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Introduction

The main goal of this monograph is to present the theories of stochastic differential
equations (in short SDEs), backward stochastic differential equations (in short
BSDEs), and their connections with linear and semilinear second order partial
differential equations (in short PDEs) both of elliptic and parabolic type, with
various types of boundary conditions. In particular, we shall present an original
version of the celebrated Feynman–Kac formula. But one of our main goals in this
monograph is to present an extension of that formula to semilinear PDEs, with the
help of a coupled system of forward and backward SDEs.

There has been in the past at least three ways of extending the Feynman–Kac
formula to nonlinear equations. One is to replace the diffusion fXt W t � 0g by a
controlled diffusion (see Fleming and Soner [31]), the second is to replace it by a
branching-diffusion process (or a “superprocess”, see e.g. Dynkin [25]), the third is
to replace it by a “nonlinear Markov process” in the sense that the evolution of Xt
depends not only on Xt but also on its probability law, see e.g. McKean [45]. What
we shall present here is a fourth such nonlinear generalization of the Feynman–Kac
formula, based on BSDEs.

The book starts with a preliminary chapter presenting several tools from prob-
ability theory and stochastic processes. Chapter 2 gives a complete introduction to
Itô’s stochastic calculus, including the Itô integral, Itô’s change of variable formula,
a martingale representation theorem (which we discuss in great generality), and
Girsanov’s theorem. Of course, almost all of this material is presented in existing
textbooks. However, some of our proofs and even a few results are new. Moreover,
we introduce here some specific techniques of proofs which are used repeatedly
later.

Chapter 3 gives a complete treatment of the theory of strong solutions of very
general SDEs driven by a Brownian motion, whose coefficients may be random.
We treat both the classical case of Lipschitz coefficients and the case where
the drift satisfies a monotonicity type condition (which is a type of one-sided
Lipschitz condition). Apparently this type of condition first appeared in the context
of nonlinear parabolic PDEs. It was then transferred to stochastic PDEs, before
Jacod [40] and Krylov–Gyöngy [36] formulated the condition for strong solutions

ix
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of SDEs. We consider both global and local monotonicity conditions. Some of
the results presented here are new. We next consider SDEs with deterministic
coefficients and establish the Markov property of its solution. We finally discuss
the connection with partial differential equations of second order, both parabolic
and elliptic, in the whole space as well as with Dirichlet boundary condition. We
thus establish a new version of the Feynman–Kac formula, which says that a certain
functional of the solution of an SDE is a viscosity solution of a PDE.

Chapter 4 starts with SDEs with a multivalued drift, which can be, for instance,
the subdifferential of a convex function. In the case of the subdifferential of the
indicator of a convex set, we obtain one way to construct an SDE reflected at the
boundary of a convex set. We extend the same methodology to the study of SDEs
reflected at the boundary of a (reasonably smooth) arbitrary domain. We consider
both normal and oblique reflection. We then study the Markov property of the
solution of reflected SDEs and establish the Feynman–Kac formula for parabolic
and elliptic PDEs with Neumann boundary condition.

Chapter 5 studies BSDEs. Again we consider those equations with a Lipschitz
coefficient, as well as in the case of a monotonicity type condition. Note that unlike
in the case of forward SDEs, there is no known general existence and uniqueness
theory for the case of locally Lipschitz or locally monotone coefficients. We
consider BSDEs with a coefficient which is the subdifferential of a convex function.
This allows us to study BSDEs reflected at the boundary of a convex set. Note that
the corresponding problem for BSDEs reflected at the boundary of a non-convex
domain is presently still open. BSDEs, coupled with a forward SDE, are then used
to give a probabilistic representation of solutions of semilinear parabolic and elliptic
PDEs with various boundary conditions. Note that BSDEs with a deterministic final
time are associated with parabolic PDEs, while the probabilistic representation of
semilinear elliptic PDEs requires BSDEs with random final time.

Finally the last chapter contains various technical results which are used in
the book. Most of them are known. In particular several uniqueness results for
viscosity solutions of second order PDEs and systems of PDEs are discussed. Note
that most of the probabilistic representation results for PDEs are given in terms of
viscosity solutions of PDEs. This is a specific aspect of our treatment, which allows
minimal assumptions on the coefficients and permits us to avoid any non-degeneracy
assumptions on the matrix of second order coefficients. We do not presuppose the
existence of a solution to our PDEs. Existence is provided by the probabilistic
representation formula. On the other hand, uniqueness results for the same PDEs
are established by purely analytic arguments.

We claim that we present in this monograph a rather complete treatment of
the connections between SDEs and BSDEs on one side and linear and semilinear
PDEs on the other. We regret that we have not covered the connection between
fully coupled forward–backward stochastic differential equations (in short FBSDEs)
and quasilinear PDEs. This addition would have probably made the book too long.
We refer the reader to the papers of Delarue [22] and Delarue and Guatteri [23] for
recent results on FBSDEs. See also Ma and Yong [44].
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This book is intended as a reference manual and requires from its reader a good
knowledge of analysis, measure, integration and probability theory. The reader who
has a good knowledge of stochastic processes and Itô calculus can of course skip
the first two chapters. He/she will be referred to them for specific technical results
which are used in further chapters.

Marseille, France Etienne Pardoux
Iaşi, Romania Aurel Răşcanu
April 2013





Notations

• Abbreviations:
r.v.

defD Random variable(s);

s.p.
defD Stochastic process(es);

BM
defD Brownian motion;

a.s.
defD Almost sure;

a.e.
defD Almost everywhere;

P-m.s.p.
defD Progressively measurable stochastic process(es);

P-m.i.s.p.
defD Progressively measurable increasing stochastic process(es);
.fXt W t � 0g is increasing if t < s implies Xt � Xs/;

P-m.b-v.s.p.
defD Progressively measurable bounded-variation stochastic pro-

cess(es);

P-m.c.s.p.
defD Progressively measurable continuous stochastic process(es);

P-m.i.c.s.p.
defD Progressively measurable increasing continuous stochastic pro-

cess(es);

P-m.b-v.c.s.p.
defD Progressively measurable bounded-variation continuous

stochastic process(es);

SDE
defD Stochastic differential equation(s);

BSDE
defD Backward stochastic differential equation(s);

PDE
defD Partial differential equation(s)

• N D f0; 1; 2; � � � g denotes the set of natural number; N� D N n f0g; if k; n 2 N,
k � n; then

k; n
defD fi 2 N W k � i � ng :

• R is the set of real numbers; Q is the set of rational numbers; C is the set of
complex numbers; R� D R n f0g; Q

� D Q n f0g;

xiii
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RC D Œ0;1Œ ; R
�C D RC n f0g,

R D R[ f�1;C1g, RC D Œ0;C1�,

R
d D

n
.xi /d�1 W xi 2 R; i 2 1; d

o
;

R
d�k D

n�
xi;j

�
d�k W xi;j 2 R, i 2 1; d , j 2 1; k

o
.

• f W R ! R is an increasing function (or equivalently nondecreasing) if for all
x < y it follows that f .x/ � f .y/.

• f W R ! R is a strictly increasing function if for all x <y it follows that
f .x/ <f .y/.

• f W R ! R is a decreasing function (or equivalently nonincreasing) if for all
x < y it follows that f .x/ � f .y/.

• f W R ! R is a strictly decreasing function if for all x < y it follows that
f .x/ > f .y/.

• S
d � R

d�d is the set of symmetric matrices.
• X; Y are metric spaces; H is a Hilbert space.

• 2X
defD fS W S � Xg.

• A W X � Y means A W X ! 2Y (a multivalued operator from X to Y).
• inf ; D C1.
• If a, b 2 R, then

a _ b D max fa; bg ; a ^ b D min fa; bg ;
aC D max f0; ag ; a� D max f0;�ag :

• dxe denotes the smallest integer larger than or equal to x 2 R.
• bxc denotes the largest integer smaller than or equal to x 2 R.
• If x 2 R

d and r 2 RC, then

B .x; r/
defD ˚

y 2 R
d W jy � xj < r� ;

NB .x; r/ D B .x; r/
defD ˚

y 2 R
d W jy � xj � r

�
:

• cl .D/ D D
defD the closure of the set D.

• int .G/
defD fx 2 G W 9 r > 0; B .x; r/ � Gg.

• @D D Bd .D/
defD D n int .G/.

• If x D .xi /d�1 2 R
d , then

jxj defD �
x21 C � � � C x2d

�1=2
; xC defD �

xC
i

�
d�1 :

• If x is a vector or a matrix, then x� denotes its transposed, and

1
defD .1; : : : ; 1/� 2 R

d :
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• The indicator function of the set A is the function 1A defined by

1A .s/
defD
�
1; if s 2 A;
0; if s … A:

• The convex indicator function of the set A is the function IA defined by

IA .s/
defD
�

0; if s 2 A;
C1; if s … A:

• .�;F ;P/ is a complete probability space.
• .�;F ;P; fFt gt�0/ is a stochastic basis (see Sect. 1.1.2).
• P D P .Ft / is the � -algebra of progressively measurable subsets of � � RC

associated to the filtration fFt W t � 0g (see Sect. 1.1.2).
• F _ G denotes the smallest � -algebra containing F [ G, where F and G are two
� -algebras of subsets of �.

• Bd denotes the Borel � -algebra over Rd .

• fX 2 Bg defD f! 2 � W X .!/ 2 Bg.
• P .X 2 B/ D P .fX 2 Bg/.
• EX is the expectation of the random variable X .
• E .X IA/ D E .X 1A/.
• EjX jp D E .jX jp/.
• L0

�
�;F ;PIRd � is the space of (equivalence classes of) random variables X W

� ! R
d .

• Lp
�
�;F ;PIRd � ; p > 0; is the space of (equivalence classes of) random

variables X W � ! R
d such that EjX jp < 1 (see Sect. 1.1.1).

• Lp.�;F ;P/ defD Lp .�;F ;PIR/.
• If x W Œa; b� ! R

d , then we define

x .t�/ D x .t � 0/ defD lim
"&0

x .t � "/ ; x .tC/ D x .t C 0/
defD lim

"&0
x .t C "/

and

kxkŒa;b� defD sup fjx .s/j W a � s � bg ; kxkT D kxkŒ0;T � :

• If H W � � Œ0;1Œ ! R
d , then we define

H .!; t/ D Ht .!/ ; H .�; t / D Ht;

Ht� D Ht�0
defD lim

"&0
Ht�"; HtC D HtC0

defD lim
"&0

HtC"
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and

kHkt D sup fjHsj W 0 � s � tg :

• If H W � � Œ0;1Œ � R
d ! R

d�k , then we define

H #
u;R .t/ D sup fjH .t; u C x/j W jxj � Rg ;
H #
R .t/ D sup fjH .t; x/j W jxj � Rg :

• lglŒa;b� defD sup

�
n�1P
iD0

jg .tiC1/ � g .ti /j W n 2 N
�; a D t0 < � � � < tn D b

�
is the

total variation of g on Œa; b�.

• lglT defD lglŒ0;T �.
• C.Œ0; T �IRd / is the space of continuous functions x W Œ0; T � ! R

d I equipped
with the norm kxkT , C.Œ0; T �IRd / is a Banach space.

• C.Œ0;1Œ IRd / D C.RCIRd / is the space of continuous functions x W Œ0;1Œ !
R
d .

• BV.Œ0; T �IRd / is the space of all functions g W Œ0; T � ! R
d such that lglT <

1; equipped with the norm

jjgjjBV.Œ0;T �IRd / defD jg .0/j C lglT :

BV
�
Œ0; T �IRd � is a Banach space. We identify it with the dual of C.Œ0; T �IRd /.

• If  W Rd ! R is a continuous function of class C2, we define

rx .x/ D  0
x .x/ D

�
@ .x/

@xi

�

d�1
2 R

d

the gradient of  with respect to x, and

D2
xx .x/ D  

00

xx .x/ D
�
@2 .x/

@xi@xj

�

d�d
2 R

d�d

the Hessian matrix of  with respect to x.
• Given a function f W Rd ! R; its support is defined as

supp .f /
defD ˚

x 2 Rd W f .x/ ¤ 0
�
:

• C1
c

�
R
d
�

is the space of functions f W R
d !R of class C1 with compact

support.
• Cc

�
R
d
�

is the space of continuous functions f W Rd ! R with compact support.
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• C0
�
R
d
�

is the space of continuous functions f WRd !R satisfying
limjxj!1 jf .x/j D 0.

• Cb.R
d / is the space of bounded continuous functions f W Rd ! R.

• Bb.R
d / is the space of bounded Borel measurable functions f W Rd ! R.

• S
p

d Œ0; T � is the space of (equivalence classes of) P-measurable continuous
stochastic processes X W � � Œ0; T � ! R

d such that:

E sup
t2Œ0;T �

jXt jp < C1; if p > 0I

two processes X; Y are equivalent if (Xt D Yt ; 8t 2 Œ0; T �) P-a.s.
• S

p

d is the space of (equivalence classes of) P-measurable continuous stochastic
processes X W � � Œ0;C1Œ! R

d such that for all T > 0 the restriction XjŒ0;T �
of X to Œ0; T � belongs to Spd Œ0; T �.

• S
p

d .Œ0; T � IV /
defD ˚

X 2 S0d Œ0; T � W VX 2 Spd Œ0; T �
�
; V W�� Œ0;C1/ !

.0;1/ is a P-measurable continuous stochastic process.
• ƒ

p

d .0; T / is the space of (equivalent classes of) P-measurable processes
X W�� �0; T Œ ! R

d such that

Z T

0

jXt j2 dt < C1; P-a:s: ! 2 �; if p D 0;

and

E

�Z T

0

jXt j2 dt
�p=2

< C1; if p > 0I

two processes X; Y are equivalent if (Xt D Yt a.e. t 2 �0; T Œ) P-a.s. ! 2 �.
• ƒ

p

d is the space of (equivalence classes of) P-measurable processes X W � �
�0;C1Œ ! R

d such that for all T > 0 the restriction Xj�0;T Œ of X to �0; T Œ
belongs to ƒp

d .0; T /.

• ƒ
p

d .0; T IV / defD ˚
X 2 ƒ0

d .0; T / W VX 2 ƒp

d .0; T /
�
; V W � � Œ0;C1/ !

.0;1/ is a P-measurable continuous stochastic process.
• Mp

d Œ0; T �, Mp

d , are spaces of d -dimensional continuous p-martingales.
• M0

d Œ0; T �, M0
d , are spaces of d -dimensional continuous local martingales.

• In the case d D 1 the subscript d in the notations Spd Œ0; T �, S
p

d , ƒp

d .0; T /, ƒ
p

d ,
Mp

d Œ0; T �, M0
d Œ0; T �, M0

d will usually be omitted.
• f<M>t I t � 0g is the scalar increasing continuous stochastic process and

f<<M>>t W t � 0g is the symmetric matrix increasing continuous stochastic
process associated to a d -dimensional continuous (local) martingale fMt I t � 0g
(Theorem 1.69 and Proposition 1.70).

• The same letter C will be used repeatedly to denote various constants; the
notation Ca will be used to insist upon the fact that this constant depends only
upon the parameter a and nothing else.



Chapter 1
Background of Stochastic Analysis

The goal of this chapter is to introduce several tools from the theory of probability
theory and stochastic processes, which will be useful throughout this book. After
presenting several basic results from the theory of stochastic processes, we will
discuss continuous martingales, and finally we introduce Brownian motion, which
will be central to the text.

Although the material in this chapter is mostly standard, our presentation has
some originality. We present both a criterion for tightness and a criterion for
uniform integrability which are not so well-known, and at least one inequality in
Proposition 1.56 seems to be new. But the main reason for including this material
here is to introduce some specific tools which will be used systematically in later
chapters, notably the notion of a “basic partition”, see Definition 1.54.

1.1 Preliminaries

1.1.1 Preliminaries of Probability Theory

We assume given a probability space .�;F ;P/. Let

N D fA W A � �; 9 N 2 F ;P .N / D 0 and A � N g

be the collection of null probability sets. The probability space .�;F ;P/ is
complete if N � F . In this book the probability space .�;F ;P/ will always be
considered as completed by the collection of null probability sets.

If X is a topological space, then BX denotes the Borel � -algebra over X, that is

the � -algebra generated by the family of open subsets of X; in particular Bd defD BRd

and B defD B1.

E. Pardoux and A. Răşcanu, Stochastic Differential Equations, Backward SDEs,
Partial Differential Equations, Stochastic Modelling and Applied Probability 69,
DOI 10.1007/978-3-319-05714-9__1,
© Springer International Publishing Switzerland 2014
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2 1 Background of Stochastic Analysis

A mapping X W � ! X is an (X-valued) random variable if for all B 2 BX

fX 2 Bg defD f! 2 � W X .!/ 2 Bg 2 F :

If XDR then X will be called a (real) random variable (or scalar random
variable). If XDR

d then X will be called a d -dimensional random vector (or a
d -dimensional random variable).

If A � � and X W � ! R is given by

X .!/ D 1A .!/ D
�
1; if ! 2 A;
0; if ! 2 � n A;

then X is random variable iff A 2 F .
The probability measure L .X/ DPX W BX ! Œ0; 1� defined by PX .B/ D

P .X 2 B/ is called the (probability) law of X . We shall write X � Q if PX D Q.
Let X W .�I F ;P/ ! X be a random vector. Then

�.X/ D fX�1.B/ W B 2 BXg

is a � -algebra of subsets of � (called the � -algebra generated by X ). Since X is
a random variable, �.X/ � F , and �.X/ is the smallest � -algebra which makes
X measurable. It is the class of events for which one knows whether or not they
are realized, once X.!/ is observed. In this sense �.X/ represents the information
carried by X . We also define

FX D �.X/ _ N

to be the smallest � -algebra which contains both �.X/ and N . In probabilistic
terms, the � -algebra FX can be interpreted as containing all relevant information
about the random variable X (see [61], Section 1.2, Proposition 3):

Lemma 1.1. Let X (resp. Y ) be a d (resp. k)-dimensional random vector defined
on the probability space .�;F ;P/. The following two conditions are equivalent:

a) there exists a Borel measurable function f W R
d ! R

k such that Y D f .X/;
b) �.Y / � �.X/.

Recall that the � -algebras G1; : : : ;Gn are said to be independent whenever

P

	\n

iD1 Gi



D
Yn

iD1 P.Gi /; 8 Gi 2 Gi ; 1 � i � n:

To an arbitrary collection fXi ; i 2 I g of random variables, we can associate the
� -algebra �.Xi I i 2 I /, which is the smallest � -algebra containing

S
i2I �.Xi /.
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We denote by L0 .�;F ;PIX/ the space of random variables X W�!X.
If X; Y 2 L0 .�;F ;PIX/ are random variables, we say X DY a.s. (almost surely)
if P .X D Y / D 1. This is an equivalence relation. We can partition the set of
random variables into equivalence classes with respect to this relation. The space
of equivalence classes will be denoted by L0 .�;F ;PIX/ and we shall usually not
distinguish a random variable X from its equivalence class.

If X W � ! R is of the form

X D
nX

kD1
ak1Ak ; ak 2 R; Ak 2 F ; k 2 1; n;

we say that X 2 S and the expectation of X is defined by

EX
defD

nX
kD1
akP .Ak/ :

If X W � ! Œ0;1� is a random variable then

EX
defD sup

Y2S;0�Y�X
EY:

If X W � ! R is a random variable such that EXC < 1 or EX� < 1, then the
expectation EX exists and

EX
defD EXC � EX�:

If X D .X1; � � � ; Xd /� W � ! R
d is a random variable such that E jX j < 1, then

we say that X is integrable and

EX
defD .EX1; � � � ;EXd/� I

in particular E .X1 C iX2/
defD EX1 C iEX2.

In other words the expectation of a random variable is the integral

EX D
Z

�

X .!/ dP .!/

(we shall also use the notation P .d!/ for dP .!/). For A 2 F we define

E .X IA/ D E .X1A/ D
Z

A

X .!/ dP .!/ :

Denote by Lp
�
�;F ;PIRd �, p > 0, the linear space of random variables

(equivalence classes) X W � ! R
d , such that E jX jp < 1.



4 1 Background of Stochastic Analysis

Theorem 1.2. Lp
�
�;F ;PIRd � is a complete metric linear space with respect to

the metric

� .X; Y / D
�
E .1 ^ jX � Y j/ ; if p D 0

E jX � Y jp ; if 0 < p < 1;

and it is a Banach space with respect to the norm

kXk D
( �

E jX jp�1=p ; if 1 � p < 1;

inf fM W jX j � M; a.s.g ; if p D 1:

Proposition 1.3 (Markov–Chebyshev). Let X W � ! R be a random variable
and g W R ! Œ0;1Œ be a Borel measurable function such that, for all 0 � x < y, it
follows that g .x/ � g .y/ and g .y/ > 0. Then

P .X � "/ � Eg .X/

g ."/
; 8 " > 0: (MC1)

If moreover there exists an M > 0 such that g .jX j/ � M a.s., then

Eg .jX j/ � g ."/
M

� P .jX j � "/ ; 8 " > 0: (MC2)

Proof. The inequalities follow by taking the expectation in

g ."/ 1X�" � g .X/ and g .jX j/ � g ."/CM 1jX j�":

�

Corollary 1.4. Let X W � ! R be a random variable. Then for all "; ı > 0

P .jX j � "/ � E
�jX jr�

"r
;

and

E .ı ^ jX j/ � ı ^ "
ı

� P .jX j � "/ � E .ı ^ jX j/
ı ^ " :

Let Xn; X W .�I F ;P/ ! R
d ; n 2 N, be random variables. The following types

of convergence will be used in this book:

• Xn ! X a.s. if there exists an �0 2 F , P .�0/ D 1 such that

lim
n!1Xn .!/ D X .!/ ; for all ! 2 �0 I
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• Xn ! X in probability if for all " > 0:

lim
n!1P .jXn � X j � "/ D 0;

or equivalently

lim
n!1E .1 ^ jXn �X j/ D 0;

or equivalently

lim
n!1Eg .jXn �X j/ D 0;

where g W Œ0;1Œ! Œ0;1Œ is any bounded increasing continuous function such
that 0 D g .0/ < g .x/ for all x > 0.
We shall use this equivalence for the following functions

g .x/ D ı ^ x; 0 � g .x/ � ı;

g .x/ D xr

ı C xr
; 0 � g .x/ � 1;

g .x/ D xp
1C ıx2

; 0 � g .x/ � 1

ı
;

where r; ı > 0 are arbitrary constants;
• Xn ! X in Lp , p > 0, if Xn;X 2 Lp and

lim
n!1E jXn �X jp D 0 I

• Xn ! X in law if for any bounded continuous function g W Rd ! R

lim
n!1Eg .Xn/ D Eg .X/ :

Remark 1.5. The various notions of convergence of random variables with values
in a metric space are defined analogously.

We recall some classical convergence results (sketching some of the proofs).
First, we remark that

Xn
a:s:��! X ”

1X
nD1

1jXn�X j�" < 1; P-a:s: 8" > 0

and we have:
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Lemma 1.6 (Borel–Cantelli). If fAn W n 2 N
�g � F and

X
n2N�

P.An/ < 1;

then

X
n2N�

1An < 1; P-a:s:; or equivalently P

�
lim sup
n!C1

An

�
D 0:

Proof. For all m 2 N
�,

P

 X
n2N�

1An D 1
!

D P

	\
n�1
[

k�nAk



� P

	[
k�mAk



�
X
k�m

P.Ak/:

�

Proposition 1.7. Let ın be a positive sequence such that ın ! 0. Let g W RC ! RC
be a continuous function such that 0 D g .0/ < g .x/ � g .y/ for all 0 < x < y.
If one of the following conditions is satisfied

.a/

1X
nD1

P .jXn � X j � "/ < 1; 8 " > 0;

.b/

1X
nD1

Eg .jXn � X j/ < 1;

.c/

1X
nD1

P .jXn � X j � ın/ < 1;

then Xn
a:s:��! X . Moreover, the condition .c/ and

P1
nD1 ın < 1 yield

1X
nD1

jXn � X j < 1; a:s:

Proof. The results follow by setting in the Borel–Cantelli Lemma An D
fjXn �X j � "g for .a/ and, respectively, AnD fjXn � X j � ıng for .c/. The result
from .b/ follows by the Markov–Chebyshev inequality:

P .jXn .!/ �X .!/j � "/ � 1

g ."/
Eg .jXn � X j/ :

�
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Corollary 1.8. We have

1X
nD1

P .jXnj < R/ < 1; 8 R > 0; H) jXnj a:s:��! 1:

It is well-known that if Xn
prob:���! X , then g .Xn/

prob:���! g .X/ whenever

g 2C �Rd �, and there exists a subsequence Xnk
a:s:��! X . Also, if Xn

prob:���! X then

Xn
law��! X and conversely if Xn

law��! a 2 R
d , then Xn

prob:���! a.

Theorem 1.9 (Monotone Convergence; Beppo Levi). Let Y; Yn be random vari-
ables, n 2 N

�. If

.i/ 0 � Y1 � � � � � Yn � � � � � Y; P-a:s:

.ii/ Yn
a:s:��! Y;

then

lim
n!1EYn D EY:

Theorem 1.10 (Fatou’s Lemma). Let Y; Yn be random variables and Yn � 0; a.s.,
for all n 2 N

�. Then

E

�
lim inf
n!C1Yn

�
� lim inf

n!C1 EYn: (1.1)

If moreover Yn
law��! Y , then Y � 0 a.s. and

EY � lim inf
n!C1EYn: (1.2)

Definition 1.11. A family of d -dimensional random variables fXi W i 2 I g is said
to be:

• tight if

lim
N!1

�
sup
i2I

P .jXi j � N/

�
D 0I

• uniformly integrable if

lim
N!1

�
sup
i2I

E
�jXi j 1jXi j�N

�� D 0:
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Clearly if fXi W i 2 I g is a uniformly integrable family of random variables, then

sup
i2I

E .jXi j/ < 1:

Indeed, let N1 > 0 be such that

sup
i2I

E
�jXi j 1jXi j�N1

� � 1I

then for all i 2 I ,

E jXi j D E
�jXi j 1jXi j�N1

�C E
�jXi j 1jXi j<N1

�

� 1CN1;

and fXi W i 2 I g is tight, since

sup
i2I

P .jXi j � N/ � sup
i2I

E jXi j
N

� 1CN1

N
! 0; as N ! 1:

A first criterion of uniformly integrability is:

Lemma 1.12. Let Xi W .�I F ;P/ ! R
d ; i 2 I , be random variables. If

� there exists a Y 2 L1 .�;F ;P/ such that for all i 2 I

jXi j � Y; a.s.

or
� there exists a p > 1 such that

sup
i2I

E jXi jp < 1;

then fXi W i 2 I g is uniformly integrable.

Proof. The uniformly integrability of fXi W i 2 I g follows, in the first case, from
the inequality

jXi j 1jXi j�N � Y 1jY j�N

and, in the second case, from

jXi j 1jXi j�N � 1

Np�1 jXi jp :

�
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We have the following general criterion:

Proposition 1.13. Let Xi W .�I F ;P/ ! R
d ; i 2 I , be random variables.

(i) The collection fXi W i 2 I g is tight if and only if there exists a Borel measurable
function G W Œ0;1Œ! Œ0;1Œ such that

.T /

8<
:
.a/ lim

r!1G .r/ D 1;

.b/ sup
i2I

E G .jXi j/ < 1:

(ii) The collection fXi W i 2 I g is uniformly integrable if and only if there exists a
Borel measurable function H W Œ0;1Œ! Œ0;1Œ such that

.UI/

8̂
<
:̂
.a/ lim

r!1
H .r/

r
D 1;

.b/ sup
i2I

EH .jXi j/ < 1:

Moreover one can choose G to be an increasing continuous function and
the function H to be an increasing continuous convex function such that
G .0/ DH .0/ D 0.

Proof. Since the conditions .T � a/ and .UI � a/ imply that for all " > 0 there
exists an N" > 0 such that

1r�N" � "G .r/ and r1r�N" � "H .r/ ; 8 r � 0;

it is clear that .T / yields the tightness and .UI/ yields the uniformly integrability of
the family fXi W i 2 I g.

To each strictly increasing sequence fkn W n 2 Ng � N we associate the functions

G .r/ D
1X
nD0

�
nC r � kn

knC1 � kn
�

1Œkn;knC1Œ .r/

and

H .r/ D
Z r

0

G .s/ ds

from RC into RC. G is continuous increasing and H is moreover convex.
If fXi W i 2 I g is tight, we choose fkn W n 2 Ng such that

sup
i2I

P .jXi j � kn/ � 1

.nC 1/3
;

and then G satisfies .T /.



10 1 Background of Stochastic Analysis

If fXi W i 2 I g is uniformly integrable, we choose fkn W n 2 Ng such that

sup
i2I

E
�jXi j 1jXi j�kn

� � 1

.nC 1/3
;

and then H satisfies .UI/. �

Proposition 1.14. Let Zn; Yn W .�I F ;P/ ! R
d ; n 2 N, be random variables.

If fYn Wn 2 Ng is tight and Zn
prob:���! 0, then

YnZn
prob:���! 0:

Proof. The result follows easily from the inequality

1Œ";1Œ .jyzj/ � 1Œ "N ;1Œ .jzj/C 1ŒN;1Œ .jyj/ ;

for all ";N > 0 and y; z 2 R. �

Theorem 1.15. Let X; Xn be d -dimensional random variables, n 2 N
�. If

(
.i/ Xn

law��! X;

.ii/ fXn W n 2 N
�g is uniformly integrable,

(1.3)

then

E jX j < 1 and lim
n!1EXn D EX:

Proof. Since jXnj law��! jX j, from Fatou’s Lemma we deduce that

E jX j � lim inf
n!C1E jXnj � sup

n2N�

E jXnj < 1:

Let ˛N W RC ! Œ0; 1�, ˛N .r/ D 1Œ0;N � .r/ C .N C 1 � r/ 1.N;NC1� .r/; r 7�!
r˛N .r/ is a bounded continuous function and

jEXn � EX j � jEXn˛N .jXnj/ � EX˛N .jX j/j
C sup

k2N�

E
�jXkj 1jXk j�N

�C E
�jX j 1jX j�N

�
:

By the convergence in law of Xn to X we have

lim sup
n!C1

jEXn � EX j � sup
k2N�

E
�jXkj 1jXk j�N

�C E
�jX j 1jX j�N

�

for all N � 1. The result follows from .ii/ by letting N ! 1. �
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From Lemma 1.12 and Theorem 1.15 we immediately have:

Corollary 1.16. LetX; Xn be d -dimensional random variables, n 2 N
�. IfXn

law��!
X and

� (Dominated Convergence Theorem; Lebesgue Theorem) there exists a positive
random variable Y 2 L1 .�;F ;P/ such that for all n 2 N

� W jXnj � Y , a.s.,
or

� there exists a p > 1 such that

sup
n2N�

E jXnjp < 1;

then

E jX j < 1 and lim
n!1EXn D EX:

Now we present a generalization of Fatou’s Lemma.

Proposition 1.17. Let .X; �/ be a separable metric space. Let ' W X !��1;C1�

be a lower semicontinuous function. If X; Xn are X-valued r.v., n 2 N
�, such that

.i/ Xn
law��! X; as n ! 1;

and there exists a continuous function ˛ W X ! R such that

.ii/ ˛ .x/ � ' .x/ ; 8 x 2 X; and
.iii/ f˛ .Xn/ W n 2 N

�g is a uniformly integrable family,

then the expectations E' .X/ and E' .Xn/ exist for all n 2 N, and

�1 < E' .X/ � lim inf
n!C1E' .Xn/ :

Proof. From Proposition 6.26 (Annex B) there exists a sequence of continuous
functions 'k W X ! R, k 2 N

�, such that for all x 2 X

˛ .x/ � '1 .x/ � : : : � 'k .x/ � : : : � ' .x/ and lim
k!1'k .x/ D ' .x/ :

Note that for every k 2 N
� W

'k .Xn/ � ˛ .Xn/ law����!
n!1 'k .X/ � ˛ .X/ :

Then by Fatou’s Lemma 1.10, we have
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0 � E Œ'k .X/ � ˛ .X/�
� lim inf

n!C1E Œ'k .Xn/ � ˛ .Xn/�

� lim inf
n!C1E Œ' .Xn/ � ˛ .Xn/� :

By Beppo Levi’s Theorem we can take the limit as k % 1 in the above; hence

0 � E Œ' .X/ � ˛ .X/� � lim inf
n!C1E Œ' .Xn/ � ˛ .Xn/� :

Now by .iii/ and Theorem 1.15

E j˛ .X/j < 1; E˛ .X/ D lim
n!1E˛ .Xn/ :

Then the expectations E' .X/, E' .Xn/ exist in � � 1;C1�, and

E˛ .X/ � E' .X/ � lim inf
n!C1E' .Xn/ :

�

If X D C
�
Œ0; T � IRd �, then an X-valued random variable is called a R

d -valued
continuous stochastic process and we write Xt .!/ D X .!; t/. We denote the total
variation of X on Œs; t � by lXlŒs;t �, that is

lXlŒs;t � D sup

(
n�1X
iD0

ˇ̌
XtiC1

�Xti
ˇ̌ W n 2 N

�; s D t0 < t1 < � � � < tn D t

)
:

We also use lXlT defD lXlŒ0;T �.
Corollary 1.18. Let 0 � s � t � T . If X , V , Xn, V n, n 2 N

�, are random
variables with values in X D C

�
Œ0; T � IRd �, such that

.Xn; V n/
law��! .X; V / ; as n ! 1;

and g WC �Œ0; T � IRd � !RC is a continuous function, then the following implica-
tions hold:

.a/ Xn
t 2 F; a:s: ) Xt 2 F; a:s., whenever F is closed;

.b/ lXnlŒs;t � � g .V n/ ; a:s: ) lXlŒs;t � � g .V / ; a:s:;

.c/ if d D 1 and Xn
s � Xn

t ; a:s:; then Xs � Xt ; a:s.

Proof. In Proposition 1.17 one successively sets ' .x/ D dist .x .t/ IF /,
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' .x; y/ D
 
N�1X
iD0

jx .tiC1/ � x .ti /j � g .y/
!C

;

where s D t0 < t1 < : : : < tN D t is an arbitrary partition of Œs; t �, and ' .x/ D
.x .s/ � x .t//C. �

Proposition 1.19. Let .X;K; V /, .Xn;Kn; V n/ ; n 2 N, be X D C
�
Œ0; T � IRd �2

� C .Œ0; T � IR/-valued random variables such that

.Xn;Kn; V n/
law����!
n!1 .X;K; V /

and for all 0 � s < t , and n 2 N
�,

lKnlt � lKnls � V n
t � V n

s a:s:

If ' W Rd !� � 1;C1� is a l.s.c. function and

Z t

s

'
�
Xn
r

�
dr �

Z t

s

hXn
r ; dKn

r i ; a:s: for all n 2 N
�;

then

lKlt � lKls � Vt � Vs a:s:

and

Z t

s

' .Xr/ dr �
Z t

s

hXr; dKri ; a:s:

Proof. Define the partition

�N W s D r0 < r1 < : : : < rN D t; riC1 � ri D t � s
N

:

For ı > 0, x; k 2 C �Œ0; T � IRd � we define

ˆN .k/ D
N�1X
iD0

jk .riC1/ � k .ri /j ;

SN .x; k/ D
N�1X
iD0

hx .ri / ; k .riC1/ � k .ri /i and

m .ı; x/ D sup fjx .u/ � x .r/j W u; r 2 Œ0; T � ; ju � r j � ıg :
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Note that

ˆN .k/ � lklŒs;t �
and

Z t

s

hx .r/ ; dk .r/i � SN .x; k/C m
�
1

N
; x

�
lklŒs;t � :

Since

jm .ı; x/ � m .ı; y/j � 2 kx � ykT

and ' W Rd !��1;C1� is bounded below on bounded sets of Rd , we deduce that
g W X ! Œ0; 1� given by

g .x; k; v/ D .ˆN .k/ � v .t/C v .s//C ^ 1

C
�Z t

s

' .x .r// dr � SN .x; k/ � m
�
1

N
; x

�
.v .t/ � v .s//

�C
^ 1

is a l.s.c. function. Hence by Proposition 1.17

0 � Eg.X;K; V / � lim inf
n!C1 Eg.Xn;Kn; V n/ D 0:

Consequently, P-a:s:

ˆN .K/ � Vt � Vs
and

Z t

s

' .X�/ d� � SN .X;K/C m
�
1

N
;X

�
.Vt � Vs/ :

Passing to the limit as N ! 1 the result follows. �

Proposition 1.20. Let .X;K/, .Xn;Kn/ ; n 2 N, be C
�
Œ0; T � IRd �2-valued

random variables. Assume

.i/ 9 p > 0 such that L
defD sup

n2N�

E lKnlpT < 1 and

.ii/ kXn �XkT C kKn �KkT
prob:���! 0; as n ! 1:

Then for all 0 � s � t � T :

Z t

s

hXn
r ; dKn

r i
prob:���!

Z t

s

hXr; dKri ; asn ! 1; (1.4)
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and moreover

E lKlpT � lim inf
n!C1 E lKnlpT : (1.5)

Proof. The inequality (1.5) is a consequence of Proposition 1.17 since the function
' W C �Œ0; T � IRd � ! Œ0;C1�, ' .k/ D lklpT , is l.s.c.

Using the notation from Proposition 1.19 we have

ˇ̌
ˇ̌
Z t

s

hXn
r ; dKn

r i �
Z t

s

hXr; dKr i
ˇ̌
ˇ̌

�
ˇ̌
ˇ̌
Z t

s

hXn
r �Xr; dKn

r i
ˇ̌
ˇ̌C

ˇ̌
ˇ̌
Z t

s

hXr; dKn
r � dKr i � SN .X;Kn �K/

ˇ̌
ˇ̌

C jSN .X;Kn �K/j

� kXn �XkT lKnlT C m
�
1

N
;X

�
ŒlKnlT C lKlT �C jSN .X;Kn �K/j :

Let A > 0 be arbitrary. Since for all x; y; z;w; u � 0,

1 ^ .x C y C z C w/ � 1 ^ x C 1 ^ y C 1 ^ z C 1 ^ w and

1 ^ .x u/ � 1 ^ .x A/C up

Ap
;

and using the assumptions of our Proposition, we deduce that

lim sup
n!C1

E

�
1 ^

ˇ̌
ˇ̌
Z t

s

hXn
r ; dKn

r i �
Z t

s

hXr; dKri
ˇ̌
ˇ̌
�

� 2 E

�
1 ^

�
A m.

1

N
;X/

��
C 3 L

Ap
:

Passing here to limit, first forN ! 1 and then forA ! 1, we complete the proof.
�

Remark 1.21. It is clear from the proof that in the above Proposition we can replace
the convergences in probability by a.s. convergences.

Now from Proposition 1.20 and Proposition 1.17 we clearly deduce:

Corollary 1.22. Let the assumptions of Proposition 1.20 be satisfied. If A W Rd �
R
d is a (multivalued) maximal monotone operator, then the following implication

holds P-a:s: ! 2 �:

dKn
t 2 A �Xn

t

�
.dt/ on Œ0; T � ) dKt 2 A .Xt/ .dt/ on Œ0; T � :
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In particular if ' W Rd !� � 1;C1� is a proper convex l.s.c. function then

dKn
t 2 @' �Xn

t

�
.dt/ on Œ0; T � ) dKt 2 @' .Xt / .dt/ on Œ0; T � :

Proof. To prove the Corollary it suffices to recall from Annex B (Remark 6.18) the
definitions

.A/ dk .t/ 2 A .x .t// .dt/ if

.a1/ x 2 C �RCI Dom.A/
�
,

.a2/ k 2 C �RCIRd �TBVloc
�
RCIRd � ; k .0/ D 0;

.a3/ hx .t/ � u; dk .t/ � Ou dti � 0; 8 .u; Ou/ 2 A:
In the case of A D @' we have an equivalent definition.

.B/ dk .t/ 2 @' .x .t// .dt/ if

.b1/ x 2 C �RCI Dom .'/
�
;

.b2/ k 2 C �RCIRd �TBVloc
�
RCIRd � ; k .0/ D 0;

.b3/ for all 0 � s � t � T; u 2 R
d

Z t

s

hu � x .r/ ; dk .r/i C
Z t

s

'.x .r//dr � .t � s/ '.u/:

�

We close this section with two statements about convergence in probability.

Proposition 1.23. Let X;Xn W .�I F ;P/ ! R
d ; n 2 N, be random variables and

0 < p < 1. The following are equivalent:

(i) Xn; X 2 Lp ��;F ;PIRd � and Xn ! X in Lp;
(ii) Xn ! X in probability and fjXnjp W n 2 Ng is uniformly integrable.

Proof. .ii/ H) .i/: This implication is a consequence of Theorem 1.15.
.i/ H) .ii/: By the Markov inequality,

P .jXn �X j � "/ � E jXn �X jp
"p

; " > 0;

we clearly have that Xn ! X in probability, as n ! 1.
Let Cp D 1 _ 2p�1. We have for all N;A > 0:

jXnjp 1jXnjp>N � Cp

�
jXn �X jp C jX jp 1jX jp>A C jXnjp

N
A

�
: (1.6)

Since Xn ! X in Lp as n ! 1, there exists a B > 0 such that

E jXnjp � B; 8 n 2 N
�;
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and for all " > 0 there exists a k" 2 N
� such that

E jXn �X jp < "; 8 n > k":

Let Y" D max
n
jXnj W n 2 1; k"

o
. Then from (1.6) we have

sup
n�1

E
�jXnjp 1jXnjp>N

� � E
�
Y p" 1jY"jp>N

�C sup
n>k"

E
�jXnjp 1jXnjp>N

�

� E
�
Y p" 1jY"jp>N

�C Cp

�
"C E

�jX jp 1jX jp>A
�C B

N
A

�
;

which yields

lim sup
N!C1

"
sup
n�1

E
�jXnjp 1jXnjp>N

�# � Cp

"C E

�jX jp 1jX jp>A
��
;

for all "; A > 0. Letting, in the last inequality, " & 0 and A % 1, the uniform
integrability follows. This completes the proof. �

Proposition 1.24. Let Y; Yn be random variables and Yn � 0; a.s., for all n 2 N
�.

If E jYnj C E jY j < 1, Yn
prob:���! Y and EYn ! EY , then

E jYn � Y j ! 0:

Proof. Since

.Y � Yn/C � Y C and jY � Ynj D 2.Y � Yn/C � .Y � Yn/

the result follows from Lebesgue’s dominated convergence theorem. �

Let X W � ! R
d be a random variable. Define

kXkLp D

8̂
ˆ̂<
ˆ̂̂:

�
E jX jp�1=p ; if 1 � p < 1;

inf fa > 0 W P .jX j > a/ D 0g ; if p D 1;

E jX jp ; if 0 < p < 1;
E .1 ^ jX j/ ; if p D 0:

Note that kXkL0 < 1 for any random variable X .
Denote by Lp

�
�;F ;PIRd �, 0 � p � 1, the space of random variables

X W � ! R
d such that kXkLp < 1 (we shall usually not distinguish a random

variable X from its equivalence class with respect to a.s. equivalence). The space
Lp

�
�;F ;PIRd �, 1 � p � 1, is a Banach space with respect to the norm k�kLp .

If 0 � p < 1 then Lp
�
�;F ;PIRd � is a complete metric linear space with the

metric dp .X; Y / D kX � Y kLp . The convergence in the metric d0 is convergence
in probability.
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The space L2
�
�;F ;PIRd � is a Hilbert space with respect to the scalar product

hX; Y iL2 D E hX; Y i.

1.1.2 Filtrations

We say that .�;F ;P; fFt gt�0/ is a stochastic basis if:

(i) .�;F ;P/ is a complete probability space;
(ii) fFtgt�0 is a filtration i.e. an increasing collection of sub-� -algebras of F

satisfying the condition:

.a/ Ft is a sub-� -algebra of F which contains all P-null sets of F ;

.b/ t ! Ft is right continuous, that is Ft D FtC, where FtC
defD T

s>t Fs .

The � -algebra F can be thought of as the set of observable events and the � -
algebra Ft can be thought of as the set of observable events before time t .

To such a filtration, we associate the � -algebra P of progressively measurable
subsets of � � RC, defined as follows:

Definition 1.25. P D P .Ft / is the � -algebra of the sets A � � � RC such that
for all t � 0,

A \ .� � Œ0; t �/ 2 Ft ˝ BŒ0;t � :

1.1.3 Conditional Expectation

In this section, we present the notions of conditional expectation and conditional
probability, together with their main properties.

All random variables will be assumed to be defined on a probability space
.�;F ;P/. G, H will denote sub-� -algebras of F , and we will assume (in order
to simplify slightly the beginning of our exposition) that each of them contains the
collection N of all P-null-sets of F .

Thanks to the hypothesis we have just formulated, L2.�;G;P/ is a sub-Hilbert
space (hence in particular a closed sub-vector space) of L2.�;F ;P/. Therefore, we
can state the following:

Definition 1.26. We will call the conditional expectation with respect to G the
orthogonal projection operator from L2 .�;F ;P/ onto L2 .�;G;P/.

Given a square integrable random variable X , we can associate to X its
equivalence class, which is an element of L2.�;F ;P/, which by an abuse of
notation we shall also call X . We denote by

E.X jG/ or E
G.X/
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its orthogonal projection on L2.�;G;P/. In practice, E.X jG/ will rather denote an
(arbitrary!) element in this equivalence class, i.e. E.X jG/ will be for us a random
variable. It is usually unimportant, but sometimes crucial, to remember that the
choice of the particular element in the equivalence class is arbitrary.

E.X jG/ is characterized as the unique (equivalence class of) random variables
such that:

(i) E.X jG/ is G-measurable;
(ii) E.YX/ D E ŒY E.X jG/�, 8Y 2 L2.�;G;P/.

If we choose in particular Y D 1 in (ii), we obtain

(iii) E ŒE.X jG/� D EX .

If we choose Y D 1fE.X jG/<0g in (ii), we deduce that

whenever X � 0 a.s., then E.X jG/ � 0 a.s.

Now, for any square integrable X ,

X D XC �X�

then by linearity of the orthogonal projection,

E.X jG/ D E.XCjG/ � E.X�jG/
jE.X jG/j � E.XCjG/C E.X�jG/

D E.jX jjG/;

and we then deduce from (iii)

E ŒjE.X jG/j� � EjX j:

We have just established that the conditional expectation is continuous with
respect to the norm in the space L1.�;F ;P/. Since L2 .�;F ;P/ is dense in
L1 .�;F ;P/, we easily deduce that the conditional expectation given G can be
extended as a continuous linear operator from L1.�;F ;P/ onto L1.�;G;P/.

Given an integrable random variableX (i.e. such that EjX j < 1), its conditional
expectation given G is the unique (equivalence class of) random variable(s) E.X jG/
such that:

(i) E.X jG/ is G-measurable;
(ii0) E.YX/ D E.Y E.X jG/ for all G-measurable and bounded random vari-

ables Y .

(ii0) can be replaced by:

(ii00) E.X IA/ D E .E.X jG/IA/8A 2 G.
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If X D .X1; � � � ; Xd /� W .�I F ;P/ ! R
d is a random vector such that

E jX j <1, then the conditional expectation of X is defined by

E
GX

defD �
E

GX1; � � � ;EGXd
��
:

Example 1.27. Suppose that G is generated by a finite measurable partition
fG1; � � � ; Gng of �. Condition (i) forces E .X jG/ to be constant on each Gi , and we
then deduce from (ii) the formula

E .X jG/ D
nX
iD1

E .X1Gi /
P .Gi /

1Gi :

If in particular G D f¿; �g, then E .X jG/ D EX .

The main properties of the conditional expectation are stated in the next
proposition (we recall that G _ H is the smallest � -algebra which contains both
G and H):

Proposition 1.28. Let X , Y 2 L1 ��;F ;PIRd �, Z 2 L1 .�;F ;PIR/ and a, b be
real numbers. Then:

(a) E.aX C bY jG/ D aE.X jG/C bE.Y jG/.
(b) Z � 0 a.s. ) E.ZjG/ � 0 a.s.
(c) If H and G_�.X/ are independent, then E.X jG_H/ D E.X jG/. In particular,

if G and X are independent, then E.X jG/ D EX .
(d) If G � H, then

E
G 

E
HX

� D E
G.X/;

and in particular, E

E

G.X/
� D EX .

(e) If X is G-measurable and hX; Y i is integrable, then

E
G hX; Y i D ˝

X;EGY
˛
:

(f) (Jensen’s inequality) If ' WRd !R is a convex function such that E'C.X/<1,
then E j'.X/j < 1 and

'
�
E

G.X/
� � E

G .'.X// :

(g) If

E .�jG/ D E .�jH/

for all bounded G _H-measurable random variables � , then G D H (recall that
we assumed that N � G;H).
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From the property (f) with '.x/ D jxjp , p � 1 and (iii), we easily deduce the
following:

Proposition 1.29. If p � 1, then E
G is a linear continuous operator from

Lp
�
�;F ;PIRd � into Lp

�
�;G;PIRd �.

Remark 1.30. If X is a positive random variable, E
GX is the class of random

variables with values in Œ0;1� defined by

E
GX

defD lim
n!1E

G .X ^ n/ ; P-a:s:

We shall define

P.X 2 BjFs/ D E .1B .X/ jFs/ :

Since the mapping X 7! E .X jG/ is linear and preserves non-negativity, one
might hope that for each ! 2 � there is a probability measure P

! on .�;F/
such that

E .X jG/ .!/ D
Z

�

X
�
!0�

P
!
�
d!0� :

Unfortunately, this hope does not hold in the general case. However, it is
fulfilled when � is a Polish space (i.e. � is a topological space which
admits a complete separable metrization) and F D B� is the Borel � -algebra
on �.

Denote by M1 .�/ the set of probability measures P W B� ! Œ0; 1�.

Theorem 1.31. Let� be a Polish space and G � B�. For every P 2M1 .�/, there
is a map ! 7! P

! W � ! M1 .�/, uniquely determined up to a P-null set N 2 G,
such that:

.a/ ! 7! P
! .B/ is G-measurable for all B 2 B�;

.b/ P .A \ B/ D
Z

A

P
! .B/ P .d!/, for all A 2 G and B 2 B�.

Moreover if G is countably generated, then ! 7! P
! can be chosen so that

P
! .A/ D 1A .!/ ; 8 ! 2 � and A 2 G:

The interested reader can find a proof of this theorem in Stroock [68] (Theo-
rem 1.2).

Definition 1.32. The map ! 7! P
! from Theorem 1.31 is called the conditional

probability distribution of P given G. If, moreover,

P
! .A/ D 1A .!/ ; 8 ! 2 � and A 2 G;

then ! 7! P
! is called a regular conditional probability distribution of P given G.
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If � D W d defD C
�
RCIRd � is the space of continuous functions ! W Œ0;1Œ !

R
d with the topology of uniform convergence on compact sets, then � is a Polish

space with the metric

�
�
!;!0� D

1X
nD1

1

2n
k! � !0kn

1C k! � !0kn
;

where

��! � !0��
n

D sup
t2Œ0;n�

ˇ̌
! .t/ � !0 .t/

ˇ̌
:

For every s � 0 the map �s W .�I B�/ ! R
d , �s .!/ D ! .s/, is a random variable.

Define

Bt .W d / D � f�s W 0 � s � tg :

Then from Theorem 1.31, for every P 2M1 .�/, there exists a regular conditional
probability distribution ! 7! P

!
t of P given Bt .W d /, which is uniquely determined

up to a P-null set N 2 Bt .W d /. Hence ! 7! P
!
t .B/ is Ft -measurable and for all

B 2 B�,

P .A \ B/ D
Z

A

P
!
t .B/ P .d!/ ; 8 A 2 Bt .W d /;

P
!
t .A/ D 1A .!/ ; 8 ! 2 � and A 2 Bt .W d /:

We now want to define the conditional expectation, given a random vector. Recall
that to a d -dimensional random vector X we associate the � -algebra

FX defD fX�1.B/ W B 2 Bd g _ N ;

where Bd denotes the Borel � -field of Rd and N denotes the collection of all P-
null-sets of F .

We can now state the following definition:

Definition 1.33. The conditional expectation of a random variable X , given the
random vector Y , is the random variable

E.X jY / defD E.X jFY /:

We also introduce the notation

P .X 2 BjY / D E
�
1B .X/ jFY

�
:
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Proposition 1.34. Let X and Y be respectively a d -dimensional and a
k-dimensional random vector, and let  W R

dCk !R be Borel measurable such
that  .X; Y / � 0 a.s., or E j .X; Y /j < 1. Let G be a sub-� -algebra of F
such that:

(i) X is G-measurable;
(ii) Y and G are independent.

Then

EŒ .X; Y /jG� D
Z

Rk

 .X; y/PY .dy/ D EŒ .X; Y /jX�:

Proof. If  .x; y/ D g .x/ h .y/ then the result follows from Proposition 1.28.e/.
The general case follows via approximation by linear combinations of such
functions. �

Let us prove three auxiliary results, which will be used in Sects. 1.3.3 and 2.4,
respectively.

Lemma 1.35. LetX 2 L0.�;F ;PIRd / and G be a sub-� -algebra of F . If ' .u/ D
E
�
eihu;XijG�, u 2 R

d , is a deterministic function then:

.j / ' is the characteristic function of X ;
. jj/ X is independent of G.

Proof. Since ' .u/ D E' .u/ D Eeihu;Xi it follows that ' is the characteristic
function of X .

Let Y 2 L0.�;G;PIRd / be arbitrary. Then the characteristic function of
.X; Y / is

'.X;Y / .u; v/ D E

h
eihu;XiCihv;Y ii

D E

h
eihv;Y i

E

	
eihu;XijG


i

D ' .u/Eeihv;Y i

D 'X .u/ 'Y .v/ ;

for all u; v 2 R
d and consequently X and Y are independent. �

Lemma 1.36. Let U 2 L1.�;F ;P/ and Y 2 L0.�;F ;PIRd /. Then

E.U jY / D 0 ” E.Ue i<	;Y >/ D 0; 8	 2 R
d :

Proof. .)/: If E.U jY / D 0 then

E.Uei<	;Y >/ D E.ei<	;Y >E.U jY // D 0:
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.(/: We know that there exists a Borel measurable function g W Rd ! R such
that

E.U jY / D g.Y /:

Then

E.Uei<	;Y >/ D 0 , E.g.Y /ei<	;Y >/ D 0

, E.gC.Y /ei<	;Y >/ D E.g�.Y /ei<	;Y >/
,

Z

Rd

gC.y/ei<	;y>PY .dy/ D
Z

Rd

g�.y/ei<	;y>PY .dy/:

Choosing 	 D 0 we deduce that EgC.Y / D Eg�.Y / D c.
If c D 0 then gC.Y / D g�.Y / D 0 a.s. and hence E.U jY / D 0.
If c > 0 then the probability measures

QC.dy/ D 1

c
gC.y/PY .dy/; Q�.dy/ D 1

c
g�.y/PY .dy/

on .Rd ;Bd / have the same characteristic functions (Fourier transforms). Hence
QC D Q�, which implies that gC.Y / D g�.Y / PY - a.s., that is E.U jY / D 0. �

Lemma 1.37. Let ' 2 Cb
�
R
d
�
, G be a sub-� -algebra of F and Xn;X 2

L0
�
�;F ;PIRd �. If Xn

prob:���! X as n ! 1, then E
G' .Xn/ ! E

G' .X/ in
Lp .�;F ;P/ as n ! 1 for any p � 1.

Proof. Clearly, by the Lebesgue dominated convergence theorem '.Xn/ ! ' .X/

in Lp .�;F ;P/, for every p � 1, and the result follows from the continuity on
Lp .�;F ;P/ of the conditional expectation. �

1.1.4 Stochastic Processes

Let X be a topological space and T � R
d be a Borel set. A mappingX W ��T ! X

is an X-valued stochastic process if for all t 2 T

X .�; t / is an X-valued random variable

(i.e. X .�; t / is .F ;BX/-measurable). We shall write Xt D X .�; t /. The mappings
t ! X .!; t/, ! 2 �, are called the sample paths (or trajectories) of the stochastic
process X .

An R
d -valued stochastic process will be called a d -dimensional stochastic

process. By a stochastic process we will usually mean a one-dimensional stochastic
process.
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A stochastic process fYt W t 2 Tg is a modification of fXt W t 2 Tg if

P .Xt D Yt / D 1; for all t 2 T:

The stochastic processes X and Y are indistinguishable if

P

	[
t2T .Xt ¤ Yt /



D 0

or equivalently

P

	\
t2T .Xt D Yt /



D 1:

If the mapping X W � � T ! X is .F ˝ BT;BX/-measurable then we shall say
that X is an X-valued measurable stochastic process.

Remark 1.38. In this book, all stochastic processes will be understood to be
measurable. We will usually have T D Œ0;1Œ, or T D Œ0; T �.

We shall say that the stochastic process X W � � T ! X is continuous
(abbreviated c.s.p.) (resp. right continuous, left continuous, increasing for X D R) if
the trajectories (the paths) X .!; :/ W T ! X are continuous (resp. right continuous,
left continuous, increasing ) P-a:s.

It easy to prove that if fYt W t 2 Tg is a modification of fXt W t 2 Tg and both
X and Y are right (or left) continuous stochastic processes then X and Y are
indistinguishable. Hence:

Remark 1.39. If bothX and Y are right (or left) continuous stochastic processes on
an interval T � R, then

.Xt D Yt ; 8t 2 T/ P-a:s: ” .Xt D Yt ; P-a:s:/ 8t 2 T :

The natural filtration associated to a stochastic process X W� � RC !X is
defined by

FX
t D � fXs W s � tg _ N ;

where N denotes the collection of all P-null-sets of F . FX
t is called the history of

the process X until (and including) time t � 0. The right continuous version of the
natural filtration is by definition

FX
tC D

\
">0

FX
tC" D

"\
">0

� fXs W s � t C "g
#

_ N :

A stochastic process X W ��RC ! X is progressively measurable (abbreviated
P-m.s.p.), if X is .P;BX/-measurable or equivalently if for all t � 0,
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.!; s/ 7�! X .!; s/ W � � Œ0; t � ! X

is
�Ft ˝ BŒ0;t �; BX

�
-measurable; we shall say that X is P-measurable.

A stochastic process X W ��RC ! X is adapted to the filtration fFt W t � 0g, if

! 7�! Xt .!/ W � ! X

is .Ft ; BX/-measurable for all t � 0. It is easy to prove that:

� every progressively measurable stochastic process is adapted;

� if X is an adapted right (or left) continuous stochastic process, then X is
progressively measurable.

We now recall the very well known Kolmogorov’s criterion for the existence of
a continuous version of a process.

Theorem 1.40 (Kolmogorov’s Criterion). Let .X; k�k/ be a Banach space and
fXv I v 2 R

kCg be an X-valued stochastic process, for which there exists three
strictly positive constants M;a; b such that

E.kXu �Xvka/ � M ju � vjkCb; u; v 2 Œ0; R�k:

Then there exists a process f QXv; v 2 Œ0; R�kg which is a modification of X such that
for all 0 < ı � b=a, P-a:s: ! 2 �:

k QXu .!/ � QXv .!/ k � �ı .!/ ju � vj ba�ı ; for all u; v 2 Œ0; R�k;

where the random variable �ı satisfies:

E�aı � M k Rk2aCb
�
2ı � 1�a ^ �2aı � 1� :

Let p 2 Œ0; 1 Œ and 0<T < C 1. We define the spaces of stochastic pro-
cesses:

� S
p

d Œ0; T �: the space of (equivalence classes of) P-measurable and continuous
stochastic processes (abbreviated P-m.c.s.p.) X W � � Œ0; T � ! R

d such that

E sup
t2Œ0;T �

jXt jp < C1; if p > 0I

two processes X; Y are equivalent if (Xt D Yt for all t 2 Œ0; T �) P-a.s. ! 2 �.
� S

p

d : the space of (equivalence classes of) P-measurable and continuous pro-
cesses X W � � Œ0;C1Œ ! R

d such that for all T > 0 the restriction of X to
� � Œ0; T � belongs to Spd Œ0; T �.
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One easily sees that for every p 2 Œ1;1Œ, the space Spd Œ0; T � is a Banach
space, when equipped with the norm

kXkSpd Œ0;T � D �
E kXkpT

�1=p D
 
E sup
t2Œ0;T �

jXt jp
!1=p

:

For 0 � p < 1 the space Spd Œ0; T � is a complete metric linear space with respect
to the metric

�p .X; Y / D
�
E
�kX � Y kpT

�
; if 0 < p < 1;

E .1 ^ kX � Y kT / ; if p D 0:

�0 .X; Y / is the metric of convergence in probability uniformly in t 2 Œ0; T �. On
S0d Œ0; T � we shall also use the topological equivalent metrics

�1 .X; Y / D E
jX � Y jT

1C jX � Y jT
and �a .X; Y / D

0
B@E jX � Y jaT	

1C ı jX � Y j2T

a=2

1
CA
1=a

;

where a � 1 and ı > 0. Note that in the case d D 1 the subscript d in Spd and
S
p

d Œ0; T � will usually be omitted.

1.1.5 Complements on Tightness

Let .X; �/ be a metric space. Denote by BX the � -algebra of Borel subsets of X and
by M1 .X/ the space of probability measuresQ W BX ! Œ0; 1�. If g W .XI BX;Q/ !
R is a random variable (i.e. a BX-measurable function), then we write

Q.g/ D EQ .g/ D
Z

X

g .x/ dQ .x/ ;

whenever at least Q
�
gC� < 1 or Q.g�/ < 1. Hence Q .1B/ D Q.B/.

Definition 1.41. We say that Qn converges weakly to Q, denoted Qn H) Q,
whenever Qn.g/ ! Q.g/, for all g 2 Cb .X/.

Let .�;F ;P/ be a probability space and Y W � ! X be a random variable; then
the probability measure L .Y / D PY W BX ! Œ0; 1� defined by

PY .B/ D P .Y 2 B/

is called the (probability) law of Y .
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Note that for all Q 2 M1 .X/ there exists a probability space .�;F ;P/ and a
random variable Y W � ! X such that L .Y / D Q. In this case

Q.g/
defD
Z

X

g .x/ dQ .x/ D
Z

�

g .Y .!// dP .!/
defD E .g .Y // :

Let Xn W ��.n/I F .n/;P.n/
� ! X, n 2 N

�, and X W .�I F ;P/ ! X be random
variables and

Qn D L .Xn/ ; Q D L .X/ :

Definition 1.42. Xn
law��! X , as n ! 1, if Qn H) Q, or equivalently

lim
n!1E

P.n/
.g .Xn// D EP .g .X//

for all g 2 Cb .X/.
Definition 1.43. .a/ A family X.i/ W ��.i/I F .i/;P.i/

� ! X, i 2 I , of random
variables is tight if for every " > 0 there exists a compact set K" � X (abbreviated
K" �� X/, such that for all i 2 I :

P
.i/
	
X.i/ … K"



< ":

.b/ The family
˚
X.i/ W i 2 I� is relatively compact in law if every sequence

fXn W n 2 N
�g � ˚

X.i/ W i 2 I� contains a subsequence fXnk W k 2 N
�g convergent

in law, i.e. there exists a probability space .�;F ;P/ and a random variableX W� !
X such that Xnk

law��! X .

A famous result due to Prohorov and Varadarajan gives an equivalence between
the compactness in law and the tightness property.

Theorem 1.44 (Prohorov–Varadarajan). Let .X; �/ be a metric space and˚
X.i/ W i 2 I� be a family of X-valued random variables.

.A/ If
˚
X.i/ W i 2 I� is tight then it is relatively compact in law.

.B/ Suppose that .X; �/ is a Polish space. If
˚
X.i/ W i 2 I� is relatively compact in

law then it is tight.

The interested reader can find a proof of this theorem in Billingsley [11] or
Stroock [68] (Theorem 2.6).

Concerning the convergence in law of sequences of random variables we have
another famous result due to Skorohod.

Theorem 1.45 (Skorohod). Let X be a Polish space (i.e. X is a topological space
which admits a complete separable metric �), Xn W ��.n/I F .n/;P.n/

� ! X, n 2 N
�,

and X W .�I F ;P/ ! X be random variables. If
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Xn
law��! X

then there exist a probability space
	 O�; OF ; OP



on which we can define a sequence

of random variables Y; Yn W O� ! X; n 2 N
�, such that

.c/ PY D PX; and PYn D PXn for all n 2 N
�;

.cc/ Yn
a:s:��! Y; as n ! 1:

Moreover one can choose
	 O�; OF ; OP



	 �

Œ0; 1� I BŒ0;1�; 	
�
, where 	 is the Lebesgue

measure on Œ0; 1�.

If x 2 C.RCIRd / we write

kxkT D sup
t2Œ0;T �

jx .t/j ; and

mx ."I Œ0; T �/ D sup fjx .t/ � x .s/j W t; s 2 Œ0; T � ; jt � sj � "g :

Recall that, when equipped with uniform convergence on compact sets, C.RCIRd /
is a Polish space. A metric for this topology is given by

� .x; y/ D
1X
nD1

1

2n
kx � ykn

1C kx � ykn
:

If fXn
t W t � 0g, n 2 N

�, is a family of continuous stochastic processes such
that Qn is the law of the random variable ! 7�! Xn� W ��.n/I F .n/;P.n/

� !
C.RCIRd /, then the following result is a consequence of the Arzelà–Ascoli
theorem (see Billingsley [11], Theorem 7.3).

Theorem 1.46. fXn Wn 2 N
�g is tight on C.RCIRd / if and only if for every T � 0:

.i/ lim
N%1

"
sup
n�1

P
.n/
�ˇ̌
Xn
0

ˇ̌ � N
�# D 0;

.ii/ lim
"&0

"
sup
n�1

P
.n/ .mXn ."I Œ0; T �/ � a/

#
D 0; 8 a > 0:

Moreover, tightness yields that for all T > 0:

lim
N%1

"
sup
n�1

P
.n/ .kXnkT � N/

#
D 0:

Without using the above Theorem, we establish a criterion for tightness which is
well adapted to our needs.
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Proposition 1.47. Let fXn
t W t � 0g, n 2 N

�, be a family of Rd -valued continuous
stochastic processes defined on a probability space .�;F ;P/. Suppose that for
every T � 0, there exist ˛ D ˛T > 0 and b D bT 2 C .RC/ satisfying b.0/ D 0,
such that:

.j / lim
N!1

�
sup
n2N�

P.fˇ̌Xn
0

ˇ̌ � N g/
�

D 0;

. jj/ E

"
1 ^ sup

0�s�"
ˇ̌
Xn
tCs �Xn

t

ˇ̌˛
#

� " � b."/; 8 " > 0;n � 1; t 2 Œ0; T � :

Then fXn W n 2 N
�g is tight in C.RCIRd /.

Proof. We fix "; T > 0. From .j /, there exists an M D M" � 1 such that

sup
n2N�

P.fjXn
0 j � M g/ < "

2
:

Let 
k D 1

2.k�1/=˛ and "k & 0 be such that b."k/ � "

4k T
. Let Nk D b T

"k
c, and

ti D .i � 1/T
Nk

. By Corollary 6.12 from Annex B the set

K" D fz 2 C.Œ0; T �IRd / W jz .0/j � M;

sup
1�i�Nk

sup
0<s�"k

jz .ti C s/ � z .ti /j � 
k;8k 2 N
�g

is compact in C.Œ0; T �IRd /.
From Markov’s inequality and . jj/

P .Xn … K"/ � P.fjXn
0 j > M g/C

X
k2N�

NkX
iD1

P.f sup
0�s�"k

ˇ̌
Xn
tiCs �Xn

ti

ˇ̌
> 
kg/

<
"

2
C
X
k2N�

NkX
iD1

"k � b."k/

˛k

D "

2
C
X
k2N�

Nk � "k � b."k/

˛k

� ":

The proof is complete. �

Proposition 1.48. Let g W RC ! RC be a continuous function satisfying g .0/ D 0

and G W C �RCIRd � ! RC be a mapping which is bounded on compact subsets of
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C
�
RCIRd �. Let Xn; Y n, n 2 N

�, be random variables with values in C
�
RCIRd �.

If fY n W n 2 N
�g is tight and for all n 2 N

�

.i/
ˇ̌
Xn
0

ˇ̌ � G .Y n/ ; a:s:

.ii/ mXn ."I Œ0; T �/ � G .Y n/ g .mY n ."I Œ0; T �// ; a:s:; 8 "; T > 0;

then fXn W n 2 N
�g is tight.

Proof. Let ı > 0 be arbitrary. Then there exists a compact setKı � C
�
Œ0;1Œ IRd �

such that for all n 2 N
�

P .Y n … Kı/ < ı:

Define Nı D sup
x2Kı

G .x/. Then

P
�jXn

0 j > Nı
�
< ı:

Let a > 0 be arbitrary. There exists an "0 > 0 such that

sup
x2Kı

Œg .mx ."I Œ0; T �//� < a

Nı
; 8 0 < " < "0:

Consequently for all n 2 N
�, 0 < " < "0,

P .mXn ."I Œ0; T �/ � a/

� P

�
g .mY n ."I Œ0; T �// � a

Nı
; Y n 2 Kı

�
C P .Y n … Kı/

� ı:

The result follows. �

1.1.6 Stopping Times

Fix a stochastic basis .�;F ;P; fFt gt�0/. A random variable � W � ! Œ0;1� is a
stopping time if

f� � tg defD f! 2 � W � .!/ � tg 2 Ft ; 8 t 2 Œ0;1� :
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Since Ft D FtC (the filtration is right continuous) we have

� is a stopping time , f� < tg 2 Ft ; 8 t 2 Œ0;1� :

Proposition 1.49. Let X W � � Œ0;1Œ ! R
d be a P-measurable continuous

stochastic process and D be a closed (or open) subset of Rd . The hitting time of
D by X (the exit time of X from Dc D R

d nD) defined by

� .!/ D
�

inf ft � 0 W Xt .!/ 2 Dg ; if ft � 0 W Xt .!/ 2 Dg ¤ ;;
C1; if ft � 0 W Xt .!/ 2 Dg D ;;

is a stopping time.

Proof. If D is an open set, then

f� < tg D
[

r2Œ0;t/\Q
fXr 2 Dg

and in the case of a closed set D

f� � tg D
\

n2N�

[
r2Œ0;t �\Q

fXr 2 Dng ;

whereDn D
�
x 2 R

d W d .x;D/ < 1

n

�
and d .x;D/ is the distance from the point

x to D. �

We define the � -algebra F� of events prior to the stopping time � by

F� D fA 2 F W A \ f� � tg 2 Ft ; 8 t � 0g :

As an exercise for the reader we give the following proposition:

Proposition 1.50. If �; �; � are stopping times and a is a real number such that
a � 1, then:

(a) � _ � , � ^ � , � C � , a� are stopping times;
(b) if � � � a.s., then F� � F� ;
(c) if � D t a.s., then F� D Ft ;
(d) F� \ F� D F�^� and the sets f� < �g, f� D �g, f� � �g are in F�^� ;
(e) f� � � < �g 2 F� ;
(f) the stochastic processes

˚
1Œ0;�Œ .t/ W t � 0

�
and

˚
1Œ0;�� .t/ W t � 0

�
are P-

measurable.

Hint for (d). If A 2 F� \ F� then

A
T f� ^ � � tg D .A \ f� � tg/S .A \ f� � tg/ 2 Ft :
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Also

f� < �gT f� ^ � � tg
D .f� � tg \ f� > tg/S S

r2Q\��1;t �

.f� � rg \ fr < �g \ f� � tg/ 2 Ft :

Proposition 1.51. Let f�ngn2N be a sequence of stopping times. Then

.a/ supn �n is a stopping time;
and moreover, by the right continuity of filtration fFt W t � 0g ;

.b/ infn �n; lim inf
n!C1 �n; lim sup

n!C1
�n are stopping times and if �n # � then

F� D T
nF�n :

Proof. We have

�
sup
n

�n � t

�
D
\

n2N f�n � tg

and
n
inf
n
�n < t

o
D
[

n2N f�n < tg :

�

If X is a stochastic process and � W � ! RC is a random variable we denote
by X� the random variable ! �! X�.!/ .!/ and by fXt^� W t � 0g the process X
stopped at � , that is Xt^� .!/ D X .!; t ^ � .!// for all t � 0.

Proposition 1.52. Let fXt W t � 0g be a P-measurable stochastic process and
� W� ! RC be a stopping time. Then:

.a/ X� is F� -measurable;

.b/ fXt^� W t � 0g is progressively measurable with respect to the filtration
fFt^� W t � 0g, that is for all t � 0 and B 2 B1:

˚
.!; s/ 2 � � Œ0; t � W Xs^�.!/ .!/ 2 B� 2 Ft^� ˝ BŒ0;t �:

Proof. We sketch the proof of the first part only. Let t � 0, B 2 B1 and

F D f.!; s/ 2 � � Œ0; t � W Xs .!/ D X .!; s/ 2 Bg :

From the P-measurability of X , F 2 Ft ˝ BŒ0;t �. The mapping ˛ .!/ D .!; � .!//

is measurable from .f� � tg I f� � tg \ Ft / to
�
� � Œ0; t � I Ft ˝ BŒ0;t �

�
.
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Hence

f! W X .!; � .!// 2 Bg D ˛�1 .F / 2 Ft :

�

Proposition 1.53. If � W � ! RC is a stopping time, then

F� D � fX� W X is a P-measurable right continuous
stochastic processg : (1.7)

Proof. Denote by G the right-hand side of (1.7).
IfA 2 F� , thenXt .!/ D 1A .!/ 1Œ0;t � .� .!// is a P-measurable right continuous

stochastic process. Since X� D 1A it follows that A 2 G.
To show that G � F� it is sufficient to prove thatX� is F� -measurable. For t � 0,

B 2 B1, let

F D f.!; s/ 2 � � Œ0; t � W Xs .!/ 2 Bg :

From the P-measurability of X , F 2 Ft ˝ BŒ0;t �. The mapping ˛ .!/ D .!; � .!//

is measurable from .f� � tg I f� � tg \ Ft / to
�
� � Œ0; t � I Ft ˝ BŒ0;t �

�
.

Hence

f! W X .!; � .!// 2 Bg D ˛�1 .F / 2 Ft :

�

Given a d -dimensional P-measurable continuous process fXt W t � 0g, two
stopping times � , � , such that 0 � � � � and a real sequence ın & 0, we construct
a “basic partition”:

Definition 1.54 (Basic Partition). A sequence
˚�
�ni ; kn

� W i; n 2 N
�
, where �ni are

stopping times and kn 2 N, kn % 1, is called a “basic partition” of Œ�; �� associated
to f.Xt ; ın/ W t � 0; n 2 Ng if

.i/ � D �n0 � �n1 � � � � � �ni � � � � � �;

.ii/ 9Nn .!/ 2 N
� s.t. �ni .!/ D � .!/ ; for i � Nn .!/ ;

.iii/ 0 � �niC1 � �ni � ın ;

.iv/ sup
�ni �s�t��n

iC1

jXt �Xsj � ın, for all i 2 N;

.v/
˚
�ni W i 2 N

� � ˚
�nC1
i W i 2 N

�
, 8 n 2 N

(1.8)

and

.vi/ � D �0k0 � �1k1 � � � � � �nkn � � � � � �;

.vi i/ P

	
�nkn < �



� ın:

(1.9)
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Such a partition can be defined as follows:

�00 D �; �0i D �; for i � 1;

and given
�
�n�1
i

�
i2N, the interval

h
�n�1
j ; �n�1

jC1
i

is partitioned by the sequence:

�n` D �n�1
j ;

�n`C1 D �n�1
jC1 ^ ��n` C ın

� ^ inf

(
t � �n` W sup

�n` �s�t

ˇ̌
Xs �X�n`

ˇ̌ � ın

2

)
:

For each !, there exists an L D Lnj .!/ 2 N
� such that

�n�1
j .!/ D �n` .!/ < �

n
`C1 .!/ < � � � < �n`CL .!/ D �n�1

jC1 .!/ :

Since
˚
�ni
�
i2N � ˚

�nC1
i

�
i2N, �ni % � and �nC1

i % � as i ! 1, there exists an
increasing sequence of natural numbers fkn W n 2 Ng such that (1.9) holds.

1.1.7 Fundamental Inequalities

Definition 1.55. a) A positive stochastic process fXt W t � 0g is Ft -dominated on
Œ0; T � by a positive random variable U if for all t 2 Œ0; T �:

E .Xt jFt / � E .U jFt / ; P-a:s:

b) A positive stochastic process fXt W t � 0g is dominated on Œ0; T � by a positive
increasing stochastic process fAt W t � 0g if for any stopping time � , 0 � � � T :

E .X�/ � E .A�/ :

Proposition 1.56. Let fXt W t � 0g be a positive continuous P-measurable
stochastic process.

A. If fXt W t � 0g is Ft -dominated on Œ0; T � by a positive random variable U , then:

.A1/ P

	
sup
t2Œ0;T �

Xt � "



� 1 ^
"
1

"
E

	
U I sup

t2Œ0;T �
Xt � "


#
; 8 " > 0I

.A2/ E sup
t2Œ0;T �

X
p
t �

�
p

p � 1
�p

EUp; 8 p > 1I

.A3/ E sup
t2Œ0;T �

X
p
t � 1

1 � p .EU/
p ; 8 0 < p < 1:
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B. If fXt W t � 0g is dominated on Œ0; T � by a positive increasing P-measu-
rable continuous stochastic process fAt W t � 0g, X0 DA0 D 0, then for all
"; ı > 0:

.B1/ P

	
sup
t2Œ0;T �

Xt � "; AT � ı



� 1

"
E .AT ^ ı/ ;

.B2/ P

	
sup
t2Œ0;T �

Xt � "



�
�
1

"
C 1

ı

�
E .AT ^ ı/

and

.B3/ E sup
t2Œ0;T �

X
p
t � 2 � p

1 � pEA
p
T ; 8 0 < p < 1;

.B4/ E

	
sup
t2Œ0;T �

p
Xt ^ 1



� 3 ŒE .AT ^ 1/�1=3 :

(1.10)

Proof. A: Let QXi D XiT
N

, i 2 0;N , N D 2n, and

F0 D � QX0 � "
�
;

Fi D � QX0 < "
� \ � � � \ � QXi�1 < "

� \ � QXi � "
�
; for i 2 1;N ;

F D
NS
iD0
Fi :

We have
˚
maxi20;N QXi � "

� D F and

P .F / D
NX
iD0

P .Fi / �
NX
iD0

1

"
E
� QXi1Fi

� �
NX
iD0

1

"
E .U 1Fi / D 1

"
E .U 1F / :

Hence

P

�
max
i20;N

QXi � "

�
� 1

"
E

 
U I sup

t2Œ0;T �
Xt � "

!
:

Since

�
max
i20;N

QXi � "

�
%

(
sup
t2Œ0;T �

Xt � "

)
as N D 2n % 1 the inequality .A1/

follows.
To prove .A2/ let Y D supt2Œ0;T � Xt . We can assume that 0 < EU < 1 and

EUp < 1, since otherwise .A2/ is clearly satisfied. Let n 2 N
�. By Fubini’s

theorem and .A1/ we have
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E Œ.Y ^ n/p� D E

Z Y^n

0

p�p�1d�

D E

Z n

0

1fY��gp�p�1d�

D
Z n

0

P .Y � �/ p�p�1d�

�
Z n

0

�
1 ^

�
1

�
E .U IY � �/

��
p�p�1d� defD In:

If p > 1, then

In � EU

Z Y^n

0

p�p�2d�

D p

p � 1E
h
U .Y ^ n/p�1i

� p

p � 1 .EU
p/1=p fE .Y ^ n/pg.p�1/=p

:

Hence

fE .Y ^ n/pg1=p � p

p � 1 .EU
p/1=p

and .A2/ follows by passing to the limit as n ! 1.
If 0 < p < 1, then

E Œ.Y ^ n/p� � In

� p

Z
EU

0

�p�1d�C
Z 1

EU

1

�
E .U IY � �/ p�p�1d�

� .EU/p C p .EU/

Z 1

EU

�p�2d�

D .EU/p C p

1 � p .EU/
p

D 1

1 � p .EU/
p

and .A3/ follows letting n ! 1.

B: Define the stopping times

� .!/ D inf ft � 0 W Xt .!/ � "g ;
� .!/ D inf ft � 0 W At .!/ � ıg :
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Then fAT < ıg � f� > T g and

P

 
sup
t2Œ0;T �

Xt � "; AT < ı

!
� P .X�^T � "; � > T /

� P .X�^�^T � "/

� 1

"
E .X�^�^T /

� 1

"
E .A�^�^T /

� 1

"
E .AT ^ ı/ ;

since At is increasing and A0 D 0. The inequality .B1/ follows easily.
.B2/ follows from

P

 
sup
t2Œ0;T �

Xt � "

!
� P

 
sup
t2Œ0;T �

Xt � "; AT � ı

!
C P .AT � ı/

� 1

"
E .AT ^ ı/C 1

ı
E .AT ^ ı/ :

Let us prove .B3/. Let 0 < p < 1 and Y D supt2Œ0;T � Xt . Then

E supt2Œ0;T � X
p
t D E

Z Y

0

p�p�1d�

D
Z 1

0

P .Y � �/ p�p�1d�

D
Z 1

0

ŒP .Y � �; AT � �/C P .AT > �/� p�
p�1d�

�
Z 1

0

�
1

�
E .AT ^ �/C P .AT > �/

�
p�p�1d�

D
Z 1

0

�
1

�
E .AT 1AT ��/C 2P .AT > �/

�
p�p�1d�

� E

�
AT

Z 1

AT

p�p�2d�
�

C 2E

Z AT

0

p�p�1d�

D p

1 � pEA
p
T C 2EA

p
T

D 2 � p
1 � pEA

p
T :

The inequality .B4/ is obtained as follows. Using successively the inequality
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r ^ 1 � 1Œ";C1Œ .r/C "; for r � 0 and " > 0;

and .B2/ with ı D 1, we obtain

E

 
sup
t2Œ0;T �

p
Xt ^ 1

!
� P

 
sup
t2Œ0;T �

p
Xt � "

!
C "

� P

 
sup
t2Œ0;T �

Xt � "2

!
C "

�
�
1

"2
C 1

�
E ŒAT ^ 1�C ":

Clearly .B4/ holds if E ŒAT ^ 1� D 0. We then assume that E ŒAT ^ 1� > 0 and set
" D ŒE .AT ^ 1/�1=3. Since

E .AT ^ 1/ � ŒE .AT ^ 1/�1=3 � 1;

it follows that

EŒ sup
t2Œ0;T �

p
Xt ^ 1� � 1

"2
E ŒAT ^ 1�C E ŒAT ^ 1�C "

� 3 ŒE .AT ^ 1/�1=3 :

That is .B4/. �

1.2 Continuous Martingales

In this section .�;F ;P; fFtgt�0/ is a given stochastic basis and P is the associated
� -algebra of progressively measurable subsets of � � RC.

Definition 1.57. a) A P-measurable stochastic process fMt W t � 0g is an
Ft -submartingale (resp. Ft -supermartingale) if

m1/ E jMt j < 1; for all t � 0;

m2/ E .Mt jFs/ � .resp. �/ Ms; P-a.s., for all s � t:

b) A P-measurable d -dimensional stochastic process fMt W t � 0g is an Ft -
martingale if

m1/ E jMt j < 1; for all t � 0;

m2/ E .Mt jFs/ D Ms; P-a.s., for all s � t:
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c) A P-measurable d -dimensional stochastic process fMt W t � 0g is an Ft -local-
martingale if there exists an increasing sequence f�ng of stopping times such that
�n ! 1 a.s., and for every n 2 N

�, M�^�n is a martingale.

Remark 1.58. In the sequel, the stochastic basis will be fixed, and we will say
martingale (resp. submartingale, supermartingale local-martingale) instead of
Ft -martingale (resp. Ft -submartingale, Ft -supermartingale, Ft -local-martingale).

By Jensen’s inequality for conditional expectation (see Proposition 1.28),
we have:

Proposition 1.59. If fMt W t � 0g is a d -dimensional martingale and ' W Rd ! R

is a convex function such that

E'C.Mt/ < 1 for all t � 0;

then f' .Mt/ W t � 0g is a submartingale.

Let p � 1 and 0 < T < C1. We denote by Mp

d Œ0; T �, (resp. Mp

d ),
the linear space of continuous d -dimensional martingales fMt W t 2 Œ0; T �g, (resp.
fMt W t � 0g), satisfying

E jMt jp < 1; for all t � 0:

An element of Mp

d Œ0; T � is called a d -dimensional continuous p-martingale.
The space of local martingales will be denoted by M0

d Œ0; T �, (resp. M0
d ).

1.2.1 Basic Results

As a consequence of the fundamental inequalities (Proposition 1.56) we have:

Theorem 1.60 (Doob’s Inequality). If M 2 M1
d Œ0; T �, or M is a continuous

positive submartingale, then for all " > 0,

.A1/ P

 
sup
t2Œ0;T �

jMt j � "

!
� 1

"
E

 
jMT j I sup

t2Œ0;T �
jMt j � "

!
;

.A2/ E sup
t2Œ0;T �

jMt jp �
�

p

p � 1
�p

E jMT jp; if p > 1;

.A3/ E sup
t2Œ0;T �

jMt jp � 1

1 � p .EjMT j/p ; if 0 < p < 1:

(1.11)

Proof. Since for 0 � t � T

jMt j � E
Ft .jMT j/ ;
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we have that fMt W 0 � t � T g is Ft -dominated byU D jMT j and the result follows
from part .A/ of Proposition 1.56. �

We note that from .A2/, if p > 1, Mp

d Œ0; T � is a closed linear subspace of
S
p

d Œ0; T � and on Mp

d Œ0; T � we have the equivalent norm

kMkMp

d
Œ0;T � D �

E jMT jp�1=p :

Moreover M2
d Œ0; T � is a Hilbert space with the inner product

hM;N iM2
d
Œ0;T � D E hM .T / ;N .T /i :

The reader can find the proofs of the next two theorems in many textbooks, for
example in [10, 64, 68].

Theorem 1.61 (Martingale Convergence). Let .Mt/t�0 be a one-dimensional
martingale. The next three conditions are equivalent.

(i) Mt converges in L1.�/, as t ! 1.
(ii) There exists an M1 2 L1.�/ such that Mt D EŒM1jFt �, t � 0.

(iii) The collection of random variables .Mt/t�0 is uniformly integrable.

If these conditions hold, then Mt ! M1 a.s.
If moreover,

sup
t�0

EŒjMt jp� < 1;

for some p > 1, then the above equivalent conditions are satisfied, and Mt

converges to M1 in Lp.�/.

We now state Doob’s celebrated optional stopping theorem, which essentially
says that the martingale property is true at stopping times

M� D E .M� jF� /

and the stopped stochastic process fMt^� W t � 0g is a martingale whenever M is a
martingale.

Theorem 1.62 (Optional Stopping; Doob). Let T > 0, fMt W t � 0g be a right
continuous Ft -martingale and �; �; � be stopping times such that 0 � � � � � T

a.s. Then

M� D E .M� jF� / (1.12)

and fMt^� W t � 0g is an Ft -martingale.
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Combining this result with Jensen’s inequality we deduce the following:

Corollary 1.63. If fMt W t � 0g is a d -dimensional right-continuous martingale
and ' W R

d ! R is a convex function such that E'C .Mt/ < 1 for all t > 0,
then

' .M�/ � E Œ' .M�/ jF� � ; (1.13)

for all bounded stopping times �; � , such that 0 � � � � .

Another consequence of Doob’s optional stopping Theorem 1.62 is the follow-
ing:

Corollary 1.64. Let fMt W t � 0g be a d -dimensional P-measurable continuous
stochastic process and f�kg the sequence of stopping times

�k D inf ft � 0 W jMt j � kg ; k 2 N
�:

Then fMt W t � 0g is a local martingale if and only if fMt^�k W t � 0g is a
martingale for every k 2 N

�.

Proof. We need only prove the necessity of the assertion. Let �n % 1 be a sequence
of stopping times such that fMt^�n W t � 0g is a martingale for every n2N

�. By
Doob’s optional stopping Theorem 1.62 fMt^�n^�k W t � 0g are martingales for all
n; k 2 N

�; then for all 0 � s � t and F 2 Fs

E
�
Mt^�n^�k IF

� D E
�
Ms^�n^�k IF

�
:

It remains to take the limit in this identity as n ! 1, which is possible due to the
definition of �k and Lebesgue’s dominated convergence theorem. �

1.2.2 Martingales and Bounded Variation Processes

The next goal in this section is to show that P-almost surely the trajectories of a
continuous martingale have unbounded variation on any time interval.

Proposition 1.65. Let M 2 M1
d ;M0 D 0 and V W � � RC ! R, V0 D 0,

be a P-measurable continuous stochastic process such that V� .!/ 2 BVloc .RC/,
P-a:s: ! 2 �. If

E .kMkT lV lT / < 1; 8 T > 0;

then

�
MtVt �

Z t

0

MsdVs W t � 0

�
is a d -dimensional continuous martingale.
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Proof. I. Let 0 � s D t0 < t1 < � � � < tn D t and

ın D max ftiC1 � ti W 0 � i < ng ! 0:

Let Mi D Mti , Vi D Vti and �iV D ViC1 � Vi . Let A 2 Fs . Then for all n 2 N
�:

E Œ.MtVt �MsVs/ 1A� D
n�1X
iD0

E Œ.MiC1ViC1 �MiVi / 1A�

D E

n�1X
iD0

1AMiC1 .ViC1 � Vi /

! E1A

Z t

s

MsdVs:

This concludes the proof. �

Corollary 1.66. If M is a continuous martingale, M0 D 0, and

� D sup ft � 0 W lMlt < 1g ;

then

Mt^� D 0; a.s.

In particular if

lMlŒa;b� .!/ < 1; a.s. on A 2 F ;

then

Mt .!/ D Ma .!/ ; 8 t 2 Œa; b� ; a.s. on A:

Proof. Let

�n D sup ft � 0 W lMlt < ng :

Then �n is a stopping time and �n % � . The integration by parts formula yields

Z t^�n

0

MsdMs D 1

2
M2
t^�n :
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On the other hand, by the above Proposition 1.65

M2
t^�n �

Z t^�n

0

MsdMs

is a martingale and therefore M2
t^�n is a martingale. Hence EM2

t^�n D 0, and so
Mt^�n D 0 a.s. Letting n ! 1 we deduce that Mt^� D 0 a.s.

Applying the result to Nt D Mt �Mt^a and

� .!/ D sup ft � 0 W lN� .!/lt < 1g ;

we have Nt^� D 0 a.s.
On the set A, � .!/ � b a.s. and consequently for all t 2 Œa; b�

Mt .!/ �Ma .!/ D Nt^�.!/ .!/ D 0:

�

Definition 1.67. A stochastic process fXt W t � 0g is called a continuous semi-
martingale if X is of the form X D M C V , where M is a continuous local
martingale with M0 D 0 and V is a P-measurable continuous stochastic processes
such that

V� .!/ 2 BVloc .RC/ ; P-a:s: ! 2 �:

Corollary 1.68. Let X D M C V and X 0 D M 0 C V 0 be two semimartingales.
Then X D X 0 if and only if M D M 0 and V D V 0.

Proof. We need only prove that X D X 0 implies M D M 0 and V D V 0.
Let X D X 0 and define the sequence of stopping times

�n D inf
˚
t � 0 W jMt j C ˇ̌

M 0
t

ˇ̌ � n
�
:

Then

V�^�n � V 0�^�n D M 0�^�n �M�^�n

is a martingale starting from 0 and

xyV�^�n � V 0�^�n
xy
T
< 1; 8 T > 0; P-a.s.

Hence Vt^�n �V 0
t^�n D 0 for all t � 0; P-a.s. and the result follows letting

n ! 1. �

We recall now another celebrated result: the Doob–Meyer decomposition. For
the proof we recommend to the reader Stroock [68].
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Theorem 1.69 (Doob–Meyer). If M is a d -dimensional continuous local mar-
tingale, then there exists a unique progressively measurable increasing continuous
stochastic process (abbreviated P-m.i.c.s.p.) f<M>t I t � 0g such that:

a/ <M>0D 0; a.s.
b/ jM j2 � <M> is a continuous local martingale.

In particular if M 2 M2
d , then jM j2 � <M> 2 M1 \ S1.

Denote by S
d the set of symmetric matrices Q;P 2 R

d�d . If Q;P 2 S
d , we

shall say that Q � P if hQx; xi � hPx; xi, for all x 2 R
d ; Q is semipositive

definite if Q � 0.
It is easy to extend Theorem 1.69 to the vector case.

Proposition 1.70. If M is a d -dimensional continuous local martingale then there
exists a unique S

d -valued P-m.i.c.s.p. f<<M>>t W t � 0g such that <<M>>0D 0,
a.s. and

M ˝M � <<M>> is a continuous local martingale:

Moreover

˙ <M> D Tr <<M>>;
˙ for any stopping time � :

<<M�^�>> D <<M>>�^� and <M�^�> D <M>�^� I

and

˙ if M 2 M2
d , then

M ˝M� <<M>> 2 M1
d�d \ S1d�d :

As a particular case of this proposition we have:

Remark 1.71. If M and N are two scalar continuous local .Ft -/martingale, then
there exists a unique P-m.b-v.c.s.p. usually denoted <M;N> such that MN� <

M;N> is a continuous local martingale. We have

<M;N> D 1

2
<M CN> �1

2
<M> �1

2
<N> :

If M is a d -dimensional continuous local martingale and u; v 2 R
d , then u� <<

M >>t v D< u�M;v�M >t , from which we deduce that for any i; j 2 1; d ,
the .i; j / term of the matrix << M >>t coincides with < Mi;Mj >t , which is
< Mi >t in the case i D j .
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To avoid confusion with the inner product, in this book we shall not use the notation
< M;N >.

We complete the inequalities (1.11) with the following:

Proposition 1.72. Let M 2 M2
d Œ0; T � and M0 D 0, then for all "; ı > 0

.B1/ P

 
sup
t2Œ0;T �

jMt j � p
"; hM iT � ı

!
� 1

"
E Œ<M>T ^ı� ;

.B2/ P

 
sup
t2Œ0;T �

jMt j � p
"

!
�
�
1

"
C 1

ı

�
E Œ<M>T ^ı� ;

and

.B3/ E sup
t2Œ0;T �

jMt jp � Cp E <M>
p=2
T ; 8 0 < p � 2;

.B4/ EŒ sup
t2Œ0;T �

jMt j ^ 1� � 3 ŒE .<M>T ^1/�1=3 ;

where

Cp D
8
<
:
4 � p
2 � p ; if 0 < p < 2;

4; if p D 2:

Proof. .B1/, .B2/, .B3 with 0 < p < 2/ and .B4/ follow from the corresponding
statements in Proposition 1.56 and the fact that Xt D jMt j2 is dominated by At D<
M>t ; .B3 with p D 2/ follows from (1.11�A2) and EjMT j2 D E <M>T . �

We want to extend the inequality .B3/ to the case p > 2. First we have:

Lemma 1.73. Let M 2 M1
d , M0 D 0. If

.i/ ' 2 C1;2
�
RC � R

d IR� ;
.ii/ E

k' .�;M/kT C k'0
t .�;M/kT

�
< 1; 8 T > 0;

.iii/ E
k'00

xx .�;M/kT <M>T
�
< 1; 8 T > 0;

then

Ut
defD ' .t;Mt / �

Z t

0

'0
t .r;Mr/ dr � 1

2
Tr
Z t

0

'00
xx .r;Mr/ d <<M>>r (1.14)

is a continuous martingale. Moreover
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E
F� ' .�;M�/ � ' .�;M�/C E

F�

Z �

�

'0
t .s;Ms/ ds

C1

2
E

F�

Z �

�

j'00
xx .s;Ms/j d <M>s; a:s:;

(1.15)

for all bounded stopping times 0 � � � � , a.s.

Proof. Let 0 � � � � � T and R > 0 be arbitrary. Define

‰ .r; x/ D �
x; ' .r; x/ ; '0

r .r; x/ ; '
0
x .r; x/ ; '

00
xx .r; x/

�

and the modulus of continuity

m‰

�
1
n

� D sup fj‰ .r; u/ �‰ .r 0; u0/j W 0 � r; r 0 � T;

juj � R; ju0j � R; jr � r 0j C ju � u0j � 1

n

�
:

Let

CR D sup fj‰ .r; x/j W r 2 Œ0; T � ; jxj � Rg

and the stopping time

�R D inf fr � 0 W jMr j � Rg :

Let
˚�
�ni ; kn

� W i; n 2 N
�

be a basic partition (see Definition 1.54) of the interval

Œ� ^ �R; � ^ �R�, associated to

��
Mt;

1

n

�
W t � 0; n 2 N

�
�

.

Let �i D �ni , �i� D �iC1 � �i , Yi D Y�ni , �iY D YiC1 � Yi for any arbitrary
stochastic process Y .

Note that

kn�1X
iD0

E j�iM j2 D E

ˇ̌
ˇM�nkn

ˇ̌
ˇ
2 � R2:

We have

' .� ^ �R;M�^�R / � ' .� ^ �R;M�^�R /

D
kn�1X
iD0

Œ' .�iC1;MiC1/ � ' .�i ;Mi /�C
h
' .� ^ �R;M�^�R / � '

	
�nkn ;M�nkn


i
:
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Then for A 2 F� and some � 0
i ; �

00
i 2 �ni ; �niC1

�
,

E Œ' .� ^ �R;M�^�R / � ' .� ^ �R;M�^�R / IA�
D E

"
kn�1X
iD0

'0
t

�
� 0
i ;MiC1

�
�i� IA

#
C

kn�1X
iD0

E
h'0

x .�i ;Mi / ;�iM i IA�

C1

2

kn�1X
iD0

E
h'00

xx .�i ;Mi /�iM;�iM i IA�CRn;

(1.16)

where

Rn D 1

2

kn�1X
iD0

E

hD
'00
xx

	
�i ;M� 00

i



� '00

xx .�i ;Mi /�iM;�iM
E
IA
i

C E

h	
' .� ^ �R;M�^�R / � '

	
�nkn ;M�nkn




IA
i

satisfies

jRnj � 1

2
m‰

�
1
n

� �
kn�1X
iD0

E

	
j�iM j2 IA



C 2CR � P

�
�nkn < � ^ �R

�

� C 0
R �

�
m‰

�
1
n

�C 1

n

�
:

Since Tr ŒH � .x ˝ y/� D hHx; yi,

1

2

kn�1X
iD0

E

Tr
�
'00
xx .�i ;Mi /�i <<M>>

� IA�

D 1

2

kn�1X
iD0

E
h'00

xx .�i ;Mi /�iM;�iM i IA�

� 1

2

kn�1X
iD0

E

h
j'00
xx .�i ;Mi /j j�iM j2 IA

i

D 1

2

kn�1X
iD0

E
j'00

xx .�i ;Mi /j�i <M>IA� :

Note also that

E
˝
'0
x .�i ;Mi / ;�iM

˛ IA� D 0:
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Passing to the limit in (1.16) as n ! 1 we obtain

E Œ' .� ^ �R;M�^�R / � ' .� ^ �R;M�^�R / IA�

D E

"Z �^�R

�^�R
'0
t .r;Mr/ drIA

#
C 1

2
E

"
Tr
Z �^�R

�^�R
'00

xx .r;Mr/ d <<M>>r IA
#

� E

"Z �^�R

�^�R
'0
t .r;Mr/ drIA

#
C 1

2
E

"
Tr
Z �^�R

�^�R

ˇ̌
'00

xx .r;Mr/
ˇ̌
d <M>r IA

#
:

Letting R ! 1, we deduce that fUt W t � 0g is a martingale, and the inequal-
ity (1.15) holds. �

Corollary 1.74. Let the assumptions of Lemma 1.73 be satisfied. If ' .t; x/ � 0 for
all .t; x/ 2 RC � R

d , then we have

E' .�;M�/ � ' .0; 0/C E

Z �

0

ˇ̌
'0
t .s;Ms/

ˇ̌
ds C 1

2
E

Z �

0

ˇ̌
'00
xx .s;Ms/

ˇ̌
d <M>s

(1.17)

for all a.s. finite stopping times � .

Proof. We write the inequality (1.15) for the bounded stopping times � WD 0 and
� WD N ^ � and we pass to lim infN!C1. �

Corollary 1.75. If M is a bounded continuous martingale and M0 D 0, then the
increasing process associated to the martingale jMt j2 � <M>t is 4 Tr

R t
0
Ms ˝

Msd <<M>>s .

Proof. By Lemma 1.73 applied to ' .t; x/ D jxj4

jMt j4 � 1

2
Tr
Z t

0

	
8Ms ˝Ms C 4 jMsj2 Id�d



d <<M>>s

is a continuous martingale.
Also by Proposition 1.65

	
jMt j2 � <M>t



<M>t �

Z t

0

	
jMsj2 � <M>s



d <M>s

is a continuous martingale.
Since

	
jMt j2 � <M>t


2 D jMt j4 � 2
	
jMt j2 � <M>t



<M>t � <M>2t ;
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we deduce that

	
jMt j2 � <M>t


2 � 4Tr
Z t

0

Ms ˝Msd <<M>>s

is a continuous martingale. �

Theorem 1.76 (Burkholder–Davis–Gundy (BDG) Inequality). Let M be a
continuous local martingale and M0 D 0. Then, for all p > 0, there exist two
constants cp > 0 and Cp > 0 such that for all T > 0:

cpE <M>
p=2
T � E sup

t2Œ0;T �
jMt jp � Cp E <M>

p=2
T : (1.18)

Moreover

Cp D

8̂
<̂
ˆ̂:

4 � p
2 � p � 3; if 0 < p � 1;

4; ifp D 2;

� �
3p3

�p
; ifp > 1:

Proof. It is sufficient to treat the case whereM is a bounded continuous martingale.
Indeed the result would then apply to M�^�R , where

�R D inf ft � 0 W jMt j � Rg :

But, since <M�^�R> D <M>�^�R , the inequality (1.18) for M follows by letting
R ! 1.

Second Inequality. For 0 < p � 2 the inequality was proved in Proposition 1.72.
Let q � 2. The inequality (1.17) tells us that

jMt jq is dominated by At D q .q � 1/
2

Z t

0

jMsjq�2 d <M>s :

Let 0 < r < 1. By the inequality .B3/ from Proposition 1.56 we obtain

E sup
t2Œ0;T �

jMt jqr � 2 � r
1 � r EA

r
T

� 2 � r
1 � r

�
q .q � 1/

2

�r
E sup
s2Œ0;T �

jMsj.q�2/r <M>rT

� 2 � r
1 � r

�
q .q � 1/

2

�r  
E sup
s2Œ0;T �

jMsjqr

! q�2
q 	

E <M>
rq=2
T


2=q
;
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which yields

E sup
t2Œ0;T �

jMt jqr � Cr;q

	
E <M>

rq=2
T




with

Cr;q D
�
2 � r
1 � r

�q=2 �
q .q � 1/

2

�rq=2
:

Let p� 1, qDpC 1, r Dp= .p C 1/. Then the second inequality in (1.18)
holds with

Cp D .p C 2/
.pC1/=2 	 .pC1/p

2


p=2

�
	
p.pC1/.pC2/

2


.pC1/=2

� �
3p3

�p
:

First Inequality. Since 4Tr
R t
0
Ms ˝ Msd << M >>s is the increasing process

associated to the martingale jMt j2 � < M >t , from the second part of the
inequality (1.18), which we have just proved, we obtain that for all p > 0:

E sup
t2Œ0;T �

ˇ̌
ˇjMt j2 � <M>t

ˇ̌
ˇ
p=2 � C 0

p E

�Z T

0

jMsj2 d <M>s
�p=4

� C 0
p E

 
sup
t2Œ0;T �

jMt jp=2 <M>p=4T

!

and

E <M>
p=2
T � ap E

ˇ̌
ˇ<M>T � jMT j2

ˇ̌
ˇ
p=2 C ap E jMT jp

� bp E

 
sup
t2Œ0;T �

jMt jp=2 <M>p=4T

!
C ap E jMT jp

� C 00
p E sup

t2Œ0;T �
jMt jp C 1

2
E <M>

p=2
T ;

which yields the first inequality in (1.18). �
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1.3 Brownian Motion

1.3.1 Gaussian Spaces

Recall that a random variable X is said to be Gaussian if its law either has a density
of the form

g	;� .x/ D 1

�
p
2

exp

�
� .x � 	/2

2�2

�
;

for some	 2 R, � > 0, in which case EX D 	 and Var .X/ D �2, or else is a Dirac
mass at 	, in which case EX D 	, Var .X/ D 0. The corresponding probability
law on R is denoted by N.	; �2/, and we write X � N.	; �2/.

If X is Gaussian, then for all a 2 C,

E exp .aX/ D exp

�
a EX C a2

2
Var .X/

�
;

and conversely whenever the above formula holds either for all real a or for all
imaginary a, then X is a Gaussian random variable.

A d -dimensional vector X D .X1; � � � ; Xd /� is said to be Gaussian if for any
a 2 R

d ,

dX
1

aiXi is a Gaussian random variable,

or equivalently for any a 2 R
d ,

E exp ha;Xi D exp

�
ha;EXi C 1

2
hCXa; ai

�
;

where CX D 
E
�
XiXj

� � EXiEXj
�
d�d .

Note that if X is a Gaussian random vector, its coordinates are Gaussian
random variables, which are independent iff the covariance matrix of X is diagonal.
If X1; : : : ; Xd are Gaussian random variables, then the vector X D .X1; : : : ; Xd /

�
need not be Gaussian. As an example if U � N.0; 1/, then V D U 1jU j�1 �
U 1jU j>1 � N.0; 1/ and X D .U; V /� is not Gaussian since U C V D 2U 1jU j�1 is
not a Gaussian random variable. However, if X1,. . . ; Xd are independent Gaussian
random variables then X D .X1; : : : ; Xd /

� is a Gaussian random vector.

Definition 1.77. A d -dimensional stochastic process fXt ; t 2 Tg is said to be
Gaussian if for any k 2 N, t1; : : : ; tk 2 T, the d � k-dimensional random vector
.Xt1 ; : : : ; Xtk / is a Gaussian vector.
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Definition 1.78. A closed sub-vector space H of L2.�;F ;PIR/ is called a
Gaussian space if all its elements are zero mean Gaussian random variables.
The Gaussian spaceHŒX� associated to the Gaussian stochastic process fXt ; t 2 Tg
is the closed vector subspace of L2.�;F ;PIR/ spanned by:

fha; Xt � E.Xt /i ; a 2 R
d I t 2 Tg:

1.3.2 Definition and Main Properties

Definition 1.79. A (one-dimensional) Brownian motion (abbreviated Bm or BM)
is a continuous stochastic process B W � � Œ0;1Œ ! R such that:

(i) B0 D 0;
(ii) Bt � Bs � N.0; t � s/, for any 0 � s < t ;

(iii) Bt1 �Bt0 , Bt2 �Bt1 ; � � � ; Btk �Btk�1
are independent random variables for each

k � 2 and 0 D t0 < t1 < � � � < tk .

As a consequence of (i): for all p > 0:

E jBt � Bsjp D 1p

.2 jt � sj/p=2 �

	
pC1
2



; (1.19)

where � W �0;1Œ ! �0;1Œ is defined by

� .x/
defD
Z 1

0

tx�1e�tdt:

Note that

� .x C 1/ D x� .x/ ; � .1/ D 1; �
�
1
2

� D p
;

and in particular

E jBt � Bsj D
r
2


jt � sj;

E jBt � Bsj2 D jt � sj ;
E jBt � Bsj4 D 3 .t � s/2 :

Also

E exp Œz .Bt � Bs/� D exp

�
1

2
z2 .t � s/

�
; 8 z 2 C:
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The importance of Brownian motion follows from the universality of the central
limit theorem. Let .Xn; n D 1; 2 : : :/ be a sequence of independent identically
distributed random variables such that E.X1/ D 0, E.X2

1 / D �2. Define

Sn D X1 C � � � CXn; n D 1; 2; : : :

Then Sn=�
p
n converges in law to N.0; 1/ as n ! 1. Now define for t � 0,

n 2 N
�,

Bn
t D SŒnt�

�
p
n
:

Clearly, the limit in law of Bn
t � Bn

s .0 � s < t/ is N.0; t � s/, the increments
are independent and the limiting process is likely to be continuous. Indeed, one
can show that if

˚ QBn
t W t � 0

�
is the piecewise linear process which coincides with

fBn
t W t � 0g at all times t D k

n
, k 2 N, then QBn

t ! B in law in C .RC/.
Note that so far we have not proved the existence of a continuous process having

the properties listed in Definition 1.79, i.e. of the Brownian motion.
If fen Wn2N

�g is an orthonormal basis in L2.RC/ and f�n Wn2N
�g are inde-

pendent normal N .0; 1/ random variables then the stochastic process fBt W t � 0g
defined by

Bt D
1X
nD1

�n

Z t

0

en.r/ dr D
1X
nD1

˝
1Œ0;t �; en

˛
L2
�n (1.20)

is a Gaussian stochastic process such that

EBt D 0 and E .BtBs/ D t ^ s:

Choosing as orthonormal basis of L2.RC/ the Haar basis
˚
1.k;kC1�; en;k;

�
n; k2N,

where en;k .t/ D 2n=2

1.2k;2kC1�

�
2nC1t

� � 1.2kC1;2kC2�
�
2nC1t

��
, one can show that

the trajectories of fBt W t � 0g are a.s. continuous; hence fBt W t � 0g is a Brownian
motion (this is the Lévy–Ciesielski’s construction of Brownian motion).

We now give some elementary properties of Brownian motion.

Proposition 1.80. (a) A stochastic process fXt ; t � 0g is a Brownian motion iff
it is a continuous centered Gaussian process whose covariance is given by:
E.XsXt / D s ^ t ; s; t � 0.

(b) If fBt W t � 0g is a Brownian motion, h; c > 0 and

Wt D �Bt ; Ht D BtCh � Bh; Ut D cB t

c2
; Vt D tB 1

t
and V0 D 0;

then fWt W t � 0g, fHt W t � 0g, fUt W t � 0g and fVt W t � 0g are Brownian
motions.
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Proof.

(a) Let fBt ; t � 0g be a Brownian motion, and let k 2 N
�, 0 D t0 < t1 < � � � < tk .

.B.t1/; B.t2/; : : : ; B.tk// is the image under a linear mapping of the Gaussian
random vector .B.t1/; B.t2/�B.t1/; : : : ; B.tk/�B.tk�1//, hence it is Gaussian.
Moreover, if s � t ,

E.BsBt / D EB2
s C E.Bs.Bt � Bs//

D s C 0;

since Bs and Bt � Bs are independent.
Conversely, if fXtg has the properties of the statement, then X0 D 0 a.s.,
Xt � Xs has the law N.0; t � s/, and for 0 < t1 < � � � < tk , .Xt1 ; Xt2 �
Xt1 ; : : : ; Xtn � Xtn�1 / is Gaussian vector whose covariance matrix is diagonal,
hence the sequence is independent.

(b) This follows easily from a). The continuity at t D 0 of Vt follows from
Proposition 1.83 (see below), which shows in particular that

lim
t!0

jVt j D lim
t!1

jBt j
t

D 0; P-a:s:

�

Definition 1.81 (d -Dimensional Brownian Motion). A stochastic process
fBt ; t � 0g with values in R

d is called a d -dimensional Brownian motion if
one of the following three equivalent properties (I)–(III)holds:

.I / its components fB1
t ; t � 0g; : : : ; fBd

t ; t � 0g are mutually independent scalar
Brownian motions;

.II/ .i/ B0 D 0;
.ii/ Bt � Bs � N.0; .t � s/ Id�d / for any 0 � s < t ;
.iii/ Bt1 �Bt0 , Bt2 �Bt1 ; � � � ; Btk �Btk�1

are independent random vectors for
each k � 2 and 0 D t0 < t1 < � � � < tk .

.III/ fBt ; t � 0g is a d -dimensional continuous centered Gaussian process whose
covariance function is given by

E
�
BtB

�
s

� D .t ^ s/ Id�d ; t; s � 0:

The equivalences stated in the above definition are proposed as an exercise
(Exercise 1.5).

Let t � 0 and

FB
t D � .fBs W 0 � s � tg/ _ N

be the natural filtration associated to the Brownian motion B .
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Proposition 1.82. Let fBt W t � 0g be a Brownian motion. Then fBt W t � 0g and˚
B2
t � t W t � 0

�
are FB

t -martingales. Consequently <B>tD t and

EB2
� D E� (1.21)

for any bounded stopping time � .

Proof. Since � fBr W 0 � r � sg D � fBr � B0;Bs � Br W 0 � r � sg it follows
that Bt � Bs is independent of FB

s and hence

E
�
Bt jFB

s

� D E
�
Bt � BsjFB

s

�C Bs

D Bs

and

E
�
B2
t � t jFB

s

� D E
�
B2
t � B2

s jFB
s

� � t C B2
s

D E

h
.Bt � Bs/2 � 2Bs .Bt � Bs/ jFB

s

i
� t C B2

s

D E .Bt � Bs/2 � 2BsE
�
Bt � BsjFB

s

� � t C B2
s

D B2
s � s:

It follows that < B >tD t . The Doob optional stopping Theorem 1.62 now
yields (1.21). �

Proposition 1.83. a. For each p > 0, there exists a constant Cp such that

E sup
r2Œs;t �

jBr � Bsjp � Cp .t � s/p=2

for all 0 � s � t .
b. For each ˛ > 0 and p > 0, there exists a constant C˛;p such that

E sup
s�t

ˇ̌
ˇ Bs
s
1
2C˛

ˇ̌
ˇ
p � C˛;p

t˛p
; 8 t > 0:

In particular, again for each ˛ > 0

lim
t!1

	
sup
s�t

jBsj
s
1
2C˛



D 0; P-a:s:

Proof. a. Since Mt D Bt � Bt^s is an FB
t -martingale with <M>tD t � t ^ s, the

result follows from the Burkholder–Davis–Gundy inequality (1.18).
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b. We have

E sup
s�t

ˇ̌
ˇ Bs
s
1
2C˛

ˇ̌
ˇ
p �

1X
nD0

E sup
2nt�s�2nC1t

ˇ̌
ˇ Bs
s
1
2C˛

ˇ̌
ˇ
p

�
1X
nD0

1

.2nt/
p
2 Cp˛E sup

0�s�2nC1t

jBsjp

�
1X
nD0

1

.2nt/
p
2 Cp˛ Cp

ˇ̌
2nC1t

ˇ̌p=2

D Cp2
p=2

1 � 2�p˛ � 1

tp˛
:

The P-a.s. convergence follows by the decreasing monotonicity of

�t D sup
s�t

jBsj
s
1
2C˛ :

�

In fact we can show that P-a:s. the trajectories t �! Bt .!/ are Hölder-

continuous of exponent
1

2
� ", 0 < " < 1

2
.

Indeed let 0 < " <
1

2
and p >

2

"
. Using Kolmogorov’s Criterion (Theorem 1.40)

with k D 1, a D p, b D p

2
� 1, ı D " � 1

p
>
1

p
, we obtain:

Proposition 1.84 (Hölder-Continuity). Let fBt W t � 0g be a Brownian motion.
Then for every 0 < " < 1=2 and T � 0, there exists a positive random variable �";T
such that for all t; s 2 Œ0; T �:

jBt .!/ � Bs .!/j � �";T .!/ jt � sj 12�" ; P-a:s: ! 2 �; (1.22)

where

E
�
�
p
";T

�
< Cp;"T; 8p > 2

"
:

Let t � 0. The random variable
BtCh � Bt

h
has the same law N.0; h�1/ as

B1p
h

.

Hence it would be unreasonable to expect that h�1.BtCh �Bt/ converges in any
sense to a finite limit as h! 0. We recall from Revuz and Yor [64] (Exercise 2.9)
or Karatzas and Shreve [42] (Chapter 2, Section 2.9, Theorem 9.18) the non-
differentiability property of the paths of the Brownian motion:
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Proposition 1.85 (Paley-Wiener-Zygmund). Almost any trajectory of fBt ; t � 0g
is nowhere differentiable on RC.

We shall show now that, P-a.s. the Brownian motion has unbounded variation on
every interval Œs; t �. Let

s D t0 < t1 < : : : < tn D t;

ın D max
˚
tiC1 � ti W i 2 0; n � 1� :

Proposition 1.86. If S.2/n D
n�1P
iD0

�
BtiC1

� Bti
�2

, then S.2/n
prob:���! .t � s/ as ın ! 0.

Moreover:

1. E
ˇ̌
S.2/n � .t � s/ˇ̌2 � 2 .t � s/ ınI

2. if
1P
nD1

ın < 1, then S.2/n
a:s:��! t � sI

3. lB� .!/lŒs;t � D 1, P-a:s: ! 2 �.

Proof. Since

E

ˇ̌
ˇS.2/n � .t � s/

ˇ̌
ˇ
2 D Var

	
S.2/n




D
n�1X
iD0

Var
	�
BtiC1

� Bti
�2


D 2

n�1X
iD0

.tiC1 � ti /2

� 2 .t � s/ ın;

we see that S.2/n ! .t � s/ in L2 .�;F ;P/.
The last assertion follows from the inequality

S.2/n .!/ � lB� .!/lŒs;t � mB�.!/ .ın/ ;

(with ın D 2�n), where

mB�.!/ .ı/ D sup fjBu .!/ � Bv .!/j W u; v 2 Œs; t � ; ju � vj � ıg
is the modulus of continuity of fBr .!/ W r 2 Œs; t �g. �

Hence the path of the Brownian motion is a.s. of unbounded variation on any
interval of nonzero length. Nevertheless, in the next chapter, we shall define an
integral of the type

Z t

0

XrdBr :
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1.3.3 Ft-Brownian Motion

In many cases, we have together with a Brownian motion fBt ; t � 0g other random
variables or processes, so that the past information at time t is richer than that carried
by FB

t . This motivates the following definition.
Let .�;F ;P; fFt gt�0/ be a given stochastic basis and P the corresponding

� -algebra of progressively measurable subsets of � � RC.

Definition 1.87. A d -dimensional P-m.c.s.p. fBt I t � 0g is called a d -dimensional
Ft -Brownian motion if B0 D 0 and

.a/ for all 0 � s < t ,

.i/ Bt � Bs is independent of Fs;

.ii/ Bt � Bs � N.0; .t � s/Id�d /;

or equivalently (by Lemma 1.35)
.b/ for all 0 � s < t and u 2 R,

E
Fs exp i hu; Bt � Bsi D exp

�
�juj2
2
.t � s/

�
:

By the Burkholder–Davis–Gundy inequality (1.18) we then have:

Proposition 1.88. If fBt I t � 0g is a d -dimensional Ft -Brownian motion, then for
all p > 0 there exist some constants cp > 0 and Cp > 0, such that

cpd
p=2 jt � sjp=2 � E sup

r2Œs;t �
jBr � Bsjp � Cpd

p=2 jt � sjp=2 :

Let fBt I t � 0g be a d -dimensional Brownian motion and

FB
tC

defD
\

r>t
FB
r D

\
n2N�

FB
tC1=n;

where

FB
t

defD � fBs W 0 � s � tg _ N

is the natural filtration associated to a stochastic process fBt I t � 0g.

Proposition 1.89. The natural filtration of the d -dimensional Brownian motion
fBt I t � 0g is right continuous: FB

t D FB
tC, for all t � 0.

Proof. Step 1: Bt � Bs is independent of FB
sC for all 0 � s < t .

Let n 2 N
� such that s < s C 1=n < t . Since the increment Bt � BsC1=n is

independent of FB
sC1=n 
 FB

sC it follows that for all u 2 R
d :
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E
FB
sC exp i

˝
u; Bt � BsC1=n

˛ D exp

�
�juj2
2
.t � s � 1=n/

�

and passing to the limit as n ! 1 we obtain

E
FB
sC exp i hu; Bt � Bsi D exp

�
�juj2
2
.t � s/

�

and Bt � Bs is independent of FB
sC.

Step 2: For all t � 0, 0 D t0 < t1 < t2 < � � � < tk and u1; : : : ; uk 2 R
d :

E
FB
tC exp i

�hu1; Bt1i C � � � C huk; Btk i
� D E

FB
t exp i

�hu1; Bt1i C � � � C huk; Btk i
�
:

Indeed the equality is clear if t � tk .
If tj�1 � t < tj , then

hu1; Bt1i C � � � C huk; Btk i D hu1; Bt1i C � � � C ˝
uj�1; Btj�1

˛C ˝
vj ; Bt

˛

C ˝
vj ; Btj � Bt

˛C ˝
vjC1; BtjC1

� Btj
˛

C � � � C hvk�1; Btk�1
� Btk�2

i C hvk; Btk � Btk�1
i

with vk D uk , vk�1 D vk C uk�1, . . . , vj D vjC1 C uj . Writing

E
FB
tC D E

FB
tCE

FB
tj : : :E

FB
tk ;

and using step 1, we deduce that

E
FB
tC exp i

�hu1; Bt1i C � � � C huk; Btk i
�

D exp i
�hu1; Bt1i C � � � C ˝

uj�1; Btj�1

˛C ˝
vj ; Bt

˛�

� exp

"
�
ˇ̌
vj
ˇ̌2
2

�
tj � t� �

ˇ̌
vjC1

ˇ̌2
2

�
tjC1 � tj

� � � � � � jvkj2
2

.tk � tk�1/
#

D E
FB
t exp i

�hu1; Bt1i C � � � C huk; Btk i
�
:

Step 3: The equality proved in Step 2 yields that

E
�
�jFB

t

� D E
�
�jFB

tC
�
;

for all bounded �
˚FB

r W 0 � r < 1�
-measurable random variables � . Setting

� D 1F , F 2 FB
tC, we obtain that

1F D E
�
1F jFB

tC
� D E

�
1F jFB

t

�
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is FB
t -measurable. Hence FB

tC � FB
t � FB

tC. �

Hence we have:

Remark 1.90.
N A d -dimensional Ft -Brownian motion is a d -dimensional Brownian motion.
N A d -dimensional Brownian motion is a d -dimensional FB

t -Brownian motion,
where FB

t D � .fBs W 0 � s � tg/ _ N is the natural filtration (associated to the
Brownian motion B , which is right continuous by the above Proposition).

We now prove a well known and useful characterization of Brownian motion.

Theorem 1.91 (Paul Lévy). Let fBt I t � 0g, B0 D 0, be a d -dimensional
P-m.c.s.p. Then the following statements are equivalent:

.I / fBt I t � 0g is a d -dimensional Ft -Brownian motion.
.II/ B and fBt ˝ Bt � tId�d W t � 0g are continuous Ft -martingales.

Remark 1.92. The condition .II/ is clearly equivalent to

.II0/ .j / E jBt j2 < 1, for all t � 0,
. jj/ E .Bt jFs/ D Bs , for each 0 � s � t ,
. jjj/ E Œ.Bt � Bs/˝ .Bt � Bs/ jFs� D .t � s/ Id�d , for each 0 � s � t ;
and implies that

˚jBt j2 � td W t � 0
�

is an Ft -martingale.

of Paul Lévy’s Theorem. .I / ) .II /: Let 0 � s � t . We have

E .Bt � BsjFs/ D E .Bt � Bs/
D 0

and

E Œ.Bt � Bs/˝ .Bt � Bs/ jFs� D E Œ.Bt � Bs/˝ .Bt � Bs/�
D .t � s/ Id�d :

.II/ ) .I /: For u 2 R
d fixed, let

' .t; x/ D exp

 
i hu; xi C juj2

2
t

!
; t � 0; x 2 R

d :

We have

'0
t .t; x/ D juj2

2
' .t; x/ ; '00

xx .t; x/ D �' .t; x/ u ˝ u:

Then from Lemma 1.73, f' .t; Bt / W t � 0g is an Ft -martingale.
Consequently,



62 1 Background of Stochastic Analysis

E
Fs exp i hu; Bt � Bsi D exp

�
�juj2
2
.t � s/

�
; 0 � s < t; u 2 R

d :

Then, by Lemma 1.35, for each 0 � s < t , the increment Bt �Bs is independent of
Fs , and its law is N.0; .t � s/Id�d /. �

The following corollary is immediate.

Corollary 1.93. A d -dimensional P-m.c.s.p. fBt I t � 0g; B0 D 0, is a d -
dimensional Ft -Brownian motion iff for all u 2 R

d :

Mt D exp

 
i hu; Bt i C juj2

2
t

!
; t � 0; is an Ft -martingale: (1.23)

We now establish the strong Markov property of Brownian motion
(Brownian motion renews itself at stopping times).

Proposition 1.94. Let fBt I t � 0g be a d -dimensional Ft -Brownian motion and �

an Ft -stopping time such that � < 1, P-a.s. Let QBt defD B�Ct � B� and QFt D F�Ct .
Then

˚ QBt W t � 0
�

is an QFt -Brownian motion which is independent of F� .

Proof. Assume first that � is bounded. We know that

Mt D exp

 
i hu; Bt i C juj2

2
t

!
; t � 0;

is an Ft -martingale for all u 2 R
d .

Let 0 � s < t , A 2 QFs D F�Cs and

QMt D exp

 
i
˝
u; QBt

˛C juj2
2
t

!
D QMs

M�Ct
M�Cs

:

Clearly QMt is QFt -measurable and by the Doob optional stopping theorem (Theo-
rem 1.62)

E
�
1A QMt

� D E

�
1A QMs

M�Ct
M�Cs

�

D E

�
1A QMs

1

M�Cs
E

F�CsM�Ct
�

D E
�
1A QMs

�
:

Hence, by Proposition 1.93, QBt is an QFt -Brownian motion.
Since
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E
F� exp i

˝
u; QBt

˛ D
	
E

QF0 QMt



exp

 
�juj2
2
t

!

D QM0 exp

 
�juj2
2
t

!

D exp

 
�juj2
2
t

!
;

we conclude by Lemma 1.35 that QBt is independent of F� .
If � is not bounded we replace � by � ^ n and A by An D A \ f� � ng.

Taking limits and using the Lebesgue dominated convergence theorem, we obtain
the desired result. �

Finally we give a result which will be useful for proving the convergence of
stochastic integrals in the next chapter.

Let B W � � Œ0;1Œ �! R
k and X W � � Œ0;1Œ �! R

l be two stochastic
processes. Let

FB;X
t

defD �fBs;XsI s � tg _ NP; t � 0;

be the natural filtration generated jointly by B and X and

FB;X
tC

defD
\
">0

FB;X
tC"

its right continuous version. If X 2 L0
�
�IL1loc

�
RCIRd ��, we shall also consider

the filtration

OFB;X
t D �fBs; 1

"

Z s

0_.s�"/
XrdrI " > 0; s 2 Œ0; t �g _ NP; t � 0;

and OFB;X
tC its right continuous version. It is clear that OFB;X

tC � FB;X
tC , and if X is a

continuous stochastic process then OFB;X
tC D FB;X

tC .

Proposition 1.95. Let B; QB 2 L0
�
�IC �RCIRk�� and X; QX 2 L0 .�IX/ with

X D L
p
loc

�
RCIRl�, p � 1, (or X D C

�
RCIRl�) be stochastic processes such that:

.i/ QB is an OF QB; QX
tC -Brownian motion; and

.ii/ L .B;X/ D L. QB; QX/ on C.RC;Rk/ � X ( .B;X/ and . QB; QX/ have the same
law on C.RC;Rk// � X).

