, when 
comparing funnel flow silos and mass flow silos, the following has to be 
considered:  

• The minimum outlet diameter to avoid ratholing usually is larger than 
the minimum outlet diameter to avoid arching [12.33] (see Sect. 10.3.2). 
Thus, a funnel flow silo must be provided with a larger outlet diameter, 
or discharge aids have to be placed in the hopper up to a larger height 
(= larger diameter).  

• In mass flow silos the maximum storage time at rest equals the maxi-
mum time interval between two consecutive discharge sequences. On 
the contrary, in funnel flow silos the time interval between two complete 
emptying sequences has to be considered as the maximum storage time 
at rest, since bulk solid in stagnant zones is at rest nearly up to the end 
of the emptying process. Thus, much longer (often not predictable) stor-
age times have to be considered when designing a funnel flow silo. This 
leads to larger outlet openings or to the necessity to apply discharge aids 
in a significantly larger area of the hopper compared to a mass flow silo. 

Following these arguments, funnel flow silos should be chosen only if the 
bulk solid exhibits no or limited time consolidation, and when the further 
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disadvantages of funnel flow silos (segregation, wide residence time dis-
tribution, etc., see Sect. 10.2) can be accepted.  

It is impossible to give a general assessment of the concepts for mass 
flow silos discussed above. Concept 1 is the simplest one considering per-
formance and operation, because discharge aids are not necessary. As de-
scribed in Sect. 12.2, discharge aids cannot be designed quantitatively, so 
their selection and sizing is mainly based on experience. Additionally the 
application of discharge aids can lead to disadvantages (e.g., irregular 
flow, flooding). Therefore, generally concept 1 should be considered first.  

In the case of bulk solids exhibiting poor flow behavior and pronounced 
time consolidation effects, the minimum outlet diameter required to avoid 
arching even after a short storage time at rest (e.g., a few hours or days) 
may amount to several meters. If a feeder of appropriate dimensions is not 
available or seems to be too expensive, concept 2 might be a solution. Here 
both the outlet diameter and the feeder size are chosen large enough to 
avoid arching without time consolidation. Discharge aids ensure that flow 
is initiated after storage at rest. The possible disadvantages combined with 
the use of discharge aids (e.g., irregular flow) occur only after a long stor-
age time at rest and, thus, might be acceptable depending on the applica-
tion.  

In the case of concept 3 (see Fig. 12.32.d) some discharge aids have to 
be used continuously during discharge. Continuously operating discharge 
aids (e.g., aerated hopper and other aeration devices, vibrator) are suitable 
for this application. Discharge aids operating in a discontinuous way (e.g., 
air cannons) might result in irregular flow. Therefore, concept 3 should be 
used only for those bulk solids which can be handled reliably by continu-
ously operating discharge aids. Concept 3 should not be used for bulk sol-
ids with poor flowability, pronounced time consolidation effect, or a ten-
dency for flooding. 

 



13  Segregation 

Powders and other bulk solids tend to segregate when the particles are dif-
ferent, for example, in size, shape, and/or density. Most segregating mate-
rials are free-flowing or slightly cohesive so that the particles can easily 
separate from each other. On the contrary, the behavior of poorly flowing 
bulk solids (materials containing fine particles or moisture) is dominated 
by interparticle adhesion forces, which reduce the mobility of individual 
particles and, thus, the tendency to segregate. 

Usually one wishes to avoid, or at least reduce segregation, since many 
downstream processes require a product with constant composition, for 
example, if the bulk solid must be filled into packages for customers in 
small quantities of equal composition, or if in a process (e.g., grinding or 
combustion) steady-state conditions can be attained only with a feed of 
constant composition. Furthermore, segregation can result in inaccurate 
volumetric dosing due to a fluctuating bulk density.  

13.1  Segregation mechanisms 

The processes of segregation are complex and thus cannot be predicted 
quantitatively. Bulk solids segregate mostly due to differences in particle 
size, particle density, particle shape, and/or particle surface roughness. 
Nevertheless it is significant for the interpretation of segregation processes 
to know the principles of the segregation mechanisms. Some of the ob-
served effects, which partly have been investigated scientifically, will be 
described in the following. It has to be mentioned that the nomenclature of 
the effects and their classification is described using various terms in the 
literature [13.1–13.8], and that often more than only one of the mentioned 
effects appear simultaneously. 
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13.1.1  Sifting and other segregation mechanisms on inclined 
surfaces  

If particles slide downwards on the surface of a bulk solids heap or any 
other inclined surface of a particle bed, smaller particles have a higher 
probability to be caught by a sufficiently large cavity on the surface than 
larger particles. Thus, smaller particles remain in the cavities whereas the 
larger particles predominantly slide or roll down to the base of the heap 
(Fig. 13.1). The surface of the heap acts similar to a sieve through which 
the smaller particles fall [13.1,13.9–13.11]. Thus, this effect is called sift-
ing.  
 

 
Fig. 13.1. Segregation by particle size on a heap surface due to the sifting effect 
(here: heap formed by central filling of a silo) 

The sifting effect is the more pronounced the more the particles differ re-
garding their size. In the case of a small percentage of fine particles, these 
particles will collect close to the top of the heap. If the percentage of fine 
particles is significant, many of these fine particles will also reach the base 
of the heap. If the bulk solid contains only a small amount of relatively 
large particles, these particles are likely to collect at the base.  

Besides the sifting effect other segregation effects take place on inclined 
particle bed surfaces. If some of the particles can form a larger angle of re-
pose than other particles, the heap will be steeper in the upper part (Fig. 
13.2). Particles with the larger angle of repose mainly rest in the upper, 
steeper part of the heap, while particles with the lower angle of repose will 
be found further downward [13.1]. The reasons for different angles of re-
pose are manifold, for example: 

• Sharp-edged particles form a steeper angle of repose than rounded parti-
cles (Fig. 13.2.a). Rounded particles that are large enough compared to 
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the other particles roll on the heap downwards. The larger the down-
wards rolling particles, the larger their kinetic energy, and, thus, the eas-
ier they can pass local surface irregularities and obstacles and finally 
reach the base of the heap [13.12]. 

• Fine bulk solids are poorly flowing due to the strong influence of adhe-
sive forces. Therefore, they can form steeper heaps compared to coarse, 
better flowing bulk solids (Fig. 13.2.b). 

• Fine, easy-to-fluidize bulk solids form flatter surfaces compared to 
coarse, slightly fluidizable bulk solids. 

Also mass flow rate has an influence on segregation on inclined surfaces. 
The larger the mass flow rate, the larger the thickness of the particle layer 
sliding downwards on the inclined surface. Thus, fines have to move far-
ther down before they can rest on the stationary heap surface. Therefore, 
more fines reach the base of the heap which results in a less pronounced 
segregation effect.  
 

 
Fig. 13.2. Segregation due to different angles of repose resulting from particle 
shape (a) and fines content (b) 

At low concentrations of coarse and heavy particles those particles sink in 
the bulk solids surface like meteorites (Fig. 13.3). They can form craters 
and will rest there causing those particles to be collected in the center of 
the heap. Depending on the material’s properties (elasticity, damping) 
those particles can also jump back from the crater and will finally be found 
at the base of the heap [13.2,13.5].  



384      13  Segregation 

In all instances where bulk solid is moving along repose slopes segrega-
tion has to be taken into account, for example, when filling bulk solid into 
a silo, a container or a package. Even in mixers with agitated containers 
(e.g., rotating drums) bulk solid is moving on inclined surfaces so that of-
ten an increased number of coarse particles is found at the base.  
 

 
Fig. 13.3. Collection of coarse particles beneath the fill point due to the formation 
of a crater  

13.1.2  Percolation in particle beds  

If a particle bed is deformed, the particles move relative to each other. 
Thereby small cavities are formed between individual particles into which 
smaller particles can penetrate [13.1,13.13]. Since the gravity force is the 
dominant external force in most processes, the small particles migrate 
preferentially downwards within moving bulk solid layers. Also the sifting 
effect described in the previous section can be related to percolation. The 
particle movement necessary for percolation takes place in different situa-
tions, for example: 

• If a container filled with a bulk solid is shaken or vibrated vertically, the 
particles move up and down. Small particles can enter momentarily 
formed gaps beneath larger particles. Thus, the large particles cannot re-
turn to their initial position. Therefore, coarse particles move upwards 
successively while fine particles collect at the base of the container (Fig. 
13.4).  

• If a pile is formed from a single point fill, avalanching might occur on 
the inclined surface. Thereby in the center of the heap stationary layers 
are formed, which become unstable with increasing thickness and thus 



13.1  Segregation mechanisms      385 

intermittently slide downwards like avalanches across the surface of the 
stationary particle bed (Fig. 13.5.a). Within the avalanche a velocity 
gradient and, thus, a shear deformation develop. As a result, the smaller 
particles migrate into the lower layers of the avalanche due to the perco-
lation effect described above (Fig. 13.5.b). This way every avalanche 
forms an inclined layer of high fines concentration covered by a layer 
consisting primarily of coarser particles. In a vertical cut through a pile 
the structure of a “Christmas tree” can be recognized (Fig. 13.5.a). Since 
in addition to percolation with the avalanche segregation due to sifting 
also takes place (see previous section), more fines will be found close to 
the center of the pile than in the periphery.  

• Segregation due to percolation can also occur within funnel flow silos, 
where the fine particles can percolate from the flow zone into stagnant 
zones (or into slower moving material) [13.2].  

 

 
Fig. 13.4. a. Segregation due to percolation in containers shaken vertically; 
b. mechanism: fine particles enter gaps which form beneath coarse particles when 
these move upwards as a result of shaking. Thus, coarse particles are lifted succes-
sively.  

 
Fig. 13.5. Segregation on a pile due to percolation and sifting; a. formation of an 
avalanche; the bulk solid already filled in shows the structure of a “Christmas 
tree”; b. velocity gradient and percolation in the avalanche  
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The consequences of sifting and percolation are mostly determined by dif-
ferences in the particle size. Particle shape is important for the segregation 
along heap surfaces, for example, round particles have the ability to roll. 
Even at particle size ratios of 1:1.3 segregation effects can be noticed 
[13.14]; with increasing width of the particle size distribution the segrega-
tion effect becomes stronger. In wet bulk solids and those with particle 
sizes below about 100 µm [13.14,13.15] the mobility of single particles is 
reduced due to adhesive forces thus leading to a reduced tendency for seg-
regation. Precise statements regarding particle size are not possible, since 
particle size distribution and other parameters that influence flow proper-
ties are also of importance. Segregation due to percolation is distinctly no-
ticeable when the percentage of fines is low.  

 
 

13.1.3  Effect of air resistance 

The velocity of a particle relative to a gas is definitely influenced by the air 
resistance of the particle. The ratio of air resistance to gravity force 
increases strongly with decreasing particle size. Thus, the steady-state 
settling velocity of particles in the gravity field decreases significantly 
with decreasing particle size (Table 13.1). This effect plays an important 
role even for particle sizes of 50 to 100 µm, but becomes significant at par-
ticle sizes below 10 µm. Thus, small particles suspended in a gas cannot 
move with noticeable velocities relative to the gas and can be easily car-
ried away by a gas stream. 

Table 13.1. Steady-state settling velocities of spherical particles under gravity in 
dry air at 20°C (solid density 2700 kg/m3) 

Particle diameter 
d [µm] 

Steady-state settling velocity 
wg [mm/s] 

1                   0.082 
10                   8.2 
25                 51 

 
If a stream of particles, for example, when filling a container, is initially 
directed horizontally (or in an inclined direction), different trajectories re-
sult as a function of particle size. Fine particles are more affected by air re-
sistance than coarser particles and, therefore, fines do not travel as far as 
coarser particles. Also particle shape may influence air resistance. Thus, 
whenever a bulk solid moves with a horizontal velocity component 
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through a gas, segregation due to different trajectories is likely to happen. 
However, if the particles form a dense stream which drags gas with it, only 
the trajectories of particles at the edge of the stream are affected by their 
individual air resistance [13.2].  

Figure 13.6.a shows a pile formed by discharge from an inclined chute. 
Due to the discussed effect of air resistance on trajectories, coarse particles 
will predominantly collect at the side far from the chute. Additional segre-
gation occurs due to sifting as described in Sect. 13.1.1.  

If a silo is filled from the side (Fig. 13.6.b), fines may be distributed 
asymmetrically in the entire silo due to the effect of different trajectories. 
If the coarse particles flow noticeable better than the fines, eccentric flow 
may take place during discharge with the effect that at the beginning of 
discharge primarily the coarse fraction is discharged [13.1,13.6].  
 

 
Fig. 13.6. Trajectory segregation; a. formation of a pile by discharge from a chute; 
b. silo filling and discharge; eccentric flow due to segregation  

When material is transferred from a chute onto a belt conveyor having a 
different direction as in Fig. 13.7, the effect of particle size dependent tra-
jectories leads to material on the belt being segregated over its cross-
section. The segregation effect is further increased due to the situation on 
the chute where the fines collect close to the bottom of the chute due to 
percolation (Sect. 13.1.2). Since the particles close to the bottom move 
slower than the (coarse) particles further up, the trajectories of the fines are 
additionally shortened compared to those of the coarse particles 
[13.2,13.5]. 
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Fig. 13.7. Segregation on a belt charged from the side (conveying direction of the 
belt conveyor is perpendicular to the drawing plane)  

The effect of particle size on settling velocity is also noticeable when 
charging a silo vertically from the top (Fig. 13.8). If, for example, a bulk 
solid is pneumatically conveyed into a bin, sufficiently coarse particles fol-
low the gas stream down to the surface of the filling and remain there. On 
the contrary, fine particles (rough estimate: particles smaller than 
50 … 100 µm [13.2,13.10]) are entrained in the gas stream which is turned 
outward towards the walls as it approaches the surface of the material al-
ready in the bin, and finally directed upwards. Since the gas velocity is re-
duced towards the bin wall due to the increased cross-section of the gas 
stream, particles drop out and settle on the surface of the filling, so smaller 
particles settle more distant from the fill point. Thus, the finest particles 
will be deposited close to the bin wall. Sometimes it can be noticed that 
very fine particles adhere directly to the wall, form a particle layer, and fi-
nally fall down when the layer exceeds a specific thickness.  

Even if a bulk solid is charged into a silo alone by gravity, i.e. without 
an air stream resulting from a pneumatic conveying system, the particle 
stream drags a stream of air with it. This air follows a similar path as in 
Fig. 13.8. This leads to the same segregation mechanism as discussed 
above, but the effect is less intense due to the smaller air velocity com-
pared to charging from a pneumatic conveying system. 

The distribution of fine and coarse particles over the cross-section de-
pends on several parameters and cannot be predicted quantitatively. An 
important quantity is the height of the bin. If the bulk solid is blown into 
the silo tangentially, an increased amount of coarse particles will be depos-
ited at the silo periphery (non-symmetrical with respect to the perimeter), 
whereas more fines will be found close to the silo axis. If the conveying air 
leaves the silo at the top through a filter vent which is periodically cleaned, 
an increased amount of fines will be found directly below the filter.  
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Fig. 13.8. Segregation as a result of fines being entrained in flowing air (upward 
air flow may result from pneumatic conveying or, in case of gravity filling, from 
air entrained in the particle stream)  

 
Fig. 13.9. Segregation due to a fluidized layer near the surface of the silo filling  

If the bulk solid charged into a silo consists of a mixture of coarse and fine 
particles, and if the fines are easily fluidized, a layer of fines can remain at 
the surface of the silo filling (Fig. 13.9) [13.6,13.1]. This happens if the 
particle stream fed into the silo drags a significant stream of air with it. Af-
ter the material stream has landed, the air escapes from the bulk solid. Ad-
ditionally, the bulk solid already resting in the silo de-aerates due to the 
vertical stresses increasing with increasing filling height [13.16]. Both ef-
fects lead to an upwards flowing air stream which can be sufficient to keep 
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the upper layer of fines in a state of fluidization, whereby coarse particles 
sink downwards through the fluidized layer. Thus a higher percentage of 
fines accumulates near the surface. If the silo is charged periodically, sev-
eral layers with fines may be generated. Contrary to all other segregation 
effects mentioned so far leading to segregation over the horizontal cross-
section, here a vertical segregation takes place, which results in a fluctuat-
ing fines content of the discharged material.  

13.2  Techniques to reduce segregation  

The segregation mechanisms explained in Sect. 13.1 mostly take place 
when the bulk solid is moving, especially when filling, for example, a con-
tainer or a bin. As an example, Fig. 13.10 shows a simple package filling 
process where a mixture is prepared and then filled into a transport con-
tainer from which it is finally discharged in portions. The individual pack-
ages contain the predetermined composition only if the bulk solid dis-
charged from the transport container exhibits a constant composition. 
However, transport containers are often provided with relatively shallow 
hoppers leading to funnel flow as the one in Fig. 13.10 where at first mate-
rial from the center is discharged followed by material from stagnant zones 
at the periphery. Since most of the segregation effects discussed in Sect. 
13.1 lead to transverse segregation over the cross section, the composition 
of the bulk solid discharged from the intermediate container varies with 
time.  

To reduce segregation in bins, basically three strategies can be followed 
which will be discussed in the next sections: 

• Modification of the bulk solid to reduce its tendency for segregation  
• Optimization of the filling process  
• Remixing material that has been segregated during filling  

If a mixture exhibits a strong tendency to segregate, an additional solution 
might be to produce a mixture of exactly the required mass only when it is 
needed. This means, for example, for the package filling process, that for 
each package an individual mixture has to be prepared. Since the introduc-
tion of such a procedure is a decision of process design, it will not be dis-
cussed any further.  
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Fig. 13.10. Mixing and filling process  

13.2.1  Modification of the bulk solid  

It is often not possible to modify an already existent product, but during 
the development of new products the possibility of segregation problems 
should be considered and counteracted by appropriate measures. The fol-
lowing modifications reduce the tendency to segregation: 

• Reduction of differences regarding particle size, particle shape, and par-
ticle density which are the main causes of segregation.  

• Reduction of flowability by increasing interparticle adhesive forces: 
This reduces the mobility of the particles and thus the possibility for 
segregation. The adhesive forces can be enlarged by adding liquid (wa-
ter, oil) or by reducing the particle sizes (having particles with sizes 
< 50 µm the tendency for segregation due to sifting or percolation is re-
markably reduced) [13.2,13.7]. However, these modifications are often 
not practical with respect to process conditions and desired properties of 
the end product, and may lead to flow problems due to reduced flow-
ability.  

• Compact binding of the components of the mixture, for example, due to 
coating of one component with another component.  
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13.2.2  Optimization of the filling process  

To avoid segregation during charging a bin, the mechanisms described in 
Sect. 13.1 have to be avoided or at least reduced. Segregation due to sifting 
takes place when a bulk solid flows along an inclined surface of a particle 
bed. To avoid this, the formation of inclined surfaces such as repose slopes 
have to be avoided, i.e., a bin has to be charged uniformly over its entire 
cross-section. This can be realized with rotating chutes (Fig. 13.11.a) 
which are used, for example, to charge blast furnaces, where a homoge-
nous distribution of particles over the cross-section is essential for uniform 
gas flow in the particle bed. Due to the variable inclination of the rotating 
chute, the material can be charged to concentric rings of any diameter thus 
keeping the surface almost horizontal. However, this option is usually too 
expensive for most bins and silos. An alternative solution is a dispersion 
baffle (Fig. 13.11.b) which distributes the flow stream over a broader area 
of the bin’s cross-section. For this method it is essential that the flow 
stream is directed vertically to the center of the baffle, and not segregated 
over its cross-section. Otherwise it cannot be ensured that the bulk solid is 
distributed in all directions both uniformly and with identical composition. 
If the material would be thrown on the dispersion baffle from a belt con-
veyor or an inclined chute as shown in Fig. 13.11.c, trajectory segregation 
(Sect. 13.1.3) would result above the baffle causing an inhomogeneous dis-
tribution of fines in the bin. To avoid this, the bulk solids stream could be 
both centered and mixed in a vertical mixing tube (similar to a static 
mixer) located above the dispersion baffle (Fig. 13.11.d).  

