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Preface

The main objective of this book is to give a collection of criteria available in
the spectral theory of selfadjoint operators, and to identify the spectrum and
its components in the Lebesgue decomposition. Many of these criteria were
published in several articles in different journals. We collected them, added
some and gave some overview that can serve as a platform for further research
activities.

Spectral theory of Schrédinger type operators has a long history; however
the most widely used methods were limited in number. For any selfadjoint
operator A on a separable Hilbert space the spectrum is identified by looking
at the total spectral measure associated with it; often studying such a measure
meant looking at some transform of the measure. The transforms were of the
form (f,9(A)f) which is expressible, by the spectral theorem, as [ ¢ (x)du(x)
for some finite measure p. The two most widely used functions i were the
exponential function ¥ (x) = €% and the inverse function ¥(x) = (z — 2)~L.
These functions are “usable” in the sense that they can be manipulated with
respect to addition of operators, which is what one considers most often in
the spectral theory of Schrédinger type operators.

Starting with this basic structure we look at the transforms of measures
from which we can recover the measures and their components in Chapter 1.

In Chapter 2 we repeat the standard spectral theory of selfadjoint oper-
ators. The spectral theorem is given also in the Hahn-Hellinger form. Both
Chapter 1 and Chapter 2 also serve to introduce a series of definitions and
notations, as they prepare the background which is necessary for the criteria
in Chapter 3.

Some criteria for spectral components are summarised in Chapter 3, which
is the central part of this book. They are based on Borel and Fourier trans-
form, on eigenfunction and commutator methods, and on results in scattering
theory.

The criteria in Chapter 3 are very general and can be used for any semi-
bounded selfadjoint operator. Nevertheless, we want to illustrate the power
of the criteria. In doing so we investigate a series of applications. Hence we
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introduce in Chapter 4 a collection of operators that are of interest in this
context. We do not intend to give the most general example or an exhaustive
list of operators. We selected those examples of interest to us.

In Chapter 4 the unperturbed and perturbed operators are introduced.
Here it is shown that for the chosen operators the criteria of Chapter 3 can be
used. Finally in Chapter 5 we apply the criteria and give a series of spectral
theroretic results for the perturbed operators introduced above, i.e., we ensure
that the operators satisfy the assumptions stated in the criteria.

In order to maintain a fluent description, we present references and com-
ments in the notes at the end of each chapter. If we do not prove a result in
the text, we give a detailed reference for the reader to find a proof (or work
out a proof on the lines given in the reference). We also give some additional
information on some results in the notes. We try to give proofs in cases where
we think that they improve the understanding of the text. While most of the
results are from the literature, there are occasional new results not available
in the literature and some of our proofs are improved or even new.

In this book there is a bias towards operators with absolutely continuous
spectrum both for the deterministic and random cases; this bias is intentional
and reflects our own interests.

Some theorems appear with the names of the authors and some may not.
We tried as much as possible to attach a name; however it is possible that we
unintentionally missed out in some cases.

There are a few books available on the subject of random Schrédinger op-
erators in addition to several review articles. These are the books of Cycon et
al. [54], Carmona-Lacroix [39], Figotin—Pastur [83], Stollmann [184] and the
most recent one of Bourgain [30]. The reviews of Simon [177] and Bellissard
[21] contain material not in the above books. There are more books deal-
ing with spectral theory of deterministic Schrodinger operators that include
the classical Achiezer—Glazman [1], Reed—Simon [159, 156, 158, 157] volumes,
Weidmann [189] and the most recent ones of Amrein-Anne Boutet de Monvel-
Georgescu [10] and Hislop—Sigal [92]. The mathematical theory of scatter-
ing has Amrein—Jauch-Sinha [12], Reed-Simon [158], Baumgartel-Wollenberg
[20], Sigal [172], Pearson [154], Yafaev [192] and Dérezenskii-Gérard [72] to
cite a few.

There seems to be a lot more material that is still not found in books. For
example there seems to be scope for writing a book each on the density of
states, the random magnetic fields, and one on transport in random media,
and so on. Since the results are large in number, we decided to present just
a few illustrative results and probably do some disservice to a large number
of researchers by not including their work in this book; we apologise to all of
them.

In the preparation of this book we greatly benefitted from discussions with
Werner Kirsch, Peter Hislop, Walter Craig, Arne Jensen, Stefan Bocker, Ivan
Vese’lic, Walter Renger, Andres Noll, Sven Eder, Eckhard Giere at various
times. We thank Michael Baro who was kind enough to carefully read through



Preface vii

the manuscript which helped us greatly in the preparation. We thank Anne
Boutet de Monvel for readily agreeing to consider this book in the Progress
in Mathematical Physics series.

We thank Ina Kiister-Zippel and Ambika Vanchinathan for typesetting
the manuscript and the staff at Birkhduser especially Ann Kostant, Regina
Gorenshteyn, and Elizabeth Loew, for their help in the publication process.

We acknowledge financial support from Deutsche Forschungsgemeinschaft
and Indian National Science Academy. We are grateful to the kind hospitality
provided by the Institutes of Mathematics at TU-Clausthal, Ruhr-Universitét-
Bochum and the Institute of Mathematical Sciences, Chennai at various times
that made it possible for us to meet each other and work on this book.

M. Demuth M. Krishna
Clausthal Chennai
August 2004
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1

Measures and Transforms

1.1 Measures

In the following we consider a positive complete Borel measure on R to be
a countably additive set function u from the Borel subsets Bg to RT, with
the additional property that all subsets of measure zero sets are measurable.
In addition the measure g is said to be o-finite if there exists a countable
collection of sets {K;}, R = UK, with pu(K;) < oo for all 4. It is said to be
finite if p(R) < oo and it is said to be a probability measure if u(R) = 1. A
finite complex measure is the sum pq — pio + #(ug — pa) of four finite positive
measures p;, ¢ = 1,2,3,4. When us and p4 are zero, such a complex measure
is also called a signed measure. For any positive Borel measure, its topological
support is defined as the smallest closed subset of R whose complement has
measure zero. We use the following definitions concerning measures: In what
follows by a measure it is always meant to be a positive measure in the above
sense unless stated otherwise.

Definition 1.1.1. Let p and v be o-finite Borel measures.

e 4 is said to be supported on a set S if u(R\ S) =0.

e  and v are said to be mutually singular if there is a Borel set S such that
u(S)=0and v(R\ S) =0.

ey is absolutely continuous with respect to v if v(S) =0 = u(S) =0
and they are said to be equivalent if u(S) =0 < v(S) =0.

Remark 1.1.2. The support of a measure should somehow capture the small-
est and unique set on which the measure is concentrated. However, except for
atomic measures it is not possible to find such sets. The above definition of
support is so general that R itself is a support of any measure!

One of the ways to pin down a set where a measure is concentrated is to
compare it with another measure, for example the Lebesgue measure. Such
comparisons give a notion called minimal support. The minimal support of a
measure p can be defined in this sense to be the set .S such that p(R\S) =0
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and for any Sp C S such that u(R\ Sp) = 0, one has |S \ Sp| = 0. Another
way to seek such set of concentration is in terms of smallest closed sets whose
complement gets measure zero; this gives a unique notion of support called
the topological support, but has the disadvantage that two mutually singular
measures may have the same topological support. Therefore we will consider
a support for a measure defined in the above sense in what follows.

A measure and its distribution function defined below go hand-in-hand in
many applications.

Definition 1.1.3. Let 1 be a measure such that u((a,b]) < oo for all —co <
a < b < 00, then its distribution function is defined as

B, (z) = w((0,z]), >0
! */1'((3770])7 z < 0.

Recall that:

1. The distribution function @, is a monotone increasing right continuous
function.

2. A measure p is regular, that is given any ¢ > 0 and a Borel set E of
finite measure, there exists a compact set C' and an open set O such that
CCECOand p(E\C)<e, u(O\E)<e.

3. A measure p is said to be G5 outer regular, if given a Borel set E, there
is a G; set E with E C E and u(F) = p(E) and it is said to be F, inner
regular if given a Borel set E with p(E) < oo, there is an F, set E such
that £ C E and u(E) = u(E).

4. The Lebesgue measure on R is the completion of the unique measure m
on the Borel subsets of R, which assigns for intervals a measure equal to
their length.

5. The Lebesgue—Stieltjes measure mg on R associated with a right contin-
uous non-decreasing function G is the unique measure on the Borel sets
such that mg((a,b)) = G(b) — G(a).

6. In the case of a probability measure p, one can add a constant to the defi-
nition of the distribution function, so that @,,(—oo) = 0 and ¢,,(+00) = 1.
With this normalisation, a probability measure and its distribution func-
tion are uniquely associated to each other.

7. The Hausdorff measure h® for an index a,0 < a <1 is

h(S) = tim (ggﬁ{ZlAil, Al <s 5cu,4i}>.

i=1

It may not be o-finite on the Borel sets. It is only Gs outer regular and
F, inner regular when 0 < o < 1.

8. The Hausdorff dimension of a Borel set .S, is defined as the number « such
that h#(S) = 0o, B < a and h?(S) =0, B> a.
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9. A measure y is said to have exact dimension « if it is supported on a Borel
set of Hausdorff dimension « and any set S with Hausdorff dimension
smaller than « gets p measure 0.

The Hausdorff dimension of a measure p is determined by

1 _
oy, = lim np(z—cz+e)
€10 Ine

b

if this is a constant for a.e. x with respect to pu.

10. A measure p is said to be atomic if there is a countable set S on which
it is supported and it is said to be continuous if i gives measure zero to
any countable set.

One splits a measure relative to the Lebesgue measure, mainly for its
application in the spectral theory of Schrodinger operators.

Theorem 1.1.4 (Lebesgue decomposition). Let yu be a measure on R.
Then there exist mutually singular measures pqe, fts, such that

= fac t s,

where g s absolutely continuous with respect to the Lebesgue measure on R
and pg is singular with respect to the Lebesgue measure.

A decomposition with respect to the Hausdorff measures is also done.

Theorem 1.1.5 (Hausdorff decomposition). Let p be a measure on R.
Then there exist mutually singular measures o, qc, fas Such that

M = Hla,ac + Hass

where [iq,qc 15 absolutely continuous with respect to the Hausdorff measure h®
on R and pqos is singular with respect to h®.

Definition 1.1.6. A function G is said to be of locally bounded variation if
for all a,b € R,

sup Y _ |Glx;) — Gwj-1)| < oo,
j=1

where the supremum ranges over all finite partitions, a < zg < z1 < x9--- <
T, = b.

If f is a function of locally bounded variation, let us set
fla=) =l f(y), f-(z) = f(z) = flz=).

With this notation, the following integration by parts formula is valid.
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Theorem 1.1.7. Given two right continuous functions f, g of locally bounded
variation, the following integration by parts formula is valid:

f(b)g(b) — fla)g(a) = (z=)dmgy () +/ g(z—)dmy(z)
(a,b] (a,b]
+ Y (f@)(g- (@),
z€(a,b]

where my,mgy denote the Lebesgue—Stieltjes measures associated with f and
g, respectively.

In the above equation the sum on the right-hand side is only over a countable
set, since the discontinuities can only be countable for f,g. The next is a
statement on the measures, a part of which is a restatement of the theorem
of De la Vallée Poussin, which we state for finite measures. We define

Wy = {x : Hew—“((w mLALD) # hQ—”((x —6z19) } .
2¢ €l0 2¢

Theorem 1.1.8. Let u be a finite measure. Then the distribution function @,

is differentiable almost everywhere (with respect to the Lebesgue measure) and

the derivative is zero almost everywhere if the measure is singular with respect

to the Lebesgue measure. Further u(Wy) = 0.

On the other hand there are measures p such that they are supported on
a set of the form

W — {x T, ME—erte) hmu((w—eﬁd)},

(26)0‘ c—0 (26)0‘
for some 0 < o < 1.

From the definition of the Lebesgue measure one can see the following
theorem.

Theorem 1.1.9. Let i1 be a measure and let I C R be an interval. Suppose
SUP( ’L((m%f“)) < o0, for all x € I, then us(I) =0.

We finally state the Rogers—Taylor decomposition of measures with respect
to Hausdorff measures. Let 1 be a finite measure and define for 0 < o < 1,

o 7 wE-—exrte)
(Du)(m) = hmEHOT.
Let
To(o, p) ={x: Dg(x) =0}
T(a,p) ={z:0 < Dj(z) < oo} (1.1.1)
Too(a,p) = {z : Dj(z) = oo}

Then the following result is valid.
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Theorem 1.1.10 (Rogers—Taylor). Let v be a finite positive Borel measure
on R. Then the sets To(a, 1), T(a, 1) and Too (e, 1) are Borel sets and

(i) h*(Too(a, ) = 0.
(ii) T(a, ) has finite h® measure.
(i) p(ENT(a,p)) =0 for any E with h*(E) = 0.
(i) w(ENTo(o, 1)) =0 for any E of o-finite h* measure.

1.2 Fourier Transform

The Fourier transform is one of the most widely used transforms in spectral
theory, so we introduce the transform here.

Definition 1.2.1. The Schwartz class of functions is the set of functions de-
fined as

S(RY ={f e C®RY): lim |z™f®)(z) =0, forall k,m e N},

|z|—o0
d ) d kq .. .
where 2™ = [[i_, 2" and f*®) = []i_, %, for multi-indices m and k.
i

Then S(R?) is a locally convex vector space, with the family of seminorms

1£lljx = sup |27 f P ()], 4,k € N

r€R

It is a fact that S(R?) is a dense subset of every one of the Banach spaces
LP(RY),1 < p < oo. Therefore it follows from standard facts in functional
analysis that bounded linear operators defined on these spaces need only be
defined on S(R?) and then they can be uniquely extended to the respective
Banach space.

On S(R?) we define a linear mapping called Fourier transform.

Definition 1.2.2. The Fourier transform F is given by

(FI)IE) = e f(x), feSRY,

where the integral is taken with respect to the Lebesgue measure.

We next collect a few theorems about the properties of the Fourier trans-
form. We denote by Co(R%), the set of bounded continuous functions vanishing
at infinity.

Theorem 1.2.3. Consider the Fourier transform F on S(R?). Then the fol-
lowing statements are valid.

1. It is a bijection on S(R?).
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2. Its extension to L'(R?) maps L'(R?) into the space Cy(R?).
3. Its extension to L*(R?) is unitary as a map onto L*(R?).
4. Its extension to LP(R?) is bounded as a map into LY(R?), for 1 < p < 2,

with ¢ =p/(p —1).

Remark 1.2.4. In the above theorem, we collected together, Riemann—Lebes-
gue Lemma in (2), the Fourier-Plancherel theorem in (3), and the Hausdorff-
Young inequality in (4).

We note at this point the standard facts that the Fourier transform of

f(-—1y) is €W (Ff)(€) and that of e®* f(z) is (Ff)(& — k).

Definition 1.2.5. The convolution of two functions f; € LP(R9),1 < p < oo,
fo € LY(R?) is given by

fix fola) = / dy fi(z—y)faly).

In particular if f, g € S(R?), then fxg € S(R?). The convolution of a bounded
continuous function f with a measure p is defined similarly by

fonte) = [ fa=ninto).
and gives a bounded continuous function.
Proposition 1.2.6. We have for f; € LP(R?), fo € L'(RY),

1f1# fallp < LAllplI f2ll, 1 <p <o

The following theorem is useful in many contexts. Let ¢ be a continuous
function on R? which is integrable with [;, ¢(z)dz = 1. Define for e > 0,

be(w) = (%)

Theorem 1.2.7. Let ¢ be as above. Then, for any 1 < p < oo,
bex f— f, in LP(RY), as ¢ — 0.

In addition for 1 < p < oo,

lii% (e * f) (z) — f(x), forae xeR%

The Fourier transform converts convolutions to products as seen in the
following theorem.

Theorem 1.2.8. Let f,g € S(R?). Then
F(f+9) = Cm)*(Ff)(F9).
We define the mapping F* by (F*f)(z) = (Ff)(-z), for f € S(RY).
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Theorem 1.2.9. Then the following inversion formula is valid:

F*Ff=Ff feSR?.
The same inversion formula is also valid for all f € L*(RY) such that Ff €
LY (RY).

Theorem 1.2.10. Let i be a finite complex measure. Then the Fourier trans-
form @i of u defined by
i) = [ e du(o)
R

is a bounded continuous function on R.

1.3 The Wavelet Transform

In this section we consider the continuous wavelet transform and show that
it is possible to use this transform to recover probability measures from their
transforms.

We recall that given a function ¢ in L!(R) and any g € LP(R), 1 < p < oo,
we can define the continuous wavelet transform of ¢ associated with 1 by

(Ty9) (a1, ) = /

R T

(] (y — x2> g(y) dy, x1 €RY, x5 €R.
Here R™ = (0,00). This transform has interesting properties which we will
not describe here.

It is interesting to note that there is a class of 1 for which the transform
Ty is associated with a probability measure p uniquely, and we can recover
w from Ty p.

To show this we consider a probability measure x4 on R. Let 1) be a bounded
continuous function with 1(0) =1, lim;_ % (t) = 0 and define

bal@) =9 (2), a>0.
a
Recall the convolution of a function f with a measure p is defined as fx*u(x) =
J f(z — y)du(y), when the integral converges. Therefore, if 41 is a probability
measure on R and v is a bounded continuous function on R, the convolution
Y, * p is always defined and gives a bounded continuous function. We give
below a theorem on how to recover p given 1, * u. We define for 0 < o < 1,
pa—cx+d) Bt —da—e)

d;y(x) = lim 8 = lim 2o , (1.3.2)

where @,, denotes the distribution function of y, see Definition 1.1.3.
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Hypothesis 1.3.1. Let ¢ be a continuous function on R with ¥(0) = 1 and
Ay = [Y(z)dz # 0. Further assume that

1. v s bounded.
2. v is differentiable, even and satisfies

[W(@)] + [2¢(2)] < (@)%, for some &> 1,
where (z) = (1 + 22)1/2,

Theorem 1.3.2 (Jensen—Krishna). Let u be a probability measure and let
¥ be as in in Hypothesis 1.3.1(1). Then

L lim o * p(x) = p({z})-
2. Let 1 be as in Hypothesis 1.3.1(2). Then for every continuous function f
of compact support, the following is valid:

a—0

lmg (1w " M) @ f(@)ds = Ay [ @)dula).

3. Let 1 be as in Hypothesis 1.3.1(2) and suppose d;(x) is finite, for some
0<a<1andx; then

iiir(l) a” g * p(x) = Cadg (z), (1.3.3)
where co = fooo a2%y*~Ly(y) dy.
4. Let S,, denote the topological support of 1 and let ¢ be as in Hypothesis
1.8.1(2). Then for any x € R\ S, and any 0 < o < 1,

lirr%J a” %Yo x p(x) = 0.

Remark 1.3.3. Equation (1.3.3) implies that if 4 is purely singular, then the
limit of ¥, * u(x)/a is zero almost everywhere with respect to the Lebesgue
measure, since the derivative d}L (z) = 0 almost everywhere for purely singular

L.

Proof: (1) This part is a direct consequence of the definition of the integral
noting that point-wise we have

i 0, ifxz+#0,
Yim va(2) = {1, if 2 = 0.
We also need to use the dominated convergence theorem to interchange the
limit and the integral.
(2) Since f is a continuous function of compact support and v, is bounded
for each a > 0, f(x)vYa(x — y) is absolutely integrable and the integral is
uniformly bounded in y € R. Therefore, by an application of Fubini, a change
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of variable x — ax 4y and the dominated convergence theorem, in that order,
it follows that

iigb/dxf(x)< %*u) _hm/dxf / —thg(x — y)du(y)
— liny [ duty) [ (@) bue — v)ds
— liny [ duty) [ flaz+ o)z

:/w@/@%ﬂm+wwmm

([ antwsn) ( [ vtras).

(3) Consider a 9 as in Hypothesis 1.3.1; then,

aia /Rz/)a(x —y)du(y)

_ 7% / dw((xd; y)/a) @H(y)dy

= —ia / Y (y)Ppu(w — ay)dy

_ Py(z + ay) — Pu(z — ay)

_ / Wy e dy,  (1.3.4)

where in the first step integration by parts is used, and in the next step the

boundary terms are dropped, which can be done since v vanishes at oco. The

penultimate step involved a change of variables and the final step used the

oddness of 1)’ to split the integral into the positive and negative half lines.
Observe that

. Dy (x+ay) — Pu(x— ay)

a _ w w

dulz) = ili% (2ay)

Py (m+ay)7¢'ﬂ (z—ay)

(2ay)*
function. Finally the Hypothesis 1.3.1(2) implies that ¢’ |y| is integrable; there-

fore by dominated convergence theorem, the limit can be interchanged with
the integral to obtain the right-hand side to be ( fo y)(2y)*dy)d; ().
Another integration by parts now yields the constant c,, obtalmng the theo—
rem.

(4) By Hypothesis 1.3.1(2), |z5%a(x)| < Ca®~*. Therefore for any 0 <
a < 1, Lebesgue dominated convergence gives this result. O

for each y € R, and is finite by assumption, so is a bounded

The next theorem gives further properties of the the limits of v, * u and
the first part is analogous to Wiener’s theorem and its extension by Simon
[177].
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Theorem 1.3.4 (Jensen—Krishna). Let p be a probability measure on R
and v be as in Hypothesis 1.3.1(2). Then for any bounded interval (c,d) the
following are valid.

1. Let C = [; |¢(x)|* dz (Cis finite by the assumption on 1)). Then

hg%é/ 1% * 1l (z) dm:C( S u{ah? + pc}) ;u({d}) )

c<x<d

2. Suppose that for some p > 1,

d
sup/
a>0J¢

then u is purely absolutely continuous in (c,d). In addition, for any com-
pact subset S of (¢, d)

P

1
(z) do < o0;

a

(Va * 1)

1 d ac .
;d}a*u—’Aw 57, in LP(S), as a—0.

The converse that if v is purely absolutely continuous with the density
% in LP((c,d)), then the supremum above is finite, is also valid.
3. For 0 < p < 1, we have

d P

p
lim dzx.

—
aOC

d
dp
d:Ap ac
(z) d |w|/c‘dx

1
*%*/1
a

Proof: (1) Expanding the integrals gives

d d
o [N @de = [ [ dutwddut) [ dos 5= mivate - ).

Since the function v, is bounded, the interval (¢,d) is bounded, and p is
a probability measure, the right-hand side integral converges absolutely, so
Fubini can be used to interchange integrals to get the equality above. Let

d
ha(onsva) = [ do < ale = male — 1)

Set S1 = {z: |z| < |y1 — y2|/2}, So = {x:|z| > |y1 — y2|/2}. Then on S
and S, the estimates
|75

(+ys—v1) 0 <clya—w|°, x €S,

()70 <clys — 1|0

, T €Sy

are valid. Suppose y; # y2; then using the bound [¢(z)| < C{z)~%, we see
that
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[t =) e

() e =mpaiora

< Fﬁyﬂé/_ (z/a)~3d(z/a)

C(JfS

|ha(ylay2)| S

Qo 2|0

D —
~ i —wel®

is valid. It follows that lim, g he(y1,y2) = 0 for y1 # yo. We decompose
I = pe + fp into its continuous and atomic parts. Then

/ha(yl,yz) dp(yz) = /ha(yhy?) duc(y2)+/ha(y1,yz) dpip(y2)-
Therefore
/ha(yhyz) dp(y2)dp(y:) = /ha(yhyz) dpie(y2)dp(yr)
+/ha(y1,y2) dpip (y2)dp(ys ).

The first term vanishes as a — 0, by the dominated convergence theorem and
the second term is

> wly Dy Dhalyrve) + Y /ha(y1,y2) dpic(y1)-

y1,y2€[c,d] y2€|c,d]

The second term above also goes to zero as a — 0 by the dominated con-
vergence theorem again. Since the limit of h,(y1,y2) a — 0 has a non-zero
value only when y; = g9, it only remains to compute the limit of h,(y1,y1)
for y; € [¢,d] as a — 0. This value follows from the relations

dq (d—y1)/a
) = [ Gl —wlae= [,
C

c—y1)/a

and the evenness of 1.
(2) In view of Theorem 1.3.2(2), for f continuous and of compact support,

¢a*ﬂ)( )dx

Therefore

/C " f@)du()

<o [nerar) ([

| Ayl
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Since sup,~ fcd |L4pq % pulP (z)da < oo, it follows that

d 1/q
<C</ |f(x)|qu> , ¢=p/(p—1).

Therefore the map f — fcd f(z)du(x) is a bounded linear functional on
L%((e,d)). Since the space of bounded linear functionals is precisely L?(c, d),
q given above, the absolute continuity of du restricted to (¢, d) follows. So we
can set du = g(x)dx, g € LP((c,d)), when restricted to (¢, d). (Here restriction
means taking the measure x (¢ q)(-)1)-
The converse part is easy by Proposition 1.2.6 and because ¢ € L*(R).
(3) First note that the estimate

[ i@
R\ (c,d)

is valid whenever [a, 8] C (¢,d) and = € [a, §], in view of Hypothesis 1.3.1(2)
on . Hence, without loss of generality assume that p is supported in [c, d]
and write u = pqc + s, in terms of its absolutely continuous and singular
parts using the Lebesgue decomposition. The singular part of the measure p
will not contribute to the limit as will be seen in a moment, so assume that u
is absolutely continuous, given by du(xz) = g(x)dx; then the assumption that
u is a finite measure implies ¢ € L'(R). In particular, for 0 < p < 1, the

reverse Holder inequality
P d
dx < /
(&3

/c " fa)du(a)

<Ca®t 5>,

1
—Ygxg— A
aw *g— Ayg

1
Py xg—A
aw *g— Aypg

r

implies that Lv, * g — Ayg in LP((c,d)), 0 < p <1, using Theorem 1.2.7.
Now the spaces LP((¢,d)), 0 < p < 1, are metric spaces with the metric
d(f,g) = lf — gllb- Tt then follows from the triangle inequality for this metric
that

dx) (d—c)t?

d p

1
lim —Uq * g
a—0 [, |a

d
(2)dz = |Ay|? / lg(2)|Pdz.

Now we will show that the singular part of y does not contribute to the
limit. So assume that p is purely singular and that its support S is contained
in [a, 8] C (¢,d). Since p is singular, by the definition of support, S satisfies
p(R\ S) =0 and |S| = 0, with |- | denoting the Lebesgue measure. By the
regularity of the Lebesgue measure, given an ¢ > 0, there is an open O such
that S C O, with |O\ S| < e. We also have |O] < |O\ S|+ |S| < €. For the
same ¢, since the measure p is regular we also have a compact K C S such
that (S \ K) < e. In addition, since K C S, and S has Lebesgue measure
zero K also has Lebesgue measure zero.

The above reverse Holder inequality gives
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d 1 p 1 P 1 p
[ pvern) @dos [ vann] @dot [ |Svann] @)ds
c |Q ola (c,d\O | @
p
< |0|1‘pu((c,d))p||wll’f+Id—CIH”(/ . *u(w)dw>
(e, d)\O | @

1
< O P 4 |d— P /
(e,d)\O

Now consider a bounded continuous function h which is 1 on (¢,d) \ O and
which is 0 on K.
Then using the Hypothesis 1.3.1(2) that | (x)] < C(x)~% and setting

$(x) = (2) 7,

\/(c,d)\O

1
—tg *
a

1
@irs [ 0 [ e ldnte) de

1 [o—y
S/(c,d)\Oa/R<a’ ) duly) d
1
< /( o M e (@)

The function ¢ satisfies the Hypothesis 1.3.1(2), so the Theorem 1.3.2(2) is
applicable with 1 replaced by ¢. Therefore the last term, which has positive
integrand, converges to f(c I\O h(z)du(x) as a goes to zero, which is bounded

by f(c7d)\K dp(x),
/ hx)dp(z) < p((e,d) \ K) < p((e,d) \ ) + u(S\ K) < Cae,
(e,d)\O

using the facts that pu((c,d)\S) =0 and p(S\ K) < e. Putting these estimates
together one gets the theorem since € is arbitrary. 0

Corollary 1.3.5 Let u be a probability measure and let ¥ be as in Hypothesis
1.3.1. Then we have that:

1. p has no point part in (c,d) iff

2
(x) dz =0,

d
lim

an—0Jc

1
Ya, * 1
an

for some sequence a,.
2. w has no absolutely continuous part in (c,d) iff for some 0 < p < 1,

d p

lim (z) dz =0,
an—0Jc¢

1
*%n *
O

fO’I" some sequence Q.
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Proof: The proofs follow directly from the Theorem 1.3.4. U

Even when the quantity dj; does not exist, it is possible to say something on
the wavelet transforms, to cover the cases of measures which are not supported
on the sets where such limits exist. Set, for 0 < o < 1,

Ya * o p((z — €,z +¢))
a® (2¢)

Then we have the following theorem where we set 1, (t) = 9/ (et)el@t1t,
O<a<l

(@) = Tim g

(z) and D(z) = lim o

Theorem 1.3.6 (Jensen—Krishna). Let u be a probability measure and
let ¢ satisfy the Hypothesis 1.3.1(2). Then for each 0 < a < 1, C7  (z)
is finite for any x, whenever D,‘j(x) is finite for the same x, and if ¥ 1is
positive they are both finite or both infinite. In addition when b is positive
and 1712 is zero free then, the converse of Theorem 1.3.2(8) is valid, that is
limg o o5 (Yo * 1) (2) < 0o implies that dS(x) is finite.

Proof: Consider the case when Djj(w) is finite for some 2 and for some fixed
a. Then for any 0 < y < 1, u((z —y,x +y)) < Cly|® for some finite constant
C'. So, using the last line in Equation (1.3.4) and estimating the right-hand
side there, one has, by Hypothesis 1.3.1(2),

o0

1 x 1) (x 1 T « 1 Oy o0
@ <0 [ Wiy < [ @iy < o

Now taking the limsup of the left-hand side the finiteness of C}? , follows.
On the other hand since v is positive continuous with ¢ (0) = 1, there is a
8 > 0 such that ¢(y) > 1/2, — (8 <y < (. Using this and the evenness of v,

a%(wa*u)(x)Z /%x— Yy /1/) dnly + )
2 | idu(yﬂv)
2 oo i@ = ab,z +af)));

where the positivity of ¥ is used to get the first inequality above. The above
inequalities immediately imply, since 3 is fixed, that ij(m) = oo implies the
same for C7 ().

To see the last part suppose limg—o - (¢q * p)(x) < 00; then Co(x) < oo,
hence by the earlier part of the theorem Df}(x) < co. This implies that

B, (2 +6) = B, — )

sup < .
5>0 (20)«
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Using this fact we see that in the right-hand side of Equation 1.3.4, the quan-
tity

o — P, (x —
supsup | w4 ay) — P, (x — ay)

< 0.
y>0 a>0 (2ay)~ |

This shows that we can write the integral on the right-hand side of Equation
(1.3.4) as

¢a*u /K ﬂl) fz oz,ll(t_s)dt
after changing variables y = e, a = e~°. Here we have taken

By +et) = By(x — ')
2aeat

fw,a,;t(t) = 3 Koz,w = —20‘1%-
From the assumptions it is clear that K, 4 € L'(R) and f; o, is a bounded
function such that e f, . ,,(¢) non-decreasing. This gives

hrrb —@ba wp(z) = lm [ Kqp(t)foau(t—s)dt.
a— S§— 00 R

By assumption the limit on the left side of the above equation exists, and
so the one on the right-hand side exists. Further usin/g\ the assumption on
the Fourier transform of ¥, we see that in particular ¥,(0) # 0 and hence
Ji Ko,y (t)dt # 0. Therefore we can write the limit as

lim [ Ko p(t)foau(t—s)dt= C/ K (t)dt, C#0.
S§—00 R

Since K:b does not vanish anywhere, applying Wiener’s Tauberian theorem
it follows that for any L!(R) function K (t) we have

lim [ K(t)fz,apu(t /K

§— 00 R

Choosing a special function Kp(t) = %X[O,h] (t) we see that for any h > 0,

lim — / foaut—s)dt=C. (1.3.5)

s—0 h,

This will imply that the limit lims_,oc fz,a,.(—8) = C, which is the required
statement. To see this we use the fact that e’f; . (f) is a non-decreasing
function of ¢, since it is essentially the integral of a positive measure, and note
the following inequalities for any positive t.

e franu(s +1) 2 € faau(s)

B ot
fx,axu(s—i_ti fm’a’”(s) > —1 te fr,a,u(s) >-B
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with B an upper bound for f; » . These bounds imply that for any € > 0, if
there is a sequence of points s,, — oo such that f; o ,(—sn) > C +¢, then we
would get that

1 [P h
7/ Fron(t—sn)dt > —BY 4 C e, h>o0.
h 0 ’ ! 2

This gives a contradiction to the convergence obtained in Equation (1.3.5).
Similar calculation shows that we cannot have for any ¢ > 0 a sequence
sp — oo such that f; o .(—sn) < C — ¢, proving the theorem. O

1

1752 the Fourier

We note for later reference that in the case when ¢(x) =

transform of the function ¥, (t) = % turns out to be

Va(§) = 81(1 — T T (a — ig)ef i TE,

Therefore for 0 < o < 1, this Fourier transform is non zero for any £ € R.

1.4 Borel Transform
Henceforth we denote the set of complex numbers by C, the upper half plane

by C*, the open unit disk by D, and the unit circle by T. In this setting the
Borel transform is defined as:

Definition 1.4.1. Let p be a measure on R satisfying the condition that

1
/Rdu(x) T3 22 < 00. (1.4.6)

Jano {2 - )

defines the Borel transform F, of p, ze€ C\R.

Then the integral

The Borel transform given above is an analytic function in C* UC~, and
it maps these two components into themselves and is also called the Borel—-
Stieltjes transform of the measure p. In the case when the measure is such
that [ du(x)%m < 00, then no regularization is needed.

Conversely we also have the well-known Herglotz representation theorem.

Theorem 1.4.2. Let F be a function analytic in CT such that its range is
contained in CT. Then there exists a non-negative number a, a real number b
and a measure | satisfying the Inequality (1.4.6), such that

F(z):az—l—b—k/Rdu(x){ ! v }

r—z 142

The a,b, u are uniquely associated with F.
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Proof: We show that this theorem follows from Theorem 1.4.3 below. The
functions w(z) = (z — i)/(z + i) (respectively z(w) = (w + 1)/i(w — 1)) is
a map from Ct onto D (respectively from D onto C*) and w(-) and z(-)
are holomorphic on CT and D, respectively, and also they are the inverses of
each other. Therefore given any function F' mapping C* to itself, we can take
G = —iF o z so that G is a function on D with positive real part. Therefore
let G be a function, with positive real part, on D associated with the F.
Then G satisfies the conclusion of Theorem 1.4.3, so that it is given by the
Equation (1.4.7). Then we consider iG(w), and rewrite the expression for it
by separating the point mass of ¢ at 8 = 0, if any, to get

ei0 4
el —w’

w 27
iG(w) = —a+ia({0})i—w +i/0 doo(6)

where we have taken o9 = o — o ({0})dp. We write w as the image of a point z
in C* using the map w(.), we have, setting F(z) = i(G o w)(2) = iG(w), and
using the relation z = (w + 1) /i(w — 1),

o= s [

Changing variables now to A = — cot(6/2), we get

A +1
A—z

F(z) :b+az+/ dv(N),

— 00
where we have set a = ¢({0}), b = —a and dv(\) = dog(2cot™(N)). We note
that the measure v is also positive and finite. Now we set du(\) = (1+A2?)dv(N)
and note that (/\fzi\(iﬁwﬁ) = ﬁ — ﬁ gives the expression for F. O
Theorem 1.4.3. Let G be a function analytic in D with positive real part.
Then there exists a unique real number o and a finite measure o on the circle
T such that ]

e +w

¥ —w’

27
G(w) =ia +/ do(0) w € D. (1.4.7)
0
Proof: We first note that since G is analytic in the disk we can write it as
G(w) = u(w) + sv(w), a sum of two harmonic functions. By the assumption
on the real part of G, we see that u is a positive harmonic function in the
disk. So if we show that u is given by

2m

ww)= |  do(6)Re (62:0 + w) ,

o el —w

with o a positive finite measure, then the theorem follows, since the harmonic
conjugate of u is fixed uniquely up to a constant, which we could determine
at the point 0, as claimed in the theorem. We also note that the integrand is
just the Poisson kernel
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i0 2
e’ +w 1—7r id
e —w

PT(GQS)Re( :1—2TCOS(9—¢)+T27 v

Therefore the representation for u follows from the next lemma, which gives
a representation for positive harmonic functions on the disk. O

Lemma 1.4.4. Let h be a positive harmonic function in D. Then there is a
finite positive measure o on the circle T such that

h(re'?) = (P, x 0)(e?), 0<r <1, 6€]l0,2n).

Proof: First assume that h is positive and harmonic in a disk of slightly large
radius § > 1, that is in Ds = {z : |2| < 6}. Then h is bounded on D and
so in particular on T. Let us determine (its harmonic conjugate) v so that
v(0) = 0, and the function f(z) = h(z) + iv(z) is analytic and has a power
series representation

f(z) =h(z) +iv(z) = Z an 2"
n=0

which converges absolutely and uniformly on the closed disk D. Using this,
the real part of f, namely h(z) = (f(z) + f(2))/2, can be written as

oo
h(z) = E Aprltleind o = et

n=—oo

This shows that on the circle T, we have

h(ew): i Aneiné,

n=—oo

so that A,, are the Fourier coefficients of the (bounded and hence in L!(T))
function h(e?) on the circle. Writing this fact explicitly we have

" o0 - 1 27 ) ) 27
ey = 30 alemt s [T o wet)e e = [T R0 - 0)i(o)

n=—oo

(1.4.8)

where we have set do(¢) = 5h(e')d¢ which is a positive finite measure, in
view of the fact that h is assumed to be positive. Now going to the case when
h is positive harmonic in D, we consider the sequence hs(z) = h(z/6),0 > 1,
of positive functions harmonic in Dg, and obtain a collection of finite measures
o associated with each of these functions hs. We also note from the Equation
(1.4.8) that h(0) = hs(0) = os(T); therefore all the measures o5 are uniformly
bounded. Using this fact and the fact that the unit ball of the dual of the space
of continuous functions on T is weak*-compact, we can obtain a sequence oy,
of measures on T that converge weakly (in the weak® sense) to a measure o.
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Using this limiting measure o, the representation of Equation (1.4.8) is seen
to be valid for h, even in the case when it is harmonic only in D, proving the
lemma. d

As a corollary we have:

Corollary 1.4.5 Let i be a measure and let F,, be its Borel transform. Let
dpe = Im(F,(x + i€)) dz be a family of measures. Then w — lim p. = p as
e — 0.

Proof: We first note that whenever p is a finite measure, p. is also a finite
measure for any € > 0. This is because [, [, mdu(y)dx < 0o, by an
application of Fubini’s theorem.

Since I'm(F},) is a positive harmonic function on C*, we will prove this
statement in the setting of the disk DD, as done earlier in the proof of Theorem
1.4.2. We have to show that when h is a positive harmonic function on D, the
sequence of measures ih(rew)dﬁ converges to the measure o, given in Lemma
1.4.4 (note that in the lemma we only showed that for some subsequence r,,
the weak limit of 5= h(r,e®)df is o). Let f be a bounded continuous function
on T. Then we have to show that

1 .
o [ 10 hreydo = [ 1(0) do(o). as v 1.
We set, for 0 < 6 < 1,

o J{e€0,27) s cos(¢) > 1 -6}, j=1,
5i0) = {{(;5 €[0,2m) 1 cos(¢p) <1 -8} j=2.

From Equation (1.4.8), we get, by interchanging integrals and using the fact
271'

that 7 [;7 Pr(¢)de =1,
1 2m ) 2m
3 | r@nee) do— [ 56) dato)
27 1 2
= [Taso) [ [ Pors+ 000 - 50)
= [ aote) |5 [ R@) (o 0) - rio)) as)
<o (/M [ BN+ 0) - <0>|d¢>
L 2l
e = [ nolas (1.49)

The first term was estimated using the fact that P,.(-) is non-negative function
whose integral over T is 27 together with the uniform uniform continuity of f
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on the compact set T, which is valid by the assumption that f is continuous.
As § goes to zero the set S1(d) shrinks to the point {0} and consequently
f(0+ @) — f(0) goes to zero uniformly in 6; therefore our choice of § can be
based on a given € > 0 to get this bound. The boundedness of f and the fact
that

lim [P ()] d¢ =0,

r—1 32(5)
for any § > 0, are used to conclude that the second term goes to zero as r

goes to one. The € being arbitrary in the above argument, the result follows.
O

Next we shall prove that functions with positive imaginary parts defined
in the upper half plane have boundary values almost everywhere on the real
axis.

Theorem 1.4.6. Let I : Ct — C7T be an analytic function. Then the bound-
ary values lim, o F'(x + i€) exist and are finite for almost every x.

Proof: Without loss of generality we assume that both the real and imaginary
parts of F' are positive harmonic. Otherwise we could consider a fractional lin-
ear transformation of C™, call it v, onto an open disk of unit radius contained
in the positive quadrant and consider ¢ o F' (whose real and imaginary parts
are positive, by the choice of 1. Since ¥ and its inverse are homomorphic,
existence of limits is preserved under composition with ¢ and/or its inverse).

So we consider a positive harmonic F' on CT and suppose u is the measure
representing F, as per the Theorem 1.4.3 transported to the case of CT. We
shall show the existence of the boundary values on [—1, 1], the argument is
similar for any other interval. We then split the measure p into two parts,
W= pi1 + pio, g1 supported on [—2,2] and ps supported on the complement.
Then it is clear that [—1,1] being away from the support of ps, the limits
exist finitely almost everywhere on [—1, 1] for its Borel transform, so we have
to consider only the case of the Borel transform of p;. Therefore without
loss of generality assume that p has compact support in [—1,1]. Denote the
distribution function of y by @, as per the Definition 1.1.3.

The derivative of @ exists finitely almost everywhere in (—1,1), by The-
orem 1.1.8, with respect to the Lebesgue measure. Then the theorem follows
from the following proposition. O

Proposition 1.4.7. Let F' be a positive harmonic function on R such that its
representing measure i is supported in [—1,1]. Then, for any x in (—1,1), the
limit F(z+10) exists and is finite whenever the derivative of @, the distribution
function of u, exists and is finite at x.

Proof: Since F is positive harmonic, we can take it to be the imaginary part
of the Borel transform F), of some p which integrates 1/(1 + z?). Since this p
is supported on a compact set by assumption, it is finite. So we can get the
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proposition from Theorem 1.3.2 (2), by taking o = 1 and ¢ (z) = 1-&-% With

this choice, ImF), (z + i€) = £ (e * p) (). O

Corollary 1.4.8 Suppose p is a non-zero finite complex measure with finite
total variation |p| and let F,, denote its Borel transform. Then the bound-
ary values of Fy,(xz +i0) = lim._.o F,,(x + i€) exist and 0 < |F,(z + 0)| <
oo, for a.e. x (with respect to Lebesque measure).

Proof: Since p has finite total variation, we can write it as a sum of four
finite positive measures y = 3 — pg + 3(ju3 — 14). Since the Borel transform
F), is linear in p, we have

FH:FM _Fuz +iFH3 _iFH47
so applying the above theorem to each of the right-hand sides we have the
finiteness result.

To prove that the boundary values are non-zero, we first note that under
the assumption on p, |F),| is bounded on every half plane {z : Im(z) > € > 0}.
Consider the biholomorphic maps w and z defined in the proof of Theorem
1.4.2, we get

2m
/ Int |wo F, o z|(re?) df < oo,
0

for any r < 1. Functions g : D — D satisfying fozﬂ In™ |g|(re??)df < oo, are
known as functions of bounded characteristic and by Theorem 2.2 of [79], it
follows that

g(z) #0, fora.e.z on [z]=1

From this it follows that F),(x + 0) itself is non-zero almost everywhere. 0O

Corollary 1.4.9 Let pi,v be probability measures. If F,,(x+1i0) = F,(x +10),
for x in a set of positive Lebesgue measure, then F,, = F, on C* and hence

w=v.

Proof: In view of Corollary 1.4.8, the function F), — F,,, which is the Borel
transform of the signed measure p— v, cannot have vanishing boundary values
on a set of positive Lebesgue measure unless i — v = 0. Hence the result is
valid. O

We also have a converse of the Proposition 1.4.7, leading to the Lebesgue
decomposition of u, namely:

Theorem 1.4.10. Let F), be the Borel transform of a positive measure u such
that the function 1/(1 + x2) is integrable with respect to p. Then, the dis-
tribution function @, of u has a finite derivative at x whenever the limit
limejo Im(F, (z + i€) exists finitely; further m(D®,)(x) = ImF), (z + i0).
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Proof: We may assume that we are dealing with a probability measure p, by
first splitting the measure into two pieces p1 + ps2, as we did in the proof of
Theorem 1.4.6. We can choose p; to have compact support containing x and
1o to have support at a finite distance from z. Then ps does not contribute
to the ImF),(x + i0) and we may take ;1 to be a probability by normalizing
if necessary. The rest of the proof is a direct application of Theorem 1.3.2(3)
and its converse given in Theorem 1.3.6 with ¢ (x) = (1 + 2?) for the case
a=1. g

Since the derivative of the distribution function agrees with the density
of the absolutely continuous part of a measure p almost everywhere, one
immediate corollary of the above theorem and Theorem 1.1.8 is:

Corollary 1.4.11 Suppose p is a measure. Then it is purely singular iff
lil’% ImF,(z + i€) = 0,
€—>

for almost every x with respect to the Lebesgue measure.

An application of Theorem 1.3.2(3) and its converse given in Theorem 1.3.6
is the following proposition for Borel transforms, as in the case of Theorem
1.4.10, where we set

(o H)(z) = lim €' " H (x + i¢),

€E—>
when H is harmonic.

Proposition 1.4.12. Let ju be a measure with [ 1Jrﬁcl,u(ars) < oo and let F,
and ®,, denote its Borel transform and its distribution function, respectively.
Consider an 0 < o < 1 fized; then the limits (coImF),)(x +40) exists finitely
iff the limits (dj;)(z) exist finitely, in which case we have

Oézayozfl

1+y2

)

(calmF,)(z + i0) = d2(z) /O Ty

with dj;(z) given in Equation (1.3.2).

The above proposition may not be of use in some cases, in view of the
statement following Theorem 1.1.8. Therefore we present the following criteria
to capture such measures. We start by defining some quantities. Let u be a
measure and F), its Borel transform. Then recall the definition of Djj and C'j,
from Theorem 1.3.6. When ¢(z) = 1/(1+2?) we call Cy , (z) as simply Cj (x)
without reference to the function 9. Note that if F}, is the Borel transform of
1, then

Cilz) = lim jge! ~*TmF, (z + ).

In the following two theorems h® is the a-dimensional Hausdorff measure
(see Definition 1.1.3).
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Theorem 1.4.13 (del Rio—Jitomirskaya—Last—Simon). Let p be a mea-
sure. We set T, = {z : Cj(z) = oo}, 0 < a < 1 and denote by x,, the
indicator function of T,. We define pos = x.dp and dpoe = (1 — x,,)du.
Then duys is singular with respect to the measure h® and e 1S continuous
with respect to h®. Further, pi restricted to {z : 0 < C}(z) < oo} is absolutely
continuous with respect to h*.

As a corollary of this theorem one also has:

Corollary 1.4.14 A measure has exact dimension o € [0,1) if and only if

1. For any B > a, Dﬁ(m) =00 for ae. z (wrt.p).
2. For any f < a, Dﬁ(x) =0 for ae. z (wrtp).

Theorem 1.4.15 (del Rio—Jitomirskaya—Last—Simon). Consider a mea-
sure p and let C}f and Dy be defined as above, for each 0 < o < 1. Then either
Cy(z) and Dy(x) are both finite or both infinite for a.e. .

Proof: Consider the function 9 (x) = sz and apply the Theorem 1.3.6 to
get the proof. O

The following theorem is a collection of well-known results.

