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PREFACE

The basic criterion for the assessment of designs for pavement structures in highway and
runway engineering, in terms of their service life and their operational characteristics, is
their social effectiveness. Road surfaces must have the required bearing capacity and dura-
bility, and must provide for safe and comfortable driving over long periods. Specialists in
transport engineering pay considerable attention to the improvement of material quality,
reduction in the thickness of pavements, improvement in design methods and to other
problems involved in the construction, operation and reconstruction of roads.

The loading of pavement structures is principally dynamic loading under mobile forces,
the contact of which with the surface unevennesses of the pavement causes a dynamic state
of stress. The current state of pavement design, in which these structures are designed only
with regard to static loading, is basically a consequence of the insufficient development of
dynamic theory, of the insufficient preparation of design engineers in dynamics, and of the
absence of practical solutions. The aim of this book is at least partly to fill these voids, to
inspire interest in the problem, and to strengthen the cooperation between specialists from
industry and theoretical and research workers.

The starting point for developing the dynamics of pavement structures is detailed
knowledge of the dynamic properties of materials and structures through the application
and development of dynamic testing methods. This book summarizes data gathered over
several years by the author and his team at the Institute of Civil Engineering and Architec-
ture at the Slovak Academy of Sciences, in the developing field of dynamic investigation of
road surfaces and road construction materials, based on the principle low-energy vibration
methods.

Systematic experimental testing of real highway pavements carried out over several
years and of various rigid and flexible pavement structures on the test track, served as the
empirical basis for identifying acceptable theoretical models of pavement structures that
agree closely with both the dynamic behaviour of structural materials and the total dynamic
reaction of road pavements and airfield runways. A layered pavement structure can be
modelled in terms of an equivalent plate on a subgrade. The stress states determined by
using the principle of this model were compared with the stresses determined by using the
layered medium for a large number of various pavement structures, and they have shown
substantial agreement. The fundamental advantage of the model of an equivalent plate on
a subgrade is that it makes it possible to deal with the decisive and typical tasks of pave-
ment dynamics, which cannot be solved in a simple way by using the model of the layered
medium.

The aim throughout this book is to demonstrate practical application, and the differ-
ences between the dynamic and static approaches. It contains a considerable number of
numerical examples in the sphere of pavement evaluation and design.



Preface xi

The importance of pavement dynamics is not just theoretical. As pavement dynamics
develops, it should be able to give answers to the practical requirements of design engi-
neers, and hence its importance will continually be increasing.

It is a pleasure to acknowledge the important contributions that Milan Pokorny and Jifi
Spitalsky made during the preparation and development of the experimental arrangements
and during the measurements of highway pavements.

Gustav Martincek
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INTRODUCTION

This book is an attempt to summarize and solve the problems connected with a very impor-
tant but often neclected subject: the dynamics of pavement structures.

Chapter 1 deals with dynamic methods of diagnosis. The principle of the methods, the
experimental technique, the measurement procedures and the basic theoretical assumptions
make up the general framework of knowledge necessary for the practical application of the
methods. Chapter 1 presents the mechanical impedance methods devised for use in testing
viscous and elastic materials, and based on the principle of the forced vibration of the test
bodies or the subgrade. From the point of view of practical applications, the main part of
this chapter contains detailed and simplified procedures for measuring the phase velocities
of the propagation of stress waves in flexible and rigid road surfaces, the interpretation
of the measurement results, and methods for the determination of rigidity and elasticity
characteristics of pavement sections. The methods described are complemented by numer-
ous results obtained from measurement of real pavement structures under construction or
already completed.

The model of an equivalent plate on subgrade, as the result of dynamic diagnosis, pro-
vides a dynamic theory that makes it possible to determine the dynamic deflection and the
principal internal forces of real layered pavement structure. The relationships for the calcu-
lation of stresses in a layered pavement structure are presented in Chapter 2.

The various variants of the dynamic theory of an equivalent plate on subgrade are
analysed in Chapter 3. From studies of the vibration of a layer in contact with half-space
and stress-wave propagation in a layer on half-space without shear contact, attention is
concentrated on the vibration of a plate on halfspace and on the technical theory of a plate
on subgrade using a simplified dynamic model of the soil base. The solutions, in integral
and closed form are complemented by numerous numerical results.

Chapter 4 presents studies performed in order to determine the state vector components
under dynamic loading of a half-plate on subgrade, of a plate strip on subgrade, of a plate
on subgrade with joints and of a plate on inhomogeneous subgrade. All these problems
have been solved by the reduction of a partial differential equation to an ordinary one using
Fourier’s integral transformation and by the application of the method of initial parameters.
Numerous results of parametric numerical study have made it possible to compare the
extreme values of flexural moments and subgrade reactions under particular schemes of
dynamic loading for rigid and flexible pavements.

The typical problem of pavement dynamics is the dynamic interaction of the equivalent
plate with the subgrade under a moving load. These problems are solved in Chapter 5 for a
load moving along the boundary of a half-plate on subgrade. The solutions of the influence
of periodical and isolated unevennesses under a moving load and load system with two
degrees of freedom and the effect of a moving random load with extensive numerical data
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give well-arranged material for evaluating of the dynamic behaviour of rigid and flexible
pavement structures.

Chapter 6 deals with the dynamic response of the equivalent plate with free boundar-
ies on an unbounded soil base. Starting from derived fundamental solutions for the sub-
grade and a plate on subgrade, the boundary integral equations according to the theorem
of reciprocity and their solution using boundary elements are presented with the numerical
application on a square and rectangular plate on subgrade. The analysis of the dynamic
response of a bounded plate resting on unbounded subgrade using the method of boundary
elements confirms that the dynamic increment under a harmonic and pulse load is signifi-
cant and that the derived procedures make it possible to obtain the corresponding dynamic
coefficients.

The method of boundary integral equations offers us the possibility of studying very
interesting problems concerning the influence of arbitrarily shaped holes in a plate on
subgrade during the propagation of vibration. The results of the theoretical and numerical
analysis are given in Chapter 7 and they confirm that the influence of the hole causes the
concentration of vibration about the hole. The concentration is significant, especially at
resonance frequencies, when the hole becomes an amplifier of vibration.

The dynamic response of an unbounded plate on a non-linear soilbase under stationary
and pulsed loads is the subject of Chapter 8. Many numerical applications make it possible
to evaluate the influence of non-linearity on the dynamic behaviour of an equivalent plate
on subgrade.

The effects of vibration-isolating barriers in the soil base in the case of vibration
propagation evoked by traffic is analysed in Chapter 9. The application of the method of
boundary elements for various kinds of barrier from different materials, trench barriers
or sheet piling barriers offers advanced procedures for evaluating the vibration-isolating
effect in the screening zone behind the barrier.

This book is probably the first attempt to summarize and solve systematically the
main problems of pavement dynamics. It should be of interest not only to readers who are
acquainted with the problems of pavement dynamics, but to students and skilled practising
engineers as well.



1
DYNAMIC DIAGNOSIS
OF PAVEMENT STRUCTURES

Dynamic diagnostic methods are based on the principle of the direct and indirect mea-
surement of stress-wave velocities and their damping in the material medium.

Usually the vibration sources used have a small excitation energy. The testing is
therefore non-destructive as the resulting dynamic stresses are slight and cannot affect
the state of the original medium.

However, it is quite possible to use dynamic methods with a large excitation energy,
which can be used to evaluate the bearing capacity of pavement structures and replace
the static loading tests [1.1-1.3].

Dynamic testing can be classified according to the nature of the vibration process
used into stationary vibration methods and pulse (impact) methods.

Stationary vibration methods use sources, that generate harmonic vibration at a
specific frequency and inject it into the object under test. The applied frequency can be
swept from the lowest frequencies to high ultrasonic frequencies.

The dynamic response of the object under test varies according to whether it is a
bounded body, with dimensions comparable with the wavelength of the vibration pro-
cess, or whether its dimensions are so large that it can be considered as an unbounded
medium.

For a test sample that is a bounded body, a state of stationary forced vibration will
arise characterized by amplitude and the phase of vibration motion at an arbitrary
point of the sample. As the excitation frequency is changed, so the amplitude and
phase angle of the resulting vibration will change and the phenomena of resonance
and anti-resonance will result in extreme or significant values. Measurement of these
extreme or significant amplitudes, together with the phase angles and corresponding
frequencies, will provide parameters that can be used to assess the viscoelastic mate-
rial characteristics of the test specimen.

If the harmonic exciting force is acting on an unbounded medium, such as a soil
base or a structure with large dimensions like a pavement structure, the process of
stress-wave propagation will occur. The amplitude of the stress-waves diminishes with
distance because of dispersion and damping. Measurement the stress-waves velocities
and the corresponding amplitudes of vibration provides parameters for assessing of the
viscoelasticity and other characteristics of the tested structure.

The dynamic response of a medium or structure under pulse-impact force is the resultant
effect of the spectrum of stress waves propagated in the medium. In practice the velocity of
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Dynamic diagnosis of pavement structures 3

pulse propagation and the amplitude of vibration are used as parameters of the quality and
properties of the tested structures or medium.
The various dynamic diagnostic methods are set out in Fig.1.1.

1.1 Stress-wave velocity measurement method

The method used to measure the velocity of the propagated stress waves is derived from the
method of dynamic non-destructive testing, which is particularly advantageous for assess-
ing the properties and characteristics of plane structures and elements.

The distinguished English specialist R.Jones in the sphere of non-destructive testing
started to use stress-wave velocity measurement to assess the elasticity characteristics, and
thickness of pavement structures over time and under the influence of traffic [1.4—1.6]. Ref-
erences [1.7-1.9] refer to the intensive investigation and search for possible applications of
the stress-wave velocity method. The results of our investigations, in which the theoretical
and methodical investigations are summarized, are given in references [1.10—1.15].

1.1.1 Principle of method and experimental technique

The method is based upon the principle of phase-velocity measurement, in which the phase
difference is measured between the vibration of the source, which transmits sinusoidal
stress waves of a set frequency into the test object, and the vibration of the pick-up. The
pick-up is placed at various distances from the source, and a phase difference of 360° cor-
responds to change of a pick-up distance of about one wavelength.

The phase velocity of stress-wave propagation, ¢, is related to the frequency f by the
relationship

c=fA. (1.1)

The apparatus for measuring phase velocities is shown schematically in Fig. 1.2. The
generator consists of (1) an electrodynamic or magnetostrictive vibrator, (2) a power
amplifier, and (3) a sinewave generator whose frequency can be set at anything from 20
Hz to 25 kHz. The evaluation part consists of (4) an accelerometer, (5) a narrow-band
filter and (6) a phasemeter that can measure from 0° to 360° + 1°. The apparatus has a
suitable power supply.

— (2]
NN/ NSL/NLLNNLLZNLLANLLN

Fig. 1.2. Schematic diagram of apparatus for measuring phase velocities.

It can be seen from equation (1.1) that the decisive parameter is the wavelength A. Its deter-
mination can be realized in several ways.
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First, if the wavelength A is small in comparison with the dimensions of the object, so
that it is possible to take readings at a number of point, A is determined as follows.

1. The vibrator is acting at one point of the object.

2. The pick-up is moved along a selected line, and the phasemeter is used to determine
the phase difference between the vibrator and the pick-up that corresponds to & times an
angle of 360°.

3. The distance / that corresponds to the phase difference £.27 is determined.

4. The wavelength A is given by the relationship A=//k.

Second, if the wavelength is large and, because of the dimensions of the object or the
power of the apparatus, measurements can only be made at a distance equalling one or a
few wavelengths, then A is determined as follows.

1. The measuring line is set on the object and divided into an abscissa with equal inter-
vals, such as 20, 10 or 5 cm.

2. The vibrator is placed at the starting point of the measuring line.

3. The pick-up location is changed to each of the discrete points of divided line in turn.

4. The phase difference is measured for every pick-up location.

5. The values of the phase angle are in a linear relationship with the pick-up distances
and the slope of this linear relationship determines the average value of wavelength A.

Figure 1.3 shows a typical relationship between the measured phase angle ¢ and dis-
tance /. The results were obtained on the cement concrete plate of a pavement structure.
The frequency of the vibration was /=28000 Hz and the intervals of the points on the mea-
suring line were 2.0 cm.

i
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Fig. 1.3. Measured phase angle ¢ versus distance /.

Various disturbances can arise during the measurement process. The measurement preci-
sion is influenced by the nature of the pick-up’s acoustic contact with the object at discrete
points of the measuring line. This influence manifests itself as deviations in the linear rela-
tionship of ¢ versus /, as shown in Fig. 1.3.
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Other reasons for disturbance exist in the bounded dimensions of the test object. The
interference of direct and reflected waves, or the interference of waves of various kinds
manifest themselves as a wave-like disturbance of the linear relationship of ¢ and /.
This can be seen in Fig. 1.4 for a duralumin plate and longitudinal waves of frequency
/=18000 Hz.

The interference of direct and reflected waves in a bounded test object can give rise to

standing waves at resonant frequencies. In such a rare case the measurement of wavelength
is difficult.

M e - ———

f=18000 Hz
A=0.286m

c=5110 m/s

L 1
30 40 L (em)

1}
Fig. 1.4. Influence of reflected waves on relationship of phase angle to distance.

The third way in which the wavelength can be determined is by measuring the phase dif-
ference between the vibrations of two pick-up’s the positions of which are constant [1.16].
This method makes it possible to automate measurement. The apparatus is shown schemat-
ically in Fig. 1.5. Two accelerometers (1, 2) with the same phase-frequency characteristic

e [ S £} SR —

Fig. 1.5. Schematic diagram of apparatus for measuring phase difference.

are placed in contact with the tested object at a constant distance L. The outputs of the
accelerometers are connected to the inputs of the phasemeter (3). The vibrator (4) transmits
harmonic stress waves with frequency f'into the tested medium. By the successive chang-
ing of frequency in the range f,—f the phase difference Ag of accelerometer vibrations is
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measured. The distance L has to fulfil the condition L<A , if A, is the wavelength corre-
sponding to the frequency f,. By changing the frequency f, the phase difference Ap changes
too. The phase difference Ap=2mn corresponds to the frequency when the wavelength A
is just equal to the distance L. The variation of Ag versus frequency f (Fig. 1.6) makes it
possible to determine the wavelength A on the basis of the measured value Ap=k2m in the
frequency range (f,, /). The wavelength is determined by the expression

2rl L
:A_n,o:E (1.2)

where k is an arbitrary real number.
sy

8T

6T |
K2 F— — — —— ——
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_—p—_——

N f (Hz)

Fig. 1.6. Variation of phase difference Ap with frequency.

1.1.2 Theoretical assumptions

The theory underlying the problem of stress-wave propagation in a plane and layered
medium is based on the assumption of a wider application of the phase velocity method.
Many questions of stress-wave propagation are known, especially in the geophysical
literature, but the problems of layered pavement structures on a subgrade are theoretically
so complex that they do not allow for exact numerical results to be obtained. This section
can only outline the basics of the subject. For more detail, the reader is referred to special
monographs, such as [1.17] and [1.18]. A study of the many problems of stress-wave prop-
agation that are necessary for dynamic non-destructive diagnosis can be found in [1.13].

Dilatational and shear waves in unbounded media

It is well known that dilatational and shear waves propagate in a homogenous isotropic and
elastic unbounded medium. They propagate without dispersion: that is, their velocity does
not depend on the frequency or the wavelength.

The velocity of dilatational waves, ¢, is determined by the relationship
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_ E(Q1 - p) 172
= (gu TE- 2#)) (13)

in which FE is the modulus of elasticity, £ is the density of the material and y is Poisson’s
ratio.
The velocity of shear waves, c,, is given by

e = (E)M (1.4)

e

if G is the shear modulus of elasticity.
The motion of mass particles in shear-wave propagation is perpendicular to the direc-
tion of wave propagation.

Surface stress waves on the half-space

The stress waves that propagate on the half-space surface and diminish with depth are
termed, surface Rayleigh waves. In the isotropic, homogenous and elastic half-space
they propagate without wave dispersion, and their velocity c, is given by the frequency
equation

K8 —8k* — (24 — 16p5)K> + (1645 — 16) = 0 (1.5)
if
R
K= (1.6)
and
2 1-2p
M =50 (1.7)

The velocity of surface-wave propagation, c,, is always smaller than the velocity of shear
waves, ¢,. The values of the velocity ratios c,/c, and c,/c, in relationship to Poisson’s ratio
ware given in Tab. 1.1. The velocity ¢, of longitudinal waves in a one-dimensional medium
is given by the very well-known relationship ¢y = +/E/p.

Table 1.1. Values of the velocity ratios.

1 0 0.10 0.20 0.30 0.40 0.50
cl/c 0.874 0.892 0.910 0.927 0.941 0.953
cl/c, 0.618 0.601 0.587 0.575 0.562 0.549

By using the method of phase velocities on pavement structures, the measured velocities
at very high frequencies correspond to the velocity ¢, of the surface layer medium, if the
wavelength A is small compared with the surface layer thickness.
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Symmetrical and asymmetrical stress waves in a plate with free surfaces

In an isotropic elastic plate (layer) with free surfaces, wave propagation is partly symmetri-

cal, in view of the neutral plane of the plate (longitudinal waves), and partly asymmetrical
(flexural waves).

The longitudinal stress waves are defined by the frequency equation

tanh(sh/2)  4w*h/N2(gh/2)(sh/2)

tanh(gh/2) [ 2022 + (sh mzr (1.8)
where
gh h 2\ 72
2°"R (1_?1) (1.9)
sh wh 2 12
§=I(1—C—§) : (1.10)

The frequency equation (1.8) is fulfilled by a series of dispersion curves of phase
velocity c¢. The velocity ¢ of stress-wave propagation depends upon the ratio of plate
thickness / to wavelength A. The variation of the first three branches of phase velocity
versus the ratio 4/A is shown in Fig. 1.7.

i
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o a0

c=WEIP

w = 0.29
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\\
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-———-cle, +——— 1
05 |
i

] .0 20 hih 30

Fig. 1.7. Dispersion curves of phase velocity for symmetrical stress waves in a plate.
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The first, fundamental branch of phase velocity begins from the value of velocity in the

two-dimensional medium, c,, by a large wavelength A according to the relationship

E \"
“=(a=m) o

Succesively with the shortening of the wavelength the phase velocity ¢ becomes smaller,
and at very short values A is approaching the value of the surface-wave velocity, c,.
The dispersion of flexural waves is determined by the frequency equation in the form

tanh (qh/2) _ 47H/\*(qh/2)(sh/2)
tanh A1) [aneaz + (sh/2y]

(1.12)

The curves for the first three branches of phase velocity ¢ are drawn in Fig. 1.8. The
fundamental curve of the phase velocity starts at zero for #/A—0. The phase velocity
increases with increasing 4/A, and are approaching the value ¢, at very short values of
A or as h/A—oo.

2.0 ' \

ol

w=0.28

10 \

NN

tlc,
F-—clc, —:’:’2_/_;_—_::‘—...

0.5

0 1.0 20 hih 30

Fig. 1.8. Dispersion curves of phase velocity for asymmetrical stress waves in a plate.
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The fundamental dispersion curve of the phase velocity for flexural waves in a plate is
decisive for application to pavement structures.

Based on the results of detailed measurements of phase velocity in concrete and asphalt
pavements it has been proved that the phase velocity corresponds to the characteristic course
of this fundamental dispersion curve. Naturally, the pavement structure is in contact with the
subgrade and so the problem arises of how this contact influences the variation of the disper-
sion curve. Because of the difficult numerical solution of this problem, the influence of the
subgrade was investigated experimentally on two-dimensional models and in a state of plane
stress. The results of experiments on Duralumin models of various widths / in contact with an
acrylic plane medium are plotted in Fig. 1.9. The variations of the dispersion curves of phase
velocity for the first two branches of symmetrical waves (4,, 4,) and the first two branches of

e | b
¢yl
20
o l=06cm
T 1=1.0cm
0 L=25cm
e (=50cm
| () L=75¢cm
0 t=15¢m
15
\,_<A‘1
10 =
005 ~~
9 -
é‘ ‘0-“‘0‘0-"‘--.
r V—nk
osl! B it
|
|
!
K
0 0.5 1.0 15 hiA

Fig. 1.9. Results of experiments on Duralumin models of various width / in contact with an
acrylic plane medium.

asymmetrical waves (B, B,) are identical to the theoretical courses for stress wave propagation
in two-dimensional models with free boundaries for the values //A>0.10-0.15 In the range
of ratios //A<0.10-0.15 the courses of the experimental dispersion curves are different; the
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fundamental dispersion curves (4,, B,) are approaching the value of Rayleigh waves ¢, of
the acrylic medium.

These results clearly prove that the fundamental dispersion curves for a plate with free
surfaces may also be used for a plate on a subgrade for #/A>0.15. At lower frequencies
(that is at larger wavelength) the influence of the subgrade manifests itself in a marked
change of the curves and the phase velocities approach the velocity of surface waves in the
subgrade medium.

Because of the basic importance of the fundamental dispersion curve for flexural waves
in a plate for the dynamic diagnosis of pavement structures, it is helpful to present the pos-
sibility of its calculation in an elementary way. We have established according to the theory
of flexural vibration of the plate, considering the influence of shear and rotational inertia
[1.14], relationships that give results identical to the values gained by the numerical solu-
tion of the transcendent equation (1.12).

The phase velocity ¢ of the fundamental dispersion curve for flexural stress waves in the
plate is given by the relationship

(c/co)* =p— /P> —q (1.13)

where
;"!.2
P =@i(n) + 5 2(k) (1.14)
if
1 Ko
e1(pe) _2(1—#2}+4(1+p-) (1.15)
3K
ea( ) =m (1.16)
(087 + 1124\
Ko = (T) (1.17)
and
==+
(1.18)

(E) 1/2
cp=|— '
g

Table 1.2 lists the values of the ratio ¢/c as related to the ratios 4#/A and Poisson’s ratio. The
ratio ¢/c;=0 for #/A=0 and for //A—o0 c/c is given by
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c 3 Ko 1/2
P (m) ' (119

Table 1.2. Values of the fundamental dispersion curve of flexural waves in the plate versus
h/A. and Poisson’s ratio u.

h/A 0.1 0.2 0.3 0.4 0.6 0.8 1.0 1.5 2.0 3.0

1=0 0.197 | 0.314 | 0.390 | 0.455| 0.511] 0.548 | 0.565 [ 0.590 | 0.598 | 0.603
£=0.1 [ 0.192] 0.313 | 0.389 [ 0.448| 0.509 | 0.541 | 0.560 | 0.580 | 0.592 | 0.596
#=0.2 [ 0.188] 0.308 [ 0.387 [ 0.443 | 0.501 | 0.535| 0.550 | 0.572 | 0.579 | 0.585
#=0.3 [ 0.185] 0.307 | 0.381 [ 0.438| 0.499 [ 0.528 | 0.545| 0.560 | 0.566 | 0.571
#=04 [ 0.182] 0.306 | 0.368 [ 0.433 | 0.496 | 0.524 | 0.540 | 0.557 | 0.562 | 0.567
#=0.5 [ 0.179 ] 0.298 | 0.355 [ 0.428 | 0.494 | 0.518 | 0.528 | 0.537 | 0.542 | 0.545

&|n

Shear stress waves in a layer on subgrade

Shear stress waves in a layer on subgrade with thickness /# and with the polarization of the
particles in motion in a horizontal plane are characterized by the frequency equation

Gdysindih — Gudycosdih = 0 (1.20)
where
2 1/2
dp =fn(——1) (1.21)
Chy
Cz 1,2
dy =ﬁ](| ——) . (1.22)
CEII

G, is the shear modulus of elasticity for the layer medium, G is the shear modulus of the

subgrade material, f is the wave number, and c,, ¢, are the velocities of shear waves in an

unbounded medium of the layer or subgrade, given by

G\ 12 G\ 12
ca1 = ('—l*) y G = (—“) . (1.23)
o au

A real solution of the frequency equation (1.20) exists if ¢, <c,, and in such a case Love’s

waves propagate at the surface of the system. The variations of the first three dispersion
curves are plotted in Fig. 1.10 for ¢, /c,=2.437. It can be seen that the phase velocities of
stress-wave propagation are approaching to the velocity of shear waves in the layer, as /A

increases.
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Fig. 1.10. Dispersion curves of Love’s stress-wavevelocities in a layer on subgrade.

The other case is more important for pavement structures, when the plate or layer medium
is stiffer than the subgrade medium. Then only a complex solution can be established, as

:ll
loty! Cyy = 2437 €y

0 1 2 hif 3

Fig. 1.11. Dispersion curves of shear stress waves in a layer on subgrade.
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the energy dispersion in the subgrade has to be included. The numerical solution of the
frequency equation (1.20) indicates that the results are very similar to the results for the
plate or layer with free surfaces. The contact with the subgrade manifests itself as energy
dispersion in the subgrade, but the influence on the velocities is visible only at the lowest
frequencies for the ratios #/A<0.1, when the phase velocities are approaching the velocity
of shear waves in the subgrade [1.19, 1.20].

The first two dispersion curves for phase velocity ¢ and dispersion coefficient a, are
plotted in Fig. 1.11.

The problems of stress-wave propagation described above are only typical basic tasks,
which can help in the understanding of wave dispersion and propagation in connection
with the application of the method of phase velocities to pavement structures.

Of course, pavement structures are complicated multilayered systems on subgrade.
The analysis of stress-wave propagation in such systems and numerical solutions are dif-
ficult. The other aspect of the behaviour of real pavement structures is the viscoelasticity
of the material, especially in bitumen layers, cohesive soil layers and in the subgrade.
These characteristics and the non-homogeneity of the materials, influence the results
obtained by the assumption that the pavement layers and subgrade are elastic, isotropic
and homogeneous media.

1.2 Mechanical impedance methods

The generally known resonance method belongs to the category of dynamic non-destructive
methods. It presents a system of procedures for the determination of the modulus of elasticity
of materials on the basis of measured natural frequencies of specimens or elements in
various geometrical forms. Usually the fundamental natural frequencies are measured,
which serve in the calculation of the elasticity characteristics using the corresponding
theoretical relationships of vibration theory. It is possible to assess the logarithmic
decrement of vibration as a damping characteristic after the width of the resonance curve.

These procedures can be applied without difficulty on concrete, ceramic and similar
materials, but they fail when used for testing materials with distinct viscoelastic behaviour
such as the bituminous materials of road construction or cohesive soil material. The
considerable damping of such materials causes the resonance zone to weaken, and it may
be suppressed to a such extent that the measurement cannot be realized.

The testing of viscoelastic materials on the principle of the forced vibration of speci-
mens is possible by another way, using mechanical impedance methods.

1.2.1 Complex modulus of elasticity

The typical property of the viscoelastic behaviour of materials is the dependence of their
elastic and damping characteristics on temperature and loading time with respect to the
frequency of the dynamic loading process.

The analysis of the dynamic response of structures made from viscoelastic materials,
the theory of design and quality control require the assessment of their viscoelastic proper-
ties over a large range of temperatures and frequencies.
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There are various formulations of viscoelastic behaviour in linear viscoelasticity, but
the conception of complex modulus is the most useful [1.21-1.23]. Provided that the
sinusoidal variable stress acts upon the element from the linear viscoelastic material,
then the deformation of the element alters in time with the same frequency but a phase in
arrears.

If the stress o is expressed by the relationship

o = gpe! (1.24)

where g, is the stress amplitude and w is the angular frequency, then the strain ¢ is given
in the form

£ = gyelt=t—¥) (1.25)
where ¢ is the phase angle.

The complex modulus of elasticity £* established according to the relationships (1.24)
and (1.25) is expressed by the equation

- . a an s,
Er=E +iEp=—=—¢"
1+ 1k e EUL (1.26)

The real part of the complex modulus, £, is given by

ag
Ei=2cos
1= s (1.27)

and the imaginary part, £, is given by

ap .
E» = —sin .
2 = sing (1.28)

The absolute value of the complex modulus of elasticity is the ratio of stress and strain
amplitudes expressed by the relationship

- ap !
|E |==—ﬂ={E§+E§}“2- (1.29)

If the ratio of the imaginary and real parts of the complex modulus is indicated by the
damping factor J, according to the relationship

: E
g = tangp = Ez (1.30)
1
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the complex modulus of elasticity is given in the form

£ = E,r(l+id) (1.31)
and its absolute value is
|ELrl = Eor(1+63)' (132)

The subscripts @ and 7 refer to the value of complex modulus at a given frequency @
and temperature 7. The coherence of the damping factor J, and the logarithmic decre-
ment 19 is determined by the approximate expression

W = woE. (1.33)

The viscoelastic behaviour of a material for a given temperature is fully defined by the
assessment of the values d, and |E*| for all frequencies.
The complex shear modulus or complex bulk modulus can be expressed in a similar way.

1.2.2 Function of mechanical impedance

The mechanical impedance at the driving point of the harmonic vibrating system is
defined as the ratio of the exciting force to the velocity of motion at this point. It is the
so-called mechanical impedance of the driving point and is a complex function.

If the motion velocity is related to another point, the complex ratio of the driving force
and the motion velocity determines the so-called mechanical transfer impedance.

The inverse value of the mechanical impedance determines the mechanical mobility.

From the point of view of contemporary measurement techniques it is more advan-
tageous to assess a normalized mechanical impedance Z*, which is defined [1.22] as
the ratio of the harmonic variable force F to the product of acceleration @ at the driv-
ing point of the vibrating object and the object mass M

F
t= 1.34
2 =M (1.34)

Z* is a dimensionless complex function, the behaviour of which depends on the shape
and dimensions of the vibrating object, and on the kind of vibration, and the elasticity
and viscosity of the object material.

Mechanical impedance by flexural vibration

By using the flexural forced vibration of a tested object the most advantageous scheme
in practice is the flexural vibration of a cantilever element at the free end of which a
harmonic force F is acting, or a test specimen with free ends and the exciting force F
in the middle of the specimen length. (Fig. 1.12).
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The cantilever testing element is satisfactory for bituminous pavement materials
with appreciable damping. Normalized prismatic elements with dimensions 5x5%30
cm or cylindrical elements may be used.

a F
- -

12

mak!

I/,

Fig. 1.12. Schematic diagram of mechanical impedance methods using flexural vibration
of elements.

Many studies [1.24—1.29] have been performed in which the characteristics of the complex
modulus of elasticity are determined after various schemes of element vibration, in which
the amplitudes of force and deformation or deflection and the phase angle of the vibration
process of these quantities are measured. All these procedures, theoretically often reduced
in the system with one degree of freedom, have a common feature in that they can be
applied only for very low frequencies below the fundamental natural frequency of the test
element. Our effort is to prepare methods and procedures for the assessment of viscoelas-
tic characteristics that would give the possibility of evaluating viscoelastic parameters in
a wide frequency range by using just the resonance and antiresonance frequencies of the
tested element [1.30—1.35].

The normalized mechanical impedance for a cantilever element in flexural vibration
without the influence of shear and rotational inertia is given by the relationship [1.14]

_ 1 + coshn*lcosn! 135
"~ n*l(cosn*l coshn*l — sinn*Isinh n*l) (1.35)

*
"
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where

. PPN ni
M-(E;rz) (1 +i6g) (130

if / is the length of the cantilever element, 7 is the radius of inertia of the cross section to
the axis perpendicular to the vibration plane and

1/4
nl = (“;’if) . (1.37)

For use in practice it is preferable to establish the normalized mechanical impedance
according Timoshenko’s more accurate differential frequency of motion [1.36].

The variations of the calculated absolute value of normalized mechanical imped-
ance in dB depending on the frequency parameter n/ for the values of damping
factor 0=0.05 and 0=0.5 are plotted in Fig. 1.13 The normalized mechanical imped-
ance presents minima and maxima. The minima of the function 20 log |Z*|, i.e. R,
R,, R.,...represent resonances and correspond to the natural frequencies of an ele-
ment that is clamped at the bottom and free at the top. The maxima 4,, 4,, 4,,...
represent anti-resonances and correspond to the natural frequencies of an element
that is clamped and simply supported at the top. It can be seen that the differences
of resonance and anti-resonance extrema are a function of the damping factor J.

1271
® | |

H

|
20 I

b=

‘
=
="
L% ]
F 2
o
(=1}

SN .
IV 7

-30 ‘ V \I /

|
40 j Ry Ra ‘

A,
/\ 7 F) 9 0 nl
. |

(
LT

Fig. 1.13. Theoretical curves of mechanical impedance function |Z*| versus frequency
parameter nl.
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Fig. 1.14. Curves of phase angle ¢ versus frequency parameter nl.

The variations of phase angle ¢ depending on the frequency parameter n/ in Fig. 1.14 pres-
ent intense changes at the zone of resonance and anti-resonance frequencies. The phase
angles and their differences depend on the damping factor J.

The function of normalized mechanical impedance Z* in the case of a flexural vibrating
testing element (prismatic, cylindrical) with free ends, excited in the middle of its length,
is given by the relationship [1.14]

1 sinhn*/cosn*l + coshn*lsinn*{

z = n*l (1 + coshn*lcosn*l)

(1.38)

where / is half the element length. Equation (1.38) is valid for the elementary theory with-
out the influence of shear and rotational inertia.

By the same procedure as for a cantilever element the variations of the functions |Z*|(n/)
and ¢(n/) can be prepared.

Mechanical impedance by the longitudinal and torsional vibration
of elements with a constant cross-section

The longitudinal and torsional vibration of a prismatic or cylindrical element with a con-
stant cross-section is described by a similar differential equation of motion [1.14]. Provided
that the harmonic variable force or torsional moment is acting at one end of the element
and the second end is free, the normalized mechanical impedance Z* may be established
in the form
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1
Z = Etan n'l (1.39)
if for forced longitudinal vibration
) 1/2
T (1.40)
E._ (1 +ibg)
and for torsional vibration
12
n*l = “*’25—”(2."? (1.41)
Gu(l -+ l"}G ]Jt

In equations (1.40) and (1.41) [ is the length of the test element, J, is a polar moment of
inertia in the element cross-section, J, is a modulus of stiffness in torsion (for a prismatic
element with square cross-section Jp/Jl=1 .183, for a circular cylindrical element Jp/Jt=1 .0),
and G (1+i4,,) is a complex modulus of clasticity in shear.

The normalized mechanical impedance (1.39) is a complex function. Its absolute value
and phase angle may be expressed depending on the frequency parameter n/, which has
the form

2 1/2
nl = (“’"9“2) (1.42)

for longitudinal vibration and

2 1,2
nl = ("“Ggpj—“) (1.43)
w t

for torsional vibration.

The function |Z*| depending on the parameter n/ forms the anti-resonance and resonance
extrema. The resonance minima correspond to the natural frequencies of an element with
free ends and the anti-resonance maxima correspond to the natural frequencies of an ele-
ment that is free at one end and clamped at the other end. The differences of the extrema of
the function |Z*| in dB depend on the damping parameter of the element material.

1.2.3 Measurement method

The anti-resonance and resonance frequencies and the differences AZ* of the extrema can
be obtained from the measured variations of the mechanical impedance function |Z*|. In
practice the realization of the measurement of |Z*| is obtained by observation or recording
of the variation of an exciting force or torsional moment depending on the frequency for
constant amplitude of acceleration at the driving point.
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On the basis of the determined resonance and anti-resonance frequencies the real parts
of moduli £ or G can be calculated.
For longitudinal vibration of the test sample the relationship is valid in the form

16/
£, =154 (1.44)

where f, is the frequency of the extreme and 4=1, 2, 3...for f, corresponding sucsessively
to the extrema 4, R, A, R.,...

For torsional vibration the real part of the complex modulus G is expressed by the
relationship

16£f2 1,
Go="—73 7

(1.45)

in which f’ is the frequency of the extreme and k=1, 2, 3...for f  corresponding to the
extremad,R,A4,R,...
For schemes of flexural vibration of the element the equation is valid in the form

WPl

= e

(1.46)

where o is the angular frequency of the resonance or anti-resonance extrema, / is the
length of the tested cantilever specimen, or half the element length for a specimen with
free ends.

Table 1.3 lists the values of the frequency parameter n/ in equation (1.46) for the cor-
responding extreme frequencies depending on damping parameter o for a cantilever pris-
matic element with dimension ratios 1:1:6 or for a cylindrical element with the ratio of
diameter d and / equal to 0.193. Table 1.4 lists the values of n/ for elements with free ends
excited in the middle of their length.

The differences of extreme values of normalized mechanical impedance A|Z*| in dB,
obtained by measurement, give the possibility of evaluating the damping parameter 6, or
J,- The theoretical values of A|Z*| for longitudinal and torsional vibration are plotted in
Figs. 1.15 and 1.16, for flexural vibration of the cantilever specimen in Table 1.3 and for
flexural vibration of an element with free ends in Table 1.5.

Table 1.4. Frequency parameter n/ of mechanical impedance function extrema for element
with free ends.

Frequency parameter n/

A R A R A R A R A R

1 1 2 2 3 3 4 4 5 5

0.025 | 1.8749| 2.3656| 4.6933| 5.5000| 7.8525| 8.6432| 10.991| 11.788| 14.130( 14.925
0.050 | 1.8744| 2.3674| 4.6911| 5.5043| 7.8459| 8.6541| 10.978| 11.806| 14.109( 14.950
0.075 | 1.8734| 2.3704| 4.6875| 5.5128| 7.8355| 8.6717| 10.959| 11.836| 14.081( 15.000
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0.100 | 1.8722| 2.3745| 4.6826| 5.5240| 7.8225| 8.6949| 10.937| 11.873| 14.048( 15.050
0.125 | 1.8706| 2.3797( 4.6765| 5.5385| 7.8038| 8.7248| 10.912| 11.914| 14.016| 15.100
0.150 | 1.8687| 2.3860| 4.6696| 5.5553| 7.7909| 8.7547| 10.887| 11.960| 13.986( 15.150
0.175 | 1.8666| 2.3933| 4.6619| 5.5748| 7.7740| 8.7898| 10.864| 12.009| 13.960( 15.150
0.200 | 1.8642| 2.4017| 4.6539| 5.5961| 7.7562| 8.8312| 10.843| 12.058| 13.938( 15.300
0.225 | 1.8616| 2.4108| 4.6448| 5.6199| 7.7414| 8.8668| 10.824| 12.108| 13.921| 15.350
0.250 | 1.8589| 2.4209| 4.6358| 5.6449| 7.7262| 8.9074| 10.808| 12.158| 13.909( 15.400
5 Frequency parameter n/

A, R, A, R, A R, A, R, A4, R,
0.025 | 17.250| 18.100]| 20.405| 21.225| 23.542| 24.369| 26.678| 27.519| 29.814( 30.667
0.050 | 17.250| 18.100| 20.367| 21.275| 23.493| 24.432| 26.620| 27.591| 29.745| 30.751
0.075 | 17.200| 18.150] 20.300| 21.350| 23.450| 24.500| 26.550| 27.700| 29.700( 30.850
0.100 | 17.150| 18.250] 20.271| 21.412| 23.385| 24.591| 26.502| 27.766| 29.621| 30.934
0.125 | 17.100| 18.300]| 20.230| 21.483| 23.345| 24.666| 26.463| 27.837| 29.585( 31.017
0.150 | 17.100| 18.300| 20.199| 21.552| 23.315| 24.741| 26.434| 27.920| 29.559( 31.098
0.175 | 17.050| 18.400| 20.176| 21.620| 23.295| 24.809| 26.420| 27.998| 29.545( 31.184
0.200 | 17.050| 18.500] 20.159| 21.691| 23.283| 24.891| 26.408| 28.084| 29.534( 31.284
0.225 | 17.050| 18.500] 20.149| 21.776| 23.273| 24.969| 26.398| 28.184| 29.516( 31.403
0.250 | 17.000| 18.600| 20.142| 21.841| 23.266| 25.066| 26.384| 28.303| 29.491( 31.562

s Frequency parameter n/

A, R, 4, R, A, R, 4, R, A R
0.025 | 32.949| 33.800| 36.100| 36.950| 39.200| 40.100| 42.350| 43.250| 45.500( 46.400
0.050 | 32.871| 33.900| 36.000| 37.050| 39.100| 40.250| 42.250| 43.400| 45.400( 46.550
0.075 | 32.800| 34.000| 35.900| 37.200| 39.050| 40.350| 42.150| 43.500| 45.300( 46.650
0.100 | 32.737| 34.100| 35.850| 37.250| 39.000| 40.450| 42.100| 43.600| 45.250( 46.750
0.125 | 32.709| 34.200| 35.850| 37.350| 38.950| 40.550| 42.100| 43.700| 45.250( 46.850
0.150 | 32.691| 34.300| 35.800| 37.450| 38.950| 40.600| 42.100| 43.800| 45.200( 46.950
0.175 | 32.677| 34.350| 35.800| 37.550| 38.950| 40.750| 42.050| 43.950| 45.150( 47.150
0.200 | 32.659| 34.500| 35.750| 37.700| 38.900| 40.900| 41.950| 44.150| 45.050( 47.450
0.225 | 32.631| 34.600| 35.700| 37.900| 38.800| 41.150| - - - -
0.250 | 32.569| 34.850| — - - - - — - —
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Table 1.5. Differences of extreme values of normalized mechanical impedance A|Z*| ver-
sus damping parameter 0 for flexural vibration of an element with free ends.

Extremes differences A|Z*| (dB)
A-R, | R-4, | AR | R4, | AR, | R-4, | 4-R, | R,
0.025 63.242 52.995 55.729| 46.4747| 46.3917| 40.5907| 40.6237| 36.2939
0.050 51.250(  41.022 43.776| 34.5814| 34.5574| 28.8351| 28.9471| 24.7145
0.075 44.290( 34.0927| 36.8777| 27.7743| 27.8423| 22.2342| 22.4612| 18.3590
0.100 39.408( 29.2510| 32.0770| 23.0896| 23.2746| 17.7992| 18.1602| 14.1960
0.125 35.676| 25.5685| 28.4455| 19.5898( 19.9078| 14.5700( 15.0710| 11.3550
0.150 32.682| 22.6304| 25.5644| 16.8484( 17.3084| 12.1040( 12.7430| 9.0320
0.175 30.204( 20.1841| 23.2091| 14.6347 15.2397| 10.1610 10.9300| 7.3270
0.200 28.108| 18.1810| 21.2440( 12.8090| 13.5570 8.5940 9.4840( 5.9790
0.225 263074 16.4463| 19.5763| 11.2753| 12.1633 7.3060 8.3060( 4.8930
0.250 247414 14.9466| 18.1466 9.9728( 10.9938 6.2340 7.3420( 4.0070
Extremes differences A|Z¥| (dB)
A-R. | R-A, | AR, | R—4, | A-R | R-4, | A-R, | R,
0.025 35.9604| 32.6360| 32.6750| 29.9286| 29.9836 27.551 27.667( 25.491
0.050 24.8236| 21.494| 21.641 18.908 19.071 16.788 17.000 15.014
0.075 18.602 15.431 15.711 13.112 13.439 11.282 11.608(  9.765
0.100 14.602 11.542 11.968 9.506 9.954 7.908 8.351 6.617

0.125 11.774 8.836 9.393 7.044 7.600 5.654 6.203| 4.559
0.150 9.696 6.864 7.503 5.245 5.930 4.071 4.710( 3.146
0.175 8.064 5.327 6.133 3.960 4.708 2.928 3.648| 2.155
0.200 6.859 4.208 5.068 2971 3.796 2.086 2.877 1.448
0.225 5.870 3.269 4228 2.203 3.109 1.461 2315  0.942
0.250 5.073 2.571 3.585 1.625 2.588 0.997 1.906] 0.581
5 Extremes differences A|Z*| (dB)
AR, R-A, | 4R, | R4, | 4R, | R4, | 4,R, | R4,

0.025 25.591 23.787 23.878 22.239 22.327 20.808 20.891| 19.532
0.050 15.165 13.453 13.722 12.187 12.399 11.045 11.258( 10.021
0.075 10.093 8.485 8.825 7.424 7.756 6.501 6.830 5.710

0.100 7.060 5.561 5.999 4.686 5.117 3.954 4.376 3.339
0.125 5.097 3.683 4.210 2.978 3.491 2.405 2.905 1.938
0.150 3.767 2.429 3.032 1.869 2452 1.430 1.995 1.088
0.175 2.849 1.576 2.243 1.139 1.780 0.812 1.428 0.576
0.200 2.205 0.988 1.711 0.657 1.346 0.420 1.077 0.254
0.225 1.753 0.584 1.353 0.341 1.069 0.178 0.869 0.076

0.250 1.439 0.311 1.119 0.141 0.903 - - -
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of specimen.
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1.2.4 Experimental apparatus

The experimental arrangement for using the mechanical impedance method is more com-
plicated than that currently used for measuring of resonance frequencies. It is necessary
to measure not only frequencies also the force or torsional moment and acceleration. It is
usual to automate the measuring process: that is, to record continuously the values of the
force amplitude or torsional moment amplitude by constant amplitude of acceleration in a
wide frequency range.

The block diagram of the experimental arrangement realized by M.Pokorny, which
has been used for application to cantilever samples and flexural vibration is shown in
Fig. 1.17.

The sine-wave signal from an automatic generator leads to the power amplifier and
electrodynamic vibrator. The vibration is transferred through the impedance head into the
test specimen. The impedance head gives the possibility of measuring the amplitude of
the force by using a preamplifier and voltmeter and recording the variation in the force
amplitude with frequency.

control generator

power amplifier

~ -

impedonce head
accelerometer

preamplifier vibrator
voltmeter
recorder
test preamplifier
specimen |
force signal
SIS S

remote _control

Fig. 1.17. Block diagram of experimental arrangement for mechanical impedance method.

The signal from the accelerometer leads through the preamplifier to the control generator
and serves to regulate the specimen vibration in such a way that the amplitude of accelera-
tion at the exciting point of the specimen is constant during the measuring process.

The block diagram of the arrangement and testing for the application of the mechani-
cal impedance method to longitudinally and torsionally vibrated test samples is shown
in Fig. 1.18. The test procedure and the composition of the instruments and transducers
is similar to that in Fig. 1.17.
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generator
power amplifier
1,2
——————vibrator
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recorder
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5!6 .
automatic regulation force or torsional
of output signal moment indicator
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longitudinal vibration torsionall vibration

current

2 ——— ————12 V=

Wi/ TIIIT IS LI/ 725,
2

1 wvibrator torsional vibrator

Fig. 1.18. Block diagram of arrangement and testing for application of mechanical
impedance method to longitudinally and torsionally vibrated test samples.

The basic elements of the arrangement for torsional vibration are a torsional vibrator and a
torsional moment meter, which have to be developed specially for this purpose. A detailed
description of these elements is to be found in [1.37].

1.2.5 Application to non-destructive testing of the subgrade

The mechanical impedance method can be applied to dynamic testing of the material char-
acteristics in the subgrade by using vibrators with a small generating energy of stationary
vibration [1.38].

The scheme of testing that applies in practice is based on the vertical vibration of a thick
circular plate with mass m situated on the surface of the subgrade through a circular contact
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area with radius a. The vibration of the plate is excited by the harmonic variable vertical
force of an electrodynamic vibrator, which is put trough a force-meter on the mass m.

The theoretical variation of the function Z* of normalized mechanical impedance has been
established in [1.14] by using the concepts of the complex bulk modulus B’, = B,(1 + iég) and
the complex modulus in shear G?, = G.(1 +ié¢). The dependence of the function Z* on the
dimensionless frequency Q=wa/c, is given by the variation of the absolute value|Z*|and phase
angle ¢. The curves of |Z*| and ¢ versus Q are plotted in Fig. 1.19 for damping parameters

Iz*, ¢

&
A= 0.25
d = 0.20
b=20
=L +——— ——— —— p——— - ——t——_——
3 /
be
2
-=<TC /2
1Z*
1 ’#fﬂ_ji_

0 1 2 174

Fig. 1.19. Theoretical curves of mechanical impedance function |Z*| and phase angle ¢
versus frequency Q for a vibrating mass on subgrade.

0,=0,=0=0.20, Poisson’s ratio =0.25 and for dimensionless parameter b = m/oa® = 20. The
phase angle ¢ approaches the value p=—¢ at low frequencies. The absolute value |Z*| has
its minimum in the resonance zone of the vibrating mass on the subgrade.

The theoretical variation of |Z*| for various values of 9, ©=0.35 and parameter b=11 suit-
able for the interpretation of experimental results are plotted in Fig. 1.20.
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Fig. 1.20. Theoretical variations of |Z*| with frequency Q for various values of damping
factor J.

The experimental testing arrangement can be realized according to the scheme shown in
Fig. 1.21. The mass consists of a thick circular steel plate with radius ¢=126 mm and
thickness #=100 mm. The contact circular area F=500 cm? and the mass m=39.5 kg. The
parameter b of the system is approximately b=11. In the middle of the mass at the centre
of gravity, is situated the piezoelectric accelerometer. The force pick-up is piezoelectric
too, produced specially for the purpose, with diameter 68 mm,; it is fixed on the vibrating
area of the electrodynamic vibrator. The vibrator is connected to the generator through the
power amplifier and the signals from the force pick-up and from the accelerometer lead to
the voltmeters.
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power
voltmeter voltmeter amplifier generator
pr—y —— |'"—
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I

i —+— vibrator

. %__ force transducer
- —f— Mass m

@ accelerometer

|
i i

Fig. 1.21. Schematic diagram of testing arrangement for determination of subgrade
charateristics by mechanical impedance method.

The testing takes place in such a way that for individual frequencies the amplitude of the
force will be assessed by the constant amplitude of acceleration. The variation of the force
with frequency is then proportional to the variation of the mechanical impedance function
|Z*|. The measurements can also be realized by a more complicated arrangement with an
automatic record of the mechanical impedance function |Z*| in dB, as described for the
application to testing elements.

The procedure for the evaluation of viscoelastic characteristics consists of the determi-
nation of damping parameter J, complex modulus of elasticity in shear G?, and Poisson’s
ratio .

The damping parameter 6 of the subgrade material may be determined by using the
special measurement of phase angle ¢ for the mechanical impedance function at very low
frequencies, when ¢p~—¢.

The value of Poisson’s ratio x is found from the extreme ordinate of measured function
of mechanical impedance by using the theoretical variations in Fig. 1.22.

The real parts of the complex modulus G are found from the measured variation of |Z*|
by comparison with the theoretical curve.

If we are satisfied with the estimate of Poisson’s ratio u for subgrade material at an
average value of 4=0.35, then the damping parameter ¢ can be assessed on the basis of the
measured extreme value |Z¥| . after the diagram in Fig. 1.22.
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Fig. 1.22. Theoretical diagram for determination of Poisson’s ratio ¢ according to extreme
ordinate of mechanical impedance function |Z*| _ .

1.2.6 Dynamic viscoelastic properties of bituminous materials

The bituminous materials of road construction have distinct features of viscoelastic
behaviour. Measurements were performed with the mechanical impedance method
using the scheme of cantilever elements measuring 5x5%30 c¢cm from various bituminous
materials. The results of measurements at temperature 7=10, 20 and 40 °C, in the form of
isochrones and damping parameter variations, are shown in Fig. 1.23 for mastic asphalt,
in Fig. 1.24 for an open-cover asphalt layer, in Fig. 1.25 for a dense-cover asphalt layer,
and in Fig. 1.26 for asphalt concrete.

The values of the damping parameter J are average values because it does not present
a regular and distinct change with frequency. The dependence of J on temperature 7 is
very strong.

The change of the complex modulus values is very distinct not only in their depen-
dence on temperature 7 but also on the vibration frequency.
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Fig. 1.23. Isochrones and damping parameter variations for mastic asphalt.

The measurements were made by using mechanical impedance method on a series of 15
specimens of asphalt concrete in the temperature range —25 to +45 °C. The mean values of
the measurement results at a frequency of 20 Hz and at resonance and anti-resonance natu-
ral frequencies are plotted in Fig. 1.27 as isotherms and in Fig. 1.28 as isochrones, together
with the dependence of damping factor ¢ on temperature. The complex modulus of elastic-
ity |E*| alters from the value |E*|=400 MPa at frequency 20 Hz and temperature 7=45 °C to
the value |E*|=21000 MPa at frequency 3000 Hz and temperature 7=—25 °C. The damping
factor ¢ has the value 6~0.16 at temperature 7=—25 to —5 °C and at temperature 7=+45 °C
attains to the value 6=0.84.
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Fig. 1.24. Isochrones and damping parameter variations for open-cover asphalt.
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Fig. 1.25. Isochrones and damping parameter variations for dense-cover asphalt.

Similar measurements were performed on a series of 15 specimens of bitumen-coated
sand and gravel material at temperatures from —25 °C to +45 °C. The results of these
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measurments are evaluated in the graphs in Figs 1.29, 1.30. The damping factor J(7)
changes in the range 0.155~0.54 and the absolute value of complex modulus of elasticity
|E*| in the range |[E*|=500—23000 MPa.

These results for measurements obtained on pavement bituminous materials demon-
strate that the method of normalized mechanical impedance is an effective means of direct
investigation of the dynamic viscoelastic properties in a wide frequency range. It makes
possible to compare the directly measured properties with the viscoelastic properties deter-
mined from static creep testing by using the principle of superposition of time and tem-
perature, [1.39-1.40]. The realization of this principle is combined with the fulfiling of
the criterion of a linear thermo-rheological material, which is defined as a material whose
temperature changes change only the position of the viscoelasticity function on a time or
frequency scale but not the general shape of the function.

The principle of superposition of time and temperature may be used in the case of the
dynamic isotherms in Figs. 1.27 and 1.29 to demonstrate that the viscoelastic response
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Fig. 1.26. Isochrones and damping parameter variations for asphalt concrete.
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Fig. 1.28. Isochrones for asphalt concrete.
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Fig. 1.29. Isotherms for precoated sand and gravel.

of the bituminous materials tested is only approximately thermorheologically linear. From
the practical point of view it is advantageous to assume that this criterion is valid for the
complex modulus of elasticity. The damping factor ¢ is more or less constant for every
temperature and is independent of frequency. The principle of superposition of time and
temperature cannot be used for the damping factor.

The isotherms, i.e. the functions of the relationships of the complex modulus of elastic-
ity versus frequency obtained by measuring at various temperatures, give these relations in
a certain limited frequency range. Supposing that material is approximately thermorheo-
logically linear we can compile a fundamental isotherm for the reference temperature 7,
the variation of which will run in a substantially wider frequency range, by shifting single
isotherms along the boundary scale.

The shift factor a, may be established according to the relationship

ar =% (1.46)

where fr is the frequency corresponding to a certain fixed value of the complex modulus
of elasticity |£*| at reference temperature 7, and f; is the frequency corresponding to the
same value of |E*| at temperature 7.

In practice, in the determination of the shift factor a, from the isotherm variations
obtained by measurement, it is necessary first to access the partial shift factors Aa_, which
correspond to two neighbouring temperatures. The shift factor a_ is given by the product
of partial shift factors Aa, successively from the reference temperature 7. In this way
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the fundamental isotherme at the reference temperature 7,=+25 °C has been compiled for
asphalt concrete and for bitumencoated sand and gravel material.