Then B is an OFB;X
tC -Brownian motion.
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Proof. Let m 2 N
� and choose an arbitrary bounded continuous function ˆ W�

R
k
�m � �

R
l
�m ! R. Let 0 � t1 � t2 � : : : � tm D t < t C ı, u 2 R

k ,
and k1; k2; : : : ; km � 1. In virtue of .i/ and .ii/ we get, using the notations
F
ki
ti D ki

R ti
ti� 1

ki

Xrdr, QF ki
ti D ki

R ti
ti� 1

ki

QXdr, that

E

h
exp fi .hBtCı; ui � hBt ; ui/gˆ

	
Bt1 ; : : : ; Btm ; F

k1
t1 ; F

k2
t2 ; : : : ; F

km
tm


i

D E

h
exp

˚
i
�˝ QBtCı; u

˛ � ˝ QBt ; u
˛��
ˆ
	 QBt1 ; : : : ; QBtm; QF k1

t1 ;
QF k2
t2 ; : : : ;

QF km
tm


i

D exp

�
� ı
2

juj2
�
E

h
ˆ
	 QBt1 ; : : : ; QBtm; QF k1

t1 ;
QF k2
t2 ; : : : ;

QF km
tm


i

D exp

�
� ı
2

juj2
�
E

h
ˆ
	
Bt1 ; : : : ; Btm ; F

k1
t1 ; F

k2
t2 ; : : : ; F

km
tm


i
:

Consequently,

E

h
exp fi .hBtCı; ui � hBt ; ui/g j OFB;X

tC
i

D exp

�
� ı
2

juj2
�

for all u 2 R
k , and t; ı > 0 such that t C ı � T , and the result follows. �

We now give a convergence result for
�
Bn;Fn

t

�
Brownian motions.

Corollary 1.96. Let B;Bn; QBn 2 L0
�
�IC �RCIRk�� and X , Xn, QXn 2

L0 .�IX/ with X D L
p

loc

�
RCIRl�, p � 1, (or X D C

�
RCIRl�) be stochastic

processes such that:

.i/ QBn is an OF QBn; QXn
tC -Brownian motion 8 n � 1;

.ii/ L .Bn;Xn/ D L. QBn; QXn/ on C.RC;Rk/ � X ( .Bn;Xn/ and . QBn; QXn/ have
the same law on C.RC;Rk// � X);

.iii/ jBn
t � Bt j �! 0 in probability, as n ! 1, 8t � 0;

.iv/ as n ! 1, for all t � 0,

.a/ if X D L
p
loc

�
RCIRl� then

Z t

0

jXn
s �Xsjp ds �! 0 in probability;

.b/ if X D C
�
RCIRl� then

jXn
t �Xt j �! 0 in probability.

Then
	
Bn; f OFBn;Xn

tC g


; n � 1, and

	
B; f OFB;X

tC g



are Brownian motions.
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Proof. By Proposition 1.95 Bn is an OFBn;Xn

tC -Brownian motion. Hence for all m 2
N

�, ˆ W �Rk�m � �
R
d�k�m ! R an arbitrary bounded continuous function, 0 �

t1 � t2 � : : : � tm D t < t C ı, u 2 R
k , and k1; k2; : : : ; km � 1, we have

E

h
exp

˚
i
�˝
Bn
tCı; u

˛ � hBn
t ; ui��ˆ

	
Bn
t1
; : : : ; Bn

tm
; F

k1;n
t1 ; F

k2;n
t2 ; : : : ; F

km;n
tm


i

D exp

�
� ı
2

juj2
�
E

h
ˆ
	
Bn
t1
; : : : ; Bn

tm
; F

k1;n
t1 ; F

k2;n
t2 ; : : : ; F

km;n
tm


i
;

where F ki ;n
ti D ki

R ti
ti� 1

ki

Xn
r dr, QF ki ;n

ti D ki
R ti
ti� 1

ki

QXndr and F ki
ti D ki

R ti
ti� 1

ki

Xrdr.

Passing to the limit as n ! 1, we obtain

E

h
exp fi .hBtCı; ui � hBt ; ui/gˆ

	
Bt1 ; : : : ; Btm; F

k1
t1 ; F

k2
t2 ; : : : ; F

km
tm


i

D exp

�
� ı
2

juj2
�
E

h
ˆ
	
Bt1 ; : : : ; Btm ; F

k1
t1 ; F

k2
t2 ; : : : ; F

km
tm


i

and then

E

h
exp fi .hBtCı; ui � hBt ; ui/g j OFB;X

tC
i

D exp

�
� ı
2

juj2
�
;

that is, B is an OFB;X
tC -Brownian motion. �

1.4 Exercises

Exercise 1.1 (Carathéodory Functions). Let .�;F/ be a measurable space
and .X; �/ be a separable metric space. A mapping F W � � X ! R

d is an
.F ;X/-Carathéodory function if

c1/ F .�; x/ is .F ;Bd / -measurable 8x 2 X;

c2/ F .!; �/ is continuous 8! 2 �:

Show that F .�; �/ is .F ˝ BX;Bd /-measurable (Bd denotes the Borel � -algebra on
R
d and BX the Borel � -algebra on X).

Exercise 1.2. If .S;S; 	/ is a measurable space, .�;F ;P/ is a probability space
and f W � � S ! R is an F ˝ S-measurable function, then for all p 2 Œ1;1Œ:

����
Z

S

f .s/ d	 .s/

����
Lp.�;F ;P/

�
Z

S

kf .s/kLp.�;F ;P/ d	 .s/ (1.24)

(Minkowski’s inequality).
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Exercise 1.3. Let fSt W t 2 Œ0; T �g be a real right-continuous sub-martingale.
Show that for all stopping times 0 � � � � � T :

S� � E .S� jF� / ; a.s.

Exercise 1.4. Let � < 1 a.s. be a stopping time and

�n D d2n�e
2n

;

where dxe denotes the smallest integer greater than or equal to x. Show that f�ng is
a decreasing sequence of stopping times such that

0 � �n � � � 1

2n
; a.s.

and if � is bounded then �n takes a finite number of values.

Hint: Note that

�n D
1X
kD1

k

2n
1 k�1

2n
<�� k

2n
:

Exercise 1.5. Prove the equivalences stated in Definition 1.81.

Exercise 1.6. Let fBt W t � 0g be a real Brownian motion. Show that fB2
t � t; t �

0g, fB4
t � 6tB2

t C 3t2; t � 0g and fexp.�Bt � �2t=2/; t � 0g (where � 2 R is
arbitrary) are martingales.

Exercise 1.7. Let .�;F ;P; fFtgt�0/ be a stochastic basis and fBt I t � 0g is a
scalar Ft -Brownian motion. Let a 2 R and g W R ! R be a bounded Borel
measurable function. Show that for all 0 � t < T :

.a/ E .g .BT / jFt / D
Z

R

g
	
x

p
T � t C Bt



� .x/ dx; P-a:s:;

.b/ E .1BT �ajFt / D ˆ

�
a � Btp
T � t

�
;P-a:s:;

where � .x/ D 1p
2

exp

�
�x

2

2

�
and ˆ.x/ D

Z x

�1
� .u/ du.

Exercise 1.8. Let fBt W t � 0g be a real Brownian motion and for a 2 R, let Ta D
infft � 0; Bt D ag.

1. Show that Ta is a stopping time.
2. For a < 0 < b, compute P.Ta < Tb/ and P.Tb < Ta/.
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3. Exploiting the fact that fB2
t � t; t � 0g is a martingale, compute E.Ta ^ Tb/,

and then ETa. Note that if we would have ETa < 1, then there would be two
contradictory ways of computing EBTa .

Exercise 1.9. Let fBt W t � 0g be a real Brownian motion. For a > 0, let Sa D
infft � 0; jBt j D ag.

1. Show that Sa is stopping time.
2. Compute ESa, ES2a and E exp.��Sa/ for � > 0.

Exercise 1.10. LetXt DBt C	t , for t � 0, where	 2 R, and Ta D infft; Xt D ag,
for a 2 R.

1. Show that for any � 2 R, the following is a martingale:

Zt D exp

�
�Xt � .�

2

2
C 	�/t

�
:

2. Show that for any t > 0, E.Zt^Ta / D 1.
3. Deduce that if a > 0 and � > .�2	/C, or else a < 0 and � < �2	C,

E

�
1Ta<1 exp

�
�.�

2

2
C 	�/Ta

��
D exp.��a/:

4. Show that P.Ta < 1/ D 1 ^ e2	a.

Exercise 1.11. Let fBt W t � 0g be a scalar Brownian motion defined on a proba-
bility space .�;F ;P/. We define the random process

Zt D Bt � tB1; 0 � t � 1:

1. Show that fZt W 0 � t � 1g is a centered Gaussian process which is independent
of B1.

2. Let NZt D Z1�t , 0 � t � 1. Show that
˚ NZt W 0 � t � 1

�
has the same law as

fZt W 0 � t � 1g.
3. Let Yt D .1 � t /B t

1�t
, 0 � t < 1. Show that Yt converges a.s. to 0 as t ! 1. We

define Y1 D 0. Show that fYt W 0 � t � 1g and fZt W 0 � t � 1g have the same
law.

4. The last questions aim at identifying the law of sup
0�t�1

Zt . We shall compute

F.a/ D P

 
sup
0�t�1

Zt � a

!
:

Let �a D infft � 0; Bt � ta D ag. Show that for any a > 0, �a is a stopping time
with respect to the Brownian filtration, and that F.a/ D 1 � P.�a < 1/.
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6. Show that for all t � 0

E .exp Œ2a.Bt^�a � at ^ �a/�/ D 1:

7. Deduce that EŒexp.2a.B�a � a�a//1�a<1� D 1 and compute P.�a < 1/.

Exercise 1.12. For ˛ > 0, let

X˛
n D n�˛

Z n

0

Bs ds:

For which values of ˛ does the sequence fX˛
n I n� 1g converge inL2.�/ as n! 1?

Do we have a.s. convergence?

Exercise 1.13. Let g W Œ0;1Œ ! Œ0;1Œ, g .0/ D 0, be an increasing right conti-
nuous function and


 .t/ D
�

inf fs � 0 W g .s/ > tg ; if fs � 0 W g .s/ > tg ¤ ;;
C1; otherwise,

and by convention let 
 .0�/ D 0. Show that:

• 
 is an increasing right continuous function;
• 
 .t�/ D inf fs � 0 W g .s/ � tg;
• g .
 .t// � t ;
• g .t/ D inf fs � 0 W 
 .s/ > tg;
• 
 .t/ < 1 iff lim

s!1g .s/ > t ;

• for all Borel functions f W Œ0;1Œ ! Œ0;1Œ,

Z
Œ0;1Œ

f .t/ dg .t/ D
Z 1

0

f .
 .t// 1Œ0;1Œ .
 .t// dtI

• if g is strictly increasing then 
 is continuous;
• if fMt I t � 0g is a d -dimensional continuous local martingale and

�t D inf fs � 0 W sC <M>s > tg ;

then f�t W t � 0g is a P-m.i.c.s.p. and 0 D �0 � �t � t .

Exercise 1.14. Let f W RC ! R be a locally square integrable function. For t � 0,

we let Xt D
Z t

0

f .s/dBs , and define

a.t/ D
Z t

0

f 2.s/dsI c.t/ D inffu � 0I a.u/ > tg and Wt D Xc.t/:
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1. Show that the process

�
Wt W 0 � t <

Z 1

0

f 2.s/ds

�

is a Brownian motion. Show that for all t � 0, Xt D Wa.t/ a.s.
2. Consider the process fZt I 0 � t < 1g defined by

Zt D
Z t

0

1 � t
1 � s dBs:

Show that Zt ! 0, P-a:s., as t ! 1.

Exercise 1.15. Let fBt W t � 0g be a d -dimensional Brownian motion. Prove that

lim sup
"&0

jBtC" � Bt j
"

D 1 a.s.

Exercise 1.16. Let 0 � s < t and DŒs;t � be the set of partitions

� W s D t0 < t1 < � � � < tn D t; n D n� 2 N
�:

Denote by k�k D sup
˚
ti � ti�1 W i 2 1; n� the norm of the partition �. Let p � 1,

X W � � RC ! R
d be a stochastic process and

S
.p/

� .X I Œs; t �/ D
nX
iD1

jXti �Xti�1 jp :

The p-variation of X on Œs; t � is defined as a limit in probability by

Var.p/ .X I Œs; t �/ defD lim
k�nk!0

S
.p/

�n
.X I Œs; t �/ ;

if the limit exists and is independent of the sequence �n 2 DŒs;t �, k�nk ! 0.
The length of the trajectory f.r; Xr .!// W r 2 Œs; t �g is defined as

L .X� .!/ I Œs; t �/ defD sup
�2DŒa;b�

n�X
iD1

q
.ti � ti�1/2 C jXti .!/ �Xti�1 .!/j2:

Show that:

1. (Quadratic Variation Process) If fMt W t � 0g is a continuous local martingale,
then for all t � 0:

Var.2/ .M I Œ0; t �/ D <M>t ; a:s:
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2. If X has C1-trajectories, then

Var.p/ .X I Œs; t �/ D
8<
:

Z t

s

ˇ̌
ˇ̌dXr

dr

ˇ̌
ˇ̌ dr; ifp D 1;

0; if p > 1:

3. If fBt W t � 0g is a Brownian motion, p � 1 and 0 � s < t , then P-a:s::

Var.p/ .BI Œs; t �/ D
8<
:

C1; if 1 � p < 2;

t � s; if p D 2;

0; if p > 2;

and

L .BI Œs; t �/ D 1:

Moreover if
P1

nD1 k�nk < 1, then

a:s- lim
k�nk!0

S
.p/

�n
.BI Œs; t �/ D Var.p/ .BI Œs; t �/ :

Exercise 1.17 (Hölder-Continuity of BM). Prove the Hölder-continuity of
Brownian motion as a consequence of the following Garcia–Rademich–Ramsey
inequality:

For T � 0, p � 1 and ˛ >
1

p
, there exists a constant C˛;p > 0 such that for any

function f 2 C .Œ0; T � IR/, and for all t; s 2 Œ0; T �, one has:

jf .t/ � f .s/j � C˛;p jt � sj˛� 1
p

�Z T

0

Z T

0

jf .�/ � f .�/jp
j� � � jp˛C1 d�d�

�1=p
(1.25)

(with the convention 0=0 D 0), see e.g. Stroock [68].

Exercise 1.18. Let fBt W t � 0g be a real Brownian motion. Show that for all a � 0,
c > 0, 0 < s < t :

j / P
�
Bt < c � a; sup

s2Œ0;t �
Bs � c

� D 2P .Bt > aC c/ ;

jj/ P
�

sup
s2Œ0;t �

Bs > c
� D 2P .Bt > c/ ;

jjj/ P
�

sup
u2�s;t �

Bu > 0; Bs < 0
� D 2P .Bt > 0; Bs < 0/ :

Exercise 1.19 (Tightness Criterion). Let fXn
t ; 0 � t � T gn�1 be a sequence of

continuous Rd -valued stochastic processes. Assume that:
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.i/ the sequence of r.v.’s fXn
0 ; n � 1g is tight;

.ii/ there exist a; b;M > 0 such that for all n � 1,

E jXn
t �Xn

s ja � M jt � sj1Cb:

Show that the sequence f.Xn/n�1} is tight as a family of C.Œ0; T �IRd /-
valued random variables.

Exercise 1.20. Let T > 0 and � 2 R. Let .Mt/t2Œ0;T � be a scalar local continuous

martingale starting from M0 D 0. Let Zt D eMt� 1
2<M>t ,

Z
.�/
t D e�Mt� �2

2 <M>t and U
.�/
t D e�Mt � �2

2

Z t

0

e�Msd < M >s :

Show that:

1.

Z
.�/
t D U

.�/
t e� �2

2 <M>t �
Z t

0

U .�/
s d

�
e� �2

2 <M>s

�
; t � 0I

2. if .Mt/t2Œ0;T � is a bounded continuous martingale, then U .�/; Z.�/ 2 M1 Œ0; T �,

Z
.�/
0 D U

.�/
0 D 1;

3. .Z.�/
t /t2Œ0;T � is a super-martingale, that is E

FsZ
.�/
t � Z.�/

s , P-a:s., for all 0 �
s � t � T ; moreover

0 < E Z
.�/
T � E Z

.�/
t � E Z.�/

s � E Z
.�/
0 D 1I

4. E Z
.�/
T D 1 if and only if Z.�/ 2 M1 Œ0; T � (.Z.�/

t /t2Œ0;T � is a martingale);
5. if 0 < a < b � c, A 2 F , and E

�
ecMT

�
< 1, then for any stopping time �

E

 
1A sup

t2Œ0;T �
eaMt^�

!
� C˛;ˇ;� .P .A//

b=.b�a/ �
E ecMT^�

�a=c I

6. if 0 < � < 1, �n D inf ft � 0 W jMt j C < M >t� ng, then for all A 2 F

E

	
1AZ

.�/

T^�n



� .EZT^�n/
�2
	
E e

�
1C�MT^�n 1A


1��2

and if E
	
e
1
2MT



< 1 deduce that Z.�/

T^�n ! Z
.�/
T in L1 .�;F ;P/, as n ! 1;

consequently E Z
.�/
T D 1;

7. (Kazamaki) if E
	
e
1
2MT



< 1, then E ZT D 1;

8. (Novikov) if E
	
e
1
2<M>T



< 1, then E ZT D 1.



Chapter 2
Itô’s Stochastic Calculus

In this chapter we construct Itô’s stochastic integral (first introduced in [39]), and
prove the famous Itô formula. We also establish several not quite standard versions
of that formula, in particular for certain functions which do not satisfy the regularity
assumptions of the basic result. In particular, we prove a d -dimensional version of
the famous Tanaka formula, see Proposition 2.26 and the corollaries which follow.
Those refined results will be useful later in the book. We also discuss in great detail
in Sect. 2.4 a martingale representation theorem which will play an essential role in
the study of BSDEs. Finally we present Girsanov’s theorem.

Throughout this chapter .�;F ;P; fFt gt�0/ will denote a given stochastic basis,
P the corresponding � -algebra of progressively measurable subsets of �� RC and

fBt W t � 0g a k-dimensional Ft -Brownian motion.

2.1 Notations: Preliminaries

Let 0 � p < 1 and 0 < T < 1. We introduce the notations:

˙ ƒ
p

d .0; T /: the space of (equivalence classes of) P-measurable processes X W
� � Œ0; T � ! R

d such that

Z T

0

jXt j2 dt < C1; P-a:s: ! 2 �; if p D 0

and

E

�Z T

0

jXt j2 dt

�p=2
< C1; if p > 0I

two processes X; Y are equivalent if (Xt D Yt a.e. t 2 Œ0; T �) P-a.s. ! 2 �:

E. Pardoux and A. Răşcanu, Stochastic Differential Equations, Backward SDEs,
Partial Differential Equations, Stochastic Modelling and Applied Probability 69,
DOI 10.1007/978-3-319-05714-9__2,
© Springer International Publishing Switzerland 2014
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˙ ƒ
p

d W the space of (equivalence classes of) P-measurable processes X W � �
Œ0;C1Œ! R

d such that for all T > 0 the restriction X.T / of X to Œ0; T � belongs
to ƒp

d .0; T / :

Note that the property of progressive measurability is independent of the choice
of an element in an equivalence class X , and for every p � 0;

ƒ
p

d .0; T / � Lp
�
�;F ;PIL2.0; T IRd /� ;

as a closed linear subspace.
Hence, for all p 2 Œ1;1Œ ; the space ƒp

d .0; T / is a Banach space with respect to
the norm

kXkƒpd .0;T / D
 
E

�Z T

0

jXt j2 dt

�p=2!1=p
:

Moreover the space ƒ2
d .0; T / is a Hilbert space.

For 0 � p < 1 the space ƒp

d .0; T / is a complete metric linear space with the
metric

dp .X; Y / D

8̂
<
:̂
E

�
kX � Y kp

L2.0;T IRd /

�
; if 0 < p < 1;

E

	
1 ^ kX � Y kL2.0;T IRd /



; if p D 0:

d0 .X; Y / is the metric of convergence in probability of the L2
�
0; T IRd �-valued

random variables.
The definitions for the case T D C1 are similar.

2.2 Definition of Itô’s Stochastic Integral

Define Ed�k to be the linear space of stochastic processes of the form

Xt .!/ D
n�1X
iD0

Xi .!/ 1Œti ;tiC1Œ .t/ ; t � 0; (2.1)

with n 2 N
�, 0 � t0 < t1 < : : : < tn and for 0 � i � n � 1, Xi W � ! R

d�k is an
Fti -measurable bounded random variable.

Denote by Ed�k .0; T / the same space with the restriction tn � T .

Proposition 2.1. Let T > 0 and p 2 Œ0;1Œ. Then Ed�k .0; T / is a dense linear
subspace of ƒp

d�k .0; T /.
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Proof. Let X 2 ƒ
p

d�k .0; T / : Extend X by Xt D 0 for t > T: To approximate X
by Xn 2 Ed�k .0; T / we proceed in three steps.

˙ First we approximate X in ƒp

d�k .0; T / by the bounded progressively measur-
able stochastic processes Xn D Xt1Œ0;n� .jXt j/, n 2 N

�:
˙ Second, let X be a bounded progressively measurable stochastic process. Then

Xn
t D n

Z t

.t�1=n/_0
Xsds

defines a continuous bounded progressively measurable stochastic process Xn,
which by the Lebesgue dominated convergence theorem converges to X in
ƒ
p

d�k .0; T / for all p � 0.
˙ Finally if X is a bounded continuous progressively measurable stochastic

process and Xn .t; !/ D X
�
Œnt �

n
; !
�
, then Xn 2 Ed�k .0; T / and Xn ! X in

ƒ
p

d�k .0; T /.

�

For X 2 Ed�k of the form

Xt .!/ D
n�1X
iD0

Xi .!/ 1Œti ;tiC1Œ .t/ ;

we define the stochastic Itô integral

Bt .X/ D
Z t

0

XrdBr ; t � 0;

by

Z t

0

XrdBr
defD

n�1X
iD0
Xi
�
Bt^tiC1

� Bt^ti
�
:

Moreover we let
Z t

s

XrdBr
defD
Z t

0

XrdBr �
Z s

0

XrdBr ; for 0 � s � t:

Since Xi
�
B�^tiC1

� B�^ti
� 2 Mp

d ; 8p � 1, it clearly follows that

B W Ed�k ! Mp

d is a linear operator.

Recall from Annex A that, if x; y 2 R
d ; then

x ˝ y
defD �

xiyj
�
d�d D xy�
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and

Tr .x ˝ y/ D hx; yi :

Lemma 2.2. Let X; Y 2 Ed�k and 0 � s � t . Then:

j / EFs

Z t

s

XrdBr D 0;

jj/ EFs

�Z t

s

XrdBr ˝
Z t

s

YrdBr

�
D E

Fs

Z t

s

XrY
�

r dr;

jjj/ EFs

ˇ̌
ˇ̌
Z t

s

XrdBr

ˇ̌
ˇ̌
2

D E
Fs

Z t

s

jXr j2 dr:

In particular the following are continuous p-martingales for all p � 1:

Mt D jBt .X/j2 �
Z t

0

jXr j2 dr and Nt D Bt .X/˝ Bt .Y / �
Z t

0

XrY
�

r dr:

Proof. Let X; Y 2 Ed�k and 0 � s < t be fixed. There exist n and s D t0 < t1 <

� � � < tn D t < tnC1 such that for s � r � t :

Xr .!/ D
nX
iD0

Xi .!/ 1Œti ;tiC1Œ .r/ ; Yr .!/ D
nX
iD0

Yi .!/ 1Œti ;tiC1Œ .r/ ;

where Xi ; Yi are Fti -measurable and bounded.
We shall use the notations

�it D tiC1 � ti ; �iB D BtiC1
� Bti ;

�iB .X/ D BtiC1
.X/ � Bti .X/ .D Xi�iB/ :

Then

E
Fs

Z t

s

XrdBr D
n�1X
iD0

E
Fs

XiE

Fti �iB
�

D 0:

Now

E
Fs

�Z t

s

XrdBr ˝
Z t

s

YrdBr

�

D E
Fs

n�1X
iD0
Xi�iB .�iB/

� Y �
i C E

Fs

X
0�i<j<n

Xi�iB
�
�jB

��
Y �
j

C E
Fs

X
0�j<i<n

Xi�iB
�
�jB

��
Y �
j
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D
n�1X
iD0

E
Fs
˚
XiE

Fti

�iB .�iB/

��Y �
i

�

C
X

0�i<j<n
E

Fs

n
Xi�iB

h
E

Ftj
�
�jB

��i
Y �
j

o

C
X

0�j<i<n
E

Fs

n
Xi

E

Fti �iB
� �
�jB

��
Y �
j

o

D
n�1X
iD0

E
FsXiY

�
i �i t

D E
Fs

Z t

s

XrY
�

r dr:

The equality jjj/ follows by taking the trace in jj/ with Y D X . In particular
N 2 Mp

d�d and M 2 Mp; since

Nt D Ns C
Z t

s

XrdBr ˝
Z t

s

YrdBr �
Z t

s

XrY
�

r dr

C
Z s

0

XrdBr ˝
Z t

s

YrdBr C
Z t

s

XrdBr ˝
Z s

0

YrdBr

and

Mt D Tr .Nt / :

�

Corollary 2.3. If X; Y 2 Ed�k; then B.X/ 2 Mp

d for all p � 1,

<<B.X/>>t D
Z t

0

XrX
�

r dr and <B.X/>tD
Z t

0

jXr j2 dr:

Hence by the Burkholder–Davis–Gundy Theorem 1.76 and by the inequality
.B4/ from Proposition 1.72 we have:

Proposition 2.4. Let p > 0: Then there exist two constants cp > 0; Cp > 0 such
that for all X; Y 2 Ed�k and T > 0;

(i) Burkholder–Davis–Gundy’s (BDG) inequality:

cpE kXkp
L2.0;T IRd�k/

� E sup
t2Œ0;T �

jBt .X/jp � CpE kXkp
L2.0;T IRd�k/

; (2.2)
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(ii) continuity in probability B W Ed�k � ƒ0
d�k .0; T / �! S0d Œ0; T �:

E Œ1 ^ kB.X/ � B .Y /kT � � 3
h
E

	
1 ^ kX � Y k2

L2.0;T IRd�k/


i1=3

� 3
h
E

	
1 ^ kX � Y kL2.0;T IRd�k/


i1=3
:

(2.3)

Let 0 < T < 1: Since Ed�k .0; T / is a dense linear subspace of ƒp

d�k .0; T / for
each p 2 Œ0;1Œ, the inequalities (2.2) and (2.3) allow us to extend by continuity the
operator

B W Ed�k .0; T / � ƒ
p

d�k .0; T / ! S
p

d Œ0; T �

to a linear continuous operator

B W ƒp

d�k .0; T / ! S
p

d Œ0; T � ;

called Itô’s stochastic integral, which still satisfies the inequalities (2.2) and (2.3).
If X is a deterministic process then the integral

Bt .X/ D
Z t

0

XrdBr

is called a Wiener integral.

Remark 2.5. Let 0 � t0 < t1 < : : : < tn, Xi 2 L0 ��;Fti ;PIRd�k� ; 8i 2 0; n � 1
and

Xt .!/ D
n�1X
iD0

Xi .!/ 1Œti ;tiC1Œ .t/ .

Define for N � 1;X
.N/
t D Pn�1

iD0 Xi1Œ0;N �.jXi j/1Œti ;tiC1�.t/. Since X.N/ 2
Ed�k.0; T / and X.N/ ! X in ƒ0

d�k.0; T / as N ! 1, it follows that

Z t

0

XsdBs D
n�1X
iD0

Xi
�
Bt^tiC1

� Bt^ti
�
:

By continuity of the expectation operator E W Lp
�
�;F ; P IRd � ! R

d ,
p � 1, and of the conditional expectation operator E

Fs W Lp ��;F ; P IRd � !
Lp

�
�;Fs; P IRd �, p � 1, we deduce easily, from Lemma 2.2 and Proposition 2.4,

that the stochastic Itô integral introduced in this section has the following properties:
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Theorem 2.6. Consider the stochastic Itô integral

Bt .X/ D
Z t

0

XrdBr ; t � 0:

We have the following:

i1/ B W ƒp

d�k .0; T / ! S
p

d Œ0; T � is a linear continuous operator, for all T > 0,
p � 0;

i2/ B .X/ 2 Mp

d for all X 2 ƒp

d�k and p 2 Œ1;1Œ;
i3/ B W ƒ2

d�k .0; T / ! M2
d Œ0; T �, 0 < T < 1; is an isometry, that is a linear

continuous operator such that

kB .X/kM2
d
Œ0;T � D kXk I

i4/ for all X 2 ƒ1
d�k , Y 2 ƒ1

d�k , 0 � s � t such that E
Z t

s

ˇ̌
ˇXrY �

r

ˇ̌
ˇ dr < C1 W

c/ E
Fs

Z t

s

XrdBr D 0;

cc/ EFs

�Z t

s

XrdBr ˝
Z t

s

YrdBr

�
D E

Fs

Z t

s

XrY
�

r drI

i5/ for all X; Y 2 ƒ2
d�k

M� D
ˇ̌
ˇ̌
Z �

0

XrdBr

ˇ̌
ˇ̌
2

�
Z �

0

jXr j2 dr 2 M1
d ;

N� D
Z �

0

XrdBr ˝
Z �

0

YrdBr �
Z �

0

XrY
�

r dr 2 M1
d�d I

i6/ for all X 2 ƒ0
d�k and � 2 L0 ��;Fs;PIRm�d � ;

Z t

s

�XrdBr D �

Z t

s

XrdBr ; a:s:I

i6/ .Burkholder–Davis–Gundy inequality, or for short, BDG inequality) for every
p > 0; there exist two constants cp > 0 and Cp > 0 such that for all X 2
ƒ
p

d�k .0; T /:

cpE
�Z T

0

jXr j2 dr
�p=2 � E sup

t2Œ0;T �

ˇ̌
ˇ
Z t

0

XrdBr
ˇ̌
ˇ
p

� CpE
�Z T

0

jXr j2 dr
�p=2I

(2.4)
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moreover

Cp D

8̂
<̂
ˆ̂:

4 � p
2 � p � 3; if 0 < p � 1;

4; if p D 2;

� �
3p3

�p
if p > 1I

i7/ continuity in probability .B W ƒ0 �! S0/: for all X; Y 2 ƒ0
d�k .0; T /

E Œ1 ^ kB .X/ � B .Y /kT � � 3

�
E

�
1 ^

Z T

0

jXr � Yr j2 dr

��1=3

� 3
h
E

	
1 ^ kX � Y kL2.0;T IRd�k/


i1=3
:

(2.5)

The monotonicity with respect to T in (2.4) and (2.5) shows that, for X 2
ƒ
p

d�k .0;1/ ; we can extend the stochastic integral as follows.

Z 1

0

XtdBt
defD Lp � lim

T!1

Z T

0

XtdBt :

Replacing T by 1 the properties (2.4) and (2.5) are conserved. Also if

E

Z 1

0

jXt j2 dt < 1; then the isometry property holds:

E

ˇ̌
ˇ̌
Z 1

0

XtdBt

ˇ̌
ˇ̌
2

D E

Z 1

0

jXt j2 dt:

If X 2 ƒp

d�k .0;1/ then for every p > 0 there exist two constants Ocp; OCp > 0 such
that

OcpE
�Z 1

t

jXr j2 dr

�p=2
� E sup

s�t

ˇ̌
ˇ̌
Z 1

s

XrdBr

ˇ̌
ˇ̌
p

� OCpE
�Z 1

t

jXr j2 dr

�p=2

(2.6)

(backward Burkholder–Davis–Gundy inequality, or backward BDG inequality for
short).

Indeed

cpE

�Z 1

t

jXr j2 dr

�p=2
� E sup

s�t

ˇ̌
ˇ̌
Z s

t

XrdBr

ˇ̌
ˇ̌
p

D E sup
s�t

ˇ̌
ˇ̌
Z 1

t

XrdBr �
Z 1

s

XrdBr

ˇ̌
ˇ̌
p
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� 2pE sup
s�t

ˇ̌
ˇ̌
Z 1

s

XrdBr

ˇ̌
ˇ̌
p

� Cp

�
E

ˇ̌
ˇ̌
Z 1

t

XrdBr

ˇ̌
ˇ̌
p

C E sup
s�t

ˇ̌
ˇ̌�
Z s

t

XrdBr

ˇ̌
ˇ̌
p�

� C 0
pE

�Z 1

t

jXr j2 dr

�p=2
:

Remark 2.7. From i4/ we deduce that

E
Fs

ˇ̌
ˇ̌
Z t

s

XrdBr

ˇ̌
ˇ̌
2

D E
Fs

Z t

s

jXr j2 dr; 8X 2 ƒ2
d�k;

and for all s; t � 0; X; Y 2 ƒ1
d�k such that E

Z t

0

ˇ̌
ˇXrY �

r

ˇ̌
ˇ dr < C1W

a/ E

�Z s

0

XrdBr ˝
Z t

0

YrdBr

�
D E

Z s^t

0

XrY
�

r dr;

b/ Eh
Z s

0

XrdBr ;
Z t

0

YrdBri D E

Z s^t

0

Tr
	
XrY

�

r



dr:

The following proposition allows us to extend the stochastic Itô integral to
random intervals.

Lemma 2.8. LetX 2 ƒp

d�k; p � 0; and � be a stopping time. Then 1Œ0;��X 2 ƒp

d�k
and a.s.

Z t^�

0

Xs dBs D
Z t

0

1Œ0;��.s/Xs dBs; t � 0: (2.7)

Proof. The first part of the statement is obvious since 1Œ0;�� is a P-measurable
process.

Since for all p � 0

X �! B�
�
1Œ0;��X

� W ƒp

d�k ! S
p

d Œ0; T �

is continuous and ƒq

d�k � ƒ2
d�k � ƒr

d�k (with density) for all 0 � r < 2 < q, it is
clear that it suffices to prove (2.7) in the case p D 2:

Note that by the Doob optional stopping Theorem 1.62, for all Y 2 ƒ2
d�k :

fBt^� .Y /gt�0 2 M2
d ;

E hBt^� .Y / ;Bt .Y / � Bt^� .Y /i D 0; and
fjBt^� .Y /j2 � R t^�

0
jYr j2 drgt�0 2 M1

d :
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Next we have that Bt^� .X/ D Bt^�
�
1Œ0;��X

�
: Indeed

E
ˇ̌
Bt^� .X/ � Bt^�

�
1Œ0;��X

�ˇ̌2 D E
ˇ̌
Bt^�

��
1 � 1Œ0;��

�
X
�ˇ̌2

D E

Z t^�

0

ˇ̌�
1 � 1Œ0;�� .r/

�
Xr
ˇ̌2

dr

D 0:

Second Bt^�
�
1Œ0;��X

� D Bt

�
1Œ0;��X

�
, since

E
ˇ̌
Bt

�
1Œ0;��X

� � Bt^�
�
1Œ0;��X

�ˇ̌2
D E

ˇ̌
Bt

�
1Œ0;��X

�ˇ̌2 � E
ˇ̌
Bt^�

�
1Œ0;��X

�ˇ̌2
D E

R t
0

1Œ0;�� .r/ jXr j2 dr � E
R t^�
0

1Œ0;�� .r/ jXr j2 dr
D 0:

�

From (2.4) we infer:

Corollary 2.9 (Burkholder–Davis–Gundy Inequality). For every p > 0; there
exist two constants cp > 0 and Cp > 0, .C1 D 3; C2 D 4/; such that for all
X 2 ƒp

d�k and for all bounded stopping times 0 � � � � a.s.:

cpE
F�
�Z �

�

jXr j2 dr
�p=2 � E

F� sup
t2Œ�;��

ˇ̌
ˇ
Z t

�

XrdBr
ˇ̌
ˇ
p

� CpE
F�
�Z �

�

jXr j2 dr
�p=2

; a:s:

(2.8)

Proof. We replace in (2.4) Xr by Xr1A1��r�� , where A 2 F� and (2.8) follows in
view of the definition of the conditional expectation. �

We can now establish the following:

Proposition 2.10. Let 0 < T < 1; p � 0 and X 2 ƒ0
d�k . Then

.i/ B .X/ is a continuous local martingale with

<<B.X/>>t D
Z t

0

XrX
�

r dr and <B.X/>tD
Z t

0

jXr j2 drI

.ii/ B .X/ 2 Spd Œ0; T � if and only if X 2 ƒp

d�k .0; T / I
.iii/ B W ƒp

d�k .0; T / ! S
p

d Œ0; T � is a linear continuous injective operator.

Proof. .i/: For each n 2 N
�, define the stopping time

�n .!/ D inf

�
t � 0 W

Z t

0

jXr .!/j2 dr � n

�
:
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Then Bt^�n .X/ D Bt

�
1Œ0;�n�X

�
,

Bt^�n .X/˝ Bt^�n .X/ �
Z t^�n

0

XrX
�

r dr

D Bt

�
1Œ0;�n�X

�˝ Bt

�
1Œ0;�n�X

� �
Z t

0

1Œ0;�n�XrX
�

r dr

and

jBt^�n .X/j2 �
Z t^�n

0

jXr j2 dr D ˇ̌
Bt

�
1Œ0;�n�X

�ˇ̌2 �
Z t

0

ˇ̌
1Œ0;�n�Xr

ˇ̌2
dr

define continuous martingales, since for all T > 0; 1Œ0;�n�X 2 ƒ2
d�k .0; T /.

Indeed 1Œ0;�n�X is a progressively measurable process and

E

Z T

0

ˇ̌
1Œ0;�n�Xr

ˇ̌2
dr D E

Z �n^T

0

jXr j2 dr � n < C1:

.ii/: By the definition of the Itô integral, if X 2 ƒ
p

d�k .0; T / ; then B .X/ 2
S
p

d Œ0; T �. Conversely if B .X/ 2 Spd Œ0; T �, then from the Burkholder–Davis–
Gundy inequality (2.4) for Xn D 1Œ0;�n�X with �n as above we have

cpE

�Z T^�n

0

jXr j2 dr

�p=2
� E sup

t2Œ0;T �
jBt .Xn/ jp

D E sup
t2Œ0;T �

jBt^�n .X/ jp

� E sup
t2Œ0;T �

jBt .X/ jp:
(2.9)

X 2 ƒp

d�k .0; T / follows by taking the limit as n ! 1.
.iii/: The Burkholder–Davis–Gundy inequality shows that for all p > 0 W

B W ƒp

d�k .0; T / ! S
p

d Œ0; T �

is a linear continuous injective operator.
In the case p D 0; from the definition of the stochastic Itô integral,
B W ƒ0

d�k .0; T / ! S0d Œ0; T � is a linear continuous operator. Moreover B is an
injective operator since if X 2 ƒ0

d�k .0; T / and B� .X/ D 0, then by (2.9)

E

�Z T^�n

0

jXr j2 dr

�p=2
D 0

for all n 2 N
�; hence X D 0. �
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Remark 2.11. When Ft D FB
t and p > 1 we shall show below (see the martingale

representation Theorem 2.42) that

B W ƒp

d�k .0; T / ! Mp

d Œ0; T �

is also a surjective operator.

Remark 2.12. By linearity the stochastic Itô integral can be extended to C-valued
stochastic processes of the form Xt D Ut C iVt , where U; V 2 ƒp

d�k; p � 0:

Lemma 2.13. Let X 2 S0l Œ0; T � and G W � � Œ0; T � � R
l ! R

d�k be such that

G .�; �; x/ is P-measurable 8 x 2 R
l ; and

x 7! G .!; t; x/ is continuous dP ˝ dt-a:e:

Suppose we are given a sequence of partitions �n W 0 D tn0 < tn1 < : : : < tnkn D T

with ın D max
˚
tniC1 � tni W i 2 0; n � 1� and ın ! 0 as n ! 1: If (here we write

ti for tni )

�nt D
kn�1X
iD1

1

ti � ti�1
�Z ti

ti�1

G .s; Xti / ds

� �
Bt^tiC1

� Bt^ti
�
;

then

�n�
S0d Œ0;T �����!
n!1

Z �

0

G .s;Xs/ dBs :

Proof. Let

Gn
t .!/ D

kn�1X
iD1

1

ti � ti�1
�Z ti

ti�1

G .s; Yti / ds

�
1Œti ; tiC1Œ.t/

D
kn�1X
iD1

�Z 1

0

G .ti�1 C .ti � ti�1/ r; Yti / dr

�
1Œti ; tiC1Œ.t/:

Since

Gn
ƒ0d�k

.0;T /������!
n!1 G .�; Y�/

and

�nt D Bt .G
n/ D

Z t

0

Gn
s dBs

the result follows. �
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If X 2 S0d�k and B is a R
k-Brownian motion then the stochastic process

f.Xt ; Bt / W t � 0g can be seen as a random variable with values in C
�
RC;Rd�k��

C
�
RC;Rk

�
. The law of this random variable will be denoted L .X;B/ : From the

above Lemma 2.13 we easily deduce:

Corollary 2.14. Let X; OX 2 S0d Œ0; T �, B; OB be two R
k-Brownian motions and g W

RC � R
d ! R

d�k be a function satisfying

g .�; y/ is measurable 8 y 2 R
d ; and

y 7! g .t; y/ is continuous dt-a:e:

If

L .X;B/ D L. OX; OB/ on C
�
RC;RdCk� ;

then on C
�
RC;RdCkCd � ;

L
�
X;B;

Z �

0

g .s; Xs/ dBs

�
D L

�
OX; OB;

Z �

0

g
	
s; OXs



d OBs

�
:

Finally we present a continuity property of the mapping

.X;B/ �!
Z T

0

XsdBs:

Given two stochastic processes B;X W � � Œ0;1Œ �! R
k;Rd�k , let FB;X

t be
the natural filtration generated jointly by B and X and FB;X

tC its right continuous
version. If X 2 L0 ��IL1.0; T IRd �/, we shall also consider the filtration

OFB;X
t D �fBs; 1

"

Z s

0_.s�"/
XrdrI " > 0; s 2 Œ0; t �g _ NP; t � 0;

and OFB;X
tC its right continuous version. Clearly OFB;X

tC � FB;X
tC , and if X is a

continuous stochastic process then OFB;X
tC D FB;X

tC :

Proposition 2.15. Let B;Bn; QBn W � � Œ0;1Œ ! R
k and X;Xn; QXn W � �

Œ0;1Œ ! R
d�k; be stochastic processes such that:

.i/ QBn is an OF QBn; QXn
t -Brownian motion 8 n � 1I

.ii/ L. QBn; QXn/ D L .Bn;Xn/ on C.RC;Rk/ � L2loc

�
RCIRd�k� ; for all n � 1;

.iii/
Z T

0

jXn
s �Xsj2 ds C sup

t2Œ0;T �
jBn

t � Bt j ! 0; in probability, as n ! 1; for all

T > 0:
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Then
	
Bn; f OFBn;Xn

t g


; n � 1; and

	
B; f OFB;X

t g



are Brownian motions and as
n ! 1

sup
t2Œ0;T �

ˇ̌
ˇ̌
Z t

0

Xn
s dBns �!

Z t

0

XsdBs

ˇ̌
ˇ̌ �! 0 in probability: (2.10)

Moreover if in addition to i/; ii/ and iii/; for some p > 1;

.iv/ fXn W n � 1g is bounded in Lp.�IL2.0; T IRd�k//,

then for all q 2 Œ1; pŒ

E

"
sup
t2Œ0;T �

ˇ̌
ˇ̌
Z t

0

Xn
s dBns �!

Z t

0

XsdBs

ˇ̌
ˇ̌
q
#

�! 0; as n ! 1. (2.11)

Proof. The ideas of the proof are borrowed from Bensoussan [7] and Buckdahn and
Răşcanu [16].

By Corollary 1.96 we deduce that for each n 2 N
�,
	
Bn; f OFBn;Xn

t g



and	
B; f OFB;X

t g



are Brownian motions.

We remark that

E

(
sup
t2Œ0;T �

jBn
t j2a C sup

t2Œ0;T �
jBt j2a

)
� CaT

a; for all a � 1;

and thus, by iv/

lim
n!1E sup

t2Œ0;T �
jBn

t � Bt ja D 0; for all a � 1. (2.12)

Given any Y 2 L0
�
�IL2.0; T IRd�k/

�
progressively measurable with respect to

the filtration
n OFBn;Xn

t

o
t2Œ0;T � (

n OFB;X
t

o
t2Œ0;T � ; respectively), we put

B
n
t .Y / D

Z t

0

YsdBns and Bt .Y / D
Z t

0

YsdBs; respectively,

and

Y "t D 1

"

Z t

0

Ys expf� t � s
"

gds

D e�t="
Z t

0

Ys d
�
es="

�
; t � 0; " > 0:
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Then

Z T

0

jY "t j2 dt �
Z T

0

jYsj2 ds; 8 " > 0 and

Y " �! Y; in L0.�IL2.0; T IRd�k//; as " ! 0:

Moreover, if Y 2 Lr.�IL2.0; T IRd�k//; r � 1; then

Y " �! Y; in Lr.�IL2.0; T IRd�k//; as " ! 0:

Since

B
n
t .X

n;"/ � Bt .X
"/

D
Z t

0

Xn;"
s dBns �

Z t

0

X"
s dBs

D 1

"

�Z t

0

�
Xn
s �Xs

�
expf� t � s

"
gds

�
Bn
t

� 1

"

Z t

0

�
Xn
s �Xs � 1

"

Z s

0

�
Xn
� �X�

�
expf�s � �

"
gd�

�
Bn
s ds

C 1

"

�Z t

0

Xs expf� t � s
"

gds

� �
Bn
t � Bt

�

� 1

"

Z t

0

�
Xs � 1

"

Z s

0

X� expf�s � �
"

gd�
� �
Bn
s � Bs

�
ds;

and thanks to the assumptions i/ � v/ and (2.12) we can deduce that

sup
t2Œ0;T �

jBnt .Xn;"/ � Bt .X
"/j �! 0 in probability, as n ! 1; for every " > 0:

Now we have for all n � 1 and for every " > 0 W

E Œ1 ^ kBn .Xn/ � B .X/kT �
� E Œ1 ^ kBn .Xn �Xn;"/kT �C E Œ1 ^ kBn .Xn;"/ � B .X"/kT �
C E Œ1 ^ kB .X" �X/kT �

� 3

�
E

�
1 ^

Z T

0

jXn
r �Xn;"j2 dr

��1=3
C E Œ1 ^ kBn .Xn;"/ � B .X"/kT �

C 3

�
E

�
1 ^

Z T

0

jX"
r �X j2 dr

��1=3
:
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Hence for all " > 0;

lim sup
n!C1

E Œ1 ^ kBn .Xn/ � B .X/kT � � 6

�
E

�
1 ^

Z T

0

jX"
r �X j2 dr

��1=3

and consequently

lim
n!1E Œ1 ^ kBn .Xn/ � B .X/kT � D 0

that is (2.10).
Let 1 � q < p: Then

E

(
sup
t2Œ0;T �

jBnt .Xn/ � Bt .X/jq
)

� 3q�1
E

(
sup
t2Œ0;T �

jBnt .Xn �Xn;"/jq
)

C 3q�1
E

(
sup
t2Œ0;T �

jBnt .Xn;"/ � Bt .X
"/jq

)

C 3q�1
E

(
sup
t2Œ0;T �

jBt .X" �X/jq
)

� CqE

(�Z T

0

jXn �Xn;"j2 ds

� q
2

)
C 3q�1

E

(
sup
t2Œ0;T �

jBnt .Xn;"/ � Bt .X
"/jq

)

C CqE

(�Z T

0

jX" �X j2 ds

� q
2

)
:

Hence, in virtue of Lebesgue’s theorem 1.15

lim sup
n!C1

E

(
sup
t2Œ0;T �

jBnt .Xn/ � Bt .X/jq
)

� 2CqE

(�Z T

0

jX" �X j2 ds

� q
2

)

for all " > 0, and (2.11) follows. �

2.3 Itô’s Formula

Let X 2 S0d be of the form

Xt D X0 C
Z t

0

Fsds C
Z t

0

GsdBs; 8t � 0; a:s:, (2.13)
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where fBt ; t � 0g is a k-dimensional Brownian motion with respect to a fixed
stochastic basis .�;F ;P; fFt gt�0/ and

F W � � Œ0;1Œ ! R
d , G W � � Œ0;1Œ ! R

d�k

are progressively measurable stochastic processes such that

F 2 L1loc

�
RCIRd � a.s., and G 2 ƒ0

d�k:

Definition 2.16. A stochastic process X 2 S0d of the form (2.13) will be called an
Itô process. F is the drift, and GG� the matrix of diffusion coefficients of X:

Formally we shall write

dXt D Ftdt CGtdBt :

If  W Rd ! R is a function of class C2 we denote by

rx .x/ D  0
x .x/ D

�
@ .x/

@xi

�

d�1
2 R

d

the gradient of  with respect to x, and

D2
xx .x/ D  

00

xx .x/ D
�
@2 .x/

@xi@xj

�

d�d
2 R

d�d

the Hessian matrix of  with respect to x:

Theorem 2.17 (Itô’s Formula). Let ' 2 C1;2
�
RC � R

d
�

and

A' .t; x/ defD ˝
Ft ; '

0
x .t; x/

˛C 1

2
Tr

GtG

�
t '

00
xx .t; x/

�
:

Then for all t � 0:

' .t; Xt / D ' .0;X0/C
Z t

0

�
@'

@t
.r; Xr/C A' .r;Xr/

�
dr

C
Z t

0

h'0
x .r; Xr/ ; GrdBri ; P-a.s.

(2.14)

From (2.14) with ' .t; x/ D jxj2 and the identity

hx; yi D 1

2
jx C yj2 � 1

2
jxj2 � 1

2
jyj2 ; 8 x; y 2 R

d ;
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we deduce that:

Corollary 2.18. If X; Y 2 S0d are Itô processes of the form

Xt D X0 C
Z t

0

Fsds C
Z t

0

GsdBs; t � 0; and

Yt D Y0 C
Z t

0

Esds C
Z t

0

HsdBs; t � 0;

then for all t � 0:

jXt j2 D jX0j2C
Z t

0

	
2 hXr; Fri C jGr j2



drC2

Z t

0

hXr;GrdBri ; P-a.s. (2.15)

and

hXt ; Yt i D hX0; Y0i C
Z t

0

hFs; Ysi C hXs;Esi C Tr
�
GsH

�
s

��
ds

C
Z t

0

�
Y �
s Gs CX�

s Hs

�
dBs :

(2.16)

The Itô formula (2.14) is a particular case of the following slightly more general
result.

Proposition 2.19. Let G 2 ƒ0
d�k ,

Mt D
Z t

0

GsdBs

and V 2 S0m be such that

V� .!/ 2 BVloc .RCIRm/ P-a.s: ! 2 �.

If .v; x/ �! ' .v; x/ is a function from C1;2
�
R
m � R

d
�
, then 8 t � 0; P-a.s.:

' .Vt ;Mt / D ' .V0; 0/C
Z t

0

h'0
v .Vs;Ms/ ; dVsi C h'0

x .Vs;Ms/ ;GsdBsi
�

C1

2

Z t

0

Tr

GsG

�
s '

00
xx .Vs;Ms/

�
ds:

(2.17)

Proof. We mimic the proof of Lemma 1.73, with some minor changes. If

Ms D
Z s

0

GrdBr ; s � 0;



2.3 Itô’s Formula 91

then

<<M>>sD
Z s

0

GrG
�

r dr and <M>sD
Z s

0

jGr j2 dr:

Let 0 � t � T and R > 0 be arbitrary.
Define

Ur D .Mr ; Vr ;lV lr ; <M>r/

and the stopping time

� D �R D inf fr � 0 W jUr j � Rg :

Let

ˆ.u; v; x/ D �
u; ' .v; x/ ; '0

v .v; x/ ; '
0
x .v; x/ ; '

00
xx .v; x/

�
;

and

mn;R D sup

�
jˆ.u1; v1; x1/ �ˆ.u2; v2; x2/j W ju1j ; ju2j ; jv1j ; jv2j � R

jx1j ; jx2j � R; ju1 � u2j C jv1 � v2j C jx1 � x2j � 1

n

�
:

Clearly mn;R ! 0 as n ! 1 for each fixed R > 0; and

0 � mn;R � 2CR
defD 2 sup fjˆ.u; v; x/j W juj ; jvj ; jxj � Rg :

Let
˚�
�ni ; kn

� W i; n 2 N
�

be a basic partition (see Definition 1.54) of the interval
Œ0; t ^ ��, associated to f.Ut ; 1=n/ W t � 0; 2 N

�g :
Denote �i D �ni ,�i� D �iC1 � �i , Yi D Y�ni ,�iY D YiC1 �Yi for any arbitrary

stochastic process Y .
We have

' .Vt^� ;Mt^� / � ' .V0; 0/ D
kn�1X
iD0

Œ' .ViC1;MiC1/ � ' .Vi ;Mi /�

C
h
' .Vt^� ;Mt^� / � '

	
V�nkn

;M�nkn


i
:

Since hHx; yi D Tr ŒH � .x ˝ y/�, we deduce by Taylor’s formula that there exist
some �i ; �i 2 �ni ; �niC1

�
such that
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' .Vt^� ;Mt^� / � ' .V0; 0/ D
kn�1X
iD0

'0
v .Vi ;Mi /�iV C

kn�1X
iD0

h'0
x .Vi ;Mi / ;�iM i

C1

2

kn�1X
iD0

Tr

'00

xx .Vi ; Xi /�i <<M>>
�CRn ,

(2.18)

where Rn D R.1/n CR.2/n CR.3/n CR.4/n with

R.1/n D
kn�1X
iD0


'0
v .V�i ;MiC1/ � '0

v .Vi ;Mi /
�
�iV;

R.2/n D 1

2

kn�1X
iD0

˝
'00

xx .Vi ;M�i / � '00
xx .Vi ;Mi /

�
�iM;�iM

˛
;

R.3/n D 1

2

kn�1X
iD0

Tr

'00

xx .Vi ;Mi / .�iM ˝�iM ��i <<M>>/
�
;

R.4/n D ' .Vt^� ;Mt^� / � '
	
V�nkn

;M�nkn



:

We have

E jRnj � C 0
R �

�
1p
n

C mn

�
! 0 as n ! 1;

since
ˇ̌
ˇR.1/n

ˇ̌
ˇ � mn �R;

E

ˇ̌
ˇR.2/n

ˇ̌
ˇ � 1

2
mn �

kn�1X
iD0

E j�iM j2 � 1

2
mn �R2;

E

ˇ̌
ˇR.4/n

ˇ̌
ˇ � 2CR � P

�
�nkn < t ^ �� � 2CR � 1

n
;

and by mutually orthogonality in L2
�
�;F ;PIRd �

E

ˇ̌
ˇR.3/n

ˇ̌
ˇ
2 D

kn�1X
iD0

E

ˇ̌
ˇ̌1
2

Tr

'00

xx .Vi ; Xi / .�iM ˝�iM ��i <<M>>/
�ˇ̌ˇ̌
2

�
�
CR

2

�2
2

kn�1X
iD0

E

h
j�iM j4 C j�i <M>j2

i
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�
�
CR

2

�2
2

n

kn�1X
iD0

E

h
j�iM j2 C�i <M>

i

D
�
CR

2

�2
4

n
<M>�nkn

� C2
R

R

n
:

Note also that if we define

ˆns D G�
s

kn�1X
iD0

'0
x .Vi ;Mi / 1Œ�ni ;�niC1

Œ .s/

then

Z t^�

0

ˇ̌
ˆns �G�

s '
0
x .Vs;Ms/

ˇ̌2
ds

a:s:��! 0; as n ! 1

and hence

kn�1X
iD0

˝
'0
x .Vi ;Mi / ;�iM

˛ D
Z t^�

0

hˆns ; dBsi

prob:���!
Z t^�

0

˝
'0
x .Vs;Ms/ ;GsdBs

˛
:

Consequently, again using the definition of the Riemann–Stieltjes integral, we can
pass to the limit in (2.18) as n ! 1 and we obtain (2.17) with t replaced by t ^ �R.
It remains to let R ! 1 and (2.17) follows. �

Corollary 2.20. If ' 2 C1;2
�
RC � R

k IC� then

' .t; Bt / D ' .0; 0/C
Z t

0

�
'0
t .r; Br/C 1

2
�x' .r; Br/

�
dr

C
Z t

0

hrx' .r; Br/ ; dBri ; P-a.s.;
(2.19)

where �x D Pk
jD1 @2=@2xj :

In particular

Z t

0

hBr; dBri D 1

2
jBt j2 � 1

2
t; P-a.s.
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Remark 2.21. By linearity the Itô formula (2.14) or (2.17) holds for a C-valued
function '.

Remark 2.22. If we use an intuitive symbolic linear calculus based on

dt ˝ dt D 0; dt ˝ dBt D 0 and dBt ˝ dBt D Ik�k dt;

then Itô’s formula can be rewritten formally as

d' .t; Xt / D '0
t .t; Xt / dt C ˝

'0
x .t; Xt / ; dXt

˛C 1

2
Tr

'00

xx .t; Xt / .dXt ˝ dXt /
�
:

2.3.1 Applications of Itô’s Formula

Let

Ut D U0 C
Z t

0

Esds C
Z t

0

hGs; dBsi ;

Vt D V0 C
Z t

0

Fsds C
Z t

0

hHs; dBsi

and

Yt D exp

�
.U0 C iV0/C

Z t

0

.Es C iFs/ ds C
Z t

0

hGs C iHs; dBsi
�

D expUt exp iVt :

By the Itô formula for both ' .x/ D exp x, x 2 R; and  .x/ D exp ix, x 2 R; we
have

d .expUt/ D .expUt/

�
Et C 1

2
jGt j2

�
dt C .expUt/ hGt ; dBt i

and

d .exp iVt / D .exp iVt /

�
iFt � 1

2
jHt j2

�
dt C i .exp iVt / hHt; dBt i :

Hence:

Corollary 2.23. Let E, F , G,H be progressively measurable stochastic processes
such that

E;F 2 L1loc .RCIR/ a.s., and G;H 2 ƒ0
k;
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and U0, V0 be F0-measurable random variables. Let

Yt D exp

�
.U0 C iV0/C

Z t

0

.Es C iFs/ ds C
Z t

0

hGs C iHs; dBsi
�
:

Then

Yt D exp .U0 C iV0/C
Z t

0

Ys

�
Es C iFs C 1

2
jGs C iHsj2

�
ds

C
Z t

0

Ys hGs C iHs; dBsi

for all t � 0, P-a.s.

Using Itô’s formula we derive some exponential estimates.

Lemma 2.24. Let U0;E and G be as in Corollary 2.23 and

Ut D U0 C
Z t

0

Esds C
Z t

0

hGs; dBsi ; t � 0:

Assume there exist three constants r0,a; b such that jU0j � r0 and jEsj � a, jGsj �
b; dP ˝ dt-a.e. Then for all � 2 R;

Ee�Ut � exp

�
r0 j�j C

�
a j�j C �2b2

2

�
t

�
:

Proof. Let �n D inf fn 2 N W jUt j � ng : Then

Ee�Ut^�n D Ee�U0 C E

Z t^�n

0

e�Ur
�
�Er C �2

2
jGr j2

�
dr

� ej�jr0 C
�
a j�j C �2b2

2

�Z t

0

Ee�Ur^�ndr

and by the Gronwall inequality

Ee�Ut^�n � ej�jr0et.aj�jC �2b2

2 /:

Passing to lim infn!C1 the result follows. �

We also have:

Lemma 2.25. Let T > 0, � 2 R and

Mt D
Z t

0

hGs; dBsi ; t � 0;
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M�
t D exp

�
�Mt � �2

2

Z t

0

jGsj2 ds

�
; t � 0;

where fGt W t � 0g is progressively measurable and satisfies jGt j � b; a.s., for
all t � 0. Then for all � 2 R;

˚M�
t W t � 0

�
is a continuous p-martingale for all

p � 1 and

P

 
sup
0�t�T

jMt j � ı

!
� 2 exp

�
� ı2

2b2T

�
; 8 ı > 0: (2.20)

Proof. By Lemma 2.24 clearly E
ˇ̌M�

t

ˇ̌p
< 1 and by Itô’s formula

M�
t D 1C �

Z t

0

M�
s hGs; dBsi

and clearly
˚M�

t W t � 0
�

is a martingale.
We have

P. sup
0�t�T

jMt j � ı/ D P. sup
0�t�T

Mt � ı/C P. sup
0�t�T

.�Mt/ � ı/:

We estimate the first term on the right; the second one is bounded by the same
quantity. Since fM�

t ; t � 0g is a martingale we infer, by Doob’s inequality (1.11-
A1), that

P. sup
0�t�T

Mt � ı/ � P. sup
0�t�T

M�
t � exp.�ı � �2b2T=2//

� exp.�2b2T=2 � �ı/:

Setting � D ı

b2T
, we deduce that

P. sup
0�t�T

Mt � ı/ � exp

�
� ı2

2b2T

�
;

from which the result follows. �

We remark that if in Lemma 2.25 we replace Gs by 1Œ�;�� .s/Gs , where � and �
are two stopping times such that 0 � � � � � T; then the inequality (2.20) becomes

P

 
sup
��t��

ˇ̌
ˇ̌
Z t

�

hGs; dBsi
ˇ̌
ˇ̌ � ı

!
� 2 exp

�
� ı2

2b2T

�
; for all ı > 0: (2.21)
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Finally we give a useful formula by applying Itô’s formula to 'p .Xt / ; where
' D 'ı;" W Rd ! �0;1Œ

'ı;" .x/ D
 

jxj2
1C ı jxj2 C "

!1=2
;

ı � 0, 0 < " � 1, and we shall take the limit as " & 0.

Proposition 2.26. Let p � 1, ı � 0 and X 2 S0d be a local semimartingale of the
form

Xt D X0 C
Z t

0

dKs C
Z t

0

GsdBs; t � 0; (2.22)

where G 2 ƒ0
d�k; K 2 S0d , K� .!/ 2 BVloc

�
R
d IR� P-a.s: ! 2 �.

Then P-a.s., for all t � 0:

jXt jp	
1C ı jXt j2


p=2 C p

2

Z t

0

Q
.p;ı/
s ds D jX0jp	

1C ı jX0j2

p=2 C p

Z t

0

D
U
.p;ı/
s ; dKs

E

Cp
Z t

0

D
U
.p;ı/
s ; GsdBs

E
C p

2

Z t

0

R
.p;ı/
s ds C 1

2
L
.1;ı/
t 1pD1;

(2.23)

where

.j / U
.p;ı/
s D 0, R.p;ı/s D Q

.p;ı/
s D 0, if Xs D 0; and

U .p;ı/
s D jXsjp�2

	
1C ı jXsj2


.pC2/=2 Xs;

R.p;ı/s D jXsjp�4
	
1C ı jXsj2


.pC2/=2
h 	

jGsj2 jXsj2 � jG�
s Xsj2




C p � 1
1C ı jXsj2

jG�
s Xsj2

i
;

Q.p;ı/
s D 3ı jXsjp�2

	
1C ı jXsj2


.pC4/=2 jG�
s Xsj2 ;

if Xs ¤ 0I
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.jj/ R.p;ı/� � 0; Q.p;ı/� � 0 and for all T > 0, P-a.s.:

���U .p;ı/
���
T

C
Z T

0

R.p;ı/s ds C
Z T

0

Q.p;ı/
s ds < 1I

.jjj/
n
L
.1;ı/
t W t � 0

o
is an increasing continuous stochastic process such that

L
.1;ı/
0 D 0 a.s. Moreover L.1;ı/t D L.1;ı/s a.s., for every interval Œs; t � �

fr � 0 W Xr .!/ D 0g or Œs; t � � int fr � 0 W Xr .!/ ¤ 0g;
.jv/ if there exists a positive stochastic process 
 such that P-a.s. 
� 2 L2loc .RC/

and

jGsj � 
s
p

jXsj; dP ˝ dt-a:e:;

then L.1;ı/t D 0 for all t � 0:

Proof. Let ı � 0 and 0 < " � 1: Let ' D 'ı;" W Rd ! �0;1Œ

' .x/ D 'ı;" .x/ D
 

jxj2
1C ı jxj2 C "

!1=2
:

Note that

rx' .x/ D '�1 .x/
x	

1C ı jxj2

2

and

Tr

D2

xx' .x/GG�� D �'�3 .x/
1	

1C ı jxj2

4 jG�xj2

� '�1 .x/
4ı	

1C ı jxj2

3 jG�xj2 C '�1 .x/

1	
1C ı jxj2


2 jGj2

D '�3 .x/
1	

1C ı jxj2

3
	
jGj2 jxj2 � jG�xj2



C

C '�3 .x/
"	

1C ı jxj2

3
h
jGj2 C ı

	
jGj2 jxj2 � jG�xj2


i

� '�1 .x/
3ı	

1C ı jxj2

3 jG�xj2 :
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By Itô’s formula for 'p .Xt /, p � 1:

'p .Xt / D 'p .X0/C
Z t

0

hrx'
p .Xs/ ; Fsi ds C

Z t

0

hrx'
p .Xs/ ; GsdBsi

C 1

2

Z t

0

Tr
�
D2

xx'
p .Xs/GsG

�
s

�
ds:

Since

rx'
p .x/ D p'p�1 .x/rx' .x/

and

Tr

D2

xx'
p .x/GG�� D p .p � 1/ 'p�2 .x/ jG�rx' .x/j2

C p'p�1 .x/Tr

D2

xx' .x/GG�� ;

we have that

'
p

ı;" .Xt / D '
p

ı;" .X0/C p

Z t

0

D
U
.p;ı;"/
s ; dKs

E
C p

Z t

0

D
U
.p;ı;"/
s ; GsdBs

E

Cp

2

Z t

0

R
.p;ı;"/
s ds � p

2

Z t

0

Q
.p;ı;"/
s ds C p

2
L
.p;ı;"/
t ;

(2.24)

where

U .p;ı;"/
s D '

p�2
ı;" .Xs/

1	
1C ı jXsj2


2 Xs;

R.p;ı;"/s D .p � 1/ 'p�4
ı;" .Xs/

1	
1C ı jXsj2


4 jG�
s Xsj2

C '
p�4
ı;" .Xs/

1	
1C ı jXsj2


3
	
jGsj2 jXsj2 � jG�

s Xsj2


;

Q.p;ı;"/
s D '

p�2
ı;" .Xs/

3ı	
1C ı jXsj2


3 jG�
s Xsj2 ;

and

L
.p;ı;"/
t D "

Z t

0

'
p�4
ı;" .Xs/

1	
1C ı jXsj2


3
h
jGsj2 C ı

	
jGsj2 jXsj2 � jG�

s Xsj2

i

ds:
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Note that as " ! 0C

�.p;ı;"/s D �.p;ı;"/s 1Xs¤0 ! �.p;ı/s ;

for �.p;ı;"/s D U
.p;ı;"/
s ; Q

.p;ı;"/
s , or R.p;ı;"/s :

Since for all ı � 0 and 0 < " � 1:

ˇ̌
ˇU .p;ı;"/

s

ˇ̌
ˇ � .jXsj C 1/p�1 and 0 � Q.p;ı;"/

s � 3ı .jXsj C 1/p jGsj2 ;

it follows, by the Lebesgue dominated convergence theorem, that for all t � 0:

lim
"!0C

Z t

0

D
U .p;ı;"/
s ; dKs

E
D
Z t

0

D
U .p;ı/
s ; dKs

E
; P-a.s.;

and

lim
"!0C

Z t

0

ˇ̌
ˇG�

s U
.p;ı;"/
s �G�

s U
.p;ı/
s

ˇ̌
ˇ
2

ds D 0; P-a.s.;

which yields moreover, as " ! 0C;
Z t

0

D
U .p;ı;"/
s ; GsdBs

E
prob:���!

Z t

0

D
U .p;ı/
s ; GsdBs

E
:

Also, by Lebesgue’s dominated convergence theorem for p � 4, and the monotone
convergence theorem for 1 � p < 4:

lim
"!0C

Z t

0

R.p;ı;"/s ds D
Z t

0

R.p;ı/s ds; P-a.s.; 8 t � 0

and, since R.p;ı;"/t � 0, we get, from (2.24), that

0 �
Z t

0

R.p;ı/s ds < 1; P-a:s:; 8 t � 0:

Hence, once again from (2.24) and the definition of L.p;ı;"/t ; for all p � 1; there
exists a progressively measurable continuous increasing stochastic process L.p;ı/

such that for all t � 0, as " ! 0C:

L
.p;ı;"/
t

prob:���! L
.p;ı/
t .

Letting " ! 0C in (2.24), the equality (2.23) follows, as well as .j / and .jj/.



2.3 Itô’s Formula 101

If p � 4, by the Lebesgue dominated convergence theorem, we infer that

L
.p;ı/
t D 0; P-a.s.; 8 t � 0.

Let 1 < p < 4 and ˇ D .4 � p/ =3; then 0 < ˇ < 1:
If we define

H.ı/
s D 1	

1C ı jXsj2

3
h
jGsj2 C ı

	
jGsj2 jXsj2 � jG�

s Xsj2

i
;

then

L
.1;ı;"/
t D "

Z t

0

'�3
ı;" .Xs/H

.ı/
s ds:

We get using Hölder’s inequality

0 � L
.p;ı;"/
t D "

Z t

0

'
p�4
ı;" .Xs/H

.ı/
s ds

D
Z t

0

	
"H.ı/

s


1�ˇ h
"'�3

ı;" .Xs/H
.ı/
s

iˇ
ds

� "1�ˇ
�Z t

0

H .ı/
s ds

�1�ˇ 	
L
.1;ı;"/
t


ˇ
:

Consequently for all p > 1 and ı � 0:

L
.p;ı/
t D 0; P-a.s.; 8 t � 0.

We now study L.1;ı/t .
Since

L
.1;ı;"/
t D "

Z t

0

jGsj2 C ı
	
jGsj2 jXsj2 � jG�

s Xsj2



	
1C ı jXsj2


3=2 	jXsj2 C "C "ı jXsj2

3=2 ds

� 1

.1C ı"/3=2
1

.2C ı"/3=2
1p
"

Z t

0

jGsj2 1jXs j�p
"ds;

we obtain that

1

23=2
lim sup
"!0C

1p
"

Z t

0

jGsj2 1jXs j�p
"ds � L

.1;ı/
t (2.25)
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and, consequently,

Z t

0

1XsD0 jGsj2 ds D 0: (2.26)

Let 0 � s � t: By (2.26),

0 � L
.1;ı;"/
t .!/ � L.1;ı;"/s .!/

� "

Z t

s

	
jXu .!/j2 C "


�3=2
1Xu.!/¤0 jGu .!/j2 du:

˙ If Œs; t � � fr � 0 W Xr .!/ D 0g then, clearly,

L
.1;ı/
t .!/ D L.1;ı/s .!/ :

˙ If Œs; t � � int fr � 0 W Xr .!/ ¤ 0g, then there exists a ı .!/ > 0 such that

jXr .!/j � ı .!/ ; for all r 2 Œs; t �

and

0 � L
.1;ı;"/
t .!/ � L.1;ı;"/s .!/ � 2"

�
ı2 .!/C "

��3=2 Z t

s

jGu .!/j2 du:

Setting " ! 0C we obtain

L
.1;ı/
t .!/ D L.1;ı/s .!/ :

Let us now prove .jv/ : We have

0 � L
.1;ı;"/
t �

Z t

0


2s
�
‰"
s

�3=2
ds;

where

‰"
s D

jXsj2=3
	
"C "ı jXsj2


2=3

jXsj2 C "C "ı jXsj2
:

Note that lim
"!0C

‰"
s D 0 and, by Hölder’s inequality,

0 � ‰"
s �

1
3

jXsj2 C 2
3

	
"C "ı jXsj2




jXsj2 C "C "ı jXsj2
� 1:
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Hence

L
.1;ı/
t D lim

"!0C

L
.1;ı;"/
t D 0:

This completes the proof. �

Remark 2.27. Let y 2 R
d : In Proposition 2.26 we can replace Xt by Xt � y (and

consequently X0 by X0 � y). Now from (2.25) it clearly follows that if X 2 S0d is a
local semimartingale of the form (2.22), then for all b > 0 and t � 0 W

.˛/ lim sup
"!0C

1

"1�b

Z t

0

1jXs�yj�" jGsj2 ds D 0; P-a.s.;

.ˇ/

Z t

0

1XsDy jGsj2 ds D 0; P-a.s.
(2.27)

We now deduce from Proposition 2.26 the following:

Corollary 2.28. Let X 2 S0d be a local semimartingale of the form

Xt D X0 C
Z t

0

dKr C
Z t

0

GrdBr ; t � 0;

where G 2 ƒ0
d�k; K 2 S0d , K� .!/ 2 BVloc

�
R
d IR� P-a.s: ! 2 �.

Let p � 1, ı � 0, mp D 1 _ .p � 1/,

J .p;ı/r D jXr jp�2 1Xr¤0	
1C ı jXr j2


.pC2/=2 :

Then for all t � s, P-a.s.:

jXsjp	
1C ı jXsj2


p=2 � jXt jp	
1C ı jXt j2


p=2

Cp
Z s

t

J
.p;ı/
r

�
hXr; dKri C 1

2
mp jGr j2 dr

�
C p

Z s

t

J
.p;ı/
r hXr;GrdBri :

(2.28)

Proof. First, let p > 1: From (2.23) and

	
jGr j2 jXr j2 � jG�

r Xr j2



C p � 1
1C ı jXr j2

jG�
r Xr j2

�
	
jGr j2 jXr j2 � jG�

r Xr j2



C .p � 1/ jG�
r Xr j2

� mp jGr j2 jXr j2 ;
the inequality (2.28) follows.
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Now let p D 1:

To prove (2.28) note first that m1 D 1: From the proof of Proposition 2.26 we
have for 0 � t � s:

1

2

Z s

t

	
R.1;ı;"/r �Q.1;ı;"/

r



dr C L.1;ı;"/s � L.1;ı;"/t

D 1

2

Z s

t

Tr

GrG

�
r D

2
xx'ı;" .Xr/

�
dr

� 1

2

Z s

t

1

'ı;" .x/

1	
1C ı jxj2


2 jGr j2 dr

� 1

2

Z s

t

J .1;ı/r 1Xr¤0 jGr j2 dr;

which yields (2.28) passing to the limit as " ! 0C: �

We remark that in the proof of Proposition 2.26, the relation (2.24) is also true
for all p 2 R: Therefore we have for ı D 0:

Corollary 2.29. Let p 2 R and " > 0. If X 2 S0d is a local semimartingale of the
form

Xt D X0 C
Z t

0

dKs C
Z t

0

GsdBs; 8t � 0; a:s:I

with G 2 ƒ0
d�k; K 2 S0d , K� .!/ 2 BVloc

�
R
d IR� P-a.s: ! 2 �, then P-a.s., for

all t � 0:

	
jXt j2 C "


p=2 D
	
jX0j2 C "


p=2 C p

Z t

0

D
U
.p;"/
s ; dKs

E
C p

Z t

0

D
U
.p;"/
s ; GsdBs

E

Cp

2

Z t

0

R
.p;"/
s ds C p

2
L
.p;"/
t ;

(2.29)

where

.j / U
.p;"/
s D

	
jXsj2 C "


.p�2/=2
Xs;

.jj/ R
.p;"/
s D

h
jGsj2 jXsj2 C .p � 2/ jG�

s Xsj2
i 	

jXsj2 C "

.p�4/=2

;

.jjj/ L
.p;"/
t D "

Z t

0

jGsj2
	
jXsj2 C "


.p�4/=2
ds
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and

np jGsj2 jXsj2
	
jXsj2 C "


.p�4/=2 � R.p;"/s � mp jGsj2 jXsj2
	
jXsj2 C "


.p�4/=2

where np D 1 ^ .p � 1/ and mp D 1 _ .p � 1/ :
Choosing ı D 0 in Proposition 2.26, or passing to the limit in (2.29) as " & 0;

we infer:

Corollary 2.30. Let p � 1. If X 2 S0d is a local semimartingale of the form

Xt D X0 C
Z t

0

dKs C
Z t

0

GsdBs; 8t � 0; a:s:I

with G 2 ƒ0
d�k; K 2 S0d , K� .!/ 2 BVloc

�
R
d IR� P-a.s: ! 2 �, then P-a.s., for

all t � 0:

jXt jp D jX0jp C p

Z t

0

D
U
.p/
s ; dKs

E
C p

Z t

0

D
U
.p/
s ; GsdBs

E

Cp

2

Z t

0

R
.p/
s ds C 1

2
Lt 1pD1;

(2.30)

where

.j / U
.p/
s D 0, R.p/s D 0, when Xs D 0 and if Xs ¤ 0 then

U
.p/
s D jXsjp�2 Xs;
R
.p/
s D jXsjp�4 h	jGsj2 jXsj2 � jG�

s Xsj2



C .p � 1/ jG�
s Xsj2

i
I

.jj/ setting np D 1 ^ .p � 1/ and mp D 1 _ .p � 1/ we have

np jXsjp�2 1Xs¤0 jGsj2 � R.p/s � mp jXsjp�2 1Xs¤0 jGsj2

and

0 �
Z t

0

R.p/s ds < 1; P-a:s:; 8 t � 0I

.jjj/ fLt W t � 0g is an increasing continuous stochastic process such that for all
t � 0 W

Lt D lim
"!0C

Z t

0

" jGsj2	
jXsj2 C "


3=2 ds (convergence in probability)
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and Lt .!/ D Ls .!/ ; P-a.s.; for every interval Œs; t � � fr � 0 W Xr .!/ D
0g, or Œs; t � � intfr � 0 W Xr .!/ ¤ 0gI

.jv/ if there exists a positive stochastic process 
 such that P-a.s. 
� 2 L2loc .RC/
and

jGsj � 
s
p

jXsj; dP ˝ dt-a:e:;

then Lt D 0 for all t � 0:

Setting p D 1 in (2.30) we obtain the d -dimensional generalization of the
celebrated Tanaka formula.

Corollary 2.31. If X 2 S0d is an Itô process of the form

Xt D X0 C
Z t

0

Fsds C
Z t

0

GsdBs; 8t � 0; a:s:;

then P-a.s., for all t � 0 W

jXt j D jX0j C
Z t

0

hsgn .Xs/ ; Fsi ds C
Z t

0

hsgn .Xs/ ; GsdBsi C
Z t

0

Rsds C 1

2
Lt ;

(2.31)

where

sgn W Rd ! R
d ; sgn .x/ D

8
<
:
0; if x D 0;
x

jxj ; if x ¤ 0;

Rs D
8<
:
0; if Xs D 0;
1

2 jXsj
	
jGsj2 � jG�

s sgn .Xs/j2


; if Xs ¤ 0;

and fLt W t � 0g is an increasing continuous stochastic process such that P-a.s.
! 2 �:

L0 .!/ D 0 and Lt .!/ D Ls .!/ ;

if Œs; t � � fr � 0 W Xr .!/ D 0g, or Œs; t � � intfr � 0 W Xr .!/ ¤ 0g:
Remark 2.32. Comparing formula (2.31) with Tanaka’s formula for the continuous
scalar semimartingale jXt j (see [64], Ch. VI, Th 1.2) we deduce that Lt coincides
with the local time at 0 of jXt j.
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We now derive in the case d D 1 the stochastic differential dXC
t : Let

� .u/ D 1p
2

exp

�
�u2

2

�
:

Proposition 2.33. Let X 2 S01 be a local semimartingale of the form

Xt D X0 C
Z t

0

dKs C
Z t

0

hGs; dBsi ; t � 0;

where K 2 S01 , K� .!/ 2 BVloc .RIR/ P-a.s: ! 2 � and G 2 ƒ0
1�k .

Then P-a.s., for all t � 0:

XC
t D XC

0 C
Z t

0

� .Xs/ dKs C
Z t

0

h1Xs>0Gs; dBsi C 1

2
Pt (2.32)

where � W R ! R;

� .x/ D
8
<
:
0; if x < 0;
1
2
; if x D 0;

1; if x > 0;

and fPt W t � 0g ; P0 D 0; is an increasing continuous stochastic process such that
for all t � 0:

Pt D lim
"!0C

1

"

Z t

0

�

�
Xs

"

�
jGsj2 ds

D lim
"!0C

1

"

Z t

0

�

�
Xs

"

�
10<jXs j<p

" jGsj2 ds (convergence in probability);

(2.33)

with the properties:

.j / for every interval Œs; t � � fr � 0 W Xr .!/ D 0g, or Œs; t � � intfr � 0 W
Xr .!/ ¤ 0g,

Pt .!/ D Ps .!/ ; P-a:s:I

.jj/ if there exists a positive stochastic process 
 such that
Z T

0


2s ds < 1; for all

T > 0; and

jGsj � 
s
p

jXsj; dP ˝ dt-a:e:;

then Pt D 0 for all t � 0:
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Proof. Let " > 0 and the function '" W R ! Œ0;1Œ of class C1 be given by

'" .x/ D
Z

R

.x � "u/C � .u/ du

D x

Z x="

�1
� .u/ du � "

Z x="

�1
u� .u/ du:

Then for all x 2 R

0 < '0
" .x/ D

Z x="

�1
� .u/ du < 1 and

0 < '00
" .x/ D 1

"
�
	x
"



<

1p
2

2ppŠ "2p�1

2ppŠ"2p C x2p
; 8 p 2 N

�:

Since
R
R
� .u/ du D 1 and

ˇ̌
.x C y/C � xC ˇ̌ � jyj ; we deduce that

ˇ̌
'" .x/ � xC ˇ̌ � ":

Moreover

lim
"!0

'0
" .x/ D

8<
:
0; if x < 0;
1
2
; if x D 0;

1; if x > 0;

and

0 � '00
" .x/ � 1

"
�
	x
"



10<jxj<p

" D 1

"
� .0/ 1xD0 C 1

"
�
	x
"



1jxj�p

"

D 1

"
� .0/ 1xD0 C 2ppŠp

2
"p�1:

(2.34)

By Itô’s formula we have

'" .Xt / D '" .X0/C
Z t

0

'0
" .Xs/ dKs

C
Z t

0

'0
" .Xs/ hGs; dBsi C 1

2

Z t

0

'00
" .Xs/ jGsj2 ds:

Since

lim
"!0C

'" .Xt / D XC
t ; lim

"!0C

'0
" .Xs/ D � .Xs/ and 0 � '0

" .Xs/ � 1;
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it follows that

lim
"!0C

Z t

0

'0
" .Xs/ dKs D

Z t

0

� .Xs/ dKs and

lim
"!0C

Z t

0

'0
" .Xs/ hGs; dBsi D

Z t

0

� .Xs/ hGs; dBsi :

Consequently the limit

lim
"!0C

Z t

0

'00
" .Xs/ jGsj2 ds

	
defD Pt




exists and by (2.27-ˇ) and (2.34) we infer (2.33).
The properties of .Pt /t�0 easily follow. The last assertion on .Pt /t�0 is a

consequence of

0 � '00
" .Xs/ jGsj2 � 1p

2

2 "

2"2 CX2
s

jXsj � 1

and

lim
"!0C

2 "

2"2 CX2
s

jXsj D 0:

Finally observe that by (2.27)

Z t

0

� .Xs/ hGs; dBsi D
Z t

0

h1Xs>0Gs; dBsi :

�

Remark 2.34. If we define

Lt D
Z t

0

1XsD0 dKs C Pt ;

formula (2.32) becomes

XC
t D XC

0 C
Z t

0

1Xs>0 dXs C 1

2
Lt ; (2.35)

which is known as Tanaka’s formula, where Lt is the local time of the continuous
semimartingale X at level 0 and time t (see [64], Chapter VI, Theorem 1.2).

We finish the section with a slight generalization of Itô’s formula.



110 2 Itô’s Stochastic Calculus

Proposition 2.35. Let X 2 S0d be an Itô process of the form

Xt D X0 C
Z t

0

Fsds C
Z t

0

GsdBs; t � 0;

and ' 2 C1
�
R
d
�

be such that rx' is differentiable on R
dn f0g and for some

positive constant L

jrx' .x/ � rx' .y/j � L jx � yj ; for all x; y 2 R
d :

Then for all 0 � s � t; P-a.s.:

' .Xt / D ' .Xs/C
Z t

s

hrx' .Xr/ ; dXri C 1

2

Z t

s

Tr

GrG

�
r D

2
xx' .Xr/

�
1Xr¤0dr:

(2.36)

Proof. Let

� .u/ D 1

.2/d=2
exp

 
�juj2
2

!
:

We write the Itô formula (2.14) for the smooth function '" 2 C1 �
R
d
�
;

'" .x/
defD
Z

Rd

' .x � "u/ � .u/ du;

and taking into account (2.27-ˇ) we have

'" .Xt / D '" .Xs/C
Z t

s

hFr ;rx'" .Xr/i dr C
Z t

s

hrx'" .Xr/ ; GrdBri

C1

2

Z t

s

Tr

GrG

�
r D

2
xx'" .Xr/

�
1Xr¤0dr:

(2.37)

Since

rx'" .x/ D
Z

Rd

rx' .x � "u/ � .u/ du

D
Z

Rd

rx' .v/ �
	x � v

"


 dv

"d
;

and for x ¤ 0;

D2
xx'" .x/ D �1

"

Z

Rd

Œrx' .x � "u/�˝ u � .u/ du
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D
Z

Rd

rx' .x � "u/ � rx' .x/

�" ˝ u � .u/ du;

we can pass to the limit in (2.37) as " ! 0C; the result follows. �

Remark 2.36. From the same proof we infer that if ' 2 C1
�
R
d
�

and

jrx' .x C y/ � rx' .x/j � L jyj ; 8 x; y 2 R
d ;

then for all 0 � s � t; P-a.s.:

' .Xt / � ' .Xs/C
Z t

s

hrx' .Xr/ ; dXri C
Z t

s

˛ .Xr/ jGr j2 dr; (2.38)

where

˛ .r; x/
defD lim sup

y!0

jrx' .x C y/ � rx' .x/j
jyj :

If in (2.36) we put d D 1 and ' .x/ D �
xC�2 ; then we infer that for all 0 � s

� t W
�
XC
t

�2 D �
XC
s

�2 C 2

Z t

s

XC
r dXr C

Z t

s

1Xr>0 jGr j2 dr: (2.39)

2.3.2 A Stochastic Subdifferential Inequality

We establish a stochastic subdifferential inequality which is very useful for esti-
mates in the study of stochastic variational inequalities.

Lemma 2.37 (Stochastic Subdifferential Inequality). Let W ��RC�R
d ! R

be a function such that:

•  .�; �; x/ is P-m.s.p. for all x 2 R
d ;

• P-a.s. ! 2 �;  .!; �; �/ is of class C1;1
�
RC � R

d
�
; and

• for all t � 0,  .!; t; �/ W Rd ! R is a convex function.
Let X 2 S0d be a local semimartingale of the form

Xt D X0 C
Z t

0

dKs C
Z t

0

GsdBs; t � 0;

(G 2 ƒ0
d�k , K a P-m.c.s.p. , K 2 BVloc

�
RCIRd � ; a.s.). Then P-a.s. for all

s � t W
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 .s;Xs/C
Z t

s

�
@ .r;Xr/

@t
dr C hrx .r;Xr/; dXri

�
�  .t; Xt /: (2.40)

Proof. Let s D t0 < t1 < t2 < � � � < tn D t such that tiC1 � ti D .t � s/ =n: For
each 0 � i < n; from the definition of the subdifferential operator, it follows that

 .ti ; Xti /C 
 .tiC1; XtiC1

/ �  .ti ; XtiC1
/
�C ˝rx .ti ; Xti /; XtiC1

�Xti
˛

�  .tiC1; XtiC1
/:

The result follows by summing over i and by taking the limit n ! 1: �

From the proof it also follows that:

Lemma 2.38. Let  W � � RC � R
d ! R be a function such that  .�; �; x/ is

P-m.s.p. for all x 2 R
d and P-a.s. ! 2 �;

.i/  .!; s; x/ �  .!; t; x/ for all 0 � s � t; x 2 R
d ;

.ii/  .!; t; �/ W Rd ! R is a convex function of class C1;

.iii/ .t; x/ 7�! rx .!; t; x/ W RC � R
d ! R

d is continuous.

If X 2 S0d is a local semimartingale as in Lemma 2.37, then

 .t; Xt /C
Z T

t

hrx .r;Xr/; dXri �  .T;XT /; for all t � T; P-a:s: (2.41)

Remark 2.39. .a/ Writing X 2 S0d (from Lemma 2.37) in the form

Xt D XT C
Z T

t

dUr �
Z T

t

ZrdBr

then (2.41) becomes

 .t; Xt / �  .T;XT /C
Z T

t

hrx .r;Xr/; dUri �
Z T

t

hrx .r;Xr/; ZrdBri ;
(2.42)

P-a.s., for 0 � t � T:

.b/ Setting d D 1 in (2.42),

 .t; x/ D '" .x/ D 1p
2

Z

R

.x � "u/C e�u2=2du

and passing to the limit for " ! 0C (as in the proof of Proposition 2.33) we
have P-a.s.; for all 0 � t � T :
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XC
t � XC

T C
Z T

t

� .Xr/ dUr �
Z T

t

� .Xr/ hZr; dBri ; (2.43)

where

� .x/ D
8<
:
0; if x < 0;
1
2
; if x D 0;

1; if x > 0:

2.4 Martingale Representation Theorems

We have seen that Brownian motion and stochastic integrals of elements of ƒp ,
p � 1, are martingales. In this section, we want to discuss conditions under which
a martingale is a stochastic integral with respect to a given Brownian motion.

In this section, we again assume given a stochastic basis .�;F ;P; fFtgt�0/ and
that fBt I t � 0g is a k-dimensional Brownian motion. The main assumption is

.A0/ the filtration fFt W t � 0g is the natural filtration of fBt W t � 0g, i.e. for
all t � 0 W

Ft D FB
t

defD � .fBs W 0 � s � tg/ _ N :

Let F1 D � .fBs W s � 0g/ _ N D � fFt W t � 0g.

Theorem 2.40 (ƒ2-Martingale Representation Theorem).

(i) If 0 < T � 1 and � 2 L2.�;FT ;PIRd /, then there exists a unique Z 2
ƒ2
d�k .0; T / such that

� D E� C
Z T

0

ZsdBs: (2.44)

(ii) If M 2 M2
d , then there exists a unique Z 2 ƒ2

d�k such that

Mt D M0 C
Z t

0

ZsdBs; t � 0: (2.45)

Proof. .ii/: The representation result (2.45) follows from (2.44) applied to �DMT ,
T > 0 arbitrary, by taking the conditional expectation E.�jFt / for 0 � t � T I
it follows from .A0/ that E� D EMT D EM0 D M0:

.i/ W Uniqueness. If Y;Z satisfy (2.44) then by the isometry property of Itô’s
integral (property (i3) from Theorem 2.6)
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kY �Zkƒ2d�k
.0;T / D E

ˇ̌
ˇ̌
Z T

0

YsdBs �
Z T

0

ZsdBs

ˇ̌
ˇ̌
2

D 0;

which yields Y D Z:

Existence. This will follow from the fact that the set

H D fhC
Z T

0

ZsdBs W h 2 R
d ; Z 2 ƒ2

d�kg

coincides with L2.�;FT ;PIRd /. Indeed H is both closed and dense in
L2.�;FT ;PIRd /. Clearly H is a linear subspace of L2.�;FT ;PIRd /:
a) H is closed.

Let

�n D hn C
Z T

0

Zn
s dBs 2 H;

and �n �! � in L2.�;FT ;PIRd /: Then

hn D E�n �! E� as n ! 1

and

kZn �Zmkƒ2d�k
.0;T / D E

ˇ̌
ˇ̌
Z T

0

Zn
s dBs �

Z T

0

Zm
s dBs

ˇ̌
ˇ̌
2

D Ej�n � hn � �m C hmj2
�! 0; as n;m �! 1:

Hence 9 Z 2 ƒ2
d�k .0; T / such that Zn ! Z in ƒ2

d�k .0; T / and

� D E� C
Z T

0

ZsdBs;

that is � 2 H:
b) H is dense in L2.�;FT ;PIRd /.

Let R denote the set of functions � of the form

� .t/ D
n�1X
jD0

�j 1Œtj ;tjC1Œ.t/;
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where n 2 N
�, 0 D t0 < t1 < � � � < tn � T and � D .�0; : : : ; �n�1/ 2 �Rk�n :

Define

X
�
t D

Z t

0

h� .s/ ; dBsi :

Let ' .t; x/ D exp
	
ix C 1

2

R t
0

j� .s/ j2 ds



and Y �t D '
�
t; X

�
t

�
. By the Itô

formula

Y
�
t D 1C i

Z t

0

Y �s h� .s/ ; dBsi :

Since E

Z T

0

jY �t � .t/ j2 dt D
Z T

0

j� .t/j2 exp
	R t

0
j� .s/ j2 ds



dt < 1 and

ReY �T D 1 �
Z T

0

�
ImY �s

�
�� .s/ dBs; ImY

�
T D

Z T

0

�
ReY �s

�
�� .s/ dBs;

it follows that for each h 2 R
d ,
�
ReY �T

�
h and

�
ImY

�
T

�
h belong to H.

The density of H in the spaceL2.�;FT ;PIRd /will follow from the fact that
for all U 2 L2.�;FT ;P/:

E.UY
�
T / D 0; 8� 2 R H) U D 0:

But E.UY �T / D 0; 8� 2 R; is equivalent to

E

�
U exp

	
i

n�1X
jD0

˝
�j ; BtjC1

� Btj
˛ 
�D0; 8� 2 �Rk�n ;

for all n 2 N
�, 0 D t0 < t1 < � � � < tn < 1; tn � T and � D .�0; : : : ; �n�1/ 2�

R
k
�n
; that is

EŒU exp i h	; Y i� D 0; 8	 D .	1; � � � ; 	n/ 2 �Rk�n ;

where Y D .Bt1 ; � � � ; Btn/ and

h	; Y i defD h	1;Bt1i C � � � C h	n;Btni :

By Lemma 1.36, the last assertion is equivalent to

EŒU jY � D 0:
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Let A D S
fn; 0<t1<���<tn<1; tn�T g �.Bt1 ; Bt2 ; : : : ; Btn/. We have that for any

A 2 A,
Z

A

U dP D 0:

Hence the same is true for any A 2 �.A/_N D FT , and U D 0 a.s. follows. �

Corollary 2.41. Let 0 < T < 1, � 2 L2.�;FT ;PIRd / and S 2 S2d Œ0; T � :

Then there exists a unique pair .Y;Z/ 2 S2d Œ0; T � � ƒ2
d�k .0; T / such that for all

t 2 Œ0; T �:

Yt D � C ST � St �
Z T

t

ZsdBs; a.s. (2.46)

Proof. Uniqueness. If .Y;Z/ and
� QY ; QZ� are two pairs satisfying (2.46), then

E
ˇ̌
Yt � QYt

ˇ̌2 C E

Z T

t

ˇ̌
Zs � QZs

ˇ̌2
ds D E

ˇ̌
Yt � QYt

ˇ̌2 C E

ˇ̌
ˇ̌
Z T

t

�
Zs � QZs

�
dBs

ˇ̌
ˇ̌
2

D E

ˇ̌
ˇ̌Yt � QYt C

Z T

t

�
Zs � QZs

�
dBs

ˇ̌
ˇ̌
2

D 0

and the uniqueness follows.
Existence. By the ƒ2-martingale representation theorem, there exists a Z 2

ƒ2
d�k .0; T / such that

� C ST D E .� C ST /C
Z T

0

ZsdBs :

Define

Yt D E .� C ST / � St C
Z t

0

ZsdBs :

Then the pair .Y;Z/ solves (2.46). �

We now give two extensions of Theorem 2.40.

Theorem 2.42 (ƒp-Martingale Representation Theorem).

(i) If 0 < T � 1; p > 1 and � 2 Lp.�;FT ;PIRd /, then there exists a unique
Z 2 ƒp

d�k .0; T / such that

� D E� C
Z T

0

ZsdBs: (2.47)
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(ii) If p > 1 and M 2 Mp

d , then there exists a unique Z 2 ƒp

d�k such that

Mt D M0 C
Z t

0

ZsdBs: (2.48)

Proof. As in the proof of Theorem 2.40, it suffices to prove .i/ :
Uniqueness. If Z satisfies (2.47), then

kZkp
ƒ
p

d�k
.0;T /

� C 0
p E.j� � E�jp/: (2.49)

Indeed, if Mt D R t
0
ZsdBs , then by the Burkholder–Davis–Gundy inequality (1.18),

kZkp
ƒ
p

d�k
.0;T /

� 1

cp
E

 
sup
0�t�T

jMt jp
!

and by Doob’s inequality (1.11), we have

E

 
sup
0�t�T

jMt jp
!

�
�

p

p � 1
�p

E.j� � E�jp/:

Uniqueness of Z follows from (2.49).
Existence. In the case p � 2 the existence of the solution follows from

Theorem 2.40 and the inequality (2.49). Suppose now that 1 < p < 2. Let
�n D �1Œ0;n� .j�j/ ; n 2 N

�: Then �n 2 L2.�;FT ;PIRd / and

�n ! � in Lp.�;FT ;PIRd /, as n ! 1:

To each �n we associate Zn 2 ƒ2
d�k.0; T / such that

�n D E�n C
Z T

0

Zn
t dBt : (2.50)

From the inequality (2.49),

kZn �Zmkƒpd�k
.0;T / � cpE

j�n � �m � E.�n � �m/jp
�1=p ! 0;

as n;m ! 1: Hence there exists a Z 2 ƒ
p

d�k such that Zn ! Z in ƒp

d�k . The
result follows by taking the limit in (2.50). �

The next step is to extend the representations formula on random intervals. With
this aim in mind we first prove the following:
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Lemma 2.43. Let � W � ! Œ0;1� be a stopping time and Z 2 ƒ1
d�k .0;1/ : IfZ 1

0

ZsdBs is F� -measurable then Zt_� D 0; a:s:, a.e. t � 0:

Proof. We have

Z 1

0

1Œ�;1Œ .s/ZsdBs D
Z 1

0

ZsdBs �
Z �

0

ZsdBs

D E
F�

�Z 1

0

ZsdBs �
Z �

0

ZsdBs

�

D E
F�

�Z 1

�

ZsdBs

�

D 0

and the result follows since, by Proposition 2.10, the stochastic Itô integral is a linear
injective operator from ƒ0

d�k .0; T / into S0d Œ0; T �. �

Now from Theorem 2.42 we easily deduce:

Corollary 2.44. Let p > 1: If � W � ! Œ0;1� is a stopping time and � 2
Lp

�
�;F� ;PIRd � ; then:

.A/ there exists a unique Z 2 ƒp

d�k .0;1/ such that Zt_� D 0 for all t � 0; and

� D E� C
Z �

0

ZsdBs;

or equivalently
.B/ there exists a unique pair .Y;Z/ 2 Spd �ƒp

d�k .0;1/ such that

.a/ Yt D � �
Z �

t^�
ZsdBs; 8 t � 0; a:s:I

.b/ Yt_� D � and Zt_� D 0; 8 t � 0; a:s:

or equivalently
.C / there exists a unique pair .Y;Z/ 2 Spd �ƒp

d�k .0;1/ such that

.a/ Yt D YT^� �
Z T^�

t^�
ZsdBs; 8 0 � t � T; a:s:I

.b/ lim
T!1E jYT^� � �jp D 0I

.c/ Yt_� D � and Zt_� D 0; 8 t � 0; a:s:

Moreover, in .B/ and .C / ; Yt D E
Ft^� � and by the backward Burkholder–

Davis–Gundy inequality (2.6), for all t � 0;
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cpE

�Z �

t^�
jZr j2 dr

�p=2
� E sup

s�t
ˇ̌
� � E

Fs^� �
ˇ̌p � CpE

�Z �

t^�
jZr j2 dr

�p=2
:

(2.51)

Corollary 2.45. Let 0 < T < 1, p > 1, � 2 Lp.�;FT ;PIRd / and S 2
S
p

d Œ0; T � : Then there exists a unique pair .Y;Z/ 2 S
p

d Œ0; T � � ƒ
p

d�k .0; T /
satisfying P-a.s., for all t 2 Œ0; T �:

Yt D � C ST � St �
Z T

t

ZsdBs: (2.52)

Moreover there exists a constant Cp such that if A is a P-m.i.c.s.p., A0 D 0, then

E sup
t2Œ0;T �

epAt jYt jp � Cp E

"
epAT j�jp C sup

t2Œ0;T �
epAt jST � St jp

#
(2.53)

and

E sup
t2Œ0;T �

epAt jYt jp C E

�Z T

0

e2At jZt j2 dt

�p=2

� Cp E

"
epAT j�jp C sup

t2Œ0;T �
epAt jSt jp

#
:

(2.54)

Proof. By Theorem 2.42 there exists a unique Z 2 ƒp

d�k.0; T / such that

� C ST D E .� C ST /C
Z T

0

ZsdBs;

and the stochastic process Y 2 Spd Œ0; T � is uniquely defined by

Yt D E .� C ST / � St C
Z t

0

ZsdBs:

To prove (2.53) it suffices to consider the case where the right-hand side of the
inequality is finite. The stochastic process eAt jYt j is Ft -dominated on Œ0; T � by the
positive random variable eAT j�j C sup

t2Œ0;T �
eAt jST � St j : Indeed

E
Ft
�
eAt jYt j

� D E
Ft
�
eAt

ˇ̌
E

Ft .� C ST � St /
ˇ̌�

� E
Ft

eAt j�j C eAt jST � St j

�

� E
Ft

"
eAT j�j C sup

t2Œ0;T �
eAt jST � St j

#
:
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Then by Proposition 1.56 we have

E sup
t2Œ0;T �

epAt jYt jp � Cp E

 
epAT j�jp C sup

t2Œ0;T �
epAt jST � St jp

!
:

To prove (2.54), again it suffices to consider the case where the right-hand side of
the inequality is finite. From Proposition 6.80 for

.Yt C St / D .� C ST /C
Z T

t

dKs �
Z T

t

ZsdBs

with K D 0, � D 0, Vt D At , Rt D Nt D 0 and

dDt D jYt C St j2 dAt ;
we obtain

E

"
sup
t2Œ0;T �

ˇ̌
eAt .Yt C St /

ˇ̌p C �Z T

0

e2At jZt j2 dt
�p=2

#
� Cp E


epAT jYT C ST jp� ;

which completes the proof. �

Theorem 2.46 (ƒ1-Martingale Representation Theorem).

(i) If 0 < T � 1 and � 2 L1.�;FT ;PIRd /, then there exists a unique Z 2T
0<q<1

ƒ
q

d�k .0; T / such that

.a/ � D E� C R T
0
ZrdBr ;

.b/ M� D R �
0
ZrdBr 2 M1

d Œ0; T � :
(2.55)

(ii) If M 2 M1
d , then there exists a unique Z 2 T0<q<1ƒ

q

d�k such that

Mt D M0 C
Z t

0

ZsdBs: (2.56)

Proof. Again .ii/ follows from .i/.
.i/: Uniqueness. Let 0 < q < 1: If Z and QZ are the integrands corresponding

respectively to � and Q� , then by the Burkholder–Davis–Gundy inequality (2.4) and
the inequality (1.11-A3) in Theorem 1.60,

��Z � QZ��q
ƒ
q

d�k
.0;T /

� 1

cq
E sup
t2Œ0;T �

ˇ̌
ˇ̌
Z t

0

�
Zr � QZr

�
dBr

ˇ̌
ˇ̌
q

� 1

cq .1 � q/
�
E

ˇ̌
ˇ̌
Z T

0

�
Zr � QZr

�
dBr

ˇ̌
ˇ̌
�q



2.4 Martingale Representation Theorems 121

D 1

cq .1 � q/
	
E

ˇ̌
ˇ� � Q� � E� C E Q�

ˇ̌
ˇ

q

� 2

cq .1 � q/
	
E

ˇ̌
ˇ� � Q�

ˇ̌
ˇ

q
:

Hence the uniqueness follows.
Existence. Let n 2 N

�, �n D �1Œ0;n� .j�j/ 2 L2.�;FT ;PIRd / and Zn 2
ƒ2
d�k.0; T / be such that

�n D E�n C
Z T

0

Zn
r dBr : (2.57)

Then for all t 2 Œ0; T �:

E
Ft .�n/ D E�n C

Z t

0

Zn
t dBt : (2.58)

Let 0 < q < 1: Since

�n ! � in L1.�;FT ;PIRd /
and

kZn �Zmkq
ƒ
q

d�k
.0;T /

� 2

cq .1 � q/ .E j�n � �mj/q ;

we deduce that there exists a Z 2 ƒ
q

d�k .0; T / such that Zn ! Z in ƒq

d�k .0; T /.
The existence result follows by taking the limit in (2.57) and (2.58). �

It is now clear that we have the following extension of Corollary 2.41:

Corollary 2.47. Let 0 < T < 1, � 2 L1.�;FT ;PIRd / and S 2 S1d Œ0; T �. Then
there exists a unique pair .Y;Z/ 2 S0d Œ0; T � �ƒ0

d�k .0; T /, such that:

.a/ Yt D � C ST � St �
Z T

t

ZsdBs; a.s., 8 t 2 Œ0; T � I

.b/ sup
t2Œ0;T �

E jYt j C E sup
t2Œ0;T �

jYt jq C E

	R T
0

jZt j2 dt

q=2

< 1; 8 0 < q < 1I

.c/ M� D R �
0
ZrdBr 2 M1

d Œ0; T � :
(2.59)

Proof. Uniqueness. Let .Y;Z/ and
� QY ; QZ� be two pairs satisfying (2.59). Since Y0,

QY0, S0 are F0-measurable, they are deterministic quantities and

Y0 D E .� C ST / � S0 D QY0:
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By the Burkholder–Davis–Gundy inequality (1.18) and Doob’s inequality (1.11-
A3), we have for 0 < q < 1:

E

"�Z T

0

ˇ̌
Zt � QZt

ˇ̌2
dt

�q=2#
� 1

cq
E

 
sup
0�t�T

ˇ̌
ˇ̌
Z t

0

�
Zs � QZs

�
dBs

ˇ̌
ˇ̌
q
!

� 1

cq .1 � q/
�
E

ˇ̌
ˇ̌
Z T

0

�
Zs � QZs

�
dBs

ˇ̌
ˇ̌
�q

� 1

cq .1 � q/

E
ˇ̌
Y0 � QY0

ˇ̌�q

D 0:

Existence. The pair .Y;Z/ is well defined by

� C ST D E .� C ST /C
Z T

0

ZsdBs

and

Yt D E .� C ST / � St C
Z t

0

ZsdBs :

�

With arguments almost identical to those of Theorems 2.40 and 2.42 one can
prove the following:

Theorem 2.48. Let F1 D �
�S

t>0 Ft

�
: If p > 1 and � 2 Lp.�;F1;PIRd /;

then there exists a unique Z 2 ƒp

d�k .RC/ such that

� D E� C
Z 1

0

ZtdBt :

2.5 Girsanov’s Theorem

In this section, we assume given a stochastic basis .�;F ;P; fFtgt�0/ such that F D
�.
S
t>0 Ft / and fBt I t � 0g is a k-dimensional Brownian motion.

Let X 2 ƒ0
k , and define the process:

Zt D exp

�Z t

0

hXs; dBsi � 1

2

Z t

0

jXsj2 ds

�
; t � 0:
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fZt ; t � 0g is a positive continuous stochastic process and, furthermore, a local
martingale since by the Itô formula

Zt D 1C
Z t

0

Zs hXs; dBsi : (2.60)

Define for each n 2 N the stopping time

�n D inf

�
t � 0 W Zt C

Z t

0

jXr j2 dr � n

�

and let

Xn
r D Xr1Œ0;�n�.r/;

Zn
t D Zt^�n D exp

�Z t

0

hXn
r ; dBri � 1

2

Z t

0

jXn
r j2 dr

�
; t � 0:

Then it is clear that

• Zn
0 D 1,

•
Zn
t

Zn
s

D 1C
Z t

s

Zn
r

Zn
s

hXn
r ; dBri ; for all 0 � s < t ,

• E
Fs

�
Zn
t

Zn
s

�
D 1 for all 0 � s < t;

• EZn
t D 1 and fZn

t ; t � 0g is a martingale,

• Zn
t ! Zt and

Zn
t

Zn
s

! Zt

Zs
; P-a.s.; for each 0 � s < t .

By Fatou’s lemma for all 0 � s < t and A 2 Fs;

E

�
1A
Zt

Zs

�
� lim inf

n!C1E

�
1A
Zn
t

Zn
s

�
D E .1A/ ;

which yields

E
Fs

�
Zt

Zs

�
� 1; that is fZt ; t � 0g is a supermartingale.

In particular

EZt � EZs � EZ0 D 1; for all 0 � s < t: (2.61)

Lemma 2.49. Let T > 0: Then EZT D 1 if and only if Z 2 M1 Œ0; T � (i.e.
fZt I 0 � t � T g is a continuous martingale).



124 2 Itô’s Stochastic Calculus

Proof. Since for all 0 � s < t � T; Zs � E
Fs .Zt / � 0; P-a.s.; it follows that Zs D

E
Fs .Zt /; P-a.s.; if and only if E


Zs � E

Fs .Zt /
� D 0; or equivalently, by (2.61)

EZt D 1; for all t 2 Œ0; T �. �

Also we remark that by the Cauchy–Bunyakovski–Schwarz inequality
and (2.61), for all a; b 2 R and 0 � s < t

E exp

�
a

Z t

s

hXr ; dBri � b

2

Z t

s

jXr j2 dr

�

D E exp

�Z t

s

haXr ; dBri �
Z t

s

jaXr j2 dr

�
exp

�
2a2 � b
2

Z t

s

jXr j2 dr

�

�
�
E exp

�Z t

s

h2aXr ; dBri � 1

2

Z t

s

j2aXr j2 dr

��1=2
�

�
�
E exp

��
2a2 � b�

Z t

s

jXr j2 dr

��1=2

�
�
E exp

��
2a2 � b�

Z t

s

jXr j2 dr

��1=2

�
�Z t

s

E exp

.t � s/ �2a2 � b� jXr j2� dr

t � s
�1=2

;

where for the last inequality we have used Jensen’s inequality for the convex

function x ! exp x, and the probability measure
dr

t � s on the interval Œs; t �.

Hence if X 2 ƒ0
k , for all 0 � s < t and a 2 R:

.a/ E

�
Zt

Zs

�
D E exp

�Z t

s

hXr ; dBri � 1

2

Z t

s

jXr j2 dr

�
� 1;

.b/ E exp

�
a

Z t

s

hXr ; dBri
�

�
�
E exp

�
2a2

Z t

s

jXr j2 dr

��1=2
;

.c/

�
E

�
Zt

Zs

�a�2
� E exp

��
2a2 � a�

Z t

s

jXr j2 dr

�

� 1

t � s
Z t

s

E exp
�
.t � s/ �2a2 � a� jXr j2 � dr:

(2.62)

We set some sufficient conditions which yield E .ZT / D 1:

Proposition 2.50. Let X 2 ƒ0
k and T > 0: Suppose that one of the following

assumptions is satisfied:

.i/ There exists a partition 0 D t0 < t1 < � � � < tN D T and for each k 2 1;N

there exists a ık > 0 such that
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E exp

�
.1C ık/

Z tk

tk�1

jXt j2 d t

�
< 1; for all k 2 1;N : (2.63)

.ii/ There exist two constants c; 
 > 0 such that

E exp
	

 jXt j2



� c; a:e: t 2 Œ0; T � : (2.64)

.iii/ (Kazamaki) X 2 ƒ1
d Œ0; T � and

E exp

�
1

2

Z T

0

hXt ; dBti
�
< 1: (2.65)

.iv/ (Novikov)

E exp

�
1

2

Z T

0

jXt j2 d t

�
< 1: (2.66)

Then E Zt D 1 for all t 2 Œ0; T � and (by Lemma 2.49) Z 2 M1 Œ0; T � :

Proof. .i/ Let k 2 1;N : From (2.62-c) with X replaced by Xn and a D ak D
1
4

�
1C p

9C 8ık
�

in (2.62-c) we obtain

E

�
Zn
tk

Zn
tk�1

�ak
�
�
E exp

��
2a2k � ak

� Z tk

tk�1

jXn
r j2 dr

��1=2

�
�
E exp

�
.1C ık/

Z tk

tk�1

jXr j2 dr

��1=2
:

Hence

Zn
tk

Zn
tk�1

! Ztk
Ztk�1

a:s: and

�
Zn
tk

Zn
tk�1

�

n2N
is uniformly integrable

and consequently
Zn
tk

Zn
tk�1

! Ztk
Ztk�1

in L1 .�/ I in particular

E
Ftk�1

Ztk
Ztk�1

D lim
n!1E

Ftk�1

Zn
tk

Zn
tk�1

D 1:

For each 1 � k � n,
Ztk
Ztk�1

is Ftk -measurable, and E
Ftk�1

�
Ztk
Ztk�1

�
D 1. The

result then follows easily from the formula
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ZT D
nY

kD1

Ztk
Ztk�1

:

.ii/ Via the inequality (2.62-c) with a D 2; the condition (2.64) implies (2.63) for
tk D kT

N
; N � 6T



and ık D 5:

.iii/ See Exercise 1.20 and its hint in Annex E.
.iv/ Via the inequality (2.62-b) with a D 1

2
; the condition (2.66) implies (2.65).

�

We note that the criterion (2.64) from .i i/ is often the easiest to apply, because
of the freedom of choice of the constant 
 . It applies in particular in the case where
fXs I 0 � s � tg is a Gaussian process whose mean and variance are bounded on
Œ0; t �.

The main result of this section is the following:

Theorem 2.51 (Girsanov). Suppose that EZt D 1 for all t � 0. Then there exists
a unique probability Q on .�;F/, F D �

�S
t�0 Ft

�
, such that for each t � 0,

A 2 Ft ,

Q.A/ D
Z

A

Zt dP .i.e.
dQjFt

dPjFt

D Zt/;

and the stochastic process fBt I t � 0g defined as

Bt D Bt �
Z t

0

Xs ds; t � 0;

is an R
k-valued Ft -Brownian motion under Q.

The next Proposition follows from a classical result of Daniell and Kolmogorov
(see Karatzas and Shreve [42], Sections 2.2 and 3.5).

Proposition 2.52. Let Ft D FB
t and F D �

�S
t�0 Ft

�
. Suppose that for each

t > 0 we are given a probability measure Rt on .�;Ft /, with the property that for
each 0 � s < t ,

Rt jFs D Rs:

Then there exists a unique probability measure R on .�;F/ such that

RjFt D Rt ; t � 0:

Proof (Sketch). Let ft1; t2; : : : ; tng ; n 2 N
�; be a finite set of positive distinct

numbers and t D max ft1; t2; : : : ; tng. Define for D 2 Bn D B .Rn/,

Qt1;t2;:::;tn .D/ D Rt .f! 2 � W .Bt1 .!/ ; : : : ; Btn .!// 2 Dg/ :
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Then
˚
Qt1;t2;:::;tn W t1; t2; : : : ; tn � 0; ti ¤ tj ; n 2 N

�� is a consistent family of
finite-dimensional distributions and by the Daniell–Kolmogorov consistency
theorem there is a probability Q on

�
R

RC ;B �RRC

��
; RC D Œ0;1/; such that

Qt1;t2;:::;tn .D/ D Q
�˚

w 2 R
RC W .w .t1/ ; : : : ;w .tn// 2 D�� ; D 2 Bn;

and the probability R on F is given by

R .f! 2 � W B� .!/ 2 �g/ D Q.�/ ; � 2 B �RRC

�
:

�

We now proceed to the:

Proof of Theorem 2.51. Note that under the condition of the theorem, Qt D Zt � P,
t > 0, is a probability measure, and provided fZtg is a martingale, the compatibility
condition of Proposition 2.52 is satisfied, since for s < t , A 2 Fs ,

Qt.A/ D
Z

A

Zt dP D
Z

A

Zs dP D Qs.A/:

Hence, since our assumption implies that fZt I t � 0g is a martingale, in view of
Proposition 2.52, Theorem 2.51 will be proved once we establish that for each t > 0,

fBs; 0 � s � tg is a Brownian motion under Qt
defD Zt � P.

It suffices to prove that for any p 2 N, 0 < t1 < � � � < tp � t , u1; : : : ; up 2 R
k ,

EQt exp
	
i

pX
jD1

˝
uj ; Btj

˛ 
 D exp
	

� 1

2

pX
j;`D1

˝
uj ; u`

˛
tj ^ t`



:

Let p 2 N, 0 < t1 < � � � < tp � t , u1; : : : ; up 2 R
k be fixed for the rest of the proof.

Let �n; Xn and Zn be given as at the beginning of this section. We also introduce
the notations

Y ns D Xn
s C i

pX
jD1

uj 1Œ0;tj �.s/ and Un
t D exp

�Z t

0

hY ns ; dBsi � 1

2

Z t

0

hY ns ; Y ns i ds

�
:

Clearly

Un
t D Zn

t exp

0
@i

pX
jD1

huj ; Btj i C 1

2

pX
j;`D1

huj ; u`i.tj ^ t`/
1
A :

Since
R t
0

jY ns j2 ds � Cn, P-a.s.; it follows, by an easy extension of Proposition 2.50-
.i/ to complex X ’s, that EUn

t D 1; i.e.
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E

�
Zn
t exp

	
i

pX
jD1

˝
uj ; Btj

˛ 
� D exp

�
� 1

2

pX
j;`D1

˝
uj ; u`

˛ �
tj ^ t`

� �
:

Passing to the limit as n ! 1 we have that Zn
t ! Zt in L1.�/, thanks to

Lemma 1.24, and the desired result follows. �

2.6 Exercises

Exercise 2.1. Let �n W 0 D tn0 < tn1 < : : : < tnkn D T be a fixed sequence

of partitions of Œ0; T � such that k�nk D max
n
tniC1 � tni W i 2 0; kn � 1

o
! 0 as

n ! 1. Let g W Œ0; T � ! R be a continuous function.
Show that the sums

Sn .f / D
kn�1X
iD0

f .tni /

g.tniC1/ � g.tni /

�

converge for all continuous function f W Œ0; T � ! R iff g 2 BV Œ0; T � .g is of finite
variation on Œ0; T � /.

Remark. Given f 2 C Œ0; T � and

fn .t/ D
n�1X
iD0

f .tni /1
h
tni ;t

n
iC1


 .t/ ;

then fn ! f in L2 .0; T / as n ! 1;

BT .fn/ D
kn�1X
iD0

f .tni /
h
Btn

iC1
� Btni

i
! BT .f / in L2 .�/ ; as n ! 1;

and as a consequence there exists a subsequence

BT

�
fnk
� ! BT .f / ; P-a.s. ! 2 �;

while the paths t �! Bt .!/ have a.s. unbounded variation. Is this a contradiction?

Exercise 2.2. Let �; � W � ! Œ0;1� be stopping times such that � .!/ �
� .!/,P-a.s. ! 2 �. Using

Z �

�

XrdBr D
Z 1

0

1Œ�;�Œ .r/XrdBr ; for X 2 ƒ0
d�k .RC/ ;
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prove that

1. EF�

Z �

�

XrdBr D 0; a:s:; 8 X 2 ƒ1
d�k

�
RC

�
;

2. EF�

ˇ̌
ˇ̌
ˇ
Z �

�

XrdBr

ˇ̌
ˇ̌
ˇ
2

D E
F�

Z �

�

jXr j2 dr; a:s:;8X 2 ƒ2
d�k

�
RC

�
;

3.
Z �

�

�XrdBr D �

Z �

�

XrdBr ; a:s:;8� 2 L0
�
�;F� ;PIRm�d

�
; X 2 ƒ0

d�k

�
RC

�
:

Exercise 2.3. Let f 2 L2.RC/ and

B.f / D
Z 1

0

f .t/ dBt :

Show that the linear subspace fB.f / I f 2 L2.RC/g of L2.�;F ;P/ coincides
with the Gaussian space HŒB�, and the (class of the) random variable B.f / is
characterized by the two properties:

.i/ B.f / 2 HŒB�;
.ii/ E ŒBtB .f /� D R t

0
f .s/ds; 8 t > 0:

Exercise 2.4. Let f 2 C1.RC/; T > 0. Show that

Z T

0

f .t/ dBt D f .T /B.T / �
Z T

0

f 0.t/Bt dt;

and if moreover f .t/ ! 0 as t ! 1, and

Z 1

0

jf 0.t/jpt dt < 1;

then
Z 1

0

f .t/ dBt D �
Z 1

0

f 0.t/ Bt dt:

Exercise 2.5. Let X 2 S01 be a local semimartingale of the form

Xt D X0 C
Z t

0

dKs C
Z t

0

hGs; dBsi ; t � 0;

where K 2 S01 , K� .!/ 2 BVloc .RIR/ P-a.s: ! 2 �, G 2 ƒ0
1�k and there exists a

positive stochastic process 
 such that P -a.s. 
� 2 L2loc .RC/ and

jGsj � 
s
p

jXsj; dP ˝ dt-a:e:
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Let g W R ! R be given by

g .x/ D 6 .x � 1/5 � 15 .x � 1/4 C 10 .x � 1/3

and

'" .x/ D

8̂
<
:̂

0; if x � ";

x g
	x
"



; if " < x < 2";

x; if x � 2":

Show that:

1. '" 2 C2 .R/ and 0 � xC � '" .x/ � 2"I
2. j� .x/ � '0

" .x/j � 5 � 1�0;2"Œ .x/ ; where

� .r/ D
�
0; if r � 0;

1; if r > 0I

3. j'00
" .x/j � 34

"
1�";2"Œ .x/ I

4. P-a.s., for all t � 0

XC
t D XC

0 C
Z t

0

� .Xs/ dKs C
Z t

0

� .Xs/ hGs; dBsi : (2.67)

Exercise 2.6. We let S D infft 2 Œ0; 1�; t C B2
t D 1g and

Xt D
� �2.1 � t /�2Bt1t�S ; if 0 � t < 1;

0; if t D 1;

where fBt W t � 0g is a one-dimensional Brownian motion.

1. Show that S is a stopping time, that P.S < 1/ D 1, and that
Z 1

0

X2
t dt < 1;

P-a.s.
2. Deduce from Itô’s formula applied to .1 � t /�2Bt that

Z 1

0

XsdBs � 1

2

Z 1

0

X2
s ds D �1 � 2

Z S

0

t.1 � t /�4B2
t dt � �1:

3. Deduce that for the above choice of X , the supermartingale

Zt.X/ D exp

�Z t

0

XsdBs � 1

2

Z t

0

X2
s ds

�
; 0 � t � 1;

is not a martingale.
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Exercise 2.7. Let X 2 ƒ0
d�k .RC/ and fBt W t � 0g be a k-dimensional Brownian

motion. Using an argument similar to that used in the proof of Proposition 1.56-B1,
show that for all T � 0; "; ı > 0;

P

 
sup
t2Œ0;T �

ˇ̌
ˇ̌
Z t

0

XsdBs

ˇ̌
ˇ̌ > "

!
� P

�Z T

0

jXsj2 ds > ı

�
C ı

"2
:

Exercise 2.8. Let fBt W t � 0g be a scalar Brownian motion. Show that the stochas-
tic Langevin equation

dV t C bV t dt D � dBt ; t � 0;

has for each initial condition V0 2 R a unique solution given by

Vt D e�tbV0 C
Z t

0

e�.t�s/b� dBs; t � 0;

called the Orsntein–Uhlenbeck process. If V0 is a Gaussian random variable
independent of fBt ; t � 0g, then fVt ; t � 0g is a Gaussian process with mean
and covariance

EVt D e�tb
EV0

Cov.Vs; Vt / D e�sbCov.V0/e�tb C
Z s

0

e�.s�u/b�2e�.t�u/b/ du:

If moreover b > 0, EV0 D 0 and 2bCov.V0/ D �2, then fVt ; t � 0g is a centered
stationary Gaussian process whose covariance is given by

Cov.Vs; Vt / D Cov.V0/e
�.t�s/b:

More generally, again if b > 0, the mean and covariance of fV.T C t /; t � 0g tend
to those of the stationary process, as T ! 1.

Exercise 2.9. Let M be a k-dimensional continuous square integrable martingale
(M 2 M2

k). Denote by ƒp

d�k .0; T I<M>/ ; p � 0; the space of progressively
measurable stochastic processes X W Œ0; T � �� ! R

d�k such that:

R T
0

jXt j2 d <M>t < 1; a.s. for p D 0; and

E

	R T
0

jXt j2 d <M>t

p=2

< 1; for p > 0.

The linear space ƒp

d .0; T I<M>/ with the natural metric
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dp .X; Y / D

8̂
<̂
ˆ̂:

�
E

	R T
0

jXt � Yt j2 d <M>t

p=2�.1=p/^1

; if 0 < p < 1;

E

�
1 ^

	R T
0

jXt � Yt j2 d <M>t

1=2�

; if p D 0;

is a Polish space. If p � 1; ƒ
p

d .0; T I<M>/ is a Banach space. Let Ed�k .0; T / be
the linear space of stochastic processes of the form

Xt .!/ D
n�1X
iD0

Xi .!/ 1Œti ;tiC1Œ .t/ ; t � 0;

with n 2 N
�, 0 � t0 < t1 < : : : < tn � T and for 0 � i � n�1, letXi W � ! R

d�k
be an Fti -measurable bounded random variable. Show that:

1. Ed�k .0; T / is a dense linear subspace of ƒp

d .0; T I<M>/ (see also Proposi-
tion 2.1);

2. the linear operator M W Ed�k ! M2
d given by

Mt .X/ D
Z t

0

XrdMr
defD

N�1X
iD0

Xi
�
Mt^tiC1

�Mt^ti
�

satisfies

E sup
t2Œ0;T �

ˇ̌
ˇ̌
Z t

0

XrdMr

ˇ̌
ˇ̌
p

� CpE

�Z T

0

jXr j2 d <M>r
�p=2

(2.68)

and

EŒ1 ^ sup
t2Œ0;T �

j
Z t

0

XrdMr j� � 3

�
EŒ1 ^

Z T

0

jXt j2 d <M>t �
�1=3

I (2.69)

Definition: If X 2 ƒ
p

d�k .0; T / then the integral
Z t

0

XrdMr
defD Mt .X/, where

M W ƒp

d�k .0; T / ! S
p

d Œ0; T � is the unique extension by continuity (preserving
the inequalities (2.68) and (2.69)) of the linear operator

M W Ed�k .0; T / � ƒ
p

d�k .0; T I<M>/ ! S
p

d Œ0; T � I

3. if p � 1 then M .X/ 2 Mp

d Œ0; T � I
4. if ' 2 C1;2

�
R
m � R

k
�
, and fVt I t 2 Œ0; T �g is an m-dimensional P-m.b-v.c.s.p.

then P-a.s.; for all t 2 Œ0; T �:
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' .Vt ;Mt / D ' .V0;M0/C
Z t

0

h'0
v .Vs;Ms/ ; dVsi

C
Z t

0

h'0
x .Vs;Ms/ ; dMsi C 1

2
Tr
Z t

0

'00
xx .Vs;Ms/ d <<M>>s :

(2.70)

Exercise 2.10. Let 0 D t0 < t1 < : : : < tn D t and

ın D max
˚
tiC1 � ti W i 2 0; n � 1� ! 0:

Consider a scalar Brownian motion fBt W t � 0g and the Riemann–Stieltjes sum

S�n D
n�1X
iD0

Bri
�
BtiC1

� Bti
�
;

where ri D ti C � .tiC1 � ti / and � 2 Œ0; 1� : Let

I�t D 1

2
B2
t C

�
� � 1

2

�
t:

Show that:

1. S�n D 1

2

n�1P
iD0

h
jBri � Bti j2 � ˇ̌

BtiC1
� Bri

ˇ̌2iC 1

2
jBt j2 I

2. E
�
S�n � I�t

� D 0 and E
ˇ̌
S�n � I�t

ˇ̌2 � t

2
ınI

3.
�
L2�� lim

n!1

n�1X
iD0
B.1��/tiC�tiC1

�
BtiC1

� Bti
� D

Z t

0

Bs dBs C �t I in particular

deduce that

Z t

0

Bs dBs D 1

2
B2
t � 1

2
t I

4. (Stratonovich integral) if g 2 C1.R/ then

Z t

0

g.Bs/ ı dBs
defD �

L2�� lim
n!1

n�1X
iD0
g

�
BtiCtiC1

2

�
.BtiC1

� Bti /

D
Z t

0

g.Bs/ dBs C 1

2

Z t

0

g0.Bs/ dsI

in particular deduce that

Z t

0

Bs ı dBs D 1

2
B2
t :



Chapter 3
Stochastic Differential Equations

3.1 Introduction

Let fBt ; t � 0g be a k-dimensional Brownian motion with respect to the given
stochastic basis .�;F ;P; fFt gt�0/. Our goal in this chapter is to study stochastic
differential equations (abbreviated SDE) of the form

�
dXt D F.t; Xt /dt CG.t; Xt /dBt ; t � 0;

X0 D �;
(3.1)

where � W � ! R
d is the initial condition and the coefficients are given functions

F W � � Œ0;1Œ � R
d ! R

d , G W � � Œ0;1Œ � R
d ! R

d�k:

F .t; Xt /dt is called the drift of X and G.t; Xt /G�.t; Xt / is the matrix of diffusion
coefficients of X .

