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Part I 

Introd uction 





CHAPTER 1 

Introduction 

Bjame s. Jensen and K ar-yiu Wong 

This volume presents the new contributions of a number of economists 
on dynamics, economic growth, and international trade. It includes one 
survey on endogenous growth and international trade and nine chapters 
that provide new analysis and new results about many important topics 
in this area. 

The chapters were written amidst the growing interest of economists 
in the sources and effects of economic growth. The recent development 
of endogenous growth literature has introduced many new approaches 
to analyzing economic growth. The interest in endogenous growth is 
sparked by some observations about the growth rates of different coun
tries, and it has led to important analyses that suggest various new ways 
of investigating theoretical and empirical aspects of economic growth. 

It has been recognized that a substantial part of the recent growth 
literature focuses on closed and isolated economies, thus ignoring the 
common notion that trade is an engine of growth, and the fact that many 
countries showing impressive growth are open economies. Fortunately, 
this shortcoming of the literature is well understood, and many efforts 
have been made to analyze different issues related to the growth of open 
economies. 

The contributions to this volume attempt to go beyond the present 
literature by focusing on economies that are linked to each other through 
movements of goods or factors of production. They examine the re
lationship between accumulation of factors, technological progress, ef
ficiency, economic growth, international trade in goods, international 
factor movement, income distribution, and welfare. New approaches to 
analyzing these issues are suggested, and new results are obtained. 

This book has three distinctive features: 
1. A survey on endogenous growth and international trade gives the 

readers a critical review of recent developments in the literature of 
growth and trade. A unified model is developed to explain the main 
features of different models of endogenous growth and to show how 
they are related. Some results concerning the relationship between 
growth and trade are also explained. The possibility of convergence 
of growth rates of countries with or without international trade in 
goods or international factor mobility is discussed. 
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2. Some of the chapters in this volume analyze some "traditional" is
sues in a new context. For example, the possibility of diversification 
and sustained growth in the neoclassical framework with different 
rules of saving and with or without endogenous population/labor 
growth is investigated, and the patterns of trade with overlapping 
generations or human capital accumulation are derived. 

3. Other chapters of the volume examine some newer issues, such 
as the relationship between the accumulation of different types of 
capital in growing economies, the interdependence between growth 
and international factor movement, and the dynamics of interna
tional factor movement. Furthermore, one of the chapters measures 
the changes in technological progress and efficiency of many coun
tries, and another suggests a new theory of growth based on trade 
and technology transfer through learning by doing. 

There are five parts in this volume. Part I contains this introduc
tion (chapter 1) and a survey on endogenous growth and international 
trade (chapter 2). This survey, by Long and Wong, provides a system
atic examination and presentation of major developments in the theory 
of endogenous growth and the relationship between economic growth and 
international trade. Those readers who find the present literature volu
minous, confusing, and difficult to follow would find this survey helpful 
in sorting out different approaches to endogenizing economic growth of 
closed and open economies. 

The survey is divided into two major sections. The first covers the 
theory of endogenous growth for closed economies. Using a unified frame
work, which reduces to several models of endogenous growth in special 
cases, it discusses several important factors of growth that have been 
proposed in the literature. It emphasizes the major features of each 
theory and shows how it is different from the neoclassical theory of 
growth. Growth due to human capital accumulation or R&D activities is 
thoroughly discussed. 

While the majority of articles on endogenous growth focuses ex
clusively on closed economies, there has been a growing interest in the 
growth of open economies linked to each other through movement of 
goods, factors, and/or knowledge. The second section of the survey cov
ers the major works in the literature on growth and trade. Some of the 
models are direct extensions of those for closed economies, but some 
are new. It is shown that trade has an important impact on growth, 
and with open economies, many new issues arise. However, many of 
the results are generally quite sensitive to the models used. The sur
vey also covers recent work on economic growth and international factor 
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mobility, with special attention to why international factor movement 
mayor may not affect the convergence of the growth rates of economies. 

Part II consists of three chapters that focus mainly on the dynamics 
of basic trade models. The chapter by Jensen and Wang (chapter 3) 
provides an extensive examination of two central issues concerning the 
general equilibrium dynamics of factor allocation in trading economies: 
diversification of production in a steady state and perpetual growth in 
the long run. These two issues are related to the traditional questions 
of whether a trading economy with the usual neoclassical settings can 
remain diversified and grow perpetually without relying on exogenous 
technological progress. 

Jensen and Wang suggest a unified framework to analyze these two 
issues. This framework covers different rules of factor accumulation. In 
terms of physical capital accumulation, savings can be provided as a 
fixed proportion of national income or as a fixed proportion of capita
lists' income (the classical assumption), or can be determined optimally 
according to the Ramsey rule. The accumulation of the labor force, on 
the other hand, can be exogenous or endogenous. Jensen and Wang 
obtain some new, interesting results. For example, they argue that if 
labor grows endogenously, then the perpetual growth of a small open 
economy is not possible with stationary technologies, irrespective of the 
savings rule. Diversification is possible with proportional saving, but is 
not possible under classical or Ramsey saving, unless the labor supply 
is endogenous. They also derive necessary and sufficient conditions for 
diversification in two large trading economies. 

While most of the chapters on growth and trade consider models 
characterized by constant-returns technologies, the one by Long, Nishi
mura, and Shimomura (chapter 4) provides an interesting analysis of a 
growing, open economy under variable returns to scale. The economy has 
an infinite horizon, with optimal saving determined by a representative 
agent, and there are two production sectors, each of which has a tech
nology that shows increasing returns for small scale of operations. The 
chapter examines the adjustment of such an economy under free trade 
with no external monopoly power, and determines whether growth can 
be sustained in the long run. 

This model suggests a new theory to explain the phenomenon of a 
poverty trap. It shows that if the initial capital stock is below a threshold 
value, the capital stock in the economy will gradually run down to zero, 
as the interest rate approaches zero, but starting with an initial capital 
stock above the threshold level, the economy will grow perpetually in 
consumption per head, while the economy will sooner or later specialize 
in the production of the capital-intensive good. An important feature 
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of this model is that, in a closed economy, capital will not run down to 
zero, because it does not depreciate and cannot be consumed, but for 
an open economy, capital can be traded for consumption, and depletion 
is possible. Thus this chapter points out the possibility of a negative 
impact of trade on growth. 

While the dynamics of growth and trade are analyzed in the previ
ous two chapters using infinite-horizon models, the chapter by Galor and 
Lin (chapter 5) considers instead a two-country model characterized by 
overlapping generations. In this model, the production side of each econ
omy in each period is the traditional two-sector, two-factor framework 
with perfect competition and constant returns to scale, but with two im
portant features to distinguish it from the infinite-horizon models. First, 
saving is done by workers. Second, contrary to the Uzawa condition of 
factor-intensity ranking of the sectors, it is assumed that the investment 
sector is capital intensive. The latter feature implies that a steady-state 
equilibrium, if it exists, is saddle-path stable, and it is the saddle-path 
stability of the steady state that makes the dynamic equilibrium of this 
model determinate. 

Galor and Lin apply the model to derive several interesting results. 
For example, they show that the low time preference country exports 
the capital-intensive good in a free-trade steady state. The impacts of 
trade on factor prices are also derived. FUrthermore, they argue that 
diversification in production is possible in both countries in a steady 
state, thus implying factor price equalization. 

In part III, there are two chapters that analyze endogenously grow
ing open economies with explicit consideration of accumulation of several 
types of capital and their effects on growth. The chapter by Turnovsky 
(chapter 6) analyzes the growth of a small, open economy that is due 
to the accumulation of two types of capital, public and private. The ex
ternality of public capital is the source of sustained growth. However, 
unlike many other endogenous growth articles that treat government ex
penditures as a flow, this chapter assumes explicitly that output depends 
on the stock, not the flow, of public capital (like its dependence on the 
stock of private capital). As this chapter argues, this approach is more 
appropriate to government expenditures for building public infrastruc
tures. FUrthermore, this chapter incorporates the adjustment cost and 
the congestion that public capital is subject to. 

Turnovsky first examines a centrally planned small open economy, 
in which the government controls all quantities directly, and shows that 
government expenditures maximizing welfare may not coincide with 
those maximizing growth. The chapter then examines a decentralized 
economy and derives the optimal, time-varying taxes that will generate 
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a transitional adjustment path and a balanced growth path identical to 
those of the centrally planned economy. 

The chapter by Bond and Trask (chapter 7) analyzes trade and 
growth in the presence of endogenous accumulation of physical and hu
man capital. As in the Uzawa-Lucas model, the human capital stock 
in an economy can grow perpetually through education and knowledge 
spillover, and such growth supports perpetual accumulation of physical 
capital. 

Bond and Trask then consider a model of a small open economy, in 
which both investment and consumption goods are tradable, but human 
capital is not. They show the existence, uniqueness, and saddle path 
stability of a balanced growth path (BGP) for the small open economy, 
given constant world prices for the traded goods. They show that there 
is a unique world price at which all three goods are produced: for any 
other world prices the economy is specialized in one of the traded goods 
and the non-traded good. They examine the relationship between world 
prices and growth rates, factor endowments, and welfare on the balanced 
growth path, and show how technical progress affects growth rates and 
the patterns of trade. 

Part IV contains two chapters on assessing and theorizing technolog
ical progress, with special emphasis on the Asian Pacific countries and 
the newly industrialized economies. The chapter by Fare and Grosskopf 
(chapter 8) estimates the performance ofthe countries in APEC (Asian
Pacific Economic Community) in terms of productivity, efficiency, and 
technological progress for the years 1975-1990. Their work consists of 
three sections. In the first section, the output-oriented Farrell measure 
of technical efficiency is computed for each of the countries in each year 
of the period, and these measures are then compared with the per capita 
income levels of the countries. Two findings were obtained: a negative 
correlation between efficiency and income level, and a greater dispersion 
of efficiency for poor countries than for rich countries. The first finding 
supports the hypothesis that some countries are persistently poor be
cause of inefficiency, but the second finding apparently is not explained 
by any existing theory. 

Fare and Grosskopf then turn from the static model to two dynam
ic ones. In the first one, they measure the efficiency change, technical 
change, and the Malmquist productivity index, which is the product of 
the efficiency change and the technical change, for each of the coun
tries for each pair of consecutive years. However, they do not find any 
obvious signs of convergence: all three indexes do not show any strong 
correlation with the per capita income levels of the countries, although 
the dispersion of each index is greater for poor countries than for rich 
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countries. When they compute the values of the indexes over the whole 
period, some countries did perform impressively; for example, in terms of 
productivity change, Hong Kong, Singapore, Korea, and Canada all did 
very well. Fare and Grosskopf then consider a dynamic activity analysis 
model in which the efficiency levels of countries are estimated, which 
can be interpreted as the potential efficiency for the countries, under 
the condition that investment is chosen optimally. They observe a result 
similar to what they got in the static mode, i.e., the efficiency levels 
obtained are negatively correlated with per capita income. 

While Fare and Grosskopf focus on measuring the productivity and 
efficiency of these Pacific countries, Van and Wan (chapter 9) provide a 
theory of the relationship between technological progress, capital accu
mulation, economic growth and international trade, drawing upon the 
growth experience of the newly industrialized economies (NIEs: Hong 
Kong, Singapore, Taiwan and Korea). According to this theory, not only 
is technological progress an important component of the growth of these 
economies, which is supported by the findings of Fare and Grosskopf, but 
growth also depends crucially on the learning experience the economies 
obtain through international trade. 

The theory of Van and Wan begins with three essential components 
of growth: capital accumulation, gain in technology, and international 
trade, which are assumed to possess generalized complementarity. Tech
nology in a developing country, in the form of a surrogate production 
function, can be improved through learning and emulation. International 
trade provides an important channel owing to contagion effect. As a de
veloping country learns to produce more sophisticated products, it gains 
technological competitiveness, and learning can go on without bounds. 
Accompanying the technological gain is physical capital accumulation. 
However, instead of using factor accumulation to explain growth of these 
economies, as some literature suggests, Van and Wan argue that it is the 
result of technological progress. 

In part V there are two chapters on the dynamics of international 
factor mobility. They are interesting not only because they provide anal
ysis of some crucial issues, but also because the literature has so far paid 
very little attention to the important phenomenon of international factor 
mobility in a dynamic context. 

The chapter by Wong (chapter 10) is an attempt to address two 
drawbacks in the literature of international labor migration. First, most, 
if not all, work on the dynamics of international labor mobility is based 
on the neoclassical framework of growth in the sense that in steady 
state, an economy has zero or exogenous growth. Second, literature on 
international labor migration usually focuses on one type of migration 
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at a time, assuming implicitly or explicitly that other types of migration 
do not exist. 

Wong suggests a model in which the growth of an economy is depen
dent endogenously on the rate of human capital accumulation through 
education, and in which individuals are allowed to emigrate in the form of 
either permanent migration, temporary migration, or brain drain. Thus, 
in his model, both the type and amount of migration are determined 
endogenously in a dynamic context. Wong examines how each type of 
migration may affect growth, income distribution, and education, and 
how growth may affect the type of migration individuals choose over 
time. He also examines how workers would choose endogenously the 
type of migration, i.e., whether and when to migrate, and whether and 
when to return. It is argued that a growing emigration economy may 
go through different stages with different types of international labor 
emigration. 

The chapter by Eicher and Kalaitzidakis (chapter 11) focuses on 
foreign direct investment (FDI). Noting that FDI is more likely to occur 
among countries with abundant human capital and advanced technolo
gies, they suggest that a multinational corporation, when investing in 
a host country, must train workers to work with firm-specific technolo
gies. The cost of training workers depends, among other things, on the 
workers' abilities, which are known to the workers but not to the firms. 
There is asymmetric information, in the sense that the firm does not 
observe an individual worker's ability, although the average ability of all 
workers in a country is a public information. 

After constructing a model of adverse selection and efficiency wages, 
Eicher and Kalaitzidakis examine several issues related to trade and for
eign direct investment. In terms of trade, they show that trade between 
two countries leads to wage convergence and relocation of workers in 
each country to the sector of comparative advantage, in terms of pro
duction of informational efficiency. This impact of trade is what they call 
informational efficiency gains from trade. In terms of FDI, firms from a 
developed country (DC) with its more advanced technology invest in the 
less developed country (LDC), paying a wage higher than that paid by 
local firms, but lower than what they pay in the DC. The role of asym
metric information in the investing firm's decision and the dynamics of 
endogenous technological change are explicitly derived. 

All of the chapters in this volume were presented and discussed at a 
conference on "Dynamics, Economic Growth, and International Trade" , 
which was held in Helsing0r, Denmark, from August 15 to 17, 1996. 





CHAPTER 2 

Endogenous Growth and International Trade: 
A Survey 

Ngo Van Long and Kar-yiu Wong 

1. Introduction 

Economists have long been interested in searching for the causes and 
effects of the growth of income and wealth of countries. Some earlier 
attempts to analyze economic growth with rigorous models appeared in 
the twenties and thirties, mainly characterized by the work of Ramsey 
(1928), Harrod (1939) and Domar (1946). While Ramsey is concerned 
about the maximization of intertemporal utility, Harrod and Domar con
centrated on the equilibrium path of an economy. The work of Harrod 
and Domar is followed by growing interest in the theory of growth and a 
series of relevant papers, mainly in the fifties. One of the more influential 
contributions is due to Solow (1956) and Swan (1956). By introducing 
production substitution possibilities that exist in neoclassical produc
tion functions, Solow and Swan show that the equilibrium paths in the 
Harrod-Domar model could be more stable than otherwise suggested. 

The work of Solow and Swan has been extended in many directions 
(for example, an increase in the dimension of the model and the intro
duction of new factors that may affect growth), and has been applied 
in different economic fields. In the field of international trade, different 
versions of the neoclassical model have been used to examine a wide 
range of issues; see Findlay (1984), Smith (1984) for in-depth surveys. 

The interest of economists in economic growth was rekindled re
cently. First, there is the paper by Romer (1986) which heavily criticizes 
the neoclassical theory. Romer also suggests a model that endogenizes 
the growth rate of economies. Lucas (1988) provides some alternative, 
more appealing, ways to remedy a few of the shortcomings of the neo
classical theory. Since then, there has been a flood of papers and books 
on endogenous growth in the literature. For example, more than 50 pa
pers published in economic journals (not including working papers) and 
several books can be found, all between 1990 and early 1996, to have 
contributed, in one way or another, to the endogenous growth and in
ternational trade literature. 

11 
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The purpose of the present survey is to introduce the major contribu
tions of this literature, focusing on what this literature has emphasized, 
what new ideas have been suggested, and the main features of some of 
the models. It is hoped that this survey, using some unified frameworks, 
can give the reader a brief summary and introduction to this growing 
literature. However, because the literature has become so voluminous, 
some issues and results have not been covered in this survey, and the 
reader is encouraged to read the original articles. 

Section 2 introduces a unified growth model, which reduces to the 
neoclassical growth model and many of the endogenous growth models 
in some special cases. The unified model thus brings out the fact that 
the neoclassical growth model and many endogenous growth models are 
mathematically similar. Section 3 uses a reduced form of the unified 
model to examine the basic features of the neoclassical growth theory. 
This will help the reader understand the recent criticism of this the
ory. Section 4 explains the basic mechanics of the endogenous growth 
theory. Different models and how they endogenize the growth rates of 
economies are explained and compared. It will be pointed out that some 
of the ideas that have been used and developed in several endogenous 
growth papers can be traced back to several papers in the sixties and 
seventies. In particular, we found some "old" papers in the sixties and 
seventies that have already developed endogenous growth models. In 
section 5, we focus on two types of technological progress: horizontal in
novation and vertical innovation. Section 6 introduces some of the papers 
on endogenous growth and international trade, while section 7 focuses on 
some recent work on growth and international factor mobility. Section 8 
provides some concluding remarks. 

2. A Unified Growth Model 

Consider a closed economy, in which many competitive firms produce 
a homogeneous good using two factors, physical capital and labor. The 
good can be used for either consumption or production. The aggregate 
technology at time t, t E [0, 00 l, can be represented by the following 
production function: 

Y = AF(K,L), (1) 

where Y is the output, A a technology index, K the physical capital 
input, and L the labor input. Unless confusion arises, the time subindex 
is dropped for simplicity. We assume that the production function in (1) 
satisfies all neoclassical assumptions: increasing, linearly homogeneous, 
and concave in (K,L). 
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The labor input depends on two factors: the average human capital 
level, h, and the number of workers, M. For simplicity, we assume that 
the labor force is equal to L = hM. This formulation implies that a 
worker with two units of human capital is as productive as two work
ers, each with one unit of human capital, working together. Using this 
formulation, the production function reduces to 

Y = AF(K,hM). (I') 

Linear homogeneity of the production function (I') implies that the per 
capita output, y == Y 1M, is equal to 

y = Ahf(k), (2) 

where f(k) == F(k, 1), and k == KIL is the capital-labor ratio. 
Perfect competition and cost minimization mean that factors are 

paid their marginal products, and perfect price flexibility implies that 
factors are fully employed. 

The accumulation of physical capital in the economy comes from 
saving, or the gap between output and consumption. Denote the saving 
rate as a fraction of output by s E (0,1). In equilibrium, saving is equal 
to investment, f. Thus s = flY. There are two common ways of de
termining the optimal saving: (a) It is chosen optimally by some or all 
individuals in a decentralized economy; and (b) It is chosen optimally 
by a social planner to maximize the per capita consumption under the 
Golden Rule, or to maximize the intertemporal utility of a representative 
consumer, as in the Ramsey model. In the present context, it suffices to 
treat s as a parameter. 

Saving is converted into investment, meaning that the change of the 
capital stock over time is 

k = f - 8K = sY - 8K, (3) 

where a "dot" above a variable denotes the change of the variable with 
respect to time, and where 8 > 0 is the (exogenously given and sta
tionary) depreciation rate. Suppose that the population grows at an 
exogenously given rate of n. Equation (3) then gives the rate of growth 
of the capital-labor ratio: 

~ sy ~ 

k=--8-h-n 
hk ' 

(3') 

where a "hat" denotes the proportional rate of change of a variable; for 
example, k == klk. 
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The growth of the economy is usually expressed in terms of the 
growth rate of its per capita output/income, which is obtained from (2): 

(4) 

where cf is the elasticity offunction f(k). Condition (4) states that the 
growth of the economy depends on how technology, human capital, and 
physical capital grow over time. The growth rate of physical capital is 
given by (3'). 

We now explain how the above model may reduce to the neoclassical 
model and some endogenous growth models. 

3. Features of the Neoclassical Theory of Growth 

Before turning to the endogenous growth literature, we first explain the 
features of the neoclassical model attributable mainly to Solow (1956) 
and Swan (1956). Suppose that in the economy under consideration the 
human capital stock is constant over time, meaning that we can write 
h = 1 and L = M. Furthermore, the production function is of the Cobb
Douglas type: 

Y = AKaLI- a , 0 < a < 1, 

which means that the per capita output is given by 

y = Aka. 

Therefore the growth rate of per capita output reduces to 

y= A+ak, 

where in the present case C f = a. 

(5) 

(5') 

(6) 

Very often, attention is paid to the steady state or long-run equi
librium of the economy. In the present model, the marginal product of 
capital is equal to aAka - 1 and its average product, y/k, is equal to 
Aka-I. As a result, for a given A, the steady-state value of k is bounded 
from above and below: As k --+ 00, y/k --+ 0, and by (3'), k < 0, and 
as k --+ 0, y/k --+ 00, implying that k > O. From (3'), we can obtain a 
value of k at which k = O. This is used to define the steady state of the 
economy, i.e., 

sy/k=tJ+n. (7) 

In the steady state, factor prices are stationary. This equilibrium condi
tion is illustrated in figure 1. The schedule representing sy / k is strictly 
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downward sloping, and the steady state occurs when this schedule has 
a value of n + 8, giving a steady-state capital-labor ratio equal to k. It 
is clear from the above analysis and this diagram that, in the present 
model, the steady state exists and is unique. This result can also be ob
tained using any linearly homogeneous production function with the 
following Inada conditions: f'(k) > 0, f"(k) < 0, 1'(0) = 00, and 
1'(00) = o. 

As a result, the growth of the economy's per capita output is zero 
in the long run, unless there is growth in technological knowledge. Since 
the neoclassical model does not have an explicit theory of technology 
progress, the latter is either assumed to be given exogenously or treated 
as zero. Therefore, in a steady state an economy in the neoclassical 
model either does not grow or grows according to the exogenously given 
technology progress. 

Growth rate 

n+o~----~--~----~~---------

sy/k 

o k k 

Fig. 1. Growth in the neoclassical model 

The above model, however, has been under criticism recently. We 
now present some of the more common criticism, and explain how these 
have been used to motivate the endogenous growth theory. 

(A) Exogeneity of the Growth Rate - As explained earlier, because k 
is constant in a steady state, the per capita output must grow according 
to the exogenous growth rate of technology. Exogeneity of the growth 
rate in the present model has several important implications. First, in a 
steady state, the per capita output of an economy with fixed technology 
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will not grow. Second, by condition (7), the steady-state output-capital 
ratio is positively related to the saving rate. This means that policies 
such as a saving subsidy will eventually raise the steady-state capital
labor ratio. However, policies that change the saving rate will not change 
the steady-state growth rate of the economy. In other words, saving has 
only level effect but no growth effect (Pitchford, 1960; Lucas, 1988).1 

This result is contradictory to the usual notion that an economy 
can grow faster if it saves more. Similarly, a once-and-for-all change 
in technology or population will not have any long-run growth effect. 
Furthermore, government policies that do not affect the growth rate of 
technology or that of population will not change the steady-state growth 
rate of the economy. For example, trade liberalization will not have any 
growth effect, as long as it does not affect the growth rate of technology 
(Lucas, 1988). 

(B) Disparities in International G'T"Owth Rates - The above model 
suggests that any two countries that have the same steady-state (or long
run) growth rate of technology should have the same steady-state growth 
rate of their per capita income, irrespective to their prevailing size or 
technology level. What we see instead is that countries consistently have 
wide disparities of growth rates. (Azariadis and Drazen, 1990). Further
more, for some countries, this simple model is not supported by data. 
For example, by using (5') and (3), (6) reduces to 

(6') 

Romer (1994) notes that between 1960 and 1985, the United States and 
the Philippines had about the same growth rate of per capita income, 
but in 1960, the Philippines' per capita income was only about ten per
cent of that of the United States. If the parameter a, which is the capital 
share, is taken to be 0.4 for both countries, equation (6') suggests that 
the saving rates for the United States over this period should be 30 times 
larger than those of the Philippines in order to produce the same growth 
rate, assuming that both countries had the same technologies, popula
tion growth rate, and depreciation rate of capital, but this condition 
does not seem to be supported by evidence. It is possible, and likely, 
that these two countries have different technologies, population growth, 

1. The level effect of an increase in the saving rate can also be shown in figure 1. 
An increase in the saving rate shifts up the schedule for sy/k, leading to an increase 
in the steady-state capital-labor ratio. The steady-state growth rate of per capita 
output remains to be the same as that of technological progress. However, it should 
be noted that an increase in saving could have positive effects on growth during the 
transitional period. 
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and depreciation rates, but it is not clear whether these differences are 
large enough to explain why these two countries grow so differently. 

(C) Convergence of Growth Rates - The neoclassical growth theory 
has important implications for the changes in the growth rates of differ
ent countries. In terms of figure 1, the gap between the sylk schedule and 
the horizontal line corresponding to n + c5 gives the speed of adjustment 
of the capital-labor ratio (or the per capita output) for a closed economy. 
Since the sy I k schedule is strictly downward sloping for an economy with 
a Cobb-Douglas production function, the speed of adjustment of k or y 
decreases monotonically, while k moves toward the steady-state point. 
Suppose that we have two countries, North and South, which are iden
tical except that North has a higher initial capital-labor ratio, k(j > kg. 
Assuming that they are below the steady-state level, both k(j and kg are 
increasing over time, but that of the South will grow faster because its 
capital-labor ratio gives a bigger gap between sylk and n + c5. So the 
South is catching up until both countries have the same capital-labor 
ratio and the same growth rate. 

Some casual observations could easily suggest that many countries 
do not show convergence of the growth rates. In fact, there are many 
countries that show persistent growth rates higher than others, and 
for many developing countries, there is no sign of catching up with 
the growth rates of developed countries. Both Romer (1986) and Lu
cas (1988) cite the lack of convergence of the growth rates of different 
countries as a sign of the inadequacy of the neoclassical growth theory 
in explaining the growth experience of countries. 

Recently, the views of Romer and Lucas have been challenged, and 
alternative interpretations of the convergence hypothesis have been sug
gested. We will have some more discussion of this issue in the last section. 

4. The Basic Mechanics of Endogenous Growth2 

We now present some of the more popular models that endogenize the 
growth rate of an economy. We will pay particular attention to how 
these models attempt to address the above criticism on the neoclassical 
models. 

2. The term "mechanics" is borrowed from Lucas (1988). 
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4.1 Growth with Non-Essential Labor: The Solow-Pitchford AK 
Model 

We have seen that in the neoclassical framework with a Cobb-Douglas 
production function, because the marginal product of capital approaches 
zero as the capital-labor ratio becomes infinite; in a steady state, the 
capital-labor ratio of the economy must be bounded from above. This 
implies that in the absence of technological progress, the per capita out
put must also be bounded from above. Solow was aware of this limitation 
and did give alternative examples of an economy that is "so produc
tive and saves so much that perpetual full employment will increase 
the capital-labor ratio (and also output per head) beyond all limits." 
(Solow, 1956, pp. 72 and 77.) On p. 77, he even suggested an example of 
a CES production function that can give perpetual growth of an econ
omy. Pitchford (1960) was probably the first one to suggest a rigorous, 
general theory of endogenous growth using CES production functions, 
and to show how "in some circumstances a rise in the saving ratio can 
achieve a permanently higher rate of growth of income" (p. 499). 

In the Solow-Pitchford model, human capital is also assumed to be 
constant so that we can write h = 1 and L = M. Its main feature 
is that it abandons the Cobb-Douglas production function used in the 
neoclassical model, and assumes instead a CES production function: 

ya = (aKa + bLa), (8) 

where a, b > o. For perpetual growth, we assume that 0 < (}; < 1, 
which implies that the elasticity of substitution is greater than unity. 
The reason is given below. The marginal products of capital and labor 
are, respectively, 

r = a [a + bk-a ] (l-a)/a, 

W = b[aka + b](l-a)/a. 

(9.1) 

(9.2) 

By (9.1), if the capital-labor ratio is finite, physical capital accumula
tion still shows decreasing returns. However, because 0 < (}; < 1 if k 
approaches infinity, the rental rate approaches its lower bound, aI/a, 
while the wage rate approaches infinity. If at this point the saving of the 
economy is high enough, the economy can experience perpetual growth 
in terms of its per capita output. 

To see this point more rigorously, note that because 0 < (}; < 1, 

. y 
hm K =A, 

k-too 
(8') 
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where A = aI/a. In other words, the production function is asymptoti
cally linear. Equation (8') represents the famous AK model. Assuming 
no technological progress, the growth rate of output is 

or that of the per capita output is 

y= K - n. 

(10) 

(10') 

Making use of the investment equation (3') and (8'), the growth rate of 
the economy's per capita income is 

y= sA - 8 - n. (10") 

Equation (10") has two important implications. First, if the saving rate 
is high enough, and if A is big enough, the economy can have a positive 
sustained growth. Second, the growth rate of the economy depends on 
variables such as saving rate, technology level, and population growth 
rate. Therefore, any government policies that affect these variables will 
have a growth effect. 

The adjustment and steady state of the economy can be illustrated in 
figure 2. Assuming a constant saving rate, the schedule sy / k is downward 
sloping, but is bounded from below by the line sA. If saving is sufficiently 
high, the line sA is above the line n + 8. Equation (3') implies that the 
gap between the schedule sy / k and the line n + 8 gives the rate of 
adjustment of k. Since the schedule sy/k is downward sloping, the rate 
of adjustment declines over time. Asymptotically, sy / k is equal to sA, 
and the perpetual growth rate of the economy is equal to sA - 8 - n. 

This model implies (conditional) convergence, as does the neoclas
sical model. For example, assume that there are two economies, North 
and South, which are identical except that the initial capital-labor ratio 
is higher in the North than in the South, klJ > kg. In both countries, the 
capital-labor ratios are increasing over time, but the South has a higher 
growth rate and is catching up. 

When the aggregate production function is of the CES type, as in 
the Solow-Pitchford model, both labor and capital are non-essential. It 
is obvious from the above analysis that it is the non-essentiality of labor 
that is necessary for perpetual growth with physical capital accumula
tion. Jensen and Wang (1997) provide an elaboration of this point. The 
required condition for persistent per capita growth is the violation of 
the Inada condition (the marginal product of capital is bounded below). 
This is demonstrated in Jensen and Larsen (1987). They also show that 
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Growth rate 

sV/k 

sAr-----~--~-----------------

n+5r-----~--~-----------------

o k 

Fig. 2. Growth in the Solow-Pitchford model 

depending on the properties of the marginal products of factors, various 
types of endogeneous growth are possible. 

In the above analysis, saving is assumed to be a fixed proportion 
of the aggregate output. However, if part of the saving in the economy 
comes from wage earnings, sustaining the growth of the economy may 
be difficult in the Solow-Pitchford model because the share of labor 
income approaches zero when the capital-labor ratio approaches infinity. 
To avoid this problem, Saint-Paul (1992) suggests the use of taxation to 
redistribute income within the economy. 

Other extensions of the Solow-Pitchford endogenous growth model 
are provided in some recent papers, including Jones and Manuelli (1990) 
and Rebelo (1991), where a generalization to a two-sector economy is 
shown to be possible.3 Even if labor is essential in the production of 
the consumption good, as long as the investment good can be produced 
without labor, it is possible to have per capita consumption growing at a 
constant positive rate forever. To see this, denote the aggregate capital 
stock by K and the fraction of K working in the consumption sector 
by ¢>, meaning that (1 - ¢»K is the amount of capital working in the 

3. For a more general formulation of endogenous growth models with many capital 
goods, see Dolmas (1996). 
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investment sector. 
Consider the following production functions: 

Yc = A( ¢KY~ L(l-o.), 

Yi = ,8(1 - ¢)K, 

21 

(11.1) 

(11.2) 

where Ye and Yi are the outputs of the consumption sector and in
vestment sector, respectively, and ,8 > 0 is a parameter. Both sectors 
are competitive. Using lower-case letters to denote per capita output, 
Ye = Yc/ L and Yi = Yi/ L. Assuming no technological progress, A is a 
constant. In a steady state, which we are focusing on right now, ¢ is a 
constant. Using (11.1)-(11.2), we have 

fie = o.k, 
fii = k. 

(12.1) 

(12.2) 

Denote the price of the investment good (capital) relative to the con
sumption good by p. Perfect mobility of capital between the sectors 
equalizes the rental rates of the two sectors: 

p,8 = o.Ak~-l, 

where ke = ¢K/ L, or, in terms of growth rate, 

p= -(1- o.)k. (13) 

Condition (13) implies that if the capital-labor ratio is rising, the relative 
price of capital is falling. Combining conditions (12.2) and (13), we see 
that PYi is growing at a rate of o.k, the same as that of Ye. 

The per capita national income is equal to 1/ L = Ye + PYi, which 
grows at a rate of o.k. The growth rates of capital and the capital-labor 
ratio depend on saving, which may be chosen by the government in a 
social planner's problem or by individuals in a decentralized economy. 
Let 8 be the ratio of saving to national income. The capital-labor ratio 
then grows according to 

~ 81 
k=--6-n. 

pK 
(14) 

With enough saving, the economy grows over time, i.e., k > O. Equation 
(14) thus implies that disparities in growth rates among countries can 
be explained in terms of the saving rates of the countries. In particular, 
a country grows faster if it saves more. 
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4.2 Growth with Knowledge Spillovers and Increasing Returns: 
The Romer AK Model 

Another way of endogenizing growth rates was suggested by Romer 
(1986). His model has three main features. First, knowledge is used by 
firms as a capital good. Second, knowledge can be augmented so that 
we can talk about aggregate knowledge in the economy. Third, firms are 
competitive, taking prices and the aggregate knowledge as given. Knowl
edge and other factors are chosen optimally by firms, and knowledge 
accumulates by sacrificing current consumption. Thus with knowledge 
as a factor, Romer's model is subject to factor-generated Marshallian 
externality. Because he did not consider human capital, we can write 
h = 1. 

Consider a representative firm which chooses a knowledge input of 
K i . Let the aggregate knowledge be K == Li K i . Since the firm takes 
the technology and the aggregate knowledge as given, in the produc
tion function given by (5), we replace A by AK.B, 0 < f3 < 1. After 
substitution, the production function reduces to 

Yi = AK.BKiL !-<>. (15) 

This means that the firm treats K, which it can hardly control, and 
technology as exogenously given, and then chooses Ki and Li optimally. 
All firms have the same production function. Adding up the firms' pro
duction gives the aggregate production function 

(15') 

Supposing that f3 = 1 - a, and setting L at unity, the production func
tion in (15') reduces to the AK model asymptotically. Alternatively, the 
production function can be expressed in terms of the per capita output: 

which gives the growth rate of per capita output: 

y= A+f3K +ak. (16) 

Equation (16) shows the sources of perpetual growth. Assuming a Cobb
Douglas production function with no technological progress, the capital
labor ratio, k, remains constant in a steady state, and the growth of per 
capita output is proportional to that of knowledge capital. 

Romer (1986) actually assumes that knowledge capital displays 
strictly increasing marginal product, i.e., f3 > 1 - a. A problem of this 
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model is that for any constant saving rate s > 0, the stock of knowl
edge capital will become infinite after some finite time if k = sY. To 
avoid this problem, Romer assumes a bounded investment technology, 
k = g(sY/ K) where g(.) is strictly less than some upper bound. Xie 
(1991) provides an explicit example of this type, and suggests an alter
native formulation: 

(17) 

where B(K) is positive, increasing, and bounded above by unity. Clearly, 
this has the same structure as the AK model discussed earlier. Xie shows 
that for some appropriate initial condition, the growth rate of K will 
be monotonically increasing and approach an upper bound. For more 
discussion of possible explosiveness of this type of models, see Solow 
(1994). 

In Romer (1986), K is the stock of public good that enters each 
firm's production function. Obviously, a flow or a stock of public good 
produced by the government can also generate perpetual growth. See 
Barro (1990) and Turnovsky (1997). 

4.3 Growth with Education: The Uzawa-Lucas Model 

We now turn to endogenous growth models which explicitly examine the 
accumulation of human capital. There are two main channels through 
which individuals acquire human capital: education and learning by do
ing. In this subsection, we focus on education. 

Earlier efforts that analyze human capital in a dynamic model gen
erally have a limited success in explaining perpetual growth.4 To allow 
for a perpetual growth, Uzawa (1965) proposes to treat the skill level 
of workers as a variable which can increase over time.5 Lucas (1988) 
extends this idea and allows for external effects of human capital. We 
now present a simple version of their models. 

At any time, let h be the average human capital level, which is a 
general knowledge available to everyone. Individuals possessing this gen
eral knowledge can acquire more by receiving education. Each individual 
is endowed with one unit of nonleisure time. A fraction of this time, de
noted by T, is spent on receiving education, and the rest, 1-T, on work. 
The increase in human capital depends positively on the amount of time 

4. See, for example, Razin (1972a, 1972b) , Manning (1975, 1976), Hu (1976), and 
Findlay and Kierzkowski (1983). 

5. While so much attention has been paid to the growth factors on the production 
side of economies, Uzawa, in a less known paper (Uzawa, 1969), suggested a growth 
model that endogenizes the rate of time preferences. 
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spent on education and the prevailing human capital level. For simplic
ity, it is assumed that there is no depreciation of human capital. Human 
capital is postulated to increase according to the following function: 

(18) 

where g'(T) > O. Note that h is both the average human capital stock 
and the human capital stock each individual acquires through education 
in the next period. Individuals, taking the existing human and physical 
capital as given, choose T to maximize their utility subject to the bud
get constraint and condition (18). After an individual has accumulated 
human capital, the new level of knowledge is immediately available to 
all individuals.6 

In the presence of human capital, the available efficiency units of 
labor is L = (1 - T)hM. The production function (5') reduces to 

and the growth rate of the per capita output is given by 

(19) 

Therefore the growth of per capita output depends on that of T, h, A, 
and k. 

As explained before, because of diminishing returns of capital, if 
A = 0 then in a steady sta~ (balanced growth path) the capital-labor 
ratio remains constant, i.e., k = O. Furthermore, T must remain constant 
in such a path, i.e., r = O. This implies that the growth of human capital 
in a steady state is equal to 

h = g(7), 

where 7 is the steady-state value of T. Substitute these growth rates 
into (19) to give fj = h = g(7). In other words, the per capita output 
and human capital grow at the same rate, and this rate depends on the 
steady-state value 7, which is chosen endogenously by individuals. See 
Caballe and Santos (1993) for a rigorous discussion of other properties 
of the model such as existence of a steady state and dynamics. 

In this model, the growth of an economy depends crucially on 7: Any 
policy or economic factor that affects 7 can thus change the economy's 
long-run growth. This model is much richer than the neoclassical one 
for explaining the international differences in growth rates. Thus, two 

6. Note that the free-rider problem may exist in this type of models. 
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countries which have the same technology may still grow at different 
rates in steady states if individuals in different countries choose to spend 
different amounts of time on education (Azariadis and Drazen, 1990), 
or if they have different education policies. In particular, two countries 
may have two different steady states, and in general there is no reason 
to believe that their growth rates should converge. 

Stokey (1991) extends the Uzawa-Lucas model and considers a 
model with a continuum of individuals with different human capital 
and a continuum of products with different qualities. Firms are compe
titive and hire individuals with higher levels of human capital to produce 
higher quality products. She shows explicitly how human capital accu
mulation depends negatively on the rate of time preference but positively 
on the elasticity of intertemporal substitution. 

Grossman and Helpman (1991a, section 5.2) extend the model of 
Findlay and Kierzkowski (1983), endogenizing the determination of ed
ucation in the presence of innovation. In their model, growth is driven 
not by education but by innovation, and they show that an increase in 
the fraction of skilled workers does have positive effect on the rate of 
innovation. Eicher (1996) takes another approach by considering explic
itly an education sector, which, in addition to providing education and 
human capital accumulation, also generates technological spillovers. He 
shows that higher rates of technological progress and growth may be ac
companied by a higher relative wage but lower relative supply of skilled 
labor. 

The Uzawa-Lucas model and many of its extensions assume that 
the only cost of education is the opportunity cost of the time spent on 
education. Some attempts have been made to relax this assumption. 
For example, Manning (1975, 1976), Shea and Woodfield (1996), Eicher 
(1996), and Wong (1997) consider an education sector in which stu
dents are educated by educators. Ohyama (1991) and Galor and Stark 
(1994) assume explicitly that investment in human capital requires real 
resources, while Bond, Wang, and Yip (1996) and Bond and Trash (1997) 
develop models with an education sector that requires physical capital 
and labor time in the production process. 

4.4 Growth with Learning by Doing 

Another channel through which human capital and knowledge accumu
lates is learning by doing. As Arrow described it, "Learning is the prod
uct of experience. Learning can only take place through the attempt to 
solve a problem and therefore only takes place during activity." (Arrow, 
1962, p. 155.) The experience that a worker acquires through learning 
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augments the productivity of the worker, implying that, for any given 
factor endowments, the production possibility set of the economy ex
pands. This is similar to human capital accumulation through educa
tion, except that learning by doing requires very little, if any, resources: 
At least a worker does not have to (in fact, should not) stop working in 
order to learn. 

However, an increase in workers' productivity mayor may not lead 
to a perpetual growth of the economy. In formalizing the concept of 
learning by doing, Arrow (1962) postulates that the productivity of a 
given firm is an increasing function of cumulative investment in the 
industry. In his model, however, the growth rate of consumption con
verges to zero, because it is assumed that for the economy as a whole, 
the marginal product of capital eventually falls to zero. See also Levhari 
(1966a, 1966b), and Sheshinski (1967) for the same result. 

In an alternative formulation, Lucas (1988) drops the diminishing 
returns assumption made by Arrow, and shows how the growth of an 
economy may depend positively on the rate of accumulation of human 
capital through learning by doing. Other formulations of endogenous 
growth with learning by doing have also been suggested by Stokey (1988) 
and Young (1991, 1993). 

To show how learning by doing may sustain growth, let us refer to 
the Cobb-Douglas production function used earlier. Since workers do not 
have to spend time on learning, the function in (5') reduces to 

y = hAkO:, (20) 

or, in terms of growth rates, 

y= h+A+ak. (20') 

Again, assuming technological progress in a steady state k = 0 and the 
growth rate of per capita output depends on how human capital grows. 

As Arrow (1962) suggests, the experience a worker acquires through 
learning depends on the amount of activity he/she goes through. How
ever, learning is assumed to occur accidentally, and individuals do not 
take it into account in making consumption and time-allocation deci
sions. 

Let us postulate that the human capital stock is a positive function 
of a variable Z, which is an index of accumulated experience, i.e., 

h = g{Z), 

where g'{Z) > O. In terms of growth rates, (21) gives 

h = cgZ, 

(21) 

(21') 
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where Cg is the elasticity of the function g(.). It is required that cg2 be 
endogenously determined and remain constant along a balanced growth 
path. 

We now explain two ways of specifying Z that ensure the above 
balanced growth condition. The first one is that of Lucas (1988, 1993). 
Suppose that the initial human capital at time 0 is given, ho. Let Z be 
the cumulative human capital, and 

g(Z) = a lot uh dv, (22) 

where 0 < a, u < 1. The variable u represents the fraction of time a rep
resentative worker spends on working,7 and is determined endogenously. 
The parameter "a" represents the efficiency unit of labor. By equation 
(22), the growth rate of human capital is equal to au. Therefore equation 
(22) implies that the growth rate of human capital is proportional to the 
amount of time individuals spend on producing the good: the more time 
they spend on producing good, the faster human capital and per capita 
output will grow. 

In a steady state, u is a constant, and therefore the growth rates 
of human capital and per capita output in the absence of technological 
progress are both equal to au. 

Another way of modelling human capital accumulation is to assume 
that Z is the accumulated output, and 

g(Z) = a lot Ydr, (23) 

where a > 0 is a parameter, and Y is the output level. Equation (23) 
implies that the current level of human capital depends on cumulative 
experience, the latter being represented by the cumulative output level. 
Equations (20) and (23) give 

(24) 

If we assume no technological progress or population growth, the growth 
rate of human capital and that of per capita output in a steady state 
is aAMk''', where k is the steady-state capital-labor ratio.8 Clemhout 

7. The rest of the time may be spent on leisure. In the Lucas (1988) model, there 
are two sectors, and Ui is the fraction of the nonleisure time a worker spends on 
working in sector i. 

8. If population growth rate is positive, the growth rate of human capital as given 
by (24) will not be constant. To have a constant growth rate of human capital, one 
can assume instead that Z is a positive function of the cumulative per capita output. 
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and Wan (1970), Stokey (1988), Young (1991, 1993), and Ishikawa (1992) 
make similar assumptions of human capital accumulation through learn
ing by doing.9 

Despite their success in endogenizing the growth rate, the above 
formulations of learning by doing have their weaknesses. It is widely be
lieved that the learning curve of a person in general rises rapidly initially, 
but then it slows down, and eventually may become flat. Arrow (1962) is 
aware of this fact, and also suggested that new goods continually appear 
while some old goods disappear. The same argument is used by Lucas 
(1988), but he does not explicitly consider continuing emergence of new 
goods. Stokey (1988) and Young (1991, 1993) assumed that there are 
diminishing returns in learning by doing with respect to any given prod
uct, but because of emerging new products, growth can be sustained. 
Both Stokey and Young adopt the model first proposed by Wan (1975), 
where there is an infinite continuum of produceable goods, of which a 
finite number are produced at any given time. 

Note that some learning-by-doing growth models imply scale effects: 
A country or an industry that becomes bigger in size will experience 
a higher growth rate of the economy (e.g., Backus et al., 1992). For 
example, consider again the growth of an economy due to learning by 
doing as implied by equation (24). The steady-state growth rate implied 
is aAM k<Y.. Suppose that a country becomes twice as big as before so 
that the number of workers increases from M to 2M. Then the growth 
rate is doubled. The existence of scale effects is an uncomfortable feature 
of these models because it is not supported by evidence, including both 
time-series data for a particular country and cross-sectional data for 
different countries. For example, the growth rate of the United States 
does not seem to increase over time with its population, and a country 
like India does not have a higher growth rate than that of a much smaller 
country like Singapore. The scale effect has the further implication that 
countries do not converge. 

However, it should be noted that not all endogenous growth mod
els have scale effects. For example, the education model represented by 
equation (18) and the learning-by-doing model suggested by (22) do not 
have scale effects. In models in which growth of an economy depends on 
R&D, however, scale effects are more common. 

9. Kemp (1974) suggested an alternative learning function: the human capital level 
in period t is a positive function of the output level in the previous period. This 
function mayor may not lead to perpetual growth, but he did not provide an analysis 
of this point. 
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4.5 Growth with Endogenous Technological Progress 

So far we have been assuming that the general technology level of the 
sectoral production function is either fixed or given exogenously, i.e., 
variable A has been kept as an exogenous variable. We now relax this 
assumption. 

In economic theory, technology still remains a black box which we 
know not too much about. Technological progress is usually treated ex
ogenously or is based on some ad hoc process. In the past decade, some 
new approaches and analyses have been suggested and applied to the 
growth theory. 

Technological progress can take place in one or more of the follow
ing forms: (a) It improves the productivity offactors (or lowers the cost 
of production); (b) It leads to the emergence of new products; and (c) 
It improves the quality of existing products or productivity of existing 
intermediate products. Sometimes, a product with a higher quality can 
be regarded as a new product, and there is hence very little difference 
between form (b) and form (c) of technological progress. However, dis
tinguishing between forms (b) and (c) is generally useful, because very 
often the emergence of new products is analyzed when products are as
sumed to be characterized by horizontal product differentiation, while by 
definition quality improvement involves vertical product differentiation. 

In this subsection, we focus on technological progress that improves 
the productivity of factors. In terms of the production function (5), 
which we have been using, this is represented by an increase in the value 
of variable A.I0 

In a series of papers written in the later fifties and early sixties, 
Kaldor criticized the neoclassical assumption of exogenous technological 
progress. Kaldor and Mirrlees (1961-1962) suggest a formal model with 
perpetual growth that is dependent on new investment and saving. They 
postulate that the rate of growth of productivity per worker operating on 
new equipment is a positive function of the rate of growth of investment 
per worker. Therefore, policies that affect new investment directly could 
have growth effects. 

Chipman (1970) suggests another model of endogenous technological 
progress. He recognizes the fact that technological improvement requires 
the use of resources: engineers, researchers, computer programmers, com-

10. For convenience, three types of technological progress can be distinguished: 
Hicks-neutral, labor-augmenting (Harrod-neutral), and capital-augmenting (Solow
neutral), but in general only the labor-augmenting technological progress is consis
tent with a balanced growth. See Barro and Sala-i-Martin (1995, pp. 54-55). With a 
Cobb-Douglas production function, these three types of technological progress when 
given exogenously are not distinguishable. 
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puters, laboratories, and so on. He postulates that the rate of techno
logical progress is directly related to the amount of resources devoted to 
research. As a result, government policies that encourage research have 
a positive effect on the growth of the economy. 

Chipman's model, while explicitly considering the use of resources 
on improving technology, sidesteps some fundamental questions: Who 
conducts research? How is the fruit of research appropriated? How is 
the new technology transferred to the firms? 

These questions are related to each other. Specifically, in the absence 
of technology transfer from abroad, technological improvement can be 
done through R&D (i) by firms that are currently producing a good, (ii) 
by firms that are potential producers, (iii) by firms or agents that are 
specializing on research and development, or (iv) by the government. 

In what follows, we provide a simple model that is based on Chip
man (1970), assuming explicitly that research is being conducted by the 
government. Let the aggregate labor force, M, be constant over time. 
Because human capital accumulation is not considered, we let h = 1. 

Workers are hired either by the firms in the production sector to pro
duce the homogeneous good or by the government to conduct research. 
Let the fraction ¢ of the labor force be employed in the production sec
tor, while the rest are hired by the government to conduct R&D. Using 
the notation defined earlier, the labor input in the production sector is 
L = ¢M, and the production function can be written as 

(25) 

which implies that the per capita output, Y / M, is equal to 

(25') 

The growth rate of per capita output is 

By employing (1 - ¢) of the total labor force to carry out R&D, the 
government is able to improve technology according to 

A = aA(l - ¢)M, (26) 

where a > 0 is an index representing the effectiveness of labor in R&D. 
The government then distributes the fruit of R&D to all the firms in the 
economy. Due to its non-rival property, technology is a public good in 
the sense that the government can provide the technology to an extra 
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firm without hurting the technological level of other firms. The cost of 
R&D is w(l- ¢)M, where w is the wage rate. It is financed by lump-sum 
taxes on all individuals. 

In a steady state, ¢ and k are constant. Therefore the growth rate 
of A, and thus that of per capita output, is equal to 0"(1 - ¢)M, where 
if; is the steady-state value of ¢. 

If the government expands its R&D activity, it can increase the rate 
of technological progress, but it also lowers the amount of labor available 
to firms. Thus there is a trade-off. It is assumed that the government 
chooses the size of the R&D activity, or ¢, to maximize an objective 
function such as the steady-state per capita consumption or the sum of 
the discounted stream of the utility levels of a representative consumer. 

This model, though simple, does bring out some important features 
of R&D. First, the new technology developed by the government is one 
type of public good: It is provided free to the firms, and is non-rival and 
excludable. Similar public goods can also have growth effects. See, for 
example, Barro (1990) and Turnovsky (1997). 

The present model can be used to explain the divergence in growth 
rates of different countries. Because the technological progress is con
trolled by the government, unless different governments choose the same 
policies, one would not expect that their countries will grow at the same 
rate. One can further argue that why a country like the Philippines is not 
growing as fast as Taiwan is because the technology growth rates of the 
countries are chosen to be different. This argument is in fact supported 
by some casual observations: the positive correlation between techno
logical progress and growth (countries that grow rapidly are usually 
those that experience substantial technological progress), and the im
portant role of government in R&D in many countries. However, further 
thinking will raise the question: If technological progress is so crucial to 
growth, why does a government not choose to provide more technological 
progress? 

The most straightforward answer is that different governments have 
different objective functions. (A government chooses to have a low 
growth rate because this is what it wants). For example, they have dif
ferent preferences. In general, a country with a smaller rate of time 
preference (with a bigger discount of future consumption), other things 
being equal, will prefer to have a lower growth rate. This thus brings out 
an often-neglected fact: a higher growth rate does not necessarily mean 
a higher welfare level. 

Another reason for different government R&D policies is that dif
ferent governments may be subject to different budget constraints. If a 
government finds it too costly to raise revenue to finance R&D activities, 
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the growth rate of the country has to be compromised. This argument 
is compatible with the observation that countries that grow fast usually 
have substantial government budget surpluses. (Of course, growth and 
budget surpluses may be inter-related.) 

5. Innovation and Growth in a Closed Economy 

In the previous subsection, we focused on the type of technological 
progress that improves the productivity of factors. We now turn to two 
other types of technological progress: the one that leads to the emergence 
of new products, and one that improves the quality of some existing 
products. The former type of technological progress is called horizontal 
innovation and the latter called vertical innovation. 

The type of models described in the previous section with one ho
mogeneous good is no longer suitable for analyzing horizontal or vertical 
innovation. Some simple ways of extending the neoclassical model are 
now explained. 

5.1 Horizontal Innovation 

The most common way of extending the neoclassical model to allow for 
the emergence of new products is to consider a sector of differentiated 
products as originally suggested by Spence (1976) and Dixit and Stiglitz 
(1978). The advantage of the Spence-Dixit-Stiglitz approach is that the 
goods enter the utility function of a representative consumer in an ad
ditive way, so that the utility is an increasing function of the number 
of varieties. Moreover, by treating the goods symmetrically and assum
ing a large number of varieties, the model can be solved in a simple 
way. Ethier (1982) extends the Spence-Dixit-Stiglitz model by treating 
the differentiated products as intermediate inputs used by other firms 
to produce a final product. This approach is followed by Romer (1987, 
1990), Grossman and Helpman (1990b, 1991a), and Rivera-Batiz and 
Romer (1991a). 

Following Romer (1990), Grossman and Helpman (1990b), and 
Rivera-Batiz (1991a), let us divide the economy into three sectors: the 
final-good, the intermediate-good, and the research sectors. The final 
good, which is a consumption good, is homogeneous and produced un
der perfect competition, while the intermediate goods are differentiated. 
There is only one type of primary factor, labor. The labor endowment 
is constant over time. The final good is produced using labor, Lf, and 
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N intermediate inputs: 

00 

Y = AL}-"2:Xi, (27) 
i=l 

where Xi is the input of the ith intermediate good. This production 
function is a modified Cobb-Douglas function. Note that all immediate 
goods enter the production function symmetrically. 

Because at time t there are N intermediate inputs available, in the 
production function in (27), Xi = 0 for i = N + 1, ... ,00. Note how the 
additivity of the inputs in the production function allows the inclusion 
of some intermediate inputs that currently do not exist. 

At least three different formulations of the intermediate-good sec
tor have been suggested. They have different economic interpretations, 
but similar mathematical implications. We briefly describe and compare 
them. The first one is due to Romer (1990), who assumes that the inter
mediate inputs are different types of capital. Each type of capital can be 
produced by sacrificing one unit of the final product. Since the interme
diate products are treated symmetrically on both the demand and the 
supply sides, in equilibrium, equal amounts of each of the intermediate 
products are produced and used in producing the final good. We let this 
amount be X. This implies that the production function of the final 
good reduces to 

(27') 

The total amount of capital is K = N X. Physical capital accumulation 
comes from saving: 

1< = Y -c, (28) 

where no depreciation of capital is assumed and where C is the consump
tion of the final good. Equation (28) is the usual investment equation. 
Firms in the intermediate-good sector compete in an oligopolistic way. 
Because the number of firms is restricted by the level of technology, firms 
may earn positive profits in equilibrium. 

The R&D sector consists of a large number of firms. Each of them 
hires workers to conduct R&D activities which lead to new intermediate 
goods. The rate of increase in the number of intermediate goods, which 
for convenience is treated as a real number rather than an integer, de
pends on the knowledge each research firm possesses and the number 
of workers they hire. All research firms have access to the same pool of 
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knowledge, which is assumed to be proportional to the existing num
ber of intermediate goods. When a firm discovers a new product, it is 
granted a patent which lasts forever, meaning that any firms that receive 
a license from the innovating firm can produce the new product. This is 
an important feature of this type of models: There is perfect knowledge 
spillover in the research sector but zero spillover in the intermediate 
product sector. Denoting the total labor force engaged in research by 
Lr , the number of intermediate goods is postulated to change according 
to 

(29) 

where a is an index representing the productivity of labor in R&D. There 
is free entry to the research sector. In equilibrium, the cost of developing 
a new product is equal to the sum of the discounted stream of profits 
from producing the new product. 

In the balanced growth path of the economy, the distribution of 
labor between the final-good sector and the research sector is constant, 
and so is the amount of each type of capital. The growth of the number 
of intermediate goods, as given by (29), provides the sustained growth. 
Both N, K, and Yare growing at a rate of aLr . 

In the model of Grossman and Helpman (1990b), the production 
of intermediate products requires labor using a Ricardian-type technol
ogy. Firms also compete in an oligopolistic way and earn positive prof
its. Along a balanced growth path, the distribution of labor among the 
three sectors is constant. This implies that the total quantity of inter
mediate products, N X, is constant. This is contrary to the assumption 
in the model in Romer (1990) in which along a balanced growth path 
the quantity of each intermediate product, X, is constant. 

The production function of the final good can be written as 

(27") 

As N X is constant along a balanced growth path, the growth rate of Y 
is equal to (1 - a) times that of N. 

The above two models share one common feature of the research sec
tor: the growth of the number of intermediate products depends on two 
factors, the amount of labor employed and the existing level of knowl
edge. Rivera-Batiz and Romer (1991a) call this knowledge-driven (KD) 
specification of research. They propose an alternative formulation which 
they call the lab-equipment (LE) model: the technology for research uses 
the same inputs as the final-good technology, in the same proportions. 
In other words, research requires both labor and intermediate products, 
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just like the production of the final good, and is independent of the ex
isting knowledge. Thus the change in the number of intermediate goods 
is given by 

00 

N = BL}-OtL:XY, (30) 
i=l 

where B is an R&D technology index, which is given exogenously. If we 
keep the assumption that intermediate inputs, which are different types 
of capital, are produced from the final good, the equilibrium condition 
of the final-good market is 

(31) 

Recall that K = N X, and that X is constant in a balanced growth 
path. Thus, K = N. In other words, the source of growth in this model, 
as that in the KD model, is the continuous emergence of new products. 
Furthermore, equation (31) shows clearly how saving, which is equal to 
y - C, affects the growth of the economy. In another version of the LE 
model, the intermediate goods are non-dumble. (See Barro and Sala-i
Martin, 1995.) Then, kin (31) is replaced by N X. 

The above models of horizontal innovation can be used to explain 
why countries may have different growth rates, and why these rates may 
not converge over time, even if they have the same technology. Saving, 
which may be determined by market forces or chosen by the government, 
is the key factor behind an economy's growth. In these models, saving 
also contributes directly to the growth of the number of new products. 

5.2 Vertical Innovation: Schumpeterian Creative Destruction 

A rigorous theory of repeated quality upgrades of existing products was 
first developed by Segerstrom et al. (1990) and Aghion and Howitt 
(1992). The former paper assumes that the time of arrival of a new 
invention that replaces an existing product is a deterministic function 
of the aggregate R&D expenditure in the industry, but the identity of 
the successful inventor is a random variable. Another assumption is that 
the patent races take place sequentially in one industry after another, in 
a predetermined order. Aghion and Howitt, on the other hand, assume 
that the time of arrival is stochastic, but there is only one firm produc
ing the intermediate good, which is rendered obsolete by the arrival of 
a new invention. Thus there is a sequence of monopolists, the new one 
stealing the business of the old one. The following is a simple version of 
the Aghion-Howitt model. 
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There are two types of goods: a consumption good and an interme
diate good; and two types of workers of fixed stocks over time: unskilled 
workers and skilled workers. Unskilled workers are used to produce the 
consumption good, while skilled workers can be used to produce the in
termediate good or to perform R&D. Let y, x and A denote the output 
of the consumption good, the amount of the intermediate input, and the 
quality of the latter. With a fixed endowment of the unskilled workers, 
the production function for the final good is written as 

y = AF(x), (32) 

where F is strictly concave and increasing. Let Lr and Lx = L - Lr 
denote the amounts of (skilled) labor employed in R&D and in interme
diate good production, respectively, with the amount of skilled labor L 
fixed over time. The consumption good sector is perfectly competitive. 
The production of the intermediate good requires labor only. Assuming 
a linear technology, x = Lx. 

The quality of the intermediate good is measured in terms of its 
productivity in producing the consumption good. Its quality can be up
graded, and each upgrade represents a constant multiple of the original 
productivity. Thus we write 

(33) 

where 'Y > 1 and m (an integer) is the number of times the interme
diate good have been upgraded (which is the same as the number of 
innovations that have occurred). 

Because the intermediate good, no matter what its quality level is, 
is produced with one unit of skilled worker per unit of output, the firm 
that has the technology of producing the good with the highest quality 
will capture the whole market, and is therefore a monopolist. Taking 
the wage rate of skilled workers as given, it chooses the price of the 
intermediate good it produces to maximize its profit. 

Quality improvement of the intermediate good is done by research 
firms. Note that these outside firms get a bigger return from a successful 
research than the existing monopolist has, because they do not have to 
pay the price of losing the profit from the prevailing quality. Thus the 
monopolist chooses to do no research. While the amount of each upgrade 
is fixed, the time at which an innovation occurs is random. Let 1l'(m, t) 
denote the probability that there will be m innovations up to time t. 
The expected output of the consumption good at time t is 

00 

Z(t) = L. 1l'(m, t),m F(L - Lr). (34) 
m=O 
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Assume that the innovation process is Poisson with parameter >..cjJ(Lr) 
representing the arrival rate. Then 

(35) 

Substitute (35) into (34) to obtain 

Z(t) = F(L - Lr )eA4>(Lr )('Y-1)t. (36) 

A research firm that is successful in its innovation gets patent protec
tion from the government and sells its technology to a (new) intermediate 
producer. Being the only firm with this new technology, it extracts all 
the monopolist rent from the new intermediate good producer. There
fore when a research firm chooses to do research, the value of the next 
innovation is the expected present value of the flow of monopolist profit 
generated by this new innovation over an interval whose length is ex
ponentially distributed with parameter >..cjJ(Lr). Note that even though 
the patent prevents any horizontal spillover between firms, there are in
tertemporal spillovers, as each successful innovation raises the general 
knowledge base, helping the next innovation. 

The research firms choose the amount of skilled labor to do research, 
taking the wage rate as given, to maximize its expected profit. The equi
librium of the economy is characterized by the labor market equilibrium. 

The steady state of the economy requires that the distribution of 
skilled labor is constant over time. Denote the steady-state value of Lr 
in this decentralized economy by Lr . From (36), the instantaneous rate 
of growth of expected consumption is >..cjJ(LrH'Y -1). Note that "f -1 is 
approximately the same as In "f. 

It is immediately clear that any policies that directly increase the 
employment of labor in the research sector will increase the growth rate 
of the economy in the sense that future innovations tend to arrive sooner. 

The above model has important welfare implications. Suppose there 
exists a social planner who chooses labor distribution to maximize 

w = 100 e-rt Z(t) dt, (37) 

where r is great enough to ensure the convergence of the integral. Denote 
the optimal amount of labor in the research sector by L;. Whether the 
growth rate (of the expected consumption) of the decentralized economy 
is higher or lower than the optimal growth rate depends on whether Lr 
is greater or smaller than L;. However, in general, the sign of Lr - L; is 
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ambiguous. For example, consider the special case in which ¢(Lr) = Lr 
and F(x) = x'" = L~. It can be shown that 

L* = r 

AI'(l - a)L - ar 
A[I'(l - a) + a] , 

A(!' -l)L - ar 
(l-a)(!'-l)A' 

(38.1) 

(38.2) 

Which of these two labor employment is bigger is ambiguous. If I' = 2, 
a = 0.5, A =:. 1, then Lr < L;, but if I' is close to unity and a is very 
small, then Lr > L;. 

Aghion and Howitt (1992) offer four reasons for the difference be
tween the two growth rates: the intertemporal-spillover effect (private 
research firms attaching no weight to the benefits that accrue beyond the 
succeeding innovation), the appropriability effect, the business-stealing 
effect (the private research firm not internalizing the loss to the previ
ous monopolist caused by an innovation), and the monopoly-distortion 
effect. The intertemporal-spillover and appropriability effects tend to 
make the laissez-faire average growth rate less than optimal, whereas 
the other two effects affect the laissez-faire average growth rate in an 
opposite direction. 

Building on the work of Segerstrom et al. (1990) and Aghion and 
Howitt (1992), Grossman and Helpman (1991d) suggest an alternative 
model of vertical innovation. They postulate a continuum of final goods, 
each with its own quality ladder. Patent races take place simultaneously 
and are risky. 

The intertemporal utility of a representative consumer is 

U = 100 e-pt In u(t) dt, (39) 

where p is the rate of utility discount, and In u(t) represents the flow of 
utility at time t and is defined as 

Inu(t) ~ 1'ln [t,q;(S)X;(S)] ds, (40) 

where Xj(s) is the consumption of quality j of product s. If a quality 
is not yet available, its price is infinity. The consumer chooses the con
sumption bundles to maximize her utility as given by (40), subject to 
the intertemporal budget constraint 

100 D(t)E(t) dt ::; M(O), (41) 
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where E(t) is the expenditure at t, D(t) is the discount factor, and M(O) 
is the present value of the consumer's income stream. In equilibrium, the 
safe interest rate is r( t) = - b / D. The solution to the utility maximiza
tion problem is 

E 
E = r(t) - p. (42) 

For convenience, the problem of the consumer can be broken up 
into two steps. First, she chooses the streams of expenditure, E(t), to 
maximize her intertemporal utility; then taking the expenditure E(t) 
as given, she chooses the consumption of each product to maximize her 
instantaneous utility. 

On the production side, several assumptions are made to give a 
tractable model. First, quality of a product is measured in fixed incre
ments: quality j of product s is given by qj (s) = ,,(j, where "( > 1 is the 
same for every s. Second, one unit of labor is needed to manufacture 
one unit of any product, regardless of quality. Third, firms compete in 
a Bertrand fashion. Fourth, the leader always stands exactly one step 
ahead of its nearest rival. 

These assumptions have several implications. If there are several 
firms producing the same product of the same quality, Bertrand com
petition implies that all of them earn zero profit. If there is one leader 
in each industry with some potential firms being able to produce the 
product with inferior quality, the leader can set the price low enough to 
drive the followers out of the market, leading to only one producer in 
each market. Also, being only one step ahead of the nearest rival, the 
leader will set the "limit" price as 

p = "(W, (43) 

where w is the wage rate. Note that the same price is set for all products 
of the leading quality. Condition (43) further implies that the demand 
for the product is equal to E("(w)-I, and that the flow of profit of each 
monopolist producing each product of the highest quality is equal to 
(1- ,,(-1 )E. This profit disappears when the product of a higher quality 
is invented and produced. 

Research for quality improvement is done by potential competitors 
of the existing monopolist. By the same argument presented above, the 
return of a successful innovation is bigger to an outside firm than to 
an existing firm. A research firm, knowing enough about the state of 
knowledge, hires ar units of labor per unit of R&D activity per unit 
of time, producing a probability of success of 'idt, where 'i is the R&D 
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intensity for a time interval of dt. The research success is thus Poisson 
with the arrival rate dependent on the level of R&D activity. 

With symmetry between the industries, we let t be the aggregate 
research intensity, and Lr be the aggregate labor employment. Therefore 
t = Lr/ar. While in each industry there is randomness in R&D success 
or failure, for the economy as a whole the law of large numbers ensures 
that in the aggregate there is virtual certainty. 

There is free entry into the patent race. In equilibrium, no arbitrage 
implies that the expected rate of return of investing in a research firm 
is equal to the safe interest rate. Making use of this "no arbitrage" 
condition and condition (42), we get the adjustment of a consumer's 
expenditure: 

(44) 

It is noted that the manufacturing employment is Lx = L - Lr = Eh. 
Using this condition, (44) reduces to 

E L-E 
-=-p---. 
E ar 

Since the adjustment of E as given by (44') is unstable, it is argued that 
the system jumps to that steady state instantaneously. It follows that 
E is a constant, and hence, from (42), r = p always. From this, we can 
solve for the steady state Lr which is positive, provided L is sufficiently 
large. 

The growth rate of the instantaneous utility can be obtained from 
(40), after simplification, and given the fact that the research success is 
Poisson-distributed, it is equal to 

(45) 

Condition (45) implies that the growth rate of the instantaneous utility 
is proportional to the employment in the research sector. 

The welfare implications of the Grossman-Helpman model are sim
ilar to those of the Aghion-Howitt model. In particular, the R&D ex
penditure in the market economy may be smaller or greater than the 
socially optimal expenditure. The latter case occurs when "y is close to 
unity, or when it is quite large. This result is consistent with the findings 
of Aghion and Howitt (1992). 
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5.3 Comparing Different Types of Technological Progress 

We have distinguished between several types of technological progress: 
factor productivity improvement, horizontal innovation, and vertical in
novation. These three types of technological progress enlarge the pro
duction and consumption possibilities of an economy in different ways. 
They therefore have different implications for both the production and 
the consumption of the economy. 

As surveyed above, models describing different types of technolog
ical progress vary a lot in terms of the underlying preferences, market 
structures, production technology, features of the research sector, ex
tent of technology spillover, the role of the government, and so on. The 
results obtained also vary a lot. Moreover, the growth of an economy 
is usually measured in different ways. For factor productivity improve
ment, growth of an economy is represented by the growth rate of the 
per capita income or output. For horizontal innovation, it is the growth 
of the number of varieties, and for vertical innovation, the growth rate 
of the (instantaneous) utility of a representative consumer is a good 
measure of the growth of the economy. 

Despite the differences between their economic interpretations, these 
models have very similar mathematical expressions, especially the ex
pression for the growth rate of an economy. In particular, the growth 
rate of an economy in a steady state, as one may note from these mod
els, can always be expressed as an increasing function of the employment 
engaged in the research activity. (See more discussion below.) 

These models also have very different implications on empirical stud
ies. Suppose one wants to determine the growth of factor productivity 
of an economy. The straightforward way is to compare the growth rate 
of per capita output and that of capital-labor ratio (assuming a two
factor, one-sector economy). See, for example, Young (1994). However, 
to measure the other two types of technological progress is much more 
difficult. 

5.4 Scale Effects of R&D 

The R&D models introduced above carry the implication that an in
crease in the size of the economy or the size of the R&D sector will 
increase the growth rate of the economy. This effect, which is called the 
scale effect of R&D, is embedded in equations (26) (for improving fac
tor productivity), (29) and (30) (for increasing the number of varieties), 
(36) (for the growth rate of expected consumption), and (45) (for growth 
rate of the instantaneous utility). Since these growth rates are directly 
related to the growth rate of the economy, these equations imply that an 
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increase in the level of employment in the research sector will increase 
the growth rate of the economy. 

The existence of scale effects of R&D comes from the appealing 
idea that the bigger the knowledge base and the more resources devoted 
to research, the easier it is to accumulate more knowledge. This idea 
reflects three important features of knowledge. First, knowledge has an 
intertemporal spillover effect, which allows the economy to accumulate 
knowledge and sustain growth. Second, knowledge is non-rival, meaning 
that it can be used by more than one agent simultaneously without 
affecting the benefit each of them gets from using the knowledge. Third, 
in many cases, knowledge is non-excludable; for example, the general 
knowledge reported in scientific journals. These three features imply that 
when an innovator introduces new knowledge, it not only improves its 
own competitiveness, but also raises the knowledge base of the economy 
and thus helps other and future firms in their R&D efforts. These effects 
thus have the implication that a large country, or a large research sector, 
will lead to a higher growth rate. They also have policy implications. For 
example, policies that encourage the employment in the research sector 
have positive effects on growth. 

These R&D models, however, have been under criticism recently, 
because the implications of these scale effects are not supported by ob
served data. For example, Backus, Kehoe, and Kehoe (1992) find little 
empirical evidence of a relation between the growth rate of GDP per 
capita and several measures of scale implied by the theory. They do 
find a significant relation between the growth rate of output per worker 
and the relevant scale variables. Jones (1995a) points out that the U.S. 
growth rates exhibit no large persistent changes, even though there have 
been permanent changes in certain government policies that, according 
to the endogenous growth theory, should have effects on growth. Simi
larly, there are little or no persistent changes in growth in other OECD 
countries. Jones (1995b) further points out that while the number of 
scientists and engineers employed in R&D in the United States grows 
by more than five times from 1950 to 1988, the total factor productivity 
growth for the same period is constant or even negative. 

It is noted that the scale effects come from the formulation of tech
nological progress: growth caused by R&D is directly proportional to the 
amount of resources (such as the number of engineers) engaged in R&D. 
The scale effects go away if growth is written as a function of some scale
free variables, such as the share of labor working in the research sector. 
This alternative formulation, however, is not satisfactory, because it is 
contrary to the belief that innovation is tied to the number of people 
engaged in the research activity, and moreover, it is also rejected by the 
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U.S. evidence because, as Jones (1995b) shows, the share of scientists 
and engineers in the total labor force has also gone up. 

Several efforts have been made to eliminate the scale effects in R&D. 
Jones (1995b) modifies the R&D equation by allowing declining rate of 
innovation with the level of knowledge and externalities due to dupli
cation in the R&D process. Segerstrom (1995), following Lucas (1988), 
introduces human capital which grows through education and knowledge 
spillover. [See equation (18).] An alternative formulation is introduced by 
Young (1995), where there are both vertical innovation (quality improve
ment) and horizontal innovation (increase in the number of varieties). To 
avoid scale effects, he assumes intertemporal knowledge spillover in the 
vertical dimension, but not in the horizontal dimension. A larger market 
will lead to an increase in the number of horizontal product varieties, 
thus affecting the level of utility, but not the growth rate. Eicher and 
Turnovsky (1996) extend Jones' approach and develop a more general 
model that mayor may not have scale effect. 

Even though these papers suggest models with no scale effects, it 
seems that this is achieved at a cost of eliminating the endogeneity of 
growth due to R&D. Because Jones (1995b) assumes a declining rate 
of innovation, the growth of the economy decreases over time until it 
reaches a level that is directly proportional to the growth rate of pop
ulation, the proportionality constant being dependent on some exoge
nous parameters. In other words, Jones' model, though assuming en
dogenous R&D, implies exogenous growth: government policies such as 
R&D subsidy have no growth effect. Jones describes his model as "semi
endogenous." This feature is also shared by the model of Eicher and 
Turnovsky (1996), when scale effect is absent. Segerstrom's (1995) model 
has endogenous growth, but endogeneity comes from education and hu
man capital accumulation, not from R&D,u Thus, education subsidies 
have growth effects, but R&D subsidies do not. In Young's model, the 
absence of scale effects implies exogenous growth, even though vertical 
innovation and horizontal innovation are determined endogenously. Thus 
government R&D subsidies or trade policies have no growth effect, even 
though the number of varieties and welfare may change. 