The shift factor a, and reduced frequencies together with corresponding mod-
uli |[E*| were evaluated for three values /=20 Hz, /=500 Hz, /~3000 Hz and /<4000 Hz

Fig. 1.30. Isochrones for precoated sand and gravel.
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Table 1.6. Compilation of fundamental isotherm for asphalt concrete.

7(°C) Aa, a, f(Hz) |E| (MPa)
=25 1.25 7.7 3850 16000
=15 2.00 6.15 3080 14800
+5 1.85 3.07 1530 12700
+15 1.66 1.66 830 10800
T=+25°C 1 1 500 9600
+35 0.30 0.30 150 7150
+45 0.16 0.048 24 4050
—25 1.125 2.94 59 4700
—15 0.87 2.61 52 4500
+5 1.50 3.0 60 4700
+15 2.0 2.0 40 4000
+25 1 1 20 2650
+35 0.475 0.475 9.5 1500
+45 0.40 0.19 3.8 540
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—25 2.5 96.0 288000 21000
-15 3.75 384 115000 19000
+5 2.73 10.2 30600 17000
+15 3.75 3.75 11250 15000
+25 1 1 3000 11900
+35 0.073 0.073 219 8050
+45 0.050 0.0036 11 5500

respectively. The results are compiled in Table 1.6 for asphalt concrete and in Table 1.7 for
bitumen-coated sand and gravel. The variations of the fundamental isotherms are plotted
in Figs. 1.31 and 1.32.

The fundamental isotherms at a reference temperature determined by the described
above procedure characterize the viscoelastic properties of a material over a wide frequency
range. Together with the shift factor a, they serve for the determination of viscoelastic
behaviour at an arbitrary temperature 7.

Table 1.7. Compilation of fundamental isotherm for bitumen-coated sand and gravel.

1(°C) Aa, a, f(Hz) |E| (MPa)
—25 1.25 7.05 3520 14000
-15 1.82 5.64 2820 13200
+5 1.61 3.09 1550 11050
+15 1.92 1.92 960 9600
T=+25°C 1 1 500 8100
+35 0.50 0.50 250 6500
+45 0.32 0.16 80 4400
-25 1.25 13.20 266 5800
-15 2.25 10.65 213 5450
-5 1.35 4.72 94.5 4300
+15 35 35 70 3950
+25 1 1 20 2200
+35 0.50 0.50 10 1550
+45 0.363 0.181 3.62 589
-25 1.29 13.20 52800 25000
-15 1.48 10.25 41000 23400
+5 1.90 6.92 27700 21000
+15 3.64 3.64 14550 17000
+25 1 1 4000 12000
+35 0.42 0.42 1680 9700
+45 0.40 0.16 640 7600
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Fig. 1.31. Form of fundamental isotherm for asphalt concrete.
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Fig. 1.32. Form of fundamental isotherm for precoated sand and gravel.

1.2.7 Dynamic viscoelastic properties of soil materials

39

The dynamic viscoelastic properties of cohesive or stabilized soil materials can be inves-
tigated by applying the mechanical impedance method and the schemes of torsional and

longitudinal vibration of cylindrical elements.

Measurements were performed on a series of test specimens from the loess and ben-
tonite soil materials. The specimens were cylindrical with a diameter of 4 cm and a length
of 8.7 cm. The density of the compacted soil materials was g = 2060 kg/m? for loess and
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0 = 1610 kg/m?* for bentonite. The test samples were compacted at moisture w=17% for
loess or w=52% for bentonite and then placed in a desiccator.
By applying the mechanical impedance method and the torsional and longitudinal vibra-
tion of the tested elements, the process of change of the viscoelastic properties was studied.
The change of the soil structure as a consequence of the thixotropy and the moisture change
gives rise to a change of viscoelastic characteristics. The results of the measurement are
compiled in the graphs in Figs. 1.33—1.37 for loess and in Figs. 1.38-1.42 for bentonite.
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Fig. 1.33. Relationship of complex modulus |G*| to frequency, for loess.
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Fig. 1.34. Relationship of complex modulus |E*| to frequency, for loess.
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Fig. 1.35. Evolution of |G*| and |E*| over time after compacting, for loess.
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Fig. 1.36. Evolution of stress-wave velocities ¢, and ¢, over time after compacting, for loess.
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Fig. 1.37. Evolution of damping parameter ¢ and Poisson’s ratio u over time, for loess.
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Fig. 1.38. Relationship of complex modulus |G*| to frequency, for bentonite.
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Fig. 1.39. Relationship of complex modulus |E*| to frequency, for bentonite.
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Fig. 1.40. Evolution of |G*| and |E*| over time after compacting, for bentonite.
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Fig. 1.41. Evolution of stress-wave velocities ¢, and ¢ over time after compacting, for
bentonite.

)
020 v{\/ (. ~ " /\
‘HH-"""’"_'_" d. \.h‘-___;-
\\Q ____‘-—"""—‘_'
u
010 05
L 0.4 AL '\
N\ T
0.2
- 0.1
0 10 20 30 40 doys 50

Fig. 1.42. Evolution of damping parameter 0 and Poisson’s ratio 4 over time, for bentonite.

The real parts of the complex moduli £ , G were calculated according to equations (1.44),
(1.45) and the absolute values of the complex moduli were expressed by the relationships
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|Eo| = E(1+ &)
(1.47)
G2l = Gu(1+ &)

The velocities of shear stress waves, ¢,, and longitudinal stress waves, ¢, were calculated
according to the relationships

4lf,

_4h

¢ (1.48)

co (1.49)

where

- (1.50)

if

D=+v1+8 (1.51)

Poisson’s ratio i follows from the values of |E*| and |G*|.

The dependence of the complex moduli |G*| and |E*| on the frequency measured at
the various times of evolution affirm the distinct change of the material structure and at
the same time the typical relationship |G*| and |E*| from the frequency. The values of the
moduli increase with increased frequency, especially at the beginning of time evolution. In
the later evolution the dynamic behaviour of soil materials approaches elastic behaviour.

1.3 Dynamic diagnosis of the subgrade

The subgrade is formed from soil materials of various kinds. Such a medium can (only
very approximately) be defined as an elastic half-space. In applying dynamic methods for
determining subgrade material characteristics one has to consider that the soil material
has viscoelastic properties, which manifest themselves partly in the dependence of elastic
characteristics on the frequency and partly in the existence of strong damping as a conse-
quence of the internal friction and space dispersion of energy. The other special property
of the subgrade is its inhomogeneity, which can similarly influence the results obtained by
methods of dynamic diagnosis and their interpretation.

1.3.1 Application of the phase velocity method

The procedures for measuring stress-wave velocity, as described in section 1.1, may be
used in testing pavement subgrade and road and highway soil bodies. The measured values
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of phase velocity, and their dependence on frequency or wavelength, serve as an assessment
of the elastic characteristics of the subgrade material, for an evaluation of its viscoelastic
properties and its inhomogeneity.

Reference [1.41] describes the results of measurements on soil subgrade material. The
aim of this testing was to evaluate the depth and quality of subgrade material compacted
by a rubber-tyred compactor and vibratory roller.

The results of measurements on the sand and clay soils of highway subgrades versus
the number of passes of the vibratory roller are given in Table 1.8. The measurements were
accomplished at frequencies of 20-5000 Hz, the values of Rayleigh-wave velocity ¢, cor-
responding to the high frequencies. The moduli of elasticity £, were established according
to the relationship £ =(c,/0.57)* Qz. After ten passes of the vibratory roller the results
indicate that the upper layer of the compacted subgrade body has disintegrated.

Table 1.8. Results of measurements on subgrade [1.42].

Number of Number of Density | Moisture Surface-wave | Modulus of
passes specimen (kg/m?) (%) velocity, ¢, elasticity, £
(m/s) (MPa)
4 1 1751 9.1 170 156
2 1757 6.3
10 3 1576 9.5 150 110
4 1618 8.3
16 5 1792 8.3 155 130
6 1713 8.7

The results of measurements on the loess material of the subgrade versus the number of
passes of the rubber-tyred compactor are given in Table 1.9.

Table 1.9. Influence of number of passes on the characteristics of loess subgrade [1.42].

Number of passes Density Moisture Ca E
(kg/m?) (%) (m/s) (MPa)
4 2080 13.9 148 140
8 2130 11.4 150 147
12 2135 13.6 163 175

The results of measurements of the clayed subgrade versus the number of passes of the rub-
ber-tyred compactor and various thicknesses of the compacted layer are given in Table 1.10.
Increasing the number of passes of the compactor for a thickness of the compacted layer 50
cm produced the disintegration of the compacted surface zone of the layer.
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Table 1.10. Results of measurements on clay subgrade [1.42].

Layer thickness Number of  |Density |Moisture| Surface-wave E
(cm) passes velocity ¢,
(kg/m?)| (%) (m/s) (MPa)
2033 20.4 138 120
20 6 2027 19.4 150 141
10 2075 20.9 158 160
2 2070 20.1 150 143
50 6 2031 19.7 132 109
10 2048 19.9 112 79

The measurements were carried out by using the phase velocity method on the highway
subgrade [1.42]. This subgrade was formed from an embankment of 5-6 m height from
clay-loess soil material, with a surface layer of sand-clay soil material with a thickness of
40-50 cm. The tests were performed in two sections, the first one of which was insuffi-
ciently compacted. The results are plotted in Fig. 1.43 for the first section and in Fig. 1.44
for the second section. While the velocities c,, on the second section do not depend on the
frequencies, the results in the first section indicate the influence of inhomogeneity or vis-
coelastic behaviour (curve 2) and insufficient compaction (curve 1).

c (mfs)
300
J____ E_X —_———— —

200 g

"

AN

——cr0 —

100
0 200 400 f (Hz) 600

Fig. 1.43. Phase velocities of surface waves on highway subgrade.
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Fig. 1.44. Phase velocities of surface waves on highway subgrade.
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1.3.2 Application of the mechanical impedance method

The highway subgrade described in the previous section has served as the realization of test-
ing by the mechanical impedance method using the procedure described in section 1.2.5. We
have used the scheme of the vertical vibration of the mass on the subgrade. The measure-
ments were carried out on two localities for the first section and on three localities for the

second section. The localities correspond to the places where the phase velocities of stress
wave propagation were determined.
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Fig. 1.45. Curves of measured functions of mechanical impedance of highway subgrade
section 1.
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The curves of measured force amplitude P, (in volts) at constant amplitude of accel-
eration 4 of vertical mass vibration versus frequency f (in Hz) are drawn in Fig. 1.45 for
the first section and in Fig. 1.46 for second section. These curves are proportional to the
variation of the mechanical impedance function and quite unambiguously correspond to
the theoretical curve of |Z*|.

The interpretation and evaluation of the measured results is to be formed in Tables
1.11-1.15. The evaluation was carried out assuming a value of Poisson’s ratio x=0.35, and
the damping parameter J was determined from the extreme ordinate |Z;,, |. It is necessary
to add some notes to the evaluation procedure. The measured values of the frequencies f
(in Hz) and force amplitudes P, (in volts) are in the first two columns of the tables. With

Table 1.11. Evaluation of the measured results on highway subgrade. Section 1, first mea-
surement. Amplitude of acceleration, A=0.003V; 1=0.35; 6=0.3.

Frequency P, |Z*| eor c, Cy o G
(Hz) V) (m/s) (m/s) (MPa)
60 2.20 4.070 0.355 133.5 150.5 40.8
70 1.80 3.330 0.390 142.0 154.7 43.1
80 1.50 2.770 0.425 148.5 158.0 44.9
90 1.20 2.220 0.475 149.5 158.5 452
100 1.00 1.845 0.500 158.0 162.7 47.6
110 0.85 1.570 0.540 161.0 164.2 48.5
120 0.70 1.290 0.590 161.5 164.5 48.7
130 0.60 1.110 0.640 161.0 164.2 48.5
140 0.54 0.995 0.675 164.0 165.7 49.4
150 0.50 0.924 0.715 166.0 166.7 50.0
160 0.48 0.888
180 0.46 0.850 0.850 167.5 167.5 50.5
200 0.47 0.870
220 0.48 0.888
250 0.52 0.960
300 0.54 0.995
350 0.58 1.070
400 0.60 1.105
500 0.61 1.125 174.5 174.5 54.8
750 0.59 1.085
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Table 1.12. Evaluation of the measured results on highway subgrade. Section 2, second
measurement. A=0.003V; 1=0.35; 6=0.1.

Frequency P, |Z*| Q0 c, Coionr G
(Hz) V) (m/s) (m/s) (MPa)
60 4.00 7.370 0.262 181.0 209.0 78.6
70 2.90 5.350 0.301 183.5 210.0 79.4
80 2.40 4.420 0.328 193.0 215.0 83.2
90 2.00 3.680 0.355 200.0 218.5 85.9
100 1.60 2.950 0.392 201.0 219.0 86.3
110 1.30 2.398 0.420 207.0 222.0 88.7
120 1.00 1.845 0.465 205.0 221.0 87.9
130 0.90 1.660 0.480 214.0 225.5 91.5
140 0.70 1.290 0.530 209.0 223.0 89.5
150 0.65 1.198 0.550 215.5 226.0 91.9
160 0.56 1.032 0.580 218.0 227.5 93.2
170 0.50 0.922 0.610 220.0 228.5 93.9
180 0.42 0.775 0.660 216.0 226.5 923
190 0.41 0.755 0.680 221.0 220.0 94.4
200 0.39 0.719 0.700 226.0 231.5 96.5
210 0.37 0.682 0.725 229.0 233.0 97.7
220 0.35 0.645
230 0.35 0.645
240 0.34 0.626 0.800 237.0 237.0 101.1
250 0.35 0.645
260 0.36 0.663
270 0.38 0.700
280 0.39 0.719
290 0.40 0.737
300 0.42 0.774
500 0.52 0.959
750 0.54 0.995 238.0 238.0 102.0
1000 0.55 1.014

regard to the parameters and calibrations of the experimental arrangement used, the values
of mechanical impedance |Z*| in the third column of the tables are calculated according to
the relationship

1Z*| = o.nnssa%. (1.52)
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The steep part of the curve of |Z*| at low frequencies, extending to the value at the
resonance frequency and the values at high frequencies were used in the evaluation of the
measurements.

The values Q, (column 4 of the tables) were determined according to the theoretical
variation of the mechanical impedance function for individual measured values of |Z*|.

Table 1.13. Evaluation of the measured results on highway subgrade. Section 2, first mea-
surement. A=0.001V; 1=0.35; 6=0.05.

Frequency P, |Z¥| oo c, Connr G
(Hz) (Volt) (m/s) (m/s) (MPa)
50 1.450 8.030 0.240 165.0 165.0 49.0
60 1.000 5.530 0.285 166.0 165.5 493
70 0.700 3.870 0.330 167.5 166.2 49.7
80 0.560 3.100 0.365 173.0 169.0 51.4
90 0.400 2.210 0.420 169.0 167.0 50.2
100 0.300 1.660 0.460 171.5 168.2 50.9
110 0.230 1.270 0.520 167.5 166.2 49.7
120 0.160 0.885 0.580 163.5 164.2 48.5
130 0.125 0.692 0.620 166.0 165.5 49.3
140 0.110 0.609 0.680 163.0 164.0 46.1
150 0.105 0.581 0.720 165.0 165.0 49.0

160 0.110 0.610
170 0.120 0.665
180 0.130 0.720
200 0.145 0.805
250 0.180 0.995
300 0.200 1.105
400 0.220 1.219
500 0.220 1.219
750 0.220 1.219 182.0 182.0 59.6

The velocity of shear stress waves ¢; = /G, /g, can be determined by using the relation-
ship in the form

wa 2af-0.126 f

c2 —ﬁ"T_O'Tglﬁ' (1.53)
The values of the velocity ¢, (column 5 of the tables) determined in this way have to be
corrected, because they were assessed on the basis of the theoretical variation of |Z*| for a
steady value G, which is independent of frequency. From the practical point of view it is
sufficient to determine the corrected values c, as the arithmetic mean of the given value
of ¢, and the value of ¢, for the resonance frequency. The real parts of the complex modulus
G, are in the last column of the tables provided that 2;=1800 kg/m’.
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The values of ¢, at high frequencies, when |Z*|
determined by the relationship

[ 1Z*] o
o= |Z']n.:.f 2(fres) = /12" |oxp €2(fres) (1.54)

where c,(f.) is the value of the velocity for the resonance frequency fres.

heor 18 practically equal to 1.0, can be

Table 1.14. Evaluation of the measured results on highway subgrade. Section 2, Second
measurement. A=0.001V; ¢=0.35; 6=0.25.

Frequency P, |Z¥| Q.. c, Coon G
(Hz) V) (m/s) (m/s) (MPa)
26 6.500 35.900 0.120 171.5 177.2 56.5
30 4.800 27.500 0.138 172.0 177.5 56.7
40 2.700 14.950 0.185 171.0 177.0 56.4
50 1.700 9.400 0.229 172.5 177.7 56.8
60 1.200 6.650 0.270 175.5 179.2 57.8
70 0.950 5.260 0.300 184.0 183.5 60.6
80 0.730 4.050 0.337 187.0 185.0 61.6
90 0.600 3.320 0.370 192.0 187.5 63.3
100 0.500 2.770 0.400 197.5 190.2 65.1
110 0.440 2.430 0.420 207.0 195.0 68.4
120 0.320 1.770 0.480 197.5 190.2 65.1
130 0.240 1.330 0.540 190.5 186.7 62.7
140 0.200 1.105 0.580 191.0 187.0 62.9
150 0.180 0.997 0.620 191.5 187.2 63.1
160 0.180 0.997 0.620 204.0 193.5 67.4
170 0.140 0.775 0.720 187.0 185.0 61.6
185 0.135 0.748 0.800 183.0 183.0 60.3
200 0.140 0.775
210 0.140 0.775
230 0.145 0.804
250 0.160 0.886
300 0.180 0.997
350 0.195 1.080
400 0.200 1.105
500 0.220 1.218 202.5 202.5 73.8
600 0.220 1.218

The values of elasticity modulus £, determined according to the results of measurement
by the mechanical impedance method and the phase velocity method are to be formed in
Table 1.16.

The modulus of elasticity £ was calculated according to the test results of the phase
velocity method by using the relationship in the form
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CRa |2
E, = (—) ) 1.55
2 0.57 ) ( )

in which ¢, corresponds to the measured phase velocities. The comparison with modulus
values in Table 1.15 is quite satisfactory and at the same time confirms the supposition that
the values of the moduli have to refer to the vibration frequency.

Table 1.15. Evaluation of the measured results on highway subgrade. Section 2, third mea-
surement. A=0.003V; 1=0.35; 0=0.28.

Frequency P, |Z*| Q... c, eorr G
(Hz) V) (m/s) (m/s) (MPa)
75 2.70 4.980 0.320 185.0 185.2 61.7
80 2.30 4.250 0.340 186.0 185.7 62.1
90 1.80 3.320 0.375 189.0 187.2 63.1
100 1.40 2.580 0.410 192.5 189.0 64.3
110 1.20 2.210 0.440 199.0 192.2 66.5
120 0.85 1.570 0.510 186.0 185.7 62.1
130 0.70 1.290 0.551 186.0 185.7 62.1
140 0.60 1.110 0.600 184.5 185.0 61.6
150 0.50 0.922 0.660 180.0 182.7 60.1
160 0.50 0.922 0.660 191.5 188.5 63.9
170 0.45 0.830 0.720 186.5 186.0 62.3
195 0.42 0.775 0.830 185.5 185.5 61.9

250 0.46 0.850
300 0.50 0.922
400 0.57 1.050
500 0.58 1.070 192.0 192.0 66.4

Table 1.16. Comparison of the measured characteristics of subgrade material.

Section Measurement E(MPa) Note
number number method Mechanical — method Phase
impedance velocity
1 1 110-136.5 82.5-93.7 Insufficient
compactlon
2 212-276 170-318 Sufficient com-
paction

1 132-161
2 2 152-199 187.0

3 167-179

The methods of dynamic diagnosis of the subgrade are also useful in cases of a subgrade
with sub-base layers. We can present the results of measurements on the highway subgrade
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with a 25 cm thick sandgravel layer and with a 15 cm thick cement-stabilized layer. By
using the method of mechanical impedance the resonance frequency f =450 Hz has been
determined. Provided that 4=0.35 and 6=0.20 the characteristic values will be determined
as ¢,=445 m/s, G=396 MPa and £=1070 MPa, if £=2000 kg/m’. By using the phase veloc-
ity method the values of c=435 m/s was measured at the frequency 450 Hz.

In the same structure but with the 4 cm thick bituminous interlayer the resonance
frequency f, =550 Hz is the result of mechanical impedance measuring. Then the char-
acteristic data are: ¢,=543 m/s, G=590 MPa, E=1595 MPa supposing the same values
of u, 6 and 2. The velocity of surface waves determined by using the phase veloc-
ity method at the frequency /=550 Hz is ¢,=510 m/s. The corresponding modulus of
elasticity £ given by equation (1.55) will be E=1600 MPa. Once again, the values
obtained by the mechanical impedance method and by the phase velocity method com-
pare favourably. However, we have used for the evaluation the theory of a viscoelastic
homogeneous half-space, although in these cases the structure is a layered subgrade.
We can suppose that by using the theory of a viscoelastic homogeneous half-space with
the conception of complex moduli of elasticity depending on an arbitrary function of
frequency, the behaviour of a layered half-space may be expressed adequately as well.
While for a viscoelastic subgrade material the change of moduli of elasticity depend-
ing on frequency causes the viscoelasticity, for the layered subgrade this change of
modulus is the result of the inghomogeneity of the subgrade. The resulting effect, for
the layered subgrade, is qualitatively same, because the sub-base layers of pavement
structures cause an increase of the moduli with increasing frequency.

1.4 Diagnosis of dynamic elasticity and rigidity
of layered pavement structures

The method of phase velocity of stress-wave propagation can be used both in the pro-
cess of construction and in the course of road and airfield servicing as a serviceable
and effective means of diagnostic testing. Though these methods cannot replace bear-
ing capacity tests, they offer rich information on structural material properties, pave-
ment stiffness, as well as on the overall quality of the pavement structures.

The results of the dynamic diagnosis also help in the formation and identification
of acceptable theoretical models that agree closely with both the dynamic behaviour of
structural materials and the total dynamic response of pavements.

When applying the phase velocity method on layered pavement structures the phase
velocities of stress waves of various kinds can be measured, depending on the arrange-
ment of the transducers (vibrator and pick-up). The basic possibilities for the transducer
arrangement are shown in Figs. 1.47-1.52. The arrangement of Fig. 1.47 is suitable for
the determination of flexural waves, the arrangement of Fig. 1.48 for longitudinal
waves, that in Fig.1.49 shear waves and that in Fig. 1.50 boundary Rayleigh waves.
The arrangements in Fig. 1.51 and 1.52 partly replace those in Figs. 1.47 and 1.48.
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Fig. 1.52. Alternative transducer arrangement for measurement of shear-wave velocities.
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The influence of the reciprocal contact of the pavement layers and the influence of the
contact with the subgrade obviously transform the properties and the regularities of indi-
vidual kinds of stress wave, but for the sake of this survey it is advantageous to retain the
categorization of the wave types as for a layer with free surfaces.

1.4.1 Determination of the characteristics
of rigidity and elasticity using detailed measurement

If the measurement of the phase velocities of stress-wave propagation is conducted on
pavement structures after the schemes of Figs. 1.47—1.52 and over a wide frequency range
(35-35000 Hz), the results of the testing will have the form of dispersion curves. Their
variation with frequency or wavelength makes it possible to assess the characteristics of
elasticity and stiffness of the pavement structures.

Typical results of measurements on rigid pavement structures [1.43], [1.44] are in
Figs. 1.53 and 1.54. The structure of the pavement layers was as follows: 22 cm thick
cement concrete surfacing, 5 cm thick coated sand and gravel, 12 cm thick layer of bitu-
men stabilization, and 8 cm thick layer of lime stabilization. The total thickness of the

pavement structure is 47 cm.
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Fig. 1.53. Typical results of phase velocity measurement in rigid pavement.

According to the results in Fig. 1.53 the velocity of surface waves at high frequencies
is ¢,=2420 m/s. The corresponding velocity of longitudinal waves €o = v/ E/p can be
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obtained according to the ratios in Table 1.1. Provided that 4=0.20, the value of velocity
c0 will be ¢;=c,/0.587=4120 m/s. It is simple to determine the modulus of elasticity £ for
pavement cement concrete surfacing using the formula E = cg if we know or suppose the
density p.

By the variation of the dispersion curve for flexural waves F and comparison of the
experimental values with the theoretical ones, the equivalent thickness of the pavement
structure may be determined. At very low frequencies a part of the dispersion relation S is
formed that corresponds to stress waves propagated in the stabilization layers. The basic
dispersion curve of longitudinal waves L has the same characteristic course as the free layer,
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Fig. 1.54. Results of measurement of shear and boundary-surface-wave velocities on rigid
pavement.

but at low frequencies the velocities radically decrease under the influence of the contact
with the subgrade and approach the velocity of the surface waves in the subgrade. Part of
the measured velocities forms the higher modes of dispersion curves LL.
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The phase velocities in Fig. 1.53 were measured using the schemes of Figs. 1.47 and
1.48. The measured velocity values according to the schemes of Figs. 1.49 and 1.50 are
plotted in Fig. 1.54. It is shown that the mean value of the shear-wave velocity ¢, according
to the basic mode is ¢,=2850 m/s, and the velocity of the boundary Rayleigh waves at high
frequencies is ¢, =2400-2600 m/s.

The experimental values indicated by cross marks belong to the stress waves that propa-
gate in the interlayer of coated sand and gravel or the bitumen stabilization layer. At high

frequencies the dispersion curve approaches the velocity of shear waves ¢2 = 4/G/g for
these materials.
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Fig. 1.55. Typical results of phase velocity measurement on flexible pavement.

On the sections of flexible pavement structures the phase velocities of stress waves
propagation may be measured according to the scheme in Fig. 1.47 for flexural waves. It is
convenient to complete these results by measuring according to the schemes in Figs. 1.51
and 1.52. All these schemes can be indicated as schemes F, L, S.
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Typical results of detailed measurement in the frequency range 35-35000 Hz on the
section of flexible pavement are shown in Fig. 1.55. The structure of the pavement layers
was as follows: 5 cm thick asphalt surfacing, 8 cm thick bitumen-coated sand and gravel,
10 cm thick layer of cement stabilization (better quality), 15 cm thick layer of cement
stabilization, and 10 cm thick layer of lime stabilization. The thickness of the pavement
structure was 48 cm.

The results in Fig. 1.55 show that in the frequency range 35000-8000 Hz the greatest
part of the frequency was propagated in the surface layer of asphalt surfacing, when the
velocity of surface waves ¢r, = 1650 m/s and corresponding to a pavement surface tem-
perature 7=23-28 °C. The velocity of longitudinal wave cai = v/E/e supposing x=0.30 will
be ¢;,=2910 m/s. The mean thickness of the equivalent free layer, evaluated according to
the experimental results, is #,=0.063 m.

In the frequency range 8000-800 Hz the pavement structure acts as a whole and
the flexural waves and their velocities represent the whole stiffness of the pavement.
The corresponding velocity of surface waves ¢, for the equivalent free layer, which
represents the whole dynamic stiffness, is determined by the value ¢,=1350 m/s. Then
¢,=2300 m/s if ©=0.20 or ¢,=2380 m/s if ©=0.30 and the thickness of the equivalent free
layer is 4£,=0.345 m.

In the frequency range 800—50 Hz the decisive part of the vibration energy of flexural
waves probably propagates in the layers of asphalt surfacing and bitumen-coated sand and
gravel, having the velocity ¢, ,=1500 m/s, ¢ ,=2640 m/s and the thickness of equivalent free
layer /£,=0.170 m.

Theoretical variations in the dispersion curves of flexural and longitudinal waves are
drawn for all three response cases in Fig. 1.55 as solid lines.

The broken dispersion lines in Fig. 1.55 following the experimental results, belong to
stress waves propagating in the layers lime stabilization layer (curve S|) and in the cement
stabilization layers (curve S)). They have the typical form of dispersion curves for shear
waves, which approach at high frequencies the velocity of shear waves c,: hence for the
lime stabilization layer ¢,=500 m/s and for the cement stabilization layer ¢,=1240 m/s.

In view of the complicated interpretation of the experimental results on flexible pave-
ments, detailed measurements was accomplished on seven different flexible pavements of
the circular test track [1.45].

The measurement procedure was chosen according to the schemes in Figs. 1.47, 1.51
and 1.52, which can be indicated as schemes F, L and S. At some frequencies, in particu-
lar at lower frequencies, measurement according to schemes L and S is not possible. The
results for measured phase velocities are the same for all three schemes at a considerable
number of frequencies. But in many cases the values of phase velocity measured accord-
ing to schemes L and S are different compared with the velocity ¢ obtained according to
scheme F and contribute decisively to the generallization of the dispersion knowledge for
stress-wave propagation of various kinds.

It is necessary to call attention to a phenomenon that was recorded by the measurement
and evaluation of phase differences. In some cases the points of the phase diagram do not
present only one linear dependence of the phase angle ¢ with the distance /; at a certain
distance, the measured values create another linear dependence (Fig. 1.56). This signifies
that two different wavelengths A , A, and two corresponding phase velocities can be evalu-
ated from the measurements.



Fig. 1.56. Phase diagram showing two kinds of stress wave.
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L (m)

The subgrade of the pavement sections was created from clayed earth. The structure of the
pavement sections was as follows:

Section 1:

Section 2:

Section 3:

closed asphalt carpet
bitumen-coated sand
and gravel

sand and gravel

closed asphalt carpet
coated sand and gravel

cement stabilization

closed asphalt carpet
coated sand and gravel
open asphalt carpet

mastic asphalt membrane

CAC

BSG
SG

CAC
CSG
CS

CAC
CSG
OAC
MA

20 cm
20 cm
44 cm

4 cm
20 cm
20 cm
44 cm

4 cm
20cm
20cm

2cm
44 cm
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Section 4: closed asphalt carpet CAC 4 cm
coated sand and gravel CSG 10 cm
coated tuff CT 20 cm
lime stabilization LS 15cm

49c¢m

Section 5: asphalt concrete AC 8 cm
coated sand and gravel CSG 10 cm
coated crushed material CCM 5cm
cement stabilization CS 20 cm
lime stabilization LS 15cm

58 cm

Section 6: asphalt concrete AC 8 cm
coated sand and gravel CSG 10 cm
cement stabilization CS 17 cm
sand and gravel SG 15cm

50cm

Section 7: mastic asphalt MA 4 cm
asphalt concrete AC 5cm
cement concrete CcC 15cm

24 cm

Using the phase velocity method the measurements were made in the frequency range
50-35000 Hz. The results are plotted in Figs 1.57— 1.63 in the form of variations of phase
velocity ¢ with the wavelength A. The marks F, L indicate the dispersion curves of flexural
and longitudinal waves when the pavement structure acts as a whole, the marks F , L, indi-
cate the dispersion curves of flexural and longitudinal waves when only the surfacing pave-
ment layer is active; and the S, dispersion curves relate to the shear-wave propagation in
the interlayers. The k subscript marks the & th layer, numbered from the top down. The tem-
perature T of the pavement surface is also indicated. The assessed variation of dispersion
curves are in all cases in agreement with the structure of the tested pavement sections.

Interpretation and exploitation possibilities of the detailed measurement results

In general it can be stated that, on rigid pavements, it is possible to find out the velocities
of flexural, longitudinal, shear and boundary waves. The dynamic moduli of elasticity for
the material of the concrete plate of rigid pavements will be calculated according to the val-
ues of the measured velocities of surface waves c,, the velocities of shear waves c, or the
velocities of boundary waves ¢, . The velocity of surface waves c, is the value that the
basic dispersion curves of phase velocity for flexural and longitudinal waves achieve, at
high frequencies or (which is the same thing) at small wavelengths. The velocity ¢, = /E/g
will be determined according to the theoretical ratios in Table 1.1. Then the dynamic modu-
lus of elasticity £ is given by the relationship
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E=cio (1.56)

if p is the density of the surfacing concrete material.
The shear modulus of elasticity G will be determined according to the measured value
of shear-wave velocity c, by the relationship

G = clo. (1.57)

The equivalent thickness of the pavement, /, and the dynamic flexural rigidity of the
pavement structure is determined by using the experimental results of the dispersion
curve for flexural waves and their comparison with the theoretical values according to
equation (1.13) or Table 1.2. The equivalent thickness is greater than the thickness of the
cement concrete surfacing if the contact of the surfacing is with the underlying structure.
In the case of failed contact the equivalent thickness is practically equal to the thickness
of the concrete surfacing.

The characteristic feature of the measurement results on flexible pavements is that the
measured velocities of stress-wave propagation form dispersion curves of flexural and lon-
gitudinal waves of a double kind. The curves F, and L, are related to the surface part of
the pavement structure whereas the dispersion curves F and L correspond to the pavement
structure as a whole.

The velocities of surface waves in the surface part of the pavement, ¢, ,, and the velocity
of surface waves, c,, which corresponds to the activity of the whole pavement structure,
will be determined according to the variation of dispersion curves at high frequencies.
These values ¢, and c,, as shown in Figs. 1.57-1.63, are influenced by the temperature
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Fig. 1.57. Measured phase velocities on pavement section 1.
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Fig. 1.63. Measured phase velocities on pavement section 7.

of the material. Except for sections 1 and 6, when the temperature of the surface material
does not differ from the temperature of the rest of the structure, the velocities ¢, of all the
pavement sections have lower values in comparison with c, as a consequence of the higher

temperature of the surfacing material.
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The measured values of ¢, and ¢, make it possible to determine the velocities ¢, and the
variation of phase velocity ¢ for flexural waves with the wavelengths A as a base for the
determination of the mean equivalent thickness #, or A.

The procedure for the evaluation of the equivalent thickness is given in references [1.10]
and [1.13]. In view of the laborious evaluation of this parameter, the generalized procedure
will be given here.

Guillemin [1.8] presented the interpretation of the measured results of flexural-wave
velocities, expressing the dispersion curve by the exponential relationship

£ _ AeBA/M (1.58)
CR

where 4, B are functions of the minimal velocities ratio c/cR. The mean equivalent thick-
ness /1 and the velocity of surface waves, c,, are determined by using the set of measured
values A of ¢ and specially compiled nomograms. It is necessary to remark that the results
of this measurement do not cover the high-frequency range and not permit the determina-
tion of the value of ¢, with acceptable precision.

The results of our measurements, which were effected in the frequency range to 35000 Hz,
make it possible to assess the values of €R, and c, quite precisely, especially if the dispersion
curves F, L, or F, L are formed. In these conditions it is more advantageous to start from the
known values of surface-wave velocities €r, and Co> and to determine the equivalent thick-
nesses /2, and / by using the Lamb dispersion curve.

The basic dispersion curve for flexural stress waves in the free layer is expressed by the
simple relationships in equations (1.13)—(1.18). From the equation (1.13) the relationship
of the wavelength A to the layer thickness /# and phase velocity c is expressed in the form

2 12

, e A
A=h[(¢(1 + iy +C_ﬁ .-{pzc—g)] (1.59)

where ¢, ¢ and ¢ are functions of Poisson’s ratio x, given by the relationships

) R |
¢ = —m {3“‘““ _“)T3l (1.60)
_ 21—
S RN ) en
_ —K0
ST e (162

and x, is determined by equation (1.17).
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For A/h—0 the phase velocity ¢ approaches the velocity of surface waves, c,, and is
given according to equation (1.13) by the relationship

R _ Ko
o (1 4+ p). (1.63)

All these equations are necessary for the evaluation and interpretation of the measured
results according to the basic dispersion curve of flexural stress waves.
The input data are:
c,—determined by measurement
p—approximated or determined on specimens the set of measured wavelengths and
phase velocities c:
A, c

1771

A, c

22 72

A, c
n n
The output data describing the characteristics of pavement structure are:

1. the velocity ¢, calculated according to the relationship

2(1+p)
g

Cp =CRr

if

{087+ 1124\
o= 1+

2. the individual thicknesses of equivalent layer %, calculated according to the
equation

/2
1

if, ¢, @1, ¢ are given in the form (1.60), (1.61), (1.62)

3. the mean value of equivalent thickness / given by the relationship

4. the dynamic stiffness of the unit pavement strip EJ reduced by density 2 calculated
according to the relationship
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=2 (1.64)

El  cih?
o
5. the values of wavelengths A, for theoretical variations of dispersion curve correspond-
ing to the thickness /4 calculated according to the relationship

g 3\"
A =h[¢n(1 + ¢y =% + ¢ ﬂ)]
k lcﬁ Zci

where ¢,=kc,, if k=0.9, 0.8, 0.7,...,0.1.
The outlined procedure was used for the evaluation of measured results on seven
pavement sections on the circular test track. The characteristics of the equivalent surface

layer and the layer that is equivalent to the whole pavement structure are presented in
Table 1.17.

Table 1.17. Evaluation of measurement on pavement sections of the circular test track.

Section number Surface layer Whole structure
Cy ¢, h El/g Ca c, h EJ/e
(m/s) (m/s) (m) (m/s) (m/s) (m)
1 1300 2209 0.096 363 1200 2039  0.159 1400
2 1260 2141 0.122 687 1370 2328  0.405 29950
3 1140 1937 0.110 421 1140 1937 0.176 1714
4 1240 2107 0.136 935 1420 2413  0.246 7210
5 1340 2280 0.114 638 1540 2617 0.157 2192
6 1550 2634 0.106 696 1440 2447  0.179 2870
7 1260 2141 0.057 70 2500 4248  0.123 2785
EJ in Nm?; density € in kg/m?

The experimental results obtained by detailed measurement on the pavement structures
form dispersion curves of type S, which correspond to shear stress waves propagating
through the interlayers of the pavement. The common feature of dispersion curves S is that
the phase velocity ¢ decreases with decreasing of wavelength A and comes asymptotically
near the velocity of shear waves ¢s = 4/G/g in the interlayer. This velocity ¢ may be used
as the bass for the determination of the elasticity characteristic of the interlayer material.

It is convenient to use the empirical formula for the relationship between velocity ¢ and
the wavelength A in the form

c=A+BN\? (1.65)

The parameters 4, B will be obtained by the method of least squares from experimental
values
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A =E"+w (1.66)

cA? =S¢ An
B=Z 2,02, 3 L (1.67)
S A= (EA2)
where 7 is the number of experimental values.
The value of phase velocity c_ is the phase velocity ¢ for A—0; then according to
equation (1.65) it follows that

c=A. (1.68)
1.4.2 Simplified procedures for assessment of the elasticity and rigidity
characteristics of pavement structures

The most general and most significant characteristic is the dynamic flexural stiffness
of the pavement structure, which can be determined according to the measured variation of
the dispersion curve for flexural stress waves and its comparison with the theoretical one.
The dynamic flexural stiftness EJ of pavement structures is given by equation (1.64). It
can be seen that this characteristic of the equivalent layer corresponding to the pavement
structure is given by two unknown parameters: the thickness of the equivalent layer, 4, and
the velocity ¢ = /E/o. Therefore only two values of phase velocity ¢ and wavelength A
determined at two frequencies, are needed for their calculation [1.12, 1.45].

If the phase velocity ¢ and wavelength A measured at the first frequency /. are denoted
by c,, A, and at the second frequency f, by c,, A, then according to equation (1.59) two
equations may be written. From these equations a biquadratic equation is performed for the
calculation of the value ¢, which is established from the equation

~(n—1) £ [(n— 12 — 4162003 — &) (/<% — 1/3) ”

(1.69)
242 (n/c2 —1/ck)

3=

The positive sign before the square root in equation (1.69) is valid if ¢ <c,, whereas the
negative sign is valid if ¢ >c,.
The ratio # is given in the form

AZ
n =A—§ (1.70)

By using the calculated value ¢, the second characteristic-equivalent thickness 4 is deter-
mined according to equation (1.59).

The choice of frequencies

The best approximation of the dispersion curve of flexural stress waves that describes the
characteristics and dynamic stiffness of the pavement structure can be stated if the mea-
surement is carried out at two frequencies that are sufficiently far apart.
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The most suitable frequencies for rigid pavements are £=20000 Hz and f,=250Hz.

When measuring flexible pavements or pavements under construction the best fre-
quency f, is 250 Hz. The choice of the frequency f, depends on the condition that the mea-
sured wavelength A_ is shorter than 1/10 of the wavelength A,. Sometimes the frequency
/:=10000 Hz is satisfactory.

Comparison of simplified procedures with detailed measurement

The results of detailed measurement on five different sections of rigid pavement structures
are in reference [1.44]. A comparison of the characteristics of the equivalent layer and the
dynamic stiffness according to the detailed measurement and measurement at only two
frequencies is given in Table 1.18.

Table 1.18. Comparison of rigid pavement characteristics according to detailed and simpli-
fied measurement.

Section number Detailed measurement Simplified procedure
h <, EJ/g h <, EJle
(m) (m/s) (m) (m/s)
1 0.176 4460 8990 0.169 4610 8580
2 0.230 4096 17100 0.220 4310 16400
3 0.176 4250 8170 0.171 4340 7860
4 0.217 4210 15050 0.191 4350 11050
5 0.229 4040 16300 0.210 4190 13600
EJ in Nm?; density @ in kg/m?

A comparison of the characteristics of the equivalent layer according to the detailed and
simplified procedures on seven sections of flexible pavements of the circular test track is
given in Table 1.19.

Table 1.19. Comparison of flexible pavement characteristics according to detailed and
simplified measurement.

Section number Detailed measurement Simplified procedure
h <, EJe h <, EJ/e
m)  (ms) (m)  (mh)
1 0.159 2039 1400 0.159 2100 1480
2 0.405 2328 29950 0.386 2380 27200
3 0.176 1937 1714 0.181 1998 1975
4 0.246 2413 7210 0.153 1650 2080
5 0.157 2617 2192 0.154 2820 2420
6 0.179 2447 2870 0.189 2500 3520
7 0.123 4248 2785 0.171 3990 6630
EJ in Nm?; density € in kg/m?
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It can be seen that the characteristics of the equivalent pavement structures determined
by using the simplified procedure at two frequencies correspond very well to the values
obtained by detailed measurement on rigid and flexible pavements. More substantial dif-
ferences are only found in sections 4 and 7 of the flexible pavements. But section 7 has a
special structure and on pavement section 4 the dispersion curve representing the whole
flexural rigidity was determined only in a narrow frequency range.

1.4.3 Evaluation of the rigidity of layered pavements using deflection
determined by means of stress-wave velocities

The dispersion curve of quasi-flexural stress waves gives the variation of the phase veloc-
ity of flexural waves with the wavelength or frequency. The position and the shape of the
dispersion curve plotted as phase velocity ¢ versus wavelength A depend on the rigidity
of the pavement structure and on the rigidity of the subgrade. At short wavelengths, i.e. at
high frequencies, the dispersion curve goes from the value of phase velocity ¢, in the sur-
face layer of the pavement. As the wavelenght increases, the phase velocity decreases, and
at A—oo, i.e. at very small frequencies, the phase velocity approaches the value ¢, which
corresponds to the velocity of surface Rayleigh waves in the subgrade. The characteristic
form of the dispersion curve in a pavement lying on a subgrade is indicated in Fig. 1.64.

The theoretical solution and in particular the numerical results for the case of propagation
of quasi-flexural waves in a layer lying on a subgrade has not yet been obtained because
of the excessive complexity of the frequency transcendental equation. The characteristic
form of the dispersion curve in Fig. 1.64 was confirmed not only by means of pavement
measurements but also by detailed experimental study on plane models.
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Fig. 1.64. Form of dispersion curve for quasi-flexural stress waves in layered pavement
structure lying on subgrade.

In some cases, especially in flexible pavements, the continual variation of the dispersion
curve may be interrupted as a consequence of imperfect contact of the pavement layers.
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These irregularities are, however, a reflection of the real activity of the pavement structure
and its dynamic stiffness.

The variation of the dispersion curve for quasi-flexural stress waves is, in a certain
wavelength range, identical with the form of the dispersion curve for flexural waves in
the equivalent layer with free boundaries. At large wavelengths it deviates from this and
approaches asymptotically the wave velocity in the subgrade, ¢, (Fig. 1.65).

So it is possible to suppose that for A<A, the pavement structure acts as the equiva-
lent plate with thickness / and stiffness EJ = ¢gh39/12, while the velocity of longitudinal
waves, ¢, and the thickness of the equivalent plate, 4, follow from the variation of the
dispersion curve. The corresponding algorithm for the determination of ¢ and / was given
in sections 1.4.1 and 1.4.2. At wavelengths A>A the influence of the pavement structure
is practically negligible and the system acts as a half-space with the characteristics of the
subgrade.
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Fig. 1.65. Theoretical dispersion curve for layered pavement on subgrade for use in
pavement deflection computation.

From these facts about the response of pavement structures, which are confirmed by the
results of the phase velocity method, we shall attempt further to derive the theory and
method of rigidity evaluation for layered pavement structures using the deflection deter-
mined according to the results of measurement by the phase velocity method of stress-
wave propagation.

What are the advantages of the method of pavement rigidity evaluation by deflection?
Above all, the evaluation of pavement rigidity by deflection has been, until now the usual
procedure for classifying the rigidity and quality of pavements. It includes the subgrade
reaction, whereas the dynamic stiffness of the pavement is the principal characteristic that
evaluates the pavement structure proper.
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Deflection assessment from the results of non-destructive testing using the phase veloc-
ity method removes the need for the laborious determination of deflection characteristics
with costly loading tests. It also eliminates the inaccuracy in the determination of deflec-
tion data influenced by the load time because it uses parameters obtained in a defined
dynamic regime.

The formation of the procedure for pavement rigidity evaluation using deflection
requires the derivation of theoretical relationships of deflection for the half-space and the
plate that is equivalent to a layered pavement structure, under a normal load in a circular
area with radius a. It is necessary to state the coherence of these theoretical relationships
with the characteristics of flexural stress-wave propagation in the pavement lying on the
subgrade. The synthesis will determine the resulting relationship for deflection on the basis
of parameters ascertained by the phase-velocity method on real structures.

The procedure, which is developed in detail in [1.14], gives the relationships for pave-
ment deflection w and curvature A under normal vertical load p, uniformly distributed on
a circular contact area with radius a, in the form

1 - ,us}a Ji(n Pua2 T 1h(n)
e[S B [ a7
a=B ) /w )d:+ ‘("’J LV dn (1.72)

where J (1) is a Bessel function of the first kind, first order with real argument 7.
The limit value 7,, corresponding to the wavelength A , is determined from the condition
of deflection equality for the equivalent layer and half-space according to the relationship

_ 3[1260(1 + ps)

In the equations (1.71) and (1.72) c,_is the velocity of shear waves in the subgrade, ¢ and

©s are Poisson’s ratio and density respectively for the subgrade material, and g, & and ¢, are
characteristics of the equivalent layer. The phase velocities c are given in the form

¢=d(p-vr-a) (1.74)

if
1 )] Izﬂz
PEai—) " 4(1+u)(1+h2_n2) (1.75)
_ KD
1= 30— +p) (1.76)

k is given by the equation (1.17) and x is Poisson’s ratio for the equivalent plate material.
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In the case of normal loading with intensity p, through a rigid circular slab, the stress
distribution on the contact area does not correspond to a uniform load distribution. The
pavement deflection in the loaded area, w, is given in the form

WP a’ smn
?.Oh iy dn.

1 -y
wU_PuH{ O#}fsmr?i (1.77)

2¢3,

It follows from the structure of the relationships for deflections w, w, or curvature A
that these values can be calculated according to the characteristics assessed by using the
algorithms of paragraphs 1.4.1 or 1.4.2. The calculation of w, w, or A may be realized by
applying computers.

Let us now apply this procedure for pavement calculation to the pavement sections of
the circular test track. For this purpose we can use the results of the simplified measure-
ments which are given in Table 1.18. The values of deflection w and curvature A calculated
according to equations (1.71) and (1.72) and deflection w, calculated according to equation
(1.77) are listed in Table 1.20. The following input data were substituted: ¢, =160 m/s,
1.=0.40, 8s=1800 kg/m’, 1=0.30, €=2200 kg/m*, a=0.178 m. .

Table 1.20. Deflections and curvatures of pavement sections computed according to the
measured phase velocities.

Section number Deflection w Curvature A Deflection w,
(m) (m™) (m)

1 0.1168x107p, 0.1556x10"'p, 0.8855x107,,
2 0.5701x10%p, 0.2223x10?p, 0.3905%10°p,
3 0.1082x107p, 0.1270x107p, 0.8191x10%p,
4 0.1056x107p, 0.1173x10"p, 0.8052x107p,
5 0.1005%x102p, 0.1021x10"p, 0.7715x10°p,
6 0.9391x107p, 0.8534x107p, 0.6954x107p,
7 0.7583x10°p, 0.4493x10%p, 0.5881x107p,

Normal load intensity p, in MPa

Table 1.21. Comparison of pavement deflections determined using different methods.

Deflections w (mm)
Section Static testing | Damped impact | Benkelman’s deflec- | Phase velocity
number testing tograph method
T w w T(°C)
O
(0.135-00.389) (0.662-1.115)
1 27 0.72 0.207 0.9145 0.585 25
(0.13-0.14)| (0.059-0.144) (0.170-0.530)
2 18 0.135 0.107 0.318 0.285 42
(0.26-0.30)| (0.081-0.178) (0.260-1.215)




76  Dynamics of Pavement Structures

3 18 0.28 0.122 0.622 0.541 36
(0.071-0.146) (0.365-1.41)

4 21 0.44 0.109 0.694 0.528 27
(0.21-0.41)|  (0.056-0.083) (0.381-1.182)

5 185 031 0.073 0.745 0.502 33
(0.052-0.26) (0.466-1.58)

6 30 0.35 0.147 0.937 0.469 24
(0.14-0.31)|  (0.054-0.616) (0.052-0.446)

7 38 0.225 0.235 0.269 0.397 36

The pavement section rigidity, expressed by using w or A, gives the sequence: 2, 7,
6, 5,4, 3, 1. Pavement section 2 presents the highest dynamic stiffness, section 1 the
lowest.

The results of deflection measurements on these pavement sections by static tests
using the load bridge, Benkelman deflectograph and by damped impact tests with a pulse
time of 0.03 s are in the study [1.46]. Table 1.21 gives a survey of measured deflection
values in mm under a normal load intensity of 0.5 MPa: the range of measured values
(in parenthesis) and the mean values. The deflections determined according to the
measured phase velocities are given in the last column of the table.

The measured deflection values using the damped impact test or Benkelman
deflectograph display a considerable dispersion. A comparison is possible only with
the values of the static test or with the mean values of all measurements. Table 1.22
gives a survey of the comparative values. The deflection values obtained by the phase
velocity method are compared with the mean values in the first three columns of the
table. The temperature of the pavement section material was not considered. The
classification of pavement sections is given by the sequence 2, 7, 6, 5, 4, 3, 1 for the
phase velocity method and by 2, 7, 3, 5, 4, 6, 1 for the mean values of direct deflection
measurements.

Table 1.22. Comparison of pavement deflections determined by the phase velocity method
and by static testing.

Section w (mm) w (mm) w, w (mm) w (mm)
number (mm)
Mean values of all | Phase velocity | Static Phase velocity method
measurements method testing | (temperature correction)
1 0.614 0.585 0.443 0.72 0.595
2 0.186 0.285 0.180 0.135 0.165
3 0.341 0.541 0.409 0.28 0.451
4 0.414 0.528 0.403 0.44 0.498
5 0.376 0.502 0.385 0.31 0.442
6 0.478 0.469 0.348 0.35 0.499
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The comparison of the deflections obtained according to the phase velocity method with
the deflections of the static load test is given in the second half of Table 1.22. At the same
time the deflections according to the phase velocitiy method were reduced at a comparable
temperature by using the reduction 0.005 mm at 1 °C. The stiffness of the pavement section
determines the sequence 2, 7, 5, 3, 4, 6, 1 for the phase velocity method and 2, 7, 3, 5, 6,
4, 1 for static load testing.

With the exception of section 1 the deflection values w, determined according to the
phase velocity method, are a little greater than the values from the static tests. This fol-
lows from the fact, that these values are determined as the maximal deflection at =0 by
the supposition of a uniformly distributed normal load on the circular area, while the static
deflections correspond to the mean values under the rigid load slab.

The values of deflections w, present good global agreement with the deflections obtained
by direct measurement.

It can be gathered from these results that the comparisons demonstrate the reality and
objectivity of pavement evaluation by the deflection based on the measured phase veloci-
ties of stress-wave propagation.

1.4.4 Diagnosis of dynamic elasticity and rigidity
of highway pavement sections

Diagnostic measurements on highway pavement structures were performed over a few
years in collaboration with construction enterprises. The aim of these measurements was to
verify these advanced new procedures for the complex evaluation of dynamic elasticity and
rigidity in layered pavement structures and to obtain qualitative parameters for highway
construction.

Description of pavement structures, measurement results and evaluation

The structure of the pavement layers on highway sections was as follows: a 24 ¢cm thick
cement concrete plate, a 4 cm thick bituminous interlayer, a 15 cm thick cement stabiliza-
tion layer, and a 35 cm thick layer of sand and gravel. The total thickness was 78 cm. The
subgrade was formed of loess-clay material or clay-sand material with boulders.

Diagnostic measurements were made on pavement sections in which the cement con-
crete surfacing was manufactured half or one year ago. Table 1.23 gives some of the mea-
surement results. The values of wavelengths and velocities A , A, ¢, ¢, are the mean values
from the measuring results on the inner and outer lanes. The atmospheric temperature was
6-10 °C.

A summary of the characteristics used to evaluate the dynamic elasticity and rigidity of
the measured highway sections is given in Table 1.24.

The homogeneity of concrete production may be evaluated by the determination of the
standard deviation and coefficient of variation for the set of measured values of ¢, as given
in Table 1.25. As the strength of cement concrete is empirically found to be approximately
proportional
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Table 1.23. Results of measurement on highway pavements.

Section number | Section inkm | Frequency f/ Wavelength A Phase velocity ¢
(Hz) (m) (m/s)
20000 0.1175 2350
1 8.8 250 2917 729
20000 0.125 2500
2 9.0 250 2.782 696
20000 0.121 2420
3 9.3 250 2.895 724
20000 0.119 2380
4 9.5 250 3.217 804
20000 0.1187 2375
5 9.7 250 3.202 801
20000 0.1162 2325
6 9.9 250 2.920 730
20000 0.1175 2350
7 14.0 250 2.665 666
20000 0.120 2400
8 137.0 250 2.795 699
20000 0.1203 2405
9 137.0 250 2.937 734

Table 1.24. Summary of evaluated characteristics for pavement elasticity and rigidity.

