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Preface

This book deals with evolution partial differential equations of both
hyperbolic and parabolic type with particular emphasis on prob-
lems that arise in nonlinear fluid mechanics. If an alternative title
were to be given to the book, it could be ‘on the passage to the
limit within nonlinearities’. Fortunately enough, the preface is usu-
ally longer than one sentence, which gives us the opportunity to
describe briefly the contents of the book.

After presenting some preliminary results, we devote the second
chapter to the study of scalar hyperbolic equations of first order
(or scalar hyperbolic conservation laws) in arbitrary spatial dimen-
sions. In the first part we treat the usual Cauchy problem, following
the presentation of GODLEWSKI AND RAVIART [1991]. The second
part focuses on recent results of OTTO [1992] concerning the solv-
ability of a scalar hyperbolic conservation law in a bounded smooth
domain. In both cases, we prove the existence and uniqueness of the
entropy weak solution via the method of parabolic perturbation.
This method, together with the Galerkin method, are the basic
means for constructing convenient approximations of the original
problems.

In the third chapter we introduce the concept of the Young
measure. This is a very effective tool to describe the behaviour
of weakly convergent sequences under superpositions of nonlinear-
ities. As an application, we prove again the existence of an entropy
weak solution to a scalar hyperbolic conservation law in one space
dimension exploiting the reduction of the support of a correspond-
ing Young measure.

The last two chapters deal with problems where nonlinearities
depend on gradients of the solution. In the fourth chapter we study
the nonlinear scalar hyperbolic equation of the second order. Chap-
ter 5 is devoted to a class of non-Newtonian fluids, sometimes called
fluids with shear-dependent viscosity or generalized Newtonian flu-
ids. Both compressible and incompressible models are studied here.
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Using the fundamental theorem on Young measures, we prove the
global-in-time existence of measure-valued solutions to the above
problems. Although the measure-valued solution can be subject to
further investigation we want to emphasize that more attention
is paid to the questions of existence, uniqueness and regularity
of weak solutions. We have addressed these questions for incom-
pressible fluids with shear dependent viscosity, studied in Sections
5.3 and 5.4. For the nonlinear hyperbolic equation of second order
(studied in Chapter 4) as well as for the compressible fluid with
shear dependent viscosity (studied in Section 5.5), the existence of
weak solutions is still open. Nevertheless, the question of existence
of a weak solution to approximating equations, shown here, is an
interesting problem on its own.

This monograph is one of the few attempts to carry out a de-
tailed analysis for a class of evolution equations for non-linear fluids
(essentially in Section 1.1 and Chapter 5). Although we have tried
to provide a systematic investigation, the text should be considered
as an introduction to the topic, since many problems remain to be
studied and a lot of interesting questions are still unanswered. We
feel that the reader can easily find interesting issues for further
investigation, here.

In order to make the book self-contained, we give in Section 1.2
an overview of the definitions and basic properties of the function
spaces needed. The Appendix contains some useful assertions con-
cerning the linear theory. For the benefit of the reader we have
included some references that are not cited in the main text but
are related to the subject of the book.

For readers interested in particular problems, we indicate the
main topics together with the sections where they are discussed.

e Non-Newtonian fluids: Sections 1.1.1, 1.1.4-1.1.5, Section 4.2,
Chapter 5.

Hyperbolic conservation laws: Sections 1.1.1-1.1.2, Chapter 2,
Sections 3.3-3.4.

e Young measures: Sections 3.1-3.2 and Sections 4.1-4.2 with
applications in Sections 3.3-3.4, 4.3, 5.2 and 5.5.

Hyperbolic equations of second order: Chapter 4, see also Section
1.1.2.

We are thankful to many people for their help, advice and time
spent in discussions, as well as for their support and interest. First
of all, we would like to thank Professor G.P. Galdi and Professor



PREFACE xi

[K.R. Rajagopal. Since there are several authors to this book, the
number of reasons for expressing gratitude is rather extensive. Nev-
ertheless, G.P. Galdi’s essential support to organize periodically
the Winter School on Mathematical Theory in Fluid Mechanics as
well as I(.R. Rajagopal’s permanent effort to provide us with new
views on continuum mechanics are common for all of the authors.

A large part of this monograph has been written at the Depart-
ment of Applied Analysis, University of Bonn, headed by Professor
Jens Frehse. We wish to thank him for his permanent support as
well as for the pleasant atmosphere that we found there.

We are also very obliged to Felix Otto, who agreed that we use
results of his thesis (see OTTO [1992, 1993]} on scalar hyperbolic
conservation laws in bounded domains and provided us with a pre-
liminary version of the text.

Our thaunks go as well to numerous colleagues who have pointed
out misprints and imprecise statements. Of these, special thanks
go to Méria Luk4cova, Antonin Novotny, Lubos Pick, Ondfej Pok-
luda and Jan Seidler, and especially to Milan Pokorny and Mark
Steinhauer for reading a large portion of the manuscript and for
valuable comments. Very special thanks for many valuable remarks
go to Endre Siili, University of Oxford, who read the final draft of
the whole manuscript.

We also want to express our thanks to Oldfich Ulrych for solving
our TEX problems, to Michal Kubecek for helping us with graphics
and to Silke Thiedemann for correcting the English in a part of the
manuscript.

Writing of the book has some unpleasant side-effects. These in-
clude evenings and weekends devoted to the preparation of the
manuscript instead of spending that time with wives and children.
Very special thanks for their enduring support and understanding
are, therefore, expressed to Jana and Markéta.

This work was partially supported by the grant GAUK-353/1993
of Charles University Prague (Czech Republic) and SFB 256, Uni-
versitdt Bonn (Germany).

Josef Malek Prague
Jindfich Necas June 1995
Mirko Rokyta

Michael Ruzicka,



CHAPTER 1

Introduction

Throughout the book the usual Einstein summation convention
is used: whenever an index appears twice in one expression, the
summation over that index is performed. The term domain is
reserved for an open set in a euclidean space.

1.1 Examples of evolution systems

Most of the equations and systems studied in this boock have phys-
ical origin. They can be derived from basic balance laws by taking
particular forms for constitutive relations and/or by considering
particular kind of materials and processes.

Let Q = UZ;O Q,, where Q; C R? is a domain occupied by the
material at an instant of time ¢ € [0,T), T > 0. Then the following
system of equations:

dp  O(pvy) _
ot or =0 (1.1)
9(pvi) | O(pviv;) _ 0Ty :
= 19 1 S S ) .
5 + oz, oz, + pf 1<d (1.2)
Bpe) , dlpev) _ dTeym) _ B -
T oz, ~  ox, 7z, +pr+pfv; (1.3)

represents the local forms of the law of conservation of mass, the
law of balance of momentum and balance of energy, respectively.
See for example TRUESDELL [1991] or CHADWICK [1976]. Here, p is
the density, v is the velocity field, E is the specific internal energy
of the material, T is the symmetric stress tensor, q is the spatial
heat flux vector, r is the rate of external communication of heat
to the body through radiation, f represents the specific external
body forces and e denotes E + |v|?/2. All quantities are evaluated
at (t,z) € [0,T) x Q;. In the sequel we consider 1; = Q for all
t>0.
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We note that (1.1)-(1.3) can have various forms, for example
when the notion of material derivative is used. Let us recall that
the material derivative of a scalar- (or vector- or tensor-) valued
function £ : (0,7T) x 2 — R (or R? or RY, respectively) is defined
by

d§ _ 0¢ 9¢

it =t Vo,

In view of this, (1.1)-(1.3) can be rewritten as

ap . dv; _
. h2 o, (1.4)
dov) % 9Ty e i ci<a, (18)

dt +pv1a’1?j - a(bj
d(pe) 9v; _ O(Twjvx)  9g;

i +p€87j:75j— %;—Fp’f'"f'ﬂfjvj. (16)

Now, we define hyperbolic systems of partial differential equa-
tions, an important example of a large class of evolution systems.

Definition 1.7 Let O C R°® be a domain and let f;,1 < j < d, be
smooth functions from O into R®. The system of partial differential
equations

ou MW _ o i R xR
ot aibj

is said to be hyperbolic if for every u € O and every vector
a=(a,...,aq4), a; € R, the matrix

Ju,a) =a;J;(u)

has s real eigenvalues and is diagonalizable. Here we denote by
J;(u) the Jacobian matrix of the function f;(u), j = 1,...,d, with
the components

[J;(w)],, = %{ij(“)’ 1<i,k<s.
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1.1.1 Euler equations in 2D

Let us consider an inviscid (ideal) non-heat-conductive fluid for
which both heat sources and external forces are neglected, i.e.,
T =—pI,
94,
0z

1.8
=0, r=0, f=0, (18)

respectively.
Under the assumptions (1.8) the right-hand side of (1.2) is equal
to —%’—_, while (1.3) takes the form of
O(pe) N d(pev;) A(pv;)

ot dz; T ox; (19)

In such a way the system (1.1)—(1.3) turns into the so-called Euler
system (1 < i < d)

dp B(pv_,-)
7 . =0, (1.10)
9(pvi) | Olpviv; +pbis)
t - 0, (1.11)
d(pe) | O ((pe +p)v))
t - 0, (1.12)

where 6,; stands for the Kronecker delta. As before, all the func-
tions are defined on [0,T) x Q; T € (0,00], 2 C R being a domain.

According to classical literature (PIPPARD [1957], SOMMERFELD
[1964], COURANT AND FRIEDRICHS [1948]) only two of the quanti-
ties describing the thermodynamic state of a fluid (as the pressure
p, the temperature 4, the density p, the internal energy F, the en-
tropy n) are independent. Considering p, 8 to be independent, one
obtains

p=p(p,0), (1.13)

E = E(p,#), (1.14)

n=mn(p,0), (1.15)
and

e=¢e(p,6,v). (1.16)

Therefore, in general, the Euler system (1.10)-(1.12) together with
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(1.13)-(1.16) is considered as the system of (d + 2) equations for
(d + 2) unknown functions p, 6, v;. However, the knowledge of
explicit relations of the type (1.13), (1.14) allows us to consider the
Euler system as a system for another set of unknown functions.

As an example, let us consider the state equation of a perfect
gas

p=Rpf, (1.17)

where R is the universal gas constant. Further, let us consider a
polytropic perfect gas, for which we have

E =cyb, (1.18)

where the constant cy is the specific heat at constant volume. Then
we have p = Cﬁv—pE and, setting v =1+ R/cy > 1 (usually called
the Poisson constant), we arrive at

p=(-1p (e— l—‘;’-) . (1.19)

Hence, in this situation, the Euler system (1.10)-(1.12) together
with the state equation (1.19) can be viewed as a system of (d+ 2)
equations for (d + 2) unknown functions p, e, v;.

If we now set

u:(p,pvl,...,pvd,pe)TERS, 5:d+2a

we can rewrite (1.10)—(1.12) (under an additional assumption that
p > 0) as a quasilinear system of partial differential equations

du Ofj(u)
— -9 1.20
5 " oz, (1.20)

where
T
f;(u) = (pvj, pv1vj + 6150, - - -, paV; + b4;p, (Pe +p) v5)"

j=1,....,d and f; € C*(O; R*).
T
In particular, for d = 2, we have u = (p, pu1, pU2, pe) and

pU1 pu2
2
pvy +p _ pLLV2
fi(u) = p,})lw , f(u) = it | (1.21)

(pe + p)u1 (pe + p)v2
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Setting for 1 <4,k <s

9f1i Ofai
L= = J. G = =——(u), 1.22
[Jl(u)]zk auk 11) ’ [ z(u)]zk aUk u) ( )
it can be easily shown that
0 1 0 0
7 ; v? + gvfﬁ (3—")n —KUy K
Jl ==
—V1v2 () (J} 0
—vevy + kvi |V ve — g(SUf +v3) —kKkvive YUy
and
0 0 1 0
—U1 V2 () 1 0
J, =
-3 .
1——2——12.3 + gvf —KU1 (3 —¥)vy K

. K
—vevy + ku2|V]2  —kviv2  ve — 5(31}% +vi) g

where k = v — 1. Now, for any a = (a1, a3) € R? it can be shown
(FERNANDEZ [1988]) that the matrix

P(u,a) = alJl(u) + ang(u) (123)

has for all physically relevant values (i.e. for p > 0) four real eigen-
values, namely,

AL = A2 = o1 + apvy,

)\3 = /\1 +G,VO(% +Ot%, (124)
)\4:)\1 —(IHOL%‘{-OZ%,

where a is the local sound speed in isentropic processes defined by
2_ D

a” =7v—. 1.25

; (1.25)

Then P can be shown to be a diagonalizable matrix:

P=CAC™, (1.26)
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where A = diag(A1, A2, A3, A4) and (see WADA ET AL. [1988], FER-
NANDEZ [1988])

1
1 0 — 1
2a? 2a?
v +a v —a
0 - 12a2 m 12 2771
€= V2 + an )
_ 2 2 vy — any
v2 n 2a? 2a?
|1E o H+an-v H-an-v
2 N2V1 — M2 242 202
while
k|v|? K K K
Mmv2 — N2l 72 -m 0
c'=
Klv|?
—an-v-+ an, — Ku; any — Kvg K
Klv|?
an-v+ —an — KV —af — KU K
Here,
Iv[*  a
H=—+- 1.27
5t (1.27)

is the so-called enthalpy and
[s %1 a2

m= —F=——> N = 75—,
Vai+ o Vel + a3

Hence the system of Euler equations is a hyperbolic one (see also
Section 2.1). The same result holds also for d = 3 (see WADA ET
AL. [1988}).

k=vy-1. (1.28)

1.1.2 The p-system

Consider the easiest model of one-dimensional gas dynamics for
isentropic processes in Lagrangian coordinates! in the form of the

t Due to different coordinates, the operators —aa—t, 6% do not coincide
with the operators denoted by the same symbols in Euler coordinates.
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so-called p-system (see for example LANDAU AND LIFSHITZ [1959]
and KRONER [1996]):

do  Ov _
ot or
v Op(o)
ot * ox
Here, 0 = o(t,z), ¢ = 1/p > 0, is the specific volume, v = v(t, z)
is the velocity and p = p(o) is the pressure.

Denoting
() () o

one can write (1.29) as a system of two equations
ow  Of(w)
— +
ot ox
The system (1.31) is hyperbolic provided that p'(c) < 0. Indeed,

the Jacobian matrix J = (ng) is of the form
4

7= <p’?0) _01>

and therefore, under the assumption p'(¢) < 0,5 J has two distinct
real eigenvalues:

A=V =p(o'), Ay ==/ =p'(0).
Hence, the system (1.31) is (strictly) hyperbolic.
Note that under the setting (justified by (1.29);)

_ Ou _Ou _
vE g, 0= oo, p(o) = —alo),

(1.29)
= () .

=0. (1.31)

the p-system (1.29) can be considered as a non-linear wave equation

u 0 <8u> o, (1.32)

o L=

ot2 Oz \dz
with a’(0) > 0. In the next example we will show that also in d
space dimensions there is a connection between scalar hyperbolic
equations of second order of the type analogous to (1.32) and some
hyperbolic systems.

! For example, p(c) = co™7 for perfect isentropic gas (¢ > 0, v > 1).
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1.1.8 Scalar hyperbolic equation of second order

Let @ C R¢, d > 2, be a bounded domain, dQ € C%'. Let T > 0,
I = (0,T) and Qr = I x Q. We consider the scalar hyperbolic
equation of second order

0%u 0 .

Froi ;9;(&1'(‘7“)) =0 inQr, (1.33)
supposing that there exists a function 9 € C%(R?), called poten-
tial to a = (a1, ..., aq), such that

Y
ag,©) = ai(§) VEER', (1.34)
fori=1,...,d, and

9%9(¢) 2 g

nin; 2 N vEneR 1.35
agiagj J l i ( )

for a certain positive constant o € R.

Chapter 4 is devoted to the detailed study of an initial-boundary
value problem for the equation (1.33) (with a right-hand side f).
Here we just show that under the assumptions (1.34)-(1.35) the
equation (1.33) can be considered as a hyperbolic system of (d+1)
equations.

To this end, let us put vg = %’tﬁ and v; = £%. We will also use

the notation ¥ = (vy,...,v4) and v = (vo, V). "fhen, (1.33) can be
written as
0?)0 0 ~
2~ g, =0
ot 9z, =0
S: O (1.36)
i 0 ,
— - — =0, 1<j5<d.
ot oz, 7=

Applying the chain rule to 2—2, one can write the system (1.36) [of
(d + 1) equations] in a matrix form:

ov ov
—~4+J.,— =0 37
ot Jkaxk ! (1.37)
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where
0 —%u _dau _Oay
061 9> T 0€a
0 0 0 0
=1 _1 0 .0 |e@+nr, @38
0 0 0 0

k = 1,...,d. Recall that the hyperbolicity of the system (1.37)
will be proved as soon as we show that for any constant n =
(n1,...,ma) € R? all the eigenvalues of the matrix

J= 77ka (1.39)

are real and the matrix itself is diagonalizable.
Denoting S; = ne 2% we see that

o¢;
0 =5 =S ... =54
- 0 0o ... 0
J=|-m 0 o ... 0 |, (1.40)
e 0 0 ... 0
Now it is not difficult to see (e.g. by induction) that
det(A\I —J) = A" — 241, S;) (1.41)

and therefore the eigenvalues A; of J are of the form
A=+ =Ag-1 =0,
A= )\ﬁﬂ =5 .
Lemma 1.43 Under the assumptions (1.34)-(1.35) all the eigen-

values \; are real and the matrix J is diagonalizable, i.e., the system
(1.37) is hyperbolic.

(1.42)

Proor : Ifn; =0foralli=1,...,d,then A\ = =Xg31 =0
and J = 0, i.e. J is diagonal.
Therefore we assume without loss of generality that |n| > 0.
Then, using the definition of S;, (1.34) and (1.35), we get
%9 .
iSi = ik =——— > aln|> > 0. 1.44
S = i a2 aln|® > (1.44)

Hence, all eigenvalues A; are real, Ay = Vn7:S; # —vV1:S: = Aa+1.
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To prove that J is diagonalizable we recall that J is diagonaliz-
able if and only if dim Ny = m(}), where Ny = {x;Jx = Ax} and
m(A) is an algebraic multiplicity of A as a root of the characteristic
polynomial det(AI —J) (cf. (1.41)). Since trivially dim Ny < m())
and dim V), > 1 for any eigenvalue ), it remains to prove dim Ny =
d-1.

Now, if x = (zg,...,z4) then from the form of the matrix J it is
clear that x € Ny if and only if g = 0 and Zle z;5; = 0. Since
there is jo such that S;, # 0 (otherwise we get a contradiction with
(1.44)), the latter equation reduces to

i = —-3,1— Z ;55 ,

Jo i 50
giving us the possibility to choose arbitrarily (d — 1) coordinates of

x on the right-hand side of this expression. Thus, dim Ny =d — 1
and the proof is complete. [

1.1.4 Compressible non-Newtonian liquids undergoing isothermal
processes

In Section 1.1.1 the considered stress tensor T was determined by
pressure, i.e.,

T = —p(p,0) 1,
(cf. (1.8)1, (1.13)). If the viscous effects taken into consideration

are substantial, the dependence of T on other quantities, say Vv,
V8, is supposed. In this case,§

T =T(p,0,V0,Vv).

However, in case the motion of the material is isothermal, i.e. the
temperature # = 6y > 0 is constant, the tensor function T does
not depend on # and V6. Thus,

T =T(p, Vv). (1.45)

Consequently, the equations (1.1), (1.2) are not coupled with (1.3)
and can be considered separately. In other words: once having p,

§ For simplicity, we suppose that T at each point (t,x) depends only on
the values of p, 8, V& and Vv at the same point (¢, z). Consequently,
any impact of history or non-local effects are not allowed.
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v determined from (1.1}, (1.2), one can use (1.3) to calculate the
remaining thermodynamical quantities.

Now, taking into account the principle of material frame
indifference (cf. for example TRUESDELL [1991]), one can show
that (1.45) reduces to

T =-p(p)I+T(p,e), (1.46)

where 2e = 2e(v) = Vv + (Vv)7 is the symmetric part of the
velocity gradient Vv.
In this book we will study a special form of (1.46), namely

T=-plp)I+7F, (1.47)
with 7 given by
™ =7(e). (1.48)
Here, 7 : R;i;m — ]R;i;m is a given continuous function and ]R;l;m =
{(MeR xR M, = M, 4,5 =1,...,d}.
Assuming that a liquid (gas) obeys the state equation (1.17), we

obtain that (in the isothermal case) the pressure is a linear function
of p, ie.,

p(p) =Bp, B=RH>0. (1.49)
Under the assumptions (1.47)—(1.49), the system (1.1), (1.2) reads
9p  O(pv;) _
o0t o =0 (1.50)
d(pv;)  O(pviv,) dp  0tij(e)
=3 Tg\®) . _
ot T oz; f oz, * oz; Tofi (151)

for ¢ = 1,...,d. The left-hand side of (1.51) is equal to p%L +
png—;’% due to (1.50).

In (;rder to develop a mathematical theory (see Section 5.5), we
will assume that there exist constants C;, Co > 0 and parameters

p>1landgq € [p—1,p)suchthat foralln € IR;i;m the p-coercivity
condition

T(n) 1 2 Cinl?, (1.52)
and the g-growth condition
[T(m)| < C2(1 + |n|)* (1.53)

hold. As usual, || = (n;;m:;)"/? and 7.1 = 7,;m;; for 7,y € ]R;i;m
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1.1.5 Incompressible non-Newtonian fluids undergoing isothermal
processes

If a material is incompressible, i.e. p(t,x) = pg > 0 for all (¢,z) €
[0,T) x ©, and undergoes an isothermal process, then

e we get from (1.45) that
T=-7l+77, (1.54)

where 7 is the so-called undetermined pressure and 77 is the
extra stress tensor;
e the system (1.50)-(1.51) reads

8vi
divv e , (1.55)
v, v, on 87'5
po-—a—t— + pona—xj = —ami + 8z, +pofi, (1.56)

fori=1,...,d

We will assume that the extra stress 7 is given by the sum of two
symmetric tensor functions of e = e(v). This means that we have
for all (¢,z) € [0,T) x Q,

E(t,z) = T(e(v(t,z))) + o (e(v(t,2))), (1.57)

or equivalently
E =1(e) +o(e). (1.58)

Similarly to Section 1.1.4, the following assumptions are imposed
on 7 and o: for certain p > 1, ¢ € [p — 1,p), C1, C2 > 0, we have

T(n)-n > Cinl”, (1.59)
o(n) -nz0, (1.60)
lT(n) + o()| < Ca(1+|nl)" (1.61)

for all € RE,,.

Notice that the tensor T + o satisfies (1.52)-(1.53) and it might
not be clear why the decomposition (1.58) is introduced. Actually,
we will use (1.58) only in such parts of the mathematical theory
where the assumptions on 7 and o will be strengthened. Roughly
speaking, we will suppose that 7 is well behaved and o is controlled
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by 7. By ‘well behaved’ we mean the existence of a strictly convex
potential U : R;i;m — R of 7, such that
oU(e)
881‘]

:T.L'j(e)7 i,jzl,...,d.

Appropriate assumptions put on U will in particular imply (1.59).
For more details see Section 5.1.

Some interesting examples of T of the form (1.58) can be found
in what follows.

Example 1.62 (Stokes’ law) If the dependence of T on e is
linear, i.e.,
T(e)=2ve, v>0, (1.63)

and o = 0, then the system (1.55)—(1.56) turns into the well-known
Navier-Stokes system

divv =0, (1.64)
dv; dv on
- — = A i i 1.65
P05, +pov]azj g, T VAV + pofi, (1.65)
fort=1,2,...,d. Let us notice that in this case

T(n) -0 =2vn|*.
Therefore, the condition (1.59) is satisfied with p = 2.

Definition 1.66 An incompressible fluid, the behaviour of which
is characterized by Stokes’ law (1.63), is called Newtonian fluid.
Fluids that cannot be adequately described by (1.63) are usually
called non-Newtonian fluids.

Due to the negative character of the definition of non-Newtonian
fluids, it would be useful:

e to characterize main points of deviance from Newtonian be-
haviour,
e to classify the models of some non-Newtonian fluids.

This book is not intended to be an introduction to the mechan-
ics of non-Newtonian fluids. For this purpose, we refer the reader
to SCHOWALTER [1978], HuiLGOL [1975] and RAJAGOPAL [1993].
Nevertheless, we would like at least to specify which of the ba-
sic properties of non-Newtonian behaviour can be captured by the
model characterized by (1.58).
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Let us recall (see e.g. RAJAGOPAL [1993]) that the main points
of non-Newtonian behaviour are:

1. the ability of the fluid to shear thin or shear thicken in shear
flows;

. the presence of non-zero normal stress differences in shear flows;

. the ability of the fluid to yield stress;

the ability of the fluid to exhibit stress relaxation;

5. the ability of the fluid to creep.

NN

A non-Newtonian fluid can possess just one or all of the above
listed characteristics.

The model of fluid described by (1.58) exhibits mainly the first
property, while it cannot predict ‘elastic’ phenomena 2-4. This
means that for a fluid given by (1.58) the dominant departure from
the Newtonian behaviour is shear thinning or shear thickening,
while the other features are not captured. For this reason we will
discuss just the first phenomenon in more detail.

Consider a steady shear flow for which

v = (v1(22),0,0).

Setting k = |d—;l;v1(m2)| we can define the so-called generalized
(or apparent) viscosity p, by
T2 Ii) +0’12(K))
gy = T2 £ 21200 (1.67)

Definition 1.68 If the generalized viscosity p, defined in (1.67)
is an increasing function of k, then the fluid described by (1.58) is
called shear thickening fluid. If y, is a decreasing function of k,
the fluid is called shear thinning fluid.

Note that for Stokes’ law (1.63) we have p,4(x) = v for all &.

Example 1.69 (Generalized Newtonian fluids and power-
law fluids) Let T be given by

T(e) = 2u(|e|2) e=2u(e)e (1.70)
and o = 0. Then, the potential U is defined by

le|?
Ule) = /O w(s)ds. (1.71)

If, in particular, we take
pu(s) = wos?, >0, (1.72)
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then

2
Ule) = =22 |e|7+2
r+2

T(n) - =2volnl"n -0 = 2wln|"*?,

and we see from (1.59) that p = r + 2. Therefore p € (1, 4+00) if
and only if r € (=1, 4+00). Further, for the shear flow p,(k) = p(x),
%% < 0ifr € (-1,0) and %% > 0ifr > 0. In other words, the model
(1.70) with (1.72) captures the shear thinning fluid if r € (—1,0)
(or p € (1,2)), and captures the shear thickening fluid if r > 0 (or

p > 2). The case r = 0 (or p = 2) corresponds to the Newtonian
fluid.

The fluids characterized by (1.70) are called generalized New-
tonian fluids (even if they are non-Newtonian ones). The fluids
described by (1.70) and (1.72) are called power-law fluids.

We refer to MALEK, RAJAGOPAL AND RUZICKA [1995] for an
exhaustive, but not complete list of literature, where the power-law
fluids (1.70), (1.72) are used in several fields of chemistry, glaciol-
ogy, biology, geology, etc.

Example 1.73 (Various variants of power-law fluids) De-
spite its simple structure, the model (1.70) includes submodels with
a great deal of disparity. To illustrate this fact, we will investigate
apparently almost identical types of 7 in a shear flow. Let us con-
sider

(a) M(e) = 2vple|"e
(b) @ (e) =2u(1 + |e|)
) (1.74)
(c) ®)(e) = 2u(1 + [e?) /2
(d) ‘r(3+’)(e) l/ooe+‘r()( ), 1=1,2,3,

where vy and v, are positive constants related to the limits of
pg(k) when k — 0 and kK — oo, respectively.

Let first r € (—1,0). Figure 1.1 depicts the graphs of u, corre-
sponding to the tensors (¥, i = 1,...,6, defined in (1.74).

It is worth observing that the value of parameter p in (1.59)
varies for different models in (1.74); while p = r + 2 for the cases
(a), (b), (c), we see that p = 2 for all cases in (d).
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Figure 1.1 The graphs of pg for 70 =1,...,6, with r € (—1,0).

We will see in Chapter 5 that some results cannot be proved
for all values of p > 1. More often, we will get some restriction po
on the value of p from below such that the corresponding result
is valid for all p > po. It can happen that r + 2 < po < 2. Then
the result is valid for the fluid described by (1.74)(d), while our
approach fails for any of the models (a)—(c).

In fact, the model (1.74)(d) can be understood in the form of
(1.58). For example, we can decompose W (e) = 7(e) + o(e),
where

T(e) = 2ve, Voo > 0, (1.75)
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and
o(e) =2ple|"e, vo > 0. (1.76)

It can be easily verified that in this case r > —1 can even attain
the value —1. In particular, the case r = —1 is of special interest
from the point of view of applications (see (1.82) for example).

Let us now consider the case r > 0. Then we can draw the
pictures for the models (1.74a, b, c), see Figure 1.2.

Figure 1.2 The graphs of pg for T(i), 1=1, 2,3, withr € (0,1).

We are primarily interested in fluids that have a non-zero “zero
shear rate viscosity”. Figure 1.2 (a) reveals that the viscosity func-
tion vanishes with the shear rate (when x — 0) and thus we shall
not consider this possibility any further. The particular case of (d)
(r > 0), namely

T(e) =2ve+2mlel’'e, 1o,V >0, (1.77)

was introduced in the mathematical literature by LADYZHENSKAYA
[1969] and the corresponding system (1.55), (1.56) and (1.77) is
sometimes called the modified Navier-Stokes system.
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Using (1.70) and (1.71) it is easy to observe that the potentials
U corresponding to the tensors () defined in (1.74) for r > -1
and1=1,...,6, are as follows:

21/0

@ U= 2o,
(b) U () = (14 fef) ™ = 22 (14 o)
21/0
(r+1)(r+2)’
© U= e F 1],

(d) UGBt (e) = vole|? + UD(e), i=1,2,3.

In the last part of this section we will give three examples of
models which are widely used in recent years as up-to-date ones
in various fields of applied sciences. The first example presents the
latest model for the flow of glacier; the second example has been
proposed in blood rheology for modelling the flow of blood through
arteries. Finally, the last model is used in geology for describing
the dynamics of tectonic plates in the Earth’s mantle.

In connection with the introduction of these models we wish to
emphasize one more point here. As we shall see below, all three
models mentioned above belong to the class described by (1.55)-
(1.61) only for a special choice of values of parameters. It is pre-
sumed, however, that the mathematical theory developed in Chap-
ter 5 could serve as a starting point of mathematical study of the
models, presented in the following examples.

Example 1.78 (Glacier ice in creeping flow) Based on exper-
imental tests performed by KJARTANSON [1986], KJARTANSON ET
AL. [1988] and in agreement with experimental results of VAN DER
VEEN AND WHILLANS [1990], Man together with his co-workers
(see MAN AND SUN [1987] and references therein) proposed that
the system (1.55)—(1.56) with the extra stress 72 given by

7E = p|A"AL + a1 Ay + ap A2 (1.79)

is a reasonable model for the creeping flow of ice. The tensors A;,
A, are the first two of the so-called Rivlin-Ericksen tensors, r,
W, a1, ey are material constants, u > 0, r = —%. Let us recall (see
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for example TRUESDELL [1991]) that
Al =2e

and
1
A'Z = %A] + AI(VV) + (VV)TAl .

Notice that on putting oy = a2 = 0 in (1.79) we obtain (1.70),
(1.72). On the other hand, (1.79) with general o, ay cannot be
included into the class described by (1.58)—(1.61) due to the depen-
dence of 7F not only on A, but also on %Al. In fact, the model
(1.79) with r = 0 describes what is called the second grade fluid.
We refer to DUNN AND RAJAGOPAL [1995] for an exposition on n-
grade fluids and for further references.

Example 1.80 (Blood flow) Experimental tests reveal that
blood exhibits non-Newtonian phenomena such as shear thinning,
creep and stress relaxation. In order to include all these features in
the model, YELESWARAPU ET AL. [1994] proposed the so-called
generalized Oldroyd-B model. The constitutive equation of
that model has the form

Y [i‘r‘E —(Vv)rF - TE(VV)T

dt
(1.81)
= ple)e+ Ay (% —(Vv)e—e (VV)T>
with
1(e) = voo + (1o — Voo) [%] : (1.82)

Here A > 0 is a material constant, A;, Ay are the relaxation and
retardation times, respectively, and vy > vo, > 0 are the limits
of p(e) when |e|] — 0 and |e| — oo, respectively. (Compare with
Figure 1.1.) The model (1.81)-(1.82) can be included into the class
(1.55)—(1.61) only when A1 = Ay = 0.

Example 1.83 (Dynamics in the Earth’s mantle) The study
of flows in the Earth’s mantle consists of thermal convection in
a highly viscous fluid. As pointed out in MALEVSKY AND YUEN
[1991], laboratory tests of the creep of mantle materials show a
non-linear dependence of 7% on e. For a description of dynamics in
the planet’s mantle the so-called Boussinesq approximation for
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the power-law fluid is used. For example, MALEVSKY AND YUEN
[1991] investigate

divv =0, (1.84)
aTE a7r
- = <i<
oz, T o, Rafe,;, 1<i<d, (1.85)
a0 o0
aﬁ‘nggg—Ae—O, (186)

where 6 is the temperature, Ra is the so-called non-dimensional
Rayleigh number and e4 = (0,0,...,1). Further,

2 4
rE(e) = Ale|"e, A>0, re-gor - (1.87)

More precisely, the Boussinesq approximation reads

divv =0, (1.88)
ov; ov; 375 on
ovi _ 9Ty _9m o .
Pot Yoz, T Bz, bm oh (1.89)
86 90
= — —Af = .
& +””’axj 0, (1.90)

which converts to (1.55)—(1.61) for § = const. We refer the reader
to PADULA [1994] and HILLS AND ROBERTS [1991] for a derivation
of Boussinesq approximation.

In (1.85), the term %"g + v]-g% is neglected since the changes
in velocity are substantially smaller with respect to the changes of
temperature.

1.2 Function spaces

This book is devoted to the mathematical analysis of systems of
equations described in Section 1.1. The fundamental problem of
such analysis is to show the existence of solutions in appropriate
function spaces. Thus, in the next section, we give a survey of their
definitions and basic properties.

1.2.1 Basic elements of Banach spaces

Let X be a Banach space equipped with a norm || - ||x. By X*
we denote the dual space to X consisting of all linear continuous
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functionals
p: X — R.

Let ¢ € X* and x € X. Then {p,z)x denotes the value of ¢ at
the point = or we say that the brackets (-,-) x denote the duality
between X and X*. The natural norm on X * is defined as

lellx- = sup [(p,z)x].

llzllx <1

Let {z.} C X be a sequence of elements from X. Different types
of convergence can be introduced. Let z € X.

1. A sequence {z,} converges strongly to z,
T, — ¢ in X
if and only if
lzn —zllx =0 as n— .
2. A sequence {z,} converges weakly to z,
Tp — 1 in X
if and only if for all p € X*
(P, Tn)x = (P, T)x as n— oo.

3. Let Z be a predual space to X, i.e. Z is a Banach space satisfying
Z* = X. Then a sequence {z,} converges weakly-* to z,

Thn —2z inX
if and only if for all £ € Z

<$n,f>Z—’<$,§>Z as n — o0o.

Theorem 2.1 (Alaoglu) Let X have a separable predual Z and
assume the sequence {z,} C X is bounded in X . Then there exists
a subsequence {zn, } C {z,} and z € X with

Ty, — 2 in X.
PROOF : See, e.g., YOSIDA [1965, Appendix to Chapter 5]. n

As far as X is a reflexive separable space, the weak and weak-*
convergences coincide. Consequently, for a reflexive separable Ba-
nach space X, = can be replaced by — in the previous theorem.
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Let us recall that a Banach space is reflexive if and only if
J(X) = (X~)*, where J : X — (X*)* is the canonical isomorphism
defined by

(J(z),p)x+ =(pz)x  VYpeX™.
Theorem 2.2 Let z,, — z (or z, — z) in X. Then
o {z,} Is bounded in X,
o ||z]lx <liminf, o ||Za]x-
PROOF : See for example YOSIDA [1965, Chapter 5]. ]

Let X, Y be two Banach spaces. The space X is (continuously)
imbedded into Y,

X—=Y,
if and only if

e X CY,
e there exists ¢ > 0 such that ||z]ly < c¢|z]x for all z € X.

The space X is compactly imbedded into Y,
X oY,
if and only if

e X =Y,
e the identity map / : X — Y is compact, i.e. I(B) is compact in
Y for every bounded subset B of X.

Recall that if X — Y then Y* — X* and if X —<— Y then
Y* e X*,

1.2.2 Spaces of continuous functions

Many examples of Banach spaces will be introduced in the sequel.
Most of them consist of functions (scalar or vector) defined on a
domain 2, i.e. on an open set in the Euclidean space R?, d € N.
Hereafter, we will give definitions of function spaces only for scalar
functions, but the definitions and also all corresponding properties
of these spaces can be easily extended to vector functions. The
following convention for the notation of spaces of vector functions
is used in the whole book:

1. If X(Q) denotes some space of scalar functions u : 2 — R then
the space of vector functions u :  — R®, s € N, for which
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each component u;, 7 = 1,...,s, belongs to X (), is denoted
by X (Q)*.

2. Vector functions are printed in boldface (as u, v, w) in contrast
to scalar functions which are printed in italic mode (as u, v, w) .

In the case when a domain §) is not the entire space R?, some
information about the smoothness of boundary 9 is useful. Let
us therefore recall the definition of spaces of smooth functions.

Let 2 be a domain in R?. Denote 02 = Q \ Q where, as usual,
R = RY. The space of all real continuous functions u : § — R for
which

lulloo = Nlullomy = sup Ju(z)],
z€EQ

is finite, is denoted by C(Q). Equipped with the norm || ||oo, C(Q)
is a Banach space.

Let a = (a1,...,aq), a; € NU {0}, be a multi-index and put
la| = S°¢_, a;. For a function u : © — R, the symbol D% denotes
partial derivatives of the order |a|,

dlely,
Duy= ——— .
“ dzt ... 0xy”
For k € N we denote by C*(f2) the space of all functions u which
together with their derivatives D*u, |a| < k, belong to C(Q). The
norm in C*(Q) is defined by

”U'”Cr-:(ﬁ) = Z ||D(YU”C('§)-

lad<k

Let us put

c@ = () CcHQ).

k=0

The subspaces of C(2), C*(Q) of functions having compact sup-
port in © will be denoted by Ce(2), CL(1), respectively, except
for the space of functions from C*°(Q) with compact support in
for which we use the notation D(Q).

Let us denote all functions from C*(R?) which are periodic in all
directions with some period L > 0 by C32,(€2), where Q = (0, L)“.

The space of distributions on Q denoted by D’(?), consists of
all continuous linear functionals on D(Q). If G € D'(Q) then the
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distributional derivative D*G € D'(2) (or the derivative in the
sense of distributions) of G is understood as

(DaGa W)D(Q) = (_1)Ia[ (Ga Da@)p(g) V(P € D(Q) .

Further, let 0 < 8 < 1. For u: Q2 — R, put

_ Ju(z) = u(y)|
[u]ﬁ = zs;epﬁ ——__|$ — y|ﬁ
z#y

and

||“||CA:./r(Q = ||U||ck + Z D]
|a|=k

Then the space of Holder continuous functions C*#(Q) is de-
fined as

ck ﬁ( ={ue Ck( )i el sy < oo} .

Now we can give the ‘definition’ of smooth domains. Let 2 C R¢ be
an open set. Roughly speaking, the boundary 99 is of class C*#,

k+8>1,
N e kP

if and only if ‘00 is (d — 1)-dimensional C***-manifold with Q ly-
ing locally on one side of 9§2’. Precise definition can be found in
NECAS [1967, Chapter 1]. In WLOKA [1987], the domains possess-
ing weaker regularity properties, as segment or cone property, are
introduced and discussed.

Theorem 2.3 (Imbeddings) Let 99 € C%'.

e Letm>k>0andm+ 0 >k+P2 with0< B, <1,i=1,2.
Then
C™P (Q) > CHP2(Q). (2.4)

o Let m > 1. Then
C™(Q) = Ccm Q). (2.5)

PROOF : See KUFNER, JOHN AND FUCIK [1977, Section 1.5].
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1.2.3 Lebesgue spaces

Let Q be a domain in R?, d > 1, 1 < p < co. We denote by Lr(QY)
the space of all measurable functions u : @ — R for which the

norm
1/p
fulp={ [ WP a0 <p<o)
Q
or
o = esssuplu(@)l, (o= o0),
€N

respectively, is finite. We recall that

esssup |u(z)| = inf sup |u(z)],
z€Q lfl\\’llcfozeo\zv
where |N| denotes the Lebesgue measure of the set N.

Lemma 2.6 (Holder’s inequality) Assume 1/p+ 1/q = 1,
l1<p,g<ooorp=1,q=oco. Then foru € L?(Q) and v € L(Q)

e uve L),
o [luvlly < lullp vl

PROOF : We omit trivial cases p = 1, ¢ = oo and ||lul, = 0
or |lv]lg = 0. Then Hoélder’s inequality follows from Young’s in-
equality: for all a, b > 0 we have

a? b

ab< —+ —. (2.7)
p q

Indeed, setting a = lﬁﬁ%i and b = %%, we get

luvlls —_ [ |u(@)] Jo(@)]
lullp llolls — Jo llullp vl
(2<7) 1 [Jolu@)Pde 1 [ylv(@)|9de 1 N 1 _
P luli? q vl p aqa
which gives the assertion. ]

Let us note that an elementary proof of Young’s inequality fol-
lows from the concavity of the logarithmic function: if a, & > 0
then

log(ab) = loga +logb = L loga” + L logb?

Slog(‘%+bql).
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We will frequently use an e-version of (2.7), i.e.,
q

q(ep)¥/?

Corollary 2.9 Let Q be a bounded domain in R* and oo > p >
q > 1. Then

ab < ea? + =cea? + C(e)b?. (2.8)

o llully < QYT ullp,
o LP(Q) — L1(0).

Corollary 2.10 (Interpolation in p) Assume co >p; > p >
p2 > 1 and u € LP*(Q) N LP2(QY). Then

lhully < llellg, lullpy ™
w1l 1- '
where 5 = % + %, a €[0,1].

ProoF : Using Holder’s inequality we have

. 1/p
uuup:{ /Q |u<x>|m|u<x>|“-“)ﬂdx} < Nlullgps el Zops

where } + & = 1. The requirements ap§ = p; and (1 — a)pé’ = p,
imply Q%ﬁ’- + %12 =1, and the assertion follows. ]

Lemma 2.11 (Vitali) Let Q2 be a bounded domain in R* and
f7:Q — R be integrable for every n € N. Assume that

o lim, .o f"(y) exists and is finite for almost all y € Q;
o for every € > 0 there exists 6 > 0 such that

sup/lf”(y)|dy<5 VHCQ, |H| <.
neNJH

Then

lim f”(y dy —/ lim fn('!/

n—od

PROOF : See ALT [1992, p. 63] or DUNFORD AND SCHWARTZ
[1958]. n
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1.2.4 Sobolev spaces

By WkP(Q), k € N, 1 < p < oo, we mean the Sobolev space of
all functions u : 2 — R having all distributional derivatives up to
order k in L?(Q). The space W*?(Q), equipped with the norm

T O I 1= [
|| <k

is a Banach space. We identify W%P(Q) with L?(f2). For k non-
integer, we denote by [k] the integer part of k. Then W*?(Q) is
a subspace of W?(Q) consisting of functions v € W-»(Q) for

which
o |Du(x) — D*u(y)|”
(Dl = // |z _U|d+pk oy AT dy

is finite for all a, |a| = [k]. Then W*P(Q) is a Banach space with
the norm

1/p
lulle = Nl = {Ialfy, + Dy, b o kEN.

For details see NECAS [1967], WLOKA [1987] or TRIEBEL [1978,
1992).

If no assumptions on §) are made, it is understood that we con-
sider two types of domains: either

Q c R is open and bounded with 9Q € C%* (2.12)

or
Q=R (2.13)

The space Wé" 'P(0) is defined as the closure of D(§2) with respect
to the W*?(Q)-norm. The dual space of Wy'P(Q) is denoted by
W—*1(Q), where % + % =1

Let us recall, see NECAS [1967], that for Q satisfying (2.12) there
exists a linear continuous operator v : WHP(Q2) — LP(9Q) called a
trace operator such that

v(u) = ulsq for u € C1(Q),
Kery = W, "(Q), (2.14)
Rangey = W, " (09) C L?(89)
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and there exists C > 0 such that for all u € W1P(Q)

[[v(w)l[ o) < ”7(“)”1—},,;;;89 < Cllullyp - (2.15)

If Q@ = (0,L)% then
whr(Q)

WEE(Q) = {u € C2(R), [ u(z) dz = 0}

per

denotes the Sobolev space of periodic functions.

Lemma 2.16 Assume 1l < ¢ < 00, k € N and G € W~54(Q).
Then there exist functions {ga }aj<x C L7(2) such that

G= Y (1D,
o<k

PROOF : See NECAS [1967, Chapter 2] or ADAMS [1975]. Let us
note that g, are in general not uniquely determined. n

Theorem 2.17 (Imbeddings) Let Q satisfy (2.12) and let 0 <
Jj<k,1<p,q<oo. Put

1
mp = — — —— and m=— if mg#0.
p d mo

e Assume mg > 0. Then
WP (Q) < WIT(R),
WEP(Q) s WH™H(Q),  my <m,
WP (RY) o WM (R
o Assume mg < 0. Then for a € [0,1)
o WEP(Q) — CP(1),
mta=tT { Wh?(RY) — CP(RY),
%+%<0¢ WP (Q) e 03 (0).

o Assume mg = 0. Then

WhEP(Q) s W(Q), g €[l,00).

ProoOF : If  satisfies (2.12) then the proofs can be found for ex-
ample in NECAS [1967, Chapter 2] or KUFNER, JOHN AND FUCIK
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[1977, Chapter 5]; if @ = R? then the imbeddings are proved
in NIKOLSKI1J [1975, Chapter 9] or ADAMS [1975], BERGH AND
LOFSTROM [1976], TRIEBEL [1978]. n

Lemma 2.18 (Interpolation in k) Let k; > ko > 0 with &y,
ky not necessarily integer. Then there exists a constant c such that
for all u € Wkvr(Q)
S
[elliop < cllulley p llulls ™ (2.19)
PROOF : See for example ADAMS [1975, Chapter 7], BERGH AND
LOFSTROM [1976]. An elementary proof for p = 2 can be done by

using Fourier transform, see for example ZEIDLER [1990a]. [

Lemma 2.20 (Green’s theorem) Let Q C R? satisfy (2.12)
and n = (ny,...,nq) be the outward normal vector. Then for u €
WhHQ) we have
de:/ un;ds, 1=1,...,d,
o O aQ
where the values of u on Q0 are understood in the sense of traces.

PROOF : See for example NECAS [1967, Section 3.1]. u

1.2.5 Orlicz spaces

Let ¢ : [0,00) — R be a non-negative nondecreasing right continu-
ous function satisfying ¢(0) = 0, p(00) = lim,_,o, ¢(s) = co. Then
the function

¢
o(t) = / w(s) ds, (2.21)
0
usually called the Young function corresponding to ¢, is even,
continuous, convex, and satisfies

d(t)

limw:m lim — =0

t—0 ¢ t—oo ¢
Define )(t) = sup,,(s)<; - Let ¥ be the Young function correspond-
ing to ¢. Then the functions ® and ¥ are called complementary
Young functions.
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Let & and ¥ be complementary Young functions. Let us give
some basic definitions:

1. The Orlicz class E@(Q) consists of all measurable functions
u : §? — R such that

d(®;u) = /s.)q>(|u(x)|) do (2.22)

is finite. It is known that in general Lg(f2) is not a linear space
(see KUFNER, JOHN AND FUCIK [1977, Section 3.1]).
Let us call the number

lullog = lulle = sup /|u Dlde (2.23)

UEL[
d(¥;v) <1

o

the Orlicz norm of u : § — R. The Orlicz space Ls(Q) is
defined as the set of all measurable functions u : @ — R for
which the Orlicz norm (2.23) is finite.

3. By Cs(), we denote the closure of all bounded measurable
compactly supported functions u :  — R, with respect to the
norm || - [le. If u € Ca(Q) then [Jullc, (o) = IlullLy(o)-

Example 2.24 The functions

1. t?/p and t?/q,

2. ®(t) =e! —t—1and ¥(¢) = (1 +t)log(l+1t) —t,
3. ®y(t) = e’ —1and ¥y

are pairs of complementary Young functions. The explicit expres-
sion for function ¥,,, is not known, nevertheless its asymptotic

behaviour can be shown to be t(Int)? (KUFNER, JOHN AND FuUGik
[1977, Chapter 3]).

The Orlicz norm (2.23) requires knowledge of the complementary
function. Sometimes, it is more convenient to use the so-called

Luxemburg norm defined by

lulo =int{e >0 [ o () 4 < ) e

Both norms are equivalent (KUFNER, JOHN AND FuCik [1977,
Section 3.8]). More precisely, for all © € Lg(£2) we have

lulle < llulle <2ule -
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Lemma 2.26 Let ®, ¥ be two complementary Young functions.
Then

o forallu € Lo(R), v € Ly(R)
luvly < d(®;u) + d(¥;0); (2.27)

e forallv e Ly()

lolle <1+ | ®(lo(@))) da (2.28)
Q

e (Hoélder’s inequality) for all u € Le(Q2), v € Ly (Q)
luvlly < flufleflvlle . (2.29)

PROOF : See KUFNER, JOHN AND FUCik [1977, Chapter 3]; note
that the second assertion is a direct consequence of the first one. m

Lemma 2.30 Let ® be a Young function. Then

o Ly(Q) is a Banach space;

o C3(Q) is a separable Banach space and D(Q?) is dense in Cy(82);

o Co() = La(Q) — La(%);

. [C@(Q)]* = Lg(Q)) provided that ¥, ® are complementary
Young functions.

PROOF : See KUFNER, JOHN AND Fuc¢ik [1977, Chapter 3]. =

A Young function ® satisfies the Az-condition (in brief & € A,)
if and only if there exist ¢ > 0 and ¢9 > 0 such that

O(2t) < cP(¥)

for every t > to. If 2 is unbounded, we require to = 0. The following
lemma shows the importance of Young functions satisfying the A,-
condition (cf. Lemma 2.30).

Lemma 2.31 Let ® € A,. Then
o Co() = La(Q) = Lo ();
° [L¢(Q)] t = Ly (), where ¥ is the complementary Young func-

tion to ®;
e Ly(Q) is separable.

PROOF : See KUFNER, JOHN AND FuCik [1977, Chapter 3]. =
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Let @, ®, be two Young functions. We introduce the following
orderings:

o &, < P, if and only if there exist ¢ > 0 and £y > 0 such that
®1(t) < Po(ct) for all t > to. If Q is unbounded, we require
to = 0.

e & < &, if and only if tlim —?ﬂ% =0forall A > 0.

Lemma 2.32 Let ®;, ¥;,i = 1,2, be two pairs of complementary
Young functions. If ®; « ®, then ¥y <« V. If ®; < &, then
U, < ¥,

PROOF : See KUFNER, JOHN AND FucCiK [1977, Chapter 3]. =
Lemma 2.33 Let ®;, ®, be two Young functions. Then

o Ly, () C Ls,(Q) if and only if @1 < ®s;
o Lg,() — Lo, () if and only if &1 < P3;
o If & « ®5 then Ls, Q) — Ccpl(Q)

PROOF : See KUFNER, JOHN AND FuUCik [1977, Chapter 3]. =

Remark 2.34 Let Q C R? satisfy (2.12) and k,p € R be such
that kp > d. Then due to Lemma 2.17

wk2(Q) — C(Q) . (2.35)

Since C () is a subset of the set of all bounded measurable func-
tions on Q, we obviously have

WkP(Q) C Ce(Q) (2.36)

for any Young function ®. Further, for u € W*?(Q)

)
s = sup [ futz 2)dr S fullgg[1+S0u@)]
d(¥;v)<1

=K ”U“cr(ﬁ)

By (2.35),
Yu€e WP (Q).

lulle < cllullk,p

Thus, for any Young function @,

WhP(Q) = Ce(Q)  if kp>d. (2.37)
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We will use this imbedding in Section 5.5.

Theorem 2.38 Let  C R? satisfy (2.12). Let kp = d. Then
WHP(Q) < Lg(Q)

where ®(t) = exp([t|/(¢~1) — 1. If ® « & then the imbedding

W*P(Q) into Ls(Q) is compact.

PROOF : See for example KUFNER, JOHN AND FUCIK [1977, Sec-
tion 5.7} or TRUDINGER [1967]. [

Example 2.39 The Young functions ¥ and ¥, /;, defined in Ex-
ample 2.24 satisfy the Aj-condition. Thus (see Lemma 2.31)

L‘I’;/z(Q) = C‘Pl/z(ﬂ) ) L\IJ(Q) = C\I’(Q) )
and

[Lo@)] =La(®) . [L0,.@)] =Lau(®).

Because & <« ®,, we have Lg,(2) — Ls(Q2). Moreover, from
Lemma 2.30 we obtain Cs,(Q2) — Cs(Q2) and due to Lemma, 2.32
we also have Ly () — Ly, ,(f).

Theorem 2.40 (Absolute continuity of the Orlicz norm)
Let ® € Ay and g € Lg(). Then for every ¢ > 0 there exists
6 > 0 such that ||g|| ;) < € provided that || < 6, Q' C Q.

PROOF : See KRASNOSELSKII AND RUTICKII [1958, Chapter 2] or
RAO AND REN [1991]. ]

1.2.6 Bochner spaces

The main part of this book is devoted to evolution problems. In
this case, one of the variables—time t—can be understood in a
different way to the other ones, mostly denoted by z = (z1, ..., z4),
Yy = (ylv' . '7yd)'

Let Q C R? and T > 0. By Q1 we denote a time-space cylinder
Qr =1x9Q, where I = (0,T). For u : Q7 — R the map

u(t) : x — u(t,z)

is an element of some function space (for instance Lebesgue, Hol-
der, Sobolev, Orlicz space). Then the function

t— u(t)
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maps the time interval [ into that function space. Spaces of func-
tions which map time interval I into some Banach space are called
Bochner spaces.

Let X be a Banach space. The space C*(I; X), k € N, contains
all continuous functions u : I — X for which all (time-)derivatives,
up to order k can be continuously extended to I. In particular,

k
_ O*u(t)
ckmm—é{fﬁ‘% I ot Ix

Ju

is finite and || - |1 (s, x) defines the norm in C*(I; X).
Similarly, by LP(/; X), 1 < p < oo, we denote the space of all

measurable functionsﬂ u: I — X for which the norm

1

T 1
e = { [ IOt} p<os
0
or
lull L= (r,x) = esssup [Ju(t)||x
tel
respectively, is finite.
Let us summarize some basic properties of Bochner spaces.

Lemma 2.41 (Holder’s inequality) Let X be a Banach space
and i +% = 1. Assume u € LP(I;X), v € LY(I;X*). Then

(v(-),u(-))x € L(I) and

T
/ (w(s)u(s))x | ds < lullzogroy Hollpagroxe) -
0

PROOF : See ZEIDLER [1990b, Chapter 23]. ]
Lemma 2.42 Let X,Y be Banach spaces. Then

o X - Y implies LI(I; X) — LP(I[;Y) if 1 <p < g < o0;
e if 1 < p < oo then C(I;X) is dense in LP(I; X} and

C(I,X)— L"(I; X).

PROOF : See ZEIDLER [1990b, Chapter 23]. ]

9 A function w : I — X is (strongly) measurable if and only if there
exist step functions un : I — X such that ||un(t) — u(t)||x — O for
almost all t € I.



FUNCTION SPACES 35

Now let us clarify in what way we understand the time derivative
of a function v : I — X from a Bochner space. We consider the
following situation:

Let H be a Hilbert space with a scalar product (-, )g and let X
be a Banach space such that

X—=H~>~H"— X" (2.43)
and
X is dense in H . (2.44)

Then, if v € L?(I; X), we denote by %— an element of the space

LY (I; X*) (where 1/p+ 1/p' = 1) such that

/T <d1fz(tt)’“>x<p(t) dt = — /()T(’ft(t)w)fl%f?’<t)dt

0

for all v € X and ¢ € D(I). Note that the scalar product (-,) g in

the above formula must be appropriately chosen. For example, for

W22(Q) — W3(Q) — (W22(Q))" the appropriate one is
(w,v)g = (u,v) 2 + (Vu, Vo) 2.