Theorem 1.4.16. Let i be a measure that integrates the function 1/(1 + 2?)
and let F, be its Borel transform. Then,

1. HIm(F,(z + i0)) = d”‘“( ) for almost every .
2. The singular part ps is supported on the set

{z: leifl(}lm(F“(x +i€)) = oo}

3. The point mass of i at x, if any, is obtained by

p({e}) = limelm(F) (2 + ic)).

Proof: The first item follows immediately from Theorem 1.4.10. The last item
is an application of Theorem 1.3.2(1) with ¥ (z) = 1/(1 + 2?), by assuming
1 to be a probability as done in the proof of Theorem 1.4.10. Now we turn
to the proof of the second item. By Theorem 1.1.8, of De la Valée Poussin,
1 is not supported on the set where the quantity dl( ) does not exist finite
or infinite. On the other hand, {z : d},(x) < oo}, gets measure zero from the
singular part ps of p. Therefore it is enough to show that lim, .o ImF),(x +
i0) = oo whenever lim._,o M = 00, to prove the result. We note that
ImF,(z 4 ia) = (¢, * u)( ) for Y(x) = 1+T2 By using Equation 1.3.4, we
see the estimate,

ar 2 [0 (el temay,
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This immediately implies the required statement. O

Based on the above theorem there are a few more criteria for identifying
the components of a measure.

Theorem 1.4.17 (Simon). Suppose p is a measure that integrates 1/(1+z?%)
and let F,, be its Borel transform, and let (c,d) be a bounded interval.

1. Let p > 1, be given and suppose
d
sup/ dz |Im(F,)(z +i€)|P < C,.
e>0 Je

Then u is purely absolutely continuous on (c¢,d) and dug./dx is in
L?((c,d)). Further for any compact subset K C (c,d), 2ImF,(z + ie)dx
converges to dpg./dx in LP(K).

2. For p € (0,1) we have lim, o fcd Im(F,)(z + i€)[Pdx = fcd |dptae/dx|Pda.

Proof: This theorem is a corollary of Theorem 1.3.4 by taking ¥(z) =
1/(1 4 z?) and noting that ImF,,(z + ie) = L (1 * p)(x). O

As a corollary of the above theorem we present the following criteria for
the absence of some of the components of a measure.

Corollary 1.4.18 (Simon) Suppose p is a measure that integrates
1/(1 + 2?). Then we have:

1. The pure point part of p in (c,d) is absent whenever for some sequence

€n 10, .
lim en/
€nl0 c

2. The absolutely continuous part of u is absent in (c,d) if for some sequence
€n 1 0, we have

2

1
—ImF),(z +i€,)| dxz =0.
™

d P

lim dr =0, for some(0<p<1.
enl0Je

1
—ImF), (z + tey,)
T

Proof: Since (¢, d) is a bounded interval, p is finite on (¢, d). Now the proof

follows from the Corollary 1.3.5, by setting ¥ (z) = Tlﬁ O

1.5 Gesztesy—Krein—Simon £ Function

We now introduce the ¢ function. It is intimately related to the spectral prop-
erties and will be used in some contexts. We note that whenever F' is the
Borel transform of a measure that integrates 1/1 + 22, its argument takes
values in (0,7) in CT. Therefore the principle branch of the logarithm of F'
is well-defined and has well-defined boundary values almost everywhere on
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the real axis, being itself a function of the same type. Therefore its imaginary
part is an essentially bounded function on the line by the maximum principle
and gives rise to an absolutely continuous measure. This function plays a role
in several areas of spectral and inverse spectral theories. We shall call it the
Gesztesy—Krein—Simon £ (GKS &) function.

Definition 1.5.1. Let x be a measure that integrates 1/(1 + z?) and let F
be its Borel transform. Then define the Gesztesy—Krein—Simon £ function by

.1 .
(@) = lim —Im(in F, (@ + i9))

for almost every x in R.

Theorem 1.5.2 (Gesztesy—Simon). Let p be a measure and consider the
associated GKS & function. Then for any interval [a,b],

1. The measure p is purely singular iff & (z) takes values in {0,1} for almost
every x in [a,b)].

2. u has non-empty absolutely continuous component iff € (z) takes values in
(0,1) for every x in some subset of positive Lebesgue measure.

Proof: (1) First note that £(z) = 0 or 1 almost everywhere in [a, b] iff the
argument of F(x + i0) is zero or 7 almost everywhere in [a,b]. This is valid
iff almost everywhere F(z + 40), is real. This in turn is valid, by Theorem
1.4.16)(1), iff the absolutely continuous part of p is zero.

(2) As in the above argument 0 < £(z) < 1 on a set S of positive Lebesgue
measure iff 0 < LIm(F)(z +140) on S, and this is valid iff (again by Theorem
1.4.16(1)) dugc(z)/dx > 0 almost everywhere on S. O

1.6 Notes

Section 1.1

In this section the statements on measures is available in standard books like
those of Rudin [167], Saks [169], Chandrasekharan [41]. The facts regarding
functions of locally bounded variation can be found in Chapters V.3 and in
Chapter IIT of [41]. (These are stated in [41] only for functions of bounded vari-
ation, but the arguments go through for finite intervals (a, b)). The integration
by parts formula, Equation (1.1.7), is obtained by using Fubini’s theorem (see
Section IV of [41]) for the product measure M = dmjsdmg on the rectangle
(a,b] x (a,b] and using the fact that M ((a,b] x (a,b]) = M (A1) + M(As),
where Ay = {(x,y) : <y} and A, its complement in (a,b] X (a, b].

The properties of Hausdorff measures can be found in Rogers [164]. De-
composition of a measure with respect to Hausdorff measures was first used
in the spectral theory of selfadjoint operators by Y. Last in [141]. This paper
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also has different types of decomposition of a finite positive measure, in anal-
ogy with the Lebesgue decomposition. After this insightful paper there was a
lot of progress in the spectral theory of Schrédinger operators with singular
continuous spectra. Especially noteworthy are explicit operators with various
a-dimensional singular spectra and the results on stability of spectra under
some classes of perturbations, similar to the stability of absolutely continuous
spectra under trace class perturbations.

The proof of the theorem of de La Vallée Poussin (Theorem 1.1.8 ) is
given in Saks ([169], Theorem 9.1 and Theorem 9.6 Chapter IV). Examples of
measures whose supports have Hausdorff dimension smaller than one which
are supported on the sets W, stated after Theorem 1.1.8 are given in del
Rio—Jitomirskaya—Last—Simon [60].

The statement in the Theorem 1.1.10 is the content of Theorem 67 of
Rogers [164] (see also Last [141] Theorem 4.1). The procedure followed often
for finding components of measures is to determine the set of points where
Dg(z) is zero, finite positive, or infinite.

Section 1.2

The material in this section is based on Donoghue [75], Stein [182], Stein—
Weiss [183]. In particular the Theorem 1.2.7 on the convergence is given in
Theorems 1.18 and 1.25 of Stein—Weiss [183].

Section 1.3

This material is from the work of Jensen—Krishna [101], as yet unpublished.
The proofs of the theorems here are adapted from those for the case of the
Borel transforms given in the works of Simon [178] and del Rio—Jitomirskaya—
Last—Simon [60].

The theorems in this section are generalisations of theorems for the Borel
transform, since the wavelet transform associated with the function ¥ (z) =
1/(1 + 2?) is the Borel transform, with RT x R identified with the upper half
plane.

The Tauberian theorem of Wiener is the following. Suppose f is a bounded
function on R and K is an L!(R) function such that K does not vanish
anywhere. Then whenever the limit

lim [ K(t)f(t—s)dt = /K

s—0 R

exists, the following limit exists and the is valid for every function G € L*(R),

lim [ G(t)f(t—s)dt = C/RG(m)

s—0 R

The proof of Theorem 1.3.6 is on the lines given by Donoghue, Theorem III,
Chapter IV [74].
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Section 1.4

Most of the material here is standard and well known in the literature; it
is presented here for the sake of completeness, see for example the books of
Donoghue [74], Katznelson [109], Nevanlinna [149] and Duren [79]. The func-
tions that map the upper half plane to itself are called Herglotz functions and
their collection is termed the Nevanlinna class in the literature. The material
on the identification of the components of a measure via its Borel transform
are from the works of Simon [178] and del Rio—-Jitomirskaya-Last—Simon [60].
In addition to the Theorem 1.4.16 there are further criteria that could be used
based on context as given in Simon [178]. Though some of the theorems here
are presented as special cases of those on wavelet transforms, these theorems
are the first to appear in the literature.

Section 1.5

The material in this section is from the work of Gesztesy—Simon [87]. Spectral
shift functions were introduced by M.G. Krein [132], (an extended overview of
this theory can be found in Yafaev [192]) to study perturbations of trace class
type for Schrodinger operators in the context of scattering theory and spectral
theory. In the context of inverse spectral theory this was further advanced and
a general formulation of the spectral shift function in the form we have given
here is given by Gesztesy—Simon [87], who introduced this function and gave
its connection with the Krein spectral shift function in some cases. They also
showed its usefulness in both the spectral theory and the inverse spectral
theory of one-dimensional Schrédinger operators.
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Selfadjointness and Spectrum

2.1 Selfadjointness

The theory of selfadjoint operators is very well explained in many textbooks.
Therefore we restrict our summary to those facts which are used in what
follows here. This section consists mainly of a series of definitions.

2.1.1 Linear Operators and Their Inverses

Definition 2.1.1. Let $) be a separable complex Hilbert space with the inner
product (-,-), which is always assumed to be linear in the second vector and
conjugate linear in the first vector. A linear operator from $) to §) is a pair
{dom (A), A} where the domain of A, i.e., dom (A), is a linear subspace of §,
and A is a linear map from § into 9, i.e., for any f € dom (A) Af € $ and
for g € dom (A),a € C:

A(f+ag) =Af+aAg.

Very often the domain, dom (A), belonging to A is obvious. In that case we
write only A instead of {dom (A), A}.

Definition 2.1.2. The range of A is the image of its domain, i.e.,
ran (4) ={g€H, g=Af, f € dom (4)}.
The null space or kernel of A is defined by
null (4) = {f € dom (A4), Af =6}.

0 denotes the zero vector in §).
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Definition 2.1.3. A is called invertible if null (4) = {#}. In this case A1,
the inverse of A, is defined by

(i) dom (A~') =ran (A),
(ii) AY(Af)=f, Vf e dom (A).

Definition 2.1.4. Two linear operators {dom(A;), A1}, {dom(As), A2} in 9
are equal if

(i) dom (A1) = dom (A4s),
(ZZ) Alf = Agf, Vf € dom (Al)

In this case we write A; = A,.
The operator {dom (As), As} is called an extension of {dom (A1), A1}, or
{dom (A1), A1} is called a restriction of {dom (As), A5} if

(i) dom (A;) C dom (Asz)
(Z’L) Alf = A2f7 Vf € dom (Al)

In this case we write A; C Ay or A9 D Aj.

2.1.2 Closed Operators

Definition 2.1.5. A linear operator {dom (A), A} in $ is called closed if one
of the following properties is satisfied:

(i) Assume a sequence (fy,)nen, fn € dom (A) and assume that the limits
lim f, =f¢€9,
lim Af, = g€
n—oo

exist. Then f € dom (A) and Af = g.
(ii) The graph of A, a subset of §) x $) defined by

graph (A) ={(f, Af), f € dom (A)},

is closed in $) x $) with respect to the usual norm in $ x 9 (see the Remark
2.1.6).

Remark 2.1.6. (i) If {dom (A), A} is a closed operator, then dom (A) is a
Banach space with respect to

[flla = W11+ 1AFN S f € dom (A).

(ii) If (A — A) is injective for some A € C, then A is closed iff (A — A)~! is
closed.
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(iii) The graph (A) is a Hilbert space with respect to the inner product
((f1,99), (f2,92)) = (f1, f2) + (91, 92)-

The corresponding norm, sometimes called graph norm, is

1)l = VI + (gl

The topology induced by this norm is equivalent to the topology induced
above by

1(fs D lloxs = I+ llgll-

Definition 2.1.7. An operator {dom (A), A} is called closable if there is a
closed operator {dom (B), B} with A C B. The smallest closed extension of
A, denoted by A, is called the closure of A. An operator {dom (A), A} is
closable if and only if f,, € dom (4), f, — 0, Af, — g implies g = 0. The
closure {dom(A), A} is then given by

dom (A) = {f € 9 :3(fn) € dom(A4), lim f, = f and  lim Af, exists}

and Af = lim,, .o, Af,. Clearly we have

graph (A) = graph (A).
If B is closed, a subset ® C dom (B) is called a core of B if Blg = B.

Definition 2.1.8. A linear operator {dom (B), B} is bounded if there is a
positive constant b such that

IBfI < bllfll, Vf € dom (B).
Its norm is given by

B
151 =su { PAL 7 < dom (). £ 20},
With B($) we denote the set of all bounded operators defined on ), i.e., with

dom (B) = 9.

Any bounded linear operator B has a unique extension B with dom (B) =
dom (B). In particular, if dom (B) is dense in ), B belongs to B($).

In what follows we will not distinguish between a bounded operator B and
its bounded extension B € B($). If we consider bounded linear operators we
mean operators in B($). If an operator B is defined on the whole space $

and if B is closed, i.e., B = B, then B is bounded (closed graph theorem).

Proposition 2.1.9. Let {dom (A), A} be a closed operator and take B €
B($H). Then AB is a closed operator with dom (AB) = {f € $,Bf €
dom (A)}, and BA with dom (BA) = dom (A) is closed if B~ exists and
belongs to B(H).
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In spectral theory a special role is played by the ideal of compact operators
and its subideals of Hilbert—Schmidt and trace class operators.

Definition 2.1.10. A bounded operator B in $) is called compact if for every
bounded sequence { f,,} in 9, the sequence {Bf, } contains a Cauchy sequence.

In other words B is compact if and only if { B f,,} converges strongly when-
ever {f,} converges weakly.

Definition 2.1.11. A compact operator B is called a Hilbert—Schmidt oper-
ator if for a complete orthonormal family {¢;} in $ the expression

1

2

I1Bllzzs = | Y 1 BesI?

j=1
is finite. The norm || - || gs is called the Hilbert—Schmidt norm.
The set of Hilbert—Schmidt operators forms a new Hilbert space with the

scalar product
oo

(A, B) = trace(A"B) = > (Ad;, Bs;).

j=1

(See also Lemma 3.6.19). The adjoint A* of A is defined below.
Let (E,Bg,m) be a o-finite measure space and set $ = L?(E,m). Let
b: E x E — C be the measurable kernel of the integral operator

(Bf)(z) = /E bz, ) f (y)dm(y).

Then B is a Hilbert—Schmidt operator if and only if
1B £rs = [ (o) Pdm()dm(y)

is finite.
Trace class operators will be defined in Section 2.7.

2.1.3 Adjoint and Selfadjoint Operators

Definition 2.1.12. An operator {dom (A), A} is called densely defined if
dom (A) is dense in $. Let A be a densely defined operator in the Hilbert
space $). Its adjoint operator {dom (A*), A*} is defined as follows: dom (A*)
is the set of all g € $ for which a vector h € § exists such that

(9, Af) = (h, f),Vf € dom (A).
For each such g we define the operator A* by
A*g =h.
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Remark 2.1.13. (a) Obviously, g € dom (A*) if | (g, Af) | < ¢4 [If]l-
(b) The graph of A* is closed.
(c) The operator A is closable iff dom (A*) is dense in §). In this case A = A**.
Moreover, if A is closable, then A* = A*** = (A)*.
(d) A bounded inverse of A exists if and only if A* has a bounded inverse.
Then it follows that
(A1) = (4",

Definition 2.1.14. A bounded linear operator U € B(9) is called unitary if
U* =U1, ie., UU* =U*U =1

Definition 2.1.15. Let A be a closed, densely defined operator and let A*A =
AA*. Then A is called normal.

Definition 2.1.16. A densely defined operator A is called symmetric if
A C A*. This is equivalent to

(f,Ag) = (Af,9)
for all f,g € dom (A).

Because A* has a closed graph a symmetric operator is always closable, its
closure is A**.

Definition 2.1.17. A densely defined operator A is called selfadjoint if
A = A* ie., if A is symmetric and dom (A) = dom (A*). A symmetric oper-
ator which has only one selfadjoint extension is called essentially selfadjoint.

Remark 2.1.18.

(a) A selfadjoint operator has only one selfadjoint extension, namely A itself.

(b) For any symmetric operator A, the operator A** is defined and symmet-
ric. If A** is selfadjoint, A is essentially selfadjoint, and A** is the only
selfadjoint extension.

There are several useful criteria to decide whether an operator is selfadjoint
or at least essentially selfadjoint.

Proposition 2.1.19.

1) Let A be a symmetric operator. Then A is selfadjoint if and only if
ran(A 4+ if) =ran (A —iB8) = §, for B € R.

2) Let A be a symmetric operator. A is selfadjoint if ran (A+pu) = $ for some
real p € R. (This is a very useful criterion for semibounded A defined in
Definition 2.1.23).

3) Let A be a symmetric operator. A is essentially selfadjoint if
ran (A +i0) and ran (A — i) are dense in ) for some 5 € R.
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2.1.4 Sums of Linear Operators
The sum of two linear operators {dom (A), A}, {dom (B), B} is defined as

dom (A + B) = dom (A) Ndom (B).
(A+B)f = Af + Bf

for all f € dom (A+ B). In this section we will explain the properties of A+ B
if we know these properties for A. For instance if A is bounded, the sum A+ B
is a well-defined operator on dom (B). If B is closed and A is bounded, then
A + B is also closed. For more general A the situation is somewhat more
complicated.

Definition 2.1.20. Let {dom (A), A}, {dom (B), B} be two linear densely
defined, closed operators in $ with dom (A) C dom (B). B is called relatively
bounded with respect to A, or A-bounded, if there are positive constants «
and [ such that

IBSI < al[AfIl+ SIS

Vf € dom A. The infimum of all possible « is called the A-bound of B.

Remark 2.1.21. Obviously, a bounded operator B is A-bounded for any A
with A-bound zero. If A is selfadjoint, then B is A-bounded iff B(A —2)~1 €
B(H) for some z € C. In this case the A-bound is smaller than 1 iff
|B(A—2)"Y < 1.

If the A-bound of B is smaller than 1, the sum A + B is closable iff A is

closable with dom (A) = dom (A + B); also A + B is closed iff A is closed.

Concerning the selfadjointness of the operator sum the main theorem is

Theorem 2.1.22 (Kato—Rellich). Let A be a selfadjoint operator in 9, let
B be symmetric and A-bounded with A-bound smaller than one. Then A+ B
is selfadjoint on dom (A).

This can be extended to the case where the A-bound is equal to 1. This
means that if A is essentially selfadjoint, if B is symmetric and A-bounded
with A-bound equal to one, then A + B is essentially selfadjoint on dom (A)
or on any core of A.

Definition 2.1.23. A symmetric operator A is called bounded from below, if
its numerical range is bounded from below, i.e., if

(fLAf) 2~(f, ), Vf € dom(A), v € R.

It is called non-negative if v = 0. Often we write A —~ > 0 or A > 0 in the
last case.
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Let us collect some properties of semibounded operators:

(a) If A is symmetric and positive and if ran (A +1) is dense in §), then A is
essentially selfadjoint.

(b) If A is selfadjoint and bounded from below and if B is symmetric and
A-bounded with A-bound smaller than 1, then A + B is also bounded
from below.

2.1.5 Sesquilinear Forms

Although the criteria above are elegant from the operator-theoretic point of
view it is very often difficult to determine the domain on which a symmetric
operator can be extended to a selfadjoint one. On the other hand, in quan-
tum physics it is very often sufficient to study the expectation values of the
operators. Hence a natural way to realize selfadjoint operators is to start with
sesquilinear forms.

Definition 2.1.24. A (sesquilinear) form t is a map
dom (t) x dom (t) — C,

where dom (t) is a linear subspace of §). dom (t) is called the form domain. t
is linear in the second argument and conjugate linear in the first. It is called
symmetric if t[f, g] = t[g, f] for f,g € dom(t). A symmetric form is called
bounded from below if there is a v € R. such that

12y IfI7 . f €dom(t)

and is called non-negative if v = 0. For abbreviation we write t > v or t > 0,
respectively.

Definition 2.1.25. Analogous to the closed operators where the domain of
A is a Banach space with respect to the graph norm, the symmetric form t,
bounded from below, i.e., t > =, is called closed if dom (t) is complete with
respect to the form norm, induced by the inner product

Then {dom (%), (.,.)¢} is a Hilbert space.
The first form representation theorem says the following:

Theorem 2.1.26. Let a be a densely defined, closed, symmetric semibounded
form in $. Then there is a unique selfadjoint operator A in ), such that

dom (A) € dom (a)
and alk, f] = (k, Af)
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for f € dom (A) and k € dom (a). Moreover, A is given by

dom (A) = { f € dom (a),3 g € 9, such that
alk, f] = (k,g) for all k € dom (a)}

and
Af=g.

A is called the operator associated with a.

Corollary 2.1.27 If Ay is a symmetric, semibounded operator in $, then

dom (ag) = dom (Ag) and aglg, f] = (g, 4o f)

establishes a densely defined, symmetric form bounded from below. Denoting
its closure by {dom (a),a} this is a densely defined symmetric closed form
bounded from below. It corresponds to a selfadjoint operator A. A is called the
Friedrichs extension of Ag. A is given by

dom (A) = dom (a) N dom (AF)
A= As‘dom (A)-

If Ay is essentially selfadjoint, the Friedrichs extension is the only selfadjoint
extension of A.

For non-negative forms the domain of the associated operator is given by
the second form representation theorem.

Theorem 2.1.28. Let a be a densely defined, closed symmetric form with
a > 0. Let A be the associated selfadjoint operator. Then

dom (A'/?) = dom (a)
and
alg, f] = (AY/2g, AV2 )

for f,g € dom (a). (Hint: The square root A'? exists and is defined in Corol-
lary 2.5.6).

In the case of perturbations there is a form analogue of Theorem 2.1.22.

Theorem 2.1.29 (Kato—Lax—Lions—Milgram—Nelson). Let A be a pos-
itive selfadjoint operator, associated to the form a. Let b be symmetric form
with dom (a) C dom (b). Assume

[[f [T < a |AYV2FI2+ B IIFIP = aalf, f1+ 8 |1 £

for f € dom (a) with o < 1 and 8 € R.
Then there is a unique selfadjoint operator C' such that

(f,Cg) = (AY2f, AY2g) + b[f,g] = alf, ] + VLS. 9]
for f,g € dom (a). C is bounded from below.
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Remark 2.1.30. Theorem 2.1.29 will be called the KLMN-Theorem hence-
forth. If A and B are two positive selfadjoint operators, the KLMN-Theorem
defines the meaning of the form sum of these operators, denoted by A + B.
Let B be relatively form bounded with respect to A, i.e.,

(i) dom (a) C dom (b)
(i) |BY2f)? < o [|AY2 £ + B || £, Vf € dom (a),

with form bound « < 1. Then C = A + B. This may differ from the operator
sum because dom (A) Ndom (B) = {0} is not excluded.

One can formulate the KLMN-Theorem also for more general selfadjoint
operators B defining an appropriate domain for the associated form.

2.2 Spectrum and Resolvent Sets

Definition 2.2.1. Let {dom (A), A} be a closed linear operator in a Hilbert
space $). A complex number z is called a regular point for A if A — z is
invertible with dom [(A — 2)~!] = § and if (A — 2)~! is bounded, i.e., 2 is
regular if (A — 2)~! exists and is in B(H) (see Section 2.1.2).
We will denote
R(z,A) = (A—2)"".

The resolvent set of A is the set of all regular points, i.e.,
res(A) = {z€C; (A—2)"' € B(H)}.
The spectrum of A is the complement of the resolvent set
o(A) =C \ res(A).
The mapping

res(4) — B(H)
2z (A—2)"' = R(z, A)

is called the resolvent of A.

Proposition 2.2.2. Let {dom(A), A} be a closed linear operator. Then its
resolvent R(z, A) has the following properties:

(i) res (A) is an open set, hence the spectrum is a closed set.
(ii) ran (R(z,A)) = dom (A) and AR(z,A) = zR(z, A) + 1.
(iii) The first resolvent equation holds:
R(z1,A) — R(z2,A) = (21 — 22) R(#z1,A)R(z2, A),
for all z1, 25 € res (A).
R(Zl, A)R(ZQ, A) = R(Zg, A)R(Zl, A)
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(iv) For zy € res(A) and for all z € res(A) with | z — 29 |< ||R(z0, A)||~* we
have the representation

R(z,A) = Z(z — 20)" R(20, A)" !
n=0
= R(20,4) > (2 — 20)"R(20, A)".
n=0

n+1

(v) Locally the resolvent map z — R(z, A) is analytic in res (A) and

d’ﬂ
—R(z,A) = (=1)""n! R(z, A"+
dzm
(vi) If A is a bounded operator, then
1A ' & aAn
R(z, A) = ( 11> => —r for |21 > |IA]l.

z z
n=0

Therefore
o(A) E{zeC, [z | <|Al}

and hence the spectrum of a bounded operator is compact and never empty.
Definition 2.2.3. The spectral radius of a bounded operator A is defined by
spr (A) =sup{| z |, z € a(A)}.

Remark 2.2.4. Obviously we have spr(A) < ||A||. If A is normal spr(A4) =
I[A]l

Proposition 2.2.5. If A is a closed linear operator with a non-empty resol-
vent set, then

1

Z— 20

(R )\ 10} = { 2 e o)

for each zy € res(A). Let dist (z0,0(A)) denote the distance of zy from the
spectrum of A. Then

1 S 1
spr(R(z0,4)) — [ R(z0, A

dist (z0,0(A)) =

or

1

IR (20, A)|| > dist(zo, o (A))

Remark 2.2.6. Any z € C belongs to o(A) whenever one of the following
occurs:
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1) (A — z) may not be injective, so that null (A — z) # {#}. Then z is called
an eigenvalue of A and null (A — z) is the (geometric) eigenspace of z. The
(geometric) multiplicity of z is given by dim null (A — z). The vectors in
null (A — z) are called the eigenvectors of z.

2) null (4 — z) = {6} but ran (A — 2) is dense such that (A — 2)~! is densely
defined but unbounded.

)null(A — z) = {0} but ran(A — z) is not dense. In this case
(A — 2)7! exists and can be bounded on ran (A — z). However it can
not be extended to an operator in B($). This part of the spectrum is
called the residual spectrum.

Definition 2.2.7. The values z € C for which (A — z) is not injective or
ran (A — 2)is not closed in $ are called the approximate point spectrum of A.

Lemma 2.2.8. Let A be a closed operator and let z be in its approrimate
point spectrum. Then there is a sequence (fn)nen, fn € dom(A), ||full =1
such that

nllmm||Afn — zfnll = 0.

({fnlnen is called a Weyl sequence).

In what follows we will study selfadjoint linear operators {dom (A), A}
given in a separable Hilbert space §). This is a general assumption for the rest
of this chapter and will not be repeated further.

Theorem 2.2.9. Let {dom A, A} be a selfadjoint operator in a separable
Hilbert space 9. Then we have

(i) o(A) CR, i.e., the spectrum is real.
(ii) The residual spectrum is empty.
(#ii) There is a sequence (fn)nen, fn € dom (A), ||full =1 so that

Jim (A= A)ful =0

for any X € o(A).
(iv) Every eigenvalue is real. The eigensubspaces corresponding to different
etgenvalues are orthogonal. There are at most countably many eigenvalues.
(v) For all z € C\ 0(A) we have R(z,A)* = R(Z, A), such that R(z, A) is
normal. Hence

spr (R(z,4)) = [|R(z, A)|| .
Remark 2.2.10. Proposition 2.2.5 and (v) imply that

1

[R(z, A)|l = m

and

IR(z, A)|| < , for all z with Im 2 # 0.

1
| Im 2 |
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Remark 2.2.11. For semibounded symmetric operators there is a basic rela-
tion between forms and resolvents. Let a be a closed semibounded form and A
the associated operator (see Section 2.1.4). Take z € res(A) and f € dom (A).
Then there is an element v € §, such that for all g € dom (a) :

a(g7f) 7Z<gaf> = <gav>a

which implies

(A—2)f=v or f=(A—2)""v.

2.3 Spectral Theorem

For selfadjoint operators the spectrum can be decomposed into several compo-
nents. Moreover, the spectrum can be studied in some detail by introducing a
family of projection operators which are uniquely associated to the selfadjoint
operator A in the given Hilbert space ).

Definition 2.3.1. Let E(-) be an operator-valued mapping from R to B(£)).
Then E(-) is called a resolution of the identity or a spectral resolution if it
satisfies the following properties:

(i) E()) is an orthogonal projection operator for every A € R.
(ii) E(-) is non-decreasing, i.e., E(\) < E(u) for A < p. This is equivalent to
E(NE(n) = E()E(\) = E(min (4, 1)),
(iii) E(-) is right-continuous, i.e., hm EMA+e)f = E(\)f forall f € $ and all
AeR.
(iv) )\Emoo E(\)f =0 and AlimmE(A)f = fforall fe$.

For any f € § the function (f,E(\)f) = ||[E(A)f|* is non-negative,
nondecreasing. It tends to zero as A — —oo and to || f||* as A — oo. Thus
the mapping A — (f, E(\)f) is a distribution function. Then from the facts
stated after Definition 1.1.3, it can be seen that there is a measure uniquely
associated to this distribution function. {E(\), A € R} is called a resolution
of the identity because

> 2
[ awmn =1
The Lebesgue—Stieltjes integrals

/ T o) dif B )

— 0o

exists for any bounded measurable function ¢(-) : R — R.
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Note that (f, E(\)f) is also of bounded variation. These facts together
with polarisation identity give a finite complex measure associated with the
function (g, E(\) f),Vf,g € 9.

Any resolution of the identity can be used to define a selfadjoint operator.

Lemma 2.3.2. Let {E(\), A € R} be a resolution of the identity. Then the
operator A defined by

dom(d) ={re9. [~ ¥ a0 <oof

— 00

and

rdg = [ rarEog)

—00

is selfadjoint, assuming f,g € dom(A).

Remark 2.3.3. The existence of the integral in the second equality above
follows from

[{FLENg P < (LENS) (9, ENg).

Moreover, one has
1As = [ air B0,

As a short abbreviation one usually writes

A:/OO A dE(N),

— 00

which means that A is the selfadjoint operator associated to a given resolution
of the identity.

The one-to-one correspondence between spectral families and selfadjoint
operators is a consequence of the spectral theorem.

Theorem 2.3.4 (Spectral Theorem). For every selfadjoint operator A in
a separable Hilbert space $) there is a unique resolution of the identity E4(-)
such that

A:/OO X dEA(N).

— 00

Because of the one-to-one correspondence F4(-) is said to be the spectral
family associated to A.

The spectral theorem allows us to define functions of selfadjoint operators.
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Proposition 2.3.5. Let ¢(-) : R — C be a continuous function and A a
selfadjoint operator in $). Then @(A) is defined by

dom (¢(4)) : = {f € 9., [ T e P dlf B ) < oo},

(f (A)g) = / 2(N) d{f. Ea(\)g)

— 00

for f,g € dom (QD(A)), or briefly

o= [ T o0 dEAN).

—00

If p(+) is additionally bounded, then p(A) is a bounded operator (defined on
$) and
le(A)ll = sup {| ((A) |, A € supp (Ea(N))}

where supp (EA ()\)) denotes the support of the spectral measure associated to
the spectral family.

Corollary 2.3.6

(i) Let A be selfadjoint and z € res (A). Then we can represent its resolvent
by

(A*z)flz/oo )\iz dEA()\)

(i) Let A be non-negative, A > 0. Then one can define the square roof of A
by
Al/? :/ M2 AEL(N).
0

(iti) The unitary group generated by A is given by
etA :/ "™ dEA(N).
—0o0

(iv) Let A be semibounded, A > —c, ¢ > 0. The corresponding semigroup is
given by

e A :/ e N dE4(N).

Theorem 2.3.7 (Spectral Mapping Theorem). Let A be a selfadjoint
operator. Let p(-) be a bounded continuous function on o(A). Then

a(p(A4)) = ¢(o(4)).
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2.4 Spectral Measures and Spectrum

Let A be a selfadjoint operator in the separable Hilbert space $ and {E4()),
A € R} its spectral family. There is a spectral measure associated to it.

Remark 2.4.1. (Construction of the Spectral Measure) Let (a,b] be a
semiclosed interval in R. We define

Pa((a,b]) = Ea(b) — Ea(a).

Moreover, we define

Pa([a,b]) = E4(b) — Ea(a—),
Pa([a,b)) = Es(b—) — Ea(a—),
Pa((a,b)) = Ea(b—) — Ea(a),

where we used the abbreviation
E(a—)=s—1lim E(a —¢).
el0
For any f € $) we will define a projection valued measure on the Borel sets B

oo

in R, i.e., we extend the definitions above to the Borel sets. For U = | (a;,b;)
j=1

with mutually disjoint intervals (a;,b;) we have

k
Pa(U) =s—1lim Y Pa((a;,b;)).

k— oo =

For any Borel set B of R and f € $ we define
(f,Pa(B)f) = inf{(f, Pa(U)f), U 2 B, Uopen}.
It follows that
(f,Pa(B)f) =sup{(f,Pa(C)f), C C B, C compact}.

Hence we obtain a projection valued mapping B — P4 (B), B Borel subset of
R, with the following properties:

Pa(B)? = Pa(B) = Pa(B)",

PA(By U By) = Po(By) + Pa(Bz2) if BiN By =10,

PA( U Bj) = Z P4(Bj) in the strong sense, if B; are mutually disjoint.
j=1

j=1

P,4(+) is a projection valued measure, called the spectral measure of A. For
f € 9 the scalar product (f, Pa(-)f) defines a measure on R which is used
in the spectral theorem (Theorem 2.3.4). (f, Pa(-)f) is also called a spectral
measure.
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The spectral measure is related to the resolvent of A.
Theorem 2.4.2 (Stone’s Formula). Let A be a selfadjoint operator and

(a,b) an open bounded interval. Then

1 b—¢
Pa((@,b) =5 lim s—lim oo /M [(A—A—ie)~t — (A—A+ic)~1] dA.

By using the spectral measure the spectrum of A can be investigated in
much more detail.

Proposition 2.4.3. \ is in the spectrum of A if and only if
Es(A+e)—Ea(A—¢) = PA(()\—&)\-FE]) #0

for all e > 0.

The spectral measure can be used to introduce a first and simple decom-
position of the spectrum.

Decomposition 2.4.4. The essential spectrum, oess(A), of a selfadjoint
operator A is defined by

Oess(A) ={N€R, dimran Pa((A —e,A+¢)) = oo for alle > 0}.

If this is not the case, i.e., if there is an e9 > 0 such that
dim ranPA(()\—eo, )\—i—eo)) < 00, then one says \ lies in the discrete spectrum
Of A, Udisc(A)-

By definition these spectral components are disjoint sets, and

0(A) = 0ess(A) U 0aisc(A). (2.4.1)

Oess(A) is always closed, whereas o g;s. is not necessarily closed. o g4;s.(A) con-
sists of all isolated eigenvalues of finite multiplicity.

The essential spectrum can also be characterized by singular sequences (see
Theorem 2.2.9 (iii)).

Theorem 2.4.5 (Weyl’s Criterion). Let A be a selfadjoint operator. Then
A € 0ess(A) if and only if there is a sequence (fp)nen, fn € dom (A4), ||fnll =
1, w—1lim f, =0 and s —lim (A—\) f, =0.

n—oo

n—00
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2.5 Spectral Theorem in the Hahn—Hellinger Form

In this section we present a form of the spectral theorem coming out of a
decomposition of a spectral measure, known as the Hahn—Hellinger theorem.
In this section we write a selfadjoint operators {dom(A), A} as simply A.

Definition 2.5.1. A cyclic vector for a bounded selfadjoint operator A on a
Hilbert space H is a vector ¢ € H such that the set

{A7$:0<j < oo}

is total in H (that is the set of finite linear combination of elements from this
set is dense in H).

Cyclic vectors are used to obtain a typical form of a selfadjoint operator as
given in Theorem 2.5.2 below. In the following L?(X,u,Y) means Y-valued
L2-functions on the measure space (X,Bx, ).

To see how a typical selfadjoint operator looks, we consider a probability
measure u of compact support and the operator

(Mf)(z) = zf(z), feL*RuC).
Then M is a selfadjoint operator and so is
(Mfr)i(x) = xfri(z), 1<i<k, fpeLl?RpuCF), kel

In the case when p does not have compact support, the operator M is defined
only on its natural domain. More generally, the operator M given as

(Mf)i(x) = xfju(x), 1<i<j<oo, feH, (2.5.2)

is selfadjoint when {00, f£1, - - -, fhn, - - - } are mutually singular (not necessarily
non-zero) o finite measures and

H=L*R, poc, *(Z)) P L*R,p;,T). (2.5.3)
1<j<00
M has the domain

oo J

(oo}
ety [ dun@lefuil@) + 303 [ du@lefil @) < oo
i=1 j=11i=1
The spectral theorem for selfadjoint operators is that up to unitary equiv-
alence every selfadjoint operator is of the above form as stated in the following
theorem. The proof is given after Lemma 2.5.5.
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Theorem 2.5.2. Let A be a selfadjoint operator on a separable Hilbert space
‘H. Then there exist a countable collection of mutually singular finite measures
{foos 1y« s tiny--- }, and an invertible isometry V  from H to
L3R, f1oo, P2(Z)) ®1<icoo L2(R, i, CY), such that A = V=MV, where M
is defined as in Equation (2.5.2). Further V maps the domain of A onto the
domain of M.

Remark 2.5.3. In the above theorem some of the measures may have empty
support. The points in the support of u,, are said to have spectral multiplicity
n.

For the proof of Theorem 2.5.2 we need the following two lemmas.

Lemma 2.5.4. Let A be a selfadjoint operator on H with a cyclic vector.
Then A is unitarily equivalent to an operator M, given by (M f)(x) = z f(z),
on L?(R, i) for some probability measure .

Proof: First let us assume that A is bounded so that the spectrum is compact.
Let the cyclic vector be f, ||f|| = 1. Define the set

P={geH:9g=p(A)f, p apolynomial}.

We set the measure p = (f, Pa(-)f). Then, using Proposition 2.3.5, Corollary
2.3.6, Remark 2.4.1, the map U : H — L?(R, i), given by Up(A) f = p, for any
polynomial p, is seen to be an isometry on P by an application of Proposition
2.3.5. Being a bounded operator U extends to the whole of H as an isometry,
since P is dense in H. Since P is total (by the assumption of cyclicity of f)
in ‘H and since the set of polynomials is total in the space L?(R, u) (reason:
The support K of u is compact and L?(R,u) = L?(K, i) and polynomials
in K are dense in L?(K, u)), the map extends to an isometry to the whole
of H. Unitarity of the map U follows if we show that it is surjective. To see
this, consider any h € L?(R,u). Then approximate h by polynomials p,, in
L?(R, 1), Now the limit g = s—lim p, (A)f exists because p,(A)f is a Cauchy
sequence as can be seen by the estimate

lPn(A) f = pm(A) flln = llPn _pm”Lz(R,u) = |pn _pmHLQ(K,u)-

The right-hand side goes to zero as n, m — oo since p,, is Cauchy in L?(K, u).
We claim that Ug = h. Indeed

Ug =kl =Ug —Upn(A)f + Upn(A)f — bl
< [|Ug = Upn(A)fIl + [IUpn(A)f = Al
< Hg - p’n(A)f”H + ||pn - h”Lz(R,u) - 07 n — oo,
showing the claim. In the case when A is unbounded, the proof of isometry

is the same as before. However for showing that U is onto, we start with
h € L*(R, ;1) of compact support, in which case the proof of the existence of
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g € H with Ug = h is as before. If h is a general element of L?(R, ), then
it is approximated by a sequence h,, of vectors each having compact support
(K, say) and each h,, is approximated by polynomials p,, ,,, in the support K,
of h,. We then pick a diagonal sequence p,, ,, of polynomials such that the
sequence of vectors Prmi X, approximate h in L2(R, ). Associated with
these polynomials we have vectors g; in H such that Ug; = PrymiXx,, ON

L?(R, iy, ), where pu,, (S) = % As in the earlier part of the proof we
”LL

can see that the sequence g; is Cauchy in H and hence converges to some g
there and we have Ug = h. Under the unitary equivalence established by U
between H and L*(R, i), Proposition 2.3.5 shows that UAU ! = M. O

Lemma 2.5.5. Suppose p and v are mutually singular probability measures.
Then L*(R,pu+v) = L*(R, u) ® L3(R,v).

Proof: Let the supports of p and v be given by E and F, respectively, so
supp(p+v) = EUF. Then by the assumption on the mutual singularity of u
and v, ENF = () up to sets of u+ v measure zero. We can write any function
feL?Rpu+v)as f=fi+ f with fi = f|E and fo = f|F, so that f;
and fy are mutually orthogonal. Given any f,g € L?(R, u+v), we see that f;
is orthogonal to g; if ¢ # j in this decomposition. These imply that we have
L*(R,u+v) = L*(E,pu+v) ® L*(F,n + v). But v has no mass on E and p
has no mass on F' so p + v is the same as p on F and is the same as v on F
respectively, from which the lemma follows. O

Proof of Theorem 2.5.2: Consider any normalized vector f; € H and con-
sider the subspace H; = clo span{A4/ f; : j € NU{0}}. If H; = H, then f is
a cyclic vector for H and the use of Lemma 2.5.4 finishes the proof. Otherwise
consider a normalized vector fo € Hi and construct Hy = clo span{A7f, :
j € NU{0}} and at the n*" stage we pick a normalized vector f,, € H;- ;. Con-
tinuing this procedure, in view of the separability of H, using Zorn’s lemma
if necessary we see that there is an N (which could be finite or infinite) such
that

N
HjJ-Hka ]#Iﬁ H:@Hj7
j=1

and each H; is a cyclic subspace for A. Then setting v; = (f;, Pa(-)f;) and
using Lemma 2.5.4 we see that for each j = 1,..., N, there is a unitary
operator U; mapping H, onto L*(R, v;) such that U; AU, = M on L*(R, v;).
Therefore, set
7 {1,...,N}, if N < oo,
~ |N if N = o0, then

H=EPH =P L*R,v). (2.5.4)

jerI jer
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In the above decomposition, however the different v;’s need not have dis-
joint supports and need not be mutually singular. We would like to ob-
tain a decomposition in terms of mutually singular measures, some of them
possibly occurring with multiplicity. To this end let v = Z;vzl €;vj, where
€; >0, Zj €; = 1. Then we define the subsets

N
A, =supp(vn), Ep={zeR:Y x, (z)=Fk},

n=1

N
Ex :{xeR:ZXA”(x)zoo}.

Then by construction Fj is a Borel subset for each k, since {A,} are Borel
subsets of R. Each x in the support of v belongs to some FEj, so the {F}}
form a partition of supp(v). Set K={k € N: E}, # 0} U{cc : Es, # 0}. Then
define, foreachn e I, k€K, 1 e N, 1 <[ <k,

Appi={x € ExNA,: ZXA]' (x) =1}.

Jj=1

Thus the sets A, ;,; denote precisely the set of points in Ej, N A,, such that
these points also belong to I — 1 subsets A; with 1 < j <n. Then

AnNEp= || Anks. Vel keK,
leN
1<i<k

where | | denotes the disjoint union.

We now note that by construction {Ej}, {Anx,;} are collections of mu-
tually disjoint subsets of supp (v) (even though the A, may not be disjoint,
as n varies the A, ; are disjoint as n, k, [ vary). Therefore

Ek:UAnﬂEk: |_| |_|An,k,l7 VEeK, 1<I<k.
n leN nel
1<i<k

We now note that for each n € I, the collections of measures {v|, Ek} and
{4, ., } are collections of mutually singular measures (they are mutually
singular because their supports are mutually disjoint). We also have

ZylAnﬁEk = Z V‘An,k,L.

k€K keK
leN
1<i<k

We now have
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GrerL* (R, vn) = Gper Srex L (R, V4,05, )
= @ner Drex Pr<i<i (R, VA i)
= Dpex Sr<i<k L (R, v,
= ®rex L°(R, ’/\Ek»(ck),

(2.5.5)

where in the penultimate equality we used the fact that @, L?(R, VWAp i) =
L*(R, Vg, )- This relation follows from Lemma 2.5.5 using the fact that A, x
are mutually disjoint and U, Ay, i = Ex, v|An k,; are mutually singular and
Y onV|An s = V|E,- We note that in the Equation (2.5.5), the element (gx;), k €
K,1 <1 <k on the right-hand side associated with the element (f,), n € I,
is given by g = >, 1 faXa, .- We now set pup = vjg,, k€K, oo = v
and pg = 0,k € N\ K. With this definition of the uy’s we have

69nEILQ(}Ra Vn) = Lz(R7 Hoos 62(2)) PreN Lz(Ra i, Ck)'

We saw that H = ®,crH, and there are unitary operators U, that map
each H,, onto L*(R,v,) so that A goes to the operator M. Now using the
unitary equivalences set up in equations (2.5.4) and (2.5.5), we see that A is
unitarily equivalent to the direct sums of multiplication operators stated in
the theorem. The theorem for the case of unbounded A is a routine after this.

O

Definition 2.5.6. If we consider the measures p,, n = 00,1,2,..., in the
above theorem, then the probability measure p = %,uoo + 3 27y, s
called a total spectral measure. The set of measures which are equivalent to
this p is called the measure class of the selfadjoint operator A.

2.6 Components of the Spectrum

Throughout this section A is assumed to be a selfadjoint operator. The sepa-
ration of the spectrum in Section 2.4 into the essential and discrete spectrum
is very rough. Nevertheless, in many problems one is mainly interested in
the discrete spectrum or in the infimum of the essential spectrum where this
Decomposition 2.4.4 is sufficient.

However, there are finer decompositions of spectra and it is possible to
investigate their components separately.

A natural way is by decomposing the Hilbert space.

Definition 2.6.1. We define
$p(A) =clo span {f : f an eigenvector of A}.

$Hp(A) is the closed linear span of all eigenvectors of A, i.e., it is the closure of
the linear manifold consisting of all finite linear combinations of eigenvectors
of A.
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Lemma 2.6.2. If null (A — \;) denotes the eigensubspace of the eigenvalue
Ai, then
Hp(A) = Gnull (A - N\).

Definition 2.6.3. Since $),(A) is a subspace of § we can define
S:JC(A) = j’V);D(A)La
so that

H=9,(4) ® H:(A).

Hc(A) is called the continuous subspace of A. The name becomes clear in
Proposition 2.6.7. In this context $),(A) is called the discontinuous subspace
of A.

Thus we get the second decomposition of the spectrum.

Decomposition 2.6.4. The restriction of A to dom (A) N $H,(A) is denoted
by Ay. Ay leaves $,(A) invariant, it is a selfadjoint operator in 9,(A).
On the other hand, let us denote by A. the restriction of A to
dom (A)N H.(A). A. is a selfadjoint operator in Hc. It leaves H.(A) invariant.
This implies a decomposition of the operator

A=A, ® A,

and a further decomposition of the spectrum. The continuous spectrum of A
is given by

o.(A) =0o(A.).
The point spectrum of A is given by
opp(A) = o(Ap).

Remark 2.6.5. We will denote the set of eigenvalues of A by 0,(A). Note
that

opp(A) = ap(A).

Remark 2.6.6. Relations between ocgisc(A), ess(A4), op(A4), opp(A) and
o.(A) are the following:

(i) oaisc(4) € 0p(A) S opp(A);
(ii) 0ess(A) consists of o.(A), all the accumulations points of 0,,(A), and all
eigenvalues with infinite multiplicity.

The sets o,,,(A) and o.(A) are not necessarily disjoint.
By means of the spectral measure we can characterize the spectral com-

ponents so far and we can decompose the continuous subspace $.(A4) in more
detail (see Definition 2.6.8).
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Proposition 2.6.7.

