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Foreword

It is well known that in plasma physics, many different models are used: fluid
or kinetic models (where the ion and electron populations are characterized by
a distribution function in the velocity space); but also hybrid models where
kinetic equations are coupled with fluid systems. This book is restricted to some
fluid models. It will be followed by another book dedicated to kinetic models.
A first motivation for undertaking this work is to understand and justify (from a
mathematical point of view) the derivations of some classical-specific models from
more general ones. Even if these derivations are generally assumed to be well known
by physicists, it seems to me that it is worth emphasizing the underlying assumptions
and describing some apparently simple approximations that are more complex than
they look." So, I have tried to give justifications of such approximations by using
asymptotic analysis whenever possible.

Another main motivation is the following: precise statements of the systems
of partial differential equations with the appropriated boundary conditions are
necessary to perform efficient numerical simulations mainly in multidimensional
cases. Of course, this work does not aim to deal mainly with the related numerical
methods, which is an entire subject unto itself; but some enlightenment is presented
in relation to numerical methods for some classical problems.

Since it was necessary to make a choice for this book, I have focused on
models involving the quasi-neutrality approximation, on problems related to laser
propagation in a plasma, and on coupling plasma waves and electromagnetic waves.

Despite the heaviness of the notation, I have tried to keep it more or less in the
physics literature. So, I hope that this work will be helpful for young physicists who
are often overwhelmed by so many different models, and who are not sure of the
exact underlying assumptions (perhaps also for vocabulary purposes). Of course,

IFor example, as F. F. Chen notices about the notion of quasi-neutrality in the textbook Introduction
to Plasma Physics’ first published in 1974 (Academic Press, New York), “it is usually possible to
assume the electric charge is zero and the divergence of the electrostatic field is not zero at the
same time. It is a fundamental trait of plasmas, one which is difficult for novices to understand.”

vii



viii Foreword

I hope also that applied mathematicians will find in this work a stimulating
introduction to the “marvellous world” of plasma physics and an incitement to
address actual plasma physics models (and not only theoretical plasma models).
They can find a few open problems (referred in the index at the end of the book)
related to these actual models, which are very rich from a mathematical point
of view.

The book is organized as follows.

In a short first chapter, after a historical account, we display heuristically some
classical characteristic quantities that always appear in plasma physics.

In Chap.2, we emphasize some basic introductory features which for the
most part are used in the other chapters: the principles of the massless-electron
approximation which is presupposed if one wants to perform the quasi-neutrality
approximation (Sect. 2.1), then the justification of this quasi-neutrality approxima-
tion (Sect.2.2). This is made by a mathematically rigorous asymptotic analysis
(using a small parameter related to the Debye length). In the last section, we
emphasize the approximations made to derive the two-temperature Euler system
and the magneto-hydrodynamics (more precisely the so-called electron-magneto-
hydrodynamics or electron-MHD model). These quasi-neutral models may be
found, of course, in standard physics textbooks, but it seemed useful to focus on
their derivation and to gather some properties related to these models, especially the
formulation of these systems in the Lagrange framework, the spectral properties of
their hyperbolic part, and the boundary conditions. Indeed, the results presented here
were scattered across many different research papers and were not easily accessible
by physicists up to now.

In Chap. 3, our concern is with models related to laser wave propagation in a
plasma, and also in the interaction between laser and plasma. The heart of most
models related to laser—plasma interaction is the paraxial approximation for the laser
wave, which is based on time and space envelope modelling, and is related to the
classical WKB (Wentzel-Kramers—Brillouin) expansion. So in Sect. 3.1, we explain
firstly how the time envelope technique works; secondly, the WKB expansion
is explained in our framework in order to state classical results on geometric
optics; and thirdly, the WKB expansion is used one order further for the paraxial
approximation.

Section 3.2 is devoted to a problem related to laser—plasma interaction, when
the coupling of the laser waves with the ion acoustic waves is accounted for; this
is the well-known Brillouin instability (the coupling with the Langmuir waves is
here neglected). The novelty is that we focus on a crucial mathematical structure
of the so-called three-wave coupling system which is in evidence even in a one-
dimensional framework. In this system, for each wave we must address a transport
equation involving a coupling term related to the product of the fields corresponding
to the two other waves. It is worth noticing that this kind of three-wave coupling
system was introduced 40 years ago by Kadomstev for modelling plasma turbulence.
It is very well-known in the physics literature, but very few mathematical studies
have been published up to now in this area.



Foreword ix

In Chap. 4, we address firstly, for the sake of completeness, the classical problem
of Langmuir waves and, secondly, the coupling of these electron waves with an ion
population, which leads to the Zakharov equations. Even if these equations are well
known by some mathematical teams, it seemed important to recall precisely the link
to the physics and the approximations that are made, as well as to recall the main
mathematical properties of the different models related to these Zakharov equations.

Chapter 5 is concerned with laser—plasma interaction involving electron waves.
First, we focus on the modelling of Raman instabilities where the paraxial model
for the laser beam is coupled with a model for the Langmuir waves. We give
some enlightenment on this kind of model which is trickier than the Brillouin
instability model, since we need to deal with a space-and-time envelope of the fields
corresponding to the Langmuir waves. It is worth noticing that the modelling and the
numerical simulations of the Raman instabilities are still fields of intense research.
In the second part of the chapter, we briefly give some comments on specific models
for dealing with interaction between an ultra-intense laser pulse and a plasma; so
we address the system that consists of the Maxwell equations coupled with a fluid
system for the electrons; moreover, we show how an envelope description may be
useful in some cases.

In the final chapter, we consider two kinds of modelling. In the first section, we
consider plasmas with two ion species, besides the electron population: after some
closures, it leads to various models all based on the two-temperature Euler equations
in the quasi-neutral framework; our aim here is to specify the approximations made
to derive these models describing the averaged ion fluid. In the same way the role
played by the different assumptions is clarified. The second section is devoted to
models in a different framework: the weakly ionized plasmas. Besides the main
flow of neutral particles, there are ions and electrons that undergo collisions with
the neutral particles. We deal also here with the quasi-neutral approximation, and we
justify the so-called ambipolar diffusion approximation by an asymptotic analysis
analogue to the one of Chap. 2.

Paris, France Rémi Sentis
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Chapter 1
Introduction: Some Plasma Characteristic
Quantities

Abstract The first chapter is devoted to a heuristic presentation of some basic
concepts in plasma physics and the definition of some plasma characteristic
quantities.

Keywords Debye length  Plasma frequency ¢ Alfven speed * Magnetic
pressure * Magneto-hydrodynamics ¢ Electron magneto-hydrodynamics
* Ohm’s law

1.1 Historical Account

A plasma consists of an ion population and an electron population (with possibly
neutral particles) whose evolutions are coupled through collision processes and
long-range electromagnetic forces. The term plasma was first used in physics
by Langmuir and Tonks in 1929 when they observed in an electric discharge
tube that there were periodic variations of the electron density, although it was
known much earlier that ions and electrons exhibit collective behavior in the
fourth state of matter due to long-range Coulomb forces. A decade after these
historic observations, plasma physics developed in many other directions including
magneto-hydrodynamics (MHD), wave propagation in plasmas, and confinement of
plasmas using magnetic fields.

Indeed, in 1938-1939, in experiments producing electrical discharges in gas,
Merril and Webb demonstrated the part played by the oscillations of an electron
beam in a plasma [85], and Loeb published his book Fundamental Processes of
Electrical Discharges [80]. Moreover, Ramo analyzed the propagation of an electric
charge wave in a one-dimensional device. In 1941, the work of Bailey’s team
on electron mobility was published [66]. After the work of the Russian physicist
Klarfeld, the phenomena of electron plasma waves, also called Langmuir waves,
became progressively clearer.

R. Sentis, Mathematical Models and Methods for Plasma Physics, Volume 1, Modeling and 1
Simulation in Science, Engineering and Technology, DOI 10.1007/978-3-319-03804-9__1,
© Springer International Publishing Switzerland 2014



2 1 Introduction: Some Plasma Characteristic Quantities

Astrophysical observations gave rise to fundamental developments for magne-
tized plasmas; indeed, after his first observations in 1942, Alfven stated that the
dynamics of ionized gases, which are a conductor, may by treated in a unified
theory with classical fluid dynamics. This theory was explained in 1950 in the
classical book Cosmical Electrodynamics [1]. Alfven noted in his introduction that
“in cosmic physics the positive space charge in a volume is always approximately
equal to [the] negative space charge”; moreover, he pointed out clearly the so-
called plasma approximation by claiming that “the presence of an electric field
is essential” even with a negligible electric charge. In his description of so-called
magneto-hydrodynamics—the most popular model for magnetized plasmas—the
modelling was based on a classical single-fluid hydrodynamic system where the
magnetic pressure tensor was added to the matter pressure.

After Alfven’s pioneering works, at the beginning of the 1950s, MHD was used
by Herfolson, Thompson, Lunquist [83], Chandrasekhar [26] and other physicists.
A book by Cowling [34] was devoted to this subject; moreover, it is worth
noting the works of Delcroix and co-workers [40, 41] in the field of weakly
ionized plasmas. Their studies focused on laboratory plasmas, but also on the
explanation of atmospheric phenomena related to the Earth’s magnetic field (e.g.,
the magnetic reconnecting processes by which magnetic field lines suddenly change
their topology, boreal auroras, etc....). Since that period, MHD models have also
been used for modelling astrophysics problems related to solar flares, sunspots, star
formation, etc.. ..

On the other hand, since 1949, various theories of electromagnetic wave
propagation through nonuniform magnetized plasmas have been developed, e.g., see
Ginzburg [58,59]. In 1958, Van Allen discovered the radiation belts surrounding the
Earth, using data transmitted from the satellite Explorer. This was the beginning of
exploring the Earth’s magnetosphere via satellite, and it opened up a new field of
plasma physics: it was discovered that a layer of partially ionized gas in the upper
atmosphere reflects radio waves but may be also responsible for deficiencies in radio
communications.

In all this early literature related to MHD, the current-carrying fluid was assumed
to be neutral. But, in 1947, Bohm and Aller observed the importance of the Debye
length, which is defined as a length over which the electrostatic field of a single
charge is shielded by the response of the surrounding charges (see the last section
of this Chap.). They noted that although the electron charge and the ion charge
are locally almost equal, it was important to make a distinction between these two
populations particularly when the Debye length is not small with respect to the
characteristic length of the plasma, mainly near electrodes [19]. This fact was also
pointed out by Loeb [81] and in the second edition of Alfven’s book in 1963.

This was of particular importance in the devices designed by some pioneer
Russian scientists such as Artsimovich, Safranov, and Yurchenko from 1960, where
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the plasma was confined in a vessel by external magnetic fields—the popular
tokamak,' cf. [5,6, 102]. Some years later, one of the main topics was the study
of plasma instabilities, which have been extensively studied, for example, by
Kadomstev [72] (indeed, when there is a small perturbation of the electromagnetic
fields, the response of the two components is the opposite and thus generates
an electrically charged plasma wave). Moreover, electron thermal conduction was
systematically studied by Spitzer, cf. [111].

In another direction, research on thermonuclear fusion has been carried out since
1950 independently by both the United States and the Soviet Union; this has led
to the publication of a number of immensely important and influential papers. The
best-known books are those of Landau-Lifschitz [76] and Zel’dovich-Raizer [117].
Since it was necessary to perform numerical simulations to predict the behavior of
very hot plasma, theoretical plasma physics emerged as a mathematically rigorous
discipline in these years.

Finally, the development of high-powered lasers after 1960 opened up a new
field of plasma physics: indeed, when such a laser beam strikes a solid target,
the matter vaporizes and becomes ionized. A lot of studies related to laser—plasma
interaction have been performed following the pioneering publication of Basov and
Krokhin [9].

Nowadays, plasma physics is a very wide-ranging domain with many different
applications, including astrophysics, electrical discharges, hot magnetized plasmas
for magnetic confinement fusion, laser-heated plasmas for inertial confinement
fusion (ICF), generation of high-energy particle beams by laser-plasma interaction,
and spatial plasmas.

1.2 Notations

We denote by V the gradient and by A the Laplace operator with respect to the
spatial variable. For two vector fields Q, Q’, let Qx Q' be the vector product and QQ’
be the tensor product, that is, (QQ’);; = (Q);(Q’);. Denote by V.Q the divergence
of Q. The tensors are denoted by a special font such as T (or sometimes like o ).
Denote by V.T the divergence of the tensor T; thus, V.(QQ) is the vector with
components that are (V.(QQ")); = V.(QQ}) and by T : T’ the contracted product
of two tensors. The identity tensor is denoted by I.
Moreover, we define the tensor VQ by (VQ);; = %(Q) e

IThe principle of tokamak experiments is to confine a dilute plasma in a torus-shaped vessel,
applying strong poloidal and toroidal magnetic fields. The plasma must be heated by radio-
frequency waves and the ions are accelerated by the magnetic field.
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The complex conjugate is denoted by ® . For a quantity f, instead of f + 7 we
write f + c.c. (c.c. for complex conjugate).

Finally, if © = R? or if it is an open set, we denote by L?*(O) the set of
functions whose square is integrable, it is a Hilbert space endowed with the norm
lullz2 = [fp lu(x)|?dx]"/?; moreover, L' (O) is the set of functions whose modulus
is integrable it is a Banach space endowed with the norm ||#| ;1 ; and L*°(O) is the
space of bounded functions on O endowed with the norm ||u||ec = sup,ep |u(x)|.
We denote by H'(O) the space of functions u in L?*(O) such that Vu is also in
L?(0) endowed with the natural norm [||u||i2 + ||Vu||iz]l/2.

We denote by C(0, t; L?(O)) the space of functions depending on time and space
variables that are continuous from [0, ¢] into L?(O).

For physical quantities, the following general notations will be used.

q., m, are the charge and the mass, respectively, of the electrons (g, > 0),

my is the mass of ions (when there is only one ion species),

Z is the ionization level of ions (assumed to be a positive constant), so the ion
charge is Zq,,

Ny, N, are the ion and electron density, respectively (expressed as numbers by
volume unit),

U, U, are the ion and electron velocities, respectively,

Py, P, denote the ion and electron pressures, respectively,

Ty, T, denote the ion and electron temperatures, respectively (the Boltzmann
constant is included in the expression of temperatures, so T,, Ty are expressed in
energy units),

p = moNy is the specific ion density of the plasma (called also the specific
plasma density),

J is the total electric current, J = ¢.(ZNoU — N, U,),

&o, & are the ion and electron internal energies, respectively (expressed in energy
units by volume unit),

g0 = &/p, €« = & /p are the ion and electron internal specific energies,
respectively (expressed in energy units by mass unit),

c is the speed of light,

g%, u® are the vacuum dielectric and permeability constants, respectively
(1% = 1),

E, B are the electric and the magnetic fields, respectively.’

We denote also by N, a characteristic value of the electron density and by T a
characteristic value of the electron temperature.

2We use always the rationalized MKSA units (except for the temperature, 1 K being equal to 1.38x
10723 I); so the electric and magnetic field are expressed in Volt/m and in Tesla and the Lorentz
force reads as g, (E 4+ U x B).
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We define also

Ap = (8°Tret/ (¢*Nrer)) /2, the Debye length,

wp = (q*Nrer/ (£°m,))!/2, the electron plasma frequency,

Vre = /Te/me and vy = +/To/my, the electron and ion thermal velocity,
¢s, the ion sound speed of a plasma,

vy = W |B|?, the Alfven speed of a magnetized plasma,

Py = # (% |B|2 - BB), the magnetic pressure tensor,
V.0, the Coulomb collision coefficient of between electrons and ions,
VeoNo/me = T, 1 the Coulomb collision frequency.

Note to the Reader. The proof of the mathematical results are given when they
are not too complicated and I hope that they may be understood by the physicists
who are not in the habit of the details of mathematical analysis. These proofs
are postponed to the end of each subsection. Moreover, some simple technical
calculations are written in the form [Indeed...and ... [].

Some useful formulas of tensor analysis and some usual results of functional
analysis are recalled in the appendix.

1.3 Heuristics for Introducing Some Plasma Characteristic
Quantities

In this book, we limit ourselves to a physical framework where electron and ion
populations may be described with fluid quantities, which corresponds to the cases
where the collisional mean free paths of the particles are small if compared to a
characteristic length of observation. Therefore, for both populations, for electrons
and ions, the distribution functions with respect to the microscopic velocity are
assumed to be close to Maxwellian functions, that is, functions that are proportional
to the Gauss function, exp — (me%) (where v denotes the microscopic velocity).
So, in this work, the electron population is at local thermodynamic equilibrium
with a temperature T,. Besides T, it is fully characterized by its density N,, its
macroscopic velocity U,, and its pressure P, which depends on N, and T, through
an equation of state: this equation of state links the pressure and the internal energy

3
ge = ENeTe

and is of the perfect gas law type, precisely:

2
Pe = NeTe == gge.
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(let us note that for some models, physicists introduce other equations of state). In
this framework, the electron momentum balance reads in the following form

me[d; (N, U,) + V.(N.U.U,)] + VP, = electromagnetic forces.

For the ion population, we assume in the same way that the population is at
thermodynamic equilibrium, and its distribution function is close to a Maxwellian
function at temperature Tp; in the simple case without internal degree of freedom,
it is proportional to the Gauss function, exp — (mo%); so, besides Ty, the ion
population is fully characterized by its density Ny, its macroscopic velocity U, and
its pressure Py; this pressure is linked to the internal energy through an equation of
state of perfect gas law type

NoTy

Py = NoTp, & = .
0 olo 0 2/3

Notice that sometimes it is assumed that the ion molecules own internal degrees of
freedom; then the distribution function at thermodynamic equilibrium is a modified
Gauss function and one may take an equation of state of the following type: Py =
NoTy and & = % (where constant y is such that 1 < yy < 3).

In this work, we focus on the case where the interactions with neutral particles
are negligible (except in the last chapter where the neutral flow is prevailing). For
the sake of presentation, we assume also that the ionization level is a constant Z;
but, of course, for realistic plasmas with heavy ions, a crucial difficulty is to evaluate
accurately this ionization level which depends strongly on the temperature and the
density.

Before gathering some typical characteristic quantities classically used in plasma
physics, we give by a heuristic way some classical features related to quasi-
neutrality approximation also called plasma approximation. It presupposes another
approximation, the so-called massless-electron approximation which is valid only at
a large enough time scale (see Chap. 2, Sect. 2.1); it claims that the electron inertia
may be neglected (indeed the electron mass is much smaller than the ion mass).
So the electron momentum balance reduces to an equilibrium between the pressure
force and the electromagnetic forces (g, N.E 4 ¢g. N, U, x B) and it reads in the form
(using the definition of the current)

V(N,T,) + ¢.N.E=Q, withQ = (J — g.ZNoU) x B. (1.1)

We have not accounted here for the plasma resistivity (i.e., the collisions with the
ions are neglected). Then plugging this relation (called generalized Ohm’s law)
into the fundamental Gauss relation &°V.E = q.(ZNy — N,), we get the classical
Poisson equation

ZNy N,
Nref Nref '

1 1 1 1
—13—V. (—v N.T, ) + 123 —V.(Q—) =
DTref Ne ( ) DTref ( Ne)
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Here, it appears the so-called Debye length A p defined by

12 = & Tiet
D — > '
q; N ref
An important characterization of a plasma is the number of electrons in a Debye
sphere (the radius of which is equal to the Debye length A p)

A Neet = Nt (" Trer) 2472

which is a nondimensional number, called a plasma parameter. In the sequel, we
consider only phenomena where this plasma parameter is large. They are called
weakly coupled plasmas. In such a plasma, a charged particle located at the centrum
of a Debye sphere does not modify the equilibrium at the exterior of the sphere. The
Debye length is like a screening length.

When the Debye length Ap is small with respect to the characteristic length of
the variation of the ion density, one sees heuristically that the solution N, of this
equation satisfies

N, >~ ZNy

(see the asymptotic analysis below in Chap. 2, Sect. 2.2); it is the quasi-neutrality
approximation (as it is explained by Zel’dovich [117]: since the electric field is
“strong enough” in a hot plasma, “the electrons are rigidly coupled with the ions
through the electric forces”).

Now, denote by vii = (Trer/ mo)l/ 2. the ion thermal velocity which is also
the characteristic value of the ion velocity. In the same way, denote by vy =
(Tet/ me)l/ 2 the electron thermal velocity (notice that in some physics textbooks,
the thermal velocity is often defined as (3Tt/m.)'/? which is the quadratic mean
velocity). We assume also that the electron temperature 7, is smaller than 108 K,
SO Ve is smaller than 0.13 times the light velocity ¢ and vg,; is smaller than 0.003
times c; thus a nonrelativistic framework is sufficient.

Let us now assume that the quasi-neutrality approximation holds: N, >~ Z Nj.
By a classical way, the ion momentum balance equation accounting for the
electromagnetic forces reads as

0
So combining with relation (1.1), it reads also

mo [(%(NOU) + V.(UUNO):| + VP, + V(ZN,T,) = J x B. (1.2)
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On the left-hand side, we notice the gradient of electron pressure added to ion
pressure. Now, we assume that the classical relation curl B = pLOJ holds and that
the magnetic field satisfies V.B = 0 and (which comes from a simplification of the
Maxwell-Ampere equation). Applying the vectorial identity

A xcurl (A) = V. (g|A|2 — AA) + (V.AA (1.3)

(see the appendix at the end of the book) to the magnetic field, we see that the
right-hand side of (1.2) reads as

1 (1,
JxB =—-V.Pg, Pp=—|5/BI"—BB]).
ul\ 2

The tensor Pp is called the magnetic pressure tensor (see Chap.2, Sect.2.3 for a
justification).

Thus, gathering (1.2) and the continuity equation %NO + V.(UNy) = 0, leads to
the hydrodynamic system

0
No(5 +UV)N;'-VU=0
0 1 oo
mONo(g + UV)U + V(Py + ZNyT,) + mv E B|"—BB | =0

We may address two limit cases, the first one corresponding to a magnetic pressure
negligible with respect to the material pressure and the second one corresponding to
a material pressure negligible with respect to the a magnetic pressure.

First, if the magnetic pressure is negligible, we check that there exists a
characteristic sound speed (called ion sound speed) which is equal to ((Py +
ZNoT,)/moNo)'/* = ((Ty + ZT,)/m)"/? up to a multiplicative constant (in the
order of 1); thus, this ion sound speed is in the order of the ion velocity vy, ;.

Now, if the material pressure is negligible with respect to the magnetic one, we
may check that a characteristic wave velocity appears, the so-called Alfven speed
va1- Indeed, consider the linearization of the previous momentum equation in the
case of a homogeneous plasma with zero velocity

9 1 I,
Nief—U+ —V. | = |B|"—=BB | =0,
MoNeet + 0 (2 B )
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And the characteristic speed vy is defined by

VAl = - ?
mON refl/L0

As a matter of fact, in one-dimensional geometry, it is a speed of a magnetic
perturbation wave corresponding to the component of the magnetic field which is
orthogonal to the direction of the wave propagation; see Chap.2, Sect.2.4 for a
mathematical justification.

Using the characteristic values of the electron velocity and of the Debye length
Ap, we may define a time characteristic value for electron evolution as a)p_1 where
) is given by

wp = Vthe/ADp = Nrefqg/(some)

This quantity is usually called the electron plasma frequency.

Another characteristic of a plasma is the Coulomb collision coefficient v,y which
is related to the long-range Coulomb interaction between ions and electrons; it is
proportional to the collision frequency 7, ! of electrons against ions

met, = VN,

and this frequency is expressed as (see, e.g., [38])

Zq*  Net 47 N%q, 1

——=logA = —logA . .
o8 3 o8 (80’/”16)1/2 A':]‘E)]vref

! —
(e0m, )12 372

e

4
~3

Here logA. which is called the Coulomb logarithm, is in the order of some units;
roughly speaking, it is proportional to the logarithm of the plasma parameter (it is
a characteristic quantity of the plasma that depends on the density, the averaged
electron and ion temperatures, and the ion species).

Notice that 7, l«w »» since the plasma parameter A%Nref is large.

Let us give here some orders of magnitude for these quantities.

First, recall that the ratio between proton and electron mass is equal to 1837.

According to the type of plasmas, the electron and ion temperatures and the
electron density may range over several orders of magnitude; but in this work, we are
only concerned with plasmas that are nondegenerated, i.e., the electron temperature
T, is larger than the Fermi temperature defined by Trermi = h2(37r2N€)2/ 3 /(2m,)
[here A is Planck constant]. For a plasma with an electron density of 10>’ m~—3, the
Fermi temperature is equal to 3000 K; so for this density of plasma one only has to
consider hot plasmas.
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For instance, in the cavity of an ICF target, the ion and electron temperature are
in the order of 10° or 10’ K* and the density N, of 10’ m™3. At a typical value
of the temperature of 10°K, the ion and electron thermal velocity is equal to 10°
and 42 x 10° m/s. Then, in this case the Debye length is about 2.3 x 10~ m and
the plasma frequency about 1.8 x 10'>s™!. Now, in the capsule of a ICF target the
electron density may rise up to 10°* m™3 and the electron temperature is larger than
107 K.

In the sun corona, the temperature is in the order of 10° K and the density is in
the order of 10" m™3.

In the ionosphere, they are in the order of 10* K and 10'> m™3, respectively. Then
we have also T, > Tgemi. The Debye is in the order of 2.3 x 1073 m and the plasma
frequency is in the order of 6 x 107 s™!; moreover, the Alfvén speed is equal to
0.07 m/s for a magnetic field equal to 1 Gauss (10° T).

3Since the energy to move an electron against a potential of one Volt is equal to 1.60 X 10719 J, the
eV (electron-Volt) is also used as unit of temperature; it corresponds to 11,600 K.



Chapter 2
Quasi-Neutrality and Magneto-Hydrodynamics

Abstract In this chapter, we justify firstly the massless-electron approximation
from the general ion—electron electrodynamic model. Secondly, we present the
quasi-neutrality approximation, which is the heart of most of the fluid models
presented in this book; this approximation is rigorously proved by an asymptotic
analysis where a small parameter related to the Debye length goes to zero. We then
present the two-temperature Euler system which is the basic model for quasi-neutral
plasmas; in this framework we deal also with thermal conduction and radiative
coupling. Lastly, we introduce the well-known model called electron magneto-
hydrodynamics (MHD) which is the fundamental model for all magnetized plasmas.
We give some details about the related boundary conditions.

Some crucial mathematical properties related to the “ideal part” of the previous
models are displayed at the end of this chapter.

Keywords Debye length ¢ Massless-electron approximation ¢ Quasi-neutrality
approximation ¢ Poisson equation * Two-temperature Euler system ¢ Electron
magneto-hydrodynamics ¢ Ideal magneto-hydrodynamics * Boundary conditions
for MHD

2.1 Massless-Electron Approximation

Before dealing with the massless-electron approximation, we first state the general
electrodynamic model related to the ion—electron Euler system coupled with
Maxwell equations (cf. the first subsection below). From this model, we may address
either modelling based on high-frequency electron waves, called Langmuir waves,
which develop at the electron time scale a)p_l (in this framework the ions are
assumed to be either at rest or mobile; see Chap. 4 for this topic) or modelling related

to the evolution of the ion population at a time scale much larger than a);l.
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In the second framework, which corresponds to the topic of the second subsection
and the other sections of this chapter, we address an observation time scale Ty that
is in the order of L jasma/Vini OF Lplasma/ Va1 (Where Lpjasma is a characteristic length
of variations of the plasma density) and the picture is the following

A
>0t = 22

Lplasma Lplasma
Tobs [

Uth,i VAl Uth,e

Since one has always Ap < Lpjasma, One sees that pl“si““ > A , so the previous
ordering is very general and corresponds to the case Where electron inertia is
neglected with respect to the ion inertia. Thus, we can make the massless-electron
approximation. It consists of assuming that, in the ion—electron Euler—Maxwell
system, the electron mass m, is negligible compared to ion mass m1; so the electron
momentum balance equation reduces to the so-called generalized Ohm’s law which
links the electric field to the electron density (we stress that there are various ways
to state such a Ohm’s law depending on the physical effects to be accounted for).
Moreover, if there is no external electromagnetic source, no phenomena travel at the
speed of light and a simplified version of the Maxwell equations corresponding to an
infinite speed of light may be used. So we are led to the so-called ion Euler—Poisson
system [system (M) below] where the electric field reduces to an electrostatic
one; it is valid even if the Debye length Ap is not very small with respect to the
characteristic length.

Now, in the first subsection, we recall the general electrodynamic model. It is
a classical one (cf. [38, 112]) although it is almost never used for numerical
simulations because the order of magnitude of the characteristic times of the
subsystems are very different. It is worth focusing on it because it gives the
conservation balance for the mass, momentum, and energy of the two populations,
and it enables us to derive numerous fluid models with formal asymptotics.

2.1.1 The Ion—Electron Electrodynamic Model

Let us state the system corresponding to the classical conservation laws for the
two populations of ions and electrons. First of all, the continuity equations for both
species are

v = o, @.1)
ONe (2.2)

ot
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Denote by v, the Coulomb collision coefficient, it is related to collision frequency
between electrons and ions which is equal to v,9No/m,.. Then, the ion momentum
balance equation reads as

0
mOE(NoU) +moV.(NgUU)+V Py = q. Z(NoE + NoU x B) —v.o N, No(U—-1U,).

2.3)
On the right-hand side, the first term corresponds to the Lorentz force and the second
one to the Coulomb collisions between the two species; at this level it reduces to a
simple friction force proportional to the relative velocity (U — U,) (but we stress
that there are different expressions of this friction force).
Moreover, the ion internal energy equation reads classically

d
5&) + V.(U&) + PyV.U = Qqe, 2.4)

where the term 2. is related to the energy exchange between the ion and
electron populations due to the Coulomb collisions. The relationship between this
term and the corresponding term 2.y for the electrons will be given below [see
relation (2.16)].

In the same way as above, the electron momentum balance equation reads as

ad
meg(NeUe)'i‘mev-(NeUeUe)"‘VPe = _qe(NeE+NeUeXB)+VeONeN0(U_Ue)v
2.5)

and the electron internal energy equation

0
&5" + V.(U.&) + P.V.U, + V.qme = Qeo. (2.6)

Here qq e denotes the heat flux for the electron energy; its simplest expression is the

so-called Spitzer flux which is proportional to VTJ/ 2; the details about Spitzer flux
are given below in Sect. 2.3.1, see also [111].

Of course, the previous energy equations may be stated in term of ion and
electron total energy, i.e.,

9 1 1
5(50 + m0N0§|U|2) + V.(U& + m0N0§|U|2)) + V.(UPy)

= Qe + geNoU.E — v, N, NoU.(U — U,), 2.7

d 1 1
g(ge"'meNe§|U€|2)+V‘(Ue(ge+meNe§|Ue|2))+v-(UePe)+vqm,e

= Qo — ¢e NU,.E + v N, NoU,.(U — U,). (2.8)
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We now deal with the Coupling with the Electromagnetic Fields.

First, using the electric current J = ¢.ZNoU — ¢.N,.U,, the electromagnetic
fields E, B satisfy the full Maxwell equations (respectively Maxwell-Ampere and
Maxwell-Faraday relations)

! 3E curl B4+ p1°J =0 (2.9)
— — —_— u = 3 .
c? 0t #

3

gB + curlE = 0. (2.10)

It is also necessary to account for the electric Gauss relation
e'V.E = g.(ZNy — N,). (2.11)

and the magnetic Gauss relation which reads as V.B = 0.
According to the continuity equations (2.1) and (2.2), we see that the electric
current satisfies the so-called consistency relation for electric charge

9
qe&(ZNO —N,)+VJ=0. (2.12)

This consistency relation implies that relation (2.11) holds always if it holds at initial
time (indeed, we have %V.E + %V.J = 0).

We now give the classical conversation relations related to this electrodynamic
model.

(a) Momentum Balance Relation.

Adding (2.3) and (2.5), we get

d
o7 (meNeUe +moNoU) + V. (me NUUe + moNoUU) + V(Po + Pe) - (2.13)
=¢E(V.E)+JxB

On the other hand, according to the Maxwell equations, one checks that the
electromagnetic momentum E x B (equal to the Poynting vector, up a multiplicative
constant) satisfies

1 0

1
cz—mg(ExB)— E(curlB) xB—&curlE) xE +J xB = 0.

Now, using the tensor Pp = #(%H|B|2 — BB) and identity (1.3), recall that

1
——Ocurl BxB=VDPp
u
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so introducing the tensor S = Pp + £° (%|E|2 — EE), we see that

0

—czﬂog(E xB)+V.S+¢g.E(ZNy—N,)+JxB =0,

therefore, we get a classical result of the conversation of global momentum

0

1
o [W(E xB) +m,N,U, + moNoUo:|

+ V. (S + meNeUeUe + m()N()UU) + V(PO —+ Pe) = 0.

(b) Energy Balance Relation.
Using the classical vector identity V.(A x B) = B.curl A — A.curl B, we get for

the electromagnetic energy,

ad 1 . E|? 1 |B]?
—Eelectro + V(_OE xB) +JE =0, with&ecro = sou + _0u (2.14)
ot w 2 uo 2

where 5E x B is the Poynting vector. For the plasma energy balance, we first
add (2.7) and (2.8), then on the right-hand side, we get the term

JE + Qe + Qoe — veoNe No|U = U, |?
So we arrive at the following global energy balance relation

(a% + V.(U-)) (50 + moN0%|U|2)

a‘S‘electro
ot

(2.15)

+ (% + V-(Ue')) X (ge + meNeéerlz) +

1
+V. (FE x B) +V.(PoU+ P.U,) + V.qine = 2.0+ Q0e — veo No No|U—-U, 2.

According to the energy conservation principle, the right-hand side must be zero;
thus we must have

Qo0 = —Q0¢ + Voo NeNo|U — U, |2 (2.16)
Moreover, the classical form of €2, is the following

Qe = woemoNo(Te — To) (2.17)
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where wy, is a positive quantity with an inverse e~ " known as the characteristic
time of temperature relaxation. Notice that expression (2.17) is obtained by taking
the two first moments of the Vlasov-Fokker—Planck equations for the ion and
electron population evolution (see the companion book on “Kinetic Models”, [118]),
where wy, depends on the electron temperature and the electron density, e.g., it may
be assumed to be proportional to

N.Z?(log A)/ T>/*

2.1.2 The Ion Euler System with Massless-Electron
Approximation

Consider the evolution of a plasma with an observation time T, large enough
compared with the inverse of the plasma frequency (but with a Debye length A p
not necessarily very small with respect to Lpjasma)-

> (l)_l Tore > Lplasma
p > Lobs —C ’

Lplasma

Tobs ~
Uth,i

Lplasma ~ AD or Lplasma > AD-

This situation is very frequent. For instance in the ionosphere problems, recall some
orders of magnitude: the Debye is in the order of 2.3 x 107> m and the inverse
of the plasma frequency is in the order of 1.5 x 1073 s, and for electrical discharge
concerning small Earth-orbiting satellites the characteristic time is larger than 107> s
and the characteristic length is larger than 1072 m.

In the same way, for cavity plasmas in Inertial Confinement Fusion, the Debye
length is about 2.3 x 10~ m and the inverse of plasma frequency about 6 x 107165,
but the characteristic time is larger than 10™!% s and the characteristic length is larger
than 107> m ; indeed the variation of laser intensity is in the order of 10™!! s and the
size of the target is in the order of a few millimeters.

So, in this framework electron inertia may be neglected with respect to the ion
inertia, and the characteristic speed of the phenomena is much smaller than the
electron thermal speed (and, of course, the speed of light).

Let us first stress that we can assume that the speed of light ¢ is infinite in the
previous general electrodynamic model by assuming that the displacement current
ﬁ %—? in (2.9) is negligible with respect to the electric current J. In this framework,
the Maxwell equations and Gauss relations reduce to

curl B = u°J, (2.18)

and

(1) curl E = —0,B,
(ii) V.B =0, (2.19)
(iii) e'V.E = q.(ZNy — N,).
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Here there is no formal asymptotic analysis with a small parameter and we do not
take care of the relation e’u°c? = 1, in this approximation ° and u° are solid values
(and we simply set ¢! ~ 0). It is worth noticing that once the densities Ny, N, are
known one can find B and E satisfying (2.18) and (2.19) only if the electric current
satisfies

vV.J=0.

Thus, the approximation “infinite speed of light” is not appropriated with any
general model for the electrons: it is made when the electron velocity is evaluated
thanks to the electric current J, in particular in the framework of the massless-
electron approximation.

With the approximation of “infinite speed of light”, from (2.18), the electromag-
netic momentum balance reduces to

VP +JxB =0,

[using identity (1.3)].
Now, according to the above vector identity for V.(E x B), we see that the
magnetic energy balance reads as

1 1
——|B*+ —V.(ExB)+JE=0. 2.20
20508+ V- ExB) +J (2.20)
Thus, for the global energy (the sum of ion energy, electron energy, and magnetic

energy), we get

d 1 d
(E-FV.(U-)) (50+m0N0§|U|2)+ (&+V.(Ue-)) (Ee)+V.(P0U+PeUe)+V.qth,e

1 0 1
:—J'E:———|B|2_v. _EXB .
29 ot o

This conservative balance is the same kind as the one displayed in (2.14) but Ejectro
is replaced by the magnetic energy ﬁ B2

In the framework of the massless-electron approximation, which is the frame-
work of the rest of the chapter, the electron density and velocity are not characterized
by the mass and momentum conservation laws. The picture is the following.

On the one hand, the electron density is evaluated thanks to the Poisson equation
which is obtained by inserting an expression of the generalized Ohm’s law (see
(2.21) below) into the electric Gauss relation. On the other hand, we claim that the
electric current J is given by (2.18) and the electron velocity defined by N,U, =
ZNoU—q; 'J . Moreover, the magnetic field is the solution of the evolution equation
obtained by inserting the expression of E given by (2.21) into the Maxwell-Faraday
equation (2.19(1)).

More precisely, the massless-electron approximation corresponds to the case
where the electron mass m, is assumed to be very small with respect to the ion mass.
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Then a formal asymptotics (corresponding to a small parameter m,/my — 0) leads
to the following model. Since the electron and ion density are in the same order
of magnitude and the electron velocity U, is in the same order of magnitude as
the ion one U, we check that the electron momentum is negligible with respect to
the ion momentum and that the electron kinetic energy meNe%|Ue|2 is negligible
with respect to the ion kinetic energy. For a rigorous result, see the analysis in the
one-dimensional framework in [63] or [71] and also [2].

Therefore, from the electron momentum balance equation (2.5), we have firstly
the relation

VP, + ¢eNE + q.ZNgUxB —J xB = v,gN.No(U — U,)
= oo No(U(N, — ZNo) + Jg; ).
But it is usual in the ion momentum equation (2.3) and in the previous equation to
replace the term v,oNo(U — U,) with a closure of the form ¢, y1°J where y is a

positive function depending on the ion density and temperature. Then we get the
relation

VP, +q.NE +q.ZNoUxB —J x B —q,N,yu°J = 0, (2.21)

which is called the generalized Ohm’s law (see e.g., [108] or [38]). Coefficient e
is called the specific electric resistivity of the plasma.

Secondly, combining relation (2.21) with (2.3), we get a new relation for
momentum balance

moa%(NoU) + moV. (NoUU) + V(Py + P.) = J x B + "E(V.E)
= -V.P;z +’E(V.E). (222)

Thirdly, according to the previous remarks, the electron global energy (8e + meNe%

|Ue|2) reduces to its internal energy &,. Thus, using (2.16), (2.8) reads now as
follows

9 5
(— + v.(U.)) (&) + V.(P,U) - V. (-Tei)
ot 2 ¢

+ V.qme = —Q0c — ¢eN.U,.E + g, i’ N, xJ.U.

or equivalently

(% + V.(U-)) () + V.(P.U) - V. GTei) +Vagne (223)

= —Qoe + Ue. VP, + qept"Ne 3. (U—U,)
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(indeed, according to (2.21), we have ¢, N, U..E + U,.VP, — qeuoNe)(J.Ue =0).
Note that the term %Te in (2.23) stands for (£, + P.)/Ne,.

The ion internal energy & is given by (2.4).

The key point is to define the electron density N,; this is done by gathering the
electric Gauss relation and Ohm’s law (2.21); see below.

Now, using the evaluation of E given by the generalized Ohm’s law (2.21), the
Maxwell-Faraday equation reads now as an evolution equation for the field

0 ZN
—B—curl ( 0

1
5 N UxB) = curl( VP,

1
5 Y curl B x B) —curl (ycurl B)
gelNe HoqeNe
(2.24)

It is called the diffusion magnetic equation. On the right-hand side, the last term
is the usual resistive diffusion operator; moreover, the quadratic term, curl(—curl
B x B) is called the Hall’s effect term (it is taken into account only if the electron
density is small enough and if the magnetic field is strong enough).

Lastly, we have the Gauss relation

V.B =0;
of course, if this relation holds at initial time, it holds at any time.

(a) The Ion Euler—Poisson Model Without Resistivity.

For the sake of this presentation, we state first the Euler—Poisson model by
neglecting the resistive term in Ohm’s law, ie., y = O0; afterwards we will
reintroduce the resistivity. So, in this framework the Ohm’s law reduces to

ge(E

1 1
=—-——V(N,T,) + —J xB, 2.25
N, (N T.) N J (2.25)
and, according to the electric Gauss relation, we get

g0 1 g0 ZN,
—ZV(—V(N,T.)) — =V.(q. Z2U x B——JxB) = q.(ZNy — N,).
qe N, q N,

e

Then, we are led to the following equation for defining the electron density N,

2 2

A ZNy N,
72 (VT V(log No)+ATe] - 22 R
ref

Nref Nref .
(2.26)

(—(quNOUxB JXB))

It is a nonlinear Poisson equation and it is crucial in plasma modelling when
the quasi-neutrality assumption is not valid. Of course, this nonlinear elliptic
equation needs to be supplemented by boundary conditions, for instance, Neumann
conditions if the electrostatic field may be set to zero on the boundaries. But
in simulations where one has to account for probes or electrodes, one must use
Dirichlet conditions or more implicit boundary conditions (e.g., related to the
electric current); this kind of problem is related to the so-called plasma sheath theory
(see, e.g., [3,109]).
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Denoting N,/ Nt = ¢?, the nonlinear Poisson equation reads also as

)LZD A2 e ® ZNy A2

— 2V (T,V®)4+e®—ZL2V.((g. ZNgUXx B —J x B = D AT,

7—;'ef ( ¢ )+e Tref ((qe Lt J % )Nref) Nref + 7—;'ef ¢
2.27)

Note that relation N, = Nre®, where ® is an electric potential divided by a

temperature, is called the Maxwell-Boltzmann relation; it is often used in physics
literature when the magnetic effects are not important (then (2.25) reduces ¢, E =
—T.V® — VT,). Notice that if the reference density N is modified, we must
also modify the potential ® by adding a constant; as a matter of fact, in physical
applications, these constants are fixed by the boundary conditions (see, e.g., [65]).

Summary. Assuming that B solves (2.24), the model consists of the following
Euler—Poisson system. Recall that £, = %NeTe, P,=T,N,and J = %curl B.

0
@ $N0+V.(N0U)=O,

i) m, ((%-FV.(U-)) (NoU)+V (Po+ P,)+V.Ps=¢.E(ZNy—N.),

(iii) (a%Jrv.(U.)) (E0)+PoV. U=,

M) (iv) (a%JrV.(U.)) (&)—i—PeV.U—V.(zTeJ) +V. Qe

qe

VP
= —Qope+ ‘. (U(ZNO—Ne)—l) ,
N, qe

1
(V) —22 [V.(T.V(log N)+ AT, —42V. (F(quNOUxB—JxB))
e

_ ZNo—N.,
Nref '
with
Bt ZMoyxpo 1V 1 Lp (2.28)
N, ge Ne ' qe NS '

Of course, this system needs to be supplemented with boundary conditions; for the
nonlinear Poisson equation, the simplest one is the Neumann condition.

Equation (iv) reads also as (2.23). We can state once more an energy balance
accounting only for ion and electron energy:

8 m() 2 5Tg
(§+V.(U')) (5e+50+71v0 | ) 4. ((PEJFPO)UJF2

J) +V.qun.=J.E.
(2.29)

e
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[indeed, if we multiply by (ZNy — N,)U the relation defining the field E, we get

VP, Z Ny
N, " CR,

—g.(ZNy — N)U.E = —(ZN, — N,)U. ~1)UJxB=JE

1
moreover Z Ny VU'(J xB)—J.VP, N J.E, so we have the previous balance

by using equation (ii) multiplied by U and remembering that V.Pp = —J x B. ]
In the previous relation, term J.E is the one which appears in the magnetic energy
equation [see (2.20)].

Remark 1. To my knowledge, it is an open problem to make a rigorous asymptotic
analysis leading to a massless-electron model in the multidimensional framework
(i.e., to let the ratio of electron mass to ion mass m,/mg converge to zero in the
ion—electron Euler system); see [63] for a proof in a monodimensional case. |

Notice that the nonlinear Poisson equation (v) may be replaced by a simpler one
if necessary and in equation (iv), term (Z Ny — N,)U may be neglected with respect
to J/q..

This system looks quite complicated. As a matter of fact, it is an open problem to
show its well-posedness from a mathematical point of view. Nevertheless, we have
a result that is a clue in this direction: it shows that equation (v) above is well-posed
and that its solution N, is positive.

If we denote

1 1
Q= J xB—¢q.ZNyU x B), g = AT,,
Nref ref
(2.26) reads as
T, N, 1 Nies Z Ny
— A3 V.(==VIogN,) + — 4+ 13 —V.(Q—) = ALg. (230
b (Tref Og e) + Nref + b 7—;'ef (Q Ne ) Nref + Dg ( )

Let O be a bounded set with a smooth boundary and denote by n the outwards
normal to the boundary dO of O. Equation (2.30) needs to be supplemented with
a boundary condition on dO. For the sake of simplicity, we can take one of the
following conditions on 0O

@) i(NeTe) =0, or (ii) iNe =0. (2.31)
on on

The first condition corresponds to the case where the normal gradient of the electron
pressure is zero, i.e., the electric field is tangential to the boundary (if there is no
magnetic effect); the second condition is a simplification of the first one.

Assume that Ny, g,Q and V.Q belong to L*°(0), that Ny is strictly positive,
and that 7, is a strictly positive bounded function. So we have:

Proposition 1. Assume that infx(%ngo + A%g) > 0. For (2.30) supplemented
with one of the conditions (2.31) on 00, there is a unique solution N, in the cone
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of functions of H'(Q) which are strictly positive and bounded, if AZD IV.Qll ;o0 is
small enough. Moreover, we have

1 1, ZNy
N o(x) > Elgf( N +A2Dg)

Of course, we have also 7,V log(N.T,) € L*(O).

We may also address this problem in the case where the spatial domain is the
whole space R? (or R?) and the result is the same, provided that N is in L>(O).

It is worth noting that (2.30) is also sometimes called the Poincaré equation
(cf. [96]), at least in its simple form —AZDA(log N.) + N, = Ny, and it arises in
many physical areas.

(b) A Simplified Model without Magnetic Effects

In the case where the magnetic effects are neglected, we may address a simplified
model based on the barotropic approximation for the ion pressure: it is given by a
closure with respect to N, for instance, Py is defined by Po(N) = p,N? (where
ip and y > 1). In this model, there is only one energy equation (the coupling term
Q. disappears) and the four unknowns Ny, U, T, and N, satisfy the system.

B%No + V.(NoU) = 0, (2.32)
9 1
mo (E + V.(U-)) (NoU) + VPo(No) = —~ZNo-V(NeTe). (2.33)
e
9 3 1
3 VAU | (SNeTe | +N T V.U = (ZNg = Ne) - UV(NeT), - (234)
e
A2 ZNo— N,
LV (—VN.T,) = —7—5. 235
Tor (Ne (NeTe)) Nt (2.35)

In the momentum equation, the right-hand side may also be stated in a conservative
form, which reads as

—V(N,T,) + ¢°(V.(EE) — %V.|E|2)

) 1
with ¢ . E = VV(NETE).

e
As usual, we need to supplement this system with boundary conditions on dO.
For the three first equations, it is sufficient to state two conditions (for this topic, see
the last section of this chapter); so, for the sake of simplicity, we can state

—T, =0, nU=0.

For elliptic equation (2.35), we consider condition (2.31 (ii)) (which is now
identical to (2.31 (1))
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We also have to supplement this system with initial conditions, that is to say
No(0) = N, U0) = UM, T,(0) = T/, where these initial values satisfy the
boundary conditions and N/, 7™ are strictly positive.

Then, we may define the ion internal energy by Ey(N) = Po(N)/(y—1)if y # 1
and E(N) = p,(N log(N) + 1) otherwise, and we have the following result.

Proposition 2. For system (2.32)—(2.35), supplemented with the previous boundary
conditions, we have the energy balance relation

(a% N v.(U')) (%Nen + Eo(No) + %NMUP) +V.(UPs + Po(No))) = 0
(2.36)

Moreover; as soon as the temperature T, remains strictly positive and bounded, the
electron density N, is a positive bounded function such that V log(N,.T,) € L*(0).

Using the boundary conditions, property (2.36) implies that for all times 7, we get
3
/ (_NeTe + EO(NO) + @NOIUlz) dx = Co
o \2 2
that is to say there is a good balance for the global energy which is %Ne T.+E(No)+
20 No|UP.
(¢) The Ion Euler—Poisson Model with Resistivity.

In order to account for the resistive term in the generalized Ohm’s law (2.21), we
need to modify the previous system. Due to (2.21), the following expression of E
Z Ny 1 VP, 1

1
UxB=—— ——JxB 0
N. e N, TN Bt

E +
may be plugged in Gauss relation, so we get the modified nonlinear Poisson

—£0V. (—V(NeTe)) V(g%

Moy B——JxB)+e°v (109 x3)=q2(ZNo—Ne).

Ne
Or with the same notations as above
N, ZN,
-1} V( “Vlog No) + = + 45— V.(Q ”f) C 258 — 143V ).
re Nre Tre Nref

From a mathematical point of view this equation is the same as in the case y = 0
(only the right-hand side is changed).

The model for the evolution of Ny, U, & is the same as in system (M); the only
difference is that there is a resistive term in the evolution equation (v) for &,

T,
(8% + V.(U-)) &)+ P.VU-V. (; J) + V.qine (2.37)

P,
= —Qq, + . (U(zzv0 —N,) — qi) + qept®NexJ.(U - U,).
e

e
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We can easily check that the global energy balance (2.29) is still true. It is worth
noticing the supplementary term N, xJ.(U — U,), which is called the Joule effect
term. Indeed, we will see below that in the quasi-neutral case, J and N,(U — U,)
will be equal up to the constant g,; then this term equal to yx|J|*> will be positive.
It corresponds to the heating of the plasma occurring due to the electric current and
the energy exchange due to the friction between electrons and ions.

2.2 Quasi-Neutrality Approximation

As above, we make the massless-electron approximation, but we assume more-
over that the Debye length Ap is very small if compared to the characteristic
length Lpjasma. In this framework corresponding to the so-called plasma approxi-
mation, the picture is now

Lplasma

>yl T » =

/\D < Lplasmas Tops ~ M
Uth,i
Then the electron density is close to the ion density N, >~ Z Ny (this is the quasi-
neutrality approximation), but as claimed previously the electric field cannot be set

to zero.

Our aim is to explain how this quasi-neutrality may be justified from a mathe-
matical point of view. This analysis will be performed from the ion Euler—Poisson
system in two different physical frameworks

e The first case corresponds to the case where the magnetic phenomena are
negligible and a simple Ohm’s law suffices; see (2.38)

» The second case corresponds to the general case, where the magnetic field needs
to be accounted for and Ohm’s law reads as (2.25)

In both cases, starting from the Gauss relation

qe 1
P VE = ZNoy — N,
b Tref Nref( 0 )

where the Debye length comes into sight, we derive a nonlinear Poisson equation of
the form (2.26).

2.2.1 Asymptotic Analysis in the Nonmagnetized Case

We introduce a dimensionless spatial variable related to Lpjysma and we set A =
A D/ Lplasma Which is small with respect to 1.
Here, we assume that instead of (2.25) we simply have

1
¢.E = ——V(N,T,) (2.38)
N,
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then the potential log(N, / Nrer) is solution to a nonlinear Poisson equation. Set
®, = 10g(Ne/Nref)

in order to make clear the dependency with respect to the parameter A, so Poisson
equation [which is a simplified form of (2.26)] reads as

ref ref

T, ZN,
— A%V. (Tf vqn) = 0 _ % 4 A% (2.39)

recalling that g = iATe. In the same way, in the sequel, denote the electric field
by E, instead of E.