Lemma 2.45 Let (2.43), (2.44) be satisfied and let p € (1, 00).
Then

o W={ue LM(; X); % ¢ LV ([;X*)} — C(I; H);
o (Partial integration) for all u,v € W and all s,t € T

(u(t),v(t))n — (u(s),v(s))n
:/ <d“d—(tT),u(T)>x+<dv(r)’u(T)> L (246)

dt X

In particular for u = v,

SOl = 3l = [ (SR am) o )

for all s,t € I.

PROOF : See GAJEWSKI, GROGER AND ZACHARIAS [1974, Section
4.1]. |

The following lemma on the compact imbedding in Bochner
spaces is very important:
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Lemma 2.48 (Aubin-Lions) Let1 < a, 3 < 4+00. Let X be a
Banach space, and let Xy, X1 be separable and reflexive Banach
spaces. Provided that Xo —— X — X, we have

{v € L*(I; Xy); % € Lﬁ(I;Xl)} e LY X).

PROOF : See LIONS [1969, Section 1.5] or the survey paper SIMON
[1987]. A generalized form of this lemma for locally convex spaces
and 3 = 1 can be found in ROUBICEK [1990]. ]

1.2.7 The space of functions with bounded variation

Let u € L*(Q2). The total variation of u is defined as

TVo(u) = sup /u divedr.
peD(Q)’ /Q
llefe <1

By BV() we denote the subspace of functions u € L'(2) with
TVqa(u) < oo,
BV(Q) = {ue L'(2); TVa(u) < 0o} .
Let v € BV(§2) and put
lullpvia) = llulli + TVa(w) . (2.49)
Lemma 2.50

e |- llBv(q) is a norm on BV (Q), and BV (Q) with || - ||pv(a) is a
Banach space.

o WHi(Q)) — BV(Q2) — LY(9).

ProOF : It is not difficult to see that || - ||pyv(q) is a norm. The

following lower semicontinuity property plays the key role in the

proof of completeness of BV (12):

[un —u in L'(Q)] = TVo(u) < liminf TVo(un). (2.51)

Assuming (2.51) we can prove that BV () is complete. Indeed, if
u, is a Cauchy sequence in BV (2), then there exists some u €
LY(2) such that

Up — U in L1(Q). (2.52)

According to (2.51), TVq(u) < oo and u € BV (Q2). It remains to
prove

n—00
=70

TVa(un — u)
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However, for all ¢ > 0
TVa(un —uk) <ce€ for n,k large enough.
Using (2.52) we get
(U — uk) e (un — ) in L'(Q).
This together with (2.51) gives
TVa(un, —u) < liﬁgf TVa(un, —ux) <e for n large enough,
which proves the completeness of BV ().

It remains to verify the validity of (2.51). Let ¢ € D(Q)¢ with
llelloo < 1. It follows from the assumption u, — u in L'(Q) that

lim undivcpda::/udivgodx. (2.53)
Q

n—oo Q

But for each n € N
/ un dive dr < TVo(uy) .
Q

Passing to the liminf in the previous inequality as n — oo and
using (2.53) we get the assertion.

The second statement follows from the definition of the corre-
sponding spaces. ]

Lemma 2.54 (Imbeddings) Let 2 satisfy (2.12). If d > 1 then
BV(Q) — L™1(9),
BV(Q) >— L1(Q), V1<g< %
PROOF : See FEDERER [1969] or GIUSTI [1984, Chapter 1]. =
1.2.8 Radon measures

Let 2 be a bounded domain. We denote by M (£2) the space of the
so-called Radon measures defined as the dual space of C(Q2).
Clearly L'(2) — M () since for f € L*(f2)

ﬂwz[juquz Ve e C@)

defines a continuous linear functional on C(Q) and consequently
F € M(Q). Moreover,

IF ey < I fllvs
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where || - |la(q) is defined as a dual norm. Thus, the space of
(Radon) measures represents a natural extension of the space of
integrable functions.

Lemma 2.55 (Imbeddings) Let Q satisfy (2.12) and let {v}} C
M () be a bounded sequence in M (). Then for every 1 < q < dﬁ—l

there exist v € W~19(Q0) and a subsequence {vi,} C {vi} such
that

Vg, =V in W™h9(Q) asj — oc.
PROOF : (See also EvaNs [1990]). Since C () is separable, it

follows from Theorem 2.1 that there exist v € M () and {vy;} C

{vk} such that
Ve — v in M(Q),

3

ie.,

/fbdukj —»/@du Ve eC(Q) asj — o0. (2.56)
Q Q

Let 1 <g< Ei—l and let ¢’ be the dual index to g, i.e. % + ql—, =1.

Our aim is to show

sup ,/(I)dl/kj—/@dl/'—ao as j — 00.
sewl (@) Q
el <1
Since ¢’ > d, Theorem 2.17 implies that the unit ball in WO1 7 Q)
is precompact in C(2). Consequently, for every & € Wé e (Q),
|®]l1,¢ < 1, and for all € > O there exists a net {Qi}fv:(f)
Wl (Q) such that

min ||<I> Pl <.
1<i<N(e

Thus the following calculatlon finishes the proof:

]/@duk_,,-/@du\
Q
|/<I> @duk‘+/¢duk /«pdy
+|/<I>—<I>)d1/‘

<2esup|1/k| '/@duk —/@du‘

(2.57)
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Due to (2.56), the last term in (2.57) tends to zero as j — co. W
If © = R? (alocally compact set which is not compact) we define
Co(RY) = {u € C(R); | llim u(z) = 0} .
Note that
Co(Rd) — b—(]R—d)““x
The space of Radon measures is defined as

M(R?) = {u: Co(R*) — R;p linear s. t. 3¢ > 0

p (2.58)
(NI < cllflle V F € DR}
Let us further define
el vray = sup  |u(f)]. (2.59)
feEDRY
[l <1

If p € M(RY), u(f) >0 for all f € D(R?), f > 0 we say that p is
a non-negative bounded Radon measure.
The space of probability measures is then defined as follows:

Prob(R?) = {u € M(R*), u non-negative, Nl pr ey = 1}
(2.60)
Lemma 2.61

e The space (M(R*), || - [l pra)) is a Banach space.

e Any 1 € M(R?) can be uniquely extended to the element of dual
space to Co(R?). In this sense,

(Co(®RN), || lloo)” = M(R?). (2.62)

PROOF : See DUNFORD AND SCHWARTZ [1958], BOURBAKI [1965].
|

Remark 2.63 The functionals ;1 € M(R?) are called (Radon)
measures, since there is a one-to-one correspondence between el-
ements of M(R?) and a class of (Borel) measures f; on R* with
finite total mass fi(R?) < oo, such that

W)= [ ran Ve o). (2:69)
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As usual, we do not distinguish between y and i. Finally, instead
of u(f) we use the standard duality notation

G f)=uf)= [ fdu, ne M@, feCo®). (269

For more details see BOURBAKI [1965].



CHAPTER 2

Scalar conservation laws

2.1 Introduction

If one looks at the basic equations of physics, one sees that a lot
of them can be written in the form of conservation law, i.e.,

ou 0

— +—1f;(u)=0 in R* x R?, 1.1

at + BCL'] ](u) m ( )
where z € R*,¢ > 0. Here u = (uy,...,u;) stands for a density of
the investigated quantities and f = (f;,...,f;) is the flux vector.

Since the equation (1.1) is the subject of many mathematical con-
siderations, we will state precisely in which sense this equation is
understood.

Let O C R° be a domain and let f;,1 < j < d, be smooth
functions mapping O into R*. We look for solutions u : Rt x
RY — O of the system (1.1). In the sequel we restrict ourselves
to hyperbolic systems, which were defined in Chapter 1. For the
sake of completeness, we repeat here the definition: for every j =
1,...,d we denote by J; the Jacobian matrix of the function f;,
ie.,

o1 .
il =2, k=1

The system (1.1) is called hyperbolic if for every u € O and every
vector a = (@, ..., aq) € R? the matrix

J(u, ) = o;J(u)
has s real eigenvalues
/\l(u,a) S e S /\s(uva)

and is diagonalizable. Recall that A; < --- < As implies that the
corresponding matrix J is diagonalizable. Such systems are some-
times called strictly hyperbolic.
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In this chapter we will investigate scalar conservation laws,
Le., the case s = 1. Note that in this case the equation (1.1) is triv-
ially hyperbolic since the Jacobian matrices J,(u) are of dimension
1x 1. For scalar conservation laws we consider the Cauchy problem

)
T divE(w) =0  inRf xR¢,
at (1.2)
u(0,-) =g in R¢,

where f = (f1,...,f4), f; € CY(R) and up : R* — R are given

functions. To solve this problem we use the method of vanishing

viscosity, the basic idea of which is as follows: for € > 0 we study

the parabolic perturbation of the Cauchy problem (1.2) given by
g

2—1: +div f(u®) —eAu® =0 in Rt x R? (13)

uf(0,-) =uo  in R%

After having obtained the classical solutions u* of (1.3) for € > 0,
which turn out to be smooth for smooth data, one tries to find a
function u solving (1.2) as a limit of u® as € — 0+.

Let us note that the vanishing viscosity method is not the only
one used to study the solutions of the Cauchy problem (1.2). An-
other interesting approach was presented in the recent preprint by
COCKBURN, GRIPENBERG AND LONDEN [1995], where the evolu-
tion integral equation

%(k*(u—uo)) +divE(u) =0 (1.4)

was studied instead of (1.2). Here,

(k*u)(t,z) = /O.t k(t — s)u(s,z)ds.

Formally, for k(t) dt = 6y (the Dirac measure at the origin), (1.4)
reduces to (1.2), while for k£ € L} (R"), a positive non-increasing
function, one obtains solutions u* and tries to find a function u
solving (1.2) as a limit of u* when k approaches 6. For more

details see COCKBURN, GRIPENBERG AND LONDEN [1995].

In the first part of this chapter we want to prove the existence,
uniqueness and also some qualitative properties of the weak solu-
tion of the parabolic equation (1.3). Employing the vanishing vis-
cosity method we prove existence and uniqueness of the so-called
weak entropy solution of the Cauchy problem (1.2). All main ideas
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and concepts presented in the first part of this chapter go back to
the fundamental paper of KRUZKOV [1970}. However, our approach
is very close to GODLEWSKI AND RAVIART [1991]; in only a few
points do we differ or are more explicit.

The second part contains an overview of analogous results for
bounded domains proved recently by OTTO {1992, 1993].

2.2 Parabolic perturbation to scalar conservation laws

The aim of this section is to study the existence, uniqueness and
further properties of a weak solution to the Cauchy problem (1.3).
After introducing the notion of a weak solution, we prove in Lemma
2.3 its existence and uniqueness under the assumptions that ug €
L?(R?) and that f € C'(R)¢ is globally Lipschitz continuous. If
moreover ug € L%(R?) then we show in Theorem 2.9 a uniform
L*°-estimate of u® which will allow us to consider general nonlin-
earities f € C!(R)?. Using then the regularity theorems for lin-
ear parabolic equations, we get for smoother ug and f in Lemma
2.16 the corresponding regularity results for parabolic perturbation
(1.3). This will help us to derive in Theorem 2.29 the estimates of
u® and its spatial and time derivatives in L' norms. These will play
the key role in the limiting process as ¢ — 0+ in Section 2.4.

Let us start with the definition of weak solutions to the Cauchy
problem (1.3). Define for T < oo the space

au

ot

Recall that by Lemma 2.45 in Chapter 1 the space W(T) is con-
tinuously imbedded into the space C(0,T; L?(R%)). In particular,
lim; o4+ v(t) = v(0) is a well-defined element of the space L?(R?)
for all v € W(T).

W(T) = {u € L*(0,T; Wh3(RY)), 22 ¢ L?(O,T;W*»?(R%)}.

Definition 2.1 Let ug € L%(R?%). A function u® : Rt x R? — R
is called a weak solution to (1.3) if and only if u* € W(T') for all
T < oo, u(0) = ug, and the identity

<8§ (t)’<P> + E/RJ Vus(t)Vodz = /Rdf(us(t))V@da: (2.2)

(-,)wr2(ra) denotes the duality between W'2(R%) and its dual
space, W ~L2(R?).

is fulfilled for almost all t > 0 and all ¢ € WY2(R?). Here (-,-) =
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Note that for general uyp € L?(R?) and f € C'(R)? the integral
on the right-hand side of (2.2) need not exist. However, this integral
is finite if, e.g., f is globally Lipschitz continuous and f(0) = 0. The
following lemma shows that the assumption of global Lipschitz
continuity of f is strong enough to ensure the existence of a unique
weak solution u® to (1.3).

In order to simplify the notation, we drop the superscript € in
all remaining proofs of this section.

Lemma 2.3 Let up € L?*(R%) and let f € C(R)¢ be globally
Lipschitz continuous, i.e., there exists M > 0 such that
[£(61) — £(&)| < Ml& —&| V&, & €R. (2.4)

Then there exists exactly one u® € W(T) for all T > 0, satisfying
(2.2) and u®(0) = uo.

ProoF : Without loss of generality we can assume that £(0) =0
(otherwise we define f(u) = f(u) — £(0), which gives £(0) = 0,

div f(u) = div f(u)). We seek v € W(T') satisfying

<8—u(t),<,0>+6 Vut)Veds = [ fu)Veds  (2.5)
ot R R

for almost every t > 0 and all ¢ € WH2(R?). Let A > 0 be a fixed

parameter. Then using ¢ = 1e~*! in (2.5) and setting u = ve* we
can rewrite (2.5) as
<%"t-(t),¢> te | Vot)Veds
R (2.6)
+ / () dz = / e M (v(t)er) Ve dr,
R4 R‘l

where we used the fact that e** is a multiplicator in D'(Rt x R¢).
Now we want to use the Banach fixed point theorem. Thus, let
v € L?(0,00; L*(R?)) be a given function and let us look for w €
W (o0) solving the linearized problem

<%%f(t),¢ > + E/R" Vw(t) Vipdz

+ )\w(t)wda::/ e Mf(v(t)er)Vepde, (2.7)

R(l Rt,
w(0) = v(0).
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We know that e~*t div f(ve*!) belongs to L2(0, oo; W~12(R?)), as

e~ f(ve )V dx dt‘

g/m/ e M (vert) — £(0)|| V| da dt
<M/ / |v|| V| dx dt

holds for all ¥ € L?(0, 00; WH2(R%)). Thus we get the existence of
aw € W(oo) solving (2.7) from Theorem 2.2 in the Appendix. Let
us define the mapping Fy : L2(0, co; L*(R?)) — W(o0) by

R4

Fy(v) = w.

We want to show that there is a Ao > 0 such that F), is a contrac-
tion in the space L?(0, 00; L2(R%)). Let v;,7 = 1,2, be two elements
of L?(0,00; L?(R%)) and let w; = F)(v;). Setting w = wy — wy we
obtain for almost every t > 0 and all 1 € W12(R?) the identity

<%—’:’(t),zp> + E/R'le(t)Vz/)dm+)\/'lw(t)wdx -

= [0 (0) - 1 )] T
Rll

At this point we choose ¥y = w(t) and integrate (2.8) over an
interval (0,t). Using w(0) = 0 and (2.4) we obtain

1 ) t t
SOl + & [ V0N ds+ A [ 0l po ds
0 0

t
5A4/|wm@—vxwmaWAVw@mmm@w.
0

Dropping the first term and applying Young’s inequality, we get

t 5 M2 rt 9
[ W mats < 35 [ 1) = a9 s

Notice that v; — vy € L?(0, 00; L2(R?)) and the left-hand side is a
monotonous continuous function of ¢. Therefore, letting ¢ — oo we
obtain

M
lwr — wallL2(0,00;L2(R %)) < m”vl — V2] £2(0,00;L2 (R %)) -
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We see that F), is a contraction for A large enough and therefore,
has a unique fixed point v € L?(0,00; L?(R?%)). Consequently, v
solves (2.6) and belongs to the space W(co). Now, setting

u=ve',

we obtain a unique weak solution to our problem (1.3) belonging
to W(T) for all T > 0. Note that e** ¢ L°°(0, 00) and therefore in
general u ¢ W(00). [ ]

The next theorem shows that under an additional assumption
on ug, namely ug € L2(R*)NL>®(R?), we can avoid the assumption
of global Lipschitz continuity of f since a uniform L*-estimate of
u® will be derived. Note that also in this case the integral on the
right-hand side of (2.2) is finite.

Theorem 2.9 Let ug € L2(R4) N L®°(R?) and f € C'(R)?. Then
the Cauchy problem (1.3) has a unique weak solution u®* € W(T)N
L>((0,T) x R?) for every T > 0. This solution satisfies

lu® (@)l ooy < lluollp=(rey fora.a.te(0,7) (2.10)
and for any bounded open set Q@ C Rt x R?,

Ve VulllL2(q) < (@), (2.11)
where the constant ¢(Q) is independent of €.

ProOOF : We will use Lemma 2.3 and therefore we cut off the
nonlinearity f. Let ¢ € D(R) be such that

L, 7 < |Juollpoo (ra) 5
¢(r) =
0, r > |luoll Lo (ray + 1.
Define
ngij, 1S]Sd7
g=(g1,---,94)-

Thus, g is a C!-function with compact support and the assumption
(2.4) is fulfilled for g with some constant M. Then Lemma 2.3
gives the existence of a unique u € W(T) for all T > 0, satisfying
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u(0) = ug and

Ju
<a(t),90> + € R’IVu(t)Vgo dx

o (2.12)
. /R gy u(0) g

for almost all t > 0 and all ¢ € W12(R?). We want to show that
u satisfies also (2.2). We define

v = u = ||uol| o~ (ray (2.13)

and will show that v+ = 0. Since vt € WH2(R?) due to Lemma
1.7 in the Appendix, we can use v as a test function in (2.12).
Using (1.16) from the Appendix and the fact that Vo™ = 0 on the
set {v < 0}, while Vot = Vo = Vu and vt = v elsewhere, we
obtain

<

1 . 1 t .
;”U+(t)”iz(|}€") - §||“+(0)||2L2(R'1) + 5/ ||V1’+(3)||i2(ﬂe'l) ds
0

ot
< M/ ||v1)+(3)||L2(R,,)||,U+(S)||L2(Rd) ds.
0

Further, Young’s inequality and v*(0) = 0 imply

. M? gt .
[0 Ol s < G [ 107 (M ds.

Now, Gronwall’s lemma implies

ot (8) = (u(t) = Juoll L= (rey) " =0 (2.14)
for almost all t € (0,7'). In the same way it can also be shown that
(= u(t) = lluollp~(rey) " = 0. (2.15)
However, (2.14) and (2.15) mean nothing other than
N L @y < Hlwoll L gy a.e.in (0,T).
Hence, the definition of g implies that for our particular u

f(u) = g(u),

and therefore u satisfies (2.2) and belongs to W(T) N L*>((0,T) x
R?) for all T > 0.
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Now we show that our solution is unique. Let uy,us € W(T) N
L>((0,T) x R*) be two solutions satisfying (2.2) and u,(0) = uo.
Cutting off the nonlinearity f outside the ball

Bip={u€eR, |u < max (lwill Loe 0,7y xR ) }

we get a function g, which is globally Lipschitz continuous and
therefore u; and uo satisfy (2.12) while u;(0) = u2(0) = wup.
But Lemma 2.3 gives the uniqueness of such solutions in the class
W(T). Thus u; = u2.

It remains to show (2.11). Let @ be any bounded open set in
Rt x R?¢. Define x € D(Rt x R?) such that x > 0 on Rt x R?,
x =1 on Q and x(t,z) = 0 for dist((¢,z),Q) > 1. Using ux? as a
test function in (2.2), we get

9fi(u)

1 d 2 2 / 2
bl d v = [ 2
> /R (s [ WEV@oRdr= - [ S5 uds

+/ uzxﬂdx-f-a/ u?|Vy|? dz.
R ot Rd

Using the fact that u € W(T) N L>®((0,T) x R?) for all T > 0 and
that ¥ has compact support, one easily obtains (2.11). ]

After this general existence result we will show which qualitative
properties the solution u¢ has if the data f and uo are more regular.
The results are based on the regularity theory for linear parabolic
equations (see, e.g., the Appendix).

Lemma 2.16 Let f € C™(R)¢ and let up € W™2(R?)N L (R?),
m € N. Then the weak solution u® of the problem (1.3) satisfies,
for all T > 0,

ut € L*(0, T; W™HHA(RY)) N C(0,T; W™2(RY)) . (2.17)
Further, for k € N, 2k < m we have

ks

o € L0, T w2 2®) n C(0,T; Wm?*2(R?))

while for 2k = m + 1 we have

8ku5

o € L*(0,T; L*(R%)).
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PRrROOF : By Theorem 2.9, a weak solution u solves for almost all
t € (0,T) the equation

du(t)
at

—eAu(t) = —divf(u(t)), (2.18)

understood as the equation in (W12(R%))". However, since u €
L2(0,T; WE2(R%)) N L>((0,T) x R?), one sees that

div f(u) = f;(u )— € L*(0,T; L*(RY)),

and the regularity theory for linear parabolic equations can be
applied. Thus, putting m = 1 in Theorem 2.4 in the Appendix, we
obtain

w € L2(0,T; W»2(R%)) n C(0, T; WH2(R?)),
(2.19)

which is the statement of Lemma 2.16 for m = 1. Moreover, u
satisfies the equation

%% —eAu = —divf(u) (2.20)

for almost all (t,z) € (0,T) x R?.
Let us prove (2.17) for m = 2. We differentiate formally (2.20)

with respect to t and denote v = %’t‘ We get

2 eAv = —div (f’(u)%). (2.21)

Since u € L*((0,T) x R¢) and %% € L*((0,T) x R?), the right-
hand side of (2.21) belongs to L2(0,T; W ~12(R?)). In agreement
with (2.20), let us demand

v(0) = eAug — div f(ug) . (2.22)

Because ug € W22(R¢) N L°(R?), we see that v(0) € L?(R?).
Therefore, we can use Theorem 2.2 from the Appendix on the exis-
tence of a weak solution to the Cauchy problem for linear parabolic
equations. We obtain

v e L0, T; WH3(R*)) nC(0,T; L*(RY)) . (2.23)



50 SCALAR CONSERVATION LAWS

The standard argument implies that v = az and we obtain from
(2.19) and (2.23) that

8 .
w0, T) xR, i=1,....,d.
8$i

The Sobolev imbedding theorem (see Theorem 2.17 in Chapter 1)
implies

ou LT ((0,T)xRY), i=1,...d, (224)
().Ti
for d > 1 and
ou ,
% eL((0,T)xR), Vr<oo, (2.25)
ifd=1.

Now, we compute formally the derivative of (2.20) with respect
to z; and obtain

0/ 0u Ou w, \ Ou Ou

E(a_xi) Bon = T Wa o
ou Bug (2.26)
awi (0) - Bxi'

Again, we will use the regularity result for linear parabolic equa-
tions, this time with a view to T The assertion will follow im-
mediately, once we prove that the right-hand side of (2.26) belongs
to L2((0,T) x R?), i.e, if

ou

8@

Let us consider two cases. If d < 3, then (2.27) is a consequence
of (2.24), (2.25). Indeed, if d = 3, then M =4andifl <d<3,

we get (2.27) by interpolation between = ((O T) x R*) and
L2((0,T) x R*). The case d = 1 is trivial.
If d > 3, then we use the L?-theory of linear parabolic equations

applied to the equation (2.18). Using Theorem 2.3 in GIGA AND

SOHR [1991] and (2.24), we obtain for pp = 2ddj'11 ,

u € L™ (0, T; W2P(RY))
du (2.28)

o7 € L7(0.T; ; L (RY)) .

€ L*((0,T) xRY), i=1,...,d. (2.27)
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It is known (see SOLONNIKOV [1977]) that if a function u satisfies
(2.28), then

Vu € L7 (0,T; LP (RY)%),
where

(d+2)po
(d+2)—po

Iterating this process, we can conclude that

Vu € LP(0,T; LP*(R*)4)

P1 =

with
A+ 2)po
P = ——
(d+2) = kpo
Obviously, there exists a ko € N such that p = py, > 4 (if not,

then py < M—i%ﬁ — 0 as k — oo, which is a contradiction).

Interpolating between L?(0,T;LP(R*)) and L?(0,T;L*(R*)) we
get (2.27) and consequently (2.17) for m = 2.

For m > 2 one uses the same procedure. The proof of Lemma
2.16 is complete. |

Theorem 2.29 Let f € C™(R)¢ and let uy € W™2(R?) N
W2L(RY) for some m > max {4 + 2,3}. Put

M = sup {|f'(O1, [¢] < lluollp> @} (2.30)
Then for all t > 0 the solution u® of the problem (1.3) satisfies
[ ()l L~ @y < lluollL~(way (2.31)
/ u'(t,z)dr = / uo () da (2.32)
Rll Rv]
ous dug
”a—z:(t)HLl(R") S “a_—T_L,HL‘(lR")’ (2.33)
ou®
” —57(”” L1(R4) S MHVUO“L](RJ)J + EHAUOHLI(R"')
(2.34)

and for t € [0,T] we have

w21 @y < llwollpr ey + MT || Vuol Ly gays.  (2.35)
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To prove this theorem we need some technical results. Let 7 :
R* — R be a non-increasing C? function satisfying

1 for s €[0,1/2],
n(s) = < non-negative polynomial for s € [1/2,1], (2.36)
exp (—s) for s > 1.

For R > 0 we put

nr(z )—n<|Z|), T € R (2.37)
R
Lemma 2.38 There is a constant ¢ such that
|Vnr(z)| < RnR( ),
(2.39)

|Ang(z)| < ﬁnR(x)-

PRrOOF : From (2.37) it follows that

0 |z]
nelo) = ' (%) 2.
snaa) = g () + e ()

Further, from (2.36) it is clear that there is some constant cp such
that

(2.40)

' ()] < con(s),  In"(s)] < con(s).

Thus (2.39); is proved. Since 7'(|z|/R) is non-zero only 1f o] < z,
we get (2.39), as well. [ ]

Lemma 2.41 Let nr be defined by (2.36)—(2.37). Then we have
for all v € W22(R?),

/ Av sgn (v)nrdr < / |v|Ang dz. (2.42)
Rd Rd,
Proor : For 8 > 0 we put
-1 ifs< -6,
jo(s) =< s/ if —0<s<90, (2.43)

1 if s>86.



PARABOLIC PERTURBATION TO A CONSERVATION LAW 53

Thus we get

/ je(v)Avnpdr = —/ j(’,(v)|Vv|anda:—/ Jjo(v)VoVng de
JRY JR4 Rd

and due to the fact that j5(s) > 0 almost everywhere,

/ Av jo(v)nrde < — / jo(v)VoVnp dz .
R4 JRd

The Lebesgue dominated convergence theorem enables us to pass
with 8 to 0+. Thus,

Av sgn(v)ng dx < —/ sgn (v)VuVng dz

R RrRd

= -—/ V|v|Vnr dz
R(I
:/ |v|Ang dz,
Rd

where we also used Remark 1.12 from the Appendix. ]

PrROOF (of Theorem 2.29): First we note that in our situation
Wm2(R?) — L*(R?). Therefore the assumptions of Theorem 2.9
and Lemma 2.16 are satisfied. Thus we have the existence of a
unique weak solution to problem (1.3) satisfying for all T > 0

we L0, T; WL 2(RE)) N C(0, T; W™2(RY)),
Ou 2 Cpym—1,2 /md T m—2,2 md
0%u 2 2 (e
2 CL2(R°
€ L0, TS L(RY)
and inequality (2.31). Let us differentiate (1.3) with respect to ;.
We obtain

=0 (2.45)

8 s 0u 2 f;(u) du
( > + 8()';,'(9([]' B EAaJ)i N

5i 8.1;,-
almost everywhere in (0,7) x R¢. The following calculations are
motivated by the fact that we are going to multiply (2.45) by
sgn (5)7“) Due to (2.44), Vu is an element of W12((0,T) x R?)
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and we can use formula (1.13) from the Appendix, which gives'

ot Baci & a.’ljl N 52 %”

% f(u) Ou we  Ou | Ou )
e sen (=) = 1 (0 2| 22+ 1w

= %(ﬁ-(u) == |)-

Therefore, multiplying (2.45) by sgn( “_) we get
0 Ju

0 (4 Ouy Ju Oou\
* oz, (£ 5 |) ~ 5 (8:1: ) =0

This we multiply by ngr(z mtegrate over R? and obtain

anR
/R,laxl nr dz = /f axl

ij
ou Ou
+e A—sgn (8:1: )anz

oo
Oz; | Ox;

9)0u
otl oz,

dz

a“‘” 5 (2.46)
/ £ onr das
+e€ / 8 Angdz,
R axl

where we used Lemma 2.41. But Lemma 2.38 with R > 1 gives

d ou
dt/Rl ox; MR 4T < R/Rl’aa?-b nr dz.
Using Gronwall’s lemma we obtain
du ct c')uo
< _
|| tam@ar <o (%) [ |520)] .

The function 7(s) is non-increasing and therefore the Lebesgue
monotone convergence theorem gives, as B — oo,

/ Ou t:c)‘das</ %(x)‘das.
Rl R«l

dz; oz;
This proves (2.33).

t In the following two formulae we do not sum over an index <.
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In order to prove (2 34) we differentiate (1.3) with respect to ¢
and multiply by sgn (2) ng. Since 5% € WH2((0,T) x R*), we can
proceed in a similar way as before to obtain

u
“E t “Ll(R") < l.g{(o).lLl(Rd)‘ (2.47)
On the other hand the regularity result (2.44) allows us to rewrite
equation (1.3) as

Ou Ju
57 () = eluo - ff(uo)gaf
Substituting this equation into (2.47) and using the assumption
(2.30), one gets (2.34). Finally, we multiply (1.3) by sgn (u) ng and
integrate over R?. Thus,

IUIanz+/ filu Sgn( ) g dz

:5/ Au sgn (u)ngde.
R"

In the same way as before, using (2.42), (2.39) and (2.30), one
obtains

d
dt/ |u|anz<M/ [Vulng dz + i/ |ulngr dz .
Rd

Integrating the last inequality between 0 and ¢ € (0,7}, employing
the Lebesgue monotone convergence theorem as R — oo and using
(2.33), one gets (2.35).

It remains to show (2.32). We multiply (1.3) by ng, integrate
over R?, and after partial integration we arrive at

d

— unpdr = f]( ) dx+5/ uAngdz. (2.48)
dt R .’IJ Rd

Now, we integrate this over (0,¢) and use relation (2.40). Letting
R — oo and using again the Lebesgue monotone convergence the-
orem, one gets (2.32). The proof of Theorem 2.29 is complete. =

2.3 The concept of entropy

In the previous section we have shown that for any € > 0 there
exists a unique solution u® € W(T)NL>®(R* x R?) to the parabolic
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perturbation (1.3) of the original hyperbolic problem (1.2). We are
interested in the limiting process as € — 0+.

It is well known that problem (1.2) cannot, in general, have a
classical solution, i.e. u € C*'(Rt x R?), even for infinitely smooth
data. This is a consequence of the fact that a classical solution has
to be constant along the characteristics (see for example SMOLLER
[1983] or ZACHMANOGLOU AND THOE [1986]). In the nonlinear
case, the characteristics can intersect in finite time for suitable
chosen smooth initial data ug. At the intersection point the solu-
tion need not be continuous (for details see, e.g., SMOLLER [1983,
Chapter 15]). In such a way, one is led to introduce the concept of
a weak solution.

Let us denote by CZ(R x R?) the set of n-times continuously
differentiable functions with compact support (note that (0, z)
is in general non-zero for p € CZ(R x R?)). This choice of test
functions allows us to include the initial condition uq into the weak
formulation of the problem (see (3.2)).

Definition 3.1 Let ug € L>°(R?). A function u € L2 (R* x R?)
is called a weak solution to the problem (1.2) if, for all ¢ € CL(Rx
R?), the following integral identity is fulfilled:

/oo /Rd (u%—(’: + fj(@%) dx dt + /n%d uo(z) (0, z) dx = 0.
| ] | (3.2)

Remark 3.3

1. From Definition 3.1 it is obvious that a weak solution of (1.2)
is the distributional solution on Rt x R?.

2. We say that u: Rt x R? — R is a piecewise C! function, if
there exists a finite number of smooth oriented d-dimensional
surfaces in R* x R? outside of which u is a C! function and
across which u has a jump discontinuity. If " is such a surface
and n = (n4,n,...,nq) a normal vector to I', we define for
(t,z) € Tt us(t, ) = lims—o u ((¢,2) £ 6mn). Then, [u] = uq —
u_ and [f;(u)] = f;(us) = fi(u-).

If ue LE (RY x R?) is a piecewise C' function, then it can
be shown using (3.2) (see SMOLLER [1983]) that the following
two statements are equivalent:

e u is a weak solution to (1.2);

e u is a classical solution of (1.2) in domains where u is a C?
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function, and
wfu] +n;(f;(w)] =0 (3.4)

holds for all points which lie on exactly one discontinuity sur-
face.

The condition (3.4) is often referred to as the Rankine-
Hugoniot condition and can be easily obtained if one uses
(3.2) with ¢ compactly supported in a small ball centred at
a point belonging to just one discontinuity surface. Then, em-
ploying the smoothness of u on both sides of the discontinuity
surface, (3.4) follows from Green’s theorem.

3. Note that the validity of (3.4) is not required at points in which
the surfaces of discontinuity intersect. However, it can be sup-
posed that the (d + 1)-dimensional Lebesgue measure of the set
of such points is zero.

4. Without loss of generality, one can assume that (ny,...,nq) #0
on the discontinuity surface I'. Indeed, (ni,...,n4) = 0 would
imply n; # 0 and then (3.4) would give [u] = 0 on T, which
contradicts the assumptions. Therefore, n can be rescaled in

such a way that [v| =1 for v = (ny,...,n4). Further, denoting
s = —n, we have n = (—s,v), |v| =1 and (3.4) reads
sfu) = w;[f;(w)]. (3.5)

Particularly, in one space dimension, n = (—s, 1) on the curve
of discontinuity and the Rankine-Hugoniot condition takes the
form of

slu] = [f (u)] . (3.6)

In this case, if I' is a smooth oriented discontinuity curve pa-

rametrized by (¢,z(t)), we see that (1,%%) is the tangent and
(— ‘fi—f, 1) the normal vector to I'. By comparison, we have for s in

(3.6) that s = 92 = 1/4L Therefore, s represents the reciprocal
of the slope of the discontinuity curve I' considered in the z—t
plane rather than in the t-x one.

Unfortunately, Definition 3.1 permits nonuniqueness of weak so-
lutions even in simple cases, as shown by the following example.

Example 3.7 (inviscid Burgers equation) Let us consider

the equation
ou 9 [u?
=) = .8
5t " ox ( 2 > 0 (38)
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with initial condition

(3.9)

Uy, z <0,
Uo(iv):{

Uy, z >0,

where uy # u,. The Rankine-Hugoniot condition (3.6) for s € R
reads

+u_
s = “—*—59— (3.10)

whenever « jumps from the value u_ to the value u, over a curve
in the z—t plane with slope 1/s. Therefore, defining

up, o< feg,
u(t,z) = (3.11)
Upr , x> E%t,

we see that u satisfies the Rankine-Hugoniot condition on the line
of discontinuity z = *£%:¢. Qutside the line, u is constant and
therefore satisfies (1.2) in the classical sense. By Remark 3.3, u
is a weak solution to (3.8}, (3.9). On the other hand, there is a
one-parameter family of weak solutions given by

Uy , T < s1t,
—a, 511 <x <0,
Uq(t,T) = ! (3.12)
a, 0<z<sot,
Ur, I>52t,
where
Uy — @ s Ur +a
S :-—’ —_— m—
! 2 2 2

Note that s; < 0 and sy > 0 if one chooses
a > max (ug, —u,)

and the whole construction makes sense. All the solutions u, satisfy
the Rankine-Hugoniot condition on the lines of discontinuity and
by the same argument as above, all of them are weak solutions to
(3.8)—(3.9) in the sense of Definition 3.1.

Further, if u, < u,, then the characteristics t = ET_T,E emanating
from (0,xo), zo < 0, do not intersect the characteristics ¢t = %‘1
emanating from {0, zg), zo > 0. Moreover, there is a domain G =
{(t,z),ust < T < u,t}—an angle in the z—t plane—which does not
contain any of the characteristics. This ‘gap’ G can be ‘filled’ with
a smooth function in such a way that the resulting function u. is a
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weak solution to (3.8)-(3.9), which is continuous for t > 0. Namely,
defining
up, T < u,
uc(t, ) = ¢ 7, ut <z <ut, (3.13)

u’r7 'TZuTt7

we see that inside G, % + uc% =—-g5+7 % = 0 and u. solves

(3.8) in a classical sense inside G. The same holds outside G, where
. is constant. The Rankine-Hugoniot condition on border lines of
G is satisfied trivially, since u. exhibits no jump there. Conse-
quently, u. is a weak solution to (3.8)-(3.9), continuous for ¢ > 0.

Note that in the case u; > u, the characteristics carrying the
value of u, intersect with those carrying the value of u, and no
continuous solution exists.

Now, it is natural to ask if there is a criterion which would, from
the mathematical viewpoint, ensure the uniqueness of a weak solu-
tion, and, from the physical viewpoint, select the ‘correct’ physical
solution among all weak ones. One of the possibilities is to consider
an additional conservation law which on the one hand would be au-
tomatically satisfied by any smooth solution u of (1.2), but on the
other would play the role of a selector for weak solutions. Hence,
we want to find conditions for , q, 9 = (¢1, - - .,q4), 1, ¢; € C*(R),
such that a smooth solution v will automatically satisfy an addi-
tional conservation law

0
5217(11) +divq(u) =0. (3.14)
Let us multiply (1.2) by n’(u) and use the chain rule. We obtain

o _
an_

We see that if 1,q; € C'(R) satisfy the following compatibility
conditions

D ) 4 (W) 2 w)

5 0. (3.15)

n' () fiw) =qj(u)  VYueR 1<j5<d, (3.16)

then (3.14) is automatically fulfilled for any smooth solution u of
(1.2).

Suppose now that u is only a piecewise C! solution to (1.2) in
the weak sense. Then (3.14) is satisfied only in domains where u is
C!. Proceeding in the same way as in Remark 3.3 it can be shown
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that the weak form of equation (3.14) implies the corresponding
Rankine-Hugoniot condition across discontinuities,

s[n(u)] = vj[g; (u)] (3.17)

for all n,¢q; € CY(R) satisfying (3.16).

However, the condition (3.17) is in general not compatible with
(3.5). Indeed, let us consider again the problem (3.8)-(3.9) and put
ug = 1, u, = 0 for simplicity. Then (3.10) implies s = 1 for the
solution of the type (3.11). On the other hand, taking n(u) = u*
and g(u) = fEyuk*! (satisfying (3.16)), one obtains s = A
for all £ # 1. In this way, there is no weak solution to our problem
of the type (3.11) satisfying an additional conservation law (3.14)
for polynomial n in a weak sense. The same conclusion can be
drawn for solutions of the type (3.12).

Therefore, it turns out that the demand that a solution u €
L>(R* x R%) should satisfy an additional conservation law (3.14)
in a weak sense is too restrictive. We will see that replacing the
equality in (3.14) by a proper inequality will result in a so-called
entropy inequality which will play the role of a proper selector. In
the rest of this section, we present a heuristic derivation of this

inequality.

Let us return to the vanishing viscosity method. If we multiply
the parabolic perturbation (1.3) of (1.2) by »’(u®) and use the chain
rule—recall that u® are smooth enough—we get

ou®

8:5]- -

) o ) i) 5 = () At (318)

Now, using the compatibility conditions (3.16), we obtain for n €
C*(R),

g??(uf) + div q(uf) = eAn(uf) — en' (u°)|Vu *.

At this point, to be able to control the sign on the right, we intro-
duce the additional requirement that n has to be convex, and we
obtain

%n(us) + divq(u®) < eAn(u®) (3.19)

for every smooth solution u¢ of (1.3). Now, (3.19) can be viewed as
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a parabolic perturbation of an additional conservation inequality

g—fn(u) + divg{u) <0; (3.20)

compare (1.2), (1.3) with (3.19), (3.20). Indeed, if we assume for a
moment that some kind of convergence of u° to u has already been
proved, for example, that

u —u a.e. in Rt x R?, (3.21)
|l e (mt xRy < €, '

we will be able to show that (3.19) implies (3.20) in the sense of
distributions (see Theorem 4.22 below). Moreover, it will turn out
that there is just one weak solution to (1.2) in the sense of Def-
inition 3.1 satisfying the conservation inequality (3.20) in a weak
sense (see Theorem 5.1).

Our considerations motivate the following definitions.
Definition 3.22 Let n € C'(R) be a convex function. If there
exist functions q; € C'(R),1 < j < d, such that for allu € R

n'(u)fi(u) = qj(u), 1<5<d, (3.23)

then (n,q) is called an entropy-entropy flux pair of the conser-
vation law (1.2).

Definition 3.24 A weak solution u to the problem (1.2) is called

entropy solution if for every entropy-entropy flux pair n,q of
(1.2) the so-called entropy inequality

%n(u) +divg(u) <0 (3.25)

is fulfilled in the following sense: for all ¢ € D(R x R%),p > 0, it
holds

/O /]R (n(u) - 77(%))% + qj(u)g—z dzdt>0. (3.26)

Note that

= 9y ' 0y
- n{up) = dx dt = —/ n(u )/ — dtdz
/O /R 07 ot R AT

- / (o) p(0) de
JRY

which shows the equivalence of (3.25) and (3.26) for smooth u.
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In the following sections we will show that the solution con-
structed with the help of the parabolic perturbation (1.3) is a
unique entropy solution to the problem (1.2) in the sense of Defi-
nition 3.24.

Example 3.27 Let us show that the entropy inequality (3.25)
selects just one among all weak solutions obtained in Example 3.7.
We have observed that if a weak solution to (1.2) is a piecewise
C? function, (3.25) is satisfied with the equality sign in domains
where u is C'. On a discontinuity surface T, one can use again the
Rankine-Hugoniot approach to obtain

s[n(w)] 2 v;[g; ()] (3.28)

for all n, ¢; € C*(R) satisfying (3.16), n convex. Since we are
dealing with an inequality now, it is important to recall that on '
the normal vector n = (—s,») points in ‘the domain of uy’, i.e.,
uy(t,x) = lims_ oy u((t,z) + én) on T

For the particular case of an inviscid Burgers equation in one
space dimension (3.8), we will show the following fact: if a piecewise
C! solution u to (3.8) jumps from the value Uy to the value Ur
over a smooth curve I' for some fixed time ¢, as x increases, then
(3.28) implies U > Ug. Indeed, considering (3.10) together with
(3.28), and using the fact that ¢'(u) = un'(u) in the case of the
equation (3.8), one obtains that

Ur

(UL + U) (1(UR) - 1(U1)) > /U A7 (A) dA

[N

should hold for all convex n € C1(R). Now, if U, < Ug, one chooses
n(u) = (u — c)?, where ¢g = QL;—UR so that n(Ur) = n(Ug). On
the other hand, the integral on the right-hand side equals §(Ug —
UL)® > 0 which is a contradiction.

This fact can be formulated as follows: ‘For the particular case of
Burgers equation, (3.28) implies that no jump from Uy, to Ug, U, <
Ug, as z increases, is allowed for piecewise C! weak solutions.’ In
such a way we see that (3.28) selects a uniquely determined weak
solution within the class of solutions constructed in Example 3.7.
More precisely, for ug > u, the proper solution is of the type (3.11),
while for uy < u, one gets the continuous solution u. defined in
(3.13). This is of course by no means a uniqueness proof even in
the case of Burgers equation, since not all possible weak solutions
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were taken into account. Nevertheless, these considerations give us
a hope that we are on the right track.

Remark 3.29 If we deal only with a scalar conservation law,
every convex function n € C'(R) is an entropy. Indeed, if we define
the entropy flux as

4 (u) = / ) dx,

relation (3.23) is trivially fulfilled.
Another important entropy-entropy flux pair in the case of one
equation is

n(u) = |u— k|, (3.30)
g;(w) = sgn(u — k)(f;(u) — f;(k)). (3.31)

k € R. Of course, in this case n and g; are not smooth enough, but
one can overcome this difficulty by an appropriate smoothing—see
Lemma 5.3.

For a general system of conservation laws, the entropy is defined
by compatibility conditions analogous to (3.23) (see GODLEWSKI
AND RAVIART [1991] or SMOLLER [1983]). However, in general it
can be difficult to fulfill these conditions and the question arises
if there is at least one entropy flux pair for a general system of
conservation laws. The situation becomes better if the system is
symmetrizable, which is typical for physically motivated models.
In that case one can always find an entropy having a physical
interpretation, as for example in the case of Euler equations (for
details see SCHOCHET [1989], GODLEWSKI AND RAVIART [1991],
ROKYTA [1992]).

2.4 Existence of an entropy solution

In this section we will show that an entropy solution to the Cauchy
problem (1.2) exists under the only assumptions that uo € L>(R?)
and f € C'(R). We will use the method of vanishing viscosity,
combined here with a regularization of the initial condition and
the nonlinearity f.
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Let p € D(RP) be a symmetric mollifier, i.e.,

p(z) >0, suppp C Bi(0),

(4.1)
/R p@)de =1, p(~2) = p(x)
Put
1 sz
pe(z) = EFp(é_) (4.2)
and denote for any g € L. .(RP)
@)= @r o)) = [ aa-vpdy. (43
In particular, we define
Uoe = UQ * Pe
(4.4)

il

ij(f) (fj*pi)(€)> fEE(flsa"'vde) .

We will study the following approximation of the problem (1.2):

ou®

5 divf. (u®) —eAu® =0 in Rt x R¢,

(4.5)
u®(0,-) = uge in R?.

In what follows, we give estimates of u® in various norms by
means of nonregularized initial condition wg. Prior to this, let us
recall that for g € L'(R?), the total variation of g is defined as

TV(g)= sup / g divedr.
peCL(RY)! JRY
fleell< <1

Here CL(R?) denotes the space of continuously differentiable func-
tions with compact support in R?. Denote by

BV(R?) = {g € L*(R*),TV(g) < o},

the space of functions with bounded variation. See Lemma 2.50 in
Chapter 1 for more details on these spaces.
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Lemma 4.6 Let ug € L'(R?) N L>®(R?) N BV(R®). Then for
any m € N the regularization ug: = ug * p. belongs to the space
Wm2(R4) N L®(R?) and satisfies

lluoell 1 (mey < llwollrwey (4.7)

/ UQe dCE:/ ug dz (4.8)
R’I va

ll2oe Il L~ mey < lluollL~ (w4 (4.9)

”V’U/OEHIA(RVI)'I S TV(’U,()) ) (410)
C

1Auoell 1 (rety < =TV (uo), (4.11)

where the constant ¢ does not depend on ¢.

PROOF : The first part of the lemma (up to (4.9)) is standard (see,
e.g., KUFNER, JOHN AND FucCik [1977, Section 2.5]) and therefore
we omit the proofs. We will show (4.10), (4.11). Let ¢ € CL(R%)*
be such that [p]| ~®sne < 1. We have for . = p. x ¢ that
ll@ell Lo (mays < 1 and

/ uge divp dz = / / pe(Y)uol(z — y) div, p(z) dy dzx
R4 Rd JRE

:/ / uo(z — y) dive (p:(y)p(x)) dy dz .
Rl] Rv’

Now we use the substitution ¢’ = z — y, ¥’ = —y, the symmetry
property p-(—y') = p:(vy) and finally replace z’ by z, ¥’ by y. We
get that the last integral is equal to

/ / o (z) diva(pe (W) (z — v)) dy dz
Rl’. Rt’

= /Rd uo(z) div, (/R, pe(y)p(z —y) dy> dr

= / wo(x) div, (e )(z) dz < TV {(ug) .
R
Therefore, TV (ug: ) < TV (ug). However,
/ [Vuoe| dz = TV (uoe)
JRa

and inequality (4.10) follows. Similarly, for 0 # ¢ € L®(R?¢) we
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get

/ Augy) dz =/ uo div{Vi),) dz
R R

and therefore
o« Auge Y do
|Auoell sy = sup l—fkl—l
o£yeL=®y [¥lL=®e
div(V,) d.
_ sup lfR,,UO iv(V,) x|

0£pEL>(RY) 1] Lo (r 4y

V o0 [ AY:
<TV(u)  sup Ve || Loo (R ey
o£peL=®%Y [YllLe<®e)

(4.12)

We know that Vi, = ¥ x Vp. and

A

IVeell Lo mays < NIV pellLr@aye 19l Lo ey

IN

c
;||¢||Loo(1w) :
which together with (4.12) implies (4.11). ]

Lemma 4.13 Let ugp € L*(R%) N L>=°(R?) N BV (R?). Then there
exists a unique C* solution u® to the problem (4.5), which satisfies
forallt >0

luf (t) | e mey < lluoll ey (4.14)
/ ut(t,z)dx = / uo(z) dz , (4.15)

Rl} RII
196 ()13 gys < TV (o) (4.16)

Ou®
=55 Ol @y < TV (uo) (4.17)
and for t € [0,T)

lu )Ly < lluollLrmay +¢T - TV (uo) , (4.18)

where ¢ does not depend on €.

PROOF : According to Lemma 4.6 and (4.4), all assumptions of
Lemma, 2.16 are satisfied. Therefore, we have the existence of a
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unique solution u® to the problem (4.5), satisfying
ak

S € C(0,T; W™(R%)),

ut € C(0,T; W™2(R%))

for every n, k € N. However, this means that u® € C*°((0,T) x R?).
On the other hand, Lemma 4.6 and Theorem 2.29 imply

luf ()| Lo (ray < Mttoell oo (mety < Nutoll Loo () »

/ue(t,x)daz:/ uos(x)dx:/ uo(z) dx,
R4 R4 R

||Vu5(t)||L1 dyd S ||VUOEHL1(R")" S TV(’LL()), (419)

|5

where

< M, ||VUOEHL1(R11 I+5||AUOE|IL1 4
L1(RY)

<M TV (ug) +cTV(ug) ,

M. = sup {I£2(&), €] < Huoell L ray} -
We know that

= / F1(6 = 0)p:(6) db
R
which gives
M. < sup {|f'(€),1¢] < lluollL~ +e} <T.
This together with (4.19)4 implies

which is (4.17).
Finally, from (2.35) and Lemma 4.6 we have

< (c+8)TV(uo), (4.20)

L1(R%)

lu (Ol L ey < llwoellrmay + MeT||Vuoe || 1 ry (421)
< lluoll i ey + €T - TV (uo) - '
Formulae (4.19)—(4.21) prove the lemma. ]

Now we are ready to show the existence of an entropy solution
to the Cauchy problem (1.2). The following existence theorem is
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formulated under slightly stronger assumptions on ug than will be
finally needed. The general situation is studied in Theorem 4.71
below, where the existence is obtained for ug € L>(R?) only.

The key point in proving both theorems is to obtain an L°°-
estimate and almost everywhere convergence of a subsequence of
{u®} (see (4.26), (4.27), cf. the proof of Theorem 4.71). Both proofs
then differ only in the way they establish the above-mentioned
properties of {uf}.

Theorem 4.22 Let up € L}(R?) N L>®(R?) N BV(R?) and let
f € C'(R)%. Then the problem (1.2) has an entropy solution u,
belonging to the space L>((0,00) x RY) N C(0,T; L}(R?)) for all
T > 0 and satisfying, for almost every t > 0,

lu(t)ll Lo ey < lltollLoc (Ra) - (4.23)
Furthermore, u(t) € BV(R?) for all t > 0 and
TV (u(t)) < TV(uo), (4.24)

|U(t1,.’L‘) - u(tg,fl})' dz S CTV(Uo) |t2 - t1| ' (425)
Rl]

for all t, tl, t2 Z 0.

PRrOOF : Let {u®} be the sequence of solutions to the approximate
problem {4.5). Due to Lemma 4.13 this sequence is bounded in
the space L((0,00) x R) N W11 ((0,00) x R?). Let {K,} be an
increasing compact smooth covering of [0,00) x R?. Due to the
compact imbedding of W1(K,) into L' (K,) it is possible to select
a subsequence, still denoted u¢, converging strongly in L*(K,) and
almost everywhere. Using a diagonalization process we obtain a
sequence {u®} such that

[l o R+ xRy < MU0l (Ra (4.26)
and

u® —u in LL (R* x R?),

(4.27)
u® —u ae. in Rt x RY.

In what follows we will show that the limit function u is an entropy
solution to the problem (1.2). We have that

uge — up in L'(R?), (4.28)

loc

f.=f inR, (4.29)
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and due to (4.26) we also get

lIfe(u®) — £(u )| L~ @+ xray — 0,
”f(uE)HLllw(]R+de) <ec.

Thus the Lebesgue dominated convergence theorem gives

f(u®) — f(u) in L (Rt x R?) (4.30)
and altogether we have

f.(u*) - f(u) in L} (Rt x R?). (4.31)

The weak formulation of (4.5) for ¢ € CL(R x R?) reads

/ /Riu + fie(u )390 dxdt-i—/ Uueo(z)9(0, 2) dx

—z—:/ / VutVedzdt =0.

From (4.27), (4.28), (4.31) and (4.16), it immediately follows that
u is a weak solution to the problem (1.2).
Now, let i be a C? entropy. Multiplying (4.5) by 5'(u®) we get

(4.32)

)
n(w’) + 5—q5(u’) = en'(u) Au®

at Oz

where q° is the entropy flux corresponding to n, f., and is defined
by the compatibility conditions (3.16). The right-hand side can be
rewritten as

en' (uf)Aut = eAn(uf) — en’ (uf)|Vas %,

Then, the convexity of n gives

£ a £ € £
(u®) + Y - (u®) < eAn(uf). (4.33)
Similarly as in (4.30) we obtain

n(u®) — n(u) in L}

loc

(Rt x RY). (4.34)
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Further,

J/O-HE ' (s)fje(s) ds — /Oun’(s)f]'.(s) ds

K
< [ WL - fo)ds

—I( .
[ s,

where K = |Jug||~ (4, and thus

+

€

HUSES /Ou n'(s)fje(s)ds — /Oun'(S)f]'-(S) ds = g;(u)

a.e. in RT x R?. This implies, again by the Lebesgue dominated
convergence theorem,

¢;(u) = gj(u) in Li, (R* x R?). (4.35)
Since
/ / eAn(u®) pdxdt = —E/ / Y Vu* Vodzdt,
' ® (4.36)

and (4.16) holds, we see that
/ / eAn(u®)pdzdt — 0, as e — 0+, (4.37)
Rd

for all ¢ € CL(R x R?). The limiting process in the weak formula-
tion of (4.33) then follows from (4.34)—(4.37) in the same way as
before. Thus, we have proved that u is an entropy solution.

Now we want to show that for all T > 0,

u® —u in C(0,T;LL (RY)). (4.38)
The estimates (4.16)—-(4.18) give that
u is bounded in the norm of C(0,T; W11(R?)),

(0,T; L' (R%)).

Let K be a bounded smooth set in R?. For 0 < ¢; < t, < T and
all x € K we can write

"t
u(tg, ) — u®(t1,2) =/ Baut (s,x)ds
t

1
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and due to (4.17) we get

t2 e
I (82) — w (E)ll () < / G M, ds
| 2 LHILY(K) " ” ot HI (K) (4.39)

S CTV(Uo)(tZ - tl) .
Thanks to the compact imbedding of W11 (K) into L'(K), the
sequence {u®} lies in a compact set of L'(K) and one can apply

the Arzela-Ascoli theorem to obtain (4.38). Due to (4.18) we have
for every bounded K:

lluf (Ol (xy < co = lluollprrey +¢T - TV (uo)

and therefore we have u(t) € L'(R?). Since the right-hand side of
(4.39) does not depend on € and K, we have

||u(t2) - u(t1)||L1(Ru) S CTV(UO)(tZ - tl) s

which proves on the one hand u € C(0,T; L*(R?)) and on the other
hand (4.25).

It remains to show (4.24). Let ¢ € CL(RY)?, ||l o (raye < 1.
Using (4.16) we obtain

/ ut(t)diveds = —/ Vu(t)p do
Jra

R
STV {(uo)llpll Lo @aye -

Now (4.38) gives (4.24) and proof of the theorem is complete. =

Remark 4.40 In the rest of this section we want to prove the
existence of an entropy solution u under a weaker assumption on
the initial data, namely that uo € L>(R?) only. In this case, the
estimate (4.16) cannot be used and therefore the limiting processes
in (4.32) and in the integral (4.36) cannot be justified. However,
supposing that ¢ € D(R x R?) in (4.32) and (4.36), we can write

—5/ / Vu® V(pdazdtzs/ / u*Apdrdt
o Jre 0o Jra

nd
5/ / An(u®) pdz dt —_—E/ / n(u)Apdzdt.
o JrY o Jerd

Using these formulae we see that the limiting processes as ¢ — 0+
in both (4.32) and the weak form of (4.33) can be justified in the

a
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sense of distributions under the assumptions that u® — u almost
everywhere and [ju®|l < c.