When the bulk solid falls from the dispersion baffle as in Fig. 13.11.b, it 
can segregate in the radial direction due to different trajectories depending 
on particle size, shape, and density (Sect. 13.1.3) [13.1,13.2]. An addi-
tional cylindrical skirt can be used to constrain the dispersed material so 
that it falls downwards almost vertically (Fig. 13.11.e). Thus, trajectory 
segregation is widely reduced, but on the surface of the bin a ring-shaped 
pile is formed which is a possible source of segregation due to sifting on 
its repose slopes. Fines will then be found predominantly below the top 
edge of the annular pile, whereas coarse particles will concentrate along 
the vertical axis and the periphery of the bin.  

Other ideas to avoid or reduce repose slopes during filling are, for ex-
ample, multiple fill points through which the bin is charged simultaneously 
(Fig. 13.11.f), a horizontal perforated plate beneath the silo roof, which is 
charged from above and causes a particle rain distributed on the bin’s 
cross-section, or traversing belt conveyors [13.1,13.2,13.17]. However, 
these methods can be quite expensive, and it cannot be guaranteed that the 
bulk solid is not segregated over the cross-section of the bin. This is espe-



13.2  Techniques to reduce segregation      393 

cially true if a material stream, which is segregated over its cross-section, 
is dispersed (dispersion baffle, perforated plate) or split up (multiple fill 
points). 
 

 
Fig. 13.11. Methods for distributed fill; a. rotating chute with variable inclination; 
b. dispersion baffle charged from above; c. unfavorable: dispersion baffle beneath 
an inclined chute; d. dispersion baffle with mixing tube beneath an inclined chute; 
e. dispersion baffle within a cylindrical skirt; f. multiple fill points  

If a bulk solid containing particles smaller than 50 to 100 µm is subjected 
to a gas stream, segregation can occur due to the air resistance of the parti-
cles (see Sect. 13.1.3). To reduce this segregation, the gas velocity has to 
be decreased. When pneumatically conveying a material containing fine 
particles into a silo and going in at 90° either to the side wall or the top, 
segregation over the cross-section has to be expected (Figs. 13.12.a and 
13.8). The situation may be somewhat better when introducing the material 
stream tangentially. A more significant improvement can be achieved by 
directing the conveying pipe upward against a deflector plate, placed in the 
center of the silo top, from where the material is distributed over the cross-
section (Fig. 13.12.b) [13.2]. Of course, a more efficient reduction of the 
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gas velocity in the silo is achieved when using a mechanical conveyor in-
stead of a pneumatic conveying system [13.18,13.19]. A similar effect can 
be obtained by separating particles from the air stream, for example, by a 
cyclone (Fig. 13.12.c), before the bulk solid is fed into the silo.  
 

 
Fig. 13.12. Segregation due to the effect of air resistance when pneumatically 
conveying a bulk solid into a bin; a. bulk material going in at 90° to the silo wall 
thus segregating over the cross-section; b. reduction of segregation by directing 
the material stream upward to a deflector plate; c. reduction of segregation by 
separating particles from the air stream with a cyclone  

Even if the particles are separated from the conveying air before being fed 
into a bin, segregation due to entrainment of particles in a gas stream can 
occur, but the effect is limited to smaller particles according to the depend-
ence of the settling velocities on the particle size (see Table 13.1, Sect. 
13.1.3). If the bulk solid falls, for example, from a cyclone (Fig. 13.12.c) 
vertically into a bin, air is dragged along with the bulk solid stream, so a 
gas stream is generated in the downward direction. The gas stream is re-
routed on the surface of the particle bed and finally moves upward near the 
wall of the bin. As outlined in Sect. 13.1.3 (Fig. 13.8), the air stream 
causes segregation by transporting fine particles to the periphery. In this 
case a reduction of gas velocities within the bin can be achieved by dis-
persing the fill stream on a flat cone (Fig. 13.13.a). However, trajectory 
segregation may still occur since the particles are discharged from the cone 
in an inclined direction. 

Another solution to reduce gas velocities is the installation of a helical 
slide (Fig. 13.13.b) [13.17,13.19] on which the bulk solid slides down-
wards relatively slowly. Thereby, less air is entrained in the material 
stream. Sometimes filling tubes (Fig. 13.13.c) are used to reduce segrega-
tion. A filling tube, which is provided with lateral openings similar to a 
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discharge tube (see Sect. 11.3.3), is charged from the top. The bulk solid 
then falls downwards and leaves the tube through those lateral openings 
which are just above the momentary filling level. This way the particle 
stream is diverted and decelerated. Thus, the particles in the bin may be 
less agitated so segregation effects based on this phenomenon are reduced. 
However, in [13.20] a situation is described where the installation of a dis-
charge tube could not significantly reduce segregation (see Sect. 13.2.3).  

 

 
Fig. 13.13. Methods to reduce segregation resulting from the effect of air streams; 
a. separation of particles from the air stream with a cyclone, dispersion of the ma-
terial stream on a flat cone; b. helical slide; c. filling tube  

To avoid vertical segregation due to a fluidized surface layer (Sect. 13.1.3, 
Fig. 13.9), the bulk solid must be as deaerated as possible when charged to 
a bin. Thus, the bulk solid should be transferred by a helical slide (Fig. 
13.13.b) rather than falling downwards. Direct feed from a pneumatic con-
veying line as in Fig. 13.12.a should be avoided. More favorable is a sys-
tem separating the particles from the conveying air (e.g., Fig. 13.13.a), or 
the application of mechanical conveyors. According to [13.1], vertical seg-
regation due to a fluidized surface layer can be reduced by accelerating the 
deaeration process, which decreases the height of the fluidized layer. Here 
a frame with vertically oriented rods is vibrated horizontally (Fig. 13.14). 
Thus close to the vibrating rods longitudinal voids are formed through 
which air can escape faster than through the particle bed.  

The effectiveness of the methods to reduce segregation during filling 
cannot be predicted quantitatively. In each particular case one should 
check which of the possible means is applicable to attain the required 
product homogeneity which itself has to be defined for each application. 
However, experience suggests that apart from expensive solutions like, for 
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example, a rotating chute with adjustable inclination, it is often not possi-
ble to obtain the demanded product homogeneity by only applying the 
means discussed above. Thus, as a standard solution it has been established 
to accept segregation resulting from the filling process, and to remix the 
segregated components at the discharge process (see next section). 

 

 
Fig. 13.14. Device for accelerated deaeration [13.1] 

13.2.3  Remixing  

If materials have segregated while filling a bin, the bin has to be designed 
so that during discharge the segregated material is remixed. In case of seg-
regation over the cross-section of a bin or a silo, this can be achieved with 
a mass flow pattern (Fig. 13.15.a) where material from the total cross-
section moves towards the outlet thus being remixed. On the contrary, in 
case of a funnel flow pattern at first the material would be discharged 
which is within the flow zone developing above the outlet, whereas the 
material at the periphery (stagnant zones) is discharged later. Thus, funnel 
flow results in an unsteady, fluctuating product composition at the outlet. 

In case of vertical segregation caused by a fluidized surface layer (see 
Fig. 13.9) a mass flow pattern does not reduce the segregation since it 
would lead to discharging sequential layers with fine or coarse particles.  
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Fig. 13.15. a. mass flow; b./c. funnel flow with differently shaped stagnant zones; 
d. fines content vs. discharged mass during complete emptying (in principle)  

The influence of the flow profile on the fines content of the discharged ma-
terial is shown qualitatively in Fig. 13.15.d for the case of segregation over 
the cross-section of the silo (fines concentrated in the center). In the case 
of mass flow (Fig. 13.15.a) a relatively uniform composition of the dis-
charged bulk solid can be expected due to remixing in the hopper. In fun-
nel flow at first the bulk solid located close to the silo axis flows out, and 
the stagnant zones will be discharged later starting from the top. Depend-
ing on the shape of the stagnant zones, different behavior of the composi-
tion at the outlet can be observed (compare curves b and c in Fig. 13.15.d). 
For the case of a flow pattern according to Fig. 13.15.b with a narrow, 
steep flow zone, the stagnant zone is discharged layer by layer. Since the 
layers cover a large portion of the silo’s cross-section, the mean fines con-
tent of each layer does not deviate very much from the overall fines con-
tent. Thus, to a certain extent remixing takes place while these layers are 
discharged (see long horizontal section of curve b in Fig. 13.15.d). Never-
theless, at the beginning of discharge (high fines concentration in the ini-
tial flow zone above the outlet) and towards the end (small fines concen-
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tration in the region close to the hopper wall) larger deviations from the 
overall fines content have to be expected. 

To attain mass flow, the hopper walls must be sufficiently steep and low 
in friction. The necessary hopper angle can be determined with Jenike’s 
theory for silo design based on the flow properties of the bulk solid [13.21] 
(Chap. 10). Although mass flow is the preferable flow pattern to reduce 
segregation, it has to be considered that the velocity profile in the hopper 
as well as in the lower part of the silo’s vertical section is less uniform than 
that in the upper part, where nearly plug flow prevails (see Sect. 10.1, Fig. 
10.2), i.e. the material near the hopper walls moves slower than that in the 
axis. At the end of discharge, when the filling level approaches the upper 
edge of the hopper, the velocity profile becomes more pronounced. The 
reason for this is that at high filling levels the column of bulk solid in the 
vertical section forces the material in the hopper to flow more uniformly 
over the cross-section. Thus, if the silo is discharged completely, towards 
the end material in the center flows out faster than that near the walls, so 
that finally material is discharged that was initially located near the walls. 
For the case of the mass flow silo in Fig. 13.15.a, the latter results in a re-
duced percentage of fines at the end of discharge. Thus, even in a mass 
flow silo a certain degree of segregation can be observed, which however 
is small compared to a funnel flow silo. To reduce segregation resulting 
from the velocity profile in the hopper, the height of the vertical section 
should be large with respect to its diameter, i.e., a slim silo is more favor-
able than a squat one. Also, the silo should not be emptied completely any 
more often than necessary. The minimum fill level should be about 0.75 
times the diameter of the cylindrical section above the top of the hopper 
[13.5].  

The discharge device under the hopper must be designed to discharge 
the material uniformly across the outlet. Otherwise it may happen that at 
first material is withdrawn primarily from a region with, for example, an 
increased fines concentration due to the segregation during filling.  

Moreover, a silo with only one outlet is preferable. In case of multiple 
outlets it is always doubtful if all outlets deliver the identical composition. 
This only can be achieved if the filling and the resulting segregation are 
absolutely symmetrical with regard to the outlet openings, and if the bulk 
solid is discharged from outlet openings both simultaneously and with the 
same discharge rate. From Fig. 13.16.a it becomes immediately clear that 
segregation from side to side due to unsymmetrical filling results in differ-
ent compositions being discharged from both outlet openings even if the 
discharge rates are identical. On the other hand, if the silo is filled symmet-
rically but the outlets are discharged at different rates, material of different 
composition will appear at the outlets, because the flow velocities of the 
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bulk solid being different at the outlets are equalized further up in the silo. 
Thus, material from a larger part of the silo’s cross-section flows towards 
the outlet discharged at a higher rate (Fig. 13.16.b).  

 

 
Fig. 13.16. Silo with two outlet openings; a. unsymmetrical filling, symmetrical 
discharge; b. symmetrical filling, unsymmetrical discharge  

Mass flow can also be achieved with a cone-in-cone insert, the so-called 
Binsert® (Sect. 11.3.2, Fig. 11.12.a) [13.22,13.23]. For this application the 
hopper of the silo does not have to be as steep as in the case without the 
inner cone. Thus, the inner cone is also an appropriate means to turn funnel 
flow hoppers causing segregation problems into mass flow hoppers. 
Whether an existing hopper can be modified this way can be decided based 
on the flow properties of the bulk solid.  

A mass flow pattern is the most reliable means to reduce segregation. 
Since mass flow can only be achieved in steep hoppers, due to reasons of 
economy and available space sometimes easier, less expensive solutions to 
influence the flow profile are sought.  

A typical approach is place an inverted cone within the hopper (Sect. 
11.3.1.2, Fig. 11.11.b). Such an insert enlarges the diameter of the flow 
zone of a funnel flow silo, but a mass flow pattern is usually not attained. 
The enlarged flow zone contains material from a larger portion of the 
cross-section, at first glance promising more favorable conditions for re-
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mixing in the first sequence of the discharge process. But since stagnant 
zones are likely to exist in the silo, at the end of the discharge process ma-
terial will appear at the outlet which was initially located near the silo 
walls and, thus, may have a composition much different than the overall 
composition of the silo contents. A general assessment of the efficiency of 
an inverted cone insert is not possible, since its effect depends not only on 
the formation of stagnant zones, but also on the distribution of the segre-
gated components. An improvement is likely to be noticeable when stag-
nant zones almost disappear due to the insert (see measurements reported 
in [13.24]). If this cannot be ensured, the insert will likely have little effect 
on the reduction of segregation (see later in the present section) [13.20].  

Discharge tubes (see Sect. 11.3.3) can also help to reduce segregation. A 
discharge tube is placed vertically above the outlet and provided with lat-
eral openings (Fig. 13.17). While discharging the silo, material flows only 
near the surface of the silo filling and within the discharge tube. Thus, the 
discharge tube leads to funnel flow which is normally said to be unfavor-
able regarding segregation. But since the flow zone is defined by the dis-
charge tube and, thus, small compared to the cross-section of the silo, the 
silo is discharged through the discharge tube in layers from top to bottom. 
Measurements on silos with discharge tube [13.24,13.25] have shown that 
deviations from the overall composition mostly occur at the beginning and 
end of discharge, when the silo is completely emptied. When the discharge 
process is started, the material initially located within the discharge tube 
and within a conical region above the discharge tube is discharged (regions 
A and B). Towards the end the material resting near the hopper walls is 
discharged (region D). If, for example, segregation with respect to particle 
size takes place and the silo is center filled, coarse particles rest predomi-
nantly near to the silo wall. Thus, compared to the overall composition, the 
concentration of fines is higher in regions A and B, and lower in region D. 
Since region C is discharged successively from top to bottom, coarse parti-
cles from the periphery and fine particles from near the discharge tube are 
remixed so that the composition of the discharged material does not devi-
ate much from the overall composition. However, since the material moves 
over the inclined surface of the stationary material below while discharg-
ing region C, segregation due to sifting cannot be excluded.  

If a discharge tube is used to reduce segregation, the ratio of silo height 
to silo diameter should be as large as possible, and the diameter of the dis-
charge tube should be small compared to the silo diameter in order to keep 
regions A, B, and D small with respect to the silo volume.  

Comparing the means to reduce segregation by remixing, it follows that 
the most satisfactory effect can be expected from a mass flow pattern. In-
verted cone inserts and discharge tubes can reduce segregation, but often 
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not to the same extent and less predictable, and, if not properly designed, 
they might be ineffective [13.20,13.24].  

 

 
Fig. 13.17. Funnel flow silo with discharge tube; sequence of discharge: A, B, C, 
D [13.25] 

A full-scale investigation of the segregation of plaster (fine-grained bulk 
solid, approx. 30 % > 90 µm) showed the effect of different means for the 
reduction of segregation [13.20]. Loading silos (diameter 3200 mm, height 
of vertical section 11700 mm) exhibiting a funnel flow pattern and leading 
to segregation had been modified in different ways. Figure 13.18.a shows 
the original shape of the silos. The variant in Fig. 13.18.b is provided with 
an enlarged outlet opening and a bin activator. The enlarged outlet opening 
increases the diameter of the flow zone, which is done in Fig. 13.18.c by 
an inverted cone insert. Another variant is equipped with a filling tube 
(Fig. 13.18.d; see also Fig. 13.13.c) and pneumatic discharge aids located 
at the hopper walls. Furthermore, a mass flow hopper was designed based 
on the flow properties of the plaster (Fig. 13.18.e). Since the hopper slope 
required for mass flow is rather steep, a discharger with a large diameter 
(bin activator) is used to limit the height of the hopper.  
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Fig. 13.18. Investigated variants of loading silos for the storage of plaster [13.20]; 
a. original funnel flow silo; b. funnel flow silo with bin activator; c. funnel flow 
silo with inverted cone insert; d. funnel flow silo with filling tube and pneumatic 
discharge aids (not shown); e. mass flow silo with steeper hopper  

The original silo (Fig. 13.18.a) was charged from a pneumatic conveying 
line in two steps, first at an intermediate position in the cylindrical section, 
then from the top. As a result of the relatively small particle size, segrega-
tion was due to the entrainment of particles in air currents according to 
Fig. 13.8 leading to an increased amount of fines near the wall. In Figure 
13.19 the sieve residue on 90 µm (i.e., the fraction of particles > 90 µm) is 
plotted versus the discharged mass. The original silo exhibits typical be-
havior of a funnel flow silo: At the beginning primarily material initially 
located near the silo axis (more coarse particles) is discharged, followed by 
that from near the silo wall (more fine particles). The peak in the plot at 
about 60 tons results from the change of the fill point from the intermedi-
ate position to the top.  

The variants presented in Figs. 13.18.b to d did not lead to much im-
provement. Since funnel flow still prevailed, the material initially resting 
close to the wall was discharged latest. Also the filling tube could not 
avoid the problem of an increased concentration of fines at the silo wall. 
Only with the mass flow silo (Fig. 13.18.e) could a sufficiently constant 
composition of the discharged bulk solid finally be achieved. Towards the 
end of emptying an increase of the fines (decrease of residue on 90 µm) 
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can be detected probably being caused by the velocity profile in the hopper 
(as previously discussed in the present section) in combination with the in-
creased fines concentration near the silo wall.  
 

 
Fig. 13.19. Results of segregation tests on full-scale silos [13.20]: sieve residue on 
90 µm vs. the discharged mass (complete emptying). Note: the mean value of the 
sieve residue on 90 µm of the total mass varied slightly from test to test  

13.3  Sampling 

When samples are taken to assess the composition of a bulk solid and to 
find evidence of segregation, the common guidelines for sampling have to 
be adhered to [13.26, 13.27]:  

• The samples must be large enough to contain a sufficient number of par-
ticles of each component. Only then is a statistically reliable statement 
possible.  

• If a sample is too large for analysis, it must be reduced into smaller rep-
resentative samples but it is imperative that the sample used for analysis 
be representative of the initial sample. For an accurate reduction, de-
vices like, for example, rotating sample dividers should be used. In no 
case should a reduced sample be taken for analysis from the initial sam-
ple at an arbitrary position, for example, from the top, because segrega-
tion is likely to occur also in the sample container.  
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• If a sample is taken from a bulk solids stream, possible segregation per-
pendicular to the flow direction has to be taken into account. This is 
demonstrated by Fig. 13.7: If a sample is taken from only a part of the 
bulk solids stream supplied from the chute, it contains either a too high 
or a too low percentage of fines due trajectory segregation. The situation 
at the discharge of the belt conveyor is even more complex, because the 
material on the belt is segregated from side to side and probably also top 
to bottom. Thus, a sample which is not taken from the entire cross-
section of a bulk solids stream is worthless.  

• If the concentration of a material stream is fluctuating, samples have to 
be taken in sufficiently short time intervals. Otherwise one cannot detect 
fluctuations of higher frequencies.  

13.4  Final remarks  

Whenever a bulk solid flows or is transported, handled or processed, seg-
regation may occur. Particularly significant are the effects emerging while 
filling bins or containers.  

In principle, the tendency of a bulk solid to segregate can be reduced by 
modifying the product, but this, however, is often limited or just impossi-
ble with respect to costs and the required product properties. The means to 
avoid segregation while filling a bin are restricted, unpredictable regarding 
their efficiency, and sometimes too expensive. Thus, as a standard solu-
tion, a bin should be designed so that the segregated components are re-
mixed while discharging the bin. Therefore, in most cases a mass flow pat-
tern is the optimal solution.  