Section number | Section inkm | . _ "‘,-'E h EJ  Deflection w Curvature A
(m/s) (m)  (Nm’) (m) (m")
1 8.8 4038 0.304 38049¢ 0.4160x107°p, 0.1149x107p,
2 9.0 4324 0.255 25738p 0.4518x107p, 0.1459x107p,
3 9.3 4166 0.289 34795¢ 0.4234x107p, 0.1204x107p,
4 9.5 4075 0.371 70610 0.3659x107p, 0.0762x102p°
5 9.7 4067 0.368 68929p 0.3677x10°p, 0.0775x107p,
6 9.9 3993 0.308 38969¢ 0.4142x107°p, 0.1137x107p,
7 14.0 4060 0.249 21245 0.4737x107p, 0.1708x107p,
8 137.0 4138 0.270 28077¢ 0.4410x107°p, 0.1398x107p,
9 137.0 4135 0.300 38448p 0.4145x107°p, 0.1129x107p,

Density £ in kg/m’, normal load intensity p, in MPa

to the fourth power of the velocity ¢, the coefficient of variation for concrete strength will
be given by the fourth multiple of the variation coefficient for the velocity, i.e. by v=0.092.
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A variation coefficient for concrete strength of under 10% indicates a good standard of
concrete production and placement.

Table 1.25. Evaluation of the homogeneity of cement concrete surfacing in highway
pavements.

Section number Section in n ¢, Mean value & &
km of ¢,
(km/s)  (km/s)

1 8.8 1 4.038 -0.073  0.005329
2 9.0 2 4324 0.213  0.045369
3 9.3 3 4.166 0.055 0.003025
4 9.5 4 4.075 -0.036  0.001296
5 9.7 5 4.067 4.111 -0.044 0.001936
6 9.9 6 3.993 -0.118 0.013924
7 14.0 7 4.060 -0.051 0.002601
8 137.0 8 4.138 0.027 0.000729
9 137.0 9 4.135 0.024 0.000576
z 36.996 0.641 0.074785

Variance ¢* = S0, €2/n — 1 = 0.074785/8 =0.009348

Standard deviation 6=0.09668

Coefficient of variation v=o/c,, =0.09668/4.111=0.023

The standard deviation ¢ can be assessed directly from the measured values of stress-wave
velocity at the frequency /=20000 Hz, which corresponds to the velocities of surface Ray-
leigh waves in the concrete plate.

The values of the equivalent thickness 4 and dynamic flexural stiffness EJ, which are
characteristics of the rigidity for the layered pavement structure as a whole, have consider-
ably greater dispersion.

This suggests that the layers of cement stabilization and bituminous interlayers on par-
ticular sections have very different qualities or thicknesses, so that the cement concrete
plate does not always have the same thickness.

It can be seen that the quality of the concrete surfacing, on its own, does not guarantee
high stiffness of the pavement structure. The highest velocity c,, i.e. the highest quality of
concrete, was obtained on the pavement section 2, but the stiffness of the total structure is
one of the weakest.

The evaluation of pavement rigidity by deflection is very near to the method of quality
and rigidity evaluation that has been used until now. It is the most objective evaluation
because it includes the activity of the subgrade as well.

Provided that the intensity of normal load p;=0.5 MPa, the greatest deflections will be
in the sections 7 (0.237 mm) and 2 (0.226 mm). The pavement sections with the greatest
stiffness 4 and 5 present deflection values of 0.183 mm.

The measurement was made again on the same pavement sections 1-6 after eight
months. Repeated measurement gives a valuable opportunity to compare results or to eval-
uate changes in the structure.
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Table 1.26. Comparison of repeated measurement results on highway pavements.

Section |Section | Frequency Wave length A (m) Phase velocity ¢ (m/s)
number |in km f(Hz)
Measurement Measurement Measurement Measure-

1. 2. 1. ment 2
20000 0.1175 0.1191 2350 2382
1 8.8 250 2.917 2.865 729 716
20000 0.1250 0.1274 2500 2548
2 9.0 250 2.782 2.593 696 648
20000 0.1210 0.1220 2420 2440
3 9.3 250 2.895 2.777 724 694
20000 0.1190 0.1200 2380 2400
4 9.5 250 3.217 3.200 804 800
20000 0.1187 0.1212 2375 2424
5 9.7 250 3.202 3.235 801 809
20000 0.1162 0.1200 2325 2400
6 9.9 250 2.920 3.000 730 750

The results of measured wavelengths A and phase velocities ¢ at the frequencies /~=20000 Hz
and /=250 Hz are compared in Table 1.26. A simple comparison of the characteristic values

Table 1.27. Comparison of repeated evaluation results for highway pavements.

Sec. S.ec— e =/E], h EJ Deflection w
num. | tion (m) (Nm?) (m)
in km (m/s)
L. 2. 1. 2. 1. 2. L. 2.
meas. meas. meas meas. meas. meas. meas. meas.
1 8.8[ 4038 4099 0.304 0.287 38049g 332449 0.4160x107p, 0.4280x107p,
2 9.0| 4324 4442 0255 0.213 25738p 15930g 0.4518x10°p, 0.5042x107p,
3 9.3| 4166 4213 0.289 0.261 347959 26266g 0.4234x10°p, 0.4504x107p,
4 9.5| 4075 4112 0371 0.363 70610g 67406 0.3659x10°p, 0.3691x107p,
5 9.7| 4067 4153 0.368 0367 68929p 712625 0.3677x 10°p, 0.3649%107p,
6 9.9| 3992 4122 0.308 0.315 38969p 442935 0.4142x10°p, 0.4022x107p,
Density @ in kg/m’ normal load intensity p in MPa

for 1 and 2 measurements documents the high degree of reproducibility. A summary of
the characteristics of dynamic elasticity and rigidity of the highway sections is given in
Table 1.27.
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Table 1.28. Measurement results on highway pavement structures.

Number of meas. | Section in km | Frequency A, c, Frequency A, c,

(Hz) (m @ms) Hz) (@m) (wfs)
1 44.950 20000 0.1141 2282 250 3.038 7595
2 45.200 20000 0.1117 2234 250 3.054 763.8
3 45.400 20000 0.1136 2272 250 3.055 763.8
4 45.650 20000 0.1147 2294 250 3.000 750.0
5 45.750 20000 0.1153 2306 250 2973 7432
6 45.900 20000 0.1179 2358 250 3.057 764.2
7 46.100 20000 0.1169 2338 250 3.186 796.5
8 48.260 20000 0.1172 2344 250 3.163  790.7
9 46.700 20000 0.1159 2318 250 2951 7377
10 47.000 20000 0.1141 2282 250 2.857 7142
11 47.100 20000 0.1134 2268 250 3.094 7735
12 47.300 20000 0.1167 2334 250 3.026 756.5

It can be seen that the velocities ¢, increased after eight months, i.e. the dynamic modulus
of elasticity increased by approximately 2—6%. The equivalent thickness /4 of the sections
1-5 decreased and that of the section 6 increased. There are similar changes in the param-
eters of rigidity. The maximum rigidity is again present in the pavement sections 4 and 5,
while the minimum rigidity is again in the pavement section 2.

The changes of section rigidity may be caused by changes in the contact of the pave-
ment layers or by building site traffic.

Comparison of the quality parameters of concrete surfacing from direct
measurements on highway pavements with the values of laboratory testing
on core samples

The diagnostic measurements of phase velocities ¢, ¢, and wavelengths A , A, at the fre-
quencies /20000 Hz and 250 Hz were carried out on 12 highway pavement sections in km
44.950—47.300 (Table 1.28). The results of the evaluation are given in Table 1.29.

At the same time three core samples were taken from the concrete surfacing at every
measurement site. The dynamic modulus of elasticity £ was measured in the laboratory
by using the core samples, with the resonance method and longitudinal vibration of the
cylindrical core samples. Data about the dimensions of the tested cylindrical core samples,
about the density ¢ and the comparison of the values of the elasticity modulus are given
in Table 1.30.

It can be seen that direct measurements on pavement structures make it possible to
obtain from the measured values of velocity ¢, qualitative parameters that are equivalent to
the values determined on test samples bored from the concrete surfacing of the pavement
structure.
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Table 1.29. Evaluation of elasticity and rigidity for highway pavement sections.

Number of meas. | ¢, /Efg /iy, Elig Deflection w/p x10° Deflection w/

px10°

(m/s) (m) EJ(Nm’) w (m) w, (m)

1 3910 0344 51862 0.3905 0.2785
2 3824 0357 55545 0.3856 0.2729
3 3891 0350 54153 0.3872 0.2766
4 3933 0333 47393 0.3977 0.2853
5 3956 0.324 44323 0.4025 0.2920
6 4044  0.335 51389 0.3904 0.2801
7 4002 0.371 68198 0.3689 0.2601
8 4014 0.364 64780 0.3726 0.2650
9 3978 0317 41917 0.4079 0.2964
10 3919 0301 34777 0.4250 0.3096
11 3883  0.361 59005 0.3918 0.2704
12 4003  0.332 48839 0.4018 0.2849

Table 1.30. Comparison of dynamic moduli of elasticity in cement concrete sufacing

obtained by using resonance and phase velocity methods.

Number of [Core diam- Length of  Density Modulus of elasticity £ Resonance
meas. eter core sample e method Phase velocity method

(m) (m) (kg/m?*) (MPa) (MPa)
1 0.150 0.250 2339 35580 35760
2 0.150 0.242 2328 35500 34 040
3 0.150 0.260 2272 35280 34 400
4 0.150 0.245 2310 36 790 35730
5 0.1485 0.255 2312 33 580 36 180
6 0.1485 0.240 2382 38610 38950
7 0.1485 0.249 2356 37950 37732
8 0.1485 0.238 2351 36 570 37870
9 0.150 0.267 2289 34110 36220
10 0.1497 0.238 2348 35270 36 060
11 0.1497 0.268 2282 33 830 34410
12 0.1497 0.247 2335 35590 37410

1.4.5 Testing pavements under construction

The methods of dynamic diagnosis and evaluation can also be applied to pavements under
construction. In this section we present the results of measurements on six sections of
pavement under construction. The structure of the pavement was as follows: an 8 cm thick
first layer of cement stabilization with aggloporite (40% aggloporite, 12% cement), a 19
cm thick second layer of cement stabilization with aggloporite (40% aggloporite, 10%
cement), and a 24 cm thick sub-base layer. At the time of measurement the first layer of
cement stabilization was 15 days old and the second layer was 8 weeks old. The material
density of these layers was 2=1900 kg/m>.

Tests using the simplified phase velocity method were performed at frequencies 250
and 10000 Hz or 15000 Hz. The results of the measurement and evaluation are given in
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Table 1.31. The qualitative parameters of evaluation were determined on the basis of
measured phase velocities at frequencies 250 and 10000 Hz or at frequencies 250 and
15000 Hz. It can be seen that the differences are very small.

The results of this evaluation hint at considerable rigidity difference in the measured
sections, which is supported by differences in the equivalent thickness /4, in the tiffness £J
and in the values of deflection w.

Many other detailed measurements were made on pavements under various kinds of
construction [1.43]. The structure of these sections was as follows:

measurements  The subgrade was formed by a 4 m thick embankment from clayed sand and

1 and 3: gravel, compacted slightly.

measurements A 5 m embankment from clayed sand and gravel, 20 cm thick layer of crushed

2 and 9: stone with grain size 32-64 mm, a bituminous spraying and 3 cm thick scatter-
ing of crushed gravel with grain size 8-16 mm, and a 10 cm thick layer of coated
sand and gravel. The temperature of the surfacing material, 7=43 °C (measure-
ment 2) or 7=15 °C (measurement 9).

measurements  The subgrade (the original material), 25 cm thick layer of sand and gravel, and

7 and 8&: a 24 cm thick layer of cement stabilization.

measurements 4, A 4 m embankment (clayed sand and gravel or original material), 25 cm thick

5 and 6: layer of sand and gravel, 24 cm thick layer of cement stabilization, and a 4 cm
thick layer of coated sand and gravel. The temperature of the surfacing material,
T7=27-30 °C.

measurement A: A similar structure as in sections 4, 5 and 6. 7=30 °C.
measurement B:  the completed section A with a 24 cm thick layer of cement concrete surfacing.

The results of measurements 1 and 3 on the subgrade determined the velocity of surfaces
waves ¢, =140-180 m/s, while at high frequencies (short wavelengths) this velocity achieved
the value ¢,=250 m/s. This corresponds to compacted subgrade surfacing. Dynamic
moduli of elasticity for the subgrade material, obtained according to the relationship
E, = (cg./0.57)%p, are E =95-180 MPa, provided that 2s=1800 kg/m’ and in the compacted
surface layer £ =345 MPa.

Measurements on the other sections of pavement under construction generated typical
variations of dispersion curves for quasi-flexural stress waves and allow the use of the
usual evaluation procedures.

Table 1.32 summarizes the characteristics obtained for dynamic elasticity and rigidity
of pavement sections.

Measurements 2 and 9 on the same section, which had atypical base and sub-base lay-
ers, document very weak rigidity. The deflections and the curvatures reached the highest
values. The influence of different temperatures on the surface bituminous layer manifests
itself as a change in the pavement characteristics, as can be seen in Table 1.32.

Measurements 7 and 8 on the same section with the finished layer of cement
stabilization give substantially higher rigidity characteristics, although the low value of /
suggests that the thickness of the cement stabilization layer does not reach the prescribed
value of 24.0 cm.

Sections 4, 5 and 6 belong to the pavements with finished base layers; that is in addi-
tion to the cement stabilization layer they have a bituminous membrane. It can be seen
from the results in Table 1.32 that the rigidity of the pavement sections increased and
the dynamic stiffness, deflection and curvature are very similar for all three sections.
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Table 1.32. Evaluation of dynamic elasticity and rigidity of pavements under construcion.

Number of meas. _ E h Elfp Deflection w/p, Curvature A/p,
(m)  EJin (Nm?) w in (m) Ain (m™)
(m/s)
2 1436 0.096 151 1.5703.10°3 5.9785.10°
9 2494 0.076 223 1.3957.10° 4.3715.102
7-8 2621 0.143 1674 0.8684.103 1.1623.10*
4 2040 0.253 5591 0.6598.10° 0.5749.10
5 2450 0.204 4215 0.6924.10° 0.6378.10
6 1503 0.321 6238 0.6756.10°3 0.6372.10
A 2633 0.264 10667 0.5449.10° 0.3358.10
B 3958 0.425 100400 0.3428.10° 0.0621.10*
density g in (kg/m?)
normal load intensity p, in (MPa)

Lastly, the evaluation of section A with all base layers and the subsequent evaluation B
on the same section but with cement concrete surfacing demonstrate conclusively that
there is a radical change in the rigidity characteristics due to the activity of the cement
concrete pavement surfacing.

Figure 1.66 gives a summary of the rigidities obtained by dynamic diagnostic measure-
ments on highway pavement structures expressed in terms of the determined deflections w),
versus the normal load p,.

15 E=95 MPa
W,
/é -subgrade

L
{mm)
§ £ =180 MPa
subgrade
with base
layers
pavement with
M concrete surfacing

04 05 p, 0.6 (MPa)

yd

/]

Fig. 1.66. Survey of rigidities obtained by diagnostic measurement on highway pavements
according to deflection.
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The results of measurements using phase velocity method and their evaluation, per-
formed on the various sections of pavements under construction, document the efficiency
of the testing method and the proposed evaluation procedures. They are a reliable means
for evaluating the properties and quality of pavement structures during their construction.

1.4.6 Influence of base and sub-base layers on the overall rigidity
of pavement structures

The test results on six sections of highway pavement under construction with base layers of
cement stabilization and aggloporite, given in Table 1.31, can be used to evaluate the influ-
ence of the base layers on overall pavement rigidity. After the cement concrete surfacing
was finished, tests were made on the same sections of pavement structure. The results of
the measurements and the determined evaluation parameters are given in Table 1.33.

Table 1.33. Evaluation of pavements after completion of cement concrete surfacing.

Number of meas.  Sectionin  Frequency A, ¢, Frequency A, c,
km (Hz) (m) (m/s) (Hz) (m) (m/s)

1 109.880 20000 0.1159 2318 250 3.383 845
2 109.940 20000 0.1130 2260 250 3.209 802
3 110.000 20000 0.1182 2364 250 3.207 801
4 110.070 20000 0.1155 2310 250 3.408 852
5 110.180 20000 0.1196 2392 250 3.279 819
6 110.240 20000 0.1185 2370 250 2.970 742
Number of meas. ey = ﬁ h,, EJ fu) tho/po

(m/s (m) EJin (Nm?) w, in (m)
1 3961 0.428 102333 0.2344.10°
2 3864 0.393 75345 0.2538.10°
3 4048 0.371 69755 0.2603.10°
4 3946 0.437 108426 0.2309.10°
5 4094 0.384 79255 0.2510.10°3
6 4070 0.313 42181 0.2952.10°3
Note: g in (kg/m®), p, in (MPa)

A comparison of the rigidity characteristics of the finished pavement structures with those
of the base-layer structures (Table 1.31) shows the decisive influence of the rigidity of the
subgrade and sub-base and base layers on the overall stiffness of the finished pavement
structure. Sections 1 and 4, which presented the greatest base-layer rigidity, are also the
sections with the greatest overall rigidity of finished pavement structure. Section 6, with
the smallest rigidity of the base-layer structure, is the section with the smallest stiffness of
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the finished pavement section. It can be said that, for equal quality of concrete surfacing,
the dynamic stiffnesses of finished pavements reflect the rigidity of the subgrade and base
layers.

The overall dynamic stiffness of pavement structures is also important from the point of
view of a comparison with the rigidity of adequate physico-mathematical models, which
could appropriately describe the properties and action of layered pavements.

Let us consider the perfect contact of all pavement layers and compare it with a model
in which the shear contact at the pavement interlayer is interrupted. We shall use the deter-
mined characteristics of elasticity and rigidity of the base layers in Table 1.31 and the elas-
ticity characteristics of the concrete surfacing from Table 1.33. It is possible to calculate the
equivalent thickness /2 and dynamic stiffness in flexion £J for the sections studied and for
two assumptions of contact for pavement action. These results may be compared with the
experimental values given in Table 1.33. The comparisons are summarized in Table 1.34.

Table 1.34. Comparison of theoretical and experimental rigidity parameters for finished
pavement structures.

Section h,, EJ/p.107
number (m) EJin (Nm?)
perfect without shear  experiment perfect without experi-
contact  contact at inter- contact  shear con- ment
layer tact
1 0.540 0.335 0.428 217.5 49.9 102.3
2 0.452 0.291 0.393 115.5 30.7 753
3 0.367 0.262 0.372 67.8 24.6 69.7
4 0.477 0.305 0.437 141.2 36.9 108.4
5 0.390 0.268 0.384 82.5 26.8 79.2
6 0.346 0.254 0.313 57.6 22.5 42.2

It can be seen that the equivalent thickness and dynamic stiffness in flexion determined
according to measurements using the phase velocity method fall between the values calcu-
lated assuming perfect contact of the layers and those assuming interrupted shear contact
at the interlayer. The interaction of the pavement layers will change over time owing to
volume changes and traffic. This trend will be manifested as a decrease of the real values
of the rigidity parameters.

The complex method of dynamic diagnosis of pavement structure presented here per-
mits advanced possibilities to investigate and observe non-destructively the changes in the
rigidity and quality of pavement structures over time factor or due to the effect of traffic
[1.41, 1.47].

Knowledge of the dynamic behaviour of the subgrade and pavement materials, and of
the dynamic parameters of pavement rigidity, which may be acquired through the applica-
tion of dynamic testing methods, together constitute the starting point for the development
of acceptable theoretical models of a layered pavement system.



2
MODEL OF THE EQUIVALENT
PLATE ON SUBGRADE

The results of dynamic diagnosis also serve for the formation and identification of
acceptable theoretical models of pavement structures which closely agree with both the
dynamic behaviour of structural materials and the total dynamic reaction of road pavements
or airfield runways.

The model of the equivalent plate on subgrade is a model by means of which the behav-
iour of layered pavement structures may be expressed. The layered pavement structure
itself is too complex a model to be used as a basis for the solution of dynamic tasks.

The dynamic theory of the equivalent plate lying on subgrade makes it possible to deter-
mine the dynamic deflection and all decisive internal forces of a real layered pavement
structure.

2.1 Calculation of cross-section quantities of equivalent plate
and calculation of stress in layered pavement structures

A comparison of the state of stress in layered plates obtained by a more exact solution
applying the finite elements method with the results of a simplified technical solution has
been realized in [2.1]. The simplified solution was established on the assumption that the
normal line to the central plane of the layered plate will keep the normal to the plate under
a load too. The comparison demonstrated that this technical theory is, from a practical point
of view, suitable for the determination of stresses in the layered plate.

Let us assume a layered pavement structure with # layers as shown in the Fig. 2.1. By
assuming the retention of the normal line to the central plane the deformation & _changes
linearly in relation to the coordinate z. The stresses o_ are linear in every layer and their

layer 1: E,d, £||
loyer 2: Ej g, &

|-z,

loyer 3: E’,,Il.I 2 o

n-1

loyer n: E.,d, .:'J
n

z

Fig. 2.1. Schematic diagram of layered pavement structure.
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plots form lines, which cross a central axis. This central axis is situated at a distance e=—z
from the surface of the layered pavement.

The distance e is determined by the equilibrium condition of the normal forces fo'deZO
in the cross-section of the unit width of the layered pavement. The equation is [2.1]

S Ey (g +he/2)/(1 = 1)
e="l— (2.1)
> Eiif (1 = i)

where

hi =3 hy. 2.2)

The normal stresses o, in the i th layer under a bending moment M are established accord-
ing to the relationship

Oxi = Mz D

if the stiffness of the layered system D is given in the form

1¢- E
D=§_Z;] _ﬂ?(z?—Z?_l)v (2.4)
i= T

The tangential stresses 7 _ of pavement structure with perfect contact of the layers are deter-
mined by the relationship

. oS
7, = 5 (2.5)
where Q is the shear force, the stiffness D is given in the form
_ 1 &
D= EZ E(z - z,) (2.6)
i=1
and S, is expressed by the relationship
15 2 2y, 1 2 2
Si =EZEE(Z,'_1_ZI')+§E[(Z;_1 —Z } (27)
i=1

Equation (2.7) is valid for an arbitrary point of the / th layer of the structure.
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2.1.1 Calculation of stress in layered structures with defective layer contact

The influence of volume changes and traffic in a layered pavement structure manifests
itself as defective shear contact at the interface of some of the layers. For instance, in
cement concrete highway pavements it is supposed that shear contact failure appears in the
region of the bituminous interlayer.

In such a case the total stiffness D is the sum of the partial stiffnesses D,, D,,...D, of
the layered pavement parts, the contact interfaces of which do not transmit the tangential
stresses. The following equation is valid:

D=D+D,+...D, (2.8)

Equations (2.1) and (2.4) can be used for calculating the individual central axis positions
or partial stiffnesses.

The total bending moment M straining the pavement structure is divided into the partial
values M, according to the relationship

D.
M; = 51 M. (2.9)

The partial shear force Qj is established from the equation

_ KiGiheq
Q= KGhey Q (2.10)

while the following relationship is valid:
KGheq = K1Giheqt + K2Goleg2 + ..+ bk Grhiog k. (2.11)
The coefficients «, « ,...x, express the influence of non-uniformity in shear stress distribu-

tion along the thickness.
In practice the following simplified relationships can be used:

Gilteq
Q0 =-L= 2.12
i G-’:IN-L ( )
and
Ghml = G]fl“!‘] + Gzh“i,'z +... Gkhw;.k (2.13)

in which heq is the equivalent thickness of the total structure and hqu are the equivalent
thicknesses of the j th part of the layered system.

By the determination of the partial quantities M, and 0, it is possible to use the similar
relationships (2.3), (2.5) to calculate the normal and tangential stresses in the parts of the
layered system with partial stiffnesses D, D;.
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2.1.2 Coherence of layered pavement stiffness with the characteristics
of the equivalent plate

The physical model of the equivalent plate in the case of a layered pavement is defined by
the equivalent thickness heq and the elasticity characteristics corresponding to the material
of the surface layer. Equality of the stiffness D for the equivalent plate and the stiffness
D for the real layered system has to be fulfilled. It is expressed by the equation

Eihe, (2.14)
12(1 — 42) ,u]} '
Table 2.1. Composition and charasteristics of pavement materials.
Layer number Material Thickness alternative a)  alternative b)
(m) E(MPa) u  EMPa) u
1 cement concrete 0.24 38000 0.20 38000 0.20
2 bituminous interlayer 0.04 5000 0.35 2500 0.35
3 cement stabilization 0.15 10000 0.25 8000 0.25
4 sand and gravel 0.35 500 0.35 300 0.35

The thickness of the equivalent plate, h according to equation (2.14) is given in the
form

3| |4(1 — 1B) & E;
heg = [ ( E,ﬂljzl—#zk%‘_zil}l (2.15)

i=1 !

for perfect contact of all layers and in the form

2
heg = {/[%f“){p]mﬁ_.mﬂ] (2.16)

for defective shear contact at the interfaces of the partial structures of the layered system.
Equation (2.15) can be used to calculate the partial equivalent thicknesses, heq.

2.1.3 Variations of normal and tangential stress for highway cement concrete
pavements with perfect layer contact

Provided that the composition and characteristics of pavement materials in two alternatives
correspond to the values in Table 2.1, the results of the solution are as follows
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Alternative (a)
€=0.1638 m, 4_=0.371 m, D=168.36x10° N m
Normal stresses:
o,/M=-38.51, 0, /M=17.92, ¢ ,/M=2.57, 5,/M=3.93,
0,/M=1.36, 0,./M=16.87, 6,/M=0.90, 5,/M=2.08
Tangential stresses:
7,/0=0.0, 7 /0=3.03, 7 /Q=t ,/0=2.37,
7,,/0=1,,/0=2.26, 7,/0=2.491, 7,,/O=1,,/0=0.554,
t,/0=0.613, 7,/0=0.0
Alternative (b)
e=0.154 m, h, =0.347 m, D=137.59x10° N m*

4 T33

Normal stresses:

o, /M=—44.31, 6, /M=24.73, 5, /M=1.78, 6,,/M=2.60

> 722

0,/M=17.81, 0, ,/M=17.11, 0, /M=0.68, 5, /M=1.55

> 733 > 734 > A4

Tangential stresses:

7,/0=0.0, 7,/0=3.70, 7, /0=, /0=2.90,

11

alternative:
al
bl —=—-

Fig. 2.2. Variation of stresses in layered pavement.

v,/0=1,/0=2.83, 7,/0=3.06, 7, /O=t,/O=1.16,
7/0=1.208, 7,/0=0.0

> Tyy

The stress variations are depicted graphically in Fig.2.2.
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2.1.4 Variations of normal and tangential stress for highway cement concrete
pavements with defective shear contact in the bituminous interlayer

The structure and material characteristics of the pavement layers are assumed to be the
same as in the previous section, but the shear contact at interface 1, i.e. at the interface of
the cement surfacing layer and the bituminous interlayer is interrupted.

The results of the solution are as follows.

Alternative (a)
e,=0.12m, D =45.6x10° N m*
e,=0.128 m, D,=19.19x10° N m*
h,.=0.2698 m, D=64.79x10° N m*
Normal stresses:
0, /M=-13.30, o, /M=73.30, 6 ,/M=—11.34, 5, /M=—7.82,
0,/M=-14.64, 0. /M=10.06, ¢, /M=0.537, 7, /M=3.615
Shear stresses:
7,/0=0.0, 7 /0=5.34, 7, /0=712/0=0.0,
t,,/0=1,,/Q=0.124,
7,/0=0.347, 7, ./O=,,/0=0.236, 7,/0=0.198, 7,,/0=0.0
Alternative (b)
e,=0.12 m, D =45.6x10° Nm?
e,=0.1276 m, D,=11.9x10° Nm*
h,.=0.2593 m, D=57.5%10° Nm?
Normal stresses:
0,/M=-82.60, o, /M=82.60, 6 ,/M=—6.32, 0, /M=—4.34,
0,/M=-13.00, 0, ,/M=9.25, 5, /M=0.371, 6, /M=2.45
Shear stresses:
7,/0=0.0, 7 /0=5.55, 7,,/Q=t,,/0=0.0,
t,,/0=1,.,/0=0.0673,
7,/0=0.2593, 7, ./O=t,,/0=0.1619, 7,/0=0.1368,
7,/0=0.0
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11

alternative:
al
bl ==—=-~

o
E
5]

Fig.2.3. Variation of stresses in layered pavement with defective shear contact in bituminous
interface.

The variations of the stresses are drawn in Fig. 2.3. It can be seen from a comparison of
the results for the two cases of layered pavement activity that the defective shear contact
in the bituminous interface leads to a considerable decrease in pavement stiffness and to
an increase in the normal and shear stresses in the layer of concrete surfacing. The normal
tension stresses and the shear stresses in the sub-base layers are considerably reduced.



3
VARIANTS OF THE DYNAMIC THEORY OF
THE EQUIVALENT PLATE ON SUBGRADE

On the basis of the experimental studies described in Chapter 1 the following working
hypotheses can be formulated.

1. The dynamic properties and behaviour of the layered pavement structure are suf-
ficiently similar to the dynamic properties and behaviour of the equivalent layer that
is in contact with the subgrade.

2. The elasticity characteristics for the material of the equivalent layer and its thickness
and the total flexural stiffness of the system have to express the dynamic behaviour
of the real structure according to the same dispersion curve of quasi-flexural stress
waves.

3. The equivalent layer lying on the subgrade allows the modelling of various states of
the total dynamic flexural stiffness of the real structure, which are dependent on the
subgrade stiffness, subbase and surface layers of the pavement and on the contact
quality at the layer interfaces.

In conformity with these hypotheses the layer in contact with the half-space is one of the
possible models. Such a system has to be analysed on the basis of the equations of elasticity
theory with corresponding boundary conditions on the surface and contact conditions for
the stresses and displacements at the interface of the layer and the halfspace. This system
fulfills the required criteria, and guarantees a precise mathematical formulation of the
accepted physical model, although difficulties can be expected in the numerical solution
of the dynamic task.

The other possibility is the layer (or plate) on subgrade without shear contact. This
system fulfills the required criteria as well. It can be proved that the interrupted shear
contact has a slight influence on the typical dispersion curve for stress-waves velocities.
For the equivalent plate on a half-space the formulation, by using the differential equation
of motion with the influence of shear and rotational inertia and at the same time the
halfspace reaction, secures a sufficiently precise mathematical formulation of the model
and extensive possibilities for the numerical solution of the dynamic problems.

At last it is possible to use the technical theories of the layer (plate) on the subgrade in
which the simplified physical model of the subgrade is accepted. The system is mathemati-
cally formulated by the differential equation of motion for the plate with the influence of
subgrade reaction. Although these systems assume the simplified subgrade action, they
have the widest application in the solution of miscellaneous dynamic problems. They also
make it possible to formulate special cases of subgrade, such as a subsoil layer with a given
thickness lying on an unyielding subgrade.
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Applying either variant to the formulation of the dynamic theory of the equivalent layer
lying on subgrade, it is inevitable that we have to consider the viscoelastic behaviour of
the materials. The materials of pavement structures on a bituminous base and the materials
of the subbase layers and subgrade present marked viscoelastic properties. In determinig
the dynamic behaviour of pavement structures these viscoelastic materials are manifested
partly by strong damping of vibration and partly by changes of the elastic characteristics
with frequency and (for bituminous material) with temperature as well.

From the point of view of applications the dynamic viscoelasticity, the most acceptable
form of definition for the viscoelastic behaviour of materials is the concept of complex
moduli. This concept is in harmony with the current trend towards the development and
utilization of numerical methods and computer techniques, and at the same time is based
on experimental determinations of the dynamic viscoelastic characteristics over a wide
frequency range.

The concept of complex moduli of elasticity formulates the dynamic viscoelastic behav-
iour of materials as a stationary harmonic process. The complex shear modulus G+ and
complex bulk modulus B;, 1 are expressed by the relationships

Gy = G.r(l +idgsgnw) (3.1)
B’ = B, (1 + i6psgnw) (3.2)

in which G 7, B+ are the real parts of the complex moduli, J, is the damping parameter of
the shear effect, and J, is the damping parameter of the volume effect. The subscripts o, T
indicate that the values of the complex moduli relate to a given angular frequency w and
temperature 7.

Assuming equal rheological regularities for the changes of volume and form, then
0,=0,=0 and Poisson’s ratio x is independent of frequency. The fact that the definition of
the viscoelastic behaviour of complex moduli is realized for a stationary harmonic process
must not be a barrier for the solution of a periodic vibration problems under pulse impact
loading. It is possible to use the Fourier integral transformation and the results of station-
ary vibration as a starting point. Of course the initial conditions cannot be fulfilled during
this procedure.

3.1 Layer in contact with the half-space

A layer in contact with the half-space is one of the variants of the dynamic theory of the
equivalent plate (layer) on subgrade. The torsional and vertical vibration of the layer on the
half-space are two actual problems of this system.

The problem of the vertical vibration of an isotropic elastic half-space under a harmoni-
cally variable normal load on a circular area and the vertical vibration of a mass with a
circular contact area on the half-space has been solved by Reissner [3.1] and Sechter [3.2].
A summary of the results of [3.2] is to be found in [3.3]. The same task was also analysed
by Bycroft [3.4].

The torsional vibration of the elastic half-space under a torsional harmonically vari-
able load acting on a circular contact area was first analysed approximately by Reissner
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[3.5] and subsequently has been analysed precisely by Reissner and Sagochi [3.6] and
Bycroft [3.4].

Commencing from this knowledge and taking the viscoelastic behaviour as the basis
of the conception of complex moduli we shall study actual problems of layer vibration in
contact with the half-space.

3.1.1 Torsional vibration of layer on viscoelastic half-space

The differential equation of motion by torsional vibration in cylindrical coordinates has
the form

& 18 a &
Puy 10uy _wy Sy _ o Fuy (3.3)
ot ror o 82 G o
where Iy is the tangential displacement, @ is the density and G* is the complex shear
modulus.

The shear stresses are determined by the equations

, O,
=G
(3.4)
e 3“,} Hy
=0 ( ar )
We assume stationary harmonic vibration:
uy = uy(r,z)e™" (3.9
and use the Hankel integral transformation
Mug(a, z) = f riey(r, 2 (ar)dr (3.6)
0
The solution of differential equation (3.3) is then given by the relationship
H _ ay —£°7 wy E'7
g = U(€)e ™57 + Un(€)e (3.7)
where
WP
£ =,la? - -5 (3.8)
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if

G-
o

(3.9)

Let the harmonic variable torsional moment M(z)=Me'** act on layer I with thickness 7,
which is in contact with the half-space. The boundary conditions on the surface at z=0 are
given in the form

7! _ZMr O<r<a
W gt

(3.10)

for the case of linear distribution of the shear stresses on a circular contact area with radius
a, and in the form

M
T.:ﬂ:'_h"r_l.'z , O<r<a
4ra’(a — r2)/

G.11)
=0, r>a

for the case of stress distribution under a rigid plate, which is supposed to be the same as
in the static case.

The conditions at the interface between the layer and halfspace, i.e. at z=h, have the
form

u::,:u,y

(3.12)
'dd = To

The application of the Hankel integral transformation to equations (3.10) and (3.11) gives
the transforms of stresses

i 2MJ(aa)
Tep = =5

Tat o

or

T

7 gl

"I 3M [sin{aa)
aa

- cuﬂ(aa}] (3.14)
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Provided that in the solution of equation (3.7) for the half-space only the term with negative
exponent is selected in accordance with its physical meaning, the displacements H”EJ! Hy
and stresses HTL:,, He g can be expressed. By using the boundary conditions and conditions
at the interface a system of equations is established, which gives the expressions for the
functions U in the form

HTI -B
R | — 3.15
' =G G(A 1 B G.13)
H_I "
A
Ul = 22 3.16
27 G} §(A*+BY) (3.16)
Hel Ate-8h — Beefih
Uy === ,
"G G(AT B G147
where
G .
AH:(—;f-ajeﬁ“ (3.18)
G; 1
G* ]
B = (El '3 +£E) il (3.19)
and

. w? . f w?
& = ﬂ:z—& , &= az_E. (3.20)

The complex velocities of shear waves in the layer and halfspace are in the form
1 =Gilo & =G/o,if Gi = Gi(l +i61), G*=G(1+i9).

After rearranging, if the ratios are denoted according to the relationships

== 3.21
£ Gl ( ’ )
Y 3.21

; G
adq =1}, = g, = \/; (3.22)
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the original displacements in the layer and in the half-space for the case of linear distribu-
tion of shear stresses from torsional moment A are given by the relationships

M T, v
W)= f Hi 2y () dn (3.23)
0
oM T r
s =g [ Ha(o) (n5)an (3.24)
]

In the case of shear stress distribution, which corresponds to equation (3.11), the relation-
ships are given in the form

3M sin ¥
I * Ui
ly = G Hj (T - t:{]ﬁ.’r;).h (T}E) dn (3.25)
0
3M T . [singy r
W= G H (T = c:os'?]).ﬁ (n;]d:;. (3.26)
1]

The terms marked by Hf and /7* have the form

. e(ArefiF — Bre~Gid)

P (16 (A + B)g (3:27)
- E{A'ef[-'hl{a —_— B'e_f.ﬁh)e_{;a‘h 398
T (L4 i&)(A* + B*)ge-thia (3:28)
if
. (14 L] .

- [56 ﬁ—&l]e £ihia (3.29)

_ 146 .
B = [EE‘ {{1 :;65 +£;]e"5!"-“ (3.30)

2

Y FERL (3.31)
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g

& =7 - TIERTAL (3.32)

The original displacements (3.23)—(3.26) are given by improper integrals, the sub-integral
functions of which are complex functions of a real variable, have no discontinuities in
the domain of integration and the improper integrals converge. They can be calculated by
numerical integration using computers.

3.1.2 Torsional vibration of mass on layered half-space

A rigid disk with mass m and circular contact area of radius a lies on the layered half-space.
The harmonically variable moment of torsion M=Me'" acting on the disk causes torsional
vibration. The equation of motion is valid in the form

dz']r

Idz

+ M(f) = M (3.33)

where [ is the mass moment of inertia, M(z) is the reaction of the subbase, and y is the angu-
lar displacement of the disk. For a circular disk with thickness 4, and radius @, I is given in
the form I = ma*hqo/2 = ma?/2.

The angular displacement y corresponds to the mean angular displacement of the
layered half-space under the disk. It can be determined by using the Rayleigh theorem of
reciprocity [3.4] from the condition that expressed the equality of deformation work of
affected torsional moment on the mean angular displacement with the work of the supposed
distribution of tangential stresses on the contact circular area.

For instance, by stress distribution according to equation (3.11) the equation is valid in
the form

a

Mo — 2ar 3Mr dr
7= 32 1z
J daa* (a> — r?)

(3.34)

]x. 3IM  e(A* — B*) (sing/n — cosn)Jy (7 g]ld:r;
dma*G (1+i61)(A° + B*) &
V]

After integration with respect to the variable  the angular displacement y is given by the
relationship

*) (sinn — 'r,-co%n]l dy
T= srasr/ (1 H;s; YA+ Bre (3.35)
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The mean dynamic angular displacement of the disk in a general form is given by the
relationship

-M i
Flr' = @ [:"]I“ + 1"”’}0.#' (336)

where the real and imaginary part of mean angular displacement y,, y, will be obtained by
numerical calculation of the improper integrals (3.35).

By substitution of (3.36) into (3.33) the sub-base reaction M()=Me'** can be
expressed, if

My
M =
1+ By + By (3.37)
and
m
B = T (3.38)
The amplitude-frequency characteristic is given by the equation
|v|Ga® \ Y&+ (339)
Mo \/ (14 BO2yR) + (BQ2y)°
and the phase-frequency characteristic by the relationship
@ = arctan L
i+ B2 +7) (3.40)

The function of normalized mechanical impedance Z*, which for stationary forced harmonic
vibration is defined [1.22] as the ratio of the torsional exciting moment to the multiple of
the angular displacement acceleration and mass moment of inertia for the disk, is given in
absolute value by the relationship

/(1 + BO2g)? + (B )?

BO2 [ + 3

1Z*| = (3.41)
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Fig. 3.1. Variation of mean dynamic angular displacement of layered half-space.

The variations of the mean dynamic angular displacements of the layered half-space, of
the amplitudes of torsional vibration for the mass on the subbase and of the mechanical
impedance functions are plotted in Figs. 3.1-3.3. They were calculated according to
equations (3.35), (3.39) and (3.41) for the following parameter values: ¢=0.02, y=0.85,
0=0.1, 6,=0.05, h/a=1.0.
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Fig. 3.2. Amplitude-frequency characteristics for torsional vibration of mass on layered
half-space.
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The dependence of the mean dynamic angular displacements of the layered half-space, |y|,
on the ratio of the layer thickness % to the radius a for fixed values of the frequency Q is
shown in Fig. 3.4. It can be seen that the amplitudes of dynamic angular displacements for
h/a>1 are stable whereas for 4/a<l the amplitudes increase rapidly with decreasing //a.

The amplitude of dynamic angular displacement is linearly dependent on the value &,
which follows from equation (3.35). For instance, the dependence of |y| on ¢ for h/a=1.5 is
shown in Fig. 3.5.

3.1.3 Vertical vibration of layer on viscoelastic half-space

Starting from the scheme of relationships between the general stress tensor and general
strain tensor we can express the relationships between the tensor of the mean normal

12
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—
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] | I
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Fig. 3.3. Mechanical impedance functions for torsional vibration of mass on layered
half-space.
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Fig. 3.4. Dependence of mean dynamic angular displacement |y| on ratio 4/a for fixed
values of Q.

17 7

al>
-|_L
Ln

D.01 74

0 0.05 € 04

Fig. 3.5. Variation of amplitude of dynamic angular displacement |y| with ratio &.

stresses and the tensor of the mean normal deformations by using the complex bulk modu-
lus B*, and the relationships between the stress deviator and strain deviator by using the
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complex modulus G*. In the case of axial symmetry and cylindrical coordinates (7; ¢, z),
the equations of motion have the form

82” (B*+_G} @_Fla_u_i_}_&)
e = 3 o T ror R oroz

+G(@ _ ﬂ)
dz?  Ordz

Pw e g [P 10u Pw
05z = (B +EG)(—araz*;a—z+a—zz)

_|_G 31 +la_w_la_u._.?2_u)
arr ' r Or rdz Ordz

(3.42)

where u is horizontal displacement, w is vertical displacement and £ is density.
The stresses are given by the relationships

— - 4 s au L 2 i d_“’
= (B +§GJE+(B -3G7) e

- (B 436 5+ (B -6 ($+ 5)

(3.43)

u . o fOu aw
0o = (B +4G) "+ (B —§G](§+a—z)

du 8
Tre = Tar = G. (ag 8}:)

Let us make use of Hankel’s integral transformation on the functions of variable 7 in the
equations of motion (3.42), i.e. for the function u(7, z, ¢) in the form

Hu(a,z,1) = /.m[:r,z,r}ll (cur)dr (3.44)
0

and for the function w(z, ¢) according to the relationship
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(o, z.1) = / rw(r, z, o (ar)dr. (3.45)
0

Supposing that the steady harmonically variable vibration corresponds to the relationships

Mu(a, z,1) = Bu(a, 2)e

(3.46)
(o, z, 1) = Twia, z)e™!
the system of ordinary differential equations is established in the form
1 dH ‘2
{B+G}az [ (B+G}“+Gdz]”
(3.47)
e 1gm A 2 g ragn L 2| n
—(B +§G }QEZ {Qw + (B +EG }E—G C!]
If an auxiliary function F(z) is used according to the relationships
Hy = a(B* +1 G"}i F (3.48)
3 dZ
dZ
Hy = [sz —(B"+3G")0* + G” E?Z]F (3.49)

the first of equations (3.47) will be fulfilled identically, and by substituting into the second
of equations (3.47), the differential equation is established after rearranging into the form

4 2
dF+dF[22+WZ( 1)
1

dz?  dz? c;_‘,z

(3.50)

1 1 7

+F[cr — ol ( 5+ ‘2) +%] =0
G0 6 “Ge
where the complex velocity of dilatational waves is given by
Y o

¢ = B +3G" (3.51)

[
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and the complex velocity of shear waves by

o= [—. (3.52)

The roots of the characteristic equation for (3.50) are

w?
F=ao—— (3.53)
<
w?
¥ =a— ol (3.54)
2
Hence the auxiliary function F(z) is given by the equation
Flz)=A]eT* + Aje ¥+ Aj " + A ™7 (3.55)
if
W2 o2
gl l— , = 2 — — 3.56

and A}, A3, A3, Af are arbitrary complex functions of variable a.
The displacement transforms Hu, fw are determined according to equations (3.48) and
(3.49). For the layer medium I the equations have the form

Bl = o (Ajq)e®i® — Ajgie™%® + Alsiei® — Agsje™™7) (3.57)
Hyl = —gi2(A]e?7 + Aje 7)) — P (A3e’® + Aye™i%) (3.58)
while the expression (Bj +3Gj) was inserted into the unknown functions A}, A3, A3 ,Aj .

For the half-space medium in accordance with the physical meaning of the problem we use
only exponentially decreasing members and the displacement transforms have the form

Hu=—a(g"Ale ™ + 57 Aje™ ) (3.59)

Hw = —a(Ajg7e 7 + a’Age™) (3.60)
where Ag , Ag are arbitrary complex functions of a and the expression (B* +1G*) has been
inserted into the A3 , Ag .

The equations for stress transforms can be established according to the relationships
(3.43). If the equation for ¢_is multiplied by the expression 7/ (ar) and integrated in the
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limits (0, «) and similarly the equation for z _ is multiplied by ./, (ar) and integrated in the
limits (0, o), the stress transforms in the layer medium are given by the relationships

ol = [(Bf +4Gi)ai® - (B —3Gi)a?] (-Ajgje%*

(3.61)
_'L_A;c?;e_q'.z} + zaf.i’frxz(—;{;c-‘ff + A:l.:—.\'l'g)
H"Ez = G;&[‘Zq}z(_,q{*e—‘?iz +A£e—q;z}
(3.62)
+(s? + a?)(A3elT 4 Agei).
The stress transforms in the half-space medium are given by the expressions
o= [(B +4G7)q ~ (B ~3G')a]q Ase
(3.63)
+QG‘S'(12AE(3_-"'3
Hro = Gla[2q" A3 7% + (52 + a2)Age™). (3.64)

Boundary conditions and contact conditions at the interface

We are interested in the vertical displacement of the layer on the half-space under a dynamic,
harmonically variable normal load on the layer surface. It is assumed that the normal load
is uniformly distributed on a circular area with radius a, according to the variation that
corresponds to the static contact problem of a rigid disk on the half-space. The boundary
conditions at the layer surface for z=0 are

(a) oL=ppe, 0<r<a
o, =0, r>a
m, =0
®) z=————!L”2, O<r<a o
2ma(a® —r?)
ol =0, r>a
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where p, is the load intensity and P is the normal force.

By using Hankel’s integral transformation the transforms are expressed in the form

(a) H_I _poaJ1 (aa)
0, = ————

«@
(b) HyI _ P sin(aa)
27 2ma  a

The contact conditions at the interface of the layer and the half-space are

(H”I}Fh = {Hu]z=h
[”WIJZ-_,& — {Iiw}z=h
{Hoi]z=h = (HG_I}}::.‘:

(M7 een = ('72) iy

(3.66)

(3.67)

(3.68)

By substituting into the boundary and contact conditions and rearranging, the system
of equations in Table 3.1 is obtained for the calculation of unknown complex functions
A}, A3 ... Ag. This system can only be solved numerically for fixed values of angular

frequency w and o.

The originals of the displacements and stresses were obtained by the inverse of Hankel’s

transformation according to the relationships

u(r,z,1) = e“ ]a Uy (a, 2) Ji(ar)da
0

o0

wir,z,1) = e* far Hw (. 2) Jolar)da
]
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oo
a.(r,z,t) = f a Ve, (o, 2) Jolar)da
0

(3.69)

it

Trz (r= 2 I) =e [ HTrz (&'r Z) Ji (“r)dﬂ

St~z

The sub-integral functions are complex functions of the real variable o; they have no
discontinuities in the integration limits in view of the viscoelastic behaviour of the layer
medium and half-space medium. It is possible to suppose that the improper integrals con-
verge and can be evaluated by numerical integration. The numerical study is very labori-
ous, however, and is not suitable for practical use.

3.2 Stress waves in layer on half-space without shear contact

The interpretation of the measurement results obtained on the pavement structures is based
on the suppositon of the continual dispersion curve of quasi-flexural stress waves in the
equivalent layer on a subgrade. This dispersion curve for the long wavelengths approaches
the velocity of surface waves at the subgrade in consequence of the pavement contact with
the subgrade. It is interesting to know whether this variance of the dispersion curve is also
regular in the case of interrupted shear contact between the layer and the half-space. Such a
study is also significant for the technical theories of the equivalent plate on a subgrade.

The relationships derived in the previous chapter make it possible to study the influence
of imperfect contact at the interface of the layer and the halfspace on the variance of the
dispersion curves of stress-wave propagation.

3.2.1 Boundary and contact conditions at the interface

Supposing the same boundary conditions as given by the relationships (3.64), (3.65) or
(3.66), (3.67), the contact conditions at the interface of the layer and halfspace are

(Hul)z:h = (Hu)zzh
W, = w), (3.70)

(H"Jz)z=h = (HC’z]z=h
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H —
( rz z=h — 0

(HT,-z)z=h =0.

By using the conditions (3.70) the complex functions Az, A; are eliminated in the form

p"' “h .
A: = (A, q;* el + A3 g7 e + A’ + Ajale M)
* _2‘1'2 —g'h+sth . ogq=
S=mrae T 371

and the system of equations in Table 3.2 is given for the unknown complex functions
Aj, A AL AL

3.2.2 Frequency equation

The frequency equation of the problem can be established as a determinant of matrix coef-
ficients for the homogenous system of equations in Table 3.2. By adding and subtracting
the first and second column of matrix coefficients like the third and fourth column, together
with other rearrangements, the elements of matrix coefficients in dimensionless form are
given by the relationships

ay =0

ap = —(S% + F?)

a3 =0
aly = —231F2
ay =20

(.122:0

23=S%+F2

ay =0
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azn =20;(e? +e9)
as = 2Q1 (eQ‘ _ e_Ql)

a3 = (83 + F2)(e% +e75)
asg = (82 + F?)(e51 —e™51)

[~ Z0IR- (82 - F)(8} + F?) |

2(8? + F?)

[~%0R+0(8? - F)(8 + F)|e @

+ IR )

[-&OiR - 0(S* - F)(S} + F?)| 2
agp =

2(82 + F2)

[~ % 01R+0(8 - F)(8t + F?)] e
22+ F?)

P [—%I:R —208:(8% - Fz)} o5
4 = 2S? + F?)

F? [- GR+208(5 - FZ)]e—-‘t

* 27+ F2)

P [—g—I:R —208(8% - Fz]]e5=
s = D)

F? [—E—.IIR +208,(8? — FZ]]E_S‘
B 2(8? + F?)

115

(3.72)
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where
F=ah
O=¢*h
O =qih (3.73)
S=s*h
S] = SIh
and

R=(S*+F?)-40QSF”
G*=G(1+i9) (3.74)
G} = Gi(1 +i6)).

The determinants of the matrix coefficients equal to zero have the form

alZ [aZI a33 a44+a a a a a34 a43 23 44]

(3.75)
1=0.

+ta,a, a,a,t%a, a,a,-a, a,,a,~a,

14 721 732 743 42 723 32 723 1a42 33

3.2.3 Curves of dispersion for stress-wave phase velocities

The frequency equation (3.75) for the layer on a half-space without shear contact makes it
possible to obtain the dispersion variances of stress-wave propagation in the system. The
number of dispersion curves that determine the dependence of the propagation character-
istics on the frequency or wavelength is infinite, as is the number of natural frequencies of
vibration of bodies with continually distributed mass.

The process of determination of the dispersion curve variances from equation (3.75) can
be carried out using two alternatives, as follows.

(a) The complex values of wave number F in dimensionless form are found for fixed
values of frequency, by which the frequency equation (3.75) is fulfilled.

The concretization of such a procedure is in the formation of a dimensionless frequency
f in the form

o wh
= (3.76)
€
and the relationships
SZ
Oy = [F?2 - % (3.77)

1 1—|—15
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p_g 2 (3.78)
O=y\F 15 '
F
- - 3.19
5 F? 1418 (3-19)
&
A2 3.80
s F2-¢, T (3.80)
where
e =2 (3.81)
n=- .
<}
_a (3.82)
Elz—c] .
CI
€37 = —=. (3.83)
L&)

Every quantity representing the state of stress or deformation of the system is by stress-
wave propagation from the source, proportionate to the expression e@ ), The wave
number a. has to be complex, considering the viscoelastic behaviour of the material and
the dissipation of energy into the halfspace. The physically real solutions correspond to the
complex roots of the wave number, the imaginary part of which is negative.

The phase velocity ¢ is determined in dimensionless form by the equation

e 3.84
a- (3.84)

where F,=2nh/A is the real part of the dimensionless wave number.

The imaginary part F, of the dimensionless wave number represents the damping and
dissipation laws of stress-wave propagation in the system medium.

b) The second procedure commences from the complex phase velocity c*=c +ic,. The
dimensionless complex phase velocity C corresponds to the relationship

C= (3.85)

KR

and the expressions for O, O, S|, S are put into the form
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01 =B 1] i (3.86)
! C2 1 +ik
L1 el
Q'ﬁﬁ_uia (3.87)
1 1
S=6\a 1% (3.88)

S=f1)—=— £ (3.89)
C? 148

The complex values of dimensionless phase velocity C are found for fixed values of fre-
quency f, by which the frequency equation (3.75) is fulfilled.
If

p=CF (3.90)

then the real and imaginary parts of the wave number are given by

_ BCr
=0 Cy

Then the phase velocity c in dimensionless form is as follows

e _G+ G (3.93)
CE CR ’

At the same time the relationships for the calculation of C, and C, by means of the real and
imaginary part of the wave number are valid

B Fr
Cn= (3.94)
¢ = -3 F;

R+ FJZ (3.95)
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It follows from this that physically real values of the complex dimensionless veloc-
ity C, which fulfil the frequency equation (3.75) have to be a number with a positive
imaginary part.

In practice the realization of the procedure for the determination of the complex roots
of frequency equation (3.75) is very laborious. Application of numerical methods of
linear or quadratic interpolation, or the methods of iteration that are known and used
for finding the real roots of transcendental equations, give favourable results only in a
limited frequency range.

The determination of the roots for frequency equation (3.75) and the basic forms of
the dispersion curves was possible only by using the method of finding the zero contour
lines for the real and imaginary part of the function. Their point of intersection gives the
approximate value of the complex root.

3.2.4 Numerical results

A numerical study was carried out for characteristics corresponding to the highway cement
concrete structure with parameters:

€,=0.5765, ¢,,=6.5500, ¢,,=13.6500, ¢1/¢ = 1.333, 6=0.10, 6=0.20, 11=0.25, u=0.35

The variations of the dispersion curves for the real and imaginary part of the wave
number F, F', versus frequency /3 in the case of longitudinal and flexural waves are drawn
in Fig. 3.6. It can be seen that F} at low values of frequency /8 approaches the line that
represents surface waves in the halfspace. The values Fi move at low frequencies on the
line corresponding to the dilatational waves of the layer medium. At high frequencies the
dispersion variances Fg and F approach the line that represents surface waves in the layer
medium.