(i) X is an eigenvalue of A iff Pa({\}) = Ea(\) — Ea(A=) #0, i.e., Ea(:)
has a jump at \.

(ii) X\ is in the spectrum of A iff Ea(A+e)—Ea(A—¢€) #0, forany >0,
i.e., E4(+) is increasing at A.

(iti) A € oess(A) iff dim (Ea(A+¢) — Ea(A—¢)) =00 forall > 0.

(iv) X € ogisc(A) iff Pa({A}) # 0 is finite dimensional and if there is an
€0 >0 such that Ex(A+¢e0) — Ea(A —eg9) = Pa({\}).

(v) For f € $.(A) the scalar product (f, PA({\})f) =0 for all X\ € R, i.e.,
(f, PA((foo,)\))f> s continuous on R, or equivalently PA((foo,)\))f 18
strongly continuous. Therefore $.(A) is called the spectrally continuous
subspace.

Moreover, the continuous subspace $).(A) can be decomposed into the abso-
lutely continuous and the singularly continuous subspaces.

Definition 2.6.8. Let

Nac(A) = {f € 9.(A), for which the measure (f, P4(-)f) is absolutely
continuous with respect to the Lebesgue measure on R},
— {f € 5.(A), (f, Pa(B)f) =0 | B|=0},
Nsc(A) = {f € H:(A), there is a Borel set By, |By| =0, but Ps(By)f = f}.

Hac(A), 9s.(A) are subspaces of H.(A).

A restricted to dom AN 9H,.(A) is denoted by Age.
A restricted to dom A N H.(A) is denoted by A,..

The absolutely continuous spectrum of A is defined by
0ac(A) = 0(Auc),
its singularly continuous spectrum by
osc(A) = 0(Ase).
Remark 2.6.9. We have the following decompositions:

57) :57);0(14) S yJsc(A) S2) ﬁac(A)
=9p(A) © Hc(4)
:ﬁac(A) > 465(14)
Hs(A) = Hac(A)* is called the singular subspace of A. A restricted to

dom(A) N H(A) is called A;. 05(A) is defined as o(A;) and is called the
singular spectrum of A.
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For the spectrum we have

o(A) = opp(A) U 0c(4)
=0pp(A) U 04c(A) U 05c(A)
= 0disc (A)U 0ess(A)
= 04c.(A) Uos(A).

In general, opp, 04¢, 0sc are not disjoint.

Remark 2.6.10. If p is any total spectral measure associated with A, then
it is decomposed as

W= tac + Hse + Hp
where fige, fse, php are respectively the absolutely continuous, singularly con-
tinuous and atomic parts of p. Then

opp(A) = SUPD fip
0sc(A) = SUpPP flse
Oac(A) = SUDPD Hae-
A more detailed characteriztion for the spectrum can be given in the case

of compact, Hilbert—Schmidt and trace class operators.

Proposition 2.6.11. Let B be a compact selfadjoint operator on £ with
dim($)) = co. Then

1. 9. = {0}, which says that the spectrum of B is pure point.

2. 0ess(B) = {0}, which means that 0 is in the spectrum and is either the
accumulation point of the spectrum or it is an eigen value of infinite mul-
tiplicity.

3. Let {pu} be the non-zero eigenvalues. They are isolated and have finite
multiplicities. Let Ey be the eigenprojection associated with py; then B
admits the spectral representation

B= ZMkEk. (2.6.6)
k=1

4. Let {\;} be the non-zero eigenvalues of B, counting multiplicity, with the
normalized eigenvectors {¢;}; then Equation (2.6.6) can be rewritten as
o0
B = Z )‘j<'a ¢]>¢]
j=1

Proposition 2.6.12. Let B be the selfadjoint Hilbert—Schmidt operator. Let
{\;} be the non-zero eigenvalues of B, counting multiplicity. Then

IBllas = 1212
j=1
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Proof: This follows immediately from Definition 2.1.11, because >-°2 | || Bo,||?
is independent of the choice of the orthonormal basis {¢;}. O

Definition 2.6.13. Let B be a compact selfadjoint operator in $). Let {A;}
be the non-zero eigenvalues of B, counting multiplicity. Then B is called a

trace class operator if
o0
| Blltrace = Z |)‘j|
j=1

is finite. || - ||trqce 18 the trace norm of B. In this case the trace defined by
o0
trace(B Z ®j, Bo;)
j=1

is finite and equals )77 A;.

Remark 2.6.14. Let B be a trace class integral operator in L?(R?). Denote
by b(-,-) : R x R? — C, its kernel. Let C; = [—r,7]? be the d-dimensional
cube with sidelength 2r, centered at the origin. Set

b(z,y) = }13(1)|O|2// (x + u,y + v)dudv.

Then the trace of B is given by
trace(B) = b(z,z)d. (2.6.7)
Rd

Of course, if the kernel is continuous, then

trace(B) = /Rd b(z,z)dx.

2.7 Characterization of the States in Spectral Subspaces

There is a one-to-one correspondence between any selfadjoint operator A and
its associated strongly continuous, unitary group {e®*4, t € R}. €4 maps
dom (A) into itself, and

eitAAf —A eitAf

for all f € dom (A) and all ¢t € R.
In quantum mechanical systems the unitary group {e®4, t € R} describes
the dynamics of the system. The integral form of the Schrodinger equation is

eitAfo = fi
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with the initial state fo € $. Using the spectral theorem (Theorem 2.3.4) we

have
oo

(f.etAg) = / & d(f, Ea(N) ).

— 00

(see Corollary 2.3.6 (iii)).
The time evolution of eigenvectors is only a change of phase, which can be
seen from the next proposition.

Proposition 2.7.1. If f is an eigenvector of A with Af = A\f, then
eitA f _ Eit)\f,

and

[(Foe™ ) = 12

One can also characterize the time evolution of vectors in $,.(A) and in

9(A).

Proposition 2.7.2. 9,.(A) is the subspace spanned by

{fEYJ, /RHf,e“A i) 2dt<oo}.

Proposition 2.7.3. Let f € 9.(A). Then

1 :I:T .
lim —/ | (g, €A f)|? dt =0, for any g € 9.
T—oo T 0

It is natural to introduce the subspace 9,,(A4).
Definition 2.7.4. Let
Huw(A) ={f€H: w—lim A =0l
Note that
Hu(4) = {f €9, w—lim e f =0}
From the definition it follows that $),,(A) is a subspace of $ and
Hu(A) C He(A).

Moreover,
9ac(A) C H,(A).

So far, we have studied the spectral theoretic description of the space $) and
its vectors. However, for potential scattering in quantum mechanics there is
a classification of states based on geometric criteria as bound and scattering
states. The corresponding criteria are valid in the special Hilbert space L?(R%).
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Definition 2.7.5. f € L?(R?) is a bound state of the selfadjoint operator A
if for any € > 0 there is a compact set B C R¢ such that

Ix . € fll <e

for all t € R, where B¢ denotes the complement of B. The corresponding
closed subspace is denoted by Hpounda(A4).
Scattering states are vectors for which

: itA _
R P

for all compact sets B C R?. That means they leave any bounded region. The
corresponding closed subspace is denoted by $Hgscatt(A).
Finally, we introduce the scattering states in mean by

T
im [, ¢ fl2dt =0
T— oo 2T T B ’

and denote the corresponding closed subspace by $Hscats, mean(A)-

Between these geometrically characterized subspaces and the spectral sub-
spaces defined above there are in general the following relations.

Proposition 2.7.6. Let A be a selfadjoint operator in L*(R?). Then

$Hp(A) € Hbouna(4),
Dscats(A) € Hscatt, mean (4),
Hbound (A) L Hscatt, mean (A),
Dscatt, mean(A) € He(A),
Dscatt (A) € Hu(4).

Proposition 2.7.7. Let A be a selfadjoint operator in L*(R%).

(i) If x , (A—2)~1 is a compact operator for some z € res (A) and for all balls
B in R, then

fjbound(A) *6P(A)7
Hscatt (A) = Huw (A)7
ﬁscatt, mean (A) = SjC(A)

(i1) If additionally $Hs.(A) is empty we get
jjy)scatt (A) = 5(1('(14)

The proof of the last proposition is based on the RAGE-Theorem, which is
important for many aspects in spectral theory.
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Theorem 2.7.8 (Ruelle-Amrein—Georgescu—Enss). Let A be a selfad-
joint operator in $). Let C' be a bounded operator such that C(A + i)~1 is
compact. Then for all f € H.(A).

lim - /T |[Ce™ A f||2dt = 0.

2.8 Notes

Section 2.1

§2.1.1 and §2.1.2 Standard textbooks for the theory of linear and selfadjoint
operators are Kato [108], Reed—Simon [159] and [156]. Some further introduc-
tions are given e.g., by Amrein [9], Hislop—Sigal [92] or Stollmann [184].

§2.1.3 Proofs of the selfadjointness criteria are given by Amrein [9, p. 26 ff],
Kato [108, p.267 ff] or Reed—Simon [159, p. 255 fi].

§2.1.4 Perturbations of selfadjoint operators are studied in the same text-
books mentioned for §2.1.3. The Kato—Rellich Theorem is in Amrein [9, p.
49], Kato [108, p. 287], Reed—Simon [156, p. 162]. The possibility to allow
an A — bound equal to 1 goes back to Wiist and is studied in Kato [108, p.
289], Reed—Simon [156, p. 164]. For the theory of sesquilinear forms a short
and for our purposes sufficient summary is given in Stollmann [184, p. 115
ff]. In Theorem 2.1.28 the square root A'/2 exists and is defined in Corollary
2.3.6. The KLMN (Kato-Lax-Lions—Milgram—Nelson)-theorem can be found
in Reed-Simon [156, p.167 with notes on p. 323]. The correct definition of the
form domain for semibounded operators is in Reed-Simon [156, p. 168] and
also in Simon [173, p. 38].

Form sums are more general than operator sums. Sometimes operator sums
may not make sense, because the intersection of the domains is zero, but the
form sum may exist. The following easy example is due to Brasche [33].

Consider — j—; in L?(R) and assume a sequence of potentials

1 1
_ s ey
V() _zjl 2 o — ;|12 €
j=

with € R\{z1,...,2,} and where {z;} are the enumerated rational num-
bers in R. Then V,, € L'(R) and {V,,(.)} has an L!-limit called V. V is a
non-negative function in L'(R). Hence the form sum — % + V(.) defines a
selfadjoint operator in L?(R).

On the other hand dom ( — d ) € C(R), continuous functions of R. But

da2) =

/O V(z)?dz = oo
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for any non-empty open set O of R. Hence C(R) is not in dom (V') which
implies
d2
such that the operator sum does not define a selfadjoint operator in L*(R).
The operator sums does not define a selfadjoint operator in L?(R).

Section 2.2

The spectral theory is standard. For the non-selfadjoint part a good refer-
ence is Engel-Nagel [81, p. 238 fl]. In particular the estimate ||R(zo, A)| >
[dist (20, 0(A))]~* should be emphasised (see Proposition 2.2.5). From that
follows in Remark 2.2.10 for selfadjoint operators A the equality

IR (20, A)l| = [dist (20, 0(A))] 7
In many textbooks one can find
IR (20, A)|| < [dist (20, 0(A))]

for selfadjoint A. However there is no selfadjoint operator where || R(zq, A)||
is strictly smaller than [dist(zo,o(A))]~!. Moreover, there are non-selfadjoint
operators where the norm of the resolvent is strictly larger than the inverse
of the distance between the resolvent value and the spectrum.

In general further good references for this section and the rest in this chap-
ter are Reed—Simon [159], Amrein [9], Baumgértel-Wollenberg [20], Hislop—
Sigal [92], Weidmann [189].

Section 2.3

The resolution of the identity is described in Kato [108]. The proof of the
spectral theorem (Theorem 2.3.4) is also in Kato [108, p. 360 ff]. The spectral
mapping theorem is proved for resolvents in Engel-Nagel [81, p. 243] and
for semigroups in Engel-Nagel [81, p. 270]. One can also find it in Reed—
Simon[159, p. 222].

Section 2.4

A comprehensive overview of spectral measures and, spectral integrals etc.
are given in Baumgértel-Wollenberg [20, p. 45 ff]. Stone’s formula (Theorem
2.4.2) is for instance in Reed—Simon [159, p.237]. The characterization of the
spectrum in terms of the spectral measure is explained in Weidmann [189, p.
305 ff]. Theorem 2.4.5 (Weyl’s Criteria) is taken from Reed—Simon [159, p.
237].
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Section 2.5

The Hahn—Hellinger form of the spectral theorem is stated for C* algebras
by Sunder [186] and our proof is based on the proof of Theorem 3.5.12 given
there.

Section 2.6

The definition of 0, Oess, Tac, Tsc and so on is standard and given in the text-
books mentioned in notes for Section 2.1 and Section 2.2. The trace formula
in Equation (2.6.7) for integral operators is given by Brislawn [36].

Section 2.7

This section is taken from Amrein [9, p. 82 fI]. The proof of Proposition
2.7.2 can be found, e.g., in Akhiezer—Glazmann [1]. The proof of Proposi-
tion 2.7.3 is given in Amrein [9], page 110. The mean ergodic theorem is
proved in Amrein [9, p. 106]. In Definition 2.7.5 the subspace properties of
Hbound s Hscatt, Dscatt, mean Nas to be proved, of course. For Proposition 2.7.6
and 2.7.7 see Amrein [9, p. 129 ff]. The formulation of the RAGE Theorem is
given in Reed—Simon [158, p. 341]. It is due to Ruelle [168], Amrein-Georgescu
[11], and Enss [82]. The simplest example of an operator without a singularly
continuous spectrum is the Laplacian. Starting from this, one can find several
conditions on potentials functions such that the perturbed operator has also
no singularly continuous spectrum.
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Criteria for Identifying the Spectrum

To identify the spectrum of a selfadjoint operator of interest there are several
methods used. Almost all of them have their roots in analyzing the properties
of measures and their transforms.

These properties are then translated to criteria on the operators or func-
tions of them via the spectral theorem. In the case of differential and difference
operators, however, criteria are also formulated by studying the associated so-
lutions.

3.1 Borel Transform

In this section we present the Aronszajn—Donoghue theory of rank one pertur-
bations of selfadjoint operators. This theory and its improvements were used
to solve several spectral problems.

Consider a selfadjoint operator H on H and suppose ¢ is a normalized
vector in H and consider the orthogonal projection P, onto the span of ¢. We
consider the operators

Hy=H+ AP, AeR (3.1.1)

which are rank one perturbations of H. We set Hy = H.
We start with some preliminary lemmas.

Lemma 3.1.1. Let ¢ be a unit vector in H and let Hy, be as above. Then, for
all z € CT,

Sy (W (H —2)"19) 1
<w7(H)\_Z) ¢>_<¢,(H—2)71¢> )\+<¢,(H—Z)71¢>717
1

(6, (Hx —2)"") =

At (¢, (H = 2)~1g)~
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Proof: The proof of the first relation is by using the second resolvent equation
and collecting terms involving H) and simplifying. The second relation is
obtained from the first by taking ¥ = ¢. O

Lemma 3.1.2. Consider a separable Hilbert space H and H a selfadjoint op-
erator on it. Suppose ¢ € H and ||¢|| = 1 and consider Hy as in Equation
(8.1.1) for A € R and assume that Hy # 0. Then

1. If ¢ is cyclic for H, then it is also cyclic for Hy.
2. The cyclic subspaces Hy and Hy generated by Hy and Hyx on ¢ satisfy
Hy =Hy, for \, N € R.

Proof: We prove this lemma for bounded H only. (1) Since ¢ is cyclic for
H, we can find, by the Gram—Schmidt procedure an orthonormal basis {¢,, }
for H, so that ¢9 = ¢ and in this basis H is tridiagonal so there is no loss
of generality to assume that H is tridiagonal to start with. That is, (Hu,) =
pUpt1 + bplin + ap—1Un—1. Then ¢g cyclic for H implies that (¢, Hpp 1) #
0 for any n > 0. The reason is that when H is tridiagonal (¢g, Ho.y) =
0, if |k—m| > 2 and so if (¢, Hp,y1) = 0 for some n, then a, =
0. Using this fact we can see by induction that (p(H)¢, dpt1) = 0 for any
polynomial p of degree greater than n. This contradicts the assumption that
¢ is a cyclic vector of H. We have, by definition of Hy and ¢, that (¢g, Hx¢o) =
(¢o0, Hpo) + A and for any pair (n,m) # (0, 0),

This shows that ¢q is also cyclic for any H).

(2) We first note that if Hj is the cyclic subspace generated by H on ¢,
then the orthogonal complement H; of Hyg is left invariant by H and H) for
any A and on H; they are both the same (since the term AP,H; = {6}). Thus
we can write H = B @ C and Hy = By ® C. Now an argument as in (1)
shows that the cyclic subspace generated by B) on ¢ agrees with H for any
A, hence the conclusion is valid. O

The idea now is to determine the behaviour of the spectral measures
ux(+) = (@, P, (-)9), A # 0 associated with Hy and ¢ in terms of the proper-
ties of the measure pg = (¢, Py (-)¢). Therefore consider the Borel transform,

F(:) = (6. (Hy = 2)16) = [ 1 dua(o).

RL—Z

If we take ¢ with ||¢|| = 1, then all the uy will be probability measures.
We observe the relations

Fy(z) = Folz)

_ Im(Fo(2))
1T FAR() Im(F(2)) >

= T ARG (3.1.2)

which are derived using the second resolvent equation
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(Hy—2)" = (H—2)"" = MNHx — 2) "Py(H — 2) 1, (3.1.3)

or directly using Lemma 3.1.1.

Then the following theorem gives some properties of the measure py in
terms of the measure .

For this let us define the following sets, following Simon [177], for X # 0.

Syo={r €R: (DFy)(z) < 00, Fy(x +1i0) = —A"'}.
Sroo ={z ER: (DFy)(z) = 00, Fy(x +1i0) = —A"'},
Lo ={z eR:0 < Im(Fp)(x+i0) < oo}, (3.1.4)

where DFy(z) = lim

— d .
e—0 Jp (z —y)? + €2 Ho(y)

Then we have the following properties for the Lebesgue decomposition of ).

Theorem 3.1.3 (Aronszajn—Donoghue). Let Hy, ¢ be as in Equation
(8.1.1). Then

1. The part pxpp @s supported on the set S;HO and is given by

pxpp({7}) = Z N2 DF 5( —).

YyE€Sx,0

2. The part px sc s supported in the set, Sy oo-
3. The part px qc is supported on the set Lo for all \.

Proof: (1) We first note that when (DFp)(z) < co we have the relation,
Fo(z +i€) = Fy(x +1i0) + ie(DEFy)(z) + ied(z,€), |6(x,€)] — 0,as € — 0,

which is shown by subtracting the first two terms on the right-hand side of the
last equation from the left-hand side, and using the dominated convergence
theorem. Therefore computing the imaginary part of F)(x + i€) using the
Equation (3.1.2), together with the fact that Re(AFy) = —1, z € Sy we
find

1
lim elm(F: —_—
P+ = SR
By Theorem 1.4.16(3), the above limit gives precisely the atom of py at the
point z. On the other hand when (DFp)(z) is infinite, then there is a subse-
quence €, such that Im(Fy(z +ie,)) T 0o; therefore using equation (3.1.2) we
see that lim,_ |, e,Im(Fy(x + ie,)) = 0. So there is no atom at z.

(2) By Theorem 1.4.16(2), the singular part is supported on the set
ImF)(z + i0) = co but not on the support of (1)pp. Hence, it is supported
in SA,oo~

(3) From the Equation (3.1.2) we see that 0 < Im(Fy)(z +i0) < co when
0 < Im(Fp)(z+140) < co. Therefore the claim follows using Theorem 1.4.16(1).

U

(3.1.5)



62 3 Criteria for Identifying the Spectrum

We present a very useful criterion to exhibit the point spectrum for random
operators. To state this a formula known as the spectral averaging formula
that [ px d) is the same as the Lebesgue measure is needed. In the following
we denote m to be the Lebesgue measure on R and dx to be the infinitesimal
element of the Lebesgue measure.

Proposition 3.1.4 (Simon). Let px, A € R be the family of probability mea-
sures, associated with the operators Hy as in Equation (3.1.1). Then

mz/u,\ d.

Proof: For any A, p) is the spectral measure of Hy associated with ¢, we find
that

/dA /d‘“(@ 1Jrlgc2:/dA /d’“(x) 211<x1—1_x—lkz>

1 1 1
:/dX%(A+RM)1_A+%(@1>
gy BEDT RGO 1
_/dA 2i A+ Fo(i)~1 [

< 00,
(3.1.6)

using the resolvent equation and Lemma 3.1.1. Here Fj is the Borel transform
of a positive measure 1y and hence satisfies Fy(i) = Fo(—1). Therefore using
Fubini we conclude that the measure v = [ py d\ satisfies the condition
Jdv(z)/(1+z?) < oo, so its Borel transform is defined and is unique. Hence,
to show the equality of v with the Lebesgue measure, it is enough to show by
Theorem 1.4.2, the equality of their Borel transforms up to an addition of a
real number. Further, since two Borel transforms F' and G are the same, up
to an addition of a real number, whenever F(-) — F(—i) and G(-) — G(—i) are
the same since it is convenient for calculations.

To this end consider the integral, where we subtract the function 1/(i 4 z)
for regularization,

/Rdux(ﬂf)< L )ZFA(z)—FA(—i)

r—z xT+1
1 1

TA—(“FR(2) ) A= (—Fo(—i) L)’

(3.1.7)

by the definition of Borel transform and Equations (3.1.2). Since a Borel
transform F' of a positive measure maps the upper and the lower half planes,
respectively, to themselves, —(F(z) 1) also does the same. Therefore a contour
integration in the upper half plane to evaluate the integral gives the values

1 — 1 =2, Zz + .
/]RdA (A—(—F()(z)—l) /\—(—Fo(—i)_l)) 2mi, z€CT. (3.18)
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This shows that

/dv(x)( L L ) =2mi, 2€Ct, (3.1.9)

r—z x+1

On the other hand a similar computation along a contour in the upper
half plane gives the values

/dx( LI _):2m', zeCH, (3.1.10)
R

showing that v = m. O

We show next the converse of the above proposition, that essentially the
Lebesgue measure is the only one for which the above spectral averaging result
holds.

Theorem 3.1.5. Suppose o is a measure on R such that [ 1—1-% do(x) < oo.
Suppose H is any selfadjoint operator on any Hilbert space H and ¢ any
normalized vector there. Let pux, A € R be probability measures associated with
H and ¢ as in the Proposition 3.1.4 above. Suppose that the following relation
is valid, independent of the triple (H, H, ¢),

o= [ n dol),
as measures. Then o is a multiple of the Lebesque measure.

Proof: Since the assumption of the theorem is that the spectral averaging
formula is independent of the the triple (H, H, ¢), it is sufficient to prove the
theorem for one triple. Let H =C, ¢ =1 and let HY =ny, v € H, n € R.
Then trivially po = 6, and pyx = Oxyy, the unit masses at n and 7 + A,
respectively. Using this and taking Borel transforms of the assumed equation,
we get

Fo(2) = Fp(i) = Fy(z =) — Fo(i —n)

for all z € CT. Since this relation is true for all selfadjoint H, this relation is
also valid as we change n € R. Since F;, is analytic in the upper half plane, the
derivative of F,(z —n) is seen to go to a constant as n goes to co. Hence the
derivative of F' is a constant. From this it follows that F'(z) = a+ bz, where a
is a complex constant. Writing this in the standard form F(z) = a; +ias + bz,
we conclude that the measure o has the Borel transform ias, which shows
that it must be a multiple of the Lebesgue measure. 0

Corollary 3.1.6 Suppose H is a selfadjoint operator and ¢ is a normalized
vector. Let Hy = H + APy and let uy denote the spectral measure of Hy with
respect to the vector ¢. Then

e for any fized set B of Lebesque measure zero puy(B) = 0 for almost every
A with respect to the Lebesgue measure and
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e for almost all pairs (A, \') with respect to the Lebesgue measure, the sin-
gular parts py s and py s are mutually singular.

Proof: By Proposition 3.1.4 and the fact that the Lebesgue measure (denote
it by m) of B is zero, we have using Fubini

0=m@ﬂ=</dMu>@ﬂ>LZu@)ﬁ>0,

for any —oco < @ < b < oo. This shows that pux(B) = 0 for almost all A,
showing the first part.

As for the second part, since each of the measures py s is singular with
respect to the Lebesgue measure, their supports Ay are of zero Lebesgue
measure. The corollary would be false if there is a fixed set A of zero Lebesgue
measure such that

m({A: urs(A) >0}) > 0.

But by Proposition 3.1.4 above we must have

OZW@=</Mumym2<AwmwwﬁmM)M>>Q

which is impossible, therefore the second part follows. O

Thus the spectral averaging result above says that any fixed set .S of zero
Lebesgue measure cannot be given non-zero measure by the measures py for
a set of A\ having positive Lebesgue measure. This fact together with the
criterion established in identifying the measure associated with rank one per-
turbations leads to the following theorem of Simon—Wolff. Let F;; denote the
Borel transform of the measure p in the following theorem.

Theorem 3.1.7 (Simon—Wolff). Let Hy and ¢ be as in Equation (3.1.1)
and consider the family of measures px, A € R, and suppose that for almost
every A, pa([a,b]) # 0. Then the following are equivalent.

1. For almost all \, py is pure point in [a,b].
2. For almost every x in [a,b] (with respect to Lebesgue measure) (DFy)(x) <
00.

Proof: (2) = (1): Let F) denote the Borel transform of uy. First note
that when (DFp)(z) < oo, the imaginary part of Fy(x + i0) is zero, and so
Im F)(z+i0) = 0 for any A by Equation (3.1.2). Therefore (2) implies that the
absolutely continuous parts of u) give measure zero to [a,b] for every A, see
Theorem 3.1.3(3). Let S = {x € [a,b] : (DFp)(z) = oo}; then by assumption
(2), |S| = 0. Therefore by the spectral averaging formula (Proposition 3.1.4),
we find that,

/,u,\(S)d/\:/dsz, implies ux(S) =0, for a.e. .
S
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We know by Theorem 3.1.3(2) that the singular continuous part of p is sup-
ported in Sy o N[a,b]) C SNJa,b], for a.e. A\. Therefore py o =0, for a.e. A,
showing that py is pure point for almost every A.

(1) = (2): If px has only point masses in [a,b] for almost all A, then
almost everywhere Fy(x + 40) is real in [a, b]. By Theorem 3.1.3(1), therefore,
ey is supported in the complement of S for almost every A, implying px(S) =0
for almost every . Hence by the spectral averaging formula |S| = 0. O

In the next few theorems we look at the behaviour of rank two perturba-
tions which have applications in establishing purity of absolutely continuous
spectra, presented later in Chapter 5.

Let H),¢, denote the cyclic subspace generated by a selfadjoint operator
H), and vector ¢. Also let

Fyg(2) = (f.(Hx = 2)7'f), Fapg(2) = (f,(Hx—2)7'g), (3.1.11)

and let py 5 and py, 4 denote the finite complex measures, representing the
functions F) y and F) ¢ 4, respectively (via the spectral theorem and the Borel
transform).

Then we start with a technical result.

Theorem 3.1.8. Let H be a selfadjoint operator and let ¢, be normalized
vectors. Let Hy denote either H 4+ APy or H + APy. Suppose that Hy 4 is not
orthogonal to Hy .y for some A. Then the limits

F)\7¢7¢(£ZZ -+ ZO) = hl’% FA7¢’¢ (SC + ie) and F)\,w@(x + ZO) = 111'% FA7¢)¢($ + ie),

both exist almost everywhere with respect to Lebesgue measure.

Proof: We will prove this for F) 4.4, the other case is similar. We observe
that by spectral theorem the measure 1 ¢ 4 is a finite complex measure with
finite total variation |px ¢.|. Since Fj 4. is the Borel transform of iy 4.4,
the boundary values F) ¢ (z + 90) exist finitely almost everywhere and are
non-zero almost everywhere unless uy ¢ vanishes identically, by Corollary
1.4.8. O

We next observe, using the resolvent Equation (3.1.3), (in the case when
H),=H+ )\P¢), that

1
Fre(z) = Foo(z) L+ X
’ Fo () Fo (%) (3.1.12)
Fru(2) = Fol() - A==

In studying the spectral properties of the operators Hy for almost every A
(with respect to Lebesgue), fixed sets of zero Lebesgue measure do not matter
by Proposition 3.1.4. Therefore we fix the set S C R of full measure such that
for all points in S, each of the quantities Fy (x+10), Fo y (x+10), Fo 4 ¢ (2+10)
exists finitely and is non-zero.
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Theorem 3.1.9 (Jaksic—Last). Consider a selfadjoint operator H and a
pair of vectors ¢, € H. Suppose Hy = H + AP, and suppose Hy ¢ is not
orthogonal to Hyy for some X. Then for almost every A, py 4 is absolutely
continuous with respect to iy y .

Proof: We note that if 7y ¢ is not orthogonal to Hy 4 for one A, then it is
also not orthogonal for all A, by a simple calculation.

We prove the theorem by showing that in the Lebesgue decomposition
of fixg = Hxgac T Hrgs: Bagy = Pra,ac T Bxap,ss the fix g ac 18 absolutely
continuous to [ty .ac a0d fiy.¢,s is absolutely continuous to pix g s-

We first handle the absolutely continuous parts. The complement of the
set S gets measure zero from both uy ¢ and py . for almost all A so we can
stick to the set S for all our considerations. For any x € S we have by taking
imaginary parts in Equation (3.1.12),

F0)¢7¢, (SL’ + Z'O)Foﬂl,’qg(l’ + ’LO)
1+ AFy,¢(x +10)

Im(F)y (x4 i0)) — Im(Fp (2 +10)) = —A Im

We then have

114 AP o (2) PTm(Fo (@) = A T (T, () (1 + AFp () )

|1 +)\F07¢($)|2 ’
(3.1.13)

Im(F) .y (2)) =

where we have set Ty () = Fo,¢,4(x)Fo,4,4(z), and wrote x instead of z +
0 in the arguments of functions appearing in Equation (3.1.13) for ease of
writing. Since at the point « € S, Im(Fp ¢(x+10)), Fo 4,4 (€+10), Fo y.¢(x+10)
are all non-zero, the denominator on the right-hand side is non-zero for any
A and the numerator is a polynomial of degree 2 which vanishes identically if
and only if the following set of equalities is valid:

Im(FM (l’ + ’LO)) =0, Im(qu’d,(x)) =0,
RG(T¢7w)Im(FO7¢(I + ZO)) — Im(Tﬁg,w)Re(F()@(fE + ZO)) =0.

Since all the above cannot vanish when Tj 4 # 0 and Im(Fp 4(x + ¢0)) # 0,
we see that the numerator on the right-hand side of Equation (3.1.13) can
vanish at most for two values of A for each z € S. Therefore it follows that
the left-hand side is non-zero for each z € SN {z : Im(Fp 4(x + 30)) # 0},
except perhaps for two values of A\. Then using Fubini we conclude that for
almost all A, Im(F) y(x +40) # 0. We note that for each A,

SN{z:Im(Fy4(x+1i0)) #0} = SN {z: Im(F4(x+1:0)) # 0}

Therefore Im(Fp »(z +i0)) = 0 (and hence Im(Fy 4(z + i0)) = 0) whenever
Im(Fy,4(x +i0)) = 0 for almost all pairs (A, z). This statement shows the
absolute continuity of px 4 4. With respect to px ¢ oc for almost all A.
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We show next that the singular parts piy,¢,s and gy s satisfy the same
property. We recall that for almost all A, the supports of px ¢, x4, are
contained in S and here for each A the supports of the respective measures
are in {z : Im(F) 4(z+10)) = oo} and {z : Im(F) (2 +140)) = co}. We denote
Ix,¢,5,1 to be the part of py 4 s that is singular with respect to py 4 s. Then
there is a set Sy ¢ s with the property that px ¢ (Sx,es) = 0 and px 451 is
supported on Sy ¢ s for almost all A (by noting that py 4 1 is singular with
respect to 1y, also). Therefore we have

F,\’w(l‘ + ie)

m =0, ae z w.r.t. .
e—0 F) 4(x + i€) Briel

This is because for almost all z € Sy 4.5 W.r.t. p1y 4.5 1, the absolute value of
the numerator on the left-hand side has finite limits while the absolute value
of the denominator has infinite limits. On the other hand using Equation
(3.1.12) we see that

o M _ lim Fyp(x + ze) Y T¢,w($)‘
=0 F) (v +i€) =0 F) 4(z + ie) Fo,¢(x +10) (3.1.14)
_ _/\M £ 0.
Foo(x + i0)

This gives a contradiction showing that iy ¢ 1 must be zero, proving the
stated absolute continuity of py ¢ with respect to uy , for almost every A. O

In the next theorem let Hy , = H + APy +nPy and let ‘H, , r denote the
cyclic subspace generated by H) , and f.

Theorem 3.1.10 (Jaksié—Last). Suppose H is a selfadjoint operator and
suppose that Hx e is not orthogonal to Hx ., for some (A\,n). Then for
almost every (A\,n), Hxy|Hx ¢ is unitarily equivalent to Hy p|Hx -

Proof: The proof is an easy consequence of Theorem 3.1.9 and Fubini’s the-
orem. To see this note that for a fixed A, Hj, is a rank one perturbation
by nPy of Hy = H + \Py; therefore by Theorem 3.1.9, the spectral measure
Hxn, is absolutely continuous with respect to i 4, for almost every 7, that
is for each fixed A x4 (K) = 0 whenever py , 4(K) = 0 for almost all n.
Now integrating with respect to \, we see that

b d b d
/d)\ /d?] NA,n,w(K):O if /d)\ /dn /J,,\’n’qs(K):O,

for any finite a < b and ¢ < d. This shows that for almost all pairs (\,n) (with
respect to Lebesgue measure) jiy ;4 is absolutely continuous with respect to
Hn,¢- Now reversing the roles of ¢ and 1 we see the theorem. O
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3.2 Fourier Transform

The next statement is the theorem of Wiener on identifying the point spectral
part of a measure p. Recall the definition of the Fourier transform of a finite
complex measure from Theorem 1.2.10.

Theorem 3.2.1 (Wiener). Let u be a finite complex measure. Then
lim —
700 2T / dt 1i(t) Z e
ZL’GR
where i denotes the Fourier transform of u.

Proof: Consider the expression on the left-hand side of the above

1 T 2 it
. ~ . et (A= r@)
Ty /_T dtlp@)” = Jtim 2T/ dt5 //d“ Jp(x

Interchanging the integrals by Fubini, since all the measures are finite or over
finite sets, and integrating over the variable t, we get

e 507 | [ S0

The right-hand side of the above equals after a change of variable,
. 1 ————sin(T\)
Tlgréo g/ﬂxdu(n)/ﬂgdu()\ + k) ™

We now evaluate the integral

lim Wsm(TA) ~ fim {/ msin(T)\)
T—oo Jp |

O S ™ (3.2.15)

————sin(T'\)
+/|/\I>€d,u()\+/<c) 7D\ }

Since for A # 0 the function (sin(T'\))/T'A is bounded and goes to zero as T'
goes to infinity, so the second term is zero for each e. The first term converges
to p({x}) since the function (sin(7T'A))/T A is bounded and has (the limiting)
value 1 at A = 0 for each fixed T. This proves the theorem. O

The theorem is also useful in identifying the absence of the point part of
a measure, as seen from the following corollary whose proof is obvious from
the statement of the previous theorem.

Corollary 3.2.2 Suppose p is a finite complex measure such that

hm —/ dt |u(t)

then p is a continuous measure.
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We already saw the criteria formulated for identifying spectral types in
the Propositions 2.7.1, 2.7.2, 2.7.3 and Theorem 2.7.8. Wiener’s theorem is at
the back of all these.

3.3 Wavelet Transform

In this section we briefly give an application of the wavelet transform method
given in section 1.3 to identify spectra of selfadjoint operators. The theorems
here are abstract and we have not given concrete and explicit operators to
which to apply them.

Definition 3.3.1. Let A be a selfadjoint operator. We call a family S of
orthonormal vectors a cyclic family for A if the set

{p(A)f : f € S,p a polynomial},
is a total set.

Theorem 3.3.2. Suppose A is a selfadjoint operator on H and v a function
satisfying Hypothesis 1.3.1. Then

1. A is in the point spectrum of A if for some f € H, ||f]| =1,
A=

a

lim (£,4(=—=)1) #0.

2. Let B C R be a Borel set of positive Lebesgue measure. Then BNog.(A) #
0, if for some f € H, | f|| =1,

1 A—A

lim a<f»1/J(T)f> #0, ae A€ B.

3. The point spectrum of A in (c,d) is empty iff for some cyclic family {f.}
of A, one has for every n,

2
d\ = 0.

d J—
(22

lim —
a—0a J.

)fn)

5. The absolutely continuous spectrum of A in (c,d) is empty iff for some
cyclic family {fn} of A, one has for every n and some 0 < p < 1,

d A— p

lim - —_—
a—0.J¢ a a

5. Suppose 1 is positive and suppose there is some f € H such that, for all
A € (a,b),
1 A—-\
sup — <f7 IZ)(

a>0 a a

)f) < oo

Then there is no singular spectrum of A in (a,b).



70 3 Criteria for Identifying the Spectrum

Proof: (1) This follows from Theorem 1.3.2(1) since (f,¢(4=2f) =

a

(a * p)(N), where the measure u = (f, Pa() f).

(2) Suppose f satisfies the condition given here and the measure p =
(f,PA0)f) and piae(B) = 0. Then by the definition of the absolutely continuous
part of 1 we should have %(m) = 0 for almost every x € B. This means
that dh(w) = 0 for almost every z € B for this p, since we already know from
Theorem 1.1.8 that for a singular measure v, d(z) = 0 for almost every z
with respect to the Lebesgue measure. Therefore we arrive at a contradiction
to the Theorem 1.3.2(3) giving the result.

(3) and (4) are consequences of Corollary 1.3.5(1) and (2) respectively

applied to the measures p, = (fn, Pa()fn) for each n. Since f, is a cyclic
family the result also holds for the total spectral measure p = > >0 | 27" u,.

(5) Let f satisty the condition given here; then for the measure u = (f, Pa()f)
we have limg_.o ==, * (X)) = 0 for every A € (a,b) for any 0 < o < 1, hence
the result. O

Using these for random families of operators, which we will discuss in
Chapters 4 and 5, we give further criteria. Consider H* to be a random family
of selfadjoint operators such that for any bounded continuous function 1, the
family of operators ¢)(H*) is weakly measurable. Then the above theorems
extend to these families as follows.

Theorem 3.3.3. Let ¥ be a function as in Hypothesis 1.3.1 and let H* be a
random family of selfadjoint operators such that (H®) is weakly measurable.
The absolutely continuous spectrum of H* in (¢, d) is empty for almost every w
iff for some cyclic family { f.} of H*, one has for everyn and some 0 < p < 1,

d P
lim E </ d)x) =0.
a—0 c

Proof: By Fatou’s lemma the condition in the theorem implies that

H® — )\
a

HURIC TS

d P

A” = A dA =0, fora.e. w,

a

HERIC TS

lim
a—0.Jc¢

which by Corollary 1.3.5(2) implies the absence of absolutely continuous spec-
trum in (a,b) for almost every w. O

3.4 Eigenfunctions

We already saw the criterion of Weyl, Theorem 2.4.5, using vectors in the
Hilbert space to identify a part of the spectrum of a selfadjoint operator. In
this section we present a few more, but finer criteria that emerged recently.
These criteria use the relative rate of decay of ||(H — E)f,|| for a selfadjoint
operator H, for a sequence f, of approximate eigenvectors.
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We recall the definition of the a-dimensionality of the spectrum. We also
recall the definition of Dj; stated after Theorem 1.3.6 for any positive finite
measure .

Definition 3.4.1. Let H be a selfadjoint operator in a Hilbert space H. Then
a collection of vectors {¢,} of norm 1 are said to be SOAEV (sequence of
approximate eigenvectors) for H at a number E € R, if ||(H — E)¢,| — 0 as
n — oo. The {1, } is said to be rooted at a vector ¢ € H, if

)2
1 _— .
e Ty

The SOAEYV is said to be optimally rooted at ¢ with respect to a probability
measure y if

hm ‘<¢n; ¢>|2
n—oo [|(H — E)¢u | (Im [g xfEfiH(I%IfE)d;nH)d/J‘(x))

In the next theorem we denote by 1 the spectral measure of the operator H
associated with the vector ¢ € H.

> 0.

Theorem 3.4.2 (Christ—Kiselev—Last). Let H be a selfadjoint operator
acting on a Hilbert space H and let {1} be a SOAEV for H at E € R. Then
(i) the following three sets are the same:

1o (B —;E +e) 0} ’

{E: there exists a SOAEV for H and E rooted at ¢}

{E:lims_,o

and

{E : there exists a SOAEV for H and E which is optimally rooted
at ¢ w.rtpu’}.

(it) for p = p®, and every E € R and a € [0,1], we have D3(E) = oo
(respectively > 0) if and only if there exists a SOAEV {4} for H and E,

such that )
lim 1 ¥n @]
n—oo [[(H = E)ibn ||
(#ii) Let v be any finite positive Borel measure on R, and let S C R be a Borel
set. If for each E € S there exists a SOAEV for H and E that is optimally
rooted at ¢ w.r.t. v, then v|S is absolutely continuous w.r.t. pu®.

=00 (respectively > 0).

The criteria given above are quite abstract, without depending upon a
special form of the Hilbert space H. In the case of L? spaces on domains and
for differential operators some new criteria are available which go beyond the
Weyl criterion and identify a point in a component of the spectrum via the
behaviour of solutions to differential (or difference) equations. See the notes
for more on this.
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3.5 Commutators

It is possible to determine the spectral nature of a selfadjoint operator based
on the behaviour of its commutator with some other given operator.

The use of commutator methods goes back to Kato and Putnam. Espe-
cially the positive commutator was exploited by Lavine for showing absolute
continuity of the spectrum associated with repulsive potentials. Mourre proved
a major abstract theorem on the local spectrum of an operator based on the
local positivity of a commutator, a theorem that was a major leap in this area.

Theorem 3.5.1. Suppose H is a selfadjoint operator in a Hilbert space H.
Let A be a densely defined selfadjoint operator with (3 in its resolvent set and
let (a,b) be an interval.

LIF(A=B)NH =) HA=B)!) < e, V2 € CF, Re(2) € [a,b]
there is no singular spectrum of Hausdorff dimension less than (1—«) for
H inla,b],0<a<1.

2. In particular if & = 0 in the above there is no singular spectrum for H in
[a, b].

Proof: (1) Since A is a selfadjoint operator and [ is in its resolvent set, the
range of (A— 3)~! is dense, which implies that if {¢.} is an orthonormal basis
for H, then the set {nx = (A — B)"1¢x} of vectors is total in H. We choose
and fix some orthonormal basis {¢y} for H and set pp = (ng, Pr(-)nx). We
then have

(A= B)" w, (H = 2) (A= B) ") = (mi, (H = 2) " '1k)
:/inzd,uk(l')

Using the assumption in (1) of the theorem we see that | [ ——dpuy(z)| <
C/Im(z)|*, which implies that C),~*(Re(z)) < oo which by Theorem 1.4.15
implies that D} -*(Re(z)) < co, Re(z) € [a,b]. Denote E = Re(z). Since
D! *(E) < oo, E € [a,b], for any o < 1 — «, one has

— _ 11—«
ur(E —e, E+¢€) — lim pr(E — e, E+¢€) (2€) _o.
(26)170‘ €0

lim
e—0 [ad e—0
By Corollary 1.4.14, this estimate implies that the exact Hausdorff dimension
of py is at least (1 — ).
The estimate is valid for each k, so any total spectral measure also has the
same property from which the assertion follows.
(2) This part of the theorem follows by using the Theorem 1.4.16(2), and
going through the argument as in (1) for the total spectral measure (see
Definition 2.5.6). O

The next criterion involves a pair of operators for which we need a defini-
tion.
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Definition 3.5.2. Let H be a selfadjoint operator and A a closed operator
on a separable Hilbert space H. Then A is said to be H-smooth if for almost
every t, e "H f € dom(A), Vf € H and

sup /HAe_“Hsz dt < oo.
lfll=1 /R

Theorem 3.5.3. Let H be a selfadjoint operator on a separable Hilbert space
H and let A be a closed H-smooth operator. Then ran(A*) C Hao(H).

The smoothness is a very strong assumption and positive commutators
provide a way of verifying such a smoothness criterion. Given below are a few
theorems that exploit this fact in various ways.

Theorem 3.5.4 (Kato—Putnam). Suppose A, B are two bounded selfad-
joint operators with C = i[A, B] = i(AB — BA) > 0. Then C'/? is A-smooth
and B-smooth. If in addition ker(C) = {0}, then A and B have purely abso-
lutely continuous spectrum.

We recall here that for any selfadjoint operator H we can define a collection
of Hilbert spaces H,,,n € Z, associated with H as those defined using the inner
product

(f. gn = / (1 + \)™2d(f, Prr(N)g). (3.5.16)

We will put the conditions of the theorem in a definition.

Definition 3.5.5. Let H, A be selfadjoint operators in a separable Hilbert
space ‘H with domains dom(H ), dom(A) respectively. Suppose S C R is an
interval and Pg(S) the spectral projection of H associated with S moreover
let | S| denote its Lebesgue measure. Then we say A is locally conjugate to H
on S if the following conditions hold:

1. dom(A) Ndom(H) is a core for H.

2. 4 leaves the domain of H invariant and for each f € dom(H),
supjyj<y [ Het f] < oo.

3. The form i[H, A] defined on dom(A) N dom(H) is bounded below and is
closable. Further the selfadjoint operator C' associated with the closure of
this form admits a domain containing dom(H).

4. There is a number o > 0 such that

Py (S)CPu(S) > aPy(S) + Pu(S)K Pu(S),

for some compact selfadjoint operator K.
5. The form defined on dom(A4) Ndom(H) by [C, A] is bounded as a map
from H+2 into H_Q.
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The existence of a local conjugate to H on S implies that the singular
continuous part of the spectrum is absent in .S, which is the content of the
following theorem. The idea is to use the positivity estimate on the com-
mutator to obtain an a priori bound for the norm of the resolvent operator
(H +iePg (S)CPg(S) — 2)~! (independent of Im(z) but depending on €) be-
tween two appropriate spaces and to use this bound in a differential inequality
to show that it is indeed bounded independent of e.

Theorem 3.5.6 (Mourre). Suppose H, A are selfadjoint operators on a sep-
arable Hilbert space H and S an interval. Suppose A is locally conjugate to H
on S. Then

1. there is only a finite number of eigenvalues of H in S.
2.04(H)NS =10.

Proof: Part (1) of this theorem is proved in Corollary 3.5.9 and part (2) is
proved in Lemma 3.5.11. O

We will prove a few propositions before proving this theorem.

Proposition 3.5.7. Let H, A be selfadjoint operators satisfying the conditions
(1)-(3) of Definition 3.5.5. Then

1. (H — 2)7! leaves dom(A) invariant for all z € p(H).
2. (A+iX)~! leaves dom(H) invariant for large \. In addition (H +1i)i\(A+
iN)TLH(H + i)t goes strongly to the identity as |\| — oo.

Proof: (1) Since A is a selfadjoint operator we consider the spectral projection
Pa((=r,7)) = Ea(r—) — Ea(—r), defined from the spectral family E4 associ-
ated with A, for any number r. This family of projections converges strongly
to the identity as r — oo. We consider for f € dom(A) and z € p(H),

1Pa((=r,m)AH — 2)7' f],

which is clearly bounded, since r is finite. Then commuting A to the right we
get

1Pa((=r,m))A(H = 2) 7 fII < [Pal(=r,m)(H — 2)" Af]|
+ Pa((=rr))(H = 2) 7' [A, H|(H — )7 |

L —1
< (it oqy AT+ 1A HIGE =271
(3.5.17)

We note that by Definition 3.5.5(3), whereby dom(H) C dom(C), the right-

hand side is finite for each f € dom(A) and each z € p(A). Therefore the

left-hand side is finite for each r and is an increasing bounded sequence in 7.