6. Trade and Endogenous Growth 

So far, we have examined growth of closed economies. We now try to 
see how the above models can be extended to open economies. In this 

11. Segerstrom's result is not surprising, because from equation (18) we know that 
human capital accumulation through education could have endogenous growth with
out scale effects. 
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section, we focus on international trade in goods. In the next section, 
we will look at international factor mobility. 

To analyze trade and growth, note that the neoclassical one-sector, 
homogeneous-good model is not suitable for considering trade. Either 
a multi-sectoral model or product differentiation has to be considered. 
This can be done easily by extending the models introduced above. 

6.1 Trade and Growth with Physical Capital Accumulation 

We first consider models where growth is driven by capital accumula
tion alone. Fisher (1995) extends the two-sector AK model of Jones and 
Manuelli (1990) and Rebelo (1991) to an overlapping-generations model. 
Individuals live for two periods, inheriting nothing when born except be
ing endowed with one unit of labor, and leaving no bequest when dead. 
Each individual works, saves, and consumes only when young, and con
sumes when old. Thus in this model saving of the economy comes en
tirely from workers when they are young. Population and labor force are 
constant over time. 

The consumption good is produced by labor and capital using a 
Cobb-Douglas production function, and the investment good is produced 
with capital only and with constant marginal product of capital. Markets 
are perfectly competitive. Fisher shows that with sufficient saving, the 
growth rate of the capital-labor ratio of a closed economy is 

~ s(1 - 8 + ,8)(1 - a) 
k= , 

a + s(1- a) 
(46) 

where s is every individual's savings as a fraction of the wage rate, and 
a, {3 are technology parameters defined by (11.1)-(11.2). Assuming a 
Cobb-Douglas utility function for every individual, s is constant. 

Now consider two countries with identical technology and prefer
ences, except with different time preferences. In particular, they have 
different values of s. An important feature of the present two-sector AK 
model is that the investment good is infinitely capital intensive, because 
it employs no labor. This has two very important implications when free 
trade is allowed. First, because the more thrifty country (with a bigger 
value of s) has a higher growth rate of capital-labor ratio, it tends to 
have a comparative advantage in the investment good; for example, if 
they begin with the same capital-labor ratio, then in the next period, 
the thrifty country will become capital abundant. Second, if a coun
try is completely specialized under free trade, irrespective to the trade 
patterns, it must produce the labor-intensive consumption good only. 
These two points combined together imply that if the two countries 
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have substantially different factor endowment ratios so that complete 
specialization occurs under free trade, then the less thrifty country will 
be completely specialized in producing the consumption good, while the 
other country is diversified. In this case, the less thrifty country has a 
lower wage-rental ratio. All investment will occur in this country and 
none in the thrifty country. This means that the former has a grow
ing capital-labor ratio while the ratio in the latter country is constant. 
Sooner or later, the capital-labor ratios of the countries are close enough 
so that both countries are diversified. 

When both countries are diversified, the usual argument shows that 
factor price equalization (FPE) exists, meaning that the countries reach 
an integrated equilibrium of the world under free trade. Both countries 
have the same capital-labor ratio, which grows over time according to 
equation (46), except that the saving rate is the weighted average of those 
of the countries. Two implications can be drawn. First, at this integrated 
equilibrium, each country's share of the world wealth remains constant. 
Second, the growth rate of the world is in between the autarkic growth 
rates of the countries. As a result, the more thrifty country experiences 
a drop in its growth rate, while the less thrifty country gets a faster 
growth rate. The possibility is that trade can reverse the autarkic growth 
path of a country (Fisher, 1995). Third, because both countries have the 
same capital-labor ratio and grow at the same rate, they will remain 
diversified, with FPE forever. 

Fisher and Vousden (1995) extend Fisher's model to analyze the 
effects of changes in tariffs and of the formation of customs unions and 
free trade areas. They show that policies that encourage the import of 
the consumption good by countries with high saving rates will provide 
a source of increased outward foreign investment and stimulate growth. 

Jones and Manuelli (1990) show that in an AK model with infinitely 
lived agents, trade liberalization can have growth effects. In their model, 
there are no externalities, and laissez-faire is therefore optimal for the 
world as a whole. 

6.2 Trade and Growth with Human Capital and Learning by Doing 

Lucas (1988) extends his one-sector model of accidental learning by 
doing to a two-good model, and examined the roles of human capital 
accumulation in international trade. His model illustrates some of the 
features of dynamic models that we find in other papers. (See, for ex
ample, Ishikawa, 1992.) So we present a brief description of his model 
and results. 

There are two consumption goods. Consumers have homothetic pref-
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erences so that the ratio of the demands for the goods is a function of 
the relative price. The two good sectors are characterized by perfect 
competition and one input, labor. Workers can accumulate experience, 
or human capital, by working in a firm. As assumed earlier, learning is 
accidental in the sense that no one will take the learning process into 
consideration in choosing employment or production. Following equation 
(22), the growth rate of human capital accumulation in sector i, i = 1,2, 
is postulated to be aiUi, where Ui is the fraction of the labor force work
ing in the sector, and ai > 0 is a measure of the efficiency of learning. 
Without loss of generality, assume that sector 1 is the "high-technology" 
sector with al > a2. Ricardian technologies are assumed, i.e., the output 
of a good is equal to the efficiency units of labor input (by a choice of 
labor unit). This means that the marginal product of labor in a sector is 
equal to the level of human capital specific to that sector. If both goods 
are produced, profit maximization implies that the price ratio is equal 
to the reciprocal of the ratio of skill levels in the two sectors. 

The first question we can ask is whether the economy, if closed, 
will be diversified. This question can also be asked for a static model, 
but for a dynamic model, this is a more interesting question because 
the price ratio may change over time. Suppose that an economy is di
versified in a steady state, with the price ratio staying stationary. This 
requires that the two types of human capital grow at the same rate, 
or that alUl = a2U2. This will indeed be an equilibrium if at the cor
responding price ratio the good markets clear. Note that because the 
technological coefficients in both sectors are determined endogenously, 
the autarkic price ratio depends on both the technology and preferences 
of the economy. 

Analyzing the stability of the steady state is less straightforward. 
It turns out that it depends on the elasticity of substitution between 
the goods. If the goods are poor substitutes, the steady state tends to 
be stable with diversification in production, because consumers prefer 
to consume positive quantities of both goods. If the goods are good 
substitutes, then the steady state with diversification is unstable. For the 
case of CES preferences, the critical value of the elasticity of substitution 
is unity. 

Lucas (1993) extends the above model to trade, assuming a contin
uum of small countries facing exogenously given world prices under free 
trade. The comparative advantage of a country depends on the country's 
autarkic price ratio and the world's price ratio. As in a static model, 
countries tend to be completely specialized, but what is different in the 
present dynamic model is that a country will accumulate only the type 
of human capital that is specific to the good produced. Therefore, when 
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different countries are producing different goods under free trade, they 
will have different growth rates: Countries do not converge, even if they 
have the same technologies, as long as they have different preferences 
and different autarkic price ratios. 

For the case of CES preferences and if the elasticity of substitution 
is greater than unity, then countries that produce the "high-technology" 
good will grow faster. Over time, the growth of this sector tends to drive 
down the relative price of this good, and if this terms-of-trade effect dom
inates the direct effect of productivity improvement, then those coun
tries with faster technological improvement will have slower real income 
growth, a phenomenon analogous to immiserizing growth. Furthermore, 
if the relative price of this "high-technology" good is decreasing over 
time, there may come a time at which countries that are producing this 
good may switch to producing the other good. 

Lucas' model has some interesting policy implications. Consider 
a country which has a long-run comparative advantage in the "high
technology" good. Suppose that currently it is under autarky, but has 
not reached its steady state, and that it shows a short-run compara
tive advantage in the "low-technology" good. If the country adopts a 
free-trade policy, it will export the latter good, become completely spe
cialized in it and never produce the "high-technology" good. In terms of 
the economy's growth, the "right" policy for this country is to restrict 
(or even prohibit) trade at first and let the economy adjust closer to its 
steady state. When the economy has gained a comparative advantage in 
the fast growing good, trade can then be liberalized. A similar argument 
is also presented by Krugman (1984). However, neither Lucas (1988) nor 
Krugman (1984) provides a welfare analysis. 

Other models of trade with learning by doing have been suggested. 
For example, Young (1991) also consider accidental learning and al
lows for spillovers across goods. He shows that less developed countries 
(LDC) would experience higher growth rates under autarky than under 
free trade. This loss from trade may be compensated for by the usual 
static gains from trade. The fall in growth when an LDC is opened to 
trade is due to the fact that static comparative advantage causes the 
LDC to specialize mostly in traditional goods, where learning has been 
exhausted. However, in the special case where the initial gap between an 
LDC and a DC (developed country) is small, under free trade, the LDC 
can overtake the DC if it has a greater work force. This result reflects 
the assumption that learning is an increasing function of the scale of 
production. An implication of this model is that in a world with two 
identical economies, temporary subsidies to high-tech industries in one 
country will give the country a permanent advantage. In a recent hy-
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brid model, Young (1993) combines invention with learning by doing as 
complementary activities, but the implications for trade have not been 
explored. 

Stokey (1991) distinguishes individual human capital from the social 
stock of knowledge. The former disappears when the individual dies, but 
private investment in human capital raises the social stock of knowledge. 
There is a continuum of goods, already invented, with quality ranging 
from zero to infinity. High quality goods can only be produced by work
ers with a higher stock of human capital. (Two workers with human 
capital level one may not produce the good that one worker with human 
capital level two can, in sharp contrast with the Lucas (1988) formu
lation.) Along a balanced growth path, human capital and the index 
of the highest quality good in existence grow at the same rate. What 
will happen to the growth rate of a backward country that decides to 
renounce autarky and embrace free trade? Assuming that there are no 
international knowledge spillovers, it can be shown that the investment 
in human capital in that country will fall. The reason is simple: free trade 
reduces the reward to the highly skilled labor in the backward country. 
This in turn reduces the incentive to accumulate human capital in that 
country. This does not necessarily mean that trade is harmful, because 
the usual static gains from trade may outweigh the loss caused by a fall 
in the growth rate of human capital. 

A more recent work that analyzes the relationship between tech
nological transfer through learning by doing and trade is Van and Wan 
(1997). Drawing upon the contagion theory suggested by Findlay (1978), 
they argues that technological progress, foreign trade, and factor accu
mulation are complements in the growth of an economy. Thus, foreign 
trade provides a channel to an economy through which it learns from 
other economies, and physical capital accumulation, instead of being a 
source of growth, is the consequence as the economy grows. 

Bond and Trash (1997), making use of the Uzawa-Lucas model of 
education and extending the work of Bond, Wang, and Yip (1996), an
alyze the growth and trade of an economy that is characterized by hu
man capital and physical capital accumulation. They show that under 
free trade between the economy and another one, both economies may 
experience balances or unbalanced growth. In the case with balanced 
growth, they derive a result related to the patterns of trade similar to 
the static Heckscher-Ohlin theorem. 

Wong and Yip (1997) analyze the effects of industrialization and in
ternational trade on economic growth in a two-sector model with learn
ing by doing. The interesting feature of their model is that the two 
sectors grow at different rates (in fact, zero growth for the agricultural 
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sector) in a balanced growth path, thus making the relative price of 
manufacturing decline over time. This is in sharp contrast to most multi
sector models in the literature, where sectors grow at a uniform rate in a 
balanced path, with constant relative prices. Whether the economy is di
versified under trade in the Wong-Yip model has important implications 
on the growth of the economy. 

6.3 Technological Progress, Trade, and Growth 

The models on technological progress and endogenous growth described 
above can be extended to analyze trade and growth. As we explained 
above, technological progress, either in the form of an improvement in 
the productivity of factors, emergence of new products, or quality im
provement is due to the R&D efforts made by either profit-seeking en
trepreneurs or the government. Because R&D activities require the ex
plicit use of resources, they must be supported and financed by savings 
(or taxes). Thus, when we bring two economies together, and allow the 
flow of goods (or ideas), and analyze the effects of trade and other poli
cies on growth, we focus on two major issues: how these policies may 
affect the R&D efforts through a change in the amount of resources al
located to the research sector and the productivity of these resources 
in conducting research activities, and whether international knowledge 
spillover occurs. As will be shown later, there are no unanimous answers 
to the above questions. 

Let us first consider the case of trade with horizontal innovation. 
Suppose that there are two identical economies that are initially sep
arated and are at their balanced growth paths. Two separate ways of 
trade between the economies are considered: free trade in goods (at 
least intraindustry trade in the differentiated intermediate goods) but 
not ideas (Le., no international knowledge spillover and complete patent 
protection in the world), and free trade in ideas (perfect international 
knowledge spillovers) but not goods. In these cases, how would trade 
affect the growth rates of the countries? 

Consider first the knowledge driven (KD) models. Recall that in this 
type of model, the growth of the economy comes from the growth of new 
products, while the increase in the number of new products depends 
on the existing knowledge base and the amount of labor employed in 
the research sector. Whether the growth of each economy changes is 
dependent on how the knowledge base and/or the research employment 
may change. 

If there is no trade in ideas, Le., no international knowledge spillover, 
then the current knowledge base of each country will not change. How 
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may the research employment change? The answer to this question de
pends on whether the production of intermediate goods requires sacrifice 
of the final good or requires primary inputs, and whether the final goods 
in the two countries are homogeneous. If there is no trade in the final 
good because of homogeneity, and if production of the intermediate cap
ital goods requires the final good, the employment in the research sector 
is not affected by trade. As a result, trade has no effect on the growth 
of each country (Rivera-Batiz and Romer, 1991a). 

Suppose we consider an alternative case, in which there is free trade 
in ideas, i.e., perfect international knowledge spillover, but no trade in 
goods. Suppose further that the ideas in the two countries are nonin
tersecting. Then the international knowledge spillover will double the 
knowledge stock in each country. Even if the research employment does 
not change, the growth rate of each country will be doubled. In fact, 
because of the increase in profitability in the research sector, firms will 
employ more labor, meaning that the growth rate of each country will 
be more than doubled (Rivera-Batiz and Romer, 1991a). 

In the lab-equipment (LE) model of Rivera-Batiz and Romer 
(1991a), the rate of change of the number of new products is indepen
dent of the existing knowledge stock, implying that free trade in ideas 
between the countries will have no economic effect. Free trade in goods 
(only intra-industry in the differentiated capital goods), however, will 
have a positive growth effect. The reason is that the intra-industry trade 
increases the profitability of research, thus drawing more labor into the 
research sector and creating a higher saving rate.12 

In the case where there are perfect international knowledge flows, 
countries converge to a common growth rate and global stability is as
sured; see Walde (1996) for a proof. What happens if there are only 
partial international knowledge flows? Feenstra (1996) shows that if the 
domestic knowledge is the sum of its past innovations and a positive 
fraction of past innovations abroad, then countries will have a common 
growth rate in the long run; however, if spillovers depend on the volume 
of foreign inputs used at home, then countries will in general differ in 
their long run growth rates. 

We now turn to some other issues related to horizontal innovation 
and the above models. The first one is about the stability of a steady 
state. Many papers have not paid much attention to this issue, but an 
exception is Devereux and Lapham (1994). They note one important 

12. In the knowledge-driven model, free trade in goods also causes an increase in 
profitability in the research sector, but does not lead to an increase in the employment 
in the research sector because the positive effect is exactly offset by the increase in 
the marginal product of labor in the final-good sector. 
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feature of the KD model of Rivera-Batiz and Romer (I99Ia) without 
international knowledge spillover. They show that if the home country's 
initial stock of knowledge is smaller than that of the foreign country, then 
the opening of trade will cause the home country to devote more human 
capital to manufacturing, and its share of knowledge in the world stock of 
knowledge will eventually go to zero. However, with trade, world growth 
rate will exceed the autarkic growth rate, because the foreign country, 
which has an initial comparative advantage in R&D, will devote more 
resources to this sector. The Devereux-Lapham instability result holds 
only when there are no international knowledge flows. For a somewhat 
different model with a similar instability result, see Grossman and Help
man (I99Ia, Chapter 8). 

Another issue analyzed in the above models is about policy im
plications. Rivera-Batiz and Romer (I99Ib) study the effects of trade 
restrictions on growth in a world with two identical countries that pro
duce non-overlapping intermediate goods. Both countries impose a tariff 
on all imported intermediate goods. They show that the growth rate is 
a non-monotone function of the tariff rate: it declines when the tariff 
rate rises from zero, but after some positive critical value of the tariff 
rate, the growth rate rises, though it never reaches the growth rate in 
the free trade regime. This non-monotonicity is a rather surprising re
sult. Essentially, the tariff has two effects, a trade distortion effect and a 
R&D resource reallocation effect. When two effects work in opposite di
rections, the size of the tariff rate may determine their relative strength. 

Grossman and Helpman (I990b) also study the effects of tariffs. 
As explained earlier, the growth effect of a policy depends on how it 
affects the amount of the resources (labor) devoted to the R&D sector. 
Suppose that country 1 has a comparative advantage in R&D. If country 
2 imposes a tariff on country 1 's export, more labor will be driven to the 
R&D sector, thus improving the latter country's growth. In the presence 
of international knowledge spillover, both countries grow at the same rate 
in the long run, and the tariff can improve this growth rate. For the same 
reason, an R&D subsidy imposed by country 2 could hurt the growth 
of both countries if international knowledge spillover is present. It is 
because the R&D subsidy draws resources from the country's production 
sector to the R&D sector. This policy thus encourages country 2's export 
but discourages that of country 1, hurting the R&D activity in the latter 
country which has a comparative advantage in R&D. As a result, the 
world's growth rate tends to be hurt by the subsidy. 

However, a faster growth does not necessarily imply a higher welfare, 
a point made clearly in Grossman and Helpman (I99Ie). They show 
that a trade policy that speeds up growth may reduce welfare if, for 
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example, it causes a fall in the outputs of the intermediate goods that 
are undersupplied due to monopolistic pricing. 

So far we have been focusing on trade under technological progress 
with horizontal innovation. How would the above results be different 
if instead vertical innovation exists? The several models of vertical in
tegration introduced in the previous section can be extended to open 
economies. Consider the vertical innovation model of Grossman and 
Helpman (1991d). Let us modify it so that there are two primary fac
tors, skilled labor (H), and unskilled labor (L). There is also an outside 
good that does not benefit from innovation, and is assumed to use un
skilled labor intensively. Suppose the foreign country is relatively well en
dowed with unskilled labor. Under certain assumptions (such as identical 
technology and diversification), the two countries without international 
factor mobility achieve a world integrated equilibrium. The production 
pattern is then identical to that which would obtain under internat.ional 
factor mobility. 

Does this equilibrium achieve a higher growth rate than the autarkic 
growth rate? Grossman and Helpman (1991d) show that the answer is 
in the affirmative if the elasticity of substitution in the production of 
the outside good is greater than one. This is because (a) an increase in 
H will increase t.he supply of skilled labor for R&D, and (b) an increase 
in L will increase the wH/wL ratio, and the outside good sector will 
release skilled labor (despite the Rybczynski effect, which implies that, at 
constant factor prices, more labor of both types will be demanded by the 
out.side good sector). On the other hand, if the elasticity of substitution 
is less than one, then the Rybczynski effect may dominate, causing a 
worldwide contraction of t.he R&D sector, thus slowing growth. 

Tariff policies for a small open economy are the subject of study 
in Grossman and Helpman (1991e). The protection of a final good that 
uses human capital intensively will raise the reward to human capital and 
make R&D costly, thus slowing growth. However, faster growth does not 
necessarily mean higher overall welfare for this economy. A trade policy 
that speeds up growth may reduce welfare if it causes a fall in the output 
of the intermediate goods, that are undersupplied due to monopolistic 
pricing. 

Issues related to trade patterns and specialization with vertical in
novation are examined by Taylor (1993). He generalizes the Grossman
Helpman quality-ladder model by allowing asymmetry among the con
tinuum of goods. Under the Ricardian technology, the interaction be
tween the comparative advantage rankings in production and in innova
tion determine the long-run pattern of t.rade. 
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6.4 Technology Transfer 

In the previous subsection, two polar cases in terms of the flow of tech
nology between countries are examined: the one with costless and instan
taneous knowledge spillover, and the one with absolutely no knowledge 
spillover. Both cases are not realistic in the world. Production technol
ogy, in the form of knowledge that can be described in blueprints or 
embedded in finished products, have many properties of a public good: 
It is non-rival and non-excludable. It may be transferable from one firm 
to another, whether the firms are in the same or different countries, and 
the use of it by an additional firm does not affect the use of it by the ex
isting firm. However, because the technology, if it is advanced, allows the 
user to produce a new or better product or to improve the productivity 
of the employed factors, the firm that has the sole possession of it wants 
to guard its secrecy or to prevent other firms from using it (through le
gal protection, for example), while other firms have incentives to try to 
learn the technology, a process called imitation, and use it in their pro
duction. Obviously, guarding a possessed technology from its rivals and 
trying to copy an advanced technology are costly, but in the literature 
more attention is paid to the cost of imitation. 

In the present context, we are interested in possible technology 
transfers between countries so that we simply assume that domestic 
protection of a new technology is perfect through perfect patent protec
tion, for example. Once technology transfer between countries becomes 
the focus of analysis, several issues arise. The first one is the process and 
costs of imitating the technology in the advanced countries by the firms 
in the backward countries. The second issue is about the interactions 
between innovation and imitation. The third is the analysis of the prod
uct cycle theory, and the fourth one is the analysis of some government 
policies that directly affect the rate of innovation and/or the rate of im
itation. These policies include research (either innovation or imitation) 
subsidies and intellectual property rights protection. These four issues 
are interrelated. We present a brief discussion about them. 

The product cycle theory as suggested by Vernon (1966) provides a 
rigorous theory that postulates the invention and initial production of 
new products in countries such as the United States, and later the shift 
of production of these products to countries with lower wage rates. This 
paper provide many new ideas and observations, and despite the lack of 
a mathematical model, it refers to a dynamic environment in which new 
products continually emerge, and production continually shifts from the 
United States to less developed countries. In his model, he emphasizes 
the investment of the U.S. firms in less developed countries as the major 
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vehicle of transferring the technology of producing new products from 
the United States to other countries. 

Vernon's product cycle theory has been extended and formalized 
by many papers. Krugman's North-South model (Krugman, 1979) pro
vides a rigorous model of innovation and imitation. He shows that in the 
steady state of the world, there is a constant gap between the number 
of products produced in the North and that in the South. In his model, 
the channel of technology transfer is not foreign direct investment but 
imitation. His model is later extended by Feenstra and Judd (1982), who 
examines several welfare and policy issues. These two models, however, 
consider only exogenous innovation. 

Endogenizing innovation and imitation is a natural step in the en
dogenous growth literature. Segerstrom (1991), by extending the model 
of Grossman and Helpman (1991c), examines the interactions between 
endogenous innovation and imitation in a closed, growing economy. 
However, to examine the product cycle theory with endogenous growth, 
two countries are the lowest dimension of a suitable model. In a series of 
papers, Grossman and Helpman (1991b, 1991c, 1991d) investigates in
novation, imitation, and product cycle, using several different models.13 

A simple version of Grossman and Helpman (1991c) is now presented 
to illustrate how imitation in the presence of vertical innovation can be 
introduced. Suppose that there are two countries labelled North and 
South. North has a comparative advantage in innovation, while South 
has a lower wage rate. If both countries have the same access to technolo
gies, products will be produced in the South only (at least in the short
run before wages adjust). Assuming Bertrand competition, three types 
of firms may exist in equilibrium: (i) Northern leaders (firms that can 
produce the state-of-the-art products) that are competing with another 
Northern firm that can produce the second-to-top quality; (ii) Northern 
leaders that are competing with a Southern firm that can produce the 
second-to-top quality; (iii) Southern firms that are able, via imitation, 
to produce the state-of-the-art products. In the presence of imitation 
threats, the Northern leaders have incentives to conduct research: to 
master the next generation technology as a safeguard against future im
itation; to deter rival firms from targeting its product for imitation; and 
to try to gain a two-step advantage over its nearest rival. 

Imitation is treated as a process similar to innovation in the sense 
that it is risky, and it requires resources. Southern firms choose products 

13. Grossman and Helpman (1991b) assume horizontal innovation, while the other 
two papers consider vertical innovation. A survey of some of the results in these 
papers and some further extensions are given in Grossman and Helpman (1991a, 
Chapter 11). 
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to imitate. The probability of success of an imitation is represented by a 
Poisson distribution, with the arrival rate dependent on the amount of a 
resource (such as labor) that a firm chooses to conduct the research. In 
a steady state, the difference between the measures of products manu
factured in the North and that in the South is zero, and the composition 
of Northern products remains constant.14 

Two types of equilibria may arise. In the first type, leaders enjoy 
a large technological advantage over followers in research, and only the 
leaders engage in R&D. The equilibrium involves alternating phases of 
Northern and Southern production of each good. In the second type, 
followers are relatively efficient in innovation, and both the leaders and 
the followers engage in R&D. The path followed by any particular good 
can be complex, because it may pass from the leader to another Northern 
firm or to a Southern firm. 

Note that because no learning by doing or human capital accumu
lation is assumed in the Grossman and Helpman model, the South con
ducts only imitation and is always behind the North in the technology 
race. 

Another paper that models product cycles of products is Dinopoulos 
et al. (1993). They use the Heckscher-Ohlin framework and showed how 
differences in relative factor endowment may explain product cycles in 
the presence of factor price equalization. This is in contrast to Grossman 
and Helpman (1991c) where product cycles are due to lower wages in 
the South. 

Grossman and Helpman (1991 b) suggest a product-cycle model with 
horizontal innovation. The results are closer to what Vernon observed: 
New products are being invented in the North, which are later imitated 
by the South. With a wage advantage, the South eventually becomes the 
sole producer in the world. 

Another issue related to technology transfer between two countries 
is trade-related intellectual property rights (TRIPs) protection. As men
tioned earlier, every technology leader has an incentive to protect the 
secrecy of its technology knowledge while other firms (especially those 
in another country with other advantages such as lower wages) have in
centives to imitate and produce a similar product. For a closed economy, 
imitation may be prevented by patent laws, but in a two-country model 
with a leader in one country and many potential imitators in another 
country, patent protection is less effective. 

Helpman (1993), by extending the Krugman (1979) model of ex-

14. In an alternative setting, Segerstrom (1991) show that imitation by Northern 
firms is possible if firms collude by trigger strategies, rather than compete a la 
Bertrand. 
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ogenous innovation and the Grossman and Helpman (1991b) model of 
endogenous innovation, analyze the effects of intellectual property rights 
(IPRs) protection on the welfare of both countries, and the effects on 
innovation and imitation. IPRs protection is modeled as an increase in 
the cost of imitation by firms in the South (the backward country). He 
show that an IPRs protection hurts the South, but its effects on the 
welfare of the North and that of the world is ambiguous. Under certain 
conditions, the North benefits, but in some cases, both the North and 
the South are hurt by the protection. Helpman also examines the effects 
of the IPRs protection on the growth rate of innovation, and showed 
some cases in which the protection hurts, not helps, the Northern firms' 
innovation. 

Taylor (1994) extends his previous paper of quality ladder to ex
amine the implications of TRIPs. He shows that the failure to provide 
patent protection reduces R&D activities worldwide and slows growth. 
These results are different from those in Helpman. For an alternative 
formulation of the same issue, see Rivera-Batiz and Romer (1991b).15 

6.5 Poverty Traps, Trade, and Growth 

Development economists have argued that a poor country may remain 
poor forever, unless there is a big push to industrialize it. A poverty 
trap is a stable steady state with low per capita consumption. See Lewis 
(1954), Barro and Sala-i-Martin (1995, Chapter 1), Murphy, Schleifer, 
and Vishny (1989), and Azariadis and Drazen (1990). 

Does trade create an opportunity to escape from the poverty trap? 
The answer is "yes" and "no," depending on the assumptions. Majumdar 
and Mitra (1995) assume that capital is the only factor of production 
that is mobile between two sectors, the consumption good sector and 
the investment good sector. In the former sector, marginal product of 
capital is constant. The production function of the latter sector exhibits 
increasing returns at low levels of capital, and diminishing returns be
yond a certain threshold, with zero marginal product of capital in the 
limit. It follows that it is not possible for the closed economy to have 
positive growth forever. If the country is open to trade and the rest 
of the world has a better technology for the investment good sector, 
then growth becomes possible: the country can import the investment 
good and specialize increasingly in the production of the consumption 

15. While these papers analyze the effectiveness of IPRs, an important question has 
not been raised or answered: Since a country (e.g., a less developed country) usually 
benefits from learning from advanced firms in another country, why would it be 
willing to protect the intellectual property rights (IPRs) of the technology leader in 
another country? 
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good. In fact, trade has effectively endowed the country with the AK 
technology with which it can indirectly produce the investment good. 

Long, Nishimura, and Shimomura (1997) adopt the Heckscher-Ohlin 
framework, but allow for variable returns to scale of the S-shaped type. 
They show that there is a threshold level of non-consumable and non
depreciating capital stock, above which the country will choose to grow 
perpetually, thanks to a high marginal productivity of capital, like in 
other AK models. Below that threshold level, the country will run down 
its capital stock to zero, by selling its capital in exchange for the con
sumption good. This contrasts sharply with the autarkic case in which 
the capital stock is a positive constant in the long run. In the free trade 
case, the country will eventually specialize in one good, but during the 
transition phase, it may produce both goods. The country switches in 
and out of diversification by discrete jumps, because it is never efficient 
to produce a good on a small scale. 

7. Growth and International Factor Mobility 

In this section, we examine the roles of international factor movement in 
the neoclassical and endogenous growth models. We will first consider 
international capital movement, and then international labor migration. 

In the trade literature, international factor mobility occupies an im
portant part. However, previous work on the factor movement among 
countries usually assumes static frameworks with given factor endow
ments in countries, even though it is recognized that factor endowments 
may change over time due to investment and population growth. The 
assumption of given factor endowments is sometimes justified by the ar
gument that only steady states are considered. In the endogenous growth 
literature, this argument may no longer be valid because the factor en
dowment ratios of countries may change along balanced growth paths. 

In this section, we examine how the theory of international factor 
movement may change when growth is endogenous. We will pay more 
attention to several issues: how factor mobility may affect growth, how 
it may affect convergence of countries' growth rates, and how growth 
may affect international factor mobility. 

7.1 International Capital Movement 

We first begin with the neoclassical framework. As we showed earlier, 
the steady-state growth rate of an economy analyzed in a neoclassical 
model is given exogenously. With given technologies, the movement of 
capital therefore does not change the steady-state growth rates. In fact, 
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if two countries are identical, they will have the same steady state with 
the same factor prices. This means that in a steady state, capital will 
not move. 

However, if two countries have not reached their steady states, cap
ital may move even if they have identical technology, as long as they 
have different initial capital-labor ratios. Capital may also affect the 
adjustment of the economies. 

To see this point, consider figure 3. There are two countries, North 
and South. They have identical and fixed technology, but the North has 
a higher initial capital-labor ratio, k~ > kg. These capital-labor ratios 
are lower than the countries' steady-state ratios. 

If the two countries are isolated, then they will grow over time until 
the steady state is reached, as explained in section 3. Suppose now that 
international capital movement is allowed by both countries. For sim
plicity, we assume no risk and negligible moving costs. However, capital 
movement takes time so that any rental differential between the coun
tries cannot be eliminated by capital movement instantaneously. The 
higher capital-labor ratio in the North implies a higher wage-rental ra
tio. Thus capital flows gradually from the North to the South. Let us 
denote the amount of capital that comes from the North to the South 
by Z, and its rate of change by Z. 

The presence of capital movement requires modification of the neo
classical model examined in previous sections. First, national income 
includes not just the domestic output but also the repatriation of na
tional capital working abroad (or less the payment to foreign capital 
working locally). Second, the change in domestic capital stock comes 
not only from domestic investment but also from more foreign capital 
inflow (or less domestic capital outflow). 

To analyze the adjustment of an economy, let us focus on the North 
for the time being. Its capital stock at any time grows over time according 
to 

kn = syn - 8Kn - Z, 

where s is the saving rate, which is assumed to be a constant fraction 
of the domestic output yn (superscript n for the variables of the North 
and superscript s for those of South) .16 A similar equation holds for the 
South. The growth rates of the capital-labor ratio in the countries are 

(47.1) 

16. The assumption that saving is a constant fraction of the domestic output is 
made for convenience. A probably more realistic assumption is that it is a constant 
fraction of the national income or is chosen by either the government or individuals 
to maximize some objective functions. 
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(47.2) 

where zn = Z / K n and ZS = Z / KS. For simplicity, the two countries are 
assumed to have the same saving rate. 

The effect of international capital movement on the growth rates 
is illustrated in figure 3. Points N and S represent the initial points 
of the North and the South. Without capital movement, they adjust 
along schedule sy/k until the balanced-path point B is reached. In the 
absence of capital movement, the gap between schedule sy / k and line 
n + 6 represents the speed of adjustment. 

Growth rate 

n+o~-----+---r--~~~------

s': n+5-z,j ............. i 
sUlk 

o kg k~ k 

Fig. 3. Growth in the presence of international capital movement 

When capital moves, construct schedule n + 6 + zn (shown as sched
ule N' B in figure 3) for the North and schedule n + 6 - ZS (shown as 
schedule S' B) for the South. If we assume that the growth rate of capital 
movement is an increasing function of the rental rate differential between 
the countries, both zn and ZS decrease over time as more capital flows 
from the North to the South. In other words, schedules n + 6 + zn and 
n + 6 - ZS converge and meet at point B, where capital movement ceases. 

The speed of adjustment of the North depends on the gap between 
schedules sy / k and n + 6 + zn while that of the South depends on the 
gap between schedules sy / k and n + 6 - ZS. Thus international capital 
movement slows down the growth of the North and speeds up that of 
the South. This allows the South to catch up, and the growth rates of 
the countries converge faster. 
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How would the above conclusion be different if we have an endoge
nous growth model? Let us consider the Solow-Pitchford AK model. In 
this model, even though the growth rate of an economy is endogenously 
determined, international capital movement between two countries with 
identical and fixed technology has no effect on the steady-state growth 
rate of each country. The reason is that in a steady state, the rental rate 
is equal to A. In other words, there is no international capital movement 
in a steady state, and the growth rate of each country is given by (10"). 

International capital movement in this model has the same positive 
effect on the rate of convergence of the countries' growth rate as it does in 
the neoclassical framework. It is because the growth rate of the countries' 
capital-labor ratios are still given by equations (47.1)-(47.2). Thus, the 
above analysis also applies to the AK model. 

International capital mobility could lead to perpetual growth of an 
economy which, when closed, has no growth in the long run. This result 
was first established by Deardorff (1994). To see this point, consider two 
neoclassical economies with identical technology, North and South, with 
the North's exogenous and constant population growth rate being lower 
than that of the South. Suppose that the North is a small economy so 
that free capital mobility anchors the rental rate in North to that in 
the South, thus avoiding diminishing marginal product of capital in the 
North. If the saving in the North is high enough, then the North can 
grow perpetually. As long as the North's savings rate is not too high, the 
North can remain a small open economy for ever. If the North's saving 
is high enough, then it will sooner or later own a significant share of 
the world capital stock. Because it has a lower population growth rate, 
asymptotically the share of its labor force in the world drops to zero. 
In the long run, the capital-labor ratio in the world is constant, with 
the North owning a constant share of the world's capital, meaning that 
asymptotically both countries' capital stocks grow at the same rate as 
that of the South's population. Thus the North's capital-labor ratio is 
rising while that of the South is constant. 

7.2 International Labor Migration 

Although many papers on international migration consider only static 
models, there have been efforts to analyze migration in a dynamic con
text, especially in models in which education and training are explicitly 
examined. Some of the more important papers include Bhagwati and 
Hamada (1974), Rodriguez (1975), Miyagiwa (1991), Galor and Stark 
(1994), and Shea and Woodfield (1996). These papers determined the 
transformation of unskilled workers to skilled workers through education 
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in the presence of international labor migration. However, because these 
papers assumed that the skill level of the skilled workers is fixed, knowl
edge does not accumulate. Thus growth of the economy is not sustained. 

To see how international labor migration can be introduced into 
growth theory, let us begin with the neoclassical model we described 
in section 3. Consider again a one-sector closed economy with a Cobb
Douglas production function. It has been shown that without techno
logical progress, the per capita output remains stationary in a steady 
state. The steady-state equilibrium is represented by equation (7). 

Suppose now that the economy allows an inflow of foreign workers at 
a rate of m. Right after their arrival, foreign workers become permanent 
residents in the economy. For simplicity, assume that foreign workers do 
not bring physical capital with them, and that they have the same saving 
rate as the domestic residents.17 With the inflow of foreign workers, the 
local population and thus the labor force grow at a rate of n + m. The 
new steady state equilibrium condition is 

sy/k = n + m + 8. (48) 

Differentiation of equation (48) shows that an increase in m decreases k 
and thus the local wage rate. IS 

As explained before, in the absence of technological progress, the 
per capita output of the economy remains stationary in a steady state. 
Therefore, its growth rate is not affected by labor inflow. International 
migration, however, does have effects on the convergence of the growth 
rates of two economies, when they are currently off their steady states. 

Consider two economies labelled North and South. Suppose that 
they have the same technology that is stationary, the same depreciation 
rate, the same population growth rate, and the same saving rate. Thus, 
they have the same steady state. 

Suppose that currently th~ capital-labor ratios of both countries are 
below their steadl'-state level, k, with the North, having a higher capital
labor ratio, i.e., k > k(j > ko. If the economies are closed, both capital
labor ratios will move up over time until the steady state is reached. 

17. These two assumptions can be relaxed easily. See Barro and Sala-i-Martin (1995, 
Chapter 9) for an analysis of cases in which foreign workers bring physical capital 
with them. Galor and Stark (1990) argue that foreign temporary workers, who are 
facing the possibility that they may leave soon, may save more. 
18. While these effects of labor immigration are similar to those in a static model, 
a major difference should be noted. If there is a once-and-for-all inflow of foreign 
workers, as is assumed in a static model, there will be no effect on the steady-state 
capital-labor ratio and factor prices. The reason is that the steady-state equilibrium 
is still described by (7). The intuition is that as foreign workers come in, saving of 
the economy goes up until the steady-state capital-labor ratio climbs up back to its 
original level. 
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With krf > kg, the North has a higher wage rate, meaning that if 
migration is allowed, workers will move from the South to the North. 
Suppose that the rate of migration is m. 19 The vertical gap in figure 3 
between the sy / k schedule and line n + 8 + m, shown as N N', represents 
the speed of increase in the North's capital-labor ratio, while SS' repre
sents that of the South. The diagram shows that migration has slowed 
down the growth rate of the North but speeded up that of the South, 
allowing the latter to catch up faster. 2o 

This model, though simple, does not imply a perpetual growth of 
the economies. A more interesting approach is to include human capi
tal and permit endogenous accumulation of human capital. Galor and 
Stark (1994), and Shea and Woodfield (1996) are two recent attempts. 
The former paper, by considering an economy with multiple steady-state 
equilibria, presents cases in which admitting foreign workers who are 
slightly less skilled than the average native could move the economy to 
a steady state with a substantially lower human capital level. The latter 
paper derives the optimal immigration policy when skilled and unskilled 
workers come at the same time. The growth of the economies in these 
two papers, however, is not sustained, because in a steady state human 
capital does not accumulate. Barro and Sala-i-Martin (1995, Chapter 9) 
assume that a country can maintain a constant growth rate of migra
tion, m (at least for a certain period of time). Then migration can have 
a growth effect. 

Wong (1995, Chapter 14) considers three types of international labor 
migration - permanent migration, temporary migration, and brain drain 
- and discusses two channels through which human capital accumulates: 
learning by doing and education. His main concern is the choice between 
the three types of migration, but he does not examine explicitly the 
growth rates of the host and source countries. 

An attempt to analyze the inter-relationship between international 
labor migration and growth rate of an emigration economy was given in 
Wong (1997). By extending the Uzawa-Lucas model of education and 
human capital accumulation, he analyzes how growth rate affects and is 
affected by each of the three types of migration. By allowing workers to 
choose the type of migration, i.e., when and where to work and to get 
education, he shows some cases in which permanent migration switches 

19. The migration rate can be regulated exogenously by either government, or it may 
depend endogenously on the wage differential between the countries. This point is 
not crucial in the present analysis. 
20. However, if the migration rate drops as the growth rates of the countries are 
getting closer to each other, the gap between their adjustment rates will decrease, 
too. 
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to temporary migration as the emigration economy grows. A deeper 
analysis of the case of brain drain was given by Wong and Yip (1996). 

8. Concluding Remarks 

In this chapter, we have surveyed the major models and issues of en
dogenous growth and international trade. We first described major en
dogenous growth models, and then turned to the literature of growth 
and trade. 

Endogenizing and explaining growth of economies has become a ma
jor focus in the literature recently. The main feature of this literature, 
as explained in sections 4-5 above, is to link the growth of an economy 
with some of the features of economies such as preferences, technologies, 
and government policies. Several factors of growth have been outlined: 
accumulation of factors, external effects, learning by doing, education, 
and R&D. 21 This survey uses a unified model to present the main fea
tures of some of the endogenous growth models and their mathematical 
similarities. 

It has been realized that even though most papers on endogenous 
growth were written in the past decade, there had already been papers 
in the sixties and early seventies that have dynamic models with growth 
rates endogenously determined by individuals or government policies. 
Even Solow mentioned the conditions for perpetual growth of economies. 

It is thus interesting to ask why these "old" papers on perpetual 
growth did not generate the kind of interest in endogenous growth like 
what was experienced in the past decade. 

Several reasons can be suggested. First, one major objective of the 
papers of Solow, Swan, and others in the fifties and sixties was to intro
duce production substitution possibilities in order to solve the instability 
problem in the Harrod-Domar growth models. The growth rate per se 
was not the main focus of the analysis, and these papers were by and 
large content with models that suggested a steady state with no perpet
ual growth for an economy. 

In the past decade, however, the growth rates of countries were a 
much bigger issue. On the one hand, countries showed wide disparities 
in their growth rates. It is interesting to explain why many countries 
have different growth rates and whether these rates tend to converge 
over time. The neoclassical model of Solow and Swan is not the right 
tool because it implies that countries with identical and fixed technolo-

21. To the extent that government regulations may divert talents away from the 
R&D sector, the extent of regulations may also affect growth rate. See Goff (1996) 
and Berger (1996), for example. 



64 Dynamics, Economic Growth, and International Trade 

gies and preferences will converge in terms of their growth rates until 
they reach the steady state with the same (exogenous) growth. On the 
other hand, people are interested in knowing the implications of different 
government policies on growth. Again the neoclassical model is not the 
appropriate tool, as long as long-run growth is concerned. 

If we judge the recent endogenous growth literature by the three 
points of criticism on the neoclassical model mentioned in section 3, 
we can see that its biggest success is its endogenous determination of 
economies' growth rates. By providing different rigorous mathematical 
models, these papers highlighted several important factors that may 
affect the growth of economies. The more practical implication of these 
models was that the government has a role in economic growth. 

Empirically, the endogenous growth models can easily be adopted 
to explain why countries do not have the same growth rates and why 
their growth rates do not converge. However, how much success these 
models really have in passing empirical tests is debatable. First, as we 
explained earlier, there is the uncomfortable implication in many of these 
models that the size of a country or an industry holds a paramount in
fluence over the country's growth. This implication is not supported by 
both time-series and cross-country data. Second, it has been suggested 
that the Solow model with exogenous growth rates, when suitably aug
mented, can explain the growth rates of countries at least as well as 
some endogenous growth models do (Mankiwet al., 1992; Jones, 1995a, 
1995b). Third, most of the endogenous models are based on some ad hoc 
assumptions about how human capital or technology accumulate, how 
growth is determined, and whether scale effects are present. In many 
cases, the results depend crucially on the range of a particular param
eter: whether it is zero or positive, or whether it is greater than unity. 
Sometimes the functional form of a function is important. Fourth, most 
models on endogenous growth consider only an economy with one homo
geneous final good. Mathematically, this assumption allows tractability 
of the algebra and simplifies the non-essential elements of the model 
in order to highlight different factors of growth. Empirically, this as
sumption could be misleading because it neglects structural changes, 
interactions between sectors, and different distributions of sectors in dif
ferent countries. In particular, very little work has been done to exam
ine the empirical relevance of some of the microfoundation equations of 
the models such as the R&D equation, the education equation, and so 
on. Fifth, despite the work on how R&D, education, learning by doing, 
factor accumulation and so on may affect growth, we still have little 
knowledge about why economics like Taiwan, Hong Kong, Singapore, 
and Korea grew so rapidly in the past several decades, while countries 
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like the Philippines and India did not experience such growth.22 Sixth, 
nearly all empirical work in the endogenous growth literature (for exam
ple, Young, 1994; Barro and Sala-i-Martin, 1995; Jones, 1995a, 1995b) 
used the growth rate of per capita income (or output) of countries as a 
measure of growth. However, we saw above that growth can be due to 
horizontal innovation (increase in the number of varieties) and vertical 
innovation (quality improvement of existing products). How important 
these factors of growth are in the growth experience of economies such 
as Hong Kong and Taiwan is unknown, but neglecting them in empirical 
studies could give misleading results. 

Another issue that has become controversial is the convergence hy
pothesis. As explained earlier, several papers cited the persistent diver
gence in countries' growth rates and the lack of convergence of their 
growth rates as evidence that the neoclassical growth theory is inad
equate. This view, however, has been challenged recently. For exam
ple, Barro and Sala-i-Martin (1992) observed convergence among the 
48 states of the United States in terms of the growth rates of their 
per capita income and per capita gross state product. A similar conver
gence among the 47 Japanese prefectures has also been observed (Sala
i-Martin, 1996). However, convergence among different countries was 
less obvious (Barro and Sala-i-Martin, 1992, 1995). Several concepts of 
convergence have been introduced. First, it has been argued that the 
neoclassical growth theory implies only convergence (called conditional 
convergence) among those countries with the same economic structure 
(technologies, preferences, saving policies, and so on), not convergence 
(called absolute convergence) among all countries, possibly with different 
economic structures. Barro and Sala-i-Martin (1992) and Sala-i-Martin 
(1996) do observe conditional convergence.23 Second, while many coun
tries have persistent gaps between their growth rates, countries with sim
ilar economic structures seem to have their growth rates converging over 
time. 24 This is confirmed by Sala-i-Martin (1996). Furthermore, Quah 
(1996) and Galor (1996) argue that under certain conditions, countries 

22. The literature on indeterminacy [for example, Xie (1994) and several other pa
pers in the same JET issue] tells us that, starting from the same initial conditions, 
different countries can move along different paths with different growth rates, de
pending on agents' expectations about the future. This literature does not explain 
why expectations differ, and/or how they can be manipulated. 
23. The conditional convergence hypothesis is supported in Barro and Sala-i-Martin 
(1992) and Sala-i-Martin (1996) only if the technology and preference parameters of 
the countries are assumed to depart substantially from the usual benchmark cases. 
For example, the capital share is required to be in the neighborhood of O.B. 
24. Sala-i-Martin (1996) calls this iJ-convergence in the sense that the ratio of the 
per capita income of the North to that of the South declines over time. 
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can show multiple steady states, and different countries with similar 
economic structures can converge to different steady states and thus 
different growth rates, a phenomenon called club convergence.25 

The literature on trade and growth, with its diversity of results, 
suggests that no simple policy recommendations should be made with
out a thorough understanding of the structure and the key features of 
the economies under consideration. The results and the relationship be
tween growth rates and international trade in general are sensitive to the 
structures of the economic models. The opening of trade can increase 
growth (Rivera-Batiz and Romer) or retard growth (Young). Moreover, 
faster growth may imply higher or lower welfare. The classical gains from 
trade theorem relies on the absence of externalities. Growth, on the other 
hand, is largely associated with dynamic spillovers and externality. 

It is no doubt that the recent endogenous growth literature has im
proved our understanding of some of the factors that may affect coun
tries' growth. Despite the voluminous literature in the past decade, how
ever, there remain many unanswered questions. 
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CHAPTER 3 

General Equilibrium Dynamics of Basic 
Trade Models for Growing Economies 

Bjarne S. Jensen and Chunyan Wang 

1. Introduction 

In the literature on the pure theory of trade, the two-factor, two-sector, 
two-country framework has provided a fundamental general equilibrium 
structure for static and comparative-static analyses of many issues re
lated to factor allocation, output composition, relative prices, and trade 
patterns. Although the work on two-sector growth models has long ago 
been extended to trading economies, stability issues and non-steady-state 
dynamics have to be further analyzed. As is well known, many results 
and theorems of both static and dynamic trade theory rest on the as
sumption of incomplete specialization. A major purpose of this chapter is 
to study the conditions that will in the long-run preserve the diversifica
tion of a small trading economy and two large trading economies. How
ever, when the parametric conditions of diversified steady state growth 
are not satisfied, we give, for a small country, special attention to various 
forms of endogenous (persistent) growth per capita. Basic (prototype) 
dynamic trade models will be analyzed in detail. 

A small trading economy, owing to the given terms of trade, can be 
conceived of as being restricted (by the outside world and competitive 
pricing) to operating with fixed-coefficient technologies. Nevertheless, 
the long-run stability of the diversification of a small trading country 
does not depend entirely, as in a closed economy, on the ranking of 
sectorial factor intensities. Alternative trade patterns give the growing 
two-sector economy some opportunities to remain diversified. However, 
besides technology, the domestic demand composition is of critical im
portance for preserving domestic production of both tradable goods. For 
two large trading countries, the long-run stability of incomplete special
ization is likewise critically dependent on demand side parameters. 

Dynamic trade theory was initiated by Oniki and Uzawa (1965), 
who studied the effects of capital accumulation and labor growth on 
international equilibrium over time for two large countries. In this area, 
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other studies were Bardhan (1966, 1970), Kemp (1969), Findlay (1970), 
Takayama (1972), Woodland (1982), Gandolfo (1994). Our work may 
especially be seen as extensions of the contributions of Stiglitz (1970), 
Deardorff (1971, 1973, 1974, 1978, 1994), and Smith (1976, 1977, 1984). 

In section 1, we present the general equilibrium structure of the 
trade models. Section 2 is devoted to dynamic two-sector models for 
small trading economies. As to capital accumulation, we consider pro
portional, classical, and optimal saving models. Section 3 presents a dy
namic analysis of a two-sector growth model for two large countries with 
the terms of trade of international equilibrium endogenously determined. 
It may be called a two-factor Ricardian trade model, as we also allow for 
different sector technologies in the two countries. The parametric condi
tions of preserving diversification in both countries are obtained. Final 
comments are offered in section 4. 

2. Structure of Two-Sector Trade Models 

The structure of the two-sector trade models are formed by the basic 
assumptions of international immobile production factors, full employ
ment, competitive prices, and trade balance equilibrium. The elements 
of a competitive two-sector economy with homogenous production func
tions will subsequently determine and impose important restrictions 
upon the character and parameters of the actual homogenous dynamic 
systems for a small or large economy trading in both goods. 

2.1 Domestic Production and Factor Endowments 

Consider an economy consisting of a capital good industry (sector) and 
a consumer good industry (sector), labelled 1 and 2, respectively. The 
two-sector general equilibrium model is characterized by the following 
assumptions. 
The sector technologies are described by production functions exhibiting 
constant returns to scale, 

(1) 

where !i(ki ), i = 1,2, have the properties 

'Vki > 0: IHki) = dli(ki)/dki > 0, 1I'(ki) = d2Ii(ki )/dk; < 0, (2) 

lim II (ki) = 73 ~ 00, lim II (ki) = {3 ~ 0, II (ki ) E J = [{3, 73]. (3) 
ki-+O ki-+OO - -

Thus, the intensive function I is a strictly concave monotonic increasing 
function on the nonnegative real line, with its slope decreasing from 73 
at k = 0 to §.. at k = +00. 
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The allocation ratios (sector fractions) of labor are 

Then, the full employment condition may be rewritten as, cf. (4), 

k == 11k1 + 12k2 == k2 + (k1 - k2)11. 
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(4) 

(5) 

Thus, the overall capital-labor ratio k is the weighted average of the 
sectorial capital-labor ratios, k1 and k2, with the labor allocation ratios 
as weights. We note that, cf. (4)-(5) 

k - k2 
11 = k k' 1 - 2 

(6) 

The factor endowments belonging to the diversification cone Ck C R~ 
are: 

Ck={(L,K)ER~lk1<KIL<k2 V k2 <KIL<kd. (7) 

The total domestic (and per capita, Y;J L) production of the two goods 
is, cf. (4), 

(8) 

2.2 Prices, Incomes, Savings, and Thade Balance 

The open two-sector economy is assumed to operate under perfect com
petition (zero profit condition); absolute (money) factor prices (w, r) are 
the same in both sectors, output prices (P1, P2) represent unit cost, and 
revenue (total cost) is shared (fLi' fKJ between the factors. 
Hence, we have the competitive general equilibrium relations, i = 1,2, 

(9) 

(10) 

(11) 

P1 Y2 fL2 Y2(k1 + wlr) fHk2) 
p = P2 = Y1 fLl = Y1(k2 + wlr) = fHkd' Pi -# O. (12) 

The common wage-rental ratio, w, becomes by (12), 

w - ~ - k1(Y2IY1) - k2(Pl/P2) _ k2(fK)fK2 -1) (13) 
- r - Pl/ P2 - Y21Y1 - 1 - (Y2IY1) (lip) . 
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An open competitive two-sector economy, trading at international prices 
determined in the world market, can only remain incompletely special
ized (diversified, produce both goods, have a common positive w), if the 
range of the terms of trade, P = Pl / P2 , is confined to the zero profit 
price interval with the limits, as seen from (13); cf. Rybczynski lines, 
Wong (1995) 

Y2 Y2 kl Y2/ K2 
kl > k2 : - < P < - - = --, (14) 

Yl Yl k2 Yl/K l 

k2 > kl : Y2 kl < p < Y2. (15) 
Yl k2 Yl 

When p is given as a fixed number, we use - for factor endowments 
within the diversification cone Ck , (7) - the symbols Yi = fi(kdw(p))), 
i = 1,2, in (14)-(15), cf. figure 1. 

National income (product), Y, is the monetary value of outputs 
from both sectors and represents aggregated factor incomes, cf. (8)-(9) 

Y = P1Yl + P2Y2 = L(P1Yl1l + P2Y212) 

= rK + wL = L(rk + w) = Ly. (16) 

Proposition 1. (Deardorff). With given prices (Pl , P2 ) and the mono
tonicity and concavity conditions (2)-(3), the per capita revenue (GNP) 
function, y(k), (16), is a concave Cl-c1ass function on [0, 00[, and y(k) 
has a linear segment (flat) in the diversification cone Ck (7), (14)-(15). 

Proof. The proposition is proved and geometrically illustrated as a con
vex envelope theorem in Deardorff (1971, pp. 10; 1974, p. 297). 0 

The factor income distribution is defined by 

8 - rK - _k_ 8 - wL - ~ 15K + 8L = 1. 
K- y - w + k ' L- y - w + k ' (17) 

Let Qi, i = 1,2, denote the quantitative size of the domestic demand 
(absorption level) for good 1 (investment) and good 2 (consumption), 
and they are respectively equal to domestic production, ti, minus net 
exports, Xi ~ 0, i.e., 

Ql=Yi-Xl , Q2=Y2 -X2. 

The trade balance is assumed to satisfy the constraint 

P1Xl + P2X 2 = 0, i.e. Y = P1Ql + P2Q2, 

(18) 

(19) 

i.e., trade equilibrium prevails with no foreign borrowing/lending al
lowed. 
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The export of goods by one country, A, is import for another country, 
B (rest of world), i.e., 

i = 1,2. (20) 

Policy analyses based on open economy models, relaxing (19) with cur
rent account transmissions, have often just a single good, and in case of 
two goods, only one is traded, Obstfeld (1982), or nonspecialization in 
production is assumed, see Obstfeld (1989). A purely aggregative set
up in which every country produces the same, single good (and a rich 
country just producing more of it) can be useful in analyzing economies, 
interacting in a world of international trade, see Lucas (1993). Processes 
of factor accumulation, including growth of human capital, and interna
tional convergence issues are often in focus. 

One of our main objectives, however, is to merge "old" and "new" 
growth theory with international trade theory. Accordingly, for our dy
namic analysis below, with diversification, specialization, and trade pat
terns as endogenous issues, we need at least two tradeable goods. Inter
national trade in goods produced with labor or human capital as the 
sole factor of production is not considered, cf. Young (1991). 

As to the division of income between consumption and saving, we 
shall first employ very simple aggregate saving functions, viz., propor
tional saving and classical saving that have been the standard polar 
opposites in much of both the growth and trade literature. Hence we 
alternatively use the monetary saving functions, cf. (16)-(17), 

s = sY = PIQI, 

S = sK 8K Y = sKrK = PIQI, 

0< s < 1, 
0< SK :S 1. 

(21) 

(22) 

The Ramsey approach to consumer optimization over time (optimal 
intertemporal saving) has a prominent role in the literature on two-sector 
optimal growth models of closed economies, cf. Uzawa (1964), Srinivasan 
(1964), Cass (1965), Wan (1971), Drabicki and Takayama (1975), and in 
open one-sector optimal growth models with financial asset trading, see 
Becker and Foias (1987), Obstfeld and Rogoff (1995). We shall employ 
Ramsey saving to a small two-sector economy trading in both goods. 

International trade is the difference between domestic production 
and domestic demand. Combining (21), (19), and (16) gives the export 
value of capital goods as 

(23) 

Hence, per capita export ("excess supply") of capital goods, X I / L, posi
tive or negative, may be written as, cf. (23), (8), (6), 
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Fig. 1. Wage-rental ratio, factor allocation, sector outputs, and trade pat
terns with proportional saving and given terms of trade 
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Xl = XdL = (1- s)Yi/L - S(P2/PI)Y2/L 

= (1- s)YIll - (s/p)Y212 

kl':k2 [ - {{s/p)Y2kl + (1- s)yIk2} 

+ {{S/p)Y2 + (1 - s)ydk], 
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(24) 

and per capita export of the consumer good, X2 = -PXI, positive or 
negative, cf. (19), (24). 

Within the diversification cone, figure 1 summarizes diagramma
tically the core of the Heckscher-Ohlin model, which "identifies a map
ping from exogenously given factor supplies and exogenously given ex
ternal product prices (determined in the international market place) into 
internal factor prices, output levels and consumption levels, the differ
ence between the last two items being international trade" , Leamer and 
Levinsohn (1995, p. 1345). By using homogenous production functions 
of degree one and hence representing the factor supplies by the capital
labor ratio, k, this mapping and its various derivatives (theorems) are 
all represented by the shape of the respective curves within the diversi
fication cone of figure 1. To obtain a coherent structural description of a 
small trading economy, the curves in figure 1 are extended to any factor 
endowments and are shown for two values of P = PI / P2. 

Moreover, the curves ~/L, Xi, k E [0,00[, in figure 1 will become 
trajectories related to the state variable k(t) of our dynamic systems of 
factor accumulation. It is evident that these trajectories are not closed 
curves. Accordingly, besides the determination of the speed (rapidity) of 
motion (growth), a dynamic analysis must address the issue of whether 
k(t) moves toward some interior critical point ("long-run equilibrium") 
within the diversification cone or towards the endpoints and then into 
regions with complete specialization. It is the possibilities of passing 
into or out of complete specialization that has always complicated the 
dynamic analysis of growing trading economies. 

3. General Equilibrium Dynamics of a Small Trading Country 

The momentary (timeless) general equilibrium relationships between 
exogenous factor endowment variations and domestic production and 
trade patterns were described above. The actual size or evolution of the 
factor endowments, however, was not explained. Moreover, international 
trade itself will through time have feed-back effects upon the available 
factor endowments. For endogenous factor endowment variations, proper 
dynamic laws governing the process of factor accumulation are needed 
to supplement the momentary general equilibrium equations. 
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3.1 Dynamics by Proportional Saving and Exogenous Labor Growth 

3.1.1 Dynamic Solutions, Stability, and Parameter Regions 

As to a dynamic model of a small trading economy, we must now perform 
a rigorous analysis of some specifications of factor accumulation. The 
domestic labor force of the small trading economy will by convention 
first be assumed to grow exponentially at an exogenous rate, n > 0, 
that is, 

£ == dL/dt = dLI/dt + dL2/dt = £1 + £2 = Ln == Lf(k). (25) 

The domestic stock of capital goods increases by savings (investment 
demand). Depreciation of capital is ignored. Hence, with proportional 
saving, domestic capital accumulation (absorption) is described by the 
equation, cf. (21), (16), 

k == dK/dt = Ql = sY/Pl = S[YI + Y2/pl = L(s/Pl)y 

= LS[Ylll + (Y2/P)121 == L g(k). (26) 

Thus, with the factor endowments, L and K, as state variables, the 
complete description of the growth process in the small trading economy 
is given by the dynamic system, (25)-(26). 

This system (25)-(26) applies to growth processes with "fixed coef
ficient" sector technologies operating within the diversification cone (7) 
as well as to flexible sector technologies (1) operating with a domain of 
admissible endowment ratios, k E [0, 00[, cf. figure 1. 

Within the diversification cone, we have, without loss of generality, 
that the dynamic system (25)-(26) of a small trading economy with 
proportional saving (and classical ~avip.g, cf. below) is always a_ linear 
system with constant coefficients, kl' k2' ih = !I(kl ), i12 = h(k2), cf. 
figure 1. 
With complete specialization, the nonlinear system (25)-(26) with flexi
ble neoclassical technology represents a simple extension of the standard 
nonlinear Solow model to a small trading economy. 

The differential equations (25)-(26), linear or nonlinear, represent 
a homogenous dynamic system of degree one. Such systems on R 2 for 
any degree mER were studied in Jensen (1994), upon which we shall 
draw below. A seminal study of homogenous dynamics in R n is found 
in Solow and Samuelson (1953). 

Of course, the linearity of (25)-(26) within the diversification cone 
allows general closed form (quantitative) solutions. However, the main 
economic issues raised by (25)-(26) are qualitative, such as a partition of 
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the parameter space (system parameters) into regions with roughly sim
ilar stability properties (structurally stable) of the family of solutions, 
cf. Gandolfo (1996, pp. 338), Jensen (1994, pp. 237). 

A natural and useful tool in analyzing homogenous dynamics is a 
function, h(k), called director function in Jensen (1994, pp. 195), per
taining to the time derivative of the ratio of the state variables. 

In case of (25)-(26), it is easily seen that, 

k = h(k) == g(k) - kf(k) = (s/Pdy - nk 

= s[Ylll + (Y2/P)12]- nk, k E [0, 00[. (27) 

Lemma 1. The director function, h(k), (27), is of Cl-class on [0, 00[, 
irrespective of kl ~ k2 and diversification (0 < li < 1) or specialization 
(li = 0 or li = 1); h(k) is concave under the condition (2), and has a 
linear segment (flat) within Ck (7), (14)-(15), as depicted in figure 2. 

Proof. The Lemma follows from Proposition 1. The Cl-class property 
and the concavity of y(k), g(k), (27), and the linearity of nk establish 
the Lemma. 0 

As to the parameter regions of (27) and the long-term possibilities of 
diversification, we state: 

Theorem 1. For a small, competitive, trading economy, facing given 
terms of trade p, within the limits of (14)-(15), with proportional saving 
and exogenous labor growth, the necessary and sufficient conditions for 
the existence of a long-run factor endowment ratio (capital-labor ratio), 
k = "', with incomplete specialization (diversification), are given by the 
parameter conditions, see figure 2.3 and figure 2.7, 

Y1 ih n ih/p €Kl Y1 
- = -=- < - < --- = -----, 
Kl kl S k2 EK2 Kl 

(28) 

ihJp < ?!:. < ~l. 
k2 S kl 

(29) 

When the existence conditions (28), (29) are satisfied, then the family of 
solutions for k(t) to (27) have asymptotic stability in the diversification 
cone, Ck (7), (14)-(15), i.e., 

3ko = '" E Ck 

Vko E Ck \ {"'} : 

k(t) = "', Vt, 

k(t) --+ '" as t --+ 00. 
(30) 
(31) 

Hence, for a small trading economy with an initial diversified state, the 
unique diversified steady state, "', is an attractor in Ck, irrespective of 
the sector capital intensities: kl ;; k2. 
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Furthermore, the unique steady state, K, obtained under diversification 
conditions (28)-(29) is a global attractor for any initial capital-labor 
ratio, i.e., 

Vko E R \ {K}: k(t) -t K as t -t 00. (32) 

Thus, for any initial specialization, the small trading economy will, with 
the parameters (28)-(29) in the long run combine trade with competitive 
domestic production of both goods. 
The long run (steady state) capital-labor ratio, K, of the diversified econ
omy in figure 2.3 and figure 2.7 is given by 

k2 (p - ¥ah) 
K = Yl k2 

P - ihlih - (np/s)(kl - k2)lih 
k2(1- EK2 /lK1 ) = ------~~~--~~~~~----

1- (EK2k2/lKlkt) - (n/s)(kl - k2)lih 
(33) 

A specialized steady state K is given by either II (K) / K = n / s or h (K) / K 

= np/s. The steady state - diversified or specialized - proportional 
growth rate is f(K) = g(K)/K = n. 

Proof. The procedure of proving (28)-(29) is the same, whence we only 
give case: kl > k2 • 

With diversification, the director function h(k), (27), becomes, cf. (6), 
(14) 

. s [_ - _ -] [(iiI - ih/p) n] k = h(k) = _ _ (Y2/p)kl - y1k2 + s - _ - - k. 
~-~ ~-~ s 

(34) 

From the diversification restriction (14), we get two inequalities 

(i) iiI - Y2/p > 0, (35) 

By kl > k2 and (i i), (35), it is immediately seen that the intercept of the 
line (34) is always positive. The slope of (34) is clearly positive, when the 
parameters satisfy the inequality stated in figure 2.1. When the latter 
inequality is not satisfied, the slope of (34) is negative. 
With negative slope and positive intercept, the line (34) either crosses 
the k-axis in the diversification interval or cuts the k-axis beyond the 
diversification interval. 

Incidently, note that the successive parameter intervals for n/ s (left 
to right) in figure 2 are associated with increasing values of n/s, i.e., 
larger n and/or smaller s. 



k k 

;;'2 ;;'1 k ;;'1 ;;'2 k 

!! < iii -ih/p !! < iii -ih/p 
8 ;;'1-;;'2 8 k1-k2 

Fig. 2.1 Fig. 2.5 

k k 

s(Y2/p)-nk2 sy! - nkl 

siit - nkl ............. S(ii2/p)-nk2 ............. 

;;'2 ;;'1 k ;;'1 k 

iii -ih/p < !! < .tt iiI -ih/p < !! < Y~/p k1- k 2 s k1 k1- k 2 s k2 

Fig. 2.2 Fig. 2.6 

k k 

S(Y2/p)-nk2 sYl-nkl 

k ~;;'2 k 
sy} -nie} S(Y2/p)-nk2 .............. 

.tt< !! < ih/p Y2/P < !! < .tt k1 8 ;;'2 ;;'2 s k1 

Fig. 2.3 Fig. 2.7 

k k 

S(Y2/p)-nk2 k Stit -nkl k 

sy! -nie} s(Y2/p)-nk2 

Y2/P < !! .tt < !! ;;'2 8 k1 8 

Fig. 2.4 Fig. 2.8 

Fig. 2. The director function, h(k), (27), with proportional saving and 
alternative parameter intervals for n/8 
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To determine the location of the line, (34), we may calculate h(k) at the 
specialization points 

k = k1 : h(k) = sii! -nkl' 

k = k2 : h(k) = s(fh/p) - nk2. 

(36) 

(37) 

The value of h(k), (36), is positive, when (n/s) < ih/kl' which is de
picted in figure 2.2. The value of h(k), (37), is negative when (n/s) > 
(fh/p)/k2, which is depicted in figure 2.4. 

By (35), it can be seen that iii -fJ2/p < h < fJ"~jp. Hence - with 
kl -k2 kl k2 

the value of h(k), (36), negative and the value of h(k), (37), positive -
the line h(k), (34), evidently passes through the diversification interval 
with the parameter restriction depicted in figure 2.3. This establishes 
(28). Using (9), (11), we also have: (Y2/p)/k2 = (Y2/K2)(P2/Pr) = 
(Y2P2/rK2)(r/Pd = (11/K1 )(EK )EK2 )· 

The director function h(k) on k E [0, oo[ and the respective parame
ter restrictions (belonging to the diversification interval) are shown in 
figure 2 - with figure 2.7, illustrating the restriction (29). 
The proof of (30)-(31) follows immediately from the phase diagram, 
figure 2.3 and figure 2.7. 

To prove (32), we first note that h(k) with specialization and flexible 
technologies have the nonlinear forms, cf. (36)-(37) 

h(k1 ) = s/!(k1 ) - nkl' 

h(k2) = (s/p)h(k2) - nk2. 

(38) 

(39) 

With n/s > /!(kd/kl' it is seen that h(kd, (38), is always negative for 
kl > kl as illustrated in figure 2.3. This case is alternatively illustrated 
with solid lines in the traditional diagram, kl > "', figure 3.1 below; see 
Wan (1971). Hence, an initial specialization in good 1 will eventually ter
minate, when the relative factor endowments attain the upper endpoint 
kl of the diversification interval in figure 2.3. 
With n/s < (h(k2)/p)/k2, it is seen that h(k2), (39), is positive for 
small values of k2' as illustrated in figure 2.3. This case is alternatively 
illustrated with solid lines in figure 3.2. As (39) coincides with (37) at the 
lower endpoint k2 of the diversification interval, an initial specialization 
in good 2 eventually terminates as well. 
The long-run diversified capital-labor ratio, "', (33) is immediately ob
tained as the root of h(k), (34), and a specialized", follows from (27) 
with either Ii = O. 
The expression f(",) = g(",)/"" '" f=. a for the proportional growth rate in 
steady state follows from (25) and h(",) = 0, (27). 0 
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/1{k!} ..... . 

j//~' 

Fig. 3.1 Fig. 3.2 

Fig. 3. Phase diagrams and alternative shapes of liCk.) 

Remark 1. In a closed economy, the Rybczynski theorem and k2 > kl 
imply that a high k - and hence a large production of the consumer good 
- will subsequently reduce the high momentary capital-labor ratio. This 
is not necessarily the case in a trading economy, as the large production 
of consumer goods implies a high export of consumer goods, which in 
turn, by the balance of trade equilibrium then implies a large import of 
capital goods - and hence the high momentary domestic capital-labor 
ratio may in fact further increase. Accordingly, in figure 2, k2 > kl does 
not anywhere appear as a sufficient stability condition for a steady state. 

V 
Remark 2. Note, as stated in Theorem 1, that all the inequalities for 
nJ s in figure 2 assume the given prices (terms of trade) to belong to 
the zero profit price intervals (14)-(15). If p did' not belong to these 
intervals, we would never even temporarily and hence neither in the 
long-run (steady state) experience diversification. Figure 2 would neither 
contain any line segments, and complete specialization will prevail for 
any factor endowment ratio, k. V 

Corollary 1. When the parametric restrictions (28)-(29) of the dynamic 
system (25)-(26) are not satisfied, the small competitive trading econ
omy will eventually be specialized in the most capital intensive good, 
except when both the saving rate, s, is very small, and the labor growth 
rate, n, is very high, cf. figure 2.4, figure 2.8. A specialized steady state 
will not always exist, in figures 2.1-2.2 and figures 2.5-2.6. As to the 
cases of specialized non-steady state growth, see Theorem 2. 
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Proof. The proof of the corollary is analogous to the proof of (32) com
bined with the parameter regions given in figures 2.1-2.2 and figures 2.5-
2.6. The shape of !i(ki ) will decide the existence of a steady state, cf. 
figure 3. 0 

For given terms of trade, p and labor growth n, it is evidently, besides 
technology conditions, the domestic demand composition, s, that is of 
decisive importance for the character of any steady state of the trading 
economy. Clearly, large domestic demand for capital goods relative to 
consumer gbods will in the long run prevent competitive domestic pro
duction of both goods, cf. Corollary 1. Only if the domestic demand for 
capital goods, s, is properly restrained to the respective intervals (28)
(29), will trade be compatible with a diversified steady state of a small, 
growing, fully employed, competitive economy. 

The possibilities for satisfying the diversification criterion (28)
(29) are directly observable in a small currently diversified competi
tive economy. Irrespective of the specification of the sectorial produc
tion functions, the average productivity of capital in the capital good 
sector (Yt/K1) , (or capital output ratio, Kt/Y1 , measured in the same 
units) and the cost shares, €Ki> are observable in the diversification in
terval of figure 2, where, cf. figure 1, the allocation ratios (Ii), output 
mix (Yt/Y2 ), income distribution (15K ), and trade pattern are continu
ously changing with k(t), but sectorial factor combinations (ki ) and cost 
shares (€KJ remain time-invariant. 

Regarding the actual values of the parameters in (28), the coun
try tables in Obstfeld and Rogoff (1995), Summers and Heston (1991), 
Simon (1990) show the range of s (fraction of GNP) roughly as 

1885-1913 1921-1939 1973-1991 
0.1 ~ s ~ 0.2 0.15 ~ s ~ 0.2 0.15 ~ s ~ 0.3 

(40) 

The parameter n ("natural rate of proliferation"), the capital-output 
ratio (Kt/Y1 ) and cost shares EK;' roughly, have the range 

0.005 ~ n ~ 0.3, 2 ~ Kt/Y1 ~ 6, 0.25 ~ EK; ~ 0.8. (41) 

If we choose Kt/Y1 = 5, then very high values of n and low values of s 
(n/s = 0.02/0.1 = 0.2) are needed to have (n/s) > Yt/K1 = 0.2. With a 
lower Kt/Y1 = 4, it is evidently more difficult to satisfy (n/s) > Yt/Kl, 
cf. (28). Although the latter may be met by, e.g., (n = 0.028, s = 0.13, 
Kt/Y1 = 5), the actual parametric possibilities of n/s complying with 
the lower end point of the diversification condition (28) are very limited, 
especially in the later periods, cf. (40). 
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But when the consumer good sector is more capital intensive, it is 
evident that the criterion (29) is easier to satisfy within the range of the 
parameters in (40)-(41), especially in case of large differences between 
kl and k2' hence between fK2 and f Ki • If we still keep KI/Y1 = 5, then 
n = 0.02, s = 0.12 together with lOKi = 0.28, fK2 = 0.35 will satisfy 
(29). Furthermore, if modern agriculture with 10K ;::: 0.85 is seen as the 
consumer good sector, then, e.g., the parameters: KI/Yi. = 4, €Ki = 0.3, 
€K2 = 0.8, and n/s = 0.1 (= 0.02/0.2 = 0.015/0.15, etc.) will comply 
with (29). 