We shall always assume that:

(i ) � is an F0-measurable random vector;
(ii) the functions F and G are P ˝ Bd -measurable.

In fact F and G will be
�P;Rd �-Carathéodory functions, that is:

.c1/ F .�; �; x/ and G .�; �; x/ are P-measurable for every x 2 R
d ; and

.c2/ F .!; t; �/ and G .!; t; �/, are dP ˝ dt � a:e. continuous functions,

and then F and G are P ˝ Bd -measurable (see Exercise 1.1).

E. Pardoux and A. Răşcanu, Stochastic Differential Equations, Backward SDEs,
Partial Differential Equations, Stochastic Modelling and Applied Probability 69,
DOI 10.1007/978-3-319-05714-9__3,
© Springer International Publishing Switzerland 2014
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We state the following definition:

Definition 3.1. A stochastic process X 2 S0d is a (strong) solution of (3.1) if for all
T � 0

Z T

0

jF.s;Xs/j ds C
Z T

0

jG.s;Xs/j2 ds < 1; a:s:;

and

Xt D � C
Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs; 8 t � 0; a:s: (3.2)

Our discussion in this chapter is almost exclusively restricted to the theory of
strong solutions of SDEs. We start with the classical results, essentially due to
Itô, under Lipschitz assumptions upon the coefficients, see e.g. [32, 35, 42, 49, 64].
We then extend these results to the case of so-called monotone drift, following
the original ideas of Jacod [40] and Krylov–Gyöngy [36]. We also discuss the
particular case where the solution is a Markov diffusion process (i.e. the case
where the coefficients are deterministic; the randomness of the solution is due
solely to the driving Brownian motion). We then discuss the connection between
diffusion processes and solutions of second order partial differential equations, via
the Feynman–Kac formula. We establish in particular a result which proves that
certain expectations of functionals of the solution of an SDE are viscosity solutions
of linear second order PDEs, without any assumption concerning ellipticity. Finally
we discuss weak solutions of SDEs (this is not an essential subject for us, but this
tool will be needed in the next chapter).

3.2 A Basic Inequality

For convenience we recall a basic inequality from Annex C. First we introduce a
notation used in this chapter.

Notation 3.2. For p � 1 we define

mp
defD 1 _ .p � 1/

and we recall the notations

kU kŒt;s� D sup
r2Œt;s�

jUr j and kU kT D kU kŒ0;T � :

Let X 2 S0d be a local semimartingale of the form

Xt D X0 CKt C
Z t

0

GsdBs; t � 0; P-a.s.; (3.3)
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where

˙ K 2 S0d I K� 2 BVloc
�
Œ0;1Œ IRd � ; K0 D 0; P-a.s.;

˙ G 2 ƒ0
d�k .

Concerning the triple .X;K;G/ we assume:

(SDE-FB): (3.4)

Given p � 1 and � � 0, there exist three P-m.i.c.s.p.D;R;N and a P-m.b-v.c.s.p.
V , such that D0 D R0 D N0 D V0 D 0 and as signed measures on Œ0;1Œ:

dDt C hXt ; dKt i C
�
1

2
mp C 9p�

�
jGt j2 dt � 1p�2dRt C jXt jdNt C jXt j2dV t :

�
Propositions 6.71 and 6.74 are reformulated as:

Proposition 3.3. Let p � 1 and the assumptions .SDE-FB/ be satisfied.

.I / If the inequality (3.4) is satisfied for � D 0 and R D N D 0, then: P-a.s.,
with all 0 � t � s,

E
Ft e�pVs jXsjp C p E

Ft

Z s

t

e�pVr jXr jp�2 dDr � e�pVt jXt jp (3.5)

and moreover for all ı � 0

E
Ft e�pVs jXs jp
.1Cıe�2Vs jXs j2/p=2

Cp E
Ft

Z s

t

e�pVr jXr jp�2

	
1Cıje�Vr Xr j2
.pC2/=2 dDr � e�pVt jXt jp

.1Cıe�2Vt jXt j2/p=2
:

(3.6)

.II/ For every p � 1 and � > 1 satisfying (3.4) there exists a constant Cp;� such
that: P-a.s., for all 0 � t � s,

E
Ft
��e�V X

��p
Œt;s�

C E
Ft

Z s

t

e�pVr jXr jp�2 dDr

CE
Ft

�Z s

t

e�2Vr
	

dDr C jGr j2 dr

�p=2

� Cp;�

�
e�pVt jXt jp C E

Ft

	Z s

t

e�2Vr 1p�2dRr

p=2

CE
Ft

	Z s

t

e�Vr dNr


p�

(3.7)

and moreover for all ı � 0
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E
Ft

ke�V XkpŒt;s�	
1Cıke�V Xk2Œt;s�


p=2 C E
Ft

Z s

t

e�pVr jXr jp�2

	
1Cıje�Vr Xr j2
.pC2/=2 dDr

CE
Ft

�Z s

t

e�2Vr	
1Cıje�Vr Xr j2
2

	
dDr C jGr j2 dr


�p=2

� Cp;�

�
e�pVt jXt jp

.1Cıe�2Vt jXt j2/p=2
C E

Ft

	Z s

t

e�2Vr 1p�2dRr

p=2

CE
Ft

	Z s

t

e�Vr dNr


p�
:

(3.8)

3.3 Estimates, Uniqueness and Comparison Results

3.3.1 Classical SDE

We now formulate the main assumptions for the study of our SDE:

Xt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dBs; P-a.s.; 8t � 0; (3.9)

where fBt ; t � 0g is a k-dimensional Brownian motion with respect to the given
stochastic basis .�;F ;P; fFt gt�0/ and � W � ! R

d is an F0-measurable random
vector and for all x 2 R

d the functions

F .�; �; x/ W � � Œ0;1Œ ! R
d , G .�; �; x/ W � � Œ0;1Œ ! R

d�k

are P-m.s.p.
We introduce the notation, for all � � 0:

F #
� .t/

defD sup
x��

jF.t; x/j :

The general assumptions on F and G under which we shall study the SDE (3.9)
are the following:

(SDE-HF ): (3.10)

� 9 	 W � � Œ0;1Œ ! R, P-m.s.p., such that, 8T � 0,
Z T

0

j	t j dt < 1, a:s:,

and

.CF / Continuity:
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x �! F .t; x/ W Rd ! R
d is continuous, dP ˝ dt-a:e:I

.MF / Monotonicity condition:

hx � y; F.t; x/ � F.t; y/i � 	t jx � yj2; dP ˝ dt-a:e:;

8 x; y 2 R
d ;

.BF / Boundedness condition:

Z T

0

F #
� .s/ ds < 1; a:s:; 8 T; � � 0:

(SDE-HG): (3.11)

� 9 ` W � � Œ0;1Œ ! RC, P-m.s.p., such that, 8T � 0,
Z T

0

.`t /
2 dt < 1, a:s:,

and

.LG/ Lipschitz condition:

jG.t; x/ �G.t; y/j � `t jx � yj; dP ˝ dt-a:e:

8 x; y 2 R
d ;

.BG/ Boundedness condition:

Z T

0

jG.t; 0/j2dt < 1; a:s: 8 T � 0:

�

The proof of the first lemma is left as an exercise.

Lemma 3.4. Let the assumptions .SDE-HF / and .SDE-HG/ be satisfied. If U 2
S0d Œ0; T �, then

Z T

0

jF.t; Ut /j dt C
Z T

0

jG .t; Ut /j2 dt < 1; P-a:s:

and the mapping

U �!
�Z �

0

F.s; Us/ds;
Z �

0

G.s; Us/dBs

�

is continuous from S0d Œ0; T � to S0d Œ0; T � � S0d Œ0; T �.
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We shall show that the above assumptions on F and G yield, for the solutions
fXt W t � 0g of the SDE (3.2), inequalities of the form (3.7) and (3.8).

Lemma 3.5. Let the assumption .MF / from .SDE-HF / be satisfied. Then for all
r0 � 0, x 2 R

d , t � 0, P-a.s.

r0 jF .t; x/j C hF .t; x/ ; xi � r0

F #
r0
.t/C r0	

C
t

�
C 
F #
r0
.t/C 2r0 j	t j

� jxj C 	t jxj2 : (3.12)

Proof. Let r0 � 0. The monotonicity property of F implies that for all juj � 1:

hF .t; r0u/ � F .t; x/ ; r0u � xi � 	t jr0u � xj2 ;

and, consequently, 8 juj � 1:

r0 hF .t; x/ ;�ui C hF .t; x/ ; xi
� 	t jr0u � xj2 C jF .t; r0u/j jx � r0uj
� 	t

	
jxj2 � 2r0 hu; xi C r20 juj2



C F #

r0
.t/ .jxj C r0/

� r0

F #
r0
.t/C r0	

C
t

�C 
F #
r0
.t/C 2r0 j	t j

� jxj C 	t jxj2 :

(3.12) follows by taking the sup of the left-hand side over all vectors u such that
juj � 1. �

Since for all u; v 2 R
d and � > 1

juj2 � �

� � 1 jvj2 C � ju � vj2 ;

we obtain, from (3.11-LG), that

jG .t; x/j2 � �

� � 1 jG .t; 0/j2 C � .`t /
2 jxj2 : (3.13)

Writing now the SDE (3.9) in the form

Xt D � CKt C
Z t

0

GrdBr ;

where

Kt D
Z t

0

F .r; Xr/ dr and Gr D G .r;Xr/ ;
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it follows from (3.12) and (3.13) that for all p � 2 and � > 1

dD.r0/
r C hXr; dKri C

	mp

2
C 9p�



jGr j2 dr

� dR.r0/r C jXr jdN.r0/
r C jXr j2dVr ;

where mp D 1 _ .p � 1/ D p � 1, cp;� D �
��1 .9p�C .p � 1/=2/;

D
.r0/
t D r0

Z t

0

jF .r;Xr/j dr;

R
.r0/
t D r0

Z t

0


F #
r0
.r/C r0	

C
r

�
dr C cp;�

Z t

0

jG .r; 0/j2 dr;

N
.r0/
t D

Z t

0


F #
r0
.r/C 2r0 j	r j

�
dr;

Vt D
Z t

0

�
	r C �

�
p � 1
2

C 9p�

�
.`r /

2

�
dr:

(3.14)

We deduce from Proposition 3.3, first with r0 D 0 and second with r0 > 0, the
following:

Proposition 3.6. Let the assumptions (3.10-SDE-HF ) and (3.11-SDE-HG) be
satisfied and let X 2 S0d be a solution of the SDE (3.9). Then for every p � 2

and � > 1 there exists a constant Cp;� such that (with V defined as in (3.14)),
P-a.s., for all 0 � t � s:

E
Ft
��e�V X

��p
Œt;s�

� Cp;�

�
e�pVt jXt jp C E

Ft

	Z s

t

e�Vr jF .r; 0/j dr

p

CE
Ft

	Z s

t

e�2Vr jG .r; 0/j2 dr

p=2�

;

(3.15)

and for every r0 > 0, there exists a constant Cp;�;r0 such that for all 0 � t � s:

E

Z s

t

e�pVr jXr jp�2 jF .r;Xr/j dr C E

�Z s

t

e�2Vr jF .r;Xr/j dr

�p=2

� Cp;�;r0

�
Ee�pVt jXt jp C E

�Z s

t

e�2Vr
h
	C
r C ˇ̌

F #
r0
.r/
ˇ̌C jG .r; 0/j2

i
dr

�p=2

C E

�Z s

t

e�Vr F #
r0
.r/C j	r j

�
dr

�p �
:

Using Corollary 6.76 from Annex C we can derive other estimates. Let p � 2.
Assume there exists b > 0 such that

	t C .p � 1/ .`t /2 � b and .p � 1/ jG .t; 0/j2 C jF .t; 0/j � b; a.e.
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Since

hXt ; dKt i C p � 1
2

jG .t; Xt /j2 dt � b dt C bjXt jdt C bjXt j2dt

and using Corollary 6.76 we have for all t � 0, � > 0:

.a/ E jXt jp e�3.p�1/bt � E jX0jp C 1

p � 1 ;

.b/

Z 1

0

e�3.p�1/bt��t
E jXt jp dt � 1

�

�
E jX0jp C 1

p � 1
�
:

(3.16)

The natural question now is to extend the inequality (3.15) to the case 1 � p < 2.

Proposition 3.7. Let X 2 S0d be a solution of the SDE (3.9) and the assump-
tions (3.10-SDE-HF ) and (3.11-SDE-HG) be satisfied. Assume there exists a U 2
S0d such that

Ut D U0 C
Z t

0

G .r; Ur/ dBr :

Let p � 1, � > 1 and

Vt D
Z t

0

�
	r C

�
1

2
mp C 9p�

�
.`r /

2

�
dr:

Then there exists a constant Cp;� such that for all ı � 0, 0 � t � s:

E
Ft
��e�V .X � U/��p

Œt;s�
� Cp;�

�
e�pVt jXt � Ut jp

CE
Ft

�Z s

t

e�Vr jF .r; Ur/j dr

�p i
; a:s:

(3.17)

Proof. The SDE (3.9) can be written in the form

.Xt � Ut/ D .� � U0/CKt C
Z t

0

GrdBr

with

Kt D
Z t

0

F .r; Xr/ dr and Gr D G .r;Xr/ �G .r; Ur/ :

Note that
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hXr � Ur; dKri C
�
1

2
mp C 9p�

�
jGr j2 dr

� jXr � Ur j jF .r; Ur/j dr C jXr � Ur j2 dVr :

Hence, by Proposition 3.3 with Xr replaced by Xr � Ur , the inequality (3.17)
follows. �

Theorem 3.8 (Uniqueness). Let the assumptions (3.10-SDE-HF ) and (3.11-SDE-
HG) be satisfied. Let X; OX 2 S0d Œ0; T � be two solutions of the SDE (3.9)

corresponding respectively to the initial data � and O�.
Let p � 1 and � > 1 be arbitrary.

(I ) If

Vt D
Z t

0

�
	r C 1

2
mp .`r /

2

�
dr;

then for all ı � 0, 0 � t � s; P-a.s.:

E
Ft

e�pVs jXs� OXsjp	
1Cıe�2Vs jXs� OXsj2
p=2

� e�pVt jXt� OXt jp	
1Cıe�2Vt jXt� OXt j2
p=2

: (3.18)

(II) If

Vt D
Z t

0

�
	r C

�
1

2
mp C 9p�

�
.`r /

2

�
dr;

then there exists a constant Cp;� such that for all ı � 0, 0 � t � s:

E
Ft

ke�V .X� OX/kpŒt;s�	
1Cıke�V .X� OX/k2Œt;s�


p=2 � Cp;�
je�Vt .Xt� OXt/jp	

1Cıje�Vt .Xt� OXt/j2
p=2
; a:s: (3.19)

The uniqueness in S0d follows by choosing t D 0 and ı > 0.

Proof. We have

Xt � OXt D .� � O�/C
Z t

0

d.Kr � OKr/C
Z t

0

h
G .r;Xr/ �G.r; OXr/

i
dBr ;

where

Kt � OKt D
Z t

0

h
F .r;Xr/ � F.r; OXr/

i
dr:
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In view of the assumptions (3.10-SDE-HF ) and (3.11-SDE-HG); for all p � 1 and

 � 0:

hXr � OXr; d.Kr � OKr/i C
�
1

2
mp C 9p


� ˇ̌
ˇG .r;Xr/ �G.r; OXr/

ˇ̌
ˇ
2

dr

�
ˇ̌
ˇXr � OXr

ˇ̌
ˇ
2
�
	rdr C

�
1

2
mp C 9p


�
.`r /

2 dr

�
:

Hence, by Proposition 3.3 (or by Corollary 6.77 from Annex C) the inequali-
ties (3.18) and (3.19) follow. �

3.3.2 SDEs with Stieltjes Integrals

We shall conclude this section with some remarks on the estimates for a more
general equation

Xt D � C
Z t

0

ˆ .s; Xs/ dQs C
Z t

0

G .s; Xs/ dBs; (3.20)

where � W � ! R
d is an F0-measurable random vector, G satisfies the

assumption (3.11-SDE-HG), Q W � � Œ0;1Œ ! RC is such that

(SDE-HQ): Q is P-m.i.c.s.p., Q0 D 0 (3.21)

and ˆ W � � Œ0;1Œ � R
d ! R

d .
Note that an equation of the form

Xt D � C
mX
iD1

Z t

0

ˆi .s; Xs/ dQ.i/
s C

Z t

0

G .s; Xs/ dBs;

can be transformed in the form (3.20) setting

Qs D
mX
iD1
Q.i/
s ; ˆ .s; x/ D

mX
iD1
ˆi .s; x/ ˛

.i/
s ;

where ˛.i/, i 2 1;m, are P-m.s.p. given by the Radon–Nikodym theorem dQ.i/
s D

˛.i/s dQs .
For all x 2 R

d , we assume that

ˆ.�; �; x/ W � � Œ0;1Œ ! R
d and G .�; �; x/ W � � Œ0;1Œ ! R

d�k

are P-m.s.p.
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We introduce the notation, for all � � 0

ˆ#
� .t/

defD sup
jxj��

jˆ.t; x/j :

We shall assume:

(SDE-Hˆ): (3.22)

there exists a P-m.s.p. 	 W � � Œ0;1Œ ! R such that 8 T � 0,

Z T

0

j	t j dQt < 1; a:s:

and

.Cˆ/ Continuity:
x �! ˆ.t; x/ W Rd ! R

d are continuous, dP ˝ dt-a:e:I
.Mˆ/ Monotonicity condition:

hx � y;ˆ.t; x/ �ˆ.t; y/i � 	t jx � yj2; dP ˝ dt-a:e:;
8 x; y 2 R

d ;
.Bˆ/ Boundedness condition:Z T

0

ˇ̌
ˇˆ#

� .t/
ˇ̌
ˇ dQt < 1; a:s:; 8 T; � � 0:

(3.23)

�
With very similar proofs (as in Propositions 3.6, 3.7 and Theorem 3.8) we can
establish the following results:

Proposition 3.9. Let the assumptions (3.11-SDE-HG), (3.22-SDE-Hˆ) and (3.21-
SDE-HQ) be satisfied.

(I ) Then for every p � 2, � > 1 there exists a constant Cp;� such that for every
solution X 2 S0d of the SDE (3.20) and

Vt
defD
Z t

0

	rdQr C �

�
p � 1
2

C 9p�

�Z t

0

.`r /
2 dr

the following inequality holds P-a.s., for all 0 � t � s:

E
Ft
��e�V X

��p
Œt;s�

� Cp;�

h ˇ̌
e�Vt Xt

ˇ̌p C E
Ft

�Z s

t

e�Vr jˆ.t; 0/j dQr

�p

CE
Ft

	Z s

t

e�2Vr jG .r; 0/j2 dr

p=2i

:

(3.24)
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.II/ Assuming there exists a U 2 S0d such that

Ut D U0 C
Z t

0

G .r; Ur/ dBr ;

then for every p � 1, � > 1 there exists a constant Cp;� such that if X 2 S0d
is a solution of the SDE (3.20) and

Vt
defD
Z t

0

	rdQr C
	mp

2
C 9p�


 Z t

0

.`r /
2 dr;

the following inequality holds P-a.s., for all 0 � t � s,

E
Ft
��e�V .X � U/��p

Œt;s�
� Cp;�

�
e�pVt jXt � Ut jp

CE
Ft

�Z s

t

e�Vr jˆ.r; Ur/j dQr

�p �
:

(3.25)

Finally we give the corresponding generalization of Theorem 3.8, which comes
from the general formula from Corollary 6.77 (Annex C).

Theorem 3.10 (Uniqueness). Let the assumptions (3.11-SDE-HG), (3.22-SDE-
Hˆ) and (3.21-SDE-HQ) be satisfied and X; OX 2 S0d be solutions of the SDE (3.20)

corresponding to the initial data � and respectively O� . Let p � 1,mp D 1_.p � 1/,
� � 0 and

Vt
defD
Z t

0

�
	rdQr C

�
1

2
mp C 9p�

�
.`r /

2 dr

�
:

.I / If � D 0, then for all ı � 0, 0 � t � s:

E
Ft

e�pVs jXs� OXsjp	
1Cıe�2Vs jXs� OXsj2
p=2

� e�pVt jXt� OXt jp	
1Cıe�2Vt jXt� OXt j2
p=2

; P-a.s. (3.26)

.II/ For every p � 1 and � > 1 there exists a constant Cp;� such that for all
ı � 0, 0 � t � s:

E
Ft

ke�V .X� OX/kpŒt;s�	
1Cıke�V .X� OX/k2Œt;s�


p=2 � Cp;�
je�Vt .Xt� OXt/jp	

1Cıje�Vt .Xt� OXt/j2
p=2
; a:s: (3.27)

The uniqueness in S0d follows by choosing t D 0 and ı > 0.
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3.3.3 Stochastic Linear Equations

Let d D 1 and consider the stochastic differential equation

�
dXt D .atXt C bt / dQt C hctXt C et ; dBt i ; t > 0;
X0 D � 2 L0 .�;F0;PIR/ ; (3.28)

where .at /t�0, .bt /t�0 are R-valued P-m.s.p., and .ct /t�0, .et /t�0 are R
k-valued

P-m.s.p. such that

Z T

0

.jat j C jbt j/ dQt C
Z T

0

	
jct j2 C jet j2



dt < 1; a:s: (3.29)

Proposition 3.11. Under the assumption (3.29) the SDE (3.28) has a unique
solution X 2 S01 which is given by

Xt D �t

�
� C

Z t

0

��1
s .bsdQs � hcs; esi ds/C

Z t

0

��1
s hes; dBsi

�
; (3.30)

where

�t D exp

�Z t

0

�
ardQr � 1

2
jcr j2 dr

�
C
Z t

0

hcr ; dBri
�
:

Proof. We first verify that

Yt D �t

�
� C

Z t

0

��1
s .bs � hcs; esi/ ds C

Z t

0

��1
s hes; dBsi

�

is a solution of (3.28). Indeed Y 2 S01 , Y0 D � and

dY t D .atYt C bt / dt C hctYt C et ; dBt i

follows from Itô’s formula.
Uniqueness follows from Theorem 3.10, but we prove it independently in this

particular case.
Let X 2 S01 be an arbitrary solution of (3.28). Since

d��1
t D ��1

t

	
�atdQt C jct j2 dt



� ��1

t hct ; dBt i

we deduce that

d
�
��1
t Xt

� D
h
��1
t

	
�atdQt C jct j2 dt



� ��1

t hct ; dBt i
i
Xt

C ��1
t Œ.atXt C bt / dQt C hctXt C et ; dBt i�
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C ��1
t

	
Xt jct j2 � hct ; et i



dt

D ��1
t ŒbtdQt � hct ; et i dt C het ; dBt i�

D d
�
��1
t Yt

�
:

Hence

��1
t Xt � � D ��1

t Yt � �; for all t � 0;

which yields X D Y and uniqueness. �

3.3.4 Comparison Results

In the case d D 1 we also deduce uniqueness from a comparison result which is
important by itself. Let X 2 S0 be a solution of the SDE

Xt D � C
Z t

0

ˆ .s; Xs/ dQs C
Z t

0

hG .s;Xs/ ; dBsi ; t � 0; a:s:; (3.31)

and QX 2 S0 a solution of the SDE

QXt D Q� C
Z t

0

Q̂ �s; QXs
�

dQs C
Z t

0

˝
G
�
s; QXs

�
; dBs

˛
; t � 0; a:s: (3.32)

Assume that the functions ˆ; Q̂ W � � Œ0;1Œ � R ! R and G W � � Œ0;C1Œ �
R ! R

k are .P;R/-Carathéodory functions (P-m.s.p. with respect to .!; t/ and
continuous with respect to x 2 R) such that for all T � 0,

.i/

Z T

0

jG .t; Xt /j2 dt C
Z T

0

ˇ̌
G
�
t; QXt

�ˇ̌2
dt < 1; a:s:;

.ii/
Z T

0

jˆ.t;Xt /j dQt C
Z T

0

ˇ̌ Q̂ �t; QXt
�ˇ̌

dQt < 1; a:s:

(3.33)

Also assume that there exist ˛ 2 Œ 1
2
; 1� and a P-m.s.p. ` W � � Œ0;1Œ ! RC such

that

Z T

0

.`t /
2 dt < 1; P-a.s.; 8 T > 0; (3.34)

and dP ˝ dt-a:e:,

ˇ̌
G.t; Xt / �G.t; QXt/

ˇ̌ � `t
ˇ̌
Xt � QXt

ˇ̌˛
: (3.35)
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3.3.4.1 Lipschitz Case

We first give a comparison result when one of the functions ˆ and Q̂ satisfies
a Lipschitz condition. Without loss of generality we assume that there exists a
P-m.s.p. L W � � Œ0;1Œ ! RC such that

Z T

0

LtdQt < 1; P-a.s.; 8 T > 0; (3.36)

and dP ˝ dt-a:e:,

jˆ.t; x/ �ˆ.t; y/j � Lt jx � yj ; 8 x; y 2 R: (3.37)

Proposition 3.12. Let the assumptions (3.33), (3.34), (3.35 with ˛ D 1), (3.36)
and (3.37) be satisfied and

.i/ � � Q�; P-a.s. and
.ii/ ˆ.t; QXt/ � Q̂ .t; QXt/; dP ˝ dQt -a.e. on � � RC:

(a) Then P-a.s. ! 2 �, Xt .!/ � QXt .!/, for all t � 0; in particular the strong
uniqueness for the SDE (3.31) holds.

(b) If moreover there exist A 2 F and a stopping time � > 0 such that for all
! 2 A:

.j / � .!/ > Q� .!/ ; or

.jj /

Z �.!/

0


ˆ.!; t; QXt/ � Q̂ .!; t; QXt/

�
dQt .!/ > 0;

then X�.!/ .!/ > QX�.!/ .!/ ; for all ! 2 A; in particular if � .!/ > Q� .!/ for
! 2 A, then Xt .!/ > QXt .!/ for all .!; t/ 2 A � Œ0;1Œ.

Proof. Let Ut D Xt � QXt . Then ˆ.t;Xt / � Q̂ .t; QXt/ D bt C atUt and G.t; Xt / �
G.t; QXt/ D Utct with bt D ˆ.t; QXt/ � Q̂ .t; QXt/,

at D
8<
:
1

Ut


ˆ.t;Xt / �ˆ.t; QXt/

�
; if Ut ¤ 0;

0; if Ut D 0

and

ct D
8<
:
1

Ut


G.t; Xt / �G.t; QXt/

�
; if Ut ¤ 0;

0; if Ut D 0:
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Then

Ut D U0 C
Z t

0

.asUs C bs/ dQs C
Z t

0

Us hcs; dBsi :

By Proposition 3.11

Ut D �t

�	
� � Q�



C
Z t

0

��1
s bsdQs

�

where

�t D exp

�Z t

0

�
asdQs � 1

2
jcsj2 ds

�
ds C

Z t

0

hcs; dBsi
�
;

and the results follow. �

Remark 3.13. With the same proof the comparison result from Proposition 3.12 can
be generalized to the following case.
Let ˆ; b W � � RC ! R, G W � � RC ! R

k and L; ` W � � RC ! RC be
progressively measurable stochastic processes such that for all T � 0:

Z T

0

.jˆt j C jbt j C Lt/ dQt C
Z T

0

	
jGt j2 C .`t /

2



dt < 1; a:s:

Let X 2 S0 be given by

Xt D � C
Z t

0

ˆsdQs C
Z t

0

hGs; dBsi ; t � 0;

and the following conditions are satisfied

.i/ jˆt � bt j � Lt jXt j ; dP ˝ dQt -a:e:;
.ii/ jGt j � `t jXt j ; dP ˝ dt-a:e:

(3.38)

1. If � � 0; P-a.s. and bt � 0, P ˝ dQt -a:e: on � � RC, then P-a.s. ! 2 �,
Xt .!/ � 0, for all t � 0.

2. If moreover there exist A 2 F and a stopping time � > 0 such that for all ! 2 A,

� .!/ > 0; or
Z �.!/

0

bt .!/ dQt .!/ > 0;

then X�.!/ .!/ > 0; for all ! 2 A; in particular if � .!/ > 0 for ! 2 A, then
Xt .!/ > 0 for all .!; t/ 2 A � Œ0;1Œ.
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3.3.4.2 Monotone Case

We now generalize the comparison result to the case where one of the functions ˆ
and Q̂ satisfies a monotonicity condition. Without loss of generality we assume that
there exists a P-m.s.p. 	 W � � Œ0;1Œ ! R such that

Z T

0

j	t j dQt < 1; P-a.s.; 8 T > 0; (3.39)

and dP ˝ dQt -a:e:,

�
ˆ.t; QXt/ �ˆ.t;Xt /

� � QXt �Xt
� � 	t

� QXt �Xt
�2
: (3.40)

This last condition implies that


ˆ
�
t; QXt

� �ˆ.t;Xt /
�

1 QXt�Xt>0 � 	t
� QXt �Xt

�C
:

Proposition 3.14. Let the assumptions (3.33), (3.34), (3.35), (3.39) and (3.40,
where 	 is a deterministic process and dQt D dt, when 1

2
� ˛ < 1) be satisfied

and

.i/ � � Q�; P-a:s: and
.ii/ ˆ.t; QXt/ � Q̂ .t; QXt/; dP ˝ dQt -a:e: on � � RC:

Then P-a.s. ! 2 �, Xt .!/ � QXt .!/, for all t � 0. In particular the strong
uniqueness for the SDE (3.31) holds.

Proof. We have

QXt �Xt D Q� � � C
Z t

0

 Q̂ �s; QXs
� �ˆ.s;Xs/

�
dQs

C
Z t

0

˝
G
�
s; QXs

� �G .s;Xs/ ; dBs
˛
:

Since

ˇ̌
G
�
s; QXs

� �G .s;Xs/
ˇ̌ � `s

ˇ̌ QXs �Xs
ˇ̌˛�1=2 qˇ̌ QXs �Xs

ˇ̌
;

we have, by Proposition 2.33, that

� QXt �Xt
�C D

	 Q� � �

C C

Z t

0

 Q̂ �s; QXs
� �ˆ.s;Xs/

�
�
� QXs �Xs

�
dQs

C
Z t

0

˝
G
�
s; QXs

� �G .s;Xs/
�

1 QXs�Xs>0; dBs
˛
;

(3.41)
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where

� .x/ D

8
ˆ̂<
ˆ̂:

0; if x < 0;
1

2
; if x D 0;

1; if x > 0:

Case ˛ D 1.
Let p � 1, � > 1,

Kt D
Z t

0

 Q̂ �s; QXs
� �ˆ.s;Xs/

�
�
� QXs �Xs

�
dQs and

Gt D 
G
�
t; QXt

� �G .t; Xt /
�

1 QXt�Xt>0:

Since

� QXt �Xt
�C

dKt � � QXt �Xt
�C  Q̂ �t; QXt

� �ˆ �t; QXt
��

1 QXt�Xt>0dQt

C � QXt �Xt
�C 

ˆ
�
t; QXt

� �ˆ.t;Xt /
�

1 QXt�Xt>0dQt

� 	C
t

h� QXt �Xt
�Ci2

dQt

and

jGt j � `t
� QXt �Xt

�C
;

it follows that

� QXt �Xt
�C

dKt C
�
1

2
mp C 9p�

�
jGt j2 �

h� QXt �Xt
�Ci2

dVt ;

where

dVt D 	C
t dQt C

�
1

2
mp C 9p�

�
.`t /

2 :

Using Proposition 3.3 (the inequality (3.8)) we deduce for all t � 0,

E

���e�V . QX�X/C

���
p

t�
1Cı

���e�V . QX�X/C

���
2

t

�p=2 � Cp;� E

ˇ̌
ˇ.Q���/C

ˇ̌
ˇ
p

�
1Cı

ˇ̌
ˇ.Q���/C

ˇ̌
ˇ
2
�p=2 D 0:

Hence P-a.s. : Xt � QXt for all t � 0.

Case
1

2
� ˛ < 1.
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Consider again (3.41). Define the increasing sequence of stopping times

�n D inf

�
t � 0 W � QXt �Xt

�C C
Z t

0

`2sds � n

�
:

It is clear that �n % C1, a.s. for n ! 1.
Since

E

Z t^�n

0

ˇ̌
G
�
s; QXs

� �G .s;Xs/
ˇ̌2

1 QXs�Xs>0ds � E

Z t^�n

0

`2s

h� QXs �Xs
�Ci2˛

ds

� n2˛C1;

we obtain, taking the expectation in (3.41), that

E
� QXt^�n �Xt^�n

�C D E

Z t^�n

0

 Q̂ �s; QXs
� �ˆ.s;Xs/

�
1 QXs�Xs>0ds

D
Z t

0

E

1Œ0;�n� .s/

 Q̂ �s; QXs
� �ˆ.s;Xs/

�
1 QXs�Xs>0

�
ds

�
Z t

0

	C .s/E
h
1Œ0;�n� .s/

� QXs �Xs
�Ci

ds

�
Z t

0

	C .s/E
h� QXs^�n �Xs^�n

�Ci
ds;

and, by the Gronwall inequality, we deduce that E
� QXt^�n �Xt^�n

�C D 0 for all

t � 0. Hence for every t � 0, n � 1,
� QXt^�n �Xt^�n

�C D 0, P-a.s. The result
follows. �

Remark 3.15. From Proposition 3.14 we infer that the SDE

Xt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

hG .s;Xs/ ; dBsi ; t � 0; a:s:; (3.42)

with a monotone drift F and a Hölder continuous diffusion coefficientG has at most
one solution X 2 S01 . To be clear the coefficients F and G satisfy

• F W � � RC � R ! R and G W � � RC � R ! R
k are P-m.s.p. with respect to

.!; t/ 2 � � RC and continuous with respect to x 2 R;
• F satisfies (3.39) and (3.40, with 	 a deterministic process);
• G W � � RC � R ! R

k satisfies (3.34) and (3.35) with 1
2

� ˛ � 1.

We now give a strict comparison result. Let X 2 S0 be a solution of the SDE

Xt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

hG .s;Xs/ ; dBsi ; t � 0; a:s:; (3.43)
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and OX 2 S0 a solution of the SDE

QXt D Q� C
Z t

0

QF �s; QXs
�

ds C
Z t

0

˝
G
�
s; QXs

�
; dBs

˛
; t � 0; a:s: (3.44)

Assume that

• the function G W � � Œ0;C1Œ � R ! R
k is P-m.s.p. with respect to .!; t/ and

continuous with respect to x 2 R such that for all T � 0

Z T

0

jG .t; Xt /j2 dt C
Z T

0

ˇ̌
G
�
t; QXt

�ˇ̌2
dt < 1; a:s:; (3.45)

and there exists a P-m.s.p. ` W � � Œ0;1Œ ! RC with

Z T

0

.`t /
2 dt < 1; P-a.s.; 8 T > 0; (3.46)

and dP ˝ dt-a:e:,

ˇ̌
G.t; Xt / �G.t; QXt/

ˇ̌ � `t
ˇ̌
Xt � QXt

ˇ̌
: (3.47)

• F; QF W � � Œ0;1Œ � R ! R are P-m.s.p. with respect to .!; t/ and continuous
with respect to .t; x/ 2 RC � R and there exists a P-m.s.p. 	 W �� Œ0;1Œ ! R

such that

Z T

0

j	t j dQt < 1; P-a.s.; 8 T > 0; (3.48)

and dP ˝ dQt -a:e:,

�
F.t; QXt/ � F.t; Xt /

� � QXt �Xt
� � 	t

� QXt �Xt
�2
: (3.49)

Proposition 3.16. Let the assumptions (3.45), (3.46), (3.47), (3.48) and (3.49) be
satisfied. If P-a.s.

� � Q� and F.!; t; x/ > QF .!; t; x/; for all .t; x/ 2 RC � R;

then P-a.s., Xt .!/ > QXt .!/, for all t > 0.

Proof. Let

ct D
8<
:

1

Xt � QXt

G.t; Xt / �G.t; QXt/

�
; if Xt � QXt ¤ 0;

0; if Xt � QXt D 0:
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Then

d
�
Xt � QXt

� D 
F .t; Xt / � QF �t; QXt

��
dt C �

Xt � QXt
� hct ; dBt i

and by Proposition 3.11, P-a.s.

��1
t

�
Xt � QXt

� D �
Xs � QXs

�C
Z t

s

��1
r


F .r;Xr/ � QF �r; QXr

��
dr;

for all 0 � s � t , where

�t D exp

�Z t

0

hcr ; dBri � 1

2

Z t

0

jcr j2 dr

�
:

By Proposition 3.14 we have Xs � QXs , for all s � 0, P-a.s. Hence multiplying by
1XtD QXt we obtain, P-a.s.:

0 � 1XtD QXt
1

"

Z t

t�"
��1
r


F .r;Xr/� QF �r; QXr

��
dr; for all 0 < t�" < t: (3.50)

Since P-a.s. the mapping r 7! ��1
r


F .r;Xr/ � QF �r; QXr

��
is continuous on RC we

deduce, letting " & 0, that P-a.s.,

0 � 1XtD QXt �
�1
t


F .t; Xt / � QF .t; Xt /

�
; for all t > 0:

But ��1
t


F .t; Xt / � QF .t; Xt /

�
> 0 for all t � 0. Hence P

�
Xt D QXt

� D 0, for all
t > 0 and consequently (using the continuity of X and QX)

P
�
Xt > QXt ; for all t > 0

� D 1:

The proof is complete. �

We remark that in the Lipschitz case � > Q� and ˆ � Q̂ yield Xt > QXt for all
t � 0; in the monotone case the condition

ˆ.x/ > Q̂ .x/; for all x 2 R

is essential as we can see from the following example. Let ˆ; Q̂ ; G W R ! R,
ˆ.x/ D �2pxC, Q̂ .x/ D �4pxC and G .x/ D 0. The functions ˆ and Q̂ are
continuous monotone decreasing functions on R W .ˆ .x/ �ˆ.y// .x � y/ � 0 and
similar for Q̂ .

Clearly Xt D 
.1 � t /C�2 ; t � 0, is the unique solution of the SDE (in fact an

ordinary differential equation)
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Xt D 1 � 2
Z t

0

q
XC
s ds

and QXt D 4

. 1
4

� t /C�2 ; t � 0, is the unique solution of

QXt D 1

4
� 4

Z t

0

q
QXC
s ds:

We have X0 D 1 > 1
4

D QX0, ˆ.x/ � Q̂ .x/ for all x 2 R but we do not have
Xt > QXt for all t � 0 (in fact Xt > QXt for t 2 Œ0; 1/ and Xt D QXt for t � 1).

3.4 Lipschitz Coefficients

3.4.1 Classical SDEs

We consider a slightly generalized version of Eq. (3.2). We shall obtain under some
Lipschitz conditions the existence and uniqueness of the solution using the Banach
fixed point theorem.

Consider the SDE

Xt D St C
Z t

0

F .s; X/ ds C
Z t

0

G .s; X/ dBs; t � 0; P-a.s.; (3.51)

where

˙ S W � � Œ0;1Œ ! R
d is a P-m.c.s.p.,

˙ the functions F .�; �; '/ W � � Œ0;C1Œ ! R
d and G .�; �; '/ W � � Œ0;C1Œ !

R
d�k are P-m.s.p. for every continuous function ' W RC ! R

d ,
˙ there exist L 2 L1loc .0;1IRC/ and ` 2 L2loc .0;1IRC/,

such that dP ˝ dt-a:e:, for all '; 2 C �RC;Rd
�
:

.LBF;G/

8̂
ˆ̂̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
:

Lipschitz condition:
.LF / jF.t; '/ � F.t;  /j � L .t/ k' �  kt ;
.LG/ jG.t; '/ �G.t;  /j � ` .t/ k' �  kt I

Boundedness condition:

.BF /
Z T

0

jF.t; 0/jdt < 1; a:s:; 8T � 0;

.BG/
Z T

0

jG.t; 0/j2dt < 1; a:s:; 8T � 0;

(3.52)

where for any ˛ 2 C �RC;Rd
�
, k˛kt defD sup fj˛ .s/j W 0 � s � tg.
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Theorem 3.17. If S 2 S0d and the assumptions .LBFG/ are satisfied then the
SDE (3.51) has a unique solution X 2 S0d . Moreover if there exists a p > 0 such
that for all T � 0:

E sup
t2Œ0;T �

jSt jp C E

�Z T

0

jF .t; 0/j dt

�p
C E

�Z T

0

jG.t; 0/j2dt

�p=2
< C1;

then X 2 Spd .

Proof. Uniqueness. Also we could use here Theorem 3.8, we prefer to present
the classical uniqueness argument under Lipschitz conditions. Assume X; Y 2
S0d are two solutions. Define the increasing sequence of stopping times �n D
inf ft � 0 W kX � Y kt � ng, n 2 N

�. Then �n % C1 a.s. and

E kX � Y kt^�n

� E

Z t^�n

0

L .r/ kX � Y kr dr C 3E

"�Z t^�n

0

`2 .r/ kX � Y k2r dr

�1=2#

� E

Z t^�n

0

L .r/ kX � Y kr dr C 1

2
E kX � Y kt^�n C 9

2
E

Z t^�n

0

`2 .r/ kX � Y kr dr

which yields

E
�
1Œ0;�n� .t/ kX � Y kt

� � E kX � Y kt^�n
� E

Z t^�n

0


2L .r/C 9`2 .r/

� kX � Y kr dr

D
Z t

0


2L .r/C 9`2 .r/

�
E
�
1Œ0;�n� .r/ kX � Y kr

�
dr

and by Gronwall’s inequality we get

E
�
1Œ0;�n� .t/ kX � Y kt

� D 0; for all t � 0:

Hence 1Œ0;�n� .t/ kX � Y kt D 0 for all t � 0, P-a.s. and passing to the limit as
n ! 1, it follows that X D Y in S0d .

Thanks to uniqueness, the existence of a solution on RC will follow from the
existence of a solution on an arbitrary interval Œ0; T �.
Existence .I / Casep > 0.

Let M 2 N
� and 0 D T0 < T1 < � � � < TM D T , with Ti D iT

M
. Then

˛
�
T
M

� defD sup
0<s�t< T

M

�Z s

t

L .r/ dr

�p
C
�Z s

t

`2 .r/ dr

�p=2
! 0; as M ! 1:
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The solution of the SDE (3.51) on Œ0; T1� is a fixed point of the mapping � W
S
p

d Œ0; T1� ! S
p

d Œ0; T1� defined by

� .U /t D St C
Z t

0

F .s; U / ds C
Z t

0

G .s; U / dBs:

The mapping � is well defined since for all ' 2 C �RC;Rd
�

jF.t; '/j � jF .t; 0/j C L .t/ k'kt and jG.t; '/j � jG .t; 0/j C ` .t/ k'kt ;

and consequently, by the Lipschitz continuity, the stochastic processes F .�; U / and
G .�; U / are progressively measurable for all U 2 Spd Œ0; T � and

F .�; U / 2 Lp ��IL1 .0; T /� and G .�; U / 2 ƒp

d�k .0; T / :

Therefore
Z �

0

F .r; U / dr 2 S
p

d Œ0; T � and
Z �

0

G .r; U / dBr 2 S
p

d Œ0; T � :

With M large enough we shall prove that � is a strict contraction on the complete
metric space Spd Œ0; T1� with the usual distance

dp;M .U; V / D �
E kU � V kpT1

�1=.p_1/
:

Let U; V 2 Spd Œ0; T1�. By the Burkholder–Davis–Gundy inequality we have

E k� .U / � � .V /kpT1
� �

1 _ 2p�1�
E sup
s2ŒT0;T1�

ˇ̌
ˇ̌
Z s

T0

.F .r; U / � F .r; V // dr

ˇ̌
ˇ̌
p

C �
1 _ 2p�1�

E sup
s2ŒT0;T1�

ˇ̌
ˇ̌
Z s

T0

.G .r; U / �G .r; V // dBr

ˇ̌
ˇ̌
p

� �
1 _ 2p�1�

"
E

�Z T1

T0

L .r/ kU � V kr dr

�p

C E

�Z T1

T0

`2 .r/ kU � V k2r dr

�p=2#

� �
1 _ 2p�1�˛

�
T
M

�
E
�kU � V kpT1

�
:
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Let M0 2 N
� be such that

�
1 _ 2p�1�˛

	
T
M0



� �

1
2

�1_p
. Then � is a strict

contraction in Spd Œ0; T1� and consequently Eq. (3.51) has a unique solution X 2
S
p

d Œ0; T1�.
Now we consider the interval Œ0; T2�. The mapping � W Spd Œ0; T2� ! S

p

d Œ0; T2�

is defined by

� .U /t D
(
Xt ; if t 2 Œ0; T1� ;
.XT1 C St � ST1/C R t

T1
F .s; U / ds C R t

T1
G .s; U / dBs , if t 2�T1; T2�:

By recurrence, in M0 steps, we cover the whole interval Œ0; T �.
.II/ Case p D 0.
Let n 2 N

� and define the stopping time

�n D inf

�
t � 0 W jSt j C

Z t

0

jF .s; 0/ jds C
Z t

0

jG .s; 0/ j2ds � n

�
:

Clearly �n % 1 a:s: By the first part there exists a unique Xn 2 Spd solution of the
approximating equation

Xn
t D St^�n1�n>0 C

Z t

0

1Œ0;�n� .r/ F .r; X
n/ dr C

Z t

0

1Œ0;�n� .r/G .r;X
n/ dBr :

(3.53)

The uniqueness of the solution shows that


XnC1
t .!/ �Xn

t .!/
�

1Œ0;�n.!/� .t/ 1.0;1/ .�n .!// D 0:

Hence the stochastic process X 2 S0d defined by

Xt .!/ D Xn
t .!/ ; if 0 � t < �n .!/ and �n .!/ > 0

is solution of the SDE (3.51). The proof is complete. �

3.4.2 SDEs with Stieltjes Integrals

To conclude the results involving Lipschitz coefficients, we shall prove an existence
and uniqueness result for the more general equation (3.20)

Xt D St C
Z t

0

ˆ .s; Xs/ dQs C
Z t

0

G .s; Xs/ dBs; (3.54)
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where

Q W � � Œ0;1Œ ! RC is P–m:i:c:s:p:, Q0 D 0:

We shall assume
.LBˆG/:

.˙/ the functionsˆ.�; �; x/ W �� Œ0;1Œ ! R
d and G .�; �; x/ W �� Œ0;C1Œ !

R
d�k are P-m.s.p. for every x 2 R

d , such that for all T � 0,

Z T

0

jG .t; St /j2 dt C
Z T

0

jˆ.t; St /j dQt < 1; a:s:; (3.55)

.˙˙/ there exist P-m.s.p. `; L W � � Œ0;1Œ ! RC such that for every T � 0

Z T

0

.`t /
2 dt C

Z T

0

LtdQt < 1; P-a.s.; (3.56)

and for all x; y 2 R
d , dP ˝ dt-a:e::

.LG/ W jG.t; x/ �G.t; y/j � `t jx � yj;
.Lˆ;G/ W jˆ.t; x/ �ˆ.t; y/j � Lt jx � yj:

Theorem 3.18. If S 2 S0d and the assumptions .LBˆG/ are satisfied then the
SDE (3.54) has a unique solution X 2 S0d . Moreover for every p � 2, � > 1,
there exists a constant Cp;� such that for all T � 0

E
��e�V X

��p
T

� Cp;�

�
E
��e�V S

��p
T

C E

�Z T

0

e�Vr jˆ.r; Sr/j dQr

�p

CE

	Z T

0

e�2Vr jG .r; Sr /j2 dr

p=2�

;

(3.57)

where

Vt
defD
Z t

0

LrdQr C �

�
p � 1
2

C 9p�

�Z t

0

.`r /
2 dr:

Proof. .I / Uniqueness. X is solution of the SDE (3.54) iff Y D X � S is a
solution of the equation

Yt D
Z t

0

Q̂ .s; Ys/ dQs C
Z t

0

QG .s; Ys/ dBs; (3.58)

where
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Q̂ .s; x/ D ˆ.s; Ss C x/ and QG .s; x/ D G .s; Ss C x/ :

Note that Q̂ and QG satisfy the assumptions of Proposition 3.9 and Theo-
rem 3.10. Hence Eq. (3.58) (equivalently (3.54)) has at most one solution in
S0d and the inequality (3.57) holds.

Moreover the uniqueness result shows us that it is sufficient to prove the
existence of the solution on an arbitrary fixed interval Œ0; T �.

.II/ Existence for (3.58) under the condition

E

Z T

0

e�2aEs jG .s; Ss/j2 ds C E

�Z T

0

e�aEs jˆ.s; Ss/j dQs

�2
< 1;

where

Et D
Z t

0

LrdQr C
Z t

0

`2sds

and a � 2 will be chosen below.
Let U denote the Banach space of the stochastic processes Y from S0d Œ0; T �

such that

kY k
U

defD
�
1

2a
E
��e�aEY

��2
T

�1=2
C
�
E

Z T

0

e�2aEs jYsj2 dEs
�1=2

< 1:

The solution of the SDE (3.58) on Œ0; T � is a fixed point of the mapping � W
U ! U defined by

�t .Y /
defD
Z t

0

Q̂ .s; Ys/ dQs C
Z t

0

QG .s; Ys/ dBs :

First we show that the mapping � is well defined.
Since for all Y 2 S0d

ˇ̌ Q̂ .s; Ys/
ˇ̌ � jˆ.s; Ss/j C Ls jYsj � jˆ.s; Ss/j C Ls kY kT

and

ˇ̌ QG .s; Ys/
ˇ̌ � jG .s; Ss/j C `s jYsj � jG .s; Ss/j C `s kY kT ;

it follows from (3.55) and (3.56) that � .Y / is a well defined element of S0d .
We shall now show � .Y / 2 U, whenever Y 2 U.
Since

dDs D j�s .Y /j2 dEs D j�s .Y /j2
�
`2sds C LsdQs

�
;
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and for p D 2 and � > 1,

˝
�s .Y / ; Q̂ .s; Ys/ dQs

˛C
�
1

2
mp C 9p�

� ˇ̌ QG .s; Ys/
ˇ̌2

ds

� j�s .Y /j jYsjLsdQs C j�s .Y /j jˆ.s; Ss/j dQs

C .1C 36�/
	
`2s jYsj2 C jG .s; Ss/j2



ds

� .1C 36�/
h
jG .s; Ss/j2 ds C jYsj2

�
`2sds C LsdQs

�i

C j�s .Y /j jˆ.s; Ss/j dQs C j�s .Y /j2 LsdQs;

we deduce that

dDs C ˝
�s .Y / ; Q̂ .s; Ys/ dQs

˛C
�
1

2
mp C 9p�

� ˇ̌ QG .s; Ys/
ˇ̌2

ds

� .1C 36�/
h
jG .s; Ss/j2 ds C jYsj2 dEs

i
C j�s .Y /j jˆ.s; Ss/j dQs

C j�s .Y /j2 a dEs:

Hence by (3.7) from Proposition 3.3

E
��e�aE� .Y /

��2
T

C E

Z T

0

e�2aEr j�r .Y /j2 dEr

� C�E

Z T

0

e�2aEs
h
jG .s; Ss/j2 ds C jYsj2 dEs

i

CC�E
�Z T

0

e�aEr jˆ.s; Ss/j dQs

�2

< 1;

that is � .Y / 2 U whenever Y 2 U. The existence of the solution in U will
follow from the fact that � is a strict contraction on U.

Let Y;Z 2 U. By Itô’s formula we have

e�2aEt j�t .Y / � �t .Z/j2 C 2a

Z t

0

e�2aEr j�r .Y / � �r .Z/j2 dEr

D 2

Z t

0

e�2aEr
˝
�r .Y / � �r .Z/ ;

 Q̂ .r; Yr / � Q̂ .r; Zr/
�

dQr

˛

C
Z t

0

e�2aEr jG .r; Yr / �G .r;Zr/j2 dr

C 2

Z t

0

e�2aEr h�r .Y / � �r .Z/ ; ŒG .r; Yr / �G .r;Zr/� dBri :
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Then by the Burkholder–Davis–Gundy inequality

E
��e�aE Œ� .Y / � � .Z/���2

t
C 2aE

Z t

0

e�2aEr j�r .Y / � �r .Z/j2 dEr

� 4E

Z t

0

e�2aEr j�r .Y / � �r .Z/j jYr �Zr j hLr; dQri

C2E
Z t

0

e�2aEr jYr �Zr j2 .`r /2 dr

C12E
�Z t

0

e�4aEr j�r .Y / � �r .Z/j2 jYr �Zr j2 .`r /2 dr

�1=2

� 2E

Z t

0

e�2aEr j�r .Y / � �r .Z/j2 LrdQr

C2E
Z t

0

e�2aEr jYr �Zr j2
	
LrdQr C .`r /

2 dr



C12E ��e�aE Œ� .Y /�� .Z/���
t

�Z t

0

e�2aEr jYr�Zr j2 .`r /2 dr

�1=2

� aE

Z t

0

e�2aEr j�r .Y / � �r .Z/j2 dEr C 2E

Z t

0

e�2aEr jYr �Zr j2 dEr

C1

2
E
��e�aE Œ� .Y / � � .Z/���2

t

C72E
Z t

0

e�2aEr jYr �Zr j2 .`r /2 dr:

Hence

1

2a
E
��e�aE Œ� .Y / � � .Z/���2

t
C E

Z t

0

e�2aEr j�r .Y / � �r .Z/j2 dEr
� 74

a
E

Z t

0

e�2aEr jYr �Zr j2 dEr ;

from which it follows that, for an appropriate choice of a,

k� .Y / � � .Z/k
U

� 1

2
kY �Zk

U
:

.III/ Existence in S0d .
The argument is identical to that of step .II/ of the proof of Theorem 3.17 so we

shall not repeat it.
The proof is complete. �
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3.5 Global Monotonicity

Consider the SDE

Xt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dBs; t � 0; (3.59)

under the assumptions

(SDE-HDF ): (3.60)

˙ the functions F .�; �; x/ W � � Œ0;C1Œ ! R
d and G .�; �; x/ W � � Œ0;C1Œ !

R
d�k are P-m.s.p. for every x 2 R

d ,
˙ there exist 	 2 L1loc .0;1/ and ` 2 L2loc .0;1IRC/, such that dP ˝ dt-a:e::

8̂
ˆ̂̂̂
ˆ̂̂
<̂
ˆ̂̂
ˆ̂̂̂
ˆ̂:

Continuity:
.CF / x �! F .t; x/ W Rd ! R

d is continuous;
Monotonicity condition:

.MF / hx � y; F.t; x/ � F.t; y/i � 	 .t/ jx � yj2; 8 x; y 2 R
d ;

Boundedness condition:

.BF /
Z T

0

F #
� .t/ dt < 1; P-a.s., 8 �; T � 0;

�

and

(SDE-HDG): (3.61)

8̂
ˆ̂̂
<
ˆ̂̂
:̂

Lipschitz condition:
.LG/ jG.t; x/ �G.t; y/j � ` .t/ jx � yj; 8 x; y 2 R

d I
Boundedness condition:

.BG/
Z T

0

jG.t; 0/j2dt < 1; P-a.s. 8T � 0:

�

3.5.1 A Deterministic Problem

In order to prove the existence of the solution, we need some preliminary results on
some ordinary differential equations.
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Let f W Œ0;C1Œ � R
d ! R

d be a measurable function such that for all x; y 2 R
d :

�
SDE-Hf

�
8
ˆ̂<
ˆ̂:

.i/ f .t; �/ W Rd ! R
d is continuous, a.e. t � 0;

.ii/ hx � y; f .t; x/ � f .t; y/i � 	 .t/ jx � yj2; a.e. t � 0,

.iii/
Z T

0

f #
� .t/ dt < 1; 8 � > 0; 8T > 0;

(3.62)
where 	 2 L1loc .0;1/ and

f #
� .t/ WD sup fjf .t; x/j W jxj � �g :

We define

� .�/
defD �C

�Z T

0

f #
� .s/ ds

�
exp

�Z T

0

	C .r/ dr

�

and

C .�/ D
�
4�C 8

Z T

0

f #
�.�/ .s/ ds

�
exp

�
4

Z T

0

	C .s/ ds

�
:

Lemma 3.19. Let T > 0 be fixed, h 2 C
�
Œ0; T � IRd � and the assumption�

SDE-Hf

�
be satisfied. Then the ordinary differential equation

x .t/ D h .t/C
Z t

0

f .s; x .s// ds; t 2 Œ0; T � ; (3.63)

has a unique solution x 2 C �Œ0; T � IRd �. Moreover

kxkT D sup
t2Œ0;T �

jx .t/j � � .khkT / : (3.64)

If x, Qx, are two solutions corresponding to h; Qh respectively, then

kx � Qxk2T � C
	
khkT _ k QhkT



kh � QhkT : (3.65)

In particular the mapping h 7�! x is continuous from C
�
Œ0; T � IRd � into itself.

Proof. Step 1. Boundedness of solutions.
Let x be a solution of the Eq. (3.63). Then

1

2

d

dt
jx .t/ � h .t/ j2 D hf .t; x .t// ; x .t/ � h .t/i

� hf .t; h .t// ; x .t/ � h .t/i C 	 .t/ jx .t/ � h .t/j2 :
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From the first part of Lemma 6.63 (Annex C) we deduce that

jx .t/ � h .t/ j �
Z t

0

jf .s; h .s// je
R t
s 	.r/drds;

which establishes (3.64).
Step 2. Uniqueness of the solution.
Let x, Qx 2 C

�
Œ0; T � IRd � be two solutions corresponding to h; Qh respectively.

We have

jx .t/ � h .t/ � Qx .t/C Qh .t/ j2

D 2

Z t

0

D
f .s; x .s// � f .s; Qx .s// ; x .s/ � h .s/ � Qx .s/C Qh .s/

E
ds

� 2

Z t

0

	 .s/ jx .s/ � Qx .s/j2dsC2kh � QhkT
Z t

0

Œjf .s; x .s//j C jf .s; Qx .s//j� ds:

Hence, using the inequality 1
2

juj2 � jvj2 � ju � vj2 with u D x .t/ � Qx .t/ and

v D h .t/ � Qh .t/ we obtain:

jx .t/ � Qx .t/ j2 � 4

Z t

0

	C .s/ jx .s/ � Qx .s/j2 ds

C 2kh � Qhk2T C 8kh � QhkT
Z T

0

f #
�.khkT _kQhkT / .s/ ds:

The estimate (3.65) as well as uniqueness now follow from Gronwall’s inequality.
Step 3. Existence of the solution.
Let � 2 C1

0

�
R
d IRC

�
be such that � .x/ D 0 if jxj � 1 and

R
Rd
� .y/ dy D 1.

Let C D sup
˚jrx� .x/j W x 2 R

d
�
.

Step 3.1. Approximating equation.
Define for 0 < " � 1:

f" .t; x/ D
Z

NB.0;1/
f .t; x � "u/ 1Œ0;1� ." jf .t; x � "u/j/ � .u/ du

D 1

"dC1

Z

Rd

"f .t; u/ 1Œ0;1� ." jf .t; u/j/ �
	x � u

"



du:

(3.66)

This mollifier approximation of f satisfies the following properties:
.L"/: for all " 2�0; 1�, x; y 2 R

d ; a.e. t � 0:

.i/ jf" .t; x/j � 1

"
;

.ii/ jf" .t; x/ � f" .t; y/j � C

"dC2 jx � yj ;
(3.67)
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.MR/: for all " 2�0; 1�, x; y 2 R
d ; jyj � R; a.e. t � 0:

.j / jf" .t; y/j � f #
RC1 .t/ ;

.jj / hx � y; f".t; x/i � 	 .t/ jx � yj2 C f #
RC1 .t/ jx � yj ; (3.68)

and
.CR/: for all "; ı 2�0; 1�, x; y 2 R

d ; jxj ; jyj � R; a.e. t � 0:

hx � y; f".t; x/ � fı.t; y/i � 2 ."C ı/

f #
RC1 .t/C 2	C .t/

�
C jx � yjf #

RC1 .t/ 1Œ 1"^ 1
ı ;1Œ

�
f #
RC1 .t/

�

C2	C .t/ jx � yj2 :
(3.69)

Let us prove the last inequality. We have

hx � y; f".t; x/ � fı.t; y/i

D
Z

NB.0;1/
h.x � "u/ � .y � ıu/C ." � ı/ u; f .t; x � "u/ � f .t; y � ıu/i

�1Œ0;1� ." jf .t; x � "u/j/ � .u/ du

C
Z

NB.0;1/
hx � y; f .t; y � ıu/i

� 1Œ0;1� ." jf .t; x � "u/j/ � 1Œ0;1� .ı jf .t; y � ıu/j/� � .u/ du

�
Z

NB.0;1/
	 .t/ j.x � "u/ � .y � ıu/j2 � .u/ du

C2 j" � ıj
Z

NB.0;1/
jujf #

RC1 .t/ � .u/ du

C
Z

NB.0;1/
jx � yjf #

RC1 .t/ 1Œ 1"^ 1
ı ;1Œ

�
f #
RC1 .t/

�
� .u/ du

� 2	C .t/ jx � yj2 C 4 ."C ı/ 	C .t/C 2 ."C ı/ f #
RC1 .t/

C jx � yjf #
RC1 .t/ 1Œ 1"^ 1

ı ;1Œ

�
f #
RC1 .t/

�
:

By a classical result on ordinary differential equations with Lipschitz coefficients
(which is a particular case of Theorem 3.17 ), for each " 2�0; 1�, there exists a
unique x" 2 C �Œ0; T � IRd � such that

x" .t/ D h .t/C
Z t

0

f" .s; x" .s// ds; t 2 Œ0; T � : (3.70)

Step 3.2. Boundedness of kx"kT .
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Since by (3.68-jj)

1

2

d

dt
jx" .t/ � h .t/ j2 D hx" .t/ � h .t/ ; f" .t; x" .t//i

� 	 .t/ jx" .t/ � h .t/j2 C f #
1CkhkT .t/ jx" .t/ � h .t/j ;

we deduce, using the first part of Lemma 6.63 (Annex C), that

jx" .t/ � h .t/ j �
Z t

0

f #
1CkhkT .s/ e

R t
s 	.r/drds

and the boundedness

kx"kT � � .1C khkT / defD R

follows.
Step 3.3. Equicontinuity of fx" W 0 < " � 1g.
By (3.68-j)

jx" .t/ � x" .s/j � jh .t/ � h .s/j C
ˇ̌
ˇ̌
Z t

s

f".r; x" .r//dr

ˇ̌
ˇ̌

� jh .t/ � h .s/j C
Z t

s

f #
1CR .r/ dr:

Step 3.4. Passage to the limit.
By the Arzéla–Ascoli theorem, fx"g0<"�1 is relatively compact inC

�
Œ0; T � IRd �,

and consequently there exists a x 2 C �Œ0; T � IRd � and a sequence "n ! 0 such
that x"n ! x in C

�
Œ0; T � IRd �.

Clearly, for all t 2 Œ0; T �:

f"n .t; x"n .t// ! f .t; x .t//

and by the Lebesgue dominated convergence theorem:

Z t

0

f"n .s; x"n .s// ds !
Z t

0

f .s; x .s// ds:

Then passing to the limit in (3.70) we conclude that x is solution of the Eq. (3.63).
�

Remark 3.20. The uniqueness of the solution x implies that the whole sequence x"
satisfies

x" ! x in C
�
Œ0; T � IRd � as " ! 0:
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In fact fx" W 0 < " � 1g is a Cauchy sequence in C
�
Œ0; T � IRd �, since jx" .t/j � R,

jxı .t/j � R and therefore by (3.69)

hx" .t/ � xı .t/ ; d .x" .t/ � xı .t//i � dR";ı .t/C jx" .t/ � xı .t/j dN";ı .t/

C jx" .t/ � xı .t/j2 dV .t/ ;

with

R";ı .t/ D 2 ."C ı/

Z t

0


f #
RC1 .s/C 2	C .s/

�
ds;

N";ı .t/ D
Z t

0

f #
RC1 .s/ 1Œ 1"^ 1

ı ;1Œ

�
f #
RC1 .s/

�
ds; and

V .t/ D 2

Z t

0

	C .s/ ds:

Then by Proposition 6.67 from Annex C we have

kx" � xıkT � 2eV .T /
hp
R";ı .T /CN";ı .T /

i
:

3.5.2 Main Result

We can now establish the main result of this section.

Theorem 3.21. If � 2 L0
�
�;F ;PIRd � and the assumptions (3.60-SDE-HDF )

and (3.61-SDE-HDG) are satisfied, then the SDE (3.51) has a unique solution X 2
S0d . Moreover if there exists a p � 2 such that for all T � 0:

E j�jp C E

�Z T

0

jF .t; 0/j dt

�p
C E

�Z T

0

jG.t; 0/j2dt

�p=2
< C1; (3.71)

then X 2 Spd .

Proof. Uniqueness is proved exactly as in Theorem 3.8.
Existence. It suffices to prove existence on an arbitrary interval Œ0; T �. The proof

will be done in two steps.
Step 1. Existence under the additional condition (3.71).

Let U 2 Spd Œ0; T �. Clearly G .�; U�/ 2 ƒp

d .0; T /.
Consider the stochastic equation

Xt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Us/ dBs; t 2 Œ0; T � : (3.72)
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Define the progressively measurable continuous stochastic process (p.m.c.s.p.):

h .t/ D � C
Z t

0

G .s; Us/ dBs :

For fixed ! 2 �, Eq. (3.72) is of the form (3.63), where the data depend on the
parameter !:

Xt .!/ D h .!; t/C
Z t

0

F .!; s; Xs .!// ds:

By Lemma 3.19 Eq. (3.72) has for each ! 2 � a unique solution X� .!/ 2
C
�
Œ0; T � IRd �. Moreover, by Remark 3.20 X� .!/ is the limit in C

�
Œ0; T � IRd � of

the approximating sequence

X"
t .!/ D h .!; t/C

Z t

0

F"
�
!; s;X"

s .!/
�

ds; (3.73)

where F" is the approximation of F defined in (3.66). By Theorem 3.17 and the
fact that h 2 S

p

d Œ0; T �, the approximating equation (3.73) has a unique solution
X" 2 Spd Œ0; T �. Since as " ! 0, for each t 2 Œ0; T �

sup
s2Œ0;t �

jX"
s �Xsj ! 0; a:s:;

the progressive measurability of X follows; hence X 2 S0d Œ0; T �.
Writing for the SDE (3.72) the inequality (3.15), with `t D 0, p � 2, � > 1 and

Vt D
Z t

0

	 .r/ dr;

we have

e�kV kT E kXkpT � E
��e�V X

��p
T

� Cp;�

�
E j�jp C E

	Z T

0

e�Vr jF .r; 0/j dr

p

C E

	Z T

0

e�2Vr jG .r; Ur/j2 dr

p=2�

< 1:

Hence X 2 Spd Œ0; T �.
We note that the Eq. (3.59) on Œ0; T � may be written in the form

� .X/ D X;
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where � W Spd Œ0; T � ! S
p

d Œ0; T � is defined by X D � .U /, X is the solution of the
equation

Xt D � C
Z t

0

F .r; Xr/ dr C
Z t

0

G .r; Ur/ dBr ; 0 � t � T:

The existence and uniqueness of a solution of (3.51) in Spd Œ0; T � will follow from
Banach’s fixed point theorem and the fact that � is a strict contraction on Spd Œ0; T �
equipped with the equivalent norm jjj�jjja given by

jjjX jjja D sup
t2Œ0;T �

�
e�at 	

E
��e�V X

��p
t


1=p�
;

with

V .t/ D
Z t

0

	 .r/ dr

and a large enough, which we now prove.
Let U; QU 2 Spd Œ0; T �, X D � .U / and QX D �

� QU �. Then X � QX satisfies

Xt � QXt D
Z t

0


F.r; QXr C .Xr � QXr// � F.r; QXr/

�
dr

C
Z t

0


G .r; Ur/ �G.r; QUr/

�
dBr :

Since the functions

QF .t; x/ D F.r; QXr C x/ � F.r; QXr/ and QG .t; x/ D G .r; Ur/ �G.r; QUr/

satisfy the assumptions of Proposition 3.6 (with the corresponding monotonicity and
Lipschitz “constants” Q	 D 	 and Q̀ D 0/ we have, by (3.15), for p � 2 and � D 2:

e�pat � E
��e�V .X � QX/��p

t

� e�pat � CpE
	Z t

0

e�2V .r/ ˇ̌ QG .r; 0/ˇ̌2 dr

p=2

� e�pat � CpE
	Z t

0

`2 .r/ e2are�2ar
��e�V �U � QU ���2

r
dr

p=2

� e�pat � Cp
	Z t

0

`2 .r/ e2are�2ar
	
E
��e�V �U � QU ���p

r


2=p
dr

p=2

� ' .a/ sup
r2Œ0;T �

	
e�par

E
��e�V �U � QU ���p

r



;
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where

' .a/ D Cp sup
t2Œ0;T �

�
e�2at

Z t

0

`2 .r/ e2ardr

�p=2
:

Taking the sup over t 2 Œ0; T �, we deduce that

ˇ̌̌̌ˇ̌
� .U / � � � QU �ˇ̌̌̌ˇ̌

a
� Œ' .a/�1=p

ˇ̌̌̌ˇ̌
U � QU ˇ̌̌̌ˇ̌

a
:

Since by Proposition 6.57, Annex B, lima!1 ' .a/ D 0, it follows that � is a strict
contraction for a large enough.

Step 2. Existence in S0d .
The argument is identical to that of step .II/ of the proof of Theorem 3.17 so we

shall not repeat it.
The proof is complete. �

3.5.3 SDEs with Deterministic Initial Condition

We let fXt;x
s W s � 0g be the solution starting from x at time t , that is

Xt;x
s D x C

Z s_t

t

F .r; Xt;x
r / dr C

Z s_t

t

G.r; Xt;r
r / dBr : (3.74)

We can also write

Xt;x
s D x C

Z s

0

1Œt;1Œ .s/ F.r; X
t;x
r / dr C

Z s

0

1Œt;1Œ .s/G.r; X
t;r
r / dBr :

Let p � 2. Assume that the assumptions (3.60-SDE-HDF ) and (3.61-SDE-
HDG) are satisfied and for all T > 0,

E

�Z T

0

jF .t; 0/j dt

�p
C E

�Z T

0

jG.t; 0/j2dt

�p=2
< C1: (3.75)

Then by Theorem 3.21 the stochastic differential equation (3.74) has a unique
solution Xt;x 2 Spd .

Define

Vt D
Z t

0

�
	C .r/C �

�
p � 1
2

C 9p�

�
`2 .r/

�
dr

and for 1 < q � 1,
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Mq;p;T .x/
defD T

p
2

	
1� 1

q



E
��F .�; x/ ��p

Lq.0;T /
C E

��G .�; x/ ��p
L2q.0;T /

: (3.76)

Proposition 3.22. Assume that (3.60-SDE-HDF ), (3.61-SDE-HDG) and (3.75)
hold. Then for every p � 2 and � > 1, there exists a constant Cp;� such that
for all T; t; t 0 � 0 and x; x0 2 R

d :

E sup
s2Œ0;T �

jXt;x
s �Xt 0;x0

s jp � Cp;� e
p.VT �VT^t^t0/

�
jx � x0jp

CE

ˇ̌
ˇ
Z T^t

T^t 0
jF .r; x/j dr

ˇ̌
ˇ
p C E

ˇ̌
ˇ
Z T^t

T^t 0
jG.r; x/j2dr

ˇ̌
ˇ
p=2
�
:

(3.77)

Then for all 1 < q � 1, x; x0 2 R and T; t; t 0 � 0:

E

 
sup
0�s�T

jXt;x
s �Xt 0;x0

s jp
!

� Cp;� e
pVT

�
jx � x0jp CMq;p;T .x/ jt � t 0j

p
2

	
1� 1

q


�
:

(3.78)

Proof. We first remark that if the hypothesis (3.60-SDE-HDF ) is satisfied, then it is
also satisfied replacing 	 by 	C.

Let t 0 � t . We have three cases:

Case 1: T � t 0.
We have

sup
0�s�T

jXt;x
s �Xt 0;x0

s jp D jx0 � xjp:

Case 2: t 0 < T � t .
We have

sup
0�s�T

jXt;x
s �Xt 0;x0

s jp � sup
0�s�t 0

jXt;x
s �Xt 0;x0

s jp C sup
t 0�s�T

jXt;x
s �Xt 0;x0

s jp

D jx0 � xjp C sup
t 0�s�T

jx �Xt 0;x0

s jp:

Since

Xt 0;x0

s � x D x0 � x C
Z s

0

1Œt 0;1Œ .r/ F
	
r; x C .Xt 0;x0

r � x/



dr

C
Z s

0

1Œt 0;1Œ .r/G
	
r; x C .Xt 0;x0

r � x/



dBr ;
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we have, by Proposition 3.6,

e�VT E sup
s2Œt 0;T �

ˇ̌
ˇXt 0;x0

s � x
ˇ̌
ˇ
p � E sup

s2Œt 0;T �
e�Vs

ˇ̌
ˇXt 0;x0

s � x
ˇ̌
ˇ
p

� Cp;�

�
e�Vt0 jx0 � xjp C E

	Z T

t 0
e�Vr jF .r; x/j dr


p

CE

	Z T

t 0
e�2Vr jG .r; x/j2 dr


p=2�
:

Hence

E sup
s2Œ0;T �

ˇ̌
ˇXt 0;x0

s � x
ˇ̌
ˇ
p � Cp;�e

p.VT �Vt0/
�

jx0 � xjp

CE

	Z T

t 0
jF .r; x/j dr


p C E

	Z T

t 0
jG .r; x/j2 dr


p=2�
:

Case 3: t < T
Note that for s � t

Xt;x
s D x C

Z s

0

1Œt;1Œ .r/ F.r; X
t;x
r / dr C

Z s

0

1Œt;1Œ .r/G.r; X
t;x
r / dBr

and

Xt 0;x0

s D X
t 0;x0

t C
Z s

0

1Œt;1Œ .r/ F.r; X
t 0;x0

r / dr C
Z s

0

1Œt;1Œ .r/G.r; X
t 0;x0

r / dBr :

By Theorem 3.8 we obtain

e�VT E sup
s2Œt;T �

jXt 0;x0

s �Xt;x
s jp � E sup

s2Œt;T �
e�Vs jXt 0;x0

s �Xt;x
s jp

� Cp;� Ee
�Vt

ˇ̌
ˇXt 0;x0

t � x
ˇ̌
ˇ
p

:

Hence

E sup
0�s�T

jXt;x
s �Xt 0;x0

s jp � E sup
0�s�t 0

jXt;x
s �Xt 0;x0

s jp C E sup
t 0�s�t

jXt;x
s �Xt 0;x0

s jp

CE sup
t�s�T

jXt;x
s �Xt 0;x0

s jp

�
�

jx0 � xjp C �
1C Cp;�e

VT �Vt
�
E sup
t 0�s�t

jXt;x
s �Xt 0;x0

s jp
�

� Cp;�e
VT �Vt0

�
jx0 � xjp C E

	Z T

t 0
jF .r; x/j dr


p C E

	Z T

t 0
jG .r; x/j2 dr


p=2�
:

The inequality (3.78) clearly follows from (3.77). The proof is complete.

�



3.5 Global Monotonicity 175

This result permits us to apply Kolmogorov’s criterion (Theorem 1.40) to

the C
�
Œ0; T � IRd �-valued stochastic process

n
Xt;x� W .t; x/ 2 Œ0; T � � Œ�R;R�d

o
,

setting on Œ0; T � � Œ�R;R�d the metric

�
�
.t; x/ ;

�
t 0; x0�� D ˇ̌

t � t 0 ˇ̌ 12� 1
2q C ˇ̌

x � x0 ˇ̌ :

Assuming that for all R > 0

Mq;p;R;T
defD sup

jxj�R
Mq;p;T .x/ < 1;

then by (3.78) for jxj, jx0j � R and t; t 0 2 Œ0; T �:

E

 
sup
0�s�T

jXt;x
s �Xt 0;x0

s jp
!

� C � ˚� �.t; x/ ; �t 0; x0���1CdC.p�1�d/

where C is a positive constant independent of x; x0; t; t 0. By Kolmogorov’s criterion
for p > 1 C d and 0 < ı < 1 � p�1.1 C d/, there exists an � 2 Lp .�;F ;P/ (a
random variable independent of x; x0; t; t 0) such that

sup
0�s�T

jXt;x
s �Xt 0;x0

s j � �
˚
�
�
.t; x/ ;

�
t 0; x0��� p�1�d

p �ı
:

Hence we have:

Corollary 3.23. Let the assumptions (3.60-SDE-HDF ) and (3.61-SDE-HDG) be
satisfied and assume that for some 1 < q � 1, 1C d < p < 1 and for all R > 0

Mq;p;T;R
defD sup

jxj�R
E

���F .�; x/
���
p

Lq.0;T /
C sup

jxj�R
E

���G .�; x/
���
p

L2q.0;T /
< 1: (3.79)

Then there exists a process f QXt;x
s I s; t 2 RC; x 2 R

d g such that:

(i) QXt;x
s D Xt;x

s ; s � 0, a.s., for each t 2 RC, x 2 R
d ;

(ii) the mapping

.t; x/ ! QXt;x� W Œ0; T � � Œ0; R�d ! C
�
Œ0; T � IRd �

is a.s. continuous and moreover for all 1Cd
p
< " � 1,

sup
s2Œ0;T �

ˇ̌
ˇ QXt;x

s � QXt 0;x0

s

ˇ̌
ˇ � �" �

�ˇ̌
x � x0 ˇ̌1�" C ˇ̌

t � t 0 ˇ̌
	
1
2� 1

2q



.1�"/

�

with �" a random variable independent of x; x0; t; t 0 such that E j�"jp < 1;
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(iii) the mapping

.s; t; x/ ! QXt;x
s W RC � RC � R

d ! R
d

is a.s. continuous.

Remark 3.24. From now on, whenever this modification QX exists we shall write X
in place of QX (that is, we shall assume that .t; s; x/ ! Xt;x

s is a.s. continuous).

3.5.4 SDEs with Stieltjes Integrals

We shall conclude this section with an existence result for the more general equation

Xt D � C
Z t

0

ˆ .s; Xs/ dQs C
Z t

0

G .s; Xs/ dBs; (3.80)

where � W � ! R
d is an F0-measurable random vector,ˆ W �� Œ0;1Œ�R

d ! R
d

and Q W � � Œ0;1Œ ! R is P-m.i.c.s.p.
We first remark that for the differential equation

x .t/ D h .t/C
Z t

0

f .s; x .s// dq .s/ ; t 2 Œ0; T � ; (3.81)

we have results similar to those from Lemma 3.19.
Assume that

(SDE-Hq) W q W RC ! RC; is a continuous increasing function; q .0/ D 0

and f W RC�R
d ! R

d is a measurable function such that there exists a measurable
function 	 W RC ! R satisfying for all T � 0:

Z T

0

j	 .t/j dq .t/ < 1

and

(SDE-Hf q) W

8̂
ˆ̂̂<
ˆ̂̂̂
:

.i/ f .t; �/ W Rd ! R
d are continuous a:e: t 2 RCI

.ii/ hx � y; f .t; x/ � f .t; y/i � 	 .t/ jx � yj2;
a:e: t 2 RC; 8 x; y 2 R

d I
.iii/

Z T

0

f #
� .t/ dq .t/ < 1; for all T; � � 0:

We also introduce the following notation for � � 0:
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R� .t/
defD
Z t

0

f #
� .s/ dq .s/ ;

� .�/
defD �C 2R� .T / exp

�Z T

0

	C .s/ dq .s/

�
:

Note that if x 2 C
�
Œ0; T � IRd � is a solution of the Eq. (3.81) with h 2

C
�
Œ0; T � IRd � then

hx .t/ � h .t/ ; d .x .t/ � h .t//i
D hx .t/ � h .t/ ; f .t; x .t// dq .t/i
� jx .t/ � h .t/j jf .t; h .t//j dq .t/C jx .t/ � h .t/j2 	C .t/ dq .t/

and by Proposition 6.67 from Annex C we have

kx � hkT � 2

�Z T

0

jf .r; h .r//j dq .r/

�
exp

Z T

0

	C .r/ dq .r/ :

Hence

kxkT � � .khkT / : (3.82)

Also if x, Qx, are two solutions corresponding to h; Qh respectively, then

D
x .t/ � h .t/ � Qx .t/C Qh .t/ ; d

	
x .t/ � h .t/ � Qx .t/C Qh .t/


E

D
D
x .t/ � h .t/ � Qx .t/C Qh .t/ ; f .t; x .t// � f .t; Qx .t// dq .t/

E

� 2
ˇ̌
ˇh .t/ � Qh .t/

ˇ̌
ˇ dR

�.khkT _kQhkT / .t/C jx .t/ � Qx .t/j2 	C .t/ dq .t/

�
�
2
ˇ̌
ˇh .t/ � Qh .t/

ˇ̌
ˇ dR

�.khkT _kQhkT / .t/C 2
ˇ̌
ˇh .t/ � Qh .t/

ˇ̌
ˇ
2

	C .t/ dq .t/

�

C 2
ˇ̌
ˇx .t/ � h .t/ � Qx .t/C Qh .t/

ˇ̌
ˇ
2

	C .t/ dq .t/ :

By Proposition 6.67 from Annex C we obtain

���x � h � Qx C Qh
���
T

� 2
���h � Qh

���
1=2

T

�
�
2R

�.khkT _kQhkT / .T /C 2
���h � Qh

���
T

Z T

0

	C .t/ dq .t/

�1=2

� exp

�
2

Z T

0

	C .t/ dq .t/

�
:
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Hence

kx � QxkT �
���h � Qh

���
1=2

T
C
	
khkT _ k QhkT



: (3.83)

With a very similar proof as for Lemma 3.19 we have:

Lemma 3.25. Let T > 0 be fixed, h 2 C �Œ0; T � IRd � and the assumptions (SDE-
Hq) and (SDE-Hf q) be satisfied. Then the differential equation (3.81) has a unique
solution x 2 C

�
Œ0; T � IRd �. Moreover the mapping h 7�! x is continuous from

C
�
Œ0; T � IRd � into itself.

Now we can give an existence and uniqueness result for the SDE (3.80).
Define

Vt
defD
Z t

0

	rdQr C �

�
p � 1
2

C 9p�

�Z t

0

.`r /
2 dr:

Theorem 3.26. If � 2 L0
�
�;F0;PIRd � and the assumptions (3.11-SDE-

HG), (3.21-SDE-HQ) and (3.22-SDE-Hˆ) are satisfied, then the SDE (3.80) has
a unique solution X 2 S0d . Moreover for every p � 2 and � > 1 there exists a
constant Cp;� such that for all T � 0:

E
��e�V X

��p
T

� Cp;�

�
E j�jp C E

�Z T

0

e�Vr jˆ.r; 0/j dQr

�p

CE

	Z T

0

e�2Vr jG .r; 0/j2 dr

p=2�

:

(3.84)

Proof. The inequality (3.84) follows from (3.24).
Uniqueness was proved in Theorem 3.10. The uniqueness result tells us that it is

sufficient to prove the existence of the solution on an arbitrary fixed interval Œ0; T �.
Existence under the condition

E j�j2 C E

Z T

0

e�2aEs jG .s; 0/j2 ds C E

�Z T

0

e�aEs jˆ.s; 0/j dQs

�2
< 1;

where

Et D
Z t

0

.`r /
2 dr C

Z t

0

	C
r dQr

and a � 4 will be chosen below.
Note that by Lemma 3.25 and with similar arguments as in the proof of

Theorem 3.21, for each U 2 S0d Œ0; T � the SDE
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Xt D � C
Z t

0

ˆ .s; Xs/ dQs C
Z t

0

G .s; Us/ dBs (3.85)

has a unique solution � .U /
defD X 2 S0d Œ0; T �.

We continue the proof following the steps of the proof of Theorem 3.18.
Consider the Banach space U of the stochastic processes X 2 S0d Œ0; T � such that

kXk
U

defD
�
1

2a
E
��e�aEX

��2
T

�1=2
C
�
E

Z T

0

e�2aEs jXsj2 dEs
�1=2

< 1:

The solution of the SDE (3.58) on Œ0; T � is a fixed point of the mapping � W
S0d Œ0; T � ! S0d Œ0; T � defined by � .U / D X , where X is the solution of the
SDE (3.85).

We now show that � .U / 2 U, whenever U 2 U.
Since

dDs D jXsj2 dEs D jXsj2
�
`2sds C ˝

	C
s ; dQs

˛�
;

and for p D 2 and � > 1,

hXs;ˆ .s;Xs/ dQsi C
�
1

2
mp C 9p�

�
jG .s; Us/j2 ds

� jXsj2 	sdQs C jXsj .jˆ.s; 0/j dQs/C .1C 36�/
	
`2s jUsj2 C jG .s; 0/j2



ds;

it follows that

dDs C hXs;ˆ .s;Xs/ dQsi C
�
1

2
mp C 9p�

�
jG .s; Us/j2 ds

� .1C 36�/
h
jG .s; 0/j2 ds C jUsj2 dEs

i
C jXsj jˆ.s; 0/j dQs C jXsj2 a dEs :

Hence by (3.7) from Proposition 3.3

E
��e�aEX

��2
T

C E

Z T

0

e�2aEr jX j2 dEr

� C�E j�j2 C C�E

Z T

0

e�2aEs
h
jG .s; 0/j2 ds C jUsj2 dEs

i

CC�E
�Z T

0

e�aEr jˆ.s; 0/j dQs

�2

< 1;
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that is � .U / 2 U. The existence of the solution in U will follows from the fact that
� is a strict contraction on U.

Let U; QU 2 U, X D � .U / 2 U and QX D �
� QU � 2 U. By Itô’s formula we have

e�2aEt
ˇ̌
Xt � QXt

ˇ̌2 C 2a

Z t

0

e�2aEr
ˇ̌
Xr � QXr

ˇ̌2
dEr

D 2

Z t

0

e�2aEr
˝
Xr � QXr;


ˆ.r;Xr/ �ˆ.r; QXr/

�
dQr

˛

C
Z t

0

e�2aEr
ˇ̌
G .r; Ur/ �G �r; QUr

�ˇ̌2
dr

C 2

Z t

0

e�2aEr
˝
Xr � QXr;


G .r; Ur/ �G �r; QUr

��
dBr

˛
:

Since, by the Burkholder–Davis–Gundy inequality,

sup
s2Œ0;t �

ˇ̌
ˇ̌
Z s

0

e�2aEr
˝
Xr � QXr;


G .r; Ur/ �G �r; QUr

��
dBr

˛ˇ̌ˇ̌

� 3E

�Z t

0

e�4aEr
ˇ̌
Xr � QXr

ˇ̌2 ˇ̌
Ur � QUr

ˇ̌2
.`r /

2 dr

�1=2

� 3E
��e�aE

�
X � QX���

t

�Z t

0

e�2aEr
ˇ̌
Ur � QUr

ˇ̌2
.`r /

2 dr

�1=2

� 1

8
E
��e�aE

�
X � QX���2

t
C 18E

Z t

0

e�2aEr
ˇ̌
Ur � QUr

ˇ̌2
.`r /

2 dr;

it follows that for a � 4

E
��e�aE

�
X � QX���2

t
C 2aE

Z t

0

e�2aEr
ˇ̌
Xr � QXr

ˇ̌2
dEr

� aE

Z t

0

e�2aEr
ˇ̌
Xr � QXr

ˇ̌2
dEr C 2E

Z t

0

e�2aEr
ˇ̌
Ur � QUr

ˇ̌2
.`r /

2 dr

C1

2
E
��e�aE

�
X � QX���2

t
C 36E

Z t

0

e�2aEr
ˇ̌
Ur � QUr

ˇ̌2
.`r /

2 dr:

Hence

1

2a
E
��e�aE

�
X � QX���2

t
C E

Z t

0

e�2aEr
ˇ̌
Xr � QXr

ˇ̌2
dEr

� 38

a
E

Z t

0

e�2aEr
ˇ̌
Ur � QUr

ˇ̌2
dEr ;
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from which it follows that, for an appropriate choice of a,

��� .U / � � � QU ���
U

� 1

2

��U � QU��
U
:

.III/ Existence in S0d .
The argument is identical to that of step .II/ of the proof of Theorem 3.17 so we

shall not repeat it.
The proof is complete. �

3.6 Local Monotonicity

3.6.1 Locally Monotone Drift

Let us now extend the results of Theorem 3.21 to the case of “locally monotone drift
and locally Lipschitz diffusion coefficient”. We shall study the equation

Xt D � C
Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs; 8t � 0; a:s:; (3.86)

where for all x 2 R
d the functions

F .�; �; x/ W � � Œ0;1Œ ! R
d , G .�; �; x/ W � � Œ0;1Œ ! R

d�k

are P-measurable.
Recall the notations

F #
� .t/

defD sup
x��

jF.t; x/j and mp D 1 _ .p � 1/ :

The assumptions (3.10-SDE-HF ) and (3.11-SDE-HG) will be modified as follows:
for all � � 0 there exist two P-m.s.p. 	.�/ and `.�/ such that

Z T

0

�ˇ̌
ˇ	.�/t

ˇ̌
ˇC

ˇ̌
ˇ`.�/t

ˇ̌
ˇ
2
�

dt < 1; a:s: 8 T � 0;

and

.SDE-HF;loc/:
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.CF / Continuity:
x �! F .t; x/ W Rd ! R

d is continuous, dP ˝ dt-a:e:I
.MF;loc/ Local monotonicity condition:

hx � y; F.t; x/ � F.t; y/i � 	
.�/
t jx � yj2; dP ˝ dt-a:e:;
8 � � 0 and 8 jxj ; jyj � �;

.BF / Boundedness condition:Z T

0

ˇ̌
ˇF #
� .s/

ˇ̌
ˇ ds < 1; a:s:; 8 T; � � 0:

.SDE-HG;loc/:

.LG;loc/ Local Lipschitz condition:

jG.t; x/ �G.t; y/j � `
.�/
t jx � yj; dP ˝ dt-a:e:;

8 � � 0 and 8 jxj ; jyj � �;
.BG/ Boundedness condition:Z T

0

jG.t; 0/j2dt < 1; a:s: 8 T � 0I

and the mixed boundedness condition
.BFG/:
there exist a > 1, b > 1, a continuous increasing function V W Œ0;1Œ ! Œ0;1Œ,
V .0/ D 0 and two P-m.i.c.s.p. R;N , R0 D N0 D 0 such that, as a signed
measure on Œ0;1Œ:

hF .t; x .t// ; x .t/i dt C
�
1

2
ma C 9ab

�
jG.t; x .t//j2dt

� 1a�2dRt C jx .t/j dNt C jx .t/ j2d V .t/ ;

for all continuous functions x W Œ0;1Œ ! R
d , where

ma D 1 _ .a � 1/ :

Theorem 3.27. Let the assumptions .SDE-HF;loc/, .SDE-HG;loc/ and .BFG/ be
satisfied. If � 2 L0 ��;F0; P IRd �, then the SDE (3.86) has a unique solution X 2
S0d . Moreover for every p 2 Œ1; a� and � 2�1; b� there exists a constant Cp;� such
that:

E sup
t2Œ0;T �

jXt jp � Cp;�e
V .T /

h
Ej�jp C 1p�2ERp=2T C EN

p
T

i
: (3.87)

Proof. By the inequality (3.7) from Proposition 3.3, the estimate (3.87) clearly
follows.
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Uniqueness. Let X , QX 2 S0d be two solutions of SDE (3.86) corresponding to
initial data � , Q� 2 L0.�;F0;PIRd /, respectively. Let the stopping time be

�n .!/ D inf
n
t � 0 W jXt .!/ j C j QXt .!/ j � n

o
:

We have

Xt^�n D � C
Z t

0

1Œ0;�n� .s/ F .s ^ �n; Xs^�n/ ds

C
Z t

0

1Œ0;�n� .s/G .s ^ �n; Xs^�n/ dBs

and similarly for QXt^�n .
Let

V n
t D

Z t

0

�
	.n/r C

�
1

2
mp C 9p�

�	
`.n/r


2�
dr:

By Theorem 3.8 we have with ı D 1 and arbitrary p � 2, � > 1 and T � 0:

E
ke�V n.X�^�n� OX�^�n /kpŒ0;T �	

1Cke�V n.X�^�n� OX�^�n /k2Œ0;T �

p=2 � Cp;�E

j.X0� OX0/jp	
1Cj.X0� OX0/j2
p=2

:

Uniqueness follows.
Existence. Let � 2 C �Rd I Œ0; 1�� be given by

� .x/ D
8<
:
1; if jxj � 1;

2 � jxj ; if 1 < jxj � 2;

0; if jxj > 2:

Let n 2 N
� and the stopping time be

�n .!/ D inf

�
t � 0 W 1a�2Ra=2t CNa

t C
�Z t

0

jF .t; 0/j dt

�a

C
�Z t

0

jG .t; 0/j2 dt

�a=2
� n.a�1/=2

)
:

Clearly �n % 1 a:s:, as n ! 1.
Consider the approximating SDE

Xn
t D �1Œ0;n.a�1/=.2a/� .j�j/C

Z t

0

Fn
�
s; Xn

s

�
ds C

Z t

0

Gn
�
s; Xn

s

�
dBs; (3.88)
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where

Fn .t; x/ D 1Œ0;�n� .t/ �
	x
n



F .t; x/ ;

Gn .t; x/ D 1Œ0;�n� .t/ �
	x
n



G .t; x/ :

Note that for all � � 0

F #
n;� .t/

defD sup
jxj��

jFn.t; x/j � F #
2n .t/

and

Z T

0

F #
n;� .t/ dt < 1; a:s:

Moreover

E

�Z T

0

jFn .t; 0/j dt

�a
C E

�Z T

0

jGn .t; 0/j2 dt

�a=2
� n.a�1/=2:

The function Fn is globally monotone. Indeed:

Þ for jxj � 2n, jyj � 2n:

hFn.t; x/ � Fn.t; y/; x � yi D 0I

Þ for jxj � 2n, jyj � 2n we have:

hFn.t; x/ � Fn.t; y/; x � yi
D 1Œ0;�n� .t/ �

�
x
n

� hF.t; x/ � F.t; y/; x � yi
C 
�
�
y

n

� � � � x
n

��
1Œ0;�n� .t/ hF.t; y/; y � xi

�
�	
	
.2n/
t


C C 1

n
F #
2n .t/

�
jx � yj2I

Þ for jxj � 2n and jyj � 2n (similarly for jxj � 2n and jyj � 2n) we have

�
	x
n



D
ˇ̌
ˇ�
	x
n



� �

	y
n


ˇ̌
ˇ � 1

n
jx � yj

and
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hFn.t; x/ � Fn.t; y/; x � yi D 1Œ0;�n� .t/ �
	x
n



hF.t; x/; x � yi

� 1

n
jx � yj2 1Œ0;�n� .t/ jF.t; x//j

� 1

n
jx � yj2 F #

2n .t/ :

Hence for all x; y 2 R
d , dP ˝ dt-a:e::

hFn.t; x/ � Fn.t; y/; x � yi �
�	
	
.2n/
t


C C 1

n
F #
2n .t/

�
jx � yj2:

Similarly we obtain that Gn is globally Lipschitz:

jGn.t; x/ �Gn.t; y/j �
�
`
.2n/
t C 1

n
1Œ0;�n� .t/ `

.2n/
t 2n/

�
jx � yj

�
�
1C 2

n

�
`
.2n/
t jx � yj:

By Theorem 3.26 with dQt D dt and R
d�m replaced by R

d , there exists a unique
solution Xn 2 S0d of the SDE (3.88). Since

˝
Xn
s ; Fn

�
s; Xn

s

�
ds
˛C

�
1

2
ma C 9ab

� ˇ̌
Gn
�
s; Xn

s

�ˇ̌2
ds

� 1Œ0;�n� .s/ �
� jXn

s j
n

��˝
Xn
s ; F

�
s; Xn

s

�
ds
˛C

�
1

2
ma C 9ab

� ˇ̌
G
�
s; Xn

s

�ˇ̌2�
ds

� 1a�21Œ0;�n� .s/ dRs C jXn
s j 1Œ0;�n� .s/ dNs C jXn

s j21Œ0;�n� .s/ dV .s/ ;

we have, by Proposition 3.3,

E sup
t2Œ0;T �

hˇ̌
ˇe�V .t^�n/Xn

t

ˇ̌
ˇ
ai � Ca;b

�
E

h
j�ja 1Œ0;n.a�1/=.2a/� .j�j/

i

CE

	Z T

0

e�2V .s^�n/1Œ0;�n� .s/ 1a�2dRs

a=2

CE

	Z T

0

e�V .s^�n/1Œ0;�n� .s/ dNs


a�

� Ca;b

�
E

	
j�ja 1Œ0;n.a�1/=.2a/� .j�j/



C 1a�2ERa=2T^�nCENa

T^�n

�
:
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Hence

E sup
t2Œ0;T �

jXn
t ja � 2Ca;be

aV .T / n.a�1/=2

and

E sup
t2Œ0;T �

jXn
t ja � Ca;be

aV .T /

�
E
j�ja�C 1a�2ERa=2T CENa

T

�
:

Define the stopping time

�n .!/ D infft � 0 W jXn
t .!/ j � ng; n � 2:

By Corollary 1.8, we have �n
a:s:! 1, since for all T > 0

1X
nD1

P .�n < T / �
1X
nD1

P

 
sup
t2Œ0;T �

jXn
t j � n

!

�
1X
nD1

1

na
E sup
t2Œ0;T �

jXn
t ja

�
1X
nD1

C n.a�1/=2

na
< 1:

Since for all t � 0, P-a.s. ! 2 �:


XnC1
t .!/ �Xn

t .!/
�

1Œ0;�n.!/^�n.!/� .t/ 1Œ0;n.a�1/=.2a/� .j� .!/j/ D 0;

we deduce that the stochastic process

Xt .!/
defD Xn

t .!/ ; if 0 � t < �n .!/ ^ �n .!/ and j� .!/j � n.a�1/=.2a/

belongs to S0d and it is a solution of the Eq. (3.86). �

3.6.2 Locally Lipschitz Coefficients

A particular case is where the drift is also locally Lipschitz continuous. Then the
functions F and G are

�P;Rd �-Carathéodory functions and satisfy:

.LL/: 8R > 0 there exist LR 2 L1loc .RCIRC/ and `R 2 L2loc .RCIRC/ such
that dP ˝ dt-a:e::
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.i/ W jF.t; x/ � F.t; y/j � LR .t/ jx � yj; 8 jxj ; jyj � R;

.ii/ W jG.t; x/ �G.t; y/j � `R .t/ jx � yj 8 jxj ; jyj � RI

.GL/: there exist a 2 L1loc .RCIRC/, b 2 L2loc .RCIRC/ and P-m.s.p. ˛, ˇ,
˛ 2 L1loc .RCIRC/ and ˇ 2 L2loc .RCIRC/, P-a.s., such that 8 x 2 R

d ,
dP ˝ dt-a:e::

.j / jF .t; x/j � ˛t C a .t/ jxj ,
.jj / jG .t; x/j � ˇt C b .t/ jxj .

We consider the SDE

Xt D St C
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dBs; t � 0 (3.89)

(a slightly generalized version of Eq. (3.86)). With a similar proof as for Theo-
rem 3.27 based this time on the global existence result from Theorem 3.17, we
infer that:

Proposition 3.28. If the assumptions .LL/ and .GL/ are satisfied and S 2 S0d ,
then the SDE (3.89) has a unique solution X 2 S0d . Moreover for every p � 2 there
exists a constant Cp such that

E sup
t2Œ0;T �

jXt jp � Cp

"
E kSkpT C E

�Z T

0

˛tdt

�p
C E

�Z T

0

ˇ2t dt

�p=2#

� exp

�
Cp

Z T

0

�
a .t/C b2 .t/

�
dt

�
:

(3.90)

In particular X 2 Spd , if the right-hand side of (3.90) is finite.

However we sketch a proof with a different approximation approach.

Proof. To prove the inequality (3.90) it is easy to show that

hXs � Ss; F.s; Xs/ids C
�
p � 1
2

C 9p�

�
jG.s;Xs/j2ds

� dRs C jXs � SsjdNs C jXs � Ssj2dV.s/;

where Rt D Cp

Z t

0

h
ˇ2s C b2 .s/ jSsj2

i
ds,

Nt D
Z t

0

Œ˛s C a .s/ jSsj� ds and V .t/ D Cp

Z t

0


a .s/C b2 .s/

�
ds:
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Using the inequality (3.7) (Proposition 3.3) we infer

E
��e�V .X � S/��p

T
� Cp

"
E kSkpT C

�Z T

0

ˇ2s ds

�p=2
C
�Z T

0

˛sds

�p#

and the inequality (3.90) follows.
The uniqueness and the existence are proved in the same manner as in Theo-
rem 3.27; now the classical approach is to consider the approximating equation
(satisfying global Lipschitz conditions, Theorem 3.17):

Xn
t D 1�n>0St^�n C

Z t

0

1Œ0;�n� .s/ F
�
s; n

�
Xn
s

��
ds

C
Z t

0

1Œ0;�n� .s/G
�
s; n

�
Xn
s

��
dBs

where

�n D inf

(
t � 0 W jSt j2 C

�Z t

0

˛sds

�2
C
Z t

0

ˇ2s ds � p
n

)

and n W Rd ! B .0; n/ is the projection operator, that is

n .x/ D
8
<
:
x; if jxj � n;
n

jxjx; if jxj > n:

�

Remark 3.29. The inequality (3.90) also holds for p D 1 and, moreover, by
Proposition 6.68 from Annex C we have for all p � 1:

E sup
t2Œ0;T �

jXt jp � Cp

"
E kSkpT C E

�Z T

0

˛sds

�p
C E

�Z T

0

ˇ2s ds

�p=2#

� exp

�
CpT

p�1
Z T

0

�
ap .s/C b2p .s/

�
ds

�
:

(3.91)

3.7 Markov Solutions of SDEs

3.7.1 Markov Processes

Definition 3.30. A d -dimensional stochastic process fXt W t � 0g adapted to the
filtration fFt W t � 0g is said to be a



3.7 Markov Solutions of SDEs 189

a. Markov process if for any t; r � 0:

P.XtCr 2 GjFt / D P.XtCr 2 GjXt/; a.s., 8 G 2 Bd I (3.92)

b. time-homogeneous Markov process if, moreover, for any t; r � 0:

P.XtCr 2 GjXt/ D P.Xr 2 GjX0/; a.s., 8 G 2 Bd I (3.93)

c. strong Markov process if for any stopping time � < 1 a.s. and any real number
r � 0:

P.X�Cr 2 GjF� / D P.X�Cr 2 GjX�/; a.s., 8 G 2 Bd : (3.94)

Hence a Markov process is a stochastic process for which the future and the past
are conditionally independent, given the present.

Note that condition (3.92) (and similarly for (3.93) and (3.94)) is equivalent to

E Œg .XtCr / jFt � D E Œg .XtCr / jXt � ; 8 g 2 Bb.Rd /

and also with the same condition for all g 2 Cb.Rd /.
We introduce the following:

Notation 3.31. Given a probability distribution 	 on R
d , we denote by P	 a

probability on � such that

P	 .X0 2 B/ D 	 .B/ ; for all B 2 Bd :

The expectation with respect to P	 will be denoted E	. If	 D ıx (the Dirac measure

at x 2 R
d ), then Px

defD Pıx and Ex
defD Eıx .

Denote by fXx
t W t � 0g the Markov process fXt W t � 0g “starting” from x, that is

for all n 2 N
�, 0 < t0 < t1 < : : : < tn, B1;B2; : : : Bn 2 Bd :

P
�
Xx
t1

2 B1; : : : ; Xx
tn

2 Bn
� D Px .Xt1 2 B1; : : : ; Xtn 2 Bn/ :

By Lemma 1.1, for each 0 � t � s and G 2 Bd there exists a Borel measurable
function P .t; �I s; G/ W Rd ! Œ0; 1� such that

P.Xs 2 GjXt/ D P .t; Xt I s; G/ :

This function is called the transition probability associated to the Markov process
fXt W t � 0g; it satisfies the following:

Definition 3.32.
˚
P .t; xI s; G/ W 0 � t � s; x 2 R

d ; G 2 Bd
�

is a transition
probability if:

(i) P .t; xI t; G/ D 1G .x/ for all x 2 R
d and t � 0;
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(ii) P .t; xI s; �/ W Bd ! Œ0; 1� is a probability measure for all x 2 R
d and 0 �

t < s;
(iii) P .t; �I s; G/ W Rd ! Œ0; 1� is a Borel measurable function for all G 2 Bd and

0 � t < s;
(iv) (Chapman–Kolmogorov equation) for all x 2 R

d and 0 � t < r < s

P .t; xI s; G/ D
Z

Rd

P .t; xI r; d z/ P .r; zI s; G/ ; 8 G 2 Bd :

The transition probability can be viewed as the conditional distribution of the
process at time s given that at time t the process was at the position x:

P .t; xI s; G/ D P.Xs 2 GjXt D x/:

Let x 2 R
d and fXx

t W t � 0g be a time-homogeneous Markov process. Then for
all t; s � 0 and G 2 Bd we have

P .x; t; G/
defD P .s; xI s C t; G/

D P .0; xI t; G/

and we associate to fXx
t W t � 0g a semigroup fPt W t � 0g of linear bounded

operators Pt W Bb.Rd / ! Bb.R
d / defined as:

.Pt'/.x/ D
Z

Rd

' .y/ P .x; t; dy/ D E'
�
Xx
t

�
:

It is easy to verify that for all ' 2 Bb.Rd / and t; s � 0:

.i/ P0' D ';

.ii/ PtCs D Pt ı Ps;
.iii/ sup

x2Rd
j.Pt'/ .x/j � sup

x2Rd
j' .x/j :

A subset S � Bb.R
d / is a P -continuous invariant subset of Bb.Rd / if

.i/ Pt' 2 S; 8 ' 2 S;8 t � 0;

.ii/ limt&0 Pt' .x/ D ' .x/ ; 8 ' 2 S; 8x 2 R
d :

The infinitesimal generator of the semigroup fPt W t � 0g on Bb.R
d /, or

equivalently of the Markov process fXt W t � 0g, is the (usually unbounded) linear
operator A W Dom.A/ � Bb.R

d / ! Bb.R
d / defined as follows
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Dom.A/ defD
n
' 2 Bb.Rd / W lim

t!0

1

t
Œ.Pt'/ .x/ � ' .x/� exists for all x 2 R

d

and x 7�! lim
t!0

1

t
Œ.Pt'/ .x/ � ' .x/� belongs to Bb.Rd /

o

and

.A'/ .x/ defD lim
t!0

1

t
Œ.Pt'/ .x/ � ' .x/� ; 8 ' 2 Dom.A/; 8 x 2 R

d :

One can verify that Dom.A/ is a P -continuous invariant subset of Bb.Rd / and for
all ' 2 Dom.A/

PtCh' .x/ � Pt' .x/ D
Z tCh

t

PrA' .x/ dr D
Z tCh

t

APr' .x/ dr; 8 x 2 R
d :

If fXx
t W t � 0g is a time-homogeneous Markov process with fPt W t � 0g the

associated semigroup and A its infinitesimal generator, then by the Markov property,
if ' 2 Dom.A/,

E

"
'
�
Xx
tCh
� � ' �Xx

t

� �
Z tCh

t

A' �Xx
r

�
drjFt

#

D .PtCh'/
�
Xx
t

� � .Pt'/
�
Xx
t

� �
Z tCh

t

.PrA'/
�
Xx
t

�
dr

D 0:

Hence for all ' 2 Dom .A/

'
�
Xx
t

� � ' .x/ �
Z t

0

A' �Xx
r

�
dr

is an Ft -martingale for all x 2 R
d .

Conversely:

Proposition 3.33. Let x 2 R
d and fXx

t W t � 0g be a time-homogeneous Markov
process (starting from x) with fPt W t � 0g the associated semigroup and A its
infinitesimal generator. Let '; 2 Bb.Rd / be such that

.i/ limt&0 Pt .x/ D  .x/ ; 8x 2 R
d ;

.ii/ E'
�
Xx
t

� D ' .x/C E

Z t

0

 
�
Xx
r

�
dr:

Then

' 2 Dom .A/ and A' D  :
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Proof. Let h > 0. Then

1

h
ŒPh' .x/ � ' .x/� �  .x/ D 1

h


E'

�
Xx
h

� � ' .x/� �  .x/

D
Z 1

0

E

 
�
Xx
rh

� �  .x/� dr

D
Z 1

0

.Prh .x/ �  .x// dr

! 0;

as h ! 0. Hence ' 2 Dom .A/ and  D A'. �

The semigroup fPt W t � 0g is said to be Feller (and the time-homogeneous
Markov process is called a Feller process) if C0

�
R
d
�

is a P -continuous invariant
subset of Bb.Rd /.

Proposition 3.34. A d -dimensional Ft -Brownian motion fBt W t � 0g is a homo-
geneous strong Markov process (and a Feller process) with:

(i) transition probability

P .x; t; G/ D 1

.2t/d=2

Z

G

exp
	

� jy � xj2
2t



dy;

for all 0 � t < s, x 2 R
d , G 2 Bd ;

(ii) semigroup Pt' .x/ D R
Rd
' .y/ P .x; t; dy/ D E' .x C Bt/;

(iii) infinitesimal generator A satisfying:

C2
b

�
R
d
� � Dom .A/

and

A' D 1

2

dX
iD1

@2'

@x2i
; for all ' 2 C2

b

�
R
d IR� :

Proof. By Propositions 1.34 and 1.94 from Chap. 1 for any stopping time � < 1
P-a.s., and any G 2 Bd , h > 0,

P.B�Ch 2 GjF� /

D E.1G.B�Ch � B� C B�/jF� /

D E.1G.B�Ch � B� C B�/jB�/
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D 1

.2h/d=2

Z

Rd

1G .y C B�/ exp
	

� jyj2
2h



dy

D P .0;B� Ih;G/ :

Clearly Pt' .x/ D E' .x C Bt/. If ' 2 Cb
�
R
d
�
, then E' .x C Bt/ ! ' .x/, as

t ! 0, and by Itô’s formula for ' 2 C2
b

�
R
d
�

we obtain that

' .x C Bt/ � ' .x/ � 1

2

Z t

0

�' .x C Br/ dr

is an Ft -martingale. Hence by Proposition 3.33 Dom .A/ 
 C2
b

�
R
d
�

and

A' D 1

2
�'; 8 ' 2 C2

b

�
R
d
�
:

�

In the non-homogeneous case the transition probability P .t; xI s; G/, 0 � t � s,
x 2 R

d , G 2 Bd defines an evolution operator Pt;s W Bb.Rd / ! Bb.R
d /

.Pt;s'/ .x/ D
Z

Rd

' .y/ P .t; xI s; dy/ :

Obviously, for 0 � t � r � s:

Pt;t' D '; and Pt;s D Pt;r ı Pr;s:

The infinitesimal generator is defined for all t � 0 as follows: At W Dom.At / �
Bb.R

d / ! Bb.R
d /

Dom.At /
defD
n
' 2 Bb.Rd / W 9 lim

h!0

1

h
Œ.Pt;tCh'/ .x/ � ' .x/� ; 8 x 2 R

d ;

and the function x 7�! lim
h!0

1

h
Œ.Pt;tCh'/ .x/ � ' .x/� belongs to Bb.Rd /

o

and

.At '/ .x/ D lim
h&0

1

h
.Pt;tCh' .x/ � ' .x// ; 8 ' 2 Dom.At /; 8 x 2 R

d :

From the definition of a Markov process, we have that for any ' 2 Bb.R
d / and

t; h � 0:
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E .' .XtCh/ � ' .Xt / jFt / D
Z

Rd

' .y/ P .t; Xt I t C h; dy/ � ' .Xt /

D Pt;tCh' .Xt / � ' .Xt /
D hAt ' .Xt /C o .h/ :

3.7.2 The Markov Property of Solutions of SDEs

We now consider the stochastic differential equation with deterministic coefficients

Xt D x C
Z t

0

f .r; Xr/dr C
Z t

0

g.r; Xr/dBr ; 8 t � 0; P-a.s., (3.95)

where f W Œ0;C1Œ � R
d ! R

d and g W Œ0;C1Œ � R
d ! R

d�k satisfy

(SDE-Hf ): (3.96)

˙ the functions f .�; x/ W Œ0;C1Œ ! R
d and g .�; x/ W Œ0;C1Œ ! R

d�k are
(Borel) measurable for every x 2 R

d ;
˙ there exist 	 2 L1loc .0;1/ and ` 2 L2loc .0;1IRC/, such that dt-a.e.:

8̂
ˆ̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
:̂

Continuity:�
Cf

�
x �! f .t; x/ W Rd ! R

d is continuous;
Monotonicity condition:�

Mf

� hx � y; f .t; x/ � f .t; y/i � 	 .t/ jx � yj2; 8 x; y 2 R
d ;

Boundedness condition:
�
Bf
� Z T

0

f #
R .t/ dt < 1; 8R; T � 0;

�

and

(SDE-Hg): (3.97)

8
ˆ̂̂̂
<
ˆ̂̂
:̂

Lipschitz condition:�
Lg
� jg.t; x/ � g.t; y/j � ` .t/ jx � yj; 8 x; y 2 R

d I
Boundedness condition:

�
Bg
� Z T

0

jg.t; 0/j2dt < 1; 8T � 0;

�
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where

f #
R .t/ D sup

jxj�R
jf .t; x/j :

Since the condition (3.71) is satisfied for all p � 2, we deduce, by Theorem 3.21,
that the SDE (3.95) has a unique solution X 2 T

p�2
S
p

d . Moreover, denoting by Xt;x
s

the solution of

�
Xt;x
s D x; if 0 � s � t

Xt;x
s D x C R s

t
f .r; Xt;x

r / dr C R s
t
g.r; Xt;x

r / dBr ; if s > t;
(3.98)

then by Proposition 3.22 for every p � 2 and � > 1 there exists a constant Cp;�
such that, if

Vt D
Z t

0

�
	C .r/C �

�
p � 1
2

C 9p�

�
`2 .r/

�
dr

and

Mq;T .x/
defD T

1
2

	
1� 1

q


���f .�; x/
���
Lq.0;T /

C
���g .�; x/

���
L2q.0;T /

; (3.99)

then for all x; x0 2 R, t; t 0 2 Œ0; T � and q 2 �1;1� the following inequalities hold:

E

 
sup
0�s�T

jXt;x
s �Xt 0;x0

s jp
!

� Cp;� e
pVT

�
jx � x0jp C ˇ̌

Mq;T .x/
ˇ̌p jt � t 0j

p
2

	
1� 1

q


�

(3.100)

and

E

 
sup
0�s�T

jXt;x
s � xjp

!
� Cp;� e

pVT
ˇ̌
Mq;T .x/

ˇ̌p jt � T j
p
2

	
1� 1

q



: (3.101)

If moreover for all R > 0

sup
jxj�R

ˇ̌
Mq;T .x/

ˇ̌
< 1;

then by the Kolmogorov criterion for all 0 < " � 1, q 2 �1;1�, there exists a
random variable � D �";q and a version of fXt;x

s W s � tg also denoted by Xt;x
s such

that
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sup
s2Œ0;T �

ˇ̌
ˇXt;x

s �Xt 0;x0

s

ˇ̌
ˇ � � �

�ˇ̌
x � x0 ˇ̌1�" C ˇ̌

t � t 0 ˇ̌
	
1
2� 1

2q



.1�"/

�

with E j�jr < 1 for all r > 0.
As a consequence we have:

Theorem 3.35. Let the assumptions (3.96-SDE-Hf ) and (3.97-SDE-Hg) be satis-
fied. Assume there exist q 2 �1;1� and M;m > 0 such that for all x 2 R

d

���f .�; x/
���
Lq.0;T /

C
���g .�; x/

���
L2q.0;T /

� M
�
1C jxjm� : (3.102)

Then (after choosing a proper version) .s; t; x/ �! Xt;x
s is P-a.s. continu-

ous and the inequalities (3.100) and (3.101) hold with
ˇ̌
Mq;T .x/

ˇ̌p
replaced by

Mp
�
1C jxjpm�.

Fix .t; x/ 2 RC � R
d . Let

FB
t;s

defD
�
� fBs � Bt W t � r � sg _ N ; if s � t;

f�;;g _ N ; if 0 � s � t:

From Theorem 3.21, with � D x, F .s; x/ D 1Œt;1Œ .s/ f .s; x/, G .s; x/ D
1Œt;1Œ .s/ g .s; x/, and the usual filtration fFsg replaced by

˚FB
t;s

�
, we obtain:

Lemma 3.36. Xt;x
s is FB

t;s-measurable.

Moreover one can generalize the result to the case of a random initial time. Let
� < 1 a.s. be a stopping time and � W � ! R

d be an F� -measurable random
variable. We introduce the Brownian motion OBs D B�Cs � B� , and we define the
filtration

Gs D FB;�
�;�Cs

defD F � _ FB
�;�Cs;

where

FB
�;�Cs

defD
�
� fB�Cr � B� W 0 � r � sg _ N ;

f�;;g _ N ; if s � 0:

Consider the SDE

X�;�
s D � C

Z �_s

�

f .r; X�;�
r /dr C

Z �_s

�

g.r; X�;�
r /dBr ; s � 0; (3.103)

or equivalently

X�;�
s D � C

Z s

0

1Œ�;1Œ .r/ f .r; X
�;�
r /dr C

Z s

0

1Œ�;1Œ .r/ g.r; X
�;�
r /dBr ; s � 0:
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In other words

X�;�
s D Y.s��/_0;

where

Ys D � C
Z s

0

f .� C r; Yr /dr C
Z s

0

g.� C r; Yr /d OBr:

Again
n
X
�;�
s W s � 0

o
is Gs-progressively measurable. Hence:

Lemma 3.37. X�;�
�Cs is F � _ FB

�;�Cs-measurable for all s � 0.

Proposition 3.38. The solution fXt W t � 0g of the stochastic differential equa-
tion (3.95) is a strong Markov process with:

(i) transition probability

P .t; xI s; G/ D P
�
Xt;x
s 2 G�

for t; s � 0 and G 2 Bd ;
(ii) evolution operator Pt;s W Bb.Rd / ! Bb.R

d /, 0 � t � s,

.Pt;s'/ .x/ D E'
�
Xt;x
s

� I

(iii) infinitesimal generator At satisfying C2
b

�
R
d
� � Dom.At / for all t � 0 and

for ' 2 C2
b

�
R
d
�

At .'/ .x/ D 1

2
Tr

g .t; x/ g� .t; x/ '00

xx .x/
�C ˝

f .t; x/ ; '0
x .x/

˛

D 1

2

dX
i;jD1

.gg�/ij .t; x/
@2' .x/

@xi@xj
C

dX
iD1

fi .t; x/
@' .x/

@xi
:

Proof. From the uniqueness, for all t � r � s we have

Xt;x
s D Xr;X

t;x
r

s

and then P .t; xI s; G/ D P
�
Xt;x
s 2 G� is clearly a transition probability.

Let � < 1 a.s. be a stopping time. It follows again from uniqueness that for any
s � 0

X�Cs D X
�;X�
�Cs :
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Let fXn
� gn2N be a sequence of random variables of the form

Xn
� D

nX
iD1

xi;n1fX�2Gni g;

where the Gn
i are Borel subsets of R

d , which converges a.s. to X� , as n ! 1.

Since X
�;xni
�Cs is FB

�;�Cs-measurable and hence independent of F� , we deduce that for
any ' 2 Cb.Rd /

EŒ'.X
�;Xn�
�Cs /jF� � D

nX
iD1

EŒ'.X
�;xni
�Cs /�1fX�2Gni g

D
nX
iD1

EŒ'.X
�;xni
�Cs /jX��1fX�2Gni g

D EŒ'.X
�;Xn�
�Cs /jX��;

and it remains to take the limit as n ! 1 in the resulting identity, using the
continuity in probability of x �! X

�;x
�Cs (in fact the map is continuous a.s.) and

Lemma 1.37. Hence

EŒ'.X�Cs/jF� � D EŒ'.X�Cs/jX��

and fXtgt�0 is a strong Makov process with the transition probability

P .t; xI s; G/ D P
�
Xt;x
s 2 G� :

The evolution operator is given by

Pt;s .'/ .x/ D
Z

Rd

' .y/ P .t; xI s; dy/

D E'
�
Xt;x
s

�

and Itô’s formula with ' 2 C2
b .R

d / and t; h � 0 yields

E'.X
t;x
tCh/ D '.x/C E

Z tCh

t

Ar'.X
t;x
r / drI

hence
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lim
h&0

1

h
ŒPt;tCh .'/ .x/ � '.x/� D At '.x/:

�

Proposition 3.38 and Proposition 3.33 yield:

Corollary 3.39. In the case where the coefficients f and g depend only on x, and
not on t , fXt W t � 0g is a homogeneous Feller process with:

(i) associated semigroup

.Pt'/ .x/ D E'.X
0;x
t /I

(ii) infinitesimal generator A satisfying: Dom .A/ 
 C2
c

�
R
d
�

and for ' 2
C2
b

�
R
d
�

.A'/ .x/ D 1

2
Tr

g .x/ g� .x/ '00

xx .x/
�C ˝

f .x/ ; '0
x .x/

˛

D 1

2

dX
i;jD1

.gg�/ij .x/
@2' .x/

@xi@xj
C

dX
iD1

fi .x/
@' .x/

@xi
:

Proposition 3.40 (Fokker–Planck Equation). Let fXt W t � 0g denote the
Markov process which is the solution of the SDE (3.95). For each t � 0, let 	t
denote the probability law of Xt . Then f	t W t � 0g solves in the distributional
sense the parabolic PDE:

d

dt
	t.'/ D 	t.At '/; t � 0; ' 2 C1

c

�
R
d
�
;

where 	t.'/
defD R

Rd
'.x/	t .dx/ D E'.Xt /.

Proof. Again from Itô’s formula for ' 2 C2
b

�
R
d
�

E'.Xt / D E'.X0/C E

Z t

0

As'.Xs/ ds:

�

In the case where for each t > 0, 	t has a density, i.e. 	t.dx/ D p.t; x/ dx, then
the family of densities fp.t; �/; t > 0g solves (at least in a weak sense) the PDE

@p

@t
.t; x/ D 1

2

X
i;j

@2

@xi@xj
..gg�/i;j p/.t; x/�

X
i

@

@xi
.fp/.t; x/; t � 0; x 2 R

d :
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3.8 The Feynman–Kac Formula

We now wish to establish a famous identity, due originally to Richard Feynman
and Mark Kac, which provides a probabilistic formula for solutions of certain linear
PDEs.

3.8.1 Backward Parabolic PDEs

Let us fix a terminal time T > 0. Let c; h W Œ0; T � � R
d ! R and � W R

d ! R be
continuous mappings which are such that for some constants C; p > 0,

jc.t; x/j � C; jh.t; x/j C j�.x/j � C.1C jxjp/; .t; x/ 2 Œ0; T � � R
d : (3.104)

Again let fXt;x
s g be the process solution of the stochastic differential equation (3.98),

whose coefficients f and g are assumed here to be jointly continuous with respect
to both variables t and x and to have at most linear growth at infinity. For each
.t; x/ 2 Œ0; T � � R

d , we define

u.t; x/
defD E

�
�.X

t;x
T /e

R T
t c.s;X

t;x
s / ds C

Z T

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r / dr ds

�
(3.105)

(Feynman–Kac formula).
We consider the (backward) parabolic PDE in R

d

8
<
:
@u

@t
.t; x/C Au.t; x/C cu.t; x/C h.t; x/ D 0; .t; x/ 2 Œ0; T Œ�Rd ;

u.T; x/ D �.x/; x 2 R
d ;

(3.106)

where

.A'/ .t; x/ D 1

2
Tr

g .t; x/ g� .t; x/ '00

xx .x/
�C ˝

f .t; x/ ; '0
x .x/

˛

D 1

2

dX
i;jD1

.gg�/ij .t; x/
@2'

@xi@xj
.x/C

dX
iD1

fi .t; x/
@'

@xi
.x/ :

The aim of this subsection is to relate equation (3.106) and the quantity defined
by (3.105). The first result says that any classical solution of Eq. (3.106) is given by
the formula (3.105).

Proposition 3.41. Let u 2 C1;2.Œ0; T � � R
d / be a solution of (3.106) such that for

some M;q > 0,
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ju .t; x/j � M
�
1C jxjq� ; 8 .t; x/ 2 Œ0; T � � R

d :

If moreover the above assumptions, including (3.104), are satisfied, then u.t; x/
satisfies the Feynman–Kac formula (3.105).

Proof. By Itô’s formula (2.17) on Œt; T ^ �n� with

Vs D .s; e
R s
t c.r;X

t;x
r / dr/;

Xt;x
s D x C

Z s

t

f .r; Xt;x
r / dr C

Z s

t

g.r; Xt;x
r / dBr

and

�n D inf
˚
s � t W ˇ̌Xt;x

s � x ˇ̌ � n
�
;

we have

u.T ^ �n; Xt;x
T^�n/e

R T^�n
t c.r;X

t;x
r / dr

D u .t; x/C
Z T^�n

t

Œ
@u

@t
C Au C cu�.r; Xt;x

r /e
R r
t c.s;X

t;x
s / dsdr

C
Z T^�n

t

e
R r
t c.s;X

t;x
s / ds

˝rxu.r; Xt;x
r /; g.r; Xt;x

r /dBr
˛
:

First taking the expectation, then using the fact that u is a solution of (3.106),
the Feynman–Kac formula (3.105) follows by letting n ! 1, using uniform
integrability, which follows from the boundedness of c.s; Xt;x

s / and the polynomial
growth of u and h. �

Let us rewrite the PDE (3.106) as

8<
:

�@u

@t
.t; x/Cˆ.t; x; u.t; x/;Du.t; x/;D2u.t; x// D 0;

u.T; x/ D �.x/;
(3.107)

where

ˆ W Œ0; T � � R
d � R � R

d � S
d ! R;

is given by

ˆ.t; x; r; p;X/ D �1
2

TrŒg.t; x/g�.t; x/X�� < f .t; x/; p > �c.t; x/r � h.t; x/;
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and S
d denotes the set of non-negative symmetric d � d matrices. The notion of

a viscosity solution of such a parabolic PDE is made precise by Definition 6.96 in
Annex D.

Recall that the results in Annex D require ˆ to be proper, which implies that
c.t; x/ � 0. This is not a restriction since u.t; x/ solves the original equation iff
v.t; x/ D u.t; x/e�t solves the PDE

8̂
<̂
ˆ̂:

@v

@t
.t; x/C .Av/.t; x/C .c.t; x/ � �/v.t; x/C h.t; x/e�t D 0;

.t; x/ 2 Œ0; T Œ�Rd ;
v.T; x/ D �.x/e�T ; x 2 R

d :

Hence, since c is bounded, we can always choose � large enough such that c.t; x/�
� � 0, and we can study an equivalent equation with a new ˆ which is proper.

We now give the main result of this section.

Theorem 3.42 (Feynman–Kac’s Formula). Let the assumptions of Theorem 3.35
and (3.104) be satisfied and all coefficients of the PDE (3.106) be jointly continuous
in .t; x/. Then the quantity u.t; x/ defined by the formula (3.105) is a continuous
function of .t; x/ 2 Œ0; T � � R

d which grows at most polynomially at infinity, and it
is the unique viscosity solution of the PDE (3.106), among those functions u which
satisfy

lim
jxj!C1

ju.t; x/je�ıŒlog.jxj/�2 D 0; (3.108)

uniformly for t 2 Œ0; T �, for some ı > 0.