 



14  Silo quaking and silo honking  

14.1  Phenomenon 

The flow of bulk solids in silos can be accompanied by dynamic pulsations 
and self-excited vibrations [14.1]. The frequency of the pulsations can be 
larger than 1 Hz; sometimes vibrations in the audible range (> 20 Hz [14.2, 
14.3]) occur where the amplitudes are low [14.4]. The latter is called silo 
noise, silo honking or silo music: The noise often appears intermittently 
with a sound similar to that of a truck horn. Distinct shocks appearing at ir-
regular intervals of seconds to hours can also occur, which are called silo 
quaking or silo thumps. Depending on the properties of the ground sup-
porting the silo, shocks can spread out far into the surroundings. Thus, silo 
quaking and silo honking can affect the environment (Fig. 14.1), are un-
pleasant for personnel nearby and can damage a silo structure.  

 

 
Fig. 14.1. Silo quaking and silo honking  

As will be explained in the following the reason for silo quaking and silo 
honking is the sudden acceleration and subsequent deceleration of a suffi-
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ciently large mass of bulk solid. For reasons of simplification all men-
tioned effects – including vibrations – will be summarized as shocks. 

Probably many silos exhibit shocks of more or less intensity. Those 
phenomena are called silo quaking or silo honking only if they are so 
strong that people become aware of them. Not every bulk solid will excite 
severe shocks, which have been observed mostly with hard, brittle and 
coarse grained bulk solids (maize [14.5,14.7], corn [14.1,14.4,14.5,14.7, 
14.8], cement clinker [14.5,14.6,14.9], coal [14.1,14.4,14.8,14.10–14.13], 
iron ore [14.4,14.14], rape seed [14.2], polymer-granules [14.15–14.18], 
sand [14.19,14.20], salt [14.8]), but also with some fine-grained materials 
(cement [14.18], fly-ash [14.21], starch [14.18]). Silo honking appears in 
combination with shocks and was found, for example, with polymer gran-
ules and starch [14.14–14.18]. 

Silo shocks may be due to many different mechanisms, most of which 
have been neither sufficiently investigated nor completely understood. 
Therefore, no standard solutions are available to avoid them. In the follow-
ing sections known phenomena are described, explained and classified, 
whereby the slip-stick effect will be considered as being an important pre-
requisite for shocks. In some cases the latter may lead to interpretations be-
ing different from statements found in the literature. 

14.2  Shocks as a result of sudden flow 

Shocks are originated by bulk solids regions which suddenly start to flow 
(acceleration) and just as suddenly are stopped (deceleration). Those re-
gions can be a relatively small part of the contents of squat silos (Fig. 
14.2.a) or a large part of the contents of slender silos, where the bulk solid 
may flow across the entire cross-section of the vertical section (Fig. 
14.2.b). The inertia force due to the deceleration of the bulk solid is mostly 
responsible for the effect of a shock on the silo structure or the surround-
ings, respectively. This force, which is acting mostly downwards, depends 
on the mass of the decelerated bulk solid and the strength of the decelera-
tion mechanism. In general, the larger the filling mass and filling level, the 
larger masses are accelerated and decelerated, i.e. appearance and strength 
of silo shocks increases with silo dimensions and filling height, respec-
tively (e.g., [14.1,14.4,14.6,14.14,14.22]). Strong shocks can occur espe-
cially in tall silos with a large ratio of height-to-diameter, because during 
acceleration the bulk solids column in the vertical section is moving 
downwards like a plug whereby only wall friction has to be overcome, i.e., 
no deformation takes place within the bulk solid. Thus, only a small part of 
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the available energy is dissipated in friction, and the strength of the shocks 
increases exponentially with filling height [14.8].  
 

 
Fig. 14.2. Bulk solid regions suddenly moving downwards; a. squat silo with large 
cross-section; b. slender silo 

In Fig. 14.3 the typical pattern of a silo’s supporting force during a shock 
is plotted qualitatively. If a part of the silo filling suddenly starts to move 
downwards, it is subjected to inertia forces acting upwards thus reducing 
the silo’s supporting force. At the subsequent impact on the (resting or 
slower flowing) bulk solid further down the moving material is suddenly 
decelerated leading to large inertia forces acting downwards. The result is 
a pronounced peak in the supporting force.  

To put it simply, the strength of the deceleration mechanism depends on 
the stopping distance of the bulk solid. The stiffer the bulk solid (e.g., like 
the hard, brittle bulk solids mentioned in Sect. 14.1), the smaller the stop-
ping distance and, thus, the larger the inertia forces acting downwards. 
With fine-grained, compressible bulk solids the deceleration is less strong 
and, as a consequence, the inertia forces are smaller. However, it must be 
considered that fine-grained bulk solids are increasingly compressed with 
increasing consolidation stress. Therefore, a fine-grained bulk solid be-
comes stiffer and less compressible when stored under higher stresses. 
Thus, such a bulk solid (e.g., cement) can exhibit shocks when stored in a 
huge silo where large stresses prevail, whereas the same bulk solid would 
flow without any shocks in a small silo.  
 



408      14  Silo quaking and silo honking 

 
Fig. 14.3. Supporting force, F, vs. time during a shock (qualitatively) 

Also the silo honking effect typically occurring in tall, slender metal silos 
(Fig. 14.2.b) originates from shocks within the bulk solid. Investigations 
on a silo filled with plastic pellets [14.16,14.23] have shown that the honk-
ing sound resulted from the vibration of the silo structure at its eigenfre-
quency of 292 Hz, excited by individual shocks over a period of a few sec-
onds.  

As simple as it is to identify irregular, intermittent flow as being the rea-
son for silo quaking, it is difficult to find clear explanations why flow sud-
denly starts, or why pulsating flow occurs. Neglecting vibrations that are 
originated by a feeder at the outlet area of a silo (see Sect. 14.6.2), in prin-
ciple it can be observed that material within a silo flows intermittently 
(e.g., upper part of the flow zone in Fig. 14.2.a; contents of the silo’s verti-
cal section in Fig. 14.2.b), whereas near the outlet continuous flow takes 
place. Intermittent flow can mean sudden flow periods with pauses in be-
tween (e.g., [14.6]), continuous pulsating flow (e.g., [14.24]) and, as a 
combination of both, pulsating flow only within certain intervals (e.g., 
[14.16,14.23]). In the following sections some explanations are presented 
that are based on the available literature and the author’s experience (fur-
ther surveys see [14.4,14.25,14.26]).  

14.3  Sudden flow and pulsating flow caused by slip-stick 
friction  

In the literature of the last few years the slip-stick effect is increasingly 
seen as the source of shocks in silos. If slip-stick takes place, the bulk solid 
flows in an intermittent, sometimes jerky, non-continuous manner due to 
the change between “stick” and “slip” periods. The slip-stick process is 
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explained in Sect. 7.1.1 where it is stated that two conditions have to be 
fulfilled for slip-stick to occur [14.27,14.28]: 

1. Material behavior: The friction must decrease with increasing relative 
velocity (simplified: sliding friction must be smaller than static fric-
tion).  

2. System behavior: The system must allow vibrations (e.g., sufficiently 
small damping, ability to store a sufficient amount of elastic energy). 

When slip-stick friction has already been observed while measuring flow 
properties in a shear tester, it can be assumed that the bulk solid fulfils the 
first condition, and the system “bulk solid in the shear tester” fulfils the 
second condition. Whether shocks will occur with this bulk solid in a par-
ticular silo cannot be deduced from this because the second condition must 
also be fulfilled in the system “bulk solid in the silo”. When on the other 
hand no slip-stick friction is observed in a shear test, slip-stick in the silo 
cannot be excluded, because the system “bulk solid in the shear tester” 
may not allow vibrations (second condition not fulfilled), whereas the sys-
tem “bulk solid in the silo” may allow vibrations.  

In case of slip-stick friction (either within a bulk solid or between a bulk 
solid and an adjacent wall) stresses build up in the stick phase leading to a 
sudden accelerated movement after the static friction has been overcome 
(slip). Depending on the boundary conditions individual shocks as well as 
periodic shocks (vibrations) are possible. Different mechanisms where 
slip-stick plays a role are explained in the following sections.  

14.4  Shear zones in silos 

To understand the reasons for shocks in silos it is important to look closer 
at the flow mechanisms within a bulk solid. In a mass flow silo being dis-
charged uniformly across the outlet the typical velocity profile shown in 
Fig. 14.4 develops. At a sufficient distance from the hopper almost plug 
flow prevails in the vertical section; however, close to the wall, depending 
on the wall roughness, a more or less pronounced shear zone may develop 
(e.g., [14.23]) where the velocity decreases somewhat towards the wall 
(not visible in Fig. 14.4).  

In the mass flow hopper the vertical velocity (averaged over a long time 
period) is maximum in the center and minimum in the vicinity of the in-
clined hopper walls. The larger the friction at the hopper wall, and the 
closer the hopper inclination to the mass flow boundary, the more non-
uniform the velocity profile. The velocity distribution in the hopper can 
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also be found in the lower part of the vertical section, where it is trans-
ferred into plug flow with increasing distance from the hopper. The height 
of this transition region is typically about 0.7 to 1.0 times the diameter of 
the vertical section, D.  
 

 
Fig. 14.4. Wall normal stress, σw, and distribution of vertical velocity (averaged 
over a longer period of time) in a mass flow silo (qualitatively)  

In reality flow of a bulk solid in a hopper is more complex than it might 
appear from the averaged velocities in Fig. 14.4. Due to the converging 
cross-section of the hopper, shear deformations take place in the bulk solid 
when flowing downwards. Besides the hopper inclination, the wall friction 
angle also affects the shear deformation since a larger wall friction angle 
leads to larger differences of velocities and, thus, results in larger shear de-
formation.  

If a bulk solid is subjected to a large shear deformation, the shear zone 
concentrates in limited regions (localization of the shear zone, e.g., 
[14.29], see Sect. 5.2). This also happens in the hopper of a silo. The effect 
was established by X-ray investigations where a hopper of a silo was ra-
diographed while being discharged [14.30–14.32]. Shear zones could be 
identified which could be distinguished from the adjacent non-deformed 
zones by lower X-ray absorption due to their smaller bulk density (Fig. 
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14.5.a). The smaller bulk density in the shear zones results from dilation 
which is necessary for the particles to move across each other (Sect. 5.2.3).  

The shear zones move downwards with the bulk solid, and the regions 
between the shear zones move as blocks parallel to the adjacent hopper 
wall. The momentary vectors of the velocities of the blocks between the 
shear zones are represented in Fig. 14.5.a by arrows (v). These vectors 
were estimated based on the movement of lead shot markers which had 
been positioned in the bulk solid prior to the test [14.30]. As qualitatively 
indicated in Fig. 14.5.a, the momentary velocity distribution is not sym-
metrical with respect to the hopper axis.  
 

 
Fig. 14.5. Example of shear zones determined experimentally in a wedge-shaped 
mass flow hopper inclined at 20° from vertical (according to Fig. 5.b in [14.30]); 
a. momentary wall normal stress, σw, in the upper hopper area and velocities, v, 
depicted qualitatively (length of the arrows); b. measured wall normal stress, σw, at 
the lower edge of the vertical section as a function of time, t (similar silo shape as 
in Fig. 14.5.a; results according to Fig. 40 in [14.25]). 

Shear zones can turn inactive on their way downwards, i.e., shear zones 
which have been formed at the transition from the vertical section to the 
hopper do not necessarily remain shear zones when approaching the outlet 
[14.32]. While material is discharged from the silo, again and again new 
bended shear zones are created at the transition from the vertical section to 
the hopper, expand towards the silo interior, and move downwards. Ex-
periments on wedge-shaped hoppers have shown that there is a preference 
for the shear zones to be formed intermittently right and left, whereby their 
shape changes randomly [14.30]. The development of a new shear zone at 
the transition from the vertical section to the hopper goes along with a 
temporary increase of wall normal stress in this region (see arrows in Fig. 
14.5.a which qualitatively represent the wall normal stress, σw) [14.25, 
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14.30]. In Fig. 14.5.b the wall normal stresses measured on another model 
silo with a wedge-shaped hopper are plotted versus time [14.25]. The 
stresses at the left and right walls of the vertical section a short distance 
above the transition show a fluctuating pattern with the maximum stress 
occurring intermittently on the left or the right side which indicates the 
formation of shear zones according to Fig. 14.5.a. The frequency of shear 
zone formation is proportional to the mass flow rate [14.25,14.33]. During 
further discharge the shear zone forming at the right side of the silo in Fig. 
14.5.a will grow until being developed completely. Thereafter the next 
shear zone - this time starting on the left side – will be formed and the 
process outlined above will proceed in a mirror-image pattern.  

Following the above arguments it can be stated that during discharge 
shear zones are formed intermittently which goes along with intermittent 
variations of local stresses and velocities. The pattern of shear zones can 
be more complex than depicted in Fig. 14.5.a (see [14.30–14.32]). In coni-
cal hoppers it has to be assumed that the shear zones are curved in all three 
dimensions.  

In mass flow silos, shear zones develop not only within the bulk solid, 
but also between the bulk solid and the walls (of hopper and vertical sec-
tion). Thus shear deformation of the bulk solid near the wall depends on 
wall friction. In case of a sufficiently small wall friction angle the bulk 
solid near the wall may move across the wall surface without being 
sheared internally. However, in the following all these situations are called 
shear zones at the wall. In Fig. 14.6.a the regions of possible shear zones in 
a mass flow silo are depicted according to the above considerations.  

Regions of shear deformation in funnel flow silos are shown in Fig. 
14.6.b. Shear zones within the bulk solid have to be expected in the con-
verging part of the flow zone. Additionally, a shear zone develops between 
the stagnant zone and the flow zone. If the boundary between the stagnant 
zone and the flow zone meets the wall, and the filling level above the stag-
nant zone is sufficiently high, the material of the flow zone moves across 
the wall of the vertical section. Shear zones between bulk solid and silo 
wall prevail only in this region.  

The fact that shear zones are formed is not sufficient for shocks to oc-
cur. But if at the same time the conditions for the appearance of slip-stick 
are fulfilled, shear deformation in the shear zones will not be smooth and 
regular, but jerky and accompanied by strong accelerations. If thereby 
large masses of bulk solid are moved, noticeable shocks are created. 
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Fig. 14.6. Regions where shear zones can occur; a. mass flow silo; b. funnel flow 
silo (A: region of shear zones within the flowing bulk solid; B: shear zones at the 
boundary between stagnant zones and flow zones; C: shear zones at the wall; note 
that the hatch patterns do not represent the orientation of shear zones) 

14.5  Silo shocks due to slip-stick friction  

14.5.1  Shear zones in flowing bulk solid  

Shocks and vibrations in mass flow silos, which are assumed to be caused 
by shear deformation within the bulk solid, are documented in several pub-
lications [14.1,14.4,14.12,14.13,14.22,14.25]. In mass flow silos the shear 
deformation takes place mostly in the hopper and in the lower part of the 
vertical section (Sect. 14.4).  

If bulk solid is discharged from a mass flow hopper, shear zones de-
velop within the hopper (shear zones A in Fig. 14.6.a). Having slip-stick 
friction, a relatively large stress must first build up along a shear zone be-
fore static friction is overcome and, thus, further (plastic) shear deforma-
tion can take place, i.e., the material in the shear zone can flow further. 
Since even at the occurrence of shocks the bulk solid is flowing continu-
ously through the outlet opening, the following situation results [14.22, 
14.25]: Below a certain region (e.g., region X in Fig. 14.7.a) the bulk solid 
flows, but above this region in the first instance the material remains sta-
tionary because in region X one or more shear zones exist, in which the 
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static friction has not yet been overcome. Thereby the stationary material 
will be supported less and less by the continuously flowing material below. 
Consequently the stresses in the flowing material decrease. The stationary 
bulk solid is supported increasingly by the silo walls (hopper and vertical 
section), thus leading to an increase of stresses in this region. Finally the 
stresses are sufficiently large to overcome static friction in the shear zones 
in region X. Thus, a sudden movement of the bulk solid above the consid-
ered region is initiated so that the bulk solid rapidly drops downwards and 
subsequently is just as suddenly decelerated by the material below (Fig. 
14.7.b). The deceleration is then felt as a thump or a shock (see Sect. 14.2) 
and leads to compression of the bulk solid as well as to an increase of the 
stresses (even below region X). If then, due to the deceleration process, 
flow is stopped above a certain level (e.g., region X), the complete cycle 
will repeat. 

 

 
Fig. 14.7. Simplified model describing a shock cycle in a mass flow silo due to 
slip-stick friction within the bulk solid (region X); a. before a shock; b. during a 
shock  

The further up in the hopper the region X where the shocks are initiated, 
the larger the shocks resulting from the described cycle. This statement is 
supported by the following reasons: 

1. Stresses in the hopper increase upwards. At the transition from the 
vertical section to the hopper a stress peak also exists (Fig. 14.4). 
Thus, when static friction is overcome and the slip process starts, 
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more elastically stored energy can suddenly be released in the upper 
hopper region than in the lower hopper region to accelerate the bulk 
solid. 

2. Bulk density increases in the hopper in the upward direction (as the 
stress). Thus, further up the bulk solid is stiffer. This results in a 
stronger deceleration and, thus, larger inertia forces. 

3. Further up in the hopper the cross-sections are larger. Thus a larger 
mass of bulk solid is suddenly accelerated when static friction is 
overcome, and thereby the effect of the bulk solid above the shear 
zone is stronger.  

4. A sudden acceleration of the bulk solid in the lower part of the hop-
per, which is less intense following the statements in the three para-
graphs above, at first initiates flow in the hopper. When flowing in 
the hopper, the bulk solid is deformed horizontally due to the con-
verging cross-section which results in the formation of the shear 
zones discussed in Sect. 14.4. Since the latter results in a certain 
damping effect and energy dissipation, it is likely that a sudden 
movement originated in the lower hopper region does not extend into 
the vertical section or initiates only a moderate movement of the ma-
terial in the vertical section.  

5. If a sudden movement of bulk solid in the lower hopper region is not 
sufficient to increase the stresses above this region to such an extent 
that static friction is also overcome there, the sudden movement can-
not extend upwards. In this case the shock results from the decelera-
tion of only a relatively small mass of bulk solid and, thus, is weak.  

6. A sudden movement in a shear zone in the region of the transition 
from vertical section to hopper is particularly intense (see paragraphs 
1 to 3) and leads directly to a sudden drop and a subsequent decelera-
tion of the bulk solid in the vertical section which must overcome 
only the wall friction. Thus, in this case the most intense shocks of 
the silo have to be expected.  

Measurements on a model silo [14.25] have confirmed that strong shocks 
occur especially when they are initiated in the region of the transition from 
the vertical section to the hopper, and when the filling level in the vertical 
section is large. For this case Fig. 14.8 qualitatively shows how the stresses 
change during a shock cycle. Directly after a shock the wall normal 
stresses in the hopper are relatively large. Then the stresses decrease with 
time starting from the bottom end of the hopper. The latter is demonstrated 
by the stress pattern measured between two shocks, where the stresses in 
the bottom part already have reached the values they had before the shock, 
while further up the stresses are still close to the values measured directly 
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after the shock. At the same time the wall normal stress measured at the 
lower edge of the vertical section has enlarged a bit. Thus the bulk solid 
will be supported less and less from below and has to be supported more 
and more by the walls of the vertical section. Finally the static friction in a 
shear zone in the region of the transition from the vertical section to the 
hopper is suddenly overcome. Thus, the bulk solid suddenly drops and is 
subsequently decelerated which causes a shock. Stresses in the hopper in-
crease, whereas stresses on the wall of the vertical section decrease 
slightly.  
 

 
Fig. 14.8. Distribution of wall normal stress, σw, immediately before a shock, after 
a shock, and after half of the period between two shocks (taken from graphs in 
[14.25]); measured during discharge; vertical section was full.  

In the literature similar models can be found where the region of the transi-
tion from vertical section to hopper is considered as being the reason for 
the shocks. In [14.4] the formation of rupture planes is claimed to be the 
reason for periodic stress variations. In [14.1,14.12] it is assumed that the 
bulk solid in the vertical section is less and less supported by the bulk solid 
in the hopper up to the point where it suddenly drops and, thus, initiates a 
shock. Also here it has to be expected that slip-stick is the precondition for 
the sudden acceleration of the bulk solid. 