Our goal in the rest of this section is firstly to prove the existence
of solutions uf of the parabolic perturbations for ug € L®(R?),
and secondly to show that u® converge to u almost everywhere in
Rt x RY.

To do this, we need some technical results.

Let B, = {z € R%;|z| < r}. For v € L!(B,) we denote?

wr(h) = sup/ [v(z + 2) —v(z)| dz .

[zI<h

It is clear that for all » > 0

i ~(h)=0. .
Jlim w.(h) (4.41)

Lemma 4.42 Let v € L'(B,42)). Then for 0 < ¢ < h we have

wi(A) = sup / |ve(2 + 2) = ve(2)| do < wrin(A), (4:43)
21<A

/ [|v] — v(sgnv)e| dz < 2w, (€) . (4.44)
B.
Proor : We have

[ I+ 2) - velol de
B,.

“J.

S/B]( )p(y)/&. lv(z —ey + 2) —v(z — ey)|dzdy

v z) —v(z)|dzx
§/Bl<0)"(y)dy/3,+,,' (2 +2) - v(a)|

which immediately gives (4.43). In order to prove (4.44) we note
that

/ [|v|-—v(sgnv)5|dac
B,
:// )] lv(z)| — v(z) sgnv(z — y)| dy dz
B, Bg(o

! We define v = 0 outside B,..

/ (v —y+2) —v(z —y))pe(y) dy| dz
BE(O)



EXISTENCE OF AN ENTROPY SOLUTION 73

and use
| [v] — v sgnw| = l [v] = |w| = (v —w) sgnw|
< 2jv —wl.

Let a = (a1, ...,aq) € C([0,t0] x R*)* and let us denote

K= sup J|a(t,x)|+1.
[0,t0] xR

For some smooth function ¢ defined in [0, 9] x R? we can introduce
the operator

dq aq
L = A 7
(0) = 3; +ag
Then we have the following version of the maximum principie:
Lemma 4.46 Let ¢ € C?([0,ty]) x R?) for which L(q) > 0. Assume
the existence of qy and ro > 0 such that

(4.45)

lg(t, )] < qo on [0, 1] x R?,
q(to,z) =0 if |} > ro.
Then for 0 <t < tg, || > rg + K (to — t) we have the estimate
1
q(t,x) < goexp (g(K(tO —t)+ro — IT|)> . (4.47)

PrOOF : Let us denote the right-hand side of (4.47) by g.. Then
we have for all (t,z) € [0,t0) x R¢,

L(g.) = qoexp (1<K<to ) o |:n|>) x

1 1
1T _T‘_A
x[ - a; 2] +5<Ez - |x|>}
1
<qoexp | =(K(to —t) + 710 — | |>
K+1 K-1 1
{ —+ +——A|1‘|)]
€ €

and
@ (t,x) =qo V|z|=ro+ K(to—1)
qe(to,z) >0 Y|z| >0 .
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Now the statement of the lemma follows from the usual parabolic
maximum principle (cf. PROTTER AND WEINBERGER [1967]). =

In the following theorem we keep € > 0 fixed and consider the
solution u° to the parabolic perturbation (1.3) of the problem (1.2)
under the assumptions f € C*(R)%, ug € L®(R?) only.

Theorem 4.48 Let ug € L=°(R?) and let f € C'(R)?. Then there
exists a solution u® € L®(RT x R?) of (1.3), such that
||u€(t)HLx(R,:) S ”’U,OHLx(Rd) fora.a.t>0 (449)

and
/ / uga—(e +eutAp + f(u®)Vepdrdt
0 R4 at

+/ ug(z)p(0,2)dr =0
R (4.50)

for all p € D(R x RY).

PROOF : For simplicity we drop the index . Let n € N and let x»
be the characteristic function of the ball B,,(0) C R?. We regularize
the initial data as follows:

ug = (o Xn) * P1/n -
From Theorem 2.9 and Lemma 2.16 we now obtain the existence of
some u” € L= (Rt x RY) N L2(0, T; W22(R?)) N C(0, T; WhH2(R?))
with 8—5‘% e L?((0,T) x R?) for all T > 0, solving the problem
ou” _ eAu™ +divf(u"™) =0,
ot (4.51)
u™(0,-) = ug .
We denote w(t,z) = u™(t,z) — uk(t,z), k,n € N. We see that
w € L®(RT x R?). For w we have the equation

% —eAw +diviaw) =0, (4.52)

where

1
ailt,z) = / F1(ub (,2) + a(u”(t,) — u(¢,2))) da .



EXISTENCE OF AN ENTROPY SOLUTION 75

We multiply (4.52) by g € C1(R;C%(R?)) and after integration
over R? and between 0 and to > 0 we obtain (see (4.45))

/R w(to)glto) du - /O /R g de

(4.53)
= / w(0)g(0) dz .
er

Now, we will construct a particular test function g. Let » > 1 and
0 < h «< 1 be arbitrary. Put

sgnw(to,z) |z|<r—h,
0 |z} >r —h,

Bl = {
and Bn, = 3 * pn. Let g be the solution of
L(gn) =0 on (0,t) x R?

qn(to, ) = Br(z).
Let p be the mollifier in R. Set

bl

(4.54)

A
Mm(A)=1-— /_ pls —m)ds

(o]

for m € N, and use

g(t,z) = Qh(t, 1)77m(|1’7|)

as a test function in (4.53). After partial integration, using (4.54),
we obtain

to ~ z;
/ w(to)gn(to)nm dz = — / / [p(|z| —m)—a;w + AN W
R 0o Jed |

z|
ow z;
~2e2Y i—p(|:c| —m)|qn dz dt
O x| (4.55)

+ [ w0 dr.

By the usual maximum principle applied to equation (4.54) we
get that |gn(t,z)] < 1 for all (t,z) € [0,t0] x R?. Moreover, for
|z] > r + K(to — t) we have from Lemma 4.46 that

lgn(t, )| < et (K (to—t)+r—]z|) <celol
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where ¢ is independent of € < 1. Altogether we get

lgn(t, z)| < coe™ 1 Y (t,2) € [0,80] x RE . (4.56)

Now, letting m tend to infinity in (4.55) and using 5(|z| — m) —
0,7m — 1, as m — o0, we get

/ w(to)gn (to) da = / w(0)gn (0) de
JRA R

(4.57)
< co/ e_m|w(0)| dx .
R
Letting h — 0+ and using (4.56) we find:
/ |w(to)|dz < co/ e 1Nw(0)| dz . (4.58)
B R

From the definition of uf it is clear that

uf — up a.e.in R?
which gives, together with (4.58), that for all * > 1 and ¢, € [0, T,
u™(to, z) forms a Cauchy sequence in L' (R?). Therefore,

u™(t,z) > u(t,z) ae. in Rt x R (4.59)

Moreover, Theorem 2.9 gives

™ ()| e (ray < Mlugllp=@ey < [[uollL=(re), (4.60)

which implies (4.49). If we now multiply (4.51) by some test func-
tion ¢ € D(R x R?), we get

/ / " (’D+su"A(p+f( "WV dz dt

= —/ ug (z)p(0,z) dz .
R4

The limiting process in (4.61) based on (4.59) and (4.60) uses the
same ideas as in the proof of Theorem 4.22 and is therefore left to
the reader. ]

The following theorem gives us the desired almost everywhere
convergence of the sequence u® under the assumption ug € L (R%)
only.

(4.61)
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Theorem 4.62 Let ugp € L®(R?Y), f € CY(R)? and let u¢ €
L®(R* x R*) be the solutions of (1.3) constructed in Theorem

4.48. Then there is a subsequence still denoted u¢ and a function
uw € L®(R* x RY) such that

ut —su ae inRT xR ase—0+ . (4.63)

Proor : Let T > 0 and R > 1 be arbitrary. In order to prove
(4.63), we will use the compactness criterion for {u®} on L'((0,T)x
Bg(0)). By (4.49) we know that the set {u} is uniformly bounded
in L*((0,T) x Br(0)). It remains to show that for any m € N there
exists a 6 > 0 such that for all |z| < 6, |s| <6,

1
/ |us(t + s, 2+ z) —u(t,z)|de < — (4.64)
Br m

independently of € and uniformly in ¢ € [0,T]. Due to (4.58) we
obtain

/ [u* (¢, ) — u™(t,x)| dx < co /
Br

e~ Nuk(z) — ul(z)| dz .
JR!

Letting k¥ — oo and using (4.59) we get

/ [uf(t,z) — u™(t,z)|dz < co/ e 1 ug(z) — ug(z)|de.
Br R (4.65)

It is clear that the right-hand side of (4.65) tends to zero for n —
oo. Now, for

w(t,z) =u™(t,x + 2) —u"(t,x)

one obtains, in the same way as in the proof of Theorem 4.48, that

/ [u™(t, x + z) —u"(t,2)| dx
Br

< ¢ / e Nug (x + 2) — ul(z)| dz .
/R (4.66)
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Altogether we have
/ s (t,x + z) —u(t,z)| dx
Br
<co / (|uo(:n +2z) —ug(z + z)’) el gy

er

+ / <[u8(z +z) - ug(:c)|) e~ 12l dx
R

+/ (|“8(93) - Uo(:b)l) el dg .
Rd

Note that due to (4.65) there is an ng such that for all n > ng the
first and the third integral can be made less than 517;. In order to
treat the second one, we choose an Ry such that

Co / e_!x‘]ug(a:-kz) —ug(z)|dz
. R’I\BR“
< QCOHUOHL’O(R")/ 6—!z| dxr < L .
- R'I\BRU — 12m

For this Rg,ng it follows from (4.43) that
o / e lg (@ + 2) = uf (@)] do < cowryr1/my(12])
Br,

Now we choose a 6; such that |z| < §; implies that the right-

hand side of the last inequality is less than 17— Therefore we have

proved that for all m € N there is a §; such that for |z| < é;,
1
“(t, W (t, 7)) dr < — 4.67
[ W) e < oo @)
uniformly in ¢ € [0,7] and independently of .
Let to < T and s << 1 be fixed. Denote
v(z) = u(to + s,x) — u"(to, x)

and put

6($)E{sgnv, lzl < R,

0, |z} > R.
Clearly, the mollification 8, = f * p;, satisfies

C C
< < - < — .
ﬁh > 1 ) Ivﬁhl =7 ) !Aﬁh] > h2
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Multiplying (4.51) by 8, we obtain
/ VB dr = / (u™(to + s,2) — u™(to, x)) Bu(z) dx
R'l R4
to+s o
= / / euAfy + f(u™)V B, dx dt
to JRY

1 1
S SC1(”’LL0||LOQ(R(I)) (E + h—z) .

For || < R we have vf3, = v(sgnv), and it follows from (4.44)
that

/‘ |’U| dr < / vBy dx + 2wR(h) < / vl dx + 2wR(h)
Br Br R (4.68)

1 1
<sq (E + h—Z) +2wgr(h),

where

cnt = s |
lz|<hJBg

(u™(to + 5,2 + 2) — u™(to, 7 + 2))

— (u™(to + s,2) — u"(to, 7)) ‘ dx .

According to (4.66),

wr(h) < 2co sup | ug(z +2) — ug(a)le” da,
|z|<h JRY

and therefore wg(h) can be made arbitrarily small for small enough
h uniformly in tq and s. Thus we have

/ [uf(to + s, ) — u(to, x)| do
Br

g/ |uf(to + s,2) — u"(to + s, 7)| dx
Br (4.69)

+ / [u™(to, x) — u®(to, x)| dx
Bpr

+ / [u™(to +s,2) — u™(to, z)| dx .
Br

The first two integrals can be made smaller than = due to (4.65)

for all n > ng. For this ng we find an hg such that 2wp(ho) < 1.
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Further, for this hy we find a ¢, such that for all |s| < &,

‘e (1 + 1) < 1
7\ ho hi/) = 12m’
Therefore we get that for all |s| < 65,

1

2m

/ |uf(to + s,2) — u®(tg, 2)| dz < (4.70)
Br

uniformly in ¢ and t5. Now for § = min(é;,62) we immediately
get (4.64) from (4.67) and (4.70). Thus, {«} is uniformly 1-mean
equicontinuous and a uniformly bounded set in L ((0,T) x Br(0)),
and (4.63) on (0,T) x Bgr(0) follows at least for a subsequence.
Now, since T' and R were arbitrary, (4.63) follows. Finally, the
limit function u belongs to L= (Rt x R¢) due to (4.49), (4.63). m

Theorem 4.71 Let ug € L*(R?) and f € C'(R)®. Then the
problem (1.2) has an entropy solution u € L*®(R* x R%) such
that, for almost all t > 0,

()l L= @ < lluollp~ s - (4.72)

PrROOF : Theorem 4.48 and Theorem 4.62 imply the existence
of weak solutions u® € L>®(R*t x R?) of the problem (1.3) and a
function v € L=®(R* x R?) such that

||'Lf(t)||Lw(R,1) < ||1L0||Loc(R,l) for a.a. t € R+ s
us(t,z) — u(t,z)  for a.a. (t,r) € RT x R,
Using the same argument as in the proof of Theorem 4.22 together

with Remark 4.40, we get that u is an entropy weak solution to
(1.2). [ ]

2.5 Uniqueness of the entropy solution

The aim of this section is to prove the following uniqueness theo-
rem:

Theorem 5.1 Let ug € L®(R?) and f € C'(R?). Then there
exists exactly one entropy solution to the problem (1.2).

We will prove this theorem in several steps. Firstly, we will show
that the validity of the entropy inequality (3.26) for all smooth
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entropy-entropy flux pairs 7, q is equivalent to the validity of (3.26)
for the following family of non-smooth entropy-entropy flux pairs:

n(u) = |u—kl,

q;(u) = sgn(u — k)(f;(u) - f;(k)),
see Lemma 5.3 and Remark 5.7. In Lemma 5.9 the local version of
entropy inequality for these non-smooth entropy-entropy flux pairs
is derived.

Secondly, having in mind the aim to prove the uniqueness, we will
find an inequality (5.22) for the difference of two entropy solutions
u, v, corresponding to the initial data wg, vg, respectively. This

and Lemma 5.12 will help us to obtain in Theorem 5.38 the crucial
L'-contraction inequality

keR, (5.2)

/BR lu(t,z) —v(t,z)|dx < / lup(z) — vo(z)| dz,

J Brymt
holding for all Br, R > 0 and for almost every ¢t > 0. Here, M
denotes the constant of Lipschitz continuity of f. The uniqueness
result will then follow almost immediately using ug = vg in the last
inequality and can be found at the very end of this section.

Let us start with the following lemma.

Lemma 5.3 The entropy solution u of (1.2) satisfies for all k € R
and for all ¢ > 0, p € CL(RT x R?), the inequality

> 0 . 0
/ / Ju= k52 + sgnu = K)(fy () — f,(B)) 5 dwd >0,
o Jrd Ty (5.4)
and for all p >0, p € CL(R x R?) the inequality
| b= o =) 52
0 R (55)

+ sgn(u — k) (f;(u) — f;(k)) gﬂ%dazdt >0.

Proor : Let G € C(R) be such that
G(z)=|z| V|z|>1,
G'(0)=0, G">0.
For k € R fixed we put

G, (z) E€G<m_ k)
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which immediately implies that
Ge(z) — |z — K| ase — 04 .

The function G, is convex and smooth and therefore (G.,q.) is
an entropy-entropy flux pair provided that q. = (qic,...,qae) is
defined by

gje(u) = /ku GL(v)fi(v)dv.

Since u is an entropy solution of (1.2) in the sense of distributions
on Rt x R?, we have for all ¢ >0, p € D(R x R?),

o Oy Oy
Ge(u) — Ge(ug)) == + gje m—dxdt > 0. 5.6
/0 /R:I( 0 ot ]Eaxj ( )

It is a simple matter to check that for ¢ — 04 we get the pointwise
convergences

Ge(v) — sgn(v—k),

qe(v) = f(k) —f(v)  ifv2>k,

q:(v) — f(v) — f(k) ifo<k.
Since ¢ has compact support, we obtain (5.5) from the limiting

process as € — 0+ in (5.6). Note that for ¢ € D(R* x R%) the
term obtaining G- (up) vanishes, which immediately gives (5.4).

Remark 5.7 Let us notice that a weak solution u satisfying (5.5)
for all k € R is an entropy solution. This follows from the fact that
every convex function belongs to the convex hull of the set of all
affine functions and all functions of the form

z—lz—kl, keR.

For the proof of uniqueness we will need a local version of (5.5),
valid on the characteristic ‘cone’ of equation (1.2).

Let M € R* be fixed.8 For R > 0, to > 0 we define

Cr = {(t,z) € [0,00) x R, |z + Mt < R},
CRJ() = {(t,l‘) € Cth < tO} (58)

§ In what follows, M will usually denote the constant of Lipschitz con-
tinuity of f, restricted to an appropriate ball, cf. (2.30).
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Lemma 5.9 LetT >0 andk € R. Let ug € L*(R%), f € C*(R)*
and M Dbe given by (2.30). Then for all to € (0,T),R > 0, the
entropy solution u of (1.2) satisfies

' 9
/ lulto) — klp(to) dz < // lu— k|22 dg dt
BR—MI,“ Cn.r” at

+ //( sgn(u — k)(f;(u) — fj(k))% dr dt
o 7 (5.10)

+ / [uo — k|p(0) dz
JBr
for all ¢ > 0, ¢ € D(CRg).

PROOF : Let p; be the mollifier defined for p = 1 in (4.1). Put

A
'l/)h(/\) =1- /_ ph(S) ds.

Hence,
lim s () {0, A>0,
1 Y =
hmo 1, A<O.

For given ¢ > 0, ¢ € D(CRr), we define

(ph(tvﬂ;) = (10(7"7‘17) wh(t - tO) .

Therefore, we have

&Ph, 390 t—to 1
—(t,x) = —(t,: Wt —to) — plt, — ),
o (1) = 2L 2) Yt~ to) - plt.a) p(—=2) 7
O¢n

TEE(t0) = 2 (t,2) Ut~ o), 511

en(0,7) = ©(0,2) for h <to.

If we use @5 instead of ¢ in (5.5), we get

a(p . a@h
//C'R lu — k| ot z/)h(t—to)dxdt—//cn luo — k| > de dt

t—1toy 1
- [ = biete. (52 f v

+ //C sgn(u — k)(f](u) - f7(k))68—:;’i Yp(t —tg)dadt > 0.
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Note that

. bon .
—// |u0—k|—é“1dxdt:/ uo — k|:p(0) da .
Cr t Bp

Letting i — 0+ and using the fact that 4p(5%) is an approxi-
mation of the Dirac distribution, we obtain

f o
//c,MU fu = k'a_f +sgn(u — k)(f;(u) - fj(k‘))g-;e; dr dt

; / o — klp(0) dz > / [uto) — klg(to) dz ,
Br Bpr-my,

which is (5.10). (]
Let us now give a further characterization in which the initial
condition is fulfilled.

Lemma 5.12 Let u € L®(R* x R?) be an entropy solution
to the problem (1.2) corresponding to initial data uo € L*°(R?),
f € CY(R)?. Then for all R > 0,

li t) —upldzr =0,
t—lvr(§1+ Br— |U() UOl v

where M is given by (2.30).

PROOF : Let 2o € R?, ¢ > 0 be such that |zo| + 2¢ < R. Further
let w € C*°(R) be such that

w' <0,
w=1on (-o00,f, (5.13)
w =0 on [2¢,00).
Now we define ¢ € C(CRr), ¢ >0 by
o(t,z) = w(Mt+ |z — zo|) , (5.14)

where M is given by (2.30). Thus, we have

%(;—J(t,m) =W (Mt+ |z — x| )M,

dyp
Bx.;

(.’13 - .'130)1'

(t,.’E) = Ww (Mt+ |$—$0|)m
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and therefore it holds

0

%(t,m) + M|V(t,z)| =0. (5.15)

Due to (5.10) and (5.15) we obtain for k = ug(zo)

/ fu(to) — o (o) (7o) da
Br-mt,

; - 9
< / lug — uo(xo)|p(0) dz + // lu — uo(zo)|—£
Br JCray ot
X dp
+sgn(u — uo(w0))(f;(w) — f;(uo(20))) 5 = d dt
=7
S / IUO - UO(1E0)| dx (516)
Bas(x0)
dp
+ |u—uo(x0)|a— + Mu — uo(zo)| | V| dz dt
Cr.tgy ¢
:/ luo () — wolwo)| da.
Bz¢ ()
But for the left-hand side of (5.16) we have

/ [u(to) — uo(mo)|p(to) dx
Br-mry

> / fu(to) — wo(zo)| d |
Be- iy (z0)

(5.17)
where we used (5.13). Thus,
/ [u(to, z) — uo(z)| dz
Be_ iy (z0)
5/ lu(to, z) — uo(z0)| dz
Bi—Mt(,(mn)
(5.18)

+ [ fuol) — uo(zo) | da
Bo—pry(z0)

< 2/ |uo (@) — uo(zo)| dz .
Bae(zo)
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We will integrate the last inequality over Br_2,(0) with respect to
zo. Then Fubini’s theorem applied to the left-hand side implies

/ / lu(to, z) — o(x)| dz dzg

Br-2¢(0) Y Bo_py (z0)

:/ / [u(to, To) — uo(wo)| dzo dz
By m1y(0) Y Br_2e(z)

> / / [u(to, zo) — wo(zo)| dxo dx
V' Bo— w1y (0) Y Br-3e+ a1, (0)

= meas(B¢— mt, (0))/ |u(to) — uo|dzx ,

Br_srimi, (0)

(5.19)

where we used the fact that |z| < {— Mto, |zo —z| < R—2{ implies
|zo| < R — 3¢+ Mt for all z. Further we have

/ / lup(z) — uo(xo)| dx dzo
Bpr_2¢(0) J Bag(zn)

_ / / luo(z0) — to(zo + )| dao dz (5.20)
B2¢(0) Y Br—2¢(0)

IN

meas(By,(0)) sup / luo(z) — uo(z + 2)| dz
|z{<2¢J Br_2.(0)

and therefore we obtain

E/ Ju(ty) — uo|ldz < sup / |uo(z) — uo(z + 2)| dz
2 Br—ge+ Mt |z|<2¢JBr_as

for ¢ = (Z—“—%l)d. Putting ¢ = 2Mto we get

/ [u(to) —UOldiE
Br-—smuy,

< 2%+l gup / luo(x) — uo(z + 2)| dz .
lz|<aMto J Broamy,
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But this implies
[ luton) ~ oo de
Br-mt,

<2 gup / lug(x) — uo(z + 2)| dz
|z|<4Mty J Br_amy,,

+ / lu(to, x) — uo(z)| dz .
Br-mty\Br—smr,

Note that the first integral converges to 0 for to — 0+ because of
(4.41) and the second integral converges to 0, because the integrand
is bounded in L™ and meas(Bg—mt, \ Br-smt,) — 0 for tog — 0+.

|

The following lemma is of great importance for the proof of
uniqueness of an entropy solution.

Lemma 5.21 Let f € C}(R)*. Let u,v € L®(R* x R?) be two
entropy solutions of (1.2) corresponding to the initial data ug, vg €
L*(R%), respectively. Then we have

%Iu —v| + div (sgn(u — v)(f(u) - £(v))) <0 (5.22)

in the sense of distributions on Rt x R?.

PROOF : From (5.4) we get for k,¢ € R and all ¢ = ¢(s,2),9 =
(t,y) € D((0,00) x RY), 9,0 2 0,

[ [ = ME +ssntu— K15 w0 — 1,0 22 dds 0
0 R 83 613_7'

(5.23)
and
— % ~ O(f;(0) = f;(8)) 5~ dydt > 0.
/0 ” v |6t +sgn(v — O)(f;(v) — fi( ))ayj y tz((;M)
Put
k=v(t,y), (=ulsz) (5.25)

and choose ¢, 1 in the following way. Let ¢ = ¢(8, \) € D(RT xR?),
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¢ >0, and let p, € C(R x R?) be a symmetric mollifier. Put

@(.9,.”6) = @t,y(sv x) = w(ta y) = ws,z(t: y)

Eqﬁ(s;t’z—;y)ps(s;t’w;y).

(5.26)

For this special choice of ¢,1 we integrate (5.23) with respect to
t,y and (5.24) with respect to s,z and add up the results. Thus

we obtain

0< /O.oo /Ooo /Rd R’]]u(s,x) —v(t,y)|

a@t,y 8’(/)3,10
X (3;(871")+ 5t (M/))

+sgn (u(s,z) —v(t, ) (f;(u(s, ) — f;(v(t,y))

(5.27)

B(ng awsw )
—— (s = (t, drdydsdt .
x ( oz, (s,z) + o, (t,y) | dzdyds

From (5.26) it follows that

p

B Rua(,) + Stha(t)
Op s+t z+y s—t r—y
:55<2’ 2>p€<2’ 2)’
%Wt,y(svm) + %ws,m(tvy)
0p (s+t z+y s—1 x—y)
()Y

Let us introduce new coordinates

r+y Ty
f_ 2 9 ”_ 2 )
s+t T_s—t
g = 2 5 - 2 )

and therefore, we now integrate in (5.27) over

Q={(o,r, &N eR x (RY)? , 04+7>0, 0—-72>0}.
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If we denote

Q

Gl(o,7,&,n) E\ 0+T,§+17)—v((r—T,§—77\——
+sgn(u(o + 7,6 +n) —v(o =7, —n))

0
< (f;(ulo +7,6+m) = filv(o — 7.6 =) a—aﬁ(é ),

Q)

we can write (5.27) as

J. = / G(o,1,6,0)p:(T,n)dEdndodr >0 .
Q

To prove (5.22), it is enough to show

JE—a.]OE/ / G(,0,¢,0) d€ do
0 R4
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(5.28)

(5.29)

(5.30)

for ¢ — 0+. Indeed, if (5.30) holds, then one has for all ¢ €

D((0,00) x R?), 9 >0,
9

oo 155
5= [ 0|y +sgn(u = 0)(f; ) - f0)) 5 - dedo 20,

which is exactly (5.22). Let us show that (5.30) is true. Denote

1 fo+720,0—-72>0,

o) ={

Then (5.29) can be rewritten as

0 elsewhere.

J. = / G(o,7, €&, m)x(0,7)pe (7,m) d€ dy o dr
R2d+2

But p.(7,7n) is a mollifier (see (4.1)) and therefore we have

Jo = / G(0,0,€,0)x(0,0)px (7, 1) dé d dor
R24+2

Let us denote K = supp ¢, C. = supp p.. Note that
CeC{(mm), Irl<e, Il <e}

Thus, we have that |J. — Jo| is less than or equal to

/K{/p |G(o,7,&m)x(0,7) — G(0,0,£,0)x(0,0)|

X pe(T,m) (lndr} dfdo < A¢ + B.

(5.31)
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where A, and B, are defined by

/K{/c |G (o, 7,€,m) = G(0,0,€, 0)lpe (r,m) dy dr} de do,
and

[ {16001 [ o - o0l trmandr | aas,

respectively.
Let us recall that, for 1o = max(||ug||oo, [Vo]lec), f satisfies the
Lipschitz condition

f(u) —f()| < Mlu—v|,  V|u| |v]<7o.
Then we have for any |u,|, |vi| <rg,i=1,2,and j =1,...,d,

[sgn(uy —v1)(f;(w1) — f;(v1)) — sgn(uz — v2)(f;(u2) — f;(v2))|

< M(Jup — ug| + |vr —v2])
(5.32)

Indeed, defining
9(¢w) = sgn(C - w)(f5(C) = f5(w)),

one gets for almost all |{], |w| < ro

o )
a_cg(c"“) = sgn(¢ —w) £;(0),

gau_)g(cvw) = —sgn{¢ —w) fgl(w)

and the statement (5.32) follows. In particular, putting f; = Id we
obtain (for all u;, v; € R)

l|u1—v1|—|uQ—U2||§|u1—u2|+|v1-—v2|. (533)
Using (5.28), (5.32) and (5.33) we conclude that
|G(U1 T»Eﬂ?) - G(O’,O,E,O)l <a (M) ¢)(|u(0 + T’f + 77) - U(O', 6)'
+[o(o = 7,6 =) — (0, ) (5.34)
Note that

|pe| < cpe™ (Y, (5.35)
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which together with (5.34) gives

Ae <czem (Y /

K

+ |v(e = 1,& — 1) —v(0,€&)|dn dT} d€do .

{/ lu(o + 7§ + 1) — u(o, )|
Ce

But v € L& _((0,00) x R?Y), and thus for almost every (o,€) €
(0,00) x R* we have

1

EE}&m/@ lu(o + 7,& + 1) —u(o,&)|dndr =0

and therefore also

lirgl+ g~ (d+1) / / lu(c + 7,&€+n) —ul(o,&)|dndrdédo =0 .

In the same way we obtain

lim E_(d+1)/ / lv(o = 7,6 —n) —v(0,€)|dndrdéde =0 .
KJC

e—0+

Therefore we proved

lim A, =0 . (5.36)
e—0+

Due to (5.35) we have

£

1
[ xen = @0l pu(rmdndr < iz [ Inior) = xie0)ar

—€

and therefore

B<-// (0,7) — x(0,0)| dr do .

From the properties of the function y it follows that

) e |
/ / Ix(o,7) — x(0,0)|drdo = / do dr = £2
RJ—e —eJ0

and thus

11m+B =0. (5.37)

The statement of the lemma follows from (5.31), (5.36), (5.37). =

The following theorem is due to Kruzkov [1970].
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Theorem 5.38 (Kruzkov) Let f € CY(R)%. Let u and v €
L>(R* x R?) be two entropy solutions of the problem (1.2) for
initial conditions ug and vg € L®(R?), respectively. Put

M = max{|f'(¢)], [¢] < max{[[uolloo, lvolloc}}.  (5.39)
Then for all R > 0 and almost every t > 0

/ lu(t, @) —v(t, z)| dx < / lup(x) — vo(z)| dz. (5.40)
Br

Brymt

Proor : We define for a given R, T > 0
Drr={(t,2) € [0,T) x B [a| < R+ M(T - )} .

Let us start with an approximation of the characteristic function
of the set Dg 7. Again we use the following approximation of the
Heaviside function:

A
Y= [ eds)ds,
where p. is a mollifier with support in [—¢,¢]. For arbitrary but
fixed 6 >¢>0,0>0,T > 6, we put
o(t,z) = (Ye(t —8) - Ye(t = T))(1 - Yo(lz| - R— M(T —t))) .
It is obvious that ¢ € D((0,00) x R?), ¢ > 0, and
1 for|z| <R+ M(T-t)-6
ande+6<t<T—¢,

t =
PHD =Y 0 for o] > R+ M(T 1) +6
ort<bd—cort>T+e¢.

(5.41)

For such a ¢ the weak form of the inequality (5.22) reads
| [ e vlteee =9 = 0= 1)
x (1 -Ys(Jz| - R— M(T —t)))dzdt
- [T [ -9 -ve-1)
0o Jre |
x { Ml ~ ol + sgalu = ) (W) — f3() T}
X pe(lz) = R— M(T —t))dxdt > 0.
(5.42)
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We have
Yo(t—6) - Yi(t=T) >0

for t > 6 and

jsnte = )(750) = £, 5] < Mlu =]

Thus the second integral in (5.42) is non-negative and therefore we

get
| [ vlontt =) =0 -1)
o Jpd
x (1 =Yy(lx| = R—M(T —t)))dxdt >0 .
We now let 8 tend to 0+. From the Lebesgue dominated conver-

gence theorem it follows that (see (5.41))

/D |u—v|(pe(t —8) —pe(t =T))dxdt >0, (5.43)

€
R.T

where
Rr={tz), ol <R+ M(T -t),6 —e<t<T+e}.
Denoting for fixed to € [0, T
Su0 = {(to,2), 2] < R+ M(T = to)} = {(t,2) € Dt = fo}
we can rewrite (5.43) as
[Tt =9 == [ futeo) - vl > 0.
0 = (5.44)

Introducing the function w : Rt — R by

w(t) = lu(t, z) — v(t,z)| da,
St

we see that (5.44) is nothing else than
we(6) —w(T) >0 .

Now, w belongs to L>*°(R*) and therefore w. — w in all Lebesgue
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points, i.e. almost everywhere in Rt. Thus we get in Lebesgue
points 6, T.9

|u(8, z) —v(b,z)|dx > / |u(T, z) —v(T,z)|dx.

Sa Br

The triangle inequality and Lemma 5.12 imply

/ (T, z) —v(T,z)|dz < / |uo(z) — vo(z)| dz
Br

Brimr
for all Lebesgue points. n

Now we are ready to prove Theorem 5.1.

PRroOOF (of Theorem 5.1): By applying (5.40) to ug(z) = wo(z)
one gets u(t,z) = v(t,x) for all Lebesgue points t € RT, which
gives u = v almost everywhere. ]

Remark 5.45 Uniqueness of the entropy solution to scalar con-
servation law (1.2) can be shown under weaker assumptions on f.
Namely, suppose that ug € L>°(R?) and that f satisfies the follow-
ing generalized Lipschitz continuity condition:

| fi(u) = fi(v)| Swz‘(|u—v|) 1=1,...,d, (5.46)

for all u, v € [-K, K], where K = |lug|loo and w; € C ([0,2K]) are
convex functions, w;(0) = 0, such that

Hw, < cuu a-1

Then it is shown in KRUZKOV AND PANOV [1991] that there exists
a unique entropy solution to scalar conservation law (1.2). Easily,
any f € CO1(R)¢ satisfies (5.46).

Moreover, the condition (5.46) is sharp in the following sense:
there exist f;, fo € C(R) which do not satisfy (5.46) and a function
up € L (R?) such that there exists a one-parameter family of weak
entropy solutions to corresponding scalar conservation law (1.2) in
two space dimensions. Such an example is explicitly constructed in
KRUZKOV AND PaNOV [1991, Example 2].

T Note that S = Br x {t = T}.
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2.6 Conservation laws in bounded domains

In the following sections we would like to show similar results con-
cerning the existence and uniqueness of solutions to the hyperbolic
conservation law as in the sections before, but now for bounded
smooth domains. Namely, we show that even when boundary and
initial data uP and u°, respectively, are only in the space L*, it is
possible to define a well-posed initial-boundary value problem for
the scalar hyperbolic conservation law which admits a unique (en-
tropy) solution u € L*. More precisely, uniqueness is established
for f € C' (see Theorem 7.28), whereas existence is obtained for
f € C? (see Theorem 8.20).

Moreover, here we will also use the vanishing viscosity method
to obtain the desired result. Our aim is to search for a solution
u € L™ even in the case of bounded domains, i.e. in the same class
as for the Cauchy problem in the whole space. The main problem
in this approach is that in general an L*°-function does not admit a
trace at the boundary. This difficulty was overcome in the elegant
paper by OTTO [1992], who introduced the so-called boundary
entropy-entropy flux pairs, which turned out to be a proper
tool to establish the well-posedness of the problem. In a sense, the
remainder of this chapter is nothing other than a treatment of a
special case from the unpublished PhD thesis of OTTO [1993]. In
particular, a part of the exposition and all proofs we give here
follow the lines of Otto’s thesis.

Let us note that all previous results concerning bounded do-
mains need, to the knowledge of the authors, the solution u of the
problem to admit a trace in some sense. For more details we refer
to LE Roux [1977] (he obtained a unique solution « € BV N L*,
under the assumptions d = 1, u®,u?” € BV, f € C'), BARDOS,
LE RoUx AND NEDELEC [1979] (they obtained a unique solution
u € BV, under the assumptions «°,u?,f € C? for d > 1), LE
FrocH [1988] (he obtained a solution u which is piecewise continu-
ous, under the assumptions u®,u” € L*° f € C!, f strictly convex,
for u? depending on f and d = 1. This solution was proved to be
unique in the class of piecewise C! functions).

In the rest of this chapter, @ C R? will always be a bounded
smooth domain. Let us denote by 0 the boundary of  and by
v(z) the outer normal vector to 9Q at a point z € 9. As before,
we denote Qr = (0,7) x Q and T’ = (0,T) x 9.
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To denote the closed interval between points a and b, the follow-
ing notation will be used throughout the rest of this chapter:

I[a,b] = [min(a, b), max(a,b)].

In what follows we will look for solutions u € L®(Qr) of the
initial-boundary value problem for the scalar conservation law

)
2 divf(w) =0  inQp,

ot
u(0,)=u® inQ, (6.1)
u=u” onT.

Let f € C'(R)*. We say that (1,q), @ = (q1,...,q4), 1, ¢; €
C?(R), is a convex entropy-entropy flux pair, if

n"(z) >0 and ¢j(2) =9'(2) fi(2)

forall z € R, 7 =1,...,d. By an entropy-entropy flux pair we will
always mean the convex one, at least in the rest of this chapter.

We will consider weak entropy solutions u € L>®(Qr) of the
scalar conservation law, i.e., bounded measurable functions u sat-
isfying both the integral identity

/ / — + fi(u g;/)] dedt=0 (6.2)

for all ¥ € D(Qr), and the entropy inequality

/ /n +qJ )gj dzdt >0 (6.3)
J

for all ¢ € D(Q7T), ¢ > 0, and all entropy-entropy flux pairs (7, q).
Before we formulate the sense in which boundary data on I' for
solutions of (6.2) and (6.3) will be assumed, let us recall some
specific difficulties occurring in the boundary-value problem for
hyperbolic conservation laws.
Consider for a moment the parabolic perturbation of (6.1) given
by

a;t (u®) —cAu® =0 in Qr,
u®(0,-) = u in Q, (6.4)
w=uP onl,

¢ > 0. It is well known that for sufficiently smooth f there exists a
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unique smooth solution u® to given sufficiently smooth initial and
boundary value data u® and u”, respectively, satisfying suitable
compatibility conditions at 9Q2—see Section 2.8 or the Appendix
for more details.

The situation drastically changes for ¢ = 0. Let us consider for
a moment that there exists some smooth solution u of an equation

% +divf(u) =0 in Qr. (6.5)

This solution automatically satisfies both (6.2) and (6.3). Let u
have the value u(p) at the point p = (t,x) € Q7. It is well known
(from the method of characteristics) that u is constant along the
maximal segment of the characteristic line in Q7 containing point
p, l.e., along the segment

o (t+o,z+af'(u(p))) . (6.6)

Now, if this segment intersects both {0} x @ and T', the solution
u would in general be overdetermined if both (independently pre-
scribed) initial and boundary conditions were expected to be as-
sumed in a classical sense. In connection with this observation, we
note that since the slope of the segment (6.6) depends on f, it
would be appropriate to require a formulation of boundary condi-
tions involving in some sense a function f.

Let us therefore modify the notion of a boundary value prob-
lem for (6.1) starting again with smooth solutions to (6.5). Let
(to,x0) € T be a boundary point for which all the characteristics

o (to + 0,20 + o f'(k))

emanating from (to,xo) enter into Qr, as o increases, indepen-
dently of the value k they transport, i.e., where

f'(k) - v(zo) <0 VkeR. (6.7)
In such a point the prescribed boundary data should be assumed,
ie.,
P

u(to, x0) = u” (tg, o) .

If, on the other hand, the opposite takes place, i.e.,
f'(k) - v(zg) >0 VkeR, (6.8)

the prescribed boundary data should be ignored. Of course, for
nonlinear f there can be boundary points (tg,z9) € T for which
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neither (6.7) nor (6.8) happens. At these points we would like the
following condition to hold: if the prescribed value u?(tg, z0) is not
assumed, then the characteristic line, carrying the actual boundary
value u(to, zo), should emerge from the interior of Q7, i.e.,

u(to, zo) # u”(to, 7o) should imply f'(u(to,z0)) - ¥(z0) > 0.

Unfortunately, the above listed set of ‘boundary conditions’, de-
rived from the behaviour of a smooth solution to (6.5), is not suit-
able for the generally non-smooth solutions. (In fact, with these
conditions, the uniqueness of, in general, non-smooth solutions,
would not be guaranteed—cf. OTTO [1993].)

Let us therefore consider the one-dimensional Riemann prob-
lem as a model problem for non-smooth solutions. That is, let
u € L*®((0,00) x R) satisfy both

/ / 22 et + /R wp(0) =0 (6.9)

for all ¢ € D( ]R) and

><
/ / )g—(’; drdt >0 (6.10)

for all p € D((0,00) xR), ¢ > 0, and all entropy-entropy flux pairs
n, ¢ € C*(R). Here, the Riemann initial data uo are defined as

() {uo_ for x <0, (6.11)
z) = .
uo ul forz >0,

ul, u® being given constants. Therefore, ug € L™(R), and there is
a unique u € L ((0,+00) x R) satisfying (6.9)-(6.11), cf. Theorem
5.1.

Now, consider a function ¥ (¢, z) = ¢(at, azx) for fixed a > 0. We
see that v is a test function for (6.9) (or (6.10)) if and only if ¢ is
a test function, too. Thanks to this and the particular structure of
initial data (6.11) it follows that the weak formulation (6.9)-(6.10)
is invariant under transformations of the form

(t,z) — (at,az), a>0.

Therefore, if u is a weak entropy solution to (6.9)—(6.11), so is
v(t,z) = u(at,az), a > 0. Then, the uniqueness result gives us for

a >0,
u(at,az) = u(t,z) for a.e. (t,z) € (0,00) x R.
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In other words, u depends on the ratio z /¢ only. Thus, there exists
a p € L*®(R) such that

u(t,z) = u(%) . (6.12)

Relation (6.12) allows us to construct explicitly a uniquely deter-
mined weak entropy solution to the Riemann problem (6.9)-(6.11).
We will outline this only for given u® < uf and f € C*(R) with
finitely many inflection points. For more general discussion we refer
to GODLEWSKI AND RAVIART [1991].

Let us consider f : [u®,u%] — R, the lower convex envelope of
f on [u(l,ug]. Then the interval [u(l,ug_] splits into finitely many
subintervals on which either

1. f: f and f is convex; or
2. fis affine and f < f in the interior of such an interval.

We can number the subintervals in such a way that [uz;, u241]
always corresponds to an interval of the first type and [uziy1, unito]
always corresponds to an interval of the second type.

Consider the interval [uz;, u2,+1]. In the interior of this interval
we have f” > 0. Hence, (f’)~! is well-defined and we can put

we)=(f)"Ha)  forae (f'(uz), f'(uzisr)) . (6.13)

In such a way, u is defined on the whole interval (f'(u®), f'(u%))
except for the points a; = f'(uzi+1) = f'(u2:42) (to which the
remaining intervals [f'(u2i11), f'(u2:12)] reduce). At those points
the function p has a jump discontinuity such that

ploi—) = uzitr, (6.14)
plai+) = uzita .

Since f is affine on the intervals [u2i41, u2:42] of the second type,

u2i+2) = flugi
ai:fl(u%—}—l): f( 2+2) f( 2-{-1)7
U2i4+2 — U241
which means that for the jump (6.14) the Rankine-Hugoniot con-
dition is fulfilled as the solution u(t, ) jumps across {z/t = a;}.
Finally, we define on the remainder of the real axis
o) =u’  Vae (oo, f/(ul)],
pla)=uy  Yae[f'(uf) 00).

These are the only intervals on which p is constant.

(6.15)
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Now, (6.13) and (6.15) imply that on (f'(uz:), f'(u2i+1)) we
have the equality f'(u(a)) —a = 0, while on (—oo, f'(u°)) and
(f'(ul),00) we have p'(a) = 0. Combining both, we obtain that
on R\ {a;} it holds

f (@) (@) — ap'(a) = 0. (6.16)

From (6.12) we deduce that (taking into account a = x/t)

—ap(a) = 1 2(t,2),

ot
Ju
! = —
o) =to(t ),
which converts (6.16) into
Ju .\ Ou

This means that u, defined by (6.12), (6.13), (6.15), is a classical
solution on (R* x R) \ {¢ = a;z}. Since the Rankine-Hugoniot
condition is satisfied on all jumps, we get that u is a weak solution
to our Riemann problem.

We show that u is also an entropy solution. Since u is a piecewise
C! function, the entropy inequality is trivially satisfied in domains
where v € C!. If u jumps from the value uy to the value ug,
uy < up, as r increases, the Rankine-Hugoniot condition

s(ur —ur) = f(ur) = flur) (6.17)

is fulfilled. Moreover, our construction ensures that the graph of f
lies above the chord connecting the values f(ur) and f(ug), i.e.,

FOwur + (1= Nugr) > Mf(ur) + (1= ) fur), (6.18)
for A € [0,1]. Setting k = Aug + (1 — A\)ug we obtain
Flur) + flur) — 26 (k) < (A= 1)(F(ur) - f(ur))
C2 5 (@A~ 1)(ur - ur)
= s(ug +ug —2k)
s (Jur — k| = |ug, — KI).

Since uy, < k < ug, the left-hand side can be written as

sgn(ug — k) (f(ur) — f(k)) — sgn(ur = k)(f(ur) — f(k)).



CONSERVATION LAWS IN BOUNDED DOMAINS 101

Altogether we have shown that

s(n(ugr) = (ur)) > qur) — qlur) (6.19)
for a non-smooth entropy-entropy flux pair (cf. (5.2))
= |u—k|,
lu=H (6.20)

glu) = sgn(u — k) (f(w) - f(K))

with vy, < k < ug. Further, for £ <y or ur <k, the equality in
(6.19) follows trivially from (6.17). Therefore, the entropy inequal-
ity is satisfied for all 7j(u) = |u—k|, k € R, and corresponding gs. As
we have already observed (see e.g. Remark 5.7), this implies that u
is an entropy solution. We conclude that we have constructed the
only weak entropy solution of the problem ({6.9)—(6.11).

From the construction one easily deduces that y is a monotone
function, so that lim,_q— u(a) exists. Moreover, this limit is equal
to the lowest point at which a global minimum of f on the interval

[u®,ul] is achieved. In other words, in the case of u% < uf

p(0-) = lim u(a)

=min{z € T[u®,ul]: f(2) < f(k) VEk € T[u®,ul]}.
Similarly, in the case of u® > u§ it can be shown that

1(0-) = max{z € T[ul,u’] : f(k) < f(z) Vk € T[ul,u’]}.
In both cases we particularly have that for all k € Z[p(0-),ud],

sgn(p(0—) — ul) (f(u(0-)) = f(k)) 2 0. (6.21)

Let @ be the solution of the Riemann problem above, but now
with initial data given by u®, a9 . Let us assume that also in this
situation a condition analogous to (6.21) is fulfilled, namely that

sgn(fi(0-) — ul) (f(5(0-)) — f(k)) >0 (6.22)
for all k € Z[f(0-),ul ], where

;z(ft”-) =t z). (6.23)

From the definition of 4(0—) and 1(0—) and assumption (6.22) it
can be seen that
f(0-) = p(0-). (6.24)

Let us show this equality in the case of v < a} <uf.
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Suppose that (6.24) does not hold. Since %(0~) € [u?,%%] and
1(0-) € [u®,ul] are the lowest points (of the respective intervals)
at which a global minimum of f is achieved, the inequality in (6.24)
would imply that p(0-) ¢ [u%,%}]. Consequently, u® < fi(0-) <
a3 < p(0-) < u§ and f(u(0-)) < f(f(0-)). On the other hand,
(6.22) implies f(%(0-)) < f(k) for all k € [(0~),ul], which is a
contradiction for k£ = £(0—). All remaining cases can be discussed
similarly.

Now, since p and i are constructed using the same nonlinearity
f (cf. (6.13)—(6.15)), and achieving the same value both in —oo

and 0—, we conclude that
pla) = pla)  Va€ (-o00,0)

independently on the difference between u$ and @S .

It follows that the solution u of the Riemann problem corre-
sponding to the initial data u®,u$ coincides in (0,00) x (—00,0)
with the solution @ of the Riemann problem with initial data

u?,u if and only if

sgn (a(t,0-) — ul) (f(a(t,0-)) - f(k)) >0 (6.25)

holds for all k € Z[u(t,0—),u%] and t € (0,00) (cf. (6.23)).
Thus we see that for the ‘Riemann’ initial-boundary problem

%f - 8J(;iu) =0 in(0,00) x(~00,0),
u(0,2) =u’  on (-00,0), (6.26)

u(t.0) =uP on (0, 00),

u® = const., uP = const., the boundary condition u(t,0) = u?

considered in the sense of (6.25) ensures the uniqueness of the
entropy solution. In this special case there are only two possibilities:
if u(t,0) = uP for all t € (0, 00), (6.25) is satisfied trivially. On the
other hand, if u(¢,0) # uP, our construction ensures that u(t,0)
is determined by (6.25) uniquely, independently of the prescribed
value u? (cf. Lemma 7.24).

The aim of this section was to convince the reader that the
heuristically developed condition (6.25) plays a crucial role in the
problem of uniqueness. We will see that in the general situation
the formulation of a well-posed boundary value problem will be an
infinitesimal copy of the one above.
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As it turns out, the problem of uniqueness is more important
than the problem of existence in the context of bounded domains.
Therefore, we will study the problem of uniqueness in the following
section. After that, an existence result will be presented.

2.7 Uniqueness in bounded domains

First of all we need a new notion, namely that of a so-called bound-
ary entropy-entropy flux pair.

Definition 7.1 The pair (H,Q), Q = (Q1,...,Qq), H,Q; €
C?(R?) is called a boundary entropy-entropy flux pair if and
only if for all w € R, (H(-,w),Q(-,w)) is an entropy-entropy flux

pair in the sense of Definition 3.22 and H, Q satisfy
Hw,w)=0, Qw,w)=0, 0Hw,w)=0.

Here, 0, H denotes the partial derivative with respect to the first

variable.

Next we will give a definition of a weak solution to the initial-
boundary value problem (6.1). This definition as well as the inter-
pretation of boundary entropy-entropy flux pairs will be discussed
later. In particular, Lemma 7.24 will show that Definition 7.2 is
really motivated by the considerations from the previous section.

Definition 7.2 Let u® € L>(Q), u? € L>=(T), f € C*(R)¢. We
say that u is a weak solution of the initial-boundary value problem
(6.1) if and only if

u € L>(Qr), (7.3)

and satisfies:

e the conservation law and the entropy condition in the sense

/ 17(u)%(’t£ + qz-(u)g;p_ drdt >0 (7.4)

for all ¢ € DF(Q1), v > 0 and all entropy-flux pairs (1, q);
e the boundary condition u® € L>(T') in the sense

essi})iin i Qu(r + sv(r)),uP(r)) - v(r)B(r)dr >0 (7.5)

for all 3 € LY(T'), B > 0 almost everywhere, and all boundary
entropy-entropy flux pairs (H,Q);
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e the initial condition u® € L>(Q) in the sense

esshm/ [u(t,z) —u®(z)|dz =0 . (7.6)

Remark 7.7 Note that the weak formulation (6.2) of the conser-
vation law (6.1); is included in (7.4). Indeed, for a special choice
of n = +1d one obtains (6.2) for all non-negative test functions.
Equation (6.2) then follows by the usual method of splitting any
test function into its positive and negative parts which are molli-
fied appropriately. For further details see also Remark 7.22. The
condition (7.6) is quite usual (see for example KRUZKOV [1970, Def-
inition 1]). On the other hand, the boundary condition (7.5) was
introduced by OTTO [1992]. The formulation of (7.5) is motivated
heuristically (see previous section). However, we will see that it has
a precise mathematical interpretation, which corresponds to our
understanding of boundary conditions (see Lemma 7.24, Lemma
7.26).

Remark 7.8

o Let k € R be arbitrary but fixed. Define, for £ € N, the entropy-
entropy flux pair (1, q¢) by

nr= (1w () -
Qe(z) = /: np(r)f' (r)dr .

Obviously, (n¢,q.) converges uniformly, as £ — oo, to a non-
smooth entropy-entropy flux pair

(|Z - k|7F(Z)k)) 3
where
f(k)—f for 2 <k,
F(z, k) z{ (F) ~f(z)  forz< (7.9)
f(z) —f(k) forz>k.
Define a boundary entropy-entropy flux pair (Hy, Q) by
2\ 12 g
Hy(z,w) = ((dist(z,I[w,k]))2 + (Z) > -3
(7.10)

Qiz,w) = /Z O H,y (N, w)f (X)d)
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where 7 [w, k] is the closed interval with end points w, k. Obvi-
ously, this sequence converges uniformly, as £ — oo, to

(dist (z,Z[w, k]), F(z,w,k))
where F € C(R?)? is given by

(f(w) —f(z) forz<w
0 forw<z<k and w < k,
Flew k) = f(z) —f(k) fork<z
) f(k) —f(2) forz<k
0 fork<:z<w and w > k.
L f(z) —f(w) forw<z

(7.11)
e Assume g € L*(0,6). Then we have

1/n
lim inf n/ g(t)dt > essliminf g(t),
0 t—0+

n—oo

where essliminf; o4 g(t) = lim, .o essinfg1/,) g(t). Indeed,
we have for almost every t € (0,1/n)

t) > essinf g(t
g(t) > (01/m) g(t)
and thus

1/n
n/ g(t) dt > essinf g(t)
0 {0,1/n)
and the assertion follows.
e Similarly we get

1/n
lim sup n/ g(t) dt < esslimsup g(t).
n—00 0 t—0+

Therefore, combining the above results, we obtain the following
assertion: if for ¢ € L°°(0,8) there exists esslim; .04 g(t), we
have

1/n
nlgx;o 11/0 g(t)dt = etsi%)lfl g(t).

Some interesting consequences of (7.4)—(7.6) are collected in the
following lemma.
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Lemma 7.12 Let F and F be defined by (7.9) and (7.11), re-
spectively.

o Let u € L>*(Qr) satisty (7.4); then

(91‘1'
for all p € D(Qr), ¢ >0, and all k € R.
o Let u € L*(Qr) satisfy (7.4), (7.6); then

T B By
/ /|u—k|~+Fi(u,k)——-da:dt20 (7.13)

T
3 dy , Ay 0
/O /qu bl +F1(u,k)a$i da:dtg/glu — k|(0) dz

— ess lirgl inf/ F(u(r + sv),k) - v(r)p(r) dr
s—0— r
(7.14)
for all p € D(R x R?), ¢ > 0, and all k € R.
o Let u € L>(Qr) satisfy (7.5); then

esslim | F(u(r + sv(r)),u”(r), k) -v(r) B(r)dr > 0
=0 Jr (7.15)

for all 3 € L}(T"), B8 > 0 almost everywhere, and all k € R.

PrROOF : The proofs of the first and the third assertion follow
from the first part of Remark 7.8.

It remains to show the second statement. In order to make the
argument simpler, we restrict ourselves to the case of a half-space,
ie.,

Q={z=(2',24) € R x Ryzq <0},

v=1(0,...,0,1),

= (0,T) x R, r={(t,z')erl,

Qr = {p = (7",1‘,1);7‘ el zy < 0}.

The general case can be obtained by the usual covering argument,
i.e., by considering that 92 can be locally replaced by the border
of a half-space. Notice that in this case we get an additional depen-
dence of the nonlinearity on the space variable z, but this implies
no additional substantial difficulties and the argument follows the
same lines.
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Let (n,q) be an entropy-entropy flux pair and let us define
Brn,n €N, by

—nTq fort > —zq4, x4 € (-1/n,0),
nt for zg < —t, te€ (0,1/n),
Bn(t,x) = _ B
0 forzgy=0, t>00rt=0, z4<0,
1 forzg < -1/n, t>1/n.

Let ¢ € D(R x R%), ¢ > 0 and use ¢, = @B, as a test function in
(7.4). We obtain:

05%3&“”@%** £]+()[ B + £ﬂmm

=L+ - +1,.

(7.16)
Note that (3, is not smooth enough to be a test function in a
classical sense. Nevertheless, (7.16) is meaningful, as the derivatives
of 3, are defined almost everywhere on Qr.

loc

Since 8, =3 1 (uniformly on compact sets, as n — oo) and ¢ has
compact support, we have, for the first and third integral in (7.16),

: so
nler;o / / 8t Bn drdt = / / dzx dt,
- 90
lim / / q; (u ﬂn dxdt = / / q:(u d:c dt.

From the definition of 3, it is clear that we can consider

(7.17)

aﬁn_{n for x4 < —-t,t €(0,1/n),

ot 0 elsewhere,

and therefore

1/n p—t
I :n/ / / n(u(t,z)) o(t, ) dz’ dzg dt
0 —oco JRI-1
1/n p0
=n / / / n(u(t,z)) p(t, z) da’ dzy dt
0 —oo JR4-1
1/n 00
—n/ / / n(u(t, z)) p(t,z) dz’ dzydt
0 —t JRAI-1

EI5+I(;.
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We show that the integral I tends to zero for n — oo. Indeed,

1/n 0
[ls] <n In(u(t, z)) ¢(t, z)| dz’ dxq dt
/0 /—l/n /R"-l ’ (7.18)

1
<Sn—c —0 asn— oo,
n
where
co = co(n, @, ||u]loe) < 00.