So its limit ||A(H — 2)~1f|| is also finite. This proves the required statement.
(2) By (1) we have, in the operator sense
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(A4+iN)NH+i) P —(H+) A+t
=(A+iN T {H+i)TTA-AH+) T (A+iINT! (3.5.18)
= (A+iN) " {(H+) A HH+ i) A+
where the last equality holds in the sense of quadratic forms on H. By

Definition 3.5.5(3), the operator C'(H + i)' is bounded. Using this fact
together with the bound |[(4 + i\)7!|| < 1/|A|, we see that the operator

B(A) =C(H +i) Y (A+i\)tis bounde(;by 17 and so [[B(A)]| goes to zero
as |A| tends to co. Therefore

(A4 H+i) 71 = BW\) = (H+4) " (A+iNt

in H. This proves the proposition since for sufficiently large A, (1 — B(})) is
invertible and iA(A +i\)~1(1 — B(\))~! converges strongly to the identity as
A — 0. O

Proposition 3.5.8. Let H, A be as in the Proposition 3.5.7 and C as in (3)
of Definition 3.5.5. Then
1. for all f € dom(H),

Cf= lim [H, AiX(A+i))"Yf.

|A|— o0
2. If f is an eigenvector of H, then (f,Cf) =0.

Proof: (1) Let f € dom(H) and g € dom(A) Ndom(H). Then by Proposition
3.5.7(2), we find that for sufficiently large A,
(f, [H, AiN(A 4\ "g) = (f, (HAINA +i\) "' — AiN(A +i)) " H)g)

= (f,[HA — AHJiN(A+i)\)"'g)

+ (Af, HiNA + Z/\) —iNA+i)N) " Hg)

= (f,CiN(A+i\)"1g)

+ (f, A(A4iN)TLCINA +i)) T g).
(3.5.19)

Proposition 3.5.7 (2) implies that

CiMA+ N H +i) P =CH + i) (H +i)yi\(A 4+ H i)t
— C(H +1i)7, as |\ — oo

This convergence together with the fact that A(A +i\)~! — 1, implies the
convergence

lim [H,i\(A+i\) 7' f =Cf,

[A|— o0

for all f € dom(H), which shows (1).
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If f is an eigenvector of H it is in dom(H) and Hf = Ef, for some real
E, so

7

(£.C¢f) = am (f, [ iMA +i0) 1 f) = 0.

Al—o0
This proves (2). O

Corollary 3.5.9 Suppose H is a selfadjoint operator and A is locally conju-
gate to H on S. Then there are only finitely many eigenvalues of H in S.

Proof: Suppose there are infinitely many eigenvalues of H in S and suppose
the normalized eigenfunctions associated with these eigenvalues are denoted
by {fn}. Let & > 0 and K compact, selfadjoint be such that

Py (S)ilH, A]Py(S) > aPg(S) + P (S)K Pu(S).
This inequality implies that for each n we have
(fn: Pu(S)ilH, AlPg (S) fn) = a(fn, Pu(S)fu) + (fn: Pa(S)K P (S)fn).

Then by Proposition 3.5.8(2), the left-hand side is zero, so we have for each
n’

a+ (fn, Kfn) = a(fn, fn) + (fn, Kfn) < 0.

But f,, goes to zero weakly, hence |{f,, K f.)| goes to zero, since K is compact,
so this inequality is not possible for infinitely many n when o > 0, hence the
corollary follows. O

Proposition 3.5.10. Let H be a selfadjoint operator in a separable Hilbert
space H with domain dom(H) and B*B a bounded positive operator on H and
let eIm(z) > 0. Then

1. (H — z — ieB*B) is invertible.
2. Let B’ be an operator with B*B' < B*B and D any bounded operator on
‘H. Then

1
Ve
Proof: (1) Since B*B is bounded, H — z —ieB* B is closed on dom(H ). When
f € dom(H) and eIm(z) > 0 (so that ||(Im(z) + eB*B)f||*> > |[Im(z)f||* +
lleB* Bf||?), we have

|B'(H — z —ieB*B)"'D|| < —||D*(H — z — ieB*B) "' D||>.

|(H = = — ieB*B)f||* = | (H — Re(2))fII* + [[(Im(z) + eB*B) |
—2Im((H — Re(2))f,eB*Bf)
= [(H = Re(2)) fII* + [tm(2) f||* + [[eB*B) f||*
—2Im((H — Re(2))f,eB*Bf)

> (Im(2))?]| 1.
(3.5.20)
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From this inequality and the fact that (H — 2z — ieB*B) is a closed operator,
it follows that (H — z — ieB*B) is injective with closed range equal to H,
which is seen by noting that if f € dom(H) and (H — z —ieB*B)f = 0 then
f = 0 by the above inequality. Therefore the open mapping theorem shows
that (H — z — ieB*B) has a bounded inverse.

(2) We set G.(¢) = (H — z — ieB*B)~! and note the inequalities,

1
|B'G(e)DI = | D*G()eB" B'G.(e)D)
€
1
< ZHD*GZ(e)* 2(Im(z) + eB*B)G.(¢)D||
1 * *
< S ID*(G(e)" = G=(e) D]

* * 1 *
< 5 (IDG:(e)" Dl + | DG (e) D) < —|ID*G(e) D],

(3.5.21)

L
2¢
from which (2) follows. O

Lemma 3.5.11. Let H be a selfadjoint operator with a local conjugate oper-
ator A on S. Then for each x € S, which is not an eigenvalue of H, there is
an interval Sy such that os.(H) N S, = 0.

Proof: Since A is locally conjugate to H on S, there exists an a > 0 such
that
Py (Sy)i[H, A|Py(Sy) > aPy(Sy) + P (Sy)K Py (Sy),

for some compact, selfadjoint operator K. Let Sy C S denote the set S with
the (finitely many) eigenvalues removed. Then for any = € Sy, one has that
Py ((x =,z + 6)) — 0 strongly as § — 0. Therefore for sufficiently small §,
replacing Py by a smooth function vanishing outside (z — d,z + 0) and 1 on
(x — /2,2 4 6/2) if necessary,

Pu((z — 6,2+ 0))K Py ((x — 6,2 +06)) < %PH((x — 6,2 +0)).
Then on S, = (x — d,z + 9),
Pit(S.)ilH, APu(S2) 2 5 Pa(S.). (3.5.22)
We note that since the constant « is the same for the entire set S (hence the
set Sp), by assumption, the above estimate is valid with the same « for each

x but for a different set S, as long as x € Sy. Once we have this inequality,
we will show that for any compact subset [a,b] C Sy,

sup A+ 7N (H = A —ie) A+ < o0 (3.5.23)
A€E€Ja,b],e1 >0
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This estimate implies, by Theorem 3.5.1, that there is no singular spectrum in
[a, b], which means the absence of singular continuous spectrum there, since
there are no eigenvalues in [a,b]. This procedure holds for each z € Sy, so
there is no singular continuous spectrum in Sy and hence in S.

Therefore we turn to establishing inequality (3.5.23) on a set [a, b] on which
inequality (3.5.22) is valid.

Let S, be the set on which the estimate (3.5.22) is valid and let [a,b] C S,
and set 2 = X\ +ie;, A€ [a,b], Py = Py(S:). Let D=]A+i|71, G.(¢) =
(H —2z—ieB*B)~! and F,(¢) = DG, (¢)D. Finally let B*B = Py C Py, where
C is as in Definition 3.5.5. Then we have

||PHG<>D||<\[\|F<>||%,
\[HF ()|,
(1 = Py)G.(e)D|| < [|(1 = Pir)G=(0)[|(1 — ie B* BG.(e)D||
< e (1= Py)G.(0)] < eu,
I(H +i)(1 — Pu)G.(e) D) <cQ||<H+ i)(1 — Py)G(0)]| < cs,

< —_—
IF( < 2,

|(H +i)PyG.(e)D| <

(3.5.24)

where the constants cq, ..., cg may depend on x but do not depend on ¢, €.
In the above, the first and the second estimates come from Proposition 3.5.10,
by taking B’ = Py, (H + i) Py and noting that D = |A + i|~! is a bounded
selfadjoint operator. The next two estimates come from using the fact that
o = dist([a,b],R\ S;) > 0, so ||(I — Pu)(H — z)7!|| < 1. The last estimate
comes from putting the first and the third inequalities in the collection of
inequalities (3.5.24) together with the boundedness of D.
Further, the derivative of F.(e) is given by

d

an(e) = DG, (e)PgCPyG.(€)D. (3.5.25)

This expression gives the differential inequality

|

using the identity,

< |DG.(e)CG.(e)D| + c1 + L(e)12, (3.5.26)

(e

PyCPy = C — (1 — Py)CPy — PyC(1 — Py) — (1 — Pg)C(1 — Py),

and using the inequalities (3.5.24). By Definition 3.5.5(4) and the Proposition
3.5.12 below, we find that G, () : dom(A)Ndom(H) — dom(H) and [B*B, A]
is bounded as a map from Hs — H_o. Therefore the inequality (3.5.25) can
be written as
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Hipz(e) < |DG.(e)([H — = — ieB*B, A] + ie[B* B, A))G-(€) D|
o A (3.5.27)
+o+ ﬁﬂFz(E)HQ-
Simplifying this inequality results in
\ R <e+ IR + all (). (3.5.28)
By integrating this differential inequality,
|IF.(e)]] < ¢, for Re(z) € [a,b],
results as desired. g

Proposition 3.5.12. Let H be selfadjoint and let A be its local conjugate on
S. Then

1. any o with t@(t) € LY(R), where 12 denoting the Fourier transform of 1,
satisfies Y(H) : dom(A) Ndom(H) — dom(A) and

{AY(H) = (H) AL < [I(H + i) f]| / tl1(2)] d. (3.5.29)

2. Let B*B be defined as in Lemma 8.5.11. Then [B*B, A] is a bounded map
from Ho — H_s.

3. The operator G,(¢) = (H — z — ieB*B)~! maps dom(A) N dom(H) —
dom(H).

Proof: (1) Let f € dom(A) Ndom(H) and let A(\) = iAN(A + X)L
H{A()\)e—th _ e—thA()\)} f“

¢
< sup / (g, T [H, A\)]e H f) ds| . (3.5.30)
gedom(H)Ndom(A) [J0

llgll=1

Since e~ leaves dom(H) and dom(A) invariant,

HAMN)e™ " — e AN} ]

<l s sup (g, [H, AR SH . (3.5.31)
g€domﬁA‘?ﬁtliom(H) |s|<]|¢|
g:

The equation (3.5.19) and Propositions 3.5.7, 3.5.8 imply that

[ Ae™ 0 f|| < i LA 1 fIl < cltl|(H + D fI| + |AflL, - (3.5.32)

using the boundedness of (H +i)™1[H, A\)](H +i)~L.
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Now the relation 1(H) = [ (t)e~"Hdt implies that ¢(H) maps the set
dom(A)Ndom(H) into D(A), if |t|1(t) € L' (R) and so Equation 3.5.29 holds.

(2) Since the function with which the projector Py is associated is smooth
and vanishes outside S, its Fourier transform is rapidly decreasing. So by (1)
Py takes dom(A) Ndom(H) into dom(A) Ndom(H). Therefore [B* B, A] can
be written on dom(A) Ndom(H) as

[B*B,A] = [PH,A]PH + PH[C, A]PH + PHC[PH,A],

in the sense of quadratic forms. Given the condition (3) of Definition 3.5.5, and
the inequality (3.5.29), we find that the form [C, A] is bounded as a map from
Ha to H_o and in particular for f € dom(H), setting B(\) = iA(A +i\) 7L,

I[H =z —ieB"B, AN]S]|_,

< sup {{g,[H — z — ieB*B, A|B(\) f)
gedom(A)Ndom(H)
llglla=1
+ (g9, A(A+i\)"'H — z—ieB*B, A|B(\) f)| }.
(3.5.33)

By Proposition 3.5.7 the operators i\(A + i\)~!, A(A +4)\)~! are uniformly
bounded from Hs to H_o for A large enough. It follows that
[H — z — ieB*B, A(\)] are uniformly bounded in A from Hs to H_o. It
follows from this that G,(e) preserves dom(A), hence it maps dom(A) into
dom(A) Ndom(H). O

3.6 Criteria Using Scattering Theory

For comparing the continuous spectra of two selfadjoint operators A and B
in a separable Hilbertspace $), one can define an operator

2, (B,A) =s —lim e*Be 4P, (A).
t——+oo
If this operator exists it establishes a unitary equivalence between A and B
restricted to parts of their absolutely continuous subspaces.

The operator {21 (B, A) is known as the wave operator. Its notation comes
from mathematical scattering theory, which has its origin in quantum me-
chanics. However, here we will study only the spectral theoretic point of view.
Scattering theoretic details are not given.

Nevertheless we need some basic notions and some fundamental theorems
from scattering theory. Therefore we start with the properties and features of
wave operators.
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3.6.1 Wave Operators
Definition and Properties

Definition 3.6.1. Let A and B be two selfadjoint operators in a separable
Hilbert space $. The associated wave operators are defined as strong limits
by

2.(B,4) =5 — lim etBeAD, (A) (3.6.34)
and . ‘
2 (B,A) =s —limeBe 1P, (A) (3.6.35)
t——o0

where P,.(A)9 = $H..(A) denotes the absolutely continuous subspace of A.
By definition it is assumed that the strong limits in (3.6.34) and (3.6.35) exist.

In the following we will study only {2,. (2_ has the corresponding fea-
tures. Some of the basic properties of the wave operator (2, if it exists, will
be listed below. The proofs can be found in standard textbooks, some of them
are referred to in the notes.

Proposition 3.6.2. Let A, B be two selfadjoint operators in a separable
Hilbert space $). Assume that 24 (B, A) exists. Then

(i) 24(B,A) is a partial isometry with initial subspace P,.(A)$. Its final
subspace, denoted by 94, is always contained in P,.(B)S$.
(ii) The singular subspace of A, H5(A) = HOS P,.(A)$H is always contained in
the kernel of 2.
(#) ran(£24.) s an invariant subspace of B. Moreover,

24 [dom (A)] C dom (B) (3.6.36)

and the intertwining relation

holds on dom (A).

Definition 3.6.3. Assume that the wave operator 24(B,A) exists. It is
called complete if
fJ"r = ran (.Q+) = Pac (B)ﬁ

Theorem 3.6.4. Assume that the wave operator (24 (B, A) exists. Then it is
complete if and only if 24 (A, B) exists.

Only from the existence of the wave operator {24 (B, A) can one obtain a
first consequence for the behaviour of the absolutely continuous spectrum.
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Theorem 3.6.5. Let A and B be two selfadjoint operators in a separable
Hilbert space $ and assume that the wave operator 24 (B, A) exists.
Then
Gac(A) C 04c(B). (3.6.38)

Proof: By the intertwining relation we have for any real A
ei)\BQJ’_ _ Q+ei>\A

Let ¢(-) : R — R, be a bounded function for which the Fourier inversion is
valid. Using functional calculus we get

o) = [FoneMan

where F denotes the usual Fourier transform (see Section 1.2). Therefore the
intertwining relation extends to such functions. This implies for any f € 9

lo(B) 2+ f11* = ||2+0(A) fI?
= ||Pac(A)90(A)f||2
= lp(A) Pac(A) FII>.

Again via functional calculus the last relation is extended to indicator func-
tions of Borel subsets. Therefore (2, f € $4.(B) for all f € H4.(A) and

Tac(A) = 0(A|Pac(A)9H)
a(B[H+)
(B|Pac(B)$)

ac(B).

Corollary 3.6.6 Suppose the wave operator 24 (B, A) is complete.

(i) Then the absolutely continuous spectrum is invariant, i.e.,
Cac(A) = 04c(B).

(ii) If 04c(A) is empty, then o..(B) is empty.

(1ii) Assume additionally that ran($24 (A, B)) = P.(H)$, i.e., the range is
equal to the continuous subspace of B. Then the singularly continuous
spectrum of B, os.(B) is empty.



3.6 Criteria Using Scattering Theory 83
Existence by Cook’s Method

The simplest way to show the existence of a strong limit in the definition of the
wave operator is known as Cook’s method derived from Duhamel’s principle.
Recall that a set ® in § is a total if clospan(D) = 9.

Theorem 3.6.7. Let A and B be two selfadjoint operators in §). Let D be a
total subset of Hac(A). Assume for any f € D there is a real value ty > 0,
such that

e "4 f € dom (A) Ndom (B), for all t > t;.

Assume that

/ (B = A)e™ " f|| dt < oo. (3.6.39)
ty

Then §2, (B, A) exists.

The proof of Cook’s criterion is based on the following simple fact: If g is a
Cl-function and if ¢’ is in L!((a, 00)), then the tlim g(t) exists because

t

l9(t) - g(s)| < / o' (u)du

S

tends to zero as s goes to infinity.

Because A and B are unbounded operators one always has difficulties
in handling domain questions. However in scattering theory very often such
problems can be avoided by studying bounded functions of A and B. Cook’s
criterion for resolvents reads as follows.

Theorem 3.6.8. Let ® be a subset of Hac(A) such that ® = (z — A)_l’)s is
total in Hac(A). Take a fized z € res(A) Nres(B). Assume

/ I[(z=B)™' = (z—A4)7"] e_“AuH dt < oo (3.6.40)
0

foru € D.
Then the wave operator 24 (B, A) exists.

Proof: We have

/H [(c = B)™' — (= — A)"] e"i*4u| dt
0

- / I[B(z=B)~" = (z = B) " A] e 7" 4(z — A) 71| dt.
0
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By assumption the last integral is finite. From Cook’s Criterion 3.6.7 fol-
lows the existence of

lim e"B(z — B)™' e (2 — A)7lu = lim "Bz — B)7! e7HAf
t—o0 t—oo

with f = (2 — A)"'u € D. Because D is total we get the existence of
stzloim (z— B)~! "B o7AD, (A). (3.6.41)
On the other hand, let g(+) : [ 0,00 ) — [ 0,00 ) be a uniformly continuous
function satisfying Ofg(t)dt < 00; then tlilglog(t) = 0.
Using this fact and the condition in (3.6.40),
tlirrolo P l(z=B) = (z—A)7!] e" Mty =0
or

lim e*B(z — B)™! e7 ™y = lim P e 4 (2 — A)Lu.

t—o00 t—o0

Together with (3.6.41) lim ., €8 e~it4(z — A)~Ly exists for all u € D,
which is sufficient for the assertion. O

Cook’s method is very useful if one has some information about the t¢-
dependence of the unitary group e~#4. In quantum mechanics this charac-
terizes the evolution of a free system. In particular one knows this dependence
if A is the Laplacian in L?(R%) or a function of the Laplacian. For arbitrary
selfadjoint operators A it is difficult to study the time dependence of this
evolution in general.

Existence and completeness by trace class conditions

One of the simplest cases for which existence of wave operators can be shown
is when the pair of operators A, B differ by a trace class operator. In order to
avoid domain problems we study differences of resolvents.

Theorem 3.6.9. Let A and B be two selfadjoint operators in $. Let z €
res(A) Nres(B). Assume that

(Z - B)il - (Z - A)71 S %trace('ﬁ)a

i.e., 15 a trace class operator.
Then the wave operators (24 (B, A) exist and are complete, implying the
operators A|9q.(A) and B|94.(B) are unitarily equivalent.

For the proof of Theorem 3.6.9 and for later use in considering the extended
Pearson’s estimate we introduce a useful dense subspace of ,.(4).
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Definition 3.6.10. Let A be a selfadjoint operator in $ with the resolution
of the identity E4(-). In $4.(A) (see Definition 2.6.8) we define a linear sub-
manifold

d{f, Ea(A)f)

Mo (A) = {f € Hac(A); 7 e L*(R)}.
For f € Mo (A) we define
I£] _ || @B |
Ml A Lo(R).

Remark 3.6.11. ||-|[ s (4) establishes a norm in M (A). M (A) is a dense
subspace of $,.(A4). For f € Mo (A) and any g € $ we have

/ g, e AP dt < 2m g3 (£ )

If K is a Hilbert—Schmidt operator with the Hilbert—Schmidt norm || K || s,

one has
oo

1K e A f|1* dt < 2m | K3 1f 1 ca) -

— 00

Proof of Theorem 3.6.9: Using Cook’ s method we have
H(Z o B)fl(eitBefitA o eisBefisA)(Z . A)flfH

[Pl = By - - ) ey

t
§/du

where \; are absolutely summable, ¢;, 1; are unit vectors. Following the proof
of Pearson’s Theorem in Reed—Simon [158] (p. 24 ff) one obtains the existence
of

Z /\l<5017 67WAf> eiquiH

=1

lim (z — B) ! e®*Be 4 (z — A)71f

t— oo
for all f € My (A). The domain of A is dense in $ implying the existence of
s —lim (z — B) ™! eBe7AP, (A). (3.6.42)
t— oo

By the use of the Riemann-Lebesgue Lemma and because (z — B)~! —
(z — A)~! is compact

s—lim [(z—B)™' = (z = A)7'] e " P,(4) =0, (3.6.43)

t—o0o

which together with Equation (3.6.42) implies the existence of
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s —lim eT*Be= 4P, (A)(z — A)~L.

t—oo

By a density argument we obtain the existence of 24 (B, A).
On the other hand we have not used any special property of A, so we can
reverse the arguments and conclude the existence of {2, (A, B). This shows

ran 24 (B, A) = Hac(B)

ran 24 (A, B) = 94.(4)
and A|$,.(A) is unitarily equivalent to B|$)4.(B). The operator 2, (B, A) is
unitary from $,.(A) to $Hac(B) and implements the unitary equivalence. O
Wave operators possess a stable behaviour if the operators A and B are

replaced by a certain function of A and B. For instance, assume that

2,(B,A) =5 — lim e"*Be 4P, (A)

t—o0

exists. Take the linear function o : R — R
a(A) = aX+b.
Then

2, (a(B),a(A)) = s —lim **Ble=ta D p, (a(A))

t—oo
=s—lim eimBe—”“APac(A).
t—o0
2, (a(B),a(A)) equals 2,(B,A) if a = o/()) is positive and 2_(B, A)
if a is negative. This feature is called the invariance principle. There are two
forms of the invariance principle.

Invariance principle 3.6.12. Let o : R — R be an admissible function (see
Definition 3.6.13). Let A and B be two selfadjoint operators in a separable
Hilbertspace ). Then we distinguish:

(i) Weak invariance principle: Assume that 24 (B, A) and 24 (a(B),a(A))
exist for a function o with positive derivative. Then

24(B, 4) = 24 (a(B), a(4)).

(i) Strong invariance principle: Assume that 24 (a(B),a(A)) exists where «
is a function with positive derivative. Then 2, (B, A) exists and

2 (B, A) = 24 (a(B),a(A)).

Before considering trace class criteria we characterize the class of admis-
sible functions.
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Definition 3.6.13. Let I,,,n € N, be pairwise disjoint, open intervals in R

such that (J I,, = R. Here I,, denotes the closure of I,,. A real-valued function
neN
« on R is called admissible if on every I,

1) « is continuously differentiable,

2) o >0o0rd <0,

3) < is locally of bounded variation, i.e., on each closed interval contained in
I,, the function o is of bounded variation.

Observe that for an admissible function o« the operator «(A) is well de-
fined via the spectral calculus. One has only to recognize that «(-) is a Borel
measurable function.

Some useful properties of admissible functions are:

Lemma 3.6.14.

(1) If « is finite a.e.with respect to the spectral measure P(-), then Py.(a(A))
= P,.(4).
(ii) o=t exists on each set a(I,) and is admissible there.
(iii) A composition of admissible functions is again admissible.
(i) If & and B are bounded admissible functions, then the product .- 3 is also
admissible.

Remark 3.6.15. Having in mind the spectral theorem the admissible func-
tion is used only on the spectrum of A. If for instance A is positive, a has to
be admissible in the sense above only on (0, 00). If necessary one can extend
« appropriately to (—oo,0).

Examples for admissible functions with positive derivatives on (0, c0) are
—e™A —(1+ )71, —% + 1. Examples with negative derivatives are semigroups
e, resolvents (A + 1)~%, or powers of resolvents (A + 1), p > 1.

In case of trace class perturbations the invariance principle holds in its
strong form which goes back to Birman.

Theorem 3.6.16. Let A and B be two selfadjoint operators in §). Assume that
a is a bounded admissible, real-valued function on R and that a(A) — a(B) is
a trace class operator such that 24 (a(A),a(B)) exist and are complete (see
Theorem 3.6.9). Then 2+ (8(a(A)),B(a(B)) exist and are complete for any
other admissible function 3. We get

2, (B(a(A)), B(a(B))) = 24 (a(A), a(B)) (3.6.44)
if B has positive derivative and
2+ (B(a(A)), B(a(B))) = 2-(a(A), a(B)) (3.6.45)

if B has negative derivative.
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Remark 3.6.17. Of course 3 can be chosen to be a~!. Theorem (3.6.16) is
useful in many aspects. For instance assume that

“Ble™P —e ) € Brace. (3.6.46)

and
(efB - efA)eA € Birace (3.6.47)

are trace class. Choose

= {4 LT

Then §2, (e72B,e724) exists and equals £2_ (B, A). This kind of procedure
will be used in more detail in Section 3.6.2.

On the other hand the conditions in (3.6.46), (3.6.47) are not the best
possible. Following Birman’s method they can be improved to sandwiched
differences, enlarging the allowed set of possible A and B.

Theorem 3.6.18. Let A and B be given as above and let o be an admissible
bounded function with positive derivative. Let 7 : R — R be another bounded
admissible function for which the range of T(A)P,.(A) is dense in $ac(A) and
range of T(B)P,.(B) is dense in $q4.(B). Let

7(B)(a(B) — a(A))7(A) € Birace(H) (3.6.48)
and
T(B) - T<A) € %Comp(f})- (3649)
Then
Oac(A) = 04c(B).
Proof: Define .J = 7(B)7(A) such that (3.6.48) reads as
a(B)J — Ja(A) € Birace

Hence by Pearson’s two-space version of the trace class criterion and by
the invariance principle (Theorem 3.6.16), the following strong limits exist
and are equal:

s — lim e**(B) J emt2(D P, (a(A)) = s — lim B JemtDp, (A)

t— 4 oo t— + oo

=5 —lim e J e P, (A)

t— + oo
=5 —lim e 7(B)7(A) e 4 P,.(A).
t— oo
Using the Riemann-Lebesgue Lemma and (3.6.49) the last expression
equals
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s — lim P 74 72(A) P,.(A).
t— £ oo

Now 7(A)$ac(A) is assumed to be dense in 9,.(A); therefore

s — lim B =4 T(A) P,.(4).

t— + o0

exist. This implies the existence of 24 (B, A). O

Sometimes the perturbed operator B is not given explicitly but can be
determined as a limit of a sequence of operators B,,. In this case it is not easy
to study directly the trace class property of

K =7(B) («(B) - a(4)) 7(4),

which is central in the last theorem. However one can study trace class prop-
erties of
K, =71(B,) (a(By) — a(A)) 7(A).

The question arises as to whether this is sufficient for the completeness of
24 (B, A). The following result gives one answer.

Lemma 3.6.19. Let {K,} be a sequence of trace class operators in the
Hilbertspace $). Assume that K,, converges weakly to an operator K. Assume
that the trace norms of K, are bounded uniformly in n, i.e.,

HKnHtrace S M .
Then the operator K 1is also trace class.

Proof: Birace(H) is the dual of Beomp(H). Beomp(H) is separable. By
Alaoglu’s Theorem any bounded sequence in Bypace (9) has a weak*-convergent
subsequence, so there is a subsequence K, of K, with

lim trace(K,,C) = trace(K'C)

J—

for all C' € Beomp(H) and K’ € Birace(H).
We chose the following C. Take arbitrary f,g € 9 with ||f|| =1, [lg]| =1
and set

C= <f7'>g~

For this rank one operator we have

trace(K,,;C) = ( @i, Kn,Cop;)

M8

-
Il
—

<80i, K’ﬂj <f7 (pz>g>

@
Il
-

M

(@is Kn; 9)(f5 i),

s
I
—
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where {¢;}n is an orthonormal basis in §). Choosing this basis in such a way
that o1 = f gives
trace(K,,C) = (f, Kn,9).

Hence
lim_ trace(K,,C) = (f, K'g)
= Jim (f Kng)  =(}Kg)
Because f and g are arbitrary K’ = K, i.e., K is trace class. O

This lemma can be used to generalize the conclusion in Theorem 3.6.18.

Corollary 3.6.20 Let A be a selfadjoint operator in $. Let B be a selfadjoint
operator given as strong resolvent limit of a sequence of selfadjoint operators
B,.

Assume two admissible function a, T as in Theorem 3.6.18.

Let

s —Jim a(B,) = a(B) (3.6.50)
and
w —lim 7(B,) = 7(B). (3.6.51)
Assume that
7(By) ((Bn) — a(A)) 7(A) € Birace(9) (3.6.52)
with
I7(By) ((Bn) — a(A)) 7(A)llrace < M, (3.6.53)

uniformly in n. Moreover assume that
T(Bn) - T(A) € %Comp(ﬁ) (3654)
and that it is bounded uniformly in n € N.

Then
Cac(B) = 04c(A).

Proof: By assumption

w — lim 7(B,,) (a(B,) — a(A)) 7(A) = 7(B) (a(B) — a(A4)) 7(A).

n— oo

Thus Lemma 3.6.19 implies the last operator is trace class. Because of equa-
tions (3.6.51) and (3.6.54) the difference 7(B) — 7(A4) is compact. Hence
Theorem 3.6.18 is applicable and gives the result. O
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Pearson’s Estimate

Before we apply the spectral theoretic criteria in Theorem 3.6.5, Corollaries
3.6.6, 3.6.8, Theorem 3.6.9 and Theorem 3.6.16 for the perturbation of the
continuous spectrum we will explain Pearson’s estimate and its generalization
due to Theorem 3.6.18. Pearson’s estimate is useful to compare quantitatively
a scattered system with a free one.

Theorem 3.6.21 (Pearson’s Estimate (PE)). Let A and B be two self-
adjoint operators in §. Let a be an admissible bounded function such that

a(B) — a(A) € Birace-
Then 2, (B, A) exists and is complete. Moreover,
1248, 4) ~1 By ri_ a5 < 167 1a(B) — a(A) lsacer  (3.6.55)

where ||.||trace denotes the trace norm and B(Ms(A),H) denotes the set of
bounded operators mapping My, (A) to $.

The existence and completeness of 24 (B, A) follow from Theorem 3.6.16. In
(PE) it is assumed that a(B) — a(A) is a trace class operator. In Theorem
3.6.18 however, it is only assumed that

7(B)(a(B) — (A))T(A4) € Birace-

One can find examples, where the last condition is satisfied, but «(B) —
«(A) is not trace class. Hence the question arises as to whether we can find
a Pearson’s Estimate also under the weaker assumptions of Theorem 3.6.18.
The answer is yes. We call the next estimate Extended Pearson’s estimate
(EPE).

Pearson’s Estimate is true on M, (A) which is a dense set in $,.(A). For
the extended estimate we have to define another dense set in $,.(A), but first
we need a lemma.

Lemma 3.6.22. Let A be a selfadjoint operator in the Hilbert space §). Let
7(A) € B(H). Then 7(A) € B(M(A)).

Proof: 7(A) commutes with A. Thus
(r(A)f, Pa(S) T(A)f) < IrDllgsy  (F,Pa(9)f)

for all f € $ and all Borel sets S C R. Hence f € $4.(A) implies 7(A)f €
$Hac (A). Moreover the derivative of A — (7(A)f, Ea(N)7(A)f) exists for
almost all A. For f € My (A) we obtain

H d(t(A)f, Ea(N)T(A)f)
dA

S

Lo (R)

L= (R)
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This means that 7(A)f € M (A) if f € Mo (A), and
IT(A) fllmey < I7(Allss) 1Flrmea
Hence 7(A) € B(Moo(A)) and [[7(A)[[s e (a)y < [IT(A)ll5(5)-
Definition 3.6.23. Let A be a selfadjoint operator in the Hilbertspace §. Let
T(A) € B(9H). Define
Moo (7(A4)) = 7(A) Moo (A).
For f € My (7(A)) we introduce

1 Mo (ray) = inf{[lgllme a): 9 € Moc(A), T(A)g = [}
Lemma 3.6.24. M (7(A)) has the following features:

(i) || - Mo (ra)) 38 @ norm,
(i1) (Moo(T ( )) Il - lme(ray) is continuously embedded in (Moo(A),

|+ [ Moo (a)) where
My < T8, 1M (reay,
(iti) Moo (7(A)) is dense in Hac(A) if ran (7(A)Puc(A)) is dense in Hac(A).

Proof: (i), (ii): By Lemma 3.6.22, 7(A)g € M (A) if g € My (A). For
f=1(A)g we have

[Flatoe () < IT(AMgl Mo ()-

By the definition of || - || x4 (r(a)) on has

e cay < Tl Mo (rea))-

Hence if || f|| s (r(ay) = 0 then [|f[|ae_ca) = 0. But || - || s (r(4)) is @ norm,
so f=0.

(iii): 7(A)P,.(A) is a subspace of $4.(A) and is assumed to be dense. Thus
for f € $H4c(A), given an € > 0 we choose a g € § such that

€

If = 7(A)Pac(Mgll < ——F i -
L4 [l (Al ()
Moreover M. (A) is dense in $,4.(A), so that there is a go € Moo (A) satisfying

€

190 = Pac(A)gll < i -
L+ [I7(A)[ls(s)

Therefore we have the estimate
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If = 7(A)goll < IIf — 7(A)Pac(A)gl| + [[7(A) Pac(A)g — 7(A)gol|
<e.
O

Now we are able to formulate the Extended Pearson’s Estimate (EPE) in
(3.6.56).

Theorem 3.6.25 (Extended Pearson’s Estimate (EPE)). Suppose

A, B are selfadjoint operators in .
a(+) is an admissible bounded function with positive derivative.
7() is an admissible bounded function such that T(A)$q.(A) is dense in

Dac(A) and
7(B)(a(B) — a(A))T(A) € Birace($),
7(B) = 7(A) € Beomp(9):
Then
12:(B, A) =1l pr. (r2(a)) (3.6.56)
< (B A) {I(B)(@(B) = a(A)r(A) /2, + | (r(B) = m(A)7(A) | }

where
¢(B,A) < 16 7 sup |T(N\)].
AER

Proof: By the invariance principle (a/(+) > 0) we have for f € $,.(4)
192+(B, A) 1] fllg = || [22+(a(B), a(4)) =1] f]|5-

Following Lemma 3.6.24 (iii) it suffices to consider f € My (72(A)) which
is dense in 9,.(A). Thus we take f = 72(A)g, g € My (T(A)).
Then

I 12:(B, A) =1] fllg < ||[£22(a(B), a(A))7*(A) = 7(B)m(4)] g,
+|[r(B)T(4) = (A)] ¢, -

By Pearson’s Estimate (3.6.55) the last expression is smaller than

167 | (B)7 (A 190 arayy I7(B)((B) — a(A)7(A) |1/,
+ [ (B) = 7( A 7( D)l sy N9l -

Now ||g|s can be estimated by ||g|| s (r(a)) because g = Po(7(A))g and
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gl = / dlg, Era(N)g)
o(1(A))

Im(AI g E A
S/ w d\

I (A)] dX

<217 gl a)-

The proof is completed by using the definition of || - || s (r(a)2) (see Defi-
nition 3.6.23). O

At this stage the EPE looks complicated and not very applicable. But the
estimate becomes easier when restricted to an L2-space.

Let (E,Bg,m) be a o-finite measure space. We set L? = L?(E, m) and
L? = LIY(E,m),1 < q < oo. From the theory of p-summing operators on
Banach spaces we can use the following lemma.

Lemma 3.6.26. Suppose that D € B(L>®,L') and G € B(L? L>).

(1) If DG € B(L?, L), then DG is a compact operator in L. Its operator
norm can be estimated by

IDGI3 5 < 1D]loo1 1Gl5.00 DGl o - (3.6.57)

(2) If F € B(L', L?), then FDG is a trace class operator and its trace norm
can be estimated by

IFDG|trace < ke HF||1,2 HG“on ||D||oo71 : (3.6.58)
Kq s the complex Grothendieck constant, which is smaller than w/2.

Applying the last lemma to the Extended Pearson’s Estimate (3.6.56) we
obtain immediately:

Corollary 3.6.27 (Demuth—Eder) Let A, B, «, 7 be as in Theorem 3.6.25.
Set $ = L?(E,m). Assume further that

a(B) —a(A) € %(L‘X’,Ll),

7(B) — 7(A) € B(L>, L"),

[7(B) — 7(A)] - 7(A) € B(L*, L),
T(A) € B(L?, L™),7(B) € B(L, L?).

Then

2
[924(B, A) =1l pmo. (r2(a))

< const - [[a(B) — a(A)| o, + I7(B) = 7(A)|oi| - (3.6.59)
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Proof: The proof of Theorem 3.6.18 only needed the fact that (7(B) —
T7(A))T(A) is compact. Then the result follows from Equations (3.6.48),
(3.6.57) and (3.6.58). O

This is much more general than the estimate in (3.6.55) from the original
Pearson’s Theorem. It becomes even more easier if we choose a(-) = 7(-).

Having in mind semigroups a()\) = e~**,s > 0, on L?(E, m) which consist
of integral operators, (3.6.59) gives an applicable tool to study quantitatively
free and scattered systems (see also Corollary 3.6.43(iii)).

3.6.2 Stability of the Absolutely Continuous Spectra
General Trace Class Conditions

In the last section we gave a short summary of some results in mathematical
theory of scattering to show their usefulness in spectral theory. Their use for
the stability of the absolutely continuous spectrum is described further in
what follows.

Corollary 3.6.28 Let A and B be two selfadjoint operators in §). Let a(-) be
a bounded admissible function.

(i) Assume that the wave operator 2, (a(A), «(B)) exists; then
0ac(A) C 040(B).

(ii) If
a(A) — a(B) € Birace(D), (3.6.60)
then
UCLC(A) = Uac(B)~

(iii) Let 7(-) be a bounded admissible function such thatt(A)$Ha.(A) is dense
in Hac(A) and 7(B)Hac(B) is dense in H4.(B) and let

7(B)((B) — a(A))7(a) € Birace(9)) (3.6.61)

and
7(B) = 7(A) € Beomp(9)- (3.6.62)

Then
Oac(A) = 040(B).

(iv) Let A be a selfadjoint operator, B, a sequence of selfadjoint operators
converging to B in the strong resolvent sense. Let o be an admissible
function such that

s —lim a(B,) = a(B).
n— oo
Let a(By)(a(By) — a(A))a(A) be trace class and a(B,) — a(A) compact
for any n € N. Assume
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la(Bn)(a(Bn) — a(A))a(A) [[wace < M,
la(Bn) — a(A)] < M,

uniformly in n. Then
Cac(B) = 04c(A).

(v) If we take in (iii) H = L*(E,m),7(-) = af-),a(A) € B(L?, L>) and
a(B) € B(LY, L?), then the conditions in (3.6.61) and (3.6.62) are satis-
fied if

a(B) — a(A) € B(L>, LY). (3.6.63)

Remark 3.6.29. In the above (i) follows from Theorem 3.6.5, Theorem 3.6.7,
Theorem 3.6.8. The assertion in (ii) is a consequence of Theorem 3.6.16 and
the result in (iii) follows from Theorem 3.6.18. The stability of the absolutely
continuous spectrum in (iv) is due to Corollary 3.6.20.

Here we see at least in (ii) and (iv) that there is no reference or assumption
on wave or scattering operators. The results are purely spectral theoretic. The
scattering theory is only a setting, in which we obtain consequences on the
absolutely continuous spectra. We will emphasize and develop this point of
view.

The trace class conditions in (3.6.60) and (3.6.61) are very abstract but
more general than usual conditions coming from decomposing the differences
as in (3.6.60) by

a?(A) — a*(B) = a(A)(a(A) — a(B)) + (a(A) — a(B))a(B).  (3.6.64)

The reader may have in mind operators bounded from below and admissible
functions providing resolvents, a(\) = H%,)\ > —c, a < —c, or semigroups
where a(\) = e~**, s > 0. Then one introduces in (3.6.64) another bounded
operator X ~1, such that X ~'a(B) are Hilbert-Schmidt operators. Hence the

remaining condition is
X(a(A) — a(B)) € Bys. (3.6.65)

This trick is used very often in the literature. However the choice of X! has
to be so strong such that the condition in (3.6.65) is very restrictive.

In (3.6.61) the condition is weaker because the sandwiched difference has
an “energy cut off” or a smoothing property on both sides of the difference.
Hence the sufficient condition for the difference itself becomes less restrictive.
There are examples where the sandwiched difference a(B)(a(B) — a(A))a(A)
is trace class but «(B) — «(A) is not trace class.

Integral Conditions

The theory above becomes more applicable if we restrict us to Hilbert spaces
L?(E, m), where m denotes the Lebesgue measure. In Corollary 3.6.28 we have
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already seen that the trace class conditions can be satisfied if the operators
a(A),a(B) or 7(A),7(B) have some LP — L9 smoothing properties. Let us
assume in the following that o = 7 and that «(A), a(B) are integral operators
in L?(E,m) having measurable kernels a4(-,),ap(:,+) : E x E — C. Then
the expressions in (3.6.61) or (3.6.64) lead to the general question as to when
products of integral operators are trace class. This will be answered in the
next theorem.

Theorem 3.6.30 (Demuth—Stollmann—Stolz—van Casteren). Let P,Q
be integral operators in L?(E,m) with measurable kernels P(-,-) : E x E — C
and Q(+,-) : E x E — C. Assume that

P(-,x) € L*(E,m) for m—ae xz€E,
Q(x,-) € L*(E,m) for m—ae xzcE,

and that
JIPCl 1@l dim (2) < o (3.6.66)

Then there is a trace class operator PQ : L?> — L? with kernel

(PQ)(x.y) = / P, w)Q(u, ) dm (u)

E

and its trace norm is estimated by

1PQlirace < /E [Py @) 2 |Q(, )|l o dm (). (3.6.67)
Remark 3.6.31. It is obvious that

/E 1P )| 2 QG Mlge dm () < 1Pl 1@z - (3.6.68)

where ||.||gs denotes the Hilbert—Schmidt norm. This means that the as-
sumption in (3.6.66) is weaker than assuming that both P and @ are Hilbert—
Schmidt operators. It is not even necessary for one of P or @) to be Hilbert—
Schmidt. For instance, take P(z,y) = p1(2)p2(y), Q(z,y) = q1(x)ga(y) where
pi, q; are positive functions on E. Assume p; € L?,qo € L2, and (p2,q1) =
[ p2(@)ar () dm (x) < oo.

Then PQ is a trace class operator and we obtain

1PQlltrace = |lp1llz2[lg2]| 2 (P2, 41)
< |lpallz2llpellzzllaal L2 [lg2ll L2
= [|Pllasl|Qllas-

Proof of Theorem 3.6.30: Let ¢ : E — C be a function determined below

such that % exists. Then
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1PQUce < P62 B
< 1Polislo™ Qs
= | [ dmta) dm(w) PG o)

| [amts) dmt) 1602 Q0w

= | [ dm@iotP1pewl?] | [ antowi-21e0. )P

This becomes symmetric in P and @ if we choose

o) [P )l = —— QG )|,
lo(u)
ie.,
QG e
Pl = 1CwlE -

Remark 3.6.32. Assume that P is a bounded operator from L' to L?. The
Dunford—Pettis theorem implies that P is an integral operator the kernel of

which satisfies
1/2
esssup</|P (y,w)|?dm( )) < 0.

Thus if Q has a kernel with the property

/\// Qu, )| dm(y)  dm(u) < oo, (3.6.69)
E E

the product PQ is trace class.

This last criterion will be applied to Theorems 3.6.16, 3.6.18 and to similar
conditions ensuring the stability of the absolutely continuous spectrum o, or
the essential spectrum oqss. We will make the following assumption throughout
this section.

Assumption 3.6.33. Let A, B be two selfadjoint operators in L*(E). Let o :
R — R be a bounded admissible function.

Let a(A) and o(B) be integral operators with measurable kernels aa(-,-),
ap(+ ). a(A) and a(B) are also selfadjoint such that their kernels are sym-
metric. For them we formulate the following assumptions:

(A1) Let a(A), a(B) be L>® — L* smoothing, i.e.,
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emw/mwwmmw=m<w
rzeFE E

esssup [ Jap(z,y)] dm(y) = as < .
xeFR E

and set a = max{aa,ap}.
(A2) Let as(-,-),ap(-,-) be Carleman kernels, i.e.,

esssup [ Jaae.g) Pdm(y) = ba < .
E

zEFR

emw/mmmewz@<w
rzeFE E

and set b =max{ba,bp}.
(A3) Let a(A),a(B) be L' — L* smoothing, i.e.,

esssup |aa(z,y)| = da < o0,
r,yck

esssup | (x, )| = dp < o0,
z,yelE

and set d =max{da,dg},
(Of course (A1) and (A3) imply (A2)).

Because « is assumed to be bounded, o is also an admissible function
(see Lemma 3.6.14 (iv)). We will formulate the results in terms of a? because
the notation of the proofs is simpler.

Theorem 3.6.34. Let A, B and « be as in Assumption 3.6.33 with « satis-
fying (A1) and (A3). Set

D = o?*(B) — a*(A).

D is an integral operator with the kernel D(-,-).
Then 04c(A) = 04c(B) if

//|D(:c,y)|dm(x)dm(y) < 0. (3.6.70)
EE

Proof: Using Theorem 3.6.18 we will show
a?(B)(a?(B) — a?(A))a?(A) € Birace (LA (E)) (3.6.71)

and
a*(B) — a*(A) € Beomp(L*(E)). (3.6.72)

For (3.6.71) we use the Theorem 3.6.30 in the form
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|| a*(B)D a®(A)|],nce < lla(B)(B)Dax(A)|ace || a(A)]-

Then

la(B)a(B)Da(A)]e < / o), | [dm(y)ianty.o)?
E

[amt) /dm / (v)an (@, w) Dlu, v)aa(v,y)P

<a-b/?. /dm
E

X dm(y (ul)/dm(v1)|a3(:c,ul)D(ul,vl)aA(vl,yﬂ
E

1/2

dem(w)édm(vg)aB(a:,uQ)D(ug,vg)aA(vg,y)|

<a- b/dm(x)/dm(u)/dm(v)|a3(x,u)D(u,v)|
E E
< a? ~b/dm(u) /dm(v) | D (u,v)].

The compactness in (3.6.72) is easy because D is Hilbert—Schmidt in view of
the inequality (3.6.70) and the bound |D(z,y)| < 2ad. O

Corollary 3.6.35 Under the assumptions of Theorem 3.6.34 the Extended
Pearson’s Estimate (EPE) has the form

[124(B, A) —1|| (M. (at(4)) < const - /dm(a:)/dm(y)|D(x,y)|
E E

Remark 3.6.36.

(1) The trick explained in (3.6.64) and (3.6.65) would imply conditions of the
following form

a*(B) — a*(A) = a*(B) X 'XD + DX X 1a?(A).
Take for X! the multiplication operator
(X)) = (1 +]a) "% f(2)

for an appropriate ¢ > 0, such that a?(B)X ~! and X ~*a?(A) are Hilbert—
Schmidt operators; then the remaining trace class condition is
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/dm(x)/dm(y) (L+ [z[*)? |D(z, y)|?
E E

< Zad/dm(l’) /dm(y) (1+ |z|>)? |D(z,y)| < 0.  (3.6.73)

This inequality is stronger than (3.6.70).
(2) If we use the C'DS?-theorem (see Theorem 3.6.30) for the decomposition
as in (3.6.64), that is for

o*(B) — a*(A) = o*(B)D + Da?(A), (3.6.74)

a sufficient trace class condition is

/ dm(z) / D(x,y)|? dm(y) < oo (3.6.75)
E E

(see Remark 3.6.32). Also this condition is stronger than the condition in
the inequality (3.6.70). Hence the inequality (3.6.70) seems to be the best
possible condition to ensure that the absolutely continuous spectrum is
stable in this context.