Test results [14.25] show that the intensity of shocks decreases with de-
creasing filling level. But even if the filling level falls into the hopper sec-
tion, shocks (of low intensity) still occur. Thus it is demonstrated that in 
principle shocks can be initiated by shear zones located anywhere in the 
hopper; however, at low filling levels the shocks are weak and hardly no-
ticeable in the surrounding. Another result of the tests in [14.25] is that the 
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conditions in the vertical section do not have a strong influence on the 
shocks: Neither increased wall friction nor inserts in the vertical section 
could reduce the shocks significantly or even avoid them. Thus it may be 
concluded that the shocks discussed in the present section result from the 
flow of the bulk solid in the hopper.  

If sudden flow is initiated by the bulk material in the hopper as dis-
cussed above, the bulk solid in the vertical section follows whereby flow 
starts at the bottom of the vertical section and then propagates in the up-
wards direction, in that an acceleration wave [14.25] (unloading wave in 
[14.20]) travels up the material in the vertical section (Fig. 14.9). A decel-
eration wave follows [14.25] (compression wave in [14.20]) when the bulk 
solid is brought to a halt from the material below. The peak values of the 
deceleration wave are larger than those of the acceleration wave and in-
crease in the vertical section from bottom to top [14.20]. The velocity of 
the waves is dependent, for example, on the stress, silo dimensions, wall 
friction, and the bulk solid itself. Measured wave propagation velocities 
range from 75 m/s [14.20] to 150 m/s [14.25]. It has to be mentioned that 
the statements in [14.20] and Fig. 14.9 apply for the case of shocks as a re-
sult of slip-stick friction at the wall of the vertical section (see Sect. 
14.5.3.2), but the result is the same as discussed in the present section, 
namely the suddenly downwards moving bulk solid in the vertical section. 
Thus, similar situations can be expected here.  
 

 
Fig. 14.9. Acceleration, a, of bulk solid during a shock; measured at two different 
levels, z, in the vertical section of a model silo according to Fig. 14.14.a [14.20]; 
positive accelerations act in direction of gravity. 

The more intense the shear deformation of the bulk solid in the hopper, the 
more probable the occurrence of shocks based on shear zones within the 
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bulk solid. Model tests [14.4] have shown that a hopper that is in a border-
line mass flow condition (i.e., the combination of hopper slope and wall 
friction angle is very close to the mass flow boundary; see Sect. 10.3.1) 
exhibited mass flow with a pronounced velocity profile and very small ve-
locities at the wall. This situation led to regular shocks. With reduced wall 
friction the hopper exhibited a more uniform velocity profile being equiva-
lent to a lower shear deformation in the bulk solid. No shocks were de-
tected in this situation.  

In [14.10] shocks in a silo storing coal which was discharged with an 
en-masse feeder are reported. Due to the design of the en-masse feeder the 
coal was mostly discharged from one end of the outlet slot (Fig. 14.10). 
Thus a non-uniform velocity profile was established in the silo. Due to the 
large differences in vertical velocity, v (see velocity distribution observed 
at section A), the bulk solid was subjected to large shear deformation. In a 
simplified view, at least one inclined zone of intense shear deformation 
was formed between the faster and slower flowing bulk solid. This in-
clined zone was considered as the origin of the shocks [14.10]. To reduce 
the shear deformation, the en-masse feeder was redesigned to achieve 
more uniform withdrawal. After the modification no shocks were ob-
served. Obviously, the reason for the shocks was the large velocity gradi-
ent in the flowing bulk solid.  
 

 
Fig. 14.10. Velocity profile (velocity v) due to non-uniform withdrawal by an en-
masse feeder [14.10] 

Silo quaking resulting from the effect described in the present section can 
also occur in funnel flow silos. When the boundary between the stagnant 
zone and the flow zone meets the silo wall in the lower part of the silo, as 
is shown in Fig. 14.6.b, a transition from a cylindrical flow zone to a con-



14.5  Silo shocks due to slip-stick friction      419 

verging flow zone is formed. The situation at this transition is similar to 
that at the transition from the vertical section to the hopper of a mass flow 
silo. In the hopper shear zones are formed similar to the situation in a mass 
flow hopper (shear zones in region A, Fig. 14.6.b). Additionally, intense 
shear deformation takes place at the boundary between stagnant zone and 
flow zone (shear zones B, Fig. 14.6.b) being further possible sources for 
shocks.  

For the shocks being described here and in the following subsections of 
Sect. 14.5 it holds that the time from incident to incident certainly can vary 
randomly, but the average time (with respect to many shocks) often is in-
versely proportional to the mass flow rate (e.g., [14.5,14.6,14.20,14.22, 
14.25]). This relationship can be explained by the fact that the deformation 
of the bulk solid is proportional to the discharged mass. Thus, if a silo 
shock problem is investigated, it is more useful to know the mass dis-
charged between two subsequent shocks than to know the time [14.25]. If 
the discharge rate is increased to very high values, the individual shocks 
can be transformed into a vibration of the system “silo with bulk solid” 
whereby the frequency is independent of the mass flow rate [14.24,14.25].  

14.5.2  Unstable stagnant zones (funnel flow)  

In a funnel flow silo only the bulk solid in the flow zone is moving, 
whereas the rest of the bulk solid remains stationary and forms stagnant 
zones. Typical reasons for funnel flow are too shallow or too rough hopper 
walls (Sect. 10.3.1), eccentric discharge due to inappropriate feeders or 
hopper/feeder interfaces (Sect. 12.3), or obstacles protruding into the silo 
(Sect. 11.2.2).  

Stagnant zones can be unstable, i.e., it can happen that material from a 
stagnant zone suddenly starts flowing thus leading to a shock. This is 
equivalent to shear zones B (Fig. 14.6.b) occurring suddenly in the region 
of a stagnant zone. Even a sudden movement of the material across the 
hopper wall is possible. Different situations are described in the following 
subsections.  

14.5.2.1  Hopper slope close to critical hopper slope for achieving 
mass flow  

In Fig. 14.11 a funnel flow silo is shown where the hopper walls are 
slightly shallower than required for mass flow to occur. When, after filling, 
the bulk solid is initially discharged, at first a flow channel is formed 
where the material flows downwards. Depending on the flow properties of 
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the bulk solid, and also on the silo shape, filling method, momentary filling 
level, and other parameters, the shape of the flow zone will be more or less 
converging.  
 

 
Fig. 14.11. Shocks due to sudden flow of stagnant zones across the hopper wall; at 
point A the flow zone exerts horizontal stress, σh, and shear stress, τ, onto the 
stagnant zone. At point B vertical stress, σv, is acting. 

While discharging the silo, the bulk solid is moving downwards in the flow 
zone and is supported through normal and shear stresses (depending on the 
shape of the flow zone) by the stagnant zones (see point A in Fig. 14.11). 
Due to this support, the vertical stress, σv, in the stagnant zone is likely to 
increase (e.g., at point B in Fig. 14.11), whereas the stresses in the flow 
zone (e.g., the horizontal stress, σh) decrease. Thus, the bulk solid in the 
stagnant zone is subjected to an additional stress in the vertical direction, 
but less support in the horizontal direction. As a possible result of these 
modified stress conditions, the bulk solid in the stagnant zone will slip 
down the hopper wall. If additionally the static friction at the wall is sig-
nificantly larger than the kinematic friction, the bulk solid in the stagnant 
zone will start to move suddenly due to the sudden release of stored energy 
(see explanations on sudden flow due to slip-stick friction, Sects. 14.3 and 
7.1.1).  

As a result of the sudden flow of the stagnant zone, the bulk solid in the 
flow zone is compressed and the bulk solid coming from the stagnant zone 
is decelerated more or less rapidly. Depending on the strength of the decel-
eration and the mass of the decelerated material, a more or less intense 
shock (thump) takes place as a result of inertia forces. At further discharge 
this cycle repeats: The compressed bulk solid in the flow channel supports 
the stagnant zones. With decreasing stresses and increasing dilation in the 
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flow zone the horizontal support decreases etc., and finally another shock 
will arise [14.1,14.4,14.11,14.13,14.14,14.34].  

14.5.2.2  Unstable shape of stagnant zones  

Shocks due to a sudden change of the flow profile can also arise in a fun-
nel flow silo where slipping on the hopper wall is not possible, for exam-
ple, in a silo with very shallow or rough hopper walls, or in a flat bottom 
silo. In a funnel flow silo, especially when storing free-flowing bulk solids, 
the stagnant zones are unstable. Due to the effects discussed in Sect. 
14.5.2.1 (decreasing horizontal support of the stagnant zones), stagnant 
material may enter the flow channel more or less intermittently while the 
slip planes (shear zones) are within the bulk solid. Due to the acceleration 
and subsequent deceleration of the bulk solid shocks can be originated. In 
principle this effect is the same as that described in Sect. 14.5.2.1, but with 
the difference that here only a part of the stagnant bulk solid begins to 
move, and the material does not slip directly on the hopper wall.  

 

 
Fig. 14.12. Sudden flow of parts of stagnant zones; a. nearly the entire stagnant 
zone starts slipping; b. only a small part of the stagnant zone starts slipping  

Two examples are shown in Fig. 14.12. In the case of Fig. 14.12.a at first 
only the bulk solid inside the flow zone moves downwards. Due to de-
creasing horizontal support and increasing vertical stress in the stagnant 
zones (Sect. 14.5.2.1), finally almost the entire contents of the silo begin to 
move by sliding down a slip plane (shear zone) within the bulk solid. This 
compacts the material in the flow zone, with the result that the moving ma-
terial suddenly decelerates thus causing a severe shock. 

In the case of Fig. 14.12.b only a small part of the stagnant zone is un-
stable. The resulting shocks will be stronger the greater the mass of bulk 



422      14  Silo quaking and silo honking 

solid that is accelerated and then decelerated intermittently. Therefore, for 
the case of Fig. 14.12.a more severe shocks are to be expected than for the 
case of Fig. 14.12.b  

Stagnant zones can also be caused by protrusions into the flow channel, 
mismatched flanges, partially opened slide gates (Fig. 14.13), or feeders 
which do not discharge the bulk solid across the entire outlet opening (see 
Sect. 11.2.2 and 12.3.1). In some publications [14.4,14.14,14.34] it is ar-
gued that in the lower parts of the stagnant zones very large stresses (“ex-
cessive pressure concentration”) prevail being responsible for noticeable 
shocks. The large stresses in the stagnant zones are generated by the flow-
ing bulk solid which exerts normal and shear stresses to the stagnant zones 
(see explanations in Sect. 14.5.2.1 regarding Fig. 14.11). Thereby the 
stresses in the flow zone decrease.  
 

 
Fig. 14.13. Unstable stagnant zone above a slide gate that is only partially opened  

Due to the high vertical stress in the stagnant zone – which is equivalent to 
high stored energy in this area – material from the stagnant zone can sud-
denly start to flow in the direction toward the adjacent flow zone (see Fig. 
14.13). As described in Sect. 14.5.2.1, the flow zone will be compacted 
and the bulk solid which just had started to move is then stopped. This se-
quence can occur occasionally but also be repeated intermittently resulting 
in vibrations of the silo [14.4,14.14,14.34].  

14.5.3  Flow at the silo wall 

14.5.3.1  Hopper 

In funnel flow the hopper walls are covered by stagnant zones. Thus, no 
flow takes place on the hopper walls as long as the filling level is suffi-
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ciently high (only close to completely empty some material may slide 
across the walls). An exception to this is the effect described in Sect. 
14.5.2.1.  

The combination of bulk solid and wall material may lead to slip-stick 
friction in the vertical section as well as in the hopper. Since in several si-
los slip-stick in the vertical section has been found to be the reason for 
shocks [14.16,14.19,14.20, 14.23,14.24], it has to be assumed that in this 
case slip-stick friction simultaneously occurring in the hopper is less im-
portant. The reason for this is probably that, due to the complex flow situa-
tion in the hopper (Fig. 14.5), the effect is limited to individual blocks of 
bulk solid being separated by shear zones. In contrast to this, plug flow 
prevails in the vertical section so that a relatively large mass of bulk solid 
suddenly starts flowing at “slip” and is stopped subsequently thus leading 
to an equivalent large shock (see next section).  

14.5.3.2  Vertical section 

If the filling level in the vertical section above the hopper (and above the 
stagnant zones in funnel flow, respectively) is sufficiently high, nearly 
plug flow prevails during discharge (Fig. 14.4), i.e., the bulk solid in the 
vertical section moves downwards with an almost uniform velocity over 
the cross-section. Thus, the relative motion between the bulk solid and the 
wall (shear zone C in the vertical section, Fig. 14.6) plays an essential role 
regarding the occurrence of slip-stick.  

If a silo is discharged, one expects that the material moves downwards 
in the hopper as well as in the vertical section. However, if slip-stick fric-
tion occurs at the walls of the vertical section, the bulk solid in the vertical 
section can move downwards only after the static friction at the wall is 
overcome, i.e., when the shear stress at the wall is sufficiently large. As 
long as this has not been achieved, the bulk solid in the vertical section is 
decreasingly supported from below since the bulk solid in the hopper is 
continuously flowing downwards. As a result the gravity force of the bulk 
solid in the vertical section is increasingly supported by friction at the ver-
tical walls (shear stress). Thus, the shear stress at the vertical walls in-
creases. After static friction has been overcome, the shear stress at the wall 
decreases according to the lower kinematic friction and, thus, only a part 
of the weight of the bulk solid in the vertical section can be supported by 
wall friction. The remaining part of the weight accelerates the bulk solid so 
that the bulk solid in the vertical section suddenly moves downwards and 
is subsequently stopped (decelerated) by the bulk solid below (the move-
ment of the bulk solids in the vertical section is discussed in Sect. 14.5.1 
and takes place here in a similar manner). The deceleration results in a se-
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vere shock, due to which the bulk solid in the hopper is also compacted. 
Then it takes some time before the bulk solid in the hopper is dilated again 
(due to the continuing discharge), the support for the bulk solids column in 
the vertical section decreases again, and the next shock occurs. This 
mechanism is similar to the one discussed in Sect. 14.5.1 (Fig. 14.7), 
where slip-stick friction within the bulk solid is assumed as a source of 
shocks, whereas here slip-stick friction at the wall is considered.  

The explanation in the previous paragraph is based on the idea that slip-
stick friction at the wall of the vertical section leads to shocks without any 
influence of the flow process in the hopper. This idea is proven by meas-
urements with the model silo shown in Fig. 14.14.a. The bulk solid (sand) 
within a hollow cylinder made from perspex is supported by a piston. 
While the piston is slowly moving downwards, severe shocks occur due to 
the jerky motion of the bulk solid [14.19,14.20]. The acceleration, a, 
measured in the bulk solid during deceleration increases exponentially 
with distance, z, from the piston (Fig. 14.14.b). The shock period, T, i.e., 
the time between two shocks, is inversely proportional to the velocity of 
the piston (Fig. 14.14.c). Similar results have been achieved with a larger 
model silo which was equipped with a hopper [14.20]. 
 

 
Fig. 14.14. a. Set-up for investigation of shocks induced in a cylindrical silo 
[14.19,14.20]; b. maximum acceleration, a, of the bulk solid during deceleration 
as a function of distance from piston, z (total height of the bulk solid column is 
about 0.8 m) [14.20]; c. shock period, T, as a function of piston velocity, v [14.20] 

In another investigation [14.24] model silos with a cylindrical section 
(made from different wall materials), flat bottom and central outlet open-
ing were used. The silos were resting on supporting springs so that the 
stiffness of the support and thus the eigenfrequency of the system 
“silo/bulk solid” could be varied. The investigations have shown that de-
pending on the boundary conditions (eigenfrequency of the system, bulk 
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solid, wall material) the frequency of the shocks can be identical to the ei-
genfrequency of the filled silo (structural resonance); however, it can also 
be different from this value (in this case the silo follows the shocks in-
duced by the bulk solid). Thus, the shocks and vibrations, respectively, are 
not only based on the structural resonance of the silo [14.24]. The shocks 
which resulted from slip-stick friction at the silo wall did not occur with all 
investigated combinations of bulk solid and wall material. Also Tejchman 
[14.16,14.23] observed shocks in a cylindrical model silo made from per-
spex. The shocks could be reduced to a large extent by increasing the 
roughness of the internal surface of the cylinder by lining it with sand pa-
per or other materials with a rough surface structure. Even these results in-
dicate that the reason for shocks is the slip-stick friction between bulk 
solid and wall.  

In [14.16,14.23] Tejchman describes detailed investigations of silo 
shocks and silo honking occurring in aluminum silos storing polymer 
granulates (Fig. 14.15.a). During discharge at a rate of 12 t/h intense 
shocks were observed every 7 seconds. The shocks excited the silo struc-
ture to vibrate at its eigenfrequency of 292 Hz, whereby each shock re-
sulted in a short, decaying honking sound. The filling level had no influ-
ence on this frequency, but honking only occurred at a sufficient filling 
level (in a similar silo the minimum filling level in the cylindrical section 
for honking to occur was about twice the cylinder diameter, but shocks 
could even be detected at smaller filling heights [14.18]). Measurements of 
the vertical strain, εv, of the cylinder wall (Fig. 14.15.b) show that vertical 
compression slowly increases before a shock and suddenly decreases to 
about 80 % of its maximum value during a shock. This result is in line 
with the mechanism explained at the beginning of this section. The shear 
stresses directed downwards on the silo wall increase up to the point where 
static friction is overcome. Due to increasing shear stresses the cylinder 
wall is increasingly stressed and, thus, increasingly compressed vertically. 
After static friction has been overcome, the lower kinematic friction im-
mediately prevails. Just as suddenly both the vertical stress in the cylinder 
wall and the vertical compression are reduced. Acceleration measurements 
[14.16,14.23] showed extreme upward accelerations of the silo wall (above 
500 g at level A; g = acceleration due to gravity; these accelerations de-
crease upwards), but the vertical displacement was only 0.02 mm to 0.04 
mm [14.16] (Also if static friction is overcome only in a section of the cyl-
inder wall, the wall may be accelerated upwards. As in a chain reaction 
this might lead to lower kinematic friction in other regions of the cylindri-
cal section). Simultaneously with the upward acceleration the silo wall is 
also accelerated towards the interior (> 50 g at level A). Due to the accel-
eration the silo wall is caused to vibrate which in turn causes the honking 
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sound. The vibrations and the honking sound, respectively, decay within 
about 0.15 seconds.  

 

 
Fig. 14.15. a. Silo for storage of polymer granulates [14.16,14.23]; assumed plug 
flow region; b. vertical strain, εv, of the cylinder wall at level A vs. time measured 
before the silo was modified (data taken from [14.23] and smoothed by the author 
by omitting superimposed oscillations. Negative values of εv represent compres-
sion of silo wall; all dimensions in millimeters). 

In the above mentioned investigations on a model silo [14.24] silo honking 
was also observed, which was found to be driven by the pulsating motion 
of the bulk solid and associated with resonance of the air column above the 
bulk solid bed. The frequency of the audible vibrations was in accordance 
with the resonance frequency of the air column above the particle bed and, 
therefore, was dependent on the filling level; however, the sound fre-
quency was different from both the pulsation frequency of the bulk solid 
and the eigenfrequency of the silo. Whether silo honking, which is occur-
ring in silos of industrial dimensions, results from the resonance of the air 
column above the bulk solid bed would be an interesting question for fu-
ture research. However, even if silo honking due to the vibration of an air 
column was observed in [14.24], the author believes that the silo honking 
effect observed in practice can be explained plausibly by the mechanism 
described in Fig. 14.15.  



14.5  Silo shocks due to slip-stick friction      427 

Shocks (and associated honking) occurring at intervals of a few seconds 
have been observed in several aluminum silos storing polymer granulates 
(PET) [14.17, 14.18]. The silos were similar to that shown in Fig. 14.15. In 
one of the silos [14.17] the honking frequency was 330 Hz, and the vertical 
acceleration of the silo wall more than 400 g. The honking frequency was 
independent of filling level which is contrary to the assumption in [14.24] 
according to which the honking frequency should be dependent on the 
height of the air column above the bulk solids surface. Thus it is likely that 
the silo noise found in model tests [14.24] is caused by a different mecha-
nism than silo honking found in real silos (e.g., [14.16,14.17,14.23]).  