Proof. Uniqueness of the viscosity solution of (3.106) follows from Theorem 6.106
in Annex D. The continuity of u follows easily from (3.100) and the assumptions on
the growth of h and �. Moreover from the conclusion of Theorem 3.35 and (3.104)
we deduce that for some M > 0, q > 0 and for all .t; x/ 2 Œ0; T � � R

d ,

ju.t; x/j � M.1C jxjq/;

from which (3.108) follows with ı D q. Since XT;x
T D x, clearly u.T; x/ D �.x/.

We now establish the sub-solution property of u (the super-solution property is
proved analogously).

Let .t; x/ 2 Œ0; T Œ�Rd and ' 2 C1;2.Œ0; T Œ�Rd / be a test function such that

u.s; y/ � '.s; y/ � 0 D u.t; x/ � '.t; x/;

for all .s; y/ in a neighborhood of .t; x/. We argue by contradiction. Suppose that

�@'
@t
.t; x/ � A'.t; x/ � c'.t; x/ � h.t; x/ > 0:
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Then there exist ı > 0 and " 2 �0; T � t Œ such that for all s 2 Œt; t C "� and
jy � xj � "

.i/ u.s; y/ � '.s; y/;

.ii/ �'0
t .s; y/ � As'.s; y/ � c.s; y/'.s; y/ � h.s; y/ � ı:

We introduce the stopping time

� D .t C "/ ^ inf
˚
r W r � t;

ˇ̌
Xt;x
r � x ˇ̌ � "

�
:

Clearly E � > t .
It follows from the strong Markov property of the diffusion process Xt;x

: that

u.t; x/ D E

�
E

�
�.X

t;x
T /e

R T
t c.s;X

t;x
s / ds C

Z T

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r / dr ds

ˇ̌
ˇ̌F�

��

D E

�
u.�; Xt;x

� /e
R �
t c.s;X

t;x
s / ds C

Z �

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r / dr ds

�
:

On the other hand, from Itô’s formula (2.17) on the time interval Œt; � �, as in the
proof of Proposition 3.41,

'.t; x/ D E

h
'.�;Xt;x

� /e
R �
t c.s;X

t;x
s / ds

�
Z �

t

Œ'0
s C As' C c'�.s; Xt;x

s /e
R s
t c.r;X

t;x
r / dr ds

i
:

Hence by the definition of the stopping time � , we have

0 D '.t; x/ � u.t; x/

D E

'.�;Xt;x

� / � u.�; Xt;x
� /

�
e
R �
t c.s;X

t;x
s / ds

� E

Z �

t

Œ'0
s C As' C c' C h�.s; Xt;x

s /e
R s
t c.r;X

t;x
r / dr ds

� E

Z �

t

ıe
R s
t c.r;X

t;x
r / dr ds

� .E� � t / ıe�C.T�t/

> 0

which is impossible.
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Consequently

�@'
@t
.t; x/ � A'.t; x/ � cu.t; x/ � h.t; x/ � 0;

and u is a viscosity sub-solution. �

3.8.2 Forward Parabolic PDEs

Define the function

v.t; x/ D E

�
�.Xx

t /e
R t
0 c.X

x
s /ds C

Z t

0

h.Xx
s /e

R s
0 c.X

x
r /drds

�
: (3.109)

and consider the PDE
8<
:
@v

@t
.t; x/ D Av.t; x/C cu.t; x/C h.x/; t � 0; x 2 R

d I
v.0; x/ D �.x/; x 2 R

d :
(3.110)

Theorem 3.43. Let the assumptions of Theorem 3.36 be satisfied, where the
coefficients of the SDE—as well as h and c—are no longer assumed to depend
upon the time variable. Then v.t; x/ defined by the formula (3.109) is a continuous
function of .t; x/ 2 RC � R

d which grows at most polynomially at infinity, and it is
the unique viscosity solution of the PDE (3.110).

Proof. For any fixed T > 0, consider v.t; x/ for .t; x/ 2 Œ0; T � � R
d given

by (3.109). Because of the time homogeneity of the SDE for X , we can rewrite
v.t; x/ as

v.t; x/ D E

�
�.X

T�t;x
T /e

R T
T�t c.X

T�t;x
s /ds C

Z T

T�t
h.XT�t;x

s /e
R s
T�t c.X

T�t;x
r /drds

�
:

Now define, again for .t; x/ 2 Œ0; T � � R
d , u.t; x/ D v.T � t; x/. We have

u.t; x/ D E

�
�.X

t;x
T /e

R T
t c.X

t;x
s /ds C

Z T

t

h.Xt;x
s /e

R s
t c.X

t;x
r /drds

�
:

From Theorem 3.42, u is a viscosity solution of (3.106), hence v is a viscosity
solution of (3.110). Uniqueness follows by the same argument as in Theorem 3.42.

�
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3.8.3 Parabolic PDEs with Dirichlet Boundary Conditions

We now give a similar result for a parabolic PDE in a connected open bounded
subset D � R

d , with Dirichlet boundary condition. The process fXt;x
s I s � tg is

defined as above. LetD be a connected open bounded subset of Rd , whose boundary
is of class C1. For each .t; x/ 2 Œ0; T � �D, we define the stopping time

�t;x D inffs � t W Xt;x
s 62 Dg:

We assume that the set

ƒ D f.t; x/ 2 Œ0; T � � @D W P.�t;x > t/ D 0g is closed. (3.111)

Note that we have the following zero-one law which will be used below.

Lemma 3.44. For all .t; x/ 2 Œ0; T � � @D,

P.�t;x > t/ 2 f0; 1g :

Proof. To simplify the notation, we let t D 0 and write �x for �0;x . Again
let fFt W t � 0g denote the natural filtration of the Brownian motion driving the
SDE (3.98). For all n � 1,

f�x D 0g D
\
k�n

�
�x � 1

k

�
2 F1=n:

This, together with the right continuity of the filtration fFtg (see Proposition 1.89),
implies that f�x D 0g 2 F0, hence the result. �

We consider the parabolic PDE (with the same function ˆ as above)

8
ˆ̂<
ˆ̂:

�@u

@t
.t; x/Cˆ.t; x; u.t; x/;Du.t; x/;D2u.t; x// D 0; .t; x/ 2 Œ0; T � �D;

u.T; x/ D �.x/; x 2 D;
u.t; x/ D �.t; x/; .t; x/ 2 Œ0; T � � @D:

(3.112)

Here all data are as in the preceding section, except for the new � 2 C.Œ0; T ��@D/,
which is assumed to be such that �.T; x/ D �.x/, x 2 @D.

We want to show that the Feynman–Kac formula

u.t; x/ D E

h	
�.X

t;x
T /1fT��t;xg C �.�t;x; X

t;x
�t;x
/1f�t;x<T g



e
R T^�t;x
t c.s;X

t;x
s /ds

C
Z T^�t;x

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r /drds

�

(3.113)
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defines a viscosity solution of Eq. (3.112). We again refer to Annex D for the
definition of a viscosity solution of (3.112).

The fact that u, defined by (3.113), is continuous follows from some arguments
in the preceding subsection together with:

Proposition 3.45. Under the condition (3.111), the mapping .t; x/ ! �t;x is a.s.
continuous on D.

Proof. Let f.tn; xn/; n 2 Ng be a sequence in Œ0; T ��D such that .tn; xn/ ! .t; x/,
as n ! 1.

We first show that

lim sup
n!1

�tn;xn � �t;x a.s. (3.114)

Suppose that (3.114) is false. Then

P.�t;x < lim sup
n!1

�tn;xn/ > 0: (3.115)

For each " > 0, let

�"t;x D inffs � t I d.Xt;x
s ;D/ � "g:

From (3.115), there exists " and T such that

P.�"t;x < lim sup
n!1

�tn;xn � T / > 0:

But since Xtn;xn� ! Xt;x� uniformly on Œt; T � a.s., this implies that

P.lim sup
n!1

�
"=2
tn;xn � �"t;x < lim sup

n!1
�tn;xn � T / > 0;

which would mean that for some n, Xtn;xn exits the "=2-neighborhood of D before
exiting D with positive probability, which is impossible.

We next prove that

lim inf
n!1 �tn;xn � �t;x a.s. (3.116)

For this part of the proof, we will need the assumption (3.111) that ƒ is closed.
It suffices to prove that (3.116) holds a.s. on �M D f�t;x � M g, with M

arbitrary. From the result of the first step, for almost all ! 2 �M , there exists an
n.!/ such that n � n.!/ implies �tn;xn � M C 1. From the a.s. (on �M ) uniform
convergence Xtn;xn� ! Xt;x� on the interval Œ0;M C 1�, Xt;x� hits the set

f.�tn;xn ; Xtn;xn
�tn;xn /I n 2 Ng � ƒ D ƒ



3.8 The Feynman–Kac Formula 207

on the random interval Œt; lim infn �tn;xn � a.s. on �M . The result follows, since Xt;x�
exits D when it hits ƒ. �

We now prove the following:

Theorem 3.46. Assume again that the coefficients of A, c and h are continuous on
Œ0; T � � D, � 2 C.D/, � 2 C.Œ0; T � � D/ with �.x/ D �.T; x/, x 2 @D. Then
u.t; x/, given by (3.113), is a continuous function of .t; x/ 2 Œ0; T ��D and it is the
unique viscosity solution of (3.112).

Proof. Uniqueness of the viscosity solution follows from Theorem 6.103. Conti-
nuity of u follows from arguments similar to those in the proof of Theorem 3.42,
together with the conclusion of Proposition 3.45. Let us prove that u is a viscosity
sub-solution. The only new case to consider is that where .t; x/ 2 Œ0; T Œ�@D is a
local maximum of u�', where ' 2 C1;2.Œ0; T Œ�D/. If .t; x/ 2 ƒ, then �t;x D t and
u.t; x/ D �.t; x/. On the other hand, if .t; x/ 2 Œ0; T Œ�@Dnƒ, then by Lemma 3.44,
P.�t;x > t/ D 1, and the same argument as in the proof of Theorem 3.42 (see also
the proof of Theorem 3.49 below) shows that

�@'
@t
.t; x/Cˆ.t; x; u.t; x/;D'.t; x/;D2'.t; x// � 0:

�

3.8.4 Elliptic Equations with Dirichlet Boundary Condition

Consider the differential operator

A D 1

2

dX
i;jD1

.gg�/ij .x/ @2

@xi@xj
C

dX
iD1

fi .x/
@

@xi

and the linear elliptic PDE

� Au.x/C c.x/u.x/C h.x/ D 0; x 2 D;
u.x/ D �.x/; x 2 @D; (3.117)

where D is a bounded connected domain with a boundary @D of class C1, f W
R
d ! R

d , g W Rd ! R
d�k , c W D ! R�, h W D ! R and � W @D ! R are

continuous. Define the stopping time

�x D infft � 0; Xx
t 62 Dg:
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We have the following:

Theorem 3.47. Let u 2 C2.D/ \ C.D/ be a classical solution of Eq. (3.117).
Provided that the above assumptions hold and

sup
x2D

E�x < 1; (3.118)

we have the Feynman–Kac formula

u.x/ D E

�
�.Xx

�x
/e
R �x
0 c.Xxs /ds C

Z �x

0

h.Xx
s /e

R s
0 c.X

x
r /drds

�
: (3.119)

Proof. It follows from the regularity of u, Eq. (3.117) and Itô’s formula that

u.x/ D E

�
u.Xx

t^�x /e
R t^�x
0 c.Xxs /ds C

Z t^�x

0

h.Xx
s /e

R s
0 c.X

x
r /drds

�
:

The result follows by letting t ! 1, exploiting the assumption made on �x . �

Remark 3.48. A sufficient condition for (3.118) to hold is that there exists a v 2 R
d ,

with jvj D 1, such that infx2D jg�.x/vj > 0.

Suppose now that the coefficients are as above. We need to formulate the elliptic
version of condition (3.111), namely

ƒ D fx 2 @DI P.�x > 0/ D 0g is closed. (3.120)

We rewrite our elliptic PDE as

�
ˆ.x; u.x/;Du.x/;D2u.x// D 0; x 2 D;
u.x/ D �.x/; x 2 @D;

where

ˆ W D � R � R
d � S

d�d ! R

is defined as

ˆ.x; r; p;X/ D �1
2

TrŒ.gg�/.x/X� � hf .x/; pi � c.x/r � h.x/: (3.121)

Note that the fact that c is non positive makes ˆ proper.
We can now state the following:

Theorem 3.49. Suppose that the above assumptions, including condition (3.120),
are in force. Then the function u W D ! R defined by (3.119) is continuous on D,
and it is the unique continuous viscosity solution of (3.117).
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Proof. Uniqueness follows from Corollary 6.102 in Annex D.
The continuity of u follows from arguments similar to those in the proof of

Theorem 3.46. Let us check that u is a viscosity sub-solution. The proof of the
super-solution property is very similar. Let ' 2 C2.D/ and x 2 D be a local
maximum of u � '. If x 2 ƒ, then �x D 0 a.s., hence from the Feynman–Kac
formula u.x/ D �.x/, and we are done. Suppose now that x 2 Dnƒ. We want
to show that ˆ.x; u.x/;D'.x/;D2'.x// � 0. We argue by contradiction. Suppose
that ˆ.x; u.x/;D'.x/;D2'.x// > 0. To each " > 0, we associate the set

BD;".x/ D D \ fyI jy � xj � "g:

From now on we fix " > 0 small enough such that (recall that ƒ is closed):

1. BD;".x/ \ƒ D ;;
2. u.y/ � '.y/ � 0 D u.x/ � '.x/, for all y 2 BD;".x/;
3. ˆ.x; u.x/;D'.x/;D2'.x// � ", for all y 2 BD;".x/.

Let us introduce the stopping time

�x WD infft > 0I Xx
t 62 BD;".x/g ^ ":

From the strong Markov property of the process fXx
t ; t � 0g, we would have that

u.x/ D E

�
E

�
�.Xx

�x
/e
R �x
0 c.Xxs /ds

Z �x

0

h.Xx
s /e

R s
0 c.X

x
r /drds

ˇ̌
ˇ̌F�x

��

D E

"
u.Xx

�x
/e
R �x
0 c.Xxs /ds C

Z �x

0

h.Xx
s /e

R s
0 c.X

x
r /drds

#
:

On the other hand, from Itô’s formula,

'.x/ D E

"
'.Xx

�x
/e
R �x
0 c.Xxs /ds �

Z �x

0

ŒA' C c'�.Xx
s /e

R s
0 c.X

x
r /drds

#
:

Hence by the definition of the stopping time �x , we have

0 D '.x/ � u.x/

D E

	
Œ'.Xx

�x
/ � u.Xx

�x
/�e

R �x
0 c.Xxs /ds




� E

Z �x

0

ŒA' C c' C h�.Xx
s /e

R s
0 c.X

x
r /drds

� "E

Z �x

0

e
R s
0 c.X

x
r /drds
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� "E

�xe

�C�x �

> 0;

which is a contradiction.

3.8.5 Elliptic PDEs in R
d

Consider the linear elliptic PDE in R
d :

ˆ.x; u.x/;Du.x/;D2u.x/// D 0; x 2 R
d ; (3.122)

where ˆ is defined by (3.121), f W R
d ! R

d , g W R
d ! R

d�k , c W Rd ! R and
h W R

d ! R are continuous functions satisfying

sup
x2Rd

.jh.x/j C jc.x/j/ < 1; (3.123)

sup
x2Rd

c.x/ � �Nc < 0: (3.124)

Under these conditions, the following function of x 2 R
d is well defined

u.x/ D
Z 1

0

E

h
h.Xx

t /e
R t
0 c.X

x
s /ds
i

dt: (3.125)

We now want to prove that (3.125) is a viscosity solution of (3.122).
The notion of a viscosity solution of (3.122) is defined in Definition 6.85 of

Annex D.
We have the following result, whose proof, which is very similar to and simpler

than that of Theorem 3.49, is left as an exercise for the reader.

Theorem 3.50. Under the above conditions, in particular (3.123) and (3.124), u
given by (3.125) belongs to C.Rd /, and it is the unique bounded viscosity solution
of Eq. (3.122).

3.9 Remarks on Weak and Strong Solutions

We consider the stochastic differential equation with deterministic coefficients

Xt D x0 C
Z t

0

f .r; Xr/dr C
Z t

0

g.r; Xr/dBr ; 8 t � 0; P-a.s., (3.126)
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where f W Œ0;1Œ � R
d ! R

d and g W Œ0;1Œ � R
d ! R

d�k are
�BRC

;Rd
�
-

Carathéodory functions, i.e.

˙ the functions f .�; x/ W Œ0;1Œ ! R
d and g .�; x/ W Œ0;1Œ ! R

d�k are (Borel)
measurable for every x 2 R

d ,
˙ the functions f .t; �/ W Rd ! R

d and g .t; �/ W Rd ! R
d�k are continuous for

dt-almost all t � 0.

We also assume to be satisfied the boundedness condition:

Z T

0


f #
R .t/C jg#

R .t/ j2� dt < 1; 8R; T � 0; (3.127)

where

f #
R .t/ D sup

jxj�R
jf .t; x/j

and g#
R is defined in a similar manner.

In most cases, the only relevant quantity attached to the solution of a SDE is
its probability law. Then the probability space .�;F ;P/ and the Brownian motion
fBt W t � 0g only have an auxiliary role. For this reason it is natural to define the
notion of a weak solution.

Recall that given a stochastic basis .�;F ;P;Ft /t�0 and an R
k-valued Ft -

Brownian motion fBt W t � 0g, then a P-m.c.s.p. X W � � Œ0;1Œ ! R
d � R

d

is a strong solution of the SDE (3.126) if P-a.s. ! 2 �:

Xt D x0 C
Z t

0

f .s; Xs/ ds C
Z t

0

g .s; Xs/ dBs; 8 t � 0:

Definition 3.51. If there exist a stochastic basis .�;F ;P;Ft /t�0, an R
k-valued

Ft -Brownian motion fBt W t � 0g and an Ft -progressively measurable continuous
stochastic process X W � � Œ0;1Œ ! R

d � R
d such that

Xt D x0 C
Z t

0

f .s; Xs/ ds C
Z t

0

g .s; Xs/ dBs; 8 t � 0;

then the collection .�;F ;P;Ft ; Bt ; Xt /t�0 is called a weak solution of the
SDE (3.126).

We now derive a result on the existence of weak solutions. To this aim we add an
assumption on f and g:
there exist p > 1, � > 1 and continuous increasing functions V;R;N W Œ0;1Œ !
Œ0;1Œ, V .0/ D N .0/ D R .0/ D 0, such that as a signed measure on Œ0;1Œ:
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hf .t; x .t// ; x .t/i dt C
�
1

2
mp C 9p�

�
jg.t; x .t//j2dt

� 1p�2dR .t/C jx .t/j dN .t/C jx .t/ j2d V .t/
(3.128)

for all continuous function x W Œ0;1Œ ! R
d , where

mp D 1 _ .p � 1/ :

From Corollary 6.75 (Annex C) we clearly have:

Lemma 3.52. Let f W RC � R
d ! R

d and g W RC � R
d ! R

d�k be two�BRC
;Rd

�
-Carathéodory functions satisfying (3.127) and (3.128). Then every weak

solution (�, F , P, Bt , Xt )t�0 of the SDE (3.126) satisfies for all p � 0

E sup
t2Œ0;T �

jXn
t jp � Lp;�;

where

La;b D Cp;�e
pV .T /

�
jx0jp C 1p�2Rp=2 .T /CNp .T /

�

and Cp;� is a positive constant depending only on .p; �/.

Also, by elementary calculus we deduce:

Lemma 3.53. Let f W RC � R
d ! R

d and g W RC � R
d ! R

d�k be .BRC
;Rd /�

Carathéodory functions such that there exists an A > 0 satisfying:

jf .t; x/j C jg .t; x/j � A; for all .t; x/ 2 RC � R
d :

If .�;F ;P;Ft ; Bt ; Xt /t�0 is a weak solution of the SDE (3.126), then for every
q > 0 there exists a constant Cq , such that for all T; " > 0 and any stopping time
� � 0:

E sup
t2Œ0;T �

jXt^� jq � Cq

�
jx0jq C AqT q=2CAqT q

�

and

E

"
sup
0�s�"

ˇ̌
X.tCs/^� �Xt^�

ˇ̌q
#

� Cq A
q
�
"q C "q=2

�
:

We now give the main existence result for weak solutions.
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Theorem 3.54. If f W RC � R
d ! R

d and g W RC � R
d ! R

d�k are
�BRC

;Rd
�
-

Carathéodory functions satisfying (3.127) and (3.128), then the SDE (3.126) has a
weak solution.

Proof. Step 1: The assumption (3.128) is replaced by a stronger condition: there
exists an A > 0 such that

jf .t; x/j C jg .t; x/j � A; for all .t; x/ 2 RC � R
d :

Let
	 O�; OF ; OP;F OB

t ;
OBt


t�0 be a Brownian motion and OXn W O� � Œ0;1Œ ! R

d the

F OB
t -progressively measurable continuous stochastic processes defined recursively

by

OXn
t D x0 C

Z t

0

f
	
s; OXn

s� 1
n



ds C

Z t

0

g
	
s; OXn

s� 1
n



d OBs; t � 0:

Since OXn
0 D x0 and

E OP

"
sup
0���"

ˇ̌
ˇ OXn

tC� � OXn
t

ˇ̌
ˇ
4

#
� C A4

�
"4 C "2

�
;

we deduce, by Proposition 1.47, that
n OXn W n � 1

o
is tight on C

�
RCIRd �. Conse-

quently
n	 OXn; OB



W n 2 N

�
o

is tight on X D C
�
RCIRdCk�.

Then by the Prokhorov theorem along a subsequence still denoted by . OXn; OB/
we have

. OXn; OB/ ! . OX; OB/ in law, as n ! 1;

on X.
By the Skorohod theorem, we can choose a probability space .�;F ;P/, and

some random pairs .Xn; Bn/, .X;B/ defined on that probability space, respectively

having the same laws as
	 OXn; OB



and . OX; OB/, such that moreover as n ! 1,

.Xn; Bn/
P-a.s.���! .X;B/ on X:

Then, by Proposition 2.15,
	
Bn; fFBn;Xn

t g


; n � 1; and

	
B; fFB;X

t g



are R
k-

Brownian motions.
Using the Lebesgue theorem and, once again Proposition 2.15, we infer that for

n ! 1
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Mn� D x0 C
Z �

0

f
	
s; Xn

s� 1
n



ds C

Z �

0

g
	
s; Xn

s� 1
n



dBns

�! M� D x0 C
Z �

0

f .s; Xs/ ds C
Z �

0

g .s; Xs/ dBs; in Spd Œ0; T � ; 8 p � 1:

If

OMn
t

defD x0 C
Z t

0

f
	
s; OXn

s� 1
n



ds C

Z t

0

g
	
s; OXn

s� 1
n



d OBs

then from Corollary 2.14 it follows that

L
	 OXn; OB; OMn



D L .Xn; Bn;Mn/ on C

�
RCIRdCkCd � :

Since for every t � 0

OXn
t � OMn

t D 0; a:s:;

we have by Corollary 1.18 that

Xn
t �Mn

t D 0; a:s:

and consequently, letting n ! 1,

Xt �Mt D 0; a:s:

Step 2. The assumption (3.128) is satisfied.
As in the proof of Theorem 3.27 we consider � 2 C �Rd I Œ0; 1�� to be given by

� .r/ D
8
<
:
1; if jxj � 1;

2 � jxj ; if 1 < jxj � 2;

0; if jxj > 2;

and

˛n .t; x/ D 1Œ0;n�
�
f #
2n .t/C g#

2n .t/
�
�
	x
n



:

Consider the approximating SDE

Xt D x0 C
Z t

0

fn .s; Xs/ ds C
Z t

0

gn .s; Xs/ dBs (3.129)

where

fn .t; x/ D ˛n .t; x/ f .t; x/ and gn .t; x/ D ˛n .t; x/ g .t; x/ :
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By the first step the SDE (3.129) has at least one weak solution (�n, Fn, Pn, Fn
t ,

Bn
t , Xn

t )t�0. Let En D EPn .
Since

˝
Xn
s ; fn

�
s; Xn

s

�
ds
˛C

�
1

2
mp C 9pb

� ˇ̌
gn
�
s; Xn

s

�ˇ̌2
ds

� ˛n
�
s; Xn

s

� �˝
Xn
s ; f

�
s; Xn

s

�
ds
˛C

�
1

2
mp C 9p�

� ˇ̌
g
�
s; Xn

s

�ˇ̌2�
ds

� 1p�2dRs C jXn
s j dNs C jXn

s j2dV .s/ ;

we have, by Lemma 3.52, that

E
n

"
sup
t2Œ0;T �

jXn
t jp
#

� Lp;�:

Hence

P
n

 
sup
t2Œ0;T �

jXn
t j � N

!
� 1

Np
E
.n/

"
sup
t2Œ0;T �

jXn
t jp
#

� Lp;�

Np
:

Define the stopping time

�N .!/ D infft � 0 W jXn
t .!/ j � N g:

It is easy to show that for every q > 0 there exists a constant Cq such that

E
n

"
sup
0�s�"

ˇ̌
ˇ̌Xn

.tCs/^�.n/N

�Xn

t^�.n/N

ˇ̌
ˇ̌
q
#

� Cq N
q
�
"q C "q=2

�
;

for all n;N 2 N
� and " > 0.

Hence, by Proposition 1.47,

�
Xn

�^�.n/N

W n � 1

�
is tight on C

�
RCIRd �.

Since for all "; T; ı > 0

˚
mXn

�
."I Œ0; T �/ > ı� �

(
sup
t2Œ0;T �

jXn
t j � N

)
S�

mXn

�^�
.n/
N

."I Œ0; T �/ > ı
�
;

it follows that

lim sup
"&0

�
sup
n2N�

P
n
�
mXn

�
."I Œ0; T �/ > ı�

�
� Lp;�

Np
;
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for all N > 0, which yields that for all T; ı > 0

lim
"&0

�
sup
n2N�

P
n
�
mXn

�
."I Œ0; T �/ > ı�

�
D 0:

Consequently fXn; n � 1g is tight on C
�
RCIRd �. Moreover the tightness on

C
�
RCIRdCk� of f.Xn; Bn/ W n 2 N

�g clearly follows. Then as in Step 1 by the
Prohorov theorem and the Skorohod theorem, there exist a probability space� N�; NF ; NP�, and random variables

. NXn; NBn/; . NX; NB/ W N� ! C
�
RCIRdCk� ; n 2 N

�

such that

L. NXn; NBn/ D L.Xn; Bn/;

and as n ! 1

. NXn; NBn/
P-a.s.���! . NX; NB/ in C

�
RCIRdCk� :

Moreover by Proposition 2.15,
	 NBn; fF NBn; NXn

t g



, n � 1, and
	 NB; fF NB; NX

t g



are

R
k-Brownian motions.
Defining

Snt .Y; B/
defD x0 C

Z t

0

fn .s; Ys/ ds C
Z t

0

gn .s; Ys/ dBs; t � 0; and

St .Y; B/
defD x0 C

Z t

0

f .s; Ys/ ds C
Z t

0

g .s; Ys/ dBs; t � 0;

by Corollary 2.14 it follows that

L �Xn;Bn; Snt .X
n; Bn/

� D L � NXn; NBn; Snt .
NXn; NBn/

�
on C

�
RCIRdCkCd � :

Since for every t � 0,

Xn
t � Snt .Xn; Bn/ D 0; a:s:;

we have

NXn
t � Snt . NXn; NBn/ D 0; a:s:;

and consequently, letting n ! 1,
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NXt � St . NX; NB/ D 0; a:s:

Hence
	 N�; NF ; NP;F NB; NX

t ; NBt ; NXt


t�0 is a weak solution of the SDE (3.126). �

We say that the SDE (3.126) has the pathwise uniqueness property if whenever
.�;F ;P; X;B/ ; .�;F ;P; Y; B/ are solutions of (3.126), then

P .Xt D Yt ; 8 t � 0/ D 1

follows.

Theorem 3.55. Let f W RC �R
d ! R

d and g W RC �R
d ! R

d�k be
�BRC

;Rd
�
-

Carathéodory functions satisfying (3.127). Then

.i/ the existence and uniqueness of a strong solution for the SDE (3.126) is
equivalent to

.ii/ the existence of a weak solution together with pathwise uniqueness.

Proof. The following proof is based on the proof of Theorem 1.1 page 149 in Ikeda
and Watanabe [38]. Let us introduce the notations W d D C.RCIRd / and

W k
0 D ˚

x 2 W k W x .0/ D 0
�
:

The only point which needs to be proved is that weak existence + pathwise
uniqueness implies strong existence.

The central idea of the proof is rather simple. Let .�;F ;P;Ft ; Xt ; Bt /t�0 and
.�0;F 0;P0;F 0

t ; X
0
t ; B

0
t /t�0 denote two (weak) solutions starting from x (i.e. X0 D

X 0
0 D x). Let Px (resp. P0

x) denote the probability distribution of .X;B/ (resp.
.X 0; B 0/) on W d �W k

0 . If

 W W d �W k
0 ! W k

0

denotes the projection on the second factor, then clearly

.Px/ D .P0
x/ D P

W ;

the Wiener measure. Now let Qw2 .dw1/ (resp. Q0 w2 .dw1/) denote the regular
conditional distribution of w1 given w2 under Px (resp. P0

x), i.e.

Px.A1 � A2/ D
Z

A2

Qw2 .A1/P
W .dw2/;

P
0
x.A1 � A2/ D

Z

A2

Q0 w2 .A1/P
W .dw2/:
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Define on the space N� D W d �W d �W k
0 the measure Q by

Q.dw1; dw2; dw3/ D Qw3 .dw1/Q
0 w3 .dw2/P

W .dw3/:

Let NF denote the completion of the � -algebra of Borel sets of N�, with respect toQ,
and NFt D \">0.BtC" _ N /, where

Bt D Bt .W d /˝ Bt .W d /˝ Bt .W k
0 /;

and N denotes the class of all Q-null sets. Denote by Bt .W k
0 /

P
W

the completion of
the � -algebra Bt .W k

0 / with respect to P
W .

The two technical lemmas from Ikeda and Watanabe [38], p. 151, say:

Lemma 1. For A 2 Bt .W d /, w 2 W k
0 7! Qw.A/ and Q0 w.A/ are Bt .W k

0 /
P
W

-
measurable.

And

Lemma 2. w3 is an k-dimensional .Ft /-Brownian motion on . N�; NF ;Q/.
It now follows from Lemma 2 that .w1;w3/ and .w2;w3/ are two solutions of the
SDE (4.99) on the same space . N�; NF ;Q/, with the same filtration . NFt / and the same
driving Brownian motion w3. Hence pathwise uniqueness implies that w1 D w2,Q-
a.s., that is

Qw �Q0 w.w1 D w2/ D 1; P
W .dw/-a.s.

Now this is possible only if there exists a mapping

w 2 W k
0 7! Fx.w/ 2 W d ;

such that

Qw.�/ D Q0 w.�/ D ıFx.w/.�/; P
W .dw/-a.s.

In other words, the only way that two independent random variables X and Y can
coincide a.s. is that their common law is a Dirac measure. By Lemma 1, w 7! Fx.w/

is

�
Bt .W k

0 /
P
W

;Bt .W d /

�
-measurable and Fx.w/ is uniquely determined up to a

set of PW -measure 0. Consequently NXt.w/ D Fx.w/t is a strong solution for the
stochastic basis . N�; NF ;Q; NFt /t�0 and the Brownian motion w D w3.

If now .�;F ;P;Ft /t�0 is an arbitrary stochastic basis and fBt W t � 0g is an
.Ft /-Brownian motion, then Xt D Fx.B/t is a strong solution. �

To complete this section, we give the proofs of Lemmas 1 and 2. The proofs are
taken from Ikeda and Watanabe [38], p. 151.
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Proof of Lemma 1. For t > 0 and A 2 Bt
�
W d

�
, there exists a regular conditional

probability Qw
t .A/ such that w 2 W k

0 7�! Qw
t .A/ is Bt .W k

0 /
P
W

-measurable and

Px .A � C/ D
Z

C

Qw
t .A/P

W .dw/ ; 8 C 2 Bt .W k
0 /:

If we can show that this equality holds for all C 2 B.W k
0 /, then

Qw
t .A/ D Qw.A/; P

W .dw/ -a:e:

and the assertion of the lemma holds.
Let .�tw/ .s/ D w .t C s/ � w .t/ and .�tw/ .s/ D w .t ^ s/. One may assume

that C is of the form

C D ˚
w 2 W k

0 W �tw 2 A1; �tw 2 A2
�
; A1; A2 2 B.W k

0 /:

Since �tw and Bt .W k
0 / are independent with respect to P

W , we have
Z

C

Qw
t .A/P

W .dw/ D
Z

f�tw2A1g
Qw
t .A/P

W .dw/PW .�tw 2 A2/

D Px .A � f�tw 2 A1g/Px
�
W d � f�tw 2 A2g

�

D P.X 2 A; �t .B/ 2 A1/P.�t .B/ 2 A1/
D P.X 2 A; �t .B/ 2 A1; �t .B/ 2 A1/
D P.X 2 A;B 2 C/
D Px .A � C/ :

This completes the proof of Lemma 1. �

Proof of Lemma 2. Since for every t > s, u 2 R
k , A1;A2 2 Bs

�
W d

�
and A3 2

Bs
�
W k
0

�
:

EQ

h
eihu;w3.t/�w3.s/i1A1�A2�A3

i

D
Z

A3

eihu;w3.t/�w3.s/iQw3 .A1/Q
0 w3 .A2/P

W .dw3/

D e� 1
2 juj2.t�s/

Z

A3

Qw3 .A1/Q
0 w3 .A2/P

W .dw3/

D e� 1
2 juj2.t�s/Q .A1 � A2 � A3/ ;

we obtain that w3 .t/ � w3 .s/ and NFs are independent with respect to Q and the
result follows. �



220 3 Stochastic Differential Equations

3.10 Exercises

Exercise 3.1 (Stabilization). Consider the controlled stochastic differential equa-
tion

Xt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

Usds C
Z t

0

G .s; Xs/ dBs; t � 0; (3.130)

where � 2 Lp
�
�;F0; P IRd �, p � 1, and the assumptions (SDE-HF;loc), (SDE-

HG;loc) and .BFG/ from Sect. 3.6.1 (Locally monotone drift) are satisfied. Also
assume

F .s; 0/ D 0 and G .s; 0/ D 0.

1. Show that for every a > 0 there exists a progressively measurable control

U 2 Lp ��IL1 �0; T IRd ��

which stabilizes the solution with the given exponential rate a in the following
sense: the corresponding solution X D XU 2 Spd satisfies for all ı � 0:

.a/ E jXs jp
.1CıjXs j2/p=2

� e�as
E

j�jp
.1Cıj�j2/p=2

and

.b/ E

1Z

0

jXs jp
.1CıjXs j2/p=2

ds � 1

a
E

j�jp
.1Cıj�j2/p=2

I
(3.131)

and moreover

E
Ft jXs jp
.1CıjXs j2/p=2

� e�a.s�t/ jXt jp
.1CıjXt j2/p=2

; P-a.s.I (3.132)

whenever 0 � t � s and ı � 0.
2. Show that if 0 � � < a

e�t jXt j ! 0 in probability as t ! 1: (3.133)

3. Show that if moreover � D x 2 R
d and 0 � ı < a, then

jXt.!I x/jp � e�ıt jxjp; 8 t � �.!/; P-a.s.; (3.134)

where � < 1, P-a.s.
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Exercise 3.2. Consider the ordinary differential equation

x .t/ D m.t/C
Z t

0

f .s; x .s// ds; t 2 Œ0; T � ; (3.135)

in a Hilbert space H. Assume m 2 C .Œ0; T � IH/ and f W Œ0; T � � H ! H is a
measurable function such that for all x; y 2 H :

�
Hf

�
8̂
<̂
ˆ̂:

.i/ f .t; �/ W H ! H is continuous, a.e. t � 0;

.ii/ hx � y; f .t; x/ � f .t; y/i � 	 .t/ jx � yj2; a.e. t � 0,

.iii/
Z T

0

ˇ̌
f #
R .t/

ˇ̌2
dt < 1; 8R > 0; 8T > 0;

(3.136)

where 	 2 L2loc .0;1/, and

f #
R .t/

defD sup fjf .t; x/j W jxj � Rg :

Consider the approximating equation

x" .t/ D m.t/C
Z t

0

f".s; x" .s//; t 2 Œ0; T � ; (3.137)

where f".t; x/ D f .t; �".t; x// and �" is the unique solution of the equation

�" C " Œ	 .t/ �" � f .t; �"/� D x:

Show that the differential equation (3.135) has a unique solution x 2 C.Œ0; T � IH/
and

sup
t2Œ0;T �

jx" .t/ � x .t/j � C":

Exercise 3.3. Let F" be the Yosida approximation of F defined in (6.4) Annex B:

F".t; x/ D F.t; �".t; x// where �" C " .	t�" � F.t; �"// D x:

Let p � 2, the assumptions of Theorem 3.21 be satisfied and

Z T

0

j	 .t/j jF .t; 0/j dt < 1; 8T > 0:

Let X 2 Spd the solution of the SDE (3.59) and X", 0 < " � 1, be a solution of the
approximating equation
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X"
t D � C

Z t

0

F"
�
s; X"

s

�
ds C

Z t

0

G
�
s; X"

s

�
dBs; t � 0. (3.138)

Show that for every T > 0

X" �! X in Spd Œ0; T � ; as " ! 0:

Exercise 3.4. Let the assumptions .l l/, .l l l/ from Sect. 3.4 be satisfied and .t; x/ 2
RC � R

d be fixed. Define recursively the sequence

Xn
s D x; for s � t; and

Xn
s D x C

Z s

t

f
	
r; Xn

r�1=n



dr C
Z s

t

g
	
r; Xn

r�1=n



dBr ; for s > t:

Show that Xn
s is FB

t;s

defD � fBr � Bt W t � r � sg-measurable and

Xn ! Xt;x in S
p

d Œ0; T � as n ! 1;

where Xt;x is the solution of

Xt;x
s D x C

Z s_t

t

f
�
r; Xt;x

r

�
dr C

Z s_t

t

g
�
r; Xt;x

r

�
dBr

(as a consequence Xt;x
s is an FB

t;s-measurable random variable).

Remark. This exercise provides an alternative proof of the existence of a solution
to an SDE.

Exercise 3.5. Let b W R ! R be uniformly Lipschitz continuous. Let x be a real
number and fBt ; t � 0g be a one-dimensional Brownian motion. fXt ; t � 0g
stands for the unique solution of the SDE

Xt D x C
Z t

0

b.Xs/ds C Bt :

1. Suppose that

b.y/ � 0; whenever y > 0I and b.y/ � 0; whenever y < 0:

Show that if x > 0 (resp. x < 0), then Xt � x C Bt (resp. Xt � x C Bt ), for
t 2 Œ0; �0�, where �0 WD infft; Xt D 0g.

From now on, we assume that x > 1 and that there exists a c > 0 such that
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b.y/ D
8<
:

�cy; if jyj � 1I
� c
y
; if jyj � 1.

We first assume that c 6D 1=2.
2. Define

Yt D t C X2
t

2c � 1 ;

and for b > x,

�.1;b/ D infft; Xt 62 .1; b/g:

Show that fYt^�.1;b/ ; t � 0g is a martingale, and that

x2

2c � 1 D
EŒX2

t^�.1;b/ �
2c � 1 � EŒt ^ �.1;b/�:

3. Deduce that

EŒ�.1;b/� D
x2 � EŒX2

�.1;b/
�

2c � 1 :

4. Show that fX2cC1
t^�.1;b/ ; t � 0g is a martingale. Conclude that

EŒX2cC1
�.1;b/

� D EŒX2cC1
t^�.1;b/ � D x2cC1:

5. Deduce from the above the value of EŒ�.1;b/�.
6. Let now �1 D infft; Xt D 1g. Show that EŒ�1� < 1, if c > 1=2, while EŒ�1� D

1, if c < 1=2.
From now on, we assume that c D 1=2.

7. Show that fX2
t^�.1;b/ ; t � 0g is a martingale.

8. Let Zt D t � '.Xt /, with

'.y/ D 2
y2 � 1
b2 � 1

Z y

1

b2 � z2

2z
d z C 2

b2 � y2
b2 � 1

Z b

y

z2 � 1
2z

d z:

Show that fZt^�.1;b/ ; t � 0g is a martingale.
9. Compute EŒ�.1;b/� and EŒ�1�.

Exercise 3.6. Let f and g be locally Lipschitz mappings from R into R. We
consider the one-dimensional SDE

dXt D f .Xt /dt C g.Xt /dBt ; t � 0:
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1. Show that this SDE has unique solution, fXt I 0 � t � �g, where � is a stopping
time such that jXt j ! 1, as t ! � .

2. We assume now that xf .x/ � K.1 C jxj2/ and jg.x/j � K.1 C jxj/. Deduce
that � D C1 P-a.s.

3. Suppose that f .0/ � 0, f .1/ � 0, g.0/ D g.1/ D 0, and 0 � X0 � 1, P-a.s.
Show that 0 � Xt � 1, P-a.s. for all t � 0 and � D C1, P-a.s.

Exercise 3.7. We consider the R-valued SDE

dXt D .FtXt C ft /dt C hGtXt C gt ; dBt i ; X0 D x;

where B is a k-dimensional Brownian motion. The coefficients Ft , ft , Gt and gt
are assumed to be adapted and bounded processes, with values resp. in R, R, Rk and
R
k . Define

ˆt D exp
Z t

0

�
Fsds C hGs; dBsi � 1

2
jGsj2ds

�
:

1. Show that the solution of the above SDE is given by the formula

Xt D ˆt

�
x C

Z t

0

ˆ�1
s .fs � hGs; gsi/ds C

Z t

0

ˆ�1
s hgs; dBsi

�
:

2. Generalize this result to the case whereXt takes its values in R
d , and the equation

is of the form

dXt D .FtXt C ft /dt C
kX
iD1
.Gi

t Xt C git /dBit ; X0 D x;

where Ft , ft , Gi
t , g

i
t take values resp. in R

d�d , Rd , Rd�d and R
d .

Exercise 3.8. Let fBt ; t � 0g be a standard Brownian motion, f and g Lipschitz
mappings from R into R, which satisfy jg.x/j � K, and suppose there existR;L >
0 such that

(
jf .x/j � L; if jxj � RI
jf .x/j � Ljxj; if jxj > R:

Let fXt ; t � 0g denote the solution of the one-dimensional SDE

Xt D x C
Z t

0

f .Xs/ds C
Z t

0

g.Xs/dBs; t � 0;

where x 2 R is arbitrary.



3.10 Exercises 225

1. Show that if t � T ,

EŒX
2p
t � � M2p C 2pLE

Z t

0

jXsj2pds C p.2p � 1/K2
E

Z t

0

X2p�2
s ds;

where M D sup.jx0j;TL/CR.
2. Show that the solution of the linear SDE

Yt D M C L

Z t

0

Ysds C KBt

satisfies the same relation, but with equality.
3. Show that if x, y, u, v are four non-negative integrable functions defined on Œ0; T �

and satisfying (C is a positive constant)

x.t/ �u.t/C C

Z t

0

x.s/ds

y.t/ Dv.t/C C

Z t

0

y.s/ds

u.t/ �v.t/;

then x.t/ � y.t/, whenever 0 � t � T .
4. Deduce by recurrence on the integer p that EŒX2p

t � � EŒY
2p
t �, whenever 0 � t �

T , and that there exists an ˛ > 0 such that EŒexp.˛X2
t /� < 1, 0 � t � T .

5. Show that for all T > 0, c 2 R,

E

"
sup
0�t�T

exp.cXt /

#
< 1:

6. Consider the SDE

Xt D 1C
Z t

0

XsdBs;

and show that for all c > 0, t > 0,

E Œexp.cXt /� D 1:

Exercise 3.9. Let .�;F ;P;Ft ; Bt /t�0 be a k-dimensional Brownian motion: Ft D
� fBs W 0 � s � tg and F D �

˚S
t�0 Ft

�
. Let x 2 R

k . Show that:
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1. For all C; t > 0

.i/ E exp
	
C jx C Bt jb



< 1; if 0 � b < 2;

.ii/ E exp

�
C

Z t

0

jx C Bsja ds

�
< 1; if � 1 < a < 2;

.iii/ E
˚
exp


C log2 .jx C Bt j/

�� D 1;

.iv/ E

�
exp

�
C

Z t

0

log2.jx C Bsj/ds

��
< 1:

2. If g W R
k ! R

k is a bounded Borel measurable function and �1 < a < 2,
then

.j /

Mt D exp
	Z t

0

jx C Bsja=2 hg .x C Bs/ ; dBsi

�1
2

Z t

0

jg .x C Bs/j2 jx C Bsja ds


; t � 0; and

Nt D exp
	Z t

0

log jx C Bsj hg .x C Bs/ ; dBsi

�1
2

Z t

0

jg .x C Bs/j2 log2.jx C Bsj/ds


; t � 0;

are martingales.
.jj/

OBt D Bt �
Z t

0

jx C Bsja=2 g .x C Bs/ ds

(resp. QBt D Bt �
Z t

0

g .x C Bs/ log jx C Bsj ds)

is a k-dimensional Ft -Brownian motion under a new probability measure
OP (resp. QP) defined on .�;F/ :

.jjj/ 	
�;F ; QP;Ft ; QBt ;Xt D x C Bt



t�0 is the weak solution of the SDE

8<
:

dXt D g .Xt / log
1

jXt jdt C dBt ;

X0 D x;

and if �1 < a < 2 then
	
�;F ; OP;Ft ; OBt ;Xt D x C Bt



t�0 is the weak

solution of the SDE
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�
dXt D jXt ja g .Xt / dt C dBt ;
X0 D x:

Exercise 3.10. Let f W R !.�1; 0� and g W R ! R be locally Lipschitz
continuous functions such that f .0/ < 0 and jg .x/j � a C b jxj for all x 2
R, where a; b are some positive constants. Using Theorem 3.27 show that the
following SDE

�
dXt D f .Xt /

pjXt jsign .Xt / dt C g .Xt / dBt ; t > 0;

X0 D 1;

has a unique solution X 2 S
p
1 , for all p � 0. If, moreover, jf .x/j C jg .x/j �

a C b jxj for all x 2 R, can we apply Proposition 3.28 to obtain the same results?

(Here sign .r/
defD r

jr j for r ¤ 0 and sign .0/
defD 0.)



Chapter 4
SDEs with Multivalued Drift

4.1 Introduction

In the previous chapter we studied the stochastic differential equation

dXt D F.t; Xt /dt CG.t; Xt /dBt ;

X0 D �

as a mathematical model of the evolution of a state Xt 2 R
d of a dynamic system

with a drift F.t; Xt / and a diffusion coefficient G.t; Xt /.
If G is non-degenerate (i.e. GG� � ˛ I; ˛ > 0), Xt can take any values in

R
d .Xt can be found in any open domain D � R

d with a positive probability), as a
consequence of Stroock–Varadhan’s support theorem [69]. This may be inadequate
in certain applications where the state Xt should be maintained in a (possibly
convex) domain O � R

d . Practically this is realized with a supplementary drift
�@IO.Xt / in the equation. In this case instead of the above model, we shall consider
the model:

�
dXt C @IO.Xt / .dt/ 3 F.t; Xt //dt CG.t; Xt /dBt ;
X0 D � 2 O:

or more general models:

• stochastic equation with subdifferential drift

�
dXt C @'.Xt /.dt/ 3 F.t; Xt //dt CG.t; Xt /dBt ;
X0 D �;

(4.1)

and

E. Pardoux and A. Răşcanu, Stochastic Differential Equations, Backward SDEs,
Partial Differential Equations, Stochastic Modelling and Applied Probability 69,
DOI 10.1007/978-3-319-05714-9__4,
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• stochastic equation with maximal monotone operator in the drift

�
dXt C A.Xt/.dt/ 3 F.t; Xt //dt CG.t; Xt /dBt ;
X0 D �;

(4.2)

• reflected SDE in a non-convex domain
8̂
ˆ̂̂
<
ˆ̂̂̂
:

Xt CKt D � C
Z t

0

F .s; Xs//ds C
Z t

0

G.s; Xs/dBs;

.X;K/ 2 C �RCI O� � BVloc
�
RCIRd � ; a:s:;

Kt D
Z t

0

n .Xs/ d lKls D
Z t

0

n .Xs/ 1Xs2Bd.O/d lKls ; a:s:;

where n .Xs/ is a unit outward normal to O at Xs .

Here @' is the subdifferential of a convex lower semicontinuous function ' W
R
d ! ��1;C1� and A � R

d � R
d is a maximal monotone operator. In the case

'.x/ D IO.x/ D
�
0; if x 2 O;
C1; if x 2 R

dnO;

the subdifferential @' is given by

@IO.x/ D f Ox 2 R
d W h Ox; z � xi C IO.x/ � IO.z/; 8z 2 R

d g

D
8<
:
0; if x 2 O;
f Ox 2 R

d W h Ox; z � xi � 0; 8z 2 Og; if x 2 @ �O� ;
;; if x 2 R

dnO;

D
8<
:
0; if x 2 O;
NO .x/ ; if x 2 @ �O� ;
;; if x 2 R

dnO;

where Bd
�O� is the boundary of O and NO .x/ is the outward normal cone to O at

x 2 Bd
�O�.

If a; b 2 R, a < b, and

'.x/ D IŒa;b�.x/ D
�
0; if x 2 Œa; b�;
C1; if x 2 RnŒa; b�;

then

@IŒa;b�.x/ D

8̂
<̂
ˆ̂:

0; if x 2�a; bŒ;
� � 1; 0�; if x D a;

Œ0;C1Œ; if x D b;

;; if x 2 RnŒa; b�:
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We see that this supplementary drift �@IO.Xt / is an “inward push” that prevents
the process Xt from exiting the domain O and this is done in a minimal way (i.e.
this drift acts only when Xt is on the boundary of O).

These models can be viewed as generalizations of Skorohod’s problem in convex
domains. Indeed:

� Given

i/ m 2 C .Œ0;1Œ IR/ ; m .0/ D 0;

ii/ x0 � 0;

the classical version of Skorohod’s problem is to find two functions x; k W RC ! R

such that

j / x 2 C .Œ0;1Œ IR/ ; x .0/ D x0; x .t/ � 0; for all t � 0;

jj/ k 2 C .Œ0;1Œ IR/ is a decreasing function, k .0/ D 0;

jjj/ x .t/C k .t/ D x0 Cm.t/ ; for all t � 0;

jv/
Z T

0

1fsW x.s/>0g .t/ dk .t/ D 0; for all T > 0:

(4.3)

In other words, one wants to apply an “upward push” to the path x0 C m.t/ that
keeps the resulting process x .t/ nonnegative, and to do this in a minimal way (i.e.
the push acts only when x .t/ D 0). It is easy to verify that the solution of this
problem is given by

�
k .t/ D � sup f.x0 Cm.r//� W 0 � r � tg ;
x .t/ D x0 Cm.t/ � k .t/ :

In fact the problem (4.3) is equivalent to

8̂
<̂
ˆ̂:

x .t/C k .t/ D x0 Cm.t/ ; for all t � 0;

x .t/ � 0; for all t 2 Œ0; T � ,Z t

s

.y � x.r// dk .r/ � 0; for all y � 0; for all 0 < s < t;

and from Annex B this means dk .t/ 2 @IŒ0;1Œ.x.t// .dt/, where IŒ0;1Œ W R !
� � 1;C1� is the convex indicator function of Œ0;1Œ, that is

IŒ0;1Œ.x/ D
�
0; if x � 0;

C1; if x < 0;

and @IŒ0;1Œ is the subdifferential mapping:

@IŒ0;1Œ.x/ D
8<
:
0; if x > 0;
��1; 0� ; if x D 0;

;; if x < 0:
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Hence the problem (4.3) is equivalent to the multivalued equation

�
dx .t/C @IŒ0;1Œ.x.t// .dt/ 3 dm .t/ ;
x .0/ D x0:

� Given

i/ O an open convex subset of Rd ;
ii/ m 2 C �Œ0;1Œ IRd � ; m .0/ D 0;

iii/ x0 2 O;

Skorohod’s problem is to find two functions x; k W RC ! R
d such that:

j / x 2 C �Œ0;1Œ IRd � ; x .0/ D x0; x .t/ 2 O; for all t � 0,
jj/ k 2 C �Œ0;1Œ IRd � \ BVloc

�
Œ0;1Œ IRd � ; k .0/ D 0,

jjj/ x .t/C k .t/ D x0 Cm.t/ ; for all t � 0;

jv/
Z t

s

1frW x.r/2Og .r/ dk .r/ D 0 and k .t/ D
Z t

0

nrd jkjr ;
for all 0 � s � t;

(4.4)

where nr is a unit outward normal to O at x .r/ and lklr stands for the total
variation of k on Œ0; r�. Note that the problem (4.4) is equivalent to

8̂
<̂
ˆ̂:

x .t/C k .t/ D x0 Cm.t/ ; for all t � 0

x .t/ 2 O; for all t � 0,Z t

s

hy � x.r/; dk .r/i � 0; 8y 2 O; 8 0 � s � t;

and by Proposition 6.35 from Annex B this means dk .t/ 2 @IO.x.t// .dt/, where
IO W R !� � 1;C1� is the convex indicator function of O.

Hence we can write the problem (4.4) as the multivalued equation

�
dx .t/C @IO.x.t// .dt/ 3 dm .t/ ;
x .0/ D x0;

with the solution defined in the sense of Skorohod’s problem.
Since by Proposition 6.36 from Annex B

8<
:
x .t/ 2 O; for all t � 0 andZ t

s

hy � x.r/; dk .r/i � 0; for all y 2 O; for all 0 � s � t;
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is equivalent to

Z T

0

hv .t/ � x.t/; dk .t/i C
Z T

0

IO .x .t// dt �
Z T

0

IO .v .t// dt;

for all v 2 C �Œ0;1Œ IRd � ; for all T > 0;

it is natural to consider the multivalued differential equation

�
dx .t/C @'.x.t// .dt/ 3 dm .t/ ;
x .0/ D x0 2 Dom .'/ ;

(4.5)

where ' W Rd ! ��1;C1� is a proper convex lower-semicontinuous function and
@' is the subdifferential of ' defining the solution as a pair .x; k/ such that

j / x 2 C �Œ0;1Œ IRd � ; x .0/ D x0;

jj/ k 2 C �Œ0;1Œ IRd � \ BVloc
�
Œ0;1Œ IRd � ; k .0/ D 0,

jjj/ x .t/C k .t/ D x0 Cm.t/ ; for all t � 0;

jv/
Z T

0

hv .t/ � x.t/; dk .t/i C
Z T

0

' .x .t// dt �
Z T

0

' .v .t// dt;

for all v 2 C �Œ0;1Œ IRd � :

Now once again by Proposition 6.36 from Annex B, note that the last condi-
tion jv/ is equivalent to:

Z t

s

hx.r/ � z; dk .r/ � Ozdri � 0; for all .z; Oz/ 2 @'; for all 0 � s � t:

Then by the same generalization it is also natural to consider the multivalued
differential equation

�
dx .t/C A.x.t// .dt/ 3 dm .t/ ;
x .0/ D x0 2 Dom .A/ ;

where A � R
d � R

d is a maximal monotone operator and the solution is a pair
.x; k/ such that

j / x 2 C �Œ0;1Œ IRd � ; x .0/ D x0,
jj/ k 2 C �Œ0;1Œ IRd � \ BVloc

�
Œ0;1Œ IRd � ; k .0/ D 0, 8T > 0,

jjj/ x .t/C k .t/ D x0 Cm.t/ ; 8 t � 0;

jv/
Z t

s

hx.r/ � z; dk .r/ � Ozdri � 0; 8 .z; Oz/ 2 A; 8 0 � s � t:

These generalizations of Skorohod’s problem permit us to give precise natural
concepts of solutions of the stochastic equations (4.1) and (4.2).
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We begin with the following natural definition:
The stochastic process fXt ; t > 0g is a (strong) solution of the SDE (4.1) if X

and K are R
d -valued continuous progressively measurable processes with K0 D 0

a.s. and P-a.s.:

8̂
ˆ̂̂̂
<̂
ˆ̂̂
ˆ̂̂:

i/ K� 2 BVloc
�
Œ0;1Œ IRd � ;

ii/ Xt C Kt D � C
Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs; 8 t � 0;

iii/
Z t

s

hYr �Xr; dKri C
Z t

s

'.Xr/dr �
Z t

s

' .Yr/ dr; a:s:;

for all Y a P-p.m.c.s.p.; for all 0 � s � t:

(4.6)

The condition (4.6-iii) can be written symbolically as

dKt 2 @'.Xt / .dt/ ; .!; t/-a:e:

Remark 4.1. The conditions (4.6-ii/ and iii/) may be combined into a variational
formulation, 8 Y a P-m.c.s.p., 8 0 � s � t ,

Z t

s

˝
Yr �Xr; F.r; Xr/dr C d

�R r
0
G.u; Xu/dBu �Xr

�˛C
Z t

s

' .Xr/ dr

�
Z t

s

' .Yr/ dr:

This is why Eq. (4.1) will also be called a “stochastic variational inequality”.

By Itô’s formula for jYt �Xt j2, with Y 2 Wad, where

Wad
defD
�
Y 2 S2d W Yt D Y0 C

Z t

0

OYsds C
Z t

0

QYsdBs; OY 2 ƒ2
d ;

QY 2 ƒ2
d�k

�
;

we arrive at the following variational-weak formulation of the solution: the stochas-
tic process Xt is a variational-weak solution for (4.1) if 8T � 0:

i/ X 2 ƒ2
d ; E

R T
0

j' .Xt /j dt < 1;

ii/ E

Z T

0

h OYr � F.r;Xr/; Yr �Xridr C 1

2
E

Z T

0

j QYr �G.r;Xr/j2dr

C1

2
EjY0 � �j2 C E

Z T

0

'.Yr//dr � E

Z T

0

'.Xr/dr; 8Y 2 Wad :

Concerning the SDE (4.2) with a maximal monotone operator in the drift, the solu-
tion is now naturally defined as an R

d -valued continuous progressively measurable
process fXt ; t > 0g for which there exists an R

d -valued continuous progressively
measurable process K such that P-a.s.:
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8̂
ˆ̂̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂̂
:̂

.i/ K� 2 BVloc
�
RCIRd � ; K0 D 0;

.ii/ Xt C Kt D � C
Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs;

8 t � 0;

.iii/
Z t

s

hXr � u; dKr � vdri � 0; 8 .u; v/ 2 A;
8 0 � s � t:

(4.7)

4.2 SDEs with a Maximal Monotone Operator in the Drift

4.2.1 Assumptions: Definitions

In the following two sections we shall study stochastic differential equations with a
multivalued maximal monotone operator drift.

Let fBt ; t � 0g be a k-dimensional Brownian motion with respect to a given
complete stochastic basis .�;F ; P; fFt gt�0/. Let

A W Rd � R
d ; Dom .A/ D ˚

x 2 R
d W A .x/ ¤ ;�

be a (multivalued) operator and

F W � � Œ0;C1Œ � R
d ! R

d ; G W � � Œ0;C1Œ � R
d ! R

d�k:

Consider the stochastic differential equation
�

dXt C A.Xt/.dt/ 3 F.t; Xt /dt CG.t; Xt /dBt ; t � 0;

X0 D �;
(4.8)

where we shall assume1

.MM-HA/ W (4.9)
�
i/ A W Rd � R

d is a maximal monotone operator;
ii/ int .Dom .A// ¤ ;:

�
From this assumption, (MM-HA) it follows that for every u0 2 int .Dom .A// there
exists an r0 > 0 such that NB .u0; r0/ � Dom .A/ and

A#
u0;r0

defD sup fjOuj W Ou 2 A .u0 C u/ ; juj � r0g < 1:

1Note that in infinite dimension assumption i i/ is typically not satisfied, see e.g. [5, 8, 9] and [63].
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In what follows we fix u0 2 int .Dom .A// and r0 2�0; 1� with these properties.

Definition 4.2. A pair .X;K/ of Rd -valued stochastic processes is a solution of the
SDE (4.8) if the following conditions are satisfied:

.d1/ W X;K 2 S0d ; K0 D 0,

.d2/ W Xt 2 Dom.A/; 8 t > 0; P-a:s:,

.d3/ W K 2 BVloc
�
RCIRd � ; P-a.s.,

.d4/ W F.�; X�/ 2 L1loc

�
RCIRd � a:s:; G.�; X�/ 2 ƒ0

d ,

.d5/ W Xt CKt D � C
Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs; 8t � 0; P-a.s.;

.d6/ W
Z t

s

hXr � u; dKr � Oudri � 0; P-a:s:; 8 .u; Ou/ 2 A ; 8 0 � s � t .

Notation 4.3. The notation dKt 2 A .Xt/ .dt/ will be used to say that, P-a.s.

.a1/ X 2 C �RCI Dom.A/
�
;

.a2/ K 2 C �RCIRd �TBVloc
�
RCIRd � ; K0 D 0;

.a3/ hXt � u; dKt � Oudti � 0; 8 .u; Ou/ 2 A:
The SDE (4.8) will also be written in the form

8<
:
Xt CKt D � C

Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs; 8 t � 0;

dKt 2 A .Xt/ .dt/ :

We highlight that by Proposition 6.17 the condition .d6/ from Definition 4.2 is
equivalent to

Z t

s

hX.r/ � u.r/; dK.r/ � Ou.r/dri � 0; 8 u; Ou 2 C.Œ0; T �IRd /;
.u.r/; Ou.r// 2 A; 8 r 2 Œ0; T �; 8 0 � s � t � T:

Remark 4.4. If .X;K/ and . QX; QK/ satisfy .d6/ then from Proposition 6.17 from
Annex B

Z t

s

hXr � QXr; dKr � d QKri � 0; 8 0 � s � t; P-a.s. (4.10)

Also by Proposition 6.19 from Annex B we have:

Remark 4.5. If y 2 C
�
Œ0; T � IRd �, 0 < " � 1 and dKt 2 A .Xt/ .dt/, then for

NB .u0; r0/ � Dom .A/, 0 < r0 � 1, we have the following comparison between
signed measures on Œ0;1Œ

r0d lKlt � hXt � u0; dKt i C �
A#

u0;r0 jXt � u0j C A#
u0;r0

�
dt; P-a.s. (4.11)

and there exists a b0 > 0 such that, with A" the Yosida approximation of A, which
is defined just after Proposition 6.3 in Annex B,
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r0 jA"y .t/j dt � hy .t/ � u0; A"y .t/i dt C .A#
u0;r0 jy .t/ � u0j C b0/dt: (4.12)

Notation 4.6. We introduce the following notation. For u 2 R
d and R � 0

F #
u;R .t/

defD sup fjF.t; u C x/j W jxj � Rg ; F #
R .t/

defD F #
0;R .t/ :

The basic assumptions on F and G under which we shall study the multivalued
stochastic equation (4.8) are the same as in Chap. 3, Sect. 3.5. For convenience we
recall them.

(MM-HF ) W (4.13)

� The functions F .�; �; x/ W � � Œ0;C1Œ ! R
d and G .�; �; x/ W � � Œ0;C1Œ !

R
d�k are progressively measurable stochastic processes for every x 2 R

d .
� There exist 	 2 L1loc .0;1/ and ` 2 L2loc .0;1IRC/

such that dP ˝ dt-a:e::
8̂
ˆ̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
:̂

Continuity:
.CF / W x �! F .t; x/ W Rd ! R

d is continuous ,
Monotonicity condition:

.MF / W hx � y; F.t; x/ � F.t; y/i � 	 .t/ jx � yj2; 8 x; y 2 R
d ,

Boundedness condition:

.BF / W
Z T

0

F #
R .s/ ds < 1; P-a.s. for all R; T � 0:

�
and

(MM-HG) W (4.14)

8
ˆ̂̂̂
<
ˆ̂̂
:̂

Lipschitz condition:
.LG/ W jG.t; x/ �G.t; y/j � ` .t/ jx � yj; 8 x; y 2 R

d ,
Boundedness condition:

�
Bg
� W

Z T

0

jG.t; 0/j2dt < 1; P-a.s.

�
Clearly (MM-HF ) and (MM-HG) yield F.�; �; X�/ 2 L1loc

�
RCIRd � a:s:,

G.�; �; X�/ 2 ƒ0
d for all X 2 S0d .

The monotonicity property of F implies that

hF .t; x/ ; x � u0i � hF .t; u0/ ; x � u0i C 	 .t/ jx � u0j2 :
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Using (4.11) we deduce that for all .X;K/ such that dKt 2 A .Xt/ .dt/,

r0d lKlt � hXt � u0; dKt � F .t; Xt / dti
C
h
A#

u0;r0 C �
A#

u0;r0 C jF .t; u0/j
� jXt � u0j C 	 .t/ jXt � u0j2

i
dt;

(4.15)

and for all y 2 C �Œ0; T � IRd �, 0 < " � 1,

r0 jA"y .t/j � hy .t/ � u0; A"y .t/ � F .t; y .t//i
C
h
b0 C �

A#
u0;r0 C jF .t; u0/j

� jy .t/ � u0j C 	 .t/ jy .t/ � u0j2
i
:

(4.16)

In the remaining of this subsection, we discuss the particular case A D @' where
' W Rd !��1;C1� is a convex lower semicontinuous function then we can write
the assumption ((4.9)-MM-HA) in the form

(MM-H') W (4.17)

�
i/ ' W Rd !� � 1;C1� is a convex l.s.c. function,
ii/ int.Dom.'// ¤ ;;

�
since

int.Dom.'// D int .Dom .@'// :

Recall that Dom.'/
defD fx 2 R

d W '.x/ < C1g and the subdifferential of the
function ' at x is defined by:

@'.x/ D fy 2 R
d W hy; z � xi C '.x/ � '.z/; 8 z 2 R

d g:

By Proposition 6.36, Annex B, the condition .d6/ from Definition 4.2 is equivalent
to each of the following equivalent conditions

.d 0
6/

Z t

s

hz �Xr; dKri C
Z t

s

'.Xr/dr � .t � s/'.z/; P-a.s.;

8z 2 R
d ; 8 0 � s � t;

.d 00
6 /

Z t

s

hy.r/ �Xr; dKri C
Z t

s

'.Xr/dr �
Z t

s

'.y.r//dr; P-a.s.;

8y 2 C.Œ0; T �IRd /; 8 0 � s � t � T;

.d 000
6 /

Z t

s

hXr � u; dKr � Oudri � 0; P-a.s.;

8 .u; Ou/ 2 @'; 8 0 � s � t:

(4.18)
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Since Dom.@'/ D Dom.'/, we can replace � 2 L0.�;F0; P I Dom .A// by � 2
L0.�;F0; P I Dom.'// and using .d 0

6/ we can replace .d2/ by P-a.s.:

Xt 2 Dom.'/; a:e: t > 0 and '.X/ 2 L1loc .0;1/ :

Hence we make the following definition:

Definition 4.7. A pair .X;K/ of Rd -valued stochastic processes is a solution of

�
dXt C @'.Xt /.dt/ 3 F.t; Xt /dt CG.t; Xt /dBt ; t � 0;

X0 D �;
(4.19)

if the following conditions are satisfied, P-a.s.:

8̂
ˆ̂̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂̂
ˆ̂̂:

d1/ X;K 2 S0d K0 D 0;

d2/ Xt 2 Dom.'/; a:e: t > 0 and '.X/ 2 L1loc .0;1/ ,
d3/ lKlT < 1; 8T > 0,

d4/ Xt CKt D � C
Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs; 8t � 0;

d5/

Z t

s

hz �Xr; dKri C
Z t

s

'.Xr/dr � .t � s/'.z/;
8z 2 R

d ; 8 0 � s � t:

(4.20)

The stochastic differential equation (4.19) is also called a stochastic variational
inequality.

4.2.2 A Priori Estimates: Uniqueness

If .X;K/ is a solution of the Eq. (4.8) (or (4.19)) then

.Xt � u0/ D .� � u0/C Kt C
Z t

0

GrdBr ;

where

Kt D
Z t

0

F .r; Xr/ dr �Kt and Gr D G .r;Xr/ :

For all � > 1

jG .t; x/j2 � �

� � 1 jG .t; u0/j2 C �`2 .t/ jx � u0j2 :
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Combining this with (4.15) we deduce that for all p � 2 and � > 1:

dDr C hXr � u0; dKri C
	mp

2
C 9p�



jGr j2 dr

� dRr C jXr � u0jdNr C jXr � u0j2dVr ;

(4.21)

where mp D 1 _ .p � 1/ D p � 1,

Dt D r0 lKlt ;
Rt D

Z t

0

�
A#

u0;r0 C �

� � 1
�
p � 1
2

C 9p�

�
jG .r; u0/j2

�
dr;

Nt D
Z t

0


A#

u0;r0 C jF .r; u0/j
�

dr;

V .t/ D
Z t

0

�
	 .r/C �

�
p � 1
2

C 9p�

�
`2 .r/

�
dr:

(4.22)

By Proposition 3.3 we deduce the following:

Proposition 4.8. Let � 2 L0.�;F0; P I Dom .A//, the assumptions ((4.9)-MM-
HA), ((4.13)-MM-HF ), ((4.14)-MM-HG) be satisfied and .X;K/ be a solution of
the SDE (4.8). Let p � 2, � > 1 be arbitrary and V defined as in (4.22). Then there
exists a constant Cp;� such that for all 0 � t � s:

E
Ft
��e�V .X � u0/

��p
Œt;s�

C r0E
Ft

Z s

t

e�pV .r/ jXr � u0jp�2 d lKlr

Crp=20 E
Ft

�Z s

t

e�2V .r/d lKlr
�p=2

� Cp;�

�
e�pV .t/ jXt � u0jp C E

Ft

�Z s

t

e�2V .r/
h
A#

u0;r0 C jG .r; u0/j2
i

dr

�p=2

CE
Ft

�Z s

t

e�V .r/ A#
u0;r0 C jF .r; u0/j

�
dr

�p �
a:s:

(4.23)

for all u0 2 int .Dom .A// and r0 > 0 such that A#
u0;r0 < 1.

Since the monotonicity condition of F remains valid with 	 replaced by 	C, we
can replace in (4.23) V by

OV .t/ D
Z t

0

�
	C .r/C �

�
p � 1
2

C 9p�

�
`2 .r/

�
dr:

We then deduce from (4.23), choosing � D 2:

Corollary 4.9. For every p � 2 there exists a constant Cp (depending only on p)
such that
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E sup
t2Œ0;T �

jXt � u0jp C r
p=2
0 E lKlp=2T

�
�
E j� � u0jp C E

	Z T

0

�
A#

u0;r0 C jF .t; u0/j
�

dt

p

CE

	Z T

0

�
A#

u0;r0 C jG.t; u0/j2
�

dt

p=2�

� exp
n
Cp C Cp

R T
0

�
	C .t/C `2 .t/

�
dt
o
:

(4.24)

In particular if

E j�jp C E

�Z T

0

jF .t; u0/j dt

�p
C E

�Z T

0

jG.t; u0/j2dt

�p=2
< C1;

then X 2 Spd , K 2 Sp=2d and E lKlp=2T < 1.

Consider the particular case A D @'. Let .u0; Ou0/ 2 @', 0 < r0 � 1 and
NB .u0; r0/ � Dom .'/. Define

'#
u0;r0

defD sup f' .u0 C r0v/ W jvj � 1g

and observe that
ˇ̌
'#

u0;r0

ˇ̌
< 1. We have:

Corollary 4.10. Let the assumptions of Proposition 4.8 be satisfied and suppose
that A D @', where ' satisfies ((4.17)-MM-H'). Then

E

�Z T

0

j'.Xs/j ds

�p=2
�
�
1C E j� � u0jp C E

	Z T

0

jF .t; u0/j dt

p

CE

	Z T

0

jG.t; u0/j2dt

p=2� � exp

n
C C C

R T
0

�
	C .t/C `2 .t/

�
dt
o
;

(4.25)

where C D C .p; T; u0; r0; Ou0/ � 0.

Proof. By (6.40) from Annex B we have

r0d lKlt C j'.Xt / � ' .u0/j dt � hXt � u0; dKt i C 2 jOu0j jx.t/ � u0j dt

C �
'#

u0;r0 � ' .u0/
�

dt:

In this case the inequality (4.21) is satisfied with D;R;N; V as defined in (4.22),

where r0 lKlt is replaced by r0 lKlt C
Z t

0

j'.x.r// � ' .u0/j dr and A#
u0;r0 is

replaced by 2 jOu0j _ �
'#

u0;r0 � ' .u0/
�
. Hence the inequality (4.25) follows from

(4.24). �
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We now prove the uniqueness of the solution to SDE (4.8). The result can be
applied to Eq. (4.19) as a particular case. We again write

mp D 1 _ .p � 1/ :

Theorem 4.11 (Uniqueness). Let the assumptions ((4.9)-MM-HA), ((4.13)-MM-
HF ), ((4.14)-MM-HG) be satisfied and .X;K/ and . OX; OK/ be two solutions of the
SDE (4.8) corresponding to the initial conditions

�; O� 2 L0.�;F0; P I Dom .A//;

respectively. Let p � 1 and � > 1 be arbitrary.

(I) With

Vt D
Z t

0

�
	 .r/C 1

2
mp`

2 .r/

�
dr;

for all ı � 0, 0 � t � s; P-a.s.:

E
Ft

e�pVs jXs� OXsjp	
1Cıe�2Vs jXs� OXsj2
p=2

� e�pVt jXt� OXt jp	
1Cıe�2Vt jXt� OXt j2
p=2

: (4.26)

(II) Moreover with

Vt D
Z t

0

�
	 .r/C

�
1

2
mp C 9p�

�
`2 .r/

�
dr;

there exists a constant Cp;� depending only on .p; �/ such that for all ı � 0,
0 � t � s:

E
Ft

ke�V .X� OX/kpŒt;s�	
1Cıke�V .X� OX/k2Œt;s�


p=2 � Cp;�
je�Vt .Xt� OXt/jp	

1Cıje�Vt .Xt� OXt/j2
p=2
; a:s: (4.27)

The uniqueness of X in S0d follows from (4.27) by choosing t D 0, ı > 0I the
uniqueness of K also clearly follows.

Proof. We have

Xt � OXt D .� � O�/C
Z t

0

dKr C
Z t

0

GrdBr ;

where

Kt D �
	
Kt � OKt



C
Z t

0

h
F .r;Xr/ � F.r; OXr/

i
dr;

Gr D G .r;Xr/ �G.r; OXr/:
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In view of the assumptions (4.9-MM-HA), (MM-HF ) and (MM-HG), for all p � 1

and 
 � 0:

hXr � OXr; dKri C
�
1

2
mp C 9p


�
jGr j2 dr

�
ˇ̌
ˇXr � OXr

ˇ̌
ˇ
2
�
	rdr C

�
1

2
mp C 9p


�
.`r /

2 dr

�
:

Hence, by Proposition 3.3 (or by Corollary 6.77 from Annex C) the inequalities
(4.26) and (4.27) follow. �

Proposition 4.12. Let the assumptions ((4.9)-MM-HA), ((4.13)-MM-HF ), ((4.14)-
MM-HG) be satisfied. Let

�n 2 L0.�;F0;PI Dom .A//; n 2 N
�;

and .Xn;Kn/ be a solution of the Eq. (4.8) corresponding to an initial condition �n.
If

�n ! � in L0.�;F0;PIRd /; as n ! 1;

and there exists p > 0 such that for all T > 0

sup
n�1

E lKnlpT < 1;

then there exists a solution .X;K/ 2 S0d �S0d of the Eq. (4.8) and for every T > 0 W
E lKlpT < 1,

Xn ! X and Kn ! K in S0d Œ0; T � ; as n ! 1:

Proof. From (4.27) with s D T and t D 0 we obtain that there exists X 2 S0d Œ0; T �
such thatXn ! X in S0d Œ0; T �. Using the continuity and the boundedness properties
of F and G it is easy to prove that all terms on the right-hand side of

Xn
t CKn

t D �n C
Z t

0

F
�
s; Xn

s

�
ds C

Z t

0

G
�
s; Xn

s

�
dW .s/

converge (see e.g. Proposition 6.9 and (2.5)). Hence

Kn ! K in S0d Œ0; T � ;

where

Xt CKt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dW .s/ :
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By Proposition 1.20 we infer E lKlpT < 1. Since dKn
t 2 A

�
Xn
t

�
dt, we obtain,

by Corollary 1.22, dKt 2 A .Xt/ dt. The proof is complete. �

4.2.3 The Generalized Convex Skorohod Problem

The aim of this subsection is to generalize the Skorohod problem on convex sets to
a singular deterministic differential equation with a maximal monotone operator of
the form

.GSP / W
�
dx.t/C Ax.t/ .dt/ 3 f .t; x .t//dt C dm.t/;
x.0/ D x0; t 2 Œ0; T � : (4.28)

We recall the assumptions ((4.9)-MM-HA) and
�
SDE-Hf

�
for the convenience of

the reader:

(MM-HA) W (4.29)

�
i/ A W Rd � R

d is a maximal monotone operator;
ii/ intD .A/ ¤ ;;

�
and

(MM-Hf ) W (4.30)

� f .�; x/ W Œ0;C1Œ ! R
d is measurable for all x 2 R

d ,
� there exists a 	 2 L1loc .0;1/ such that a:e: t � 0:

8
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
ˆ̂̂<
ˆ̂̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
:

Continuity:�
Cf

� W u �! f .t; u/ W Rd ! R
d is continuous,

Monotonicity (right-side Lipschitz) condition:�
Mf

� W hx � y; f .t; x/ � f .t; y/i � 	 .t/ jx � yj2; 8 x; y 2 R
d ;

Boundedness and continuity conditions:

�
Bf
� W

for all R; T � 0W
a/

Z T

0

f #
R .s/ ds < 1 and

b/ lim
ı!0

�T .ıIf;R/ D 0,

�
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where

f #
u;R .t/

defD sup fjf .t; u C x/j W jxj � Rg and f #
R .t/

defD f #
0;R .t/ :

and

�T .ıIf;R/ defD sup

�Z T

0

jf .s C ı; y .s// � f .s; y .s//j ds W

y 2 C �Œ0; T � IRd � ; kykT � R

�
:

Concerning x0 and m we assume

(MM-H0;m) W (4.31)

�
.i/ x0 2 D .A/;

.ii/ m W Œ0;1Œ ! R
d is continuous and m.0/ D 0:

�
In the sequel we fix arbitrary u0 2 R

d and 0 < r0 � 1 such that

NB .u0; r0/ � Dom .A/ ;

and we note that

A#
u0;r0

defD sup fjOuj W Ou 2 A .u0 C v/ ; jvj � r0g < 1

and if u0 D 0 then A#
r0

defD A#
0;r0

.

Definition 4.13 (Generalized Convex Skorohod Problem). A pair of functions
.x; k/ is a solution of the generalized Skorohod problem .GSP / (we shall write
.x; k/ D GS .AI x0; f;m/ or x D GS .AI x0; f;m/) if the following conditions
hold:

i/ x; k W Œ0;1Œ ! R
d are continuous, x .0/ D x0; k .0/ D 0;

ii/ x .t/ 2 D .A/; 8 t � 0; k 2 BVloc
�
Œ0;1Œ IRd � ;

iii/ x .t/C k .t/ D x0 C
Z t

0

f .s; x .s// ds Cm.t/ ; 8 t � 0;

iv/
Z t

s

hx .r/ � z; dk .r/ � Ozdri � 0; 8 .z; Oz/ 2 A; 8 0 � s � t:

(4.32)

We remark that the classical Skorohod problem corresponds to the case f D 0

and

A D @IO.x/ D
8
<
:
0; if x 2 O;
NO .x/ ; if x 2 Bd

�O� ;
;; if x 2 R

dnO;
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where O is an open convex subset of Rd and NO .x/ is the outward normal cone
to O at x 2 Bd

�O�. As in the classical case, in the generalized convex Skorohod
problem the solution is constrained with the help of a bounded variation feedback
law k .�/ to stay in a convex set, here D .A/, but moreover we add a dynamic
evolution governed by the maximal operator A in D .A/.

As we noted in Remark 6.18, we write dk .t/ 2 A .x .t// dt when .x; k/ satisfies
the conditions (4.32-i; ii; iv). Then by Proposition 6.17 we have:

Remark 4.14. If dk .t/ 2 A .x .t// dt and d Qk .t/ 2 A . Qx .t// dt, then

Z t

s

D
x .r/ � Qx .r/ ; d k .r/ � d Qk .r/

E
� 0; 8 0 � s � t: (4.33)

Recall that u0 2 Dom .A/ and r0 2�0; 1� are fixed, such that NB .u0; r0/ �
Dom .A/ and

A#
u0;r0

defD sup fjOuj W Ou 2 A .u0 C u/ ; juj � r0g < 1:

Also recall the notation f #
u0;r0 .t/

defD sup fjf .t; u0 C x/j W jxj � r0g.
The monotonicity property of f implies that for all jvj � 1:

hf .t; u0 C r0v/ � f .t; x/ ; u0 C r0v � xi � 	 .t/ ju0 C r0v � xj2 ;

and, consequently, 8 jvj � 1:

r0 hf .t; x/ ;�vi C hf .t; x/ ; x � u0i
� 	 .t/ ju0 C r0v � xj2 C jf .t; u0 C r0v/j jx � r0v � u0j
� 	 .t/

h
jx � u0j2 � 2r0 hv; x � u0i C r20 jvj2

i
C f #

u0;r0 .t/ .jx � u0j C r0/ ;

� r0

f #

u0;r0 .t/Cr0	C .t/
�C 

f #
u0;r0 .t/C2r0 j	 .t/j� jx � u0j C	 .t/ jx � u0j2 :

Taking supjvj�1, then

r0 jf .t; x/j C hf .t; x/ ; x � u0i � r0

f #

u0;r0 .t/C r0	
C .t/

�

C 
f #

u0;r0 .t/C 2r0 j	 .t/j� jx � u0j C 	 .t/ jx � u0j2 :

Combining this inequality with those from Remark 4.5 we deduce:

Remark 4.15. Under the assumptions ((4.29)-MM-HA) and ((4.30)-MM-Hf ) if
.x; k/ satisfies (4.32-iv), then as signed measures on Œ0;1Œ
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r0d lklt C r0 jf .t; x .t//j dt � hx .t/ � u0; dk .t/ � f .t; x .t// dti
C
h

 .t/C ˛ .t/ jx .t/ � u0j C 	 .t/ jx .t/ � u0j2

i
dt

(4.34)

and for all y 2 C .Œ0; T � (again A" is the Yosida approximation of A); R
d
�
, 0 <

" � 1:

r0 jA"y .t/j dt C r0 jf .t; y .t//j dt � hy .t/ � u0; A"y .t/ � f .t; y .t//i dt

C
h

O
 .t/C ˛ .t/ jy .t/ � u0j C 	 .t/ jy .t/ � u0j2
i

dt;

where

˛ .t/ D A#
u0;r0 C f #

u0;r0 .t/C 2 j	 .t/j ;

 .t/ D A#

u0;r0 C f #
u0;r0 .t/C 	C .t/ ;

O
 .t/ D b0 C f #
u0;r0 .t/C 	C .t/ ;

˛; 
; O
 2 L1loc .0;1/ ;

and b0 D A#
u0;r0 if 0 2 Au0.

Recall from Annex B that if y W Œ0;1Œ ! R
d is a continuous function we define

my;T .ı/ D my .ıI Œ0; T �/ D sup fjy .t/ � y .s/j W jt � sj � ı; t; s 2 Œ0; T �g ;
�y .ı/ D ı C myIT .ı/ :

If M is a bounded and equicontinuous subset (relatively compact subset) of
C
�
Œ0; T � IRd �, we define

kMkT D sup fkykT W y 2 Mg ;
mM;T .ı/ D sup

˚
my;T .ı/ W y 2 M�

;

�M .ı/ D ı C mM;T .ı/ :

Let ı0 D ı0;M > 0 be defined by

ı0 C mM;T .ı0/ D r0

4
:

Proposition 4.16 (Uniqueness). Let the assumptions ((4.29)-MM-HA) and
((4.30)-MM-Hf ) and ((4.31)-MM-H0;m) be satisfied. Let T > 0 and M be a
bounded and equicontinuous subset of C

�
Œ0; T � IRd �. Then there exists a positive

constant

C0;M D C0

	
T; u0; r0; A

#
u0;r0 ; k	kL1.0;T / ;

��f #
u0;r0

��
L1.0;T /

; ı0;M; kMkT
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such that:

I. If m 2 M and .x; k/ D GS .AI x0; f;m/ then

kxk2T C lklT C
Z T

0

jf .r; x .r//j dr � C0;M
	
1C jx0j2



: (4.35)

II. If m; Om 2 M, .x; k/ D GS .AI x0; f;m/ and . Ox; Ok/ D GS.AI Ox0; f; Om/ then

kx � OxkT � C0;M .1C jx0j C j Ox0j/
	
jx0 � Ox0j C km � Omk1=2T



: (4.36)

In particular if x0 D Ox0 and m D Om then .x; k/ D . Ox; Ok/.
III. If for every .x0;m/ 2 D .A/ � C

�
Œ0; T � IRd � the Eq. (4.28) has a solution

.x; k/ D GS .AI x0; f;m/, then the mapping

.x0;m/ 7�! x D GS .AI x0; f;m/ W D .A/ � C
	
Œ0; T � IRd



! C

	
Œ0; T � ID .A/




is continuous.

Proof. I. By (6.19) in Lemma 6.20 with k .t/ replaced by k .t/�R t
0
f .r; x .r// dr,

we have

jx .t/ �m.t/ � u0j2 C 2

Z t

0

hx .r/ � u0; dk .r/ � f .r; x .r// dri

D jx0 � u0j2 C 2

Z t

0

hm.r/ ; dk .r/ � f .r; x .r// dri

and using (4.34) we obtain

jx .t/ �m.t/ � u0j2 C r0 lklt C r0

Z t

0

jf .r; x .r//j dr

� jx0 � u0j2 C 2

Z t

0

hm.r/ ; dk .r/ � f .r; x .r// dri

C
Z t

0

h

 .r/C ˛ .r/ jx .r/ � u0j C 	 .r/ jx .r/ � u0j2

i
dr:

Let n0 2 N
� be fixed such that

T

n0
� ı0.

Let 0 D t0 < t1 < : : : < tn0 D T; tiC1 � ti D T

n0
; i D 0; n0 � 1. Recall that

ı0 C mM;T .ı0/ D r0

4
:
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Then

Z t

0

hm.r/ ; dk .r/ � f .r; x .r// dri

D
k�1X
iD0

Z t^tiC1

t^ti
hm.r/ �m.t ^ ti / ; dk .r/ � f .r; x .r// dri

C
k�1X
iD0

hm.t ^ ti / ; k .t ^ tiC1/ � k .t ^ ti / �
Z t^tiC1

t^ti
f .r; x .r// dri

� mM;T .ı0/

�
lklt C

Z t

0

jf .r; x .r//j dr

�

C
k�1X
iD0

hm.t ^ ti / ; m .t ^ tiC1/ � x .t ^ tiC1/C u0 �m.t ^ ti /

C x .t ^ ti / � u0i

� r0

4
lklt C r0

4

Z t

0

jf .r; x .r//j dr C 2n0 kmkt kx � u0 �mkt :

Hence

jx .t/ �m.t/ � u0j2 C r0

2
lklt C r0

2

Z t

0

jf .r; x .r//j dr

� jx0 � u0j2 C 4n0 kmkt kx � u0 �mkt

C
Z t

0

h

 .r/C a .r/ jx .r/ � u0j C 	C .r/ jx .r/ � u0j2

i
dr:

Since

} 1

2
jx .t/ � u0j2 � kmk2t � jx .t/ �m.t/ � u0j2,

} 4n0 kmkt kx � u0 �mkt � 1

8
kx � u0k2t C �

4n0 C 32n20
� kmk2t , and

}
Z t

0

˛ .r/ jx .r/ � u0j dr � 1

8
kx � u0k2t C 2

�Z T

0

˛ .r/ dr

�2
,

we deduce that

1

4
kx � u0k2t � jx0 � u0j2 C C .n0/ kMk2T C C .˛; 
/

C 2

Z t

0

	C .r/ kx � u0k2r dr
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and

r0

2
lklt C r0

2

Z t

0

jf .r; x .r//j dr � 1

4
kx � u0k2t C jx0 � u0j2 C C .n0/ kMk2T

C C .˛; 
/C 2

Z t

0

	C .r/ kx � u0k2r dr:

Combining Gronwall’s inequality with the first estimate, the resulting inequality
with the second estimate clearly yields (4.35).

II. From ordinary differential calculus (see Lemma 6.20) we have

jx .t/ �m.t/ � Ox .t/C Om.t/ j2 C 2

Z t

0

hx .r/ � Ox .r/ ; dk .r/ � d Ok .r/i

D jx0 � Ox0j2 C 2

Z t

0

hx .r/ � Ox .r/ ; f .r; x .r// � f .r; Ox .r//idr

C 2

Z t

0

hm.r/� Om.r/ ; dk .r/�f .r; x .r// dr�d Ok .r/Cf .r; Ox .r// dri

� jx0 � Ox0j2 C 2

Z t

0

	C .r/ jx .r/ � Ox .r/ j2dr

C 2km� OmkT
�
lkl C l OklT C

Z T

0

Œjf .r; x .r//j C jf .r; Ox .r//j� dr

�

� jx0 � Ox0j2 C 2

Z t

0

	C .r/ jx .r/ � Ox .r/ j2dr

C 4C0;Mkm � OmkT
	
1C jx0j2 C j Ox0j2



:

On the other hand

jx .t/ �m.t/ � Ox .t/C Om.t/ j2 � 1

2
jx .t/ � Ox .t/j2 � km � Omk2T

� 1

2
jx .t/ � Ox .t/j2 � 2 kMkT km � OmkT :

Combining these last two inequalities with (4.33) and Gronwall’s inequality, we
deduce

jx .t/ � Ox .t/ j2

�
h
2 jx0 � Ox0j2 C 4 kMkT km � OmkT

C 4C0;Mkm � OmkT
	
1C jx0j2 C j Ox0j2


 i
exp

�
4

Z T

0

	C .r/ dr

�
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from which (4.36) follows.
II. To prove the continuity of the mapping

.x0;m/ 7�! x D GS .AI x0; f;m/

from D .A/ � C
�
Œ0; T � IRd � to C

	
Œ0; T � ID .A/



, let x0;n 2 D .A/, mn 2

C
�
Œ0; T � IRd � and .xn; kn/ D GS .AI x0;n; f;mn/, n 2 N

�, be such that

x0;n ! x0 in R
d and mn ! m in C

�
Œ0; T � IRd � :

Note that M D fm;m1;m2; : : :g is a relatively compact subset of C.Œ0; T � IRd /.
Then by (4.35) we have

kxnk2T C lknlT � R2 D C0;M
	
1C jx0j2




and by (4.36)

��xn � xj
��
T

� C0;M
	ˇ̌
x0;n � x0;j

ˇ̌C kmn �mj k1=2T


:

Hence there exists a x 2 C �Œ0; T � IRd � such that as n ! 1

xn ! x in C
	
Œ0; T � ID .A/



:

Let

k .t/ D x0 C
Z t

0

f .s; x .s// ds Cm.t/ � x .t/ :

Since jf .t; xn .t// � f .t; x .t//j � 2f #
R .t/ and f .t; xn .t// ! f .t; x .t//, a:e:

t 2 �0; T Œ, as n ! 1 we deduce, by the Lebesgue dominated convergence theorem,
that

kn D x0 C
Z �

0

f .s; xn .s// ds Cmn � xn �! k in C
�
Œ0; T � IRd � :

By Proposition 6.16 from Annex B we obtain

k 2 BV
�
Œ0; T � IRd � ; lklT � R2

and

0 �
Z t

s

hxn .r/ � z; dkn .r/ � Ozdri �!
Z t

s

hx .r/ � z; dk .r/ � Ozdri ;
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for all .z; Oz/ 2 A and for all 0 � s � t � T . Hence .x; k/ D GS .AI x0; f;m/.
The proof is complete. �

Theorem 4.17. Let the assumptions ((4.29)-MM-HA) and ((4.30)-MM-Hf ) and
((4.31)-MM-H0;m) be satisfied. Then the generalized convex Skorohod problem
(4.28) has a unique solution .x; k/ and the estimates (4.35), (4.36) hold.

Proof. The uniqueness and the estimates (4.35), (4.36) have been obtained in the
above Proposition 4.16.

It suffices to prove existence on an arbitrary fixed interval Œ0; T �.
By the continuous property from Proposition 4.16 we may assume that x0 2

D .A/.
Moreover for the proof of existence we can assume that 0 2 D .A/, 0 2 A .0/

and f .t; 0/ D 0. Indeed if x0 2 D .A/ and Ox0 2 A .x0/ then we can change the
Eq. (4.28) into an equivalent form (in the sense of the definition of the solution)

d Qx.t/C QA . Qx.t// .dt/ 3 Qf .t; Qx .t//dt C d Qm.t/;
Qx.0/ D 0; t 2 Œ0; T � ;

with

QA .x/ D A .x C x0/ � Ox0;
Qf .t; x/ D f .t; x C x0/ � f .t; x0/;

Qm.t/ D m.t/C
Z t

0

f .s; x0/ds � Ox0t

and then the solution .x; k/ D GS .AI x0; f;m/ is given by

x D Qx C x0; and k D Qk C Ox0t;
where . Qx; Qk/ D GS. QAI 0; Qf ; Qm/.

Hence by the above transformations we reduce the problem of existence of the
solution to the case

x0 D 0 2 D .A/ ; 0 2 A .0/ ; f .t; 0/ D 0:

Let 0 < " � 1. We consider the penalized problem

.P"/ W x".t/C
Z t

0

A" .x".s// ds D
Z t

0

f .s; x" .s//dt Cm.t/; t � 0;

where A" is Yosida’s approximation of A defined in Annex B. Hence

a/ A"x D 1

"
.x � J"x/; where J" .x/ D .I C "A/�1.x/;
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b/ jA" .x/ � A" .y/j � 1

"
jx � yj ;

c/ hA" .x/ � A" .y/ ; x � yi � 0

and since 0 2 D .A/ and 0 2 A .0/, then J" .0/ D A" .0/ D 0.
From Proposition 6.5 the assumption int .Dom .A// ¤ ; yields the existence of

u0 2 int .Dom .A//, r0 2�0; 1� and a0; b0 � 0 such that

r0 jA"xj � hA"x; x � u0i C a0 jx � u0j C b0; 8 x 2 R
d :

By Lemma 3.19 from Chap. 3, with f WD f � A", there exists a unique continuous
solution x" W Œ0;1Œ ! R

d of the equation .P"/. Let

k" .t/ D
Z t

0

A" .x" .s// ds; and lk"lT D
Z T

0

jA" .x" .s//j ds:

We shall prove that as " ! 0

x" ! x and k" ! k in C
�
Œ0; T � IRd �

and .x; k/ D GS .AI x0; f;m/.
Repeating the proof from Proposition 4.16 we obtain for M D fmg an estimate

of the form (4.35): there exists a positive constant R0 independent of " such that

kx"k2TC1 C lk"lTC1 C
Z TC1

0

jf .r; x" .r//j dr � R0: (4.37)

We have

jx" .t/ �m.t/j2 C 2

Z t

0

hx" .s/ �m.s/ ; A" .x" .s//i ds

D 2

Z t

0

hx" .s/ �m.s/ ; f .s; x" .s//i ds:

Since hy;A" .y/i � 0 for all y 2 R
d and

hx" �m; f .s; x"/i � jx" �mj jf .s;m/j C 	C .s/ jx" �mj2 ;

it follows that

jx" .t/ �m.t/j2

� 2 kmkt lk"lT C 2

Z t

0

jf .s;m .s//j jx" .s/ �m.s/j ds

C 2

Z t

0

	C .s/ jx" .s/ �m.s/j2 ds
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and by the Gronwall type inequality from Lemma 6.63-II, we deduce that

jx" .t/ �m.t/j �
�p

2C kmkt C
Z t

0

jf .s;m .s//j ds

�
exp

�Z T

0

	C .s/ ds

�
:

(C denotes a generic constant independent of ".) Hence

kx" �mkt � C

�pkmkt C
Z t

0

jf .s;m .s//j ds

�
: (4.38)

Let 0 � � � 1. From .P"/ we have

x" .t C �/C
Z tC�

�

A" .x".s// ds D x" .�/C
Z tC�

�

f .s; x" .s//dsCm.tC�/�m.�/

and moreover

x" .t C �/ �m.t C �/C
Z t

0

A" .x".s C �// ds

D x" .�/ �m.�/C
Z t

0

f .s C �; x" .s C �//ds:

Hence

jŒx" .t C �/ �m.t C �/� � Œx" .t/ �m.t/�j2

C 2

Z t

0
hx".s C �/ �m.s C �/ � x" .s/Cm.s/ ; A" .x".s C �// � A" .x".s//i ds

D jx" .�/ �m.�/j2

C 2

Z t

0
hx".s C �/ �m.s C �/ � x" .s/Cm.s/ ; f .s C �; x" .s C �// � f .s; x" .s//i ds:

The monotonicity of A" and f yield then

jx" .t C �/ �m.t C �/ � x" .t/Cm.t/j2

� jx" .�/ �m.�/j2 C 2mm .�/

Z T

0

ŒjA" .x".s C �//j C jA" .x".s//j� ds

C 2mm .�/

Z T

0

Œjf .s C �; x" .s C �//j C jf .s; x" .s/j� ds
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C 2

Z t

0

jx".s C �/ � x" .s/j jf .s C �; x" .s// � f .s; x" .s//j ds

C 2

Z t

0

	C .s C �/ jx".s C �/ � x" .s/j2 ds:

Since

jx" .t C �/ �m.t C �/ � x" .t/Cm.t/j2 � 1

2
jx" .t C �/ � x" .t/j2 � m2

m .�/ ;

we have, by the Gronwall type inequality from Lemma 6.63 and the boundedness
(4.37), that

jx" .t C �/ � x" .t/j

� C

�
jx" .�/ �m.�/j C

p
mm .�/C

Z T

0

jf .s C �; x" .s// � f .s; x" .s//j ds

�
:

Since J" is 1-Lipschitz, it follows from (4.38) and the assumption (4.30-Bf -b) that

jJ" .x" .t C �// � J" .x" .t//j � jx" .t C �/ � x" .t/j
� C

hp
mm .�/C R �

0
jf .s;m .s//j ds C �T .� If;R0/

i
:

Hence fx" W " 2 �0; 1�g and fJ" .x"/ W " 2 �0; 1�g are bounded and equicontinuous
subsets of C

�
Œ0; T � IRd �. By the Arzelà–Ascoli theorem we infer that there exist

x; y 2 C �Œ0; T � IRd � and "n ! 0 such that

x"n ! x in C
�
Œ0; T � IRd � ;

J"n .x"n/ ! y in C
�
Œ0; T � IRd � :

Since J" .u/ D u � "A" .u/ 2 D .A/, for all u 2 R
d and

Z T

0

jx"n .t/ � J"n .x"n .t//j dt D "n

Z T

0

jA"n .x"n .t//j dt � "nC

we deduce that

x"n � J"n .x"n/ ! 0 in L1
�
0; T IRd �

and therefore

J"n .x"n/ ! x in C
�
Œ0; T � IRd � and

x .t/ 2 D .A/ 8t 2 Œ0; T � :
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Let

k .t/ D x0 C
Z t

0

f .s; x .s// ds Cm.t/ � x .t/ :

It follows easily that

k"n D x0 C
Z �

0

f .s; x"n .s// ds Cm � x"n �! k in C
�
Œ0; T � IRd � :

By Proposition 6.16 we obtain that

k 2 BV
�
Œ0; T � IRd � ; lklT � C0

and

Z t

s

hx"n .r/ � z; dk"n .r/ � Ozdri �!
Z t

s

hx .r/ � z; dk .r/ � Ozdri ;

for all .z; Oz/ 2 A and for all 0 � s � t � T .
Since A" .x" .r// 2 A .J" .x" .r/// we have

Z t

s

hx"n .r/ � z; dk"n .r/ � Ozdri

D
Z t

s

hx"n .r/ � z; A"n .x"n .r// � Ozi dr

�
Z t

s

hx"n .r/ � J"n .x"n .r// ; A"n .x"n .r// � Ozi dr

� � kx"n � J"n .x"n/kT
Z T

0

.jA"n .x"n .r//j C jOzj/ dr

� � kx"n � J"n .x"n/kT .C C T jOzj/
! 0:

Therefore for all .z; Oz/ 2 A and for all 0 � s � t � T ,

Z t

s

hx .r/ � z; dk .r/ � Ozdri � 0:

Hence we can conclude that .x; k/ D GS .AI x0; f;m/. Moreover, by uniqueness
of the solution .x; k/ D GS .AI x0; f;m/, the whole sequence .x"; k"/ ! .x; k/ in
C
�
Œ0; T � IRd ��2 as " ! 0. �
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4.2.4 Main Result: Existence

We recall the Eq. (4.8):

�
dXt C A.Xt/.dt/ 3 F.t; Xt /dt CG.t; Xt /dBt ; t � 0;

X0 D �;
(4.39)

The assumptions from Sect. 4.2.1 are assumed to be in force.
We introduce the notation: let R; T; ı � 0 and

�T .ıIF;R/ defD sup

�Z T

0

jF .s C ı; y .s// � F .s; y .s//j ds W

y 2 C �Œ0; T � IRd � ; kykT � R

�

and we add the following continuity condition on F :

(MM-HcF ) W lim
ı!0

�T .ıIF;R/ D 0; a:s: (4.40)

Proposition 4.18. Let � 2 L0.�;F0; P I Dom .A// and the assumptions ((4.9)-
MM-HA), ((4.13)-MM-HF ) and ((4.40)-MM-HcF ) be satisfied. Assume

(I) If M 2 S0d ;M0 D 0, then the stochastic differential equation

�
dXt C A.Xt/.dt/ 3 F.t; Xt /dt C dMt ; t � 0;

X0 D �;
(4.41)

has a unique solution .X;K/ 2 S0d � S0d (in the sense of Definition 4.2).
(II) If, moreover, M is an Itô integral

Mt D
Z t

0

GsdBs; G 2 ƒ0
d�k

and there exist p � 2 and u0 2 int .Dom .A// such that for every T � 0:

E j�jp C E

�Z T

0

jF .t; u0/j dt

�p
C E

�Z T

0

jGt j2dt

�p=2
< C1;

then X 2 Spd , K 2 Sp=2d , and E lKlp=2T < 1.

Proof. For every fixed !, by Theorem 4.17, the differential equation (4.41) has a
unique solution

.X� .!/ ;K� .!// 2 C.Œ0; T � IRd / � C.Œ0; T � IRd /:
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Since .!; t/ �! Mt .!/ is progressively measurable and the mapping .�;M/ �!
X W Rd � C.Œ0; t � IRd / ! C.Œ0; t � IRd / is continuous for each t � T we deduce
that X is progressively measurable; hence X 2 S0d and consequently K 2 S0d . The
second part clearly follows from Corollary 4.9. �

Theorem 4.19. If � 2 L0.�;F0; P I Dom .A// and the assumptions ((4.9)-MM-
HA), ((4.13)-MM-HF ), ((4.14)-MM-HG) and ((4.40)-MM-HcF ) are satisfied, then
the SDE (4.39) has a unique solution .X;K/ 2 S0d � S0d (in the sense of
Definition 4.2). Moreover if there exist p � 2 and u0 2 int .Dom .A// such that
for all T � 0:

E j�jp C E

�Z T

0

jF .t; u0/j dt

�p
C E

�Z T

0

jG.t; u0/j2dt

�p=2
< C1, (4.42)

then X 2 Spd , K 2 Sp=2d and E lKlp=2T < 1.

Proof. Uniqueness was proved in Theorem 4.11. Moreover by Corollary 4.9, if
.X;K/ 2 S0d � S0d is a solution and (4.42) is satisfied then X 2 S

p

d , K 2 S
p=2

d

and E lKlp=2T < 1 for every T � 0.
It suffices to prove existence on an arbitrary interval Œ0; T �.
The proof will be split into two steps.
Step 1. Existence under the condition (4.42).
Let U 2 Spd Œ0; T �. Clearly G .�; U�/ 2 ƒp

d .0; T / and

M�
defD
Z �

0

G .s; Us/ dBs 2 Spd Œ0; T � :

By Proposition 4.18 the SDE

8<
:
Xt CKt D � C

Z t

0

F .s; Xs/ds C
Z t

0

G.s; Us/dBs; 8t � 0;

dKt 2 A .Xt/ .dt/ ;
(4.43)

has a unique solution .X;K/ in the sense of Definition 4.2 and X 2 S
p

d and K 2
S
p=2

d and E lKlp=2T < 1 for every T � 0.
We note that the Eq. (4.39) on Œ0; T � may be written in the form

� .X/ D X; (4.44)

where � W Spd Œ0; T � ! S
p

d Œ0; T � is defined by X D � .U / and X 2 S
p

d is the
solution of Eq. (4.43).

The existence and uniqueness of a solution of (4.44) in Spd Œ0; T �will follow from
Banach’s fixed point theorem and the fact that � is a strict contraction on Spd Œ0; T �
equipped with the equivalent norm jjj�jjja given by



4.2 SDEs with a Maximal Monotone Operator in the Drift 259

jjjX jjja D sup
t2Œ0;T �

�
e�at 	

E
��e�V X

��p
t


1=p�
;

with

V .t/ D
Z t

0

	 .r/ dr

and a large enough, which we now prove.
Let U; QU 2 Spd Œ0; T �, X D � .U / and QX D �

� QU �. Then

Xt � QXt D Kt C
Z t

0

GrdBr ;

where

Kt D � �Kt � QKt

�C
Z t

0


F.r;Xr/ � F.r; QXr/

�
dr;

Gt D G .t; Ut / �G.t; QUt/:

Since for all � > 1:

˝
Xt � QXt ; dKt

˛C
�
1

2
mp C 9p�

�
jGt j2 dt � dRt C jXt � QXt j2dV .t/

with

mp D 1 _ .p � 1/ ;

Rt D
�
1

2
mp C 9p�

�Z t

0

`2 .r/
ˇ̌
Ur � QUr

ˇ̌2
dr and

V .t/ D
Z t

0

	 .r/ dr;

we have, by Corollary 6.75 (or Proposition 3.3) and Minkowski’s inequality (see
Exercise 1.2), for p � 2 and � D 2:

e�pat � E
��e�V .X � QX/��p

t

� e�pat � CpE
	Z t

0

e�2V .r/`2 .r/
ˇ̌
Ur � QUr

ˇ̌2
dr

p=2

� e�pat � CpE
	Z t

0

`2 .r/ e2are�2ar ��e�V �U � QU ���2
r

dr

p=2
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� e�pat � Cp
	Z t

0

`2 .r/ e2are�2ar 	
E
��e�V �U � QU ���p

r


2=p
dr

p=2

� ' .a/ sup
r2Œ0;T �

	
e�par

E
��e�V �U � QU ���p

r



;

where

' .a/ D Cp sup
t2Œ0;T �

�
e�2at

Z t

0

`2 .r/ e2ardr

�p=2
:

Taking the sup over t 2 Œ0; T �, we deduce that

ˇ̌̌̌ˇ̌
� .U / � � � QU �ˇ̌̌̌ˇ̌

a
� Œ' .a/�1=p

ˇ̌̌̌ˇ̌
U � QU ˇ̌̌̌ˇ̌

a
:

Since by Proposition 6.57, Annex B, lima!1 ' .a/ D 0, we obtain that � is a strict
contraction for a large enough.

Step 2. Existence in S0d .
Let n 2 N

� and the stopping time

�n D inf

�
t � 0 W j�j C

Z t

0

jF .s; u0/ j C jG.s; u0/j2
�

ds � n

�
:

Clearly �n % 1 a:s: By the first part there exists a unique solution .Xn;Kn/ of the
approximating equation

�
Xn
t CKn

t D �1�n>0 C R t
0

1Œ0;�n� .r/ F
�
r; Xn

r

�
dr C R t

0
1Œ0;�n� .r/G

�
r; Xn

r

�
dBr ;

dKn
t 2 A �Xn

t

�
.dt/ ;

and for all p � 2 W Xn 2 Spd , Kn 2 Sp=2d and E lKlp=2T < 1 for every T � 0.
By the same argument as in step .II / of the proof of Theorem 4.20 the pair of

stochastic processes X;K 2 S0d defined by

.Xt .!/ ;Kt .!// D �
Xn
t .!/ ;K

n
t .!/

�
; if 0 � t < �n .!/ and �n .!/ > 0

is a solution of the SDE (4.39). The proof is complete. �

4.2.5 SDEs with a Subdifferential Operator in the Drift

In this section we consider a particular case of a maximal monotone operator in the
drift: a subdifferential operator, that is an SDE of the form (4.19):
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�
dXt C @'.Xt /.dt/ 3 F.t; Xt /dt CG.t; Xt /dBt ; t � 0;

X0 D � 2 L0.�;F0; P I Dom.'//:
(4.45)

The problem becomes more complicated if we replace @'.Xt / by H.Xt/@'.Xt /,
where H.x/ is a rotation matrix, see [33].

A direct proof by a penalized approximating procedure also permits us to give a
precise approximating procedure with an estimate of the speed of convergence. Our
approach here is based on [1].

In the sense of Definition 4.7 we can change the SDE (4.19) into the following
equation for QXt WD Xt � v0,

�
d QXt C @ Q'. QXt/.dt/ 3 QF .t; QXt/dt C QG.t; QXt/dBt ; t � 0;
QX0 D Q�;

where v0, Ov0, r0 are such that B .v0; r0/ � int .Dom .'// and Ov0 2 @' .v0/, and for
x 2 R

d , t � 0,

Q'.x/ WD '.x C v0/ � '.v0/ � h Ov0; xi ;
QF .t; x/ WD F.t; x C v0/ � Ov0 and QG.t; x/ WD G.t; x C v0/:

Clearly Q', QF , QG and Q� D � � v0 satisfy the assumptions
�
MM-H'

�
, .MM-HF /,

.MM-HG/ and

0 2 int .Dom . Q'// ; 0 D Q' .0/ � Q' .x/ ; 8x 2 R
d ;

that is 0 2 @' .0/. The solution .X;K/ of Eq. (4.45) is given by: Xt D QXt C v0,
Kt D QKt � Ov0t .

To prove the existence of the solution we shall need some additional assumptions
(required by the method of proof). We shall assume that there exists a stochastic
process ˛ W � � Œ0;1Œ ! Œ0;1Œ such that for some � > 0

(MM-Had) W (4.46)

8̂
<
:̂

.i/ 0 2 int .Dom .'// ; 0 D ' .0/ � ' .x/ ; 8x 2 R
d ;

.ii/ ˛; 	C; `2; jG .�; 0/ j2 2 L1C�loc .RC/ ; a:s:; and

.iii/ h Ox; F .t; x/i � ˛t j Oxj
	
1C jxj3



; dP ˝ dt-a:e:;8 .x; Ox/ 2 @':

�
We mention that in the case of the convex indicator ' .x/ D IO .x/ the last
assumption .iii/ is equivalent to

hnx; F .t; x/i � ˛t

	
1C jxj3



; 8x 2 Bd

�O�

for all x 2 Bd
�O� and nx any unit outward normal vector to O at x. The main

existence and uniqueness result, inspired by [13], is given in the next theorem.
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Theorem 4.20. If � 2 L0.�;F0; P I Dom .'// and the assumptions ((4.17)-MM-
H'), ((4.13)-MM-HF ), ((4.14)-MM-HG), ((4.46)-MM-Had/ are satisfied, then the
SDE (4.45) has a unique solution .X;K/ 2 S0d � S0d . Moreover if there exist p � 2

and u0 2 int .Dom .'// such that for all T � 0

E j�jp C E j' .�/j C E

�Z T

0

jF .t; u0/j dt

�p
C E

�Z T

0

jG.t; u0/j2dt

�p=2
< C1,

(4.47)

then X 2 Spd , K 2 Sp=2d and E lKlp=2T < 1.

Proof. Uniqueness was proved in Theorem 4.11. Moreover by Corollary 4.9, if
.X;K/ 2 S0d � S0d is a solution and (4.47) is satisfied then X 2 S

p

d , K 2 S
p=2

d

and E lKlp=2T < 1 for every T � 0.
It suffices to prove existence on an arbitrary interval Œ0; T �. The proof of existence

will be done in two steps.
We write

‚t D 	C .t/C `2 .t/C ˛t C jG .t; 0/ j2:
Step 1. Existence under the additional assumption: there exists an M > 0 such that
P-a.s.:

j�j C j'.�/j C
Z T

0

h
jF .t; 0/j C‚

1C�
t

i
dt � M < 1: (4.48)

Let " 2�0; 1�. We shall consider the penalized problem

�
dX"t C r'".X"

t /dt D F.t; X"
t /dt CG.t; X"

t /dBt ;
X"
0 D �;

(4.49)

where r'" is the gradient of the Yosida’s regularization '" of the function ', that is

'".x/ D inf f 1
2"

jz � xj2 C '.z/ W z 2 R
d g:

We write J"x D x � "r'".x/. For the convenience of the reader we recall from
Annex B that '" W Rd ! R is a convex differentiable function and for all x; y 2 R

d ,
" > 0:

a/ r'".x/ D @'" .x/ 2 @'.J"x/; and '.J"x/ � '".x/ � '.x/;

b/ jr'".x/ � r'".y/j � 1

"
jx � yj ;

c/ hr'".x/ � r'".y/; x � yi � 0;

d/ hr'".x/ � r'ı.y/; x � yi � �."C ı/ hr'".x/;r'ı.y/i :

(4.50)
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Since 0 D ' .0/ � ' .x/ for all x 2 R
d , we have, by (6.26), that

.a/ 0 D '".0/ � '".x/ and J" .0/ D r'" .0/ D 0;

.b/
"

2
jr'".x/j2 � '".x/ � hr'".x/; xi ; 8x 2 R

d :
(4.51)

The stochastic differential equation (4.49) satisfies the assumptions of Theorem 3.21
with F .t; x/ replaced by F .t; x/ � r'".x/. Hence Eq. (4.49) has a unique
solution X" 2 Spd Œ0; T � for all p � 2. Moreover Eq. (4.49) is of the form (4.19) and
as a consequence the estimates from Proposition 4.8, Corollaries 4.9 and 4.10 hold
for all p � 2 and with dK"

t D r'".X"
t /dt:

E sup
t2Œ0;T �

jX"
t jp C E

�Z T

0

jr'".X"
s /j ds

�p=2
C E

�Z T

0

'".X
"
s /ds

�p=2

CE

�Z T

0

jF.s;X"
s /j ds

�p=2
C E

�Z T

0

jG.s;X"
s /j2 ds

�p=2
� C

(4.52)

(in the proof we shall denote by C;C 0 generic constants independent of "; ı 2�0; 1�,
which can change from one line to another).

To pass to the limit as " & 0 some supplementary estimates are necessary.
A. A priori estimate.

Let � be the exponent appearing in the assumption ((4.46)-MM-Had/. Since '" is

of class C1 and r'" is
1

"
-Lipschitz continuous, from (2.38) we have the following

inequality:

'1C2�" .X"
t /C .1C 2�/

Z t

0

'2�" .X
"
s /jr'".X"

s /j2ds

� '1C2�" .�/C .1C 2�/

Z t

0

'2�"
�
X"
s

� hr'".X"
s /; F .s; X

"
s /i ds

C .1C 2�/ �

Z t

0

'2��1
"

�
X"
s

� jr'".X"
s /j2jG.s;X"

s /j2ds

C .1C 2�/

2"

Z t

0

'2�" .X
"
s /jG.s;X"

s /j2dsC

C .1C 2�/

Z t

0

'2�" .X
"
s / hr'".X"

s /; G.s;X
"
s /dBsi :

Then by Burkholder–Davis–Gundy’s inequality and (4.51-b) we have

E sup
t2Œ0;T �

.1C 2�/

ˇ̌
ˇ̌
Z t

0

'2�" .X
"
s / hr'".X"

s /; G.s;X
"
s /dBsi

ˇ̌
ˇ̌

� 3 .1C 2�/ E

�Z t

0

'4�"
�
X"
s

� jr'"
�
X"
s

� j2jG �s; X"
s

� j2ds

�1=2
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� C E

�Z t

0

1

"
'4�C1
"

�
X"
s

� ˇ̌
G
�
s; X"

s

�ˇ̌2
ds

�1=2

� C E sup
t2Œ0;T �

'
1
2C�
"

�
X"
t

� �Z t

0

1

"
'2�"

�
X"
s

� ˇ̌
G
�
s; X"

s

�ˇ̌2�1=2

� 1

4
E sup
t2Œ0;T �

'1C2�"

�
X"
t

�C C

"
E

Z t

0

'2�"
�
X"
s

� ˇ̌
G
�
s; X"

s

�ˇ̌2
ds

and, since 0 < " � 1, from assumptions .MM-HF / and .MM-Had/ we deduce that

hr'".X"
s /; F .s; X

"
s /i

D 1

"
hX"

s � J".X"
s /; F .s; X

"
s /i

D 1

"

˝
X"
s � J".X"

s /; F .s; X
"
s / � F.s; J"

�
X"
s

�
/
˛C ˝r'".X"

s /; F .s; J"
�
X"
s

�
/
˛

� 1

"
	 .s/ jX"

s � J".X"
s /j2 C ˛s jr'".X"

s /j
h
1C jJ".X"

s /j3
i

� 1

"
	C .s/ jX"

s j2 C 1

"
˛s jX"

s j C 1

"
˛s jX"

s j4 :

We also have
ˇ̌
G
�
s; X"

s

�ˇ̌2 � 2 jG .s; 0/j2 C 2`2 .s/ jX"
s j2 .

Then

E sup
t2Œ0;T �

'
1C2�
"

�
X"
t

�C E

Z T

0

'
2�
"

�
X"
s

� ˇ̌r'"
�
X"
s

�ˇ̌2
ds

� C E'1C2�.�/C C

"
E

Z T

0

'
2�
"

�
X"
s

�
Q"
sds;

(4.53)

where

Q"
s D jG .s; 0/ j2 C ˛s jX"

s j C 
	C .s/C `2 .s/

� jX"
s j2 C ˛s jX"

s j4

� C
	
1C kX"k4T



‚s:

Let r D 1C�
�

. By (4.51-b) we infer

C

"
'2�" .X"/Q"

D .'" .X
"//2�� 2

r .'" .X
"//

2
r jQ"j C

"
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� .'" .X
"//2�� 2

r jr'" .X"/j 2r jX"j 2r jQ"j C
"

� 1

r

h
.'" .X

"//2�� 2
r jr'" .X"/j 2r

ir C r � 1
r

�
jX"j 2r jQ"j C

"

�r=.r�1/

D �

1C �
'2�" .X"/ jr'" .X"/j2 C C 0

"1C�
jX"j2� jQ"j1C� ;

and it follows that

E sup
t2Œ0;T �

'1C2�"

�
X"
t

�C 1

1C �
E

Z T

0

'2�"
�
X"
s

� ˇ̌r'"
�
X"
s

�ˇ̌2
ds

� C E'1C2�.�/C C

"1C�
E

Z T

0

jX"
s j2� jQ"

s j1C� ds

� C 0 C C 0

"1C�
E

�	
1C kX"k4C6�T


 Z T

0

‚1C�
s ds

�
:

Hence

E sup
t2Œ0;T �

�
'1C2�"

�
X"
t

��C 1

1C �
E

Z T

0

'2�"
�
X"
s

� ˇ̌r'"
�
X"
s

�ˇ̌2
ds � C

"1C�
: (4.54)

By (4.51-b)

	 "
2


1C2� ˇ̌r'"
�
X"
t

�ˇ̌2.1C2�/ � '1C2�"

�
X"
t

�
:

Hence
8
ˆ̂<
ˆ̂:

a/ E sup
t2Œ0;T �

ˇ̌r'"
�
X"
t

�ˇ̌2C4� � C

"2C3�
;

b/ E sup
t2Œ0;T �

ˇ̌
X"
t � J"

�
X"
t

�ˇ̌2C4� � C "�.
(4.55)

B.X" is a Cauchy sequence in S2d Œ0; T �.

Let ", ı 2�0; 1�: Itô’s formula for
ˇ̌
X"
t �Xı

t

ˇ̌2
gives:

ˇ̌
X"
t �Xı

t

ˇ̌2 C 2

Z t

0

˝r'"
�
X"
s

� � r'ı
�
Xı
s

�
; X"

s �Xı
s

˛
ds

D
Z t

0

h
2
˝
X"
s �Xı

s ; F
�
s; X"

s

� � F �s; Xı
s

�˛C ˇ̌
G
�
s; X"

s

� �G �s; Xı
s

�ˇ̌2i
ds

C2
Z t

0

˝
X"
s �Xı

s ;
�
G
�
s; X"

s

� �G �s; Xı
s

��
dBs

˛
:



266 4 SDEs with Multivalued Drift

By .MM-HF /, .MM-HG/ and (4.50) we have

ˇ̌
X"
t �Xı

t

ˇ̌2 � 2 ."C ı/

Z T

0

jr'" .X"/j ˇ̌r'ı
�
Xı
�ˇ̌

ds

C
Z t

0


2	C .s/C `2 .s/

� ˇ̌
X"
s �Xı

s

ˇ̌2 C
Z t

0

G";ı
s dBs;

where

G";ı
s D �

X"
s �Xı

s

�� �
G
�
s; X"

s

� �G �s; Xı
s

��
:

Since
ˇ̌
G";ı
s

ˇ̌ � ` .s/
ˇ̌
X"
s �Xı

s

ˇ̌2
it follows, by the stochastic Gronwall inequality,

Proposition 6.68, with q D 1 and Xt D ˇ̌
X"
t �Xı

t

ˇ̌2
, that

E sup
s2Œ0;T �

ˇ̌
X"
s �Xı

s

ˇ̌2

� 2 ."C ı/

�Z T

0

jr'" .X"/j ˇ̌r'ı
�
Xı
�ˇ̌

ds

�
� eCCC R T0 Œ	C.s/C`2.s/�ds.

But by (4.55) and (4.52)

."C ı/E

Z T

0

ˇ̌r'"
�
X"
s

�ˇ̌ ˇ̌r'ı
�
Xı
s

�ˇ̌
ds

� "E sup
t2Œ0;T �

ˇ̌r'"
�
X"
t

�ˇ̌ Z T

0

ˇ̌r'ı
�
Xı
s

�ˇ̌
ds

C ıE sup
t2Œ0;T �

ˇ̌r'ı
�
Xı
t

�ˇ̌ Z T

0

ˇ̌r'"
�
X"
s

�ˇ̌
ds

� "

 
E sup

t2Œ0;T �

ˇ̌r'"
�
X"
t

�ˇ̌2C4�
! 1

2C4�

2
4E

�Z T

0

ˇ̌r'ı
�
Xı
s

�ˇ̌
ds

� 2C4�
1C4�

3
5

1C4�
2C4�

C ı

 
E sup

t2Œ0;T �

ˇ̌r'ı
�
Xı
t

�ˇ̌2C4�
! 1

2C4�

2
4E

�Z T

0

ˇ̌r'"
�
X"
s

�ˇ̌
ds

� 2C4�
1C4�

3
5

1C4�
2C4�

� "

�
C

"2C3�

� 1
2C4�

"
E

�Z T

0

ˇ̌r'ı
�
Xı
s

�ˇ̌
ds

�2C4�# 1
2C4�

C ı

�
C

ı2C3�

� 1
2C4�

"
E

�Z T

0

ˇ̌r'"
�
X"
s

�ˇ̌
ds

�2C4�# 1
2C4�

� C1

	
"

�
2C4� C ı

�
2C4�



;
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since 2C4�
1C4� � 2C 4� and

�
E j�ja�1=a �

	
E j�jb


1=b
for all 0 < a � b.

Hence

E sup
s2Œ0;t �

ˇ̌
X"
s �Xı

s

ˇ̌2 � C
	
"

�
2C4� C ı

�
2C4�



: (4.56)

D. Passing to the limit.

Write K"
t D

Z t

0

r'".X"
s /ds and F "

t D
Z t

0

F
�
s; X"

s

�
ds.

From (4.56) it follows that there exists an X 2 S2d Œ0; T � such that

lim
"&0

X" D X in S2d Œ0; T �

and by (4.55-b)

lim
"&0

J" .X
"/ D X in S2d Œ0; T � :

By the assumptions .MM-HF / and .MM-HG/ we can pass to the limit in the
approximating equation

X"
t CK"

t D � C
Z t

0

F
�
s; X"

s

�
ds C

Z t

0

G
�
s; X"

s

�
dW .s/ :

Hence there exists a K 2 S0d Œ0; T � such that

lim
"&0

K" D K in S0d Œ0; T �

and

Xt CKt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dW .s/ :

Finally

kX" �XkT C kJ" .X"/ �XkT C kK" �KkT
prob:���! 0; as " ! 0:

Using Propositions 1.17 and 1.20 and 0 � '.J" .X
"// � '".X

"/, we infer from
(4.52) that for all p � 2

E sup
t2Œ0;T �

jXsjp C E

�Z T

0

'.Xs/ds

�p=2
C E lKlp=2T � C < 1:
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Since dK"
t D r'".X"

t /dt 2 @'
�
J"
�
X"
t

��
dt, it follows, by Corollary 1.22, that

dKt 2 @'.Xt /dt. Hence .X;K/ is a solution of the Eq. (4.19) and for all p � 2 W
X 2 Spd , K 2 Sp=2d and E lKlp=2T < 1 for every T � 0.

Step 2. Existence without the boundedness condition (4.48).
Let n 2 N

� and the stopping time

�n D inf

�
t � 0 W j�j C j'.�/j C

Z t

0

jF .s; 0/ j C‚1C�
s

�
ds � n

�

where

‚t D 	C .t/C `2 .t/C ˛t C jG .t; 0/ j2:

Clearly �n % 1 a:s: By the first part there exists a unique solution .Xn;Kn/ of the
approximating equation

�
Xn
t CKn

t D �1�n>0 C R t
0

1Œ0;�n� .r/ F
�
r; Xn

r

�
dr C R t

0
1Œ0;�n� .r/G

�
r; Xn

r

�
dBr ;

dKn
t 2 @' �Xn

t

�
.dt/ ;

and Xn 2 Spd , Kn 2 Sp=2d and E lKnlp=2T < 1 for every T � 0.
It is easy to deduce from uniqueness that for all l 2 N

�,

�
XnCi ; KnCi� 1�n>01Œ0;�n� D .Xn;Kn/ 1�n>01Œ0;�n�:

Consequently the pair of stochastic processes X;K 2 S0d defined by

.Xt .!/ ;Kt .!// D 1�n>0
�
Xn
t .!/ ;K

n
t .!/

�
; if 0 � t < �n .!/

is a solution of the SDE (3.51). The proof is complete. �

From the proof of Theorem 4.20 we infer:

Remark 4.21. It follows from the above proof that whenever j�jCj' .�/j is bounded
and condition (4.48) holds there exists a constant C such that

E sup
t2Œ0;T �

jX"
t �Xt j2 � C "

1
4

	
1� 1

1C2�



: (4.57)

A particular case of SDE (4.148) is the reflected SDE

�
dXt C @IO.Xt /.dt/ 3 F.t; Xt /dt CG.t; Xt /dBt ;
X0 D x0 2 O; t 2 Œ0; T �; (4.58)
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where O is an open convex subset of Rd and IO is the convex indicator of O:

ID .x/ D
�
0; if x 2 O;
C1; if x 2 R

d n O:

Then

@IO.x/ D
8<
:
0; if x 2 O;˚
n 2 R

d W hn; y � xi � 0; 8y 2 O� ; if x 2 Bd .O/ ;
;; if x 2 R

d n O;

that is @IO.x/ is the exterior normal cone to O if x 2 Bd .O/.
Assuming that P-a.s.

jF .t; x/j � aC a jxj3 ; 8x 2 Bd
�O�

and for some � > 0

Z T

0

h
jF .t; 0/j C 

	C .t/C `2 .t/C jG .t; 0/ j2�1C�
i

dt � M < 1;

then by Theorem 4.20, there exists a unique pair X 2 S
p

d , K 2 S
p=2

d and

E lKlp=2T < 1 for every T � 0 for all p � 2, such that

Xt .!/ 2 O; 8 t 2 Œ0; T �; a:s: ! 2 �

and

8̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂:

j / Xt CKt D x0 C
Z t

0

F .s; Xs/ds C
Z t

0

G.s; Xs/dBs

8t 2 Œ0; T �I a:s: ! 2 �;
jj/

Z t

s

.z �Xr; dKr / � 0; 8z 2 O;
8 0 � s � t � T I a:s: ! 2 �:

(4.59)

Note that the condition jj/ is equivalent to:

jj0/ Kt �Ks D
Z t

s

n .Xr/ d lKlr ; and
Z t

s

1O.Xr/d lKlr D 0

8 0 � s � t � T I a:s:! 2 �; where n.x/ is the unitary exterior normal vector to
O at x 2 Bd

�O� and n.x/ D 0 if x 2 O.
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In this case the estimate of the speed of convergence (4.57) holds withX" defined
by the approximating equation (4.49) of the following particular form

8
<
:

dX"t C 1

"

�
X"
t � PrO.X

"
t /
�

dt D F.t; X"
t /dt CG.t; X"

t /dBt ;

X"
0 D �;

(4.60)

where PrO.x/ is the projection of x 2 R
d onto O.