The relationships of phase velocities and /7, versus frequency f are drawn in Fig. 3.7 and
the relationship of dimensionless phase velocities ¢/e} and the cofficient of damping and
dissipation F, versus the ratio /A are drawn in Fig. 3.8.

It can be stated that the forms of the basic dispersion curves of phase velocities for lon-
gitudinal and flexural waves correspond at higher frequencies or lower wavelengths to the
forms of the dispersion curves that are valid for the free layer. The contact of the layer and
the half-space without shear contact is apparent in the region #/A<0.15, where the phase
velocities of flexural waves decrease and approach the velocity of surface waves in the
half-space medium if the ratio #/A. approaches zero.

The phase velocities of longitudinal waves in the region #/A<0.15 achieve values that
exceed the velocity of dilatational waves in the layer, ¢}, but for #/A—0 they decrease
intensively. It cannot in practice be confirmed, whether the values approach the value ¢,
for i/ A—0.

The influence of the contact conditions at the interface of the pavement structure and
half-space as derived from theoretical and numerical solutions can be supported by the
results of measurements on pavement structures. These are acting as the equivalent layer
on a subgrade. The contact conditions with the subgrade are complex. They correspond to
imperfect contact, the quality of which changes with time from perfect contact to a non-
shear or to the local loss of contact with the subgrade.
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£ |f |
H
303 e
F; ’4'
//> ——
J.// '\'.t ]
e
ot //
L /
2 §-02 ./ v da
|
AS gl /7
P\‘/\
/| ctict
P g KQ
{/" \
. .-",f i
1 Hor / <
f ’J __-——-_ ——
i / — <o/ |
; /— .
I /
)
I' /i T
el ,_—c.!c,
0 1 2 3 & 5 0

Fig. 3.7. Relationship of phase velocities ¢/<; and coefficient of dissipation F to frequency /3.



Variants of the dynamic theory of the equivalent plate on subgrade 121

.
c | R e
C; //
/
//
3 +-03 /
/
£ /
- /
/’r /
f/ /,\F;'
// /
/ /
2 4 L
/
/
/
!/
/
| , c“!c:
l g
rd
1 t01 f'c -z —_
|
|
|
I
I

0 0.5 1.5 hIA

Fig. 3.8. Relationship of phase velocities ¢/€} and dissipation coefficient F, versus ratio h/A.

The direct measurement of phase velocities in the range of very low frequencies is difficult
considering the great wavelength A. It is possible to evaluate the phase velocities according
to the results of measurement by the mechanical impedance method [1.38, 3.7].

The relationships of the velocities of flexural stress waves ¢ versus the ratio 4/A on
eight sections of flexible pavement determined by measurement are shown in Fig. 3.9. The
average thickness of the equivalent pavement layer was approximately #=0.40 m and the
surface-wave velocity of the subgrade, ¢, =80-120 m/s. Measurement by the mechanical
impedance method was made in the frequency range 25—-1500 Hz and evaluation of the
phase velocities was carried out according to the results below the resonance frequencies.
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Fig. 3.9. Relationship of velocities of flexural stress waves, ¢, versus ratio //A on sections
of flexible pavement.

The form of the dispersion curve for longitudinal stress waves may be compared with
the experimental one obtained from measurements on a plane model [3.8], formed by a
duralumin strip in contact with acrylon medium. The results of direct measurement of
phase velocities are plotted in Fig. 3.10 and manifest a similar form of dispersion as for the
theoretical solution.
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Fig. 3.10. Experimental dispersion curve for longitudinal stress waves obtained on plane
model.
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3.3 Plate on half-space without shear contact

The model of the equivalent layer replaced by a plate lying on the half-space without shear
contact is a system that can adequately reflect the dynamic response of pavement structures
and make it possible to realize the numerical calculations.

The differential equation of motion for the plate, including the influence of shear and
rotational inertia [3.9, 3.10], has for unloaded elastic and isotropic plate the form

1 1\ &Viw 1 &w oh &w

Vw45 ) 55 -+ = ===0

" (c§ N cﬁ) a7 "3a ok D ar (3.96)
where w is the vertical deflection of the plate, and the velocity of longitudinal waves c, and
the velocity of surface waves c, are determined by the relationships

E

R VPG ey

G
o = 4 |2 (3.97)
2
h is the thickness of the plate, @ is the material density and the plate constant D is given
in the form

ERh?

PEna—a

(3.98)

The coefficient x expresses the influence of unequable distribution of shear stresses along
the plate thickness. The relationship for x in the form

B (U.S? + 1,12;;)3 (3.99)

(14 p)

was derived in [3.11] by comparing the phase velocity of propagation for flexural stress
waves with the velocity of surface Rayleigh waves at a very short wavelength.
The differential operator %2 in polar coordinates (7, ¢) has the form

# 10 1 &
Ve e — b = (3.100)
art rar P ag?
The differential equation (3.96) produces a basic dispersion curve for flexural stress waves
that is practically identical to the exact solution of the theory of elasticity for a layer with
free surfaces.
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The higher forms of dispersion curve are reduced to only one dispersion curve, which
approaches the velocity c, for short wavelengths.

The variation of dispersion curves for a plate with free surfaces is drawn in Fig. 3.11 for
Poisson’s ratio ¢=0.30.

Provided that the loaded plate is lying on the half-space without shear contact, the dif-
ferential equation of motion has the form

2
vzvzw_(i+l) m_FL@_,_@@:E_E (3.101)
& ) 9 Gt DI D D

if p is the intensity of vertical load of the plate surface and g is the vertical reaction of the
half-space.

Now the basic dispersion curve for flexural stress waves corresponds to the model of
the equivalent layer on a subgrade; that is, the phase velocities approach that of surface
Rayleigh waves in the half-space for longwave lengths A.
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Fig. 3.11. Dispersion curves for plate with free surfaces.

3.3.1 Conditions at the interface of plate and half-space

We assume an axisymmetrical problem, with harmonic steady vibration and viscoelastic
behaviour of the plate and half-space on the basis of the complex moduli concept with
equal rheological parameters for the volume and form changes.
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By using Hankel’s integral transformation on the equation of motion (3.101) according
to the relationships

Hy (a,1) = fr w(r, 1) Jo(ar) dr
i

ACHE fr q(r.t) Jo(ar) dr (3.102)
0

Hy (a1) = f r p(r.1) Jo(ar) dr
1]

and the assumption of harmonic vibration
Hy(a, H="w(a)e'
Hg(a, Hy="g(a) e (3.103)
"pa. )="p(a) "

the equation is obtained from (3.101) in the form

) H, H
"w{a"‘—(1+i)a1w2+ ! J‘—W} E__4 (3.104)

2 T a2 22 =T e
[ €3°CE D D+ D

The conditions at the interface of the plate and halfspace are given in the form

(0).=q(r1), 0<r<co

(Trz) 2:0:(), 0 <r<eo

(3.105)

The origin of the cylindrical coordinate system for the half-space is positioned at the inter-
face of the plate and half-space.

The transform of the normal stresses on the half-space surface ("o) _="¢, and for the
transform of tangential stresses the equation is valid in the form

Hy — f F T2 J1(ar)dr (3.106)
0

By using equations (3.63), (3.64) for the transforms of the stresses in the half-space medium
the fulfilling of the interface condition follows the system of equations
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- 4 L * w 2 i = LI
A; q;[(Bz +§G?.)qzz —_ (BZ —EGz)QQ] +Al§ EGZ SZ &2 ZHQ

AL 247 + A (s +a%) =0

(3.107)

All quantities that refer to the half-space are indicated by the subscript z and the asterisk
indicates their complex values considering the concept of complex moduli.
According to the system (3.107) the following relationships are valid:

(s:2+ %)
Ar=e T 1
F= e (3.108)
22
Ar= 0w, (3.109)
0
if
2
- i - wlz -
D;, = Giq; ( : = —4a’q;s|. (3.110)
2z

The transform of vertical deflection for the halfspace "w_is given according to (3.60) in
the form

w42 [(2 +?) e 2 e

D;

(3.111)

At the interface of the plate and half-space, i.e at z=0, considering the relationship (3.111)
the following equation is valid:

H _ o, H
9= q;z {(s;z + 02} — 20(2] ( Wz)._g- (3.112)

Substituting (3.112) into (3.104) and considering that the vertical deflection of the plate w
has to be equal to the vertical deflection of the half-space according to the relationship

fw = (Mwy), (3.113)
the equation is obtained after rearrangement in the form

Hy, 12(1 - ﬂth 1 H
E(1+i6) F(£0)

(3.114)
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where
e pflmn 1y _ € (-w #
.ﬂ{ﬁ,m—é“—ﬁ( 5 +;) T+~ 2% (1+i6)°
(3.115)
6(1 —p) G:
_W—é(l -1 & FiEs)
if

Fl l:£ 'ﬁj =

(1 +ié;) [(2,52 Sudn }) 4{52\/&3_‘_1“ .a}\/*f 3k ]] (3.116)

. 2 a2 2 #
(1+id)e3 i £ — ¢ (T4

and
Eah (3.117)
wh
A=— (3.118)
2

(3.119)

g =— (3.120)

where d is the damping parameter of the plate material and J_is the damping parameter of
the half-space material.

3.3.2 Normal dynamic load on circular contact area.

The basic type of dynamic load for the equivalent system of a pavement structure is a
dynamic harmonically variable normal load of the surface on a circular area with radius a.
We are interested in the deflection and internal forces of the plate, the subgrade reaction,
the state of stresses and deformations of the half-space respectively.

The problem may be solved at the same time for two variable distributions of a normal
load on a circular contact area: (a) a uniformly distributed normal load with intensity p;
and (b) a load according to the function that corresponds to the static contact distribution
of the rigid disk on the half-space.
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Hankel’s transforms have the form

(a)
u, _ poalifaa)e™ P Ji(ad)
P o wa 4]
(b)
n, _ P sin(aa) . (3.121)
2ma o

where P is the amplitude of the vertical resultant of a normal load.

3.3.3 Deflection of plate

The load transforms in the form (3.121) bring about the deflection of the equivalent plate
on the half-space, the transform of which is obtained by the substitution of (3.121) into
(3.114). Using the inverse of Hankel’s integral transformation the deflection w(z, ¢) is given
by the relationship

(a)
ity = P2 60L=) T11(€F) Jo(ef) e
"="Ga T J W+i8) F(&,5)
(b)
P 3(1 - u) sm Jo(€F) d¢
w(rt) == g +m} F B) (3.122)

The deflection w corresponds to the deflection of the plate including the part of the
deflection caused by shear. The solutions for the other internal forces of the plate depend
on the function w, which is given by the equation of motion [3.11] in the form

o Pw p(rh) qlrno) _

Vi (wy —w) + 3.123
=W G B T wGh T R G129
or, after Hankel’s integral transformation in the form
H H
-’y = —aw + — w My P9 _g (3.124)

R kG*h  rG*h
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Substituting (3.114) into (3.124) and rearranging the equation gives

le=[(1 i ) 12(1 - p)h

k€21 +18)) E(1+i6) F(€,5)
(3.125)
h 1H h H
“anG+i8) P EnGi o)

By using (3.112), (3.113), (3.121) and inverse transformation the following equation is
obtained

Wy {r, f:l =

P ewj’ {6(1 — 1) (1 i G, Fl(f..m)

Ga ) w ThE(1+i0) G k&

(3.126)

1 1 y
“OA+0) FE8)  7r(l +i6]£2] h (‘EE) "“(‘fﬁ) dé.

Equation (3.126) is valid in the case of load (a). Load case (b) is obtained by the substi-
tution of Ji(£4) in (3.126) with the expression (£%)/2. This substitution will be valid for
all components of the state vector; therefore we shall only consider solutions for load
case ().

3.3.4 Bending moments of equivalent plate
The bending moment of the plate in the radial direction is given by the relationship [3.11]
62W1 1 I-‘-f‘]:|

My=-D [ﬁ*“;ﬁ

(3.127)

_Gha'{l +i8) [P w, N l Em
6(1 —p) | or e or |

Commencing from equation (3.126), the equation for the bending moment of the plate is
derived, after rearrangment, in the form

M, = Ph;mjm(g,ﬁ] [J’n({i) -(1-p) %ﬁﬁ)] h(g%)df (3.128)
B T
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where

# G, Fi(&,8) 1 1

_1a
M(&,8) =2 [‘5 K1+ G k| FEpB 6m-p) (3.129)
The bending moment at =0 is given by the expression
Ph (1 + ,u:
M (r=0) =2 LA f M(E8) 1 (¢F) de. (3.130)

The bending moment of the plate in the tangential direction is derived from the
equation [3.11]

(3.131)

18w, rp 62w1 ~ G (1 +i6) [19w 2wy
r or or?

M, =-D° [ 60— lror THar

By using equation (3.126), performing the derivations and rearranging, the equation for M(ﬂ
is established in the form

M, th.

fM(f,ﬁ)[;un - gh(6p) | (eq) (3.132)

where M(¢, p) is defined by equation (3.129).
The bending moment M, at =0 is given by the relationship

Ph 1+ St
Mo(r = 0) = ( 1o fMg S}J’u ) (3.133)
which is identical to equation (3.130).

3.3.5 Transverse forces on equivalent plate

The transverse force of the equivalent plate, O, is defined by the equation [3.11]

oy, (OW 0wy

Performing the substitution and rearrangement of the equation for Q gives the
relationship

_P o T 6(1 — p) (63+%p1(§‘3) (1+16)) 1
o=z [-I75 D R
(1.135)
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3.3.6 Reaction of subgrade

The transform of the subgrade reaction "g is determined by equation (3.112). By using the
equality (3.113) and the inverse of Hankel’s transformation the expression for the original
function ¢(7, ¢) will be given in the form

_ _% @ C(;: uwuf?([?;} 7 (Ef_l) _;D(g;—r]) dé. (3.136)

All these internal forces are the basic decisive components of the state vector that are nec-
essary for the determination of stresses in a pavement structure under dynamic load. There
are no difficulties in deriving the stresses in the half-space if the dynamic reaction on the
half-space surface is given.

3.3.7 Numerical calculation of components of state vector for highway
pavements under construction or completed

All components of the state vector for the equivalent plate on a half-space are deter-
mined in the form of improper integrals. The sub-integral functions are complex func-
tions of the real variable &, have no discontinuities in the integration region and the
improper integrals converge. They can be calculated by using numerical integration
and computers.

The relationships for bending moments and transverse force may be modified by
separating out the parts for which direct determination of the improper integral values
is possible.

The expression for transverse force O, (3.135) is rearranged in the form

0 _fe“{f 61—y (P + &R (1+10)
"Ta

J m £(1 +18) F(£,5)
(3.137)
a r 1 a/h r_a
< (€3) Jl(‘sﬁ)d‘f_Ezr_m}’ R R
because the following equation is valid
T1 a r alh r_a
[en(eR)n(eRe=55 >3 G139
0

The transverse force Q for r/h<a/h is similarly given in the form
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_P ) _6(l-p) (-31+%‘ Fi(¢,8) (1+15))
Qr == - ™ ,f(l + 16) F(f B}

a

(3.139)
< (ef) nlefoet 32

Modifying the expression for bending moment in the plate (3.128) the relationship is as

follows
{![( ~irm e P g

n(e5) | (e)ee

*h@ﬂ‘“‘”%

h

(3.140)
alh
m},fﬂrr}h}a{h
+
—(1+p)
2an(l = 1) aﬂl}’fﬁr rih <afh
because of the validity of
r_a
fJo(E n(eg)ee=o0, 7>% (3.141)
T r a 1 r_a
Jo(ep) n(ep)ee=am  f<i (3.142)
0

and at the same time of the validity of (3.138).

It can be seen from equation (3.140) that there is a discontinuity for »/A=a/h as a con-
sequence of the curvature change caused by shear deformation. From the practical point
of view it is better to neglect this specific influence of the more precise plate theory and to
consider the relationship for bending moment M at 7=0 in the form

G

]

(3.143)
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The relationships for bending moment M, (3.132) and (3.133) can be arranged in the
same way.

For the sake of numerical calculation the limit values of functions F(¢, f—0), F', (¢, f—0)
for dimensionless frequency f—0 have to be obtained.

According to equation (3.115) it follows that

F(&,8=0) =§4—L{;’]G€ g, 6=0) (3.144)
if after equation (3.116)
1+ié
R8>0 =15

) [(252—5 ) —ag \Jg@ -} o e - e e IE}
> m

=l 2
= 1+ie: & - Ell+m

(3.145)

_s (1+i8;) &2 — &3
1+i8 &3

The limit values of the sub-integral functions in the expressions for the state vector compo-
nents are at f/—0 and at the same time {—0. The following equations are valid

1 a 2
mw=— |—— — = (3.146)
p0n Ga | dmh G (14i8) (¢ - €3) '
limM, =0 , limM, =0
A0 a0 (3.147)
£—0 £
lim =0
40 e (3.148)
£
limg = 0.
40 (3.149)
-0

Motorway pavement structure under construction

The numerical calculation of state vector components is performed for the equivalent plate
on a subgrade with thickness 4, which substitutes for the motorway pavement structure
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under construction. The structure on the subgrade is composed of a 25 c¢cm thick sand-
gravel layer, then a 24 cm thick layer of cement stabilization and a 4 cm thick asphaltic
layer of coated sand and gravel.

According to actual measurements on pavements under construction [1.14], we con-
sider these characteristic parameters for calculation:

G/G=0.02, a/h=1.0, &,=c,/c, =6.518, & =c,/c =3.12, u=0.30, 1 =0.35, 6=0.10, 6 =0.20.

The numerical calculation was performed for 20 different frequency values f at the
interval (0.1-5.0) and for =0, the state vector components being calculated at =0, r=h,
r=2h, r=3h, r=5h and r=10h.

The approximate (but in practice sufficiently precise) values of the improper integrals
were obtained by numerical integration over the interval &=(0.0-20.0). Because of the com-
plex sub-integral functions for every state vector component the real part, the imaginary
part and absolute value and phase angle were determined.

The variations of dynamic dimensionless deflections wGa/P with the ratio r/A at the dimen-
sionless frequencies =0.1, 0.2, 0.5, 1.0, 2.0, 3.0 and 5.0 are plotted in Figs. 3.12-3.15.

M~ A =0.10
1.0+ ~ ¥ A =1.8h
. c =0.188¢,

-0k f =0.20
T A =B.0h
S W ¢ = 0.255¢,

Fig. 3.12. Variations of dynamic dimensionless deflection wGa/P with ratio »/h at
frequencies f=0.1 and $=0.2.
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According to the stationary part of the linear course of the phase angle ¢ , the wave-
length A and phase velocity ¢ were determined and they are recorded in Figs. 3.12-3.15.

If the values of ¢/c, versus h/A are plotted (Fig. 3.16), it can be seen that they correspond
to the theoretical dispersion curves for flexural stress waves in a plate under the influence
of shear and rotational inertia. This is proof of the correct numerical calculation too. It is
interesting that at the frequency f=3.0 a transition of the phase velocity values from the
basic dispersion curve to the dispersion curve of higher forms sets in. The propagation
of stress waves in the range of this transition is interrupted, as can be seen in Fig. 3.15 at

frequency f=3.0.

~0.5

i i =0.50
“\\ A =5.35h
i X W c =0.426¢c,
A
o W
e \\\(\‘g
b \\ \\ ?1’.--—-,..:_‘-.\-.__\_‘ 10
L N — r/h
4‘-‘"\-\.““
\\.
- wl N ) L5
\< W
~
~
\\
- “‘\\ L-10
‘\\ ‘p

--20

Fig. 3.13. Variation of dynamic dimensionless deflection wGa/P with ratio r/h at frequencies

£=0.50 and f=1.0.



136 Dynamics of Pavement Structures
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Fig. 3.14. Variation of dynamic dimensionless deflection wGa/P with ratio r/h at frequencies
£=2.0 and p=5.0.

“oTr B =30
|‘\ waves do not propagate
I \\(w.
Al
A
wy s 5 10
LL -~
rih
————— =
TN
~
01t 45
I P
wGa
P

Fig. 3.15. Variation of dynamic dimensionless deflection wGa/P with ratio r/h at
frequency f=3.0.
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Fig. 3.16. Theoretical and experimental relationship of velocities c/c to A/A in the plate.
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Fig. 3.17. Variation of dynamic dimensionless subgrade reaction gah/P and transverse
force Qa/P in the equivalent plate on subgrade at frequency £=0.2.
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Fig. 3.18. Variation of dimensionless bending moment Ma/Ph with the A/A at
frequency f=0.2.

The behaviour of the dynamic dimensionless subgrade reaction gah/P, bending moment

Ma/Ph and transverse forces Qa/P in the equivalent plate are plotted in Figs. 3.17 and 3.18
for the frequency $=0.20.

wlrih=0] [4

Fig. 3.19. Variation of dimensionless deflection wGa/P with frequency f.
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Computed variations of dynamic values for the state vector components, i.e w(r/A=0),

q(r/h=0), M (r/h=1), Q (r/h=1) with frequency f3, are shown in Figs. 3.19-3.22.
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Fig. 3.20. Variation of dimensionless subgrade reaction gah/P with frequency f.

-0.20

0M5 =~

-005F

Mfrih=1)

030H
Ma
Ph
015

Fig. 3.21. Variation of dimensionless bending moment Ma/Ph with frequency f.
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For f—0 the problem is approaching to the static case. The variations of the values of
wand g, in Fig. 3.23 and the values of M and Q. in Fig. 3.24 versus the ratio 7/ for =0
satisfy the condition of static load; that is, the phase angles are constant, and the stress
waves do not propagate.

Q.{rih=1) e

-001f

oo

002

Fig. 3.23. Variation of dimensionless deflection wGa/P and subgrade reaction gah/P with
ratio r/h at =0.



Variants of the dynamic theory of the equivalent plate on subgrade 141

5 10
——_|/"
[ —— e __ - -3
-\f} |
01 I‘.:]l:-Q,z 'P
B =0
Qa
P
B =0
M
,-~-—-5*/-= ~~-—__10
! rih
IMI
I . {13
\
|
|
041 | !
Ma e 46
Ph ¢

Fig. 3.24. Variation of dimensionless bending moment Ma/Ph and transverse force Qa/P
with ratio 7/h at f=0.

Motorway pavement structure

A similar numerical analysis of the state vector components was realized for a completed
motorway pavement with a cement concrete surfacing 24 cm thick.

Based on diagnostic measurements carried out on completed motorway pavements, the
following values of input characteristics are considered: G_/G=0.00423, a/h=0.548, ¢ =c,/
¢,=13.65, ¢, =c/c, =6.55, u=0.25, 1 =0.35, 6=0.10, 5 =0.20.

The computed curves of the dynamic deflection characteristics w,, w,, |[w|, ¢  versus
the ratio r/A for various values of dimensionless frequency S are plotted in Figs. 3.25
and 3.26.

The variations of dynamic subgrade reaction ¢, bending moment M and transverse
force O in the equivalent plate at the frequency values £=0.5 and =1.0 are plotted in
Figs. 3.27-3.29 and at =0, i.e for the static case, in Figs. 3.30 and 3.31.
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Fig. 3.25. Variation of dimensionless deflection wGa/P with ratio r/h at frequencies £=0.20

and $=0.50.
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Fig. 3.26. Variation of dimensionless deflection wGa/P with ratio 7/h at frequencies f=1.0

and f=3.5.
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Fig. 3.27. Variation of dimensionless subgrade reaction gah/P with ratio r/h at frequencies

£=0.50 and S=1.0.
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Fig. 3.28. Variation of dimensionless bending moment Ma/Ph with ratio r/h at frequencies

$=0.50 and =1.0.
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Fig. 3.29. Variation of dimensionless transverse force Qa/P with ratio r/h at frequencies
$=0.50 and $=1.0.
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Fig. 3.30. Variation of dimensionles deflection wGa/P and subgrade reaction gah/P with
ratio r/h at 5=0.
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Fig. 3.31. Variation of dimensionless bending moment Ma/Ph and transverse force Qa/P
with ratio r/h at f=0.
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Fig. 3.32. Variation of dimensionless deflection wGa/P with frequency p.
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Fig. 3.33. Variation of dimensionless subgrade reaction gah/P with frequency f.

Dynamic values of the state vector components w(r/A=0), g(r/h=0), M (r/h=1)Q (+/h=1)
versus frequency f are plotted in Figs. 3.32-3.35.
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Fig. 3.34. Variation of dimensionless bending moment Ma/Ph with frequency
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Fig. 3.35. Variation of dimensionless transverse force Qa/P with frequency f.

At the end of this numerical analysis it can be stated that the theory of the equivalent plate
with the influence of shear and rotational inertia, lying on the subgrade fulfils the dynamic
response of pavement structures in the frequency range=0.0-3.0 very well. This frequency
range corresponds to the basic dispersion curve of phase velocities of stress wave propaga-

tion. An example of the computer program is given in Appendix 1.

3.3.8 Comparison of deflections and stresses in layered pavements according
to theory of equivalent plate on subgrade and theory of layered half-space

A detailed study of the deflections, normal and shear stresses computed using the theory of
the equivalent plate on subgrade presented in this chapter, compared with the theory of the
layered half-space according to [3.12], has been performed in [3.13] for various structures

of layered pavements assuming static loading.
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Table 3.3. Composition of layered pavement structures.

Pavement Layer material Layer E(MPa)  Poisson  Density
structure thickness  for 0°C ratio e
(cm) 11°C U (kg/m®)
27°C for 00C
11°C
27°C
cement concrete 24 35000 0.30 2500
asphalt concrete 4 5700 0.21 2300
4200 0.33
right pavement 2000 044
cement stabilization 20 1200 0.25 2000
sand and gravel 15 300 0.35 2150
sand and gravel 15 120 0.35 2100
78 cm
mastix asphalt 4 7500 0.21 2500
5500 0.33
3000 0.44
asphalt concrete 6 7500 0.21 2400
5500 0.33
3000 0.44
asphalt concrete 5 7500 0.21 2400
flexible pavement 3300 0.33
3000 0.44
precoated aggregates 11 5700 0.21 2300
4200 0.33
2000 0.44
mechanically hardened 18 800 0.25 2200
aggregates
sand and gravel 20 120 0.35 2100
64 cm
30 0.35 1700
subgrade 45 0.35 1800
60 0.35 1900

Here we present only the results for one rigid pavement structure and one flexible pave-
ment. The composition of the layered structures, the layer thicknesses, moduli of material
elasticity at 0 °C, 11 °C, 27 °C and material densities are given in Table 3.3.

The computed radial nomal stresses o, at /=0 and shear stresses 7 at 7=a in pavement
structures under static load p=0.5 MPa, uniformly distributed on a circular area with
radius @=0.2033 m, are plotted in Figs. 3.36 and 3.37. The deflection values in mm and
vertical normal stresses ¢_as a subgrade reaction for temperatures 0 °C, 11 °C, 27 °C are
also shown.
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2 (r=a) 0 0.235 0.250 |0.0038 | 0.0042
a=0.2033m 11 0.242 0.251 0.0038 | 0.0042
p=0.5 MPa 27 0.244 0.252 | 0.0039 | 0.0043

Fig. 3.36. Comparison of stresses and deflections computed according to the theory of
equivalent plate on subgrade and theory of layered half-space for rigid pavement.

05 G, T (MPa) 1.0

e —— loyered system
E subgrade E;=45 MPa ---- equivalent plate
on subgrade
T=11°C T(oC) deflection (mm) 0;  (MPa)
G,[”U} laymed |eq. plate| laymed [eq. plate
T (rzq) 0 0.291 0.385 | 0.0092 | 0.0098
1 0.413 0.399 | 0.0100 | 0.0105
=0.2033
5205 MPq. 27 | 0466 | 0.425 | 0.0121 | 0.0121

Fig. 3.37. Comparison of stresses and deflections according to theory of the equivalent
plate on subgrade and theory of layered half-space for flexible pavement.

One remark has to be made concerning stress calculation below the neutral axis when
applying the theory of the equivalent plate on subgrade. The radial and shear stresses have
to be computed on the assumption that the loading p on a circular surface area with radius



150 Dynamics of Pavement Structures

a is extended with depth and the load p is reduced by the ratio (a+e)/(a+h ), where e is the
distance of the neutral axis from the surface and 7, is the distance of the i th level from the
surface.

Comparison of the values computed according to the theory of the equivalent plate
on subgrade with the values obtained using the theory of the layered half-space indi-
cates a very good level of agrement. However the fundamental advantage of the model
of the equivalent plate on subgrade is the possibility of solving of decisive typical
problems of pavement dynamics that cannot be solved in a simple way using the model
of the layered medium.

3.4 Technical theory of plate on subgrade

The relative complexity of the model of the equivalent plate on half-space suggests that
one should study and analyse the variants of technical theory for a dynamically equivalent
plate on a simplified model of the subgrade.

3.4.1 Dynamic simplified model of soil base

The simplified models of the soil base, the characteristics of which are described by
two or more parameters of elasticity, form the transition between Winkler’s model and
the half-space theory. Such models have been presented by Filonenko-Boroditch [3.14],
Pasternak [3.15], Vlasov-Leontjev [3.16] and others [3.17].

A dynamic simplified model of the soil base may be established by a differential equa-
tion of motion in the form

KsVw — Kyw — gng.% +4q(r,1) =0 (3.150)

where w is vertical deflection, ¢ is vertical dynamic load, K is the coefficient of uniform
compression in N/m’, K, is the coefficient of shear transmission in N/m, K is the coeffi-
cient of equivalent inertia in m, the operator 572 in the case of axial symmetry is given by
the relationship

R ) (3.151)
r

o rd

and 2z is the material density.

Assuming, stationary dynamic problems, the viscoelastic behaviour of the
subgrade material may be determined by means of the complex -characteristic
K} = Ki(1+i6;), K3 = Ka(1 +16;), if 52 is the damping parameter. The values of this
characteristic may be determined on the basis of dynamic experiments performed on real
subgrade [3.18].

The coefficient of equivalent inertia, K., can fulfil conditions for various behaviours of
the simplified model of the subgrade [3.19]. For instance, if we assume K, is a constant, we
can require its determination from the condition
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K
e . 3.152
iz QzKﬁ ( )

where ¢, is the velocity of surface-Rayleigh waves. Supposing the deflection w(; #) takes
the form

w(r,t) = wnHéz}(&r) eht (3.153)

where H{?(ar) is Hankel’s function, a=27/A is the wave number and o is the angular fre-
quency, then from the homogeneous equation (3.150) we can obtain

—K30® — Ki + . K3u? = 0. (3.154)

Using the expression w=ca, where c is the phase velocity of stress waves the following
relationship can be obtained

f K KIA?
= = 1 3.155
= CRy 1+K2&2 Chsz 1+K24ﬂ‘2 ( )

It can be seen that at higher frequencies, when A—0, the phase velocity ¢ approaches the
velocity of surface waves c, . The phase velocities ¢ increase with increasing of wave-
length A. This variant of inertial forces leads to behaviour that matches quite well the
response of real soil bases.

The other formulation of inertia forces may commence from the condition that the stress-
wave velocity is equal to the velocity of surface waves at very low frequencies. In this case
we do not know the expression for coefficient K, as it is a function of variable r, but it is
possible to formulate the condition as an equation of deflection transforms after Hankel’s
integral transformation of the homogeneous equation of motion (3.150). The condition is
fulfilled if the following equation for the transform of inertia coefficient "K is valid

K 1
HKs = — . (3.156)
2:Cpy &
Then the phase velocity of stress-wave propagation is determined by
Kg(‘tf? KQ, 4??2
=cpe 4/ 1 =cpatf 1+ —. 3.157
c=cre g1+ = =cn K A2 (3.157)

The third variant of inertia forces, which is the closest to the homogeneous half-space, is
obtained from the condition that the phase velocity ¢ is equal to the velocity of surface
waves ¢, in a whole frequency range. The transform of inertia forces is expressed by "X,
in the form
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K +K2(_t2

HK —
3=

(3.158)

The simplified dynamic model of the subgrade with three characteristics gives the basis for
the conception of the technical theory of the plate lying on subgrade in dynamic problems.
The advantage of such an idea is that dynamic characteristics and subgrade reaction can be
formulated directly in a diferential equation of motion of the plate for the cases of complex
layered subgrade too.

If the subgrade reaction ¢ in diferential motion equation (3.101) is expressed according
to the subgrade equation (3.150) for the simplified dynamic model of the soil base, the dif-
ferential equation of the plate on subgrade will be obtained in the form

1 Bz‘i’zw Kz Kg 1 5'41-9
FA w22V R T _ L -
VeV w (c§+c§) o DvW+Dw+c§cﬁ 3

(3.159)
oh Pw  p,K3 Pw

_p
"Dt D e "D
3.4.2 Dispersion curve for stress-wave phase velocities and coefficient
of equivalent inertia

The technical theory of the plate on subgrade will reflect the real dynamic behaviour of
the system if the curve of dispersion of phase velocities for quasi-flexural stress waves
corresponds to a free plate in the high-frequency range, and in the low-frequency region
will approach the velocity of surface waves in the subgrade as a consequence of the plate
contact with the subgrade.

Assuming the deflection w(z;, #) in the form (3.153), then by substitution into the homo-
geneous differential equation (3.159) the following relationship is obtained

3 D cich D

aa_(é+l)azwz+£ R T N LT
3 R

By using the expression w=ca the biquadratic equation for phase velocity ¢ is given in
the form

oh 22 Ksp c2ct
c4—cz(c§+cﬁ+5 ;;‘—F Dz ;2'1

(3.161)
K:1 K; 1
32 (142 ’ = 0.
TR Dr12+D o

The dispersion curve of quasi-flexural waves is expressed by the relationship
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2
(c_‘;) =Py—+/P—Qy (3.162)

where
1 £ 3k ko K;
Py =
21— 2) * 41+ p) + (1 + p)ah? T o0+ wath? (3.163)
Qo = - PR T U 3.164
"1+ D 2T D o (3.164)
and

JE
Cp = -
7

Assuming the formulation of inertia forces in the simplified model of the subgrade given
by equation (3.156), the expressions can be writen in the form

2 Py
o=t Gapa o

(3.165)

Q0 | Qs
Q{|=Q1'*-‘:wﬁ-&’,—h‘1

where P, P,, P, and O, O,, O, are functions of the material characteristics of the plate and
subgrade and plate thickness / only.
In the limit a—0 the ratio (c/c )’ is given by the relationship

_ Qo 0

2
[
]im(—) =55 = 3 - 3.166
a—l) Cp PI}+ II'P% . Qi} 2P3 C% ( . )

We can see that the phase velocity ¢ approaches the velocity of surface waves in subgrade
¢, at low frequencies, when a—0.

The same result may be obtained for the formulation of inertia forces in the simplified
model of the subgrade given by equation (3.158).

At very high frequencies when the wave number a—co, equation (3.161) is reduced to
the form

c* — (3 +cg) + i = 0. (3.167)

One root of this biquadratic equation corresponds to the velocity of the surface waves c,
in the plate medium.
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The dispersion curve of phase velocities for quasi-flexural waves of the plate on sub-
grade derived on the basis of the differential equation (3.159) with the definition of the
equivalent inertia coefficient given by equations (3.156) or (3.158) fulfils the real limit
conditions.

If coefficient of equivalent inertia K is assumed constant, then it cannot fulfil the limit
condition for a—0, but its use is adequate, because the real subgrade is inhomogeneous,
and surface-wave velocities increase with increased wavelength.

3.4.3 Axial symmetric dynamic load of unbounded plate on subgrade

The basic dynamic problem is a plate under an axial symmetric load of vertical harmonic
variable force P(¢)=Pe!*’. For pavement structures, it is a dynamic load on a circular area
with radius a.

The general form of the operator

&
ar?

1

14 &
2 _ B T
vi= +r3r+r23:,o2

in equation (3.159) is reduced to the form

& 148
vz - .1
6:2 r or ' (3 77)

By using Hankel’s integral transformation on the equation of motion (3.159) after the
relationships

Hyla, 1) = fr w(r,t) Jo(ar)dr

- (3.178)
”p(u:.. 1) = fr plrt) Jolar)dr
0
and supposing harmonic vibration
(o, 1) = Tw(a) e
(3.179)

(]

"plat) ="p(a) e

and complex characteristics of elasticity, we obtain the equation
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Ef ;]2 D D= c;z Cttz D*
(3.180)
K3 ol 7P
D D+’
The deflection transform after rearranging is given in the form
Hp,e2
H 143
W=s—pF——F"—7+~ 3.181
o F(&,B) G180
if
1 —;L 1 Kih
6 _ R T
K:ht (1—-p)
2 | By |
+ [D. o (1+16) (3.182)

60— #] 60— Kihe.
14+ k:Go(1 +i8)

where the dimensionless quantities ¢ (wave number) and £ (frequency) are expressed by
the relationships

Eah (3.183)
g=h (3.184)
c2

¢z = /G/p is the velocity of shear waves in plate medium.

3.4.4 Solution in integral form

The transform "p for the case of uniformly distributed load of intensity p on a circular area
with radius a is given by the relationship
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juot
i _pati(aa) e P Ji(aa) ot (3.185)
o @

where P is the amplitude of total vertical force.
Using the inverse of Hankel’s integral transformation the deflection w(7; ) according to
equation (3.181) is obtained in the form

w(r1) =

2
ph g 121 — }af£ Jo(€%)de (.156)

{'I +18) F(&,8)°
The subgrade reaction according to equation (3.150) can be expressed in the form

q = (K} — o K3)w — K3 VW (3.187)

and then by the relationship

ar.1) = p & 12(1 “2)% / (1+i8;) Fyl B) J1(&5) Jo(€f)d€ G.158)

(1+18) F(E, 5)

where

K‘lfl K]h_t_)z 3-2

Fyl€,8) = 5“ T E S TRGai+ e

(3.189)

According to the more accurate theory of a plate subject to shear and rotatory inertia [3.10]
the expression for function w, has to be derived. For the motion of a plate element in the
vertical direction (the derivation and description is in [1.13]) the equation is valid in the
form of equation (3.123) or, after Hankel’s integral transformation and supposed harmonic
vibration in the form of equation (3.124).

Substituting (3.185), (3.181) and the transform "g and by inverse transformation the
function w, is given by the relationship

- Fi(€,8) J1(£2) Jo(€5)d
w(r 1) = ph i 12(1}!,; )a/ 1(€,8) ;(i,,ll o(€4)deE G150
0
where
B 3 (1+i6,)2(1 +p) (Kth  Ka ,
Fl{g’m_[&z_nmmﬁ (1+i8)k (E *En )
(3.191)

(1+i6)o. Kih B 1 1
- (T+i0)e Geren &) FEB) 6r(1 - p)&
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The bending moment in the radial direction, M, is defined by equation (3.127), and after
substituting (3.190) and rearranging, the following expression is obtained

wl [ o L
M, =phe % [ Fu(e.9) [J'u (67) -1 -p) %i"}]h(ﬁ%)d{ (3.192)
L]
where
M(E, 3 1
Fu(68) = £6) (3.193)

F(§,8)  6x(1—p)

if

2g2 1+i6z)2(1 + p) (Kih  Ka€?
M("’f‘-ﬂ]=Ed_n(f-fi53+{(1+i£)] : p ) (%“LELE)‘C'E
(3.194)
C(1+18) o Kih
(1+i8) o Gik:K

The transverse force on the plate, O, given by equation (3.134), after substituting (3.186)
and (3.190), is obtained in the form

O, = phe''6(1 - #)%fﬂz(fﬁlh (&E)h (E;:)dﬁ (3.195)
0
: 1
Fol(€,08) = gfé g (e (3.196)
if
o e (1+i6;) Kih K&
(3.197)

(1+i8) o Kih B
(1+i8) o G.k, &

5

With regard to the validity of equations (3.138), (3.141) and (3.142) the expressions for
bending moment and transverse force may be modified as follows
for w/h>a/h
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it T . r J(ED)
M, = phe g{!%[h(e;) - -;1)%?15(5: d

(3.198)
alh
*W}
O, = phe“'6(1 — p) {ng’ﬁ)J G ).ﬁ( )df
(3.199)

1 a/h
6(] —p) ?.rﬂi

The bending moment M at 7=0 for a plate on subgrade is given by the relationship

M,(r = 0) = phe 2 [F (H‘”} (g%)de, (3.200)

All components of the state vector for a plate on subgrade are determined by improper
integrals. The sub-integral functions are complex functions of a real variable, and have no
discontinuities in the region of integration. The integrals converge and can be evaluated by
using numerical integration and computers with satisfactory precision for practical use.

3.4.5 Solution in closed form

The deflection transform "w was determined in its general form by equations (3.181)
and (3.182). Hankel’s transform of concentrated force with amplitude P is given by the
relationship

p=— (3.201)
Using the inverse of Hankel’s integral transformation the dynamic deflection is

Pt 6(1 — 12) T EJo(€E)
wEh(1 + i8) F(g,0)
0

w(r,t) = d§ (3.202)

If the Bessel function Jo(£7) is expressed [1.18] by the relationship
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oo

Jo (f%) — ?j(eig(r[h] coshu e—i!;'l,‘rfﬁ]whu)du (3.203)
0

and substituted into equation (3.202), the deflection after modification is given in the
form

Flﬁ 1-— il }el-;-‘f = 53 —if(r/h) cosha
W) = a Rt 1 10) w2 ER(1 +i8) fd” f COF(E ) dg. (3.204)
-0

The interior integral computed by using the method of residua in the lower complex half-
plane is expressed in the form

> £3e-iE(r/h) coshu 2 [ £3 emitlr/h) coshu ]
2 df=-2mi —_ 3.205
f F(E. B) 2 lee—aearas,, (3.203)

—C

if

_ 32 l—;;,+l)_xgh
T 1+ié 2 K D+

Kipt (1-p) B 6(1-pf
D* 2k (1+i8)" (1+16)

(3.206)

B =

¢, ¢, ¢, are the complex roots of the bicubic equation F(¢, £)=0, which can be determined
in the lower complex half-plane. Because of the validity of the equation

m

0

2i ;

_1f o ibe (r/h) coshu g, Hrélzl (‘5‘: ;:) (3.207)
0

the dynamic deflection of a plate on subgrade is determined by the relationship

—Pe3(1 — )i & @ (o7
Hy' (&)

W) = TR v i) 2436 24 1 B

(3.208)

where H{'(&#1 is Hankel’s function with the complex argument.
The solution of equation (3.208) offers the possibility of obtaining expressions of similar
structure for other components of the state vector.
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3.4.6 Compensation of subgrade inertia by coefficient
of mass increase of plate

The relatively complex solutions from the previous section, which are too complex for
practical numerical analysis, force us to find the possibility of simplified solutions.

If we assume that the inertia forces of the subgrade are included in the inertia forces of
the plate by means of the coefficient of mass increase of the plate, &, then the differential
equation of motion for a plate on subgrade is determined in the form

1 FVw K K‘
22, L 2 2 -1
VeV w (c§2+ ’2) 3 Vew + R W

(3.209)

N 1 0“w+kdghazw plr.t)
csteit o D o D

where the coefficient of mass increase, &, is a constant for every frequency of stationary

harmonic vibration. Provided that w(z, t)=w(r)e*’, the homogeneous equation (3.209) may
be writen in the form

(V247 (VP+E)w=0 (3.210)
if
Y =p+ 3
vh =p -
and

(3.212)

b=

o [(1-_“ 1) F K 12(1-p 2)(1+15,3]

2 TR)T+6 ER (1+i6)

Kih 1200 - p2)(1+i&) | (1-w)B*  6(1 - whaf?
92\/{!;32[? 1+i6 +zﬁ(1+i5}z' 1+i6 ]} (3.213)

f is the dimensionless frequency according to equation (3.184); 4 is the plate thickness.
Equation (3.210) can be expressed as a system of Bessel equations:

Pw 1dw
a rar

w=10
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d*w 1dw
+_ —+Aj'2

- - 3.214
dr?  r dr w=0 ( )

and the solution of the homogeneous equation (3.209) is obtained in the form

w(r)=A lJo(ylr)+A2Y 0(yr)-&-/;[3Jo(yzr-l-/l N 0(sz) (3.215)

whereJ (7, ),J,(7,,) are Bessel functions of the first kind and zero orderand Y (y, ), Y (7,,) are
Bessel functions of the second kind and zero order. 4,, 4,, 4., A, are arbitrary constants.

Because the arguments y,, y, are complex, it is better to write the solution (3.125) in the
form of linear combinations of Bessel functions

w(r) = A} HY (m h) + Ay HPY h) (3.216)
where

=Y,k 1,7y, (3.217)

Hankel’s functions HS?, H{". i.e. Bessel functions of the third kind are solely from Bessel
functions which approach zero by the infinite values of complex arguments. The bound-
ary conditions for »—oo are fulfilled in this manner as from a physical point of view it is
evident that w(r)—0 for r—o0. A}, A3 are arbitrary complex constants.

Hankel’s functions Hff’ converge on zero for r—oo if complex roots #,, 77, have a posi-
tive real part and a negative imaginary part whereas Hankel’s functions g converge on
zero for r—oo, if complex roots 7, 77, have a positive real and imaginary part too.

The complex constants Aj, A3 are determined from the conditions that the deflection at
r—0 is finite and the transverse force of the system concentrated on a circle with radius
is at the limit at »—0 equal to the concentrated force P,

The imaginary parts of Hankel’s functions have the members 2In '%:’ and 2In'ZF which at
r—0 approach the infinite. The condition of finite deflection at /=0 gives the equatlon

Allnr+Allnr=0. (3.218)

It is evident that the following equation has to be valid
A = -4 (3.219)
The transverse force of the system that is necessary to express the second boundary condition

cannot be identical to the transverse force of the plate. Starting from the differential equation
of the system in the form

I P
22 2
V"\_f’w+ T-"w+h—2w_D

(3.220)
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we can see that the increase of transverse force of the system, i.e. (£ + 1) Q4 is expressed
by members D*(V2V2w + 38 V2w). Then the transverse force of the system Q_is given
in the form

Q d3 1 dz_w — l _HP 1 ;P 3.221
Dt e e (3.221)
The second boundary condition has the form
P
(Qm - ﬁ) = (3.222)
As the following relationships are valid:
&o1d 1 i) o (,}i) 7 H? (ﬁ. ) (3.223)
d "rde Rdr) 0 \'n/ TR h '
d e (N g T
& (o) =2 o)

and the function EH Ez}l:'ifi) in the limit transition for »—0 is approaching i2/nr, the bound-
ary condition (3.222) has the form

("2 2*’) 2 A (1‘5 - Zi”) %: L (3.225)

h? k2 h h? 2mr D

By using equation (3.219) the following relationship for Aj is obtained:

PR2 1 PR —P3(1—A)
aDi - 8DS  2ERS(1+10)

A} = (3.226)

and the dynamic deflection of a plate on subgrade is determined by the expression

) =y (18 (ng) ()] o)

3.4.7 Components of the state vector under a dynamic load uniformly
distributed on a circular area

The fundamental solution (3.227) for a plate on subgrade under a concentrated harmonic
variable force forms the basis of generalization for other axial symmetric dynamic loads.
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Let us indicate the arguments: n 1/h=¢,, n,7/h=¢, and, nn,a/h=a,, n,a/h=a, where a is the
distance of the concentrated force from the origin of the coordinate system. Then according
to Fig. 3.38 the distance between points A and B is determined by equation

1= \/ﬁ% + & — 2mm&) cos(V — ) (3.228)

For aload p e’ uniformly divided along a circle with radius g, the elementary deflection at
the point B with the coordinates (¢, ¢) under elementary load p1adi? on circle section gd
has to be expressed. In conformity with the fundamental solution (3.227) and by integra-
tion the deflection is expressed by the relationship

2w
_ it AT
_ =1 3(1 - )i f[f:;:‘l HO(z }_“ H (23)|dv (3.229)

2ERS(1 + i0)

Fig. 3.38. Scheme of distances.

and after substitution of the expression (3.228) and the same for z, the deflection is deter-
mined by the eqaution

__me“'3(1—#}r ah o [ o
w=-E s [ H \/c\ + & —2m&; cos(d — @) |dd

(3.230)

2x %
- uf% HY (\/ﬂ% + & — 2058 cos(d — tp))d'ﬂ} ; (3.230)
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From the theory of Bessel functions the formulae are wellknown [3.20]

Hy (\/a% + & —2m& cos( — ‘P))
(3.231)

=23 Tu(&r) HiP () cosn(d - ¢)
1]

for { <a, and

H (\/“'? +& =28 cos(d — ‘P))
) (3.232)
Z Tu(cr) HP(&) cosn(¥ — )
0

for £ >a,. The prime (*) by the summation sign signifies that for n=0 the expression has to
be divided by 2. Similar expressions apply for arguments a.,, £,.

By integration over the limits (0, 2m), only the first member from the sum, i.e for n=0,
is different from zero. Then the dynamic deflection expressed for ¢ <a,, {,<a., i.e for r<a
is given by the relationship

w=pe '*‘A'[ To(&r) Hy (en) —fffu(ez) H.?’(az]] (3.233)
and for {>a,, {,>a,, i.e. for r>a, by
Bl 4 # o {
w=p A [;:Ju(au HP (&) — =Ty (ag) HY (&J] (3.234)
where
. w31 —pdi
AT= ES(1+1i8)° (3.235)

For a harmonic load uniformly distributed on an annulus with radii ¢" and &', if a'<a" the
following expression is used

dﬂ'] h _ duﬂgh

= 3.236
M P T2 ( )

Ph=p
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The dynamic deflection for 7<a' is expressed in the form

n
) I

w=peah| [ % 5(e) HY(ar) don - [ 2 o) B eadon|  (3.23)
1

a3

)

As in general the following expression is valid
d
“ (2) _ 0 opyl2)
- [v O] =2 HZ, (x) (3.238)
and for n=1
f x HP (x)dx = x H (x) (3.239)

the resulting relationship for deflection at » <a' has the form

" We"”’f‘”l{ | (o) - o} H (o)) "”fif']
2
(3.240)
[ H@ 0dly — QL@ Jg(&]]}
[0‘2 1 (Q'z (¥ By ((12)] fé
and for 7>a"

W =pe"““"A'h{ [fx‘l.h (rx } — a] 1)] Hl] (&1} -

(3.241)

(2)
- [alglfl(-‘llzl) - ﬂIle(Olz)] HGT;:EZ)]}
2

For a point in the annulus, i.e for a'<r<a", equation (3.234) has to be integrated for a'<a<¢
and equation (3.233) for <a<a". The relationship is obtained in the form

4 &

W= peA” n{ f 2 o) HP () day — [ () (€2)do

1
@

f{;«-’ufﬁl)h’u (e )day — f Joléz) Hn)(oz)dﬂz}

HO
=pe"~'*A'f;{ [e1(6) — el ()] "qz(‘fl)
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—[&1(&) — abdi( ﬂ’z)]Hm &)/

[ HHm(ﬂ") le(z} &l}]fu(fl)f"ﬁ

(3.242)
~[af o} £2H[2)(£z)]fu(£z}ffb}
According to [3.20] Vronskian V' is valid for functions J and H;[,z:' in the form
2) - =2
V(J',.(x},H,, {x)) - (3.243)
or
) d H," (x) _HO () Y2 (3.244)
" dx Tdx mx’
In the case n=0 the following relationship is obtained
2%
—Jo(x) HP(x) + HP (x) 1y (x) = —T—’x. (3.245)

Applying this equation in equation (3.242), the deflection w in the point of annulus is given
by the expression
. 2if1 1 1 ) 3
wepetath -2 (5o 5) - Sed) B0 + 3 Ao 7 )
CIE z
(3.246)
1 1
+2F Jo(6) HY (@) -5 Jalex) HY (o }

For a load uniformly distributed on a circular area with radius a=a", i.e a'=0 or the deflec-
tion at <a" according to equation (3.246) and rearranged is given by the relationship

. 2i/1 1 ol
— il 4 ® _ = | I .H'[z] 1y
w = pe“’A*h { — (w_ﬁ 7,%) r o(&1) Hy" (e

(3.247)
ﬂ[[
- % Jo(é2) HY' (aéll}

and at 7>a" according to equation (3.241) by the expression
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i 2)
w = pean{ S ol B0 -5 ) HY @)} (3.248)

The state vector components for the case of a dynamic load uniformly distributed on a
circular area can be derived by applying equations (3.247) and (3.248) and the proce-
dures of the previous paragraphs. The dynamic reaction of the subgrade, ¢, is expressed
in the form

211 1
q= pe”'Ah{ l(——n—2)+J’0£] ':",'J }[IK‘+K5 ]

(3.249)
il
= Jol&) By (o) [‘? Ki+ K332 }
for r<da", and
o o Il
q =pe“'A’h { (o) Hi (&) [ > K} + K; hz}
(3.250)
1y gy(2) 9—’121 af—}
— Ji(ay) Hy" (&) {EKI + K3 'jl"i']
for r>a".
The transversal force Q. of the plate is given by the relationships
0, = pe'sGA"a"{ (1 - A} (&) HY (of!
(3.251)
~(1 - Ap(E)HP (o))
for r<a", and
Q, = pe'nG A"a"{(1 - A}y) h(a]) H (&)
(3.252)

—(1 - A}) L) HP (&)

for r = a'. A}, Aj; are determined by the relationships
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C (K21 +p) (1+i8)
A”‘(H Ehr(1 +10) )

(3.253)

_L[ # Kih2(1+p) (1+i8,)
knt |1 +i6 E(1 +i#)

. K2 2(1 +p) (1 +18;)
A = (1 T Ehe(1 +19)

(3.254)

1 [ 7 Kih2(1+p) (1 +i6, }]
_n_rﬁ[l-+-i<5 E(1 +16)

The radial bending moment of the plate is given by the relationships for r<a"

Mr _ _Dspuihfﬂn{ Il hz Hﬁ] gl} [_'-'rﬂ(&'l) + (1 ; #}JI (IEI }]

(3.255)

-3, 5 HP (o }[—Ju(m e )]}

and for r>a"

Mr=—D'PemA'h{ T y5) Jl( 1) [ Hy (&) + a ;H}Hﬁ(&l}]
(3.256)

12 hz -’1( [ H(EJ(E) a

E_z“} HF}(&)] }

3.4.8 Physical model of thin plate on subgrade with rigidity defined
by dispersion curve for flexural stress waves

Further simplification of the technical theory of the equivalent plate on subgrade, by ful-
filling the conditions of real behaviour of the system allows the application of a physical
model of a thin plate with flexural rigidity, which is a function of frequency and corre-
sponds to the form of the dispersion curve for flexural stress waves.

The differential equation of motion for a plate on subgrade is given in the form

” K3 K} oh &*w p.K; &w p
rA 2 - — e — . = e
VeVew D Viw +D‘ = Do D e D

(3.257)
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The relation between the plate constant D*=[ EA3(1+i5)]/[12(1—?)] and the phase veloc-
ity c of flexural waves in plate with wave number ¢, =27/A has been determined in [1.43]
by the expression

D = (1+i8) % oh (3.258)
0

where the phase velocity is a function of wave number a or frequency w. Because w=ca,,
equation (3.258) may be modified in the form

. (eN'GR

where ¢, is the velocity of shear waves in the plate medium, f is the dimensionless fre-
quency, and 0 is the damping parameter of the plate material.