The asymptotic analysis of this equation when the small parameter tends to 0 was
addressed in [23] about 20 years ago in the case of a constant temperature. A wide
range of literature is devoted to this subject; see, e.g., [110, 115] and the references
therein. Notice also that it is interesting to address such an asymptotic analysis with
a vanishing Debye length in order to design numerical schemes for Euler—Poisson
models in the case where quasi-neutral and non—quasi-neutral regions coexist in the
same simulation domain; see, e.g., [35,36,39].

Here for the sake of completeness we state a generalization of the initial result
of [23] in the case of a nonconstant temperature. We first assume that the spatial
domain O is a smooth bounded open set; of course, (2.39) needs to be supplemented
with a boundary condition, and as previously we set

& =0; (2.40)
on
This corresponds to the case of an insulating material. It also possible to address a
boundary condition of the type ®, equal to given data (see below). Now, to state a
rigorous mathematical result, we need to make some technical assumptions. First,
we assume

inf7, > 0, inf No > 0, T, € L®(0), Ny € H'(O) N L®(0), AT, € L®(O).
X X

(2.41)
Moreover, for the sake of simplicity, we impose
0
—Ny =0, on 00.
on

Proposition 3. Assume that assumptions (2.41) hold. When A goes to 0, the unique
solution ®, of nonlinear equation (2.39) with the boundary condition (2.40)
satisfies'

Nypexp(®) — Z Ny in L*(0),
V®;, — Viog(ZNy)  in L*(O) weakly.

LA sequence u, converges weakly to u, if [ u,v — [ uv for any v in L2
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The proof is given below. Notice that there are also results with weaker
assumptions on the regularity of Ny (see the proof). This proposition shows first
that the quasi-neutrality holds

N, >~ ZNj, P, ~ ZNyT,.

Moreover, this implies that the electric field E, satisfies
1
q.E), = -T,V®, — VT, — —FV(NOTe) in L?(0) weakly,
0
that is to say, it may be approximated in the following way
1
q.Ey ~ ——V(NoT,). (2.42)
No

This last relation for the electric field is a very usual one. In the case where the
electron temperature is almost constant, this relation reads ¢.E;, >~ —T,V(log Ny)
as it appears in the beginning of the handbook [27].

Other boundary conditions of Dirichlet type may be addressed; for instance.
for the modelling of a plasma surrounded by a conducting material. As a matter
of fact, if a given electric potential may be applied on two different parts of
the boundary that correspond to conducting material, we can make the following
modelling: assume that '} and I'; are two smooth parts of the boundary 00O that
are disconnected, such that the potential ® is given by a constant: B on I'j and B,
on ;.

Then we have the following result.

Proposition 4. With the same assumptions as above, there exists a unique solution
@, in H'(O) to (2.39) with the boundary conditions

0
@1 = Bl on Fl; CD/\ = Bz on Fz; —@l =0 ondO \ (Fl @] Fz) (243)

on
Moreover, when A goes to 0,we have
Nye® — ZNy  in L*(0), (2.44)
V&, — VIog(ZNy)  in L*(O) weakly. (2.45)

Generally, there exists boundary layers on the parts I' and I'y, since Ny.r exp(By)
is not equal to Z Nj.

See also [3,64] for other boundary condition problems related to the electrostatic
sheath phenomena. We stress that it may lead to technical difficulties related to
boundary layers where the quasi-neutrality fails.
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Of course, we may address the case where the spatial domain O is the full space
O = R? (or R?) and the asymptotic result may be proven in the same way.

Remark 2. Instead of (2.39), we may state the Poisson equation in the form

ZN() Pe aPe
Nref NrefTe’ on

lso =0,

T,
—sz.(T V(log Pe)) =

ref

which is interesting if one prescribes a boundary condition on dQO of the type
% = 0. Then, denoting P, instead of P,, Proposition 3 reads as follows: when A
goes to 0, the solution P, , of this equation satisfies

P,y — ZNyT, in Lz((’)) strongly;
V(log P, ;) — V(log NoT,) in L*(0) weakly. |

Remark 3. In the quasi-neutral approximation, determination of the electric field is
a local problem in the interior of the domain, as it appears in (2.42); evaluation of
E is performed with the local fluid variables only. But near the boundary dO,this
evaluation is more complex due to the boundary layers. |

2.2.2 Asymptotic Analysis in the Magnetized Case

We now address the more realistic case corresponding to a magnetized plasma

(called also current-carrying plasma). We assume that the evolution of the field

B is known (recall that the electron velocity is given by U, = N%NOU — ﬁqu ).
We consider the generalized Ohm’s law (2.25), i.e.,

ZNy

1 1
Ge(E+ ZUxB) = —V(N.T,) + —J xB (2.46)
N, N,

e

(if we want to account for the resistivity, it suffices to add to the right-hand side a
term of the type yu°J). The electron density N, = Nye®* is given by the solution
of the nonlinear Poisson equation (2.27), which reads as

ZNy
N ref

T 1
— AZV.(TB Vd,) +e® + AZT—(V.Qe_‘I’*) = +A%g (2.47)
ref ref

Heuristically, if A vanishes, we see that e® is very close to the function i,—N‘f’, ie.,
rel

the quasi-neutrality holds, and we may use the following approximations

N, = Nyse® ~ Z N, P, ~ ZNyT,, (2.48)

1 1
—VN, >~ — VN, 2.49
Ne e NO 0 ( )
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So, according to (2.46), we get

JxB
Z Ny

1
q.(E+UxB)~— —V(NoT,) +
No
Let us justify these approximations by an asymptotic analysis. So, we address

equation (2.47) as above in a bounded open set O, with boundary conditions (2.40)

Proposition 5. Assume that (2.41) holds and that g,Q and V.Q are bounded in
L. Then, when A goes to 0, the unique solution @, to (2.47) with boundary
condition (2.40) satisfies

Npe® — ZNy  in L*(O) (2.50)

V®; — Vlog Ny, in L*(O) weakly (2.51)

Thus, denoting the electric field by E, instead of E, it satisfies

N, ref

ZNe in L?(0) weakly

1
gE)y = —T,V®), — VT, + Qe % — —FV(NOTE) +0Q
0

To justify the statement of quasi-neutral models, we must now address terms where
the electric field appears in the general massless-electron model above. In particular,
we need to deal with the term E; (V.E,) in the momentum equation (2.22). With
the previous notations, we have ¢, E; = —T,V®; —V T, +Qe~** (recall that Q = 0
in the nonmagnetized case) and

0 2 T,
 EA(V.Ey) = (TLV®,+VT,—Qe ) 2 (V.(=2V®,)—V.(Qe %) +g
ref Tref Tref

We now claim

Proposition 6. Assume that the same assumptions as the one of Proposition 5 hold,
then we have if A — 0,

g0

N, ref

E.(V.E;) -0 inLY(0O).

[Indeed, according to Proposition 5, we get

T, ZN, .
A2(V.(Qe~®) — VAoV = 0 _¢® 4+ 22650  in LXO);
ref ref

moreover, we know that V®, is bounded in L2(0). Therefore, A2V ®; (V.(Qe~%*)
—V.(£eV®,) > 0in L1.0]

Summary (About quasi-neutrality). The previous proposition means that either
the plasma is resistive or not, and the term ¢’E(V.E) may be neglected; then (2.22)
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becomes simply

a
= —V.Pg

Thus, the basic principles of quasi-neutral approximation may be summarized as
follows.

* One prescribes N, = ZNy and P, = ZNyT,.

» For ion modelling, one has a classical fluid dynamic system, e.g., (2.52) for the
momentum equation.

* The electrostatic field E is given by Ohm’s law, which may read in the form:

4. ZNo(E+UxB)-JxB+ VP, =0, (2.53)
or, accounting for the resistive effect,
geZNo(E +UxB)—J xB + VP, = g, ZNoxu"J. (2.54)

In these relations, the field (E + U x B) comes into sight; it is a natural quantity
in all the MHD models. Moreover, it is worth noticing that the electron velocity
never appears explicitly in these models (it is always evaluated thanks to U and J)
and that, generally, one has to account for the evolution of the electron temperature.

2.2.3  Proofs of the Propositions of Sects. 2.1 and 2.2

Proof of Proposition 1. Let us set A = Ap which is fixed. For the sake of concise-
ness, we set T = 1 and T, = T. Let us address equation (2.30) where N,/ Nyt
is denoted by u ; moreover f = i,—N‘f) + A2g and r = —V.Q are assumed to be
bounded. It reads N

T 1
— A%V. (—Vu) + A =QVutu=f+ 2L (2.55)
u u u

It is supplemented with Neumann boundary condition 38_11“ = 0; with the other

boundary condition %(Tu) = 0, the proof is similar. There exist two constants ¢
and fo, independent of A such that

0<2a=igff, f(x) = foo

Denote also Ty = inf T, goo = sup;—_ 3 |Qxlloc and oo = sup ||| -
We will prove the existence and the uniqueness of a solution in the convex subset
K = {v € L>(0)/a < infv < B} of the space L?(0), where f is defined below.
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Existence of a Solution (Based on the Fixed-Point Schauder Theorem?). For all
functions v in K, let us define the operator S from K into L?(O) defined by
S(v) = u, where u is the unique solution in H'(O) to the linear equation

T 1
—A%V. (—Vu) +A=SQVu+u=f+ 2l (2.56)
v v v

with boundary condition %u = 0. Since |§| < ”%, according to the maximum
principle,® we have

T T
20— A2 <y < foo + A2,
o o
We assume now that A is smaller than Ag = «//ro; therefore, we get

a<u<p

where f = foo + @ andu = S(v) € K.
To show that S is compact and continuous on L?(Q), let us consider a sequence
v, in K that is bounded in LZ(O) and we set S(v,) = u,. So we have

T 1 1
/\2<—Vbln, Vbtn> + /\2<§Q.Vun, Mn> + ||Mn||2 =12 <”v—s un>,
n

Uy n
(in the sequel || - || means || - || 2(¢)). This implies
T q T, Bad
24m 2 2 2 [eS) 2 m 2 2
A FIIW”II F llun 1 < A5(Cllun || + =5 WV Ml ) < 2 (ﬁ"vun” + 2Tm‘j4 e I + Clla Il ) -

Therefore, the sequence Vu, is bounded in L?(O) and u, is in a compact set
of L*(0).

Assume now that the sequence converges to v in L?(Q). We have seen that the
sequence u, is bounded in H 1(©); thus a subsequence, still denoted u,,, converges
to a function uy in L?(0) and Vu, converges weakly to Vu,. Moreover, for each
test function ¥ we have

Az<wn, UZW> a2 <Q.wn, %w> Tl ) = 22 <ri, w>

Un

2Let S be a mapping from a convex subset of a Banach space into itself, if S is continuous and
compact with respect to the Banach topology, then S has a fixed point.

3See result 1 in the Appendix.
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Now since the mappings v +— % and v — ULZ are Lipschitz on K, we know that
Lvy - Lvyand Ly — vlzw in L? strongly; thus we can pass to the limit in
the previous relation and we get

A2 <Vu*, 1V1p> + A2 <Q.Vu*, izw> + (us, ) = A2 <ri, w>
Vs V2 Vs
Therefore, u, is a solution to (2.56) with v = v,. If another subsequence of u,
converges to a function u* in L?(0), this function u* is also a solution to (2.56)
with v = V.
Since this solution is unique, we have u* = u, and the entire sequence u,
converges to u in L?(0)

S(vy) = usx = S(vx)  in L2(O)

The operator S is continuous from K into K endowed with the norm of L?(O).
According to the Schauder theorem, there exists a fixed point # = S(u); it belongs
to H'(O) and is a solution of (2.55).

Uniqueness of the Solution. Assume that there exist two solutions u and U of (2.55)
belonging to H'(O) which are strictly positive and bounded: for some & and f
we have

and they satisfy

1 1 r r
12 _ 2 _2 _U =22(=—
A“V.(TV(logu—1loglU))+A uzQ'V” A UzQ'VU+” U=2A (u U)'

Then multiplying by log(u/ U ), we get

1 1
A2 <Vlog%,TVlog 5>—A2<; — U,Q.V(log5)> + <u— U,log%) = A2<£ — L,log l>.

U U
(2.57)
If we had have Q = 0, r = 0, the uniqueness would come from relation

(u—U)logy = 0. In the general case, denoting z = (u — U)/U, we see that
|z| < B/« and notice that

1 1
<U(1 Ty g Vel +Z)> < Go[[Viog(1 + 2|l

So, (2.57) implies

.
22TV log(1+2)[|*+(Uz. log(1 + 2)) < Azconv1og(1+z)||||z||+o%’m2 (z.1og(1 + 2)) .
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Then we have

2

A 0
o (z.log(1 + 2)) < ——C2llzl? + =2 BA% (z. log(1 + 2)) .
4Ty a?

Thus, for A? < a*/(2Br). we get
A e
(2 log(1 +2) = 7= CFlI*

and z = 0 if A satisfies also A2CZ < 2T % log(1 + £). O

Proof of Proposition 2. According to (2.32) we have N; ' (9,4 U.V)(Ny) = —V.U,
so using (2.33) we get in a classical way

No(3, + U.V)(N; ") = V.U,

1
moNo(B, + UV)(U) = —Vpo(No) - ZNOFV(NeTe)-

Since (Ny '€0(No)) = Ny 2Po(No), we get

— _ 1
No(3; + U.V)(mo[UP + Ny~ €6(No)) = NoNg*Po(No)(3; + U.V)(No) = U.VPo(No) = ZNo - UV (N To).
e

1
= ~Py(No)V.U = U.VPy(No) = ZNo3-UV(N. T.)
e

Moreover, using the identity No(d; + U.V)w = 9,(Now) + V(NowU), if we add
this relation and (2.34), we get

@, + V(@) &)+ 0 +V(U.) (moNo%|U|2 + SO(NO)) + N T, V.U + V(Py(No)U)
= —ZNONLU.V(NeTe) 4 (ZNy— Ne)NiV(NeTe).U = _U.V(N,T,).

Then, the result follows. O

Proof of Proposition 3. For A small enough, the function f5 = ZNy/ Nyt + A’g
satisfies f3 > 2a for « strictly positive (independent of A); it is bounded in L?
uniformly with respect to A. According to Proposition 1, there exists a unique
solution ®; in H'(O) to the equation

—A2VA(TV®)) + ¥ = f. (2.58)

and we have exp @) > «.
We now multiply (2.58) by ®, and integrate with respect to the space variable

VATV, VD) + (e — 1,0)) = (fi — 1.D;).
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Using the identity (e¥ —e¥) (¥ —¢) > (¥ —@)?> min(e?, e?) for each v, ¢ (i.e., the
convexity of the exponential function), we get

o 1
PTul VO + af| @] < 5||@I>A||2 + 515 - 12 (2.59)

so there exists a constant Cy (independent of A) such that ||®,|| < Cp. Using this
bound, we get the estimate

VT VOL? < Coll fi = 1.
Thus, it exists C; such that
AIVE, || < Cy. (2.60)
We now denote F' = log(Z Ny/ Nret), so multiplying (2.58) by &, — F, we get
ATV V() — F)) + (Pr — F.e™ — ZNo/Neet) = 1> (d5 — F. g) .

Since (TV®,,V (P, — F)) > (TVF,V(®, — F)), according to the above
mentioned property of the exponential function, we see that it exists o independent
of A such that

|y — F|I> < (@1 — F.e™ — ZNo/ Neet)
< BTl VOLIIVF + A7 ®allligll — A% (F. g)

Due to (2.60) and the hypothesis of the proposition, we have when A goes to 0
®) — F = &) —1og(ZNy/ Neeg) = 0 in L2,
e® — ZNy/Nes — 0 in L2, (2.61)

Since V®; is bounded in L?(0), according to result 4 in the Appendix, we get
V®, — VF in L?(O) weakly; so (2.45) holds. O

Remark 4. 1f the smoothness assumption on Nj is false, i.e., VN is not in L*(0),
then using the bound of ®; in L?(©), we may show that ®; — log(ZNy) in L2(O)
weakly, but one can only prove that V&, — Vlog(Z Ny) in distribution meaning.

|

Proof of Proposition 4. We will use the following lemmas, the proof of which is
given below.
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Lemma 1. Let ®) be the solution of
—A2A0, + 0, =0, (2.62)

supplemented with the boundary condition: ®,|r, = 1, O;|r, = 0, %@Mao\rl
U, = 0. Then, we have

8@1

1
<C
“on

1—-

1
/ Or<Cuh, (i) VO <Cor. (i)
o A A

Lemma 2. With the assumptions of the proposition, the solution @) of (2.39) and
(2.43) is such that there exists C, with

/l;lUrz

As for the Neumann boundary condition, for all A, there exists a unique solution
®, to the Poisson equation

BCDA

1
<C
“on

2.

A

AV A(TV®,) +e® = f;

supplemented with (2.43). Moreover, for A small enough, there exist two constants
a, B (independent of 1) such that

loga < @, <logp.
Multiplying the Poisson equation by ®,, we get as above

9D
A2<T,|Vd>k|2>+(eq’*—l,d>k)= (fx—l,dn)+)&2/FUF @ATa—n*
1 2

Since (¢®* — 1, ®;) > a®?, according to Lemma 2, one sees that
o
Pl [V + 21 04]1* = €3 + AGC,
therefore we get

VO, < Cs/A.

On the other hand, with F = log(Z Ny/ Nit), multiplying the Poisson equation by
®), — F, we get
ZN,
2 (TV(@; — F),Vy) + <<1>A CFe% - _°> _
ref
a0
2y (B —F)T—* +2A2(d; — F.g)
q=1.2
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Thus, using the inequality (TV(®, — F),V®,) > (TV(P, — F),VF), we get
according to Lemma 2:

|| @1 — FI* < 2T VFII| V1| + AC2(sup(B1. B2) + || Flloo) Too + Co’.

So we see that |®; — F|> = O(A) and the remaining part of the proposition
follows. |

Proof of the Lemma 1. Denote by §(x) the distance from x to the boundary I';. Let
now 6; be the solution of —A>A6; + 6, = 0, supplemented with the boundary
condition ) |y = 1. We have the usual bound (cf. Lemma 2 of [17])

0 < 6i(x) <e ™ for§(x) > 41/3

Then, for each local map Oy, one knows that there exists a local coordinate system
X1, X2, X3 such that the boundary is of the form x3 = f(x1,x;) and a constant r
such that

8(x) = r(xz — f(x1,x2)).

so integrating over x, we get

+oo
/ 6, (x)dx < / e/ gy < / / ( / e—f<xs—f<*1»*z>>/4*dx3) dx;dx; < C).
oNo, oNo, XEO, 0

Then fo 0y (x)dx < Cy«A. Now, since 0 < ®, < 6,, we get point (i).

Moreover, ®; is the minimum function in H'(O) for the functional ® —
A2|VO|*> + ||©|* with the constraints Oxlr, = 1, Ox|r, = 0. Thus, there exists
Cy such that A2 ||[VO; |* < C¢ (it suffices to compare with a smooth function ¢
such that {|r, = 1, {|r, = 0). Now consider a positive smooth test function &
(independent of A) such that £|r, = 1, £|r, = 0 and multiply (2.62) by & and
integrate over the domain O, we have

9
0<A?| —0,= /\2/ VEVO,dx +/ £@;dx < ACy || VE|| + ACx.
r, on o @)

In the same way, multiplying (2.62) by 7 such that n|r, = 0, |r, = 1 and
integrating over the domain O, we get

ad
0<-A2| —O, = —12/ VnVO,dx —/ nO,dx < ACy ||Vl + ACx,
r, on o o
then the last point follows. O

Proof of Lemma 2. Since ®, is bounded by logf, we first notice that
1+ @y <exp(Py) < Py + v

with y = max(8, 1 —loga)
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Leta' = infy inf,(f3), and a> = sup, sup, (f1). Now, let ¢! and ¢? be the solutions
of the linear problems

—AV.(TV}) +¢f =a' —y

—AV.(TV}) + ¢; =a* —1

With'the same bO.llI.ldaI'y cor.ldit.ions qbﬂrl = By, ¢Z|Fz = B,. So, according to the
maximum and minimum principle, we check that

b1 < @) < 3.

Therefore, we get on each part I'; and I'; of the boundary

ad a 4119 ,
'a—n‘DA < max( %d’x , a—nd’x)
So if we prove that
/ 8¢q —0(1) forg =1,2 (2.63)
r, | on Mo =5 '

and the same bounds for I',, then the lemma follows.
According to linearity properties, to show (2.63), it suffices to prove this relation
for the following toy problem. So consider W solution to

0

—A2V.(TV¥) + ¥ =0, Y, =1, V|, =0, —w =0.
dn JO\LUT,

This solution is positive and bounded by 1. So, multiplying it by ®,, we get

v 1
T— = TVY.VO — (W, 0,).
/Fl " /o T (V,0,)

and multiplying (2.62) by T,

90 1
/ T2 =/ TVU.VO; + — (TP, ;).
I n o A

Therefore, we have

v
0 = Tmin a_ = Too/
F] n Fl

1

90
Rl S 1=T)w.6;) +C.

on

Then, according to Lemma 1, we see that the right-hand side is a 0(/\_1) and
that (2.63) holds for I'j. For I',, it suffices to integrate the equation satisfied by
¥ over the domain O and to use Lemma 1. O
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Proof of Proposition 5. Recall that fi = ZNy/ Nt + A2g is uniformly bounded,
then the equation reads as

—A2V.(TV®)) + A2V.(e" Q) + e = f;

According to Proposition 1, we know that %(infx H(x) =a <expd) < B with
a, B independent from A.Then, multiplying this equation by ®,, we get

WATV®, V) + (P2, e™ — 1) = (D, fi = 1) + 22 (™ Q. V)
RTVO[ < C(1+2%) + C TP [l |,

Then by the same argument as above, there exists a constant C, independent from
A such that

AMIV®;| = Cu

Moreover, multiplying by &, — F, where F = log( f}), we get

MATV®,, V() — F)) + (@1 — F.e®™ — fi) = A2 (@, — F.V.(e""*Q)).
Since (TV®,,V (®, — F)) > (TVF,V (P, — F)), we obtain
@l FI? = (@ — g.¢% = f) = 2T [VOUIVF |+ A2(1 @] + [ FIN(C +CCa).

thus ||®) — F|| — 0. Then, the result follows. |

2.3 Two-Temperature Euler Models
and Magneto-Hydrodynamics

We now perform the quasi-neutrality approximation that is justified above. With this
approximation, different quasi-neutral models may be stated; these models depend
on the physics to be accounted for. We address in the first subsection plasmas
without magnetic effect, which leads to the usual two-temperature Euler system
that we address in different physical situations.

In the second subsection, we describe the popular magneto-hydrodynamic
(MHD) system, which is relevant if we must account for magnetic effects; we
address this in the two-temperature framework, which enables us to emphasize the
energy exchange among ion population, electron population, and magnetic energy.
To get the one-temperature MHD system, it suffices to mingle the ion and electron
temperature, as explained below.
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It is worth noticing that the two-temperature Euler system with radiative coupling
and thermal conduction is the basis of most of the computational codes for solar
astrophysics and for the simulation of Inertial Confinement Fusion experiments,
while the electron MHD system is the basis of all models of reduced MHD (see
below) which are used in practice for the fluid simulations of the evolution of
tokamak plasmas.

2.3.1 The Two-Temperature Euler System

Here, we do not account for the time evolution of the magnetic field. Firstly,
we address the case where no electric current is accounted for and we state a
simple system including the evolution of the ion temperature and of the electron
temperature without radiative phenomenon. Secondly, we give some enlightenment
on a simple thermal conduction model and on a radiative diffusion model. Lastly,
we deal with the case of current-carrying plasmas.

As was explained above, since the quasi-neutrality approximation is valid, the
general prescription is that N, = ZNy, P, = ZNyT, and the Ohm’s law reduces to

q.E = —(ZNo)"'VP, = =Ny 'V(NoT.)

Now, the ion momentum equation reads
ad
mog(NoU) + myV.(NyUU) + VPy + VP, = 0. (2.64)

Recall that €, is proportional to (7, — Ty) (see formula (2.68) below) and the ion
and the electron energy balance equations (2.4) and (2.37) simply read as

0
5&) + V.(&U) 4+ PyV.U = Qy,, (2.65)

9
56+ VAEU) + PV.U+ Vane = Q. (2.66)

Then, for the ion total energy balance, we get the relation

3 1
(5 + V. (U-)) (50 + m0N0§|U|2) + V.(PU) + U.VP, = Qq,,

and for the global energy balance relation

9 1
(5 + V. (U-)) (50 +E+ m0N0§|U|2) + V.(PyU + P,U) + V.que = 0.
2.67)
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It is classical to use the density p = moNy and to introduce the specific internal
energies
& & 37

&y = Ee = = e
I’)’I()N() ’ mON() 2 mo

Recall that the relation between pressure and internal energies is given by

2 2
Pe = gge = 5/)83 = ZN()TE, P() = (]/ — 1)5() = ()/ — 1)p€0 = N()T().

(i.e., an equation of state of perfect gas law type). Then besides the continuity
equation (2.1)

0
&NO + V.(NU) =0,

the system that consists of (2.64)—(2.66) is closed. It is formally equivalent to the
system (2.64), (2.66), and (2.67).
Now, introduce the Lagrangian derivative

D 0
—e = — U.V(e).
Dt * ot ot (®)
According to the continuity equation, we check that
D 0
—e = — V.(Upe).
Pp, = 5, (P + V.(Upe)

Summary. Using the Lagrangian derivatives, the system may be stated as follows

D
i —p 1 —V.U=0,
6] Po.P
. D
(i1) PEU‘F V(P + P.) =0,
E27)

(iii) D + VU =Q
iii —= U = Q..

'ODt 0 0 0

D
(IV) ,OESe + PeVU + V-qth,e = —Q()e

Of course, equation (iii) may be replaced by the following equation for the total
energy

D 1
pD_l (80 + &0 + §|U|2) + V(P()U + PEU) + V.qthye =0
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that is to say

9 1
(E + V.(U~)) (50 1 &+ p§|U|2) 4+ V.(PoU + P.U) + V.que = 0

It is worthwhile noticing that although the roles of ions and electrons seem to
be similar in (2.65) and (2.66), it is not the case. Indeed, we know that when
shocks occur, some information is missing if we state only the system (2.64)—(2.66).
In its reduced form without the thermal conduction term qy, ¢, it has been analyzed
recently from a mathematical point of view; it is related to the definition of the non-
conservative products like P, V.U when U is discontinuous. It may be shown that
one has to add some information on the entropy deposition, see [37] for example.
Zel’dovich and Raizer noted a long time ago in [117] that this entropy deposition
needs to be made on ion population only. This fact has been justified also in [32] with
an asymptotic analysis (in the case where the Debye length goes to zero). In [31], it
has been proved in one dimension that the solution of the ion Euler system coupled
with the nonlinear Poisson equation converge to the solution of (2.1) and (2.64) in
the case of constant temperatures.

Notice also that without accounting for the thermal conduction V.qu e, this
system may enter into the framework of the well-posed Lagrangian system
described in [44]. Its numerical treatment is a whole subject not covered in this
book, but it is related to the hyperbolic property of this system; this property is
analyzed in the last section of this chapter.

2.3.1.1 Accounting for the Thermal Conduction

More than 50 years ago, Spitzer [111] stated a usual formula for the electron thermal
conduction in hot plasmas. In its simplest term, it reads as

K
Qe = —— VT,
mo

where k is a positive coefficient that is roughly speaking proportional to the inverse
of the Coulomb logarithm logA (recall that logA is in the order of some units and
may be considered as a very smooth function of the space variable).

Notice that the accurate modelling of the electron thermal conduction is a very
active area; besides [111], see pioneering works such as [54,79] and more recent
works [94, 104] and the references therein (as a matter of fact, in hot plasmas the
heat flux is not simply proportional to the gradient of the temperature, so it is called
a nonlocal heat flux).

To achieve the statement of the evolution system (£27), notice that the coupling
term 2o, between the ion and electron temperatures reads generally as

Qoe = L 0(T)(T, = Ty) (2.68)
my
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where the inverse of the relaxation time ¢ between the two temperature is given by

¢(T,) = pte/T?

here the coefficient ¢¢ is proportional to Z2(logA), see [38, 111] for more details.
From (£27), let us focus on the subsystem corresponding to the two-temperature
evolution equations with thermal conduction and two-temperature coupling; it reads

D
poreo+ PoV.U = L U(T)(T, Ty,
t my

D K
prte+ PVU—V.(—VT)?) = Loy - 10).
Dt mo my
Here, we can consider a “hydrodynamics part” corresponding to the pressure terms

and a “thermal part” corresponding to the conduction and the two-temperature
coupling. This thermal part reads as follows

3Z 0
P g Te = V-(VT]?) = pL(T)(Ty — To) (2.69)
30
ngTO = pS(Te)(Te — To). (2.70)

where the density p = p(x) is frozen and is strictly positive, « is a strictly positive
function depending on x, and ¢ is a strictly positive function of x, 7,. We now
consider this system on a bounded open set O with smooth boundary and state a
result for its well-posedness. Of course, it needs to be supplemented with boundary
conditions for 7, and initial conditions 7™, T ™. For the sake of simplicity, we
consider the Neumann boundary condition

—T7.,=0
on ¢

and we assume that two constants @ and § exist and are such that
0<a<TM<8§, a < T <p. (2.71)

Now, we need to make technical assumptions. The function ¢ satisfies the following
properties: two constants K, ko exist and are such that
k(x) >0 >0; |¢(x,Te) — &(x, T)| < K|T, — T)| forall x, T,, T) st.a < T,, T, < B
(2.72)

Then we have the following result (the proof of which is given at the end of the
section).
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Proposition 7. Assume that (2.72) holds and the initial conditions satisfy (2.71)
and belong to H'(O) and L*(O). Then for system (2.69), (2.70) and for any
final time ty, there is a unique solution (T,(t),To(t)) belonging to the spaces
L*0,17; HY(O)) N C(0,t7, L*(0)) and C(0,ts; L*(0)) and such that

a < T.(t) < B, a<Tt)<B (2.73)

Of course, according to (2.73), if the density p is bounded, the function ¢ (x, 7%)
which is proportional to p(x)Te_S/ ? satisfies the Lipschitz condition (2.72).

Notice that if assumption (2.72) is not true and if the initial conditions (7., 7,")
are zero in a subdomain there are some technical difficulties to prove the uniqueness
of the solution (up to my knowledge, it is an open problem).

2.3.1.2 Accounting for Radiative Coupling

In the case of hot plasmas, such as in stellar plasmas or in Inertial Confinement
Fusion plasmas, radiative coupling has also to be taken into account. So, we describe
here a simple model to address radiative phenomena: the frequency-dependent
radiative diffusion. To account for these phenomena, we must introduce the radiative
energy density &, (¢, x) corresponding to the energy of the photon population with
frequency v, at time ¢ and position x; the frequency variable v belongs to the half-
line R™ (a photon of frequency v has a energy equal to 2v where / is the Planck
constant). Notice that &, is evaluated in the fluid’s reference frame.

Recall that each hot material emits spontaneously and continuously photonic
radiation over a wide spectrum of frequency; if it is at local thermodynamic
equilibrium, the emitted radiation is described by Planck’s function which is a
universal function depending only on the electron temperature 7, and frequency
variable v and which reads

8 hv _
B,(T,) = c—3hv3(eXP(F) -

up to a multiplicative factor ¢/(47). It is called black body emission. The integral
of B,(T,) over all the frequency is equal to arT€4 (here a, is the universal radiation
constant).

Denote by 0, = 0,(T,) the frequency-dependent absorption coefficient (also
called opacity); it depends on the temperature and on the material characteristic.
For instance, for fully ionized plasma, we may use the so-called Kramer formula for
the opacity

1 1 hv
oy = C05W(GXP(T€) -1
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where the coefficient Cy is a function of the atomic number of the material and its
density. Moreover, denote by oy, the so-called Thomson scattering coefficient given
by o1h = Ocons Ne (Where o¢ops 1S @ universal constant).

Now, besides evolution equations for p, U, g9, €., we have to state the evolu-
tion equation for the radiative energy density &,; it reads

3(1}8 ) c

3(oy + GTh)

3 1
5 E V. UE)+ 5 (6=

o o

V“:u) = coy(By(Te)—&)) + G (T, Ey).
or in the Lagrangian framework

2&1_3@5) N _ _
P (p)+3(€v )V.U V.(3(6U+6Th)V5u) coy(By(T,) — &) + G\ (T, E)).

The term a("g” is related to the so-called Doppler effect, i.e., the frequency shift

due to the expanswn or compression of the matter. Moreover, the operator G, (7, -)
corresponds to the so-called Compton effect; it is defined by

& d 60 &
Gu(Tevgv) = UCU(4Tegv_hU6U(1+—_))+_ (UCUhvzg (l + ) +ocvTe U _))
hv3¢—3 v -3 v

(ocy is a coefficient close to the Thomson coefficient oty); the Compton effect is
negligible when the plasma is not very hot. One notices in these equations the

oo +Gh) V&, ) and the term o, (B, (T.) — &,) related
to the emission/absorption phenomena between radiation and matter.
Notice that the quantity
+o00
E = / Edv,
0

corresponds to the total radiative energy (evaluated in the fluid’s reference frame)
and we may define the radiative pressure by %5, .

Now, the radiative phenomena are coupled with the plasma model in the
following way. In system (£27), equation (iv) must account for the exchange term
between radiation and matter; it reads now as

radiative diffusion term V. (

D +o00 +o00
PESe+PeV-U+V-qth,e = _QOe+C/() [Uvgv—Uva(Te)]dV—/o Gy(Te, Ev)dv

Moreover, equation (ii) is modified by the following way
DU+V(P + P, + 15)—0
th 0 R

Then, the energy balance equation reads

D 1., & 1 /+°° cVE,
— o= Y+ V. (Po+Pot =&, V.qune—V. — gy =
P, Eote +2|U| + . )+V.((Po+ 36 YU)+V.qu, A 3ovtom @

(2.74)
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For this modelling and the mathematical analysis, see, e.g., [87, 97] and more
recently [78] and the references therein. Without accounting for the hydrodynamics
part, it has been proved that with appropriated assumptions, the reduced system

0 c
_8\1 — V. —ng = v Bv Te - 5\1 s
ot (3(Uu + om) ) contile) )
9 oo oo
P—Ec = (;/ O’Vg‘,d\) — C/ UVBU(Te)dv'
ot 0 0

is well-posed; see [8]. But the full system is quite difficult to handle.

There is also a simpler radiative model called the gray-diffusion approximation
which may be derived from the previous one by making some elementary closures.
We emphasize it now (disregarding the Compton effect).

Instead of the frequency-dependent energy density &,, we need to consider only
one evolution equation for the gray energy density &,. Then, we define the Planck
averaged opacity op(T,) as

-1
op(Te) = /UVBV(Te)dU‘ (/ Bv(Te)dU)

and the term [ o, (B, (T,)—&,)dv for the emission/absorption phenomena is simply
replaced by op (a,T;* — &,). The evolution equation for &, reads as

9 1
2+ V(UE) + VU V. (5VE ) =cop@T?—&) (275
ot 3 30

or in the Lagrangian framework

D (€&, 1 c
— (= —EVU-V.|—VE | = TH—&),
"Di (p)+ 3 (30R ) coplarl, )

where the Rosseland averaged opacity oz (7,) defined as

1 tee 1 9B, teo 9B,
= T,)dv. —(T,)d
UR(Te) /0 0y + owm 0T, ( ) Y (A o7, ( ) v)

See, e.g., [77,97] or [21] for such a model.
If we disregard the thermal diffusive term, the previous system reads as

-1
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D
—pl-vu=o,
PP

D
pD—tU + V(Py+ P + 1&) =0,

D
(€2TR) pp 80T PoV.U = (T )T — To),

D
P D5 + P.V.U = LO(T)(To — To) + cop (& — a; T},
D

gr 1 c 4
P (?) +levu-v. (mva) = cop(@TH—&,).

Of course, there is a energy balance equation that reads as

p% (50 + & + %IUI2 + %’) + V. ((Po + Pe+%5,.)U) - V. (%V&.) =0.

We may notice that in model (€27 R) as for system (£27), there are difficulties
when shocks occur which are related to the definition of the nonconservative
products such as P, V.U or %E,V.U. As a matter of fact, we need to add some
information on the entropy deposition: the two quantities £, and &, play a similar
part, and from a physical point of view one needs to claim that the entropy deposition
is made on the ion population only.

Remark 5. The usual Rosseland approximation corresponds to the fact that in
system (£2TR) we set & = a, T, and we gather together the two last equations
and replace them by

ca,

D a, 1
pE(se + —Tj) + (P, + —arTf)V.U - V. ( VT;) = i§(Te)(T0 —T.),
P 3 mo

30’R

For mathematical results related to the well-posedness of this system and to
a justification of the Rosseland approximation, see, e.g., [8]. For some other
models and numerical methods, see [15]. For details of the modelling of radiative
hydrodynamics using with transport equations, see [25]. a

2.3.1.3 Accounting for Electric Current

We deal now with current-carrying plasmas: the magnetic field B is either an
external field or is given by an evolution equation (see the following subsection
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where the electron magneto-hydrodynamics model is complete). For the sake of
legibility, we disregard the radiative coupling phenomena.

So, we address a two-temperature quasi-neutral model with given fields B and J
(with V.B = 0) and we take a generalized Ohm’s law given by (2.54); that is to say

1 1
JxB+

E+UxB-—
T qeN, qeN,

VP, = xu’J.

Recall that the ion momentum equation (2.22) reads
a
mog(NoU) 4+ moV.(NyUU) + VPy+ VP, =J xB (2.76)
or equivalently
0
mo-(NoU) + moV.(NoUU) + V Py = g Ne(E + U xB) - qeNp1’xJ. (2.77)

Let us go back now to the ion and electron energy equations (2.4) and (2.37). Thanks
to the quasi-neutrality, since U — U, = J(¢g,N,)™", the ion energy equation reads

d
&6‘0 + V.(&U) + PyV.U = Qq,, (2.78)

and the electron equation may read in one of the two equivalent forms

3 5.7 1
—&4+V.(EU)+P. VU4V que = —Q0.+V. [ =T.= |- JV P+ xu| 32
dt 2 q. Neg.

(2.79)

F) 5
o€+ V-(EU) + PeV.U + Ve = —Q0e + V. (ETei) +J.(E+UxB).

One moves from one form to the other by using the following relation (obtained
thanks to the Ohm’s law)

1

JE+UXB) =

ee

JVP, + |3

Using the specific internal energies, the previous system reads as
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D
i —pl_v.U=0,
(@) PP

D
(11) pD—tU+V(P0+Pe):JXBs

D
E27 i P f0+ PoV.U = Q.

. D 5T,
(iv)  p—ec+ P.V.U+ V.que = —Q0 + V. = |
Dt 24,
1

qeN,

J.VP + x>

The term y1°|J|? corresponds to the so-called Joule effect or Ohmic heating.
Of course, multiplying (2.76) by U and combining with (2.54), we get as above
the global energy balance

9 1
5(58 +& + m0N0§|U|2) +V.(E,U, + EgU) + V.(PU+ P, U,) + Vqu. = J.E

(the term J.E being related to the work of electromagnetic forces).
Remark 6. The two terms V. (zi%TeJ ) and mJ .V P, are not always taken into
account in the literature, but they appear, e.g., in [21, 38].

The first term may be considered as a part of the thermal conduction flux. But
the second one is the counterpart of the term J.E and it is necessary to have the
right energy balance (recall that —ZLNOVPe is the main term in the expression that
defines E). O

2.3.2 Electron Magneto-Hydrodynamics

In the framework of the quasi-neutral approximation, we now account for the full
electron magneto-hydrodynamics, i.e., the magnetic field equation is coupled with
the previous system: the field B obeys an evolution equation coming from the
Maxwell-Faraday equation and the generalized Ohm’s law.

Beside the first paragraph where the conductivity o is a scalar, we address in a
second paragraph the case where the conductivity is a tensor (which is generally
used in the cases where the magnetic field is very strong).
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2.3.2.1 Case with Scalar Conductivity

Here the electric resistivity* y is of Spitzer type: i.e., it is the inverse of the electric
conductivity o (up to the constant 1°); we have with the notations introduced above.

)™ =0 =2q2/veo

so it is also proportional to the Coulomb collision frequency 7, = M./ (Voo Nyet)-

Notice that the electric conductivity is strongly related to the conductivity
function (4.11) given below by o(w) = (ZNog?)(veoNo—im,w)~! since the Debye
length is negligible; as a matter of fact, we get

Re(o(w)™ ) =07 = yu’. (2.80)
When we take the “curl” of relation (2.54), we get

1 1
VP,) + curl(yuodJ) + curl(

curl(E4+ UxB) = —curl(que 2N

J xB).

Therefore, the Maxwell-Faraday equation leads to

0 VP 1
—B—curl(U x B) +curl (ycurl B) = curl “ ) —curl ([ ———curlBxB]},
ot qgeN. qeNep®

with the constraint that B has to satisfy the magnetic Gauss relation
VB =0. (2.81)

Of course, if B is initially divergence-free, it remains divergence-free always.
According to this constraint and identity (A.1), we may write the left-hand side
of this evolution equation in other forms

9 D
5B —curl(UxB) = —-B + B(V.U)~(B.V)U

D B
pD_t(;) - (B.V)U.

To get the last line, relation V.U = N()D,/‘NO_1 = ,oD,,o_1 has been used.

On momentum equation [£27 J(ii)], since the current is curl B/u®, we display
the magnetic pressure tensor V.Pg. Then, we get the following system for the
evolution of p, U, &9, &, B

4 As a matter of fact, the electric resistivity is defined as u°; it is also denoted by 7 in some physics
textbooks.
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D

i —pl—VvV.U=0,

(1 PP

.. D

(ii) 'OEU + V(Py+ P,) + V.Pg =0,

(iii) De + PhV.U=Q

1ii — U= ,
th 0 0 0e

D 5T, curlB
(MHD)| (iv)  pe—te + P.V.U + V.gue = —Q00 + V. [ ¢ <8
Dt ’ 2q. p°

VP, 1B
_ e S X cunB
geNe p°  uf
D (B VP,
v) p— (—) —(B.V)U + curl (ycurlB) = curl( )
Dt \ p GelNe

1
—curl ( 0culrlB X B) ,
qeNet

with the constraint (2.81).
Of course, we may state this system in an Euler framework, it suffices to replace
equation (i) by

3
—p+ V. =
5Pt (pU) =0

D
and in the other equations to replace 'OEX by %(,oX ) + V.(pXU). Then the last
equation reads as

%B—I—V.(UB)—(B.V)U—{—curl (ycurlB) = curl (CZI;Z) —curl (qu—leuocurlB X B)
In equation (v), the quadratic term (curl B x B), which is related to the Hall effect,
may be neglected if the magnetic field is not very strong. Note that there is no
contribution of the Hall effect term in the energy balance (indeed, we have always
B.curl(N, 'curlB x B) = 0).

5T, curlB
The term V.(=— curo
2q, 1

temperature is constant.

It is worth noticing that in equation (v) the term with (V P,)/N, corresponds
to the so-called self-generated magnetic field and reads also as curl(N,'VP,) =
VP, x V(N;); itis an external source that is not zero if the gradient of the plasma
density and the gradient of the electron temperature are not parallel.

) is called the thermoelectric one; it is zero if the electron
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It has its counterpart at the right-hand side of equation (iv). Therefore, it is
possible to neglect these terms with (V P,)/ N, both in equation (iv) and (v).

Energy Balance

Let us recall that the magnetic energy is equal to ﬁ |B|2. Recall that VU denotes

the tensor (VU); ; = d,,U;. Let us multiply the last equation of (MHD) by B/ u.°.
For the first part of the magnetic energy balance relation, we get

Ly (D _ D (B, 1 e
EB(Bﬁ+BWU%$VW)—Dt( )+mmﬂvn B((B.V)U)|

D [ B
Dt \ 2puf
IB?

indeed we have as usual pa(ﬁ) = EE |B| |B|2 (V.U) and obviously

B((B.V)U) = BB : VU. For the second part, using identity (A.2), we get

1 VP, 1
B.curl —JxB
10 geNe  10ge N,

(( gL VP 1 st)xB) W00, ( J—iV—P)
1O geNe 1oq. N, 10 geNe '

So we may state the magnetic energy balance equation

D [ B} (( 1 VP, 1 ) ) o 1vy - VP,
— +Pg 1 (VO+V. (| xd——5 + IXB) xB)+uyJ?-J—= =0.
D (ZPMO) 5 (V0 P70 geNe T 10N, ol qeNe

Introduce the global energy
1 1
Eyw=— |B|2 + & + &+ —moNy |U|2.
2u0° 2

Therefore, multiplying the momentum equation by U and using the tensor iden-
tity (A.5), we get finally

Dt

1 VP 1
=V. incurlB—}——Bx - JxB)).
w0 u geNe  qeN,

D (E
w‘(;?+v«m+HMD+V@&W+VWM

Since the right-hand side is a divergence of a vector, we see that this energy balance
relation is a conservative one.
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Remark 7. The usual simplified resistive electron-MHD system is obtained when
one disregards the Hall effect terms and the self-generated magnetic field (this is
justified in the cases where the magnetic field is not very strong) and the thermo-
electric term (justified if the electron temperature is quite constant).

More precisely, it corresponds withdrawing the right hand side of equation
[MHD(v)] and keeping only the Joule effect term (and the two-temperature
coupling) in the electron energy equation; so [MHD(iv), (v)] are replaced by

D
ptp + PVU+ Vogie = —Q00 + % [curB? (2.82)
Dt 10

%B — curl(U x B) + curl (ycurlB) = 0. (2.83)

Of course, the above global energy balance relation reads now as

D (E
pE ( I(t)ol) +V.((Po+P,)U)+V.(Pg.U)+V.qne = V. (%B « CurlB) O

2.3.2.2 Case with a Tensor Conductivity

We now address the case of the strongly magnetized plasma and we want to
determine a link between the electric current J and the fields E and B. Therefore,
we define the unit vector b = B/|B| and the electron Larmor frequency

q
Wee = —e|B|
me

and we begin with the Ohm’s law (2.54) which we write in the following form

2
MeWce

Jxb——

13-l g Uuxp = &

VP, (2.84)
Veo No Veo Veo No

Thanks to this expression, we now perform a closure by dropping the r.h.s. term
related to the thermo-electric effect. By a classic way, Ej = b(E.b) denotes the
parallel component and E; = bx(E x b) the perpendicular component of the
electrostatic field. Since we have bx(W x b)=W, for all vectors W orthogonal to b,
it may be checked that (2.84) leads to (x; is the scalar resistivity defined as above

by veod; > 7,m)
1 11 1 1

J= 0 E| + 0 —(EL +UxB) + —bX(EJ_—}-UXB)
KX s /’LXS1+% ﬂ)(sw(e"‘

This expresses the desired closure

J=0 (E+UxB) (2.85)
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where the tensor o, may read in the system of coordinates defined by
b, bx(Exb), (b x E) (where E = E-L1) as follows

E]
x5 0 0
2
o =10 ;'(1+%)" 0
—1, v Wee \—1
0 0 x5 (oo + =)

Moreover, the resistivity tensor y is givenby y u’ = o ~! and reads as
<~ <~ g

Xs 0 0
2
L= 06+ 0

v

0 0 xs (G + %)

We can now proceed as in the previous paragraph. Since
curl E = —curl(U x B)+curl (E 4+ U x B) = —curl(U x B)+curl ((g)_lJ),

the Maxwell-Faraday equation leads to the evolution equation of the magnetic field.
d
—B — curl(U x B)+curl ( y curlB) = 0.
ot <~

As above, this equation may read also as

D B
p—(—=)—B.V)U + curl( X curlB) =0 (2.86)
Dt p <~

We may state the MHD system in this framework

@) D - vVU=0

i — —-V.U=0,
thp

. D

(ii) 'OEU + V(Py+ P,) + V.Pg =0,

D
(MHDr) (iii) pp-c0+ PoV.U = Q.

D 1
(iv) p——¢ + P.V.U+ V.que = —Q0. + —;curlB. y .curlB,
Dt ’ w0 P

(v) p%(%)—(B.V)U + curl (l).curlB) =0.
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Let us now focus on the Joule effect term
1
Sloule = —OcurlB. x .curlB = J.(E+ U xB)
7 <~
In the above-defined system of coordinates {b, bx (Exb), (b x fE)} we may compute

this term. Since J = B (E4+UxB), we get (E+UxB) = u%y,J;+1° )(S(H—
where J) = (J.b).b. and J1 = J—Jj; then we see that

2
Dce
SJoule = I'LOXYIJ”Iz + ﬂOXS(l + V2 )IJJ-|2

We notice that the term with (-~ + “) in the resistivity tensor does not appear in
this formula (this term corresponds to the component of y .J which is orthogonal

(—)
to E).

Remark 8 (Energy Balance). We now state the magnetic energy balance. Since,
according to (A.2), we have

B.curl( X .J) =V. (( X .J) XB) + 1 17
< R <

D ( |B)? 0
P 5| tPs:VU+ V. xJ)xB)+uJ x J=0.
Dt \ 2pu <~ <~

Thus, for the global energy balance relation, we get as above

we get

D (Ey 1
p— =) +V.((Po + PHU)+V.(Pz.U) = V. (Bx | — y curlB) ). O
Dt \ p JTADAN
Remark 9. As a matter of fact it is also possible to add in the r.h.s. of [MHDr(v)]
VP,
the term curl( Ne ) , related to the self-generated magnetic field. |
Qe e

Remark 10. As in the case of scalar conductivity, the conductivity tensor
o, is closely related to the conductivity tensor function o (a)) proposed in

Sect.4.1.1 of Chap.4 which links the envelope fields J and E by a relation of
the type J=o (a))E (where the envelope fields are such that E = Eelkx—iot

J — Jelkx za)t). O
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2.3.2.3 Boundary Conditions. Axi-Symmetric Geometry Case
(a) Boundary Conditions in the 3D Framework

We analyze here some different boundary conditions for the M HD models, but
we disregard the two energy equations (indeed, for the sake of simplicity, one
may assume that the ion and electron temperatures are somehow constant near the
boundary). Roughly speaking, there are two kinds of material boundaries for such
models: either the boundary corresponds to an insulation material or a conducting
material. Of course, the wall material may also own magnetic properties; then we
need to deal with impedance conditions on this boundary (but this is more tricky).

Since we assume that the temperatures are given, ¢2V p may replace V(P, + Pp)
with an appropriated sound velocity ¢, so we may address the following simplified
problem near the boundary

a%,o +V.(pU) =0 (2.87)
%(pU) + V.(oUU) + c?Vp + V.Pp =0 (2.88)
a%B—curl(U x B) + curl (ycurlB) = 0 (2.89)

with Py = ﬁ(g |B|> — BB).

In the sequel, we denote as usual by n the outwards unit normal vector to the
boundary I" of domain O.

It is worth noticing first that curl(ycurl B) is a diffusion-like term; then for the
boundary conditions, there are two different cases: firstly, y is strictly positive near
the boundary; secondly, y is zero near the boundary. We focus here only on the
first case corresponding to a resistive model, which is assumed to be valid up to
the boundary. Therefore, we do not account for the existence of a “vacuum” near
the boundary. (“Vacuum” means that the ion density is zero near the boundary. This
case is quite difficult because the electron population is nonzero and a corresponding
electric current needs to be addressed.)

Since y is strictly positive, (2.89) is of parabolic type and its boundary condition
is specific and may be imposed independently of the two other equations.

It is also worth recalling that system (2.87) and (2.88), which reads in the form

I p P : P pU
o pu) T ( (pU)) 0. W (pU pUU+c2pl + Py,
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is hyperbolic® and the eigenvalues of the Jacobian matrix are equal to n.U = c;;
indeed, Pp does not depend on p and U, thus it does not come into the Jacobian
matrix (notice that the computation of the eigenvalues for the full M HD system
is made in Sect.2.4 below). One knows (see, e.g., [60]) that if the flow near the
boundary is supersonic with an outgoing velocity, i.e., n.U > ¢y, then no boundary
condition needs to be imposed; moreover, if it is subsonic, i.e., |n.U| < ¢, one must
impose a scalar equation for the boundary condition.

Generally, the plasma flow is subsonic and we must handle one boundary
condition related to the normal ion velocity n.U. This point is quite sensitive,
since there are sheath effects according to the presence of a electric current at the
boundary; moreover, the quasi-neutrality does not hold in the neighborhood of
the conductor in a width of about a few tens of typical Debye lengths which is
called the Langmuir sheath (and is related to the Child—Langmuir problem when
an electric potential is imposed). There is a wide range of literature related to this
problem; see, e.g., [28] for a review.