4.3 Reflected SDEs

4.3.1 The Generalized Skorohod Problem

4.3.1.1 Preliminaries

For convenience we recall from Annex B some definitions and remarks.
Let E be a non-empty closed subset of Rd and NE .x/ be the closed external

normal cone of E at x 2 Bd .E/, i.e.

NE .x/
defD
�

u 2 R
d W lim

ı&0

dE .x C ıu/

ı
D juj

�
;

where

dE .z/
defD inf fjz � xj W x 2 Eg

is the distance of a point z 2 R
d to E.

Let " > 0. We denote by

U" .E/
defD ˚

y 2 R
d W dE .y/ < "

�

the open "-neighbourhood of E and

U " .E/
defD ˚

z 2 R
d W dE .z/ � "

�

the closed "-neighbourhood of E.
Given z 2 R

d and E a non-empty closed subset of Rd , we denote by …E .z/ the
set of elements x 2 E with jz � xj D dE .z/. We note that …E .z/ is non-empty
since E is non-empty and closed.

Recall the notation B .x; r/ D ˚
y 2 R

d W jy � xj < r�.
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Definition 4.22. Let r0 > 0. We say that E satisfies the r0-uniform exterior ball
condition, abbreviated r0-UEBC , if

• NE .x/ ¤ f0g for all x 2 Bd .E/,
• 8 x 2 Bd .E/ and 8 u 2 NE .x/, juj D r0, we have:

dE .x C u/ D r0

(or equivalently B .x C u; r0/ \E D ;).

Note that for all v 2 NE .x/, jvj � r0, we also have

dE .x C v/ D jvj : (4.61)

Definition 4.23. Let 
 � 0. A set E D E � R
d is 
–semiconvex if for all x 2

Bd .E/ there exists a Ox 2 R
dn f0g such that

h Ox; y � xi � 
 j Oxj jy � xj2 I 8y 2 E:

We have the following equivalence (for other equivalences see Lemma 6.47):

Lemma 4.24. Let r0 > 0 and E D E � R
d . Then E satisfies the r0-UEBC if and

only if E is 1
2r0

–semiconvex.

It is clear that, under the uniform exterior ball condition with radius r0, for all
z 2 R

d with dE .z/ < r0, the set …E .z/ is a singleton. The unique element of
…E .z/ is called the projection of z on E, and it is denoted by E .z/. We have, see
Corollary 6.49 and Lemma 6.47 in the Annex B.

Lemma 4.25. Let the uniform exterior ball condition with radius r0 be satisfied and
" 2�0; r0Œ. Then

NE .x/ D
�

Ox W h Ox; y � xi � 1

2r0
j Oxj jy � xj2 I 8y 2 E

�
;

the projection E restricted to the closed "-neighbourhood of E, U " .E/, is
Lipschitz with Lipschitz constant L" D r0= .r0 � "/, and the function d2E is of class
C1 on U " .E/ with

1

2
rd2E .z/ D z � E .z/ ; and z � E .z/ 2 NE .E .z//

for all z 2 U " .E/.

A function ' W Rd ! ��1;C1� is proper if

Dom .'/
defD ˚

v 2 R
d W ' .v/ < C1� ¤ ;

and Dom .'/ has no isolated point.
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Definition 4.26. The (Fréchet) subdifferential of ' at x 2 R
d is defined by

@�' .x/ D ;; if x … Dom .'/ and for x 2 Dom .'/,

@�' .x/ D
�

Ox 2 R
d W lim inf

y!x

' .y/ � ' .x/ � h Ox; y � xi
jy � xj � 0

�
:

We moreover write

a/ Dom .@�'/ D ˚
x 2 R

d W @�' .x/ ¤ ;� ;
b/ @�' D f.x; Ox/ W x 2 Dom .@�'/ ; Ox 2 @�' .x/g :

If E is a non-empty closed subset of Rd and

' .x/ D IE .x/ D
�

0; if x 2 E;
C1; if x … E;

then ' is l.s.c. and

@�IE .x/ D
(

Ox 2 R
d W lim sup

y!x; y2E
h Ox; y � xi

jy � xj � 0

)

is the Fréchet normal cone at E in x. By a result of Colombo and Goncharov [17]
we have for any closed subset E of a Hilbert space

@�IE .x/ D NE .x/ :

Definition 4.27. ' W R
d !� � 1;C1� is a semiconvex function if there exist

�; 
 � 0 such that

.i/ Dom .'/ is 
–semiconvex.
.ii/ Dom .@�'/ ¤ ;.
.iii/ For all .x; Ox/ 2 @�', y 2 R

d :

h Ox; y � xi C ' .x/ � ' .y/C .�C 
 j Oxj/ jy � xj2 :

A function ' satisfying the properties of this definition will sometimes be
called a .�; 
/–semiconvex function, or a 
–semiconvex function (since the second
parameter is the most important one).

Note that ' D IE is .0; 
 )–semiconvex iff E is 
–semiconvex.
A convex function is a .�; 
/–semiconvex function for all � � 0 and 
 � 0.
The set E D E � R

d is 0–semiconvex if and only if E is convex.
If ' W Rd ! ��1;C1� is a semiconvex function, then there exists an a 2 R

such that

' .y/C a jyj2 C a � 0 for all y 2 R
d :
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Example 4.28. IfE is a closed bounded subset of Rd satisfying the uniform exterior
ball condition and g 2 C2

�
R
d
�

(or g 2 C
�
R
d
�

is a convex function), then f W
R
d !��1;C1�, f .x/ D IE .x/Cg .x/ is a l.s.c. semiconvex function. Moreover

jf .x/ � f .y/j � L jx � yj ; 8 x; y 2 Dom .f / D E:

4.3.1.2 The Generalized Skorohod Problem

Our aim is to solve a Cauchy type ordinary differential equation, written formally
as

�
dx .t/C @�' .x .t// .dt/ 3 dm .t/ ; t > 0;

x .0/ D x0;
(4.62)

where

�
.i/ x0 2 Dom .'/;

.ii/ m 2 C �RCIRd � ; m .0/ D 0;
(4.63)

and

' W Rd ! ��1;C1� is a proper l.s.c. .�; 
/–semiconvex function. (4.64)

Definition 4.29 (Generalized Skorohod Problem). A pair .x; k/ of continuous
functions x; k W Œ0;1Œ ! R

d is a solution of Eq. (4.62) if

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

.j / x .t/ 2 Dom .'/; 8 t � 0; ' .x .�// 2 L1loc .RC/ ;

.jj/ k 2 BVloc
�
RCIRd � ; k .0/ D 0,

.jjj/ x .t/C k .t/ D x0 Cm.t/ ; 8 t � 0;

.jv/ 8 0 � s � t; 8y W RC ! R
d continuous:Z t

s

hy .r/ � x .r/ ; dk .r/i C
Z t

s

' .x .r// dr

�
Z t

s

' .y .r// dr C
Z t

s

jy .r/ � x .r/j2 .�dr C 
d lklr / :
(4.65)

A solution of (4.65) is called a solution of the generalized Skorohod problem
.@�'I x0;m/ (and we write .x; k/ D SP .@�'I x0;m; /). If @�' D @�IE D NE
then we say that .x; k/ is a solution of the Skorohod problem .EI x0;m/ and we
write .x; k/ D SP .EI x0;m/.
Remark 4.30. The relation

dk .t/ 2 @�' .x .t// .dt/
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will mean that x; k W Œ0;1Œ ! R
d are continuous functions satisfying the

conditions (4.65-j, jj, jv).

Lemma 4.31. Let the assumption (4.64) be satisfied. Let x; k W Œ0;1Œ ! R
d be

continuous functions. Then the following assertions are equivalent:

.a1/ .x; k/ satisfies (4.65-j, jj, jv)

.a2/ .x; k/ satisfies (4.65-j, jj) and there exists a continuous increasing function
A W Œ0;1Œ ! Œ0;1Œ such that

�
jv0� 8 0 � s � t; 8y W Œ0;1Œ ! R

d continuous:Z t

s

hy .r/ � x .r/ ; dk .r/i C
Z t

s

' .x .r// dr

�
Z t

s

' .y .r// dr C
Z t

s

jy .r/ � x .r/j2 dA .r/ :
(4.66)

Proof. Clearly .a1/ ) .a2/ setting A .t/ D �t C 
 lklt .
Let us prove that .a2/ ) .a1/.

Define

a .r/ WD r C lklr C A .r/

and let the measurable functions �; �; � (given by the Radon–Nikodym theorem)
such that

dk .r/ D � .r/ da .r/ ; dr D � .r/ da .r/ and dAr D � .r/ da .r/ :

Clearly d lklr D j� .r/j da .r/ and 0 � � .r/ � 1, da .r/-a.e., and, from (4.66)
we deduce that, for all 0 � s � t and z 2 Dom .'/

˝
z;
Z t

s

� .r/ dQr

˛ �
Z t

s

hx .r/ ; � .r/i dQr C
Z t

s

' .x .r// � .r/ dQr

� ' .z/
Z t

s

� .r/ dQr C jzj2
Z t

s

� .r/ dQr � 2˝z;
Z t

s

x .r/ � .r/ dQr

˛

C
Z t

s

jx .r/j2 � .r/ dQr :

Since for any locally bounded measurable function f W RC ! R
d ,

1

"

Z a�1.a.t/C"/

t

f .r/ dQ .r/ D 1

"

Z a.t/C"

a.t/

f
�
a�1 .s/

�
ds ���!

"!0
f .t/ ; a.e. t � 0
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it follows that for all z 2 Dom .'/,

hz � x .t/ ; � .t/i C ' .x .t// � .t/ � ' .z/ � .t/C jz � x .t/j2 � .t/ ; a.e. t � 0;

and from the definition of the Fréchet subdifferential we obtain

� .r/

� .r/
2 @�' .x .r// ; 8 r 2 RC X �;

where � D fr � 0 W � .r/ D 0g with
R
�

dr D 0.
Since ' is a .�; 
/–semiconvex function, we have for any continuous function

y W RC ! R
d ,

�
y .r/ � x .r/ ; � .r/

� .r/

�
C ' .x .r// � ' .y .r//C jy .r/ � x .r/j2

	
�C 


ˇ̌
ˇ� .r/
� .r/

ˇ̌
ˇ


;

8 r 2 RC X �:

Therefore (with the convention 0 � .C1/ D 0) for all r 2 RC:

hy .r/ � x .r/ ; � .r/i C ' .x .r// � .r/ � ' .y .r// � .r/

C jy .r/ � x .r/j2 .�� .r/C 
 j� .r/j/

(we also use that Dom .'/ is 
–semiconvex).
Integrating on Œs; t � with respect to the measure da .r/ we infer that (4.65-jv)

holds. �

Lemma 4.32. If dk .t/ 2 @�' .x .t// .dt/ and d Ok .t/ 2 @�' . Ox .t// .dt/, then for
all 0 � s � t :

Z t

s

D
x .r/ � Ox .r/ ; dk .r/ � d Ok .r/

E

C
Z t

s

jx .r/ � Ox .r/j2
	
2�dr C 
d lklr C 
d l Ok lr



� 0:

(4.67)

Proof. We write (4.65�iv) for .x; k/ with y D Ox and for . Ox; Ok/ with y D x; and
add the two resulting inequalities. (4.67) follows. �

Proposition 4.33 (Uniqueness). Let the assumptions (4.63) and (4.64) be satisfied.
If .x; k/ D SP .@�'I x0;m/ and . Ox; Ok/ D SP.@�'I Ox0; Om/ then for all t � 0:

kx � Oxk2t � 2
h

jx0 � Ox0j2 C km � Omk2t
C2 km � Omkt l k � Ok lt

i
e4.2�tC
lkltC
l Oklt /:

(4.68)

In particular SP .@�'I x0;m/ has at most one solution.
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Proof. We clearly have

jx .t/ �m.t/ � Ox .t/C Om.t/j2

D jx0 � Ox0j2 C 2

Z t

0

D
m.r/ � Om.r/ ; dk .r/ � d Ok .r/

E

�2
Z t

0

D
x .r/ � Ox .r/ ; dk .r/ � d Ok .r/

E
:

(4.69)

Then by (4.67) it follows that

1

2
jx .t/ � Ox .t/j2 � jm.t/ � Om.t/j2

� jx .t/ �m.t/ � Ox .t/C Om.t/j2

� jx0 � Ox0j2 C 2 km � Omkt l k � Ok lt

C 2

Z t

s

jx .r/ � Ox .r/j2
	
2�dr C 
d lklr C 
d l Ok lr




which implies (4.68) via Gronwall’s inequality from Corollary 6.60. The proof is
complete. �

To derive some uniform boundedness and continuity properties of the solution of
the generalized Skorohod problem we introduce additional assumptions:

j' .x/ � ' .y/j � LC L jx � yj ; 8 x; y 2 Dom .'/ (4.70)

and

Dom .'/ satisfies the 
 -SUIBC (shifted uniform interior ball condition). (4.71)

Definition 4.34. E � R
d satisfies the shifted uniform interior ball condition

(abbreviated SUIBC) if there exist 
 � 0 and ı; � > 0, and for every y 2 E

there exist �y 2�0; 1� and vy 2 R
d ;
ˇ̌
vy
ˇ̌ � 1, such that

(
.i/ �y � �ˇ̌

vy
ˇ̌C �y

�2

 � �;

.ii/ B
�
x C vy; �y

� � E; 8 x 2 E \ B .y; ı/ (4.72)

(we also say that E satisfies 
 -SUIBC or .
; ı; �/-SUIBC).

Below we shall give easily verifiable conditions which imply (4.71).
Note that (4.71) implies that int .Dom .'// ¤ ;.
Also observe that the lower semicontinuity of ' and the assumption (4.70) clearly

yield

Dom .'/ D Dom .'/: (4.73)
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Let E D E � R
d . Let Ec D R

d nE and

E" D fx 2 E W dist .x;Ec/ � "g

the "-interior of E.
Let x; v 2 R

d , r > 0. The set

Dx .v; r/ D conv
˚
x;B .x C v; r/

�

D ˚
x C t .u � x/ W u 2 B .x C v; r/ ; t 2 Œ0; 1��

is called the .jvj ; r/-drop with vertex x and running direction v. Note that if jvj � r ,
then Dx .v; r/ D B .x C v; r/.

Proposition 4.35. Let E D E � R
d and int .E/ ¤ ;. Each of the following

conditions implies that E satisfies the 
 -shifted uniform interior ball condition
(SUIBC) for all 
 � 0. (E satisfies (4.72).)

.A1/

lim
"&0

1p
"

sup
x2E

dist .x;E"/ D 0:

.A2/ There exist N; "0 > 0 such that for all 0 < " � "0:

E �
[
y2E"

B .y; "N / :

.A3/ (uniform interior .h0; r0/-drop condition) There exist r0; h0 > 0 and for all
x 2 E there exists a vx 2 R

d , jvxj � h0, such that

Dx .vx; r0/ � E:

.A4/ There exists an r0 > 0 such that E satisfies the r0-uniform interior
ball condition (i.e., by definition, Ec satisfies the r0-uniform exterior ball
condition).

Proof. We shall show that .A4/ ) .A3/ ) .A2/ ) .A1/ )(4.72).
.A1/ )(4.72): Let 
 � 0. Let " > 0 be fixed (sufficiently small) such that

d" D sup
x2E

dist .x;E"/ � 1 and

�
d"p
"

C
p
"

4

�p

 <

1

2
:

For y 2 E, let y" 2 E" be such that

jy � y"j � d":
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Let ı D � D "=4, vy D y" � y. Then

� � �ˇ̌
vy
ˇ̌C �

�2

 � "

"
1

4
�
�
d"p
"

C
p
"

4

�2



#
defD � > 0:

If x 2 E \ B .y; ı/ then

B
�
x C vy; �

� � B
	
y";

"

2



� E:

Indeed for all juj � 1:

ˇ̌�
x C vy C �u

� � y"
ˇ̌ D jx � y C �uj � ı C � D "

2
:

.A2/ ) .A1/: If x 2 E then there exists an x" 2 E" such that x 2 B .x";N"/.
Hence

1p
"

sup
x2E

dist .x;E"/ � 1p
"

sup
x2E

jx � x"j

� 1p
"
N " ! 0; as " ! 0:

.A3/ ) .A2/: Let 0 < " � r0. We show that

E �
[
y2E"

B

�
y; "

h0

r0

�
:

Let x 2 E andDx .vx; r0/ � E with jvxj � h0. Then clearly x 2 B.xC "
r0
vx; "

h0
r0
/.

Moreover x C "
r0
vx 2 E" since B

	
x C "

r0
vx; "



� Dx .vx; r0/ � E. Indeed for all

z 2 B
	
x C "

r0
vx; "



there exists a u with juj � 1 such that

z D x C "

r0
vx C "u

D
�
1 � "

r0

�
x C "

r0
.x C vx C r0u/

2 Dx .vx; r0/ :

.A4/ ) .A3/: Let x 2 Bd .Ec/ D Bd .E/ and ux 2 NEc .x/ ; juxj D r0. Then
Dx

�
ux;

r0
2

� � Dx .ux; r0/ D B .x C ux; r0/ � E.
The proof is complete. �
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Remark 4.36. The shifted uniform interior ball condition does not involve any of
the conditions .A1/, .A2/, .A3/, .A4/. Indeed the set E D f.x1; x2/ 2 R

2 W x1 �
0; x21 C .x2 ˙ 2/2 � 4g satisfies SUIBC with �y D 1

5
, vy D .1; 0/, ı > 0,

� D 1
25

and 
 D 1
36

because �y � �ˇ̌
vy
ˇ̌C �y

�2

 � � and the distance between

.0;˙2/ and .x1 C 1; x2/ is greater than 2 C 1
5
, for all .x1; x2/ 2 E, and therefore

B
�
.x1; x2/C .1; 0/ I 1

5

� � E for all .x1; x2/ 2 E. But the set E does not satisfy
.A1/: we have

1p
"

sup
x2E

dist .x;E"/ D 1p
"

q
.2C "/2 � 22

D p
2C "

! p
2

as " ! 0.

Example 4.37. Let E D E � R
d be defined by

8<
:
.i/ E D ˚

x 2 R
d W � .x/ � 0

�
; where � 2 C2

b

�
R
d
�
;

.ii/ int .E/ D ˚
x 2 R

d W � .x/ < 0� ;
.iii/ Bd .E/ D ˚

x 2 R
d W � .x/ D 0

�
and jr� .x/j D 1 8 x 2 Bd .E/ :

The set E satisfies both the uniform exterior ball condition (UEBC) and the shifted
uniform interior ball condition (SUIBC).

Proof. Note that at any boundary point x 2 Bd .E/, r� .x/ is a unit normal vector
to the boundary, pointing towards the exterior of E. Hence for all x 2 Bd .E/ we
have NE .x/ D fc r� .x/ W c � 0g and NEc .x/ D f�c r� .x/ W c � 0g.
Since for all y 2 E and x 2 Bd .E/, we see that � .y/ < 0, � .x/ D 0,

hr� .x/ ; y � xi D � .y/�� .x/�
Z 1

0

hr� .x C � .y � x// � r� .x/ ; y � xi d�

� M jy � xj2 ;

and by Lemma 4.24 E satisfies (UEBC).
If y 2 Ec and x 2 Bd .E/, then � .y/ > 0, � .x/ D 0 and

h�r� .x/ ; y � xi D �� .y/C
Z 1

0

hr� .x C � .y � x// � r� .x/ ; y � xi d�

� M jy � xj2 ;

that is Ec satisfies (UEBC) and consequently, by Proposition 4.35, E satisfies
(SUIBC). �
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Example 4.38. If E � R
d is a closed convex set such that

9 r0 > 0; Er0 ¤ ; and h0 D sup
z2E

d .z; Er0/ < 1

(in particular if E is a bounded closed convex set), then E satisfies the uniform
interior .h0; r0/-drop condition and, consequently the 
 -shifted uniform interior ball
condition (SUIBC) for all 
 � 0. Moreover for every 0 < ı � r0

2.1Ch0/^1,E satisfies
0-SUIBC with �y D � D ı.

Proof. Recall that E" denotes the "-interior of E that is

E" D fy 2 E W dist .y;Ec/ � "g :
Let y 2 E, Oy D PrEr0 .y/ and vy D 1

1Ch0 . Oy � y/. Then j Oy � yj � h0,
ˇ̌
vy
ˇ̌ � 1

and for all x 2 E \ B .y; ı/

B
�
xCvy; ı

� � B

�
yCvy; r0

1C h0

�
� conv

˚
y;B . Oy; r0/

�DDy . Oy�y; r0/ � E:

�

Let .x; k/ D SP .@�'I x0;m/ and y 2 C .Œ0;1Œ IE/, where E D Dom .'/.
From (4.70), for all 0 � s � t ,

Z t

s

hy .r/ � x .r/ ; dk .r/i � L .t � s/C L

Z t

s

jy .r/ � x .r/j dr

C
Z t

s

jy .r/ � x .r/j2 .�dr C 
d lklr / :
(4.74)

Suppose that x .r/ 2 int .Dom .'// for all r 2 Œs; t �, and let

0 < b � inf
r2Œs;t �

dist .x .r/ ;Bd .E// :

Let y .r/ D x .r/ C �b˛ .r/ with ˛ 2 C
�
RCIRd �, k˛kŒs;t � � 1 and 0 < � < 1.

From (4.74) we deduce that, for � D 1=
h
.1C 
/ .1C b/2

i

�b

Z t

s

h˛ .r/ ; dk .r/i � .LC Lb/ .t � s/C �2b2 Œ� .t � s/C 
 .lklt � lkls/�

� �
LC Lb C �2b2�

�
.t � s/C �b

1C b
.lklt � lkls/ :

Taking the supremum over all ˛ such that k˛kŒs;t � � 1 we have

�b2

1C b
.lklt � lkls/ � �

LC Lb C �2b2�
�
.t � s/ : (4.75)
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Hence:

Lemma 4.39. Let .x; k/ D SP.@�'I x0;m/ and the assumption (4.70) be satisfied.
If x .r/ 2 int .Dom .'// for all r 2 Œs; t �, then there exists a positive constant
C D C .L; �; 
; b/ such that

lklt � lkls � C .t � s/

with

0 < b � inf
r2Œs;t �

dist .x .r/ ;Bd .E// :

In general we have:

Lemma 4.40. Let .x; k/ D SP .@�'I x0;m/ with ' a .�; 
/–semiconvex function
(
 � 0). Assume that (4.70) holds and Dom .'/ satisfies the .
; �; ı/-SUIBC (4.72).
If 0 � s � t and

sup
r2Œs;t �

jx .r/ � x .s/j � ı;

then

lklt � lkls � 1

�
jk .t/ � k .s/j C 3LC 4�

�
.t � s/ : (4.76)

Proof. Let ˛ 2 C �Œ0;1Œ IRd �, k˛kŒs;t � � 1, be arbitrary. From (4.72), if

y .r/ D x .r/C vx.s/ C �x.s/˛ .r/ ; r 2 Œs; t � ;

then y .r/ 2 E. Moreover

jy .r/ � x .r/j � ˇ̌
vx.s/

ˇ̌C �x.s/ � 2

and

j' .y .r// � ' .x .r//j � 3L:

From (4.74) we deduce that

�x.s/

Z t

s

h˛ .r/ ; dk .r/i � �
Z t

s

˝
vx.s/; dk .r/

˛C .3LC 4�/ .t � s/

C 


Z t

s

�ˇ̌
vx.s/

ˇ̌C �x.s/
�2
d lklr :
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Taking the supk˛kŒs;t ��1 we have, using (4.71),

� .lklt � lkls/ � jk .t/ � k .s/j C .3LC 4�/ .t � s/

that is (4.76). �

For the convenience of the reader we recall the notations for y 2 C �Œ0; T � IRd �
and " > 0,

�y ."/ D "C my ."/ D "C sup fjy .t/ � y .s/j W jt � sj � "; t; s 2 Œ0; T �g :

Note that �y W Œ0; T � ! 
0;�y .T /

�
is a strictly increasing continuous function and,

then, the inverse function ��1
y W 0;�y .T /

� ! Œ0; T � is well defined and is also a
strictly increasing continuous function.

Lemma 4.41. If  W RC ! RC is a continuous function,  .r/ > 0 for all r � 0,
and ˛ W C �Œ0; T � IRd � ! RC

˛ .x/ D kxkT C 1

��1
x . .kxkT //

;

then for any compact subset K � C
�
Œ0; T � IRd �,

sup
x2K

˛ .x/ < 1:

Proof. If R D sup
x2K

kxkT then 0 < R < 1 and

a
defD inf f .r/ W 0 � r � Rg > 0:

Since

lim
"&0

"
sup
y2K

�y ."/

#
D 0;

there exists a b > 0 such that

�x

�
1

b

�
� sup

y2K
�y

�
1

b

�
< a �  .kxkT / ; 8 x 2 K:

Hence

1

b
< ��1

x . .kxkT // ; 8 x 2 K;
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and consequently

sup
x2K

˛ .x/ � RC b < 1:

�

Theorem 4.42. Assume that the assumptions (4.63), (4.64), (4.70) and (4.71)
are satisfied. Then there exists a constant C depending only upon the constants
L; ı; �; �; 
 from our assumptions such that if m 2 C

�
Œ0; T � IRd �, x0 2 Dom .'/,

.x; k/ D SP .@�'I x0;m/ and

�m
defD 1=��1

m

	
ı2e�C.1CTCkmkT /



;

CT;m
defD exp ŒC .1C T C kmkT C�m/� ;

then

.a/ kkkBV.Œ0;T �IRd / D lklT � CT;m;

.b/ kxkC.Œ0;T �IRd / D kxkT � jx0j C CT;m;

.c/
jx .t/ � x .s/j C lklt � lkls � CT;m �p�m .t � s/;

8 0 � s � t � T:

(4.77)

If moreover Om 2 C �Œ0; T � IRd �, Ox0 2 Dom .'/ and . Ox; Ok/ D SP.@�'I Ox0; Om/, then

kx � OxkT C kk � OkkT � CT �
h
jx0 � Ox0j C

p
km � OmkT

i
; (4.78)

with CT D �
�
CT;m; CT; Om

�
, where � is a continuous function.

Proof. We denote by C;C 0; C 00 generic constants independent of x0, Ox0, m, Om and
T (C;C 0; C 00 depend on L; ı; �; �; 
 ).
Step 1: Some estimates of mx .
Let 0 � s � t � T . Since

jx .t/ � x .s/ �m.t/Cm.s/j D jk .t/ � k .s/j � lklt � lkls ;

it follows that

jx .t/ � x .s/j � jm.t/ �m.s/j C lklt � lkls : (4.79)

We clearly have

jx .t/ � x .s/ �m.t/Cm.s/j2

D 2

Z t

s

hm.r/ �m.s/ ; dk .r/i C 2

Z t

s

hx .s/ � x .r/ ; dk .r/i :
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From (4.65-iv) with y .r/ 	 x .s/ and (4.70) we have

Z t

s

hx .s/ � x .r/ ; dk .r/i � L .t � s/C L

Z t

s

jx .s/ � x .r/j dr

C
Z t

s

jx .s/ � x .r/j2 .�dr C 
d lklr / :

Combining this inequality with the previous identity and 1
2

jxj2 � jx � yj2 C jyj2,
we obtain

1

2
jx .t/ � x .s/j2 � jm.t/ �m.s/j2 C 2mm .t � s/ .lklt � lkls/

C C .t � s/C C

Z t

s

jx .r/ � x .s/j2 .dr C d lklr / ;

which implies, by Gronwall’s inequality (Proposition 6.59):

jx .t/ � x .s/j2 � 
m2
m .t � s/C mm .t � s/ .lklt � lkls/C .t � s/�

� exp ŒC .1C t � s C lklt � lkls/� ;
(4.80)

for all 0 � s � t � T .
Step 2: Estimates of jx .t/ � x .s/j and lklt � lkls under the assumption
jx .t/ � x .s/j � ı, where ı is one of the parameters entering the SUIBC condition.

Let 0 � s � r � t � T such that jx .t/ � x .s/j � ı. From (4.76) we have

lklt � lkls � C jk .t/ � k .s/j C C .t � s/
� C jx .t/ � x .s/ �m.t/Cm.s/j C C .t � s/
� C jx .t/ � x .s/j C Cmm .t � s/C C .t � s/
� Cı C C�m .t � s/ :

Plugging this estimate into (4.80), it clearly follows that

jx .t/ � x .s/j2 � �m .t � s/ eC.1CTCkmkT /; for all 0 � s � t � T;

since .t � s/C mm .t � s/ � �m .t � s/ � T C 2 kmkT .
Hence if 0 � s � t � T and jx .t/ � x .s/j � ı then

jx .t/ � x .s/j C lklt � lkls � p
�m .t � s/ � eC.1CTCkmkT /: (4.81)

Step 3: Adapted time partition and local estimates.
Define the sequence

t0 D T0 D 0;

T1 D inf ft 2 Œt0; T � W dist .x .t/ ; @E/ � ı=4g ;
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t1 D inf ft 2 ŒT1; T � W jx .t/ � x .T1/j > ı=2g ;
T2 D inf ft 2 Œt1; T � W dist .x .t/ ; @E/ � ı=4g ;

� � � � � � � � �
ti D inf ft 2 ŒTi ; T � W jx .t/ � x .Ti /j > ı=2g

TiC1 D inf ft 2 Œti ; T � W dist .x .t/ ; @E/ � ı=4g
� � � � � � � � �

Clearly

0 D T0 D t0 � T1 < t1 � T2 < � � � < ti � TiC1 < tiC1 � � � � � T:

Let ti � r � TiC1. Then x .r/ 2 int .E/ and dist .x .r/ ; @E/ � ı=4 or ti D TiC1.
By Lemma 4.39 we have

jk .t/ � k .s/j � lklt � lkls � C .t � s/ for ti � s � t � TiC1:

Also for ti � s � t � TiC1:

jx .t/ � x .s/j � jk .t/ � k .s/j C jm.t/ �m.s/j
� C .t � s/C jm.t/ �m.s/j
� C �m .t � s/

and then

jx .t/ � x .s/j C lklt � lkls � C �m .t � s/ :

On each of the intervals ŒTi ; ti �, we have

jx .t/ � x .s/j � ı; for all Ti � s � t � ti ;

and consequently, by (4.81), for all Ti � s � t � ti :

jx .t/ � x .s/j C lklt � lkls � p
�m .t � s/ � eC.1CTCkmkT /:

If Ti � s � ti � t � TiC1 then

jx .t/ � x .s/j C lklt � lkls � jx .t/ � x .ti /j C lklt � lklti
C jx .ti / � x .s/j C lklti � lkls
� C �m .t � ti /Cp

�m .ti � s/ � eC.1CTCkmkT /

� p
�m .t � s/ � eC 0.1CTCkmkT /:
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Consequently for all i 2 N and Ti � s � t � TiC1:

jx .t/ � x .s/j C lklt � lkls � p
�m .t � s/ � eC.1CTCkmkT /:

Step 4: Conclusion (4.77).
Since �m W Œ0; T � ! Œ0;�m .T /� is a strictly increasing continuous function, the
inverse function ��1

m W Œ0;�m .T /� ! Œ0; T � is well defined and is also a strictly
increasing continuous function. We have

ı

2
� jx .ti / � x .Ti /j

� p
�m .ti � Ti / � eC.1CTCkmkT /

� p
�m .TiC1 � Ti / � eC.1CTCkmkT /

and consequently

TiC1 � Ti � ��1
m

�
ı2

4
e�2C.1CTCkmkT /

�

� ��1
m

	
ı2e�C 0.1CTCkmkT /



> 0:

Hence the bounded increasing sequence .Ti /i�0 is finite. Let j be such that T D Tj .
Then

T D Tj D
jX
iD1

.Ti � Ti�1/ � j

�m

;

where

�m
defD 1=��1

m

	
ı2e�C 0.1CTCkmkT /



:

Let 0 � s � t � T . We have

lklt � lkls D
jX
iD1

�lkl.t^Ti /_s � lkl.t^Ti�1/_s
�

�
jX
iD1

r
�m

	
.t ^ Ti / _ s � .t ^ Ti�1/ _ s



� eC.1CTCkmkT /

� j �p�m .t � s/ � eC.1CTCkmkT /

� T �m

p
�m .t � s/ � eC.1CTCkmkT /
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and consequently

lklT � T �m

p
�m .T / � eC.1CTCkmkT /

� exp

C 0 .1C T C kmkT C�m/

�

and

jx .t/j D jx0 Cm.t/ � k .t/j
� jx0j C kmkt C lklt
� jx0j C kmkT C lklT :

Hence there exists a positive constant C D C .L; ı; �; �; 
/ such that if

�m D 1=��1
m

	
ı2e�C.1CTCkmkT /



; and

CT;m D exp ŒC .1C T C kmkT C�m/� ;

then

lklT � CT;m and kxkT � jx0j C CT;m

that is (4.77-a,b).
By (4.80) 8 0 � s � t � T :

jx .t/ � x .s/j2 � 
m2
m .t � s/C mm .t � s/ CT;m C .t � s/�

� exp ŒC .1C CT;m/�

� CT;m � �m .t � s/

that is (4.77-c) holds.
Step 5: Conclusion (4.78).

Now, since lklT C l Ok lT� CT;m C CT; Om, from (4.68) we have

kx � Oxk2T � 2
h
jx0 � Ox0j2 C km � Omk2T

C2 km � OmkT kk � OkkT
i
e4
.2tClklT Cl OklT /

� CT �
h
jx0 � Ox0j2 C km � OmkT

i
;

which, combined with k� Ok D x0� Ox0Cm� Om� .x � Ox/, yields (4.78). The proof
is complete. �
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We can now derive the following continuity result for the mapping .x0;m/ 7!
.x; k/ D SP .@�'I x0;m/.
Corollary 4.43. Assume that the assumptions (4.63), (4.64), (4.70) and (4.71) are
satisfied. If x0n; x0 2 Dom .'/; mn;m 2 C �Œ0;1Œ IRd � ; mn .0/ D 0 and

i/ .xn; kn/ D SP .@�'I x0n;mn/ ;

ii/ x0n ! x0;

iii/ mn ! m in C
�
Œ0; T � IRd � ; 8T � 0;

then

sup
n2N�

lknlT < 1; 8T � 0;

and there exist x; k 2 C �Œ0;1Œ IRd � such that for all T � 0:

.a/ kxn � xkT C kkn � kkT ! 0;

.b/ .x; k/ D SP .@�'I x0;m/ :

Proof. Let T > 0 be arbitrary. The set M D fm;mn W n 2 N
�g is a compact subset

of C
�
Œ0; T � IRd �. Let CT;m be the constant from Theorem 4.42. By Lemma 4.41,

CT;M
defD sup

x2M
CT;x < 1:

Also

�M ."/
defD sup

x2M
�x ."/ & 0; as " & 0:

Let a > 0 be such that jx0nj � a. By Theorem 4.42, for all n; i 2 N
� and for all

s; t 2 Œ0; T �, s � t , we have

kxnkT C lknlT � aC CT;M;

jxn .t/ � xn .s/j C lknlt � lknls � CT;M �p�M .t � s/

and

kxn � xikT C kkn � kikT � CT;M �
h
jx0n � x0i j Cpkmn �mikT

i
:

Hence there exist x; k; A 2 C �Œ0;1Œ IRd � such that

xn ! x; kn ! k in C
�
Œ0; T � IRd � ; as n ! 1
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and by Arzelà–Ascoli’s Theorem, on a subsequence also denoted by lknl,

lknl ! A in C
�
Œ0; T � IRd � ; as n ! 1;

A is an increasing function and A0 D 0. Clearly .x; k/ satisfies (4.65-i,ii,iii) and
(4.66-iv0). Hence, by Lemma 4.31, .x; k/ D SP .@�'I x0;m/. �

Theorem 4.44. Assume that

.i/ ' W Rd ! ��1;C1� is a proper l.s.c. .�; 
/–semiconvex function,

.ii/ j' .x/ � ' .y/j � LC L jx � yj ; 8 x; y 2 Dom .'/ ;

.iii/ Dom .'/ satisfies the 
 -SUIBC,

.iv/ x0 2 Dom .'/ ;

.v/ m 2 C �RCIRd � ; m .0/ D 0:

(4.82)

Then the generalized Skorohod problem

�
x .t/C k .t/ D x0 Cm.t/ ; t � 0;

dk .t/ 2 @�' .x .t// .dt/

has a unique solution .x; k/ (see Definition 4.29) denoted by .x; k/ D
SP .@�'I x0;m/.
Proof. Uniqueness was proved in Proposition 4.33. To prove existence, let mn 2
C1

�
Œ0;1Œ IRd � ; mn .0/ D 0 be such that kmn �mkT ! 0 for all T � 0. From

Proposition 6.55, there exists a unique solution .xn; kn/ of SP .@�'I x0;mn/, and
by Corollary 4.43 there exist x; k 2 C �Œ0;1Œ IRd � such that for all T � 0

kxn � xkT C kkn � kkT ! 0; as n ! 1, and
.x; k/ D SP .@�'I x0;m/ :

The proof is complete. �

Corollary 4.45. Let .�;F ;P; fFt gt�0/ be a stochastic basis. If

� 2 L0
	
�;F0;PI Dom .'/




and M 2 S0d , M0 D 0, then there exists a unique solution .X;K/ 2 S0d � S0d of the
problem

.X� .!/ ;K� .!// D SP .@�'I � .!/ ;M� .!//

P-a.s. ! 2 �.
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Proof. For every fixed !, by Theorem 4.44, the Skorohod problem

.X� .!/ ;K� .!// D SP .@�'I � .!/ ;M� .!//

has a unique solution

.X� .!/ ;K� .!// 2 C.Œ0;1Œ IRd / � C.Œ0;1Œ IRd /:

Since .!; t/ �! Mt .!/ is progressively measurable and the mapping

.�;M/ 7�! X W Dom .'/ � C.Œ0; t � IRd / ! C.Œ0; t � IRd /

is continuous for each 0 � t � T , we see thatX is progressively measurable. Hence
X 2 S0d and consequently K 2 S0d . �

4.3.2 The Classical Skorohod Problem

Let E � R
d be a non-empty closed subset of Rd .

If E satisfies the r0-uniform exterior ball condition .r0-UEBC/, then by

Lemmas 4.24 and 4.25 the set E is
1

2r0
–semiconvex and the indicator function

' .x/ D IE .x/ D
�

0; if x 2 E;
C1; if x … E;

is a .0;
1

2r0
/–semiconvex function; the assumptions (4.64), (4.70) are satisfied.

We state the following:

Definition 4.46. Let E D E � R
d satisfy the r0-UEB condition. A pair .x; k/ is

a solution of the Skorohod problem (and we write .x; k/ D SP .EI x0;m/) if

� x; k W Œ0;1Œ ! R
d are continuous functions and

� for all 0 � s � t � T :

8
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂:

j / x .t/ 2 E;
jj/ k 2 BVloc

�
Œ0;1Œ IRd � ; k .0/ D 0,

jjj/ x .t/C k .t/ D x0 Cm.t/ ;

jv/ 8 y 2 C .RCIE/ WZ t

s

hy .r/ � x .r/ ; dk .r/i � 1

2r0

Z t

s

jy .r/ � x .r/j2 d lklr :

(4.83)
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We highlight that if .x; k/ D SP .EI x0;m/ and . Ox; Ok/ D SP .EI Ox0; Om/, then
from (4.83) we get

D
x .t/ � Ox .t/ ; dk .t/ � d Ok .t/

E
C 1

2r0
jx .t/ � Ox .t/j2

	
d lklt C d l Oklt



� 0:

(4.84)

Theorem 4.47. Let x0 2 E D E � R
d and m W RC ! R

d be a continuous
function such that m.0/ D 0. If there exists an r0 > 0 such that E satisfies the r0-
UEBC and 1

2r0
-SUIBC (see Definitions 4.22 and 4.34) then the Skorohod problem

(4.83) has a unique solution. Moreover the two following sets of conditions are
equivalent.

8̂
ˆ̂̂<
ˆ̂̂̂
:

.a/ lklt D
Z t

0

1x.s/2Bd.E/d lkls ;

.b/
k .t/ D

Z t

0

nx.s/d lkls ; where nx.s/ 2 NE .x .s//
and

ˇ̌
nx.s/

ˇ̌ D 1; d l k ls -a:e:;

(4.85)

and
8<
:

9 ˇ > 0 such that 8 y W Œ0;1Œ ! E continuous:Z t

s

hy .r/ � x .r/ ; dk .r/i � ˇ

Z t

s

jy .r/ � x .r/j2 d lklr :
(4.86)

Proof. Uniqueness was proved in Proposition 4.33 using the corresponding inequal-
ity (4.84).

(4.85) H) (4.83-jv):
By Lemma 4.24 we have

Z t

s

hy .r/ � x .r/ ; dk .r/i D
Z t

s

˝
y .r/ � x .r/ ; nx.r/d lklr

˛

D
Z t

s

˝
y .r/ � x .r/ ; nx.r/1x.r/2Bd.E/d lklr

˛

� 1

2r0

Z t

s

ˇ̌
nx.r/

ˇ̌ jy .r/ � x .r/j2 1x.s/2Bd.E/d lklr

� 1

2r0

Z t

s

jy .r/ � x .r/j2 d lklr :

Clearly (4.83-jv) H) (4.86).
(4.86) H) (4.85):
Let Œs; t � be an interval such that x .r/ 2 Int .E/ for all r 2 Œs; t �. Then there

exists a ı D ıs;t > 0 such that

inf
r2Œs;t �

dBd.E/ .x .r// � ı:
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Let � 2 Œ0; ı� and ˛ 2 C �Œ0; T � IRd �, k˛kT � 1. Setting y .r/ D x .r/C �˛ .r/ in
(4.83-jv) we obtain

Z t

s

h˛ .r/ ; dk .r/i � ˇ�

Z t

s

d l k lr :

Clearly passing to the limit as � ! 0 and taking supk˛kT �1, we have

x .r/ 2 Int .E/ ; 8 r 2 Œs; t � H) l k lt � l k lsD 0:

Hence (4.85-a) holds.
Let ` .r/ be a measurable function such that j` .r/j D 1; d l k lr -a:e:, and

k .t/ D
Z t

0

` .r/ d l k lr :

Since (4.86) holds for all 0 � s � t we deduce that

h` .r/ ; y .r/ � x .r/i � ˇ jy .r/ � x .r/j2 ; d l k lr -a:e:

for all y 2 C .Œ0; T � IE/. By Lemma 4.24 we infer

` .r/ 2 NE .x .r// ; d l k lr -a:e:

Hence (4.85-b) holds.
Existence. The existence was proved in Theorem 4.44, but for the convenience

of the reader we reproduce the proof from Lions and Sznitman [43], see also [67].
Step 1. Case m 2 C1

�
Œ0;1Œ IRd �. We know that the uniform exterior ball

condition with ball radius r0 yields the Lipschitz continuity of the projection E
while restricted to the closed "0-neighbourhood (0 < "0 < r0) of E, U "0 .E/ and
moreover

1

2
rd2E .z/ D z � E .z/ ; 8 z 2 U "0 .E/ :

Let 0 < "0 < .1 ^ r0/ =2 and ˛ 2 C1 �
R
d
�

be such that

˛ .z/ D
8<
:
1; if z 2 U "0 .E/ ;

0; if z … U 2"0 .E/ ;

2 Œ0; 1� ; otherwise.

Let

 .z/ D 1

2
d2E .z/ ˛ .z/C .1 � ˛ .z// :
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Consider the penalized problem

8<
:
dx"

dt
C 1

"
r .x"/ D dm

dt
;

x" .0/ D x0;

or equivalently

x" .t/C k" .t/ D x0 Cm.t/

where

k" .t/ D 1

"

Z t

0

r .x" .s// ds:

Let m0 D dm

dt
. Then

 .x" .t//C 1

"

Z t

0

jr .x" .s//j2 ds D
Z t

0

˝
m0 .s/ ;r .x" .s//

˛
ds

� "

2

Z t

0

ˇ̌
m0 .s/

ˇ̌2
ds C 1

2"

Z t

0

jr .x" .s//j2 ds:

Consequently for an arbitrary fixed T > 0:

8̂
ˆ̂̂<
ˆ̂̂̂
:

.a/

Z T

0

ˇ̌
ˇ̌1
"

r .x" .s//
ˇ̌
ˇ̌
2

ds � T km0k2T ;
.b/ 0 � 1 � ˛ .x" .t// �  .x" .t// � "T km0k2T ;
.c/ kk"kT � l k" lTD

Z T

0

ˇ̌
ˇ̌1
"

r .x" .s//
ˇ̌
ˇ̌ ds � T km0kT ;

(4.87)

and for 0 � s � t � T :

jk" .t/ � k" .s/j � lk"lt � lk"ls

D
Z t

s

ˇ̌
ˇ̌1
"

r .x" .r//
ˇ̌
ˇ̌ dr

� ��m0��
T
.t � s/ :

On the other hand

jx" .t/j � jx0j C jm.t/j C j�k" .t/j
� jx0j C kmkT C T

��m0��
T
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and for 0 � s � t � T :

jx" .t/ � x" .s/j � jm.t/ �m.s/j C jk" .t/ � k" .s/j
� jm.t/ �m.s/j C ��m0��

T
.t � s/ :

Hence

�
1

"
r .x"/

�

">0

is bounded in L2
�
0; T IRd � and fx"g">0, fk"g">0 are

uniformly bounded and uniformly equicontinuous on Œ0; T �. Consequently, there
exist h 2 L2

�
0; T IRd �, a 2 L2 .0; T / and x; k 2 C

�
Œ0; T � IRd � such that

(eventually on a subsequence " D "n ! 0/:

1

"
r .x"/ * h; weakly in L2

�
0; T IRd � ;

1

"
jr .x"/j * a; weakly in L2 .0; T / ;

x" �! x in C
�
Œ0; T � IRd � ;

 .x"/ �! 0 in C
�
Œ0; T � IRd � ;

˛ .x"/ �! 1 in C
�
Œ0; T � IRd � ;

k" �!
Z �

0

h .s/ ds D k in C
�
Œ0; T � IRd � :

Then

1

2
d2E .x .t// D lim

"!0
 .x" .t// D 0;

x .t/C k .t/ D x0 Cm.t/

and x .t/ 2 E, for all t 2 Œ0; T �.
Let 0 < " < "0 be such that

kx" � xkT � "0:

Then x" .t/ 2 U "0 .E/ for all t 2 Œ0; T � and

 .x"/ D 1

2
d2E .x"/ :

Let y 2 C .Œ0;1Œ IE/ be arbitrary. Since x" � E .x"/ 2 NE .E .x"// we have

�
y .s/ � x" .s/ ; 1

"
r .x" .s//

�

D
�
y .s/ � x" .s/ ; 1

"
Œx" .s/ � E .x" .s//�

�
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�
�
y .s/ � E .x" .s// ; 1

"
Œx" .s/ � E .x" .s//�

�

� 1

2r0

1

"
jx" .s/ � E .x" .s//j jy .s/ � E .x" .s//j2 :

Passing to the limit as " D "n ! 0 we obtain

hy .s/ � x .s/ ; h .s/i � 1

2r0
a .s/ jy .s/ � x .s/j2 ; a:e:

which implies h .s/ 2 NE .x .s//, a.e. and so

hy .s/ � x .s/ ; h .s/i � 1

2r0
jh .s/j jy .s/ � x .s/j2 ; a:e:

i.e.

hy .s/ � x .s/ ; dk .s/i � 1

2r0
jy .s/ � x .s/j2 d lkls :

Hence .x; k/ D SP .x0;m;E/.
Step 2. Case m 2 C �RCIRd �.

There exists an mn 2 C1
�
RCIRd � such that kmn �mkT ! 0 for all T � 0. By

the first step there exists a unique solution .xn; kn/ D SP .EI x0;mn/.
Let M D fm;mn W n 2 N

�g. The set M is a compact subset of C
�
Œ0; T � IRd �. If

CT;m is the constant and � is the function from Theorem 4.42, then by Lemma 4.41,

CT;M
defD sup

x2M
CT;x C sup

x;y2M
�
�
CT;x; CT;y

�
< 1:

Hence for all n; i 2 N
� we have lknlT � CT;M and

kxn � xikT � CT;M
pkmn �mikT :

Now using Corollary 4.43 we infer that there exist x; k 2 C
�
RCIRd � such that

.x; k/ D SP .EI x0;m/. The proof is complete. �

4.3.3 Skorohod Equations

Consider the generalized Skorohod differential equation

8<
:
x .t/C k .t/ D x0 C

Z t

0

f .s; x .s// ds Cm.t/ ; t � 0;

dk .t/ 2 @�' .x .t// .dt/ ;
(4.88)
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where we assume that (4.82) is satisfied.
We recall that dk .t/ 2 @�' .x .t// .dt/ means

a/ x 2 C
	
Œ0;1Œ I Dom .'/



; ' .x/ 2 L1loc .0;1/ ;

b/ k 2 C �Œ0;1Œ IRd � T BVloc
�
Œ0;1Œ IRd � ; k .0/ D 0;

c/ 8 0 � s � t; 8y W Œ0;1Œ ! R
d continuous:Z t

s

hy .r/ � x .r/ ; dk .r/i C
Z t

s

' .x .r// dr

�
Z t

s

' .y .r// dr C
Z t

s

jy .r/ � x .r/j2 .�dr C 
d lklr / :

(4.89)

We state the assumptions:

� the function f .�; x/ W Œ0;C1Œ ! R
d is measurable for all x 2 R

d ,
� there exists a 	 2 L1loc .0;1/ such that a:e: t � 0:

8̂
ˆ̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
:̂

�
Cf
� � Continuity:

u �! f .t; u/ W Rd ! R
d is continuous,�

Mf

� � Monotonicity condition:
hx � y; f .t; x/ � f .t; y/i � 	 .t/ jx � yj2; 8 x; y 2 R

d ;�
Bf
� � Boundedness:Z T

0

f # .s/ ds < 1; 8 T � 0;

(4.90)

where

f # .t/
defD sup

n
jf .t; u/j W u 2 Dom .'/

o
:

Proposition 4.48 (Generalized Skorohod Equation). Assume that the assump-
tions (4.82) and (4.90) are satisfied. If x0 2 Dom .'/ and m 2 C

�
Œ0; T � IRd � ;

m .0/ D 0, then the problem (4.88) has a unique solution.

Proof. Uniqueness. Let .x; k/ and . Ox; Ok/ be two solutions. Then

jx .t/ � Ox .t/ j2 C 2

Z t

0

hx .r/ � Ox .r/ ; dk .r/ � d Ok .r/i

D 2

Z t

0

hx .r/ � Ox .r/ ; f .r; x .r// � f .r; Ox .r//idr

� 2

Z t

0

	C .r/ jx .r/ � Ox .r/ j2dr;
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and using Lemma 4.32 it follows that

jx .t/ � Ox .t/j2 � 2

Z t

0

jx .r/ � Ox .r/j2 dAr

with

At D 2�t C 
 lklt C 
 l Ok lt C
Z t

0

	C .r/ dr;

which yields x D Ox via Gronwall’s inequality from Corollary 6.60, Annex C.
Existence. We shall obtain the solution .x; k/ as the limit in C

�
Œ0; T � IRd � �

C
�
Œ0; T � IRd � of the sequence .xn; kn/n2N� defined by an approximate Skorohod

problem

8̂
<̂
ˆ̂:

xn .t/ D x0; for t < 0;

xn .t/C kn .t/ D x0 C
Z t

0

f

�
s; xn.s � 1

n
/

�
ds Cm.t/ ; for t � 0;

dkn .t/ 2 @�' .xn .t// .dt/ :

(4.91)

Since for t 2  i
n
; iC1

n

�
, i 2 N, we can write

xn .t/C
�
kn .t/ � kn

�
i

n

��
D xn

�
i

n

�
C
Z t

i
n

f

�
s; xn.s � 1

n
/

�
ds

Cm.t/ �m
�
i

n

�
;

then by recurrence on the intervals

i
n
; iC1

n

�
there exists (via Theorem 4.44) a unique

pair .xn; kn/ D SP .@�'I x0;mn/, with

mn .t/ D
Z t

0

f

�
s; xn.s � 1

n
/

�
ds Cm.t/ :

Let T > 0 and

M D fmn W n 2 N
�g :

M is a relatively compact subset of C
�
Œ0; T � IRd � since it is a bounded and

equicontinuous subset of C
�
Œ0; T � IRd �. Indeed

kmnkT �
Z T

0

f # .s/ ds C kmkT
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and for s < t

jmn .t/ �mn .s/j �
Z t

s

f # .r/ dr C jm.t/ �m.s/j :

Then by Theorem 4.42

kxnkT C lknlT � jx0j C CT;M

and for all 0 � s � t :

jx .t/ � x .s/j C lklt � lkls � CT;M
p

�M .t � s/:

Hence, again by the Arzelà–Ascoli theorem, X D fxn W n 2 N
�g is a relatively

compact subset of C
�
Œ0; T � IRd �. Let x 2 C

�
Œ0; T � IRd � be such that along a

sequence still denoted by fxn W n 2 N
�g as an abuse of notation

kxn � xkT ! 0; as n ! 1:

Then, uniformly with respect to t 2 Œ0; T �,

mn .t/ !
Z t

0

f .s; x.s// ds Cm.t/ ; as n ! 1;

and

kn .t/ ! k .t/ D x0 C
Z t

0

f .s; x.s// ds Cm.t/ � x .t/ ; as n ! 1:

Using Corollary 4.43 we infer that

.x; k/ D SP
�
@�'I x0;

Z �

0

f .s; x.s// ds Cm

�
(4.92)

that is .x; k/ is a solution of the problem (4.88). The uniqueness of the solution of
(4.92) implies that the whole sequence .xn; kn/ converges to the solution .x; k/. The
proof is complete. �

If in the above Theorem 4.48 we put ' D IE , where E D E � R
d , we get (via

Theorem 4.47):

Corollary 4.49 (Skorohod Equation). Let x0 2 E and m W Œ0;1Œ ! R
d be a

continuous function such thatm.0/ D 0. If f satisfies the assumption (4.90) and E
satisfies the r0-UEBC and 1

2r0
-SUIBC for some r0 > 0, then the following problem

has a unique solution .x; k/:
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j / x; k 2 C .Œ0;1Œ IE/ ; k .0/ D 0;

jj/ k 2 BVloc
�
Œ0;1Œ IRd � ;

jjj/ x .t/C k .t/ D x0 C
Z t

0

f .s; x.s// ds Cm.t/ ;

jv/ lklt D
Z t

0

1x.s/2Bd.E/d lkls ;

k .t/ D
Z t

0

nx.s/d lkls ; where nx.s/ 2 NE .x .s//
and

ˇ̌
nx.s/

ˇ̌ D 1; d l k ls -a:e:

(4.93)

In the second part of this section we shall study the multivalued SDE (called the
stochastic variational inequality in a non-convex domain or generalized stochastic
Skorohod equation)

8
<
:
Xt CKt D � C

Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dBs; t � 0;

dKt .!/ 2 @�' .Xt .!// .dt/ ;
(4.94)

where ' is a .�; 
/–semiconvex function and as usual for most of the SDEs in this
book we have

N fBt W t � 0g is an R
k-valued Brownian motion with respect to the given

stochastic basis .�;F ;P; fFt gt�0/,
N (Carathéodory conditions) F .�; �; �/ W � � Œ0;C1Œ � R

d ! R
d and G .�; �; �/ W

� � Œ0;C1Œ � R
d ! R

d�k are
�P;Rd �-Carathéodory functions, that is

�
.a/ F .�; �; x/ and G .�; �; x/ are p.m.s.p., 8 x 2 R

d ;

.b/ F .!; t; �/ and G .!; t; �/ are continuous function dP ˝ dt-a:e:
(4.95)

Defining

F # .s/ D sup
n
jF.t; u/j W u 2 Dom .'/

o
;

G# .s/ D sup
n
jG.t; u/j W u 2 Dom .'/

o

we assume that the following conditions are satisfied:

N (Boundedness conditions) For all T � 0:

8̂
<̂
ˆ̂:

.a/

Z T

0

F # .s/ ds < 1; P-a.s.

.b/

Z T

0

ˇ̌
G# .s/

ˇ̌2
ds < 1; P-a.s.

(4.96)
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N (Monotonicity and Lipschitz conditions) There exist 	 2 L1loc .0;1/ and ` 2
L2loc .0;1IRC/ such that dP ˝ dt-a:e::

8̂
<̂
ˆ̂:

.MF / Monotonicity condition:
hx � y; F.t; x/ � F.t; y/i � 	 .t/ jx � yj2; 8 x; y 2 R

d ,
.LG/ Lipschitz condition:

jG.t; x/ �G.t; y/j � ` .t/ jx � yj; 8 x; y 2 R
d .

(4.97)

To study the SDE (4.94) we begin by giving the definitions of strong and weak
solutions.

Definition 4.50. .I / Given a stochastic basis .�;F ;P;Ft /t�0 and an R
k-valued

Ft -Brownian motion fBt W t � 0g, a pair .X;K/ W � � Œ0;1Œ ! R
d � R

d of
continuous Ft -progressively measurable stochastic processes is a strong solution of
the SDE (4.94) if P-a.s. ! 2 �:

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
:̂

j / Xt 2 Dom .'/; 8 t � 0; ' .X�/ 2 L1loc .0;1/ ;

jj/ K� 2 BVloc
�
Œ0;1Œ IRd � ; K0 D 0;

jjj/ Xt CKt D � C
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dBs; 8 t � 0;

jv/ 8 0 � s � t; 8y W Œ0;1Œ ! R
d continuousWZ t

s

hy .r/ �Xr; dKri C
Z t

s

' .Xr/ dr

�
Z t

s

' .y .r// dr C
Z t

s

jy .r/ �Xr j2 .�dr C 
d lKlr / ;

(4.98)

that is

.X� .!/ ;K� .!// D SP .@�'I � .!/ ;M� .!// ; P-a.s. ! 2 �;
with

Mt D
Z t

0

F .s; Xs/ ds C
Z t

0

G .s; Xs/ dBs:

.II/ Let F .!; t; x/ D f .t; x/, G .!; t; x/ D g .t; x/ and � .!/ D x0 be
independent of !. If there exist a stochastic basis .�;F ;P;Ft /t�0, an R

k-valued
Ft -Brownian motion fBt W t � 0g and a pair .X�; K�/ W � � Œ0;1Œ ! R

d � R
d of

Ft -p.m.c.s.p. such that

.X� .!/ ;K� .!// D SP .@�'I x0;M� .!// ; P-a.s. ! 2 �;
with

Mt D
Z t

0

f .s; Xs/ ds C
Z t

0

g .s; Xs/ dBs;
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then the collection .�;F ;P;Ft ; Bt ; Xt ;Kt /t�0 is called a weak solution of the SDE
(4.94).

Since the stochastic process K is uniquely determined from .X;B/ by
the Eq. (4.98-jjj), we also say that X is a strong solution (and respectively
.�;F ;P;Ft ; Bt ; Xt /t�0 is a weak solution).

We first give a uniqueness result for strong solutions.

Proposition 4.51 (Pathwise Uniqueness). Let .�;F ;P;Ft ; Bt /t�0 be given and
the assumption (4.82) be satisfied. Assume that

F .�; �; �/ W �� Œ0;C1Œ�R
d ! R

d and G .�; �; �/ W �� Œ0;C1Œ�R
d ! R

d�k

satisfy (4.95), (4.96) and (4.97). Then the SDE (4.94) has at most one strong
solution.

Proof. Let .X;K/ and . OX; OK/ be two solutions corresponding to � and respectively
O� . Since

dKt 2 @�' .Xt / .dt/ and d OKt 2 @�'. OXt/ .dt/

we deduce by Lemma 4.32, for p � 1 and � > 0, that

D
Xt � OXt ; .F .t; Xt / dt � dKt / �

	
F.t; OXt/dt � d OKt


E

C
�
1

2
mp C 9p�

� ˇ̌
ˇG .t; Xt / �G.t; OXt/

ˇ̌
ˇ
2

dt � jXt � OXt j2dV t

with

Vt D
Z t

0

�
	 .s/ dsC

�
1

2
mpC9p�

�
`2 .s/ dsC2�dsC
d lKls C
d l OK ls

�
:

Therefore, by Corollary 6.78 (Annex C), we get

E

h
1 ^

���e�V 	X � OX

���

p

T

i
� Cp;�E

h
1 ^

ˇ̌
ˇ� � O�

ˇ̌
ˇ
pi
:

Hence the uniqueness follows. �

Note also that in the case of additive noise (i.e. G does not depend upon X ) we
have the existence of a strong solution.

Lemma 4.52. Let .�;F ;P;Ft ; Bt /t�0 be given and the assumption (4.82) be
satisfied. Assume

F .�; �; �/ W � � Œ0;C1Œ � R
d ! R

d
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is a
�P;Rd �-Carathéodory function satisfying the boundedness condition (4.96-a)

and the monotonicity condition (4.97-MF ). If

� 2 L0
	
�;F0;PI Dom .'/




and M 2 S0d , M0 D 0, then there exists a unique solution .X;K/ 2 S0d � S0d of the
problem

8<
:
Xt .!/CKt .!/ D � .!/C

Z t

0

F .!; s; Xs .!// ds CMt .!/ ; t � 0;

dKt .!/ 2 @�' .Xt .!// .dt/ ;

P-a.s. ! 2 �; that is

.X� .!/ ;K� .!// D SP .@�'I � .!/ ;M� .!// ; P-a.s. ! 2 �:

Proof. By Corollary 4.45 the approximating problem

8<
:
Xn
t .!/CKn

t .!/ D � .!/C
Z t

0

F
	
!; s;Xn

s� 1
n

.!/



ds CMt .!/ ; t � 0;

dKn
t .!/ 2 @�'

�
Xn
t .!/

�
.dt/ ;

has a unique solution .Xn;Kn/ 2 S0d � S0d . Now the solution .X;K/ is the limit of
the sequence .Xn;Kn/, exactly as in Proposition 4.48. �

To study the general SDE (4.94) we consider only the case when F;G and � are
independent of !. Hence the SDE (4.94) becomes

8<
:
Xt CKt D x0 C

Z t

0

f .s; Xs/ ds C
Z t

0

g .s; Xs/ dBs; t � 0;

dKt .!/ 2 @�' .Xt .!// .dt/ ;
(4.99)

where f .�; �/ W Œ0;C1Œ � R
d ! R

d and g .�; �/ W Œ0;C1Œ � R
d ! R

d�k .
As above, define

f # .s/
defD sup

n
jf .t; u/j W u 2 Dom .'/

o
;

g# .s/
defD sup

n
jg.t; u/j W u 2 Dom .'/

o
:

Theorem 4.53. Assume that the assumption (4.82) holds. Let .t; x/ 7! f .t; x/ and
.t; x/ 7! g .t; x/ be

�B1;Rd
�
-Carathéodory functions satisfying the boundedness

conditions

Z T

0

h
f # .s/2 C g# .s/4

i
ds < 1; 8 T � 0:
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If x0 2 Dom .'/, then the problem (4.99) has a weak solution (�, F , P, Ft , Xt , Kt ,
Bt )t�0.

Proof. Step 1. Approximating sequence. Let
�
�;F ;P;FB

t ; Bt
�
t�0 be a Brownian

motion. By Lemma 4.52 there exists a unique pair .Xn;Kn/ W � � Œ0;1Œ !
R
d �R

d of FB
t -progressively measurable continuous stochastic processes, forming

a solution of the approximating problem
8<
:
Xn
t CKn

t D x0 C
Z t

0

f
	
s; Xn

s� 1
n



ds C

Z t

0

g
	
s; Xn

s� 1
n



dBs; t � 0;

dKn
t .!/ 2 @�'

�
Xn
t .!/

�
.dt/ :

(4.100)

Let

Mn
t D

Z t

0

f
	
s; Xn

s� 1
n



ds C

Z t

0

g
	
s; Xn

s� 1
n



dBs:

Since

E

"
sup
0���"

ˇ̌
Mn
tC� �Mn

t

ˇ̌4
#

� C

"�Z tC"

t

f # .s/ ds

�4
C
�Z tC"

t

ˇ̌
g# .s/

ˇ̌2
ds

�2#

� "C

"
sup
t2Œ0;T �

�Z tC"

t

ˇ̌
f # .s/

ˇ̌2
ds

�2
C sup

t2Œ0;T �

Z tC"

t

ˇ̌
g# .s/

ˇ̌4
ds

#
;

it follows, by Proposition 1.47, that the family of laws of fMn W n � 1g is tight on
C
�
Œ0;1Œ IRd �.
Therefore by Theorem 1.46 for all T � 0

lim
N%1

"
sup
n�1

P .kMnkT � N/

#
D 0;

and for all a > 0 and T > 0:

lim
"&0

"
sup
n�1

P
�
.mMn ."I Œ0; T �/ � a/

�# D 0: (4.101)

Defining

�Mn D "C mMn ."I Œ0; T �/
D "C sup fjMn

t �Mn
s j W 0 � s � t � T; t � s � "g ;
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we can replace in (4.101) mMn by �Mn .
Step 2. Tightness. Let T � 0 be arbitrary. We now show that the family of laws

of the random variables Un D .Xn;Kn;lKnl/ is tight on C
�
Œ0; T � IR2dC1�.

From (4.77-c) we deduce

mUn ."I Œ0; T �/ � G .Mn/
p

�Mn ."/; a.s.

where G W C �Œ0; T � IRd � ! RC,

G .x/ D CT;x D exp ŒC .1C T C kxkT C Bx/� ; with

Bx D 1=��1
x

	
ı2e�C.1CTCkxkT /



:

By Lemma 4.41 G is bounded on compact subset of C
�
Œ0; T � IRd � and therefore

by Proposition 1.48, fUnIn 2 N
�g is tight on X (recall that U0 D .x0; 0; 0; 0/).

Then by the Prohorov theorem there exists a subsequence (also denoted by n)
such that as n ! 1

.Xn;Kn;lKnl ; B/ ! .X;K; V;B/ in law

on C
�
Œ0; T � IR2dC1Ck� and by the Skorohod theorem, we can choose a probability

space .�;F ;P/, and some random quadruples . NXn; NKn; NV n; NBn/, . NX; NK; NV ; NB/
defined on .�;F ;P/, having the same laws as resp. .Xn;Kn;lKnl ; B/ and
.X;K; V;B/, such that, in C

�
Œ0; T � IR2dC1Ck�, as n ! 1,

. NXn; NKn; NV n; NBn/
P-a.s.���! . NX; NK; NV ; NB/:

Note that by Proposition 2.15,
	 NBn; fF NXn; NKn; NV n; NBn

t g


; n � 1, and

	 NB; fF NX; NK; NV ; NB
t g




are R
k-Brownian motions.

Step 3. Passing to the limit.
Since we also have .Xn;Kn;lKnl ; B/ ! . NX; NK; NV ; NB/, in law, we deduce, by

Corollary 1.18, that for all 0 � s � t , P-a.s.

NX0 D x0; NK0 D 0; NXt 2 E;xy NKxy
t
� xy NKxy

s
� NVt � NVs and 0 D NV0 � NVs � NVs: (4.102)

Moreover, since for all 0 � s < t , n 2 N
�

Z t

s

'
�
Xn
r

�
dr �

Z t

s

' .y .r// dr �
Z t

s

hy .r/ �Xn
r ; dKn

r i

C
Z t

s

jy .r/ �Xn
r j2 .�dr C 
d lKnlr / ; a:s:;
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then by Proposition 1.19 we infer

Z t

s

'
� NXr

�
dr �

Z t

s

' .y .r// dr �
Z t

s

˝
y .r/ � NXr; d NKr

˛

C
Z t

s

ˇ̌
y .r/ � NXr

ˇ̌2 �
�dr C 
d NVr

�
:

(4.103)

Hence, based on (4.102), (4.103) and Lemma 4.31 we have

d NKr 2 @�'
� NXr

�
.dr/ :

Now as in the proof of Theorem 3.54 we obtain that P-a.s.

NXt C NKt D x0 C
Z t

0

f
�
s; NXs

�
ds C

Z t

0

g
�
s; NXs

�
d NBs; 8 t 2 Œ0; T � ;

and consequently
	 N�; NF ; NP;F NB; NX

t ; NXt ; NKt ; NBt


t�0 is a weak solution. The proof is

complete. �

Since the stochastic process K is uniquely determined by .X;B/ via the
Eq. (4.99), a weak solution for the SDE is a sextuple�
�;F ;P; fFtgt�0 ; X;B

�
. Exactly the same arguments as used in Theorem 3.55

allow us to show that again weak existence + pathwise uniqueness implies strong
existence. Hence we deduce from Theorem 4.53 and Proposition 4.51 the following:

Theorem 4.54. Assume that the assumption (4.82) holds. Let .t; x/ 7! f .t; x/ and
.t; x/ 7! g .t; x/ be

�B1;Rd
�
-Carathéodory functions satisfying (4.97) and

Z T

0

h
f # .s/2 C g# .s/4

i
ds < 1; 8 T � 0:

If x0 2 Dom .'/, then the problem (4.99) has a unique strong solution .Xt ;Kt /t�0.

4.3.4 Markov Solutions of Reflected SDEs

In this subsection we study the Markov property of the solutions of reflected SDEs,
when the set E has a particular form. Assume that

8
ˆ̂̂<
ˆ̂̂:

.i/ E D
n
x 2 R

d W � .x/ � 0
o
; where � 2 C2

b

	
R
d


;

.ii/ int .E/ D
n
x 2 R

d W � .x/ < 0
o
;

.iii/ Bd .E/ D
n
x 2 R

d W � .x/ D 0
o

and jr� .x/j D 1 8 x 2 Bd .E/ :

(4.104)
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In Example 4.37 it is shown that this set E satisfies the .r0-UEBC/ (see Defini-

tion 4.22) and the
	
1
2r0

-SUIBC



(see Definition 4.34).

Note that at any boundary point x 2 Bd, r� .x/ is a unit normal vector to the
boundary pointing towards the exterior of E.

Let t 2 Œ0;1Œ and x 2 E. Consider the equation

8<
:
Xt;x
s CKt;x

s D x C
Z s

t

f
�
r; Xt;x

r

�
dr C

Z s

t

g
�
r; Xt;x

r

�
dBr ; s � t;

dKr .!/ 2 @�IE
�
Xt;x
r .!/

�
.dr/ ;

(4.105)

where f .�; �/ W Œ0;C1Œ � R
d ! R

d and g .�; �/ W Œ0;C1Œ � R
d ! R

d�k are
continuous functions and satisfy: there exist 	 2 R and ` > 0 such that for all
u; v 2 R

d

.i/ hu � v; f .t; u/ � f .t; v/i � 	ju � vj2;
.ii/ jg.t; u/ � g.t; v/j � `ju � vj: (4.106)

If follows from Theorem 4.54 that there exists a unique pair .Xt;x;Kt;x/ W � �
Œ0;1Œ ! R

d � R
d of continuous progressively measurable stochastic processes

which is a strong solution of the SDE (4.105) that is P-a.s. ! 2 �:

8̂
ˆ̂̂
ˆ̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂
ˆ̂̂:

.j / X
t;x
s 2 E and Xt;xs^t D x for all s � 0;

.jj/ Kt;x� 2 BVloc

	
Œ0;1Œ IRd



; K

t;x
s D 0 for all 0 � s � t;

.jjj/ X
t;x
s CK

t;x
s D x C

Z s

t
f
	
r; X

t;x
r



dr C

Z s

t
g
	
r; X

t;x
r



dBr ; 8 s � t;

.jv/
xyKt;x

xy
s

D
Z s

t
1Bd.E/

	
X
t;x
r



d
xyKt;x

xy
r
; 8 s � t;

.v/ K
t;x
s D

Z s

t
r�

	
X
t;x
r



d
xyKt;x

xy
r
; 8 s � t:

(4.107)

Note that by Theorem 4.47 the conditions .jv/& .v/ are equivalent to

� 9 
 > 0 such that 8 y W Œ0;1Œ ! E continuous:˝
y .r/ �Xt;x

r ; dKt;x
r

˛ � 
 jy .r/ �Xt;x
r j2 d lKt;xlr :

If .Xt;x;Kt;x/ and .Xt;x0

; Kt;x0

/ are two solutions, then from this last inequality it
follows that

�
D
Xt;x
r �Xt;x0

r ; dKt;x
r � dKt;x0

r

E

� 

ˇ̌
ˇXt;x

r �Xt;x0

r

ˇ̌
ˇ
2 	
d lKt;xlr C d lKt;x0 lr



; a:s:

(4.108)
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Proposition 4.55. Let the assumptions (4.104) and (4.106) be satisfied and

sup
.t;x/2Œ0;T ��E

Œjf .t; x/j C jg .t; x/j� < 1:

Then for all p � 1, � > 0 and s � t , x; x0 2 E,

.j / E
Ft sup

r2Œt;s�

ˇ̌
ˇXt;x

r �Xt;x0

r

ˇ̌
ˇ
p � C jx � x0jp exp ŒC .s � t /� ; a.s.;

.jj/ E
Ft sup

r2Œt;s�

jKt;x
r jp � E

Ft lKt;xlps � C .1C .s � t /p/ ; a.s.,

.jjj/ E
Ft sup

r2Œt;s�

jXt;x
r jp � C

�
1C .s � t /p C jxjp� ;

.jv/ E
Ft e�jKt;x

s j � E
Ft e�lKt;x

ls � exp

�
C�C C�t C C2�2

2
t

�
; a.s.;

(4.109)

where C is a constant independent of x; x0; s; t and �.
If the monotonicity condition (4.106-i) is replaced by

jf .t; u/ � f .t; v/j � 	ju � vj;

and � 2 C3
b

�
R
d
�
, then moreover we have

E
Ft sup

r2Œt;s�

ˇ̌
ˇKt;x

r �Kt;x0

r

ˇ̌
ˇ
p C E

Ft sup
r2Œt;s�

ˇ̌
ˇlKt;xlr �

x?yKt;x0

x?y
r

ˇ̌
ˇ
p

� CeC.s�t/ jx � x0jp ;
(4.110)

where C is a constant independent of x; x0; s; t .

Proof. Let .X;K/ D .Xt;x;Kt;x/ and . OX; OK/ D
	
Xt;x0

; Kt;x0



. By Itô’s formula

we have

d� .Xr/ D hr� .Xr/ ; f .r; Xr/ dr � dKr C g .r;Xr/ dBri
C Tr

r2� .Xr/ g
� .r; Xr/ g .r; Xr/

�
dr

and if we define

L� .�/ D Tr
r2� .�/ g� .r; �/ g .r; �/�C hr� .�/ ; f .r; �/i

then

d� .Xr/ D ŒL� .Xr/ dr � d lKlr �C hr� .Xr/ ; g .r; Xr/ dBri : (4.111)
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Let ˆr D exp .
� .Xr// and Ô
r D exp

	

�
	 OXr




. Once again by Itô’s formula

we have

dˆr D 
ˆr

h
L� .Xr/ dr � d lKlr C 


2
jg� .r; Xr/r� .Xr/j2 dr

i

C
ˆr hr� .Xr/ ; g .r; Xr/ dBri

and therefore

d
	
ˆr Ô

r



D d .ˆr/ Ô

r Cˆrd. Ô
r /C dˆr d Ô

r

D ˆr Ô
r

n
brdr C ��

r dBr � 

h
d lKlr C d l OKlr

io
;

where b W � � Œ0;1Œ ! R and � W � � Œ0;1Œ ! R
k are bounded P-m.s.p.

Let

Yr D ˆr Ô
r

	
Xr � OXr



;

Gr D ˆr Ô
r

h	
Xr � OXr



��
r C g .r;Xr/ � g

	
r; OXr


i

and

Ks D
Z s

t

ˆr Ô
r

�
.Xr� OXr/brCf .r;Xr/ � f .r; OXr/C

	
g.r;Xr/ � g.r; OXr/



�r

�
dr

C
Z s

t

ˆr Ô
r

�
� 
.Xr � OXr/

	
d lKlr C d l OKlr



� .dKr � d OKr/

�
:

Then

Ys D �
x � x0�C

Z s

t

dKr C
Z s

t

GrdBr :

Let p � 1, � > 1 and mp D 1 _ .p � 1/.
Using (4.108) we deduce that

hYr ; dKri C
�
1

2
mp C 9p�

�
jGr j2 dr � C 0

p jYr j2 :

Hence by (3.7) we infer that, for � D 2,

E
Ft sup

r2Œt;s�

ˇ̌
ˇXt;x

r �Xt;x0

r

ˇ̌
ˇ
p � Cp

ˇ̌
x � x0 ˇ̌p exp


Cp .s � t /� ;

that is (4.109-j).
Now from (4.111) and the Eq. (4.105) we have for s � t
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lKt;xls D
Z s

t

L�.Xt;x
r /dr C

Z s

t

hr�.Xt;x
r /; g.r; Xt;x

r /dBri
� �.Xt;x

s / � � .x/� :
(4.112)

Clearly, by the Burkholder–Davis–Gundy inequality and Hölder’s inequality the
estimate (4.109-jj) follows. Using Lemma 2.24 we infer (4.109-jv). The inequality
(4.109-jjj) is a consequence of (4.109-jj) and

Xt;x
s D x C

Z s

t

f .r; Xt;x
r /dr C

Z s

t

g.r; Xt;x
r /dBr �Kt;x

s :

The inequality (4.110) is obtained from (4.112), the Burkholder–Davis–Gundy
inequality and Hölder’s inequality. �

Corollary 4.56. Let the assumptions of Proposition 4.55 be satisfied and E be a
bounded set. Then for every T > 0 and p � 1 the mapping

.t; x/ 7! �
Xt;x� ; Kt;x� ;

xyKt;x
xy� W Œ0; T � �E ! S

p

d Œ0; T � � Spd Œ0; T � � Sp1 Œ0; T �
is continuous and if h1; h2 W Œ0; T � �E ! R are continuous functions, then

.t; x/ 7! E

Z T

t

h1.s; X
t;x
s /ds C E

Z T

t

h2.s; X
t;x
s / d

xyKt;x
xy
s

W Œ0; T � �E ! R

(4.113)

is continuous.

Proof. Let .t 0; x0/ 2 RC � E. We can assume that t 0 � t . By the uniqueness of the
solution we have P-a.s.

Xt 0;x0

s C
	
Kt 0;x0

s �Kt 0;x0

t



D X

t 0;x0

t C
Z s

t

f .r; Xt 0;x0

r /dr C
Z s

t

g.r; Xt 0;x0

r /dBr ;

for all s � t and by (4.109-j)

E sup
r2Œt;T �

ˇ̌
ˇXt 0;x0

r �Xt;x
r

ˇ̌
ˇ
p � C eC.T�t/

E

ˇ̌
ˇXt 0;x0

t � x
ˇ̌
ˇ
p

� C 0eCT
h
E

ˇ̌
ˇXt 0;x0

t � x0
ˇ̌
ˇ
p C ˇ̌

x0 � x ˇ̌p
i
:

Therefore

E sup
r2Œ0;T �

ˇ̌
ˇXt 0;x0

r �Xt;x
r

ˇ̌
ˇ
p

� ˇ̌
x0 � x ˇ̌p C E sup

r2Œt 0;t �

ˇ̌
ˇXt 0;x0

r � x
ˇ̌
ˇ
p C E sup

r2Œt;T �

ˇ̌
ˇXt 0;x0

r �Xt;x
r

ˇ̌
ˇ
p
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� Cp
ˇ̌
x0 � x ˇ̌p C CpE sup

r2Œt 0;t �

ˇ̌
ˇXt 0;x0

r � x0
ˇ̌
ˇ
p

:

Since Xt 0;x0

� 2 S0d Œ0; T �, X
t 0;x0

t 0
D x0 and (4.109-jjj) holds for all p � 1, the

continuity of .t; x/ 7! Xt;x� W Œ0; T � � E ! S
p

d Œ0; T � follows. The continuity of
.t; x/ 7! �

Kt;x� ;lKt;xl� is now a consequence of the relations

Kt;x
s D

Z s

t

f .r; Xt;x
r /dr C

Z s

t

g.r; Xt;x
r /dBr � �

Xt;x
s � x�

and (4.112).
The continuity (4.113) is now a consequence of Proposition 1.20 and the

uniformly integrability of the random variables

Z T

t

h1.s; X
t;x
s /ds and

Z T

t

h2.s; X
t;x
s / d

xyKt;x
xy
s
:

�

We close for this section with the following:

Proposition 4.57. Let the assumptions (4.104) and (4.106) be satisfied and E be
a bounded set. Then the solution

˚
X0;x
s W s � 0

�
of the SDE (4.105) is a strong

Markov process with:

(i) transition probability

P .t; xI s; G/ D P
�
Xt;x
s 2 G�

for t; s � 0 and G 2 Bd ;
(ii) evolution operator Pt;s W Bb.Rd / ! Bb.R

d /, 0 � t � s,

.Pt;s / .x/ D E 
�
Xt;x
s

� I

(iii) infinitesimal generator At satisfying

D defD ˚
 2 C2

b

�
R
d
� W hr .x/;r�.x/i D 0 if x 2 Bd .E/

� 	 Dom.At /; 8 t � 0

and for  2 D

At . / .x/ D 1

2
Tr

g .t; x/ g� .t; x/  00

xx .x/
�C ˝

f .t; x/ ;  0
x .x/

˛

D 1

2

dX
i;jD1

.gg�/ij .t; x/
@2 .x/

@xi@xj
C

dX
iD1

fi .t; x/
@ .x/

@xi
:
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Proof. The proof is the same as for Proposition 3.38 except for one difference
regarding the infinitesimal generator: the evolution operator is given by

Pt;s . / .x/ D
Z

Rd

 .y/P .t; xI s; dy/ D E 
�
Xt;x
s

�

and Itô’s formula with  2 C2
c .R

d / and t; h � 0 yields

E .X
t;x
tCh/ D .x/C E

Z tCh

t

Ar .X
t;x
r /dr

� E

Z tCh

t

˝r �Xt;x
r

�
;r� �Xt;x

r

�˛
1Bd.E/

�
Xt;x
r

�
d
xyKt;x

xy
r
:

Assuming hr .x/;r�.x/i D 0 if x 2 Bd .E/ then

lim
h&0

1

h
ŒPt;tCh . / .x/ �  .x/� D At .x/:

�

4.3.5 SDEs with Oblique Reflection

In this section we shall assume that E is a non-empty closed subset of Rd and there
exists a 
 � 0 such that:

.
1/ E is a 
–semiconvex set (see Definition 4.23); and

.
2/ E satisfies 
 -SUIBC (see Definition 4.34).

Recall from Annex B, Lemma 6.47, that E is 0–semiconvex if and only if E
is a convex set and, for 
 > 0, E is 
–semiconvex if and only if E satisfies the
1
2


-uniform exterior ball condition. From Proposition 4.35 if E satisfies the uniform
interior drop condition (that is, there exist r0; h0 > 0 and for all x 2 E there exists
vx 2 R

d , jvx j � h0, such that

Dx .vx; r0/
defD conv

n
x;B .x C vx; r0/

o
� E /

then E satisfies the 
 -shifted uniform interior ball condition for all 
 � 0.
To each x 2 Bd.E/, we associate a unit vector �x and a unit vector nx 2 NE.x/

such that for some fixed 	 > 0, hnx; �xi � 	. Recall that NE .x/ is the closed
external normal cone of E at x 2 Bd .E/. Note that if we consider the symmetric
matrix

H .x/ D h�x; nxi Id�d � �x ˝ nx � nx ˝ �x C 2

h�x; nxi�x ˝ �x; (4.114)
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then

�x D H .x/ nx; x 2 Bd .E/ :

Moreover if the maps x 7�! �x; nx are smooth (i.e. can be extended to functions
from C2

b

�
R
d IRd �), then H 2 C2

b

�
R
d IR2d �.

Let H D �
hi;j

�
d�d 2 C2

b

�
R
d IR2d � be such that for some constant c � 1 and

for all x 2 R
d ,

.i/ hi;j .x/ D hj;i .x/ ; and i; j 2 1; d ;
.ii/

1

c
juj2 � hH .x/ u; ui � c juj2 ; 8 u 2 R

d .
(4.115)

We denote by ŒH .x/��1 the inverse matrix of H .x/. Then ŒH .x/��1 has the same
properties (4.115) as H .x/. Define

b D sup
x;y2Rd ; x¤y

jH .x/ �H .y/j
jx � yj C sup

x;y2Rd ; x¤y

ˇ̌
ˇŒH .x/��1 � ŒH .y/��1

ˇ̌
ˇ

jx � yj :

We introduce the oblique directions

�x D H .x/ nx; x 2 Bd .E/ ;

where nx 2 NE .x/.
Consider the differential equation

�
dx .t/CH .x .t// @�' .x .t// .dt/ 3 dm .t/ ; t > 0;

x .0/ D x0;
(4.116)

where
�
.i/ x0 2 Dom .'/

.ii/ m 2 C �RCIRd � ; m .0/ D 0
(4.117)

and

' W Rd ! ��1;C1� is a proper l.s.c. .�; 
/–semiconvex function. (4.118)

Our aim in this section is to solve the differential equation (4.116) in the case

' .x/ D IE .x/ D
�

0; if x 2 E;
C1; if x … E;

where E � R
d is a bounded closed subset satisfying .r0-UEBC/ and	

1
2r0

-SUIBC



for some r0 > 0. Recall that @�IE .x/ D ; if x … E and
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@�IE .x/ D
(

Ox 2 R
d W lim sup

y!x; y2E
h Ox; y � xi

jy � xj � 0

)
D NE .x/ ; if x 2 E:

We introduce the following (the oblique reflection problem was initiated in Lions
and Sznitman [43], see also Dupuis and Ishii [24]):

Definition 4.58. Let H D �
hi;j

�
d�d 2 C2

b

�
R
d IR2d �. A pair .x; k/ is a solution

of the H -oblique reflection Skorohod problem (EI x0;m) (and we write .x; k/ D
SP .EI x0;mIH/) if:

� x; k W RC ! R
d are continuous functions; and

� for all 0 � s � t :

8
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
<̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
:

.j / x .t/ 2 E;

.jj/ k 2 BVloc
�
RCIRd � ; k .0/ D 0,

.jjj/ x .t/C
Z t

0

H .x .r// dk .r/ D x0 Cm.t/ ;

.jv/ lklt D
Z t

0

1x.r/2Bd.E/d lklr ;

.v/
k .t/ D

Z t

0

nx.r/1x.r/2Bd.E/d lklr ; where nx.r/ 2 NE .x .r//
and

ˇ̌
nx.r/

ˇ̌ D 1; d l k lr -a:e:
(4.119)

Note that by Theorem 4.47 the conditions .jv/& .v/ are equivalent to
8<
:

8 y W Œ0;1Œ ! E continuous and for all 0 � s � t;Z t

s

hy .r/ � x .r/ ; dk .r/i � 


Z t

s

jy .r/ � x .r/j2 d lklr ;
(4.120)

and also to
8
<
:

9 ˇ > 0 such that 8 y W Œ0;1Œ ! E continuous and for all 0 � s � t;Z t

s

hy .r/ � x .r/ ; dk .r/i � ˇ

Z t

s

jy .r/ � x .r/j2 d lklr :

Definition 4.59. We say that dk .t/ 2 @�IE .x .t// .dt/ if x; k W Œ0;1Œ ! R
d are

continuous functions and for all 0 � s � t ,

8
ˆ̂̂̂
<
ˆ̂̂̂
:

.a/ x .t/ 2 E;

.b/ k 2 BVloc
�
RCIRd � ; k .0/ D 0,

.c/

Z t

s

hy .r/ � x .r/ ; dk .r/i � 


Z t

s

jy .r/ � x .r/j2 d lklr ;
8 y W Œ0;1Œ ! E continuous.
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Hence .x; k/ D SP .EI x0;mIH/ means
8<
:
x .t/C

Z t

0

H .x .s// dk .s/ 3 x0 Cm.t/ ; t � 0;

dk .t/ 2 @�IE .x .t// .dt/ :

Note that if dk .t/ 2 @�IE .x .t// .dt/ and d Ok .t/ 2 @�IE . Ox .t// .dt/ then for all
0 � s � t :

Z t

s

D
x .r/ � Ox .r/ ; dk .r/ � d Ok .r/

E

C

Z t

s

jx .r/ � Ox .r/j2
	
d lklr C d l Ok lr



� 0:

(4.121)

From (4.119-iv) we infer that

if x .r/ 2 int .E/ for all r 2 Œs; t � , then lklt � lkls D 0:

Proposition 4.60. If m 2 BVloc
�
RCIRd � then the “oblique reflection” Skorohod

problem SP .EI x0;mIH/ has at most one solution.

Proof. Let .x; k/ and . Ox; Ok/ be two solutions. Consider the symmetric and strict
positive matrix U .r/ D ŒH .x .r//��1 C ŒH . Ox .r//��1. Note that

U .r/
h
H . Ox .r// d Ok .r/ �H .x .r// dk .r/

i

D
	
ŒH .x .r//��1 � ŒH . Ox .r//��1


 h
H . Ox .r// d Ok .r/CH .x .r// dk .r/

i

C 2
h
d Ok .r/ � dk .r/

i
:

Let u .r/ D U 1=2 .r/ .x .r/ � Ox .r//. Then

du .r/ D 
dU 1=2 .r/

�
.x .r/ � Ox .r//C U 1=2 .r/ d Œx .r/ � Ox .r/�

D Œ˛ .r/ dx .r/C ˇ .r/ d Ox .r/� .x .r/ � Ox .r//
C U 1=2 .r/

h
H . Ox .r// d Ok .r/ �H .x .r// dk .r/

i
;

where ˛, ˇ W RC ! R
d�d are some bounded continuous functions.

Using (4.121) and the assumptions on the matrix-valued functions x 7�! H .x/

and x 7�! ŒH .x/��1 we have for some positive constants C1; C2; C

2

c
jx .t/ � Ox .t/j2

� ju .t/j2
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D 2

Z t

0

hu .r/ ; du .r/i

� C1

Z t

0

jx .r/ � Ox .r/j2 .d lxlr C d l Oxlr /

C 2

Z t

0

D
x .r/ � Ox .r/ ; U .r/

h
H . Ox .r// d Ok .r/ �H .x .r// dk .r/

iE

�
�
C1CC2C 2

r0

�Z t

0

jx .r/� Ox .r/j2
	
d lxlr Cd l Oxlr Cd lklr Cd l Ok lr



:

Now by the Stieltjes–Gronwall inequality 6.59 (from Annex C) we conclude x D Ox
and consequently k D Ok: �

We recall the notation for the modulus of continuity of a function g W Œ0; T � !
R
d :

mg ."/ D sup fjg .u/ � g .v/j W u; v 2 Œ0; T � ; ju � vj � "g :

Lemma 4.61. If .x; k/ D SP .EI x0;mIH/, then for all 0 � s � t � T ,

mx .t � s/ � C
h
mm .t � s/C p

mm .t � s/ .lklt � lkls/
i

� exp ŒC .lklt � lkls C 1/ .lklt � lkls/� ;
(4.122)

where C is a constant depending on .b; c; 
/.

Proof. Let 0 � s � t and

h .t/ D ˝
H�1 .x .t// Œx .t/ �m.t/ � x .s/Cm.s/� ;

x .t/ �m.t/ � x .s/Cm.s/
˛
:

We have

h .t/ D 2

Z t

s

˝
H�1 .x .t// Œx .r/ �m.r/ � x .s/Cm.s/� ;

dr Œx .r/ �m.r/ � x .s/Cm.s/�

D �2
Z t

s

˝
H�1 .x .t// Œx .r/ �m.r/ � x .s/Cm.s/� ;H .x .r// dk .r/

˛

D 2

Z t

s

˝
H�1 .x .t// Œm .r/ �m.s/� ;H .x .r// dk .r/

˛
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C 2

Z t

s

hx .s/ � x .r/ ; dk .r/i

C 2

Z t

s

˝
H�1 .x .r//�H�1 .x .t//

�
Œx .r/�x .s/� ;H .x .r// dk .r/

˛
:

Since

Z t

s

hx .s/ � x .r/ ; dk .r/i � 


Z t

s

jx .s/ � x .r/j2 d lklr

and

1

c
jx .t/ � x .s/j2 � 2

c
jm.t/ �m.s/j2 � h .t/ ;

it follows that

jx .t/ � x .s/j2

� 2 m2
m .t � s/C 2c3 mm .t � s/ .lklt � lkls/

C
Z t

s

h
c
 jx .r/ � x .s/j2 C 2bc2 jx .r/ � x .t/j jx .r/ � x .s/j

i
d lklr :

Here we continue the estimates by

2bc2
Z t

s

jx .r/ � x .t/j jx .r/ � x .s/j d lklr

� 2bc2 jx .s/ � x .t/j
Z t

s

jx .r/�x .s/j d lklr C2bc2
Z t

s

jx .r/ � x .s/j2 d lklr

� 1

2
jx .s/ � x .t/j2 C 1

2

�
2bc2

�2 �Z t

s

jx .r/ � x .s/j d lklr
�2

C 2bc2
Z t

s

jx .r/ � x .s/j2 d lklr

and we obtain

jx .t/ � x .s/j2 � 4 m2
m .t � s/C 4c3 mm .t � s/ .lklt � lkls/

C 
4b2c4 .lklt � lkls/C4bc2C2c
�

Z t

s

jx .r/�x .s/j2 d lklr :

By the Stieltjes–Gronwall inequality (6.59-Annex C), from this last inequality, the
estimate (4.122) follows. �

In the next statement, � is associated to E by Definition 3.34, b and c are related
to H (see (4.115) and the formula three lines below).
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Lemma 4.62. Let .x; k/ 2 SP .EI x0;mIH/, 0 � s � t � T and

sup
r2Œs;t �

jx .r/ � x .s/j � ı <
�

2bc
:

Then

lklt � lkls � 1

�
jk .t/ � k .s/j (4.123)

and

jx .t/ � x .s/j C lklt � lkls �
p

mm .t � s/ � eC.1Ckmk2T / (4.124)

with C D C .b; c; �; 
/.

Proof. Let ˛ 2 C
�
Œ0;1Œ IRd �, k˛kŒs;t � � 1, be arbitrary. Since E satisfies the

.
 -SUIBC/, we have that for all r 2 Œs; t �, y .r/ D x .r/ � vx.s/ C �x.s/˛ .r/ 2 E.
Note that

�xs

Z t

s

˝
˛ .r/ ; nx.r/

˛
1x.r/2Bd.E/d lklr

D
Z t

s

˝
y .r/ � x .r/ ; nx.r/

˛
1x.r/2Bd.E/d lklr

C ˝
vx.s/;

Z t

s

nx.r/1x.r/2Bd.E/d lklr

� 


Z t

s

jy .r/ � x .r/j2 1x.r/2Bd.E/d lklr C ˝
vx.s/; k .t/ � k .s/˛

� 

�ˇ̌
vx.s/

ˇ̌C �x.s/
�2
.lklt � lkls/C jk .t/ � k .s/j :

Taking the supk˛kŒs;t ��1 and using the .
; �; ı/-SUIBC of E we infer

� .lklt � lkls/ � jk .t/ � k .s/j ;

that is (4.123).
From (4.123) we have

lklt � lkls
� 1

�
jk .t/ � k .s/j

D 1

�

Z t

s


H�1 .x .r// �H�1 .x .s//

�
H .x .r// dk .r/



318 4 SDEs with Multivalued Drift

C 1

�
H�1 .x .s//

Z t

s

H .x .r// dk .r/

� bc

�

Z t

s

jx .r/ � x .s/j d lklr C c

�
jx .t/ � x .s/ �m.t/Cm.s/j

� bc

�
ı .lklt � lkls/C c

�
jx .t/ � x .s/j C c

�
mm .t � s/

and for ı sufficiently small (ı < �
2bc

), we obtain

lklt � lkls � 2c

�
jx .t/ � x .s/j C 2c

�
mm .t � s/

� 1

b
C 2c

�
mm .t � s/

� C1 .1C kmkT /
(4.125)

with C1 D C1 .b; c; �/.
Now plugging this estimate into (4.122), it follows that

mx .t � s/
� C

h
mm .t � s/C p

mm .t � s/ .lklt � lkls/
i

� exp ŒC .lklt � lkls C 1/ .lklt � lkls/�
�
h
mm .t � s/C

p
mm .t � s/

i
exp

h
C2

	
1C kmk2T


i

�
p

mm .t � s/ exp
h
C3

	
1C kmk2T


i

with C3 D C3 .b; c; �; 
/. Therefore from (4.125) we have

lklt � lkls � 2c

�

p
mm .t � s/ exp

h
C3

	
1C kmk2T


i
C 2c

�
mm .t � s/

and (4.124) follows. �

Let �m ."/ D "C mm ."/, " � 0.

Proposition 4.63. If .x; k/ 2 SP .EI x0;mIH/, then there exists a positive
constant C D C .b; c; �; 
/ such that if

�m D 1=��1
m

	
ı2e�C.1CTCkmkT /



and CT;m D exp ŒC .1C T C kmkT C�m/�

then for all 0 � s � t � T :
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.a/ kxkT � jx0j C CT;m;

.b/ lklT � CT;m;

.c/ jx .t/ � x .s/j C lklt � lkls � CT;m �pmm .t � s/:
(4.126)

Proof. We mimic the proof of Theorem 4.42. As there we define the sequence

t0 D T0 D 0;

T1 D inf ft 2 Œt0; T � W dist .x .t/ ; @E/ � ı=4g ;
t1 D inf ft 2 ŒT1; T � W jx .t/ � x .T1/j > ı=2g ;
T2 D inf ft 2 Œt1; T � W dist .x .t/ ; @E/ � ı=4g ;

� � � � � � � � �
ti D inf ft 2 ŒTi ; T � W jx .t/ � x .Ti /j > ı=2g

TiC1 D inf ft 2 Œti ; T � W dist .x .t/ ; @E/ � ı=4g
� � � � � � � � �

Clearly

0 D T0 D t0 � T1 < t1 � T2 < � � � < ti � TiC1 < tiC1 � � � � � T:

As in Step 3 from the proof of Theorem 4.42 we have:

• for ti � s � t � TiC1:

jx .t/ � x .s/j C lklt � lkls D jm.t/ �m.s/j ;

since for ti � r � TiC1, x .r/ 2 int .E/ and dist .x .r/ ; @E/ � ı=4I hence

jk .t/ � k .s/j � lklt � lkls D 0 for ti � s � t � TiC1I

• k .r/ D 0 for all r 2 Œ0; T1�;
• for Ti � s � t � ti , by (4.124)

jx .t/ � x .s/j C lklt � lkls �
p

mm .t � s/ � eC.1Ckmk2T /

� p
�m .t � s/ � eC.1Ckmk2T /I

• for Ti � s � ti � t � TiC1

jx .t/ � x .s/j C lklt � lkls � jx .t/ � x .ti /j C lklt � lklti
C jx .ti / � x .s/j C lklti � lkls :
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Hence for all Ti � s � t � TiC1:

jx .t/ � x .s/j C lklt � lkls �
p

mm .t � s/ � eC.1Ckmk2T /

� p
�m .t � s/ � eC.1Ckmk2T /;

with C D C .b; c; �; r0/.
Now the proof continues exactly as in Step 4 of Theorem 4.42. �

Theorem 4.64. Let 
 � 0 and E be a bounded closed 
–semiconvex subset of
R
d satisfying 
 -SUIBC. If x0 2 E and m 2 C

�
Œ0; T � IRd �, m.0/ D 0, then the

Skorohod problem SP .EI x0;mIH/ with oblique reflection defined in (4.119) has
at least one solution. If moreover m 2 BVloc

�
RCIRd � then the solution is unique.

Proof. We only sketch the proof since it repeats, in a new context, the arguments
from the proof of Theorem 4.47.

By Lemma 6.47 we know that E satisfies r0-UEBC with r0 D 1
2


if 
 > 0 and
an arbitrary r0 > 0 if 
 D 0.

Step 1. Casem 2 C1
�
Œ0;1Œ IRd �. As in the proof of Theorem 4.47 we consider

for 0 < " < "0 < .1 ^ r0/ =2 the penalized problem

x" .t/C
Z t

0

H .x" .s// dk" .s/ D x0 Cm.t/ ; (4.127)

where

k" .t/ D 1

"

Z t

0

r .x" .s// ds;

 .z/ D 1

2
d2E .z/ ˛ .z/C .1 � ˛ .z//

and ˛ 2 C1 �
R
d
�
,

˛ .z/ D
8<
:
1; if z 2 U "0 .E/ ;

0; if z … U 2"0 .E/ ;

2 Œ0; 1� ; otherwise.

By Lemma 6.49 the function d2E is of class C1 on U r0=2 .E/ (the closed r0=2-
neighbourhood of E) and

1

2
rd2E .z/ D z � E .z/ 2 NE .E .z// ; for all z 2 U r0=2 .E/ :

Moreover the projection E restricted to U r0=2 .E/ is Lipschitz with Lipschitz
constant L D r0

r0�r0=2 D 2. Hence  is of class C1 with r a Lipschitz function.
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Consequently there exists a unique solution x" 2 C
�
Œ0; T � IRd � of Eq. (4.127).

We have

 .x" .t//C 1

"

Z t

0

hH .x" .s//r .x" .s// ;r .x" .s//i ds

D
Z t

0

hr .x" .s// ; dm .s/i

and since

c jr .x"/j2 � hH .x"/r .x"/ ;r .x"/i ;
Z t

0

hr .x" .s// ; dm .s/i � "

2c

Z t

0

ˇ̌
m0 .s/

ˇ̌2
ds C c

2"

Z t

0

jr .x" .s//j2 ds

then

8
ˆ̂̂̂
<
ˆ̂̂̂
:

.a/

Z T

0

ˇ̌
ˇ̌1
"

r .x" .s//
ˇ̌
ˇ̌
2

ds � T km0k2T ;
.b/ 0 � 1 � ˛ .x" .t// �  .x" .t// � "T km0k2T ;
.c/ kk"kT � l k" lTD

Z T

0

ˇ̌
ˇ̌1
"

r .x" .s//
ˇ̌
ˇ̌ ds � T km0kT :

Moreover for 0 � s � t � T :

jk" .t/ � k" .s/j � lk"lt � lk"ls

D
Z t

s

ˇ̌
ˇ̌1
"

r .x" .r//
ˇ̌
ˇ̌ dr

� ��m0��
T
.t � s/

and

jx" .t/ � x" .s/j � jm.t/ �m.s/j C
ˇ̌
ˇ̌
Z t

s

H .x" .r// dk" .r/

ˇ̌
ˇ̌

� jm.t/ �m.s/j C c � .lk"lt � lk"ls/
� jm.t/ �m.s/j C c � ��m0��

T
.t � s/ :

Hence

jx" .t/j C jk" .t/j � jx" .t/j C lk"lt
� jx0j C jm.t/j C .c C 1/ T

��m0��
T
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and we can continue exactly as in the proof of Theorem 4.47, obtaining .x; k/ D
SP .EI x0;mIH/ as the limit of .x"n ; k"n/ in C

�
Œ0; T � IR2d �. Note that passing to

the limit in
Z t

0

H .x" .s// dk" .s/ is based on Helly–Bray’s Proposition 6.16. In this

case, by Proposition 4.60 the solution .x; k/ D SP .EI x0;mIH/ is unique and
therefore the whole sequence x" satisfies

x" ! x in C
�
Œ0; T � IRd � as " ! 0:

Step 2. Case m 2 C �RCIRd �.
There exists an mn 2 C1

�
RCIRd � such that kmn �mkT ! 0 for all T � 0. By

the first step there exists a unique solution .xn; kn/ D SP .EI x0;mnIH/.
Let M D fm;mn W n 2 N

�g. The set M is a compact subset of C
�
Œ0; T � IRd �.

By Proposition 4.63 and Arzelà–Ascoli’s Theorem (6.10) there exists a subsequence
also denoted by .xn; kn/ and .x; k/ 2 C �Œ0; T � IR2d � such that

kxn � xkT C kkn � kkT ! 0; as n ! 1
and (see Example 6.30)

lklT � lim inf
n!C1 lknlT � sup

n2N�

lknlT < 1:

Now passing to the limit as in Step 1 we infer that .x; k/ D SP .EI x0;mIH/.
Taking into account Proposition 4.60 the proof is complete. �

Corollary 4.65. If � 2 L0 ��;F0;PIRd � andM 2 S0d Œ0; T �, lMlT < 1, P-a.s.,
then the SDE

8
<
:
Xt C

Z t

0

H .Xs/ dKs 3 � CMt; t 2 Œ0; T � ;
dKt 2 @�IE .Xt / .dt/

has a unique solution .X;K/ with X;K 2 S0d Œ0; T � and lKlT < 1, P-a.s.

Proof. By Proposition 3.28 with G D 0 the approximating equation (4.127) has a
unique solution X" 2 S0d Œ0; T �. Since as " ! 0, for each t 2 Œ0; T �

sup
s2Œ0;t �

jX"
s �Xsj ! 0; a:s:;

the progressive measurability of X follows; hence X 2 S0d Œ0; T �. K is defined by

Kt D
Z t

0

ŒH .Xs/�
�1 d .Xs �Ms/

and consequently K 2 S0d Œ0; T �. �
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Let .�;F ;P; fFt gt�0/ be a stochastic basis and fBt W t � 0g an R
k-valued

Brownian motion. We consider the SDE

�
dXt CH .Xt/ @

�IE .Xt / .dt/ 3 f .t; Xt / dt C g .t; Xt / dBt ; a:e: t 2 Œ0; T �
X0 D x0;

(4.128)

where f W RC � R
d ! R

d and g W RC � R
d ! R

d�k . We define

f # .s/ D sup fjf .t; u/j W u 2 Eg and g# .s/ D sup fjg.t; u/j W u 2 Eg :

We make the assumptions:

OR1 .t; x/ 7! f .t; x/ and .t; x/ 7! g .t; x/ are
�B1;Rd

�
-Carathéodory functions

(that is, measurable in t and continuous in x);
OR2 there exist L 2 L1loc .0;1/ and ` 2 L2loc .0;1IRC/ such that for all x; y 2

R
d

� jf .t; x/ � f .t; y/j � L .t/ jx � yj and,
jg.t; x/ � g.t; y/j � ` .t/ jx � yj;

OR3

Z T

0

h�
f # .t/

�2 C �
g# .t/

�4i
dt < 1; 8 T � 0:

Definition 4.66. A pair of stochastic processes X;K 2 S0d is a solution of the
stochastic oblique reflection problem (4.128) if for all 0 � s � t , P-a.s. ! 2 �

8̂
ˆ̂̂
ˆ̂̂̂
ˆ̂̂̂
<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂̂
:

j / Xt .!/ 2 E;
jj/ K� .!/ 2 BVloc

�
RCIRd � ; K0 D 0,

jjj/ Xt C
Z t

0

H .Xr/ dKr D x0 C
Z t

0

f .r; Xr/ dr C
Z t

0

g .r; Xr/ dBr ;

jv/ lKlt D
Z t

0

1Xr2Bd.E/d lKlr ;

v/
Kt D

Z t

0

n .Xr/ 1Xr2Bd.E/d lKlr ; where n .Xr/ 2 NE .Xr/
and jn .Xr/j D 1; d l K lr -a:e:;

or equivalently P-a.s. ! 2 �
8̂
<̂
ˆ̂:

`/ Xt C
Z t

0

H .Xr/ dKr D x0 C
Z t

0

f .r; Xr/ dr C
Z t

0

g .r; Xr/ dBr ;

8 t � 0;

``/ dKt 2 @�IE .Xt / .dt/ :
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Theorem 4.67. Let E D E � R
d and x0 2 E. Assume that there exists a 
 � 0

such that E is a closed 
–semiconvex subset of Rd and E satisfies 
 -SUIBC. Let
the assumptions (OR1), (OR2) and (OR3) be satisfied. Then there exists a unique
solution .X;K/ 2 S0d � S0d of the stochastic oblique reflection problem (4.128).

Proof. Uniqueness.
Let .X;K/, . OX; OK/ 2 S0d �S0d be two solutions of the Skorohod problem (4.128)

with oblique reflection. Denote by g.j / .t; x/ the column j of the matrix g .t; x/.
Consider the symmetric and strict positive matrix Ut D H�1 .Xt /CH�1. OXt/. Let

Jt D U
1=2
t

	
Xt � OXt



. Since

d U
1=2
t D dQt C

kX
jD1

ˇ
.j /
t dB.j /t

where Q is an R
d�d -valued P-m.b-v.c.s.p., Q0 D 0 and ˇjt 2 ƒ0

d�d , for all j 2
1; k, it follows that

dJt D dKt CGtdBt

with

dKt

D .dQt/ U
�1=2
t JtCU 1=2

t

h
H
	 OXt



d OKt�H .Xt/ dKtCf .t; Xt /�f

	
t; OXt


i
dt

C
kX

jD1
ˇ
.j /
t

	
g.j / .t; Xt / � g.j /.t; OXt/




and Gt is an R
d�k matrix with the columns ˇ.1/t .Xt � OXt/, : : :, ˇ.k/t .Xt � OXt/.

Using (4.121) and the properties of H and H�1 we have
D
Jt ; U

1=2
t

h
H. OXt/d OKt �H .Xt/ dKt

iE

D
�
Xt � OXt ;

�
ŒH .Xt /�

�1 �
h
H. OXt/

i�1�h
H. OXt/d OKt CH .Xt/ dKt

i�

� 2
D
Xt � OXt ; dKt � d OKt

E

� .bc C 2
/
ˇ̌
ˇXt � OXt

ˇ̌
ˇ
2 	
d lKlt C d l OKlt



:

Hence

hJt ; dKt i C 1

2
jGt j2 dt � jJt j2dV t
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where

dV t D C �
	
d lQlt C d lKlt C d l OKlt CL .t/ dt



C C

kX
jD1

ˇ̌
ˇˇ.j /t

ˇ̌
ˇ
2

dt

and C D C .b; c; 
/ > 0. By the estimate (6.75) from Proposition 6.71 we infer

E
e�2Vt jJt j2

1C e�2Vt jJt j2
� E

e�2V0 jJ0j2
1C e�2V0 jJ0j2

D 0:

Consequently U 1=2
t

	
Xt � OXt



D Jt D 0, P-a.s., for all t � 0 and by the continuity

of X and OX we conclude that P-a.s.,

Xt D OXt for all t � 0:

Existence.
It is sufficient to prove the existence on an arbitrary interval Œ0; T �. Let n 2 N

�.
We define Xn

t D x0 and Mn
t D 0 for t � 0. For t � 0 we define the regularization

Mn
t D n

Z t

0

hZ s

0

f .r; Xn
r�1=n/dr C

Z s

0

g.r; Xn
r�1=n/dBr

i
e�n.t�s/ds

D
Z 1

0

h Z .t�u=n/_0

0

f .r; Xn
r�1=n/dr C

Z .t�u=n/_0

0

g.r; Xn
r�1=n/dBr

i
e�udu:

By Corollary 4.65 there exists a unique solution .Xn;Kn/ 2 �S0d Œ0; T �
�2

, lKnlT <
1, P-a.s., of the SDE

8<
:
Xn
t C

Z t

0

H
�
Xn
s

�
dKn

s 3 x0 CMn
t ; t 2 Œ0; T � ;

dKn
t 2 @�IE

�
Xn
t

�
.dt/

(the solution is defined recursively on the intervals

0; 1

n

�
,

1
n
; 2
n

�
,

2
n
; 3
n

�
, : : :).

Since by the convexity of the function x 7�! jxj4,

E

"
sup
0���"

ˇ̌
Mn
tC� �Mn

t

ˇ̌4
#

� E

Z 1

0

2
4 sup
0���"

ˇ̌
ˇ̌
ˇ
Z .tC�� s

n /_0

.t� s
n /_0

	
f .r;Xn

r� 1
n

/dr C g.r;Xn

r� 1
n

/dBr

ˇ̌ˇ̌
ˇ
4

e�sds

3
5



326 4 SDEs with Multivalued Drift

� C

"
sup
t2Œ0;T �

�Z tC"

t

ˇ̌
f # .s/

ˇ̌
ds

�4
C sup

t2Œ0;T �

�Z tC"

t

ˇ̌
g# .s/

ˇ̌2
ds

�2#

� "C

"
sup
t2Œ0;T �

�Z tC"

t

ˇ̌
f # .s/

ˇ̌2
ds

�2
C sup

t2Œ0;T �

Z tC"

t

ˇ̌
g# .s/

ˇ̌4
ds

#
;

we deduce, by Proposition 1.47, that the family of laws of fMn W n � 1g is tight on
C
�
Œ0;1Œ IRd �.
From now, based on the estimates (4.126), the proof follows exactly the same

steps as those of Theorem 4.53 with ' D IE .

.a/ By Lemma 4.41, CT;Mn , n 2 N
�, is bounded on compact subset of

C
�
Œ0; T � IRd �.

.b/ By Proposition 1.48 Un D .Xn;Kn;lKnl/, n 2 N
�, is tight on

C.Œ0; T � IR2dC1/ since by (4.126-c) we deduce

mUn ."I Œ0; T �/ � QCT
p
"C mMn ."/; a.s.

.c/ By Prohorov’s Theorem there exists a subsequence such that as n ! 1

.Xn;Kn;lKnl ; B/ ! .X;K; V;B/ in law

on C
�
Œ0; T � IR2dC1Ck� and by the Skorohod theorem, we can choose a

probability space .�;F ;P/, and some random quadruples . NXn; NKn; NV n; NBn/;

. NX; NK; NV ; NB/ defined on .�;F ;P/, having the same laws as respectively

.Xn;Kn;lKnl ; B/ and .X;K; V;B/, such that moreover as n ! 1,

. NXn; NKn; NV n; NBn/
P-a.s.���! . NX; NK; NV ; NB/

in C
�
Œ0; T � IR2dC1Ck�.

Note that by Proposition 2.15,
	 NBn; fF NXn; NKn; NV n; NBn

t g


; n � 1; and	 NB; fF NX; NK; NV ; NB

t g



are R
k-Brownian motions.

.d/ Since we also have .Xn;Kn;lKnl ; B/ ! . NX; NK; NV ; NB/, in law, we deduce,
by Corollary 1.18, that for all 0 � s � t , P-a.s.

NX0 D x0; NK0 D 0; NXt 2 E;xy NKxy
t
� xy NKxy

s
� NVt � NVs and 0 D NV0 � NVs � NVs:

Since for all 0 � s < t , n 2 N
�

Z t

s

hy .r/ �Xn
r ; dKn

r i � 


Z t

s

jy .r/ �Xn
r j2 d lKnlr ; a:s:;
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it follows, by Proposition 1.19, that

Z t

s

˝
y .r/ � NXr; d NKr

˛ � 


Z t

s

ˇ̌
y .r/ � NXr

ˇ̌2
d NVr :

Hence d NKr 2 @�IE
� NXr

�
.dr/.

.e/ As in the proof of Theorem 3.54 we obtain P-a.s.

NXtC
Z t

0

H .Xs/ d NKs D x0C
Z t

0

f
�
s; NXs

�
dsC

Z t

0

g
�
s; NXs

�
d NBs; 8 t 2 Œ0; T � ;

and consequently
	 N�; NF ; NP;F NB; NX

t ; NXt ; NKt ; NBt


t�0 is a weak solution of

Eq. (4.128).
.f / The same arguments as used in Theorem 3.55 show again that weak existence

+ pathwise uniqueness imply strong existence.

The proof is complete. �

4.4 The Feynman–Kac Formula

4.4.1 Parabolic PDEs with Neumann Boundary Conditions

We consider the following backward parabolic PDE in Œ0; T � �D
8
ˆ̂̂<
ˆ̂̂
:

�@u

@t
.t; x/Cˆ.t; x; u.t; x/;Du.t; x/;D2u.t; x// D 0; .t; x/ 2 Œ0; T � �D;

u.T; x/ D �.x/; x 2 D;
@u

@n
.t; x/ D �.t; x/; .t; x/ 2 Œ0; T � � @D;

(4.129)

whereˆ is as in Eq. (3.107) andD is a bounded open connected subset of Rd , whose
boundary @D is assumed to be of class C2. Note that E D D satisfies (4.104).
We assume that all the coefficients are continuous.

LetXt;x be the solution of the reflected stochastic differential equation for all s 2
Œt; T �, P-a.s.,

8̂
ˆ̂̂
<
ˆ̂̂̂
:

Xt;x
s CKt;x

s D x C
Z s

t

f .r; Xt;x
r /dr C

Z s

t

g.r; Xt;x
r /dBr ;

Xt;x
s 2 D;

Kt;x
s D

Z s

t

n.Xt;x
r /1@D

�
Xt;x
r

�
d lKt;xlr :

(4.130)
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For each .t; x/ 2 Œ0; T � �D, we define

u.t; x/
defD E

h
�.X

t;x
T /e

R T
t c.s;X

t;x
s / ds C

Z T

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r / dr ds

C
Z T

t

�.s; Xt;x
s /e

R s
t c.r;X

t;x
r / dr d lKt;xls

i (4.131)

(Feynman–Kac formula).
The aim of this subsection is to relate equation (4.129) and the quantity defined

by (4.131). The first result says that any classical solution of Eq. (4.129) is given by
the formula (4.131).

Proposition 4.68. Under the above assumptions, let u 2 C1;2.Œ0; T � � D/ \
C0;1.Œ0; T � � D/ be a bounded solution of (4.129). Then u.t; x/ satisfies the
Feynman–Kac formula (4.131).

Proof. By Itô’s formula (2.17) on Œt; T ^ �n� with

Vs D .s; e
R s
t c.r;X

t;x
r / dr/;

Xt;x
s CKt;x

s D x C
Z s

t

f .r; Xt;x
r / dr C

Z s

t

g.r; Xt;x
r / dBr

and

�n D inf
˚
s � t W ˇ̌Xt;x

s � x ˇ̌ � n
�
;

we have

u.T ^ �n; Xt;x
T^�n/e

R T^�n
t c.r;X

t;x
r / dr

D u .t; x/C
Z T^�n

t

Œ
@u

@t
C Au C cu�.r; Xt;x

r /e
R r
t c.s;X

t;x
s / dsdr

C
Z T^�n

t

e
R r
t c.s;X

t;x
s / ds

˝rxu.r; Xt;x
r /; g.r; Xt;x

r /dBr
˛

�
Z T^�n

t

@u

@n
.r; Xt;x

r /e
R r
t c.s;X

t;x
s / ds1Xr2@Dd lKlr :

Taking first the expectation, then using the fact that u is a solution of (4.129),
the Feynman–Kac formula (4.131) follows by letting n ! 1, using uniform
integrability, which follows from the boundedness of c, u and h on Œ0; T � � D.
�

We next show that the function u.t; x/, defined by (4.131), is the viscosity
solution of (4.129). The corresponding definition of a viscosity solution is an
obvious combination of Definitions 6.95 and 6.96 in Annex D.
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Theorem 4.69. Assume again that f , g, c and h are continuous on Œ0; T � � D,
� 2 C.D/, � 2 C.Œ0; T � � D/. Then u.t; x/, given by (4.131), is a continuous
function of .t; x/ 2 Œ0; T � �D and it is the unique viscosity solution of (4.129).

Proof. Uniqueness of the viscosity solution can be proved by arguments similar to,
but simpler than those of Theorem 6.112 in Annex D.

Continuity follows from Corollary 4.56.
Most of the proof of the sub-solution property of u is analogous to that the

proof of Theorem 3.42, using the strong Markov property of the process Xt;x , see
Proposition 4.57.

Note that if .t; x/ 2 Œ0; T � � D is a local maximum of u � ', we should
choose the radius " such that the ball centered at x with radius " is contained in
D. Consider now the case where .t; x/ 2 Œ0; T � � @D is a local maximum of u � '

and u.t; x/ D '.t; x/. We argue by contradiction. Suppose that

�Œ @'
@t

C A' C c' C h�.t; x/ > 0; Œh'0
x; ni � ��.t; x/ > 0:

Then there exist ı > 0 and " 2 �0; T � t Œ such that for all s 2 Œt; t C "� and
jy � xj � ",

.i/ u.s; y/ � '.s; y/;

.ii/ �Œ'0
t C A' C c' C h�.s; y/ � ı;

.iii/ Œh'0
x; ni � ��.s; y/ � ı:

We introduce the stopping time

� D .t C "/ ^ inf
˚
r W r � t;

ˇ̌
Xt;x
r � x ˇ̌ � "

�
:

From the strong Markov property of the process Xt;x� ,

u.t; x/ D E

h
u.�; Xt;x

� /e
R �
t c.s;X

t;x
s / ds C

Z �

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r / dr ds

C
Z �

t

�.s; Xt;x
s /e

R s
t c.r;X

t;x
r / dr d

xyKt;x
xy
s

i
:

Now from Itô’s formula applied to the function ',

'.t; x/ D E

h
'.�;Xt;x

� /e
R �
t c.s;X

t;x
s / ds

�
Z �

t

Œ'0
s C As' C c'�.s; Xt;x

s /e
R s
t c.r;X

t;x
r / dr ds

C
Z �

t

h'0
x; ni.s; Xt;x

s /e
R s
t c.r;X

t;x
r / dr d

xyKt;x
xy
s

i
:
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Taking the difference, and exploiting the above assumptions on the stopping time � ,
we deduce that

0 D '.t; x/ � u.t; x/

D E

'.�;Xt;x

� / � u.�; Xt;x
� /

�
e
R �
t c.s;X

t;x
s / ds

� E

Z �

t

Œ'0
s C As' C c' C h�.s; Xt;x

s /e
R s
t c.r;X

t;x
r / dr ds

C
Z �

t

Œh'0
x; ni � ��.s; Xt;x

s /e
R s
t c.r;X

t;x
r /dr d

xyKt;x
xy
s

� E

Z �

t

ıe
R s
t c.r;X

t;x
r / dr


ds C d

xyKt;x
xy
s

�

� .E� � t / ıe�C.T�t/

> 0

which is impossible. �

4.4.2 Elliptic Equations with Neumann Boundary Conditions

Consider the differential operator

A D 1

2

dX
i;jD1

.gg�/ij .x/ @2

@xi@xj
C

dX
iD1

fi .x/
@

@xi

and the linear elliptic PDE
8<
:

Au.x/C c.x/u.x/C h.x/ D 0; x 2 D;
@u

@n
.x/ D �.x/; x 2 @D; (4.132)

where D is a bounded connected open subset of Rd with a boundary @D of class
C2, f W Rd ! R

d , g W Rd ! R
d�k , c W D ! R�, h W D ! R and � W @D ! R

are continuous.
Let f.Xx

t ;K
x
t /; t � 0g denote the solution of the reflected SDE, for all t � 0,

P-a.s.,

8̂
ˆ̂̂<
ˆ̂̂̂
:

Xx
t CKx

t D x C
Z t

0

f .Xx
s /ds C

Z t

0

g.Xx
s /dBs;

Xx
t 2 D;

Kx
t D

Z t

0

n.Xx
s /1Xxs 2@Dd lKxls :
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For each x 2 D, we define

u.x/
defD E

h Z 1

0

h.Xx
t /e

R t
0 c.X

x
r / dr dt C

Z 1

0

�.Xx
t /e

R t
0 c.X

x
r / dr d lKxlt

i
: (4.133)

We have the following:

Theorem 4.70. Under the above assumptions, if moreover c.x/ � Nc < 0, for all
x 2 D, then u 2 C.D/ and it is the unique viscosity solution of the elliptic PDE
(4.132).

Proof. Let us just prove that the right-hand side of (4.133) is well defined. The rest
of the proof is very similar to that of Theorem 4.69.

The assumption c makes the dt-integral on the right of (4.133) clearly convergent.
Consider the second integral. It is sufficient to show that

E

Z 1

0

exp. Nct/d lKxlt < 1: (4.134)

By integration by parts,

E

Z T

0

exp. Nct/d lKxlt � exp. NcT /ElKxlT � Nc
Z T

0

exp. Nct/ElKxlt dt:

Finally from (4.109-jj), exp. Nct/ElKxlt goes to zero at exponential speed, as t !
1, hence (4.134). �

4.5 Invariant Sets of SDEs

Given a non-empty closed set E � R
d , a starting moment t � 0 and a starting

point x 2 E, we saw in previous sections that with a supplementary source on the
stochastic equation

Xtx
s D x C

Z s_t

t

f .r; Xtx
r /dr C

Z s_t

t

g.r; Xtx
r /dBr ; t; s � 0; (4.135)

the solutionXtx
s can be maintained inE for all s � t . It is natural to ask the question:

given the Eq. (4.135), what are the conditions on the drift and diffusion coefficients
such that the evolution of the state satisfies the constraint Xtx

s 2 E, for all s � t?
The main ideas of this section are based upon [14].

Let E DfE.t/ W t � 0g be a family of non-empty closed subsets E.t/ � R
d .

Definition 4.71. d1/ The family E is strong invariant for the SDE (4.135) if for all
t � 0, x 2 E .t/ and for all solutions fXtx

s W s � tg it follows that

Xtx
s 2 E .s/ ; P-a.s. 8 s � t:
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d2/ The family E is weak invariant (viable) for SDE (4.135) if for every t � 0 and
x 2 E .t/ there exists a solution fXtx

s W s � tg such that

Xtx
s 2 E .s/ ; P-a.s. 8 s � t:

Remark 4.72. If for every .t; x/ 2 RC �E .t/ the Eq. (4.135) has a unique solution,
then the two notions coincide and in this case we shall say that E is invariant for SDE
(4.135).

Remark 4.73. If the interval RC is replaced by Œ0; T � we shall say ‘invariant on
Œ0; T �’.

Our goal, here, is to give a characterization of the invariance of the moving sets
E.t/; t � 0.