Further we have

1/n
Is—n/ / u(t,z)) o(t,z)dz dt
ETL/ g(t)ydt.
0

Note that esslim o4 g(t) = [ n(u®) ¢(0) dz exists thanks to (7.6)
and therefore due to the thlrd part of Remark 7.8 we have

1/n
lim n/o /gzn(u(t,z))cp(t,z) dzdt:/ﬂn(uo)cp(o)da:. (7.19)

n—00

The integral I; can be treated in a similar way. Using

B, { —ny; fort > —z4, x4 € {(—=1/n,0),
dz; |0 elsewhere,
we find

0 T
n=-n [ [ vt et.e)d’ dides
—l/n —Zq Rd-1
0 T
= —n/ / / vigi{u(t, ) p(t,z) dz’ dt dzg
—-1/nJ0O R4-1

0 —zg
-n / / / vigi(u(t, z)) p(t, z) dz’ dt dzg
—-1/n J0 RA-1

EI7+I8.

Again we can show that {(cf. (7.18))

lim Is =0 (7.20)

n—oo
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and rewrite I; as

0
I; = —-n / Wzg)dzg .
—-1/n

From the second part of Remark 7.8 and I' = (0,7) x R*! it
follows that

0 T 4
liminf/ / / nvigi(u(t,z',zq))p(t, o', x4) da’ dt dzy
-1/nJ0 JR4-1

n—0o0

> esslim inf/ gi{u(r + sv))vp(r) dr (7.21)
r

s—0—

+ esslim inf /1“ @i (u(r + sv))vi(o(r + sv) — o(r)) dr,

s—0—

where the last term is zero due to the smoothness of . Hence,
from (7. 16) 7. 21) we have

(9

/n(uo) (0 )da:—esshmlnf/ J(u(r + sv))vp(r) dr,
Q r

s—0—

which is (7.14) for smooth entropy flux pairs. Using now the ap-

proximation of (|z — k|,F(z,k)) defined in Remark 7.8, we easily
obtain the assertion. n

Remark 7.22 Note that also in the case of a bounded domain,
(7.13) together with u € L*>°(Qr) imply the integral identity

// — + filu ¢ zdt =0 (7.23)

for all ¥ € D(Qr). Indeed, since the smooth function ¢ > 0 in
(7.13) can be chosen arbitrarily, it is obvious that (7.13) for k =
tluf|oo implies (7.23).

The following lemma connects our understanding of the bound-
ary conditions in the sense of (7.5) with the condition (6.21), cf.
assertion no. 5 of the following lemma.

Lemma 7.24 Let uP € L*°(T) and u € L*(Qr) be given. Fur-

ther, let u assume some boundary value u” € L*>(T') in the sense

esslim [ |u(r +sv(r)) —u"(r)|dr =0 .

s§—0— r
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Then the following statements are equivalent:

1. (u,uP) satisfy (7.5);

2. (u,uP) satisfy (7.15);

3. for H*-almost alll r € T and all entropy-entropy flux pairs (n,q)
we have

q(u’(r)) - v(r) 20
provided that n'(uP(r)) = 0 and q(uP(r)) = 0;
4. for H*-almost all r € T we have
F (1),uP(1), k) - (1) > 0

for all k € R;
5. for H¢-almost all r € T we have

sgn(u’ (r) —uP(r)(E(u”(r)) -v(r) — £(k) -v(r)) 2 0
for all k € T[u"(r),uP(r)].

PROOF :
The implication ‘1 = 2’ was proved in Lemma 7.12.
‘2 = 4’: From the assumptions and (7.15) it follows for fixed

k € R that
/F Fam,uP(r), k) - v(r) B(r) dr

= ess %im F(u(r + sv(r),uP(r),k) -v(r) B(r)dr >0
s—0— Jp

for all 8 € L}(T'), 8 > 0 almost everywhere. Therefore, there is a
set E, H*(E) = 0, such that

F (r),uP(r),k)-v(r) >0 VkeQ, Vrel\E.
This and properties of F imply 4.

The implication ‘4 = 5’ follows immediately from the definition
of F.

‘5 = 3’: For an entropy-entropy flux pair (n,q) with n'(w) =0,
q(w) =0 we get
a() = [ a"(E) — ).

w

This formula shows that 5 implies 3.

Il By H? we denote the d-dimensional Hausdorff measure.
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‘3 = 1”: For all boundary entropy fluxes Q and 8 € L}(T'), 3> 0
almost everywhere, we obviously get

0< [ QU ().uP() - wr) Br) ar
= ess lim/ Qu(r + sv(r)),u?(r)) -v(r) B(r) dr,
r

s—0—
which is (7.5). n

Remark 7.25 The formulation of statement no. 5 of the previ-
ous lemma corresponds to the formulation of the boundary value
problem in BARDOS, LE ROUX AND NEDELEC [1979]; compare it
also to (6.21). Statement no. 3 is a special case of the ‘boundary
entropy condition’ due to DUBOIS AND LE FLOCH [1988, Theorem
1.1]. Note that both 3 and 5 need the existence of a trace u”.

All statements of the previous lemma are equivalent only in the
case that the existence of a trace u” is assumed, despite the fact
that some of the statements do not involve u”. In the following
two lemmas we will see that there is a subset I'p C T, depending
on f, on which the existence of u™ = u? can be deduced from
(7.5). Moreover, there is a subset 'y C T, depending on f, on
which the boundary condition (7.5) is trivially satisfied (see Lemma,
7.27). Compare also the definition of I'p and T'y to (6.7), (6.8),
respectively.

Let f € C1(R)?. Define the Borel sets I'p,T'y C T by

'y = {r € T, the function ‘z — f(z) - ¥(r)’ is non-decreasing},

I'p = {r € ', the function ‘z — f(z) - v(r)’ is decreasing} .
Lemma 7.26 For every u € L™(Qr), u” € L*=(I") satisfying
(7.5), we have

ess%im lu(r + sv(r)) —uP(r)|dr =0,
s—0— o

with I'p defined above.

PROOF : Let us use (7.5) with the boundary entropy-entropy flux
pair (Hy, Qg) defined by

He(z0) = ((z )+ (%)2)1/2 -1,

Qe(z,w) = / OLH,(M\, w) £'(\) dA.
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Letting ¢ — oo we obtain

esslim/F F(u(r 4+ sv(r)),u?(r)) -v(r) B(r)dr >0

s—0—

for all 3 € L'(T'), 8 > 0 almost everywhere. Using the characteris-
tic function of the set ['p as a test function 8 we obtain
F(z,w) v(r) = —|f(z) - v(r) — f(w) - v(r)|

for all (z,w) € R? and all r € T'p. Therefore, there is an H1-null
set E such that

Tim [ [+ s0() ()~ SuP () vl dr = 0
s¢E o

and for a subsequence of {s¢}; C (—00,0) \ E, still denoted s,
el_lglo fu(r + sev(r) v(r) =f@P(r)) -v(r) foraarelp.
Due to the monotonicity of f - v(r) on I'p we get
El_lglo u(r + sev(r)) =uP(r) foraa.relp.
Using the Lebesgue dominated convergence theorem we conclude
that

lim lu(r + sev(r)) —uP(r)|dr = 0.

{—o0 p

Lemma 7.27 For every u € L®(Qr) and uP € L*(T") we have
ess%im Q(u(r + sv(r)),ul(r)) -v(r) B(r)dr > 0
s—=0- Jry
for all 3 € LY(T), B > 0 almost everywhere, and all bound-
ary entropy-entropy flux pairs (H, Q). Here, T'y is defined before
Lemma 7.26.
PROOF : Due to the definition of a boundary entropy-entropy flux
pair we have

Qw,w)=0, &Hww) =0, 0HHMw) >0

and therefore

Q(z,w) = /z OLH(Aw)f' (\)dX,

w

sgn(A —w) S H(A\,w) > 0.
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Finally, if r € Ty, we have f'(\) - v(r) for all A € R. Hence,

Q(z,w) - v(r) = / SHMNw) ' () - w(r)dr >0,

which implies the assertion. [ ]

Now we will formulate two theorems which we will prove in the
remainder of this section. The L!-contraction property, proved in
the first theorem, implies uniqueness of weak solutions and the
second theorem gives an equivalent formulation of (7.4)-(7.6).

Theorem 7.28 (Uniqueness) Let f € C'Y(R)* and let F be
defined by (7.9). Let (u;,ul,u?) € (L=°(Qr) x L>(T) x L=(Q)),
1= 1,2, satisfy (7.3)—(7.6). Then

T 9 d
——/ / |uy —u2|—ﬁ +F,-(u1,1tg)a/j
/|u1—u2|6 d$+/d1am (f-v,Zuf,ud])Bdr

holds for all 3 € D((~o00,T) x R), where

diam (f - V(T),I[ulD(r)vu?(r)])
=sup{[f(z1) - v(r) = f(z) - v(r)l;z1, 22 € T[uf (r),ud ()]} .

Moreover, for almost all t € (0,T) we have

/|u1 — uy(t |d®</|u1—u2|dr

+M/ / luP —ul|drds,
Jo Joq

where M is the constant of Lipschitz continuity of f, restricted on
the ball with radius max{||u;]|co, [|uP]|oo, 4l oo }-

(7.29)

(7.30)

Theorem 7.31 Provided that (u,u?,u) € (L>=(Qr) x L=(T) x
L*>(Q)), the formulation (7.4)~(7.6) is equivalent to the statement

that
T a3 o
- [ [ AR+ an g

/Hu k)p d’L‘+M/H k) Bdr

(7.32)
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holds for all 8 € D((—o00,T) x R?), 8> 0, k € R, and all boundary
entropy-entropy flux pairs (H, Q).

Again, M is the constant of Lipschitz continuity of f, restricted
on the ball with radius max{||u||co, [|t? ||oo, |u°]lco }-

Remark 7.33

o Let us emphasize that due to Theorem 7.31, the statements
(7.4)—(7.6) are formulated weakly enough to be stable under L!-
convergence. That is, if (ug, uP,u?) is a sequence of solutions
which converges in L! as ¢ — oo, then the limit (u,u?,u°) also
satisfies (7.4)-(7.6). On the other hand, the formulation (7.4)-
(7.6) is strong enough to ensure uniqueness and even more, con-
tinuous dependence on the data (see Theorem 7.28).

e Theorem 7.31 implies the following maximum principle:

supu < max(sup uP supu®),
Qr Q

inf u > mm(mfu mf uP).
Qr

Indeed, using (7.32) with the boundary entropy-entropy flux pair

Hy(z,k) = ((max(z - k,O))2 + (%)2)1/2 - %,
Q(z2,k) = /k O Ho(\, k) £ (X) dX

where

k = max (sup u?, sup u®)
r Q
and letting £ — oo, we obtain

08 .. . 0B
—_— : t >
/ /max - k,0) 8t + F; (u,k)GZidxd >0,

where
f(z) —f(k) forz2>k,
+ =
(ZJC)—{O for 2 <k.

In particular, for 8(t,z) = a(t)y(z),y = 1 on 2, we have

/T/ max(u(t,z) — k,0)dza/(t)dt > 0
o Ja
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for all @ € D((—00,T)), @ > 0, and thus
/ max(u(t,x) — k,0)de =0 for a.a. t € (0,T).
Q

o If the existence of a weak solution to (7.4)-(7.6) for smooth
boundary and initial data has already been proved, we will be
able to show that the problem is solvable under only the assump-
tion that u?, u® are L*-functions. Let us sketch the proof of this
statement: for given u? € L>°(T), u® € L=(Q), let uP € C§°(I)
uf € C§° () be such that

k]

Zlim uf =uP in LY(T),
elim uf = u° in L'(Q).

Knowing that our problem is solvable for smooth data, we also
know that due to the second part of Theorem 7.28, the solutions
{u¢} form a Cauchy sequence in L'(Qr). Moreover, due to the
maximum principle, they are bounded in L®(Q7). Therefore,
there is a u € L*°(Qr) such that

lim uy =u in LY(Q7).

{—o0
Due to the first part of Remark 7.33, this u solves (7.4)—(7.6).
In order to prove Theorems 7.28 and 7.31, we need some lemmas.

Lemma 7.34 Let (H,Q) be a boundary entropy-entropy flux
pair and let u € L™ (Qr) satisfy

T
oy oy
- ; > .
/O /QH(u,k) g¢ + Qilw k)5 dudt > 0 (7.35)

for all vy € D(Qr), v > 0 and all k € R. Then there is a set E of
Lebesgue measure zero, such that

lim / Qu(r + sv(r),v2(r)) - v(r) B(r) dr
s—0— Jp
s¢E
exists for all 3 € LY(T), B > 0 almost everywhere, and all v €
L(T).

Moreover, if u additionally satisfies for some u? € L>(T")

T
—/ /H(it,k)@+Qi(u,k)ﬁ(lxdtSM/H(UD,k)'ydr
o JQ Bt 31, r
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for ally € D((0,T)xR?%), v > 0 and all k € R, where M is constant
of Lipschitz continuity of f, then

esslim/Q (r + sv(r),uP(r)) - v(r) B(r)dr >0

s—0—

for all 3 € L'(T), B > 0 almost everywhere.

PRrROOF : In order to simplify the argument, we again restrict
ourselves to the case of half-space, i.e.,

Qz{x:(a:',s)E]Rd‘lxR;sExd<0}.
Then we have (cf. the proof of Lemma 7.12):
v=(0,...,0,1) € R*,
N =R x {0}, T=(0,T)xR"", r=(a)eTl,
Qr={p=(r,s);rel, s<0}.

Let w € Q and ¢ € D(T), ¢ > 0, be arbitrary but fixed. We
denote

n(z) = H(z,w) , q(z) = Qz,w) .
Then for v(r,s) = B(r) a(s) we obtain from (7.35):

0 0
—/ / a(u(r,s)) -v B(r)dra'(s)ds < C’/ a(s)ds
oo 1 e (7.37)

for all @ € D((—00,0)), o > 0, where

5} :
C=esssup|n(u)|/ ‘a—f‘dr+esssup|q(u)|/ [V Bldr.
Qr r Qr r

Using partial integration of the left-hand side of (7.37) and & > 0
we see that the function

S / q(u(r,s)) -vp(r)dr — Cs, (7.38)
r

after a possible modification on a set of zero measure, is non-
increasing on (—00,0). On the other hand we have

ess lim inf/rq(u(r,s)) cv B(r)dr > —esstup|q(u)|/Fﬂ(r)dr

s—0—
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From the monotonicity and the boundedness from below we infer
that

esslim [ q(u(r,s)) v B(r)dr (7.39)

s—0— r

exists. Provided that (7.36) is fulfilled, we get

_/_0 /q(u(r,s))-l/ﬁ(r) dr o (s) ds
< c/ ds+M/ r) dr a(0)

for all @ € D(R), a > 0. Now the special choice of a,(s) = (ns +
1)X(1/n,0) (mollified properly) and (7.39) imply for n — oo that

esstim [ atu(r,s)) - » () dr = =M [ (P (1) B
T T

In what follows the consequences of this inequality will appear in
parentheses.

Let J C D(T') be a countable set of non-negative functions such
that for all 8 € L}(T"), 8 > 0 almost everywhere, there is a sequence
{Be}e C J such that

Zlim Be =08 in LY(T).
Thus

lim mMm»vaM=/mwm»wmwm

{—oo Jp r

uniformly in s € (—00,0) and

hm/ mww-%mwwmmm

Due to (7.39) there is a set E,, of measure zero (recall that n and
q depend on w), such that for all g € J

lin Manfvﬂ0Mr<2—M%ﬁwD@DMMm)

s—0—
s¢E.. r

exists. Of course, this can be extended to functions 8 € L'(T),
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B > 0 almost everywhere, and therefore

lim /Q(u(r,s),w)-uﬁ(r) dr

s—0—

r
i (7.40)

(2 - [ #6200 80) o)

exists for all ﬂ € L'(T), B > 0 almost everywhere, and all w € Q.

Now let v? € L>(T) and 8 € LY(T), 8 > 0 be given. Further,
let {vED } be a sequence of simple functions with values in Q such
that

lim vP =v?” ae. inT.

{—o0

Thus (7.40) holds for all w = vP. On the other hand we have
Elim/Q r,8), 0P (r)) - v B(r)dr
= [ Qu(r9)0P(0) - 3l ar

uniformly in s € (—o0,0) and

lim [ H@P(r),oP () B(r) dr = /F H(uP(r), vP () B(r) dr .

£—oo Jp

Altogether we get that

llm/Q u(r, s) (r))-vB(r)dr

s—0
<2 -1 [ HGP0).0P ()0 o )

s¢E
exists, which implies the assertions of Lemma 7.34. ]

Lemma 7.41 Let (u,u®) € L>®(Q1) x L*(Q) satisfy

//!u— [—+F(uk) da:dt</[u — k| 6(0) dx

for all B € D((—00,T) x Q), B3>0, and all k € R. Then we have

esshm/lutm —u%(z)|dz =0.
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PROOF : With the same methods as in the previous lemma we
show

esshmsup/ |u(t, z) — k|B(z) dz < / |u®(z) — k|B(z) dx

t—0+4

for all B € L'(Q), 8 > 0 almost everywhere, and all k € Q. Thus,
we conclude that

esslimsup/ |u(t, z) — v°(z)|dz < / [u(x) — v°(z)| dx
t—0+ Jo Q
for all v° € L>°(Q) and the assertion follows. ]

Now we are ready to prove both main theorems of this section.

PRrROOF (of Theorem 7.28): Again we will show the theorem only
in the case of a half-space, where v = v(r) for all r € . We use
the same notation as in the proof of Lemma 7.34.

Let u be a solution of (7.4) and let

L 1\
Hizo) = (G-w?+ ) -,

Qi(z,w) = /z O Hy(\, w) £'(X) dX

be a boundary entropy-entropy flux pair. Lemma 7.34 now implies
that there is a set E of measure zero such that the limit

lim [ F(u(r,s),v? @) v B(r)dr (7.42)

s—0—
s¢E r

exists for all 8 € L(T'), 8 > 0 almost everywhere, and all v° €
L>=(T). Now let (u,uP) satisfy (7.4), (7.5) and therefore, due to
Lemma 7.12, also (7.13), (7.15). From the obvious relation

2F(z,w, k) = F(z,w) — F(k,w) + F(z,k), (7.43)
and (7.42), (7.15) we get

— ess glm F(u(r,s), k) -vB(r)dr
s—0— Jr

< ess%im F(u(r,s),u?(r)) - v B(r)dr
s—0- Jr

- /FF(k,uD(r)) v B(r) dr
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for all 3 € L1(T'), B > 0 almost everywhere, and all ¥ € R. This
and (7.13) give

T
o8 93
/O /Qlu Mg + Flu R dode

<esslim [ F(u(r,s),u?(r) - v3(r)dr (7.44)

s—=0—- Jp
—/F(k,uD(r))~u6(r) dr
r

for all 8 € D((0,T) x RY), >0 and all k € R.

Now let (u;,uP,ul)i=12 be two solutions of (7.3)—(7.6). From
(7.42) we infer that there exist 8;; € L°(I), such that for all
B € L}(T), 8 > 0 almost everywhere,

esslim | F(ui(r,s),u ( )-vB(r dr—/GU

s—=0- Jr

Note that we are using the convention 3(r) = 3(r,0) on I (see also
(7.44)). Let p € D(R**!) be a symmetric mollifier and set

. +p - -
Be(p,p) = ﬁ(%)ps(p -p) VYp,peEQT
for given 3 € D((O T) x Rd) 8 > 0. Hold p € Qr fixed and replace

n (7.44) (u,u®) by (u1,uf), k by uz(p) and 8 by S (-, p). After
integration over p € QT we get

5 {mo - worg (57)

+ F )0 3 (P52) oo - 5 dpds

/T/QT |u1 (p) — uaf )Fi‘(? p)

+ B @), us (7)) 22 (0 - ) 13 (B4 ) dpdp

ox;
S/T/Ol,l(r)ﬂ (-

p)ﬂs(r—ﬁ)drdﬁ

/T/ (uz (), uP( )V/}(

)pa(r—ﬁ)drdﬁ
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Changing the role of u; and u;, and of p and p, we get

3 Jo i {re =G (52)

+ il i) g (57) oo - 9 dpap

[ [ (e - w1 -5)
+ Fius(), () 22 (0 - )} (222 ) apep
< [ [0 8(P5 ooy

/QT/ (1 (p). s )”5<p+r) (p—7)didp .

Adding these two inequalities we note that the integrals obtaining
%Ef and %’;—‘ vanish. Now, we are about to show that

3, [, [, {3 (52)

%(%)}Mp—ﬁ) dp dp

+ Fi(u1(p), u2(p))

(7.45)
= [ @) = ) G ) + F ) wa(p) 50
Denote
ti= [ [ {w e ()
+ Fi(ul(P)»Uz(ﬁ))gZ (B_“zt_?) }Ps(P - p)dpdp
) =120 570 + F ). w0) 376 dp

Further, denote
Ap=p—p
and
Q% ={peQr:p-ApeQr}.
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Then

7= [ oon) [ o) - A
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«{ G- % - a(p)} dpdap
) e

{2 —% §§<p>}dpdAp
o [ o) [ (1) - o - o)

~ Jur(p) — )|} o () dpdp
v [ e [ {Rene)ue-ap)
- R () us0)} o () dpdp

# [ {0 - w150 + R, me) 50

X {/QTpe(p—ﬁ)dﬁ—l}dp.

Therefore we get the estimate

1
|71] < esssup |ui(p) — u2(P)| sup / I ( )‘
(p$)€Q3 e 3t at

+ M|VB(p - 55p) - VB()|dp
v s [t 80— el 350 + M9 o

3}
+ esssup |u; — uz|/ ‘a—ﬁ(p)l + M|VB|dzdt
QT QE t

where

Q: ={(r,s) €Qr: —e <s<0}.
This gives (7.45).
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The same argument implies that

sll%‘+/T/T{lu2 _ul()g/:( 2 )

+ Fi(uz(ﬁ)’ul(p))gfi (&21)

= [ ) w1 % )

+ Fi(ua(p), () 5 (p) dp

) }ps(p —p)dpdp
(7.46)

Next, we have that

) T+p N
i | B(75") el =B dp =5 60),

e—0+

uniformly in r € I'. Note that the factor 1/2 on the right-hand side
occurs since r € I' are boundary points of a half-space.

Using this result, we can calculate the following two limits:

. r+p . -
s [, [ (5E) -

(7.47)
1
= 5/1“91,1(1‘)5(1‘) dr
and
gﬁ/ /hwm Y pelp — ) dr dp
T . (7.48)
=3 /F B2.2(r) B(r) dr
Further, we show that
lim (ui(p (F))vp pe(p—7)didp
e—0+ /QT/ ( ) (749)

=5 [ #1180y dr
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Indeed, we can write
T = /QT/ (u1(p), uP (7)) - uﬁ( ) -(p — 7) dF dp
- 5/[\912(7‘) ﬂ(T‘)dT
0
:/ / pg(s,Ar)/F(ul(r,s),uf(r—Ar))-1/
—oo JRY r

X {B(r — %Ar, %s) — B(r, 0)} dr dArds

+/_Ooo/des(s,Ar)/F{F(ul(T,S),Ué)(T-AT))

- F(ui (r, s),uf(r))} v B(r,0)dr dAr ds

+/_Ooo./deE(s,Ar) dAr{/F.F(ul(r,s),uéj(r))-u
B(T,O)dr—/F()l,g(r)ﬁ(r)dr}ds

and thus we get that |73| is less than or equal to

M
— esssup |ui(p) —ud(r)| sup / |ﬂ r— —Ar (r)| dr
p€Qr,rel’ |Ar|<e

+ 2w /|u2<r—Ar —uP(r)| B(r)

2 |ar|<e

0
+sup/ p(s, Ar) dArl/
s<0 JRI € J¢
B(r,0)dr — / 91,2(r)ﬂ(r)dr‘ ds
r

F(ui(r,s),u (r) - v
r

which proves (7.49).

Similarly, we get

dm [ Fa@ o) (5P ot ~ 5 dp
: /F 621(r) B(r) dr .

(7.50)
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Altogether from (7.45)-(7.50) we obtain

/ [ - sl o+ Fifur ) o

<1 / (61.1() = B2 (r) + Baa(r) — B1.2(r)) B(r) dr
JI

If one discusses the cases, one easily sees that for all 21, 29, w;, w2 €
R the inequality

2

> (1) F(z,w5) v

1,j=1

< 2diam (f-l/,I[’LU],’UJ'z])

holds and thus we have for all s € (—00,0)

2

> 07 [ Flutrs)uf () w ) dr

i,5=1 r

52/d1am(f v,I[uf,ul])Bdr.
r

Letting s — 0— we get

0 [ 600 By ar
1

and therefore we have

0
/ /|u1 uz|—+F (uy,u) ﬂdmdt
6:51-

< / diam (f - v, Z[uy, ud]) B(r) dr
r

<2/d1am (f-v,T[uf,ug]) Bdr,

nLJ=

for all 8 € D((0,T) x R?), B > 0. Assertion (7.29) is obtained by
this inequality and (7.6). Note that the integral term with 8(0) is
obtained by the same procedure as in Lemma 7.12.

If we now restrict ourselves in (7.29) to test functions « which
are functions of ¢t only and if we use

diam (£(r) - v, T [u (r),ud (r)]) < MjuP(r) —ud(r)| Vrerl,
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we obtain

T
—/ / lui (t, ) — ua(t, z)| dz o' (t) dt
o Ja

s/ﬂm?( ~ w()] dz a(0)

T
M / / P (¢, ) — uP(t,y)| dy a(t) dt
0 o0

for all @ € D((—o0,T)), « > 0. This obviously gives (7.30), if
one uses the sequence of test functions a,(0) = a,(t + 1/n) =
0,a,(s) = 1 on [1/n,t], an piecewise linear, appropriately molli-
fied. ]

PrROOF (of Theorem 7.31):

The implication ‘(7.32) = (7.4)-(7.6)": Let (n,q) be an entropy-
entropy flux pair. The function u is bounded and therefore we can
assume that 7 attains a minimum at some kg € R. Then of course

H(Z,k): (Z—k‘+k0) (ko),
Q(z,k) = a(z — k + ko) — a(ko) ,

is a boundary entropy-entropy flux pair and thus we get

)
// +ql )6Z-d‘”dt
vy ay
- =1 (u. k) —— <
/O /QH(u,k) o+ Qulu k) 5L dudt <0

for all v € D(Qr), ¥ > 0. Therefore u satisfies (7.4). Due to
Lemma, 7.34, (u,uP) satisfy (7.5). In order to show (7.6) we use

/2 1
Hi(z, k) = ((z k)4 %2) v
Qu(2,k) = /k 8 Hy(\, k) £/ (M) dA
n (7.32) and obtain
T ap ap 0
_/0 /QHe(u’k)b_t-'-Qu(u’k)axi < /QHg(u ,k) B(0) dz

for all 3 € D((—00,T) x Q), B >0 and all k € R. Letting £ — o0
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we obtain

T a8 ap o
_/0 /Qlu—k|E+Fi(u,k)axi dmdt§/9|u — k| 8(0) dz .

This enables us to use Lemma 7.41, which gives that (u,u°) satisfy
(7.6).

The implication ‘(7.4)-(7.6) = (7.32): Let (u,u”,u®) satisfy
(7.4)-(7.6). Let (H,Q) be a boundary entropy-entropy flux pair
and k € R. We put

n(z) = H(z,k) . q(z) = Q(z,k) .

Let us define (notice that n(k) = 0)

n(z) —n(w) ifz<w
0 iwasz} and w <k,
~ if k <
H(z,w) = | n(z) 1 =*
n(z) if z<k
0 ifkgzgw} and w > k
[ n(z) = n(w) fw<e
and
( q(z) —q(w) ifz<w
0 ifwgzgk} and w < k,
~ q(z ifk <z
Q(z,w) = =) .
q(z) if 2z <k
0 ifkgzgw} and w > k.
q(z) —q(w) ifw <z

Thus (H,Q) € C(R?) x C(R?)? and (H,Q) can be locally uni-
formly approximated by (He, Q,) which are defined as

Ae(z,w) = [ Hi(\w) pujelz = ),

Qi(z,w) = / A1 Hy(z,w) £'(A) dA,
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where p;/, is a usual mollifier, and H,(z,w) is defined as
(n(z) —nw-1) fz<w-}

0 ifw—%§z§k+%}andw§k,

n(z)—n(k+%) ifk+%§z

n(z) —nlk-3) ifz<k-3
0 ifk—1<z2<w+1)andw>k.

(n(z) —n(w+3) fw+i<e

o~

It follows from (7.5) that

esslim [ Qu(u(r +sv(r)),u?()) - v(r) B(r)dr > 0
r

s—0—

for all 8 € L}(T'), 8 > 0 almost everywhere. For £ — 0o we have

ess lim/r Q(u(r +sv(r),u?(r) v(r)B(r)dr >0.

s—0—

Discussing the cases in the definition of Q and using the properties
of n we obtain

1Q(z,w) - a(2)| < Mn(w)
and therefore for all 3 € C}(T), 8 > 0,

essliminf [ q(u(r + sv(r))) - v(r) B(r) dr

s—0— r
> — M/ dr .

Because of (7.6), we have for all 8 € L'(2), 8 > 0 almost every-
where,

ess lim n(u(t,x))ﬁ(x)dw:/Qn(uo(x))ﬁ(a:) dz

t—0+4 Q

It follows from (7.4) that

/ / —+ql )gzldxdtgo

for all v € D(Q71), v > 0. Altogether we have (cf. again proof of
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Lemma, 7.12)

/ /n WP+ ) dodt < [ o) 0) da

e

for all 8 € D((—00,T) x R?), B > 0, which is (7.32). |

2.8 Existence in bounded domains via parabolic
approximation

In order to show the existence of the solution u € L®°(Qr) satis-
fying (7.4)-(7.6), we again use the parabolic perturbation

€

ot

+divf(u®) —eAu® =0 in Qr,

u(0,) =u® inQ, (8.1)
=u? onl.

For smooth 4%, u¢?, satisfying compatibility conditions on T N Q,
and ¢ > 0 fixed, there exists a unique smooth solution u° of (8.1) (to
prove this, we can use the same method as in the proof of Lemma
2.3, namely, apply Theorems 2.7 and 2.10 from the Appendix and
then proceed to the nonlinear case using v = ue™*t). The main goal
of this section is to show that if u?, u*® approximate u” € L>(T),
u® € L>°(Q), respectively, then the sequence of solutions u¢ of (8.1)
approaches a function u € L>(Qr), satisfying (7.4)-(7.6).

Let us start with the following construction: for 6 > 0 sufficiently
small we define

(@) { min(dist(z,9Q),6) forz € Q,
s(x) =

— min(dist(z,00),8) for z € R* \ Q.
This function is Lipschitz continuous in R? and smooth on the
closure of {x € R? : |s(z)| < 6}. For £ > 0 we define & by
M+eL
Mol

- (8.2)

&) =1 - exp (-

where L = supg(,)<s |As(z)] and M > 0. This function satisfies
the weak differential inequality

M/|V£E|ﬁ§s/ Ve VA+(M+Le) [ Bdr  (8.3)
Q Q J o
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for all 8 € D(R?), 8 > 0. Indeed, define for x > 0

we(z) =1-— exp(—%s(az)) .
Since for z € 0,
Vuwg(z) = —exp(—-—s )

Vs(
1 for 0 <s(z) <
Vsta)l = { 0 fors(z)=4¢

and
Aw, = —K% exp(-—%s(x)) + %exp(—%s(m))As(x) ,

we obtain w, € WH*(Q) N C2({0 < s < §}). Moreover, for 3 €
D(R?), 8 > 0 we have

/ Vw, VBdx = / Vw, V3dz
Q

{0<s<8}

:—/ Awnﬁdx—/ Vw, Vs Bdr
{0<s<8} {s=0+}

+/ Vw, Vs Bdr
{s=6~}

1 1
- - exp( ——s{z)} AsBdzx
K’/{O<s<6} p( k ( ))
- l/ Bdr + lexp(——&)/ Bdr
K J{s=04} {s=6-}
1 / 1
>— exp( ——s(z) ) B(z) dz
K2 {0<s< 6} ( K )

_ %/{KM} exp(—%s(az)) B(x) dz

K {s=0+}

and therefore we obtain

m/QVw,CVﬁwL/BQﬁdTZ(l—f-cL)/QIVw,C}ﬁdx
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and if 1 — L > 0,

M
M/ |Vw,| Bdz <
Q

1—-kL

K
(—1——_}&}_L_)/van V,B+

m we obtain (83)
The following theorem investigates the properties of the solution

u® to the problem (8.1) for fixed € > 0. For simplicity we drop the
superscript € in u¢, u¢®, usl.

Bdr
aQ

For k =

Theorem 8.4 Let u, u;, up be solutions of (8.1) corresponding
to the smooth initial data u°, u9, u3, and boundary data u?, uP,
ul, respectively. Let M be a constant of Lipschitz continuity of f €
CY(R)?, restricted to the ball with radius defined as the maximum
of {1[loos [[421loo, 4P loo, [P )]oo}- Let &, L be defined by (3.2).
Then we have:

/ / _+Q<u ’“)gf (u k) ABJE. dudt
/Hu k) B §Edm+(M+Lg/Hu,)ﬁdr

9B 9.

holds for all B € D((—00,T) x R¢), 8 >
boundary entropy-entropy flux pairs (H, Q) ;

(8.5)

0, all k € R and all

/|u1(t)-—u2(t)|§5dx S/ |u?—ugl§5dx
Q Q

(8.6)
+(M+Ls)/ |uP —uP|dr
r
holds for all t € (0,T);
[ ]
supu < max (supu supuP),
Qr r
(8.7)
inf 4 > min (inf «°, inf uD) .
Qr Q r
In particular,
sup |u| < max (sup [u°], sup [uP]). (8.8)
Qr Q r
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e Moreover, if f € C*(R)?, we have

sup /'Bt + |Vu(t)|dz < A, (8.9)

te(0,T)

where A = A(||u®|lq, ||[v®|Ir, T, Q,f) does not depend on ¢ € (0,1).
Here, we use the notation

e = /Q || + V] + |u°) da,

o D
0Pl = sup{ja®] + [ |+ 19 +1u”)

o[ % \+'V”'+\atz)
)v ’+|V2 uP|dz dt,

where uP is identified with its smooth extension to Qr.

PROOF : e Let (H,Q) be a boundary entropy-entropy flux pair
and let k € R be fixed. We again use the abbreviation

n(z) = H(z,k),  a(z) =Qlzk).

Multiplying (8.1) by 7'(u) and using the same argument as in Sec-
tion 2.3, we obtain

8133(t ) +divq(u) <eAn(u). (8.10)

Now we multiply (8.10) by & 3, integrate over Qr, and after partial
integration we obtain

A R (U)Aﬁ}ﬁgdmdt

_/n(u Esdar+/ /ql
- ) aii—wﬁﬂ?fddt

/() fedz+M// u) B|VE| dz dt

afs T 8,3 355
_5/0 /Q 8:1:1- Ba, dzdt+26/0 /Q"(”)aa:iaxi dz dt,
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where we used the fact that

la(z)] < Mu(z).

Using (8.3) with n(u)3 instead of 8 in the last but one inequality,
we obtain (8.5).

e Let us denote
w=up — U, w” =uy —uy, wo = U] - Us.

Multiplying the equation

aa_t + div(f(u1) — f(u)) —cAw =0

by @ (w)é., where ps(z) = (22+62)1/2, and integrating over (0, t) x
) we obtain

[ estwng i~ [ atwrea
—f/ﬂmm~memm§%Amr
J/ J/ 1) = flun) () S
//lelz w) & drdr
o[ S5 e =0

Using the Lipschitz continuity of f, Young’s inequality and the fact
that 22} (2) = 226%(2% + 6?)7%/2 < 6, we get
a 2 n
=(filwm) - fm(uz))—%( )€ + e[Vl o5 (w)é.
Z{—lel [Vw| + €| Vul? }f (w) €
2
> - Z‘E‘wz o5 (w) &
M2
> — .
2 iz &
Moreover, observing that |z||¢5(2)] < ¢s(z), we obtain

~(fw) = F(u2)) 555 i) 2 — M [l (w)] V.|

— M ps(w) [VE] .
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Finally,
2
/w(w(t))fs dz—/wa(wo)fedx— M Té/fgdx

—M/ /906 IV&IdIdTJrE//a% 0§6d dr <0
or; Ox;

and therefore, taking 8 = ¢s in (8.3),
/Q%('w(t))fe dr < / ps(w°) & dzx
(M + Le) / / s (w Pydrdr (8.11)
a0
MZ
+ 6/ & dx .
4e Q

Letting § — 0+ in (8.11) we obtain (8.6).
e Let us multiply (8.1) by ¢j(u), where

(z=m)2+8)Y2 -6 forz>m,
0 for z < m,

ps(z) = {

m = max {sup uP, supul} .
r Q

Using the properties of ¢s, we obtain

[ssona [ [0 00

+6/ /[Vu{chg’(u)dxd7'=0
0o Ja
0

~(fsw) = film)) 505 () + e[ Vuler ()

> { = M|u—m||Vul + & |Vul*} 5 (u)
M2 1"
> ——E(U —m)?py5 (u)
2
s M7
- 4e

follows by an analogous argument as above, and the limit 6 — 0+

g’(u) dx dr

Now, the estimate
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gives
/ max (u(t) —m,0)dz <0
Q

which is (8.7),. Similarly, we get (8.7), and therefore we have (8.8).

e Let uP be the smooth extension of u” onto Q7. Denoting for
f € C?(R)Y,

2 O _ o
Y=o ot
_9*P (e, LOUP ouP
T + div (f (u)—aT> —EAW,
we have
Ov
T + div(f’ (u)v) — e Av = —e. (8.12)

Multiplying (8.12) by ¢} (v), where p5(2) = (2% 4 62)1/2, and inte-
grating over (0,t) x 2, we obtain

/cpa(v(t))dw—/%( (0 >>dw—/ | £ Vovgw)dsdr
+6//|Vv|2 5(v)dzdr = — //e% drdr, (813)

where we used ¢§(v) = 0 on I'. Further we have

—£'(u) - Voo g (v) + € [Vol* g5 (v) > ——If'( )| v* ¢ (v)

M2 6
4e
and thus if we let § — 0+ in (8.13), we obtain

/lv |dm</|v |da:+//| | dz dr .

Z_

Using
ou ouP i ouP
v(0) = 5(0) - 7(0) = —divf(u®) + e Au® — 797(0)
we obtain

/g;lg—?’dmgAO*/ot/QIVUIdwdT) (8.14)



136 SCALAR CONSERVATION LAWS

for all t € [0,7], with A depending on T, Q, f, ||u%q, {|uP|r.
Further we have

ow
Eﬁ—dlv( (u) — (UD))—-EA’LU=-—g, (8.15)
where
du D
w=u—ub, gzﬁ—-—i—dwf( Dy —e AuP

Now we multiply (8.15) by ¢}(w) 3, where 3 € D(R?), 3 > 0,
depends only on the space variable and where

ws(2) = (2% + sH2 6

After integration over (0,t) x Q, partial integration and using the
fact that on T’

Sw) =0,  @sw)=0,  Vpsw) v=0

we arrive at

./Q%(’w(t))ﬁd:v—/cp,s(w(O))Bdgc—g/t/%(w)Aﬂdsz
- [ [ et - g dedr

- [ [ - 5P G ) s dr

‘ 7

+s/ /|Vw|2 w)Bdzdr = - / /<p6 YygBdzdr.

Now we let § — 0+ and obtain (F; are as in Remark 7.8)

/|w |dx—/|w |d:v—// (u, uP
—s//|w|AdedT< // w)gBdzdr .

We put
ey = 0= 1757

where s(z) is as before and v € C*°(R) is a fixed non-negative
function such that

~7(0) =0, y(e)=1 foro > 1.
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Due to 3, = 0 on I' we have

ot
lim / /F(u,uD)Vﬂpd:UdT
p—0+ 0

= lim / /BQ u(r,r + po), uP (1,7 + po))

p—0+

(e ] t
=/ 'y'(cr)dcr// F(u,u?) -vdrdr
0 o Joa
t
=// F(u,u”) vdrdr=0,
e}

and if r(z) is the nearest boundary point to z, then similarly

p£%1+/ / |w| AB, dx dr
= lim / /Q|w(t,$)— ,r(2))) AR, (x) de dr

p—0+ Jo

o8] t
:/ U'y”(cr)do/ / |Vw - v|drdr
0 0 Joa

t
—/ / |Vw - v|drdr.
0 JoQ
Thus we get

t
/|w(t)|dm+s// [Vw - v|drdr
Q o Jaa
t 3
S/Iw(0)|dx+/ / lgldzdr .
Q 0 Jo

Let us denote w; = g—;{j, 1=1,...,d, w = (wy,...,wq). Then we
have (again note that f € C?(R)?)

v(r)drdrdo

(8.16)

i) T A i = i, .
Bt iv(f (uw)w;) — e Aw h (8.17)
1=1,...,d, where
o?uP . ouP ouP
h; = 1.0 o1 + dlv(f (u) o7, ) —eA e

Let us multiply the ith equation of (8.17) by %¢§(W), where
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¢s(€) = (I€]* + 6%)!/2, add it up and integrate over (0,¢) x Q. Let
us investigate the resulting terms:

/ /Q 8;: Z‘Z ) d dr
_ / b5 (wlt)) d /Q 95(w(0)) dz
_5/ /Awlaaqgf ydx dr

ow; 0%¢s Owy,
‘E/ o 0z; 606" )_a?n'jd zdr

aw1 8¢5
—¢€ drdr,
[, oz, 1 9, ™)

//dlv (;?j( Ydz dr
), 208 Ok
_/0 /ij(“) ‘9c.06, oz, T

+/O s iji—a%s(w)drdr.

Due to the estimate

awl s awk 82¢s Owy
5 906 ™ Ty~ H0 W e W) 5
62 , oo
~ WP+ &P {EWW!Q — [i{wwi _6—:%]
1 (52|w|2 M26
> - | ’(u)lz
4e

(WP + 677 =~ 4e
we obtain for § — 0+

/§;|w(t)|da:S/Q|w(0)|dz+/ot/ﬂlh|dmdr

. ¢ 0¢s
! . T2 8.18
+hgg1ip/ /69‘f(u) Vw; ac, (w) ( )
0¢s

—eVw, v 361

%98 (w )’drdT.



EXISTENCE IN BOUNDED DOMAINS 139
Duetow =0on T, we haveon I’
w=Vw=(Vuw v, Aw = D*w(v,v) + AsVw - v ,

where D?w is the bilinear form of the second differential of w.
Therefore, the integrand can be rewritten as

' % _ ) a¢6

f'(u) - vw; ac, (w)—eVuw,; v 2%, (w)

— £ . |Vw|2 _ 2 Vuw

=f (u) V(|Vw|2 +62)1/2 eD w(u, (|Vw|2 +52)1/2>
Vw v

= (f'(u) - Vw — sDzw(u,u))m

= (%ltﬂ + div(f(u) — £(uP)) - & Aw
Vw v
+ EAS VU) . 1/) Wm
Vw- v

= (_g'f‘EASVlU'V)U‘m,

where g is defined after (8.15). From this and (8.18) we get

/QIVw(t)Idx S/QIVw(O)|dx+/0t/Q|h|dde

t
+// lg| + e L|Vw - v|drdr,
0 Joq

which, together with (8.16), gives

/Q|Vw(t)|dm+L/Q|w(t)|dxS/QIVw(O)Idx+L/Q|w(O)|dm

t
+// lg| dr dr
o Joaq

t
+//(|h|+L|g|)dxdT.
o Ja

This implies

/QIVU(t)Idz Sx\(1+/0t/Q|Vu|dxdr) (8.19)

for all t € [0,T], where A depends on T', Q, f, ||[u®]lq, ||u®||r.
Assertion (8.9) now follows from Gronwall’s lemma, (8.19) and
(8.14). .
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Now we are ready to prove the main theorem of this section.
We note that since the existence result uses the last assertion of
Theorem 8.4, we need the nonlinearity f to be in the class C2,
whereas the uniqueness can be established for f € C! (see Theorem
7.31).

Theorem 8.20 (Existence) Let f € C*(R)?. Let u®, ¢ > 0, be
the solutions of (8.1) corresponding to the smooth boundary and
initial data usP, uC, satisfying suitable compatibility conditions

on 990. Let utP, u® be uniformly bounded in the respective L*°

norms and let

liI(I)l+ uwP =uP in LYD),
E—

lim v =u® in LY(),

e—0+
where uP € L*®(T), «° € L*(Q). Then the sequence {u} is
also uniformly bounded and converges in C°([0,T], L' (2)) to some
function u € L*®(Qr) which solves (7.4) and satisfies (7.5), (7.6).

PROOF : Let g, > 0 be an arbitrary sequence which converges to
zero as £ — 0o. Denote

€ eeD €00
I’ui 1’).

D .0\ _
(ulvulvul):(u y U
In order to use Theorem 8.4 we need a smooth extension of ueD

and u? to Q7. We define u;*° by

u?’o(t,r +sv(r)) =uf(t,r) te (0,7), r € 0Q,

|s| < min(t,d),
ul(t,z) = ul(z) -6 < t < min(dist(z,09),6) ,
x € Q,
uf’o(t,:c) =0 elsewhere

and then we mollify for A > 0 to get
uBPw = [ w0 onlp )b,

where ¢y, is the ubual molliﬁer Let us now denote by uf’h and uj ,
the restriction of “z h to I and {0} x Q, respectively. Let ug,» be
the bOlllthIl of (8.1) with € = £, and initial and boundary data u[ h
and u?,, respectively. The uniform boundedness of u?, uP implies
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the uniform boundedness of u(,?,,,,, uﬁ?h, which (see (8.8)) gives the
uniform boundedness of ug, ue . Obviously, we also get

lim «?, =u? in LY
Jim uP =0 L1(D),

= in LY(Q
hl_lfg+ ”e,h up i L),
uniformly with respect to ¢. This, together with (8.6), implies
hli%1+ Ug h = Uy in CO([O, T], LI(Q)) s (8.21)

uniformly in ¢ € N. On the other hand, it follows from the bound-
edness of u? € L}(T) and u§ € L'(Q), that

C

C
I|u£h||r S 3 ) ||U’(l?,h||9 S T

h?’

respectively. For fixed A > 0 it follows from (8.9) that the sequences

{——agi’h} , {VUM} are bounded in C°([0, T, L*(Q)). (8.22)

Let a > 0 be given. From (8.21) we get the existence of some h > 0
such that

2/|w,h(t)—w(t)|dz<% Vte[0,T], (€N

and due to (8.22) there is some § > 0 such that

/“9““ dx <5 vte[0,T], (€N.

Thus for all £ € N and all t1,t; € [0,T] such that |t; — 2] < 8, we
have

2
/Q [we(t1) — we(ts)| da < ;/Q lue,n(ti) — ue(ts)| dz

+/Q [uen(t1) — ug n(t2)|dz < Z/ [we n(t:) — ue(t;)| dz (8.23)

0
+|t1 — ta| sup/l Wh (l < a.

[t1,t2]

This means that u, is uniformly continuous in C°([0,T]; L}(Q)).
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On the other hand, it follows from (8.22) that there is a § > 0 such
that

6/Qqug,h(t)|dac <$  vielnT), teN
Therefore, we get uniformly in ¢ € [0,T] and £ € N,
/QAJ: |ue(t, z + Ax) — up(t,z)|dz < 2 /Q [ue n(t, ) — ue(t,z)| dz
+ |Az| /Q [Vuen(t,z)|de < a,

for |Az| < ¢ and
08 ={z ez + Az €N}.
This, together with the uniform boundedness of u,, gives that
{ue(t) }e(o,7),¢en is precompact in L'(12).

This and (8.23) imply, according to the Arzela-Ascoli Theorem,
that
{u¢}e is precompact in C°([0,T}; L'(R2))

and therefore (for a subsequence)
lim ue =u in C°([0,T]; L*(Q)).

{—o0

Finally, u € L>®(Qr) (see (8.8)).

Let us now show that u satisfies (7.4)—(7.6). From (8.5) we have
for all boundary entropy-entropy flux pairs (H,Q), all kK € R and
€ D((~o00,T) xR?), 820,

/ / (ug, k Qi(ue,k)%i + eoH (ug, k) Aﬂ}fg, dz dt

/Hu,z7 0)dz + (M + Ley) /Hue, )Bdr

9B 9
+2Eg/ /HUE, 'Bagld dt

for all £ € N. Due to

(8.24)

lim [ |]1-¢&,|dz=0,
£—oo Jo )

lim Eg/ V&, |dz =0
{—o0 Q
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where in the last limit (8.3) is used, we can let £ — oo in (8.24)
and obtain

//H 02+ Qi k) 2L s /Huk)ﬂ()

+M/H k)pdr .

Now from Theorem 7.31 it follows that (u,u”,u®) satisfy (7.4)-
(7.6). From Theorem 7.28 it follows that there is only one such
u € L*(Qr) and therefore

lim «* =u in C°([0,T); L} ().
e—0+



CHAPTER 3

Young measures and scalar
conservation laws

3.1 Introduction

In the previous chapter we have seen how the general strategy of
vanishing viscosity method (introduced in the 1950s by LAX [1954]
and HOPF [1950]) was successfully applied to obtain a unique weak
entropy solution to the Cauchy problem

ou 1o}
- —___f. =0 : R+ Rd
5 + oz, fi(w) , in x R* | )

u(0,-) = ug, in R?,

for ug € L*(R%), f; € C'(R), j = 1,...,d, (see Theorem 5.1 in
Chapter 2). In this chapter we want to have a closer look at the
Young measure technique in the vanishing viscosity method.

Recall that assuming uo € L=®(R?), f; € C'(R), j = 1,...,d,
one knows that there are u® € L®°(R™ x R?) solutions to the
parabolic perturbation of (1.1),

ou® g .
—+ —f =cecAu’ 0
ot t o, I meaw, e 0, (1.2)
u®(0,) = ug,
satisfying
luf || e m+xmyy < € (1.3)

(see Theorem 4.48 in Chapter 2).

This uniform estimate implies that for a subsequence (here we

use u* = u*, g, — 0+ as k — oo),

uf S ou in L=®(R* x RY). (1.4)

It is not difficult to show that a weak convergence of the type (1.4)
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is enough to ensure that
ou*  Ou
Bt
ot ot in D'(R* x R?).
erAu® — 0

Thus, there is the second (nonlinear) term in (1.2) which remains
to be studied as g, — 0+.

Typically, there are no a priori estimates independent of ¢ on
derivatives of u®. Hence, the classical compactness argument can-
not be applied and one must deal with the weak convergence (1.4).
In our situation, we have f; € C*(R), therefore (1.3) implies

1f5 () || Lo 4 xmy < €5
and consequently, for a subsequence,
fi@h) 5 F  in L®(RT x RY).

Unfortunately, for a nonlinear (smooth) function f; (1.4) is in
general not enough to ensure the desired equality

fi= ). (1.5)
To see this, let us consider the following example.

Example 1.6 Let u™(z) = sinnz, z € [0,27], f(y) = y*. In this
situation we use the following lemma.

Lemma 1.7 Letv € L*(0,2r) be 2r-periodic. Let v™(z) = v(nz).
Then v™ — 923 in L%(0,27), where ag = %foz'-rv T)dzx

PROOF : We use the Fourier series expansion for v to express v™
as

v (z) = —29 + kg ay, cos(knz) + by sin(knz)) .

[N

Then for 0 < a < b < 2m,

BS ay cos(knz) dx’ = li ak /b cos(knx) da:l
? k=1 k=1 @
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as n — oo and the same holds when replacing cos by sin. Therefore

2m n21ra
[ @ as— [ P 0
0 0

as n — 00. The proof now follows by approximating ¢ € L%(0, 2r)

by step-functions and using (1.8). ]
Applying this lemma to both «™ and f o u™, we get:
2m .
ut = — sinzdr =0 in L*(0,27),
27 Jo
2 LS 1 2
(u™)* = f(u™) — ——/ sin“zdr = = in L°(0,2m).
T Jo 2

Note that also in L>(0,27) we have u® — 0, (u")? = 1/2 (at
least for some subsequence), since bounded functions on bounded
domains are taken into account. Thus we see that

f(weak-* lim u") < weak-" lim f(u"). (1.9)

This example shows that the lack of strong convergence (here es-
pecially the oscillation of the bounded sequence {sinnz} . ) can
cause undesired results even in the case of smooth nonlinear f.

In what follows we will see that the composite limits f; can be
described by a family of compactly supported probability measures
{Vt,2 }(t,c)er+xRra, called Young measures. Namely, we will see that

fitt,x) = (e, fi) for a.e. (t,2) € Rt x R?,

where (-,-) denotes the duality between continuous functions and
measures (to be discussed later).

In this way, the desired equality (1.5) can be obtained by showing
that the support of Young measures reduces to a point:

Vie = Oy(t.2) for a.e. (t,z) € R x R*. (1.10)

In this chapter we will follow the described strategy to prove the
existence of a weak entropy solution to scalar conservation laws in
one space dimension.

Even if the existence result proved in this chapter (see Theo-
rem 4.15) is weaker than that obtained in the previous chapter
(see Theorem 5.1 in Chapter 2), we present it here, since it nicely
describes the Young measure approach. Also, in the following chap-
ters the concept of Young measures will be used in a slightly more
complicated situation.
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3.2 Young measures

Before we formulate the main theorem on the existence of Young
measures, we recall some basic notions (see Chapter 1 for more
details).

By C¢(R®) we denote the space of continuous functions with

compact support in R® and put Co(R*) = Cc(R?) ”'”x. Further,

M (R®) denotes the space of bounded Radon measures on R® and

wh=uf)= [ fdu, neME) feCo®). @1
The space of probability measures is then defined as follows:
Prob(R*) = {u € M(R®), 1 non-negative, u(R°) =1}. (2.2)

The following theorem introduces the concept of Young measures
which turns out to be an appropriate tool for describing composite
limits of smooth nonlinearities with weakly convergent sequences.

Note that Theorem 2.3 will be proved in a more general setting
than will in fact be needed in this chapter. Thus, this theorem in-
dicates that the concept of Young measures as a technical tool for
describing the above-mentioned weak composite limits would also
make sense in the system case (s > 1), if of course L> a priori esti-
mates of the type (1.3) were available for solutions of the perturbed
parabolic problem. Unfortunately, as far as the authors know, in
the general case of systems it is still an open problem to estab-
lish uniform control on the amplitude of viscous approximations
u® (see for example DIPERNA [1985, p.247]).

Theorem 2.3 (Existence of the Young measures) Let u™:
R™ — R* be an arbitrary sequence of measurable functions for

which
™[l Lo ey < c. (24)

Then there exists a (weakly-* convergent) subsequence u™ of u™
and a family of probability measures {vy}yerm, called Young
measures, supported uniformly in a compact set K C R®:

{vy}yern C Prob(R°), supp(vy) C K fora.e. y € R™,

which represents the subsequence u™ in the following sense:
For any g € C(R°)? we have

gou™ =g in L®(R™)?, (2.5)
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and
W= [ ENdn() = (ng) forac yeR™. (20
R

The proof we give is based on the duality Theorem 2.11. First,
we have to introduce some useful notions.

Definition 2.7 Let @ C R™ be an open set. The mapping
v:Q — M(R®) is said to be weak-" measurable, if for all F €
LY(Q; Cy (R®)) the function®

x> (v, Fz,)) = / F(xz, \)dvy(\) (2.8)

R~

is measurable. Further, let us definet
Wl ez @M@y = ess sup lvallm e - (2.9)

Finally, let
LEQ;MER))={v:Q — M(R);v weak-" measurable ,

vl (@M < oo}
(2.10)

Then the following theorem holds.

Theorem 2.11 Let Q C R™ be open. Let @ € (L*(Q; Co (R*)))”
be a linear bounded functional. Then there exists a unique v €
L2 (Q; M(R®)) such that

B(F) = /Q (ve F(2)) de YF e LNQ:Co (RY))

12l @comy = Il @m@e) -
PRrROOF : Throughout this proof we will use the notation

X =LYQ;Co (R%))

Y =LZ(Q M(R)).

Uniqueness: Let there exist 1/ 1/2 € Y, both representing the
functional ® € X*. Define ¥ = v' —v?. Let R > 0 and g € Co(R?).

t Here and in the sequel we use the standard notation v, = v(z), as if
measures v, were ‘parametrized’ by x.