Nevertheless, in the case where there is no external electric circuit and the surface
of the material is not insulated, there is a crude approximation known as the Bohm
criterion, which claims that the ion velocity near the boundary must satisfy

n.U = c.

On the contrary, if the surface is perfectly insulated, we can assume that n.U = 0.
Let us address now the boundary condition problem for (2.89). But firstly, let us
go back to the classical calculus for the magnetic energy. If we multiply (2.89) by
B and integrate over the spatial domain, using the vector identity (A.5) and setting
S=—-/, x|curlB]?dx + Jo (U x B.curlB)dx the usual inner term, we get

13/ |B|?dx = / B.curl(U X B — ycurlB) dx = S + / n.(U X B — ycurlB) x BdT (x)
20t Jo o r
=S +/((U X B — ycurlB) X n)[(B X n) X n]dT"(x)
r

[using the usual formula n.(A x B) =(A x n).((B xn) x n) ]. This shows that
the normal component of the Pointing vector (U x B— ycurlB)xB on the boundary
is related to the tangential components of the two vectors E = —U x B+ ycurlB
and B.

We now address two kinds of boundary material.

1. If it is a purely conductive material, since the electric potential of the conductor
is constant, we must have E x n = 0, which implies the following condition.

SFor a one-dimensional space variable, a system of the form 9,Y + %(F(Y)) = 0 is called
hyperbolic if all the eigenvalues of the Jacobian matrix dF/0Y are real and there exists a complete
set of eigenvectors. For a three-dimensional space variable, a system 9,Y + X %(F i (Y)) =0
is called hyperbolic if one has the analogous property for the Jacobian matrix % (01Fy + woF, +
w3[F3) for all coefficients wy, w,, ws.
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(U x B—ycurlB) xn = 0.

2. If it is not a purely conductive material, one needs to impose a boundary
condition that links the tangential components of the electric field E and the
magnetic one B; so with a positive coefficient & depending on the material, we
may impose the so-called impedance boundary condition

a(U x B—ycurlB)xn + (B xn) xn = 0.

This type of condition is usual in electromagnetism. Notice that the case o = 0
corresponds to a pure insulated material.

Remark 11 (Transparent Boundary Conditions). Generally the simulation domain
needs to be truncated and it is necessary to pay attention to the treatment of the
artificial boundaries. For the subsystem (2.87) and (2.88), if the flow is hypersonic
with an outgoing velocity, one must not impose any boundary condition; but if the
flow is subsonic, one needs to impose a transparent boundary condition. One may
address this problem by using a perfectly matched layer technique as in [11] (see,
e.g., [89]); one may also use a technique related to the Riemann invariants of the
system (pn.U=pcy), see, e.g., [60].

In all cases, one needs to deal also with boundary conditions for the resistive part
(curl(ycurlB)) and the analysis made above needs to be adapted for dealing with
this problem.

Notice that in the case where y = 0 near the boundary, the full system (2.87)—
(2.89) is hyperbolic, and the statement of the boundary conditions is different and
depends on the flow characteristics—more precisely on the signs of the eigenvalues
of this hyperbolic system (see Sect. 2.4). |

(b) The Two-Dimensional Axi-Symmetric Geometry

For many applications, e.g., for tokamak simulations or for Z-pinch simulations, one
needs to deal with the previous system in this geometry. Let us give some notations:
(r, z) denotes the coordinates (r is the distance to axis of axi-symmetric geometry),
0 denotes the angular coordinate in the direction of rotation, and ey denotes the unit
vector at point (7, z, #) in the direction of rotation. All the fields and functions are
functions of (7, z) only. A vector field A in 3D may be decomposed into a toroidal
component Agey (where Ay is a scalar function) and a two-dimensional poloidal
component Ay = (A,, A;) which has no component according to eg; i.e., to say
A = Apeg + A,. Recall that the divergence of the two-dimensional vector field is
defined by

1
VAL = -0, (rA) + 0.4,
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and for the curl we get

0 ad
[CU.I'IA]@ =V x AA = B_ZAr — a—rAz,

0 10
[curl(Ageg)], = —— Ay, [curl(Agpep)]; = — = (rde)
0z ror

Then the magnetic field B must be decomposed into its toroidal component By and
its poloidal component By = (B,, B;). The constraint V.B = 0 (in R?) reads
now as

VBA =0

Using this relation, the divergence of the magnetic tensor becomes

w’[V.Pg], = %a%(rBe) - BZB%Br + %%Bf

= o (BAP -+ B2) 2 B~ 2 (B B) — oL (rB)
w’[V.P3], = %3%35 — Brz%Bz + %B%Bf

= %3% (IBAl® + Bj) — %%(rB,BZ) - 3%33

The system (MHDr) may now read as follows (with the notation Ve=-:=2ae,
+3%.z )

D

DZU + V(Py+ P,) + V.Pp =0,

P

D
— PyV.U = Qy.,
thso+ 0 0

D
pEE‘e + P, V.U + V-qth,e = —Q0e + Syoule>

D B U 1
p—— (22— Bg=L — V. ( P .—V(ng)) =0,
Dt p r & r

D B €
p—(—A)—(BA.V)U+curl xJo] =0, Jo = —G(curlBA)g
Dt p D u0

where

1 11
Sioule = —5Jo- X Jo + — 5 V(rBe). x .V(rBoy)
2 <~ ulr <~
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In a Euler framework, the two last equations read as

9B U - 1
0 L V.(UBy) — By— — V. ( P .—V(ng)) -0,
ot r <~ T

8]2 + V.(UBA)—(BA.V)U—i—curl( X .Je) =0.
ot <
It is worth noting that, in this model, the two components of the magnetic field are
somehow no longer coupled, the Joule effect term being the sum of the contribution
of the two components.

Notice that a lot of work has been made in order to state so-called reduced models
of MHD in the axi-symmetric case, see, e.g., [45] and the references therein.

(c) Boundary Conditions in the Two-Dimensional Axi-Symmetric Framework

The boundary conditions for the magnetic field state for an insulated material is as
follows

By = 0;

moreover, there is no boundary condition for B, .
For the case of a conductive material, the conditions for the two components of
B read as

0 190
nx (U x Bp)—ynxcurlB, =0, csByg + X[nZa—ZBg + nr;a—r(ng)] =0.

indeed (U x By) and curlB, are parallel to ey. Therefore, we check that the
boundary conditions for By and for B, are no longer coupled.

Proof of Proposition 7. Letus set 0, T instead of T,, Ty. Set also m = 7/2 and drop
the coefficient %(it is possible with a change of time scaling). Then system (2.69)
and (2.70) reads as

pZa%H — V.(km0"7'VO) = pL(0)(T — 0)

P T = pt(0)(0 ~T)
t
Assume first that there exists a solution (6, 7)) belonging to L*(0,77, H'(0)) N
C(0,t7, L*(0)), and C(0,1 7, L*(0)). The first key point is to prove the maximum
principle (2.73).

For all functions Y, let us define the so-called sign — function s~ (Y') by

sT(Y)=0 ifY>=0 s (Y)=1 ifY <O.
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then we have s~ (Y)Y < O for all Y. Notice that s~ (Y)Y = 0 is equivalent to
Y >0.
Let us denote

0=0-a. T=T-a
and set
I1(t) = Z/Ops_(é(t,x))é(t,x)dx —I—/Ops_(f(t,x))f(t,x)dx
We have, of course, 7(0) = 0, so it suffices now to prove that
9 1(t) >0, (2.90)
indeed, this implies /() = 0 and
§=60-a>0, T=T-a>0.

As a matter of fact, to be rigorous, we must introduce a regularized differentiable
function s°(Y’) with compact support that is decreasing and that converges toward
s~ (Y). Then

I(t) = lim (z / pse(0(t, x))0(t, x)dx + / psS(T(z,x))f(z,x)dx)
e—0 16} 0]

Since % — 5y 0 (where § is the Dirac distribution), we haveg—t(Ys‘E(Y)) =

S(Y)aY +Y% Y74 3t —>s (V)X %r» in the distribution meaning. Thus, we have

slgrg)pza%(és%é)) = lim s°()V.(km0™~'V0) + 5~ (0)pt (O)(T — 6)
tim p 2 (75°(1) = s~ (F)pt @)@~ T)
and we get
3 I(r) = /O pC(O)NT — 0)(s—(0) —s—(T))dx — lim /O km6" 'V . Vst (0)dx

For the first integral, to determine the sign of the integrand there are four cases
according to the values of s~ (9) and s~ (T). Ifone has s—(A) = 1,5~ (T) = 0, then
we have § < 0and T > 0 and (T — 9)(s (9) - (T)) > 0; in the case s~ () =
0,5 (T)=1,thenwe have T < O and § > 0 and (T — 9)(s (9)—s (T)) = 0.
Therefore,

/ Pt (O)(T — )5 (B) — s (T))dx = 0.
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Let us focus on the second integral. We see that Vé.Vss(é) = (3ys£)(é)|Vé|2 <0
for all function 6 in H'(0O). And passing to the limit, we get

lim | km6™"'V6.Vs®(@)dx < 0.

e—>0

Therefore, (2.90) follows and 0(¢) > «, T'(¢) > « for all 7.
By the same technique, we can prove that for all ¢

0(t) < B, T() < B. (2.91)

Now let us show an a priori estimate. Assume that 6(¢),7(t) is a solu-
tion of (2.69) and (2.70) such that § and T belong to L?(0, tf,Hl(O)) and
L*(0,1¢, L*(0)). Multiplying (2.69) by 6 and (2.70) by T and integrating over
the domain O,we get

25 [ovrax+ [emomiopas = [ ovenT —oppax,
1a T?dx = —/ C(ONT —0)Tdx
200 ) ° -7 ‘

Thus, since we have 0 > o, we obtain

a[Z 1
o [E/pézdx + E/pTzdx} + koma™ ™! / IVO|*dx <0

then for all time intervals [0, /] we have
2 2 s 5
Co H Q(If) HLZ((’)) + Co || T(tf) H L2(0) +C ) ”V@ ||L2((9) dt
Z ini2 1 ini2
< 5 0™ dx + 5 pT™dx (2.92)

Existence of a Solution. For system (2.69) and (2.70), there exists a weak solution
(6, T) belonging to L2(0,¢7; H'(O)) x L*(0,1¢; L*(0)), if (0, T) satisfy
Z 0
> / pOpdx + /KV(@’").Vd)dx = /p{'(@)(T —0)pdx

5 [ orwas = [—pora - oy
forall ¥, ¢ in L2(0,77; H'(0)) x L*(0,17; L*(O)).

We use a usual Galerkin method by approximating the original system by a
system in a finite dimension.

More precisely, consider a family of finite-dimensional subspaces (H(lp) (0),
L%p)((’))) of (H'(0),L*(®)) such that U,,(H(lp) ((’)),L(Zp) (O)) is dense in
(H'(0), L?(0)). First, we can check that there exists a sequence of solutions
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(0,(t), Tp(t)) that are continuous from [0, ¢ /] into (H(lp) (0) x L(Zp) (0)), which
satisfy

%a%/,oepqﬁdx+/m/<9;"_1V9p.V¢dx = /pé‘(Gp)(Tp—Qp)(pdx (2.93)

9
o / pT,dx = / —0L(0,)(T, — 6,)¥dx (2.94)

for all (¢, ) belonging to (H(lp)(O) X L%p)(O)). This is a system of ordinary
differential equations.

Moreover, it is easy to check that these functions (6,(¢), T,(¢)) satisfy the
bounds (2.91) and the analogous bounds of (2.92) since V((6,)") = me'p"—lve,,.
So, we see that there exists a constant C independent from p such that

1
[ 10 ot <€ 100 mo <8 IOl <

forall ¢ € [0,¢7]. Thus, there exists a subsequence still denoted by 6,, T, and two
functions 6 in L*(0,7,; H'(O)) N L>®(0,¢7; L®(0) and T in L>(0,7; L>®(O)
such that

6, —> 6 and 6, — 6" in L?(0, tr; L*(0)) strong

0, — 0in L*(0,t; L*°(0)) weak-*

T, — T in L*(0,t7; L*(O)) weak-*

and
V(0,™) — V(8™) in L*(0,; L*(O)) weak.

Since ¢ is Lipschitz continuous, we have {(0,) — ¢(0) in L*(0,17; L*(0))
strongly and

E(O,)(Ty — 0,) = £(O)T — ) in L*(0,17: L*(O)) weak.

(due to the usual result 4 stated in the appendix). Therefore, we can pass to the limit
in (2.93) and (2.94); thus, (0, T') is a weak solution of the systems (2.69) and (2.70).

Now, note that the equation satisfied by 6 is of the type 9,0 + A(6) = £(0) where
£ is a Lipschitz continuous function and A4 is a continuous operator from H' into
the space H~!. Due to the classic Aubin-Lions lemma,® we know that 6 belongs

%The Aubin-Lions lemma says that if # € L*(0,¢, H') and 9,0 € L*(0,t, H™'), then 6 €
C(0,t, L?).(H ! is the dual space of H').
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to C(0,17; L*(0)); thus, it is a classic solution in the space L?(0O), i.e., we have
0(t) — 0(0) = [, £(0(s))ds — [y A(O(s))ds forall £.

Moreover, according to result 1 in the appendix, we know that 7" belongs also to
C(0,17; L*(0)).

Uniqueness. Assume that 6 and T belong to L(0,7,; H'(0))NC(0,17; L*(0))
and C(0,1y; L?(0)) are solutions to the system (2.69), (2.70), and that 6=0+Y

andT =T +X belonging to the same spaces are also solutions to this system.Then
we have

pZ%Y V. (k(VO" —VO™)) = pt(6 + Y)T + X —0—Y) — pt(6)(T — 6)
P2 X = —pl(0+ Y)T + X —0 1)+ ptO)T ~0)

Denote now S(.) the sign function (S(Y) = 1,if Y > 0and S(Y) = —1,ifY <0)
and S°¢(.) is a regularized function of S(.) that increases with compact support and
such that lim, S°(Y) = S(Y). Then, multiplying by S*(Y) and integrating over O,
we get, with §g(Y) = (60 + Y) — £(0),

0
liII(l) 3 / pZYS*(Y)dx + 1im//cV((9 +Y)" —0™).VS*(Y)dx

= /pé(é)(X —Y)S(Y)dx +/p§9(Y)(T —0)S(Y)dx

tim = [ pxs 0y = [=pe@x-1)S0dx— [ per)T -0 (0
Therefore, using the same kind of argument as above, we get
a% PIZIY|+[X|dx +1im B, = /pé(é)(X—Y)(S(Y)—S(X))dx+/pée(Y)(T—G)(S(Y)—S(X))dx
where we have
B, = /ml(((@ + V)" 9" VY. VSE(Y)dx
= /mx((@ + )" — 9" 19y S8)(Y)|VY |Pdx — 0, ife = 0.

We check that

/ pL@B)(X — Y)(S(Y) — S(X))dx < 0.
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Therefore, since &y is Lipschitz continuous and |S(Y) — S(X)| < 2, we have

d C
a—t/p[zm X [ldx < c/p|Y|dx < E/p[Z|Y| X [l

Now, according to Gronwal’s lemma, we see that
(/ plZ16 — 0] +|T — Tl]dx) (t) < €117 / plZ |0 —im |4 | T —T ™" ||dx.

and uniqueness follows. O

2.4 Analysis of the Hyperbolic Part of Systems (£27)
and (MHD)

Here we are concerned only with the “ideal part” of systems (£27) and (MHD);
the ideal part corresponds to keeping only the terms with first-order spatial
derivatives and neglecting the right-hand-side terms (see below). Our aim is to
check that this ideal part is hyperbolic: we need to check that the eigenvalues of the
matrix of the first-order derivatives are real. To do this, we choose the Lagrangian
framework. We introduce the specific volume

T=1/p,

which is the good unknown function for the continuity equation; indeed, we have

D
Z_vu
T

For the ideal part of two models, the electron energy equation reduces to
D
—é& +P.VU=0
PDi

and may be replaced by

De +PD 0
— —1=0.
Dt”¢ ¢ Dt

But, since ¢, = ﬁZTe and P, = ZNyT, = %se/r, it is equivalent to

D
— log(e. 2% = 0.
D1 og(e.t'7)
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Then a natural quantity &,72/3 = %PJS/ 3 appears, called the electron entropy, and
this entropy is preserved by the Lagrangian derivative (it is equal to the physical
entropy up to the sign and a multiplicative constant).

Therefore, defining the specific total energy by

[
e=2¢)+¢& + =|U]
2
the ideal part of system (£27) has the following form

D
Zi_vu=o,
Ppit

DU+VP =0
'ODI p— Y

D
e+ V(UR) =0,

L 2
_ /3 =0.
p Zeet =

Set Y as the vector (of dimension 6) of the physical state and F(Y) as the tensor,
which are then characterized by

T -U

U Pl

Y = , dR(Y) = | ‘P
e and EO) =1 yp.

g, 12/3 0

(recall that I is the identity tensor), system (£27 ) reads as
D
P oy [Y] + V.[F(Y)] = 0. (2.95)
Now for (MHD), the specific total energy is given by
co+ £ + 2 U + : B|?
e = = —7 .
0 e 7 Z/LO

Using the identity V.(BU) = U(V.B) + (B.V)U (and the fact that V.B = 0), the
magnetic field equation is

D
P, (B) = V.(BU).

So, the ideal MHD system reads as (2.95) but the vector Y (of dimension 9) and
F(Y) are now given by
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T -U
U Pl + Pp
Y= B , and F = —UB
e P,U+Pp.U
g, 723 0

2.4.1 On the Galilean Transformations

We now make a regular transformation of the unknown variables Z = Z,(Y)
corresponding to a fixed translation of vector u, (i.e., a Galilean transforma-

D
tion); so the density p is not changed. Then system (2.95) becomes pD_t Z] +

dZ
WV. [F(Y(Z))] = 0; since the Jacobian matrix g—‘Z{
reads

is constant, the new system

p% [Z] + V. [IF“(Z)] -0

- 0Z
with F(Z) = a—Y.]F(Y(Z)). The system is called “invariant through a Galilean

transformation,” if for any fixed vector u, after the transformation, we have F=F.

For the (MHD) model, consider now a Galilean transformation related to a
translation u; since we have v/ = 1, ¢, = ¢, , &, = g9, U = U—uand B’ = B, the
characteristic vector Z = Z,(Y) reads

T T
U U—u
7 = B’ = B
e e+ (5/u’> = U.u)
‘C’Je (1’/)2/3 Ee(f)2/3

Of course, we have Prg = P,,P}; = Pp. Since u is constant, we have d,u = 0 and
V.u = 0; then we see that

-U U
P+ Pp P+ Pp
F = —UB = -UB
PU +Pp.U PU +Pp.U

0 0
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Indeed, for the energy we have
D
pE(e —Uu) = V.((P1+Pp).U) —uV(PI+ Pp) = V.(PI + P3).U")

Thus, this model is invariant through this Galilean transformation.

For the model (£27), it is the same calculus.

Moreover, for both models, it is crucial to notice that the electric field becomes
E’' = E + u x B and the generalized Ohm’s law reads as

GeZNo(E' + U xB) + VP, =0

One may also check that in these models, the flux tensor has the general form
described in [43].

2.4.2 Hyperbolic Properties of Both Models

Our concern is analysis of the ideal part of both systems, so we focus on the
Lagrangian framework in the one-dimensional case, i.e., all the physical quantities
depend only on the x-variable. It is useful to introduce the new variable m defined
by dm = pdx; the tensor F(Y) reduces to a vector F and the system for the ideal
part reads now as

D 9
5 Y+ 5 F(Y) =0. (2.96)

(i) For Model (£27).
Since 7, e depends only on the x-variable, the evolution of U = (U, U,,U,)
reduces to the one of U,. So we have to deal with the system

D 0
—1——U, =0,
Dtt om "

D

0
Ux _P Pe :O’
Dt "+8m(0+ )

D ad
ot a_m(Ux(PO + P.)) =0,

D
— log(e.t*3) = 0.
D1 og(e.t7)

It is a four-dimensional vector system of type (2.96) with

T _Ux

U P
Y = g , dF(Y) = P

e and F(Y) U. Py

g, 72/3 0
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where we set (assuming that yo=5/3)

1
e:sp—}—Esz, £p = &0 + &, P, =Py+ P, = z¢,1

JF
Proposition 8. The eigenvalues of the Jacobian matrix of the flux term Iy are
, 5
—a,, 0, 0, a,, where a; = §pPp

It can be seen that for the double eigenvalue 0, the space of the eigenvector is
of dimension two, so the system is hyperbolic. We recover that when the original
system (2.95) is written in a Eulerian framework, the eigenvalues of the Jacobian
matrix are —d,/p, 0, 0, a,/p (when the plasma velocity is zero).
Note that

ap 5P

P 3p

is the usual expression for the sound speed (of course, the pressure taken into
account is the total pressure).

(ii) For Model (MHD).

Recall that B = (B,, By, B;) and U = (U, U,, U;) which depends only on
the x-variable. According to the constraint on the magnetic field V.B = 0, we get
%Bx = 0; then we have also %BX = 0; so By is a given constant and the system
reads as

D 0

ET—%UJC=O,
DU+ By Pag) =0
Dy B0

Dt T Wam s =Y

Dy _ B3,
Dt pddm ° ’

D ad
—(B —B,—U, =0,
Dt( yo) om
D 0
—(B,t) — B,—U, =0,
Dt( ) “om

D ad ad B,

Ee + a_m(Ux(Pp + Pmag)) - 3_11’1 ((UyBy + Usz)F) =0,

D
D_t(se %) =0,
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wheree = ¢, + %|U|2 + ZTF(|B«V|2 + |By|* + |B.|*) and P,, ¢, defined as above,
Puag = 5,5(B} + B — B}).

Of course, if B, = 0, we recover model (£27). We are now concerned with the
eigenvalues of the Jacobian matrix of this system. For the sake of simplicity, assume

that U, and B, are zero. We simplify the notations by setting U = U,, V = U,,
M = B,t, B = B,. So we get

—e— U — Ve —— M —
=T 2 207 u0?
21 1 (M2 21 v y? 1 5
P+ P = = = —p)=2-(e—-=—-= M?——p2
» T Prag 370 +2M ( ) 31(6 2 2)+6;L012 6;L05

D
and the six-dimensional vector system reads EY + —F(Y) = 0, with

om

T
U Py + Py
B -1
V ——OMT
Y= , dF(Y) = H
M and F(Y) BV
e U(Py + Pmag) — M™!
| e | L 0 i
JoF

Proposition 9. The six eigenvalues of the Jacobian matrix Iy are given by

Y

Y, Xfast/p’ 'VXslow/ > O, O, Y Xslow/ 5 \/Xfast/p

where
2
ag  BPY 1| (a5  IB? a; B
—+ == )-5l\=-+t=) - 4——
P M 21\p  n p no
1 (a2 BP\ 1[[/a2 BP\ ap?
=3 28) 1 28 28]
Jet =2 \p T ) T2 \p T p uo
Therefore, the six eigenvalues A of the original problem are the following

VvV prastv -V stl(JWv 0, 0, A% pXSIOWs AV prast-

Remark 12. 1t may be checked that if |B| goes to zero, the two roots Xj,, and
X pa5¢ converge to 0 and a3/ p, and the eigenvalues A converge to

Xsiow =

—ao, Os O, 07 O, ap.
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(recall that £ay are exactly the eigenvalues of the model (£27)). One may prove
(see [43]) that the dimension of the eigenspace corresponding to O is equal to 4, thus
the system is strictly hyperbolic.

Assume on the contrary that the sound speed aq is very small compared to

- O S
the magnetic energy; then we have (70 + F) - 470F ~ 5 + 70(1 —
28%/|B|?), then we get
, B2
P Xsiow a0_|B|2
|B|2 ) 2
PX fasi = PF +ap(l — B

So, we see that the two eigenvalues A related to X s, are at first order equal to

++/p/u°|B| and the corresponding characteristic speeds are equal to |B|/+/pu?,
that is to say the Alfven speed. |

2.4.3 Proofs of the Propositions of the Section

The following lemma will be useful.
D
Lemma 3. If a system Dr Y] + % [F(Y)] = 0 is invariant through a Galilean

are the same as the
Y

F
transformation, the eigenvalues of the Jacobian matrix —

when Y is the state obtained by setting U = 0.
YO

oF
ones of the Jacobian matrix —

Proof. Tt is clear that if we apply a transformation corresponding to a fixed
translation of vector u, the new system will have a Jacobian matrix
oF
0Z

_9Z OF

T aY aY
z

Y
Y(z) 0Z

0Z Y JoF
Since — is the inverse of —, if A is an eigenvalue for the matrix —| , itis also
Y 07 Y |y

JF
an eigenvalue for the matrix Zl For a given point x, we can apply this remark by

zZ
choosing u = —U(x), then the state Z corresponds to the same state as the original
one, but the velocity U’ is equal to 0 at point x. So, according to the fact that F = F,
the lemma follows. |
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JF
Proof of Proposition 8. The Jacobian matrix of the flux term is the matrix Iy

given by
0 -1 0 0
—gstr —2 ——U . %r o
U 81" %8 - 2U2 -1 2U 710
0 0 0 0

Then the characteristic polynomial is A det(4 — Al) = 0, where A is the same as
above without the last row and column, i.e.,

0 ~1 0
A=| —pP, —3Usp 3p
—UxpPy Py — 3U2p 3Uyp

According to the previous lemma, one may evaluate the eigenvalues of A after
setting U, to zero and we get

5
det(A—Al) = A3 — g,oPp/\. O

Proof of Proposition 9. The Jacobian matrix of the flux term [ | reduces (after

withdrawing the last column and the last row) to the matrix given by

0 —1 0 0 0

_2e—|UP 2 _2 _2 oyl 2l

372 3uUT3M 3TU 3‘[V 3u0Mf2 3
YRS sl

MUMIZ 0 0 g 0

0 0 —pB 0 0

2 2 B
—gU UV—TM

—y IOl UM BYM by p

372 3u0¢3 1072 UM — %V +U

';M(J 2
According to the previous lemma, one may evaluate the eigenvalues of this matrix
after setting U = V = 0. Then, going back to the physical variables, we have to
compute the characteristic polynomial det(Ay — AI) where

0 -1 0 0 0
—pPy—pR 0 0 5upBy 3p

Ay = %pBy 0 0 —%p 0
0 0 B 0 0

0 Po+Pug—5B 0 0
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[here we have set R = #(235 + B?)] and this polynomial reads as

) ~1 0 0 0

—pPy—pR  —A 0 5opBy 3p
%pBy 0 —A —%p 0=0

0 0 -8B = 0

0 Py+ Poyg —5B, 0 2

and we get after some tedious calculus

2 2
> +21% [P +R+ = P + = Pmdg+ﬁ }H [ gﬂ—O(P +Pmdg)+WBf—ﬁ—(P +R)}

We see that O is, of course, a root of this equation. The other roots are obtained by
solving a second-degree equation with A> = pX, where this equation in X reads as

. . - B}
follows (using the notation a = 3pP, and noticing that% Prmag + R = 5)

2 B2 + 82 2 B2
XZ_X @_'_y—o'g +|:a_0’3_0:|=
P 2 p M

. .. . a2 B24p2 a? ﬁ
Its discriminant is A = 70 yu" — 4p0 [which is always greater than
2
(% - 0)2] Since B, = 0, notice that 2 0 = |E(|) is the magnetic energy and the

two roots are X0 and X 7,5, given in the proposition. Then the eigenvalues of the
initial Jacobian matrix are

Y/ Xfasts_v Xslowu 0,0, VXS[0W7 vV Xfast- O



Chapter 3
Laser Propagation: Coupling with Ion Acoustic
Waves

Abstract This chapter contains most of fundamental concepts for the laser—plasma
interaction. We first derive the paraxial approximation for the laser propagation
from the full Maxwell equations. This is done by using a time envelope model
and performing the Wenzel-Kramer—Brillouin (WKB) expansion. By the way, we
compare the geometrical optics approximation and the paraxial approximation.
In the second part of this chapter, we focus on the modelling of the Brillouin
instability which corresponds to a coupling of the laser waves and an ion acoustic
wave. This leads to the so-called three-wave coupling system which was introduced
40 years ago by Kadomstev. We give some crucial mathematical properties of this
system, which are new according to our knowledge and which enable a better
understanding of the structure of the three-wave coupling system.

Keywords Laser-plasma interaction ¢ Geometrical optics ¢ Paraxial
approximation * Ponderomotive force * WKB. expansion ¢ Brillouin instability
* Three-wave coupling system

In some experimental devices, such as the ones for Inertial Confinement Fusion
(ICF), laser beams are designed to propagate in a plasma and to heat a specified
region of this plasma. So, it is of particular importance to use accurate and well-
adapted modelling for the propagation of a laser beam and its interaction with
the plasma. Recall that a laser beam is a monochromatic electromagnetic planar
wave with a wavelength on the order of 1 um and different phenomena occur during
the propagation. Of course, if the plasma is not very dense and the laser intensity
is not very large, the beam propagates according to the laws of classical optics,
accounting for the deflection (due to the variation of the index of refraction),
the diffraction, and the absorption of laser energy by the plasma. When the laser
intensity is large enough, there are different phenomena related to the occurrence of
the so-called ponderomotive force, which are created by the pressure of laser light
onto the plasma—e.g., the digging of the plasma that leads an autofocusing of the

R. Sentis, Mathematical Models and Methods for Plasma Physics, Volume 1, Modeling and 73
Simulation in Science, Engineering and Technology, DOI 10.1007/978-3-319-03804-9_3,
© Springer International Publishing Switzerland 2014
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laser beam; a coupling of the laser waves with the ion plasma waves that leads to
the so-called Brillouin instability; and, lastly a coupling of the laser waves with the
electron plasma waves, which leads to the so-called Raman instability.

This chapter is devoted to problems related to laser propagation, laser autofusing,
and the coupling with ion plasma waves. In all cases the plasma behavior is
described by an ion fluid model with the quasi-neutral approximation. The coupling
of the laser fields with the electron plasma waves will be addressed in Chap. 5.

In this kind of problem, some typical lengths and some typical speeds occur
which range over several orders of magnitude. The laser field is assumed to be purely
monochromatic, it is characterized by electromagnetic fields oscillating with a
pulsation wy (called laser frequency in the sequel). Considering the spatial variable,
besides the Debye length A p, three other scales are relevant:

1. the typical length Lpjasma of variation of the mean density of the plasma;

2. the typical length L; of variation of the amplitude of the laser intensity, 27 L; is
on the order of the width of the speckles (which are hot spots of light in the laser
beam); L; is also the length of variation of the local perturbation of the plasma
density;

3. the laser wavelength in the vacuum which is fixed and equal to 27/ k¢, with

ko = wo/c.

For example, in Inertial Confinement Fusion experiments with high-power intensity
laser beams, the wavelength is equal to a fraction of one micron (typically 0.351pum
or 0.522um), L; is typically on the order of one micron (then kgL; ~ 10 ). For
a typical plasma, the ion temperature is on the order of 107 Kelvin and electron
temperature of 4. 107 Kelvin and the Debye length in the interesting region for laser
interaction is smaller than 0.04 microns; L pjasma is larger than 100 microns.

Then, for the observation length L, of interest, the picture is the following

Ap L 2m/ko K 2mL; K Lops ~ Lplasma

On the other hand, compared to the speed of light ¢, the electron thermal speed
(proportional to the square root of the temperature) and the ion sound speed are
very small: the electron thermal speed is on the order of 0.05¢ and the ion sound
speed is on the order of 1073¢. The observation times that interest us in this chapter
are on the order of

Lobs

Uth,i

Tobs ~

in the framework of laser propagation; or
Lobs
NENOTT

in the framework of the Brillouin instability.

Tobs ~



3.1 Laser Propagation in a Plasma 75

The chapter is organized as follows. In the first section we deal with laser
propagation and the phenomena that develop at the scale of the width of the speckles
L; (or larger): the deflection due to the variation of the optical index, the absorption,
the diffraction, and the “digging” of the plasma by the ponderomotive force. One of
our aims is to justify the so-called paraxial approximation. In the second subsection,
we focus on the laser—plasma interaction, strictly speaking, which is related to much
smaller spatial scales (on the order of the laser wavelength) and we deal with the
Brillouin instabilities corresponding to an interplay between ion plasma waves and
laser waves.

3.1 Laser Propagation in a Plasma

The laser propagation corresponds to the propagation of the highly oscillating
electromagnetic fields with a fixed pulsation @y in a medium with a non constant
optical index and the coupling with the plasma hydrodynamics. So, we have to
derive a model for the time envelope of these electromagnetic fields from the full
Maxwell equations. In particular, we show how the electromagnetic forces may be
reduced to the ponderomotive force. Within the quasi-neutral approximation, it leads
to the so called basic time envelope model (see (BT E) below), where the unknown
functions are the time envelope of the transverse laser field, the density, and the ion
velocity of the plasma. This system consists in a Schrédinger equation coupled with
the ion Euler equation (e.g., it is stated in [52]).

From a numerical point of view, some realistic two-dimensional simulations
based on this model are now feasible; but they require very expensive computations
since at least ten cells per wavelength are necessary to get accurate results. So, the
Wenzel-Kramer—Brillouin (WKB) expansion is made in order to have a simplified
modelling.

We explain the derivation of this modelling below: the classical geometrical
optics model in the second subsection, and the paraxial model in the third
subsection. The justification of this last model is obtained by performing the same
asymptotic expansion as the one for geometrical optics but one order further. It is
done in a framework where there is an incident angle between the direction of the
incoming laser wave and the gradient of the mean density of the plasma. If the
incident angle is zero, one recovers the classical paraxial equation. We sketch briefly
some features concerning the numerical methods for this model. Paraxial models
of this type have been used for a long time in laser—plasma interaction; see, e.g.,
[7,13,50].

3.1.1 On the Time Envelope Models

Denote by N, the critical density defined by

w5 = Neg;/(e°me),
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i.e., the plasma frequency corresponding to the density N, is equal to wg . We
introduce also the electron—ion collision frequency

Vei = VeONO/me-

[Often, v,; is assumed to be constant in the considered spatial domain].

The starting point of the modelling is the theoretical electrodynamics
model (2.1)-(2.3), (2.5) coupled with the full Maxwell equations. In this kind
of problem, one generally assumes that there is no shock, then for the sake of
simplicity one claims that the ion fluid is adiabatic, i.e., the ion pressure is simply
proportional to the ion density to the power y. For the electron temperature we make
also a similar assumption (see below).

In the whole chapter, we assume that, at the entrance of spatial domain, the
main laser wave travels in a direction defined by unit vector e;.. We have to make
the following decomposition of the total electromagnetic fields. On the one hand,
consider the part of these fields related to the monochromatic laser beam E", B":
they are rapidly oscillating with frequency wy and they are called transverse fields
(for reasons given below). On the other hand, there is a slowly varying part of the
electric field E° called the electrostatic field. So we state

E=E +E, B=B. 3.1

In this chapter, we neglect the slowly varying part of the magnetic field.
In the same way, we decompose also the electron velocity into two components

U, =U, + U,

the one U}, called transverse velocity, is the rapidly oscillating part (with a pulsation
equal to wp) and the other one UY, called the electrostatic component, is the slowly
varying part. Now, since the plasma is driven by the laser electromagnetic fields, we
may notice that

|E°| < [E7].
and in the same way,

IUe| < U]
Since the mass ratio between the ion and electron is large, the ion velocity may be
considered to be negligible with respect to the electron velocity and there is no ion
contribution to the electric transverse current. So we set J = J" + J¢ with

(1) Jr = _QeNeUZa (11) Je = QeZNOU_queUfp (32)

and we have also

|Jé| < |J7].
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3.1.1.1 Decomposition of the Electromagnetic Fields

The fast oscillating electromagnetic fields satisfy the Maxwell equations

9 1
i) —E —cZcurlB" + —J =0, (3.3)
ot &b
(ii) 0 B +curlE" =0
ot o

So, taking the time derivative of the first equation and the curl of the second one, we
get the classical equation

82 r 2 r 19 r
ﬁE + c“curl (curl E") = _EEJ . (3.4)

Remark 13. Before dealing with the evaluation of the transverse electric current
J’, recall some classical features about a purely monochromatic planar wave. Let
us assume that it propagates in a linear medium, i.e., the electromagnetic fields
satisfying (3.3) are in the form

1 _. 1 .
E'(t,x) = E’(X)Ee_“"‘)’ +c.c., B’ (t,x) = B’(X)Ee_“"‘)’ +c.c.

with E’ and B’ time independent, and the current J" is given by J'(t,x) =
J(x)ze7 " + c.c. where J' = (0 + iwom)E/, with o and m being positive
constants. Then, Maxwell equations read as

—i(wo + ioc — wom)E = c*curl B, iwoB’ = curl E.

and E’ solves the Helmholtz equation »3(1 + % — m)E' + ¢2AE’ = 0 (since

V.E' = 0 and curl (curl E'’) = —AE’). To enable the propagation, we must have
m < 1 and we check that E’ and B’ defined by

E'(x) = foi €r Xko/T=m+io/w B/(x) = i—Vl_m—’_la/woetrXfeie,,.xko«/l—m+io/w0,
c

are solutions of Maxwell equations with f a constant complex vector orthogonal
to €.

Here /1 —m + io/wy is the square root with a positive imaginary part.

So the picture is the classical one: E" and B” belong to the plane orthogonal to
e;r, we have V.E" = V.J” = 0 and c¢|B’| is on the order of magnitude of |[E"|.

By using a coordinate system x = (xj,X2,x3) where the third com-
ponent is in the direction of e;,, we have f = (fi, f2,0) and the angle
Arg(f2/| f2])—Arg(f1/] f1]) is related to the phase between the two directions
of polarization of the wave. O
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Let us go back to the evaluation of J". Toward this aim, starting with the rapidly
oscillating part of electron momentum equation (2.5), which reads as

—J’ +(V.U)I +(Ue. V) — VPe—l—ve,Jr - "e N + NeU" B —dey B
m

3.5)
we claim that this equation may be replaced by the following,
0 ) 2
Sy IR L (I Y (3.6)
dt m,

[Justification of (3.6).

According to the remark about plane waves, we may assume that E", B" and
J’, U} are in the plane orthogonal to e;,, that |%J"| is smaller than k¢|J"|, and that
¢|B"| is on the order of magnitude of |E"|. Now we address the fast oscillating part
of both sides of (3.5). Since |31J’| is smaller than k¢|J"| and |U“| is negligible with
respect to ¢, we see that (U¢.V)J" is negligible with respect to | J”| which is on the
order of wy|J"| = cko|J"|; In the same way (V.U¢)J" is also neghglble with respect

o %J". Now, since |U¢ x B”| is negligible with respect to |¢B" |, it also is negligible
with respect to |E"|. Moreover, since J” and B" are both oscillating at frequency wy,
in the product J” x B’ there are terms oscillating at frequency 2wy and terms that
are slowly varying with time; so their contribution to (3.5) is zero. In the same way,
(U2.V)J" and (V.U7)J" do not contribute to (3.5). Then, we get

9 . 2
Ly _degp, 4,5 =L nE
ot m, m,

Now, notice that in the electron density equation qe%NE = V.J + V.J¢, the first
component of the r.h.s. may be withdrawn (as a matter of fact, it is zero for a pure
monochromatic planar wave); then the fast oscillating part of 7 Ne may also be
neglected; therefore, the contribution of term 4V P, may be w1thdrawn and (3.5)
reduces to (3.6). (] ‘

Strictly speaking we need to address system (3.6) (3.4) for E" and J". Consider-
ing this system, we see that if

VE =0, and V.J' =0 3.7)

is true at the initial time, this is also true at any time. Thus, in the sequel we assume
that (3.7) holds.
Using the definition of N, the final equation (3.6) reads now as

el N
e (3.8)

19
o) T “ON,
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Usually v,; is small with respect to wp; then we can make a last simplification of
this equation by a simple perturbation argument. As a matter of fact, at order zero
when v,; vanishes, we have

19y , Ne
—— ~ —w;—FE';
&Y ot “o N.

moreover, since the field J” is rapidly oscillating at the frequency wy, in a first

. . 2 . . . .
approximation we have —w2J" ~ %J’, so by taking the time derivative of (3.8),
we get at order zero

1 N.@d
Y~
£°J N, 0t

Therefore, at the first order with respect to v,;, (3.8) may be replaced by

19 LN, Ne D

, E. 3.9
N. YN B (3.9)

Using this relation and (3.7), (3.4) reads finally as a classical wave equation with
diffraction and absorption:

N, 9
—E =0. (3.10)

82 r 2 r 2Ne r
—E — c“AE +a)0EE +veiﬁc31‘

ot

Now, we can make the time envelope of the solution of this equation.
First, since V.B” = 0, we introduce the potential vector w, 'A" defined by

curl A" = wyB”
with the gauge V.A” = 0; then we have

0
E =——A"
0 ot

Since the electromagnetic fields are rapidly oscillating with pulsation wy, it is
convenient to introduce the time envelope and to set

1 4
A'(t,x) = EA(t,x)e_“"Ot +c.c.
where A is a slowly time-varying quantity. Of course, we have

X 1 . X | .
B = —curl Ae 7' 4 c.c. and E = Al—e_“"ot +c.c.. (3.11)
2600 2
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. . . . . 2 :
Now, since A is slowly time varying, we can approximate i;r’t—z(e"“’o’fA) by the
expansion

d .
(—w§A+2iw0$A)e_“"°’

and (3.10) reads as

10 1 N,
2iZEA+ k—OAA—Hco(l — Ve)A—i-ivoA =0, (3.12)
with
Vo = Vi Ne
0 = Vei CNC
Notice also that due to (3.9) we have
1 N, 1 _.
EJ’ = —(wy — ive,-)ﬁeAEe_"”"’ +coc. (3.13)

See, e.g., [75] (Chaps. 3-6) and [95] (Chaps. 1 and 5) for a physical presentation of
the above derivation, in particular for a justification of formulas (3.8) and (3.9) of
the plasma conductivity. See also [100, 101].

Orientation

It is worth to noticing that in a plasma, electron Langmuir waves may be excited or
not. That corresponds with the two different ways of dealing with the electrostatic
field E¢ and two families of models.

o Family 1. The electron Langmuir waves are accounted for.

In this framework, one must state wave equations for the electron density N, and
for the electrostatic field E°. These models are necessary if one needs to consider
the Raman instabilities. They will be addressed in Chap. 4.

o Family 2. One ignores the electron Langmuir waves.

In this framework, one makes the electron massless approximation, so the
electron density is given by the Poisson equation, as was explained in Chap. 2.

As was also noted earlier, we focus in this chapter only on the second way and
neglect the coupling with the electron Langmuir waves.
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3.1.1.2 Coupling Laser Waves and Ion Waves

The aim is now to derive a basic time envelope model that is a good way for the
understanding the coupling of the laser waves and the acoustic ion waves. Beside the
propagation, it takes into account the diffraction, the refraction, and the autofocusing
of the laser beam; it is also relevant for dealing with the filamentation instability
phenomena and the Brillouin instability phenomena.

Our starting point is the model that consists in the above time envelope equation
for the potential vector (3.12) coupled with the Euler equations for ions and
electrons (2.1)—(2.5) where the transverse components of electromagnetic fields are
given by (3.11).

According to the relation (3.7), the electric Gauss relation reduces to the
following for the electrostatic field E¢:

1
VE + 54e(ZNo = Ne) =0. (3.14)

Now, in order to obtain the low-frequency ion fluid model, we make the massless
approximation and afterwards the quasi-neutrality approximation that is crucial for
a useful modelling of the plasma.

o The electrostatic field and the ponderomotive force.

First, one checks that the slowly varying component of the electron momentum
equation (2.5) reads

0
e (E(NeUﬁ) + V.(NUSUE) + No(UL.V)US + (V.(NeUZ))Ug) + VP, + qoNES =
—qeNeUp x B" — mV.(N,U,UL) + veime N (U — US).

Since we deal with the low-frequency evolution, we may take the mean value over
a laser period of both sides of the equation. Denoting by the bracket (.) the time

integral over a laser period i—’g, according to the approximation (3.13), we have
(N.U)) =0, (V.(N.U)) = 0 and also ((N.U,.V)US) = 0. According to (3.11),
we have (U¢ x B") = U¢ x (B") = 0. Then, neglecting the friction term, we have

me

d 1 qe 1
— | =V, U¢ V.(N,USU¢ —VP,+¢q.E ~—m,(—U xB + —V.(N,UU)).
o G ) A e B AL

Due to the electron massless approximation, we neglect as usual the time derivative
and assume that meNelUil2 is negligible with respect to N,7T,, so we arrive at the
following relation

1 e —op . 1 . e —op . .
— VP + qoE ~ —m, (LU X BT + —V.(NUIU) ) =~ —m, (1207 x B + V. (UIUE)) .
N, me N, Me

(3.15)
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We now need to evaluate a closure for the right-hand side of (3.15); this expression
corresponds to the so-called ponderomotive force . To perform this, we use
the evaluation of the transverse electron velocity given by (3.8) neglecting the
absorption term v,;J” [and using (3.13)]

U~ 2 g,
mewo
then
q g \’
—— U xB —V.(UU) ~ — (—) (A" x curlA” + V.(A"A")).
mewo mewo

Thus, using V.A” = 0, the vector identity (A.8) and the fact that (|A’|2) = %|A|2,
we can see that

1
(A" x curlA” + V.(A"A")) = ZV|A|2.

Thus, we see that (3.15) can be reduced to

1 q2
EC >~ —y, V(AP — —VP.,  withy, = —*.
q vuV(IA[) N "
o Quasi-neutrality.
According to (3.14), this leads to the Poisson equation
&0 1 &0
——eZV. (EVPe) — q—ezAh = ZNy— N,.
where we have denoted by / the potential
h = yuAP
Using the Debye length Ap = /€9Trer/ (Nrerq2), the above equation becomes
1 1 P, 1
—A3—V.(T,V(og P,)) = —(ZNy — =) + AL —Ah
ref Nref Te Tref

Assume that A p is small if compared to the characteristic length L;. Then, as in
Sect. 2.2, if the length scale is normalized by L;, the quantity A = Ap/L; is a small
parameter. From an heuristic point of view, we can see that P, may be approximated
by Z NyT,. We now bear this assertion.

Then, we write PeA instead of P, to exhibit the dependency with respect to A and
the previous equation reads as

1 1 P* 1
— A2—V.(T,V(og P})) = ZNy — =< 22— Ah 3.16
7—;'ef ( ¢ ( Og ¢ )) Nref( 0 Te ) + Tref ( )
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It is considered on a bounded smooth domain O and supplemented with boundary
conditions, e.g.,
ad

%Pel =0, on 00

We need to make other technical assumptions:

d
inf7, >0, infNyg>0, T, VT, €L®), NyeH(O)NL®O), 32N =0,
X x n

Proposition 10. For all A small enough, there exists P} in H'(O) solution

to (3.16) supplemented with the boundary condition (rj—anPeA = 0 on d0. Moreover,
when A goes to 0, one has

P} — ZNyT,  in LX(O) strongly;  V(log P}) — V(0g(ZNoT,))  in L*(O) weakly.

The proof is the same as the one made in Sect.2.2 and is omitted. The physical
meaning of these convergence results is the quasi-neutrality of the plasma and we
get the following approximations

N, =~ ZNy, P, ~ ZNyT,,

1
EC~———VP, —y, VA 3.17
qe ZNo e — Y | | ( )

Now, if we use relation (3.17) in the low-frequency part of the ion momentum
equation (2.3), we get

b] 1
5(NOU) + V.(No,UU) + m—OV(Pe + Py) = —Noy,VIA[%, (3.18)

2

. Yu Zq
with: y, = — = 4—32
0 Moim ;)

Remark 14. We have neglected in (3.15) the friction term Z—gvei(U —UY). If we
account for it, we can perform an asymptotic analysis analogous to the previous one
and we will get the same result for the ion momentum equation. |

o Statement of the basic time envelope model.

From the above calculus, one checks that |A|? is the time envelope of the density
of the electromagnetic energy, it is called the laser intensity. From (3.12), one may
easily check that

29 — (.1 N,
A A —A i —AA+iko(1— DA Al>=0;
K (’ko +iko(l = 1) )+vO| |
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thus, taking the real part of the integral of this relation, we get (denoting dT" the
natural measure on the boundary D)

J —
B — A—A r / Al*dx = 0.
c8t/| a’x+2k0 |:l n +cc:|d + Dvo| |“dx =0

The term % fBD [i A.%K + c.c.] dT corresponds to the incoming and outgoing

energy through the boundary of the domain. Therefore, one checks that the density
of energy lost by the laser per unit of volume is equal to

U0|A|2.

According to the origin of the model, it may be checked that this energy is absorbed
by the electron component of the plasma. In this kind of model, there are different
ways to deal with the energy balance relations. As a matter of fact, one may state
both an ion energy balance equation and an electron energy balance, but generally
one assumes that the ion flow is adiabatic, i.e.,

Py= NP PN,

and one keeps only an evolution equation for the electron energy ¢, = %Z T., where
one accounts for the heating term coming from the laser energy absorption.

0
— Ny + V.NoU =0,
oo + 0

ad 1
No (— + U.V) U+ —V(Po+ P.) = —Noy,VIAP
ot mo

a
mONO%Z (5 + UV) Te + PeV-U + V-qth,e - V0|A|2,
10 0
i—— — =0.
c ot ko

In the sequel, we assume for the sake of simplicity that the electron temperature
equation is somehow de-coupled from the remainder part of the system, so we do
not take it into account.

Namely, according to the expression of the ion pressure, we have VPy =
2%]\/02 / BVNO.Therefore, after introducing the acoustic sound speed ¢, given by

ref

5
cs = \/(gPONO‘l + ZT,)/my
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we get
V(P, + Py) = moc>V Ny + ZNoVT,

It is also convenient to define the dimensionless electron density

N = ENo.
N,
From now on, we assume that the polarization of the incoming laser wave is
linear (see Chap.5 for another kind of polarization), i.e., with the notations of
Remark 13 above, we have at the entrance of the domain E = feief""kome_i“’ot
with f = f(x, xz)f' and f a fixed unit vector.

Now we assume in the sequel that vector potential A oscillates according to
this fixed unit vector f; so the electric field E™ oscillates also according to vector
f. Moreover, we also assume that we are in the framework of the s-polarization:
i.e., vector f is orthogonal to the plane defined by the wave vector at the entrance
to the spatial domain (which is here parallel to e;,) and the gradient of the mean
electron density at the entrance to the spatial domain. If we assume that along the
propagation of the laser beam, the wave vector corresponding to A and the gradient
of the mean electron density remain in the same plane (i.e., if the three-dimensional
aspects of the plasma behavior are not crucial), this plane remain orthogonal to f:
thus, the vector field A(z, x) may read as fA where A(t,x) is a scalar function.

Summary. The unknowns of the basic time envelope model are the laser field 4,
the dimensionless electron density N, and the ion velocity U. Neglecting the spatial
gradient of the electron temperature, they satisfy

. 104 1 .
@) 2i—— 4+ —AA+ko(1-=N)A+ivyAd =0,
c ot ko
oN
(BTE) (ii) T V.(NU) =0,

0
(iii) g(NU) + V.(NUU) + ¢2VN = —Ny,V|A|*.

The sound speed ¢, is a smooth function of the electron temperature and of the
density N. In the sequel, for the sake of simplicity, we will assume it is independent
of time; sometimes we will assume that this speed is a constant.

Of course, one needs to state boundary conditions for these three equations; in
particular, an inflow boundary condition needs to be prescribed for the Schrodinger
equation (i); see the following subsection.

This model may be considered as the basis of all the other models of this chapter.