Thus, although not necessary, the ranking k2 > kl is more conducive 
to diversification. Parametrically, the scope of figure 2.7 is empirically 
somewhat larger than figure 2.3. 

3.1.2 Specialization and Rapidity of Endogenous Growth 

The dynamic implications of the nonexistence of a steady state solution 
to the neoclassical one-sector growth model of a closed economy, which 
formally looks similar to the specialized trading economy with ki = h(ki ), 

(38)-(39), were studied in Jensen and Larsen (1987). We will here briefly 
discuss the dynamics of a trading economy, specialized in the consumer 
good and hence importing all its capital goods, i.e., cf. (39) 

(42) 

The character of the solutions to (42) - when no root (steady state) 
exists, cf. figure 2.5 - depends on the shape of h(k2) and essentially 
h(k2)' We may summarize the endogeneity conditions and the rapidity 
of per capita income growth as follows. 

Theorem 2. With constant returns to scale, (1), and exogenous labor 
growth, (25), a necessary condition for the endogenous growth of per 
capita income in a small specialized trading economy is that labor is 
inessential in production, i.e., cf. (1) 

(43) 

Under the condition (43) and the following alternative assumptions 

h(k2) - (np/s)k2 --+ c;::: 0 as k2 --+ 00, 

f~(k2) --+ f!.. = (np/ s) as k2 --+ 00, 

f~(k2) --+ f!.. > (np/s) as k2 --+ 00, 

(44) 

(45) 

(46) 

the capital-labor ratio k2(t) and per capita income, Y2(t) will in the long 
run have time paths with the property of unbounded, linear, polynomial, 
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exponential growth, respectively. With (44)-(46) as giving alternative 
shapes for h(k2), cf. figure 3, corresponding properties of h(k2), (42), 
are shown in figure 4. 

Proof. The first part of the proof is given in Appendix A. Using fig
ure 3 above, we note that h(k2 ) by, respectively, (44)-(46), has the 
line (np/s)k2 as asymptote, or eventually becomes "parallel" to, or al
ways remains steeper than (np/s)k2. The consequences of (44)-(46) for 
the rapidity of growth were proved in Jensen and Larsen (1987). It fol
lows from k2(t) going to infinity and I'Hospital that per capita income, 
Y2(t) = h[k2 (t)], grows, in the long-run, with the same rapidity as the 
capital-labor ratio, k2 (t). 0 

... '-----. 
(s/p)f!..-n 

Fig. 4.1 Fig. 4.2 Fig. 4.3 

Fig. 4. Rapidity of endogenous growth of per capita income. Bounded, 
polynomial, and exponential growth 

The case of figure 4.3 with exponential growth is customarily referred 
to as endogenous growth, Barro and Sala-i-Martin (1995). See Romer 
(1986, 1994), Lucas (1988), Jones and Manuelli (1990), Rebelo (1991), 
Yang and Borland (1991). However, unbounded, linear or a polynomial 
increases of per capita income are relevant as growth prospects, too. 

We want to emphasize that the production function, F(L2' K 2 ) must 
have the property: V K 2: F(O, K 2) > 0, i.e., labor is inessential. Whether 
capital is inessential or not, VL2 : F(L2 ,0) ~ 0, is immaterial for the 
endogenous growth properties in figure 4. When both capital and labor 
are inessential, the CES production function with substitution elasticity 
larger than 1 may give endogenous growth of per capita income, cf. 
Pitchford (1960), Long and Wong (1997). 

The general intensive form ofthe CES functions is, cf. (1) 

...5...

Yi = fi(ki) = Ii [(1- ai) + aik "~~1] "i-1 , 
Ii > 0, 0< ai < 1, 0< Ui < 00. (47) 
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Corollary 2. For a CES production function with a substitution elas-
~ 

ticity, (j2 ::; 1 - or (j2 > 1 and ,2a?-1 < np/s - the solutions, k2(t) to 
(42) cannot exhibit any endogenous (persistent) growth. The specialized 
steady state capital-labor is 

(48) 

With (j2 > 1, the solutions, k2(t), to (42) exhibit endogenous (per
sistent) per capita growth as follows: 

~ ~ 

polynomial: ,2a;2-1 = np/s, exponential: ,2a;2-1 > np/s. (49) 

Proof. From (47), we have 
1 

II(ki ) = ani [ai + (1 - ai )ki
1:';i] "i- 1 (50) 

Hence, by (47) and (50), we obtain the limits 

(ji < 1: lim Ii(k) =,i [1- ad";~1, lim II(k) = f3 = 0, (51) 
k-fOO k-fOO-

~ 

(ji > 1 : lim lICk) = f3 = 'ia;,-1. (52) 
k-fOO -

~ 

With (51), or (j2 > 1 and ,2a;2-1 < np/s, a root (48) exists to (42), 
preventing endogenous (persistent) growth. The endogenous growth with 
rapidity (49) follows from (52), (45)-(46), figure 4, and k = k2 . 0 

With the CES function, the cases (44) are excluded, where linear 
growth is requiring 0 < c ::; limk-foo h(k) < 00. Either endogenous 
growth does not occur, or its rapidity will be at least polynomial. 

Polynomial growth occurs with, e.g. ,2 = 1, a2 = 0.3, (j2 = 1.7, 
n = 0.01, p = 1, s = 0.186, and hence exponential growth occurs with, 
e.g., s = 0.2. Accordingly, rather high substitution elasticities are gener
ally required together with 0.2 < a2 < 0.35 and (40). The "total factor 
productivity" parameter, ,2, and the terms of trade p may have amelio
rating roles, cf. (49). 

Regardless of the actual capital-intensive good of specialization and 
hence trade pattern, persistent growth of per capita national income of 
the trading economy occurs with a high saving rate s, low n, and a low 
p = PI! P2 (relatively cheap capital goods), which create the long-run 
opportunities for the necessary specialization and rapid accumulation of 
capital goods, cf. figure 2 and (26)-(27), and facilitate the technology 
(CES) to meet the parametric conditions (49). 

Competitive factor pricing, (45)-(46), and k(t) approaching infinity 
imply that capital's (labor's) share, (9)-(10), converges to one (zero) 
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1· 1· kdI(ki) (3 1· ki (3(1/(3) 
1m €K, = 1m f (k) = 1m f (k ) = = 1. k,-too k,-too i i - k,-too i i - -

(53) 

Despite (53), the real wage exhibits persistent growth. With CES, (47), 

the wage-rental ratio, (10), is, w/r = w = [(1 - ai)/ai]ki/ IT;. Hence, the 
latter, (42), (46), and (52) give, cf. figure 4.3, 

lim w/w(t) = (1/0"2) lim k2/k2(t) = (1/0"2)[(s/p)(3 - n]. (54) 
t-too t-too -

The capital stock K(t) grows at the exponential rate (s/p)(3, which is 
higher than the combined exponential rates of the labor force L(t) and 
of the wage rate w(t). This explains the limits (53) of the factor shares. 

3.2 Dynamics by Proportional Saving and Endogenous Labor Growth 

Any mathematical growth model is inevitably based on some fundamen
tal set of assumptions, and the most critical ones should be fully eluci
dated. In this section, we therefore replace the assumption of exogenous 
labor growth by an endogeneity assumption. For economic growth, as 
observed over two centuries, the inclusion of increases in both population 
and per capita product is indispensable, Kuznets (1966, p. 20). As seen 
below, persistent per capita growth essentially requires that the classical 
(Malthusian) law of population (labor) growth is terminated. 

For a small country with fixed terms of trade, and hence a fixed real 
wage, the latter cannot within the diversification cone endogenize the 
labor growth as in the classical canonical model of closed economies, 
cf. Niehans (1963), Samuelson (1978), Jensen (1994). In this section, we 
modify our former analysis by allowing the growth rate of the labor force 
to depend in a "semi-classical" way on living standards [consumption 
per capita, c = Q2/ L, cf. (18)-(19), (21), (16)], i.e. I 

tiL = nc=nQ2/L, (55) 
t = nQ2 = n(l- s)Y/P2 = Ln[(l- s)/P2]Y 

= Ln(l- s)(PYlll + Y2l2) == Lf(k). (56) 

The governing function of capital accumulation remains the same as (26) 

k = s(Y/ PI) = L(s/ PI)y = LS(Ylll + (Y2/p)l2) == L g(k). (57) 

Hence, the director function h(k) becomes 

k = h(k) == g(k) - kf(k) = (s/PI)y - [n(l- s)/P2]yk 

= [Ylll + (Y2/p)l2][S - np(l - s)k], k E [0, 00[. (58) 

1. The parameter n, (55), (56) is inherently and numerically different from the 
natural growth rate, n, (25), (41). 
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Theorem 3. For a small, competitive, trading economy with propor
tional saving and endogenous ("semi-classical") labor growth, the neces
sary and sufficient conditions for the existence of a long-run capital-labor 
ratio, k = K., with incomplete specialization are given by the parameter 
restrictions, see figure 5.2: 

kl > k2 : 
npk1 <8< 

npk2 
(59) 

1 + npk1 1 + npk2' 

k2 > kl : npk2 
<8< 

npk1 
(60) -

1 +npkl 1 + npk2 

When the existence conditions, (59)-(60), are satisfied, then the family of 
solutions for k(t) to (58) have asymptotic stability in the diversification 
cone, Ck (7), (14)-(15), i.e., 

3ko = K. E Ck k(t) = K., "It, 

Vko E Ck \ {K.}: k(t) -+ K. as t -+ 00. 

(61) 

(62) 

Hence, for small trading economies with an initial diversified state, the 
unique diversified steady state, K., is an attractor in Ck, irrespective of 
the sector capital intensities: kl ~ k2 . 

Furthermore, the unique steady state, K., obtained under the conditions 
(59)-(60) is a global attractor for any initial capital-labor ratio, i.e. 

Vko E R \ {K.}: k(t) -+ K. as t -+ 00. (63) 

Thus, for any initial specialization of the small trading economy, it will 
with the parameters (59)-(60), in the long run combine trade with com
petitive domestic production of both goods. 
The long-run capital-labor ratio, K., of the diversified - and specialized 
- economy is 

8 
K.= . 

np(l- 8) 
(64) 

The proportional growth rate in a diversified steady state is 

f(K.) = g(K.)/K. = [n(l- 8)/P2 ][fK. + w] = (8/Pt}(f + w/K.) (65) 

= n(l- 8)wdiLl + iKJkd 

= lh[n(l- 8)iL2 + (8/p)(iK2/k2)]' (66) 

The specialized steady state growth rate is given by (65), without tilde, 
evaluated at K., (64). The trajectories of the phase portrait of (56)-(57) 
are straights lines everywhere, parallel to the ray with the slope (64). 
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Proof. The procedure of proving (59)-(60) is the same, whence we only 
give: Case kl > k2' see figure 5. 
Again, the diversification restrictions are, cf. (35) 

(i) ih - (fh/p) > 0, 

With diversification, the director function (58) becomes, cf. (6), 

k = h(k) = _ 1 _ { - np(l - s)(ih - ih/p)k2 
kl - k2 

- [sWdp - iiI) + np(l - s)((fh/p)k1 -1hk2)] k 

(67) 

+s((fh/p)k1 - y1k2)}. (68) 

The director function, h(k), (68), is a parabola with a positive discrim
inant 

(69) 

and hence has two real roots. The product of the roots, h;l and h;2, is 
seen to be, cf. (68) 

h;l h;2 = - W2/p)k1 ~ Ylk2_ < 0, 
(n/s)p(l- S)(YI - ydp) 

(70) 

which is always negative with diversification conditions (67). As the 
coefficient of the quadratic term of (68) is always negative with (67), 
the parabola has a shape with a maximum value. The parabolas are 
depicted in figures 5.1-5.3, with solid lines in the diversification interval 
and with dotted lines outside. 

The director function, h(k), (58), at the specialization points be
comes 

k = k1 : h(k) = Yds - n(l - s)pk1], (71) 

k = k2 : h(k) = Wdp)[s - n(l - S)pk2J. (72) 

The value of h(k), (71) is positive when s > n(l- S)pkl' which is equiv
alent to the condition stated in figure 5.1. The value of h(k), (72) is 
negative when s < n(l - s )pk2' which is equivalent to the condition 
stated in figure 5.3. 
With a saving ratio s between these two limits, the director function 
h(k), (58), passes through the diversification interval as depicted in fig
ure 5.2. This establishes (59). The proof of (60) is analogous. The proof 
of (61)-(62) follows directly from the phase diagrams, figure 5.2. 
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The proof of (63) is straightforward, as the replacement of fit by II (kd 
in (71) and f12 by h(k2) in (72) does not affect the value of h(k). 
The long-run capital-labor ratio, "', (64), can be obtained as the pos
itive root of (58). ~owever, it can be immediately verified, by noting 
that dKjdL = KjL = sj[np(1- s)], cf. (56)-(57). The latter explains 
the shape of the phase portrait. The diversification conditions (59)-(60) 
also follow directly from (64) and the requirement that", is between 
kl and k2 . 

The expression (66) follows from (56)-(57) and (10)-(11), (16). 0 

k 

~<s 
1+npk 2 

Fig. 5.1 

k 

k 

k 

~<s<~ 
l+npkl 1+npk2 

Fig. 5.2 

k 

s<~ 
l+npkl 

Fig. 5.3 

Fig. 5. The director function, h(k), (58), with parameter intervals for 8 

The diversification possibilities (59)-(60) may be wide, when kl and 
k2 differ considerably; the crucial parameter, n, is not, as is s, tied to 
the values (41). 

Corollary 3. When the parametric restrictions (59)-(60) are not sat
isfied, the small competitive trading economy will be specialized in the 
most capital intensive good, except when the saving rate, s, is too small, 
cf. figure 5.3. A specialized steady state in the capital intensive good will 
always exist. Hence, there is no possibility of endogenous (persistent) per 
capita growth with the endogenous labor growth (56). 

Proof. The proof of the corollary is analogous to the proof of (63). The 
necessary existence of a specialized steady state growth follows again 
from (71)-(72), which for k > kl always have roots irrespective of the 
shape of Yl = lI(kd and Y2 = h(k2). 0 
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Remark 3. One might be inclined to see the absence of endogenous per 
capita growth in Corollary 3 as hinging on the particular specification 
of endogenous labor growth in (56). As to Corollary 3 being generally 
upheld, let us briefly examine the classical alternative to (56)-(57), viz. 

t = Ln(w/P2) == Lf(k). (73) 

Then by (73) and (57), we get, cf. (16) 

k = h(k) == g(k) - kf(k) = (s/P1)y - n(w/P2)k 

= n(r/P2)[(s/np) - w/r]k + sew/Pd. (74) 

Imposing the diversification restrictions (14) upon (74), the parameter 
conditions for diversification become, after some calculations, 

~1 _kl - k2_ < ~ < fhJp _kl - k2_ 
k1 fhkl - ihk2P S k2 ihk1 - ihk2P 

(75) 

Apart from a multiplicative factor, the condition (75) corresponds to 
(28). It is a bit more complicated than before, as (14) involves restriction 
on the fixed parameter (w/P2 ) in (74). 

If the condition (75) is not met, and we get specialization in e.g., 
good 2, then (74) can be reduced to, cf. (10)-(11) 

k = h(k) = h(k2)[(S/p) - (n + €K2)k2]. (76) 

Clearly, a steady state always exists, and hence persistent growth per 
capita is not possible with classical endogenous labor growth (73). "V 

3.3 Dynamics with Classical Saving 

In the literature on open economies and capital accumulation, the clas
sical saving function has often been applied in the dynamic models, cf. 
Bardhan (1965, 1966), Stiglitz (1970), Deardorff (1971), Smith (1984). 
For a small trading economy with classical saving, domestic capital ac
cumulation is given by, cf. (22), (11), (13), 

k = Q1 = LsK(r/P1)k = LsK [yI/(kl + w)]k 

= _ L _ [SK(Y1 - Y2/p)k] == Lg(k). (77) 
k1 - k2 

Hence, (77) and exogenous labor growth, (25), give, cf. (11), (13), 

k = h(k) == g(k) - kf(k) = [sK(r/Pd - n]k 

_ [Y1 - y2/p _ ..!!:..]k - SK - - . 
k1 - k2 SK 

(78) 

The last expression in both (77)-(78) applies to k E Ck . 
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Except for the singular case, when the line segment of h(k), (78) co
incides with the k-axis, only specialized steady states exist with classical 
saving. With specialization in the capital intensive good, and r / PI = 
ff (kt) = (1/p)f~(k2)' cf. (77), (11), the conditions and rapidity of per
sistent growth of per capita income with classical saving are the same 
as stated in (43)-(46) in Theorem 2. 

The general conclusion that classical saving always leads to complete 
specialization in the long run would be premature, as the assumption of 
exogenous labor growth may again be critical in this respect. 

We shall again use the endogeneity of labor growth formulation (56) 
modified with a classical demand for Q2. We get, cf. (22), (19), (16), 

t = nQ2 = n/P2[(1- sK)rK + wL] 

= Ln/ P2[(1 - SK )rk + w] == L f(k). (79) 

Then the dynamic processes (77), (79) give, 

k = h(k) == g(k) - kf(k) = (sKr/P1)k - n/P2[(1- sK)rk + w]k 

= -n(l- sK)(r/P2)k2 + [sK(r/Pt) - n(w/P2)]k. (80) 

Theorem 4. For a small, competitive, trading economy with classical 
saving and endogenous labor growth, the necessary and sufficient con
ditions for the existence of a long-run capital-labor ratio, k = f'i" with 
incomplete specialization are given by the parameter restrictions: 

nY2 (kl - k2) npYI (kl - k2) 
kl > k2 : - < SK < - , (81) 

(YI - Y2/P) (1 + npk2) (YI - Ydp) (1 + npkl ) 

- - npYI(kl - k2) nY2(kl - k2) (82) 
k2 > kl : - < s K < - . 

(YI - Y2/P) (1 + npkl ) (YI - Y2/p)(1 + npk2) 

When the existence conditions, (81)-(82), are satisfied, then the family of 
solutions for k(t) to (80) have asymptotic stability in the diversification 
cone, Ck (7), and globally, irrespective of the sector capital intensities: 
kl ~ k2' i.e. 

3ko = f'i, E Ck: k(t) = f'i" '<It, 

'<Iko E R \ {f'i,}: k(t) -+ f'i, as t -+ 00. 

(83) 
(84) 

The diversified steady state capital-labor ratio, f'i" and its proportional 
growth rate are given by 

f'i, = (sK/n)(YI - Y2/p) + p[Ylk2 - (Y2/p)kd, (85) 
(1- SK)p(Y1 - Y2/P) 

f(f'i,) = g(f'i,)/ f'i, = (n/ P2 )[(1 - SK )ff'i, + w] 
= (SK/P1)f = sKfHkt). (86) 
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Furthermore, the specialized steady state capital-labor ratio, K" and its 
proportional growth rate are given by 

(SK/n)EK(K,) 
K, = 7( l:----s K-'):-'-E-K 7-( K,7) -'-+---'("':"l-'---E-K-;'"( K,-:")-:--) p , 

HK,) = g(K,)/K, = sKf{(K,). 

(87) 

(88) 

Proof. The proof of (81) is analogous to that of (82). We give case 
kl > k2. 
With diversification, the function (80) becomes, cf. (16), (11), (13), 

h(k) = _ n _ {- p(l- sK)(ih - Y2/p)k2 + 
kl - k2 
[(SK /n)(YI - yz/p) - p(YIk2 - (fI2/p)kd] k}. (89) 

It is clear that the director function, h(k), (89), has one zero root. As 
the coefficient of the quadratic term of (89) is always negative with 
(fII - Y2/p)/(kl - k2) > 0, (67), the shape of the parabola (89) is the 
same as in figures 5.1-5.3. 
The nonzero root of h(k) can be calculated as given in (85). This root is 
also the attractive steady state capital-labor ratio, if the root is positive 
and located between kl and k2 . As the denominator of (85) is always 
negative in case kl > k2' a negative numerator requires that 

(90) 

The condition that K" (85) is located as k2 < K, < kl is seen, after some 
manipulation, to further require that 

Comparing the left hand side of (91) with (90) and using SK ~ 1, it is 
seen that (90) is always satisfied by (91), which is (81). 
The proof of (83)-(84) follows immediately from the shape of the para
bola, h(k), (89). 

Finally, the long-run capital-labor ratio, (85), is a nonzero root of 
(89), and the balanced growth rate, (86), follows as usual from (79) and 
(77); (87)-(88) can be similarly obtained by replacing r/Pi = ff(k) , 
w/Pi = li(k) - kff(k) in (80), d. (10). D 
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Corollary 4. There is no possibility of endogenous (persistent) per 
capita growth with classical saving, (77), and semiclassical labor growth, 
(79), or classical labor growth, (73), except for ai infinite in (47). 

Proof. The function h(k), (80) with specialization in, e.g., k = kl' 
becomes, cf. (10)-(11), 

h(k) = sK!,(k)k - nk[(I- sK)f'(k)k + pf(k) - pk!,(k)]. (92) 

Taking the limit of h(k) when k -t 00, we have 

lim h(k) = lim k2[-n(l- sK)!'(k)]-t -00, (93) 
k-too k-too 

so there must exist a root, h(K.) = 0; hence, no persistent growth. 
With classical labor growth (73) and classical saving (77), the func

tion h(k), (78), becomes, cf. (10) 

k = h(k) = sK(r/Pt}k - n(w/P2)k = kf'(k)[SK - npw(k)]. (94) 

For a CES function, (94) only gives k(t) -t 00 in the extreme case of 
linear isoquants (a = 00), cf. Jensen (1994, p. 45). 0 

By comparing the endogenous balanced growth rates, (65) and (86), it is 
seen that, if the saving rates, sand S K, have similar size, then diversified 
economies grow faster with proportional saving than with classical sav
ing. Evidently, savings from wage income contributes to maintaining a 
larger balanced growth rate. Another noteworthy aspect of (86) is that a 
higher saving rate, SK unequivocally [irrespective of changes in K., (85)] 
increases the balanced growth rate of a small, diversified, trading coun
try. A higher saving rate, SK, in a classical closed two-sector growth 
model with endogenous labor growth will not necessarily increase the bal
anced growth rate, as changes in the general equilibrium prices and fac
tor intensities may offset the effects of a larger S K, Jensen (1994, p. 153). 
Thus, with trade at fixed terms of trade, high saving rates do increase 
the balanced growth in a classical setting of endogenous labor growth. 

Remark 4. With specialization as before, (42), let us compare savings 
from capital income (77) with savings from only labor income, cf. (10)
(11): k = Ql = Lsw(w/P1 ) = (sw/p)[h(k2) - k2!~(k2)] == Lg(k), 
which, together with t = nL, gives k2 = h(k2) == (sw/p)[h(k2) -
k2!~(k2)] - nk2. Using l'Hospital, we get, limk2-too h(k2) ~ -nk2. 
Accordingly h(k2) has a root, preventing k2 -t 00. Thus, despite fHk2) 
being properly bounded below, and also exogenous labor growth, savings 
from only labor income cannot - in contrast to (26), (77) - generate per
sistent per capita growth. See hereto (53), (54), and OLG models with 
all savings from wage income, Galor and Lin (1997), Bertola (1996). V' 
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3.4 Dynamics of the Trading Economy with Optimal Saving 

Above, we analyzed the trading economy with the saving rate exogenous 
and constant, proportional and classical, respectively. In this section, the 
saving rate mostly varies over time, as it will be endogenously determined 
by infinitely lived consumers maximizing total lifetime utility. 

The representative consumer is assumed to have a time additive 
intertemporal utility function 

u = l co u[c(t)]e-Ptdt, (95) 

where the decision variable, c, is per capita consumption, cf. (55), and 
p is the constant subjective rate of time preference (discount rate). The 
momentary utility (felicity) function, u(c), is assumed to be concave, 
increasing, and to satisfy the Inada conditions 

lim u'(c) = 00, 
c~o 

lim u'(c) = O. 
c~co 

(96) 

With p > 0, total utility, U is bounded, if u(c) is bounded over time. 

Remark 5. With L(t) = Loent , a social planner may maximize the 
objective function 

U = 100 u[c(t)]L(t)e-Ptdt = Lo lco u[c(t)]e-(p-n)tdt, (97) 

where (97) is similar to (95) with P = p - n. But with endogenous labor 
growth (56), the social planning objective analogous to (97) would be 
intractable. Hence, we stick only to (95); see Barro and Sala-i-Martin 
(1995), Deaton (1992). V 

3.4.1 Ramsey Saving and Exogenous Labor Growth 

For a small, two-sector trading economy, the domestic capital accumu
lation can be described by cf. (19), (16), (12), (55) 

k = Ql = I/PdY - P2Q2] = L[y/P1 - (l/p)Q2/ L] 
=L[y/PI -c/p]==Lg(k,c). (98) 

With exogenous labor growth (25), the function h(k, c), becomes, cf. 
(27) and (98) 

k = h(k, c) == g(k, c) - k f(k, c) = (1/ P1 )y(k) - c/p - nk. (99) 
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Proposition 2. (Stiglitz). For a small, competitive, trading economy 
with Ramsey saving and an exogenous labor growth, the necessary and 
sufficient condition for diversification is that the rate of time preference, 
p, has the particular value 

p = p = (y'(k)/Pd - n = f{(k l ) - n = (J~(k2)/p) - n. (100) 

There are multiple diversified steady states (k, c = y(k)/ P2 - npk) , but 
no transition dynamics. If p is larger (less) than p, then the small trading 
economy will in the long run specialize in the labor (capital) intensive 
good. The transition dynamics (saddle paths) are shown in figure 6.1. 

Proof. The Ramsey optimization problem is 

max U = max (':>O u[c(t)]e-ptdt (101) 
c(t) io 

s.t. k = h(k, c) = (1/ PI)y(k) - nk - c/p, c 2 0, (102) 

which is equivalent to maximizing the current value Hamiltonian func
tion 

'Ii = u[c(t)] + 7r(t) [(l/Pdy(k) - nk - c/p] , (103) 

with a costate variable, 7r(t), and the transversality conditions: 

k(O) = ko, lim 7r(t)e- pt k(t) = o. 
t-+oo 

(104) 

The first order condition gives, cf. (103) 

~~ = u'(c) - l/p7r(t) = 0, (105) 

and the maximum principle gives that 

7i"(t) = - ~~ + P7r(t) = 7r(t) [p + n - y'(k)/ Pd. (106) 

By derivation and inserting the first order condition (105) into (106), we 
obtain the differential equation for per capita consumption, c, as 

c = - u'(c) [Y'(k) _ n _ p] == cO"(c) [Y'(k) - n - p] == ",(k, c), 
u"(c) PI PI 

(107) 

where 0"( c) is the intertemporal elasticity of substitution. 
By (105) the transversality condition (104) becomes 

pu'(c)e-ptk(t) -+ 0 as t -+ 00. (108) 
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c c 

II 

k k 

Fig. 6.1 Fig. 6.2 

Fig. 6. Dynamics of a small trading economy with optimal saving and 
exogenous labor growth 

The equations (99), (107) define a dynamic system in k and c. As the 
concave GNP function, y(k), has a linear segment in Ck, d. Proposition 
1, a stationary c occurs in Ck, iff p has the particular value stated in 
(100), d. (107), (16), (12), (11). For every k E Ck, the optimal control 
variable, c follows from h(k, c) = 0, (102). Outside the line h(k, c) = 0, 
k is either positive or negative and we will eventually be specialized as 
indicated in figure 6.1. 

When p becomes larger, c = 0, (107), will therefore require y'(k) to 
be larger, which gives a vertical line k = k* < kl' crossing the k = 0 
curve, and giving a long run steady state A in figure 6.1. Similarly, 
when p becomes smaller, (107) will give a vertical line k = k** > k2' 
which crosses the k = 0 curve after the diversification cone, implying 
specialization in the capital-intensive good, d. point B in figure 6.1. D 

Remark 6. The sufficiency of (101)-(106) can be proved simply. It is 
observed that the objective function u[c(t)]e-Pt is a concave function in 
(k, c)-space, d. (96). Furthermore, it can be shown, by using (105) and 
(96), that 7r(t) = pu'(c) > 0, and that the function, h(k, c), in (102) is 
also concave in c, k. Therefore the necessary conditions provided by the 
maximum principle are also sufficient for optimal solutions. \7 

Theorem 5. With Ramsey saving and an exogenous labor growth, per
sistent (endogenous) per capita growth can be obtained if the concave 
per capita GNP function y(k) and the inter temporal substitution elas
ticity 0"( c) or the rate of time preference p satisfies, respectively 

lim y'(k)/Pl = (3/Pl >n+p, 
k-+oo 

(109) 

_ (3/ Pl - n . [ (3 ] [0' - 1] 
0" = supO"(c) < (3/P ( )' l.e. p> p - n --=-. 

c>O 1 - n + p 1 0" 
(110) 
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The conditions (109)-(110) ensure the existence - below the isocline 
k = h(k,c) = 0 -ofaseparator, the particular orbit r(t) == [k*(t), c*(t)], 
depicted in figure 6.2. The existence of this separator is required for 
persistent (endogenous) per capita growth. 

Proof. See Appendix B. D 

With regard to Ramsey (optimal) saving, it has been incumbent 
on us to obtain sufficient conditions - applicable to a general GNP
function, y(k) and a general utility function u(c) - that ensure persistent 
per capita growth. The condition (109) is analogous to (44)-(45) with a 
low p taking over the role of a large s. But (109) is not always enough to 
ensure persistent growth, as (110) is also needed. However, if u(c) always 
has O"(c) ~ 1, Vc > 0, then (110) is automatically satisfied2 , irrespective 
of the size of p > o. If O"(c) > 1, then p must be large enough to satisfy 
(110). Given now the existence of the separator r(t) and hence persistent 
growth, see figure 6.2, the actual selection of the optimal path in region 
I is discussed in Appendix B. 

For the class of isoelastic3 utility functions u(c), Vc, O"(c) = 0" ~ 1 and 
with the conditions (109)-(110), the separator in figure 6.2 is also the 
unique optimal orbit (solution) satisfying (101)-(104), see Appendix B. 
For optimal saving and persistent growth, the factor shares also behave 
as in (53), cf. (109). 

3.4.2 Ramsey Saving and Endogenous Labor Growth 

With the endogenous labor growth, L = nQ2 = Lnc == Lf(k, c), (55), 
the function h(k,c), (99), accordingly becomes 

k = h(k, c) = (1/ P1)y(k) - c/p - nck. (111) 

Theorem 6. With the Ramsey saving and an endogenous labor growth, 
a long-run steady state always exists, either in the diversification cone or 
in the specialization region, depending on the values of the parameters, 
n, p, p. Endogenous per capita growth is therefore impossible, even with 
the property (109) ofy(k). 

Proof. Using the maximum principle and first order conditions similar 
to those above, (105)-(106), we derive the differential equation for per 
capita consumption as 

2. Hall (1988) estimated that (T is much below unity, 0.1 < (T < 0.4. 
1-8 1 

3. A common practice is to use: u(c) = c 1-8 ' 0 > OJ (T = 1/0. See Barro and 
Sala-i-Martin (1995, p. 141). 
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. u'(c) [( I )'() n ] 
c = - u"(c) 1 PI Y k - (1 + npk)P2 y(k) - p = 1}(k, c). (112) 

Hence, (111)-(112) define a dynamic system in k and c, and completely 
determine the behavior of the economic system. It is seen in (112) that 
c is a nonlinear function in k, and 

1·· 1" u' ( c) - ( ) ° 1m c = 00, 1m c = --;-;--( )p = -ca c p < . 
k-+O k-+oo U C 

(113) 

Hence, the curve c = 0, (112), can always be solved for a k = k*, giving 
a vertical line in the (k, c)-space, irrespective of the properties of y(k). 
For k = 0, (111) we have, cf. (109) 

y(k) 1 
c = , lim c = -p lim y'(k) > 0. (114) 

(1 + npk)P2 k-+oo n 1 k-+oo 

The curves for k = ° and c = ° will then always cross one another in 
the first quadrant, which establishes Theorem 6. 0 

Remark 7. The sufficiency of the maximum principle can be proved 
by using the maximized Hamiltonian. It is known that if (k*, c*, 11'*) is 
a solution to (111)-(112), and the maximized Hamiltonian is strictly 
concave, then (k*, c* , 11'*) is the unique optimal solution; see Leonard 
and Long (1992). The Hamiltonian for (111) is now given as, cf. (103), 

1i = u[c(t)] + 11'(t) [(II Pr)y(k) - clp - nck]. (115) 

Then, the first order condition gives 11'* = u'(c*)/(nk* + lip), and k = 0, 
(111), gives c* = y(k*)/[(1 + npk*)P2]. Inserting 11'* and c* into the 
Hamiltonian, (115), we get the maximized Hamiltonian as 1l* = u[c*(t)]. 
To prove that the maximized Hamiltonian, 1l*, is a concave function, 
we need to calculate its first and second order derivatives. It gives 

d1l* dc* d21l* dc* d2c* 
dk* = u'(c*) dk*' dk*2 = u"(c*) dk* + u'(c*) dk*2' (116) 

Assume, c = 0, (112), then we get 

y'(k*) ny(k*) 
p=--- >0. 

PI (1 + npk*)P2 
(117) 

Using the positivity property of (117) and c* to calculate ~~: and ~~:;, 
. 1 . . h h dc' ° d2 c' ° h £ d1-l* respectIve y, It IS t en seen t at dk* > 'dk*2 < ,t ere ore dk* > 0, 

~2k'!; < 0; hence, the concavity of the Hamiltonian is proved and the 
sufficient condition for the existence of the unique optimal solution is 
accordingly established. \7 
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4. General Equilibrium Dynamics of Large Trading Countries 

In all the dynamic systems of a small trading economy above, the terms 
of trade were exogenously given by the world market conditions, and the 
actual size (parametric value) of the price ratio was important in form
ing various parameter regions related to the dynamic issues of diversi
fication for a small country. The exports (imports) of a large country, 
however, will affect the worldwide demand/supply conditions and the 
market clearing (equilibrium) prices. Hence, an endogenous explanation 
of the terms of trade requires supplementary determination of the mo
mentary international equilibrium in the commodity markets. Moreover, 
the dynamic laws governing the factor accumulation of a large country, 
A, will also be affected by the momentary economic state in country 
B, representing the "rest of the world". Accordingly, the dimensions of 
the dynamic system have increased, but under some assumptions, the 
growth processes of the two interacting countries are tractable, and their 
properties can be compared with those stated in section 2. 

4.1 Factor Accumulation and International Equilibrium Prices 

Flexible sector technology has been the standard assumption in dynamic 
two-factor, two-commodity, two-country trade models. From the very 
beginning, Oniki and Uzawa (1965) dealt with neoclassical sector tech
nologies; see also Kemp (1969), Bardhan (1970), Woodland (1982), Gan
dolfo (1994). From this literature, it is well known that the existence, 
uniqueness, and global stability of the international growth equilibrium 
are ensured with proportional saving and the consumer good at all times 
being capital intensive in both countries. This global stability result ap
plies, irrespective of long-run diversification or specialization in one or 
both countries. But our main object is again to obtain some global stabil
ity conditions that will preserve diversification in both countries. In this 
respect, the analysis in the literature has been inconclusive, in particular 
when their labor force (growing at the same rate) differ much in relative 
size, and their saving functions are either proportional or classical, see 
Takayama (1972, p. 406-409, 433). The issue is hard to solve precisely 
with general production functions, which makes it difficult to delineate 
the diversification region for the state variables (factor endowment ra
tios). 

To obtain some clues for a general understanding of the role of coun
try size and sectorial factor intensities in the growth processes of large 
trading economies, we study the implications of factor accumulation 
with fixed coefficient technologies in both countries. As we allow for in-
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ternationally different Leontief technologies, our approach accordingly 
examines the dynamics of a two-factor Ricardian trade model. The con
sequences of internationally identical technologies appear as a special 
case. 

The terms of trade and international equilibrium in the commodity 
markets will be determined from the trade balance equations of the two 
countries. By Walras' law, we need only consider market equilibrium for 
one good. Hence, international equilibrium requires that, cf. (18), (20), 
(subscripts A and B are used in the former single country symbols) 

(118) 

Let VA, VB represent the country shares of world labor (population), i.e., 

VA +VB = 1. (119) 

In terms of the factor endowments ratios, kA, kB, and the sectorial factor 
intensities, kIA, k2A, k1B, k2B , the region of diversification, Ci C R!, 
analogous to (7), is given by 

ci = ]min(k1A, k2A), max(k1A, k2A)[ 
x ]min(k1B, k2B), max(klB, k2B)[' (120) 

with the boundaries representing complete specialization in one of the 
countries. With Leontief sector technologies, Ci, (120), is a diversifica
tion rectangle. 
Under the assumptions of competitive economies and proportional sav
ing in section 1, the trade equilibrium condition (118) will determine the 
international price ratio, p = PI! P2 . 

Lemma 2. For two large competitive trading economies, with propor
tional saving and Leontief sector technologies, the international equilib
rium terms of trade p = PI / P2 are given by 

(121) 

and, in the special case of internationally identical technologies, 

PI Y2 VASA 12A + VB8B 12B 
P = P2 = Yl VA(I - 8A)11A + vB(1 - 8B)11B 

_ Y2 (VASA+VBSB)kt-VASAkA -VBSBkB (122) 
- Yl -[VA (I-SA )+VB (I-SB )]k2+VA (l-sA)kA +VB (l-SB )kB . 

The feasible domain of the terms of trade surface (TTS), (121)-(122), 
p = P(kA, kB), satisfying (14)-(15) is the entire diversification rectangle, 
(120). 
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Proof. From (24) and (118) we have 

XlA = LA[(l- SA)YlAllA - (SA/p)Y2A12A], (123) 

X lB = L B [(l - SB)YlBllB - (SB/p)Y2B12B], (124) 

where llA and l2A are as (6) with k = kA. Using (118) and solving, 
XlA = -XlB, (123)-(124), for the terms of trade, P, we get the expres
sion (121). D 

Remark 8. The terms of trade surfaces (TTS), (121)-(122), have the 
equation form, 

(125) 

which belongs to the family of quadratics in three variables (conic sur
faces). The shape of (125) is a hyperbolic paraboloid, upon which hyper
bolas appear for fixed kA or fixed kB . \7 

Traditionally, the terms of trade are determined by the intersection of 
reciprocal demand (offer) curves, Oniki and Uzawa (1965). In a growth 
context, the shifting offer curve technique is rather cumbersome. The 
same applies to the long-run offer curve methodology, Atsumi (1971). 

Remark 9. The shape of the terms oftrade surface (TTS) - with flexible 
sector technologies (internationally identical) and no inferior goods of 
demand in either country - is similar to (122), i.e., having the monotone 
partial derivatives 

ap/akA > 0, 

ap/akA < 0, 

ap/akB > 0, 

ap/akB < O. 

(126) 

(127) 

A rigorous proof is given in S6dersten (1964); cf. Rybczynski (1955), 
Findlay (1959), Kemp (1969). \7 

4.2 Trade, Growth, and International Equilibrium Dynamics with 
Proportional Saving and Leontief Sector Technologies 

With proportional saving and the same exogenous labor growth, the 
dynamics of the factor endowment ratios of two large trading economies, 
is described by, cf. (27), 

kA = SA[YlAllA + (Y2A/p)12Al- nkA = F(kA, kB), (128) 

kB = SB[YlBllB + (Y2B/p)12Bl - nkB = G(kA, kB), (129) 
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(130) 

(131) 

(132) 

(133) 

Evidently, (128)-(129) represent a nonlinear and nonhomogenous 
dynamic system in the state variables, kA and kB. Moreover, many pa
rameters are involved in a qualitative characterization of the governing 
junctions, (F, G). One important objective is to obtain the parameter 
restrictions upon F and G that ensure a unique international steady 
state, which is a global attractor located in the interior of C2, (120). 
Economically, we get the global stability conditions that allow for long
run diversification in both countries. 

The intersection of the two curves (nullclines), the (kA = D)-curve 
and the (kB = D)-curve, is the international equilibrium (steady state) 
point, (I\;A' I\;B)' As it may be verified from the equations (128)-(132), the 
nullclines, F(kA,kB) = 0, G(kA,kB) = 0 are both quadratic (conics) in 
the state variables. In general, F(kA' kB) = 0, is a hyperbola (including 
degenerate ones) with a vertical asymptote and an oblique one, whereas 
G(kA' kB) = 0 is a hyperbola (including degenerate ones) with a hor
izontal asymptote and an oblique one. These nullclines are shown in 
figure 7. Further analysis of the vector field (F, G), (128)-(129), gives: 

Theorem 7. For two large, competitive, trading economies, with the 
same exogenous labor growth, and with different proportional saving and 
different Leontief technologies, the necessary and sufficient conditions -
for the existence, uniqueness, and the global stability of diversified steady 
state growth in both countries - are given by the joint conditions: 

(i) k2A > klA, k2B > klB, (134) 

(ii) 
nklA nklB 

(135) SA> --, SB> --, 
YlA YlB 

(iii) nk2B > VA nk2A VB 
(136) >-. 

YlA{l - SA) - VB' YlB{l - SB) - VA 

If only (134) is reversed, and (135)-(136) are maintained, then the unique 
interior steady state is changed from a global attractor to a global re
peller, and hence, at least one country will be completely specialized. 
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With internationally identical technologies, (134)-(136) become 

( i) k2 > kl' (137) 

(ii) 
nkl nkl 

(138) SA > -, SB > -, 
Yl Yl 

(iii) 
nk2 > VA nk2 > VB. (139) 

Yl(l-SA) - , Yl(l- SB) - VA VB 

kB 

kA = 0 

k2B 

kB = 0 

Fig. 7. Phase portrait of (128)-(129) and the conditions (137)-(139) 

Proof. The proof is based upon invariance properties of Cf. The diver
sification rectangle, Cf, is said to be positively invariant, if any solution 
[kA(t), kB(t)] to the system (128)-(129) that starts in Cf remains in 
Cf forever. Likewise, Cf is negatively invariant if any solution to (128)
(129), whenever observed in Cf, must have been there in the entire past. 
It can be shown that positive invariance of Cf is equivalent to (134)
(136) including equalities in (135). Likewise, C~ is negatively invariant 
iff (135)-(136) are satisfied, including equalities in (135), and both in
equalities (134) are reversed. Furthermore, if C~ is positively invariant 
and the inequalities (135) are strict, then there is only one steady state 
in C~, and this steady state is a global attractor. If only (134) is reversed 



112 Dynamics, Economic Growth, and International Trade 

(negative invariance), then the interior steady state is a global repeller. 
The formal proof is given in Appendix C. 0 

The necessary and sufficient parameter conditions (134)-(136) or 
(137)-(139) allow opportunities for free trade and diversification in both 
countries to coexist and be maintained during the transition dynam
ics towards a unique, diversified, international steady state. As is well 
known, the one-factor Ricardian trade model does not admit such long
run diversification. 

It is observed from (134)-(136) that larger saving rates, SA, SB, 

and larger capital intensities, k2A, k2B, contribute to satisfying the joint 
conditions. Moreover, if e.g. the share VA is large, then a large SA helps 
to meet the joint conditions. However, the range of (n/YIA) and (n/YIB) 
has to be restricted. It is seen from parameter conditions (136) that the 
relative size of the two countries must not differ too much. 

In comparing (135)-(136) with (138)-(139), the former conditions 
are evidently more easily met than the latter, because of greater flex
ibility in parameter variations. Thus, with accumulating factor endow
ments and free international trade, it is more difficult to sustain long-run 
diversification in both countries when the sector technologies are inter
nationally identical. Figure 7 is drawn for the Heckscher-Ohlin case of 
identical technologies, and C't, is a square. 

When the inequalities (134), (137) are reversed, it is generally not 
possible to indicate which country will be specialized and in which good, 
as any of the four boundaries in figure 7 can be attained, depending on 
the initial values (factor endowment ratios) of the two countries. The 
stability conditions (137)-(139) and the TTS surface (122) are closely 
linked to the Rybczynski theorem. 

The dynamic international equilibrium model (128)-(133) of two 
large countries trading in two goods may be seen as an extension of 
the closed economy (autarky) growth models with Leontief technologies 
that initiated the dynamic analysis of growing two-sector economies, see 
Shinkai (1960), Jones (1965), Corden (1966), Stiglitz and Uzawa (1969), 
Ramanathan (1973, 1975), Jensen (1994), and Gandolfo (1996). 

It may be observed that some parameter (sectorial factor intensity) 
conditions, (134), for an attractor in a simple dynamic general equilib
rium trade model with two large countries - in contrast, d. Remark 1, 
to a small trading country (for which international trade is indispens
able for growth) - are similar to corresponding parameter conditions 
of an aggregated (global, closed) two-sector economy. The relative size 
of countries (136) are naturally involved in maintaining diversification 
within trading subunits of the world economy. 
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5. Final Comments 

We have analyzed factor accumulation processes for small and large two
sector economies that trade freely in both goods. As to capital formation 
in a small country, the implications of proportional, classical, and opti
mal saving were examined in combination with assumptions of exogenous 
or endogenous labor growth. Regarding the issues of long-run diversifi
cation and persistent (endogenous) per capita growth, a comparison of 
the theoretical economic results is presented in table 1. 

Labor growth Exogenous labor growth Endogenous labor growth 
Saving behaviour 

Diversification: Diversification: 
Proportional Limited range. Limited range. 
saving Persistent growth: Persistent growth: 

Possible. Not possible. 
Diversification: Diversification: 

Classical Singularity. Limited range. 
saving Persistent growth: Persistent growth: 

Possible. Not possible. 
Diversification: Diversification: 

Optimal Singularity. Limited range. 
saving Persistent growth: Persistent growth: 

Possible. Not possible. 

Table 1. Dynamics of a small trading economy with constant returns to 

scale technologies 

The unifying mathematical structure of the basic growth models for 
small trading economies, diversified or specialized, was planar homoge
nous dynamic systems with labor and capital as the state variables. It 
encompasses the dynamics of classical, neoclassical, and some newer, 
endogenous per capita growth models. The regime of exogenous popula
tion (labor) growth and high substitution elasticities between labor and 
capital only occurs in later (modern) stages of economic development. 

Of course, we have neglected many aspects of expanding factor en
dowments and factor reallocations that affect the growth of trading 
economies. Some extensions may introduce variable returns to scale, 
human capital, technical progress, presence of non-tradeable goods, dis
equilibrium dynamics, and uncertainty. 

We hope, however, that the theorems and propositions on the gen
eral equilibrium dynamics of basic two-dimensional trade models con
tribute to building a theoretical framework and a benchmark against 
which the results of extensions and multidimensional dynamic trade 
models can be appraised. 
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Appendix A: Endogenous Growth and Inessential Labor 

Consider two homogenous CI-class functions, (F, G), of degree one as 
governing functions of dynamic systems in the plane 

x = F(x,y) = xF(I,y/x) = xf(r), (A.l) 

iJ = G(x,y) = xG(I,y/x) = xg(r)r = h(r) = g(r) - rf(r), (A.2) 

and 

r = h(r) = g(r) - rf(r). (A.3) 

Definition A. Endogenous (persistent) growth of any rapidity: 

h(r) > 0, Vr > roo (A.4) 

From (A.3), we have, cf. (A.l)-(A.2) 

Vr 2: ro, h(r) > 0 {:} g(r) > rf(r) 

{:} xG(x,y) > yF(x,y), Vy 2: rox. (A.5) 

Lemma lA. A necessary condition for endogenous growth is: 

F(O,y):SO, Vy2:0. (A.6) 

Lemma lA is implied by the last inequality of (A.5). If Lemma lA is 
violated, there will be a root (steady state) in (A.3), which globally 
prevents r(t) -+ 00, i.e., endogenous growth. 

Lemma 2A. With a homogenous dynamic system of degree one (A.l)
(A.2), and the first state variable growing exogenously "Ix 2: 0: F(x,y) 
= F(x) = xf(r) = xF(I,O) = xCo, eo > 0, then a necessary condition 
for endogenous growth is, Vy > 0: G(O,y) > O. 

Proof. By (A.5) and exogeneity above, we get: G(x,y) > yeo, Vy 2: rox, 
which requires G(O,y) > 0 for y > 0, as stated in Lemma 2A. 0 

Remark A. With exogeneity and homogeneity of degree higher than 
one, we can have persistent growth, without the condition, Vy > 0 : 
G(O,y) > O. Example: F(x,y) = 1/2x2 , G(x,y) = xy; x 2: 0, y 2: 0, 
we have, h(r) = r - 1/2r = 1/2r, which implies r(t) -+ 00, even with 
G(O, y) = O. But with a higher degree than one, the solutions r(t) explode 
(infinite in finite time), cf. Jensen (1992, p. 190), and we have problems 
raised by Solow (1994). \7 
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Appendix B: Proof of Theorem 5 

We consider the dynamic system, cf. (102) and (107), 

k = h(k, c) = y(k)/ PI - nk - c/p, 

c = 17(k, c) = ca(c)[y' (k)/ PI - (n + p)], 
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(B.1) 

(B.2) 

-2 
in the closed first quadrant, R+. The constants PI, p, n, and p, are 
assumed to be positive. The positive intertemporal elasticity of substi
tution a(c) = -u'(c)/[cu"(c)] depends on the utility function u(c). 

Assumption B. The per capita GNP-function y(k) has the continuity 
and differentiability properties as follows, 

(i) y(k) ECO([O,oo[)nCI(]O,oo[), (ii) y(O) ~ O. (B.3) 

It is further assumed that 

(iii) 'rIk>O: y'(k)/PI>n+p. (B.4) 

For a concave GNP-function with y(k) -+ 00 as k -+ 00, (B.4) becomes 

(iv) lim y'(k)/PI = f3/PI > n + p. 
k-too 

(B.5) 

It follows from (B.3)-(B.4) or (B.3) and (B.5) that the system (B.1)

(B.2) has no stationary solutions in R! [except possibly for (0,0)], and 
that the positive k-axis (c = 0) is a trajectory (orbit). 

Lemma IB. If there exists J > 0 and ko > 0 such that 'rIk ~ ko, 'ric > 0: 

Y(k~PI -n-a(c) [y}:) -n- p] ~J, (B.6) 

then there exists to the system (B.l)-(B.2) an orbit-f(t) == [k*(t), c*(t)], 
t E R, such that k*(t) -+ 00, c*(t) -+ 00, as t -+ 00 - which separates the 
first quadrant into two regions I and II in figure 6.2. An orbit starting 
in the lower region I has the same behavior as f for t -+ 00, whereas an 
orbit starting in the upper region II eventually meets the c-axis, k = O. 

Proof. Consider the region Wa = {(k, c) 10:::; c:::; ak 1\ k ~ ko}, where 
a is a positive constant chosen such that Wa becomes positively invari
ant, d. figure B. 
Since the vector field (B.1)-(B.2) is directed inward on the line k = ko, 
and since the positive k-axis is a trajectory, the region Wa is positive 
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c 

ko k 

Fig. B. The positive invariant region, W"" with endogenous (persistent) 
per capita growth 

invariant iff the vector field points inward on the line e = ak, (k > ko). 
Since the inward pointing normal to the line e = ak is (a, -1), we require 

ah(k, ak) - 'fI(k, ak) > 0, for k ~ ko. (B.7) 

Inserting the expressions for h, (B.1), and 'fI, (B.2), into (B.7), and sim
plifying, we find the requirement 

~ < y(k) _ n _ a(ak) [Y'(k) - (n + p)] == R(k), 
p PIk PI 

for k ~ ko. (B.8) 

A positively invariant region W", (with some a > 0) exists iff R(k) is 
bounded from below by a positive constant. By (B.6), we have for k ~ ko 

R(k) ~ 0 > O. (B.9) 

Choose alp to be any positive constant less than D. Then W", is positively 
invariant. For any orbit in the open first quadrant, R!, we have by (B.4) 
that c > O. Accordingly, it follows that any orbit starting in W", must 
satisfy k(t) -+ 00, e(t) -+ 00, as t -+ 00. Any orbit in R! must either 
behave as just characterized (class I) or cross the k = 0 nullcline (class 
II). In the latter case, the orbit will meet the e-axis eventually, since 
otherwise e(t) -+ 00 and k(t) -+ kc as t -+ 00, for some kc ~ O. For t 
sufficiently large, i.e., k sufficiently small, say 0 < k ::; k*, we have from 
(B.1)-(B.2) 

de 

dk 
a(e)[y'(k)IPI - n - p] < ay'(k)IPI == ay' k , 

-(l/e)[y(k)IPI - nk] + lip - 1/(2p) ( ) 
(B.IO) 
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where (j is an upper bound for O"(c). This immediately rules out kg > 0 
since then - :~ would be bounded above by a constant. If kg = 0, we 
find by integrating from k to k* for 0 < k < k* 

c(k) ~ c(k*) + ay(k*), 0 < k ~ k*, (B.ll) 

contradicting c( k) -t 00 as k -t 0+. 
To get the separating orbit, r, consider a curve, G, connecting (k,c) 

= (1,0) with (k, c) = (0,1) and intersecting the nullcline k = 0 once 
(think of a circle). We can write G = GI U GIl U {(I, 0), (0, In where 
GI and GIl consists of the points through which pass orbits of class 
I and II, respectively. GIl must be an open and connected part of G. 
Since GI and GIl are both non-empty, GI U {(I, On must be closed. The 
separating orbit r goes through the end point of GI . 0 

A powerful and useful extension of Lemma IB is the simpler sepa
rator condition stated in: 

Corollary lB. With the assumptions of (B.3) and (B.5), the sufflcient 
conditions for existence of the separating orbit, r(t), cf. Lemma lB, is 
given by the restriction 

_ fJ/PI-n 
0" = supO"(c) < fJ/P ( )' 

c>O 1 - n + p 
(B.I2) 

where a is the upper bound of the intertemporal substitution elasticity 
O"(c) ofu(c) andwherefJ/H is given in (B.5). 

Proof. Since y(k) -t 00 as k -t 00, it follows from (B.5) and I'Hospital 
that y(k)/k -t fJ as k -t 00. Thus for any number 10 > 0, there exists a 
number, kg, such that for k > kg, we have, cf. (B.6) 

y(k) _ n _ O"(c) [yl(k) - n _ p] 
PI k PI 

~ ---n-supO"(c) ---n-p fJ-c [fJ+ c ] 
PI c>O PI 

= ~ - n - a [~- n - p] - ~(I + a) == 8. 
PI PI PI 

(B.I3) 

By assumption (B.5) and (B.I2), the sum of the first three terms of 8 
is positive. Thus, by choosing 10 > 0 sufficiently small, also 8 is posi
tive. Thus, the requirements of Lemma IB are satisfied, and hence the 
separating orbit r exists. 0 

Lemma 2B. If any selected utility function u(c) is assumed to satisfy 

Vc ~ Co ~ 0 : 0 ~ u(c) ~ Ac, (B.I4) 
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where A is any positive constant, then the convergence of the integral 
U = Iooo u[c(t))e-ptdt for a solution [k(t), c(t)) to the system (B.l)-(B.2) 
is assured, if 

a=suPO"(c)<j3/P p( )' 
c>o I - n + p 

(B.15) 

where j3 is given by (B.5). 

Proof. Let c: > o. Choose kc: such that y' (k) < j3 + c: for k :::: kc:. Choose 
tc: such that k(t) > kf: for t > tf:. Then from (B.2), we find 

Vt:::: tc:: C < c sup 0" (c)[(j3 + c:)/PI - (n + p)) == ac. (B.16) 
c>O 

It follows from (B.16) that c(t) :::; c(tf:)eCt(t-t.), and hence, d. (B.14) 

(B.17) 

Thus the convergence of the integral U is assured, if a < p, which by 
(B.16) says 

a=suPO"(c)«j3 )/: ( )" 
c>O + c: I - n + p 

(B.18) 

With c: > 0 chosen sufficiently small, the requirement (B.18) can be 
satisfied by the condition (B.15). D 

Remark B. The condition (B.15) is stronger that (B.12) of Corollary 
1B, since by assumption (B.5), we have 

p j3/PI -n 

j3 / PI - (n + p) < j3 / PI - (n + p)" 
(B.19) 

In short, the existence of separating orbit r is assured by a < 1, but 
a < 1 does not itself ensure convergence of U. However, for isoelastic 
u(c) with Vc, O"(c) = 0" (constant), it can be verified that the convergence 
of U is in fact also ensured by the existence condition of the separating 
orbit, (B.12). 
Indeed, with constant intertemporal elasticity of substitution, the sepa
rating orbit in figure 6.2 is the optimal solution [k*(t),c*(t)) satisfying 
the transversality condition; see hereto Gandolfo (1996, p. 390). 
It remains to be seen how (B.15) may be relaxed for general non
isoelastic u(c) in Ramsey problems. \7 
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Appendix C: Proof of Theorem 7 

The necessary and sufficient conditions for invariance of the diversifica
tion region, C~, (133) and global stability of (128)-(129) are obtained 
as follows. 

C.I Invariance of C~ 

To prove positive invariance, we first show that the vector field is directed 
inward on the boundary of C~ iff the inequalities (134)-(136) hold with 
strict inequalities. 
The boundary of C~ consists of four line segments, leading to the follow
ing four requirements for positive invariance, with a A = sign (k2A - k1A), 
and aB = sign (k2B - k1B ). 

aAF(k1A, kB) > a for all kB E IB , 

aAF(k2A, kB) < a for all kB E I B, 

aBG(kA, k1B) > a for all kA E lA, 

aBG(kA,k2B) < a for all kA E lA, 

(C.1) 

(C.2) 

(C.3) 

(C.4) 

where IA is the half-open interval between klA and k2A, including k2A 
but not k1A. I A is its closure. I B and I B are defined similarly. 
Next, (C.1) and (C.3) are satisfied iff, cf. (128), (130), (132) 

aA(YIA8A - nk1A) > a and aB(YlBsB - nk1B) > 0, (C.5) 

which gives (135) with aA > 0, aB > 0, cf. below. 
It can be seen that, cf. (128), (132) 

F(k k) = SAY2AVBYIB(1 - sB)(k2B - kB) - nk2AD 
2A, B D ' (C.6) 

where the denominator, D, is given by 

Notice that D has the same sign as k2B - k1B . 
The numerator is a polynomial of degree one in kB, so it suffices that 

for kB = klB and for kB = k2B . This gives the following two require
ments 

(i) aAaB[-nk2AvA + VBYIB(1- SB)]SAY2A(k2B - k1B ) < 0, 

(ii) aAaB( -nk2A)(vASAY2A + VBSBY2B)(k2B - k1B) < O. 

(C.9) 

(C.10) 
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Using that uB(k2B - klB) > 0, we reduce (C.g) to 

uA[-nk2AvA + VBYiB(l- SB)] < 0, (C.ll) 

and (C.10) to the simple requirement UA > 0, i.e., k2A > kiA. Hence 
with UA > 0, UB > 0, i.e., (134), then (C.10)-(C.ll) give (136). 

Requirement (C.4) similarly leads to the two requirements 

(C.12) 

Finally, observe that when SA = ~ (i.e., equality in one of the in
YIA 

equalities of (135) or (C.5)), then F(kiA' kB) = ° for all kB. Thus the 
line kA = kiA consists of orbits. When SB = ~, the line kB = kiB 

YIB 
consists of orbits. 

When (~2A) = 1!B.. - equality in one of (136) or (C.ll) - then 
YIB -SB VA 

the vector field is directed inward on the segment kA = k2A for kB E 
]kiB' k2B ] and is parallel to the segment kB = kiB. An analogous state-
ment holds when nk2B = Ed.. 

YIA{1-SA) VB 

We conclude that the system is positively invariant, also if one or 
several of the inequalities (135)-(136) are in fact equalities. 

C.2 Global Stability 

We show that if C~ is positively invariant, and if the inequalities (135) 
are strict, then there is one equilibrium in C~, and this equilibrium is a 
global attractor. 

First notice that the nullcline kA = 0, i.e., F(kA' kB) = 0, is a 
hyperbola. It has the vertical asymptote 

kA = kiA 
(k2A - kiA)(SAYiA - nki A)sBY2B (C.13) 

+ nSBY2B(k2A - kiA) + SA(Y2AYiB(1 - SB) + YiAY2BSB) ' 

which lies between kA = kiA and kA = k2A. 
Earlier, we found that F(k2A, kB) < ° for all kB > kiB. Let kBO be the 
root of D = ° (D is given in the previous section). Then kBO < klB' 
and we see that F(k2A, kB) > ° for kB close to kBO with kB > kBO' 
We conclude that one branch of the hyperbola F(kA, kB) = ° passes 
through the line segment kA = k2A, kB ~ kiB. This same branch has 
the upper half-line given by (C.13) as its asymptote. The other branch 
of that hyperbola goes through (kiA, kiB) and has the lower half-line 
given by (C.13) as its asymptote. 
Since analogous statements can be made about the null cline kB = 0, the 
nullclines are located as shown in figure C. We conclude that there is a 
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unique equilibrium in C1. This equilibrium is a global attractor (and a 
node). When ~ approaches SA from below, the equilibrium moves to 

]llA 

the boundary kA = klA. An analogous statement holds with A replaced 
byB. 

1.:B = 0 
~--I--

Fig. C. The shape and location of nullclines, kA = 0, kB = 0, for the 
dynamic system (128)-(129) of two large trading economies 

Remark. Appendices A, B, and C are joint works with Preben Kjeld 
Alsholm, Technical University of Denmark. \7 

Acknowledgement. Bjarne S. Jensen's research was supported by the 
Danish Social Sciences Research Council, grant no. 9500740. 

We would like to thank Giancarlo Gandolfo, Alan V. Deardorff, and 
Kar-yiu Wong for their very detailed comments and suggestions. Useful 
comments were received from Peter Skott, Harald Preissler, Niels Henrik 
B!1lrjesson, Jimmie Thomsen, and other participants of the Denmark 
conference. 



122 Dynamics, Economic Growth, and International Trade 

References 

Atsumi, Hiroshi (1971). "The Long-Run Offer Function and a Dynamic 
Theory ofInternational Trade." Journal of International Economics 
1,267-299. 

Bardhan, Pranab K. (1970). Economic Growth, Development, and For
eign Trade. New York: Wiley-Interscience. 

- (1966). "On Factor Accumulation and the Pattern of International 
Specialisation." Review of Economics Studies 33,39-44. 

- (1965a). "Equilibrium Growth in the International Economy." Quar
terly Journal of Economics 79, 455-464. 

- (1965b). "International Differences in Production Functions, Trade 
and Factor Prices." Economic Journal 75, 81-87. 

Barro, Robert J., and Xavier Sala-i-Martin (1995). Economic Growth. 
New York: McGraw-Hill. 

Becker, Robert A., and Edwin Burmeister (1991). Growth Theory. Vol. 
I-III. Aldershot: Edward Elgar. 

Becker, Robert A., and Ciprian Foias (1987). "A Characterization of 
Ramsey Equilibrium." Journal of Economic Theory 41, 173-184. 
Reprinted in Becker and Burmeister (1991). 

Bertola, Giuseppe (1996). "Factor Shares in OLG Models of Growth." 
European Economic Review 40, 1541-1560. 

- (1993). "Factor Shares and Savings in Endogenous Growth." Amer
ican Economic Review 83, 1184-1190. 

Bhagwati, Jagdish N. (1981) (ed.). International Trade: Selected Read
ings. 2. ed. Cambridge, MA: MIT Press. 

Cass, David (1965). "Optimum Growth in an Aggregative Model of 
Capital Accumulation." Review of Economic Studies 32, 233-240. 
Reprinted in Becker and Burmeister (1991). 

Corden, W. Max (1966). "The Two-Sector Growth Model with Fixed 
Coefficients." Review of Economic Studies 33, 253-262. 

Deardorff, Alan V. (1994). "Growth and International Investment with 
Diverging Populations." Oxford Economic Papers 46,477-491. 

- (1974). "A Geometry of Growth and Trade." Canadian Journal of 
Economics 2, 295-306. 

- (1973). "The Gains from Trade in and out of Steady-State Growth." 
Oxford Economic Papers 25, 173-191. 

- (1971). Growth and Trade in a Two-Sector World. Unpublished 
Ph.D. dissertation, Cornell University. 

- and James A. Hanson (1978). "Accumulation and a Long-Run Heck
scher-Ohlin Theorem." Economic Inquiry 16,288-292. 



General Equilibrium Dynamics of Basic Trade Models 123 

Deaton, Angus (1992). Understanding Consumption. Oxford: Clarendon 
Press. 

Drabicki, John Z., and Akira Takayama (1975). "On the Optimal Growth 
of the Two-Sector Economy." Keio Economic Studies 12, 1-36. 

Ethier, Wilfred, and Stephen A. Ross (1971). "International Capital 
Movements and Long Run Diversification." Journal of International 
Economics 1, 301-314. 

Findlay, Ronald (1984). "Growth and Development in Trade Models." 
In Jones and Kenen (1984). 

- (1970). "Factor Proportions and Comparative Advantage in the 
Long Run." Journal of Political Economy 78, 27-34. Reprinted in 
Bhagwati (1981). 

- (1959). "Factor Intensities, Technological Progress and the Terms of 
Trade." Oxford Economic Papers 11, 111-121. 

Galor, Oded, and Shoukang Lin (1997). "Dynamic Foundations for the 
Factor Endowment Model of International Trade." (this volume). 

Gandolfo, Giancarlo (1996). Economic Dynamics: Methods and Models. 
3. ed. Berlin: Springer-Verlag. 

- (1994). International Economics I: The Pure Theory of Interna
tional Trade. 2. ed. Berlin: Springer-Verlag. 

Grossman, Gene M., and Kenneth Rogoff (1995) (eds.). Handbook of 
International Economics. Vol. III. Amsterdam: Elsevier. 

Hall, Robert E. (1988). "Intertemporal Substitution in Consumption." 
Journal of Political Economy 96,339-357. 

Hamada, Koichi (1974). "An Economic Analysis of the Duty-Free Zone." 
Journal of International Economics 4,225-241. 

Jensen, Bjarne S. (1994). The Dynamic Systems of Basic Economic 
Growth Models. Dordrecht: Kluwer Academic. 

- and Mogens Esrom Larsen (1987). "Growth and Long-Run Sta
bility." Acta Applicandae Mathematicae 9, 219-237. Reprinted in 
Jensen (1994). 

Johnson, Harry G. (1959). "Economic Development and International 
Trade." NationalrJkonomisk Tidsskrift 97, 253-272. 

Jones, Larry E., and Rodolfo E. Manuelli (1990). "A Convex Model of 
Equilibrium Growth: Theory and Policy Implications." Journal of 
Political Economy 98, 1008-1038. 

Jones, Ronald W. (1965). "The Structure of Simple General Equilibrium 
Models." Journal of Political Economy 73,557-572. 

- and Peter B. Kenen (1984) (eds.). Handbook of International Eco
nomics. Vol. I. Amsterdam: North-Holland. 

Kemp, Murray C. (1969). The Pure Theory of International Trade and 
Investment. New Jersey: Prentice-Hall. 



124 Dynamics, Economic Growth, and International Trade 

Klundert, Theo van de, and Sjak Smulders (1992). "Reconstructing 
Growth Theory: A Survey." De Economist 140,177-203. 

Kuznets, Simon (1966). Modern Economic Growth. Rate, Structure, and 
Spread. New Haven: Yale University Press. 

Leamer, Edward E., and James Levinsohn (1995) (eds.). "International 
Trade Theory: The Evidence." Chapter 26 in Grossman and Rogoff 
(1995). 

Leonard, David, and Ngo Van Long (1992). Optimal Control Theory and 
Static Optimization in Economics. Cambridge University Press. 

Lucas, Robert E. (1993). "Making a Miracle." Econometrica 61,251-272. 
- (1988). "On the Mechanics of Economic Development." Journal of 

Monetary Economics 22,3-42. Reprinted in Becker and Burmeister 
(1991). 

Long, Ngo Van, and Kar-yiu Wong (1997). "Endogenous Growth and 
International Trade: A Survey." (this volume). 

Niehans, Jiirgen (1963). "Economic Growth with Two Endogenous Fac
tors." Quarterly Journal of Economics 77, 349-371. 

Obstfeld, Maurice (1989). "Fiscal Deficits and Relative Prices in a Grow
ing World Economy." Journal of Monetary Economics 23,461-484. 

- (1982). "Aggregate Spending and the Terms of Trade: Is There a 
Laursen-Metzler Effect?" Quarterly Journal of Economics 97, 251-
270. 

- and Kenneth Rogoff (1995). "The Intertemporal Approach to the 
Current Account." Chapter 34 in Grossman and Rogoff (1995). 

Ohlin, Berti! (1933). Interregional and International Trade. Cambridge, 
MA: Harvard University Press. 

Oniki, Hajime, and Hirofumi Uzawa (1965). "Patterns of Trade and 
Investment in a Dynamic Model of International Trade." Review of 
Economic Studies 32, 15-38. 

Pitchford, John D. (1960). "Growth and the Elasticity of Factor Substi
tution." Economic Record 36,491-504. 

Rebelo, Sergio (1991). "Long-Run Policy Analysis and Long-Run 
Growth." Journal of Political Economy 99,500-521. 

Ramanathan, R. (1975). "The Elasticity of Substitution and the Speed 
of Convergence in Growth Models." Economic Journal 85, 612-613. 

- (1973). "Adjustment Time in the Two-Sector Growth Model with 
Fixed Coefficients." Economic Journal 83, 1236-1244. 

Romer, Paul M. (1994). "The Origins of Endogenous Growth." Journal 
of Economic Perspectives 8, 3-22. 

- (1986). "Increasing Returns and Long-Run Growth." Journal of Po
litical Economy 94, 1002-1037. Reprinted in Becker and Burmeister 
(1991). 



General Equilibrium Dynamics of Basic 'I'rade Models 125 

Rybczynski, Tad M. (1955). "Factor Endowments and Relative Com
modity Prices." Economica 22, 336-341. 

Saint-Paul, Gilles (1992). "Fiscal Policy in an Endogenous Growth 
Model." Quarterly Journal of Economies 107, 1243-1259. 

Samuelson, Paul A. (1978). "The Canonical Classical Model of Political 
Economy." Journal of Economic Literature 16, 1415-1434. 

Sala-i-Martin, Xavier (1996). "Regional Cohesion: Evidence and The
ories of Regional Growth and Convergence." European Economic 
Review 40, 1325-1352. 

Shinkai, Yoichi (1960). "On the Equilibrium Growth of Capital and La
bor." International Economic Review 1, 107-111. 

Simon, Julian L. (1990). "Great and Almost-Great Magnitudes in Eco
nomics." Journal of Economic Perspectives 4, 149-156. 

Smith, M. Alasdair M. (1984). "Capital Theory and Trade Theory." 
Chapter 6 in Jones and Kenen (1984). 

- (1977). "Capital Accumulation in the Open Two-Sector Economy." 
Economic Journal 87, 273-282. Reprinted in Bhagwati (1981, chap
ter 25). 

- (1976). "Trade, Growth and Consumption in Alternative Models of 
Capital Accumulation." Journal of International Economic 6, 371-
384. 

S6dersten, Bo (1964). A Study of Economic Growth and International 
Trade. Stockholm: Almqvist and Wiksell. 

Solow, Robert M. (1994). "Perspectives on Growth Theory." Journal of 
Economic Perspectives 8, 45-54. 

- (1956). "A Contribution to the Theory of Economic Growth." Quar
terly Journal of Economics 70, 65-94. Reprinted in Stiglitz and 
Uzawa (1969), and in Becker and Burmeister (1991). 

- and Paul A. Samuelson (1953). "Balanced Growth under Constant 
Returns to Scale." Econometrica 21, 412-424. 

Srinivasan, T.N. (1964). "Optimal Savings in a Two-Sector Model of 
Growth." Econometrica 32, 358-373. 

Stiglitz, Joseph E. (1970). "Factor Price Equalization in a Dynamic 
Economy." Journal of Political Economy 78, 456-488. 

- and Hirofumi Uzawa (1969) (eds.). Readings in the Modern Theory 
of Economic Growth. Cambridge, MA: MIT Press. 

Summers, Robert, and Alan Heston (1991). The Penn World Table 
(Mark 5): An Expanded Set of International Comparisons, 1950-
1988. Quarterly Journal of Economics 106, 327-368. 

Swan, Trevor Winchester (1956). "Economic Growth and Capital Accu
mulation." Economic Record 32,334-361. Reprinted in Stiglitz and 
Uzawa (1969). 



126 Dynamics, Economic Growth, and International Trade 

Takayama, Akira (1972). International Trade. New York: Holt, Rinehart, 
and Winston. 

Uzawa, Hirofumi (1964). "Optimal Growth in a Two-Sector Model of 
Capital Accumulation." Review of Economic Studies 31, 1-25. 

Wan, Henry Y., Jr. (1971). Economic Growth. New York: Harcourt Brace 
Jovanowich. 

Wong, Kar-yiu (1995). International Trade in Goods and Factor Mobil
ity. Cambridge, MA: MIT Press. 

Woodland, Alan D. (1982). International Trade and Resource Allocation. 
Amsterdam: North-Holland. 

Yang, Xiaokai, and Jeff Borland (1991). "A Microeconomic Mechanism 
for Economic Growth." Journal of Political Economy 99, 460-482. 

Young, Alwyn (1991). Learning by Doing and the Dynamic Effects of 
International Trade. Quarterly Journal of Economics 106, 369-405. 



CHAPTER 4 

Endogenous Growth, Trade, and 
Specialization under Variable Returns to Scale: 
The Case of a Small Open Economy 

Ngo Van Long, Kazuo Nishimura, and Koji Shimomura 

1. Introduction 

The spectacular success of several East and South East Asian economies 
has sparked a great deal of interest in the search for a better under
standing of mechanisms that propel growth. According to the World 
Bank, the GNP per capita of Hong Kong, adjusted for purchasing power 
parity, have overtaken that of Canada and Japan. On the other hand, 
many countries remain unindustrialized and poor. What is it that pre
vents some countries from industrialization? Is there a poverty trap from 
which it is difficult to escape? What can national governments and in
ternational organizations do to accelerate the growth process of less de
veloped countries? 

There are many theories that claim to provide partial answers to 
the above questions. They range from the culture-based explanations of 
Harrison (1997) and Lee Kwan Yew to the socio-economic based the
ory of Murphy, Shleifer, and Vishny (1991), among others. In the book 
entitled "The Pan-American Dream: Do Latin America's Cultural Val
ues Discourage True Partnership with the United States and Canada?" 
Harrison argues that Latin America's chronic failure to achieve lasting 
prosperity is due to an "Ibero-Catholic" culture. Lee Kwan Yew is well 
known for his view that "Confucian values" constitute the main driving 
force behind the East and South East Asian miracles. Eisuke Saka):d
bara's book (1993), "Beyond Capitalism", advances the view that values 
other than capitalistic profit-seeking ones contribute much to economic 
growth in East Asia. 