¥ Note that since lvell v Ry = supgy. <1 | {v=, f} |, the function z —
vzl p(r~y is measurable.
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Let ¢ € D(R™) be such that ¢ = 1 on Bg(0), ¢ = 0 outside
Br4+1(0), ¢ <1 on R™. Then, from the inequality

/Q | 7. 9) ()] dz < meas (supp(¢)) [Pl 9lloume) < oo,

it follows that the function

T = (Vs g) ()

is an element of the space L'(Q). Hence, according to the theorem
on Lebesgue points, we conclude that for almost all 2o € Br(0)NQ
we have

1
lim ——/ Vs, 9) w(x)de = (Uy,, g) 2.12
r—0 |B.(0)| J B, (z0) ( )

Note that the null set of zgs for which (2.12) does not hold depends
on g, and that for r small enough B,(zo) C Bg(0) and hence ¢ =1
on B,(xy). Now, for such zo and r we define F:.(z) = g whenever
r € B,(z0) and F,(z) = 0 otherwise. We have

[ Gnoeadn= [ (- F @) dr
B,.(xq) Q

=®(F,) - ®(F,) =0
This together with (2.12) gives us for g € Cy(R®) fixed, that

for almost all o € Br(0)NQ. At this point, we use the separability
of the function space Co(R®). Namely, we choose a countable dense
set S C Co(R®). Using the same argument as before we obtain
(2.13) for every g € S and for almost all zg € Br(0)NQ. Now, since
Uz, € M(R®), as an element of dual space to Co(R®) is uniquely
determined by the values on the dense set S C Co(R®), we have
Uz, = 0 € M(R®) for almost all zo € Br(0)NQ. Now take R — oo
to get v, =0 € M(R®) for almost all zop € Q and so ¥ = 0 as an
element of the space Y, which proves uniqueness.

Existence: As before, we will work with a countable dense set
S C Cy(R®). Let & € X*. Choose g € S, h € L*(Q) and define

Fhg 1 Q = Go(R?),
Fhg:x— h(z)g forae z€Q@.
We show that F,, € X. Indeed, for all 4 € M(R®) the function
T+ {1, Frg(x)) = h(z) (18, 9) (2.15)

(2.14)
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is measurable, which means Fj,, is weakly measurable and hence,
since Cg(R®) is separable, we conclude, according to the Pettis
theorem on weak and strong measurability (see YOSIDA [1965, p.
130]) that F}, is measurable. Moreover,

1Frollx = /Q 1h(2) gllcymn dz = lglloum /Q Ih(z) dz < co.

Consequently, Fi,, € X. Now,
| (Fig)| < |l x+ | Frgll x
<1 @llx-llgllcumyllhllzrq) (2.16)
<clg) hllrq) -
Hence, defining the mapping

Yg  h— O(Fh,),

we have from (2.16) that ¢, € (L'(Q))". So, there exists a u, €
L*>(Q) such that

<I>(th):wg(h):/ng(m)h(a;)dx Vhe LNQ). (2.17)

Since u, € L>(Q) and S is a countable set, there is a null set N
such that for all z € @\ N and all g € S it makes sense to consider
the value uy(z) at a point z. For any z € Q \ N, the mapping

g uy(z)

is linear and continuous on Cy(RR?): indeed, using (2.16) and (2.17)
it follows that

fug (@) < llugllL~@) =  sup /ug<x>h(z>dz
“h”Ll(Q)Sl Q
< sup  [@(Frg)| < 12l x- llglleyme) -
”h”Ll((g)Sl

Hence, for any z € Q \ N there exists a v, € M(R®) = (Co(R®))”
such that

(Ver g) = ug(x) Yge sS.

This gives us the family of measures {v; }.eg. Now, employing the
countability of the set S we conclude that

(V) g) = ug(x) Vge Co(R), foraa.zeQ. (2.18)
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It follows that ®(F},) equals

/ng( 2) hiz >dx—/Q<ux,g> h(m)d:c:/Q@z,th(x» dz,

(2.19)
which is the desired representation formula for all functions of the
type Fry = hg € X, h € L}(Q), g € Co(R®). But, finite sums of
the type

Zhi gi s h; € LYQ), gi € Co(R®)

are dense in X and consequently the representation formula (2.19)
holds true for all F' € X.
It remains to verify that the mapping

VX Uy

is an element of the space Y. For Fj, € X of the type (2.14) the
function

T Ve, Frg (7)) = h(@) (v2, 9) = h(2) ue(2)

is measurable and the same holds if we use any F' € X, because of
the density mentioned above. Consequently, v is weak-* measur-
able. Moreover,

lvlly = esssup|lvellp@+) =esssup  sup | (ve,9) |
z€Q z€Q lgllcyro <l
and
| (Vs g) | = [ug(@)] < I2]lx- l9llcom)
This implies
Ivlly <@l - (2.20)
Therefore, v € Y. Finally,
|®||x- = sup / [ {ve, F(z)) | dx
IFllx<1
< s [ el F@leym do < Wl
IFllx <1
which together with (2.20) finishes the proof. n

Now we are ready to prove the existence of the Young measure.
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Proor (of Theorem 2.3):

First note that since g is continuous and the sequence {u"} is
uniformly bounded in L*°(R™)®, a uniform bound in L*(R™)?
holds for the sequence {g o u™}. Therefore, for any g we always
have a subsequence u™ of u™ such that (2.5) holds. In fact, we
show that there is a subsequence u™ of u™ such that (2.5) holds
for all g € C(R*)P.

Note also that (2.6) is equivalent to

)= [ s 0= ) forac yeR™. (221

j = 1,...,p. Therefore we can prove (2.6) componentwise, i.e.,
consider p = 1 and g € C(R®) without loss of generality.
Note finally that since ||u”||1~ < c uniformly in n, we can con-
sider g € Co(R*) (instead of g € C(R®)) without loss of generality.
Now, define the sequence of probability measures

Vy = Oun(y) Yy eR™,

where 8, stands for the Dirac measure at the point a € R®°. Then,
for any F € L'(R™;C, (R*)), we find that

W F@) = [ ) drp) = Flu ()

is a measurable function of y. Moreover, if we define

we obtain

[[v"

LR M(RY) = €SSSUP [[bun (g [y = 1.
yeR™

Therefore, {v™} is uniformly bounded in L (R™; M (R®)). Hence,
there exists a subsequence still labelled »™, such that

n

v" Sy in LO(R™; M(R)).
This means that for all F' € L'(R™; Co (R°®))

/Rm (vy, Fy)) dy — | (vy, F(y)) dy, asnm—o0. (2.22)

R

Let us now for ¢ € L*(R™) and g € Co(R®) define the function F
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by F(y) = ¢(y)g. Then F € L'(R™; Cy (R®)). Using this particular
F we obtain from (2.22)

.. d(y)g(u™(y))dy — [ 6(y) (vy,9) dy, asn— 0.

R'lu.
(2.23)
But since the function ‘y — (v,,g)’ is an element of the space
L>(R™) for any g € Co(R®), (2.23) means nothing other than

gou® = <u(.),g> =3 in L (R™).

Furthermore, for g € Co(R®), g > 0, ¢ € LY(R™), ¢ > 0 we have,
according to (2.23),

0</ o(y) g(u™(y)) dy—»/ &(y) (vy,9) dy, asn— 00
(2.24)

and consequently v, > 0 for almost all y € R™.

Moreover, thanks to the estimate |[u™|| = < ¢, we have (vy, g) =
0 for all g such that suppg N Bcy1(0) = 0. Hence, suppry C
B.;1(0) = K (uniformly) for almost all y € R™.

Finally, choosing go = 1 on Bc42(0), go continuous with compact
support, |go| < 1, we obtain from (2.6)

Go(y) =1=(vy,00) forae yeR™.

Since ||vy || m(r~ is a supremum of expressions of this kind, we see
that ||vy|lpr- > 1. On the other hand, the weak-" lower semicon-
tinuity of the norm implies that

Nyl vy < lminf {jvglyew =1.

In such a way, vy is a probablhty measure on R®, for almost all
y € R™, and thus the proof concludes. ]

Remark 2.25 The Young measure v, can intuitively be thought
of as giving the limit probability distribution of the values u™ in
the neighbourhood of y as n — co. More precisely, if Bs(y) is a
ball centred at y with radius § > 0, we can define 1/;‘*5 as

v7#(A) = meas (Bs(y)) " meas{z € Bs(y), u"(z) € A},

ie., ‘1/3*5 is the probability distribution of values u"(z) for z €
Bs(y)’. Then it can be shown (see BALL [1989]) that

= lim lim o]

y §—0n—oo y.6°
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where the convergence is weak-* in the sense of measures. We em-
phasize the word ‘neighbourhood’ above: the Young measure is not
obtained when limiting § — 0 first and then (not taking ‘neigh-
bourhood’ into account) n — oc.

Example 2.26 In the case of the sequence {sinnz} (see Example
1.6) it can be shown that the corresponding Young measure can
be expressed explicitly as (see DIPERNA [1985] for details):

L8 )
VT LR
Then for all g € C(R), (2.6) gives

dvy(A) =

g(sinnz) =g in L(R), where

1 !
1 / 9Ny
T J_1 V1= A2

In fact, a simple calculation shows that the integral on the right-
hand side is equal to

g = const. =

1 2m
— g(sinz) dz ,

2w 0
which corresponds to the result of Lemma 1.7.

Further, we have seen in Example 1.6 that the lack of strong
convergence of the sequence {sinnz} implies the inequality (1.9)
to occur for f(u) = u? instead of the desired equality. The fol-
lowing lemma shows that this result holds for any strictly convex
function g. Moreover, Lemma 2.27 shows that the inequality of the
type (1.9) is typical when strictly convex nonlinearities are super-
posed to a weak-* converging sequence u™ € L*(R™)° which does
not converge strongly. More precisely, it will be proved that the
equality in (1.9) occurs if and only if the Young measure repre-
senting the sequence {u™} is the family of Dirac ones. As we will
see in Theorem 2.31, the latter statement holds if and only if u™
converges strongly in L2 (R™)*.

loc

Lemma 2.27 (generalized Jensen’s inequality) Let g be a
strictly convex function, g : R® — R. Let p be a probability meas-
ure on R® with compact support. Then

(1, 9) > g({u,1d)), (2.28)
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with equality occurring if and only if j1 is a Dirac measure.

PROOF : Note that in our notation (u, g) is a scalar

/ o\ (),
s

while (u, Id) denotes a vector

(/p A du(/\),/R‘/\Qdu(/\),...,/R‘,\Sdu()\)> CR

We start the proof by recalling that for any strictly convex g :

R°® — R there exists a constant 8 € R® such that
g(A) > g) + Bi(A—y)i VAZ£y.
Putting

y=(uid) = |

Adp € R
Rx

we get (since u is a probability measure):

/ [9(y) + Bi(Ni — yi)] dp(N)
Rs
= g(y) + B / (s = v2) du(N)
RN

=9(y) = g((p,1d)) .
Hence, if supp i # {y}, (2.29) and (2.30) give

(1 9) > 9((n,1d)) .
Otherwise, if i = ¢, then

G0.0) = [ o) = o) = (1)

and equality in (2.28) occurs.

(2.29)

(2.30)

We will see in the following theorem that Young measures turn
out to be a proper tool in distinguishing between strong and weak

convergences of the sequences they represent.

Before the theorem is formulated, let us recall the following fact:
if u™ 5 u weak-* in L°(Q), where @ C R™ is a bounded domain,
then clearly u® — u weakly in LP(Q), p € [1,00). Moreover, if
there exists r € [1,00) such that u™ — v in L"(2), then necessarily
u =v and u™ — u in all LP(Q), p € [1,00), cf. EVANS [1990]. We
conclude that for uniformly bounded sequences in L*°((2) there
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are just two possibilities: either ©" — u weakly in LP(Q2) for all
p € [1,00), or u™ — u strongly in these spaces. Similarly, if @ C R™
is an unbounded domain and u™ is a sequence bounded uniformly
in L>(Q) then a strong convergence of u™ in L () for some
q € [1,00) is equivalent to a strong convergence of u™ in L (f)
for all p € [1,00). See for example DIPERNA [1985, p. 233] or
EVANS [1990].

The two cases just mentioned are fully characterized by the prop-
erties of the corresponding family of Young measures:

Theorem 2.31 Let |[u®|,~@n)- < ¢, suppose (without loss

of generality) that u® = u weak-* in L®(R™)°. Let a family
{vy}yerm C Prob(IR{s) correspond to this weak-* convergent se-
quence. Then u™ converges strongly in L, (R™)* if and only if v,
reduces to a Dirac measure concentrated at u(y), i.e.,

Vy = Ou(y) for a.e. y e R™. (2.32)
PROOF : Assume that (2.32) holds. Then (2.5) and (2.6) give
g = weak-" lim g(u") = g(u), (2.33)

for any g € C(R®). Choosing auxiliary functions g;(z) = 22, i =
1,...,s, one can write for any compact subset K C R™:

/ lu™ —u*dy = Z/ (u? — u)? dy
K — /K
=1 (2.34)

- Z [/ ) dy — 2/k u; (u) — us) dy — /K(ui)2 dy} .

Now, the first integral in the sum converges to [, (u;)* dy, since
(2.33) gives (u?)? = (u;)? in L*(K). The second integral con-
verges to zero, since u; € L™ (K) — L!(K) can be viewed as a test
function for the sequence (u?* — u;). Hence u™ — u in L _(R™)*.

Conversely, if {u"} converges strongly in L _(R™)* and at the
same time is bounded in L°°(R™)*, one can pass to the limit in
the superposition gou™ for arbitrary g € C(R®). Hence, we obtain
from (2.5) and (2.6) that for almost all y € R™ it holds

(bu(),9) = 9(u(¥)) =7() = (vy,9) - (2.35)

Repeating this process for all g € S, where S is a countable dense
set in C'(R®), we find that for almost all y € R™ measures 0y(y)
and v, coincide on S and (2.32) follows. ]
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Hence, as we have claimed (see (1.10) and earlier claims), the
existence proof for hyperbolic equations via the vanishing viscos-
ity method and the Young measure technique consists in showing
that the support of the Young measure, representing a weak-* con-
vergent sequence in L™, is a point.

At the end of this chapter we show how to prove such a statement
using the so-called Murat-Tartar relation, to which we devote the
following section.

3.3 The Murat-Tartar relation for non-convex entropies

Up to this point, the systems in more than one space dimension
were also permitted. From now on, we restrict ourselves to the case
of a scalar equation in one space dimension (s = d = 1). We start
by proving the following theorem.

Theorem 3.1 (Murat-Tartar relation) Let ug € L®(R), f €
C?(R). Let u* € L=®(R" x R) be solutions to (1.2), satisfying a
uniform estimate (1.3). Further, let {v; .} be the family of Young
measures, corresponding to some weak-* converging subsequence
u® of uf, u* = u*, g, — 0+ as k — oo. Finally, let n, ¢ € C*(R)
be any (not necessarily convex) entropy-entropy flux pair, i.e. ¢ =
f'n’ pointwise. Then the Murat-Tartar relation:

(Vt,:tiald q— f77> = (Vt,r’ld> <Vt,1!aQ> - <Vt,a:7 .f> (Vt,:mn) ) (32)
holds for almost all (t,z) € Rt x R.

To prove this theorem, we will need two auxiliary technical lem-
mas.

Lemma 3.3 (div-curl) Let Q C R? be a bounded domain, Q €
CUl. Let
wf — —’U_)l y w'z“ — mz y
P A (3.4)
Ul — U1 5 U2 — V3,
weakly in L2(Q), as k — oo. Suppose that$
{div(vf, v3), curl(wi,w3)} C E,
where E is a compact set in W~12(Q). Then, for a subsequence,

’U{c ’U)IlC -i-’Uéc ’LU;c — V1 Wy + Uy Wo in DI(Q) ask — o0o.. (35)

dwk  Hwk
§ Recall that curl(w{“,wé) = 31:—3 - —5:—;
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PROOF : Since we have w* € L?(Q), it follows from the theory
of linear elliptic equations that there are uniquely determined so-
lutions u¥ € W22(Q) N W, *(Q) of Dirichlet problems,

—Auf = wt in @, | (3.6)
uf:O on 9@, 1=1,2.
Moreover, u¥ are bounded in W22(Q), since weakly convergent
sequences w¥ are bounded in L%(Q). Consequently,
fF= a_ullc f%
T 01, Oxy
is bounded in W%(Q) and therefore
fF=f  mwhQ (3.7)

for a subsequence still denoted f*.
Further we set
k— .k, OfF

.0
g9 =w; + ol —Auk + Bz, div(uf, uf) (3.8)

to obtain, after straightforward calculation,

x ok X ork

91 = 5};, g2 = _8—161
for
le BIQ

= curl(uf,uf).

Now, from (3.6) one can see that r* € W12(Q) solve

—Ar* = curl(w?¥, w§) in @, (3.9)
rk =g on 0Q), '
where s* can be expressed in terms of traces of partial deriva-

tives of uf. Consequently, due to W'2(Q) —<— L?(8Q), s* lie
in a compact set of L2(8Q). But, according to our assumptions,
curl(wf, w¥) lie in a compact set of W~12(Q). Hence, the linearity
of the problem (3.9) together with the continuous dependence on
the data

¥z < ¢ (Il curl(wy, w3)ll-1,2 + 15[l L2(a@))
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gives us that 7* lie in a compact set of W12(Q). Finally, it follows
that g* lie in a compact set in L?(Q) and consequently

@ —g  inL*Q) (3.10)

for a subsequence. It is worth noting at this point that uniqueness
of the weak limit in L?(Q) gives us, together with (3.4), (3.7), (3.8),
(3.10), that
_ of
W; = gi — al‘i ’
Now we are ready to prove the convergence (3.5). For ¢ € D(Q)
we have

i=1,2. (3.11)

k k ) _
viwiedr = | v (g — Ypdz =1, — I,
Q Q oz;

Z;

where due to (3.10), (3.4),
L 2/ vfgfwd:c—ﬂ/mgiwdw-
Q Q

Further, because of (3.4), (3.7) together with Rellich’s compact-
ness theorem, and the fact that div(vf,v%) converges strongly in
W=12(Q) necessarily to div(v;,v2) (which follows from the as-
sumptions of the theorem), we have

k
. k f
Iz '—/ 1 axI(de
—-—<diV(U Uk) fk(P> s _/v’,cfka_(pdl‘
1->Y2/)» Wi (Q) Q t 6171-
o _ .0
— —(dlv(vl,U2),f‘P>W(,“2(Q) ‘/Q”ifa_fdz

_/@W
- Q laa}i

Thus, due to (3.11) we have

/vfwf@dw%/ﬂi(i Bf )cpd:n—/mwicpdac,
Q Q 0z Q

which proves the assertion. n

Lemma 3.12 (Murat) Let @ C R? be a bounded domain, Q €
CY1. Let A be a compact set in W~12(Q), B be a bounded set in
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M(Q) and C be a bounded set in W~1P(Q) for some 2 < p < co.
Further, let D C D'(Q) be such that

DCc(A+B)nC.
Then there exists E, a compact set in W~12(Q) such that
DCE.
Here M (Q) denotes the space of bounded Radon measures on Q.

PROOF : Let f* € D, then f* =g¢*+nh* gt € A, h* e B, fk e C.
Firstly, solving the equations

—Av* = ¢ in @,

3.13
v* =0 on 0Q, ( )

we get from g* € A that v* lie in a compact set of W,'*(Q). Then,
using the compactness theorem for measures (cf. Lemma 2.55 in
Chapter 1), we deduce from h* € B that h* lie in a compact set
of W=14(Q) for 1 < ¢ < 2. This, and the LP-theory of elliptic
equations (SIMADER [1972, Section 7]), implies that solutions w*
of the equations

—Auw® = p* in Q,

3.14
w* =0 on 9@ ( )

lie in a compact set of Wol’q(Q) for 1 < g < 2. In such a way,

uk = 1)’“ + w/"

lie in a compact set of WOI"’(Q) for 1 < ¢ < 2. Now, since —AuF =
f*, we have

. 1,q'
15l =1,0 = sup {| (f*,0) |; ¢ € Wo'" (Q), lellg <1} < bl

and consequently f* lie in a compact set of W~=19(Q) for 1 < ¢ < 2.
But general interpolation theory provides us with an inequality
(TRIEBEL [1978, Section 1.11])

1 1-6 6
k k)6 k1=0 _
/512 < el IS I8, for 5= — T
which together with f* € C (a bounded set in W~1?(Q)) proves
the lemma. ]

Now we are ready to prove the Murat-Tartar relation (3.2).
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PROOF (of Theorem 3.1): Recall that by u* = u®, ¢, — 0+ as
k — oo, we denoted some weak-* converging subsequence of u®.
Multiplying (1.2) by n’(u*), we obtain

on(ut) dgt) k), . duk\
ot + oz =€k 922 -n"(u") \/E_kTa'; . (3.15)

At this point we use the results on parabolic equations of type (1.2)
(cf. LADYZHENSKAYA, SOLONNIKOV AND URALTZEVA [1968], see
Theorem 2.9 in Chapter 2). Namely, we know that for any open
bounded set Q C R* x R there exists constant ¢, independent of
k such that

ou*
Iver 5—llzx@) < e(Q) - (3.16)
Now, since n € C?, (1.3) implies “n”(uk)HLw(Q) < ¢, which to-
gether with (3.16) yields
, uk\?
1) (Ve G ) Ny <c

But the same estimate also holds for the M (Q)-norm, since L'(Q)
is imbedded into M (@) isometrically. Hence,

w2
{n"(uk) (\/5 %7;) } CB, (3.17)
| keN

where B is a bounded set in M(Q).
Further, (3.16) gives

du*
||\/_ ||L2(Q) = ||vern'(u )a—x“H(Q)

<c ||\/53—x||L2(Q) <c

(3.18)

dn(u®) 1o
Consequently, e — 0in L*(Q) and therefore we have
z

Fn) o i w-12(Q).

In particular,

2 k
{ska ”(1; )} CA, (3.19)
o keN
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where A is a compact set in W~12(Q). Note that for n = Id we
immediately obtain from (3.19) that

2,k
{5ka ot } CE, (3.20)
97%  jen

where E is a compact set in W~12(Q).

Finally, since (1.3) implies [[n(u*)]leo < ¢, [lg(u*)llc < ¢, the
left-hand side of (3.15) lies in a bounded set of W~1>°(Q). But
this is nothing other than

82uk
rek
- cC, 3.21
{aruns) (3.21)

where C is a bounded set in W~1>(Q).

So, from (3.17), (3.19), (3.21) it follows that we can apply Lemma
3.12 to (3.15). This gives us

/ d*u* _ [on(uF) | 9q(u¥)
{51&7 (uk) 12 }keN = { ot + p }kEN
= {curl(z) (—a(u*),n(u*) }, .y CE,
(3.22)

where E is some compact set in W~1%(Q). Eventually we obtain,
directly from (3.20), without using Lemma 3.12, that

52k ouF  af(ur)
€k o512 - W + 5}
% ) keN T JkeN (3.23)
= {diV(t@) (Uk, f(uk)) }keN c E’

where E can be considered to be the same as above. Applying
Lemma 3.3 to w* = (uf, f(u*)), and v* = (—q(u¥),n(u*)) we
obtain:

ufq(u®) = f(uh)n(u*) ~ a7 - f 7, (3.24)
as k — oo, in the sense of distributions. (Overlines denote the
weak limits in L2(Q).) Since we work with bounded sequences on
bounded sets, the left-hand side of (3.24) (at least a subsequence)
also converges weak-* in L*°(Q) and then necessarily to the right-

hand side of (3.24). Using Young measures, this can be expressed
as

<l/t,ﬂ:7 Id q— f77> = <Vi,I7 Id) (Vi,17 q) - (Vt,z7 f) (’/t,xﬂ?) ) (325)
which is exactly the Murat-Tartar identity (3.2). ]
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In the next section we will see how (3.25) can help us to reduce
the support of v; , to a point in the case of scalar equations in one

space dimension.
3.4 Scalar hyperbolic equations in one space dimension

In this particular case (s = d = 1) we have for f € C*(R), ug €
L*(R) and £ > 0 a viscous perturbation

ou N Of ()  0%*uf

po i +
ot or - o2 in R" <K, (4.1)
u®(0,) = uo in R,
of the scalar hyperbolic equation
ou  Jf(u) .
- =0 +
ot " ox in K* xR, (4.2)

u(0,-) = uo inR.

Recall that if we prove the Young measure v, , corresponding to
the sequence {u*} C {uf}, uF = win L®°(R* xR) to be a Dirac one
supported at u(t,z) for almost all (t,z) € R* x R, we obtain two
pieces of additional information: firstly, according to Theorem 2.31,
uf converges strongly in L2 (R* x R) and secondly, due to (2.5)

loc
and (2.6), f(u*) = f(u) for any f € C*(R). This in fact implies
the existence result for the scalar equation in one space dimension,
which is formulated and proved at the end of this section.

Note that, since subsequences of u® were taken into account,
we do not obtain the uniqueness result via the Young measure
technique.

Now we show how to use the Murat-Tartar identity (3.2) to
obtain the desired result

Vie = Oyt,z) forae. (t,z) € Rt x R. (4.3)

There are various approaches how to prove (4.3) using (3.2). In
TARTAR [1983] and VECCHI [1989] it is shown that if there is no
interval [a,b], @ < b, on which f’ is constant (we say that fis
genuinely nonlinear), (4.3) holds. This is done by applying (3.2)
to an infinite family of smooth, strictly convex entropy-entropy flux
pairs, which in the scalar 1D case can be expressed explicitly.

Moreover, in TARTAR [1983] it is shown that if the scalar flux is
a strictly convex function, then it is sufficient to apply (3.2) to a
single smooth strictly convex entropy to obtain (4.3).
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Another proof is given by Vecchi—see VECCHI {1989, 1990]. He
was able to show that even if a genuinely nonlinear function f is
not convex, (4.3) holds. This was done by using just one smooth
entropy-entropy flux pair. We will follow this approach to obtain
the following theorem.

Theorem 4.4 Let f € C*(R) be a genuinely nonlinear function.
Let n, ¢ € C*(R) satisfy ¢ = n' f' pointwise. Let v € Prob(R) be a
probability measure with compact support K C R, such that the
Murat-Tartar relation

(, Ag(A) = FAOnN) = (v, A) (v,9(N)) = (v, fF(A)) (v,n(N)) (4.5)
holds. Then the support of v is a point.

PROOF (Vecchi): The basic idea of the proof is as follows: Suppose
we have a compactly supported probability measure v € Prob(R)
such that suppv = K. Then we define an auxiliary product mea-
sure ¥ @ v on R x R (points in R x R being denoted by (A, 7)),
supp(v @ v) = K x K, a rectangle. Then, if we find an integrable
function F'(A, 7) such that

FAm) >0 (M#1), F\)X) =0,

/ F(A 1) dv(\) @v(r)) =0, (4.6)
KxK
clearly the support of ¥ ® v must lie on the line {\ = 7}. Now, if
supp v consists of more than one point, then in the set supp(v®v) =
supp v x supp v there are points outside the line {\ = 7}, which
1s a contradiction. Hence, supp v is a point. The rigorous proof of
this idea (slightly generalized) will be given in Lemma 4.13. Now
we prove the theorem by constructing the function F, satisfying
(4.6).

The right-hand side of (4.5) can be written (using Fubini’s the-
orem—note that v @ v is a product measure) as

%[/KTdV(T) /K q(/\)dy(/\H/K/\dV(’\)/KQ(T)d”(T)

_ /K n(r)dv(r) ./K fN)dv()) — /Kn(/\) dv(\) /K F(r) d,,(T)]
- % / (ra(A) + Aa(7) = n(1) F(A) —n(NF(7)) d(v(\) @ v(r)).
KxK (4.7)
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On the other hand, since [, dv(\) = 1, the left-hand side is equal

to

1
2 /KXK (ra(m) +2a) =n() £(7) = n(VF ) dw() ® w(r).

(4.8)
Denote [a]] = a(7) — a()). Subtracting (4.7) from (4.8) we can
write (4.5) as

/M«r—x)[q] ~ RS de) ©u(r) =0, (49)

Now, we can choose 7 = f and q(u f [f'(s 2 ds. Denoting
the integrand in (4.9) by F(\, 1), we obtam

For)=(r-X) <//\T [f'(s)]2ds> - (f(T) - f(/\))2 (4.10)

Clearly, F(A,A) = 0, while for A # 7

F(A,r):(r—A)(/;[f ) (/ s ) . (411)

We recall the classical Jensen’s inequality (see e.g. RUDIN [1974]):
for any strictly convex function g and h € L'((), 7)) there is:

Ti)\/;g(h(s))dsZg(Ti/\/;h(s)ds) ,

with equality occurring if and only if A(s) = const on (A, 7). There-
fore, for g(s) = s2, h(s) = f'(s) # const on (A7), one gets
F(\,7) >0 (XA# 7). In such a way, the function F satisfies the
properties (4.6) and the proof will be finished by proving Lemma
4.13. ]

Remark 4.12 If f/(s) = const on [a, b], it follows from (4.11) that
F(\,7) = 0 on [a,b] X [a,b]. Consequently, v can be concentrated
either at a point or on the interval, where f’(s) = 0, which is in
correspondence with the result of TARTAR [1983].

Now we generalize the basic idea used in the proof of Theorem 4.4
for the case of more than one dimension. Note that the expression
‘more than one dimension’ in this context refers to the dimension
s of the space on which the measure p is defined. Hence, Lemma
4.13 would help to reduce the support of the Young measure to a
point in the case of system of s hyperbolic equations, if, of course,
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there was a function F, satisfying (4.14). However, the problem
of finding such a function in general seems to be as difficult as
solving the corresponding system of equations. In view of this, the
following lemma, even if it holds generally, is of some use only for
s=1.

Lemma 4.13 Let u € M(R®) be a non-negative bounded Radon
measure, supp 1 = K, a compact set. Let F € L'(u ® p) satisfy:

F(z,z) =0 VzeR,
F(z,y) >0 Va,yeR, z#y,

(4.14)
Ahﬂ%ﬂﬂMM®Mﬂﬁﬂ.

Then supp i is at most a point.

PROOF : Let us assume that there exist * # y, ¢ € K, y €
K such that {z,y} C suppp. Then there exist compact disjoint
neighbourhoods U(z) and V (y) of x and vy, respectively. It follows
that F(A,7) > 0 on U(z) x V(y). But then we get

o</ FO\ ) d(p(\) ® u(r)
Uz)xV(y)

s/ FOLr) d(p(h) © u(r) =0,
R 2~

which is a contradiction. ]

Finally, we formulate the main theorem of this section.

Theorem 4.15 Let f € C*(R) be genuinely nonlinear, ug €
L>(R). Then there exists a weak entropy solution u € L= (R* xR)
to the scalar conservation law (4.2).

PROOF : Let u® be solutions to the parabolic perturbations (4.1)
of (4.2), uF = u in L¥(RT x R), u* = us*, e — 0+ as k — +o0.
Denote by {v;} the family of Young measures corresponding to
u*, which exists according to Theorem 2.3. Then we have for all
g € C(R):

gout g, G(t,2) = (112, 9) for a.e. (t,2) € R" x R.

(4.16)
According to Theorem 3.1, the measures v; , satisfy for almost all
(t,z) € Rt x R the Murat-Tartar relation (3.2) for some entropy-
entropy flux pair 1, ¢ € C%(R) and therefore, according to Theorem
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4.4 there exists a = a(t, ) such that
Vig =04 for a.e. (t,2) € Rt xR. (4.17)
But (2.5) for ¢ = Id implies
u(t,z) = (8,,1d) for a.e. (t,z) e R xR,
and therefore
Vte = Ou(t,z) for a.e. (t,z) € Rt xR. (4.18)
Thus, using (2.5) again, we have
F?) = flu), (4.19)

which gives that u is a weak solution to (4.2).
Finally, for a convex entropy-entropy flux pair n, ¢ € C*(R) we
deduce from (3.15) that

an(u*) | oq(u*) 9%n(u¥)
< .
o o -t o
Similarly to (4.19), (4.18) now implies

(4.20)

n(u®) = n(u),
q(u®) = q(u) .

Therefore, passing to the limit in (4.20) one finds that u is an
entropy solution. Moreover, due to (4.18) and Theorem 2.31, uf —
u strongly in L. (R) for all p € [1,00). ]

loc

Remark 4.21 Young measures were given their name after L.C.
Young, who in his pioneering works (YOUNG [1937, 1938, 1942])
studied nonlinear problems developing oscillations of solutions. Sin-
ce the fundamental papers of TARTAR [1979, 1983], see also TAR-
TAR [1990], the theory of measure-valued solutions became impor-
tant in the context of partial differential equations. For an exten-
sive study of the Young measure technique we also refer to the
monograph by ROUBICEK [1996].

The Young measure approach can also be successfully used in
numerical analysis, namely to prove the convergence of so-called fi-
nite volume methods for scalar conservation laws in d space dimen-
sions—for details see, e.g., COCKBURN, COQUEL, LEFLOCH AND
SuU [1991] and KRONER AND ROKYTA [1994].



CHAPTER 4

Measure-valued solutions and
nonlinear hyperbolic equations

4.1 Introduction

Let Q@ C R? be a measurable set, on which a sequence of measurable
functions 27 : Q — R®, j = 1,2,..., is defined. Let 7 : R® — R
be a continuous function. We are interested in describing the be-
haviour of 7(27) as j — oco. As already pointed out in Theorem
3.2.3, the behaviour of 7(2z7) can be represented by a measure-
valued function v : Q — Prob(R®) provided that the sequence
{z 521 1s uniformly bounded in L*(Q)*. More precisely, since
7(2?) is also uniformly bounded in L*(Q), there exists a subse-
quence still denoted by 2z’ and a function 7 € L*(Q) such that

T(z)) &7 weakly-* in L=(Q), (1.1)
and, according to Theorem 2.3 in Chapter 3, we have
") = (yr) = [ TNy (), (12)
R«

for almost all y € Q. Here we use the notation v, = v(y). Moreover,
the measures v, are uniformly compactly supported. Note that
since the values of z’ belong to some compact set of R®, we could
suppose, without loss of generality, that 7 € C(R®).

In this chapter we extend the characterization (1.2) to a broader
class of functions 7 and z7. Following BALL [1989], we prove a more
general version of Theorem 2.3 in Chapter 3. As a consequence of
this generalization, we obtain the following result: If Q) is a bounded
set and z7 are uniformly bounded in LP(Q)* for some p € (1, 0),
then there exists a subsequence still denoted by z7 and a function
v :Q — Prob(R®) such that for all 7 € C(R®),

m(z’) =7 weakly in L71 (Q),

B (1.3)
T(y) = (vy,7) foraa . yeq,
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whenever 7 satisfies the growth condition

Ol <c1+[e),  gek. (1.4)

As we will see, mainly in the next chapter, the nonlinearities sat-
isfying (1.4) occur naturally in problems of continuum mechanics.
However, we will use the above-mentioned theorem later in this
chapter (see Section 4.3). Using again the method of vanishing vis-
cosity, we prove the global in time existence of a measure-valued
solution to the scalar hyperbolic equation of second order:

0%u 0

5;2— - %aj(Vu) = f in I x Q, (1.5)

where O C R? is a bounded open set and I = (0, T). The equation
(1.5) is considered together with Dirichlet boundary conditions and
initial conditions for u and %. From the physical point of view,
the unknown function u : @7 — R can be interpreted as a dis-
placement of a vibrating membrane. The functions a; : R — R
are considered to have linear growth, i.e., p = 2 in (1.4). More
precisely, we assume that a; are represented by a scalar quadratic
potential.

Recall that equation (1.5) can be rewritten as a hyperbolic sys-

tem of (d + 1) equations. Indeed, putting v = % and v; = '56;_,-7
we obtain for Vv = (v1,...,v4), V = (v, V),
8’()0 0 =Y
e axja](v) =f,
a?}i 6v0 .
i % _g, i=1,....d. 1.6
ot ox; ! ( )

See Section 1.1.3 in Chapter 1 for details.

Finally, let us emphasize that, to the knowledge of the authors,
(global in time) existence of a weak solution to (1.5) is still an open
problem. This is one of the reasons why the concept of a measure-
valued solution to problem (1.5) is introduced. Within this class we
obtain an existence result (see Theorem 3.34) and thus the question
of the existence of a weak solution to (1.5) can be reformulated as
a question of whether the measures v, are Dirac ones (compare
with Chapter 3).
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4.2 A version of the fundamental theorem on Young
measures

Following BALL [1989], we prove in this section a version of the
theorem about Young measures. This theorem will play a key
role in the construction of measure-valued solutions not only in
the next section, but also in the following chapter. Let us re-
call that the symbol L°(Q; M(R®)) represents the space of all
weakly measurable functions v : Q — M (R®), for which the norm
essSup,eq |1vyllm(w-) is finite (see Chapter 1 and Definition 2.7 in
Chapter 3 for more details).

Theorem 2.1 Let Q C R* be a measurable set and let z7 :
Q — R, j=1,2,..., be a sequence of measurable functions. Then
there exists a subsequence still denoted by z’ and a measure-valued
function v with the following properties:

1. The function v satisfies
v € L2(Q; M(RY)), (2.2)
vyl <1 forae y€Q, (2.3)

and we have for every ¢ € Cy(R®), as j — o0,

p(z/) 2@  weakly-* in L®°(Q),  B(y) = (v, 0). (24)

2. Moreover, if

lim sup meas{y € QNBg;|2Z/(y)| >k} =0 (25)

k—o0 7=1,2,...
for every R > 0, where B = {y € Q; |y| < R}, then

lvyll ey =1 for ae. y € Q. (2.6)

3. Let ¥ : [0,00) — R be a Young function satisfying the A,-
condition.! If condition (2.5) holds and if we have for some con-
tinuous function 7 : R® — R

_sup /‘I’(IT(ZJ)I)dy<oo, (2.7)
j=1,2,...JQ

t Definitions and properties of Young functions as well as Orlicz spaces
can be found in Chapter 1.
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then

T(z’) =7  weakly-* in Ly(Q), T(y) & (vy, 7). (2.8)

Before proving Theorem 2.1 let us make the following remarks.

Remark 2.9 If 27 are uniformly bounded in LP(Q)° for some
p € [1,00), the condition (2.5) is satisfied. Indeed, denoting A’ =
{y € QN Bg;|z/(y)| > k}, we have

< [ weras [ wora<e
13

Since ¢ is independent of both 7 and k£ we obtain

sup AJ_
i=1,.2,.. | | kp’

which implies (2.5).

Corollary 2.10 Let Q C R? be a bounded open set. Let z7 be
uniformly bounded in LP(Q)®. Then there exists a subsequence still
denoted by z’ and a measure-valued function v, such that for all
7 : R® — R satisfying for some q > 0 the growth condition

Ir@)| <c(1+lEh)? vEeR:, (2.11)
we have
7(z’) =7 weakly in L"(Q), 212)
T(y) = vy 7)
provided that
I<r< g. (2.13)

PRrOOF : Due to Remark 2.9 the condition (2.5) of Theorem 2.1
is satisfied. Let us verify (2.7). We have (for the Young function
U(u) =u")

, _ (2.11) o
/Qwr(z )I)dy=/QIT(z’)I dy < ¢ /Q(1+|z ) dy

and the last integral is uniformly bounded (with respect to j) if
gr < p. The lower bound r > 1 follows from the properties of Orlicz

v
functions, namely from lim;_.o ——gfl 00. ]
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We immediately see from (2.13) that we can easily find an r €
(1, E] if p > ¢. The case p = ¢ is not covered by the above result.
The investigation of this situation can be found in KINDERLEHRER
AND PEDREGAL [1992b].

PRrROOF (of Theorem 2.1): _
Ad 1: With z’ we associate the mapping v? : Q — M(R®)
defined for almost all y € @ by

I/i - (Sz.l(y) N (214)
where 6, is a Dirac measure supported at z € R°. Hence,
||u{/'||M(R.*) =1 forae y€Q. (2.15)

Since Co(R®) and consequently also L'(Q; Co(R®)) are separable,
we obtain from Theorem 2.11 in Chapter 3 the existence of a sub-
sequence still denoted by 7 and an element v € L(Q; M(R®))
such that

v Sy weakly-" in L (Q; M(R®)). (2.16)

Therefore, taking in (2.16) test functions h € L1(Q; Co(R®)) in the
form of h(y,A) = g(y)e(A) with g € L1(Q) and ¢ € Co(R®), we
see that

(I/Z,(,D) 5 vy, ) weakly-* in L*>°(Q) (2.17)

for every ¢ € Co(R*). Hence, (2.4) is proved, and (2.3) follows from
the weak-* lower semicontinuity of the norm || - || 5s(r~) and (2.15).

Ad 2: We prove that v is almost everywhere a probability mea-
sure, provided that (2.5) holds. Let us define, for A € R,

1 Al <k,
A= 1+k—|A k<A <k+1, (2.18)
0 Al > k+1.

Let E C @ be an arbitrary bounded measurable set and let |E|
denote its Lebesgue measure in R?. Then, for fixed k € N, we
denote

Al ={ye Bl (y)l > k}. (2.19)
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Then

0< = [ (1- 0@ w) dy

E| JE
l 142) g (2.20)
< < sup =€
B = . B
where e, — 0 if ¥ — oo due to (2.5). Therefore
1 .
l—e < — [ 92/ (y))dy. (2.21)

|E| JE
Then, letting j — oo in (2.21) and using (2.17), we obtain

1—gr < ! /( ) dy < 1 /|| I d (2<'3)1 (2.22)
— €&k S ey Vy, Yy < — v s < 1. .
B[ Jg® |B] Jp v IM®E) DY

Thus,

1
1= — o d .
IEI/E”Vy”M(R) Y, (2.23)

which implies that ||v|| (<) = 1 for almost all y € Q and (2.6) is
proved.

Ad 3: It remains to prove (2.8). Let 7 : R® — R be a continuous
function satisfying (2.7). We can suppose without loss of generality
that 7 > 0. Taking 9* as in (2.18), we put

™(2) = 7(2)9%(2). (2.24)

Choose ® such that ® and ¥ are complementary Young func-
tions. According to Lemma 2.30 in Chapter 1 we have (Ce(2))* =
Lyg(Q). In order to prove (2.8) one must show that

(vy,7) € Ly (Q) (2.25)

and verify the following limiting processes for an arbitrary g €

Cs(Q):
/ o) @) dy =F [ o) T@ @) dy,  (226)
Q Q

Jj—oo

/Q s @ W) a7 [ o) 0y, 220

/ g(y) vy, ) dy ——»/ y){(vy, T) dy, (2.28)
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where the convergence in (2.26) is meant to be uniform with respect
to j. Thus, using the triangle inequality, one can see

/gw»ﬂ#@»mﬂ:f sy foral g€ Cal@),
Q

which is exactly (2.8). Let us show (2.25)-(2.28). The fact that the
convergence in (2.26) is uniform (with respect to j) can be proved
directly. Indeed, for A] as in (2.19),

/Q )| 17 (4) — (2 )] dy
< / l9()] (1 = 9*(2 (0)))7(2’ () dy
A

K
(2.29), Ch.1 :
< gy an IT@E M Ly ary (229)

(2.28), Ch.1

< oy (14 2 )

(2.7)
<'C ||g||L<1>(Ai:) '

By virtue of (2.5) and the absolute continuity of the Orlicz norm
l9llLo(qry with respect to Q" (see Theorem 2.40 in Chapter 1), one
finds that for every ¢ > 0 there exists a ko such that for £ > ko
the right-hand side of (2.29) is less than e. Thus (2.26) is proved.

The limiting process in (2.27) follows immediately from (2.4)
and the imbedding Cs(Q) — L1(Q).

To verify (2.28), note that 75! > 7% > 0. Due to the monotone
convergence theorem we have for almost all y € @, as k — oo,

(vy, TF) =/ T*dy, — / Tdyy = (vy, 7). (2.30)
R.ﬂ R.«
For g > 0 we have
9) vy, T > g(y) (v, TF) 20 (2.31)
and from (2.30)
Jim 9W) vy, ™) = g(y) (v, 7)  forae yeQ. (2.32)

Again, due to the monotone convergence theorem, we obtain (2.28).
Note that fQ 9(y){vy, T) dy can still be infinite. Its boundedness
is a consequence of (2.25), which will be proved in what follows.
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Since 7% < 7%*1 < 7. we have for fixed &,

sup /Q T(|r* (@) dy < sup /Q Y(jr(@))dy <c, (2.33)

j=1,2,... i=1,2,...
or

17 @)@ = 107, T ey < e, (2.34)

where ¢ depends neither on & nor on j. Thus there exist ax € Ly (Q)
such that, for 7 —-00,

<I/j,7‘k> Xoar  weakly-* in Ly(Q). (2.35)

The comparison of (2.35) with (2.27) gives ax(y) = (vy,7") for
almost every y € Q. Moreover, a; = (v, %) belongs to the ball in
Ly (Q) given by (2.34), independently of k. Consequently,

v, ™) 2 w(@) < (2.36)
Then there exists a € Ly (Q) such that

/ 9(y) (v, ™) dy — / o(y)aly) dy (2.37)
Q Q

for every g € Co(Q), as k — oco. Comparing (2.37) with (2.28) for
smooth test functions g, we obtain

a(y) = (vy,7) for ae. y € Q (2.38)
and (2.25) is proved. The proof of Theorem 2.1 is complete. ]

Remark 2.39 In BALL [1989] the author claims that the theorem
can be regarded as a consequence of a general lower semicontinuity
theorem proved by BALDER [1984].

The original statement of Theorem 2.1 in BALL [1989] is a bit

different. Instead of (2.7) it is assumed that {7(z7)} " is sequen-

tially weakly relatively compact in L'(Q). In fact, éhis condition
is equivalent to (2.7) if Q is bounded and ¥ : [0,00) — R is a
continuous function such that lim¢|_,o ﬂgﬂ = 0o. In our case, ¥
is moreover a Young function, i.e., a convex one. If we omit this

assumption, we only have
7(2?) — {v,7) weakly in L*(Q),

which corresponds to the assertion of the theorem in BALL [1989).
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4.3 Measure-valued solutions to a hyperbolic equation of
second order

The subject of this section is to prove the existence of measure-
valued solutions (global in time) to the following problem.

Let Q C R%, d > 2, be a bounded domain with a smooth bound-
ary Q. Let T € (0,00), I = (0,T) and Q7 = I x . Given func-
tions f : Qr — R, ug, u3 : @ — R, we look for a function
u: Qr — R, solving

&u 0 . :
5;2— - %aj(Vu) = f m QT, (31)
0
w(0,) = ug 8—7:(0, Y=u  inQ, (3.2)
u=0 on I x 011, (3.3)

provided that there exists a function ¥ € C?(R?), called potential
to a = (ay,...,aq), and positive constants a, 8 € R such that for
all,7=1,...,d,

afi = a;, (34)
ov
9(0) = 52 =0. 55
829
m <3, (3.6)

and

a|n|‘2 < 6219(6)

S 3606, Nk Ne (3.7)

for all &, n € R%.
A simple calculation (see also Section 5.1) shows that (3.4)—(3.7)
imply

(€)1 < Ble] (39
%er < o(e) < Diel (39
|ai(§) — ai(n)| < BI€ —l, (3.10)

forallé, n € R andi=1,...,d.
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Let us suppose, for a moment, that u¢ are some approximations
of the problem (3.1)~(3.7) having the following properties:

Vu is uniformly bounded in L*(Qr)?, (3.11)
%t J*u , _
57— g Weakly in LA (L w=12(Q)). (3.12)

Due to (3.11) we can use Theorem 2.1 or rather its Corollary 2.10
withp =2,¢ =1 and r = 2 (for s = d) and we obtain the existence
of a measure-valued function v : Q7 — Prob(R?) such that for
eachi=1,...,d,

a;(Vu®) — @ weakly in L*(Qr)
with

a_i(t’x) = <Vt,a:aai> )

at least for a subsequence. We see that under assumptions (3.11),
(3.12) there is a hope that we will be able to find a limiting process
for solutions u® of a suitable approximate problem to a measure-
valued solution—a couple (u,r)—of the original problem (3.1)-
(3.7).

Now we are in a position to define the notion of a measure-valued
solution to the problem (3.1)—(3.7).

Definition 3.13 Let
feL¥Qr), weWyQ), ui€L*Q) (3.14)
be given. A couple (u,v) such that
ue (LW (D),
ou .
5 € L*(Qr),
(3.15)
7 € LX(Lw13(Q),
v € LZ(Qr; Prob (R?)),
is called a measure-valued solution to the problem (3.1)-(3.7)
if and only if
Ou
w0)=uo,  2r(0)=ui, (3.16)
and the following identities are fulfilled:

ou
a—x;(t,x) =/R 0jdvy. (o) (3.17)
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for almost all (t,z) € Qr, and

T 2
(a u dt+/ 00 (4. 2) (ve.eras) dadt
0 3t2 Q 8:E1

(3.18)

o\

for all p € L2(I; Wy (Q)).

Remark 3.19

e We have u € C(I;L%(Q)) and § € C(I;W~12(Q)) due to
Lemma, 2.45 in Chapter 1. Hence, the initial conditions (3.16)
are understood in the sense of the spaces L2(Q2), W~12(Q), re-

spectively, for example

,h%l+ [lu(t) — upll2 = 0.

In this section we will denote by (-,-) not only the usual L2
scalar product, but also the duality between the spaces WO1 2(Q)
and W~12(Q). The reason is that (-,-) denotes here the duality
between M (R?) and Co(R?) (see (3.18)).

In order to prove the existence of a measure-valued solution, we

need to find convenient approximations, denoted by u®, having (at
least) the properties (3.11) and (3.12). For this purpose we perturb
the equation (3.1) by the term —eA % a“ and we will investigate the

following problem.

Find, for each € > 0, a function u® : @ — R satisfying

0%uf 0 0u )
W - a_m]-aj (Vu ) m QT, (320)
0 &
u®(0,-) = ug, B—Z(O, J=u; in Q, (3.21)
u*=0 onIxdN. (3.22)

Definition 3.23 Let f, ug, uy fulfill (3.14). A function u®, defin-
ed on Qr, is called a weak solution to the problem (3.20)-(3.22),
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(3.4)—(3.7), if and only if

ut € L (LW, %(Q), (3.24)
ou’

o € L*(I; Wy (), (3.25)
8?us

5 € LI, w—12(Q), (3.26)

and the following equality

/OT (2 )00 dr + /OT (s, 57 ) dr

ve [ (G5, 320) i - [ U000 ér

is fulfilled for all € L2 (I, Wy'*(Q)).

(3.27)

Remark 3.28 The initial conditions (3.21) with assumptions
(3.14) are meaningful because of Lemma 2.45 in Chapter 1. In
fact, us € C(I; W, *(Q)) and 9% € C(I; L*(92)).

Theorem 3.29 Let f, ug and u; satisfy (3.14). Then for every
e > 0 there exists just one weak solution u® to the problem (3.20)-
(3.22), (3.4)-(3.7). Moreover, u® satisfies the following uniform
estimates:

HUE”Loc(];WUM(Q)) <c, (3.30)
ou
H_at_“L“‘(I;LQ(Q)) <c, (3.31)
T €
< [ IVl s, (3.32)
0

o°u

“‘5tT||L2(1;w—1-2(Q)) sc. (3.33)

Although we use the standard Galerkin method to solve the
parabolic problem (3.20)—(3.22), we present a detailed proof here,
since it shows another method of obtaining the almost everywhere
convergence of Vu®, needed for the limiting process in the nonlin-
earities a;, 1 = 1,...,d. However, in order to concentrate on our
main goal, i.e., to prove the existence of a measure-valued solution
to our hyperbolic problem, we postpone the proof of Theorem 3.29
to the end of this section.
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Theorem 3.34 Let f,ug,u; satisty (3.14). Then there exists a
measure-valued solution to the problem (3.1)~(3.7).

PROOF : Due to the uniform estimates (3.30)-(3.33), we can
choose a subsequence {uf*} C {u} such that

utt — weakly in L*(I; Wol’2(m) ) (3.35)
€k
agt - ?9_1: weakly in L*(Qr), (3.36)
Q2usk 0%u

S~ e weakly in L2(I; W~12(Q)), (3.37)

as k — oo.

Furthermore, u¢* are weak solutions to the approximate problem
(3.20)—(3.22), (3.4)-(3.7), i.e., they satisfy the equality (3.27) for
all p € LZ(O,T;WOI’Q(Q)). Let us investigate the limiting process
n (3.27).

Due to (3.37),

/OT (%:f—(r),go(‘r)) dr — /OT (%(7)#’(7)) dr (3.38)

and according to (3.32),

N / B“EL w) dr -0, (3.39)

as €, — 0+4. Considering the limit of fo (a;(Vues(t), —Jxﬂ) dz dt,
we apply Corollary 2.10. Since ||[Vu*||12(g,) < ¢ due to (3.30), we
take 27 = Vufi, p=2,¢=1and r = 2, s = d in the above cited
corollary. Thus we get the existence of a measure-valued function
v € L=(Q;Prob(R?)) such that for 7 = a;,

a;(Vut*) — @ weakly in L?(Qr),
where
a(t,z) = / ai(o)dv, (o), i=1,...,d
RrRd

Therefore,

' dp %)
. Erny __ 1T o .
/QT a;(Vu )Bzi dz dt — o, 92, (Vi p,aq) dedt. (3.40)

Using (3.38)-(3.40) in (3.27), we can conclude that the couple (u, )
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satisfies (3.18) for all ¢ € L*(0,T; Wy "*(2)). It remains to verify
(3.17). Due to (3.35),

/ Vutpdz dt iy Vugpdzdt (3.41)
Qr Qr

for all ¢ € D(Q7). Using again Corollary 2.10 for 7 equal to com-
ponents of Id, (the other parameters are the same as above), we
obtain

/Vu5‘=<pdxdt—> o (1 2, 1d) dz dt (3.42)
T Qr

for all ¢ € D(Qr). Hence,

/ @(t,x)(ym,ld)dajdt:/ o(t, z)Vu(t, z) dx dt

T
for all ¢ € D(Qr), which implies (3.17). ]
In the rest of this section we will prove Theorem 3.29. For sim-
plicity we drop the superscript ¢.

PRroor (of Theorem 3.29):

Uniqueness: Let v, w be two weak solutions of the problem
(3.20)-(3.22), (3.4)—(3.7). Putting u = v — w, we have for all
t € (0,T) the identity

[ (Grmee)

+ /0 (ai(w(f))—ai(w(r)),agg))m (3.43)

9 ou Ap(7)
gu dr =0
+EA (axI ot (T)7 Bxi ) T
for all ¢ € L?(0,; W, *(2)). Taking 2 as a test function in (3.43),
we obtain

1,0u 2 1,0u
sl @l = 5l57

t
0
O +< [ G ldr
0

= t a;(Vw(r)) — a;,(Vo(r)), 6'@(7’) dr = I,
0 Ozx; Ot

or (since %}(0) = 0),

t
8
s/ ||v——61:(7)||§d7 < |hl. (3.44)
0
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Because of (3.10), the right-hand side of (3.44) is estimated by
Holder’s and Young’s inequalities as follows:

t_ou
|11|§%/0 HV-a—t(T)sz +—/ IVu(r)||3 dr, (3.45)

which gives

/ v 2 ()l dr / IVa(D)2dr.  (3.46)
Relation u(7) = OT %%( )ds allows us to rewrite (3.46) in the form
BT [ T Ou 2
/ vl ar < 5 / (/O I92e )3 as)ar. (347
If we define y(¢ fo V2% (7)||3 dr then (3.47) reads
ﬁ‘ZT t
y(t) < —T/ y(r)dr,

€” Jo

and Gronwall’s lemma 3.5 in the Appendix finishes the proof. In
fact, we obtain

t
/0 ||V%(T)H§d'r =0 Vte(0,T].

If we again use the relation u(t) = Y (s)ds, we obtain

0 Bt
IVu(t)|l2=0  Vte (0,T], (3.48)

which implies v(t) = w(t) for all t € [0,T].

Existence: Let {w*} be a basis in w, 2(Q2) consisting of eigenvec-
tors of the Laplace operator? for which )\ are the corresponding
eigenvalues. This means that

(Vw*, Vo) = Me(WF,9) Vo € WaP(Q).
If v(t) is an element of W,'?(Q) then there exist v;(t) € R such

! See Remark 4.14 in the Appendix for some comments on the exis-
tence of such a basis. Let us recall two advantages of this construction.

Firstly, {w®} are orthogonal both in L?(Q) and in WS’Q(Q) and they
can be orthonormalized either in W01‘2(Q) orin L2(Q). In our case, we
assume that the basis is orthonormal in L2(£2). Secondly, w® € C*°(Q)

if 8 is smooth enough, which is a consequence of the regularity theory
for elliptic equations.
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that v(t) = 3272, v;(¢)w’ . Denoting v™(t) = > ie1 V5 (t)w?, we can
define the mapping P,, by

PLv=v".

Then due to the properties of {w*}, P, is a continuous orthogonal
projector both in

W01’2(Q) — span{w!,w?, ... W™},
and in
L*(Q) — span{w!,w?,...,w™}.
Moreover,
IPmoll12 < llvlli2  and  [[Prollz < lvfl2.