Based on the observation that shocks could be avoided by an increased 
roughness of the walls of the vertical section (see above), the silos shown 
in Fig. 14.15 have been modified [14.16, 14.23,14.35]. The vertical section 
was provided with aluminum waffle sheets (roughness on the order of the 
particle size of the bulk solid) riveted to the interior surface, but it turned 
out that it was sufficient to line only the region marked in Fig. 14.16. In 
this region the most intense accelerations of the silo wall had been ob-
served. With the modification the shocks were reduced and the associated 
silo honking was eliminated. Due to the large roughness at the silo wall a 
noticeable shear zone of a thickness of 0.15 m to 0.20 m was formed 
[14.16,14.23]. 

If it is assumed that the shocks observed in the silo of Fig. 14.15 are 
caused by slip-stick friction at the cylinder wall similar to the other exam-
ples mentioned above [14.17,14.19,14.20,14.24], increased roughness of 
the cylinder wall has the following effects: 

• The region of the cylinder wall where slip-stick friction occurs is re-
duced.  

• The region where plug flow has to be expected is reduced (Fig. 14.16). 
Since in the case of mass flow plug flow starts at some distance above 
the hopper (see Fig. 14.4), a plug of height about 10 m (Fig. 14.15.a) 
can be expected in the unmodified silo. After the modification the rough 
wall leads to a more pronounced velocity profile. Thus, plug flow may 
only be achieved at some distance above the waffle sheets, i.e., the plug 
is limited to the top part of the bulk solid in the vertical section and its 
height is only about 5 m (Fig. 14.16). In this region the normal and 
shear stresses are lower and the bulk solid is less compacted.  

• If it is assumed that the shocks are caused in the plug flow region by 
slip-stick friction at the cylinder wall, the effect may be clearly reduced 
by decreasing the height of the plug flow region: The strength of the 
shocks becomes smaller because of, for example, the smaller acceler-
ated mass, increased damping due to a reduced bulk density, reduced 
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stress level, and reduced absolute difference between the shear stresses 
of static and kinematic friction. The vertical force in the cylinder wall 
and, thus, the vertical compression of the cylinder wall exhibit only 
small changes after modification compared to the significant changes 
observed prior to modification (Fig. 14.15.b). Furthermore, at level A no 
significant vertical acceleration could be measured after the modifica-
tion [14.16], i.e., in the lower part of the cylindrical section the wall was 
no longer excited to vibrate, and further up the excitation was consid-
erably reduced. Near the silo no silo honking could be detected. How-
ever, measurements of sound pressure inside the silo (above the bulk 
solid) showed similar pressure maxima before and after the modification 
[14.16]. This leads to the conclusion that after the modification shocks 
still appeared in the upper part of the cylindrical section. 

 

 
Fig. 14.16. Silo for storage of polymer granulates after modification [14.16, 14.23, 
14.35]; assumed plug flow region (dimensions in millimeters) 

It has to be noted that Tejchman [14.23] assumes, contrary to the explana-
tions above, that shocks are not based on slip-stick friction but on stress 
fluctuations which are generated at the silo bottom and propagate upwards 
as stress waves. In the case of smooth walls the fluctuations are transmitted 
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to the silo wall whereas in the case of rough walls they are damped by the 
shear zone near the wall.  

14.5.4  Combinations of different mechanisms  

In the preceding sections each type of shear zone according to Fig. 14.6 is 
considered as being solely responsible for the occurrence of shocks. How-
ever, a combination of reasons is also possible. For example, in a mass 
flow silo slip-stick friction may take place within the bulk solid (hopper) 
as well as at the wall of the vertical section. In this combination a shock in 
the hopper could prompt static friction at the wall of the vertical section to 
be overcome, which could result in severe shocks possibly accompanied 
by silo honking. Unstable stagnant zones may also occur in combination 
with slip-stick friction at the wall of the vertical section. Likewise shocks 
in the flowing bulk solid combined with changeable stagnant zones and, 
should the occasion arise, also slip-stick friction at the wall of the vertical 
section could appear simultaneously.  

14.6  Shocks and vibrations due to other reasons 

14.6.1  Large discharge rate with respect to outlet size 

Bulk solids can be discharged continuously from a silo (i.e., “steady state”) 
up to a specific mass flow rate. Larger mass flow rates initiate a pulsating 
discharge (Sect. 12.1), especially if the outlet dimensions are close to the 
critical dimensions to avoid arching [14.4]. The reason for the pulsating 
flow is the formation of arches, which only develop for a short time and 
collapse subsequently. The pulsations can be transmitted to the flowing 
bulk solid above, and hence to the silo structure. Since the pulsations may 
be damped with increasing distance from the outlet opening due to the de-
formation of the bulk solid in the hopper (energy dissipation), the resulting 
silo vibrations may be small if the outlet opening is small and, thus, the 
pulsating flow is originated only in a small region compared to the silo 
volume (similar to shocks being initiated in the lower hopper region due to 
slip-stick friction, see Sect. 14.5.1). However, in the case of a large outlet 
opening severe vibrations have been observed due to the described mecha-
nism [14.4]. 

When fine-grained bulk solids are discharged from a silo, a gas under-
pressure can arise in the hopper causing air to flow through the outlet 
opening into the bulk solid (see Sect. 12.1). If the desired discharge rate is 
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too high, the countercurrent air flow may lead to pulsating flow of the bulk 
solid (e.g., [14.36]). However, the strength of the vibrations resulting from 
pulsating flow is probably limited due to the damping of fine-grained bulk 
solids.  

14.6.2  Cyclic excitation by a feeder 

A feeder can initiate periodic changes of the flow velocity in a silo 
[14.4,14.37]. This can happen, for example, when a free-flowing bulk solid 
is discharged by a rotary valve (Sect. 12.3.2.7, Fig. 12.19). At small rota-
tional speeds the pockets of the rotary valve are filled immediately when 
the pocket enters the region of the hopper outlet opening. Thus, the bulk 
solid is withdrawn intermittently from the hopper which can initiate vibra-
tions, especially with brittle solids. However, those vibrations are likely to 
be relatively weak because the source of the periodic movement is in the 
lower hopper region. 

In [14.4] vibrations in a silo for the storage of coal are described being 
initiated by a belt feeder. The belt was supported by idlers including the 
section below the discharge opening of the silo. Due to sag of the belt be-
tween the idlers, a cyclic motion was initiated when the material moved 
over the idlers which resulted in the vibration of the silo.  

14.6.3  Collapsing arches and ratholes 

If the outlet of a silo is too small, i.e., smaller than the critical arching or 
ratholing diameter, stable arches or ratholes can form. An arch or rathole 
may collapse through external excitation, for example, ambient vibrations, 
impact, or the action of flow promoting devices. The impact of the falling 
material causes a shock load on the silo structure. This case seems to be 
especially dangerous if the bulk solid from the lower part of the hopper has 
been discharged, for example, due to the action of flow promoting devices 
installed there, but a stable arch exists at some distance from the outlet 
opening (Fig. 14.17.a). Due to the large height of fall a particularly strong 
shock can be expected when the arch collapses. 

Large regions of compacted bulk solid which have formed on one side 
of a silo (e.g., arising from non-symmetrical stagnant zones, Fig. 14.17.b), 
can suddenly collapse and start to flow initiated by, for example, vibrations 
or flow promoting devices. If subsequently flow is stopped by the silo 
walls, impact forces with a significant horizontal component can result. 
Such forces may be sufficient to cause the silo to fail.  
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Fig. 14.17. a. Arch with a large distance to the outlet opening; material below has 
been discharged with the help of discharge aids (here: air cannons) located only in 
the lower part of the hopper; b. asymmetric region of compacted bulk solid; v is 
velocity of the material after initiation of flow.  

14.7  Means for reducing silo quaking and silo honking  

Standard solutions for the elimination of problems due to quaking or honk-
ing are not available because there are too many reasons for their occur-
rence. It is useful to learn as much as possible about the reasons for a par-
ticular problem before deciding on appropriate means. If distinct shocks 
occur, it is particularly helpful to measure the complete order of events si-
multaneously at different vertical positions in the silo (e.g., with acceler-
ometers). If the measuring rate is sufficiently high, it can be detected 
where the process was initiated. The mechanisms described in the preced-
ing sections show that the position of the greatest action (e.g., largest in-
crease of stresses or strongest accelerations during the shock process) is 
not implicitly the position where a shock was initiated. Unfortunately a de-
tailed investigation is often expensive or even not possible due to limited 
accessibility of the silo (need for scaffolding) and lack of time. If several 
of the possible reasons for shocks occur simultaneously, understanding and 
solution of the problem becomes even more difficult.  

Several solutions for the elimination of silo quaking and honking have 
been reported elsewhere [14.1,14.4,14.6,14.9–14.12,14.14,14.16,14.23]. In 
the following these solutions are presented according to the source of the 
shocks or vibrations: 

A: Shear zones in the flowing bulk solid (Sect. 14.5.1) 
B. Unstable stagnant zones (Sect. 14.5.2) 
C: Flow at the silo wall (Sect. 14.5.3) 
D: Other reasons (Sect. 14.6) 
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Type D sources can be detected and eliminated relatively easily, e.g., by 
enlarging the outlet opening according to the required discharge rate (Sect. 
14.6.1), by selecting or modifying a feeder with respect to more continu-
ous withdrawal (Sect. 14.6.2), or by adjusting the silo or the operation of 
the silo, respectively, to the properties of the bulk solid (Sect. 14.6.3). The 
mechanisms described in Sect. 14.5 are more complex. Solutions are pre-
sented in the following sections. 

14.7.1  Reduction of the accelerated mass 

An effective solution for the elimination or reduction of shocks for the 
cases A, B, and C is the reduction of the mass which is accelerated and 
subsequently decelerated. This way not only inertia forces are reduced, but 
also stresses in the bulk solid which is a measure of the elastically stored 
energy (see Sects. 14.2 and 14.3).  
 

 
Fig. 14.18. Silo for storage of cement clinker equipped with a discharge tube; di-
mensions in millimeters [14.8,14.9] 
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The simplest method is the reduction of the filling height which, because it 
leads to a reduction of usable volume, is often not acceptable. Alterna-
tively it is possible to reduce the mass of bulk solid that is in motion while 
discharging the silo. Here the principle of the discharge tube (see Sect. 
11.3.3) can be applied for bulk solids with a sufficiently good flowability. 
The silo for the storage of cement clinker shown in Fig. 14.18.a was suc-
cessfully retrofitted by this method [14.8,14.9]. Since the bulk solid enters 
the discharge tube only through the highest row of openings below the top 
surface of the silo contents, only the material within the discharge tube and 
near the top surface of the silo contents moves while discharging the silo 
(Fig. 14.18.b). Thus, a smaller mass of bulk solid is in motion during dis-
charge compared to the situation in the silo prior to the installation of the 
discharge tube. Furthermore, the stresses within the moving bulk solid are 
considerably smaller. Alternatively to the situation in Fig. 14.18, discharge 
tubes can also be placed at silo walls, either inside or outside [14.3]. 

Another example of the reduction of the mass of flowing material is 
shown in Fig. 14.19 [14.1,14.8]. The silo storing 6000 t of coal exhibited 
severe shocks while being discharged simultaneously through all seven 
outlet openings that were evenly distributed over the cross-section. Since a 
mass flow hopper was placed above each outlet opening, the total silo con-
tents came in motion when all openings were active. The shocks could be 
significantly reduced by only activating three outlet openings (in line 
through the silo axis) at the same time. Thereby a wedge-shaped flow zone 
was formed (Fig. 14.19.b).  

Besides the reduction of the mass of the flow zone, the effect of this 
measure is probably also based on the following mechanisms: 

• Above the hopper converging flow (Fig. 14.19.b) develops instead of 
plug flow. This increases the internal shear and, thus, energy dissipation 
in the material so that the acceleration and subsequent deceleration dur-
ing a shock process are less severe.  

• The stresses acting vertically on the (active) mass flow hoppers are sig-
nificantly reduced due to the converging flow. Thus, the shear zones 
which develop in the top part of the hopper (according to region A in 
Fig. 14.6.a) are subjected to smaller stresses. Thus, if slip-stick friction 
in the shear zones in the hopper is the source of the shocks, less elastic 
energy is stored prior to a shock and released during a shock.  
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Fig. 14.19. Silo for storage of 6000 t coal [14.1,14.8] (vertical section through the 
silo axis); a. all (seven) outlet openings are active, plug flow in the vertical sec-
tion; b. only three outlet openings in one line are active leading to funnel flow 
with a converging flow zone  

14.7.2  Regular initiation of small shocks 

In Fig. 14.20 one silo out of a battery of six used to store coal is shown. 
Severe shocks occurred with a period of two minutes when the filling level 
was above 50% [14.11,14.13,14.38]. Although the asymmetrical hoppers 
had relatively steep walls, mass flow was not achieved. Stagnant zones 
were caused by the shallower regions of the hopper, i.e., the less inclined 
parts of the walls as well as the valleys in the pyramidal hopper section be-
ing inclined by up to 28° to the vertical. However, due to the relatively 
steep walls the situation was close to the mass flow boundary (see Sect. 
14.5.2.1).  

Investigations of the shock process have shown that at first bulk solid in 
the upper hopper region was moving (region X, Fig. 14.20), and subse-
quently the material in the vertical section followed. Thus, possible rea-
sons for the shocks were sudden flow of the bulk solid in the stagnant 
zones in region X (reason B, Sect. 14.5.2.1), or a sudden flow along shear 
zones in the flowing bulk solid in region X (reason A, Sect. 14.5.1). The 
shocks had been so strong that shocks in the other five silos were also ini-
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tiated leading to a severe quaking of the complete building containing the 
silos.  

To reduce the shocks four air cannons installed in the upper region of 
the hopper (region X) were activated in a period of one minute. Each time 
the air cannons induced a shock but it was less strong compared to the 
shocks occurring before, because due to the shorter time the stresses in the 
bulk solid could not increase that much (less elastically stored energy). 
This way it also could be avoided that one silo initiated shocks in the other 
silos. However, later the silos had been replaced by new silos [14.13]. 

 

 
Fig. 14.20. Silo with asymmetric, partly pyramid-shaped hopper for storing coal 
(dimensions in millimeters) [14.11,14.38] 

14.7.3  Increasing roughness of the vertical section  

If shocks are caused by sudden flow of the bulk solid on the wall of the 
vertical section due to slip-stick (reason C, Sect. 14.5.3.2), a reduction of 
the shocks and, if the occasion arises, also an elimination of silo honking 



436      14  Silo quaking and silo honking 

can be achieved by increasing the roughness of the wall (see Fig. 14.16) 
[14.16, 14.23]. However, shocks due to shear zones in the hopper (reasons 
A and B) cannot be eliminated by an increased roughness of the wall 
[14.25]. Only a – presumably low – reduction of the effect seems to be 
possible since the rougher cylinder walls subject the bulk solid column to 
higher vertical shear stresses at the wall. Thus, it cannot be accelerated 
downwards as fast, so the vertical stress acting on the bulk solid in the 
hopper is lower.  

14.7.4  Reduction of velocity gradients 

If shocks are initiated by shear zones within the bulk solid (reason A), a 
reduction of the velocity gradients may eliminate the shocks. This is mani-
fested by the example of the en-masse feeder shown in Fig. 14.10, where 
the shear deformation in the bulk solid was reduced by a modification of 
the feeder for more uniform withdrawal.  
 

 
Fig. 14.21. Silo with a mass flow hopper for storage of coal (dimensions in milli-
meters) [14.13] 

If in a mass flow hopper the combination of hopper inclination and wall 
friction is close to the mass flow boundary (i.e., close to funnel flow, see 
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Fig. 10.7), the velocity of the bulk solid at the wall is relatively small and, 
thus, the shear deformation is large. In this case smaller velocity gradients 
can be achieved by a reduction of the wall friction angle (e.g., with an ap-
propriate lining or coating) which may be sufficient to eliminate shocks 
[14.4]. An example for this is given by mass flow silos for the storage of 
coal (Fig. 14.21) which were built to replace the funnel flow silos shown in 
Fig. 14.20. The hopper and the lower part of the vertical section were lined 
with cold-rolled stainless-steel sheets in order to obtain a small wall fric-
tion angle.  

After these new silos came into operation, severe shocks occurred for 
many months [14.13]. Thereafter the shocks disappeared although obvi-
ously the same type of coal was stored and no changes were undertaken at 
the silo. From interviews of the staff it was found that initially the welds of 
the lining protruded into the hopper, but with time the coal smoothed the 
wall and, thus, the protruding welds. Therefore, the initial situation in the 
hopper might have been close to the mass flow boundary so that a large 
velocity gradient prevailed. Due to the increasing smoothness of the wall 
the distance to the mass flow boundary increased, the velocities became 
more uniform, and, thus, the shocks disappeared. This example clearly 
demonstrates how important it is to base mass flow design on wall friction 
tests on realistic wall material samples, and to pay attention to a sufficient 
standard of workmanship regarding the interior surface of the hopper.  

14.7.5  Transforming funnel flow into mass flow 

If in a funnel flow hopper the combination of hopper inclination and wall 
friction is close to the mass flow boundary and shocks occur due to inter-
mittent flow of the stagnant zone (reason B, Sect. 14.5.2.1), mass flow can 
be achieved by reducing the wall friction with the result that also the 
shocks disappear [14.4]. Generally such borderline conditions, i.e., funnel 
flow hoppers with wall slopes close to the mass flow boundary, should be 
avoided.



15  Sample problems and solutions  

15.1  General remarks  

Most equations used in the present chapter are based on simplified as-
sumptions. Thus, the presented results are not as accurate as they might 
seem with respect to the number of decimals. However, the results were 
not rounded so as to make the comparison with the reader’s own calcula-
tions easier. 

The bulk solid properties given in some sample problems may not be 
properties of real bulk solids, but are more favorable from didactic reasons. 
However, this should not reduce the benefit of the examples.  

15.2  Sample problems 

Sample problem 1: Stresses in the vertical section of a silo 

Calculate the horizontal and vertical stresses acting in the vertical section 
of a silo (Fig. 15.1.a: rectangular cross-section of 3 m by 5 m, filling 
height 20 m) 5 m, 10 m, 15 m, and 20 m below the bulk solid surface, 
which is assumed to be horizontal and without surcharge load. Plot the 
stresses vs. coordinate z. What would be the magnitude of the vertical 
stress at infinite depth (z → ∞)? 

Given:  
ρb = 1250 kg/m3, φx = 22°, K = 0.5 

Solution: 

The stresses in the vertical section of a silo (parallel walls) can be calcu-
lated with the Janssen equation (Sect. 9.2.1, Eq.(9.9)): 
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Fig. 15.1: a. Vertical section of a silo; b. stresses vs. vertical coordinate z  

Beside the given bulk solid properties, the cross-sectional area A = 15 m2 
and the circumference U = 16 m have to be entered. For the coordinate z, 
which is equal to zero at the top surface and increases downwards, the val-
ues 5 m, 10 m, 15 m, and 20 m have to be entered. For the calculation of 
the stress at infinite depth, i.e., z → ∞, the exponential term becomes zero. 
Thus the vertical stress is equal to the term before the brackets in Eq.(15.1) 
(according to σv∞ in Eq.(9.12)). 

For the calculation of the horizontal stress, σh, the vertical stress is mul-
tiplied by the stress ratio, K (see Eq.(9.10)): 














−⋅=⋅=

−
A

zUK

x

b
vh

x

e
U

AgK
ϕ

ϕ
ρσσ

tan

1
tan

 (15.2) 



15.2  Sample problems      441 

The results are depicted in Table 15.1. In Fig. 15.1.b the stresses are plot-
ted versus z. It can be clearly seen that already at a depth of 10 m about 
90% of the stress acting at infinite depth (z → ∞) is attained.  

Table 15.1. Stresses in the vertical section 

z [m] σv [Pa] σh [Pa] 
0 0 0 
5 37485 18743 

10 50279 25140 
15 54646 27323 
20 56136 28068 
z → ∞ 56908 28454 

Sample problem 2: Maximum stress in a mass flow silo  

In order to limit particle breakage and attrition, a particular product must 
not flow at stresses higher than 10 kPa. Since the product tends to segre-
gate it is planned to store it in a mass flow silo.  