The bound in the inequality (3.6.70) establishes an L'-condition for the sta-
bility of 0. The next proposition is an L2-condition for the stability of Tegs.

Proposition 3.6.37. Let A, B be two selfadjoint operators satisfying (A2) of
Assumption 3.6.33. Then the difference a*(B) — a*(A) is a Hilbert-Schmidt

operator if )
/dm(x) </dm(y)D(x,y)|) < 0. (3.6.76)

Proof: Using (3.6.64) the Hilbert-Schmidt norm of a*(B) — a*(A) can be

estimated by
\/ [an)( [ amw) |D<x,y>|)2,

giving the result. 0

Corollary 3.6.38 If o is an admissible function, such that the condition in
(3.6.76)is satisfied, then oess(A) = Tess(B).

Finally, we show that [ |D(z,y)|dm(y) also give a bound for the traces.

Proposition 3.6.39. Let Assumption 3.6.33 be satisfied with (A2). Assume
that a*(B) — a*(A) is a trace class operator. Then its trace satisfies the esti-
mate,

trace(a?(B) — a?(A)) < 2b/dm(gc)/dm(y) |D(z,y)].

E E
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Proof: The trace is
trace(a*(B) — a*(A)) = trace(a(B)Da(B)) + trace(a(A)Da(A))
<25 [dm(a) [am(y)|D(z.p).

E E

Semigroups and integral conditions

In the previous section arbitrary bounded admissible functions were allowed.
However in the context of integral operators the most prominent example
is a(\) = e7* ¢ > 0. This means that the operators «(A) = e~ ' are
semigroups of operators generated by the semibounded selfadjoint operators
A and B, respectively. Using the Laplace transform

A —l:oo—at—tAd
(A+a)'f /Oe et fdt

—a < inf o(A) one can transfer the condition to differences of resolvents or to
powers of resolvents.

However for a large variety of applications it is sufficient to study the
behaviour of the semigroups. Hence we will summarize and simplify the results
of the last section to an admissible function of the form a(A) = e~*4.

Assumption 3.6.40. Let A, B be two semibounded selfadjoint operators in
L*(E). Let {e=*4t > 0}, {e7*B,t > 0} be the associated semigroups gen-
erated by A and B, respectively. Assume that the operators e~ ', e B are
ultracontractive, which means they induce operators in B(L?, L>°). Then they

possess kernels which we denote by
e_tA<.7 .)7 e_tB(.7 .).

Assume that the semigroups are L —L> smoothing and also L' —L> smooth-
ing. Then the kernels satisfy (A1) — (A3) of Assumption 3.6.33. Here we set

esssup [ e (a.g)ldm(y) = aa(t),
S

E
esssup [ 72z )ldm(y) = an(t),
S

E

esssup [ e (e ) dm(y) = ba®)

el

ess sllﬂlp /|e_tB(w,y)|2dm(y) =bp(t),
S
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esssup  |e Az, y)| = da(t),
z,yeE

ess sup ‘e_tB(w,y)’ =dp(t).
z,yelE

Set a(t) = max{aa(t),ap(t)},b(t) = max{ba(t),bp(t)} and d(t) = max
{da(t),dp(t)}, where t is arbitrary but fized. The difference of the semigroups
is denoted by

Its kernel is given by

Dt(xvy) = e_tB(xay) - e_tA(m7y)'

In Section 3.4.2.2. it turned out that the functions f dm(y)|D(x,y)| played
a crucial role, where D(z,y) was the kernel of D = o?(B) — aQ(A) Therefore
we give this integral a special name if D is the semigroup difference.

Definition 3.6.41. Let D; = e *8 — ¢~*4 with the kernel D;(-,-). We define

/|Dtmy|dm>

and call it comparison function.

Now we are able to summarize the results of this chapter in terms of this
comparison function.

Theorem 3.6.42 (Demuth). Let A, B be semibounded selfadjoint operators
and let the associated semigroups e~ 4, e B satisfy the Assumptions 3.6.40.
Then,

(i) the semigroup difference

Dy — ¢ 2B _ =24

is trace class if \/Dy(-) € L. Its trace norm can be estimated by

[ VD) dm(a)

(i) The sandwiched semigroup difference
e—tB D2t e—tA

is trace class if Dy(-) € L'. Its trace norm can be estimated by

/Dt(x) dm(x)
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(iii) The semigroup difference Doy is Hilbert-Schmidt if Dy(x) € L2. Its
Hilbert-Schmidt norm is estimated by

(ﬂm@ﬁmmﬂm.

() If Dy is a trace class operator and its trace has the estimate

trace Dy < /|D2t(m)\ dm(z).
E

Proof: The proofs are given in the last section (in Theorem 3.6.34, in Remark
3.6.36 (3.6.75), in Proposition 3.6.37 and Proposition 3.6.39). They will not
be repeated here. O

Corollary 3.6.43 Let A and B be the selfadjoint operators as given in the
last theorem. Let D1(-) be the comparison function for t = 1. Then

(i) 0ac(A) = 04c(B), if D1(-) € LY(E).
(“) Uess(a) = Uess(B)v if Dl() € LQ(E)
(i) If D1(-) € L*(E) the wave operators 2+ (B, A) exist and are complete.
For f in a dense set of H4.(A) we have

(@B, 4) <01 < ¢s - [ Dia) dma). 0

3.7 Notes

Section 3.1

The theory of rank one perturbations was originally done in the work of
Donoghue [76]. The revival of the theory in the context of random operators
is recent and the works of Simon—Wolff [181]. Subsequently the theory was
very effectively used to handle several problems in the random operators. The
material presented in this section is based on Simon [177].

One of the components used in the spectral theory of random operators is
spectral averaging formula, Proposition 3.1.4. We refer to Simon [177], Section
1.3 for comments on the history of the formula. We present here in Theorem
3.1.5 a converse that the Lebesgue measure and its positive multiples are the
only measures for which this integral formula is valid.

The Simon-Wolff Theorem 3.1.7 is from [181], in the form presented in
[177].

Section 3.2

The theorem of Wiener presented here is used very much in scattering theory,
especially in proving the RAGE theorem given earlier.
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Section 3.4

Approximate eigenfunctions were used to determine spectra of selfadjoint op-
erator in the theorem of Weyl, see Simon [159]. We refer to Chapter 4 for the
definitions of operators used in the following.

Gilbert—Pearson [89] gave criteria for identifying components of the spec-
tral measure in the case of one-dimensional Schrédinger operators and their
theory is known as the subordinacy theory. Consider a Schrodinger operator
—A+V on L?(R*), with some boundary condition at 0 that gives us a selfad-
joint operator when V' is locally integrable. Then such an operator has simple
spectrum and as such can be shown to be unitarily equivalent to a Jacobi
matrix J given by

(Ju)(0) = agu(1)+bou(0), (Ju)(n) = apu(n)+byu(n)+a,riu(n—1), n €N,

with a, > 0 and b, € R. Then the vector dyo(n) = do, is a cyclic vector
for J and therefore the measure p = (dg, P;(-)dp) is a total spectral measure
for J. Further the Borel transform of u, given by m(z) = f 1 —du(z

the Green function (&g, (J — 2)71dp) and it can be wrltten in terms of the
solutions of the difference equation Ju — zu = 0. For any infinite sequence
{u(0),...,u(n),...}, let us denote for any n € N, Q,u to be the n-dimensional
vector {u(0),...,u(n — 1)} and let ||Q,u|/2 denote the £2 norm of this finite
vector. With this notation let us call a solution u of the equation Ju = zu
subordinate if for any other solution v of this equation one has

lim Qrull2

=0.
1= [|Qrvll2

(Note here that in view of the selfadjointness of J, the equation Ju = zu
cannot have an ¢?(Z") solution for non-real 2.)

Gilbert—Pearson use the notion of minimal support of a measure p, which
is its supported when compared to the Lebesgue measure. For a measure p,
their definition of minimal support of p is the set S such that u(R\.S) =0
and for every subset Sy C S satisfying u(R\ Sp) = 0 one has |S'\ Sp| = 0. The
set S is also called the essential support of u.

So considering this setting a restatement of the result of Gilbert—Pearson
([89], Theorem 3 ) is:

Theorem 3.7.1 (Gilbert—Pearson). Consider a Jacobi matriz J as above
and let u be the associated total spectral measure. Then,

(i) the set
{E : Ju = Eu has no subordinate solution},

is the minimal support of pac.
(ii) The set
{E : Ju = Eu has subordinate solutions},

1s the minimal support of .
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(iii) The set
{E : Ju = FEu has subordinate solutions in ¢*(Z")},

is the minimal support of .
(iii) The set

{E : Ju = Eu has subordinate solutions but not in ¢*(Z")},

is the minimal support of pisc.

This theorem is improved by Jitomirskaya—Last [103] to the following.
Consider A + B on (%(Z*) with

(Au)(n) = apu(n +1) + ay,_1u(n — 1), (Bu)(n) = byu(n), n € ZT,

with a, > 0,72 a,! = oo, b, € R. Let §; denote the orthogonal projec-
tion onto the vector supported at 1. Consider the two solutions uy,us of the
equation

Hyu = (A+ B —tan(0)6,)u = Fu, 6 € (—7/2,7/2),

with the respective initial conditions

ur(1) ua(1)y _ 1 0

u1(2) u2(2)) 7E+ta259)7b1 *6711
(which amount to the orthogonal conditions “uq(0) = 0,41 (1) = 1 and uz(0) =
1,u2(1) = 0”). With these notations the theorem is

Theorem 3.7.2 (Jitomirskaya—Last). Let E € R, o € (0,1) and consider
the solutions uy,us associated with E and the operator Hy with the initial
conditions given above. Then
Di(E)=00 <= lim NQumla _,
L—o0 2-a
|Qruzll;

Recent work of Christ—Kiselev—Last [47] gives criteria based on approxi-
mate eigenfunctions. The Theorem 3.4.2 is Theorem 1.5 of [47] and the proof
can be found there. Although this seems like a powerful criterion, as of now
this criterion has not been effectively used.

On the other hand a related criterion in terms of explicit generalized so-
lutions for partial differential (difference) operators, the theorem of Kiselev—
Last given below, is applicable for several concrete operators and is used to
determine their spectral type.

Theorem 3.7.3 (Kiselev—Last). Let H be a selfadjoint operator in L?(R%)
given by H = A+ V with V(z) € L (RY) (respectively the one given by

loc
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equation H = A4V on (*(Z%)). Suppose there are (generalized) solutions to
the equation Hf, = Ef,_, such that

B 2
|Bufsld _

R~ ’

lim

R—o00
where Br denotes the operator of multiplication by the indicator function of
the ball of radius R in R (respectively in Z). Suppose, there is a vector ¢ €
L*(R?) (respectively ¢ € (*(Z%)), such that [4. fe(z)p(x) # O (respectively
Y oga fE(n)d(n) #0). Then D7, (E) > 0, where u? is the spectral measure of
H associated with the vector ¢.

Section 3.5

The section on Mourre theory follows the original work of Mourre [148]. The
method of finding a local conjugate to a given selfadjoint operator was widely
used to obtain the absence of singular continuous spectrum in the case of
N-particle Schrodinger operators [10]. The attempt to show the existence of
a local conjugate seems to require some minimal smoothness of at least one of
the summands when dealing with perturbations of two selfadjoint operators
as it happens in the case of Schrodinger operators.

Section 3.6

Standard textbooks for mathematical scattering theory are those of Kato
[108], Amrein—Jauch—Sinha [12] Reed—Simon [158], Baumgéartel-Wollenberg
[20], Perry [155] or Yafaev [192].

Theorem 3.6.4
The proof of Theorem 3.6.4 is given e.g., in Reed-Simon [158] p. 19.
Theorem 3.6.7

The proof of Cook’s criterion can be found in all of the standard textbook.
The reader may consult Reed—Simon [158] page 20.

Theorem 3.6.8

The proof follows the arguments given on page 323 of Baumgéartel-Wollenberg
[20].

Theorem 3.6.9

Trace class criteria go back to Rosenblum [165] and Kato [105], [106]. Then
they were extended to trace class conditions for differences of operator-valued
functions by Birman [27] and generalized to two-space scattering by Pearson
[153].
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Definition 3.6.10

The subspace M, (A) was also introduced, for example, in Reed—Simon [158]
page 23, and is studied in various aspects by Baumgértel-Wollenberg [20] page
58 ff.

Lemma 3.6.14

Properties (¢) and (i¢) are taken from [20], page 158 ff. (iii) is new here; it can
be proved in the same fashion as (i), (ii). Property (iv) is obvious from the
definition.

Theorem 3.6.16

The proof can be taken from [20] pages 343 ff, or one can consult also [158]
page 30.
New results on the invariance principle are given by Xia in [190] and [191].

Theorem 3.6.18

The possibility of the improvement of the trace class criteria to sandwiched
differences goes back to an idea of Birman who studied wave operators for
mutually subordinate operators (see e.g., [158] page 28). The crucial condition
in case of subordination is that Pp(S)(B — A)P4(S) is a trace class operator
for any bounded interval S C R. That implies immediately the condition
in Equation 3.6.48. This is more practicable, because there is only a rough
knowledge about the spectral measures for general selfadjoint operators. A
two-space version of the proof for Theorem 3.6.18 is given in [62] and in [64].

The two-space version of the usual trace class criterion due to Pearson
is given in Reed-Simon [158] page 24. A proof for §4c(A) = Hac(a(A)) for
admissible « is given by Baumgértel-Wollenberg [20] page 158.

Lemma 3.6.19

The idea of extending the trace class conditions to operators which are limits
of operator sequences and the proof idea of this lemma go back to T. Ichinose
(private communication 2001). The motivation was to include Schrédinger
operators with negative d-like potentials.

Theorem 3.6.21

Pearson’s estimate goes back to Rosenblum. It follows directly from the proof
of Pearson’s Theorem. A two-space version of Pearson’s estimate is given in
Reed—-Simon [158], page 26.

Examples where 7(B)(a(B) — a(A))7(A) is trace class, but a(B) — a(A)
is not trace class are given in van Casteren-Demuth—Stollmann—Stolz [70].
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Definition 3.6.23

The idea to introduce the subspace Mo, (7(A4)) goes back to S. Eder (pri-
vate communication 1999). The proof ideas are a refinement of the proofs for

Mo (A).
Lemma 3.6.26

The estimates are consequences from the theory of p-summing operators. The
interested reader may consult Diestel-Jarchow—Tonge [73]; Bergh—Lofstrom
[26] or Eder [80]. The more general frame of lattice theory is given e.g., by
Schiéfer [170] or Meyer—Nieberg [144].

Remark 3.6.29

The trick to decompose a(B)(a(A) — a(B)) into a(B)X ! and X (a(A)
—a(B)) was used by Arcenev [14]; Deift-Simon [59]; Baumgértel-Demuth
[19]. The sandwiched differences a(B)(a(B) — a(A))a(A) are studied by van
Casteren-Demuth-Stollmann-Stolz in [70]. If A is the Laplacian in L?(R?)
and B is the Laplacian perturbed by Dirichlet boundary conditions one can
find examples where a(B)(a(B) — a(A))a(A) is trace class but a(B) — a(A)
is not even Hilbert—Schmidt (see also [70] and the notes for Chapter 5).

Theorem 3.6.30

An extended proof of this criterion is given by Demuth—Stollmann—Stolz—van
Casteren [70] in Theorem (3.6.42). A two-space version of this theorem is
given by Demuth in [62].
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Operators of Interest

We will illustrate the usefulness of the spectral theoretic criteria developed
in Chapter 3 for several physically motivated models described by different
Schrodinger operators. These models will be classified with respect to different
kinds of perturbations.

The first class of examples are deterministic perturbations. Here we re-
strict ourselves to the usual multiplication with a potential function. Further
possible perturbations for instance by variable coefficients in the first and
second order of the differential operator are not considered.

The second class of models describes the randomness of quantum mechan-
ical systems. Here the potentials can vary randomly.

The third class are singular or domain perturbations. This class models
the perturbations of potentials barriers of infinite height. In the context of
Dirichlet forms these are domain perturbations. For local operators such per-
turbations are modelled by imposing Dirichlet boundary conditions.

4.1 Unperturbed Operators

The variety of interesting unperturbed operators is so large that we restrict to
those operators which play an important role in quantum physics. It is natural
to start with the Laplacian —A in LQ(Rd)7 because it describes the kinetic
energy of a free non-relativistic particle, given by %. Following Einstein the
energy of a relativistic particle is

Ve2p? + m2et — me?

where c is the speed of light. Note that this expression tends to 5% as ¢ — 0.
Models for crystals doped with impurities are often given on lattices. Hence
A on lattices is included.
However, as mentioned above, the variety of possible also interesting op-

erators is huge. For diffusion problems operators in divergence form —V(aV)
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are relevant, where a is a diffusion matrix with variable coefficients. It would

be also of interest to study unperturbed operators of the form (—iv — A )2
where a magnetic potential is present. Moreover, from the mathematical point
of view it is of interest to treat Laplace—Beltrami operators on locally finite
Riemannian manifolds.

To find a selection of models illustrating the general theory of Chapter 3,
we study only the Laplacian —A on L?(R?) and on 12(Z4), fractional powers
of the Laplacian of the form (—A)* with 0 < a < 1, and the relativistic

Hamiltonian v—A + ¢2 — c.

4.1.1 Laplacians

For the sake of completeness we introduce the unique selfadjoint operators
which correspond to the differential expressions mentioned above. We start
with the Laplacian, because it is an important free operator. In what follows
we use both ~and F to denote the Fourier transform.

Definition 4.1.1. Let L?(R?, dk) be the image of L?(R% dx) under Fourier
transform. Let P; be the multiplication operator in L?(R?, dk) given by

(P, f)(k) = kif(k), i=1,...,d.

P; is called the momentum operator. It is selfadjoint on its domain

dom (P;) = {f € L*(R?, dz); /R ki |21 F (k) [dk < oo}

Let P? be the multiplication operator by |k|? = Z k? in L*(R% dk), i
=0

(P21)(k) = |K[* F(k) (4.1.1)
with
dom (P?) = {f € L*(R?, dx); / kY [ F(R))? dk < oo}
Rd’

Remark 4.1.2. According to the definitions above

P? = zd: P
i=0
The Schwartz space S(R?) is contained in dom (P?). For f € S(R?) one has
(P?f)(z) = (A f)(x), (4.1.2)
with A = Zz 0 ax P? restricted to S(RY) is essentially selfadjoint so

that (P | S(Rd)) = P2. Hence P? is the only selfadjoint realization of the
Laplacian. This will be also denoted by —A or sometimes by Hy (see below).
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Remark 4.1.3. The definition of —A coincides with the Friedrichs extension
(see Corollary 2.1.27). The associated sesquilinear form is

alf. gl = (V=Af, V-Ay) (4.1.3)
where f, g € dom (a) with
dom (a) = dom (vV—2)
— {f € L2(R%, da); / K2 T dk < oo},

Of course dom (—A) C dom (v—A) and dom (—A) consist of all functions
g € dom (vV—A) with vV—A g € dom (vV—A4).

The previous concept of introducing the Laplacian in Definition 4.1.1 can
be extended to functions of it.

Definition 4.1.4. Let g be a real-valued C*°-function with the following
properties:
(i) g : Ry — [b,00) for some b € Ry
(i) )\lim g(A\) = o0
(iii) The set {A € R4, ¢g’(A) = 0} is countable and has an accumulation point

at most at infinity.

Then we define
(Hof)(x) = (F*My Ff)(x) (4.1.4)

or
(F Hof)(k) = My (Ff)(K),
where M, is the multiplication operator in L?(R%, dk) with the function g(-)

given by R R
(M, ) (k) = g(H2)F ().
The domain of Hy is
dom (Hy) = F*dom (M,) (4.1.5)
— (f e L*RY, dn) / g(K2)? [F (k)2 di < oo).
Rd

Remark 4.1.5. The unperturbed operator Hy, defined above, is selfadjoint
positive and has purely absolutely continuous spectrum.

Due to the assumptions (i)—(iii) on the function g we have included all the
operators which we have in mind for the illustrating examples, i.e., we have
included

— A (—A)* with 0 < a <1,

V-A+c2—c

(4.1.6)
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As long as the theory is true for Hy in general, we will not distinguish
between these examples.

Moreover, it is possible to translate the Remark 4.1.3 to Hy. Its associated
form is

alf.9l = (Hy*f. Hy'?g) (4.1.7)
with
dom (a) = dom (Hé/Z)
= {f € L*(R%, dx) : / g([k[?) (k)] dk < oo}.
Rd

We consider next the analog of the Laplacian on the lattice Z?, which we
will continue to call the Laplacian.

Definition 4.1.6. A on (2(Z9) is defined as

(Au)(n) = Z u(i), u € 3(Z%).

In—i|=1

Remark 4.1.7. With this definition this operator is bounded selfadjoint and

has purely absolutely continuous spectrum which is equal to [—2d,2d]. Let

T¢ = R?/Z% and denote points in T¢ by (1,...,64). Then A is unitarily
d

equivalent to the operator of multiplication by QZCOS(QZ'). In view of the
i=1

fact that the spectrum of A is symmetric about 0, we will not write —A in

the case of lattice Laplacians, unlike the continuum case.

We give a few properties of two functions of A, namely e**4 and (A—2z)~1.
We use the notation {6,,} to denote the standard basis for £2(Z<), that is &,
for £2 sequences given by d,,(m) = 1,0, (n) = 0,m # n.

Lemma 4.1.8. Let Ji(x) denote the Bessel function of the first kind with k
an integer and x real. Then

d
(6 €28,) = 2m)* [~ Ty —m, (21).
j=1
Proof: As stated earlier A is unitarily equivalent to the operator of multipli-
d
cation by the function 2 Z cos(f;) on L?(T¢) under the unitary equivalence
j=1
implemented by the Fourier Series u — u given by u() = \/% o ey (n),
7.4

a priori defined on ¢!(Z%) sequences and extended to £2(Z?). Therefore writ-
ing (6,,,€448,) in this representation and using the definition of the Bessel
function of the first kind, namely,
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1 2 ) )
Jk(x) _ o A R cos(@)elkﬁde’

the lemma follows. O

Lemma 4.1.9. Consider Ji(x), k € Z,x € R. Then the asymptotic estimates

_C |k:| = 00
k? 9

k()| < 4 VIH
e |I| — 00,

\/m:

are valid with C' independent of x or k.

Proof: This is a direct application of the stationary phase method, to estimate
the integral defining the Bessel function, and we refer to the notes for more
on this. g

In the following proposition we will consider the properties of the matrix
elements of the resolvent, Go(z,m,n) = (6, (A — 2)716,).

Remark 4.1.10. It might be tempting to think, in analogy with the case of
the continuous Laplacian, that the quantities Go(E+140, m, n) have a singular-
ity in £ and that decay like [n —m|~4*2 for large |n —m| in dimensions d > 3.
Both these expectations are incorrect as will be seen in the next proposition.
In fact we cannot have Y. |Go(E + i0,m,n)|* < oo for a set E of positive
mezd

Lebesgue measure in [—2d, 2d], since such an estimate would imply absence
of spectrum on that set, which is a contradiction. Therefore the best one can
hope for is a decay like |n — m|_% for Go(E + i0, m,n) and we will prove
something close to this in d > 3.

Proposition 4.1.11. Consider the Laplacian A on (?(Z%). Then the follow-
ing are valid.

(i) For d =1, Go(E +i0,m,n) is bounded continuous in the complement of
any open set containing {—2,2}.
(ii) For d = 2, Go(E + i0,m,n) is bounded continuous in the complement of
any open set containing {—4,0,4}.
(iii) For d > 4, Go(z,m,n) is bounded continuous in C* and satisfies,

1. d 1
1 3 1 3

Go(E+i0,m,n <C< > ( ) ,

[Go V< mmma) Hlme=mg

Jj=5

for any € > 0, where w(-) is a permutation of {1,...,d} such that
[(n—=m)z)l <[ =m)r@)| < <[ = M)r(al-
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Proof: (i) Is an explicit calculation of

2w i6(m—n) . _ |m—n|
Golzm.n) = / e do — sgn(m — n) / w dw,
0

2cos(f) — z 2mi wrwl—z w
|lw|=1
using contour integration, where we have taken sgn(y) = Iz%l’ y # 0. This

gives the expression

(z + V22 — 4)|min‘

22 —4

Go(z,m,n) = sgn(m — n) ,
where the choice of the square root is so that the numerator has exponential
decay in |n —m| when z € CT. Taking boundary values now gives the result.

(ii) We set m = 0 for simplicity of writing (noting that everywhere below
replacing n by n —m will give the result for the case of non-zero m) and take
n = (ni,n2). Then,

e—inlel—ingeg

1 2 p2m
GO(Z707TL) = WA /0 d91d92 (Q(COS 01 T cos 92) — Z) . (418)

At this stage we note that since I'm(z) is non-zero, the function in the inte-
grand is a bounded continuous function for all nq,ns. Therefore, we do the
calculation below only at 6; with cos(f;) # 0, while we continue to write the
integral as if it is valid for all 6;. Since we are omitting only a set of measure
zero (in 1) there is no problem with the definition of the integral. We change
variables to 0 = w, ¢ = % and use a trigonometric identity involving
sum of cosines and rewrite the expression as

e*i(n1+n2)97i(n17n2)¢

1 2m 2w
Go(z,0,n) = (277)2/0 /0 dode (@(cosfcosg)—2) (4.1.9)

For a further simplification we write the integral with respect to ¢ as a contour
integral. Let

a=e¢"%ny>0 and a=e" ny <0 (4.1.10)
then
2m )
Go(z,0,n) = sgn(ny — n2)2— df e~ (mitn2)0
™ Jo
X SR (4.1.11)

X —
21

d .
lal=1 a(2008(9~a2 +2cosf —z-a)

Denoting the roots in the denominator in the integrand as z4 =
22 — 16(cos 0)?)/4 cos 0, we have
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2m
Go(2,0,n) = sgn(n1 —na)o— ; dfe = (n1tn2)0
(4.1.12)

1 d almi—nz|
% 2m'/a|:1 a2cos€(afz+)(af z2)

Using the residue theorem and noting that when ¢ > 0, the roots z+ do not
lie on the unit circle but fall one each in the interior and exterior of the unit
disc (this can be seen by computing the product z;z_ which equals 1 and
noting that when z is non-real, neither z;,z_ is on the unit circle). When
Re(z) = E € (—4,4), the integral is simplified to

1 271' .
Gol=,0,m) = sgn(m — nz) / 4 ¢~ilm+n2)o
0

X (z)lm 2]
210 Jiq=1 2cosf(zy —2-)’

(4.1.13)

where we made a choice of the square root so that |z | < 1, without actually
specifying the choice. Since we are only interested in estimates of this integral,
this ambiguity will not cause any problems. A further simplification of the
integral yields

1 27 —i(n1+n2)0 [n1—na|
Go(z,0,n) = sgn(ny — ng)g/o do < \/% . (4.1.14)

Now a change of variables x = cos 8 gives
_sgn(ni —no)

™

y / L (@ = senn + na)ivT=22) Ml (s ()l el

Go(z,0,n) =

dzx

-1 él\/l—gfczw/%—sv2

We note here again that the above expression is valid only up to fixing a
branch of the square root which we have left ambiguous. We have not com-
puted z; explicitly, but note that it depends on z and x and satisfies |z | < 1
for 2 € C*. We also note that z, (x,z) has no singularity at x = 0 event
though this fact is not apparent from the expression for it; the reader who is
not convinced can explicitly estimate and verify, by making a choice of the
square root, that the bound |z (z, z)| < 2|z|/|z| is valid for « in a neighbour-
hood of 0 for each fixed z € CT.

It is clear from the expression above that when ¢ = 0 and E € [—4, 4], the
integral diverges logarithmically when E = 0, —4,4; otherwise the integrand
has only a square root singularity at the points —1,1, —E/4, E/4. Further the
numerator in the integrand has modulus at most one. Let S denote the com-
plement of any open set containing {—4,0,4} and let 6 = dist(S, {—4,0,4}).
Then using the above facts we estimate the integral when E € S:

(4.1.15)
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1
1 |fa-aa+a)E -a)& +a)

(4.1.16)

1t
|Go(z,0,n)] < f/ dx
™J-1

Then a tedious calculation by splitting the integral appropriately into four
parts according as {(F,z) : S > E < 0,z < E/4}, {(F,z) : S5 E <0,z >
E/4}y, {(E,x) : S5 E >0,z < E/4} and {(E,z): S > E > 0,z > E/4}, we
obtain the estimate

1Go(2,0,n)| < C(6)"%, C independent of n, E,e. (4.1.17)

From this the stated result follows.
(iii) We have the expression

0
Go(z,m,n) = z/ (6, €126, e~ = dt.
From this relation and Lemma 4.1.8 we see that

0 d

Go(z,m,n) =1 (27r)d/ e~z H " Ty —my (21) dt.
oo i
Given the pair n,m let ™ be a permutation on {1,...,d} such that |n —m|.;

is non-decreasing as j increases (note that this permutation depends on the
pair (n,m), but we will not show this dependence explicitly in 7). By this
choice we have

[(n=m)zy| <[(n—m)r@)| < (0 —m)r@)| <0 <|(0—M)r(a)l-

These choices are made to get as much decrease as possible for Go(z,m,n)
with real z as |(n — m)| increases. Then we use the estimates

C
1+ |t

ocms 1= (8) (reremar)
(n—m)-;r(4) + ‘t| 1 + |(7’l _ m)ﬂ(4)| )

C 3
Jn— L(21)] < >4
| (n m)ﬂ'(])( )| — (1+(7L—m)ﬂ(])|> y JZ 3

together with the bound |e~%*| < 1, when Im (z) > 0, ¢ < 0, to get the bound

1. 4 1
1 3 3

Go(z,m,n)| < C .

oz, m, ) <1+|<nm>ﬂ(4>|) U(1+| >W<j>|>

oo 1 14+e€
()
o \1-+[t

‘J(n—m)wm CORS Jn—m)nis) (20)] <
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The integrand in the integral defining Go(z, m,n) is uniformly bounded by an
integrable function when Im (z) > 0. The integrand is continuous in z € C;
therefore the boundedness and the continuity of the integral in C+ follows by
dominated convergence. O

4.1.2 Unperturbed Semigroups and Their Kernels

Since all the operators Hy in Definition 4.1.4 are selfadjoint and positive they
generate strongly continuous, selfadjoint contraction semigroups in L?(R¢, dx)
= L?(R%) denoted by {e~*Ho t > 0}. These semigroups play a central role
in spectral theory because they are related to the resolvents via the Laplace
transform:

oo
(Ho+a)~*f :/ e~ em Mo faN a>0. (4.1.18)
0

For all the generators Hj that we have in mind here, the operator e~*Ho
for fixed ¢ > 0 are integral operators in L?(RY). We denote their kernels by

e~ tHo(.,.) mapping R? x R? — R. In particular,

1) If Hy= —A, then

1 le—y|?
—tHy _ _lz—yl”
e o (z,y) = i © (4.1.19)
2) If Hy=(—4)* 0<a<1, then
1 20,
—tH, _ —t|k|** +ik-(x—y) gL 4.1.20
) = o [ , (11.20)
which for |z — y| > 1 gives the estimates
C1 —tH, C2
td/20 [ — yld+2a < e (ay) < td/20)p — yldt2a (4.1.21)
3) If Hy= (—A)Y2 then
d+1 t
—tHyp _ —(d+1)/2 |
e (x,y)—l‘( 5 )71' NP ETCES (4.1.22)

4) If Hy=+v—-A+c?—¢, then
) 1 t
,Y) =
27V T — 2 2
@mT iz =yl + (4.1.23)
X / exp {ct— \/(|x—y|2+t2)(k52+02)} dk.
Rd

e—tHO(
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4.1.3 Associated Processes

For the unperturbed operators Hy considered here, i.e., for the Laplacian
—A, for the fractional powers (—A)%, 0 < a < 1, and for the relativistic
Hamiltonian v —A + ¢2 — ¢, there is a powerful tool to handle the semigroup
or resolvent differences by the theory of strong Markov processes associated
to the generators Hy.

In this subsection we denote by Hy one of the operators —A, (—A)® with
0<a<lvV—A+c2—c. Since Hy is selfadjoint the corresponding semigroup
is symmetric and strongly continuous. The semigroup possesses the Feller
property, i.e., e *H0Cy C Cy, where Cy = Cy(R?) are the continuous function
vanishing at infinity. The kernels e~*#0(x,y) are continuous in ¢,z, and y.
Their total mass is one, i.e.,

/d e Ho(z ) dy =1, (4.1.24)
R

t >0, x € R ie., the semigroup is also Markovian. Hence the kernels
e~ tHo(z y) satisfy the so-called basic assumption of stochastic spectral analy-
sis. The Kolmogorov construction can be used to determine a strong Markov
process

{(2,80,P,), (X;,t>0), (RY Bga)} (4.1.25)

which is associated to Hy, such that the one-dimensional distribution is given
by

PAX; € B) = [ e Mo(wy) dy, (4.1.26)
B

for any Borel set B in R?. In more detail: (£2,B ¢, P,) is a probability space,
X, are measurable functions from {2 to R? for each t. Bga are the Borel sets
in R%. The process is conservative because of Equation (4.1.24). In our case
(2 consists of all paths w : [0, 00] — R% U {co0} with w(0) = z, which are right
continuous with left hand limits. The state variables X; can be identified with
the paths, i.e., X;(w) = w(t). Because of (4.1.24) the lifetime of the process is
infinite. The process has independent increments.

In general, the processes described above are called Lévy processes. For
(—A)* the processes are called a-stable. For —A the process is the Wiener
process. The Wiener paths are Holder continuous (more details are given in
the Notes 4.3).

For any Borel function f on R? the relation between the process and the
semigroup is given by

(e70 f) = B {f(X0)} (4.1.27)

= [ e faay (4.1.28)

which is defined whenever the right-hand side makes sense. E,{-} is the ex-
pectation with respect to P,. The kernel e *H0(x 5) plays the role of the
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transition density function of the process. An essential advantage of the ap-
plication of stochastic processes in spectral theory is that the kernels of the
semigroups can be represented stochastically. For the Laplacian this is known
as Brownian bridge. The same concept can be used for more general processes
in particular for the Lévy processes here. We introduce a measure which pins
the motion of the process to z at time 0 and to y at time ¢.

Definition 4.1.12. Let
{(07 %Qa be)v {Xtv t> O}a (Rda %Rd)}

be the strong Markov process associated to the semigroup {e~*o ¢ > 0}.
Let B;_ be the o-field in B, which is generated by {X,, 0 < s < t}. Let A
be an event in B;_. Then we define the pinned measure by

EYHAY = By {e” 950 (X, y)la}, s <t. (4.1.29)

Remark 4.1.13. The pinned measure makes sense since it is a martingale
on [0,t) (see the Notes 4.3). Because the process is conservative satisfying
Equation (4.1.24),

/ EY'" A} dy = E,{14}, for A€ B, _. (4.1.30)
Rd

In this context the unperturbed semigroup has a stochastic representation of
the form

(et f) (@) = / e (z,y) f(y) dy

Rd

- / BPYIX) dy (4.1.31)

_ /}R Be (X, ) f(X)bdy  (4132)

with some 0 < s < t.

4.1.4 Regular Dirichlet Forms, Capacities and Equilibrium
Potentials

There are at least three reasons to introduce and to explain here the notion of
Dirichlet forms and in particular of regular Dirichlet forms which are Dirich-
let forms in regular Dirichlet spaces. The first reason is the correspondence
between such forms and Hunt processes. This links selfadjoint operators with
the theory of stochastic processes. The second reason is that regular Dirichlet
forms model Dirichlet boundary conditions in a natural way. This association
will be used in Section 4.2 and also in the applications of Chapter 5. The third
reason is that any regular Dirichlet form admits the notion of a set function
called capacity. This notion is intimately related to singular perturbations
studied in Chapter 5.
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Definition 4.1.14. Let (a,dom (a)) be the non-negative closed form on
L?(R4) associated to the selfadjoint operator Hy (see Definition 2.1.25 and
Theorem 2.1.26). Such a form is called a Dirichlet form if it satisfies the
Markov property, i.e., if

0< (e tHof)(z) <1 (4.1.33)

for a.e. x € R? as long as 0 < f(x) <1 for a.e. x € R%. In this case dom (a)
is also called a Dirichlet space.

The Dirichlet space is called regular, and correspondingly the Dirichlet
form is called regular if dom (a) NC.(R?) is not only dense in the Hilbertspace
{dom (a), (-,-)a} (see Definition 2.1.25) but also dense in C..(R?) with respect
to the L*-norm.

It is relatively straightforward to go from a conservative Hunt process to
the corresponding Dirichlet form. From the transition function P,{X; € B}
= [pi(z,dy), B € Bpa, one gets the semigroup

B

, fW) pe(x,dy) = B {f(X:)}- (4.1.34)
R
This semigroup fulfills the Markov property. Moreover, it is strongly con-
tinuous implying finally the existence of an associated regular Dirichlet form.
It is not so easy to prove the converse. However we have the following
theorem.

Theorem 4.1.15. Let (a,dom (a)) be a given regular Dirichlet form on
L2(R%). Then there is a Hunt process whose Dirichlet form is the given one.

Remark 4.1.16. For the examples we have in mind in this chapter, i.e., for
A, (—A)*, V=A+ % — ¢, all these connections between the operators.
The processes and the regular Dirichlet forms are satisfied. Let Hy be one of
these selfadjoint operators. Then the semigroup {e~*#0 ¢ > 0} is symmetric,
strongly continuous, Markovian, the form ((H(%/Qf7 Hé/29>, dom (Hé/Q) )isa
regular Dirichlet form in L2(R?), the associated process is a Lévy process, and
their transition density functions are the kernels e ~*°(z, y) given in Section
4.1.2.

Later we will study singular or domain perturbations of Hy. For this it is
useful to introduce the notion of capacity and of the equilibrium potential.

Definition 4.1.17.
1) Let (a,dom (a)) be a regular Dirichlet form in L?(R?). Set

alf] + |I£1?
I\H 2 f112 +11£12

a1 [f]
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for all f € dom (a) = dom (H_/?).
If O is an open set in R, the capacity is defined as

cap (0) = inf{a1[f], f € dom(a), f >1 a.e. on O}.

If there is no such f we write cap (O) = co.
If I'is an arbitrary set of R? its capacity is

cap(I') = inf{cap(O), O D I', O open}.

2) A statement is said to hold quasi-everywhere (g.e.) if its holds outside of
sets with capacity zero.

3) A function f is called quasi-continuous (q.c.) if for each € > 0 there is an
open set O C R? with cap(O) < e such that f is continuous on R\ O.

Theorem 4.1.18. Let (a, dom (a)) be a regular Dirichlet form. Then for each

f € dom(a) there is a function f, which is quasi continuous and coincides
with f almost everywhere with respect to the Lebesgue measure.

f is called a quasi-continuous version of f.
It turns out that the capacity can be computed, i.e., the infinium in its
definition is attained.

Theorem 4.1.19. Let (a,dom (a)) be a reqular Dirichlet form in L*(R?) and
let I’ be an arbitrary set in R, Then

cap(I') = inf {ay[f], f €dom(a), f>1 gqe. on I'}. (4.1.35)

If the set { f € dom (a), f>1 gqe on I'} is not empty there is a minimiz-
ing element vy € dom (a) such that

cap(I') = ay[vr]. (4.1.36)

Definition 4.1.20. The unique element vy € dom (a) which realizes the infi-
mum in the notion of the capacity is called the equilibrium potential. (In the
literature this is also called the one-equilibrium potential.)

For the equilibrium potential v we have

0<wvp(z)<1 almost everywhere

and op(z) =1 q.e.on I

where 0 is a quasi-continuous version of vp. If I'isopen vp(x) =1 a.e. on
I.

For the spectral theory in the presence of Dirichlet boundary conditions the
equilibrium potential plays a role similar to that of the potential function for
regular perturbations due to the fact that there is a stochastic representation
for the equilibrium potential. The proof of the next theorem is given in the
notes.
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Theorem 4.1.21. Assume (a,dom (a)) to be a regular Dirichlet form with the
associated process {(£2,Bq, Py), {X;,t > 0}, (RY Bra)}. Let I' be a Borel
set of finite capacity. Define by

7. = inf {s, s >0, X; €T},

the first hitting time of I
Then the equilibrium potential can be represented stochastically by

vp(z) = Ex{e T, 7. < oo} (4.1.37)

which holds almost everywhere. Here, as usual, E,{-} denotes the expectation
with respect to Py(-).

There is a close connection between equilibrium potentials and Radon
measures which we will outline in the following. A positive Radon measure
pon RYis said to be of finite energy integral if there is a positive constant ¢
such that (recall f to be the quasicontinuous version of f),

[ V@)l duto) < ev/arl7
Rd

for all f € dom (a) N C.(R?). The collection of such measures is denoted by
Sp. For a Radon measure of finite energy integral the map f — [ |f(z)| du(x)
defines a continuous linear functional on the Hilbert space {dom (a), (-, )q}-
Hence by the theorem of Riesz there is a function u,, € dom (a) such that

ar (g, f) = Rdfd“ (4.1.38)

for all f € dom (a) N C.(R?). w, is called the (one-) potential of the measure
L.

For a given equilibrium potential v, there is a unique Radon measure,
called p1,. in Sp, such that u, = wv,. u, is called the equilibrium measure of
I'. Tt does not charge sets of capacity zero.

For compact I" we get

cap(I") = a1v,.] = pp(I). (4.1.39)

For the examples of this section the equilibrium measure is
- (B) :/ E e’ r, X; €B, 7. <oo}dz. (4.1.40)
R4

Using Definition 4.1.17 we see the following.

Corollary 4.1.22 Let I" be a compact set in R%. Take the reqular Dirichlet
form (a,dom (a)). Then the capacity of I is given by
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1
cap(I") = [|Hy*v,.|[% + o2
= /J’F(F)
:/ E {e"r, 7. < oo} dx
R4

:/ v.(x) dx. (4.1.41)
Rd

4.2 Perturbed Operators

The final objective in the next chapter is to study the spectra of operators
which arise as perturbations of the free Hy, introduced in Section 4.1. We have
in mind different kinds of perturbations: deterministic and random potentials,
singular or domain perturbations.

In this section we intend to ensure that the perturbed operators are self-
adjoint. Hence they generate strongly continuous semigroups which are quasi-
bounded. We collect some characteristic features of the perturbed operators
and the associated semigroups.

4.2.1 Deterministic Potentials

Let Hy be one of the operators —A, (—A)* «a € (0,1), Vv-A+¢c? — ¢,
although more general free Feller generators could be considered.

Hj is assumed to be perturbed by a deterministic potential operator My
determined by a potential function V : R — R, i.e.,

(My f)(z) = V() f(z)

for f in the natural domain of My in L?(R?). Note that My is selfadjoint if
V is Lebesgue measurable.

Here we restrict the class of potentials in such a way that the form sum
Hy + My becomes selfadjoint. This class of potentials is a straightforward
generalization of the Kato class which is connected with the Laplacian. This
generalized class is called a Kato—Feller class because it is related to the free
Feller semigroup {e~tHo ¢ > 0}.

In the sequel we follow the convention that if T is an operator from LP(R?)
to LI(R?), then its norm is

T |lp.g = sup{l|Tfllg, f € LPR?), [|f[l, =1} (4.2.42)
for1<p<oo, 1<qg< .

Definition 4.2.1. Kato—Feller class. Let W : R? — [0, oo be a measurable
function on R? with non-negative values. Let Hy be one of the operators
—A, (=A)*, a€(0,1),or V—A+c2—c. Denote by e *Ho(z,y) the kernels
of the corresponding semigroups.
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A function W is said to belong to the class K = K(Hyp) if

t

limsup sup /(e*SHOW)(w)ds =0. (4.2.43)
t10  zeRd

W is said to belong to the class Ko = Kjoc(Hp) if 15W is in K(Hj) for any
compact set B in R%.

Set V. = max(V,0) and V_ = max(-V,0).

Then the potential V' = V, — V_ is said to belong to the Kato—Feller
class if Vi € Kijoc(Hp) and V_ € K(Hy). Correspondingly, My is called the
Kato—Feller (multiplication) operator if V' is in the Kato—Feller class.

Before discussing some properties of Kato—Feller potentials we introduce
the Kato—Feller norm.

Definition 4.2.2. Let V : R? — R. Its KatoFeller norm is defined by

zER4

1
[Vilxr = sup / (e Ho V) (a
0

whenever this expression is finite.
Remark 4.2.3.

(1) V|| F is finite for V € K(H).

(ii) At first glance the definition of Kato—Feller potentials looks very technical.
However it is natural in the following sense. Any V' € K (Hy) is relatively
form bounded with respect to Hy. The form bound is given by ||(Ho +
a) ' My ||so,00- The class K (Hp) can even be characterized by

Ve K(Hy) iff  lim |[(Ho+a) ' My|loooo =0 . (4.2.44)

These facts will be proved in the next lemma. Hence the KLMN theorem
is applicable.

(iii) Moreover, let {(£2,B ¢, P.), (X¢,t > 0), (R? Bga)} be the process asso-
ciated to Hy (see(4.1.25)). E.{.} denotes the expectation for the process.
Let V =V, — V_ be a Kato-Feller potential. Then V_ is in K(Hy) and

we have
to
sup E, /V_(Xs)ds (4.2.45)
rcRd
0
to

=sup [ (e7*V_) (z)ds = a.
z€R4 b
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If ¢ is small enough « becomes smaller than one. Then the lemma of
Kashminskii implies

to

1
sup E, eXp/ V_o(X,)ds p < . (4.2.46)
reR4 l1—«
0
Hence for Kato—Feller potentials we have the estimate
t
sup FE, < exp —/ V(Xs)ds < cet (4.2.47)
zERC 0
for any t > 0.

(iv) If Vi is in Kioe(Hp) it turns out that Vi € LL _(R?) (see Lemma 4.2.5),
such that C2°(R?) C dom (M‘l/f)
On the other hand, obviously dom (—A) C dom (Hy) C dom(Hé/z) for
all the Hy considered here. Therefore the form

1/2 1/2 1/2 1/2
(Hy*f, Hy?g) + (M2 £, M%)

on dom (Hé/ *)N dom (M‘l/i ?) is densely defined, symmetric, nonnegative.
Following Theorem 2.1.26 we denote the associated selfadjoint operator
by HO + ]\4\/Jr .

Next we prove the assertions of the last remark.
Lemma 4.2.4.
(i) V belongs to K(Hy) if and only if
aILmOO ||(H0 + a’)ilMVHoo,oo =0.
(i1) If V € K(Hy), then the domain of M‘l/Q contains dom (H&ﬂ).