Assume that f W Œ0;1Œ � R
d ! R

d and g W Œ0;1Œ � R
d ! R

d�k and for every
T > 0 there exist L;M;m � 0 and 	 2 R such that 8t 2 Œ0; T � ; 8 x; y 2 R

d :

8
ˆ̂̂̂
<
ˆ̂̂̂
:

i/ hx � y; f .t; x/ � f .t; y/i � 	jx � yj2;
ii/ jg.t; x/ � g.t; y/j � Ljx � yj;
iii/ f and g are continuous on Œ0;1Œ � R

d ;

iv/ sup
t2Œ0;T �

jf .t; x/j � M
�
1C jxjm� :

(4.136)

By Theorem 3.21 it follows that for every .t; x/ 2 RC � R
d the Eq. (4.135) has

a unique solution Xtx� 2 S
p

d for all p � 1. Note that by Proposition 3.6 and
Proposition 3.22:

a/ E sup
s2Œ0;T �

jXtx
s jp � Cp;T .1C jxjp/;

b/ E sup
s2Œ0;T �

jXtx
s �Xt 0x0

s jp � Cp;T .1C jxjp/.jt � t 0jp=2 C jx � x0jp/: (4.137)

Recall the notations

� the distance from x to E .t/:

d .t; x/ D dE.t/ .x/ D inf fjx � yj W y 2 E .t/g ;

� S
d � R

d�d is the set of d � d symmetric non-negative matrices,
� C

k;n
pol .Œ0; T � � R

d / is the set of functions h W Œ0; T � � R
d ! R of class Ck;n

such that the function h and its derivatives Di
t h .t; x/, j 2 0; k, and D˛

xh .t; x/,
˛ D .˛1; : : : ; ˛d /, 0 � ˛1C� � �C˛d � n, are polynomially increasing to infinity
in the space variable, that is there exist C D CT � 0 and p D pT 2 N

� such
that
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X
i; ˛

ˇ̌
Di
t h .t; x/

ˇ̌C jD˛
xh .t; x/j

� � C
�
1C jxjp� ;

for all .t; x/ 2 Œ0; T � � R
d ,

� the infinitesimal generator associated to fXtx
s W s � tg:

A.t/'.x/ D 1

2
TrŒD2

x'.x/g.t; x/g
�.t; x/�C hf .t; x/;rx'.x/i

D 1

2

dX
j;`D1

.gg�/j`.t; x/
@2'.x/

@xj @x`
C

dX
jD1

fj .t; x/
@'.x/

@xj
:

For the convenience of the reader we recall the definition of a viscosity solution
for the particular PDE

8<
:
@u.t; x/

@t
C A.t/u.t; x/CG.t; x/ D 0

u.T; x/ D H.x/; .t; x/ 2 Œ0; T � � R
d ;

(4.138)

where G 2 Cpol .Œ0; T � � R
d � R � R

k/ and H 2 Cpol
�
R
d IR�.

Definition 4.74. Let u W Œ0; T ��R
d ! R be an upper semicontinuous function and

.t; x/ 2 �0; T Œ�R
d . We denote by P2Cv.t; x/ (the parabolic superjet of u at .t; x//

the set of triples .p; q; S/ 2 R � R
d � S

d such that

u.s; y/ � u.t; x/C p.s � t /C hq; y � xi C
C1

2
hS.y � x/; y � xi C o.js � t j C jy � xj2/:

Let u W Œ0; T � � R
d ! R be a lower semicontinuous function and .t; x/ 2 �0; T Œ �

R
d . We denote by P2�u.t; x/ (the parabolic subjet of u at .t; x/) the set of triples

.p; q; S/ 2 R � R
d � S

d such that

u.s; y/ � u.t; x/C p.s � t /C hq; y � xi C
C1

2
hS.y � x/; y � xi C o.js � t j C jy � xj2/:

We can now give the definition of a viscosity solution of the parabolic equa-
tion (4.138).

Definition 4.75. a) A lower semicontinuous u W Œ0; T � � R
d ! R is a viscosity

super-solution of (4.138) if:

u .T; x/ � H .x/ ;8x 2 R
d ;8 i D 1; n
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and for any point .t; x/ 2 �0; T Œ � R
d and for any .p; q; S/ 2 P2�u.t; x/

p C 1

2
T r .gg�.t; x/S/C .f .t; x/; q/CG.t; x/ � 0:

b) An upper semicontinuous function u W Œ0; T � � R
d ! R is a viscosity sub-

solution of (4.138) if:

u .T; x/ � H .x/ ;8x 2 R
d

and for any point .t; x/ 2 �0; T Œ � R
d and for any .p; q; S/ 2 P2Cu.t; x/

p C 1

2
T r ..gg�/.t; x/S/C .f .t; x/; q/CG.t; x/ � 0:

c) u 2 C.Œ0; T ��R
d / is a viscosity solution of (4.138) if it is both a viscosity sub-

and super-solution.

We also have the equivalent definition:

Definition 4.76. a) A lower semicontinuous u W Œ0; T � � R
d ! R is a viscosity

super-solution of (4.138) if u .T; x/ � H .x/, 8x 2 R
d , and for any ' 2

C2.Rd / and any local minimum .t; x/ 2 �0; T Œ � R
d of u � ',

@

@t
'.t; x/C A.t/'.t; x/CG.t; x/ � 0:

b) An upper semicontinuous function u W Œ0; T � � R
d ! R is a viscosity sub-

solution of the system (4.138) if u.T; x/ � H .x/, 8x 2 R
d , and for any ' 2

C2.Rd / and any local maximum .t; x/ 2 �0; T Œ � R
d of u � ',

@

@t
'.t; x/C A.t/'.t; x/CG.t; x/ � 0:

c) A continuous function u W Œ0; T � � R
d ! R

n is a viscosity solution of (4.138) if
it is a viscosity super-solution and a viscosity sub-solution.

By Theorem 3.42 the Eq. (4.138) has a unique viscosity solution u and u � u � u
for all viscosity sub-solutions u and viscosity super-solutions u.

Now we can give the main result of this section.

Theorem 4.77. Assume that for every T > 0, x 2 R
d the function t 7! d2 .t; x/ W

Œ0; T � ! R is lower semicontinuous (l.s.c.) and there exists a bT � 0 such that
d2.t; 0/ � bT 8 t 2 Œ0; T �. Then the following assertions are equivalent:

.I / Equation (4.135) is E-invariant on RC.
.II/ For every T > 0 there exists a constant C D CT 2 R such that the

square distance function h .t; x/ D d2.t; x/ is a viscosity super-solution of
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the equation

8<
:
@u.t; x/

@t
C A.t/u.t; x/ � Cd2 .t; x/ D 0; .t; x/ 2 �0; T Œ � R

d

u .T; x/ D d2.T; x/; x 2 R
d ;

(4.139)

that is

p C 1

2
Tr .S gg�.t; x//C hf .t; x/; qi � Cd2 .t; x/ ; (4.140)

for all .p; q; S/ 2 P2�d2 .t; x/, .t; x/ 2 �0; T Œ � R
d .

Example 4.78 (Control Security Tube). Let � 2 C1.Œ0; T �IRC/, � > 0, a 2
C1.Œ0; T �IRd / and

E.t/ D fx 2 R
d W jx � a .t/ j � �.t/g:

Then for .t; x/ 2 �0; T Œ � R
d

h.t; x/ D d2 .t; x/ D ..jx � a .t/ j � �.t//C/2

and

p D @h

@t
.t; x/ D �2.jx � a .t/ j � �.t//C

�
1

jx � a .t/ j
˝
x � a .t/ ; a0 .t/

˛C �0.t/
�
;

q D rxh.t; x/ D
8<
:
0; if jx � a .t/ j � �.t/,

2
jx � a .t/ j � �.t/

jx � a .t/ j .x � a .t// ; if jx � a .t/ j > �.t/,

S D

8̂
ˆ̂<
ˆ̂̂
:

0; if jx � a .t/ j � �.t/,

2
jx � a .t/ j � �.t/

jx � a .t/ j Id�d C 2�.t/

jx � a .t/ j3 Œx � a .t/�˝ Œx � a .t/� ;
if jx � a .t/ j > �.t/.

The SDE (4.135) is E-invariant on Œ0; T � iff the distance function d2 .t; x/ is a
viscosity super-solution of the Eq. (4.139), or equivalent, for .t; x/ 2 �0; T Œ � R

d

with jxj > � .t/:
jx � a .t/ j � �.t/

jx � a .t/ j
h
2 hx � a .t/ ; f .t; x/i C jg.t; x/j2 � 2 ˝x � a .t/ ; a0 .t/

˛

� 2jx � a .t/ j�0.t/
i

C � .t/

jx � a .t/ j3 jg�.t; x/ .x � a .t// j2

� C.jx � a .t/ j � � .t//2:
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By taking the limit as jx � a .t/ j & � .t/, we obtain for all t 2 Œ0; T � and for all
x 2 R

d with jx � a .t/ j D �.t/:

�
g�.t; x/ .x � a .t// D 0; and
2 hx � a .t/ ; f .t; x/i C jg.t; x/j2 � 2 hx � a .t/ ; a0 .t/i C 2�.t/�0.t/:

This condition is also sufficient for the E-invariance. Indeed since from (4.136) for
all x 2 R

d and 0 < � < 1

jg.t; x/j2 � Œjg.t; � .x � a/C a/j C L jx � � .x � a/ � aj�2

� 1

�
jg.t; � .x � a/C a/j2 C .1 � �/L2 jx � aj2 ;

(in the proof we write a and � in place of a .t/ and respectively � .t/) and

hx � a .t/ ; f .t; x/i

D 1

1 � � hx � � .x � a/ � a; f .t; x/i

� 1

1 � � hx � � .x � a/ � a; f .t; � .x � a/C a/i

C 1

1 � �	
C jx � � .x � a/ � aj2

� 1

�
h� .x � a/ ; f .t; � .x � a/C a/i C .1 � �/	C jx � aj2 ;

then for all x 2 R
d with jx � a .t/ j > � .t/ and � D � .t/

jx � a .t/ j :

2 hx�a .t/ ; f .t; x/i C jg.t; x/j2

� 1

�

	
2 h� .x � a/ ; f .t; � .x � a/C a/i C jg.t; � .x � a/C a/j2




C .1 � �/ �2	C C L2
� jx � aj2

� 2

�

˝
� .x � a/ ; a0 .t/

˛C �.t/�0.t/
�C .1 � �/ �2	C C L2

� jx � aj2

D 
2
˝
x � a; a0 .t/

˛C 2 jx � aj �0.t/C �
2	C C L2

� jx � aj .jx � aj � �/� :

We also have

jg�.t; x/ .x � a .t//j2

D jx � aj2
�2

ˇ̌
ˇ̌g�.t; x/

� .x � a/
jx � aj � g�.t;

�

jx � aj .x � a/C a/
� .x � a/
jx � aj

ˇ̌
ˇ̌
2
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� jx � aj2
�2

L2
ˇ̌
ˇ̌x � �

jx � aj .x � a/ � a
ˇ̌
ˇ̌
2 ˇ̌
ˇ̌� .x � a/

jx � aj
ˇ̌
ˇ̌
2

D L2jx � aj2 .jx � aj � �/2

which yields

jx � a .t/ j � �.t/
jx � a .t/ j

h
2 hx � a .t/ ; f .t; x/i C jg.t; x/j2 � 2 ˝x � a .t/ ; a0 .t/

˛

� 2jx � a .t/ j�0.t/
i

C � .t/

jx�a .t/ j3 jg�.t; x/ .x�a .t// j2

� 2
�
	C C L2

�
.jx�a .t/ j � � .t//2 :

Hence Eq. (4.135) is NB .a .t/ ; � .t//-invariant if and only if

8 .t; x/ 2 Œ0; T � � R
d with jxj D �.t/ W�

g�.t; x/ .x � a .t// D 0; and
2 hx � a .t/ ; f .t; x/i C jg.t; x/j2 � 2 hx � a .t/ ; a0 .t/i C 2�.t/�0.t/:

(4.141)

Consequently, a nondegenerate SDE cannot have the
˚ NB .a .t/ ; � .t// W t 2 Œ0; T �g-

invariance property.

Example 4.79 (Comparison of the Solutions). Consider the two dimensional sys-
tem

 
X
t;x;y
s

Y
t;x;y
s

!
D
 
x

y

!
C
Z s

t

 
f1
�
r; X

t;x;y
r ; Y

t;x;y
r

�

f2
�
r; X

t;x;y
r ; Y

t;x;y
r

�
!

dr

C
kX

jD1

Z s

t

 
g1;j

�
r; X

t;x;y
r ; Y

t;x;y
r

�

g2;j
�
r; X

t;x;y
r ; Y

t;x;y
r

�
!

dB.j /r

and

E D fE .t/ W t 2 Œ0; T �g; where E .t/ D E D ˚
.x; y/� 2 R

2 W x � y
�
:

The viability of E means that for all t 2 Œ0; T �,
if x � y then Xt;x;y

s � Y t;x;ys ; for all s � t:

In this case

h.t; x; y/ D d2 .x; y/ D 1

2


.y � x/C�2
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and .p; q; S/ 2 P2�h .t; x; y/ are as follows

p D @h

@t
.t; x; y/ D 0;

q D r.x;y/h.t; x; y/ D ��.y � x/C; .y � x/C�� ;

S D
8
<
:
0; if y � x,�
1 �1

�1 1

�
; if y > x.

The SDE (4.135) is E-invariant on Œ0; T � iff the distance function d2 .x; y/ is a
viscosity super-solution of the Eq. (4.139), that is

1

2

kX
jD1

�
g1j .t; x; y/ � g2j .t; x; y/

�2 � f1 .t; x; y/ .y � x/C f2 .t; x; y/ .y � x/

� C.y � x/2

for all 0 < t < T and x < y, or equivalently (using the Lipschitz properties of f
and g) that

�
.c1/ g1j .t; a; a/ D g2j .t; a; a/ ; 8 a 2 R; 8 j 2 1; k;
.c2/ f1 .t; a; a/ � f2 .t; a; a/ ; 8 a 2 R:

Theorem 4.77 follows clearly from the next two lemmas.

Lemma 4.80. The following statements are equivalent:

.i/ Equation (4.135) is E-invariant on RC.
.ii/ For all T > 0 there exists a C D CT 2 R such that

Ed2.s; Xtx
s / � eC.s�t/d 2 .t; x/ ; 8 0 � t � s � T; 8 x 2 R

d :

Proof. .ii/ H) .i/: This is obvious.
.i/ H) .ii/: Let .t; x/ 2 �0;C1Œ � R

d be fixed, and Ox 2 PrE.t/.x/, the projection
of x on E .t/. Let Y tx be the solution of the equation

Y txs D Ox C
Z s_t

t

f .r; Y txr /dr C
Z s_t

t

g.r; Y txr /dWr :

Then

Y txs 2 E.s/ 8s � t;
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and by (3.18) we have

Ed2
�
s; Xtx

s

� � EjY txs �Xtx
s j2 � e.2	CL2/.s�t/j Ox � xj2 D eC.s�t/d 2.t; x/:

�

Lemma 4.81. Let T > 0, C D CT 2 R, and  W Œ0; T � � R
d ! R be a lower

semicontinuous function which is polynomially increasing at infinity in the space
variable. Then the following assertions are equivalent:

.i/ E .s;Xtx
s / � eC.s�t/ .t; x/; 8 0 � t � s � T .

.ii/ The function  is a viscosity super-solution for

8<
:
@u.t; x/

@t
C A.t/u.t; x/ � C .t; x/ D 0; .t; x/ 2 �0; T Œ � R

d ;

u .T; x/ D  .T; x/; x 2 R
d :

(4.142)

Proof. .i/ H) .ii/:
Let ' 2 C1;2

pol .Œ0; T � � R
d / and .t; x/ 2 �0; T Œ � R

d be a minimum point of

.t 0; x0/ 7!  .t 0; x0/ � '.t 0; x0/:

Hence

EŒ'.t C ";Xtx
tC"/ � '.t; x/� � EŒ .t C ";Xtx

tC"/ �  .t; x/�
� .eC" � 1/ .t; x/:

Then

@'.t; x/

@t
C Ehrx'.t; x/;

1

"
.Xtx

tC" � x/iC
C 1

2"
E
˝
D2
x'.t; x/.X

tx
tC" � x/;Xtx

tC" � x˛C
C1

"
E
tx.t C ";Xtx

tC"/ � eC" � 1
"

 .t; x/

(4.143)

where 
tx 2 Cpol
�
Œ0; T � � R

d
�

and

lim
t0!t
x0

!x


 tx.t 0; x0/
jt 0 � t j C jx0 � xj2 D 0:

By Lemma 4.82 below we have

lim
"&0

1

"
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌ D 0:
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Hence by passing to the limit in (4.143) as " ! 0, we obtain

@'.t; x/

@t
C E hrx'.t; x/; f .t; x/i C 1

2
TrŒD2

x'.t; x/g.t; x/g
�.t; x/� � C .t; x/

that is  is a viscosity super-solution of (4.142).
.ii/ H) .i/:
Since  .t; x/ is a viscosity super-solution of the equation

8
<
:
@u.t; x/

@t
C A.t/u.t; x/ � C .t; x/ D 0; .t; x/ 2 �0; RŒ � R

d ;

u.R; x/ D  .R; x/ ; x 2 R
d

for all R 2 �0; T �, the upper semicontinuous function

h.t; x/ D �e�2tC .t; x/

is a viscosity sub-solution of the equation

8<
:
@v.t; x/

@t
C A.t/v.t; x/C Chk.t; x/ D 0; .t; x/ 2 �0; RŒ � R

d ;

v.R; x/ D hk.R; x/; x 2 R
d

(4.144)

for all R 2 �0; T �, where hk 2 Cpol .Œ0; T � � R
d /, hk.t; x/ & h.t; x/, as k ! 1.

Then by the Feyman–Kac formula (Theorem 3.42 from Chap. 3) the viscosity
solution of the Eq. (4.144) is

v.t; x/ D Ehk.R;X
tx
R /C E

Z R

t

C hk.r; X
tx
r /dr:

Hence

Eh.s;Xtx
s / � Ev.s; Xtx

s / D Ehk.R;X
tx
R /C C

Z R

s

Ehk.r; X
tx
r /dr;

which implies for k ! 1

Eh.s;Xtx
s / � eC.R�s/

Eh.R;Xtx
R /:

Setting here s D t and h.r; u/ D �e�2rC .r; u/ we have

 .t; x/ � e�C.R�t/
E .R;Xtx

R /;

for all R � t . The proof of Lemma 4.81 is complete. �
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Lemma 4.82.

lim
"&0

1

"
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌ D 0:

Proof. First we remark that


tx.t C ";Xtx
tC"/ D "Œ'.t C ";Xtx

tC"/ � '.t; x/� � "@'.t; x/
@t

� ˝rx'.t; x/; .X
tx
tC" � x/˛ � 1

2
E
˝
D2
x'.t; x/.X

tx
tC" � x/;Xtx

tC" � x˛

and ' 2 C
1;2
pol .Œ0; T � � R

d /. Hence by (4.137) there exists a positive constant C
independent of ", t , x, 0 < " � 1, such that

E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌2 � C:

Since for all ı > 0 there exists an a D a .ı; t; x/ > 0 such that

ˇ̌

tx.t 0; x0/

ˇ̌ � �jt 0 � t j C jx0 � xj2� ı

if jt 0 � t j C jx0 � xj � a, we deduce that for " 2 �0; 1� and A D f! 2 � W
"C ˇ̌

Xtx
tC" � x ˇ̌ > ag

1

"
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌

� 1

"
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌
1Ac
�C 1

"
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌
1A
�

� ı

"

h
"C E

ˇ̌
Xtx
tC" � x ˇ̌2

i
C 1

"

q
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌2p

P .A/

� Cı C C

"

vuutE

h�
"C ˇ̌

Xtx
tC" � x ˇ̌�8

i

a8

� Cı C C 0

a4
";

where C;C 0 are positive constants independent of " and ı. We used here Chebyshev
inequality

P .j�j > a/ � E j�jr
ar

; 8 a; r > 0

for � D "C ˇ̌
Xtx
tC" � x ˇ̌, and r D 8. Then

lim
"&0

1

"
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌ � Cı; for all ı > 0
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and hence

lim
"&0

1

"
E
ˇ̌

tx.t C ";Xtx

tC"/
ˇ̌ D 0:

�

We discuss now the particular case of a fixed closed convex set E � R
d . We

recall that, in this case x ! d2E .x/ D minfjx � yj2 W y 2 Eg D jx � E .x/j2 is a
convex continuously differentiable function with Lipschitz gradient and

1

2
rd2E .x/ D x � E .x/

(see Exercise 4.6).
Moreover, due to Alexandroff’s Theorem, d2E admits a.e. on R

d a second order
Taylor development. More precisely, a function ' W Rd ! R admits a second Taylor
expansion in x 2 R

d if there exist a vector in R
d denoted rx'.x/, a matrix in R

d�d
denoted D2

x'.x/, and a function 
.�I x/ 2 C.Rd IR/ such that, for all y 2 R
d ,

8̂
<
:̂
'.y/ D '.x/C hr'.x/; y � xi C 1

2

˝
D2'.x/.y � x/; y � x˛C 
.yI x/;

lim
y!x


.yI x/
jy � xj2 D 0:

We underline that this may hold true even if the first derivative is not continuous.
We denote by ‚E the set of points x 2 R

d where d2E admits a second Taylor
expansion. Then the Lebesgue measure �d

�
R
dn‚E

� D 0.
We have the following viability criterion:

Theorem 4.83. Let E be a non-empty closed convex set in R
d . Then, under the

assumption (4.136) on f and g, the following assertions are equivalent

.j / Equation (4.135) is E-viable on RC.

.jj/ There exists a constant C � 0 such that for all .t; x/ 2 RC �‚E:

1

2
TrŒgg�.t; x/D2d2E.x/�C 2 hf .t; x/; x � E .x/i � Cd2E.x/: (4.145)

Proof. By Theorem 4.77 it is easy to see that .j / implies .jj/. Actually for a direct
proof we proceed as follows:

– by Lemma 4.80 the viability of E yields

Ed2E.X
tx
s / � eC.s�t/d 2E .x/ ; 8 0 � t � s � T; 8 x 2 R

d ;

– starting with this inequality we continue the proof exactly as in Lemma 4.81, but
now with  and ' replaced by d2E .
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It only remains to show that .jj / implies .j /. Let � 2 C1.Rd / be a nonnegative
function such that �.y/ D 0 for jyj � 1, and

R
Rd
�.y/dy D 1. For " > 0, we put

�".x/ D "�d�."�1x/ and introduce the mollification of d2E :

 ".x/ D
Z

Rd

d 2E.x � "y/�.y/dy D
Z

Rd

d 2E.y/�".x � y/dy:

Then, by Itô’s formula and Exercise 4.6 we have, for all � � t ,

E ".X
t;x
� / D  ".x/C EŒ

Z �

t

Z

Rd

˝rd2E.y/�".Xt;x
s � y/; f .s; Xt;x

s /
˛
dyds�

C 1

2
EŒ

Z �

t

Z

Rd

TrŒgg�.s; Xt;x
s /D2d2E.y/�".X

t;x
s � y/dyds�

(we extend D2d2E.y/ D 0 for y … ‚E). Then, in virtue of (4.145), this yields

E ".X
t;x
� /

�  ".x/C CEŒ

Z �

t

Z

Rd

d 2E.y/�".X
t;x
s � y/dyds

C EŒ

Z �

t

Z

Rd

˝rd2E.y/; f .s; Xt;x
s / � f .s; y/˛ �".Xt;x

s � y/dyds�

C 1

2
EŒ

Z �

t

Z

Rd

Tr
˚ˇ̌
gg�.s; Xt;x

s / � gg�.s; y/
ˇ̌�
D2d2E.y/

�
�".X

t;x
s � y/dyds�:

�  ".x/C CEŒ

Z �

t

Z

Rd

d 2E.X
t;x
s � "y/�.y/dyds

C EŒ

Z �

t

Z

Rd

ˇ̌rd2E.Xt;x
s � "y/ˇ̌ ˇ̌f .s;Xt;x

s / � f �s; Xt;x
s � "y�ˇ̌ �.y/dyds�

C EŒ

Z �

t

Z

Rd

ˇ̌
gg�.s; Xt;x

s / � gg�.s; Xt;x
s � "y/ˇ̌ �.y/dyds�:

We pass here to the limit as " ! 0C and using the Lebesgue dominated convergence
theorem and x 2 E, we infer

0 � Ed2E.X
t;x
� / � 0C CEŒ

Z �

t

d 2E.X
t;x
s /ds

for all � � t . Consequently

Ed2E.X
t;x
� / D 0; 8 � � t:

The proof is complete. �
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Consider the control problem:

� find a Lipschitz feedback law U .t; x/ which yields an invariant E.t/ for the
SDE:

Xtx
s DxC

Z s_t

t

f .r; Xtx
r /drC

Z s_t

t

U .r; Xr/ drC
Z s_t

t

g.r; Xtx
r /dBr ; t; s � 0:

(4.146)
We shall consider only the very simple case of

E .t/ D B .0; �/ D ˚
x 2 R

d W jxj � �
�
:

Of course by the results on SDEs with maximal monotone operators (Theo-
rem 4.19) or a subdifferential operator in the drift (Theorem 4.20) there exists
a feedback law K 2 S0d , K� .!/ 2 BVloc

�
Œ0;1Œ IRd �, P-a.s. ! 2 �, such that

for all x 2 B .0; �/

Xtx
s D x, 8 0 � s � t;

Xtx
s D x C R s

t
f .r; Xtx

r /dr � .Ks �Kt/C R s
t
g.r; Xtx

r /dBr , t � s;

Xtx
s 2 B .0; �/ , 8 s � 0,

dKt 2 @IB.0;�/ .Xt / .dt/ :

The problem posed here is to find an absolutely continuous control

Kt D
Z t

0

U .r; Xr/ dr: (4.147)

Assuming that a such control exists then by (4.141) B .0; �/ is invariant if and
only if for all t � 0 and jxj D �:

�
g�.t; x/x D 0; and
2 hx; f .t; x/C U .t; x/i C jg.t; x/j2 � 0:

Hence in general a B .0; �/-invariant control of the form (4.147) does not exist.
But if g�.t; x/x D 0 for all t � 0 and jxj D �, then the feedback

U .t; x/ D �f .t; x/ � 1

2�2
jg.t; x/j2 x

yields a B .0; �/-invariant for the SDE (4.146).

If we consider the invariance only on Œ0; T � and we request to realize it with a
linear feedback U .x/ D �x, then we can take

� D � sup

�
1

�
jf .t; x/j C 1

2�2
jg.t; x/j2 W t 2 Œ0; T � ; jxj D �

�
:
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4.6 Exercises

Exercise 4.1 (One Dimensional Diffusion Reflected at 0). Let x � 0. For each
n 2 N, denote by fXn

t ; 0 � t � T g the solution of the SDE

Xn
t D x C

Z t

0

f .Xn
s /ds C n

Z t

0

.Xn
s /

�ds C
Z t

0

g.Xn
s /dBs;

where f; g W R ! R are globally Lipschitz and fBt W t � 0g is a scalar Brownian
motion. We define Kn

t D n
R t
0
.Xn

s /
�ds.

1. Show that XnC1
t � Xn

t , 0 � t � T .

2. Show that sup
n�1

"
E

 
sup
0�t�T

jXn
t j2
!

C nE

Z T

0

j �Xn
t

�� j2dt

#
< 1.

3. Show that E sup
0�t�T

j �Xn
t

�� j2 ! 0, as n ! 1.

4. Show that fXn W n � 1g is a Cauchy sequence in S2 Œ0; T �.
5. Deduce that there exists a progressively measurable process fXt ; 0 � t � T g

such that Xn
t ! Xt , P-a.s. for all t 2 Œ0; T �, E

�
sup0�t�T jXt j2

�
< 1 and

X� D 0.
6. Deduce that there exists a progressively measurable process fKt ; 0 � t � T g

which is increasing and continuous, such that K0 D 0, E.jKT j2/ < 1, Kn
t !

Kt in probability for all t 2 Œ0; T � and
Z T

0

XtdKt D 0.

7. Deduce that the pair f.Xt ;Kt /; 0 � t � T g is the unique solution of the
reflected SDE, formulated as:

Xt D x C
Z t

0

f .Xs/ds C
Z t

0

g.Xs/dBs CKt ; 0 � t � T;

Xt � 0; Kt continuous and increasing;
Z T

0

XtdKt D 0:

8. Show that this result is a consequence of Theorem 4.20.
9. If g .0/ D 0, prove that

Kt .!/ D .f .0//�
Z t

0

1fXs.!/D0gds:

10. If there exists a y 2 R
d such that g .y/ ¤ 0, show that P-a.s. ! 2 �, for all

t � 0,
Z t

0

1fXs.!/Dygds D 0

(the Lebesgue measure of the time spent by the stochastic process X at y is
zero P-a.s.).
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Exercise 4.2 (Splitting of the Drift). Consider the stochastic differential equation

�
dXt C @'.Xt /.dt/ 3 F.t; Xt /dt CG.t; Xt /dBt ; 0 < t � T;

X0 D H0 2 L4.�;F0; P I Dom .'//;
(4.148)

where

.MM-H'/ W
�
i/ ' W Rd !� � 1;C1� is a convex l.s.c. function,
ii/ int.Dom.'// ¤ ;;

and the functions F .�; �; x/ W � � Œ0; T � ! R
d , G .�; �; x/ W � � Œ0; T � ! R

d�k are
progressively measurable stochastic processes for every x 2 R

d , such that for all
x; y 2 R

d , dP ˝ dt-a:e:

.LBF;G/ W
�
i/ jF.t; x/ � F.t; y/j C jG.t; x/ �G.t; y/j � Ljx � yj;
ii/ jF.t; 0/j2 C jG.t; 0/j2 � B < C1;

for some positive constants L;B .
Let n 2 N �, " D T=n, ti D i"

Ini D
�
Œti ; tiC1Œ; i D 1; n � 2
Œtn�1; T �; i D n � 1

and

F .t; x/ D F1 .t; x/C F2 .t; x/C F3 .t; x/

with F1; F2 and F3 satisfying .LBF;G/ with the constants L1, L2, L3, B1, B2, B3
respectively.
Decompose the Eq. (4.148) into three simpler equations extracting the unbounded
operator @' in a deterministic equation as follows:
for i 2 f1; 2; : : : ; n � 1g, we define

8̂
ˆ̂̂̂
ˆ̂̂̂
<̂
ˆ̂̂̂
ˆ̂̂
ˆ̂̂:

Xn
0� D Un

0C D H0;
d

dt
Un
t C @'.U n

t / 3 F1.t; U n
t /; U n

i"C D Xn
i"� for t 2 Ini ;

V n
t D Un

t C
Z t

i"

F2.s; V
n
s /ds; for t 2 Ini ;

Y nt D V n
t C

Z t

i"

F3.s; Y
n
s /ds C

Z t

i"

G.s; Y ns /dBs; for t 2 Ini ;

Xn
t D PrD Y

n
t ; for t 2 Ini :

(4.149)

Prove that Xn 2 S0d Œ0; T � and
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E sup
t2Œ0;T �

jXn
t �Xt j2 � C

n1=4

	
1C E jH0j4



: (4.150)

Remark. If d D 1, F1 .t; x/ D x, a � 0 � b and

' .x/ D IŒa;b�.x/ D
�
0, if a � x � b

C1, otherwise,

then for t 2 Œi"; .i C 1/ "Œ,

Un
t D Xn

i"�et�i"1Œa;b�.Xn
i"�et�i"/C a 1��1;aŒ.X

n
i"�et�i"/ C b 1�b;1Œ.X

n
i"�et�i"/:

Exercise 4.3 (Approximating Procedures). Let p > 2 and the assumptions of
Theorem 4.19 and the condition (4.42) be satisfied. Let X 2 S

p

d be the solution of
the SDE

�
dXt C A.Xt/.dt/ 3 F.t; Xt //dt CG.t; Xt /dBt
X0 D �:

Consider for 0 < " � 1 the approximating equations

X"
t C

Z t

0

A"
�
X"
s

�
ds D �C

Z t

0

F
�
s; X"

s

�
dsC

Z t

0

G
�
s; X"

s

�
dBs; t � 0; (4.151)

and

OX"
t C

Z t

0

A". OX"
s /ds D � C

Z t

0

F".s; OX"
s /ds C

Z t

0

G.s; OX"
s /dBs; t � 0; (4.152)

where A" is the Yosida approximation of the maximal monotone operator A
(i.e. A" is defined by A" .x/ 2 A .J" .x//, where J" C "A .J"/ 3 x) and F"
is the Yosida approximation of F (i.e. F".t; x/ D F.t; �".t; x// where �" C
" Œ	 .t/ �" � F.t; �"/� D x). Note that x �! A" .x/ and x �! 	 .t/ x � F" .t; x/

are single valued maximal monotone operators and
1

"
-Lipschitz continuous on R

d .

Let

K"
t D

Z t

0

A"
�
X"
s

�
ds and OK"

t D
Z t

0

A"

	 OX"
s



ds:

Prove that:

1. Equation (4.151) has a unique solution X" 2 Spd and for all q 2 Œ1; pŒ,

lim
"!0C

"
E sup
t2Œ0;T �

jX"
t �Xt jq C E sup

t2Œ0;T �
jK"

t �Kt jq=2
#

D 0
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and

lim
"!0C

E

�Z T

0

ˇ̌
F
�
t; X"

t

� � F .t; Xt /
ˇ̌
dt

�q=2
D 0;

lim
"!0C

E

�Z T

0

ˇ̌
G
�
t; X"

t

� �G .t; Xt /
ˇ̌2

dt

�q=2
D 0:

2. If in addition

E

�Z T

0

j	 .t/j jF .t; 0/j dt

�p
< C1

then the same convergence results hold with X" replaced by OX" andK" replaced
by OK"; moreover

E

�Z T

0

ˇ̌
ˇF"

	
t; OX"

t



� F .t; Xt /

ˇ̌
ˇ dt

�q=2
! 0; as " ! 0:

Exercise 4.4 (A Stabilization Problem). The problem is to find a P-m.s.p. (a
control process) U which stabilizes with a given exponential rate a the solution
X of the multivalued SDE:

�
dXt C A.Xt/.dt/ 3 .F.t; Xt /C Ut/ dt CG.t; Xt /dBt ; t � 0;

X0 D � 2 L0.�;F0; P I Dom .A//:
(4.153)

Let p � 2 and the assumptions of Theorem 4.19 be satisfied. Also assume there
exists an x0 2 Dom .A/ such that 0 2 Ax0, F .!; t; x0/ 	 0 andG .!; t; x0/ 	 0.

1. Show that for every a > 0 there exists a P-measurable control U D Up;a 2
Lp

�
�IL1 �0; T IRd ��which stabilizes the solutionX with the given exponential

rate a, that is the corresponding solution X D XU 2 Spd satisfies for all s � 0:

E jXs � x0jp � e�as
E j� � x0jp ;

and moreover for all 0 � t � s,

E
Ft eas jXs � x0jp � eat jXt � x0jp ; a:s:

2. Show that for all ı < a,

lim
t!1 eıt jXt � x0jp D 0 in L1 .�;F ;P/ and P-a.s.
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3. Prove that

E

1Z

0

kXt � x0kpdt � 1

a
E j� � x0jp :

4. Prove that: if � D x 2 R
d and 0 � ı < a, then

jXx
t .!/ � x0jp � e�ıt jx � x0jp; 8 t � �.!/; P-a.s.;

where � < 1, a:s:
5. Show that for every � > 1 and a > 0 there exist a constant Cp;� and a

P-measurable control QU D QUp;�;a 2 Lp
�
�IL1 �0; T IRd �� such that the

corresponding solution QX D X
QU 2 Spd of the SDE (4.153) satisfies

E sup
r2Œn;1Œ

ˇ̌ QXr � x0
ˇ̌p � Cp;�e

�an
E j� � x0jp ; 8 n � 0:

Exercise 4.5 (A Comparison Result). Consider the following one dimensional
SDEs

Xt;x
s D x C

Z s

t

f .r; Xt;x
r / dr C

Z s

t

˝
g.r; Xt;x

r /; dBr
˛
; if t � s � T;

QXt;Qx
s D Qx C

Z s

t

Qf .r; QXt;x
r / dr C

Z s

t

˝ Qg.r; QXt;x
r /; dBr

˛
; if t � s � T;

where f; Qf W Œ0; T � � R ! R and g; Qg W Œ0; T � � R ! R
k are continuous functions

and there exists an L > 0 such that

jf .t; x/ � f .t; y/j C
ˇ̌
ˇ Qf .t; x/ � Qf .t; y/

ˇ̌
ˇ � L jx � yj ; and

jg .t; x/ � g .t; y/j C j Qg .t; x/ � Qg .t; y/j � L jx � yj ;

for all t 2 Œ0; T � and x; y 2 R. Show that the following assertions are equivalent:

.a/ Xt;x
s � QXt;Qx

s a.s., for all x � Qx, 0 � t � s � T I
.b/ f .t; y/ � Qf .t; y/ ; g .t; y/ D Qg .t; y/, for all .t; y/ 2 Œ0; T � � R.

Exercise 4.6. Let E � R
d be a non-empty closed set and dE.x/ D inffjy � xj W

y 2 Eg be the distance to E. The projection map is defined by

x 7�! …E .x/
defD f Ox 2 E W jx � Oxj D dE.x/g W Rd � R

d :
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Show that:

1. For all x; y 2 R
d and a 2 E,

.a/ jdE.x/ � dE.y/j � jx � yj ;

.b/ jd2E.x/ � d2E.y/j � 4.jaj C jxj C jyj/ jx � yj :

2. d2E.x C h/ � d2E.x/ � jxj2 C 2
D
h � Oh; x

E
; 8 x; h 2 R

d and Oh 2 …E .h/.

3. The function x 7! jxj2 � d2E.x/ is convex.
4. The function x 7! d2E.x/ is twice differentiable2 almost everywhere in R

d , i.e.
there exists a full measure subset ‚E � R

d such that for every x 2 ‚E , there
exist a vector in R

d denoted rxd
2
E.x/, a matrix in R

d�d denoted D2
xd

2
E.x/, and

a function 
.�I x/ 2 C.Rm/ such that, for all h 2 R
m,

8̂
<
:̂
d2E.x C h/ D d2E.x/C ˝rd2E.x/; h

˛C 1

2

˝
D2d2E.x/h; h

˛C 
.hI x/
lim
h!0


.hI x/
jhj2 D 0:

(4.154)

Moreover for any x 2 ‚E ,

.a/ …E .x/ is a singleton and rd2E.x/ D x �…E .x/ ;

.b/ j
.hI x/j � jhj2 �1C ˇ̌
D2d2E.x/

ˇ̌�
; for all x; h 2 R

d :

5. If fBt W t � 0g is an R
k-valued Brownian motion, then for all 0 < r < t � " < t

and x 2 R
d , z 2 R

d�k ,

E
Fr

d2E .x C z .Bt � Bt�"//

�

D d2E.x/C "

2
Tr
�
z�D2d2E.x/z

�C E
Fr Œ
.

p
"zB1I x/�:

6. The set E is convex iff x 7! d2E.x/ W Rd ! R is a convex function.
7. The set E is convex iff the projection map x 7�! …E .x/ W Rd � R

d is single-
valued (Motzkin’s Theorem) (in this case we write E D …E).

8. If E is convex, then for all x; h; y 2 R
d ,

.a/ rd2E.x/ D 2 .x � E .x// ;

.b/ jE .x C h/ � E .x/j � jhj ;

.c/
˝rd2E.x/; h

˛ � d2E.x C h/ � d2E.x/;
.d/ 0 � ˝

D2d2E.x/h; h
˛ � 2 jhj2 :

2By twice differentiable, we mean that the function admits a second order Taylor expansion.
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9. Let E be a convex set and  " 2 C1 �
R
d IRC

�
be given by

 " .x/ D
Z

Rd

d 2E.x � "u/� .u/ du D
Z

Rd

d 2E.u/�" .x � u/ du

where � 2 C1 �
R
d IRC

�
, � .u/ D 0 if juj � 1,

R
Rd
� .u/ du and �" .u/ D

"�d�
�
"�1u

�
. Show that for all x; h 2 R

d ,

.a/ 0 �  " .x/ � ."C dE.x//
2 ;

.b/
ˇ̌
 " .x/ � d2E.x/

ˇ̌ � C .1C jxj/ ";
.c/ r " .x/ D

Z

Rd

rd2E.u/�" .x � u/ du;

.d/ jr " .x/j � 2 ."C dE.x// ;

.e/
ˇ̌r " .x/ � rd2E.x/

ˇ̌ � 2";

.f / D2 " .x/ D
Z

Rd

D2d2E.u/�" .x � u/ du;

.g/ 0 � ˝
D2 " .x/ h; h

˛ � 2 jhj2 ;

and

 " .x C h/ D  " .x/C h
Z

Rd

rd2E.u/�" .x � u/ du; hi

C 1

2
h
�Z

Rd

D2Œd2E.u/��" .x � u/ du

�
h; hi C ı" .h; x/ ;

where ı" .h; x/ D R
Rm

.h; u/�".x � u/du satisfies

lim
h!0

ı" .h; x/

jhj2 D 0:



Chapter 5
Backward Stochastic Differential Equations

5.1 Introduction

In this chapter we discuss so-called “backward stochastic differential equations”,
BSDEs for short. Linear BSDEs first appeared a long time ago, both as the equations
for the adjoint process in stochastic control, as well as the model behind the Black
and Scholes formula for the pricing and hedging of options in mathematical finance.
These linear BSDEs can be solved more or less explicitly (see Proposition 5.31
below). However, the first published paper on nonlinear BSDEs, appeared only
in 1990, see Pardoux and Peng [51]. Since then, the interest in BSDEs has
increased regularly, due to the connections of this subject with mathematical finance,
stochastic control, and partial differential equations. We refer the interested reader to
El Karoui et al. [29] and [30], Pham [60] and the references therein for developments
on the use of BSDEs as models in mathematical finance, as well as the connection
of BSDEs with stochastic control (see also [28] and [37]). BSDEs are also an
efficient tool for constructing �-martingales on manifolds with prescribed limit,
see Darling [19]. The connection of BSDEs with semi linear PDEs was initiated in
Pardoux, Peng [54], see also among the now vast literature on the subject [6,48,52]
and [53].

We shall present both the abstract theory of BSDEs, and the connection of BSDEs
with semilinear PDEs (both parabolic and elliptic). Let us motivate the notion of a
BSDE via an associated semilinear parabolic PDE.

To each .t; x/ 2 RC � R
d , we associate the Markov diffusion process fXt;x

s ;

s � tg which is a solution of the SDE

Xt;x
s D x C

Z s

t

f .r; Xt;x
r /dr C

Z s

t

g.r; Xt;x
r /dBr ;

where the Brownian motion B has dimension k. The associated infinitesimal
generator reads

E. Pardoux and A. Răşcanu, Stochastic Differential Equations, Backward SDEs,
Partial Differential Equations, Stochastic Modelling and Applied Probability 69,
DOI 10.1007/978-3-319-05714-9__5,
© Springer International Publishing Switzerland 2014
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At '.x/ D 1

2
Tr

gg�.t; x/D2'.x/

�C hf .t; x/;r'.x/i:

Let T > 0 be an arbitrary final time, � 2 C.Rd / and F 2 C.Œ0; T ��R
d �R�R

k/.
We consider the following backward semilinear second order PDE

8̂
<̂
ˆ̂:

@u

@t
.t; x/C Atu.t; x/C F.t; x; u.t; x/; .rug/.t; x// D 0;

.t; x/ 2 Œ0; T � � R
d ;

u.T; x/ D �.x/; x 2 R
d :

Suppose that this equation has a classical solution u 2 C1;2.Œ0; T � � R
d /. It then

follows from Itô’s formula that for any 0 � t < s � T ,

u.s; Xt;x
s / D �.X

t;x
T /C

Z T

s

F.r; Xt;x
r ; u.r; Xt;x

r /; .rug/.r; Xt;x
r //

�
Z T

s

.rug/.r; Xt;x
r /dBr :

Considering the pair of adapted processes

�
Y t;xr ; Zt;x

r

� D �
u.r; Xt;x

r /; .rug/.r; Xt;x
r /

�
;

we have that for each .t; x/ 2 Œ0; T � � R
d ,

Y t;xs D �.X
t;x
T /C

Z T

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r /dr �
Z T

s

Zt;x
r dBr ; s � r � T;

and Y t;xt is a deterministic quantity which equals u.t; x/. The solution u of the above
semilinear parabolic PDE is expressed in terms of the solution of this last backward
stochastic differential equation (BSDE). We will see below that this is indeed an
extension of the Feynman–Kac formula (in the sense that if F is affine, then the
Feynman–Kac formula is a consequence of the above representation). Note that the
above computation can be applied to a system of PDEs, rather than a single PDE.
We shall consider only the case where the same second order PDE operator A is
applied to each coordinate ui of u. A probabilistic representation for more general
systems of semilinear PDEs, with a different A for each coordinate of u, can be
found in [55], see also [52] and [58].

Let us now write an abstract version of the above BSDE. Let t D 0, and
forget about the superscript x. Suppose now that we are given a probability space
with filtration .�;F ;Ft ;P/ and for each .y; z/ 2 R � R

k , a measurable process
fF.t; y; z/; 0 � t � T g (F being jointly measurable), together with an FT random
variable �.

We formulate the problem of solving a BSDE as follows: find a pair of adapted
processes f.Yt ; Zt /; 0 � t � T g such that
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Yt D �C
Z T

t

F .s; Ys; Zs/ds �
Z T

t

ZsdBs; 0 � t � T; a.s.

Note that, since the boundary condition for fYt W t 2 Œ0; T �g is given at the
terminal time T , it is not really natural for the solution fYtg to be adapted at each
time t to the past of the Brownian motion fBsg before time t . The price we have
to pay for such a severe constraint to be satisfied is to have the coefficient of the
Brownian motion – the process fZtg – to be chosen independently of fYtg, hence
the solution of the BSDE is a pair of processes. Note that in the case F 	 0, Yt D
E.�jFt / and Z is given by the martingale representation theorem from Sect. 2.4.

One may also think of a “backward SDE” as an inverse problem for an SDE,
namely we are looking for a point y 2 R, and an adapted process fZtg, such that
the solution fYtg of

Yt D y �
Z t

0

F .s; Ys; Zs/ds C
Z t

0

ZsdBs

satisfies YT D �.
Finally, note that while the above presentation treats T as a deterministic

quantity, an important alternative is to replace it by a stopping time (or else by C1).
This is essential when giving probabilistic representations of semilinear elliptic
PDEs.

In this chapter, we suppose given a stochastic basis .�;F ;P; fFtgt�0/ with
fBt I t � 0g a k-dimensional Brownian motion and the filtration fFtgt�0 being
the natural filtration of fBt W t � 0g, i.e. for all t � 0:

Ft D FB
t

defD � .fBs W 0 � s � tg/ _ N :

5.2 Basic Inequalities

For convenience we rewrite in this context the Itô formula (2.14) and we give a basic
inequality. First we introduce a notation used in this chapter.

Notation 5.1. For p � 1 we define

np
defD 1 ^ .p � 1/ :

Let .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / satisfy for all t 2 Œ0; T � ; P-a:s.:

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs;
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where

˙ K 2 S0m,
˙ K� .!/ 2 BVloc .Œ0;1Œ IRm/ ; P-a.s. ! 2 �.

5.2.1 Backward Itô’s Formula

If ' 2 C1;2 .Œ0; T � � R
m/, then P-a:s., for all t 2 Œ0; T �:

' .t; Yt /C
Z T

t

�
@'

@t
.s; Ys/C 1

2
Tr

ZsZ

�
s '

00
xx .s; Ys/

��
ds

D ' .T; YT /C
Z T

t

h'0
x .s; Ys/ ; dKsi �

Z T

t

h'0
x .s; Ys/ ; ZsdBsi :

(5.1)

From Corollary 2.29 we get for all p 2 R,

	
jYt j2 C "


p=2 C p

2

Z T

t

R
.p;"/
s ds C p

2

	
L
.p;"/

T � L.p;"/t



D
	
jYT j2 C "


p=2

Cp
Z T

t

D
U
.p;"/
s ; dKs

E
� p

Z T

t

D
U
.p;"/
s ; ZsdBs

E
;

(5.2)

where

.j / U
.p;"/
s D

	
jYsj2 C "


.p�2/=2
Ys;

. jj/ R
.p;"/
s D

h
jZsj2 jYsj2 C .p � 2/ jZ�

s Ysj2
i 	

jYsj2 C "

.p�4/=2

;

. jjj/ L
.p;"/
t D "

Z t

0

jZsj2
	
jYsj2 C "


.p�4/=2
ds:

We have
ˇ̌
ˇU .p;"/

s

ˇ̌
ˇ �

	
jYsj2 C "


.p�1/=2
and

np jZsj2 jYsj2
	
jYsj2 C "


.p�4/=2 � R.p;"/s � mp jZsj2 jYsj2
	
jYsj2 C "


.p�4/=2
;

where np
defD 1 ^ .p � 1/ and mp

defD 1 _ .p � 1/.
Moreover

1p
"

Z t

0

jZsj2 1jYs j�p
"ds � 2

p
2L

.1;"/
t :
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In particular for p � 1 and " & 0 we obtain

jYt jp C 1

2

Z T

t

R
.p/
s ds C 1

2
.LT � Lt/ 1p¤1 D jYT jp

C
Z T

t

jYsjp�1 hsgn .Ys/ ; dKsi �
Z T

t

jYsjp�1 hsgn .Ys/ ; ZsdBsi ;
(5.3)

where

sgn W Rm ! R
m; sgn .x/ D

8<
:
0; if x D 0;
x

jxj ; if x ¤ 0;

R.p/s D
(
0; if Ys D 0;	
jZsj2 C .p � 2/ jZ�

s sgn .Ys/j2



jYsjp�2 ; if Ys ¤ 0;

and fLt W t � 0g is an increasing continuous progressively measurable stochastic
process such that for all t � 0 (in the sense of convergence in probability)

Lt D 1

2
lim
"!0C

Z t

0

" jZsj2	
jYsj2 C "


3=2 ds:

The stochastic process fLt W t � 0g has the following property:

Lt .!/ D Ls .!/ ; P-a.s.;

for every interval Œs; t � � fr � 0 W Yr .!/ D 0g, or Œs; t � � int fr � 0 W Yr .!/ ¤ 0g.
Moreover, we have

lim sup
ı!0C

1

ı

Z T

0

jZsj2 1jYs j�ıds � 2
p
2LT and

Z T

0

jZsj2 1YsD0ds D 0:

Since

0 � p

2
np

Z t

s

jYr jp�2 1Yr¤0 jZr j2 dr �
Z t

s

R.p/r dr < 1; for all 0 � s < t � T; a:s:;

it follows that for every p � 1 and 0 � t � T :

jYt jp C p

2
np

Z T

t

jYsjp�2 1Ys¤0 jZsj2 ds � jYT jp

Cp
Z T

t

jYsjp�2 1Ys¤0 hYs; dKsi � p
Z T

t

jYsjp�2 1Ys¤0 hYs;ZsdBsi ; a:s:
(5.4)
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In fact we deduce from Lemma 2.37 a more general inequality:
˙ if  W Œ0; T ��R

m ! R is a function of classC1, convex in its second argument,
then a:s:; 8 t 2 Œ0; T �:

 .t; Yt /C
Z T

t

@ 

@t
.s; Ys/ ds �  .T; YT /C

Z T

t

hr .s; Ys/; dKsi

�
Z T

t

hr .s; Ys/; ZsdBsi :
(5.5)

5.2.2 A Fundamental Inequality

Let .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / satisfy an identity of the form

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs; t 2 Œ0; T � ; P-a.s.; (5.6)

where

˙ K 2 S0m .Œ0; T �/ and K� .!/ 2 BV .Œ0; T � IRm/ ; P-a.s. ! 2 �.
˙ Assume that there exist

.a/ D;R;N P-m.i.c.s.p., D0 D R0 D N0 D 0I

.b/ V P–m.b-v.c.s.p. V0 D 0I

.c/ � < 1 � p;

such that as measures on Œ0; T � ; a:s:

dDt C hYt ; dKt i � 
1p�2dRt C jYt jdNt C jYt j2dV t

�C np

2
� jZt j2 dt; (5.7)

where

np
defD 1 ^ .p � 1/ .

By Proposition 6.80, Corollary 6.81 and Corollary 6.82 from Annex C we have:

Proposition 5.2. Let (5.6) and (5.7) be satisfied and moreover

E
��YeV ��p

T
< 1:

(A) If p > 1, then there exists a positive constant Cp;�, depending only upon .p; �/,
such that, P-a:s., for all t 2 Œ0; T �:

E
Ft sup

r2Œt;T �

ˇ̌
eVr Yr

ˇ̌p C E
Ft

�Z T

t

e2Vr dDr

�p=2
C E

Ft

�Z T

t

e2Vr jZr j2 dr

�p=2

(5.8)
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� Cp;� E
Ft

"ˇ̌
eVT YT

ˇ̌p C
�Z T

t

e2Vr 1p�2dRr

�p=2
C
�Z T

t

eVr dNr

�p#
:

(B) If p D 1 (and np D 0), then P-a:s., for all 0 � t � T

eVt jYt j � E
Ft eVT jYT j C E

Ft

Z T

t

eVr dNr

and for all 0 < ˛ < 1 there exists a positive constant C˛ , depending only upon
˛ such that

sup
r2Œt;T �


E
�
eVr jYr j

��˛ C E

 
sup
r2Œt;T �

ˇ̌
eVr Yr

ˇ̌˛
!

C E

�Z T

t

e2Vr jZr j2 dr

�˛=2

CE

�Z T

t

e2Vr jDr j2 dr

�˛=2

� C˛

"	
E
�
eVT jYT j�


˛ C
�
E

Z T

t

eVr dNr

�˛#
:

(C) If p � 1 and R D N D 0, then P-a:s., for all t 2 Œ0; T �:
epVt jYt jp � E

Ft epVT jYT jp : (5.9)

Corollary 5.3. Under the assumptions of Proposition 5.2, if there exists a c � 0

such that sups2Œ0;T � jVsj � c, then P-a:s., for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �
jYsjp C E

Ft

�Z T

t

jZsj2 ds

�p=2

� Cp;� e
2c

E
Ft

"
jYT jp C

�Z T

t

1p�2dRs

�p=2
C
�Z T

t

dNs

�p#
:

5.3 BSDEs with Deterministic Final Time

Our main goal in this section is to study backward stochastic differential equations
(abbreviated BSDEs) of the form

� �dYt D F .t; Yt ; Zt / dt CG .t; Yt / dAt �ZtdBt ; 0 � t < T;

YT D �;
(5.10)

or equivalently, a.s. for all t 2 Œ0; T �:
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Yt D �C
Z T

t

F .s; Ys; Zs/ ds C
Z T

t

G .s; Ys/ dAs �
Z T

t

ZsdBs;

whose solution .Yt ; Zt /t2Œ0;T � takes values in R
m � R

m�k , and where we assume in
this section that:

• T > 0 is a fixed final deterministic time;
• � W � ! R

m, the final condition, is an FT -measurable random vector;
• F W �� Œ0; T ��R

m�R
m�k ! R

m is a
�P;Rm � R

m�k�-Carathéodory function,
that is

F .�; �; y; z/ is P-m.s.p., 8 .y; z/ 2 R
m�Rm�k I

F .!; t; �; �/ is a continuous function, dP ˝ dt -a:e:I

• G W � � Œ0; T � � R
m ! R

m is a .P;Rm/-Carathéodory function, i.e.

G .�; �; y/ is P-m.s.p., 8 y 2 R
mI

G .!; t; �; �/ is a continuous function, dP ˝ dt -a:e:I

• A is a P-m.i.c.s.p., A0 D 0.

Note that, by Exercise 1.1, F is .P ˝ Bm ˝ Bm�k;Bm/-measurable and G is
.P ˝ Bm;Bm/-measurable.

We state the following definition:

Definition 5.4. A pair .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / is a solution of (5.10) if

Z T

0

jF.t; Yt ; Zt /j dt C
NX
iD1

Z T

0

jG .t; Yt /j dAt < 1; P-a.s.

and, a.s. for all t 2 Œ0; T �:

Yt D �C
Z T

t

F .s; Ys; Zs/ ds C
Z T

t

G .s; Ys/ dAs �
Z T

t

ZsdBs : (5.11)

5.3.1 A Priori Estimates and Uniqueness

We now consider the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; ; t 2 Œ0; T � ; a:s:; (5.12)

where
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• � W � ! R
m, the final condition, is an FT -measurable random vector;

• .!; t; y; z/ 7�! ˆ.!; t; y; z/ W � � Œ0; T � � R
m � R

m�k ! R
mI

• .!; t/ 7�! Qt .!/ W � � Œ0; T � ! R is a P-m.i.c.s.p. such that Q0 D 0.

Note that the BSDE (5.10) can be written in this form with

ˆ.!; t; y; z/ D ˛t .!/ F .!; t; y; z/C ˇt .!/G .!; y/ ; and

Qt .!/ D t C At .!/

where f˛t W t � 0g and fˇt W t � 0g are two real positive P-m.s.p. (given by the
Radon–Nikodym representation theorem), ˛t C ˇt D 1, such that

dt D ˛tdQt and dAt D ˇtdQt :

We define for any � � 0

ˆ#
� .t/

defD sup
jyj��

jˆ.t; y; 0/j I in particular ˆ#
0 .t/ D jˆ.t; 0; 0/j :

The basic assumptions on ˆ are the following

(BSDE-Hˆ) W (5.13)

� 8 y 2 R
m, z 2 R

m�k , the function ˆ.�; �; y; z/ W � � Œ0; T � ! R
m is

P-measurable;
� there exist three P-m.s.p. 	 W �� Œ0; T � ! R and `; ˛ W �� Œ0; T � ! RC such

that, P-a:s.
.i/ ˛tdQt D dt;

.ii/
Z T

0

h
j	t jdQt C .`t /

2 dt
i
< 1;

(5.14)

and for all y; y0 2 R
m and z; z0 2 R

m�k; dP ˝ dQt -a:e.:

Continuity:�
Cy
�

y �! ˆ.t; y; z/ W Rm ! R
m is continuousI

Monotonicity condition:�
My

� hy0 � y;ˆ.t; y0; z/ �ˆ.t; y; z/i � 	t jy0 � yj2I
Lipschitz condition:

.Lz/ jˆ.t; y; z0/ �ˆ.t; y; z/j � ˛t `t jz0 � zjI
Boundedness condition:

�
By
� Z T

0

ˆ#
� .s/ dQs < 1; 8 � � 0:

(5.15)

The assumptions on ˆ yield a continuity behaviour result which we leave as an
exercise for the reader.
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Lemma 5.5. Under the assumption (5.15)

Z T

0

jˆ.t; Yt ; Zt /j dQt < 1; P-a.s.; 8 .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / ;

and the mapping

.Y;Z/ �!
Z �

0

ˆ.s; Ys; Zs/dQs

is continuous from S0m Œ0; T � �ƒ0
m�k .0; T / into S0m Œ0; T �.

We shall show that the monotonicity of ˆ yields an inequality of the form (5.7).
Let (with a > 1 arbitrary)

np
defD 1 ^ .p � 1/ and 
s

defD 	s C a

2np
.`s/

2 ˛s:

We have:

Lemma 5.6. Let a; p > 1, r0 � 0 and the assumptions (5.13-BSDE-Hˆ) be
satisfied. Let .Y;Z/ ;

� QY ; QZ� 2 S0m Œ0; T � � ƒ0
m�k .0; T /. Then, in the sense of

signed measures on Œ0; T �:

dD
.r0/
t C hYt ; ˆ .t; Yt ; Zt / dQt i �

h
dR.r0/t C jYt jdN.r0/

t C jYt j2dV t

i

Cnp

2a
jZt j2 dt;

(5.16)

and

˝
Yt � QYt ; ˆ .t; Yt ; Zt / �ˆ.t; QYt ; QZt/

˛
dQt � jYt � QYt j2dV t C np

2a

ˇ̌
Zt � QZt

ˇ̌2
dt

(5.17)
where

D
.r0/
t D r0

Z t

0

jˆ.s; Ys; Zs/j dQs; R
.r0/
t D r0

Z t

0

ˆ#
r0
.s/ dQs C r20

Z t

0


C
s dQs;

Vt D
Z t

0


sdQs; N
.r0/
t D

Z t

0

ˆ#
r0
.s/ dQs C 2r0

Z t

0

j
sj dQs:

(5.18)

Proof. The monotonicity property of ˆ implies that for any R
m-valued stochastic

process fUs W s � 0g, jUsj � 1:

hr0Us � Ys;ˆ .s; r0Us; Zs/ �ˆ.s; Ys; Zs/i dQs � 	s jr0Us � Ysj2 dQs:

Since
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jˆ.s; r0Us; Zs/j dQs � 
ˆ#
r0
.s/C ˛s`s jZsj

�
dQs D ˆ#

r0
.s/ dQs C `s jZsj ds

it follows that

r0 hUs;�ˆ.s; Ys; Zs/i dQs C hYs;ˆ .s; Ys; Zs/i dQs

� jr0Us�Ysj2 	sdQsC jr0Us � Ysj

ˆ#
r0
.s/ dQsC`s jZsj ds

�

� jr0Us � Ysj2 	sdQs C .r0 C jYsj/ˆ#
r0
.s/ dQs

C a

2np
jr0Us � Ysj2 .`s/2 ds C np

2a
jZsj2 ds:

Hence

r0 hUs;�ˆ.s; Ys; Zs/i dQs C hYs;ˆ .s; Ys; Zs/i dQs

� .r0 C jYsj/ˆ#
r0
.s/ dQs

C
	
r20 jUsj2 � 2r0 hUs; Ysi C jYsj2




sdQsC

np

2a
jZsj2 ds

� 
r0ˆ

#
r0
.s/Cr20 
C

s

�
dQsC jYsj

˝
ˆ#
r0
.s/C2r0 j
sj

˛
dQsC jYsj2 
sdQs

C np

2a
jZsj2 ds:

(5.16) follows if we choose

Us D
( �ˆ.s;Ys ;Zs/jˆ.s;Ys ;Zs/j ; if ˆ.s; Ys; Zs/ ¤ 0;

0; if ˆ.s; Ys; Zs/ D 0:

The inequality (5.17) is obtained as follows:

˝
Ys � QYs;ˆ .s; Ys; Zs/ �ˆ.s; QYs; QZs/

˛
dQs

�
h
	s
ˇ̌
Ys � QYs

ˇ̌2 C `s˛s
ˇ̌
Ys � QYs

ˇ̌ ˇ̌
Zs � QZs

ˇ̌i
dQs

� 	s
ˇ̌
Ys � QYs

ˇ̌2
dQs C ˇ̌

Ys � QYs
ˇ̌ ˇ̌
Zs � QZs

ˇ̌
`sds

�
�
	sdQs C a

2np
.`s/

2 ds

� ˇ̌
Ys � QYs

ˇ̌2 C np

2a

ˇ̌
Zs � QZs

ˇ̌2
ds:

�

Taking into account Proposition 5.2 with dKs D ˆ.s; Ys; Zs/ dQs , we deduce
from (5.16), first with r0 D 0 and then with r0 > 0:
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Proposition 5.7. Let the assumptions (5.13-BSDE-Hˆ) be satisfied. Then for every
a; p > 1 there exists a constant Ca;p such that for all solutions .Y;Z/ 2 S0m Œ0; T ��
ƒ0
m�k .0; T / of the BSDE (5.12) satisfying

E
��YeV ��p

T
< 1;

where again

Vt
defD V

a;p
t D

Z t

0

	sdQs C a

2np

Z t

0

.`s/
2 ds;

the following inequality holds, P-a.s.; for all t 2 Œ0; T �:

E
Ft

 
sup
s2Œt;T �

ˇ̌
eVsYs

ˇ̌p
!

C E
Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

� Ca;p

�
E

Ft
ˇ̌
eVT �

ˇ̌p C E
Ft

	Z T

t

eVs jˆ.s; 0; 0/j dQs


p�
:

(5.19)

Moreover, if p � 2, then for all r0 > 0:

E

�
r0

Z T

0

e2Vs jˆ.s; Ys; Zs/j dQs

�p=2
� Ca;p

�
E
ˇ̌
eVT �

ˇ̌p

CE

	Z T

0

e2VsdR.r0/s


p=2 C E

	Z T

0

eVsdN.r0/
s


p�
:

(5.20)

Corollary 5.8. Let p D 1. Let the assumptions (5.13-BSDE-Hˆ) be satisfied and
ˆ be independent of z 2 R

m�k ( `t 	 0 and Vt D N	t D R t
0
	sdQs). If .Y;Z/ 2

S0m Œ0; T � �ƒ0
m�k .0; T / is a solution of the BSDE (5.12) satisfying

E sup
s2Œ0;T �

e N	s jYsj < 1;

then the following inequality holds P-a:s., for all t 2 Œ0; T �:

e N	t jYt j � E
Ft e N	T j�j C E

Ft

Z T

t

e N	s jˆ.s; 0/j dQs :

Moreover for all 0 < q < 1

sup
s2Œ0;T �

	
E
�
e N	s jYsj

� 
q C E sup
s2Œ0;T �

ˇ̌
e N	sYs

ˇ̌q C E

�Z T

0

e2 N	s jZsj2 ds

�q=2

� Cq

"�
E
�
e N	T j�j�

�q=2
C
�
E

Z T

0

e N	s jˆ.s; 0/j dQs

�q=2#
:
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Proof. Since

hYt ; ˆ .t; Yt ; Zt / dQt i � jYt j jˆ.t; 0/j dQt C jYt j2 d N	t
the conclusions follow by Corollary 6.81. �

From (5.19) we immediately have:

Corollary 5.9. Let a; p > 1. If

E sup
t2Œ0;T �

ˇ̌
Yte

Vt
ˇ̌p
< 1

and there exists a constant A � 0 such that for all t 2 Œ0; T �:

E
Ft

�ˇ̌
eVT �Vt �

ˇ̌p C
	Z T

t

eVs�Vt jˆ.s; 0; 0/j dQs


p� � A; a:s:;

then for all t 2 Œ0; T �:

jYt jp C E
Ft

�Z T

t

e2.Vs�Vt / jZsj2 ds

�p=2
� A Ca;p; a:s:

Let .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / be a solution of the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; (5.21)

where ˆ satisfies .5.13�BSDE-Hˆ/ and . OY ; OZ/ 2 S0m Œ0; T � � ƒ0
m�k .0; T / is a

solution of the BSDE

OYt D O�C
Z T

t

Ô .s; OYs; OZs/dQs �
Z T

t

OZsdBs; (5.22)

where Ô .�; �; �; �/ W �� Œ0; T �� R
m � R

m�k ! R
m is P-measurable with respect to

.!; t/ 2 � � Œ0; T � and continuous with respect to .y; z/ 2 R
m � R

m�k . We clearly
need to assume that

Z T

0

ˇ̌
ˇ Ô .s; OYs; OZs/

ˇ̌
ˇ dQs < 1; P-a.s.

Note that

Yt � OYt D .� � O�/C
Z T

t

dKs �
Z T

t

.Zs � OZs/dBs;
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where

Kt D
Z t

0

h
ˆ.s; Ys; Zs/ � Ô .s; OYs; OZs/

i
dQs;

and by the assumptions .5.13�BSDE-Hˆ/

D
Yt � OYt ; dKt

E
�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
ˇ̌
ˇˆ.t; OYt ; OZt/ � Ô .t; OYt ; OZt/

ˇ̌
ˇ dQt C

ˇ̌
ˇYt � OYt

ˇ̌
ˇ
2

dV t

C np

2a

ˇ̌
Zt � QZt

ˇ̌2
dt

with, as above,

dV t D 	tdQt C a

2np
.`t /

2 dt:

Hence by Proposition 5.2 we have:

Theorem 5.10 (Continuity and Uniqueness). Let a; p > 1 and the assumptions
.5.13�BSDE-Hˆ/ be satisfied. Let

.Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T � �ƒ0
m�k .0; T /

be solutions of the BSDEs (5.21) and (5.22) respectively. If

E sup
t2Œ0;T �

	
epVt

ˇ̌
ˇYt � OYt

ˇ̌
ˇ
p

< 1; (5.23)

then there exists a positive Ca;p such that:

E

 
sup
s2Œ0;T �

epVs
ˇ̌
ˇYs � OYs

ˇ̌
ˇ
p

!
C E

"�Z T

0

e2Vs
ˇ̌
ˇZs � OZs

ˇ̌
ˇ
2

ds

�p=2#

� Ca;p E

�
epVT j� � O�jp C

	Z T

0

eVs
ˇ̌
ˇˆ.s; OYs; OZs/ � Ô .s; OYs; OZs/

ˇ̌
ˇ dQs


p�
:

(5.24)

If ˆ D Ô , then for all 0 � t � s � T ,

epVt
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
p � E

Ft

	
epVs

ˇ̌
ˇYs � OYs

ˇ̌
ˇ
p

; P-a.s. (5.25)

In particular uniqueness follows in the space Spm
�
Œ0; T � I eV ��ƒ0

m�k .0; T /, where

Spm
�
Œ0; T � I eV � defD

(
Y 2 S0m Œ0; T � W E sup

s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p
< 1

)
:
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Recall the notation

N	t D
Z t

0

	sdQs:

Theorem 5.11 (Continuity and Uniqueness). Let p D 1. Assume thatˆ; Ô W ��
Œ0; T � � R

m � R
m�k ! R

m satisfy assumptions .5.13/ and both are independent of
z 2 R

m�k (`t D Ò
t 	 0). If .Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T ��ƒ0

m�k .0; T / are two solu-
tions of the BSDE (5.107) corresponding respectively to .�;ˆ/ and . O�; Ô / such that

E sup
s2Œ0;T �

e N	s
ˇ̌
ˇYs � OYs

ˇ̌
ˇ < 1;

and �s
defD ˆ.s; OYs; OZs/ � Ô .s; OYs; OZs/, then P-a:s., for all t 2 Œ0; T �:

e N	t
ˇ̌
ˇYt � OYt

ˇ̌
ˇ � E

Ft
�
e N	T j� � O�j�C E

Ft

Z T

t

e N	s j�sj dQs

and for every q 2 .0; 1/ there exists a constant Cq such that

sup
s2Œ0;T �

	
E

	
e N	s

ˇ̌
ˇYs � OYs

ˇ̌
ˇ

 
q C E sup

s2Œ0;T �
eq N	s

ˇ̌
ˇYs � OYs

ˇ̌
ˇ
q

CE

�Z T

0

e2 N	s
ˇ̌
ˇZs � OZs

ˇ̌
ˇ
2

ds

�q=2

� Cq

"�
E
�
e N	T j� � O�j�

�q
C
�
E

Z T

0

e N	s j�sj dQs

�q#
:

Proof. Since

D
Yt � OYt ;

h
ˆ.t; Yt ; Zt / � Ô .t; OYt ; OZt/

i
dQt

E

�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
ˇ̌
ˇˆ.t; OYt ; OZt/ � Ô .t; OYt ; OZt/

ˇ̌
ˇ dQt C

ˇ̌
ˇYt � OYt

ˇ̌
ˇ
2

d N	t ;

the conclusions follow by Corollary 6.81. �

5.3.2 Complementary Results

In this subsection we generalize the uniqueness result and we shall give a scheme
to obtain the solution as a limit of uniformly bounded solutions of approximate
BSDEs.
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Let a; p > 1 and

V
a;p
t D

Z t

0

	sdQs C a

2np

Z t

0

.`s/
2 ds:

Define

Spm

	
Œ0; T � I eV a;p



defD
(
Y 2 S0m Œ0; T � W E sup

s2Œ0;T �

ˇ̌
ˇeV a;ps Ys

ˇ̌
ˇ
p

< 1
)
:

Note that if 1 < a1 < a2 then V a1;p
t � V

a2;p
t and consequently

Spm

	
Œ0; T � I eV a2;p



� Spm

	
Œ0; T � I eV a1;p



: (5.26)

Let

S
1C;p
m

�
Œ0; T � I eV � defD

[
a>1

S
p
m

�
Œ0; T � I eV a;p � and

S1C;1Cm

�
Œ0; T � I eV � defD

[
a; p>1

S
p
m

�
Œ0; T � I eV a;p � :

Remark 5.12. If Q;	 and ` are deterministic functions, then for all a; p > 1:

S1C;pm

�
Œ0; T � I eV � D Spm

	
Œ0; T � I eV a;p



D Spm Œ0; T �

and

S1C;1Cm

�
Œ0; T � I eV � D S1Cm Œ0; T �

defD
[
p>1

Spm Œ0; T � :

Corollary 5.13. Let the assumptions .BSDE-Hˆ/ be satisfied. Then for each p>1,
the BSDE (5.12) has at most one solution

.Y;Z/ 2 S1C;pm

�
Œ0; T � I eV � �ƒ0

m�k .0; T / :

If, moreover,

E exp

�
�

Z T

0

.`s/
2 ds

�
< 1; for all � > 0;

then the BSDE (5.12) has at most one solution

.Y;Z/ 2 S1C;1Cm

�
Œ0; T � I eV � �ƒ0

m�k .0; T / :
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Proof. Let .Y;Z/ ; . OY ; OZ/ 2 S0m .Œ0; T �/ � ƒ0
m�k .0; T / be two solutions of the

BSDE (5.12) corresponding to �.

(A) Let p > 1 be such that .Y;Z/ ; . OY ; OZ/ 2 S
1C;p
m

�
Œ0; T � I eV � � ƒ0

m�k .0; T /.
Then from (5.26) and the definition of S1C;pm

�
Œ0; T � I eV � there exists an a > 1

such that

E sup
t2Œ0;T �

ˇ̌
ˇeV a;pt Yt

ˇ̌
ˇ
p

< 1 and E sup
t2Œ0;T �

ˇ̌
ˇeV a;pt OYt

ˇ̌
ˇ
p

< 1;

i.e. the condition (5.23) is satisfied; consequently the estimate (5.24) follows
and uniqueness too.

(B) If .Y;Z/ ; . OY ; OZ/ 2 S1C;1Cm

�
Œ0; T � I eV � �ƒ0

m�k .0; T / then there exist a1; a2,
p1; p2 > 1 such that

E sup
t2Œ0;T �

ˇ̌
ˇeV a1;p1t Yt

ˇ̌
ˇ
p1
< 1 and E sup

t2Œ0;T �

ˇ̌
ˇeV a2;p2t OYt

ˇ̌
ˇ
p2
< 1:

Let a > 1 and 1 < p < p1 ^ p2. Put

bi D a

2np
� ai

2npi
:

Since

V
a;p
t D

Z t

0

	sdQs C a

2np

Z t

0

.`s/
2 ds

D V
ai ;pi
t C bi

Z t

0

.`s/
2 ds;

we get

E sup
t2Œ0;T �

ˇ̌
ˇeV a;pt Yt

ˇ̌
ˇ
p D E

(
sup
t2Œ0;T �

ˇ̌
ˇeV ai ;pit Yt

ˇ̌
ˇ
p

exp

�
pbi

Z T

0

.`s/
2 ds

�)

�
 
E sup

t2Œ0;T �

ˇ̌
ˇeV ai ;pit Yt

ˇ̌
ˇ
pi

! p
pi
�
E exp

�
pipbi
pi�p

Z T

0

.`s/
2 ds

�� pi�p
pi

< 1:

Similar we have

E sup
t2Œ0;T �

ˇ̌
ˇeV a;pt OYt

ˇ̌
ˇ
p

< 1:

Hence the estimate (5.24) holds and the uniqueness follows. �
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The next Proposition will allow us to extend existence results from situations
where the data satisfy the following strong boundedness condition: there exists a
positive constant C such that for all t 2 Œ0; T �:

j�j C jˆ.t; 0; 0/j C
ˇ̌
ˇe OVT �

ˇ̌
ˇC

Z T

0

e
OVs jˆ.s; 0; 0/j dQs � C < 1; P-a.s.

where

OVt D
Z t

0

	C
s dQs C a

2np

Z t

0

.`s/
2 ds:

Let

Vt
defD V

a;p
t D

Z t

0

	sdQs C a

2np

Z t

0

.`s/
2 ds and

ˇt
defD Qt C

Z t

0

j	sj dQs C
Z t

0

.`s/
2 ds C

Z t

0

jˆ.s; 0; 0/j dQs:

We have Vs � Vt � OVs � OVt for all 0 � t � s � T .
Define, for n 2 N

�,

�n D � 1Œ0;n� .ˇT C j�j/ ;
ˆn .t; y; z/ D ˆ.t; y; z/ �ˆ.t; 0; 0/ 1Œn;1Œ .ˇt C jˆ.t; 0; 0/j/ ;

and the stochastic processes

Hn
t D ˇ̌

eVT �Vt �n
ˇ̌C

Z T

t

eVs�Vt jˆn .s; 0; 0/j dQs;

OHn
t D

ˇ̌
ˇe OVT � OVt �n

ˇ̌
ˇC

Z T

t

e
OVs� OVt jˆn .s; 0; 0/j dQs :

It is easy to verify that there exists a positive constant Mn;p;a such that

0 � Hn
0 � kHnkT �

��� OHn
���
T

� Mn;T ; P-a.s.

Proposition 5.14. Let a; p > 1 and the assumptions (5.13-BSDE-Hˆ) be satisfied.
Also assume that

EepVT j�jp C E

	Z T

0

eVs jˆ.s; 0; 0/j dQs


p
< 1: (5.27)



5.3 BSDEs with Deterministic Final Time 371

If for each n 2 N
�, .Y n;Zn/ 2 S0m Œ0; T � �ƒ0

m�k .0; T / is a solution of the BSDE

Y nt D �n C
Z T

t

ˆn
�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs

such that eV Y n 2 Spm Œ0; T �, then

kY nkT C ��eV Y n��
T

� M 0
n;p;a; a:s:; (5.28)

and there exists (a unique!) .Y;Z/ 2 Spm
�
Œ0; T � I eV � �ƒp

m�k
�
0; T I eV � such that

lim
n!1

�
E
��eV .Y n � Y /��p

T
C E

�Z T

0

e2Vs jZn
s �Zsj2 ds

�p=2 �
D 0 (5.29)

and, P-a:s. for all t 2 Œ0; T �:

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs : (5.30)

Proof. In view of (5.19) we have for all t 2 Œ0; T �:

epVt jY nt jp C jY nt jp � M 0
n;p;a; P-a.s.

and (5.28) follows.
For all n; i 2 N

�:

Y nt � Y nCi
t D �n � �nCi C

Z T

t

d
�
Kn
s �KnCi

s

� �
Z T

t

�
Zn
s �ZnCi

s

�
dBs;

where

Kn
t D

Z t

0

ˆn
�
s; Y ns ; Z

n
s

�
dQs

and similarly for KnCi
t .

Since

˝
Y ns � Y nCi

s ; d
�
Kn
s �KnCi

s

�˛ � ˇ̌
Y ns � Y nCi

s

ˇ̌ jˆ.s; 0; 0/j 1ˇsCjˆ.s;0;0/j�ndQs

C ˇ̌
Y ns � Y nCi

s

ˇ̌2
dVs C np

2a

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;
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we deduce from Proposition 5.2 that

E sup
s2Œ0;T �

epVs
ˇ̌
Y ns � Y nCi

s

ˇ̌p C E

�Z T

0

e2Vs
ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�p=2

� Ca;pE
�
epVT j�jp 1ˇT Cj�j�n

�CCa;pE
�Z T

0

eVs1ˇsCjˆ.s;0;0/j�n jˆ.s; 0; 0/j dQs

�p
:

Hence there exists .Y;Z/ 2 S
p
m

�
Œ0; T � I eV � � ƒ

p

m�k
�
0; T I eV � such that (5.29)

holds. The last assertion follows from Lemma 5.16 below, whose proof is left as an
exercise for the reader. �

Clearly from the construction in Proposition 5.14 we have:

Corollary 5.15. Suppose that the assumptions from (5.13-BSDE-Hˆ) are satisfied.
Then the existence of a solution under the conditions (5.27) with p D 2 and some
a > 1 implies existence under the same conditions for any p > 1.

We end this subsection with a continuity result, the easy proof of which is left as
an exercise for the reader.

Lemma 5.16. Let the assumptions (5.13-BSDE-Hˆ) be satisfied. If .Y;Z/ 2
S0m Œ0; T � �ƒ0

m�k .0; T /, then

Z T

0

jˆ.t; Yt ; Zt /j dQt < 1; P-a.s.

and the mapping

.U; V / �!
Z �

0

ˆ.s; Us; Vs/dQs W S0m Œ0; T � �ƒ0
m�k .0; T / ! S0m Œ0; T �

is continuous.

5.3.3 BSDEs with Lipschitz Coefficients

5.3.3.1 BSDEs with Deterministic Lipschitz Conditions

Consider the backward stochastic differential equation: P-a:s., for all t 2 Œ0; T �

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; (5.31)
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under the assumptions

˙ p > 1,

� 2 Lp .�;FT ;PIRm/ ; (5.32)

˙ the function F .�; �; y; z/ W � � Œ0; T � ! R
m is P-measurable for every .y; z/ 2

R
m � R

m�k ,
˙ there exist L 2 L1 .0; T /, ` 2 L2 .0; T / such that

8̂
ˆ̂̂̂
ˆ̂̂
<̂
ˆ̂̂
ˆ̂̂̂
ˆ̂:

.I / Lipschitz conditions:
for all y; y0 2 R

m; z; z0 2 R
m�k; dP ˝ dt -a:e:W�

Ly
� jF.t; y0; z/ � F.t; y; z/j � L .t/ jy0 � yj ,

.Lz/ jF.t; y; z0/ � F.t; y; z/j � ` .t/ jz0 � zjI
.II/ Boundedness condition:

.BF / E

�Z T

0

jF .t; 0; 0/j dt
�p

< 1:

(5.33)

We recall the notation

S1Cm Œ0; T �
defD
[
p>1

Spm Œ0; T � :

Theorem 5.17. Let p > 1 and the assumptions (5.32) and (5.33) be satisfied. Then
the BSDE (5.31) has a unique solution .Y;Z/ 2 Spm Œ0; T ��ƒp

m�k .0; T /. Moreover
uniqueness holds in S1Cm Œ0; T � �ƒ0

m�k .0; T /.

Proof. We first remark that if .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T / then

K�
defD
Z �

0

F .r; Yr ; Zr/ dr 2 Spm Œ0; T � and E lKlpT < 1:

Indeed, since

jF .r; Yr ; Zr/j � jF .r; 0; 0/j C L .r/ jYr j C ` .r/ jZr j ;

then

E sup
t2Œ0;T �

jKt jp � ElKlpT

D E

�Z T

0

jF .r; Yr ; Zr/j dr

�p

� CpE

�Z T

0

jF .r; 0; 0/j dr

�p
C Cp

�Z T

0

L .r/ dr

�p
E kY kpT
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C Cp

�Z T

0

`2 .r/ dr

�p=2
E

�Z T

0

jZr j2 dr

�p=2

< 1:

Uniqueness follows from Corollary 5.13.
We prove existence.
Note that a solution of the Eq. (5.31) is a fixed point of the mapping � W

S
p
m Œ0; T � �ƒp

m�k .0; T / ! S
p
m Œ0; T � �ƒp

m�k .0; T / defined by

.Y;Z/ D � .X;U / ;

where

Yt D �C
Z T

t

F .r; Xr ; Ur/ dr �
Z T

t

ZrdBr ; a:s: t 2 Œ0; T � :

By Corollary 2.45 the mapping � is well defined.

Let M 2 N
� and 0 D T0 < T1 < � � � < TM D T , with Ti D iT

M
. Then

˛
�
T
M

� defD sup
0<s�t< T

M

Z s

t


L .r/C `2 .r/

�
dr ! 0; as M ! 1:

We show that � is a strict contraction on the Banach space S
p
m ŒTM�1; T � �

ƒ
p

m�k .TM�1; T / with the norm

jjj.X;U /jjjM D
"
E sup
r2ŒTM�1;T �

jXr jp C E

�Z T

TM�1

jUr j2 dr

�p=2#1=p

for M large enough.
Let .X;U / ; .X 0; U 0/ 2 Spm ŒTM�1; T � �ƒp

m�k .TM�1; T /. Then

Yt � Y 0
t D

Z T

t

dKr �
Z T

t

�
Zr �Z0

r

�
dBr ; t 2 Œ0; T �;

where

Kt D
Z t

0


F .r;Xr ; Ur/ � F �r; X 0

r ; U
0
r

��
dr:

Since

hYr � Y 0
r ; dKri � ˇ̌

F .r;Xr ; Ur/ � F �r; X 0
r ; U

0
r

�ˇ̌ jYr � Y 0
r j dr

� 
L .r/ jXr �X 0

r j C ` .r/ jUr � U 0
r j
� jYr � Y 0

r j dr
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and

E

 
sup

r2ŒTM�1;T �

ˇ̌
Yr � Y 0

r

ˇ̌p
!
< 1;

we have by (5.8), with D D 0, R D V D 0, � D 0,

ˇ̌̌̌ˇ̌
.Y;Z/ � �

Y 0; Z0�ˇ̌̌̌ˇ̌p
M

D E

 
sup

r2ŒTM�1;T �

ˇ̌
Yr � Y 0

r

ˇ̌p
!

C E

�Z T

TM�1

ˇ̌
Zr �Z0

r

ˇ̌2
dr

�p=2

� CpE

�Z T

TM�1


L .r/

ˇ̌
Xr �X 0

r

ˇ̌C ` .r/
ˇ̌
Ur � U 0

r

ˇ̌�
dr

�p

� C 0
p

�Z T

TM�1

L .r/ dr

�p
E sup
r2ŒTM�1;T �

ˇ̌
Xr �X 0

r

ˇ̌p

C C 0
p

�Z T

TM�1

`2 .r/ dr

�p=2
E

�Z T

TM�1

ˇ̌
Ur � U 0

r

ˇ̌2
dr

�p=2

� C 0
p


˛p
�
T
M

�C ˛p=2
�
T
M

�� ˇ̌̌̌ˇ̌
.X;U / � �

X 0; U 0�ˇ̌̌̌ˇ̌p
M
:

Let M0 2 N
� be such that

C 0
p

h
˛p
	
T
M0



C ˛p=2

	
T
M0


i
� 1

2p
:

Then � is a strict contraction on Spm ŒTM0�1; T ��ƒp

m�k .TM0�1; T / and consequently
the Eq. (5.31) has a unique solution .Y;Z/ 2 Spm ŒTM0�1; T ��ƒp

m�k .TM0�1; T /. The
next step is to solve the equation on the interval ŒTM0�2; TM0�1� with the final value
Y .TM0�1/. Repeating the same arguments, the proof is completed in M0 steps. �

Corollary 5.18. Consider the BSDE: 8 t 2 Œ0; T � ; P-a.s.

Yt D �C ST � St C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs: (5.34)

If p > 1, S 2 S
p
m Œ0; T �, � 2 Lp .�;FT ;PIRm/ and F satisfies the assump-

tions (5.33), then the Eq. (5.34) has a unique solution .Y;Z/ 2 S
p
m Œ0; T � �

ƒ
p

m�k .0; T /.

Proof. By the substitutions OYt D Yt C St , O� D � C ST and OF .t; y; z/ D
F .t; y � St ; z/ the Eq. (5.34) is transformed into
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OYt D O�C
Z T

t

OF
	
s; OYs;Zs



ds �

Z T

t

ZsdBs;

which satisfies the assumptions of Theorem 5.17. �

We now study the case p D 1, where we restrict ourselves to the case where F
does not depend on z.

Corollary 5.19. If S 2 S1d Œ0; T �, � 2 L1 .�;FT ;PIRm/ andF .t; y; z/ 	 F .t; y/

satisfies the assumptions (5.33) with p D 1, then the BSDE

Yt D �C ST � St C
Z T

t

F .s; Ys/ ds �
Z T

t

ZsdBs (5.35)

has a unique solution .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / such that

Mt D
Z t

0

ZsdBs is a martingale

and

sup
t2Œ0;T �

E jYt j C E sup
t2Œ0;T �

jYt jq C E

	R T
0

jZt j2 dt

q=2

< 1; 8 0 < q < 1:

Proof. As in the proof of Corollary 5.18 we can reduce the problem to the case
S D 0.

Let n; i 2 N
�. By Theorem 5.17 there exists a unique pair .Y n;Zn/ such that for

all p � 1

.Y n;Zn/ 2 Spm Œ0; T � �ƒp

m�k .0; T / (5.36)

and .Y n;Zn/ is solution of the equation

Y nt D �1j�j�n C
Z T

t


F
�
r; Y nr

� � 1jF .r;0/j�nF .r; 0/
�

dr �
Z T

t

Zn
r dBr : (5.37)

Note that

ˇn
defD E j�j 1j�j>n C E

Z T

0

jF .s; 0/j 1jF .r;0/j�nds ! 0 as n ! 1:

By (5.4) for Y ns � Y nCi
s and p D 1 we infer

ˇ̌
Y nt � Y nCi

t

ˇ̌ � ˇn C
Z T

t

L .s/
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�
Z T

t

ˇ̌
Y ns � Y nCi

s

ˇ̌�1
1
Y ns �Y nCi

s ¤0
˝
Y ns � Y nCi

s ;
�
Zn
s �ZnCi

s

�
dBs

˛
:

(5.38)
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Denote by C;C 0 generic constants independent of n and i .
From (5.36)

M
n;nCi
t D

Z t

0

ˇ̌
Y ns � Y nCi

s

ˇ̌�1
1
Y ns �Y nCi

s ¤0
˝
Y ns � Y nCi

s ;
�
Zn
s �ZnCi

s

�
dBs

˛

is a martingale. Then EM
n;nCi
t D 0 and, taking the expectation in (5.38) we deduce

from the backward Gronwall inequality (Corollary 6.62):

E
ˇ̌
Y nt � Y nCi

t

ˇ̌ � C ˇn: (5.39)

Using the Burkholder–Davis–Gundy inequality (1.18) and Doob’s inequality (1.11-
A3), we deduce for 0 < q < 1:

E

"�Z T

0

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2#

� 1

cq
E

 
sup
0�t�T

ˇ̌
ˇ̌
Z t

0

�
Zn
s �ZnCi

s

�
dBs

ˇ̌
ˇ̌
q
!

� 1

cq .1 � q/
�
E

ˇ̌
ˇ̌
Z T

0

�
Zn
s �ZnCi

s

�
dBs

ˇ̌
ˇ̌
�q

� 1

cq .1 � q/
�
E
ˇ̌
Y n0 � Y nCi

0

ˇ̌C E

Z T

0

ˇ̌
F
�
s; Y ns

� � F �s; Y nCi
s

�ˇ̌�q

� 1

cq .1 � q/
�
E
ˇ̌
Y n0 � Y nCi

0

ˇ̌C L .s/

Z T

0

E
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�q

� C ˇqn:

Recalling that Mn;nCi
t is a martingale then, once again by the Burkholder–Davis–

Gundy inequality

E sup
t2Œ0;T �

ˇ̌
ˇMn;nCi

T �Mn;nCi
t

ˇ̌
ˇ
q � 2qE sup

t2Œ0;T �

ˇ̌
ˇMn;nCi

t

ˇ̌
ˇ
q

� CqE

"�Z T

0

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2#

� C 0 ˇqn;
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then from (5.38) and (5.39) we obtain for every 0 < q < 1

E sup
t2Œ0;T �

ˇ̌
Y nt � Y nCi

t

ˇ̌q � ˇqn C E

�Z T

0

L .s/
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�q
C C 0 ˇqn

� ˇqn C
�Z T

0

L .s/E
ˇ̌
Y ns � Y nCi

s

ˇ̌
ds

�q
C C 0 ˇqn

� C ˇqn:

Hence, there exist Y and Z such that

Y n ! Y; in Sqm Œ0; T � \ C
�
Œ0; T � IL1 .�;F ;P/� ; and

Zn ! Z; in ƒq

m�k .0; T / :

Passing to the limit in (5.37) we deduce that the pair .Y;Z/ solves the problem.

Now, by Corollary 2.47, Mt D
Z t

0

ZsdBs is a martingale, because

S� C
Z �

0

F .s; Ys/ ds 2 S1m Œ0; T � :

Finally, the uniqueness is obtained in the same manner as the estimates for Y n �
Y nCi and Zn �ZnCi . �

5.3.3.2 BSDEs with Random Lipschitz Conditions

We now generalize Theorem 5.17 to a class of BSDEs with random Lipschitz
constants.

We consider the BSDE (5.31) in a more general form:

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.40)

We assume that

(BSDE-A0) :

(i) � W � ! R
m is an FT -measurable random vector,

(ii) Q is a P-m.i.c.s.p. such that Q0 D 0I
and the function ˆ W � � Œ0; T � � R

m ! R
m satisfies

(BSDE-LHˆ) N for all y 2 R
m, z 2 R

m�k , the function ˆ.�; �; y; z/ W � �
Œ0; T � ! R

m is P-measurable;
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N there exist P-m.s.p. L; `; ˛ W � � Œ0; T � ! RC, such that

˛tdQt D dt and
Z T

0

	
LtdQt C .`t /

2 dt


< 1; P-a.s.I

for all t 2 Œ0; T �, y; y0 2 R
m and z; z0 2 R

m�k; P-a:s.:

Lipschitz conditions
.i/ jˆ.t; y0; z/ �ˆ.t; y; z/j � Lt jy0 � yj;
.ii/ jˆ.t; y; z0/ �ˆ.t; y; z/j � ˛t`t jz0 � zj;

Boundedness condition:

.iii/
Z T

0

ˆ#
� .t/ dQt < 1; 8 � � 0;

(5.41)

where

ˆ#
� .t/

defD sup
jyj��

jˆ.t; y; 0/j :

Note that the condition ˛tdQt D dt implies that ˆ.t; Yt ; Zt / dQt D
F .t; Yt ; Zt / dt CG .t; Yt / dAt , where G does not depend upon z.

We recall the following notations. For each fixed p > 1 let np D 1^ .p � 1/ and

Vt D V
.p/
t D

Z t

0

LsdQs C 1

np

Z t

0

.`s/
2 ds: (5.42)

The stochastic process V is that from Lemma 5.6 with a D 2. Therefore for all
.Y;Z/ ;

� QY ; QZ� 2 S0m Œ0; T � �ƒ0
m�k .0; T / we have

hYt ; ˆ .t; Yt ; Zt / dQt i � jYt j jˆ.t; 0; 0/j dQt C jYt j2dV t C np

4
jZt j2 dt; (5.43)

and

˝
Yt � QYt ; ˆ .t; Yt ; Zt / �ˆ.t; QYt ; QZt/

˛
dQt � jYt � QYt j2dV t C np

4

ˇ̌
Zt � QZt

ˇ̌2
dt:

(5.44)

Lemma 5.20. Let p � 2 and the assumptions .BSDE-A0/, .BSDE-LHˆ/ be
satisfied. If moreover there exists a constant b > 0 such that

.i/

Z T

0

LsdQs � b and
Z T

0

.`s/
2 ds � b; P-a.s.;

.ii/ E j�jp C E

�Z T

0

jˆ.s; 0; 0/j dQs

�p
< 1;

(5.45)
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then the BSDE (5.40) has a unique solution .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T /.

Proof. We have

Vt D
Z t

0

�
LsdQs C 1

np
. `s/

2 ds

�
D
Z t

0

	
LsdQs C . `s/

2 ds


:

Since

0 � Vt � 2b; for all t 2 Œ0; T � ;

it follows that for every ı > 0 we can define on S
p
m Œ0; T � � ƒ

p

m�k .0; T / an
equivalent norm by

k.Y;Z/kıV defD
�
E sup
s2Œ0;T �

eıpVs jYsjp C E

	Z T

0

e2ıVs jYsj2 LsdQs


p=2

CE

	Z T

0

e2ıVs jZsj2 ds

p=2�1=p

:

Let � W Spm Œ0; T � �ƒp

m�k .0; T / ! S
p
m Œ0; T � �ƒp

m�k .0; T / be defined by

.Y;Z/ D � .X;U /

Yt D �C
Z T

t

ˆ .s; Xs; Us/ dQs �
Z T

t

ZsdBs:

We remark that for all X;U 2 Spm Œ0; T � �ƒp

m�k .0; T /,

Z t

0

jˆ.s;Xs; Us/j dQs �
Z t

0

jˆ.s; 0; 0/j dQs C
Z t

0

jXsjLsdQs C
Z t

0

jUsj `sds

�
Z t

0

jˆ.s; 0; 0/j dQs C b sup
s2Œ0;t �

jXsj C b

�Z t

0

jUsj2 ds

�1=2

and consequently S� D
Z �

0

ˆ .s;X;U / dQs 2 S
p
m Œ0; T �. By the martingale

representation result from Corollary 2.45 it follows that � is well defined.
The fact that BSDE (5.40) has a unique solution .Y;Z/ 2 Spm Œ0; T ��ƒp

m�k .0; T /
will be a consequence of the fact that � is a strict contraction on the Banach space�
S
p
m Œ0; T � �ƒp

m�k .0; T / ; k�kı
�
, for some ı > 0.

Let .Y;Z/ D � .X;U / and .Y 0; Z0/ D � .X 0; U 0/. We have

Yt � Y 0
t D

Z T

t

dKs �
Z T

t

�
Zs �Z0

s

�
dBs;
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where Kt D
Z t

0


ˆ.s;Xs; Us/ �ˆ �s; X 0

s; U
0
s

��
dQs and for all ı > 1

ˇ̌
Ys � Y 0

s

ˇ̌2
LsdQs C ˝

Ys � Y 0
s ; dKs

˛

� ˇ̌
Ys � Y 0

s

ˇ̌2
LsdQs C ˇ̌

Ys � Y 0
s

ˇ̌ ˇ̌
Xs �X 0

s

ˇ̌
LsdQs C ˇ̌

Us � U 0
s

ˇ̌
`sds

�

� ˇ̌
Ys�Y 0

s

ˇ̌2
LsdQsC

�
1

4 .ı � 1/
ˇ̌
Xs�X 0

s

ˇ̌2 C .ı � 1/ ˇ̌Ys�Y 0
s

ˇ̌2�
LsdQs

C
�
1

4ı

ˇ̌
Us � U 0

s

ˇ̌2 C ı
ˇ̌
Ys � Y 0

s

ˇ̌2
`2s

�
ds

� 1

4ı

ˇ̌
Us � U 0

s

ˇ̌2
ds C 1

4 .ı � 1/
ˇ̌
Xs �X 0

s

ˇ̌2
LsdQs C ˇ̌

Ys � Y 0
s

ˇ̌2
ıdVs:

Then by Proposition 5.2-A,

E
�

sup
s2Œ0;T �

epıVs
ˇ̌
Ys � Y 0

s

ˇ̌p �C E

�Z T

0

e2ıVs
ˇ̌
Ys � Y 0

s

ˇ̌2
LsdQs

�p=2

C E

�Z T

0

e2ıVs
ˇ̌
Zs �Z0

s

ˇ̌2
ds

�p=2

� Cp

ıp=2
E

�Z T

0

e2ıVs
ˇ̌
Us � U 0

s

ˇ̌2
ds

�p=2

C Cp

.ı � 1/p=2E
�Z T

0

e2ıVs
ˇ̌
Xs �X 0

s

ˇ̌2
LsdQs

�p=2

� Cp

.ı � 1/p=2
��.X;U / � �

X 0; U 0���p
ıV

� 1

2p

��.X;U / � �
X 0; U 0���p

ıV

for ı � 1C 4C
2=p
p . Hence

��� .X;U / � � �X 0; U 0���
ıV

� 1

2

��.X;U / � �
X 0; U 0���

ıV

and the result follows. �

Theorem 5.21. Let p > 1, np D 1 ^ .p � 1/ and the assumptions .BSDE-A0/,
.BSDE-LHˆ/ be satisfied. Let

Vt D V
.p/
t

defD
Z t

0

�
LsdQs C 1

np
.`s/

2 ds

�
:



382 5 Backward Stochastic Differential Equations

Assume also that there exists ı > p

p�1 such that for q D pı

pCı and nq D 1^ .q � 1/,

.i/ E epVT j�jp C E

�Z T

0

eVs jˆ.s; 0; 0/j dQs

�p
< 1;

.ii/ E

�Z T

0

LsdQs

�ı
C E

�Z T

0

.`s/
2 ds

�ı=2
< 1;

.iii/ E exp

�
ı

�
1

nq
� 1

np

�Z T

0

.`s/
2 ds

�
< 1:

(5.46)

Then the BSDE (5.40) has a unique solution .Y;Z/ 2 S0m �ƒ0
m�k such that

E

 
sup
t2Œ0;T �

epVt jYt jp
!
< 1: (5.47)

Moreover there exists a positive constant Cp depending only on p such that for all
t 2 Œ0; T �

E
Ft sup

s2Œt;T �

ˇ̌
eVsYs

ˇ̌p C E
Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

� Cp E
Ft

� ˇ̌
eVT �

ˇ̌p C
	Z T

t

eVs jˆ.s; 0; 0/j dQs


p�
.

(5.48)

Remark 5.22. We remark that qD pı

pCı defined in Theorem 5.21 satisfies 1<q <p.
If q � 2 then nq D np D 1 and the condition (5.46-iii) is clearly satisfied.

Proof of Theorem 5.21. Uniqueness follows from Theorem 5.10.
Existence. Let t 2 Œ0; T � and

ˇt D t CQt C
Z t

0

LsdQs C
Z t

0

.`s/
2 ds C

Z t

0

jˆ.s; 0; 0/j dQs;


t D ˇt C jˆ.t; 0; 0/j C Lt C `t :

Define, for n 2 N
�,

Lnt D Lt1Œ0;n� .
t / ;

`nt D `t1Œ0;n� .
t / ;

�n D �1Œ0;n� .ˇT C j�j/ ;
ˆn .t; y; z/ D ˆ

�
t; y1Œ0;n� .
t / ; z1Œ0;n� .
t /

� �ˆ.t; 0; 0/ 1.n;1/ .
t / :
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By Lemma 5.20 we infer that the approximating BSDE

Y nt D �n C
Z T

t

ˆn
�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs (5.49)

has a unique solution .Y n;Zn/ 2 Sqm Œ0; T � �ƒq

m�k .0; T /, for all q � 2.
Let

V n
t

defD
Z t

0

�
Lns dQs C 1

np

�
`ns
�2

ds

�
:

We have for all n; i 2 N

0 � V n
t � V nCi

t � .nC i/2 C 1

np
.nC i/3 :

Therefore

E sup
t2Œ0;T �

epV
nCi
t jY nt jp � Cn;i;p

 
E sup
t2Œ0;T �

jY nt j2p
!1=2

< 1;

and since

˝
Y nt ; ˆn

�
t; Y nt ; Z

n
t

�
dQt

˛

� jY nt j jˆ.t; 0; 0/j 1Œ0;n� .
t / dQt C jY nt j2dVn
t C np

4
jZn

t j2 dt

� jY nt j jˆ.t; 0; 0/j 1Œ0;n� .
t / dQt C jY nt j2dVnCi
t C np

4
jZn

t j2 dt;

we obtain, by Proposition 5.2-A, that

E
Ft sup

s2Œt;T �
epV

nCi
s jY ns jp C E

Ft

�Z T

t

e2V
nCi
s jZn

s j2 ds

�p=2

� Cq E
Ft

�
epV

nCi
T j�njp C

	Z T

t

eV
nCi
s jˆn .s; 0; 0/j dQs


p�

� Cq E
Ft

�
epV

nCi
T j�jp C

	Z T

t

eV
nCi
s jˆ.s; 0; 0/j dQs


p�
:

By Beppo Levi’s monotone convergence Theorem 1.9 it follows by letting i ! 1
that for all t 2 Œ0; T �,

E
Ft sup

s2Œt;T �
epVs jY ns jp C E

Ft

�Z T

t

e2Vs jZn
s j2 ds

�p=2

� Cp E
Ft

�
epVT j�jp C

	Z T

t

eVs jˆ.s; 0; 0/j dQs


p�
:

(5.50)
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Consequently by (5.46�i ) for all n 2 N
�,

E sup
s2Œ0;T �

epVs jY ns jp C E

�Z T

0

e2Vs jZn
s j2 ds

�p=2
� C < 1:

Let ı > p

p�1 , q D pı

pCı 2 .1; p/, nq D 1 ^ .q � 1/ and np D 1 ^ .p � 1/
satisfy (5.46�ii; iii). If we define

�t D
�
1

nq
� 1

np

�Z t

0

.`s/
2 ds and

V
.q/
t D

Z t

0

�
LsdQs C 1

nq
.`s/

2 ds

�
D Vt C�t ;

we have for all n 2 N
�

E sup
s2Œ0;T �

eqV
.q/
s jY ns jq

� E

h
eq�T sup

s2Œ0;T �
eqVs jY ns jq

i

�
h
Ee

pq
p�q �T

i.p�q/=ph
E sup
s2Œ0;T �

epVs jY ns jp
iq=p

D
h
E exp .ı�T /

i.p�q/=p
 
E sup
s2Œ0;T �

epVs jY ns jp
!q=p

< 1:

Hence for all n; i 2 N
�

E sup
s2Œ0;T �

eqV
.q/
s
ˇ̌
Y ns � Y nCi

s

ˇ̌q
< 1:

Since

˝
Y ns � Y nCi

s ; ˆn
�
t; Y ns ; Z

n
s

� �ˆnCi
�
s; Y nCi

s ; ZnCi
s

�˛
dQs

� ˝
Y ns � Y nCi

s ; ˆ
�
s; Y ns 1Œ0;n� .
s/ ; Zn

s 1Œ0;n� .
s/
�

�ˆ �s; Y nCi
s 1Œ0;nCi � .
s/ ; ZnCi

s 1Œ0;nCi � .
s/
�˛

dQs

� ˝
Y ns � Y nCi

s ; ˆ .t; 0; 0/
˛ 

1.n;1/ .
s/ � 1.nCi;1/ .
s/
�

dQs
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� ˇ̌
Y ns � Y nCi

s

ˇ̌ h jˆ.t; 0; 0/j 1.n;1/ .
s/ dQs

C �
Ls jY ns j dQs C `s jZn

s j ds
� ˇ̌

1Œ0;n� .
s/ � 1Œ0;nCi � .
s/
ˇ̌ i

C ˇ̌
Y ns � Y nCi

s

ˇ̌2 �
LsdQs C 1

nq
`2sds

�
C nq

4

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;

by Proposition 5.2-A, we infer that

E sup
s2Œ0;T �

eqV
.q/
s
ˇ̌
Y ns � Y nCi

s

ˇ̌q C E

�Z T

0

e2V
.q/
s
ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E e
qV
.q/
T j�n � �nCi jq

C Cq E
hZ T

0

1.n;1/ .
s/ e
V
.q/
s
�jˆ.t; 0; 0/j dQs C Ls jY ns j dQs C `s jZn

s j ds
� iq

� Cq E

�
eqV

.q/
T j�jq 1.n;1/ .ˇT C j�j/

�

C C 0
q E

�Z T

0

eV
.q/
s jˆ.t; 0; 0/j 1.n;1/ .
s/ dQs

�q

C C 0
q E

"�Z T

0

Ls1.n;1/ .
s/ ds

�q
sup
s2Œ0;T �

eqV
.q/
s jY ns jq

#

C C 0
qE

"�Z T

0

`2s1.n;1/ .
s/ ds

�q=2 �Z T

0

e2V
.q/
s jZn

s j2 ds

�q=2#
:

Note that

.a/

E

�
eqV

.q/
T j�jq 1.n;1/ .ˇT C j�j/

�
CE

�Z T

0

eV
.q/
s jˆ.t; 0; 0/j 1.n;1/ .
s/ dQs

�q

�
h
E exp .ı�T /

i.p�q/=p	
E

epVT j�jp 1.n;1/ .ˇT C j�j/�


q=p

C
h
E exp .ı�T /

i.p�q/=p
"
E

�Z T

0

eVs jˆ.t; 0; 0/j 1.n;1/ .
s/ dQs

�p#q=p

! 0; as n ! 1I
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.b/

E

"�Z T

0

Ls1.n;1/ .
s/ ds

�q
sup
s2Œ0;T �

eqVs jY ns jq
#

�
"
E

�Z T

0

Ls1.n;1/ .
s/ ds

� qp
p�q

#.p�q/=p  
E sup
s2Œ0;T �

epVs jY ns jp
!q=p

D
"
E

�Z T

0

Ls1.n;1/ .
s/ ds

�ı#p=.pCı/  
E sup
s2Œ0;T �

epVs jY ns jp
!ı=.pCı/

! 0; as n ! 1I

.c/

E

"�Z T

0

`2s1.n;1/ .
s/ ds

�q=2 �Z T

0

e2Vs jZn
s j2 ds

�q=2#

�
"
E

�Z T

0

`2s1.n;1/ .
s/ ds

�ı=2#p=.pCı/ "
E

�Z T

0

e2Vs jZn
s j2 ds

�p=2#ı=.pCı/

! 0; as n ! 1:

Taking into account .a/, .b/ and .c/ we deduce that there exists a pair .Y;Z/ 2
S0m Œ0; T � �ƒ0

m�k .0; T / such that for q D pı

pCı

lim
n!1E

 
sup
s2Œ0;T �

eqVs jY ns � Ysjq
!

C E

"�Z T

0

e2Vs jZn
s �Zsj2 ds

�q=2#
D 0:

Now the inequality (5.48) clearly follows from (5.50) by Fatou’s Lemma.
Finally passing to the limit in (5.49) we deduce using Lemma 5.16 that .Y;Z/ is

a solution of BSDE (5.40). �

5.3.3.3 BSDEs with Locally Lipschitz Coefficients

For a (forward) SDE, it is not hard to deduce from existence and uniqueness under
global Lipschitz conditions an existence and uniqueness result under local Lipschitz
conditions, at least until a possible explosion time. The reason is that one just needs
to follow each path of the solution.

For BSDEs, the situation is dramatically different. Indeed, in a sense, solving a
BSDE amounts to combining the flow of a backward ODE with the operation of
taking continuously in time the conditional expectation, given the current � -algebra
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Ft . A backward stochastic differential equation is not solved by following each
individual path of the solution. Consequently one cannot a priori deduce an
existence and uniqueness result under local Lipschitz conditions from the same
result under global Lipschitz conditions. However, this is in fact possible, because
we have an a priori bound on the solution. This is what we shall explain in this
section.

We consider the BSDE

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.51)

Assume that

N � W � ! R
m is an FT -measurable random vector;

N F W � � Œ0; T � � R
m ! R

m satisfies

.BSDE-LL/:

N for all y 2 R
m, z 2 R

m�k , the function F .�; �; y; z/ W Œ0; T � ! R
m is P-m.s.p.

N there exist measurable functions `; �; � W Œ0; T � ! RC and L W Œ0; T � � RC !
RC satisfying:

ı L is continuous and increasing in the second variable,
ı

Z T

0


L .t; q/C `2 .t/C � .t/C � .t/

�
dt < 1; for all q 2 RC;

ı for all y; y0 2 R
m, z; z0 2 R

m�k , dt -a:e.

.i/ jF.t; y0; z/ � F.t; y; z/j � L .t; jyj _ jy0j/ jy0 � yj;

.ii/ jF.t; y; z0/ � F.t; y; z/j � ` .t/ jz0 � zj;
.iii/ jF.t; y; 0/j � � .t/C � .t/ jyj :

(5.52)

Let p > 1 and np D 1 ^ .p � 1/. Define

QV .t/ D
Z t

0

�
� .s/C 1

np
`2 .s/

�
ds:

Observe that for all Y; Y 0 2 S0m Œ0; T � satisfying jY 0j � jY j and all Z 2
ƒ0
m�k .0; T /,

˝
Yt ; ˆ

�
t; Y 0

t ; Zt
�
dt
˛ � ˝

Yt ; ˆ
�
t; Y 0

t ; 0
�
dt
˛C jYt j ` .t/ jZt j dQt

� jYt j � .t/ dt C jYt j2 d QVt C np

4
jZt j2 dt:

(5.53)
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Note that if .Y;Z/ 2 S
p
m Œ0; T � � ƒ0

m�k .0; T / is a solution of (5.51), then by
Proposition 5.2-A and the inequality (5.53) there exists a Cp > 0 such that, P-a:s.,
for all t 2 Œ0; T �

E
Ft sup

r2Œt;T �

ˇ̌
ˇe QVr Yr

ˇ̌
ˇ
p C E

Ft

�Z T

t

e2
QVr jZr j2 dr

�p=2

� Cp E
Ft

"ˇ̌
ˇe QV .T /�

ˇ̌
ˇ
p C

�Z T

t

e
QV .r/� .r/ dr

�p#
;

which yields P-a:s., for all t 2 Œ0; T �:

jYt j � �
Cp
�1=p

e
QV .T /

��
E

Ft j�jp�1=p C
Z T

0

� .r/ dr

�
defD Rt : (5.54)

Define the continuous stochastic processes

ˇt D e
QV .T /

��
E

Ft j�jp�1=p C
Z T

0

� .s/ ds

�
(5.55)

and

�t .�/ D
Z t

0

L
	
s; �C �

�
E

Fs j�jp�1=p



ds; � � 1: (5.56)

Theorem 5.23. Let p > 1 and the assumption .BSDE-LL/ be satisfied. If there
exists a ı > p

p�1 such that for all � � 1

E

h
.�T .�//

ı
i

C E

ˇ̌
ˇe�T .�/�

ˇ̌
ˇ
p C E

	Z T

0

e�t .�/ jˆ.t; 0; 0/j dt

p
< 1; (5.57)

then the BSDE (5.51) has a unique solution .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / such

that for all � � 1,

E sup
s2Œ0;T �

ep��s.�/ jYsjp C E

�Z T

0

e2��s.�/ jZsj2 ds

�p=2
< 1: (5.58)

In particular .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T / and (5.54) holds; if � is a bounded
random variable then there exists a constant C > 0 such that P-a.s. ! 2 �

jYt .!/j � C; 8t 2 Œ0; T � :
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Proof. Consider the projection operator  W � � Œ0; T � � R
m ! R

m,

t .!; y/ D  .!; t; y/ D
8<
:
y; if jyj � Rt .!/ ;
y

jyjRt .!/ if jyj > Rt .!/ :

Note that for all y; y0 2 R
m,  .�; �; y/ is a P-m.c.s.p., jt .y/j � Rt and

ˇ̌
t .y/ � t

�
y0�ˇ̌ � ˇ̌

y � y0 ˇ̌ :

The function Q̂ .s; y; z/ defD ˆ.s; s .y/ ; z/ is globally Lipschitz with respect to
.y; z/:

ˇ̌ Q̂ .s; y; z/ � Q̂ �s; y0; z
�ˇ̌ D ˇ̌

ˆ.s; s .y/ ; z/ �ˆ �s; s
�
y0� ; z�ˇ̌

� Ls
�js .y/j _ ˇ̌s

�
y0�ˇ̌� js .y/ � s

�
y0� j

� L .s;Rs/
ˇ̌
y � y0 ˇ̌

� Œ� .s/C L .s;Rs/�
ˇ̌
y � y0 ˇ̌ ;

and

ˇ̌ Q̂ .s; y; z/ � Q̂ �s; y; z0�ˇ̌ D ˇ̌
ˆ.s; s .y/ ; z/ �ˆ �s; s .y/ ; z0�ˇ̌

� ` .s/ jz � z0j:

Then by Theorem 5.21 the BSDE

Yt D �C
Z T

t

Q̂ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; (5.59)

has a unique solution .Y;Z/ 2 S0m Œ0; T � � ƒ0
m�k .0; T / satisfying (5.58). Since

by (5.53)

˝
Yt ; Q̂ .t; Yt ; Zt / dQt

˛ D hYt ; ˆ .t; t .Yt / ; Zt / dQt i
� jYt j �tdQt C jYt j2 �tdQt C np

4
jZt j2 dt

we infer by 5.54 that jYt j � Rt and consequently Q̂ .t; Yt ; Zt / D ˆ.t; Yt ; Zt /, that
is .Y;Z/ is a solution of the Eq. (5.51). The solution is unique since any solution
.Y;Z/ of (5.51) satisfies jYt j � Rt and consequently it is a solution of (5.59). �
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5.3.4 BSDEs with Monotone Coefficients

5.3.4.1 The First BSDE: Monotone Coefficient ˆ .s; Ys/ dQs

We first consider the BSDE

Yt D �C
Z T

t

ˆ .s; Ys/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.60)

We assume that

.BSDE-MH0ˆ/ W (5.61)

N � W � ! Rm is an FT -measurable random vector;
N Q is a P-m.i.c.s.p. such that Q0 D 0I
N ˆ W � � Œ0;1Œ � R

m ! R
m satisfies:

.a/ 8 y 2 R
m; ˆ .�; �; y/ W � � Œ0; T � ! R

m is P-measurable;
.b/ the mapping y �! ˆ.t; y/ W Rm ! R

m is continuous;
.c/ there exist a P-m.s.p. 	 W � � Œ0; T � ! R such that

Z T

0

j	t jdQt < 1; P-a.s.;

and for all y; y0 2 R
m, dP ˝ dQt -a:e.

˝
y0 � y;ˆ.t; y0/ �ˆ.t; y/˛ � 	t

ˇ̌
y0 � y ˇ̌2 I (5.62)

.d/ for all � � 0

Z T

0

ˆ#
� .s/ dQs < 1; a:s:

�

where

ˆ#
� .t/

defD sup
jyj��

jˆ.t; y/j :

We recall the notations

S1Cm
�
Œ0; T � I e N	� D

[
p>1
Spm
�
Œ0; T � I e N	�



5.3 BSDEs with Deterministic Final Time 391

and

N	t D
Z t

0

	sdQs; O	t D
Z t

0

	C
s dQs:

Proposition 5.24. Let p � 1 and the assumptions (5.61-BSDE-MH0ˆ) be satis-
fied. If for all � > 0

E
ˇ̌
e N	T �

ˇ̌p C E

�Z T

0

e O	sˆ#
� .s/ dQs

�p
< 1 (5.63)

then the BSDE (5.60) has a unique solution .Y;Z/ 2 S1m
�
Œ0; T � I e N	� �

ƒ0
m�k

�
0; T I e N	�. Moreover

.j / jYt j � E
Ft
ˇ̌
e N	T � N	t �

ˇ̌C E
Ft

Z T

t

e N	s� N	t jˆ.s; 0/j dQs ,

8t 2 Œ0; T � , P-a.s.,

. jj/ sup
s2Œ0;T �

	
E e N	s jYsj


q C E sup
s2Œ0;T �

ˇ̌
e N	sYs

ˇ̌q C E

�Z T

0

e2 N	s jZsj2 ds

�q=2
;

� Cq

	
E
�
e N	T j�j�


q C
�
E

Z T

0

e N	s jˆ.s; 0/j dQs

�q
; 8 q 2 .0; 1/ ;

(5.64)

and for p > 1 there exists a positive Cp (depending only on p) such that, P-a.s.; for
all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �

ˇ̌
e N	sYs

ˇ̌p C E
Ft

�Z T

t

e2 N	s jZsj2 ds

�p=2

� Cp

�
E

Ft
ˇ̌
e N	T �

ˇ̌p C E
Ft

	Z T

t

e N	s jˆ.s; 0/j dQs


p�
:

(5.65)

Remark 5.25. If . N	t/t�0 is a deterministic process then the assumption (5.63) is
equivalent to

E
�j�jp�C E

�Z T

0

ˆ#
�.s/dQs

�p
< 1;

and the inequality (5.65) yields: for all t 2 Œ0; T �

jYt j � e2k N	kT
�
E

Ft j�j C E
Ft

Z T

t

jˆ.s; 0/j dQs

�
:
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Proof of Proposition 5.24. .I / Uniqueness follows from Theorem 5.10 and The-
orem 5.11. If .Y;Z/ 2 S1m

�
Œ0; T � I e N	� � ƒ0

m�k
�
0; T I e N	� is a solution, then by

Proposition 5.2 and

hYs;ˆ .s; Ys/ dQsi � jˆ.s; 0/j jYsj dQs C 	s jYsj2 dQs

the inequalities (5.64-j,jj) follow.
To prove the existence of the solution we write the equation in the form, P-a.s.

Yt D �C
Z T

t

ŒF .s; Ys/C 	sYs� dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; (5.66)

where

F .s; y/ D ˆ.s; y/ � 	sy:

We remark that O	t � O	s D R t
s
	C
r dQr � R t

s
	rdQr D N	t � N	s .

.II-a/ Existence in the case: there exist b; c > 0 such that for all t 2 Œ0; T �

j�j C jˆ.t; 0/j C
ˇ̌
ˇe O	T �

ˇ̌
ˇC

Z T

0

e O	s jˆ.s; 0/j dQs � b; a:s:; (5.67)

and

Qt C j N	t j C j	t j Cˆ#
b.t/ � c; a:s: (5.68)

Step 1. Yosida approximation of �F .
Since y 7! �F .t; y/ D 	ty � ˆ.t; y/ W Rm ! R

m is a monotone continuous
operator (hence also a maximal monotone operator), it follows that for every
.!; t; y/ 2 � � Œ0; T � � R

m and " > 0 there exists a unique F" D F" .!; t; y/ 2
R
m such that

F.!; t; y C "F"/ D F":

From Annex B, Propositions 6.7 and 6.8, recall that F" .�; �; y/ W ��Œ0; T � ! R
m

is P-m.s.p. for every y 2 R
m and

8 "; ı > 0; 8 t 2 Œ0; T �, 8 y; y0 2 R
m; a:s.

.a/ hF" .t; y/ � F" .t; y0/ ; y � y0i � 0;

.b/ jF" .t; y/ � F" .t; y0/j � 2

"
jy � y0j;

.c/ jF" .t; y/j � jF .t; y/j ; lim
"!0

F" .t; y/ D F .t; y/ ;
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and

˝
y � y0; F".t; y/ � Fı.t; y0/

˛ � ."C ı/
˝
F" .t; y/ ; Fı.t; y

0/
˛
:

Moreover, if jyj � b then

jF".t; y/j � j	t j b Cˆ#
b .t/ : (5.69)

Step 2. Approximating equation.
Let 0 < " � 1. Since y 7�! F" .r; y/ C 	ry is a Lipschitz function with the

Lipschitz constants Lt D 2

"
C c and `t D 0 we infer by Theorem 5.21 that the

approximating equation

Y "t D �C
Z T

t


F"
�
r; Y "r

�C 	rY
"
r

�
dQr �

Z T

t

Z"
rdBr (5.70)

has a unique solution .Y "; Z"/ 2 Sqm Œ0; T � �ƒq

m�k .0; T / for all q > 1.
Step 3. Boundedness of .Y "; Z"/0<"�1.

We denote by C;C 0 generic constants independent of "; ı 2�0; 1�. Since

E sup
t2Œ0;T �

eq N	t jY "t jq � eqcE sup
t2Œ0;T �

jY "t jq < 1

and

˝
Y "s ;


F"
�
s; Y "s

�C 	sY
"
s

�
dQs

˛ � jF" .s; 0/j jY "s j dQs C 	s jY "s j2 dQs

� jˆ.s; 0/j jY "s j dQs C 	s jY "s j2 dQs

� jˆ.s; 0/j jY "s j dQs C 	C
s jY "s j2 dQs

we deduce, by Proposition 5.2, that for p > 1 and for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �

ˇ̌
ˇe O	sY "s

ˇ̌
ˇ
p C E

Ft

�Z T

t

e O	s jZ"
s j2 ds

�p=2

� Cp E
Ft

"ˇ̌
ˇe O	T �

ˇ̌
ˇ
p C

�Z T

t

e O	s jˆ.s; 0/j dQs

�p#
� Cpb

p;

(5.71)

and (5.65) with .Y;Z/ replaced by .Y "; Z"/.
By Corollary 6.81, for p D 1, we have P-a:s., for all t 2 Œ0; T �:

jY "t j � e O	t jY "t j � E
Ft

ˇ̌
ˇe O	T �

ˇ̌
ˇC E

Ft

Z T

t

e O	s jˆ.s; 0/j dQs � b: (5.72)
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Now from (5.69) we deduce

ˇ̌
F"
�
r; Y "r

�C 	rY
"
r

ˇ̌ � ˇ̌
F"
�
r; Y "r

�ˇ̌C j	rY "r j
� ˆ#

b .t/C 2 j	r j b
� c C 2cb:

Step 4. .Y "; Z"/ is a Cauchy sequence in Sqm Œ0; T � �ƒq

m�k .0; T /, q > 0.
Let 0 < "; ı � 1. We have

Y "t � Y ıt D
Z T

t

dK";ıs �
Z T

t

�
Z"
s �Zı

s

�
dBs;

where

K
";ı
t D

Z t

0

�
F".s; Y

"
s /C 	sY

"
s � Fı.s; Y ıs / � 	sY ıs /

�
dQs:

Note that

˝
Y "s � Y ıs ; dK";ıs

˛

D ˝
Y "s � Y ıs ; F".s; Y "s / � Fı.s; Y ıs /

˛
dQs C 	s

ˇ̌
Y "s � Y ıs

ˇ̌2
dQs

� ."C ı/
˝
F".s; Y

"
s /; Fı.s; Y

ı
s /
˛
dQs C 	s

ˇ̌
Y "s � Y ıs

ˇ̌2
dQs

� ."C ı/ c2dQs C c
ˇ̌
Y "s � Y ıs

ˇ̌2
dQs:

Since 0 � Qt � c and for every q > 1

E sup
t2Œ0;T �

eqcQt
ˇ̌
Y "t � Y ıs

ˇ̌q
< 1;

we infer from Proposition 5.2 with D D N D 0, � D 0, that for q � 2,

E sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌q C E

�Z T

0

ˇ̌
Z"
s �Zı

s

ˇ̌2
ds

�q=2
� C ."C ı/q=2 :

For 0 < q < 2 we have

E sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌q C E

�Z T

0

ˇ̌
Z"
s �Zı

s

ˇ̌2
ds

�q=2

�
 
E sup
s2Œ0;T �

ˇ̌
Y "s �Y ıs

ˇ̌qC2
!q=.qC2/

C
2
4E

�Z T

0

ˇ̌
Z"
s�Zı

s

ˇ̌2
ds

� qC2
2

3
5
q=.qC2/

� C 0 ."C ı/q=2 :
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Hence there exists .Y;Z/ 2 Tq>0 S
q
m Œ0; T � �ƒq

m�k .0; T / such that

E sup
s2Œ0;T �

jY "s � Ysjq C E

�Z T

0

jZ"
s �Zsj2 ds

�q=2
� C "q=2:

Note that

F"
�
r; Y "r

�C 	rY
"
r D ˆ

�
r; Y "r C "F"

�
r; Y "r

�� � "	rF"
�
r; Y "r

�

and
ˇ̌
F"
�
r; Y "r

�ˇ̌C j	rY "r j � C .

Passing to the limit as " ! 0C in the approximating equation (5.70), we infer,
by Lebesgue’s dominated convergence theorem, that .Y;Z/ is a solution of the
BSDE (5.60). Moreover passing to the limit on a subsequence, by Fatou’s Lemma
we clearly infer that .Y;Z/ satisfies (5.65), (5.64) and

.j / E sup
s2Œ0;T �

ˇ̌
ˇe O	sYs

ˇ̌
ˇ
p C E

�Z T

0

e O	s jZsj2 ds

�p=2
� Cpb

p; if p > 1;

. jj/ jYt j �
ˇ̌
ˇe O	t Yt

ˇ̌
ˇ � b; for all t 2 Œ0; T � , P-a.s.;

(5.73)

since the same inequalities hold for .Y "; Z"/.
.II-b/ Existence under the assumption (5.67), but without (5.68).

Let

�n D inf ft 2 Œ0; T � W Qt � ng and Qn
t D Qt^�n :

Let �t D Qt C j N	t j C j	t j Cˆ#
b.t/ and O	t D R t

0
	C
s dQs .

Since

˝
u � v;ˆ .r; u/ 1�r<n �ˆ.r; v/ 1�r<n

˛ � 	r1�r<n ju � vj2

� 	C
r ju � vj2

by the step .II-a/ the BSDE

Y nt D �C
Z T

t

ˆ
�
r; Y nr

�
1�r<ndQr �

Z T

t

Zn
r dBr

D �C
Z T

t

ˆ
�
r; Y nr

�
1�r<ndQn

r �
Z T

t

Zn
r dBr ; t 2 Œ0; T �

has a unique solution .Y n;Zn/ 2 T
q>0 S

q
m Œ0; T � � ƒ

q

m�k .0; T /. The solution
.Y n;Zn/ satisfies (5.65), (5.64) and (5.73) with .Y;Z/ replaced by .Y n;Zn/. Note
that from (5.73) written for .Y n;Zn/ we have for p � 1,
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E sup
s2Œ0;T �

ˇ̌
ˇe O	s �Y ns � Y nCi

s

�ˇ̌ˇ
p

< 1:

Since

˝
Y nt � Y nCi

t ;

ˆ
�
t; Y nt

�
1�t<n �ˆ �t; Y nCi

t

�
1�t<nCi

�
dQt

˛

� ˝
Y nt �Y nCi

t ; ˆ
�
t; Y nt

� �
1�t<n�1�t<nCi

�˛
dQtC	t1�t<nCi

ˇ̌
Y nt � Y nCi

t

ˇ̌2
dQt

� ˇ̌
Y nt � Y nCi

t

ˇ̌
1�t�nˆ#

b .t/ dQt C 	C
t

ˇ̌
Y nt � Y nCi

t

ˇ̌
dQt ;

we conclude by Corollary 6.81, that for q D p if p > 1 and q 2 .0; 1/ if p D 1

there exists a constant Cq such that P-a:s.,

E sup
s2Œ0;T �

eq O	s ˇ̌Y ns � Y nCi
s

ˇ̌q C E

�Z T

0

e2 O	s ˇ̌Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq

h�
E

Z T

0

e O	s1�s�nˆ#
b .s/ dQs

�q
1pD1CE

�Z T

0

:e O	s1�s�nˆ#
b .s/ dQs

�q
1p>1

i
:

Taking into account (5.63) we deduce that there exists a pair .Y;Z/ 2
S
q
m

	
Œ0; T � I e O	



�ƒq

m�k
	
0; T I e O	



such that as n ! 1

lim
n!1E sup

s2Œ0;T �
eq O	s jY ns � Ysjq C E

�Z T

0

e2 O	s jZn
s �Zsj2 ds

�q=2
D 0:

Now using Lemma 5.16 we infer that .Y;Z/ is a solution of the BSDE (5.76). We
deduce by Fatou’s Lemma from the inequalities (5.65), (5.64) and (5.73) written for
.Y n;Zn/ that the same inequalities hold for the limit .Y;Z/.
.II-c/ Existence without the two assumptions (5.67) and (5.68).