Murphy, Shleifer, and Vishny (1991, p. 505) argue that "the allo
cation of talents to the rent-seeking sectors might be the reason for 
stagnation in much of Africa and Latin America, for slow growth in the 
United States, and for success of newly industrializing countries where 
these sectors are smaller." According to this view, bribes, taxes, and fees 
in a rent-seeking society constitute a tax on the profit of the productive 
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sector; the higher the tax, the lower the incentive to invest. These au
thors suggest that a measure of this "tax rate" might be the size of gov
ernment consumption, thus providing a plausible explanation of Barro's 
(1991) finding that countries with smaller government consumption rel
ative GDP grow faster. The recent empirical work of Mauro (1995) lends 
support to this socio-economic approach. Using a newly assembled data 
set consisting of indices of corruption, red tape, and efficiency of the 
judicial system for about 70 countries, Mauro finds that countries with 
higher corruption tend to have a lower ratio of investment to GNP, and 
therefore slower growth. 

Another stream of thoughts relates economic performance to more 
traditional concepts in economics such as returns to scale, externalities, 
and complementarity in demands and supplies. If there are impediments 
to world trade, small countries cannot take advantage of increasing re
turns to scale. For large economies, such as India, complementarity is 
a key factor for potential development. As an example of complemen
tarity, it is often stated that the industrialization of one sector enlarges 
the size of market of other sectors. This process can be self-reinforcing, 
due to spillover effects, and backward and forward linkages. The idea 
of coordinated investments is at the heart of the theory of the "big 
push" associated with Rosenstein-Rodan (1943) and others. This line 
of arguments has been further developed by economists such as Nurkse 
(1953), Scitovsky (1954), and Flemming (1955). Their theories can be 
interpreted in terms of the concept of multiple equilibria in general equi
librium theory. This interpretive effort is most evident in another paper 
by Murphy, Shleifer, and Vishny (1989), where a set of models are pre
sented, in all of which the central role is given to pecuniary externalities 
generated by imperfect competition with large fixed costs. An economy 
may remain settled in a low income equilibrium due to coordination 
failure. Active government intervention might be needed to move the 
economy to a high income equilibrium. However, by restricting atten
tion to a two-period framework, these models, while offering a great 
deal of insight, lack much in dynamics. To talk about poverty traps, it 
is essential to address the issue of stability of equilibria. This has been 
formalized by Durlauf (1993) in a stochastic growth with many hetero
geneous industries employing non-convex technologies that incorporate 
spillover effects from the history of production decisions to the produc
tivity of the economy at the current time. 

Another source of multiple equilibria can be traced to the role of 
wealth distribution. Galor and Zeira (1993) cite empirical work that 
show a positive correlation between the degree of equality in the distri
bution of wealth and the rate growth of GDP. They build an overlapping 
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generations model that exhibits multiple equilibria, and show how the 
initial distribution of wealth affects aggregate output and investment.! 

This chapter also explores multiple equilibria and poverty traps, but 
from a different perspective. Our model differs from the above literature 
in several important respects. Firstly, we adopt the infinite horizon op
timizing approach, where the optimizing entity is a social planner. This 
enable us to demonstrate that attainment of a low level equilibrium may 
be due to the conscious choice of a social planner, given the initial capi
tal stock.2 This approach allows us to focus on the interplay between the 
properties of the planner's rate of discount and the properties of the GNP 
function. This contrasts sharply with models which rely on constant sav
ing rates out of capital and wage incomes, or on the assumption that 
only workers save, and capitalists always dissave, an assumption com
monly made in overlapping generations models. Since these models are 
by now well understood [see Galor (1996) for an exposition], our model 
serves as a counterpoint, and sheds light on an alternative mechanism 
of development. 

The second distinguishing characteristic of our model is that we do 
not postulate the shape of the function relating aggregate per capita 
output (in value) to the capital labor ratio. It would be easy to gen
erate multiple equilibria and low level trap from such a postulate [see 
Barro and Sala-i-Martin (1995) for an exposition]. Instead, we derive the 
properties of this function (called the GNP function in the international 
trade literature) from the properties of sectoral production functions, us
ing the fact that capital and labor must be allocated to the two sectors 
to maximize current national income at given world prices. Our task of 
characterizing this function is complicated, because we allow for variable 
returns to scale in each sector. 3 

The third prominent feature of our model is the role of interna
tional trade in the growth process. With the exception of the article by 
Majumdar and Mitra (1995) which will comment on at a later stage, 
in models of poverty traps it is typically assumed that the economy is 
closed. By allowing for trade, we are able to identify another source of 
low level equilibrium. Under the assumptions made in our model (in
creasing returns to scale at low levels of output, low marginal product 
of capital when the capital labor ratio is near zero, no physical depre-

1. For further reviews of the literature on development traps, see Azariadis and 
Drazen (1990) and Azariadis (1996). 

2. Whether he/she is benevolent and the objective function reflects the preferences 
of the consumers or not, is a distinct issue, to be discussed later. 

3. Increasing returns to scale at low output levels may be attributed to factors such 
as set-up costs of various types; we assume constant returns to scale at high output 
levels. 
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ciation of capital) it is possible to show that in the absence of trade, 
the economy's stock of capital can only grow or stay constant, while 
with trade, the planner may choose to run down the capital stock by 
exchanging its capital stock for consumption goods at the given world 
price ratio. He will choose to do this if his rate of discount is sufficiently 
great and the initial capital stock is small. On the other hand, if the 
initial stock is sufficiently large, the economy will be able to take off, 
and perpetual growth in per capita output and consumption is possible. 
Thus, the opening of trade may be favorable or unfavorable to growth, 
depending on whether the initial capital stock exceeds or fall short of a 
certain threshold level. 

Among the policy implications of our model are the effects of foreign 
aid and direct foreign investment on economic growth. In the traditional 
Solow growth model, an international donation of capital to a low saving 
economy will result in a temporary burst of output, investment, and con
sumption, but eventually the economy will return to the old steady state. 
So foreign aid has no long-lasting effects on the economy. By contrast, 
in our model, a foreign injection of capital to raise the domestic capital 
stock above a threshold level will permanently increase the economy's 
income and welfare. Such an injection may come about by foreign aid or 
direct foreign investment that gives the domestic government a share in 
ownership. In this connection it is interesting to note that a large pro
portion of foreign investment in China takes the form of joint-ventures, 
in contrast to the prevailing mode in Russia and Eastern Europe. 

Another policy implication relates to the planner's rate of discount. 
Throughout our formal analysis, we take this rate of discount as given. 
This does not prevent one from peering beyond the model and ask ques
tions about possible changes in the rate of discount. This rate reflects 
both the degree of impatience and uncertainty of tenure of the decision 
maker. For example, if the decision maker is the ruling capitalist class, 
any uncertainty concerning war, revolution, expropriation, will increase 
the discount rate, and result in the choice of a time path of declin
ing capital and income. Conversely, political stability is conductive to 
growth. Therefore, any package of foreign aid should be reinforced by 
efforts to promote democracy, as in the long run this is the only form of 
government compatible with political stability. History shows that wars 
are typically initiated by totalitarian governments. 

In our model, perpetual growth is a possible outcome only if the 
relative price of the capital intensive good in terms of the consumption 
good is sufficiently high. If a country exports the capital intensive good, 
and it is not a consumption good, then removal of foreign tariffs on this 
good will help growth. If the capital intensive good is the consumption 
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good, and the limiting marginal product of capital (as capital tends to 
infinity) in that sector is low, then perpetual growth is not possible, 
unless there is technological innovation that raises the limiting marginal 
product of capital. 

Given that we use the infinite horizon optimizing approach, it might 
be argued that even if trade leads to negative growth, this is beneficial 
from the point of view of the social planner. While this argument is cor
rect, it does not detract from the importance of the possible negative 
effect of trade on growth. This is so for several reasons. First, a fall in 
per capita income in one country may have adverse impacts on other 
countries, when one takes into account illegal immigration induced by 
the growing income gap between rich and poor economies. Second, a 
social planner may represent a dominant interest group, possibly oper
ating under uncertainty of tenure, and its discount rate (as well as its 
utility function) may not reflect an appropriately defined social rate of 
discount. Third, even if the social planner is truly representative of all 
individuals of the current generation, the objective function may fail to 
satisfy certain ethical criteria regarding intergenerational equity. We do 
not intend to address these issues here, as they are beyond the scope of 
the chapter. It suffices to point out that the social planner set-up does 
not necessarily mean that the chosen path is recommended. 

Our optimizing approach and the small open economy setting of the 
chapter make it very close in spirit to the article by Majumdar and Mitra 
(1995). However, our results are different from theirs. Majumdar and 
Mitra show that there exists a poverty trap for their closed economy, 
and that when the country is opened to trade, it will overcome the 
poverty trap and succeed in securing ever rising consumption per capita, 
regardless of the initial condition. 

The main reason for the difference in the results is that Majumdar 
and Mitra adopt the following assumptions: (a) capital is the only factor 
to be allocated between the consumption goods and the capital goods 
sectors, (b) output of the consumption goods sector is linear in capital 
input, and (c) only the capital goods sector has the S-shape production 
function. It follows that their GNP function for the small open econ
omy is bounded below by a linear and increasing function of the form 
Y = AK. This is not the case in our model. We assume that both capital 
and labor are to be allocated between the two sectors, in keeping with 
the Heckscher-Ohlin-Uzawa tradition; and both sectors have the S-shape 
production function. Our GNP function exhibits zero marginal products 
of capital when the stock of capital approaches zero. It follows that for 
any positive rate of discount, the open economy will choose to decumu
late the stock of capital (by exchanging capital goods for consumption 
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goods), provided that the initial stock is sufficiently small. Unlike the 
Majumdar-Mitra model, the opening of trade does not ensure growth. 

For any initial capital stock that exceeds a threshold level, perpet
ual growth will take place provided the rate of discount is not too great. 
This is due to the assumption that the marginal product of capital in 
the capital-intensive sector approaches a positive value when capital ap
proaches infinity. This assumption corresponds to a common feature of 
all endogenous growth model. Whether capital is merely physical capi
tal, or embodied in new designs, or human capital, for perpetual growth 
there must exist a positive lower bound on the social marginal product 
of at least one capital stock, or an aggregate of several capital stocks 
when this variable becomes arbitrarily large. Whether this arises from 
externalities or not is simply a matter of details.4 

Our analysis in the remaining sections makes precise our intuitive 
reasoning. The first section states the main assumptions. The second 
section describes the optimal growth model of a small open economy. 
The third section proves the existence of a unique threshold. The fourth 
section gives some concluding remarks. 

2. The Assumptions 

Consider a small country dynamic model producing good 1 and good 
2 using two factors of production, capital and labor. The price ratio 
is exogenous and constant over time. There is no difference between 
new and existing capital goods, and both consumption- and capital
goods have their international markets in which households face given 
international prices. It is immaterial whether we identify good 1 with the 
consumption good or with the capital good. On the other hand, both 
labor- and capital-services are internationally non-traded. 

Let us specify production technology. The production function of 
good j is assumed to be a homothetic function of labor (L j ) and capital 
(Kj ) 

Yj = G[Fj (Kj , L j )] = G(Zj), j = 1,2, (1) 

where the two functions, Fj(Kj , Lj ), j = 1,2, are assumed to satisfy 
all properties which the neoclassical production functions in the stan
dard Heckscher-Ohlin model of international trade would have to satisfy. 
Moreover, we make the following assumption concerning the two func
tions, Fj(Kj , L j ), j = 1,2. 

4. See the survey of Long and Wong (1996). See also Jensen and Larsen (1987). 
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Assumption 1. For any w > 0, if w = Fi / F,/, j = 1,2, then Kd L1 < 
K 2 /L 2 • 

In a word, as far as the F-functions are concerned, good 1 is more 
labor-intensive than good 2. 

Next, let us assume that G(·) has the following properties. 

Assumption 2. (i) G(z) is increasing in z > 0; 

(ii) G(z) is continuous in z 2:: a and G(O) = 0; 

(iii) There exists a Z* such that G(z) = z for z E [Z*; (0) and G(z) < z 
for z E (0; Z*); 

(iv) G(z) has continuous second derivative on [0; Z*) and G'(O) = 0; 

(v) There exists a unique Z on [0; Z*) such that G"(Z) = O. 

We may think of Zj as "fictitious" output of good j, and G(Zj) as 
the true output of good j. Assumption 2(iii) implies that for Zj 2:: Z*, 
the fictitious output and the true output are equal, and for Zj < Z*, the 
fictitious output is greater than the true output. Figure 1 shows that 
the graph of G(z) is S-shaped. 

G(z) 

/ 
/ 

/ 
/ 

/ 

z z· 
Fig. 1. The graph of G(z) 

z 

Lemma 1. Under Assumption 2, G(z)/z is increasing in z E [0; Z*). 
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Proof. Differentiating G(z)/z with respect to z, we have 

~ [G(z)] = zG'(z) - G(z) = O(z). 
dz z Z2 - Z2 

Considering Assumption 2(ii), 0(0) = O. Since dO(z)/dz = zG"(z) > 0 
for z E (OJ Z), O(z) > 0 for z E [OJ Z). Suppose that there is Zo E 
(Zj Z*) such that O(zo) < o. Then, for any z E [ZOj Z*) O(z) < 0, since 
dO(z)/dz = zG"(z) < 0 in the interval, which means that G(z) cannot 
catch up with the 450-line at Z*. 0 

Given that G(z) is S-shaped, we may wonder under what conditions 
G[Fi (K, L)], when drawn against K for a given L > 0, also has a similar 
S-shape. 

Assumption 3. (i) lim G'[Fi(K,Li)]Fk(K,Li ) = 0 for all Li > 0; 
K-+O 

(ii) For a given L, there is a unique Kr such that 

G"[Fi (Kj*, L)][Fk(Kj*, LW + G'[Fi (Kj*, L)]FkK(Kj*, L) = O. (2) 

Kr is an inflection point for G[Fi (K, L)] when it is treated as a function 
of K; 

(iii) lim Fk(K,Lj) > 0 for all Lj > O. 
K-+oo 

Lemma 2. Under Assumption 3, the production function of good j 
G[Fi (K, L)] has the properties 

(i) G[Fi (0, L)] = 0; 

(ii) 8G[Fj(K,L)]/8K = 0 if K = 0, and > 0 if K > 0; 

(iii) 8G[Fi(K,L)]/8K is continuous in K > 0; 

(iv) G[Fi(K,L)] == Fj(K,L) for any K ~ Kj, where Kj is defined as a 

unique solution to Z* = G[Fj(K,L)]. Kj is the point where increasing 
returns to scale are exhausted; 

(v) G[Fi(K,L)] < Fi(K,L) for any 0 < K < Kj; 

(vi) 82G[Fi(K,L)]/8K2 > 0 for K E (OJ Kr) and < 0 for K E 
(Krj Kj). 

Proof. The proof is elementary, and is left to the reader. o 
Figure 2 depicts the graph of G[Fi(K,L)], which is equal to 

Fi(K,L) if K ~ Kj, but less than that otherwise. One implication 
of the assumption that production technologies in both sectors would be 
completely Heckscher-Ohlin if G(·) == 1 is that, letting p be any given 
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G[Fj(K,L)] 

K~' 
J K; 

Fig. 2. The production function of good j 

135 

K 

international relative price of good 1 measured by good 2, the system of 
equations 

p[F1(k1,L) - k1Fk(k1,L)] = F2(k2,L) - k2F'k(k2,L), 

pFk(k1, L) = F'k(k2, L), 
(3) 

where the unknowns are kj, j = 1,2, has a solution, Kj , j = 1,2, such as 
depicted in figure 3. Note that when the capital endowment K satisfies 
K1 < K < K2 (resp. 0 < K ~ K1, K2 ~ K) production would be 
incompletely specialized (resp. completely specialized to good 1, com
pletely specialized to good 2) if the F functions were true production 
functions. 

Assumption 4. K1 > max{Ki; K2}. 

Now let us define the GNP function as follows 

g(K) == max pG[F1(K1,L1)] + G[F2(K2' L2)] 

s.t. K ~ K1 +K2' L ~ L1 +L2. 

We have the following lemma. 

(4) 
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K 

Fig. 3. The graphs ofpG[Fl(K,L)] and G[F2(K,L)] 

Lemma 3. Under the foregoing assumptions, g(K) satisfies (a)-(c): 

(a) There are two values, Ki and K;, such that g(K) = pG[Fl(K,L)] 
for K E (0; Ki] and g(K) = G[Fl(K,L)] for any K E [K;; 00), i.e., 
production is completely specialized to either good. Incomplete special
ization takes place for K E (Ki; K2); 

(b) lirp g'(K) > 8pG[Fl(K, L)]18Klk' and 
K~~+ 1 

lirp g'(K) < 8G[F2 (K,L)]18Klk'; 
K~K2- 2 

(c) There are two values, KP and Kg, Ki < KP < Kg < K;, such that 

and for any K E (KP; Kg) 

g(K) = g(K1) + g'(K1)(K - Kl)' 

Proof. See the Appendix. o 
Figure 4 depicts the graph of g(K). As is shown in the Appendix, 

when the capital stock is at the point Ki or K;, there is discrete jump 
in the output of both goods and the economy switches from incomplete 
specialization to complete specialization. This is obvious because it is 
not efficient to produce goods at small scale of operation. 
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Complete speciali- Incomplete 

zation in good 1 specialization 

Complete speciali
zation in good 2 

Fig. 4. The GNP function 

3. The Optimal Growth Model 
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K 

Using the GNP function g(K), (4), we can formulate the optimal growth 
model as the solution of the dynamic problem 

max 100 u(c)e-ptdt 

S.t. k = g(K) - c, 

K 2: 0, c 2: 0, 

K(O) = Ko given, 

where the utility function u(c) satisfies the following conditions: 

u'(c) > 0, 

u'(O) = 00, 

ul/(c) < 0, Vc> 0, 

u'(oo) = 0. 

(P) 

Concerning the time-discount rate p, we assume that it is quite small. 

Assumption 5. p is so small that there is a unique K E (0; Ki*) such 
that g(K) = pK and lim g' (X) > P for any K 2: k. 

X-+K+ 
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Since g(K) is strictly convex for K E (OJ Ki*), it follows from Assump
tion 5 that there is K E (OJ Ki*) such that g'(K) = p. 

Associated with the problem (P) is the Hamiltonian 

H == u(c) + 71"[g(K) - cJ. 
Denoting by (K(t), c(t)) a path as a feasible solution without specifying 
an initial condition and by (K(t, Ko), c(t, Ko)) a path from the initial 
point Ko, the necessary condition for optimality is that there is a costate 
variable 71"(t) such that 

8H 8c = u'(c(t)) - 71"(t) = 0, (5.1) 

*(t) = 71"(t)[p - g'(K(t))], where g'(K) exists, (5.2) 
K(t) = g(K(t)) - c(t). (5.3) 

Using the first equation we can rewrite the second one as 

c(t) = ;~2 [g'(K(t)) - p], a(t) == - c(~,~~i;)~)) . (6) 

4. The Existence of Threshold 

A continuous time optimal growth problem with a convex-concave pro
duction function in an infinite time horizon was studied by Skiba (1978). 
However his characterization was not complete. Below we follow methods 
in Leonard and Long (1992, Chap. 9) and Deckert and Nishimura (1983) 
and provide a characterization of optimal paths in the non-concave prob
lem (P), where the Hamiltonian is not concave in the state variable. We 
first state the following result due to Michel (1982). 

Lemma 4. A necessary condition for (K(t), c(t)) to be 8Jl optimal solu
tion to (P) is that there exists a costate variable 71"(t) that is continuous 
with respect to t for 0 < t < 00. 

An optimal path of the control variable c(t) satisfies 71"(t) = u'(c(t)). 
Hence it is also continuous with respect to t by Lemma 4. We say that 
a path (K(t),7I"(t)) with 71"(t) = u'(c(t)) is optimal if a path (K(t), c(t)) 
is optimal. 

Using Lemma 4, we can prove that the optimal path of capital stock 
is monotone. Suppose that K(t, Ko) is not monotone with respect to t. 
Then, there exists tl > 0 and T > 0 such that K(h, Ko) "I- K(h +T, Ko), 
and we can construct an alternative path in the following way 

K(t,Ko) = { K(t, Ko), 0:::; t:::; tl +T, 
K(t - T,Ko), tl + T < t, 
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ir(t, Ko) = { 7f(t, K o), 
7f(t, K o), 

° ::; t ::; h + T, 
tl + T < t. 
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By the autonomous nature of the problem (i.e., time appears explicitly 
only in the exponential discount term e- pt ), the path (k(t, K o), ir(t, Ko)) 
must also be optimal. But ir(t, Ko) is discontinuous, which contradicts 
Lemma 4. The optimal path of state variables must be therefore mono
tone. 

Lemma 5. The optimal path of capital stock K(t) is monotone. 

Based on the foregoing lemma, we shall prove the main propositions. 

Proposition 1. There exists K# « K) such that K(t, Ko) converges 
to zero VKo E (0; K#). 

Proof. Suppose not. That is, suppose that for any K# E (0; K) there is 
Kg E (0; K#) such that K(t, Kg) does not converge to zero. Since the 
system (5.3)-(6) has no stationary state other than (K, c) [= (K, g'(K))] 
in the interval (0; K) and we can verify that (K, c) is locally unstable, 
Lemma 4 implies that K(t, Kg) must reach K at some finite time T. 
Then we have 

K(T,Kg) = K, 
K(T, Kg) = K(O, K), 
c(T, Kg) = c(O, Kg). 

The third equality is due to Lemma 4, and the second one is due to the 
first and third equations. 

From (6), c(t, Kg) is decreasing for ° < t < T. Then 

o . 0 0 0 v 

g(Ko) - K(O, Ko) = c(O, Ko) > c(T, Ko) = c(O, K). 

Hence g(Kg) > c(O, K). However, Kg can be chosen to be arbitrarily 
small, we have g(Kg) ::; c(O, K) by an appropriate choice of Kg. This 
contradiction establishes the validity of Proposition 1. D 

Proposition 2. For any initial condition Ko E [k; (0), K(t,Ko) must 
diverge to infinity. 

Proof. Suppose not. Then there exists Kg E [k; (0) such that either 

(i) K(t, Kg) is monotonously decreasing; 

or 

(ii) K(t, Kg) is monotonously increasing and converges to a finite value. 
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However, (ii) is impossible, because of Assumption 5.5 Thus let us con
centrate on (i). Since K(t, K8) < K8 for all t > 0, 

g(K(t,K8)) - pK(t,K8) < g(K8) - pK8 

for all t ;:::: o. Integrating both sides of the inequality, we have 

100 1 
[g(K(t, K8)) - pK(t, K8))e- ptdt < -[g(K8) - pK8). 

o p 

Considering 

100 Ke-ptdt = [Ke- Pt]: + 100 Ke-ptdt, 

equation (7) becomes 

100 o· 0 t 0 1 [0 0 [g(K(t,Ko)) - K(t,Ko))e-P dt - Ko < - g(Ko) - pKo), 
o p 

or 

p 100 c(t, K8)e-ptdt < g(K8). 

Let c == p 1000 c(t, K8)e- ptdt. Then, by Jensen's inequality, 

u(c) > p 100 u(c(t,K8))e-ptdt, 

or 

100 u(c)e-ptdt > 100 u(c(t, K8))e- ptdt. 

(7) 

That is, the constant-consumption path c(t) == c gives a higher utility 
than 1000 u(c(t, K8))e- ptdt and is feasible because c < g(K8), a contra
diction. 0 

Lastly, let us concentrate on the interval [K#j K). First, if K(t, Ko) 
diverges (resp. converges) to infinity (resp. zero), so does K(t, K8) for 
any K8 > (resp. <) Ko. Second, as we already stated, there is no sta
tionary state in [Kj 00). Therefore there must be a threshold KE E 
[K#j K). We arrive at the main theorem. 

Theorem. There is a threshold KE in [Kj K) such that if Ko > KE, 
then K(t, Ko) diverges to infinity, and if Ko < K E, then K(t, Ko) con
verges to zero. 

5. Note that there is no stationary state in [K; 00). 
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5. Concluding Remarks 

This chapter has constructed an optimal growth model of a small open 
economy whose production structure is Heckscher-Ohlin except that 
each production function is homothetic and has a increasing-returns-to
scale portion, and has shown that if the time-discount rate is sufficiently 
low, then there exists the "poverty trap" . 

This result is quite different from Majumdar and Mitra (1995) who 
show that the "poverty trap" which appears in the autarchic economy 
can disappear and a persistent growth is possible once the economy 
becomes a small open economy. On the other hand, our result suggests 
that trade does not always provide the necessary engine for growth. 

The source of the difference between the results of Majumdar and 
Mitra and ours lies in the formulation of production structure. They as
sume that the capital productivity of the consumption good is constant, 
which means that if the time-discount rate is smaller than the constant 
capital-productivity, then the rate of consumption steadily increases and 
it is necessary to accumulate capital stock in order to meet the increase 
in the rate of consumption. 

On the other hand, we assumed that both industries have a portion of 
increasing-returns-to-scale, which means that the marginal productivity 
of capital is smaller than the time-discount rate when the initial stock 
of capital is sufficiently small. Then, consumption steadily decreases. 
If consumption steadily decreases along an optimal growth path, the 
capital stock must also decrease steadily. Trade can be a cause of the 
poverty trap. 

Lastly, let us make a remark on trade pattern. Our theorem suggests 
that the pattern of international trade depends on whether the initial 
stock of capital is greater than the threshold level: If the former is greater 
than the latter, then the small open economy produces only the more 
capital-intensive good in the long run. If the former is smaller than the 
latter, then the economy produces only the more labor-intensive good. 
Furthermore, when the economy switches from complete specialization 
to incomplete specialization, there are discrete jumps in the output of 
both goods. 

Appendix: The GNP Function g(K) 

Let us derive the GNP function g(K). 
For given p and a fixed workforce L, there exists a unique line in the 

output space that is consistent with both full employment of labor and 
diversification if the true production functions are pI and p2. This is the 
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Y2 

A 

c~-_ 

D B 

Fig. A.I. The Rybczynski line corresponding to Fl and F2 

line AB. It is the graphical representation of the full labor employment 
equation 

where W is the factor price ratio that uniquely corresponds to the goods 
price ratio p if both goods are produced, and aLj' j = 1,2, is the amount 
of labor per unit of output of Zj. There is similar equation for the full 
employment of capital consistent with diversification. 

Clearly, for the two lines to intersect in the positive quadrant, K must 
be within the range [Kl; K 2 ], where Kj; j = 1,2, is defined by 

L aLj(w) 

Kj aKj(w)' 

An alternative definition of Kj , j = 1,2, is that they are the solution 
to the system of equation (4) in the text. When K = Kl (resp. K2 ), 

the fictitious production possibility curve for Zl and Z2 lies everywhere 
below (resp. above) the line AB, except at B (resp. A), and its slope at B 
(resp. A) is -po Assumption 4 in the text implies that Fj (Kj, L) > Z*, 
j = 1,2, and therefore G[Fj(Kj,L)] = Fj(Kj,L). Hence OA and OB 
depict the output levels of good 1 and good 2, respectively. 
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Take any K which is smaller than K1 • The concave curve CD in 
figure A.I is the fictitious production possibility curve which corresponds 
to this K. Then, since the true production function of each good G[Fj OJ 
is always less efficient than the fictitious production function Fj (.), the 
true production possibility curve C F D should be inside the fictitious 
one. Clearly, D is the optimal point. We arrive at the first proposition. 

Proposition A.I. If K ~ K1 , then production is completely specialized 
to good 1. 

A parallel argument brings us to the second proposition. 

Proposition A.2. If K ~ K2 , then production is completely specialized 
to good 2. 

C 

C' 

B 

Fig. A.2. A neighborhood of point B in figure A.I 

When K = K1 , we have figure A.2 which depicts a neighborhood of 
point B in figure A.I, where BC is the fictitious production possibility 
curve which is defined by 

'_ 2 
Y2 = T(YI, Kd = max F (K2' L2) 

Kj,Lj 

s.t. K1 ~ K1 + K 2 , 

L ~ L1 +L2' 

Y1 ~ F1(K1' Ld. 
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Be' is the true production possibility curve which is defined by the 
system of equations 

Note that the true production possibility curve is below the ficti
tious production possibility curve, since the true production functions 
G[Fj(Kj, L j )] are less efficient than the fictitious production functions. 
Moreover, differentiating T(Y1, Kd with respect to Y1 and evaluating 
the partial derivative at B in figure A.2, we see that 

8z2 = G'[T(zl, K1)] 8T(Z1, K1) = 0, 
8z1 G'(zd 8z1 

because G'[T(Z1, Kd] = 0 at B. Therefore, the production possibility 
curve Z2 = T (Z1 , K 1) never touches the price line starting from the 
intersection of Z2 = T(zl, KI) and the horizontal axis of coordinates 
just except for that intersection. Clearly this fact still holds even if K 
increases slightly from K1 . We have the following proposition. 

Proposition A.3. In a neighborhood of K = K1 , production is com
pletely specialized to good 1. 

A parallel argument ensures us that the following proposition also holds. 

Proposition A.4. In a neighborhood of K = K2 , production is com
pletely specialized to good 2. 

Next let us focus on the open interval (k1; K2)' At first, let us 
check the shape of an isoquant curve g = pG(zI) + G(Z2) such that g is 
greater than (1 + p)Z*. First, for a given g, define the corresponding Z1 
and Z2 by 

- - Z* 
Z1 == 9 __ - > Z*, Z2 == g - pZ* > Z*. 

P 

For Z2 in the interval (Z*; Z2), any small decrease in Z2, say I~Z21, 
must be compensated for by a small increase in Z1 so that GNP remains 
constant. However, when Z2 = Z*, any decrease in Z2 by I~Z21, where 
I~Z21 is any finite amount such that 0 < I~Z21 < Z*, implies that 
G(Z2) falls by more than I~Z21. To maintain GNP at g, there must be 
a compensating increase in Z1: I~Z11 = I~G(Z2)I/p = I~Z21/p. This 
explains why the isoquant curve for g lies above the dotted line cZ{, 
which has the slope -po 
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Taking 

dZ2 ! 

dZ I g=pG(Zd+G(Z2) 

d 2
Z 2 ! 

dZf ii=pG(zd+G(Z2) 

we have 

pG'(zI) 
G'(Z2) , 

p[GI/(ZI)(G'(Z2))2 + pGI/(Z2) (G'(zI))2] 
(G'(Z2))3 
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Lemma A.I. Let us denote an isoquant curve of g = pG(ZI) + G(Z2) 
by Z2 = <I>(ZI;g). Then for any g which is greater than (p + l)G(Z*), 
<I>(ZI; g) has the following properties: 

(i) d<I>/dzl < 0 for any ZI E (0; g/p); 

(ii) lim d<I>/dzl = 0 and lim d<I>/dzl = -00; 
Zl--+O Zl--+g/p 

(iii) There are two values of ZI, Z' and ZI/ where 0 < Z' < Z* and 
ZI < ZI/ < g/p, such that 

(0; Z') U (ZI/; g/p) , 
[Z*; ZIl U {Z'} U {ZI/}, 
(Z'; Z*) U (ZI; ZI/); 

(iv) d<I>/dzl = -p if ZI E [Z*; Zd· 

Proof. The proof is elementary, and is left to the reader. o 
The curve that depicts g = pG(zI) + G(Z2) is continuous, and on 

that curve, when Z2 = 0 then g = pG(zI), which has the solution ZI = 
G-1 (g/p) = g/p, where the second equality follows from the assumption 
g > (p + l)G(Z*). On the other hand, when ZI = 0 then g = G(Z2), 
which has the solution Z2 = G- 1 (g) = g, where the second equality 
again follows from the above assumption. Hence, if g > (p + l)G(Z*), 
Z[ coincides with Zp in figure A.3 and the isoquant curve must be 
depicted like in figure A.4. 

Based on the foregoing argument, we can prove that under Assump
tion 1 in the text there is a unique interval of K in which incomplete 
specialization. 

First, the existence of such an interval. Since Assumption 1 implies 
that the Rybczynski line corresponding to the fictitious production pos
sibility locus passes above the point (Z*, Z*) like AA' EB' B in figure 
A.5, we have incomplete specialization at any point on a portion of the 
Rybczynski line, AB. 



\ 
\ 

\ 

Z2 -------------------: b 

z. -------------------~.- ......... c 

z· 
d 

Fig. A.3. The curve {j = pG(zt} + G(Z2) 

Fig. A.4. The curve {j = pG(zt} + G(Z2) 
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[Note that the GNP function is derived by solving the optimization 
problem 

g(K) == max pG(zd + G(Z2) 
Zl,Z2 

(PI) 

Incomplete specialization takes place iff the solution implies positive 
outputs for both goods.] 

A 

G 

Z·~--~-----1~~~--------------

o z· BF J Zl 

Fig. A.5. The optimal solution to (PI) 

Let Kg be defined by 

where (Z*, 22 ) represents the coordinates of point A' of figure A.5. Then, 
for all K in [K?; Kg], production is incompletely specialized and output 
of each good will be at least equal to Z*. 

We now show that there exists a unique iq in (1<1; K?) at which 
production switches from specialization in good 1 to incomplete special
ization, and that at the switch, output of good 1 (resp. good 2) makes a 
discrete jump downwards (resp. upwards). Figure A.6 exhibits the situ
ation at the switching point. 

Let us obtain, at first, the slopes of the GNP function g(K) and the 
production function pG[ p1 (K, L)]. Making use of the first-order condi-
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____ 9 = pG(zI) + G(Z2) 
(an isoquant) 

A 

B 

Fig. A.6. The switching point 

tion of the problem (PI) and the envelope theorem, we have 

dg(J() I - -
----;]j( = G [T(ZI,J()]TK(ZI,J() 

pG'(zl)'TK (ZI, J() 

TK(Zl, J() 

= pG'[F1 (J(I, L 1 )]Fk(J(1, L 1 ), 

where (J(I, Lt) corresponds to point A in figure A.6. On the other hand 

dpG[Fl (J(, L)] = G/[Fl(J( L)]Fl (J( L) 
dJ( P , K,' 

Since the Rybczynski line is above the point (Z*, Z*), it is clear from 
figure A.5 that both G'[F1 (k1,lt)] and G/[Fl(J(,L)] are 1 at A and B. 
Thus dg(J()/dJ( = pFk(J(l,Lt} and dpG[Fl(J(,L)]/dJ( = pFk(J(,L). 
Since Fk(J(I, L 1 ) must be greater than Fk(J(, L), due to the Stolper
Samuelson Theorem6 , at the switching point between complete special
ization in good 1 and incomplete specialization we always have 

6. Note that good 1 is assumed to be labor-intensive. 
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By a parallel argument, we can show that at the switching point be
tween incomplete specialization and complete specialization in good 2 
we always have 

Therefore, the above results imply that incomplete specialization occurs 
in a unique and connected interval, [Kii K2']' and that the intersection 
of the curves pG[FI(K,L)] and G[F2(K,L)] must be interior of the 
interval. 

Proposition A.5. If the Rybczynski line corresponding to the "imag
inary" production functions FI (.) and F2 (.) passes above the point 
(Z* , Z*), then the interval of incomplete specialization uniquely exists 
within the interval (Kii K2) and its interior contains the intersection 
ofpG[FI(K,L)] and G[F2(K,L)]. 

Based on the foregoing argument, we can depict the graphs of g(K) 
like in figure 4. 
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CHAPTER 5 

Dynamic Foundations for the Factor 
Endowment Model of International Trade 

Oded Galor and Shoukang Lin 

1. Introduction 

This chapter establishes dynamic micro economic foundations for the 
fundamental propositions of the influential model of international trade 
theory - the Heckscher-Ohlin model. It analyzes the long-run trade 
patterns and their implications for factor returns within a comprehen
sive dynamic general equilibrium model characterized by a two-country 
two-sector overlapping-generations world where countries differ in their 
rates of time preference. The chapter develops a two-country, two-sector 
overlapping-generations model along the lines of the traditional two
sector growth model (e.g., Uzawa (1964), Srinivasan (1964), Oniki and 
Uzawa (1965), and Shell (1967); see also Jensen and Wang (1997)), and 
two-sector overlapping-generations model, Galor (1992). 

The analysis demonstrates that in a two-country two-sector over
lapping-generations world in which countries differ (slightly) in their 
rates of time preference and the investment good is capital intensive the 
higher the rate of time preference, the lower the steady-state level of the 
capital-labor ratio and the lower the steady-state relative price of the 
capital intensive good. Thus: 
a. The low time preference country exports the capital intensive good 
in the steady-state equilibrium, whereas the high time preference country 
exports the labor-intensive good. 
b. International tmde increases the steady-state real return to labor 
and decreases the steady-state real return to capital in the high time 
preference country, whereas in the low time preference country the real 
return to capital increases and the real return to labor decreases. 
c. International tmde equalizes factor prices across countries along the 
tmnsition path from the autarkic to the tmde steady-state equilibrium as 
well as in the steady-state tmde equilibrium, (for wide mnge of pamme
ters that genemtes diversification in production).1 

1. This result is documented in our earlier working paper, Galor and Lin (1989), 
and is subsequently established by others. 

151 
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It should be noted that the capital intensity of the investment good 
sector is required in order to assure that the perfect-foresight equilibrium 
is well defined. As was established by Galor (1992), as long as the in
vestment good is capital intensive the dynamical system (under autarky) 
is characterized by a unique perfect foresight equilibrium. Furthermore, 
if a non-trivial steady-state equilibrium exists and is unique than the 
it is a saddle. However, if the consumption good is capital intensive 
the equilibrium paths in indeterminate (i.e., there exists a continuum of 
equilibria from a given initial condition), and the model is naturally not 
well specified. The difference between the stability requirement in the 
growth model and the overlapping-generations model are partly due to 
the fact that in the overlapping-generations model saving is a function 
wage income whereas in the growth model it is a function of aggregate 
income.2 

Several attempts to provide dynamic micro economic foundations for 
the Heckscher-Ohlin model have been conducted in the literature.3 Oniki 
and Uzawa (1965) and Bardhan (1970) extended the two-sector growth 
model to a two-country world, demonstrating that in a world in which 
the propensities to save differ across countries, the country with the 
higher propensity to save exports the capital intensive good in the long 
run. Stiglitz (1970) demonstrates that, in a two-country two-sector in
finite horizon world where the (constant) rates of time preference differ 
across countries, factor price equalization does not hold in the long run. 
Findlay (1970) establishes the relationship between trade patterns of a 
small three-sector economy, and saving propensities and rates of popu
lation growth, and Matsuyama (1988) considers the trade patterns of a 
small three-sector economy in a life cycle model. 

In contrast to Findlay (1970) and Matsuyama (1988), the current 
study considers large countries, permitting a comprehensive general equ
ilibrium analysis in which the terms of trade dynamics are endogenously 
determined. Unlike Oniki and Uzawa (1965), Bardhan (1970), and Find
lay (1970), individuals' savings are the outcome of an intertemporal op
timization. As opposed to Stiglitz (1970)'s infinite horizon model, where 
the long-run equilibrium is characterized by the equalization of the rate 
of return to capital and the rate of time preference, the choice of an 

2. See Galor (1996) for a related discussion. 
3. Dynamic microeconomic foundations for various characteristics of international 

economics have been established in the literature. Buiter (1981) establishes dynamic 
foundations for the patterns of international lending and borrowing, within a frame
work of two Diamond overlapping-generations economies which differ in their rates 
of time preference. Galor (1986) establishes dynamic foundations for the patterns of 
international labor migration within a similar setting, and Eaton (1987) provides the 
foundations for the specific-factors model. 
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overlapping-generations model, in which individuals are finitely lived, 
allows for factor price equalization, despite differences in time prefer
ence across countries.4 

2. The Autarky 

Consider a world where economic activity extends over infinite discrete 
time and is conducted under perfect competition and certainty. In ev
ery period, a perishable consumption good and an investment good are 
produced, using two factors, capital and labor, in the production pro
cess. Capital is fully depreciated after a single period and there is no 
population growth.5 That is, the endowment of labor at time t, L t , is 
exogenously given and is invariant over time. Thus, L t = L, 'ft. The 
stock of capital at time t + 1, K t+1, is equal to the output of the invest
ment good produced at t, yt. Thus Kt+1 = yt, where Ko is exogenously 
given.6 

2.1 Production 

Production technologies employed in both the consumption good sector 
and the investment good sector exhibit constant returns to scale. The 
output of the consumption good and the output of the investment good 
produced at time t, X t and yt, respectively, are 

X t = Fx{Kf,Lt) = LiFx{KtlLi, 1) == LUx (kf), (I) 
yt = Fy{Kf,Lf) = LfFy{Kf /Lf, 1) == LUy{kf), (2) 

where k{ == K{ / L{ is the capital-labor ratio in sector j at time t, j = x, y. 
The production function /j : R+ --* R+ is twice continuously differen
tiable, positive, increasing, and strictly concave. That is, f;{k{) > 0, 
fj{k{) > 0, fj'{k{) < 0, Vk{ > 0. In addition, it satisfies the Inada 
conditions lim fj{ki ) = ° and l~m fj{ki ) = 00. 

kJ -too kJ -to 

4. As is discussed by Stiglitz (1970), if the rate of time preference is not constant 
factor price equalization is feasible in the optimal growth model as well. 

5. The analysis is perfectly applicable under any feasible rates of capital deprecia
tion and population growth. 

6. The production side (section 2.1) follows the traditional two-sector growth model 
(e.g., Uzawa (1964), Srinivasan (1964), and Shell (1967)). The consumption and sav
ings (section 2.2) and the dynamic equilibrium (section 2.3) differ, however, due 
to the overlapping-generations structure and the finiteness of lifetime. Furthermore, 
given rational expectations, the determinacy of the dynamic equilibrium requires the 
existence of a saddle path stable steady-state equilibrium. 
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Furthermore, the investment good is capital intensive: 7 

kX(Wt) < kY(Wt), VWt > 0, (3) 

where Wt is the wage-rental ratio at time t. 
Suppose that both goods are produced and that labor and capital 

are perfectly mobile across sectors.s The demands for labor and cap
ital are therefore characterized by the first-order conditions for profit 
maximization 

rt = pd~(kn = f~(kf), (4) 

Wt = pt(fx(kn - f~(knk;] = fy(kf) - f~(kf)kf, (5) 

where Pt is the price of the consumption good, rt is the return to capital 
and Wt is the wage rate, at time t. The investment good is the numeraire. 

The wage-rental ratio, Wt == wt/rt, is therefore, 

Wt = <pi (kl), j = x, y, 

where dJ.Jt/dkl > 0, j = x,y. Hence, <pi(kl), which is strictly increasing 
in kl, is invertible, and kl = (cpi)-l (Wt) == ki (Wt), j = x, y. 
The price of the consumption good at time t, Pt, is 

_ _ f~(kY[Wt]) 
Pt - p(Wt) = f~(kx[Wt])' (6) 

where p'(Wt) < O. Furthermore, there exists a single valued function 
w: ~ --+ R+ such that Wt = w(pt). 

Thus, given the price of the consumption good at time t, Pt, the 
capital-labor ratios in both sectors, kf, and k;, the wage rate, Wt, and 
the interest rate, rt, are uniquely determined. 

Wt = fy(kY[w(Pt))) - f~(kY[w(pt)))kY[w(pt)l == w(Pt}, (7) 

rt = f~(kY[w(pt))) == r(pt). (8) 

Furthermore, given the per worker capital stock, kt , where kt == 
Kt/ L, the per-worker production of the consumption good, Xt, and the 
investment good, Yt, is uniquely determined. 

kt-kf x_ 
Xt = kX kY fx(kt ) = x(Pt, kt ), (9) 

t - t 

k;-kt Y-
Yt = kX _ kY fy(kt ) = Y(Pt, kt ). (10) 

t t 

7. If the consumption good is capital intensive, the dynamic equilibrium is indeter
minate as was established by Galor (1992). 

8. The boundary conditions on preferences and technologies guarantee that in au
tarky both goods are produced in every period. 
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Lemma 1. (Stolper-Samuelson theorem). Suppose that Xt > 0 and Yt > 
O. If k'[(Wt) < k¥(Wt), VWt > 0, then ~ > 0, and ~-!i1; > 1, ~ < O. 

Thus, as long as both goods are produced, if the investment good 
is capital intensive, an increase in the relative price of the consumption 
good raises the real wage rate and lowers the real interest rate. 

Lemma 2. (Rybczynski theorem). Suppose that Xt > 0 and Yt > O. 
If k'[(Wt) < k¥(Wt), VWt > 0, then ~ < 0, W. > 0, and w.~ > 1. 

Thus, as long as both goods are produced, if the investment good 
is capital intensive, a marginal increase in the capital-labor ratio, given 
goods' prices, decreases the production of the consumption good and 
increases the production of the investment good. 

2.2 Consumption and Savings 

In every period t, L individuals are born. Individuals are identical within 
as well as across time. Individuals live two periods. In the first period, 
they work and earn the competitive market wage, Wt, and in the second 
period they are retired. Individuals born at t are characterized by their 
intertemporal utility function 

U(cL C~+l) = u(cD + -1 1 U(C~+l)' 
+p 

(11) 

defined over non-negative consumption during the first and the second 
periods of their life. The rate of time preference, p 2: O. 

The intertemporal utility function is twice continuously differen
tiable, monotonically increasing, and strictly quasi-concave, over the in
terior of consumption set. Furthermore, lim u'(cD = lim u'(c~+l) = 00. 

c!-+o c:+ 1 -+o 
During the first period of their lifetime individuals born at time 

t supply their unit-endowment labor inelastically. The resulting wage 
income, Wt, is allocated between first period consumption, cL and savings 
St· 

St = Wt - Pt cL (12) 

where Pt is the price of the consumption good at time t. 
Individuals save by purchasing the investment good which is the 

only store of value in the economy. Savings earn the given gross rate of 
return, rt+l (Le., the marginal productivity of capital at time t+ 1) in the 
following period and enable individuals to consume during retirement. 
Second period consumption of an individual of generation t, C~+l' is 
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therefore 

(13) 

The level of savings is chosen so as to maximize the intertemporal utility 
function. 

St = s(Wt,Pt,PtH/rtH;p) 
1 

= argmax {u[(Wt - St)/Pt] + -1- u[(rtH/ptH)St]} (14) 
+p 

s.t. 0 ::; St ::; Wt, 

where rtH and PtH are the rationally anticipated return to capital and 
the price level in period t + 1. 

Given (Pt,Pt+d and consequently Wt = w(Pt) and rt+l = r(Pt+t}, 
the properties of the utility function imply that s(Wt,Pt,ptH/rt+l;p) 
exists and is unique. 

(15) 

Given the time separability of the utility function, first and second 
period consumption are normal goods and consequently savings are an 
increasing function of the wage rate, a non-decreasing function of the 
interest rate and a decreasing function of the time preference. Further
more, it is assumed that savings are a non-decreasing function of the 
rental rate.9 That is, 

aSt 0 -a >, Wt 

Proof. See Galor (1992). 

~>o 
artH - , 

2.3 Dynamic Equilibrium 

(16) 

o 

The evolution of the capital stock is governed by the production of the 
investment good. 

(17) 
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Furthermore, the clearance of the goods' markets in every period t re
quires (recalling Walras' law) that the demand for the capital good (Le., 
savings) will equal the production of the capital good. Namely, 

(18) 

Suppose that ast/art+! > 0.10 Noting Lemma 3, as/apt+! < 0, and 
consequently it follows from (18) that 

(19) 

Lemma 4. If kt(Wt) < kf(Wt), VWt > 0, then ¥/P(pt,ktiP) < 0, and 

~(pt,ktiP) < 0. 

Proof. See Appendix. o 
Definition 1. An autarkic dynamic equilibrium is a sequence {Pt, kt}~o 
under which 

kt+! = Y(Pt, kt ), 

Pt+! ¢(PlJ kt i p), 

where ko is exogenously givenY 

Definition 2. An autarkic steady state equilibrium is a pair {p, k} under 
which 

k = y(p, k), 
p = ¢(p, k; p). 

Remark 1. The boundary conditions on preferences and technologies 
guarantee a strictly positive production of both goods at time t, as long 
as kt > 0. V' 

Lemma 5. If the investment good is capital intensive and there exists 
a unique noon-trivial steady-state equilibrium then it is a saddle.12 

10. The case in which fJSt!fJrt+l = 0, as implied by log-linear preferences is analyzed 
in section 4. This separation is necessary since under this condition the dynamics of 
the system are characterized by a single non-linear difference equation, rather than 
a system of two non-linear difference equations. 
11. Definition 1 does not apply to the case in which fJS/fJrt+l = 0, (e.g., log-linear 
utility functions). Savings in this case are a constant proportion of the wage, Wt, 

regardless offuture prices and interest rates. Consequently, (19) does not hold and the 
system is characterized by a single nonlinear difference equation. Section 4 analyzes 
the case in which fJS/fJrt+l = 0 and demonstrates that the qualitative results follow. 
12. Sufficient conditions for the existence of a unique non-trivial steady-state equi
librium are provided by Galor (1992). 
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Proof. See Galor (1992). 

Lemma 6. Let 

A - ( ~(P,k) 
= !!!2. (.. k) 

8k \1', 

~(p, k) ) _ (1 0) 
~ (p, k) and I = 0 1 . 

o 

The steady-state equilibrium is a saddle if and only if det(I - A) < o. 
Proof. See Appendix. o 

Remark 2. If the conditions for the saddle-path stability are satisfied 
around the steady-state equilibrium (p, k), then for f > 0 sufficiently 
small and Vko E B.(k), the dynamic equilibrium {kt,ptl~o is uniquely 
determined. 13 V' 

Proposition 1. Consider a locally saddle-path stable steady-state au

tarkic equilibrium. Ifk;(Wt) < k¥(Wt), VWt > 0, then ~! < 0 and ~ < o. 

Proof. Differentiating the steady-state equilibrium conditions with re
spect to p 

(iii) (~ dp _ 8!: 
!!i. - !!!2. 
dp 8k 

~)(iii) (0) ~ ~+!ii.. 
8p dp 8p 

(20) 

Then 

(!) = (I-A)-'(~) 
1 (1- M _ 8p 

- det(I - A) !ii. 
8k 

~ ) (0) 8p !ii.. 
1- ~ 8p 

8k 

(21) 

Thus, 

dk 1 8y 8($ 
= dp det(I - A) 8p 8p , 

(22) 

dp= 1 (1_8y )8¢ 
dp det(I - A) 8k 8p· 

(23) 

13. This observation requires a global analysis of the dynamic system. As is shown in 
Galor (1992) if as(Pt,Pt;p) + as(Pt,Pt;p) - ay(pt,kt) > 0 all steady-state equilibria lie 

apt apt+l apt ' 
along a unique dynamic path and thus Remark 2 follows. The system, however, may 
be characterized by multiple, saddle-path stable, non-trivial steady-state equilibria. 
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Since ~ > 1, as follows from Lemma 2, and ¥!- < 0 (a movement 
along the production possibility frontier resulting from changes in rela
tive prices), the proposition follows from Lemma 4 and Lemma 6. 0 

Thus, if the investment good is capital intensive, the higher is the 
rate of time preference, the lower is the steady-state level of the capital
labor ratio and the lower is the price of the consumption good. 

3. Trade Equilibrium 

Consider a world that consists of two countries, i = A, B, which are 
identical in all respects except for their rates of time preference. The 
countries are engaged in free-trade in goods. International labor migra
tion and international lending and borrowing, however, are prohibited.14 

A trade equilibrium requires the clearance of the world market for the 
capital good. Domestic investment, however, must equal domestic sav
ings in each country. 

Definition 3. A dynamic trade equilibrium (under diversification in 
production in each country) is a sequence {Pt, kt, kf} ~o under which 

kitl = S (Ph Pt+!; pA), 

kf-t-l = S(Pt, Pt+!; pB), 

Y(Pt,kt) +y(pt,kf) = S(Pt,Pt+l;pA) +S(PhPt+!;pB), 

where kri, kf and Po are exogenously given. l5 

Definition 4. A steady-state trade equilibrium (under diversification in 
production in each country) is a triplet {( kA ) * , (kB) * , p*} under which 

(k A)* = S(p*;pA), 

(kB)* = S(P*; pB), 

y(p*, (kA)*) + y(p*, (k B)*) = S(p*; pA) + S(P*; pB). 

3.1 The Patterns of Trade 

Theorem 1. (Trade Patterns). Consider a steady-state trade equilib
rium of a two-country world, in which countries are identical in every 
respect except for a small difference in their rates of time preference. 

14. In accordance with the traditional literature concerning trade pattern, trade in 
goods is permitted and international lending and borrowing is prohibited. 
15. If international lending and borrowing is permitted, then the aggregate capital 
accumulation in the world economy equals the aggregate world savings. 
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Then, the low time preference country exports the capital intensive good 
whereas the high time preference country exports the labor intensive 
good. 

Proof. Without loss of generality, let pA > pB, (i.e., country A is the 
high time preference country). Let pA = pB + dp, where dp > 0 is a 
sufficiently small constant. Then as follows from (16), in a steady-state 
free-trade equilibrium, country A saves less than country B, i.e., 

(24) 

Following Definition 4 and (31) 

(kB)* = (kA)* + dk, dk> O. (25) 

dk > 0 can be chosen to be sufficiently small by an appropriate choice 
of dp. Thus, the clearance of the world market for the investment good 
implies therefore that 

y(P*, (kA)*) + y(P*, (kA)* + dk) = 2(kA)* + dk. (26) 

A Taylor expansion of y(P*, (kA)* + dk) yields 

y(P*, (kA)* + dk) = y(P*, (kA)*) + 8y~~,k) dk, (27) 

for some k E [(kA)*, (kA)* + dk]. Consequently, using (26)-(27) 

2[y(P*, (kA)*) - (kA)*] + [8y~~,k) -1] dk = O. (28) 

To establish the proposition it is sufficient to show that if k; < kf 
(i.e., the investment good is capital intensive) then the high time pref
erence country (country A) imports the (capital intensive) investment 
good, i.e., 

(29) 

Namely, it is sufficient to show that the steady-state domestic de
mand for capital good (savings) is higher than the domestic production 
of the capital good. Noting that 8 y (;;,k) > 1,16 (29) follows from (28) 
and the proposition follows. 0 

16. By Lemma 2, at the steady-state equilibrium 8y~~,k) > 1. Therefore, continuity 

guarantees that ~ > 1 in a small neighborhood of the steady-state equilibrium. 
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3.2 Trade and Factor Returns 

Proposition 2. Consider a two-country world in which countries are 
identical in every respect except for a small difference in their rates of 
time preference. If the autarkic steady-state equilibria are locally saddle
path stable and the investment good is capital intensive, then the au
tarkic steady-state equilibrium in the high time preference country is 
characterized by a lower capital-labor ratio and a lower relative price for 
the consumption good. 

Proof. The proposition is a corollary of Proposition l. o 
L 7 .!!JJ...(-i -ki ) + [.!!JJ...r;ni -ki) 1] oS (-i. i) 0 emma . op' p , ok' V' , - liP' p ,p < , Vi, i = A,B. 

Proof. See Appendix. o 
Proposition 3. Consider a two-country world in which countries are 
identical in all respects except for a small difference in their rates of 
time preference. If the autarkic and the trade steady-state equilibria are 
locally saddle-path stable, then the relative price of the consumption 
good in the steady-state trade equilibrium lies between the relative prices 
of the two economies in the autarkic steady-state equilibrium. 

Proof. Without loss of generality let pA > pB. It follows from Proposi-
A B -A-B 

tion 2 that p < p and k < k . 
Suppose that the proposition does not hold. In particular, suppose 

that pA < pB < p*. Then 3dfi > 0, Vi, i = A, B, such that 

p* = pi + d]f, Vi, i = A, B. 

Following the definition of a steady-state trade equilibrium 

(ki)* = S(pi + dfi; pi), Vi, i = A, B, 

(30) 

L y(pi + dpi, (ki)*) - L S(pi + dpi; pi) = O. (31) 
i=A,B i=A,B 

A Taylor expansion of S(pi + d]f; pi) yields 

. ... .. 8S·· . 
(k')* = S(p' + dp'; p') = S(p'; p') + 8pi W; p')dp" (32) 

for some fi E [pi, pi + dpi]. Using the definition of an autarkic steady
state equilibrium, it follows from (33) that 

. -:-i 8S . . . 
(k')* = k + ~(p'; p')dp'. 

up' 
(33) 
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A Taylor expansion of y(pi + dji, (ki)*) noting (34), yields 

y~ + dff, (ki)*) = y(pi, Iii) + ::i (fi, ki)dff 

ay . A. as . . . 
+ 8ki(fl,k')api(f/,P')d[f, (34) 

where fi E [Tf, pi + dffJ and ki E [Iii, Iii + g;. (Pijpi)dffJ. Thus, noting 

that F = y~, F), it follows from (33)-(35) and Lemma 7 that for all i, 
i=A,B 

y(p*, (ki)*) - S(p*, pi) = ::i (pi, ki) + 

[::i (Pi, ki) - 1] ;; (Pi j pi)dpi < 0, (35) 

in contradiction to the steady-state trade equilibrium condition (32). 
Note that Lemma 7 is applicable since small differences in p are consid
ered. 

Similarly if p* < pA < pB, or pA = p*, or pB = p* a contradiction 
to (32) can be established. Thus, pB < p* < pA. 0 

Theorem 2. ('Irade and Factor Returns). Consider a two-country world, 
in which countries are identical in all respects, except for a small differ
ence in the rates of time preference. If the autarkic steady-state equilib
ria are locally saddle-path stable, then trade raises the steady-state real 
wage and lowers the steady-state real return to capital in the high time 
preference country, and lowers the steady-state real wage and raises the 
steady-state real return to capital in the low time preference country. 

Proof. If kf < kf and pA > pB, then according to Proposition 3, 
pA < p* < pB. Thus, noting Lemma 1 the theorem follows. 0 

Theorem 3. (Factor Price Equalization). Consider a two-country world 
in which countries are identical in all respects except for a small differ
ence in their rates of time preference. Then, if both goods are produced 
in each country, trade equalizes factor prices across countries. 

Proof. Following (7)-(8), as long as both goods are produced in coun
try i, wi = w(Pi) and ri = r(pi), Vi, i = A,B, where w : R+ -+ R+ 
and r : R+ -+ R+ are single valued functions. Thus, the equaliza
tion of good prices in every period results in the equalization of factor 
prices. 0 
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Remark 3. Unlike the infinite horizon model (with constant rate oftime 
preference) in which trade leads in the long run to specialization in pro
duction of at least one of the countries, diversification in production is 
feasible in a two-sector overlapping-generations economy. Consequently, 
long-run factor price equalization which fails to exist in an infinite hori
zon model holds in the overlapping-generations model. V' 

4. An Extension 

The dynamic system of the described economy does not apply when sav
ings are not a function of interest ratesj an important case that includes 
log-linear utility functions. The purpose of this section is to demonstrate 
that the entire results follow under this case as well. 

If 88S, = 0, then St = S(Ptj p). Thus, the dynamics of the economy 
r'+l 

are characterized by the system 

Y(Pt, kt ) = S(Ptj p), 
kt+l = Y(Pt, kt ). 

It follows from (37) that 

Pt = ~(ktj p). 

(36) 

(37) 

(38) 

Substituting (39) into (38), the evolution of the economy is governed by 
the first order difference equation 

(39) 

Definition 5. Consider an overlapping generations economy in which 
savings do not depend on interest rates, an autarkic equilibrium is a 
sequence {ktl~o under which 

ktH = 1/J(kt j p), 

where ko is exogenously given. 

Definition 6. Consider an overlapping generations economy in which 
savings do not depend on interest rates, an autarkic steady state equi
librium is k under which 

k = 1/J(kj p). 
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Lemma 8. A nontrivial autarkic steady-state equilibrium exists if 

lim 81jJ(kt ; p) > 1 and 
kt--+O 8kt 

lim 81jJ(kt ; p) < 1. 
kt--+oo 8kt 

Proof. Noting that 1jJ(0; p) = 0, the lemma follows from Definition 
6.17 0 

Remark 4. If production technologies are of the Cobb-Douglas type, 
1jJ(kt ; p) is an increasing, strictly concave function of kt that satisfies the 
above conditions. Thus, a nontrivial equilibrium exists and is globally 
stable. See Galor (1992). V1 

Proposition 4. Let the steady state equilibrium of the dynamical sys
tem (40) be locally stable, i.e., -1 < 8'I/Jh!;P) < 1. IfP < kY , then 

dk 
dp < 0, 

djj 
dp < O. 

Proof. Differentiating (40) with respect to kt around the steady state 
equilibrium, 

81jJ(k; p) 8y(~(k; p), k) 8~(k; p) 8y(~(k; p), k) (40) 
8k = 8p 8k + 8k . 

Noting that 

and 
81jJ(k; p) 1 

8k <. (41) 

It follows that 8eb~;p) > O. Using (37) and the implicit function theorem 

8~(k;p) ~ 
8k - 8S(p;p) _ 8y(p,k) • 

(42) 
8p 8p 

Therefore, 

8S(jj; p) 8y(jj; k) 0 
8p - 8p >. (43) 

FUrthermore, it follows from (37) that 

8S(p;p) 

8p _ > O. 
8S(p;p) _ 8y(p,k) 

(44) 
8p 8p 

17. See Galor and Ryder (1989) for the existence of a nontrivial steady-state equi
librium in a one-good overlapping-generations world. 
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Totally differentiating (40), it follows from (45) and the stability condi
tion that 

dk 
8y(e(k;p),k) 8e(k;p) 

8p 8p 0 
8·J.tk'n\ <. 

1-~ 
8k 

(45) = dp 

Totally differentiate (39), noting (41), (43), and (46) 

dp 8~(k' p) 1 _ 8y(e(k;p),k) 
_ =' 8~ < O. 
dp 8p 1 _ 81/>(k;p) 

8k 

(46) 

o 
Thus, for 8S/8rt+! = 0, Proposition 1 holds. Since in section 3 no 

assumptions are made about the functional form of the saving function, 
the entire results follow. 

5. Concluding Remarks 

This chapter develops a two-country, two-sector overlapping-generations 
model along the lines of the traditional two-sector growth model. The 
chapter establishes dynamic microeconomic foundations for the funda
mental propositions of international trade theory. The analysis is con
ducted within a dynamic general equilibrium model of a two-country 
two-sector overlapping-generations world where countries differ in their 
rates of time preference. The study demonstrates that in the long run the 
low time preference country exports the capital intensive good whereas 
the high time preference country exports the labor intensive good. FUr
thermore, international trade increases the long-run real wage and de
creases the long-run real interest rate in the high time preference country, 
and equalizes (under some configurations) factor prices across countries. 

Appendix 

Proof of Lemma 4. Totally differentiating (18), it follows that 

8Pt+l = 8p 
8¢ 8S/8p 
8p 8S/8pt+! ' 

(A. 1) 

8Pt+l = 8kt 

8¢ 8y/8kt 

8kt = 8S/8pt+l' 
(A.2) 

Thus, noting (16), Lemmas 2-3, the lemma follows. o 
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Proof of Lemma 6. The proof of Lemma 6 requires the establishment 
of the following two lemmas. 

Lemma AI. The linear operator A has two distinct real eigenvalues. 

Proof of Lemma AI. Let C(A) be the characteristic polynomial of A, 

C(A) = det(A - AI) = A2 - (tr A)A + det A. (A.3) 

The eigenvalues of A are therefore 

AI,2 = [tr A ± ~l/2, (A.4) 

where ~ == tr A 2 - 4 det A. Following the definition of A and rearranging 
terms, 

~ = [Oy(p, k) _ o¢(p, k)] 2 4 oy(p, k) o¢(P, k) 
ok op + op ok· (A.5) 

Noting that 8 y¥:;k) < 0, it follows from Lemma 3 that ~ > 0 and 
consequently the linear operator A has two distinct real eigenvalues. D 

Lemma A2. The dynamical system is non-oscillatory around the stea
dy-state equilibrium. 

Proof of Lemma A2. The dynamical system is non-oscillatory if both 
eigenvalues are non-negative. Following (A4) 

Al + A2 = tr A, 

AI· A2 = detA, 

(A.6) 

(A.7) 

where as follows from the proof of Lemma 4 and the definition of A 

o (,n k) 8y(p,k) _ 8S(p,p;p) 
tr A = YIY, + 8p 8pt 

ok 8S(p,p;p) 
(A.8) 

8Pt+l 

8y(p,k) 8S(p,p;p) 

detA = _ 8k 8pt 
8S(p,p;p) 

(A.9) 
8Pt+l 

Thus, as follows from Lemmas 2-3, tr A > 0, and det A > 0, and conse
quently Al > 0 and A2 > o. D 

Following Lemmas AI-A2, the steady-state equilibrium is saddle
path stable if and only if Al > 1 > A2. Using (A4), Al > 1 > A2 if and 
only if 1 - tr A + det A = det(I - A) < O. Thus, Lemma 6 follows. D 
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Proof of Lemma 7. Totally differentiating (17)-(18) evaluated at the 

steady-state equilibrium of country i, (pi, Iii), it follows that 

-i as ' , , as ' . , 
dk = -a ,(p'; p')djj' + -a ,(p'; p')dp" (A.lO) 

p' p' 
~,~ , ~ ,~~ M" , M" , 
-a ,(p', k )dp' + ak' (p" k )dk = -a ,(p'; p')dp' + -a ,(p'; p·)dp·. (A.11) 

p' • p' p' 

Thus, 

(A.12) 

rl'if 8y(pi ,ki ) Following Proposition 1, ~ < O. Thus, noting (16) and that 8k'-

> 1, the lemma follows. 0 
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CHAPTER 6 

Public and Private Capital in an 
Endogenously Growing Open Economy 

Stephen J. Turnovsky 

1. Introduction 

The impact of public investment on productive capacity and macro
economic performance has recently begun to attract the attention of 
economists. Much of this research was stimulated by Aschauer's (1989a, 
1989b) striking findings suggesting that in the United States public cap
ital has a powerful impact on the productivity of private capital. Asch
auer's results were controversial and generated both empirical and the
oretical research into the role of public investment. While the evidence 
is mixed, there seems to be a consensus generally supporting the pro
ductivity of public investment, although its impact is viewed as being 
somewhat weaker than that originally suggested by Aschauer.1 

The theoretical analysis of the productivity of public investment has 
revolved around analyzing its impact on the growth of private capital and 
output in the economy. Government expenditure has been introduced 
as an argument in the production function to reflect an externality in 
production. In doing this, several strands of literature can be identified. 
First, there is a substantial literature examining productive government 
expenditure using Ramsey type models; that is, models that converge 
either to a stationary state, in which all real variables, including the 
capital stock, remain constant, or to a growth path along which they 
grow at some exogenously determined rate. Within this framework, two 
approaches to incorporating government expenditure can be identified. 
Most of the existing literature treats the current flows of government 
expenditure as the sources of contributions to productive capacity; see 
e.g. Aschauer and Greenwood (1985), Aschauer (1988), Barro (1989), 
Turnovsky and Fisher (1995) and Lee (1995). While the flow specification 
has the virtue of tractability, it is open to the criticism that insofar as 
productive government expenditures are intended to represent public 
infrastructure, such as roads and education, it is the accumulated stock, 
rather than the current flow, that is relevant. 

1. A comprehensive review of recent empirical literature is given by Gramlich (1994). 
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Despite this, within the Ramsey framework, relatively few authors 
have adopted the alternative approach of modelling productive govern
ment expenditure as a stock. Arrow and Kurz (1970) were the first au
thors to model government expenditure as a form of investment. More 
recently, Baxter and King (1993) study the macroeconomic implications 
of increases in the stocks of public goods. They derive the transitional 
dynamic response of output, investment, consumption, employment, and 
interest rates to such policies by calibrating a real business cycle model. 

The Ramsey model suffers from the drawback that its steady-state 
growth rate is determined by such factors as the rates of population 
growth and technological change, and is therefore independent of the 
usual macroeconomic policy instruments. By contrast, the more recent 
AK endogenous growth literature has emphasized fiscal policy - and in 
particular government expenditure policy - as important determinants 
of long-run growth and growth differentials.2 Authors such as Barro 
(1990), Turnovsky (1996a, 1996c) have introduced productive govern
ment expenditure, although as a flow. These studies are therefore subject 
to the shortcomings noted above. 

This chapter develops an endogenous growth model of an open econ
omy in which output depends upon the stocks of both private and public 
capital and which is free to accumulate traded bonds in a perfect world 
financial market. The dynamic evolution of the economy therefore de
pends upon the time paths of both capital goods and is thus character
ized by transitional dynamics. There are several significant reasons for 
considering the role of public investment an open economy. The first is 
that public capital is often a larger component of total capital stock in 
small economies than in larger economies, less exposed to international 
trade. Thaditionally government investment has played a more significant 
role in the development of smaller countries like New Zealand and Aus
tralia, for example, than in larger economies like the United States.3 A 
second reason for choosing such an economy is that it offers the strategic 
advantage of preserving expositional simplicity. Under the assumption 
of a perfectly competitive financial market, the accumulation of capital 
on the one hand, and the growth of consumption on the other, proceed 
largely independently, enabling us to analyze the dynamic interaction 
between the two types of capital in a more transparent way. Third, with 

2. The effects of government expenditure on growth is emphasized by Barro (1990), 
Barro and Sala-i-Martin (1992a), Turnovsky (1996a, 1996b). Other authors focus on 
tax policy; see e.g. Jones and Manuelli (1990), King and Rebelo (1990), Rebelo (1991), 
Easterly and Rebelo (1993), Jones, Manuelli, and Rossi (1993), Pecorino (1993). 

3. Rodrik (1996) has presented empirical evidence supporting the proposition that 
open economies have larger governments. 
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the opening of world capital markets, the process of growth in an open 
economy, and the role played by the government in this process, is ob
viously of importance in its own right. 

Two key features characterize the model and are important deter
minants of its growth path. The first is that as in standard intertempo
ral models of small economies, capital accumulation incurs adjustment 
costs. Second, and less familiar, public capital is subject to congestion. 
The few existing models that do introduce public capital, treat it as a 
pure public good, thus failing to take account of the congestion typically 
associated with public capital. Yet, as Barro and Sala-i-Martin (1995) 
have argued, virtually all public services are characterized by some de
gree of congestion, making this a more appropriate assumption. Even 
national defense, sometimes cited as the purest of public goods, is sub
ject to congestion.4 

In contrast to the usual specification of congestion in macro growth 
models, which is typically to normalize aggregate government expendi
ture by the size of the economy, we allow for a more general parameter
ization of the degree of congestion, using a form of congestion function 
from the public goods literature.5 This is important since the degree of 
congestion turns out to play a significant role in both determining the 
effectiveness of public investment on the performance of the economy, 
as well as in the determination of optimal tax policy. Thus for these 
various reasons, the explicit consideration of congestion is important in 
analyzing the role of public investment. 

The literature introducing both private and public capital into 
growth models is sparse. Three recent papers to do so include Futagami, 
Morita, and Shibata (1993), Glomm and Ravikumar (1994), and Turnov
sky (1997).6 But not only do these papers deal with a closed economy, 
they abstract from one of the two key aspects being introduced here, 
namely adjustment costs, treating investment as being residually deter-

4. For example, Thompson (1976) argues that Y and K represent prizes to potential 
foreign aggressors. If these increase while expenditure remains unchanged, foreigners 
become more threatening. Accordingly, the government has to raise G in proportion 
to Y and K if a given state of national security is to be maintained. In this sense 
national defense is subject to congestion in a similar way as are domestic government 
services. 

5. See e.g. Edwards (1990). More detailed specifications of the micro economic as
pects of congestion are provided by Oakland (1972), Ebrill and Slutsky (1982), and 
Cornes and Sandler (1986). 

6. There is a substantial literature of two-sector endogenous growth models in which 
the two capital goods are human and nonhuman capital; see e.g. Lucas (1988), Mulli
gan and Sala-i-Martin (1993), and Pecorino (1993). The present analysis shares some 
of the characteristics of these models. Clarida and Findlay (1992) present a small 
international model in which there is only government owned capital. 
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mined. But adjustment costs in the investment process are important 
in differentiating between the two types of capital goods, and as shown 
by Turnovsky (1996b), they also playa fundamental role in determining 
the nature of the long-run dynamics.7 Glomm and Ravikumar (1994) 
and Turnovsky (1997) both emphasize congestion. But private capital 
in the Glomm-Ravikumar model fully depreciates each period, rather 
than being subject to at most gradual (or possibly zero) depreciation. 
This enables the dynamics of the system to be represented by a sin
gle state variable alone, so that the system behaves much more like the 
Barro model in which government expenditure is introduced as a flow. 
In particular, under constant returns to scale in the reproducible fac
tors, there are no transitional dynamics and the economy is always on a 
balanced growth path. 

The rest of the chapter proceeds as follows. After setting out the an
alytical framework in section 2, section 3 determines the equilibrium in 
a centrally planned small open economy, in which the government con
trols all quantities directly. First-best optimal government expenditure 
policies are discussed. We begin with the case where the rate of govern
ment investment is (arbitrarily) determined as a fixed share of output. 
The effects of government expenditure on growth, as represented by an 
increase in this share, are discussed. The optimal rate of government 
investment is also determined. We show further that the proposition 
obtained by Barro (1990) in the case where government expenditure 
impacts on production as a flow - that the growth-maximizing rate of 
government expenditure coincides with the welfare-maximizing rate -
does not extend to the present context. 

Section 4 derives a decentralized equilibrium in which the govern
ment controls resources only indirectly, through taxation. The effects of 
various forms of distortionary taxes on the equilibrium are discussed. 
Section 5 discusses optimal tax policy, in which the decentralized econ
omy attains the first-best equilibrium of the central planner. In order 
to achieve this, both the steady-state equilibrium and the transitional 
adjustment path must be replicated. This requires the introduction of a 
more flexible tax scheme than in the case where the economy is always on 
its balanced growth path, when, for example, a fixed income tax in con
junction together with a fixed consumption tax - the latter essentially 
acting as a lump-sum tax - can replicate the first-best optimum [see 
e.g. Turnovsky (1996a)]. In the present context the income tax must be 
time-varying, so as to generate the appropriate transitional adjustment 

7. Ortigueira and Santos (1997) emphasize the role of adjustment costs in generating 
plausible speeds of convergence in the two-sector Lucas (1988) model of endogenous 
growth. 
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path. An important aspect of the analysis is the characterization of the 
optimal tax structure, showing its role in correcting for two potential 
sources of externalities. Section 6 reviews our findings. 

2. The Analytical Framework 

We consider a small open economy populated by identical representative 
agents who consume and produce a single traded commodity. Output of 
this good, y, produced by the typical domestic representative agent is 
determined by his privately owned capital stock, k, and the services, K;, 
derived by the firm from its use of public (government) capital stock, in 
accordance with the constant returns to scale technology: 

y = F(k,K;) == f (~;) k, !' > 0, !" < o. (1.1) 

Equation (1.1) embodies the assumption that the services of public cap
ital enhance the productivity of private capital, though at a diminishing 
rate. The model abstracts from labor so that private capital should be 
interpreted broadly to include human as well as physical capital; see 
Rebelo (1991).8 

The productive services derived by the agent from government cap
ital are represented by 

o ~ a ~ 1, (1.2) 

where Kg denotes the aggregate stock of public capital and K denotes 
the aggregate stock of private stock. Equation (1.2) incorporates the pos
sibility that the public capital may be associated with congestion.9 The 
specification in (1.2) characterizes what one can call relative congestion, 
in that the productive services derived by an individual from a given 
stock of public capital depends upon his individual capital stock relative 
to the aggregate.10 This encourages the use of private capital and is im
portant in the determination of the optimal tax rateY Equation (1.2) 

8. It would be straightforward, but tedious, to extend this analysis to include human 
and nonhuman private capital, as well as public capital. 