(i) ||(Ho + a) " * My ||so.00 18 the relative form bound of My with respect to Hy
for Ve K(Hy). Moreover we have an estimate of the form

1

— 670'

1(Ho + @)™ My [[oo,00 <

IVlixe. (4.2.48)

Proof: (i) By the definition of K (Hj) the potential V(-) is non-negative. Thus
we have

((Ho + a)_le) (x)

o0

_ / e~ (e MoV (2)ds

0
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oo (ktDn
o —as(,—sHg
= Z / e (e V) (x)ds,
k=0 g
(for some 1 > 0)
oo n
— Z efkna efas(ef(erkn)Hov)(x)ds
k=0 o
oo n
= Z e_k”a/ e_as(e_k"HOe_SHUV)(ac)ds
k=0 0

(semigroup property)

Y e / e [ du () o)V )
0

Rd 0
n )
< sup /efas(eszov)(u)ds 'Zeflcna/ du( 7an0)(x u)
u€Ra k=0 R4
1 Y
_ —sH
= e s [T W d
0

1 -1
i (0 )

1
1—e—an

IA

[(Ho + a) ™" My || 0,00
Hence
n
(1= =) [|(Ho + @)~ "My ||mno < sup /e as(e=Ho ) (u) ds  (4.2.49)
0
_|_

< [[(Ho + a) ™' My oo 00 (4.2.50)

Using (4.2.50)

n
limsup sup /(e_SHOV)(x) ds
nlo zeR4 A

< |[(Ho +a)_1V||oo = |[(Ho +a)_1MVHoo,oo-
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ie, Ve K(Hy)if lim ||(Ho+ a)™ My]||so.se = 0.
On the other hand, using (4.2.49)
zER4

n
lim |\(H0+a)*1MV||oo,oo§ sup / *SHOV
a — OO

0

which becomes arbitrarily small as 7 tends to zero.
(ii) and (iii): Let f € dom (H,'?) with f = (Ho + a)~/?g.

Then
L2 F, MR = (MY (Ho+a) 729, MY (Ho + a)~V2g)
< MY (Hy +a) 2, gl
= [|(Ho+a)"20/%13,  lgll?
= 1My (Ho + ) My o gl
Now, we claim
1M/ (Ho + a) " My (22 < [|(Ho + @)™ My || so 00, (4.2.51)

which will be shown at the end of this proof.
Using the claim we get
My f, M2P) < ([(Ho+ @) Myllwose [I(Ho +a)' 2] (4.2.52)

= ela) (alf, f) + (HY?f Hy2 )

with e(a) = [|(Ho + a) " My||oo,00-
This proves (ii) and (iii). It remains to show (4.2.51) and (4.2.48). (4.2.48)
follows from (4.2.49) for n = 1. For (4.2.51) we consider

| (M2 (Ho + ) MY £, )|

= /dm V(2)?[(Ho + a) "' M/ (x)g(x)

Rd
_ / da / ds =05 / du =10 (2, u)V (2)/2F (u)V () 2g ()] .
Rd 0 R4

Continuing the estimate we have

oo Y
< /dm /ds e * /du (e=10) (@, u)V ()| f (u) ]? 2
R 0 R4

o 1/2

« / iz / ds e~ / du (e=H0) (2, )V (u) g (2) ]

Rd 0 Rd
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1/2

— /dm V(2)[(Ho +a)~ | f*](2)

Rd
1/2
<\ [ el + ) VI@lgta)
Rd
< |7y (o + ) V2 || (Ho + ) v |2 151 gl

— |[(Ho+ ) My | 171 Tl
O

Lemma 4.2.5. If a potential function V is in Kjoc(Hy), then it is in L} (R?).

Proof: Let |K,,| be the volume of a ball K,, with radius n. Then obviously

sup inf |f?\ / dx 7d8/ dy e (e*10) (z,y) - |[V(y)]
0

n YEB

Ky

félﬁgla /OO ds e~ / y (") (@,9) - V(y)1r(y)
0 R4
/

sup a
reR4

ds e / =101 V) ().

Rd

The right-hand side is finite. It suffices to ensure that

sup inf b (y)

1
n YEB |}(n|

is strictly positive with

ho(y) = a / dx 7 ds e~ (e=H0) (. y).
0

Kn

This follows because h,(y) — 1, as n — oo for all y. The sequence 1 — h,(y)
is decreasing for all y € R Thus by Dini’s Lemma lim sup(1 — h,(y)) =0

n—oo y€B

for all compact subsets B. Hence in]f3 hn(y) > 0. O
ye

Remark 4.2.6. Let V = V, — V_ be a Kato—Feller potential, i.e., Vi €
Kioe(Ho), V- € K(Hp). By Lemma 4.2.4 (equations (4.2.48) and (4.2.52),

My._ is relatively form bounded with respect to Hy 4+ My, on dom (HS/Q) N
dom (M‘l/iz) with the form bound (1 —e~%)~"!|V_|| k. This becomes smaller
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than 1 for a large enough. By the KLMN-Theorem (see Theorem 2.1.29) the
semibounded selfadjoint operator associated to the form

(Hy*f, Hy?g) + (M2 f, Mgy — (M f, M/ *g)

is defined on the domain dom (Hé/z) N dom (M‘l/f) This operator will be
denoted by Hy + My, .

Remark 4.2.7. The operator Hy + My generates a strongly continuous po-
sitivity preserving semigroup {e~tHo+Mv) "t > () on Cy(R?). For any t > 0
the operator e~ *(Ho+Mv) i5 an integral operator. We denote the kernels by
(et H ) (2, y), e,

(e f)w) = [ () (09) Flw) dy, f € CofR).

Rd

The functions (¢,z,y) — e *HoFV)(z 4) are continuous on the set (0,00) x
R? x R4, _

The semigroup {e~*Ho+Mv) > 0} can be extended to L?(R?) and acts
as a strongly continuous semigroup in LP(R9) for 1 < p < co. In particular,
it maps L2(R?) to L?(R%). Hence there is a selfadjoint positivity preserving
strongly continuous semigroup in L?(R?) with the selfadjoint generator Hy -+
My

The semigroup can be represented stochastically by the Feynman—Kac
formula. Let {(£2, B, P.), (X;,t>0), (R?, Bpa)} be the process associated
to Hy (see Section 4.1.3). Then

(e tHFMV) £y(p) = Ex{e_ ] V(X“)duf (Xy) }7 (4.2.53)

f € L%(R%). And for the kernels we have (see Remark 4.1.13)

. — V(Xy)du
(e tHAV)Y (g 4)) = ligl Ex{e 4 (e”=9H0) (X, y) } (4.2.54)
— f V(X)du
:Eg’t{e fo } (4.2.55)

with the pinned measure from Definition 4.1.12.

For the perturbed kernels there is a series of interesting estimates, which
are useful for the spectral theoretic criteria.

Proposition 4.2.8. Let My be a Kato—Feller operator. Note that all the free
semigroups {e tHo t < 0} considered here are L' — L> smoothing. Then we
obtain the following estimate:
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_ i _t i _t _ 1/2
(7 HAV) () < flem 8 H T2l b8 |12 (et oz, y)) 2.
(4.2.56)
and
—t(Ho+V) ct —tHp /2 —tH, 1/2
(e ) (@) < et [sup (et ) |- (e o)
z€R?
(4.2.57)

The inequalities 4.2.56 or 4.2.57 are important for many applications. For the
sake of completeness we give a proof below.

Proof: By (4.2.55)

[e_t(Ho+v> (z, y)r _ [Eg,t {ef;WX ]

Ey,t{ —2£V(X )du} tHg
e
(

< e tH"(w y)

_ ‘|€—§(H0+2MV) e—% Ho+2My ) || —tHg(x y)

< lem B HoF2M) ||,y || em 3 HoR2MVI|| e mtHo (g y)
[|le= 2 (Hod2Mv) |2 " e=tHo (5 ),

where the last equality is because they are selfadjoint operators. For estimating
—3(HoF2Mv) ||, we consider

[
Ew{e%{’ V(Xu)du} B, {‘f (X;)‘Z}

lemstotammal| o up (750 0, £

00,00 z yEcRd

ek

:

‘ [e—g(HOJ}QMv)f} (z)

IN

IN

therefore
e [ S I
2,00 00,00 1,00
which proves (4.2.56).
For (4.2.57) we use (4.2.47) to get
He*%(HoHMv)Hl/2 < cett
00,00

Moreover,
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s = s (et
1,00 x,y
= sup/ du e_iHO(x,u) e_iHO(u,y)
@y
. o\ 1/2
<  sup (/ du (e_ZHO(x,u)) )
@y
. o\ 1/2
X (/ du (e‘iHO(u,y)) )
. 1/2 : 1/2
= swp (e H () T (eTE(y,y))
I’y
< sup e 20 (g, 1),
T
which justifies (4.2.57). O
Remark 4.2.9. Note that in our case
1 2
—tH, _ —tg(k
e (z,x) = ) / et g (4.2.58)
Rd
(see Definition (4.1.4).
This implies
e A (z,2) < e 72, (4.2.59)
et (ga) <ct I, ac(0,1), (4.2.60)

e VAT (g gy < et (4.2.61)

4.2.2 Random Potentials

In this section we discuss some random selfadjoint operators and discuss their
spectral properties.

To begin, we consider an ergodic dynamical system, namely a topological
space (2, its Borel sigma algebra B, a probability measure P on it such
that there is an action of a group G as automorphisms on (2 so that P is
an invariant and ergodic measure with respect to the action of the group G.
We denote the automorphism associated with a group element g as T,. We
also assume that H is a separable Hilbert space on which the group G has a
unitary representation and this family of unitary operators is denoted by U,.
We make the following assumption on the group G.

Hypothesis 4.2.10. There is a total set S of vectors in 'H such that for each
f €8, there is a sequence g, (f) of elements of G with the property Ug, f is a
collection of orthonormal vectors.
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We then consider a family of selfadjoint operators H*,w € {2, on H such that
they have a common core, which happens to be the whole space in case they
are all bounded. To say anything reasonable about these operators we impose
further conditions. The first of which is

Hypothesis 4.2.11. The spectral measures Py« (-) of the operators H are
weakly measurable, and satisfy the compatibility condition

Uy Py (B)U, " = Pyrye(B), VB € Bg.

Definition 4.2.12. We say that a family of selfadjoint operators H* w € {2
is affiliated to the ergodic dynamical system (£2,Bq,P,G), if it satisfies the
Hypothesis 4.2.11.

Under the above conditions, we have some elementary theorems.

Theorem 4.2.13 (Pastur). Let (£2,80,P,G) be an ergodic dynamical sys-
tem as above and let H¥ be a family of selfadjoint operators on H affiliated
to it. Then for almost all w, dimran((Pg«(B))) is either 0 or oo for every
interval B.

Theorem 4.2.14 (Pastur). Consider an ergodic dynamical system and a
family of selfadjoint operators H¥ on H associated to it. Then there is a
constant set X' such that

o(H¥) =X, for ae. w.
Moreover the discrete spectrum of H* is empty for almost every w.

Theorem 4.2.15 (Pastur, Kunz—Souillard, Kirsch—-Martinelli). Con-
sider an ergodic dynamical system (£2,Bq,P,G) and let H¥ be a family of
selfadjoint operators on H associated to it. Then there are constant sets Xy,
Yse and Xy, such that

Oac(HY) = Zge, 0sc(H?Y) = Yoo, opp(H?) = X)), for ae. w.

Consider ¢2(Z%) and the discrete Laplacian A defined in Definition 4.1.6.
To this we add a diagonal random operator given by taking the dynamical
system (2 = [a,b]Zd, with product topology, its Borel sigma algebra and the
measure P = X;czap;, (i = i, where p is a probability measure with support
[a, b]. Then the group G = Z? acts on §2 by translation, i.e., Tyw(n) = w(n—Fk).
Also the group G has a unitary representation in £2(Z*) given by (Upu)(n) =
u(n — k). We take the set S = {§; : i € Z¢}, where §;(k) = 1, for i = k and
0 otherwise. Then the representation is total, since the J; themselves form
an orthonormal basis for £2(Z%). In this setting the space (£2,B¢,P, G) gives
an ergodic dynamical system and the collection of operators HY = A + V¥
with V@u(n) = w(n)u(n), u € £2(Z%) is associated to this ergodic dynamical
system. This model is called the Anderson model.
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One can also consider the operators V<u(n) = > 74 Gm nw(m)u(n) on
02(Z%) where a,,,, is a real-valued sequence. When Qym,n = Omn We recover the
ergodic operators, or when .., = @,0n, with a, going to 0 at co, we get
models with decaying randomness. (See Section 5.2.1).

4.2.3 Singular Perturbations

The notion of a singular perturbation is somewhat ambiguous. One can find
several definitions of this kind of perturbations in the literature. In this sec-
tion we take a physical point of view. As singular perturbations we have in
mind impenetrable potential barriers, i.e., models where the positive poten-
tials function becomes infinite on some closed set I" C R?. This set will be
called an obstacle or the obstacle region.

There are several possibilities to formulate such a problem mathemati-
cally. Nevertheless, the principle is always the same. At first one restricts the
mathematical consideration to the complement of I', we call it X = R4\ I,
Then one studies the system on X or in L?(X) and tries to find a selfadjoint
Hamiltonian which is a representative for this singular perturbation consid-
ered. We will mention four procedures: restriction of operators, form domain
restrictions, restriction of processes to a Kkilling process, and restriction of
semigroups as will be explained in the following remarks. The restriction of
semigroups are considered in more detail.

Remark 4.2.16 (Restriction of Operators). Starting with an operator in
L?(R%) one restricts it to L?(X) and tries to find a unique selfadjoint extension
of it. This is a possible procedure in particular for local operators which means
if

supp (Hof) C supp (f),
if f € dom Hy. (In our examples here only the Laplacian is local). Then H
will be restricted to

@:{fa fEdOHl(Ho), supp (f) CE}

If the set of infinitely differentiable functions with compact support in X' is
contained in dom Hy, then Hg|p is symmetric in L?(X). However in general
the domain of Hy may be too small to provide essential selfadjointness. For
this one has to find suitable boundary conditions.

For local and non-local operators there are simpler description of such
obstacle perturbations and the corresponding operators.

Remark 4.2.17 (Restriction of Form Domains). In the framework of
regular Dirichlet forms such perturbations can be considered as a variation of
the domain. We start with the regular Dirichlet form

alf,g] = (H¢ f, HE g), dom (a) = dom (Hg),
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see Definition 4.1.17. Recall that
ai[f,g] = a[f, gl + (. 9).

Then {dom (a), a1].,.]} forms a Hilbert space. Now one defines a closed sub-
space of {dom (a), a1[.,.]} by restricting the form domain. Set

(dom (a)) s :{f7f€dom(H0%), f=0q.eonT}

f is the quasi-continuous version of f (see Theorem 4.1.18).

The form (a, (dom (a)) ») is again a regular Dirichlet form but now defined
in L2(X). That form corresponds uniquely to a selfadjoint operator in L?(X),
which will be denoted by H(dom (a))s-

Remark 4.2.18 (Restriction of Processes). Following Theorem 4.1.15
and its preceding remark there is a one-to-one correspondence between regu-
lar Dirichlet forms and Hunt processes. Therefore it is also possible to start
with the process associated to Hy and modify it in such a way that the cor-
responding Dirichlet form coincides with the one mentioned above in Remark
4.2.17.

Let (a,dom (a)) be the regular Dirichlet form in L?(R%) associated to Hy.
Let

{(Qv B, (PI)wE]Rdu{oo}) ) (Xt7 t=> O)a (Rdv %Rd)}

be the corresponding process where R? U {oo} means the one-point compacti-
fication of R, such that the path maps [0, 0] — R%U {oo}. Consider a closed
set I'. Then one constructs a subprocess by killing the trajectories on I'. Let
Y =R\ I and let ¥ U {00} be the one-point compactification of X. Define
a new set of paths by

o = {1, 4 0515
where 7, is the first hitting time of I, that is,
7. =inf{s, s >0, X, € I'}.
The triple

{(2:30, (P sesuim ) (Xs(0); £20), (2,B5)}

is then a Hunt process acting in X. It is called the killed process because
the trajectories are “killed” upon entering the obstacle region. The transition
function of the process is

pi (z,B) = p.{X, € B, 7, > t}, (4.2.62)

B € %By. The density process determines a new regular Dirichlet form in
L?(X). This form corresponds to a selfadjoint operator which coincides with
H (4om (a))5 given above for the form domain restrictions.
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So far we have described only possible procedures to find a selfadjoint
Hamiltonian which models the singular perturbation by an obstacle. Next we
will explain a further possibility in some more detail.

Remark 4.2.19 (Restriction of Semigroups). Let us introduce a family
of operators given by

[Trto, 5 (0 f] = B (X0), 70 > ) (4.2.63)
for ¢t > 0, where 7, is again the first hitting time,
7. =inf{s, s >0, X, € I'},

and for the moment we take f € L2(R%). Finally, we will argue that an appro-
priate restriction of Ty, x(t) is a selfadjoint strongly continuous semigroup
on L?(Y). For that we need a geometric condition for I'.

Definition 4.2.20. An element z € R? is called a 7p-regular point of I if
and only if
P{r.=0}=1.

The set of all 7. — regular points of I" will be denoted by I'".

_ Throughout the rest of this chapter we assume that I = I'". Then
[Thy, () f](x) = 0 if z € I'. Hence it is reasonable to restrict Ty, »(t)
to L?(X), i.e., we set

Ty, =(t) = fHo,z(t) lL2() - (4.2.64)

Obviously, T, =(t) are bounded operators in L?(X) for any t. Using Defini-
tion 4.1.12 Ty, 5(t) are integral operators for ¢ > 0 with the kernels

(Thy,s(t)) (z,y) = BV {1, < t}. (4.2.65)

These kernels are symmetric and Ty, »(t) are selfadjoint.

Proposition 4.2.21. The family {Tu, =(t), t > 0} is a strongly continuous
semigroup in L*(X).

Proof: We write 7 as 7p(X) to denote the dependence on the paths X.
The semigroup property follows because

Tty (t) Tro, () f1(2) = Eo{[Tho,o(s)f](Xe), 7.(X) >t}
= EABx A7 (%), () > £, 7.(%) > 5}
where X() are the trajectories starting at X;. Let ¥, be the shift operator

given by
V,(X)(0) = Xoyp for p,o > 0.
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Then the last expression can be rewritten as
EoAAEx {f (0:(X)(5)), 7-.(X) > ¢, 7, 00:(X) > s}}.

T, is a terminal stopping time which means that on the event 7,. > ¢t we have

T+ 71,00 =71..
Hence
(Tr,,5(t) Try,x(s)fl(z) = E {Ex,{f (Xi4s), 7 >t+s}}

= Ew{f (Xtys), 7 > t+5}
= [Ty, =(t + 5) fl().

The strong continuity follows finally by the dominated convergence and is
based on the following point wise consideration. Noting that the trajectories
are right continuous we get for continuous functions f

lim | Ea{f (Xe), 7 >t} = f(@)] < T B {|f (X0) = f(2)], 7 > 1}
b lim B 5@, 7, < 1)
< lim B {|f (X() - f(@)]}
+ [ f(2)] Pe{r,. =0}
=0,
where we used P,{r, =0} =0 for x € X. O

Hence {Tg,,x(t), t > 0} forms a selfadjoint strongly continuous semigroup
in L?(X). It has a selfadjoint generator denoted by (Hp)sx. Summarizing that
we obtained:

Corollary 4.2.22 IfI' = 1", we have
(7= 1) (2) = Ba{f (X0), 7, > 1) (4.2.66)
is a strongly continuous semigroup in L*(X) with the kernel
(e*t“ﬂﬂf) (z,y) = E¥t{r, <t. (4.2.67)

The semigroup is contractive implying (Hp)s > 0.

The process corresponding to e~ *(H0)= has the same transition function as
the killed process considered in Remark 4.2.18 (see (4.2.62)). The associated
quadratic form of {e~*(Ho)=. t > 0} is given by
1
t

alf, f] =lim = [(f, f) — (f, e "Ho)= )|

tlo
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1
for f € dom ((Ho)3,). Thus (Hg)s coincides with (Ho)(dom (a))s (See Remark
4.2.17) and with the operator associated to the killed process from Remark
4.2.18.
Let us come back to the beginning of this section, where we mentioned the
physical point of view that the singular perturbations here are impenetrable
potential barriers. Assume a function

_ J{oo} for zerl
WF(x){O for z¢&1.

Consider the formal Feynman—Kac expression

- pr(Xs)ds
Ew{e o f(Xt)}. (4.2.68)

Then it is clear that

€

Sfwrxoss 10 X,eX forall 0<s<t
|0 if meas{s: X, eI} >0.

We set T, = meas{s : s < t, X, € I'}. This is called the spending time of
the trajectory in I'.

This description fits the killing of the process in I' as well as the intro-
duction of the semigroup {7y, »(t); ¢ > 0} in Proposition 4.2.21, because
(4.2.68) is then equal to

E{f (X)), Try >0} . (4.2.69)

Although the last three methods are sufficient to introduce a selfadjoint op-
erator which models the obstacle system one wants to clarify the relation
between (Hp)s and the free operator Hy, or better its restriction to L?(X).
In doing so we introduce the harmonic extension operator.

Definition 4.2.23. Assume a free operator Hy with its associated process
(see Section 4.1.3). Let I' = I'" and 7,. the first hitting time of I
Then the harmonic extension operator V* is defined by

dom (V?) = dom (Hy),
Vifle) = Bo{erf (X, ), 7 <o},

with @ > 0. (In the following we set a = 1.)

Note that the definition makes sense also for bounded continuous functions.
Hence

(V1)(z) = E.{er, 1. <o} (4.2.70)

= Ur (l‘) )
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where v is the equilibrium potential defined in (4.1.37).
Because we assumed I' = I'" we get for any function g which is zero on
I', ie., for functions g with M, g = g, that

[Vigl(z)=0. (4.2.71)

The harmonic extension operator is the correct operator to express the resol-
vent difference of the free and the singularly perturbed operator. This formula
is known as Dynkin’s formula.

Proposition 4.2.24 (Dynkin’s formula). Let I" be an obstacle region with
I' = I'". Denote by J : L?>(R?) — L%(X) the restriction operator of any
f € LARY) to L3(X), where X = RI\I" as before. Then

(14 Ho) ™" = J* (1p2(sy + (Ho)s) "' J = VI(1+ Hp) ™" (4.2.72)
holds on L*(R%).
Proof: Let g € dom Hy. Then

{[(1 + Ho) ™' = J* (e + (Ho)s) ' J](1+ Ho)g}(x)

/ ds e_sEgc{ [(1+ Ho)g](Xs), 7 < s}

/ ds e~ [(1+ Ho)g] (X.)

r

= E, e_TF/ ds e~*[(1+ Ho)g] (XS+TF)
0

oo

e~ r / ds e_sEX,F {[(1 + Ho)g] (Xs)}

0

E,

(strong Markov property)

_ E{ [ el gl x,)
{

0
= FE, e Fg(XTF)}
O

Equation (4.2.72) is called Dynkin’s formula. By the definition of J we
have (Jf)(z) = f(x) for x € X. J* is the extension operator, extending
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g € L?(X) to L?>(R?) by setting it zero on the orthogonal complement of
12(%).
Note that
JI'g= lpzyg. g€ LX),

and
J*If= My, f feL*R?).

(4.2.72) is the analogue of the second resolvent equation for regular potentials,
ie., of

(a+Ho) ' —(a+Ho+My)™t = (a+ Hy+ My) *My(a+ Hy)™!, (4.2.73)

where V is, for example, a Kato—Feller potential and with a large enough.
In other words, the harmonic extension operator VF1 is the counterpart of
(a + Hy + My)~*My. Dynkin’s formula can be extended to more general
perturbations and free operators. This aspect is explained in the notes to
some extent.

Using Dykin’s formula one finds at least a general relation between JHyJ*
and (Ho)g.

Proposition 4.2.25. Let Hy and I" be given as described above. Then (Hy)x
(see Corollary 4.2.22) is a selfadjoint extension of the operator JHyJ*, that
is if f € L?(X) and f € dom (Hy), then f € dom (Hy)x and

JHyJ*f = (Hp)x f.
Proof: By the definition of (Hy)x and J we obtain

(Ho)s = (Ho)zlre(xm
= (1L2(2) + (Ho)E)JJ* —JJ* (4.2.74)
= (lpesy + (Ho)s)J(1 = VT = JJ*

because of (4.2.71). Using Dynkin’s formula

1

J* (Lp2(sy + (Ho)s)  J = (1= V) (14 Hp) ™

or
(1L2(2) + (HQ)E)il J = J(l - VFl)(l + Ho)il.

The right-hand side is contained in dom (Hp)s. In particular any J*f €
dom (Hyp) is contained in dom ((H))x) aslong as f € L?(X). For g € dom (Hy)
with g = (1 + Hp) 'h we get
—1
(Lez(zm) + (Ho)s)  J(1+ Ho)g = J(1—V]5)g

r

or

J(1+ Ho)g = (12(z) + (Ho)x) J(A1 = V]})g .

r
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This will be used in (4.2.74). If J*f € dom (Hp) we have JVLJ*f = 0 such
that
(Ho)of = JHoJ"f,

which gives the proposition. O

To prove that JHyJ* is essentially selfadjoint on a certain domain such
that (Hp)y is its unique selfadjoint extension is a separate problem. It has to
be considered separately for every free operator Hy. For local Hy the literature
is large. For non-local free Feller generators holds at least that

e HHI)= 0y (X)) C Cy(X) .
Co(X) denotes the functions f which are continuous on X and for which

lim f(z)=0

xr— To

if zy € 0¥ (boundary of X' ) or if o = {o0}.

This form of restricted Feller property implies that dom ((Hp)x) N Co(X)
is a core for dom ((Hp)x).

Further extension problems will not be studied here. We use the generator
(Hp)s to model the singular perturbations by such obstacles, which we have
in mind in the following.

4.3 Notes

Section 4.1.1

The introduction of the selfadjoint realization of the Laplacian is standard.
One can find it in many textbooks. A clear and complete proof is given by
Amrein [9] p. 38 ff. Note that a multiplication operator (M, f)(k) = g(k)f(k)
is selfadjoint if g(-) is real-valued and |g(k)| is infinite at most on a set of
Lebesgue measure zero. This is a weak condition which allows very general
selfadjoint functions of the Laplacian. Note that the domain of M, is dense
in L? but C>°(R?) is not necessarily contained in dom (M,).

For (4.1.2) we have mentioned the Schwartz space on which the Laplacian
is essentially selfadjoint. Note that there are further sets where the same is
valid. One can choose C2°(R?), infinitely differentiable functions of compact
support, or one can take C°(R%) = {f € L2(R%, dx); f € C°(R%)}.

That all the selfadjoint operators g(—A) have purely absolutely continu-
ous spectrum follows (see Remark 4.1.5) for instance from Kato [108] p. 520
Example 19.
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Section 4.1.2

The Gaussian kernel in (4.1.19) is well known. In this context we recommend
the book by Davies [56] on heat kernels and their relation to spectral theory.
For a-stable processes with the generator (—A)*,0 < a < 1, we refer to a
series of articles by Chen—Song [42], [43], [44] and to the books of Chung [48]
or Chung-Zhao [49].

The kernel of e=t(=2)"? (see(4.1.22)) can be found for example in Stein—
Weiss [183], Theorem 1.14.

For relativistic Schrédinger operators to get the expression for the kernel as
given in Equation (4.1.23) we refer to Carmona—Masters—Simon [40]. However
there are other ways of constructing Feller processes from the kernels. The
reader may consult the first chapter of the book by Demuth-van Casteren
[65] (see also the notes for Section 4.1.3).

Section 4.1.3

Standard textbooks for this subsection are the books by Fukushima-Oshima-
Takeda [86], Ma—Rockner [143] and Demuth-van Casteren [65]. The basic as-
sumptions on stochastic spectral analysis (BASSA) were introduced in [65]
p. 5. They will be repeated here for the Euclidean space R%:

Let (t,z,y) — p(t,z,y) be a continuous function of all the variables
mapping (0,00) x R? x R4 — R, . For p(-,-,-) we assume the following:

A1 p satisfies the Chapman-Kolmogorov identity, i.e.,
[ #s,2.2) plt9) dz = s+ t20),

s,t > 0; x,y € R% Its total mass is smaller or equal to one, i.e.,
/p(t,z,y)dy§ 1 t>0, z R

A2 p satisfies the Feller property, i.e., for f € Co(R?) the function x —
[ f(y) p(t,z,y) dy is also in Cp(R?).
A3 Let f € Cy(R%). Then we assume for every x € R? that

hm/f p(t,x,y) dy = f(x).
A4 p is assumed to be symmetric, i.e.,

pt z,y) =p(t,y,2)
for all t > 0 and all z,y € R%.

If these assumptions are satisfied p establishes a Markovian selfadjoint semi-
group and a strong Markov process
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A proof of this fact can be found in Blumenthal-Getoor [28]. X, are the
state variables, defined on 2 with values in R? U {co}. The one-dimensional
distribution is

Po(X, € B) = / Pt 2y) dy
B

t > 0, B € B. The sample paths are cadlag.

Because of the Feller property the corresponding process is called a
Feller process which is a subclass of the Hunt processes. This is proved in
Fukushima—Oshima-Takeda [86] Theorem A.2.2 p. 315. For a definition of a
Hunt process see also [86] p. 310 ff. Here we will not go into further details
about the theory of Hunt processes.

However, it is obvious that the kernels of Section 4.1.2 for — A, (-A)%, « €
(0,1), v—A+ ¢ — ¢ satisfy these basic assumptions (A1-A4). They estab-
lish processes, which are even more regular, that means they establish Levy
processes (for a definition see [86] p. 140). They are spatial homogeneous and
have independent increments. The a-stable processes then form a subclass of
the Levy processes. They are studied by Chen and Song [43], [44] and also by
Chung [48] or Chung-Zhao [49]. Finally the Wiener process associated to the
Laplacian is the most regular one. Their paths are Holder continuous.

The pinned measure F¥"'{-} in (4.1.29) is studied in some detail and under
several aspects by Demuth—van Casteren in [65], e.g., see p. 63 and p. 77. The
definition in (4.1.29) makes sense, because the new process {e~(*=*)Ho (X y),
0 < s < t} is a martingale on [0,¢). This can be seen easily by

Ew{e_tHO(Xswy) I§s: t = Ex., {e_tHo(X82—81ay)}
= [ et 2) (e ) s
Rd
= e_(t_51)HO(XS17ZU)v

for all s; with 0 < s1 < s9 and sy < t. The total mass of this measure is
e~ (z,y).

Section 4.1.4

The theory of regular Dirichlet forms and their relation to Hunt processes is
given for instance in the textbooks by Fukushima—-Oshima-Takeda [86], by
Ma-Rockner [143], or by Fukushima [85]. For the definition of the regular
Dirichlet form we refer to [86] p. 6 and Lemma 1.4.2 on p. 27. For the defi-
nition of the Hunt process we refer again to [86] p. 310 ff as in the notes for
Section 4.1.3. The very interesting result in Theorem 4.1.15, the one-to-one
correspondence between Hunt processes and regular Dirichlet form, can be
found in [86] Theorem 7.2.1 p. 302. In Remark 4.1.16 we stated that all the
Hj studied here gives rise to a regular Dirichlet form. This is obvious because

dom(HO%) D dom (Hp) 2 dom (—A) 2 C°(R?) which is dense in C,(R?) with
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respect to the supremum norm. The potential theory of Dirichlet forms and
the notion of capacity is given in [86] Chapter 2, p. 64 ff. Theorem 4.1.18 is
a copy of Theorem 2.1.3 in [86] p. 68. Theorem 4.1.19 is also given in [86] as
Theorem 2.1.5 p. 70 or by Fukushima [85] Lemma 3.1.1 p. 62.

For the stochastic representation of the equilibrium potential stated in
Theorem 4.1.19 one can find different proofs. Here we mention [86] Lemma
4.2.1 p. 141 and Theorem 4.2.5 p. 145. Also Demuth—van Casteren studied
this in a more general setting in [65] p. 101. The proof of va(z) = Ey{e™ 74}
is sometimes spread over different parts in the books. A connected and clear
proof is given by Noll [151] Theorem 4.1. Because this is the central relation
for the study of singular perturbations we will repeat his proof here.

Proof of Theorem 4.1.21

Let (a,dom (a)) be a regular Dirichlet form in L?(R?) with the generator Hy.
A function u € L2 is called 1l-excessive if e 0 y < ¢t u. For instance the
equilibrium potential v,. is 1-excessive.

Assume now v € dom (a) and an arbitrary function u € L*(R¢). Without
proof we state a criterion for w being also in dom (a) :

Let v and u be l-excessive and assume u <v. Let v € dom (a). Then
u € dom (a) and aifu] < aqfv].

That fact can be used in the present situation. v,. is already l-exessive.
Set wu.(z) = E,{e""r, 7. < oo}. We will show that u,. € dom(a) and
equals v,.. At first it turns out that w, is l-excessive, because

(e Mou,)(x) = Ep{u, (X:)}

E{u (Xy); 70 <t} + Ex{u.(Xp); t< 7, < o0}
< P{r,. <t} + E{u . (Xy); t < 7, < o0}

<e B {er . <ty + B {emrY t <7 < o0}
<e' E{e ™ ; 7. < o0}
=el u,.(z).

Moreover u,, = 1 q.e. on I'. Indeed if there is some z¢o € I' with

up(xo) # 1, then z( is a irregular point with respect to the first hitting time
T, because Py {7 > 0} > 0. But sets of irregular point have capacity zero.
Hence it suffices to show u,. < wv,.. Then we obtain u,. € dom (a) and
ai[u,.] < aj[v,.]. Because v,. is unique, then u, = v, a.e. follows.
For the estimate u, < v, we consider first an open set O C R? and
define the random variable

YV =e b, (Xy), t>0.

For fixed = € R? this is a super martingale, because for s > ¢ > 0
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E Y, | §i} = e ® Ex{vo (Xs) | 8t}
=e ° Ex,{v,(Xs—t)}
= e (eI ) (Xy)
e ® e(sft)vo (X4)
=Y,

where we used that the equilibrium potential is 1-excessive. Using Doob’s
optional sampling theorem (for a proof see e.g., Demuth-van Casteren [65]
p. 361) it follows that

Ex{Ymin (s,‘ro)} < Vo (-T)
When s — oo one gets using v, (X-, ) =1 and uo(z) = Eze” "o,
U () < o (2)

with vo (X ) and uo(x) = Ez{e”"ovo(X;, )}, for any open O C R?. For
general I' we take a sequence of open sets O,, D I' such that cap (O,) —
cap (I'). This implies vp, — v, in {dom(a), (-,-)q}.
Moreover,
up(z) < o, (z) < vo, (),

such that for n — co we get the desired estimate u,(z) < v,.(x) a.e. O

In [86] Theorem 4.2.5 p. 145 it is shown that E.{e”"r, 7. < oo} is a
quasi-continuous version of v, for nearly Borel sets I

For an introduction into the potential theory we recommend Fukushima
[85] chapter 3 or Fukushima—Oshima—Takeda [86]. Equation (4.1.38) is given
in [86] Theorem 2.2.2 p. 77 ff, Corollary 4.1.22 is studied also there [86] Lemma
2.2.6 p. 79 or by Demuth—vanCasteren [65] p. 406 ff.

Section 4.2.1

This section is mainly taken from the book by Demuth—vanCasteren [65]
Chapter 2 and Chapter 3. It is also useful to look at the book by van Casteren
[188].

Here we have restricted the consideration to the unperturbed operators
A (-AQ)*, a € (0,1), vV—A+c? — c¢. For the Laplacian one can consult
the review articles by Simon [175] and [176]and also by Aizenman-—Simon
[7]. They studied the Kato class potentials in some detail and gave a lot of
spectral applications. Different areas of mathematical physics are investigated
using functional integration. A good reference for this is the book of Simon
[174].

Kashminskii’s Lemma is proved in [65] p. 127. The proof of Lemma 4.2.4
is simplified here in comparing with [65] p. 58 ff. Lemma 4.2.5 is given
in [65] p. 60. Central is Remark 4.2.7, which is Theorem 2.5 in [65]. The
proofs are omitted here. The proof of the continuity of the perturbed kernels
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(e=*Ho+V)) (1, ) is difficult if we only assume Vi € Kjoo(Ho). It is given in
Chapter 3 of [65]. This proof becomes much easier if we would assume also
Vi € K(Hy). For that one can use the full Dyson expansion (see van Casteren
[188]).

The estimate in Proposition 4.2.8 is very useful, because the perturbed
kernels are estimated by the free one. Note that the singularity at ¢ = 0 is the
same for the free or perturbed kernels (see Remark 4.2.9). The proof given
here is a special version of the proof of Theorem 2.9 [65] p. 69.

Section 4.2.2

Random Schrédinger operators indexed by parameters from ergodic proba-
bility spaces are used to describe disordered materials and transport, or the
lack of it, in them. Some of the general theory needed here can be found in
Carmona-Lacroix [39] and Figotin—Pastur [83].

One of the basic theorems in this area is the stability of the spectra of such
ergodic families of operators. Pastur [152] proved the constancy of spectra and
the spectral types with respect to the Lebesgue decomposition. The proof
of results on the constancy of spectra require proving the measurability of
spectral projections of the associated operators as functions of the random
parameter. These are worked out in detail and the proofs of Theorems 4.2.13,
4.2.14 and 4.2.15 can be found in the sections V.1-V.3 of Carmona—Lacroix
[39].

The selfadjointness of the random operators is not obvious when the po-
tentials V“ are unbounded and one of the earlier results in this direction is
proved by Kirsch-Martinelli [116].

The constancy of singular spectra of Hausdorff dimension smaller than one
is also valid for these random operators as shown by Last in [141].

Section 4.2.3 Singular perturbations

A more detailed overview of all the possibilities to find a selfadjoint opera-
tor modelling obstacle perturbations is given by Noll [151] in Section 3. He
also gives a simple example (Example 3.1 in [151]) where the domain of the
restricted operator becomes too small to provide essential selfadjointness.

To find suitable boundary condition for higher order differential operators
is a difficult task. The reader may consult Agronovich [3] or Rosenblum-
Shubin—Solomyak [166].

The restriction of form domains considered in Remark 4.2.17 is an elegant
and natural method to model such singular perturbations. The simplest case is
the Laplacian. For that case, Simon [174] used it in Theorem 21.1 and showed
in Section 7 that (Hy)y is the Friedrichs extension of —A restricted to C2° (X)),
which holds for an arbitrary closed set in I'. An analogous result was given
by Baumgértel-Demuth [19]. Elliptic differential operators of second order
with variable coefficients were studied for instance by Arendt-Batty [13] in
Example 4.9 and Example 5.6 and in Section 7. Further useful references are
given there. Another worthwhile source is the book of Davies [56], Chapter
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2. In all these cases of local operators the singular perturbation is finally
modelled by imposing Dirichlet boundary conditions to the free operator Hy.

The restriction of form domains and the associated construction of killing
processes are investigated extensively in the book of Fukushima—Oshima—
Takeda [86]. Concerning Remark 4.2.17 the reader may consult Theorem 4.4.3
in [86] and concerning Remark 4.2.18 to Theorem A.2.10 in [86].

It is more natural, from a physical point of view to consider a form, since it
specifies expectation values of observables. Therefore the selfadjoint operator
Hdom (a))5» associated to the form a seems to be a more natural object to
consider than a selfadjoint operator obtained as an extension of a symmetric
operator.

Concerning Remark 4.2.19 one can construct two kinds of semigroups. One
is based on 4.2.63, i.e., on

E. {f(Xy), 7. > t}.

The corresponding semigroup {T, x(t), t > 0} was called a pseudo-Dirichlet
semigroup by Arend-Batty in [13].
The other is based on

E, {f(Xy), o, >1}.

where o, = inf {s > 0, jl[’(Xu)dU > O}.
0

This semigroup is related to the family of operators given in (4.2.68). o,
is called the penetration time of I'. Of course 7, < o,. If I" has an interior
such that I' = I'" = (inf I')" then 7. = o,.. That was proved by Demuth—van
Casteren [65] in Proposition 2.24. This problem is related to the Kac regularity
studied e.g., by Herbst-Zhao [91].

Here we have considered only Ty, 5(t) = e~*(H0)= hecause it is the more
general one. The symmetry of the kernels e=*(0)(z, ) in (4.2.65) was shown
by Demuth—van Casteren [65] in Lemma D10 for Theorem D4. Potentials of
the form Wr(x) were also considered by Arendt—Batty [13] Section 5 and the
corresponding semigroups were called barred semigroups.

The harmonic extension operator and Dynkin’s formula is given by Fuku-
shima—Oshima-Takeda [86] (see page 136) for nearly Borel sets. The proofs
of Proposition 4.2.24 and Proposition 4.2.25 are taken from [65] Proposition
2.31 and Corollary 2.32, respectively.

The proof of the Feller property

e_t(HO)E 00(2) g C()(Z)

is given in [65] Theorem D21. For the Brownian motion one can have a look
at Doob [77], Part 3, Chapter II, §2, pp. 720-722.

It would be possible to combine the considerations of perturbations by de-
terministic potentials (Section 4.2.1) and the singular perturbations discussed
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here. First one ensures that Hy-+ My is a selfadjoint semibounded operator for
which the Feynman-Kac formula holds (see Remark 4.2.7). Then one studies

E, e_{JV(XOduf(Xt), >t

in an analogous way as F, { f (Xt), T > t} in the present section. This kind
of generalization is studied throughout the book of Demuth—van Casteren [65].

Another more general possibility is to study perturbations by measures.
Formally one resets the measure V' (x)dx given by the potential function V(.)
by a measure p. i is a signed measure of the Borel o-algebra in R?. For this
we recommend the articles by Albeverio-Brasche-Rockner [8] and by Brasche
[34] and the references therein.

Dynkin’s formula in Proposition 4.2.24 can be extended to very general
perturbations and is not restricted to differential operators of second order.

Let L be any non-negative selfadjoint operator in a separable Hilbertspace
9. Set Hy = L + 1 and define a new Hilbertspace )1, consisting of all f €

dom (L'/?) = dom (HO%) with the scalar product

(f.g)1 = (L2 f, L'?g) +(f.g) .

Let M be a closed linear operator mapping $; into an auxiliary Hilbert-
space $Haux. Assume that M is compact and has dense range in $,ux. Let Hg
be defined by

IHY2FI12 = [[HY 2 FI12 + B |MF| 20

Then there is a non-negative selfadjoint operator Hy, in ker(M) (closure
of ker(M) in $) such that

dom (HY/?) = ker(M)
VHL2H = [1HPfll, f € dom (H/?).

This means N
sﬁ— lim Hglg =0 if g€ (ker(M))
and
s—lim Hy'f = H_'f if f € ker(M).

B— o0

Decompose §) = ker(M) @ (ker(M) )L the extended Dynkin’s formula is
a representation of the resolvent difference

Hy' = (HZ' @0).

This is based on the resolvent differences with finite 3, i.e., on
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_ 1 _
H;' - Hy'=-Hy'?B* ( +B B*) B Hy'? (4.3.75)

s

with B = M H0—1/2' Let {e,} be an orthonormal system in $ and {g,} an
orthonormal system in $),.x. Because M is a compact operator from $; into
Haux, B is compact as operator from §) into H.ux. Let us write

Bf =" X {ex, ) ox
k=1

and o
B*h = Z /\k <gk7 h>aux €h
k=1

with Ax > 0 and Ay — 0 as k£ — oo. It turns out that )\% are the eigenvalues
of BB* with eigenvectors gi. Therefore for h € $aux, one has

1 - > 1
~4+BB*) h= R) gk .
<5+ ) > T (g 1) gn

k=1

Using Equation (4.3.75) we get

e e, 1) H e
k

(Hy' = Hz ) f =

B
=

When [ tends to infinity the resolvent difference of H; Yand HZ! is given by

Hy Ve, HVf) Hy Ve (4.3.76)

Mz

[Hy' = (H' &
k:l

{H, 1/ 2ek} is an orthonormal system in $;. It spans the orthogonal comple-
ment of ker(M) in $;. This means that

P = Z 1/2 >1 H(;l/Qek

is the projector onto ker(M)*»1. Thus the extended Dynkin’s formula is
[Hy'— (H ' @0)]f=P Hy'f. (4.3.77)

$Haux can be for instance the Hilbertspace L?(R?, 1) where y is some non-
negative measure on Bra. Thus M or better M, models perturbations by
measures. If p is absolutely continuous with respect to the Lebesgue measure,
then dp = V(z)dx and V() is the regular perturbation by multiplication with
potential functions, i.e., if M equals M;,.. Equation (4.3.77) is a generaliza-
tion of Dynkin’s formula in Proposition 4.2.24 as can be seen below.
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Let I" be an obstacle region and $)ga\ - be the subspace of $; of all f €
dom (Ll/ 2) such their quasi-continuous version is zero quasi-everywhere on I'.
Then the operator V}} in 4.2.74 is the orthogonal projection in the Hilbertspace
$1 onto the orthogonal complement of )ga\ . Moreover for every closed subset

I there is a measure y such that Hga\ o = ker(M,,). More details are given in
[35].



5

Applications

5.1 Borel Transforms

In this chapter a selection of results are presented for the purpose of illustrat-
ing the application of various techniques outlined earlier in Section 5.1. The
choice involves a general theorem in one-dimensional random Jacobi operators
where the determinacy of the randomness is linked to the existence of an abso-
lutely continuous component in the spectrum. The second example presented
involves several dimensions, a fully non-deterministic case (independent ran-
domness at different sites) in the high disorder regime where the spectral type
turns out to be pure point. The third example involves random operators on
a tree (which does not degenerate to the one-dimensional lattice), where in
the low disorder regime an absolutely continuous spectrum is exhibited. All
the above methods ultimately involve controlling the boundary behaviour of
Borel transforms of some spectral measures of the associated operators.

In Section 5.1 we use the matrix elements (f, (A — 2)~!g) of selfadjoint op-
erators A with f, g elements in a Hilbert space H. Then these matrix elements
are Borel transforms of finite complex measures uﬁ s = (fs Pa(-)g), which turn
out to be probability measures when f = g and ||f|| = 1. So the theorems
on Borel transforms from Chapter 1 are applicable for such functions and are
used here.

In Section 5.2 we apply the criteria for the stability of absolutely contin-
uous spectra to random and deterministic potentials and singular perturba-
tions.

5.1.1 Kotani Theory

In this section Kotani’s theory is presented in the one-dimensional discrete
case. We consider the space ¢*(Z) and work with the discrete Schrédinger
operator (see Section 4.2.)

(Au)(n) = u(n+1) +u(n—1), ue*(Z),
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which is perturbed with a random potential (V¥u)(n) = ¢“(n)u(n), where
q¢“(n), n € Z, is a real-valued discrete time process on some probability space
(2,8, P). In the discussion below we consider the case when ¢“(n) = v(n)
a non-random potential (in which case we denote the operator V¢ just by V),
when the theorem is valid in that context.

Before we proceed further we start with an abstract definition, for a self-
adjoint operator on ¢?(Z). We take the standard basis {d,,} for ¢?(Z), that
is 0(m) = 1,0,,(n) = 0,m # n. For convenience we define G(z,n,m) =
(0, (A — 2)715,,), for z in res(A), the resolvent set of A and set G(E +
i0,n,m) = lim.|o G(E + i€,n,m) whenever the right-hand side limit exists.

Let us recollect here some basic facts about the discrete Schrédinger op-
erator here. Let H = A + V; then consider the operators Hif on ¢*(ZF),
(ZF={neZ:n>k+1},Z;, ={n€Z:n<k-—1}) given by

( Ju)(n) = (Hu)(n), n>k+1,

(Hiuw)(k+1) =u(k +2) + vk + Du(k + 1) (5.11)
(Hyu)(n) = (Hu)(n), n<k-1,

(Hyu)(k—1) =u(k —2) +v(k - 1u(k —1).

Then the following relation is valid for the associated resolvent kernels,
G(z,n,m) = {6y, (H —2)"16,),

Gz(z7n’m) = <5n’(HIj_Z)_16m>7n7m2k+].
0, otherwise, (5.1.2)

5n, H_ — 715m7 ) <k-1
Gr () = 4 0w Ul = 2 omlmm <
0, otherwise.
We give special names to the following two values of the resolvent kernels,
mt(z,k) =G (z,k+ L,k+1), m (z,k) =Gy (2,k—1,k—1),
since these quantities are related as follows.