Remark 15. Related models. Let us now describe some models derived from the
basic one. We assume here that the ion sound speed ¢ is constant.
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(a) By neglecting the inertial term in the momentum equation and combining with
the mass conservation equation, we get a linear wave equation for the plasma
response

9 2 2
ﬁN—cSAN =y, V(NV|A|). (3.19)

Then, we set N = N* + w, where the average density N " is a constant and w

a small perturbation called an ion acoustic wave; linearizing the ponderomotive

term, we get the following system

19 1 .
2i——A+ —AA+ko(l — N™¥)A +ivgA = kowA, (3.20)
c ot ko
32
e cAw = y,NVA|A]?. (3.21)

(b) Another type of model is obtained by dropping the time derivative in (BT £-i).
Then we need to consider

1
k—AA—I—ko(l—N)A—i-ivoA =0, (3.22)
0
& 2 2
WN —c;AN =y,V(NV|A|"). (3.23)
In some cases, when the transient phenomena have disappeared and the
variation of density is very small, one may replace the last wave equation by a
simpler closure (see, e.g., [98]). Using the equilibrium c2VN +y,NV|A|> = 0,
we get

_ vplAP . .
N = Nierexp(— 5 ),  with N constant;
c

s

thus, A solves the following stationary equation of Sine—Gordon type

Vp|A|2
;

1
k—AA—l—kg (1—Nrefexp(— ))A+ivoA =0.
0

3.1.1.3 Properties of the Basic Time Envelope Model

We address here model (37 €) and focus on the momentum balance property.
Since the low-frequency component of E¢ xB" is zero, we see, according to (3.1),
that the low-frequency component of the magnetic momentum is

0 — — J—
M=i‘AxculA +ce. = i:—O(AVA—AVA)
0

4wy w
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Lemma 4. The following global momentum balance holds (where the tensor S, is
given below)

O

e ——= V.S — V(moy,|A|*No)

d
g(M + mON()U) + V(m()N()UU) + V(Pe + P()) =
[Indeed, according to (BT £-i), we have

zc—l—(AVA AVA) = [AV(AA) (A AVA+AV(AA)—(AA)V A]

+ko [AV((1 = NYA)+AV((1 — N)A)—(1-N)(AVA+AVA)].

But it is easy to check that the following identity holds
AV(AA) — (AA)VA+ AV(AA) — (AA)VA =2V.S,,

S| = ]I(%A(AZ) + %Z(AA) + |VAP) = (VA)(VA) — (VA)(VA). (3.24)

Thus we get :
9 0
M=

o 4k2VSl——|A| VN.

Now, multiplying (BT £-iii) by moN./Z, we get the desired result.[1]
In the previous relation, one sees that moy,|A|> Ny may be interpreted as a laser
pressure.

e Boundary conditions and energy balance.

Generally, one needs to consider the previous models on a bounded simulation
domain D. We must focus on the boundary conditions on the one hand for (B7 £-1)

(a) For (BTE-i) or (3.22), denoting by e, the unit vector characterizing the
propagation direction of the laser, we first need to consider the enlighted part of
the boundary I'’" defined by

= {x € 0D, such that e,.n < 0}, n, the outwards normal vector.
By assuming that the density N is a constant N'” on this part of the boundary """,
we set
Kin — eb(l _ Nin)l/Z’

and the incident wave is assumed to be of the form a/”e’*K"X knowing that
a'" = o' (x) is the restriction to I of a smooth function. The incoming boundary

condition on I'" reads as

(k'Y + iK' n)(A — o e*K"™) = 0, (3.25)
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On the other hand, if we set ' = 9D ~ I''" ( where e,.n > 0 ), the boundary
condition on ' reads as :

(kg'n.V —iv/1—-N)A =0. (3.26)

Denote by dT" the surface measure on I''” or on I'°, we have now the following
laser energy balance.

Proposition 11. Let A, solution to (3.22), (3.25), (3.26); then we get

/w (|K"".n| "2 + 4|Km g nVa’”|2)dF—

/Fm K n|| —A—iK'"nA|?dT

v — 2
+/Fm 4|1—N|1/2| A+ZV1 NA| dF+/ vo|Al“dx.

[Indeed, one multiplies (3.22) by A and integrates by part.]

This relation may be interpreted as an energy balance equation for the laser
intensity |A|?; moreover, the laser energy flux through a surface with the normal
n, is equal to W“CO anA +i+/1— N AJ>. Then the energy flux incoming on

I'" is equal to the flux outgoing on I''" and I"°“' respectively, plus the absorbed
energy [ vo|A[*dx.

From a numerical point of view, since the light speed ¢ is very large compared
to the ion sound speed c;, it is necessary to solve equation (BT £-1) with an implicit
method; as a matter of fact, the time derivative term 2’ A may be considered as a
perturbation of the Helmholtz equation

1
A4+ k(1= N)A +iwA =0.
0

Then, for numerical simulations based on this model, the spatial mesh has to be
fine enough (at least six cells per wavelength in each direction). Moreover, it has
been noticed for a long time that the boundary treatment is crucial on ', at least
on the part of ' where the wave does not go away in an orthogonal direction
of the boundary. This problem has been studied for a long time for the Helmholtz
equation and here it is exactly the same. Different techniques may be used, but the
most efficient is definitely the perfectly matched layer (PML) technique described in
[11, 89]; see also [46] for a practical implementation. Let us recall briefly the
principle of this technique in a finite-difference type mesh: near the boundary, one
builds a layer £ with a width that is equal to about three wavelength in which
an artificial damping coefficient is plugged. Let us detail this technique in a one-
dimensional framework (3.22) that reads as

2
aa—A + (k2(1 = N) + ikovo) A = 0.
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Integrating on a cell with an index denoted by j and with a width equal to §x,the
standard discretization yields to

ad ad
—A - —A + 8x (kg(1 — N); +ikovo ;) A; =0
X Jjp2 I jp
where %Aij+l/2 = %(AH_I — Aj); then, in the artificial layer £,instead of this

relation, one states

0

ax

1 a

1 m— P +éx(1+ioj) (k(z)(l —N); +ik0v0_j)A,- =0
J J

j=2 L tioj—ip

where o is a real coefficient corresponding to a ad hoc function that is equal to
about 1072 at the interior boundary of £ and that grows exponentially up to a value
equal to about 1, 000 at the exterior boundary of L.

(b) The problem of boundary conditions for the barotropic hydrodynamic model
one boundary condition. As a matter of fact, one of the transparent conditions
evoked in Sect.2.3.2.3 of the previous chapter needs to be used (and for the
wave equation (3.23), it is the same kind of transparent boundary condition).

Remark 16. Numerical Simulations. Simulations based on this model have been
performed, e.g., in [68] for a small spatial domain; see also [52]. But for a two-
dimensional large spatial domain where we need to solve at each time step a
linear system with some 10% degrees of freedom (corresponding to the values of
A in each cell of the domain), it is a challenging work of scientific computing
(see, e.g., [46]).

We present below some numerical illustrations of model (B7E) in a two-
dimensional framework for the propagation of a laser beamlet in a plasma with an
initial electron density that grows linearly from 0.2 up to 0.9. Figure 3.1 shows the
propagation of a beamlet with four very narrow hot spots that cross over and spread
into filaments due to auto-focalization phenomena. It is worth noticing here and in
the simulations corresponding to following figures that the profile of the plasma
density depends on time (due to the occurrence of the ponderomotive force) so even
if the entrance laser field does not depend on time, the map of the laser intensity
does change with time. As a matter of fact, the general picture is always the same
after a transition period, but the filaments that may be seen of Fig. 3.1 stir a little
when the time increases.

Figure 3.2 (and Fig. 3.3 for a zoom) shows a map of the laser intensity without
absorption for a beam that presents more than fourteen speckles at the entrance
boundary, while Fig.3.4 is the same but with a small absorption coefficient.
One may notice that the main absorption phenomenon occurs in a region near a
surface called caustic surface [which will be defined precisely in the sequel]; the
regions where the speckles becomes narrow correspond to a digging of the plasma
that leads to the auto-focalization of the speckles. In the above simulations, the
length of the simulation domain is about 600 pm in the horizontal direction.
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Fig. 3.1 Map of laser intensity with model (BTE) for a beamlet with four hot spots which
propagates from the bottom

Lastly, in Fig.3.5 we show a map of the laser intensity for a laser propagating
in the same type of plasma in the case where the laser field at entrance boundary is
modelized by a more sophisticated way (with a lot of speckles which overlap); this
map is obtained after a long simulation time corresponding to a physical time equal
to 23 ps (recall that the time for the laser to propagate through the whole plasma is
equal to about 2 ps). a

Orientation

In the sequel, the basis assumption is that the laser wavelength 27/ ko is small if
compared to the length L;. So, we introduce a small dimensionless parameter:

€ = (koL/)_l.

As mentioned above, for our applications, € may be on the order of 0.1 or less.
Since the wavelength is small, we solve approximately the basic equation (BT E-1)
by using a WKB (Wenzel-Kramer—Brillouin) asymptotic expansion technique. The
classical geometrical optics approximation corresponds to the case where this
asymptotic expansion is made at first order with respect to € and the so-called
paraxial approximation corresponds to the case where it is made at second order.

So, the geometrical optics, presented in the following subsection, is the first step
of the expansion leading to the paraxial approximation, which is the focus of the next
subsection. Roughly speaking, the geometrical optics approximation is a paraxial
approximation without accounting for diffraction.
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Fig. 3.2 Map of laser intensity with model (BTE) for a beamlet with fourteen hot spots that
propagates from the left in a plasma with an initial density N that grows linearly from 0.2 up
to 0.9 (without absorption)

3.1.2 Geometrical Optics

In most plasma experiments we have in mind, the laser wavelength is small with
respect to the size of simulation domain, thus for solving Helmholtz equation (3.22)
supplemented with the boundary condition (3.25), we may use the WKB expansion
technique. The principle is to approximate the solution A of (3.22) by the product of
a function slowly varying with the space variable (called amplitude) times a complex
exponential of a phase (which varies fast with the space variable). Therefore, the
amplitude is an envelope function with respect to the space variable.

This approximation at first order is called the geometrical optics. We now recall
briefly its principle in our framework.

The derivation of geometrical optics model has been well known for a long time
and the related ray-tracing method has been explained in the historical paper on
“Geometric theory of diffraction” by Keller in 1953 (which was re-published in
[74]). The geometrical optics for propagation in plasma was used already in [59].
The reader is also referred to [53] for details on the geometrical expansion ratio in
the ray-tracing method.
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Fig. 3.3 Detail of the
previous picture near the
caustic surface

Fig. 3.4 Map of laser intensity with model (BTE) for the same beamlet in the same plasma (with
a small absorption coefficient)

One knows that some difficulties arise due to the fact that a caustic phenomenon!

may occur in the laser propagation. Here we only recall some simple features of

'"When one performs the geometrical optics approximation, a caustic phenomenon occurs if a
family of optical rays have a envelope surface (which is called the caustic surface).
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Fig. 3.5 Map of laser intensity for a sophisticated laser field at the entrance boundary, the laser
propagates in the same initial plasma [simulation made using model (BTE)]

this problem and we do not worry about the laser energy transport after the caustic
surface (for specific caustic problems, see, e.g., [53] and the references therein,
see also [10] in a Euler framework). One assumes that the incoming field A (which
is the time envelope of the physical field) does not depend on time; i.e., the time
derivative may be withdrawn in this model. See the remark below for the case where
one has to account for this time derivative in (BT E —i).

For the geometrical optics approximation, we assume that

 the plasma hydrodynamics is not coupled with the laser propagation, i.e., the
dimensionless plasma density N is assumed to be a smooth function of the space
variable, independent from the time variable (we write N(x) = N°(x)),

» the incoming laser intensity a'” is also independent from the time variable (this
last assumption may be removed; see the remark below).

3.1.2.1 The WKB Expansion

With the above assumptions, (3.22) may be recast in the following way

1
eLiAA+ Z(l — N4 +ivpd = 0. (3.27)
/
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The principle of the WKB expansion is to write the solution A of this equation in
the form

AX) >~ (ap(x) + €a; + ---) exp (i (X)) ’
GL]

where a and ¢ are slowly space varying functions. Of course, the term exp (i %’?)

is highly oscillating with respect to the space variable. The quantities ¢ and ag are
called the phase and the amplitude of the laser field. Since

exp (—ii) A (ao exp(ii)) = Aao—i-L 2i(Ve).Vayg +iagA¢)— ao| V|,
el el el

o
(eL)?
we get by plugging the previous expansion in (3.27)

_1610

0=—-——[1-N"—|Vg|?

eL/[ N —|Vo*] +

+ €% (ivoao + 2i (V). Vag + iagAd)
+e€...

In order to have a nontrivial value of ay, it is necessary for the phase ¢ to satisfy the
so-called eikonal equation

Vo[> = 1—N°. (3.28)
On the incoming part of the boundary I''", the direction of V¢ needs to be parallel
to the fixed vector €] then the boundary condition for the eikonal equation is (with
K" defined above)
Vé|pin = K.

On the other hand, if we denote K = V¢, we get the following laser field transport
equation for the laser field a, (recall it is a complex function)

voao + 2K.Vay + agV.K = 0. (3.29)

On the incoming part of the boundary I'" , one has to prescribe the value of
the laser field:

ao|rin = a'.
One checks that the laser intensity |ag|? satisfies the energy transport equation

volao|* + V. (Klao|*) = 0. (3.30)
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Notice that when we integrate this relation over any small subdomain D of D we
get an energy balance equation (recall that dT" is the restriction of the Lebesgue
measure to a boundary of a subdomain)

/v0|a0|2dx+/ n.K|ao|*dT = 0.
D

oD

The vector K|ag|?dT is the laser energy flux through the elementary surface dT'.
The quantity v'1 — AN9|ag|> = |K]|ao|? is often called the scalar laser energy flux
and it differs from the laser intensity |ao|*. One recovers here the fact that vg|ag|? is
the density of absorbed laser energy. In optics, it is classical to introduce the index
of refraction

n=+v1-N0

For the coupling with the dynamics of the plasma, it suffices to add in the right-hand
side of the electron energy equation the absorbed laser energy, i.e.,

3
moNoy (E + U.V) ge + P.V.U~+ V.que = cvolao|*.

Let us stress that despite its simple form, the eikonal equation is quite complicated.
As a matter of fact, it is a stationary Hamilton—Jacobi equation that reads as follows

H(x,V¢) =0, with H(x,K) = %(|K|2 —7(x)) (3.31)

Ii is worth noticing that there are two cases for the solution of this eikonal equation.

The first case corresponds to a density A/ that is small enough; let us say 7 is
larger than 0.8 (for an incident angle larger than 77 /4); then no caustic appears in the
simulation domain and the solution ¢ is single-valued.

But there is another case corresponding to the case where N is larger than one
in some region of the simulation domain, then the beam cannot propagate in all of
the domain. As a matter of fact, there is a caustic surface C and the solution of the
eikonal equation does not exist in the shadow region, which is “after the caustic
surface C.” Moreover in the region between the illuminated surface and the caustic
C, the solution ¢ consists of two branches corresponding to a “direct path” and to
a “return path” of the beam. But, in the sequel we do not worry about the “return
path.”

Remark 17. We assume here that one needs to account for the time derivative in
(BTE —i); then the laser amplitude ay = ao(t, X) must satisfy

20
—an + voag + 2K.Vag + agV.K = 0.
C
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On the incoming part of the boundary """, we must prescribe as above ag(t) =
' (¢) and o’ may be a function depending slowly on time. Moreover, we must give
the initial value of the amplitude a¢(X)|;=o.
One checks that the laser intensity |ao|? satisfies

19
Z§|a0|2 + volao|* + V. (K|ao|*) = 0.

Notice that the laser intensity propagates with the velocity cK with a modulus that
is ¢n, which is called the group velocity. |

3.1.2.2 On the Ray-Tracing Method

For dealing numerically with eikonal equation (3.31) and the energy transport
equation (3.30), the most popular method is the ray-tracing method. We address this
problem without accounting for the time dependence, so the incoming condition
@™ and the profile of 1 are known functions. We first give some elements of
the classical theory of bi-characteristics for the Hamilton—Jacobi equation (3.31)
(cf. [74]); then we apply this theory to the numerical solution of system
(3.31) (3.30).

The principle of the method of bi-characteristics is to define curves (r(.), K(.))
in the space R x R3 which are parametrized by a parameter 7 (belonging to R™)
and which are solutions of the following system

dr 0H dK oH
E = ﬁ(r, K) = K(T), E - _g(r’ K) - n(r)vn(r)

with a starting point r'” belonging to the boundary I"'* and a direction vector equal
to K" = e,n(r'"). We check that

ar
at
then, since we have H(r'", K'") = 0 on the boundary, we get H(r(z),K(t)) = 0
forall t;i.e.,

d 0H OH IK
EH(I‘(T%K(T)) = B_x(r’ K)— + B_K(r’ K)E —0:

[K(@)|> = 1*(x(z))
Moreover, for each ray (r(.), K(.)), we introduce the solution ¢ of the ODE Z—‘f =
3 (r,K).K(7) = |[K(7)|? and we define ¢ by ¢ (r(r)) = ¢(7), then L¢(r(r)) =
V(;S.% = V(;S.% thus V¢ (r(zr)).K = |K(7)|?. It may check also that the rays r(.)
are orthogonal to the surfaces ¢ = C*™; then V¢ (r) is parallel to the tangent of the
rays K(.) and we get

Vo (r(r)) = K(7)

so ¢ is a local solution to the eikonal equation (3.31).
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We now deﬁne a more practical parameter o defined by do = dt/|K(7)| ; so we

have 5; = |K| =7 K (which means that o is the arc length along the ray) and —K =

%V?’}(I‘). We have also H(r(o),K(o)) = 0 for each ray. Therefore, the previous

system reads also

-1k rlo=o =r" (3.32)
do K| 0 ‘

d ‘
K=V, K== K" (3.33)

Address now a portion of a narrow tube D around a particular ray r between r’(0 ™)
and r° (0+). That is, the normal vector n to dD at r is orthogonal to j—gr; the sections
Y(07) and (o) of the tube are normal to the tube; then upon integrating the
energy balance equation (3.30) on the tube D, we get

/ D@ )lao(o™. )2dS — / 10 aoo ™, )2dE = / volao[dx
S(07) S(ot) D
(3.34)

Denote | X (0)| as the area of the surface X (o). If there would be no absorption, the
previous relation means that in a narrow tube, the quantity n(o)|ao(0)|*|Z(0)] is
constant; from a physical point of view, this means that the scalar laser energy flux
multiplied by the area of the section of the elementary tube is constant.

Now introduce the Jacobian & of the transformation r"” +~ r(c). Upon
differentiating the system (3.32) (3.33), it may be seen (see [53]) that the couple
&(0),¢(0)) = ( Br’”( o), ;rlfn (0)) satisfies the system of ODEs (with D21 the
Hessian matrix of n)

1
i[%’} _ Z(r)K(V”) n(r) ~ s KK [5} [§|a=o} _ [H}
do ¢ D) (VK | [¢ tlo—o | = L0
Moreover, denoting |£| as the determinant of £,we see that for all 6,0 the two
sections X (0~) and X (o T) of a narrow tube satisfy

IZEI/IZ(@D)] = 1E@)I/IE0@™)]

The determinant |&| is called the geometrical expansion ratio (related to a ray);
recall that 7(x)|ao(x)|* is the scalar laser energy flux. Thus, if there would be
no absorption, relation (3.34) means that the scalar laser energy flux times the
geometrical spreading is constant along each ray.

Our concern is now the discretization of (3.31) together with energy transport
equation (3.30). First, the energy |o”"|> may be discretized on I'"”. One needs to
choose a partition of the boundary I’ with small surfaces £¢ where the centers are
the discretization points r?*". The corresponding scalar laser energy flux integrated
on surface X9 is

W = |9 ) g ()
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One defines the ray starting at r" by the bi-characteristics (r, K%)

d 1 )
" =< Plemo=rt

d .
—K? = Vn(9), K?|,=0 = K'".
do

Let us also define (£9, {?) by the system of ODEs

1 1 1
A 1&] _ | —peo XK'V sl = e KK | T e
do [ {4 D?n(r) ﬁ(vﬂ)K" <

Let us denote W(o) as the scalar laser energy flux integrated on the narrow tube
around the ray r?(.), i.e.,

Wi(0) = [Z7|§7(0) In(x? (o)) |ao (r*(0)) .

Now, upon integrating (3.30) in the direction transverse to the ray, we get

0
volao(r?(0))*1§7 (0)] + %(Iéq(U)In(rq(a))lao(r"(a))lz) =0,

therefore, we get

) W(o). Wiy—p = WHin

0
— (W1 —
A e
When the ray enters in a subdomain D with a scalar energy flux W4(o?), its
intensity for an abscisa 0 > o? is given by
o (o’
Wi(o) = W”(GD)/ exp _ (@) do’.
ob n(ri(a’))

So we get a simple method for evaluating the absorbed laser intensity in a sub-
domain D. Notice that to evaluate the laser intensity, it is necessary to get an
evaluation of the geometrical expansion ratio |§7'| which needs to solve two
supplementary ODEs for £ and 9.

Remark 18. It may happen that the ray reaches a caustic surface, i.e., the rays are
very close to one another, and the geometrical spreading £(.) vanishes. Since the
quantity £ (0')n(0)|ao(o)|? is finite (it would be constant if there was no absorption),
one sees that the laser intensity |ao(0)|> goes to infinity. But if one handles both
the geometrical spreading and the scalar laser energy flux, it is possible to use the
ray-tracing method even after the caustic. This property of the geometrical optics
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approximation is well known and is related to the Maslov index theory; see, e.g.,
[53,74]. Notice that without the geometrical optics approximation, the laser intensity
| A(.)|? remains finite (This fact is well known in one-dimensional geometry: indeed,
consider the Airy function a(x) which is a solution of €2 %a +(1—=x/L)a=0
on [0, +00), it is bounded; but making the geometrical optics approximation for
|a(x)|? leads to a function that goes to infinity when x — L and that is integrable;
see, e.g., [10]). O

Remark 19. Of course, the ray-tracing method may extended to the case where the
boundary condition & depends on time and a finite speed of light needs to be
accounted for. That is, W%" depends on time. One needs to pay attention to the
fact that the wave travels with the group velocity c¢n(r) (smaller than c); then we get
do = cndt. In the case where the index of refraction is independent from the time,
one may state the ray equations (3.32) (3.33) using the time variable:

d 1 .
—r =cn—K, r|j—o = r?'",
a1 ”}|K| lr=0

d ,
—K = ¢nVn(r), K|;= = K"

dt
In the same way, we may state the differential system for the couple (&, {) using the
time derivative; moreover, the scalar energy flux W is transported on the ray r?
according to the following ODE

a%(Wq(t)) = —cvo(r!(t))Wi(1), W,y = W,

3.1.3 The Paraxial Approximation

We now deal with the diffraction phenomenon and refraction at the small length
scale. So we need to perform a more accurate approximation of equation (57 £-1).

As before, we assume that the direction e, of the incoming laser is fixed. The
simulation domain D is assumed to be a parallelepiped and the incoming boundary
is a part of hyperplane I''". In order to study the paraxial approximation of the
solution A, we need to make the following hypothesis.

* The density function is a sum of a function at the scale of L; depending on a
one-dimensional variable and a small perturbation; more precisely, there exists a
unit vector ey, such that if z = ey,.x, the function N may be decomposed as

N(t,x) = N°(x) + €2G(t,x)  and N'(x) = M(eya.x), (3.35)
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where G is a bounded function depending on the time and space variables and
M(z) is a smooth function of z such that its derivative is small enough (B%M =

O(¢) ) and is equal to a constant A/'" near the boundary I"'".
* The function M is such that there is no caustic in the simulation domain.
 The incoming laser field o’”(¢) on the boundary I''" (or on one edge of the
parallelepiped) is slowly time varying; more precisely, we can write

o' (t) = @' (et)
with @" a smooth function of the reduced time variable T = €t.
* The absorption length v !is large enough compared to L;, i.e., there exists v; an
absorption coefficient such that

Vo = €V].

According to assumption (3.35), the eikonal equation reads now as (denoting x* =
X —Zeyy)

Vo (z x> =1 - M(2), with Ve (z, x1) = e, /1 — in on T"

and we have an explicit solution given by

3_¢ = (eb - eva(eva‘eb)) V1 _Nin

axL

Y M@ (- e A

As above, we set K = V¢; since a%./\/l = O(¢), we check that there exists a constant
C such that

[VK(X)| = Ce.
Moreover, we make the following change of time scale 7 = €t and define A(T) by
A(T) = A(T/e).

Then, equation (37 £-i) may be recast in the form

ie 0 - ~ 1 - € - -
2——A LAA+ —(1— A——GA+ieviA=0. 3.36
AT +el; +€L1( N°) 7 +iev (3.36)
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3.1.3.1 The WKB Expansion

We now perform the WKB asymptotic expansion (with respect to €) of the solution
A in a similar way as previously

A(T,) = (ao(T.) + ea\(T.) + €..)) e"p(;_f,)’

where ag,a; are now functions depending on the reduced time variable 7" and on
the space variable.
After plugging this asymptotic expansion into (3.36), we get

0= e—l‘L’—‘j[ — N~ K]

+ €% (2K.Vay)
2 da G

+ € i(——0 4+ 2K.Va; + viag) — —ap + L;(Aap) | +i(agV.K)
cdT L[

+é%. ..

According to the eikonal equation, the ¢! terms are zero. The term of order zero
needs to be also zero; thus, the transport equation for the field ay reduces to

K.Vay =0, ao(T) = a"(T) on I''", (3.37)
(notice that the variable T is a simple parameter). For the terms of order 1, we get

29 VK G
i (220 4 2K Va, + ag—— + viao | + LiAag — —a = 0.
c aT € L,

By combining (3.37) with this last equation, we get

20 G
i (e;% + 2K.V(agp + €a;) + aOVK+ev1a0) + (eL/)Aao—eL—ao =0.
i

Let us define the transverse gradient Vf (“transverse” means orthogonal to K) and
the transverseLaplace operator by (as usual KK is a tensor)

KK

K
Vie=Ve——KVe: Afe=V.[I- KP

KD YVe] = V.(VKe).

According to (3.37), we can easily check that

Va() = Vfa(), Aa() = Afa().
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If we now set £ = ay + €ay, a formal calculation leads to

20FE . . . G .
i (E;ﬁ +2KVE =+ EVK+€U1E) +€L[AfE —EL—E = 0(62).
i

Dropping the 0(62)~and coming back to the physical variables, that is to say by
defining E(t,.) = E(et,.), we may claim that

A(t,x) ~ E(t,x)ek?, (3.38)
(20E 1
i( 25, +2KVE + E(V.K)+wE |+ k—(AJ_E)—ko(N—NO)E =0. (3.39)
0

This equation is called a time-dependent paraxial equation. It may be noticed that,
the time derivative term %%—f is a perturbation term compared to the advection
one K.V E; indeed the previous calculation has shown that this term is only a order
€ term. The term vy E corresponds to the laser energy absorption.

It is necessary to supplement equation (3.39) with an initial condition E(0, .).
Moreover, according to the incoming boundary condition (3.25), we see that the

correct boundary condition for this equation on the boundary '’ is
(kg'm. VL + 2iKm)(E(t,.) —a'"(t,.)) = 0. (3.40)

Since k; ! is assumed to be small if compared to the characteristic length L;, this
condition implies that the value of E at the boundary is close to &’”. When n.V is
not zero, (i.e., n not parallel to K), the problem may be called a tilted frame paraxial
equation.

The coupling with the hydrodynamic system is made as follows

) AN +V.(NU) =0,
(Para) (i) 2(NU) + V.(NUU) + c2VN = —Ny,V|E],

(i) i (%%—’f 1 2K.VE + E(V.K)+v0E) + &£ (AKE) —ko(N = N)E = 0.

Of course, one must account for the boundary conditions: (3.40) for the paraxial
equation (iii) and classical subsonic conditions for (i) and (ii). Instead of (i) and (ii),
one may also couple equation (iii) with the wave equation (3.19).

The vector cK is called the group velocity.

From a practical point of view, N may be the averaged value of N in the
direction orthogonal to a principal one (then the variations of N orthogonal to this
principal direction are weak).
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Momentum Conservation

If K is not constant, it is not possible to prove a rigorous momentum conservation
relation as the one presented in previous sub-section. So we assume here that A/ is
constant and thus K is constant. Set M = % (2ko|E|*K+i(EVE —EVE)) which
is the low frequency component of the magnetic momentum defined for system

(BTE).
Proposition 12. Let (N, U, E) be a solution to the system (Para), then we get the
global momentum balance relation

&0

2
pye V.S; — V(moy,| E|"No),

9
o M+ moNoU) + V.(mg NoUU) + V (Pe + Po) =

where S3 is a tensor such that S; = S| + O(€) [ Sy is given by (3.24)].

See the proof below.

Other Properties

We show here, at least in the case where the time derivative is withdrawn,
that (3.40) is a good boundary condition on I for (3.39) and we give some
enlightenments about the well-posedness of this equation. So after dropping this
time derivative, (3.39) reads as a Schrodinger-type equation

i QK.VE + E(VK)+wE) + kl(AfE) —ko(N —NOE = 0. (3.41)
0

For a given function N, this is a linear equation. Notice that in the special case where
the vector K is parallel to the normal vector n to the boundary "', (3.41) reduces
to a classical paraxial equation (it is a Schrodinger equation where the propagation
direction plays the part of the time variable).

We give here a classical result related to laser intensity | E|2.

Proposition 13. Assume that (k;'n.V, +2inK)a'" € L>(dD). IfE € H' (D) is
a solution to (3.41), (3.40),

(i) then the following energy relation holds

/ volElzdx+/ nK||E|?dT < —Im (/ F(k;ln.Vﬂrzm.K)a“ldr).
D I‘in I‘in
(3.42)

(ii) Moreover, there exists a constant C depending only on K such that

/ v0|E|2dx+/ InK||E]?dT < c/ |(ky'n.V, +2inK)a'" |*dT.
D i rin

in
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If the absorption coefficient v is a strictly positive function, this result shows on the
one hand that there exists at most one solution E € H'(D) to (3.41), (3.40) for any
regular function o’”, and on the other hand the solution is stable with respect to the
boundary condition.

Remark 20. For a general domain D, it is difficult to prove that problem (3.41),
(3.40) is well-posed in the case where vy is zero, but we can analyze this problem
in the special case where spatial domain D is a half-space. For instance in two-
dimensional geometry, if one assumes that D = {x = (x;,x;) € R> |x; > 0}
where the boundary I'’" correspondsto x; = Oand that N = N? andK = (K, K»)
are constant, then problem (3.41), (3.40) may read as

. 1 _ :
i (K0, +Kzax2)E+§k0 YKZ(0%) 10y =2 K1 K2(0%) 13y + K7 (0%) 1y, E +i v E=0,

iky!

2|K| w— K30,)E + K\E=K,g, on ",
[where g = (1 + 2K |K| (K1 K>3y, — K30y,))a'"]; it has been proved that it is well-
posed even if vy = 0 (see [51)). O

3.1.3.2 The Classical Paraxial Equation

We now consider a laser beam that enters in the spatial domain D (corresponding to
the plasma) without any incidence angle: the unit vector e, is equal to both vector
ey, and to the inwards normal vector —n to the boundary I''” (e, = ey, ), thus denote

Z=€p.X.

Then the solution of the eikonal equation reads now as
K(x) = e, K(e;.x), K(ep.x) = 1 - NO(x), (3.43)
and (3.39), (3.40) read as

2 E E K 1
i (22 1ok %E L EK LB £ L ALE) — k(N —ANYE =0, (344)
c ot 9z 0z ko

supplemented with an initial condition E (¢, .)|,=¢ and a boundary condition
E@t, ) =a"(t,.), on I''".

This equation is very close to the one stated at the beginning of [14] [in that
reference, there is an extra term corresponding to a time derivative of the phase ¢].
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For the sake of simplicity, we assume in the sequel that the spatial domain D
is either a half-space or a strip between the two boundaries T'"” and I'° or a
parallelepiped (in that case, @'" is nonzero only on a part of the boundary—which
is included in T'/").

If D is the half-space {z > 0}, multiplying (3.44) by E, integrating with respect
to the transverse directions and taking the complex conjugate, we see that

19 )
- /|E|2de + — /K|E|2dxl +2/ wlE|?dxt = 0.
c ot \Jg2 0z \Ur2 R2

Thus, if &’ does not depend on ¢ and if a stationary solution is reached, then this
solution satisfies for any z positive

Z .
K(z)/ |E(z, x1)[2dxt +z/ / wlE(Z, x1)2dxtd7 = K(O)/ o (x ) Pdxt.
R2 0 JR2 R2

it is an energy balance for the scalar laser energy flux which is K(z)|E(z, x*)|%.
Thus, if we have vy = 0, then the scalar laser energy flux integrated on the transverse

surface is conserved when z increases (in the direction of laser propagation).

3.1.3.3 Numerics for the Classical Paraxial Equation

For the simulation of laser propagation in Inertial Confinement Fusion plasma,
one often must deal numerically with the hydrodynamic system coupled with the
equation of propagation (3.44) on a spatial domain D with sizes that are typically
on the order of one millimeter (the vector e is parallel to an edge of the box).

We consider a Cartesian mesh of finite difference type. In order to have a
good discretization of the speckles, the mesh size in the transverse directions
needs to be on the order of a fraction of a micron; the mesh size §z in the z
direction may be two or three times larger. Denote by §¢ the time step. For the
hydrodynamic system, one must use a time step satisfying the CFL condition of the
type max(|U]|, ¢;)§¢/ min(6x, 8y, 6z) < 1. Therefore, we expect to use a numerical
method that is stable with a time step such that c;6¢/5x be on the order of 1; then
¢4t /6z will be very large compared to 1.

For numerical purpose, the simulation domain is generally a parallelepiped where
one edge is parallel to z and one must state boundary conditions on transverse
boundaries I'; : it may be seen that the Neumann condition corresponds to a reflec-
tion of the light on I'; , which is not well-suited. When dealing with this problem,
one can withdraw the time derivative and the absorption; the behavior of the solution
corresponds to a solution of a Schrédinger equation %—f —i ﬁA 1LE =0.Froma
theoretical point of view, it is tricky to have good transparent boundary conditions
for this equation (these conditions involve pseudo-differential operators on I'} , see,

e.g., [4]).
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At each time step [f"7!,#"~! + §t], one needs to solve successively the
hydrodynamic system and the paraxial equation of propagation (3.44). For the
hydrodynamics system, an explicit numerical scheme of Lagrange—Euler type may
be used (e.g., in the momentum equation, the ponderomotive force y,V|E |> must
be taken into account by a standard centered discretization); see also [7].

Let us focus now on the treatment of the paraxial equation (3.44) in a two-
dimensional geometry (for the sake of simplicity). Let y be the transverse direction
and denote by £’ the evaluation of £ at time t" = n .0t at position z; = j.6z and
Ym = m.by.

If there was only a propagation phenomenon, i.e., if one had to deal with the
advection operator ( + K - + Vo)., we would use a time implicit scheme and we
would get the values E i at tlme t" from step to step in the direction of propagation
from the entrance side z = 0. Here, we perform a splitting of (3.44), with respect to
the z variable. We move from E;  to E7 . through the intermediate state E", fay

1. The first step: advection.

The values E ;1 . are assumed to be known and we must solve between z; and z; 1
the advection equation:

K8E+18E+ +18K E—o
R _— V _—— = 0.
dz ¢ ot 7 2%

Letus denote jtj41/2 = %(vo,j +vo,j+1)+(K;+1—K;)/258z. One could get EF;’:
by a classical upwind scheme with respect to the z variable

jt+lm

K; E”
J 6z c ot

-E" 1E" —E"I :
by ot PR g BT =0, (345)

This method is referred to below as the naive method. We propose now an improved
method to deal with the advection equation. We do not address it directly, but the
corresponding equation for the laser intensity (square of the modulus of E), i.e., we
search E = E" for the solution of

9 1 oK
K—|EP>+ — (|E]*> = |[E"'? 2 —)|EP?=0
aZ| |+c5t(| I“—1 |)+(”°+az)| |

e.g., one may use a simple upwind scheme and set

—1
_ n _ Hj+1/282 n—12 Hj+1/282 _1é&
Bl = (18P0 == S5 g ) (14 B2 ) iy = 5
(3.46)

Afterwards one solves a simple advection equation for the quantity of E"/|E"|
which is related to the phase of E”
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2. The second step: diffraction.

Denote now N = N —N?. Once E " 41« 1s obtained, there are two ways to find
E% 1 « by solving

oE i

In the first way, one discretizes the Laplace operator A by a Crank—Nicolson
technique
E?“'] m E?-Fl m

. ' i — ko —
Ki+ % ((AJ_E7+1)I‘H + (AJ_E7+1)W) —i ?(5N)/+1/2 (E;Jrl,,, + E;+l,m) .

3.47)

where (A E),, stands for the discretized form of the transverse Laplace operator
li.e., QEy — Epy1 — Em_l)/é’xi in a 2D framework]. To deal with the transparent
boundary conditions on I'j from a numerical point of view, the PMLs technique
[11] may be adapted to paraxial equations and appears to be very efficient.

In the second approach, one uses an analytic formula to deal with the i %(SN term
and a spectral method for the transverse Laplace operator. More precisely, if F(E;)
denotes the value of the Fourier transform in the transverse direction of the function
E;(x1) and & the corresponding value of the Fourier variable, we simply set

2

F(Ej+1)(§) = exp(—i SZ)f(E +D(6).

EfL = exp(z (8N)]+1/28z)]: (F(E +1))-

Of course, from a numerical point of view, the fast Fourier transform (FFT) and the
inverse FFT are used for 7 and . To deal with nonreflective boundary conditions
on I}, itis necessary to add some ad hoc artificial absorbing coefficient in boundary
layers.

Properties of the Numerical Schemes

The natural criterion for such an implicit scheme is

8z
sup — < 4t.
cK j
We address now the problem of numerical stability. So, for j fixed, we denote by
| E; |l the I*> norm in the transverse direction (||E;[|> = Y, | E;m|%). For the sake
of simplicity, assume that there are reflection boundary conditions (i.e., Neumann
condition) on the boundary in the transverse direction: %E =0.
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Fig. 3.6 Map of the laser
intensity at the entrance
boundary of the simulation
domain (boundary data of the
problem).

Proposition 14. With the previous criterion on 8t, the previous scheme satisfies

sup K || E7 > < max sgp(Kouaf"vNuZ),supKqu;’uz) 73
J J

This expresses that the proposed splitting scheme is stable for the norm
sup; K; | E 1>

Remark 21. Numerical illustrations of classical paraxial simulations. The numer-
ical solution of the system (Para) based on the paraxial model with an implicit
method is of course much faster than the numerical solution of system (87 &), and
it is possible to perform realistic simulations in the 3D framework. We show below
some illustrations related to such a simulation with 500 million cells (with z on the
order of one wavelength and §x on the order of one half wavelength), they have
been obtained thanks to the HERA code; see [7]. Figure 3.6 below shows the laser
intensity map at the entrance boundary (it is the data of the problem) which shows
the complexity of a realistic set of speckles in an actual laser beam. Figure 3.7 is a
map of a 2D-cut of the laser intensity on a plan parallel to the propagation axis; this
shows that each elementary speckle interferes with each of its neighboring speckles.
Figure 3.8 shows the laser intensity at the rear side boundary; here the correlation
between speckles is very different from the one observed in the entrance boundary.

O
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Fig. 3.7 Map of a 2D-cut of the laser intensity on a longitudinal plan parallel to the propagation
axis (propagation from left to right). One notices that each elementary speckle interferes with each
of its neighboring speckles when it propagates.

Fig. 3.8 Map of the laser
intensity at the rear side
boundary of the simulation
domain (after some
picoseconds). Compare the
correlation between the
speckles here and on the
boundary data in Fig. 3.6

Proof of Propositions of Sect. 3.1

Proof of Proposition 12. According to (Para-iii), we have
% %(EVF —EVE) = % [EV(ALE) — (Ay E)VE +EV(ALE) — (ALE)VE]
0

+ %ko [EV(N® = N)E) + EV(W° = N)E) — (N° = N)(EVE + EVE)]

—iK.V(EVE — EVE).
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The second line of the right-hand side reads simply —ko|E|>*V N, and with classical
identities one can prove that the following relation holds,

EV(ALE)—(ALE)VE + EV(ALE)— (ALE)VE =V.S,,
where
S, = (E(ALE)+E(ALE)+2(VE).(VE)—(VE)(VLE)—(VLE)VE)—(VLE)(VE)—(VE)(VLE).
Thus, we get:

4ko 0

M= %V.S=2—k0|E|2VN—iK.V(EVF—FVE)+K[i(fALE—EALf)—2kOK.V\E\z].
€ 0

But since we have VE.(I — %)v LE=VE.(I—- %)v L E, we check that

—iK.V(EVE—EVE)+K[i(EALE—EAE) =iV.[EK(VE + VLE)]|+c.c..
In summary, we get

5 0 0 1 _
M= :7V.83—%|E|2VN, with 83 = 28~ 2kGKK|E*+k [[EK(VE + VL E) +c.c.].
0

Then the result follows by combining with (Para-ii) multiplied by moN./Z. The
last assertion is due to the estimate K.VE = O(e) . |

Proof of Proposition 13. (i) By multiplying (3.41) by E, integrating over D and
taking the complex conjugate, we see that

2/ [vo| E|* + V.(K|E|})]dx = ko‘l/ [<iEM.V.E)+iEMm.VLE)T,
D rin

but according to (3.40), we have ik; 'n.V| E = 2K.nE + (ik; 'n.V, —2n.K) ("),
then

2/ uo|E|2dx+/ 2nK|E|?dT =/ 4nK|E|?dT +/ [E(qy 'n.V +2inK)(@™") + cc]dT,
D in rin in

and we get the result of point (i).
(i1) According to the previous point, we have

1/2 1/2
/V(J|E|2dx+|n.1<|/ |E|2dr5(/ I(ko_]n‘Vi+2in‘K)oz"”Izdl") (/ |E|2dr) ,
i rin rin rin
(3.48)

therefore, we see that

1/2 1 ; 1/2
/ |EPAT ) = / (kg 'm. Ve +2inK)a"2dT ),
rin inf [n.K| \ Jpin
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and plugging this upper bound into (3.48), we get the desired result. |

Proof of the Proposition 14. If one assumes that K is constant, one can see
that (3.46) yields

2 —1p2
B ol = max (1B, 1% | B P).
Now in the general case, one can check that
w2 2 —-1)2
K1l Elnl? < K max (|E;{m| AET ) (3.49)

For the Crank—Nicolson technique, according to (3.47), we get:

E'y . —E" —
+1.m +1,m n
> Kj+l%(E]+l mt El ) e =

Z (_7(8N)/+]/2m(E]+1m + E]+lm) + ((AJ_E]+1)W + (ALE7+1)m ) (E;?+1'm+E]n-+1_m)+C<C~

m

By applying the standard relation X, (2u;, — upmt1 — Up—1)m = Zp(Uym —
Um+1) (W —Umt1) € Rtou = ETH + E,, ;. we check easily that the right-hand
side of the above equation is zero [this is the discrete counterpart of the relation
fR WA ,E(y)dy € R]. Then, we have the conservation of energy during the

second step || E allF = IE" +1||2

Thus, (3.49) yields ||EY > < max (||E7||2, ||E;’_l ||2) and by induction the
result. The proof is similar for the FFT method. See [7] for the details. O

3.2 The Brillouin Instability in Laser-Plasma Interaction

We deal here with only one type of model used in laser—plasma interaction.
We consider the coupling with the ion acoustic waves in order to account for the
Brillouin instability. It occurs by the coupling of three waves: an ion acoustic wave
(which is a perturbation of ion density), the main laser wave which travels forwards
(called the pump wave) and a backscattered laser wave which travels backwards
(called the stimulated Brillouin backscattered wave).

So, besides the macroscopic density and the velocity of the plasma, one needs
to handle the time—space envelope of the main and backscattered transverse laser
fields (as in the first section) as well as the space envelope of the ion acoustic waves
generated by the Brillouin instability.

This modelling of Brillouin instability has been performed for a long time, but
it is quite tricky; see the articles [14, 69, 82,99] (see also [105] for a mathematical
introduction to this derivation). For a physical introduction to the phenomenon of
the classical three-wave coupling model, see, e.g., [88].
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We first explain how to set a first Brillouin model where the plasma flow is
decomposed into the classical macroscopic hydrodynamics and a wave system
satisfied by the ion acoustic wave (here only the outlines of the derivation are given).

Afterwards, in the framework of a homogeneous plasma, we explain how to
obtain the three-wave coupling model, which is the most popular for modelling the
Brillouin instability (it is also known as the standard decay model).

The main assumptions are :

e The simulation domain is a strip between an entrance boundary I''" and an
outgoing boundary "%,

e The incoming laser field " () the entrance boundary I'’” on the simulation
domain is slowly time varying and the main laser beam is assumed to propagate
according to the unit vector e; normal to Ii" (we set 7 = €,.X).

e The dimensionless macroscopic electron density N O(t,x) is close to Ny and is
a smooth function. Here N is strictly smaller than 1 (and in practice less than
0.5). More precisely, we will set

N(t,x) = N°(t,x) + N°(¢,x)n(t.x), In] < 1.

where n will be a perturbation of the plasma density (called ion acoustic wave).
As above, the laser wave is represented by the electromagnetic field
E" = E’ (¢, x) solution to

2 0

] 5 , N
3tzE’ —c¢"AE" + w, Nref(l +n)E =0 (3.50)
where
wp = wOereéz

is the plasma frequency. Recall that the group velocity and the laser wave number
are given by

1
Cg = /1 = N, kpz—,/wg—a)gzko\/l—Nre.

c

Here the phase function ¢ satisfies the trivial eikonal equation |V$|* = k> /kg;
then it is given by ko¢(x) = =+k,z. Recall that if we had not accounted for the
backscattered laser wave, we would have set E"(1,x) ~ E(f,x)e/*»e=®! 4 ¢ c.
with E a scalar complex function solving the paraxial approximation

D E + o0 E+vE —i—ALE =ifo(1 i
t Cg0; Va lzko 1E = 1D N

ref

(1 +n)) E.

2
Nref _ wp

2 2w

Bo = wo
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But now we decompose the laser field E" (¢, x) into two components, the forward
one Ee'kri=iont 4 ¢ ¢ and the backscattered one ®e~kr¢—i®0! 4 ¢ ¢ (F and ® are
slowly varying functions with respect to space and time)

E'(t,x) = [E(t,x)e*r"7™" 4 c.c] + [@(t, x)eFriTi0 4 ¢ ],

As above, two waves satisfy the paraxial equations

d ic NO ) NO
—E 9.E E——AE = —iBo—ne 2%t +ify|1- 1 E
or + g0 E + v, g L iBo Nrefﬂe +1iBo ( Nref( +n)

3.51)
0

0 ic . NO
ECD—Cgan) + Vaq)— Z—kOAJ_q) = —lﬂ()N

ref ref

ne2krig 4 iBo (1 - 1_/\\// 1+ n)) 0]

(3.52)

Notice that V|E|> = V[’ ?E® + ¢ 2k ®E| + V(|® + |E|*) so upon
neglecting terms like V® with respect to 2ik , P, we get

V [ *RE®] ~ e?*r2ik ,ED.

Therefore, the ponderomotive effect generates a highly oscillating force with respect
to z according to the frequency 2k ,.

For the plasma response we decompose the plasma flow N, U into two subsys-
tems:

e firstly, the macroscopic flow (N°,U°), which is the solution of a system

e secondly, a perturbation wave that corresponds to highly oscillating functions n
and U!,

N ~ N°(1 +n), U~ U+ UL

For the macroscopic flow, we get the classical system (recall that ¢, is the ion
acoustic sound speed and y,, is the ponderomotive coefficient)

%NO + V.(U'N?) =0,

a%(NOUO) + V.(UUN?) + 2VN? = —y, N°V(|E|* + | @),

and after some calculus, we get the perturbation system for the quantities , U!

NO((% + U V)n + NOV.U' = —U' VAP, (3.53)

3 _
(5, + UO.V)U! + ¢2Vn + 20, (U' = U%) = —UL.VU° — y, 2k, E®e?Fr7 4 c.c),

(3.54)
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We have accounted here for a supplementary term 2v; (U' — U°) due to the Landau
damping effect (it is stated here in its simplest form, which is a friction term). So
we check that a plasma wave is generated that corresponds to a wave number

ky = 2k,.

It is called an ion acoustic wave. It is coupled with the main laser wave, which
travels forwards, and the back-scattered laser wave, which travels backwards.

To explain how the three-wave coupling systems are derived, we assume in the
next two subsections that

N =Ny and U =0
for the sake of simplicity. The first model comes straightforward from the previous
decomposition and is called full modified decay model (or simply modified decay

model). The simple way to derive the second one, the so-called standard decay
model, is to make simplifications based on a stability analysis.

3.2.1 The Modified Decay Model in a Homogeneous Plasma

We neglect now all the transverse effects for an ion acoustic wave; then the above
system for (1, U'.e,) reads simply as follows if we denote ¢ = U'.epc; ™).

0
—n +cg0,g =0, (3.55)
ot

9 —1i1 pRaik

—q +c0.n+2v.g = —ypc; (ikyEDPe'™  +c.c.) (3.56)

ot

The propagation equation for ® reads as

d ‘
5c1> —¢,0,® = —ifone’™E —ifon®

Remark 22. The momentum balance.
According to the previous system, we check easily that

a 2 2 k .
g(nq) + CSBZ(% + %) +2ving = —mn(iECDe’ksZ +c.c.)
c

s

=0 — ¢ 0 = —pon(ie ™ EB + c.c.)
4
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Thus, we see that there exists a constant & > 0, such the following relation holds

3 Cs 2 2 2 n2 q2
— | Neetesng —a—|D|” [+c¢,0; [ | P + Nrerc; (= + =) | +2Nwetvrcsng = 0.
ot Cq 2 2
(3.57)
So, if the damping coefficient v; is set to zero, this is a conservation law for a
perturbation of global momentum where the quantity —oz(%'ild>|2 corresponds to the
g
magnetic momentum of the backscattered wave. O

The source term on (3.56) is highly oscillating with respect to the space only,
then the solution (7, ¢) is also highly oscillating with a wave number equal to k.
We may take the space envelope M (which is not highly oscillating) of n, i.e., we set

n(t,z) = M(t,z)e’®* + c.c.

thus, neglecting as above the terms 9,9, d,E with respect to ik;®, ik;E, the
previous system is equivalent to the following equation for M

> d _
5§M—ﬁ®thfM+%Q§M=—wﬁEQ (3.58)
After neglecting the terms M ®e 252 and M Ee?*% which are highly oscillating

with respect to the space variable, the propagation equations for E and for & may
read as

9

o B+ codE = —ifoM©. (3.59)
9 I

5@ = cgd® = ~ifoME. (3.60)

Equations (3.58)—(3.60) make up the so-called modified decay model for the
Brillouin instability. Of course, it must be supplemented by initial conditions
E(0,.),®(0,.), M(0,.) and boundary conditions on both sides of the simulation
interval for M and on the sides z = 0 and z = L for E and ®.

3.2.2 The Standard Decay System in a Homogeneous Plasma

Our aim is now to derive the so-called “standard decay model” from (3.55), (3.56),
(3.59), and (3.60). In this framework we set v, = 0 and neglect all the transverse
effects. The trick is the following: one first assumes that the main laser field E is
constant, then we re-introduce the evolution equation for E.
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e First step

Assuming that E is constant, we address the linear system (3.55), (3.56), and
(3.60) for (n, g, ®) from a stability analysis point of view, then we consider it on the
whole space (z € R). In the case when v/ is set to zero, after introducing the space
envelope m and s of the two traveling waves (n + ¢)/2 and (n — q)/2,

n+gq

7 = mz)e’t* + c.c., nq_ s()e* 4+ c.c.,

2

we get the following advection equation for m, s and @ [in this last case, the highly
oscillating term (m + s) Ee%%5 is neglected]:

9 ks —
Ln+ey(iky + 0)m +vi(m —s) = — PO ES 3.61)
ot 2¢
9 ks —
ek + 0)s +vi(s —m) = i PHE. (3.62)
ot 2¢
9 o
(E — cgaz) ® =—ifo(m+5)E (3.63)

Now we are aimed at replacing this system with a simpler one, which consists of
withdrawing the function s, i.e.,

9 k, —
Ln + es(iks + 0)m +vim = —i P2 ED (3.64)
ot 2cy

9 o

Py cg0; | ® = —ifomE (3.65)

From the point of view of stability analysis, we address these two systems on the
whole space (z € R) in the case v, = 0 (for the sake of simplicity). So we need to
search m, s and ® in the form (with m?, s¥, and ®¥ constant)

m(t,z) = mie ™19 itz s(t,z) = she ™IS pilz D(t,2) = Elei itz

For the existence of a nontrivial solution (m?, s*, @), the dispersion relation reads
as follows.

Q—cs(C +ky) 0 —p; ' B?
0 Q4c(C+k) B'B> |=0 (3.66)
Bo Bo Q +ct/e

denoting & = ¢;/cg and

B = |E|\/Boypks/2¢; = |Elkos™"/*\/ Nuetyp /2
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For the simplified system, the dispersion relation reads as

Q—c(C+ks) —By'B* |
8o Q4+l /e =0. (3.67)

We justify first this replacement by a heuristic calculus; afterwards we give a more
rigorous result.