9. The function (1.2) is the standard specification in the median voter model of con
gestion; see e.g. Edwards (1990). It implies decreasing marginal congestion provided 
u<1. 
10. A natural alternative specification of congestion is to assume that it is of the 
absolute form K; = KgKlT-l. However, this formulation is in general inconsistent 
with an equilibrium of ongoing endogenous growth. 
11. Previous studies to analyze the effects of congestion on optimal tax policy include 
Barro and Sala-i-Martin (1992a) and Turnovsky (1996a). 
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also implies that in order for the level of public capital services, K;, 
available to the individual firm to remain constant over time, given its 
individual capital stock, k, the growth rate of Kg must be related to that 
of K in accordance with Kg/Kg = (1 - a)K / K so that a parameterizes 
the degree of (relative) congestion associated with the public good. 

The case a = 1 corresponds to a non-rival, non-excludable public 
capital good that is available equally to each firm, independent of the 
size of the economy; there is no congestion. There are few examples of 
such pure public goods, so that this case should be viewed largely as a 
benchmark. At the other extreme, if a = 0, then only if Kg increases in 
direct proportion to the aggregate capital stock, K, does the level of the 
public service available to the individual firm remain fixed. We shall refer 
to this case as being one of proportional congestion, meaning that the 
congestion grows in direct proportion to the size of the economy.12 Road 
services and infrastructure that playa productive role in facilitating the 
distribution of the firm's output may serve as examples of public goods 
subject to this type of congestion. In between, 0 < a < 1, describes 
partial congestion, where Kg can increase at a slower rate than does K 
and still maintain a fixed level of public services to the firm.13 

The specification of government services by (1.2) implies that the use 
of public capital is congested only by the use of private capital. Other 
formulations are also possible. For example, public services might be 
congested by output or employment. But with labor fixed inelastically, 
(1.2) is an appropriate specification, especially since our focus is on the 
interaction of public and private capital accumulation.14 

Substituting (1.2) into (1.1), the individual firm's production func
tion can be expressed as 

(1.1') 

As long as a :f. 1, so that the public good is associated with some 
congestion, aggregate capital is introduced into the production function 
of the individual firm in an analogous way to Romer (1986). With all 
agents being identical, the relationship aggregate and individual capital 
stocks are related by K = Nk, where N is the number of representa
tive agents. Thus in equilibrium, the individual output y and aggregate 

12. In the case u = 0 the good is like a private good in that the median voter receives 
his proportionate share. 
13. The case u < 0 can be interpreted as describing an extreme situation where the 
congestion of the public good is faster than the growth of the economy. While we do 
not discuss it, one can easily interpret our results in that case. 
14. See Glomm and Ravikumar (1994) for alternative formulations of congestion. 
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output Y = Ny may be expressed as 

y = f ( ~ NCT) k, Y = f ( ~ NCT) K. (1.1/1) 

The critical difference between the perception of the world as seen by 
the representative firm and as seen by the central planner is as follows. 
The representative firm treats the aggregate capital stock K as given, 
with the relationship K = Nk, as employed in (1.1/1) holding as an 
equilibrium one. The central planner, on the other hand, takes this rela
tionship into account when determining his decisions. For expositional 
convenience we shall set the number of agents N = 1, enabling us to drop 
the distinction between aggregate and individual quantities in equilib
rium. While for our purposes this normalization suffices, it is not entirely 
innocuous either, since the effects of congestion (as parameterized by 0") 
do depend upon the number of agents.15 

The agent consumes this good at the rate C, yielding intertemporal 
utility over an infinite time horizon represented by the intertemporal 
isoelastic utility function: 

100 1 
0== -C'Ye-ptdt, 

o 'Y 
-00 < 'Y < 1. (2) 

Private capital, K, depreciates at the constant rate 8k , so that letting J 
denote the rate of gross private investment, net private capital accumu
lates at the rate 

(3.1) 

Likewise, public capital, Kg, depreciates at the constant rate 8g, so that 
letting G denote the rate of gross public investment, the rate of net 
public capital accumulation follows 

(3.2) 

New output may be transformed to either type of capital. In either 
case this process involves adjustment costs (installation costs) that we 
incorporate in the quadratic (convex) functionsl6 

( hI J) 
O(J,K) == J 1 + 2" K ' (4.1) 

15. The dependence of the growth rate upon the population size is emphasized by 
Glomm and Ravikumar (1994). The economy is thus one in which growth is subject 
to "scale effects", the empirical relevance of which has recently been questioned; see 
Jones (1995). The normalization N = 1 can easily be relaxed if one wishes. 
16. We shall that the depreciation rate is sufficiently large to ensure that gross in
vestment is always positive. 
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(4.2) 

Equations (4.1)-(4.2) are applications of the familiar Hayashi (1982) 
cost of adjustment framework, where we assume that for both types of 
capital the adjustment costs are proportional to the rate of investment 
per unit of installed capital, rather than to its absolute level. The linear 
homogeneity of this function is necessary if a steady-state equilibrium 
having ongoing growth is to be sustained. 

In addition, the economy also accumulates net foreign bonds, b, that 
pay an exogenously given world interest rate, r. Thus, the accumulation 
and consumption decisions facing the economy are constrained by the 
economy-wide resource constraint: 

b = rb + f - K - C - I 1 + - - - G 1 + --. (Kg) (hI I) ( h2 G) K 2 K 2 Kg . (5) 

This equation asserts that current account balance for the small open 
economy, given by the right hand side of (5), consists of domestic output 
less the output used up in consumption and in the accumulation and 
installation of the two types of capital, plus the interest earned (or owed) 
on its holdings of traded bonds. 

In order for an equilibrium with steady ongoing growth to be sus
tained, the current How of government expenditure, G, must be linked 
to the size of the economy. While there are several ways this might be 
accomplished, a natural case to consider, if one wishes to parameterize 
expenditure policy explicitly, is to specify17 

(6) 

As long as 9 remains fixed, the government is claiming a fixed share 
of the growing output for gross investment, so that an increase in the 
share, g, parameterizes an expansionary expenditure policy in a growing 
economy. IS In section 3.4 below we also discuss the case where govern
ment expenditure is set optimally along with private expenditures. As 
will be seen, the optimal expenditure policy will require the fraction 
9 to be time-varying, continuously adapting to the changing aggregate 

17. Other rules determining government expenditure are also possible. For example, 
(6') below postulates expenditure to be related to total GNP, rather than to current 
output. 
18. Barro (1990) and Rebelo (1991) in effect parameterize government expenditure 
in this fashion by assuming that all income tax revenues are spent; i.e. G = rY. 
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stocks of public and private capital. This optimum serves as an im
portant benchmark in explaining the effects of changes in government 
expenditure away from the optimum. 

3. Equilibrium in the Centrally Planned Economy 

Taking g to be an arbitrarily set fraction, the central planner's problem 
is to choose the rate of consumption, C, the rates of investment, I and 
G, and the rates of asset accumulation, b, k, and kg to maximize (2), 
subject to (3.1)-(3.2) and (5)-(6). With the simplifying assumption N = 
1, the present value Hamiltonian for this optimization is given by 

1 H == _CYe-pt + "Ie-pt 
'Y 

. [I (i) K + rb - C - I (1 + ~I ~) - G (1 + ~2 Zg) - b] 
+ q~ e-pt[I - 8k K - k) + q~e-Pt[G - 8gKg - kg) 

+v1e-pt[gl(i)K-G], (7) 

where 'T1 is the shadow value (marginal utility) of wealth in the form 
of internationally traded bonds (or new output); qL q~ are the shadow 
values of the private and public capital stocks; v'is the shadow value of 
devoting a marginal unit of output to the government. Analysis of the 
model is simplified by using the shadow value of wealth as numeraire. 
Consequently qi == qU"I is the (market) value of private capital, q2 == 
q~/TJ is the imputed value of public capital, and v == v'/rJ is the shadow 
value of allocating a marginal unit of output to the government, all 
measured in terms of the (unitary) price offoreign bonds. As we will see 
presently, in equilibrium v ~ 0, depending upon the size of government 
expenditure relative to the optimum. 

The optimality conditions with respect to C, I, and G are respec
tively 

C'Y-I = "I, 

( 1 + hI ~ ) = qi , 

( 1 + h2 ZJ + v = q2· 

(8.1) 

(8.2) 

(8.3) 

Equation (8.1) equates the marginal utility of consumption to the 
shadow value of wealth. Equation (8.2) equates the marginal cost of an 
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extra unit of private investment, inclusive of its installation cost, hI! / K 
to the shadow value of private capital, ql. Likewise, (8.3) equates the 
marginal benefits of an extra unit of public investment to the shadow 
value of the public capital stock, q2. As well as the resource cost, mea
sured by the term in parentheses in (8.3), the marginal benefits also 
include the shadow value of having a larger public sector, measured by 
v. Equations (8.2)-(8.3) may be immediately solved to yield the follow
ing expressions for the rates of capital accumulation (rPk, rPg): 

-K1 = ql-1 
hI ' 

is.. _ ql-1 _ ~ 
K - hI Uk == rPk, (9.1) 

KG = q2-v - 1 - g/(Kg/K)K & _ Q2-v - 1 _ ~ = A,. (9.2) 
g h2 - Kg , Kg - h2 Ug - 'l'g' 

The optimality condition with respect to traded bonds is given by 
the arbitrage condition: 

r, 
p- - = r. 

'TJ 
(10.1) 

Equation (10.1) is the standard Keynes-Ramsey consumption rule, equa
ting the marginal return on consumption to the rate of return on holding 
a foreign bond. With p and r both constant, it implies that the marginal 
utility 'TJ grows at the constant rate (p - r). Taking the time derivative of 
(8.1) and combining with (10.1), we see that in equilibrium consumption 
grows at the constant rate 

(: r-p_ 
C = 1 - 'Y = 1/J. (11) 

The equilibrium consumption growth rate of a small open economy fac
ing perfect financial markets depends upon the given world interest rate 
and preference parameters; it is independent of domestic production 
conditions.19 The level of consumption at time t is 

C(t) = C(O)e1/Jt , (12) 

where the initial level of consumption C(O) is yet to be determined. 
The optimality conditions with respect to the two types of capital, 

K, and Kg, are described by the arbitrage conditions 

(1 + vg) [f(z) - r(z)z) + liI + (ql _1)2 _ Ok = r, 
ql ql 2hI qI 

(10.2) 

19. This is the endogenous growth analogue to "consumption smoothing." In 
Ramsey-type models of small open economies, the restriction p = r is typically 
imposed in order to ensure that the economy converges to a stationary state. This 
would imply that consumption remains constant over time. 
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(10.3) 

where z === Kg / K denotes the ratio of public to private capital. Thus, 
equation (10.2) equates the social rate of return on private capital, net of 
physical depreciation to the given rate of return on the traded bond. The 
former consists of the following components. First, is the net marginal 
social product of capital per unit of installed capital, valued at the price 
q1. This measure incorporates the fact that when the government ties 
its expenditures to output as in (6), an increase in private capital, by 
increasing output, will also induce an increase in the size of the gov
ernment, the social contribution of which is valued at the shadow price 
v. The second component is the rate of capital gain. The third element, 
which is less familiar, is equal to (q11 -n)/q1K. This component reflects 
the fact that an additional source of benefits of higher capital stock is to 
reduce the installation costs (which depend upon 1/ K) associated with 
new investment. The interpretation of (10.3) is analogous. 

In order to ensure that the intertemporal resource constraint is met, 
the following transversality conditions must hold: 

lim rybe- pt = 0, 
t-+oo 

lim q' Ke- pt = 0 
t-+oo 1 , 

1· , K -pt 0 1m q2 ge =. 
t-+oo 

3.1 Equilibrium Dynamics: Private and Public Capital 

(13) 

A consequence of the perfect world capital market is that the equilibrium 
dynamics ofthe economy dichotomize. Equations (9.1)-(9.2) and (10.2)
(10.3) determine the evolution of the two types of capital stocks. Having 
determined these, (12) in conjunction with the aggregate resource con
straint and the transversality condition on traded bonds, determines the 
evolution of traded bonds and the current account, consistent with the 
intertemporal solvency of the economy. 

The equilibrium describing the accumulation of the two types of 
capital is represented by the following system 

q2 - v-I J(z) 
h2 =g-z-' (14.1) 

(q1 - 1)2 
(11 = (r + Ok)q1 - 2h1 - (1 + vg)[J(z) - j'(z)z], (14.2) 

(q2 - v - 1)2 
(h = (r + Og)Q2 - 2h2 - (1 + vg)j'(z) , (14.3) 

z 
[Q2-~-1_0g]_[Q1h~1_0k] (===¢g-¢k)' (14.4) 
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Equations (14.1)-(14.3) repeat (9.2) and (10.2)-(10.3) respectively, not
ing the definition of the ratio of the two types of capital stock. Equa
tion (14.1) can be viewed as determining the shadow value of invest
ment in terms of q2 and Zj i.e. determining v = V(q2' z). The evolution 
of the shadow values is described by (14.2)-(14.3). The fourth equa
tion determines the proportionate rate of change of the ratio of capital 
stocks and is obtained by substituting (9.1)-(9.2) into the relationship 
z/z = Kg/Kg - K/K. 

The critical determinants of the growth rate of private capital in
clude the market price of installed capital, ql,and the relative stock of 
capital, z, the paths of which are determined by (14.2) and (14.4). The 
short-run dynamics will be discussed in section 3.5. In order for the cap
ital stocks K and Kg ultimately to follow paths of steady growth, the 
stationary solution to this system, attained when IiI = q2 = k = 0, must 
have at least one real solution. 

The costs of adjustment associated with the accumulation of both 
types of capital introduce nonlinearities into the dynamic system (14.1)
(14.4), leading to potential existence and nonuniqueness problems of 
equilibrium. This issue has been discussed in a simplified version of this 
small open economy model, having only private capita1.2o The intuition 
of the argument, which applies here as well, is simply that with adjust
ment costs, the returns to capital due to valuation differences between 
installed capital and the resources they embody [the third element in 
(10.2)] may be sufficiently large so as to cause the overall returns to 
capital to dominate sufficiently the returns to traded bonds, so that 
irrespective of the price of capital no long-run balanced growth equilib
rium can exist in which the returns to the two assets are brought into 
equality. Further technical consideration of the existence problem are 
provided in the Appendix. Henceforth, our discussion proceeds under 
the assumption that a steady-state equilibrium does indeed exist. 

Since the dynamic system (14.1)-(14.4) is nonlinear, we proceed 
by considering the linearized dynamics of the two types of capital about 
steady state. In describing these dynamics we first substitute v = v( Q2, z) 
into (14.2)-(14.4), yielding an autonomous system in Ql, Q2, and z. This 
system is then linearized around steady state, while imposing the appro
priate transversality conditions. Performing the linearization, the dy
namics can be represented by the system (where tildes denote steady 
states) 

20. See Thrnovsky (1996b). 
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with 

ql - iiI 
q2 - ii2 
z-z 1 ' (15) 

-g(/ - if') 

(r+c5g )-gf' 
o 

(1 + ;;g)f"i - 9~~2 (/ - if'? 1 
-(1 + ;;g)f" + 9~~2 (J - if')2 . 

-f(J - if') 

The second and third of the transversality conditions (13) are relevant 
for determining the dynamics of the capital stocks. We focus on the 
second condition and show that this condition will be met if and only 
if21 

(16.1) 

Likewise, the third condition will be met if and only if 

ii2- il - 1 f I 
r + Og > h = g--::: > gf . 

2 Z 
(16.2) 

These conditions assert that the transversality condition will hold if and 
only if the respective net growth rate of capital is less than the given 
world rate of interest; r > ;Pi, i = k, g. In addition, we impose the 
condition 1 + ilg > 0; that is, the marginal physical product of either 
form of capital, inclusive of the induced effect through its impact on the 
induced size of government, is positive.22 

Under these conditions, the determinant of the matrix in (15), A < 
0, implying that the linearized system has two unstable roots, and one 
stable root, A < O. We assume that the two shadow values ql and q2 can 
respond instantaneously to new information, while since both types of 

21. This condition can be established as follows. Using the definition of 
q~ == ql'TJ, equation (9.1) and (10.1), we have limHoo q~ (t)K(t) exp{ -pt} = 

limt--+oo Ql(t)'TJ(O)Ko exp{!; (fJk(s)ds - rt}. The transversality condition will be met 

as long as r > ¢>k; that is if r + 8k > (1/1 - l)/hl. Now consider the steady state to 
(14.2), namely I/r - 2[1 + hI (r + 15k )] + 1 + 2hl (1 + vg)[J(z) - f' (z)z] = O. Treating 
this as a quadratic equation in 1/1, the transversality condition holds if one takes the 
negative root to this equation, thus ruling out the positive root; see also Turnovsky 
(1996b). The same observation applies to (16.2). 
22. If v < 0 so that the government exceeds its optimal size, the restriction 1 +vg > 0 
imposes an upper limit on the size of the government. 
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capital involve adjustment costs and are therefore constrained to evolve 
gradually over time, their ratio, z, is also restricted to continuous adjust
ments. The linearized system is therefore a saddlepoint. Starting from an 
initially given ratio, zo, in the neighborhood of the equilibrium steady
state growth path, the stable adjustment path of the linearized system 
evolves as follows23 : 

z(t) - i = (zo - i)eAt , 

(t) - i( (-) 
ql - ql [(r + 8g ) _ gfl]- A z - z , 

q2(t) -;12 = A _ [(r + (8g ) _ gf'] (z - i), 

(17.1) 

(17.2) 

(17.3) 

where ( = -(l+vg)f" + 9~~2 [J _i!']2 > O. Corresponding to the mono
tonic adjustment of the relative capital stocks described in (17.1), the 
positive relationship (17.2) and the negative relationship (17.3) describe 
the respective stable adjustments in the shadow values of private and 
public capital. The signs of these relationships reflect the fact that as 
the ratio of public to private capital increases (i.e. the relative scarcity 
of private to public capital increases) the shadow value of private capital 
rises, while that of public capital falls. 

It is straightforward and more to the point of our discussion to ex
press the transitional dynamics in terms of growth rates, rather than 
shadow values. In steady-state equilibrium the ratio of public to private 
capital remains constant, so that both types of capital grow asymptot
ically at the same rate. Denoting this common rate by ¢k = ¢g = ¢, 
the linearized transitional paths followed by the respective growth rates 
are24 : 

- i(/hl _ 
¢k - ¢ = [(r + 89 ) _ gfl]- A (z - z), (18.1) 

¢g - ¢ = - ~2 [J - i!'](z - i). 
z 

(18.2) 

These are illustrated in figure 1, where the positively sloped locus X X 
corresponds to the stable transitional adjustment path in the growth 
rate of private capital and the negatively sloped locus YY corresponds 
to the stable adjustment in the growth rate of public capital. The strik
ing feature of the adjustment is that during any transition the growth 

23. In deriving (17.2), we have made use of the condition that in steady-state equi
librium (ih - l)/hl - 8k = (ih - ii - 1)/h2 - 8g j see (20.4) below. 
24. The solution for the transitional path for the growth rate ¢>g, for constant g, is 
obtained by linearizing the relationship ¢>g = gf(z)/z. 
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rates of the two forms of capital are moving in opposite directions. This 
figure forms the basis for the analysis of the dynamic effects of a fiscal 
expansion. 

x 

y 

z 

Fig. 1. Stable adjustment paths for growth rates of public and private 
capital 

3.2 Equilibrium Dynamics: Current Account 

To obtain the time path for the current account we proceed as follows. 
First, linearize the production function in (5). Next, substitute the so
lutions for K(t), Kg(t), and C(t) from (9.1)-(9.2) and (12) into (5). 
This leads to the following linear approximation describing the rate of 
accumulation of traded bonds: 

b· - b + r l' <pk(s)ds + r l' <pg(s)ds _ C(O) ,pt - r oe 0 g,Oe 0 e , 

where r o == f(Kg,o/Ko)Ko - 00, rg,o = -\]fa, reflect the initial impacts 
of the private and public capital stocks on the economy's net output. 
Solving this equation and invoking the transversality condition on the 
traded bond, we can show that 

C(O) = (r - 'IjJ){bo + r o 100 eI: <Pk(r)dr-rsds 

+ r 1°o.r <pg(r)dr-rsd } 
g,O e 0 s . 

° 
(19.1) 



186 Dynamics, Economic Growth, and International Trade 

This equation determines the initial level of consumption C(O), consis
tent with the intertemporal solvency of the small open economy. The 
term in parentheses can be interpreted as the present discounted value 
of wealth, allowing for the fact that both types of capital grow at the 
respective net rates indicated by (9.1)-(9.2). Substituting this initial 
condition into the general solution for b(t), we find that the stock of 
traded bonds follows the growth path 

(19.2) 

Holdings of traded bonds are subject to transitional dynamics, in the 
sense that their growth rate bib would vary through time, even if the 
growth rates of capital ¢k, ¢g were constant. Asymptotically the growth 
rate converges to max[1,b, ¢l and which it will be depends critically upon 
the size of the consumer rate of time preference relative to the rates 
of return on investment opportunities. For example, if domestic agents 
are sufficiently patient (Le. p is sufficiently small) one can show that 
1,b > ¢. In the long run domestic consumption will grow at a faster 
rate than does either form of domestic capital or domestic output. By 
being patient, the agents choose to consume a small fraction of their 
wealth. This enables them to accumulate foreign assets, running up a 
current account surplus and generating a positively growing stock of 
foreign assets. It is the income from these assets that enables the small 
economy to sustain a long-run growth rate of consumption in excess of 
the growth rate of domestic productive capacity. The opposite applies 
if 1,b < ¢. In the long run, the country accumulates an ever increasing 
foreign debt and is unable to maintain a consumption growth rate equal 
to that of domestic output.25 

25. Thus a feature of this equilibrium is that it sustains differential growth rates 
of consumption and domestic output This is a consequence of the economy being 
small and open. It is in contrast to a closed economy in which, constrained by the 
growth of its own resources, all real variables, including consumption and output, 
ultimately have to grow at the same rate. Thus in the small open economy, the 
consumption-domestic output ratio will either tend to zero or infinity. However, this 
is not of particular concern insofar as a sustainable equilibrium is concerned, since 
consumption is determined by wealth as in the right hand side of (19.1). 

We shall assume that the country is sufficiently small so that it can maintain 
a growth rate which is unrelated to that in the rest of the world. Ultimately, this 
requirement imposes a constraint on the growth rate of the economy. If it grows faster 
than the rest of the world, at some point it will cease to be small. While we do not 
attempt to resolve this issue here, we should note that the issue of convergence in 
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3.3 Optimal Government Expenditure 

So far, the equilibrium has been derived on the assumption that the 
government claims an arbitrary share of output g. The optimal share 
of government expenditure is determined by setting 8H/8g = 0 in (7). 
This leads to setting v = 0 in the equilibrium (14.1)-(14.4). The dynamic 
equations thus determine an autonomous system in the three dynamic 
variables ql, Q2, and z, having the same saddlepath property as before. 
Now the corresponding optimal share of government expenditure, g(t), 
is determined from 

(14.1') 

A key feature of the optimal policy, g(t), is that it is time-varying. 
Differentiating (14.1') with respect to t, the optimal rate of change, g(t), 
may be conveniently expressed in the form 

~( ) 1 [q2 '( )1/z] 
9 t = f (z ) / Z h2 - 9 t f / z . (14.1/1) 

From this equation the optimal fraction of output claimed by the govern
ment is subject to two offsetting influences. First, as the ratio of public 
to private capital, z, increases over time, the average productivity of 
public capital, f / z, declines, causing 9 to rise. At the same time, the 
increase in z reduces the shadow value of public capital, Q2, reducing the 
incentive for the government to further invest in public capital. 

As z -+ i and Q2 -+ ih, (14.1') implies that g(t) -+ g. One can 
further establish that at the steady-state (8v/8g)v=o < o. That is, in 
the neighborhood of the steady-state optimum, the shadow value of in
creasing the size of government is positive, if the size of the government 
is less than the long-run optimum, and it is negative if the size of the 
government exceeds the optimum; i.e. v ~ 0 according as 9 ~ g. 

3.4 Long-Run Effects of Fiscal Expansion 

Because of the forward-looking nature of the shadow values, the transi
tional dynamics are determined in part by the steady-state equilibrium. 
It is therefore convenient to begin with the latter, which is characterized 
by: 

(20.1) 

international growth rates is receiving attention in the literature; see e.g. Barro and 
Sala-i-Martin (1992b). 
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(1 + vg)[J(z) - 1'(z)z] + (iil2~11)2 - (r + 8k )iil = 0, (20.2) 

(ii2 - v- 1)2 
(1 + vg)/,(Z) + 2h2 - (r + 8g )ii2 = 0, (20.3) 

[ ii2 -~ - 1 _ 8g ] = [ii\~ 1 _ 8k ] == ¢. (20.4) 

These relations determine the steady-state shadow values, iiI, ii2, and Vj 
the ratio of the two capital stocks, Zj and the common long-run growth 
rate ¢. We shall focus on the latter two effects. The equilibrium growth 
rate may be either positive or negative. But if it is positive, the transver
sality conditions (16.1)-(16.2) impose the restriction that it cannot ex
ceed the rate of return on traded bondsj i.e. r > ¢. 

Differentiating (20.1)-(20.4) with respect to 9 yields: 

~: = 1'~1 ((r-¢)(I+V9)ff"z-(r+8g/:[f- Zf'j2), (21.1) 

dk 1 ( -dg = --:;: f[(r + 8g ) - gf'](r - ¢) 

+ :1 [f - Zf'] [~gh2(r - ¢) - (r + 8g )V]) . (21.2) 

where l' < 0, is the Jacobian of (20.1)-(20.4). Equation (21.1) indicates 
that an increase in 9 has two effects on the common steady-state growth 
rate of the two types of capital. First, to the extent that the net social 
marginal physical product of capital, taking into account the value of 
the induced effect through the size of government, is positive, (1 + vg > 
0) it is growth-enhancing. This effect is described by the first term in 
parentheses. If, in addition, v > 0, so that the initial amount of output 
devoted to the government is below the optimum, then increasing 9 
toward the optimum will further enhance the growth rate. However, if 
v < 0, so that initially too much current output is being absorbed by 
the government, then this second effect will be growth-reducing. In this 
case, the net result of an increase in government expenditure depends 
upon which effect dominates and there is an optimal steady-state growth 
maximizing rate of government expenditure at which these two effects 
are precisely balanced. 

Since (d¢/dg)v=o > 0, the long-run growth-maximizing level of g, 
9 say, exceeds the long-run welfare maximizing level, g. This is in con
trast to Barro (1990), who, introducing government expenditure as a 
flow in the production function, finds that the welfare-maximizing and 
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growth-maximizing shares of government expenditure coincide. The dif
ference is accounted for by the fact that when government expenditure 
influences production as a flow, maximizing the marginal product of 
government expenditure net of its resource cost maximizes the growth 
rate of capital. But it also maximizes the social return to public expen
diture, thereby maximizing overall intertemporal welfare. By contrast, 
when government expenditure affects output as a stock, public capital 
needs to be accumulated to attain the growth maximizing level. This 
involves foregoing consumption, leading to welfare losses relative to the 
social optimum. Intertemporal welfare is raised by reducing the growth 
rate, thereby enabling the agent to enjoy more consumption. 26 

Equation (21.2) ensures that if i/ :::; 0, so that the economy does not 
have a shortage of public capital, then if the central planner increases 
the share of output devoted to public capital, the long-run ratio of public 
to private capital is increased. However, if i/ > 0, one cannot rule out 
the possibility that the short-run growth in private capital generated by 
the increase in 9 in that case will be sufficiently great so as to reduce 
the steady-state ratio of public to private capital. 27 

3.5 Transitional Dynamics 

Figure 2 illustrates alternative transitional paths for growth rates of the 
two types of capital following an unanticipated permanent increase in g. 
We assume the more plausible case where di / dg > O. In this figure the 
points P and Q represent initial and final steady-state equilibria. 

The immediate effect of a larger share of output being devoted to 
public investment is to raise the initial growth rate of public capital, 
1/>9(0), doing so by an amount (f /z)dg; see (9.2). The implied long-run 
increase in the ratio of public to private capital means that during the 
transition it is always increasing; i.e. z > O. As a result, the average 
productivity of public capital f / z declines over time, so that with 9 
remaining unchanged after the initial increase, the growth rate of public 
capital, 1/>9' declines over time. The time path of 1/>9 is represented by 
a jump from the initial equilibrium P to S, followed by a continuous 

26. In Thrnovsky (1996c) where we introduce productive government expenditure 
as a flow, we assume that it not only improves the productivity of existing capital, 
but also that it reduces the cost of adjustment associated with investment. This 
latter aspect also leads to the result that the growth-maximizing rate of government 
expenditure exceeds the welfare-maximizing rate. 
27. Setting v = 0 in (20.1)-(20.4) determines the equilibrium long-run values for (11, 
{h, and z, corresponding to the endogenously determined optimal share of government 
expenditure g. It is straightforward to analyze these equations to determine the 
impact of various shocks on the optimal long-run share of government expenditure. 
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decline along the path SQ. The new steady state, Q, may lie above 
the original steady state P as in figure 2A, or below as in figure 2B, 
depending upon whether d¢/dg ~ O. 

The initial response of the growth rate of private capital, <Pk(O), is 
ambiguous, and reflects two, possibly offsetting, effects. From (18.1), we 
have: 

- z(/h1 _ 

d<pk(O) = d<p - [(r + 89 ) _ gf']- oX dz. 

The partial effect of the long-run increase in the ratio of public to pri
vate capital, Z, is to reduce the initial growth rate of private capital. 
This is because, as z increases during the subsequent transition, the rel
ative scarcity of private capital, and therefore its shadow value, increases 
so that private investment is stimulated. In order to accommodate this 
while holding ¢ constant, in the short run the growth of private invest
ment must decline. Offsetting this is the fact that to the extent that the 
long-run growth rate of capital may be expected to increase (d¢ > 0), 
that will induce an immediate increase in the growth rate as well. Over
all, whether <Pk(O) rises or falls depends upon which effect dominates. 

Figure 2A illustrates the case where <Pk(O) initially increases. This 
causes the stable locus XX to shift up to X'X'; <Pk(O) initially jumps 
up from P to R and then continues to increase along RQ to the new 
equilibrium. Figure 2B illustrates the case where <Pk (0) initially drops 
from P to R and then increases gradually to the new equilibrium at 
Q. As illustrated, Q lies below P in figure 2B, although that need not 
necessarily be the case. In either case the transitional dynamics following 
the initial jump causes the two growth rates to approach their common 
equilibrium from opposite directions. This is because the declining ratio 
of public to private capital, z, during the transition is associated with the 
decreasing productivity of public capital and the increasing productivity 
of private capital. 

4. Decentralized Economy 

We now turn to the representative agent operating in a decentralized 
economy. The objective of the agent is to maximize his constant elasticity 
utility function (2), subject to his accumulation of private capital (3.1) 
and his own budget constraint, represented by 
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( hI I) -C(l+w)-I 1+ 2K -T, (5') 

where Tk is the rate of taxation on capital income; Tb is the rate of tax
ation on foreign bond income; w is the rate of taxation on consumption; 
T is the time-varying rate of lump-sum taxation (or rebate). 

Two points concerning this specification merit comment. First, 
throughout this section we assume that the distortionary tax rates Tb, 

Tk, and ware constant through time, being subject to at most once
and for-all policy changes at discrete times. As we will show in section 
5 below, to replicate the first best optimum, Tk will need to be time
varying. Second, in performing this optimization, the agent is assumed 
to treat the stock of public capital, Kg, and the aggregate stock of pri
vate capital, K, as given and independent of his own decisions. With the 
population size being normalized at unity, the condition k = K holds as 
an equilibrium relationship. 

In the absence of government bonds, the government must maintain 
a continuously balanced budget which, for the above specification of 
taxation and with G specified in accordance with (6), is: 

Note that combining (22) with (5') yields the national resource con
straint (5). 

4.1 Equilibrium Growth 

The representative agent's optimality conditions with respect to private 
consumption and private investment are: 

(C*)1'-l = 1}*(1 + w), 

[ 1 + hI (~ rJ = q* , 

(8.1') 

(8.2') 

where star denotes equilibrium in the decentralized economy and q* is 
the market value of private capital. Thus, analogous to (9.1), we have 

K q* -1 _ * ( . )* K = -;;-;- - 6k = ¢k' 

The arbitrage condition with respect to traded bonds is now 

r,* 
p - - = 1'(1 - Tb), 

1}* 

(9.1') 

(10.1') 
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so that the equilibrium rate of growth of consumption becomes 

(6)* = r(l- Tb)-p =t/J*, 
C 1-'"'( 

(11') 

implying that the level of consumption at time t is 

C*(t) = C*(O)e"'*t. (12') 

The optimality condition with respect to private capital is now modi
fied to: 

J(z*)-aJ'(z*)z* q* (q*_1)2 
(1 - Tk) + - + 2h - 8k = r(l - Tb). (10.2') 

q* q* 1q* 

The interpretation of this is analogous to (10.2), though there are two 
differences to be noted. First, the relevant return is the net private after
tax return, where the marginal physical product of private capital in
creases with the degree of congestion (decreases with a). Transversality 
conditions analogous to (13) also apply. 

4.2 Dynamics of Private Capital Accumulation 

The dynamics of private capital in the decentralized economy are now 
represented by 

q* = [r(l - Tb) + 8k]q* - (q~h:)2 - (1 - Tk)[J(Z*) - a J' (z*)z*J, (14.2') 

z* [II z·, ] [. -1 ] - = gt....1:::-L - 8 - i.....=!. - 8k z* z· 9 hI 
(14.4') 

Again, there are potential problems of nonexistence and nonuniqueness 
of equilibrium due to the nonlinearity of the system, further discussion 
of which is given in the Appendix. One important difference from the 
centralized economy is that the dynamics of q and z proceed indepen
dently of the shadow value of public capital. This is because the private 
agents in the decentralized economy face given tax rates Tb, Tk, whereas 
in the centralized economy the social rate of return, which in part drives 
(14.2) is a function of the shadow value v, which in turn is determined 
by the shadow value of public capital, q2. 

The linearized dynamics about the steady-state equilibrium (ij*, z*) 
in the decentralized economy are represented by: 

[ q* ] [ q* -ij* ] 
z* = B z* - z* , (15') 
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with 

[ 
r{l - Tb) + <5k _ q·-1 

B = _. hl 
Z 

- hl 

{1- Tk)[aj"Z* - (1- a)1'l 1 
-f.(f - z* f') . 

The transversality condition will be met if and only if 

(16.1') 

thus ensuring that the stable locus is a saddlepath. This is equivalent to 
r{l- Tb) > ~*. 

The linearized dynamics of the decentralized system are as follows. 
The ratio of public to private capital evolves as in (17.1), namely 

z*(t) - z* = {z~ - z*)eA• t , (17.1') 

where >'* is the stable eigenvalue to (15'), while the growth rates of the 
two types of capital evolve as: 

.J.* _ i* _ -{1- Tk)[aj"z* - (1 - a)1'l/h1 ( * _ -*) 
'l'k 'I' - - Z z, 

[r(l - Tb) - ¢*1- >.* 
(18.1') 

¢; - ~* = - -:2 [f - z* f'l{z* - z*). 
z 

(18.2') 

These relationships have analogous properties to those illustrated in fig
urel. 

The dynamics of the current account are obtained following the 
procedure discussed in section 2.4. The application of the intertempo
ral national budget constraint (the transversality condition on traded 
bonds) leads to an initial sustainable value for consumption. 

4.3 Steady-State Fiscal Effects 

The steady-state shadow value of private capital and the ratio of the two 
types of capital are determined by setting q* = 2;* = 0 in (14.2') and 
(14.4'2, from which the corresponding value of the equilibrium growth 
rate ¢* can be derived. This forms the basis for the long-run effects 
of various types of fiscal policies. Here we shall discuss the effects of 
changes in the tax rates and in the share of government expenditure, on 
the assumption that the government budget constraint is met through 
appropriate adjustments in lump-sum taxes. Note that this aspect of the 
equilibrium is independent of the consumption tax, w, which therefore 
operates as a lump-sum tax; see also Rebelo (1991). Omitting details, 
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the following results can be established: 

8(fi* rij*g[f - z* 1']/h1z*2 > 0 
= 

8Tb T* ' 
8z* -rij* /hl 0 8'IjJ* -r 

(23.1) 
8Th T* <, --=--<0, 

8Tb 1-')' 

8(fi* -g[/ - z* 1'][f - (7z* 1'l/hlZ*2 
8Tk 

< 0, 
T* 

8z* (f - (7z* 1')/hl 0 8'IjJ* 
(23.2) = -=0 

8Tk * > , 8Tk T 

8(fi* -(1- Tk)(f/z*)f!,,/hl 0 
= * > , 8g T 

8z* [r(1 - Tb) - (fi*](f /z*) > 0, 
8'IjJ* 

(23.3) 
8g 

--=0, 
T* 8g 

where 

T* == ..f!-(f - z* f')[r(1 - Tb) - (fi*] + ~{1- Tk)[(1- (7)1' - (7!"z*] > O. 
z*2 hI 

Intuitively, an increase in the tax on interest income lowers the net 
rate of return on traded bonds, thereby inducing investors to increase 
the proportion of private capital in their portfolios, raising the price of 
capital and inducing long-run growth in private capital. This growth in 
private capital reduces the equilibrium ratio of public to private capital. 
In addition, this tax induces agents to switch from savings to consump
tion, increasing the amount of initial consumption, but slowing down its 
growth rate. 

An increase in the tax on private capital has the opposite portfolio 
effect, lowering the growth of private capital and public capital and 
increasing the ratio of public to private capital. It leaves the growth rate 
of consumption unaffected. 

In contrast to the centralized economy, an increase in the share of 
output claimed by the government, financed by a lump-sum tax, raises 
the equilibrium growth rate of capital unambiguously. This is because 
lump-sum taxation avoids the excess burden of taxation associated with 
distortionary taxes. At the same time, the transversality conditions (13) 
prevent the growth rate from being increased indefinitely through an 
ever-increasing share of government expenditure. 
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4.4 Transitional Dynamics 

Figure 3 illustrates the transitional dynamics in capital following the 
three types of fiscal disturbances. Figure 3A illustrates the effects of 
higher income tax rates, while figure 3B traces out the dynamic adjust
ment in response to a higher proportion of government expenditure. In 
each case, the economy starts out initially in steady-state equilibrium at 
the point P. 

The immediate effect of an increase in the tax rate on interest in
come, Th, is to induce agents to begin switching their portfolios from 
bonds to capital. The rate of growth of private capital increases, reduc
ing the ratio of public to private capital in the economy. As z declines, 
(i.e. the relative abundance of private capital increases), its shadow value 
declines, causing the growth rate of private capital to decline. The tran
sitional adjustment in the growth rate of private capital is illustrated 
by the initial jump from P to A, on the new stable arm X'X', followed 
by the continuous decline AQ, to the new steady state at Q. With the 
growth of public capital being tied through aggregate output to the cap
ital stocks in accordance with (6), the growth rate of public capital does 
not respond instantaneously to the higher tax rate Th. Instead, as z de
clines, the average productivity of public capital f / z rises, causing the 
growth rate of public capital to rise gradually over time. The stable arm 
YY remains fixed and the growth rate of public capital occurs gradually 
along the path PQ. 

The transitional response to a higher tax on capital, Tk, is the mirror 
image of that we have just been discussing. The higher tax on capital 
generates an initial decline in the rate of growth of private investment, 
followed by a gradual, but only partial, increase. This is represented 
by the initial jump from P to B, to the new stable path X" X", fol
lowed by the continuous increase along BR, to the new equilibrium at 
R. The growth of public capital does not respond immediately, but de
clines gradually, as its average productivity f / z falls. This is represented 
by the continuous movement along P R in figure 3A. 

The transitional adjustment of the two types of capital to an increase 
in government expenditure is illustrated in figure 3B. The dynamic ad
justment in the decentralized economy is qualitatively the same as that 
in figure 2A in the centralized economy. In this case, the long-run in
crease in the equilibrium growth rate is sufficiently large to generate a 
corresponding partial increase in the short-run growth rate of private 
capital, followed by a further continuous increase along SU. 
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5. Optimal Tax Policy 

We turn now to the determination of the tax structure that will enable 
the decentralized economy to replicate the first best outcome of the 
centrally planned economy. There are two general requirements to be 
met. The first is that the decentralized economy must ultimately attain 
the steady state of the centralized economy. Second, having replicated 
the steady state, the transitional dynamic adjustment paths in the two 
economies must also coincide. 

To replicate the optimal adjustment path for consumption is 
straightforward. Comparing (11) and (11'), these two growth paths will 
coincide if and only if 

h =0. (24.1) 

That is, the tax rate on foreign bond income should be zero. 
To replicate the growth rates of the capital stocks in the two econo

mies is more involved. First, the rate of adjustment of the relative stocks; 
i.e. the time path for z* given in (17.1') must replicate that of z given 
in (17.1). This will be so if and only if the stable eigenvalue>. * for (15') 
equals the corresponding eigenvalue>. for (15) and as we shall see, this 
requires the optimal capital income tax rate, 'Tk, to be time-varying. 
Having matched the relative capital stocks, we also need to replicate 
their corresponding shadow values and growth rates. As indicated in 
footnote 29 below, once one has set>. * = >., this in fact is assured. 

To see the time-varying nature of 'Tk, first consider the case where 
the capital income tax rate remains constant through time at the rate 
'Tk = Tk. Comparing the steady-state relationships (20.1)-(20.4) with 
the corresponding conditions in the decentralized economy, we see that 
the steady-state equilibrium values (z*, ij*) will replicate the first-best 
optimum if and only if Tb = 0 and Tk satisfies 

(1 - Tk)[f - uz1'] = (1 + iig)[f - z1']. 

Simplifying this relationship, the optimal steady-state capital income 
tax can be expressed as 

~ _ (l-u)j'z(l+iig) 
'Tk = -1/g + f -f' . -uz 

(24.2) 

Setting the two income tax rates in accordance with (24.1)-(24.2) en
sures that the steady-state equilibrium of the centrally planned economy 
will be replicated. We shall discuss the intuition underlying this steady
state tax policy presently, but before doing so we shall show how if 'Tk 
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is maintained at fk during the transition, the adjustment path followed 
by the decentralized equilibrium will fail to mimic that of the first best 
optimum. To see this we consider the respective eigenvalues and show 
how in this circumstance oX * "I- oX. 

For notational convenience we denote the elements of the matrix 
of coefficients in the linearized centralized economy by (aij). These el
ements can be immediately identified by referring to (15). The equilib
rium (stable) eigenvalue in the centralized economy is thus the unique 
negative solution to the cubic equation: 

Using this notation and if the tax rates fb' fk in the decentralized econ
omy are set in accordance with (24.1)-(24.2), thereby replicating the 
steady-state, then from (15') the corresponding eigenvalue, oX*, in the 
decentralized economy is determined where 

G(oX*) == (au - oX*)(a33 - oX*) 

+ :1 (1 + V9) (/ ~ ::;,) [/7z!" - (1 - (7)1'1 = O. (25') 

Combining (25) and (25') we can show that 

F(oX*) = a3l [(au - oX*) ([(1+ii9V~!;;~(CT-l)] + 9:g2 [/ - zf'12) 
+ (1+iig)gl" U-zI')2] 

1 CTZI' . 

It then follows from the fact that F(·) is cubic in oX and that oX, oX* are 
stable eigenvalues that: 

F(oX*) > 0 * oX* < oX < 0, 

F(oX*) < 0 * oX < oX* < O. 

Thus, if the tax rates are fixed over time at 1"b = OJ Tk = fk as in (24.1)
(24.2), then the ratio of public to private capital in the decentralized 
economy, z*, determined by (17.1') will in general converge at a nonop
timal rate, relative to the first-best rate of adjustment, as described by 
(17.1). Whether the adjustment in the decentralized economy is too fast 
or too slow depends among other things upon: (i) degree of congestion 
associated with public capital (1- (7) and (ii) the adjustment costs (h2). 

In the case that these are both absent (/7 = 1, h2 = 0), F(oX*) > 0 
so that oX * < oX < O. The intuition for this result is straightforward and 
is a consequence of the fact that the private agent treats Tk as fixed and 
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does not respond to changes in the shadow value of public capital, Q2, 

as does the central planner. Suppose some change occurs causing z to 
increase from Zo to z. During the transition as z is increased, the shadow 
value of public capital declines. This, however, is not reflected by a fixed 
Tk, so that during the transition Tk overstates the proper social value 
of public capital. Accordingly, private capital is taxed too much and 
there is an overinvestment in public capital relative to private capital 
along the transitional path in the decentralized economy. But while the 
relationship z* > z holds along the transitional path, asymptotically 
z* -+ z. 

If the public capital is subject to substantial adjustment costs, or 
to congestion, this tends to raise the shadow value of installed public 
capital. It is now possible for the tax rate on private capital to be too 
low relative to the social optimum, leading to a relative underinvestment 
of public capital in the decentralized economy during the transition. 

We now propose modifying the tax rate on capital income to 

Tk(t) = Tk + O[z*(t) - z*], 

where Tk is given by (24.2) and 0 is a constant, to be determined. The 
income tax rate as specified by (26) is time-varying, tracking the evolu
tion of the economy as the relative stocks of capital change over time. 
Intuitively, the time-varying tax rate Tk(t) in effect permits the repre
sentative agent to track the endogenous shadow value of public capital. 
Since 0 is relevant only along the transitional path (when z* ~ z*) it 
has no impact on the steady-state equilibrium. Consequently, setting Tk 
in accordance with (24.2) will still replicate the steady-state capital and 
shadow value, Z, ih, of the first best optimum.28 

However, 0 will affect the eigenvalue oX * in the decentralized economy 
and therefore the speed of adjustment along the transitional path. In 
particular, if Tk(t) is generated by (26), the critical modification to be 
made is to the linearization of (10.2'), [appearing as the first row in (15')] 
which now becomes 

q* = [r(l - Tb) + 8k _ ij~:l] (Q* - ij*) 

+ [(1- Tk)[af"z* - (1- a)f'] + 0(1 - az* i')] (z* - z*). 

If Tk is set in accordance with (24.2), the eigenvalue, oX*, in the decen
tralized economy is now determined by 

G(oX*,O) == (an - oX*)(a33 - oX*) + :'1 {(I + vg) (f~:z';/) 
28. Since the time-varying tax rate is specified as a function of the ratio of the 
aggregate stock of public to private capital, we assume that the representative agent 
takes this tax rate as given when making his own individual decisions. 
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. [O'z!" - (1 - 0')1'] + 0[1 - O'z* I']) = O. (25/1) 

It then follows that the speed of adjustment in the linearized decentral
ized economy will replicate that in the centralized economy (i.e. >.* = >.) 
if and only if 0 is set such that >. *, the solution to (25/1) also satisfies 
the condition F(>'*) = OJ i.e. if and only if G(>'*, 0) = F(>'*) = O. By 
appropriate choice of 0 this can always be achieved.29 

Thus the time-varying capital income tax rate (26) where Tk is de
termined by (24.2) and 0 is determined by (25/1) will replicate (to a 
linear approximation) the first best optimum in the sense that both its 
transitional path and the steady-state will be attained. Having set the 
distortionary income taxes in accordance with (24.1)-(24.2), the govern
ment budget constraint will be met if and only iflump-sum taxes and/or 
the consumption tax adjust to satisfy 

(T/K) +w(C/K) = gf(z)[l + (h2 /2)gf(z)/z]- Tk(t)f(z). (24.3) 

Note further that with the availability of a full set of tax instruments 
the problem of time inconsistency of optimal policy does not arise. With 
the target value for the income tax rate at each instant of time being 
determined by the time path followed by the first best optimum, the 
government will always want to choose the income tax rate to attain 
that given and unchanging target path. 

We return to the optimal steady-state capital income tax rate, Tk, 
given in (24.2). The intuition behind this optimum can be understood by 
comparing the social and private returns to private capital accumulation 
in the presence of public capital. Recalling (10.2), the steady-state social 
return to accumulating a marginal unit of private capital is: 

This takes account of the fact since the government maintains a fixed 
expenditure ratio, 9 Y, the accumulation of private capital indirectly 
causes the government to increase its rate of investment. 

By contrast, the individual in the decentralized economy computes 
the marginal physical product of private capital on the assumption that 
the value of the public capital, Kg, remains unaffected by his individual 

29. Substituting (25') into (25) one can show that having set >'* = >., the stable 
solution for the shadow value, q*, in the decentralized economy with time-varying 
taxes, replicates the corresponding path in the centralized economy, namely (17.2). 
The time paths for the corresponding growth rates, ¢k and ¢i., also coincide. 
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decision. Thus the steady-state after-tax private rate of return on private 
capital is: 

_ (1 ) [f - O"z!,] (ij* - 1)2 , 
rp = - Tk ij* + 2h1ij* - Uk, 

which takes account of the degree of congestion associated with the 
public capital. The optimal tax rate Tk is set so as to equate rp to rs. 
The income tax rate thus corrects for two potential sources of externality: 
(i) the size of the government relative to its social optimum, and (ii) the 
degree of congestion. 

Suppose that there is no congestion, so that 0" = 1, and that v > 0, 
i.e. z < i so that the relative stock of government capital is less than opti
mal. In this case, the optimal tax on private capital income is h < 0; see 
(24.2). Since private investment increases output and therefore has the 
desirable effect of increasing the size of public capital, it generates a pos
itive externality and therefore should be encouraged through a subsidy. 
On the other hand, if v < 0 and the government is too large relative to 
the optimum, capital income should be taxed positively. This is because 
the induced expansion of the government through private investment 
now generates a negative externality and should be discouraged through 
taxation. Finally, if v = 0, so that the size of the government sector is 
optimal, the induced change in government expenditure is just worth its 
cost. There is no externality and so private capital income should be un
taxed. The first best optimum can be reached either through lump-sum 
taxation alone, or equivalently through a consumption tax. At the other 
extreme, suppose that 0" = 0 so that congestion is proportional. If the 
stock of public capital is at its social optimum, v = 0, the income from 
private capital should now be taxed at the rate Tk = z* !' / f, the share 
of public capital in the overall social optimum. 

The idea that the presence of congestion favors an income tax over 
lump-sum taxation or a consumption tax has been shown previously 
by Barro and Sala-i-Martin (1992a) and Turnovsky (1996a). In these 
models, in which government expenditure appears as a flow, there are no 
adjustment costs and if congestion is proportional (0" = 0), the optimal 
tax rate turns out to be Tk = 9 so that the expenditure is fully financed 
by the capital income tax. In the present case, Tk ~ g, reflecting the fact 
that while congestion in public capital enhances the return to private 
capital, thus providing an incentive for private investment, this needs to 
be weighed against the adjustment costs associated with the latter. 

This result that the optimal tax rate does depend upon the degree 
of congestion contrasts with that of Glomm and Ravikumar (1994), who 
reach the opposite conclusion. The difference is due to the formulation of 



Public and Private Capital in an Endogenously Growing Open Economy 203 

congestion and the fact that we are imposing constant returns to scale in 
the two forms of capital in the absence of labor. If we adopt the Glomm
Ravikumar specification of congestion, the only assumption consistent 
with ongoing growth is for a = 0, in which case our expression (24.2) 
with j) = 0 also reduces to the Barro expression Tk = l' z / f. 30 

In general () ~ 0, depending upon the degree of congestion and the 
adjustment costs. In the absence of adjustment costs, () < 0 in which case 
the transitional component of the tax rate, Tk (t), is a subsidy as long as 
z* > z*(t), favoring the accumulation of private capital. In the absence 
of such a subsidy, the ratio of public capital in the decentralized economy 
will accumulate too fast relative to the social optimum and the effect of 
() < 0 is to slow down the speed of adjustment. Notice that as the ratio 
z approaches its steady-state, the magnitude of the subsidy along the 
path declines. If z* < z* (t) it is a tax slowing down the contraction of 
z (i.e. speeding up the relative contraction of private capital). If () > 0 
the argument is reversed. 

The other aspect of the optimal tax structure - the differential taxa
tion of capital and interest income when 9 is not at its optimum - is due 
to the form of the government expenditure rule (6), where gross public 
investment is assumed to be a fixed proportion of output. It is through 
this relationship that the accumulation of private capital generates the 
externality that needs to be corrected by a tax on capital. Since govern
ment expenditure is unrelated to interest income, the accumulation of 
bonds by the agent generates no such externality. 

While the expenditure rule (6) is plausible, it is arbitrary, and we 
therefore briefly consider the implications of modifying (6) to: 

(6') 

so that government expenditure is proportional to GNP. In this case the 
accumulation of bonds generates an externality completely analogous to 
that generated by private capital. To replicate the first-best optimum 
will therefore require the taxation of both forms of income and with G 
being proportional to the sum of the income sources, both sources of 
income will have to be taxed equally in order to replicate the first-best 
equilibrium.31 

30. Glomm and Ravikumar (1994) specify congestion (using our notation) in the 
form K; = Kg/KP, where p 2': 0, rather than in the form (1.2). 
31. If G = gfK + g'rb, then the two forms of income will be taxed at differential 
rates. The specifications in (6) and (6') correspond to polar cases. See Thrnovsky 
(1996b). When government expenditure is optimally determined, the specifics of the 
underlying rule cease to matter. 
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6. Conclusions 

Recently, economists have become interested in the role of public ex
penditure in determining the productive performance of the economy. 
Virtually all of the analytical work addressing this issue has introduced 
government expenditure as a flow in the production function. It is there
fore subject to the criticism that insofar as it is intended to represent 
the infrastructure of the economy, it is an inadequate measure of what is 
really relevant, namely the accumulated stock of publicly provided cap
ital. This chapter has introduced both public and private capital into 
an endogenous growth model of a small open economy. Apart from its 
intrinsic importance, the small open economy has the advantage of en
abling us to focus on the dynamic interaction in the adjustments of the 
two types of capital in the most transparent way. 

We conclude by drawing the parallels and highlighting the differ
ences between considering productive government expenditure in the 
form of capital, with the more standard practice of introducing it as 
a flow. The first difference is that the introduction of public together 
with private capital generates transitional dynamics in the growth of 
both types of capital. This is in contrast to the case where government 
expenditure appears as a flow, when the private capital stock is always 
on its balanced growth path; see e.g. Barro (1990), Turnovsky (1996a). 
In this respect, the dynamics are analogous to those characterizing the 
two sector endogenous growth models that incorporate both physical 
and human capital; see e.g. Lucas (1988), Mulligan and Sala-i-Martin 
(1993). Second, not only do the two types of capital evolve at different 
time-varying rates during the transition, but they also approach their 
common equilibrium growth rate from opposite directions. In response 
to an increase in the size of the government, say, the growth of public 
capital initially overshoots, before gradually declining to the new equilib
rium growth rate. The growth rate of private capital always undershoots 
on impact - and indeed may initially respond perversely - before grad
ually increasing to its new equilibrium. This pattern of adjustment is 
reversed in response to tax changes. Now the growth rate of private cap
ital initially overshoots its long-run response - positively in the case of 
a tax on interest, negatively in the case of a tax on capital - while the 
growth of public capital adjusts gradually to the new equilibrium. 

Third, as in the case where productive government expenditure im
pacts as a flow, there is a growth-maximizing size of productive gov
ernment expenditure. However, in contrast to that case, maximizing the 
equilibrium growth rate does not coincide with welfare maximization. 
The process of accumulating the public capital necessary to maximize 
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the equilibrium growth rate of capital may involve consumption losses, 
which more than outweigh the benefits to future production. The econ
omy may be better off with a slightly lower growth rate and higher 
consumption. 

Finally, as in the more conventional formulation, the introduction 
of government capital introduces an externality in production. As in 
the simpler model this can be corrected by a combination of income 
taxes and/or lump-sum taxes, enabling the decentralized economy to 
replicate the first-best equilibrium of the centrally planned economy. 
But in contrast to the simple model, the income tax necessary to achieve 
this varies along the transitional path. The steady-state component has 
a simple structure aimed at correcting for potential externalities due to: 
(i) the deviation in government expenditure from its social optimum, 
and (ii) the effects of congestion associated with public capital. The 
transitional component is aimed at inducing the representative agent to 
take proper account of the fact that the shadow value of public capital 
varies inversely with the changing ratio of public to private capital along 
the adjustment path. 32 

Appendix 

This Appendix discusses the potential problems of existence of equilib
rium in the two economies. 

A.I Centrally Planned Economy 

Consider the steady-state to the dynamic system (14.1)-(14.4), described 
by (20.1)-(20.4). Potential problems of nonexistence and nonuniqueness 
of equilibrium arise from the fact that the returns to capital are quadratic 
in their respective shadow values ih, i12. A feasible equilibrium is one in 
which ih > 0, i12 > 0, and z > O. The shadow value v ~ 0, depending 
upon the size of the government relative to its steady-state optimum. 
Existence will depend in part upon the specific form of the production 
function and for simplicity we shall assume J(z) == azo, 0 ~ () ~ 1, so 
that () is the elasticity of public capital in the production function. Also 
for simplicity we shall assume a common depreciation rate 8k = 89 = 8. 

32. We may observe that with the consumption-tax essentially operating as a lump
sum tax, the issue of time inconsistency does not arise. Given an unchanging time 
path characterizing the first-best optimum, the policy maker will have no incentive 
to deviate from it. 
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With this notation, equations (20.1) and (20.4) yield 

so that (20.2)-(20.3) become: 

(hl/2)g2az2(IJ-I)+(1 + ilg)(l- O)azlJ = (r + 8)[1 + hlgazlJ-IJ, (A.I.1) 

(h2/2)g2az2(IJ-I)+(1 + ilg)Oaz lJ - 1 = (r + 8)[1 + iI + h2gaz9 - 1]. (A.I.2) 

These two equations jointly determine equilibrium solutions for z and 
ii, from which solutions for iiI and {h follow. Existence of a feasible 
equilibrium requires that z > 0 and that the implied solutions for iii > 0 
and be consistent with the transversality conditions. Whether or not 
these conditions are met depends upon: (i) the adjustment costs hi; (ii) 
the importance of public capital 0; (iii) the size of government relative 
to its optimum. 

To focus on the costs of adjustment it is convenient to abstract from 
public capital by assuming 0 = g = O. In this case, the solution for iiI is 
obtained directly from (20.2), written in the form 

iii - 2[1 + hI (r + 8)]iil + [1 + 2hIa] = O. (A.2) 

This equation has real roots and therefore an equilibrium solution for iiI 
exists if and only if 

a < (r + 8)[1 + hl(r + 8)/2]. (A.3) 

Assuming (A.3) holds, the solutions for iiI are 

However, the positive root can be ruled out, since it violates the transver
sality condition (16.1). 

To consider the importance of government, we abstract from adjust
ment costs, setting hI = h2 = O. In this case iiI = 1, ii2 = 1 + iI and 
(20.2)-(20.3) reduce to 

(1 + ilg)(l - O)zIJ = r + 0, 

(1 + ilg)OZIJ-1 = (r + 0)(1 + iI). 
(A.5.1) 

(A.5.2) 

Eliminating v from these two equations leads to the following equation 
in z: 

[(1 - 0)(1 - g)z + gO]zIJ-I = r + o. (A.6) 



Public and Private Capital in an Endogenously Growing Open Economy 207 

It is straightforward to show that this equation will have a positive real 
solution for i if and only if (r + 8) > l(l- g)l-IJ. In that case there are 
in fact two solutions and the larger can be rejected as being inconsistent 
with the transversality conditions. 

As a third example, suppose iJ = 0, so that the size of the govern
ment is at its optimum and that hl = h2 . In this case (A.l.1)-(A.l.2) 
imply i = B / (1 - B), again ensuring a well defined equilibrium. Nonex
istence of equilibrium is thus associated with having a nonoptimal size 
of government. 

Conditions for the existence of equilibrium in more general cases will 
require the use of numerical methods. 

A.2 Decentralized Economy 

In the decentralized economy the relevant conditions pertinent to the 
existence of an equilibrium are steady-state conditions to (14.2') and 
(14.4'). These can be combined to yield 

(hl/2)g2 a i 2(1J-1) + (1 - Tk)(l - Bu)ai lJ 

= (r(l - Tb) + 8)(1 + h1gai lJ - 1), (A.l.1') 

and there will be a well defined equilibrium if and only the solution to 
this equation i* > 0. Whether this is so depends upon hl' g, and B as 
before, as well as now the tax rates, Tk, Tb and the degree of congestion 
u. By considering this equation one can show that the likelihood of a 
feasible equilibrium increases with the tax on capital Tk, but decreases 
with the degree of congestion (i.e. a declining u) and the tax on interest 
income, Tb. As was shown in the case of the centralized economy it is 
possible that there are two (or more) solutions i* > 0. The transversality 
conditions can then be applied to eliminate one or more of these. 
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CHAPTER 7 

Trade and Growth with Endogenous 
Human and Physical Capital Accumulation 

Eric W. Bond and Kathleen Trask 

1. Introduction 

The analysis of capital accumulation has been a central focus of growth 
theory, starting with the one sector growth model of Solow (1956). More 
recently, growth models have been enriched to consider the accumulation 
of both physical and human capital. This interest in human capital ac
cumulation was spurred by two influential papers by Lucas (1988, 1993), 
who argued that human capital accumulation is the "engine of develop
ment" and a critical factor in explaining the East Asian "miracles" of 
economic growth. Empirical evidence in support of the role of human 
capital in the growth process has been found both in cross-sectional 
studies of growth rates [e.g. Romer (1990), Barro (1991)] and in studies 
of the East Asian miracle countries [Young (1995), Tallman and Wang 
(1994)].1 This has led to the development of two sector models of endoge
nous economic growth with physical and human capital accumulation 
[e.g. Rebelo (1991), Caballe and Santos (1993), Bond, Wang, and Yip 
(1996)] which examine how interactions between the stocks of physical 
and human capital affect the growth process when physical and human 
capital are not perfect substitutes in production.2 These models provide 
conditions under which there is a balanced growth path (BGP) in which 
physical and human capital grow at the same rate, and show the exis
tence of a saddle path adjustment process to the BGP in which physical 
capital grows more rapidly than human capital when its relative stock is 
below the BGP value. The relationship between the growth rates of the 
capital stocks and consumption during the transition process depends 

1. Tallman and Wang (1994) calculate that for the case of Taiwan, human capital 
growth accounted for 45% of output growth. 

2. Rebelo (1991) analyzes a two sector model with Cobb-Douglas production tech
nologies in each sector when there are no externalities from capital accumulation. 
Mulligan and Sala-i-Martin (1993) consider a two sector model in which there are 
externalities from the stocks of human capital. Caballe and Santos (1993) and Bond, 
Wang, and Yip (1996) examine the existence of balanced growth equilibria and char
acterize transitional dynamics for the case without externalities under more general 
assumptions regarding functional forms. 

211 
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on the factor intensities of the respective production sectors. While these 
two sector endogenous growth models provide useful insights about the 
transition process, they have generally been closed economy models that 
ignore how factor accumulation decisions are affected by the presence of 
international trade. 

The purpose of this chapter is to present an endogenous growth 
model of physical and human capital accumulation in a small open econ
omy. This chapter will focus on two aspects of the interaction between 
international trade and the capital accumulation process. The first con
cerns how international trade can affect the economy's adjustment to 
imbalances in factor stocks in the absence of international capital mo
bility. In an open economy, a shortage of one factor can be dealt with by 
importing goods which use the scarce factor intensively. Second, interna
tional trade may alter the relative returns to investment in physical and 
human capital and thus affect the long run factor stocks in the econ
omy. Since much of the motivation for the analysis of human capital 
accumulation has come from the experience of small open economies, it 
is important to understand the role of trade in the factor accumulation 
process. 

We utilize a dynamic general equilibrium model in which there are 
two traded goods, a consumption good and an investment good, and a 
non-traded good, education, with additions to the stock of physical (hu
man) capital produced by output of the investment (education) sector. 
Output is assumed to be produced under conditions of constant returns 
to scale and perfect competition, so that the model exhibits endogenous 
growth because it has constant returns to scale in the reproducible fac
tors. Since it is natural to think of human capital as being a non-traded 
good, we have generalized the two sector growth models by adding an ad
ditional sector to allow for international trade.3 The small open economy 
will thus face given prices for the consumption and investment goods, 
but the price of education is endogenously determined. 

This model is related to the 2 x 2 Heckscher-Ohlin model of interna
tional trade theory, the cornerstone of factor proportions trade theory, 
because it has two primary factors and two traded goods. The model dif
fers, however, from the existing dynamic literature on Heckscher-Ohlin 
surveyed by Smith (1984) because the supplies of both of the primary 
factors of production are endogenously determined in the long run. Dy
namic versions of the Heckscher-Ohlin model have generally focused on 

3. Stokey and Rebelo (1995) use a closed economy model with a similar produc
tion structure to analyze the effects of factor taxes on the long run rate of growth. 
They perform simulation analysis to calculate the effects of changes in the policy 
parameters. 
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the case in which the physical capital stock is determined endogenously 
by investment decisions, but the growth of the labor force is exogenously 
given.4 We show that when both factors are reproducible, the model has 
a distinctly Ricardian flavor in the long run because long run compara
tive advantage must be based on technological differences. 

We first establish the existence of a balanced growth path (BGP) 
for the small open economy given a fixed world price of traded goods, 
and show the relationship between the world price and the pattern of 
production on the BGP. We show that there is a unique world price 
at which the small country is incompletely specialized. The world price 
associated with incomplete specialization is also the price on the BGP 
for the small open economy under autarky. If the price of the investment 
good is greater (less) than this critical value, the country will specialize 
in production of the investment (consumption) good and the non-traded 
good. The reason for the knife edge nature of the incomplete specializa
tion equilibrium is the intertemporal arbitrage condition, which requires 
that the returns to physical and human capital be equalized at the mar
gin. We then show that there is a unique capital/labor ratio on the BGP 
for the equilibria with specialization in one of the traded goods and we 
establish the saddle path stability of these equilibria. However, the equi
librium with incomplete specialization is shown to be consistent with a 
continuum of capital/labor ratios in which there is balanced growth. 

We also analyze how the BGP is affected by changes in the world 
price. We show that when the country is specialized in the investment 
good, increases in the world price of the investment good have no effect 
on the growth rate or on the domestic capital/labor ratio but do lead 
to a proportional increase in consumption per unit of labor. When the 
country is specialized in the consumption good, increases in the relative 
price of the investment good will decrease the rate of growth and raise the 
domestic rental on capital relative to the wage rate. This will reduce the 

4. An exception is Grossman and Helpman (1991, Chapter 5) who examine accumu
lation of two "factors", technology and (physical or human) capital, in a small open 
economy. Their model differs from ours in that knowledge is the engine of growth 
due to the presence of scale economies. In this chapter, we limit our analysis to the 
case in which education is a private good whose returns are fully internalized by 
the owner. Growth in human capital thus represents accumulation of a productive 
factor, rather than pure technical change. The importance of factor accumulation is 
stressed by Young (1995), who finds that factor accumulation (physical and human) 
is responsible for most of the rapid growth in several East Asian economies. Also, 
Jensen and Wang (1997) examine a case in which accumulation of both capital and 
labor are endogenously determined, with the rate of labor force growth proportional 
to the level of per capita consumption. Under their specification, population growth 
is not a result of an explicit optimizing decision on the part of households, which may 
account for their finding that incomplete specialization occurs for a range of prices. 
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sectoral capital/labor ratios on the BGP and will reduce the aggregate 
capital/labor ratio if the education sector is capital intensive relative to 
the consumption good sector. If the education sector is labor intensive 
relative to the consumption good sector, however, the capital/labor ratio 
may either rise or fall with increases in the price of the investment good. 

The results on the relationship between the terms of trade and the 
real return to the investment good can be used to show that the growth 
rate on the BGP under free trade can never be lower than the growth rate 
on the autarky BGP. The growth rate with trade is strictly higher than 
the autarky growth rate if the country specializes in the consumption 
good, and is equal to the autarky growth rate if the country specializes 
in the investment good. This establishes a sense in which the opening 
of trade is favorable to economic growth, even though there are no scale 
economies associated with obtaining access to the world market.5 

We also examine the effect of technical progress on the growth rate 
and comparative advantage. We show that technical progress in any sec
tor where production is taking place will result in an increase in the 
rate of growth on the BGP. Technical progress in either of the traded 
goods expands the set of prices for which the country exports that good. 
Technical progress in the education sector will make it more likely that 
the country exports the labor intensive good. Thus, BGP comparative 
advantage in this model is determined by the technological factors, as 
in the static Ricardian model. The trade pattern on the BGP is inde
pendent of the initial factor endowment ratio of the country, and also of 
the country's discount rate. 

In section 2 we present the basic growth model and establish ex
istence, uniqueness, and saddle path stability results for the BGP. An 
analysis of the effects of changes in world prices and technologies on 
the BGP is presented in section 3, and section 4 offers some concluding 
remarks on the results for the small country case and their implications 
for the world equilibrium. 

2. Balanced Growth Paths for the Small Open Economy 

In this section we present a model of endogenous growth in which there 
are two reproducible factors of production, physical and human capital, 

5. A favorable effect of trade on the rate of growth is obtained in models such 
as those of Grossman and Helpman (1991, Chapter 9) or Rivera-Batiz and Romer 
(1991), where economic integration results in the access to knowledge spillovers from 
the rest of the world. On the other hand, an unfavorable effect of trade on the rate 
of growth may occur if sectors differ in the extent of knowledge spillovers to the rest 
of the economy. The unfavorable effect results when the opening of trade results in 
specialization in goods where knowledge spillovers are small [e.g. Lucas (1988)). 
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which are used to produce a consumption good, an investment good, and 
education. Endogenous growth results from the assumption of constant 
returns to scale in the reproducible factors of production. Consumption 
and investment goods are assumed to be traded, but education is non
traded. We establish the existence and uniqueness of a balanced growth 
path (BGP) in which consumption, human capital, and physical capital 
all grow at the same rate and the relative price of the non-traded good is 
constant. The production pattern on the BGP will be one of three types, 
depending on the value of the world price. There are two types of BGP 
in which the economy specializes in production of one traded good and 
imports the other, and one type of incomplete specialization equilibrium 
in which the country produces all three goods. We also show that the 
BGP equilibria with specialization exhibit saddle path stability. 

2.1 The Model 

We denote the capital goods sector by X, the education sector by Y, 
and the consumption goods sector by Z. The stock of physical (human) 
capital is denoted by K (H) and both factors are assumed to be per
fectly mobile across sectors. All sectors are assumed to have production 
functions exhibiting constant returns to scale with perfect competition 
in goods and factor markets, so that the production technologies for the 
respective sectors can be expressed as 

X = F(sxK,uxH) = uxHf(kx), 

Y = G(syK,uyH) = uyHg(ky ), 

Z = J(szK,uzH) = uzHj(kz), 

(1) 

where Si (Ui) is the share of physical (human) capital allocated to sector 
i and ki == (SiK)/(UiH) is the capital/labor ratio sector i E {X, Y, Z}. 
The output per unit labor functions, f, g, and j are assumed to be 
strictly increasing and strictly concave. The consumption good is chosen 
as the numeraire and the economy faces a constant relative price, px, 
for the investment good that is determined on world markets. 

It is assumed that there is no international lending and borrowing, 
which requires that the value of purchases of traded goods is equal to 
the value of production of traded goods at each point in time. Demand 
for traded goods is the sum of consumption, C, and gross investment 
in physical capital, px(K + 15K), where 15 is the rate of depreciation on 
physical capital. Using this trade balance condition, the evolution of the 
capital stock can be written as 

K = uxHf(kx) - 15K + (1/px)[uzHj(kz ) - CJ. (2.1) 
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The education good is non-traded, so domestic production and consump
tion in the Y sector are equal and 

if = uyHg(ky) - 'TJH, 

where 'TJ is the rate of depreciation of human capital. 
A representative agent's optimization problem is 

max e-ptdt 100 C(t)l-U 

0,8;,1£; 0 1 - (}' 

s.t. (2.1)-(2.2), L Ui ~ 1, L Si ~ 1, 
i=X,y,Z i=X,y,Z 

Ui ~ 0, Si ~ 0, i = X, Y, Z, 

H(O) = Ho > 0, K(O) = Ko > O. 

The current value Hamiltonian for this problem can be written as 

o~~; ~~-: + IL [uxHf(kx ) - 8K + P~ (uzHj(kz) - C)] 
+ A [uyHg(ky) - 'TJH] 

+ ['l/JK + L (f3i - 'l/JK)Si] K 
iE{X,y,Z} 

+ ['l/JH + L (ai - 'l/JH)Ui] H, 
iE{X,y,Z} 

(2.2) 

(P) 

where A and IL are the costate variables associated with the state vari
ables H and K respectively. 'l/JK ('l/JH) is the Lagrange multiplier asso
ciated with the full employment condition for physical (human) capital 
and f3i (ai) is the multiplier for the requirement that the shares of phys
ical (human) capital devoted to sector i be non-negative. As will be 
demonstrated below, it is possible for the economy to shut down pro
duction of one of the traded goods on the BGP, so the non-negativity 
conditions may bind. 

The costate variables have the interpretation of being the value of an 
increment of the respective capital goods, IL/PX is the value of an incre
ment of good Z to current income, and 'l/JH ('l/JK) is the flow value of an 
increment of physical (human) capital at time t. Since these marginal 
values are all measured in utility units, it is convenient to normalize 
these values by the utility value of an increment of good Z to obtain 
shadow prices measured in terms of good Z. Therefore, we can define 
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r = px'¢KlfJ. (W = px'¢HlfJ.) to be the rental value of physical (hu
man) capital in units of Z and py = Px AI fJ. to be the relative price of 
education output in units of Z. Utilizing these definitions of domestic 
relative prices, we can express the necessary conditions associated with 
a solution to (P) as 

c-u - ~ =0, 
Px 

J'(k ) + px{3x - '(k) + px{3y - "(k ) + px{3z r = Px x -- - pyg y -- - J z --, 
fJ. fJ. fJ. 

W = px[J(kx) - kxf'(kx)] + pxaxlfJ. 

= py [g(ky) - kyg'(ky)] + PXay I fJ. 
= [j(kz) - kzj'(kz )] +pxazlfJ., 

jJ, r 
- =p+8--, 
fJ. Px 

~ py jJ, W - = - + - = p + 1] --, 
A py fJ. py 

lim e-ptfJ.(t)K(t) = 0, 
t-too 

lim e-pt A(t)H(t) = 0. 
t-too 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.1) equates the marginal utility of consumption to the value of an 
increment of good Z. (3.2)-(3.3) imply that the marginal revenue prod
uct of physical and human capital are equalized across all operational 
sectors. (3.4)-(3.5) describe the evolution of the costate variables and 
(3.6)-(3.7) are the transversality conditions. 