Let us look for coefficients v* : I — R such that the so-called
Galerkin approximations u™ in the form

u™(t,z) = Z 7 (8w (2)

solve the system of ordinary differential equations

ym ou™ : Ow?
j U ., (T
( oz Y ) +e(v a0 VY ) * /Q‘“(V“ )3z % (3.49)
:(f’wj)7 j=17"'7m7
ou™
u™(0,z) = Pruo, —at——((),a:) =Pur. (3.50)

Then the system (3.49), called the Galerkin system, can be
rewritten in the form (we write v; = vJ* for simplicity)

d2 d . J m
() +edmyi(t) = (fw )+/Qai(w o,
. (3.51)

%3(0) = (Pm(u0))j,  775(0) = (Pm(u1));,

Aw?

£4+;(t) and denote z =
(1, +»¥m), then (3.51)

where 7 = 1,...,m. If we put z;(t)
(z1y-- v 2m), A = (A1,..., Am) and vy
takes the form

-

%Z+EA'Z:F(77f7a)7
d

a‘z‘Y

(3.52)
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orfory =(z,7)  and H= (F—eX-z,2)7,

Ej_ty = H{y), (3.53)
y(0) =yo-

Since the right-hand side of (3.53) satisfies the Carathéodory con-
ditions, the existence of a solution is ensured due to Theorem 3.4
in the Appendix.

The global existence then follows from the following a prior:
estimates, namely from (3.54) and (3.55). These estimates give
uniform bounds on y on the interval of local existence and allow
to prolong the local solution onto the whole interval I.

For all ¢t € (0,T] we have:

”um“L’x/(O,t;Wga(Q)) <C, (3.54)

um
||—“||Lm omzry S € (3.55)
/ ||\7 ||2 dr<C, (3.56)
|| atz ||L2 0,t;W—1.2(Q)) S C, (357)

where C is independent of m and ¢.
Let us first derive (3.54)—(3.56). Multiplying the jth equation of
(3.49) by %’y]m(t) and adding the resulting equations, we obtain

(aZ—U."—L -au—m) +5(Va \7@—)

otz ' ot ot ot
+/ (DO (o (3.58)
(Vg T de= (1 50)
Using (3.4), we obtain
1d,0u™
G e+ el T+ 5 [ ovumyas
2dt! gt 2 8t 2t dt (3.59)

= (1%

Let us integrate (3.59) over (0,t), where t € (0,7T]. Applying
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Holder’s inequality to the right-hand side, we obtain

1,0
150l + /nv ||2d+/m
ou™
<320+ [ a@wronds+ [ 1o o,

Using (3.9), Young’s inequality and the properties of IP.,, we obtain

1 Bu
31550 + /||V— s+ SIum o)

1 9
< getwoun )+ 1 [ 152,

where c(ug, u1, f) = ||u1||§+/3||Vu0|I%+fg | f(7)||2 dr. In particular
we have

(3.60)

120l < ctuosus )+ [ 12w @y

Applying Gronwall’s lemma 3.5 from the Appendix to (3.61), we
obtain

H 5 t)||2<cuo,u1,f T) Vt<T, (3.62)

which is (3.55). Using again the inequality (3.60) together with
(3.62) we immediately obtain (3.56) and (3.54), where C depends

only on f,ug,u; and T.

In order to obtain (3.57), it is enough to verify that

| G o) ar <

for all ¢ € L2(0,t; W, () satisfying

c

“(pHLZ(O,t;W(}'z(Q)) <1 (3.63)
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Now,

[ e [ 5 )= [ (G

ot m t
(3.49) ou
= 5/0 (V—at ,VIP’mnp) ds+/o (f, Pryp) ds

_/Ot (ai(Vum),[F’mgf) ds.

3

Using (3.8), (3.63) and Holder’s inequality we obtain

/O (6;t2 ’“’) ds

where we used the continuity of the projector P,,. Since all terms on
the right-hand side of (3.64) are bounded (uniformly with respect
to m and €) due to (3.54)—(3.56), we obtain (3.57).

<e [ 195 ds+ 1l imcan

(3.64)

+ C||“m”L2 0,65WH3(Q))

Therefore, there exists a subsequence {u*} C {u™} such that

w* —u  weakly in L*(I; W *(R)), (3.65)
I
?_57 Xz weakly-* in L®(I; L2(9)), (3.66)
a 12
% — 2z weakly in L*(I; W2(Q), (3.67)
0%ut .
5 Y weakly in L*(I; W~ 1%(Q)). (3.68)

Since C* (1) is dense both in W1%(Q) and in L?(Q?), we have
z1 = 23 = z. Now, from the formula (2.46) in Chapter 1 we obtain
for all ¢ € Co(I; Wy 2 ()

/ot (?g(s)"p) ds = ‘/Ot (u‘ﬂ %(f) dt. (3.69)

Letting ¢ — oo in (3.69), we obtain

/ot(z,w)dg—/ot( %f)dt, (3.70)

2
and therefore, z = @ Analogously, w = ‘?ﬂ;‘.
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Next, we want to prove that u is a weak solution to the problem
(3.20)~(3.22), (3.4)—(3.7). Immediately from the definition of weak
convergence it follows that for ¢ € L2(I; Wg*(Q))

/0‘ (%;,w) ds — /Ot (%%»QO) ds (3.71)
and

s/ot (V%L:-L,Vw) ds—>5/0t (V%,Vw) ds. (3.72)

It remains to show

/Ot (ai(vu“)’g;p_)ds_, /0‘ (ai(w),g—;i) ds  (3.73)

3

for all ¢ € L2*(I;W,*(R)). For this purpose we will prove the
strong convergence

Vu* — Vuin L*(Qr). (3.74)
In fact, we will show that
out ou . _,

which implies (3.74) due to (2.47) in Chapter 1. Indeed,
IV(u* —w)(@®); = IV(u* = u)(O)l3

t ou*  Ou
+2/0 (v( = -—E),V(u“——u))ds,

and the right-hand side of (3.76) tends to 0 because of assumptions
(3.75) and (3.65).

Let L, : L2(I; WY2(Q)) — L?(I;span{w!,...,w™}) be a con-
tinuous projector. Then for ¢ € L2(I; Wy *(9))

(3.76)

T
/ ILne —¢llf yds — 0 as m — 0o, (3.77)
0

and the following equality holds (compare with (3.49)):

/0t (a—;—t%i,]l.”cp) ds + /Ot (ai(Vu“), 8(1194—;‘:0) ds

t ou* t ,
+€ V—,VL ds :/ f,L,y)ds.
/0 ( ot M‘P) 5 ( w

(3.78)
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We will use ¢ = aait“ - % as a test function in (3.78). To make

the argument more transparent, let us consider each term in (3.78)
separately, starting with the third one.

We have

dut _ ou* du
V—,V— —-VL,—)d
E/O ( ot ot L 8t) °

t out ou _ ou* Jdu
c /0 ( ot ot’ ot 6t> ds

t ou _ out du
du g2 3.79
“/0 (V50 V5 Vat)ds (3.79)

¢ ou* _ou ou
V—,V—-VL, —
+E/0 ( ot '’ Ot V‘at)ds

6u ou\ 2 L 9
_E/HV ot E).|2d3+6u+6u'
We see from (3.67) that 6, — 0 as u — oo. Also, 62 — 0, since
9u e LA(I;W,°*(R)) and (3.77) and (3.56) hold.

Similarly we will handle the first integral in (3.78). We obtain
t o 0%uk Qut Ou Ld%ur 9% Out du
/0 (G 30—l gg) &5 = / (G~ %2 o~ 30) @
d%u Ou* Ou
[ G G- G
t 8%k du ou
+/0( otz ' ot "at)ds

1, Out
:5“"37 (t) ”z “ - E(O Hz
+ﬁ+#

1

where 63 — 0 due to (3.67) and 6; — 0 due to (3.77) and (3.57).
Putting

our(0)  oul0) 12
ot ot %’

we see that 6> — 0 as . — oo.
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Further, the second term in (3.78) can be rewritten as follows:

‘/Ot (CM(VUH), a;i (% — H—‘u %—;ﬁ)) ds

- (wtver-eon (50 -2)

o [ am, 2 (% 2

+ /Ot (ai(Vu"), 3331‘ (%:— -L, %)) ds

=L+6)+6].

From condition (3.8) it follows that a;(Vu) € L%(Qr). This to-
gether with (3.67) implies that 6 — 0. Similarly, 6 — 0 because
of (3.8), {3.54) and (3.77).

We will estimate I by means of (3.10), Holder’s and Young’s
inequalities. We obtain

| <K (&) / IV (= w)||2 ds

e [t out  Ou\,2
=5 [ Ie (5 - 5 lads

(3.80)

Using the formula

V{u* —u)(s) = V(u* —u)(0) + /Os V%(u” —u)(r)dr,

we obtain

IV (u# —w)(s)lI3 < 21|Vu*(0) - vu( ][5

+2T/ 19 (% - S) |2 ar

Denoting 65 = 2T K ()| Vu*(0) — Vu(0 )||3, which clearly converges
to 0 as u — oo, we obtain from (3.80)

|I| < 65 + 2TK(¢) //|| -8—57—*) )5 dr ds

5 [ 105 - 2
ot 8t 2
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t out ou
9 — - __
6ﬂ _/0 (f, T L, 6t)ds

also converges to zero due to (3.77).
Let us put 6, = Z?zl 6& Collecting the previous calculations,
we obtain from (3.78)

e [t out  Ou\ 2
s 1o (5 - 5 s

¢ ¢ ou*  Ou\ 2
56,L+c/0 (/O ||V(F—E)||2ds> dr |

Since 6, — 0 when p — oo, the assertion (3.75) is a consequence
of Gronwall’s lemma 3.5 in the Appendix.

Thus (3.75) and consequently (3.74) is proved. This means that
Vu# — Vu almost everywhere and also a;(Vu*) — a,(Vu) almost
everywhere, at least for a subsequence. Further, we know that for
all measurable H C Qr,

Finally,

(3.8)
/lai(vuu)ldl‘dt < 0/ |Vut|dzdt < cf| V|| p2qr) VIH]
H H

which implies the continuity of a;(Vu*) with respect to the Lebes-
gue measure. Thus we are in position to apply Vitali’s lemma 2.11
in Chapter 1 and we obtain (3.73) for all ¢ € L2(0, T; W, *(Q)). In
this way, u satisfies (3.27). Moreover, since u is a weak limit of the
sequence u* which fulfills the estimates (3.54)—(3.57), u satisfies
the same estimates. Therefore, (3.30)—(3.33) hold and the proof of
Theorem 3.29 is complete. n



CHAPTER 5

Mathematical theory for a class of
non-Newtonian fluids

5.1 Introduction

In this chapter we will study solutions (global in time) to systems
describing the motion of both incompressible liquids and compress-
ible isothermal gases in a bounded domain © C R?, d > 2. The
equations in question have already been formulated in Section 1.1.4
and Section 1.1.5 in Chapter 1. It is worth recalling the assump-
tions put on the stress 7 for both compressible and incompressible
models. As before, Rg;m represents the set of all symmetric d x d
matrices, i.e.,

RY, = {(MeRY; My =M, i,j=1,...,d}.

For u : (0,T) x @ — R? we denote, as usual, by e = e(u) :
R — d;m the symmetric part of the gradient of u. That is, the
components of e are defined by

6ui n 8uj
Oxj Ozi ’

ii=1,....d.
2 2 . . .
Further, let 7,0 : R%,,, — R%,, be given continuous functions.

Considering a flow of a compressible fluid described by (1.50)—
(1.51) in Chapter 1, when 7 = 7(e), we assume that for a certain
p > 1and q € [p— 1,p) there exist o, 8 > 0 such that for all

neRY,,,
T(n) n > ainl”, (1.1)
lr(m) < B+ )" (1.2)
Considering a flow of an incompressible fluid described by sys-

tem (1.55)-(1.56) in Chapter 1, when 7€ = 7(e)+o(e), we assume
that there exist p > 1, ¢ € [p—1,p) and «, § > 0 (usually different
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from «, 3 above) such that for all n € Rgz

T(n) -0 > alnl*, (1.3)
o{n)-n >0, (1.4)
lT7(n) + o ()| < B(1+n))?. (1.5)

Notice that if 7, o fulfil (1.3)-(1.5), 7 + o satisfies (1.1)—(1.2).
Unless additional assumptions are imposed on 7 and o, the de-
composition of 7% into 7 and & is not useful. In such cases we will
assume that & = 0 and 7 satisfies (1.1)-(1.2).

Our aim is to find global solutions to equations of motion for
models of both incompressible and compressible fluids. In this
chapter we will try to answer the following questions.

1. For which p do measure-valued solutions exist?

Let us emphasize that measure-valued functions are expected
to appear only as a tool to describe the behaviour of a sequence
70(e(u*)), where 7 is as above and u* are some approximate solu-
tions to our problem.’ In other words, the limits of the other non-
linearities appearing in the equations will be characterized by in-
tegrable functions and will be obtained in the classical weak sense.
The restriction on p comes in fact from these limits and not from
the limit of 7o (e(u*)).

Assumption (1.1) ensures uniform boundedness of the sequence
e(u) in LP(QT)‘iz. Using the Korn inequality (see Theorem 1.10
below), a uniform bound on Vu* in L?(Qr)* can be found. Be-
cause T satisfies (1.2), we can apply Theorem 2.1 and Corollary
2.10 from Chapter 4 directly in order to obtain the existence of a
measure-valued function characterizing the limit of 7o (e(u¥)), cf.
Chapter 4.

The existence of measure-valued solutions will be proved in Sec-
tion 5.2 (incompressible case) and in Section 5.5 (compressible
case).

2. For which p are measure-valued solutions Dirac ones?—or equi-
valently— For which p do weak solutions exrist?

3. For which p, if any, do weak solutions have some qualitative
properties such as higher regularity, uniqueness, etc.?

t Let us remark that in this chapter u® will denote Galerkin approxima-
tions, in contrast to Chapter 4, where u® were solutions to perturbed
problems.
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Satisfactory answers to these questions will be given only in the
case of models for incompressible fluids, see Sections 5.3 and 5.4. A
complete overview of known results is presented in Section 5.2.3.
As will be seen, the most interesting results require some addi-
tional assumptions on the tensor function 7. More precisely, for
the incompressible model we will assume the existence of a scalar
function U € CQ(R‘i2 ), called potential of 7, such that for some
p € (1,00), C1, Cy > 0 we have for all n, £ € jom and 1, j, k,
=1,...,d,

oU(n)
oy = 7i;(n) (1.6)
aU (0
) = —8_77('—') =0, (1.7)
ij
0*U(n) S { ImP=*181%,
Aa.  a. SmnSrs C )
Fimon " Z O e, 0
0°U(n) -
W‘ < Co(1+ )P~ (1.9)

Let us recall that examples of functions 7 for which a potential U
can be found were presented in Chapter 1, Example 1.69.

Notice that (1.8)2 implies (1.8); if p > 2. We understand (1.8)
(and the cases in it) in the sense that only one of the two conditions
is considered. Let us remark that the typical example of the tensor
T whose potential satisfies the condition (1.8); is

7(e(u)) = le(u)P~?e(u),
while the tensors
7(e(w) = (1+[e(w))” e(u),
7(e(w) = (1 +le(w)?)) T e(u),

are standard examples of s whose potentials satisfy (1.8),. Com-
pare with Example 1.73 in Chapter 1.

The properties of 7 which follow from (1.6)-(1.9) are derived at
the end of this section. In particular, it will be shown that (1.6)-
(1.8); imply (1.3), see Lemma 1.19 below.

Finally, let us note that to the knowledge of the authors nothing
is known about the existence of weak solutions to the compressible
isothermal model even for very large p. This remains, similarly to
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the case of the nonlinear hyperbolic equation of second order, an
interesting open problem (for d > 2).

Before finishing this section, we first prove the Korn inequality
which turns out to be an important mathematical tool in the se-
quel, and then we will study the properties of T which follow from
(1.6)-(1.9).

5.1.1 Korn’s inequality

Theorem 1.10 Let 1 < p < oo. Then there exists a constant
K, = K,(Q) such that the inequality

Kpllvllip < lle()llp (1.11)
is fulfilled for all v satisfying either

o v e W,P(Q)%, where Q C R? is open and bounded, 99 € C*1,
¥

or

e veWLr(Q)? where Q= (0,L)¢, L > 0.

per

Remark 1.12 There are several proofs of this theorem if p = 2,
see for example HLAVACEK AND NECAS [1970], NITSCHE [1981],
KONDRATIEV AND OLEINIK [1989], covering more general bound-
ary conditions. For general p € (1,00) see GOBERT [1962, 1971],
NECAS [1966], TEMAM [1985] or FUCHS [1994]. The case of p =1
must be excluded because of the counterexample due to ORNSTEIN
[1962]. For p =1 it holds only

Ki|lvll o, < lle()llx- (1.13)
For the proof of (1.13) see ANZELOTTI AND GIAQUINTA [1980].

In order to prove Theorem 1.10 we need one general result con-
cerning distributions with derivatives in (Wy'*(2)), (Wplezf(ﬂ))*,
respectively. We restrict ourselves to the first case of Theorem 1.10;
the second case is easier.

Theorem 1.14 Let Q be an open bounded subset of R® with
a0 € CO' Let T € D'(). If T, 2L € (Wy*(R))" for some q €

i By VV;e'f(Q)d for @ = (0,L)%, L > 0, we understand the space of

space-periodic functions from wlP(0)? with mean value zero (see
also Section 1.2.4 in Chapter 1).
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(1,00), and alli = 1, ...,d, then there exists a function u € LY (Q),
q = q—_Ll, such that

(T, ) = / up dx Yo e D).
Q

Moreover, there exists C > 0 such that

d
: ’ aT o
”qu/ < C(HT”I_I,ql + E “%“(I—I,q’> . (115)
i=1 K

PROOF : See NECAS [1966], where a more general statement is
proved. In fact, if m € Z, T € W™~14(Q) and g—z e Wwm-1.4(Q)

then T € W™ (Q) and an inequality corresponding to (1.15)
holds. ]

PROOF (of Theorem 1.10): Let us define the space
E(Q)* = {ue L7?(Q)%e(u) € LP(Q)* }

with |lul| gays = llull, + [le(u)|l,. Then E(Q)? is a Banach space.
Let

I:whr () — E(Q)
be the identity mapping. Clearly I is a continuous map. We want
to prove the surjectivity of I. Taking v € E(Q)* we have, in the

sense of distributions, for all ¢, j, k=1,...,d,
8201 _ 8eik(v) n 8eij(v) _ a€jk(v) . (1.16)
Oz ;0w Ox; Oy, Oz;

Since e(v) € LP(Q)%", (1.16) implies ﬁz— € (Wl’p (Q))*, where
p is the dual exponent to p. Further, we obtain from v € L?(Q)?
that g—;”; € (Wy” (2))". Due to Theorem 1.14 we obtain 2% €
LP(Q) for 1,5 = 1,...,d, therefore v.e WHP(Q)¢ and I is surjec-
tive. Hence W1?(Q)? coincides with E(Q2)?* and the Open Mapping
Theorem (see YOSIDA [1965]) gives the inequality

Ivll1p < e(p, Q) (vl + lle(v)llp) - (1.17)
It remains to show that for all v € W, *(Q)¢,
vy < clp, Q) le(v)ll - (1.18)

To obtain a contradiction, we will assume that there is a sequence
(v}, € WyP(Q)? such that ||v*|, = 1 and n|e(v?)||, < 1.
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Thus e(v®) — 0in LP(2)% for n — oo. Using (1.17), we can choose
a subsequence of {v"} still labelled {v"} such that v® — v weakly
in W1?(Q)¢ and strongly in L?(2)%. Then ||v||, = 1, V|, = 0 and
e(v) = 0. A vector field v satisfying e(v) = 0 has an equivalent
form v = a 4+ b x x, see NECAS AND HLAVACGEK [1981]. Due to
the homogeneous boundary conditions v has to be identically zero,
which contradicts ||v||, = 1.

Therefore, inequality (1.18) holds and the proof of Theorem 1.10
is complete. |

5.1.2 Two algebraic lemmas

In this section we will derive some inequalities which are conse-
quences of assumptions (1.6)—(1.9).

The cases in (1.20) and (1.25) below are understood to be in
agreement with (1.8). This means that (1.8); implies (1.20); and
(1.25);, and (1.8)7 implies (1.20); and (1.25)s.

Lemma 1.19 Letp>1andT: d;m — jom, U: R;i;m — R
satisfy (1.6)—(1.9). Then there exist positive constants C3, Cy4, Cs
such that for all e € ]jom,

el|?,
T;j(e)es; > 03{ :e:(lelp_l ~1) > Cy(lelr = 1), (1.20)
|7i;(e)] < Cs (1+e))"™", (1.21)
1,7=1,...,d, and for alle, € € Rg;m,
(rij(e) — 7i;(€))(ei; — &) 2 0. (1.22)
Further, the inequality (1.20); can be replaced by
7;5(e)es; > Cs min(le|?, |e|?) . (1.23)

Moreover, if p > 2 then
Ti5(€)es; > Ca(1 + [e[P~?)lel” (1.24)

and there also exists Cg such that
P
(Tij (e) - le(e))(e'bj —€ij) 2 Ls (le _ 'é|2 + |e _ élp) )

If p e (1,2) and |e|, |€] < R then there exists C7; = C;(R) such
that

(1.25)

(ri5(€) — 7i5(€)) (ei; — &) > Crle — €. (1.26)
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PRrOOF : Due to (1.6) and (1.7), we have

oU(e) 0U(0) /1 d 9U(se)
T,’]'(e) = - - -5 ds
8e,-j 861-1- 0 ds 861,-
_ ' 52U (se) d (1.27)
0 867_']'3619@ Ckt

Using (1.9) we obtain

! 2
|T,']'(e)| < C‘zdz/o (1 + S|e|)p_2|e| ds = sz_dl [(1 + 8|e|)p—l](1)

A2
2 (14 fely

<

which is (1.21) with Cs = %2_112—. From (1.27) and (1.8) we also have
1 .
i 572 ds [el? = splel”

. ‘ ‘ (1.28)
Jo (1 + sle[)P=2ds e]?.

Ti(e)es; > 01{
Since (1.28); proves (1.20);, we henceforth pay attention to an
estimate of (1.28), from below.
Let a > 0 be arbitrary. Then
1+ z¢

max —— < 2.
z€[0,00) (]. + iE)a

This implies

(1+sle])P™2 > 21+ (sle)??), ifp>2, (1.29)
(L+]e)P' > 11+ e/, ifp>1. '

Therefore, for p > 2,

Cy /1 s 5 C1 v
Ti;(€)es; > — 1+ (sle))P*)dsle|* > ——(1+]|e|? el|”,
i(e)es; 20((|| le] 2(p—1)(|| ) le]

which proves (1.24) with C3 = 5(—3_11—) and also trivially (1.23) for
p=2
If p > 1, then it follows from (1.28), that

C _111
ris(e)es > ~—cle][(1+ slel)?]}
P (1.30)
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Using (1.29)2 we obtain

C
Tij(e)e;; > 71p|e|

C’lle|
2(p -

which is the first inequality in (1.20),. The second inequality in
(1.20)2 then follows from the fact that

(Il”1 1,

T(1+ el -2) =

1 ~ 1
le| = 1le| < —2—|e|p + C51” .

In order to prove (1.23) for p € (1,2) we start with (1.30) and
we will show that

(1+e))?~' = 1> cle] for0<l|e| <1,

1.31
(1+e))P"' —1>clefP™* for1<|e| < oo. (1.81)

Looking for the minimum of the function f(y) = 4+ ;_1_1 on the

interval [0,1], we find f(1) =271 -1>0, f(0) =p—1> 0 and
f(y) > 0on (0,1). Thus (1.31); is proved. Seeking the minimum of

-1
the function ¢(y) = QI%%’:——"—I on the interval [1,00), we see that

1 p—1 1 p—1
min = min 1 + - -\ =
vell, oo)g(y) y€[1,00) ( y) <y)

min (14 2)?~! —2?7"! = min h(z).
z€(0,1] 2€(0,1]

We find h(0) = 1, k(1) = 2°~! — 1 and h/(z) < 0 on [0,1]. Hence
we have min g(y) = ¢g(1) > 0, which shows (1.31); and therefore
also (1.23).

Next,
(1i;(e) — 7i;(e )(eu el])
= / g;(; ~9) > ds (ei; — €ij)
/ i ;6-:-]2(:;[_ 0 (ei; — @ij)(exe — €xe) ds (1.82)
(12 Crle — o {fole+se—e)|” 2ds, 2
fo (1+ e+ s(e— e)|)p ds,

which gives (1.22) for general p > 1. If p € (1,2) and |e} < R and
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le| < R, then
1 1
—s)elP2 _
./0 |se + (1 —s)e|P"“ds > R

and

1
) ~\P—2 1
/0 (1+|5e+(1—s)e|) dszmz—_—p,
and the strong monotonicity condition (1.26) holds.
If p > 2, then according to (1.29);,

2

/0 (1+]e+s(e &))" " ds

1 . (1.33)
> 5(1 +/0 6+ s(e — &)|P2 d.s) .
If we show the existence of a constant C such that
1
/ [+ s(e—@)|P~2ds > Cle —eP72, (1.34)
0

then assertion (1.25) follows from (1.32)-(1.34).

In order to prove (1.34), let us consider two cases. If [€] > |e —€|
then [€ + s(e — @)| > |[e| — sle —&|| > (1 — s)|e — @] and (1.34)
holds.

If |e| < |e — €| then

1 1 (|1a aV(2) 2
/ 6+ s(e—@) 2 ds = / (e +ste—o)F)" |
0 0

le + s(e —€)|?

> st ([ e (- as)
= 2|e _/él.z Jo se s)e S

1 1 . N r
= Sje gz 37 e + (&) + &)
1 1

I
2 S e o5 el + o)
However, |e — €|> < 2(le|? + |€|?) and (1.34) follows. The proof of
Lemma 1.19 is complete. ]
Lemma 1.35 Letp > 1 and the assumptions (1.6)—(1.9) be sat-
isfied. Then there exist Cg, Cy, C1o such that

le[”,

el ). (138)

@u+wwzwmz@{
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If p > 2 then

Cio(1 + |e|P~?)|e|* < Ufe). (1.37)
PrOOF : Starting from
13U (se)

0 Beij

Ue) & /01 4 U(se) ds =

ds €45 ds

1
= / —Tiy (se) S€i5 ds y
o S

we use the previous lemma directly and obtain (1.36), (1.37) with
Cgl‘Cg/p, Cg=d205/p and 010203/17. a

5.2 Incompressible non-Newtonian fluids and
measure-valued solutions

The introductory part of this section contains the formulation of
the basic problem called (NS),. We have striven for having Sections
5.2-5.4 consistent in the sense that the existence of measure-valued
solutions, the existence of weak solutions and further properties
of solutions are studied basically for the same problem under the
same assumptions. Later on, the possibilities for how to extend the
validity of the results to more general situations are discussed in
remarks and theorems and some of the assertions are proved un-
der weaker assumptions or in more general settings in comparison
with the basic version. Section 5.2.3 of this section provides an
exposition of all the results related to the subject, at least to the
knowledge of the authors.

Before presenting this summary, the existence of a measure-
valued solution to the problem (NS), is demonstrated with the
aim of illustrating some basic techniques and methods used in the
evolution theory of incompressible fluids, see Section 5.2.2.

5.2.1 Formulation of the problem

In the following three sections we will study the initial-boundary
value problem, called shortly the problem (NS),.

Let @ = (0,L)% L € (0,00), be a cube in R?. Let us denote
[;=00Nn{z; =0} and I'j34 =00N{z; =L} forj =1,...,d
For T € (0,00), we denote by Qr the time-space cylinder I x {2,
where I = (0,T) is a time interval. We assume that d > 2.
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Let f : Q7 — R? and up : 2 — R? be given and assume that
. 42 42 .
some tensor function 7 : R{,, — R{, satisfies for some p €
(1,00) the assumptions (1.6), (1.7), (1.8), and (1.9). We seek u =
(u1,...,uq) : Q7 — R? and 7 : Q7 — R solving the system of
d + 1 equations in Qr,

diva=0, (2.1)
ou ou .
— tur=— = —Vr +divr(e(u)) +f, (2.2)
ot Oy,

satisfying the initial condition
u(0,)=uy inQ (2.3)
and the space-periodicity requirements

ll|1-\" = u|[~’+,,1 VUIFJ. = VUIFH_,, ) (2 4)
7T|F:1 = ﬂ-IF.H-'l ’

forj=1,...,d

5.2.2 Measure-valued solutions

The goal of this section is to define the notion of a measure-valued
solution to the problem (NS), and to prove its existence. For that
purpose, the reader will easily find that (except for the definition
of function spaces) no changes in the proof are needed if:

1. we replace the space-periodicity condition (2.4) by the Dirichlet
condition

u=20 on I x 092 (2.5)

2. instead of assuming the existence of the potential U for T, see
(1.6), we use the inequalities

which are (due to Lemma 1.19) consequences of (1.6), (1.7),
(1.8)5 and (1.9).
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Due to the constraint (2.1) we introduce spaces of divergence-
free functions. Let us denote for g € (1, oo)§

V= {¢€ er( )d;divqb:(),/qbdx:()};
Q

H = closure of V in the L*(€)%norm ; (2.8)

V4 = closure of V in the Lq(Q)dz—norm of gradients.

The dual space of V; is denoted by V" and (:, -), denotes the duality
between V, and V', .

The use of spaces of divergence-free functions has some special
consequences; these are summarized in the following lemma.

Lemma 2.9 Letm: Q — R and p,u,v : @ — R? be periodic
functions. If ¢, u are divergence-free, then

g;r pidz =0, (2.10)
Op;
/ng pidr = —/Qujuib—% dz, (2.11)
v,
/ Uj— oz, v;dx =0, (2.12)

whenever the integrals in (2.10)-(2.12) are well defined.

PRrROOF : The proof is based on the use of Green’s Theorem 2.20
in Chapter 1 and the fact that u, ¢ are divergence-free. Thus (the
boundary terms vanish due to periodicity),

/ﬁcpidm— /7rd1v<pdx—0
Qa.’I)i Q

dv; 1 [ Qv
tvide = [ uym—d
/S;’U,J ale} T 2 LUJ 8$j T

:—l/(divu)|v|2daz=0,
2 Ja

§ For the definition of Coer(Q) see Chapter 1.
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and

ou; ' Oy; .
—p,dr = — U —— dr — d 10 dx
/Qu]axjcp T /Qu]u 90, /Q ivuu;p; da

J

. 90,
= —/ ujuiidw,
Q A

From identity (2.10) it follows that the pressure m disappears
from the weak formulation of (2.1), (2.2) if divergence-free test
functions are used. Consequently, we end up with a formulation of
(2.1), (2.2) where the only unknown is the velocity u. In this way,
we will consider only the function u to be the solution of our prob-
lem and will not be interested in the pressure m. However, having
solved the problem for u, it is a standard matter to determine the
pressure m from the velocity field u and the weak formulation of
(2.1), (2.2) at least in the sense of distributions. For more details we
refer to TEMAM [1977], GALDI {19944, 1994b] and GIRAULT AND
RAVIART [1986]. We will not discuss the regularity of the pressure
7 in this book.

Definition 2.13 Let p > 1, up € H, f € LV (I; (WLE(Q)9)"),
where p' = ;—Lr Then a couple (u,v) is called a measure-valued

solution to the problem (NS),, if
u€ L HYN LY V),
o (2.14)
v € L¥(Qr; Prob (R*)),

and if (u,v) satisfy

+eole) [ (R0 dna(\)] ded
Rd?

- flapid:tdtz/uoiapidz (2.15)
QT Q

for all ¢ € D((—00,T);V), and

Vu(t,z) = / CAdyig(A) a.e. in Qr.
/R4 (2.16)
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Theorem 2.17 Let ug € H and f € L” (I; (WL2(Q)4)"). Then
there exists a measure-valued solution to the problem (NS), pro-
vided that

S 2d
P=ave
PROOF : The proof is split into several smaller parts.

(2.18)

o The choice of basis

We will show the existence of a measure-valued solution to the
system (2.1)—(2.4) via Galerkin approximations. For this purpose
we can take the set {©7}22, formed by the eigenvectors &@", r =
1,2,..., of the Stokes operator. However, as shown in Lemma 4.26
in the Appendix, the projectors PNu = Zflzl(u,&)r)a’ are uni-
formly continuous at most in the norm of W22(Q)%. Due to imbed-
ding, it follows that, e.g. in three dimensions, we have an upper
bound for p, p < 6. On the other hand, the use of {&"} allows us
to exploit the Stokes operator as a test function in an easy way
in order to get the so-called second energy estimate. This will be
needed in Sections 5.3 and 5.4.

Nevertheless, the second energy estimate is not needed for prov-
ing the existence of measure valued solutions. Therefore, a more
convenient set {w”}22, is chosen here. For

d
s> > +1, (2.19)
we denote by (V is defined in (2.8))

V® = the closure of V with respect to the W*2(Q)%-norm.

Let us denote the scalar product in V° by ((-,-))s and let {w"}2,
be the set of eigenvectors to the problem

(W' e)s =A(w' ) VeeVs, (2.20)

which are orthonormal in H and orthogonal in V*, see Theorem
4.11 in the Appendix. The reason why we choose s satisfying (2.19)
is the following: if v € W*2(Q)? then Vv € W*~12(2)¢" and

1 s-1

s—1,2 oo 3 - —
W) < L9Q) i 5 - —

which is just (2.19). Consequently, for all p > 1 we have Vv €
LP()* and V* < V.

<0,
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o Galerkin system and a priori estimates
Let us define u? (¢, z) = -V, ¢V (t)w"(z), where the coefficients

r=1"%vr

cN (t) solve the so-called Galerkin system
d . , Oul
(auN,w ) +/Q7'ij(e(uN))€1j("-’ )d:c—i—/ﬂuj-v a2, w! dx
=(f,w), 1<r<N, (2.21)

u? (0) = PN uy.

Here, PV is the orthogonal continuous projector of H (resp. V*°)
onto the linear hull of the first N eigenvectors w”™, 7 = 1,..., N,
see (4.12)-(4.13) in the Appendix. Due to the orthonormality of
{w"} in H, the system (2.21) can be rewritten as

d
Eciv = F(c,...,cN1),
) (0) = (uo,w"), (2.22)

ow?
Folcl, . Nt = (F,w") - c?’cév/gwfa—xfwfd:c
J

- [ mlelel e o) ds.
r =1,..., N. Before discussing the solvability (local and global) of
(2.21), let us derive the following a priori estimates:

There is a constant C' depending on T, ||f||L,,r(1,(W1.‘,_.(Q),,)*)
and |lug||2 such that for all N =1,2,...,

o™l L rmy < C, (2.23)
||uN||Lw(1;v,.) <C, (2.24)

Ju
H ot ||L"’(1;(V‘)‘) < C. (225)

In order to prove (2.23), (2.24) we multiply the rth equation of the
Galerkin system (2.21) by ¢/ (t) and add the equations. The result
can be written in the form

LT / ry(e(u™)es (V) dz = (£,u"),  (2.26)
Q

because of [, ulY %%q-ufv dz = 0 (see (2.12)).
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Due to assumption (1.8); and its consequence (1.20)s,
| oteta e ™) d 2 Ca et - 192).

Using Korn'’s inequality (1.11) we obtain from (2.26),

1d
sl + KZCalIva®|
< |(F,u™)| + C4|Q
< -1 1V 0Vl + Cal2
Young K£C4 Niip .
S Ty IVl el + Gl
or finally,

d /
alluNllg + KEC|[Vu® |17 < cllfl|Z, , + Cal. (2.27)

Integrating (2.27) between 0 and ¢, t € I, we get

t
™ ()12 + K7Cs / IVu ()2 dr

T ' (2.28)
<c [ IO, dr+ [ O + CiT o)
0
<C.
Thus (2.23) and (2.24) are proved.
The a priori estimate (2.23) implies
N@))P<C  foralltel. (2.29)

Since F,, r = 1,..., N, in (2.22) satisfy the Carathéodory con-
ditions (see Appendix, Definition 3.2), we obtain by Theorem 3.4
in the Appendix the local existence of a continuous function ¢V :
(0,t*) — RN solving (2.22), having dl‘i‘f defined almost every-
where. But due to the continuity of ¢ on [0,t*) and the uni-
form boundedness (2.29) we can shift t* to T. See ZEIDLER [1990b,

Chapter 30] for more details.
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To prove (2.25), let us take ¢ € LP(I;V?), lollpnvey < 1.
Then

(o) = (Grore) 2 [ G

- /(;T,;j(e(uN))eij(PNLp) dz
+ (£, PN ).

By (4.12) in the Appendix, ||PY¢|ls2 < |¢lls.2. Thus,

‘/ / Na“ %dadt\
\/ v/uZ u; 8 )d dt
g/ /|uN|2|V<PNso>|dxdt
0 Q

T
< / 1V (PN ) ool |13 d

(2.19) T L (2.23)
<o / 1PVl ol 2dt < C,
JO

]/ /TU Ve (PN drdtl

(1.21)
< Csdz/ /1+|e )P e(PN )| da dt

Holder

£ [P L + et g

ineq.

c / le(PY ) 1,(1 + [Tu®|,)P~ di

219 T N yp—1
< c/o 1PN llsn(1 + [IVu|],)P~" dt

Hélder

T T =
([ el a) ([ @+ ivat iy an's

ineq.

(2.24)
<
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T
1PV e < 1 g

1V)<C

Since

u
—_— B (Ve = su ) dt‘
[ ot I (I;(V*)") GL,,I,’V ’/ o ¥
leluuv )<1

the uniform estimate (2.25) is proved.

o Limiting process
From (2.23), (2.24) follows the existence of u satisfying for all
r > 1 that

u’ —u  weakly in L"(I; H) N LP(I; V) (2.30)

at least for a subsequence. In order to prove

// cpzdxdt //uNuN—(&d:rdt

(2.31)
i
— - uu; — dx dt
/0 /Q 7 Oz
for all ¢ € D(—o00,T;V), we need the strong convergence
u¥ - u in LP(I; H) . (2.32)

Let us first show (2.32) and then we will prove (2.31). By virtue
of the compact imbedding W P(Q)¢ —— L2(Q)¢if p > 32445 (here
the lower bound (2.18) for the parameter p appears!), we can apply
the Aubin-Lions Lemma 1.2.48 with Xo =V, X = H, X; = (V*)*,
a = pand 8 = p'. As a conclusion we obtain (2.32) at least for

some subsequence still denoted by u” 9

T Notice that due to (2.23) and (2.32), u¥ — uin L"(I; H) for arbitrary
r € (1,00). Indeed, for the interesting case r > p we have

T T
N N N r—
/ [lu —UIISdt=/ lu™ = ullFllu™ —ul|377 d¢
0 0
(2.23) T
< 20/ la®™ — wllf dt,
0

and the last integral vanishes due to (2.32).



INCOMPRESSIBLE FLUIDS AND MVS 211

Let us now prove (2.31). First, for all ™, r € N,

T
//(ujvuf-v—ujul // ul —uj)u ’d dt
0o Ja
//uJ 1da:dt
Oz;

:Il+12.

Then,
T
01 <0V [ 0 = o o e
0
(2.23) T
< IVl [ =l
0
which tends to zero due to (2.32). On the other hand the weak con-
vergence (2.30) implies |I;| — 0 when N — co. Since the functions

of the type g(t)w"(z), g € D(—00,T), are dense in D(—o0,T; V),
we obtain

T .
/ / N zNadzdacdt—»/ /ujuia—wldxdt
9z; o Jo 9z;

for all ¢p € D(—o00,T;V). Next,

[ (20 )=~ [0

for g € D(—00,T), r = 1,2,... . Due to the weak convergence
(2.30) and u™(0) = PMuy — up in H, we obtain

/OT (3u(;vt(t)’ &b — / )
(o,

#(0)) (2.33)

for all ¢ € D(—00,T; V).

o Limiting process in T

It remains to find the limit of the nonlinear term given by .
According to (2.24) the sequence {Vu™} is bounded in LP(Q7).
Because the components of the nonlinear continuous function =
have the (p—1)-growth due to (1.9) and (1.21), we can use Corollary
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2.10 from Chapter 4 with 27 = Vu/, 7 =7;,¢=p—1, s = d* and
Q) = Q1. We obtain
N N\T )
T (YY) 7 i L (Qr), (2.34)

where

—_ a.e. T

Tij :e AIZ T-L'j (A—+2>‘—) th!I(A) .
This means that

/ iy (e(u™))es; (@) da dt
T (2.35)
- eij(cp)/ Ti]'('AFﬁZ—AT)th!z(A)d.Tdt
Qr R4?

for all ¢ € D(—o00,T;V). Taking into account (2.31), (2.33) and
(2.35), equation (2.15) is derived.

Using Corollary 2.10 from Chapter 4 with 7 =Id, » = p and
q = 1 (the other parameters are as above) we obtain for all ¢ €

L (Qr),i,j=1,...,d,
oul
Qr J Qr R

Since Vu? — Vu weakly in LP(Q7),

aui a.e.
S (t2) 2 /R g dnean),

which is (2.16) and the proof of the theorem is complete. u

Remark 2.36 The measure-valued function v satisfies besides
(2.16) more restrictive conditions. It can be found in KINDER-
LEHRER AND PEDREGAL [1992b] that for arbitrary quasiconvex

and bounded below ¢ such that lims| ﬁ(l%)l_ﬁ exists, we have

o((ve,Id)) < (vz, ) for a.a. x € 2,

whenever v is generated by gradients Vu; of a sequence u; bound-
ed in Wh?(Q)¢, p > 1. Let us recall a function ¢ : R — Ris

quasiconvex provided that for all £ € R* and u € WO1 ()4,

(&) < rsleL“”(EW“) dz .
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Remark 2.37 (to the proof of Theorem 2.17) As can be
seen from the proof of Theorem 2.17, we can weaken some of the
assumptions immediately. We formulate this in the following two
theorems.

Theorem 2.38 Letp > 25, ug € H, f € LY (I;(W)2(Q)%)),
!

p = EET' Assume that for certain positive constants Cy, Cs and

q € [p—1,p) we have for all ) € R,

ym?

T(n) 1> Cu(In? - 1), (2.39)
755 (m)] < Cs(1+nl)?. (2.40)

Then there exists a measure-valued solution to the problem (2.1)-
(2.4).

Proor : If ¢ = p — 1 then the proof coincides with the proof
of Theorem 2.17. For ¢ € (p — 1,p) two insignificant changes take
place. Firstly, instead of (2.25), we obtain

ou®
155 0t ey €
Secondly, (2.34) is replaced by
Tij (—A—LVUN+2VUN T) —_ F-;j in Ls(QT) .
The rest of the proof remains as before. ]

Let us now consider the problem (2.1)-(2.3), where 7 fulfills
(2.39)-(2.40). Let us study the Dirichlet boundary problem. It
means that @ C R?¢ is a bounded domain with 8Q € C%!, and
(2.4) is replaced by (2.5). Then we modify the definition of the
space V in (2.8) to

V={¢eD)*dive =0}.
Following the proofs of previous theorems, we get

Theorem 2.41 Letp > %, w e H, felL?r (I; (Whr(@)4)),
p = ;f—l. Then there exists a measure-valued solution to the prob-

lem (2.1)-(2.3), (2.5), (2.39)~(2.40).

5.2.83 Survey of known results related to the problem (NS),

We will now summarize the results connected with the problem
(NS)p from the points of view of
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1. existence theory,
2. uniqueness and its consequences,
3. extensions to other problems.

This survey will be completed by some bibliographical remarks.

1. The existence theory includes the discussion on the values of p
for which one obtains

e the existence of a measure-valued solution,

e the existence of a weak solution,

¢ the existence of a strong solution,

e the existence of a strong solution for small data,

e the local existence of a strong solution for arbitrary data.

See Figures 5.1 and 5.2 for the graphic presentation of the results
in three and two dimensions, respectively.

The existence mentioned in the first four items above is under-
stood globally in time, i.e., for arbitrary T € (0, 4+00) the solution
of a given type is constructed. A measure-valued solution has been
defined in Definition 2.13. A function u € L*(I;H) N LP(I;V,)
will be called a weak solution if, besides the limiting processes
(2.31) and (2.33), the limit

T T
/ /T,-j(e(uN))eij@p)dmdt—»/ /T,-j(e(u))e,;j(cp)dzdt
0 JQ 0 JQ (2.42)

can be justified also for all ¢ € D(—o00,T;V). By a strong solu-
tion (or semiregular one), we mean a function

u € L*(LWEEQ)T) N L1V, N Ve) N LP(T; Vsyp),
Ou

2
EEL Q1) ,

satisfying the weak formulation (3.7) at least for all ¢ € LP(I;V}).

e The existence of a measure-valued solution has been proved
both for the space-periodic problem (NS), and for the Dirichlet
problem in Theorems 2.17, 2.38 and 2.41 for

S 2d
P=axe
The nonlinear tensor function 7 is assumed to satisfy the p-

coercivity condition (2.39) and the polynomial growth condition of
order ¢, ¢ < p, see (2.40). This result was first obtained in MALEK,
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NECAS AND NOVOTNY [1992] and NECAS [1991], where u” were
not Galerkin approximations but solutions of the so-called bipolar
model problem. Let us recall that the bound p > % is due to
the strong convergence u” — u in LP(I, H) needed to pass to the

limit in the convective term, cf. (2.31).

measure-valued solution

A

global strong solution for small data
local strong solution for arbitrary data
(global) weak solution
uniqueness of strong solution, ug € Vp
(global) strong solution
uniqueness, ug € H
—o 0—0——e——@ ® ° °
6 2 9 1 5
13 35 2 % 2 3 6
Figure 5.1 FEzistence, semiregularity and uniqueness results
for problem (NS), in three dimensions.
global strong solution
uniqueness
o .
1 2

Figure 5.2 FEzistence, semiregularity and uniqueness results
for problem (NS), in two dimensions.



216 NON-NEWTONIAN FLUIDS

o The ezistence of a weak solution requires in addition (2.42).
The first results were obtained at the end of sixties by LADYZHEN-
SKAYA [1969, 1970a, 1970b] and L10NS [1969], and in a different set-
ting by KANIEL [1970]. While Ladyzhenskaya derived the nonlinear
7 ~ e dependence by kinetic theory argument, Lions used the non-
linear p-Laplace operator.! Combining the methods of monotone
operators and compactness, they both showed the existence of a
weak solution for

2d 3d+2
leer+2_ d+2

This result holds both for space-periodic and Dirichlet problems,
provided that the p-coercivity, the (p—1)-growth condition and the
monotonicity of nonlinear operator hold.

For the particular case d = 3, the results of Ladyzhenskaya and
Lions are valid for p > 1?1 Thus, the special subcase of p = 2,
the Navier-Stokes system (1.64)-(1.65) in Chapter 1, is not cover-
ed by these results, although the existence of a weak solution to
the Navier-Stokes system is well-known due to LERAY [1934] and
many others. Moreover, even in two dimensions, no existence proof
follows from the results of Ladyzhenskaya and Lions if p < 2, but
this case in particular has a lot of applications as shown, e.g., in
Examples 1.78, 1.80 and 1.83 in Chapter 1.

This fact has motivated an effort to extend the results of La-
dyzhenskaya and Lions. Thus, first the notion of a measure-valued
solution to (NS),, was defined and after proving its existence, atten-
tion was paid to the question of when the measure-valued function
reduces to a Dirac one. Note that this is equivalent to (2.42) or to
the construction of a weak solution.

For space-periodic problem (NS), BELLOUT, BLOOM AND NE-
€As [1994] and MALEK, NECAS AND RUZICKA [1993] have proved
the existence of a weak solution whenever

3d

> —.
)

I However, then the stress
TE = |vu|P~?vu (2.43)

does not satisfy the principle of frame indifference. Nevertheless, a
modification of (2.43), namely,

T = le(u)[P " %e(u)

brings no deeper change into Lions’ mathematical approach.
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Thus the particular case ‘p = 2 if d = 3’ is captured. This existence
proof is presented in detail in Section 5.3.

Regarding the Dirichlet boundary value problem, the first at-
tempt in MALEK, NECAS AND RUZICKA [1996] gives a proof of
the existence of a weak solution for p > 2 in three space dimen-
sions.

o The existence of a strong solution to the problem (NS), is
demonstrated also in BELLOUT, BLOOM AND NECAS [1994] as well
as in MALEK, NECAS AND RUZICKA [1993], whenever

N 2d
d+2°

One of the key points in getting the above-mentioned results on
weak and strong solutions lies in estimating the term

T oul gulN ouN
T = _J_l‘._ld dti .
Kk .”Zk/o /Q 8xk 013]' 8:E1€ o

In two dimensions, however, the term K vanishes due to the con-
N P
dition divu® = 0 (or Gu_ ——0—“3—). This almost immediately

p21

Y
? le 81:2
implies the existence of a strong solution for p > 1 (if d = 2).
o The existence of a strong solution for small data was first
proved in MALEK, RAJAGOPAL AND RUZICKA [1995]. It is shown
(see also Section 5.4.2) that whenever

3d—-4 (

p> d

d ) 2d

andp<l+ d+ 2) )

strong solutions exist provided that the W2-norm of the initial
value ug is small enough.

The global existence of a strong solution for small data belonging
to C(I; W21(Q)4), ¢ > d, can be found in AMANN [1994] under the
sole assumption that the stress 7 does not differ too much from
that one of the Newtonian fluid (given by {1.1.63)) for small values
of e.

All of the results mentioned above are global in time, i.e., they
remain valid for arbitrarily large finite time interval (0, 7).

o As regards the local existence of a strong solution, the results
are similar to the previous item. Whenever

3d—4
d )

p >
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we can find for arbitrary data a ¢* such that a strong solution exists
on time interval (0, t*). See Section 5.4.2 for details.

2. Uniqueness and its consequences
In the works of LADYZHENSKAYA [1969] and LIONS [1969], the
existence of the unique weak solution is proved if

p>d+2

and uwy € H,

see also Theorem 4.29.

Let u and v be a weak and a strong solution, respectively, corre-
sponding to the same data ug € V; and f. Then they must coincide
if p > 2. Since the strong solution exists globally for

2d
p21+m and UOEVZ,

we also get ‘global’ uniqueness for these ps, see Theorem 4.37.
Forpe[2,1+ %) the uniqueness result holds only locally or for
sufficiently small data. Note that if d = 2 all limit bounds coincide.

As a consequence of uniqueness, we see that for p > 112‘—2 the
operators

Si:ug€ H—u(t) e H

form a semigroup. This allows us, following the approach devel-
oped by LADYZHENSKAYA [1972], CONSTANTIN AND Fo1as [1985],
TEMAM [1988] and others, to study the existence of a global at-
tractor and to investigate its properties (e.g. finite Hausdorff or
fractal dimensions). See MALEK AND NECAS [1994] and MALEK,
RUZICKA AND THATER [1994] for results in this direction.

Considering asymptotic behaviour, there are also results con-
cerning the stability of the rest state. In MALEK, RAJAGOPAL AND
RUZICKA [1995], the exponential stability is proved for

S 2d
P=dve
Thus, in three space dimensions, for p € (%, 34‘7;—4], the rest state
is exponentially stable without any hypothesis about the local ex-
istence of the solution.

The exponential stability of the rest state is also studied in
AMANN [1994] within the framework of his setting mentioned earl-
ter.
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3. Extensions of the results to other problems

Until now, we have discussed mostly the results related to the
space-periodic problem (NS),,. These results can be extended in
many directions.

Firstly, it is possible to weaken the assumptions on ug and to
perturb conveniently the potential tensor function = by & in the
sense of decomposition (1.58) in Chapter 1. Then existence results
also hold, and they are discussed in Section 5.3.3. Compare with
MALEK, RAJAGOPAL AND RUZICKA [1995].

Secondly, we can modify the domain. As already mentioned,
some (but not all) results have been extended from the space-
periodic case to the Dirichlet problem. Except for the paper of
POKORNY [1996] (€2 = R?), no research has been done for the case
of unbounded domains.

Thirdly, the presented approach can be applied to other systems.
Thus, for example, MALEK, R0ZICKA AND THATER [1994] studied
the properties of solutions of the modified Boussinesq approxima-
tion (1.88)-(1.90) in Chapter 1. Since the temperature equation
obeys a sort of maximum principle, many of the results are valid
for the same range of p as in the problem (NS),. An analogous
procedure can also be used for simple turbulence models, compare
with PARES [1992].

As for fluids of rate type (such as Oldroyd-B fluid, described by
(1.81)—(1.82) in Chapter 1) or n-grade fluids with shear-dependent
viscosity, see for example (1.79) in Chapter 1, rigorous mathemati-
cal results are rare. We are aware only of the paper of MAN [1992],
where a one-dimensional channel flow for a second grade fluid with
power-law viscosity is studied, and of the paper of HAKIM [1994]
considering the system of type (1.81) in Chapter 1 in two dimen-
sions. We hope, however, that the theory developed here and in
the above-mentioned papers could play a positive role in studying
questions of existence, uniqueness and regularity of solutions for
more complicated problems.

The following lemma shows that the obtained bounds

_ﬁ__ and 1+___2_(_i_
d+2 d+2

are natural and come from the convective term.
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Lemma 2.44
1. Let u, v € V,, be arbitrary. Then

du;
/u]a v dx
is finite if p > 2%

Letu e LP(I;V,) N L*=(I; H) and v € V,, be arbitrary. Then

/ /uJ vldzdt

. . N 2
is finite if p > max(%, 25)-

3. Let u € L?(I;V,) N L*>(I; H) be arbitrary. Then

T
8111'
/0 / u]"a—x“‘U-L dz dt

is finite for all v € LP(I;V,,) if p > 1 4+ £5 d+2

Remark 2.45 From the third assertion of the previous lemma it

follows that u7g—;‘L e L (Qr) just for p > 1+ %, which implies
e L (I, L ()9). This is a crucial point in applying the theory

of monotone operators to the problem (NS),, see LIONS [1969].

]

PROOF (of Lemma 2.44):
dp
Ad 1. Due to the imbedding Wi 2(Q)¢ — L,?;“J,’_'(Q), we get by
Hélder’s inequality
Bui
| /Q i e o] < 1l g IVl
provided that
1 2(d-
1,2d-p
p dp
. . . . sd
However, the last inequality is equivalent to p > 5.

Ad 2. Again by Holder’s inequality

T aui T
[ [ worvded] < Ivla [ IVullliulode,  (246)
o Jo 70z =r Jo

where

<1.

1 1 d-p (d+1)p-2d
q p dp dp '




INCOMPRESSIBLE FLUIDS AND MVS 221

Ifp> 2% d + 5 then ¢ < 2 and the assertion follows immediately from

3d 4d

the assumptions on u. Whenever p € [m, FI)

interpolation inequality

) we can use the

4d - (d+2)p

(d+2)p—2d (247)

Ivllg < Nl lIvi%,  with o =
T
and together with (2.46) we obtain
B . - 1+
|/ /uja s do dt| SCHVVHP/ alls= | Vufb+ dr
0o JQ Z; 0

T
< c||Vvllp “u||L°<(1H / ||Vu||;+adt.
0

However,
l4a=—24 ¢
“Wrop_24-PF
whenever
d+ v3d? + 4d 3d
> 2T veor T %
pz D) (>d+2f0rd<4>.

Ad 3. Similarly to before we obtain

Hod T
| / s getdwar] "L [Tl 17l
meq 0 @-r

(2.47)

<o / vl s~ Tu e dt
T

<clulli=g [ 19V IVl a
0

Holder _ (1+a) ”—‘)l
M [ 19 ) T
0

ineq.

However,
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5.3 Incompressible non-Newtonian fluids and weak
solutions

5.83.1 Basic theorem and idea of the proof

In the previous section we have introduced the notion of measure-
valued solutions in order to describe

Nlimoo/ /TU ))ei;(p) dz dt . (3.1)

Here, ¢ is a smooth function and u” are Galerkin approximations.
As was shown, (3.1) can be described by means of a measure-
valued function if p > d +2 In this section, we show that whenever

p> d T 2, the limit of (3.1) can be characterized classically, i.e., for
some u € LP(1,V,) the limiting process (for all ¢ € D(—00,T;V))

/ /r,] e” p)dxdt ——>/ /T” e” @) dzdt

(3.2)
can be justified and we consequently prove the existence of a weak
solution.

In order to focus in the proof of the first theorem only on ver-
ifying (3.2), we will use the definition of a weak solution which
coincides with the definition of a measure-valued one, of course,
except for the nonlinear term given by 7. We will show the exis-
tence of such weak solutions in Theorem 3.4.

Let us now assume that

2 d
weV, ad €@ ifp22, (3.3)
feL”(Qr)? ifp<?2

The aim of this section is to prove the following theorem.

Theorem 3.4 Let ug, f satisfy (3.3). Let

I Y PL Y

d+2 d—2

3d—4 2d (3:5)
T <p<g— if5<d<9.