Heuristic Justification

Dispersion relation (3.67) reads as (2 —c, (¢ +k;))(Q+c¢s¢/e)+ B* = 0. For this
second-order equation in 2, the determinant A is equal to ¢Z (ks + 1¢(1 + 6‘))2 -
4B?. The growth of the instability corresponds to the case where there exists a
couple (£2¢, ¢) such that Ay < 0 and Im(£2;) > 0 and it behaves like exp(tIm(2¢)).

Since we have

1 1 1 2
Im(Qg)zz,/—Agzz\/—Csz (k;+ +8§) + 4B2

&

the maximum value of this quantity is obtained for

The corresponding amplification coefficient is

Im(Q,) = B = |Elkoe™"? [ Neety /2 (3.68)

Consider now the subsystem for (s, ®). We get the dispersion relation

‘Q +e(C+ k) By'B?
Bo Q+cil/e

ie., (R + cs(ky + O))(Q + ¢s¢/e) — B? = 0, so the solutions Q* are given by

11 1 2
QS:—:i:—\/cSZ (ks+ +€§) +4BZ—4c§(§+kS)£
2 2 e &

For ¢ = ¢, we get

1o
Q' = = + = [4B2 4 4¢2K2 .
2 2\/ TS e
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Therefore, 2° are always real, so the s-wave does not grow with respect to the time
and it is negligible with respect to the m-wave, which behaves like exp(tB). The
same type of calculus may be performed in the case where v, is not zero. Thus, we
may claim that s is negligible with respect to m when the time increases. That is, M
may be replaced by m in the coupling terms in laser propagation equations.

For the density fluctuation, we get the following approximation

n(t,z) ~ e*m(t,z) + c.c.

Second Justification
A more rigorous justification is based on the following proposition; nevertheless
a complete proof dealing with the four-equation system is still an open problem.

Proposition 15. In order to have the existence of a nonreal root Q2 of dispersion
relation (3.66) for all values of the parameter B, it is necessary that { = (. For
this value, there is a root Qyy; of dispersion relation (3.66) such that Im(p,;) > 0
which is close to Im(Q2;,) = B solution of (3.67). More precisely we have (when
B/(csky) is small)

Im(Qr) /Im(Q, ) = 1+ ao(B/(csks))* + O((B/(csks))?).  withag ~ 0.51(1 + &)*

This means that the equivalence between the two systems for (m, s, ®) and (m, ®)
is justified if the quantity B/(c,k;) = |E|c!/ 20732 Nretyp/2 is small with respect
to 1. From a practical point of view, this constraint may be relaxed if the damping
coefficient v, is not zero and generally it reduces to | E |c1/ zcs_3/ 2 Nieryp smaller
than a constant of the order of 1 (this is generally the case; see below the numerical
application where | E| has been replaced by ).

Whatever system is addressed, notice that the smaller is the laser intensity | E |2,

the smaller is the growth of the Brillouin instability.
e Second step

We now address the system (3.64), (3.65), neglecting s, and we supplement
it with the evolution equation for the wave E (where the highly oscillating term
m®e 2% is neglected). So we get the so-called standard decay system

atE + CgazE = —i,BomQD
3,®—Cg3zq) = —ZIBOWE,

ky —
om + c;(iks + 0,)m +vpm = —iyzp—‘ECD
Cs

Notice that in this system, the two characteristic speeds ¢, and ¢, occur, which are,
respectively, on the order of the speed of light and the speed of sound. The quadratic
coupling terms on the right-hand side correspond to the coupling between the three
waves.



3.2 The Brillouin Instability in Laser—Plasma Interaction 119

When this system is posed on the interval [0, zyax] it is supplemented with the
following natural boundary conditions

Et,0)=a",  ®(t,zmx) =0,  m(t,0) = 0. (3.69)

If the initial values of m and ® are zero, then ®(z) = m(¢) = 0 is a trivial solution.
To get a nontrivial solution for the previous system, it is sufficient to have m (0, .)
equal to a small random noise [or to address a boundary condition on m by setting
m(t,0) equal to a small random noise].

3.2.3 Model with a Nonhomogeneous Plasma

We now re-introduce the space variation of the plasma density at the macroscopic
scale by assuming that the macroscopic flow (AV°, U%) is somehow given and we set

I' = N°/ Ny,

it is assumed to be a smooth function depending only on space and being close to
one (at this scale it does not depend on time).

We now perform the calculus as above, accounting for the Landau damping term,
the variation of T, and the macroscopic plasma velocity U? = U.e;. So, without the
transverse terms, the linearized system for the perturbation density reads as follows

el
N (En + 50,9 + anzq) = —csqagj\/o,

d k _
gq +(cs +U%0n +2v,g = —i%N{)Ed) —qd,U°.
N

using the same approximation for the ponderomotive force as before. Let us set
!

¢/ = ¢; + U°. The corresponding equation for the spatial envelope m of the ion
acoustic wave M reads as
a e _ l)/]’k‘ =y 0
m 4 c,(iky + 0)m + v, I'm = _TFEq) —md,(U” 4 ¢cslogD). (3.70)

For the laser waves, we use the same paraxial equations (3.51), (3.52), as above:

O E + cg0.E + v, E — i%ALE = iBo(1 —T)E —iBoI'm®, (3.71)
0

3 ® — g0 P + v, D — i%m@ = iBo(1 —T)® —iBoTmE. (3.72)
0
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Roughly speaking, these three equations make up the full three-wave coupling
system; it is the simplest one that is solved in the large three-dimensional codes
HERA [82] or PF3D [14]. Of course, (3.70) may be more complicated, accounting
for transverse diffusion or harmonic decomposition; see, e.g., [69, 88]. Notice that
the size of the cells need to be adapted to the physical phenomena, particularly as it
is shown below that the typical length of the Brillouin instability is quite small—it
may be on the order of the laser wavelength. Then the longitudinal size of the cells
needs to be a little smaller than this wavelength; thus, one needs to deal on a huge
finite difference mesh (with hundreds of millions of cells) for handling significant
simulations.

3.2.4 A Three-Wave Coupling System and Its Analysis

In the one-dimensional framework, without the zero-order terms on the right-hand
sides, such as (1 — I'),log I, the system (3.71) (3.72) (3.70) reads as follows:

@) 0 E +cg0. E =—ifoI'm®,
(TWC) (ii) 0; P — 0,0 =—ifoI'mE,

(i) dm + cl(ike + 9)m + v Tm = —LLTED,

The main mathematical difficulties of this system may be posed on a bounded
interval. It is supplemented with the natural boundary conditions like (3.69) (and, of
course, with initial conditions).

Notice that if the initial values ®(0, .) and m (0, .) are zero, then there is a trivial
solution thatis m = ® = 0 and E is the solution of 9; E + c,9,E = 0. But we shall
see that this solution is unstable.

3.2.4.1 Conservation Properties

It is easy to check that if a solution (E, @, m) satisfies this system on an interval
[0, L], we get

L L
5 (/0 \EPdx + /0 |<1>|2dx)+cg[|E(L)|2+|d>(0)|2]=cg[|E(0>|2+|d>(L)|21,

This means that the time variation of the total laser energy is equal to the incoming
laser intensity ¢, [| E(0)|* +|®(L)|*] minus the outgoing intensity. Moreover, we get
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L L L
0, (/ |m|*dx + Y/ |E|2dx) + 2er/ Im|*dx < c,Y|E(0)]* + |m(0)|*.
0 0 0
with

_ 2c;
Vpkpﬂc '

This is a balance relation related to the quanta |m|?. Of course, we have also the
following relation, which a combination of the two previous ones:

L L L
9 ( |m|?dx — Y/ \<I>|2dx) + 2qu/ ImPdx < ¢ (Im©)* — [m(L)*) + Y, [|®(0)* + | (L) .
0 0 0

This balance relation is of the same type as the one related to the global momentum
in the modified decay model (3.57), and they are, of course, also true if, in a three-
dimensional framework, one accounts for diffraction phenomena in this system.

3.2.4.2 Characteristic Values of the System (7 WC)

For the sake of simplicity, we do not account here for the variation of T, i.e., we
assume [' = 1.

For classical FCI plasma the group velocity ¢, of the laser field is very close to
light velocity 3 x 108 m/s. If the plasma electron temperature is on the order of some
107 K, the speed of sound ¢, is somehow smaller than 10° m/s and cg also; thus, if
we set

w '~

E =

O;’:l('}

this parameter is typically on the order of 10™. Denoting of a characteristic value
of o', let us define E, ®, M as follows

~ A . A Olpef 1 - N, f
E = Eoter, D = Poryer, m=—im r/e 2Yp N —.
Cg ref
Then if we set
ko [y
Yo aref_, _ereﬂ
ci V2
the previous system reads
! !/
N c ~ c A
0, E + ?SBZE = —?‘Yyom@,
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./

3,&3— anA) == C_SVOmTE\ps
&

o [

it 4 ¢! (iky + 3y + v = Ly E .

Therefore, good characteristic length and time of the three-wave coupling problem
are given by yo~! and (c/yo) .

Before going on, let us give some order of magnitude of the different quantities
in the application we have in mind. The typical physical values of the problem we
are interested in are the following. For the plasma we take N = 0.15 and with
a temperature on the order of 35. 10°K, then ¢, ~ 5.6 10° cm/s and cg also. In a
very hot speckle of the laser beam, we may assume that the laser intensity is about
10'® W/cm?, which corresponds to o on the order of some 10" V/m. Then let’s
say s ~ 10'' V/m. With a laser wavelength equal to 0.35 u, we have kg =
1.79 x 107m™" and wy = 5.3 x 107" then /7, =~ 3 x 107° in S.I units; thus
we get

Yo' = 4x107m, (csv0) ™' >~ 0.7 x 107125,

Notice that with these values, the growth coefficient B of the germ of the instability
of (m,®) [see (3.68)] corresponding to |E| = o4r and v, = 0 is given by

B = otrefkoe_l/z,/ %”Nref = s_l/zcs)/o, so it is 70 times larger than ¢, yy.

3.2.4.3 Dimensionless Form

To get this form of the system, define first the dimensionless time and space
variables

' =ciypt, x=zy., nN=vr/Y0.

With these units, if = 0, the Brillouin insatiability grows like exp(¢'e~!/?) for the
most important wave numbers, which have been exhibited in (3.68).
Then let us perform the change of notations:

E(t,2) = u(t, x), d(t,2) = v(t',x),  mt,z) = w, x).
Thus, we get the following system after writing 7 instead of ¢/,
(e0; + 0 )u = —vw,
(€0, — 0x)v = uw,

(0; + 0w+ (iky + n)w = uv.

A first simple property is the following one. If we set
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U = Me—ip(t—ax)’ V = veip(t+£x)7 W = WeZipt7
then the previous system reads as

83IU + axU = _VWa
gd,V — 0,V = WU,
0 + 0)W + (iky —2ip+ )W =UV.

Therefore, with a simple change of unknown functions (it suffices to set p = k;/2),
the system to be addressed may read as

(e0; + 0 )u = —vw, (3.73)
(€0, — 0,)v = uw (3.74)
(0, + 0)w + nw = uv, (3.75)

This system, called the Boyd—Kadomstev system , is supplemented with the bound-
ary condition

w(T,0) = u™, v(t,L) =0, w(t,0) = 0.

where |u™| is on the order of 1 and L is large enough compared to 1. Notice that
w(t,0) may also be a function of ¢ that is small compared to 1. Of course, initial
conditions need also to be prescribed, e.g.,

u(0,.) = up, v(0,.) =0, w(0,.) = wy

where uy and wy are bounded functions. In general, the L°°-norm of i is on the
order of 1 and the one of wy is much smaller than 1. Notice that this kind of quadratic
wave coupling phenomena occur in other areas; e.g., in the Rossby wave problem
in classical fluid dynamics (see [47]) or for vibrating string modelling.

As for system (7 WC), the conservation properties hold and read as

L L
€9, (/ lu>dx +/ |v|2dx) + [u(L)* + [v(0)]* = |u™|%, (3.76)
0 0

L L L
9, (/ [w|?dx —l—e/ |u|2dx) + 277/ lwl?dx + |[u(L))* + [w(L)* = |u™*.
0 0 0
(3.77)

Remark 23. A stationary solution on the half-line.
Assume that the time derivative is cancelled in the previous problem and that it is
addressed on the domain R* (i.e., L = 400 ) with the condition lim,—eo v(x) = 0,
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then one checks that, if £ solves the O.D.E. %zz(log £) = —|£|? with the conditions
£(0) = 1,0,(logé)|x=0 = O, the triplet (* = &, v = & w' = —0d,(logé))
is a stationary solution to the system (3.73)—(3.75) with n = 0. [Indeed, setting
w = —log& , the O.D.E may be written as w” = 2" with w(0) = w'(0) = 0.
Thus, we get (|w'|?) = —(e™2*)". According to the boundary conditions, that
implies [w'|> = 1 —e 2" and & = —£+/1 — £2, s0 the result follows.]

But this analytic calculus has little interest since it does not provide information
on the time evolution of the solution. a

To our knowledge, except the work of Novikov and Zakharov in 1984 on solitons
[91] (where x ranges over the full space R), there was no convincing published
mathematical work related to this system before [86, 106].

We first show that this system is well-posed for all n > 0; more precisely, we
have the result [86].

Theorem 1. Consider system (3.73)—(3.75) with initial data ug, vy, wo in Li 0, L)
and the previous boundary conditions (u™ bounded); for all final time T, there exists
a unique solution (u, v, w) in [C(0, T; L2)].

Moreover, if the initial data belong to LY, then u,v and w belong to
L*(0,T;L).

The proof of this theorem is given below.

For this system, typical initial values are: uy on the order of 1, vy = 0, and wy
small with respect to 1. It is a good model for the growth of the Brillouin instability;
indeed for u fixed, if we consider the linear system (3.74) (3.75) on the full space R
and if we take the Fourier transform (in x), the growth of the solution of this linear
system is somehow related to the behavior of the solution (0(z, £), w(t, £)) of the
ordinary differential equation (assuming that the damping coefficient 7 is zero)

d (D) _ (ié/e u/s) D

a\w] U a —ig)\w)
and we check that for u = u, frozen, one of the eigenvalues of the 2 x 2 matrix has
a positive real part which is given by (|u.|> — £2(1 + 5)24_15)1/2/\/5‘ It is the largest
for & vanishing; so the growth of this solution is like exp(|u.|f/+/€). Then we may
claim that for the full system (3.73)—(3.75), there is a characteristic time that is on
the order of /. Recall also that the characteristic value of the space variable is on
the order of the laser wavelength [cf. the calculus leading to (3.68)].

When one looks at the solution at a time much larger than 1/, the problem is
related to the saturation of the linear instability that occurs at the beginning of the
time interval.

Therefore, it is natural to consider the problem for values of time of order 1 with
respect to ¢; this corresponds to addressing the problem with & going to zero. Now,
if one takes ¢ equal to 0 in the previous system, we may address the following non-
classical system satisfied by ux, Vs, Wx
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Oxllsx = —VsWs,
—0 Vs = UsWx, (3.78)
(at + ax)W* + nws = Us Ux.

It needs to be supplemented with only one initial condition w|,;=¢ and the following
boundary conditions

ux(t,0) = u'", v«(t, L) = 0, wy(t,0) = 0, Vi.

In [86], it is proved that this system is well-posed in L2; more precisely, there is a
unique solution (u«, v«, wx) in [C(0, T'; Li)]3. It satisfies, of course, the equivalent
of the previous conservation properties, i.e.,

() = [v(x)]* = "> = [v(0) [, vx,

L L ‘

5 lw|?dx + 277/ [w|?dx + [u(L))* + [w(L)|* = [u™]>.
0 0

Now we have the following result.

Theorem 2. When ¢ — 0, the solution (u®, v°, w°) of (3.73)—(3.75) converges for
almost all t in L)Z( to the solution (ux, Vs, wx) of the previous system (3.78).

This result is proved in [86], and we do not give it here. Let us mention only that
there is here a crucial mathematical difficulty due to the existence of an initial layer
near ¢ = 0, indeed up, v¢ is not generally equal to u+(0, .) and v«(0,.).

Remark 24. To overcome this difficulty, we need to build explicitly this initial layer.
We give here some ideas how to do this.

Let us set U(t, x) = (ug, x;) with a value that is in C2, and for all bounded
v(t, x

functions w, we define the linear operator M,,,

MWU:(axu—}—wv)

—0,0 —Wu

Therefore, the original system is equivalent to finding w® and U® = (uf, v®) where
U° satisfies

e, U+ M,:U®* =0 (3.79)
with initial and boundary conditions

U _g =0, Vi_g=0; u’(t,0)=u", v°(t,L)=0. (3.80)
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and w® satisfying
w4+ 0, w° = ufve, Wi = wo, W (t,0) = 0. (3.81)

Now, for the initial layer we disregard the nonhomogeneous boundary conditions
and we are led to consider the system corresponding to (3.79) after introducing the
fast time variable T = ¢ /¢. So we address the solution U (z, .) of the linear system

.U+ MyU=0=0, Ulms =V (3.82)

with initial data V = (ug,v9) € [L2]% this system is supplemented with
homogeneous boundary conditions u(-,0) = 0, wv(-, L) = 0. Here W is defined
by W(r,x) = wi(er,x) where wi(t,x) solves the simple advection equation
owi + dywy; = 0, wi(0) = wy.

For 7 larger than s, denote by Ey (t,s)V the value at time t of the solution U
of (3.82). It is easy to check that

1w @)V Iap < IV Igp. VYV e [LIT (3.83)

The linear mapping Ew(t,s) on [L2]* satisfies the classical relation Ew(t,s’)
Ew(s',s) = Ewl(z,s). In particular, if W is independent of time, the mapping
Ew (t,0) is a continuous contraction semi-group on [L2]>. Moreover one can prove
that for all bounded functions W, there are C and y > 0 (depending on W) such
that for all T > s,

[Ew (T, )V [liL2p2 < CE_V(T_S)HV”[Lgc]Z, vV. (3.84)

If we consider a sequence of functions W, (t) = w®(g,t) (with g, — 0), the
inequality (3.84) is also true with C and y > 0 independent of n, under the
assumption that w* is a bounded family of functions such that [|w*[| 12 ;x)) and

I %wg | 22(0.10;22) are bounded independently of e. O

Remark 25. One crucial difficulty to deal numerically with model (3.70)—(3.72) is
related to the small value of ¢; as a matter of fact, the time step used by the classical
upwind scheme is determined by 8¢t = e§x. But since the characteristic value of
the space cell size is generally on the order of the laser wavelength; the time £§x
is very small compared to the characteristic time of the growth of the instability
which is on the order of 4/£8x. Most of the mathematical and numerical difficulties
related to this problem may be analyzed on the previous system (3.73)—(3.75) in a
one-dimensional framework (the numerical treatment of the diffraction terms A |
is made by a space-marching technique). The previous remark leads one to think
that a numerical method may be used where the time derivative €9, is handled by
a perturbation technique analogous to the one described in [7] with 4z, e.g., on the
order of /e8x. O
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Fig. 3.9 Brillouin backscattering simulation on a toy problem in a two-dimensional framework.
The wave enters the domain from the left. Map of the main wave intensity at 5 ps.

module_pompe
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Fig. 3.10 Map of the main wave intensity at 9 ps.

Remark 26 (Numerical illustrations). We are concerned here with results obtained
due to model (3.70)—(3.72) with a small value of & (on the order of 0.002); here the
initial value of v is zero and the initial value of w is very small. The simulation
corresponds to a two-dimensional toy problem where one addresses only one
speckle in the laser beam (with a Gaussian shape) that enters into the simulation
domain from the left; so there are only about 100,000 cells (here the scheme is
explicit and the time step §¢ is equal to e8x). Figures 3.9, 3.10, and 3.11 show the
map of the laser intensity |E|?> of the main wave at different times (5 pico-s, 9
pico-s and 11 pico-s); moreover Fig. 3.12 shows the map of the intensity |®|? of
the backscattered wave for the last time. Notice that the Landau damping coefficient
vy, has been chosen to be very small (and does not correspond to a realistic plasma)
in order to show a fast growth of the instability. O
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medule_pompe
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Fig. 3.11 Map of the main wave intensity at 11 ps.

—

module_fille
1.61e+04 1.00e+14 2.00e+14 J.00e+14 4.00e+14

Te

Fig. 3.12 Map of the backscattered wave intensity at 11 ps.

Proofs of Section 3.2

Proof of the Proposition 15. For these calculations we may set ¢g = 1. The
characteristic polynomial of the system (3.66) reads as follows

(Q+ éz)(sz — G+ ENQ+ (C+ k) +BHQA (4 k) =2+ + k) = 0.

In order to have a nonreal root €2 even if B is small or equal to 0, it is necessary that
two of three roots (¢ + kg), —(¢ + k)., —%é‘ obtained when B = 0, mingle together;
the good situation is ¢ + k; = —ég ie., ¢ = C.

With this value, the previous polynomial reads as follows, if we set K = {x +

ks = —C*/&

(Q-K)?*(Q+ K)+2KB>=0.
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To find the roots of this third-order equation, we set @ = K(z + 1/3) and A =
BK™!; it reads

4 8
3 2
42—+ 4H =0
N (27 )

then according to Cardan’s formula, we see that the determinant §2 is positive and
we have

16 4
§ =24(— + AH'?2 =24 | — + BA?).
I N

where we denote § = %A_Z (,/ 14+ %Az — 1) . Thus, there exists one root such

that the imaginary part is positive:

38,8 17 180 08 NES
Im(z)—T(I:§+(E+A):| +[§_(E+A)} .

The two others are the complex conjugate and a real root. After some calculations,
we get

Im(z) = V3 ((

1/3 1/3
A 2, V33 ;3 V3[, A 2,4 V33,
-5 —3+§) +(B—-—5)4 ) +7 ((—3—5) +(B+—)'4

V3 9 V3 9

We now make an asymptotic expansion of this expression for A small. So get

V3

A 2226+ Lyg 4
3><1 S+ 9)A)+0<A)

2 3

v [g(ﬁl S 2+ ?)3} 2+ 00,

and the corresponding eigenvalues Qg for the optimal value {x is such that with
a0 =G -+ G+

Im(Qr) = B[l + ao(B/K)* + O((B/K)*)].

The result follows from the fact that K = &, /(1 + ¢). |

Proof of Theorem 1. Let us first give some notations. We introduce the three

velocities ¢, = ¢ V,¢, = —¢V,e5 = landa; = —¢7!, a» = ¢!, a3 = 1.
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It may be seen that the absorption term nw in the equation for w has no importance
from a mathematical point of view; thus, we can set n = 0 in the proof. Now,
defining the advection operators K; by

Ki =9 +¢;ox,
the original system with general initial values (ug, vg, wp) reads as
Kiu = ajvw, u(0,.) = up, u(t,0) = u™,
Kyv = aruw, v(0,.) = vy, v(t,L) =0, (3.85)
Kzw = azvu, w(0,.) = wy, w(t,0) = 0.

The proof is based on a lemma of compensated integrability (it is a classical lemma
in the L' framework and we extend it here in the L? framework). O

Lemma 5 (Compensated integrability). There exists a constant C4 such that for
all t and for all functions u,v in LZ(O,T;Li) such that Kiu and K>v are in
L*(0,7; L?), we have uv in L*(0, t; L?) and we get

2 2 2
”uU”LZ(o,I;L%) <Cy [au +7 ||K1u||L2(0,r;L§):| [av +T ”KZU”LZ((),I;L%)]

. 2 2 2 2
with o, = ||u(.,0)||L2(0J) + ||u0||L§ and o, = ||v(.,L)||L2(0J) + ||v0||L§ .

The same result holds, of course, for the other products uw and vw (and for the
products uv, wv).

Proof of the Lemma 5. Denote f = Kju, we have

.ot —x
u(t,x) = up(x —c1t)lyse;r + u'"(

t
)1x<c1t +/ f(f — 85X — C]S)dS
0

Then we get forall 7 < t,

2
X
)|1x<61,) 4+ 2TF(x — c1t),

in eyt —
lu(z, x)|> <2 (|u0(x — 1) Lyseyr + 4" ( -

1

with F(y) = fot | f(y +ci1s,8)|?ds, ie., |u(t, x)|* < ¢.(x —cit) where the function
¢, defined on [—c, 7, L] is given by

. o
$u(0) = 2|uo(0)*1o=0 + 2|u”1(—c—)|21(,<0 +21F(0)
1
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Moreover, we see that
2 2 2
Ipullzr = 200 + 20 [ Krutll oo 2y @ = lluollza + lluC, 0)7z -
In the same way, we get |v(z, x)|*> < ¢, (x — c2t) with ¢, such that forall t < ¢
ol < 200 + 2 | Kovl] oy = [lvoll7, + (. DI
vilLl = v 2 L2(0,7,L2) > v 0 L2 ) L[Z .

Now with the new variables y = (x — ¢t) and y’ = (x — ¢t) using the fact that
dxdt = |c| — c2|"'dydy’, we get

[ [ueorwofasar < [ [l -l 600600 < ler=al o, I,y

and the result follows. O

Proof of the First Part of the Theorem
The first part of the theorem comes from a classical continuity argument using the
conservation relations (3.76), (3.77), after the following lemma is proved.

Lemma 6. For t© small enough, there is a unique solution (u,v,w) in
[L2(0, T; L2)]? of problem (3.85). Moreover, (u, v, w) belongs to [C(0, T; L2)]°.

Proof of the Lemma 6. Let us set U = {u,v,w}. Define the space L>* =
(L*(0,7; L))’ endowed by the norm [[U|2c = sup; Uil 12¢9;2)- Denote
]:(U) = {alvw, azuU, a3uU} and KU = {Klul, KzUz, K}U}} 1

Existence. It is based on a fixed-point algorithm.

Let us denote by U’ = (u°,v°,w") the solution of problem (3.85)
without the quadratic right-hand side terms and define the sequence U"t! =
(Mn+l’ Un+l7 Wn+l) by

KUt = Fu")
Un+l(0, ) = {u(), U(),W()}
u" Tz, 0) = u'”, V", L) =0, w'T(,0) = 0.

Now, denote KI/" = G" and for fixed initial and boundary values, address the
mapping

gn — gn-l—l — F(un) — F(K—l(gn))

and G' = F(K~1(0)). Then let us consider two elements G = {g1, &2, g3} and G =
{&1, &>, &3} and for fixed initial and boundary values, define i/ and Y by KU = G
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and KU = G. So we may set F(K~(G)) — F(K™N(G)) = {a1z1. arz2. asz3} where
we have 71 = 0w — vw = 0(W — w) + w(0 — v). Since Kz(W —w) = (g3 — £3),
according to the previous lemma we know that

1900 — w)[%r < Ca (av te Hg\

2
)rnz,%—g?,n%r.
L:Z.r L"

. inll2 :
Denoting B = max(|uo|, + ]|, - lvoll2  woll72) and assuming that t < 1,
X X X
we have

auSBzv avEBzv avEst

therefore, we get

. (3.86)

~ 2
|Fac=1@n - Foe @y .

;t <a>Cy (232 +1 Hg

oo+ o101 ) o=

Applying this relation to the sequence G"t! = F(K~1(G")), we see that the
sequence ¢, = ||G" ||2£2_r satisfies

a1 = | FE O], < aCsB*

A

1 < a2C4(2B° + 1g,)Tqy < Co + Crt’qy

Then, one can check that if 7 is such that 8C>72 < 1 and a,C4B*2C,12 < 1, the
sequence ¢, is decreasing and we have ||G”" ||2£2_r < a,C4B* for all n. Using this
bound and according to inequality (3.86), if we assume that

a2CA32T < 1/3

then the mapping G" + G"*! on the space £ is strictly contracting and the entire
sequence G" converges to some element G in £>7 such that

G =F(KQG))

Thus, denoting U the solution of KU = G in L2 we have G = F (U) and
KU = F(U). That means that I/ is solution of (3.85).

Since the right-hand sides F(U); belong to L%(0, t; L2), classical semi-group
arguments imply that the solution / belongs to (C(0, t; L2))?.

Uniqueness. Assume that there exist two solutions ¢/, u; they satisfy KU = F(U)
and KU = F(U). Then, setting U=U — U, we get

K| < lai| (WG| + W), with (") #
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According to the previous lemma, since the initial and boundary values of U are
zero, we get

2

£2.t):| )

|z

Thus, 2 = 0 for t small enough. O

? L. (B2 41 chz)

~12
(B2 T KUl + o H/cu .

2
L

LZ(U.T.LE) < azCA |:‘L' H’CZ:{

Proof of the Second Part of the Theorem

The proofis based on addressing the system of a two-dimensional box [0, L]x[0, T'].
Notice that we have the balance relation

0 ad
——(elul® + w?) + o= (lul* + [w|*) = 0
ot ox
Integrating this relation on the quadrangle OP,, P P, where the vertices are O

0,0), P, = (x —1,0), P = (x,t), P, = (0, — ex), and assuming that r >
ex, e(L — x), we get (denoting by £ the linear abscise)

/ (1—s)|u|2ds+/ (1—&)lwPde < B2,
[Py P]

[Py P]

In the same way, we may integrate the balance relation
d 2 2 d 2 2
— — — =0
(P = efo) + o (wf + o)

on the quadrangle OP,, PP, [where P, = (x — &t, L)], we get

/ (1 + ¢)|v|’d¢ +/ elw|?d€ < B2
[P, P]

Py

In the same way, if ¢ < e(L — x), we have to integrate over the surface OP,, PL P,
(where L = (L,0)) and we get the same kind of bounds (with a supplementary

term f[LPU] [w2d € ).
In all cases, we get the following bounds for all # < T with a constant C
depending on the initial data, on £ and on T,

t
/ lu(t —s,x —s)’ds < C
0

t
/ [v(t —s,x —s)]’ds < C
0
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Then, from integrating the advection equation (3.75) along its characteristic line, we
have

t
[w(t, x)| 5/ lu(t —s,x —s)0(t —s,x —5)|ds + ||[woll oo
0

t t 1/2
< (/ |u(t—s,x—s)|2ds/ |v(t—s,x—s)|2ds) + [lwoll Loo
0 0

and w is bounded in L7 In the same way, we have bounds on fot [v(t—s, x—es)|>ds
and fot |w(t — s, x — es)|*ds and we get the results for u and for v also. |



Chapter 4
Langmuir Waves and Zakharov Equations

Abstract Here we address for the sake of completeness the modelling of the
electron plasma waves, also called Langmuir waves. We recall how the coupling
of these waves with the ion population leads to the system of Zakharov equations
and the different approximations that are made for this derivation.

Keywords Plasma frequency ¢ Langmuir waves ¢ Electron plasma waves
* Zakharov equations

In this chapter, we address wave phenomena with a characteristic observation time
that is on the order of the electron plasma frequency a)p_l

T, —1_ Ao
obs ™~ Cl)p =
Uth,e
or on the order of
Ap Ap [mg
Tobs ~ = -,
Uth,i Uthe Y Me

but smaller than Lpl‘“m“ . On the other hand, the Debye length A p is smaller than the
characteristic length Lobs but it is not negligible. For example, we may have

mo
Lobs ~ AD -

me

So we stress that we are not in the framework of the massless approximation (as in
previous chapters). Moreover, in this chapter, we do not deal with a coupling with
external electromagnetic sources. We show that in a hot plasma, electron Langmuir
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136 4 Langmuir Waves and Zakharov Equations

waves (also called electrostatic waves) may be generated, and they oscillate with a
frequency close to the plasma frequency.

In the first section, we assume that the ions are at rest; but in the two following
sections, we consider a more general situation with a coupling with ion motion,
and we look at the behavior of Langmuir waves on long time intervals. So, there is
interplay between the high-frequency Langmuir waves with a characteristic velocity
that is on the order of the electron thermal velocity vy and the classical acoustic
ion waves that are characterized by the ion sound velocity which is on the order
of vy i. To obtain a practical modelling, one performs a time envelope of the high-
frequency Langmuir waves; then the coupling with the acoustic ion waves leads to
the well-known Zakharov equations.

4.1 Langmuir Waves Without Coupling with Ions

We are concerned with an ion population that is assumed to be at rest: U = 0 and
Ny does not depend on time. So, we have

J = _queUe-
Let us set
Vei = VeONO/me-

Moreover, for the sake of simplicity we disregard the magnetic effects, so the
evolution equations for electron density and velocity read in a classical way,

ENe + V.(N.U,)

Oa
ot

9 1 .
- (NeUQ) + V.(NoUUo) + — VP, = _de NE v, N,U,.
ne

ne

It is possible to supplement this system by addressing an evolution equation for the
electron temperature in the form (a_at + V.er) (%meNeIUe|2 + %Ne Te) =JE —
V.(P,U,) (if we neglect the exchange term between ion and electron temperatures
and the thermal conduction). But we make here a simplification: we do not account
for the evolution of electron temperature and we assume that the electron pressure
is a given function of the density P, = P.(N,). This is the so-called barotropic
model. In the simplest case, assuming that the electron population is adiabatic,' we
set P, = che, where the characteristic sound velocity ¢, is given by

I'That is, the pressure P, is assumed to obey the law P, = PrefNre_f3 Nj. Therefore, we get VP, =
3PetN P N2V N, = 3Tt VN,).
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Ce = \/gvlh,e = v 3Tref/me‘

For the sake of simplicity, we also assume that the electron temperature is constant
and equal to Trf (sometimes in the literature, one sets the sound velocity ¢, is equal
t0 Vine).

In the framework of a barotropic model for electrons, one checks that there is a
related energy balance, which reads as

2 (Ne(%me|ue|2+em(zve») v, (NeUe(%me|Ue|2+eps(Ne>>) LV.(Pe(NoUL)

=JE —’7’leVeiNe|Ue|2

where the pseudo-internal energy ,(.) is the function of N, such that s’m (N.) =
N72P,(N,).

[Indeed, according to the classical identity N, (3% + Ue.V) o = a%(Neo) +
V.(U,N,e) we get

d
myN, (5 + Ue.V) U, + VP.(N,) = —¢¢eN.E — v,;jm.N,U,;

moreover, we check that N, (& + U,.V) (e)5(Ne)) = —N,; >Pe(N,)V.U,. Then,
combining with the previous relation multiplied by U,, we get the desired relation.
U]

In the case where P, = ¢2N, the corresponding energy balance relation holds for
(2N, log N, + N, % |U,|?): the term J.E corresponds to the electromagnetic energy;
moreover, M, Ve; N |U, |2 corresponds to the energy that is lost by the electron wave
(due to the Coulomb interactions between ions and electrons).

Since we are interested in the propagation of fluctuations, we make the following
decomposition of the electron density

N, = N! +n,

where N éf is slowly varying with respect to the time and 7, is highly time oscillating
(with a time scale corresponding to the electron plasma frequency).

Moreover, we assume that |n,| << N, el and that N, éf does not depend on time. So,
our concern is the following system for (n,, U,)

g%u+v4wug=0, (4.1)

ref

3
N!—U, + V.(N!U,U,) + ¢?Vn, = —

e =g E—viNU.  (42)
e

There are now two ways to proceed.
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 In the general case one has to account for the non-linear term V.(N, e[ U.U,). This
type of system with a decomposition between two time scales is the basis for a
derivation of the Zakharov equations; see the next section.

* In the framework we are interested in this first section, we neglect the nonlinear
term V.(N!U,U,). The aim is to introduce some elementary facts concerning
this linear framework; indeed, this feature of plasma physics is crucial for a lot of
models and applications (the related concepts will be useful in the next section).

In this simplified framework we get the following linear system.

0
@) —n, + V.(N!U,) =0,

ot
(LEW)
(ii) 3(NIU)+C2Vn = _Nut E—v,N'U
ot e Ve e e n, ge eilV, Ue.
According to the previous approximations, we set J = —¢, N!U, and the system

reads also as follows (remind that @) = NeerqZ/(e%m,) )

d
exe—V.J=0 4.3
Qe J 4.3)
a 2 2.0
- 5'] +qec;Vne + w,e'E = veiJ 4.4)

Of course, it must be supplemented by an equation for the electric field. Before
focusing on the analysis of this system coupled with the Gauss relation, we recall
briefly in the following subsection some elementary facts concerning this system.

4.1.1 Conductivity and Dispersion Relation

Since there is no magnetic effect, the electric field is given by the Faraday equation

0
0— =
€ atE J. 4.5)

and we check that if the Gauss relation &°V.E = q.(ZNy — Néf —n,) is satisfied at
initial time, it is always satisfied.

Assume that the solution (n.,J) behaves like a linear wave of the type
exp(ik.x — iwt) and introduce the classical envelope functions 7e,J and E by
Ne = Mee®X7100 4 ¢ o J = Je'**—iol 4 ¢ ¢ etc. We want to set up a dispersion
relation, that is to say a relation between @ and k such that this wave exists; we
also compute the link between the fields J and E (which is related to the plasma
conductivity).
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From the previous linear system, we have
— qeoit, = k.J, (iw —ve)J + igectitk + )e’E = 0; (4.6)

then, eliminating 7., we get

2

- ) -
iw3e’E = (0 + ive))J — —23A3kk.J 4.7
w
Therefore, we get the relation
- w2312 - iwied
J=[1-—"2 kk L
(l)((l)—}-lve,') (a)+lvei)

i=(a kk) 1 N 1 kk ). 5 o “8)
— _ — |lw,¢E .
K> (@ +ivei) @+ ive — 02305 kPP~ K2 )7

In other words,
J= o (0.KE

where g (w, k) is the conductivity tensor defined by the previous formula. In the
reference frame where the first unit vector is k/|k|, this tensor reads as

1
01—} 323 k> /0?)+ivei 0 0
— 2.0 1
g)(w k) =iwye 0 =
0 0 w+ive;

Moreover, the Faraday law (4.5) implies that

iwe’E =] (4.9)

thus, for the existence of a vector E, we see that the frequency w must satisfy the
relation

i
det(g}(a),k)w +0)=0 (4.10)
It is the so-called dispersion relation. On the one hand, there is a solution w of (4.10)
satisfying simply

2

w? + IVei0 = wy,.
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This wave corresponds to a transverse wave (i.e., that propagates in the direction
orthogonal to the electric field) kE =0and 7, = 0;itisa pure electromagnetic
wave.

On the other hand, there is a solution @ of (4.10) that corresponds to a
longitudinal wave (the electric field E is parallel to the direction of propagation k):
if we denote by o the scalar conductivity

) -1
1)
o (@.k) = io2e" (a)(l — L3231k —i—ivei) , (4.11)
)
then the corresponding value of w satisfies the dispersion relation

2
(ﬁ) v =14 33 k[, (4.12)
(l)p (Up

This wave is called the Langmuir wave; it is an electrostatic wave (since it may be
exhibited also in the case where the electric field is given only by the Gauss relation).
If we define the dielectric permittivity function by g(w,k) = 1 + #o” (w,Kk)
the dispersion relation (4.12) reads also e(w, k) = 0.
Notice that the dielectric permittivity tensor of the plasma defined by (I +

g (v, k)ﬁ) is useful for modelling the propagation of radio waves in the iono-

sphere or the propagation of microwaves in a plasma such as magnetic confinement
plasmas.

Remark 27 (Accounting for a constant magnetic field.). For the sake of com-
pleteness, we show here how the dispersion relation and formula (4.8) for the
conductivity tensor should be generalized in the case where there was a magnetic
field B (independent from space and time variable). In equation (4.6) E would be

replaced by E - —m‘f‘/’v,j x B and instead of (4.7) we would have
-  w? 3 Nooo
i0,e"E = (0 + ive)J — —23A5kk.J + i de “JxB
w N,

So, denoting w., = %|B| the electron cyclotronic frequency, since B = wce%b
with b = B/|B|, we get
2
. 0) . Neers . =
(w+ive;) — f&\%kk)J + lwceﬁJ xb = lw]z,gOE.
e
This reads also J = B (w,K)E, but the tensor SR (o, k) expresses with values
depending on the angle between k and b. Since the magnetic field is constant,
Faradaz equation (4.5) is still valid; thus (4.9) still holds, and for the existence of a
vector E, the frequency @ must satisfy the dispersion relation

det((g)(a),k) ;+D =0

i
we



4.1 Langmuir Waves Without Coupling with Ions 141

the solution of which is more complex than above.
Let us show how the calculus works in the case where the two vectors k and b
are orthogonal. In the reference frame (k/|k|, k/|k| x b, b), we check that we have

w—S+iv —iQ 0
i w+ive 0 J=iw)’E
0 0 W+ iV,

(with & = 233 |k|? and Q = w,, 251, so we get the expression

. 1 : 1
(@ +iv) @F—5)(@Fin—? i @Fr— D) Fin—2 0
—_ .20 . 1 : 1
&(“”k) = lw,E —i€ (@Fiv—2)(@+in—? (@+iv="72) @Fiv—D)Fin—o 0
0 0 (@ + iv)™!
There is one solution @ to the relation det| 9 (w,kK) — iwe’l] = 0, which

corresponds to a wave E parallel to b given by the classical formula 0? +ivew =
w;. Moreover, for solutions corresponding to a wave E orthogonal to b (but not
parallel to k), we need to calculate a 2 x 2 determinant and solve a polynomial
equation with respect to the variable w; it may be handled by a perturbation
argument by imposing o = 0 first. In that case, we get

(a)—i—iv—Q)(a)—i—iv+S2)(a)2+w(§2+iv)+iw]2,)(a)2+w(—9 —Hv)—i—ia)i) =0.

i.e., there are solutions of the form w = —iv &+ Q and of the form w = % — i% +

QP —4iw? —2iQv)?and 0 = =5 — i} £ 3(Q? — 4iw) + 2iQv)"/2, but, of
course, the value of w, whose real part is equal up to the sign, corresponds to the

same eigenvector (with k changed into —Kk.) |

4.1.2 Linear Langmuir Wave Theory

Let us go back now to the linear wave model (LEW), but for the electric field E
we make a hypothesis that is a little weaker: we do not assume that it satisfies the
Faraday equation (4.5), but we assume that it reduces to an electrostatic one (i.e.,
curl E = 0) and satisfies the Gauss relation

2
m
¢.V.E = ‘Sf’_g(ZN0 —N!—no) =’ ef(zzv0 — N —n,). (4.13)

N,
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(of course, in the monodimensional framework, this is equivalent to the Faraday
equation). Then taking the time derivative of equation [LEW(i)] and the divergence
of [LEW(ii)], this leads to

32

9
arale T @phe = ¢CAne + veigone = @y (ZNo = N,). (4.14)

Equation (4.14) is a classical linear model for Langmuir waves, where we have
exhibited a source term due to plasma heterogeneities; the term with the first
derivative is a damping term.

With an analogue calculus to the one above, we see that the solution n, behaves
like n, >~ i1, exp(ik.x —iwt) + c.c. and that (k, w) must satisfy dispersion relation

—0” = iveiw + ) + 303 A5 k> =0

which is exactly the dispersion relation (4.12) (this means that an electrostatic wave
is a longitudinal one).

Since v,; /w), is always small with respect 1, this relation may be approximated
by the Bohm—Gross relation

® 2 wp/1+ 312 |k|2—l% (4.15)

Within this formula, we see that the wave energy |n, |2 is damped and behaves like
exp(—v,;t); indeed, if we perform an average (.) on a time interval large with respect
to ™!, we get

<|ne| > |l’l I 2( —iwt za)t) Iﬁ;|22(6—2Re(iw)te—2iRe(w)t> — 2|ﬁ;|2€—veit

Moreover the frequency of the Langmuir wave, which is given by the real part of
w, is close to the plasma frequency w,, but is not strictly equal (this phenomenon is
known as the “finite Debye length” effect). Of course, when the Debye length goes
to zero, the frequency of the Langmuir wave goes to the plasma frequency w,.

Energy Balance

It is not feasible to state a simple energy balance relation by using only the solution
n, of (4.14). But using the original form of this system, i.e., multiplying (4.1) by
¢2n, and (4.2) by N!U,, we get easily

1 9 (1 1 1 (NH?
N)?U,? 2V.(n.N'U,) = —J E—v,; —=
Nat(z” ()||)NC" (neNeUe) mJ PN,

ref ref e ref

.
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According to the following lemma, we can see that the solution (n., U, E) of (4.1),
(4.2) and (4.13) satisfies the balance relation.

J Me o 2 N2 2 1 2 / (N, [)2
— N>)*|U, — |E|” |dx = —m, i U.|°dx
i || G con s+ vty ) + 5o | dx = = [ Gl

without boring the reader about boundary conditions (of course, if the domain
is bounded, we need to account for boundary terms). So, if v,; = O we get a
conservation of the global energy (the sum of the electron wave energy 2n2

N
(Ne )?|U,|?) and the electrostatic energy); otherwise, this global energy decreases
and the right-hand side of the above balance relation corresponds to the heating of
the plasma.

Lemma 7. Assume that the electric field E satisfies (4.13) and curlE = 0 and that
n, satisfies (4.1) above; then we get

0
[Indeed, according to gne = V.J, relation (4.13) leads to e°V.J + V.%E = 0.
Since E = —Vg, we get 0 = [ V. (% + 2E) dx= [ (°J + LE) .Edx. O]

4.2 Coupling of Langmuir Waves with Acoustic Waves

The aim of this section is to describe the coupling of the Langmuir waves and the
ion acoustic system, which leads to the derivation of the Zakharov equations. For
the sake of simplicity, we assume that there is no magnetic field and, as above, that
the electric field reduces to its electrostatic part. Moreover, for the electrons, we use
a barotropic modelling with P, = cgNe where CZ = 3V12h’e = 3Tt/ m.. Recall that
the ion acoustic sound speed is given by
= (2T + 2Ty = ze2™e 4 2 L
3 mo mo 3 mo

So, the starting point of the modelling is the following system for the electron
population

9
—N. + V.(N.U,) =
5y Ne + V-(NUo)

|
L

d
—N,U, + V.(N,UU,) + ¢>VN, = ——%¢,E — v,; N, U,.
Jat me

VE=LzN - N
&
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which is coupled with the mass and momentum balance equations for the ion
population. We assume that the electron density is a perturbation of a constant value
Nief ; Tecall that the plasma frequency w), is given by

2 2 0
W, = quref/s ne

For the electron density, we make the same kind of decomposition as above (but
we use dimensionless quantities with a reference density Nr): we address a slowly
time-varying part N, el = N Nyt and a highly oscillating part denoted by 1’ Nyt with
a frequency close to w, and we set

N, = nthef + N Nret
Moreover, we assume that
\nh|<<l and VN —-1] « 1.
In the same way, we make decomposition of the electron velocity
U, =0 +U"

with Ui’ highly oscillating and U: slowly time varying; the electrostatic field is also
decomposed in a highly oscillating part E” and a slowly time varying one E*

E=E"+FE

Notice that we have curl E" = 0 and curl E* = 0.
(a) High-Oscillation Scale.

For the highly oscillating quantities of this model, we get

3nh + V.(NUM)

=0, 4.17
5 (4.17)
- 29, h 9e h
EU" +c,Vn' = ——E" —v,;U,, (4.18)
me
qu.Eh = —a);menh.

It is not possible to derive a linear wave equation for n” if the multidimensional
aspect needs to be taken into account. Here we will state a wave equation for
the velocity U’ by taking the time derivative of (4.18) and the gradient of (4.17),
so we get

32Uh 2VV.(NUY = ! aEh V<3Uh (4.19)
92 ¢ e el meqeat “or ¢ '
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Now according to the electric Gauss relation and (4.17), we have

d
qev.gEh = w,mV.(NUL)

It is worth noticing that g, —E" — @>m, (N'U}) is not zero in the multidimensional

modelling. Now, gathering this relationship with (4.19), we get the following
equation (using the definition of w,)

& d
v. [WUQ’ — c2VV.(NUD) + v, 5Uﬁf + UL — (1 — N)Ui’} =0 (4.20)

Here, one proceeds classically by neglecting the multidimensional aspect (see the
remark below for accounting this aspect); thus, one claims that the expression inside
the [] is zero and one denotes the velocity by a scalar U/, and we get

* 2 h 2 h 9 2 I
ﬁUéf -, AWNU,) = -0, NU, + veiEUéf = -, NU;'. 4.21)
Remark 28 (The multidimension aspect). If we want to account for this aspect, we

. o d . . .
must deal with another form. First, since g, gEh is the gradient of a potential, say

0, one sees that —Af = a)lz,meV.(NUﬁ’), thus, using the operator® (—A)~!, we get

LB = o, VI 8) TN

Therefore, we get

9’ 0
WUQ’ — cIVV.(NUD) + UE,EUQ = - V[(=A)T'V.(NT)]. @22
with the constraint that
curl U" = 0,

which is due to (4.18) and the fact that curl E" = 0.

21f one assumes that there is Neumann conditions on the boundary of the simulation domain, —A ™!
defines a function up to an additive constant.
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Another form is the following. According to the previous constraint on U”,
setting y = V.U" we have U = V((—A)™'y) and (4.19) reads as follows

92 _ 0 _

W}(—CEZAV. (NV((=A) 1)())+a)127)(+vei§)( =)V (1=MV({(=8)""p).
The advantage of this form is that the unknown is scalar, but the drawback is its
complexity. |

Since N is close to 1 and is a slow time-varying function, regarding equation
(4.21), one may check that the solution U/ (and n") is highly oscillating with a
frequency w that satisfies the so-called Bohm—Gross dispersion relation,

. Vei

o =, (1+3KkA3)"* =i = (4.23)

Since [k|Ap is small, the frequency w is close to w, —i *%t; then we are led to make

a WKB expansion of the function U/. That is, we set

Ul(t,)) = v(t, .)e " +c.c. (4.24)
where v(¢, .) is a slowly varying function.
Then we get
Ut ‘ rul d ‘
a: :(Ev—iwpv)e_”"”t—i-c.c., aT;Z(wU—ZiwaU—wﬁv)e_lw”t—i-c.c.

2 0
and neglecting ﬁv and ive;wp gv if compared to wlz,v, (4.21) becomes

d o c?
— v —
ot 2w,

Yei o ;%2\ —
A(J\/v)+2v— 12(N v

; 2 32— 3322
or since one has ¢; = 3vy . = 3450,

10 3
— i
a)patv 52D (Nv) +

Vei 1
=—i-(N—-1 4.25
Za)pv 12(/\/ v (4.25)

If the unknown v was replaced by Av, this equation would be a classical linear
Schrodinger equation with a given potential. Notice that n” may be expressed with
the help of v and we have

n" = ia)p_1V(Nv)e_"’”f” +c.c.



4.2 Coupling of Langmuir Waves with Acoustic Waves 147

(b) Slow Time Scale.

We now focus on the slow time-varying fluctuations. Let us denote by (..) the
average value of highly oscillating quantities at a low time scale. Notice that the
product of two oscillating quantities U/U" generates slow time varying quantities,
so, from the system written at the beginning of this section, we see that

0
—N+V.U; =0,
ot

3
UL+ (V.(ULUD) + 2V = NLg U,
m,

where the electrostatic field is ES = —¢, !V with ¥ given by the Poisson equation

Wy - 2N

- N.
Tref N ref

Since one forgets the multidimensional aspect of U’, term V.(U"U") is simply
replaced by V(|U/*|?) and the electron momentum equation reads as

0 ,
me (gug + cjw\/) = —Ng.E* —2m, (V(U!?)) — m,v; U (4.26)
Thus, according to the envelope (4.24), we have

(VUP) = V("' v + c.c.|?) = 2V |v]?
and we get
s 2 5 2 s
mEEUe + mec;VN = —=Ng.E* —2m,V|v|” — m,v,; US.
Now, let address the ion wave equations with the assumption that the ion

population is adiabatic. We get, with a friction term corresponding to the one of
(4.20),

9
o No+ V.(NoU) = 0.

a 5
I’I’log(N()U) + gTOVNO = ZNO(]eES + meVeiNreri
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Thus, adding the two momentum evolution equations leads to

9 i _
E(mONOUereNme;) + 90 ToV Ny + m,c2 Nt VN = (ZNy — Nt NG E® — 2Npegm, Vv |?

)LZ
Nt TD AY VY = 2Npegm, Vv|?

ref

We now make a new hypothesis: we assume that Ap is small compared with the
characteristic length of variation of the ion density Ny; this enables us to use the
same philosophy as in Chap.2 (Sect.2.2) in order to justify the quasi-neutrality
approximation. This approximation says that

N =~ ZNy/ Nre
ALAYVY ~ 0

Therefore, replacing Z Ny by N Ny the previous momentum equation reads as
a( 1/\/U+ US)—i—SlTVN—i- 2VN = —2m,V|v|?
5 Mo m,U; 37 10 mec, = —2m,V|v

The last step of the derivation of the model is to neglect m,U; with respect to moU
in this equation.