Assess the maximum diameter, D, of the silo under consideration of the 
stress peak at the transition from the cylindrical section to the hopper.  

Given:  
φx = 30°, φe = 42°, ρb = 760 kg/m3, K = 0.4  

Solution: 

The maximum stress in the cylindrical section is the vertical stress, σv, for 
z → ∞, following from Eq.(9.12): 
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ρσ
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=∞  (15.3) 

At the transition to the hopper a stress peak develops (switch stress, see 
Sect. 9.1.2). Here the orientation of the principal stresses changes: The ma-
jor principal stress along the axis of the cylindrical section is directed ver-
tically, but it is oriented horizontally along the hopper axis. Assuming 
steady-state flow for the bulk solid in the hopper, according to Eq.(9.3) the 
ratio of vertical to horizontal stress at the hopper axis is: 
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Equating the vertical stress at the top of the hopper to the maximum verti-
cal stress in the cylindrical part (σv∞ according to Eq.(15.3)), the maximum 
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stress, namely the horizontal stress, σh,max, at the stress peak can be roughly 
assessed with Eq.(15.4): 
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After substitution of Eq.(15.5) with Eq.(15.3), it follows for the silo diame-
ter: 
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With the values given above the maximum silo diameter is calculated to be 
D = 0.246 m. Since the calculated diameter is very small, it is not practical 
to store the product in a mass flow silo. However, a funnel flow silo would 
also not be a reasonable solution, because similar stresses as in a mass 
flow silo, and even a stress peak, can occur (see Fig. 9.4). An alternative 
solution is considered in sample problem 3.  

Sample problem 3: Discharge tube 

The bulk solid of example problem 2 is to be stored in a silo provided with 
a discharge tube (Fig. 15.2) in order to limit particle attrition. The wall 
friction angle at the internal wall of the discharge tube is 25°. Find the 
maximum diameter, Dtube, of the discharge tube, and the maximum vertical 
distance, a, between the lateral openings. 

Solution: 

In a silo provided with a discharge tube according to Fig. 11.13.a (Sect. 
11.3.3), the material flows only within the discharge tube and close to the 
top surface of the silo filling. Under the assumption that attrition is due to 
the major principal stress acting while in a flowing condition (see example 
in Sect. 8.6) which clearly will not occur outside of a discharge tube at the 
bottom of the silo, here the maximum stresses within the discharge tube 
and at the top surface have to be considered.  

The maximum stress in a discharge tube is the vertical stress at infinite 
depth according to Eq.(11.2): 
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Thus the diameter is: 
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Fig. 15.2. Discharge tube in the vertical section of a silo  

It follows Dtube = 1.0 m for the given bulk solid properties. Thus the diame-
ter of a discharge tube must not be larger than one meter if the maximum 
stress of 10 kPa cannot be exceeded.  

Before the bulk solid enters the discharge tube, it flows close to the top 
surface of the silo filling. The maximum depth, i.e. the maximum vertical 
distance to top surface, is defined by the vertical distance, a, between the 
lateral openings (Fig. 15.2). Flow at the maximum depth takes place when 
the filling level drops below the lower edge of a lateral opening and, thus, 
the next lower lateral opening becomes active. Since the vertical distance, 
a, is small with respect to the silo diameter, D, the vertical stress can be as-
sessed without taking into account wall friction, i.e. the vertical stress is 
calculated similar to the hydrostatic increase of pressure in a liquid). The 
vertical stress is considered here because in a vertical section of a silo, the 
vertical stress is close to the major principal stress (Sect. 9.1.2). Thus, the 
vertical stress at a distance a below the top surface is approximately: 
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ag bv ρσ =  (15.9) 

After rearrangement of Eq.(15.9) it follows a = 1.34 m for the given bulk 
solid properties. Thus the maximum vertical distance between the lateral 
openings is fixed.  

Sample problem 4: Driving force of a feeder 

An en-masse feeder is mounted below the circular outlet opening of a silo 
with a conical hopper (Fig. 15.3). Assess the vertical stress acting on the 
en-masse feeder both in the filling state (after complete filling of the pre-
viously empty silo) and the discharge state. What is the driving force in 
both cases? The friction at the side walls of the feeder can be neglected. 

Given:  
ρb = 1400 kg/m3 
φsf = 48° 
φx,sb = 30° (friction bulk solid/bottom plate) 

d = 1 m (outlet diameter of the conical hopper) 
a = 250 mm (vertical distance between outlet opening and bottom plate) 
 

 
Fig. 15.3. Hopper outlet and en-masse feeder 

Solution: 

In Sect. 9.3 a simple method has been presented for assessment of the driv-
ing force of an en-masse feeder, i.e. the force necessary to move the chain 
below the outlet (Eq.(9.32)). Since en-masse feeders are mostly connected 
to rectangular outlet openings, Eq. (9.32) contains the dimensions of an 
outlet slot, namely length, L, and width, b. To adjust the equation to the 
present problem, the area of the outlet slot, L·b, is replaced by the area of 
the circular outlet, d2·π/4. Furthermore, the friction at the side walls is ne-
glected so that the second term in Eq.(9.32) can be omitted. Thus the driv-
ing force is: 
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( ) ( )sbxvbsfvah ddF ,
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4 tantan ϕσϕσ ππ +=  (15.10) 

The vertical stress at the outlet opening can be roughly assessed for both 
the filling state and the discharge state with Eq.(9.26a) in Sect. 9.2.4: 

dg bva ρσ ⋅= 2.0  (15.11)

With the given parameters it follows σva = 2747 Pa for the discharge state. 
The vertical stress in the filling state can be five to ten times the vertical 
stress in the discharge state (note that this is a rather crude approximation, 
see Sect. 9.2.4). Thus the vertical stress in the filling state can be up to 
σva = 27470 Pa. 

Due to the weight of the bulk solid layer between outlet opening and 
bottom plate, the vertical stress acting on the bottom plate is greater than 
that at the outlet opening. Since the height/diameter ratio of the bulk solid 
layer is small, a hydrostatic increase of stress is assumed. The height of the 
bulk solid layer is equal to a (Fig. 15.3). Thus the vertical stress at the bot-
tom plate is: 

ag bvavb ρσσ +=  (15.12)

If follows σvb = 6180 Pa for the discharge state and up to σvb = 30900 Pa 
for the filling state. After having determined all stresses in Eq.(15.10), the 
driving force, Fh, amounts to 5198 N for the discharge state and up to 
37973 N for the initial discharge starting from the filling state.  

Sample problem 5: Press 

Cylindrical compacts (diameter D = 8 cm) have to be formed with a press 
(Fig. 15.4). Find the force F required to ensure that everywhere in the 
compact a vertical stress of at least 1.5 MPa is acting. This has to be calcu-
lated for compact heights, h, of 4 cm, 8 cm, 16 cm, 32 cm, and 64 cm (h: 
height after compaction). What can be concluded from the results with re-
spect to the height of the compacts?  

Given: 
ρb = 600 kg/m3, φx = 23°, K = 0.4 

Solution: 

The bulk solid in the press is compacted by the upper punch which exerts a 
vertical surcharge stress on the top surface of the bulk solid. Thus Eq.(9.8) 
has to be used for calculation of stresses: 
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Fig. 15.4. Press with compact of height h 

Since the vertical stress acting on the top of the compact is much higher 
than σv∞ according to Eq.(9.12), the vertical stress will decrease from top 
to bottom. Thus the smallest vertical stress is acting at the bottom of the 
compact, i.e., at z = h (z is the vertical coordinate increasing in the down-
ward direction, see Fig. 9.8). For determination of the required surcharge 
stress, σv0, Eq.(15.13) is rearranged, whereby the ratio of cross-sectional 
area to circumference, A/U, is replaced by D/4: 
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With the parameters given above and σv = 1.5 MPa = 1.5·106 Pa one ob-
tains an equation for the surcharge stress, σv0, as a function of compact 
height, h: 

( ) m
49.86

0 Pa693Pa105.1Pa693
h

v e⋅−⋅+=σ  (15.15) 

Force F, which has to be applied by the upper punch, is equal to the prod-
uct of the cross-sectional area of the compact and the surcharge stress, σv0: 



15.2  Sample problems      447 

v0v0 dF σσ π ⋅⋅=⋅= − 232
4 m1003.5  (15.16) 

Note that “Pa” and “m” in the above equations are units. The results are 
shown in Table 15.2. 

Table 15.2. Surcharge stress and vertical force for different compact heights, h  

h [m] σv0 [kPa] F [kN] 
0.04 2106 10.6 
0.08 2958 14.9 
0.16 5833 29.3 
0.32 22687 114.0 
0.64 343300 1725.6 
 
The conclusion from the results is that it is not possible to produce com-
pacts with a large height/diameter ratio, because the required force in-
creases exponentially with compact height (see Sect. 9.2.2). 

Sample problem 6: Stresses in combined bins 

Find the vertical and horizontal stresses acting at the top and bottom of the 
lower cylinder (Fig. 15.5.a) after filling, i.e., before discharge is started. 
Plot both the vertical and horizontal stress (σh and σv) versus height.  

Given: 
ρb = 850 kg/m3, φx = 25°, K = 0.4 

Solution: 

The stresses in the upper cylinder are calculated like the vertical section of 
a silo (without surcharge load). The bulk solid in the lower cylinder is sub-
jected to a surcharge load from material in the upper cylinder.  

For the upper cylinder the Janssen equation without surcharge load ac-
cording to Sect. 9.2.1, Eq.(9.9), is applied. Substituting the ratio of cross-
sectional area to circumference, A/U, of the upper cylinder with d1/4 gives: 
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With the parameters given above one obtains the vertical stress at the bot-
tom of the upper cylinder σv(z1 = h1 = 4 m) = 17.33 kPa. This stress is act-
ing on the top level of the bulk solid in the lower cylinder as a surcharge 
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stress, σv0. The horizontal stress at the bottom of the upper cylinder results 
from multiplying the vertical stress with the stress ratio, K:  

vh K σσ ⋅=  (15.18)

With K = 0.4 Eq.(15.18) leads σh(z1 = h1 = 4 m) = 6.93 kPa.  
 

 
Fig. 15.5. a. Combination of two cylindrical bins; b. calculated vertical and hori-
zontal stresses 

The stresses in the lower cylinder are determined with the Janssen equation 
with surcharge load, Eq.(9.8). Substituting the ratio of cross-sectional area 
to circumference of the lower cylinder with d2/4, Eq.(9.8) gives: 
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Note that Eq.(15.19) is valid only for the lower cylinder, and coordinate z2 
is zero at the top of the lower cylinder. With the surcharge stress σv0 = 
17.33 kPa and the other parameters given above one obtains the vertical 
stress at the bottom of the lower cylinder σv(z2 = h2 = 0.8 m) = 7.36 kPa. 
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The corresponding horizontal stress is σh(z2 = h2 = 0.8 m) = 2.94 kPa ac-
cording to Eq.(15.18). 

Values of vertical and horizontal stresses in both cylinders can be calcu-
lated with Eqs.(15.17) to (15.19). The results are plotted in Fig. 15.5.b.  

It has to be remarked that a compressible bulk solid is compressed even 
during filling due to increasing stresses. Compression of the bulk solid in 
the lower cylinder causes bulk solid located above the lower cylinder to 
flow downwards. Thus an arched stress field builds up in the flowing bulk 
solid similar to Fig. 9.4.d leading to a reduction of vertical stress at the 
transition to the lower cylinder.  

Sample problem 7: Stresses in FIBCs and sacks on pallets 

A bulk solid is stored in FIBCs (FIBC: flexible intermediate bulk con-
tainer) or in sacks packed on pallets (Fig. 15.6) before being shipped to a 
customer. Since caking of the material during storage especially in the lo-
wer part of the FIBCs and in the sacks close to the pallet is observed, the 
problem is to be investigated. To do this, time consolidation tests have to 
be run where the storage conditions are simulated. What is the appropriate 
consolidation stress for the tests? 

Given: 
ρb = 980 kg/m3 

 

 
Fig. 15.6. a. FIBC (flexible intermediate bulk container); b. sacks on a pallet 

Solution:  

If a bulk solid is stored in a flexible container located on the ground, the 
flexible walls cannot support the bulk like stiff silo walls. Thus the vertical 
stress, which can be regarded approximately as the major principal stress, 
increases linearly with vertical coordinate z: 

zgσ bv ρ=  (15.20)
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Thus the maximum vertical stress is acting at the bottom of the FIBC. For 
a filling height h = 1 m Eq.(15.20) gives the vertical stress at the bottom 
σv = 9.6 kPa. 

The same principle can be applied to the storage of sacks on pallets 
since the lowest layer of sacks supports all sacks located above. Thus the 
highest vertical stress is found in the lower part of a sack in the lowest lay-
er. For a total height of 1 m (Fig. 15.6.b) one obtains the same maximum 
vertical stress as for the FIBC, i.e., σv = 9.6 kPa. To simulate these condi-
tions in a time consolidation test, the consolidation stress should be about 
9.6 kPa.  

Sample problem 8: Discharge rate 

A bulk solid is flowing through the outlet of a conical mass flow hopper. 
The outlet diameter is d = 200 mm, and the hopper slope is Θc = 20° meas-
ured from vertical. Assess the maximum discharge rate (mass flow rate).  

Given:  
ρb = 1450 kg/m3, particle size: 5 mm (non spherical particles).  

Solution: 

The discharge rate from a circular outlet opening can be roughly assessed 
with Eq.(12.5):  

( ) 5.2kxdgCm b −= ρ&  (15.21)

With C = 0.55 and k = 3 and the parameters given above the mass flow rate 
is 36.8 kg/s and 132.4 t/h, respectively. Here the parameters C and k are 
chosen so that the result is conservative, i.e. the calculated discharge rate is 
at the lower boundary of Eq.(12.5).  

A second method to assess the discharge rate from a mass flow hopper 
is provided by Eq.(12.6) where, in contrast to Eq.(12.5), the slope of the 
hopper wall is taken into account: 

( ) Θb kkxdgm 5.258.0 −= ρ&  (15.22) 

Parameter k is equal to 2.4 for non spherical particles. kΘ depends on the 
hopper slope and is kΘ = (tan Θc)

-0.35 = (tan 20°)-0.35 = 1.424.  
Thus the discharge rate is 57.5 kg/s or 210 t/h, respectively. The differ-

ence from the results of Eq.(15.21) is mainly caused by consideration of 
hopper slope (factor kΘ).  
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Sample problem 9: Selection of a wall material for mass flow 

Segregation is observed in a funnel flow silo with conical hopper (hopper 
slope angle Θc = 20°). It has to be checked with laboratory tests if mass 
flow can be obtained with a coating (A or B) or a lining (cold-rolled 
stainless steel) of the hopper walls. The results of the wall friction tests are 
depicted in Table 15.3. 

Table 15.3. Wall materials and wall friction angles, φx 

Wall material φx 
Coating A 22° 
Coating B 28° 
Lining (stainless steel) 26° 
 
Measurement of a yield locus in the relevant stress range gives the effec-
tive angle of internal friction φe = 35°. Which of the tested wall materials 
is appropriate to enable mass flow with the present hopper slope? Find the 
maximum hopper wall slopes ensuring mass flow for the tested wall mate-
rials.  

Solution: 

The pairs of values of the hopper slope, Θc = 20°, and the wall friction an-
gles, φx, measured for the individual wall materials (Table 15.3) are plotted 
in the mass flow diagram for conical hoppers (Fig. 15.7). One can clearly 
see that mass flow will prevail only with coating A. The points represent-
ing coating B and the stainless steel lining are located in the funnel flow 
region.  

The maximum hopper wall slope for mass flow can be determined with 
the mass flow diagram for conical hoppers (Fig. 15.7). Alternatively the 
flow factor diagrams can be used where the mass flow boundary is plotted 
in each diagram for one particular value of effective angle of internal fric-
tion, φe.  

First the hopper slope angle, Θc, on the mass flow boundary is deter-
mined. The relevant boundary follows from the effective angle of internal 
friction, φe. In the case under consideration it has to be interpolated be-
tween the boundaries for φe = 30° and φe = 40°. This yields the angles de-
picted in the second column of Table 15.4. Assuming that the properties of 
the bulk solid and the wall surface are well-defined and do not change with 
time (Sect. 10.3.1), the values have to be reduced by a safety margin of 2° 
to 3°. Thus the hopper slope angles should not be greater than the values 
given in the third column of Table 15.4.  
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Table 15.4. Wall materials and maximum hopper slope for mass flow 

Wall material Θc (boundary) Θc (safety margin included) 
Coating A 25° 22° 
Coating B 13° 10° 
Lining (stainless steel) 18° 15° 
 

 

 
Fig. 15.7. Combinations of hopper wall slopes and wall materials (see black cir-
cles) in the mass flow diagram for conical hoppers.  

Sample problem 10: Design of a mass flow silo 

The flow properties of a bulk solid have been determined with a shear tes-
ter in order to design a mass flow silo. As a result three yield loci and a 
wall yield locus have been measured. The wall friction angle, φx, is equal 
to 25° in the investigated stress range. The results of the yield locus tests 
are listed in Table 15.5.  

Table 15.5. Flow properties 

Yield locus no. σ1 [Pa] σc [Pa] ρb [kg/m3] φe [°] φlin [°] 
1 4200 3100 880 50 26 
2 8700 4350 935 50 36 
3 14000 5760 965 50 39 
4 27500 7050 980 50 40 
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Find the maximum hopper slope angles for conical and wedge-shaped 
hoppers. What are the minimum outlet dimensions to avoid arching?  

Solution: 

First the maximum hopper slope angles for mass flow have to be deter-
mined. Since the effective angle of internal friction, φe, is equal to 50° and 
thus constant in the investigated stress range, the flow factor diagram for 
φe = 50°, which contains the mass flow boundary, can be used. Figure 15.8 
shows the diagram for conical hoppers. For a wall friction angle φx = 25° 
one finds the value Θc = 20.5° (point A) at the mass flow boundary. This 
value has to be reduced by a safety margin (assuming that the properties of 
the bulk solid and the wall surface are well-defined and do not change with 
time (Sect. 10.3.1), a safety margin of 2° to 3° may be sufficient). Thus a 
hopper slope angle Θc = 18° is chosen (point B). 
 

 
Fig. 15.8. Flow factor diagram for conical hoppers and φe = 50° 

The maximum hopper slope of a wedge-shaped hopper is determined in 
the same way using the flow factor diagram in Fig. 15.9. One finds a ma-
ximum hopper slope Θp = 26.5° (see Fig. 15.9, point A). A safety margin 
need not be considered here because it is already contained in Jenike’s 
mass flow boundaries for wedge-shaped hoppers (see Sect. 10.3.1).  
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Fig. 15.9. Flow factor diagram for wedge-shaped hoppers and φe = 50° 

In the next step the minimum outlet dimensions to avoid arching are de-
termined. Therefore the unconfined yield strength, σc, bulk density, ρb, and 
effective angle of internal friction, φe, are plotted against consolidation 
stress, σ1 (Fig. 15.10). It is recommended to draw the diagrams above each 
other with the same scale of the σ1 axis, and to use the same scale for σc 
and σ1.  

Then segments of straight lines or curves are plotted through the meas-
ured points. The points in Fig. 15.10 are connected by straight lines. To-
wards smaller and larger stresses the lines are extrapolated (broken lines), 
whereby the slope of the neighboring straight section is applied.  

Next the bearing stress of a stable arch, σ1’, must be plotted in the σc,σ1 
diagram. The bearing stress is calculating with the equation (Sect. 10.3.1): 

ff
σ

'σ 1
1 =  (15.23)

The flow factor, ff, has to be determined from the appropriate flow factor 
diagrams for both a conical and a wedge-shaped hopper. Thus for the 
points representing the wall friction angle and the chosen hopper slope an-
gle (point B in Fig. 15.8, point A in Fig. 15.9) the flow factor, ff, is deter-
mined with the help of the curves for ff = constant by interpolation or, 
which is easier to do, by setting ff equal to the next higher value of ff. The 
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latter provides some additional safety against arching and avoids a too 
small ff value caused by false interpolation.  