Then't there exists a weak solution u : Q7 — R? to the problem

tt Note that for d > 9 the interval (3‘1;4, 32_‘—%) is an empty set.
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(NS),. This means
ue L>®(I; HynL*(I;Vy) (3.6)

and the integral identity

T
3801' agol - »
/O /Q ( Ty "Wty TTY (e(w))ei;(¢) flgol) da dt
= (uo, ) (3.7)
holds for all ¢ € D(—o00,T;V).

Remark 3.8 In Remark 3.66 we show that weak solutions in fact
satisfy stronger versions of weak formulations. In Section 5.3.3 we
will also extend the existence proof to initial values ug € H and to
broader classes of stress tensors.

Section 5.3.2 will be devoted to the proof of Theorem 3.4, but
an idea of the proof together with some preliminaries are given
immediately. As pointed out already, the key point is to justify the
limiting process in the nonlinearity 7, see (3.2). The basic scheme
of our approach is the following:

1. We define for some set {w”}22; C V), the Galerkin approxima-
tions uM (t,z) = 3., ¢V (t)w" (x). Because of the independence
of the first a priori estimates on the choice of {w"}92,, we have
(compare with (2.23), (2.24))

a™ || L rm) < €, (3.9)
™oy, < C. (3.10)

2. Assume that for some p > 1, in general less than p,
vu®¥ = Vu strongly in L’s(QT)d2 . (3.11)

Then Vu" — Vu almost everywhere in @1 and also (since
2
Tij € Cl (]R;iym))

7ij(e(u™)) = 7;(e(u)) a.e. in Qr. (3.12)

As the growth parameter is less than the coercivity parameter
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— 1 < p), we obtain for all measurable M C Qr,

/ 'Tw ))’dibdt

(1.21)

2 05/ (1+ e(™))? ™ do dt

<Cg,//1+|e VP dzde) T M

(3.10)
< c|M|_

Taking into account Lemma 2.11 from Chapter 1, we see that
(3.12) and (3.13) imply that

/ /Q 7i; (e Plj(‘P) dl?dt—*/OT/QTij(e(u))eij(gp)dzdt

(3.14)

(3.13)

for all ¢ € D(—o00,T;V), which is just (3.2).

3. In order to verify (3.11), it is sufficient to find uniform bounds
of {Vu®"} in some fractional Sobolev space, namely, for some o
positive

”uN||in(1;wl}g:”~f*(g)d) <c, p<p. (3.15)
Provided that for v > 1,

” HL'r LW2HQ)10V,)*) <c, (3.16)

we can use Lemma 2.48 from Chapter 1 with X; = (W22(Q)¢n

per

Vo), X = WaE(Q)?, Xo = WiteoP(Q)¢, a=pand B =1, and
we obtain (3.11) at least for some subsequence of u’¥

Notice that (3.16), (3.9), (3.10) are sufficient for the limiting
process in the terms not containing 7;; (similarly to the existence
proof for measure-valued solutions). Moreover, (3.15) and (3.16)
imply (3.11) which is enough for the limiting process in (3.14).
Thus the existence of weak solutions is demonstrated as soon
as the assumptions (3.15), (3.16) are fulfilled.

For the proof of (3.16) see Lemma 3.30 below.

4. To get (3.15), we will use the second energy estimate. For this
purpose we choose a special set of {w”} consisting of eigen-
vectors of the Stokes operator denoted by A. Define PNu =
Zivzl(u,w’)wT. By Lemma 4.26 in the Appendix, we know
that PV are continuous uniformly with respect to the norm of
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W22(Q)?. Because of the imbedding W22(Q)¢ — Wir(Q)d,
valid for p < (i‘%, we consider henceforth the problem (NS),
only for such p.

If we use the set {w”}22, in the Galerkm system (2.21), w
can multiply the rth equatlon by A.cN(t), where A, are the

corresponding eigenvalues. Using
A (@, u) = (4w u) = (Vo V),
(see (4.22) in the Appendix) and summing over r = 1,..., N,
we obtain
©oyoul
31Vt + [ ) () ds

2
oz; (3.17)

+/ Tij (e(uN))eij(AuN) dz = (f, Au™).
Q
Because of the periodicity of w”,

Au” = —Au".

N 8%ulN Bu

i Daomn T = = 0, we have

Hence, using [, u

oulN 8u oulN guN
N _
/QuJ Bac] (Au )ode = (?a:k 8ac:, Ern

| roteta¥ e (an) de (3.18)

(L6) / 0?U(e(u’)) dege(uN) de;j(ul) i
Q 8ekgaeij 8zs 8:125 '

Using (3.18) together with (1.8),, we obtain

N nyyp-2 9eij (u) dei; (u)
3 pIVa B G [ (1 efu)) g St ) g

< IVa®§ + |(f, Au™)].

(3.19)

It may be worth commenting, at this moment, on the nice be-

haviour of the ‘convective’ term (3.18); in the two-dimensional
space-periodic setting. Namely, if d = 2 then

N
/ w0 Ay dz = 0. (3.20)
Q

J 8xj
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Let us verify this. As above, we have

oulN N
/uNL(AuN)idazz —/’U,N%AUZN dz
Q Q j

7 Ba:j

— J 1 1 T
Q aa:k azj a:ltk ’

where we sum over all indices from 1 to 2. By a simple compar-

. . oul oud . .
ison, we see that the relation 5~ = — %2 implies
’ dzq Oz2

2 N
oul gulN guN
Y / Ui ou, O _ (3.21)
o Oz, Oz; Ozy

1,5,k=1

Consequently, the term || Vu”||3 does not enter into (3.19). This
almost straightforwardly implies the existence of a strong solu-
tion for p > 1 in two dimensions with space-periodic boundary
conditions, as shown in Theorem 4.21 below.

However, mainly for the historical reasons, in the proof of
Theorem 3.4 we will not use the fact that the convective term
in (3.18); vanishes for d = 2.

Let us denote by

—20e;;(u) de;;(u
T,(u) = /Q (1+ le(u)])? 29{%——)%10) dz.  (3.22)

The main part of the proof of Theorem 3.4, see Section 5.3.2,
will be devoted to the following implication: if p > 34=% then it
is possible to find a A > 0 such that

T N

/ _ Bl _ycc. (3.23)
N2

o (1+([Vul|3)

Thus, roughly speaking, (3.23) provides a uniform estimate for
the time integral of the ratio of W2P- and W'2-norms of u®.
Having (3.23), we will prove for p > 2% that some L°-norm** of
the second derivatives of u" is uniformly summable with some
fractional exponent (which vanishes for p approaching f‘;%"")-
Nevertheless, it reveals that this fractional information is suffi-
cient for proving (3.15).

In order to handle the right-hand side of (3.19), we need estimates

1 Namely, s=2ifp>2and s=pifp < 2.
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from below of the integral 7,,(u) by means of some norms of the first
and second derivatives. This is provided by the following result.

Lemma 3.24 Let u € C2_(Q)?. Then there exists a constant c

depending only on 1, p and d such that

|1D?ull, < e(Zp(w)? (1 +|IVull,) = ifpe(1,2), (3.25)
1
D%z < ¢(Zy(w))? ifp>2.  (3.26)
For1<q¢<2,q#d,
IVall s < e(Zy(w)> (1+[|Vull,) > ifp>1.  (327)

PROOF : Simple calculations imply

de;(u) Beyy () \ *
P J J
Ivetwiy = [ (22l g,

= elu P*?MM 5
_ /Q{<1+| (> 2ot Zeal }
x (1+ e(u)])~ 22 dg

Hélder 2=p

< e @) ([ a+le)rar)

ineq.
L —p
< e (Zp(w)* 1+ IVull,)? 7"
Assertion (3.25) then follows from (1.16).
If p > 2 then (1+ |e(u)|)p;2 > 1, and (3.26) is a direct conse-
quence of Korn’s inequality (1.11) and the definition of Z,(u).
Let 1 < ¢ < 2. From the equality

deij(u)
b Lt _p ez €ij (W) =57 =
B2, (1 + |e(u)|) = 6(1 + |e(u)|) o (w)]

it follows that

.
IV (1 + le(u)]) I3

)q /Q(l‘*‘|e(u)|)p_q|e(vu)|qu

(1+ |e(u)|)z._;—2q|e(Vu)|q(1 + |e(u)|)2—5"av da

—~

IA
o
VS
:O\Q"G

M )t ([ (et )
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Hence

L 2-9q
'II 2q P

1V(1 + le(@I) “Il, < ¢ (Z,(w)* (1 + [ Vull,) (3.28)

Since WL9(Q) < L7=7(Q) if ¢ < d (this implies that ¢ < 2 for
d = 2), we obtain from (3.28) that

i 1 2-q
1L+ le(@)) [l as < e (Tp(w)? (1+[Vull) 7.

On the other hand,

r
I q

L r
11+ le(w)l) | oo > lle(w)[]l o = lle(u)

Using again Korn’s inequality (1.11) we obtain
s 2-9q
IVull s < ¢ (T)H (1+[Val,) 5
which is (3.27). .

Remark 3.29 Let us use Lemma 3.24 in order to estimate the
term fOT |(f, Au™)|dt, which appears on the right-hand side of
(3.19) after integrating it with respect to time.

Ifp<2,

T
/|(f,AuN)|dt
0
T B
< / £l [|D>u™ || dt.
0

(3.25) T 2-p
e / el (1 + [Vu¥]1,) 7 (Z,()

o

dt

T
te / 1612 (1 + [Vu®],)? 7 dt
0
T
<ﬁ/ Z,(u™) dt
’ 2—p

+C(/OT ||f||Zi dt)%</0T (1+ “qu”p)pdt) >
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fp>2,
T
/ \(F, Au)| de
0

T
< / £l D> | di
0
(3.26)

T i
<o / £l (Z, (™)) dt

2 O[T N
< cllflizegry + >4 | T(ut)dt.
J0

In both cases the term %1 fOT Z,(u") dt can be moved to the left-
hand side of (3.19) integrated with respect to time. The remaining

terms coming from the estimate of fOT |(f, Au®)|dt are uniformly
bounded due to (3.10) and (3.3).

Since in this section we work with a different basis in V), than be-

fore, the estimate of 3“ is slightly different. In fact, the following
lemma holds (compare w1th (2.25)).

Lemma 3.30 Let u™(t,z) = Zf;l cN(t)w"(x) be solutions to
the Galerkin systems (2.21), where w” are eigenvectors of the

Stokes operator. Let us denote
Yz{uew@ﬂm%mvu:m/}Mx:O}
Q

Then for arbitrary p € (3(;1“ - 2) there exist a constant C and a

parameter v € (1,00) such that

ou”
|| ot “LW (L,Y*) — <C. (3'31)
PROOF : We proceed similarly to the derivation of (2.25). We look
for an appropriate v € (1,00) such that the estimate

T N
0
sup / K%}wﬂ%ﬁSC, V=—lj
EL’Y,(]Y) 0 t Y-

1l (1) <1



230 NON-NEWTONIAN FLUIDS
holds. Now,

(o)l =157 N

L5
+ ‘/ 7ij (e(u™))ei; (P ®) da:‘
+ (£, PV |:Il+12+13.
Due to our choice of basis, compare with (4.27) in the Appendix,
IPVoll22 < Cllgllze  Vee€Y, (3.32)

where C is independent of N.
Let us estimate I;, Is, I3 separately starting with Is. It holds
that

121
/ Ldt < C/ / 1+ le(u™))" VPN | dz dt
0

Holder 1
e / (1+19a” )" 1P g dt
neq. 0

Since W22(Q)¢ — WhP(Q)4 if p < 2% we get not only the upper
bound on p but also

T T
/ Ldt<C / (14 [VuP|1,)" " 1PV ]2,z dt
0 0

(3.32) T -
o [+ 19, el de

Holder N (3.10)
< C”‘P”LI LY) (1+||Vu ”LG(]v ) < C.

ineq.

Since the estimate of I3 is trivial, we can focus on estimating I;.
We will distinguish four cases:

d>2and p<d,
d>2andp>d,
d=2and p > 2,
d=2and p<2.
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e The case d > 2 and p < d: Having

/OIIdt /./ Na“ (PY ) da:.dt
/]/ Wy I ak ‘dt (3.33)

Holder
IRl g o g
ineq. Jo 4= a+2

we use the interpolation inequality

(d-2)p

L <V VIR with A= o P
IVl < IVIE M, with A= 52 S

and we obtain
T 1 A
/ Ldt<C / ™ |20 [N | BT PV . de
0

—2
m
< O A / (19" 1) ™7 lipla

Holder (d—2)p T 1

N dp—2d+2p ! 87

e O s AT
0

ineq.
(3.9)
< C,
(3.10)
where ' = 25 and 6 = étﬂt&e Note that § > 1 if p > 3¢

d+2

e The case d > 2 and p > d: With help of (3.33) and since
Wwhi(Q)d — L1(Q)¢, for all ¢ < 0o, we get

T T )
/ Ldt < / [ [Pa [PV o dt
0 0 a+2

T
<c / V12 4l @l dt

Holder N (3.10)
< Clu HLI rvayllellpsyy < C,

ineq.

now with 6 = 5.
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o The case d =2 and p > 2: We estimate I; as follows:

T T
/ Ildtg/ /IuNHVuNHPNcpld:rdt
0 0 Q

Holder [T
< / 1P @l ooV [l u [ dt

ineq.

(3.9) T N
<c / V0|l plle.2 dt

Hblder (3.10)
< ClluMlavpllel gy < C.
ineq.

Put 6 = p in this case.

e The case d = 2 and p < 2: Similarly to the previous case we
obtain

T T
/ Idi < / 1PV gl Vu® a2 dt.
0

Due to the interpolation inequality

3p—4
Ivll 2 < IV v ||2_£}i_” :

and (3.9), we have

T T 1+ 2—)1
/ Ldt<c / lellz2Vu? o T g
0 0

Hélder (3.10)
infq C”uN“z(II(Il{/ )”‘PHLM(I;Y) S C ,
where § = 3% =2(p—1).
Therefore, foT I, dt < C in all cases. Putting
~ = min(p, §),

we obtain from previous calculations the required estimate (3.31).
The proof of Lemma 3.30 is finished. [

5.3.2 Proof of the basic theorem

Proof (of Theorem 3. 4) First, let us summarize the situation:
taking the basis {w"}22; consisting of eigenvectors of the Stokes
operator, we have derlved not only the first a priori estimates (3.9),
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(3.10) and (3.31), but also the inequality (3.19), from which we
want to find the estimate of the type (3.15): to establish ¢ > 0 and
C > 0 such that

19 ooy S forsomep<p. (3.34)

Let us recall that the estimate (3.34) is the only one which remains
to be proved in order to get the existence of a weak solution to the
problem (NS),.

Finally, it has been also shown in Remark 3.29 that the term
|(£, Au™)| can be handled easily. Therefore, we put f = 0 to sim-
plify the following calculations.

Thus, our starting inequality (3.19) has the form of

SNV B+ O < Ve, (339)

(see (3.22) for the definition of Z,(u)).

From now on we keep d > 2 and p > 1 arbitrary but fixed. Of
course, p < %.

Let us consider two cases:

L.p>3,
2. p<3.

Ad 1. The first case is trivial. Indeed, after integrating (3.35)
with respect to time between 0 and ¢, ¢ < T, we obtain

1 . ' 1 .
IV O + 01 [ Ty de < 51wl + 190" gy

<3 ||VuO||2 +ellVaiiLign
< C,
due to (3.3) and (3.10). Particularly,
T
/ Z,(uM)dt < C
Jo
and we use (3.26) to obtain immediately (3.34) with p = 2 and

oc=1.

Ad 2. Let us consider p < 3 in the sequel. In order to estimate
the right-hand side of (3.35), we will have to include into the con-
sideration all possible norms of Vu®'; it means

e the L2-norm, appearing in the first term of (3.35),
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e the LP-norm, for which a priori estimates of Vu" are available,

see (3.10),

dp
e the L(T—ZTI—norm, estimating from below the elliptic term Z,(u"),

see (3.27).

To combine all norms mentioned above we use the following two

interpolation inequalities which are correct for g > ﬂ%_—pl:

2(dp+3q9—3d) dp
||VI|3 < Hv||23(d1r+2q 2d) ” “3(dp+2q 2d)
et ’
dp+3q—3d ,1(3_,,)’1
Ivils < lvll, > NIvI_o

T—q

Since for o € (0,1) we have
3(1— 3a
IVu |3 = |vul i+,

we obtain from (3.36)—(3.38)

—3d dp+39q—3d
[Vu? g <[vu? g B gy
3 2 p
d(3— p)+ (1—a)dp
x ||Vu I_@— dp¥29-2d
d—q
Set
dp + 3q — 3d
=(l - o),
Q= ( a)dp+2q—2d
dp + 3q — 3d
=aqg——mmm,
Q2 .
Qs = LAB-p)  (1=a)dp
8= q dp+2¢—2d°

Then, combining (3.35) and (3.39), we have

S SIVaVI+ OiT, (u")

< (IVa™ 1) (1 + VuV|l,) 92 va),

d—q

By the inequality (3.27) we obtain from (3.40) that

2dt”v N||2+Cl p(u )

2—
C (IvuM2)® @ + |va? [,) P 7% (2, (M)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Qs
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By Young's inequality we obtain

d
ZIT | +CiZ (")

(3.42)
<O (Iva¥ )@ (14 vy (59
provided that
Yolor and Lgs=1, 88 >1.  (343)
5 & 2p
Requiring
(Qz +2 ; qQ3)5' =p, (3.44)

we can easily compute a, § and ¢'. Indeed, we have from (3.43)
and (3.44),

Q2 @ 3o, (-o)d

+ -_—,
D D p dp +2q — 2d

1
&
Therefore,
_ p(dp + 2q — 3d)
~ 2(dp+3¢g—3d)’
(3 —p)(dp + 2g — 2d)
2(dp+3¢—-3d)

l—-a=

and
4

T dp—3d+4-

Notice that the necessary condition for o to be from (0,1) and ¢’
to be defined, reads

6’

3d—-4
a7
compare with (3.5). Notice also that ¢ does not depend on the
choice of g.
Inserting o, 1 — a and &' into the inequality (3.42), we obtain

p> (3.45)

d . 2(3-p)
ZIVallz + QL (™) < C (IVa™5) ™ (1 + (|7 a™|]p)”
or

d
S (1L 1VuV ) + 61z, (") < € (1+ | VaVIE) (14 v u],),
(3.46)
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where
__2B-p)
T dp-3d+4° (347)
Dividing (3.46) by (1+ [[Vu®||2)*, we obtain for A # 1
L i(1+ IFaM2) ™ + O (1 + [[Vu2) T T, ()
- Adt oo (3.48)
<C(1+[vuV),)?.
If X =1 then the first term in (3.46) is replaced by
~—In(1+[Vu®|3). (3.49)

Let us keep in mind that one should always replace the term with
power 1 — X by the logarithm term whenever A = 1.
Integrating (3.48) between 0 and ¢, t € (0,7, we get

1
(1-2)

1+ Iva @)3)' "

+ e / T,(a" (7)) (1 + [ Vu (1) 3) " dr

(3.3)
< C =C(uy). (3.50)
(3.10)

We are interested in getting ‘global’ estimates. Here, the word
‘global’ means ‘independent of the size of initial values (in an ap-
propriate space) and of the length of the time interval’. Because
the first term in (3.50) gives this ‘global’ information only when
A <1 and since

3d+2 2d

< i if > =1
A<1 if and only i p> a7 2 +d+2’

we will consider two possibilities:

)p>1+d+2,1e.,)\_<_1,
b) p<1+d+2,1e.,/\>1.

Ada),p>1+ d+2 Taking the supremum over all t € (0,T] (in
(3.50)), we obtain the estimate

IVa™|| Lo (ri22,, @) < C - (3.51)
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Consequently,
T
/ LN () dt < C. (3.52)
0

Let us remark that 1 + dfz > 2 for all d > 2. Using (3.26) we
finally have

T
/ DN |2dt < C (3.53)
0

and we are in the situation of (3.34) with p = 2 and o = 1. Case
a) is finished.

Adb),p<1+ d+2 Because A > 1, the first term in (3.50) is
negative. However, 1t can be moved across to the right-hand side
and estimated by 1= . Therefore, for A > 1 we can dispose of

T
/O I (1) (1 + [Va¥ ()2) M dr < C. (3.54)

Due to different types of the lower estimates of Z,,(u") by means
of some norms of the second derivatives of u’V, compare (3.25) with
(3.26), we further divide the proof into two subcases:

(i) p=2,
(ii) p<2.
In what follows, we expect to find the lower bound for p.

Ad (i). This case is nontrivial only for d > 3. Let us first show
that (3.54) implies

T A dp—3d+4
2 _N|28 . D
dt < th 8 = . .
/0 |D*u™||5” dt < C with 3 = 2p—3d+ 10 (3.55)
Indeed,
/ |D*u N|lmdt < c/ (Z,™)(1 + | VuV 2}’

x (14 [ Vu |3 dr
Holder

T e 2\ B
e[ nta 1vut ) )
ineq. 0
T ap 1-8 (3.54)
< ([ asivavpFEa) T < e,
0

(3.10)
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if
A8 (s4r) _2B-p) B

-8 ~ dp-3d+4i-g_+ =
= dp—-3d+4 —1- 2(3-p)
(d-2)p—3d+10 =~ (d-2)p—-3d+10°

Notice that

Be[sL)  forpe 2 H) d=3
56(0,3) forpe( 1+d2_fz) d>4
Thus, we have obtained the lower bound for p if d > 4
Having (3.55), we use
2d— (d—2)p

w22(Q)? — WitsP(Q)? with s = (3.56)

2p
and the interpolation inequality (see Lemma 2.18 in Chapter 1)
[ e [ (3.57)

with 0 < ¢ < s, in order to show that for chosen r € (1,p),

28(p—r)
r(p—28)°

Once we have (3.58), the estimate of type (3.34), with p = r, follows
immediately. Let us therefore verify (3.58). We have that

r(1-2%)
/ ||u”||1+apdt < C/ 70 a5 e

Hélder T 1/6' T 1/6

N N2
e ([ i) ([ i)
ineq. 0 0

(3.10)
<

T
/ [u¥ |45 ,dt <C  with 0 =35 (3.58)
0

(3.55)
The last inequality holds provided that
1 1 or T o T r/p—20
= — —_— = — —1l1=-=)=- -
1=5+% 255+p( s) p+as( 28p )
which implies that

_2ps p-r
or p-28°
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Thus, (3.58) is proved and the subcase (i) is finished. For d > 4,
the proof of Theorem 3.4 is complete.

Ad (ii), p < 2 (which in fact reduces to the case p € (df2,2) for

d =2, 3). As a simple consequence of (3.54) and (3.25) we obtain
/T ID?u |17

e 2-

o (L4 [[VaN|i3) (1 + [IVul,) "

dt<C. (3.59)

Let us first show that (3.59) implies

T
/ ||D2uN||ff3 dt <C
0

p((d+2)p— 3d)
2(-p*+(d+5)p-3d)

(3.60)

with =
Indeed, denoting the integrand in (3.59) by K(u”), we have
T
/ |D*u™ |27 dt
N Ny \(2-p)B
/ (C™)? (1 + 19u3) ™ (1 + 19V ,) 27 at
Holder T

T
K(u / (1+|va|3 )1 7
0

o py LB 1-8
x (14 [Va],) 77T dt)

ineq. 0

(3.59) T ” L
<o ([ ey (vt ar)
0

T _ " 1-3
<o ([ (anvatiy) T a)
0
T Y oyl 18
s ([ (a BT 1+ 1vat),) T ar)
0

= Ill_ﬁ + I;_ﬁ.
(3.61)
Using the interpolation inequality
(11+22)‘])—211 11(22—,,)
Vil < livllp ™ VI "
P

and the continuous imbedding W?2:?(2)? into Wl’d_d—zjl_'(Q)d7 we find
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that I in (3.61) is less than or equal to

c /T (1+ Vu™[l,) [2-p)

Hélder T 1 T 1
<To( [ aervetia) ([ o a)”
0 0

ineq.

+(:z+2;‘1.-2d A] B ___l_l_'\.L

R

(3.62)
as far as
1 1 2 — d+2)p—2d
1:_+_=< p,d+2p /\)ﬂ
6 & D p? 1-8 (3.63)
A _d2-p) '
1-8 2p °
where A is defined in (3.47). It follows from (3.63) that
5p—9 .
= (d+2)p—3d]lp _ { Ty ifd=3, (3.64)
C2(-p2+ (d+5)p-3d) | =3 = ‘
(=p? + (d+5)p - 3d) ety ifd=2.
Since § must be positive, the lower bound for p, namely
S 3d
P> a2

is obtained. Notice that

Be(0,1) for p € (
Be(0,3) forp e (
Integral I; is finite, because of (2— p)l—% < p, and the first a prior:

estimates (3.10).
Thus we can finally conclude using also (3.61) and (3.62),

T T ) =
/0 ID>u |28 dt < C + c(/o |D2u® |2 at)

Applying Young’s inequality, we obtain (3.60).

Proceeding similarly to the subcase (i), it is possible to choose
r € (1,p) and to find o > 0 such that (3.60) implies the required
estimate

%72)7 d=27
52)

2), d=3.

28(p—r)
r(p—28)"

In order to prove (3.65), we start from the interpolation inequality

T
/ la"|{,p,dt <C  with o= (3.65)
0

Vlitop < cllVILZTIVIE, -
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Using (3.60) we obtain

T T
1—0)r
/0 ™, dt < / = g dt
0

T 1/6 T 1/6 (3.60)
< (] i) () eigae) T < e
0 0

(3.10)

provided that 1 = } + & = Q:pi)—r + 35. This easily gives the
formula for o. The subcase (b) is finished.
The proof of Theorem 3.4 is now complete. ]

The following remark contains some other weak formulations
equivalent to (3.7) which are satisfied by the weak solution u of
the problem (NS),. We will also show that whenever p > f—&,
we have u € C,(I;H) and 4 € LY(I;Y*) and whenever p >
max (% dBf; 4d dS—fZ), we have 22 € L'(I; V).

Let us recall that ¥ = {u € W22(Q)% divu =0, [ udz = 0}.
By C, (I ' H ) we denote the space of weakly continuous functions

with values in H, i.e.,
Co(I;H)={uel (I;H);tantl” (u(t),h) = (u(to), h),
VheH, foraa. toel}.
Remark 3.66 In the proof of Theorem 3.4, we have found the
following a prior: estimates:
||11N||Lv(1;v,,) <C,

M|~y < C,

du (3.67)
15 vy <€ v >1,

N
e rwpg@yn < €
which allow us to find a subsequence still labelled u” such that

v =~ u weakly in LP(I;V},),

u¥ Lu weakly-* in L>(I; H),

u’ —u strongly in LY(I; H), ¢ > 1 arbitrary,

Vu" — Vu  strongly in L"(I; L] (Q)dz),

per
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r € (1, p) arbitrary, and

ou™ du
—_— kly in LY(I;Y™).
T T weakly in L7 ([;Y™*)

Then an equivalent form of (3.7) is also

TRy —
- / oy (3.68)
0

for all ¢ € D(0,T;V). Since V is dense in Y, and the integrals

//u](9 p;dzdt and / /TU ))ei; () dz dt

are ﬁnite§§ for u € L*(I;H) n L*(I;V,) and ¢ € D(0,T;Y) if

pE ( 3 d2d2) we obtain another equivalent formulation of (3.7),

namely

/oT <%%’ (P>Y + /OT /Q [“jg_Z‘/’i T Tij (e(“))ez‘j(SO)] dz dt
_ / T(f,cp)dt (3.69)
0

for all ¢ € D(0,T;Y). Taking in (3.69) ¢ € Y independent of t,
we get

/0 <6u ,<p> dt+/ / 3“1 i dz dt
+/0 /an(e(u(t)))eij(cp)dxdt——-/OT (£(2), ) dt

and due to integrability of all terms at least in L!(I), the weak
solution u € L*(I; H) N LP(I;V,) with
Ou

- Y
5; € LY

(3.70)

8§ In order to verify the finiteness of T Uj 8": p; dx dt, one uses the
o Jao 7 o=;
same approach as in the proof of the second assertion of Lemma 2.44.



INCOMPRESSIBLE FLUIDS AND WEAK SOLUTIONS 243

satisfies for all ¢ € Y the identity

(B0.0),

+ [ s le(a(®))ess (o) dr = (1), )
Q

(3.71)

for almost all ¢ € I.
Now, let us show that u satisfying (3.71) belongs to C,,(I; H).
Since u € L*(I; H), we know that

lu(t)]s <C  YteI\S, where|S|=0. (3.72)

Integrating (3.71) between t, € I\ S and t € I\ S, using (2.46)
from Chapter 1, we obtain

(u(t), 9) — (u(to), @) = / (£(s), ) ds

/to/T” ))eij () dz ds (3.73)
// auz s dods.

However, the right-hand side of (3.72) vanishes as t — tq. There-
fore,

(u(t),¢) — (u(te),p) VioeI\SandVepeV. (3.74)

t—tg

But due to (3.72), we extend (3.74) also for all ¢ € H. Thus,
ueC,(I;H). (3.75)

Finally, we want to show the validity of the weak formulation
(3.7) for test functions ¢ € D(—o00,T;V},). According to the second
part of Lemma 2.44, the integral

T

Ou;
/ /Uj—au p; drdt < 400 (3.76)
0 JO Ty

for u € L*(I;H) N LP(I;V,) and ¢ € L*>(I;V,) whenever p >

max (ib{i%t——“, 2%). Therefore, we have on the one hand the



244 NON-NEWTONIAN FLUIDS

weak formulation
T
Oy Ou;
/0 /Q [—Uz-a? +U35;j‘§01+7u (e(u))eu(go)] dz dt

T
:/0 (f, ) dt + (uo,(0))

for all ¢ € D(—00,T;V,). On the other hand, using (3.76), we

immediately find that

Ou

— e LYL; V). 3.77

e LN Vy) (3.77)
The same argument as in the first part of this remark implies that
ue C,(I;H). Since u € LP(I;V,) and 7 satisfies (1.21), the oper-
ator B defined by

Ba(t).¢)y, = [ m(ea®)ese)ds,  eeh.

maps V}, onto V5. We conclude: if p > max (¢ ;f; 4d %), then
weak solutions of the problem (NS), satisfy
ueC,(I;H)NLY(L; V),
ou

— e Ll v
at © V),

and for almost all ¢ € I and all ¢ € V,, the identity

<8161§t) + uj(t)%“g +B(u(t)), ‘P>v,, = (f(t), 0}y, (3.78)

is fulfilled.

5.8.3 Ezxtensions

In this section we will extend the validity of the assertion of The-
orem 3.4 to a larger class of initial values and a broader classes of
extra stresses. More precisely, we consider two kinds of extensions
for the extra stress 7F. Firstly, we will admit singular nonlinear
tensor functions, as, e.g., 7(e(u)) = |e(u)[?~2e(u), p € (1,2), using
the assumption (1.8); instead of (1.8), considered in the problem
(NS)p. Secondly, we will also admit perturbations of the constitu-
tive law, cf. (1.58) in Chapter 1. We will assume that the extra
E is given by the relation

T2(t,z) = 7(e(u(t,2))) + o (e(u(t,2))),

stress 7T
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where 7 satisfies (1.6), (1.7), (1.8)2 and (1.9) and o is, roughly
speaking, an arbitrary tensor function controlled by 7. See (3.88)~
(3.90) for precise assumptions on o. For p € (1,2), the assumption
(1.8); is in this case also possible.

The following theorem shows that the same result as in Theorem
3.4 holds under weaker assumptions on ug, namely ug € H.

Theorem 3.79 Let ug € H and f satisfy (3.3). Further, let p
satisfy (3.5). Then there exists a weak solution u : Qr — R* to
the problem (NS), such that

ue L>®(I; HYNLP(I;V,)
and (3.7) holds for all ¢ € D(—00,T;V).

ProoF : The proof coincides basically with the proof of Theorem
3.4 until the inequality (3.48) is derived. This inequality reads

1 d

1—Xdt

s -
Z(1+ [V 3) T+ M) (1 + [Va[3) (3.80)

<C (1 + ”qu“p)p-

Since ug ¢ V, we cannot immediately integrate (3.48) between
(0,t), t < T. Let us first define for 6 > 0 a cut-off function £ €
C*(I) such that £(t) € [0,1] on [ and
{ 0 ift €[0,9],

1 if t € [6,1],
and multiply (3.80) by £. We obtain

£(t) =

1 d B i
1—)\%(5(1+”V‘1N”§)1 /\)+CI§I (UN)(1+|IVuN||§) A
1 d )
SC(1+I|VuN||p) +__)\£_(1+“qu”§)1 A

(3.81)
Since A < lforp>1+ d%rd_z > 2, the last term in (3.81) is estimated
as follows:

(14| VuV ifA<1,
1 d€(1+||\7 N”) N o II s+l 2)
1—Xdt T ifA>1.

,_.

Therefore, integrating (3.81) between 0 and ¢, t € [6,T], we obtain

1 1-X t Y
T 1+ IV @)l3) +/52,,(uN)(1+||uN||§) ds < C.
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Since the last inequality coincides with the inequality (3.50), w
can proceed in the same way as in the proof of Theorem 3.4 in
order to derive (for chosen p € (1,p) and appropriate ¢ > 0) the

estimate
T N
/zs g, <.

As we already know, the last estimate is crucial for proving

//TU e”( ) dz dt N——>//TU e” @) dz dt

(3.82)
for all ¢ € D(—00,T;V). However, Vu and Vu® are uniformly
bounded in LP((0,T) x ). Therefore, for all £ > 0 thereisa § > 0
small enough such that for all ¢ € D(-00,T;V), |[Ve|le,0r <1,

'/06/9 (nj(e(uN)) —Tij(e(u)))eij((p) da:dtl

’ N \P 5 1/p
< 2CiVeloar ([ (14171 dt) T (9%6)
<e. (3.83)

Finally, (3.82) and (3.83) imply that the limiting process

/ /T” ))eij() dz dt —-—»/ /7‘” ))eii(@) dz dt

can be justified. The proof of Theorem 3.79 is finished. [ |

As empbhasized in Section 1.1.4, the extra stress 7Z of the fol-
lowing form:

E = r(e(u)) = |e(u)|P%e(u) (3.84)
with p € (1,2), plays an important role in modelling flows of non-
Newtonian fluids, while the model (3.84) with p > 2 is of no interest
from the point of view of mechanics of non-Newtonian fluids. How-
ever, the assumption (1.8); does not allow us to take (3.84) into
consideration. Let us therefore replace (1.8)2 by (1.8);.

Then the following theorem holds.

Theorem 3.85 Let ug € H and f satisfy (3.3). Let us assume
that the tensor function T satisfles (1.6), (1.7), (1.8); and (1.9).

Let p € (3£%,2). Then there exists a weak solution u : Q7 — R
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to the problem (NS), such that

u€ L=(I;H)ynL*(I;V,),
and (3.7) holds for all ¢ € D(—0,T; V).

PROOF : If we change the definition of Z,(u) such that (instead
of (3.22)) Z,(u) is given by

/\ W) e, au)u(g;)dz, (3.86)

then the proof is identical with the proof of Theorem 3.4. This
comes from the fact that the assertions (3.25) and (3.27) of Lemma
3.24 remain valid also for Z,(u) defined in (3.86). ]

In the remainder of this section we will consider incompressible
fluids whose extra stress 7% is given by

Tz'l;;(t,x) = 7;;(e(u(t, z))) + 0i; (e(u(t, z))) (3.87)

for all t > 0, z € Q. Here, we assume again that T has a po-
tential, i.e., that the assumptions (1.6)—(1.9) are fulfilled (with
the convention that (1.8); is considered only for p € (1,2)), and
o: R, — fulfills

ym
oij(e)ei; >0 Veé€ R;i;m . (3.88)
We shall also require that for¢, 7 =1,...,d,
jo5(€)] < Cua(1+le)" " (3.89)

Finally, we shall assume that there exists a constant Cip > 0 such
that for 7, j, k, £ =1,...,d,

1222 < (14 1) (3.90)
Beij

Now, we will define the corresponding extended problem and give
a definition of weak solutions to it. Let f : Q7 — R? and ug :
) — R? be given and satisfy for some p € (1,00) the assumptions
(1.6), (1.7), (1.9), (3.88)—(3.90) and (1.8),. (If p € (1,2), (1.8)3 can
be replaced by (1.8);.)

We look for u: Q7 — R? and 7 : Q7 — R solving in Qr

é;_ltl + ukaa_zuk_ = —Vr +divr(e(u)) + dive(e(u)) +f,

divu=0,

(3.91)
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and satisfying the initial condition

u(0,-) = ug in 2, (3.92)

and the space-periodicity requirements
ulr.-i = ulF;i+d’ VulFf - vulrﬁ" ' (3.93)

7r|rj = 7r|rj+d .

j =1,...,d. We will refer to the problem (3.91})-(3.93) as the
problem (NSext),.
Let us suppose that

L*(Qr)* if p>2,

L (Qr)?* ifp<2.

Definition 3.95 Let uo, f satisfy (3.94). A function
ueC,(I;H)nLP(I;V,)

uw€eH and fe { (3.94)

with
Ou 1 *
5 e L (I;Y™)
is called a weak solution to the problem (NSext), if the identity

<agit) ) ‘P>Y + /Q Uk (t) a;;it) P; + Tij (e(u(t)))eij (QO) dz

+ [ auletutt))este) e = [ fitrorda

is fulfilled almost everywhere in I and for all ¢ € Y. As before,
Y = {ue Wx2(Q)4divu =0, [,udz = 0}.

per

(3.96)

A general result is formulated in the following theorem.

Theorem 3.97 Let ug, f satisfy (3.94). Let p satisfy (3.5). Let
also

Ciad? < Cy . (3.98)
Then there exists a weak solution to the problem (NSext),.

PROOF : The proof follows the same lines as the proof of The-
orem 3.4 except for small modifications. First let us note that
we can assume ug € V5 because of Theorem 3.79 and its proof.
Even if the Galerkin system now contains a new term, namely
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Jo 015 (e(u™))ei;(w™) dz, we notice that the first a priori inequal-
ity coincides with (2.27) due to the assumption (3.88). Also, the
second energy inequality has the same form as (3.19), except for
the coefficient in front of Ip(uN ), where instead of C; we have
C1 — Cy2d?. This coefficient is positive due to (3.98).

The proof of Theorem 3.97 is finished. n

5.4 Incompressible non-Newtonian fluids and strong
solutions

We continue in the analysis of the properties of weak solutions u
to the problem (NS);; the existence of these has been proved for
p > % in the previous section, if d < 4. The aim of this section

is to present three types of results:

1. To prove the global existence of strong solution (for p > 151- if
d = 3 and for p > 1 if d = 2) and its uniqueness for p > 1+ E%sz"'
A function u is said to be a strong solution if u is at least
a weak solution to the problem (NS), and if u satisfies the

following semiregularity properties:

ue C(L;H)NL®(; Vo) N LA(I;Y), (4.1)
ue L>=(I;V,),
Jdu
— € L*(I;H). .
o1 € (I;H) (4.3)

Recall that Y = {u € WA2(Q)%divu = 0, [yudz = 0}. If

per

p € (1,2) then (4.1) is replaced by

u€e C(LH) NL®(L V) N LALWER(Q)ANV,) . (44)
In order to prove (4.1) and (4.4), the assumption uy € V5 is
needed, while for proving (4.2) and (4.3) we will have to assume
ug € Vp.

2. To find conditions on the size of data (resp. on the length of
time interval) under which the global in time existence of strong
solutions for small data (resp. local in time existence of strong
solutions for arbitrary data) can be proved. This problem will
be studied for p < 1?1 and d = 3 only, since otherwise strong
solutions exist without any restriction on data. We will prove
both kinds of conditional existence results for p > %
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3. To find fractional estimates for the L2-norm of the time deriva-
tive of u’V as well as for the LP-norm of the second derivatives

Of uN forp € (d?z;_izal + d?:_iQ)

All assertions and proofs will basically deal with two- or three-
dimensional domains.

5.4.1 Global existence of strong solutions and uniqueness

This section consists of four theorems and their proofs. The first
one, Theorem 4.5, deals with strong solutions to the problem (NS),
ifp>1+ d +2 Under the assumption ugy € V,, we will prove (4.1)-
(4.3) without any restrictions on the size of data.

The next theorem, Theorem 4.21, strengthens the result in two
dimensions. It will be shown that a strong solution exists for all
p > 1. The space-periodic setting is essential for the proof.

The remaining two theorems give an answer to the following
question: When is a weak solution unique? If ug € H, then Theo-
rem 4.29 gives uniqueness for p > diz If up € V3, then the weak
solution is unique according to Theorem 437 for p > 1+ d +2
Notice that the lower bounds on p are the same in two space di-
mensions.

Theorem 4.5 Let uo € Vp, f € L*(Qr) and p > 1+ 2&. Then
the weak solution u of the problem (NS), has the semiregularity
properties (4.1)-(4.3), i.e. u is a strong solution.

Remark 4.6 It is worth focusing upon changes of the assertion
of Theorem 4.5 if the assumption on ugy is weakened. Assuming
ug € H, we obtain

Jdu

— e L” (I; v 4.
e 1P (1Y) (47)
and by Lemma 2.45 from Chapter 1 and (3.6),
ueC(l;H). (4.8)

The other regularity properties in (4.1)-(4.3) are still valid pro-
vided that the interval I is replaced by Is = [6,T), 6 > 0 arbitrary.
Finally, as far as ug € V2 and uo ¢ V, (4.1) holds without any
change, while (4.2) and (4.3) requires I to be replaced by Is. These
modifications of Theorem 4.5 can be proved by means of the cut-off
function technique explained in the proof of Theorem 3.79.
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PROOF (of Theorem 4.5): Using the Galerkin approximations
{u"} defined in (2.21), we derived the first and second a priori
estimates, see (3.9), (3.10), (3.51) and (3.53),
a1y + 0¥ o,y < C (4.9)
“uN||L2(1;Y) + ||uN||L°°(1;V2) S_ Cv (410)
which have been essential for proving the existence of weak solution
u to the problem (NS),. Since u was found as a weak limit of u”¥

and since balls in Banach spaces are weakly closed, we see that the
a priori estimates (4.9) and (4.10) are valid also for u. Thus,

ue L= H)YNLP(LV,)NL®(L; Vo) N LA(LY). (4.11)
According to the third part of Lemma 2.44, uja%‘—‘j e L7 (I V).
Consequently, %‘f e LY (I; V') and by Lemma 2.45 in Chapter 1,

1o} ,
{u € L (I;V,); 8—‘: e LV (I; V;)} < C(I,H). (4.12)
Thus, (4.1) is proved.
In order to demonstrate (4.2) and (4.3), we will derive the third
kind of a priori estimate for {u’V}. For that purpose, multiply

(2.21) by %c,{"(t) and sum up over r = 1,..., N. As a result we
obtain

ou?N o

||7||z +/QTij(e(uN))§€ij(“N)d$
[atdou, ow
= /Q“J' gz, 0t o+ (, ot ).

Applying the Schwarz inequality to both terms at the right-hand
side of (4.13) and using (1.6), we get

(4.13)

1, 6u” d
515 ||2+—d—t/QU(e(uN))d:c (4.14)
<clfl +c [ " Pvef .
Q

Let us denote by I the integral [, [u™|*|Vu®|?dz.

If d = p = 2, then using [|V|le < ¢[|V]ly*|ID@v||}/2, we obtain

I < E Va3 < cllu™ ]2 IDP a5 Va3

Thus, due to (4.9) and (4.10), [ Idr < C.
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For p > d (p > 2 if d = 2) we can estimate I as follows:

T Holder [T N2
[rae L [ i vz ar
0 0 =2

ineq.

T
< c/ HVuNH%IIVuNHf, dt (4.15)
0

(410) (T (4.9)
<o vetza < e,
0

where the second inequality expresses the imbedding W12(Q)¢ —
L% () valid for 2 < 24 which is p > d.

It remains to estimate I for d =3 and p € [%, 3). We know (see
(3.52)) that

T
/ Z(uV)ydt < C. (4.16)
0
On the other hand, taking particularly ¢ = 2 in (3.27), we have
IVu[3, < Z,(a"). (4.17)
Hence
T Hélder N N2
[T / 170”13, 0" de
0 ineq. Jo
< / I7a¥ 31V u” I3, dt (418)
0

(4.10) T (4.16)
< ey [ 196V Bya < C.
0 (4.17)
Considering (4.14), (4.15) and (4.18), we obtain for all t < T'

/ || |\2dt+/U( V() dz < C. (4.19)

Due to (1.37) and Korn’s inequality (1.11),
IVuV (), <C  Vt<T.

Therefore,

“ “L2 I;H) <0, (4.20)

||‘1 ||L°c(1;v,,) <C,
and the same estimate is valid also for u. Thus (4.2)-(4.3) hold. =
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Theorem 4.21 Let ug € V,NVy, f € L*(Qr) for p > 2 and

f e LP(Qr) if p < 2. Provided that Q is a two-dimensional cube,
a strong solution to the problem (NS), exists for all p > 1.

ProoF : If p > 2 then the result follows from Theorem 4.5. Let
p € (1,2) in the sequel. According to (3.20)—(3.21),

8u ouN aul da

aa:;c 8z] Oz

Then (3.19) turns into
SV B O < (L aw). (422)

Integrating (4.22) between 0 and ¢t and using Remark 3.29, we
obtain for almost all ¢t € I,

t
IVu® ()13 +C/ p(u)dr < ||Vuoll3 + CIIFI3 0 .y - (4.23)
This implies
||11N||L°°(1;v2) <C (4.24)
and
T
/ Z,(uMydt < C. (4.25)
0

By (3.25), (4.24) and (4.25),
T
/ ID@u|2di < C (4.26)
0
Next,
T . T
| [ pvepasds [C1vad ity o, a@
0 Q 0 22—
T ) N o (4.24)
< [ B Evetiga < o
0 (4.26)
Then it follows from (4.14) that

ou”
|| "ot ||L2(1;L2(Q)") <C. (4.27)
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From Aubin-Lions Lemma 2.48 in Chapter 1, using (4.26), (4.27),
we obtain the strong convergence

Vu" = Vu in LP(Qr).

Thus u is a weak solution. Clearly, by Lemma 2.45 in Chapter 1,
we have u € C(I; H). Moreover, u satisfies all estimates (4.24),
(4.26), (4.27). The proof of Theorem 4.21 is complete. ]

Now, we shall prove two uniqueness theorems under different
assumptions on the regularity of the initial value ug. If p > 1+ %,
then a weak solution u to the problem (NS), satisfies the weak

formulation in the form

Bu(t) du(t)
(S +w® oz, ),

P

+/QT-;] (e(u(t)))e;(¢)dx

— (£(t), ¢) (4.28)

for almost all ¢t € I and for all ¢ € V,, which follows from (3.78)

and the semiregularity properties (4.1)-(4.3).

Theorem 4.29 Letuo € H, f € L* (Qr). If
L d+2

i )

(4.30)

then there exists a unique weak solution to the problem (NS),.

PRrROOF : Let us suppose that there exist two weak solutions u,
v to the problem (NS), with the same initial value ug. Put w =
u — v. Subtracting the weak formulation for v from the one for u
and taking w(t) as the test function in the resulting equation, we

obtain

2dt
8ui 8111
"/ (“J’ax Y19 Juwida
@ u ] 7 (4.31)
__——/wj———lwlda: /v] w; dx
o ~Oz; o ~0z;
Bui
= - '~ 7.d )
/Qw] Bz]w T

99 We will not write the explicit dependence of u, v, w on t.
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where we have used the fact (see (2.12)) that

811)-;

Uj gj’wi dx = 0.

By Hélder’s inequality,
ou,; .
I/ 'LUj—u—'U)»i dac. S/ |w|?|Vu|dz < ||Vu||p||w||2_2,_,_. (4.32)
Q aIJ Q p—1

Combining (4.31), (4.32), (1.25) and (1.11), we obtain

1d
2 dt

Because of the interpolation inequality (4.36) proved in Lemma
4.35 below, we obtain

7 IWIlz + K Cel VWi < [IVullpllwlz

2p—d

_J_
I + K3CoITwIR < [Vl ™ 9w

Young
< K3Cs||Vwl3 (4.33)

ineq.
+ CIIVUIIZ" 7 flwl.
Finally,
||W||2 < CIIVUII“ 7wl (4.34)

Since w(0) = 0 and u € LP(I;V,), we can use Gronwall’s lemma,
3.5 from the Appendix if 2—55 < p, which is equivalent to (4.30).
As a conclusion of Gronwall’s lemma we obtain

[lw(t)]l2 =0 Vi<T.

Thus, u(t) = v(t) almost everywhere in 1.
Theorem 4.31 is proved. ]

Lemma 4.35 Let v € Wl2(Q) and q € [2, 2%] for d > 3 and

per

€ (2,400) if d = 2. Then there exists ¢ > 0 such that

IVl < clivliz Vv, (4.36)

. 2d—q(d—2
with o = 24=9d=2)
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PROOF : First let d > 3. Then W12() — L#%(Q) and therefore
there exists ¢ > 0 such that IIV”%’% < ¢||Vv|t1,2. Combining this
with the interpolation inequality (see Corollary 2.10 in Chapter 1)
_2d-q(d-2)

Ivlly < clviIgliviiiz 5
q

2(1 ) )

we obtain the assertion (4.36).

If d = 2, then Wh2(Q) 4 L>®(Q). Nevertheless, for s = ‘1%3,
Ws2(Q) — L1(Q) and ||v||, < c||v]|s;2. Due to Lemma 2.18 in
Chapter 1, we have

2
IVlls.2 < clVIglvInz", o= .

Putting both inequalities together gives (4.36). ]
Theorem 4.37 Let ug € V3, f € L? (Q7). If

p>1+ (4.38)

d+2’
then there exists a unique weak solution to the problem (NS),.

Remark 4.39 In two dimensions, the lower bound 1+ m coin-

cides with —ﬂz‘— and the uniqueness of a weak solution follows from
Theorem 4.29. Thus, the assertion of Theorem 4.37 is new only for
d>3.

PROOF (of Theorem 4.37): Let us consider three-dimensional do-
mains 2 only. Since uy € V2, we know (see (4.1)) that

Vu € L*(I; Va). (4.40)
Following the proof of Theorem 4.29, we can start with the in-

equality

IIVU|I2I|WI|2 Ivwii3

Lz + k3G Wl

Young p
< K3Cs||[ Vw3 + C||Vull3liwli3 -

ineq.
Hence,

d
ZIwllz < lIvulizliwliz

together with (4.40) and Gronwall’s lemma finishes the proof. =
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5.4.2 Existence of a strong solution under some restriction on
data

This section deals with the conditional existence of strong solu-
tions in three dimensions. We will first show the existence of such
solutions for p € (%, %) provided that some norms of f and uq are
small enough. Later, we will formulate an assertion saying that it
is possible to find a (short) time interval on which strong solutions
exist for arbitrarily large f and ug. Throughout this section, we

will assume that
L*Qr) if p>2,
L*(Qr) if p<2.

The method of the proof is again based on the second a priori
estimate which finally reads (compare with (3.48))

yeV,NV, and fe€ { (4.41)

1 o1
A+ Iva @)

t
+ / T, (M) (1 + [l [2) dr (4.4)
¢ 1
< c/ IV |2 dr + ce + T——A(1+ [Vug||2)1 .
| -

By (3.47), we know that A = 282 > 1 for p < L. For ‘global’
estimates the negative term

1 .
1+ [T (O] (4.43)
was moved to the left-hand side and estimated by 117 there. In
order to obtain the results mentioned above, the term (4.43) will
enter essentially into the proof.
More precisely, we rewrite (4.42) as follows:

1 1 t
< vul||Pdr +
A=1(1+||Vug|3)*! ‘C”/o [Vally dr +ce

X . (4.44)

XTI IVer @R

The first a priori estimates, see (2.28), give the existence of a con-
stant ¢, depending on [|uoll2, |f|l ;. gy, T and [Q| such that

T
Vul|Pdt < cq . 4.45
o P
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Then it follows from (4.44) that

2
IV (@))5 < ~2 ol o -
[1 = (cpea +ce)(A = 1)(1 +[|Vuo|i3)*1]
(4.46)
Now, whenever
1
CpCa + Cf < (4.47)

(A= 1DA + [[VuolF)*

then we will get an uniform bound of {u"} in L*(I;V,), which is
a springboard to a proof of the existence of a strong solution. Since
this last statement has been clarified for example in the proof of
Theorem 4.21, the remaining task is to show that ¢, can be made
as small as needed and depending only on norms of ug and f (and
not on |Q[!).

The reason why 0 appears at the right-hand side of (2.28) comes
from the coercivity condition (1.20). If one uses the condition (1.23)
for p € (1,2) or (1.24) for p > 2 instead of (1.20)3, the dependence
of the right-hand side of (2.28) on || can be removed. Let us
illustrate it only for the more complicated case, p € (1,2). Then
we have from (2.26) and (1.23) that

ld
3370”8+ e [ min (e(u),Je(u™)P) de
/ If -ul|dz. (4.48)

Denoting BY = {z € Q, |e(u")| < 1}, CN = {z € Q, |e(u’)| > 1}
we obtain from (4.48) that

1d
||uN||2 +c3 / |e(uN)|2 dz + 03/ ]e(uN)}” dz
2 dt BN CN

< clflly (le(a™)l, px + lle(u™)l,.con)

/ C3 C3
< el + S lle(u™)IE o + clflly + 3 le(u™)I,

and thus

[a™ ()13 + ¢ t le@™)II? on + lle(@™)lI3 gn ) ds
/0 ( “ o) (4.49)

T
< llwol2 + c/ IE1Z + IE12 dt = c(uo, £).
0
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Since p < 2, we have

T T T p/2
/ ||VuN||§dtS/ IVa™|? o dt+c</ IVu™|3 dt)
0 0 0
(4.49) 1 ;
< — (etuo, &) + e(e(uo,£)""*) = cu
C3
(4.50)

As a conclusion of the above considerations we obtain the following
theorem.

Theorem 4.51 Let ug and f satisfying (4.41) be such that (4.47)
holds. Then there exists a strong solution to the problem (NS),, for
p>2(d=3).

The local existence of a strong solution is treated in the following
theorem.

Theorem 4.52 Let uo, f satisfy (4.41). If p > 5 (d = 3) then
there exists a t* > 0 such that a strong solution to the problem
(NS), exists on (0,¢*). This solution is unique for p > 2.

PROOF : We will proceed similarly to before. For simplicity, how-
ever, we assume that f is independent of ¢ and we denote a given
p> % by po. Let us assume that instead of (4.44) we have

! ! <c /tnqu”ﬁ_fd +t
T C
Ae =11+ [[Vuo[B)=1 =77/ ’ '
n 1 1
Ae = 11+ {[VuN(#)[[5) -1~

where A, = A (p) — A as e — 0 and A.(po) > 0. By Hélder’s
inequality,

(4.53)

1

t o t T+e o .
/ |Vu?||3F dr < (/ Hvﬂugm) tTH < o tTHe .
0 0

As in (4.46), we have -

Va3 <C (4.54)
whenever
1
(Ae = D)1 + [[Vugl3)*—1 -

Thus, for all ¢* satisfying (4.55), the existence of a strong solution
on (0,t*) follows.

cpcatﬁ? + ter <

(4.55)
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In order to derive (4.53) we have to return to Section 5.3, and
to modify the calculations between (3.42) and (3.48). Instead of
(3.44), we require the condition

2

(@2 750) 0= 715

to hold. It is clear that for ¢ sufficiently small, A.(po) > 0.

The uniqueness proof coincides with the proof of Theorem 4.37.
The restriction p > 2 is due to (1.25).

The details are left to the reader. ]

5.4.3 Fractional derivative estimates

In this section we will find exponents 3, v such that

T
/ ID®uN|2? < 400,
0

JE
Here, u” denotes Galerkin approximations to the problem (NS),.

We have already proved several estimates of the type (4.56) in
Section 5.3. Let us recall them:

o If p>1+ 24 then (4.56) holds with r =2 and 8=y = 1.

(4.56)

d+2
o If moreover d = 2 and p € (1,2), then (4.56) holds with r = p
and f=v=1.

o If d = 3, then (4.56); holds with

3p—5 .

r=2 and ﬂ:p+1 if pE[Z,%),
5p—9 .

r=p and g=b__ P~ 7 if pe($,2).

2 (—-p2+8p-9)

Compare these results with (3.60) for p < 2 and (3.55) for p €
[2, 5).

In this section we will show the estimates of the type (4.56),.