Let

ˇt
defD Qt C

Z t

0

j	sj dQs C
Z t

0

jˆ.s; 0/j dQs :

Define, for n 2 N
�,

�n D � 1Œ0;n� .ˇT C j�j/ ;
ˆn .t; y/ D ˆ.t; y/ �ˆ.t; 0/ 1Œn;1Œ .ˇt C jˆ.t; 0/j/ :

The condition (5.67) is satisfied:

j�nj C jˆn .t; 0/j C
ˇ̌
ˇe O	T � O	t �n

ˇ̌
ˇC

Z T

t

e O	s� O	t jˆn .s; 0/j dQs

� bn D nC nC ennC ennT
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and consequently by part .II-b/ of this proof there exists a unique pair .Y n;Zn/ 2
S
p
m

	
Œ0; T � I e O	



�ƒp

m�k
	
0; T I e O	



such that

Y nt D �n C
Z T

t

ˆn
�
s; Y ns

�
dQs �

Z T

t

Zn
s dBs; t 2 Œ0; T � ; a:s: (5.74)

and the inequalities (5.65), (5.64) for .Y n;Zn/ in the place of .Y;Z/ hold. Since

˝
Y ns � Y nCi

s ; ˆn
�
s; Y ns

�
dQs �ˆnCi

�
s; Y nCi

s

�
dQs

˛

� ˇ̌
Y ns � Y nCi

s

ˇ̌ jˆ.s; 0/j 1Œn;1Œ .ˇs C jˆ.s; 0/j/ dQs C 	s
ˇ̌
Y ns � Y nCi

s

ˇ̌2
dQs

we deduce from Corollary 6.81 that in the case p > 1 we have

E sup
s2Œ0;T �

ep N	s ˇ̌Y ns � Y nCi
s

ˇ̌p C E

�Z T

0

e2 N	s ˇ̌Zn
s �ZnCi

s

ˇ̌2
ds

�p=2

� CpE
�
ep N	T j�n � �nCi jp

�C CpE

�Z T

0

e N	s1ˇsCjˆ.s;0/j�n jˆ.s; 0/j dQs

�p

and in the case p D 1

sup
s2Œ0;T �

�
E e N	s ˇ̌Y ns � Y nCi

s

ˇ̌�q C E sup
s2Œ0;T �

eq N	s ˇ̌Y ns � Y nCi
s

ˇ̌q

C E

�Z T

0

e2 N	s ˇ̌Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq

	
Ee N	T j�n � �nCi j


q C Cq

�
E

Z T

0

e N	s1ˇsCjˆ.s;0/j�n jˆ.s; 0/j dQs

�q

for all 0 < q < 1.
Hence for every p � 1 there exists .Y;Z/ 2 S

q
m

�
Œ0; T � I e N	� � ƒq

m�k
�
0; T I e N	�

(with q D p if p > 1, and 0 < q < 1 if p D 1) such that

lim
n!1E sup

s2Œ0;T �
eq N	s jY ns � Ysj� C E

�Z T

0

e2 N	s jZn
s �Zsj2 ds

�q=2
D 0:

Using Fatou’s Lemma, the inequalities (5.65) and (5.64) follow from the same
inequalities written for .Y n;Zn/. By Lemma 5.16 we infer that .Y;Z/ is a solution
of the BSDE (5.60). �

Corollary 5.26. Let p � 1. If in Proposition 5.24 we replace the assumption (5.63)
by
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E ep N	T j�jp C E

 Z T

0

sup
jyj��

ˇ̌
e N	sˆ

�
s; e� N	sy

� � 	sy
ˇ̌
dQs

!p
< 1; 8� � 0;

(5.75)
then the same conclusions follow.

Proof. We remark that .Y;Z/ solves the BSDE (5.60) if and only if . QYt ; QZt/ WD
.e N	t Yt ; e N	tZt / is solution of the BSDE

QYt D Q�C
Z T

t

Q̂ �s; QYs
�

dQs �
Z T

t

QZsdBs; t 2 Œ0; T � ; a:s:

with

Q� D e N	T �;
Q̂ .t; y/ D �	ty C e N	tˆ.t; e� N	t y/:

Note that Q� and Q̂ satisfy the same assumptions (5.61-BSDE-MH0ˆ) as � and ˆ,
respectively, but with (5.62) replaced by

˝
y0 � y; Q̂ .t; y0/ � Q̂ .t; y/˛ � 0; P-a.s.

and consequently the corresponding N	 and O	 for Q̂ are equal to 0. Therefore the
condition (5.63) for . Q�; Q̂ / means precisely (5.75). �

5.3.4.2 The Second BSDE: Monotone Coefficient F .t; Yt; Zt/ dt

In this subsection we study the BSDE

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a:s:; t 2 Œ0; T � : (5.76)

We shall assume:

(BSDE-MHF ) W (5.77)

� � W � ! R
m is an FT -measurable random vector;

� the function F .�; �; y; z/ W � � Œ0; T � ! R
m is P-measurable for every .y; z/ 2

R
m � R

m�k ;
� there exist some deterministic functions 	 2 L1 .0; T IR/ and
` 2 L2 .0; T IR/ such that
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ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.I / for all y; y0 2 R
m; z; z0 2 R

m�k; dP ˝ dt -a:e: W
Continuity:�

Cy
�

y �! F .t; y; z/ W Rm ! R
m is continuousI

Monotonicity condition:�
My

� hy0 � y; F.t; y0; z/ � F.t; y; z/i � 	 .t/ jy0 � yj2I
Lipschitz condition:

.Lz/ jF.t; y; z0/ � F.t; y; z/j � ` .t/ jz0 � zjI
.II/ Boundedness condition:

.BF /

Z T

0

F #
� .t/ dt < 1; a:s:; 8 � � 0;

(5.78)

�
where

F #
� .t/ D sup fjF.t; y; 0/j W jyj � �g :

Theorem 5.27. Let p > 1 and the assumptions (5.77-BSDE-MHF ) be satisfied. If
for all � � 0:

E j�jp C E

�Z T

0

F #
� .t/dt

�p
< 1;

then the BSDE (5.76):

Yt D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a:s:

has a unique solution .Y;Z/ 2 Spm Œ0; T ��ƒp

m�k .0; T /. Moreover, uniqueness holds
in S1Cm Œ0; T � �ƒ0

m�k .0; T /, where

S1Cm Œ0; T �
defD
[
p>1

Spm Œ0; T � :

Proof. The uniqueness is proved in Corollary 5.13. Let us prove existence.
We use again a contraction argument, which is slightly different from that in the

proof of Theorem 5.17.
Note that a solution of the Eq. (5.76) is a fixed point of the mapping � W

S
p
m Œ0; T � �ƒp

m�k .0; T / ! S
p
m Œ0; T � �ƒp

m�k .0; T / defined by

.Y;Z/ D � .X;U / ;

where

Yt D �C
Z T

t

F .r; Yr ; Ur/ dr �
Z T

t

ZrdBr ; a:s: t 2 Œ0; T � :
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By Proposition 5.24 and Remark 5.25, with ˆ.!; t; y/ D F .!; t; y; Ut .!//, the
mapping � is well defined since for all � � 0

E

�Z T

0

ˆ#
� .t/ dt

�p

� E

 Z T

0

sup
jyj��

jF .t; y; 0/j dt C
Z T

0

` .t/ jUt j dt
!p

� 2p�1
E

�Z T

0

F #
� .t/ dt

�p
C 2p�1

�Z T

0

`2 .t/ dt

�p=2
E

�Z T

0

jUt j2 dt
�p=2

< 1:

Let M 2 N
� and 0 D T0 < T1 < � � � < TM D T , with Ti D iT

M
. Since the function

t 7�!
Z t

0

`2 .r/ dr W Œ0; T � ! RC is uniformly continuous, we see that

˛
�
T
M

� defD sup
0<s�t< T

M

Z s

t

`2 .r/ dr ! 0; as M ! 1:

First, we show that the Eq. (5.76) has a unique solution on ŒTM�1; T � in the Banach
space Spm ŒTM�1; T � �ƒp

m�k .TM�1; T /.
Let

N	 .t/ D
Z t

0

	 .r/ dr:

To this end it is sufficient to prove that � is a strict contraction on the space
S
p
m ŒTM�1; T � �ƒp

m�k .TM�1; T / with respect to the (equivalent) norm jjj.Y;Z/jjjM

jjj.Y;Z/jjjpM
defD E

" 
sup

r2ŒTM�1;T �

ep N	.r/ jYr jp
!

C
�Z T

TM�1

e2 N	.r/ jZr j2 dr

�p=2#
;

for M large enough.
Let .X;U / ; .X 0; U 0/ 2 Spm Œ0; T � �ƒp

m�k .0; T /. Then

Yt � Y 0
t D

Z T

t

dKr �
Z T

t

�
Zr �Z0

r

�
dBr ; t 2 ŒTM�1; T � ;

where

Kt D
Z t

0


F .r; Yr ; Ur/ � F �r; Y 0

r ; U
0
r

��
dr:
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Since

hYr � Y 0
r ; dKri � ˝

Yr � Y 0
r ; F

�
r; Y 0

r ; Ur
� � F �r; Y 0

r ; U
0
r

�˛
dr C 	 .r/ jYr � Y 0

r j2 dr
� ` .r/ jUr � U 0

r j jYr � Y 0
r j dr C jYr � Y 0

r j2 d N	 .r/

and

E

 
sup
r2Œ0;T �

ep N	.r/ ˇ̌Yr � Y 0
r

ˇ̌p
!
< 1;

we have, by Proposition 5.2 with Œt; T � replaced by ŒTM�1; T � and D D R D 0,
� D 0,

E

 
sup

r2ŒTM�1;T �

ep N	.r/ ˇ̌Yr � Y 0
r

ˇ̌p
!

C E

�Z T

TM�1

e2 N	.r/ ˇ̌Zr �Z0
r

ˇ̌2
dr

�p=2

� CpE

�Z T

TM�1

e N	.r/` .r/
ˇ̌
Ur � U 0

r

ˇ̌
dr

�p

� Cp

�Z T

TM�1

`2 .r/ dr

�p=2
E

�Z T

TM�1

e2 N	.r/ ˇ̌Ur � U 0
r

ˇ̌2
dr

�p=2

� Cp

˛
�
T
M

��p=2 ˇ̌̌̌ˇ̌
.X;U / � �

X 0; U 0�ˇ̌̌̌ˇ̌p
M
:

Let M0 2 N
� be such that

Cp

h
˛
	
T
M0


ip=2 � 1

2p
:

Then

ˇ̌̌̌ˇ̌
� .X;U / � � �X 0; U 0�ˇ̌̌̌ˇ̌

M0
� 1

2

ˇ̌̌̌ˇ̌
.X;U / � �

X 0; U 0�ˇ̌̌̌ˇ̌
M0
:

Hence the Eq. (5.76) has a unique solution in the space S
p
m ŒTM0�1; T �

� ƒ
p

m�k .TM0�1; T /. The next step is to solve the equation on the interval
ŒTM0�2; TM0�1� with the final value Y .TM0�1/. Repeating the same arguments,
the proof is completed in M0 steps. �

Corollary 5.28. Consider the BSDE: 8 t 2 Œ0; T � ; P-a.s.

Yt D �C ST � St C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs: (5.79)

If p > 1, S 2 S
p
m Œ0; T �, � 2 Lp .�;FT ;PIRm/, F satisfies the assumptions

.MHF /, and for all � � 0
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E

 Z T

0

sup
jyj��

jF.t; y � St ; 0/j dt
!p

< 1

then the Eq. (5.79) has a unique solution .Y;Z/ 2 Spm Œ0; T � �ƒp

m�k .0; T /.

Proof. By the substitutions OYt D Yt C St , O� D � C ST and OF .t; y; z/ D
F .t; y � St ; z/ the Eq. (5.34) is transformed into

OYt D O�C
Z T

t

OF
	
s; OYs;Zs



ds �

Z T

t

ZsdBs;

which satisfies the assumptions of Theorem 5.27. �

5.3.4.3 The Third BSDE: Monotone Coefficient ˆ .s; Ys; Zs/ dQs

We now generalize Theorem 5.27 to the case of the general BSDE (5.12) which we
recall here:

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; t 2 Œ0; T � ; a:s: (5.80)

The assumptions will be those from the beginning of Sect. 5.3.1.
Let p; a > 1 and np D 1 ^ .p � 1/. Define

N	t D
Z t

0

	sdQs and Vt D V
.a;p/
t D

Z t

0

	sdQs C a

2np

Z t

0

.`s/
2 ds:

We say that Y 2 Spm
�
Œ0; T � I e N	� if Y 2 S0m Œ0; T � and

E sup
s2Œ0;T �

ep N	s jYsjp < 1:

In the same manner Z 2 ƒp

m�k
�
0; T I e N	� if Z 2 ƒ0

m�k .0; T / and

E

�Z T

0

e2 N	s jZsj2 ds

�p=2
< 1:

We first prove the following:

Lemma 5.29. Let p >1 and the assumptions (5.13-BSDE-Hˆ) (i.e. (5.14)
and (5.15)) from Sect. 5.3.1 be satisfied. Moreover assume

.i/ ` 2 L2 .0; T / is a positive deterministic process,

.ii/ E
ˇ̌
e N	T �

ˇ̌p C E

�Z T

0

e N	s jˆ.s; 0; 0/j dQs

�p
< 1:

(5.81)
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If in addition

.h1/ E

	Z T

0

sup
jyj��

ˇ̌
e N	tˆ

�
s; e� N	t y; 0

� � 	ty
ˇ̌
dQt


p
< 1, for all � � 0, or

.h2/ 	 � 0 and E

	Z T

0

e N	t sup
jyj��

jˆ.t; y; 0/j dQs


p
< 1, for all � � 0,

then the BSDE (5.80) has a unique solution

.Y;Z/ 2 Spm
�
Œ0; T � I e N	� �ƒp

m�k
�
0; T I e N	� :

Proof. Uniqueness follows from Theorem 5.10. To prove the existence we shall
use the Banach fixed point theorem. Let � W Spm

�
Œ0; T � I e N	� � ƒp

m�k
�
0; T I e N	� !

S
p
m

�
Œ0; T � I e N	� �ƒp

m�k
�
0; T I e N	� be defined by .Y;Z/ D � .X;U /, where

Yt D �C
Z T

t

ˆ .s; Ys; Us/ dQs �
Z T

t

ZsdBs : (5.82)

.A/ � is well defined.
Let .X;U / 2 Spm

�
Œ0; T � I e N	��ƒp

m�k
�
0; T I e N	�. The function Q̂ .!; t; y/ D

ˆ.!; t; y; Ut .!// is monotone

˝
y � y0; ˆ .r; y; Ur/ �ˆ �r; y0; Ur

�˛ � 	r
ˇ̌
y � y0 ˇ̌2 :

Under .h1/ the assumptions of Corollary 5.26 are satisfied, because we have

E

 Z T

0

sup
jyj��

ˇ̌
e N	tˆ.t; e N	t y; Ut / � 	ty

ˇ̌
dQt

!p

� E

 Z T

0

sup
jyj��

ˇ̌
e N	tˆ.t; e N	t y; 0/ � 	ty

ˇ̌
dQt C

Z T

0

e N	t ` .t/ jUt j dt
!p

and

E

�Z T

0

e N	t jUt j ` .t/ dt
�p

�
�Z T

0

`2 .t/ dt

�p=2
E

�Z T

0

e2 N	t jUt j2 dt
�p=2

< 1:

Under .h2/ the assumptions of Proposition 5.24 are satisfied because for 	 � 0

we have O	t D
Z t

0

	C
s ds D

Z t

0

	sds D N	t and
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E

 Z T

0

e O	t sup
jyj��

ˆ.t; y; Ut /dQt

!p

� E

 Z T

0

e N	t sup
jyj��

ˆ.t; y; 0/dQt C
Z T

0

e N	t ` .t/ jUt j dt
!p

< 1:

.B/ � is a strict contraction. Let M 2 N
� and 0DT0 < T1 < � � � < TMDT , with

Ti D iT

M
. To prove the existence on ŒTM�1; T � of the solution it is sufficient

to prove that � is a strict contraction on the space Spm
�
ŒTM�1; T � I e N	� �

ƒ
p

m�k
�
TM�1; T I e N	� with respect to the norm jjj.Y;Z/jjjM

jjj.Y;Z/jjjpM
defD E

" 
sup

r2ŒTM�1;T �

ep N	r jYr jp
!

C
�Z T

TM�1

e2 N	r jZr j2 dr

�p=2#
;

for M large enough. The proof continues exactly as in Theorem 5.27.
Iteratively the existence follows on every interval ŒTi�1; Ti �, for i D M ,M�1,
: : : ; 2, 1, and finally we get the existence on Œ0; T �. �

Theorem 5.30. Let the assumptions (5.13-BSDE-Hˆ) (i.e. (5.14) and (5.15)) from
Sect. 5.3.1 be satisfied. Let p; a > 1 be fixed, np D 1 ^ .p � 1/

N	t D
Z t

0

	sdQs and Vt
defD V

.a;p/
t D

Z t

0

	sdQs C a

2np

Z t

0

.`s/
2 ds:

Assume there exists a ı > p

p�1 such that for q D pı

pCı

.i/ E epVT j�jp C E

�Z T

0

eVs jˆ.s; 0; 0/j dQs

�p
< 1;

.ii/ E

�Z T

0

.`s/
2 ds

�ı=2
< 1;

.iii/ E exp

ıa
2

	
1
nq

� 1
np


 Z T

0

.`s/
2 ds

�
< 1:

(5.83)

If in addition

.h1/ E

	Z T

0

sup
jyj��

ˇ̌
e N	tˆ

�
s; e� N	t y; 0

� � 	ty
ˇ̌
dQt


p
< 1, for all � � 0, or

.h2/ 	 � 0 and E

	Z T

0

e N	t sup
jyj��

jˆ.t; y; 0/j dQs


p
< 1, for all � � 0,

then the BSDE (5.80) has a unique solution .Y;Z/ 2 S0m .Œ0; T �/�ƒ0
m�k .0; T /

such that
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E sup
t2Œ0;T �

epVs jYsjp C E

�Z T

0

e2Vs jZsj2 ds

�p=2
< 1:

Moreover, for all t 2 Œ0; T �:

E
Ft sup

s�t
epVs jYsjp C E

Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

� Cp E
Ft

�
epVT j�jp C

	Z T

t

eVs jˆ.s; 0; 0/j dQs


p�
:

(5.84)

Proof. Uniqueness follows from Theorem 5.10.
Existence. By Lemma 5.29 we infer that the approximating BSDE

Y nt D �C
Z T

t

ˆ
�
s; Y ns ; Z

n
s 1Œ0;n� .`s/

�
dQs �

Z T

t

Zn
s dBs (5.85)

has a unique solution .Y n;Zn/ 2 Spm
�
Œ0; T � I e N	� �ƒp

m�k
�
0; T I e N	�.

Let `ns D `s1Œ0;n� .`s/ and

V n
t

defD
Z t

0

�
	sdQs C a

2np

�
`ns
�2

ds

�
:

We have for all n; i 2 N

N	t � V n
t � V nCi

t � N	t C a

2np
.nC i/2 T:

Therefore

E sup
t2Œ0;T �

epV
nCi
t jY nt jp � Cn;i

 
E sup
t2Œ0;T �

e2p N	t jY nt j2p
!1=2

< 1:

Since

˝
Y nt ; ˆ

�
t; Y nt ; Z

n
t 1Œ0;n� .`t /

�
dQt

˛

� jY nt j jˆ.t; 0; 0/j dQt C jY nt j2dVn
t C np

2a
jZn

t j2 dt

� jY nt j jˆ.t; 0; 0/j dQt C jY nt j2dVnCi
t C np

2a
jZn

t j2 dt
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we obtain, by Proposition 5.2-A, that

E
Ft sup

s2Œt;T �
epV

nCi
s jY ns jp C E

Ft

�Z T

t

e2V
nCi
s jZn

s j2 ds

�p=2

� Cq E
Ft

�
epV

nCi
T j�jp C

	Z T

t

eV
nCi
s jˆ.s; 0; 0/j dQs


p�
:

By Beppo Levi’s monotone convergence Theorem 1.9 it follows for i ! 1 that for
all t 2 Œ0; T �,

E
Ft sup

s�t
epVs jY ns jp C E

Ft

�Z T

t

e2Vs jZn
s j2 ds

�p=2

� Cp E
Ft

�
epVT j�jp C

	Z T

t

eVs jˆ.s; 0; 0/j dQs


p�
:

(5.86)

Consequently by (5.83-i ) for all n 2 N
�,

E sup
s2Œ0;T �

epVs jY ns jp C E

�Z T

0

e2Vs jZn
s j2 ds

�p=2
� C < 1:

Let ı > p

p�1 , q D pı

pCı , nq
defD 1^ .q � 1/ and np

defD 1^ .p � 1/ satisfy (5.83-ii; iii).
Clearly 1 < q < p and 0 < nq � np . If we define

�t D a

2

�
1

nq
� 1

np

�Z t

0

.`s/
2 ds and

V
.a;q/
t D

Z t

0

�
	sdQs C a

2nq
.`s/

2 ds

�
D Vt C�t ;

we have, for all n 2 N
�,

E sup
s2Œ0;T �

eqV
.a;q/
s jY ns jq C E

�Z T

0

e2V
.a;q/
s jZn

s j2 ds

�q=2

� E

 
eq�T sup

s2Œ0;T �
eqVs jY ns jq

!
C E

h
eq�T

�Z T

0

e2Vs jZn
s j2 ds

�q=2 i

� �
Eeı�T

� p
pCı

h 
E sup
s2Œ0;T �

epVs jY ns jp
! ı

pCı

C
 
E

�Z T

0

e2Vs jZn
s j2 ds

�p=2! ı
pCı i

� C < 1:
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Hence for all n; i 2 N
�

E sup
s2Œ0;T �

eqV
.a;q/
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q
< 1:

Since

˝
Y ns � Y nCi

s ; ˆ
�
s; Y ns ; Z

n
s 1Œ0;n� .`s/

� �ˆ �s; Y nCi
s ; ZnCi

s 1Œ0;nCi � .`s/
�˛

dQs

� ˇ̌
Y ns � Y nCi

s

ˇ̌2
	sdQs C ˇ̌

Y ns � Y nCi
s

ˇ̌
`s
ˇ̌
Zn
s 1Œ0;n� .`s/ �ZnCi

s 1Œ0;nCi � .`s/
ˇ̌
ds

� ˇ̌
Y ns � Y nCi

s

ˇ̌
`s jZn

s j ˇ̌1Œ0;n� .`s/ � 1Œ0;nCi � .`s/
ˇ̌
ds

C ˇ̌
Y ns � Y nCi

s

ˇ̌2 �
	sdQs C a

2nq
`2sds

�
C nq

2a

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;

by Proposition 5.2-A, we infer that

E

 
sup
s2Œ0;T �

eqV
.a;q/
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q
!

C E

�Z T

0

e2V
.a;q/
s

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E

�Z T

0

1.n;1/ .`s/ e
V
.a;q/
s `s jZn

s j ds

�q

� CqE

"�Z T

0

`2s1.n;1/ .`s/ ds

�q=2 �Z T

0

e2V
.a;q/
s jZn

s j2 ds

�q=2#

� Cq

"
E

�Z T

0

`2s1.n;1/ .`s/ ds

�ı=2# p
pCı

"
E

�Z T

0

e2V
.a;q/
s jZn

s j2 ds

�p=2# ı
pCı

! 0;

as n ! 1.
We deduce that there exists a pair .Y;Z/ 2 S0m Œ0; T ��ƒ0

m�k .0; T / such that for
q D pı

pCı

lim
n!1E

 
sup
s�0

eqV
.a;q/
s jY ns � Ysjq

!
C E

"�Z T

0

e2V
.a;q/
s jZn

s �Zsj2 ds

�q=2#
D 0:

Now the inequality (5.84) clearly follows from (5.86) by Fatou’s Lemma.
Finally passing to the limit in (5.85) we deduce via Lemma 5.16 that .Y;Z/ is a

solution of BSDE (5.80). �
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5.3.5 Linear BSDEs

Let m D 1 and consider the BSDE

Yt D �C
Z T

t

Œ.asYs C bs/ dQs C hcs; Zsi ds� �
Z T

t

hZs; dBsi ; (5.87)

where

• � is an FT -measurable random variable;
• Q is a P-m.i.c.s.p. such that Q0 D 0I
• .at /t�0, .bt /t�0 are R-valued P-m.s.p. and .ct /t�0 is an R

k-valued P-m.s.p.;
• for some p > 1 and for all � � 0,

.j / E
�
1C j�jp� exp .�VT /

�
< 1;

. jj/ E

	Z T

0

jbsj exp .�Vs/ dQs


p
< 1;

(5.88)

where

Vt D
Z t

0

jasj dQs C 1

np

Z t

0

jcsj2 ds:

By Theorem 5.21 the BSDE (5.87) has a unique solution satisfying

E sup
s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p C E

�Z T

0

e2Vs jZsj2 ds

�p=2

� Cp E

� ˇ̌
eVT �

ˇ̌p C
	Z T

0

eVs jbsj dQs


p�
:

Let

�t D exp

�Z t

0

�
ardQr � 1

2
jcr j2 dr

�
C
Z t

0

hcr ; dBri
�
:

Then

d�t D �tatdQt C �t hct ; dBt i ;
d��1

t D ��1
t

	
�atdQt C jct j2 dt



� ��1

t hct ; dBt i :

Since for all ı > 0, E Œexp .ıƒT /� < 1 we have E sup
s2Œ0;T �

j�sjı < 1 for all ı > 0.

Consequently there exists 1 < q < p such that
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E

ˇ̌
ˇ̌�T �C

Z T

0

�sbsdQs

ˇ̌
ˇ̌
q

< 1: (5.89)

By the representation Theorem 2.42 there exists a unique stochastic process R 2
ƒ
q

1�k .0; T / such that

�T �C
Z T

0

�sbsdQs D E

�
�T �C

Z T

0

�sbsdQs

�
C
Z T

0

hRs; dBsi :

Proposition 5.31. Let the assumption (5.88) be satisfied. Then the solution of the
BSDE (5.87) is given by

.a/ Yt D ��1
t E

Ft

�
�T �C

Z T

t

�sbsdQs

�
;

.b/ Zt D ��1
t Rt � ctYt :

(5.90)

Proof. It is sufficient to verify that .Y;Z/ given by (5.90) is a solution of (5.87). We
have

Yt D ��1
t E

Ft

�
�T �C

Z T

t

�sbsdQs

�

D ��1
t

�
E

�
�T �C

Z T

0

�sbsdQs

�
C
Z t

0

hRs; dBsi �
Z t

0

�sbsdQs

�

D ��1
t

�
E

�
�T �C

Z T

0

�sbsdQs

�
C
Z t

0

h�sYscs C �sZs; dBsi �
Z t

0

�sbsdQs

�
:

Consequently, from Itô’s formula,

dYt D
h
��1
t

	
�at dQt C jct j2 dt



� ��1

t hct ; dBt i
i
�tYt

C ��1
t Œh�tYt ct C �tZt ; dBt i � �tbt dQt � � ��1

t hct ; ct�tYt C �tZt i dt
D Œ�atYt dQt � bt dQt � hct ; Zt i dt�C hZt ; dBt i :

Since, moreover, YT D �, we conclude that .Y;Z/ is a solution of the BSDE
(5.87). �

5.3.6 Comparison Results

In this section we again restrict ourselves to the case m D 1.
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5.3.6.1 Lipschitz Case

Let .Y;Z/ 2 S0 Œ0; T � �ƒ0
k .0; T / be a solution of the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

hZs; dBsi (5.91)

and
� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T / a solution of the BSDE

QYt D Q�C
Z T

t

Q̂ �s; QYs; QZs
�

dQs �
Z T

t

˝ QZs; dBs
˛
: (5.92)

Assume that the functions ˆ; Q̂ W � � Œ0;1Œ � R � R
k ! R are

	
P;R � R

k



-

Carathéodory functions (P-m.s.p. with respect to .!; t/ and continuous with respect
to .x; z/ 2 R � R

k) such that

Z T

0

jˆ.s; Ys; Zs/j dQs C
Z T

0

ˇ̌ Q̂ �s; QYs; QZs
�ˇ̌

dQs < 1; a.s. (5.93)

We give a comparison result in the case when one of the two functions ˆ and Q̂
satisfies some Lipschitz conditions.

Let p > 1. Without loss of generality we assume thatˆ satisfies the assumptions
of Theorem 5.21. Then the Eq. (5.91) has a unique solution .Y;Z/ satisfying

E sup
s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p C E

�Z T

0

e2Vs jZsj2 ds

�p=2

� Cp E

� ˇ̌
eVT �

ˇ̌p C
	Z T

0

eVs jˆ.s; 0; 0/j dQs


p�
.

Proposition 5.32. Let p > 1 and the assumptions of Theorem 5.21 be satisfied.
Assume that

� QY ; QZ� is a solution of the BSDE (5.92) and for all ı � 0,

E

	
j� � Q�j exp.ıVT /C

Z T

0

ˇ̌
ˆ.s; QYs; QZs/ � Q̂ .s; QYs; QZs/

ˇ̌
exp .ıVs/ dQs


p
< 1:

If

.i/ � � Q�; P-a.s. and
.ii/ ˆ.t; QYt ; QZt/ � Q̂ .t; QYt ; QZt/; dP ˝ dQt -a:e: on � � RC:

(a) Then P-a.s: ! 2 �, Yt .!/ � QYt .!/, for all t 2 Œ0; T �.
(b) If moreover there exists a t0 2 Œ0; T Œ such that P-a:s.
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.� � Q�/C
Z T

t0


ˆ.s; QYs; QZs/ � Q̂ .s; QYs; QZs/

�
dQs > 0

then Yt0 > QYt0 P-a:s. In particular if � > Q�, P-a:s., then Yt .!/ > QYt .!/, for
all t 2 Œ0; T �, P-a.s. ! 2 �.

Proof. Observe that Yt � QYt can be written in the form

Yt � QYt D .� � Q�/C
Z T

t

˚
as
�
Ys � QYs

�C bs
�

dQs C ˝
cs; Zs � QZs

˛
ds
�

�
Z T

t

�
Zs � QZs

�
dBs;

where

as D
8<
:

1

Ys � QYs

ˆ.s; Ys; Zs/ �ˆ.s; QYs;Zs/

�
; if Ys � QYs ¤ 0;

0; if Ys � QYs D 0;

bs D ˆ.s; QYs; QZs/ � Q̂ .s; QYs; QZs/, and

cs D

8̂
<
:̂

Zs � QZs
˛s
ˇ̌
Zs � QZs

ˇ̌2

ˆ.s; QYs;Zs/ �ˆ.s; QYs; QZs/

�
; if ˛s

�
Zs � QZs

� ¤ 0;

0; if ˛s
�
Zs � QZs

� D 0;

(recall that ˛ is a P-m.s.p. such that ˛sdQs D ds).
From jasj � Ls , jcsj � `s , the assumption of the Proposition, and the argument

of the preceding section, we deduce that

sup
s2Œ0;T �

hˇ̌
Ys � QYs

ˇ̌p
exp .ıVs/

i
C E

�Z T

0

ˇ̌
Zs � QZs

ˇ̌2
exp .ıVs/ ds

�p=2
< 1;

for all ı � 0. Hence by Proposition 5.31

Yt � QYt D ��1
t E

Ft

�
�T .� � Q�/C

Z T

t

�sbsdQs

�
;

which clearly yields the conclusions of Proposition 5.32. �

5.3.6.2 Monotone Case

We now give a comparison result for the solutions of the Eqs. (5.91) and (5.92)
in the case when one of the two functions ˆ and Q̂ satisfies a monotonicity
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condition. To be precise we assume without loss of generality that ˆ satisfies the
assumptions (5.13-BSDE-Hˆ). Let

Vt D
Z t

0

�
	C
r dQr C a

2np
.`r /

2 dr

�
:

Then for a; p > 1 and np D .p � 1/ ^ 1,

� QYr � Yr
�C 

ˆ
�
r; QYr ; QZr

� �ˆ.r; Yr ; Zr/
�

dQr

�
�
	C
r

	�
Yr � QYr

�C
2 C `r˛r
� QYr � Yr

�C ˇ̌
Zr � QZr

ˇ̌�
dQr

�
h�
Yr � QYr

�Ci2
dVr C np

2a
1 QYr�Yr>0

ˇ̌
Zr � QZr

ˇ̌2
dr:

Proposition 5.33. Let the assumptions (5.13-BSDE-Hˆ) be satisfied. Let .Y;Z/
2 S0 Œ0; T � �ƒ0

k .0; T / be a solution of (5.91) and
� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T /

be a solution of (5.92), such that (5.93) and the condition

E

���� QY � Y �C eV
���
p

T
< 1

are satisfied. Assume that P-a.s.:

.i/ � � Q�;
.ii/ ˆ.t; y; z/ � Q̂ .t; y; z/; for all .t; y; z/ 2 Œ0; T � � R � R

k:

Then P-a.s., Yt .!/ � QYt .!/, for all t 2 Œ0; T �.
Proof. Recall from Proposition 2.33 that if

dXt D dKt C hGt ; dBt i ;

then

dXC
t D � .Xt / dKt C � .Xt / hGt ; dBt i C dPt ;

where

� .x/ D
8
<
:
0; if x < 0;
1
2
; if x D 0;

1; if x > 0;

and fPt W t � 0g, P0 D 0, is an increasing continuous stochastic process defined
by (2.33).
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We have

d
� QYt � Yt

� D �  Q̂ �t; QYt ; QZt
� �ˆ.t; Yt ; Zt /

�
dQt C ˝ QZt �Zt ; dBt

˛
;

and therefore

� QYt � Yt
�C D . Q� � �/C C

Z T

t

dKr �
Z T

t

�
� QYr � Yr

� ˝ QZr �Zr; dBr
˛
;

with

dKr D �
� QYr � Yr

� � Q̂ �r; QYr ; QZr
� �ˆ.r; Yr ; Zr/

�
dQr

� � dPr ;

and (see (2.33))

Pt D lim
"!0C

1

2"

Z t

0

�

 QYs � Ys
"

! ˇ̌ QZs �Zs
ˇ̌2

ds:

Since for a; p > 1 and np D .p � 1/ ^ 1,

� QYr � Yr
�C

dKr � � QYr � Yr
�C 

ˆ
�
r; QYr ; QZr

� �ˆ.r; Yr ; Zr/
�

dQr

�
h�
Yr � QYr

�Ci2
dVr C np

2a
�
� QYr � Yr

� ˇ̌
Zr � QZr

ˇ̌2
dr;

we obtain, by the inequality (6.107) from Proposition 6.80, that for all 0 � t � T :

epVt
h� QYt � Yt

�Cip � E
Ft epVT


. Q� � �/C�p D 0; P-a.s.

Consequently for all 0 � t � T :

Yt � QYt ; P-a.s.

�

We now give a strict comparison result in the case of monotone coefficients.
Namely, we consider a solution .Y;Z/ 2 S0 Œ0; T � �ƒ0

k .0; T / of the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

hZs; dBsi ; a:s:; t 2 Œ0; T � ; (5.94)

and a solution
� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T / of the BSDE

QYt D Q�C
Z T

t

Q̂ �s; QYs; QZs
�

dQs �
Z T

t

˝ QZs; dBs
˛
; (5.95)
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where ˆ; Q̂ W � � Œ0; T � � R � R
k ! R satisfy:

.CR1/

• ˆ.�; t; y; z/ ; Q̂ .�; t; y; z/ are Ft -measurable for all .t; y; z/ 2 Œ0; T � � R � R
k ,

• ˆ.!; �; �; �/ ; Q̂ .!; �; �; �/ are continuous P-a.s. ! 2 �,
• ˆ satisfies the assumption (5.13-BSDE-Hˆ).

We have

Yt � QYt D .� � Q�/C
Z T

t


bsdQs C ˝

cs; Zs � QZs
˛
ds
� �

Z T

t

�
Zs � QZs

�
dBs;

with bs D ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/ and

cs D

8̂
<
:̂

Zs � QZs
˛s
ˇ̌
Zs � QZs

ˇ̌2

ˆ.s; Ys; Zs/ �ˆ �s; Ys; QZs

��
; if ˛s

�
Zs � QZs

� ¤ 0;

0; if ˛s
�
Zs � QZs

� D 0;

(recall that ˛ is a P-m.s.p. such that ˛sdQs D ds). Note that jcsj � `s .
Assume that

.CR2/

• � and Q� are FT -measurable random variables;
• for some p > 1 and for all ı � 0,

.j / E

��
1C j� � Q�jp� exp

�
ı

Z T

0

.`r /
2 dr

��
< 1;

. jj/ E

hZ T

0

ˇ̌
ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

ˇ̌
exp

�
ı

Z s

0

.`r /
2 dr

�
dQs

ip
< 1:

Then by Proposition 5.31, for all ı � 0

E sup
s2Œ0;T �

hˇ̌
Ys � QYs

ˇ̌p
eı
R s
0 .`r /

2dr
i

C E

�Z T

0

ˇ̌
Zs � QZs

ˇ̌2
eı
R s
0 .`r /

2drds

�p=2
< 1;

and for any stopping times 0 � � � � � T

��
�
Y� � QY�

� D E
F�

�
��
�
Y� � QY�

�C
Z �

�

�s
�
ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

�
dQs

�
;

(5.96)
where

�t D exp

�Z t

0

hcr ; dBri �
Z t

0

1

2
jcr j2 dr

�
:
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Proposition 5.34. Let .Y;Z/ 2 S0 Œ0; T � � ƒ0
k .0; T / be a solution for (5.94) and� QY ; QZ� 2 S0 Œ0; T � �ƒ0

k .0; T / be a solution for (5.95), such that

E

����
� QY � Y �C exp

�Z �

0

	C
r dQr

�����
p

T

< 1:

Assume that the assumptions .CR1/, .CR2/ are satisfied and QZ is a continuous
stochastic process.
If 0 � t0 < T , A 2 Ft0 and

.i/ � � Q�; P-a.s.;
.ii/ ˆ.t; y; z/ � Q̂ .t; y; z/; 8 .t; y; z/ 2 Œ0; T � � R � R

k; P-a.s.;
.iii/ ˆ

�
!; t0; Yt0 ;

QZt0
�
> Q̂ �!; t0; Yt0 ; QZt0

�
; P-a.s. ! 2 A;

(iv/ Qt0 < Qt ; for t0 < t � T; P-a.s.;

then

.j / Yt .!/ � QYt .!/ ; 8 t 2 Œ0; T � ; P-a.s. ! 2 �; and
. jj/ Yt0 .!/ >

QYt0 .!/ ; P-a.s. ! 2 A:

Proof. By Theorem 5.33 we have

P-a.s.; Yt .!/ � QYt .!/ ; for all t 2 Œ0; T � :

Assume that P
�fYt0 D QYt0g \ A� > 0. Let the stopping time

� D inf
n
s 2 Œt0; T � W�s


ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

�

� 1

2
�t0

ˆ.!; t0; Yt0 ;

QZt0/ � Q̂ .!; t0; QYt0 ; QZt0/
� o
;

if the set under inf is non-empty and � D T if the set is empty. Clearly � > t0 a.s. on
fYt0 D QYt0g. Setting in (5.96) � D t0 and � D � we obtain

0 � E
Ft0

�
1fYt0D QYt0 g\A

Z �

t0

�s
�
ˆ.s; Ys; QZs/ � Q̂ .s; QYs; QZs/

�
dQs

�

� 1

2
1fYt0D QYt0 g\A�t0


ˆ.!; t0; Yt0 ;

QZt0/ � Q̂ .!; t0; Yt0 ; QZt0/
�
E

Ft0 .Q� �Qt0/

> 0; a.s. on fYt0 D QYt0g \ A;

which is a contradiction. Hence P
�fYt0 D QYt0g \ A� D 0 and the conclusion . jj/

follows. �
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Unlike in the Lipschitz case � > Q� does not imply that Yt > QYt for all t 2 Œ0; T �,
as the following example will show. Let F .x/ D QF .x/ D �p

xC.
Clearly

.Yt ; Zt / D �
t 2; 0

�
; t � 0;

is the unique solution of the BSDE

Yt D 1C
Z 1

t

�
�2
q
Y C
s

�
ds �

Z 1

t

Zs dBs; t 2 Œ0; 1� ;

and ( QYt ; QZt/ D .0; 0/ ; t � 0, is the unique solution of

QYt D 0C
Z 1

t

�
�2
q

QY C
s

�
ds �

Z 1

t

Zs dBs; t 2 Œ0; 1� :

We have Y1 D 1 > 0 D QY1, but Y0 D QY0.

5.4 Semilinear Parabolic PDEs

We need to put our BSDE into a Markovian framework: the final condition � and
the coefficient F of the BSDE will be functionals of B as “explicit” functions of the
solution of a forward SDE driven by fBtg.

Let f W Œ0; T ��R
d ! R

d be continuous and globally monotone in x, uniformly
with respect to t , g W Œ0; T � � R

d ! R
d�d be continuous and globally Lipschitz

in x uniformly with respect to t . Let fXt;x
s I t � s � T g denote the solution of the

SDE

Xt;x
s D x C

Z s

t

f .r; Xt;x
r / dr C

Z s

t

g.r; Xt;x
r /dBr ; t � s � T; (5.97)

and consider the backward SDE

Y t;xs D �.X
t;x
T /C

Z T

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r / dr �
Z T

s

Zt;x
r dBr ; t � s � T; (5.98)

where � W R
d ! R

m and F W Œ0; T ��R
d �R

m �R
m�d ! R

m are continuous and
such that for some K, 	, p > 0,

j�.x/j � K.1C jxjp/;
sup

jyj��
jF.t; x; y; 0/j � 
.�; x/;
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˝
y � y0; F .t; x; y; z/ � F.t; x; y0; z/

˛ � 	.t; x/jy � y0j2;
jF.t; x; y; z/ � F.t; x; y; z0/j � `.t; x/kz � z0k;

where for each � > 0, there exists a K� > 0 such that 
.�; x/ � K�.1C jxjp/ and
one of the two following conditions hold:

• jf .t; x/j C jg.t; x/j � K.1C jxj/ and j	.t; x/j C `2.t; x/ � K;
• jf .t; x/j C j	.t; x/j C `2.t; x/ � K.1C jxj/ and jg.t; x/j � K.

In the case m > 1 we reinforce one of the above conditions into

jF.t; x; y; z/ � F.t; x; y0; z/j � `.t; x/jy � y0�:

This is necessary for our uniqueness proof of the viscosity solution of systems of
PDEs, see Theorem 6.106 in Annex D.

Finally the following additional assumption is needed again for the uniqueness
of viscosity solutions

jF.t; x; r; p/ � F.t; y; r; p/j � mR.jx � yj.1C jpj//;

for all x; y 2 R
d such that jxj � R, jyj � R, r 2 R

m, p 2 R
d , where for each

R > 0, mR 2 C.RC/ is increasing and mR.0/ D 0.

Remark 5.35. (i) Clearly, for each t � s � T , Y t;xs is F t
s D gfBr � Bt ; t � r �

sg _ N measurable, where N is the class of the P-null sets of F . Hence Y t;xt is
a.s. constant (i.e. deterministic).

(ii) It is not hard to see, using uniqueness for BSDEs, that Y t;xtCh D Y
tCh;Xt;x

tCh

tCh ,
h > 0.

We shall denote by

At D 1

2

X
i;j

.gg�/ij.t; x/
@2

@xi@xj
C
X
i

fi .t; x/
@

@xi

the infinitesimal generator of the Markov process fXt;x
s I t � s � T g.

5.4.1 Parabolic Systems in the Whole Space

We first consider the following system of backward semilinear parabolic PDEs

8̂
<̂
ˆ̂:

@ui
@t
.t; x/C Atui .t; x/C Fi.t; x; u.t; x/; .rug/.t; x// D 0;

.t; x/ 2 Œ0; T � � R
d ; 0 � i � mI

u.T; x/ D �.x/; x 2 R
d I

(5.99)
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where F 2 C.Œ0; T � � R
d � R

m � R
m�d IRm/, and � 2 C.Rd ;Rm/ grows at most

polynomially at infinity.
We can first establish the following:

Theorem 5.36. Let u 2 C1;2.Œ0; T � � R
d IRm/ be a classical solution of (5.99).

Then for each .t; x/ 2 Œ0; T � � R
d , f.u.s; Xt;x

s /; .rug/.s; Xt;x
s //I t � s � T g is the

solution of the BSDE (5.98). In particular, u.t; x/ D Y
t;x
t .

Proof. The result follows by applying Itô’s formula to u.s; Xt;x
s /. �

We now want to connect (5.97)–(5.98) with (5.99) in the other direction, i.e.
prove that (5.97)–(5.98) provides a solution of (5.99). In order to avoid restrictive
assumptions on the coefficients in (5.97)–(5.98), we will consider (5.99) in the
viscosity sense. This imposes just one restriction. Indeed for the notion of viscosity
solution of the system of PDEs (5.99) to make sense, we need to make the following
restriction: for 0 � i � k, the i -th coordinate of F depends only on the i -th row of
the matrix z. Then the first line in (5.99) reads

@ui
@t
.t; x/C Atui .t; x/C Fi.t; x; u.t; x/; .rui g/.t; x// D 0;

which we rewrite in the form

�@ui
@t
.t; x/Cˆi.t; x; u.t; x/;Dui .t; x/;D

2ui .t; x// D 0;

where

ˆ W RC � R
d � R

m � R
d � S

d ! R
m

is defined by

ˆi.t; x; r; p;X/ D �1
2

TrŒ.gg�/.t; x/X� � hf; pi � Fi.t; x; r; pg.t; x//;

for all 1 � i � m, .t; x/ 2 Œ0; T � � R
d , r 2 R

m, p 2 R
d , X 2 S

d .
We add the following assumptions. For each � > 0, there exists a K� such that

for some p > 1, all .t; x/ 2 Œ0; T � � R
d , � > 0,

sup
fjyj��g

jF.t; x; y; 0/j � K�.1C jxjp/;

and there exists aK > 0 such that for all .t; x/ 2 Œ0; T ��R
d , y; y0 2 R

m, z; z0 2 R
d ,

jF.t; x; y; z/�F.t; x; y0; z/jCjF.t; x; y; z/�F.t; x; y; z0/j � K.jy�y0jCjz�z0j/:
The definition of the viscosity solution of a system of elliptic PDEs is given in

Definition 6.94 in Annex D. The adaptation to systems of parabolic PDEs is obvious.
We now establish the main result of this section.
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Theorem 5.37. Under the above assumptions, u.t; x/
defD Y

t;x
t is a continuous

function of .t; x/ and it is the unique viscosity solution of (5.99) which grows at
most polynomially at infinity.

Proof. Uniqueness follows from Theorem 6.106 in Annex D.
The continuity follows from the mean-square continuity of fY t;xs ; x 2 R

d ; 0 �
t � s � T g, which in turn follows from the continuity of Xt;x� with respect to t; x
and Theorem 5.10. The polynomial growth follows from classical moment estimates
for Xt;x� , the assumptions on the growth of f and g, and Proposition 5.7.

To prove that u is a viscosity sub-solution, take any 1 � i � k, ' 2 C1;2.Œ0; T ��
R
d / and .t; x/ 2 Œ0; T / � R

d such that ui � ' has a local maximum at .t; x/. We
assume without loss of generality that

ui .t; x/ D '.t; x/:

We suppose that

�@'
@t
.t; x/Cˆi.t; x; u.t; x/;D'.t; x/;D

2'.t; x// > 0;

and we will find a contradiction.
Let 0 < ˛ � T � t be such that for all t � s � t C ˛, jy � xj � ˛,

ui .s; y/ � '.s; y/;

�@'
@t
.s; y/Cˆi.s; y; u.s; y/;D'.s; y/;D

2'.s; y// > 0;

and define

� D inffs � t I jXt;x
s � xj � ˛g ^ .t C ˛/:

Let now

.Y s; Zs/ D ..Y t;xs^� /i ; 1Œ0;��.s/.Zt;x
s /

i /; t � s � t C ˛:

It follows from the statement in Remark 5.35(ii) that

Y
t;x
tCh D u.t C h;X

t;x
tCh/:

We hence have that (first approximating � by a sequence of stopping times taking at
most finitely many values)

Y t;x� D u.�; Xt;x
� /:
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Consequently .Y ;Z/ solves the one-dimensional BSDE

Y s D ui .�; Xt;x
� /C R tC˛

s
1Œ0;��.r/Fi .r; Xt;x

r ; u.r; Xt;x
r /; Zr/dr

� R tC˛
s

ZrdBr ; t � s � t C ˛:

On the other hand, from Itô’s formula,

. OYs; OZs/ D .'.s; Xt;x
s^� /; 1Œ0;��.s/.r'g/.s; Xt;x

s //; t � s � t C ˛

solves the one-dimensional BSDE, for all s 2 Œt; t C ˛�

OYs D '.�;Xt;x
� / �

Z tC˛

s

1Œ0;��.r/.
@'

@r
C A'/.r; Xt;x

r /dr �
Z tC˛

s

OZrdBr :

From ui .�; Xt;x
� / � '.�;Xt;x

� / and the choices of ˛ and � , we deduce from
Proposition 5.34 that Y t < OYt , i.e. ui .t; x/ < '.t; x/, which contradicts our standing
assumption. �

Remark 5.38. Suppose that k D 1 and F has the special form:

F.t; x; r; z/ D c.t; x/r C h.t; x/:

In that case, the BSDE is linear:

Y t;xs D �.X
t;x
T /C

Z T

s

Œc.r; Xt;x
r /Y t;xs C h.r;Xt;x

r /� dr �
Z T

s

Zt;x
r dBr ;

hence it has an explicit solution (see Proposition 5.31):

Y t;xs D �.X
t;x
T /e

R T
s c.r;X

t;x
r / dr C

Z T

s

h.r; Xt;x
r /e

R r
s c.˛;X

t;x
˛ / d˛ dr

�
Z T

s

e
R r
s c.˛;X

t;x
˛ /d˛Zt;x

r dBr :

Now Y
t;x
t D E.Y

t;x
t /, so that

Y
t;x
t D E

�
�.X

t;x
T /e

R T
t c.s;X

t;x
s / ds C

Z T

t

h.s; Xt;x
s /e

R s
t c.r;X

t;x
r /drds

�
;

which is the well-known Feynman–Kac formula.
Clearly, Theorem 5.37 can be considered as a nonlinear extension of the

Feynman–Kac formula.
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Remark 5.39. We have proved that a certain function of .t; x/, defined via the
solution of a probabilistic problem, is the solution of a system of backward parabolic
partial differential equations. Suppose that b, g and f do not depend on t , and let

v.t; x/ D u.T � t; x/; .t; x/ 2 Œ0; T � � R
d :

Then v solves the system of forward parabolic PDEs:

@vi

@t
.t; x/ D Avi .t; x/C Fi.x; v.t; x/; .rvig/.t; x//; 1 � i � m; t > 0; x 2 R

d I

v.0; x/ D �.x/; x 2 R
d :

On the other hand, we have that

v.t; x/ D Y
T�t;x
T�t D NY t;x0 ;

where f. NY t;xs ; NZt;x
s /I 0 � s � tg, solves the BSDE

NY t;xs D �.Xx
t /C

Z t

s

F .Xx
r ;

NY t;xr ; NZt;x
r /dr

�
Z t

s

NZt;x
r dBr ; 0 � s � t:

So we have a probabilistic representation for a system of forward parabolic PDEs,
which is valid on RC � R

d .

5.4.2 Parabolic Dirichlet Problem

We now combine the situation of the preceding subsection with that of Sect. 3.8.3,
and we consider the following system of parabolic semilinear PDEs with Dirichlet
boundary condition

8̂
ˆ̂̂<
ˆ̂̂̂
:

�@ui
@t
.t; x/Cˆi.t; x; u.t; x/;Dui .t; x/;D2ui .t; x// D 0;

.t; x/ 2 Œ0; T � �D; 0 � i � mI
u.T; x/ D �.x/; x 2 DI
u.t; x/ D �.t; x/; .t; x/ 2 Œ0; T � � @DI

(5.100)

where in addition to the situation in the previous subsection, we give ourselves a
function � 2 C.Œ0; T � � @D/. We assume that

�.T; x/ D �.x/; 8x 2 @D:
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Now, together with the SDE (5.97), for each .t; x/ 2 Œ0; T � �D we consider the
BSDE, for all s 2 Œt; T �

Y t;xs D �.�t;x ^ T;Xt;x
�t;x^T /C

Z T

s

1fr<�t;xgF.r;Xt;x
r ; Y t;xr ; Zt;x

r /dr �
Z T

s

Zt;x
r dBr :

(5.101)
Again Itô’s formula allows us to establish the following:

Theorem 5.40. Suppose that the above conditions on the coefficients and the
domain D are satisfied. Let u 2 C1;2.Œ0; T � � DIRm/ \ C.Œ0; T � � DIRm/ be
a classical solution of (5.100). Then for each .t; x/ 2 Œ0; T � �D,

f.u.s ^ �t;x; Xt;x
s^�t;x ; 1fs<�t;xg.rug/.s; Xt;x

s //; t � s � T g

is the solution of the BSDE (5.101).

We now wish to prove that u.t; x/ WD Y
t;x
t is a viscosity solution of (5.100). From

the discussion in Sect. 3.8.3, we deduce that the condition (3.111) is necessary for u
to be continuous.

We now prove the following:

Theorem 5.41. Under the above conditions, including those of Theorem 5.37 and
(3.111), u.t; x/ WD Y

t;x
t is a continuous function from Œ0; T � �D into R

m, and it is
the unique viscosity solution of (5.100).

Proof. Uniqueness follows from the arguments developed in Annex D. The conti-
nuity of u follows from Proposition 3.45 and the argument at the beginning of the
proof of Theorem 5.37.

Let us prove that u is a viscosity sub-solution. Let 1 � i � k, ' 2 C1;2.Œ0; T � �
R
d / and .t; x/ 2 Œ0; T / � D be such that ui � ' has a local maximum at .t; x/,

and ui .t; x/ D '.t; x/. If x 2 D, then the argument in the proof of Theorem 5.37
(with ˛ < d.x; @D/) establishes the required inequality. The same is true if .t; x/ 2
Œ0; T � � @Dnƒ (this time choosing ˛ < d..t; x/;ƒ/). Finally if .t; x/ 2 ƒ, then
�t;x D t , a.s., hence u.t; x/ D �.t; x/. The result follows. �

5.4.3 Parabolic Neumann Problem

We use again the notations from Sect. 5.4.1, and we add a nonlinear Neumann
condition on the boundary of the bounded open connected subset D of Rd , whose
boundary @D is assumed to be of class C2.

Let

G 2 C.Œ0; T � � @D � R
mIRm/
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be such that for some � > 0,

jG.t; x; y/ �G.t; x; y0/j � Kjy � y0j; (5.102)

for all .t; x/ 2 Œ0; T � � @D, y; y0 2 R
m.

We now consider the following system of semilinear parabolic PDEs with
nonlinear Neumann boundary condition:

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

�@ui
@t
.t; x/Cˆi.t; x; u.t; x/;Dui .t; x/;D2ui .t; x// D 0;

.t; x/ 2 Œ0; T � �D; 0 � i � mI
u.T; x/ D �.x/; x 2 DI
@ui
@n
.t; x/ �Gi.t; x; u.t; x// D 0; 1 � i � m; .t; x/ 2 Œ0; T � � @D:

(5.103)

Let Xt;x be the process solution of the reflected stochastic differential equation,
for all s 2 Œt; T; �, P-a:s.

8̂
ˆ̂̂<
ˆ̂̂̂
:

Xt;x
s CKt;x

s D x C
Z s

t

f .r; Xt;x
r /dr C

Z s

t

g.r; Xt;x
r /dBr ;

Xt;x
s 2 D;

Kt;x
s D

Z s

t

n.Xt;x
r /1@D

�
Xt;x
r

�
d lKt;xlr :

(5.104)

To each .t; x/ 2 Œ0; T � �D we associate the BSDE

Y t;xs D �.X
t;x
T /C

Z T

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r /dr (5.105)

C
Z T

s

G.r;Xt;x
r ; Y t;xr /d

xyKt;x
xy
r

�
Z T

s

Zt;x
r dBr ; t � s � T:

Itô’s formula again allows us to establish the following:

Theorem 5.42. Under the above assumptions on the coefficients and the domainD,
if u 2 C1;2.Œ0; T ��DIRm/\C0;1.Œ0; T ��DIRm/ is a classical solution of (5.103),
then for each .t; x/ 2 Œ0; T � � R

d , f.u.s; Xt;x
s /; .rug/.s; Xt;x

s //I t � s � T g is the
solution of the BSDE (5.104).

Inspired by [59] we now prove:

Theorem 5.43. Under the above conditions, including those of Theorem 5.37, if in
addition either G does not depend upon its third argument, or else the additional
assumptions from Proposition 5.83 below are satisfied, then u.t; x/ WD Y

t;x
t is a

continuous function from Œ0; T � �D into R
m, and it is the unique viscosity solution

of (5.103).

Proof. Uniqueness follows from a combination of the arguments in the proofs of
Theorems 6.106 and 6.112. If G does not depend upon its third argument, then
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the continuity of u follows from Corollary 4.56 combined with the argument at the
beginning of the proof of Theorem 5.37. In the other case, we refer to [46] for the
proof of the continuity of u. We now prove that u is a viscosity sub-solution. Let
1 � i � k, ' 2 C1;2.Œ0; T � � R

d / and .t; x/ 2 Œ0; T / �D be such that ui � ' has
a local maximum at .t; x/, and ui .t; x/ D '.t; x/. The case where x 2 D is treated
as in the proof of Theorem 5.37. Suppose now that x 2 @D. As usual we argue by
contradiction. Suppose that for some ˛ > 0, all .s; y/ 2 B..t; x/; ˛/ \D satisfy

8̂
<
:̂

�@'
@t
.s; y/Cˆi.s; y; u.s; y/;D'.s; y/;D2'.s; y// > 0;

@'

@n
.s; y/ �Gi.s; y; u.s; y// > 0; if y 2 @D:

The contradiction can now be established as in the proof of Theorem 5.37, making
use of the strict comparison result from Proposition 5.34. �

5.5 BSDEs with a Subdifferential Coefficient

5.5.1 Uniqueness

We extend the estimates and the uniqueness result in the case of the multivalued
BSDE

8
<
:

�dYt C @' .Yt / dt C @ .Yt / dAt
3 F .t; Yt ; Zt / dt CG .t; Yt / dAt �ZtdBt ; 0 � t < T;

YT D �;

(5.106)

where again T > 0 is a fixed deterministic time and @' and @ are subdifferential
operators attached to the convex lower semicontinuous functions '; W R

m !
��1;C1�.

Such multivalued backward stochastic differential equations are also called
backward stochastic variational inequalities (BSVI).

It is natural here to assume there exists a u0 2 R
m such that @' .u0/ ¤ ; and

@ .u0/ ¤ ;.

IfQt .!/
defD tCAt .!/ and f˛t W t 2 Œ0; T �g is a real positive P-m.s.p. (given by

the Radon–Nikodym representation theorem) such that 0 � ˛ � 1 and

dt D ˛tdQt and dAt D .1 � ˛t / dQt ;

then the Eq. (5.106) becomes

� �dYt C @y‰ .t; Yt / dQt 3 ˆ.t; Yt ; Zt / dQt �ZtdBt ; 0 � t < T;

YT D �;
(5.107)
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where

ˆ.!; t; y; z/
defD ˛t .!/ F .!; t; y; z/C .1 � ˛t .!//G .!; y/ ;

‰ .!; t; y/
defD ˛t .!/ ' .y/C .1 � ˛t .!//  .y/ ;

(we use the convention 0 � 1 D 0 and write @‰ for @y‰).
We also remark that if u0 2 Dom .@'/

T
Dom .@ /, Ou01 2 @' .u0/ and Ou02 2

@ .u0/, then

Out .!/ D ˛t .!/ Ou01 C .1 � ˛t .!// Ou02 2 @y‰ .!; t; u0/ :

We shall assume that the following assumptions hold:

�
BSVI-H�;‰;ˆ

� W (5.108)

(i ) � W � ! R
m is an FT -measurable random vector;

(ii) Q is a P-m.i.c.s.p. such that Q0 D 0;
(iii) .!; t/ 7�! ˛t .!/ W � � Œ0; T � ! Œ0; 1� is P-m.s.p. such that ˛tdQt D dt I
(iv) ˆ W ��Œ0; T ��R

m�R
m�k ! R

m satisfies the assumptions (5.13-BSDE-Hˆ);
(v) ‰ W � � Œ0; T � � R

m !� � 1;C1� satisfies

N ‰ .�; �; y/ is P-m.s.p. for all y 2 R
m,

N y 7�! ‰ .!; t; y/ W Rm !� � 1;C1� is a proper convex l.s.c. function,
N 9 u0 2 R

m and an R
m-valued P-m.s.p. .Out /t2Œ0;T � such that

.u0; Out / 2 @y‰ .!; t; �/ ; dP ˝ dt -a:e: .!; t/ 2 � � Œ0; T � :

�

Definition 5.44. A pair .Y;Z/ 2 S0m Œ0; T � � ƒ0
m�k .0; T / of stochastic processes

is a solution of the backward stochastic variational inequality (5.107) if there exist
K 2 S0m Œ0; T �, K0 D 0, such that

.a/ lKlT C
Z T

0

j‰ .t; Yt /j dQt C
Z T

0

jˆ.t; Yt ; Zt /j dQt < 1; a.s.;

.b/ dKt 2 @y‰ .t; Yt / dQt ; a.s. that is: P-a.s.;Z s

t

hy.r/ � Yr ; dKri C
Z s

t

‰.r; Yr /dQr �
Z s

t

‰.r; y.r//dQr ;

8y 2 C.Œ0; T �IRm/; 8 0 � t � s � T;

and P-a.s., for all t 2 Œ0; T �:

Yt CKT �Kt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a.s. (5.109)

(we also say that the triple .Y;Z;K/ is a solution of the Eq. (5.107)).
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Remark 5.45. If K is absolutely continuous with respect to dQt , i.e. there exists a
progressively measurable stochastic process U such that

Z T

0

jUt j dQt < 1; a.s. and Kt D
Z t

0

UsdQs; for all t 2 Œ0; T � ;

then dKt 2 @‰ .t; Yt / dQt means, P-a.s. ! 2 �,

Ut 2 @‰y .t; Yt / ; dQt -a.e.

In this case we also say that the triple .Y;Z;U / is a solution of the Eq. (5.107).

If dKt 2 @‰y .t; Yt / dQt , d QKt 2 @‰y.t; QYt /dQt and

Z T

0

j‰ .t; Yt /j dQt C
Z T

0

j‰.t; QYt /jdQt < 1; a.s.,

then, using the subdifferential inequalities

Z s

t

h QYr � Yr ; dKri C
Z s

t

‰.r; Yr /dQr �
Z s

t

‰.r; QYr/dQr ;Z s

t

hYr � QYr ; d QKri C
Z s

t

‰.r; QYr/dQr �
Z s

t

‰.r; Yr /dQr ;

we infer that, for all 0 � t � s � T

Z s

t

hYr � QYr ; dKr � d QKri � 0; a:s: (5.110)

Let a; p > 1 and

Vt D V
a;p
t

defD
Z t

0

�
	sdQs C a

2np
.`s/

2 ds

�
and N	t D

Z t

0

	sdQs:

Recall the notations

Spm
�
Œ0; T � I e N	� D ˚

Y 2 S0m .Œ0; T �/ W e N	Y 2 Spm .Œ0; T �/
�

and

S1Cm
�
Œ0; T � I e N	� D

[
p>1

Spm
�
Œ0; T � I e N	� :

Note that if 	 is a determinist process then Spm
�
Œ0; T � I e N	� D S

p
m .Œ0; T �/.

Proposition 5.46. Let the assumptions
�
BSVI-H�;‰;ˆ

�
be satisfied. Then for every

a; p > 1 there exists a constant Ca;p such that for all solutions .Y;Z/ 2 S0m Œ0; T ��
ƒ0
m�k .0; T / of the BSDE (5.107) satisfying
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E sup
s2Œ0;T �

epVs jYs � u0jp < 1;

the following inequality holds P-a:s., for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �
epVs jYs � u0jp C E

Ft

�Z T

t

e2Vs jZsj2 ds

�p=2

CE
Ft

�Z T

t

e2Vs j‰.s; Ys/ �‰ .s; u0/j dQs

�p=2

� Ca;p

�
E

Ft epVT j� � u0jp C E
Ft

�Z T

t

eVs ŒjOusj C jˆ.s; u0; 0/j� dQs

�p �
:

(5.111)

Proof. We have

Yt � u0 D � � u0 C
Z T

t

Œˆ .s; Ys; Zs/ dQs � dKs� �
Z T

t

ZsdBs :

Note that

hYt � u0; ˆ .t; Yt ; Zt /i dQt

D hYt � u0; .ˆ .t; Yt ; Zt / �ˆ.t; u0; Zt //i dQt

C hYt � u0; ˆ .t; u0; Zt / �ˆ.t; u0; 0/i dQt C hYt � u0; ˆ .t; u0; 0/i dQt

� jYt � u0j2 	tdQt C jYt � u0j jZt j `tdt C jYt � u0j jˆ.t; u0; 0/j dQt

� jYt � u0j jˆ.t; u0; 0/j dQt C jYt � u0j2 dV t C np

2a
jZt j2 dt;

where np D .p � 1/ ^ 1:
From the subdifferential inequalities we have

j‰.t; Yt / �‰ .t; u0/j � ‰.t; Yt / �‰ .t; u0/C 2 jOut j jYt � u0j ; and
Œ‰.t; Yt / �‰ .t; u0/� dQt � hYt � u0; dKt i ;

so

j‰.t; Yt / �‰ .t; u0/j dQt � hYt � u0; dKt i C 2 jOut j jYt � u0j dQt :

Hence

j‰.t; Yt / �‰ .t; u0/j dQt C hYt � u0; ˆ .t; Yt ; Zt / dQt � dKt i
� jYt � u0j Œ2 jOut j C jˆ.t; u0; 0/j� dQt C jYt � u0j2 dV t C np

2a
jZt j2 dt:

Now (5.111) follows from Proposition 5.2. �
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Corollary 5.47. Let p D 1. Let the assumptions
�
BSVI-H�;‰;ˆ

�
be satisfied and

ˆ.t; y; z/ 	 ˆ.t; y/ for all t 2 Œ0; T �, y 2 R
m and z 2 R

m�k (ˆ is independent of
zI `t 	 0 and Vt D N	t D R t

0
	sdQs). Let

dNt D ŒjOut j C jˆ.t; u0; 0/j� dQt :

If .Y;Z/ 2 S0m Œ0; T � �ƒ0
m�k .0; T / is a solution of the BSDE (5.107) satisfying

E sup
s2Œ0;T �

e N	s jYs � u0j < 1;

then the following inequality holds P-a:s., for all t 2 Œ0; T �:

e N	t jYt � u0j � E
Ft e N	T j� � u0j C E

Ft

Z T

t

e N	sdNs :

Moreover for every q 2 .0; 1/ there exists a constant Cq such that

sup
s2Œ0;T �

	
E
�
e N	s jYsj

� 
q C E sup
s2Œ0;T �

eq N	s jYsjq

CE

�Z T

0

e2 N	s jZsj2 ds

�q=2
C E

�Z T

0

e2 N	s j‰.s; Ys/ �‰ .s; u0/j dQs

�q=2

� Cq

"�
E
�
e N	T j� � u0j

� �q C
�
E

Z T

0

e N	sdNs

�q#
:

Proof. From the proof of Proposition 5.46 we have

j‰.t; Yt / �‰ .t; u0/j dQt C hYt � u0; ˆ .t; Yt ; Zt / dQt � dKt i
� jYt � u0j Œ2 jOut j C jˆ.t; u0; 0/j� dQt C jYt � u0j2 d N	t

and the conclusions follow by Corollary 6.81. �

Remark 5.48. A consequence of (5.111) is the following. Denoting

‚ D eVT j� � u0j C
Z T

0

eVs ŒjOusj C jˆ.s; u0; 0/j� dQs;

then for all t 2 Œ0; T �:

jYt j � ju0j C C1=p
a;p e�Vt �EFt ‚p

�1=p
; a:s: (5.112)

Corollary 5.49. Let p � 2, r0 > 0 and

‰#
u0;r0 .t/

defD sup f‰ .t; u0 C r0v/ W jvj � 1g :
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Then

r
p=2
0 E

�Z T

0

e2Vsd l K ls
�p=2

� C .r0/
a;p

�
E epVT j� � u0jp

CE

�Z T

0

e2Vs

‰#

u0;r0 .s/ �‰ .s; u0/
�

dQs

�p=2

CE

�Z T

0

eVs ŒjOusj C jˆ.s; u0; 0/j� dQs

�p �
:

(5.113)

Proof. Let v 2 C .Œ0; T � IRm/ be arbitrary. From the subdifferential inequality

hu0 C r0v .t/ � Yt ; dKt i C‰.t; Yt /dQt � ‰ .t; u0 C r0v .t// dQt ;

we deduce

r0d l K lt C‰.t; Yt /dQt � hYt � u0; dKt i C‰#
u0;r0 .t/ dQt :

Since

hYt � u0; Out i C‰ .t; u0/ � ‰.t; Yt /;

we see that

r0d l K lt� hYt � u0; dKt i C jOut j jYt � u0j dQt C 
‰#

u0;r0 .t/ �‰ .t; u0/
�

dQt :

Therefore

r0d l K lt C hYt � u0; ˆ .t; Yt ; Zt / dQt � dKt i
� 

‰#
u0;r0 .t/ �‰ .t; u0/

�
dQt C jYt � u0j ŒjOut j C jˆ.t; u0; 0/j� dQt

C jYt � u0j2 dV t C np

2a
jZt j2 dt:

(5.113) now follows by Proposition 5.2. �

Proposition 5.50 (Uniqueness). Let a; p > 1. Let the assumptions (5.108-BSVI-
H�;‰;ˆ) be satisfied. If .Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T � �ƒ0

m�k .0; T / are two solutions
of the BSDE (5.107) corresponding respectively to � and O� such that

E sup
s2Œ0;T �

epVs
ˇ̌
ˇYs � OYs

ˇ̌
ˇ
p

< 1;

then P-a:s., for all t 2 Œ0; T �:

epVt
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
p � E

Ft
�
epVT j� � O�jp� (5.114)
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and there exists a constant Ca;p such that, P-a.s., for all t 2 Œ0; T �:

E
Ft sup

s2Œt;T �
epVs

ˇ̌
ˇYs � OYs

ˇ̌
ˇ
p C E

Ft

�Z T

t

e2Vs
ˇ̌
ˇZs � OZs

ˇ̌
ˇ
2

ds

�p=2

� Ca;p E
Ft epVT j� � O�jp :

(5.115)

Uniqueness in the space S
p
m

�
Œ0; T � I eV � � ƒ0

m�k .0; T / follows. Moreover, if
.`t /t2Œ0;T � is a deterministic process, uniqueness of the solution .Y;Z/ of the
BSDE (5.107) holds in S1Cm

�
Œ0; T � I e N	� �ƒ0

m�k .0; T /.

Proof. Let .Y;Z/, . OY ; OZ/ 2 S0m .Œ0; T � 0/ � ƒ0
m�k .0; T / be two solutions corre-

sponding to � and O� respectively. Then

Yt � OYt D � � O�C
Z T

t

dLs �
Z T

t

	
Zs � OZs



dBs;

where

Lt D
Z t

0

h	
ˆ.s; Ys; Zs/ �ˆ

	
s; OYs; OZs




dQs �

	
dKs � d OKs


i
:

Since by (5.110)
D
Ys � OYs; dKs � d OKs

E
� 0, we have for all a > 1:

D
Yt � OYt ; dLt

E
�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
2

	tdQt C
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
ˇ̌
ˇZt � OZt

ˇ̌
ˇ `tdt

�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
2
�
	tdQt C a

2np
.`t /

2 dt

�
C np

2a

ˇ̌
ˇZt � OZt

ˇ̌
ˇ
2

dt;

where np D .p � 1/ ^ 1. (5.114) and (5.115) follow from Proposition 5.2 and,
consequently, uniqueness follows, too.

Let now .`t /t2Œ0;T � be a deterministic process. If .Y;Z/, . OY ; OZ/ 2 S1Cm .Œ0; T � I
e N	/ � ƒ0

m�k .0; T /, then there exists a p > 1 such that Y; OY 2 S
p
m

�
Œ0; T � I e N	� and

the uniqueness follows from the first step. �

Proposition 5.51 (Uniqueness). Let p D 1. Let the assumptions (5.108-BSVI-
H�;‰;ˆ) be satisfied and ˆ be independent of z 2 R

m�k (`t 	 0 and Vt D N	t DR t
0
	sdQs). If .Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T � � ƒ0

m�k .0; T / are two solutions of the
BSDE (5.107) corresponding respectively to � and O� such that

E sup
s2Œ0;T �

e N	s
ˇ̌
ˇYs � OYs

ˇ̌
ˇ < 1;

then P-a:s., for all t 2 Œ0; T �:

e N	t
ˇ̌
ˇYt � OYt

ˇ̌
ˇ � E

Ft
�
e N	T j� � O�j�
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and for every q 2 .0; 1/ there exists a constant Cq such that

sup
s2Œ0;T �

	
E

	
e N	s

ˇ̌
ˇYs � OYs

ˇ̌
ˇ

 
q C E sup

s2Œ0;T �
eq N	s

ˇ̌
ˇYs � OYs

ˇ̌
ˇ
q

CE

�Z T

0

e2 N	s
ˇ̌
ˇZs � OZs

ˇ̌
ˇ
2

ds

�q=2

� Cq

�
E
�
e N	T j� � O�j�

�q
:

Proof. Following the proof of Proposition 5.50 we now have

D
Yt � OYt ; dLt

E
�
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
2

	tdQt

and the conclusions follow by Corollary 6.81. �

5.5.2 Existence

We consider the following backward stochastic variational inequality (BSVI)

� �dYt C @' .Yt / dt 3 F .t; Yt ; Zt / dt �ZtdBt ; 0 � t < T;

YT D �;
(5.116)

and we suppose that the following assumptions hold:

(A1) � W � ! R
m is an FT -measurable random vector.

(A2) F W � � Œ0; T � � R
m � R

m�k ! R
m satisfies the assumptions (5.77-BSDE-

MHF ) (from Sect. 5.3.4).
(A3) ' W Rm ! .�1;C1� is a proper, convex l.s.c. function.

Recall that the subdifferential of ' is given by

@' .y/ D f Oy 2 R
m W h Oy; v � yi C ' .y/ � ' .v/ ; 8 v 2 R

mg ;

and by .y; Oy/ 2 @' we understand that y 2 Dom .@'/ and Oy 2 @' .y/.
We define

Dom .'/ D fy 2 R
m W ' .y/ < 1g ;

Dom .@'/ D fy 2 R
m W @' .y/ ¤ ;g � Dom .'/ :

Let " > 0 and denote the Moreau regularization of ' by

'" .y/
defD inf

�
1

2"
jy � vj2 C ' .v/ W v 2 R

m

�
D 1

2"
jy � J" .y/j2 C ' .J" .y// ;

(5.117)
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where J" .y/ D .Im�m C "@'/�1 .y/. Note that '" is a C1 convex function and J"
is a 1-Lipschitz function.

We mention some properties (see Annex B: Convex Functions): for all x; y 2 R
m

.a/ r'".y/ D @'" .y/ D y � J" .y/
"

2 @'.J"y/;
.b/ jr'".x/ � r'".y/j � 1

"
jx � yj ;

.c/ hr'".x/ � r'".y/; x � yi � 0;

.d/ hr'".x/ � r'ı.y/; x � yi � �."C ı/ hr'".x/;r'ı.y/i :

(5.118)

Throughout this subsection we fix a pair .u0; Ou0/ 2 @'. Then by (6.26) from Annex
B we have

8
<
:
.j / jr'" .u0/j � jOu0j ;
. jj/

jy � J" .y/j2
2"

� '" .y/ � ' .u0/C jOu0j jy � u0j C " jOu0j2 :
(5.119)

We will make the following assumption:

(A4) There exist p � 2, a positive stochastic process ˇ 2 L1 .� � .0; T //, a
positive function b 2 L1 .0; T / and real numbers � � 0, � 2�0; 1Œ such that

for all .u; Ou/ 2 @' and z 2 R
m�k W

hOu; F .t; u; z/i � � jOuj2 C ˇt C b .t/ jujp C � jzj2
dP ˝ dt -a.e., .!; t/ 2 � � Œ0; T � :

(5.120)

We note that if hOu; F .t; u; z/i � 0 for all .u; Ou/ 2 @', then the condition (5.120)
is satisfied with ˇt D b .t/ D � D 0. If for example ' D ID (the convex indicator of
the closed convex setD) and ny denotes any unit outward normal vector toD at y 2
Bd
�
D
�
, then the condition

˝
ny; F .t; y; z/

˛ � 0 for all y 2 Bd
�
D
�

yields (5.120)
with ˇt D b .t/ D � D 0 (for example). In this last case by Itô’s formula for

 
� QY � D 

distD
� QY ��2, where

� �d QYt D F
�
t; QYt ; QZt

�
dt � QZtdBt ; 0 � t < T;

QYT D �;

and by the uniqueness of the triple .Y;Z;U / satisfying (5.107) we infer that
.Y;Z;U / D � QY ; QZ; 0�.
Theorem 5.52 (Existence - Uniqueness). Let p � 2 and assumptions (A1�A4) be
satisfied with this p. Suppose moreover that, for all � � 0,

E j�jp C E'C .�/C E

�Z T

0

F #
� .s/ds

�p
< 1:
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Then there exists a unique pair .Y;Z/ 2 S
p
m Œ0; T � � ƒ

p

m�k .0; T / and a unique
stochastic process U 2 ƒ2

m .0; T / such that

.a/

Z T

0

jF.t; Yt ; Zt /j dt < 1; P-a.s.;

.b/ Yt .!/ 2 Dom .@'/ ; dP ˝ dt -a.e. .!; t/ 2 � � Œ0; T � ;

.c/ Ut .!/ 2 @' .Yt .!// ; dP ˝ dt -a.e. .!; t/ 2 � � Œ0; T � ;

and for all t 2 Œ0; T �:

Yt C
Z T

t

Usds D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a.s. (5.121)

Moreover, uniqueness holds in S1Cm Œ0; T � �ƒ0
m�k .0; T /, where

S1Cm Œ0; T �
defD
[
p>1

Spm Œ0; T � :

Proof. Let .Y;Z/, . QY ; QZ/ 2 S1Cm Œ0; T � � ƒ0
m�k .0; T / be two solutions. Then

Y; QY 2 Spm Œ0; T �, for some p. Uniqueness follows from Proposition 5.50.
The proof of the existence will be split into several steps.

Step 1. Approximating problem.

For " 2 .0; 1� consider the approximating equation: P-a:s., for all t 2 Œ0; T �,

Y "t C
Z T

t

r'"
�
Y "s
�

ds D �C
Z T

t

F
�
s; Y "s ; Z

"
s

�
ds �

Z T

t

Z"
sdBs; (5.122)

where r'" is the gradient of the Moreau regularization '" of '. It follows
(without assumption (A4)) from Theorem 5.27 that Eq. (5.122) has a unique
solution .Y "; Z"/ 2 Spm Œ0; T � �ƒp

m�k .0; T /.

Step 2. Boundedness of Y " and Z".
Let .u0; Ou0/ 2 @', a > 1 and

V .t/ D V
a;p
t

defD
Z t

0

�
	 .s/C a

2np
`2 .s/

�
ds D

Z t

0

h
	 .s/C a

2
`2 .s/

i
ds

(p � 2 yields np D 1 ^ .p � 1/ D 1).

Let .u0; Ou0/ 2 @' be fixed. From Proposition 5.46 with ‰ replaced by '" and
dQs by ds, there exists a constant Ca;p (depending only on a and p) such that the
following inequality holds P-a:s., for all t 2 Œ0; T �:
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E
Ft sup

s2Œt;T �
epVs jY "s � u0jp C E

Ft

�Z T

t

e2Vs j'".Y "s / � '" .u0/j ds

�p=2

CE
Ft

�Z T

t

e2Vs jZ"
s j2 ds

�p=2

� Ca;p

�
E

Ft epVT j� � u0jp C E
Ft

�Z T

t

eVs Œjr'" .u0/j C jF .s; u0; 0/j� ds

�p �
:

(5.123)
Note that jr'" .u0/j � jOu0j and j'" .u0/j � ' .u0/ C jOu0j2. Hence there exists a

constant C independent of " such that

.a/ E kY "k2T � �
E kY "kpT

�2=p � C;

.b/ E

Z T

0

jZ"
s j2 ds �

�
E

	Z T

0

jZ"
s j2 ds


p=2�2=p � C;

.c/ E

Z T

0

j'".Y "s /j ds �
�
E

	Z T

0

j'".Y "s /j ds

p=2�2=p � C:

(5.124)

Throughout the proof we shall fix a D 2 and therefore

Vt D
Z t

0


	 .s/C `2 .s/

�
ds:

Step 3. Boundedness of r'".Y "/.
Using the following stochastic subdifferential inequality given by Lemma 2.38

'".Y
"
t /C

Z T

t

hr'".Y "s /; dY"si � '".Y
"
T / D '".�/ � '.�/;

we deduce that, for all t 2 Œ0; T �,

'".Y
"
t /C

Z T

t

jr'".Y "s /j2 ds � '.�/C
Z T

t

˝r'".Y "s /; F
�
s; Y "s ; Z

"
s

�˛
ds

�
Z T

t

hr'".Y "s /; Z"
sdBsi :

(5.125)

Since jr'" .y/j � jr'" .y/ � r'" .u0/ j C jr'" .u0/j � 1

"
jy � u0j C jOu0j and

E

�Z T

0

jr'"
�
Y "s
� j2jZ"

s j2ds

�1=2

� 1

"
E

"
sup
s2Œ0;T �

jr'"
�
Y "s
� j
	Z T

0

jZ"
s j2ds


1=2#
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�
"
2

"2
E sup
s2Œ0;T �

jY "s � u0j2 C 2 jOu0j2
#

C E

�Z T

0

jZ"
s j2ds

�

< 1;

we have

E

Z T

t

hr'".Y "s /; Z"
sdBsi D 0:

Under assumption (A4), since r'".Y "s / 2 @' �J"
�
Y "s
��

, it follows that

˝r'".Y "s /; F
�
s; Y "s ; Z

"
s

�˛

D 1

"

˝
Y "s � J"

�
Y "s
�
; F

�
s; Y "s ; Z

"
s

� � F �s; J"
�
Y "s
�
; Z"

s

�˛

C ˝r'".Y "s /; F
�
s; J"

�
Y "s
�
; Z"

s

�˛

� 1

"
	C .s/

ˇ̌
Y "s � J"

�
Y "s
�ˇ̌2 C � jr'".Y "s /j2 C ˇs C b .s/

ˇ̌
J"
�
Y "s
�ˇ̌p C � jZ"

s j2 :
(5.126)

Using here the inequalities (5.119), then from (5.125) we infer that for all t 2 Œ0; T �,

E'".Y
"
t /C .1 � �/E

Z T

t

jr'".Y "s /j2 ds � E'.�/C 2

Z T

t

	C .s/E'".Y "s /ds

C C E

Z T

t

	h
1C ˇs C b .s/

�
1C jY "s � u0jp

�C � jZ"
s j2
i


ds

which yields, via estimates (5.124) and the backward Gronwall inequality (Corol-
lary 6.62), that there exists a constant C > 0 independent of " 2 .0; 1� such that

.a/ E'".Y
"
t /C E

Z T

0

jr'".Y "s /j2 ds � C;

.b/ E
ˇ̌
Y "t � J"

�
Y "t
�ˇ̌2 � C":

(5.127)

Step 4. Cauchy sequence and convergence.

Let "; ı 2 .0; 1�.
We can write

Y "t � Y ıt D
Z T

t

dK";ıs �
Z T

t

Z"
sdBs;

where

K
";ı
t D

Z t

0


F
�
s; Y "s ; Z

"
s

� � F �s; Y ıs ; Zı
s

� � r'"
�
Y "s
�C r'ı

�
Y ıs
��

ds:
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Then

hY "t �Y ıt ; dK";ıt i � ."Cı/hr'".Y "t /;r'ı.Y ıt /idtCjY "t �Y ıt j2dV tC 1

4
jZ"

t �Zı
t j2dt;

and by Proposition 5.2, with a D p D 2,

E sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌2 C E

Z T

0

ˇ̌
Z"
s �Zı

s

ˇ̌2
ds

� C E

Z T

0

."C ı/
˝r'".Y "s /;r'ı.Y ıs /

˛
ds

� 1

2
C."C ı/

�
E

Z T

0

jr'".Y "s /j2 ds C E

Z T

0

ˇ̌r'ı.Y ıs /
ˇ̌2

ds

�

� C 0."C ı/:

Hence there exist .Y;Z;U / 2 S2m Œ0; T ��ƒ2
m�k .0; T /�ƒ2

m .0; T / and a sequence
"n & 0 such that

Y "n ! Y; in S2m Œ0; T � and a.s. in C .Œ0; T � IRm/ ;
Z"n ! Z; in ƒ2

m�k .0; T / and a.s. in L2
�
0; T IRm�k� ;

r'".Y "/ * U; weakly in ƒ2
m .0; T / ;

J"n .Y
"n/ ! Y; in ƒ2

m .0; T / and a.s. in L2 .0; T IRm/ :

Passing to the limit in (5.122) we conclude that

Yt C
Z T

t

Usds D �C
Z T

t

F .s; Ys; Zs/ ds �
Z T

t

ZsdBs; a.s.

Since r'".Y "s / 2 @'
�
J"
�
Y "s
��

it follows that for all A 2 F , 0 � s � t � T and
v 2 S2m Œ0; T �,

E

Z t

s

1A hr'".Y "r /; vr � Y "r i dr C E

Z t

s

1A'.J"
�
Y "r
�
/dr � E

Z t

s

1A'.vr/dr:

Passing to lim inf for " D "n & 0 in the above inequality we obtain that Us 2
@' .Ys/. Hence .Y;Z;U / 2 S

p
m Œ0; T � � ƒ

p

m�k .0; T / � ƒ2
m .0; T / and .Y;Z;K/,

with Kt D
Z t

0

Usds, is the solution of BSVI (5.116). The proof is complete. �

Remark 5.53. The existence Theorem 5.52 is well adapted to the Hilbert space
setting, since we do not impose an assumption of the form

int .Dom .'// ¤ ;;
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which is very restrictive for infinite dimensional spaces. In the context of Hilbert
spaces Theorem 5.52 holds in the same form (see [57] where some examples of
partial differential backward stochastic variational inequalities are given too).

Let .u0; Ou0/ 2 @' be fixed. From the inequality (5.123) we have for a D p D 2

e2V .t/ jY "t � u0j2 � Ca;p

�
E

Ft e2V..T / j� � u0j2

C E
Ft

�Z T

t

eV .s/ ŒjOu0j C jF .s; u0; 0/j� ds

�2 �
;

and consequently if j�j C
Z T

0

jF .s; u0; 0/j ds � M0, then a.s. for all t 2 Œ0; T �,

jY "t j � R0 D ju0j C C e2kV kT .ju0j C T jOu0j CM0/ : (5.128)

Corollary 5.54. If in Theorem 5.52 we replace the assumption (A4) by

(A5) There exist M0;L > 0 such that:

.i/ 0 � `t � L; a.e., t 2 Œ0; T � ;

.ii/ j�j C
Z T

0

jF .s; u0; 0/j ds � M0; a.s.,! 2 �;

.iii/ 9R0 > 0 sufficient large such that

E

Z T

0

�
F #
R0
.s/
�2

ds < 1;

(in the proof R0 is defined by (5.128)) the conclusions of Theorem 5.52 hold.

Proof. Let R0 be defined by (5.128). The proof follows the same steps and com-
putations as in Theorem 5.52 with the modification of Step 3: the estimate (5.126)
now takes the following form (considering (5.128)),

˝r'".Y "s /; F
�
s; Y "s ; Z

"
s

�˛ � jr'".Y "s /j
ˇ̌
F
�
s; Y "s ; 0

�ˇ̌C jr'".Y "s /jL jZ"
s j

� 1

2
jr'".Y "s /j2 C �

F #
R0
.s/
�2 C L2 jZ"

s j2 :

Using this inequality in (5.125) we directly obtain (5.127). �

Remark 5.55. We note that if F .!; t; y; z/ D F .y; z/, then the assumption (A5)
becomes j�j � M0; a.s., ! 2 �.
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Remark 5.56. In the particular case where ' is the convex indicator of a convex
subset D � R

m, the BSDE (5.116) is a reflected BSDE. As first noted in [34], the
process K which maintains the solution inside D is absolutely continuous, unlike
in the case of forward SDEs. The intuitive reason for this is that K does not need
to fight against the martingale term. The situation is probably quite different in the
case of nonconvex sets, but reflecting BSDEs at the boundary of nonconvex sets
remains an open problem. The theory of reflected BSDEs was initiated in [25],
where reflection in R above a given continuous adapted process was considered.

5.6 BSDEs with Random Final Time

5.6.1 BSDEs with a Monotone Coefficient

Let us now discuss the existence and uniqueness of a solution to an equation which
we would like to write as

Yt D �C
Z 1

t

ˆ .s; Ys; Zs/ dQs �
Z 1

t

ZsdBs; a:s:; 8 t � 0: (5.129)

In most cases the above integrals will not make sense. For this reason we shall give
below a weaker formulation of the above BSDE.

We formulate the following assumptions:

.BSDE-H1/ (5.130)

.i/ p; a > 1, np D 1 ^ .p � 1/,
.ii/ � 2 Lp .�;F1;PIRm/ and .�; �/ 2 S

p

d � ƒ
p

d�k .0;1/ is the unique pair
such that

�t D � �
Z 1

t

�sdBs; t � 0; a:s:;

(in particular .�t /t�0 is given by �t D E
Ft �).

.iii/ .!; t/ 7�! Qt .!/ W � � Œ0;1Œ! R is a P-m.i.c.s.p. such that Q0 D 0.

� 8 y 2 R
m, z 2 R

m�k , the function ˆ.�; �; y; z/ W � � Œ0;1Œ! R
m is

P-measurable;
� there exist ` 2 L2loc .RCIRC/ (a deterministic function) and two P-m.s.p
	; ˛ W � � Œ0;1Œ! R, ˛ � 0, such that ˛tdQt D dt and

Z T

0

j	t jdQt < 1; for all T > 0;P-a.s.I
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� for all y; y0 2 R
m and z; z0 2 R

m�k; dP ˝ dQt -a:e.:

Continuity:�
Cy
�

y �! ˆ.t; y; z/ W Rm ! R
m is continuousI

Monotonicity condition:�
My

� hy0 � y;ˆ.t; y0; z/ �ˆ.t; y; z/i � 	t jy0 � yj2 I
Lipschitz condition:

.Lz/ jˆ.t; y; z0/ �ˆ.t; y; z/j � ˛t ` .t/ jz0 � zjI
Boundedness condition:

�
By
� Z T

0

ˆ#
� .s/ dQs < 1; 8 �; T � 0;

(5.131)

�

where ˆ#
� .t/ D sup fjˆ.t; y; 0/j W jyj � �g.

Define

N	t D
Z t

0

	sdQs

and

Spm
�
e N	� D

(
Y 2 S0m W E sup

s2Œ0;T �

ˇ̌
e N	sYs

ˇ̌p
< 1 for all T � 0

)
:

Note that

N	t � N	C
t � �� N	C��

t
D sup

s2Œ0;t �

�Z s

0

	rdQr

�C
�
Z t

0

	C
r dQr :

Finally we recall the usual notation

Vt D V
a;p
t

defD
Z t

0

	sdQs C a

2np

Z t

0

`2 .s/ ds: (5.132)

Theorem 5.57. Let p; a > 1 and V be defined by (5.132). Let the assumptions
.BSDE-H1/ be satisfied and

.i/ E

 
sup
t2Œ0;T �

ep N	t j�jp
!
< 1 < 1; for all T � 0;

.ii/ E

�Z 1

0

eVt jˆ.t; �t ; �t /j dQt

�p
< 1:
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If, moreover, for all � � 0

.h1/ E

	Z T

0

sup
jyj��

ˇ̌
e N	tˆ

�
s; e� N	t y; 0

� � 	ty
ˇ̌
dQt


p
< 1, or

.h2/ 	 � 0 and E

	Z T

0

e N	t sup
jyj��

jˆ.t; y; 0/j dQs


p
< 1,

then there exists a unique solution .Yt ; Zt /t�0 2 S0m �ƒ0
m�k of the BSDE (5.129) in

the sense that (here 80 � t � T means for all t and all T such that 0 � t � T )

8̂
ˆ̂̂
<
ˆ̂̂̂
:

.j / Yt D YT C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a:s:; 8 0 � t � T;

. jj/ E sup
0�t�T

epVs jYsjp < 1; for all T � 0;

. jjj/ lim
T!1 E epVT jYT � �T jp D 0:

(5.133)

Moreover

E

�Z T

0

e2Vs jZsj2 ds

�p=2
< 1; for all T � 0;

and there exists a constant Ca;p depending only on .a; p/ such that for all t � 0,

E
Ft sup

s�t
ˇ̌
eVs .Ys � �s/

ˇ̌p C E
Ft

�Z 1

t

e2Vs jZs � �sj2 ds

�p=2

� Ca;pE
Ft

�Z 1

t

eVs jˆ.s; �s; �s/j dQs

�p
; a:s:

(5.134)

Proof. Uniqueness. If .Y;Z/ and
	 OY ; OZ



are two solutions of (5.133) in the space

S
p
m

�
e N	� � ƒ0

m�k D S
p
m

�
eV
� � ƒ0

m�k . Then from (5.24) there exists a positive
constant Ca;p depending only on .a; p/, such that

E

 
sup
t2Œ0;T �

epVt
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
p

!
C E

�Z T

0

e2Vs
ˇ̌
ˇZs � OZs

ˇ̌
ˇ
2

ds

�p=2

� Ca;pE e
pVT

ˇ̌
ˇYT � OYT

ˇ̌
ˇ
p ! 0; as T ! 1;

where we have used ..5:133/.jj //. Uniqueness follows.

Existence. Note that

�t D E
Fn� �

Z n

t

�sdBs; t 2 Œ0; n� ; a:s:;
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and since E
�
supt2Œ0;T � ep N	t j�jp� < 1, by Corollary 6.83

E sup
t2Œ0;T �

ep N	t j�t jp C E

�Z T

0

e2 N	t j�t j2 dt
�p=2

� Cp E

 
sup
t2Œ0;T �

ep N	t j�jp
!
< 1:

(5.135)
Hence

.�; �/ 2 Spm
�
Œ0; T � I e N	� �ƒp

m�k
�
0; T I e N	�

	 Spm
�
Œ0; T � I eV � �ƒp

m�k
�
0; T I eV � :

For any fixed n 2 N
�, we consider the approximating equation

Y nt D E
Fn�C

Z n

t

ˆ
�
s; Y ns ; Z

n
s

�
dQs �

Z n

t

Zn
s dBs; t 2 Œ0; n� ; a:s:

By Lemma 5.29, this equation has a unique solution .Y n;Zn/ 2 S
p
m

�
Œ0; n� I e N	� �

ƒ
p

m�k
�
0; nI e N	�. We set Y ns D �s and Zn

s D �s for s > n.
Since the approximating equation can be written in the form: P-a.s., for all t 2

Œ0; n�,

Y nt � �t D
Z n

t

ˆ
�
s; �s C �

Y ns � �s
�
; �s C �

Zn
s � �s

��
dQs �

Z n

t

�
Zn
s � �s

�
dBs;

we deduce from (5.19) that P-a.s., for all 0 � t � n,

E
Ft sup

s�t
epVs jY ns � �sjp C E

Ft

�Z 1

t

e2Vs jZn
s � �sj2 ds

�p=2

� Ca;pE
Ft

�Z n

t

eVs jˆ.s; �s; �s/j dQs

�p

� Ca;pE
Ft

�Z 1

t

eVs jˆ.s; �s; �s/j dQs

�p
(5.136)

where Ca;p is a constant depending only upon .a; p/. In particular for i 2 N
�:

E sup
s�n

��eVs �Y nCi
s � �s

���p C E

�Z 1

n

e2Vs
ˇ̌
ZnCi
s � �s

ˇ̌2
ds

�p=2

� Ca;pE

�Z 1

n

eVs jˆ.s; �s; �s/j dQs

�p
! 0; as n ! 1:

(5.137)

Note that by uniqueness

Y nCi
t D Y nCi

n C
Z n

t

ˆ
�
s; Y nCi

s ; ZnCi
s

�
dQs �

Z n

t

ZnCi
s dBs; t 2 Œ0; n� ; a:s:
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Using the inequality (5.24) in this context we infer that

E

 
sup
t2Œ0;n�

epVt
ˇ̌
Y nCi
t � Y nt

ˇ̌p
!

C E

�Z n

0

e2Vs
ˇ̌
ZnCi
s �Zn

s

ˇ̌2
ds

�p=2

� Ca;pE e
pVn

ˇ̌
Y nCi
n � �n

ˇ̌p ! 0; as n ! 1:

Hence

E

 
sup
s�0

epVs
ˇ̌
Y nCi
s � Y ns

ˇ̌p
!

C E

�Z 1

0

e2Vs
ˇ̌
ZnCi
s �Zn

s

ˇ̌2
ds

�p=2

� E

 
sup
s2Œ0;n�

epVs
ˇ̌
Y nCi
s � Y ns

ˇ̌p
!

C 2p=2E

�Z n

0

e2Vs
ˇ̌
ZnCi
s �Zn

s

ˇ̌2
ds

�p=2

C E

�
sup
s>n

epVs
ˇ̌
Y nCi
s � �s

ˇ̌p�C 2p=2E

�Z 1

n

e2Vs
ˇ̌
ZnCi
s � �s

ˇ̌2
ds

�p=2

! 0; as n ! 1:

This shows there exist progressively measurable stochastic processes Y W RC�� !
R
m and Z W RC �� ! R

m�k such that

lim
n!1E

 
sup
s�0

epVs jY ns � Ysjp
!

C E

�Z 1

0

e2Vs jZn
s �Zsj2 ds

�p=2
D 0: (5.138)

From (5.136) we deduce by letting n ! 1 that for all t � 0, P-a.s.,

E
Ft sup

s�t
ˇ̌
eVs .Ys � �s/

ˇ̌p C E
Ft

�Z 1

t

e2Vs jZs � �sj2 ds

�p=2

� Ca;pE
Ft

�Z 1

t

eVs jˆ.s; �s; �s/j dQs

�p
:

(5.139)

Since .�; �/ 2 S
p
m

�
Œ0; T � I eV � � ƒp

m�k
�
0; T I eV �, for all T > 0, it clearly follows

from (5.139) that

E sup
s2Œ0;T �

ˇ̌
eVsYs

ˇ̌p C E

�Z T

0

e2Vs jZsj2 ds

�p=2
< 1:

Let 0 � t � T � n. Now by Lemma 5.5 we can pass to the limit in

Y nt D Y nT C
Z T

t

ˆ
�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs; a:s:; t 2 Œ0; T � (5.140)
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and taking into account (5.139) we deduce that .Y;Z/ satisfies (5.133). The proof
is complete.

Remark 5.58. If, moreover, there exists a constant b such that supt�0 Vt � b,
P-a.s., then the conditions (5.143-.jjj/) can be replaced by the stronger statement
than (5.133):

�
jjj0
�

lim
T!1 E epVT jYT � �jp D 0: (5.141)

Indeed using the backward Burkholder–Davis–Gundy inequality (2.51) we have

cpE

�Z 1

t

j�r j2 dr

�p=2
� E sup

s�t
j� � �sjp � CpE

�Z 1

t

j�r j2 dr

�p=2
:

�

Let � W � ! Œ0;1� be a stopping time and � 2 Lp .�;F� ;PIRm/, p > 1. We
now consider the BSDE

Yt D �C
Z �

t^�
ˆ .s; Ys; Zs/ dQs �

Z �

t^�
ZsdBs; a:s:; 8 t � 0; (5.142)

in the sense which will be made precise in the next theorem. Plainly the
BSDE (5.142) a particular case of Eq. (5.129) where ˆ is of the form 1Œ0;��ˆ,
since by Lemma 2.43 Zt D 0 for all t > � .

Recall that the unique pair .�; �/ 2 Spd �ƒp

d�k .0;1/ such that

�t D � �
Z 1

t

�sdBs; t � 0; a:s:;

satisfies �t D E
Ft^� � and �t D 1Œ0;�� .t/ �t .

Define

Vt
defD
Z t^�

0

	sdQs C a

2np

Z t^�

0

`2 .s/ ds and N	t D
Z t^�

0

	sdQs:

We deduce from Theorem 5.57:

Corollary 5.59. Let a; p > 1 and � W � ! Œ0;1� be a stopping time. Let the
assumptions .BSDE-H1/ with ˆ.s; y; z/ D 1Œ0;�� .s/ˆ .s; y; z/ be satisfied and
� 2 Lp .�;F� ;PIRm/. Assume moreover

.i/ E

	
epk N	CkT^� j�jp



< 1; for all T � 0;

.ii/ E

�Z �

0

eVt jˆ.t; �t ; �t /j dQt

�p
< 1;
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and for all � � 0

.h1/ E

	Z T^�

0

sup
jyj��

ˇ̌
e N	tˆ

�
s; e� N	t y; 0

� � 	ty
ˇ̌
dQt


p
< 1, or

.h1/ 	 � 0 and E

	Z T^�

0

e N	t sup
jyj��

jˆ.t; y; 0/j dQs


p
< 1.

.A/ Then there exists a unique solution .Yt ; Zt /t�0 2 S0m�ƒ0
m�k , .Yt ; Zt / D .�; 0/

if t > � , of the BSDE (5.142) in the sense that

8̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂:

.j / Yt D YT C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a:s:;

for all 0 � t � T;

. jj/ E sup
s2Œ0;T �

epVs jYsjp < 1; for all T � 0;

. jjj/ lim
T!1 E epVT^� jYT^� � �T^� jp D 0:

(5.143)

Moreover

E

�Z �

0

e2Vs jZsj2 ds

�p=2
< 1

and there exists a constant Ca;p depending only on .a; p/ such that for all
t � 0,

E sup
t^��s��

ˇ̌
eVs .Ys � �s/

ˇ̌p C E

�Z �

t^�
e2Vs jZs � �sj2 ds

�p=2

� Ca;pE

�Z �

t^�
eVs jˆ.s; �s; �s/j dQs

�p
:

(5.144)

.B/ If, moreover, there exists a constant b such that sup0�t�� Vt � b, P-a.s., then
the conditions (5.143-.jjj/) can be replaced by

�
jjj0
�

lim
T!1 E epVT^� jYT^� � �jp D 0: (5.145)

�

5.6.2 BSVIs with Random Final Time

In this section we are interested in the following generalized backward stochastic
variational inequality (BSVI for short):
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8̂
ˆ̂̂<
ˆ̂̂̂
:

Yt C
Z �

t^�
dKs D �C

Z �

t^�
ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs�

�
Z �

t^�
ZsdBs; t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt on RC;

(5.146)

where @', @ are the subdifferentials of the convex lower semicontinuous functions
',  , fAt W t � 0g is a progressively measurable increasing continuous stochastic
process, and � is a stopping time.

In fact we will define and prove the existence of the solution for an equivalent
form of (5.146):

8
<
:
Yt C

Z 1

t

dKs D �C
Z 1

t

ˆ .s; Ys; Zs/ dQs �
Z 1

t

ZsdBs; t � 0;

dKt 2 @y‰ .t; Yt / dQt ; on RC;
(5.147)

with Q, ˆ and ‰ adequately defined.
We mention that the presence of the process A is justified by the possible

applications of Eq. (5.146) in obtaining a probabilistic interpretation for the solution
of PDEs with Neumann boundary conditions; since � is a stopping time the
BSVI (5.146) can be used for elliptic PDEs.

Because (5.146) is quite a complicated equation, in order to simplify the
presentation we shall restrict ourselves to p D 2. The case p � 2 can be found
in [47].

We begin to give the main assumptions for this section.

(A1) The random variable � W � ! Œ0;1� is a stopping time.
(A2) The random variable � W � ! R

m is F� -measurable, E j�j2 < 1 and the
stochastic process .�; �/ 2 S2m �ƒ2

m�k .0;1/ is the unique pair associated to
� given by the martingale representation formula (Corollary 2.44)

8
<
:
�t D � �

Z 1

t

�sdBs; t � 0; a.s.,

�t D E
Ft � D E

Ft^� � and �t D 1Œ0;�� .t/ �t :

(A3) The process fAt W t � 0g is a progressively measurable increasing continuous
stochastic process such that A0 D 0,

Qt .!/ D t C At .!/ ;

and f˛t W t � 0g is a real positive p.m.s.p. (given by the Radon–Nikodym
representation theorem) such that ˛ 2 Œ0; 1� and

dt D ˛tdQt and dAt D .1 � ˛t / dQt :
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(A4) The functions F W ��RC �R
m�R

m�k ! R
m and G W ��RC �R

m ! R
m

are such that

�
F .�; �; y; z/ ; G .�; �; y/ are p.m.s.p., for all .y; z/ 2 R

m � R
m�k ,

F .!; t; �; �/ ; G .!; t; �/ are continuous functions, dP ˝ dt -a.e.,

and P-a.s.,

Z T

0

F #
� .s/ ds C

Z T

0

G#
� .s/ dAs < 1; 8 �; T � 0;

where

F #
� .!; s/ WD sup

jyj��
jF .!; s; y; 0/j ; G#

� .!; s/ WD sup
jyj��

jG .!; s; y/j :

(A5) Assume that there exist three progressively measurable positive stochastic
processes 	; �; ` W � � RC ! RC such that

Z T

0

	
	s C .`s/

2



ds C
Z T

0

�sdAs < 1; for all T > 0; P-a.s.,

and P-a.s. ! 2 �, for all t 2 Œ0; � .!/�, y; y0 2 R
m, z; z0 2 R

m�k ,

.i/ hy0 � y; F.t; y0; z/ � F.t; y; z/i � 	t jy0 � yj2 ;
.ii/ hy0 � y;G.t; y0/ �G.t; y/i � �t jy0 � yj2 ;
.iii/ jF.t; y; z0/ � F.t; y; z/j � `t jz0 � zj :

(5.148)

Let us introduce the functions

H .!; t; y; z/ WD 1Œ0;�.!/� .t/ Œ˛t .!/ F .!; t; y; z/C .1 � ˛t .!//G .!; t; y/� ;
N	t WD

Z t

0

1Œ0;�� .s/ 	sds; N�t WD
Z t

0

1Œ0;�� .s/ �sdAs;

�t WD 1Œ0;�� .t/ Œ	t˛t C �t .1 � ˛t /� ; N�t WD
Z t

0

1Œ0;�� .s/ �sdQs D N	t C N�t ;

�t D 1Œ0;�� .t/ ˛t `t ; O�t D
Z t

0

1Œ0;�� .s/ .`s/
2 ˛sdQs D

Z t^�

0

.`s/
2 ds:

(5.149)
The relations (5.148) yield

.a/ hy0 � y;H.t; y0; z/ �H.t; y; z/i � �t jy0 � yj2 ;

.b/ jH.t; y; z0/ �H.t; y; z/j � �t jz0 � zj : (5.150)

Let

Vt D
Z t

0

1Œ0;�� .s/
 	
	s C .`s/

2


˛s C �s .1 � ˛s/

�
dQs D N�t C O�t : (5.151)
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Concerning ' and  we shall assume:

(A6) '; W R
m ! Œ0;C1� are proper convex lower semicontinuous (l.s.c.)

functions, @' and @ are the subdifferentials of ' and  , respectively, and
there exists a u0 2 R

m such that 0 2 @' .u0/ \ @ .u0/ (which is equivalent
to ' .u0/ � ' .y/ and  .u0/ �  .y/ for all y 2 R

m). Define

‰ .!; t; y/ D 1Œ0;�.!/� .t/ Œ˛t .!/ ' .y/C .1 � ˛t .!//  .y/� :

(A7) If P .� > N/ > 0, for all N 2 N
�, then for every N� 2 �; u0 D conv f�; u0g

there exist two progressively measurable stochastic processes N�.1/; N�.2/ such
that N�.1/t 2 @' �EFt N��, N�.2/t 2 @ �EFt N�� a.e. t � 0 and

E

�Z �

0

eVs j N�.1/s jds

�2
C E

�Z �

0

eVs j N�.2/s jdAs

�2
< 1I

if N�s D 1Œ0;�� .s/ Œ N�.1/s ˛s C N�.2/s .1 � ˛s/�, then N�s .!/ 2 @‰ �!; s;EFs N�� and

E

�Z �

0

eVs
ˇ̌ N�s
ˇ̌
dQs

�2
< 1

(in the case N� D � we define �t D E
Ft � and in the place of . N�.1/; N�.2/; N�/ we

shall use the notation . O�.1/; O�.2/; O�/).
Remark 5.60. In place of the assumption (A7) we can consider two particular
cases:

.A0
7/ � W � ! O, where O is the closed convex set defined by

O
defD fy 2 R

m W ' .y/ D ' .u0/ and  .y/ D  .u0/g I

or
(A00

7 ) there exist r0 > 0 and v0 2 Dom .'/ \ Dom . / such that

.i/ � W � ! B .v0; r0/ � int .Dom .'// \ int .Dom . // ;

.ii/ E
�
eV� .� C A�/

�
< 1:

Indeed:

.A0
7/ )(A7): since N�t D E

Ft N� 2 O for all t � 0 we can set N�.1/ D N�.2/ D N� D 0

for every N� 2 �; u0I
.A00

7 / ) (A7): by Proposition 6.2-.d/ there exists an M0 > 0 such that
@' .u/ � B .0;M0/ and @ .u/ � B .0;M0/ for all u 2 B .v0; r0/ and
consequently

ˇ̌ N�.1/t
ˇ̌ C ˇ̌ N�.2/t

ˇ̌ � 2M0 for all N� 2 �; u0 because E
Ft N� 2 B .v0; r0/

for all t � 0. Observe that from
�
A00
7 -ii
�

it follows that P .� D 1/ D 0.
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Definition 5.61. By the notation dKt 2 @ .Yt / dAt we shall understand that:

• K is an R
m-valued locally bounded variation stochastic process;

• Y is an R
m-valued continuous stochastic process such that

Z T

0

 .Yt / dAt < 1,

a.s. 8T � 0; and
• P-a.s., for all 0 � t � s

Z s

t

hy .r/ � Yr ; dKri C
Z s

t

 .Yr/ dAr �
Z s

t

' .y .r// dAr , 8y 2 C .RCIRm/ ;

(we have an analogous definition for dKt 2 @' .Yt / dt ).
Remark 5.62. The condition 0 2 @' .u0/ \ @ .u0/ does not restrict the generality
of the problem because from Dom .@'/ \ Dom .@ / ¤ ; it follows that there
exists u0 2 Dom .@'/ \ Dom .@ / and Ou01 2 @' .u0/, Ou02 2 @ .u0/ I in this case
equation (5.146) is equivalent to

8̂
ˆ̂̂<
ˆ̂̂
:̂

Yt C
Z �

t^�
d OKs D �C

Z �

t^�

h OF .s; Ys; Zs/ ds C OG .s; Ys/ dAs
i

�
Z �

t^�
ZsdBs; t � 0;

d OKt 2 @ O' .Yt / dt C @ O .Yt / dAt ; on RC;

where OF .s; y; z/ D F .t; y; z/ � Ou01, OG .s; y; z/ D G .t; y/ � Ou02, O' .y/ D ' .y/ �
hOu01; y � u0i, O .y/ D  .y/ � hOu02; y � u0i, @ O' .y/ D @' .y/ � Ou01, @ O .y/ D
@ .y/ � Ou02 and d OKt D dKt � Ou01dt � Ou02dAt .

Let " > 0 and define the Moreau–Yosida regularization of ' by

'" .y/ WD inf

�
1

2"
jy � vj2 C ' .v/ W v 2 R

m

�
;

which is a C1 convex function and r'".x/ D @'" .x/ 2 @' .J"x/, where J"x D
x � "r'".x/. (For further properties see Annex B, Section “Convex Functions”.)
Since 0 2 @' .u0/ we deduce that ' .u0/ D '" .u0/ � '" .u/ � ' .u/, J" .u0/ D u0
and r'".u0/ D 0.

We introduce the compatibility conditions between '; and F;G:

(A8) There exists a c > 0 and two progressively measurable stochastic processes
f; g: � � RC ! RC satisfying

E

Z �

0

e2Vs jfsj2 ds C E

Z �

0

e2Vs jgsj2 dAs < 1;
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such that for all " > 0, t � 0, y 2 R
m, z 2 R

m�k , P-a.s.

.i/ hr'" .y/ ;r " .y/i � 0;

.ii/ hr'" .y/ ;G .t; y/i � c jr " .y/j ŒjG .t; y/j C gt � ;

.iii/ hr " .y/ ; F .t; y; z/i � c jr'" .y/j ŒjF .t; y; z/j C ft � ;

(5.152)

and

.iv/ hr'" .y/ ;�G .t; u0/i � c jr " .y/j ŒjG .t; u0/j C gt � ;

.v/ hr " .y/ ;�F .t; u0; 0/i � c jr'" .y/j ŒjF .t; u0; 0/j C ft � :
(5.153)

Example 5.63. .e1/ If ' D  then the compatibility assumptions (5.152) and
(5.153) are clearly satisfied.

.e2/ Let m D 1. Since r'" and r " are increasing monotone functions on R, we
see that, if G .t; u0/ D F .t; u0; 0/ D 0 and

.y � u0/G .t; y/ � 0 and .y � u0/ F .t; y; z/ � 0; 8 t; y; z;

then the compatibility assumptions (5.152) and (5.153) are satisfied.
.e3/ Let m D 1. If '; W R ! .�1;C1� are the convex indicator functions

' .y/ D
�

0; if y 2 Œa; b� ;
C1; if y … Œa; b� ; and  .y/ D

�
0; if y 2 Œc; d � ;

C1; if y … Œc; d � ;

where �1 � a � b � C1 and �1 � c � d � C1 are such that
Œa; b� \ Œc; d � ¤ ; (see the assumption (A6)), then

r'" .y/ D 1

"


.y � b/C � .a � y/C� ; and

r " .y/ D 1

"


.y � d/C � .c � y/C� :

The assumption .A8-i/ is clearly fulfilled; the next compatibility assumptions
(A8-ii; iii; iv; v) are satisfied if for example G .t; u0/ D F .t; u0; 0/ D 0 and

G .t; y/ � 0; for y � a; G .t; y/ � 0; for y � b;

and, respectively,

F .t; y; z/ � 0; for y � c; F .t; y; z/ � 0; for y � d:
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We complete the assumptions with some general boundedness conditions

(A9) For all � > 0

.i/ E e2V�
	
j� � u0j2 C '.�/ � '.u0/C  .�/ �  .u0/



< 1;

.ii/ E

�Z �

0

eVsF #
� .s/ ds

�2
C E

�Z �

0

eVsG#
� .s/ dAs

�2
< 1;

.iii/ E

�Z �

0

e2Vs
ˇ̌
ˇF #
� .s/

ˇ̌
ˇ
2

ds C
Z �

0

e2Vs
ˇ̌
ˇG#

� .s/
ˇ̌
ˇ
2

dAs

�
< 1;

.iv/ E

�Z T

0

eVsdQs

�2
< 1, for all T � 0I

(5.154)

and some special boundedness conditions

(A10) There exist L; b > 0 such that for all 0 � t � � , P-a.s.

.a/ `t C
Z �

0

.`s/
2 ds � L;

.b/ eV� j� � u0j C jH .t; u0; 0/j C
Z �

0

eVs jH .s; u0; 0/j dQs � b ,
(5.155)

where again H is defined by

H.t; y; z/ D ˛tF.t; y; z/C .1 � ˛t /G.t; y/:
We also recall the definition of

‰.t; y/ D ˛t'.y/C .1 � ˛t / .y/:

Since V � 0, we remark that under (A10) we have

j� � u0j � ˇ̌
eV� .� � u0/

ˇ̌ � b

and for all t � 0,

j�t � u0j � eVt j�t � u0j D E
Ft
�
eVt j�t � u0j

� � b:

Therefore by Proposition 6.80-A, for all q > 0

E

�Z �

0

e2Vs j�sj2 ds

�q=2
� Cb;p: (5.156)

Using the definition of Q, H and ‰ we can rewrite (5.146) in the form

8<
:
Yt C

Z 1

t

dKs D �C
Z 1

t

H .s; Ys; Zs/ dQs �
Z 1

t

ZsdBs; t � 0;

dKs 2 @y‰ .s; Ys/ dQs on RC:
(5.157)
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Definition 5.64. We call .Yt ; Zt /t�0 a solution of (5.157) if

.d1/ .Y;Z/ 2 S0m �ƒ0
m�k ,

.d2/ .Yt ; Zt / D .�t ; �t / D .�; 0/, if t > � ,

.d3/ P-a.s., for all T � 0,

Z T

0

ŒjF .s; Ys; Zs/j C j' .Ys/j� ds C
Z T

0

ŒjG .s; Ys/j C j .Ys/j� dAs < 1;

.d4/ there exists a K 2 S0m such that P-a.s.

.i/ lKlT < 1; 8T � 0;

.ii/ dKt 2 @y‰ .t; Yt / dQt ;

.d5/ e
2VT jYT � �T j2 C

Z 1

T

e2Vs jZs � �sj2 ds
prob:�����! 0; as T ! 1,

.d6/ P-a.s., for all 0 � t � T ,

Yt CKT �Kt D YT C
Z T

t

H .s; Ys; Zs/ dQs �
Z T

t

ZsdBs (5.158)

(we also say that the triplet .Y;Z;K/ is a solution of (5.157)).

Remark 5.65. If there exists a constant C such that supt2Œ0;�� jVt .!/j � C ,
P-a.s. ! 2 �, then the condition .d5/ from Definition 5.64 is equivalent to

jYT � �j2 C
Z 1

T

jZsj2 ds
prob:�����! 0; as T ! 1: (5.159)

In the rest of this book, a constant depending upon p > 0 is denoted by CpI
in this section since we are only considering the case p D 2 we will denote the
corresponding constant by C2.

We now give the main result.

Theorem 5.66. Let the assumptions (A1–A10) be satisfied. Then the backward
stochastic variational inequality (5.157) has a unique solution .Y;Z;K/ 2 S0m �
ƒ0
m�k � S0m such that

.j / E sup
s�0

e2Vs jYs � u0j2 C E

Z 1

0

e2Vs jZsj2 ds < 1;

. jj/ lim
T!1 E

h
e2VT jYT � �T j2 C

Z 1

T

e2Vs jZs � �sj2 ds
i

D 0:

(5.160)

Moreover there exists U .1/; U .2/ 2 ƒ0
m, with U .1/ 2 @'.Yt / dP ˝ dt a.e. and

U
.2/
t 2 @ .Yt / dP ˝ dAt a.e., so that with Ut D 1Œ0;��.t/Œ˛tU

.1/
t C .1 � ˛t /U

.2/
t �,

dKt D UtdQt 2 @y‰.t; Yt /dQt ,
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Ut D 1Œ0;�� .t/
h
˛tU

.1/
t C .1 � ˛t / U .2/

t

i

and for all 0 � t � T ,

Yt C
Z T

t

UsdQs D YT C
Z T

t

H .s; Ys; Zs/ dQs �
Z T

t

ZsdBs:

The solution also satisfies for some positive constants:

.A/ for all t � 0 and all q > 0,

.j / jYt � u0j � eVt jYt � u0j � Cb;

. jj/ E

�Z 1

0

e2Vr jZr j2 dr

�q=2
� Cq;bI

(5.161)

.B/ for all t � 0,

E
Ft sup

s�t
ˇ̌
eVs .Ys � u0/

ˇ̌2 C E
Ft

�Z 1

t

e2Vs jZsj2 ds

�

CE
Ft

Z 1

t

e2Vs1Œ0;�� .s/ Œj' .Ys/ � ' .u0/j ds C j .Ys/ �  .u0/j dAs�

� C2 E
Ft

�
e2V� j� � u0j2 C

	Z �

t

eVs .jF .s; u0; 0/j ds C jG .s; u0/j dAs/

2�I

(5.162)
.C / for all t � 0,

E sup
s�t

e2Vs jYs � �sj2 C E

Z 1

t

e2Vs jZs � �sj2ds

CE

Z 1

t

e2Vs j‰ .s; Ys/ �‰ .s; �s/j dQs

� C2E
	Z 1

t

1Œ0;�� .s/ eVs
j O�sjdQs C .jF.s; �s; 0/j C `s j�sj/ dsx

C jG.s; �s/j dAs
�
2I

(5.163)

.D/ for all t � 0

E

e2Vt .'.Yt / � '.u0/C  .Yt / �  .u0//

�

C1

2
E

Z 1

t

1Œ0;�� .s/ e2Vs
	 ˇ̌
U .1/
s

ˇ̌2
ds C ˇ̌

U .2/
s

ˇ̌2
dAs




� E

e2V� .'.�/ � '.u0/C  .�/ �  .u0//

�

C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jF.s; Ys; Zs/j2 C jfsj2

�
ds

C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jG.s; Ys/j2 C jgsj2

�
dAs :

(5.164)
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Proof. Uniqueness. If .Y;Z;K/, .Y 0; Z0; K 0/ are two solutions, in the sense of
Definition 5.64, that satisfy (5.160), then

E sup
t2Œ0;T �

e2Vs jYs � Y 0
s j2 < 1:

Applying the monotonicity and Lipschitz property of the functionH and taking into
account that

˝
Ys � Y 0

s ; dKs � dK0
s

˛ � 0

for dKs 2 @y‰.s; Ys/dQs and dK0
s 2 @y‰.s; Y 0

s /dQs , then

hYs � Y 0
s ;

H .s; Ys; Zs/ �H.s; Y 0

s ; Z
0
s/
�

dQs � dKs C dK0
si

� jYs � Y 0
s j2dVs C 1

4
jZs �Z0

sj2ds:

Using Corollary 6.82 from Annex C, it follows that

E sup
s2Œ0;T �

e2Vs
ˇ̌
Ys � Y 0

s

ˇ̌2 C E

Z T

0

e2Vs
ˇ̌
Zs �Z0

s

ˇ̌2
ds

� C2 E
	
e2VT

ˇ̌
YT � Y 0

T

ˇ̌2
 ����!
T!1 0;

which yields the uniqueness.
The proof of the existence will be split into several steps.

A. Approximating problem. Let n 2 N
� and " D 1

n
.

Let

‰n .!; t; y/ D 1Œ0;n^�.!/� .t/ Œ˛t .!/ '" .y/C .1 � ˛t .!// " .y/�
ry‰

n .!; t; y/ D 1Œ0;n^�.!/� .t/

˛t .!/ry'" .y/C .1 � ˛t .!//ry " .y/

�

Hn .!; t; y; z/ D 1Œ0;n� .t/H .!; t; y; z/

D 1Œ0;n^�.!/� .t/ Œ˛t .!/ F .!; t; y; z/C .1 � ˛t .!//G .!; t; y/�

and

ˆn .!; t; y; z/ D Hn .!; t; y; z/ � ry‰
n .!; t; y/ :

We note that

jˆn .t; u0; 0/j dQt

D 1Œ0;n^�� .t/
jH .t; u0; 0/j dQt C ˇ̌ry‰

n .t; u0/
ˇ̌
dQt

�
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D 1Œ0;n^�� .t/ jH .t; u0; 0/j dQt

� 1Œ0;n^�� .t/ ŒjF .t; u0; 0/j dt C jG .t; u0/j dAt �

and

ˇ̌ry‰
n.s; y/ � ry‰

n.s; y0/
ˇ̌ � n1Œ0;n^�� .t/

ˇ̌
y � y0 ˇ̌ :

We consider the approximating stochastic equation: for all t � 0,

Y nt C
Z 1

t

ry‰
n.s; Y ns /dQs D �C

Z 1

t

Hn.s; Y
n
s ; Z

n
s /dQs �

Z 1

t

Zn
s dBs; (5.165)

or equivalently

8̂
ˆ̂̂<
ˆ̂̂̂
:

Y nt � u0 D �
E

Fn� � u0
�C

Z n

t

ˆn.s; u0 C �
Y ns � u0

�
; Zn

s /dQs

�
Z n

t

Zn
s dBs; 8 t 2 Œ0; n� ;

.Y nt ; Z
n
t / D .�t ; �t /; 8 t > n:

(5.166)

To show the existence of a solution .Y n;Zn/ of (5.166) we intend to use
Lemma 5.29-.h2/.