Lemma 5.1.1. Let H be a discrete Schrodinger operator as above. Then the
integral kernels of H, H,;t are related by

1
k. k)= keZ 1.
G(Z; ) ) (m+(z’ k _ 1))_1 —m= (Z, ]f), € ) (5 3)
which can be rewritten as
Gz, k k) = -1 kel (5.1.4)

mt(z,k) + m~(z,k) —v(k) + 2’

Further G(z, k, k), m*(z, k) are functions analytic in C* mapping it to itself.
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Proof: Let us denote by < ¢,- > 1, the rank one operator associated with
the vectors 1, ¢ in £2(Z). Then using the standard basis {5, }, we can write

H = Hy, + (6k, Yo0k—1 + (Ok—1, )0k, Hp=H, ®H;_,.
We use the second resolvent equation,
(H—2)"' = (Hp —2)"" = (H = 2)7 ({0 )oh—1 + (Sp—1,)0k) (Hy — 2) 7"

Now apply both sides to the vector d; and Jx_1, respectively, and take the
inner product of the result with the vector d; to get the equalities

Gz, k, k) =mT(z,k —1) (1 — G(z,k, k- 1)),
G(z, k,k—1)=—-G(z,k,k)m™(z,k),

respectively. Eliminating G(z, k, k — 1) from the above two relations gives the
the Equation (5.1.3).

We use the resolvent equations above for the pair H ,j_l, Vi H ,j , to com-
pute (8, (H;" | — 2)716;) and (6, (H | — 2)"10k+1) and simplify to obtain
the following recurrence relation for m* for any k£ € Z (and use a similar
procedure for m™).

+ + _
(v(k) — 2 m_(z, k+ 1)_) mT(z,k) =1, (5.15)

(v(k) =z =m™(z,k))m™ (2, k+ 1) = 1.
Using the last relation it is possible to rewrite the Equation (5.1.3) as (5.1.4).
The second part of the assertion of the lemma is by direct verification, using
the spectral theorem (which is used to write each of the G(z, k, k) or m*(z, k)
as [p du(x)/(x — z) for an appropriate positive finite measure ). O

Definition 5.1.2. We say that a selfadjoint operator A defined on ¢%(Z) is
locally reflectionless if there is a set X, C 0(A), of positive Lebesgue measure,
such that

Re(G(E +1i0,n,n)) =0, V E€ X, neZ

Proposition 5.1.3. Let H be a discrete Schrodinger operator. Suppose for
some E € R and for some k € 7 the limits G(E + i0,n,n),m*(E + i0,n)
exist for two consecutive integers n = k,k + 1 and Re(G(E + i0,n,n) =
0, n=k,k+1. Then

Re(m™ (E +1i0,n) — v(n) + E) = Re(m™ (E +i0,n)), n=kk+1

and
Im(m™ (E +i0,n) = Im(m ™ (E +i0,n)), n=k+1.
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Proof: From Equation (5.1.4), taking real parts and setting them to be zero
using the condition Re(G(F + i0,n,n)) = 0, n = k,k + 1, we obtain the
equality of real parts of the m* stated in the first equation.

For the second relation we proceed as follows. First take real parts in
Equation (5.1.3) and set it to zero to obtain the relation

Re(m™ (B +10,k+1)
Re(m*(E + 0, k))

= (Re(m™ (E+i0,k+1)))*+ (Im(m ™ (E+i0, k+1)))?.
(5.1.6)
We then rewrite the first equality in equations 5.1.5 as

1

+(E 410, k) =
m B+ = S T E T B0k 1)

take real parts on both sides and substitute the value Re(m™ (E + 40,k + 1))
for Re(v(k) — E—m™(E +1i0,k+1)), obtained from Equation (5.1.4) and the
condition Re(G(F + 0,k + 1,k + 1)) =0, to get

Re(m™(E 4140,k + 1))
Re(m ™ (E + 0,k + 1))

=Re(m™ (E +1i0,k + 1)) + Im(m™ (E + 40, k + 1))2.

(5.1.7)
Using equations (5.1.6) and (5.1.7), and noting that Im(m* (E+10,k-+1) > 0,
we obtain the second relation of the proposition. O

Corollary 5.1.4 Let H be a locally reflectionless discrete Schrédinger op-
erator. Then for every E in the set Y. we have Im(m*(E + i0,k)) =
Im(m~(E +1i0,k)) and Re(m™ (E +10,k)) = —Re(m ™ (E +1i0,k)) +v(k) — E.

Proof: We first note that the boundary values of G(E+i0, k, k), m* (E+i0, k)
exist for almost every E with respect to Lebesgue measure since each of these
is a Borel transform of a positive measure, by definition. Therefore we can
assume without loss of generality that X itself is the set of positive measure
such that Re(G(E +10, k, k)) = 0 and where m* (E +10, k) exist for all k¥ and
all £ € X,;. Now the corollary is immediate from the previous Proposition
5.1.3. d

The following deterministic theorem is valid for discrete Schrodinger op-
erators, in that the locally reflectionless ones among them are deterministic
in the sense given below.

Theorem 5.1.5. Let H be a locally reflectionless discrete Schrédinger opera-
tor. Then the knowledge of {v(n), n <mng} determines {v(n), n > ng} for
any finite ng.

Proof: First note that the knowledge of v(n) for n < k determines the op-
erator H, on ¢*({n : n < k — 1}) completely and hence its resolvent kernel,
m~(z,k) completely for any z € C*. The knowledge of m~(z,k),z € CT,
determines m~(E + 40, k) on X, via taking boundary values and hence de-
termines also m*(E + 0,k + 1) on X,; by using the above Corollary 5.1.4.
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Since the function m™(z,k + 1) (constructed as the resolvent kernel of the
operator H ,j' ) is analytic in the upper half plane with positive imaginary
part, its boundary values on a set of positive measure determine the function
completely. Thus we know the function for any z € C*. Now the values of
v(n),n > k+1 can be read from the Taylor expansion at infinity of m™ (z, k),
since H is bounded and Jy, is a cyclic vector for H ,j' . O

Before we proceed further we need to make a connection between the
behaviour of solutions near oo and the spectrum.

It is a fact that from the Weyl-Titchmarsh theory of selfadjointness of
difference operators, we can get an expression for the functions m*E (z,m) in
terms of the solutions w4 (z,n) which are square summable near +oo (in n)
for each z in C; it is part of the theory that they always exist and either decay
exponentially or grow exponential at co for z in the resolvent set of H. We
state this fact in a lemma in the random setting.

Lemma 5.1.6. Let H*,w € 2 be a discrete ergodic random Schrédinger
operator with (£2,80,P,Z) an ergodic dynamical system, where E(ln(1 +
|g“(0)])) < co. Then the limits

exist for almost every w are independent of w. 7y is a mon-negative sub-
harmonic function in C. Further

—7(2) = E{ln|m ™ (2,0)[},
where
mE(z,k) = —us(z, k£ 1) /us(z, k), keZt.
We then have a proposition on the values of ~.
Proposition 5.1.7. Let H“ be as in Lemma 5.1.6; then,

Im(z)

E{In(1 + Tt (20))

)} = —2E{In[m* (2,0} = —2E{In m* (2, k)| }.
Proof: We take the imaginary parts in the relation (5.1.5), for m™* divide by
Im(m™) to get, for any k € Z,

Im(z)
Im(m*t(z,k+1))

In(1+ ) =In(~Im(m™*(2,k))"") — In(Im(m™ (2, k + 1))

= —InIm(m™(2,k + 1)) + In(Im(m™ (2, k)))
—In|jm™(z, k+1)%
(5.1.8)

using the identity —Im(a™') = Im(a)/|a|?, for any complex number a. From
the definition of m™* we see that it is the Borel transform of a positive measure,
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so when z is in the upper half plane the function is bounded both above and
below uniformly, as a function of w, hence integrable with respect to P. The
same is true of the imaginary part of m™. Therefore the quantities appearing
in the above equality are integrable, so taking integrals with respect to P and
using the invariance of the P under shifts, we get the proposition. O

For the following we set M*(z, k) = Im(m*(z,k)) + $Im(2).
Proposition 5.1.8. The following inequality is valid with z = E + ie:

1 1
E
M* (2, k) T M (k)

—4Im(G(z,k,k))} <4 P(j)— Z;(z)} .

Proof: The proof of this theorem relies on the Thouless formula relating the
density of states measure dn to the Lyapunov exponent, namely,

1) = [ 1nl(e — 2)| dn(a),

We define the density of states measure via its Borel transform as

1
/ p— Zdn(x) =E {(60, (HY — z)_léo)} =E{G(z,0,0)} = E{G(z,k,k)}.
(In the literature the density of states is defined differently and the above
relation is actually a theorem, but for our purposes here we can take it as
a definition.) We delegate to the notes for references to proof of Thouless
formula. Given these facts and the Relation (5.1.4), we have, with z = E + ie,

Iy N € .
gy E+i0= [ g i)
therefore 5
ai(E +ie) = E{Im(G(E + ie, k, k))}.
Yy

The Proposition 5.1.7 together with the inequality In(14x) > x/(1+x) gives
the bound for the terms

E{]Wi(lz,k)} < 29(E + ie€) /e, (5.1.9)

completing the proof. O

Finally we prove the theorem of Kotani which says that for ergodic dis-
crete random Schrodinger operators the existence of absolutely continuous
spectrum implies that they are reflectionless and hence deterministic.

Theorem 5.1.9. Consider an ergodic discrete random Schrédinger operator
HY w € 2, with (2,8,P,Z) an ergodic dynamical system satisfying the
conditions of Lemma 5.1.6. If the set {E : v(E) = 0} has positive Lebesgue
measure, then the potential V¥ is deterministic.
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Proof: For the following proof we note that G(z,k, k), m*(z, k) are func-
tions of w for each fixed z,k and write their evaluations at the point w as
G(z,k, k) (w),m* (2, k) (w), etc.

Let S denote the set where v(E) is zero and also the boundary values

g—; (E+10) exist. These boundary values exist almost everywhere on R because

%Z is the imaginary part of a Borel transform. Then for E € S, we have, as €

goes to zero,

E+ie) —v(E+1
lim V(B +ie) = 7(E +10) = lim
e—0 € e—0 € e—0 8?}

the right-hand side of the inequality in Proposition 5.1.8 goes to zero. From
this observation, using the Inequality (5.1.9), the fact that m*(z,w,k) are
Borel transforms and Fatou’s lemma, we see that for almost all w the boundary
values of M*(E +10,w, k) exist and are finite. Together with the bound from
the inequality in Proposition 5.1.8 it follows that

1 1
E —AIm(G(E + i -1 —o.
[M+(E+i07k) T Erog  mGE O kE) )] 0

Since —Im(G(E + i0,k,k)™) = MT(E +i0,k) + M~ (E + 40, k), from the
definition of these quantities and Relation (5.1.4), we have

[Ml+ + % —4(MT + M)|G2} = [Ml+ + MI} [1—4(M*M7)|G?,

where we suppressed the arguments E + ¢0 and k for simplicity. This relation
is rewritten as

3 ] @G+ Re(G) ~ MG

which simplifies to the product, by using the identity (a+b)? = (a—b)? — 4ab,

(Ml+ + Ml_> |G(E +1i0,k,k)? [(MT — M™)* + (Re(—G™1))?] .

Therefore,

1 1 . 2 + -2 -1y27 | _
This immediately shows that for all E € S, Re(G(F + i0,w, k,k)) = 0 for
almost every w and every k € Z. Now Theorem 5.1.5 gives the stated deter-
minacy of V¥. O
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5.1.2 Aizenman—Molchanov Method

In this section we present the proof of localization using the Aizenman—
Molchanov method. In this method one shows that for operators of the form
HY = A+V*¥ on 2(Z%), the resolvent kernels (6,,, (H* — E — ie)~'4,,) have a
good decay in |n — m| by showing that the averages
E{|[{6n, (H* — E —i€)~18,,)||*} have good decay in |[n—m/| for some 0 < s < 1.

The idea of controlling the above averages is the following observation.
Suppose that A is a bounded selfadjoint operator on some separable Hilbert
space H and suppose {¢y, k € I} is an orthonormal basis there, with I some
countable set indexing the basis. Suppose F is a real number such that for
some 0 < s <1,

1/s
|E| > (SUPZ| < ¢r, Adr > S) ;

kel el

then we also have

> e (A= E) )] < oo

lel

The second idea is that if instead of a number E we have A\¢¥ — F, with ¢* an
operator diagonal in the basis ¢y, such that the diagonal entries ¢* (k) are real
valued i.i.d. random variables. Then the same procedure can be adopted for
controlling the sums of |(¢x, (A + A\g* — E)~1¢;)|*, by making use of Lemma
3.1.1.

Let us first state an abstract theorem to illustrate the idea.

Theorem 5.1.10. Consider a bounded selfadjoint operator A on a separable
Hilbert space H such that for some 0 < s <1,

_ s\1/s
1Al (i292\<¢k7A¢z>\ )'/* < o,

lel

for some orthonormal basis {¢r}. Then whenever E is in the resolvent of A
satisfying |E| > || A|ls, for each k, we have

> e (A= E) )] < oo

lel
Proof: Let us for simplicity denote
G(k,1) = (o, (A= E) "' gn)

and consider the identity,

EG(k,1) = =0k + Y _ A(k,m)G(m,1),

mel
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where A(k,m) = (¢, Apm). Now we take the modulus of both sides raised to
the power s take the factor F to the other side and get the inequality

< 10ka)? |A(k,m)|*
|Gk, D)|° < BE Z |E|g |G(m,1)]*.

We set

Ok, 1

|E]*

K™ (k,l,E) = Z K(k, 11, EYK (1,12, E) - K(l;n, [, E)

lla"‘ 7l7n

K(k,I,E) = |A(k,1)/E|*, K*°(k,1) =

and repeat the above estimate |k —I|/2 times to get

L=ty

Gk, < Z K*Tkl+ZK*

mel

(k,m)|G(m,1)]*. (5.1.10)

By assumption F is in the resolvent set of A, so |G(m, )] is uniformly bounded
in m, . Further the assumption that ||A||s/E < 1 implies that the right-hand
side is bounded by

k=1l _
5 1

Y KTk +Cal T

r=0

where we set a = ||A]|s/|F] < 1. Using this inequality in the Inequality
(5.1.10) and taking sums over | now gives the result. O

To deal with random operators we denote by Pj the orthogonal projection
onto the range of ¢. Then for any real A, consider

= A+ Ag®(k) Py, (5.1.11)
kel

where ¢¥(k), k € I are independent random variables with distribution p. We
assume that p is absolutely continuous with respect to Lebesgue measure in
the following.

First we give a definition that picks out a class of y to be considered in
this theory.

Definition 5.1.11. A probability measure p is said to be 7-regular for
0 <7 <1iffor any z € R,

w((xr—a,x+a)) <Cla|”, any a >0,

with C independent of . The smallest number C' with this property is denoted
by C.r
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Remark 5.1.12. In the case when p has a density p in LP(R), p > 1, by
Hélder’s inequality it follows that it is pT_l—regular with C,, + <[/ fllp-

Then to study the measure class of the operators AY for almost all w, it
is enough to study the measure class to which the spectral measure of AY
associated with each of the vectors ¢ belongs. We do this for the vector ¢y,
the proof for the others is similar.

Theorem 5.1.13 (Aizenman—Molchanov). Consider the family of opera-
tors as in Equation (5.1.11), with ¢“(k) distributed according to a T-regular
probability measure p, 0 < 7 < 1. Then there is a A\g such that for all A > \g,
the spectrum of A% is pure point for almost every w.

Proof: Set G¥(k,l, F) =< ¢, (A — E —i0)~ ¢ >, suppressing the indices
A, for this proof.
We show that for each A > Ag,

> E(G¥(k,1,E)|") < oo, for any E € [a,b], (5.1.12)
lel

for some 0 < s < 1. Since we are dealing with a sum of positive terms and the
interval [a, b] is finite, the above estimate together with Fubini implies that

/b dE E <Z|G“(k,l,E)|S> < 0. (5.1.13)

lel

This inequality immediately implies that for all £ € I and for almost all w,

> |1G¥(k,1,E)* < oo, forae. E € [a,b]. (5.1.14)
lel

Such an estimate implies that for almost all w we have
W 1 W
(DFS)(E) = / TR TR ) <00 forae Belall  (5115)

where

1
Therefore if we consider AY, for typical w we would satisfy the condition of
Theorem 3.1.7 and then the spectral measures of the rank one perturbations
A + 0Py associated with the vector ¢, will have only pure point part in
[a, b], if any, for almost all 4. This means that for almost all w the spectral
measure of A{ with respect to ¢ has only a pure point component, if any,
in [a, b]. Since the arguments did not depend on specific k € I, it follows that
each of the spectral measures vy’ and hence any total spectral measure of AY
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has only a pure point component, if any, in [a, b] for almost every w. Therefore
proving the Inequality (5.1.12), which is shown in Lemma 5.1.15, completes
the proof. O

We shall need a crucial lemma that decouples randomness at one site from
the others in the proof of Lemma 5.1.15. For this reason the Lemma 5.1.14
given next is often called the “decoupling lemma.”

Lemma 5.1.14. Suppose p is an absolutely continuous probability measure
that is also T-reqular. Then for any 0 < s < 7 and any § € C we have

s 1
;relg/du —5|| 2 Os,r(#)/dﬂ(l") e—B]

where Cs () — 0,5 — 7.
Proof: Suppose we prove the inequality
[z —af®

[z =817 + 1y - 6I_9<‘x 5|5{|y—oz\_“”+ly—ﬁ|‘s}

(5.1.17)

+ "Z m' (o — o]~ + |z — 8°).

Then by integration over the variables x, y using the symmetry of the expres-
sions over x,y, we would get

1 |z — «f® 1 1
e < [aw P50 [ann (2ot o)
/ o = BJ* |z = Bl° ly—al  ly—pP
This inequality now implies the lemma since
dp(z ﬁ 1 1
f—lﬁl < /du(y) ( + )
= y—af Ty ar

—Bls
o0 5.1.18
SQ(t M(R)‘f’/t dty M{|x—ﬁ|_32t1}>- ( )

S DS,T'

Here we used the fact that p is 7-regular to estimate the second term as
= C|ty|~7/#dt; and then minimize over t. The lemma is then valid with
Cs () = 1/Ds ;. Therefore we need to prove the inequality (5.1.17), which
we multiply by |(x — 8)(y — 8)|°, to get an inequality

|z — of?

Y-
e = Dly O+ (250 Dl = B e —al* 4y —af 20,

|z —al*

which is equivalent to inequality (5.1.17). Since the above expression is sym-
metric in = and y, we may take |y — 3| > |x — (]. We use the triangle inequality

(
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along with the estimate (a + b+ ¢)® < a® 4+ b® 4 ¢® valid for positive number
a,b,cand 0 < s < 1toget|y—pB|° <l|r—pB°+|r—al®+ |y — a|®. Then we
obtain an equivalent version of the inequality (5.1.17) given by

T — ol R y—al® s
ool gy (B o) g
ly — al |z — o
T —al® —al® < 5.1.19
(el ) (51.19)
ly—al®  |z—af
> 0.

This form of the inequality is obvious since t +¢t~! — 2 > 0 always for any
positive t. Il

Using the decoupling lemma we show that in the model considered in
Equation (5.1.11) has pure point spectrum for large enough coupling constant.

Lemma 5.1.15. Consider the family of operators as in Equation (5.1.11),
with ¢¥ (k) distributed according to a T-regular probability measure p, 0 < 7 <
1. Then there is a Ao such that for all X > Xy, 0 < s < T,

> E(IG¥ (k,n, E +i0)[*) < oo,
nel

for any E € [a,b].

Proof: Consider an interval [a, b] with non-empty intersection with the spec-
trum of AY. Then we shall show that the estimate in Equation (5.1.12) is valid.
For this lemma we shall drop the index w in G¥(k, [, z). Then we consider the
simple identity

(\(l) — E —ie)G(0,1, E +i€) = 6o, — Y A(k,[)G(0,k, E + ie).
kel

Set Gi(k,1,z) = (¢r, (Ay — A\q() P, — 2)"'¢y). Then Gy(k,l,z) and ¢(l) are
independent random variables.

The rank one perturbation formula given in Lemma 3.1.1 gives us the
relation

G(O,l,E+i6):(GI(O’Z7E+ZG)> 1

Gi(l,1, E +ic) ) Aq(l) + (Gu(l,1, E + i)~

Set Bou(E + ie) = SHPrEED and Dy(E +i€) = G(l,1, E + ie) ™. Using this

in the equation above we see that

BQ[(E + i€)

W) = B = ie) o D E + e

= S — Ak, 1)G(0, k, E + ie).

kel
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Then taking absolute values on both sides, raising to power s taking averages

over w and simplifying we get

Aq(l) = E — ic|* | Boa(E + ic)|*
[Aq(l) + Di(E + ie)|*

E( ) < 6o+ Y AR DIPE(G(0, k, E +ie)|*).

kel

We denote E(|G(m, k, E + i€)|*) = K(m, k)(E + i€); then using the indepen-
dence of Di(FE + ie) and ¢(1), the above inequality becomes

Ax — E —i€|®| By, (F + i€)|° s )
E [aue) M I E LI <6 S A DR OR)E + i),
kel

which using the Lemma (5.1.14) and some algebra is seen to be

A Car (K (0, 1) (E +i€) < 8o+ 3 |A(k, DK (0, k) (E + ie).
kel

Therefore we take \g so that ||Al|s/|Ao|Cs.- (1) < 1, in which case it is also
true that ||Al|s/|\Cs.-(1)Y/* < for any A > \g. Therefore Theorem 5.1.10 is
valid for all such A, provided K (m,n)(E + ie) is uniformly bounded in m and
n and € point wise in E. This we show in the lemma below. O

Lemma 5.1.16. Consider the operators A with g(n) and its distribution p
satisfying the conditions in Lemma 5.1.15. Then there is a constant C(A, s),
independent of E and € > 0, such that. for alln,m € I, ¢ >0 and E € R the
estimate

E(|G¥(n,m, E +i€)|?) < C(A, s) < oo,

is valid.

Proof: In this lemma also we drop the superscript w in G*(n,m, z). We take
n = 0 and prove the lemma, the case of general n is similar. Using the rank
one perturbation formula of Lemma 3.1.1 we see that

1
A(q(0) = (A1 Do(E + ie))’

G(0,0, E + ic) =

using the notations of the previous theorem. Therefore taking averages, since
Dy(E + ie) is independent of the random variable ¢(0), we obtain

. 1
BG(0,0.8 +i0)l*) = [ dule)——— gz
1 _
< sup/du(:c) |z —a|™® < o0.
|)‘|S a€R

The integral was estimated as in the inequality 5.1.18.
The proof of the estimate for G(0,, F + ie) when [ is not equal to 0 is
given below under the further assumption that the density of y is bounded and
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J dp(x)|z|” < co. The proof without this assumption is found in [6], Theorem
II.1.

Consider distinct sites m # n fixed in the rest of the proof and consider
G(m,n, z). Let Hy = H — Ag(m) — A¢(n) in the following proof. Let R denote
the orthogonal projection onto the two-dimensional subspace generated by
®m, ¢n. Then one has the rank two formula

[R(H —2)"'R] ™" = (R(H, — 2)"'R) " + (Aqén) Aq?m) )

where the two-dimensional matrix (R(H; — 2) "1 R)~! has the form

(%g), Im («), Im () >0 when Im (z) > 0.

Using these facts and the formula
—A.
A™Y = 2
( ) i det(A)’

valid for an invertible two-dimensional matrix we see that

-8
(Ag(m) + a)(Aq(n) +7) = |8

(H —2) Y (m,n) = Im (), Im () > 0.

(5.1.21)
Here the quantities «, 3,y are random variables independent of ¢(m) and ¢(n)
and hence will be treated as constants while integrating with respect to q(m)
and ¢(n) which we call x and y, respectively. Then we have to estimate the
quantity

3 s
Mz + ) (y+3)— (62

The idea of estimating this integral is the following: the factor § from the
numerator is controlled by a factor of |3| occurring in the denominator, while
the rest of the terms are integrated in taking the average in view of the absolute
continuity of the measure p. But we need to take care of some technical details
for this. Let a/\ = a1 + iag,v/A = 71 + iv2. Then we have to estimate the
integral

BIG(m.n,9)|* =E [ du(o) [ duy) (5.1.22)

- B
I = /du(z)/du(y) ‘)\2(x+a1 +ia2)(y + 71 +iv2) — | B2
E S
< /du(m)/du(w ‘Az(ﬁal)(yﬂl) B — azye

In the above we split the region of integration into two pieces:

(5.1.23)

S1={(z,) : 2IN%(@ + a)(y + )| < B + 2},
Sz = {(z,y) : 2]X*(z + en)(y +71)| > 7 + cxme}.
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Using the fact that agys > 0, the integrand in the above integral is seen to
be bounded on S by the function

25
ALl + on |5y + 7|2

and on S5 by the function

\/§s|y + 712
+ _ B2tasys s
yrn A2 (z+az)

Therefore writing the integral on these two sets and using these bounds for
the integrands we obtain

Al + aq |2

18]
/d,u(:v)/d,u(y) ‘)\2(36+041)(y+71) — 182 — aze

28
< - ;
_1/wmmmwMMx+mﬁw+%ﬁ (5.1.24)
— 1 ly +ml?
+ V2 )| /dﬂ(ff)W/dﬂ(y) 52tans |

’y+”ﬂ—m

Now using the properties of u, the first term on the right-hand side is bounded
by C|A|~* as in the inequality (5.1.18). As for the second term, we first use the
assumptions on the measure p that it has bounded density and a 7 moment
together with the Lemma 5.1.17 to get rid of the factor |y++| in the numerator
of the y integral. Then we see the boundedness of the resulting integral as
before, for example as in the inequality (5.1.18). O

We usually take the indexing set to be one of Z¢ so it makes sense to talk
about |n| in such cases. The above procedure is valid if A is a function of
n € I with A(n) — oo as [n| — oo also. In the cases when A is small or when
A(n) — 0 as |n| — oo there is an alternative procedure which works at the
edges of the spectrum.

We start with a lemma to present this procedure.

Lemma 5.1.17 (Aizenman). Let pu be an absolutely continuous probability
measure whose density f satisfies [, dz|f(x)|'T? = Q < oo for some q > 0.
Let 0 < 7 <1 and suppose B = [, du(x) |x|™ < co. Then for any

il
K< |14+ =-+4-

T q

we have

" 1
/du(a:) il <Kﬁ/du($) , forall ae€C,
e N R P
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with K, given by
K, = B¥(21+2% 4 4) [BI*f + B% CQ,k,7,q) | < oo

Remark 5.1.18. (i) We see from the explicit form of the constant K that
the moment B can be made sufficiently small by the choice of © even when its
support is large. This will ensure that in some models of random operators,
the Simon—Wolff criterion is valid in a part of the spectrum. This is the reason
for our writing K,; in this form.

(ii) In the above we can set ¢ = co in which case Q = || f||oo-

Proof: The strategy is to consider the ratio

fR dp(z) ‘zlfz‘n
fR dﬂ(ﬁﬁ) \;c—l(x|"

and to find a uniform bound in «. This is done by obtaining an upper bound
on the numerator in terms of o and a lower bound for the denominator with
the same asymptotic «, such that the quotient is estimated by K, which is
independent of a.

Note first that B finite and x < 7 implies that |z — «|" is integrable even
if « is purely real and we have

b
/ F@)de < Qb — a| T (5.1.25)

by the Holder inequality. Hence

1 OC 1
/du(m)m§1+/1 dtu({x.MZt})

1 (24@) T (5.1.26)
1+q -
= C(Q7 K:’ T’ Q)7

where the integral is estimated using the estimate in equation (5.1.25). Con-
sider the region |a| > (2B)*

We then estimate for fixed « the contributions from the regions |z| < |a|/2
and |z| > |@|/2 to obtain

|k . 2K
/d |x|_|0[|’i < |a|n /du |.’L‘| /d |a|ﬁ)
(5.1.27)

(B+B% C(Q,r,mq) 7 )7

_a|

with k chosen so that /(1 — 2x/7) < ¢/(1 + ¢). (Here we have explicitly
calculated the p occurring in the lemma of Aizenman in terms of x and 7).
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For a fixed 7 and ¢ this condition is satisfied whenever k satisfies the inequality
stated in the lemma.

The lower bounds on [ du(x)1/|z — |" is obtained first by noting that
B < oo implies

p({z: |z[" > (2B)}) <

Since |a| > (2B)7, we have the trivial estimate

1 1 1
dxiz/ dxi-i—/ du(x) ——
/)M)W—QW |2|>(2B) ¥ M)W—aﬁ lo|<(2B)* M)W—QV
>

1
> / , dulr) ——
2|<(2B) 7 lz —«a
1

> .
2(la + (2B)7)"

N =

(5.1.28)

Putting the inequalities in (5.1.27) and (5.1.28) together we obtain (remem-
bering that |a| > (2B)7)

du(r) oo [ oiis | s ae
f]R E 1a\ < 9l+2xp% |pl-% | Bt c(Q,k, T, q)%}
J du(x) Te—al®

1

Consider the region |a| < (2B)7.
Estimating as in Equation (5.1.27) but now splitting the region as |z| <

(2B)* and |z| > (2B)~, we obtain the analogue of the estimate in Equation
(5.1.27), in this region of « as

Edl 1 K ﬂ
J @) o < 25! (/ @) o+ [ dut |x—a|ﬁ>
1 25 =2k
(2B) (B+B T C(Q,Ii,'ﬂ Q) T )

Similarly the estimate for the denominator term is done as in Equation
(5.1.28):

1 1 1
d,ux)iz/ ld,ux)i—i—/ L dp(r) ———
/ ( |z —al* ™ Jiz>@n)* ( lz —al® * Ji<@p)* ( |z — al®
1
2/ | dur) ———
2|<(2B) 7 |z -«
1
~ 2((2B)* + (2B)7)
1
4(2B)7

(5.1.29)

(5.1.30)

<

A=

(5.1.31)
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Using the above two inequalities we obtain the estimate,

J dn(x) \ ‘flﬂw 5 p 2
=~ T <4|B'"F+B-C T 5.1.32
fR d/L(LU) \zfloéh — |: + (Qa Ky T, Q) ’ ( )

when |a| < (2B)~. Using the inequalities (5.1.29) and (5.1.31) obtained for
these two regions of values of o we finally get

e g o
fsmxx)'5<<BTQLﬂm+® BL7M+B?(XQM%ﬂqy?L}’@JB$
R o=al®

for any o € R. g

In the following we consider HY = A + V¥ on ¢%(Z%), with V¥(n) =
anq”(n). We assume that ¢(n) are i.i.d. random variables while a,, is a non-
negative sequence going to zero as n — co. We take the constants K,; given
in Lemma 5.1.17; then the theorem is

Theorem 5.1.19. Suppose H* is as above with a probability measure u such
that [ |z|"du(z) < co. Suppose further that p satisfies the assumptions of
Lemma 5.1.17, for some p > 1 and 7 = 1. Consider a k such that

2 1 1"
O<H<P++]
T p-—1
and suppose that for all E € (a,b),

K, (sup |ai]) Z |GO(k,n, B +i0)|" | < 1.

d
lez nezd

Then for almost all w,
ac(H?) N (a,b) = 0.

Proof: By the second resolvent equation we have
G“(n,m,z) = G'(n,m,2) = Y G*(n,1,2)V*(DG (I,m,2).  (5.1.34)
lezd
We denote by
GY (n,m, 2) =< 8, (H = V()P — 2) 10, >,
where P is the orthogonal projection onto the subspace generated by ¢§;. Then
using the rank one formula of Lemma 3.1.1

Gr' (n,l,z)

G¥ (1,1,2)
G“(n,l,z) = !
(TL, 7Z) Vw(l)‘i—G{ld(Ll,Z)_l
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whose proof is again using the resolvent equation. We see that equation

(5.1.34) can be rewritten as

G¥(n,m,z) = G°(n,m, 2)
GY (n,l,2)

(.l 5.1.35

D) Ve DGOl m, 2). (5.1.35)

B Z Ve(l)+Ge(l,1,2)!

Raising both the sides to power s where 0 < s < 1, we get

|G¥ (n,m, 2)|° < |G°(n,m, 2)|*
G (n,l,z) s
G (llz) w s 0 s
+Z Vw Gw(l I Z) 1 |V (l)l ‘G (l,m,z)‘ .
lezd
(5.1.36)

Now observing that G; is independent of the random variable V¥ (1), we see

that
E(|G(n,m, 2)|*) < |G°(n,m, 2)|*
ooy |
E bz w s 0 s .
lezd
(5.1.37)

This becomes, integrating with respect to the variable ¢* () and remembering

that V¥(l) = a;q* (1),

E (|G (n,m, 2)[*) = |G°(n,m, Z)Is

S

*ZE(‘ Erie

lezd

</ dp) |z + al_léjjlzl,l,z)—”s)) |GO(1,m, Z)|S
(5.1.38)

which, using the Lemma 5.1.17, yields

Gl(n,l,2)|°
w 8y < 0 s 3 Uy
E(|G¥(n,m, 2)[*) <|GO(n,m, 2)|* + Y K.E <‘G‘;’(l,l,z) )
€74
du( G(I,m, 2)|”,
(/ na @+ ay IG“’(l,l,z) 1|s)’ (tm, 2)]
(5.1.39)

where K is the constant appearing in Lemma 5.1.17 with « set equal to s
We take K = (sup,, |an|®) K, and rewrite the above equation to obtain
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E (|G¥(n,m,2)|°) < |G°(n,m, 2)|* + Z KE(|(G¥(n, 1, 2)|*|G°(1,m, 2)|*.

lezd
(5.1.40)
We now sum both sides over m, set
I= Z E(|G¥(n,m, z)|*)
mezd
and obtain the inequality
1< Z |G0(n,m,z)|s+ sup Z KI|GO(l,m,z)|s.
mezd lezs mezd

Therefore, using the assumption that

K sup Z |G°(1,m, z)’S <1, E€(a,b), (5.1.41)

1ez? meZd

we obtain

b
/dE S E(G*(n,m, E+i0)]") < oo,

meZd

by an application of Fatou’s lemma. This implies that for almost all E € [a, b]
and almost all w, we have the finiteness of

Z |G¥(n,m, E +i0)|*> < o0,

meZd

satisfying the condition of Theorem 3.1.7.
Therefore arguing as in the proof of Theorem 5.1.13 we see that

Vi (+) = (On, Erre(-)0n)

are pure point in [a,b] almost every w. This happens for all n; hence the total
spectral measure of H itself is pure point in [a, b] for almost all w. O

5.1.3 Bethe Lattice

In this section we consider a model with a random potential on the Bethe
lattice I'x of connectivity K + 1 to illustrate a technique that was used to
show that a part of the spectrum is purely absolutely continuous for almost
every realization of the random potential. In this model the random potential
is stationary (with respect to some automorphisms of I'k to itself). The Bethe
lattice is a tree (infinite connected graph with no loops such that any two
vertices are connected by a unique path) with K + 1 edges incident on each
vertex. The distance d(i, j) between two vertices i,j is taken to be the length
of the shortest path joining them. (For this purpose, the length of an edge is
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taken to be 1). Therefore in 'k, each vertex has K + 1 neighbours (vertices
at a distance 1).

The vertices in I'x can be labelled as follows. An arbitrary vertex is de-
clared as the origin and it is given the coordinate (0). Every other point is
uniquely identified by its distance to the origin together with the vertices that
fall on the unique path connecting it to the origin. Therefore a point at a dis-
tance [ from the origin has the coordinate (a1, ag,...,a;) with 1 <a; < K+1
and 1 < aq; < K, ¢ > 1. Thus, the points at a distance 1 are labelled
(1),(2),(3),..., (K + 1), while those at a distance 2 from the origin going
through a; are labelled (aj,1),..., (a1, K), since there are exactly K of them.
Given this labelling, the following transformations 77, 75 give automorphisms
of FK.

71(0) = (1), m(ar,...,aq)=1,a1,...,q0;), 1<a; <K
(K +1,as,...,a;) = (a2 + 1,as,...,a),
To(a1,...,a;) = (b1,...,b;), bi=a;+1 mod (K+1),V i.
(5.1.42)

The advantage of these automorphisms is that given any vertex (ay, ..., a;)
in I'k at a distance [ from the origin, there is a unique non-negative integer
m such that (ai,...,a;) = 75"71(0). (Indeed one can verify that 0 < m <
(K +1)K(=Y),

In view of this we can relabel the points of I'x as

Ik ={(0,0}U{(,m):jeN, 0<m< (K+1)KV~V}.

We need to have a bit of notation here for later use. Given any site a € Ik,
denote by I'k o the graph obtained by removing the vertex o and all the edges
connecting « to its nearest neighbours (i.e., all 8 with d(«, 8) = 1). Then the
resulting set is

{o} U Txas

B:d(a,8)=1

where 'k o g is the branch of the graph passing through 3 obtained by re-
moving the edge connecting # to «. This branch has all the vertices with
connectivity K + 1 except the vertex 0 which has connectivity K.

Consider the space £2(I'x). Note that since the number of points at a dis-
tance j grows exponentially in j, the £?-sequences should decay exponentially
fast to zero as a function of j.

Consider the Laplacians on this Hilbert space given by

Q)@= S ul),

yeI:d(B,v)=1

where the set I" is one of I'x, I'k o or I'k o 3. The operator Ap for one of the
above sets is evidently bounded and symmetric and hence also selfadjoint.
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It is clear from their definition that for any a, the I'x o g for different 3
are isomorphic as graphs.

This isomorphism implies that Ar,.  , and Ap, _, are unitarily equiva-

B
lent as operators on the respective 42—spaces..

Let 6, denote the element in ¢?(I'x) = (?({a}) @ (*(I'k o) Which

B:d(e,B)=1

is 0o (8) = dap, the latter being the Kronecker delta. Then the collection
{04, € I'k} forms an orthonormal basis for ¢2(I'k).

In the following we identify the spectrum and the structure of the matrix
elements of the resolvent of Ap.

We suppress the dependence on K in the notation for the resolvent kernels
and denote for any z € CT,

Ra,ﬁ(’}/v 7/7 Z) = <5’yv (AFK,a,ﬁ - Z)_167'>’
Ra(7,7,2) = (64, (Arg.. — 2)7'6y), (5.1.43)
R(V? 7/7 Z) = <5wa (AFK - Z)716w’>-
The above relations are understood to be in the sense of boundary values from
C* when 7 is replaced by a real parameter E.

Given these notations the following is used to identify the spectrum and
the spectral type of Ap, .

Lemma 5.1.20. Consider an « € I'x and 3 such that d(c, ) = 1. Then the
resolvent kernels R(«, «, z) are given by the

1. R(o,a0,2) = —1/(2+ (K + 1)Ro 5(06, 8, 2)) and

2. Raﬁ(ﬂvﬁaz) = *ﬁ + % V (%)2 - K’
where the square root in (2) is chosen so that Ry g(3,3,2) € CT when z € C*.
Proof: (1) We already noticed that for a given a € I'k, the graphs I'x o 3
are isomorphic for different 8 with d(8,«) = 1 and also for different pairs
(o, B) and (v,7") with d(e, 8) = 1,d(v,v’) = 1, the corresponding 'k g and
I, are isomorphic. This isomorphism induces an isometric isomorphism

of the different ¢2(I'k o ), with the bases {5, ¥ € I'k.o 5}, getting mapped
bijectively onto each other. Therefore the resolvent kernels satisfy

Rap(B,8,2) = Ry (7,7, 2) (5.1.44)

for any 3, 7/ at unit distance from «, -y, respectively. This observation together
with the second resolvent equation implies that

<5017 (AFK - 2)7155> = <6C¥7 (AFK,a - Z)7155>
— (Gas (Arye = 2) 7100 (05, (Ary.. — 2) ")
= R(aa ﬁa Z) - R(aa «, Z)Raﬁ(ﬂ7 6’ Z)

The same resolvent equation also gives
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:;1—;1 Z R(a, 3, 2).

4
Bd(a,B)=1

These two equations together imply that

-1
R(OZ, Q, Z) = 7[1 + (K + I)R(OZ, Q, Z)Roz,y(ﬂ7 ﬂv Z))]a
or
-1
2+ (K +1)Rap(8,8.2)
for some (3 such that d(a, 8) = 1.
(2) A similar calculation repeated with the pair of operators Ar, , , and

Ar,...., where 8 is chosen with d(a, ) = 1 and v # « is chosen so that
d(B,v) = 1, gives the relation

R(a,a,z) =

Ra,,@(ﬁ,'% Z) = RB,’Y(ﬁ?’% Z) - Ra,ﬁ(ﬁa ﬁv Z)Rﬁ,’y(’ya ’Y, Z)a

y#a, dy,B) =1,
Rap(B,5,2) = Ra~(B,8,2) = > Rap(B,72)Ra~(8,5,2).
a5

Simplifying the above two equations using the Relation (5.1.44), yields

z 1 /22
Ra,ﬁ(ﬁvﬁvz):_i—’_i 7_K7

where we can fix the signature of the square root to be positive on the positive
axis, so that the function maps the upper half plane to itself as it is a property

of Ry 3(8, 5, 2). O

Theorem 5.1.21. The spectrum of A, is purely absolutely continuous and
is the interval [—2v K, 2VK].

Proof: We will show that the boundary values R(«,a, E + i0) have finite
non-zero imaginary part for all £ € (—2\/? 2VK ) and have real and finite
boundary values elsewhere in R for all a € I'i. Such a statement will show, by
an application of Theorem 1.4.16, that any total spectral measure associated
with the operator Ar, is purely absolutely continuous and has support equal
to [-2V/K, 2V K], showing the assertion in the theorem.
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First observe that the boundary values R, g(8,5,FE + i0) = 5—}?
—1—%\ / ETZ — K exist finitely for any E € R and being independent of x, y. Fur-

ther when |E| < 2/ K, the imaginary part of this quantity is non-zero while
for |E| > 2K it is purely real. Using this fact we see that R(«, «, E + 40),
which is given by
. -1
R(a,a, E41i0) = ,
2
E+(+)(=5 +\/F —K)

also has finite and non-zero imaginary part for F € (—2\/? J2VK ) and
has zero imaginary part for |E| > 2vK. This shows, by an application
of Theorem 1.4.16, that the spectral measure of Ar, associated with J, is
purely absolutely continuous and has support equal to [—2\/? VK ]. Since
R(«a, a, E410) is independent of v, this happens for any total spectral measure
of Ap,, proving the claim. O

We next consider the operators
HY = Ap, + A\V®,

where V¥ (), « € I'k, are real-valued i.i.d. random variables with common
distribution pu.

Hypothesis 5.1.22. We assume that V¥ (a),a € 'k, are independent ran-
dom variables with identical distributions given by a probability measure p
such that h(t) = [, e~ "du(z) satisfies:

1. h(t) is bounded and differentiable,
2. 1/ is bounded and absolutely continuous and
3. h" is bounded on (0, 00).

Then the spectrum of H is [-2vK,2VK] + supp(u). We denote the
resolvent kernels associated with the operators Ap + AV« for I' € {I'x, Ik a,
Ik a,p} by B (-, 2,A), Ry(+ 7, 2, A) and R (-, -, 2, A), respectively. Then the
proof of the following lemma is analogous to the proof of Lemma 5.1.20.

Lemma 5.1.23. Consider the operators HY with V¥ satisfying the Hypothesis
5.1.22. Let a € I' and B satisfy d(a, 3) = 1. Then

1 R*(a,0,2,0) = =[1/(z = AV¥(a)] + Y Ry 5(8,0,2 ) and
B:d(a,3)=1
2. R 5(8,8,2,0) = —[1/(z = AV(B)]+ Y Ry,(,7.2N).
'y:d('y;éﬂ)zl
YFx

Theorem 5.1.24 (Klein). Consider (*(I'x) and HY given above with the
random variables V¥ («) distributed with an absolutely continuous distribution
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. Then there is a Ao > 0 such that for all 0 < X\ < Ao, there is an interval
(E_(N), E£(N)) Co(HY) such that

os(HY)N(E-(A),E+(N) =0, ae. w.
The aim of the rest of the section is to prove this theorem for which we
need some auxiliary results. We first need some simple relations involving

Gaussian integrals. We state these relations as a proposition, the proof of
which is obtained by integration. We set (x,y) = x1y; + z2y» for z,y € R2.

Proposition 5.1.25. Let Z be a complex number, whose imaginary part is
positive. Then the following relations are valid:

1L [oo e Z@m) dy = [° 2 ordr = L, where 1= ((z, )2

2L e 2 (679 ) dy = €700), where s = ((y, )"/,
Let us define for a € I'x with d(«,0) =1,

Grz(s?) =E {eiR:,a(ava,Z,)\)sr"} 7
£>"Z(82’ rg) =k {eiRe(R:""(a’a’zv)‘))(sz—7"2)—%Im(RZ’.a(a,a,z,h))(82+7“2)} .
(5.1.45)

Then the following proposition sets up a relation valid for &,{. We set z =

E +ie,r? = (z,2),5% = (y,y) and 9, = 5%.

Proposition 5.1.26. Let HY be operators with V¥ satisfying the Hypothesis
5.1.22. Consider any \, E € R and € > 0; then

™

E(R*(0,0,2,\)) = - / ¢ h(A?)[Cr 2 (%)) K H d,
R2

) (5.1.46)
. -2
Cna(r?) = = / e, (e h(As?)[Cr - (52)] Yy,
s R2
and
E(R (0,02 0P) = o [ dysdy e
2 R2 xR2
X h()‘(si - S%))[f)\,z@i, 33)]K+17
1 .
2 .2y _ - ) —(w_ Y
Onz(ri,ri) = = . dyydy_ e o+ yr)—(z—.y ))3S+587
x P AR TSR (A5 — 87))[En (5T, 82,
1

- dydy_ e—i(<:6+7y+>—<9677yf>)3S O,
72 Jr2yme A
3 2 52 )—e(s2 +s2
x (e PR m IR (A (57 = 52))[€n (57, 52)] )
(5.1.47)
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Proof: We first note that the graphs I'kx o g are mutually disjoint for any
fixed o, 8 € {7 : d(a,7y) = 1}. Therefore, by the independence assumption on
V¥ (B) for different S, it follows that R, 5(8, 3, 2, A) are independent functions
of w as ( varies with d(a, 8) = 1.

The proof of Equation (5.1.46) is to take Z = R“(0,0,z,\), use Rela-
tions (1), (2) of Lemma 5.1.23 in Proposition 5.1.25 (1) and (2), respectively.
The resulting integrals are simplified using the independence of the functions
Rg (a2, \) for different o to convert the average of the exponential into
a product. The interchange of the order of integration required is justified
for A # 0, ¢ > 0 or for A = 0,|E| < 2V/K, since in these cases the integrals
converge absolutely. The equation (5.1.47) is similarly obtained by taking ab-
solute value squares taking expectations with respect to w and using similar
reasoning as above. O

Let us define the Banach spaces

Hy ={f € CYRY): |[fllp + [/l < oo}, 1 <p< oo,

(5.1.48)
Kp =M, ®H,,

where as usual || - ||« is the sup norm and || |2 = [p. [f|P(z) dz, 1 <p < oco.
Again following standard notation S denotes the completion of the set S with
respect to the indicated norm.

The aim of defining these spaces is to use a fixed point theorem and show
that the function & gy is in K for a set of A when E varies in a subinterval
of (-2v'K,2VK).

To this end we define

fl@) = £ (1)) = 27(P)@) == [ e p)ay,

™

and set 7 = T ® T. These operators will help in formulating the fixed point
problem we plan to solve. We denote the operator of multiplication by the
function g on any of the spaces H,, or K, by M,. We also set
Bi(\, 2)(z) = B e p(\22),
By(A, 2)(w,y) = P IR +y7)),

where z = F + i€ and h is the function given in the Hypothesis 5.1.22.

Lemma 5.1.27. Let g € S(RT), the space of smooth rapidly decreasing (at
00) functions on RY.

(i) Then the operator M T M, is compact as an operator from Heo to Hi.
(11) The operator Mgy T Mgy 4, as an operator from Ko to K1, is compact.

Proof: (i) Since g € S(R™), all its derivatives are also there. Therefore g is
in H,, for all p and so is the function g1(s) = (1 + s)Vg(s), for any positive
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integer N. Fix N = 2 and write g = g1g2, where go(s) = (1 +s)72, z € R2
Then
MyTMy = Mg, Mg, T Mg, Mg, .