To conclude, recalling the definition of ¢, we claim that the real scalar A/, the
real vector U, and the complex scalar v must satisfy the following system

ad
SN+ V.VU) =0, 4.27)
3 2 me 2
Z(NU) + 2VN = —2Z 22y |y, (4.28)
ot ' mo
1 3 3 2 Vei 1
a)—pEU—IEADA(NU)‘i‘ Za)pv = _IE(N_I)U (429)

This is a classical wave system coupled with a Schrodinger equation satisfied by the
time envelope of the Langmuir wave.

Assume that the simulation domain is the whole space R?. Then the solution of
(4.27)—(4.29) satisfies the two following energy balance relations

/Na%|v|2dx = —V,; /./\/|v|2dx (4.30)

9 (1., 1 . ]
—/ [—N2+—INU|2+22m—N|v|2} dx = —2Zm—ve,-//\/|v|2dx 4.31)
Jt 2 2 my mo
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[Indeed, Multiplying (4.29) by MU and taking the conjugate quantity, we get
1 9 2 2 3 2 CA—
— NE|U| =+ Vei N|U| +§AD [INUA(NU)+C.C.]=0
P

so relation (4.30) follows. Moreover, according to (4.28), integrating by parts the
integral [ N'U.V|v|?, it is classical to get

;t/[ N7+ = |NU|2}+2Z /| '231

= /[V(MU)+2Z—NUV|U|2+2Z |U|V(NU):|

and the right-hand side is zero since there is no boundary. (1]
Relation (4.31) shows clearly that 2Zm,N|v|? is the energy density of the
Langmuir wave.

4.3 The Zakharov Equations and Their Properties

We now make a change of notations in (4.27) and (4.28) by denoting U instead of
NU. Moreover, since N is close to 1, one usually replaces A(Nv) by Av. Then,
we get the following system satisfied by the nondimensional density fluctuation

m=N -1

the vector U and the complex function v

0

i — v.U=0,

) 5" +

H d 2 me 2

(Za&) (i) gU +;Vm = =277V |v|
1 d 1
(iii) ——v —l—kz Av + —v = —i—mv.

w, 0t 2 wp 2

This is the Zakharov system. It was introduced in 1972 [116] and is intensively
used for the modelling of the plasma wave collapse and plasma turbulence. See, e.g.,
[90] to have a physical point of view of the system’s derivation.
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Of course, the two first equations of system (Za&) may be recast with a single
wave equation; i.e., one needs to address a system with two unknowns (m, v) that
satisfies equation (iii) above and the following

82

ﬁm —c2Am = ZZ A| |

Remark 29 (On the time envelope). According to (4.21) and (4.26), with the same
quasi-neutral approximation as the one above, we see that the slowly oscillating
quantity 72 = N —1 and highly oscillating quantity Ueh satisfy the following system

1 82 h 2 h hs
— UM =3 AU+ UM — 1) + 2

Vei 0
—U'"=0
a)2 012

2 e
paz

Zm, no
ﬁm—c Am = 2m0 Aer|

Then it is possible to show that in a certain way the solution (72, U/") may be
compared to the solution (m, v) of (Za&) and m is close to m and the time envelope
of Ueh is close to v (i.e., (4.24) is justified), cf. [12]. Moreover, in dimension 2 or 3,
if v,; is set to O there is generally a blow-up of the solution and the blow-up time of
the system related to (m, U, eh) is close to the blow-up time of the Zakharov system
for (m, v). a

Remark 30 (The multidimensional aspect). Due to the remark above, the multidi-
mensional aspect may be accounted for in the following way; we need to replace v
with —V((=A)~!y) and equation [ Z£(iii)] with the equation

1 9 i
— - —AZA = ——V.[mV((=A)""p].
oy 01 i )(+12pr 5 [mV((=a)"" 0]
(see, e.g., [18] for a mathematical study of this vectorial form). O

We can normalize the time variable and the space variable such that the sound
speed ¢, is equal to 1and that the length /31 is equal to 1 also.

Moreover, the amplitude of the Langmuir wave may be normalized in such a way
that ZZm—’t’)" may be replaced by 1, then the previous system reads as

d ad
1) gm + V.U =0, (ii) 5U +Vm = -V|v|?, (4.32)
2i d
—l—v + Av 4+ inv = mv. (4.33)
w, 0t

Of course, it must be supplemented with the initial data mip;, Uipi, Vini.

Notice that the damping coefficient n = Vel is always small.
@p
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Let us disregard the boundary conditions and address the problem in the whole
space RY (withd = 1,2, or 3). We have first two balance relations which are trivial

19
wp 0t

/|v(x)|2dx+ n/|v(x)|2dx o,

d
— U)(x)dx =0
o [
In the sequel we assume that the initial conditions are such that
mini € L’RY), Ui € (LPRD)) v € H'R)NLURY).  (4.34)

From a mathematical point of view, the system (4.32), (4.33), may be addressed in

the case where n = 0 (i.e., without a damping term in the Langmuir wave equation);
2

indeed it suffices to set v = e "»!/2 then (4.33) becomes (—la— + A)o = mv
w

)4
and in the right-hand side of [4.32(ii)] there occurs a damping term e~ "“»' which

does not introduce any complication in the analysis.
We can now assume n = 0. So the above relation claims that there exists a
constant 8 such that for all ¢,

/|v(x)|2dx = Io]2 = 8.

We now state an energy balance relation that makes clear the interest of space
L*(R?). Indeed, if v belongs to L*, then |v|? is in L?; if m belongs to L?, then
also the integral [ m|v|*dx is well defined.

Proposition 16. Assume that (4.34) holds, that (m,U,v) satisfies (4.32),
(4.33), and that they are integrable (with respect to the time) in the spaces
L2(RY), (L>R9))?, and H'(RY) N L*(RY); then it exists that C is independent
from time,

1 1
/ |:§m2 + E|U|2 + m|v]* + |Vv|2} dx=C.

[Indeed, we may check that

14

_% [m|v*] + / [mvg—f + c.c.:| .
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But we now see that
_ 2i _ _ _
/ [Mmvd, v+ c.c.] = /[—B,fva,v + Avd,v +c.cl] = —/ [Vv.0; VU + c.c.]
@p

So the result follows. (]
Numerous mathematical works has been performed on this system for thirty
years, the most important are [92,93, 103]. We give here some key simple results.
According to the previous proposition, assuming (4.34), in addition to § we can
see that the following quantity is a constant (i.e., independent from time)

1 1
p= 5 lmlzz + 5 IUIZ: + [ Vollz: + / [mlvP]dx.

One difficulty comes from the fact that [ [m|v|2] dx has no sign. We have the
following result (in 1D, U reads as U).

Proposition 17.

(i) For a solution (m, U, v) of system (4.32), (4.33), in the space R?, such that the
initial data satisfy (4.34), we get (with C; =2,C, = 4,C5 = 8)

1 1 _

2 Il + S 01 + Vol < [l + Cap 2 Vol (435)

(ii) Moreover, in the one-dimensional case, there exists C depending only on 8 and
W such that for all t, we have

lm®ll2 =€ UD€ o@lm =€ @] < C.
(4.36)

This shows clearly that the behavior of the solution of Zakharov equations (4.32)
and (4.33) depends on the dimension d of the space variable: in the case d = 1,
bound (4.35) leads to simple a priori estimates as shown below, but this is not the
case for dimensiond = 2, 3.

We now focus on the one-dimensional framework. Then, we can state the
theorem first stated in [93] (the proof of the previous proposition and this theorem
are given below).

Theorem 3.

(i) Assume that (4.34) holds; then there exists a weak solution (m, U, v) of system
(4.32) and (4.33).

(ii) If the initial data m,;, Upyy, vin; are in H?*@R) x H2(R) x H3(R), there exists
a unique solution (m,U,v) of system (4.32), (4.33), such that m belongs to
L>®(0, +00; H?(R)) and v belongs to L>(0, +o00; H3(R)). Moreover, v is
bounded in L*°(0, T; L*°(R)) for all final times T .
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For the sake of completeness, let us mention some results in the two- or
three-dimensional frameworks. For initial data m;,;, Ujpi, vini, Which are not zero
and which belongs to H' x L? x H?, it has been proved (see [92]) that there is a
unique strong solution that is local in time and that may blow up at a finite time.
It has been also proved that there exists a weak solution on [0, T'] for all T in the
following cases:

¢ In2-D, if B is small enough.
e In3-D,if B, |Vviill and || are small enough.

A very interesting open problem is to determine when one can claim that the
blow-up does not occur. What are sufficient conditions on the damping coefficient
n, on the initial data, and on the geometry (of course, the boundary conditions must
be emphasized)?

Instabilities

One sees that if the initial value of v is zero, the solution of (4.32), (4.33), is the
2

trivial one, i.e., the solution of 7m — Am = 0. One may check that the Zakharov
system is instable. More precisely if one linearizes the system in one dimension near
a value (m, U, v) = (0,0, vg), then one can prove that the solution has exponential

growth.

Proofs of Section 4.3

Proof of Proposition 17. (i) Since [ |m|v|*|dx < 1 |m 172+ [ |v|*dx, it suffices to
get a bound on this last term. So we check that the following classical inequality

holds,
2—d/2 dj/2
/|v|4dx§ Cy (/|v|2dx) (/|Vv|2dx) ) (4.37)

First, in one dimension, we see that for all x we have |[v(x)]*> <
2 [v(x)][dyv(x")|dx’, so

vl5 < 2(/ |U(X’)|2dx’)l/2(/ |80 () Pdx)? =2 vll 2 [19:0],2 (4.38)

then relation | |v[*dx < |v|% [ |v|*dx implies (4.37).
Secondly, in two dimsionsions (d = 2), we have in the same way
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oG, )2 < 2 / o )00 (] x2)ldx]

1/2 1/2
< A(x2) =2(/|v(x;,xz>|2dx1) (/|alv(x;,xz)|2dx;)

and an analogous bound with 29(x))=2 (f |v(x1.x5)[2dx5) "> ([ [920(x1. x5)[2dx) 2.

By gathering the inequalities obtained with [*A(x2)dx and [ A°(x1)dx1, result
(4.37) follows. In the three-dimensional case, the proof is analogous.
(ii) Here d = 1. According to the previous point, we see that

IIMIILz + 5 ||U||Lz + 5 IIVvlle < |ul +28°

The bound on ||v]| ;4 follows from (4.37).
O

Proof of Theorem 3. Here C denotes some different constants that depend only on
the initial data.

(i) Let us now show first that there exists a weak solution (m, U, v) by using a
Galerkin method.? So, we build a sequence of functions (m,, Uy, v,) belonging
to the spaces L?(0,7,L2) x L*(0,1,L%) x L*(0,z, H!) that solve some
approximated systems. They satisfy the same bounds (4.36) as the ones stated
above. So, for all time 7, we have [using the bound (4.38)]

Imale =€ Nvall e =€ [0evg] e =€ ug] e = €

” Vg HLOO <v2 qu Hm ” v qu/z <C. (4.39)

According to these bounds, we have

/ mgvglPdx < mg|s o2 < € (4.40)

Then, for all test functions ¢, y and y we get

aat /mqq&dx = /Uq8x¢>dx,

&/Uql//dx = /(mq + |vg[H) 0¥ dx

.0
io /vq)(dx —/(8xvq8x)(—mqvqax)() dx

3For an introduction to Galerkin methods, see the proof of Proposition 7 above.
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Now, according to bounds (4.39), (4.40), and up to the extraction of a
subsequence, there exists a weak limit in L? of the right-hand-side terms.
Since there exists also is a weak limit (m, U, v) in L? of a subsequence of
the sequence (mq, Uy, vy), then up to the extraction of a subsequence we see

that
ad
E/md)dx:/Uaxqﬁdx

%/dex = /(m+ [v[*)d, ¥ dx

ia%/v)(dxz/(axvf)x)(—mvf)x)() dx

which is the definition of a weak solution.

(ii) We now make stronger assumptions on the initial data. Here K, denote different
constants depending only on initial data and which are zero if these data are
zero; moreover, C denote different constants. According to the lemma below,
we check that if (m, U, v) are strong solutions on a time interval, then we have

% [uafmuiz +19:U 172 + 218,017, +2/ [0:md;|v]* + m|9v]?] dx}
= / [60,m|d,v|* + 4Im(v0,V)d,m] dx
Thus, we get
[8,m | + 19, U|I* + 218,51 +2/ [9,md,|v]* + m|0,v|*] dx

t t
= K0+6/ /(a,m|atv|2) dxdt’+4/ /(Im(vatﬁ)a,m)dxdz/(4.41)
0 0
Now, we know that W = 9, v satisfies the following equation

d W
5W + (mW — iAW)Tp = v(d;m).

0 —
Since v is bounded in L™, we get a7 W3 = [oW(@m)dx + cc. <

.0 :
ClIWl 2 1demll 2, ier = W2 < [|0im],> and denoting Ky = || Aviwi] , +

C ||mini|| > we have the bound

t
WOl <= Ki+C / 9,m(s)]|,2 ds (4.42)
0
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Since v is bounded, this implies for all ¢

t t 2
/ / |53[v3,m|dxdt f Kz ”E)tm”LZ + C I:/ ||atm(s)|| dsi|
0 0
t
< Ky ||a;m| > + Ct/ 18,m(s)||* ds
0

Let us focus now on the terms /[ m|d,v|*dx and [ 3,m|d,v|*dx. Due to the fact that
IWI-N0:W 1 < 5 W[ and (4.37), we get

2[m|atv|2dx = [Im|3, +/|W|4dx SCH2(WIL W2 < CHIW T W5,

2/ dm|dv|>dx = ||8,m|? + / |W*dx < ||m|3s + W32 W3

Now, using the bound (4.42), we have

t t t v
/ /8,m|8,v|2dxdt§C/ (19, m||* +C/ (/ ||8,m(s)||2ds) ||8,v(t')||i1l dt’
0 0 o \Jo

Finally, denoting
t(6) = [10m@)|32 + 19, U@) |72 + 2 19, v() |3

we have

(0 < Kyt [ om) 3 +2 a0 adar +C (/0 ||ann(s)||izds) 8,0y 3
(4.43)

And according to Gronwall’s lemma (see result 7 in the Appendix) and an
iterative technique, we may see, using the assumptions on the initial data, that
8;m()|1%2, 18, U(t)|| 3> and ||d,v(¢)||3;1 are bounded.

To obtain the regularity, one has to perform a space derivative of the main
equation and apply the same kind of technique as above.

To prove the uniqueness of the solutions, address two solution (m, U, v) and
(m, U, U); then make the difference i = m — m, U=U- U U = v — 0. Using
the same kind of techniques as above, we may check for (s, U, v) an inequality of
the type (4.43) but with K3 set to zero; therefore we get the uniqueness. O

Lemma 8. If (m,U,v) are strong solutions, they satisfy the following a priori
estimates
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> / 8410 Pdm] + 8, ([8m|® + [3,UP) = 0 (4.44)

a(lov|H = 2 / Im (v9,7) d,;m (4.45)
3 (18.3,0]?) = / mdu 13,0l + dm [B [ — 213,0]2] (4.46)
Proof of the Lemma. Recall that [ 9;|v[*d,;m = — [(3,0x|v]*)(dxm + ds|v|?).

Thus we see that
2 [ [aloPa.m] + 0. Qaml® + 13,U1F)
= / [_231(ax|v|2)3xm - 3,(3X|v|2)2 + 3,(|3XU|2) + 9,(0,m + 3x|v|2)2]

= / —2(0,0;|v|)dym + 2(3,U) (359, U) + 9,19xm|* + 2(0,0|v[*)dxm + 20, |v]*(d,9xm)

Since [9,U(3,9,U) = [ 3,md,(dm +0,v]?) = —f(a,axm)(axm+8x|v|2), we
see that (4.44) follows.
Now recall that 2Imvd;v = ivd;v — ivd,v. Thus, we have

0 (J3,0]%) - 2 / Im (v3,7) dym
= / [(3:9)3: (i Av — imv) + c.c.] — [ivd;Vd;m + c.c.]
= / [(0;v) (Ad;v —i0; (mv) +ivd;m) + c.c.] = _/ [i (0, D)md; (v) + c.c.] = 0.

thus (4.45) follows.
Lastly, (4.46) comes from the fact that 9, |v|> — 2|3,v|*> = ivd,(Av) + c.c. and
standard calculus; see [113] for the details. O



Chapter 5
Coupling Electron Waves and Laser Waves

Abstract In this chapter, we go back to laser—plasma interaction by addressing the
coupling of the laser waves with the electron plasma waves. So we derive the so-
called Raman instability model. In the case of the fixed-ion assumption, it leads
to a three-wave coupling system that shows the same structure as the system of
Brillouin instability. In the second part of this chapter, we deal with the modelling
of the interaction of an ultra-intense laser pulse and a plasma. This leads to the so-
called Euler—-Maxwell system. We give some mathematical properties of this system
and we show how an envelope description may be useful in some cases.

Keywords Raman instability ¢ Three-wave coupling system e Electron plasma
waves * Ultra-intense leaser pulse ¢ Euler—Maxwell system

We address in this chapter different physical phenomena where a coupling occurs
between electron waves and laser electromagnetic waves. In the first section, in
the framework of the laser-plasma interaction, we consider the Raman instability.
There is some analogy with the Brillouin instability, although the wave velocities
are not the same. Indeed, for this modelling, we made a paraxial approximation of
the main laser wave and the backscattered laser wave; moreover, we addressed a
time envelope of the electron Langmuir wave as the one described in the previous
chapter. We must take into account three characteristic lengths: (1) the Debye length
and (2) the laser wavelength—which are of the same order of magnitude—and
(3) the typical value of the plasma thickness. The characteristic time of growth of
the instability is much larger than the laser period.

In the two other sections, we deal with very short laser pulses of ultra-high
intensity. This corresponds to a very different physics since the characteristic
duration of the laser pulse is only some tens or hundreds of the laser periods. So,
for the modeling, one uses Maxwell equations coupled with Euler equations for
electrons—in the second section—or a closure formula—in the third section.

R. Sentis, Mathematical Models and Methods for Plasma Physics, Volume 1, Modeling and 159
Simulation in Science, Engineering and Technology, DOI 10.1007/978-3-319-03804-9_5,
© Springer International Publishing Switzerland 2014
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5.1 Raman Instability

We assume here that the mean value of the electron density is, of course, smaller
than critical density N, (to enable the propagation of the laser wave), but it satisfies
Nret < N./4 (for a reason that appears in the sequel). Recall that as usual

wp = wO(Nref/Nc)l/z and N, = — ;.
The electron temperature is such that the electron thermal velocity vy, ¢ is smaller

than the speed of light (typically 0.05 times c¢). For this phenomenon, the time
characteristic observation time T,y and the observation length Ly are such that

A]_) 1 AD Lob%
=w, K K Tops < :
Ve 7 fUme€ T Ve

AD < Lobs =< Lplas

Notice that the typical value of T,,s may be approximately one picosecond, but
the laser pulse may be longer than tens or hundreds of picoseconds.

We assume that the electric field is decomposed into an electrostatic field
and a transverse rapidly oscillating electromagnetic field E”, and this last one is
decomposed further into a main laser wave travelling in the direction of the unit
vector e, and another laser called the Raman backscattered wave travelling in the
direction —e,,. Moreover, there is a coupling between these two waves and a third
wave — the electron Langmuir wave.

The electromagnetic fields are decomposed in the following way

E=E" +E°, B=B

where the electrostatic component E¢(z,x) is called longitudinal and the fields
E’(¢,x) and B’ (¢z,x) which are orthogonal to e;,, are called transverse. As in
Chap. 3, the field E’ is the solution of the classical Maxwell equation

2
%E’ —*AE + o) (N + n)NefE =0 5.1
Since the incoming boundary condition is oscillating at frequency wp so E" and B”
are also highly oscillating at frequency close to wy. We assume as in Chap. 3, that
the polarization of the electromagnetic wave is linear, i.e., that E” may reduce to a
scalar function.

Recall that the group velocity and the laser wave number are given by

cg = ¢/ 1 — Nt/ Ne k127c2 = a)g - a);.
thus k, = ko+/1 — Nret/Nc. We set z = e, .X.
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Moreover, it is assumed that the electron density is decomposed in a way
analogous to the one in the previous chapter:

Ne(tsx) = N(va)Nref‘i'n(ts X)Nrefs |n| << 17

where the mean density N is a slowly varying time function assumed to be close to
1, and 7 is a highly oscillating component (with the plasma frequency w,).

To account for the backscattered wave, we decompose the scalar function E” into
aforward field Ee'*ri—io! and the backscattered one ®e~kr2—i@r! \where functions
E and @ are slowly varying with respect to the space and time variables

E'(t,x) = [E(t,x)e ri710" 4 c.c] + [@(t, x)e T FRTIOR 4 ¢ e ] (5.2)

As above, the two waves satisfy the paraxial propagation equations where 8y =
>/ (2w)

§E+Cg3zE+VaE_%AJ_E = _iﬂone_lkpZ_Hth_lkRz_’thq)+iﬂ0 (1_N) E
0

(5.3)
] ' L
L Py 0. v B Ay D = —ifonelkrimiont kO BB (1) @
ot 2ko

(5.4)

It is worth noting that the frequency wg and the wave number k of the Raman
scattering are to be determined and are not equal to wy and k, (as for the Brillouin
model). Note that for the propagation of the ®-wave it is necessary to have the basic
relation

kic? = wf — a)ﬁ. (5.5)

Remark 31. Tt is also possible to account for a Raman electromagnetic wave that
does not travel backwards but according to a vector kg. In that case, one must set

E'(1,x) = [E(t,x)e™ =70 c.c] + [®(t, x)e™ >R 4 ¢ c ]

and the previous relation reads as |kg|>c? = a)IZe - a)ﬁ But the derivation of the
model is that case is more delicate and we do not go in this direction. O

In actual physical situations, the Debye length is very small, so we are in the
framework of the quasi-neutrality approximation, i.e., N'Nyt >~ Ny. For the sake
of explanation, we address in the following subsection an ideal case where the ion
population and the mean value of the electron population are at rest, i.e., N' = 1.
Afterwards, we will introduce afresh the evolution of the mean density N in order
to get a more realistic model.
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5.1.1 Model with Fixed Ions

For the electron density fluctuation, we may use the following system (coming from
the general electrodynamics model (2.2) and (2.5)) where as above we denote ce2 =
3Vth,e = 3Tref/me‘

ad
El’l +V.Ue = 0

9
U+ V.(UU) + ¢V + 1, U, = —Z—e(EE +E +U,xB).

In the above velocity equation, note the damping term v,; U, which accounts in
some sense for the well-known Landau effect (which corresponds to the fact that the
distribution of electrons is not a Maxwell distribution); the coefficient v,; is called
the Landau damping coefficient.

Since the main force is due to the electric field E”, the velocity U, must be
decomposed into a transverse component U/, that oscillates at a frequency close
to wp and a longitudinal component U¢ that oscillates at a slower frequency. We
perform an average on a laser period 27 /wy using the same trick as is Chap. 3, i.e.,
the right-hand side becomes

o 2 \mewo o dmzwy

qe r r ryir 1 qe 2 ri2 qe2 r2 r2
<—Ue><B +V.(U6U8)> :<-( ) VIE| > =—* S VIE'P=y,VIE|
me o
where the (.),, corresponds to an averaged value over a laser period: this corre-
sponds to the ponderomotive force.
We now address the averaged value over a laser period of the density fluctuation
n,ie.,
h _ h __ e
n = (n>a)0 Ue - (Ue>w0
We will see that it is a Langmuir wave oscillating at plasma frequency w,. We
decompose also E¢ into a component E" oscillating at frequency @ » and a slowly
time-dependent part (i.e., E¢ = E"+ E*). For the sake of simplicity, we disregard
the multidimensional aspects of the Langmuir wave (as in the previous chapter) and
we set U!" instead of U”. The Langmuir waves satisfy the classical wave system
supplemented by the ponderomotive force

an’ d
— 4+ =y =0,
ot +az ¢

d 0 q d
gUeh + Ceza—zl’lh + VeiUeh = _m_eeEh - Vpa_Z|Er|2
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The Poisson equation reads SO%Eh = —q.n"; then after time derivation we have
a0 d
Ge T gh — 2 2yt
m, 0z 0t @ 0z

so without accounting for the multidimensional aspect, we get

0

—E" = 0?U".
m, at @pTe

Consider now the ponderomotive force —|E’|2

(5.2). We get

by using the decomposition

‘Erl2 [ECDEF(kp'HcRL‘H(lUR wo)t_;r_c c. 'HE‘Z'H(D‘Z] ~ el(wk_mt))t—(ECDe'(kPJ'_kR)“)—}-C c.,

indeed, we know that |E| and [®| are slowly varying with respect to the space
variable and 2 (| E|? + | ®|?) are negligible with respect to & (E e’ krt5#)%) Using
this approximation, the system for the Langmuir wave reads as

d 5,0
— —U'"=0, 5.6
o +32 ¢ (5.6)

d , 0 . R
gU” ez —n"4v,, U+ e gh —ype“wk—wo)fa—(Eq>e’<kp+kR>Z)+c.c. (5.7)
Z me Z

0 d
Since % E, a—d> are negligible with respect to k, E or kx®, we have
V4 Z

%E@“kﬁkkk) ~i(k, + kr)e'®r TR EQ;
<

MOTeOVer, 5 I (E®) is negligible with respect to i (wg —wo) E ®. Thus, gathering (5.6)
and (5.7) with the relation for E", we get simply
?ul P Ut

2 C 8_22U +o 2U + Vei —— o = (wr —wo)(k, +kR)yp [ei(”’R_”’U)’ei(kP+kR)zE5+c.c.}.
(5.8)

Now, address the r.h.s. of the paraxial equations (5.3) and (5.4). For instance,
in the quantity ne’*r?=i@!+ikrztiorl F\e know that function n is oscillating at
frequency wp and E is slowly time varying, so the time behavior of this quantity is
like eTieor—i@rtEioot thyg it is highly time varying and it is non resonant. Thus, we
may replace density 7 by its averaged value n over a laser period which is slowly
varying with respect to the time and state the simplified system
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d d ic ) .
—_E —_E——AE=—i hCI) —z(kp+kR)z+t(w0—wR)t’ 59
5 + ¢ % T 1 iBon" de (5.9
4 4 ic o b ik k)i (@r—wo)t
0] D — —A D = —ifon" Ee' rTERTTHORTOOL (5.10)

3 9 2k,

These two equations supplemented by evolution equations (5.6) and (5.7) for n", U/
make up a first modelling of the Raman backscattering system (of course, it is
necessary to supplement this system with boundary and initial conditions).

Notice that for this system, we may check that there is a momentum bal-
ance relation where the electromagnetic momentum is related to |E|> + |®|*+
E ®e!kptkriztior—oo)t 4 ¢ ¢ - this question will be addressed below.

To get a resonance condition for the previous system, we assume that the wave
(U!',n") is a travelling one, thus it behaves like

Ul = Ule 19 4 cc, n" = nhe XTI 4 e e,

with U/, n" slowly varying with respect to z and 7.

Recall that v,; is small with respect to w;l and the Debye length is smaller
than the laser wave length (typically we have kgAp < 0.3). Then, according to the
Bohm-Gross dispersion relation (4.23), we must have

Q =0, (1+3K243)" -2

so, using the fact that | K| < 2k, it leads to

3 Vei
Q> w,+pu, ,uza)szz)LzD—iT (5.11)
and we see that || is smaller than w,. Moreover, in propagation equations (5.9),
(5.10), the resonant conditions are

K—kp—kR:O, —Q+wo—a)R:0. (512)

Here k,, o are given and we search wg, kg, 2, K satisfying conditions (5.11)
and (5.12) supplemented by (5.5).

Let us first perform the calculus in the case v,; = 0; in this case, we have u =
wp3 K?)% and for the Raman electromagnetic wave we get

2 2
1) Q) )
wh = (a)o—a)p—u)2 ~ v} (1—2—p+—2—2i(1——p)+ M—z)
wo a)O wo wo 0)0
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Now, since Re(jt) is positive and w2/ a)g is negligible with respect to u/wo, we
check using (5.5) that the growth of the Raman instability is available only if wg >
wp,i.e.,

2w, /wo < 1;
it leads to the classical condition

Nref < 1/4

which has to be satisfied. Within this condition, we get

k2 ~ k2 (1 Yol A L &))
wo wo wo

this reads

K kp\*
- _ P :1_2&_2ﬁ(1_&)
ko ko wo wo wo

Then, using the previous approximation of ua)p_l, the value of K/ ky is the solution
of the second-degree equation

K kp)z K @p 292 @p @p
—— = | +to(—)=1-2—, with w = 3kgAp, —(1 — —
(kO ko ko o 07D a)()( a)o)
k kS
The two solutions of this equation are ﬁ + [1 — ZZ—Z + (- 22—5 - k—§
0

Since the largest value of K corresponds to the largest value of the growth of the
instability, we keep only the solution with sign +, i.e., using the expression of kiko_ 2

6()2
K:kp+k0\/1—2&+w(—’2’—2&):k,,+k0 f1-2%2,
wo a)o wo wo

We now fix the values of wg, kg, K, 1 as above. Moreover, we set

Ueh — ve—tw,,t +5ezwpt
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according to the continuity equation, neglecting %—'; with respect to i w, v, and we get

n" = _—ia—ve_i“)”’ + LE)—Ee""’f”. (5.13)
w, 0z w, 0z

So, from equation (5.8), a calculus of the same type of the one made in the previous
2

chapter (withdrawing the term a—t;)) leads to the equation for the Langmuir wave

Jdv . 3Ap Rv v, Yp 0, — « _
— — i Ve + — Vv =L (EDF) ™M 5.14
o T On 072 + 2! 2 32( e (5.14)

where we have denoted
9 — ei Kz

Now, in the propagation equation (5.9) the resonant part of n’ is related to e/’

and for (5.10) it is related to e/®#’. So they read as

3 3 iC 130 a‘U —_
—E —E— —AE=—-""—0fM, 5.15
TR E M R w, 82 ¢ 6-15)
9 0 ic Bo 9T .
—P—c,—P— —A D =""—"FEfe "M, 5.16
ot cgf)z 2ko T w, 0z ¢ ©-10)

The three equations (5.14)—(5.16) make up a basic ideal Raman system, where
the unknown functions are v, £, and ®.

Remark 32. Ttis also possible to account for the Landau damping coefficient v,; for
the evaluation of wg, kg, K, ;t. We perform this calculus in the simple case where
the koA p term may be neglected. Then u ~ —iv,; /2 and we get

2
w @ [0)) Vei
vk (1 2t w—?"’””“‘w—p)‘%)z)
0 0 0 0

Then, according to this relation, condition wg > ), reads as

Re(l — 29 iﬁ(l A (E)Z) > 0.
wo wo wo 2(1)()
or equivalently
1/2 Vei |2
2N +(z—)" =1

20)0
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The standard condition for the growth of the instability (2N, 2 < 1) is still

ref
strengthened when 2”;;0 is not negligible. |

Remark 33 (Momentum balance). To get a simple balance relation, we assume that
ve; = 0. Multiplying eq.(5.14) by iw, and denoting y = ;—;%—z, we get for the
momentum fluctuation n"U" = (v} + x) up to terms that are highly oscillating

with respect to the time

. v _i _0, =
ZwPE(v)(—I—wv)—zcg (X@—Xa—zz) = —e ’“twpyp)(a—z(E@@)-l—C.C.

. — Jd  —
= —e—l;u‘a)],yp (iK79E©+798—(E©)+C.C.)
Z

Now from (5.16) we get

d 3 _
5|o1>|2 — cga—|c1>|2 = —iﬁyEcp@e—”” +c.c.
Z

@p
9%v 0%v e 2
- (5070 —l [y Py v g
Smcefl(xazz Xazz o, = [(=3 2~ a02) = |50 — 15 1e=0, we

get the following relation (where a is a positive constant)

0 _ e (v v
o [ 0T am-ator] dz (15 Bay ey ) —aci (@Poy 10y

. 0 _
— —iwt¥Yr (592 E®
e 2 ()(Gaz( )+C.c.)

on the right-hand side. There is a term 6 that is highly oscillating with respect to the
space variable, so its averaged value may be neglected. Thus, this relation without
the right-hand-side terms may be considered to be a good balance equation for the
fluctuation of global momentum related to the Raman instability. |

Of course, in equation (5.14), it is possible to account for a transverse diffraction
phenomenon by using the transverse Laplacian A (corresponding to the space
derivative in the direction orthogonal to the main direction z).

It is crucial to point out that the system (5.14)—(5.16) is not useful from a
numerical point of view since there are highly oscillating terms 6 with respect to
the space variable. The aim of the sequel is to simplify this system and to replace it
by another one of the three-wave coupling type (analogous to the Boyd—Kadomstev
system for the Brillouin instability). It is made without accounting for the diffraction
terms; in a second step we will introduce afresh these diffraction terms.

Itis worthwhile noting that there are different small parameters and this reduction
is quite tricky, even if it has been used for a long time by physicists. We choose here
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to justify it by introducing a small parameter ¢ related to the inverse of the wave
number and the inverse of the laser pulsation, and then to perform an asymptotic
analysis. Note that a lot of mathematical details are still open problems, but we try
here to explain the main lines of the work.

For a while we do not account for the Landau damping coefficient v,;; we will
introduce it afresh at the end of the derivation. Now denote ¢/ = Cq¢/Vine the ratio
between the group speed of light and the electron thermal speed (it is larger than 1;
e.g., in the hot plasma we have in mind, it may be on the order of 15; but we do not
make any asymptotic analysis using the parameter 1/c¢”).

For the sake of conciseness, we use a length unit such that vy, e = 1; the reduced
space variable is now denoted by x instead of z.

Let us introduce the small parameter ¢ related to the ratio between the laser
wavelength and the characteristic length of the plasma

&= 1/(k0Lplas)
and define « and A by
K =& ', Ap = Ae.

With the new length units, we have w, = A;' = ¢7'A7!. Here k! and A are on
the same order of magnitude (even if kA is small with respect to 1). Moreover, we
define f; by

BokA = B

Using the normalized space variable x, we set
E(z) = EL(X), P(z) = CDg(x), v(z) = U;(x), 0(z) = 6,(x) = pirx/e.

Then, with this change of variables, system (5.14)—(5.16) reads as follows without
accounting for the damping coefficient v,; or the transverse diffraction operators

9 o
(— + c’—) B = P 0% g i
X

ot d ¢ Kk 0x
0 ad B v’ S i
A q>/ . SE 95 it
(az Cax) e = T Fax Dee
2.,/
Bvé _ 2 0 Vg —QE(EQQQQS) —ipt
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We now define y; = y,k/(2¢) (where y, is of order 1) so we expect to have v, of

&

is of order £ =) and we drop the ’. Then the system reads

9 9 e —
(— + c’—) E = P1o0% g groin
X

order 1 (indeed

ot a K 0x

0 , 0 B v, —i

-~ — C qps = — ___'lsa & tht
(at ¢ ax)  Cox ee
Vg 31 9%, y1 0 — .
— e =L (E.®.0,)e M
ot 1283x2 /c83x( e

5.1.2 Reduction of the Model with Fixed Ions

Setting

ikx/e
9

W, =iv.0, =iv.e

the previous system may read as follows

( 9 +c’i) E, = (—ﬁlm@ﬂgﬁam) et (5.17)
K

o ox ox
D 0N (o B WL
(E_C ax)cbs = (,31W€E€+z < o )e (5.18)
oW, w, « 3L PW, — e 0, —\ _;
A | —We—i— = Eo,—i——(E P, (5.1
5 +3K3x +18W T ()/1 i— ax( ))e (5.19)

this system is considered on an interval [0, L] and needs to be supplemented by
initial conditions and boundary ones, which are, e.g.,

Es(tso) = Eins ¢5(Z,L) = 07 u/s(tso) = W&‘(ts L) = O (520)

Proposition 18. There exists a positive constant b related to boundary value E'",
such that if E., ®., W, satisfy (5.17)—(5.19), we get

d Y1
o (nWsuLg + 5 ||Es||Lg) <b

9 Y1
o (1l = 3 1z <0
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[Indeed, in a classical manner multiplying the first equation E, and the third one
by W, , we get with C =

pas
Bi

g oW, — — — . W —
yi | | WD, E4i— A —W. . E, E.|4ccc. |+C|i We+c.c.
K Ox dx2

Then integrating with respect to x, after integrating by parts, we get

( +c —) |E.|? +—|W| +3)LK—|W|Z

8 Y1 4
a (100ss + 2 1B ) + e (P - E7P) = .
B B
The same type of calculus yields

yi (0 a 2, 0, 0
I (G = eqm ) IO+ S IE + e =

— e W.— _ e W, W, —
yi || —WeDE+i— )| —|—W. Q. E.+i——FE. | +c.c. |[+C|i We+c.c.
K 0x K 0x 0x?

and the other bound follows. [1]

awe
By neglecting . with respect to EWS in the right-hand-side terms, we get
Z €

d 0 .
( +c —) E, = —B W, D.e'™
ox

at
ad d )
— —— | D, = BiW,E e M
(8z ¢ 8x) = PiWeEee
oW, v, .« 3L 02W, — i
o1 Koy TigWemigegm = nEde™
Define now
:Wseiat/a

and introduce the quantity

1 3k2A2 19 )L4
o= _g:_k(1/1+3K2A,2—1— K ): (k1)
e &

2 A 8
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It is not exactly independent of &, but if we assume that A is on the order of &!/3
we see that p has a limit when & goes to zero. It is worth noticing that term e /! is
crucial for a good modelling of the Raman instability; it is called by the physicists
a “miss-match term” (notice that if the plasma is not homogeneous, it may depend
also on the space variable, and it is an open problem to account for a coefficient p
depending on the space variable).

Thus, E., ®, and w, satisfy

I
(E _x) vt ey
J ¢ — —ipt
=) @, = prwEe (5.22)
dax
B C_ 3 P, .
- 4 3 av; —iS e = NEDe (5.23)

Of course, this system needs to be supplemented with initial conditions
E£|t=0 = Eini, q>£|t=0 = Dy, Ws|t=0 = Wini,

as well as boundary conditions, e.g., (5.20) (i.e., they are of a homogeneous Dirichlet
type for w,, but we may also have conditions of Neumann type).

The following result enables us to simplify equation (5.23). Here the final time
T is fixed.

Theorem 4. Assume that E;,;, i, win; are bounded and belong to H;. For all ¢,
there is a solution (E;, ®,, w,) in the space (L*°(0, T, L)Zr))3 to system (5.21)—(5.23)
supplemented with the previous initial conditions and boundary conditions (5.20).
Moreover; if € goes to 0, we have

E. —> E, o, —> D, we —w  inL(0,T;L?),

where (E, ®, w) is the unique solution of the system

( 9 +c i) E = —Biwde """,

ot ox
d / 0 _ — ipt

(5 c 5) & = BiwEe'", (5.24)
ow

aw
43—y E®eift
B M TETe
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supplemented with the same initial conditions and the boundary conditions
E(t,0) = E™", o, L) =0, w(t,0) = 0.

It is worth noticing that the proof of the existence of the solution of the system
(5.21)—(5.23) is quite technical; indeed, even for a given value of E,, system (5.18),
(5.19) is not hyperbolic. One needs to adapt techniques used in [30]. We give below
only a sketch of the proof; moreover, the uniqueness of the solution of (5.21)-(5.23)
seems to be an open problem.

Conclusion

Let us now go back to the physical quantities and introduce afresh the diffraction
terms in the laser propagation equations and the Landau damping term. The spatial
variable in the longitudinal direction is denoted afresh z, so we have x = (z,y)
where y is a two-dimensional variable. We first check that w needs to be defined by
the following relation:

3 1
w(x) = iv exp(iK(EK/\thhyet —2)) =1iv exp(iK(chft —2)).
P

The previous analysis is a justification for replacing the first Raman system
(5.14)—(5.16) by the following one, called the simplified Raman model,

0 , _
1 d ic _ ﬂ —
(1) (E‘i‘cga_z)E—%AJ_E ——ﬁwée 1pt7
(RamS) ii i 9 D — A D = BopEeirt
(11) E—Cga—z —m 1 —EW e,
ow ow Ve y — .
(111) E + 3ADU1h’eK8—Z + TW = T”KEQDe lPt’
where the miss-match term is given by p = —%(K Ap)iw,. Itis called ‘simplified’

since there is no ion acoustic wave, that is to say A = 1.
Of course, it must be supplemented by initial conditions and by boundary
conditions; e.g., in the one-dimensional problem with z € [0, L], one may take

E(t)|z=0 = Ein’ ®(t)|z=L =0, W(t)|z=0 =0,

where E'” is the incoming laser field. In a multidimensional simulation one must
impose transparent conditions on the boundaries corresponding to the transverse
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e

30 40 50 60 70 80 90 100
Position (microns)

Fig. 5.1 Profile of the main laser wave intensity at times 0.4 ps, 0.6 ps, 0.8 ps, 1.1 ps, 1.4 ps, 1.7
ps, and 2.0 ps. Here, the depletion of this wave begins at 0.8 ps and is very significant at 1.1 ps

directions (to deal with the diffraction operator A) and state the following
boundary conditions in the z-direction:

E(I,X)|Z=0 = Ein(y)v ¢(Z7X)|Z=L =0, W(va)lz=0 =0.

To illustrate this modelling, we first show the results of a numerical simulation
of a one-dimensional problem where one accounts for model (RamS) with p = 0
and v,; = 0; Nper = 0.2 N,.

In Figs. 5.1, 5.2, and 5.3 we plot the profiles of the intensity of the three waves,
ie., |E|* |®|*> and |w|? versus the position z at different times. [These figures
and the following ones were supplied via the courtesy of Guillaume Tran (CEA
Bruyeres-le-Chatel, France).]

Let us show now a numerical result of a two-dimensional simulation. Denoting
z, y as the two coordinates, the incoming laser field £ in(atz = 0) is now a function
of y. As a matter of fact, it is a Gauss function with a phase ¢(y); it reads as
E"(y) = exp(—|y — yo|>/L? + i@(y)) in such a way that the intensity of the laser
wave propagates and focalizes at some distance (here the center of the simulation
box). The map of the laser intensity | E(z, y)|* at the beginning of the simulation is
plotted on Fig. 5.4.

The map of the electron wave energy |w(t, z, y)|? at different times is plotted on
Fig.5.5.
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1.4,

[
o
1.2 o
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1
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Fig. 5.2 Profile of the backscattered laser wave intensity at times 0.4 ps, 0.6 ps, 0.8 ps, 1.1 ps, 1.4
ps, 1.7 ps, and 2.0 ps
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Fig. 5.3 Profile of the Langmuir wave intensity at times 0.4 ps, 0.6 ps , 0.8 ps, 1.1 ps, 1.4 ps, 1.7
ps, and 2.0 ps. The unit of intensity is normalized at its theoretical maximal value

Sketch of the Proof of Theorem 4

We can set the constant y; to 1 and drop the term e’?! (there is no difficulty related
to this term from a mathematical point of view). Up to a change of notation, we may
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Main laser wave
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Fig. 5.4 Main laser intensity at the beginning of the simulation

write ¢ instead of %8. Denote ¢ instead of ¢’ and u,, v, instead of E,, ®,, moreover,

. 2
u, v instead of E, ®. Denote also by L, the operator L,w = 833)(—2%. So the system
to be analyzed reads as

d d
(E + ca) Uy = —Bwev,. (5.25)
d a _
(5 - ca) v, = B, (5.26)
ow. d . _
a—; + 31 5 f —iL.w. = u., (5.27)
with the initial conditions
Ugli=0 = Uini, Ve|t=0 = Vini, Welt=0 = Wini,
and the boundary conditions
M£|x=0 = Min» U£|X=L =0, Ws|x=0 =0, W£|X=L =0.

The structure of this system is the same as the Boyd—Kadomstev system up to
the supplementary term i L. w, in the third equation.

If there exist functions u,, v, w, satisfying this system,we have, according to the
boundary conditions for w,

d 0
§/|wslz+3)\/c/£|wg|2 = /ugvgwg—i-/iw_ngwg—i-c.c = /usvswg—f-c.c



176 5 Coupling Electron Waves and Laser Waves

8e-06

6e-06

4e-06

y (meter)
Deltan/no

2e-06

o

1e-05 2e-05 ~ 3e-05 4e-05
8e-06

6e-06

4e-06

y (meter)
Deltan/no

2e-06

o

1e-05 2e-05 3e-05 4e-05

y (meter)
Deltan/no

o

1e-05 2e-05 3e-05 4e-05

Fig. 5.5 Map of the Raman wave energy at 2 ps, 3 ps, and 4 ps, respectively
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then
9 2 2
o (el + B lwel;) < . (5.28)
0
o= (el + oel;) < . (5.29)
J 2 2
o= (Ilvellzz = B lwellZ: ) <. (5.30)

Thus, there exists a constant Cy depending on the data and independent from &
lue @2 0@l 2 - we@ll 2 < Co. forallt < 7. (531)

With a technique analogous to the technique used in Chap. 3 (Sect. 3.2), one can
show the existence of a solution (ug, ve, we) to system (5.25)—(5.27) in the space
(L?(0, 7, L2))* for a small final time .

But using the bounds (5.31), a classical continuity argument shows that this
solution can not blow up at a finite time. Thus, there exists a solution (u, v, w;)
in the space (L*(0, T, L?))? on the global time interval [0, T] .

According to the proof of the second part of Theorem 1, one knows that (u,, v)
satisfy for a constant C; independent from &

t
/ [ve(t — s, x —5)|*ds < Cy,
0

/Ot |we(t — s, x —s5)|>ds < Cy.
Thus, we get
t
lus(t, x)| < ,3/0 [ve(t — 5, x —)we(t — 5, x — $)|ds + ||tini || oo
< Ci + ||thini]| Lo
The analogous holds for v,, so there exists C, independent of ¢ such that

[ue(ll oo = Co Nve(D)]l L0 = G2
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We now address the equation satisfied by d,u., d,v,, and d,w, in order to get
bounds of these functions. Using notations of the proof of Theorem 1, we have

K1(0xu;) = —Pwy,(0xve) — Boe(0,wy), (5.32)
KZ(axvs) = ,Bw_w(axus) + ,Bus(axw_a)7 (533)
K3(3st) + iLa(Sst) = U_a(axua) + us(ng_a); (5.34)

then we have

d
5 (100l + 1050013,) <b+5Ca [ I @il dx+8Cs [ 10,700, 7)] d

Thus denoting y, = ||0xw| ;2 ,we see that

t

max (e (012, . 906 ()12, ) <Cin-+b1+BC /0 x5y max ([0t 2 - vell 2 ) ds

so we get

t
supmax (13,1913 [8:0:9)l1z) = € + € [ xeo)ds

s<t

Equation (5.34) reads as K3(dxw,) + iL.(d,w,) = g with g satisfying
”g(l‘)”L2 = ”vs”L‘x’ ||axue(t)”L2 + ||M£||L°° ||8Xv£(t)||L2 §2C2 max (||axus(t)”L§ ) ”axve(t)”L'%)

Now multiplying equation (5.34) by d,w, and integrating firstly in x and secondly
with respect to ¢, we get

t
19:we (72 < lwini I3 + /0 g )l 22 19:we ()l 2 ds

Therefore,

t
%e(t) = 9w (0]l 2 < Cr + /0 lg(s)]l,2 ds

t

t
< 426 [ max (10.6) 1z 180 0)lz) ds = oG [ 9)ds
0 : : 0
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So according to Gronwall’s lemma (see result 7 in the Appendix), x = [|0xwel| 2
is bounded for all# < T by a constant independent from &, and (|0 ue|| ;2 . [|0x Ve | .2
are also bounded by a constant independent from &. Then, we can extract subse-
quences still denoted by u,, ve, w, such that

Uy — U, Uy — U, Uy — U, in LZ(O, T: L)Z() strongly.

So, we can pass to the limit in the weak form of (5.27) which reads as

%/wgi—ﬂk/wag; +i /ag Owe /Zusvg

for any test function ¢ in H and we get

%/wé’—?ykle/w%z/@uﬁ

It is easy to check that u, v, w satisfy system (5.24) with appropriated boundary
conditions. Since the solution of this system is unique (according to Theorem 1),
the whole sequences u,, ve, w, converge. O

5.1.3 The Raman Model with an lon Acoustic Wave

We may now add to the previous model the time behavior of ion acoustic wave as it
has been made in the previous chapter related to Zakharov equations. The derivation
of this model is quite tricky and all the articles in the physics literature are not in
full agreement (even in the case where multi-dimension aspects are neglected for
the Langmuir waves). Nevertheless, we try here to give some enlightenments on
this problem.

Remind first that the ion balance equation for mass and momentum read as

9
o No+ V.(NoU) = 0.

a
mog(NoU) + VP = ZN()(]eES + meveiNreri.

For the electron density, we perform the following decomposition the averaged
value (N,),,, over a laser period

(Ne>a)0 = refnh + NietNV,

h

the term n” corresponds to the Langmuir wave.
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We make a time envelope of n” as in the previous chapter, using the slow varying

. . . So0v DR )

time variable v that is to say n = —L —e7'r! 4 — _—¢'“r' Thus, v satisfies as
r 0z “r 0z

above equation (5.14) but with a supplementary term as for Zakharov equations:

v 3Ap v v, Yp 0 , — ®
D NI B ¥ V") Yo A Dt G NG |
o Ty Vhegm Ty v =0 g (ER0)e i W=D

Now, in the same way as in the previous subsection, we define
. . 1 )
w=ivexp(iK(=—Kc.t — 7))
2w,

and equation for v may be replaced by the following equation for w,

ow ow v, YpK
— +3ApKVihe— + —
o + 3Ap KV, 2 + 3 w

. w
E®e P! — iTP(N— Dw
For the slow varying part A/, we may state, as for the Zakharov equations,

d 0
— —Us =0
8tN+ dz ¢

J ad s Qe s a
gUe =+ c33_2N+ VgiUé = —Nm—eeE — 28—Z|U|2

Now, we make the quasi-neutrality approximation; then adding the momentum
equations for ions and electrons, we get

9 9 9 9
—(moNoU+m, Nyt U2) + — Py + 1o Neet— N = =11, Nie2— ||
ot 0z 0z 0z

Indeed, we have neglected as usual the term (Z Ny — NeetN)q. E*. Moreover, quasi-
neutrality implies that Nyt >~ ZNg and moNo-+me Nyt >~ moNy. This means that
the ion wave satisfies

ad a
$N+ a_Z(NU) =0,

Zm,
mo

i) , 0 0
= SN =25
5y WU + ¢l N ll

Thus, denoting N'U = ¢, instead of system (RamS), we arrive at the following
system:
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, 9 . ) By
(1 (%"-Cga—z) E—%AJ_E"‘I,BO(N_ HE = —ﬁ—(p),/\/'w@e it
i 0 acp CALD Nl@—ﬂONEW
(ii) 5 Cey, T ALP +iBo(N = 1) wEe

(Ram),
(iii) %—Zv%kovth@K %—W+%w+i%(/\f—1)w = 2 KE®e 0!,
Z
. 9 dg dg N P LI
— — = O’ - — = _zﬂ_
() TR o T, m g "l

We conjecture that this system is well-posed (at least when |w|? is not too large).

Remark 34. If one wants a more realistic model, it is possible to account here for
a ponderomotive force, due to coupling with the Brillouin backscattered wave, and
to add on the right-hand side of the momentum equation a corresponding term;
then one needs to introduce a new backscattered electromagnetic wave, let us say ¥
which solves a propagation equation

d d .
LAV LN 1= M)W = iByENe*Fr
(az Cgaz) 2k LY T Bl =N = ifoEN e

and to replace system (iv) above by

0 dq dg N Zme 8 5 )/,, 2k
I N4, b B Stiid 2ik, UE ¥k
FTRARE o O T M T Gk WEeT e

O.

5.2 The Euler-Maxwell Model for Short Ultra-High
Intensity Laser Pulses

In this section, we address briefly a special feature related to ultra-high intensity
laser beam propagation in a hot plasma, where the typical intensity is larger than
10" W/cm? for a wavelength in a vacuum equal to 1 micron (or a fraction of
1 micron). The laser pulse is also assumed to be very short: the corresponding
observation time 7o, may be much smaller than a picosecond (recall that the time
scale related to the laser period ;! is on the order of a femtosecond for the typical
laser beam); but this observation time may range also up to some tens of picoseconds
for some high-energy laser devices.
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From a physical point of view, the interaction of this pulse with a preheated
plasma creates a very intense electron plasma wave that perturbs the propagation
of the pulse. This wake generates a non-neutral region, and a strong electrostatic
field occurs that may accelerate light ions at a very high velocity. There are a lot of
applications (see, e.g., [48,57]) using such ion beams generated in this way (as in
medical area, tomography, etc.).