Lemma 4.57 Let d = 3 and p € [2,1—51—). Then the Galerkin
approximations u” to the problem (NS), satisfy (4.56); with

N = _M_ ) (4.58)
5p? — 15p + 16
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Remark 4.59 Taking p =2 in (3.55) and (4.58), we obtain

T
/ ID®@uN 57 < 400, (4.60)
0

T ouN 2/3
/O =T (4.61)

As emphasized in Example 1.62 in Chapter 1, the classical Navier-
Stokes system is a particular subcase of the model (NS),, when
p = 2. For a weak solution of that system, the estimates (4.60)-
(4.61) were derived in Fo1as, GUILLOPE AND TEMAM [1981] (for
the space-periodic problem) and in DUFF [1990b] (for the Dirichlet
problem).

PROOF (of Lemma 4.57): In order to prove (4.56), with v defined

(4 58), we multiply the rth member of the Galerkin system by
dtcr N(¢) and sum up. Following the same lines as in (4.13)—(4.14),
we obtain, applying Holder’s inequality,

1, 0u N
SIS + S (o)

2 N2 N2 (4.62)
< el + 0™ P [0 e,
L L

By the interpolation lemma (see Corollary 2.10 in Chapter 1), we
have

5p
IVa™) e < Ve, T ||VUN||3p : (4.63)
Taking ¢ = 2 in (3.27), we obtain
IV, < Z,(u?). (4.64)
Then (4.62)-(4.64) imply

—HWHZ tnU(e(uN))nl

s (4.65)
. 2p
<3+ VaVl, T {Zp(uV)}
By (3.54) we know that
T
/ L") () (1 + VN (7)|3) dr < C, (4.66)
0

where A = 2 53;;—__25' According to (1.36) and Korn’s inequality {1.11)
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and after some algebraic manipulation it is possible to find a con-
stant ¢ > 0 such that

[VVIP < e+ U (e(v)) 1) - (4.67)

Using (1 + [[Vu™||3) < c(1+ [Vu"|?), (4.66) and (4.67), the
inequality (4.65) turns into

1, 0u?

=+ 3 L1+ 10 (e™) )
Scf_;_c{___z_’i&)\} : (4.68)
(1+IVu|3)

12-5p , Sp—4
At

x (1+[|U(e(u™))]I1)

Let p2 > 0. Multiplying (4.68) by (1+|U (e(u™))[|1) ¥, integrating
between 0 and ¢, t < T, we get

CNBE L i
| T TRt e o)
SCf,u()+C/O {(1+“qu“§)/\} (4.69)

< (LU (M) l) P ar

Because of the uniform estimates (4.66), we apply Holder’s inequal-
ity on the last term in {4.69) together with the requirements

101
4 =1
T
12—-5p  oSp—4y\
(—u+a et Jé=1, (4.70)
2-5p ,
6 =1.
2p
Solving (4.70) we get
2(p? - 5p+8
_2p°-5p+8) (4.71)

b= B -5)
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Since
t 36) t N
[ s mwe)i)ar < e [+ vatip)ar
0 0 (4.72)
(3.10)
< C,
it follows from (4.69)-(4.72) that
/T 1% .
o (T+U(e(™))"  ~

Next,

[ 12 s < [ (10w ey Y
(1+||U(e(u NIh)* dt.

By Hélder’s inequality, using (4.73) and the same argument as in
(4.72), we obtain

T
<C th =—0——"_ (4.74
/0 e ” b T —tsprs 4T
Thus, (4.58) is found and Lemma 4.57 is proved. n

5.5 Compressible non-Newtonian gases and
measure-valued solutions

The objective of this final section is to prove the existence of
measure-valued solutions to an initial-boundary value problem for
a flow of compressible gases undergoing isothermal processes in
bounded domains.

The result that we will present here has been proved by MATUS0
AND NOVOTNY [1994], using considerations from NECAS, NOvVOT-
NY AND SILHAVY [1989, 1990] and NovoTNY [1992]. A different
kind of measure-valued solution has been studied in NEUSTUPA
(1993] for barotropic flows and by KRONER AND ZAJACZKOWSKI
[1996] for the Euler equations of compressible fluids.

Let us emphasize that the global existence of weak solutions
for the problem studied in this section is not known. Very inspir-
ing in this direction is the paper of Padula (see PADULA [1986]);
unfortunately some conclusions are not correct as pointed out in
PADULA [1988]. For perfect isentropic gases, where the pressure is
given by p = kp”,v > 1, the global existence of weak solutions has
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been proved very recently by LioNs [1993a, 1993b] for v > ?1%'
A promising method in the direction of the investigation of the
properties of weak solutions seems to be the method of decomposi-
tion proposed in NOVOTNY AND PADULA [1994]. This method has
already been successfully applied for studying steady flows of the
isentropic perfect gases, see NOVOTNY [1995, 1996].

Let us now formulate the problem. Let 2 C R? be a bounded
domain with 8Q € C%!, d = 2 or 3. For T € (0,00), we use the
notation I = (0,T) and Qr = I x Q. We also set Q; = {(t,z) €
Qr;z € Q}.

Letf: Qr — R, po: Q= Rug: 02— Rlandr:RY, — RY,
be given. Assume that there exists a p € (1,00) and c1,c2 > 0 such
that for all € }de;m,

T(m) -0 > alnl”, (5.1)
lr(m)] < (14 ml)" (5.2)

By the problem (CF'), we denote the initial-boundary value prob-
lem to find u = (uy,...,uq) : Qr — R* and p : Qr — R solving
the system of (d + 1)-equations

ap d

— + —(pu;) =0 .
d 0 ap 0 _
a(put) + a_zj'(PuJuz) + bz, 0z Ti;(e(w)) = pfi, (5.4)
i =1,...,d, and satisfying the initial and boundary conditions
u(0,z) = up(z) , p(0,z) = po(z), Ve, (55)
u(t,z) =0 V(t,z) €I x9N . (5.6)

Recall that 2e = Vu + (Vu)?. We refer to Section 1.1.4 for more
comments on the system of equations.
Let

po € CH(Q), po > 0 in 0 and up € WPH*(Q)?, (5.7)
feC;L>(M)?). (5.8)

It is possible to weaken the assumptions on po, uo and f, if we
regularize the data in appropriate parts of proofs. Nevertheless,

we prefer to put stronger assumptions on po, up and f in order to
retain the main ideas.
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Besides Sobolev, Bochner, Lebesgue spaces, and spaces of Radon
measures, we will use also Orlicz spaces here. See Section 1.2.5 for
definition and an exposition of basic properties of these spaces.

Let ¥(¢) = (1 +¢)In(1 +t) — t be a Young function.

Definition 5.9 Let pg,ug and f satisfy the assumptions (5.7),
(5.8). The triple (p,u,v) is called a measure-valued solution to
the problem (CF),, if

p€LX(;Lg(), p>0, (5.10)
ue LP(I;WP(Q)Y), (5.11)
v € L2(Qr; Prob(RY)), (5.12)
satisfy
, Advy o (A) = Vu(t,z) foraa. (t,z) € Qr, (5.13)
]R:I

oY _
/ / ——da:dt+/pu]6——dzdt+/povjz(O)dz—O, (5.14)
Vi) € D( - o0, T; D(N))

and

_/OT(/quiaa“f dx) dt—/T</qujulg dr)
+/OT QEij(<P)/1R' 7i;(e(A)) dvy o (A) dz dt — / / 8

T
= / / pfip:drdt + / Potoiw;(0) dz (5.15)
0o Ja Q
for all ¢ € D( — o0, T, D(R2)¢).

Theorem 5.16 Let pg,ug, f satisfy (5.7), (5.8). If p > d then
there exists a measure-valued solution in the sense of Definition
5.9.

The proof of Theorem 5.16 will be presented in the rest of this
section. For p > 0 we will first define a singular perturbation to
the problem (CF)y, denoted by (CFpert)%. Then we will construct
an approximation of the problem (CFpert)% and we will show the
existence of a solution by a fixed point argument combined with
the method of characteristics and the Galerkin method. By passing
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to the limit, we will prove the existence of a weak solution (global
in time) to the problem (CFpert)#. Finally, letting u — 0+, we
will demonstrate the existence of a measure-valued solution to the
problem (CF), and the proof will be finished.

We will split the exposition of the proof into the following four
steps:

o Definition of the problem (CFpert) and its approximations.

e The solvability of the approximate problems.

» The existence of a weak solution to the weak problem (CFpert)%.
e The existence of a measure-valued solution.

e Definition of the problem (CFpert) and its approzimations
Let 1 > 0 and let (-, )3 denote a scalar product in W2?()2.
1
Then || - |32 = ((-,-))7. We say that a couple (p*,u*) is a weak
solution to the problem (CFpert)f, if

u* € LI, W2 Q)4 n LP(I; Wy ()4, (5.17)
%lt— e LP (I, LY ()%, (5.18)

p* € L=(Qr) N LA (LW (), (5.19)

%" ¢ 12(r), (5.20)

ot

and if the following identities are satisfied:

p“a—wdzdtﬁL/ p“u’.‘a—wdxdt+/pg (0,z)dz =0,
T ot Qr 7 Oz, Q
(5.21)

for all ¥ € D( — 00, T,D(1)), and

T ap T a(p
p 9P _ n
[ (e )i [ [ oo an) a

+ u((u*, )3

/ /TU ))ei; () dz dt — / / z (P’dacdt
=/ /p”fi%dde/pSUSiwi(O)dw,
0 Q Q

for all ¢ € D( — 00, T, D()?).

(5.22)
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Remark 5.23 There are many possibilities for defining the per-
turbation (CFpert)s. Basically, we add to the term g%rij(e(u))
another linear operator of sixth order and of course we have to
increase the number of boundary conditions. For our presentation
the precise form of the boundary conditions (which disappear when
¢ — 0+) and the form of the elliptic operator are not important.
We refer to NECAS AND SILHAVY [1991] for introducing multi-
polar fluids that could be convenient for that purpose. See also
NECAS, NOVOTNY AND SILHAVY [1989, 1990] or NOVOTNY [1992].

Let us fix # > 0 and for simplicity, let us denote (p*,u*) by
(p,u). Then (p™,u”) will denote the solution of the approxima-
tion to the problem (CFpert). As presented in Theorem 4.11 and
Remark 4.14 of the Appendix, we can construct a basis {w”}2; C
WO3 2(Q)? consisting of solutions to the eigenvalue problem

«wras))3 = /\r(wrag)v \7,6 € W3’2(Q)d .

Then w” are orthonormal in L?(Q)¢, and due to the regularity of
elliptic systems we can assume that w” € C*(Q)<¢, if 90 is smooth
enough. Defining PMu = Y8, (w”, u)w”, we know, from (6.4.12)—
(6.4.13), that

[PMulls2 < [lulls,2,

5.24
1PN ullz < Jlullz. (524

Let us put u™ (¢,2) = 3", ¢V (t)w*(z). Then functions (pV,u)
are called approximations of the problem (CFpert)4 if they
satisfy

apN B N, Ny _ .
—6_t—+6_xi(p u;' ) =0 in§, (5.25)

oulN oulN  9pN
NZ% NNZZ:  ZF _ Nelr
/Q(p ot 7% o, T on, P f s da

(5.26)

+ [ my(eMes ) do + p(a¥ s =0,
Q
r=1,..., N, with initial conditions

p"(0) = po, (5.27)
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and

u™(0) = PNy, (5.28)
respectively.
o The solvability of the approzimate problems

Lemma 5.29 Let (po, o, f) satisfy (5.7), (5.8). Then, for fixed

N, the system (5.25)-(5.28) has a solution (p",u"), where
p" € CY(Qr),

ut e CHI W5 (0)?) (530

9 0 .

In order to prove the existence of (p"V,u”) solving (5.25)-(5.28)
we will proceed as follows: For fixed N € N and L > 0, we define

B(0) = {c e C(D)Y; lellgw < L} (5.31)
Let © € B1(0) be such that
%&%(0) = (uo,w®), k=1,2,...,N. (5.32)
Setting
N
u(tz) =) a(twt(z), (5.33)
=1
we will seek p", by the method of characteristics, as a solution of
N B Ny _ Ny —
T Bwi(p ;) =0, p"(0)=po. (5.34)

Having p", we will finally look for u" € C!'(I;C>(Q)%) in the
form

uV(t,z) =) a(t)wh(z), (5.35)

I

solving the Galerkin system

oulN oul  9p"
N P N=N ) _ N¢ T
L (p ot + p ’U,] 8z]- + 8wi p fz)w,

+ [ (el e @) o+ (¥ W =0, r=1, N,
Q
(5.36)
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Getting u™as a solution of (5.36), we define
S:eV e BL(0) —cV.
If we verify that S satisfies the assumptions of the Schauder Fixed
Point Theorem, we will finally find a solution of (5.25)-(5.28).
Let us denote
k(N)= sup max|Vwt(z)|. (5.37)
k=1,....N z€Q

Further, let @V € C(I;C*(N)?) be given by (5.33), € € B (0).
Then the characteristics zV to (5.34) are determined as a solution
of

dZN(T;t,.’IJ) —N N
T =u (T>z (T,t,:v)) ) (5.38)
zV(0;t,z) =z,
or in the equivalent integral form
t
V(ritz) =z +/ a (s,2" (s;t,2)) ds. (5.39)

Since ||€]|c(ry < L, the method of successive approximations will
provide the existence of a solution for all ¢ € I; see any book
on ordinary differential equations for details. Taking (5.38) into
consideration, equation (5.34) becomes

-C-ld;(ln pN(r,2" (r;t,2))) = — diva® (,2" (15, ¢, 7)) . (5.40)

Hence, for t < 7,
PN (8, 2) =po(2" (0;t, 7))

¢
X exp (—/ divﬁN(T,zN(T;t,z))dT) .
0

Thus pVV € C*(Q7) is the uniquely defined solution of (5.34). More-
over,

(5.41)

0<p <pM(t,z) < pa, (5.42)
where
p1 = min po(y) exp(—L k(N)T),
yeEN

p2 = max po(y) exp(L k(N)T).
yeN
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Taking (p",@"), we will find the coefficients (c)Y))_,, such that
(5.36) holds. The system (5.36) is a system of ordinary differential
equations, that can be rewritten as

de N N
AW =F(C ), C (0) =Cp, (543)

where A = (aij)f\szl has components

a;; = ApN(t,x)wi(x)wj(m) dz

and the vectors F(cV) = (F.(cV )X, and co = (co, ), are de-
termined by

- Nciv((wvar))3 )
cor =(ug,w").

Since A is invertible, we get, from (5.43)

de? —1p(eN

—Cjt— =A F(C ) y C(O) =Cp. (544)
The local solvability follows from Theorem 3.4 in the Appendix, the
global solvability is obtained exactly in the same way as in Section
5.2, where we proved the solvability of the Galerkin system (2.21).
This means that global a priori estimates for c” have to be derived.
We will find them first for the equations (5.25)—(5.26) and then for

the equations (5.36). Let us recall that ¥(§) = (1+€)In(1+£) —¢&.
Lemma 5.45 Let (pV,u") be a solution of (5.25)—(5.28). Then
o there exists a constant C > 0 independent of y and N such that

/ dex:/ po dz, (5.46)
t Q()

/pN|uN|2dm+/ ¥(pM)dz < C,

2 i (5.47)

t t
p / [ |2, dr + K7 / Va2 dr < C;



COMPRESSIBLE GASES AND MVS 271

e there exists a constant C(‘l—t) >0andp*=p ( } > 0 such that
fort <T

AT ' N2 1
PVl + [ 1%+ [ 1o <O, (648

pN<t,x> >p',  Y(tz)€Qr, (5.49)

/ H ”2 + “”uN”L% w2y S C(y). (5.50)

PRrROOF : Let g be any function (scalar, vector or tensor) defined

on Q. Then, % 4= 3 tupm 6:1: and by the Transport Theorem
(see CHORIN AND MARSDEN [1992] or FEISTAUER [1993]),
d dg
— dz = — di . .51
dt/Q'gx /Qt<dt+g 1vu>dz (5.51)
Thus, from (5.25),
d N
- dx = .
= /Q Pt 0, (5.52)

and (5.46) follows.
Also,

jt/ 1+ pM)In(1 + p")dz
5.53)
oulN oul (
N 1 N J
=—1/ p dz+/ln1+p dz.
/Qn axi Q. ( )sz

Now, if we multiply (5.26) by ¢V (t), sum up overr = 1,..., N, use
(5.1) and the generalized Korn inequality (1.11), we obtain

1
33 | P s+ KE [ 9 de o),
2dt Jq, P Q,

</ Nau‘LN dﬂ?—f—/ Nf Nd

- u; dx .
= tﬂ oz, tP iUy
Let us denote

BV =g [ (MY reN) ds

(5.54)

N = K7 N|p N2
DY () = =2IVu™ 5 + lja” I3,
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If we add (5.53) and (5.54) and subtract (5.52), we obtain

d
CEN(@#) +DV(1) < / oV faul do
Q

dt
Sl (5.55)
+/ In(1+pN)dzx .
Q axl

Since

3 }
[ ol da] <t ([ o ra¥Pas) ([ 57 as)
Q, Q 24

(5:46) 1 2 1 N, N2
< S | podz+ < | pVut|*de
2 Q 2 Jq,

and
}/Qtln(1+pN)%—l£dx‘
-_—l/ﬂ' (In(1+p ))%(ln(1+p ) * %1 da:,
< é/ﬂ’ [(1+pM)In(1+p )]2[VuN|dac
g/ﬂ \I/(pN)dx+/ podz + —||VuN||”+C
We finally obtain, fl)r allt < T,
EN(t) + /Ot DN(r)dr < cepy + /Ot EN(r)dr + EN(0).
'(I‘he )Gronwall lemma 3.5 in the Appendix finishes the proof of
5.47).

In order to prove (5.48)—(5.50), let us first observe, from (5.47),
that

t
/ a™ 13 2 dr < % t<T. (5.56)
0

By (5.41),

T
ll20ll oo €xp (*/ I div uloo dt)
0

T
< “pN“oo < “p0||oo €xXp (/ “ div uN“oo dt) .
0
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Since for t < T,
T T Ch\1/2
/ ||diqu||oodt§/ lu¥lls2dt < (<) VT,
0 0 K

we obtain

=l (- ()" VT)
< 16" e < pnlw s  (5)VT)

which is (5.49) and a part of (5.48). The further estimates in (5.48)
follow from the formulae (5.41) differentiated with respect to t and
x;, (5.25), and the estimates (5.56) and (5.57). We will skip the
details.

Note that, due to (5.49),

(5.57)

Lo0ul 2 nou o
1%l [ oI5
deN

Let us finally multiply the rth equation in (5.26) by —:—; and sum

up over r = 1,..., N. One of the terms we obtain reads as

/QTij (e(uN))eij (a;—tN) dr .

In order to avoid estimating this integral, we will strengthen the
assumptions on 7 slightly. Namely, we will assume that there exists
a non-negative potential U : jom — R for 7, i.e., that % = Tij
holds. See Section 1.1.5 for some examples of such . Then,

uN
/QT'ij(e(UN))eij<%) dr = dit/QU(e(uN))da:
= S (M)

Therefore, the inequality which is derived from (5.26) has the form:

dz. (5.58)

p* oul o pd, N
75 o+ 5l
SC(HWNH%Jr/Q 10" [°|f|? da (5.59)

+ [P v )
Q

d
Bo+ 2 U (™)l
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where we have used (5.58) and Young’s inequality many times.
Since all terms on the right-hand side of (5.59) can be estimated
by means of (5.56) and (5.48), the proof of Lemma 5.45 is complete.

]

Lemma 5.60 Let N be fixed. Let " be in the form (5.33) with
¢V € B1(0). Then for L big enough there exists a t* such that the
coefficients ¢V satisfy

lic¥lleqoes)y < L (5.61)

dc
f T”C([O,t*]) <C. (5.62)

PROOF : Due to the orthonormality of w” in L?(Q)¢,
ou® BuN)

dehN |2
Ni2 _ (N N &* = _
7" = (u?,u™)  and ‘dt (at’at

From (5.49) we have

1 .
|CN|2S;;/Q pNIuN|2da:
t

and
N 2 N2
dt p* Q 5t
Since the proof of (5.61)-(5.62) is based on multiplying (5.36) by

dcN . . .
cN(t) and C:ﬁ(t) , respectively, we proceed in the same way as in the

proof of Lemma 5.45. Moreover, we can use the fact that N is fixed,
ie., k(N) defined in (5.37) is finite, and that ||‘c'N||C([0,T]) < L.
Essentially, it is possible to obtain an estimate

N ()1 < e(ug, p*) + (T 1),

where ¢(T,f) — 0 if T — 0. Thus, taking L > c(uo, p*), we see
that it is possible to find a t* such that (5.61) holds. We leave the
details to the reader. ]

It follows from (5.61)—(5.62) that

S:V—c

N

satisfies all assumptions of the Schauder Fixed Point Theorem.
Thus (5.25)-(5.28) has a solution at least on (0,t*). But the a
priori estimates (5.46)—(5.50) hold on the whole interval (0,7).
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Let us therefore assume that the maximal solution to (5.25)-(5.28)
exists on [0, ). We want to show that ¢o must be T Let us assume
that to < T. Then there exist a solution ¢V : C([0,t)) — C([0, o))
and some L > 0 such that |cV ()| < L for all ¢ < ty. But then also
cN(ty) = tlLIItl() cV(t) satisfies

IV (o) < L,

and we extend the above procedure to some interval (to,to + t*),
which gives the contradiction.

o The existence a of weak solution to the problem (CFpert 5

Now, p > 0 is fixed and we will first look for (p#,u*) solving
(5.21)—(5.22). Then we will derive other estimates on (p*, u*) in-
dependent of u.

For simplicity we will drop the index p.

Lemma 5.63 Let p > 1 and pu > 0. Let (po,ug) satisfy (5.7),
(5.8). Then there exists a weak solution to the problem (CFpert)s.

PROOF : Since approximations (p" u®) satisfy the estimates
(5.48)~(5.50), we can extract a subsequence, labelled again by
(p™,u™), such that

oY —p weakly* in L*>(Qr), (5.64)
5 "Bt weakly in L“(Qr), (5.65)
VN —Vp weakly in L*(I; L?(Q)?), (5.66)
u’ —u weakly in L*(I; W>*(Q)),  (5.67)
Noa

% - a—‘: weakly in L*(I; L*(0)%), (5.68)

and by Aubin-Lions Lemma 2.48 in Chapter 1,
pN —p strongly in L*(Qr), (5.69)
Vu" - Vu strongly in LP(Qr). (5.70)

Let p € D(~00,T). By Vitali’s theorem 2.11 in Chapter 1, see also
(3.11)—(3.14), we obtain

/oT /Qt 7i5(e(u™))es; (w") dz @ dr -
— Ti;(e(u))ey (w") dx pdr.
A
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Also,

5.67)

T T
" /0 (", w)spdt “ 4 /0 (wwspdt.  (5.72)

The other terms are treated by combining strong and weak con-
vergences. Since these limiting processes will be also studied later
(even under worse circumstances), when we will prove the exis-
tence of measure-valued solution to the problem (CF),, we will
skip these limiting processes now. [ ]

Let us set ®(£) = e —&—1,o() = €& —1, ¥(€) = (1+6) In(1+
€) — &, and let ¥, /, denote the complementary Young function to
®,. Since p > d, there exist ¥ < 1 and ¢ > 0 such that y(p—¢) > d.

Then by Remark 2.34 and Example 2.39 from Chapter 1,
Wo*(Q) = W () = Wo () (5.73)
— Lg,(02) = La(),
and
Ly(Q) — L‘I’l/z(ﬂ) - [WVYP—E(Q)]* (5.74)
e WHP(Q) > W)

Lemma 5.75 Let (p*,u*) be weak solutions to the problem
(CFpert)k. Then there exists a constant C > 0 independent of

u such that
[ o d+ 1 maian < €
- ‘ (5.76)
w [ eBpar+ 83 [vwipars e,
Y 0
o |1 (1514, (@) < € (5.77)
" uf w2 (rsLa, @) <€ iwj=1,...,d, (5.78)

op
“W”L%[;W—:‘-Z(Q)) _<_. Cv (579)

9(p*u*)
” ot ||L2(I;W—3-2(Q)d) S C. (580)

Moreover,
ot >0 ae inQr. (5.81)

PROOF : Because (p#,u*”) are obtained as limits of approxima-
tions (p",u"), (more precisely (p™*,u"*)), the estimate (5.76)
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follows immediately from (5.47), and (5.81) follows from (5.49).
Further, let us take ¢ € Lg, (), d(®2,¢) < 1. Then from the def-
inition of Orlicz spaces it follows that p? € Lg(Q), d(®,¢?) < 1.
Therefore, fori =1,...,d,

1/2 1/2
/IP“Ui-‘solde (/ p"IUQ‘IZdﬂC) (/ p“|90|2da?>
Q Q
(5.76) , 1/2
Lo ([ rioas)
Q

(2.27), Ch.1 (5.76)
< C(d(¥ ") +d(9;97) < C.

Thus,

||P“uf|le(1;L1 ,()) = €sssup  sup / lptufplde < C,
tel  p€La,(Q)

d(Pai0)<1

and (5.77) is proved. Next,

sup / /|p ujufv|dz dt
vEL?(I;Lay( Q))
d(®2,v(t))<

(2.27), Ch.1

T
< 1l (109 e, o0 +1)
0

(5.77) ) (5.76)
< C (||u’ ||L2(1;W1.]J(Q)d) +1) < C

where we have used WP(Q)¢ — L>(Q)%, p > d. So (5.78) holds.
In order to prove (5.79) and (5.80), let us take ¢ € L2(I; W*(Q)),
“w”L2(1;W3‘2(Q)) < 1. Then it follows from equation (5.21) that

‘// wdwdt’<c(po //“|U“||V¢|dx

T
c(po) + / o1,
0

5.73)
< clpo) + 100 2t 0 190 aram ey

(5.77)
<C,

IVYllLa,

1/2

which implies (5.79).
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Let us consider ¢ € L?(I; W2 *(Q)4),
Taking (5.22) into consideration, we have

|/ / ”““H%d dt'~|/ /p ut ‘pldxdt|

522) - o :
/ /Ip uz ia 410 52 10" il da

”‘P”L2(1 W32(Q)d <1

T
# [ [ s neoazde [ ohudt-+ el o
0
<c / (210 Plly + 101 + (4 V0 1,)71) [Vl dt
T T
n / 1Elloolle ool 011 dt + /O lulls.2 3.2 dt + c(po, o)

(5.76) T )
< [Clelaa<c
0

Thus, (5.80) is valid and the proof of Lemma 5.75 is complete. m

e The existence of a measure-valued solution

Let p > d. Letting 4 — 0+, and using the estimates (5.76)-
(5.80), we will finish the proof of Theorem 5.16. We will first find
a subsequence of (p#, u"), denoted again by (p*,u*) such that

pt—p weakly-" in L*°([; Lg(Q?)), (5.82)
ut —u weakly in LP(I; W P(Q0)4),  (5.83)
Pt —p strongly in L*(I; W1 ”(Q))7 (5.84)
ptu* — pu strongly in L*(I; W=1P(Q)?), (5.85)

pluful — pusu; weakly-* in L*(I; Ly,,(Q)), (5.86)

as u — 0+.

Let us prove (5.82)—(5.86). The first two assertions follow im-
mediately from (5.76) and the fact that (Ls(R))* = Lg(2). By
(5.74),

Lg(Q)) == W™ IP(Q) - W™32().

Then the Aubin-Lions lemma 2.48 in Chapter 1, (5.76) and (5.79)
imply (5.84). Similarly, because of (5.77), (5.80) and

L\I’l/z (Q)d ey W_l’p(ﬂ)d N VV——3,2(Q)CI7
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we obtain
p'u" — pu  strongly in L?(I; W=1P(Q)¢).

In general we obtain only the existence of z € L(I; W~1P(Q))
such that pu” — z. However, for all ¢ € D(I; W) P (Q)%),

T
/ / prut — pu, @,dv-ﬂ/ / ot —pu ‘o dx
0
+/ /p(uf—uf)goida::h+12.
0o JQ

Letting p# — 04, |I;| — 0 due to (5.84) and (5.76), while I, — 0
owing to (5.83). Thus, (5.85) holds.

Finally, (Ly, ()" = Le,,(Q) and (5.78) gives for i,j =
1,....,d,

(5.87)

pluiul — iy weakly-" in L*(I; Ly, , ().
Let us show that c;; = pu;u;. Taking ¢ € C°(I; D()), we have

T

/ /p wiul — pugug)p de

0
/ / prul — puy) ufpdr (5.88)
+/O /qui(uf;—uj)cpdw

= Il + IQ .
Again, |I;| — 0 due to (5.85) and ||u“IIL,,(I;WOL:'(Q),:) < ¢, and

I, — 0 due to (5.83) and pu;p € W=17(Q2). Thus (5.86) holds.
Take ¢ € D(—o00,T;D(?)?), and consider the system (5.21)-

(5.22) under the limit as y — 0+. Then

r T 1/2
’H/ (v, )3 dtl < Vi <H/ [ dt) el L2grws2 @)
Jo Jo

(5.76)

< eV
Thus,

T
u/ ((u“,cp));;dtl—»O as pt— 0+ .
Jo
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In order to characterize the limit of the nonlinear term given by
7, we will apply Corollary 2.10 from Chapter 4. Because {Vu*} is
bounded uniformly in L”(QT)d2 and the cdmponents of 7 satisfy
(5.2), we put in Corollary 2.10 from Chapter 4 27 = Vu*, 7 = 75,
gq=p—1,s5=d? and Q = Qr, and we obtain the existence of

v e L®(Qr; M(RY))
such that

A}gnoo/ /T” ))ei; (@) dx dr
= [ [esto) [ role) doanydedn

Vu(t,z) a-'—f'/ Adve (A .
R4

and

The passage to the limit in the other terms appearing in (5.21)-
(5.22) follow from (5.82)—(5.86). Justifications of these limiting pro-
cesses in fact use only modifications of (5.87)-(5.88) and we will
leave this to the reader. The existence of a measure-valued solution
to the problem (CF), is proved.

The proof of Theorem (5.16) is complete.



Appendix

A.1 Some properties of Sobolev spaces

Lemma 1.1 Let Q C R? be an open set. Let ag > 0 be given and
let G € C*(R). We assume that there are constants M,k = k(ag),
such that

IG'(&)] < M,
|G(§ —ao)| < klE].

Let u € WHP(Q), 1 < p < o0, and denote v = u — ag. Then G o v
belongs to W1P(Q) and

(1.2)

V(Gov) =G (v)Vu a.e. in Q. (1.3)

ProOF : The following proof is only a slight modification of a
similar result by KINDERLEHRER AND STAMPACCHIA [1980]. Since
u € WLP(Q), there exists a sequence u™ € C'(Q) such that u™ —
u in WHP(Q) and almost everywhere in Q. Let us denote v" =
u™ — ag, then obviously Vo™ — Vv in LP(Q)? and v™ — v almost
everywhere in  (but in general not v™ — v in LP(Q?)). Further we
have G ov™ € C'(Q) and due to (1.2);, Gov™, Gov € LP(N).
Now, from

[G(v™) = G)] < M [v" —v] < |u™ — ]
we obtain that
Gov” - Gouw in LP(Q)).

We will show that also

0 wx g ey OV ., L OV
81‘.;G(U )=G'(v )3171' N (U)axi

in LP(Q) . (1.4)
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Indeed,

g B

G'(v )axi —G(v)aZi
o (B L 0
=60 (G - ) + @6 - ) 2
=A,+B,.

Now, obviously, A, converges to zero in LP(}) and B, converges
to zero almost everywhere in 2. Since

ov
B,IP < P
[BaP < (2M)P|

p
s

3
we conclude from the Lebesgue dominated convergence theorem
that B, converges to zero in LP(?). Since the derivatives of G ov
in the sense of distributions are the limits of aiz,- (Gov™) in LP(Q),
we obtain immediately (1.3). n

Remark 1.5 Note that if v € W'P(Q) is such that v : ' —
(o, B), for some Q' C Q, and G € C*(a, 8), then (1.3) holds in €.

Lemma 1.6 Let  C R? be an open set and let u € W1P(Q),
1 < p < o0, and again set v = u — ao for given ag > 0. Then for all
1 <1 < d we have

d
=0 a.e.in E={z € Q;v(z) =0}.
8xi
PRrROOF : see for example KINDERLEHRER AND STAMPACCHIA
[1980, Lemma A .4, page 53]. ]

Note that this lemma also holds for E = {z € Q;v(z) = a},
a € R fixed constant.

Now we are able to give a slight generalization of Lemma 1.1.

Lemma 1.7 Let @ C R? be an open set. For u € WHP(Q),
1 < p < o0, and a given constant ag > 0 put v = u — ag. Then
vt = max(v,0) belongs to WHP(Q) and

Vvt = H(v)Vv a.e in Q, (1.8)

where H(§) = 1if€ > 0, H(§) = 0if{ < 0. In (1.8) the convention
that both sides are zero on the set {z € Q;v(z) = 0} is used.
Moreover, the mapping u +— v* is continuous in WHP(9).
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PROOF : The first part follows immediately from Lemma 1.1 and
Remark 1.5 with @' = Q\ {z € Q;v(z) = 0}. Lemma 1.6 justifies
the convention used in (1.8). It remains to show the continuity
of the mapping u +— v*. Put F(£) = max(£,0). From (1.8) and
IF(€ = ao)| < [€] we get

ot lwer ) < llullwrrgy (1.9)

which is the boundedness of the (nonlinear) mapping u — v*.
From (1.9) follows that for a given sequence u, — u in WHP(Q)
we can extract from v} = F o (u,, —ag) a subsequence still denoted
{v}} converging weakly in W1P(Q2) and having then necessarily
the limit v*. Indeed,

/ vt — vt |Pdz < / |y, — v|P da = / |ty — u|Pdz,  (1.10)
Q Q Q

where we used the fact that the constant of Lipschitz continuity of
F is equal to 1. Relation (1.10) is nothing other than the strong
continuity of u +— vt in LP(Q). Further we have,

/ |Vt — Vot |Pdx
Q
= / |H (v,)Vu, — H(v)Vu|P dx
JQ
< c/ H (0,)|P| Vo = Vol + |H(va) = HO)[P[Vol? da
Q

< c/ |Vu, — Vul|” de + c/ |H(vn) — H)|P|VulP dz
Q JQ

=A, + B, )

(1.11)
where we used |H (£)| < 1 and Vu,, = Vu,,, Vo = Vu, respectively.
The sequence A, converges to zero due to u, — u in Wl’p(Q),
while B,, converges to zero due to the Lebesgue dominated con-
vergence theorem. Therefore we have F(v,) — F(v) in W?(Q)
which completes the proof. [ ]

Remark 1.12 Note that for the special case of ag = 0 we can
extend the previous lemma also for G(¢) = |€]. Thus we have for
v E WHr(Q),

%M = sgn (v) 01)

A

a.e. in Q. (1.13)
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Lemma 1.14 Let T > 0 and let ap > 0 be a given constant. Let
ue W(T) = {ue L*0,T; WH(R?)), § € L*(0,T; W~13(R%)) }.
Set v = u — ag again. Then

vt e L*(0,T; Wh3(RY)) N C(0, T; L*(R%)), (1.15)

and, for almost all 0 <t; <ty <T,

2, 0v
2 [ (G0 0) ds = It s~ I ) ey
(1.16)
ProoF : The assumption v € W(T) implies for almost all ¢

€
(0,T) that u(t) € WH2(R?) and thus Lemma 1.1 gives v*(t) €
W1L2(RY). Further we have for F'(§) = max(,0) that

|F(€—ao)l < IE], [F'()<1. (1.17)
Formulae (1.8) and (1.17) imply

||’l)+(t)||W1.2(Rd) < ||u(t)||W1,2(Rd) a.e.in (0,7). (1.18)
Thus we obtain vt € L?(0,T; WH2(R?)) and

o | 220, m;wr 2may) < MullLzo,mwr2ray)-

Let us first show (1.16) for u € WH2((0,T) x R?): Lemma 1.1
implies v € W12((0,T) x R?) and since v+ F'(v) = v* (almost
everywhere), we obtain

+ vt ?ﬂ + ov

—— =t F =vT— ae.l ¢ (1.
vy UF(U)@t v a.e. in (0,T) x R*. (1.19)

From (1.19) it follows that

N\ [ Ov [ ot |
<52,v >-—/W atv dz = o O vtdr,

which, together with the partial integration formula (2.46) from
Chapter 1 for u = v = v+, implies (1.16) for u € W12((0,T) x R?).
Now we use the density of WH2((0,T) x R?) in W(T). Let u €
W(T) and let {u"} C W2((0,T) x R?) converge strongly in W(T')
to u. Let v™ = u™ — ag. We want to show that

(vt — vt in L2(0,T; WH(Q)) N C(0,T; L*(R?)). (1.20)
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We know that W (T) — C(0,T;L?*(R%)) and therefore it follows
(see (1.17)) that

[ Ol 2@s < lw"Ollzesy Vi€ (0,17, (1.21)

™) () = @) () l2may < lu™(t) —u"($)ll2ms.  (1.22)

From (1.21) and (1.22) we find that (v")* € C(0,T;L*(R?)). In
the same way we obtain

ma | (07)* () = * (s < max () = w(®)mo

which implies
(™)t = vt in C(0,T; L*(R%)). (1.23)
However, Lemma 1.7 shows that u(t) — v*(t) is a continuous
mapping in the space W12(R?), which implies
(™)t () — v () lwrzge — O for a.a. t € [0,T7].
From this and (1.18) we obtain

CR T in L*(0,T; WH23(R)). (1.24)

In order to finish the proof we must justify the limiting process in

2[f<%§@xwﬂ+w»ds
= @™ 2wy — 1™ )1 2 w0

This is possible in the first term due to the boundedness of %—:4 (=
BGL:) in the space L?(0,T; W~12(R%)) and due to (1.24). On the
right-hand side we use (1.23). ]

A.2 Parabolic theory

Let us consider the following Cauchy problem

a—u—eAu—F)\u:f in (0,T) x R?,

ot (2.1)

u(0,-) = u® in R? |

where T € (0,00], A > 0, ¢ > 0. We have the following existence
and regularity result.
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Theorem 2.2 Let u® € L*(R?), f € L?(0,T; W=12(R%)). Then
(2.1) has a unique solution u € W(T) = {u € L*(0,T; Wh2(R4));

9% ¢ L2(0,T; W~1%(R?))}, satisfying (2.1) in the following sense:
for almost all t € (0,T) we have

0
<-£(t),<p> +6/Rd Vu(t) Vodz + o Aupdr = (f(t), )

for all p € WH2(R?).
PROOF : See LIONS AND MAGENES [1972a, Chapter 3). |

Remark 2.3 Recall that W(T) — C(0,T; L?>(R?)) and therefore
the initial condition (2.1)s is meaningful in the classical sense.

Theorem 2.4 Assume that for some m > 0, m € N, we have
u® € Wm2(R?), f € L2(0,T; W™~12(R?%)). Then the solution of
(2.1) satisfies
we L*(0,T; WH3(RY)) N C(0, T; W™3(RY))
0
8—1: € L2(0,T; W™~ L2(RY)) .

PROOF : See LIONS AND MAGENES {1972b, Chapter 4]. ]

(2.5)

In the case of a smooth bounded domain 2 C R? and T € (0, 00)
we consider

%—5Au+)\u=f in (0,T) xQ,

u(0,-) = u® in Q, (2.6)

u=uP on(0,T) x99,

where u® and u” are supposed to satisfy appropriate compatibility
conditions. Then we have the following theorem.

Theorem 2.7 Let u° € L?(Q), uP € L*(0,T;W'/22(5Q)) N
W1/42(0,T; L2(8Q)), f € L*(0,T; W~12(Q)). Then there exists
a unique solution u € W(T) = {u € L*(0,T;W2(Q)); & €
L2(0,T; W~=42(Q))}, satisfying (2.6) in the following sense: for al-
most all t € (0,T) we have

<%%(t)_’<p>+5/9Vu(t)V<pdx+/Q)\ucpdfv= (f(t), )
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for all ¢ € WOI’Z(Q). Moreover, for almost every t € (0,T),!

u(t) — aP(t) € Wy 2 (Q). (2.8)
PROOF : See LIONS AND MAGENES [1972b, Chapter 4]. [

Remark 2.9 For the initial condition (2.6), we argue in the same
way as in Remark 2.3.
Theorem 2.10 Let f € L?(0, T, W™~ 12(Q)), u® € W™2%(Q) and
uP € L2(0, T, Wmt1/2.2(9Q)) n Wm+1/42(0, T; L?(99)) for some
m € NU {0}. Then the solution of (2.6) satisfies

w € L20,T; W™Th2(Q))n C(0,T; W™*(Q)),

Ou

ot
PROOF : See LIONS AND MAGENES [1972b, Chapter 4]. n

€ L*(0,T; W™12(()). (211)

A.3 Ordinary differential equations

Let us consider for ¢ : Is = (tg — 6,tp + ) — RY | the system of
ordinary differential equations

d
Te =F(te(t), tel, (3.1)

c(to) =co € RV .

Assume F : Is x K — RV, where K = {c € RY |c — ¢o| < A}
for some A > 0.

Definition 3.2 A function F : Is x K — RY is said to satisfy
the Carathéodory conditions if

o t+— Fi(t,c) is measurable for alli =1,... N and forallc € K,
e c — Fi(t,c) is continuous for almost all t € I,
e there exists an integrable function G : Is — R such that

|Fi(t,c)| <G(t) Y (te)elsxK, Vi=1,...,N. (3.3)

Theorem 3.4 Let F satisfy the Carathéodory conditions. Then
there exist ' € (0,6) and a continuous function ¢ : Iy — RV
such that

t From the assumption on u? it follows that there is a u? (ty e wh2(Q)

such that wP (t) = %P (t) on 99 for almost all t € (0, T) in the sense
of traces. This observation makes (2.8) meaningful.
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. % exists for almost all t € Iy,

e c solves (3.1).

PROOF : See for example CODDINGTON AND LEVINSON (1955,
Chapter 2] or WALTER [1970, Chapter 1]. n

Lemma 3.5 (Gronwall) Lety:(0,7) - Randg: (0,T) » R
be non-negative functions, g € L*(0,T). Let the inequality

v <0+ [ oo)uts) i (36)

hold for t € (0,T) with C € R. Then
y(t) < Cexp /Otg(s) ds, te(0,T). (3.7)
PROOF : See for example WALTER [1970, Chapter 1]. ]

A.4 Bases consisting of eigenfunctions of an elliptic
operator

Let  C R? be a bounded domain with a Lipschitz boundary 99.
We will investigate {construct) bases of spaces of divergence-free
functions. For s > 1 and p > 1 let us define

V ={p € D(N)%;dive = 0}; (4.1)

H = the closure of V in the L?(Q)%-norm (4.2)
V, = the closure of V in W'?(Q)?

with ||V (-)||,-norm; (4.3)

V' = the closure of V in W*%(Q)%-norm . (4.4)

If s = 1or p = 2, then V will denote the spaces V3, V!, respectively.
The scalar product in H is marked by (-, -) while the scalar product
in V* is marked by ((-,))s.

Remark 4.5 The spaces V, and V* can be characterized as fol-
lows:

V, = {u € WyP()% divu = 0},
Vi={ue W2(Q)% v(u) = 0 at 49, divu = 0},
where v is a trace operator defined in (2.14)-(2.15) in Chapter 1.



EIGENFUNCTIONS OF AN ELLIPTIC OPERATOR 289

The characterization of H requires a definition of an appropriate
trace operator. Let

v WE2(Q) — HY2(50)
denote an usual trace operator introduced in (2.14)—(2.15) in Chap-
ter 1. By H~1/2(9Q)¢ we mean the dual space of H/2(dQ)¢, i.e.,
the space (H'/2(99)%)". Defining
E@Q) = {ue L)% divu e L*(Q)},
it 1s possible to construct a trace operator
7:E(Q) — H 2 (50)?,

such that 4(u) = u-n for u € C(Q), n being an outer normal
vector. Then it holds that

H={ue L*(Q)*A(u) =0,divu=0in D'(Q)}. (4.6)

We refer to CONSTANTIN AND Fo1As [1988], TEMAM [1977] and
GALDI [1994a, 1994b] for proofs of these and other detailed results
about the space H.

In some parts of the book, we consider spaces of space-periodic
functions. For this purpose, it will be necessary to change slightly
the definition of V in (4.1) to

V={peCr@hdive =0, [ pdz=0}, (1)
Q

where Q is a cube in R?.
Let us introduce the projector
P:L*(0)* — H,
sometimes called Leray’s operator.

Definition 4.8 The operator A = —PAu : H — H with the
domain of definition D(A) = W22(Q)* NV is called the Stokes
operator.

It is worth recalling that in general (for Dirichlet boundary con-
ditions) the operators P and A do not commute. But if the space
periodic problem is taken into consideration, then

Au = —PAu= —Au. (4.9)
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We will study the following spectral problem: find w” € V* and
Ar € R satisfying

(W @) =AW 9), VpeVe. (4.10)

Theorem 4.11 There exists a countable set {\.}22, and a corre-
sponding family of eigenvectors {w" } 22, solving the problem (4.10)
such that

. (W' w®) = s Vr,s € N,
1§/\1 <A <... and A — 00 aST — 00,
(2= 2=)s=6. VrseN,
. {w"}2, forms a basis in V°
Moreover, defining HN = span{w!,...,w"} (a linear hull) and

P’y =N (v,w")w": Vs — HN, we obtain

1=1

1PY) covevey €1, 1PVl 2wy vy 1, (4.12)

PN ey < 1. (4.13)

Remark 4.14 If we consider instead of (4.10) the problem of find-
ing w” € W?()? and A, € R satisfying

(W 0)s = MW, 0), Yee WA@Y,  (4.15)

all conditions of Theorem 4.11 hold, too. A particular case, s = 1,
is used in Chapter 4 of this book.

PRrROOF (of Theorem 4.11):
o The eristence of w!
Define

iz sup (v,v). (4.16)
A vfieegt

(Note that 3~ < 1). Then there exists a sequence {v*}{, such
that

(vk,vk) — Xl— and |[vk[|s,2 =1.

Consequently, there exists w! € V° and a subsequence {v’“l} C
{v*} such that

’ ! .
v —~w! inV® andv® - w' inH.
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Clearly, ||w'||ls.2 < 1. In fact, |jw!|ls2 = 1. Indeed, if [|w!|ls2 < 1
then w = w!/|jw'||s, fulfills
1,1
1
wow) L
lwtlls2 = A
which contradicts the definition of Ay, see (4.16). It remains to

show that w! is an eigenvector.
Let h € V®. Defining

lwllsz=1 and (w,w)=

(w! + th,w! + th)

®) = (T T e T m).
we obtain
_d _ 2l h) (@] w!), — 2 (! w) (@', h),
0= 3 2Wlmo = ()2

2(w',h) — £ (W' h),

((wl,wl))ﬁ

This implies
M (wh h) = (w!',h), VheVs.
o [terative construction
Let us assume that the existence of the first N, N > 1, eigen-

vectors {w'} | and corresponding eigenvalues {\; } -, has already
been proved Deﬁne

WNE'{VGVS;((V,Q)’L'))S:O’ i=1,...,N}.

Then the same construction as in the first part of the proof allows
to find w™*! such that

1
(wN+1,wN+1): sup (v,v) = . (4.17)
Ivll.2=1 AN+1
vewnN

From this construction we see that
IShSAs - <Ava <, (4.18)

(Whhw)=0 ifr#s, (4.19)
(W w)s = bys Vr,s € N. (4.20)
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®)\. 00 asr — 0
Let lim A, = A < 00. Since [|w”||s,2 = 1, we have

T —00
w* —sw inH, ask— co. (4.21)
Simple calculations give
2 — ((wrl\: _ w'rl’w'”.: — wrl ))S o )\’r‘y.: (wrk,w"'k — wT’)

— A (@7 W™ —w™),

and due to boundedness of A, and (4.21), we can make the right-
hand side arbitrarily small letting &, £ — oco.

o {A.}92,are all eigenvalues of (4.10)

Let us assume for contradiction the existence of A € R and w €
Ve such that A # A, for all r € N, ||wl|ls2 = 1 and (w,))s =
Mw, ) for all ¢ € V*. Clearly, there is an 1 € N such that A; <
A < Aig1. Since (w*, w)s = Mp(wk, w) and (w,w*) = MNw,w")
for all k = 1,...,1, we see that (w,w®) =0 forall k =1,...,1.
Therefore w € W*. However,

1 1
ww) =3 > ——= sup (v,v),
( A Al |vflea=1
vEWi

which is a contradiction.
o {w'}R, isa basis in V*°

r=1
Put X = span{w?,...,w",...}. Assume that X # V*. There-
fore there exists ¥ € V¢, ||¥|ls2 = 1 such that (¥,w"))s = 0 for
all € N. Then we have for all r € N,

1
(\Il,\II) < sup. (V,V) = )\_ :
VIl 2=1 ’

Since \L — 0, ¥ has to be zero element of V°. This contradicts
the fact that ||¥l|s2 = 1.
o Renormalization of basis

We have already proved that {w™}22; satisfies (4.19), (4.20) and
(4.10). Setting @" = w"/V/A, we see that & solves again (4.10)

with eigenvalues A,.. Moreover, @" are orthonormal in H.
Replacing {w”}2, by {&"}22, the proof of the first four asser-

tions is finished.
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o The continuity of PN
Consider now v € V°. Then

N .
(v, w' Z (w ,wl))s

1 =1

IPY(V)IZ2 =

Mz

kA

<

VR

s
Il
oo

(v, 2=)? < IIvI2.

Thus (4.12) is proved, since PV is a selfadjoint operator. Finally,
(4.13) follows immediately.
The proof of Theorem 4.11 is complete. [ ]

We will consider henceforth the eigenvalue problem (4.10) for
the special case s = 1, i.e. V1 = V. Then the eigenvalue prob-
lem (4.10) is equivalent to the problem of finding eigenvalues (and
eigenvectors) for the Stokes operator A defined in (4.8), if 9 is
smooth (C?, for example), and we have

Ar(wm, 0y = (Aw™, uV) = (Vo™ Vul) . (4.22)
Let us consider the so-called Stokes system, studied in detail in
GALDI [1994a, 1994b]:
-Au+Vp=F inQ,
divu=0 1inQ, (4.23)
u=0 atoN.
If 0Q € C?, then from the regularity result for the Stokes system

follows (let us refer again to GALDI [1994a, 1994b] and references
therein) that for all F € L?(Q2)¢,

l[ully 2 + lIplly 2 < clFl; (4.24)

where ¢ = ¢(Q, d). Taking F = Au € H, we have in particular (see
also Proposition 4.7 in CONSTANTIN AND Fo1AsS [1988]),

llullz2 < cllAulz VYue D(A). (4.25)

From Theorem 4.11 it follows that the operators P" are continuous
in V = V1. The inequality (4.25) allows us to prove the continuity
of PV also in D(A).

Lemma 4.26 Let A = —PAu, D(A) and PV be as above. Then
there exists C = C(,d) > 0 such that

|PNulls2 < Cllullz2 Yue D(A). (4.27)



294 APPENDIX

PROOF : Let us first prove that APY(u) = PN Au a.e. in Q. It
suffices to show that

(APNu,v) = (PN Au,v) Vv e D(A). (4.28)
However, (APYu,v) = (PNu,v)); and

N N
(PN Au,v) = Z(Au wN) (W', v)= Z )\— (Au,w”) (W™, V)1

r;l 1 r=1 N
= ; 3 (@ (@ v = g(wT,U) (@ v)h
= (PNu,v)); .

So (4.28) holds.
Now we have

(4.25) N N (4.13)
[PYullz, < cl|APTulz = c[|[PT Aull; < cllAufz.

But ||Au||z < |luf|2,2, and (4.27) follows. ]
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law
of conservation of mass 1
Hencky 295
Stokes 13
Lebesgue space 25
Lemma
Aubin-Lions 36
div-curl 158
generalized Jensen’s inequality
155
Gronwall 288
on Holder inequality
for Bochner spaces 34
for Lebesgue spaces 25
for Orlicz spaces 31
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interpolation in k 29
interpolation in p 26
Murat 160
Murat-Tartar’s relation 158
partial integration in Bochner
spaces 35
Vitali 26
Leray’s operator 289
Lipschitz continuity
generalized 94
global 44
Luxemburg norm 30

Material
derivative 2
frame indifference 11
Maximum principle 73, 75
Measure
Dirac 42, 153, 156, 157, 170,
173, 194, 216
probability 38, 148
Radon 37, 148
Young 145, 147, 157
Measure-valued
function 171, 178
solution 168, 169, 170, 177, 178,
179, 194, 202, 205, 215, 263,
265, 278
to hyperbolic equation of
second order 176
to problem (CF), 265
to problem (NS), 205, 206
Method
of characteristics see
Characteristics
finite volume 168
Galerkin see Galerkin
of vanishing viscosity 42, 60, 63,
95, 145, 158
Mollifier 64
Multi-index 23
Multipolar fluids 267
see also Bipolar model problem
Murat’s lemma 160
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Murat-Tartar’s relation 158, 165

Navier-Stokes system 13

modified 17
Newtonian fluid 13

generalized 14, 15
Non-Newtonian fluid/liquid/gas 13

compressible 10, 193, 263

incompressible 12, 193, 202, 222
Norm

lower semicontinuity 22

Luxemburg 30

Orlicz 30

absolute continuity 33, 175

Normal stress differences 14

Oldroyd-B model, generalized 19
Operator

Leray’s 289

Stokes 206, 224, 229, 289
Ordinary differential equations

287, 295
Orlicz

class 30

norm 30

space 29

Parabolic theory 285
Perfect gas 4, 263
Periodic
function see Space
problem see Problem, periodic
Periodicity requirements/setting
203, 248, 250
Perturbation
of constitutive law 244
to problem (CF), see Problem,
(CF),
Piecewise C! function 56
Poisson constant 4
Polytropic gas 4
Potential 8, 13, 14, 18, 177, 195
Power-law fluid 15, 16, 17
Pressure 3, 7, 205, 263
undetermined 12

SUBJECT INDEX

Principle of material frame
indifference 11
Probability measures 39
Problem
Cauchy 42, 145, 285
(CF)p 264
(CFpert)p, 266
Dirichlet 159, 170, 203, 213, 214,
216, 217, 219, 261, 289 see
also Boundary condition/data
(NS), 202, 205, 213, 215
(NSext), 248
periodic 214, 216, 219, 261 see
also Periodicity
requirements/setting
Riemann see Riemann problem
p-system 6, 7

Quasiconvex function 212

Radon measures 37, 148

Rankine-Hugoniot condition 57,
58, 60, 62, 99, 100

Rayleigh number 20

Riemann initial data 98

Riemann problem 98, 101, 102

Rivlin-Ericksen tensor 18

Scalar conservation law see
Conservation law, scalar
Second grade fluid 19, 219
Semiregular solution 214
Shear thickening fluid 14
Shear thinning fluid 14
Sobolev space 27, 295
of periodic functions 28
Solution
measure-valued see
Measure-valued, solution
semiregular see Semiregular
solution
strong see Strong, solution
weak see Weak solution
Space
Banach 20
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reflexive 22
Bochner 33, 34
of BV functions 36, 64
of continuous functions 23
of distributions 23
of divergence-free functions 204
of Holder functions 24
Lebesgue 25
Orlicz 29, 30
of probability measures 38
of Radon measures 37
of smooth functions 23
Sobolev 27, 295
of periodic functions 28
Specific
heat 4
volume 7
Stokes
law 13
operator 206, 224, 229, 289
Stress
extra 12, 18, 244, 247
normal stress differences 14
relaxation 14
tensor 1, 10
symmetric 1
yield 14
Strictly hyperbolic system 41
Strong
convergence 20
solution 214, 215, 217, 249, 250,
261, 257
System
Galerkin 184, 207, 225, 229, 248,
261, 268, 270
hyperbolic 2, 6, 7, 41
Navier-Stokes 13
modified 17
strictly hyperbolic 41

Temperature 3
Tensor
Rivlin-Ericksen 18
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stress 1, 10
Theorem
on absolute continuity of Orlicz
norm 33
Alaoglu 21
on existence of Young measure
148, 171
Green 29
imbedding
of BV functions 37
of Radon measures 38
of smooth functions 24
of Sobolev functions 28, 33
Kruzkov 92
Thermodynamical quantities 3, 11
Total variation 36, 64
Trace operator 27

Vanishing viscosity method 42, 60,
63, 95, 145, 158

Vecchi’s proof 165

Velocity 1, 7

Viscosity
apparent 14, 16, 17
generalized 14, 16, 17
power-law 219
shear-dependent 219

Vitali’'s lemma 26

Wave equation 7

Weak convergence 20

Weak- convergence 20

Weak solution 214, 216, 222, 246,
249, 254, 256
to problem (CFpert)s, 266, 275

Yield stress 14

Young function 29, 171
complementary 29

Young measure 145, 147, 157
existence theorem 148, 171

Young’s inequality 25