2.2 Existence of Balanced Growth Path 

We now illustrate how (2.1)-(3.7) can be used to examine the exis
tence of potential balanced growth paths for the economy. A BGP for 
the economy requires that the level of consumption and the stocks of 
human and physical capital grow at the same (non-degenerate) rate 
lie = 11K = IIH > 0, and that relative prices of goods be constant. 
The relative price of the investment good is constant by assumption. 
Constancy of the relative prices of human to physical capital (py Ipx) 
requires that the costate variables must also grow at a common rate 
(III-' = II>.). In this section we show that the model has a block recur
sive structure. The solutions for w, r, and py can be obtained from 
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the zero profit conditions for the respective production sectors and from 
an intertemporal arbitrage condition that must hold on the balanced 
growth path. We identify two types of balanced growth equilibria: an 
equilibrium with incomplete specialization in which all three goods are 
produced and two equilibria with production specialization in the non
traded good and one of the traded goods. We begin by showing that 
domestic prices (py, w, r) and the pattern of specialization consistent 
with balanced growth are uniquely determined by the world relative 
price, p x. We then use these prices to solve for the capital/labor ratio, 
growth rate, and consumption/wealth ratio on the BGP. 

Utilizing (3.4)-(3.5), the requirement that vp, = V" on the balanced 
growth path yields the intertemporal arbitrage (1 A) condition 

r w - - - + 1J - <5 = O. (4) 
px py 

This condition requires that the net return on investment in physical cap
ital (rental rate less depreciation rate) equal the net return on investment 
in human capital. The factor market equilibrium conditions (3.2)-(3.3) 
require that factor prices be equalized across all operating sectors. Fol
lowing Bond, Wang, and Yip (1996), we adopt a dual approach to the 
solution for goods and factor prices by utilizing the requirement that 
unit costs be no less than price in each sector, strict equality holding in 
sectors that are producing. Letting ¢i denote the cost function for sector 
i, these conditions can be expressed as 

py = ¢y(w, r), 

px :::; ¢x(w, r), 

1 :::; ¢z(w, r). 

(5.1) 

(5.2) 

(5.3) 

Given that the education good is non-traded, an immediate implication 
of the assumption of balanced growth is that the economy may not shut 
down the production of the Y sector. In terms of (3.2)-(3.3) this implies 
that the non-negativity conditions associated with Sy and Uy never bind 
(i.e. /3y = ay = 0). Although we must have positive production of the 
education good on any possible balanced growth path, it is possible for 
the economy to shut down production of one of the traded goods sectors. 

(4)-(5.3) are four equations to determine the prices w, r, and py 
consistent with balanced growth given the value of px. The production 
structure in (5.1)-(5.3) has the characteristic that there are as many 
traded goods as there are factors of production. In static trade mod
els this production structure would typically generate a range of factor 
endowments consistent with production of all three goods for an ex
ogenously given px [e.g. Komiya (1967)]. This result for the static case 
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follows from the fact that equations (5.2)-(5.3) can be solved for (w,r) 
given P x. These domestic factor costs then determine the price of the 
non-traded good from its zero profit condition (5.1). However, in the 
dynamic model the intertemporal arbitrage condition links the price of 
the non-traded capital good to that of the traded capital good. This ad
ditional restriction reduces the likelihood that a given Px is consistent 
with production of all goods on the BGP. 

We now show that there can exist at most one world price at which 
all of the equations in (4)-(5.3) are satisfied with strict equality. The 
following condition will be imposed on the technologies, which assures 
the existence of a solution. 

Condition FP (Factor Price). Let OXYZ = {(w,r,px,py) I Pi = 
(/>i(w, r) for i E {X, Y, Z}}. Then 

sup - - - > 6 - 7] > mf - - - . ( r w) . (r w) 
OXYZ Px py OXYZ Px py 

If this condition fails, the technology for producing one of the factors is 
so inefficient that the net return to that factor (at constant prices) is 
always dominated by that of the other factor. 6 

Condition FP can be used to establish: 

Proposition 1. If Condition FP holds, there exists a unique world price 
Px and corresponding domestic prices (w* , r* ,Py) and sectoral factor in
tensities ki (i E {X, Y, Z}) at which the zero profit conditions (5.1)-(5.3) 
are satisfied with strict equality for all three sectors and the intertem
poral arbitrage condition (4) is satisfied. 

Proof. The zero profit conditions yield three equations to solve for the 
prices (p x, py , w, r). These equations can be inverted to solve for the w, 
p x, and py as functions of r. Totally differentiating the system (5.1)
(5.3) yields 

A I 1 - ()HZ A 

W XYZ = - () r, 
HZ 

A I ()HZ - ()Hi A 

Pi XYZ = () r, 
HZ 

i =X,Y, (6) 

where a hat over a variable denotes a rate of change, () H i is the share of la
bor costs in unit costs of good i, and XY Z denotes that the comparative 
statics exercises are performed with all three sectors producing. Utilizing 
(6), it follows that r/px(r) is a continuous and increasing function of r 

6. This condition is analogous to the one required to prove the existence of a BGP 
in the two sector, closed economy endogenous growth model in Bond, Wang, and Yip 
(1996). 
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and w(r)/py(r) is a continuous and decreasing function of r. Therefore, 
there can be at most one value of r, denoted r*, at which (4) holds. 
Condition FP ensures the existence of such a value, and Px = px(r*) is 
the unique world price consistent with balanced growth and incomplete 
specialization. 0 

Note that Proposition 1 holds even in the presence of factor intensity 
reversals. Factor intensity reversals raise the possibility that the relations 
Pi(r) are not monotonic. However, this possibility does not alter the fact 
that [r/px(r)] - [w(r)/py(r)] is an increasing function of r, which yields 
the uniqueness result. 

We next examine whether there exist domestic prices consistent with 
a BGP in which one of the traded goods sectors is shut down when 
Px i=Px· 

Proposition 2. (i) Ifpx > Px there exist unique prices (r, w,py) satis
fying (4)-(5.3) in which only goods X and Y are produced. These prices 
have the property r(px )/Px = r* /Px and w(px )/px = w* /Px, with 
sectoral factor intensities constant at ki = k; (i E {X, Y}) in all these 
equilibria. 

(ii) Let Oxz = {(w, r,py) I Pi = <Pi(W, r) for i E {Y, Z}} and 

Pxin == minr (~+ c5 - 11)-1 ~ o. Ifpx E [Pxin , Px], there exist unique 
flyz py 

prices r(px), w(px), and PY(Px) consistent with (4)-(5.3) in which only 
goods Y and Z are produced. r(px )/px is decreasing in Px for these 
equilibria, and sectoral factor intensities ki(Px) are non-increasing in Px 
(i E {Y,Z}). 

Proof. We begin by solving for the values of (w,r,py,px) consistent 
with balanced growth when the economy produces goods X and Y only. 
If factor proportions differ across sectors X and Y, (5.1)-(5.2) can be 
inverted to obtain expressions py = py(Px, r) and w = w(px, r) which 
have the properties 

A I 1 A 1 - ()HX A 

W Xy = -()-px - () r, 
HX HX 

A I _ ()HY A ()HX - ()HY A 

py xy - -()-px + () r. 
HX HX 

(7) 

(7) can be used to show that w/py is a decreasing function of r/px 
when goods X and Yare produced. Thus, there can be at most one 
value ofr/px at which (4) is satisfied. Since the prices (px,py,w*,r*) 
from Proposition 1 satisfy (4)-(5.2) with strict equality, it follows that 
(ap;, apy, aw*, ar*) satisfies (4)-(5.2) with strict equality for any a> O. 
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The values of wand r / p x for this case are illustrated by the line 
DBE in (r/px,px) space and the ray DBE in (w,Px) space in figure 
1. In order for the factor prices on these loci to be equilibria in which 
X and Yare the only goods produced it must also be the case that the 
Z sector is not earning positive profits (i.e. (5.3) is satisfied). Since w 
and r are increasing in px, the unit cost of good Z is increasing in px 
along the DBE locus. Since the production of Z earns zero profits at 
Px, it follows that </Jz(w, r) > «) 1 for px > «) px. Therefore, the 
Z sector is unprofitable when px > Px, and the factor prices given by 
the segment BE in figure 1 are consistent with (4)-(5.3) being satisfied 
with production of X and Y. This establishes (i) of the proposition. 

N ext, we solve for the values of (w, r, Py, P x) consistent with bal
anced growth when only goods Y and Z are produced. (5.3) and (5.1) 
must hold with strict equality in this case, and these conditions can be 
inverted to yield 'W = w(r) and PY = py(r). Differentiation of these 
conditions implies 

AI _ 1- ()HZ A 
W YZ - - () r, 

HZ 
(8) 

For a fixed px, this implies that (r/px) - (w(r)/py(r)) is an increasing 
function of r, so that (4) has at most one solution for a given px. Clearly 
a solution will exist for px = Px, since the prices (py,w*,r*) from 
Proposition 1 must satisfy (4)-(5.1) and (5.3). For px < Px, a solution 
will exist as long as Px 2 pxin. Differentiating (4) and substituting from 
(8) yields the effect of changes in px on equilibrium factor prices with 
Y and Zproduced 

f - fix I wpx(l- ()HY) 0 
--- YZIA = - < 

fix ' rpY()HZ + wpx(l - ()HY) , 
(9) 

'Ii) I rpy(l- ()HZ) 0 
- YZIA = - < 
fix' rpY()HZ + wpx(l- ()HY) , 

where I A denotes the fact that the intertemporal arbitrage condition 
(4) is also assumed to hold. The locus of factor prices consistent with 
production of Y and Z is illustrated by the loci ABC in figure 1. Note 
also that since r/w is an increasing function of px from (9), the cost
minimizing factor proportions in sector i, k i (px) , are non-increasing in 
Px for i E {Y, Z}. 

In order for the factor prices on the ABC loci in figure 1 to be 
equilibria with production of Y and Z, we must also establish that the 
X sector does not earn positive profits. The effect of an increase in 
the price of good X on the cost of production of good X is ¢x /fix = 



-LA 
Px 

r* 
P" x 

w 

D 

E 

c 

px 

E 

c 

px 

Fig. 1. Factor prices satisfying intertemporal arbitrage and zero profits: 
Efficient specialization in Y and Z on segment AB and specialization in 
X and Y on segment BE 
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()HX(W lfix )+(I-()Hx )(f lfix). Substituting from (9) into this expression 
yields ¢x -fix < 0, so that the cost of producing X is rising more slowly 
than the price of good X along the ABC locus. Since </>x(w*, r*) = Px, 
it follows that </>x > «) Px for Px < px. Therefore, the X sector is 
unprofitable for Px < Px and the factor prices on the segments AB in 
figure 1 satisfy (4)-(5.3) with production of goods Y and Z. 0 

Propositions 1-2 establish the existence of a unique set of constant 
domestic prices satisfying the necessary conditions (3.2)-(3-5) for the 
optimization problem (P) given condition FP. In order to complete the 
proof of the existence of a unique BGP, we must show that there is a com
mon non-degenerate growth rate v and constant values of c == C I H > 0 
and k == K I H > 0 that satisfy the remaining necessary conditions and 
the constraints (2.1)-(2.2). The following result provides sufficient con
ditions on the technology for the existence of a unique balanced growth 
path (given px) with non-degenerate growth: 

Proposition 3. If r* I Px - IS - p > 0 and the maximal growth condition 
p> (1- cr)v(pxin) is satisfied, then the small open economy will exhibit 
non-degenerate growth for Px E lrxin,oo) with the growth rate given 
by 

v(px)=- ---IS-p . 1 (r(px) ) 
cr Px 

(10) 

(i) For Px < (» Px the country produces goods Y and Z (Y and X). 
The capital/labor ratio on the balanced growth path is unique. 
(ii) For Px = Px the country can produce all three goods. The capi
tal/labor ratio on the BGP may take any value in the interval [uyky + 

min (1 - Uy )ki, uyky + max (1 - uY)kiJ. 
iE{X,Z} iE{X,Z} 

Proof. The consumption growth rate on the BGP can be obtained by 
differentiating (3.1) with respect to t and substituting from (3.4), which 
yields (10). As shown in figure 1, rip x is lowest at Px so a sufficient con
dition for non-degenerate growth is that v(Px) > O. The upper bound on 
the feasible growth rate is required to guarantee that the transversality 
conditions are satisfied on the balanced growth path. The growth rate 
of e-pt/-L(t)K(t) will be v(1 - cr) - p, which must be negative to satisfy 
(3.6). This will be satisfied at all Px if it is satisfied at the maximal 
growth rate, v(pxin). A similar argument shows that (3.7) is satisfied. 

It remains to be shown that the growth rate defined in (10) satisfies 
(2.1)-(2.2). From (2.2), we have 

v(px) + TJ 
uy(Px) = g(ky(px))" (11) 
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Feasibility requires 0 < Uy < 1. Uy > 0 follows immediately from 
the non-degenerate growth result. To establish Uy < 1, note that from 
the competitive profit condition we have pyg = w + rky. Therefore, a 
sufficient condition for Uy < 1 (using (11)) is (w/py) - TJ = P + uv > v, 
which is guaranteed by the maximal growth condition. For px =j:. Px, 
only one of the traded goods will be produced and the solution for k is 
obtained from the full employment condition to be 

(12.1) 

wherei=X (Z) ifpx > «)Px' 
For px = Px, all three sectors are potentially operational so any 

capital stock consistent with 

k = uxkx(px) + (1- Ux - UY(Px))kz(px) + uY(Px)ky(px), (12.2) 

Ux E [0, 1 - uY(Px)J, 

is an equilibrium. 
It remains to show that c ~ O. The budget constraint for the small 

open economy can be written as c + px(v + 8)k + py(v + TJ) = w + 
rk. Utilizing (4) and (10) and rearranging terms, we can solve for the 
consumption/wealth ratio on the balanced growth path 

c 
k = P + (u - l)v. 

py+px 
(13) 

c > 0 then follows immediately from the maximal growth condition. 0 

It is shown in Bond, Thask, and Wang (1997) that in the closed 
economy case, there will be a unique BGP with prices given by the values 
(w*, r* ,Py,Px) from Proposition 1. The capital/labor ratio on the BGP 
in the closed economy case, denoted k*, will be uniquely determined 
from the full employment conditions using uy = (v + TJ)/g(ky) and 
Uz = c* fj(k*z). k* must lie in the interior of the interval identified 
in Proposition 3(ii). The growth rate is positively related to the real 
return to the investment good by (10), so it follows from figure 1 that 
the economy's growth rate is lowest at autarky. Free trade will lead to a 
BGP growth rate that is no lower than that under autarky, and it will be 
strictly higher if the country exports the consumption good. Since the 
growth rate is determined by the productivity of investment goods, a 
country which has a comparative disadvantage in investment goods will 
raise its growth rate by being able to import more productive investment 
goods. 
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2.3 Transitional Dynamics 

We conclude our characterization of the BGP for the small open economy 
by examining the transitional dynamics in the neighborhood of the BGP. 
First consider the case in which Px = px. Proposition 3(ii) shows that 
in this case the economy will be on the balanced growth path for any 
k E [uyky + min (l-uy )ki, uyky + max (l-uy)kiJ, so that there 

iE{X,Z} iE{X,Z} 

will be no transitional dynamics for any initial endowment in this range. 
This result is substantially different from the closed economy version of 
the model, where there is a unique k associated with balanced growth. 
In the closed economy case, an initial value of k below (above) the BGP 
value will result in a gradual transition to the BGP in which physical 
capital is accumulated more rapidly (slowly) than human capital. In 
contrast, there is no need for adjustment of the relative factor stocks in 
the open economy case because the difference in relative factor supplies 
can be met by an increase in the production of the good that uses the 
abundant factor intensively. The open economy is able to compensate 
for the scarce factor by importing more of the good that uses the scarce 
factor intensively. One can think of domestic and foreign factor services 
as being perfect substitutes in this case. 

For Px i' Px, the economy will be in the position of producing only 
one of the traded goods in addition to the non-traded good. Domestic 
and foreign factor services are not perfect substitutes in this case because 
domestic factors are not being used to produce the import-competing 
good. This limits the ability of the economy to alter the composition of 
output in response to imbalances in factor stocks. We will show that the 
transitional dynamics in the case of specialization in one traded good are 
quite similar to those for the closed economy case. We begin by showing 
that the dynamics of the system in either of the specialization cases can 
be expressed in terms of (r, c, k), and then use this system to prove that 
the economy exhibits saddle path stability for all sectoral factor intensity 
rankings in the neighborhood of the BGP. 

During the transition to the BGP, the relative price of human cap
ital may be changing because accumulation rates of the factors are not 
necessarily constant. The intertemporal arbitrage condition equating the 
returns to human capital obtained from (3.4)-(3.5) will be 

py r w 
1/).. - 1//1 = - = - - - + rJ - o. 

py Px py 
(14) 

When capital gains exist on the transition path, the equalization of re
turns to physical and human capital requires that the difference in net 
returns between physical and human capital equal the rate of capital 
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gain on human capital. Therefore, factor prices must satisfy (5.1)-(5.3) 
and (14) along the transition path. 

Figure 2 can be used to illustrate the feasible values for factor prices 
during the transition process for the case ()HX > ()HZ. The ABC locus 
in (w, r) space is the locus of factor prices consistent with zero profits 
in the Y and Z sectors, while the DBE locus is the locus giving zero 
profits in the X and Y sectors. Using (7)-(8), it can be seen that the 
assumption ()HX > ()HZ ensures that the DBE locus is flatter than 
ABC at the intersection point B. Using (7), it is straightforward to 
show that since ()HX > ()HZ, the unit cost of the Z sector is f/lz(w, r) 
is increasing in r along the DBE locus consistent with zero profits in 
{Y, X}. Therefore, the Z sector earns positive profits for r < rB on the 
DBE locus, so the production specialization must be {Y, Z} for r < rB. 
A similar argument can be used to show that the unit cost of the X 
sector is decreasing in r along the ABC locus, so that the X sector earns 
positive profits for r > rB on the segment ABC locus. The production 
specialization is {X, Y} for r > rB. Note that this argument depends 
only on the relative factor intensity of the two traded goods sectors, 
and not on their identity. Therefore, in the absence of factor intensity 
reversals there will be a critical value of r such that the economy will be 
completely specialized in the capital intensive (labor intensive) traded 
good for r less (greater) than the critical value.7 

Assuming that good Y is produced throughout the transition pro
cess, domestic factor prices must lie on the ABE locus in figure 2 dur
ing the transition process. Let (wO, rO) denote the point on this frontier 
which is also consistent with intertemporal arbitrage at constant py. 
This point must be unique as a result of Propositions 1-2. For fac
tor prices in the neighborhood of this point, the economy must have 
the same specialization pattern as on the BGP. The evolution of factor 
prices will be given by (14), with the domestic prices determined by (7). 
Using (7) in (14) yields 

()HX ( r w(r) ) vrlxy = - - -- +TJ-tS . 
()HX - ()HY Px py(r) 

(15) 

(15) indicates that the dynamics of local prices are a function of r alone. 
Since the expression in parentheses must be an increasing function of r 
(see the discussion following (7)), we have 8vr /8r < 0 iff ()HX < ()HY in 

7. With factor intensity reversals between the traded goods, the ABC and DBE 
loci may have mUltiple intersections. There may then be multiple switches of the 
specialization pattern as r increases in this case. However, we will always have the 
conclusion that there is specialization in the labor (capital) intensive good for values 
of r above (below) an intersection point. 
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the neighborhood of Vr = o. The rental adjustment process is stable iff 
the Y sector is labor-intensive relative to the X sector. Suppose that the 
return to physical capital exceeds that to human capital, which requires 
a capital gain on human capital investments (Le., py > 0). In order for 
the rental process to be stable, the increase in py must reduce r. By 
the Stolper-Samuelson theorem, an increase in py will reduce r iff the 
Y sector is human capital intensive. 

w 

D 

·:"----E 

c 

r 

Fig. 2. Price frontiers consistent with production of X and Y (segment 
BE) and production of Y and Z (segment AB) for given Px 

Note that with specialization in Y and Z on the BGP, this ar
gument is identical with factor prices being determined by (8) in the 
neighborhood of their BGP values. Since the two cases are so similar, 
we will present the analysis for the case where the country is special
ized in X and Y. The results for specialization in Y and Z follow in 
a similar manner. With specialization in X and Y, full employment 
requires k = (l-uy)kx(r) +uyky(r), where the sectoral factor intensi
ties ki(r) are determined by cost minimization given (w(r),r) from (7). 
The full employment condition can be used to solve for Uy = uy(r, k). 
Defining x(r,k) = X/H = ux(r,k)f(kx(r)) and y(r,k) = Y/H = 
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uy(r, k)g(ky(r)), (2.1)-(2.2) can be used to express the evolution of 
c and k as 

c 6 H 
~ = C - H = vc(r) - y(r, c, k) + 'f/, 

~ _ k _ H _ px x(r, c, k) - c _ ( k) _ ~ 
k-K H- Pxk yr,c, +'f/ o. 

(16) 

(17) 

The system (15)-(17) describes the dynamics of the system along the 
transition path. 

The following result is proven in the Appendix: 

Proposition 4. Suppose that the economy specializes in one traded 
good, j E {X, Z} and the non-traded good Y on the BGP. This BGP 
will exhibit saddle path stability for all factor intensity rankings. 

(i) If ky > kj, then the relative price of physical to human capital, 
Px /py, will be constant along the transition path. 

(ii) If kj > ky, px/py will be a non-increasing function of k along the 
transition path. 

The existence of saddle path stability for all sectoral factor intensity 
rankings in the open economy case is similar to the result obtained in 
Bond, Wang, and Yip (1996) for the closed economy version of a two 
sector endogenous growth model in which there is a unified consump
tion/investment good sector and an education sector. The main role of 
the sectoral factor intensity rankings is in the behavior of the relative 
prices of the capital goods along the transition path. This results from 
the role of factor intensities on factor price and output adjustments as 
reflected in the Stolper-Samuelson and Rybczynski theorems of interna
tional trade theory. If the education sector is human capital intensive, 
the price adjustment process in (15) is stable as noted above. However, 
if the education sector is physical capital intensive, the price adjustment 
process is unstable and the price must jump to its BGP value. 

The jump of the price to its BGP value is consistent with the tran
sitional adjustment in the case where ky > kj because the quantity 
adjustment process is stable and allows k to adjust to its BGP value 
at fixed prices. By the Rybczynski theorem, the output of the capital 
intensive sector will be higher than its BGP value when k exceeds its 
BGP value. If the education sector is capital intensive, this adjustment 
in outputs results in a fall in k and the economy converges to the BGP 
value. In contrast, when kj > ky, the output of physical capital is higher 
when k exceeds its BGP value, causing k to diverge. In this case the rel
ative price of capital goods must be adjusting along the transition path 
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in order to obtain convergence to the BGP value of k. 8 For each factor 
intensity ranking, instability in one of the adjustment processes is off
set by stability in the other process to obtain saddle path adjustment. 
The saddle path stability in the specialization equilibrium results from 
the same "polarization" of the price and quantity adjustment processes 
exhibited by the two sector model. Note that the forward looking be
havior of agents, which underlies the intertemporal arbitrage equation 
is critical to this stability result.9 

Proposition 4 characterizes transitional dynamics for px # px. In 
Px = Px, then the BGP factor prices are given by point B in figure 
2. If the initial factor endowment lies outside the range identified in 
Proposition 3(ii), then full employment is not possible with production of 
all three goods at the factor prices (rB, wB). Therefore, the convergence 
to the range of factor endowments consistent with balanced growth must 
occur along one of the branches in which the economy is specialized in 
one of the traded goods. 

3. Balanced Growth Path Effects of Price and Technology 
Changes 

In this section we use the results of Propositions 1-3 to characterize the 
effect of changes in the world price on the values of v, k, and c on the 
BGP. These results indicate how changes in the terms of trade affect the 
growth rate and welfare levels of a small open economy on the BG P. We 
also examine how technological change affects the rate of growth and the 
critical value, Px, at which the country is incompletely specialized. An 
increase in Px can be interpreted as a shift in comparative advantage 
toward the consumption good, since it expands the range of prices for 
which the country exports the consumption good. 

8. It is straightforward to show that the value function for this problem, 
V(K, H,px), is homogeneous of degree 1 - a in K and H. Since the costate vari
ables to the representative agent optimization problem (P) are equal to the derivative 
of the value function with respect to the appropriate state variable, it follows that 
px/py = VK/VH = </>(k). The concavity of V in K and H ensures </>' ::s o. An 
implication of this result is that the two capital goods must be perfect substitutes in 
the case where ky < kj, in the sense that the isoquants for the value function must 
have flat segments. 

9. In the case of proportional savings, it is well known that instability can result in 
two sector models with endogenous capital accumulation and exogenous labor force 
growth when the investment good sector is capital intensive. See, for example, Inada 
(1963). 
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3.1 Terms of Trade Changes 

For the case in which px > Px, the analysis is simplified due to the fact 
that r / p x and the sectoral factor intensities are independent of p x. With 
a constant r / p x, the growth rate is independent of p x from (10) as is the 
share of labor allocated to human capital production. An increase in px 
has no effect on the production side of the economy, but it does increase 
the purchasing power of the small open economy because it increases 
the price of the exportable good. Utilizing (13), it can be seen that the 
effect of the increase in p x is a proportional increase in c. Clearly, this 
increase in the price of investment goods will raise the BGP welfare level 
for a small open economy that is exporting investment goods. 

For px < Px, r/px is a decreasing function of px as illustrated 
in figure 1. When the small open economy is specialized in consump
tion goods, an increase in the price of capital goods reduces the return 
to investment (r / p x) in equilibrium and lowers the growth rate. The 
increase in Px will also reduce the sectoral capital/labor ratios, as es
tablished in Proposition 2(ii). Differentiating (11), it can be seen that 
these two effects of an increase in Px have a conflicting impact on Uy 

duy = v'(Px) _ (1- OHY)uy kY(Px). 
dpx g ky 

(18) 

The first term is negative, because a lower growth rate reduces the 
amount of labor required to produce human capital. The second term 
tends to raise Uy, because the declining capital/labor ratio results in a 
greater requirement of human capital per unit of Y produced. 

The effect of a change in px on k is given by dk/dpx = [uyky + 
uzk~] + (ky - kz)uy . The term in brackets is negative, because the 
rising r /w causes substitution away from capital in both sectors. This 
substitution will reduce the relative usage of physical capital on the 
BGP at a fixed Uy. The second term reflects the reallocation of labor 
between sectors at given factor proportions, which will tend to raise k if 
the reallocation is toward the capital intensive sector (i.e. ky > kz and 
uy > 0 or kz > ky and uy < 0). Substituting into this expression from 
(18) yields 

dk (ll kZg') k' k' (ky - kz)v' -d = uy U HY + -- y + Uz z + . 
~ g g 

(19) 

The first two terms in (19) represent the effect on demand for capital 
of sectoral substitution effects at a fixed v. These two terms must be 
negative. Since v' (Px) < 0, a sufficient condition for an increase in the 
cost of investment goods to reduce k is ky > kz. This yields the intuitive 
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conclusion that an increase in the price of investment goods results in a 
lower use of physical (relative to human) capital on the BGP. If ky < kz, 
however, it is possible that the BGP capital/labor ratio is increasing 
in px if the substitution effects generated by the rise in r/w are small 
enough. For example, in the limiting case of fixed coefficients production 
processes in the Y and Z sectors, the first two terms in (19) will be zero 
and an increase in px must raise the capital labor ratio when ky < kz. 
An increase in the price of investment goods lowers the growth rate, 
which results in a shift of resources from the Y sector to the capital 
intensive Z sector. This raises the relative usage of physical capital on 
the BGP. The above discussion on the relationship between k and px 
is summarized in figure 3. When the world price is P'X, any k in the 
range identified in Proposition 3(ii) is consistent with balanced growth. 
For p x > P'X, the capital/labor ratio will equal the value associated 
with the lower (upper) end of this range when k'X < kz (k'X > kz). For 
Px < P'X, the locus ABCD indicates the case in which the substitution 
effects dominate, while the locus EBCD will arise if kz > ky and the 
sectoral reallocation effects dominate the substitution effects. 

When the country is specialized in Z, consumption per effective 
labor unit is the difference between output of Z and the demand for 
imported investment goods. Differentiating (2.1), using Ux = 0, gives 

c'(px) = [uzrk~(px) +ju~(px)] 

-[k(v + 8) + px(v + 8)k'(px) + pxkv'(px)]. (20) 

The term in the first bracket is the impact of a change in px on output of 
Z per effective labor unit. There are two effects: substitution away from 
capital in production will reduce output of Z at a given labor allocation, 
while the reallocation of labor may either raise or lower output of Z. 
The term in the second bracket is the effect of changes in the demand 
for investment goods. The increase in the price of imported goods will 
tend to decrease consumption at a given level of investment demand, 
while a decrease in the growth rate will tend to increase consumption. 
Finally, an increase (decrease) in the capital/labor ratio will lower (raise) 
the demand for the consumption good. Overall, the sign of c'(px) is 
indeterminate. Although a reduction in consumption is more likely when 
ky > kz [and hence k' (px) < 0], this condition is not sufficient to 
guarantee a decline in consumption. 

Although the effect of an increase in px on c is ambiguous when 
the country is importing capital goods, the fact that the growth rate is 
declining suggests that it may be possible to derive results on the change 
in welfare on the BGP. The welfare level of the representative agent on 
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the BGP may be found from (P) as 

c(px )1-lT HJ-lT 
V (p x) = -:-----;-.:::..=-'-:-.,....-'7-:---:-,----,

(p + (a - l)v(px ))(1 - a) 

Differentiating (21) with respect to px and using (18)-(20) yields 

( 
I ( ) uyj I ( ) ky - kz I( )) uzkz px + --ky Px + v px 

pyg g 

px(p + (a - l)v) k(v + 8) 
c c 

(21) 

(22) 

The first two terms in parentheses are negative, since kHpx) < 0 as 
established above. The last term (outside parentheses) must also be 
negative. Therefore, a sufficient condition for an increase in px to un
ambiguously reduce V is ky > kz. 

The results of this section can be summarized in the following result: 

Proposition 5. The effect of a change in the terms of trade on the BGP 
values of v, c, k, and V depend on the pattern of specialization. 

(i) When px > P'X: vl(Px) = 0, kl(pX) = 0, c/(px) > 0, V1(px) > O. 

(ii) Whenpx <P'X: vl(px):S 0, d(px) ~ O. Ifky > kz, then kl(px) < 
0, V1(px) < O. 

In static trade models, an increase in the price of the importable 
good is associated with a decline in welfare. Proposition 5 establishes 
that BGP welfare must be decreasing in the price of the importable 
when the country imports the consumption good, and when the country 
imports the investment good and ky > kz. Thus, when ky > kz welfare 
is always higher on the BGP with trade than it is at the autarky BGP, 
which is associated with the price, p'X. The possibility that an increase 
in Px may reduce BGP welfare in the case of ky < kz arises from the 
possibility that k increases. Note however that even if the deterioration 
in the terms of trade raises the BGP utility level, it may still lower 
welfare sufficiently during the transition period so that the overall effect 
on welfare is negative. 

It is also useful to compare the impact of changes in the terms of 
trade on factor incomes to those of the Stolper-Samuelson theorem for 
static trade models. The Stolper-Samuelson result would suggest that 
the interest of factor owners are strongly opposed: a change in the terms 
of trade will make owners of one factor unambiguously better off and 
owners of the other factor unambiguously worse off. In the present model 
the result is quite different, because the long run returns to the two 
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factors are tied together by the intertemporal arbitrage condition. Any 
changes in the real return to physical capital (r / P x) are matched by 
equivalent changes in (w / py). However, windfall gains or losses may be 
experienced by factor owners who have accumulated stocks prior to the 
price change. For example, consider the effect of an increase in px when 
X and Yare being produced. Since the aggregate capital/labor ratio is 
independent of P x in this region, there will be no transitional dynamics 
in k. By Proposition 4(i), local factor prices will increase proportionally 
with P x· Since the aggregate k is independent of p x in this case the 
factor prices will jump immediately to the new BGP values. Owners 
of existing physical and human capital will be made better off by the 
increase, since their purchasing power in terms of the consumption good 
has increased. For the case in which Y and Z are being produced, (9) 
shows that an increase in Px must result in a less than proportional 
increase in r and a decrease in w on the new BGP. If ky > kz, the results 
of Proposition 4(i) imply that domestic prices will jump immediately to 
the new BGP values. Owners of existing physical capital will be made 
better off and owners of existing human capital will be made worse off 
as a result of these changes. If ky < kz, py will be changing along the 
transition path [Proposition 4 (ii)] as k adjusts. Since k may either rise 
or fall as a result of the change in p x, r may be either increasing or 
decreasing along the transition path. 

3.2 Technical Change 

We now turn to the effect of changes in technology on growth rates and 
comparative advantage. We can analyze the effects of technical progress 
by considering how changes in technology affect the real rental on phys
ical capital, r / p x, for each of the cases in which the country produces 
one traded good and the non-traded good. 

We model changes in technology by writing the unit cost function 
in sector i as ¢i (w, r, ai), where ai is a parameter reflecting the level of 
the technology, 8¢d 8ai < o. For the case in which the country produces 
good Y and traded good i (i E {X, Z} ), the prices on the BG Pare 
determined by the intertemporal arbitrage condition (4) and the zero 
profit conditions 

¢i (w, r, ai ) = Pi, 
¢y(w,r,ay) = py. 

(23.1) 

(23.2) 

Totally differentiating these conditions and defining bi -(8¢d8ai) 
(dad ¢i) to be the rate of cost reduction in industry i from technical 
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progress, we obtain 

where A = (}Hirpy + (1 - (}HY)WpX > o. 
Technical progress in the traded good will raise the returns to both 

physical and human capital, with the wage rate rising by relatively more. 
The direction of factor price changes is driven by the intertemporal arbi
trage condition, which requires equal changes in r / p x and W / Py, and the 
fact that py is endogenous. The increase in both factor prices must raise 
py, so W must rise by relatively more to maintain equal returns from 
investment in the two factors. Technical progress in the non-traded good 
will raise the return to physical capital, but reduce the return to human 
capital. When technological improvement occurs in the non-traded good, 
factor prices cannot both move in the same direction because the price 
of the traded good is constant. Since technical progress in Y reduces 
py, we must have an increase in r and reduction in W to maintain equal 
increases in r/px and w/py. 

The rise in r/px resulting from technical progress must increase v 
on the BGP in all cases by (10). The impact on comparative advan
tage can be seen by referring to figure 1. Technical progress in one of 
the traded goods will raise r/px on the segment in figure 1 associated 
with production of that good, which expands the range of Px for which 
the country specializes in that traded good. Technical progress in the 
non-traded good will raise the r/px associated with both patterns of 
specialization, so whether Px rises or falls will be determined by the 
relative increase in r/px in the two specializations. Using (24), it can 
be seen that Px will fall with technical progress in Y iff (}HX > (}HZ. 
Technical progress in the education sector is associated with an increase 
in the range of prices for which the labor intensive good is exported. 

Proposition 6. Technological improvement in any of the goods will raise 
the growth rate at a given world price. The critical price at which the 
country will export the investment good, Px, is an increasing function 
of the level of technology in the Z sector and decreasing in the level of 
technology in the X sector. It is increasing in the technology of the Y 
sector iff the X sector is labor intensive relative to Z. 



236 Dynamics, Economic Growth, and International Trade 

4. The Small Open Economy and the World Equilibrium 

The above analysis has established that for the case of a small open 
economy accumulating physical and human capital and facing a constant 
world price, there is a unique world price consistent with incomplete 
specialization. For all other prices, the country will choose to specialize 
in one of the traded goods. One might be tempted to argue based on 
this result that incomplete specialization is a very unlikely event, since 
the probability of a randomly drawn world price being exactly equal 
to Px would be equal to zero. However, this line of reasoning would 
be incorrect because it fails to take into account how world prices are 
determined. 

For example, suppose that we make the Heckscher-Ohlin assumption 
of identical technologies across countries. It is shown in Bond, Trask, and 
Wang (1997) that the world economy with free trade must converge to a 
BGP with price Px, so factor price equalization will hold across countries 
on the world BGP. Since countries are indifferent between producing the 
two traded goods at these factor prices, the factor accumulation pattern 
at the country level is indeterminate. The assumption of a constant 
world price Px is thus consistent with a case where the world economy 
is on the BGP. Bond, Trask, and Wang (1997) also show that there are 
a continuum of balanced growth paths for the individual countries, as 
well as paths with unbalanced growth, which are consistent with the 
optimal accumulation of factors at Px and with balanced growth for the 
world as a whole. Therefore, the long run trade pattern in these models 
is indeterminate. 

This example highlights the importance of care in examining the 
relationships between assumptions made at the country level with those 
made regarding the time path of world prices. It also suggests that the 
pattern of trade in the long run in this model has a Ricardian flavor. 
If countries have identical technologies, the long run trade pattern is 
indeterminate and the long run world price is equal to that which would 
be the long run autarkic price of the individual countries. The gains from 
trade in this case occur during the transitional phase to the BGP, where 
initial endowment differences across countries cause autarkic prices to 
differ. The results on the effects of technological differences suggest that 
if one country has a technical advantage in one of the traded goods, 
that country will have a lower long run autarkic price for that good. 
There will then exist world prices at which each country specializes in 
the traded good in which it has comparative advantage, so the long run 
trade pattern will be determined by technologies.1o 

10. Note however that it is still important to establish under what conditions these 



Trade and Growth with Endogenous Human and Physical Capital 237 

It should also be noted that the discount rate of consumers plays no 
role in the determination of comparative advantage in this model. This 
contrasts with results obtained by Findlay (1970) and Deardorff and 
Hansen (1978), who examine two sector exogenous growth models in 
which only physical capital is accumulated. In these models, a dynamic 
Heckscher-Ohlin theorem is obtained if there are differences in savings 
rates across countries, with the patient (Le. high savings rate) country 
having a higher capital/labor ratio in the long run. In the model of 
this chapter, both of the primary factors are being accumulated in the 
long run. Changes in the rate of time preference will affect the absolute 
incentive to accumulate factors, as indicated by the fact that the growth 
rate in (10) is a decreasing function ofthe discount parameter. However, 
the rate of time preference does not alter the relative attractiveness of the 
two factors of production. This is reflected in the fact that the autarkic 
price, Px, and the autarkic capital/labor ratio, k*, are independent of 
the discount rate. 

Appendix (Proof of Proposition 4) 

For the case where the country produces only X and Y, the linearized 
dynamic system of (15)-(17) around the BGP is given by 

where 

o 
o o 1 [r - r* 1 a23 c -c: ' 

a33 k - k 

.,---_1-::-- (o(r/px ) _ o(w/py )) 
a11 = ky - kx or or' 

cg 1 
a23 = - k k' a32 = - -, 

y- x px 

gk + f * 
a33 = - k k - (v + 6). 

y- x 

(A.1) 

This model has a block recursive structure, since the dynamics of 
the rental on capital (and hence py /px) are independent of c and k. 
Thus, the system will have a real root '/'1 = a11, with the remaining two 
roots satisfying the characteristic equation of a 2 x 2 subsystem (whose 
Jacobian matrix evaluated at the BGP is denoted as In: 

,/,2 _ tr (J;h + det(J2) = O. (A.2) 

assumptions of technological differences at the country level are consistent with con
stant world price for the world economy. This remains an area for future work. 
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The trace and determinant of the 3 x 3 matrix in (AI) are 

det(Ji) = -a23a32 = - (k cg k )' 
px y- x 

Using (AI) and (A3), we have the following two facts: 

signau = signky - kx, 

(A.3) 

sign det(Ji) = signtr(Ji) = signkx - kyo (A A) 

The first is obtained from the definition of au, and the second follows 
immediately from (A3). 

We can now use (A4) to establish that the system has one negative 
root and two positive roots, regardless of the factor intensity rankings, 
which yields saddle path stability of the dynamic system. First, consider 
the case where ky > kx. One (real) root will be au > O. The other 
two roots will be the solution to (A2) with tr (J2) < 0 and det(J2) < O. 
Since the discriminant, tr (J2)2 - 4 det(J2) , is positive the solution to 
(A2) yields one positive real root and one negative real root. There will 
thus be two positive real roots and one negative real root and the system 
will exhibit saddle path stability with monotone transitional adjustment. 
Next consider the case where kx > ky. One (real) root will be au < o. 
The solution to (A3) with tr (J2) > 0 and det(Ji) > 0 yields two roots 
with positive real parts. Again we obtain saddle path stability, but the 
transitional dynamics may be oscillating. 

One difference between the two cases involves the adjustment of rel
ative prices along the BGP. In the case where ky > kx, we have au > 0 
(with a12 = a13 = 0) which means that the adjustment process for r 
is unstable. An increase in r will raise the relative rental rate on in
vestments in physical capital (i.e., rip x increases and wi py decreases), 
which requires a capital gain on human capital to satisfy intertemporal 
no-arbitrage. However, when the human capital sector is capital inten
sive, a rise in py Ipx over time requires fir> O. Since the adjustment 
process for r is unstable, r (and hence px and py) must jump to the 
corresponding BGP and remain constant along the saddle path. 

When kx > ky, on the other hand, fir < o. An increase in r will 
reduce the growth rate of r in this case, which is a stabilizing force. 
The relative price ratio py Ipx must be adjusting along the saddle path, 
because det(J2) > 0 and tr (Ji) > 0 ensure that the adjustment process 
of c and k would be unstable at a fixed value of py Ipx. 0 
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CHAPTER 8 

Efficiency and Productivity in 
Rich and Poor Countries 

Rolf Fare and Shawna Grosskopf 

1. Introduction 

The motivation for our work is based in part on several recent articles in 
The Economist concerning growth and income.1 Part of the discussion 
concerns new and old growth theory, including the debate over conver
gence. More specifically we are interested in looking at Mancur Olson's 
hypothesis that the persistence of low income in some poor countries 
may have to do with inefficiency rather than with their endowments of 
productive inputs and human capital. 2 In his own words, 

The argument offered here also fits the relationships between 
levels of per capita income and rates of growth better than 
does either the old growth theory or the new. As has of
ten been pointed out, the absence of any general tendency 
for the poor countries with their opportunities for catch-up 
growth to grow faster than the rich countries argues against 
the old growth theory ... The argument offered here suggests 
that poor countries on average have poorer economic policies 
and institutions than rich countries, and, therefore, in spite 
of their opportunity for rapid catch-up growth, they need 
not grow faster on average than the rich countries. But any 
poorer countries that adopt relatively good economic poli
cies and institutions enjoy rapid catch-up growth: since they 
are far short of their potential, their per capita incomes can 
increase not only because of their technological and other 
advances that simultaneously bring growth to the richest 
countries, but also by narrowing the huge gap between their 
actual and potential income ... (Olson, 1996, p. 20) 

1. See, for example "Economic Growth: The Poor and the Rich", The Economist, 
May 25, 1996, pp. 23-25. 

2. In fact, this general idea was first brought to our attention by Bob Parks from 
Washington University. He told us that his colleague, Douglass North argued that 
poor countries were poor because they have higher transactions costs than rich 
countries. 

243 
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The chapter begins with a discussion of the static activity analysis 
model which we use to compute a measure of relative efficiency levels for 
the APEC countries in each of the years 1975-1990. Our results suggest 
a positive correlation between efficiency and per capita income in any 
given year. 

Next we turn to a comparative static model. In our activity anal
ysis framework, this yields another measure of performance which has 
turned out to playa central role in the renewed interest in growth theory, 
namely productivity change. Following Fare, Grosskopf, Lindgren, and 
Roos (1994), our activity analysis framework allows us to decompose 
productivity change into a "catching-up" and technical change compo
nent. This allows us to look at the relationship between imitation and 
innovation and per capita income: we compute productivity change for 
the APEC countries over the 1975-1990 period and relate this to per 
capita income. 

Finally we turn to specification of a dynamic activity analysis model, 
in order to provide a dynamic measure of efficiency. This is based on the 
idea of a network model, in the spirit of Shephard and Fare (1980). The 
idea is to allow for intermediate outputs (in our case investment) that 
link adjacent periods. One of the goals of this exercise is to provide an 
estimate of the loss in potential output due to dynamic misallocation of 
resources. This is accomplished by including investment as endogenous 
in the model. We use our data from the APEC countries to compute 
dynamic efficiency and relate it to per capita income. 

The three models used here capture different aspects of the Olson 
hypothesis. The static model is used to see whether there is a positive 
relationship between levels of relative efficiency and per capita income. 
The comparative static model allows us to consider whether productiv
ity change, and its components, technical change and efficiency change 
(catching up or imitation) are correlated with per capita income, i.e., 
do successfully developing countries succeed through catching up [as 
suggested by Van and Wan (1997)] or technical advance? Our dynamic 
model is used to find out whether there is a dynamic relationship be
tween efficiency and per capita income, in particular, does endogenous 
investment play an important role in the relationship between efficiency 
and income? 
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2. The Static Model 

In this section, we present the static activity analysis or DEA 3 model, 
together with some of the properties it satisfies. This model is used 
to compute measures of technical efficiency which are measures of the 
relative level of efficiency or productivity. These computed measures are 
then used to shed light on the Olson idea that poor countries are less 
efficient than rich countries. 

Our static activity analysis model relates input vectors x = 
(Xl, ... ,XN) E R~ to output vectors Y = (Yl,· .. ,YM) E Rf through 
a "piecewise linear" transformation. We assume that there are k = 
1, ... , K activities, which can be individual firms or as in our case in
dividual countries. Each activity is characterized by its input-output 
vector (xk,yk) = (Xk1, ... ,XkN,Ykl, ... ,YkM). These k = 1, ... ,K vec
tors form the coefficients of the model, and, together with the intensity 
variables, Zk ~ 0, k = 1, ... , K construct the output set as 

K 

P{X)={(Yl"",YM): Ym~ LZkYkm, m=l, ... ,M, (I) 
k=l 

K 

LZkXkn ~ xn, 
k=l 

Zk ~ 0, 

n=l, ... ,N, 

k = 1, ... ,K}. 

Thus the output set P{x) consists of all output vectors Y E R~ that 
can be produced from the input vector x E R~. The output set is then 
formed from the M + N inequalities and the k = 1, ... , K nonnegativity 
constraints above. 

The technology defined in (I) satisfies some important properties:4 

• Inputs are freely disposable, i.e., x ~ x' implies P{x') ~ P{x). 

• Outputs are freely disposable, i.e., Y ~ Y' E P{x) implies Y E P{x). 

• The output set P{x) is convex, i.e., Y, Y' E P{x) and 0 ~ oX ~ 1 
imply oXy + (I - oX)Y' E P{x). 

• The input set, i.e., L{y) = {x: Y E P{x)} is convex. 

• Constant returns to scale holds, i.e., P{oXx) = oXP{x), oX> O. 

3. DEA is the abbreviation for data envelopment analysis, a phrase which was 
coined by Charnes, Cooper, and Rhodes (1978). 

4. A proof can be found in Fare and Grosskopf (1996), pp. 41-44. 
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In addition to these five properties one can show that P(O) = {O} 
and that P(x) is a bounded set. It is also true that the graph GR = 
{(x, y) : y E P(x), x E RZ"} is a closed set. Finally, the technology in 
(1) satisfies 

• The law of diminishing returns, i.e., for scalar output, sup{y: y E 
P(x), Xl ~ Xl, xn ~ 0, n = 2, ... , N} < +00, if Xl is essential in 
the sense that P(O, X2, ... , XN) = {O}, for all X2, ... , XN ~ o. 

The law of diminishing returns is, of course, a fundamental concept in 
economics, namely, it is one of our notions of scarcity. As we shall see 
our dynamic model also allows for diminishing returns. 

To cast light on the idea that poor countries are less efficient than 
rich countries, we first introduce a static measure of inefficiency. The 
measure we use is the output-oriented Farrell measure of technical effi
ciency. This is defined as the reciprocal of Shephard's output distance 
function. Specifically, for a given country or activity k', we can calculate 
its technical efficiency as the solution to the following linear program
ming problem 

K 

s.t. L ZkYkm ~ ()Yk'm, m = 1, ... ,M, 
k=l 

K 

L ZkXkn ~ Xk'n, 
k=l 

Zk ~ 0, 

n= I, ... ,N, 

k= I, ... ,K. 

(2) 

The measure Fa (xk' , yk') = (D a (xk' , yk')) -1 can be interpreted as 
the ratio of maximum potential output to observed output, given the 
input bundle of country k'. Equivalently, it can be thought of as the 
ratio of maximum to observed average product, where average product 
is to be interpreted as a measure of total factor (rather than single factor) 
productivity. Intuitively, it tells us how far a country k' is from the part 
of the world production frontier consistent with its input levels and mix. 

The world frontier is created from the k = 1, ... , K input-output 
vectors (xk, yk) in accordance with (1), i.e., it is best practice based on 
the sample. This is very similar to the idea of the "meta-production func
tion" used in Kim and Lau (1994). In our case if the value of Fa (xk' ,yk') 
equals one, then country k' is on the best practice frontier and is there
fore efficient relative to the countries or activities in the sample. If the 
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value of Fo(xk' ,yk') exceeds one, then it is relatively inefficient, i.e., it 
could have produced proportionally more output by adopting the world 
frontier technology at its observed input mix. We note that the evalua
tion of efficiency is in some sense local, since any observation is compared 
to the best practice frontier at its own observed input mix. It will be 
compared to countries with a similar input mix. Nonetheless, the pre
sumption is that all countries, at least in principle, have access to the 
same technology, as in Kim and Lau. 

We apply the model (2) to analyze the performance of countries in 
APEC (Asian-Pacific Economic Community). This includes Australia, 
Canada, Chile, China, Hong Kong, Indonesia, Japan, Korea, Malaysia, 
Mexico, New Zealand, the Philippines, Papua (New Guinea), Singapore, 
Taiwan, Thailand, and the United States. These countries have in com
mon a border on the Pacific ocean. Otherwise they represent a fairly 
diverse group both economically and politically. The data are gleaned 
from the Penn World Tables, version 5.6. We follow Fare, Grosskopf, 
Norris, and Zhang (1994) and use real GDP as our output variable and 
employment and nonresidential capital stock as inputs. These are in in
ternational prices, base year 1984. The data are compiled for the 1975-
1990 period.5 These are the same variables used in Kim and Lau (1994). 

Efficiency level 
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Fig. 1. Efficiency level vs. Y / P for 17 countries 1975-1989 

5. Capital stock data are not available for China, Indonesia, Malaysia, Singapore, 
and New Guinea. We use the perpetual inventory method (benchmark year 1960, 
depreciation set at .10) to construct capital stock series for these countries based on 
investment data from PWT 5.6. 
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We compute technical efficiency for each country for each of the years 
1975-1990. We plot the resulting efficiency measures against the corre
sponding per capita income in figure 1. Recalling that efficiency values 
in excess of one reflect inefficiency, the plotted values suggest a negative 
correlation between degree of inefficiency and per capita income, i.e., 
rich countries are relatively more efficient than poor countries. Not only 
is average efficiency lower in poor countries than rich, but there is a 
greater degree of dispersion in performance. Note that this is based on 
an entirely static model. 

3. Comparative Statics: Catching-Up and Technical Change 

In this section we turn to the comparative statics of performance: i.e., 
we compare performance across periods, but in a static framework. Our 
previous model provides a measure of the relative level of (total factor) 
productivity of a given country in a given period. In this section we 
compute the change in relative total factor productivity between peri
ods. The index we use to compute total factor productivity change is the 
Malmquist productivity index first proposed by Caves, Christensen, and 
Diewert (1982) and operationalized in an activity analysis framework by 
Fare, Grosskopf, Lindgren, and Roos, initially in 1989. That approach 
allows us to identify which countries are shifting the best practice pro
duction frontier, as well as identifying which countries are catching up. 

To get an intuitive feel for the Malmquist productivity index and 
its component measures, suppose one input is used to produce a single 
output. Moreover, suppose that the technology, represented by its graph 
G R, is known at two time periods t and t + 1. Let (xt, yt) and (xtH , yt+ 1 ) 

be two given input-output vectors, then the output-oriented Malmquist 
productivity index is easily illustrated, see figure 2. The two observations 
(xt, yt) and (xtH, ytH) belong to their own period technologies, i.e., 
GRt and GRtH. The t period observation is also feasible at t + 1, i.e., 
(xt, yt) E G RtH, but (xtH, yt+l) is not feasible in period t, i.e., technical 
progress has occurred. 

We can measure the comparative static performance for these two 
observations by computing and comparing the corresponding distance 
functions. In terms of the distances on the y-axis, we observe that 
D~(xt,yt) = Of/De and that D~H(xt+l,ytH) = Oc/Oa. These measure 
the efficiency of (xt, yt) and (Xt+l, ytH), respectively. Thus the efficiency 
change is given is 

Oc/Oa 
- De/Of· (3) 
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Fig. 2. The output oriented Malmquist productivity index 

We use efficiency change to capture the notion of "catching up", i.e., 
how much closer to (farther from) the frontier a country has come from 
period t to t + 1. 

Following Fare, Grosskopf, Lindgren, and Roos (1994), we measure 
technical change as the geometric mean of the shift in the frontier eval
uated at xt+l and xt. In terms of distances on the y-axis in figure 2 

TECH = (Oa/Od)1/2 
Ob/Oe 

In terms of output distance functions this becomes 

(4) 

(5) 

We note that in (5) there are two "mixed period" distance functions, 
namely D~+ 1 (xt , yt) and D~+l (xt , yt). In each case, the data being eval
uated is from a different period than the technology relative to which it 
is being evaluated. To illustrate how these may be computed, in terms 
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of the model (1), we may compute D~(xt+1, yt+1) for observation k' as 

(D~(xk',t+l,yk',t+1))-1 = milJn () (6) 
z, 

K 

s.t. L zkYkm ~ ()Yi;~, m = 1, ... , M, 
k=l 

K 

'"' t < HI L....J ZkXkn = Xk'n' 
k=l 

Zk ~ 0, 

n= 1, ... ,N, 

k= 1, ... ,K. 

If we multiply (3) by (5), we obtain the Malmquist productivity 
index proposed by Fare, Grosskopf, Lindgren, and Roos (1994) and used 
by among others Fare, Grosskopf, Norris, and Zhang (1994). This index 
is the geometric mean of the t and t + 1 period Malmquist indexes as 
originally suggested by Caves, Christensen, and Diewert (1982). 

We compute the Malmquist productivity index as well as EFFCH 
and T EC H for the 17 APEC countries for every pair of years over the 
1975-1990 period. The variables used to specify technology are the same 
as those described in the previous section for the static model. We plot 
the individual indexes against per capita income.6 These appear in fig
ures 3-5. To interpret the results, we note that values of the indexes 
in excess of one are consistent with progress or improvements in perfor
mance, whereas values below one reflect declines in performance over the 
two periods being evaluated.7 Beginning with the plot of the Malmquist 
index values, we note that the scatter plot shows slightly more dispersion 
at the low income end, but with no obvious slope. If we ignore the hand
ful of low-income/low-productivity points that appear to be outliers, the 
pattern is very flat. The plots for EFFCH and TECH are quite similar. 
There is more dispersion in terms of the indexes at the low income end 
than the high income end, but otherwise, there is no obvious relation 
between per capita income and total factor productivity change and its 
components. 

One obvious reason for the difference in patterns between the earlier 
static case and the comparative-static case considered here is that the 
former captured (relative) levels of total factor productivity, whereas the 

6. We average the income over the two periods involved for each index. Thus, for 
country k, we plot the the EFFCH index for country k between 1975 and 1976 against 
their per capita income averaged over 1975 and 1976. 

7. This is in contrast to the interpretation of the levels of efficiency discussed in the 
previous section. There, values in excess of one reflect inefficient performance. Values 
equal to one signal efficiency. 
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Fig. 5. Technology change vs. average Y / P for 17 countries 

current results capture changes in total factor productivity over time. 
In a world of absolute convergence, however, one might expect to see a 
negative relationship between productivity growth and income. In par
ticular, we might expect to see a negative relationship between catching 
up and per capita income, however, our plot of efficiency change and 
income does not provide strong visual support for that type of conver
gence. 

In order to get some sense of the pattern by country, we also com
puted average annual values of the three components by country as well 
as the cumulated values. The cumulated values are the multiplicative 
sums of the individual indexes, i.e., they are the equivalent of a chained 
index and represent the total change between 1975 and 1990 for the 
individual countries.s These results appear in tables 1-2. For this sam
ple on average, we find evidence of improved productivity: on average 
productivity change exceeded unity. We also observe across the board 
improvements in terms of technical change, both on average for each 
country and in terms of the cumulated values.9 

8. These indexes do not satisfy the circular test, therefore these values are "path 
dependent", i.e., their values depend on the march of time. 

9. We note that our measure of technical change captures shifts in the frontier, and 
therefore not the technical change actually realized by any individual country. One 
can, however, identify which countries are shifting the frontier: if TECH exceeds one 
and that country has D~+l(xt+l,yt+l) = 1, then they are shifting the frontier. In 
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In terms of the cumulative productivity measure, the top performers 
in this sample are Hong Kong, Singapore, Korea, and perhaps surpris
ingly, Canada. These countries exhibit both catching up and technical 
progress. At the other end, the lowest cumulative performers included 
Indonesia, China, and Papua, New Guinea. For these countries, their 
adverse performance is due to "falling behind" the frontier as it shifts 
away from them, i.e., they are becoming relatively more inefficient over 
time. These three countries are also among the bottom four in terms of 
per capita income in 1990 in our sample.lO 

Country Productivity Efficiency Change Technical Change 
Canada 1.0147 1.0013 1.0133 
Mexico 0.9958 0.9803 1.0158 
United States 1.0062 1.0000 1.0062 
Chile 0.9968 0.9799 1.0173 
China 0.9827 0.9748 1.0081 
Hong Kong 1.0436 1.0225 1.0206 
Indonesia 0.9464 0.9389 1.0080 
Japan 0.9978 0.9969 1.0009 
Korea 1.0167 0.9934 1.0235 
Malaysia 0.9936 0.9810 1.0128 
Philippines 0.9976 0.9847 1.0131 
Singapore 1.0230 1.0141 1.0088 
Taiwan 1.0028 0.9941 1.0087 
Thailand 0.9986 0.9875 1.0112 
Australia 1.0103 0.9970 1.0134 
New Zealand 0.9959 0.9866 1.0095 
Papua 0.9923 0.9781 1.0145 
Grand Mean 1.0007 0.9887 1.0121 

Table 1. Malmquist output based productivity: Average annual changes: 

1975-1990 

this sample, the U.S., Chile, and Mexico are the off and on shifters over the 1975-
1980 period. From 1982 to 1990, the U.S. and Hong Kong are the most frequent 
technology shifters. 
10. The lowest per capita incomes in our sample for 1990 include China ($1324), 
New Guinea ($1425), the Philippines ($1763), and Indonesia ($1974). These data are 
from PWT 5.6. 
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Cumulated Cumulated Cumulated 
Country Productivity Efficiency Change Technical Change 
Canada 1.2443 1.0203 1.2194 
Mexico 0.9393 0.7424 1.2652 
United States 1.0973 1.0000 1.0973 
Chile 0.9531 0.7373 1.2925 
China 0.7701 0.6822 1.1288 
Hong Kong 1.8968 1.3966 1.3581 
Indonesia 0.4376 0.3881 1.1275 
Japan 0.9677 0.9542 1.0141 
Korea 1.2827 0.9059 1.4158 
Malaysia 0.9077 0.7501 1.2100 
Philippines 0.9641 0.7930 1.2158 
Singapore 1.4064 1.2333 1.1403 
Taiwan 1.0422 0.9152 1.1388 
Thailand 0.9796 0.8286 1.1822 
Australia 1.1664 0.9558 1.2202 
New Zealand 0.9406 0.8166 1.1518 
Papua 0.8904 0.7170 1.2417 

Table 2. Disaggregated cumulative results: 1975-1990 

4. A Dynamic Activity Analysis Model 

Our static and comparative static results suggest that inefficiency is 
present in the low income countries in our sample. We would also like 
to analyze their performance in a dynamic activity analysis framework. 
That would allow us to analyze the role of investment, which is ignored 
in our static and comparative static framework. 

In the dynamic activity analysis model we allow for intermediate 
outputs, which serve to provide the link between (discrete) time periods. 
That is, outputs in say period t can be inputs in period t + 1. In contrast 
to the classical Ramsey (1928) model, we allow for many outputs rather 
than a single final output. 

To put the static, comparative static activity analysis models from 
sections 2-3 into perspective with our proposed dynamic model, we first 
turn to a schematic drawing. Figure 6 includes a sketch of our static 
model of technology in terms of the output set. At period t, inputs 
xt are used in pt to produce final outputs yt. The comparative static 
model from section 3 can also be illustrated in a simple figure, see figure 
7. The difference between figures 6-7 is that in 7 inputs and outputs at 
t + 1 are related to the t period technology, and (xt, yt) is related to the 
t + 1 technology. This is how the two mixed period distance functions, 
D~(xt+1, yt+l) and D~+l (xt, yt), are generated. These were used in the 
productivity and technical change indexes. 

The dynamic model can also be illustrated in a similar figure, see 
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Fig. 6. The static technology 
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Fig. 7. The comparative static technology 

Final outputs 
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Fig. 8. The dynamic model 
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figure 8. Suppose that there are three periods, t - 1, t and t + 1 with a 
different technology at each period, pT, T = t-I, t, t+ 1. As in the static 
model pT is modelled using observed data on inputs and outputs. At 
each period, there are two types of inputs, namely XT, T = t - 1, t, t + 1 
which are exogenous to the dynamic technology like labor in the Ramsey 
model, and iyT, T = t- 2, t-I, t, which are endogenous to the technology, 
like investment.11 

The endogenous inputs iyT are output from the previous period and 
together with the final outputs like consumption, fyT, T = t -1, t, t + 1, 
constitute total production. For example, the total output at period t 
equals (fyt + iyt). A simple example would be corn production, where 
fY~ is the amount of corn that is consumed and iy~ is the amount 
that is used as seed corn or input in the next period. In this model the 
"dynamics" i.e., the time interdependence arises from the endogenous 
inputs iyT = (iy[, ... , iYM)' T = t - 1, t, t + 1. This model can be easily 
translated into a form that closely resembles the (discrete) form of the 
Ramsey model. This could be accomplished by evaluating the final out
puts in each period by a corresponding utility function. If we maximize 
the sum of these utilities, the result is of the standard Ramsey form. 12 

One of the advantages of the dynamic model illustrated in figure 
8 is that it can be implemented as a dynamic activity analysis model. 
Recall that k = 1, ... , K denotes the individual observations. In our case 
we have the same number of observations in every period, i.e., we have 
a balanced panel of data. We can write the output set consistent with 
figure 8 for three periods as 

K 

fy;;;l + iy;;;l < L z~-l(fy~~l + iy~~l), 
k=l 

K 
~ zt-l~yt-2 < ~yt-2 
~ k • km =. m , 

k=l 

K 
~ t-l t-l < t-l 
~zk xkn =Xn , 

k=l 

Zt-l > 0 
k = , 

11. In practice, the initial period value of iyT is given. 

(7) 

m=I, ... ,M, 

m=I, ... ,M, 

n= I, ... ,N, 

k= I, ... ,K, 

12. That is, we would maxUt-1(fyt-l) + Ut(fyt) + Ut+1(fyt+l) given the tech
nologies pT and given iyt-2, XT, r = t - 1, t, t + 1. 
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K 

fy:r, + iy:r, ~ L: zl (fylm + iylm), m=I, ... ,M, 
k=1 
K L: Zt i yt-l < i yt-l k km = m , m=I, ... ,M, 

k=1 
K 

L:tt<t ZkXkn =Xn , n= 1, ... ,N, 
k=1 

t > 0 Zk = , k=I, ... ,K, 

K 

fy;;1 + iy;;1 ~ L: z~H(fy~~1 + iy~~I), m=I, ... ,M, 
k=1 
K 

L: zt+1i yt < iyt k km = m' m=I, ... ,M, 
k=1 
K L: Zt+l Xt+l < Xt+l 

k kn=n' n=I, ... ,N, 
k=1 

Z~+1 ~ 0, k = 1, ... ,K}. 

One can prove, see Fare and Grosskopf (1996), that if each period 
technology, pt-l, pt, and pt+l satisfies the conditions listed in section 
2, then the dynamic model in (7) satisfies them as well. 

For a given country or observation k', we can compute its dynamic 
efficiency by solving a linear programming problem, namely 

(Do(Xk',t-l,Xk',t,xk',t+l,iyk',t-2))-1 = m~(J (8) 
z,O,zy 

s.t. (J(fyk',t-l, fyk',t, (fyk',t+l + iyk',tH)) E 

P(xk' ,t-l , xt, xk' ,t+l, iyk' ,t-2). 

We would like to compute a dynamic model of the general sort 
specified by Fare and Grosskopf and described in (8), but which we can 
apply to our data and compare to our static and comparative static 
results. As a consequence, instead of scaling all periods by the same (J, 
we modify (8) to the following problem: 

1990 

(Do(Xk',1975, ... ,Xk',1990,iyk',1975))-1 = m~ L: (JT (9) 
z,O'" ,zy'" T=1975 

s.t. (JT (fyk' ,T) E P(xk' ,1975, ••• , x k' ,1990, iyk' ,1975), 

r= 1975, ... ,1990. 
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In order to make this model comparable to our earlier models, we 
need to be explicit about what we mean by iy and fy. Our earlier model 
specifies output for country k in period t, i.e., (YO as real GDP for that 
country and year.13 In this context we now define 

t ft. t 
Yk = Yk + ~Yk' k= 1, ... ,K; t = 1975, ... ,1990. (10) 

A schematic appears in figure 9. In our programming problem, how
ever, iyt becomes endogenous starting in 1976. We treat iyt as invest
ment. This means, of course, that it is related to the capital stock vari
able we use in the static and comparative static models. In particular, 
we have 

ct = c~-l(1 - 15) + iy~-l, k = 1, ... , K; t = 1976, ... ,1990, (11) 

where ct denotes the capital stock in country k in period t, and 15 is the 
depreciation rate. In the earlier models the capital stock was denoted 
as xt2. We now use ct for capital stock and xt (note that there is no n 
subscript) to represent employment in country k in period t. 

Fig. 9. Final and intermediate output 

Using this notation, we can write out our programming problem for 
country k' as follows 

subject to: 

13. We suppress the m subscript since M = 1 in our application. 
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First Period: T = 1975 
K 

(F fYk' + iyr < L ZkYk' 
k=l 

K 

LZkCk < r C r-l r-l(I 8)) Ck' = zYk' + ck' - , 
k=l 
K 

LZkXk ~ xk" 
k=l 

(F > 1, 

Zk ~ 0, k= I, ... ,K. 

Middle Periods: T = 1976, ... , 1989 
K 

(F fYk' +iyr < L r r ZkYk, 
k=l 

K 

LZkCk ~ c~,-l(I- 8) + iyr-l, 
k=l 
K 

LZkXk < xk" 
k=l 

(F ~ 1, 

zk > 0, k=I, ... ,K. 

End Period: T = T (1990) 
K 

(FYk' < L r r zkYk, 
k=l 

K 

LZkCk < c~;-l(I- 8) + iyr-l, 
k=l 
K 

LZkXk < xk" 
k=l 

(F ~ 1, 

zk ~ 0, k= I, ... ,K. 

259 
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Note that we are restricting the individual ()ts to be greater than or 
equal to one in order to prevent countries from reducing past produc
tion. We set the initial capital stock equal to observed capital stock, i.e., 
investment in 1974 is assumed to be exogenous. In later periods, invest
ment is endogenous, and it is possible to compare the optimal investment 
path with the actual path whenever this is of interest. 

We run this programming problem for each of the 17 countries in 
our APEC sample. To our knowledge, this is the first time this dynamic 
model has been estimated. One of the real advantages of this approach 
is that solutions are found using linear programming; we do not need 
to use dynamic programming or optimal control techniques. Since this 
programming problem allows more choice than our original static period 
efficiency problems, we expect the annual values of the ()t,s to be no 
smaller than those computed in the static case. This is confirmed by the 
plot of the individual solution values against per capita income in figure 
10. If we compare this to figure 1 (which plots the static efficiency results) 
against per capita income, we see that the range of inefficiency is greater 
in the dynamic than the static case, as expected. The general relationship 
between efficiency and per capita income persists in the dynamic model 
(although perhaps not as pronounced): high income is associated with 
high levels of technical efficiency. Low income is associated with a much 
greater range in terms of performance. The most inefficient observations 
are low income. 
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Fig. 10. Efficiency level vs. YIP for 17 countries 1975-1989 
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If we ignore the extremely inefficient points in figure 10, say those 
with scores of 4 or greater, the distribution becomes more uniform than 
we observe in figure 1 using the static approach. One possible interpreta
tion of this is that changes in investment patterns can benefit countries 
at a wide range of income levels. The "outlier" points at the low income 
levels suggest extremely large potential gains from changes in investment 
for very low income countries. 

5. Summary 

One of the goals of this chapter was to investigate Mancur Olson's claim 
that low income countries that do not exhibit the "catching up" that is 
predicted by traditional growth theory have inefficient institutions and 
economic policies. We proceed by looking at the relationship between 
efficiency and income for the sample of countries in the Asian-Pacific 
Economic Community (APEC) over the 1975-1990 period. The notion 
of efficiency we use is technical efficiency, which we compute as the recip
rocal of a Shephard-type output distance function. The computational 
approach we use is activity analysis. Intuitively, we construct a best 
practice technology from the data we have on inputs and output for 
our sample. Technical efficiency is computed as deviations from the best 
practice frontier. 

We begin by specifying efficiency in the standard static model. Tech
nical efficiency is computed annually for each country in our sample. In 
this framework, each year has its own technology. Our results suggest 
that rich countries are relatively efficient. The poorest countries have 
lower efficiency on average, and a greater variation in performance than 
rich countries in the static framework. 

We next consider a comparative static case. Here we compute in
tertemporal performance using ratios of distance functions, in particu
lar, we compute Malmquist productivity and its components, technical 
change and efficiency change. Here we find greater dispersion in perfor
mance among poor countries than rich countries, i.e., both the highest 
and lowest productivity changes are observed at low levels of income. 
Those countries with the lowest productivity growth are those with the 
lowest incomes. The three countries with the highest cumulated produc
tivity growth (Hong Kong, Singapore, and Korea) all have per capita 
incomes below $6000 in the base year, 1975. Real per capita income 
more than doubled between 1975 and 1990 in these three countries. 
Hong Kong and Singapore have the highest cumulated efficiency im
provements, whereas Korea has the highest cumulated technical change 
in the sample. 
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Finally, we develop a simple dynamic activity analysis model to 
measure dynamic efficiency. This simple model allows for allocation over 
time through investment. The dynamic performance measures result in 
even greater dispersion at the low income end than the static measures. 
Dispersion is relatively low at the high income end. Again we see the 
pattern of higher average efficiency at high incomes, and relatively low 
average efficiency (with high variance) at the low end. Nonetheless, we do 
find considerable potential gains to high income countries from changes 
in investment. 

Our evidence is, of course, only suggestive. We would like to enhance 
the empirical and theoretical model by explicitly including human capi
tal. Future empirical work would presumably focus on an enriched spec
ification of technology to include multiple outputs, dis aggregated inputs 
adjusted for quality, and an expanded number of countries and time 
periods. As suggested by the editors, it would also be of considerable 
interest to look at the relationship between efficiency and trade and effi
ciency and growth explicitly. We would also like to use our efficiency and 
productivity measures to pursue formal hypothesis tests. Finally, from a 
policy perspective, it is important to identify the sources of inefficiency. 
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CHAPTER 9 

Interpreting East Asian Growth 

Pham Hoang Van and Henry Y. Wan, Jr. 

1. Introduction 

We study in this chapter the East Asian economies, in particular, the 
Newly Industrialized Economies (NIEs) of Korea, Taiwan, Hong Kong, 
and Singapore. These economies have attracted much attention both 
for their own sake and for the valuable implications embodied in their 
remarkable experiences. Their performances are subjects ofrecent raging 
debates.1 The development of the NIEs are characterized by: 

1. Their sustained rapid growth in per capita real income of 6% per 
annum for 30 years; 

2. Their export expansion which is spectacular in both volume and 
variety, including high-tech exports for advanced economies; 

3. Their macro-economic stability is manifested in: (i) low unemploy
ment and low annual inflation, (3% or less in both for some NIEs); 
(ii) low income inequality; and (iii) a balanced government budget 
and balanced international payments. 

The debates concerning the NIEs are focused upon four aspects: 

1. Is trade essential in the development of the NIBs? On this Young 
(1994) expressed the novel view that trade has only a once-and
for-all impact on technology; 

2. Is State guidance indispensable for their development schemes? On 
this Amsden (1989) for example, holds that State guidance plays 
an indispensable role; 

3. Is technical progress present in their evolution? On this Kim and 
Lau (1994a) and Young (1995) claim that, unlike five OEeD econo
mies, the NIEs have made no technical progress of statistical sig
nificance; 

4. Is collapse Soviet-style the eventual fate of the NIEs? On this Krug
man (1994) is sure. 

1. See, for example, Page (1994). 
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We argue in this study that in the development of the NIEs, that (i) 
trade has been playing a continuous, indispensable role; state guidance 
has not; and (ii) there is continuous gain in technology, in the sense 
as both laymen understand it and what policy-makers care about. This 
may be so even if the NIEs' performance may be unremarkable by some 
derived measure (like the "Solow residual"); and (iii) the tempo of their 
growth is likely to taper off as has happened to Japan, but there is no 
reason to expect a nose-dive, Soviet style. 

Our analysis is based upon two fundamental properties of the NIEs. 
First, in their mechanism for growth, there is a generalized complemen
tarity among (i) capital accumulation, (ii) technology gain, and (iii) in
ternational trade. Their growth would be impossible if anyone of the 
three is lacking. This view generalizes the complementarity hypothesis 
of Kim and Lau (1994b), between physical and human capital accumu
lation. 

Second, about their mode of development, the contagion model of 
Findlay (1978) captures the essence of the matter. The NIEs acquire 
technology by close association with the developed world where in such 
"emulative growth", they rely on "borrowed technology", not domestic 
research and development (R&D). Their rapid progress is secured by 
side-stepping the risky and costly R&D investments, yet, the avoidance 
of which comes at a price: the foregoing of the innovators' profits. Thus, 
without such profits, the NIEs must devote much more inputs than the 
advanced economies in earning the same unit of value on the world 
market. 

Analytically, we do not assume the existence of any particular form 
of an aggregate production function, which can vary under technical 
progress only in some specific manner (e.g., output-augmenting or input
augmenting). In the development context, what may count for an ag
gregate production function is contingent upon different trade regimes 
and varies at a pace which depends on the evolution of the economy. 
Our stance follows the position of Solow stated in his review of Hicks' 
Capital and Growth thirty years ago. To him, the aggregate production 
function which he employed with such virtuosity is but an artifice, to 
be used wherever it is useful and in the absence of superior alterna
tives. Notably, Solow never for once applied such a tool in the context 
of economic development. To address development concerns, we fashion 
an analytic apparatus from an extension of the surrogate production 
function of Samuelson (1962). 