Using the next higher value of ff, one obtains ff = 1.3 for the conical 
hopper (point B in Fig. 15.8) and ff = 1.2 for the wedge-shaped hopper 
(point A in Fig. 15.9). Thus the arch bearing stress can be plotted accord-
ing to Eq.(15.23) as a straight line running through the origin for both hop-
per shapes (Fig. 15.10).  

The bearing stress intersects with the part of the flow function extrapo-
lated to the left. From the point of intersection one obtains the “critical” 
values of consolidation stress, σ1,crit, and the corresponding values of un-
confined yield strength, σc,crit, bulk density, ρb,crit, and effective angle of in-
ternal friction, φe,crit. For reasons of clarity the point of intersection and the 
determination of critical values is shown in Fig. 15.10 only for a wedge-
shaped hopper, i.e. for ff = 1.2 (see squares in Fig. 15.10). The critical val-
ues, characterized with the index “crit”, represent the consolidation stress 
and flow properties at the outlet opening of minimum (critical) dimen-
sions. Table 15.6 shows the critical values for both hopper shapes consid-
ered here.  

Table 15.6. “Critical” parameters at the intersection of bearing stress and flow 
function (values taken from Fig. 15.10) 

Hopper shape σ1,crit [Pa] σc,crit [Pa] ρb,crit [kg/m3] φe,crit [°] 
Conical 3925 3025 877 50 
Wedge-shaped  3500 2900 872 50 
 
The minimum outlet dimensions to avoid arching are calculated from the 
critical values (Table 15.6) with Eqs.(10.7a/b): 

critb
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Factor H(Θ) is taken from the diagram in Fig.10.13. The resulting mini-
mum (critical) outlet dimensions are listed in Table 15.7.  

Table 15.7. Function H(Θ) and minimum outlet dimensions  

Hopper shape H(Θ)  dcrit; bcrit [m] 
Conical 2.30 0.81 
Wedge-shaped 1.13 0.38 
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Fig. 15.10. Diagrams showing flow properties for the determination of minimum 
outlet dimensions to avoid arching (measured values are plotted as circles; squares 
represent critical values according to the point of intersection of the flow function 
with the major stress in a stable arch, σ1’)  

Sample problem 11: Design of a funnel flow silo 

A funnel flow silo with conical hopper has to be designed for the bulk so-
lid of sample problem 10, whereby both the lower and upper bounds of the 
rathole diameter have to be determined. The bulk solid is assumed to ex-
hibit no time consolidation. The diameter of the silo is D = 3 m, the maxi-
mum filling level for filling conditions, i.e., before material is discharged, 
is hf = 6 m. 
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Solution: 

The slope of the hopper walls must be sufficiently steep to ensure com-
plete discharge by gravity. Thus Eq.(10.8) has to be applied: 

xcdΘ ϕ−°= 65  (15.26)

With the wall friction angle φx = 25° it follows Θcd = 40°, i.e., the hopper 
walls have to be inclined by 40° from vertical to ensure complete empty-
ing.  

The minimum outlet dimension to avoid ratholing is calculated with 
both procedures outlined in Sect. 10.3.2, i.e., the lower bound value as well 
as the upper bound value of the rathole dimension is determined. 

For the determination of the lower bound value the circumferential 
stress (major principal stress) in the rathole wall, σ1’’, is plotted in the σc,σ1 
diagram (Sect. 10.3.2): 

ff
σ

''σ 1
1 =  (15.27)

The flow factor for ratholing, ffp, follows from: 
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 (15.28)

φi is approximated by the slope angle of the linearized yield locus, φlin. Fol-
lowing the table in sample problem 10, φlin is dependent on the consolida-
tion stress. Since the critical consolidation stress, i.e. the consolidation 
stress corresponding to the minimum outlet dimensions, is not known prior 
to the design procedure, first φlin must be estimated. Assuming φlin = 30°, 
one obtains f(φi = φlin = 30°) = 2.4 from Fig. 10.16. Then Eq.(15.28) yields 
the flow factor ffp = 1.38. Since ffp should not be smaller than 1.7, it fol-
lows ffp = 1.7. This allows one to plot the major stress in the rathole walls, 
σ1’’, according to Eq.(15.27) in the σc,σ1 diagram (Fig. 15.11).  

The intersection of the major stress in the rathole wall with the flow 
function yields a critical consolidation stress, σ1,crit, and the corresponding 
critical values of unconfined yield strength, σc,crit, bulk density, ρb,crit, effec-
tive angle of internal friction, φe,crit and the angle of the linearized yield lo-
cus, φlin,crit (see squares in Fig. 15.11 and values in Table 15.8).  

Table 15.8. “Critical” values at the intersection of the major stress in the rathole 
wall with the flow function 

σ1,crit [Pa] σc,crit [Pa] ρb,crit [kg/m3] φe,crit [°] φlin,crit [°] 
6200 3650 910 50 30 
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Fig. 15.11. Diagrams showing flow properties for the determination of the lower 
bound of the minimum outlet dimension to avoid ratholing (measured values are 
plotted as circles; squares represent critical values according to the point of inter-
section of the flow function with the major stress in the wall of a stable rathole, 
σ1’’)  
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The initially estimated value of φlin is equal to the finally determined value. 
If this were not the case, the design procedure would have to be repeated 
with the determined value φlin,crit as the new estimated value. This has to be 
repeated until the estimated value is equal to the determined value of φlin 
(iteration). 

The lower bound value of the minimum outlet dimension to avoid rat-
holing is calculated from the critical values with Eq.(10.13): 

critb
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icrit ρg

σ
fD

,

,)(
⋅

= ϕ  (15.29)

With the critical values from Table 15.8 one obtains Dcrit = 0.98 m. As ex-
pected, the critical outlet diameter to avoid ratholing (even the lower 
bound value) is larger than the outlet diameter dcrit required to avoid arch-
ing in a conical mass flow hopper (Table 15.7). However, it must be noted 
that the lower bound value of Dcrit may be approached only if the silo is be-
ing discharged while being filled (see Sect. 10.3.2).  

For determination of the upper bound value of the outlet dimension to 
avoid ratholing the filling stress at the bottom of the silo has to be esti-
mated with Janssen’s equation (see Sect. 10.3.2):  
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With maximum filling height, hf = 6 m, ratio of cross-section to perimeter, 
A/U = D/4 = 0.75 m, wall friction angle, φx = 25°, maximum bulk density 
in the investigated stress range, ρb = 980 kg/m3, and K = 0.5 (assumed; 0.4 
or 0.5 are typical values of K, see Sect. 9.2.3) one obtains the critical con-
solidation stress σ1,crit = 26.14 kPa. The maximum bulk density has been 
used because filling stresses are usually relatively high. Critical values of 
unconfined yield strength, σc,crit, bulk density, ρb,crit, and angle of the lin-
earized yield locus, φlin,crit (substitute for φi) corresponding to σ1,crit are then 
determined from the functions in Fig. 15.12 (see squares in the diagrams; 
values are listed in Table 15.9).  

Table 15.9. “Critical” values for major stress at the bottom of the silo (filling con-
ditions, filling height hf = 6 m) 

σ1,crit [Pa] σc,crit [Pa] ρb,crit [kg/m3] φlin,crit [°] 
26140 6900 979 40 
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Fig. 15.12. Diagrams showing flow properties for determination of upper bound of 
minimum outlet dimension to avoid ratholing (measured values are plotted as cir-
cles; squares represent critical values according to the maximum consolidation 
stress for filling conditions)  

The bulk density ρb = 980 kg/m3 used for estimation of major consolida-
tion stress, σ1,crit, is almost equal to the critical value in Table 15.9. Since 
bulk density increases from the top to the bottom of the silo filling accord-
ing to the increase of consolidation stress (Fig. 10.18), the major consoli-
dation stress at the bottom may be overestimated somewhat which pro-
vides some additional safety. If the bulk density used for the estimation of 
consolidation stress would have been smaller than the critical value, the 
calculation would have to be repeated with a higher bulk density. 



15.2  Sample problems      461 

The upper bound value of minimum outlet dimension to avoid ratholing 
is calculated from the critical values in Table 15.9 using Eq.(15.29). Thus 
the value of function f(φi) has to be determined with Fig. 10.16: f(φi = φlin 
= 40°) = 3.6. Finally one obtains the upper bound value Dcrit = 2.59 m. 
This diameter is clearly larger than the lower bound value (Dcrit = 0.98 m), 
which is a result of the higher consolidation stress in the state of filling 
(see Sect. 10.3.2).  

Sample problem 12: Design of a silo under consideration of 
time consolidation  

A mass flow silo with conical hopper has to be designed for the storage of 
a bulk solid tending to time consolidation. Arching has to be avoided even 
after three days storage at rest. The flow properties, which have been 
measured with a shear tester, are plotted in diagrams (Fig. 15.13). The wall 
yield locus (also shown in one of the diagrams in Fig. 15.13) does not run 
through the origin. Thus the wall friction angle, φx, is dependent on the 
wall normal stress.  

Find the maximum hopper slope for mass flow and the minimum outlet 
opening to avoid arching for storage times up to three days. 

Solution: 

First the hopper slope for mass flow has to be determined. This is 
somewhat more difficult than in problem 10, because the wall friction an-
gle, φx, as well as the effective angle of internal friction, φe, are dependent 
on the stress level. For mass flow design the flow properties (φx, φe) at the 
stresses acting close to the outlet opening have to be applied. Since the 
stress at the outlet opening is not known when starting the design proce-
dure, the flow properties at the outlet have to be estimated.  

In order to obtain a realistic estimation, the following procedure is rec-
ommended: The flow factor, ff, required to plot the ff line representing the 
major principal stress in the arch, is often on the order of 1.2 to 1.4. Thus 
one can plot a preliminary ff line, for example, with ff = 1.3 (see dotted line 
in the σc,σ1 diagram in Fig. 15.13). The ff = 1.3 line intersects the flow 
function (extrapolated to the left) at about σ1 = 3 kPa. The corresponding 
effective angle of internal friction is φe = 47°. Since the wall normal stress 
is somewhat smaller than the major principal stress (see Fig. 10.14), the 
wall normal stress is estimated to about 80% of the major principal stress, 
thus σw = 2.4 kPa. The corresponding wall friction angle is φx = 26° (de-
termined from the wall yield locus according to Sect. 3.3.2). 
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Fig. 15.13. Diagrams showing flow properties for the determination of the mini-
mum outlet dimensions to avoid arching (measured values are plotted as circles; 
squares represent the finally determined critical values according to the point of 
intersection of the flow function with the major stress in a stable arch, σ1’) 

On the basis of estimated values the maximum hopper wall slope from ver-
tical can be determined with the diagram in Fig. 10.6: Θc = 19.5°. After 
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subtraction of the safety margin (assuming that the properties of the bulk 
solid and the wall surface are well-defined and do not change with time 
(Sect. 10.3.1), a safety margin of 2° to 3° may be sufficient) one obtains 
Θc = 17°.  

The flow factor, depending on the hopper shape and the bulk solid, is 
determined with the flow factor diagrams for conical hoppers and effective 
angles of internal friction of 40° and 50° (Figs. 10.10 and 10.11): 

ff(φx = 26°, φe = 40°, Θc = 17°) = 1.45 
ff(φx = 26°, φe = 50°, Θc = 17°) = 1.28 

Interpolation leads to a flow factor ff = 1.33 for φe = 47°. The correspond-
ing ff = 1.33 line according to Eq.(10.4), representing the major stress in 
the arch, σ1’, intersects the flow function at σ1,crit = 2.9 kPa. For this con-
solidation stress one obtains the critical values of unconfined yield 
strength, bulk density and effective angle of internal friction shown in Ta-
ble 15.10.  

Table 15.10. “Critical” parameters at the intersection of the flow function with the 
ff line  

σ1,crit [Pa] σc,crit [Pa] ρb,crit [kg/m3] φe,crit [°] φx,crit [°] 
2900 2200 1240 47 26 
 
For the determination of wall friction angle corresponding to the critical 
consolidation stress, σ1,crit, it has to be considered that the direction of the 
wall normal stress, σw, is different from the direction of the major principal 
stress at the wall. Therefore the wall friction angle has to be determined 
with a procedure according to Fig. 10.14: The effective yield locus for 
φe,crit = 47° is drawn through the origin of the wall yield locus diagram. 
Then a Mohr stress circle is drawn tangential to the effective yield locus 
with a major principal stress equal to σ1,crit (σ1,crit is plotted on the σw axis). 
This Mohr stress circle represents steady-state flow at the outlet opening. 
The right point of intersection of the Mohr stress circle with the wall yield 
locus represents conditions at the hopper wall close to the outlet opening 
resulting in a wall friction angle of φx,crit = 26°.  

Since both φe,crit and φx,crit are equal to the values φe and φx, estimated at 
the beginning of the design procedure, further calculations are not neces-
sary. If the latter were not the case, one would have to repeat the procedure 
using φe,crit and φx,crit as new estimates (iteration). 

The minimum outlet diameter to avoid arching follows from Eq.(10.7a) 
with the critical values of Table 15.10 : 
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According to Fig. 10.13, the factor H(Θc = 17°) is equal to 2.3. Therefore 
the minimum outlet diameter to avoid arching is dcrit = 0.4 m.  

For the storage time at rest of three days a time flow function σct = 
σc(σ1,t) has been measured (Fig. 15.13). It is located clearly above the (in-
stantaneous) flow function due to the pronounced increase of unconfined 
yield strength with time. Thus the point of intersection with the ff line is 
shifted towards larger values of σc and σ1. When determining the minimum 
outlet diameter with this point, it has to be considered that due to the larger 
consolidation stress the flow properties (e.g., the effective angle of internal 
friction and the wall friction angle) may be different from those deter-
mined for the point of intersection with the instantaneous flow function. 
Thus a different maximum hopper slope for mass flow can result for the 
larger outlet opening. Therefore, the whole design procedure as shown 
above for the instantaneous flow function must be repeated for the time 
flow function.  

First the point where the time flow function intersects the ff line is esti-
mated with ff = 1.3 (dotted line in the σc,σ1 diagram; see Fig. 15.14). This 
point is found at σ1 = 5 kPa. The corresponding flow properties are 
φe = 45° and φx = 22°. These values lead to a maximum hopper slope for 
mass flow of Θc = 22° (safety margin included). Then the flow factor is de-
termined: ff = 1.40. The critical values found for ff = 1.40 (see squares in 
Fig. 15.14) are depicted in Table 15.11. 

Table 15.11. “Critical” parameters at the intersection of the ff line and the time 
flow function for 3 days storage time  

σ1,crit [Pa] σct,crit [Pa] ρb,crit [kg/m3] φe,crit [°] φx,crit [°] 
5800 4200 1280 44 22 

Table 15.12. Critical outlet diameters and corresponding hopper slopes 

Max. storage time  
at rest, t [days] 

Outlet diameter, 
 dcrit [m] 

Max. hopper slope, Θc [°], 
according to dcrit  

0 0.40  17 
3 0.79 22 
 
The difference between the estimated φe and the critical value φe,crit 
amounts to only 1°. Thus a new calculation with φe,crit would lead to nearly 
the same results.  
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With H(Θc = 22°) = 2.35 the outlet diameter to avoid arching after three 
days storage at rest is dcrit = 0.79 m. Table 15.12 shows all results of the 
silo design procedure.  
 

 
Fig. 15.14. Diagrams with flow properties for silo design; determination of the 
outlet size for 3 days storage at rest. The circles represent test results, the squares 
represent the points of intersection for the critical values determined finally. 



Symbols 

Please note: Units are presented as SI base units or SI derived units (SI: 
Système international d'unités; see ISO 1000 “SI units and recommenda-
tions for the use of their multiples and of certain other units”).  

 
a  [m]  distance 
a  [m/s2]  acceleration 
A  [m2]  area 
b [m] width 
bE [m] width of a wedge-shaped insert 
bcrit [m] critical outlet width to avoid arching, i.e., the minimum 

width of a rectangular outlet opening to avoid arching 
B [m] width (of the vertical section of a silo with rectangular 

cross-section) 
c  [N/m]  spring constant 
d [m] diameter, particle diameter 
dcrit [m] critical outlet diameter to avoid arching, i.e., the mini-

mum diameter of a circular outlet opening to avoid arch-
ing 

df [m] diameter of the flow zone 
D [m] diameter; silo diameter 
Dcrit [m] critical outlet diameter to avoid ratholing, i.e., the mini-

mum diameter of a circular outlet opening or the mini-
mum length of the diagonal of a rectangular outlet open-
ing to avoid ratholing 

fc  [Pa]  compressive strength; unconfined yield strength (also: σc) 
F  [N]  force 
FA  [N]  counterweight force (ring shear tester); supporting force 
FD  [N]  compressive force 
FF  [N]  centrifugal force 
FG  [N]  weight force 
Fh  [N]  driving force (feeder) 
FK  [N]  contact force 
FN  [N]  normal force 
Fp  [N]  drag force 
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FR  [N]  resultant force; friction force 
FS  [N]  shear force 
FT  [N]  tangential force 
Fv [N] vertical force 
FZ  [N]  tensile force 
ff  [-]  flow factor (depending on flow properties and hopper ge-

ometry) 
ffc  [-]  flowability, calculated from the ratio of consolidation 

stress, σ1, to compressive strength, σc 
ffρ  [-]  density-weighed flowability 
g  [m/s2]  acceleration due to gravity, g = 9.81 m/s2 
h  [m]  height; layer height; specimen height 
H  [-]  Hausner ratio 
hf [m] filling height 
hs [m] height of shear zone 
K [-]  (lateral) stress ratio, i.e., ratio of horizontal stress to mean 

vertical stress in the vertical section of a silo (λ in Ger-
man code DIN 1055-6 (1987) [1.5]) 

K0  [-]  (lateral) stress ratio without influence of wall friction (ra-
tio of minor to major principal stress) 

KI [-]  compressibility index 
L [m]  length; length of a rectangular outlet opening  
m [kg] mass 
m [-] parameter describing hopper geometry (m = 0: wedge-

shaped; m = 1: conical) 
M [Nm] torque, bending moment 
m&  [kg/s] discharge rate, flow rate 
n [-] number 
p [Pa] gas pressure 
pe [Pa] gas overpressure (relative to ambient pressure) 
r [m] radius; radius of a roughness; polar coordinate 
R [m] radius; particle radius (sphere) 
Ra [m] arithmetic average roughness (arithmetic average of the 

absolute deviations from the mean surface level) 
S [-] degree of saturation 
t [s] time; storage time  
u [m/s] velocity  
U  [m]  circumference; perimeter 
v [m/s] velocity  
vs [m/s] shear velocity  
V [m3] volume 
w [m/s] superficial gas velocity  
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wL [m/s] minimum fluidizing velocity  
ws [m/s] steady-state settling velocity  
W [J] work, energy 
x  [m] coordinate; particle size; horizontal eccentricity of an in-

sert  
x50  [m] mass median of particle size distribution 
y  [m] coordinate 
z  [m] coordinate  
za [m]  vertical displacement (discharge device, feeder) 
zs [m]  vertical displacement (silo) 
α [°] angle; characteristic angle of a liquid bridge 
β [°] angle  
δ [°] angle 
γ [°] angle characterizing shear deformation 
2/γ&  [1/s] shear rate 

ε [-] porosity, void ratio 
ε&  [1/s] strain rate 
Θ  [°] inclination of a hopper wall to the vertical 
Θap [°] inclination of the inclined wall of a asymmetric wedge-

shaped hopper to the vertical  
Θc [°] inclination of the wall of a conical hopper to the vertical 

(also: hopper half-angle) 
Θcd  [°] maximum inclination of a hopper wall for complete 

clearance due to gravity (measured to the vertical) 
Θp  [°] inclination of the side walls of a wedge-shaped hopper to 

the vertical (also: hopper half-angle) 
Θv  [°] valley angle, i.e., slope of the corner of a pyramidal hop-

per to the vertical  
λ [-]  (lateral) stress ratio (according to DIN 1055 part 6 (1987) 