If the phase velocity ¢ of flexural waves in the plate is expressed as a function of fre-
quency f according to the relationship that corresponds to the dispersion curve of flexural
waves in the plate, the dynamic rigidity of the plate given by (3.258) will replace the behav-
iour of the plate according to the more accurate theory described in previous paragraphs.

In [3.11] the equation for phase velocity c of flexural waves in a plate has been derived
in the form

2
(E) =P-\/PP—-Q (3.260)
C2
where
1 K A?
P=—+2 :
Tt 68 (3.261)
2K
=15 (3.262)
if

B (0.3? + 1_12#)3
- 14 p

Equation (3.260) expresses the form of the dispersion curve for flexural waves, which from
the practical point of view is identical with the form of the exact solution according to elas-
ticity theory. Replacing the wave number with the dimensionless frequency £, substituting
into equation (3.258) and rearranging the plate stiffness, D* is obtained in the form
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2
J‘l 1 ;1 2 - ls—ﬁu {‘82 - IZK:]
2F = 12n)

1—,!‘1
(3.263)

D" = GH(1 +i6)

For f—0 the stiffness value has to be D*=[Eh*(1+i0)]/[12(1—?)]. It is necessary to take
care of the D* evaluation in the region of =12k when the ratio forms indeterminacy of
the type 0/0.

By a harmonic variable dynamic load it is sufficient to compute the plate stiffness
D* according to equation (3.263) and to solve the vibration problem of a thin plate on
subgrade.

Let us summarize the relationships for the state vector components of the thin equiva-
lent plate on subgrade with the compensation of the subgrade inertia by the coefficient of
the mass increase of the plate, k, under a harmonic variable load uniformly distributed on a
circular area with radius a". By using the analogous procedures as in previous chapters the
same relationships for deflection and subgrade reaction are valid, i.e. (3.247), (3.248) and
(3.249), (3.250) respectively. In these expressions the quantities f;% =p+ 9, r]% =p-—-
are given in the form

2
_Ksh (3.264)
2D+
K] h Gkgd?h?
= \/{pz D“ - T D (3.265)
The complex constant A* is expressed by the relationship
h3i
At =— 3.266
4D ( )
The radial bending moment of the plate M is determined by the equation
L [Pw poaw
M, =-D L‘}’Q +— p 6‘?] (3.267)
and after substitation M is given in the form for r<a"
M, = —D" pe~'A”h {:‘2 HP (ol [ no(g) + 9 5 W, {&}]
(3.268)

11
02 B (ol { Jot) + 02 : .rl{gz)”

and for r>a"
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11
M,,—.—D*pe”;;‘h{%;-ﬁ{a}‘ { ‘2'{.§)+{ 1 g g, )]
(3.269)

11

i) [—H:E”(&z) +~(i$3 Hy ({:}] }

The transverse force of the system, O _is in the case of a thin plate on subgrade determined
by the relationship

Qrs =-D

W—i_r ot 2 oar D orl|

Fw 1Fw 1 ow K ow
(3.270)

After substitution, derivation and rearranging the expressions are determined in the form
for r<a"

. of (i K3 @)
Qrs—DPAA {_(F+E)J(§)H (

(3.271)
A Bpona)
and for r>a™"
. ir »
0 = D'pe"”‘A‘{ = (g - gﬁ) ad) H (1)
(3.272)

o

_od (EJFK ) Tl )H{”(az}}-

3

T

The transverse force of the plate, O, may be expressed by equation (3.270)~(3.272) in
which the member with coefficient Kj/D* is omitted. This member represents the part of
the transverse force transferred by the subgrade.

3.4.9 Numerical results

Numerical calculations were performed by using computers for two variants of the techni-
cal theory of the equivalent plate on subgrade under a harmonic variable load uniformly
distributed on a circular area with radius a:

(a) for the solution in integral form;
(b) for the solution in closed form and compensation of the subgrade inertia by the
coefficient of the mass inecrease of the plate.

The numerical results were obtained for two types of pavement structures, represented by
the equivalent plate on subgrade:
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I. A highway cement concrete pavement with these input characteristics:

G /G=0.00423, a"h=a/h=0.548
g=c,/c, =6.55, g,=c,lc, =13.65
1=0.25, 1#,=0.35

0=0.10, 0=0.20

K h/E=0.000785, K /Eh=0.000825

II. A flexible pavement with these input data:

G /G=0.020, ah=a/h=1.00
g=c/c, =3.12, g,=c,/c,=6.52
1=0.30, ©=0.35
0=0.10, 0=0.20

K h/E=0.00192, K /Eh=0.00673

The numerical calculations were realized for 18 different values of dimensionless frequen-
cies in the interval (0-3.0) or (0-5.0), and the state vector components were obtained at
=0, r=h, =2h, r=3h, r=5h, =Th and r=10h.

A numerical solution according to variant (b) was performed for various coefficients of
the mass increase of the plate: £k =1.0, £ =1.25, k =1.50, k =1.75, k =2.0, k =2.5.

The variations of dimensionles deflection wE/ph, subgrade reaction ¢/p, transversal
force of the plate O/ph and bending moment of the plate M/ph*> with the ratio 7/h for fre-
quencies =0.5 and p=1.0 are plotted in Figs. 3.39-3.42. They are valid for pavement [ and
were obtained according to variant (b).

The variations of w, ¢, M and Q for =0 are drawn in Figs. 3.43 and 3.44, which show
the loss of wave character of the load process in the limited static case.

"'°|‘ =050
A =56h

¢ =0dbe,

Fig. 3.39. Variation of dimensionless deflection wE/ph with ratio r/h at frequencies £=0.50
and =1.0.



£=0.50 and p=1.0.

Fig. 3.40. Variation of dimensionless subgrade reaction g/p with ratio »/h at frequencies
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Fig. 3.42. Variation of dimensionless bending moment M/ph* with ratio »/h at frequencies

$=0.50 and $=1.0.
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Fig. 3.43. Variation of dimensionless deflection wE/ph and subgrade reaction g/p with r/h

in static case.
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B=0

-0.20

-0.10 \

Fig. 3.44. Variation of dimensionless bending moment M/ph*> and transverse force Q/ph
with 7/h in static case.
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Fig. 3.45. Relationship of dimensionless deflection wE/ph to frequency f.
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Fig. 3.46. Relationship of dimensionless subgrade reaction ¢/p to frequency .

Qlr/ih=1)

Fig. 3.47. Relationship of dimensionless transverse force O/ph to frequency £.
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Fig. 3.48. Relationship of dimensionless bending moment M/ph? to frequency p.
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Fig. 3.49. Influence of subgrade inertia on variation of dimensionless deflection wE/ph and

subgrade reaction ¢/p in equivalent plate on subgrade.
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Fig. 3.50. Influence of subgrade inertia on variation of dimensionless bending moment
M/ph? and transverse force O/ph in equivalent plate on subgrade.
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Fig. 3.51. Relationship of coefficient of mass increase of plate kd to frequency p.
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The computed curves of w(0), g(0), O(r/h=1) and M(r/h=1) versus frequency f are plot-
ted in Figs. 3.45-3.48.

Neglecting the subgrade inertia forces considerably influences the values of the state
vector components of a plate lying on a simplified model of subgrade. This can be seen
from a comparison of the variations of absolute values for w and ¢ in Fig. 3.49 and for M
and Q in Fig. 3.50. These results were obtained for flexible pavement II by using the solu-
tion in integral form, i.e. variant (a).

The computed values of the state vector components for various input data of coef-
ficient k, i.e coefficient of mass increase of the plate, give the opportunity to determine
for an arbitrary frequency f the value of &, in such a way that the values of state vector
components are approximately identical to the values of variant (a). The values of kd
versus frequency f for pavement structures I and II and by the identification of absolute
values (wE/ph)_,  or (q¢/p),, , are plotted in Fig. 3.51. Although the influence of pave-
ment stiffness and the given state vector component on the form of function £ ,(f) is
evident, in practice the approximate relation & (3) in Fig. 3.51 is useful in the solution of
a plate on subgrade according to the technical theory in variant (b).



4

DYNAMIC INTERACTION OF PLATES
WITH THE SUBGRADE FOR
CHARACTERISTIC LOADS

In the previous chapter the diverse variants of the theory of the equivalent plate on subgrade
were analysed in connection with the basic loading case: axial symmetric harmonically
variable loading of an unbounded plate on subgrade. Such a load is in the static case the
design load of pavement structures.

The aim of this chapter is the study of the other characteristic loading cases in the
dynamic harmonic regime. For the characteristic loading cases, we consider dynamic load-
ing at the boundary region of the half-plate on subgrade, the state of dynamic stress about
the cut transverse joint of the plate on subgrade, and the influence of the inhomogeneous
subgrade on the interaction of the plate with the subgrade.

4.1 The applied variant of the theory of an equivalent plate on subgrade

The simplest variant of the technical theory of a plate on subgrade that retains the essential
properties of real system behaviour is the physical model of a thin plate with flexural stiffness
corresponding to the curve of dispersion of flexural stress waves in connection with the sim-
plified model of the subgrade. If the compensation of the subgrade inertia, by the coefficient
of mass increase of the plate &, is used, the differential equation of motion has the form

K; K;  kaoh&w
22y — 22y, L, KAOTOW P 4.1
VEVew D_Vw+D_w+ D 92— D 4.1
in which D* is given by equation (3.263).
The operator 372 in a rectangular coordinates system is given by the expression

&F &
2 _
% _812+8y3' (4.2)
The bending moments M_and M are determined by the relationships
[Pw Pw
Me=-D (@ * “a_yz)
(4.3)

[ Pw Pw
M].= -D (@*{“pw}.
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The transverse forces on the plate are determined by the expressions

L0 [Pw FPw
L=-D'g (E "o )
(4.4)
a (Pw FPw
=-D'—|—+—
! dy (5::? N E}yz)
and the twisting moment by
My, =M, = —D*(1 — p) Fw 4.5)

Oxdy”

The equivalent transverse forces of the plate including the effect of twisting moments are
given in the form

= BMIJ,) O [PPw Fw
QJ.""(T:"“ 6}" =-D B _312+(2 #)6}.2d
(4.6)
- dMxy .0 [Pw Fw)
Oy = (Tﬁw) = DHlaETe-Maal
The transverse forces of the system (plate on subgrade) are determined by the equations
[FPw Fw K ow]
Q=D g5+ M550 " Do)
4.7)
[w Pw K3 ow]
QJ,-— -D '"é-ﬁﬂ'{z—pjw—ﬂxa-.
The reaction of the subgrade is expressed by the relationship
q=Kiw— K3Vw. (4.8)

4.2 Reduction of partial differential equation to an ordinary differential equation

The analysis of characteristic loading cases is possible if Fourier integral transformation,
with regard to one variable, is used according to the relationships
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I-.Jr(ﬂlﬂ} = %I’ [ f(x)eiﬂnfdx (4.9)
16)= [ @) dan, (@.10)

If we assume harmonic vibration with angular frequency w, then by using (4.9) in
equation (4.1) the ordinary differential equation is obtained in the form

a4 @ , K3 o 2K3 Ki kaohu\]g
e aye (2= ) + (et i - M)

4.11)
~ Tplag,y)
=Eor

where "w is the Fourier transform of the deflection and Fp is the transform of the external
load. The integration variable o, presents the wave number.

Let us assume the solution of homogeneous equation (4.11) in the form Fyy = ¥, After
substituting into (4.11), the following relationship for % is obtained

Ky . [K2 K;  kaoh
=2 _ 2 2 2 _ o, BdE 4.12
Tia =%t apr® \/41)*2 IR T (12

and the solution of the homogeneous equation has the form
Fw(ag,_y] = A1e™ 4 Aze Y + A3e™ 4 Ay, (4.13)
Provided the dimensionless variable
_y
n= T (4.14)
and dimensionless wave number

a=o,L (4.15)

the Fourier transform of the deflection can be expressed in the form

Fyw(a,n) = Ay sinh 7 4 Az cosh 1 + Aj sinh yan + Ay coshyan (4.16)
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if
, KJL* (KPLY KLY ghePLt ) M 2

m=|a + 2D+ (40-2 T D- kd) (*.17)
[ K32 (k2L KLY oh Lt N\ 2

Gl T (421:»2 o k‘i) (19

and L is the chosen length.

4.2.1 Application of the method of initial parameters

In the case of arbitrary external loading or for the solution of characteristic loading
cases the method of initial parameters is advantageous. The initial parameters are the
transforms of the deflection "w, angular displacement F¢ , bending moment "M and
transverse force "Q,.

In accordance with equations (4.16), (4.3) and (4.7), the equations are given as follows

1d%w 1
F _idw_ 1 .
plosn) =+ an T L (A1yi coshymy 4 Azyi sinhyim
(4.19)
+Aavy: cosh y1p + A4z sinh yon)
FM(a,m) = - % [A1(7] = o) sinhyin + Aa (4F ~ pa®) coshmin
+A3( — po) sinhon + A (7 ~ po?) coshyn)
(4.20)
* =y
FO(a,n) = —% {A1 [’ﬁ - ((2 —pa’ + K;;E‘ )j| cosh v
«r2
+A4, [ﬁ -mn ((2 - ol + KB{' )] sinhy1n
K12
+Az {1% -7 ((2 — p)o? + %)] coshyan
4.21)

+A4 [73 -7 ((z — p)o’ + Kg{‘z

o)
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For #=0 the following expressions are obtained
Fo, _
Wp = Az + A4

Fool = A1y + Az

F 4.22
MOL = A5 + Assz ( )
D+
FQGLS
D- =A1q1 + Asgz
where
s1= 7 — pa’
szzﬂé— V
2 4.23
@ =1 - (@ we + 57 (429

g2=7- ((2 wa? + %2 Lz)

The values of constants 4, 4,, A,, A, may be expressed from the equations system (4.22)
through initial parameters by the following relationships

FW{Q'! ?_T} = KWWFWU + Kw'pF':PE) + KWMFMG + KWQFQU

Fo(a,n) = Ko wo + Koy + Kou Mo+ K 0" 0o
(4.24)
FM(a,n) = Kaw" wo + K" w0 + Knan™ Mo + Kag® Qo

PQ(Q- n) = KQWFWO + KQ;-F'JPU -+ KQMFMG + K@QFQU

where K, Kw K 0o AT€ the influence functions summarized in Table 4.1. The matrix of
influence functions has a symmetric structure with regard to the upward diagonal.

The concept of the solution and derived expressions, as described, makes it possible
to analyse characteristic cases of dynamic loading at the boundary region or about the cut
transverse joints of a plate on subgrade and close to the sudden change of rigidity in the

equivalent plate on subgrade as a consequence of inhomogeneous subgrade.
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4.3 Dynamic load at the boundary region of a plate on subgrade

Although the design methods of pavement structures assume, as a decisive case, static
loading of an unbounded pavement structure, it is known that some components of the
static vector, by loading at the border of the pavement, may exceed the values of the basic
loading case. We shall attempt to solve, in the next chapter, the state of stresses by dynamic
loading about the border of the equivalent plate on subgrade.

4.3.1 Half-plate on subgrade

According to the scheme in Fig. 4.1 we assume a harmonic variable concentrated force

Pe“" acting at distance y, or dimensionless quantity #7,=y /L from the boundary of the half-
plate on subgrade.

For the region #<#,, i.e. zone I, the relationships of the Fourier transform components
derived in the form (4.24) and the corresponding matrix of influence functions in Table 4.1
yIM]

77, i’ﬁ‘f/‘"

Fig. 4.1. Schematic diagram of half-plate on subgrade and system of coordinates.

Table 4.1. Matrix of influence functions.

Fug Fon FMy FOy
_ — L — L 1 _ L} 1
Ky = f-n Kwp = fn-tim Ky = Ds-n Kwo = D g -aim
Fu(o,m) | x(—s2coshmp+ (g2 sinhy17— x(—coshyin+ (2 sinh yn—
+s1 cosh y21) —q1 sinhyn) -+ coshy2m) —71 sinh y21)
—1_1 — —_
Kow =155 Koo = zmierm Kom = o525
Fo(a,m) | x(—mszsinhmn+  x(mgzcoshmn+  x(—v sinhyn+ Koo = Kune
+7251 sinh y2m) +721 cosh 1) +2 sinh 1)

Kuw =535% Ko =~y
FM(a,m) | x(coshmn— x(qas1 sinh 1~ Kum = Ky Ko = Kup
— coshymn) ~q152 sinh 217)

Kow = o=
FQ(Q,T;) % (g152 sinh yyn— Koo = Kyw Kom = Kow Koo = K
—g251 sinh 127)
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For the region #>7,, i.e. zone II, the relationships of the transform components can be
established in the form

Fw(a,n) = BieM" + Bye™"

: 1
Fola,m) = E(Bl‘h{!""" + Byye™T)

(4.25)

*

D
"M(a,n) = — Iz (Bisi1e™" + Basye™")

. D* ,
F Q(Q:"?) — _ﬁ{ﬂlqle‘uﬂ + quze‘n i)

assuming that the complex values y,, y, have a negative real part. B|, B, are arbitrary com-
plex constants.

Assuming a free boundary of the half-plate on an unbounded subgrade medium, the
boundary conditions are determined in the form

FfMon=0)=0
(4.26)
FQo(n =0) =FQ,(n=0)

where "Q_is the Fourier transform of the reaction of free subgrade.
The reaction of the free subgrade may be determined by using the equation of the sim-
plified model of subgrade (3.150) in the form

&Pv :
~K;VP + Kjv + 0,K; a7 = 4l y)e (4.27)
if v is subgrade deflection.

By using Fourier integral transformation in the x direction the following equation is
obtained

K; Kju? £y Fg(ao,y) _

dz
FV+ — —Crf,,+ [ =
o Ki K._:

7 X (4.28)

The solution of the homogeneous equation is given for the transform of subgrade deflec-
tion v in the form

Fp =A e'ﬁy + B =TV (429)
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where

_ K K
5, =+ \/Kl +of — o, K (4.30)

Considering only the part of solution (4.29) which is in free subgrade with the distance
damped, i.c.

Fy =4 ity 4.31)

and the condition that for y=0 the subgrade deflection transform has to be equal to the
deflection transform of halfplate border, the following equation is given

Fy0)=A =Fwy. (4.32)

Then the reaction transform of the free subgrade *Q_is given by the transform of shear
force at y=0 according to the relationship

dfy

"0, =K; Fii 37 wo (4.33)
and in dimensionless form
0. =K; %Tsz.} (4.34)
if
To = \K ng +a? - -‘9—5%‘;5-—,"2 (4.35)

The contact conditions at the interface of zone I and zone II, i.e. at #=#, are given in
the form
wir=n)="wy(n=n,)
“o,(n=n )= 0, (r=n,)
M, (r=n, ="M, (=n,)
"O0r=n ) P= O, (n=n,)

where FP is the Fourier transform of dynamic load.

Substituting into the boundary conditions (4.26) and contact conditions (4.36) and
rearranging, the following system of equations for unknown quantities "w, L"p , B, B,
is obtained

(4.36)
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w, Lrg, B, B, Right-hand
side
ay, 12 13 e %o
Y 4y Ay oy %o
s 32 Ay 3 %0
a, Ay, Ay Dy )
where
1
ap = (=32 coshyim + 81 coshyam)
51— %2
w72
KLy,

D*(gam — q172)

1

(2 sinhyym — v sinh o)

i) = —————— {qz Sinh'ﬁm — Sinh"ﬁm}

211 — 172

aj3 = —1
3 = -1
ayg =0
K; L,
— _ * h g h +#—
an . _52( Y152 sinh -y + 728 sin '&2??1} D‘I[-ﬁ _52)
% (— coshy;my + coshyam)
a 1 (1192 coshyim — 12q1 coshyam)
n=——"—IM492 1T — 1241 I
2711 — q172

ap =-—-"n

ap = =72

(4.37)
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axy =0
5§
iy = 172 (cosh vy — coshym)
5 — &
K;Lzh.l"z
+ . (g2 sinhyym — g1 sinhyam )
D (gav1 — q172)
a -1 (g25) sinh sz sinhyam)
32 = {25 smnm — 2 sinh
B — iy '~ 4
az3 = 81
34 = 52
aso =0 (4.38)

an = —— (g1s2 sinhyim — qas1 sinhyam )
K3L . (—s2 cosh + 51 cosh )
D (51 = 53) 2 M + 51 12T

5152
g = (coshyym — cosh~m)
h 82

43 = g1
dag = g2
L3 .

dyn = — FP
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In the limited case when # =0, the coefficients of system (4.37) have the following values
K3 Ly,
an=1, ayn=0, an=0 au =—2D"

ap =0, an=1, an=0 ap=0

a3 =—1, an=-m, az=8, ai=q (4.39)

g =—1, ay=-7v, au=2=5, du=4q

ai=0, axp=0 an=0 ap= EFP
and the solution corresponds to a half-plate on unbounded subgrade with the dynamic force
acting at the boundary.
The equation system (4.37) is in general a system with a complex coefficients and the
unknown initial parameters “w; "o and quantities B,, B, are complex functions of dimen-
sionless wave number a.

4.3.2 Survey of relationships for state vector components
of a half-plate on subgrade

By using equations (4.24), (4.3), (4.5), (4.7), (4.8) and by inverse transformation the fol-
lowing expressions are obtained for the region 0<y<7,:

2w 7 F
w(g,n) = GL j [F woK e + TWKW + FQQGKWQ] cos afex
0

2P T[(KL  Kjo? F o
a&m =13 K—&— +3e )FWOKW + % Ky (4.40)
0

\ K3
+F QaGKup — L—ZG-sz] cos aédex
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where

F

w0
Kuz = © (—~2s; coshyn++2s coshyn) + ———
W= _52( V152 TN+ 38 1) py—m——

FO.GL? 1
D+ § — &2

% (7iq2 sinhyn — 43, sinhyn) +

X (—y1 sinh419 + 42 sinh4an)
e 1 1 1
M.‘r’(ﬂf: n) = EP‘[ [FWDE Ky + F*’F’ﬂ CL2 Ky + FQH T wa]
0

*% cos afda

ol
P 1
‘f ﬂ rf[ Wo— KQH.'"' %ﬁKMw'i‘ Qﬂwa] COSQ(Ed&
0

T D 1
M,(&,7) = —2P ] ok [—nﬁ (F wok o + anfxu..,ﬂ + PQQGKWQ)
0
- ,qug] cos Eada

2P 2 1 N

+K ] e sin fada
[D(1 - p)
= JL
My (€, m) =2P f lef (FwoLK g + 00K oy + F QoG LK u21)
0

x a sin o da

and for the region #>#, of a half-plate on subgrade in the form

191
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l':*.-|_,la|

w{"‘t‘-! T; f B.I e'?l ['}_’?lj + Bz e’u(’i'_ﬂi]) cOs f& d&
o

M,(&,n) =2P /% (—3151 enlm-m) _ B,g, e“[”"“j) cosfado
2P [ D
Q,(&n) = —Efﬁ (—Blfh anilnm=m) _ Bag, E"rziw—'n]) cos Eadar

]
D*

f Bl — 4+ #'}2) gtlr=m)
GL?

0

+Bs(—a? + pi) €27)] cos fada

Ki;L?
|81 (<2 + @ - st - B o

2P T D*
Qx{&:ﬂ'} =77 1
L !GL

w2
+B, (—az 4+ (2—p)¥% - KB{' ) e'-‘"‘:"“"‘:‘]a sin fada

M,y (&n) = 2Pf_'% [Bl‘?l enlm=m) 4 B~ e'n{u—m}']

x o sinéo da

(4.41))
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4.3.3 Numerical results

Computers were used to calculate the components of the state vector for the equivalent
half-plate on unbounded subgrade under a harmonic dynamic force Pe'’. The dynamic
force with amplitude P is assumed to be concentrated in the direction y and uniformly
distributed on the line segment 2a in the direction x. Then the force amplitude P may be
expressed as P=p2a, where p is the load segment intensity.

The Fourier transform FP is given by the relationship

a
Fp_ P 1 it ixz-{,— sinaga

2a 2 21 aga

—d

(4.42)

We shall present the results corresponding to the concentrated segment harmonic variable
load at the boundary of the half-plate on subgrade. Input data for the system present a
flexible pavement structure, which corresponds to a highway pavement under construction
composed of a 25 cm thick sandgravel layer, then a 24 cm thick layer of cement stabilization
and a 4 cm thick asphaltic layer. They are given by the values

/2 = 6.52, G./G =0.020
=030, =035
§=0.10, &, =020

L/h=125, a/L =0.8

Kik . 00499, K

el Gh = 0.01750.

The process of numerical calculation was carried out for 21 various values of dimension-
less frequencies f=wh/c, in the range (0-3.0).

The improper integrals used to define the state vector components, were computed by
numerical integration in bounded interval a=(0—40). The upper value of a represents the
Fourier spectrum component when the wavelength is comparable with the thickness of the
equivalent half-plate and in this way also ensures sufficient precision.

As the sub-integral functions are complex functions for every component of the state
vector the real and imaginary part and amplitude and phase angle ¢ have to be computed.
According to the linear variation of phase angle ¢ the wavelength A and corresponding
phase velocity ¢ may be determined.

The variations of dimensionless deflection wGL/P, subgrade reaction ¢L*/P, bending
moment M /P and transverse force 0, L/Pversus dimensionless ratio =y/L at the frequencies
£=0.1 andﬁ 0.5 and &=x/L=0.01 are plotted in Figs. 4.2-4.5.
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_enl B =04
SO A =0.93L

Fig. 4.2. Variation of dimensionless deflection wGL/P with ratio #=)/L at frequencies
$=0.1 and p=0.5.

fi=05
4 A=D42ZL
\ q c = 0.415¢c,
\

T
'ﬂll-,.

Fig. 4.3. Variation of dimensionless subgrade reaction gL*/P with ratio =)/L at frequencies
p=1.0 and p=0.5.
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1.0 1
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P
\ B =05
| A=042L
A ¢ =0419¢,

Fig. 4.4. Variation of dimensionless bending moment M} /P with ratio n=y/L at frequencies

$=0.1 and p=0.5.

" B=01
i A=084L
c = 0.187¢,

L-10

]

1

) B =05

A= 0420
c =0.419¢,

Fig. 4.5. Variation of dimensionless transverse force QyL/P with ratio #=)/L at frequencies

£=0.1 and p=0.5.
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p=0

Fig. 4.6. Relationship of dimensionless deflection wGL/P to n=y/L in static case.

The relation wGL/P versus y/L at the frequency =0 is drawn in Fig. 4.6. The phase angle
¢, with its constant course indicates that there is no propagation of the energy. The com-
puted curves of wGL/P, Q L/F, M/F. Q L/F, and M, /P versus {=x/L at frequencies =0.1
and $=0.5 at the halfplate boundary, i.e. at #=)/L=0.01, are plotted in Figs. 4.7—4.11.

B=o0a
A =086L
€ =0191¢,

Fig. 4.7. Variation of dimensionless deflection wGL/P with ratio =x/L at frequencies

$=0.1 and p=0.5.
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Fig. 4.8. Variation of dimensionless transverse force Q}:L/P with &=x/L at frequencies =0.1

and $=0.5.
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Fig. 4.9. Variation of dimensionless bending moment M /P with {=x/L at frequencies £=0.1
and $=0.5.
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The variations of wGL/P, qL*/P, Q L/P and M /P with frequency f are plotted in
Figs. 4.12-4.15. '

In the case of a concentrated harmonic force acting at a distance #=7,=0.25 from the
half-plate border the computed course of deflection wGL/P versus #=y/L for {&=x/L=0.01 is
plotted in Fig. 4.16 for f=0.1 and $=0.5.

w(0.01,0.01)

8

2

Fig. 4.12. Variation of dimensionless deflection wGL/P with frequency .

The other calculations were carried out for the half-plate on subgrade which is equivalent
to the behaviour of a rigid highway pavement structure. This pavement has the same struc-
ture as in the previous case but it is finished by means of a 24 cm thick cement concrete
surfacing. The input data are

c2fcy, =13.65, G./G =0.00423
p=025 p, =035
Lih=125, afL =0.0438
6d=010, &, =020

Kih K
G 0.00196, Gh 0.00206
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The computed values of dimensionless deflections, subgrade reactions, bending moments
and transverse forces in relation to the frequency £ are drawn in absolute values in Figs. 4.17
and 4.18 at the locations of concentrated dynamic load at points (0.0, 0.0) and (0.0, 0.25).

al0.01,0.01)

-6+

-4

-]
'0||—,_ao
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—

Fig. 4.13. Variation of dimensionless subgrade reaction ¢L?/P with frequency J.
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Fig. 4.14. Variation of dimensionless transverse force QyL/P with frequency f.
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4.4 Plate strip on subgrade

Let us assume an unbounded plate strip on subgrade according to the scheme in Fig. 4.19,
with a concentrated harmonic variable load P(z)=Pe* acting at a distance y, from the strip
border. We consider again the dimensionless coordinates &=x/L, n=y/L, n,=y/L, where L is
the width of the plate strip.

M,(0.01,0.01)

_3_2 —

Fig. 4.15. Variation of dimensionless bending moment M /P with frequency .

In the region of the unloaded plate strip the solutions (4.24) can be considered for the
transforms of the state vector components. At #=0 and 7=1 the boundary of the plate strip
that is in contact with the unbounded subgrade, is free. The boundary conditions at #=0 are
in the form

"M (7=0)=0
O (r=0)="Q,(1=0)

where "Q, is the transform of the free subgrade reaction given by equation (4.34).
At the section 7, <#<1 the following equations are valid

(4.43)
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Fw(n, a) = FwoKuw(n) + FooKus(n) + F QoKuol(n) — FP1Kuo(n —m)

Fo(n, o) = FwoKow(n) + FeoKpo(n) + F QuKeo(n) — "P1Ko(n —m)

FM(n, o) = FwoKane () + FooKue(n) + T QuKaro(n) — FPLKyg(n — m)

"O(n, @) = "woKgw(n) + "woeKo.(n) + FQuKog(n) — "PiKgo(n — m)

(4.44)

At the other border of the plate strip, i.e. at #=1, the following boundary conditions have

to be fulfilled

FM(n=1)=0

FQ(n=1) = " uln=1) = ~K; % "wil).

After substituting and rearranging, the following system of equations is obtained

F F, —
a, wyta, g=a,

F F, —
a, Wo+a22 ?y=dy

where
5152 KELZ"TI
ap = coshy; — cosh 4) +
$1 — 82 ( D (g2 — q172)
% (gzsinh 1 — g1 sinh )
a1z = e — 287 sinh T — 182 sinh 12
g2 — q172 4 1 )
L3P
awn

T DY — 12

(4.45)

(4.46)

(4.47)

(4.48)

] [ gasinh (1 —m) — g1 sinha(l —m)] (449
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Fig. 4.16. Variation of dimensionless deflection wGL/P with n=y/L at frequencies =0.1
and $=0.5 in the case of harmonic force acting at distance #=#,=0.25.
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Fig. 4.17. Variation of dimensionles deflection wGL/P and subgrade reaction gL*/P with
frequency f for various force locations.
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Fig. 4.18. Variation of dimensionless bending moments M/P and transverse force Qy/P with
frequency £ for various force locations.
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2K3 L%,
D+

ay = [Q152 sinhy; — gz5; sinh vy +

51 — &

% (—s2 coshy + 51 coshy)] (4.50)

Ksﬂ—n)z 1 . .
4 ~s sinh «yy — = sinh 2
( D) g = ?1'}‘2{ )

vy
/)

/L//////
'/ [/ /] Vs

Fig. 4.19. Schematic diagram of plate strip on subgrade and system of coordinates.

s2L K312, L
iy = coshy — coshy,) +
= — 52 (cosh ) D g — g1 @51)
x (gzsinhy — qsinhy,)
a -‘L—SPP[—S coshyi (1 — ) + 51 coshya(1 — )]
(4.52)
L? K;L%y,

“Dgm—aim) D P [yzsinhy1 (1 = m) — y sinh (1 —m)].

The unknown initial parameters "w,, f¢  can be computed from the system (4.46) and
according to the relationships (4.26) and (4.34) FQ, is given.
All these initial parameters are complex functions of the dimensionless wave number o.

4.4.1 Relationships for state vector components of plate strip on subgrade

In the region of the plate strip 0<<#, the relationships (4.40) are valid. For the region
7,<n<1 the relationships are obtained in the form
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o0

w(é,n) = G—i / [FWD Kuw(n) + Feo %quo('-'?) +F00GK,o(n)
0

GKWQ(n Tn)] coséa da

2P T (/KL Kic? F
Q(g:ﬂ)="§/{( é-’. + EG) [FWOwa(n)+%ngo(n)+

0

1 sing®

+7000Kug(n) ~ G Kialn) = 3= " GKugla —m)|
(L

K; 1 sin%® GL* 1

“GL [sz( )_E —C_;L;:" D sl—(—"(l sinhvi (n —m)

+72 sinh vy, (17 — m)]} cosfa da

1 1
My (&,n) = ZPX{ Wo*—'—KMw(??)‘FF%@KMw(??) +FQ0EKW(7?)

1 sin%® 1
T2 @ L

Kyo(n — m)] coséa da

0,6 = [ [0 g Kon(n) + g Kine(n) +*Quin(1)
0

1 sng

o wa(?? 1}1} cosfa da

Mx(E: ZP]GL3{ o |: Wﬂwa T})+ (PG%K ( )
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aa

ismL
ada
27 7

+'Q0GKywp(n) — GKyo(n—m)]

1 sinh® GL?> 1 .
+u [sz(n) TIn = po— (= sinyi(n —m)

+72 sinhy2(n — m))] } cos fada

2P | D 1
Qx(E) 7?) ff @ {_052 [FWUKWW(??) + F%ZKWVJ(T}) + FQOGKWQ (7?)
0

(4.53)
1 sings 1 sin% GL3 1
S K, — K, - L ==
Vi Qia_ G Q("? 7?1)1| + 2(7}') - ng D* 51— 53

X [=y1sinhy(n —m) + 2 sinhy(n — m)]} asinfo do

)

o0
D*(1-
May(6m) =2 [ 2 Pl K () + oK)
0

i aa
1 sing®
ada
27 T

+"QoGLK ym(m) — GLKum(n—m )] a sinfa do.

4.4.2 Numerical results

The procedures in sections 4.3.3 may also be used for numerical computations. With regard
to the high values of the arguments of hyperbolic functions which are situated in sub-
integral expressions and in equation system (4.46) too, especially at the high values of wave
number o or frequency S, double precision of computing is necessary, using computers.

Naturally there are no differences in the values of the state vector components about
the loaded border, calculated for a half-plate on subgrade or a plate strip on subgrade. It is
possible to provide results as evidence in support of the case of border loading at the point
(&=0, n=0). The half-plate or plate strip on subgrade are equivalent to a flexible pavement
with input parameters as in section 4.3.3.

A comparison of the computed values is in Table 4.2.
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Table 4.2. Comparison of values of state vector components for half-plate on subgrade and
plate strip on subgrade.

Frequency Absolute value of state vector components at the plate (&=0.01 #=0.01)
s halfplate on subgrade plate strip on subgrade
0.0 81.04 81.05

0.1 19[_ 48.02 45.69

0.2 28.52 27.84

0.0 7.58 7.58

0.1 gt? 5.32 5.18

¥

0.2 3.91 3.86

0.0 5.59 5.60

0.1 QEL 5.39 5.44

0.2 5.43 5.48

0.0 0.286 0.286

0.1 % 0.285 0.283

0.2 0.234 0.234

4.5 Dynamic stress state near cut transverse joints of the plate on subgrade

Rigid pavement structures are divided by longitudinal and transverse cut joints. These
joints are made in cutting the cement concrete surfacing to a depth that corresponds to
approximately one third of the concrete plate. After some time, as a result of volume
changes and traffic, the cut joints proceed as cracks through the whole thickness of the
plate.

The pavement structure cannot carry bending moments over in the direction perpen-
dicular to the joint. The ability to transfer transverse forces remains because the cracks
in the place of the joints have irregular contact areas. A similar effect may be assumed
to occur in the case of cracks in flexible pavements.

In this section, we shall try to solve the case of the dynamic state of stress about
the joint under a concentrated harmonic variable load. The scheme of the problem is
indicated in Fig. 4.20.

The basic system is assumed to be in the form of two divided half-plates, I and II, on
the subgrade with the acting unknown transverse force "Q, of the system. Half-plate I
is under an external dynamic load Pe'*’. With regard to the application of Fourier inte-
gral transformation in the ¢ direction, the Fourier transform of the unknown transversal
force "Q, is considered in the n direction (Fig. 4.21).
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Fig. 4.20. Schematic diagram of the problem of dynamic state of stress about a
pavement joint.

2

At the point #=0 of half-plates I and II only transverse force of the system *Q, is acting,
because the bending moment A =0. The condition of system continuity with regard to the
supposed joint connection is required to fulfil the equation

FWII(?] =0) = FWI{?? =0) (4.54)

-] e-'q.rl

R URER R | 1 | S A

T T

Fig. 4.21. The basic system in the form of two divided half-plates on subgrade.

4.5.1 Influence functions of a half-plate on subgrade with initial parameters
of transverse force "Q, and bending moment "M

The solution of the differential equation of the system of a half-plate on subgrade is given
for the deflection transform and other components by equations (4.25).
For #=0 the following equations are valid

FWU =B, + B2

FooL = Bim + Bama

D‘

= Bys1 + Bysz

F
Qu = Biq1 + Baga
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where "w g , "M, and "Q, are initial parameters.

Assuming that at the free boundary of the half-plate on subgrade the transverse forces
and bending moments are acting, then the unknown constants B, and B, being in this case
unknown complex functions of wave number @, may be expressed from the last two equa-
tions (4.55) in the form

__F 2 F 3
By = & 92 MoL”+ 52 QL. (4.56)
Dr 5192 — 5241

1 @i"ML? — siFQp L’
- D 5142 — Saq '

B (4.57)

The state vector components expressed by the initial parameters and influence coefficients
are given by the following relationships

"wa, n)=K,,M+K O,
(o, M=K, M TKpQO" O,
‘M(o, n)=K,, MK, O,
"O(a, M=K, MK, O,

if the influence functions K ,...K op AT given by the matrix of Table 4.3.

(4.58)

Table 4.3. Matrix of influence functions.

FMy FQo
K _ L 1 . Kup = éi 1 .
wM = 5 55, w@ " g -
Fw(n) (~q2e™" + q1e™7) (52M7 — 516™7)
=L 1 oz 1 .
Ko = et Kop = %‘:-ﬁfh-nm
Foo(n) (—mg22"" + 1291€7") (11526M7 — pa51€77)
= . _ _snlt
Kwv = 5550 Kyo = 355w
FM(n) (519267 — sg1€™7) (—em? + &)
L? s
Kou = 56 e Koo =557
Fo(n) (e™? — &) (—q1526™7 + 51426™7)

4.5.2. Determination of unknown initial parameters for transversal force "Q,

The initial parameter *Q; may be determined by using the condition (4.54). Half-plates I
and II have the same thickness and plate stiffnesses, i.e. Dj = Dj.. However, quantities s,
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s,, q, and g, are different be-cause y, and vy, for half-plate II have to be considered with a
positive real part with regard to negative coordinates 7. So we shall distinguish the quanti-
ties 51, 83, g1, 5 for half-plate I and sV, s¥, ql, g%, for half-plate II.

By using condition (4.54) for the equality of deflection of half-plate I and half-plate II
at =0, the equation for the unknown initial transverse force of the system, *Q,, is obtained
in the form

F,.P Op
Wy 7*

LDl — k) - F — s/ Glay s3]

FQ =

(4.59)

if Fwf is the transform of the initial deflection for half-plate I under a dynamic harmonic
load, which can be determined by the procedure as in section 4.3.1 for a half-plate on sub-
grade but considering the initial transverse force "Q, in the form (4.59).

4.5.3 Numerical results

The influence of the pavement joint on the values of the plate vector components was
studied for the equivalent plate on subgrade under a dynamic concentrated load acting at
distance 7, from the joint. The system corresponds to the flexible pavement with input data
given in section 4.3.2.

The results of the solution are plotted in Figs. 4.22—4.24 for the absolute values of wGL/P,
qL*/P, M, /P, M /P and QyL/P versus coordinates #, at the point of action of the concentrated
dynamic load. The variations are indicated for dimensionless frequencies f=wh/c,=0, 0.1,
0.2, 0.3 of the harmonic load.
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Fig. 4.22. Variation of dimensionless deflection wGL/P and subgrade reaction ¢L?/P with
coordinate #, of concentrated dynamic load.
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Fig. 4.23. Variation of dimensionless bending moments M /P and M /P with coordinate 7,
of concentrated dynamic load. '

The variations of absolute values for the same state vector components with frequency £
and positions of dynamic load 5#7,=0.01 and #,=0.3 are drawn in Figs. 4.24 and 4.25.

From the variations of bending moments M /P, M /P in Fig. 4.23 and Fig. 4.25 it can
be seen that the absolute values M /P, M /P by dynamlc concentrated load about the joint
do not reach the maximal values of MX/P in the case of border loading of the halfplate on
subgrade.

4.6 Influence of inhomogeneous subgrade on dynamic interaction
of plate with subgrade

In the case of inhomogeneous subgrade or in the case of a defective drain field the result
will sometimes be the moistening of the subgrade and sub-base layers. In winter the stift-
ness of the subgrade and sub-base layers may be extremely high in these places as a conse-
quence of freezing temperatures. The stiffness of the pavement structure will increase too.
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Fig. 4.24. Variation of dimensionless transverse force Q L/P with coordinate 7, and variation
of deflection wGL/P and subgrade reaction gL*P with frequency .

At the transition from normal to frozen pavement, the sudden change in pavement stiffness
can be pronounced, which can unfavourably influence the state of stress under loading by
vehicle transit.

4.6.1 Results of dynamic diagnosis of highway pavement at the site
of failure cracks in concrete surfacing

The size of the stiffness change for pavement structures can be demonstrated using the
results of dynamic diagnosis of highway pavements obtained by means of the evalua-
tion of phase-velocity measurements. These measurements were performed in the region
of cracked concrete surfacing at six different places using the procedure described in
section 1.4.2. The results and evaluation of the measurements carried out in April and
repeated at the same places in June are summarized in Tables 4.4 and 4.5.
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Fig. 4.25. Variation of dimensionless bending moments M/P and transverse force QyL/P
with frequency f.

As can be seen, measurement sites 1, 2, 3, 5 and 6 present approximately similar charac-
teristics, but measurement site 4 in April gives disproportionally high stiffness, which is
demonstrated by the high values of the equivalent thickness h dynamic flexural rigidity
EJ and by the low value of deflection w . During the subsequent measurements in June, site
4 displayed characteristics comparable with those of the other sites.

By means of detailed investigation it was ascertained that, in the measured region of the
cracked concrete surfacing, the subgrade and sub-base layers were moistened, and frozen
in winter. During the measurement in April part of the section was not frozen but site 4 was
still frozen, and so its rigidity was extremely high. During the measurement in June the
rigidity was similar to that of the other measurement sites.

Such local volume changes and differences in pavement stiffness caused an unfavour-
able state of stress from traffic and the failure of the structure.

It follows from the characteristic values of the measured section number 4 that the stiff-
ness change manifests itself in a threefold value of equivalent thickness, above a thirtyfold
increase of pavement flexural stiffness and almost to a multiple of 2.5 of a deflection
decrease.

It will be very interesting to analyse the influence of a sudden change in stiffness on the
state of stress about the interface under a dynamic concentrated load.
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Table 4.4. Results of measurements on highway pavement section in April and in June.

Measur. number measurement in April
Frequency A, c, Frequency A, c,
(Hz) (m) (ws)  (Hzp) (m)  (mfs)
1 10000 0.1265 2530 250 2.922 730
2 10000 0.1250 2500 250 2.866 716
3 10000 0.1256 2512 250 2.957 739
4 10000 0.1266 2532 250 4.706 1176
5 10000 0.1250 2500 250 3.018 754
6 10000 0.1268 2536 250 2.885 721
measurement in June
1 10000 0.1179 2358 250 2.513 628
2 10000 0.1211 2422 250 2.712 678
3 10000 0.1235 2470 250 2.934 733
4 10000 0.1211 2422 250 2.743 686
5 10000 0.1197 2394 250 2.931 733
6 10000 0.1215 2430 250 2.806 701

Table 4.5. Evaluation of measurements on highway pavement section carried out in April

and repeated at the same places in June.

Number of Measurement in April Measurement in June
meas.

c, h, EJle w/D, c, h, EJle w/D,
(m/s) (m) EJin (Nm?) w in (m) (m/s) (m) EJin(Nm’) w, in(m)
1 4364 0.279 34605 0.356.10° 4093 0.218 14533 0.454.10°3
2 4315 0.272 31081 0.367.10° 4187 0.250 22804 0.400.10°
3 4328 0.289 37756 0.348.10° 4254 0.290 36780 0.351.10°
4
5

4310 0.813 831386 0.165.10° 4184 0.256 24524 0.392.10°
4302 0.304 43362 0.335.10° 4116 0.300 38231 0.378.10°
6 4379 0.271 31782 0.364.10° 4192 0.268 28253 0.377.10°

o in (kg/m®)
p, in (MPa)

4.6.2 Influence of sudden change of rigidity in equivalent plate on subgrade

The influence of inhomogeneous subgrade and sub-base layers may be modelled by means
of a sudden change in the equivalent thickness of the plate on subgrade according to the
scheme in Fig. 4.26.
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!HHI )

Fig. 4.26. Schematic diagram of sudden change of equivalent thickness of plate on
subgrade.
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Fig. 4.27. Schematic diagram of basic system.

The basic system is assumed to be in the form of two divided half-plates on subgrade: half-
plates I and IT with the unknown transversal force "Q, and bending moment "M,,. Half-plate
I is loaded by a dynamic concentrated force Pe'“’. By using the Fourier integral transfor-
mation in the ¢ direction, the action of integrands "Q, and "M in the # direction may be
assumed to be in agreement with the scheme of Fig. 4.27.

The conditions of system continuity at the interface of a sudden change of rigidity is
required to fulfil the following equations

w (1=0)=Fw, (n=0)
o,(1=0)="¢,(n=0).

Using the influence functions for a half-plate on subgrade with the initial parameters FQ
and "M, according to Table 4.3, equations (4.60) yield the equation system

(4.60)

0

bll FQO-"_bIZ FMO/L:blO

(4.61)
b21 FQ0+b22 FMO/L:b20
where
1 mn_ I
bn=5F4—77—di IR | G g T (4.62)

i
§1g: — 54 $14q; — Sz
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R | I

by = 1 T (4.63)
5145 — s34} Siqs — siqy
BRI »
L s s s O | 1 | (4.64)
5192 — 524 514z — 8524y
by = N+ N di gy +¥ay (465)
5143 — 534; 5143 — S3qy
Dx
bio = —"wy L—i (4.66)
D‘
b =-"¢g 73 (4.67)
Dz
diz = 5= (4.68)
ll‘I_JII

In equations (4.66) and (4.67) the quantities Fw{ and are the transforms of initial deflec-
tion and initial angular displacement of the halfplate on subgrade under a concentrated
harmonic variable force Pe* acting at a distance 7, from the interface. Their values can be
determined by using the procedures given in section 4.3.1.

The unknown initial parameters are expressed from equations system (4.61) by the rela-
tionships

BE:

FQo = 4.69
Qo BE (4.69)
"My _ BE; (4.70)
L — BE '
where
BEl=bmb22*b20b]2
BE=b, b, —b b, 4.71)
BE:bllbDibleZ]

The state vector components of the system with a sudden change of pavement stiffness
will be determined applying the procedures and relationships from section 4.3.1 for the
half-plate on subgrade with the initial transverse force and initial bending moment of the
system, the integrands of which are determined in the form (4.69) and (4.70).



220 Dynamics of Pavement Structures

4.6.3 Numerical results

The numerical solution performed for equivalent plate I on subgrade corresponds to the
rigid highway pavement structure with input data given in section 3.4.9. The sudden
change in rigidity is given by the stiffness ratio di; = D} /Dy = 0.05273, which cor-
responds to the measured values on the pavement section. (Tables 4.4 and 4.5, measure-
ments number 4 and 5).

Here we present the results of the numerical solution for state vector components under
loading of plate I by a concentrated harmonic variable force acting at distance #,=y /L=0.25
according to the scheme in Fig. 4.28.

We are interested in the dynamic state vector components of the half-plate I close to the
load and sudden change of rigidity.

The variations of the state vector components with coordinate # at dimensionless fre-
quencies f=wh/c,=0.1 and =0.5 are plotted in Figs. 4.29-4.34.
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Fig. 4.28. Schematic diagram of the dynamic load and sudden change of plate thickness.

The influence of the dynamic load distance from the interface of the rigidity change was
studied at various frequencies S at the point ¢=0.01, #=0.01. The absolute values of deci-
sive components versus load distance 7, are drawn in Figs. 4.35 and 4.36 for an analysed
rigid pavement. Relatively high values of bending moments M /P and transverse forces or
subgrade reactions at the interface are attained at load distances 1,=0.025-0.05, i.e. at short
load distances.

The considered sudden change of rigidity determines the behaviour of half-plate I as
being similar to the behaviour of an unbounded half-plate clamped at #=0. It is interesting
to present the extreme values of bending moments M (&=0, n=0) for a clamped halfplate
under static load by concentrated force P at distance ¢=0, #=#,. According to [4.1] the
bending moment M (0, 0) is independent of the load distance #, and has the value

M,(0.0) _ _1_ 438 4.72)
P T

In our case, which corresponds to a half-plate on subgrade with elastic clamped boundary,
the bending moments M (0.01,0.01 )/P achieve values about 0.200, approximately constant
at distances #,>0.10. With regard to the elastic clamped boundary the bending moments
decrease at shorter load distances.
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Fig. 4.29. Variation of dimensionless deflection wGL/P with ratio # at frequencies =0.1
and $=0.5.
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Fig. 4.30. Variation of dimensionless subgrade reaction ¢gL* P with 5 at frequencies £=0.1
and $=0.5.
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Fig. 4.31. Variation of dimensionless transverse force Q L/P with 7 at frequencies $=0.1
and $=0.5. '
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Fig. 4.32. Variation of dimensionless bending moment M /P with ratio 5 at frequencies
£=0.01 and $=0.5.
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Fig. 4.33. Variation of dimensionless bending moment M /P with ratio ; at frequencies
£=0.1 and p=0.5.
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Fig. 4.34. Variation of dimensionless twisting moment MX}/P with ratio # at frequency £=0.1.

4.6.4 Sudden change of rigidity situated parallel to the free boundary
of half-plate on subgrade

The other variant of an homogeneous subgrade and sub-base layers offers a sudden change
of rigidity that is parallel to the free boundary of the half-plate on subgrade. The scheme of
this case is given in Fig. 4.37. The dynamic harmonic variable load acts at the boundary of
half-plate I and the distance of the boundary from a sudden change in rigidity is indicated
by coordinate =y, /L.

For the solution of this problem it is possible to use the procedure for a half-plate on
subgrade described in section 4.3.1. In the region of the half-plate #<#,, i.e. in zone I the
relationships for state vector components in the form (4.24) and the matrix of influence
functions in Table 4.1 are applied. In zone II the relationships for transforms of state vector
components in the form (4.25) have to be used.
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Fig. 4.36. Relationship of dimensionless subgrade reaction |¢|L*P and transverse force
|Qy|L/P to dynamic load distance #,.
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Fig. 4.37. Schematic diagram of dynamic load and sudden change of rigidity parallel with
free boundary of half-plate on subgrade.

The boundary conditions at #=0 are determined by the assumption of a free boundary with
acting concentrated external load Pe’. They are given by the equations

*M(n=0)=0
(4.73)
FO,(1=0)=Q (17 0)—FP,

where "M, FQ, are transforms of the initial bending moment and initial transversal force,
FQ_ is a transform of the subgrade transversal force and "P, is a transform of external
force.

The contact conditions at the interface of zone I and zone II at #=7, are determined by
the equations

w (r=n )= w,(1=n,)

Yo,0r=n )= o, (n=n,)
(4.74)

"M (n=n)="M (n=n,)

"O(n=n)="0,(n=n,)

Substituting into (4.73) and (4.74) the system of equations (4.37) is obtained, in which the
coefficients @, a,,, a,,, a,,, a,, a,,, a,,, a,, are given by the same relationships (4.38) but
for the others the equations are given in the form
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iy = —l
aiy = -1
L?ﬁ FP]
ajp = =— ————— (72 sinhym — 7 sinhyam
] D} gan — ¢ ( :
a3 = —'?'{[
g = —'Tg
13 Fp
axy = — L (— cosh 71 + coshram)
DI 51— &2
(4.75)
am =5 [dy
|| d
ay = 5, [di
L Fp
azy = ——= =—————— (g2 sinhy171 = ¢ sinhyam
0 DI g2 — g1 (@ “ :
43 = fi’?:’di?—
au = g3 /diz
L} fp
g = — 0 Isz (—s2 coshyymy + 51 coshyam)
> 51—

where 51, ¥, g1, 4% are parameters according to (4.23) but referred to zone II of the half-
plate with greater thickness.

After computation of the unknown initial parameters "w,, g, the originals of the state
vector components are determined according to equations (4.40) for region I and according
to equations (4.41) for region I1.

The numerical solutions were performed partly for the characteristics of a plate on sub-
grade in zone I corresponding to a rigid highway pavement structure and partly for the
characteristics equivalent to flexible pavements. The sudden change of rigidity was always
given by the ratio dyz = Df/Dj; = 0.05273.
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Fig. 4.38. Variation of dimensionless deflection |w|GL/P with frequency .
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Fig. 4.39. Variation of dimensionless subgrade reaction |¢|L?/P with frequency £ for various

interface distances #,.

The computed amplitude-frequency characteristics of dimensionless deflections wGL/P,
subgrade reaction gL?*/P, transverse forces of the system Q L/P and bending moments
M /P in the point #=7,, i.e. at the interface of the rigidity change for plate I, are plotted
in Flgs 4.38—4.41 of rigid pavements and in Figs. 4.42 and 4.43 for M, /P and gL*/P for

case of flexible pavements.
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Fig. 4.40. Variation of dimensionless transverse force \Qy\L/P with frequency S for various
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Fig. 4.41. Variation of dimensionless bending moment | |/P with frequency f for various
interface distances 7,.
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Fig. 4.42. Variation of dimensionless bending moment |M} /P with frequency £ for various
interface distances #, and flexible pavement.
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Fig. 4.43. Variation of dimensionless subgrade reaction |¢|L* P with frequency £ for various
interface distances 7, and flexible pavement.

The variations of subgrade reaction, bending moments and transverse force of the system
produce resonance zones and, as a consequence, a considerable increase in the values that
are connected with the natural frequencies of the cantilever part of zone I.

With regard to the cantilever behaviour of plate I (Fig. 4.37) it will be interesting to
compare the values of bending moments M /P(n=n,) for f=0 with the values of the static
case of the cantilever plate strip which is clamped at one side and loaded by a concentrated
force P on the free side of the strip (Fig. 4.44).