Following the tradition of economic analysis on many issues (e.g., the 
backward-bending labor supply curve), our study is motivated by casual 
observations, followed through with deductive reasoning and illustrated 
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with specific examples. Its ultimate validation must come from empirical 
evidence of a formal or casual nature. 

Returning to the controversies we alluded to earlier, we believe that 
the schematic chart shown in figure 1 provides a bird's eye view of what 
shapes the rapid growth of the NIEs. 

"Contagion 
process" 

Trade 

Investment Growth 

Fig. 1. Causal links 

The rest of the chapter is organized as follows. In section 1, we shall 
set forth our basic notions about technology: its nature, acquisition, eco
nomic representation, and implications on the innovation process among 
the OECD states and the emulation process of the NIEs. In section 3, we 
focus on the relationship between technology acquisition and capital ac
cumulation, from both the supply and demand sides of the coin. Section 
4 examines the crucial role played by trade in technology acquisition by 
the NIEs. We conclude with comments on the outlook of the NIEs. 

2. Technology, Innovation, and Emulation 

We focus attention on the acquisition of technology by a developing 
economy which has little influence on world market prices. It is useful 
now to digress on the concept of technology we use in this study. 

Here, technology is identified as the vast body of tacit and specific 
knowledge regarding what is to be done under various eventualities in 
production. It resembles an expert system program in computer science, 
or a "policy" in dynamic programming. As illustrated in the well known 
case of "Sexing the Chicken", a group of Japanese farmers found no 
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way to instruct their American hosts about how to decide the gender of 
new-born chickens by inspection; the latter gained proficiency only by 
watching the Japanese practising their art [see Biederman and Shiffrar 
(1987)]. Thus, in real life, oftentimes, technology cannot be acquired 
fully by merely taking possession of a set of operating manuals or blue
prints, nor by undergoing certain types of formal training, though all 
these may help. 

Among many alternatives, three approaches for acquiring technology 
deserve attention: (i) learning by doing, in which one progresses by both 
"trial and error" and serendipity; (ii) organized R&D, which is heavily 
relied upon by developed economies in innovation; and (iii) observations 
on how the "informed" parties act (sometimes under the formal tutelage 
of the latter), which is important to the less developed economies in the 
process of "emulation" . 

In developed economies, costly and risky R&D is often necessary 
to achieve appreciable productivity gain: their production methods are 
already close to the current best practice. For the developing economies, 
reverse-engineering is often far more attractive than re-inventing the 
wheel. Because it is "self-financing", learning by doing is useful to all 
economies, yet its effect exhibits diminishing returns at some point [see 
Young (1993) on bounded learning]. 

For our purpose, we shall adopt the following simplifying assump
tions. 

Assumption 1. The vector of world prices, p, is given. 

Assumption 2. Constant returns prevail in all production processes, 
with labor, capital, and possibly some intermediate goods as inputs, 
according to given proportions. 

A production process, P, is characterized by the ordered triplet, 
(xp,Kp,Lp), where Xp is a vector with positive signs for outputs and 
negative signs for inputs and Kp and Lp are respectively the capital 
and labor inputs associated with that process. Write 

Vp =PXp 

as the value added of P. Clearly only processes with Vp > 0 will be 
carried out in real life. 

Remark. In contrast to the traditional treatment, there is no need at 
this point to rule out joint outputs. Nor must traded inputs or non
traded outputs receive any special treatment. These only influence the 
characteristics of particular processes. V' 
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By Assumptions 1-2, we need only consider any normalized process 
P with unity as its value-added. For our present purpose, we focus on 
(Lp, Kp), its ordered pair of labor and capital requirements, which is 
the projection of P on R2. 

Definition O. C is the (closed) convex hull of process-specific input pairs 
for all P. Its lower boundary is shown as AA' in figure 2 and is the eco
nomic representation of the technology open to an economy at a specific 
point in time. In such a representation, one abstracts from descriptive 
details of what collection of goods are producible in an economy and 
what collection of processes are available to produce a particular good. 
Here, it is natural to introduce the following definition. 

Definition 1. A technology gain means a set-theoretic enlargement of 
C over time. 

We now adopt: 

Assumption 3 [Atkinson and Stiglitz (1969); Lapan and Bardhan 
(1973)]. Any gain in technology is localized. 

In figure 2, the process of innovation which reduces the input re
quirement pair of a process from M to N leads to an improvement of 
technology to the new envelope: AT NT' A', with the area TNT' M rep
resenting the gain. 

K 
A 

o 

AA': Original envelope 
M to N: Innovation 
ATNT' A: New envelope 
Gain: Area TNT'M 

T' A' 

Fig. 2. Innovation 

L 
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Emulation by a developing economy (depicted in figure 3) differs 
from innovation by a developed economy in that it represents a sequence 
of movements of the BB' envelope toward the AA' envelope, ending on 
some position along ee'. The main difference between innovation and 
emulation is that for innovation, the nature of the next break-through 
is unpredictable. In contrast, emulation is an activity with a ready tem
plate, the AA' envelope. At this point, it is natural to introduce a concept 
of technology gap below: 

K 

B 

I 

A 

o 

Workstations (late) 
I 

AA': The goal 
BB': The start 
ee': An envelope on 

the catch-up path 

'" Toys (early) 

B' 

Fig. 3. Emulation 

L 

Definition 2. If the aggregate input pair of an economy is (L, K) with 
an output value V and if another economy can produce the same output 
V with an input pair, [(1 - g) L, (1- g) Kj, then, 

9 = the technology gap. 

For simplicity, we adopt further that: 

Assumption 4. AA', BB', and ee' in figure 3 belong to a family of 
homothetic loci, with ee' lying between AA' and BB'. 

The reason that ee' is likely to lie somewhere above AA' will be 
discussed later. 

Next, we shall postulate, 
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Assumption 5. At any point in time, a developing economy can catch
up with the advanced economies in allocative efficiency, over all processes 
not exceeding the critical "degree of complexity", z, which is positively 
associated with the capital-labor ratio, k(z). This marks the most com
plex process which an economy can master by emulation. 

If z is a real-valued index for human capital (or, knowledge cap
ital), then the functional relationship k(z) is the manifestation of the 
complementarity hypothesis of Kim and Lau. 

Definition 3. C(z) is that convex hull when the best practice has been 
acquired for all processes up to and including any technique at complex
ity z. 

Definition 4. aC(z), the boundary of C(z), is a unit-value isoquant 
characterizing a surrogate production function F(K, L; z) [see Samuel
son (1962)]. 

Definition 5. J(k; z) = J(K/ L; z) = F(K, L; z)/ L is the associated per 
worker production function. 

Remark. J(k; z) may have a kink at the point, (k(z), J(k(z); z)). \l 

Remark. z represents the ability of an economy to "domesticate" a 
complex process. As is emphasized in the theory of endogenous growth, 
such "industrial competence" is a nonrival good, accumulated through 
the external effects of the actions by the individual firms and per
sons. The process of its accumulation over time is considered in a later 
section. \l 

Example. In figure 4, success in emulation comes to toys before coming 
to workstations. \l 

With the production of toys (resp. workstations) successfully emu
lated, the required input pairs for all processes no more capital intensive 
than toys (resp. workstations) are on the CC' locus, while those for 
more capital-intensive processes remain on the BB' locus. This implies 
an envelope of C' N'T' B (resp. C' N' Nil B). 

We can also represent the situation in terms of the surrogate pro
duction function as shown in figure 5. The developed economies possess 
advanced technology depicted by a surrogate production function which 
is everywhere above the surrogate production function of the developing 
economy which uses backward technology. 

For a developing economy which has successfully emulated tech
niques for toy production but not those for production of more complex 
goods, the surrogate production function would be the darker segments 
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in figure 6a with a kink at point n. As the economy gains more technical 
expertise, the kink point would move up along the higher production 
function, to n" (shown in figure 6c) at the point where the production 
of workstations has been mastered. 

The steady rise of the capital intensity of outputs is well documented 
for the NIEs and undisputed. The questions at issue are three: (i) what 
causes such an evolution: capital accumulation or technological gain? (ii) 
how is a new output introduced to the NIEs? and (iii) what measures 
the technical capability of the NIEs? 

To both Kim and Lau (1994a,b) and Young (1995), capital accu
mulation is the essence of growth for the NIEs. The introduction of a 
new product to these economies only involves the simple act of buying 
the needed equipment. For the scenario we have described in figure 4, 
Kim-Lau and Young would represent the technical capability ofthe NIEs 
with the same CC' path over the entire period of observation. Thus, in 
contrast with the advanced economies, the measure for technology gap: 

g = 1 - (On' JON') = 1 - (On" ION") 

stays at a constant value, with no tendency of narrowing. 
This is at variance with our interpretation, where the prime mover is 

the sequential acquisition of various product-specific technologies. Over 
time, the unit value envelope for input requirements moves gradually 
from C' N'T' B to C' N"T" B. By comparing Definitions 1-2, we can now 
state the following proposition. 

Proposition 1. Under Assumptions 1-5, an economy may enjoy a se
quence of technological gains without reducing the technology gap. 

By our interpretation, CC' is the historical path traced out over 
time. Its entire length does not represent the technical capability of an 
economy at any instant, and therefore, the measure g is by no means a 
perfect measure of the differences in technology between two economies. 
The reasoning backing our interpretation is elaborated in the next sec
tion. 

Replace Assumption 1 with: 

Assumption I'. World prices are given to individuals in the LDCs, 
including the NIEs, but innovators in the DCs can set prices monopo
listically. 

We can now consider the situation depicted in figure 5 where the 
absence of innovation in the NIEs (a consequence of their low levels 
of R&D efforts) means the absence of the profit component in output 
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values. Hence more inputs are required to obtain the same aggregate 
output value. This may be formally stated as, 

Proposition 2. Under the aforementioned assumptions, the lack of 
R&D efforts in the NIEs implies that they wiII persistently face 9 > O. 

The separation of AA' from ee' in figures 3-4 follows naturally the 
above result. 

3. The Role of Technology Acquisition 

In the scenario discussed in the last section, both capital accumulation 
and gains in technology are at work. For Kim and Lau as well as for 
Young, there is not much technical progress in the NIEs, and it is the 
extraordinary rates of capital accumulation which fuel their growth in 
per worker output. In contrast, to us, technological advance is the ulti
mate cause. Two systematic factors have probably affected the results 
of Kim-Lau and Young. 

The first concerns the problem of identification. Again, return to our 
simplified scenario. ee' in figures 3-4 would be identified by them as an 
isoquant of the aggregate production function (or as lying on the surface 
of the same production set). To us, each observation lies on a different 
production set. In principle, one may conduct an empirical test which 
could conceivably clarify the issue. Consider the situation in figure 4, and 
suppose that the best practice for producing the workstation has just 
been acquired. Note that the upper contour set C has a kink at Nil. The 
tangent of ee' at Nil has a slope which is their presumptive marginal 
rate of factor substitution (viz., when ee' is treated as an isoquant of 
the aggregate production function). This can be either equal to or less 
steep than the market ratio of wage to the user cost of capital. At Nil 
in figure 4, the line with slope w only has to be a supporting line of the 
upper contour set C, not of the envelope, ee'. Should the magnitudes 
of the estimated slopes of ee' be repeatedly less than the corresponding 
observed w's, then clearly ee' is not lying on an unchanged production 
set. 

The second factor concerns the "product-mix effect", namely, the 
impact of the changing product-mix on the net accumulation for the 
NIEs. It is known that a rapid succession of products are important 
in the NIEs [e.g., Young (1992)). For example, the output mix of the 
Handok Co., Korea was dominated by wigs early on, but by computers 
a dozen years or so later [Kim and Leipziger (1993)). Since equipment 
for wig-making is hardly appropriate for producing computers, these 
economies have no recourse but to make continuously heavy gross invest-
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ments in equipment and sustain higher rates of economic obsolescence 
than otherwise. 

It should be noted that the principal argument behind our view 
is conceptual. In market economies, the rate of capital accumulation 
by rational agents can never be a causal determinant for growth. It is 
endogenously determined by profit prospects. These can never be sepa
rated from the acquisition of product technology (as well as the opening 
to trade). The above reasoning remains true both when an economy 
has access to the international capital market and when it has not. The 
relevance of this argument is attested by the experience of the NIEs. 

To illustrate the above points, we shall embed now the concept of 
technology in a sketch of an open-economy Ramsey model specified be
low. 

Assumption 6. Labor endowment is constant over time. By normaliza
tion, L(t) == 1 and the capital good is fully malleable. 

Remark. Capital being malleable, Assumption 6 implies there is no 
product-mix effect. V' 

Assumption 7. All persons are identical, facing an infinite horizon 
with rational expectations, a smooth, increasing and concave felicity 
index u(·) dependent on a scalar c and a time preference rate which is 
normalized to unity by the choice of unit for time. 

Assumption 8. Capital can be lent and borrowed at the world market 
rate of interest r(t). 

Now denote: 

• the initial wealth as a; 

• the balance of net assets abroad as b(t); 

• the total consumption spending as c(t); 

• the indirect utility index with respect to spending c and price p as 
u(c;p) = u(c). 

Then the representative individual faces an open economy Ramsey 
model [see e.g., Bardhan (1965) or Wan (1971)], 

max 1: e-tu[c(t)]dt 

s.t. dkjdt = J[k(t); z(t)] + r(t) b(t) - c(t) - h(t), 

dbjdt = h(t), 

a = k(O) + b(O). 
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Next, introduce: 

Definition 6. 8J[k(z); z] is the subgradient at the "kinked" point: 
(k(z), j[k(z); z]), that is, the set of slopes of the support lines at that 
point. 

Introducing the Hamiltonian format with adjoint variables A and 
m corresponding to the state variables k and b, the Euler-Lagrange 
first-order necessary conditions for optimization imply that along the 
equilibrium time-path, 

e-tu'(c) = A(t), 

A(t) = m(t), 

dAjdt E -A8j(k;z), 

dmjdt = -Ar(t). 

By the last three conditions, 

r(t) E 8j [k(t); z(t)]. 

Thus, the domestic capital stock (hence its rate of accumulation, dkjdt) 
is endogenously determined by the time-path of the world interest rate 
r(t) and parametrically dependent upon the evolution of technology z(t). 
Thus, accumulation can in no way be regarded as an ultimate source for 
growth. On the other hand, to gauge the role of technology acquisition, 
one can consider what happens in its absence, that is, in the case of 
technological stagnation, 

z(t) == z(O), \It. 

If r(t) stays constant, so must k(t), and stagnation reigns. In figure 8 
this stagnation is shown at k, and only with technical progress can the 
economy increase the capital-labor ratio to kif. 

For real life relevance, one may note that in recent years, Hong Kong 
and Singapore have become regional financial centers and the perpetual 
trade surpluses of Taiwan are matched by the frequent trade deficits in 
Korea. Thus, in all these four NIEs, their domestic investment, dkjdt, 
need not equal domestic savings, j [k(t); z(t)]- c(t). In fact, neither item 
can possibly be said to be a determinant (hence cause) of the growth rate 
of domestic output. Instead, both must be regarded as determined by the 
growth potential in investors' expectations. For further direct evidence, 
see also the valuable study of Itoh (1996) on the direct investment policy 
of Sony. The latter assigns different types of production facilities among 
Singapore, Malaysia, and Indonesia, based upon the relative wage rates 
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and skill levels (mainly acquired on the job) at these three alternative 
locations. 

But even in the absence of international capital mobility, the above 
reasoning is essentially intact: technology acquisition determines capital 
accumulation and not vice versa. To see this, we first replace Assumption 
8 with: 

Assumption 8' . There is no international lending or borrowing: 
b(t) = o. 

We now have, 

Lemma [Cass and Shell (1976)]. Capital accumulation reaches a stand
still if: 

1 E 8J[k(z);z]. 

To demonstrate that technology acquisition matters to accumula
tion, let: 

• z(O) be the level of acquiring the best practice for toy-making, and 

• z* be the same for workstations; 

• k = k[z(O)] and 

• k' = k(z*). 

Next consider two alternative scenarios: 

(i) z(t) = z(O); 

(ii) z(t) increases at least to z*. 

Under (i), the above lemma implies that stagnation prevails at k. 
Under the latter, we have a time-dependent Ramsey model. Qualitatively 
speaking, once z(t) reaches any level, 

z(T) E (z(O), z*) , 

such that, 

1 ~ 81 [k[z(T)]; z(T)] 

then, 

dk/dt > o. 
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Fig. 8. Accumulation is decided by technology 

This is graphically shown in figure 8. 

k 

In the historical context, in the earlier period, capital was not inter
nationally mobile for all the NIEs. Yet, it is known that at the eve of their 
trade reform around 1960, both the Korean and Taiwanese economies 
stagnated under the classical import substitution regime, with rampant 
excess capacities in their industries. 

Summing up, we have: 

Proposition 3. With or without international lending or borrowing, 
there are cases where the presence or absence of further technological 
gain decides whether there will be further capital accumulation. 

4. The Trade-Growth Nexus 

From both conceptual reasoning and empirical evidence, trade has a 
dynamic effect on the growth performance of the NIEs in at least four 
different ways. 

First, there is the production gains from trade. This is very impor
tant as intermediate goods (including capital goods, parts, and compo
nents) are prominent among the NIE trade. The comparative advantage 
of the NIEs are in assembling or simple fabrication but not in sophisti
cated fabrication or science-based material processing. Thus, when ex
porting to America, Korea ships Hyundai cars carrying Japanese engines 
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by Mitsubishi and Taiwan supplied electronic components function in
side Casio calculators from Japan. If Korea and Taiwan had to produce 
cars and calculators completely by themselves, they would not be cost
competitive for a long time to come. 

In our framework, consider only productive processes involving no 
import nor export of any intermediate goods. Construct C* , the convex 
hull of their unit-value input pairs. C* is a shrinkage from C: C J C*. 
So is 8C* an outward shift of 8C, the unit-value isoquant. This will 
cause a downward-shift of the function f(k). Together with Assumption 
8', this would in all likelihood discourage domestic accumulation. 

Second, there are consumption gains from trade which is very im
portant for the NIEs. They enjoy the advantages to be both small [see 
Chipman (1965) on Mill's Paradox] and having rapidly changing com
parative advantages. Thus, take Singapore for example. Freed from the 
need of seeking food self-sufficiency, it can develop the expertise to sup
ply the major portion of world's demand for hard disks. 

Again, under Assumption 8', the rate of domestic accumulation is 
endogenous in a Ramsey sense. Trade allows the NIEs to pursue what
ever is the most profitable, without a shadow of concern about whether 
it is adhering to "balanced growth". Such profit should encourage accu
mulation. 

In both of the above aspects, the "static trading gain" tends to 
have more than a once-and-for-all effect through its encouragement for 
accumulation. In the next two instances, the causal chain links trade to 
growth through technical progress (see figure 1): the trade gain is thus 
dynamic. To show how such issues may be treated formally, we sketch 
a model for the evolution of the generalized human capital index z(t) 
after introducing the following notations.2 Let: 

• d(t) be the vector of goods consumed under spending c(t) and price 
p(t); 

• D(t) be its time integral; 

• x(t) be the production at t; 

• X(t) be its time integral; 

• E(t) = (d(t), D(t), x(t), X(t)). 

Within E(t), one can express the trade vector (net imports) as d(t)
x(t), with its time integral being D(t) - X(t). Thus various hypotheses 

2. Note that here, like in Lau and Wan (1993), generalized human capital may effect 
different outcomes on different productive sectors. 
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for learning (and the principle of bounded learning) may be expressed 
in terms of: 

Assumption 9. dz(t)ldt = A[E(t)). 

Remark. For example, the learning from producing output Xl may be 
represented by: 

The principle of bounded learning may be conveyed with: 

lim (aAlaxl) = O. 
Xl --+00 

Third, it is reasonable to regard that the pace of learning is decided 
by both the capability and the intention of the learner. Capability de
pends on access (the basis of Findlay's contagion theory), so that trading 
with advanced economies may help the process of catching up. 

Finally, the intention to learn is the strongest if one has to meet 
new and stringent demands to export to the afHuent societies - the do
mestic customers of the developing economies are rarely demanding3 . 

Moreover, once familiar to what they demand, there will be little more 
to be learned, by the principle of bounded learning. For a developing 
economy in autarky, goods affordable to the buyers are produced with 
mature technologies and hence providing no useful experience. 

Some intuitive discussion here may help. Like Lucas (1988), most 
economists find it shocking that the per-capita income of one economy 
(say, Japan) can be higher than that of another (say, China) by a multi
ple of 50 times or more. After all, for most goods both produce, like rice 
or wine, one can hardly expect the per worker output of one to be ten 
times higher than the other. Of course, as in the "water and diamond" 
paradox, it is the "marginal goods" that matter. What Chinese can 
produce and Japanese cannot, most are collectors' items at best. What 
Japanese can produce and Chinese cannot include items most Chinese 
would pay a lot for. Substitute "the North" for Japan and "the South" 
for China, and our statements still hold, by and large. Products made 
and bought by "the North" typically contain "more" desirable charac
teristics - item per item: finer, more durable, better fabricated, of higher 
quality, etc. - whatever these precisely mean. In short, "Southern sen
sibility" aside, in the present context, more z(t) means a higher ability 

3. Analytically speaking, this means different income elasticities for different goods, 
a phenomenon which can be conveniently captured by a Stone-Geary preference as 
used in Basu and Van (1996). 
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to supply goods more universally desired (i.e. more acceptable to "the 
North"). Hence, the ability to export to advanced economies is a reason
able proxy for human capital. It follows then that exporting to the North 
can promote human capital formation. By Amsden (1977) and Morawetz 
(1981), the experience that counts is what is gained from competing in 
the markets of advanced economies.4 Additional insight can be obtained 
from the following case illustrating the contagion theory. 

Watanabe (1980) described the case of an American firm which as
sembled radios in Hong Kong. The local supervisors learned quality con
trol and similar skills, on the job, then quit to open their own shop 
assembling digital watches. 

Thus, learning to assemble radios is not just a matter of turning 
screwdrivers to put together the various imported parts, but also a mat
ter of quality control, and so on. These make the operation competitive 
and thus profitable. 

Those former supervisors assemble the digital watches only because 
they have the knowledge capital of quality control. That body of relevant 
information is acquired when participating in another export-oriented 
activity (for instance, the assembly of radios). That proves that both 
the transfer of technology was successful and what is transferred is more 
than product-specific. 

The fact that those radios were exported to advanced economies is 
relevant because the clients in the advanced economies have tight toler
ances, so that only those practising quality control can be economically 
viable. 

By the principle of bounded learning of Young, what counts is the ex
perience of mastering what is new, and hence typically the more challeng
ing. This is the most needed experience of the producers of the South. 
It is gained by producing those goods affordable only in the North, but 
not the South. This is precisely why neither the tariff, nor the customs 
union among developing economies seem to be of much help. 

As shown in the analytic study of Van and Wan (1997), the fact that 
those former supervisors operate assembly shops for digital watches but 
not radios is what encourages the foreign investor to set up the radio shop 
in the first place. It may suggest the transfer of technology is incomplete, 
and therefore "incentive compatible" . 

4. Specifically, in competitive markets, firms learn to supply goods of acceptable 
quality and at a promised date. This is true for machine tool producers by Amsden 
and for apparel suppliers by Morawetz. The latter showed that it makes little differ
ence whether Columbians sell to customers at home or in Venezuela, since buyers are 
too forgiving in either market. 
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5. Concluding Remarks 

This chapter is part of a larger inquiry into endogenous growth and 
the East Asian experience. Whereas Van and Wan (1997) scrutinizes 
the micro-foundations of North-South technology diffusion, the current 
study explores the macro-implications of this diffusion on the trade
growth-accumulation nexus. 

We have reviewed the quantitative studies of East Asian growth by 
Kim and Lau as well as Young, drawing insights from their influential 
work, for example, concerning the technological gap highlighted by Kim 
and Lau, the concept of bounded learning by Young, etc. In fact, the 
complementarity hypothesis of Kim and Lau has played a major role 
in our analysis. Regarding our differences in interpreting East Asian 
development, it is hoped that resolutions can be found through future 
empirical studies of a dis aggregated nature. 

Perhaps this is an occasion to compare the development patterns 
of the OECD economies, the Asian NIEs and the former Soviet econ
omy. The OECD economies introduce new products to the world, so 
did the former Soviet Union, but not the Asian NIEs. The latter fabri
cate products with proven market appeal, either as subcontractors for 
multinationals or on their own account. The NIEs do not enjoy the in
novative profit but nor do they face the risk of the Soviets in investing in 
new capital goods of antiquated design to produce outputs which can be 
readily supplanted by goods of OECD origin. In a world of differentiated 
products, the size of market matters. By the Allyn Young externality, 
the OECD economies together enjoy a higher degree of division of labor 
than the former Soviet Union. Using the same input dosage, the OECD 
economies can produce not only more goods (as treated in usual text
books), but also better-designed goods which can out-compete anything 
the isolated Russians could come up with. The point is, if the Allyn 
Young effect only implies higher productivity, its competitor can offset 
it by accepting lower factor rewards. But if the competitive advantage 
comes in the form of better design (like a Volkswagen against a Trabant) 
then there can be no effective defense. Because the Asian NIEs emulate 
OECD designs, we do not expect they can fail in the way of the Soviets. 
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CHAPTER 10 

Endogenous Growth and 
International Labor Migration: 
The Case of a Small, Emigration Economy 

K ar-yiu Wong 

1. Introduction 

The present chapter raises and analyzes two issues related to economic 
growth and international labor migration that so far have received very 
little attention in the literature. The first one is the relation between 
economic growth and international labor migration. This issue involves 
some very important questions to the government planners and econo
mists: How may emigration affect the growth of the local economy? How 
may emigration affect education and formation of skilled workers? How 
may emigration affect domestic income distribution in the long run? 
How may growth have a feedback effect on emigration? 

While the major part of the literature on international labor migra
tion focuses on static models, some work on analyzing international labor 
migration in a dynamic context has been made. For example, Rodriguez 
(1976), Findlay and Rodriguez (1981), and Blomqvist (1986) examine 
the determination of the education level; Galor (1986) investigates the 
effects of time preferences on the direction oflabor movement; Galor and 
Stark (1990) compare the saving behavior of natives and foreign workers 
in an overlapping-generations model; Galor and Stark (1994) show how 
immigration may reverse the adjustment of an economy; and Shea and 
Woodfield (1996) derive the optimal immigration policy in a dynamic 
setting. However, none of these papers consider the growth effects of 
international labor migration, or try to answer the questions mentioned 
above. 

The second issue raised in this chapter is how workers choose the 
timing and length of emigration. A worker may choose to emigrate while 
young or old. Alternatively, an unskilled worker may choose to emigrate 
now or to get education in the source country first and then emigrate as 
a skilled worker. A worker may also determine how long she will stay in 
the host country. 

By explicitly considering the above decisions of workers, this chapter 
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endogenizes the choice of the type of international labor migration. By 
the type of migration, we refer to: permanent migration, brain drain, and 
temporary migration. Migration is said to be permanent if the migrants 
are permitted and plan to stay in the host country permanently, with 
no intention of migrating back to the source country in the foreseeable 
future. Temporary migrants are those who go to the host country but 
expect to return back to the source country in the near future, either 
voluntarily or involuntarily (as in the case of guest workers). Brain drain 
refers to the outflow of skilled and professional workers, usually perma
nently. These three types of migration are related not just to where 
people work, but also to where people get education.1 

In the labor migration literature, usually one type of migration is 
analyzed at a time. This is not a complete analysis, since it is important 
to investigate not only whether an individual would choose to migrate, 
but also when the individual would choose to migrate and, after mi
gration, whether to return back sometime later. Yet, as shown later in 
this chapter, there are cases in which an individual finds several types 
of migration preferable to no migration, but one of them may dominate 
the other types. Furthermore, this chapter also shows that as the source 
and host economies grow over time, the type of migration that migrant 
chooses may switch from one type to another. 

To investigate the issues of the relationship between economic growth 
and international labor migration, and the endogeneity of migration de
cision, this chapter extends a popular education model (Uzawa, 1965; 
Lucas, 1988) in the recent endogenous growth literature.2 In this model, 
an economy can grow perpetually without technological progress due to 
the unbounded accumulation of human capital. With education, workers 
can acquire skill and change from unskilled workers to skilled ones. If 
the economy is closed, workers have to get education at home, but if in
ternationallabor migration is allowed, they have the option of receiving 
foreign education abroad. The skilled workers then have the options of 
working at home or in a foreign country. Different types of migration 
then refer to the locations where the workers choose to receive educa
tion and work, and these decisions are analyzed in a unified framework 
so that we can investigate how different types of labor migration may 
affect economic growth, and how workers choose one type of migration 

1. There are other types of labor migration not considered in this chapter; for 
example, people that move with physical capital, and migrants that save but do not 
get education. Some people may choose to migrate to another country for the purpose 
of getting political asylum, or for retirement. 

2. For a recent survey of the endogenous growth literature, see Long and Wong 
(1997). 
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over the other ones. One implication of the present model is that policies 
that affect emigration may have growth effects. 3 

The present chapter is organized as follows. Section 2 examines a 
closed economy with physical and human capital accumulation deter
mined endogenously. The existence, uniqueness, and stability of a bal
anced growth path are analyzed. In section 3, international labor migra
tion is introduced, and some of its basic features are explained. Sections 
4-6 analyze the relationship between economic growth and each of the 
three types of migration: permanent migration, brain drain and tempo
rary migration. Section 7 endogenizes the choice of the type of migra
tion and shows the possibility of switching from one type of migration 
to another as the source country grows. Concluding remarks are given 
in section 8. 

2. A Closed Economy 

Consider an overlapping-generations economy with two factors, labor 
and capital, and two sectors, the production sector and the education 
sector. In the production sector, a homogeneous good is produced by 
a large number of competitive firms. In period t, t = 0, ... , 00, the 
technology of the production sector can be described by the following 
production function, 

(1) 

where Qt is the output, and K t and L t are the capital and effective 
labor inputs, respectively. Using subscripts to denote partial derivatives 
and for the time being dropping the time subindex, the properties of the 
production functions are: 

Assumption 1. The production function F(K, L) satisfies the following 
conditions: 

(a) It is twice differentiable, concave, increasing, and linearly homoge
neous in inputs. 

(b) For all K > 0, FL approaches infinity as L approaches zero. 

(c) For all K > ° and L 2:: 0, FK is bounded from below. 

Part (a) of assumption 1 is standard for a neoclassical production 
function, and part (b) ensures that the wage rate is sufficiently large 

3. Barro and Sala-i-Martin (1995, Chapter 9) suggest other models in which migra
tion may have growth effect. 
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when the population approaches zero. By part (c), there always exists 
some incentive to save. 4 

Perfect price flexibility implies full employment of factors so that 
factor inputs are equal to the available stocks of factors in the economy. 
Define kt == Kt/ Lt as the capital-labor ratio. Linear homogeneity implies 
that the production function can be written in an alternative form: 

(1') 

where f(kd == F(kt, 1). Cost minimization implies that factors are paid 
their marginal products. Thus the rental rate and wage rate are given 
respectively by 

rt = r(kd == !'(kt ), 

Wt = w(kt ) == f(kt) - kd'(kt ). 

(2.1) 
(2.2) 

Dual to the production function is the unit cost function, e(wt, rd, 
which is twice differentiable, concave, and linearly homogeneous in factor 
prices. Therefore e( Wi> r t) = 1 describes the factor price frontier (FPF) 
of the economy. By Shepherd's lemma, the slope of the frontier is equal 
to 

drt I = - Be/Bwt = _ Lt < o. 
dWt FPF Be/Brt K t 

The FPF is negatively sloped and convex to the origin.5 

Factor services are supplied by two distinct groups of individuals: 
capitalists supplying capital services and workers supplying labor ser
vices. These two groups of individuals and their supplies of services are 
described as follows. 

2.1 The Workers 

Each worker lives two periods, and is called young, "unskilled" worker 
in the first period, and old, "skilled" worker in the second period.6 In 
period t, t = 0, ... ,00, there are Ntu young, unskilled workers and Nt 
old, skilled workers. When the economy is closed with no international 

4. An example of production function that satisfies assumption 1 is F(K, L) = 
AK + K"I L 1-"I, A > 0, and 'Y E (0,1). 

5. For more details about the properties of the unit cost function, see Wong (1995, 
Chapter 2). 

6. The terms "unskilled" or "skilled" are used in terms of the skill level of a worker 
in different periods. In each period, all young and old workers have the same skill 
level. 
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labor migration, the population is fixed over time so that Ntu = Nt = N 
for all t, where N is a large number. Normalize the unit of time so that 
each individual is endowed with one unit of nonleisure time in each 
period. A representative young worker in period t, right after birth, 
inherits the average level of general knowledge (human capital) in the 
economy, Xt. 7 Thus all unskilled workers possess Xt efficiency units of 
labor. Each unskilled worker divides her time in that period between 
work and education. Denote the amount of time she chooses to spend 
on education by Tt, and the amount of time spent on working is 1 - Tt. 
She also takes the prevailing wage rate per efficiency unit of labor Wt as 
given. Education is provided for free by the government. For simplicity, 
no bond market is considered, and no saving by the workers exists. Thus 
the budget constraint of a representative unskilled worker when young 
is 

(3.1) 

where Cr is her consumption when young. 
How human capital accumulates is the key to growth in the present 

economy. Following Uzawa (1965) and Lucas (1988), we postulate that 
the efficiency level of labor each unskilled worker has in the next period, 
Xt+l, depends positively on three factors: the initial level of average labor 
efficiency, Xt, the total number of educators employed in the education 
sector, et, and the time the worker spends on education, Tt. Specifically 
the production of education is assumed to be 

(4) 

Assumption 2. Function h( T, e) has the following properties (subscripts 
used to denote partial derivatives, and the time subindex being dropped 
for simplicity): 

(a) h(T, e) = 1 ifT or e is zero, and h(T, e) > 1 for all T,e > 0; 

(b) for all e > 0, hn he > 0, limr-+o hr > 1/ p, where p is the time 
discount factor for a representative worker; 

(c) for all e > 0, hrr < 0. 

7. That every young worker inherits the current average skill level is assumed for 
simplicity. "Depreciation" in human capital can be allowed by assuming that every 
young worker inherits only a fraction (less than unity) of the current average skill 
level. If this fraction is close to unity, perpetual growth of the economy can still exist. 
Unless this fraction is made endogenous, allowing depreciation of human capital does 
not add too much to the model. 
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Function (4) combines the education functions in Uzawa (1965) and 
Lucas (1988): the former emphasizes the educator-student ratio, while 
the latter considers only the fraction of time each worker spends on 
education.8 However, unlike Uzawa (1965), we include the number of 
educators instead of the educator-student ratio in (4). The reason is 
that we want to capture the scale and external effects in education and 
productivity that have been emphasized in the migration literature; see, 
for example, Grubel and Scott (1966), Johnson (1967), and Miyagiwa 
(1991).9 Similar approaches to modelling the education sector have also 
been used by Azariadis and Drazen (1990), Caballe and Santos (1993), 
and Bond, et al. (1996). 

In period t + 1, the representative worker earns a wage of Wt+1 per 
efficiency unit of labor, but has to pay an income tax of ad valorem rate 
equal to ¢t+1. Therefore her budget constraint in this period is equal 
to 

(3.2) 

where Ct'+l is her consumption when old. 
All workers have identical preferences. Denote the utility of the rep

resentative worker over these two period by u(Cf, Ct'+l), which is differ
entiable, increasing and quasi-concave in the two consumption bundles. 
The worker chooses the consumption bundles in the two periods, subject 
to the budget constraints given by (3.1)-(3.2), to maximize her utility. 
The first-order condition with an interior solution is 

Uo,t+l Wt 
(5) 

where Uy,t and Uo,t+l are the workers' marginal utilities when young 
and old, respectively. Condition (5) can be solved for the optimal time 
devoted to education, Tt', which depends on the current wage and tax 
rates and the next-period wage rate. 

Because the workers have identical preferences, all unskilled workers 
in period t choose the same amount of time for education, implying that 

8. Contrary to the Lucas education model in which no real resources are required 
(except the opportunity cost of time), papers like Razin (1972a, 1972b), Manning 
(1975, 1976), Hu (1976), and Rodriguez (1976) all emphasize the need of educators 
in education. Similarly, Ohyama (1991), and Galor and Stark (1994) specify the use 
of resources in education and Bond et al. (1996) assume the use of both human and 
physical capital in education. However, except for the models in Ohyama (1991) and 
Bond et al. (1996), all others do not have sustained growth. 

9. Including both the number of educators and the student-educator ratio in the 
education function does not change our results qualitatively. 
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all have the same human capital level in the next period, which is given 
by (4). The human capital level each of the workers has is also the 
average level for the economy. Condition (4) thus gives the growth rate 
of human capital from period t to period t + 1 as: 

2.2 The Capitalists 

The next group of individuals in the economy, called capitalists, own cap
ital, save, consume, but, under all relevant economic conditions, choose 
not to supply any labor services. There are M (a large number) identi
cal capitalists in each period, each of whom is endowed with Yo units of 
capital in the beginning of period O. In period t, each capitalist earns a 
rental income of rtYt, saves St of it and consumes the rest, Ct = rtYt - St. 
The capital stock each capitalist owns in period t + 1 is equal to 

Yt+1 = (1 - 6)Yt + St, (6) 

where 6 is the rate of depreciation, which is assumed to be constant over 
time for all capitalists. Denote the per-period utility of each capitalist 
by v(Ct) and the constant discount rate by (3 E (0,1). 

Assuming parents with perfect bequest, the problem of each capi
talist in period 0 is to choose the stream of savings to maximize the sum 
of discounted utilities of hers and her future generations': 

00 

max L (3t v (rtYt - St) 
t=o 

s.t. Yt+l = (1 - 6)Yt + St, for all t = 0, ... ,00. (7) 

To solve problem (7), define the following Bellman equation, 

V(Yt, t) = maxv(rtYt - St) + (3V[(l - 6)Yt + St, t + 1], (8) 
s, 

where the investment constraint (6) has been used. The first-order con
dition with respect to St, after rearranging terms, is 

(9) 

where l't+l == 8V(Yt+l, t + 1)/8Yt+1' Condition (9) has a nice interpre
tation. It is well known that l't+l represents the current shadow price of 
the capital stock in period t + 1, or that of saving made in period t. The 
term on the left-hand side of the condition, v~, is the marginal utility of 
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consumption, or the marginal disutility of saving, in period t. Condition 
(9) thus implies that at the optimal point, the marginal benefit of saving 
is equal to the marginal cost of saving. Differentiate both sides of (8) 
with respect to Yt to give 

vt' = TtV~ + ,8(1 - 8) vt~l' 

Combining (9) and (10) together gives 

vt~l = vt'[,8(l + Tt - 8)t1, 

(10) 

(10') 

which describes how the shadow price of capital changes over time. Con
ditions (9) and (10) also give 

V'(Tt+1Yt+1 - St+t} 
v' (TtYt - St) 

The transversality condition is 

1 
,8(1 + Tt+l - 8) . 

lim ,8tvt' Yt = 0, 
t-too 

(11) 

(12) 

which states that at t = 00 at least one of the discounted shadow price 
of capital and the optimal capital stock is zero. 

Because the capitalists are identical, the total capital stock available 
to the economy in period t is equal to 

(13) 

Conditions (6) and (13) give the growth rate of the capital stock in the 
economy: 

St 
GK t = Gy t = - - 8. , , Yt (14) 

2.3 The Government and the Education Sector 

The government hires skilled workers to provide education for free to 
all unskilled workers. For simplicity, we assume throughout this chap
ter that the government chooses a fixed educator-student ratio, a = 
et/ Ntu < 1, for all t = 0, ... ,00. This implies that in the absence of 
any international labor movement, the total labor supply in period t, in 
terms of efficiency units of labor, is equal to 
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where the last equality is due to Ni' = Nt = N for a closed economy 
with a constant population. 

The government pays each educator the on-going wage rate for 
skilled workers. Therefore the education expenditure in period t is WtXtet 
= aWtxtNi'. This expenditure is financed by imposing an income tax 
rate of (Pt in the same period on all skilled workers, including the edu
cators. 

A balanced government budget for period t requires that WtXtet = 
4>txtwtNt, or that 

(16) 

In other words, for a balanced government budget in that period, the 
government hires a fraction of the skilled workers equal to 4>t to edu
cate the young workers. If the number of skilled workers is equal to the 
number of unskilled workers, condition (16) reduces to 

4>t = a, for all t = 0, ... , 00. (16') 

2.4 Balanced Growth 

We now consider a balanced growth path of the economy which is defined 
as one on which the capital-labor ratio and thus the factor prices remain 
stationary, while the consumption of workers and capitalists, the physical 
and human capital stocks, and outputs grow over time with fixed rates. 

To do that, we specify special forms of the utility functions of the 
workers and capitalists. First, the utility function of a worker has the 
form of u( Cr, C[+1) = In Cr +p In C[+1.10 Utility maximization condition 
(5) reduces to 

(1 - Tt)hT h, et) 

h(Tt, et) 

1 

P 
(17) 

Let Tt denote the solution to the problem in (17), which can be expressed 
as a function of the number of unskilled workers: 

(18) 

Lemma 1. Given condition C2, Tt E (0,1) and is unique. 

10. Caballe and Santos (1993) show that in the Uzawa-Lucas type models, to have a 
balanced growth the elasticity of intertemporal substitution must be constant. The 
present log-linear utility function is a special case that satisfy the Caballe-Santos 
condition: the elasticity of intertemporal substitution is equal to unity. 
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Proof. See the Appendix. o 

Lemma 1 and condition (17) implies that in a closed economy with 
a fixed population and educator-student ratio, the growth rate of human 
capital and thus that of the labor force do not depend on the growth 
rate of physical capital stock. Because of (18), for convenience, we define 
a reduced form of the education function: h(NtU; a) == h(T(NtU), aNtU). 

The dependence of Tt on N tU can be illustrated graphically in figure 
1 by schedule EE, and algebraically can be obtained by differentiating 
(17) and rearranging terms (the time index being dropped for simplicity): 

dT I a(hhre - hrhe) 
dNu EE = (1 + p)hr 2 - hhrr . 

(19) 

The second-order condition for maximizing a representative worker's 
welfare implies that (1 + p)hr 2 - hhrr > 0, which is implied by assump
tion 2.11 

r 

E 

o N 

Fig. 1. Balanced path of a closed economy 

Condition Cl. hre is sufficiently small. 

11. The second-order condition is 
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Condition Cl means that the cross-effects in the education function 
are sufficiently small.12 This condition and the second-order condition for 
optimal education time imply that drjdNU is negative or that schedule 
EE is negatively sloped, as shown in figure 1. Alternatively, this means 
that a shrinkage of population will induce unskilled workers to spend 
more time on education. 

When the economy is closed with a fixed population and if the gov
ernment chooses a fixed educator-student ratio, the optimal education 
time of each unskilled worker remains constant over time: 

ra = T(Nja,p), (18') 

where "a" represents the autarkic value and a bar denotes a balanced 
path value of a variable. In figure 1, the balanced path is depicted by 
the point of intersection, A, between schedule EE and a vertical line 
corresponding to N. 

Assumption 3. 1- Tt - NtuT£ - a E (0,1). 

From (15), 1 - Tt - N;'T£ - a is the partial effect of an increase in 
the number of unskilled workers on the labor force. By assumption 3, 
this effect is positive. 

Using the value ofra obtained in (18'), the growth rate ofthe human 
capital stock and that of the efficiency units of labor are equal to 

GL = G., = h(ra, aN) -1. (20) 

By lemma 1 and assumption 2, GL = G., > O. 
We now turn to the capitalists. The per-period utility function of the 

capitalists is assumed to be v(ct) = lnct, but the capitalists and workers 
have different preferences if their time discount rates are different. Using 
this function, condition (11) reduces to 

rtYt - St 1 
(11') 

,8(1 + rt+1 - 8) , 

or, in terms of consumption, reduces to 

Ct+1 = ct,8(1 + rt+1 - 8), (21) 

which describes how a representative capitalist's consumption grows over 
time. 

12. In the present chapter, the difference between an assumption and a condition 
is that the former is made throughout this chapter while the latter is made for a 
particular result because other cases and results can usually be analyzed easily. 
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In a balanced path, st/Yt = St+1/Yt+1, and the rental rate remains 
constant at ;pa. Thus, condition (11') reduces to 

Conditions (10') and (11") imply that both Vt' and Yt grow at the same 
rate. The transversality condition as given by (12) is satisfied since (3 < l. 

In a balanced path, both labor and capital grow at the same rate, 
implying that G L = G K' or that 

h(ra, N) = (3(1 + 'fa - 6). (22) 

Proposition 1. For the present economy under autarky, a unique bal
anced path with sustained growth exists. 

Proof. See the Appendix. o 

2.5 Transitional Dynamics 

We now examine the dynamics of the economy and determine whether 
its balanced path is stable. First, the consumption of a representative 
capitalist grows according to (21). The change over time in the capital 
stock owned by a capitalist as given by (6) can be rewritten as 

Yt+1 = (1 + Tt - 6)Yt - ct, (23) 

where the budget constraint of the capitalist has been used. The change 
in the human capital stock is obtained from (4): 

(24) 

where h(N) == h(r(N), aN), which means that when the workers choose 
the optimal time devoted to education, the education function can be 
expressed as a function of the population. Note that with given popu
lation, (24) describes the growth of human capital, while the workers 
choose their optimal consumption accordingly. 

Using (23) and (24), the capital-labor ratio grows according to the 
following equation: 

N[2 - r(N) - a]xt+1 

1 + Tt:: 6 - ct/Yt kt. 
h(N) 

(25) 
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Equations (21), (23), (24), and (25) describe the dynamics of the sys
tem. Because of the block-recursive nature of these equations, they can 
be analyzed separately. First, let us define (it == yt!Ct-l. Combining 
equations (21) and (23), with Ct expressed as a function of Ct-l in the 
former equation, the adjustment of Ot is equal to 

By equation (26), the steady-state value of 0 is equal to 

- (3 
0= -(3. 1-

(26) 

(27) 

Equation (26) also reveals the fact that the adjustment of Ot is not 
stable. 13 However, the adjustment of Yt+l and Ct is saddle-path stable. 
This requires that all capitalists choose (CO,Yl), (Cl,Y2), and so on, so 
that YtH/Ct = (j as given by (27), for all t = 0, ... ,00. 14 Under this rule, 
the value of Ot is constant over time. 

Substituting the value of Ot according to the saddle-path stable rule 
into (24), we get 

YtH = (3[1 - r(kt) - J]Yt. (23') 

Note that the adjustment of YtH depends on Yt and the rental rate. 
Making use of conditions (23') and (24), the growth of the capital-labor 
ratio is 

kt+l = (3[1 +!(kt ) - J] kt . 

h(N) 
(25') 

Differentiate both sides of (25') and evaluate it in a small region close 
to the balanced path to yield 

[ (3rtcr] dkt+1 = 1 + =-=- dkt , 
h(N) 

(28) 

where lOr is the elasticity of the rental rate. Note that (3rt < h(N) in the 
neighborhood close to the balanced path. Three different cases may exist. 

13. I am indebted to Koji Shimomura for pointing out this result. 
14. As long as the discount rate is not too small, choosing fh to be equal to (j is 
the optimal consumption stream of a capitalist. It fh is unstable, either the capi
talist's capital stock approaches zero (when kt approaches zero) or the consumption 
approaches zero (when kt approaches infinity). Either case is not optimal for them. 
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Case (a): 0 > Cr > -h/((3rt}. This implies that kt adjusts monotonically 
toward its balanced-path value. Case (b): -2h/((3rt) < Cr < -h/((3rt), 
in which kt oscillates around its balanced-path value but moves asymp
totically toward the latter. Case (c): Cr < -2h/((3rt). In this case, the 
balanced path with respect to kt is not stable. 

For the purpose of the present analysis, we rule out case (c), mean
ing that we assume that Cr > -2h/((3rt). Note that if the production 
function is of the Cobb-Douglas type, then we must have case (a). We 
summarize the above result in the following proposition: 

Proposition 2. The autarkic balanced path is saddle-path stable with 
respect to Yt and Ct, and stable with respect to kt, if 0> Cr > -2h/((3rt) 
in the neighborhood close to the balanced path. If the production func
tion is of the Cobb-Douglas type, kt adjusts monotonically toward its 
balanced-path value. 

3. International Labor Migration 

To analyze international migration, let us consider two economies which 
have the structures described in the previous section. These two econo
mies are labelled the source (emigration) country and the host (receiv
ing) country, with labor possibly flowing from the former country to the 
latter country (hence their names). Since the focus of the present chap
ter is on the effects of emigration, we assume that the source country is 
small in the sense that the amount of labor movement is too small to 
affect the autarkic equilibrium of the host economy. 

International labor migration from the source country to the host 
country is allowed by both governments in the beginning of period O. We 
further assume that before international labor migration is allowed, both 
countries are on their balanced paths. The variables of the host country 
are denoted by an asterisk while that of the source country have no 
asterisks; for example, w* and e* denote the wage rate and the number 
of educators in the host country, respectively. 

International labor migration can take place costlessly, and the de
cision to migrate depends exclusively on what life-time utility a worker 
gets from either country. To focus our analysis on labor migration, we 
follow the tradition in the literature and assume no movement of capital 
or capitalists. 

The following three different types of labor emigration are considered 
in the present chapter: 

1. Permanent Migration - Unskilled workers in the source country 
move to the host country. They then receive education, work and 



Endogenous Growth and International Labor Migration 303 

then die there. 

2. Brain Drain - Unskilled workers in the source country receive ed
ucation and work when young in their country but move abroad 
after graduation and work in the host country when old (and die 
there). 

3. Temporary Migration - Unskilled workers in the source country 
move to the host country when young and get education there. 
When old, they return to the source country and work there as 
skilled workers. 

Young workers in the source country inherit the prevailing average 
human capital stock in their country. If they decide to receive education 
in the host country, they will bring this human capital stock with them 
and receive education there. In the next period they become skilled 
workers, and then choose where they work. 

If unskilled workers determine to receive education in the host coun
try, they may choose a different amount of time for education, which can 
be expressed in terms of the following condition 

y* = r*(e*;p), (18") 

where e* is the number of educators in the host country. 
Education is financed in the host country in the following way. It 

is provided for free by the host government and financed by a constant 
ad valorem income tax of ¢* on skilled workers. This assumption, which 
is consistent with the observations in many countries, means that if an 
unskilled worker in the source country migrates permanently to the host 
country, she will pay an education tax in the same way as a worker 
in the host country.15 If, however, the migration is temporary, she will 
come back after graduation and then pay an education tax in the source 
country. If brain drain occurs, the worker receives a free education in 
the source country but has to pay an education tax when working in the 
host country. 

Consider a representative unskilled worker in period t in the source 
country facing the options of permanent migration, brain drain, tempo
rary migration, and no migration. Denote the corresponding normalized 
(with respect to the effective labor of a young worker) utility of the 

15. Education is usually heavily subsidized in many countries. In some countries such 
as the United States, governments provide virtually free basic education even to the 
children of legal and illegal immigrants. The advantage of this assumption is that we 
do not have to consider explicitly how an individual finances her education. 
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worker if one of these options is chosen by Uf, uf, Uf, and Uf, respec
tively. These four utility levels are defined as follows: 

Uf = In[(l - 1'*)w*] + pln[/i* (1 - 4>*)w*], 

U; = In[(l - r(Nn)Wt] + pln[h(r(N;'), et)(l - 4>*)w*], 

U; = In[(l- 1'*)w*] + pln[/i*(l - 4>t)Wt+1], 

ut = In[(l- r(N;'))wt] + pln[h(r(Nn,et)(l- 4>t)Wt+1], 

where /i* = h* (1'* , e*). 

(29.1) 

(29.2) 

(29.3) 

(29.4) 

These three types of labor migration are described in detail in the 
next three sections. For simplicity, we first assume that only one type 
of migration is allowed, meaning that workers in the source country can 
choose between one type of migration and no migration. This assump
tion will be relaxed in section 7. Note that by the nature of permanent 
migration, Uf depends on the variables in the host country only, and 
similarly Uf depends on variables in the source country only. 

4. Permanent Migration 

This section analyzes the effects of permanent migration, assuming that 
brain drain and temporary migration are not permitted. This means 
that the governments of the source and host countries allow movement 
of unskilled workers, but not skilled workers, from the source country 
to the host country. Those who move then become citizens of the host 
country and are not allowed to return back. The no-return assumption, 
which will be relaxed later, allows us to focus on examining the features 
of permanent migration. 

4.1 Features of Permanent Migration 

Suppose that in the beginning of period 0 both countries are growing 
along their balanced paths, and that permanent migration of unskilled 
workers from the source country is allowed by both governments. Using 
the definition of the utility levels defined in (29.1)-(29.4), permanent 
migration exists in periods t ~ 0 if and only if Uf < Uf, or 

In[(l- rt)wt] + pln[h(rt,et)(l- 4>t)Wt+l] < 
In[(l - 1'*)w*] + pln[/i* (1 - 4>*)w*]. (30) 

In this section, we assume that condition (30) is satisfied in period 0 
before any movement of labor. 
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An alternative, but perhaps more intuitive, way of expressing con
dition (30) is 

In{(l- rt) [(1- ¢t)h(rt,et)]p} + lnwt + plnwt+l < 
In{(1 - 1'*)[(1 - ¢*)7i*)P} + (1 + p) In w*. (30') 

Condition (30') highlights the causes of permanent migration: a better 
and more effective education and/or higher wages. 

Permanent migration has the following features. First, it represents 
a shrinkage of the population size because migrated workers do not come 
back. The population of the source country then becomes an endogenous 
variable to be determined in the present model. The change in the coun
try's population has substantial effects on the economy, because both 
the physical stock, saving, output, factor prices, and the growth rates of 
capital stocks are generally affected by migration. Second, since only un
skilled workers are allowed to move out, the number of unskilled workers 
in the source country in any period is usually less than the number of 
skilled workers. This affects the amount of education provided by the 
source government. In particular, the education finance burden shared 
by skilled workers tends to fall. 

We now formally analyze these features of permanent migration. 
Denote the numbers of unskilled workers (after emigration) and skilled 
workers (including educators) in the source country in period t by Nr 
and Nt, respectively. The non-emigrating unskilled workers will spend 
part of their nonleisure time on working and the rest on education. The 
dependence of these workers' optimal education time on the number 
of unskilled workers is again given by (18). All these unskilled workers 
become skilled workers in the next period. Therefore Nr = NtH. The 
effective labor force in period t is equal to 

Lt = [Nt + N;:(1 - r(N;:) - O:)]Xt 

= [Nt~l + N;:(1 - r(N;:) - O:)]Xt. 

The capital-labor ratio is equal to 

MYt 
kt = [Nr-l + Nr(1 - r(Nr) - O:)]Xt ' 

which implies the following way of adjustment of the capital-labor ratio 
over time: 

(31) 
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where it is assumed that physical capital accumulates along the saddle 
path as described above. 

The cost of education is equal to etWtXt = aNrWtXt, with the 
educator-student ratio given. This cost is financed by imposing an in
come tax on the skilled workers, which generates a revenue of NtWtXt(Pt. 

A balanced budget means that 

(32) 

4.2 Balanced Growth 

We first analyze the balanced path of the source country before turning 
to its dynamics. In a new balanced path, the economy is smaller than 
before in terms of population, but the outflow of workers stopS.16 Denote 
its new number of unskilled and skilled workers in each period by N P• 

Assume that the source government adopts the same education policy 
(such as the educator-student ratio) before and after labor migration. 
Thus the number of educators in each period is equal to aW. 

The equilibrium condition for permanent migration is 

In[(l- 'fP)wP] + pln[h('fP,a~)(l- ~)wP] = 
In[(l -7'*)w*] + pln[h*(l- ¢*)w*], (33) 

which states that the marginal unskilled worker in the source country 
gets the same utility whether she migrates or not. In condition (33), 
since the population is stationary, ~ = a. 

Permanent migration also affects the education time the remaining 
unskilled workers choose to spend, as lemma 1 suggests, and it is given 
by condition (18'): 

-P 'fP = r(N ). (34) 

Making use of (34), condition (20) gives the growth rate of human cap
ital. The growth rate of physical capital is obtained from (11"). In a 
balanced growth path, both human capital and physical capital grow at 
the same rate. This gives the growth-rate-equalization condition: 

(35) 

16. If the source country has a positive growth rate of population (instead of zero), 
then the rate of emigration under a new balanced path can be positive, but it cannot 
be greater than the popUlation growth rate. 
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The wage rate and rental rate are on the factor price frontier of the 
economy: 

(36) 

Equations (33) to (36) can be solved for the four unknowns: rP, W, wP , 

and rP • 

To determine this new balanced growth more explicitly, let us solve 
the factor price frontier (FPF) to give w = ((r) (time subindices dropped 
for simplicity). Substitute the value of rP obtained from condition (35) 
into the wage function to give: 

w = ([h(N)/{3 + 0 -1], 

where (' == dw/dr < 0 is the reciprocal of the slope ofthe FPF. 
Let us define the following functions: 

per, N) = In(1 - r) + p In[(1 - c/»h(r, aN)] 
+(1 + p) In{([h(r, aN)/ {3 + 0 - In, 

P* = In(l- r*) + pln[(I- c/>*)h*] + (1 + p)lnw*. 

(37.1) 

(37.2) 

Function per, N) represents the normalized (with respect to the effective 
labor of a young worker) life-time welfare of a representative worker in a 
balanced path (with stationary wage rate and equalization of the growth 
rates of both types of capital). In the autarkic balanced path, the value 
of this function is P(ra , N). The variable P* represents the normalized 
welfare a worker gets from the host country if she chooses to migrate. 

The partial derivatives of function P( r, N) are equal to 

p _ (l+p)('hr 0 
r - {3w <, 

P _ aphe a(1 + p)('he 
N - -h- + {3w ' 

where in calculating Pr it is assumed that r is always chosen optimally 
by the workers. The sign of PN is ambiguous. 

Condition C2. 1(/(r)1 is sufficiently large. 

If condition C2 holds, PN < O. Function P( r, N) can be represented 
by different schedules in figure 2. The slope of a schedule such as P P 
(with r close to the optimal education time) is equal to 

dr I 
dN pp 

a[{3wp + (1 + p)h(/]he 
(1 + p)h('hr 

(38) 
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The sign of the slope of schedule P P is ambiguous, but if condition C2 
is satisfied, the schedule is negatively sloped. In the diagram, schedule 
P P gives the combinations of (T, N) that satisfy 

P(T, N) = In[(1 - 7'*)w*] + pln[(I- ¢*)h*w*J, 

which represents the normalized welfare of a worker under a balanced 
path when permanent migration is allowed. 

T 

E 

N 

Fig. 2. Balanced path with permanent migration 

Figure 2 also shows schedule EE which represents function 7' = 
T(NU) as given by (18). The intersecting point, point B, between sched
ules P P and EE thus represents the values of Nand T that satisfy 
conditions (33) to (36), and thus represents the balanced path of the 
source country in the presence of permanent migration. 

Proposition 3. Given condition (30), a balanced path under permanent 
migration with a positive population in the source country exists. If 
conditions C1 and C2 are further satisfied, the balanced path is unique. 

Proof. See the Appendix. o 
For the sake of comparison, the autarkic balanced growth, which 

is represented by point A, is also shown in figure 2. Since permanent 
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migration causes a drop in the population of the source country, Ji1P < N. 
This means that point A is below point B. As long as schedule EE is 
negatively sloped (as under condition C1), permanent migration leads 
to not just a shrinkage of population, but also an increase in the time 
unskilled workers choose to spend on education. The reason for the rise 
in education time in the present model is that with a smaller population 
and a smaller size of the student body, the government will employ less 
skilled workers to educate the students, causing the unskilled workers 
to spend more time on education. It is clear from the diagram that 
conditions C1 and C2 are stronger than what is needed for a unique 
balanced path. 

We now examine how permanent migration may affect the growth 
rate and factor prices. Since the growth rate of human capital stock is 
equal to her, aN) - 1, different growth rates can be shown by different 
iso-growth-rate contours in figure 2. The diagram shows two schedules 
passing through points A and B, haha and hPhP, respectively. The slope 
of a representative schedule hh is equal to 

dr I = - ahe < o. 
dN hh hr 

(39) 

By conditions (19) and (39), if hrr < 0 and if condition C1 holds, then 
both schedules EE and hh are negatively sloped, but the latter is steeper, 
as shown in figure 2. 

The effect of a change in population on the growth rate of the source 
country can be measured by 

dh(r,N) 
dN 

(40) 

The total effect of the population change on function her, N) is in gen
eral ambiguous. However, if condition C1 is satisfied, the expression in 
(40) is positive. In terms of figure 2, this means that hPhP and EE are 
both negatively sloped with the former schedule being steeper, and a 
decrease in population due to permanent emigration hurts the growth 
of the source country. 

The intuition behind this result is that permanent migration has 
generally two opposing effects on the growth rate: a positive one due 
to an increase in the time unskilled workers spent on education, and a 
negative one due to a decrease in population and thus the number of 
educators the government hires to educate. The negative effect is based 
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on the assumption that the government also keeps a constant educator
student ratio. The government can reduce or even reverse the negative 
effect of permanent migration by increasing the educator-student ratio, 
but such a policy is not considered in the present chapter. 

The new rental rate can be obtained from condition (35). A decrease 
in the growth rate thus lowers the rental rate, which in turn implies a 
rise in the wage rate and the capital-labor ratio. It is interesting to note 
that qualitatively the effects of permanent migration on factor prices 
and the capital-labor ratio obtained in the present model are similar to 
those derived from a static model. These results are summarized by the 
following proposition. 

Proposition 4. Suppose that condition C1 holds. A drop in the popula
tion due to permanent emigration slows down the growth of the source 
country, lowers the rental rate but raises the wage rate, capital-labor 
ratio and education time. 

4.3 Transitional Dynamics 

We now examine the dynamics of permanent migration. As under au
tarky, the adjustment of the capitalists' consumption and their capital 
stocks is saddle-path stable. So we assume that they follow the saddle 
path as described above. The adjustment of the rest of the source econ
omy depends on the outflow of unskilled workers. We first consider the 
case in which in each period unskilled workers in the country are allowed 
to move out costlessly and instantaneously to equalize the effective in
come in both countries. This means that labor flows in each period until 
condition (30) or (30') with an equality is satisfied. This condition and 
condition (31) then describe a system of second-order difference equa
tions in Nt and kt · 

To examine local stability, we linearize equations (30) and (31) 
around the balanced path and define ZtH = Ntu = NtH. Let a "tilde" 
denote the deviation of a variable from its balanced-path value; for ex
ample, kt == kt - k. Differentiating equations (30), with an equality, and 
(31) gives 

[A Be] [~+ 1 
] [ D o 0 1 NtH 0 

FOG ZtH H 

o E] [Et] 1 0 Nt 

o J Zt 

( 41) 

where the coefficients, when evaluated close to the balanced path, are 
equal to 

--p -p 
A = N (2 - rP - a)h , 
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,-p-p -;oTP 
B = k h (1- TP - N TP' - a), 

C = PW (2 - TP - a)lt' + Pit (TP + WTP' + a), 
- ,-p,-p , 

D = N(2 - TP - a)(h + f3k fP), 

E = Pit, 
F = pWV'/WV, 
G = ap(J?:/1t - 1/[(1 - a)NP]) , 

H = -WV'/WV, 

J = -ap/[(1 - 4»)Wl, 
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,-p' -
where TP' == drt/dNt: (slope of schedule EE), h _ dht/dNt:, and 
WV' == duit / dkt . All the endogenous variables in the above expressions 
are evaluated at the balanced path, with their values distinguished by a 
bar and a superscript "p." 

Inverting the matrix in (41) and rearranging terms give 

with 

[ 
H/F 

1-£ = D/B - :H/BF 

-G/F 
AG/BF-C/B 

1 

J/F 1 
E/B-:J/BF . 

(42) 

Proposition 5. A balanced pa.th under permanent migration is locally 
stable with respect to kt and Nt: if all the eigenvalues of the matrix in 
(42) are less than unity in magnitude. 

The proof of proposition 5 is based on (42) and is omitted. To find 
more explicit conditions in terms of technologies for a stable balanced 
path is more difficult. However, one possible case of instability is given 
below. 

Condition C3. w'(k) is sufficiently large. 

Condition C3 means that the wage rate is very sensitive to a change 
in the capital-labor ratio, or to the labor movement.17 This condition is 
satisfied if the production function is of the Cobb-Douglas type and if 

17. For example, consider the production function given in footnote 3: F(K,L) = 
AK + K"I L1-"I. Condition C3 is satisfied if the capital-labor ratio is small. 
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the capital-labor ratio is sufficiently small. The latter condition is more 
relevant for developing countries with a small capital stock. 

Let us evaluate the determinant of the matrix in (42). It is equal to 

DJ-EH 
BF 

1 

p(l - 'fP - NPrP - a) 

awP(2 - r P - a)(ft + (ii?'fP') 

If condition C3 is satisfied and if r P' is sufficiently small, then the deter
minant given above is greater than unity. In other words, at least one of 
the eigenvalues of the matrix in (42) is greater than unity in magnitude, 
meaning that the system is not stable. 

If the system is not stable when the unskilled workers flow out in 
the way described above, the government can direct the economy toward 
the new balanced path by regulating emigration. We now introduce one 
way. Suppose that the government permits outflow of unskilled workers 
according to the following formula: NtU = bt+l N where N is the initial 
population of unskilled workers and 0 < b < 1 but is close to unity. Sub
stitute the number of unskilled workers into (31), and after simplifying 
terms we have 

b{l + b[l - rW+2 N) - a]}h(bt+1 N)kt+1 = 

{I + b[l - r(bt+l N) - a]},8[l + r(kt ) - oJkt . (43) 

Equation (43) represents a first-order difference equation in kt . By this 
equation, dkt+ddkt > 1 if r~ is not too significant when w~ is sufficiently 
large, as with a Cobb-Douglas production function and a small capital
labor ratio. This means that the balanced path is not stable as long as 
the source government follows the above emigration rule. 

However, the source government will not follow this emigration rule 
forever. When the remaining number of unskilled workers is equal N P' 

no more emigration is allowed. In this case, the population of the source 
country stays stationary. Proposition 2 states that with a fixed popula
tion and if r~ is not too significant (as in the case with a Cobb-Douglas 
production function), the system is stable, at least in the neighborhood 
of the balanced path.18 

The adjustment of the capital-labor ratio under the above emigra
tion rule can be illustrated in figure 3. Point A is the initial equilibrium 
point under autarky. If emigration is now allowed under the above rule, 

18. In the present framework, it is difficult to determine whether the balanced path 
is stable starting from the point at which emigration is first prohibited. 
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the relationship between kt+l and kt is described by schedule ABC. The 
path with arrows represents the adjustment of the capital-labor ratio, 
but this adjustment path is not a stable one. Suppose that when point 
B is reached, the population of the source country drops down to N P • 

The government stops the emigration. Because the population is fixed, 
the capital-labor ratio could then adjust along a path as represented by 
schedule DBE until point P is reached. 

/~_--E 

A 

o 

Fig. 3. Adjustment under permanent migration 

5. Brain Drain 

This section analyzes the effects of brain drain. Once again, we follow the 
above strategy to simplify the present analysis in this section by assum
ing that only brain drain, but not permanent migration or temporary 
migration, is allowed. 

5.1 Features of Brain Drain 

In period t ~ 0, brain drain is allowed. It exists if and only if ut > Ut. 
Define Wb* == (1 - ¢*)w*, which is the after-tax income for a skilled 
worker in the host country. Therefore the necessary and sufficient con
dition for the existence of brain drain reduces to 

(44) 
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In the present dynamic model, brain drain has several features that 
we usually do not find in a static setting. First, the rise in the domestic 
wage rate increases the cost of education. Second, there are less skilled 
workers to support the education which is provided for free by the gov
ernment of the source country. Third, since the emigrants leave and never 
return, their children will be the residents of another country. There is 
thus a shrinkage in the population of the source country, as in the case 
of permanent migration. Fourth, brain drain may affect the growth of 
the source/host country. 

Let us analyze these features rigorously. Define Nt and Nt as the 
numbers of unskilled and non-emigrating skilled workers (including edu
cators), respectively, in the source country in period t. With brain drain, 
generally Nt t Nt· The stock of effective labor in period t is equal to 

(45) 

Since the unskilled workers in period t are the children of the skilled 
worker that have not emigrated in the previous period, Ntu = Nt-I. 
Condition (45) can be written as 

(45') 

which describes how the effective labor stock depends on the change in 
the population over time. The number of emigrants in period t is equal 
to Nt"-I - Nt. 

The movement of skilled workers affects the government budget. The 
education expenditure in period t is etWtXt = aNtUwtxt, while the rev
enue is Ntwtxt<pt, where a constant educator-student ratio is assumed. 
The condition for a balanced budget is 

,J, _ aNtu 
'Pt - NS . 

t 
(46) 

Thus when some skilled workers flow out, making the number of remain
ing skilled workers less than that of the unskilled workers, we must have 
at least one of the followings: (i) an increase in the tax rate, <Pt; (ii) 
a decrease in the educator-student ratio; and (iii) a government budget 
deficit. The first outcome has the effect of encouraging even more outflow 
of skilled workers, the second outcome lowers the education quality and 
the rate of human capital accumulation, and the third outcome could 
imply economic, social and political costs. 

Substitute (46) into (44) to give 

(44') 
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which shows the condition for brain drain. 
Condition (45') implies that the capital-labor ratio in period t is 

equal to 

(47) 

5.2 Balanced Growth 

We now focus on a balanced path of the source country under brain 
drain. In this case, a balanced path is defined as one along which the 
factor prices and population are stationary. This requires that outflow 
of skilled workers no longer exists, giving the same number of skilled 
and unskilled workers in each period, and that both human capital and 
physical capital are growing at the same rate. Distinguish the variables 
in a balanced path by a bar and a superscript "b." For example, the 
number of skilled or unskilled workers in a balanced path is denoted by 
N b• The equilibrium condition under brain drain is then 

(48) 

Note that with the same number of unskilled and skilled workers, the 
income tax rate is ¢ = a. The optimal education time is obtained from 
(18'): 

-b -b 
T = T(N ;p,a). (49) 

The corresponding growth rate of the human capital stock is equal to 

h(::;=b, aNb) - 1. In a balanced path, physical capital and human capital 
grow at the same rate, implying that 

(50) 

The factor price frontier again gives the relationship between the wage 
rate and the rental rate: 

(51) 

Equations (48) to (51) can be used to solve for the number of unskilled 
and skilled workers, the optimal education time, and the factor prices 
along a balanced path. 

Proposition 6. Given (44) under autarky and condition G1, a unique 
balanced growth under brain drain exists. 
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Proof. See the Appendix. o 

Proposition 6 can be illustrated in figure 4. In terms of figure 4, let 
schedule hbhb represent the locus h(r, N) = h(1'b, N b). By (44), schedule 
hbhb is below (above) schedule EE when N = N (N = 0). Continuity of 
the schedules implies that they cut each other at least once. By condition 
CI, both schedules are negatively sloped, but schedule hbhb is steeper 
at the point of intersection. So they intersect only once, at point B in 
the figure. 

T 

E 

N 

Fig. 4. Balanced path with brain drain 

We now determine how brain drain may affect the growth rate of 
the source country. The effect of a change in population on the growth 
rate is given by condition (40) or figure 4. 

Proposition 7. Given condition Cl, a drop in the population due to 
brain drain slows down the growth of the source country, lowering the 
rental rate but raising both the wage rate, capital-labor ratio and edu
cation time. 

Proof. See the Appendix. o 

5.3 Transitional Dynamics 

The adjustment of the system depends on the rate of emigration. We 
assume that in each period, skilled workers in the source country can 
move instantaneously and costlessly to the host country to equalize the 
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after-tax incomes in the two countries, i.e., to satisfy condition (44/) 
with an equality: 

(52) 

Condition (52) describes the relationship between the capital-labor ratio 
and the change in population. The change in the capital-labor ratio along 
the saddle path described earlier can be obtained from (47), (23/), and 
(24): 

ktH {NtH + Nt[l - r(Nt) - a]}h(Nt_1) = 

kt {Nt + Nt_Ill - r(Nt_d - a]},B[l + r(kd - 8j. (53) 

Equations (52) and (53) describe the changes in kt and Nt over time. 
Alternatively, using (52) kt can be expressed in terms of Nt and Nt-1, 
and ktH in terms of NtH and Nt, which can be substituted into (53). 
The latter becomes a second-order difference equation in Nt. 

We now consider local stability. Let us use a "tilde" to denote the 
deviation of a variable from its balanced-path value; for example, Nt == 
Nt - N b and 1.t == kt -It Linearizing condition (53) around the balanced 
path, we have 

A1.t+1 + ENtH + cNt + D1.t + ENt_1 = 0, 

where the coefficients, evaluated at the balanced path, are 

A = N b(2 - 'Tb _ a)/ib, 
- -b-b 
B = k h, 

C = _"kb/ib('Tb + Nb'Tbl + a), 

D = _Nb(2 - 'Tb _ a)[/ib + ,B"kbfbl], 

E = "kb/ibl N b (2 - 'Tb - a) - "kb/ib (1 - 'Tb - Nb'Tbl - a). 

Equation (52) can be linearized in the same way: 

(54) 

(55) 

- -b -
where F = -awb[(l - a)wbl N J-1. Substitute (55), for both ktH and 
1.t , into (54) to yield 

(56) 
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where ao == AF + ii, a1 == C - AF + DF, and a2 == E - DF. Equation 
(56) is a second-order difference equation in Nt. In order to have a stable 
balanced path in terms of Nt, the roots of the corresponding quadratic 
complementary equation must be less than unity in magnitude, and 
by the Schur theorem, these roots are less than unity in magnitude if 
and only if the following conditions are satisfied: (i) a~ > a~; and (ii) 
(ao + a2 - a1)(ao + a1 + a2) > 0.19 

Proposition 8. Suppose that condition C3 holds, and h' is sufficiently 
small. The two Schur conditions are satisfied, and the balanced path of 
the source country is saddle-path stable, with (Ct, Yt+1) adjusting along 
the saddle path. Furthermore, the population of skilled workers in the 
source country decreases over time until the balanced path is reached. 

Proof. See the Appendix. o 

In proposition 8, h' is sufficiently small if (a) there is a sufficiently 
small scale effect in education, when education depends mainly on the 
educator-student ratio which is fixed by the government independent of 
the population, and (b) human capital accumulation is insensitive to 
the time spent by each unskilled worker on education. In this case, labor 
emigration has negligible effect on human capital accumulation. On the 
other hand, if w' approaches infinity, then the change in the wage rate 
is very sensitive to labor outflow, meaning that a small emigration is 
needed to achieve condition (52), or that brain drain occurs slowly over 
time. 

As the Appendix shows, both the product and the sum of the two 
roots of the complementary function of (56) are negative. This means 
that the two roots are of opposite signs, but the dominating root is pos
itive. So emigration takes place gradually and the skilled worker popu
lation decreases monotonically over time. 