[1.5]; internationally known as K) 
µ  [-] friction coefficient  
µ0  [-] coefficient of static friction 
ν [°] angle of dilation  
ρb  [kg/m3] bulk density 
ρb0  [kg/m3] aerated density; bulk density of a loose, uncompressed 

bulk solid 
ρf  [kg/m3] fluid density 
ρs  [kg/m3] solid density 
ρt  [kg/m3] tap density 
σ [Pa]  normal stress 
σsh  [Pa]  normal stress at shear to failure 
σpre  [Pa]  normal stress at preshear 
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σα  [Pa]  normal stress in a cutting plane inclined to the horizontal 
by angle α  

σc  [Pa]  compressive strength; unconfined yield strength (also 
known as fc) 

σct  [Pa]  unconfined yield strength attained after time consolida-
tion; σct = σc(σ1,t) 

σh  [Pa]  horizontal stress  
σhm  [Pa]  mean horizontal stress 
σt  [Pa]  tensile strength 
σv  [Pa]  vertical stress 
σva  [Pa]  vertical stress at the outlet opening 
σvE,spec  [Pa] specific insert load 
σv∞ [Pa]  final or asymptotic stress, i.e., the vertical stress in the 

vertical section of a silo in infinite depth 
σw [Pa]  wall normal stress 
σ1 [Pa]  major principal stress 
σ1’ [Pa]  major stress in an arch 
σ1’’ [Pa]  circumferential stress in the wall of a rathole  
σ2 [Pa]  minor principal stress 
σ3 [Pa]  mean principal stress 
τad [Pa] adhesion (shear stress at the intersection of the wall yield 

locus with the shear stress axis) 
τsh  [Pa]  maximum shear stress at shear to failure 
τpre  [Pa]  shear stress at the end of preshear (steady-state flow) 
τc [Pa] cohesion (shear stress at the intersection of the yield lo-

cus with the shear stress axis) 
τsf [Pa] shear stress at steady-state flow 
τw [Pa] wall shear stress 
τxy [Pa] shear stress (parallel to y axis, perpendicular to x axis) 
φ [°]  angle of internal friction 
φ [°]  liquid portion of a liquid bridge 
φe [°]  effective angle of internal friction 
φi [°]  local slope of a yield locus 
φlin [°]  slope of a linearized yield locus 
φsf [°]  internal angle of friction at steady-state flow 
φt [°]  local slope of a time yield locus 
φx [°]  kinematic angle of wall friction  
φx,st [°]  static angle of wall friction 
ω [1/s] angular velocity 
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Indices: 
 
a  outlet opening  
c axisymmetric state of flow; conical hopper  
p  plane state of flow; wedge-shaped hopper 
ap plane-asymmetric state of flow; asymmetric wedge-shaped hopper 
tot total 
h horizontal 
crit critical (representing conditions at the minimum outlet size re-

quired to avoid arching or ratholing, respectively) 
max  maximum 
min minimum 
rel relative 
v vertical 
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A 

abrasion 
reduction  335 

active state of stress  252 
active stress field  252 
adhesion  72, 218 
adhesive force  23 

adsorption layer  28 
distance  25 
electrostatic force  24 
flow agent  211 
liquid bridge  24 
measurement  196 
particle size  26 
roughness  28 
sintering  30 
solid bridge  29 
van der Waals force  24 

adsorption layer  28 
aeration nozzle  347 
aeration pad  347 
agitator  350 
air cannon  350 
air injection  344, 347 
air slide  368 
air-assisted discharge  367 
angle of dilatancy 

definition  141 
yield locus  148, 154 

angle of dilation  see angle of 
dilatancy 

angle of internal friction 
at incipient flow  61 
at steady-state flow  62 

time yield locus  68 
angle of repose  172 
anisotropy  113, 126 

induced  122 
inherent  125 
strength  126 

antidynamic tube  336 
apron feeder  361 

driving force  275 
arched stress field  254 
arching  3, 294 

design example  452, 461 
outlet dimensions  299 

attrition 
attrition test  94 
example  240, 441, 442 

avalanching test  174 

B 

belt feeder  359 
driving force  275 

biaxial compression test  189 
biaxial tester  113 
bin activator  363 
Binsert®  332 
blending silo  336 
boundary shears  138 
bridging  see arching 
buckling  288 
bulk density 

example  241 
influence of consolidation stress  

37 
influence of deformation  125 
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caking  see time consolidation 
Carr compressibility index  178 
Carr flowability index  176 
Carr index  see Carr flowability 

index 
circumferential stress (rathole)  307 
coefficient of wall friction  71 
cohesion 

definition  62 
yield locus  62, 151 

cohesion tester  179 
cohesive strength  see unconfined 

yield strength 
coincidence of principal stress and 

principal strain axes  148 
compact strength tester  186 
comparative test 

selection of stresses  103, 110 
complete clearance 

hopper inclination  307 
compressibility 

example  241 
test procedure  97 

compressibility index  178 
compressibility test  178 
compressive strength  see 

unconfined yield strength 
cone-in-cone insert  332 
consolidation stress 

assessment  100 
selection  99 
yield locus  55 

core flow  see funnel flow 
critical outlet dimension 

arching  303 
ratholing  310 

cylinder section  see vertical section 

D 

dead zone  see stagnant zone 
deformation 

elastic  21 
isochoric  114, 117 
isotropic  122 

plastic  21 
pure shear  129 
simple shear  129 
steady-state flow  121 
uniaxial compression  120 

deformation history  116 
degree of saturation  20, 216 
dilatancy  139 

angle of dilatancy  141 
dilation 

during shear deformation  140 
influence on shear tests  144 

discharge aid  347 
application  352, 377 
mechanical  350 
placement  377 
pneumatic  347 

discharge device  353 
air slide  368 
apron feeder  361 
belt feeder  359 
bin activator  363 
driving force  272 
en-masse feeder  358 
multiple screw feeder  374 
orbiting screw feeder  375 
oscillating bars  375 
rotary discharge machine  371 
rotary plow  330, 371 
rotary valve  365 
screw feeder  356, 357 
uniform discharge  356 
vibratory feeder  362 

discharge rate  339 
coarse-grained bulk solids  341 
example  450 
fine-grained bulk solid  342 
gas injection  344 

discharge tube  333 
antidynamic tube  336 
reduction of segregation  400 
stress (example)  442 

discrete element method  132, 258 
doming  see arching 
drained angle of repose  172 
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driving force (discharge device)  
272 
example  444 

dynamic angle of repose  172 

E 

eccentric discharge  288, 356, 358, 
360, 363, 366, 369, 377 

eccentric flow  285 
reasons  287 
stress distribution  256, 286 

eccentric pipe flow  256, 292 
effective angle of internal friction  

62 
effective yield locus  62 
electrostatic force  24 
emptying conditions  254 
emptying state of stress  254 
en-masse feeder  358, 444 

driving force  275 
expanded flow  326 

F 

failure plane  41 
feeder  353 

application  377 
apron feeder  275, 361 
belt feeder  275, 359 
design for mass flow  353 
driving force  272 
en-masse feeder  275, 358, 444 
increasing capacity  357 
large outlet opening  374 
multiple screw feeder  374 
orbiting screw feeder  289 
reason for funnel flow  356 
rotary valve  365 
screw feeder  356, 357 
uniform discharge  356 
vibratory feeder  362 

fibrous particles  224 
filling conditions  253 
filling state of stress  253 
filling tube  401 
flooding  3, 222, 293, 345 

flow agent  211 
example  231 
highly dispersed powders  211 

flow factor  301 
diagram  302, 314 

flow function  37, 64, 156 
flow profile  291 
flow promoting device  see 

discharge aid 
flow properties 

at small stresses  156 
basic rules for the measurement  

163 
flow agent  231 
influence of consolidation stress  

64 
influence of gas flow  219 
influence of moisture  215, 233 
influence of particle shape  223 
influence of particle size  32, 210, 

237 
influence of temperature 

(example)  235 
influence of test method  163 
influencing parameters  35 

flow velocity 
influence  160 
silo  292 

flowability 
classification  42 
definition  41 
density-weighed flowability  47 
flow agent  231 
influence of consolidation stress  

43 
selection of consolidation stress  

99 
temperature (example)  235 
time consolidation  44, 68 

fluidization  219 
air slide  367 
behavior  222 

force chain  120 
funnel (test procedure)  171 
funnel flow  2, 291 

caused by the feeder  356 
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design (example)  456 
eccentric pipe flow  256, 292 
mixed flow  253, 292 
pipe flow  256, 291 

G 

gas flow  219, 264 
silo  339 

gas injection  344 
gas pressure in silos  340 
gecko  34 
Geldart’s classification  222 
gravity blender  336 

H 

Hausner ratio  178 
homogenizing silo  336, 369 
honking  see silo honking 
hopper (silo) 

asymmetric  322 
conical  321 
design  see silo design 
inclination for complete clearance  

307 
inclination for mass flow  296 
pyramidal  321 
shape  296, 320 
stress  252, 299 
varying steepness  326 
wedge-shaped  321 

horizontal stress ratio  see lateral 
stress ratio 

I 

imperfection  278 
Imse test  175 
incipient flow  36, 50 
increasing capacity (feeder)  357 
induced anisotropy  122 
inherent anisotropy  125 
insert  328 

application  328 
Binsert®  332 
cone-in-cone  332 

discharge tube  333, 442 
enlargement of the flow zone  

330 
filling tube  401 
influence on stresses  280 
inverted cone  329, 401 
loads on inserts  280 
wedge  329 

instantaneous flow function  see 
flow function 

instantaneous yield locus  see yield 
locus 

internal  see insert 
inverted cone insert  329, 401 
inverted cone silo  330, 369 

J 

Janssen  4, 259 
Janssen equation  5, 259 

example  439, 445, 447 
upward movement of a plug  263 
with gas flow  264 
with surcharge load  262 
with surcharge load (example)  

445, 447 
Jenike  6 

procedure for silo design  295 
Jenike shear tester  76, 190 

alternative procedures  165 
shear cell  76 
test procedure  76 
time consolidation  88 
twisting  79 
wall friction  91 

Johanson Hang-up Indicizer™  186 

K 

K (stress ratio)  see lateral stress 
ratio 

kinematic wall yield locus  71 
knocker  350 

L 

Lambdameter  122, 268 
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lateral stress ratio  12, 249, 266 
measurement  122, 268 

linearized yield locus  61 
liquid  see moisture 
liquid bridge  24, 215 
localization of the shear zone  134 

silo  410 
Lotus effect  31 

M 

major principal stress  14 
dependence on deformation  116 
orientation (silo)  252, 279, 281 
steady-state  flow  55 

mass flow  6, 291 
boundaries  298, 317 
design  296 
design example  451, 452, 461 
diagram  298, 317 

mass flow rate  see discharge rate 
measuring technique 

accuracy  193 
angle of repose  172 
avalanching  174 
biaxial compression test  189 
Carr flowability index  176 
cohesion tester  179 
compact strength tester  186 
compressibility test  178 
flowability test  179 
funnel  171 
Imse test  175 
Jenike shear tester  190 
Johanson Hang-up Indicizer™  

186 
monoaxial shear test  182 
overview  169 
penetration test  180 
powder bed tester  183 
quality control tester  188 
ring shear tester  192 
stirrer  177 
tensile strength test  183, 184 
tensile strength test with gas flow  

185 

torsional shear tester  191 
uniaxial compression test  181 

minimum outlet dimension 
arching  303 
ratholing  310 

mixed flow  253, 292 
mixing silo  336 
Mohr strain circle  131 
Mohr stress circle 

derivation  16 
explanation  12 
steady-state flow  55 
three-dimensional state of stress  

14 
uniaxial compression test  39 

moisture 
adhesive forces  24 
influence on flow properties  215, 

233 
influence on wall friction  217, 

234 
monoaxial shear test  182 
multiple outlets  325 
multiple screw feeder  374 

N 

non-uniform discharge  3, 288, 356, 
358, 360, 363, 366, 369, 377 

normal stress  10 
sign convention  11 

normal stress at preshear  50 
automatic selection  105 
selection  101 

normal stress at shear  52 
automatic selection  105, 108 

O 

orbiting screw feeder  375 
oscillating bars discharger  375 
outlet 

multiple outlets  325, 398 
outlet opening 

minimum dimensions  294, 299, 
307 

stress  270 
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overconsolidated specimen  49, 146 

P 

particle shape  223 
particle size 

influence on flow properties  32, 
210, 237 

Pascal (unit)  12 
passive state of stress  254 
passive stress field  254 
penetration test  180 
permeation  see gas flow 
pipe  see ratholing 
pipe flow  256, 291, 292 
piping  see ratholing 
plate-like particles  224 
pneumatic blending silo  333 
point of incipient flow  52 
porosity  20 
powder bed tester  183 
preshear  47 

Mohr stress circle  58 
normal stress  50 
shear stress  51 
shear stress maximum  145 
stress selection  101 

preshear point  52 
assumptions  148 

press (stress distribution)  445 
principal strain direction  130 
principal stress  14 
principal stress direction  130 
principal stress ratio 

influence of deformation  116 
pure shear  129 

Q 

quality control tester  188 

R 

radial stress field  296 
rathole  see ratholing 
ratholing  3, 295 

circumferential stress  307 

design  307 
design example  456 

relaxation  205 
Riedel shears  138 
ring shear tester  84, 192 

attrition test  95 
shear cell  84 
test procedure  84 
time consolidation  88 
wall friction  92 

rotary discharge machine  371 
rotary feeder  see rotary valve 
rotary plow  330, 371 
rotary valve  364, 365 

leakage air  367 
vertical axis  351 

rotational shear tester  75 

S 

saturation  20, 215 
Schulze ring shear tester  see ring 

shear tester 
screw feeder  356, 357 
segregation  3, 294, 381 

air resistance  386 
influence of flow profile  396 
mechanisms  381 
multiple outlets  398 
on inclined surfaces  382 
percolation  384 
reduction  390 
sampling  403 
trajectory  386 

settling behavior  222 
settling velocity  386 
shear band  see shear zone 
shear cell 

Jenike shear tester  76 
ring shear tester  84 

shear deformation  129 
shear point  52 

assumptions  148 
shear rate  see shear velocity 
shear stress  10 

influence of dilation  142 
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influence of shear deformation  
136 

influence of shear rate  136 
localization  135 

shear stress at preshear  51 
shear stress at shear to failure  52 
shear test  47 

incipient flow  50 
preshear  47 
shear to failure  47 
steady-state flow  49 

shear tester 
Jenike shear tester  76, 190 
principal stresses  164 
principle  47, 75 
ring shear tester  76, 84, 192 
test procedure  47 
torsional shear tester  76, 191 

shear to failure  47 
Mohr stress circle  58 
normal stress  52 
stress selection  101 

shear velocity 
influence  136, 160, 199, 203 
slip-stick  206 

shear zone  132 
localization  134, 144 
silo  409 
thickness  135 

shocks  see silo quaking 
silo 

configurations  319 
hopper shape  296, 320 
imperfection  278 
insert  280, 328 
principal stresses  254 
stress distribution  252 
stress peak  255 
switch  255 
velocity distribution  292 

silo cylinder  see vertical section 
silo design  377 

application of the results  377 
arching (example)  452, 461 
funnel flow  307 
funnel flow (example)  456 

Jenike’s procedure  295 
mass flow  296 
mass flow (example)  451, 452, 

461 
ratholing (example)  456 
stresses for shear tests  110 
time consolidation (example)  

461 
silo honking  405, 425 

reasons  429 
reduction  335, 431 

silo music  see silo honking 
silo noise  see silo honking 
silo outlet 

minimum dimensions  294 
silo quaking  405 

reasons  429 
reduction  431 
slip-stick  408 

silo shocks  see silo quaking 
silo thumps  see silo quaking 
silo vibrations  see silo honking 
simple shear  129 
sintering  30 
slide-hold-slide test  204 
slip-stick  199 

reasons for  199 
shear test  208 
shear velocity  206 
silo  408 

solid bridge  29 
stagnant zone  2, 291 
static wall friction  72, 74 
steady-state flow  121 

dilation  144 
direction of principal stresses  59 
in a shear tester  49 
localization  134, 144 
shear stress maximum  145 
silo  254 
tensile stress  159 

steady-state settling velocity  386 
steady-state yield locus  158 

definition  63 
stirrer (test method)  177 
strain path  115 
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strength anisotropy  126 
stress 

assessment (silo)  258 
discharge tube  333 
distribution (silo)  278 
feeder  272 
FIBC (example)  449 
for testing  99 
history  116 
insert  280 
outlet opening  270, 272 
outlet opening (example)  444 
sacks on a pallet (example)  449 
silo  252, 271 
small stresses  156 
transmission in bulk solids  120 
unit  12 
variation of the cross-section 

(vertical section)  278 
vertical channel  259 
vertical section  259 
vertical section (example)  439, 

447 
stress chain  120, 140 
stress path  115 
stress peak 

imperfection  278 
insert  281 
mass flow hopper  253 
reason  256 
silo  255 
stagnant zone  253, 256 
variation of the cross-section  278 

stress ratio (K)  see lateral stress 
ratio 

surface roughness  245 
switch  254, 441 

T 

tap volumeter  178 
tapped density  178 
temperature 

influence on flow properties 
(example)  235 

tensile strength 

influence of particle size  32 
measurement  32, 183, 184, 185 
yield locus  63, 151 

tensile strength test 
powder bed tester  183 
uniaxial  184 
with gas flow  185 

tensile stress 
steady-state flow  159 
yield locus  152 

test equipment  169 
test procedure 

accuracy  193 
angle of repose  172 
avalanching  174 
biaxial compression test  189 
Carr flowability index  176 
cohesion tester  179 
compact strength tester  186 
compressibility test  178 
flowability test  179 
funnel  171 
Imse test  175 
Jenike shear tester  76, 190 
Johanson Hang-up Indicizer™  

186 
monoaxial shear test  182 
penetration test  180 
powder bed tester  183 
quality control tester  188 
ring shear tester  84, 192 
stirrer  177 
tensile strength test  183, 184 
tensile strength test with gas flow  

185 
torsional shear tester  191 
uniaxial compression test  181 

thumps  see silo quaking 
time consolidation  38 

example  236 
influence of storage time  38 
measurement (shear tester)  66, 

88 
mechanisms  29 
silo design (example)  461 

time consolidation bench  88 
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time flow function  38 
time wall yield locus 

definition  72 
test procedure  72 

time yield locus 
definition  67 
selection of stresses  107 

torsional shear tester  75, 191 
trajectory segregation  386 
translational shear tester  75, 190 
twisting  79 

U 

unconfined yield strength 
anisotropy  126 
definition  36 
influence of consolidation 

procedure  126 
influence of consolidation stress  

37 
yield locus  57 

underconsolidated  48 
uniaxial compression 

force chains  120 
stress distribution  262, 445 
stress ratio  249 

uniaxial compression test  35, 165, 
181 

uniaxial tensile strength  see tensile 
strength 

uniform discharge  356, 359, 360 

V 

valley angle (pyramidal hopper)  
322 

van der Waals force  24, 211 
vertical section 

stress  252 
vibrating aeration nozzle  347 
vibrations  see silo honking 
vibrator  351 
vibratory feeder  362 
volumetric strain energy  142 

W 

wall friction  see wall friction angle 
wall friction angle 

definition  71 
example  239, 243 
influence of displacement  209 
influence of moisture  217, 234 
influence of particle size  239 
influence of surface roughness  

245 
influence of time  72 
influence of wall normal stress  

71, 243, 327 
kinematic  71 
measurement with shear testers  

69 
shear tester  91 
static  72, 74, 94 
wall material  245 

wall material 
influence on wall friction  245 
roughness  245 
wettability  245 

wall yield locus 
definition  69 
kinematic  71 
selection of stresses  109 
static  72 
test procedure  69, 91 

wide residence time distribution  3 

Y 

yield limit 
definition  40 

yield locus 
angle of dilatancy  154 
assumptions  147 
consolidation stress  55 
construction  55 
definition  55 
end point  56, 150 
selection of stresses  99 
tensile stress  152 
unconfined yield strength  57 

Y-shears  138 