In some applications, the plasma density may be initially larger than the critical
density; then there is digging of the plasma by the laser pressure (which is in turn the
same as the ponderomotive force explained above), which enables the propagation
of the laser beam. So the plasma density is generally smaller than the critical density
and in the same order of magnitude. Thus the plasma frequency a);l is on the order

of magnitude of the laser frequency wy (recall that w, /@y = /N./Ne).
Then the picture is the following: for the observation time Tps,

—1 D —1
a)o ~ = a)p << TObS ~
Uth,e

Lobs L
b <« plas

Cc

moreover, the observation length L is such that

2w
A]_) < a)—C < Lobs < Lplas
0

but the spatial domain of interest with the width L, is often a moving frame.

As a matter of fact, the classical way to perform numerical simulations of the
ultra-high intensity laser propagation is based on kinetic models of Maxwell-Vlasov
type; but this kind of simulations in 3D is very expensive even on massively
parallel architectures. So it may be interesting to address fluid simulations for
comparison with kinetic ones and for performing simulation on long time intervals;
see, e.g., [20].

This kind of model is also used for modelling other physical phenomena such as
electromagnetic waves in semiconductor devices (see, e.g., [84]).

The framework of the modelling that we address now is the following: the
electron population is characterized by a Maxwellian distribution and its evolution
is described by the classical fluid equations. Moreover, for the sake of simplicity,
the ion population is assumed to be at rest (but, of course, it would be possible to
account for its evolution also by a coupling with a supplemented system) and we do
not account for relativistic effects (as a matter of fact, it would be necessary to do
this if the laser intensity was larger than 2. 10'® W/cm? for a laser wavelength equal
to 1 u m).

The model of interest consists of barotropic Euler equations (assuming that there
is no coupling between ion and electron temperatures, and no thermal conduction)
coupled with the full Maxwell equations.

%Ne—i-v.(NeUe) =0 (5.35)



5.2 The Euler-Maxwell Model for Short Ultra-High Intensity Laser Pulses 183

9 ]
E(NeUe)—i—V.(NeUeUe)—}—CpVNeS/3 = —Ne’i—(E—i-Ue x B)—ve; N, U,. (5.36)

9 E — c’curl B = ! J (5.37)
ot 0 '
ad
EB + curl E = 0, (5.38)
VE = %(ZNO —N,), and  V.B=0. (5.39)
with J = —¢,.N,U,. Recall that if relations (5.39) are satisfied at the initial time,

they are always satisfied.
As explained above, the hypothesis is that the pressure obeys simply the law
P, = meCpNeS/?’. Since, we have

1
—VP, =
M, 3m,N,

we check that the sound speed is equal to ¢, = (5Pe/(3meN€))1/2.
There is a global energy balance, with the total energy ey, (N,) + %meNe |U, |2 +

0 .
5 |E|> + % |B|?, where e;y(.) corresponds to an internal energy of the plasma.

Remark 35. For the sake of completeness, let us mention that, instead of the
barotropic Euler equations, it is possible to deal with the full Euler equations

9
o Ne + V.(NU) = 0,

9 1
ZNU, + V.(N,U,U,) + —VP, = —N, 2 + U, x B) = v.: N, U,.
ot m, m,

9
55e + V.(EU,) + P.V.U, = —V.qunc + Mevei No|U, |

Then, internal energy &, is proportional to the electron temperature (and there is
a global energy balance for the total energy that is &£, + %meNeIUeI2 + %0|E|2 +
% |B|?). As a matter of fact, most of the properties of the barotropic Euler-Maxwell
model remain true for the full Euler—-Maxwell model.

Notice also that if one wants to account for relativistic effects, the left-hand side

ad
of equation (5.36) needs to be replaced by (5 N.Q.+ V.(NeQeUe))mie +Cp VNeS/3

knowing that the momentum Q, is related to the velocity by the relation U, =
Q./me[1 + Qg/(mgcz)]_l/z- u
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5.2.1 Well-Posedness of the Model

The aim is to analyze the existence and uniqueness of the barotropic Euler—Maxwell
system, and to state precisely some boundary conditions to be imposed for such a
model. The time-local existence and uniqueness was first proved by Jerome [70] for
the full compressible Euler—Maxwell system with regular initial value. We give here
the main ideas related to this system in the barotropic framework. We do not worry
about boundary conditions, which will be addressed in the following.

Let W denote the vector function from R? in R!* defined by

N,
m.N.U,
E
B

W=

So, using a reference frame x = (xy, X2, x3) and denoting U, = (U, U,, Us) the
system reads as

N.U; N.U,
d m,N.UU, + 1, P, d m,N,U,U, + 1, P,
a W . e e e e - e e e e 540
A ¢2S'B R PS 2S°B (540)
SlTE SZTE
N, Us
ad m.N.UsU, + 15 P,
— = Go(W),
0x3 c2S°B o(W)
S’TE
1 0 0
where we have used the following notationsI; = | 0 |, L =] 1], =] 0
0 0 1

and the elementary 3 x 3 matrices

000 00—1 010
st=1o0o01]. s?=1o00 0 |, S=1-100
0-10 10 0 000



5.2 The Euler-Maxwell Model for Short Ultra-High Intensity Laser Pulses

Moreover, the zero-order term is the following:

0
—N.q.(E+ U, xB) —v,;m,N,U,
Go(W) =
o(W) L4eN.U,
0
Symmetrization

185

Let us first recall a classical way to symmetrize the barotropic Euler system. Instead

of (N,, N.U,), we use the unknowns (P,, U,). Since there exists Cy such that

meN, = Cy Pe3/5’

the barotropic Euler system may be recast as

3 0 3
—P, VP, +V.LU, =
5P, 0t * PU +V.Ue =0,

ad
Cy PS5 U+ Cy PU VU, + VP = g.

denoting g as the second line of Go(W); i.e.,

P, d P =U,.VP, +V.U, (0)
M e . e + SPP — ,
0(Ue)Bt(Ue) ( VP, +CyP’U,+VP, g

defining the matrix M, by

P! 0
()—(0 CPM)

Let us make this structure clearer by using the reference frame (xi, x», x3). In

this frame, the system reads as

P, P, P, P,

P, 0| U d U, d U, d U,
Mo(_ )3— : +M1( )3— ' +M2( )8_ ' +M3( 8 "=

U, ! U, U, 9x1 U, U, 0x2 U, U, 0x3 U,

Us Us Us Us
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where the three 4 x 4 matrices Mj (.) are given by

3U 3V
i 13 0 0 i 03 1 0
1 CyP’U 0 0 0 CyP’U 0 0
M1= N e 1 N ’ M2= N e 2 N
0 0 CyPS Uy 0 1 0 Cy P’ U, 0
3 3
0 0 0 Cy PS U, 0 0 0 Cn Pl U,
3U3
5. O} 0 1
0 CyP°U; 0 0
M; = ° 3
0 0 CyvP>Us 0
3
1 0 0 Cy P> Us

They are symmetric. Denote now

P
U

Y

Y

7 =
E
B

Then, the Euler—-Maxwell system reads as

9 9 9 9
Ay—Z 4+ A —Z+ Ay —7Z + As.—Z = G(Z). (5.41)
ot dx, 0x 0x3
where
M; 0 O M, 0 0O Ms; 0 0
Ar=]l 0 osS')], A= 0 0S8*], As=| 0 o0 S],
0 S'To 0 ST o 0 $To
0
M() O 0 3/5q %
—Cy PP (@E +U, xB) —v,;Cy P, U
Ay = 0 CLZIO ’ G(Z)Z N me( + EX;) Vei LN e
0 | MO,%CNPeSUe

0
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Of course, this system must be supplemented with an initial value

Pini
o Uini
ZO0)=7Z" = | “e.
( ) ElIll
Bini
such that
vV E" — q—g(ZNo —CyPM™), and VB"=0. (5.42)
e

The four matrices (of order 10 x 10) that appear in the system (5.41) are symmetric.
In the sequel, we assume that there exists a constant Pj,r > 0 such that

Pinf = Peini = Psup (543)

Lemma 9. The matrices MlMal is diagonalizable with eigenvalues (U, Uy, Uy —
ce, Uy + c.) and the analogue for MzMal and for Mg,Mal

Thus, the matrix Aj Ay !'is also diagonalizable and its eigenvalues are
Ul? Ul? Ul — Ce, Ul + Ce, —C,—C, 07 Os c,C.

Notice that accounting for the constraints (5.39), it is natural that the solution
to equation (5.41) belongs to a space of dimension 8 only, and as a matter of fact
the two eigenvalues equal to 0 do not correspond to physical waves. In the same
way, the matrices A Ay and A;A;! are also diagonalizable and have analogous
eigenvalues. Then, equation (5.41) is a nonlinear symmetric hyperbolic system in
the Friedrichs’ meaning. So, we have

Theorem 5. Assume that there exists a constant Poo such that (P —
Poo, Uini EM Bir) pelongs to [H?*(R®)]'° and that (5.42) and (5.43) hold.

Then for a small time t, there exists a unique solution Z(t) to equation (5.41)
such that (P, — Peo, U,, E, B) belongs to the space C(0, to, [H>(R*)]'°). Moreover;
this solution is in C(0, ty, [L*®°(R3)]') and relations (5.39), (5.43) hold for all time
t in [0, to).

Remark 36. Recall that the classical Moorey’s inequality (which is of the same type
as Sobolev inequalities) claims that

23
2]l Loo 3y < Cmo lIzll 2wy » Vze H'(R')

(with a universal constant Cyy,); thus, we see that if Z(¢) is continuous from [0, zy]
into [H3(R?)]'? it is also continuous from [0, o] into [L%° (R?)]'°. |
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Remark 37. Notice that if there is no electromagnetic source and if the magnetic
effects are negligible, the Euler—Maxwell system becomes simply the Euler—Poisson
system; that is to say

1 q;
E=-—Vo, -A®=2zN, N,
qe €

which is a classical one for which we have also existence and uniqueness of a regular
solution on a small time interval; see, e.g., [55]. O

Proofs of the Sub-section
Proof of Lemma 9. We see that

Ui (meNe)™!
gPe U,

0 0 U 0
0 0 0 U,.

(U
-1, P (U
MMy () =

e

then the eigenvaluesx are given by Uy, Uy, U+ \/g P./(m.N,), U — \/g P./(m.N,).
And by a classical way, we see that the matrix is diagonalizable. |

Sketch of the Proof of Theorem 5

We follow the proof given in [70]; the idea is to apply the general result for
quasilinear symmetric hyperbolic systems based on the nonlinear operator semi-
group theory of Kato in the spirit of [73]. Denote R = ||Z ini H (Lo9)10 - First, for
the matrices occurring in (5.41) it is easy to check the following properties. For all
Z = (P, U, ,E,B)and Z' = (P/,U,,E,B’) such that |Z|gio < 2R, |Z'|gi0 <2R
and P,, Pe’ > Pi¢/3, we have the following:

(i) The matrices A;(Z) for i = 0,1,2,3 are symmetric; moreover, the matrix
Ay(Z) is definite-positive, (A(Z))~" is uniformly bounded.

(ii) The matrix functions A;(Z) are bounded in the space £(R!?, R'?) and depend
smoothly on Z (in a differential way); there exists a constant C (depending
on R and P;y) such that

|A,’ (Z) —A; (Z/)IL(RIO’RIO) < CR|Z — Z/IRI()
(iii) The vector function G(Z) depends smoothly on Z (in a differential way) and

|G(Z) — G(Z/)|R10 < CRr|Z — Z/|R10, (5.44)
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Existence. First, in matrices A;, we replace the function P, by E(Pe), where Fe is
a smooth function such that

P(P)=P if P> Pu/2
= Pus/3 if P < Piy/3

Due to the above properties and the fact that E(Pe) is bounded from below,
according to the general theory [70], there exists a solution Z(¢) on a small time
interval such that (P, — P, U,, E,B) is continuous from [0, ] in the space
(H3(R*))'% i.e., we have

! —1 0z / —1 0z / —1 0z / / ! —1 / /
Z(t) — Z(0)+ A AL —— () HAT Ay —— () AT Az — (') | di'= | AT'G@)(')dr'.
o 0x; dx2 0x3 0

Now, according to Moorey’s inequality, we see that the functions Z(.)
and a Z() are continuous in (L*®(R?))'0, thus the previous relation yields
||Z(t) - Z(0)||(L00)1o < Ct. That is to say we get for a small time #,

IZ() || (Looyr0 < 2R, ig{lff’;(Pe(t,x)) > Ping/2, Vit <1y, (5.45)

and we have E(Pe(t, J)) = P.(t,.) fort <1t.

Let us now focus on the uniqueness.

Assume that there exist two solutions Z and Z; = Z+Y that are continuous from
[O, to] in [H*(R*)]'°; thus, they satisfy (5.45). In fact, we will prove the stability in
L? with respect to the initial values and we want to show that on a small time interval
[0, £1] with initial value Z™ and Zm1 there exists a constant Cx(¢;) depending on £
such that

I1Z(t) — Z1(t) ]| 2 < Cultr) | Z™ —Z|| .. Vi <1 (5.46)

By combining the two equations satisfied by Z and Z + Y, denoting A;p =
A;(Z +Y),we get

a ad a ad
Aooa Y + Ajp. ox Y+A20.B—Y+A3o.a—Y= GZ+Y)-G(Z)

—AOD(Y) AD(Y) z AD(Y). —z AD(Y). —z

where A”(Y) = A;(Z + Y) — A;(Z) and |AP(Y)| < Cg|Y|. Now, we multiply
the right-hand side of the previous equation by Y and integrate over R?, since

0 a d
2 <A*§Y, Y> =3 (ALY, Y) — <($A*)Y, Y> and the analogue for %, we get
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d bl d kil d
22 AoV, V) - <(5A00)Y, Y> - <(8_x1A10)Y’ Y> _ <(a—szzo>Y, Y> _ <(@A30>Y, Y>

ot
0Z
axi 00 '

We know that %Z 27 7 and a;isZ are bounded in (H?(R?))'°; thus,

> dx) T dxp
according to Moorey’s inequality, they are bounded in (L%°(R3))'°. According
to (5.44), we see that |G(Z +Y) — G(Z)(t)|,> is bounded by Cg|[Y(?)|,2;
therefore, we get for a constant Cs

<2(G(Z+Y)-G(Z).Y) +C |Y|% +C Y%

HOO

kN

B (.Y 0) = G YOI

Then, due to the property of Ay, we see that ||Y||iz < C4(AgY,Y) and we
get C7H Y032 < lAcolloo [YO)[132 + C3 fiy [IY(5)]172 ds; therefore, inequality

(5.46) follows according to Gronwall’s lemma (see result 7 in the Appendix). O

5.2.2 Boundary Conditions

In order to fix the ideas, we address a classical situation where the simulation
domain O is a slab, let’s say x3 € [0, xmax] or a parallelepiped (xi, x2,x3) €
R x [0, xmax| Where R is a rectangle, and assume that a laser beam enters in domain
O with a normal incidence through the boundary I" corresponding to x3 = 0.
Denote n by the outwards normal vector.

Before dealing with the electromagnetic part, let us address the fluid part of
the full system. For the sake of simplicity, we assume that the flow is subsonic.
Then, if we are in a one-dimensional framework, one has to give only one boundary
condition on each face of the spatial domain. The simplest one is to impose the value
of the density

Ne = N

If we are in a three-dimensional framework, then we also need to impose
boundary conditions (e.g., of the type a—anUz = %Ug, = 0) on the faces of domain
where U; > 0.

In the sequel we assume that Nyer < N, 50 @, /@0 = / Nret/ Ne < 1.

Let us address now the conditions for the electromagnetic part (5.37) and
(5.38). First of all, since the eigenvalues of the one-dimensional system (related
to the direction n) are (—c, —c, 0,0, c, c¢), there are only two eigenvalues with the
sign corresponding to an incoming wave; thus, one must impose only two scalar
boundary conditions on each boundary.
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Recall the features related a monochromatic plane wave in a linear medium
explained in Remark 13 of Chap. 3, Sect. 3.1.1. We may build E and B solutions of
(5.37) and (5.38) in a neighborhood of the boundary where N, is equal to Ny by the
following way: we set E(z,x) = E/(x)e™ ' + c.c., B(t,x) = B/(x)e™'™ + c.c.

2

and J(t,x) = J(X)e7 ' 4+ c.c. where J = iZ—gE/ (neglecting the absorption
(1)2

phenomenon), then (E/,B’) satisfies —iwo(1 — —%)E’ — c¢?curl B = 0 and
@y

—iwoB’+curl E' = 0; the wave is characterized by the wave vector

k=—n,/of —wl/c

and introducing a fixed vector f orthogonal to K, the electric and magnetic fields are
given by

E(t,x) = e 'fe’* L cc. and woB(t,x) = k x E'(x)e " =k x E(t,X).

(5.47)

Now, before dealing with the case of the incoming laser beam, let us recall a

classical result for the boundary condition of the outgoing-wave type. We have the
classical result.

Lemma 10. For system (5.37) and (5.38) in a domain O, the following boundary
condition of outgoing-wave type is well-posed,

Exn—cBxn)xn=0 (5.48)
and the outgoing energy density on 00 is proportional to
|E x n|?

[Indeed, Remind the classical balance of the electromagnetic energy for any
domain O

13/ (E> + |B|2)dx—/ JEdx = —/ V.(E x B)dx :/ (B x E).ndT
20t Jo o o 90

but one knows that (BxE).n = —(E xn).((B xn) xn); then according to (5.48), we
check that the last member of the previous balance relation is equal to — . 90 Cl|E X
n|2dT. O]

Of course, there are other outgoing-wave boundary conditions that are more
accurate, but condition (5.48) is the simplest one. Notice that the vectors E x n
and (B x n) x n belong to the plane tangent to the boundary, so condition (5.48)
corresponds in fact to two scalar boundary conditions.
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Let us now go back to the case of an incoming laser beam that enters in I (i.e.,
the plane x3 = 0). We have seen that the incoming wave needs to correspond to the

wave vector k = —n a)g - a)]27 /c; we now assume that it is given by
) ) : Si(x1, x2) ) :
E"(t, X1, X2, x3) = £(x1, xp)e 0 TIRX oo = fa(x1,x2) et Hikx 4 o
0

where the vector function f is slowly varying with respect to the space variable. At
first order, relation (5.47) is still valid and we can use the approximation

. N. . . N, .
B (¢, x1, X2, x3) >~ fx [1— N—refe_’“"’t“k"‘ +cc. = ,l 1— N—refE‘“xn +c.c.

As a matter of fact, the incoming-wave boundary condition on I' is related to
an outgoing-wave boundary condition for E — E™ based on (5.48). Therefore, the
boundary condition for systems (5.37) and (5.38) reads as follows (see, e.g., [49])

. [ N, . [ N . )
(E—c(BXn))Xn = |:E‘“— l—N—ref(E‘“Xn)Xni| xn=(1+ l—N—mf)ane_’“’O’J’"k‘x-i—c.c.
c c

On the other parts of the boundary of the domain O, the boundary conditions
for the electromagnetic part may be stated as (5.48) or by transparent boundary
conditions, as was explained in Chap. 3.

5.3 Envelope Models for Very Short High-Intensity
Laser Pulses

We are interested here in the propagation of very short intense laser pulses in weakly
ionized media such as the atmosphere; it turns out that this kind of laser pulse
may propagate a very long distance in weakly dense ionized gas. In this modelling,
besides the classical framework of the propagation of strong electromagnetic fields
which was the topic of the previous section, one must account for ionization
phenomena of the medium and for the response of bounded electrons of the medium
driven by the laser radiation. Here, for the sake of presentation, we deal with a
model with characteristics that are representative of the realistic one, but which is
deeply simplified; the aim is to give the ideas of the envelope approximation used
in such modelling. So we consider the Maxwell equations with an electric current
given by a simple formula like the one used in Chap. 3, Sect. 3.1.1 and we account
for a supplementary term corresponding to the response of the medium which is
simplified; it is a simple linear relation in Fourier space (for the realistic model, it
needs to be nonlinear). See [12] for a review paper on this subject.
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So, the picture is the following. The ratio of the time duration of pulse T}y and
the laser period a);l may be only on the order of some hundreds, but also sometimes
smaller and the pulse length Ly is on the order of ¢ Ty ,.but the observation time
Tops is much larger than Tpyee . Moreover we have

—1 AD

L pulse
wy  ~

-1
=w, < Tpulse ~

Vih,e
2

Ap K w—C < Lpulse <K Lobs.
0

Let us state now the basis system. The simulation domain O is, as above, either
a slab x3 € [0, xmax] or a parallelepiped (x1,x3,x3) € R X [0, Xmax] (With R
a rectangle). The laser beam enters in O with a normal incidence through the
boundary I" corresponding to x3 = 0. In the sequel we write z instead of x3 and
x for the transverse variables (x1, x2).

From the theoretical point of view, the laser fields obey the Maxwell equations

P

0 1
—E —ccurl B= ——(J+—
ot et g0 J+ at)
0
—B+curlE =0
ot
where J = —¢. N, U, and P denotes the polarization vector; its relation with field E

is given below. Instead of the electron velocity equation (5.36), we state as usual

9 g
—J+veiJ=-—"NE (5.49)
Jt m,
and for the sake of simplicity the initial electron density N, is assumed to be a
datum. The laser pulse is centered around a central frequency wyp, but there is
broadness in the frequency domain, so we need to handle the equation in the Fourier
domain. Moreover, as in Chap. 3, Sect. 3.1.1, we assume that the polarization of the
electromagnetic wave is linear, i.e., fields E, J and P may reduce to scalar functions
E.,J and P.

So we get

1 92 1 dJ d*P

— L E-AE=—— (24D
c? 0t? 6280(31 + 012

By using the Fourier transform, we denote

)

E(t,x)=/f(w,x)e_i“”dw, J(t,x)=/f(a),x)e_i“”da), P(t,x)=/13(w,x)e_i“”dw

Now, the polarization vector is related to the electric field by a linear relation

P(w) = & 3(w)E (w),
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where the susceptibility y(w) is a real function describing the response of the

population of bounded electrons, i.e., we neglect the nonlinear effect (this is, of

course, very crude, but it shows the main ideas of the time envelope technique).
Our aim is to describe very briefly an envelope approximation of this model as it

is used in the [12] (for another approach of envelope approximation, see also [114]).
First, due to (5.49), we have

A q2 A
(Wei —iw)J = m—"NeE

and E satisfies for all » the Helmholtz equation

e

2 A 1 q? . ? A
E+AE = N, E—— E. 5.50
+ (1 +iveo )y meed 7 2 1(@) (5:50)

[§)

c
Recall that ¢2/(m.e°) = w3/ N, and set as usual
N = N,/N..

On the boundary corresponding to I', we may assume that the incoming field is
a given datum E"(¢,x1) = e ' Ai"(t,x, ) where A"(.,x) is a slowly time-
varying function that is twice differentiable with respect to time. Denote its Fourier
transform by A "(.,x1); then equation (5.50) is supplemented with a boundary
condition on I' of the form

Jz ¢

From now on, we withdraw the absorption term. Indeed, v,; w lis always very small

compared to 1 and is often negligible (but all the sequel remains valid with a small

constant absorption coefficient); moreover, we introduce the decomposition of the
92

Laplace operator A = A + 32 Where A denotes the transverse Laplace operator.

Then equation (5.50) reads as

~ . 0%
(@*(1 + (@) —oyN) E + *ALE + czﬁE =0. (5.51)
Z

Since w/c is very small with respect to the characteristic length of the simulation,
the wave is highly oscillating with the z-variable, and by a classical way there are
two components of the wave: the one travels forward and the other travels backward.
In the sequel, we neglect the second one. Thus, in the same way as in Chap. 3, we
can make the classical envelope approximation by setting

E(a), Z,X1) = eik(“’)z\i’(w, Z,X1) (5.52)

where the function W is slowly varying with respect to z.



5.3 Envelope Models for Very Short High-Intensity Laser Pulses 195

To find the wave number k(w), we assume that the transverse diffraction terms
are less important than the propagation in the z-direction and we consider the
dispersion relation obtained from (5.51), i.e.,

0*(1 + y(w)) — N — c*k(w)*> =0

so we get

ck(w) = :l:\/wz(l + x(w)) — wgN.

Of course, the wave number with sign — corresponds to a backscattered wave and
the wave number with sign 4 corresponds to the main forward wave. We disregard
here the backscattering phenomena, henceforth we only consider

ck(@) = \Jo2(1 + (@) — OIN. (5.53)

For w = wy, we get

k@) =k = 22T+ 1(@) = V.

which is on the order of the wavelength in the vacuum wy/c. We check that e?k(©):

is highly oscillating with respect to z.
Let us state now the paraxial equation associated with this wave number. Since

9 () = k@) & U+ 2ik(w) 0 ¥ —k(w)* D)
922 ¢ =¢ 072 HOTe N

and W is slowly varying with respect to z, the term ;’—:z\if is negligible with respect

toi k(a))a%‘i' and equation (5.51) becomes
o o 0
(0*(1 + 1(@) — DN — Pk(0)?) ¥(w) + ALV (0) + c’ZZik(a))a—\I/(a)) =0
F4

but due to relation (5.53) the zero-order term vanishes and we get simply the
classical paraxial equation

Zk(w)a%\if(w) =iA V().

Now the boundary condition in z = 0 becomes simply ‘i’(a), )= Al (w — wy,.)
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Of course, we can go back to the function E: since a%(\ife”‘z) = e”‘za%‘i‘ +

ikWeks; using relation (5.52), this equation reads also

l

(@) ALE(w)

0 A .
B—E(a)) = ik(w)E(w) +
Z
supplemented with the boundary condition
E(@,x1)]=0 = A" (0 — wp, x1).

Now, taking the inverse Fourier transform, we return to the time variable

9
EO

. 4 j 1 .
/ik(w)E(a))e_“"’dw + %/%AlEe_lwtdw

ikOE(l) +1i /(k(a)) _kO)E(w)e—iwtdw + r / LAJ—EAe—iwtda)'
2 ) k(w)

Recall that w is close to wy, s0 k(w) is close to ko and we can approximate

ﬁAJ_Ee_i“”dw by %5 [ ALEe ' dw. Moreover, we have (k(w) — k) =~
|, (@ — o) + k%P (0 — w)? (here k°? denotes the second derivative with
respect to w). Since [ E(w)e ™ *"i(w — wo)dw = —e~i0! BIE(1)e! '], we get the
following approximated equation

d i . i ok d i i r —i(w—a i i
a—zE(t)e“”“'=zk“E(t)e of %‘[)E[E(z)e "']+Ek0(2)/(w—wo)zE(w)e ( “”dw—i-ﬁALE(t)e 0!

So we may define the time envelope function A (which is not highly oscillating with
respect to the time variable) by

E(t,z,x1) = A(t,z,x1)e !

and we get

0 ok | 0o i A ; i
—A@) = ikPA()— —| — At -k°(2>[ —w0)?E(0)e 7 @70 doy+ — A | A1),
5 (=i () o ‘0 o ( )—|—2 (w—wp) E(w)e a)—l—sz 1A()

The coefficient % \0 is the inverse of

aa) ’
a_k = ¢, =c(1 +X0—N)1/2/(1+X0+(00X0)

0

which is the group velocity of the wave (notice that in the simple case where the
susceptibility of the medium is neglected, we find again the classical expression of
the group velocity c4/1 — N).
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Let us now focus on the new term in front of k°?® [the second derivative of k()]
where the interpretation is the following. We have

1 . . 1 n . 92
3 / (0 — wo)? E(w)e @™ dgy = 3 / 0} A(w))e " dw, = ——A(t)

Therefore, we get

3A(z,z):ikOA(z,z)—iiA(z,z)—ikW) A(t z)+ AJ_A(Z 2), (5.54)
0z cg Ot

which is supplemented with the following condition in z = 0,
A(ts-v xJ.)lZ=0 = Ai’l([, XJ_)- (555)

We can assume that the datum A"(.,x,) is zero for ¢ negative and satisfies
A"(.,x1)|i=0 = 0 and %= 3 (t Xx1)|r=0 = 0. Now there are two ways to deal with
time boundary COIldlthl’lS elther we may assume that equation (5.54) is posed for ¢
ranging from —oo to 400, or we may assume this equation is posed fort > Oand the
boundary condition in # = 0 is given by A(., x1)|;=o = 0 and %4 (t X1)|i=0 = 0.

Remark 38 (Energy balance.).

We assume that k° does not depend on x . For the sake of presentation assume
that the simulation domain is a slab (z belongs to [0, Zmax]); multiplying equation
(5.54) by A and integrating over the transverse direction, we get

0 10 92 _ i _
A9l == 514G —iko‘zyﬁA(I,z)A(t,z)de—l—/VlA(t,z)VJ_A(t,z)de_ Yee.
g

2k0

where ||.|| ;2 is the L?-norm in the transverse direction; so this relation yields to the
classical transport equation for the laser energy

cga 1A, Z)IILz+— 1@, )2 = 0. o

In the case where N is a constant, then k° is a constant also; we can go back to
the classical envelope approximation by setting A(z,z) = ¢’ kOZ\IJ(t, 7). In the case
where N depends smoothly on z, the same approximation is also possible by setting
A(t,z) =€ F ko(z/)dz/\lf(t, z) and the previous equation reads as

ad 10 02
V(D) = —— (.2 — ik"P o) + 5 Aﬂ(z 2).
0z cg 0t

and the boundary conditions in z = 0 and in t = 0 are analogue to the previous one.
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Lastly, from equation (5.54) we may perform a change of variable by setting

1 - 1
t=t——z,  Altz.x1) = A+ —z,2.,.x1),
Cg Cg
i.e., the pulse is addressed in a moving frame that travels at velocity c,. Since
3,A(t,2) = BZA(r,z)—i—C—LB,A(r,z), and 9, A(z, z) = 9, A(z, z), we get the following
equation

2 .
a%/f(f,z) =ik A(z.2) - ik°<2>%/1(r, 2) + ﬁAﬂi(f,z)
and the boundary conditions on I is of the same type as above.

To conclude this section, let us notice first that in the moving frame or in the
static frame the second time derivative BBTZZA(Z,Z) or %/f (t,7) is only due to the
nonlinearity of the dispersion relation linking k& and w. Moreover, in the moving
frame the time variable is often a secondary variable since the term k°?) %A(r, 2)
is a corrective one.



Chapter 6
Models with Several Species

Abstract The first part of this chapter is devoted to the modelling of hot plasmas
with different species of ions in the framework of the quasi-neutrality approxima-
tion. Our aim is to show how to derive models describing the averaged ion fluid
and its coupling with the electron temperature equation. In the second part, we are
concerned by a different framework: the weakly ionized plasmas. We show how the
quasi-neutrality approximation works (in the case where the Debye length is small
enough) and we justify the so-called ambipolar diffusion approximation.

Keywords Debye length ¢ Quasi-neutrality approximation * Plasma with two ion
species * Ambipolar diffusion approximation

We are now concerned with models where, besides the electron population, there
are different ion species. Indeed, in realistic simulations of experiments, one needs
to account for different species and, as will be explained below, the generalization
of the two-temperature Euler models (and electron magnetic-hydrodynamics also)
must be made carefully.

6.1 Two-Temperature Euler System for a Mixing
of Two Ion Species

Here, for the sake of simplicity, we restrict ourselves to the case of two different ion
species and, of course, one electron population.

In the first subsection, we state a basic model for the three populations that consist
of a system of six equations that correspond to the conservation of mass, momentum,
and energy for each ion species, besides an equation for the electron energy. But
this full model is rarely used in two- or three-dimensional simulations, especially
when one needs to take into account an elaborate electron thermal conduction
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Simulation in Science, Engineering and Technology, DOI 10.1007/978-3-319-03804-9_6,
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equation; so one is led to use simpler models when one deals with an averaged ion
internal energy equation. Moreover, instead of dealing with two ion velocities, one
may consider a different reduced model based on closures for the relative velocity
between the two ion species.

The second section is devoted to the statement of such reduced models which
consist of the conservation equations of mass, average momentum, and average
ion energy coupled with one for the electron energy and one for the mass
concentration c.

6.1.1 The Three-Population Full Model

The two ion species are called here a and b. For each ion species, we denote the
following:

m,, my the ion masses, Z,, Z, the ionization levels, N,, N, the ion densities,
u,, u, the ion velocities, &£,, &, the internal ion energies (per unit of volume), P,,
Py, the ion pressures, T, T the ion temperatures, E,, E, the total ion energies, i.e.
Ey =&, + smgNylug|*.

For the sake of simplicity, we assume in the sequel that the polytropic coefficient
of each ion species is yy = %, i.e., the ion temperatures and energies satisfy

3 3
£, = ENaTav P, = N,T, = =&, and & = ENbTb,
2
Pb = NbTb = 5&" (6'1)

As noted previously, the electron density, temperature, internal energy per unit of
volume and pressure are denoted by N,, T,, &,, and P,, respectively; we have

3
Ne = ZyNa + Zp Ny, & = ENeTea P, =N.T, = =Z&..

We first state the model as it appears from first principle conservation laws (see,
e.g.. [38], Sect. 1). In the sequel the electric current J is either zero or is given as
usual by an external relation that accounts for magnetic fields (but, for the sake
of conciseness, we do not write here the corresponding equation for this field).
By definition, we have the relation with the electron velocity

J Z.N, Z, N,
= (u, —U,) + 227
qeNe N, N,

(up —U,). (6.2)
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6.1.1.1 Conservation of Ion Momentum and Coupling
with the Electron Velocity

Notice first that if there would be no coupling with the electron population, the mass
and momentum conservation equations would read as

0
o N+ V. (Nguy) =0, lg =a,b] (6.3)
ad
maE (Naua) + V (Nallalla + Pa) - Ea, (64)
9 -
m o (Npup) + V. (Npupuy + Pp) = Ep, (6.5)

with the following friction or drag term
B, =—Ep =N, Np(up —u,).

The relaxation coefficient U depends on the temperatures of the two species and on
the physical characteristics of the particles (and also on the relative velocity of the
two species). This coefficient is given by a closure made from the kinetic models
which may be read as

3 T, T,\ *?
b = mamyp (m— + m—i) (6.6)

with a coefficient 8 depending on the characteristics of the two species (through a
Coulomb logarithm).

Besides the interaction of the ions of both species, there is a relaxation between
the ion of the one species over the electrons; these friction terms read as (where v,
is also given by a closure made in the kinetic models)

VegNe Ny(Ue —uy), q=a,b.

So for the momentum balance, we get

0

mq (E (Ngug) +V. (Nauauu)) +VP, Ba4+VeaNeNy(Ue—y)+Z,Nug E,
a L}

mp g (Npup) +V. (Npupup) | +V Py, = —E;4+Vep Ne Ny (Ue—up)+Zp Npgq E,

Moreover, the generalized Ohm’s law reads as

VeaNeNa(Ue - ua) + VebNer(Ue - ub) + Neg.E+ VP, =0. (6.7)
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Therefore, the previous system for the ion momentum reads now as

ad Z,N,
g (E +V-(ua')) (Naua)+VPa + VP,

e

Zyvey — Z
= NN, ((\7 + ) (U —u,) — —”Ve: v plea J) : 6.8)
9 ZyN,
mp (5 + V. (ub-)) (Nyup) + VP, + 2270y p,
e
—~ Zu eb — Z ea
= N.N, ((ﬁ ) (e —wp) + %J) . 6.9)
e e

with:

5 VeaNbZI% + UebNaZ(%
¢ NyZy, + N,Z, ’

[Indeed, according to relation (6.2), the electron velocity satisfies u, —U, = 7 {\, +

%(uu — up); then the generalized Ohm’s law becomes

_(N Vea +Nbveb) N +— N N Nb (VebZ Veuzb) (uu_ub)+Qe = Oa

‘. 10)
So we get ¢, E — 22N, (U, —u,) = VPE + Z;,N;,(”L’] — ”ﬁ)— —(Zp Ny~
Z,N, "Z"Z' ZhN”)(ua —up) and the analogous for U, — u,, which implies (6.8) and
(6.9).00]

6.1.1.2 Energy Balance and Statement of the Model

Let us first focus on the interaction between both ion internal energy. To do this,
assume for a while that there would be no coupling with the electron population and
no spatial dependency; then by dealing with the kinetic models (see the part related
to the kinetics models), it may be checked that the variation of total energy of each
species would read as

0
ar

(80 + B Nalual) =Q#+%.su :—% (& + 2 Nyfws )

where the term Q% corresponds to the ion temperature coupling due to thermal
effects and is given by

Q# = V#NaNb(Tb - Tu)v
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coefficient v* depending on the ion temperatures. In this framework, since the
variation of momentum would reduce to m, % (Nyuy) = B, ,my % (Npup) = —E4,
we would get

3 mp 3 mg
—&=0"+—" (u,—u,).E,, —&=-Q"+—2  (up—u,).E,.
Jt my + mp (up —u) ar '’ my + mp (W —ua)

Return now to the full space-dependent model. According to the previous remark,
for each ion species, the internal energy equations read simply as

ad m
L V. (Eu) + PV = QF 4+ — " (uy —w0). By + e, (6.11)
dt mgy + my

0 my
—&+ V. (Epup) + PV, = —QF 4 (up—u,).E;+Qpe.  (6.12)
ot my+mp

We assume by a classical way that the relaxation terms between the ion and electron
temperatures satisfy

Que = VaENaNe(Te - Tu)a Qbe = VbeNe(Te - Tb),

where vf and Uf are relaxation coefficients depending on the temperature and are
given by closure from kinetics models.
Let us now state the total energy balance for each species. If one sets

u u
Qu = QF + ﬁNawa.(ub —u,),
mq + my

after combining with the momentum balance equations, we get for the balance
equation of E,

0 Z,N,
o B+ V. ((Ea + Powa) + jv “u,VP,

= Qab+‘7eNuNbuu-(ub_uu)"‘gzae_NuNb (Zaveb—ZpVea) LN‘uav (6.13)

eivVe

and the analogous for the balance equation of Ep, with Q2;, = —Qp.
Therefore, we set

Qoe = Que + Qe = WEN(Toe = To) + vENp(To — T))(ZyNo + Zy Np), (6.14)

and for the balance equation of E, + Ej, we get
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d
(B + Ea) + VA, + P + (B + Pyym) + (U + q‘;v ).VP,

e

J ~
= Q0@'*‘]\/11]\717 ((Zaveb_zbvea) _N-(ub_ua)_ve|ua_ub|2) . (615)

e e
Now, for the electron energy equation, we get

9 2
—& +V.(&U) + P V.U, +Vq‘he:_903+v”vq|2]|v + Dg NNy |u, —up|?,

ot
(6.16)
where

Veav = (VeaNg + Ver Np) /(Zo Ny + Zp Nyp). (6.17)
[Indeed, accordmg to (6.10), the right hand side of the previous relation reads as
~Que + 57 -V Pe + JE =NaNp (Zaver = Zpvea) M35 — T lug —up ). Then
by adding with (6.15), we find the right balance equatlon for the global energy
(Ep + E4 + &.): only the classical source term J.E appears by summation of the
electron and ion energy balance equation.T].
Statement of the Model
Denoting

= (myNou, + mpNpup)/(ma Ny + mpNp),

and using (6.2), we can express U, in terms of the other velocities.

j j NgompN Ze Z
que QeNe qe maNa + mbNb mp
(6.18)
[Indeed, according to (6.2), we get
J
(U - Ue)Ne ——=NU—-Z,Nyu, — Z,Npuy,

e

(ZaNu + Z,Np Zu) (ZuNu + Z,Np Zp
=u, | — — MmN, +up | —————

— - — Ny, O].
myNy + my Ny Mg myNy + my Ny mb)mb »-Hl

The term j is a corrective electric current due the difference of the mobility of two
components.
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Using now the same trick as for (2.79), we may state the full system

ad ad
ENa + V. (Naua) =0, ENb + V. (Nb“b) =0, Ne = Z,N, + Zp Ny,

a ZLag
mg (E*‘V. (ua.)) (Naug) +V P, + Z;IVZ:/“VPe

= N (T )+ )

9
mp (EJFV. (u,,.)) (Npup) +V Py+ 22V P,

=NaNb ((f)“‘{)\g)(“a_“b)“' ngg;)‘{?Vfbueg J) s

9 .
o €at+ V. (Eaa) + PaVoug = QF + ZEEE NGNGB [y — o’ + Qae,

a -
Egb + V. (&up) + PV, = —Qf + ma’i‘mb N Npb |up — lla|2 + Qpe,

. VP,
J-
geNe

9 o (s
(5 V. (U-)) & + P,V.U+V.qu. = V. (Eq—e-]> -

+NaNh17€|lla — llh|2 — Qo + F)

VP,

. _ JP? 5T,
with Fy = Veay—— + V. (-—J) I

2 qe
quNé’ qe

Notice that the last equation is of the same type as (2.79). The true electric current
J is replaced by the corrective current j and an extra term appears that is related to
the friction effect between the two ion velocities. We can check that this system
without the right-hand-side terms is a hyperbolic one.

6.1.2 Average-Species Models

The above system may be quite difficult to solve in two- or three-dimensional geom-
etry, especially in the case when the friction coefficient ¥ Nt/ m, or the relaxation
coefficient V¥ Nyt /my is large if compared to the inverse of the characteristic time of
evolution of the ion population. So, it is interesting to derive some simplified models
for the multispecies plasmas, especially in the cases where the relaxation coefficient
is large enough (then only one ion temperature needs to be accounted for). In the
next subsection, we first state the evolution equation for some averaged quantities:
the ion density, the ion momentum, and the ion and electron energies. The sequel is
devoted to describe several ways to derive simplified models; they differ especially
by the treatment of the relative velocity.
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6.1.2.1 A Model with Mass Fraction, Average Ion Velocity and Average
Ion Energy

Let us now introduce the natural average physical quantities: the mass density
p=myN, +myNy

¢ = m4N,/p, the mass concentration of material a also called the mass fraction (so
we have p(1 — ¢) = mp Np),

Py = P, + Py, the global ion pressure,

& = &, + &p, the global internal ion energy,

Ey = E, + Ej, the global total ion energy,

V = u, — u,, the relative velocity.

So, the mean ion velocity U satisfies

U=cu, + (1 —c)up, u, =U+(1-0)V, u, =U-cV. (6.19)
Define the ion specific internal energy by

&o &a Ep
=—=c +1-c .
1Y mq Ny ( )mbNb

€o

Since the polytropic coefficients are equal for both ion species, we have a simple
equation of state

Py = (yo — )& = (yo — Dpeo,
(if the two polytropic coefficients had been different, the average equation of state

would have been more complicated).
It is easy to check that, if we define the specific mixing kinetic energy by

1
K = =|Vfe(1 —e¢),
2
we get
1 2 |
E0=(€0+§,0|U| +pK =p 80+§|U| + K.

We have also

Za z E 3 Z, z
Nezp(c—+(1—c)—b), se=—=—Te(c—+(1—c)—b).
ngy myp 1Y 2 mq mp
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Momentum Balance

After standard calculus, we get the classical relations

0
Zp+ V. (p0) =0, (6.20)

a%(pU) + V.(pUU) + VPy + VP, + V.(oVVc(l —¢c)) =0 (6.21)
a%(,oc) + V. (pcU) + V. (pc(1 —c)V) =0, (6.22)

The supplementary term in (6.21) corresponds to the mixing pressure. Moreover, if
one defines

o1 1 Zama_1 — me;l
v , 0, = pVe (= ———p,
mgmp mgmp N,

o =

one may state an equation for the relative velocity

9 V|2 ¢
S VAV(UV) = V(- Qe— 1) + F + B+ VP,
P

=—(04+0.)V—(1=2¢)(ZyVep — ZpVea) L, (6.23)
qeNe

where

1 1
F=—VP,

————VP,
pc p(l—c)

B=-V. (VVZCZ_ 1) V. (|V|2262_ 1) n 262_ Lvvv— v.vyv

+(V.V)U — (V.U)V.

[Indeed, according to (6.8) and (6.9), we have

9 1 cZ m;!
—u, + (W, Vyu, — — VP, + 4 VP
a (V. V)u, pc ( T eZam' + (1-0)Zpmy! e)

=—(1-c¢) ((cr 4+ 0.)V 4+ (Zyvep — ZpVea) L)
qeN,

and the analogous for uy; thus, (6.23) follows by standard calculus.[]
In the one-dimensional case, B is equal to zero, so we may neglect it.
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The Energy Balance Equations

Recall thatU—-U, = (J — j)qe;Ne where according to (6.18), j is given by

3 Ne(1 =e)ev.

Then, since v, N, N;,|V|2 = 2po. K, the electron energy equation reads now as

ad 5 j VP,
L V. (EU)+P.V.U+V.que = V. (-Tei) e Qoo +2p0, K.
Jt 2 4qe qeNe

(6.24)

Lastly, after some tedious calculus, one checks that the ion total energy balance
equation reads as

%Eo + V. (EoU) + V. (PoU + pe(1 — ¢)GV) + (U—¢c(1 — ¢)V).V Pt

(Za Vep — Zp Uea) J
V.(2pKU— (2c — 1)pKV) = Qp. — 2p0. K — 1— —. 6.2
+V.(2pKU — (2¢ — 1)pKV) 0 00, pe( C)cZamh-‘r(l—c)tha 7 V. (6.25)

. _ ; _ ; _ &y _ Ep
with g= mg N, (P + &) mp Np (P + &) = (maNa mbNb) Yo
According to (6.11) and (6.12), the evolution equation for the internal ion energy &
reads as

9
560+ V. (EU) + PV.U = —V.[pe(1 = )GV] + pe(1 =) FV + 200K + Que.
(6.26)

The previous balance equations may read in a natural way using the Lagrangian
derivative 2 =2e + U.V o.

Summary and Orientation

From the previous model, which consists of the evolution equations for p, U, c,
V/p, & /p, T, and T), several different simplifications may be performed. The
simplest one is to address an averaged ion energy equation and state an equation
for the relative velocity after making a closure to determine the expression . For
instance, one may assume that the two temperatures 7, and 7}, are equal; a better
assumption is related to the chemical potential of booth species (see, e.g., [61] for
the kind of model in the framework of classical fluid dynamics); this corresponds to
another closure for G. So if these closures F = F(c, g9) and G = G(c, &9) hold, this
modelling leads to the following system (using the Lagrangian derivatives) where
Fjy and K are given below.
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€V)

6.1.2.2

D
—pl-vVuU=0,
PP

D
P Ut V(2o + Po) +V.(pVVe(l —¢)) =0,
D (V V> ¢
—(=)-v[==@c-1 ‘vp, = — .
th(p) (2(C )>+I+p ooy
~(1=2¢) (ZaVeb — ZpVea) =2

geNe

D
'OEC —V.(pc(1 =c)V) =0,

D
pEso + PoV.U = —V.[pc(1 —c)GV] + pc(1 —c)FV + 20pK + Qq.,

D
pp e T P.VU=V.qne =—=V.(3Pcc(1 —c)¢V) + c(1 = c)(V.V P,
—Q()g + 2pO-€K + FJ.

Simplified Models with Mass Fraction

Notice that the evolution equation for V/p is not classical and may be difficult to
solve numerically, particularly in two or three dimensions. So, we now describe
two ways to simplify the previous model by withdrawing the evolution equation
for V. The first method (a) is very crude; it consists of a closure for V only in the
concentration equation. In the second method (b), we assume that V is given by a
closure also in the other equations.

(a) Two-temperature Euler model with mass fraction.

We withdraw the terms F and G and set K = 0. Moreover, we assume that the
two temperatures 7, and 7, are equal and are denoted by Ty. Then, according to
(6.1), the mixing equation of state is the following

1 1
To = &0, Py = (yo—Dpeo = pTo,
Yo — 1 Mave Maye
1 c 1—-c
with =—+4
Maye Mg np
Recall that for the electron equation of state, we get

V4 3Z V4
Ne =0 ave7 £y = = ave Te» Pe _ ave pr

Mave 2 Maye Maye

Z Z Z
with == = ¢ == 4+ (1 —c)—b.
Maye mg mp
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As in the framework of model (£27])) stated above, the electric current is assumed
to be an external data. The system reads as

D
—p ' =V.U=0,
'ODZ'O

D

U+ V(P P,) =0,
D1 + V(P + P.)

P

(E2M) pDﬂtc —V.(pc(1 —c)DVc) =0,

D
— PyV.U = Qo.,
th80+ 0 0

pDige + P.V.U+ Vg, = V. (3Pc(l — ¢)¢DVe) + Fy — Q.

where the diffusion coefficient D may be given by some closure (e.g., one
may use the formula (6.30) given below). The resulting model is the same as
(£27T1J), but it is supplemented by an equation for the mass fraction and there is
a supplementary term c¢(1 — ¢)¢{ D V¢ corresponding to the corrective current in the
electron energy equation. According to (6.14), the coefficient ¢, depends on the
electron temperature and is given by

E VE ZaVe
Qoo = (CU—“ +(1- C)—b) =T, — To). (6.27)
my mp ave

We may check once again that the global energy p(go + €. + %m0|U|2) satisfies a
good balance equation.

(b) Two-temperature Euler model with mass fraction and mixing energy.

We now propose another simplification of model (£V) where besides the density
p, the mass fraction ¢, the averaged velocity U, the electron and ion energy, we
account for an evolution equation for the mixing kinetic energy K. The key features
are the following.

o We simplify the ion internal ion equation (6.26) by withdrawing the terms with
V; then it becomes

D
,OEE() 4+ PyV.U = 20pK + Q. (6.28)
e The relative velocity is no more characterized by an evolution equation, but it is
given by the relation (0 + 0,)V + F = 0 and we build closures for F and G. For

instance, we may introduce a nondimensional increasing function W depending
only on ¢ and satisfying ¥(1) = —W(0) = yp, ¥'(0) = ¥'(1) = y, and set
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vP, VP, Yola Yop

maNa mbNb &0 (C) g maNa mbNb &0 (C)
Thus, we get
Vo ——2 9u(e)=-DVe ,  with D= —2 . (6.29)
o+ o, o+ o,

For a justification of these closures, see [107].
Using these closures, (6.22), the momentum equation and the electron energy
equation read as

D
—c—=V.(pc(1 =¢)DVe) = 0.
P5 ¢~ V- (pc(l —c)DVe)

D

5, U+ V(Po+ P+ 20K) =0,

P
D
paee + P,V.U—=V.(pg.c(1 —¢c)¢DVc)— P,V.(c(1 —c)¢DVc) + V.qine
= Fy — Qe + 2po. K.
We must also state an evolution equation for the mixing kinetic energy K, which

is obtained using (6.25) and (6.28) in such a way that the global energy balance
equation is satisfied. After some tedious calculus we get

pD, K +2pKV.U + V. ((2¢ — )pKDVc)
=c(1—¢)(DVc.VP, +WUV.(pc(1 —c)ggDVc)
+p(0 + 0¢) [c(1 — ) D?|Ve|* — 2K ]|

In the structure of the three energy equations, the coupling terms 2po K, 2po, K, and

Q. appear as classical coupling terms with opposite signs. Of course, the global

energy pEy + &, satisfies a conservative balance equation. For details, see [107].
Due to formula (6.29) and expression (6.6) which leads to v ~ m m; (To(mLa

+ me))_yz, we check that the diffusion coefficient D ~ ggW'm,m;/(pV) may read

in the form
D(e)~ 2 v (To(L + L))2 : (6.30)
B p Mg mp

Remark 39 (On the mass fraction equation). In the above models one has to deal
with a non linear equation which is our concern now

D
'OEC —V.(pc(1—=c)DVc) =0.
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If we assume for the sake of simplicity that pD is a constant «, it reads

D
thc aV.(c(1—=c)Ve) =0.
It is clear that in one-dimension geometry, the Heaviside function (c¢(x) = 0 for
x < xp and c(x) = 1 for x > xo) is a trivial solution to this equation (therefore, if
there is no mixing at initial time, then no mixing occurs).
But this solution is unstable: for an initial data which is a small perturbation of
the Heaviside function, a non trivial solution exists. Indeed, with p constant, one
may exhibit a non trivial solution which satisfies

ling)c(t,x) =0 for x < xo, and =1 for x > xy. (6.31)
t—

This solution may be built as follows. Let us define the continuous function
C* (t ’ X ) by

1 1
cx(t,x) = 3 + B(x —xp) for|x — x| < 25 and c¢=0orl elsewhere,

where § = B(t) is solution to the ordinary differential equation p% B = —2ap83,
that is to say

L /p
1 =—,/=.
Py =21
Since V. (c+(1 — cx)Vex) = =283 (x — xo) (for |x — xo| < ﬁ), one sees that this

function solves the equation we are interested in; of course, it also satisfies (6.31). It
may be checked that this solution is stable [if at an initial time ¢y, c(f, .) is a small
perturbation of ¢« (%, .) then it remains a small perturbation afterwards]. |

6.2 Some Models for Weakly Ionized Plasmas

We address here a very different kind of plasma called weakly ionized. In these
plasmas, there are a bath of neutral particles which drives the flow of charged
particles (and is not affected by these charged particles); the density of ions and
electrons is much smaller than the one of neutral particles; then only the binary
collisions involving one ion or one electron and one neutral particle need to be taken
into account.