The two conditions mentioned in proposition 8, however, are strong 
and may not be satisfied in general. To guarantee stability, the govern
ment can regulate labor outflow so that only a small number of skilled 
workers can emigrate in each period until the balanced path is reached 
in a way similar to that under permanent migration. 

6. Temporary Migration 

We now turn to temporary migration. Again for the time being, only this 
type of migration is considered: no permanent migration or brain drain 

19. See Chiang (1974, p. 599). 
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is allowed, and the temporariness of migration may be involuntary.2o 

6.1 Features of Temporary Migration 

As we did before, we suppose that starting from the beginning of period 
0, with their countries initially in their balanced paths, both govern
ments permit temporary migration from the source country to the host 
country. Unskilled workers in the source country have the option of going 
to the host country, work and receive education there. After receiving 
education, they become skilled workers and they are required to return 
back to the source country and work. 

Temporary migration of the unskilled workers to the host country 
is attractive if Ut < Uf, or if 

In[(1 - rt)Wt] + pln[h(rt, et)] < In[(1 - r*)w*] + pln[/i*]. (57) 

We assume that this condition is satisfied, at least in period o. 
Temporary migration has four important features that distinguish it 

from the other two types of migration. First, because workers who receive 
education in the host country later return to the source country, they 
and their children remain citizens of the source country. This means that 
the population of skilled workers in the source country is not affected by 
such labor movement. Second, the workers that receive education in the 
host country generally have a different human capital level, and upon 
their return they affect directly the average human capital level in the 
source country. Third, migration may continue to exist even in a new 
balanced path of the source country. In other words, in a balanced path 
of the country the number of unskilled workers may not be the same 
as that of the skilled workers. Fourth, even though how the education 
burden is shared by the skilled workers is affected by the outflow of 
unskilled workers, it does not affect directly the decision of the unskilled 
workers about migration, because they have to come back when old. As 
a result, condition (57) does not depend on the income tax rate in the 
source country. 

Following the notation introduced earlier, Ntu denotes the number 
of unskilled workers in the source country who have not moved out in 
period t. Since the unskilled workers going out must return when old, 

20. Because in the present section the unskilled workers are not allowed to stay in the 
host country after graduation, the return to the source country may be an involuntary 
one, and the migration is similar to a guest worker system. In the next section, both 
temporary migration and permanent migration are allowed, and if unskilled workers 
does not stay in the host country after graduation, the return to the source country 
is a voluntary one. 
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the number of skilled workers in the source country remains stationary. 
This implies that the effective labor force in period t is equal to 

Lt = {N + Nt'[(1- r(Nt') - a]}xt. (58) 

The capital-labor ratio is then 

k _ MYt 
t-

{N + NtU[(I- r(N?) - a]}xt 
(59) 

These two equations show how the outflow of unskilled workers changes 
the effective labor force and the capital-labor ratio. 

The outflow of unskilled workers also affects directly human capital 
accumulation and the growth of the source country. In the beginning of 
period t, all newly born workers inherit a human capital level of Xt. Of 
these workers, N - Nt' move out to the host country and get education 
there while Nt' stay behind. In the beginning of next period, those who 
moved out return with a human capital level of Ti* Xt, while those who 
stay behind possess a human capital level of h(r, aNu)xt after having 
spent a time of r on education. The average human capital level in 
this period, which will be inherited by a new generation, is a weighted 
average of these two levels, 

(60) 

where At = N": / N and Ti* is the education output in the host country, 
given the time chosen by the emigrants on education. Thus those un
skilled workers who are educated abroad bring back with them anew, 
possibly higher, skill which will be added to the existing human capital 
stock in the source country. 

The fact that international labor migration can be a medium for 
human capital transfer has not received much attention in the literature. 
For example, if the average human capital in the host country is higher 
than that in the source country, then the returning migrants would bring 
back a higher level of skill. This in turn would raise the average skill level 
and thus the education effectiveness in the source country. This way of 
transferring human capital is analogous to technology transfer in the 
case of foreign direct investment. 

Using conditions (59), (60), and the assumption that Ct and Yt adjust 
along a saddle path as described in section 2, the adjustment of the 
capital-labor ratio is given by 

kt+l = ,8[1 + r(kt ) - &][N + N?(I :: r(NtU) - a)] _ kt . (59') 
[N + Nt+l (1 - r(Nt+1 ) - a)][Ath(N?) + (1 - At)h*] 
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6.2 Balanced Path 

We first examine the balanced path of the source country. Let a bar 
and a superscript "t" denote the balanced-path value of an endogenous 
variable. The equilibrium condition of temporary migration is 

where W t is the number of unskilled workers in the source country along 
a new balanced path. Condition (61) states that the unskilled workers 
remaining in the source country are indifferent to moving out and staying 
in the economy. 

Those unskilled workers who determine not to migrate choose the 
education time as given by condition (18): 7't = r(Nut ). 

Condition (60) then gives the rate of growth of human capital: 

-t t -ut -t -
G x = A h(7' ,aN ) + (1- A )h*(7'*,e*) -1, (62) 

which depends not only on the domestic and foreign education, but also 
on the number of temporary migrants and the human capital they bring 
back. 

In the presence of temporary migration, the labor force in the pro
duction sector in period t is equal to 

(63) 

With the population and the number of emigrants constant under a 
balanced path, the labor force and the human capital stock grow at the 
same rate. 

The growth of the physical capital stock in the source country is 
described by condition (11'), which can be used to give another condition 
for a balanced path: the equalization of the growth rates of physical and 
human capital, i.e., 

(64) 

where rt is the balanced-path rental rate. Condition (18) gives the opti
mal education time. Lastly, the factor price frontier describes the rela
tionship between the factor prices: 

(-t -t) 1 C W ,r = . (36') 
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Conditions (61), (64), (18), and (36') are solved for the balanced growth 
rt, F t , vi and 'ft. 

The effects of temporary migration can be analyzed as follows. First, 
the factor price frontier (36') and the growth rate equalization condition 
(64) can be combined together to give 

w = ((r) = (UXth(r, aNut ) + (1- xt)k*],B-l + & -1). 

Making use of this wage function, we can define the following: 

T(r,NU) = In(l- r) + plnh(r,aNU) 

+ In (( [Ah(r, aF) + (1 - A)k*],B-l + & - 1), 

T* = In[(I- r*)w*] + plnk*. 

Function T(r, NU) is a measure of the normalized welfare of a represen
tative worker in the source country (less the after-tax wage income when 
old).21 Condition (57) can be written in an alternative form: 

T(ra,N) < T*. (57') 

The partial derivatives of function T( r, NU) are 

T = aT _ A(' hr 0 
r - ar - ,Bw > , 

T = aT = aphe ('[ehe - (h* - h)] 
N - aNu h + ,BNw ' 

where in evaluating Tn r is assumed to be chosen optimally, and for TN, 
it is noted that AaN = e. The sign of TN is in general ambiguous. 

Function T(r,NU) can be shown by different schedules in figure 5; 
for example, schedule TT that has the value equal to T* is shown in the 
diagram. The schedule shows different combinations of (r,NU) in the 
source country that will give welfare to those workers staying behind 
the same as that of those that choose to migrate to the host country 
temporarily. 

The slope of schedule TT is equal to 

dr I = TN = ehe - (h* - h) + ap,BwNhe(h(')-l 
d~~ ~ W~ 

The sign of this slope is generally ambiguous. If condition C2 is satisfied, 
then schedule TT is positively sloped. 

21. The after-tax wage income of a worker when old is not included in the definition 
of T(r,NU) because this income is not relevant in determining the decision of a 
worker in terms of temporary migration. 
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T 

E 

N 

Fig. 5. Balanced path with temporary migration 

Figure 5 also shows schedule EE, which describes how the optimal 
education time is dependent on the number of unskilled workers in the 
source country. As before, this schedule is given by condition (18). The 
intersecting point, D, between schedules EE and TT in the diagram 
thus gives the values of T and NU that represent the optimal education 
time for workers when taking the unskilled worker population as given, 
and this point satisfies the temporary-migration equilibrium and growth 
rate equalization conditions. 

Proposition 9. Given conditions (51) and C1 to C2, a unique bal
anced path exists under temporary migration with a positive quantity 
of unskilled workers. 

Proof. See the Appendix. o 

Figure 5 shows the equilibrium point, point D. For comparison, we 
also show the autarkic equilibrium point A. By making use of the dia
gram, we conclude that temporary migration lowers the population of 
the unskilled workers but induces those staying behind to spend more 
time on education. 

How would temporary migration affect the growth rate of the source 
country? This is the question we now turn to. The growth rate in the 
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presence of returning temporary migrants is 

Its derivatives are (denoted by subscripts) 

G~ = >.hr > 0, 

G~ = _ h* - h(l + a), 
N 

where a == ehe/h > 0 is the elasticity of h(r,e) with respect to e. The 
effect of an increase in r on the growth rate is positive, G~ = >.hr > 0, 
but that of an increase in NU is ambiguous. However, if the education 
system in the host country is much more efficient than in the source 
country in the sense that h* > h(l + a), then G~ < 0.22 

The total effect of a reduction in the population of the unskilled 
workers because of temporary migration on the growth rate is equal to 

(65) 

Based on the sign of G~, a sufficient condition under which dGt / dNu 
is negative is that G~ < O. Thus, we conclude that if the education 
system in the host country is sufficiently more efficient than that in the 
source country so that h* > h(l + a), and if condition C1 is satisfied 
(so that schedule EE is negatively sloped), then G~ < 0 and temporary 
migration increases the growth rate of the source country. Furthermore, 
an increase in its growth rate will lead to, by condition (64), an increase 
in the balanced-path rental rate but a drop in the balanced-path wage 
rate. These results are summarized by the following proposition: 

Proposition 10. If condition C1 is satisfied and if h* > h(l + a), 
then temporary migration increases the growth rate and rental rate, but 
lowers the wage rate in the source country. 

Two remarks about this result can be made. First, if a temporary 
migration increases the growth rate of the source country as described 
by proposition 10, the wage rate per efficiency unit of labor in a new 
balanced path is lower than that under autarky. The reason is that as the 
return of the temporary migrants substantially increases the domestic 

22. Alternatively, G1v < 0 if h* > h and he is sufficiently small. 
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human capital stock (when the education system in the host country is 
more efficient), the domestic labor force is increased. In fact, the increase 
in the growth rate lowers the balanced-path capital-labor ratio. This 
lowers that the domestic wage rate per efficiency unit of labor. 

Second, if the conditions listed in proposition 10 are not satisfied, 
then the growth effect of temporary migration is ambiguous. The exact 
value of the growth effect can be determined by using (65). However, 
the expression is complicated, and it is not easy to derive simple and 
intuitive conditions for an increase in the economy's growth rate. 

6.3 Transitional Dynamics 

The adjustment of the economy of the source country depends on the 
rate of emigration of unskilled workers. We assume that, in each period, 
unskilled workers emigrate until the incentive to flow out disappears for 
that period. This means that condition (57) is satisfied with an equality 
in all periods. This condition together with (59') describe a system of 
first-order difference equations in N tU and kt . 

We consider the linearized equations around the balanced path. - ~ - -
Again we let kt == kt - k and Ntu == Ntu - N be the deviations of 
the variables from their balanced-path values. Equation (59') gives 

(66.1) 

where these coefficients, when evaluated close to the balanced path, are 
equal to 

A = [N + N ut (I_"j't - a)]<I>, 

jj = kt <1>[1 _ "j't _ Nut"j'tI - a], 

C = ,8(1 + ft + ktftl - 8)[N + Nut(1 _"j't - a)], 

jj = kt <1>(1 _"j't _ Ft"j'tI - a) _ 

k[N + Nut (1 - "j't - a)JrXthtl + (ht - h*)]/ N], 

<I> = [Xtht + (1 - Xt)h*] = ,8(1 + ft - 8). 

Equation (61) can be linearized in a similar way, giving 

(66.2) 

- ~ - -where E = -h 'iii'(apwth~')-l. Substitute (66.2), for both Ntu and Nt~t-1, 
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into (66.1) to give 

(67) 

Lemma 2. The adjustment of kt as given by the difference equation in 
(67) is stable if 

1. uP is sufficiently small and if the rental rate is inelastic; or 

2. wtt is sufficiently large and rxt};,u + (F,/ - h*))/ N) < O. 

Proof. It follows directly from condition (61). o 
Proposition 11. The system is saddle-path stable if the conditions in 
lemma 2 are satisfied. 

Proof. If the difference equation in kt is stable under the conditions 
stated in lemma 2, then by (66.1)-(66.2), so is the adjustment of Nt. 
The adjustment of ct and Yt are saddle-path stable, as described earlier. 

o 

7. Endogenous International Migration 

So far, we have analyzed each of the three types of international migra
tion separately under the assumption that only one type of migration is 
allowed. We now relax this assumption. To focus our analysis more on 
the source country, we do keep the simplifying assumption that only la
bor is allowed to move only from the source country to the host country. 

Endogenizing these types of international migration is to allow work
ers in the source country to choose where to stay when young and old, 
where to receive education, and where to work. The decision of the 
worker therefore depends on the following two factors: the effectiveness 
of education and the after-tax wage rates. Let us measure the effective
ness of education by the following variable: 

Z = (1- r)[(l- ¢)h(r,aNuW. 

Variable Z depends on the time not spent on education, 1 - r, and 
the discounted "after-tax" returns on education, [(1 - ¢)h(r, aNu)]p. 
Therefore education is said to be effective if it (a) requires less time; (b) 
implies a smaller income tax; and/or (c) produces more human capital. 
The corresponding variable for the host country can be similarly defined: 

Z* = (1 - r*)[(l - ¢*)/i*)p. 
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The values of Z and Z* are measures of education effectiveness in the 
source and host countries, respectively. 

Focusing the analysis in the present section on balanced path, or the 
cases in which the source economy is close to a balanced path, we exam
ine the effects of labor emigration on the wage rate and effectiveness of 
education in the source country. Dynamic analysis of switching between 
different types of labor migration, however, is beyond the scope of this 
chapter. 

Let us measure respectively the welfare level of a worker in the 
source country in the presence of permanent migration, brain drain, and 
temporary migration by the respective functions: 

P(Z,w) = InZ+(1+p)lnw, 

B(w) = In w, 
T(Z,w) = InZ+lnw, 

where all endogenous variables are measured near the balanced path. 
It is easy to see that each of these functions is strictly increasing in 
their arguments. These three functions are appropriate indicators of the 
welfare levels of workers remaining in the source country when different 
types of international migration are allowed. Denote the welfare levels of 
the workers who move in the form of permanent migration, brain drain, 
and temporary migration by P*, B*, and T*, respectively, which are 
defined as 

P* = InZ*+(1+p)lnw*, 

B* = lnw*, 

T* = In Z* + In w* . 

Using a superscript "a" to denote the autarkic balanced-path value of a 
variable, we can say that in the absence of any government restrictions, 
permanent migration, brain drain, or temporary migration is attractive 
if, respectively, 

p(za,wa) < P*, 
B(za,wa) < B*, 
T(za,wa) < T*. 

(68.1) 

(68.2) 

(68.3) 

Two remarks can be made. First, there are cases in which more than one 
types of migration are simultaneously attractive to the workers in the 
source country. In these cases, one type of migration may dominate the 
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other types, meaning that if workers can choose the timing and duration 
of migration, the dominant type is preferred. Second, since emigration 
affects variables in the source country, it is possible that initially one 
type of migration dominates the other types, but as the source country 
grows, the dominant type changes. 

The equilibria of the present system under different types of interna
tional migration can be represented by values of Z and w that satisfy the 
expressions in (68.1)-(68.3) with the inequalities replaced by equalities. 
Different possible equilibrium combinations of values of Z and w in the 
source country are illustrated in figure 6. Thus schedules P P', 1313', and 
TT' represent, respectively, the equations P(Z, w) = P*, B(Z, w) = 13*, 
and T( Z, w) = T*. The functions are increasing toward the right and 
upward. We assume that any two schedules intersect only once. 

Let us examine some of the properties of these schedules. First, we 
note that point H, which represents the balanced path of the host coun
try, (Z*, w*), satisfies all these three functions, meaning that the three 
schedules must pass through point H. Second, schedule 1313' is a vertical 
line at w = w*. Third, schedules P pI and TT' are negatively sloped. 
Fourth, schedule P pI is steeper than schedule TT' at point (Z*, w*). 23 

Fifth, a point above and to the right of a schedule represents the values 
of Z and w with which the corresponding type of international migration 
will not occur because a worker can get a higher welfare and/or a more 
efficient education by staying in the source country than by migrating. 
Similarly, a point below and to the left of a schedule means that the 
corresponding type of migration is preferred to no migration. 

The three schedules and the horizontal line through point H divide 
the space in figure 6 into seven regions labelled I to VII. Whether em
igration and what type of emigration will occur depends on where the 
autarkic point of the source country is. We now analyze each of these 
regions. 

Region I - An autarkic point of the source country in this region repre
sents values of Z and w that yield a welfare level to a worker in the 
source country higher than what she can get by moving to the host 

23. The slopes of schedules ppl and TT' are respectively equal to 

dzl Z(l + p) 

dw ppl w 

~~I-- Z 

w 
TT' 
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country. Thus, this region represents no international migration. 
Region II - In this region, temporary migration but not other types of 

migration exists. 
Region III - In this region, both temporary migration and permanent 

migration are attractive to the workers in the source country. This 
means that unskilled workers have incentives to get education in the 
host country. However, because the domestic wage rate is higher 
than that in the host country, workers from the source country 
will prefer to return after graduation. In other words, temporary 
migration dominates permanent migration. 

Region IV - In this region, all three types of migration are attractive 
to the workers in the source country. However, because Z < Z*, 
i.e., education is less efficient in the source country than in the host 
country. Workers prefer to receive education in the host country. 
Because w* > 10, workers will choose to stay in the host country 
after graduation. In other words, in this region permanent migration 
dominates the other two types of migration. 

Region V - In this region, again all three types of migration are attrac
tive. However, because Z > Z*, workers in the source country will 
choose to have education at home. Thus brain drain is preferred to 
the other two types of migration. 

Region VI - In this region, only brain drain and permanent migration 
are preferable, but because education is more efficient in the source 
country than in the host country, brain drain dominates permanent 
migration. 

Region VII - In this region, only brain drain will be chosen over no 
migration. 

The diagram brings out several features of endogenous international 
labor migration which has rarely been investigated in the literature. 
First, it is possible that when labor emigration is allowed, more than one 
type of labor migration is attractive to the domestic workers. Second, 
usually different types of labor migration can be ranked by the workers. 
If workers are free to choose the type of labor migration, they may choose 
one over the other. Third, as the economy adjusts, the dominant type 
of labor migration may change. 

A full analysis of possible switches from one type of labor migration 
to another requires a rigorous dynamic analysis, which is beyond the 
scope of this chapter. Instead, we focus on balanced paths. The following 
results can easily be obtained from figure 6 and the analysis in the 
previous sections. 
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Fig. 6. Choosing between permanent migration, brain drain, and tempo
rary migration 

Proposition 12. Suppose that with both countries initially in their 
balanced paths, labor is allowed to migrate from a small, source country 
to the host country. 

1. There are cases in which permanent migration exists, and in some 
other cases, brain drain or temporary migration may exist, de
pending on the autarkic wage rates and education efficiency in the 
source and host countries. 

2. One type of migration may switch to another type as more and 
more labor moves out. 

3. No matter what type of migration exists initially, the new balanced 
path, if exists, is characterized by either brain drain or temporary 
migration. 

4. If initially permanent migration exists, as in the case in which the 
autarkic point is given by point A in figure 6, it switches to tempo
rary migration sooner or later if the wage rate goes up sufficiently 
faster than the education effectiveness in the source country. In 
this case, a new balanced path may exist at a point like X in fig
ure 6. If instead the education effectiveness rises sufficiently faster 
than the wage rate in the source country, permanent migration 
switches to brain drain later, and a new balanced path may be 
represented by a point such as Y. 
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5. If initially temporary migration exists, and if in the source country 
the wage rate rises monotonically as labor moves out, then the new 
balanced path will be characterized by temporary migration. 

6. If initially brain drain exists, and if the education effectiveness rises 
monotonically, then the new balanced path will be characterized 
by brain drain. 

7. If brain drain exists initially and the balanced path in the long run 
is characterized by temporary migration, or if temporary migra
tion exists initially and the balanced path in the long run is char
acterized by brain drain, then there exist some periods in which 
permanent migration exists. 

8. Concluding Remarks 

We have constructed a simple model in which an economy grows be
cause of accumulation of both human capital and physical capital. A 
balanced path is derived in which both types of capital grow at the 
same rate. We then extended the model to two-countries and analyzed 
international labor migration. For each of the three types of labor mi
gration, we analyzed how each may affect the source country's growth 
and income distribution between workers and capitalists. We also ex
plained how workers in the source country may choose between different 
types of migration, and showed the possibility that the dominant type 
of migration may change as the source country grows over time. 

The perpetual growth of the source country in the present model is 
due to education and unbounded accumulation of human capital. There
fore the effects of labor migration on growth work through education. 
We argued that in the present model, both permanent migration and 
brain drain may have adverse effects on growth. These adverse growth 
effects can be explained in terms of the externalities that exist in edu
cation. Temporary migration, which does not lead to a decrease in the 
population of the source country, tends to have positive growth effects. 
These positive effects, which are not well recognized in the literature, 
come from the human capital brought back by the migrants, who have 
received education in the host country. Such transfer of human capital is 
analogous to the transfer of technology accompanied by the investment 
of foreign firms. 
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Appendix 

Proof of Lemma 1. Rearrange condition (17) to give (the time sub
script being dropped for simplicity), 

1 _ T = h( T, e) . 
ph .. 

(69) 

By assumption 2, when T approaches zero, h( T, e) approaches unity and 
h .. > 1/ p, implying that the left-hand side (LHS) of (69) is greater than 
the right-hand side (RHS). When T approaches unity, the LHS of (69) 
is less than the RHS. The LHS of the condition is a strictly decreasing 
function of T, while the RHS, because h .. > 0 and hrr < 0 by assumption 
2, is a strictly increasing function of T. By continuity of the functions, 
there exists one and only one value of T E (0,1) that satisfies condition 
(69) when given p and e. 0 

Proof of Proposition 1. By lemma 1 and condition (18), the optimal 
education time in an autarkic balanced path is given by Ta = T(N) E 
(0,1). Once Ta is known, the growth rates of human capital stock and the 
labor force are determined. Let lia == h(ra, aN). By lemma 1, lia > 1. So 
lia _ 1 is the (positive) growth rate of human capital. Define the rental 
rate that satisfied (22) as 

(70) 

Because f3 < 1, the right-hand side of (70) is positive. Therefore by as
sumption 1, the rental rate defined in (70) is finite, positive, and unique. 
The wage rate is obtained from the factor price frontier, and is unique 
and positive. The factor prices give a unique capital-labor ratio, which 
is denoted by r. 0 

Proof of Proposition 3. Condition (30) implies that labor movement 
exists when allowed. In terms of figure 2, and because p .. < 0, schedule 
PP is below schedule EE when N = N. Suppose that significant labor 
emigration exists so that the labor force in the source country is small. 
Assumption 1 implies that the physical capital stock in the source coun
try is finite, and that the corresponding wage rate is infinite. In other 
words, the rise in the local wage rate will prevent all the unskilled work
ers in the source country from moving out. So there exists N E (0, N) 
that satisfies (33). This is represented by a point ofintersection between 
schedules P P and EE in figure 2. The education time can be obtained 
from (34). Other variables can be obtained accordingly. If conditions 
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CI-C2 are also satisfied, then a comparison of conditions (19) and (38) 
shows that schedule P P is steeper than schedule EE at their point of 
intersection in figure 2. Thus the balanced path is unique. 0 

Proof of Proposition 6. Condition (44) implies that brain drain exists 
when allowed. Assumption 1 implies that the wage rate in the source 
country will rise sufficiently high to prevent all workers from moving 
out. So there exists N E (O,N) that satisfies (48). 

We now turn to uniqueness. It has been shown that when given 
condition Cl, both schedules hh and EE are negatively sloped, but 
schedule hh is steeper at the point of intersection. This means schedules 
hbhb and EE can intersect at most once. Thus, a balanced path with 
brain drain exists and is unique. 0 

Proof of Proposition 7. The proposition can be proved by using fig
ure 4. Point A shows the autarkic point with the initial population. The 
shrinkage of population due to brain drain means that the new equi
librium point, B, is to the left of and higher than point A, which in 
turn implies that the growth rate of the economy under brain drain is 
lower than that under autarky. The rest of the proof is similar to that 
of Proposition 4 (given in the text) and thus is omitted. 0 

Proof of Proposition 8. We first consider Schur condition (i). 

a6 - a~ = (AF + 13)2 - (E - DF)2 
(-b-b -b b b b I) 2 k h - h aw (2 - r - a)[(1 - a)w ']-

- (kb1t N b (2 - rb - a) - kbh,b (1 - rb - Nbrbl - a) 

-awb(2 _ rb _ a)[h,b + ,Bkbf bl][(1 _ a)wb1r I) 2, 

which is positive if the conditions in the proposition are satisfied. We 
next consider condition (ii). By using the definitions of ao, aI, and a2, 
we have 

(ao + a2 - ad(ao + al + a2) 

= (2AF + 13 - C - 2DF + E)(13 + C + E) 
= kbh,bl N b (2 - rb - a){ 2kbh,b (7 + Nbrbl + a) + kbh,bl N b(2 - r - a) 

-4ah,wb(2 - r - a)[(1 - a)wb/]-I 

-2a,Bkbwbf bl(2 - r - a)[(1 - r)wb/]-I}, 

which is positive if wbl -+ 00 (condition C3). Thus, the Schur condition 
for stability with respect to Nt is satisfied. To find out whether Nt 
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oscillates, note that, by direct substitution, a2/aO < 0 and aI/ao < 
0, meaning that the two roots in (56) are of opposite signs but the 
dominating root is positive. This proves the proposition. 0 

Proof of Proposition 9. Condition (57') implies that temporary mi
gration exists when allowed. In the presence of temporary migration, 
by assumption 1, the wage rate for the unskilled workers will rise suffi
ciently high to prevent all workers from moving out. Thus there exists 
N E (0, N) that satisfies (61). In terms of figure 5, schedule TT is 
below schedule EE when NU = N, and is above schedule EE when 
N U approaches zero. Continuity of the schedules means that they cut 
each other at least once. Given condition C1, schedule EE is negatively 
sloped, and given condition C2, schedule TT is positively sloped. Thus, 
the balanced path is unique. 0 
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CHAPTER 11 

The Human Capital Dimension to 
Foreign Direct Investment: Training, 
Adverse Selection, and Firm Location 

Thea S. Eicher and Pantelis Kalaitzidakis 

1. Introduction 

The development literature emphasizes technology transfers as a central 
aspect of take-off and convergence of growth rates. Arguably the most 
important channel of technology transfer is foreign direct investment 
(FDI). While theoretical models of FDI and firm location focus largely on 
technology and physical capital, recent empirical evidence underscores 
that the success of technology transfer via FDI depends crucially on the 
size of the developing country's human capital stock, see Borensztein, 
DeGregorio, and Lee (1995). In addition, Hummels and Stern (1994) 
documented that the lion share of FDI occurs among nations with similar 
technology and human capital levels. 

This chapter examines the role of multinational corporations (MN Cs) 
in facilitating international technological diffusion, and the role of human 
capital in determining firm location. In focusing on human capital, we 
introduce a new dimension to trade and FDI: informational asymmetries. 
We combine an efficiency wage approach to labor markets with a model 
of trade and FDI by embedding an adverse selection model into a two 
sector general equilibrium framework that extends to the open economy. 
This allows us to analyze the human capital dimension to trade and FDI: 
the choice of firm location when investment in firm specific training is 
affected by adverse selection problems. 

Labor market information asymmetries have not yet been analyzed 
in the international trade and location literature. This is surprising, 
since a key aspect of firm location is ownership advantage, e.g., a firm 
specific production process, blueprint, or technology, see Dunning (1977, 
1981). When workers are heterogeneous in their abilities to learn about 
this ownership advantage and MNCs are unable to judge individual skills 
perfectly, MNCs cannot make full use of their ownership advantage. Any 
location model is thus incomplete without the specification of a distinct 
information set that determines how employers form expectations about 
worker productivity. 

337 
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Our model features only one factor, heterogeneous labor. The level 
of human capital is important to firm location because domestic workers 
must learn about firm specific technologies, and firms must provide these 
skills through training. Investment in our model is thus investment in 
people and skills. We assume with Kalaitzidakis (1996) that the training 
efficiency depends on worker quality, which contains both observable and 
unobservable components. Since MNCs cannot ascertain workers' train
ing efficiency with certainty ex ante, firms' hiring and location decisions 
are subject to adverse selection problems. The model consists of two sec
tors, agriculture and manufacturing. The agricultural sector establishes 
a reservation wage through self-employment, while the manufacturing 
sector pays an efficiency wage to counter the adverse selection problem. 
Agents differ in their productive abilities within countries, and in both 
their abilities and their observable human capital across countries. 

The model yields a number of insights that are new to trade and for
eign direct investment literature, but reminiscent of the implications of 
efficiency wage models. Adverse selection generates a pattern of static 
comparative advantage that is akin to both the Heckscher-Ohlin and 
the Ricardian model. As in the Ricardian model, countries with more 
sophisticated technologies feature higher wages and export the technol
ogy intensive good. Reminiscent of the Heckscher-Ohlin model, human 
capital abundant countries adopt more sophisticated technologies and 
possess a comparative advantage in the learning intensive good. Unlike 
in the Heckscher-Ohlin model, a human capital, abundant country that 
shares identical technologies with all other countries features a higher 
manufacturing wage because the expected quality of its applicant pool is 
higher. We also find that a country that shares the same levels of human 
capital and technology with all other countries, but possesses a larger 
labor endowment, has a comparative advantage in agriculture because 
the size of the population increases the adverse selection problem firms 
face. 

In contrast to the Heckscher-Ohlin model, t.rade is associated with 
falling (rising) wages in t.he developed (developing) country. The wage 
convergence signals a novel effect introduced by the addition of adverse 
selection to trade: informational efficiency gains from trade. These gains 
arise because both countries relocate production to the sector where 
workers have a comparative advantage in terms of production and in
formational efficiency. The country with the comparative advant.age in 
training expands production of the training intensive good, pays lower 
efficiency wages, but also enjoys a higher quality applicant pool. That 
is, trade diminishes the effect of the informational asymmetries in the 
developed country's manufacturing sector. Informational gains also ac-
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celerate the adjustment and increase the output of the agricultural good 
in the LDC. 

The analysis of location reveals that the incentive to open sub
sidiaries in foreign countries diminishes with the technological and hu
man capital differences between countries, as discussed by Borensztein, 
DeGregorio, and Lee (1995). The larger the difference in human cap
ital levels across countries, the greater the effect of the informational 
asymmetry on the training efficiency for the MNC. Also, the more pro
nounced the technology gap between countries, the higher the training 
costs for MNCs. If a firm opens a production plant in a foreign country, 
we find that informational asymmetries naturally give rise to the type 
of multiple wage equilibria observed by Feenstra and Hanson (1995) and 
Aitken, Harrison, and Lipsey (1995). That is, MNCs pay higher wages 
than domestic firms in equilibrium because MNCs use higher levels of 
technology than domestic firms and therefore seek to attract higher qual
ity workers to minimize training costs. Interestingly enough, the MNC 
pays workers in the foreign country less than in the home country, since 
information and training cost are higher in the developing country, where 
the cohort is of observationally lower quality. This is what we term the 
human capital dimension to foreign direct investment. Finally we exam
ine the dynamics of the model and find that our equilibrium is locally 
saddle point stable. However, sustained growth comes to a halt, despite 
endogenous technological change, because the training cost per worker 
eventually outpaces productivity increases. 

Labor market information asymmetries have not been extensively 
analyzed in the international trade literature, which commonly assumed 
perfect information in labor markets. Dixit (1989) modeled adverse se
lection in an open economy, but informational asymmetries exist only 
between entrepreneurs and policy makers. Moral hazard was introduced 
into trade models by Copeland (1989) and Bulow and Summer (1986), 
who examined commercial policy; and by Brecher (1992) and Brecher 
and Choudhri (1994), who examined the welfare effects of commercial 
policy given unemployment. Informational asymmetries have been intro
duced into various other areas of the open economy. Markusen (1995) 
provided an exhaustive survey of the analysis of moral hazard problems 
associated with licensing agreements that multinationals face. Ethier 
(1986) examined incomplete contracts. Dixit (1989) examined commer
cial policy in a model where the probability of success in a risky produc
tion sector is private information, and in a model where the migration 
decision is a function of the small open economy's stochastic terms of 
trade, see Dixit (1994). 



340 Dynamics, Economic Growth, and International Trade 

The adverse selection problems that firms face when hiring heteroge
neous workers under imperfect information, was first explicitly modeled 
by Weiss (1980). Weiss showed that such market imperfections require 
employers to identify the mass of workers that accrue the minimum cost 
per efficiency unit of labor. Nalebuff and Stiglitz (1982) subsequently 
presented a model where increases in wages increase the expected ability 
of the applicant pool because lower quality applicants see their proba
bility of being hired diminish. We will utilize the insights of these ad
verse selection models to model how firms select applicants and efficiency 
wages below. The empirical evidence on the informational asymmetries 
in labor markets is scarce. There is little evidence for moral hazard, but 
compelling evidence for adverse selection problems, as documented by 
Foster and Rosenzweig (1993). Their study concluded that higher pro
ductivity workers participate less in time wage markets when the return 
to piece rate (self-employment) work increases. Foster and Rosenzweig 
also showed that there is considerable ignorance among employers about 
the individual difference in workers' abilities in developing countries. 

2. A General Equilibrium Adverse Selection Model 

2.1 Agriculture 

We make two assumptions that pay tribute to the traditional notion of 
agricultural sectors. First, the sector is one of self-employment. Workers 
opt to work in agriculture only when they do not find employment in 
manufacturing, or when the value of their marginal product in agricul
ture exceeds the wage they would receive in manufacturing. Second, we 
choose a linear production function not only to simplify matters, but 
also to reflect the traditional notion that the marginal product equals 
the average product in the agricultural sectors. The total output of the 
agricultural good, X, is given by 

LX 

X=:LG[B(i),H], iE[O,Lj, GH>O, G(»O, (1) 
i=O 

where subscripts indicate partial derivatives. L are the total units of la
bor in the economy, which divide themselves into agricultural and manu
facturing employment, LX and LY , respectively. Productivity, G[B(i), H], 
depends on the quality of the individual worker, which consists of two 
components: observable human capital, H, and unobservable ability, B. 
H represents the average level of human capital (e.g., years of schooling) 
that is observable in a country. Once we introduce trade we will assume 
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that H varies exogenously across countries and that Hi> j = 0,1,2, ... , 
can be ordered across countries so that Ho represents the country with 
the lowest level of average general human capital. We suppress country 
indicator superscript unless needed. 

Since each self-employed worker knows her ability, (J, there exist no 
informational asymmetries in the agricultural sector. Hence, the return 
to labor in agriculture is known with certainty to each individual. We 
label the value of the marginal product in agriculture the reservation 
wage, Wi, of worker i with human capital H at price 7r, or 

Wi = 7rG[O(i),H], (2) 

where 7r represents the relative price of the agricultural good. Given that 
higher quality workers have higher productivity, the following derivatives 
are straightforward: 8wi j8H > 0, 8wi j87r > 0, and 8wij80 > 0. 

2.2 Manufacturing 

For simplicity, we assume that each country possesses just one firm 
and one representative technology, A. The firm's production function 
for manufacturing output, Y, is given by 

Y = F [T[A] LY ], F /[·] > 0, F"[·] < 0, T' [·] > 0, T"[·] > 0. (3) 

The productivity oflabor, T[·], depends on firm specific technology A. To 
be able to work with A, labor must acquire firm specific skills. Since skills 
are firm specific, the employer must pay the training cost, see Becker 
(1975). We assume with Kalaitzidakis (1996) that firms incur training 
costs that are a function of worker quality. Specifically, we express the 
cost of training worker i as 

Ci[O(i), H, A] = T[A] G [q[O(i), H]], G/[·] < 0, G"[·] > 0, (4) 

where, for simplicity, training costs depend linearly on the amount of 
training required for each specific technology, T[A]. The training effi
ciency, q[.], of worker i (i.e., how easily a worker can learn new skills) is 
determined by the worker's quality, O(i) and H. Using (2) we can write 
training efficiency as q[wi, 7r, H], with qw > ° and q1r < 0. 

The manufacturing sector is, however, marred by informational 
asymmetries. Firms hire workers whose training efficiency depends on 
their quality, which is not known with certainty to the employer. Man
ufacturers may observe general human capital, H, across countries (i.e., 
from UNESCO educational attainment statistics), but not the exact 
ability of each applicant, 0 (i.e., how fast an individual worker learns 
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about the firm specific technology). These informational asymmetries 
create an adverse selection problem and firms realize that the quality 
of the applicant pool deteriorates at any given level of observed human 
capital as the manufacturing wage declines. 

While firms cannot observe the quality of worker i ex ante, they 
are capable of generating beliefs about the applicant pool's expected 
quality on the basis of workers' reservation wages. Since the reservation 
wage is increasing in (), firms may use the manufacturing wage, w, to 
influence the expected quality of their applicant pool. Hence, following 
Weiss (1990), firms base their hiring decisions on the expected quality, 
Q, 

(5) 

where D[wi ] gives the mass of workers with reservation wage Wi. Equa
tion (5) states that at a given relative price 7r, firms can expect an 
applicant with observable human capital H to possess quality Q, at a 
given wage offer, w. From qw > 0 and q7r < 0, it follows that Qw > 0 
and Q7r < O. In addition, we assume that, at a given wage, the expected 
quality increases in the level of observable human capital, or Q H > O. 
We also assume that Qn < 0, Qww < 0, and QW7r = O. We can now 
rewrite the firm's training cost per worker as 

c = T[A] C [Q[w, H, 7r]]. (4') 

The manufacturing firm's problem then consists of maximizing profits, 
p, over employment and wages 

max p = F [T[A] L Y ] - (w + T[A] C [Q[w, H, 7r]]) L Y . (6) 
w,LY 

The first order conditions can then be derived as 

T[A] C' [Q[w, H, 7r]] Qw [w, H, 7r] = -1, 

F' [T[A] LY ] = T~A] + C [Q[w, H, 7r]]. 

(7) 

(8) 

Equation (8) solves for the optimal number of workers employed at any 
given wage. It simply states that the marginal product must equal the 
marginal cost to firms, where the cost depends on both the wage and the 
expected training costs. It will be convenient to define the productivity 
adjusted cost as the Average Efficiency Cost (AEC) of the firm with 
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technology A as 

AEC = w + T[A] C [Q[w, H, 1T]] 
- T[A] (9) 

with 8AECj8wlw. = 0, and 82 AEC/8w2 = C"[Q]Q~+C'[Q]Qww > o. 
That is, the efficiency wage minimizes the AEC of firms; and the AEC is 
convex in the wage. The minimization of the AEC or, equivalently, the 
profit maximizing wage condition, (7), determines the efficiency wage, 
w* = w*[A, H, 1T], as a function ofthe exogenous parameters: technology, 
observable human capital, and the (partial equilibrium) relative price. 
Equation (7) replicates the typical efficiency wage condition that, at 
equilibrium, a unitary decrease in the wage cost must generate an equal 
increase in the training cost. Also, (7)-(8) reproduce the usual efficiency 
wage result that, as long as the labor constraint is not binding at w* , the 
wage determines the amount of labor employed, instead of vice versa. 
That is, firms choose productivity and training efficiency of their workers 
optimally and independently of the amount of labor supplied at any 
given wage.1 Equations (7) and (9) yield 

8w· _ C"[Q]Q"Qw 0 
""'lfif - - 82AEC/8w2 > , 
8w· __ C"[Q]QHQw+C'[Q]QwH 
8H - 82AEc18w2 

8w· _ T'[A] 0 
aA - T[A]2(82AEc18w2) > , 

8A::r = C'[Q]Q1r > 0, (10.1) 

> 0, 8Alip· = C'[Q]QH < 0, (10.2) 

8A8~C· = - ~~11] < O. (10.3) 

It is instructive to report both the changes in wages and AECs because 
the two need not move in the same direction. While wages are an im
portant part of AEC, so are the training costs, which depend on the 
quality of the applicant pool. If wages rise due to an increase in the 
relative price, then the AEC increases because firms see the quality of 
their applicant pool deteriorate as the value of the marginal product in 
agriculture rises. If, however, wages increase because firms face higher 
levels of observable human capital or technology, the AEC declines. In 
response to an increase in technology, firms raise the efficiency wage to 
offset increased training costs with higher quality workers. Since higher 
quality workers possess a comparative advantage in training and learning 
about more sophisticated technologies, the AEC declines. 

An increase in human capital, at any given level of technology, im
plies two effects akin to a change in the relative price and technology. 

1. For the purposes of this chapter we assume that the manufacturing sector's labor 
supply exceeds labor demand at any given wage. The analysis of excess labor demand 
in adverse selection models is standard and can be reviewed in Weiss (1990). 
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While higher human capital workers also have higher reservation wages, 
firms see the average quality of the applicant pool increase. Since high 
human capital workers also possess a comparative advantage in learning 
about new technologies, the net effect of increasing the level of human 
capital is upward pressure on the efficiency wage, but lower AEC. 

In competitive models, when wages are directly tied to the marginal 
product of workers, or in models of perfect information, wages and out
put (employment) are usually inversely related. This need not be so in 
the case when firms pay efficiency wages that are influenced by worker 
quality or technological skill requirements. Equations (3) and (8) yield 
straight forward relations between manufacturing output and the three 
key variables: 

8Y* = T[A] F,[.]8LY * = F'[·] 8AEC* < 0, (11.1) 
87r 87r F" [.] 87r 

8Y* = T[A] F,[.]8LY * = F'[·] 8AEC* > 0, (11.2) 
8H 8H FII[.] 8H 

8Y* ( 8LY *) F'[.] 8AEC* 
8A = F'[·] T'[A] L Y + T[A] 8A = FII[.] 8A > 0. (11.3) 

Manufacturing output falls as the relative price increases, since the in
crease in the value of the marginal product in agriculture lowers the qual
ity of the applicant pool in manufacturing. Firms are forced to increase 
the efficiency wage, just to hold training costs constant. The increase 
in the average and total cost decreases profits which induces a contrac
tion in output through employment. The partial equilibrium effects of 
increases in human capital and technology are positive on output in the 
manufacturing sector. Output in the manufacturing sector increases in 
both cases because workers are more productive. However, in the case 
of increased technology firms also face higher training costs. As firms 
are faced with increased training costs, they raise the efficiency wage to 
attract more able workers with a comparative advantage in training. 

2.3 Demand 

Most efficiency wage models, with the exception of Phelps (1994), ab
stract from an explicit demand side and are thus susceptible to nagging 
doubts that general equilibrium considerations might overturn the par
tial equilibrium results. To establish a meaningful notion of comparative 
advantage, we turn to the demand side to construct a two sector general 
equilibrium adverse selection model. Our introduction of two qualita
tively different sectors not only represents the informational asymmetries 



The Human Capital Dimension to Foreign Direct Investment 345 

across sectors and countries, but also allows for a complete and standard 
demand side that permits for a meaningful discussion of relative prices 
and trade. 

Agents maximize utility, U, which is a function of their consumption 
of the agricultural and manufacturing good, X and Y, 

U = a In X + In Y, (12) 

subject to their individual budget constraints that are determined by 
their income derived from their ownership in firms, plus their efficiency 
wage income or their income from self- employment in agriculture. Util
ity maximization yields the standard relation between relative demand 
and relative price 

Y 
a X =1r. (13) 

3. Static Comparative Advantage 

The condition that supply must equal demand in the closed economy, or 

F [T[A]LY] 
a =1(" 

2:~,:oLY G[O(i), H] 
(14) 

renders the equilibrium relative price in the closed economy, 1("* = 
1("* [A, H, L, a], a function of technology, observable human capital, the 
population size, preferences, and the ability distribution of a country. 
We refrain from assuming any specific distribution for 0 and assert that 
these distributions are identical across countries. The comparative stat
ics that involve the size of the labor force, L, are then based on the 
assumption of mean and spread preserving increases in the population 
and its abilities.2 Differentiation of (14) yields the following insights into 
the static comparative advantage: 

81("* Y BX' 
a){'I BL (15.1) 

8L B(Y/X) < 0, 
1 - a Bn 

a (BY' BX') 81("* )('I X BH - Y BH 
> 0, (15.2) 

8H 1 - a B(Y/X) 
Bn 

a (BY' BX') 81("* )('I X BA - Y BA 
(15.3) 

8A 1- aB(Y/X) 
> 0, 

Bn 

2. It is easily proven that mean preserving increases in the spread of distributions 
increase the AEC. 
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fhr* 
8a 

Y 

x >0. 
l_a 8(Y/X) 

81f 

(15.4) 

The denominator is positive in all cases, as it is simply one minus the 
slope of the relative supply curve. An increase in 'IT has two separate 
effects. First, it decreases employment in manufacturing, as explained in 
(11.1); second, it depresses the expected quality of the applicant pool, 
which elevates the AEC. Despite firms' attempts to raise the efficiency 
wage to diminish the deterioration in the quality of their applicant pool, 
quality declines. 3 Output of X (Y) rises (falls) unambiguously. 

Once the sign of the denominator is established, the responses of the 
relative price due to changes in population and preferences are simple 
to sign. Ceteris paribus, a mean and spread preserving increase in the 
population depresses the relative price of the agricultural good, but both 
sectors expand. Initially, all new workers would start in the agricultural 
sector, since the labor demand in manufacturing is solely determined by 
the efficiency wage condition. As the value of the marginal product in 
agriculture declines, firms can offer lower efficiency wages and attract the 
same expected quality applicant pool, which encourages manufacturing 
employment. However, since the efficiency wage is independent of the 
amount of labor in the economy, or even the amount of labor supplied 
at any given wage offered, the agricultural sector's increase in supply 
dominates and the relative price falls. Hence countries with larger pop
ulations, even if they have the same level of observable human capital, 
exhibit lower efficiency wages and have a comparative advantage in the 
agricultural good, simply due to the adverse selection problem that firms 
face. 

Greater preferences for the agricultural good raise the value of the 
marginal product in agriculture, which increases the training cost as the 
quality of workers forthcoming at any given wage declines. Output of the 
agricultural good rises while that of the manufacturing good declines. 
Increases in the level of technology and human capital increase the rela
tive supply of the manufacturing good. In both cases the relative supply 
effect dominates the downward price pressure from the demand side. A 
higher level of technology implies a lower productivity adjusted wage. 
This allows firms to employ higher quality workers by increasing the effi
ciency wage. The quality of workers in manufacturing increases and with 
it the level of output, while output of the agricultural good decreases 
unambiguously. A higher level of human capital has the same effect. At 
any given wage, firms can attract higher quality workers, which lowers 

3 dQ _ ( C'[QJQww ) 
. d'lr - Q1r C"[QJQ~ + C'[QJQww . 
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their AEC. Firms will raise the efficiency wage to compensate for the 
increased training efficiency and hire more workers. While fewer workers 
remain in the agricultural sector, and while the manufacturing sector 
is hiring workers of higher quality than before, the increase in H also 
increases the agricultural productivity, G[O(i), Hl, which is taken to be 
dominated by the increase in output in the manufacturing sector.4 In 
summary, a country with lower levels of technology or human capital, 
and with greater labor endowment or preferences for the agricultural 
good will have a comparative advantage in the agricultural sector. 

Having determined the effect of a change in the equilibrium price 
on the key variables, we can now derive the general equilibrium effects 
of higher technology and human capital on the efficiency wage. 

dw* 8w* 81f* 8w* 
dA = 81f 8A + 8A > 0, (16.1) 

dw* 8w* 81f* 8w* 
dH = 81f 8H + 8H > O. (16.2) 

Increases in human capital and technology cause positive direct and 
indirect effects on the wage. Higher levels of technology or observable 
human capital increase the relative price of the agricultural good (15.2)
(15.3), which exerts upward pressure on the efficiency wage, because it 
decreases the quality of workers forthcoming at the current efficiency 
wage. In addition, higher levels of technology or observable human cap
ital also induce firms to raise wages directly to lower their AEC, since 
higher quality workers have a comparative advantage in learning about 
new technologies (10.2)-(10.3). 

In summary, the introduction of informational asymmetries, adverse 
selection and efficiency wages generates a pattern of static comparative 
advantage that is akin to both the Heckscher-Ohlin and the Ricardian 
model. As in the Ricardian model, the country with the more sophisti
cated technology features the higher wages and exports the good that 
is technology intensive. Reminiscent of the Heckscher-Ohlin model, the 
observable human capital abundant country possesses a comparative 
advantage in the learning intensive good. Hence this country adopts 
more technology and exports the technology intensive good. Unlike the 
Heckscher-Ohlin model, however, if two countries share the same tech
nology, the human capital abundant country features the higher return 
to human capital in autarchy. Firms in the human capital abundant 

4. To avoid perverse price responses we only consider the case we find intuitively 
most compelling, i.e., we restrict ourselves to distributions of G[·] that render the 
elasticity of output with respect to H smaller in agriculture than in manufacturing 
when the amount of labor and the relative quality in agriculture decline. 
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country can afford to pay higher wages because workers possess training 
efficiency. In fact, the higher quality of the applicant pool renders the 
AEC comparatively lower in the human capital abundant country. In 
general we find that 

dAEC' 
----;tA 

dAEC' 
----;[j{ 

8AEC' 8n' + 8AEC' - C'[QJQ 8n' - wr~1J ~ 0 
8n 8A 8A - n 8A T A < , 

8Affr?' ~~ + 811ft = C'[QJQn ~~ + C'[QJQH ~ O. 

(17.1) 

(17.2) 

The AEC is convex in both the level of human capital and in the 
level of technology.5 The AEC is convex in the level of technology since 
eventually the decline in the productivity adjusted wage is dominated 
by the increase in the training cost. We already know that if we assume 
identical prices and technologies, the minimum AEC will be lower in 
the country with the higher human capital (10.2). If prices are allowed 
to vary, however, eventually the increase in relative price of the agricul
tural good is sufficiently strong to decrease the quality of the applicant 
pool to such an extent that the cost of attracting higher ability workers 
outweighs the benefit of paying lower productivity adjusted wage. 

Similarly, at any given efficiency wage the quality of the applicant 
pool rises when the level of human capital increases. The associated 
decline in the training cost lowers the AEC only until the decrease in 
the quality of the applicant pool, due to an increase in the relative price 
of the agricultural good, dominates. The change in the AEC raises the 
question if it would be profitable for a firm to train workers or adopt 
new technologies forever, since AEC eventually rises. 

4. Exogenous Technological Change and Endogenous 
Adoption 

To examine the robustness of the comparative static results, we intro
duce dynamic elements into the model, namely technological change 
and endogenous adoption. In learning about the process of technology 
adoption and how this affects profits, we provide a foundation for the 
examination of trade and firm location. To build intuition, we begin 
by examining the equilibrium for the case where technological change 
evolves exogenously at rate " or dA/dt = ,A. In section 6 we then 
characterize the dynamics when technological change is endogenous. 

This section's assumption of one "world technology", At, that 
evolves exogenously is identical to the assumption in Mankiw, Romer, 

5. Convexity of the AEC curve with respect to A requires a strong effect of tech
nology on the relative price, 821r/8A2 > 0, and a declining productivity adjusted 
wage in technology, d(w/T[AJ)/dA < O. 
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and Weil (1992), which produced good fits in cross country growth re
gressions. From (3), (6), and (17) we can now find the effects of a change 
in technology on equilibrium profits and output: 

dpt _ _ LydAEC; 
dAt - t dAt ' (18) 

dyt F ' [·] dAEC; 
dAt FII[.] dAt 

(19) 

The dynamic analysis of production and adoption implies a minimum 
AEC locus that depends only on the exogenous parameters of the model, 
(AEC*[Aj H, a, L] in figure 1). Equations (18) and (19) imply that firms 
adopt new technologies only up to the point where the AEC* is at its 
minimum. If firms continued to adopt technology beyond the minimum 
AEC* , output and profits would contract. Hence, the dynamic analysis 
assures us that we can rule out all cases where firms would ever be on 
the upward sloping part of the AEC*. 

AEC 

w' 

Fig.!. Average efficiency cost (AEC) and wages (w) for different levels 
of technology (A) 

The fact that firms cease to adopt new technologies beyond some 
critical level implies zero long run growth, despite the fact that ever 
new technologies are available to firms, free of charge. The general equi
librium adverse selection model is thus entirely void of scale effects, in 
terms of growth rates and levels. Recent empirical research has empha-
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sized the apparent absence of scale effects in the data.6 In this model, 
the complete absence of scale effects is a function of the constancy of 
human capital, which implies rising training costs as long as technologi
cal adoption continues. The crucial importance of the complementarity 
of human capital and technology has previously been stressed by Young 
(1993) and Eicher (1996). 

Figure 1 also allows for an examination of how different levels of 
human capital affect the rate of technological adoption. The dotted line 
shows the AEC* for a country with a higher level of human capital than 
the country with the solid line. From (17.2) and (16.2) we know that 
such a country would possess a lower AEC* and a higher efficiency wage, 
which implies that countries with a relatively higher human capital, and 
with a comparative advantage in learning about new technologies, adopt 
a relatively more sophisticated technology. 

We can also combine the dynamic effect of technological change with 
our previous insights into how changes in price alters the min AEC* , 
or the maximum level of technology adopted by firms. If the price of 
the manufacturing good rises (for example, because a country with a 
comparative advantage in the manufacturing good opens to international 
trade), the AEC* shifts down at any given level of technology and wages 
decrease (10.1). However, we can show that 

d 2 AEC* dQ 87r* 
dAd7r = CI/[QJQ" dA + C/[QJQ"" 8A > 0, (20) 

which implies that as revenues (temporarily) outweigh training costs, 
firms deem further adoption of technology profitable. Hence, trade in
duces new, but temporary, incentives for technological adoption and 
growth in the advanced country. Conversely, the LDC would find even 
fewer incentives to adopt new technologies, because revenues fall in the 
manufacturing sector. 

5. Trade and Firm Location 

5.1 Informational Efficiency Gains from Trade 

Since long run growth is zero and firms never adopt technologies that 
raise their AEC, even if the use of that technology was free, we return 
to the static analysis of trade and firm location, without loss of gener
ality. We simplify matters further by restricting ourselves to the small 

6. Strong empirical evidence for non-scale growth has been presented by Easterly et. 
a!. (1993) in a large cross country data set, and in careful analysis by Jones (1995) for 
OEeD countries. For a general theoretical discussion of non-scale models see Eicher 
and Turnovsky (1996). 
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open economy analysis below. To derive crucial intuition about the trade 
pattern, we assume initially that countries differ in human capital, but 
share identical technologies. Then we examine the implications for firm 
location when countries differ also in their levels of technology. 

Let us commence by designating the country with the higher (lower) 
level of human capital, HI (Ho), as DC (LDC). Both countries have iden
tical preferences and population sizes. With identical technologies, the 
DC has an absolute advantage in both sectors due to its higher level of 
observable human capital. As shown above, the DC possesses a compar
ative advantage in the manufacturing sector (15.2), since workers with 
higher human capital possess greater training efficiency and generate 
lower AECs. This implies a greater relative supply of the manufactur
ing good and relatively higher efficiency wages, compared to the LDC 
(16.2). 

Opening to trade decreases (increases) the relative price of the agri
cultural good in the DC (LDC), which induces a downward (upward) 
shift of the AEC curve (10.1). The decline (rise) in the relative price 
also depresses (raises) the efficiency wage and shifts the average cost 
curve left (right) (10.1). The relation between AEC and the efficiency 
wage is the essence of the model and it is graphed in figure 2. Figure 
2 reports the AECs under autarchy (solid lines) and free trade (dotted 
lines). The two country analysis reveals cross country wage convergence 
due to international trade. In the Heckscher-Ohlin model, trade also 
induces wage convergence but through low (high) and rising (falling) 
manufacturing wages in the human capital abundant (short) country. 
Empirically we observe, however, relatively higher average wages in skill 
abundant countries.7 

While the effects of opening to trade might be standard, its mecha
nism of adjustment is novel and interesting. Wage convergence signals a 
new effect generated by the introduction of adverse selection to the the
ory of international trade: the movements in the efficiency adjusted cost 
curves reflect what we term informational efficiency gains from trade. 
The informational efficiency gains from trade arise because both coun
tries relocate production to the sector where workers have a comparative 
advantage in terms of production and informational efficiency. The coun
try with the comparative advantage in training expands production of 
the training intensive good, pays lower efficiency wages, but also enjoys 
a higher quality applicant pool. That is, trade diminishes the effect of 
the informational asymmetries in the DC's manufacturing sector. 

7. For empirical evidence on cross country wage convergence see, among many oth
ers, Eicher (1995) and Davis (1992). 
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Under autarchy, the high relative supply of the agricultural good in 
the DC depresses the quality of the applicant pool at any given wage, 
and a large fraction of high quality workers are drawn into agriculture. 
This effect increases the informational cost to the DC's manufacturing 
firm and contributes to the high efficiency wage offer. Opening to trade 
creates profit incentives to expand output in manufacturing and lowers 
the reservation wage in the agricultural sector. The latter effect increases 
the quality of the applicant pool for manufacturing firms. This lowers 
the DC's manufacturers' AECs and lowers the efficiency wage, because 
the quality of the applicant pool increases. Hence the term informational 
efficiency gain from trade. 

AEC 
AEC[Hq. AO. "T[ 

AEC[HO. AO. "a]'. • 
· . · . · . · . · . . . 
'.: AEC[Hl. Ao. "a] 

· . · ., · .. · .. : ..... ...: : 
i 'Y' i 

w· 

Fig. 2. Trade induced changes in AEC for countries that differ only in 
human capital endowments (H) 

While the empirical evidence for efficiency wages is scant and of
ten inconclusive, there exists support for the wage/efficiency adjustment 
mechanism outlined above. Tests of efficiency wage theories have pro
duced no conclusive support for shirking or monitoring models, but Fos
ter and Rosenzweig (1993) found the evidence for the existence of effi
ciency wages due to adverse selection. Their study reported that vari
ations in reservation wages positively influence efficiency wages paid. 
Krueger (1988) previously established that higher wages increase the 
quality of the applicant pool. 

Informational gains also accelerate the adjustment and increase the 
output of the agricultural good in the LDC. As long as the LDC is 
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incompletely specialized, its manufacturing firm must pay a higher ef
ficiency wage under free trade. Because of its excessively low autarchy 
price, firms in the LDC were able to attract excessively high quality 
workers to the manufacturing sector at relatively low efficiency wages. 
As the value of the marginal product in agriculture rises under trade, the 
quality of the applicant pool in manufacturing declines, which provides 
an added incentive to contract the manufacturing sector. Both countries 
experience a Pareto improvement because of the standard static con
sumption, production and the additional informational efficiency gains 
from trade. 

5.2 Firm Location 

Thus far we have embedded an adverse selection model into a general 
equilibrium framework and added the insights of the informational ef
ficiency gains from trade and wage convergence due to efficiency gains. 
The analysis of section 5.1 does not lend itself to the analysis of firm 
location since firms share identical technologies. As mentioned in the 
introduction, a prerequisite to the analysis of firm location is that there 
exists (i) a factor that is internal to the firm (in this case firm-specific 
training), and (ii) a factor that provides a unique ownership advantage 
to the firm (in this case technology). 

To examine the decision to locate, we must introduce countries that 
differ not only in observable human capital, but also in technology. This 
is a natural assumption in light of our discussion of endogenous adoption, 
where we have shown that the countries with higher levels of human 
capital also adopt higher levels of technology in the long run. Let us then 
redefine DC (LDC) as the country which has relatively higher (lower) 
levels of technology, Al (Ao), in addition to relatively higher (lower) 
levels of observable human capital, HI (Ho). Both countries continue to 
have identical preferences and population sizes. 

The introduction of technological differences in addition to human 
capital differences, intensifies the DC's comparative advantage in the 
manufacturing sector. The DC now features an even greater relative 
supply of the manufacturing good, and its manufacturing sector pays 
an even greater efficiency wage, compared to the LDC (15.2)-(15.3) and 
(16). Figure 3 shows that opening to trade, the associated decline in the 
relative price of the agricultural good in the DC leads again to familiar 
shifts in AECs and wages, as discussed in figure 2. In the LDC, the 
increase in the value of the marginal product in agriculture increases 
the reservation wage and makes it even more difficult to attract workers 
for manufacturing. The LDC's manufacturing sector is hurt not only by 
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the price effect but also by the informational aspect that the quality of 
the applicant pool declines, as discussed above. Again we observe wage 
convergence across countries. 

Having introduced technological differences between the countries, 
we can draw an additional average efficiency curve (bold dotted) that 
represents the AEC of a firm which produces the manufacturing good 
with technology Al , and human capital Ho. We know from (10.2)-(10.3) 
that 

AEC*[Ho,Ao,rrj > AEC*[Ho,Al,rrj > AEC*[Hl,Al,rrj, 

w*[Ho,Ao,rrj < w*[Ho,Al,rrj < w*[Hl,Al,rrj. 

That is, if the DC's manufacturing firm were to locate part of its pro
duction to the LDC, the relocation would require that firm to train 
LDC workers to work with DC technology. Because the LDC cohort is 
of observationally lower quality, the DC's AEC (wage) in the LDC is 
higher (lower) than in the DC, (16) and (10). This is the human cap
ital dimension to direct foreign investment. Also, since the DC's plant 
in the LDC trains workers to produce with higher technology, Al , than 
the LDC firm uses, Ao, the DC's subsidiary in the LDC pays a higher 
wage, attracts higher quality workers and provides more training than 
the LDC's manufacturing firm. Hence firm location generates a multiple
wage equilibrium, as seen in figure 3. 

AEC 

AEC[HO., At, "Tl 

... 
'"0,--""," • 

: -. . . . 

AEC[HO\J'A"'"""\"" ,;/ 

: l -. :', .. ...,..,. .. 

, , , , 

W LDC 
FDI 

Fig. 3. Trade induced changes in AEC for countries that differ in human 
capital and in technology 
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Notice, however, that, with two firms, a strategic interaction en
ters into the wage setting mechanism, because firms offering low wages 
improve the quality of distribution of workers applying to higher wage 
firms. This problem is well known and has previously been addressed by 
Weiss (1990). To proxy the labor market interaction between domestic 
and foreign firms, it is useful to assume that expected quality is also 
a negative function of the wage offered by a competitor firm, We, or 
Q[w, H, 7r, wCl with aQ[·]1 awc < O. This implies that if a competitor en
ters with a higher wage, W C > w, the competitor firm skims the cream of 
the crop workers from the distribution and lowers the expected quality 
of workers attracted by the firm offering wage w. 

Let us analyze the wage setting mechanism for the case where the 
MNC enters with a higher technology than the domestic firm. Formally, 
we require a sequence of actions where first, each firm announces a wage 
offer and the number of job openings. We assume that workers have 
rational beliefs and cannot apply to more than one firm. Second, workers 
decide where to apply after examining the wage offers and the probability 
of getting hired. The higher wage and technology of the MNC forces the 
local firm to offer higher wage than before to avoid quality deterioration 
of its applicant pool. To formalize this thought, consider the first order 
conditions of the AEC minimization problem for the domestic firm and 
the MNC, respectively: 

T[Aol C' [Q[w ,H,7r,wC]l Qw [w ,H,7r,Wcl = -1, (7') 

T[A1lCC' [Q[wC,H,7r,w ]] Q~c[wC,H,7r,w ] = -1, (7") 

where superscript c denotes the MNC, and H represents the domestic 
country's level of observable human capital that both firms utilize. Given 
the properties of the cost function, T[Aol < T[All implies WC > w. Note 
that the greater the technology gap, the larger the differential in the 
wage offers. Equation (7') is the reaction function of the local firm. It 
determines the wage it offers at each level of the MNC's wage, taking 
the latter as given. The same holds for (7"). The Nash equilibrium of 
the model is then given by the solution of the system of (7')-(7"): 

but from (7')-(7") we know that 

dw I = - Cwwc > 0, 
dwc (21) Cww 

dwC I = - C;;'cw > O. 
dw (21') C;;'cwc 

(21) 

(21') 
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Hence the equilibrium can be easily characterized, since both reaction 
functions are upward sloping in the w, W C space, with each intercept 
being the wage a firm would offer if no competitor was in the market. 

To ascertain if opening a subsidiary in the LDC is profitable, we 
must simply examine the first order condition of the MNC and exam
ine if opening a plant in the LDC would provide positive profits. It is 
obvious from the profit condition that, depending on the DC's level of 
technology and the LDC's level of human capital, a production location 
in the LDC might not be profitable for a DC manufacturing firm. That is 
because the high training cost for the MNC would not be covered by the 
revenues. Hence, relocation becomes less and less likely the farther apart 
the levels of both human capital and technology are, because training 
costs increase as technology levels rise and/or observable human capital 
levels decline. This phenomenon explains not only why the lion share of 
FDI is among relatively similar countries, see Markusen and Venables 
(1995), but also the finding of Borensztein et. al. (1995) that the level 
of human capital is important to the success of FDI. 

The LDC's firm now finds an additional impediment to production of 
the manufactured good. First, the price effect due to international trade 
raises its wage and depresses the quality of the applicant pool. Second, 
as the DC sets up a subsidiary and pays a higher efficiency wage, the 
DC skims off the high quality workers, which depresses the quality of 
the applicant pool for the LDC firm, yet again, as 8Q /8w c > O. Both 
effects work to diminish the incentives for the LDC firm to produce and 
increase the likelihood that it will be driven out of business because it 
cannot generate positive profits. 

6. Endogenous Technological Change under Asymmetric 
Information 

6.1 Endogenous Technology 

We start by modifying the production function of the manufacturing firm 
to reduce the complexity of endogenous invention process. We assume 
that output is linear in technology, or 

(3') 

Once we allow for endogenous technological change, firms hire not only 
production workers, but also research workers, Rt , to produce new tech
nology according to the standard technology production function 

(22) 
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where 4>[.] is assumed to satisfy the Inada conditions, with the exception 
of 4>'[0], which is assumed to equal the constant 'Y. The slight modification 
of the Inada condition is necessary to insure stability of the system. 

Since firms conduct research in and produce with firm-specific tech
nology, firms must now train not only production but also research work
ers. In hiring for both types of positions, firms face an applicant pool 
with uncertain quality. Again, we will find that firms maximize profits 
by offering an efficiency wage to mitigate the informational asymmetry. 
The profit function of the firm can then be written as 

Pt = yt - (Wt + T[Atl C[Wt]) (Rt + Ln, (23) 

where C[wt] is a short for C[Q[Wt, H, 1f]], to simplify the notation until 
we discuss comparative statics. 

The manufacturing sector in our economy now solves the following 
maximization problem: 

s.t. 

100 (yt - (Wt + T[At] C[Wt])(Rt + Ln) e-litdt 

A = 4>[Rt]At , 

where 8 represents the rate of time preference. Maximizing the Hamil
tonian yields the following first order conditions: 

F'[LY] = W + T~] C[w] == AEC[A], (24) 

A8 - ~ = F[LY] + A4>[R] - (LY + R)T'[A] C[w], (25) 

C'[w] = - T~]' (26) 

A4>'[R] = W + T~] C[w]. (27) 

We also add the transversality condition that 

lim AtAte-at = o. 
t-+oo 

(28) 

Equations (24)-(25) indicate that the productivity adjusted margi
nal products of research and production workers must equal their pro
ductivity adjusted cost (AEC). In the case of research workers, the AEC 
is weighted by the shadow value of technology, A. Equation (26) is the 
familiar efficiency wage condition that determines the wage offered by 
manufacturing firms on the basis of training cost, independent of the 
labor supply. 
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Any long run equilibrium requires that the growth rate of research 
employment goes to zero (otherwise the AEC would reach infinity). This 
implies from (25) that the growth rate of the average efficiency cost must 
be zero in equilibrium. It follows immediately that the growth rate of the 
shadow value of technology, and the growth rate of labor in production 
must be zero, too. As research employment declines, and its productivity 
increases, the shadow value of technology declines. The only equilibrium 
value of A that satisfies (25) is then AEC h. From (24)-(25) can the 
be utilized to establish a relationship between the rates of change of 
employment in the two sectors: 

,\¢'[R] + A¢"[R]R = d~~C A, 

t y = dAEC/dA A 
F"[·] , 

(29) 

(30) 

which allow us to summarize the steady state as ,\ = R = A = t y = 
dAEC/dA =0. 

6.2 Dynamics 

Substituting (24)-(26) into (27) and the accumulation constraint, we 
can summarize the differential equations that determine the dynamics 
of the model, 

A = A¢ [¢'(-l) [AEC[A]/A]] , (22') 

,\ = A«5 + (¢'(-I) [AEC[A]/A] + F,(-I) [AEC[All) 

. T'[A] C [C'(-l) [-I/T[All] - F [F'(-I) [AEC[All] 

-A¢ [¢'(-I) [AEC[A]/A]] _ (27') 

Equations (22') and (27') can be used to draw the phase diagram 
in the A, A space. The slopes of the ,\ = 0 and A = 0 lines around the 
equilibrium can readily be obtained from (22') and (27') 

dA I = 
dA A=o ~;y' 

dAECI 
(31) 

L Y ((~f11 g:vr + C[-]T"[A]) 

«5 
dAI = 
dA ~=o 

<0. (32) 

Equation (31) represents the convex A = 0 line that slopes downward 
before its minimum, and intercepts the line ,\ = 0 at A = AEC[A*]h. 
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Further research would increase training costs in excess of the marginal 
benefit to the firm. Note also, that firms cannot be forced to adopt a 
technology that provides negative profits, and that it can "jump" to 
use older technology even if several generation of newer technologies are 
available. The -\ = 0 line is given in (32), and is downward sloping due 
to the convexity of the AEC in A, e.g. d(T'[A] C[w])/dA > O. 

The phase trajectories that map out the dynamic moments of the 
system indicate in figure 4 that any loci off the saddle path violate the 
transversality condition. For any -\ = 0 technology is increasing, and 
for any A to the west of the -\ = 0 demarcation line -\ = 0, so that 
the shadow value of technology declines as technology accumulates. The 
equilibrium is a saddle point with a downward sloping stable and an 
upward sloping unstable branch. 

'\=0 

'" ~'" /'" f . .................... ~ ... ~ ........................................ .A=O 

~~ 
'" 

A* A 

Fig. 4. Dynamics of endogenous R&D and technology adoption 

The analysis of the local phase diagram can be confirmed by a complete 
local stability analysis. The linearization around the steady state yields 

The Jacobian reveals immediately that the determinant is negative for 
reasonably small values of the rate of time preference, which confirms 
our analysis of the phase diagram that the equilibrium is locally saddle 
point stable. 
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6.3 Dynamic Adjustment to a World Price Shock 

Above we have briefly discussed the possibility of receiving a technology 
spillover, and under what circumstances a country would be willing to 
adopt such a windfall. As seen above, the economy will not adopt a 
new technology beyond A * because training costs, just for production 
workers, would exceed the revenues from sales of Y, given their level of 
ability and human capital at a given world price. A change in the world 
price changes the incentives to produce technology permanently. 

Our representative example will be a decline in the relative price 
of the agricultural good. In that case the small open economy finds it 
relatively more profitable to expand its manufacturing production and 
its technology production. Here it is helpful to recall the intuition we 
built in the static model. There it was shown that a decline in the relative 
price of manufacturing provides a higher quality of workers at the same 
efficiency wage. For any given level of technology, training costs shift 
down and profits in manufacturing rise again due to the fall in 7r. 

The new equilibrium is characterized by a lower AEC, which must 
be due to a higher level of technology. Hence the ,\ = 0 line can be 
shown to shift East. The transition is described in figure 5. At the old 
level of technology, the shadow value of another unit of technology is 
now positive. The economy jumps onto the new transition path, E1 , 

hires workers into the R&D sector and sees the shadow value decline as 
it moves to the new equilibrium Ai at E2 • 

Finally a word on the dynamic effect of firm location. As discussed in 
the formal location analysis, the entry of a higher wage and technology 
multinational forces the domestic firm to offer a higher wage. From our 
dynamic analysis we know that this can be achieved only in two ways. 
First, if the country has not yet met its steady state, it will reduce its 
rate of technology accumulation and arrive at a lower steady state, one 
characterized by a higher AEC. If, on the other hand, the country has 
already reached its steady state, it will not only have to raise its wage, 
but also lower the technology employed because it faces a reduction in 
the quality of the applicant pool. Here the analysis is analogous to the 
effects on the local firm if the relative price of the manufacturing good 
declines. Hence under asymmetric information the multinational results 
in a dumbing down of the production process in the domestic firm, and 
an increase in the average wage paid in manufacturing, which leaves the 
country better off in utility terms but certainly not in terms of its level 
ofGDP. 
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Fig. 5. Dynamic changes in R&D and technology adoption due to inter
national trade 

7. Summary and Concluding Remarks 

This chapter explores the human dimension to FDI: informational asym
metries as MNCs must train workers to work with firm specific technol
ogy. Figure 3 summarizes the important conclusions of this chapter. 
First, it exhibits the informational gains from trade, as the country with 
the comparative advantage in training enjoys a higher quality applicant 
pool and lower efficiency wages. Second we find that the farther the cost 
curves are apart, the less likely FDI will be. As the cost curves indicate 
both the difference in the levels of technologies and human capital be
tween the countries, we know that similar countries are more likely to 
receive FDI. Countries that do not provide a minimum level of human 
capital cannot attract technologically superior FDI, because MNCs find 
that the average cost of training is too high. 

Most importantly efficiency wages can explain why FDI does not 
raise the wage level as a whole for the country, but only for workers 
employed in the MNC. Informational asymmetries force firms to pay 
wages that control the quality of the applicant pool, rather than clear 
the labor market in manufacturing. This chapter also shows that the 
MNC pays a higher wage than the domestic firm, because the MNC 
introduces a superior technology, and incurs higher training costs. This 
provides incentives to raise the wage in order to increase the quality of 
its applicant pool. Despite working with the same technology, workers in 
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the LDC receive a lower wage, than in the MNC's home country, because 
the MNC faces lower information costs and higher quality workers in the 
home country. This generates multiple wage equilibria. 

We find in the dynamic analysis that the model is entirely void of 
scale effects. That is, growth ceases in this model, even if ever more 
sophisticated technology were available, because the cost of adoption 
would eventually outpace revenues. To introduce a full fledged general 
equilibrium adverse selection model, we had to make some important 
simplifications. If both technology and human capital were endogenous, 
sustained growth would clearly be possible. However, we are certain that 
it would not overturn the qualitative nature of our location results. We 
have seen above that international trade mitigates the effect of infor
mational asymmetries. Hence it is not surprising to find that there is a 
long history in the literature on informational asymmetries that explores 
the room for policy to achieve welfare improvements. Weiss (1990) and 
especially Copeland (1989), and Bulow and Summers (1989) addressed 
the wealth of welfare issues inherent in models of informational asymme
tries. A full fledged commercial policy analysis is left for future research. 
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