According to [4.1] the bending moment at the point (=0, #=#, under a concentrated
loading force has a constant value independent from the width of plate strip, #,. It is given
by the expression



234 Dynamics of Pavement Structures
M (n)=n,)=—0.465P. (4.76)

In our case, which differs from this model because the plate is lying on subgrade and at
the interface has an elastic clamped boundary, the values M (=0)=(0.320-0.385) P for
rigid pavement and M (5=0)=(0.240-0.300) P for flexible pavement were obtained. With
regard to subgrade reaction the values of bending moments are smaller in comparison to
the free cantilever plate. Of course, the values of bending moments M, under a dynamic
load acquire higher values as in the static case given by expression (4.76) as a consequence
of resonance phenomena.
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Fig. 4.44. Bending moment M, in the static case of a cantilever plate strip.

4.7 Comparison of extreme values of flexural moments and subgrade reactions

From the point of view of design and the evaluation of stresses in the equivalent plate on
subgrade or in a layered pavement structure the extreme values of bending moments M ,
M are decisive. For the bearing power of the subgrade the normal stresses of subgrade
reaction are significant.

The extreme values of bending moments for characteristic loading cases are summa-
rized in Table 4.6. It follows from the summary that for the equivalent plate on subgrade
the bending moments of the half-plate on subgrade under the loading of the free boundary
are decisive. The loading close to the joints gives smaller values but the influence of the
inhomogeneous subgrade and sub-base layers modelled by a sudden change in rigidity
causes a considerable increase in bending moment values, by the second loading scheme
in particular.

The subgrade reactions for characteristic loading schemes are summarized in Table 4.7.
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Table 4.6. Survey of bending moment values for various schemes of loading on rigid and
flexible pavements.

Scheme of loading rigid pavement flexible
pavement
\M/p \M|/P
unbounded plate on subgrade 0.402 0.226
loading of the halfplate boundary 0.470 0.286
m L pest - 0.236

loading near the joint AT T

g e 0.365 0.240
loading near the sudden T I
_J:J’e”" 0, 0.536 0.405

loading near the sudden ﬂ_mﬂ—l'l'l_ﬂ—y—'—'—T

Table 4.7. Survey of subgrade reaction values for various schemes of loading on rigid and
flexible pavements.

Scheme of loading rigid pavement flexible pavement
lglh*/P \glh*/P
unbounded plate on subgrade 0.0165 0.0392
loading of the halfplate boundary 0.0345 0.0486
loading near the joint - 0.0381
loading near the sudden change of rigidity 0.0211 0.0382
loading near the sudden change of regidity 0.0345 0.1099

The maximum values of subgrade reactions are recorded by dynamic loading at the border
of the half-plate on subgrade respectively in the case of the loading close to the sudden
change of system rigidity.

4.8 Pulse (impact) loads of equivalent plate on subgrade

The solution of individual characteristic cases of dynamic loading for the equivalent plate
on subgrade was realized by considering a harmonic variable load. They form the basic
problems and starting point for the determination of the dynamic response under pulse
loading.

Pulse-impact loading is a dynamic load that is actually produced by traffic and which is
used for the determination of the stiffness and bearing capacity of pavement structures in
highway and runway engineering as a simulator of the vehicle loads.
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The shape of the force pulse that adequately corresponds to the impact loading may be
expressed by the relationship [1.22]

¢ (wor)* e™" (4.77)

P(t) = Prax 4

where o, is a parameter with angular frequency extent, the choice of which changes the
duration of the pulse. The time during which the pulse lasts can be determined from the
condition w =6, i.e. T;=t=6/w . For the purpose of the solution of the dynamic pulse load-
ing effect the application of Fourier integral transformation is available. The conception of
complex moduli applied by stationary vibration under external harmonic loading does not
fulfil the principle of causality, but from a practical point of view this fact can be neglected.
It manifests itself only by the inaccurate initial values of the dynamic response.

The dynamic response of the equivalent plate on subgrade under harmonic loading was
determined in previous chapters by means of complex state vector components or in the
form of amplitude-frequency and phase—frequency characteristics. In general it can be
indicated by S*(B)=S,(B)+iS,(B), if B is a dimensionless frequency.

The transform of the loading force pulse (4.74) is given by the expression

PP fpm ot gy = Do b P (4.78)
2wo+iw)’  2¢p(F +i84)
-
where
_woa
Q= o (4.79)

and 2 = /G/g is the stress-wave velocity in the medium of the equivalent plate; a is half-
way from the line segment in the direction ¢ on which the load is concentrated.

The Fourier transform of an arbitrary state vector component ™S is given by the
relationship

FS=S*(w) *P(cw)=S*(B) *P(B). (4.80)
Using the Fourier inverse transformation the original state vector component S(?) is given

by the equation

S(:}=% f §*(w) FP(w) e”dw:z—l?; f 5*(8) FP(B) 97 1ap 4.81)

—oo -ta

or in the form

1 T 212 &g
S(T)=- Re SYB)Ppayy ————————dj3 4.82
D=z ?Lf @) 2(0 +188)°h ] (4.82)
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where T is dimensionless time
32
T=—u .
I (4.83)

Equation (4.82) can be computed using numerical integration and computers. A numerical
procedure was performed in which the values S*() were computed at 21 discrete values f
in the integration range $(0.0-3.0). The real and imaginary part of complex function S*(f),
i.e. S,(B) and S (B) in interval <0.0, 3.0>, were expressed by cubic splines with connection
to the discrete values 8, by means of which the functions S,(5), S,(#) were computed for
arbitrary value f connected to the numerical integration of improper integrals.

4.8.1 Dynamic response of plate on subgrade as an analogue
of flexible pavement structure

The numerical results can be presented for the case of the equivalent half-plate on
subgrade under pulse loading at the boundary. The input data correspond to the flex-
ible pavement. The dimensionless deflection wGL/P (=0, #=0), subgrade reaction
qL*/P_ (&=0, #=0) and bending moment M /P__ (&=0, n=0) versus dimensionless time
T are plotted in Figs. 4.45-4.47 for various times of pulse duration given by val-
ues ,=0.075, 0.15, 0.30, 0.50 and 0.75. At the same time the values of the compe-
tent quantities under the static load P are marked. It can be seen that the dynamic
response values do not exceed these static ones.
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Fig. 4.45. Variation of dimensionless deflection wGL/P__with time T for the equivalent
half-plate on subgrade under pulsed loading.

The other situation is in the case of the boundary pulse loading of the half-plate on subgrade
with a sudden change of rigidity. As can be seen in Fig. 4.48 the dynamic response computed
for a sudden change of rigidity at distance #,=0.1 and for bending moment M /P demon-
strates that maximum values of dynamic bending moment under pulse loading exceed the
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Fig. 4.46. Variation of dimensionless subgrade reaction gL /P_  with time T of the
equivalent half-plate on subgrade under pulsed loading.
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Fig. 4.47. Variation of dimensionless bending moment M (0)/P__ with time 7 for equivalent
half-plate on subgrade under pulsed loading.
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Fig. 4.48. Variation of dimensionless bending moment My/Pmax with time T for equivalent
half-plate on subgrade under pulsed loading.
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static values under force load P__ . This is a reflection of the expressive increase of bending
moment values in the amplitude-frequency characteristics (Fig. 4.42) as a consequence of
resonance phenomena.

2.0
______ - —— -.},__«M,rm,'
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— A MM,
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o 0.25% 0.50 o, ors

Fig. 4.49. Variation of dynamic coefficients 4 with parameter Q.

The dynamic coefficients # defined by the ratio of the maximum value of the dynamic
response to the static value under P__, are plotted in Fig. 4.49 versus parameter Q. BY
increasing €, i.e. if the time of pulse duration decreases, the dynamic coefficients #,,, ¥y
and ¥, decrease but the dynamic coefficient 44, values are higher.



5
DYNAMIC INTERACTION OF PLATE WITH
SUBGRADE UNDER A MOVING LOAD

The dynamic loads of the pavement structures in highway and runway engineering are
evoked by moving vehicles and it is necessary to evaluate their effects in comparison with
the effect of proposal static loads. The interaction of the plate and the subgrade under a
moving load suggests the actual dynamic effect of irregularities on road surfaces too.

It is known that the decisive values of stresses and deformations for layered pavement
structures can be achieved by loading at the border of the pavement. From this point of
view the relevant task is to assess the dynamic response of the system under a moving
concentrated load along the trajectory parallel to the border of the pavement.

5.1 Physical model of plate on subgrade as dynamic equivalent of the pavement

Numerous comparative studies on various modifications of the system of the equivalent
plate resting on subgrade in previous chapters give reason to conclude that the simplest
modification is the physical model of a thin equivalent plate in connection with the
simplified model of subgrade. Such a model covers the essential properties of the
dynamic behaviour of the system: real dispersion of flexural stress waves, the inertia of
the co-acting subgrade, the dispersion of the energy into the subgrade and the damping
properties of the material.

The differential motion equation has the form (3.257) or (4.1). The complex plate
constant D* is replaced by the relationship (3.258), and if the phase velocity c¢ of the
flexural stress waves is expressed by the relationship corresponding to the dispersion curve
of flexural stress waves according to [3.11], the plate constant D* will compensate for the
dynamic rigidity of the equivalent plate in the sense of the refined theory of the plate taking
account of the influence of shear and rotational inertia. The resulting relationship for D*
has the form (3.263) when £ is given in the form

(5.1)

Y G W WP L
L2 \1-—p 2 1—p LY

The dimensionless wave number a=a L=2nL/A, y is Poisson’s ratio and x=(0.87+1.12u)/
(1+w)?. L is an arbitrary length constant.
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We assume further that the load function p(x, y, #) is expressed as the sum of harmonic
components for the functions of place or time so that the concept of complex characteris-
tics D*, K, K3 may be applied.

5.2 Load moving along boundary of half-plate on subgrade

The effect of the moving concentrated load for the unbounded plate on Winkler’s subgrade
has been analysed in [5.1]. Here we shall analyse the dynamic response of the system under
a moving concentrated load along the trajectory, parallel to the border of the pavement, i.e.
of the system of the equivalent half-plate on unbounded subgrade.

The load function is given by the relationship

px, y, )=0(x—vt)é(y )P (5.2)

where v is the speed of concentrated force P in the direction x along the trajectory with the
distance y, from the boundary. d(x—vt), d(y,) are Dirac generalized functions.

A quasi-stationary state arises assuming that the half-plate is at a standstill in connection
with a moving dimensionless coordinate system:

1 y
E=glx—v) . n=7F (53)
if L is the chosen length constant.

The problem is defined as a dynamic system response at the point (&=0, #) under a
concentrated load at the point (¢, #,) according to the scheme of Fig. 5.1, if the differential
equation is given in the form

32 3’2 2 K‘Lz ﬁz 82 KiL*
(3_?::2 - Ef_z) I"I-?(vf, TJ'} - '"'1%","'" (‘5&3 + EF) W{{, Tf} + £1:|, WI:E.. Tf)

oh W '
'|r':|d._'F V}‘.L? 82 325’ n} = ﬁ(f} 6{”1] % )

Dt

Fig. 5.1. Schematic diagram of coordinate system and load moving along boundary of half-
plate on subgrade.
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Applying Fourier’s integral transformation for the dimension & in the form

1T .
Fwlan) =5 [ wlemetae 55

the ordinary differential equation for Fourier’s transform of deflection "w(«, #) is obtained

& K312 s, 2KGLY KLY kaoh 5 4 4
[a—q—d’—d—nz(Z(YzT D )+I’I + o D + D - D Vﬂ:L]
(5.6)
. PL? sin2?
F _ L
x “wla,n) = b(m)5—; a

The concentrated load is considered in the ¢ direction, divided on the line segment 2a/L, as
can be seen from the right side of equation (5.6).

The solution of homogeneous equation (5.6) lets us express the deflection transform in
the form

"w(a, n)=A, sinh y n+A, coshy n+A, sinh y,n+4, cosh y,n 5.7
if
K:I*  [K2LY KiL' kyoh 12
_ .2 2 2 & & d0ft 2 342
"%—“+20~+(4Dd I vrrzL) (5.8)
K3L?  (K2LY K:LY  kaoh 12
z_ 2 i 2 _ 1 272
T = +BD' (40_2 ot D.vafL) . (5.9

This solution can be connected with the application of the method of initial parameters in
the same way as it was realized in previous chapters in the case of forced vibration under
a harmonic concentrated load. It is not necessary to repeat the detailed procedures but, for
the sake of completeness it is convenient to indicate that by the solution of differential
equation (5.6) and using the method of initial parameters the transform of deflection for
the area I is expressed in the form

Fu(a,n) = K wo + Ko P + Kont My + Ko FOo (5.10)
and for area II in the form

Fyw(e,n) = Afe™ 4 AZen". (5.11)
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The initial parameters "w, "o, "M, "Q, are the transforms of deflection, angular
displacement, bending moment and transverse force at #=0 and K, K., K., K, are
influence coefficients that are functions of o, v, and of stiffness parameters.

A}, A in equation (5.11) are arbitrary complex constants while y, y,, according to
relationships (5.8), (5.9) have a negative real part.

The conditions of the boundary of the half-plate at #=0 have the form

FM(0) =0
(5.12)
FOI(0) = K3 7 Two

when the right part of the second equation (5.12) presents the reaction of free subgrade and
7, is determined by the expression

K:L? K3via?
2 _ ™ _'_az_é'z 3V )

Vo= . (5.13)
: KE KZ
The conditions of continuity at the interface of I and II are given in the form
win)="w,(n)
‘om)="0,(n)
(5.14)
FMM l):FMH(n
FQI(}?]):F II(’]I)

and together with the boundary conditions (5.12) enable us to determine the transforms
of the initial parameters and the values of complex constants A} and Aj. Applying these
values and the relationships of plate theory the transforms of state vector components of
the system can be determined.

By inverse transformation of the arbitrary component FS(a, #) the originals are estab-
lished according to the relationship

S(em) = / FS(a,n)e" da = 2Re f FS(a,n)e da|. (5.15)
-0 0

It follows from this procedure that, in contrast to forced vibration under a harmonic force,
the relationships differ only in having the term v?oL? instead of w?L*, and the numerical
solution is realized for various values of load moving speed v. The dimensionless speed
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C,=vic,, if ¢; = \/GJg is the shear-wave velocity in the plate medium, now represents the
dimensionless frequencies f=wh/c, in the case of forced vibration.

Another difference is in the conception of sub-integral complex functions during
inverse transformation. Whereas sub-integral functions by forced harmonic vibration,
which are complex functions of wave number square a?, were considered with
symmetrical real and imaginary parts, in the case of a moving load the sub-integral
functions have to be considered with asymmetrical imaginary parts. This signifies that
the complex characteristics of elasticity E*, K, K3 have to be considered in the form

E*=E(1+i0 sgn «)
K] = Ki(1 +16; sgn o)

(5.16)
K3 = Ky(1 + i, sgn ar).

This procedure is similar to that for an arbitrary dynamic load if Fourier’s integral
transformation is used on real-time functions. In such a case the complex characteris-
tics are considered in the form (for example) E*=FE(1+id sgnw). The physical reason
follows from the fact that the dynamic effect in a mechanical system manifests itself by
means of propagated stress waves. If we assume that the stress of the propagated wave
is in the form o(&)=0,e'“, then the corresponding deformation as a consequence of the
damping effect is shifted in phase with the angle ¢ and has the form &(&)=¢e'“.

5.3 Numerical results

Numerical computations using the procedure described above were realized partly on a
system that is equivalent to the behaviour of highway cement concrete pavements and
partly on the equivalent system for flexible pavements. The input characteristics for
both pavement structures are considered to be the same as in Chapter 4.

The variations of the computed dimensionless state vector components versus ¢
are plotted in Figs. 5.2-5.6 for various values of dimensionless speed C,=v/c,. They
are valid for the case of a cement concrete pavement structure. The numerical results
obtained for flexible pavement structures are drawn in Figs. 5.7-5.11.

The dynamic coefficient 4, defined as the ratio of the maximum dynamic value
of state vector component to the value at zero speed of a moving load, are plotted for
deflection w, subgrade reaction ¢ and bending moment M (¢) in Figs. 5.12 and 5.13 in
relation to the moving speed C,.1It is shown that the dynamic increase of the moving
load effect rises with increasing C .

The maximum values are achieved at the speed €,=0.175-0.180 for a cement con-
crete pavement and at C=0.21-0.22 for a flexible pavement structure. With further
increase of moving speed values the dynamic coefficients drop significantly below the
level of static values. The maximum values of dynamic coefficients by the considered
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Fig. 5.2. Variation of dimensionless deflection wGL/P with ¢ for various speed values C,

in rigid pavement.
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Fig. 5.3. Variation of dimensionless subgrade reaction ¢L*/ P with & for various speed values

C, in rigid pavement.
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Fig. 5.4. Variation of dimensionless bending moment A/ /P with ¢ for various speed values

C, in rigid pavement.
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Fig. 5.5. Variation of dimensionless transverse force Q L/P with ¢ for various speed values

C, in rigid pavement.
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Fig. 5.6. Variation of dimensionless twisting moment M, /P with ¢ for various speed values

C, in rigid pavement.

e

Cp=020

‘—[ 200

'E

Fig. 5.7. Variation of dimensionless deflection wGL/P with ¢ for various speed values C,

in flexible pavement.
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Fig. 5.8. Variations of dimensionless subgrade reaction ¢L*P with ¢ for various speed
values C, in flexible pavement.
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Fig. 5.9. Variation of dimensionless bending moment M /P with ¢ for various speed values
C, in flexible pavement.
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Fig. 5.10. Variation of dimensionless transverse force Q L/P with ¢ for various speed values
C, in flexible pavement.
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Fig. 5.11. Variation of dimensionless twisting moment MW/P with & for various speed
values C, in flexible pavement.
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Fig. 5.12. Dynamic coefficients  versus speed factor C, in rigid pavement.
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Fig. 5.13. Dynamic coefficients { versus speed factor C, in flexible pavement.
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parameters of damping and dispersion are #=1.47—1.56 for rigid pavements and #=1.6-1.7
for flexible pavements.

The numerical results obtained accord with practical experience, which suggests that
the dynamic increase of the moving load effect arises from speeds that are too high com-
pared with current speeds of vehicles or airplanes during take off and landing. In the case of
arigid pavement, when the velocity of shear waves c, in the medium of the concrete plate
is given by the value ¢,=2500 m/s, the critical moving speed v_=(0.175-0.18) 2500=445
m/s=1600 km/h. Similarly, for a flexible pavement, then assuming that c, in bituminous
medium 1500 m/s, the critical speed is v =(0.21-0.22)1500-325 m/s=1170 km/h.

5.4 Influence of unevennesses on dynamic response

From the practical point of view the most relevant task is to assess the dynamic response
of the system under moving loads at the transition of surface irregularities. The dynamic
increment of acting forces by transition of surf ace unevennesses is visible already by the
usual speeds of the moving load.

5.4.1 Influence of periodical surfacing unevennesses under moving load

Let us assume that the surfacing unevennesses on the track are parallel to the border of the
half-plate on the subgrade, with a shape given by the equation

2
wo(z) = 3wo (1 +(.‘DL‘$ILI) (5.17)
0

and continuously repeated on the track at y=y,. In equation (5.17) w, is the depth and [ is
the length of the unevenness according to the scheme in Fig. 5.14.

For a concentrated moving load the right side of differential equation (5.4) is expressed
by the relationship

(5.18)

1 P ow ;
6(x = vi) (1) 3z (P -5 a—ng;y_r))

where g is the acceleration of gravity. In this equation the effect of system deflection under
a moving load is neglected.
Introducing a moving system of dimensionless coordinates (¢, ), it follows that

ﬂzwu - ﬁ ﬂzw{.
af 12 ag

(5.19)
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Fig. 5.14. Schematic diagram of pavement unevenness.

and the right side of differential equation (5.4) is established by the relationship

&) & P 47 L
(’fi)*[m] (P—i——?vz ; COSETI'EE)- (5.20)

Applying Fourier’s integral transformation and supposing that the moving load is divided
on a line segment with length 2a, the expression for the right side of equation (5.6) is
obtained in the form

1 sin®  qwp? 1
6(’“) 7 L+ 3 3
D 2 4 o} "-!;,-”1"- - oty

o

(5.21)

It is shown that the additional effect of acting forces evoked by unevennesses increases
with the square of the moving load speed v*, is linear with the depth w, of unevennesses,
and is inversely proportional to the length of unevenness, /.

5.4.2 Influence of periodical surfacing unevennesses by a moving load system
with two degrees of freedom

Again, we assume continuous unevennesses of the track surfacing according to equation (5.17),
and the effect of system deflection under a moving load is neglected as it is small in comparison
with the depth of the unevennesses.

The moving load is formed by a system with two degrees of freedom according to the
scheme in Fig. 5.15. The total weight of load P is composed of an unsprung part and a
spring-loaded part according to the expression

P=P+P, (5.22)
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Fig. 5.15. Schematic diagram of unevenness and system of moving load.

where P =m g is the weight of the unsprung part and P,=m.g is the weight of the spring-
loaded part. Both masses are connected by means of a complex spring constant Kp which
characterizes the stiffness and damping of the connection.

The motion of the mass m, in a vertical direction is described by the differential equation

Py 6“"2[:3:!::}

2 o T Kplwa(x, ) — wo(x,1)] = 0 (5.23)

where w,(x, ¢) is the vertical displacement of spring-loaded mass m,. Introducing the mov-
ing system of dimensionless coordinates (¢, ) and the relationship

Pwy v Oy

=— 24

arr L2 9¢ (5:24)
equation (5.23) is transformed into the relationship
2 272 272

dwy L7 Sl (5.25)

@ W =—7"wo(¢)

g = 4 f%. (5.26)

The dynamic load component R(¢) evoked by the vertical motion of the spring-loaded part
P, is determined by the expression

if Q is given by the expression

R(£) = Kp [wa(€) — wo(£)] 6()- (5.27)

Using Fourier’s integral transformation of equations (5.25) and (5.27) the following
relationships are established:
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"R(e) = Kp["wa(a) - Fig(a)] (5.28)
- oL 1 Fo
wa(a) = 2 (% - Q;) wo(ax) (5.29)

where Fit(ax), Fivp(cx) are transforms of the products w,()d($) or w($)d(S).
Introducing equation (5.29) into equation (5.28) and rearranging the transform of the
dynamic load component, *R(a) is determined in the form

1
Tar 1| Fwo(a). (5.30)
%L

FR(a) = K}

The Fourier transform Fivg (), assuming that the concentrated load used is divided on the
line segment 20, is given by the relationship

[
_ 1 wy 2rELY | wo | 2sing? 1
F — = Tl PP 1= 3 - L
#o(0) = 5- 5 [(l-l—ccm : )e R
- S (531)

4T . .
¥ |— sin — Co8— — — €08 —— Sin—

2ma ol 2o 2ma ¥l
ly Iy L L ly L

Substituting this expression into equation (5.30) and rearranging the dynamic load compo-
nent as Fourier’s transform, R(a) has the form

F . WR 1 sin 98 1
R(a) = Kp 4r |1 — a2 o | i2a _od
L L g
(5.32)
« 2ma | 2ma v vl 2ma | od
— 8in— c0s— — — cos— sin—| ».
Iy {n L L ly L

At the same time the spring constant was introduced with the value Kj/2a with regard to
the assumption of a divided concentrated load on the line segment 2a.

The right side of equation (5.6) is determined by total expression of the Fourier’s trans-
form in the form
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8(m) | P sing? N Pymwgy? 1 2na sinzﬂ s 2
D 2 % g% drlgl uza !i'n Il'] o L
(5.33)

(a7/] 2ma xd F
-7 ng_ sin —L-) 4 R(a}}

5.4.3 Influence of isolated surfacing unevenness by a moving load system
with two degrees of freedom

The influence of repeated surface unevennesses studied in previous sections does not com-
plicate the solution of moving-load problems from the point of view of an applied algo-
rithm. It is manifested only in a more complicated form of the right side of the differential
equation of motion. Of course the assumption of regular repeated unevennesses on the
track surface has too high a measure of determinism, which is demonstrated by excessively
high unreal values of the state vector quantities at moving speed v, when the resonance
vibration of springloaded mass m, is setting in.

More realistic behaviour is obtained by analysis of the effect of isolated surfacing
unevenness. Of course this problems is more complicated, and its solution requires a lot of
computer time.

We assume the isolated unevenness of track surfacing in the form

wg(€) = (1 + cos 2wl — )

(5.34)
Iy Iy
AR TA
Using the expansion of the function in the Fourier series it follows that
a k2wl
wo© =2+ 3 ap cos (5.35)
2 P Ap
=1,y
if
dof2L
ay = % wﬂtﬁ) Cos kantl d§, k=0,1,2,... (5.36)

and /4 /L is dimensionless length period. This ratio 4,/L has to be chosen at a sufficiently
high value for the resulting effect to correspond to isolated unevenness.
According to equation (5.36), by using (5.34) we obtain
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[

= Wl
ay = Wy )‘LD (537)
wolo [sinkwlpfAo  [sinm(1+klp/Xo) sinw(l — kiy/Ag)
)-u k?ﬂ'fo,l{)tn u[l -+ kf[]/)u_}) ?T[:l - .id:],ﬁ'/‘\g)
The basic zero member of the series for £=0 is determined in the form
ap Wy f:]
wopl(ag) = == N (5.39)

The dynamic load component arising from the vertical motion of the spring-loaded mass
m, can be derived for k=0 in the form of a Fourier transform

F . W f[]. 1 sin%
Rylo) =Kp — — | ——=— — 5.40
( } P A ;\0 l_ﬁ.ﬁ; u ( )
The universal k-member of the series has the form
k2rxEL
wok(§) = ax cos f : (5.41)
0

The contribution of the unsprung part of the load system to the righthand side of differen-
tial equation (5.4) is expressed for /=1, 2, 3,...in the form

8(&) 8(m) Py 5 k*4n? k2nEL

veag cos 5.42
and, by applying Fourier’s integral transformation, in the form
8(m) Py 2mkv? 1 2rka | 2vka oa
D' 2 2 % mEE o \ Ty, W ST
A 0
(5.43)

—— COS8

2 ,!\n SII]L

ol 2mka | aa)

The contribution of the spring-loaded part of the load system, applying a similar proce-
dure to that in section 5.4.2, leads to the transform of dynamic load component "R (o) in
the form
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® ax
"Ri(a) = Kp

1 1 1
1— aly? drikial _ ola?
HD!LI ,\)! L2

(5.44)

sin ——— ¢0§— — — c05—— sin—.
L
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Ao Ao L L Ag

Together, the right-hand side of differential equation (5.6) is determined by the total expres-
sion for the Fourier transform in the form

5(7]]) P si.n% . Wo fg 1 sin%
D 27 ¢ Kran \Toam Y T
L1}

L

+ Po2nkv? Ky f 1V a (5.45)
g A 27 — ke ol
k=1,23,... Q‘T‘Lz )‘0 L
. 2nka | 2wka aa aa 27ka ., oa
A‘O S1n AQ COs L 2 Cos An 3111 L

As can be seen from the composition of equation (5.45) it is necessary to solve the problem
for a single member of the Fourier series and then superimpose the results.

5.4.4 Numerical results

The numerical solution was performed for the equivalent half-plate on unbounded sub-
grade, which corresponds to a rigid pavement structure with the same input characteristics
as in previous sections. The load system moved along the border of the half-plate, i.e. on
the track #,=0, with moving speed v.

Isolated unevenness is assumed on the track. The characteristics of the unevenness are
given by the ratios

M _ 1254
gl
a
— =0.11
= 0116
Iy
o =004

and the characteristics of the load system by the ratios
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0
c—““ = 0.002(1 + 0.1i)
2

The state vector components, namely the dimensionless deflection wGL/P, the subgrade
reaction gL*/P and bending moment M /P, were computed for boundary point #=0 and
various speeds of load motion.

The results of the solution obtained by considering 60 members of the Fourier series
are plotted as functions of coordinate ¢ in Fig. 5.16 for wGL/P, in Fig. 5.17 for gL?/P and
in Fig. 5.18 for bending moment M /P. The ascertained differences of the computed values
for k=60 and £=50 did not exceed 1.5%.

It can be seen from the curves of the computed state vector components that the influ-
ence of unevenness is manifested in an increase of the values with increased dimensionless
load speeds Cp=v/c2. These increments of the computed state vector component values have
already set in for relatively low speeds.

Fig. 5.16. Influence of isolated unevenness on dimensionless deflection wGL/P for various
speed values C, in rigid pavement.
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Fig. 5.17. Influence of isolated unevenness on dimensionless subgrade reaction ¢L*/P for
various speed values C, in rigid pavement.

Fig. 5.18. Influence of isolated unevenness on dimensionless bending moment M /P for
various speed values C, in rigid pavement.

The dynamic coefficients 49, considered as the ratios of the dynamic values to the values
that correspond to zero speed, are plotted in Fig. 5.19. There are variations of 3# with
the load speed C, and the dynamic effect increases with increasing C. Such a result is
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connected of course to the assumption considered in the theoretical solution, that during
the motion the load system follows the given track of unevenness. In practice the influence
of motion inertia in the horizontal plane gives rise to contact interruption between the
moving load system and the initial part of the track unevenness at higher load speeds.
This phenomenon leads to a decrease of load forces and so to a decrease in the values of
dynamic behaviour.

‘

A

0 0.002 0.004 0006 0008 001 Cp

Fig. 5.19. Influence of isolated unevenness on dynamic coefficients ¥ versus speed factor C,

The approximate determination of the speed limit value for a moving load system in the
case of contact interruption with unevenness gives the relationship

g gl

wo (lo/4) = 3 T 3160 (5.46)

in which it is assumed that the contact interruption is at the length //4. In the numeri-
cal solution the characteristics of unevenness were considered by the values w;=0.02 m
and /=3.0 m and then the speed limit of moving load according to (5.46) is given as

v =4/9.81 x 9/32 x 0.01 = 16.7 m/s =~ 60 km/h.

This value corresponds to the dimensionless ratio Cp:v/c2:1 6.7/2350-0.0067.
The probable curves of the decreased dynamic effects at higher moving speeds are
indicated by the broken lines in Fig. 5.18.
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The effect of surface unevenness for a moving load may be supported by evidence
using the results of experiments on rigid cement concrete pavements [5.2]. The measured
dynamic deflections versus moving speeds are reproduced in Fig. 5.20. We can see that
after an initial quadratic increase of the dynamic effects the curve stars to flatten from
vehicle speeds v=9 m/s, i.e. 32.5 km/h, and attains the maximum value of dynamic coef-
ficient 4,, = 2.0.

dynamic
deflection
(m)

0.003

with unevenness

T

0.002

0.001
without unevenness

1 L 1 1 L i
10 20 30 40 50 60
speed — km/h

Fig. 5.20. Effect of surface unevenness under moving load according to [5.2].

5.5 Effect of moving random load

The deterministic solutions of the preceding sections enable us to determine and evaluate
the effect of surface unevennesses during vehicle traverse on the dynamic values of state
vector components.

They suggest that this influence is real for contemporary vehicles speeds, and provide
the opportunity to evaluate quantitatively the effect of unevennesses corresponding to
given parameters.

The unevennesses of track surfacing are of course random in character. As a conse-
quence of this the moving load is also random in character, and its effect on the system is
manifested as a random dynamic response. Therefore it is necessary to solve the problems
of moving loads on the basis of the statistical methods of structural mechanics.

The solutions of the effect of a dynamic random moving load on a beam are indicated
in [5.3], [5.4], [5.1] and elsewhere. The method of decomposition into the natural modes
of vibration of the load and deflection is usually used, and often the spectral method of the
stationary random process.

Let us attempt to solve our problem of the equivalent half-plate on unbounded subgrade
under a random load moving along a track parallel to the free half-plate boundary.
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We shall assume the external load p(x—vt, y, #) as a non-stationary process with the
mean (deterministic) value E/p(x—t, y, t)] and centred (random) value p{x — vt y,1) in
the form

plx = v, y.1) = E[p(x — vt,y,0)] + p (x — vt,y,1). (5.47)

For a concentrated moving load the expression is valid as follows (Fig.5.21)

px=vt, y, )=0(x—vt) 6(y,) P(1) (5.48)
where
P(1)=P+P(1). (5.49)
The load P(?) has the mean constant value
E[P()]=P (5.50)
and .!5(!) a random function of the time.

In the dimensionless coordinates of a moving coordinates system equation (5.48) has
the form

p(& n, Y)=0()o(n,). (5.51)

i

Fig. 5.21. Schematic diagram of random moving load.

The effect of loading by mean value

E[p(S n, Y]=0(S) o(n,) P (5:52)

corresponds to the deterministic solution of section 5.2. The effect of the centred stochastic
part of the load in the form

P, m,t) = 6(€) 6(m) P(1) (5.53)

may be solved using the covariance function and corresponding power spectral densities,
assuming a stationary stochastic load.
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We assume the known covariance C (z) and corresponding power spectral density Sp(a))
for the stationary stochastic load which are connected by the known relationships

Cp(r) = f Sp(w) cos wrdw (5.54)
0
and
2 o0
Sp(w) =;]CP|':T) cos wrdT. (5.55)

It is necessary to determine the frequency characteristics (functions of the system response)
F(iw) for state vector components at the arbitrary point of the system under a moving
concentrated load acting at the point (&, #,), which is a harmonic variable with the angular
frequency o.

The solution of the basic differential equation of motion (4.1) is supposed in the form

w(x, y, )=w(x—vt, y)e. (5.56)

Introducing the dimensionless moving coordinates system

£=%(I—‘Vi') \ n=%
the equation is obtained in the form
Pw  Fw v v, ow .
= e 2w o — (£, e
o~ g I? Lo (&) (5.57)
(PP ow N
L2 92 L o€

and the differential equation is established as follows
F & KL (& & KiL*
(‘8'-52 ) (‘E: ) - F (352 3]’,‘2) {51 ) D+ W(E,, ?}')
(5.58)
kd{_]h 2 azl"l-’ . 3 3 2 4 _ L4

Using Fourier’s integral transformation in the form (5.5) the ordinary differential equation
for Fourier’s transforms of deflection fw(a, #) is obtained in the form
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[d“ & (2 +K2L2) ot 2L KLY Kaoh

df ~ dp IR T
(5.59)
26212 — 2vouwl? + WP L! 5 | sing
x(Viel L? — 2vens )| Fwla,m) = 8(m) 5—: ZfrD‘ aa

if at the same time the concentrated load is considered as distributed in direction & on the
line segment 2a/L.

The solution continues in a similar way to that in section 5.2, unlike the relationships for
+# and 73, which now have the form

K;L*  [K$L* KiL* | keoh v

2 2 2 A Kaon 2

R =o+35 [49*2 T+ (val - wL)} (5.60)
72 274 vT4 1/2

oot ML Kb kg‘i}‘(mL—wﬁf} (5.61)

and similarly

_KL o eKs(va- wL)?
K; K3 '

2 (5.62)

The computation F(iw) for the state vector components has to be performed for the con-
stant value of moving speed v and various frequencies w.

The spectral density of the corresponding state vector component S (w) is given by the
formula

S (@)=|F(iw)S,(w) (5.63)

and the variance O‘f is determined by the relationship

= f Ss(w)dw. (5.64)
0

The standard deviation o, referring to the value of the deterministic solution under the
mean moving load corresponds to the coefficient of variation V.

The dynamic response of the system under a moving load is a non-stationary stochastic
process, even though a stationary stochastic load was considered. The statistical character-
istics of the system response are functions of the position and the time.

5.5.1 Numerical results

A numerical study was performed for the equivalent half-plate on subgrade, which cor-
responds to the rigid highway cement concrete pavement with input characteristics given
in previous chapters.
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Assuming the exponential covariance of the random load Pyt) in the form

Cp(r) = ape sl (5.65)

the power spectral density according to (5.55) is given by the relationship
2w
Splw) = 03 =2 /(& +uf). (5.66)

The variance of the load, azp, may be determined using the variance of the vehicle accelera-
tion which is, according to [5.4], the product of the parameter of global dynamic vehicle
transfer /, the parameter C as a measure of surface irregularities, and the vehicle speed v.
It is expressed by the formula

ﬂ':l", = M*ICv. (5.67)

The variance of the acceleration of the vehicle, /Cv, is evaluated according to [5.4] by
six degrees. For the first degree /Cv does not exceed the value 0.5 m?/s* and for the sixth
degree ICv is higher than 10 m?/s*.

Numerical solutions, performed according to equations (5.63) and (5.64), assuming
the covariance functions of the load according to (5.65) give for a rigid pavement struc-
ture the results plotted in Figs. 5.22—5.24 in terms of the ratio of the coefficients of varia-
tion V/V, versus dimensionless load moving speed C,=v/c, (c, is the velocity of shear
waves in a cement concrete medium). In each case the motion of the load was considered
on the track parallel to the pavement border at distance #,=0.01.

The results in Fig. 5.22 correspond to the position and time given by coordinates ¢&=0.01,
7=0.01. The curves of the comparative coefficients of variation V/V, for deflection w,

vy £=001
Vo n=0.01

15

o 0.1 02 c, 03

Fig. 5.22. Relationship of the coefficients of variation to speed factor C, for state vector
components of pavement.
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subgrade reaction ¢ and bending moment M_are evaluated assuming (a) exponential cova-
riance functions with dimensionless frequency ﬁg:a)gh/c;O.l (full lines), and (b) constant
covariance, i.e. ﬁgZO (broken lines). The curves display maxima near the speed C,=0.1
then, after decreasing, minima at speeds around C,=0.15-0.22. In the region of real vehicle
speeds the coefficient of variation of given state quantities V, is practically the same as or
lower than the coefficient of variation V. Assuming a constant covariance function (ﬂgZO),
the ratio V/V, is V/V =1, whereas for ﬁg:O.l V/V,=0.6 forwand ¢ or V/V=0.8 for M_.

The results Fig. 5.23 are similar but they correspond to the coordinates &=—0.2, #=0.01
and to the state vector components w, g and M_.

20 -
£E=-020

uE 0.01

L
0 0.1 0.2 c, 03

Fig. 5.23. Relationship of the coefficients of variation to speed factor C, for state vector
components of pavement.

The results in Fig. 5.24 correspond to the coordinates ¢=0.1, #=0.01 and show the varia-
tions of V/V, for transverse force O _and twisting moment M.
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v, E-01
Ve - 0.01

0 0.1 02 c, 03

Fig. 5.24. Relationship of the coefficients of variation to speed factor C, for state vector
components of pavement.

The general conclusion following from the numerical solutions is that the dynamic response
for the significant state vector components under a moving random load has statistical
characteristics that for real vehicle speeds do not exceed the statistical characteristics of
the load. From the practical point of view it is possible to consider for the decisive state
vector components of the pavement the same values of the coefficients of variation as are
supposed for random loads.



6
DYNAMIC RESPONSE OF PLATES
WITH FREE BOUNDARIES ON
UNBOUNDED SOIL BASE

At present the state of stresses and deformations for layered pavement structures is analy-
sed on the basis of the static load of an unbounded system. The characteristic effects of
dynamic loads on the equivalent plates on subgrade have been summarized in previous
chapters. The object of this chapter is to draw attention to the differences between the
dynamic response of bounded and unbounded pavement systems.

The method of boundary integral equations, which in the past was widely used for static
solutions of plates [6.1-6.5] is also convenient for the solution of the dynamic forced vibra-
tion of a plate on subgrade. The solution using boundary elements can be applied if the
dynamic fundamental solution is available.

6.1 Fundamental solutions for plate and subgrade

Using the theory of a thin plate and the dynamic simplified model of the subgrade the dif-
ferential motion equation has the form

_;K_E ?2w+£ +g£@ _QGKJ @— P

2e=2 _ Y
ViViw - D" D o D o2 D °

for (6.1)
This equation was analysed in section 3.4.8. The inertia forces of the equivalent plate

and subgrade can be expressed by using the coefficient of mass increase of the plate &,
in the form

oh w  ooKs &w _ kaoh Fw

D82 ' D 82 D o’

(6.2)

If it is required to fulfil the exact form of the dispersion curve for flexural stress waves as
determined by the more exact theory of a plate under the influence of shear and rotation
inertia, it is possible to use the plate constant D* in the form

2 +5)8- \/“(r'.ﬁ%)z-ﬂl - 125 (8 — 128) 2

. 3 i
D =GR (1+i8) 26 - 12x)

(6.3)

where f=wh/c, is the dimensionless frequency and x=(0.87+1.124)*/(1+)*.
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The function of dynamic deflection for the loading of an unbounded plate on subgrade
by a harmonic unit concentrated force, i.e. the fundamental solution, Green’s function, has
the form

_ =30 - T @
Gr.0) = 3ot (Ho (nr) = Hy ()] (64)

where y,, y,, ¥, © are given by

To=Mh =¥+0, w=xmphih=¥-0 (6.5)
K3h?
= 6.6
v =% (6.6)
Kih'  GAR  GoRKsh
=4/ |92 -2 ' 6.7
e \/[*If Dot T ] (6.7)

if the dimensionless frequencies are

_ﬂ_ wh o = wh 62
2 /GJo \/Gofe ©8)

H are Hankel’s functions of the complex arguments y,7, y,» with positive real part and
negative imaginary part. In the case where the imaginary parts of arguments y r, y,r are
positive, it is necessary to replace functions Hy* with functions H{"" in connection with the
physical reality of the solution.

The soil base defined by the dynamic simplified model (section 3.4.1) described by the
differential equation

3

Bzwn é[r)
= 6.9
ar Zﬂ're 69

K; Viwy — Kjwo — ook

where w, is a deflection of the subgrade and d(r) is Dirac’s generalized function, which
is assumed to be a concentrated harmonic variable force acting on the surface of the
subgrade.

Using Hankel’s integral transformation we obtain the transform of Green’s function w
in the form

0

e et

H == .
wo(a ¢) 27K, (
¥

(6.10)

where « is an integral parameter of Hankel’s transformation and
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= —2 (6.11)
R.O E’DKS .
The original of the Green’s function w(r; #) is defined by relation
@it T oy ex, 7)
wo(r, 1) = 5— K f { T da. (6.12)
a4+ ._L — .Ll-!_.
Ky e
Bessel’s function J (ar) can be expressed by [1.18]
il .
J — —— ircashy _  —iarcosh v du.
olar) - f (e e )dv (6.13)
0
Substituting into equation (6.12), the deflection after adjustment will have the form
—mrma'h!
wo(r,t) = ETQK'_/ U f v +EL %l_llfx. (6.14)
Ky ey

Using the method of residues in a lower complex half-plane the unproper internal integral
gives the relation

fasl

ppp o cosh v .
doy = —i —ieny Fcoshour
f —az LS o me (6.15)
-0 K iy o
in which
w  K;
i K
is a pole in the lower complex half-plane.
The validity of the relation [1.18]
géfe_i“"‘”"’h"'dv — H{Z)(&]r) (6 17)
- 0 .
0

where HP(air} is Hankel’s function of the second kind with complex argument, gives the
Green’s function G (7; ¢) in the form
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wo(r, 1) = Go(r,1) = Hy? (er). (6.18)

4K'

6.2 Boundary integral formulation according to theorem of reciprocity

We assume that the plate occupies a region S with total boundary I" on the unbounded
subgrade S. The radius vector of the load point £, of the unit force ¥ and boundary point
7] are denoted in Fig. 6.1. We consider the bending moments M, twisting moments M
and shear forces O at the plate boundary. Because of thin plate theory it is necessary to
consider the equivalent shear forces H, = Q, + M., /dr.

Boundary integral formulations are obtained using the Rayleigh theorem of reciprocity.
According to the theorem, in the case of a dynamic stationary task the virtual work of the
system forces under unit concentrated force on deformations evoked by system load p is
equal to the virtual work of system forces under load p on deformations evoked by unit
concentrated force.

(unit force)

Fig. 6.1. Schematic diagram of the system and radius vectors.
Boundary integral formulations for the plate on subgrade have the form

GR)

I(T7)w(7) = [ p(€)G(e)dS + | |G(R) Ha(T) - on(77)
J J o (7)
(6.19)
—H(RYW(7) + Mo (R) %ﬁ%]ar + Z(ﬂcu — Fuwa),

where

1 Fes§
v(r) = {o FE(TUS)
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and
— e —
R=|7-7] ; e=|E-7]|

H,, M,, are the equivalent shear forces and bending moments on the plate boundary under
a unit concentrated load, and F, F,, and w_are corner forces and deflections under load p
or a concentrated unit load.

The forces F,, F, arise at the corner points u of the plate boundary I" (Fig. 6.2) because
of the partial derivation of the twist moment in a tangential direction, and they are equal
to the difference of twist moments M, M., at the corner point. The relationships have
the form

F=M,

nt(— ) ﬂt(ﬂ)

Fig. 6.2. Schematic diagram of the boundary corner point .

-~ -~ -

I"—!i = [:Mm.n:-} - Mntl:+])n' (621)

The integral formulation for soil base S is given by the relationship

o) . Ry

(7 wol(7) - f po(€)Gol0)dSo y K, [ {‘n J

(6.22)

Owal T JdG =
SG[::{R; wo(7))d + !Kz [ )_?((;{; Go(R) - ?E}E::{gi Wﬂ[ﬁ’}}dp
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if

1 Fes
o) = {o Fe(T U So) (6.23)

and is T a fictitious circle boundary with its centre at the point of radius vector 7 and with
radius @, which exceeds the boundary I

6.2.1 Boundary conditions

The boundary conditions for the plate with free boundaries are given by
w(77) = wo(7)

M) =0 (6.24)

Ho(7) = K} 2‘;‘2{{;; -

We assume equality of plate deflection and subgrade deflection on the plate boundary, no
existence of bending moments, and the equality of the equivalent shear force of the system
with the shear force of the subgrade K3 awy(77) /07 (7).

6.2.2 Integral formulations for an internal point of the plate and subgrade

Provided that the dynamic external load is acting on the plate surface, then using the bound-
ary conditions the integral formulation for an internal point of the plate acquires the form

W)= [p(€ )G{odﬂf[xz R 20T g Ry w(i)

. am(T)
5
(6.25)
+Mon(R) 6""((” } iI*+E(F G — Fuw);
and the integral formulation for the internal point of the subgrade is
aw,(T7) aGy(RY ,_,
wf)-]x[ (&) - 25 5 ar
’ *|awen O " aw e
(6.26)

[ &3 (290 iy - 288 ).
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6.2.3 Boundary integral equations

By means of the limit transition on the boundary for 7 - ¢ e I the boundary integral equa-
tion will be obtained from equation (6.25)

w(T) - f [K GR) ) °(n}—H..{R‘J () + M,,H(R'}gqﬁ}}dr

5 (77) ()
- — , (6.27)
- S (RG. - Faw), = [ p(E)G()as
! s
in which the variable distances
=
R' =7 - (|
(6.28)
— b
d=1&-<Cl

Similarly, by means of the limit transition for #—7¢ e 1 and limit transition for a—o0 of the
circle boundary T' the boundary integral equation is determined from equation (6.26)

1+ w(@) - [ K3 Gotr) o) S0 ED yplar =0 (g
r

on () on(7)

Equation (6.29) reflects the reality that G (R), 8Go(R')/@7 (7) fulfil the condition of regu-
larity by the limit transition for a—oo, and the boundary integral equation for the interior
boundary of the unbounded regular region has identical form to the boundary integral
equation of the bounded region. The regularity is interrupted in the case of a free member
of integral formulation, because the deflection function is constant in the whole region.
Since from a physical point of view the following equation is valid

lim ng 9Go(R =-1 (6.31)
=0 ay_; 7;2]

the coefficient of the free members has to acquire the value 1+3.

With regard to three unknown boundary quantities w(7"), dwy(7) /87 (7)), Ow(T) /07 (7)
in the boundary integral equations (6.27), (6.29), it is necessary to formulate another
integral equation.

Provided that for a concentrated moment we can write the fundamental solution
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aG(r,t) o

Gl(r.‘ r] dr

(6.31)

where 7, is the unit vector in direction n, then the boundary integral formulation has
the form

wo(T) _ -
—_— _ H'(R'Ww

P57 s st
5 r (6.32)

=1 Ow(T)

dr + N (RGL - Flw,),.
nn aﬁ!(ﬁ))] Z( u-y u:w“)l

By means of limit transition on the boundary integral equation we obtain

O] e rn @0 _ 510py o
2[ 5’? ]ﬂ ]_[[chl{ﬂ} —>—-) H (R)w(7)

(6.33)

+M!

n

® 5 Dyar - 3 (R.GL - B, = [n(€)Gi(@)as

5

6.3 Relations for calculation of internal forces and moments in plate
on subgrade under virtual unit force and moment loads

The radial bending moment Ei, evoked by virtual unit concentrated force is determined by
a relationship which has the form

=~ d* pd
M, = D(Tﬁ £ d—)G(r) (6.34)

and the tangential bending moment M, is determined by the relationship

2
M,=-D" (% Er+ ;J.d—) G(r). (6.35)

The bending moment M,, in the direction of normal line to the plate boundary is deter-
mined [6.6] by the equation

Mo = M, cos® a, + M, sin® a, (6.36)

where the angle o according to the scheme in Fig. 6.3 is the angle between the direction
and normal direction to the plate boundary.
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Fig. 6.3. Schematic diagram of the boundary angles.

The twisting moment fl-?m on the plate boundary is given by the relationship
.Iﬁm_ = (irfr — tffL} sin oy, COS Gy (6.37)

The transverse force @ of the system, i.e. of a plate resting on subgrade, is determined by
the relationship

~ Jd&@ 1d2 14 204 (6.38)
Q=D [Jrs*; w Rratw a0

where W is given by equation (6.6) and / is the thickness of the plate.
The equivalent shear force H,, on the plate boundary is given by

T = l'Silj:iilnt
HJL =& —
¢ J

—. (6.39)
¢

By the virtual load of unit moment the same relationships are valid for
M! M} M., M., 0! and H!, but related to Green’s function G, determined in

non®

equation (6.31).

6.4 Solution of boundary integral equations using boundary elements

The boundary integral equations (6.27), (6.29), (6.33) form a system of three integral equa-
tions with unknown boundary quantities: deflection w, normal slopes of subgrade ow /On
and plate Ow/On. Their solution is possible using the discretization of the plate boundary.
The total boundary curve can be divided into N boundary elements supposing constant,
linear or quadratic approximations of sub-integral functions. The assumption of a constant
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course along the element is simple. The unknown quantities are concentrated at the nodal
points, which are at the centre of the element length. This assumption makes it possible to
solve the pronounced singularities at the singular elements. Less precision can be compen-
sated for by using a larger number of boundary elements.

Let us work out the virtual unit concentrated force at every nodal point of the boundary
elements and similarly the unit moments in the normal direction to the boundary elements.
Then it is possible to transform a system of integral equations into a system of 3N linear
algebraical equations with the dimensionless unknown wE/ph, E/p ow/On, E/p ow/On at
the nodal points

w4350+ (), ) o

}#k

N N .
1 (WE wi owgE F _(dwE‘ _p
5 ( ) ,ZI Dk; ( ) + Z ij ( dﬂp )j"" Z kj a"p . k

JEK
woE 1 fowE N owE
EE,&;( ) ZIIJ}}( ° ) +§(ﬂnp)k+zck"l(—ﬁﬂp)-= PP,
i

k=1,2,.N.

(6.40)

The coefficients of the system of equations are determined by the set of relationships

Ay = K3 f Go(R')dT; = —‘—11 % HP(aR') = ; :; HYY
1.1
(6.41)
2 2
(V@G + (@n)* ~ 206an; cosiy
dGy(R' alj
By, = K3 ?_E‘]{{ ]}d j—; p cos agH 1‘2}{-1!3’}
P.l'
(6.42)

i al;

2 2 2
=17 mﬁﬂkJH”(\/aCk] + (am;)” = 2alian; mwkf)
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in which lj is the length of the j th boundary element and

2 L7
C K:h
a=mh= % - FIL"'

Ro 2

%, is an angle between the line connecting points ¢, n, at the boundary curve and normal
at boundary point s and Py is the angle between the radlus vectors ¢, . and 7} Hy &) JHY
are Hankel’s functions of zero and the first order, second kind with complex argument, in
which the real part is positive and the imaginary part is negative.

K: B)LK ,
Cy=— [Bowar, = BUIK (4036, R) - HOR)] (o)
y,
il cosa
Dy = f H,(R)dr; = Tehﬂ[(qr,’n-zllf’m] H?(mR)
|’
~(4 — 2¥7m0) (6.44)

4
)-:Hlfﬂ(’rzR‘:} + (1 — p) sinax cosay; ('ﬁo (1 _ th,]z) H;{l}f*nR')

2 4 2
+o R HO (nR') = 7 (1 - z) HY () - 2R ngﬁ(—;,zR’})]

—if;
Fij= ann{R’ )l = {([(lb g + psin ﬂl‘q} [720( = H{Z)(,T R

_Hg,%.ﬁ) ﬂ( HP(R) - Hf]('nR'JN

(6.45)
+(i cos’ o + sin’ )
|- 2 HPenr) + 22 H?*twfe*)]}
_i3(1 — ALK , f
Hy = w cos o ['}-mHEz] (1R) = oH{? (1R (6.46)
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il;
Eyj = 3O 008k Cos a"j{[—ym 20,) [H{z){"r R - R“'}]

' 1 ' .
— ("o — 207%) { Ez]{*:r;_ﬁ:‘ hR,HF]('mR }] — (1 = p) sinay; cosaj;
(6.47)
12 3 6
4 (2) _ H®
* [Tm'( ('H R? R’)H () + (1 'TIRQ) (R j)
12 3 \yo. . p 6 @ o
720 ( ('?'ZRB - " R’) Hl {hR )+ 11 "I‘ZRQ HI] ('?ZR ]
Goo o = o L ieos? o (0 2 \go. r
¥ = gan <05 (cos® ag; + psin® au;) |13, —ore) (mR')
oo e ) _ 2 ) (R’ @ (3, R
(6.48)
2
+(p cos® oy + sin” o) [ ﬁ-,(T 77 H{?}{ 1R') + [2]{ ;IR’})

2 . .

In equations (6.44), (6.46), (6.47) and (6.48), aj; is an angle between the line connecting
points {, 7, at the boundary curve and tangent line at boundary point 7, and of; is an angle
between the line connecting points ¢, 0, at the boundary curve and normal line at boundary
point ¢,

The calculation of the influence coefficients at singular elements 4,, C,,, F,,, H,, and E,
requires special attention. Detailed analysis of the relations indicates that the coefficients
H and £, (assuming the constant approximation) are equal to zero. The other coefficients

A, C,, and F,, have to be calculated in the sense of a Cauchy principal value, by using the
integrals with finite values and Gauss’s quadrature formulas.

Absolute members of the equation system (6.40) depend on the external dynamic load.
If, for instance, the plate on subgrade is under a dynamic load pe'*’ uniformly distributed on

the circular area with radius e, equation (3.2438) already derived is as follows
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_ . 1
f pe'G(o)dS = e“'pAe [%11{'“80] Hy" ()

§
1 (2)
——Ji(nen)Hy (v20)] (6.49)
Y20
where
L w30 -
A =% e(1+id) (6.50)

The right-hand sides of the equation system (6.40) at last have the form

Po= T L e ne) ~ L breatP )] a5
PP, = %%—:—ﬁ)-;{- [J’l (meo)H? (me) — Ni(re) HY (20 ]] (6.52)

All coefficients and absolute members of the system (6.40) are complex. The unknown
boundary quantities wE/ph, E/p ow/On, E/p ow/On, calculated from the system of equa-
tions, are determined by complex numbers, the characteristics of which are absolute value
and phase angle.