Now Cauchy—Schwarz implies that M, is a bounded linear operator from Hs
to H; and also from H,, to Ha, since g; and its derivative are in Hs, as a
direct calculation shows. The relation Mg, T'My, = Mg, FMg + Mg, FMg,0,
is valid with df = f’ being a bounded linear operator from Hs to itself.
Therefore the compactness of M,,TM,, as an operator from Hj to itself
follows if we show that M;FMj is a compact operator from L?(R?) to itself
for any g € S(RT). It is a fact that this operator is Hilbert—Schmidt from
L*(R?) to itself. (This is because MyF M, is an integral operator with kernel
K(z,y) = fg(x)e "<"¥>g(y), which satisfies [p,, g |K(z,y)*dzdy < oo
by Cauchy-Schwarz whenever g € L?(R?). This finiteness is precisely the
condition for the linear operator given by K to be Hilbert—Schmidt.)

(ii) The proof of this part is similar to that of (i). O

Lemma 5.1.28. Let HY be as in Theorem 5.1.24 and consider the functions
(, &, By, Bo and the operator T, T defined earlier. Then we have

(1) Crz € Hoos &rz € Koo for all X € R and z = E +ie, € > 0. The maps
(M, E,€) = Cx Btie and (N, E,€) — &x ptie as € — 0 are continuous from
R xR x (0,00) to Hoo and Ko, respectively.

(ii) If |E| < 2VK, then (o.p € Hoo, 0.8 € Koo and

Co,E+ic = C0,E M Hoo, &0,B+ic — 0.8 N Koo, as € = 0,

respectively.
(#ii) The Equations (5.1.46) and (5.1.47) become the fized point equations in
Heo and Koo, respectively given by

C)\,Z = TMBl(/\,z)C)\,za 5)\,2 = TMBQ()\,Z)g)\,Za
valid for (A, E,¢) € R x R x (0,00) U{(0,E,0) : |E| < 2VK}.

Proof: (i) Note that when € > 0, the imaginary parts Im(R¥ («, o, E + i€, \)
are strictly positive, and the first resolvent equation shows that for each w,
[(HY —E—ie)™' —(HY —=E—ie)'| = 0 as (E,e,\) = (E,&X) in (E,¢,\) €
R x (0,00) x R. Therefore for each w the function R¥(«, a, 2z, ) is a strictly
positive jointly continuous function of (F, €, A) in the above set. Hence the
function e~ Tm(Ra(@azA)a® jg rapidly decreasing function of x? which is
also continuous in (E, e, A). Therefore the function () . is continuous in the
variables (E, e, \) with respect to the topology of Hso. A similar argument
asserts the statement for &.

(ii) Since for A = 0 the quantities involved are the matrix elements of
resolvents of the Laplacians, using the explicit expressions from Lemma 5.1.20
the continuity assertions for (g ., &p, . follow.

(iii) This item is a restatement of Equations (5.1.46) and (5.1.47). O
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Lemma 5.1.29. (i) The map F: R x R x [0,00) X Hoo — Hoo, defined by
F()‘an €, f) = TMBl()\,E+’iE)fK - f7

s continuous. F is continuously Frechet differentiable with respect to f,
with the derivative given by

Ff(\, E, e, fo) = KTM, ~I.

1\ Eie) f< 1
Further, for |E| < 2VK,
F(0,E,0,¢0,p+i0) =0, and 0¢ o(Fr(\ E, €, ,E+i0))-
(i) The map Q : R x R x [0,00) X Koy = Ko, defined by
QN E,e, ) =TMp,(x priof* - f,

s continuous. @ is continuously Frechet differentiable with respect to f,
with the derivative given by

Qf(/\, E, €, fo) = KTMBI(A,E-Q—ie)f[f(*l — 1.
Further, for |E| < 2VK,
Q(0,E,0,(0,p+i0) =0, and 0¢ a(Qr(N\ E, €, E+i0))-

Proof: All the statements here except for the one on the spectrum of the oper-
ators Fy and )y are obtained from the previous lemma. The proof that 0 is not
in the spectrum of the operators F(\, E, €, o, p+i0) and Qf(X\, E, €,&0,p+i0)
is as in the proof of Theorem 3.5 of [2]. O

Theorem 5.1.30. Let X be a complete metric space, Y a Banach space, and
f a continuous function from an open set U C X XY — Y which has a Frechet
derivative, fy(x,y), with respect toy € Y. This derivative is continuous in U.
Suppose f(xo,y0) = 0, for some point (x,yo) € U and suppose that fy(z,y)
is a Banach space isomorphism of Y. Then

1. there exist r,6 > 0 such that for each x € {(w,yo) : d(w,zo) < r} there is
a unique u(z) € {y € Y : |ly — yol| < 0}, such that f(x,u(x)) =0,
2. the map x — u(x) from {w € X : d(w,x9) <1} toY is continuous.

Proof: See Theorem 2.7.2. of [150]. O

Proposition 5.1.31. For any E : |E| < 2VK, there are A\g > 0,05 > 0 such
that the maps

(—/\E,)\E) X (E — 5E,E+(5E) X (0,00) > ()\,EI,E) — g,\7E/+i€ S ,Coo;
and
(—)\E,)\E) X (E — 5E,E+ 6E) X (0,00) > ()\,EI,G) — C/\,E’—i-ie S K:oo;

have continuous extensions to (=g, \g) X (E—06g, E+Jdg) X [0, 00) satisfying
the Relations (5.1.46) and (5.1.47), respectively.
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Proof: The Lemma 5.1.29(i) and (ii) show that the functions F' and @ satisfy
the hypotheses of the Theorem 5.1.30 at (0, E,0,¢o,g) and (0, E,0,&, ), re-
spectively. Therefore for each F with |E| < 2VK, there exist positive numbers
Mg, 0g, €g and og such that for each

(/\,E/,G) S ((_)\E;)\E) X (E _6E;E+5E) X [0,€E>,

there is a unique oy pr o) € Koo with [[ay g/,e) — &0,Ellk.. < R, such that
QN E' ¢,z Er,¢)) = 0. Further the map

(=g, Ap) X (E—0p,E+0g) x [0,e5) > (\,E',€) = app 0 € Koo
is continuous. A similar statement is valid for the function F. O

Proof of Theorem 5.1.24: For the purpose of this proof we shall denote
the points of I'x by «, (3,7, to avoid confusion with the integration vari-
ables z,y etc. We take z = E +ie, € > 0, and prove that there is a )y such
that for 0 < A < Ao there is an interval (E_(X), E4())) such that
E|R(a, o, E +i€, \)|? < 0o, with the bound uniform in € > 0, for all a € I'k.
This proves the theorem. In the following we prove the statement only for
«a = 0; for all other « the proof is the same.

Proposition 5.1.26, Relation (5.1.46) implies that if £x pti0 € Ko, for an
interval (E()), E1(\)) for any given A, then the average ;f\g)‘) E(|R¥(0,0, E+

i0,\)|?) < oo, from which it follows that for almost every w, the spectral
measure of H{ with respect to the vector dy is purely absolutely continuous.
The stated finiteness is the content of the previous proposition. O

5.1.4 Jaksié—Last Theorem

In this section we consider the question of purity of absolutely continuous
spectra, which uses the theory of unitary equivalence of a family of selfadjoint
operators restricted to different subspaces of a given Hilbert space, presented
in Chapter 3.

Theorem 5.1.32 (Jaksi¢—Last). Suppose H is a selfadjoint operator and
{¢dn} is an orthonormal basis. Suppose {q(n),n € I} are independent real-
valued random variables with absolutely continuous distribution. Consider the
operators H = H + %, q*(n)Py,. Then H* restricted to the cyclic sub-
spaces Hy, ¢, and He, 4, are unitarily equivalent for almost every w, whenever
Ho,s, and Hy 4, are non-orthogonal.

Proof: Under the assumptions on {g(n)} it follows that the conditional
probability distribution of the pair (g(n),q(m)) fixing the values of others
{¢“(k), k # n,m} is absolutely continuous with respect to the Lebesgue mea-
sure on R?. Therefore, from Theorem 3.1.10 (using A = ¢*(n), n = ¢*(m))
and using Fubini for the variables {¢“(k) : k # n,m}, it follows that the
spectral measures p,, ¢, and fi, 4, are equivalent for almost every w. This
implies the conclusion of the theorem. O
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Corollary 5.1.33 Suppose H*, {¢,,} are as in Theorem 5.1.32. Suppose fur-
ther that

1. {¢n :n € I} is a cyclic family for H*.
2. For each pair n,m € I, the cyclic subspaces H, 4, and H, 4, are not
orthogonal.

Then for almost every w and for each n € I, the spectral measure p, ¢, 1S @
total spectral measure for H*.

Proof: Condition (1) implies that the measure ., = ), c; @(k)pw,¢,, where
a(k) is a strictly positive function on I with », -, a(k) = 1, is a total spectral
measure. But under the conditions of the corollary Theorem 5.1.32 implies
that for each n € I, p, is equivalent to p, 4, for almost every w, which
proves the corollary. O

In this section we use the notation ess — supp(u) to mean support of a
measure up to sets of Lebesgue measure zero.

Corollary 5.1.34 Let H* and {¢,} satisfy the conditions of Corollary 5.1.33
and let p,, denote any total spectral measure. Then

1. the singular parts of ., and p. are mutually singular for almost every
pair (w,w").
2. There exists a fized Borel set A C R such that for almost every w,
a) A =ess —supp [y qc-
b) p,s(B)=0, whenever |B\ A| =0.

Proof: (1) If the result is not true, then for some set S of zero Lebesgue
measure, (i, s(S) > 0 for a set of w of positive measure. By the equivalence
of py to p,,e, for any n, this implies that p, 4, (S) > 0 for a set of w of
positive measure. Since the conditional probability distribution of ¢(1) given
{¢“(n),n # 1} is absolutely continuous, it follows that for fixed wp, the self-
adjoint operator Hy = H“° + APy, satisfies the property that iy ¢, s(S) >0
for a set of A\ of positive Lebesgue measure. But by Corollary 3.1.6 this is
impossible for a fixed set S of positive Lebesgue measure, hence S must have
Lebesgue measure zero.

(2)(a) The first part of the proof is by the Kolmogorov zero-one law. We
first note that the absolutely continuous spectrum of H“ does not change
under perturbation by finite rank operators, by an application of Theorem
3.6.9, hence the essential support of fi, 4. does not depend on the random
variables {¢g(n)} for any finite collection of indices n € I. Let A, denote an
essential support of fi, .. Then the function

F(r,w) = /_x Xa, (W)h(y)dy

for any fixed positive integrable function h, is measurable in w and continuous
in z, since by the general theory (see Section 4.2.2) the spectral projections
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X, are weakly measurable as a function of w. Further these functions F'(z, -)
are also independent of {g(n)} for any finite collection of indices n. Then by
the Kolmogorov zero-one law it follows that the sets B,. s = F(r,-)~!((—o0, s))
have probability 0 or 1 for any pair of numbers r,s. For each r € Q de-
fine the functions a(r) = inf{s € Q : prob(B, s) = 1}. Then we see that
{w: F(r,w) = a(r)} gets probability 1 and we can define a function G on
R such that G(r) = a(r) which is seen to be continuous (using the continu-
ity of F(z,w) for any fixed w). Further Q being a countable set, we see that
2y = Nreg{w : F(r,w) = G(r)} has probability 1. Therefore by continuity
for each w € {2, we have F(-,w) = G(-), which also shows that G is indeed
the distribution function of a positive absolutely continuous measure p and
its support, which we denote A, agrees with the support of pi, 4. for almost
every w € (.

(2)(b) By the first part of Corollary 3.1.6 it is enough to show the result
for the set A. We note that by the equivalence of fi.,.4, to ., we have

A =ess—Supp [hw,é,,ac; fOr a.e. w.

Let £29 denote the set of measure 1 on which the above is valid. Fix any w € (2
and consider
HY = HY 4+ APy, ,

and let g, x4, be the spectral measure of HY with respect to ¢;. Then by
the invariance of the absolutely continuous spectrum under trace class per-
turbations, it follows that A = ess — sUPP A, ¢1,ac als0, see Theorems 3.6.9
and 3.6.18. Therefore for almost every A with respect to Lebesgue measure
tw xé1,5(A) = 0. This is valid for all w € £2y. Since the conditional distribu-
tion of ¢(1) given ¢“(n),n # 1, is absolutely continuous with respect to the
Lebesgue measure, this implies using Fubini that for almost every w € {2 we
have p, 4,,s(A) = 0 and by the equivalence of i, 4, t0 f, it is also valid for
He,s- O

Remark: For a family of operators, H¥, as in the above corollary showing
the existence of absolutely continuous spectrum in an interval, amounts to
showing its purity too for almost every w.

5.2 Scattering

5.2.1 Decaying Random Potentials
In this section we consider models of operators of the form
HY = A+V¥, on (*(Z%, (5.2.49)

where V¢ is an operator of multiplication by a function of the form V(n) =
nQn, with the g,’s i.i.d. random variables with distribution pu.
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These models provide examples of some random operators, though non-
stationary, where the expected Anderson—Mott transition from dense pure
point spectrum to purely absolutely continuous spectrum occurs.

Theorem 5.2.1. Suppose q,, n € Z% are i.i.d. random variables distributed
according to p, a measure of finite variance and whose density du/dx is in
LP(R) for some p > 1. Suppose the real-valued sequence a, s chosen so that
lan|(1+ |n|)* is bounded for some o > 1. Let H* be as in Equation (5.2.49).
Then for almost every w, we have

ac(H?) = a(A).

Proof: The theorem is proved by first showing that for almost every w, the
wave operators (see Definition 3.6.1) for the pair {A, H¥} exist, which shows
that 04c(HY) D 04:(A) and then use the Corollary 5.1.34 to show that the
absolutely continuous spectrum is pure. The absolutely continuous spectrum
in the complement of o(A) is ruled out explicitly by showing that there is
only pure point spectrum there.
So we show that the wave operators
WY = lim eitH“’efitA

+ t—o0
exist in the strong sense. To show this limit exists, it is enough to consider
the set D of vectors of finite support, and for each f € D, we show that the
limits

lim 6itHw67itAf

t—o0
exists. Since f is a vector of finite support, it is sufficient to show that the
above limit exists for f = §,, for any n € Z¢ (where {4,,} is the standard basis
for ¢2(Z)), from which it follows for any finite linear combinations of these
d,’s and hence for any f € D. Therefore we show that the sequence

e s
Wt,n,w _ eth e ztA(sn

is Cauchy, for almost every w and for every n. We again approximate the vector
dn, by a sequence ¢ (A)d,,, where the {¢;} are a sequence of smooth functions
with compact support in T4\ {#; : sinf; =0, i =1,...,d}. We recall that
A is precisely the operator of multiplication by the function Z?:l 2cos(f;) in
the space L?(T%), which is the range of £2(Z%) under the Fourier series map
~ . The function —sin(6;) is the derivative of cos(6;) and the above condition
on the support of ¢y, is needed in the stationary phase estimate of the lemma
below. We now set n = 0 and fix a ¢ but we see in the proof that the proof
works for any n € Z¢ and any k. Denote Wy, . = eH" e #4¢; (A)5y and
consider
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ENWio ke~ Weokwl)? <E([Weokw — Weonwl?)
§1E<(VV&ng:_'in%hw)

/‘ dr e”Hinwe_”A¢k(A)6o>
t

® —iT 2
< / dr (E|Vee g, (A)5]2) >,
t

(5.2.50)

where we interchanged the 7 integral and the expectation with respect to
randomness by using Fubini. If we now show that

/ dr (E[Vee 2 gu(A)5]7) " < oo,
1

then E||Ws 0,50 — Wio.kwl|l goes to zero as s,t go to infinity. Consequently
by the dominated convergence theorem Wj g 1 ., is Cauchy for almost every
w, which is the required result. We note that E|V*(n)|?> = 02|a,|?, where o2
is the second moment of u. Therefore we have for some 3 > 0,

E[[V<e 205 (A)50[1> < D lanl*0®|(5n, e 61 (A)60)
nezd

< 37 anfo?(0n, e A0 (A)d0) 2

In|<BT

+ Y anl?0®((6n, e T2 (A)d0) |
[n|>B7

< ¢ ~ ¢ 5o
I+ Y A+ 7))
where the third estimate uses the condition on a, and the first estimate is
given in Lemma 5.2.2. Since a > 1 by assumption, the integrability in 7
follows, completing the proof of the existence of wave operators. The existence

of wave operators implies, Proposition 3.6.2 (i), that

for any N €N,

[~2d,2d] = 0(A) = Tae(A) C Tae(H®)

for almost every w.

Now we note that the collection of vectors 6, n € Z¢, is a cyclic family
for the operators H%, since it is an orthonormal basis. Further an explicit
computation shows that for any n, m € Z<¢, there is a k such that

<6n7 Ak6m> # 0)

which shows that
(O, (H)*6,,) #0, ¥V w.
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This implies that the cyclic subspaces H,, s, are mutually non-orthogonal for
almost every w. We can take the total spectral measure pi, = Y 7 Qnpin s, ,
with a,, >0, Vn > a, =1 and use Corollary 5.1.34, to find that there is
a fixed Borel set A with o,.(H¥) = A, up to a set of Lebesgue measure zero,
and os(H*)N B = (), for any Borel set B with |B\ A| = (). We already showed
that ,.(H*¥) D [—2d,2d]. Therefore |A N [—2d,2d] \ [-2d, 2d]| = 0, showing
that o5(H“) N (—2d,2d) = 0, for almost every w.

It now remains to show that there is no absolutely continuous spectrum
outside the set (—2d, 2d). This follows from Lemma 5.2.3. O

Lemma 5.2.2. Let ¢ be a function such that qg is smooth and has compact
support in T4\ {0; : sin(0;) =0, i =1,...,d}. Then there exists a By > 0
depending on ¢ such that for any 0 < 3 < By,

ST 1 Gne A5 <

[n|<BT

_c
(1+7)N’

for arbitrary positive integer N.

Proof: First we show that for any n with |n| < g7,

; C

Ony e TAG(A)S0)| <
(B ™20 A)00)| < oy
for any positive integer N, the statement in the lemma follows immediately,
since the volume of the region {n : |n| < 37} grows at most as |7|¢ as T goes
to 0co. We go to the spectral representation of A and write the expression on
the left as

d
/ [ don e Sialreoson—ien o, . g,
T

d
i=1

We note that for any index 7, @ < B. So we pick some j and integrate by

parts with respect to the variable 6;, N times. We use the identity e f0) =
1 detf(®
if7(0) a0

, and the integration by parts formula

[ ergtarn =~ [ L (ot ) do

which is valid when the boundary terms are zero, to obtain the above expres-
sion as

d
(¥ / IT < i Shatreson-mon & (L 5 )|
Td d9§v J(8;,1,n;) ER

Here J(0;,7,n;) = %(T cos(fj)—n;0;) = —(7sin(d;)+n;). Now the condition

on the support of a (and the fact that its derivatives have their supports inside
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it) ensure that in the region of integration we always have infy, |sin(6;)| > 0,
so the choice 3y = 3 inf [sin(6;)|, ensures the estimate

. T 1
) Iy >
r(sin(8;) + “)| > 5,

for every B < [p. Since the factor l] occurs to the power N, we get the
bound stated in the lemma. All the other factors occurring in the integrals
are bounded and their bound can be absorbed into the constant C' (which

does depend on N but not on 7). O

Lemma 5.2.3. Consider H* as in Theorem 5.2.1. Then for almost every w,
Cac(H?) N [(—00, —2d) U (2d, 00)] = 0.

Proof: We first note that the variance of distribution p is finite, [ |z|du(x)
< 0. Therefore the conclusions of the Lemma 5.1.17 are valid with g =p —1
and 7 = 1. In the following we fix an 5,0 < s < (p — 1)/(3p — 2), and use the
constant K occurring in that lemma. Given any Ey > 2d, consider the set
S = (—o0, —Ey) U (Ep, o). Then consider an € > 0 such that

K, sup Z |GO(0,n, 2)[%e* < 1. (5.2.51)
{z€C:|Re(z)|>Eo} nezd

Given this e, we consider the set of sites
Ac={k €2 |ag| < ¢}

We then denote the operator H{ = A+ 37, 1 arq”(k)Py, where Py is the
one-dimensional orthogonal projection onto the ray generated by §x. This op-
erator H} satisfies the conditions of Theorem 5.1.19. Therefore the spectrum
of Hj is pure point in S for almost every w. On the other hand since H*
and Hj differ by a finite rank operator their absolutely continuous spectra
are the same by Corollary 3.6.28. Therefore there is no absolutely continuous
spectrum in S for H“ for almost every w. Let E,, > 2d be a sequence of
numbers converging to 2d. Then for any F, there is an ¢(n) and a set A,
whose complement is a finite set, with which the inequality 5.2.51 is satisfied
for |Re(z)| > E,. Therefore for almost all w the set (—oo, —E,) U (E,, c0)
has no absolutely continuous spectrum. This being valid for any E,, > 2d, the
theorem follows. O

Remark 5.2.4. In the above proof we only showed that there is no absolutely
continuous spectrum outside [—2d,2d] while one can show that there is no
continuous spectrum there. See notes for more on this.

5.2.2 Obstacles and Potentials

In the following section we discuss two classes of problems, perturbations of
free operators by potentials and by obstacles. The theory is seen to be similar
for both cases.
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For the free operator Hy one can take any generator of a strongly con-
tinuous semigroup such that Assumption 3.6.40 can be verified. We re-
strict ourselves to the physically interesting operators —A, (—A)¥, o €
(0,1), vV—A+ ¢? — ¢ because the ideas of proof are the same for all of them.
For potential perturbations one could also consider higher order differential
operators; however in the case of obstacles the use of stochastic methods re-
stricts the choice to at most second order partial differential operators.

Let Hy be one of the operators mentioned above. Fix p > 0 by

ess sup e Ho(z, ) < ct™P (5.2.52)
z€RY

ie.p=12for —A, p= 4 for (—A)%, a€(0,1), p=dfor V—=A+c*—c.
Let My be a Kato—Feller operator with respect to Hy. Then we define the
resolvent difference

R)* = (Hy+ My +a)™”— (Ho+a)?, peN,
a large enough and for the semigroup difference

Sy = e—t(Ho-i-V) _ ¢ tHo

)

t>0.
Let I" be a closed region in R? and set X = R?\ I'. Take (Hp)x as in
Corollary 4.2.22. Then we denote the resolvent difference by

RY* = (Ho+a) " —J((Hy)s+a) "J, peN,
and the semigroup difference by

S5y = e o _ jretHo)s g

)

All these differences establish integral operators the kernels of which are de-
noted by RX’“(.,.), Svi(ey.)s RPE’“(.,.), Ssa(.y.) .

Proposition 5.2.5. The kernels R)*(.,.), Sv.i(.,.), Ry*(.,.), Ss.(., ) satisfy
Assumption 3.6.33 if p > p.

Proof: For R;>*(.,.) and Sx(.,.) this is obvious and follows directly from
the properties of e=*o(. ). For RX’“ and Sy, we notice that due to the
Laplace transform,

1 o0
Vapgp __ = p—1_—aX
RY“f ) /O dX NP~lem N Sy f,

it suffices to study Sy x. The kernel of Sy is

Svala,y) = By e o VXan  prigy,
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where we used the notation of Chapter 4. Now

ess sup/ Eg”\{e_-IOAV(X“)d“}dy
zER? R4

= ess sup Em{e* Jo V(X“)d“}
zERC

A
ess sup Ew{efo V*(X“)d“}
reR4
<ce?,

IN

using (4.2.47). This estimate implies (A1) in Assumption 3.6.33. For (A2) we
use the semigroup property

56 Sup / e M) (1 )24y
zeRI

—2)\(H0+V)(

= ess sup e x,T)

r€R4

1 1
<ce?[esssup (e M) (z,2)] 2 [ ess sup (e M) (z,2)] 2
zER? z€R?

<c AP e

)

where we used (4.2.57) and Remark 4.2.9. p depends on the order of Hy and
of the dimension d (see (5.2.52)). Similarly, we get the estimate

ess sup |e MOV (g )| < ¢ AP e O
T,y

Hence the theory of Section 3.2.3 is applicable. The comparison functions
for the respective resolvent semigroup differences are denoted by

RE() = [ IRV Gl
Svil) = [ ISutwldy.
RE0 = [ IR Gl
Soa)= [ 1SsaCuldy.

Estimating the comparison functions the parallel structure in the case of
obstacle and potential perturbations becomes clear. For obstacles the com-
parison functions are determined by the equilibrium potential v, intro-
duced in Definition 4.1.20. For potentials the corresponding role is taken by
[(Ho + My + a)~|V]](.). This becomes obvious in the next proposition.

Proposition 5.2.6. The comparison functions can be estimated as follows:
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RY**(2) < = [(Ho + My +a) "' [V|)(2),

Q\O

and in particular

RY(x) <

> [(Ho + My +a) V] (2).

Moreover
Svi(z) < e [(Ho+ My +a) ' [V|)(2).

On the other hand

X,

Ry z) < coup(a),
R = vp(a),
Syu(z) = el v,.(x)

As usual ¢ are different positive constants.

Proof: For proving these inequalities we integrate the kernels in Proposition
5.2.5 with respect to one of the variables. The first inequality follows from

V,2a
Ry (x)

1 / OO —2aX yp—1
—_— dy / dX e “4 NP
I'(p) Jga 0

x [e_A(H"*V)(x,y) — e_AHO(x,y)} ‘

du d)\ e~ 20A 1

_1/
= 0 L

></ ds e HotV) (1 u) V(u) e~ A=9)Ho(y, )
0

Ra

1 /oo /oo —2a\ -1 —s(Ho+
< — dA ds e % NP du e *HoHV) (1 )|V (u
-~ I'lp) Jo 0 Rd (. u)lV(w)
1 /OO A —2ax yp—1(,— i
= — ds d\ e=20A NP1 (e sHo V) 1y ) (g
/o e ( V) @)
< = [ dsem (@) (@)
a Jo
c .
= E[(H0+Mv+a)_1|VH (x) .

The second resolvent equation yields
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R{(z) = /]Rd dy du (Ho + My + a)~(z, u)V (u)(Ho + a) " (u, y)

Rd

IN

1 )

E((HO + My + a)_1|V|)(:r) ,

because
[ v wy = [y [ ave ey —
R4 Rd 0 a

For the semigroup difference Duhamel’s formula gives

t .
Svi(z) = /R ) dy / . ds y du e *HoTV) (g )V (u) e= =9 Ho(y, y)
t .
< /0 ds (e7*HoTVV ) (2)

t .
< e / ds e~ (e *Ho V)|V |) (2)
0

= e""((Ho+ My +a) ' |V|)(z) .

For the obstacle differences we use Dynkin’s formula (see Proposition 4.2.24):

Rf’2(m) /Rd dy [(Ho +2) (2, y) — (J*[(Ho)x + 2] _pJ) (, y)}

1

= — Ood)\)\p_le_2’\EzT <A
F(p) /0 {F }

cEm{/ e A d)\}

r
= cFE, {e_TF}
= cv.(x), (c depends on p).

IA

Ry () = v,.(x) is obvious. Finally,
Ssi(x) = Ey{r. >t}
B e}

elv,. ().

[IA

O
In Section 3.2.2 and 3.2.3 we emphasised that the L'-norm of the com-
parison function plays the essential role for the stability of the absolutely
continuous spectrum and for the continuity of the wave operators, whereas
for the essential spectrum the L2-norm is responsible.
For potential perturbations the L'-norm of all comparison functions are
determined by
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/Rd (Ho + My +a) ' [V|)(x) do

If a is large enough this can be estimated by the L' —norm of V because

/ du/ d\ e_“’\/ do e M) (1 )|V (u)|
R4 0 R4

N / dU/ ax e B4 e vV (X )a by )
R4 0
<c / dX e TNV
0
where we used (4.2.47) because V' is a Kato-Feller potential.

The L?-norm of the comparison function can be estimated by the L?-norm
of V.

/ dzx
Rd

2

/ d\ e~ / du e NV (2 )V (u)

/da:f/ A _“’\/ du e MHHV) (5 )
d

/ dv e_)‘(HOJrV)(x )|V (v )\
RCL

c oo
< 7/ d\ e= ™ e[V |2 .
aJo

Here we use Equation (4.2.47) twice. For the obstacles we know that

/ v, (2) dz = cap (I)

(see Corollary 4.1.22).
Of course the L2—norm of v, can also be estimated by cap (I').
Thus we have obtained the following result.

Corollary 5.2.7 Let Hy be one of the operators —A,(—A)*,a € (0,1),
V—A+c2 —c. Let V be a Kato-Feller potential. Let I' be a closed set in
R?. Set X = R4\ I'. Let (Hy)x be defined as in Corollary 4.2.22.

a) Then we know in the potential case
Ouc(Ho + My) = 04c(Ho) if V € LY(R?).
Oess(Ho + My) = 0.5s(Ho) if V € L}*(R?) + LY(R?).
— The wave operators 24 (Hy + My, Hy) exist and are complete. They
are continuous with respect to the potential in the sense

(924 (Ho + My, Ho) = 1) f|| < 5 [[V]1,
for all f in dense set of Hac(Hop)-
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b) For the obstacle perturbations we have

Jac((HO)Z') = Uac(HO)

and
Jess((HO)E) = Uess(HO)

if cap (I') is finite.
The wave operators (24 ((Ho)g, J, Ho) exist and are continuous in terms
of the capacity, i.e.,

H(Qi((Ho)& J, Hy) —]l)fH < ¢y cap (I)

for f in a dense set of $4.(Hp)-

Remark 5.2.8. The results for Kato—Feller potentials are not surprising.
They can be proved by several methods. Only the continuity of wave op-
erators in this generality seems to be of some interest.

More interesting are the obstacle perturbations. Note that also unbounded
sets I can have finite capacities. The continuity of the wave operators in terms
of cap (I') can be used also for further considerations in scattering theory, for
instance for estimating the scattering amplitudes or the scattering phases.

One can construct examples where Sx; is a Hilbert-Schmidt operator
with “finite trace” i.e., for which

Syi(z,z) de < oo,
R4

but Sy is not a trace class operator.

As long as the free operators H consist of functions of —A, which is true
in our examples, one can show the absence of singularly continuous spectrum.
The singularly continuous spectrum of (Hp)s or Hy + My is empty, if

/ Sze(x)(1+ \x|2)s/2dm <00,
Rd'
or if
/ Sy o(2)(1+ |2[2)2dz < oo |
Rd

respectively, for some s > 1. In terms of the potentials these condition are
satisfied if
/ op (@)(1 + [22)2dz < oo
Rd
or if
/ |V (@)|(1+ [a]*)2dw < o0,
Rd

s > 1, respectively. The condition with the equilibrium potential v, allows
also unbounded star shaped I
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Finally, we will derive two examples for illustrating Corollary 3.6.20. The
obstacle perturbation can be approached by increasing potential barriers on
the obstacle region I', which means the following.

Let Hy be given as before. Take a bounded potential function Sl (z),
where 1p(.) is the indicator function of I" and § > 0. Assume that I" has an
interior and suppose I' = I'" = (int(I"))", where (int (I"))" are the 7. —regular
points of int (I") (see Definition 4.2.20).

The operator Hg + ﬁM]lF is well defined by the Kato—Rellich Theorem
(Theorem 2.1.22), it is positive and selfadjoint. Setting Hz = Hy + BMy, the
Feynman—Kac formula reads

(eitHﬁf) (z) = Ex{e—ﬂfto]l[‘ (Xs)dsf(Xt)} ’
f € L%(R%). In Section 4.2.3 we have already introduced

Tr; = meas {s, s<t, X;€TI}

/:]lp(Xs)ds .

Try is called the spending time of the trajectory in I. Compare this with
(4.2.68), (4.2.69).

Under the present assumptions on I' we have Tr, > 0 iff 7, < ¢, or
Try = 0 iff 7. > t. Considering the convergence in 8 one has, recalling that
Y =RI\T,

lim (e 5 f)(x) = lim (e"*#o1pf)(z) + Bllngc(e*tHﬁﬂgf)(x)

B—o0 B—o0

— lim Ew{(e—ﬂTwp(Xt)f(Xt), Try > 0}

=00
{ =(Xe) f(X ) Trt—O}
+ Jim {112 eBTre Try > 0}
B {10(X) 1 (X >Tm—o}
= { =(Xe) f(Xe), 7 <t}

)f
)f

Hence
s — lim e*tH/’]lp = 0,
B—o0
s—lim 1y e s = 0,
B—00
and
s—lim Iy e tHely = 7 HHo)s (5.2.53)

B—o0
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Thus Corollary 3.6.20 and Corollary 3.6.28 open the possibility to study the
absolutely continuous spectrum of (Hy)s by clarifying when the trace norm
of e~ tHo(etHo _ e=tHp)e=tHs — K is uniformly bounded in 3 (see (3.6.52)).
Note that K does not contain (Hp)sx. The semigroups in Kp satisfy all
the conditions of Assumption 3.6.40. Hence ||K3||r can be estimated by the
L'—norm of the associated comparison function, i.e.,

[[Kpller < C/ dx E {1 — e PTre}
R4

= c / dr By{1 — e PTre Tp, > 0}
R4

IN

c / dr Ew{T["t > 0}
R4

<ec dz E {r. <t}
Rd

< ceé / v, (z)dx
Rd
= celcap (I).

Using this approximation we get the same result as in Proposition 5.2.6.
However notice we have not used the definition of (Hy)s directly. Here (Hp)x
plays only the role of the strong resolvent limit of Hg.

The same procedure is possible for instance for negative J-like potentials.
Consider L?*(R) and assume that the formal operator Hs = Hp — 6(a) is
defined as the strong resolvent limit of H, = Hy — %]l[a_a)a_‘_e] as € | 0. The
Feynman—Kac formula given in (4.2.53), in Remark 4.2.7 does not make sense
for Hs. But it can be applied to H. as long as € > 0. Therefore we use again
Corollary 3.6.28 and obtain o,.(Hs) = [0, 00) if

||e~ (67H5 — eiHO)efHOHtr < My ,
with a constant M;, which has to be independent of €. Using Corollary 5.2.7

we need
1

- / X[a—e,a+5] (x) d'r = 2
g JRrt

1t
sup E;p{ef 1§ Xame ey (%) } < My
xT

and

with My # Ms(e). By the lemma of Kashminskii (see Remark 4.2.3) it suffices
to have

to 1
sup/ ds Ew{gx[a—a,a+a] (Xs)} < a<l,
z Jo

for tg small enough and with o # «a(e).
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To satisfy the last condition we consider
1 fo
— sup Ez{/ ds X(az.ate) (XS)}
€ 0

1 fo
= sup/ ds /dy e sHo(z,q)
z Jo

la—e,a+€]

to a-+te
/ ds / dy s~°
0 a—e
to
= 2 / s Pds.
0

That is independent of € and becomes small enough for small ¢y if p < 1.
Hence the result is applicable for d = 1 and p = 5 for Hy = (—A)® and
p:%forHoz—A.

(L

M | =

5.3 Notes

Section 5.1.1

In the one-dimensional spectral theory of random Schrodinger operators, most
of the results use a combination of the behaviour of solutions of the difference
of differential equations together with the properties of Borel transforms. The
absence of absolutely continuous spectrum on the set {E : v(E) = 0} (when
this set has positive Lebesgue measure) is a result of Pastur and the other
direction that the absolutely continuous spectrum is the essential closure of
this set is due to Kotani.

In this section the existence of Lyapunov exponent, Lemma 5.1.2, can be
found in Theorem 11.3, discrete case of Equation (11.4), Figotin—Pastur [83].
The Thouless formula mentioned in the proof of Proposition 5.1.8 is proved
in Theorem 11.6 of Figotin—Pastur [83]. In the literature the density of states
are defined as follows. Consider a cube Ay, of side length L centered at the
origin and consider H* restricted to Ay with Dirichlet boundary conditions
at the boundaries of Ay, call the resulting matrix HY. It is shown that the
quantity limy,_, o %#{x € o(HY) : v < E} exists, is independent of w for
almost every w and is the distribution function of a measure which is the
same as dn we defined as the density of states measure in the text. We refer
to Figotin—Pastur [83] for details.

The reflectionless property of ergodic potentials in one dimension was first
observed by Craig [53].

In the case of finite-valued potentials Kotani identified the case when there
can be absolutely continuous spectrum. Consider a finite subset S of R and
consider the set of potentials 2 = S% equipped with the metric d(z,y) =
Y onez 2_‘"||xn — yn|- Then £ is a metric space and consider potentials ¢
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coming from the support of some probability measure P invariant and ergodic
with respect to the action of Z on S% by shifts. The potential is periodic if
and only if the support of P is a finite set. Kotani [128] proved that if there is
any absolutely continuous spectrum for such finite-valued random potentials
the potential has to be periodic. The precise statement is the following.

Theorem 5.3.1 (Kotani). Let S, 2 and P be as above and consider the
random operators H, = A+ ¢* on (*(Z), w € supp(P). If 04.(H,) # 0, then
P is supported on a finite set in SZ.

One of the operators which was widely studied in one dimension is the
almost Mathieu operator which is given by

Hypuw=A+Acos(3 - +w).

It is clear that when ( is a rational multiple of 27, the above operator is
periodic and hence its spectrum is purely absolutely continuous for all A, w. On
the other hand when £ is an irrational multiple of 27, then there is rich spectral
structure and the most general theorem for this operator is by Jitomirskaya
[102] which is:

Theorem 5.3.2. Consider Hy g, as above. Then for almost all 3 € R,w € R,
the spectrum o(Hy g,.) is

(i) pure point with exponentially decaying eigenfunctions for \ > 2.
(ii) It is purely singular continuous for A = 2 and
(i) it is purely absolutely continuous for 0 < A < 2.

There is a vast literature on various almost periodic operators in one di-
mension which we have not even touched upon. See for example Last—Simon
[142], del Rio—Jitomirskaya—Last—Simon [60], Schlag [171] and Bourgain [30]
for getting an overview of the many developments in one- and two-dimensional
random operators subsequent to the books of Carmona-Lacroix [39] and
Figotin—Pastur [83].

Section 5.1.2

Rigorous proof of localization in the Anderson model was a long standing
open problem subsequent to the work of P. Anderson on the transport prop-
erties of disordered systems. In the early 1980s Frohlich and Spencer obtained
a fundamental estimate, showing exponential decay of the Green’s function
with distance, for the Anderson model in the large disorder and large energy
regime valid on a set of large positive measure. This estimate, which used an
analysis Green’s function at “multiple scales” (multi-scale analysis), quickly
led to proofs of localization in these models. There were many refinements
of this technique, which required as a part the so-called Wegner estimate on
the density of states. A good book for this theory is that of Stollmann [184].
The proof was simplified substantially by Aizenman—Molchanov [6]. Localiza-
tion is also exhibited recently for a class of almost periodic operators in two
dimensions, see [30].
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The material presented here follows Aizenman-Molchanov [6], Aizenman—
Graf [5] and Aizenman [4]. Our proof of Lemma 5.1.14 follows the one given
in Aizenman-Graf [5].

Section 5.1.3

The Bethe lattice is a strange object; it disconnects into several equivalent
pieces on removing a vertex, similar to a one-dimensional lattice while having
exponentially many points at a fixed distance from the origin in some sense
behaving like an infinite-dimensional lattice far away from the origin. For the
Anderson model on the Bethe lattice both localizations, in the high disor-
der regime and extended states in the low disorder regime, are known. We
present here only the proof of the existence of extended states by Abel Klein
[124]. The determination of the spectrum of the Laplacian is simplified in our
presentation.

Section 5.1.4

One of the major open problems in the spectral theory of the Anderson model
is to exhibit extended states in the low disorder regime for high dimension.
The theorem of Jaksié-Last presented here from the work [94] shows that
the existence of extended states also automatically guarantees their purity,
under some very general conditions. This theorem was applied to the case of
decaying randomness where only existence can be shown by some methods.

Section 5.2.1

In one dimension the case of slowly decreasing potentials both in the random
and deterministic settings have been considered. In the case of random poten-
tials with decay, in one dimension, Kotani-Ushiroya [131], Delyon—Simon—
Souillard [61], Remling [137, 163, 162, 160, 161], Christ-—Kiselev [46, 45],
Kiselev [120], Last—Simon [142], Molchanov—Novitskii-Vainberg [146] have
considered such potentials and the general rule has been that if the decay
of the random potential is faster than the inverse square root of the distance,
then there is absolutely continuous spectrum and if the decay is slower than
the inverse square root, then there is pure point spectrum and in the border-
line case there is even some singular continuous spectrum. In this direction
Deift—Killip [58] proved a result, for the presence of absolutely continuous
spectrum, with decaying randomness in one dimension using a relation be-
tween the transmission coefficient and the potential. To state their result in
the case of half-line operators consider the half-line Schrodinger operator on
L?(RT) with Dirichlet boundary condition at 0,

Hp=-A+V, on {ué€dom(A):u(0)=0}
or the half-line discrete Schrédinger operator

hp = Ap +4q, (Apu)(n) = (Au)(n), n>1, (Apu)(l)=u(2).
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on ¢2(ZT). Then Deift-Killip [58] show that perturbations by square integrable
potentials in the above cases do not alter the absolutely continuous spectrum.
Their theorem is the following.

Theorem 5.3.3. Consider the operators Hp with V- € L*(R™) or hp with
q € (2(Z*). Then

(i) any total spectral measure u of Hp satisfies supp(piq.) = [0,00) and
(#) any total spectral measure p of hp satisfies supp(tac) = [—2, 2].

Since the full line Schrédinger operators differ from the direct sum of two
half-line operators by a rank one perturbation, this theorem also easily extends
to the full line case.

In the multi-dimensional case an absolutely continuous spectrum for ran-
dom Anderson type models with decaying randomness is shown by Krishna
[134, 133] using scattering theory and subsequently by Molchanov [145],
Jaksié-Molchanov [97, 99, 98, 100], Molchanov—Vainberg [147], Jaksi¢-Last
[94, 95, 96], Anne Boutet de Monvel-Sahbani [31, 32], Hundertmark—Kirsch
[93], Kirsch [114], Krutikov [136] and Bourgain [29] for various models. Kirsch—
Krishna-Obermeit [115] showed the existence of a mobility edge in some
multi-dimensional models of the Anderson type with decaying randomness
and Jaksi¢-Last [141] showed the purity of the absolutely continuous part for
these models. The theorem of [115] involve a condition relating the sequence
ay, and the measure u, In this context we note that if > |a,|? < co and p has
a finite p-th moment, then the associated operator V* is compact for almost
every w, hence there is no essential spectrum for H* outside the spectrum of
A, as observed by Delyon-Simon—Souillard [61].

In the early years of the study of random Schrédinger operators in one
dimension, there was a model known as the “Maryland model” which in-
volved studying random potentials of the form tan(an + w) and these gave
unbounded random potentials. Simon—Spencer [180] proved that in general
any unbounded perturbation of the lattice Laplacian in one dimension can-
not have any absolutely continuous spectrum. Their method of proof involves
showing that such an operator and a direct sum of matrices have resolvents
which differ by a trace class operator. Hence by the trace class theory of scat-
tering (Theorem 3.6.9) there cannot be any absolutely continuous spectrum
for the original operator. The “Maryland model” is studied in higher dimen-
sion also by Jaksié-Molchanov [100]. Both decaying and growing randomness
is also considered in the paper [135].

Section 5.2.2

The applications follow more or less directly from the theory in Section 3.2.
Instead of the conditions in Theorem 3.6.18 for the stability of o,. it would
be also sufficient if e t(HotV) _ g=tHo op if ¢=tHo _ j*e=t(HO)¥ J ig trace
class. Using the C DS ?-trace class criterion (Theorem 3.6.30) these semigroup

differences are trace class if [, v/|V (z)|dz < oo, or if [p, /v, (z)dz < oo,
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respectively (compare it with Theorem 3.6.42 (i)). These is more restrictive
than V € L', v, € L.

The results in Corollary 5.2.7 are given in [62]. The continuity of the wave
operators in terms of cap (I") is new. The continuity of wave operators is stud-
ied in some detail by Briining—Gesztesy [37]. One can also find some results in
the book of Reed—Simon [158] p. 74. The result is not restricted to the wave
operators. At least for the Laplacian it can be extended to scattering phases
proved by Demuth—-McGillivray in [66]. In Remark 5.2.8 we mentioned exam-
ples of unbounded I" with finite capacities. For (—A)® such examples are given
by Giere [88] or by Baro-Demuth—-Giere [18]. Examples of “non-trace class”
operators with finite trace were considered by Demuth—Stollmann—van Cast-
eren [71]. They study Hy = —Aand I" = LﬁlB(am ), a union of balls centered

o0
in a, with decreasing radii. Then the capacity of I" is finite if > 7972 < 00 .
n=1
For sets of finite capacity we know that [, Sz (z,z)dz < oo . On the other
hand, a necessary condition for S ; to be a trace class operator is that Ipet?

: . o SR .d/2 _ (1)\2/5 _E.
is trace class. Then necessarily Y ry/~ < 0o . Assume r, = (+)”" and d = 5;
o0 o0 n=l
then > ()" <oobut 3 () =o00.
n=1 n=1

The conditions for empty singularly continuous spectra goes back to the
theory of Enss [82]. Further details for the Laplacian are given by Demuth-
Sinha [69] and for (—A)® and vV—A 4 ¢2 — ¢ in [18].

Increasing potential barriers, i.e., convergence of Hg = Hy+ ﬂM]lF are con-

6/5

sidered in the book by Demuth-van Casteren [65] in Chapter 7. If we assume
that I' = I'" = (int (I'))", then the first hitting time 7. and the penetration
time o (see also the notes for Section 4.2.3), o, = inf{s > 0, Ty s > 0} coin-
cide. A proof is given in [65] Proposition 2.24. Hence E, {15 (Xt)f(Xt), Tr, =
0} = E. {1y (Xt)f(Xt), 7. < 0}, which is used in the proof for Equation
(5.2.53). To consider the sequences of operators for studying the spectral be-
haviour of its limit seems to be new. The examples where Hy;, models negative
d-like potentials open the extension of Feynman-Kac methods to such pertur-
bations. For the Laplacian, examples in R? are possible with d-like potentials
on a finite curve in R2.

If Hy = —A, then (Hp)y is the Laplacian with Dirichlet boundary con-
dition on &I Therefore the considerations seems to restricted to imposing
Dirichlet boundary condition. However there is a trick to include also Neu-
mann boundary conditions. We write —AY for the Neumann Laplacian. Then

it holds, in general,
D
etAz < etA

and b N
(A8 < 1Al

. . N .
But there is no relation between e*“> and e'?. However, for the comparison
function we get an estimate, namely
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(e" — emg)(m) < (et — etAg)(as) < e'vp(z) .

This means that o,.(—AY) = [0, 00] if cap (I') is finite.
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spectral resolution, 40

Index

spectral theorem, 41
spectrum
absolutely continuous, 51
approximate point, 39
continuous, 50
discrete, 44
essential, 44
multiplicity, 46
operator, 37
point, 50
residual, 39
singular, 51
singularly continuous, 51
state variables, 120
Stone’s formula, 44
strongly continuous, 119
subspace
absolutely continuous, 51
continuous, 50
discontinuous, 50
singular, 51, 81
singularly continuous, 51
support
ess-supp, 105, 182
minimal, 1, 105
topological, 1
symmetric form, 35
symmetric operator, 33

Thouless formula, 158
time evolution, 54
topological support, 1
total, 83
total set, 45
total spectral measure, 49, 52
trace class operator, 53, 84
trace norm, 53
transform
Borel, 16, 21, 153
Borel-Stieltjes, 16
Fourier, 5
Laplace, 188
wavelet, 7

wave operator, 81
complete, 81

Weyl sequence, 39

Weyl’s criterion, 44

Wiener, 68

Wiener process, 120
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