To be more precise, in this chapter we consider plasmas with a single species
of neutral particles and a single species of ions with an ionization level equal to 1,
Z =1.
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Hence the macroscopic picture for the charged particles is the following: their
bulk velocity is that of the neutral particles; however, their interaction with the bath
of neutral particles results in particle diffusion. Beside kinetic models, there are
various fluid models for such plasma flows. In the physics literature, one may found
a good survey on the studies in this topic in the classical textbook [40]. Moreover,
the link between various MHD models for weakly ionized plasmas is described in
[16]. We focus here on modelling without any magnetic effect.

In the first subsection, we explain the link between two models: the multifluid
model and the multispecies diffusion model. We show that the second model may be
derived from the first one by assuming that the typical length of collisions between
charged particles and neutral ones is small.

The second subsection is devoted to the approximation of the previous multi-
species diffusion model by the so-called ambipolar diffusion model. After a heuristic
presentation, we give a rigorous proof of this approximation in the framework of the
electron—massless approximation using an asymptotic analysis with respect to the
Debye length (with some supplementary assumptions).

6.2.1 The Multifluid Model and the Multispecies Diffusion
Model

Besides the classical notations for ions and electrons, let us introduce for the neutral
particles the following notations: m,, the molecular mass, N,, the particle density,
U,, the velocity, and T}, the temperature.

For notational simplicity, we introduce also the mass ratios 2 = mo/m,, f2 =
m./m, (of course, By is on the order of 1 and B, is very small with respect to 1).
We assume that the neutral population obeys a perfect gas law with a polytropic
coefficient y, so the pressure is given by N, T,, and the internal energy N, T,,/(y —1).
The evolution of the three quantities N,,, U,, T, is governed by the classical Euler
system

%Nn + V.(N,U,) =0,

B T,
ENHUH + V(N,U,U,) + V(Nn—") =0, (6.32)

%N,,Tn + VW, T,U,) + (y — )N, T,V.U, =0.

We assume on the one hand that the ions and the neutral particles are at the same
temperature (i.e., 7o = T,). On the other hand, the electron temperature is generally
governed by an evolution equation that involves coupling with the other species; but
we assume in the framework of our model that it is somehow given and different
from the ion one.
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From kinetic models, a hydrodynamic closure leads to the following Euler
equations for each species; notice that the friction of the ions and electrons against
neutral particles is taken into account thanks to an exchange of momentum (see,
e.g., [24]). Denoting by o and ., the mean collision frequency of the ions and the
electrons against the neutral particles, the system reads as

9
5 No+V.(NoU) = 0,

d
maB? (g(NoU)-FV-(NoUU)) + V(NoTy) — Noge E = —BoioNo(U = Uy),

(MF) 3
ENe—{-V.(NeUe) =0,

ad
mnﬁg (E(NeUe) + V-(NeUeUe)) +V.(NeTe) + NegeE
= —BepteNe(Ue — Uy).

It is supplemented by a relation that defines the electric field E; it is assumed to
derive from a potential, so we set as usual

¢.E = -V,

where @ is solution to the Poisson equation

80
~ £ A® = No— N, (6.33)

e

6.2.1.1 Derivation of the Multispecies Diffusion Model

We now explain how to derive the multispecies diffusion model from model (M F)
which is an example of a system of conservation laws with a relaxation term (due
to the slowing of charged particles by collisions with the neutral ones). Notice that
for systems of conservation laws in the strong relaxation limit, formal expansions
in the style of the Chapman—Enskog expansion have been proposed by different
authors (see, e.g., [29, 33] and the references therein). We do not give the proof
of convergence (it suffices to say here that the result is based on the Hilbert or
Chapman-Enskog expansion methods, so the difficulties are related to the treatment
of the initial conditions of the flow).

We assume that the neutral and electron temperatures 7, and 7, are in the same
order of magnitude and denote by T;s their characteristic value. Generally, the p,
and po are on the same order of magnitude; they are proportional to the neutral
density. We may denote their characteristic value by trf, so the characteristic mean
free path of charged particles is
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Tt \? 1
lo = ( e )
my Mref
Denoting by Lpjasma the characteristic length scale of the neutral flow (e.g., the size
of a body immersed in the flow, or a typical length of the gradient of the ion density),

we assume that the mean free path /¢ is small if compared to Lyjaema (it is the case
when the neutral density is large enough); thus, we introduce the small parameter

< 1. (6.34)

MOI’COVCI’, one sets

So, the momentum equations in multifluid model (M.F) read as

a T, !
,335(N0U) + B5V.(NoUU) + V(Nom—) + NoGo = —.30$N0(U —Uy),

n

0 T ’
25 (NeU) + B2V.(NeUU) + V(Nem—") + NG, = —ﬂe%Ne(Ue —u,),

n

where we have

(Of course, if there are magnetic effects, one must modify the definition of G¢ and
G, by adding terms U x B and U, x B).

The Chapman-Enskog method consists of substituting the expansion U +
nUL + n?--- truncated at first order in this system and insisting that this truncated
expansion be consistent to the second order with the real solution. This results, of
course, in a system of PDEs for the profiles Ny, N,, and this system will be the
desired approximation. Hence, consider the truncated Chapman—Enskog expansion

U~U)+9U0), U, ~U+qU, (6.35)

which is substituted to U, in the momentum equations for both the ions and the
electrons. Balancing order by order in 7, one finds at order 0,

U =0=10,. (6.36)
Moreover, at order one, taking account of (6.36), for « = 0 and e, we get

1 _ Ba d 1 T 1
Uoz = —’u/ N (Na (gUn + Un-VUn) + EV(NQWI_) + ENO‘GO‘ :
atVa o n o
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This relation may be simplified by using the momentum conservation for the neutral
particles which is

9 1 T,
—U, +U,.VU, = ——V(N —”),

ot N, my
So we get
1
Ul=—0© (VN NoGo — 82—V (N, -2 6.37
0 woBoNo ( ( m, )+ o IBON ( )) ©30
1 T, N,
1 e 2
Ul = A (V(Nem—n) + N.G, — V(N —)) (6.38)

The system of equations for the approximate evolution of Ny and N, is then obtained
by substituting U +7nU}, and U%+nU! to U and U, respectively, in the conservation
of mass for the ions and the electrons.

With this prescription we see that the solution of the multifluid model (MF) may
be approximated by the solution of the following diffusion model which reads as

P 1 T, N T,
Z No+ V.(NoUy) = V.| —— ( V(No—2) + NoGo — B3> V(N | |
ot M0/30 npy N, npy

9 1
N, + V.(N,U,) = V.
ot ( ) [ueﬂe

(V(N )+ N.G, - B2 —V(N —)):|

6.2.1.2 Statement of the Multispecies Diffusion Model

After withdrawing the B2 term in the evolution equation for N,, we get the
multispecies diffusion model, which reads as

() N+ V-ANU,) = V. [D (V(NoTn) NV — 3LV, T,,))]

n

A2 1
D AP = (Ny — N,)

(iii)
T}ef N ref
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with
1 1
= . X = .
HoBomy el
and the Debye length given by
2 _ € 0 Tiet
P qu N ref '

Model (DF) can be found from the general prescription in [67]. It is also widely
used in the aerodynamics literature (see, e.g., [42,56]).

Generally, the Debye length is very small if compared to Lpjasma, S0 in the sequel
we assume that

/\D < Lplasma

It is worth noticing that in that case some difficulties may occur in the numerical
solution of this coupled model; indeed, one may check that the characteristic time
of the system [DF(ii), (iii)] is on the order of the inverse of the plasma frequency
Ap/+/ Tt/ m. and is very small if compared to the characteristic time of the plasma
evolution Lpiasma/ v/ Tret/My. To overcome this difficulty, which is related to the
quasi-neutrality of the plasma, some authors replace the Poisson equation with a
relation expressing that the electric current is zero. This current may be expressed
using the above expression of U(l) and U!,

J = No(U, + nU}) — N (U, + nU}) = (Nog — N)U,, + I

with J; = ﬁl (V(N.T.) — N.V®) — D (V(NoTn) + NoV® — ﬂ%%V(NnTn)) .

But the requirement J = 0 leads to a system that is not well posed in a two- or
three-dimensional geometry, because we get one vector equation for one unknown
scalar quantity ®.

A better way to deal with this difficulty is to derive heuristically a quasi-neutral
system with the requirement V.J = 0. If, at initial time, we have (Ny — N,) = 0,
this requirement is equivalent to V.J; = 0. Indeed, according to [DF (i), (ii)], we
see that (Ny — N,) satisfies %(No — N,) + V.((Ny — N.)U,)) = 0; therefore at any
time we get

No—N, =0

Now, condition V.J; = 0 reads as

—v. [(DNO + ﬂizv) th} =V. [D (V(NOT”) - ﬂg%V(N”T,,)) - ﬂlvuven)] .
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Therefore, the model consists in solving the previous elliptic equation for & (with
N, replaced by Np) coupled with the following diffusion equation

a%No + V.(NoU,) = V. [D (V(NOT,,) - ,BS%V(NHTH))} + V. (DNyV®)

which yields the evolution of ion density Ny. This model is close to the model
(APD) which is derived more rigorously in the next subsection.

Remark 40. Approximating solutions of the multifluid model (M) by solutions
of the multispecies diffusion model (DJF) makes sense only as long as one is dealing
with smooth solutions. It is worth noticing that in the strong relaxation limit the ion
velocity U and the electron one U, are supposed to be close to the given field U,,.
Hence this theory cannot describe situations where the ion or electron densities have
shocks or even high-frequency oscillations. O

6.2.2 The Ambipolar Diffusion Model

Our aim here is to justify the classical ambipolar diffusion approximation which is
made when the Debye length is very small if compared to the characteristic length
of the plasma. But, first of all, we modify the model (DF) by making the electron—
massless approximation, i.e., we let 8, vanish.

Thus, all that remains from the electron momentum conservation law is the
generalized Ohm’s law

V(N.T.) — N.V® = 0, (6.39)

(which it is equivalent to the Maxwell-Boltzmann relation N, = C e®Te if T, is
constant).

We assume that we are in a bounded domain; however the boundary conditions
are compatible with the interior approximation so that no boundary layers are
required to perform the analysis. The presence of conducting boundaries usually
involves rather complicated boundary effects, which must be handled by boundary
layer techniques as for fully ionized plasma, cf. Sect.2.2; see also [3] in the
complicated case of plasma erosion or electric sheaths. Notice that this derivation is
also true in the whole space R? but with strong assumptions related to the behavior
of the ion density at infinity.

Due to the electron—massless approximation, the two first equations of model
(DF) may be replaced by

() %No + V.(NoUp)=V. (D [V(NoT,))+ NoV®) —V. (,BSD%V(NH T,,)) ,

()  V(N.T.)— N.V® =0,

supplemented with the same Poisson equation.
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Since we may express V& with respect to VN, T,, we get the following system
satisfied by Ny and N,.

D N4V (NoU,)=V. (D [NoT,V log(N.To)+V (NoT,)))-V. (ﬁéD%V(Nnm

ot
(6.40)
2 1
= Z2VATV10g(NeT2)) = +—(No = No). (6.41)
ref ref

This nonlinear equation is the same than the one studied in Sect. 2.2 of Chap. 2.

In the case where the Debye length Ap is small compared to the macroscopic
length, it is classical to make the quasi-neutral approximation. Heuristically, in the
limit as Ap vanishes, we may see that [Ny — N.| < Ny + N, and we get an
approximate common value for the ion and electron densities

Ne ZN(),

then, replacing V log(N,T,) by V log(NyT,) in the electric force, one arrives at the
single equation governing the dynamics of N:

(APD) %No — V.[DV({(T, + T.)Ng)] + V. (NoU,,) + V. (ﬁ%D%V(Nn T,,)) =0.

That is, we have replaced the ion pressure N7, by the sum of the ion and the
electron pressures at the expense of withdrawing the electric force. This kind of
model may be found in [41] (in the case where T, = T,, it leads to double the
ion diffusion coefficient: introducing this factor 2 is the reason why this diffusion
equation is called “ambipolar”). This problem has been addressed in [62]; see also
[84] for related results in a different framework—semiconductor modelling.

It is now worthwhile presenting arguments coming from asymptotic analysis in
favor of this popular ambipolar diffusion approximation in order to clarify the limits
of its validity, even if this analysis is not made on the previous system but on a
simplified one where

D
e the drift velocity U, + ,3(2) VV(N" T,) is not accounted for,

n
e the ratio between the two temperatures is a constant denoted by

S = —

Ty,

e the time derivative is replaced by a time difference.

More precisely, on a time step Az, denote by Né“i the initial value of the ion
density at the beginning of the time step and by N, the final value of the ion density;
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so the time derivative % is replaced by an implicit discretization wN, — wNé“i,
where w = 1/At. This is justified; indeed the time evolution of the ion density is
very low compared to the coupling phenomena between electron and ion (which are
instantaneous in this model).

Let us now normalize the densities and temperatures by setting

N(; = NO/Nrefa Né = Ne/Nrefa N,; = Nn/Nrefa Te/ = Te/T}efa
Tn/ = Tn/Trefs D' = D Ter
We use a dimensionless spatial variable related to Lpjasma and denote 1 =
A D/ Lplasma; then system (6.40) and (6.41) reads as
wNj— V. [D’NO’Te’Vlog(Ne/Te/) + D’V(NO’T,,/)] =wG/T,,
—A2V.(T/V10g(N!T))) = N, — N/

e

with G = T, N/,
We now drop the ’ for N/ and T'. Instead of N,, Ny, we introduce the new
unknowns

p = NeTe, w = N()Te
Moreover, we set « = w/T,. All the coefficients D, «, T, are given functions

assumed to be smooth and strictly positive. This leads to the following coupled
system where p and w are the new unknowns:

D
aw — V. [DwV(log p)+ ?VW} =aG (6.42)

— A2V.(T,V(log p)) + Ti (p—w)=0. (6.43)

The last equation, which is the classical nonlinear Poisson equation, is posed in a
domain © C R? with smooth boundary dO; it is supplemented by the following
homogeneous Neumann conditions at the boundary % log p\a o = 0 (indicating

that the boundary is insulating). Moreover we set %) = 0 indicating that
" lso
particles are reflected at the boundary. We can also assume that 38{1" o = 0. Then,
O

for system (6.42) and (6.43), we address the following boundary conditions

ow
on

ap
anl, =0

= = 0. (6.44)
0

0

One might object that these boundary conditions are not extremely interesting
from a physical viewpoint. However, since the ambipolar diffusion model is a
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consequence of quasi-neutrality, in order to establish the validity of the ambipolar
diffusion up to the boundary of the domain O it is important that the boundary
conditions exclude the possibility of source terms at the boundary that would
induce a local breakdown of the quasi-neutrality. The general mathematical analysis
involving boundary layers describing the departure from quasi-neutrality near the
boundary is a rather difficult subject (this boundary layer analysis is related to a
quasi-neutrality breakdown).

Let us now state the main result on the previous system in the limitas A — 0. Let
us assume that the data G and the coefficients D, « and T, verify for some positive
constant Cy

1
a < G(x) < Cy, infD >0, infa > 0, T, € Wh®(0),

inf 7, > 0. (6.45)

Proposition 19. With the above assumptions, for all A > 0, there exists a solution
(p)‘, w)‘) of the system (6.42), (6.43), and (6.44). Moreover, there exists a function
D, such that
A A . 2
P = px, wh = px, strongly in L=(O,)

when A — 0. The function px is a solution of the “ambipolar diffusion equation”

1
aps —V. ((D Jsrs)vp*) e (6.46)
px
Pxl . (6.47)
on |y0

Setting p« = Ny T, this result means that
No >~ N, N, >~ Ny,
where N is the solution of the following limit equation

@wNyx — V. (DV(N«(T, + T,))) = wN™,

3N*

=0.
on |0

which is exactly the time-discretized version of equation (ADP).
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Proof of Proposition 19. For all A fixed, we first prove the existence of a solution
(p*, w") and we then show that they satisfy some upper and lower bounds uniformly
with respect to A as A — 0. This the most difficult point of the proof, for which we
need the assumption saying that s is constant. (The generalization of the result in the
case where s is no more constant but a smooth bounded function is a open problem.)

For the sake of conciseness, weset T = T, and 8 = 1/T,. O

Lemma 11. Under the assumption (6.45), for all A > 0, there exists a solution
(p*. wh) of the system (6.42), (6.43), and (6.44) belonging to the space H'(0) x
H'(0). Moreover, there exist positive constants Cy, Cy, Cx such that, for all A > 0,
this solution (p*, w*) satisfies the bounds

Co < p*(x), w(x)<C,, forallxeO. (6.48)

IVP* 2 < C o/A. (6.49)

Proof of Lemma 11. Letussetk = D/s.
With w® = G/a, define the sequences p™ and w as follows. First, p is the
solution to

— A3V.(TViog p™) + Bp™ = w1, (6.50)

with the boundary conditions (6.44). Recall that the existence of a unique solution
in H'(O) was proved in Proposition 1 of Sect.2.2 and that it satisfies

infw"™ < p™ < supwY,
Secondly, w is the unique solution in H'(©) to the linear equation

aw™ — V. [sz(”)Vlog ™ + KVW(”)] =uG, (6.51)

Now, we will show that p®™ and w have lower and upper bounds independent
of n. Thus, we introduce the so-called Slotboom variable (see [84])

= pmsy®™

and (6.51) becomes

o
p(n)s

u—V. [Kw(”)Vlog u] =aG.

We may consider this equation satisfied by # and apply the maximum and minimum
principle (see result 1 in the Appendix), so we check that

inf p"*G < u < sup p"*G.
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Thus, using the definition of u, we get
infG <w" <supG (6.52)

Therefore, the sequence p™ satisfies also for all n
infG < p™ < supG. (6.53)

The two sequences w and p™ are also bounded in L?*(0)). So with Cy, C;
independent of n and A, they satisfy (6.48).

Now, the solution of (6.50) satisfies A> [(TVp™Vlog p™)dx < [ pw=V
p™Mdx; therefore, according to (6.48) we see that there exists a constant C,
independent of n and A such that

Ainf(T)C 1| Viog p™|* < C.. (6.54)

Then (Vw™, w™kV log p™) < C3||Vw™ |A~! and the solution of (6.51) satisfies
(infa) [[w™[? + (inf &) [ VW™ [[> < Cyllw™ || + Cs(1 + A7 [ Vw®|],

thus |[Vw®™| < C(1 4+ A7!) and the sequences p™ and w™ are bounded in
H'(O) for a fixed A. Therefore, there are subsequences still denoted by p™ and
w(™ which converge strongly in L?(O) towards limits denoted by p*, w* and such
that Vlog p™ — Vlog p* weakly in L?(0). So, for any test function v,we get

(Y aw®™) + (W VY ksVlog p) + (Vi k V™) = (4. G).

Using the weak convergence of V log p™ towards V log p*, we can pass to the limit
in the nonlinear term wV log p® (see result 6 in the Appendix) and we get

(¥, aw*) — (¢, V.(w'ksV log p*) + V.(k V")) = (v, G)

that means that w?, p)k satisfy (6.42) and (6.43) in a weak sense.

By a classical technique, one may check that if others sub-sequences p and
w(™ converge strongly in L2(O) towards limits denoted by p} and w?, then they are
necessarily equal to w*, p*. So, the entire sequences p™ and w™ converge strongly
in L?(©) towards p* and w* which are classical solutions of (6.42) and (6.43).

It is also clear that they satisfy the boundary conditions (6.44).

Lastly, according to (6.54), we see that p* satisfies (6.49) with C, independent
from A. O

Lemma 12 (Asymptotic behavior). Assume that (6.45) holds. Then there exists a
constant C, independent of A, such that

|V(slog p* + logw™)|| < C. (6.55)
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When A — 0, the solution (p*,w*) of (6.42), (6.43), and (6.44) satisfy the
asymptotic estimates

Ip* = WAl = 0(VR). (6.56)
Proof of Lemma 12. Notice that (6.42) reads as
h A A A Avy
aw* — V. [ksw* (V(log p*) + V(logw"))] + V.(w'V) = G.
Multiplying it by s log p* +log w* and integrating over the spatial domain O, we get
/(xwk(s log p*+ logwh)+ /(sVlog pH+Vilog wh)kw* = / G(s log p*+ log w").

Then, according to (6.48), kw” is bounded from below and log w*, log p* are also
bounded, so Cg exists independent of A such that

[V (s log p* +logwh)||? < (s+ 1)(log C))||G —aw’ || .1 inf(kw?) ™! < CZ. (6.57)
So (6.55) holds. According to relation (6.49) we have
IV(logwh)|| < C7/A. (6.58)

Thus, multiplying (6.43) by log p* —logw”, we have
2 r ) by ) A ) by
A ?[V(s log p* + logw") 4+ V(log p* —logw™)]V(log p* —logw")

s
* /,3(10g p* —logw") (p* —w') =0;
thus we check that there exists Cg (independent of 1) such that
T
/ﬂ(IOg p* —logw’) (p* —w') < 12/ 7 V(slog p* + logw?)

T C C
xV(logpA —logwA) < Az%&, (77 + )k_; + Co) < ACs.

According to the identity (log p — logw) (p —w) > ——(p — w)?, result (6.56)

max(p,w)

follows (by using (6.48)). O

Proof of Proposition 19. According to (6.56) and (6.55), we know that there exists
subsequences still denoted by p*, w* and a function y such that we have the strong
convergences in L2(0)

slogpA + logwA — x(1+5), logp)k —logw)k — 0,
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Thus, we get, by setting p. = exp y,
log p* — log ps. logw* — log ps., in L*(O) strong
and using the Lipschitz property of the exponential,
A

= e, W e,

Moreover, it is easy to check (see point 6 of the appendix) that we have (up to the
extraction of a subsequence)

V(slog p* +logw*) = V((1 +s)log px)  weakly in L*(0). (6.59)

Now, using an arbitrary test function £ in H'(0), (6.42) reads in the following form
/G Edx = /ozpkédx + /Kw*(Vg).V(s log p* + logw*)dx.

So according to (6.59) and the strong convergence of w” and p*, we may let A — 0
and we get

/Gédx = /ap*gdx +/K(1 + 5) p«(VE).(Vlog px)dx

= /otp*édx —i—//c(l + 5)VE.Vpudx

which is the weak form of the desired equation for px.

Assume now that there exists another subsequence (p*, w") and another function
x* such that log p* — y* andlogw* — x*. Then by the same arguments as above,
we get p* — p* and w* — p* in L? strong (where p* = exp y*) and p* satisfies
for all test function £ in H'(O)

/ap*gdx +/K(1 + 5)VEVp*dx = /ngx.

Since this is a linear equation, we have p* = p, and the entire sequences p*, w

converge. O



Appendix A

A.1 Tensor Analysis Formula

Here f is ascalar; A, B, C are vectors; T and (VA) are tensors
curl(A xB) = A(V.B) - (A.V)B+B(V.A)—(B.V)A (A.1)
B.curl(A) = V.(A x B) + A.curl(B) (A.2)

AxBxC)=(A.C)B—(AB)C, BxBxC)=(B.C)B-C|B? (A3)

curl(curl(A)) = —AA + V(V.A) (A.4)
V.(T.A) =T : (VA) + A.(V.T) (A.5)
V.(AB) = (V.A)B + (A.V)B (A.6)

A x curl(B) = (VB).A — (A.V)B (A7)

B x curl(B) = V. G|B|2 - BB) + (V.B)B (A.8)
curl(fA) = A x (Vf) + feurl(A) (A.9)

A.2 Useful Lemmas of Functional Analysis

To help readers who are not conversant in mathematical analysis, we display here
some classical results of functional analysis (the proofs may be found in any
standard textbook; see, e.g., [22]).
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1. Let us address a linear elliptic equation on a domain O (an open set of R? with
smooth boundary) with bounded coefficients k, y and Q (such that k and y are
strictly positive)

—V(kVu) + Q. Vu+ yu=yf

with boundary condition g—l’fl = 0 (n is the outwards normal) and the right-hand

side f bounded; then the unique solution u satisfies
min / < u < max f.
lin /< < max .

There is an analogous result with other boundary conditions.

2. Assume that domain O is an open set of R? with smooth boundary. Denote ty>0
a final time. Assume that £ is in L>°(0,77; O) and f is in 00(0, 77, L*(O)). Then
if ¢/" belongs to L>(0), there exists a unique solution to the equation

a¢ _ __ ini
§+S¢—f, ¢(0) = u'™,

which is in C(0,1¢, L*(O)).
3. If the sequences u,, and v, are such that'

up — uin L*(0) strongly, v, = vin L*(0) weakly,

then [ u,(x)v,(x)dx — [u(x)v(x)dx.
4. If the sequences u,, and v, are such that®

u, — uin L*(O) strongly, v, — v in L=(0) weakly-*

Then we have u,v, — uv in L*(O) weakly.

5. If the sequence u,, is such that the u, are bounded in H'(0), then there exists a
subsequence u, and a function u in L? such that u, — u in L*(0) strongly.

6. If the entire sequence u, converges to u in L*(0) and the u, are bounded in
H'(0), then

Vu, — Vu, in L*(O) weakly.
[Indeed there exists a subsequence u, and & in L*(O) such that Vu, — &, so

for all y in H}!(O),® we have lim(Vup,)() = —lim(up,V)() = —{(u,Vy) =
(Vu, x). Since H}(O) is dense in L*(0), we have § = Vu].

!One says that v, — v in L?(O) weakly when [ v,¢ — J ve for all ¢ in L2(O).
2One says that v, — v in L% (0) weakly-* when [ v,¢ — Jve forall ¢ in L'(O).
3The subspace H' of functions that are zero on the boundary 30O.
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7. Gronwall’s lemma. Let y be a time-dependent function that is positive and
satisfies

y(t) <a +b/0 ¥(s)ds:

then we have y(¢) < ae’ forall ¢.



Bibliography

[\

I1.

12.

13.

14.

15.

16.

17.

. H. Altven, Cosmical Electrodynamics (Clarendon, Oxford, 1950)

. G. Ali, L. Chen, A. Juengel, Y.J. Peng, The zero-electron-mass limit in the hydrodynamic
model for plasmas. Nonlin. Anal. T.M.A. 72, 44154427 (2010)

. A. Ambroso, F. Mehats, P.-A. Raviart, On singular perturbation problems for the nonlinear
Poisson equation. Asymptotic Anal. 25, 39-91 (2001)

. A. Amold, M. Ehrhardt, Discrete transparent boundary conditions for wide angle parabolic
equations. J. Comp. Phys. 145, 611 (1998)

. L.A. Artsimovich, Controlled Thermonuclear Fusion (Oliver-Boyd, Edimbourg, 1964)
(Russian edition in 1963)

. L.A. Artsimovich, Plasma Physics and Controlled Nuclear Fusion, Proceedings of Culham
Conference 1965 (IAEA, Vienna, 1966)

. P. Ballereau, M. Casanova, F. Duboc, D. Dureau, H. Jourdren, P. Loiseau, J. Metral,
O. Morice, R. Sentis, Coupling hydrodynamics with a paraxial solver for laser propagation.
J. Sci. Comput. 33, 1-24 (2007)

. C. Bardos, F.Golse, B. Perthame, R. Sentis, The nonaccretive radiative transfer equation;
global existence and Rosseland approximation. J. Funct. Anal. 77, 434-460 (1988)

. N. Basov, O.N. Krokhin, in Proceedings Colloquium on Quantum Electronics, Paris (1963)

. J.D. Benamou, O. Lafitte, R. Sentis, I. Solliec, A geometrical optics-based numerical method

for high-frequency electromagnetic fields computations near fold caustics, Part II: the energy.

J. Comput. Appl. Math. 167, 91-134 (2004)

J.P. Berenger, A Perfectly Matched Layer for the absorption of electromagnetic waves. J.

Comp. Phys. 114, 185 (1994)

L. Bergé, B. Bidegaray, T. Colin, A perturbative analysis of the time envelope approximation

in strong Langmuir turbulence. Phys. 95, 351-379 (1996)

R.L. Berger et al., Theory and three-dimensional simulation of light filamentation. Phys.

Fluids B 5, 2243 (1993)

R.L. Berger, C.H. Still et al., On the dominant behavior of stimulated Raman Brillouin

scattering. Phys. Plasmas 5, 4337 (1998)

C. Berthon et al., Mathematical Models and Numerical Methods for Radiative Transfer

(Panoramas et syntheses SMF, Paris, 2009)

C. Besse, P. Degond, F. Deluzet, J. Claudel, G. Gallice, C. Tessieras, A model hierarchy for

ionospheric plasma modeling. Math. Models Methods Appl. Sci. 14, 393 (2004)

F. Bethuel, H. Brezis, F. Helein, Asymptotics for the minimization of Ginzburg-Landau.

Calc. Var. 1, 123-148 (1993)

. B. Bidegaray, On Zakharov equations. Nonlin. Anal. TMA 25, 247 (1995)

R. Sentis, Mathematical Models and Methods for Plasma Physics, Volume 1, Modeling and 231
Simulation in Science, Engineering and Technology, DOI 10.1007/978-3-319-03804-9,
© Springer International Publishing Switzerland 2014



232

20

21.

22.
23.

24.
25.
26.

217.

28

29.

30.

31

32.

33.

34.

36.

37.

38.

39.

40.

41.
42.

43.
44,
45.
46.
47.

48.

Bibliography

. D. Bohm, in The Characteristic of Electric Discharges, ed. by A. Guthried (McGraw-Hill,
New York 1949)

. G. Bonnaud, F. Bouchut, On the Maxwell-Euler system. Zeit. Angew. Math. Mech. 76

(suppl. 1), 287-291 (1996)

R.L. Bowers, J.R. Wilson, Numerical Modeling in Applied Physics (Jones-Bartlett, Boston,
1991)

H. Brezis, Functional Analysis and PDE, New edn. (Springer, Berlin, 2011)

H. Brezis, FE. Golse, R. Sentis, Analyse asymptotique de 1I’équation de Poisson couplée a la

relation de Boltzmann. Note C. R. Acad. Sci. Ser. I 321, 953-959 (1995)

J.M. Burgers, Flow Equations for Composite Gases (Academic, New York, 1969)

J. Castor, Radiation Hydrodynamics (Cambridge University Press, Cambridge, 2007)

S. Chandrasekhar, The stability of viscous flow in the presence of a magnetic field. Proc.

Roy. Soc. A 216, 293 (1953)

EE Chen, Introduction to Plasma Physics (Academic, New York, 1974)

. EF. Chen, J.P. Chang, Lectures Notes on Principle of Plasma Processing (Kluver-Plenum,

New York 2003)

G.Q. Chen, C.D. Levermore, T.-P. Liu, Hyperbolic conservation laws with stiff relaxation

terms and entropy. Commun. Pure Appl. Math. 47, 787-830 (1994)

M. Colin, T. Colin, A numerical model for the Raman amplification. J. Comput. Appl. Math.

193, 535-562 (2006)

. S. Cordier, E. Grenier, Quasi-neutral limit of a Euler—Poisson system arising from plasma

physics. Commun. Part. Differ. Equ. 25, 1099-1113 (2000)

S. Cordier, P. Degond, P. Markowich, C. Schmeiser, Travelling waves analysis and jump

relations for Euler—Poisson model in the quasineutral limit. Asymptotic Anal. 11, 209-240

(1995)

J.E. Coulombel, T. Goudon, The strong relaxation limit of the multidimensional isothermal

Euler equations. Trans. Amer. Math. Soc. 359, 637-648 (2007)

T.G. Cowling, Magneto-hydrodynamics (Wiley Interscience, New-York, 1953)

. P. Crispel, P. Degond, M.-H. Vignal, Quasi-neutral fluid models for current-carrying plasmas.

J. Comput. Phys. 205, 408-438 (2005)

P. Crispel, P. Degond, M.-H. Vignal, An asymptotic preserving scheme for the two-fluid

Euler-Poisson model in the quasineutral limit. J. Comput. Phys. 223, 208-234 (2007)

G. DalMaso, P. LeFloch, F. Murat, Definition and weak stability of nonconservative product.

J. Math. Pures et Appl. 74, 483-548 (1995)

A. Decoster, Fluid equations and transport coefficient of plasmas, in Modelling of Collisions,

ed. by P.A. Raviart (Elsevier/North-Holland, Paris, 1997)

P. Degond, J.-G. Liu , M.-H. Vignal, Analysis of an asymptotic preserving scheme for the

two-fluid Euler—Poisson model in the quasineutral limit. SIAM J. Numer. Anal. 46, 1298

(2008)

J.-L. Delcroix, Introduction to the Theory of lonized Gases Wiley Interscience, New York,
1960)

J.E. Denisse, J.L. Delcroix, Theorie des ondes dans les Plasmas (Dunod, Paris, 1961)

C. Desmeuzes, G. Duffa, B. Dubroca, Different levels of modelling for diffusion phenomena

in neutral and ionized mixtures. J. Thermophys. Heat Transf. 11, 36 (1997)

B. Despres, Lagrangian systems of conservation law. Numer. Math. 89, 99 (2001)

B. Despres, Lois de conservation, Méthodes Numériques (Springer, Berlin, 2008)

B. Despres, R. Sart, Reduced resistive MHD in Tokamak ESAIM: Math. Model. Numer.

Anal. 46, 1021-1105 (2012)

S. Desroziers, F. Nataf, R. Sentis, Simulation of laser propagation in a plasma with a

frequency wave equation. J. Comput. Phys. 227, 2610-2625 (2008)

H.E. Deswart, Low-order spectral methods of the atmospheric circulation: a survey. Acta

Appl. Math. 11, 49 (1988)

E. d’Humieres et al., Proton acceleration mechanisms in high-intensity laser interaction. Phys.

Plasma 12, 062704 (2005)



Bibliography 233

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.
76.

P. Donnat, J. Rauch, Dispersive nonlinear goemetric optics. J. Math. Phys. 38, 1484-1523
(1997)

M.R. Dorr, EX. Garaizar, J.A. Hittinger, Simulation of laser filamentation using adaptive
mesh refinement. J. Comput. Phys. 177, 233-263 (2002)

M. Doumic, F. Duboc, F. Golse, R. Sentis. Simulation of a laser beam propagation with a
paraxial model in a tilted frame. J. Comput. Phys. 228, 861-880 (2009)

V.V. Eliseev, W. Rozmus, V.T. Tikhonchuk, C.E. Capjack, On the Brillouin scattering. Phys.
Plasmas 2, 1712 (1995)

R.O. Engquist, Computational high-frequency wave propagation. Acta Numer. 12, 181-266
(2003)

E.M. Epperlein, R.W. Short, A pratical nonlocal model for electron heat transport in laser
plasmas. Phys. Fluids B 3, 3092-3098 (1991)

S. Fabre, Stability analysis of the Euler—Poisson equations. J. Comp. Phys. 101, 445 (1992)
C. Flament, F. Coquel, C. Marmignon, H. Hollanders, Viscous nonequilibrium calculation by
an implicit method, in AIAA-Papers, 29th Aerospace Science Meeting, vol. 91 (Reno, Nevada,
1991), p. 0702

J. Fuchs et al. Laser-driven proton scaling laws. Nat. Phys. 2, 48-54 (2006)

W.L. Ginzburg, The Theory of Radio Wave Propagation in lonosphere (Gostekhizdat,
Moscow, 1949) (in russian)

W.L. Ginzburg, The Propagation of Electromagnetic Waves in Plasma (Pergamon, Oxford,
1964) (russian edition in 1960)

E. Godlevsky, P.A. Raviart, Numerical Approximation of Hyperbolic Systems (Springer,
Berlin, 1996)

S.K. Godunov, E.I. Romensky. Thermodynamics conservation laws, in Compututional Fluid
Dynamics Review (Wiley, New York, 1995)

F. Golse, P.H. Maire, R. Sentis, On the ambipolar diffusion and other asymptotic limits for
weakly ionized plasma flows. Math. Models Methods Appl. Sci. 16, 1653-1676 (2006)

. T. Goudon, A. Jungel et al., Zero-mass electron limits. Appl. Math. Lett. 12, 75 (1999)
64.

S.Y. Ha, M. Slemrod, Global existence of plasma ion-sheaths and their dynamics. Commun.
Math. Phys. 238, 149-186 (2003)

G.J.M. Hagelaar, How to normalize Maxwell-Boltzmann relation. J. Comput. Phys. 227,
871-876 (2007)

R.H. Healey, J.W. Reed, The Behavior of Slow Electrons in Gases (Amalgamated Wireless
Press, Sydney, 1941)

J.O. Hirschfelder, C.F. Curtis, R.B. Bird, Molecular Theory of Gases and Liquids (Wiley,
New York, 1964)

S. Huller, P. Mounaix, V.T. Tikhonchuk, D. Pesme, Interaction of two neighboring laser
beams. Phys. Plasmas 4, 2670-2680 (1997)

S. Huller, P.E. Masson-Laborde et al., Harmonic decomposition to describe the nonlinear
evolution of stimulated Brillouin scattering. Phys. Plasma 13, 022703 (2006)

J.W. Jerome, The Cauchy problem for compressible hydrodynamic Maxwell systems. Differ.
Integr. Eq. 16, 1345-1368 (2003)

A. Jungel, Y.J. Peng, A hierarchy of hydrodynamics models for plasmas, zero-electron-mass
limits. Ann. Inst. Henri Poincare (C) Non Lin. Anal. 17, 83-118 (2000)

B.B. Kadomtsev, Plasma Turbulence (Academic, New York, 1965). Translated from the
Russian of a book published in 1964

T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems. Arch. Rat.
Mech. Anal. 58, 181-205 (1975)

J.B. Keller, R.M. Lewis, in Asymptotic Methods for P.D.E: The Reduced Wave Equation, ed.
by J.B. Keller et al. Reprinted in Applied Maths Series, vol. 1 (Plenum, New York, 1995).
Research report Courant Inst. (1964)

W.L. Kruer, The Physics of Laser—Plasma Interaction (Addison-Wesley, New York, 1988)
L.D. Landau, E.M. Lifshitz, Electrodynamics of Continuous Media (Pergamon, Oxford,
1960)



234

7

78.

79.

80.

81

82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
99.
100.
101.
102.
103.

104.

105.

Bibliography

. E.W. Larsen, J. Morel, Asymptotic solutions of numerical transport problems in optically
thick diffusive regimes II. J. Comput. Phys. 83, 212 (1989)

E.W. Larsen, A. Kumar, J. Morel, Properties of the implicitly time-differenced equations of
thermal radiation transport. J. Comput. Phys. 238, 82-96 (2013)

Y.T. Lee, R M. More, An electron conductivity model for dense plasmas. Phys. Fluids 27,
1273-1286 (1984)

L.B. Loeb, Fundamental Processes of Electrical Discharges in Gases (California University
Press, Los Angeles, 1939)

. L.B. Loeb, Basic Processes of Gaseous Electronics (Wiley, New York, 1955)

P. Loiseau et al., Laser beam smoothing induced by stimulated Brillouin scatter. Phys. Rev.
Lett. 97, 205001 (2006)

S.S. Lundquist, On the stability of magneto-hydrostatics fields. Phys. Rev. 83, 307-311
(1951)

P.A. Markovitch, C. Ringhofer, C. Schmeiser, Semiconductor Equations (Springer, Berlin,
1990)

H.J. Merril, H.-W. Webb, The stability of viscous flow in presence of a magnetic field. Phys.
Rev. 55, 1191 (1938)

G. Métivier, R. Sentis, On the Boyd—Kadomtsev system for the three-wave coupling and its
asymptotic limit. Commun. Math. Phys. 319, 303-330 (2013)

D. Mihalas, B.W. Mihalas, Foundations of Radiation Hydrodynamics (Oxford University
Press, Oxford, 1984)

P. Mounaix, D. Pesme, M. Casanova, Nonlinear reflectivity of an inhomogeneous plasma.
Phys. Rev. E 55, 4653-4664 (1997)

F. Nataf, A new approach to Perfectly Matched Layers for Euler equations. J. Comp. Phys.
214, 757-772 (2006)

D.R. Nicholson, Introduction to Plasma Theory (Wiley, New York, 1983)

S. Novikov, V.E. Zakharov et al., Theory of Solitons (Consultant Bureau, New York, 1984)
T. Ozawa, Y. Tsutsumi, Existence and smoothing effect of solutions of Zakharov equations.
Pub. Res. Inst. Math. Sci. 28, 329-361 (1992)

G.C. Papanicolaou, C. Sulem, PL. Sulem, X.P. Wang, Singular solutions of the Zaharov
equations for Langmuir turbulence. Phys. Fuids B 3, 969-980 (1991)

M. Parisot, T. Goudon, On the Spitzer—-Harm regime and nonlocal approximation: modeling,
analysis, and numerical simulations. .. STAM Multiscale Model. Sim. 9, 568-600 (2011)

D. Pesme, Interaction collisionnelle et collective (chap 2), in La fusion thermonucléaire
Inertielle I: Interaction laser-matiére, ed. by R. Dautray, M. Watteau (Eyrolles, Paris, 1995)
H. Poincaré, Les fonctions fuchsiennes et une équation avec Laplacien. J. Math. Pures Appl.
(5e serie) 4, 137-230 (1898)

G.C. Pomraning, Equations of Radiation Hydrodynamics (Pergamon, Oxford 1973)

H.A. Rose, Laser beam deflection. Phys. Plasmas 3, 1709 (1996)

H.A. Rose, Saturation of stimulated Brillouin scatter by self-consistent flow profile
modification in laser hot spots. Phys. Plasmas 4, 437 (1997)

H.A. Rose, D.E. Dubois, Statistical properties of laser hot spots produced by random phase
plate. Phys. Fluids B §, 590 (1993)

H.A. Rose, D.F. Dubois, B. Bezzerides, Nonlinear coupling of stimulated Raman and
Brillouin scattering. Phys. Rev. Lett. 58, 2547 (1987)

V.D. Safranov, in Reviews of Plasma Physics, vol. 2, ed. by B.B. Kadomstev (Plenum, New
York, 1966)

S.H. Schochet, M.I. Weinstein, The nonlinear Schodinger limit of the Zakharov equations
governing Langmuir turbulence. Commun. Math. Phys. 106, 569-580 (1986)

G. Schurtz, P. Nicolai, M. Busquet, A nonlocal electron conduction model. Phys. Plasmas 7,
4238-4249 (2000)

R. Sentis, Mathematical models for laser—plasma interaction. M2AN Math. Model. Numer.
Anal. 39, 275-318 (2005)



Bibliography 235

106.

107.

108.
109.

110.
111.
112.
113.
114.
115.
116.
117.

118.

R. Sentis, On the Boyd—Kadomstev system. Note C. R. Acad. Sci. Ser. I Math. 347, 933-938
(2009)

R. Sentis, D. Paillard, C. Baranger, P. Seytor, Modelling and numerical simulation of plasma
flows with two-fluid mixing. Eur. J. Mech. B/Fluids 30, 252-258 (2011)

A. Sitenko, V. Malnev, Plasma Physics Theory (Chapman-Hall, London, 1995)

M. Slemrod, Shadowing and the plasma-sheath transition layer. J. Nonlin. Sci. 11, 397414
(2001)

M. Slemrod, N. Sternberg, Quasi-neutral limit for Euler-Poisson System. J. Nonlin. Sci. 11,
193-209 (2001)

L. Spitzer, Physics of Fully lonized Gases (Academic, New York, 1956)

J.A. Stratton, Electromagnetic Theory (McGraw-Hill, New-York, 1941)

C. Sulem, P.L. Sulem, Nonlinear Schrodinger Equations, Self-Focusing Instability, and Wave
Collapse (Springer, Berlin, 1999)

B. Texier, WKB asymptotics for the Euler—Maxwell equations. Asymptotic Anal. 42,
211-250 (2005)

S. Wang, Quasineutral limit of Euler—Poisson System with and without Viscosity. Commun.
Part. Differ. Eq. 29, 419-456 (2004)

V.E. Zakharov, Collapse of Langmuir wave. Sov. Phys. JETP 35, 908 (1972)

T. Zel’dovich, Y. Raizer, Physics of Shock Waves and High-Temperature Hydrodynamic
Phenomena, 1st (1963) Russian edn. (Academic, New York, 1967). 2nd edn. (Dover, New
York, 2002)

M. Bostan, B. N’Konga, R. Sentis, Kinetic models, in Mathematical Models and Methods for
Plasma Physics, 2, (to appear)



Index

A

Alfven speed, 8,9, 69
Alfven velocity, 8
ambipolar diffusion, 218

B

Bohm-Gross relation, 142, 146
boundary layers, 26
Boyd-Kadomstev system, 123
Brillouin instability, 74, 111

C

caustic surface, 95, 100

characteristic time of temperature
relaxation, 16

consistency relation for electric charge, 14

corrective electric current, 204, 205

D

Debye length, 7,24, 74, 82,217,219
dielectric permittivity, 140
dispersion relation, 139

Doppler effect, 43

E

eikonal equation, 94, 100

electric conductivity, 48

electric resistivity, 48

electromagnetic energy, 15

electron collision frequency, 13
electron cyclotronic frequency, 51, 140
electron entropy, 64

electron plasma frequency, 9
electron thermal velocity, 7

electron—massless approximation, 16,213,218

electrostatic field, 29, 76
electrostatic waves, 136, 140, 141
energy transport equation, 94
Euler—Poisson, 12
Euler—Poisson system, 24, 188

F

fast oscillating electromagnetic fields, 74, 77

G

Galilean transformation, 65, 69
Gauss relation, 141
generalized Ohm’s law, 27, 202
geometrical optics, 75,91

H

Hall effect, 49

Helmholtz equation, 88
hyperbolic system, 187,205

|

ideal MHD system, 64

index of refraction, 95

ion acoustic wave, 111, 112,119
ion thermal velocity, 7

J
Joule effect, 47

R. Sentis, Mathematical Models and Methods for Plasma Physics, Volume 1, Modeling and
Simulation in Science, Engineering and Technology, DOI 10.1007/978-3-319-03804-9,
© Springer International Publishing Switzerland 2014

237



238

L

Landau damping term, 162

Langmuir waves, 136, 140, 141, 149
laser energy absorption, 84, 88, 95, 102
laser energy flux, 95, 105

laser field transport equation, 94

laser intensity, 83, 88, 94, 96, 103, 106
laser wavelength, 74

longitudinal wave, 140

Lorentz force, 13

M

M.H.D. system, 47, 64, 67
magnetic Gauss relation, 14, 48
magnetic pressure tensor, 8, 48
mass fraction, 206, 210
massless-electron approximation, viii, 12
Maxwell equations, 16, 77, 182
Maxwell-Ampere equation, 14
Maxwell-Boltzmann relation, 20
Maxwell-Faraday equation, 14, 47
mixing kinetic energy, 206

mixing pressure, 207

N

non linear Poisson equation, 25
nondegenerated plasma, 9
nonlinear Poisson equation, 19, 25

(0}

Ohmic resistivity, 47

open problem, 21, 118, 153, 168, 171, 172,
179, 181, 222

Index

P

plasma parameter, 7

Poisson equation, 24, 27, 81, 82,214
polarization of a wave, 77
ponderomotive force, 73, 82, 86, 106
Poynting, 15

Q

quasi-neutral approximation, 75

R
radiative energy density, 42
relative velocity, 206, 207, 210

S

scalar laser energy flux, 95
self-generated magnetic field, 49
simplified Raman model, 172
simplified resitive MHD system, 51
Sine-Gordon equation, 86

T
transverse wave, 140

W
W.K.B. expansion technique, 75, 90, 91, 101
weakly coupled plasma, 7

Z
Zakharov equations, 136, 149, 150



	Foreword
	Contents
	Chapter
1 Introduction: Some Plasma Characteristic Quantities 
	1.1 Historical Account
	1.2 Notations
	1.3 Heuristics for Introducing Some Plasma Characteristic Quantities

	Chapter
2 Quasi-Neutrality and Magneto-Hydrodynamics
	2.1 Massless-Electron Approximation 
	2.1.1 The Ion–Electron Electrodynamic Model
	2.1.2 The Ion Euler System with Massless-Electron Approximation

	2.2 Quasi-Neutrality Approximation 
	2.2.1 Asymptotic Analysis in the Nonmagnetized Case
	2.2.2 Asymptotic Analysis in the Magnetized Case
	2.2.3  Proofs of the Propositions of Sects.2.1 and 2.2

	2.3 Two-Temperature Euler Models and Magneto-Hydrodynamics 
	2.3.1 The Two-Temperature Euler System
	2.3.1.1 Accounting for the Thermal Conduction
	2.3.1.2 Accounting for Radiative Coupling
	2.3.1.3 Accounting for Electric Current

	2.3.2 Electron Magneto-Hydrodynamics
	2.3.2.1 Case with Scalar Conductivity
	2.3.2.2 Case with a Tensor Conductivity
	2.3.2.3 Boundary Conditions. Axi-Symmetric Geometry Case


	2.4 Analysis of the Hyperbolic Part of Systems (E2T) and (MHD)
	2.4.1 On the Galilean Transformations
	2.4.2 Hyperbolic Properties of Both Models
	2.4.3  Proofs of the Propositions of the Section


	Chapter
3 Laser Propagation: Coupling with Ion Acoustic Waves
	3.1 Laser Propagation in a Plasma
	3.1.1 On the Time Envelope Models
	3.1.1.1 Decomposition of the Electromagnetic Fields
	Orientation

	3.1.1.3 Properties of the Basic Time Envelope Model

	3.1.2 Geometrical Optics
	3.1.2.1 The WKB Expansion
	3.1.2.2 On the Ray-Tracing Method

	3.1.3  The Paraxial Approximation
	3.1.3.1 The WKB Expansion
	3.1.3.2 The Classical Paraxial Equation
	3.1.3.3 Numerics for the Classical Paraxial Equation


	3.2 The Brillouin Instability in Laser–Plasma Interaction
	3.2.1 The Modified Decay Model in a Homogeneous Plasma
	3.2.2 The Standard Decay System in a Homogeneous Plasma
	3.2.3 Model with a Nonhomogeneous Plasma
	3.2.4 A Three-Wave Coupling System and Its Analysis
	3.2.4.1 Conservation Properties
	3.2.4.2 Characteristic Values of the System (TWC)
	3.2.4.3 Dimensionless Form



	Chapter
4 Langmuir Waves and Zakharov Equations
	4.1 Langmuir Waves Without Coupling with Ions
	4.1.1 Conductivity and Dispersion Relation
	4.1.2 Linear Langmuir Wave Theory
	Energy Balance


	4.3 The Zakharov Equations and Their Properties
	Instabilities


	Chapter
5 Coupling ElectronWaves and LaserWaves
	5.1 Raman Instability
	5.1.1 Model with Fixed Ions
	5.1.2 Reduction of the Model with Fixed Ions
	Conclusion

	5.1.3 The Raman Model with an Ion Acoustic Wave

	5.2 The Euler–Maxwell Model for Short Ultra-High Intensity Laser Pulses
	5.2.1 Well-Posedness of the Model
	Symmetrization
	Sketch of the Proof of Theorem 5


	5.3 Envelope Models for Very Short High-Intensity Laser Pulses

	Chapter
6 Models with Several Species
	6.1 Two-Temperature Euler System for a Mixing of Two Ion Species 
	6.1.1 The Three-Population Full Model
	6.1.1.1 Conservation of Ion Momentum and Coupling with the Electron Velocity
	6.1.1.2 Energy Balance and Statement of the Model
	Statement of the Model
	6.1.2.1 A Model with Mass Fraction, Average Ion Velocity and Average Ion Energy
	6.1.2.2 Simplified Models with Mass Fraction


	6.2  Some Models for Weakly Ionized Plasmas
	6.2.1 The Multifluid Model and the Multispecies Diffusion Model
	6.2.1.1 Derivation of the Multispecies Diffusion Model
	6.2.1.2 Statement of the Multispecies Diffusion Model

	6.2.2 The Ambipolar Diffusion Model


	Appendix A
	A.1 Tensor Analysis Formula
	A.2 Useful Lemmas of Functional Analysis

	Bibliography
	Index