Deflections in interior points of the plate or subgrade are established according to equa-
tions (6.25) and (6.26).

6.5 Numerical results

The submitted solution can be illustrated by the numerical results for the forced flex-
ural vibration of a plate with free boundaries resting on the unbounded subgrade under a
dynamic harmonic load, which is uniformly divided on the circle with radius e,

The following values for the parameters have been considered

§=0.10, 89 = 0.20, . = 0.20, g = 0.35,c2/cap = 13.65,

Kih _ K> e
Bt oooss, 22 i = 000197, 25 = 40,50 = 025.

A plate on subgrade equivalent to a rigid pavement structure with equivalent thickness
h=0.36 m has been assumed.

6.5.1 Square plate on subgrade

A square plate resting on subgrade with free boundaries and dimensions 4.80 mx4.80 m
is loaded by a harmonic variable force Pe'!, which acts at the axis y (Fig. 6.4), where
P = melp and w is an angular frequency.
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4,80

Fig. 6.4. Schematic diagram of boundary elements for square plate on subgrade.
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Considering symmetry to axis y the boundary was divided into 16 boundary elements
of length 0.6 m. The number of boundary unknowns was 3x16=48 and because of
complex coefficients the problem was solved by a system of 96 equations. We assumed
two load locations of the driving force Pei, with excentricities of working »,=2.10m

and »,=0.01 m.

The obtained amplitude—frequency characteristics of the deflections |w|E/ph at
boundary nodal points 1 and 16 are shown in Figs. 6.5 and 6.6. They are calculated for
dimensionless frequencies f=wh/c, in the range 0.01-0.35.

Fig. 6.5. Amplitude—frequency characteristics of deflection at boundary nodal points.
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Fig. 6.6. Amplitude—frequency characteristics of deflection at boundary nodal points.

The deflection amplitudes of forced damped vibration of the plate at resonance frequen-
cies ff are shown in Figs. 6.7 and 6.8 for the load case with eccentricity yp:2.10 m and in
Figs. 6.9 and 6.10 for the load with eccentricity yp:0.0l m.

n=0.027 m=0.12

Fig. 6.7. Deflection amplitudes of forced vibration at frequencies f=0.08 and $=0.027.
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The value of deflection amplitude |w|E/ph can be determined by the division of vertical
amplitude 4 with gauge m. The set of deflection amplitudes was calculated by using the

1=0093 m=0.3 T

Fig. 6.8. Deflection amplitudes of forced vibration at frequencies #=0.093 and f=0.325.

#2003 m=04 I

Fig. 6.9. Deflection amplitudes of forced vibration at frequencies f=0.03 and $=0.08.
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Fig. 6.10. Deflection amplitudes of forced vibration at frequencies =0.093 and $=0.325.

boundary integral formulations and their transformation for a discrete solution applying
boundary elements. The net of interior points had the basic dimension 0.3%0.3 m with the
exception of the boundary zones, where the distance from the boundary was 0.6 m. The
calculation of deflection amplitudes near the boundary has a small amount of precision
with regard to the singular character of the fundamental solution.

The shape of the deflection amplitudes for the resonance frequencies £=0.08 and
£=0.093 is similar to the vibration shapes of a free square plate with free boundaries, which
corresponds to the second and third natural frequency [1.13]. According to [1.13] the rela-
tionship established for these frequencies of a square plate with side length / has the form

wr3 = w2 (1 F 0.69034) (6.53)
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where

. _47300° [D
W ==\l (6.54)

For Poisson’s ratio ©=0.20 this can be expressed

_6.02 Eh? 00535 |G
IR N h e
693 | ER 00615 |G
CETE N Ve

From the numerical solution of a square plate resting on subgrade the dimensionless fre-
quencies f=wh/c, have correspondent values £,=0.08, ,=0.093. It can be seen that the
interaction of the plate with the subgrade caused an increase in resonance frequencies by
the ratios 0.080/0.0535 or 0.093/0.0654, i.e. approximately about 50%. The ratio of the
frequencies which depends on the value of Poisson’s ratio, is practically the same as for the
free plate and corresponds very well to the value 1=0.20.

The first resonance zone in the frequency range f=0.025-0.035 probably corresponds
to the vibration in which the vertical or rocking vibration of the plate mass on subgrade is
determined. At the same time deformation of the plate shape is also present.

Provided that K #/G=0.00188, then a constant of vertical elasticity is approximately
C=K ’=0.00188G lz/h and the total mass of the plate M = ghf*. The angular frequency of
Vertlcal plate vibration on the subgrade considered as a rigid plate is given by

_[c, 0043 |G
W= Y- h .g-

At the same time deformity of the plate decreases the calculated value of angular frequency
and forms a resonance zone in the frequency range £=0.025-0.035.

The third resonance zone at frequency £=0.325 has the amplitude shapes of forced
vibration, which differ depending on the position of action of the driving harmonic force.

6.5.2 Rectangular plate on subgrade

The rectangular plate with free boundaries resting on subgrade has the dimensions: / =4.80
m, ly=3.68 m.

Symmetry to the axis y is assumed again. The boundary is divided into 16 boundary
clements. The length of the elements on the side / is 0.46 m. The numerical solution was
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Fig. 6.11. Amplitude—frequency characteristic of deflection at boundary point of rectan-
gular plate on subgrade.



Dynamic response of plates with free boundaries on unbounded soil base 287

i‘.
I Y
IWlE Il I 1
ph {| |
| o 13, peiwt
=| =1 + Toor | |
| |
| | N
30 I ~ 15.[
¥ 4.?0 ¥
16
P(0.0 ; 0.01)
S(-03 : 0.23
| ( )
16(-0.3 - 184)
20 HH
1
If{4 s
l |
|
I 1y n
i :
|
| I
I
|
.\J |l
|
0 03 04 p.Wwh

Fig. 6.12. Amplitude—frequency characteristics of deflection at boundary nodal points of
rectangular plate on subgrade.
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realized for two positions of a driving harmonic force, y =1.50 m and y =0.01 m. The
amplitude-frequency characteristics of deflections |w|E/ph in nodal points 1 and 16 or in
interior point S are plotted in Figs. 6.11 and 6.12.

The deflection amplitudes of forced plate vibration on subgrade at resonance frequen-
cies f are plotted in Figs. 6.13—6.15 for two load positions.

The shape of the deflection amplitudes corresponding to the second and third resonance
frequencies are very similar, without regard to the position of the driving force.

$=0.03 m=0.15

8=0.03 m=0.24

Fig. 6.13. Deflection amplitudes of forced vibration at frequency =0.03 for two load
positions.
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A=0.10 m=0.8

Fig. 6.14. Deflection amplitudes of forced vibration at frequency $=0.10 for two load
positions.

6.5.3. Evaluation of application of the boundary element method

The theoretical procedures that have been presented, and compiled computer programs in
FORTRAN 77 for IBM personal computers, demonstrate the considerable possibilities for
and the advantage of the proposed methods in the application of the numerical solution of
forced plate vibration resting on unbounded subgrade.

The advantage of the application of the method of integral equations is evident just
in the cases of plate interaction with the subgrade. In such a case the method combines
the exactness of the analytical solution with the efficacy of the numerical procedures for
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Fig. 6.15. Deflection amplitudes of forced vibration at frequency £=0.33 for two load
positions.

fulfilling the boundary conditions. In comparison with the method of finite elements the
method of boundary elements requires the solution of substantially smaller systems of equa-
tions. Another advantage is the possibility of its application for plates of arbitrary shape.

With regard to the singularity of fundamental solutions it is necessary to calculate some
influence coefficients in the system of equations in the sense of a Cauchy principal value.
For the same reason the calculation of the state vector components near the nodal points of
boundary elements is insufficiently precise.
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6.5.4. Effect of pulse loads

The differences between the dynamic response of a bounded and an unbounded plate resting
on unbounded subgrade have their origin in the different forms of the amplitude—frequency
characteristics. The amplitude—frequency characteristic of the unbounded plate is a mono-
tonicall decreasing function, and in the case of a bounded plate resting on the subgrade there
are resonance zones.

In order to study the effect of pulse loads the procedure of section 4.8 is adopted. The
application of the indicated procedure to the dynamic response of a rectangular plate with
free boundaries resting on subgrade allows us to obtain the corresponding dynamic coef-
ficients #,, of the deflection [w|E/(ph). They are plotted in Fig. 6.16 for various values of
the dimensionless parameter €2, which corresponds to the time of pulse duration.

-bound. pavement
nbound. pavement

\ I

0 0,05 n 0.

I}[I'_Egt device L 0

Fig. 6.16. Dynamic coefficients #,, for effect of pulse loading on bounded and unbounded
pavement structure.

l

-.._.

The analysis of the dynamic response of a bounded plate resting on unbounded subgrade
using the method of boundary elements confirms that the dynamic increment under a har-
monic and pulse load is evident. These results are also important for layered pavement
systems, because the equivalent plate with free boundaries presents a system which is in
contrast to the model of an unbounded plate on subgrade.



7
CONCENTRATION OF THE VIBRATION
ABOUT THE HOLES IN PLATE
ON SUBGRADE

The method of boundary integral equations and the analysed procedures offer the pos-
sibility of studying some very interesting problems concerning the influence of holes
of arbitrary shape in the plate on subgrade during the propagation of the vibration. In
such a case the diffraction of the stress waves on the hole’s boundaries is affected. The
similarity of the problem with stress concentration about the holes in the static case is
reinforced and transformed in dynamic problems because of dynamic increments in the
resonance zones. These resonances can be formed by certain ratios of wavelength to the
dimensions of the hole.

7.1 Integral formulations according to theorem of reciprocity

Let us assume thin plate theory and the simplified model of the soil base, and the funda-
mental solutions (6.4), (6.18).

In Fig. 7.1 a hole of arbitrary shape with boundary curve I' is situated in an unbounded
plate S resting on subgrade. The radius vector of the load position is €, the radius vector of
the unit concentrated force is ¥, and the radius vector of the boundary point is ?'f

force / «

////

Fig. 7.1. Schematic diagram of system of a hole in plate on subgrade.

In general, the bending moments M_, the twisting moments M_ and the shear forces O of
the system affect the hole boundary. Because of thin plate theory it is necessary to consider
the equivalent shear forces H, = @, + M, /5r.
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According to Rayleigh’s theorem of reciprocity the integral formulation for the plate
has the form

BG{R}
an' (1)

o(7) w(7) = [p(€) Gloas+ | [G(RJ Ho(7) — Mo ()
5

r

T (RYW(T) + Mun(R) 2 ﬁ”}dn [16®m)

on(7) J
(7.1)
9G(R) 6%??
- M]'.IIL H R M:rm R p— dF
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i
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1 FeS
ﬂﬂ‘{n FE(TUS)
and
=i-7 . e=IE-7.
The significance of the symbols and signs is the same as in Chapter 6.
The integral formulation for the medium of subgrade S, takes the form
aw
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7.1.1 Boundary conditions

Provided that the boundaries of the hole in the plate are free, the boundary conditions are
as follows:

W(T?'J = Wa(?}’}
Mﬂ'ﬂ.{ﬁ}} = 0

(7.3)

) 5 22

7.1.2 Boundary integral equations

Using the boundary conditions (7.3) and by means of the limit transition on the boundary
for F— ¢ € T" and the limit transition of the circular boundary I" for a—co the integral
equation is established from equation (7.1) as follows:

= . ' awﬂ(?} I ¢ =+
(1+1) w(gj_ﬂxﬁ(ﬂ}m— n(R)w(7)

(7.4)

+Mnn(R’}aw(ﬂ}]dF Z[FG qu fp? (¢')d

where

R=7-C , d=1€-7)

The boundary integral equation (7.4) expressed for the interior boundary of an unbounded
regular region is identical in form to the boundary integral equation of the bounded region.
Quantities G(R), @G(R)/d#(if) and M. (R) , Hy(R) fulfil the condition of regularity by
limit transition for a—oo. The interruption of the regularity is actual in the case of a free
member and because from a physical point of view the following relationship is valid:

lim |- [ H.(R)dT| = -1 (7.5)

[ e

the coefficient of the free member is 1+ 4.
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By means of the limit transition on the boundary for # — e I' the second integral
boundary equation will be expressed from the integral formulation for the subgrade S,
(7.2) in the form

[ TE

= ‘ nOWo(77)  8Go(R') T
w(Q) - [[Ks|Gotr) G2 - TR wi)| ar <o 6)
The third boundary integral equation can be expressed if the fundamental solution for the
plate deflection G (7 ) under a virtual unit polarized moment is established in the same
way as in (6.31).

According to the Rayleigh theorem of reciprocity the integral formulation for the inte-
rior point of the plate is given by the relationship

%5, = [r@rsions + [lewm mien - G2 B
5 r
~BARWT) + F (R) o ‘M})]dw [ 61w )

r 1.7)
_9G\(R)
()

Mi () ~ BRI + Wl (R) S ar

e

+ Z("‘ Gl — Flw,),

By using the boundary conditions (7.3), by means of transition on the boundary of the plate
hole for 7 — ¢ € I' and by means of the limit transition to the boundary T* for a—co, the
integral boundary equation is expressed in the form

(1+1) [ }] ] (kiR 22T ey i
(7.8)
ow(7) L mty [
(R)(? (7 )]dl" Z(F"Gu Fuwu)f—sfP{E}Gl(QJdS.
The validity of the relationship
lim [ M;,(R)dl = ~1 79)

r

was considered by limit transition for a—oo.
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The relationships for internal forces and moments in a plate on subgrade have already
been derived and described in section 6.3. The significance of the angle o in this case is
given according to the scheme of Fig. 7.2.

Y

ooy d-t//

Fig. 7.2. Schematic diagram of boundary angles.

7.1.3. Solution of integral equations using boundary elements

Boundary integral equations (7.4), (7.6) and (7.8) have three unknown boundary quantities:
deflection w, normal slope of the plate Ow/On and normal slope of the subgrade ow /on.
Their solution is possible using discretization of the plate boundary. Then, decomposing
the entire boundary into boundary elements with N nodal points and assuming a constant
course for the sub-integral function, the system of 3V linear algebraic equations with the
dimensionless unknowns wE/gh, E/p 0w /On, E/p Ow/On at the nodal points is obtained as

follows
%( E) +EB’“( F) +i k}(a“’u ),_D
(1+3) (WE) +ZD’“( ) +§: k’(aatu ;I_;:);'

"

aw E

" ZF"’(E’H p)
=1

ZEk:( )+i *’(a;a:pE) ( )(anpf)

N
ow E
+ G( )
,21 Y\on p
sk

(7.10)

k=1,2

The coefficients of the equation system are given by the relationships (6.41)—(6.48) of
Chapter 6, but the angles axj, a;, o have to relate in a tangential and normal direction in
the boundary nodal points according to the scheme of Fig. 7.2.
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The right-hand sides of the system of equations (7.10) have the form of relationships
(6.51), (6.52) in the case of load pe'’, which is uniformly distributed in a circular area with
radius e

7.2 Numerical results

A submitted solution can be illustrated by the numerical results of the problem of stress-
wave propagation in an unbounded plate, with a rectangular hole, resting on the subgrade.
The boundaries of the hole are free.

A dynamic harmonic load acting on the surface of the plate is uniformly distributed on
a circular area with radius e,.

During the numerical study the following parameters and dimensionless values were
used: 6=0.10, 6,=0.20, 1=0.20, 1,=0.35, c,/c,=13.65, K h/E=0.00188, K /Er=0.00197,
e,/h=0.25.

The theoretical analysis and procedures were realized using a computer program in
FORTRAN 77 on an IBM PC—AT personal computer. The numerical parametric study

I~

Fig. 7.3. Schematic diagram of boundary elements.

was carried out for rectangular holes in the plate on subgrade with various dimensions of
hole sides. The number of boundary elements and nodal points was held to be the same.
The elementary scheme of the hole and its division into boundary elements and nodal
points are shown in Fig. 7.3.

Assuming symmetry of the system and division of every side into eight boundary ele-
ments, the total number of unknown boundary quantities will be 3x16+4(corner points)=52.
Because of the complex values of the unknown quantities the task is transformed into the
solution of 104 algebraic equations.
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7.2.1 Diffraction of stress waves in plate on subgrade with rectangular hole

The dimensions of the sides of the rectangular hole in the plate are / =4.80 m, / =1.60 m. A
dynamic harmonic load with angular frequency w acts at the symmetry axis y at distance
2.80 m.

The calculation of the unknown quantities on the boundary of the plate hole was per-
formed for various values of dimensionless frequency f=wh/c, in the range (0.0-0.30).
Provided that the velocity of shear waves in concrete plate ¢,=2400 m/s and the thickness
of the plate #=0.30 m, the frequency range covers frequencies up to 380 Hz.

The amplitude—frequency characteristics of the deflection |w|E/ph are drawn in
Fig. 7.4 for nodal points 1, 6, 13 and 18. The dynamic response has two resonance
zones in the analysed frequency range, the first near frequency =0.025 and the second
for f=0.165.

IwlE |
ph

T— l? Peilut

Fig. 7.4. Amplitude—frequency characteristics of deflection at nodal point of hole boundary.
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Fig. 7.5. Amplitudes of dynamic deflections |w|E/(ph) and phase angles ¢  along hole
boundaries at frequency $=0.05.

The distribution of the amplitudes of dynamic deflections |w|E/ph and phase angles ¢
along the hole boundaries is plotted in Figs. 7.5— 7.7 for frequencies =0.05, 0.10 and

l
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Fig. 7.6. Amplitudes of dynamic deflections |[w|E/(ph) and phase angles ¢  along hole
boundaries at frequency £=0.10.
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Fig. 7.7. Amplitudes of dynamic deflections |[w|E/(ph) and phase angles ¢  along hole
boundaries at frequency f=0.165.
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Fig. 7.8. Effect of plate hole on vibration amplitudes at frequency £=0.05.
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0.165. It can be seen that the marked concentration of vibration along the sides of the
rectangular hole is particularly noticeable near the corner of the lateral sides. The largest
concentration of vibration at these places arises at the resonance frequency $=0.165.

The increase of the vibration amplitudes about the rectangular hole in comparison with
the situation of vibration propagation in a plate on subgrade without a hole present, occurs
along the cross-section A—A, i.e. along the axis y in Figs. 7.8-7.10.
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Fig. 7.9. Effect of plate hole on vibration amplitudes at frequency £=0.10.

WE A-A
ph 3=0.165
1.0 |
» |
0.5 |
/
/
/
/
A <without noe
..--'"/ (
-_I_‘-'—-—t L 1 1
B fe 2 0] 2 ym)

Fig. 7.10. Effect of plate hole on vibration amplitudes at frequency $=0.165.
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The influence of the hole causes the concentration of vibration with the interference of
direct and reflected waves in front of the frontal side of the rectangular hole but at the area
behind the hole too. The concentration of the vibration is especially marked at the reso-
nance frequencies. The hole becomes an amplifier of the vibration.

7.2.2 Influence of length of lateral sides of rectangular hole on resonance
regions and vibration concentration

Let us assume a rectangular hole in a plate on subgrade with sides /=4.80 m, i.e. the same as
in the previous analysis, but with the length of the lateral sides doubled, i.e. /=3.20 m. The
location of dynamic load Pe is on the axis y at distance 3.60 m. The amplitude—frequency
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Fig. 7.11. Amplitude-frequency characteristics of deflection at nodal points of hole boundary.



Concentration of the vibration about holes in plate on subgrade 303

Bt Iwlt f Peiw!
&0 05

—rd

|
Pw i ph
|

Fig. 7.12. Amplitudes of dynamic deflections |w|E/(ph) and phase angles ¢ _ along hole
boundaries at frequency £=0.05.
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Fig. 7.13. Amplitudes of dynamic deflections |w|E/(ph) and phase angles ¢ _ along hole
boundaries at frequency f=0.165.
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characteristics of deflection |w|E/ph at the boundary nodal points 1, 18 or 6, 13 are shown
in Fig. 7.11. Resonance zones rise again at frequencies $=0.025 and =0.165. The results
demonstrate that these resonances do not depend on the length of lateral side ly of the rect-
angular hole.

The curves of the amplitudes of dynamic deflection [w|E/ph and the phase angle ¢ at
the boundary points are drawn in Figs. 7.12 and 7.13 for frequencies f=0.05 and $=0.165.
They confirm the concentration of the vibration about the corner points of the rectangular
hole, especially at the frequency $=0.165; at the same time, however, they indicate the
subduing of the concentrated amplitudes of vibration at the lateral sides of the hole for the
frequency £=0.05.

This trend is confirmed by the curves of the deflection amplitudes on the hole boundary
in the case /=4.80 m, i.e. for a square hole as in Fig. 7.14; in contrast the increase of the
concentration of vibration with reduction of the lateral hole sides, ly:O.l6 m, is presented
in Fig. 7.15.

In conclusion itis possible to state that the length / of the lateral sides of a rectangular
hole in a plate on subgrade for the analysed scheme of dynamic load activity has no
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Fig. 7.14. Amplitudes of dynamic deflections |w|E/(ph) and phase angles ¢ _ along hole
boundaries at frequency $=0.05.
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Fig. 7.15. Amplitudes of dynamic deflections |w|E/(ph) and phase angles ¢ _ along hole
boundaries at frequency £=0.05.

influence on resonance zones but alters the size of vibration concentration about the corner
points of the hole, which increases with a reduction of the lateral side length.

7.2.3 Influence of length of frontal sides of a rectangular hole
on resonance regions

Another series of numerical calculations was performed for the case of a rectangular hole
with frontal side length / =6.40 m and lateral side length [=3.20 m.

The amplitude—frequency characteristics of a dynamic deflection at boundary points 1,
6, 13 and 18 are plotted in Fig. 7.16, and the curves of the deflection amplitude and phase
angle ¢ along the hole boundary at frequency $=0.092 are plotted in Fig. 7.17.
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Fig. 7.17. Amplitudes of dynamic deflections |w|E/(ph) and phase angles ¢ _ along hole
boundaries at frequency $=0.092.
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One can see that the amplitude—frequency characteristic contains the first resonance
zone at the non-altered frequency $=0.025, but the second resonance zone has changed as
a consequence of the alteration of frontal side length /. It has decreased from the value
£=0.165 to £=0.092. The character of the vibration concentratlon about the corner points of
the hole in the plate has remained similar to the previous cases.

It is evident that the second resonance frequency depends only on the length / of the
frontal side of the rectangular hole. Proof is available. By the flexural vibration of the plates
the resonance frequencies change in indirect proportion to the square of the side lengths.
In this case this means that the ratio of resonance frequencies =0.092 and $=0.165, i.e.
0.092/0.165=0.557, has to be equal to the ratio of the squares of frontal side lengths of the
plate hole, i.e. 4.80%/6.40°=0.561. In practical terms, this requirement is fulfilled.

The first resonance zone, which does not depend upon the lengths of the frontal or lat-
eral hole sides, is probably connected to the stiffnesses of the subgrade and plate. In section
6.5 by the solution of the vibration of the bounded plate on subgrade similar resonance
zones have arisen at frequencies =0.025-0.035.

7.3 Influence of rectangular hole in plate on subgrade by pulse propagation

The method of boundary integral equations developed for the problem of flexural stress-wave
propagation in a plate with a hole provides the dynamic response of the system, S*(), under
a dynamic harmonic load with arbitrary dimensionless frequency f=wh/c,. The dynamic
response S*(f) is a complex function with real part S, (8) and imaginary part S ().

In the cases of non-stationary vibration under a pulsed dynamic load it is possible to use
Fourier’s integral transformation according to the procedure in section 4.8. Although by its
application the zero initial conditions are not fulfilled the dynamic response is sufficiently
true and reliably reflects the reaction of the system under a pulse load.

The original of the state vector component is given by inverse transformation according
to equation (4.79). The realization of such a procedure requires us to know the courses of
functions S, () and S (f) at the relevant frequency range and to replace the improper inte-
gral with a finite integral. We know the values of functions S, () and S () only at discrete
frequencies f this is why it has to be replaced in the numerical solution of equation (4.79)
by continuous spline functions.

7.3.1 Numerical results

Let us assume that the plate on subgrade has a rectangular hole 6.40x3.20 m and the pulsed
load is acting on the symmetry axis y at a distance 3.60 m. The results of the numerical solu-
tion using the method of boundary elements and harmonic load are known from section 7.2.3.
The dynamic deflection response is presented as amplitude—frequency functions for bound-
ary points 1 and 13 in Fig. 7.16. The characteristics for point 1 reflect essentially only the first
resonance zone, while the characteristics for boundary point 13 comprise both resonances but
reflect more the second resonance zone.

The curves of the real part w £/ph and imaginary part w,E/ph of the dynamic deflec-
tion response at point 1 are shown in Fig. 7.18 and the calculated dynamic deflection to
the pulse excitation in Fig. 7.19 for values of pulse duration represented by parameter
©,=0.012, 0.025, 0.050, 0.100 and 0.250. Parameter Q, is indirectly proportional to the
pulse duration.
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Fig. 7.18. Variation of real and imaginary parts of dynamic deflection response at hole
boundary point 1.
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Fig. 7.19. Dynamic deflection responses at hole boundary point 1 under pulsed load for
various values of pulse duration.
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Fig. 7.20. Variation of real and imaginary parts of dynamic deflection response at hole
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Fig. 7.21. Dynamic deflection responses at hole boundary point 13 under pulsed load for
various values of pulse duration.
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Similarly the real and imaginary part of the dynamic deflection response at boundary
point 13 are given in Fig. 7.20 and the dynamic deflection under pulse load for various
values of € is shown in Fig. 7.21.

It can be seen that the dynamic response at point 1 is formed by the spectrum compo-
nents of the first resonance frequency £=0.025 while the spectral components of the second
resonance frequency =0.092 predominate in the response at point 13.

The dynamic deflection response achieves its maximum amplitudes at point 1 for pulse
parameter €2,=0.012 and at point 13 for 5=0.025.

A relatively complicated and at present non-analysed problem of the vibration concen-
tration near a hole in a plate on subgrade can be realized very well using the method of
boundary integral equations.

Diffraction of the stress waves on the boundary of the hole causes concentration of the
vibration in the surroundings by the process of propagation, which is magnified by means
of resonance phenomena.

All these facts obtained by the problem solution are quite obvious and comprehensible
from a physical point of view. Despite this the intensity of the concentration of vibration at
some points of the plate hole is so expressive that it evokes the necessity of experimental
identification of the phenomena.

The questions raised for solution in this section have no immediate use in the design of
pavement structures but their contribution to theoretical fundamentals and further develop-
ment in the mechanics of pavement structures is evident.



8
NON-LINEAR DYNAMIC RESPONSE OF
UNBOUNDED PLATE ON SUBGRADE

Green’s function w, for an unbounded plate on subgrade in the conception of a dynamic
influence function of the deflection for stationary time courses is the solution of the
equation

K; K3 kqoh & 146
V2o — 2 V2wo + phwo + o a::“ =3 (FJ 2 5(1) (8.1)

where d(7), d(t) are Dirac’s generalized functions. By using Hankel’s integral transfor-
mation and Fourier’s integral transformation we obtain Green’s function in the form

-3(1 - p?i

(2} (2) ot
2ERO(1 1 16) [ (mr) — Hy [W]]E dew (8.2)

—o0

wo(r,t) =

if y,, y,, © are given by the equations (6.5)—(6.7).

8.1 Dynamic deflection of unbounded plate on non-linear soil base
under a stationary load

A non-linear deflection may be established by the solution of a differential equation of
motion in the form

R’ K kioh Pw r -::"“'“ K;
4 Ry Ky d0 _P{ ) 3
Viw “Vw —_W et — 5 = - " e (8.3)

We suppose, then, a harmonically variable normal load with frequency

o, and a non-linear cubic member with a coefficient of non-linear compression K;
in N/m>,

The solution of equation (8.3) using Green’s function w is as follows
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— — 1Y T =
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%o (8.4)
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+ igh;ﬁ LR L f f;f J{H 7 - 20 - B (7 - D]}

x e“Tdw wi (T, 7) dS(2)dr

where the sub-integral function is a vector function with the radius vector of deflection
point ¥ and the radius vector of the load point g.
Provided that the following equation is valid

2m

1 f e -l dr = §(w — wy) (8.5)
— 0

if the integral is considered as generalized function, then equation (8.4) for deflection can
be expressed

= K‘ﬁ“_” L [ — = ito(t—7)
ERO(1 +i6) 2w f f N(2, 7w, 1) e dwdr (8.6)
if
—3(1 — )i et oo
“"FMff H [n(7 = 2)] - B3 [a(7 = @)]p(2)ds (8.7)
and
1 o o .
N = j]z{H,gZ){"n( 7 =) = HY [n(7F - 9)]} w3 (T, ) dS. 55)

§
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By using the procedure in [3.19] the value of integral N is determined by the relation

N — w:"gl r)_ “ﬁ[";:rj
1 T2

(8.9)

The nonlinear deflection of a plate on subgrade according to equation (8.6) is expressed
by the equation

. K; 6(1 — i) T ('}1" ) w(prT) (-7
W= Wy +£h9(1+15} 2ﬂff[ - 2@ :lLf ldr dw (8.10)

in which Wy, is the linear deflection of the plate.
The method of iteration can be used in the solution of integral equation (8.10). The first
approximation expressed by linear deflection WL gives the relationships

= ary I

W= W, = We
(8.11)

and substituting this into the right-hand side of equation (8.10), this relationship becomes

w=wpe 4 T2

Ki6(l-p?) 1 w3 (7 r) w1 (2r)
EhB(1 + i6) 27{/,/[ e ) 7 (w)

(8.12)
xe TRl - oy
Since the following equation is valid
L f 63 4 — (0o — By (8.13)
2n :
-
if the integral is considered as a generalized function then equation (8.12) becomes
fart 1 - #2) T WL lﬂf} WB ’)’3!‘) i
w=wpe o1+ 1) [ [ () ) B(w — 3wy) e*'dw
(8.14)
e, Ki6(1—47) {Wi('nrl B W}’,(W)} Bt
T T BRSO +10) |7206wm) 26w ¢

In the following iteration step equation (8.14) will be used and by substituting it into (8.10)
the second approximation will be obtained.
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8.2 Non-stationary vibration problems of an unbounded plate on subgrade

For the stationary vibration of a plate on subgrade the damping of the material of the
plate and subgrade is considered by the application of complex characteristics of elasticity
E*, K}, K; and K.

In the case of a non-stationary vibration problem it is better to consider viscous damping,
because by using the complex characteristics of elasticity the problems with the fulfilling
of the causation principle are established.

The differential equation of motion is considered in the form

- Kz 2 K] kdgh Fw Ks ow P (5[!‘)

VW VWA Wt T e Y D ar ~ap r 00 (8.13)
in which K, K, and D are real characteristics of subgrade elasticity and plate rigidity, the
damping characteristic K, (Ns/m’) expresses the damping stress by unit moving velocity,
and d(7) and () are Dirac’s generalized functions.

By using Hankel’s integral transformation the original or Green’s function w(7; ¢) is
established from equation (8.15) in the form

(r.1) 1 7 (ar) 1 j e~ dw da
wolr, f) = —5— | aJdolar)— : (8.16)
7 T k, i ol
27D J 27 (;n_‘ln 12 4 K Ky Kie ad)

where ¢ is an integral parameter of Hankel’s transformation and w is an integral parameter
of Fourier’s transformation.
Calculating the interior integral by the method of residua we obtain

= afy(ar) sin(\/ﬁ (K; + Kol + Dad) — :41 f)

_e—H
wo(r, 1) = 21:;}1!( f : dex (8.17)
0 o5 (K1 + Kz02 + Dot — §)
if
Ks
£ = Et‘j::‘ (8.18)

The improper integral (8.17) can be calculated numerically by substituting an integral
with a sufficiently large value of upper limit a. The integral converges and has no
singularity for

2
£ 1 2 4
7 < T (K1 + Kao® + Da™).

In the case of a vertical normal load with intensity p=P/za?, which is uniformly divided on
a circular area of the plate surface with radius @, equation (8.17) is given in the form
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Pe ¥

wolr,1) = 2 ohkga

< Ji(aa) Jo(ar) sin (\/ﬁ (K1 + K202 + Dat) — 11 I) (8.19)
« / :
J \/ﬁ (K1 + Kz02 + Do) — §

dex

Equations (8.17) and (8.19) are valid for an instantaneous pulse load (given by Dirac’s
generalized time function). In the cases of pulse loads formulated by the functions of
non-stationary time course f,(z) the dynamic response of the system is determined by the

relationship
f filr e~ -1 p
272 phikga
(8.20)
T [\/ﬁ (K: + Kzo? + Da?) - (1 — 7)| dadr
» f.h (eva) Jo(aer) sin T :
! Vit (Ki + Kaa? + Dad) —

8.3 Non-linear non-stationary vibration of a plate on subgrade

The assumption of the non-linear effect of subgrade leads to the differential equation of
motion in the form

%VZW-PEW-I- kqoh @'{_Kﬂ aw Pf" I} &wi‘ (8.21)

e
ViV D D 2 " Da D D

Equation (8.17) was derived for Green’s function w(7; ) for non-stationary time courses.
Then for the deflection w of the plate on subgrade according to (8.21) the relationship is
given

f
W= %}ffp(?, T) wu('?,F,E,T} dSpdr

0 %

I
_ % f f WA (2, 7) wol 7, Bt T)dSdr

0 Soc

(8.22)

where S is the load area of the plate on subgrade and S is the unbounded region of the
plate on subgrade.
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The first part of equation (8.22) is the linear solution of the task, which can be marked

by w,.
L
Fourier’s transform of the function w(7; ¢) is given in the form

—3(1 -
F o O =
w = S0 HO (7 - 7)) - B (P - 7))
if

Tl =A +B

“Y=A-B
and

A4=-3p

Ky | Ks ophiy

= 2_ 1 W,
B \/‘d' D YDt Do

Equation (8.22) can be expressed as the relationship

g+ f f [ w@n{ -2 (e

=0 Sa0

52] (y2(7 — F]}] }dS el du dor,

By using the procedure in [3.19] the relationships can be established in the form

i — [—
/ W(@.7) 3 HP (7 - 7)) as = 57

(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)
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According to equation (8.28), equation (8.27) becomes

2) 1 o0 i
1 [ 18-% upn)
= wy, +A1 h3 fw(r e f B 272 o dwdr  (8.29)

where
K4
Al =—. 8.30
1=5 (8.30)
Because of the validity of the following relationships
K
g"__:J_@EJ (8.31)
D
7% - -!f =-2B (8.32)

the improper integral in equation (8.29) can be expressed using the method of residua in
the form

=]
1 -2 e_""['_'}dw
o FI

(8.33)
_ 2D 360 sin 1,;‘ l:.!"'-'?'
s o
Equation (8.33) is valid assuming that
K 1 EI
EE}f (8.34)
which is always fullfiled for the real values of the damping.
Then in the first approximation equation (8.29) becomes
1 t—T1)|dr
: VE o]
Ly = wp — Ei!-;—d / wi{r, The Fe-1) gin = . (8.35)

PLITY
0 ok 4



318 Dynamics of Pavement Structures

8.4 Numerical applications

Equations (8.19), (8.20) and (8.35) can be calculated using numerical integration and com-
puters. It is better to modify these relationships into dimensionless forms by introducing

the dimensionless variables

7= aa
E
h=t2—y h‘fg

]

Ty =T —

1 h
L ft _KS'LU
0 o Ek

Then equation (8.19) will acquire the form

woE  —e1h ]le{-r;} .f.,{:;f] sin (K(n)t) l

= o

ph ~ 2ky K(n) !
0

where
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Ko =\ " Ere ™ VBT W

Equation (8.20) has, after modification, the form

e 801 o) snlKa)os — ) )
E?de // e

K(n)

and equation (8.35) for non-linear dynamic response has the form
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(8.36)
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(8.38)

(8.39)

(8.40)
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8.4.1 Effect of a trapezoid-shaped pulse

We may assume that a vertical normal load of intensity p=1, the time course of which is
determined in Fig. 8.1, is acting on a circular area with radius a on the plate surface.

The numerical analysis is realized for the following values of parameters: =0, 25,
k,=2.50, K h/E=0.00078, K /Eh=0.00082, £,=0.02, h/a=1.73.

The variations of dimensionless deflection W=wkE/ph with the dimensionless time
t =tc,/h are plotted in Figs. 8.2-8.4 for various distances from the exciting load which are
given by the ratios #/a=5, 10 and 20.

1 29

|
-

-

Fig. 8.1. Schematic diagram of trapezoid-shaped pulse.

The forms of the dynamic response confirm the characteristic laws of system action. From
the dispersion curve of phase velocities it is evident that the phase velocities of the stress
waves increase with increasing frequency or decreasing wavelength. It can be seen from
Figs. 8.2-8.4 that the front of the pulse response with increasing distance from the exciting
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Fig. 8.2. Dynamic deflection response for r/a=5.
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Fig. 8.3. Dynamic deflection response for »/a=10.

force is formed through wave components, the wavelength of which is shortest immedi-
ately at the front of the pulse. With time increase the wavelength gradually increases.
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Fig. 8.4. Dynamic deflection response for »/a=20.
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Fig. 8.5. Non-linear dynamic response for 7/a=5 and decreasing rigidity of subgrade.
The non-linear dynamic responses for the same pulse load, calculated by the numerical

integration of equation (8.40), are plotted in Figs. 8.5-8.10. The dynacmic response at
the distance given by ratio »/a=5 is in Figs. 8.5 and 8.6, at distance 7/a=10 in Figs. 8.7
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Fig. 8.6. Non-linear dynamic response for 7/a=5 and increasing rigidity of subgrade.
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Fig. 8.7. Non-linear dynamic response for 7/a=10 and decreasing rigidity of subgrade.

and 8.8, at distance /a=10 in Figs. 8.7 and 8.8 and at distance 7/a=20 in Figs. 8.9 and
8.10. The courses of the non-linear response correspond to the dimensionless characteris-
tic of non-linearity 4,=—0.002, or 4,=0.002 and 4,;=—0.05, i.e to decreasing or increasing
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Fig. 8.8. Non-linear dynamic response for 7/a=10 and increasing rigidity of subgrade.
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Fig. 8.9. Non-linear dynamic response for 7/a=20 and characteristic of non-linearity

4,=—0.002.

rigidity of the subgrade. The physically real characteristic of nonlinearity certainly cor-
responds to decreasing rigidity of the subgrade by the increase of deflections. In the time
variation of pulse response it manifests itself as an increase of maximum dynamic deflec-
tions and by the increase of the time #, in which these maxima set in.
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Fig. 8.10. Non-linear dynamic response
A4,~-0.05.
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for #/a=20 and characteristic of non-linearity
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Fig. 8.11. Linear and non-linear response for 7/a=5 under pulse of half-sinusoidal shape.

By increase the distance from the pulse source, the amplitudes of the response deflection
decrease, as can be seen in Figs. 8.9 and 8.10 for the ratio #/a=20. The influence of non-
linearity increases with increase of the value of 4, (compare Figs. 8.9 and 8.30). The linear
and non-linear dynamic response for a pulse load of half-sinusoidal shape with maximal
amplitude p=1 and divided on an equal time section as shown in Fig. 8.1 is in Fig. 8.11.
Comparing this with the response for a trapezoid-shaped pulse in Fig. 8.5, it can be seen
that the dynamic deflections and the influence of non-linearity are both smaller. This cor-
responds to the reality of the situation because a pulse load of half-sinusiodal shape has a
smaller value than a trapezoidshaped pulse.

8.4.2 Bending moment in plate on subgrade and subgrade reaction due
to an instantaneous pulse load

The radial bending moment in a plate on subgrade is determined by the relationship
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Pw Elw]

M — D {a—ﬂ v 22, (8.41)

According to equations (8.37), (8.38) and (8.41) the radial bending moment in the plate
has, after rearranging, the form

M, —e Tt g2
phz 2xky(1 = p?)a?

) (8.42)
xfiuﬁ%@ 7J1(n) [Jn(ﬂi) ”%J' (ﬂ.:—:)Jd”'
0

L)

In the case of a non-linear subgrade the bending moment, in the first approximation, is
given by the equation

Iﬂ _ My f WL T1] 2 My(m) ﬁw[_{ﬂ}E
ph?  ph? ph? ph

e~ p2 fmn{K{f;}h) - Ji(n) Ji (nk ] dn (8.43)
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o
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X

dr.

The subgrade reaction ¢ due to a pulse load is expressed by the relationship

g = Kiw — Ky Vw. (8.44)

By using equations (8.37) and (8.38), the subgrade reaction in dimensionless form is given
by the equation

g —eu j’h () [ + 7] Jo(ng) sinlK(m)n] | (8.45)

P 2rka K(n)

0

The non-linear reaction of the subgrade in the first approximation is determined in the form
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(8.46)

Equations (8.42), (8.43) and (8.45), (8.46) refer to an instantaneous pulse load. It is simple

to rearrange these equations for the case of a pulse load with time variation f,(z,).

The courses of calculated dimensionless deflections W =w E/ph dependent on dimen-

sionless time ¢, are plotted in Fig. 8.12 for 7/a=1, 5 and 10.
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Fig. 8.12. Dynamic deflection response under unit instantaneous pulse at various ratios
E=r/a.
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Fig. 8.13. Linear and non-linear deflection response under unit instantaneous pulse for »/a=5

and 4 0:—0.002.

The values of the deflections are approximately 30 times smaller, because the value of a
unit instantaneous pulse is 30 times smaller than the value of the trapezoid-shaped pulse

in Fig. 8.1.
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Fig. 8.14. Linear and non-linear deflection response under unit instantaneous pulse for »/a=5

and 4,=-0.20.
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Very small values of deflections cause the influence of subgrade non-linearity to be vis-
ible only for the larger values of parameter 4, as can be in Figs. 8.13 and 8.14.

The curves of bending moments of a plate on subgrade in dimensionless form M =M /ph*
depending on ¢, at r/a=5 are plotted in Fig. 8.15 for a trapezoid-shaped pulse, in Fig. 8.16 for
a triangle-shaped pulse and in Fig. 8.17 for a half-sinusoidal-shaped pulse. The time section
of all the pulse shapes is the same as in Fig. 8.1. In Fig. 8.17 the course of bending moment
for a triangle-shaped pulse is plotted as well.

The form of the moment response suggests that the instantaneous changes of pulse
time variation f(z,) are reflected in intense changes of the variation of dynamic moment
response. These changes are greatest for a trapezoid-shaped pulse and smallest for a half-
sinusoidal-shaped pulse.

The subgrade reaction g/p in dimensionless form calculated for a half-sinusoidal-shaped
pulse is plotted in Fig. 8.18 at the distances /a=5 and r/a=10.

With regard to the theory of the equivalent plate on subgrade the results obtained and
derived relationships and procedures in this section are an effective tool for the complex
analysis of the influence of dynamic load of pavement structures. At the same time they
form the theoretical basis for the development of dynamic diagnosis.
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Fig. 8.15. Bending moment response of plate on subgrade under trapezoid-shaped pulse
for 1/a=5.
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Fig. 8.16. Bending moment response of the plate on subgrade under triangle-shaped pulse
for r/a=5.

An example of the computer program for the case of linear and nonlinear dynamic deflec-
tions of a plate on subgrade under a pulse load is given in Appendix 2.
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Fig. 8.17. Bending moment response under triangle- and half-sinusoidal-shaped pulse
for r/a=5.
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Fig. 8.18. Subgrade reaction response under half-sinusoidal-shaped pulse for r/a=5
and r/a=10.



9
EFFECTS OF VIBRATION-ISOLATING
BARRIERS ON THE PROPAGATION
OF VIBRATION IN SOIL BASES

Many experimental investigations performed on real or model soil bases [9.1]-[9.7] have
shown that barriers in soil bases may be a very effective means for the vibration screening
of objects or zones that are situated immediately behind the barrier. In particular, the barrier
can be applied to the propagation of technical seismic effects or vibration evoked by traffic,
when the majority of the frequency spectrum components have wavelengths smaller than
or comparable to the dimensions of the barrier.

The problem has been treated in [9.2] using the method of finite elements as a two-
dimensional problem, i.e. the plane strain problem.

9.1 Application of boundary element method

Our investigation has been performed theoretically by the use of the method of boundary
integral equations and that of boundary elements respectively [6.1-6.4] assuming the soil
base as described by the simplified dynamic model. We then assume the depth of a barrier
larger than or comparable to the wavelength of the propagated force effect components.
In this way, the influence of the shape and dimensions of the barrier on vibration-isolating
effect can be investigated.

A harmonically variable dynamic force acting at the surface of the soil base
generates dilatational and shear waves, which spread into the soil base, and surface
Rayleigh waves which radiate at the surface with velocity c¢,. The amplitudes of vertical
displacements w and horizontal displacements u by Rayleigh waves are concentrated
at the surface (Fig. 9.1). It is known [9.8] that the greater part of the energy (67 %) is
radiated by the surface waves.

If the depth / of the obstacle (Fig. 9.1) is comparable to the wavelength A_, we can
expect the screening effect before the incoming waves.

o

e |
/l\\c"f\lH‘L barrier u w

iwt
e

Fig. 9.1. Schematic diagram of barrier in soil base.
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9.1.1 Simplified dynamic model of subgrade and fundamental solution

The simplified dynamic model of subgrade was analysed in section 3.4.1. The differential
equation of motion for such a model of subgrade has the form

Ki 18w 130,

W—_-— — —_

2. _ ort
VWY T @ e T TR 2 Y ©-h

where d(7), 6(t) are Dirac’s generalized finctions, and ¢, is a complex velocity of Rayleigh
waves.

By using Hankel’s and Fourier’s integral transformations the transform of Green’s func-
tion, "Fw is given according to equation (9.1) in the form

HE (0 ) = — 1 1 ©2)
' 4r’K; (—a? — K; /K5 + e '
where a, @ are integral transformation parameters.
The original of Green’s function w(7, ¢) takes the form
1 TT e Jylor) e
w(r,1) = . ff —— — dadw. 9.3
VoK | | KK -2l ©-3)

By using the procedure of section 6.1, Green’s function for the subgrade is as follows

i (2) »
w(r,t) = _Swrk'; f Hy” (ayr) " dw (9.4)
—og
if
w K
=4, /—= =L )
23] 2K 9.5

Green’s function as the dynamic influence function of the deflection under a harmonic unit
concentrated force in the form

G(r,1) = 4;1,;’. P anr) e (9.6)

represents the fundamental solution. The function H{(ayry is Hankel’s function of complex
argument o, 7 with positive real part and negative imaginary part.
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9.1.2 Boundary integral formulation according to Rayleigh’s
theorem of reciprocity

Let us assume that the barrier occupies a region S, with boundary I' in the unbounded sub-
grade S. The radius vector of the load point &, of the unit force point ¥ and boundary point
7} are indicated in Fig. 9.2.

v p[E) etwt

S . (unit force)

N

o ——— -

Fig. 9.2. Schematic diagram of system and coordinates.

The boundary integral formulation according to the theorem of reciprocity has the form

I w(F) = [ (F)G(0)dS + f Kz[ ﬁ’)} G(R)
5

9.7)
9G(R) aw(T) _ 3G(R)
) w 1@+[&[ ) O~ ]
if
1 Fes
) = { 0 rerus

and the variable distances R = |fj— 7], ¢ = |€— 7. T is the fictitious boundary of the region S.

9.2 Barriers of different materials

If the barrier medium S in the subgrade is made from a different material the integral for-
mulation for the barrier medium has the form
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() wol(F) [KN a“’“;,j} t)—ac‘"('(_{“ ol )]dr

(9.8)

Fe s
) = {0 ((FZE T Lﬂ;}sn}

Gua(R), wo(F), K3 represent the fundamental solution, deflection and coefficient of shear
transmission for the barrier medium.
The conditions at the boundary I" are

w(T) = wo(7)

. Ow(7) 9.9)
= %0 gwcn);

. w(T)
ran ()

By means of limit transition on the boundary T for # — ¢ € " and on the boundary [* with
the radius R — oo, the boundary integral equations will be obtained from (9.7) and (9.8)

W) 9GR)
(1+3) wm‘f”"[‘;{ Vo~ ) O
. / p(€) G()ds
s (9.10)
= ow(T) . 9GWR) ]
%w(c}—f[xzcm(m D - Ky w(u)] dr =0

r

The distances R’ and @' are represented by equations (6.28). The coefficient of the free
member in the first integral equation has the value 1 + %, as it was given in section 6.2.3.

If the entire boundary is decomposed into boundary elements with nodal points, then it
is possible to transform the system of integral equations into a system of 2N linear alge-
braic equations as follows

Wkk'z ZN: awj Kz
h
o
- 9.11)
W;‘Kg WJKz N c’in Kg (
05— pa ch;p +Z NBn pa =0

ik

k=12,..N
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The dimensionless unknowns w K. /pa®, K /pa 6wj/&n at the nodal points of the boundary
can be determined by the solution of system (9.11).

The complex coefficients of the system (9.11), assuming a constant course of sub-inte-
gral function along the boundary element, have the form

dG(R' i R
Ay = K3 7 E ‘;d i=3 a;" COS Orgj H{Z’(a?)

)

By = —K; f G(R')dr; _i b g (ug)

(9.12)
OG (R’ i R
C;U' = KED #(ﬁ,))dr! = i ﬂ{lé‘ CUS{.\'EJ; H][IEJ (”f[l E)
I'J
il; R
Dy = K{IUtha(R’)dF;- =-1 j%ﬁ ay (cm E)
rﬂ
where
0 1
2 _ 2 1
o = (ma) =2
(9.13)
2 Q1
0y = — — —
0=
1]

and %, is the angle between the direction of the normal at the boundary point 7, for sub-
grade medlum and the direction of the line connected boundary points & and 7 - &% is a
similar angle for the barrier medium, lj is the length of boundary element and dimension-
less parameters are given in the form

ﬂ Qo y K; o = Ko TM_KE
1’—‘%{ 1 CI—I ] Koaz ] KIﬂaz ¥ K;_!G -

(9.14)

In the case of a uniform normal load pe' on a circular area of the subgrade with radius q,
the right-hand side of the first equation (9.11) is expressed by the equation

__im @ 1€ -4l
Py = -5 Ji(a) H; ( - ) (9.15)

where J (@) is the Bessel function of the first order.
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9.2.1 Effect of a linear barrier

By numerical study of the effect of a linear barrier with length £=9.0 m and thickness
B=0.6 m and with dimensionless parameters y=10, y,=5 the boundary was divided into 32
boundary elements. A harmonic variable load Pe, uniformly distributed at the circular
area with radius ¢=0.25 m, affects the subgrade according to the scheme of Fig. 9.3.

The calculated amplitudes of dynamic deflections w =|w|K /pa® are plotted along
the boundary and along the section A—A for the cases with and without a barrier. The

4?5-

1 =10

scale:
Coq=5.0 we 202
—~-without barrier 0.5m

—— with barrier

Fig. 9.3. Effect of linear barrier for C,_=5.0 and vibration frequency Q=1.0.

materials of the barrier and subgrade are given by the ratio C, =c, /c,=5.0 and dimension-
less frequency of vibration Q=1.0.

From Fig. 9.3 the dramatic vibration-isolating effect behind the barrier, and the super-
position of direct and reflected waves before the barrier, can be seen.

9.2.2 Influence of various barrier rigidities on vibration isolation

The results in Fig. 9.4 represent the influence of parameter C,_ on the screening zone along
the cross-section A—A at frequency Q=1.0. The screening effect increases with increase
of the ratio C,if the wave characteristic of the barrier medium is greater than the wave
characteristic of the subgrade.

On the other side the results are more complicated if the material of the barrier has a
lower value of velocity of surface waves that the subgrade.



Effects of vibration-isolating barriers on propagation of vibration in soil bases 337

2

wl K, P/ ) Jl =10
EXR 2(//
0.05 | é —-—-witnout barrier
4\\ —— with barrier
7B t
0.06 b / \ 2 parameter.
% CM:C"/C'
0.03 - é
0.02 ';
. r t _ \
o 0.5
=]
%
0.01 1 [ S N
7 N
_ﬂ_q_‘____
0<00 - - + -+ + + —_— ____J
0 1 2 3 4 (m) 5

Fig. 9.4. Influence of parameter C, on screening zone at frequency Q=1.0.

The results of a detailed study of barrier efficiency at various frequencies Q at interval
(0.3-1.0) and for various values of C, are given in Fig. 9.5. The efficiency expressed by
amplitude reduction factor ARF is given in the screening zone by the ratio

?WBA;;H K dl
ARF = DT;_.___ (9.16)
[k g
pa
0

if [wy,[(0) is the course of the deflection amplitudes behind the barrier and [w|(/) is the
course of the deflections amplitudes in the same section of the subgrade without a barrier.
The length of section is L;=5.0 m.
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Fig. 9.5. Variations of amplitude reduction factor ARF" with C_ for various values of
frequency Q.

The trend of higher efficiency with increase of barrier medium rigidity is clear across
the whole frequency range. In the region C, <1.0 the behaviour of ARF is very compli-
cated. There are resonance zones, and in the first one ARF>1, i.e. the concentration of the
vibration increases behind the barrier. However, the efficiency of the barrier is weaker at
other resonances too. The results demonstrate that barriers made from material with wave
characteristics lower than those of the subgrade characteristics, do not provide a sufficient
vibration-isolating effect. For each frequency, intervals of values C,  exist in which the bar-
rier is a source of vibration concentration and thereby an amplifier of the vibration.

These phenomena are legitimate; they are connected with the diffraction of the stress
waves on the boundaries of the barrier and with the resonances. It can be demonstrated
that the resonances take place if the wavelength A, in the barrier medium has the values
A, =25, B, 0.5B,...B is the thickness of barrier.

The efficiency of the barrier is also reduced in the region C, >1 at very high frequencies,
if the wavelength in the subsoil is comparable with the thickness of the barrier.
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9.2.3 Influence of various barrier thicknesses on vibration isolation

The effect of various barrier thicknesses was analysed through numerical study on the
same linear barrier with thicknesses B=0.3, 0.6, 1.0 m. The rigidity of the barriers is always
given by the ratio C, =5.0.

The variations of the subgrade deflection at the point (0.0, 2.0) in the screening arca
behind the barrier with the dimensionless frequency Q is given in Fig. 9.6 for the barrier
thicknesses 8=0.3 m and B=1.0 m.

It can be seen that in the frequency range Q=(0-2.0) the vibration-isolating effect of the
barrier with B=1.0 m is considerably higher than for 3=0.3 m.

A more general survey is given by the results in Fig. 9.7, where the variations of
ARF factor with frequency are drawn for 8=0.3, 0.6 and 1.0 m. These curves confirm
that the vibration-isolating effect increases with increasing barrier thickness. It can be
seen, however, that at higher values of frequencies above Q=1.0 the isolating effect is
influenced by resonance phenomena; the screening effect decreases and the vibration
concentration increases.

0.08
ik, Cpa=5
pa?
0.06
0.04 b—
L-without
barrier

0.02

0

Fig. 9.6. Variations of subgrade deflection behind barrier with frequency Q for barrier
thickness B=0.3 m and B=1.0 m.
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9.2.4 Dynamic deflection field around barrier

Contemporary computer techniques make it possible to calculate a whole field of dynamic
deflections around the barrier and to show the deflection amplitudes graphically.

Such graphic images are presented in Fig. 9.8 for the frequency of exciting force Q=0.3,
in Fig. 9.9 for Q=0.5, in Fig. 9.10 for Q=1.0 and in Fig. 9.11 for Q=1.5. All these results
are valid for thickness B=0.6 m and parameter C, =5.0. The screening efect behind the bar-
riers and the superposition of direct and reflected waves in the region between the source
of vibration and the frontal side of barrier can be seen quite conclusively. The decrease of
wavelength with increase of vibration frequency is evident too.

2.0

ARF sz 5

1.5

1.0

05

/s B=10m

0 1 2 n 3

Fig. 9.7. Variations of amplitude reduction factor ARF with frequency Q for barrier
thickness B=0.3 m, B=0.6 m and B=1.0 m.
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Fig. 9.9. Dynamic deflection field around barrier for vibration frequency Q=0.5.
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Fig. 9.11. Dynamic deflection field around barrier for vibration frequency Q=1.5.
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Fig. 9.12. Amplifying of vibration field around barrier for Q=0.3, C, =0.2, B=0.6 m as a
result of resonance phenomenon.

In contrast, the amplifying of the vibration field around the barrier is drawn in Fig. 9.12 for
the parameters Q=0.3, C, =0.1, B=0.6 m. The resonance phemonenon causes the barrier to
become an amplifier of vibration.

9.3 Trench barriers

A barrier made by means of a trench with boundary I' is a special case in which the follow-
ing boundary condition applies:

On(7) = K3 ,r =0 (9.17)

i.e we require zero shear forces @n(7) on the boundary.
Then the boundary integral formulation for an interior point of the subgrade is estab-
lished from equation (9.7) in the form
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W(F) = [ 2)ds — ] ISG;:R}} wi)dr

(9.18)

fK BC{R} w(7)dl

By limit transition on the boundary I for #— { € I' and on the boundary T* with radius
R — oo, the boundary integral equation is given as follows

(1+ 2) w({ fKZ BG[R} w( 7 )dl’ = [p[f G(o)dS (9.19)

where the distances R’, g’ are expressed by equations (6.28).

The solution of the integral equation (9.19) is possible by dividing the boundary I' into
N boundary elements. The constant, linear or quadratic course of the sub-integral functions
along the elements can be assumed. The boundary integral equation (9.19), after discretiza-
tion, is transformed into the following system of algebraical equations:

Wi Kg
1.5wg + Ay L—==p;
Z |
o (9.20)
k=1,2,..N

where 4 i is given by the first equation (9.12) and P, in the case of normal load p uniformly
distributed on circular area with radius « is expressed by equation (9.15).

In the system (9.20), the coefficients 4, and the right-hand sides P, are complex quanti-
ties. The unknown boundary deflections at nodal points wk JIpa’ calculated by the solution
of system (9.20) are complex too. The deflection at the arbltrary point of the subgrade is
determined by using equation (9.18) and the known boundary deflections.

9.3.1 Linear trench barriers

A numerical study of a linear trench barrier with length L=10.0 m was carried out for vari-
ous thicknesses: B;=1.0 m, B,=0.6 m and B,=0.24 m.

The source of the dynamic harmonic load is situated excentrically to the symmetry axis
of barrier at the point with coordinates (1.0, —2.50). All numerical calculations are per-
formed for the dimensionless characteristic of the subgrade v = K}/K;a® = 10, the damping
parameter of subgrade medium 6=0.20 and the radius of load area @=0.25 m. The boundary
of the trench barrier was divided into 32 boundary elements.
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The results of the calculated dynamic amplitudes of deflection at the boundary nodal

points and in the cross-section A—A can be seen in Fig. 9.13 for a trench barrier with
B,=0.24 m and frequency Q=0.5.
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Fig. 9.13. Effect of linear trench barrier at vibration frequency Q=0.5.

The deflection amplitudes in the screening zone behind the barrier and their variations
along the cross-section A—A are marked in Fig. 9.14 for Q=0.3 and thicknesses B,, B, in
Fig. 9.15 for Q=0.5 and in Fig. 9.16 for Q=1.0, in each case for B, B, and B,. The results

ot

2 =03
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Fig. 9.14. Deflection amplitudes in screening zone behind trench barriers for Q=0.3.
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Fig. 9.15. Deflection amplitudes in screening zone behind trench barriers for Q=0.5.

illustrate that the screening effect depends on the frequency and on the thickness of the
barrier. Trench barriers, as a limited case of barriers with lower rigidity than the subgrade
medium, demonstrate that the resonances influence the vibration-isolating effect and
reduce its efficiency.
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Fig. 9.16. Deflection amplitudes in screening zone behind trench barriers for Q=1.0.
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The variations of deflection amplitudes in Figs. 9.15-9.16 for Q=0.5 and 12=1.0 con-
firm these conclusions.

9.4 Sheet piling barriers

Sheet piling barriers can take on an arbitrary shape: bounded curve or line, closed curve. If
the depth of the barrier is greater than the wavelength of the stress waves propagated in the
subgrade, the boundary condition on I" may be expressed

w(7) =0. (9.21)
We assume zero vertical deflection in the location of a sheet piling barrier.

The integral formulation according to Rayleigh’s theorem of reciprocity has for the
interior point of subgrade the form

w(7) = [ p(E)G(e)s + / K;
5

. ow(T) .
+ /Kz 5707 G(R)dT

G(R)dI’

(9.22)

1'.

By using the usual procedure of the transition to the boundaries and the condition (9.21) the
boundary integral equation is as follows

. n W) 2V Gl
—KzlfG(R}aﬁ,ﬁ,J szsfpliE}G(p}dS (9.23)

The solution of (9.23), applying boundary elements, generates a system of algebraical
equations with unknown shear forces at the nodal points of the boundary.
After discretization into N boundary elements the system of equations has the form

i Bk Bwj Kz Pk
— "% On pa
= (9.24)

k=1,2,..N

Assuming a constant sub-integral function along the boundary element the complex
coefficients B, are given by the equation (9.12) and P, can be established according to
equation (9.15).

The determination of the values of diagonal coefficients requires special aftention
because Hankel’s function Hj gains an infinite value for the zero value of the argument.
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Singular integrals By = [, G(R')dlx have to be calculated in the sense of the main value
by using integral with finite values and Gauss’s quadrature formulas.

9.4.1 Linear sheet piling barriers

A numerical study of a linear sheet piling barrier was performed for the characteristics
v=10, 6=0.20, ¢=0.25 m and L=9.6 m.

The barrier was divided into 32 boundary elements with the same length. The efficiency
of the barrier was investigated by the calculation of deflection amplitudes |w|K /pa* along
the cross-section in the screening zone behind the barrier, which is identical to the y axis.
The source of the exciting harmonic force was at a point with distance 2.5 m before the
barrier and with eccentricity 1.0 m from the symmetry axis of the barriers.

The variations of the deflection amplitudes are plotted in Fig. 9.17 for Q=0.3, in Fig. 9.18
for Q=0.5 and in Fig. 9.19 for Q=1.0. The considerable vibration-isolating effect behind the
barrier diminishes with increasing frequency.

An example of the computer program for the sheet piling barrier is in Appendix 3.
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Fig. 9.17. Variation of deflections amplitudes with distance for sheet piling barrier and Q=0.3.
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Fig. 9.19. Variation of deflection amplitudes with distance for sheet piling barrier and Q=1.0.
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Fig. 9.20. Schematic diagram of closed circular sheet piling barrier.

9.4.2 Closed circular sheet piling barriers

The efficiency of a closed circular sheet piling barrier with radius R=3.0 m and with the
source of the dynamic force according to the scheme of Fig. 9.20 was studied numerically
by dividing the boundary curve into 64 boundary elements.

The variation of calculated dynamic deflection amplitudes [w|K /(pa®) along the cross-
section A—A is drawn in Fig. 9.21 for Q=0.5, in Fig. 9.22 for Q=0.75, in Fig. 9.23 for
Q=1.00 and in Fig. 9.24 for Q=2.0.

The variations of deflection amplitudes document the superposition of direct and
reflected waves in the interior region of the barrier and the high degree of the vibration-
isolating effect behind the closed barrier. The same effect can be expected if the exciting
force is located on the exterior of the closed barrier. A passive vibration-isolating effect will
be expected in the interior of the closed region. Such a case of passive vibration-isolation
is the principle method for screening traffic vibration.
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Fig. 9.21. Variation of deflection amplitudes with distance for closed barrier and Q=0.5.
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Fig. 9.23. Variation of deflection amplitudes with distance for closed barrier and Q=1.0.

9.5 Screening effect for pulse loads

The method of boundary integral equations is a good means for the solution of problems in
which the dynamic exciting force is a harmonically variable function of time with angular
frequency w.
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Fig. 9.24. Variation of deflection amplitudes with distance for closed barrier and Q=2.0.
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Fig. 9.25. Behaviour of real part of dynamic deflection response at point of subgrade
medium without barrier.

In the cases of non-stationary vibration under a pulsed dynamic load the procedure of sec-
tions 4.8 and 7.3 can be applied. For illustration we present the results for a linear barrier
with the parameters £=9.0 m, B=0.6 m, C,_ =5 and the scheme of Fig. 9.3.
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Fig. 9.26. Behaviour of imaginary part of dynamic deflection response at point of subgrade
medium without barrier.
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Fig. 9.27. Dynamic deflection response at point of subgrade medium under pulsed load for
various values of pulse duration.

The courses of the real part w K /pa* and imaginary part w K /pa’ of the dynamic deflec-
tion response at the point (0.0, 0.60) are shown in Figs. 9.25 and 9.26 for the subgrade
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medium without the barrier. The corresponding variation of dynamic deflection as a time
function for various values of pulse duration represented by parameter €2,=0.012, 0.025,
0.050, 0.100 and 0.250 is shown in Fig. 9.27.

Similarly, the real and imaginary parts of the dynamic deflection response for subgrade
with a barrier are shown in Figs 9.28 and 9.29. The calculated dynamic deflection of the
pulse excitation is shown in Fig. 9.30.
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Fig. 9.28. Behaviour of real part of dynamic deflection response at point of subgrade
medium with barrier.
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Fig. 9.29. Behaviour of imaginary part of dynamic deflection response at point of subgrade
medium with barrier.
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Fig. 9.30. Dynamic deflection response at point of subgrade medium with barrier under
pulsed load for various values of pulse duration.
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Appendix 1.
Computer program for the plate on half-space
without the shear contact.

Program was developed for the case of plate on half-space and dimensionless frequency
S—0, i.e static case. It makes possible to gain variations of the values of deflection, half-
space reaction, bending moment and transversal force with the ratio r/h. The plate deflec-
tion is given by the relationship (3.122) and expressions (3.144) and (3.145) for F(& f—0)
and F| (¢, p—0). All others relationships are derived in section 3.3.

Input data: DTA=6
DTA1=0,
MI=u
EPSl=¢=c,/c,.
EPS2=¢,=c,/c,.
GI=G/G
G2=a/h

Output data: W=wGa/P (r/h=0)
W1=wGa/P (r/h=1)
W2=wGa/P (r/h=2)
W3=wGa/P (1r/h=3)
W5=wGa/P (r/h=5)
W10=wGa/P (r/h=10)
S=qah/P (r/h=0)
S1, S2, S3, S5, S10
Q1=Qa/P (r/h=1)
Q2,Q3,Q5,Q10
M=Ma/Ph (r/h=0)
M1, M2, M3, M5, M10
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THE PLATE ON HALFSPACE WITHOUT THE SHEAR CONTACT-STATIC CASE
PROGRAM WPIS
COMPLEX DTA,DTAl,W,Wl,W2,W3,W5,wW10,S,S1,S2,53,S5,510,0,01,0Q2,03,
*Q5,010,M,M0,M1,M2,M3,M5,M10, FC, FM, FT1, FT, WA, WLA, W2A, W3A, W5A, W10A,
*SA, S1A, S2A, S3A, S52, S10A, Q1A, Q2A, Q3A, Q5A, Q10A, MOA, M1A, M2A, M3A, M54,
*M10A,V, WO, MA, MAA, QA, QAA
REAL MI,KA
OPEN (2, FILE='WPI.DAT’)
OPEN (3, FILE='WPO.DAT’)
READ (2,10) DTA, DTAL1,MI,EPS1, EPS2,Gl,G2
FORMAT (2 (F5.2,F5.2) ,F5.2,F6.2,F6.2, F8.5,F6.3)
WRITE (3,11)DTA,DTAl,MI,EPS1,EPS2,G1l,G2
FORMAT (5X, 6HDELTA=,F5.2,F5.2, 3%, 7HDELTAl=,F5.2,F5.2, 3%, 3HMI=, F5.2,
*3X,5HEPS1=,F6.2, 3X, SHEPS2=,F6.2, 3X, 3HG1=,F8.5, 3X, 3HG2=,F6.3, /)
WA=CMPLX (0.,0.)
W1A=CMPLX (0.,
W2A=CMPLX (0.,
W3A=CMPLX (0.,
W5A=CMPLX (0.,
W10A=CMPLX (0.,0.)
SA=CMPLX (0.,0.)
S1A=CMPLX (0.,
S2A=CMPLX (0.
S3A=CMPLX (0.,
S5A=CMPLX (0.,
S10A=CMPLX (0.
QAA=CMPLX (0.,
Q1A=CMPLX (0
Q2A=CMPLX (
Q3A=CMPLX (
Q5A=CMPLX (
Q10A=CMPLX
(
(
(
(
(

)
-)
)
)

o O O o

~

o O O o

)
-)
)
)
0.)

.7
.7

.7

OOOOO‘
—_— — — — —

0

0

0

(0.
MOA=CMPLX (0.,
MAA=CMPLX (0
M1A=CMPLX (0
M2A=CMPLX (0
M3A=CMPLX (0
M5A=CMPLX (0.,
M10A=CMPLX (0.,0.)
ETA=0.0
STEP=0.01
DO 200 I=1,2000
ETA=ETA+STEP
B=ETA*G2
FAO=BESS (0, B)
FA1=BESS (1, B)
B=ETA
F10=BESS (0, B)
F11=BESS (1, B)

~

~
OOOOOO‘

~

—_— — — — — —
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B=ETA*2.
F20=BESS (0, B)
F21=BESS (1, B)
B=ETA*3.
F30=BESS (0, B)
F31=BESS (1, B)
B=ETA*5
F50=BESS (0, B)
F51=BESS (1, B)
B=ETA*10
F100=BESS (0, B)
F101=BESS (1, B)
B=ETA*G2
FG1=BESS (1, B)
FT1=2.*DTALl* (EPS1**2-EPS2**2) *ETA/ (DTA*EPS2**2)
KA=((.87+1.12*MI)/ (14MI)) **2
FT=ETA**4-6.* (1-MI)*G1*FT1
W=6.%(1.-MI)/3.1415926*FG1/ (FT*DTA)
W1=W*F10
W2=W*F20
W3=W*F30
W5=W*F50
W10=W*F100
S=-6.%(1.-MI)/3.1415926*G1l*FT1*FG1/FT
S1=S*F10
S2=S*F20
S3=S*F30
S5=S*F50
S10=S*F100
Q=-(6.%(1.-MI)/3.1415926* (GL*FT1*DTA))/ (FT*DTA) *FG1
QA=Q*FA1l/ETA
Q1=Q*F11/ETA
02=Q*F21/ETA
03=Q*F31/ETA
Q5=Q0*F51/ETA
Q10=Q*F101/ETA
=(1./3.1415926* (ETA**2-G1*FT1/KA) /FT) *FG1
MO=M* (1.4MI) /2.
MA=M* (FAO- (1.-MI)*FAl/ (G2*ETA))

M1=M* (F10-(1.-MI)*F11/ETA)

M2=M* (F20-(1.-MI) *F21/ (2.*ETA))
M3=M* (F30-(1.-MI)*F31/(3.*ETA))
M5=M* (F50-(1.-MI)*F51/ (5.*ETA))
M10=M* (F100-(1.-MI)*F101/(10.*ETA))
WA=WA+W

W1A=W1A+W1

W2A=W2A+W2
W3A=W3A+W3
WS5A=W5A+W5
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W10A=W10A+W10

SA=SA+S

S1A=S1A+S1

S2A=S2A+S2

S3A=S3A+S3

S5A=S5A+S5

S10A=S10A+S10

QAA=QAA+QA

Q1A=Q1A+Q1

Q2A=Q2A+Q2

Q3A=Q3A+Q3

Q5A=Q5A+Q5

010A=Q10A+Q10

MOA=MOA+MO

MAA=MAA+MA

M1A=MI1A+M1

M2A=M2A+M2

M3A=M3A+M3

M5A=M5A+M5

M10A=M10A+M10

CONTINUE

WO=-STEP* (G2*EPS2**2/ (8.%3.1415926*G1*DTAL* (EPS1*2-EPS2**2)))
W=STEP*WA+WO

W1=STEP*W1A+WO0

W2=STEP*W2A+W0

W3=STEP*W3A+WO

W5=STEP*W5A+WO

W10=STEP*W10A+WO

S=STEP*SA

S1=STEP*S1A

S2=STEP*S2A

S3=STEP*S3A

S5=STEP*S5A

S10=STEP*S10A
QA=STEP*QAA-(1./(2.%*3.1415926))
Q1=STEP*Q1A-(1./(2.*3.1415926) *G2)
Q2=STEP*Q2A- (1./(2.*3.1415926) *G2/2.)
Q3=STEP*Q3A- (1./(2.*3.1415926) *G2/3.)
Q5=STEP*Q5A- (1./(2.*3.1415926) *G2/5.)
Ql0=STEP*Q10A-(1./(2.*3.1415926)*G2/10.)
MO=STEP*MOA+1./ (12.%*3.1415926*KA*G2)
MA=STEP*MAA+1./(12.%3.1415926*KA*G2)
M1=STEP*MIA+G2/ (12.3.41926*KA)
M2=STEP*M2A+G2/ (12.*31415926*KA*4 )
M3=STEP*M3A+G2/ (12.*3.1415926*KA*9.)
M5=STEP*M5A+G2/ (12.%*3.1415926*KA*25.)
M10=STEP*M10A+G2/ (12.*3.1415926*KA*100.)
WRITE (3,12)
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12 FORMAT (5X,’ DEFLECTIONS')
CALL RIA (W)
CALL RIA (W1)
CALL (WA2)
CALL RIA (W3)
CALL RIA (W5)
CALL RIA (W10)
WRITE (3,13)
13 FORMAT (5X, ' HALFSPACE REACTIONS')
CALL RIA(S)
CALL RIA(S1)
CALL RIA(S2)
CALL RIA (S3)
CALL RIA(S5)
CALL RIA(S10)
WRITE (3, 14)
14 FORMAT (5X, ' TRANSVERSAL FORCES’)
CALL RIA (QA)
CALL RIA (Q1)
CALL RIA (Q2)
CALL RIA (Q3)
CALL RIA (Q5)
CALL RIA(Q10)
WRITE (3,15)
15 FORMAT (5X, ‘BENDING MOMENTS')
CALL RIA (MO)
CALL RIA (MA)
CALL RIA (M1)
CALL RIA (M2)
CALL RIA (M3)
CALL RIA (M5)
CALL RIA (M10)
END

M
M

SUBROUTINE RIA (V)
COMPLEX V
VR=REAL (V)
VI=AIMAG (V)
VA=CABS (V)
VF=ATAN (VI/VR)
WRITE (3,16) VR, VI, VA, VF
16 FORMAT (5X,E14.6,3%X,E14.6,3%X,E14.6,3%X,E14.6)
RETURN
END

FUNCTION BESS (IA,B)

DIMENSION CB(6,7)

DATA CB/1.,.5,2*.79788456,2*.18539816,-2.2499997,-.56249985,
1-7.7E-7,1.56E-6, .04166397,-.12499612,1.2656208, .21093573,
2-5.5274E-3,0.01659667,3.954E-5,-5.65E-5,-.3163866,-.03954289,
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3-9.512E-5,1.7105E-4,-.00262573, .00637879, .0444479, .00443319,
4.00137237,-.00249511,5.4125E-4,-7.4348E-4,-.0039444,-.
500031761,-7.2805E-4,1.13653E-3,2.9333E-4,-7.9824E-4,2.1E
6-4,1.109E-5,1.4476E-4,-2.0033E-4,-1.3558E-4,2.9166E-4/

IF(B-3.)1,1,3
X1=(B/3.)**2

X=CB (IA+1,1)
X2=1.

DO 2 1=2,7
X2=X2*X1

X=X+CB (IA+1,I)*X2
IF(IA.EQ.1)X=X*B
BESS=X

RETURN

I1=IA+5

I2=IA+3

X2=CB (I2,1)
X1=CB(I1,1)
X3=3./B

X4=1.

X5=1.

DO 4 1=2,7
X4=X4*X3

X5=X5*X3

X2=X2+CB (I2,1I)*X4
X1=X1+CB(I1,I)*X5
IF(IA)5,5ﬁ

X=X2*COS (B-X1) /SQORT (B)

GOTO 7

X=X2*SIN (B-X1) /SORT (B)

BESS=X
RETURN
END



Appendix 2.
Computer program for the linear and

non-linear dynamic deflections of the plate

on subgrade under pulse load.

Program was developed according to the relationship (8.39) and (8.38) for linear deflec-
tions and according to (8.40) for nonlinear deflections. The arbitrary shape of pulse load is
given by means of thirty values F on the section T1 (0-30).

Input data: Output data:
MIl=u EO=¢,=¢ h/c, =K /Ek, Tl=tc/h
KSI=r/a E1=K n/E W =w E/ph
HA=h/a E=K/Eh WN='wE/ph
KD=k, F=f (z))

C DYNAMIC NONLINEAR DEFLECTIONS OF THE PLATE ON SUBGRADE

C

10

11

21

PROGRAM NIMP
DIMENSION T1(101),WO0(101),W(101),WN(101)
REAL KD

OPEN (2, FILE='NIMP.DAT’)
OPEN (4, FILE='MIMPP.DAT’)
OPEN (3, FILE='NIMPP.DAT’)
READ(2,10)A0,EQ,EL, KD
FORMAT (4F7.5)

PRINT 9,A0,EO0,ELl,KD
FORMAT (5X,’A0=',F7.5,3X,’E0=",F7.5,3X,'E1l=",F7.5,3X, KD=",F7.5)
READ (4,11) (T1(K),W0(K),K=1,101)
FORMAT (5X,F7. 3,3X,El4. 6)
STE=2.

WM=SQRT (E1/KD-EQ0**2/4.)
DO 99 K=1,101

IF(K.EQ.1)GOTO 20
IF(K.EQ.2)GOTO 21
WC=WO0 (2) **3*SIN (WM*STE/2.) *EXP (-E0*STE/4.)
DO 100 J=1,K-1
WC=WC+WO (J+1) **3*SIN (WM* (T1 (K) -J*STE) ) *EXP (-EO0* (T1 (K) -J*STE)
*/2.)

100 CONTINUE

WC=WC*STE
GOTO 30
WC=WO0 (2) **3*SIN (WM*STE/2.) *EXP (-E0*STE/4.)
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WC=WC*STE/2.
GOTO 30
20 WC=0.
30 W (K)=WC*A0/WM
WN (K) =WO0 (K) -W (K)
PRINT 12,T1 (K), WO (K), WN (K)
12 FORMAT (5X,F7.3,3%X,E14.6,3%X,E14.6)
WRITE (3,13) T1 (K),WN (K)
13 FORMAT (5X,F7.3,3X,E14.6)
99 CONTINUE
END

DYNAMIC DEFLECTIONS OF THE PLATE ON SUBGRADE UNDER PULSE LOAD
PRORAM MIMP
DIMENN F (30)
REAL MI,KSI,KD
OPEN (2, FILE='MIMP.DAT’)
OPEN (3, FILE='MIMPO.DAT’)
OPEN (4, FILE=' MIMPP.DAT’ )
M=30
READ (2,10)MI,KSI,HA,KD,E0,E1l,E2,F
10 FORMAT (4F7.4,3F7.5,/,10F6.4,/10F6.4,/10F6.4)
WRITE (3,11)MI,KSI,HA,KD,E0,ELl,E2,F
PRINT 11,MI,KSI,HA,KD,E0,E1,E2,F
11 FORMAT (5X,’'MI=',F7.4,3X,'KSI=',F7.4,3X,’HA=' ,F7.4,3X,'KD=",F7.4,
*/,5,"E0=",F7.5,3%,'El=*,F7.5,3%X,'E2=",F7.5,3%,/,5X,10F6
*.4,5%X,10F6.4,/5%X,10F6.4)
Tl=-1.0
STE=1.0
DO 100 K=1,201
T1=T1+STE
IF(T1.EQ.0.)GOTO 14
WA=0.
ETA=0.
STEP=0.01
DO 200 I=1,1500
ETA=ETA+STEP
CALL BESSEL(1,ETA,B1)
ETAR=ETA*KSI
CALL BESSEL (0,ETAR,BO)
WM=SQRT (E1/KD+E2*HA**2 /KD*ETA* * 2+HA* * 4 *ETA**4 /KD/ (12.* (1.-MI**2))
*~E0**2/4.)
IF (K.EQ.2) GOTO 20
IF (K.LE.(M+1)) GOTO 21
WC=BO*B1*1./2.*SIN(WM*STE/2.) *F (1) *EXP (-E0*STE/4.)
DO 300 L=2,M
WC=WC+BO*B1*SIN (WM* (T1-L*STE)) *F (L) *EXP (-E0* (T1-L*STE) /2.)
300 CONTINUE
WC=WC*STE
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GO TO 30
WC=BO*B1*1./2.*SIN(WM*STE/2.)*F (1) *EXP (-EO*STE/4.)
DO 400 J=2,K-1
WC=WC+BO*B1*SIN (WM* (T1-J*STE) ) *F (J) *EXP (-EO* (T1-J*STE) /2.)
CONTINUE

WC=WC*STE

GOTO 30

WC=B0*B1*SIN (WM*STE/2.) *F (1) *EXP (-E0*STE/4.) *STE/2.
W=WC /WM

WA=WA+W

CONTINUE

W=WA*STEP

WO0=-W/2./3.1415926/KD

GOTO 15

W0=0.

PRINT 12,T1,W0

WRITE (3,12)T1,WO0

WRITE (4,13)T1,WO0

FORMAT (5X, ' T1l=',F7.3,3X, W0=',E14.6)

FORMAT (5X,F7.3,3X,E14.6)

CONTINUE

END

SUBROUTINE BESSEL (IA,B,BESS)

DIMENSION CB(6,7)

DATA CB/1.,.5,2*%.79788456,2%.78539816,-2.2499997,-.56249985,
1-7.7E-7,1.56E-6, .04166397,-.12499612,1.2656208, .21093573,
2-5.5274E-3,0.01659667,3.954E-5,-5.65E-5.-.3163866,-.03954289,
3-9.512E-5,1.7105E-4,-.00262573, .00637879, .0444479, .00443319,
4.00137237,-.00249511,5.4125E-4,-7.4348E~4,-.0039444, -,
500031761,-7.2805E-4,1.13653E-3,2.9333E-4,-7.9824E-4,2.1E
6-4,1.109E-5,1.4476E-4,-2.0033E-4,-1.3558E-4,2.9166E-4/

IF(B-3.)1,1,3

X (B/3.)**2

X=CB (IA+1,1)

X2=1.

DO 2 1=2,7

X2=X2*X1

X=X+CB (IA+1,I)*X2

IF(IA.EQ.1)X=X*B

BESS=X

RETURN

I1=IA+5

I2=TIA+3

X2=CB(I2 1)

X1=CB(I1,1)

X3=3./B

X4=1.

X5=1.
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DO 4 1=2,7

X4=X4*X3

X5=X5*X3
X2=X2+CB(I2, 1) *X4
X1=X1+CB(I1,I)*X5
IF(IA)5,5,6
X=X2*COS (B-X1) /SQRT (B)
GOTO 7
X=X2*SIN (B-X1) /SORT (B)
BESS=X

RETURN

END



Appendix 3.
Computer program for the dynamic
deflection field around the sheet piling
barrier in subgrade.

Program was developed according to the method of boundary elements as it is applied in
chapter 9 and 9.4. It makes possible to solve the diffraction of the waves about the sheet
piling barrier. The division of barrier is supposed into 32 boundary elements with the same
length.

Input data:

NN number of boundary elements

X (), J=1,NN coordinates of nodal element points

Y (J), J=1,NN coordinates of nodal element points

XX (M), M=1,20 coordinates of network points

YY (I), I=1,22 coordinates of network points

DLJ:lj length of boundary element

XKSI, YKSI coordinates of load point

DTZ=6 damping parameter

GA = v= K3 /K}a*

A radius of circular load area

OM=wa/c,—dimensionless frequency

Output data:

7Z7Z—YY (K), XX (M) coordinates of network points

CABS (WP(M)) absolute values of dynamic deflections wK /pa’

REAL (WP(M)) real parts of dynamic deflections wK /pa’

AIMAG (WP(M)) imaginary parts of dynamic deflections wK /pa’
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VIBROISOLATING EFFECT OF SHEET PILING BARRIER
PROGRAM MA2

COMMON/Al/ ETA(32),FI(32),DL(32),AL,ALEJ(32),W(32),
*B(3,32),BZ(32)

COMMON/A2/FIKSI,ETAKSI,ALKSI,A

COMPLEX B,BYZ,W,AL,ALEJ,DTZ,ALR(32,32),ALZP (20),
*BP (0,32),BZP(20) ,WP (20) ,ALKSI

DIMENSION X(32),Y(32),FIPJ(20,32),PSIP(20,32),ALFP(20,32)
*XX (0)

OPEN (UNIT=2,FILE='MA2.DAT')

OPEN (UNIT=3,FILE='MA20.DAT’)

OPEN (UNIT=4,FILE='MA2R.DAT’)

OPEN (UNIT=5,FILE='MA2I.DAT’)

READ (2, 10) NN

FORMAT (I4)

PRINT 11,NN

FORMAT (5X, 3HNN=, I4,/)

READ(2,12) (X(J),J=1,NN)

READ(2,12) (Y (J),J=1,NN)

FORMAT (12F6.2)

PRINT 13, (X(J),J=1,NN), (Y (J),J=1,NN)

FORMAT (12F6.2)

CALL VSTUP (NN, X, Y)

CALL MAT (NN, XKSI, YKSI,ALR)

CALL SLVE (B,BZ,NN, .1E-12)

READ (2,14) (YY(I),1=1,22)

FORMAT (12F6.2)

PRINT 15, (YY(I),1=1,22)

RMAT (12F6.2)

READ (2,16) (XX (M),M=1,20)

RMAT (12F6.2)

PRINT 17, (XX (M),M=1,20)

FORMAT (12F6.2)

DO 90 K=1,22

7Z72=YY (K)

CALL VYSTUP (NN, XX, ZZ,BP, BZP, WP)

CONTINUE

END

SUBROUTINE VSTUP (NN, X,Y)

COMMON/Al/ ETA(32),FI(32),DL(32),AL,ALEJ(32),W(32),
*B(3,32),BZ(32)

COMPLEX B,BZ,W,AL,ALEJ

DIMENSION X (32),Y(32)

DO 100 J=1,NN

ETA (J) =SQRT (X (J) **2+Y (J) **2)

IF (X(J) .EQ.0.0.AND.Y (J) .GT.0)GO TO 14

(X(J) .EQ.0.0.AND.Y (J).LT.0)GO TO 15

IF (X (J)
IF(X(J) .GT.0.AND.Y (J) .EQ.0.0)GO TO 108

/1YY (22),
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IF(X(J).LT.0.AND.Y(J).EQ.0.0)GO TO 109
GO TO 16
14 (J)=3.1415926/2.
GO TO 100
15 (J)=3.1415926*3.72.
GO TO 100
108 FI(J)=0.
GO TO 100
109 FI(J)=3.1415926
GO TO 100
16 FI(J)=ATAN (ABS (Y (J)
F(X(J).GT.0.AND. Y
(x LT.0.AND.Y
(X

) /ABS (
(J
). (J
) .LT.0.AND.Y (J
) - (J
(J

/
) .GT.0)GO TO 100
). )GO TO 17
) )
) )
)

=
3

GO TO 18
GO TO 19

)
A
O O O O X

(J
(J
(J
IF(X(J GT.0.AND.Y
17 FI(J)=3.1415926-FI

GO TO 100
18 FI(J)=3.1415926+FI (J)

GO TO 100
19 FI(J)=2.%*3.1415926-FI (J)
100 CONTINUE

READ (2, 20) DLJ
20 FORMAT (F5.2)

DO 101 J=1,32
101 DL(J)=DLJ

RETURN

END

=
3

SUBROUTINE MAT (NN, XKSI,YKSI,ALR)
COMMON/Al/ ETA(32),FI(32),DL(32),AL,ALEJ(32),W(32),
B(3,32),BZ(32)
COMMON /A2/ FIKSI,ETAKSI,ALKSI,A
COMPLEX B,BZ,W,AL,ALEJ,DTZ,ALEK (32),ALR(32,32),ALKSI,ALZ (32),
*B1RB2R, H1R, H2R, DLK (2) , B1K, B2K, HIK, H2K, DLE, BIE, B2E, H1E, H2E,
*B11B12,H11,H12,B01,B02,H01,H02
DIMENSION FIKSIK (32),FIKJ(32,32),ALF(32,32),C(2)
READ (2, 8) XKSI, YKSI
8 FMAT (2F6.2)
PRINT 9,XKSI,YKSI
9 FORMAT (5X, 5SHXKSI=,F6.2,3X, 5HYKSI=, F6.2)
READ (2,10)DTZ, GA, OM, A
10 RMAT ((F5.2,F5.2),3F6.2)
PRINT 11,DTZ,GA,OM,A
11 FORMAT (5X,4HDTZ=, (F5.2,F5.2),3X, 3HGA=,F6.2,
*3X,HOM=, F6.2,3X, 2HA=,F6.2)
AL=CSQRT (OM**2/DTZ-1./GA)
IF (REAL (AL) .LE.0)GO TO 12
GO TO 13
12 AL=-AL
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DO 100 K=1,NN

ALEK (K) =AL*ETA (K) /A

DO 100 J=1,NN

FIKJ (K, J)=ABS (FI (K)-FI(J))
ALEJ (J)=AL*ETA (J) /A
IF(J.EQ.K)GO TO 100
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ALR (K, J)=CSQRT (ALEK (K) **2+ALEJ (J) **2-2.*ALEK (K) *ALEJ (J) *COS (FIKJ

3(K,J)))

IF (REAL (ALR(K,J)) .LE.0)GO TO 14
GO TO 15

ALR (K, J) =-ALR (K, J)

CALL HANKO (ALR (K, J),BIR,B2R,HIR,H2R, .00001)
IF (AIMAG (ALR (X, J)) .GE.0)GO TO 16
IF (AIMAG (ALR(K,J)) .LE.0)GO TO 17
B (K, J)=-CMPLX (0.,1.)*DL(J) *HIR/4.
GO TO 100

B(K,J)=-CMPLX (0.,1.)*DL(J) *H2R/4.
CONTINUE

DO 101 K=1,NN

DLK (1)=DL(K)/2.*0.33998*AL/A*0.99
DLK (2)=DL(K)/2.*0.86114*AL/A*0.99
C(1)=0.65214

C(2)=0.34785

B(K,K)=(0.,0.)

DO 102 I=1,2

IF (REAL (DLK(I)).LE.0)GO TO 30

GO TO 31

DLK (I)=-DLK (I)

CALL HANKO (DLK (I),B1K,B2K,H1K,H2K, .00001)
IF (AIMAG (DLK(I)) .GE.0)GO TO 32

IF (AIMAG (DLK(I)) .LE.0)GO TO 33

B(K,K)=B(K,K)-CMPLX(0.,1.)*0.98*DL (K) *H1K*C (I) /4.

GO TO 102

B(K,K)=B(K,K)-CMPLX(0.,1.)*0.98*DL (K) *H2K*C (I) /4.

CONTINUE

DLE=DL (K) /100 .*AL/A

IF (REAL (DLE) .LE.0)GO TO 34

GO TO 35

DLE=-DLE

CALL HANKO (DLE,B1E,B2E,H1E,H2E, .00001)

IF (AIMAG (DLE) .GE.0)GO TO 36

IF (AIMAG (DLE) .LE.0)GO TO 37
B(K,K)=B(K,K)-CMPLX (0.,1.)*0.02*DL (K) *H1E/4.
GO TO 101

B (K, K)=B(K,K)-CMPLX (0.,1.)*0.02*DL (K) *H2E/4.
CONTINUE
FIKSI=2.%*3.1415926-ATAN (ABS (YKSI) /ABS (XKSTI))
ETAKST=SOQRT (XKSI**2+YKSI**2)

CALL HANKI (AL,B11,B12,H11,H12,.00001)
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ALKSI=AL*ETAKSI/A

DO 104 K=1,NN

FIKSIK (K)=ABS (FI (K)-FIKSI)

ALZ (K) =CSQRT (ALEK (K) **2+ALKSI**2-2 . *ALEK (K) *ALKSI*COS (FIKSIK (K)))
IF (REAL (ALZ (K)) .LE.Q)GO TO 22

GO TO 19

ALZ (K) =-ALZ (K)

CALL HANKO (ALZ (K) ,B01,B02,H01,H02,.00001)

IF (AIMAG (ALZ (K)) .GE.0)GO TO 20

IF (AIMAG (ALZ (K)) .LE.O0)GO TO 21

BZ (K)=-CMPLX (0.,1.)*3.1415926/2./AL*B11*H01
GO TO 104

BZ (K)=-CMPLX (0.,1.)*3.1415926/2./AL*B11*H02
CONTINUE

DO 103 K=1,NN

PRINT 23,REAL(B(K,K)),AIMAG (B (K,K)),CABS (B (K,K))
FORMAT (5X, 3E14.6)

PRINT 24,REAL(BZ(K)),AIMAG (BZ (K)),CABS (BZ (K))
FORMAT (2X, 3E14.6)

CONTINUE

RETURN

END

SUBROUTINE SLVE (D,DZ,NN,EPS)
DIMENSION FIW(32),D(32,32),DZ(32)
COMPLEX B,BYZ,DIV,DELT,W,ALEJ,AL,D,DZ
COMMON/Al/ ETA(32),FI(32),DL(32),AL,ALEJ(32),W(32),

*B(32,32),BZ(32)

DO 9015 K=1,NN
I=K
IF (K-NN)9021,9007,9021

1 IF(CABS(D(K,K))-EPS)9006,9006,9007
I=I+1
DZ (K)=DZ (K) +DZ (I)

DO 9023 J=1,NN
D(K,J)=D(K,J)+D(I,J)

GO TO 9021

DIV=D (K, K)

DZ (K)=DZ (K) /DIV

DO 9009 J=1,NN
D(K,J)=D(K,J)/DIV

DO 9015 MM=1,NN

DELT=D (MM, K)

IF (CABS (DELT) -EPS) 9015, 9015, 9016
IF (MM-K) 9010, 9015, 9010

DZ (MM) =DZ (MM) -DZ (K) *DELT

DO 9011 J=1,NN

IF (CABS(D(MM,J)) .LT.EPS)GO TO 11
D (MM, J)=D (MM, J) -D (K, J) *DELT
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11 D(M£J)=D (M, J)
9011 CONTINUE
9015 CONTINUE
DO 99 MM=1,NN
W (MM) =DZ (MM)
FIW (MM)=ATAN (AIMAG (W (MM) ) /REAL (W (MM) ) )
PRINT 10,REAL (W (MM) ) ,AIMAG (W (MM)),CABS (W (MM) ) £FIW (MM)
10 FORMAT (5X,4E14.6,)
99 CONTINUE
RETURN
RETURN
END

SUBROUTINE VYSTUP (NN, XX, 2%, BP,BZP, WP)

COMMON/Al/ ETA(32),FI(32),DL(32),AL,ALEJ(32),W(32),B(32,32),
*BZ (32)

COMMON/A2/ FIKSI,ETAKSI,ALKSI,A

DIMENSION FIPJ(20,32),ALRP(20,32),ALZP(20),BP(20,32),BZP(20),
*WP (20) , FIKSIP (20) , FIWP (20) ,XX (20) ,EETA (20) , FFI (20)

COMPLEX B,BZ,W,AL,ALEJ,ALEM(20),ALKSI,ALZP,

*ALRP, BBP (20) ,BP, BZP, WP, BIR, B2R, HIR, H2R,B01,B02,
*H01,H02,B11,B12,H11,H12

DO 91 M=1,20

EETA (M) =SQRT (XX (M) **2+77%*2)

IF (XX (M) .EQ.0.0.AND.ZZ.GT.0)GOTO 74
IF (XX (M) .EQ.0.0.AND.ZZ.LT.0)GOTO 75
IF (XX (M) .GT.0.AND.ZZ.EQ.0.0)GOTO 78
IF (XX (M) .LT.0.AND.ZZ.EQ.0.0)GOTO 79
GOTO 76

74 FFI(M)=3.1415926/2.
GOTO 91

75 FFI(M)=3.1415926*3./2.
GOTO 91

78 FFI(M)=
GOTO 91

79 FFI(M)=3.1415926
GOTO 91

76 FFI(M)*ATAN(ABS(ZZ)/ABS(XX(M)))
X (M) .GT.0.AND.ZZ.GT.0)GOTO 91
IF(XX(M).LT.O.AND.ZZ.GT.O)GOTO 77
X (M) .LT.0.AND.ZZ.LT.0)GOTO 88
X (M) .GT.0.AND.ZZ.LT.0)GOTO 89
77 FFI(M)—3.1415926—FFI(M)
GOTO 91
88 FFI(M)=3.1415926+FFI (M)
GOTO 91
89 FFI(M)=2.*3.1415926-FFI (M)
91 CONTINUE
DO 100 M=1,20
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DO 100 J=1,NN
100 FIPJ (M, J)=ABS (FFI (M)-FI(J))
DO 103 M=1,20
ALEM (M) =AL*EETA (M) /A
DO 103 J=1,NN
ALRP (M, J) =CSQRT (ALEM (M) **2+ALEJ (J) **2
*2 .*ALEM (M) *ALEJ (J) *COS (FIPJ (M, J)))
IF (REAL (ALRP (M, J)) .LE.0) GO TO 14
GO TO 15
14 ALRP (M, J)=-ALRP (M, J)
15 CALL HANKO (ALRP (M, J),BIR,B2R,HIR,H2R, .00001)
IF (AIMAG (ALRP (M, J)) .GE.0)GO TO 16
IF (AIMAG (ALRP(M,J)) .LE.0)GO TO 17
16 BP (M, J)=-CMPLX(0.,1.)*DL(J)*H1R/4.
GO TO 103
17 BP (M, J)=-CMPLX(0.,1.)*DL(J)*H2R/4.
103 CONTINUE
CALL HANK1 (AL,B11,B12,H11,H12,.00001)
DO 104 M=1,20
FIKSIP (M)=ABS (FFI (M)-FIKSI)
ALZP (M) =CSQRT (ALEM (M) **2+ALKSI**2-2.*ALEM (M) *ALKSI*COS (FIKSIP (M)))
IF (REAL (ALZP (M)) .LE.O0)GO TO 18
GO TO 19
18 ALZP (M)=-ALZP (M)
19 CALL HANKO (ALZP(M),B01,B02,H01,H02,.00001)
IF (AIMAG (ALZP (M)) .GE.0)GO TO 20
IF (AIMAG (ALZP (M)) .LE.0)GO TO 21
20 BZP (M)=-CMPLX(0.,1.)*3.1415926/2./AL*B11*H01
GO TO 29
21 BZP (M)=-CMPLX (0.,
29 PRINT 30,REAL (BZP
30 FORMAT (3X,3E14.6)
104 CONTINUE
DO 105 M=1,20
BBP (M)=(0.,0.)
DO 106 J=1,NN
BBP (M) =BBP (M) -BP (M, J) *W (J)
106 CONTINUE
WP (M) =BBP (M) +BZP (M)
FIWP(M):ATAN(AIMAG(WP(M))/REAL(WP(M)))
PRINT 22,REAL (WP (M) ) ,AIMAG (WP (M)),CABS (WP (M)), FIWP (M)
22 FORMAT (5X, 4E14. 6 /)
WRITE (3,23)2%,XX (M), CABS (WP (M) )
23 FORMAT (2F6.2,E14.6)
WRITE (4,24) 2% ,XX (M), REAL (WP (M) )
24 FORMAT (2F6.2,E14.06)
WRITE (5,25)2%,XX (M), AIMAG (WP (M) )
25 FORMAT (2F6.2,E14.6)
105 CONTINUE
RETURN
END

1,)*3.1415926/2./AL*B11*H02
(M) ) ,AIMAG (BZP (M) ) ,CABS (BZP (M) )
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15

17

16

11

18

14

19

2 (AIMAG (BEO1) +REAL (BEQ2))

3 (AIMAG (BEO1) -REAL (BE02) )

SUBROUTINE HANKO (C,BE01,BE02,H01,H02,DEL)

COMPLEX C,BEO01,BE02,H01,H02,H0,H00
EXTERNAL NFAK

REAL NFAK

BEO1=(0.,0.)

Cl=0.

RO=CABS (C)

IF(RO.GT.5.0)GO TO 19

IF (REAL(C) .LT.1.E-06)GO TO 5
FI0O=AIMAG (C) /REAL (C)

FI=ATAN (FIO0)

GO TO 6

FI=3.1415926/2.

IF (REAL(C))9,9,10
FI=FI+SIGN(l.,AIMAG(C))*3.1415926

BE02=CMPLX (ALOG (RO/2.)+0.577216,FI)*2./3.1415926

HO1=(0.,0.)
HO02=(0.,0.)

K=0

DEO1=1.

GO TO 16
IF(K.GT.30)GO TO 17
DEO11=1./NFAK (K)
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DEQ1=(-1)**K*DEQ11* (RO/2) ** (2*K/3.) /NFAK (K) * (RO/2) **

1(2*K/3.)*(RO/2)** (2*K/3.)
GO TO 16

DEQl=(-2) **K* (RO/2) ** (2*K/3.) /2.6525E32* (RO/2) ** (2*K/3.) /2.6525

2E32* (RO/2) ** (2*K/3.) /NFAK (K) /NFAK (K)

DE1=COS (2*K*FTI)

DE2=SIN (2*K*FTI)

BE01=BEO1+CMPLX (DEO1*DE1, DEQO1*DE2)
IF(K)18,18,11
B1=ALOG(RO/2.)+0.577216

Cl=Cl+1./K

F1=DEO1*DE1* (B1-Cl)-DEQOL1*DE2*FI
F2=DEO1*DE2* (B1-C1)+DEQOL1*DE1*FI
BE02=BE02+CMPLX (F1,F2)*2./3.1415926
F3=SQRT (F1**2+F2**2)

F4=SQRT ( (DEO1*DE1l) **2H- (DEO1*DE2) **2)

IF(F3.LT.DEL.AND.F4.LT.DEL)GO TO 14
IF(K.EQ.30)GO TO 14
K=K+1

GO TO 15
HO1=HO1+CMPLX ( (REAL (BEO1

HO2=HO02+CMPLX ( (REAL (BEO1

GO TO 20
H00=2.*CMPLX (0.,1.)*C

-AIMAG (BE02)),

+AIMAG (BE02)),
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HO=1.+1./4./H00+9./32./H00**2+1225./384./H00**3+
211025./6144./H00**4
HO1=CSQRT (2./3.1415926/C) *CEXP (CMPLX (0.,1.)* (4.*C-3.1415926) /4.
3) *HO
HO02=CSQRT (2./3.1415926/C) *CEXP (CMPLX (0.,-1.) * (4.*C-3.1415926) /4.
4) *HO
BEO1=(HO1+HO02) /2.
BEO02=(H01-H02) /2./CMPLX(0.,1.)
20 CONTINUE
RETURN
END

SUBROUTINE HANKI (C,BE11,BE12,H11,H12,DEL)
COMPLEX C,BE11,BE12,H11,H12,H1,H10
EXTERNAL NFAK
REAL NFAK
BE11=(0.,0.)
Cc1=0.
RO=CABS (C)
IF(RO.GT.5.)GO TO 20
IF (REAL(C) .LT.1.E-06)GO TO 5
FI0=AIMAG (C) /REAL (C)
FI=ATAN (FIO)
GO TO 6
FI=3.1415926/2.
IF (REAL(C))9,9,10
FI=FI+SIGN(l.,AIMAG(C))*3.1415926
BE12=CMPLX (-COS (FI),SIN(FI))/RO*2./3.1415926
H11=(0.,0.)
H12=(0.,0.)
K=0
DE11=R0O/2.
GO TO 16
15 IF(K.GT.30)GO TO 17
DE111=1./NFAK (K+1)
DE11=(-1) **K*DE111* (RO/2) ** (2/3.*K-H1) /NFAK (K) * (RO/2) ** (2/3.*K) *
3(RO/2) ** (2/3.*%K)
GO TO 16
17 DE11l=(-1)**KMRO/2)*M2/3.*K+1)/2.6525E32MRO/2) ** (2/3.*K)
3/2.6525E32*% (RO/2) ** (2/3.*K) /NFAK (K) /NFAK (K+1)
16 DE1=COS ( (2*K+1) *FI)
DE2=SIN( (2*K+1) *FI)
BE11=BE11+CMPLX (DE11*DE1, DE11*DE2)
B1=ALOG (RO/2.)+0.577216-1./ (2*K+2)
IF(K)19,19,11
19 BE12=BE12+CMPLX (DE11* (DE1*B1-DE2*FI),
4DE11* (DE2*B1+DEL*FI))*2./3.1415926
IF(K)18,18,11
11 Cl=Cl+1./K
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F1=DE11*DE1* (B1-Cl)-DE11*DE2*FI
F2=DE11*DE2* (B1-Cl)+DE11*DE1*FI
BE12=BE12+CMPLX (F1,F2)*2./3.1415926
F3=SQRT (F1**2+F2**2)
FA=SQRT ( (DE11*DE1) **2+ (DE11*DE2) **2)
IF(F3.LT.DEL.AND.F4.LT.DEL)GO TO 14
IF (K.EQ.30)GO TO 14
18 K=K+1
GO TO 15
14 H11=H11+CMPLX ( (REAL (BE11l) -AIMAG (BE12)),
5 (AIMAG (BE11) +REAL (BE12))
H12=H12+CMPLX ( (REAL (BE11
6 (AIMAG (BE11) -REAL (BE12))
GO TO 21
20 H10=2.*CMPLX (0.1.)*C
H1=1.-3./4./H10-15./32./H10**2-4315./384./H10**3-14175./
26144./H10**4
H11=CSQRT (2./3.1415926/C) *CEXP (CMPLX (0.,1.)*(4.*C-3.*3.1415926)
7/4.)*H1
H12=CSQRT (2./3.1415926/C) *CEXP (CMPLX (0., -1.)* (4.*C-3.%3.1415926)
8/4.)*H1
BE11l=(H11+H12)/2.
BE12=(H11-H12)/2./CMPLX(0.,1.)
21 CONTINUE
RETURN
END
REAL FUNCTION NFAK (N)
NFAK=1.
IF(N.LT.2)GO TO 4
IF(N.GT.30)GO TO 6
DO 5 I=1,N
5 NFAK=NFAK*I
CONTINUE
GO TO 4
6 NFAK=1.
DO 7 I=31,N
7 NFAK=NFAK*I
4 RETURN
END

)
)
) +AIMAG (BE12) ),
)
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Amplifier, 4, 30
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frequencies, 24
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Density, 110

of material, 8, 44, 69
Degree of freedom, 276, 278
Diffraction, 327

of stress waves, 320, 327
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interaction, 196, 262
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Dynamic measurement, 1
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Dynamic properties, 35
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Dynamic response, 3, 293
of the plate, 144, 293, 340
of sugrade, 293, 340
under pulse load, 257

Effect, 285, 361
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of screening, 368, 381
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of vibroisolation, 361, 370
Elasticity, 86

bulk modulus, 108

modulus, 18

shear modulus, 24, 108
Equation of motion, 109, 114, 138, 164, 196
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layer, 107

plate, 99
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transform, 199, 203, 211
Frequency equation, 8, 9, 11, 127
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natural, 312
of harmonic vibration, 1
parameter, 24
ultrasonic, 1
Function, 19
of mechanical impedance, 19
Fundamental solution, 293
of plate on subgrade, 293
of subgrade, 296

Green’s function, 294
of plate on subgrade, 294
of subgrade, 296

Half-plate, 202
on subgrade, 202
Half-space, 109, 117
Hankel’s functions, 177
Hankel’s transformation, 120, 124, 140
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force, 20, 23, 211, 221
vibration, 266
waves, 3
Highway, 86
pavement, 86, 235
Holes, 320
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Impedance, 17
mechanical, 17, 19, 20, 23
normalized, 20

Influence, 202, 238
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of rotational inertia, 138
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Isochrones, 35
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cut, 229
of the plate, 229
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Layer, 107
on half-space, 109, 117, 126
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Linear, 342
deflection, 342, 358
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Load, 139, 144
dynamic, 144, 164
moving, 262,
random, 285
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impedance, 17, 20, 23
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Medium, 7
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Methods, 3

of boundary elements, 293, 317, 320, 361

of initial parameters, 200
of measurement, 3, 24
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Model, 99
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physical, 97, 262
Modulus, 17, 24, 108
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Moment, 197

bending, 146, 197
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load, 262, 263, 274, 278
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system, 276
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dynamic response, 340
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solution, 303, 317
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flexible, 190, 259
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effect, 370
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Soil, 361
base, 361
cohesive, 44
material, 44
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State vector, 208, 226
components, 208, 226
Stiffness, 75
of barrier, 370
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waves, 3,7, 8,9, 14, 126
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asphalt, 66 Variance, 289
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Technical, 164 of dilatation waves, 8
theory of plate on subgrade, 164, 196 of longitudinal waves, 9

Testing, 1
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of pavements, 86, 92
of subgrade, 32, 50

of shear waves, 8

of stress waves, 62
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amplitude, 1
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Theory, 107 flexural, 20, 26
of equivalent plate on subgrade, 107 forced, 1
of layered halfspace, 114 harmonic, 266
Thickness, 75, 103, 370 phase, 1
equivalent, 75, 102 torsional, 23, 26
of barrier, 370 Vibrator, 4, 30, 31
of layer, 75 electrodynamic, 4
ofplate, 103 magnetostrictive, 4
Torsional, 109, 114 Vibroisolation, 361
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vibration of the mass, 114 Virtual, 296, 301

Transformation, 120, 198
Fourier, 198
Hankel’s, 120, 124, 140
Transverse force, 147, 320
of equivalent plate, 147

moment load, 303
unit force, 301
Viscoelastic, 17, 18, 109
half-space, 109, 117
material, 17

Unbounded, 293 properties, 18

medium, 318

soil-base, 293 Wave, 132

plate on subgrade, 294, 319 number, 132
Unevenness, 274, 276, 278 length, 4
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