Since hy0 � y;r'" .y0/ � r'" .y/i � 0 (and similarly for r ") we notice that
ˆn satisfies the inequalities

.a/ hy0 � y;ˆn.t; y0; z/ �ˆn.t; y; z/i
� 1Œ0;n^�� .t/ Œ	t˛t C �t .1 � ˛t /� jy0 � yj2 � �t jy0 � yj2

.b/ jˆn.t; y; z0/ �ˆn.t; y; z/j � 1Œ0;n^�� .t/ `t˛t jz0 � zj � ˛tL jz0 � zj :
(5.167)

Consequently the corresponding assumptions (5.13-BSDE-Hˆ) forˆn are satisfied.
We have

E

	
e2 N�n ˇ̌EFn� � u0

ˇ̌2
 � E

	
e2 N�n j� � u0j2



� b2 < 1:

For the assumption .h2/ from Lemma 5.29 we have for all � > 0,

E

	Z n

0

e N�s sup
jyj��

jˆn .s; y; 0/j dQs


2

� E

	Z n^�

0

e N�s
ˇ̌
ˇF #
� .s/

ˇ̌
ˇ ds C

Z n^�

0

e N�s
ˇ̌
ˇG#

� .s/
ˇ̌
ˇ dAs

C
Z n^�

0

e N�s sup
jyj��

ˇ̌ry‰
n.s; y/

ˇ̌
dQs


2
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� 3E

�Z n^�

0

e N�s
ˇ̌
ˇF #
� .s/

ˇ̌
ˇ ds

�2
C 3E

�Z n^�

0

e N�s
ˇ̌
ˇG#

� .s/
ˇ̌
ˇ dAs

�2

C 3E

�Z n^�

0

e N�sn .�C ju0j/ dQs

�2
< 1

because ry‰
n.s; u0/ D 0 and

sup
jyj��

ˇ̌ry‰
n.s; y/

ˇ̌ D sup
jyj��

ˇ̌ry‰
n.s; y/ � ry‰

n.s; u0/
ˇ̌ � n sup

jyj��
jy � u0j :

By Lemma 5.29-.h2/ Eq. (5.166) has a unique solution .Y n;Zn/ 2 S0m�ƒ0
m�k such

that

E sup
s2Œ0;n�

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E

Z n

0

e2Vs jZn
s j2 ds < 1:

Consequently for all T > n,

E sup
s2Œ0;T �

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2

� E sup
s2Œ0;n�

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E sup
s2Œn;T �

ˇ̌
eVs

�
E

Fs � � u0
�ˇ̌2

� E sup
s2Œ0;n�

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C b2 < 1:

Now we remark that

j‰n.s; y/ �‰n.s; u0/j dQs D .‰n.s; y/ �‰n.s; u0// dQs

� ˝
y � u0;ry‰

n.s; y/
˛
;

and therefore

j‰n.s; Y ns / �‰n.s; u0/j dQs C ˝
Y ns � u0; ˆn

�
s; Y ns ; Z

n
s

�
dQs

˛

� jY ns � u0j jH .s; u0; 0/j dQs C jY ns � u0j2 dVs C 1

4
jZn

s j2ds:

By Proposition 6.80 we have for all q; T > 0

E

�Z T

0

e2Vs j‰n.s; Y ns / �‰n.s; u0/j dQs

�q=2
C E

�Z T

0

e2Vs jZn
s j2 ds

�q=2

� CqE

"
sup
s2Œ0;T �

ˇ̌
eVs

�
Y ns � u0

�ˇ̌q C
�Z T

0

eVs jH .s; u0; 0/j dQs

�q#
;

(5.168)
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and

E
Ft sup

s2Œt;T �

ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E
Ft

�Z T

t

e2Vs jZn
s j2 ds

�

CE
Ft

�Z T

t

e2Vs j‰n.s; Y ns / �‰n.s; u0/j dQs

�

� C2 E
Ft

� ˇ̌
eVT

�
Y nT � u0

�ˇ̌2 C
	Z T

t

eVs jH .s; u0; 0/j dQs


2�
:

(5.169)

B. Boundedness of Y n and Zn.

If n � T , then

E
Ft
ˇ̌
eVT

�
Y nT � u0

�ˇ̌2 D E
Ft
ˇ̌
eVT EFT .� � u0/

ˇ̌2 � b2:

Passing to the limit as T ! 1 in (5.169) we infer (by the Beppo Levi monotone
convergence theorem) that for all t � 0

E
Ft sup

s�t
ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E
Ft

�Z 1

t

e2Vs jZn
s j2 ds

�

CE

�Z 1

0

e2Vs j‰n.s; Y ns / �‰n.s; u0/j dQs

�

� C2 E
Ft

� ˇ̌
eV� .� � u0/

ˇ̌2 C
	Z 1

t

eVs jH .s; u0; 0/j dQs


2�
:

(5.170)

In particular, using the assumption (5.155), we deduce that for all t � 0

jY nt � u0j � eVt jY nt � u0j � C2b
2 defD R0: (5.171)

Moreover from (5.168) for all q > 0

E

�Z 1

0

e2Vr jZn
r j2 dr

�q=2
� Cq;b: (5.172)

C. Estimates on jY nt � �t j and jZn
t � �t j for large t � 0.

If there exists an N0 > 0 such that � .!/ � N0, P-a.s. ! 2 �, then Y nt D �t D �

and Zn
t D �t D 0 for all t � N0.

We next consider the case where P .� > N/ > 0 for all N 2 N
�.

Since

�t D �n �
Z n

t

�sdBs;8 t 2 Œ0; n� ;



5.6 BSDEs with Random Final Time 457

we infer, from (5.166), that .Y n;Zn/ satisfies for all t 2 Œ0; n� the equality

Y nt � �t D
Z n

t

ˆn
�
s; �s C �

Y ns � �s
�
; �s C .Zn

s � �s/
�

dQs �
Z n

t

.Zn
s � �s/dBs :

We have

‰n.t; u0/ � ‰n.t; �t / � ‰.t; �t / D ‰.t;EFt �/ � E
Ft ‰.t; �/:

From
˝ry‰

n .t; �t / ; y � �t
˛ � ‰n .t; y/ � ‰n .t; �t / � hy � �t ;ry‰

n .t; y/i we
infer that

j‰n .t; y/ �‰n .t; �t /j � ‰n .t; y/ �‰n .t; �t /C 2
ˇ̌ry‰

n .t; �t /
ˇ̌ jy � �t j

� hy � �t ;ry‰
n .t; y/i C 2

ˇ̌ry‰
n .t; �t /

ˇ̌ jy � �t j
� hy � �t ;ry‰

n .t; y/i C 2j O�t j jy � �t j

where O�t 2 @y‰ .t; �t / is given by the assumption (A7). Using the inequality (5.167))
it follows that, as signed measures on RC,

ˇ̌
‰n

�
t; Y nt

� �‰n .t; �t /
ˇ̌
dQt C hY nt � �t ; ˆn.t; Y nt ; Zn

t /i dQt

� jY nt � �t j
h
2j O�t j C jH.t; �t ; �t /j

i
dQt C jY nt � �t j2dV t C 1

4
jZn

t � �t j2dt: (5.173)

Since

E sup
t2Œ0;T �

e2Vt jY nt � �t j2 � 2E

"
sup
t2Œ0;T �

e2Vt jY nt � u0j2 C sup
t2Œ0;T �

e2Vt j�t � u0j2
#

� 2R20 C E sup
t2Œ0;T �

e2Vt
ˇ̌
E

Ft � � u0
ˇ̌2 � 2R20 C E sup

t2Œ0;T �
E

Ft

	
e2Vt j� � u0j2




� 2R20 C b2

by Proposition 5.2 we deduce that for 0 � t � T ,

E sup
s2Œt;T �

e2Vs jY ns � �s j2 C E

Z T

t

e2Vs jZn
s � �s j2ds

CE

Z T

t

e2Vs
ˇ̌
‰n

�
s; Y ns

� �‰n .s; �s/
ˇ̌
dQs

� Cp

"
E

	
epVT

ˇ̌
Y nT � �T

ˇ̌2
C E

	Z T

t

eVs
h
j O�sj C jH.s; �s; �s/j

i
dQs


2#
:

(5.174)

Recall that .Y ns ; Z
n
s / D .�s; �s/; 8 s > n. Passing to the limit T ! 1 in (5.174),

we obtain by the Beppo Levi monotone convergence theorem
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E sup
s�t

epVs jY ns � �sj2 C E

Z 1

t

e2Vs jZn
s � �sj2ds

CE

Z 1

t

e2Vs
ˇ̌
‰n

�
s; Y ns

� �‰n .s; �s/
ˇ̌
dQs

� C2E
	Z 1

t

eVs
h
j O�sj C jH.s; �s; �s/j

i
dQs


2
:

(5.175)

D. Boundedness of r'".Y nt / and r ".Y nt /.
By the stochastic subdifferential inequality from Lemma 2.38 and Remark 2.39, for
all 0 � t � T

e2Vt

'".Y

n
t / � '" .u0/

� � e2VT

'".Y

n
T / � '" .u0/

�

C
Z T

t

e2Vs hr'".Y ns /; ˆn.s; Y ns ; Zn
s /i dQs �

Z T

t

e2Vs hr'".Y ns /; Zn
s dBsi

(and a similar inequality for  "). We infer that

e2Vt

'".Y

n
t / � '" .u0/C  ".Y

n
t / � '" .u0/

�C
Z T

t

1s�n^� e2Vs
h
˛sjr'".Y ns /j2

C hr'".Y ns /;r ".Y ns /i C .1 � ˛s/ jr ".Y ns /j2
i
dQs

� e2VT

'".Y

n
T / � '" .u0/C  ".Y

n
T / � '" .u0/

�

C
Z T

t

1Œ0;n� .s/ e2Vs hr'".Y ns /C r ".Y ns /;H.s; Y ns ; Zn
s /i dQs

�
Z T

t

e2Vs hr'".Y ns /C r ".Y ns /; Zn
s dBsi :

(5.176)

Using the definition of the function H.t; y; z/ given in (5.149), the compatibility
assumptions (5.152) yield

hr'".y/;H.t; y; z/i D 1Œ0;�� .t/ hr'".y/; ˛tF .t; y; z/C .1 � ˛t /G.t; y/i
� 1Œ0;�� .t/

h
˛t jr'".y/jjF.t; y; z/j C c .1 � ˛t / jr ".y/j .jG.t; y/j C gs/

i

(5.177)
and respectively

hr ".y/;H.t; y; z/i D 1Œ0;�� .t/ hr ".y/; ˛tF .t; y; z/C .1 � ˛t /G.t; y/i
� 1Œ0;�� .t/

h
c ˛t jr'".y/j .jF.t; y; z/j C fs/C .1 � ˛t / jG.t; y/jjr ".y/j

i
:

(5.178)

Recall that ' .y/ � '" .u0/ D ' .u0/ and  .y/ �  " .u0/ D  .u0/.
From (5.152), (5.176–5.178) and the inequality a .x C y/ � 1

2
a2 C x2 C y2 we

obtain
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e2Vt
�
'".Y

n
t / � '.u0/C  ".Y

n
t / �  .u0/

�

C1

2

Z T

t

1Œ0;n^�� .s/ e2Vs
h
jr'".Y ns /j2ds C jr ".Y ns /j2dAs

i

� e2VT

'".Y

n
T / � '.u0/C  ".Y

n
T / �  .u0/

�

C .1C c/2
Z T

t

1Œ0;n^�� .s/ e2Vs
	
jF.s; Y ns ; Zn

s /j2 C jfsj2



ds

C .1C c/2
Z T

t

1Œ0;n^�� .s/ e2Vs
�jG.s; Y ns /j2 C jgsj2

�
dAs

�
Z T

t

e2Vs hr'".Y ns /C r ".Y ns /; Zn
s dBsi :

(5.179)

The stochastic integral from this last inequality has the property

E
Ft

Z T

t

e2Vr hr'".Y nr /C r ".Y nr /; Zn
r dBri D 0;

because by r'" .u0/ D r " .u0/ D 0 we have

jr'".Y ns /C r ".Y nr /j � 2n jY ns � u0j

and by (5.171) and (5.172)

E

�Z T

t

e4Vs jr'".Y ns /C r ".Y ns /j2 jZn
s j2ds

�1=2

� 2nR0 E

�Z T

0

e2Vs jZn
s j2ds

�1=2
< 1:

Let T � n. By Jensen’s inequality it follows that

E

e2VT

�
'".Y

n
T /C  ".Y

n
T /
�� � E


e2VT .'.�T /C  .�T //

�

� E

e2VT .'.�/C  .�//

�
:

Now from inequality (5.179) we infer by Beppo Levi’s monotone convergence
theorem for T ! 1

E

e2Vt

�
'".Y

n
t / � '.u0/C  ".Y

n
t / �  .u0/

��

C1

2
E

Z 1

t

1Œ0;n^�� .s/ e2Vs
h
jr'".Y ns /j2ds C jr ".Y ns /j2dAs

i

� E

e2V� .'.�/ � '.u0/C  .�/ �  .u0//

�

C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jF.s; Y ns ; Zn

s /j2 C jfsj2
�

ds

C .1C c/2 E

Z 1

t

1Œ0;�� .s/ e2Vs
�jG.s; Y ns /j2 C jgsj2

�
dAs:

(5.180)
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By (5.171), (5.168) and the assumption (5.154(iii)) we deduce that there exists a
constant C independent of n such that

E

Z 1

t

1Œ0;�� .s/ e2Vs
�jF.s; Y ns ; Zn

s /j2 C jfsj2
�

ds

� E

Z 1

t

1Œ0;�� .s/ e2Vs
h
2
ˇ̌
ˇF #
R0Cju0j .s/

ˇ̌
ˇ
2 C 2L2 jZn

s j2 C jfsj2
i
ds � C

and

E

Z 1

t

1Œ0;�� .s/ e2Vs
�jG.s; Y ns /j2 C jgsj2

�
dAs

� E

Z 1

t

1Œ0;�� .s/ e2Vs
�ˇ̌
ˇG#

R0Cju0j .s/
ˇ̌
ˇ
2 C jgsj2

�
dAs � C:

Therefore from (5.180) we have

E

e2Vt

�
'".Y

n
t / � '.u0/C  ".Y

n
t / �  .u0/

�� � C; for all t � 0 (5.181)

and

E

Z 1

0

1Œ0;n^�� .r/
h
e2Vr jr'".Y nr /j2dr C e2Vr jr ".Y nr /j2dAr

i
� C: (5.182)

Since

'" .y/ � '.u0/ D "

2
jr'" .y/j2 C Œ' .y � "r'" .y// � '.u0/�

we see from (5.181) that, for all t � 0,

E

h
e2Vt

	
j"r'".Y nt /j2 C j"r ".Y nt /j2


i
� 2C" (5.183)

(recall that " D 1=n).

E. Cauchy sequences and convergence.

Note that by assumption (A10) and (5.156) we have j�s � u0j � b and

E

�Z 1

n

1Œ0;�� .s/ eVs `s j�sj ds

�2

� E

��Z 1

n

1Œ0;�� .s/ .`s/
2 ds

��Z 1

0

1Œ0;�� .s/ e2Vs j�sj2 ds

��
! 0; as n ! 1:
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Hence by assumption (5.154ii)

E

	Z 1

n

eVs jH.s; �s; �s/jdQs


2

� 3E

�Z 1

n

1Œ0;�� .s/ eVsF #
bCju0j .s/ ds

�2
C3E

�Z 1

n

1Œ0;�� .s/ eVsG#
bCju0j .s/ dAs

�2

C3E
�Z 1

n

eVs1Œ0;�� .s/ `s j�sj ds

�2
! 0; as n ! 1;

and by (5.175),

E sup
s�n

e2Vs jY nCi
s � �sj2 C E

Z 1

n

e2Vs jZnCi
s � �sj2ds

CE

Z 1

n

e2Vs
ˇ̌
‰nCi �s; Y nCi

s

� �‰nCi .s; �s/
ˇ̌
dQs

� CpE
	Z 1

n

eVs
hˇ̌
ˇ O�s
ˇ̌
ˇC jH.s; �s; �s/j

i
dQs


2 �! 0; n ! 1:

(5.184)

By uniqueness it follows that, for all t 2 Œ0; n�,

Y nCi
t � Y nt D Y nCi

n � �n C
Z n

t

dKn;is �
Z n

t

.ZnCi
s �Zn

s /dBs; a:s:;

where on Œ0; n�

dKn;is

D 
HnCi .s; Y nCi

s ; ZnCi
s /�Hn.s; Y

n
s ; Z

n
s /�ry‰

nCi .s; Y nCi
s /Cry‰

n.s; Y ns /
�

dQs

D 
H.s; Y nCi

s ; ZnCi
s / �H.s; Y ns ; Zn

s / � ry‰.s; Y
nCi
s /C ry‰.s; Y

n
s /
�
dQs:

By (6.28, with a D 0, " D 1=n and ı D 1= .nC i/)

�˝Y nCi
s � Y ns ;

�ry‰.s; Y
nCi
s / � ry‰.s; Y

n
s /
�
dQs

˛

� ."C ı/1Œ0;�� .s/
	˝r'".Y nCi

s /;r'ı.Y ns /
˛
ds C ˝r ".Y nCi

s /;r ı.Y ns /
˛
dAs



;

and using (5.150) we have on Œ0; n�

˝
Y nCi
s � Y ns ; dKn;is

˛

� "C ı

2
1Œ0;�� .s/

h �jr'".Y ns /j2 C jr'ı.Y nCi
s /j2� ds

C �jr ".Y ns /j2 C jr ı.Y nCi
s /j2� dAs

i

CjY nCi
s � Y ns j2dVs C 1

4
jZnCi

s �Zn
s j2ds:
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Since by (5.171),

E sup
s2Œ0;n�

e2Vs jY nCi
s � Y ns j2 � 2E sup

s2Œ0;n�
e2Vs

hˇ̌
Y nCi
s � u0

ˇ̌2 C jY ns � u0j2
i

� 2R20 < 1;

we obtain by Proposition 5.2 that

E sups2Œ0;n� e2Vs jY nCi
s � Y ns j2 C E

Z n

0

e2Vs jZnCi
s �Zn

s j2ds

� C Ee2Vn jY nCi
n � �nj2

C."C ı/ C E

Z n^�

0

e2Vs
�jr'".Y ns /j2 C jr'ı.Y nCi

s /j2� ds

C."C ı/ C E

Z n^�

0

e2Vs
�jr ".Y ns /j2 C jr ı.Y nCi

s /j2� dAs:

(5.185)

The estimates (5.182) and (5.184) give us

E sup
s2Œ0;n�

e2Vs jY nCi
s � Y ns j2 C E

Z n

0

e2Vs jZnCi
s �Zn

s j2ds

� E sup
s�n

e2Vs jY nCi
s � �sj2 C C

n
�! 0; as n ! 1:

Hence

E sup
s�0

e2Vs jY nCi
s � Y ns j2

� E sup
s2Œ0;n�

e2Vs jY nCi
s � Y ns j2 C E sup

s�n
e2Vs jY nCi

s � �sj2 �! 0; as n ! 1

and

E

Z 1

0

e2Vs jZnCi
s �Zn

s j2ds

� E

Z n

0

e2Vs jZnCi
s �Zn

s j2ds C E

Z 1

n

e2Vs jZnCi
s � �sj2ds �! 0; as n ! 1:

F. Passage to the limit.

Consequently there exists .Y;Z/ 2 S0m �ƒ0
m�k such that

E sup
s�0

e2Vs jY ns � Ysj2 C E

Z 1

0

e2Vs jZn
s �Zsj2ds �! 0; as n ! 1:

We have that .Yt ; Zt / D .�; 0/ for t > � , since Y nt D �t D � and Zn
t D �t D 0 for

t > � .
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Taking into account (5.183) and

j‰n.s; y/ �‰n.s; u0/j
D 1Œ0;n^�� .s/ Œ˛s .'" .y/ � '" .u0//C .1 � ˛s/ . " .y/ �  " .u0//�
� 1Œ0;n^�� .s/ ˛s Œ' .y � "r'" .y// � '.u0/�

C1Œ0;n^�� .s/ .1 � ˛s/ j .y � "r " .y// �  .u0/j ;

the inequality (5.162) follows from (5.170) by Fatou’s Lemma.
Also by Fatou’s Lemma from (5.175) we obtain (5.163) and from (5.171)

and (5.172) we deduce (5.161).
From (5.182) there exist two p.m.s.p. U .1/ and U .2/, such that along a subse-

quence still indexed by n, we have for " D 1
n

! 0

eV r'".Y n/1Œ0;�^n� * eV U .1/1Œ0;�/; weakly in L2 .� � RC; dP ˝ dt IRm/ ;
eV r ".Y n/1Œ0;�^n� * eV U .2/1Œ0;�/; weakly in L2 .� � RC; dP ˝ dAt IRm/ :

Using (5.183) and applying Fatou’s Lemma we have

E

	
e2Vt Œ' .Yt / � '.u0/�



� lim inf

n!C1E

	
e2Vt


'
�
Y nt � "r'".Y nt /

� � '.u0/
� 


� lim inf
n!C1E

	
e2Vt


'"
�
Y nt
� � '.u0/

� 

;

and similarly for  . Passing to lim infn!C1 in (5.180) we obtain (5.164).
From (5.165) we have for all 0 � t � T � n, P-a.s.

Y nt C
Z T

t

ry‰
n.s; Y ns /dQs D Y nT C

Z T

t

H.s; Y ns ; Z
n
s /dQs �

Z T

t

Zn
s dBs;

and passing to the limit we conclude that

Yt C
Z T

t

UsdQs D YT C
Z T

t

H.s; Ys; Zs/dQs �
Z T

t

ZsdBs; a.s. (5.186)

with

Us D 1Œ0;�� .s/

˛sU

1
s C .1 � ˛s/ U 2

s

�
; for s � 0: (5.187)

By (5.118�b), we see that, for all E 2 F , 0 � s � t and X 2 S2m,

E

Z t

s

˝
e2Vrr'".Y nr /; Xr � Y nr

˛
1Edr C E

Z t

s

e2Vr '.Y nr � "r'".Y ns //1Edr

� E

Z t

s

e2Vr '.Xr/1Edr:
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Passing to lim inf for n ! 1 in the above inequality we obtainU .1/
s 2 @'.Ys/; dP˝

ds-a.e. and, with similar arguments, U .2/
s 2 @ .Ys/; dP˝dAs-a.e. Summarizing the

above conclusions we conclude that .Y;Z;U / is a solution of the BSVI (5.157).

We want to highlight the fact that the assumption (A10-b) is too strong for many
applications. The next two results are concerned with the existence of a solution for
the backward stochastic variational inequality (5.146) recalled here for convenience:

8̂
ˆ̂̂<
ˆ̂̂
:̂

Yt C
Z �

t^�
dKs D �C

Z �

t^�
ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs�

�
Z �

t^�
ZsdBs; for t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt ; on RC;

(5.188)

without the boundedness conditions from (A10).
Consider the closed convex sets

O' D fy 2 R
m W ' .y/ D ' .u0/g ;

O D fy 2 R
m W  .y/ D  .u0/g ; and

OD O' \ O :

Since every point of O is a minimum point for ' and  , it follows that r'" .u/ D
r " .u/ D 0 for all u 2 O.

Theorem 5.67. Let the assumptions .A1/ ; : : : ; .A9/ be satisfied and assume that
there exists a ı0 > 0 such that

B .u0; ı0/ � int .O/ : (5.189)

Assume moreover there exists ı 2 .0;1� and q D 1C ı
2Cı (with q D 2 if ı D 1)

such that

.i/ for 0 < ı < 1: E

�Z 1

0

.`s/
2 ds

�1Cı
< 1;

.i 0/ for ı D 1: .`s/s�0 is a deterministic process and
Z 1

0

.`s/
2 ds < 1;

.ii/ lim
t!1E

	Z 1

t

1Œ0;�� .s/ eVs jjF.s; �s; 0/jds C jG.s; �s; /j dAs

q D 0:

(5.190)

Then the BSVI (5.188) has a unique solution .Y;Z;K/ 2 S0m � ƒ0
m�k � S0m in the

sense of Definition 5.64 such that for q D 1C ı
2Cı and q D 2 if ı D 1,



5.6 BSDEs with Random Final Time 465

.j / E sup
s�0

e2Vs jYs � u0j2 C E

Z 1

0

e2Vs jZsj2 ds < 1;

. jj/ lim
T!1

"
E eqVT jYT � �T jq C E

�Z 1

T

e2Vs jZs � �sj2 ds

�q=2#
D 0:

(5.191)
Moreover the inequalities (5.162) and (5.163) hold.

Proof. .I/Uniqueness. The proof of uniqueness is similar to that given for
Theorem 5.66 except that now by Corollary 6.82 from Annex C, we have

E sup
s2Œ0;T �

eqVs
ˇ̌
Ys � Y 0

s

ˇ̌q C E

�Z T

0

e2Vs
ˇ̌
Zs �Z0

s

ˇ̌2
ds

�q=2

� Cq E
�
eqVT

ˇ̌
YT � Y 0

T

ˇ̌q� ����!
T!1 0:

.II/Existence. Step 1. Approximation of the problem’s data to satisfy .A10/. Let

�s D 1Œ0;�� .s/ Œ	s˛s C �s .1 � ˛s/� ; dQs D ds C dAs;

ˇt D Qt^� C
Z t^�

0

�sdQs C
Z t^�

0

jF .s; u0; 0/j ds C
Z t^�

0

jG .s; u0/j dAs;


t D t C ˇt C `t C jF .t; u0; 0/j C jG .t; u0/j and

�t D t C `t :

Define, for n 2 N
�,

`nt D `t1Œ0;n� .�t / ;

�n D .� � u0/ 1Œ0;n� .ˇ� C j� � u0j/C u0 2 �; u0;
OFn .t; y; z/ D F

�
t; y; z1Œ0;n� .�t /

� � F .t; u0; 0/ 1.n;1/ .
t / ;

OGn .t; y/ D G .t; y/ �G .t; u0/ 1.n;1/ .
t / ;

OHn .t; y; z/ D
h
˛t OFn .t; y; z/C .1 � ˛t / OGn .t; y/

i
1Œ0;�� .t/ ;

and

V n
t D

Z t^�

0

h
	sds C �

`ns
�2

ds C �sdAs
i

D Vt �
Z t^�

0

.`s/
2 1.n;1/ .�s/ ds:

Let .�n; �n/ be given by the martingale representation theorem (Corollary 2.44): for
all t � 0, �nt D E

Ft �n and
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�nt D �n �
Z 1

t

�ns dBs;

or equivalently, for all T > 0

�nt D E
FT �n �

Z T

t

�ns dBs; t 2 Œ0; T � :

It is easy to verify that

E sup
t�0

e2Vt j�n � u0j2 � E sup
t�0

e2Vt j� � u0j2 � E

	
e2V� j� � u0j2



< 1;

E sup
t�0

e2Vt j�n � �j2 � E

h
e2V� j� � u0j2 1ˇT Cj��u0j>n

i
:

Applying Corollary 6.83, first on Œt; T � and then letting T ! 1, we infer that for
all t � 0

.a/ EFt sup
s�t

e2Vs j�s � u0j2 C E
Ft

Z 1

t

e2Vs j�sj2 ds � C2 E
Ft

	
e2V� j� � u0j2



;

.b/ EFt sup
s�t

e2Vs j�ns � u0j2 C E
Ft

Z 1

t

e2Vs j�ns j2 ds � C2 E
Ft

	
e2V� j� � u0j2



;

.c/ EFt sup
s�t

e2Vs j�ns � �sj2 C E
Ft
R1
t
e2Vs j�ns � �sj2 ds

� C2 E
Ft

h
e2V� j� � u0j2 1ˇT Cj��u0j>n

i
:

(5.192)
Since the assumptions .A1, : : : ;A9/ are satisfied by (�, F , G, ',  , V , 	, �, `) it
follows that the same assumptions are satisfied replacing (�, F , G, ',  , V , 	, �,
`) by (�n, OFn, OGn, ',  , V n, 	, �, `n).

With respect to (A10) we have

`nt C
Z 1

0

�
`ns
�2

ds � nC
Z n

0

n2ds D nC n3

and

eV
n
� j�n � u0j C

ˇ̌
ˇ OHn .t; u0; 0/

ˇ̌
ˇC

Z �

0

eV
n
s

ˇ̌
ˇ OHn .s; u0; 0/

ˇ̌
ˇ dQs

� eV� j�n � u0j C jH .t; u0; 0/j 1Œ0;n� .
t /C
Z �

0

eVs jH .s; u0; 0/j 1Œ0;n� .
s/ dQs

� nC ennC enn2 D bn:

Hence
	
�n; OFn; OGn;	; �; `n; V n



satisfies (A10).

Step 2. Approximating equation and estimates. By Step 1 we are in the conditions
of Theorem 5.66 and therefore the approximating equation
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8
<
:
Y nt C

Z 1

t

U n
s dQs D �n C

Z 1

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z 1

t

Zn
s dBs;

dKns D Un
s dQs 2 @y‰

�
s; Y ns

�
dQs

has a unique solution .Y n;Zn;Kn/ 2 S0m � ƒ0
m�k � S0m,

�
Y ns ; Z

n
s

� D �
�ns ; 0

�
for

s > � and Un
s D ˛sU

1;n
s C .1 � ˛s/ U 2;n

s such that

.j / E sup
s�0

e2V
n
s jY ns � u0j2 C E

Z 1

0

e2V
n
s jZn

s j2 ds < 1;

. jj/ lim
T!1 E

h
e2V

n
T

ˇ̌
Y nT � �nT

ˇ̌2 C
Z 1

T

e2V
n
s jZn

s � �ns j2 ds
i

D 0:

(5.193)

Moreover the inequalities (5.161), (5.162), (5.163) and (5.164) hold with (�, F , G,
',  , V , 	, �, `, Cb , Cq;b) by (�n, OFn, OGn, ',  , V n, 	, �, `n, Cn, Cq;n).

Using in (5.193) V nCi
t � .nC i/3 � V n

t we get for all i 2 N

.j 0/ E sup
s�0

e2V
nCi
s jY ns � u0j2 C E

Z 1

0

e2V
nCi
s jZn

s j2 ds < 1;

�
jj0
�

lim
T!1 E

h
e2V

nCi
T

ˇ̌
Y nT � �nT

ˇ̌2 C
Z 1

T

e2V
nCi
s jZn

s � �ns j2 ds
i

D 0:

(5.194)

Since hY ns � u0; U n
s � 0i � 0 and

j‰.s; Y ns / �‰.s; u0/j dQs C
D
Y ns � u0; OHn

�
s; Y ns ; Z

n
s

� � Un
s

E
dQs

� jY ns � u0j
ˇ̌
ˇ OHn .s; u0; 0/

ˇ̌
ˇ dQs C jY ns � u0j2 dVn

s C 1

4
jZn

s j2ds

� jY ns � u0j 1Œ0;�� .s/ .jF .s; u0; 0/j ds C jG .s; u0/j dAs/C jY ns � u0j2 dVnCi
s

C1

4
jZn

s j2ds;

we infer by Corollary 6.82 for p D 2 and 0 � t � T ,

E
Ft sup

s2Œt;T �

ˇ̌
ˇeV nCi

s
�
Y ns � u0

�ˇ̌ˇ
2 C E

Ft

�Z T

t

e2V
nCi
s jZn

s j2 ds

�

CE
Ft

�Z T

t

e2V
nCi
s j‰.s; Y ns / �‰.s; u0/j dQs

�

� C2 E
Ft

� ˇ̌
ˇeV nCi

T

�
Y nT � u0

�ˇ̌ˇ
2

C
	Z T

t

1Œ0;�� .s/ eV
nCi
s .jF .s; u0; 0/j ds C jG .s; u0/j dAs/


2�
:

(5.195)
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But by (5.192-b) and V nCi
T � VT we have

�
E

Ft

�ˇ̌
ˇeV nCi

T
�
Y nT � u0

�ˇ̌ˇ
2
��1=2

�
h
E

Ft

	
e2V

nCi
T jY nT � �nT j2


i1=2 C
h
E

Ft

	
e2VT j�nT � u0j2


i1=2

�
h
E

Ft

	
e2V

nCi
T jY nT � �nT j2


i1=2 C
h
E

Ft

	
e2V� j� � u0j2


i1=2
:

Using Beppo Levi’s monotone convergence theorem and (5.194-jj00) we can pass to
the limit in (5.195), first lim supT!1 and then limi!1. We obtain

E
Ft sup

s�t
ˇ̌
eVs

�
Y ns � u0

�ˇ̌2 C E
Ft

�Z 1

t

e2Vs jZn
s j2 ds

�

CE
Ft

�Z 1

t

e2Vs j‰.s; Y ns / �‰.s; u0/j dQs

�

� C2 E
Ft

�
e2V� j� � u0j2

C
	Z 1

t

1Œ0;�� .s/ eVs .jF .s; u0; 0/j ds C jG .s; u0/j dAs/

2�

;

(5.196)

and, in particular,

E sup
s�0

e2Vs jY ns � u0j2 < 1: (5.197)

Step 3. Cauchy sequence and convergences. Let

Kn
t D

Z t

0

h OHn

�
s; Y ns ; Z

n
s

� � Un
s

i
dQs:

We have for any j > i > 1

˝
Y ns � Y nCi

s ; d
�Kn

s � KnCi
s

�˛

� ˝
Y ns � Y nCi

s ;H
�
s; Y ns ; Z

n
s 1Œ0;n� .�s/

� �H �
s; Y nCi

s ; ZnCi
s 1Œ0;nCi � .�s/

�˛
dQs

� ˝Y ns � Y nCi
s ;H .s; u0; 0/

˛ 
1Œn;1Œ .
s/ � 1ŒnCi;1Œ .
s/

�
dQs

� ˇ̌
Y ns � Y nCi

s

ˇ̌ h jH .s; u0; 0/j 1Œn;1Œ .
s/ dQs

C1Œ0;�� .s/ `s
ˇ̌
1Œ0;n� .�s/ � 1Œ0;nCi � .�s/

ˇ̌ jZn
s j ds

i

C ˇ̌
Y ns �Y nCi

s

ˇ̌2 	
�sdQs C 1Œ0;�� .s/ 1Œ0;nCj � .�s/ .`s/2 ds



C 1

4

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds;
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then for all T > 0, by Proposition 5.2 with q D 1 C ı
2Cı 2 .1; 2/ and q D 2 if

ı D 1,

E

 
sup
s2Œ0;T �

eqV
nCj
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q
!

C E

�Z T

0

e2V
nCj
s

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E e
qV

nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌q

CCq E
�Z T

0

1.n;1/ .
s/ e
V
nCj
s

h
jH .t; u0; 0/j dQs C 1Œ0;�� .s/ `s jZn

s j ds
i�q

:

But

E

�Z T

0

1.n;1/ .
s/ e
V
nCj
s 1Œ0;�� .s/ `s jZn

s j ds
i�q

� E

"�Z T

0

1Œ0;�� .s/ .`s/
2 1.n;1/ .�s/ ds

�q=2 �Z T

0

e2V
nCj
s jZn

s j2 ds

�q=2#

� ƒn;ı �
�
E

�Z T

0

e2Vs jZn
s j2 ds

�� q
2

;

with

ƒn;ı D

8
ˆ̂̂<
ˆ̂̂
:

"
E

�Z T

0

1Œ0;�� .s/ .`s/
2 1.n;1/ .�s/ ds

�1Cı# 1
2Cı

, if 0 < ı < 1;

Z 1

0

.`s/
2 1.n;1/ .�s/ ds, if q D 2 (ı D 1, ` is deterministic);

the last inequality is obtained by Hölder’s inequality since 1
2Cı C 1

2=q
D 1. Thus

E

 
sup
s2Œ0;T �

eqV
nCj
s

ˇ̌
Y ns � Y nCi

s

ˇ̌q
!

C E

�Z T

0

e2V
nCj
s

ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� Cq E e
qV

nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌q C Cq E

�Z T

0

eVs
h

jH .t; u0; 0/j 1.n;1/ .
s/ dQs

�q

CCq ƒn;ı �
�
E

�Z T

0

e2Vs jZn
s j2 ds

�� q
2

:

(5.198)
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Here we have

	
E e2V

nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌2
1=2

�
	
E e2V

nCj
T jY nT � �nT j2


1=2
C
	
E e2V

nCj
T

ˇ̌
�nT � �nCi

T

ˇ̌2
1=2

C
	
E e2V

nCj
T

ˇ̌
�nCi
T � Y nCi

T

ˇ̌2
1=2

�
	
E e2V

nCj
T jY nT � �nT j2


1=2
C
	
E e2V

nCj
T

ˇ̌
�nCi
T � Y nCi

T

ˇ̌2
1=2

C
h
E

	
e2V� j� � u0j2 1ˇ�Cj��u0j>n


i1=2
;

and as T ! 1 we infer

lim sup
T!1

E e2V
nCj
T

ˇ̌
Y nT � Y nCi

T

ˇ̌2 � E

	
e2V� j� � u0j2 1ˇ�Cj��u0j>n



:

Using (5.196) for the boundedness of E

Z 1

0

e2Vs jZn
s j2 ds we get from (5.198) as

T ! 1 and then passing to the limit as j ! 1:

E

 
sup
s�0

eqVs
ˇ̌
Y ns � Y nCi

s

ˇ̌q
!

C E

�Z 1

0

e2Vs
ˇ̌
Zn
s �ZnCi

s

ˇ̌2
ds

�q=2

� C
h
E

	
e2V� j� � u0j2 1j��u0j>n


iq=2

CC E

�Z �

0

eVs
h

jH .t; u0; 0/j 1.n;1/ .
s/ dQs

�q
C C ƒn;ı;

which yields by (5.190) the existence of a pair .Y;Z/ 2 S0m �ƒ0
m�k such that

lim
n!1

"
E sup

s�0
eqVs jY ns � Ysjq C E

�Z 1

0

e2Vs jZn
s �Zsj2 ds

�q=2#
D 0: (5.199)

Now by Fatou’s lemma from (5.196) we obtain (5.162) and consequently (5.191-j ).
To verify (5.191-jj), following the proof of Theorem 5.66, we have

ˇ̌
‰
�
s; Y ns

� �‰ .s; �s/
ˇ̌
dQs C

D
Y ns � �s; OHn

�
s; Y ns ; Z

n
s

� � Un
s

E
dQs

� jY ns � �sj
h
j O�sj C j OHn.s; �s; �s/j

i
dQs

CjY ns � �sj2dVnCi
s C 1

4
jZn

s � �sj2ds:
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By (5.192-a) and (5.197) we have

E sup
s�0

e2V
nCi
s jY ns � �sj2 � E sup

s�0
e2Vs jY ns � �sj2 < 1:

Furthermore, using (5.194-jj00) and (5.192-c), we have

lim sup
T!1

E e2V
nCi
T jY nT � �T j2 � E

	
e2V� j� � u0j2 1ˇ�Cj��u0j>n



:

In the same manner as above when we proved (5.196) we obtain, by Corollary 6.82
for p 2 .1; 2�, similar inequalities with .�s; �s/ in place of .u0; 0/ and passing
successively to the limit T ! 1 and i ! 1 we get that for all t � 0

E sup
s�t

epVs jY ns � �sjp C E

�Z 1

t

e2Vs jZn
s � �sj2ds

�p=2

CE

�Z 1

t

e2Vs
ˇ̌
‰
�
s; Y ns

� �‰ .s; �s/
ˇ̌
dQs

�p=2

� Cp

�
E .epV� j� � u0jp 1ˇ�Cj��u0j>n/

CE

	Z 1

t

1Œ0;�� .s/ eVs
j O�sj C j OHn.s; �s; �s/j

�
dQs


p�
:

(5.200)

Since j OHn.s; �s; �s/j � jH.s; �s; 0/jC`s j�sjCjH.s; u0; 0/j1.n;1/ .
s/, from (5.200)
with Fatou’s Lemma applied to the left-hand side and the Lebesgue dominated
convergence theorem applied to the right-hand side we infer by taking the limit
as n ! 1

E sup
s�t

epVs jYs � �sjp C E

�Z 1

t

e2Vs jZs � �sj2ds

�p=2

CE

�Z 1

t

e2Vs j‰ .s; Ys/ �‰ .s; �s/j dQs

�p=2

� Cp E
	Z 1

t

1Œ0;�� .s/ eVs
h
j O�sjdQs C jH.s; �s; 0/j dQs C `s j�sj ds

i 
p
;

(5.201)

which yields (5.163) if we choose p D 2.
In the case p D q D 1C ı

2Cı 2 .1; 2/, by Hölder’s inequality, we have

E

	Z 1

t

1Œ0;�� .s/ eVs `sj�sjds

q

� E

�	Z 1

t

1Œ0;�� .s/ .`s/
2 ds


q=2	Z 1

t

e2Vs j�sj2ds

q=2�

�
�
E

	Z 1

t

1Œ0;�� .s/ .`s/
2 ds


1Cı� 1
2Cı
�
E

Z 1

t

e2Vs j�sj2ds

� q
2

:
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In the case p D q D 2, ı D 1 and ` is a deterministic process

E

�Z 1

t

1Œ0;�� .s/ eVs `sj�sjds

�2
�
�Z 1

t

.`s/
2 ds

�
E

�Z 1

t

e2Vs j�sj2ds

�
:

Using the assumptions (5.190) and (5.154-ii), from (5.201) we infer (5.191-jj).
Step 4. Estimates on the subdifferential term dKns D Un

s dQs 2 @y‰
�
s; Y ns

�
dQs .

We now use the assumption (5.189) on the interior of Dom .'/. From the proof of
Corollary 5.49 we have

ı0 d l Kn lt C
D
Yt � u0; OHn

�
t; Y nt ; Z

n
t

�
dQt � dKnt

E

� 
‰#

u0;ı0 .t/ �‰ .t; u0/
�
dQt C jY nt � u0j

h
jOut j C

ˇ̌
ˇ OHn .t; u0; 0/

ˇ̌
ˇ
i
dQt

C jY nt � u0j2 dV t C 1

4
jZn

t j2 dt;

where

‰#
u0;ı0 .t/ D sup

˚
1Œ0;�� .t/ Œ˛t' .u0 C ı0v/C .1 � ˛t /  .u0 C ı0v/� W jvj � 1

�

D sup
˚
1Œ0;�� .t/ j˛t' .u0/C .1 � ˛t /  .u0/j

�

D ‰ .t; u0/ ;

and Out D 0 2 @y‰ .!; t; u0/. Hence

ı0d l Kn lt C
D
Y nt � u0; OHn

�
t; Y nt ; Z

n
t

�
dQt � dKnt

E

� jY nt � u0j jH .t; u0; 0/j dQt C jY nt � u0j2 dV t C 1

4
jZn

t j2 dt:

By Proposition 6.80-B we obtain

ı0E

Z T

0

e2Vsd l Kn ls

� C2

�
E e2VT jY nT � u0j2 C E

�Z T

0

eVs jH .s; u0; 0/j dQs

�2 �
� C:

From the convergence (5.199) and the equality

Y n0 CKn
t D Y nt C

Z t

0

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z t

0

Zn
s dBs; 8 t � 0;

it follows, via Lemma 5.16, that there exists a K 2 S0m such that

kKn �KkT
prob:���! 0; as n ! 1:



5.6 BSDEs with Random Final Time 473

As in Proposition 1.20 and Corollary 1.22 we obtain

E

Z �

0

e2Vsd l K ls� lim inf
n!C1E

Z �

0

e2Vsd l Kn ls� C

and

dKt 2 @y‰ .t; Yt / dQt on RC:

Finally passing to the limit in

Y nt CKn
T �Kn

t D Y nT C
Z T

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z T

t

Zn
s dBs;

we complete the proof. �

Remark 5.68. In this last theorem, in contrast to the results in Theorem 5.66, we
have not been able to show that the process K is absolutely continuous.

To end this section we discuss a particular case of BSVI (5.146) that we recall
here for the convenience of the reader:

8̂
ˆ̂̂<
ˆ̂̂̂
:

Yt C
Z �

t^�
dKs D �C

Z �

t^�
ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs�

�
Z �

t^�
ZsdBs; t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt ; on RC;

(5.202)

where the assumptions (A1), : : : ; (A10) from the beginning of this section will to be
replaced by

.L1/: (A1) C (A2) C (A3) are satisfied;

.L2/: the functions F W ��RC �R
m�R

m�k ! R
m and G W ��RC �R

m ! R
m

satisfy

F .�; �; y; z/ ; G .�; �; y/ is p.m.s.p., for each .y; z/ 2 R
m � R

m�k ,

and there exists an L > 0 such that, P-a.s. ! 2 �, a.e. t � 0, for all y,
y0; z; z0

.i/ hy0 � y; F.t; y0; z/ � F.t; y; z/i � L
2

jy0 � yj2 ;
.ii/ jF.t; y; z0/ � F.t; y; z/j �

q
L
2

jz0 � zj ;
.iii/ jF .!; t; y; 0/j � L

2
.1C jyj/ ;

.iv/ hy0 � y;G.t; y0/ �G.t; y/i � L jy0 � yj2 ;
.v/ jG .!; t; y/j � L .1C jyj/ :

(5.203)
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We remark that in this case 	t D L
2

1Œ0;�� .t/, `t D
q

L
2

1Œ0;�� .t/, �t D L1Œ0;�� .t/
and

Vt D
Z t^�

0

h
	sds C �sdAs C .`s/

2 ds
i

D LQt^� ;

F #
� .s/ D sup

jyj��
jF .t; y; 0/j � L

2
.1C �/ ;

G#
� .s/ D sup

jyj��
jG .t; y/j � L .1C �/ :

.L3/: (A6)C(A7)C(A8) are satisfied;

.L5/: assume that

E e2LQ�

	
1C j�j2 C j'.�/j C j .�/j



< 1: (5.204)

We highlight that under .L1/ ; : : : ; .L5/, the assumptions (A1), : : : ; (A9) are
satisfied. Also from .L5/ we have

.2L/j

j Š
E

.� C A�/

j
� � E e2LQ� < 1; for all j 2 N

�;

and consequently � < 1, P-a.s. Moreover it is not difficult to verify that by .L2/,
.L5/ and (5.192-a) the condition (5.190) is satisfied for all ı 2 .0;1/ and for all
q D 1 C ı

2Cı 2 .1; 2/. Hence with the exception of assumption (5.189) on the
interior of Dom .'/ all other assumptions of Theorem 5.67 are satisfied.

Theorem 5.69. Under the assumptions .L1/ ; : : : ; .L5/ the BSVI (5.202) has a
unique solution .Y;Z;K/ 2 S0m �ƒ0

m�k � S0m in the sense of Definition 5.64 which
satisfies for all q 2 .1; 2/:

.j / E sup
s�0

e2LQs jYs � u0j2 C E

Z 1

0

e2LQs jZsj2 ds < 1;

. jj/ lim
T!1

"
E eqLQT jYT � �T jq C E

�Z 1

T

e2LQs jZs � �sj2 ds

�q=2#
D 0:

Moreover there exist U .1/; U .2/ 2 ƒ0
m, U .1/

t 2 @' .Yt / and U
.2/
t 2 @ .Yt /,

dP˝dt -a.e. such that dKt D UtdQt 2 @y‰ .t; Yt / dQt , where

Ut D 1Œ0;�� .t/
h
˛tU

.1/
t C .1 � ˛t / U .2/

t

i
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and

Yt C
Z T

t

UsdQs D YT C
Z T

t

H .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; a:s:

The inequalities (5.162), (5.163) and (5.164) hold with Vt D LQt .

Proof. The proof is similar to that of Theorem 5.67: the Steps 1–3 are exactly the
same. To pass to the limit in the approximating equation

8̂
<̂
ˆ̂:

Y nt C
Z 1

t

U n
s dQs D �n C

Z 1

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z 1

t

Zn
s dBs;

dKns D Un
s dQs D U 1;n

s ds C U 2;n
s dAs;

with U 1;n
s ds 2 @' �Y ns

�
ds; U 2;n

s dAs 2 @ �Y ns
�

dAs;

(5.205)

we need a new argument for Step 4 since now the interior condition (5.189) is not
satisfied.
Step 40. Estimates on subdifferential termsU 1;n and U 2;n. By Theorem 5.66 we have

E

e2V

n
t
�
'.Y nt / � '.u0/C  .Y nt / �  .u0/

��

C1

2
E

Z �

t^�
e2V

n
s

h ˇ̌
U 1;n
s

ˇ̌2
ds C ˇ̌

U 2;n
s

ˇ̌2
dAs

i

� E

e2V

n
� .'.�n/ � '.u0/C  .�n/ �  .u0//

�

C4E
Z 1

t

1Œ0;�� .s/ e2V
n
s

h
j OFn.s; Y ns ; Zn

s /j2ds C j OGn.s; Y ns /j2dAs
i
:

Note that V n
t D Vt � �nt , where �nt D

Z t^�

0

L
2

1.n;1/ .�s/ ds. Since

'.�n/ � '.u0/ D .' .�/ � '.u0// 1Œ0;n� .ˇ� C j� � u0j/ ;
 .�n/ �  .u0/ D . .�/ �  .u0// 1Œ0;n� .ˇ� C j� � u0j/ ;

j OFn.s; Y ns ; Zn
s /j � L

2

�
1C jY ns j�C

r
L

2
jZn

s j 1Œ0;n� .�s/C jF .s; u0; 0/j 1Œ0;n� .
s/ ;

j OGn.s; Y ns /j � L
�
1C jY ns j�C jG .s; u0/j 1Œ0;n� .
s/ ;

we obtain

E

h
e2V

n
t
�
'.Y nt / � '.u0/C  .Y nt / �  .u0/

�i � C;

and

E

Z 1

0

1Œ0;�� .s/ e2V
n
s

h ˇ̌
U 1;n
s

ˇ̌2
ds C ˇ̌

U 2;n
s

ˇ̌2
dAs

i
� C:
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Consequently there exist two p.m.s.p. U .1/ and U .2/, such that along a subsequence
still indexed by n,

eV U 1;ne�
n

1Œ0;�� * eV U .1/1Œ0;��; weakly in L2 .� � RC; dP ˝ dt IRm/ ;
eV U 2;ne�

n

1Œ0;�� * eV U .2/1Œ0;��; weakly in L2 .� � RC; dP ˝ dAt IRm/ :

Passing to the limit in (5.205) the result follows in a standard manner (see the proof
of Theorem 5.66). �

Remark 5.70. If � D T < 1 is a deterministic final time, then the assertions of

Theorem 5.69 are also true with q D 2 (and ı D 1) by setting `s D
q

L
2

1Œ0;T � .s/.

5.6.3 Weak Variational Solutions

In this subsection we discuss again the existence and the uniqueness of a solution
.Y;Z/ of BSVI (5.146) that we recall here:
8
<
:
Yt C

Z �

t^�

dKs D �C
Z �

t^�

ŒF .s; Ys; Zs/ ds CG .s; Ys/ dAs ��
Z �

t^�

ZsdBs ; t � 0;

dKt 2 @' .Yt / dt C @ .Yt / dAt ; on RC;
(5.206)

under the assumptions (A1); : : : ; (A9) presented in Sect. 5.6.2. Adding the assump-
tion (A10) we have Theorem 5.66. Replacing the assumption (A10) by (5.190)
and the interior condition (5.189) we have Theorem 5.67. Furthermore if the
stochastic processes .	t /t�0, .�t /t"0, .`t /t�0 are constants and some boundedness
assumptions (5.203-iii; v) and (5.204) are satisfied then we can renounce assumption
(A10), and obtain the existence and uniqueness of a solution .Y;Z/ for (5.206): see
Theorem 5.69.

The aim of this subsection is to obtain existence and uniqueness under the
assumptions (A1); : : : ; (A9) and (5.190), i.e. to see what happens in Theorem 5.67
without the interior condition (5.189). It is not clear how we can obtain some
estimates on the subdifferential term dKns D Un

s dQs 2 @y‰
�
s; Y ns

�
dQs , except

for the particular case treated in Theorem 5.69. For this reason we shall give a
weak variational formulation for the solution as in [47]. The stochastic variational
formulation for forward SDEs was introduced by Răşcanu in [62].

Let us define the space Lpm, p � 0, of continuous semimartingalesM of the form

Mt D 
 �
Z t

0

ƒrdQr C
Z t

0

‚rdBr ;

where 
 2 R
m, ƒ and ‚ are two p.m.s.p. such that on every interval Œ0; T � � RC,

ƒ 2 Lp ��IL1 .0; T IRm/�, ‚ 2 Lp ��IL2 �0; T IRm�k��.
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For an intuitive introduction, let M 2 L0m and .Y;Z;K/ be a solution

of (5.157), in the sense of Definition 5.64. By Itô’s formula for
1

2
jMt � Yt j2 and

the subdifferential inequality

Z T

t

hMr � Yr ; dKri C
Z T

t

‰ .r; Yr / dQr �
Z T

t

‰ .r;Mr/ dQr

we obtain the inequality

1

2
jMt � Yt j2 C 1

2

Z T

t

j‚r �Zr j2 dr C
Z T

t

‰ .r; Yr / dQr

� 1

2
jMT � YT j2 C

Z T

t

‰ .r;Mr/ dQr C
Z T

t

hMr � Yr ;ƒr �H .r; Yr ; Zr/idQr

�
Z T

t

hMr � Yr ; .‚r �Zr/dBri:

Therefore, we propose the following weak formulation for the solution.

Definition 5.71. We call .Yt ; Zt /t�0 a weak variational solution of (5.206) if
.Y;Z/ 2 S0m �ƒ0

m�k , .Yt ; Zt / D .�t ; �t / D .�; 0/ for t > � and

.i/

Z T

0

.jH .r; Yr ; Zr/j C‰ .r; Yr // dQr < 1; P-a.s., for all T � 0;

.ii/
1

2
jMt � Yt j2 C 1

2

Z s

t

j‚r �Zr j2 dr C
Z s

t

‰ .r; Yr / dQr

� 1

2
jMs � Ys j2 C

Z s

t

‰ .r;Mr/ dQr

C
Z s

t

hMr � Yr ;ƒr �H .r; Yr ; Zr/idQr �
Z s

t

hMr � Yr ; .‚r �Zr/dBr i;
8 0 � t � s � �; 8M� D 
 � R

�

0
ƒrdQr C R

�

0
‚rdBr 2 L0m;

.iii/ e2VT jYT � �T j2 C
Z

1

T

e2Vs jZs � �s j2 ds
prob:�����! 0; as T ! 1:

(5.207)

Theorem 5.72. Let the assumptions .A1; : : : ;A9/ and (5.190-.i 0/ and .ii, with
q D 2/) be satisfied. Then the BSVI (5.206) has a unique weak variational solution
.Y;Z/ 2 S0m �ƒ0

m�k in the sense of Definition 5.71 such that

.j / E sup
s�0

e2Vs jYs � u0j2 C E

Z 1

0

e2Vs jZsj2 ds < 1;

. jj/ lim
T!1

�
E e2VT jYT � �T j2 C E

Z 1

T

e2Vs jZs � �sj2 ds

�
D 0:

(5.208)

Moreover the inequalities (5.162) and (5.163) hold.
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Proof. Existence We remark that we are in the conditions of Theorem 5.67 without
the interior condition (5.189). Therefore we start with the same approximating
equation as in the proof of Theorem 5.67

8<
:
Y nt C

Z 1

t

U n
s dQs D �n C

Z 1

t

OHn

�
s; Y ns ; Z

n
s

�
dQs �

Z 1

t

Zn
s dBs;

dKns D Un
s dQs 2 @y‰

�
s; Y ns

�
dQs 	 1Œ0;�� .s/ @'

�
Y ns
�
dQs

(5.209)

and we follow exactly the same Steps 1–3 as there.
We obtain the existence of .Y;Z/ 2 S0m �ƒ0

m�k such that

E

"
sup
s�0

e2Vs jY ns � Ysj2 C
Z 1

0

e2Vs jZn
s �Zsj2ds

#
�! 0; as n ! 1;

.Yt ; Zt / D .�; 0/ for t > � and .Y;Z/ satisfies (5.208), the inequalities (5.162)
and (5.163), and (5.207-i; iii).

Let M� D 
 � R �
0
ƒrdQr C R �

0
‚rdBr 2 L0m. By Itô’s formula for 1

2
jMt � Y nt j2

we deduce that, for all 0 � t � s,

1

2
jMt � Y nt j2 C 1

2

Z s

t

j‚r �Zn
r j2 dr C

Z s

t

‰
�
r; Y nr

�
dQr � 1

2
E jMs � Y ns j2

C
Z s

t

‰
�
r;Mn

r

�
dQr C

Z s

t

hMr � Y nr ;ƒr � OHn

�
r; Y nr ; Z

n
r

�idQr

�
Z s

t

hMr � Y nr ; .‚r �Zn
r /dBri:

Passing to the lim inf it follows that the pair .Y;Z/ satisfies the inequality (5.207-ii).

Uniqueness. In order to prove the uniqueness of the solution, let
	 OY ; OZ



2 S0m �

ƒ0
m�k and

� QY ; QZ� 2 S0m � ƒ0
m�k be two weak variational solutions of (5.206)

corresponding to O� and Q�, respectively. Therefore for all M� D 
 � R �
0
ƒrdQr CR �

0
‚rdBr 2 L0m,

1

2

	
jMt � OYt j2 C jMt � QYt j2



C 1

2

Z s

t

	
j‚r � OZr j2 C j‚r � QZr j2



dr

C
Z s

t

	
‰.r; OYr/C‰.r; QYr/



dQr

� 1

2

	
jMs � OYsj2 C jMs � QYsj2



C 2

Z s

t

‰ .r;Mr/ dQr

C
Z s

t

	
hMr � OYr ;ƒr �H.r; OYr ;Zr/i C hMr � QYr ;ƒr �H.r; QYr ; QZr/i



dQr

�
Z s

t

	
hMr � OYr ; .‚r � OZr/dBri C hMr � QYr ; .‚r � QZr/dBri



; 8 0 � t � s:
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Let Y D OYC QY
2

, Z D OZC QZ
2

and hr D 1

2

h
H.r; OYr ; OZr/CH.r; QYr ; QZr/

i
.

From the convexity of ' we see that

2'.Yr/ � '. OYr/C '. QYr/;
and using the identity

2

�
u C v

2
;
f C g

2

�
C 1

2
hu � v; f � gi D hu; f i C hv; gi ;

we obtain

hMr � OYr ;ƒr �H.r; OYr ; OZr/i C hMr � QYr ;ƒr �H.r; QYr ; QZr/i
D 2 hMr � Yr ;ƒr � hri C 1

2
h OYr � QYr ;H.r; OYr ; OZr/ �H.r; QYr ; QZr/i;

and
Z s

t

hMr � OYr ; .‚r � OZr/dBri C
Z s

t

hMr � QYr ; .‚r � QZr/dBri

D 2

Z s

t

hMr � Yr ; .‚r �Zr/i dBr C 1

2

Z s

t

h OYr � QYr ; . OZr � QZr/dBri:

Therefore, since

1

2

	
jm � uj2 C jm � vj2



D ˇ̌

m � u C v

2

ˇ̌2 C 1

4
ju � vj2 ;

we have for all M� D 
 � R �
0
ƒrdQr C R �

0
‚rdBr 2 L0m

ˇ̌ OYt � QYt
ˇ̌2 C

Z s

t

ˇ̌ OZr � QZr
ˇ̌2

dr � 8Bt;s .M/C ˇ̌ OYs � QYs
ˇ̌2

C2
Z s

t

h OYr � QYr ;H.r; OYr ; OZr/ �H.r; QYr ; QZr/idQr

�2
Z s

t

h OYr � QYr ; . OZr � QZr/dBri; 8 0 � t � s;

(5.210)

where

Bt;s .M/ D 1

2
jMs � Ysj2 C

Z s

t

‰ .r;Mr/ dQr

C
Z s

t

hMr � Yr ;ƒr � hridQr � 1

2
jMt � Yt j2

�1
2

R s
t

j‚r �Zr j2 dr �
Z s

t

‰ .r; Yr / dQr �
Z s

t

hMr � Yr ; .‚r �Zr/ dBri:
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Let

M"
t D e

�Qt
Q"

�
Y0 C 1

Q"

Z t

0

e
Qr
Q" YrdQr

�
: (5.211)

Clearly, M" 2 L0m since M"
t D M"

0 C R t
0
dM"

r D Y0 C
Z t

0

Yr�M"
r

Q"
dQr C

Z t

0

0dBr .

By Lemma 6.21 it follows that for all 0 � t � s � T

.a/ lim
"!0C


supr2Œ0;T � jM"

r � Yr j
� D 0;

.b/ lim
"!0C

Z s

t

1Œ0;�� .r/ '
�
M"
r

�
dr D

Z s

t

1Œ0;�� .r/ '.Yr/dr;

.c/ lim
"!0C

Z s

t

1Œ0;�� .r/  
�
M"
r

�
dAr D

Z s

t

1Œ0;�� .r/  .Yr/dAr

and consequently

lim sup
"!0C

Bt;s .M
"/ � 0;

because ‰
�
r;M"

r

�
dQr D 1Œ0;�� .r/


'
�
M"
r

�
dr C  

�
M"
r

�
dAr

�
.

Using the inequality

h OYr � QYr ;H.r; OYr ; OZr/ �H.r; QYr ; QZr/idQr � j OYr � QYr j2dVr C 1

4
j OZr � QZr j2dr

from (5.210) with M D M", " ! 0C, we obtain that for all 0 � t � s,

ˇ̌ OYt � QYt
ˇ̌2 C 1

2

Z s

t

ˇ̌ OZr � QZr
ˇ̌2

dr � ˇ̌ OYs � QYs
ˇ̌2 C 2

Z s

t

ˇ̌ OYr � QYr
ˇ̌2

dVr

�2
Z s

t

h OYr � QYr ; . OZr � QZr/dBri;

which yields, by Proposition 6.69

e2Vt
ˇ̌ OYt � QYt

ˇ̌2 C 1

2

Z s

t

e2Vr
ˇ̌ OZr � QZr

ˇ̌2
dr � e2Vs

ˇ̌ OYs � QYs
ˇ̌2

� 2
Z s

t

e2Vr h OYr � QYr ; . OZr � QZr/dBri:

Taking the expectation and then passing to the limit as s ! 1 uniqueness follows
(see the properties of the solutions given in (5.208)).
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5.7 Semilinear Elliptic PDEs

5.7.1 Elliptic Equations in the Whole Space

We will first consider elliptic PDEs in R
d , and then in a bounded open subset of Rd ,

with Dirichlet boundary condition.
Let fXx

t I t � 0g denote the solution of the forward SDE:

Xx
t D x C

Z t

0

f .Xx
s / ds C

Z t

0

g.Xx
s / dBs; t � 0; (5.212)

where f W R
d ! R

d is continuous and globally monotone, g W R
d ! R

d�d is
globally Lipschitz, and consider the backward SDE

Y xt D Y xT C
Z T

t

F .Xx
s ; Y

x
s ; Z

x
s / ds �

Z T

t

Zx
s dBs; for all t; T s.t. 0 � t � T;

(5.213)

where F W R
d � R

k � R
k�d ! R

k is continuous and such that for some K, K 0,
	 < 0, p > 0,

jF.x; y; z/j � K 0.1C jxjp C jyj C jzj/;
˝
y � y0; F .x; y; z/ � F.x; y0; z/

˛ � 	jy � y0j2;
jF.x; y; z/ � F.x; y; z0/j � Kkz � z0k:

We assume moreover that for some � > 2	CK2, and all x 2 R
d ,

E

Z 1

0

e�t jF.Xx
t ; 0; 0/j2dt < 1; (5.214)

which essentially implies that � < 0.
Under these assumptions, the BSDE (5.213) has a unique solution, in the sense

of Theorem 5.27.
It is not hard to see, using uniqueness for BSDEs, that

Y xt D Y
Xxt
0 ; t > 0: (5.215)

Denote by

A D 1

2

X
i;j

.gg�/ij.x/
@2

@xi@xj
C
X
i

fi .x/
@

@xi
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the infinitesimal generator of the Markov process fXx
t I t � 0g, and consider the

following system of semilinear elliptic PDEs in R
d

Aui .x/C Fi.x; u.x/; .rug/.x// D 0; x 2 R
d ; 0 � i � k: (5.216)

As in Sect. 5.4, one easily establishes the following:

Theorem 5.73. Let u 2 C2.Rd IRm/ be a classical solution of (5.216) such that for
some M;q > 0,

ju.x/j � M.1C jxjq/; 8x 2 R
d :

Then for each x 2 R
d , f.u.Xx

t /; .rug/.Xx
t //I t � 0g is the solution of the

BSDE (5.213). In particular u.x/ D Y x0 .

We now want to prove that (5.212)–(5.213) provide a viscosity solution to (5.216)
Again, for the notion of a viscosity solution of the system of PDEs we

need (5.216) to make sense, therefore we need to make the following restriction: for
0 � i � k, the i -th coordinate of F depends only on the i -th row of the matrix z.

Define the mapping

ˆ W Rd � R
m � R

d � S
d ! R

m

by

ˆi.x; r; p;X/ D �1
2

TrŒg.x/g�.x/X� � hf .x/; pi � Fi.x; r; pg.x//; 1 � i � m:

Then the system (5.216) reads

ˆi.x; u.x/;Dui .x/;D
2ui .x// D 0; x 2 R

d ; 0 � i � m:

All the assumptions from Theorem 5.37 are assumed to hold below (with of
course f , g and F independent of the time variable t ). The notion of a viscosity
solution of (5.216) is defined by Definition 6.94 in Annex D.

We can now prove the following:

Theorem 5.74. Under the above assumptions, u.x/
defD Y x0 is a continuous function

which satisfies

jY x0 j � c

s
E

Z 1

0

e�t jF.Xx
t ; 0; 0/j2dt ; (5.217)

for any � > 2	CK2, and it is a viscosity solution of (5.216).

Proof. The continuity follows from the mean-square continuity of fY x� ; x 2 R
d g.

The inequality (5.217) follows from (5.134) with � D 0 (hence � D 0 and � D 0).



5.7 Semilinear Elliptic PDEs 483

To prove that u is a viscosity sub-solution, we take any 1 � i � m, ' 2 C2.Rd /

and x 2 R
d such that ui � ' has a local maximum at x. We assume without loss of

generality that

ui .x/ D '.x/:

We suppose that

ˆi.x; u.x/;D'i .x/;D
2'i .x// > 0;

and we will find a contradiction.
Let ˛ > 0 be such that whenever jy � xj � ˛,

ui .y/ � '.y/;

ˆi .y; u.y/;D'i .y/;D
2'i .y// > 0;

and define, for some T > 0,

� D infft > 0I jXx
t � xj � ˛g ^ T:

Let now

.Y t ; Zt / D ..Y xt^� /i ; 1Œ0;��.t/.Zx
t /
i /; 0 � t � T:

.Y ;Z/ solves the one-dimensional BSDE

Y t D ui .X
x
� /C

Z T

t

1Œ0;��.s/Fi .Xx
s ; u.X

x
s /; Zs/ds �

Z T

t

ZsdBs; 0 � t � T:

On the other hand, from Itô’s formula,

. OYt ; OZt/ D .'.Xx
t^� /; 1Œ0;��.t/.r'g/.Xx

t //; 0 � t � T

solves the BSDE

OYt D '.Xx
� / �

Z T

t

1Œ0;��.s/A'.Xx
s /ds �

Z T

t

OZsdBs; 0 � t � T:

From ui � ', and the choice of ˛ and � , we deduce with the help of Proposition 5.34
that Y 0 < OY0, i.e. ui .x/ < '.x/, which is a contradiction. �

5.7.2 Elliptic Dirichlet Problem

We now give a similar result for a system of elliptic PDEs in an open bounded
subset of Rd , with Dirichlet boundary condition, following [20]. Let D � R

d be
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a bounded domain (i.e. D is an open bounded subset of Rd ), whose boundary @D
is of class C1. We are given a function � 2 C.Rd / and we consider the system of
elliptic PDEs

�
ˆi.x; u.x/;Du.x/;D2u.x// D 0; 1 � i � m; x 2 DI
ui .x/ D �i .x/; 1 � i � m; x 2 @D: (5.218)

The process fXx
t I t � 0g is defined as in the preceding subsection. For each

x 2 D, we define the stopping time

�x D infft � 0I Xx
t 62 Dg:

Let f.Y xt ; Zx
t /I 0 � t � �xg be the solution, in the sense of Corollary 5.59, of

the BSDE

Y xt D �.Xx
�x
/C

Z �x

t^�x
F .Xx

s ; Y
x
s ; Z

x
s / ds �

Z �x

t^�x
Zx
s dBs; t � 0: (5.219)

Using Itô’s formula, it is not hard to establish the following:

Theorem 5.75. Let u 2 C2.DIRm/\C0.DIRm/ be a classical solution of (5.218).
Then for each x 2 R

d , f.u.Xx
t /; .rug/.Xx

t //I t � 0g is the solution of the
BSDE (5.219). In particular u.x/ D Y x0 .

We now assume that P.�x < 1/ D 1, for all x 2 D, that the set

ƒ D fx 2 @DI P.�x > 0/ D 0g is closed, (5.220)

and that for some � > 2	CK2, and all x 2 D,

Ee��x < 1:

We again define u.x/ D Y x0 . Besides some arguments which we have already
used, the continuity of u also relies on the following:

Proposition 5.76. Under the condition (5.220), the mapping x ! �x is a.s.
continuous on D.

Proof. Let fxn; n 2 Ng be a sequence in D such that xn ! x, as n ! 1. We first
show that

lim sup
n!1

�xn � �x a.s. (5.221)

Suppose that (5.221) is false. Then

P.�x < lim sup
n!1

�xn/ > 0: (5.222)
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For each " > 0, let

�"x D infft � 0I d.Xx
t ;D/ � "g:

From (5.222), there exists " and T such that

P.�"x < lim sup
n!1

�xn � T / > 0:

But since Xxn� ! Xx� uniformly on Œ0; T � a.s., this implies that

P.lim sup
n!1

�"=2xn
� �"x < lim sup

n!1
�xn � T / > 0;

which would mean that for some n, Xxn exits the "=2-neighbourhood of D before
exiting D, which is impossible.

We next prove that

lim inf
n!1 �xn � �x a.s. (5.223)

For this part of the proof, we will need the assumption (5.220) that ƒ is closed.
It suffices to prove that (5.223) holds a.s. on�M D f�x � M g, withM arbitrary.

From the result of the first step, for almost all ! 2 �M , there exists an n.!/ such
that n � n.!/ implies �xn � M C 1. From the a.s. (on �M ) uniform convergence
of Xxn� ! Xx� on the interval Œ0;M C 1�, Xx� hits the set

fXxn
�xn I n 2 Ng � ƒ D ƒ

on the random interval Œ0; lim infn �xn � a.s. on �M . The result follows, since Xx�
exits D when it hits ƒ. �

We now prove the following:

Theorem 5.77. Under the assumptions of Theorem 5.74, the above conditions on

D and the condition (5.220), u.x/
defD Y x0 is continuous on D and it is a viscosity

solution of the system of Eq. (5.218).

Proof. We only prove that u is a sub-solution. Let 1 � i � m, ' 2 C2.Rd / ui � '

have a local maximum at x 2 D, such that ui .x/ D '.x/. If x 2 ƒ, then �x D 0,
and hence u.x/ D �.x/. If however x 2 D [ .@Dnƒ/, the result follows by the
same argument as in the proof of Theorem 5.74.

5.7.3 Elliptic Equations with Neumann Boundary Conditions

The data and assumptions are the same as in Sect. 5.4.3, except that we suppress the
dependence of all coefficients upon the time variable. Moreover we also assume that
all assumptions of Section 5.4.1 are satisfied.
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Consider the following system of semilinear elliptic PDEs with nonlinear
Neumann boundary condition

8
<
:
ˆi.x; u.x/;Dui .x/;D2ui .x// D 0; x 2 D; 0 � i � mI
@ui
@n
.x/ �Gi.x; u.x// D 0; x 2 @D; 1 � i � m:

(5.224)

Let Xx be the process solution of the reflected stochastic differential equation, for
all t � 0; P a.s.

8̂
<̂
ˆ̂:

Xx
t CKx

t D x C
Z t

0

f .r; Xx
r /dr C

Z t

0

g.r; Xx
r /dBr ;

Xx
t 2 D; Kx

t D
Z t

0

n.Xx
r /1@D

�
Xx
r

�
d lKxlr :

(5.225)

To each x 2 D we associate the BSDE

Y xt D Y xT C
Z T

t

F .r; Xx
r ; Y

x
r ; Z

x
r /dr C

Z T

t

G.r; Xx
r ; Y

x
r /d lKxlr (5.226)

�
Z T

t

Zx
r dBr ; for all pairs 0 � t < T:

Itô’s formula again allows us to establish the following:

Theorem 5.78. Let u 2 C2.DIRm/\C1.DIRm/ be a classical solution of (5.224).
Then for each x 2 R

d , f.u.Xx
t /; .rug/.Xx

t //I t � 0g is the solution of the
BSDE (5.226). In particular u.x/ D Y x0 .

We now have:

Theorem 5.79. Under the above conditions and those of Theorem 5.43, u.x/ WD
Y x0 is a continuous function of x, and it is a viscosity solution of (5.224).

The proof of this Theorem is easily done by combining the arguments in the
proofs of Theorems 5.74 and 5.43.

5.8 Parabolic Variational Inequality

The aim of this section is to prove the existence of a viscosity solution for the
following parabolic variational inequality (PVI) with a mixed nonlinear multivalued
Neumann–Dirichlet boundary condition:
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8̂
ˆ̂̂̂
<
ˆ̂̂
ˆ̂:

@u.t; x/

@t
C Atu .t; x/C F .t; x; u.t; x/; .rug/.t; x// 2 @' .u.t; x// ;

t 2 .0; T / ; x 2 D;
�@u.t; x/

@n
CG .t; x; u.t; x// 2 @ .u.t; x// ; t 2 .0; T / ; x 2 Bd .D/ ;

u.T; x/ D �.x/; x 2 D;
(5.227)

where the operator At is given by

At v.x/ D 1

2
Tr

g.t; x/g�.t; x/D2v.x/

�C ˝
f .t; x/;rv.x/˛;

and D is an open connected bounded subset of Rd of the form

D D ˚
x 2 R

d W � .x/ < 0� ; Bd .D/ D ˚
x 2 R

d W � .x/ D 0
�
;

where � 2 C3
b

�
R
d
�
, jr� .x/j D 1; for all x 2 Bd .D/. The outward normal

derivative of v at the point x 2 Bd .D/ is given by

@v .x/

@n
D

dX
jD1

@� .x/

@xj

@v .x/

@xj
D hr� .x/ ;rv .x/i :

The functions f W RC � R
d ! R

d , g W RC � R
d ! R

d�d , F W RC � D �
R � R

d ! R, G W RC � Bd .D/ � R ! R and � W D ! R are continuous.
Assume that for all T > 0, there exist a;L > 0 (which can depend on T ) such that
8t 2 Œ0; T � ; 8x; Qx 2 R

d :

jf .t; x/ � f .t; Qx/j C jg .t; x/ � g .t; Qx/j � a jx � Qxj ; (5.228)

and 8t 2 Œ0; T �, 8x 2 D, x0 2 Bd .D/, y; Qy 2 R; z; Qz 2 R
d :

.i/ .y � Qy/ ŒF.t; x; y; z/ � F.t; x; Qy; z/� � L
2
jy � Qyj2;

.ii/ jF.t; x; y; z/ � F.t; x; y; Qz/j �
q

L
2
jz � Qzj;

.iii/ jF.t; x; y; 0/j � L
2
.1C jyj/ ;

.iv/ .y � Qy/ ŒG.t; x0; y/ �G.t; x0; Qy/� � Ljy � Qyj2;
.v/ jG.t; x0; y/j � L .1C jyj/ :

(5.229)

We also assume that

.i/ ';  W R ! .�1;C1� are proper convex l.s.c. functions,
.ii/ 0 D ' .0/ � ' .y/ and 0 D  .0/ �  .y/ ; 8 y 2 R;

.iii/ �.x/ 2 int .Dom .'// \ int .Dom . // for all x 2 D;
(5.230)
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and the compatibility conditions:
for all " > 0, t � 0, x 2 Bd .D/, Qx 2 D, y 2 R and z 2 R

d

.i/ r'" .y/G .t; x; y/ � jr " .y/j jG .t; x; y/j ;
.ii/ r " .y/ F .t; Qx; y; z/ � jr'" .y/j jF .t; Qx; y; z/j ; (5.231)

where aC D max f0; ag and r'" .y/, r " .y/ are the unique solutions U and V ,
respectively, of equations

@'.y � "U / 3 U and @ .y � "V / 3 V

(for the Moreau–Yosida approximations r'", r " see section “Convex function”
from Annex B and for the compatibility conditions see Example 5.63). We mention
that in the one dimensional case (which is our case here)

@' .y/ D 
'0� .y/ ; '0C .y/

�
and @ .y/ D 

 0� .y/ ;  0C .y/
�
:

Since D is bounded and � is continuous it follows from (5.230-iii) that there
exists an M0 > 0 such that

sup
x2D

j�.x/j C sup
x2D

' .�.x//C sup
x2D

 .�.x// � M0:

Let .t; x/ 2 Œ0; T � � D be arbitrarily fixed. Consider the stochastic basis	
�;F ;P; �F t

s

�
s�0



, where the filtration is generated by a d -dimensional Brownian

motion as follows: F t
s D N if 0 � s � t and

F t
s D � fBr � Bt W t � r � sg _ N ; if s > t:

From Theorem 4.54 and Theorem 4.47 we infer that there exists a unique pair
.Xt;x; At;x/ W � � Œ0;1Œ ! R

d � R
d of continuous progressively measurable

stochastic processes such that, P-a.s.:

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
:

.j / Xt;x
s 2 D and Xt;x

s^t D x for all s � 0;

. jj/ 0 D At;xu � At;xs � At;xv for all 0 � u � t � s � v;

. jjj/ Xt;x
s C

Z s

t

r� �Xt;x
r

�
dAt;xr D x C

Z s

t

f
�
r; Xt;x

r

�
dr

C
Z s

t

g
�
r; Xt;x

r

�
dBr ; 8 s � t;

. jv/ At;xs D
Z s

t

1Bd.D/
�
Xt;x
r

�
dAt;xr ; 8 s � t:

(5.232)

Then by Proposition 4.55 and Corollary 4.56 we have for all p � 1, � > 0 and
s � t ,
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.j / E sup
r2Œt;s�

jXt;x
r �Xt;y jp C E sup

r2Œt;s�

ˇ̌
At;xr � At;yr

ˇ̌p � CeC.s�t/ jx � yjp ;

. jj/ Ee�A
t;x
s � exp

�
C�C C�t C C2�2

2
t

�
;

(5.233)

and for every T > 0, p � 1 and continuous functions h1; h2 W Œ0; T � �D ! R, the
mappings

.t; x/ 7! �
Xt;x� ; At;x�

� W Œ0; T � �D ! S
p

d Œ0; T � � Sp1 Œ0; T �

and

.t; x/ 7! E

Z T

t

h1.s; X
t;x
s /ds C E

Z T

t

h2.s; X
t;x
s / dAt;xs W Œ0; T � �D ! R

are continuous.
We consider the backward stochastic variational inequality (BSVI):

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
:

Y t;xs C
Z T

s

dKt;xr D �
�
X
t;x
T

�C
Z T

s

1Œt;T � .r/ F
�
r; Xt;x

r ; Y t;xr ; Zt;x
r

�
dr;

C
Z T

s

1Œt;T � .r/G
�
r; Xt;x

r ; Y t;xr
�

dAt;xr �
Z T

s

hZt;x
r ; dBri ; 8 s 2 Œ0; T � ;

Y t;xs D Y
t;x
t , Zt;x

s D 0, Kt;x
s D U t;x

s D V t;x
s D 0, 8 s 2 Œ0; t � ;

Kt;x
s D

Z s

0

�
U t;x
r dr C V t;x

r dAt;xr
�
; 8 s 2 Œ0; T � ;

U t;x
s 2 @' �Y t;xs

�
and V t;x

s 2 @ �Y t;xs
�

a:e: on � � Œt; T � :
(5.234)

Note that the backward stochastic variational inequality (5.234) satisfies the assump-
tions of Theorem 5.69 and Remark 5.70 with � D T , � D �

�
X
t;x
T

�
satisfying (A00

7 ),

	s D L
2

1Œ0;T � .s/, `s D
q

L
2

1Œ0;T � .s/, �s D L1Œ0;T � .s/, Vs D LQ
t;x
s^T , u0 D 0, where

Qt;x
s D s C At;xs and E

	
e�Q

t;x
T



< 1, for all � > 0:

Therefore (5.234) has a unique solution .Y t;x; Zt;x; Kt;x/ of continuous progres-
sively measurable stochastic processes such that

E sup
r2Œt;T �

e2LQ
t;x
r
ˇ̌
Y t;xr

ˇ̌2 C E

�Z T

t

e2LQ
t;x
r
ˇ̌
Zt;x
r

ˇ̌2
dr

�
< 1;

and dKt;xs D U t;x
s ds C V t;x

s dAt;xs , where U t;x; V t;x are progressively measurable
stochastic processes and U t;x

s 2 @'
�
Y t;xs

�
, V t;x

s 2 @'
�
Y t;xs

�
dP˝dt � a:e. on

� � Œt; T �.
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Moreover by (5.162) and (5.164) the solution satisfies for all s 2 Œt; T �:

E
Fs sup

r2Œs;T �
e2LQ

t;x
r jY t;xr j2 C E

Fs

�Z T

s

e2LQ
t;x
r jZt;x

r j2 dr

�

CE
Fs

Z T

s

e2LQ
t;x
r

'
�
Y t;xr

�
dr C ˇ̌

 
�
Y t;xr

�ˇ̌
dAt;xr

�

� C2E
Fs

�
e2LQ

t;x
T

ˇ̌
�
�
X
t;x
T

�ˇ̌2

C
	Z T

s

eLQ
t;x
r
�ˇ̌
F
�
r; Xt;x

r ; 0; 0
�ˇ̌

dr C ˇ̌
G
�
r; Xt;x

r ; 0;
�ˇ̌

dAt;xr
� 
2�

� C2 E
Fs

�
e2LQ

t;x
T M0 C

	
eLQ

t;x
T � eLQt;x

s


2�

� CM0E
Fs

	
e2LQ

t;x
T



;

(5.235)

and

E

h
e2LQ

t;x
s '.Y t;xs /C  .Y t;xs /

i
C 1

2
E

Z T

s

e2LQ
t;x
r

	
jU t;x
r j2 dr C jV t;x

r j2 dAr



� E

h
e2LQ

t;x
T

�
'.�

�
X
t;x
T

�
/C  .�

�
X
t;x
T

�
/
�i

C4E
Z T

s

e2LQ
t;x
r
�jF.r; Y t;xr ; Zt;x

r /j2
�

dr C 4E

Z T

s

e2LQ
t;x
r
�jG.r; Y t;xr /j2� dAr

� CM0;LEe
2LQ

t;x
T :

(5.236)
We define

u.t; x/ D Y
t;x
t ; .t; x/ 2 Œ0; T � �D; (5.237)

which is a deterministic quantity since Y t;xt is F t
t 	 N -measurable.

From the Markov property, we have

u.s; Xt;x
s / D Y t;xs :

By (5.236) we infer that

u.t; x/ 2 Dom .'/ \ Dom . / for all .t; x/ 2 Œ0; T � �D: (5.238)

In the sequel we shall prove that u defined by (5.237) is a viscosity solution
of (5.227). Reversing the time by Qu .t; x/ D u .T � t; x/, the PVI (5.227)
becomes (6.137) and the uniqueness of the viscosity solution follows from Theo-
rem 6.112.

We now give the definition of the viscosity solution of the PVI (5.227).
A triple .p; q;X/ 2 R�R

d�S
d is a parabolic super-jet to u at .t; x/ 2 .0; T /�D

if for all .s; y/ 2 .0; T / �D
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u.s; y/ � u.t; x/C p.s � t /C hq; y � xi C 1
2
hX.y � x/; y � xi

Co.js � t j C jy � xj2/I

the set of parabolic super-jets is denoted P2;Cu.t; x/. The set of parabolic sub-jets
is defined by P2;�

O u D �P2;C
O .�u/.

Let

ˆ.t; x; y; q;X/ D �1
2

Tr
�
.gg�/.t; x/X

� � hf .t; x/; qi � F .t; x; y; qg.t; x// ;
�.t; x; y; q/ D hr�.x/; qi �G.t; x; y/:

We clearly have

ˆ
�
s; y; r;rv.y/;D2v.y/

� D �Asv.y/ � F .s; y; r;rv.y/g.s; y// : (5.239)

Definition 5.80. Let u W Œ0; T � �D ! R be a continuous function, which satisfies
u.T; x/ D � .x/ ; 8 x 2 D.

(a) u is a viscosity sub-solution of (5.227) if:

ˇ̌
ˇ̌ u.t; x/ 2 Dom .'/ ; 8.t; x/ 2 .0; T / �D;

u.t; x/ 2 Dom . / ; 8.t; x/ 2 .0; T / � Bd .D/ ;

and for any .t; x/ 2 .0; T / �D and any .p; q;X/ 2 P2;Cu.t; x/:

8̂
<̂
ˆ̂:

.d1/ p Cˆ.t; x; u.t; x/; q; X/C '0� .u.t; x// � 0 if x 2 D;

.d2/ min
n
p Cˆ.t; x; u.t; x/; q; X/C '0� .u.t; x// ;

�.t; x; u.t; x/; q/C  0� .u.t; x//
o

� 0 if x 2 Bd .D/ :

(5.240)

(b) The viscosity super-solution of (5.227) is defined in a similar manner as above,
with P2;C replaced by P2;�, the left derivative replaced by the right derivative,
min by max, and the inequalities � by �.

(c) A continuous function u W Œ0;1/ � D is a viscosity solution of (6.137) if it is
both a viscosity sub- and super-solution.

Theorem 5.81. Let the assumptions (5.228), (5.229), (5.230) and (5.231) be
satisfied. If u defined by (5.237) is continuous on Œ0; T � � D, then u is a viscosity
solution of PVI (5.227).

Proof. We show only that u is a viscosity sub-solution of (5.227) (the proof of the
super-solution property is similar).

Let .t; x/ 2 Œ0; T � �D and .p; q;X/ 2 P2;Cu.t; x/.
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Cases. .t; x/ 2 Œ0; T � � Bd .D/.
Aiming to deduce a contradiction we suppose that

min
n
�pCˆ.t; x; u.t; x/; q; X/C'0�

�
u.t; x/

�
; �.t; x; u.t; x/; q/C 0�

�
u.t; x/

�o
>0:

It follows by continuity of F , G, u, f , g, �, ˆ, � left continuity and
nondecreasing monotonicity of '0� and  0� that there exists " > 0, ı > 0 such
that for all .s; x0/ 2 Œ0; T � �D, js � t j � ı, jx0 � xj � ı,

� .p C "/Cˆ
�
s; x0; u.s; x0/; qC .X C "I /

�
x0 � x� ; XC"I

�C'0�
�
.u.s; x0/

�
> 0

(5.241)
and

�.s; x0; u.s; x0/; q C .X C "I /
�
x0 � x�/C  0�

�
u.s; x0/

�
> 0: (5.242)

Now since .p; q;X/ 2 P2;Cu.t; x/ there exists 0 < ı0 � ı such that for all s 2
Œ0; T � ; s ¤ t; x0 2 D, x0 ¤ x, js � t j � ı0, jx0 � xj � ı0 we have

u.s; x0/ < Ou.s; x0/ defD u.t; x/C .p C "/ .s � t /C hq; x0 � xi
C1

2

˝
.X C "I / .x0 � x/; x0 � x˛:

By (5.239) the condition (5.241) becomes

� @Ou.r; x0/
@t

�As Ou.s; x0/�F �s; x0; u.s; x0/;r Ou.s; x0/g.s; x0/
�C'0�

�
.u.s; x0/

�
> 0:

(5.243)
The condition (5.242) can be written as follows

˝r Ou.s; x0/;r�.x0/
˛ �G.s; x0; u.s; x0//C  0�

�
u.s; x0/

�
> 0: (5.244)

Let

�
defD �

t C ı0� ^ inf
˚
s > t W jXt;x

s � xj � ı0� :

We note that .Y t;xs ; Zt;x
s /, t � s � � , solves the BSDE

8̂
ˆ̂̂<
ˆ̂̂
:̂

Y t;xs D u
�
�;X

t;x
�

�C
Z �

s

�
F.r;Xt;x

r ; Y t;xr ; Zt;x
r / � U t;x

r

�
dr �

Z �

s

Zt;x
r dBr

C
Z �

s

�
G.r;Xt;x

r ; Y t;xr / � V t;x
r

�
dAt;xr ;

U t;x
s 2 @' �Y t;xs

�
and V t;x

s 2 @ �Y t;xs
�

dP ˝ dt -a:e:
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Moreover, it follows from Itô’s formula that

. OY t;xs ; OZt;x
s / D �Ou.s; Xt;x

s /; .r Oug/ .s; Xt;x
s /

�
; t � s � �

satisfies

OY t;xs D Ou.�; Xt;x
� / �

Z �

s

h@Ou.r; Xt;x
r /

@t
C Ar Ou.r; Xt;x

r /
i
dr �

Z �

s

OZt;x
r dBr

C
Z �

s

˝rx Ou �r; Xt;x
r

�
;r�.Xt;x

r /
˛
dAt;xr :

Let . QY t;xs ; QZt;x
s / D . OY t;xs � Y t;xs ; OZt;x

s �Zt;x
s /. We have

QY t;xs D Ou.�; Xt;x
� / � u

�
�;X

t;x
�

� �C
Z �

s

h
� @Ou.r; Xt;x

r /

@t
� Ar Ou.r; Xt;x

r /

�F.r;Xt;x
r ; Y t;xr ; Zt;x

r /C U t;x
r

i
dr �

Z �

s

QZt;x
r dBr

C
Z �

s

h˝rx Ou.r; Xt;x
r /;r�.Xt;x

r /
˛ �G.r;Xt;x

r ; Y t;xr /C V t;x
r

i
dAt;xr :

Let

ˇs D As Ou.s; Xt;x
s /C F.s;Xt;x

s ; Y t;xs ; Zt;x
s / and

Ǒ
s D As Ou.s; Xt;x

s /C F.s;Xt;x
s ; Y t;xs ; OZt;x

s /:

Since j Ǒ
s �ˇsj �

q
L
2

j OZt;x
s �Zt;x

s j, there exists a bounded d -dimensional p.m.s.p.

f�sI t � s � �g such that Ǒ
s � ˇs D h�s; QZt;x

s i and therefore

QY t;xs D Ou.�; Xt;x
� / � u.�; Xt;x

� /C
Z �

s

h
� @Ou.r; Xt;x

r /

@t
C h�r ; QZt;x

r i � Ǒ
r C U t;x

r

i
dr

C
Z �

s

h˝rx Ou.r; Xt;x
r /;r�.Xt;x

r /
˛ � g.r;Xt;x

r ; Y t;xr /C V t;x
r

i
dAt;xr �

Z �

s

QZt;x
r dBr :

Let

ƒs D exp

�Z s

t

h�r ; dBri � 1

2

Z s

t

j�r j2 dr

�
; t � s � �:

Then by Itô’s formula,

ƒs D 1C
Z s

t

ƒr h�r ; dBri ; t � s � �;
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and so

d. QY t;xr ƒr/ D ƒr

h@Ou.r; Xt;x
r /

@t
C Ǒ

r � U t;x
r

i
dr Cƒrh QZt;x

r C QY t;xr �r ; dBri

Cƒr

h
� ˝rx Ou.r; Xt;x

r /;r�.Xt;x
r /

˛C g.r;Xt;x
r ; Y t;xr / � V t;x

r

i
dAt;xr :

Then

QY t;xt D E

h
ƒ�

�Ou.�; Xt;x
� / � u.�; Xt;x

� /
� iC E

Z �

t

ƒr

h
� @Ou.r;Xt;xr /

@t
� Ǒ

r C U t;x
r

i
dr

CE

Z �

t

ƒr

h˝rx Ou.r; Xt;x
r /;r�.Xt;x

r /
˛ � g.r;Xt;x

r ; Y t;xr /C V t;x
r

i
dAt;xr :

(5.245)
Since U t;x

r 2 @' �Y t;xr
�

and V t;x
r 2 @ �Y t;xr

�
, we have

U t;x
r dr � '0�

�
u.r; Xt;x

r /
�
dr; V t;x

r dAt;xr �  0�
�
u.r; Xt;x

r /
�
dAt;xr ;

and therefore by (5.243) and (5.244)

�@Ou.r; Xt;x
r /

@t
� Ǒ

r C U t;x
r > 0;

and
h˝rx Ou.r; Xt;x

r /;r�.Xt;x
r /

˛ � g.r;Xt;x
r ; Y t;xr /C V t;x

r

i
dAt;xr � 0:

Moreover, the choice of ı0 and � implies that u.�; Xt;x
� / < Ou.�; Xt;x

� /. Hence

0 D Ou .t; x/ � u .t; x/ D QY t;xt � E

h
ƒ�

�Ou.�; Xt;x
� / � u.�; Xt;x

� /
� i
> 0;

which is a contradiction. It follows that (5.240-d2) holds.

Cases. .t; x/ 2 Œ0; T � �D.
The proof follows the same steps from Case 5.8, where we now choose ı and ı0

such that B .x; ı0/ � B .x; ı/ � D and, by condition (5.232-iv), At;xr D 0 for all
t � r � � .

This proves that u is a viscosity sub-solution of PVI (5.227). Symmetric
arguments show that u is also a super-solution; hence u is a viscosity solution of
PVI (5.227).

Corollary 5.82. We have

u.t; x/ 2 Dom .@'/ ; 8.t; x/ 2 Œ0; T � �D:
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Proof. Let .t; x/ 2Œ0; T � �D be fixed. We have two cases:

.1/ Dom .@'/ D Dom .'/, and so, from (5.238), u.t; x/ 2 Dom .@'/.

.2/ Dom .@'/ ¤ Dom .'/. Let b 2 Dom' n Dom .@'/. Then b D sup.Dom'/

or b D inf Dom'. If b D sup.Dom'/ and u.t; x/ D b, then .0; 0; 0/ 2
P2;Cu.t; x/ since

u.s; y/ � u.t; x/C o
�js � t j C jy � xj2�

and from (6.143-d1) it follows that '0�.b/ D '0�
�
u.t; x/

�
< 1 and consequently

b 2 Dom .@'/; a contradiction which shows that u.t; x/ < b. Similarly for b D
inf.Dom'/. �

The problem now is to see when .t; x/ 7�! u.t; x/ D Y txt W Œ0; T � �D ! R is
continuous. A recent result of Maticiuc and Răşcanu [46] gives a sufficient condition
for u to be continuous. The idea is to show that if .tn; xn/ ! .t; x/ then .Y tn;xn� /n2N�

is tight in the Skorohod space D .Œ0; T � ;R/ of càdlàg functions endowed with the
S -topology (introduced by Jakubowski in [41]). This topology makes the mapping
y 7�! R s

0
G .r; y .r// dAr continuous from D .Œ0; T � ;R/ into R. The result is the

following:

Proposition 5.83. Let the assumptions (5.228), . . . , (5.231) be satisfied. If more-
over there exists an L0 > 0 such that

.i/ F is independent of z;
.ii/ g .t; x/ is an invertible matrix, for all .t; x/ 2 Œ0; T � �D;
.iii/ jG .t; x; y/ �G .t 0; x0; y0/j � L0 .jt � t 0j C jx � x0j C jy � y0j/

for all t; t 0 2 Œ0; T � , x; x0 2 Bd .D/ , y; y0 2 R

(5.246)
then the function

.t; x/ 7! u .t; x/ D Y
t;x
t W Œ0; T � � D ! R

is continuous.

Finally let f; g; F;G be independent of t and .Xx
s , Axs , Y xIt

s , ZxIt
s , UxIt

s ,
V xIt
s /0�s�t be defined by

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂̂
<
ˆ̂̂̂
ˆ̂̂
ˆ̂̂̂
:̂

.j / Xx
s 2 D for all s � 0;

. jj/ 0 D Ax0 � Axu � Axs for all 0 � u � s;

. jjj/ Xx
s C

Z s

0

r�.Xx
r /dAxr D x C

Z s

0

f .Xx
r /dr C

Z s

0

g.Xx
r /dBr ;

8 s � 0;

. jv/ Axs D
Z s

0

1Bd.D/
�
Xx
r

�
dAxr ; 8 s � 0;
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and
8̂
ˆ̂̂
<
ˆ̂̂̂
:

Y xIt
s C

Z t

s

.U xIt
r dr C V xIt

r dAxr / D �.Xx
t /C

Z t

s

F .Xx
r ; Y

xIt
r ; ZxIt

r /dr;

C
Z t

s

G.Xx
r ; Y

xIt
r /dAxr �

Z t

s

hZxIt
r ; dBri ; 8 s 2 Œ0; t � ;

U xIt
s 2 @'.Y xIt

s / and V xIt
s 2 @ .Y xIt

s / a:e: on � � Œ0; t � :

Summarizing Theorem 5.81 and Theorem 6.112 we have:

Theorem 5.84. Let the assumptions (5.228),. . . ,(5.231) be satisfied. Assume there
exists a continuous function m W Œ0;1/ ! Œ0;1/, m .0/ D 0, such that

.i/ yG .x; y/ � 0; 8x 2 Bd .D/ and y 2 R;

.ii/
ˇ̌
F.x; y/ � F.x0; y/

ˇ̌ � m .jx � x0j/ 8 x; x0 2 D and y 2 R:
(5.247)

If .t; x/ 7�! u.t; x/
defD Y

xIt
0 W Œ0; T � � D ! R is continuous (this is true in

particular under the assumptions of Proposition 5.83), then u is the unique viscosity
solution of the parabolic variational inequality

8̂
ˆ̂<
ˆ̂̂:

@u.t; x/

@t
� Au .t; x/C@' .u.t; x// 3 F .x; u.t; x/; .rug/.t; x// ; t > 0; x 2 D;

@u.t; x/

@n
C @ .u.t; x// 3 G .x; u.t; x// ; t > 0; x 2 Bd .D/ ;

u.0; x/ D �.x/; x 2 D;

where the operator A is given by

Av.x/ D 1

2
Tr

g.x/g�.x/D2v.x/

�C ˝
f .x/;rv.x/˛:

5.9 Invariant Sets of BSDEs

Let fBt W t � 0g be a k-dimensional standard Brownian motion defined on some
complete probability space .�;F ;P/. We denote by fFt W t � 0g the natural
filtration generated by fBt ; t � 0g and augmented by the P-null sets of F .

Let x 2 R
d , 0 � t � QT � T . Consider the SDE

8<
:
Xt;x
s D x C

Z s

t

b.r; Xt;x
r /dr C

Z s

t

�.r; Xt;x
r /dBr ; t � s � T;

Xt;x
s D x; 0 � s � t;

(5.248)
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and the BSDE
8̂
ˆ̂̂
<̂
ˆ̂̂
ˆ̂:

Y t;xs D �.X
t;x

QT /C
Z QT

s

F.r; Xt;x
r ; Y t;xr ; Zt;x

r /dr �
Z QT

s

Zt;x
r dBr ;

t � s � QT ;
Y t;xs D �.X

t;x

QT /; QT � s � T;

Y t;xs D Y
t;x
t ; 0 � s � t:

(5.249)

The aim of this section is to state necessary and sufficient conditions which
guarantee that the solution of the BSDE (5.249) does not leave a given set

E D fE.t; x/ � R
m W .t; x/ 2 Œ0; T � � R

d g;

i.e., under which we have that for all 0 � t � QT � T , x 2 R
d and �.Xt;x

QT / 2
E. QT ;Xt;x

QT / a:s: ! 2 �:

Y t;xs 2 E.s;Xt;x
s / a:s: ! 2 �; 8s 2 Œt; QT �:

As a by-product, we will derive a result on the existence of constrained viscosity
solutions to some PDEs. Together with the Eqs. (5.248) and (5.249), we consider
the following system of semilinear parabolic PDEs

8<
:
@ui .t; x/

@t
C A.t/ui .t; x/C fi .t; x; u.t; x/; ��.t; x/rxui .t; x// D 0;

u.T; x/ D �.x/; .t; x/ 2 Œ0; T � � R
d ; 1 � i � n;

(5.250)

with the second order differential operator

A.t/'.x/ D 1

2
TrŒ���.t; x/D2

x'.x/�C < b.t; x/;rx'.x/ >

D 1

2

mX
j;`D1

.���/j`.t; x/
@2'.x/

@xj @x`
C

mX
jD1

bj .t; x/
@'.x/

@xj
; ' 2 C2

�
R
d
�
;

where b W Œ0; T ��R
d ! R

d ; � W Œ0; T ��R
d ! R

d�k and fi W Œ0; T ��R
d �R

m �
R
k ! R; 1 � i � n.
We make the following standard assumptions:

.AV1/ We assume that the functions b W Œ0; T ��R
d ! R

d , � W Œ0; T ��R
d ! R

d�k ,
F W Œ0; T ��R

d �R
m �R

m�k ! R
m and f W Œ0; T ��R

d �R
m �R

k ! R
m

are continuous and such that, for some constants L > 0 and q � 2,

jb .t; x/ � b .t; Qx/j C k� .t; x/ � � .t; Qx/k � L jx � Qxj ;
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i/ jF .t; x; y; z/j � L
�
1C jxjq C jyj C kzk� ;

ii/ jF .t; x; y; z/ � F .t; x; y; Qz/j � L kz � Qzk ;
iii/ hF .t; x; y; z/ � F .t; x; Qy; z/ ; y � Qyi � L jy � Qyj2

and

j / jf .t; x; y; u/j � L
�
1C jxjq C jyj C juj� ;

jj/ jf .t; x; y; u/ � f .t; x; y; Qu/j � L ju � Quj ;
jjj/ hf .t; x; y; u/ � f .t; x; Qy; u/ ; y � Qyi � L jy � Qyj2 ;

for all t 2 Œ0; T �, x; Qx 2 R
d , y; Qy 2 R

m, and z; Qz 2 R
m�k , u; Qu 2 R

k .
.AV2/ We assume that � W R

d ! R
m is a Borel measurable function of at most

polynomial growth, i.e., there are some a > 0; q � 1 such that, for all
x 2 R

d ,

j�.x/j � a.1C jxjq/; 8x 2 R
d :

We shall now recall some basic properties of forward and backward stochastic
differential equations.

Proposition 5.85. Under the assumptions .AV1/ and .AV2/:

I. Equations (1.1) and (1.2) have unique solutions Xt;x 2 S2d Œ0; T � and

�
Y t;x; Zt;x

� 2 S2m Œ0; T � �ƒ2
m�k Œ0; T �

with Zt;x
s D 0 for s 2 Œ0; t � [ Œ QT ; T � and the solutions satisfy:

II. For all p � 2, there exist some constants Cp > 0, q 2 N
�, which don’t depend

on t; t 0 2 Œ0; T � and x; x0 2 R
m, such that

a/ E
�
sups2Œ0;T � jXt;x

s jp� � Cp.1C jxjp/;
b/ E

	
sups2Œ0;T � jXt;x

s �Xt 0;x0

s jp



�
� Cp.1C jxjp C jx0jpq/.jt � t 0jp=2 C jx � x0jp/;

(5.251)

and

c/ E
�
sups2Œ0;T � jY t;xs jp� � Cp.1C jxjpq/;

d/ E

	
sups2Œ0;T � jY t;xs � Y t 0;x0

s j2



� C2ŒEj�.Xt;x
T / � �.Xt 0;x0

T /j2;
CE

R T
0

j1Œt;T �.r/F.r; Xt;x
r ; Y t;xr ; Zt;x

r /

�1Œt 0;T �.r/F.r; Xt 0;x0

r ; Y t;xr ; Zt;x
r /j2dr�:

III. There are some Borel measurable functions u W Œ0; T � � R
d ! R

m, and v W
Œ0; T � � R

d ! R
m�d such that for all 0 � t � s � QT � T
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Y t;xs D u
	
s ^ QT ;Xt;x

s^ QT


; Zt;x

s D .v�/
	
s ^ QT ;Xt;x

s^ QT


; dP ˝ ds � a:e:

(see [30]).

For the convenience of the reader we recall the definition of a viscosity solution
corresponding to the PDE (5.250).

Definition 5.86. a) A lower semicontinuous function u W Œ0; T � � R
d ! R

m is a
viscosity super-solution of (5.250), if, firstly, ui .T; x/ � �i .x/, for all x 2 R

d ,
1 � i � n, and secondly, for any 1 � i � n, ' 2 C1;2..0; T / � R

d / and .t; x/ 2
Œ0; T � � R

d such that ui � ' achieves a local minimum at .t; x/, it holds that

@

@t
'.t; x/C A.t/'.t; x/C fi .t; x; u.t; x/; .�

�r'/.t; x// � 0:

b) An upper semicontinuous function u W Œ0; T � � R
d ! R

m is a viscosity sub-
solution of (5.250), if, firstly, ui .T; x/ � �i .x/, for all x 2 R

d , 1 � i � n, and
secondly, for any 1 � i � n, ' 2 C1;2..0; T / � R

d / and .t; x/ 2 Œ0; T � � R
d such

that ui � ' attains a local maximum at .t; x/, we have that

@

@t
'.t; x/C A.t/'.t; x/C fi .t; x; u.t; x/; .�

�r'/.t; x// � 0:

c) Finally, a continuous function u W Œ0; T � � R
d ! R

m is a viscosity solution
of (5.250) if it is both a viscosity super-solution and a viscosity sub-solution of this
equation.

From Sect. 5.4.1 of this chapter we have:

Proposition 5.87. We suppose that the function f satisfies hypothesis .AV1/ and
that � W R

d ! R
m is a continuous function satisfying .AV2/. Let Xt;x and

.Y t;x; Zt;x/ be the solutions to (5.248) and (5.249), respectively, where the driver F
of BSDE (1.2) is of the form

F.t; x; y; z/ D .f1.t; x; y; z
�e1/; : : : ; fn.t; x; y; z�en//;

and ei denotes the unit vector pointing in the i -th coordinate direction of Rm. Then
u.t; x/ D Y

t;x
t , .t; x/ 2 Œ0; T � � R

d , is a deterministic continuous function of at
most polynomial growth. This function is a viscosity solution to (5.250). Moreover
if, for each R > 0, there exists a continuous function ˛R W RC ! R, ˛R.0/ D 0,
such that, for all t; y; z; x; x0 with jxj � R, jx0j � R,

jf .t; x; y; z/ � f .t; x0; y; z/j � ˛R.jx � x0j.1C kzk//; (5.252)

then u is the unique viscosity solution in the class Cpol .Œ0; T � � R
d ;Rm/.
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We now give the notion of the viability property for BSDEs and PDEs. We recall
some notations. For any closed set S � R

d we denote by x ! dS.x/ D minfjx�y W
y 2 Sg the distance function to S , and for x 2 R

d , we denote by…S.x/ WD fz 2 S :
dS.x/ D jx � zjg the set of projections of x on S .

For all t 2 Œ0; T �; x 2 R
d , let E.t; x/ be a non-empty and closed subset of Rm.

We consider the following set of moving constraints

E D fE.t; x/ W .t; x/ 2 Œ0; T � � R
d g:

Definition 5.88 (Viability for BSDEs). The moving set E.t; x/, .t; x/ 2 Œ0; T � �
R
d , is viable (invariant) for the BSDE (5.249) (or Eq. (5.249) is said to be E-

viable on Œ0; T �) if, for all .t; x/ 2 Œ0; T � � R
d ; QT 2 Œt; T �, and all Borel

measurable functions � W R
d ! R

m of at most polynomial growth, such that

�. Qx/ 2 E. QT ; Qx/; P ı
h
X
t;s

QT
i�1

.d Qx/-a.s., it holds that the solution of (1.2) satisfies

Y t;xs 2 E.s;Xt;x
s /; 8s 2 Œt; QT �; P-a.s.

Viability for PDEs: Equation (5.250) is said to be E-viable (E-invariant) on Œ0; T �
if, for all QT 2 Œ0; T � and � 2 Cpol .R

d ;Rm/ such that �. Qx/ 2 E. QT ; Qx/; for all
Qx 2 R

d , it holds that there exists a viscosity solution u 2 Cpol .Œ0; QT � � R
d ;Rm/

of (5.250) with time horizon QT and terminal condition u. QT ; x/ D �.x/, x 2 Rm,
such that

u.t; x/ 2 E.t; x/; 8.t; x/ 2 Œ0; QT � � R
d :

From Proposition 5.87 we see immediately that:

Remark 5.89. If BSDE (5.249) is E-viable then PDE (5.250) is also E-viable.

Therefore the next result also concerns constrained the BSDEs and the PDEs.

Theorem 5.90 (Viability Criterion for BSDEs). Assume that .AV1/ and .AV2/
are satisfied and moreover

.i/ the function .t; x/ 7! d2E.t;x/.y/ W Œ0; T � � R
d ! R is jointly upper

semicontinuous,
.ii/ there exist some constants M > 0, p � 1 such that

d2E.t;x/.0/ � M.1C jxjp/; 8.t; x/ 2 Œ0; T � � R
d :

Then the following assertions .c/ and .cc/ are equivalent:
.c/ Equation (5.249) is E-viable on Œ0; T �.
.cc/ For any sufficiently large C > 0 and for every z 2 R

m�d , the function
h.t; x; y/ D d2E.t;x/.y/ is an upper semicontinuous viscosity sub-solution of
the PDE
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@V.t; x; y/

@t
C Lz.t/V .t; x; y/C Cd2E.t;x/.y/ D 0;

.t; x; y/ 2 Œ0; T � 2 R
d � R

m:
(5.253)

In the above relation, Lz.t/ denotes the following second order differential
operator

Lz.t/'.x; y/ D 1

2
TrŒ�z�

�
z .t; x; y/D

2
.x;y/

'.x; y/�

C ˝
Bz.t; x; y/;r.x;y/'.x; y/

˛
;

(5.254)

where

�z.t; x; y/ D
 
�.t; x/

z�.t; x/

!
; Bz.t; x; y/ D

 
b.t; x/

�F.t; x; y; z�.t; x//

!
:

This theorem yields:

Corollary 5.91 (Viability Criterion for BSDEs). We assume that the moving sets
of Theorem 5.90 are independent of the spatial variable, E.t; x/ 	 E.t/, .t; x/ 2
Œ0; T � � R

m. Then the following assertions .j / and . jj/ are equivalent:

.j / Equation (5.249) is E-viable on Œ0; T �.
. jj/ The function h.t; y/ D d2E.t/.y/ is an upper semicontinuous viscosity sub-

solution of the PDE:

@V.t; y/

@t
C Az.t I x/V.t; y/C Cd2E.t/.y/ D 0; .t; y/ 2 Œ0; T � � R

m;

for all x 2 R
d , z 2 R

m�d , where

Az .t I x/ .y/ D 1

2
TrŒz���.t; x/z�D2

y .y/��
˝
F.t; x; y; z�.t; x//;ry .y/

˛
;

and C > 0 is any sufficiently large constant.

Before proving the main results stated above, we shall present some clarifying
examples. In the first example we find a criterion such that a family of moving balls
has the viability property for a given BSDE.

Example 5.92 (Control Security Tube). We consider an arbitrary function r 2
C1.Œ0; T �IRC/ with r .t/ > 0 for all t 2 Œ0; T �, and we put

E.t/ D fy 2 R
m W jyj � r.t/g; t 2 Œ0; T �:

Then the square-distance function is

d2E.t/.y/ D h0 .t; y/ D ..jyj � r.t//C/2;



502 5 Backward Stochastic Differential Equations

and, for jyj > r.t/, the operator Az.t/ applied to h0 at .t; y/ takes the form

Az.t/h0 .t; y/ D jyj � r.t/
jyj jz� .t; x/j2 C r .t/

jyj3 j .z� .t; x//� yj2

� 2 jyj � r.t/
jyj hF.t; x; y; z�.t; x//; yi :

Hence, the inequality in Corollary 5.91(jj) yields that, for all .t; x; y; z/ 2 Œ0; T � �
R
d � R

m � R
m�d with jyj > r.t/,

2
jyj � r.t/

jyj
hF.t; x; y; z�.t; x//; yi C jyj r 0.t/

�

� jyj � r.t/
jyj kz� .t; x/k2 C r .t/

jyj3 j .z� .t; x//� yj2 C C .jyj � r .t//2 ;

from where we easily deduce the following necessary condition for the E-viability
of BSDE (5.249):

For all .t; x; y; z/ with jyj D r.t/ and .z� .t; x//� y D 0,

2r .t/ r 0 .t/C 2 hF.t; x; y; z�.t; x//; yi � kz� .t; x/k2 : (5.255)

If the assumption (AV1-i ) is replaced by

i 0/ jF .t; x; y; z/j � L .1C jyj/ ;

for all .t; x; y; z/, then this condition is not only necessary but also sufficient as the
following argument proves. We fix any .t; x; y; z/ 2 Œ0; T � � R

d � R
m � R

m�d
with jyj > r.t/, and for simplicity of notation we put y D jyj�1 r .t/ y and, for
1 � j � m

ı uj D .z� .t; x//j D Pd
iD1 z�;i �i;j .t; x/,

ı Ouj D jyj�2 ˝uj ; y
˛
y; u?

j D uj � Ouj ,

ı Ou D .Ou1; : : : ; Oum/ ; u? D �
u?
1 ; : : : ; u

?
m

� D u � Ou.

From the assumptions (AV1) and (AV1-i 0) we get that, for some generic constant C
which can change from line to line but does not depend on .t; x; y; z/,

2
jyj � r.t/

jyj
�hF.t; x; y; u/; yi C jyj r 0.t/

�

D 2 hF.t; x; y; u/; y � yi C 2 .jyj � r.t// r 0.t/

� 2 hF.t; x; y; u/; y � yi C 2 .jyj � r.t// r 0.t/C C .jyj � r .t//2

� 2
˝
F.t; x; y; u?/; y � y˛C 2 .jyj � r.t// r 0.t/C C .jyj � r .t//2
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C C .jyj � r .t// jOuj

D 2
jyj � r.t/

jyj
�˝
F.t; x; y; u?/; y

˛C C jyj jOuj C jyj r 0.t/
�

C C .jyj � r .t//2

� 2
jyj � r.t/

jyj
�˝
F.t; x; y; u?/; y

˛C jyj r 0.t/C C .jyj � r .t//�

C C .jyj � r.t// kOuk C C .jyj � r .t//2 :

Thus, since jyj r 0.t/ � r .t/ r 0.t/C C .jyj � r .t//, for all .t; y/ 2 Œ0; T � � R
m, we

can deduce from (5.255) that

2
jyj � r.t/

jyj
�hF.t; x; y; u/; yi C jyj r 0.t/

�

� jyj � r.t/
jyj

��u?��2 C C .jyj � r.t// kOuk C C .jyj � r .t//2

� jyj � r.t/
jyj kuk2 C r.t/

jyj kOuk2 C C .jyj � r .t//2

� jyj � r.t/
jyj kuk2 C r.t/

jyj3 ju�yj2 C C .jyj � r .t//2 :

This proves the sufficiency of (5.255).

The next example shows that, in the general case, there is no possibility of null-
controllability of BSDEs; although we don’t consider controlled equations, we can
interpret the choice of the coefficients as controls.

Example 5.93. For any given .t0; y0/ 2 �0; T Œ � R
m, we introduce the family of

moving constraints

E .t/ D
�
R
m; if t ¤ t0;

fy0g ; if t D t0:

The associated square-distance function is of the form:

h .t; y/ D d2E.t/ .y/ D
�
0; if t ¤ t0;

jy � y0j2 ; if t D t0:

This function is upper semicontinuous in .t; y/ 2 Œ0; T ��R
m, and if t D t0; y ¤ y0,

then, for every a 2 R, there is some 'a 2 C1;2 .Œ0; T � � R
m/ with

�
@

@t
;ry;D

2
y

�
'a .t0; y/ D .�a; 2 .y � y0/ ; 2I /
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such that h � 'a achieves a local maximum at .t0; y/. Since

Az .t0I x/ 'a .t0; y/ D jz� .t; x/ j2 � 2 hF.t; x; y; z�.t; x//; y � y0i

does not depend on a 2 R, we can choose a > 0 sufficiently large in order to
guarantee that the inequality in Corollary 5.91(jj) is not satisfied. This shows that
Eq. (5.249) cannot be E-viable.

The proof of Theorem 5.90 reduces to that of the following two lemmas, see [15].

Lemma 5.94. Under our standard assumptions we have the equivalence between
the following statements:

i) Equation (5.249) is E-viable on Œ0; T �.
ii) There exists a C > 0 such that, for all t; QT with 0 � t � QT � T , and for

all x 2 R
d , the solution of BSDE (5.249) with time horizon QT and arbitrary

Borel measurable terminal function � W Rd ! R
m of at most polynomial growth

satisfies:

d2E.t;x/.Y
t;x
t / � eC.

QT�t/
Ed2

E. QT ;Xt;x
QT
/
.Y

t;x

QT /:

Lemma 5.95. Let Y t;x be the solution of BSDE (5.249) with time horizon QT and
arbitrary terminal function � 2 Cpol

�
Œ0; QT � � R

d
�
.

Let C be a positive constant and h W Œ0; T � � R
d � R

m ! R be an upper
semicontinuous function of at most polynomial growth such that, for some positive
constants M;p > 0,

jh.t; x; y0/ � h.t; x; y/j � M jy � y0j.1C jxjp C jyjp C jy0jp/ (5.256)

for all .t; x/ 2 Œ0; T � � R
d and all y; y0 2 R

m. Then the following assertions are
equivalent:

i) For all x 2 R
d and t; QT with 0 � t � QT � T , it holds that

h.t; x; Y
t;x
t / � eC.

QT�t/
Eh. QT ;Xt;x

QT ; Y
t;x

QT /:

ii) For every z 2 R
m�d , the function h is a viscosity sub-solution of the equation

@V .t; x; y/

@t
CLz.t/V .t; x; y/CCh.t; x; y/ D 0 on Œ0; QT ��R

d �R
m: (5.257)

Recall that Lz.t/ is defined in (5.254).

Proof of Lemma 5.94. We first remark that .ii/ obviously implies .i/. Thus, it
only remains to show that .ii/ can be deduced from .i/. Let QT 2 Œ0; T �; .t; x/ 2
Œ0; QT � � R

d . For simplicity of notation we put u .t; x/ D Y
t;x
t , and we select
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a Borel measurable mapping Ou W Œt; T � � R
d ! R

m such that Ou.s; x0/ 2Q
E.s;x0/.u.s; x0//, for all .s; x0/ 2 Œt; T � � R

d . Recall that
Q

E.s;x0/ .z/ D˚
y 2 E.s; x0/ W jz � yj D dE.s;x0/ .z/

�
. Then, since Eq. (1.2) is E-viable, the unique

square integrable adapted solution
� QY t;x; QZt;x

�
of the BSDE

QY t;xs D Ou. QT ;Xt;x

QT /C
Z QT

s

F.r; Xt;x
r ; QY t;xr ; QZt;x

r /dr �
Z QT

s

QZt;x
r dWr ; s 2 Œt; T � ;

is such that QY t;xs 2 E.s;Xt;x
s /, t � s � T , P-a:s:

Consequently, Ed2
E.s;X

t;x
s /
.Y t;xs / � EjY t;xs � QY t;xs j2, and a standard estimate of

EjY txs � QY txs j2 involving Itô’s formula and Gronwall’s formula, yields the desired
result:

Ed2
E.s;X

t;x
s /
.Y t;xs /

� EjY t;xs � QY t;xs j2 � eC.
QT�s/

EjY t;xQT � QY t;xQT j2

D eC.
QT�s/

EjY t;xQT � Ou. QT ;Xt;x

QT /j2 D eC.
QT�s/

Ed2
E. QT ;Xt;x

QT
/
.Y

t;x

QT /;

0 � t � s � QT � T , x 2 R
d . This completes the proof of Lemma 5.94.

We now come to the proof of Lemma 5.95.

Proof of Lemma 5.95. We first show that, under the assumption .i/, we have (ii).
To this end we fix an arbitrary function ' W Œ0; T � � R

d � R
m ! R of class C1;2;2

pol

and a point .t; x; y/ 2 .0; T / � R
d � R

m such that the mapping h � ' achieves
a global maximum at .t; x; y/. For an arbitrary but fixed z 2 R

m�d we denote by
.Y "; Z"/ 2 S2m Œt; t C "� �ƒ2

m�k .t; t C "/ the unique solution of the BSDE

Y "s D �".X
t;x
tC"/C

Z tC"

s

F .r; Xt;x
r ; Y "r ; Z

"
r /dr �

Z tC"

s

Z"
r dWr ; t � s � t C ";

where

�".x
0/ D y C z.x0 � x/ � "zb.t; x/ � "F.t; x; y; z�.t; x//:

From the assumption made on h in assertion (i), we obtain

h.t; x; Y "t / � h.t; x; y/
� eC"ŒEh.t C ";X

t;x
tC"; Y "tC"/ � h.t; x; y//�C .eC" � 1/h.t; x; y/

� eC"ŒE'.t C ";X
t;x
tC"; Y "tC"/ � '.t; x; y/�C .eC" � 1/h.t; x; y/:
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Then, with the help of a Taylor expansion of ', we get

1

"

�
h.t; x; Y "t / � h.t; x; y/�

� eC"Œ
@'

@t
.t; x; y/C 1

"
E

*
r.x;y/'.t; x; y/;

 
X
t;x
tC" � x
Y "tC" � y

!+
C

C 1

2"
E

*
D2
.x;y/

'.t; x; y/

 
X
t;x
tC" � x
Y "tC" � y

!
;

 
X
t;x
tC" � x
Y "tC" � y

!+
C

C1

"
E
t;x;y.t C ";X

t;x
tC"; Y "tC"/�C

eC" � 1
"

h.t; x; y/;

(5.258)

where,


t;x;y.t 0; x0; y0/

D
Z 1

0

�
@

@t
'
�
t C �

�
t 0 � t� ; x0; y0� � @

@t
'.t; x; y/

� �
t 0 � t� d�

C
Z 1

0

Z �

0

D	
D2
.x;y/'

�
t; x C #

�
x0 � x� ; y C #

�
y0 � y�� �D2

.x;y/'.t; x; y/



 
x0 � x
y0 � y

!
;

 
x0 � x
y0 � y

!+
d#d� .

Note that

 
X
t;x
tC" � x
Y "tC" � y

!
D

tC"Z

t

 
b.r; Xt;x

r /

z.b.r; Xt;x
r / � b.t; x// � F.t; x; y; z�.t; x//

!
dr

C
tC"Z

t

 
�.r; Xt;x

r /

z�.r; Xt;x
r /

!
dWr:

Hence,

lim
"!0

1

"
E

 
X
t;x
tC" � x
Y "tC" � y

!
D
 

b .t; x/

�F.t; x; y; z�.t; x//

!

and

lim
"!0

1

"
E

*
D2
.x;y/'.t; x; y/

 
X
t;x
tC" � x
Y "tC" � y

!
;

 
X
t;x
tC" � x
Y "tC" � y

!+

D 1

2
Tr
	
.�; z�/ .�; z�/� .t; x/D2

.x;y/'.t; x; y/


:
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Moreover, from the assumptions on h,

1

"
jh.t; x; Y "t / � h.t; x; y/j � M

"
jY "t � yj.1C jxjp C jyjp C jY "t jp/:

Therefore, applying the following auxiliary lemma, the proof of which will be given
at the end of this section, we can take the limit as " ! 0 in (5.258) and obtain
assertion .ii/.

Lemma 5.96. Under the assumptions of Lemma 5.95, and with the notations
introduced above, we have

a/ lim
"&0

1

"2
jY "t � yj2 D 0;

b/ lim
"&0

1

"
Ej
t;x;y."; Xt;x

tC"; Y "tC"/j D 0;

for all .t; x; y/ 2 Œ0; T � � R
d � R

m.

We shall now prove the reverse implication: Under the assumption that .ii/ holds
we have to show the validity of .i/. For this we first remark that, for any continuous
function ˆ W Œ0; T � � R

d � R
m � R � R

mCn � S
mCn � R

m�d ! R satisfying
the standard assumptions of monotonicity with respect to the R

mCn-variable and of
degenerate ellipticity with respect to the S

mCn-variable (see Annex D),

.˛/

ˇ̌
ˇ̌
ˇ̌
ˇ

h.t; x; y/ is a viscosity sub-solution of the PDE
ˆ.t; x; y; @th.t; x; y/;r.x;y/h.t; x; y/;D

2
.x;y/h.t; x; y/I z/ D 0;

for all z 2 R
m�d

if and only if

.ˇ/

ˇ̌
ˇ̌
ˇ̌
ˇ

h.t; x; y/ is a viscosity sub-solution of the PDE
ˆ.t; x; y; @th.t; x; y/;r.x;y/h.t; x; y/;D

2
.x;y/h.t; x; y/Ig.t; x// D 0;

for all g 2 Cpol .Œ0; T � � R
d IRm�d /:

Indeed, in order to see that .ˇ/ implies .˛/, it suffices to choose g 2 Cpol .Œ0; T �

� R
d IRm�d / with g.t; x/ D z 2 R

m�d . On the other hand, to get the necessity of
.ˇ/ under .˛/, we remark that, for all test functions ' 2 C1;2;2 for which h � '

achieves a local maximum at .t; x; y/, and with the notation

.a; p; S/ D
�
@

@t
';r.x;y/';D

2
.x;y/'

�
.t; x; y/ ;

we have that ˆ.t; x; y; a; p; S I z/ � 0; for all z 2 R
m�d , and hence also for

z D g.t; x/, where g runs over the set of functions belonging to Cpol .Œ0; T � � R
d I
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R
m�d /. We now fix any g 2 Cpol .Œ0; T ��R

d IRm�d / and consider the unique square

integrable adapted solution .X; Y
t;x;y

/ of the (forward) SDE

 
Xt;x
s

Y
t;x;y

s

!
D
 
x

y

!
C

sZ

t

 
b.r; Xt;x

r /

�F.r;Xt;x
r ; Y

t;x;y

r ; g.r; X
t;x
r /�.r; X

t;x
r //

!
dr

C
sZ

t

 
�.r; Xt;x

r /

g.r; X
t;x
r /�.r; X

t;x
r /

!
dWr; s 2 Œt; T �:

Of course, here the process Xt;x is nothing else than the unique solution of

SDE (5.248). Moreover, we denote by
	 QY t;x;yk;� ; QZt;x;y

k;�



2 S2m

t; QT � � ƒ2

m�k
�
t; QT �

the unique solution of the BSDE

QY t;x;yk;s D hk. QT ;Xt;x

QT ; Y
t;x;y

QT /C C

Z QT

s

hk.r; X
t;x
r ; Y

t;x;y

r /dr

�
Z QT

s

QZt;x;y

k;r dWr ; s 2 Œt; QT �;

where QT 2 Œ0; T � and .hk/k�1 � Cpol .Œ0; T � � R
d � R

m/ is a monotonically
decreasing sequence of continuous functions with at most polynomial growth, such
that its pointwise limit is equal to h. Then the function

Vk.t; x; y/ D QY t;x;yk;t ; .t; x; y/ 2 Œ0; QT � � R
d � R

m;

is a continuous viscosity solution of the equation

8<
:
@Vk.t; x; y/

@t
C Lg.t;x/.t/Vk.t; x; y/C Chk.t; x; y/ D 0;

Vk. QT ; x; y/ D hk. QT ; x; y/; .x; y/ 2 R
d � R

m;

and it is the unique solution in the class of continuous functions of at most
polynomial growth. We also note that, by the Markov property,

QY t;x;yk;s D Vk.t; X
t;x
s ; Y

t;x;y

s /; s 2 Œt; QT �:
Since, due to assumption .ii/, h is an upper semicontinuous viscosity sub-solution
of at most polynomial growth of the above PDE, we know that h must be smaller
than or equal to the viscosity solution Vk . Thus,

Eh.s;Xt;x
s ; Y

t;x;y

s /

� EVk.s; X
t;x; Y

t;x;y

s /

D Ehk. QT ;Xt;x

QT ; Y
t;x;y

QT /C C

Z QT

s

Ehk.r; X
t;x
r ; Y

t;x;y

r /dr; s 2 Œt; QT �;
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then, by passing to the limit as k ! 1 and applying Gronwall’s inequality, we
obtain the following estimate

Eh.s;Xt;x
s ; Y

t;x;y

s / � eC.
QT�s/

Eh. QT ;Xt;x

QT ; Y
t;x;y

QT /:

Setting s D t and y D u.t; x/ D Y
t;x
t and using the assumption (5.256) we obtain

for some positive constant C1,

h.t; x; u.t; x//

� eC.
QT�t/

Eh. QT ;Xt;x

QT ; Y
t;x;y

QT /

� eC.
QT�t/h

Eh. QT ;Xt;x

QT ; Y
t;x

QT /

CM E

	
jY t;x;yQT � Y t;xQT j.1C jXt;x

QT jp C jY t;x;yQT jp C jY t;xQT jp/

 i

� eC.
QT�t/

�
Eh. QT ;Xt;x

QT ; Y
t;x

QT /

CC1.1C jxjpq C jyjp/
 
E

Z QT

t

ˇ̌
Zt;x
r � .g�/ .r; Xt;x

r /
ˇ̌2

dr

!1=2 �

for all g 2 Cpol .Œ0; T ��R
d IRm�d /. Since by a result from [30] (Theorem 4.1) there

is a Borel measurable function v W Œ0; QT ��Rd ! R
m�d such that

Zt;x
s D .v�/

�
s; Xt;x

s

�
; s 2 Œt; QT �; ds dP � a:e:;

we deduce that by density (and Lebesgue’s dominated convergence theorem)

h.t; x; u.t; x// � eC.
QT�t/

Eh. QT ;Xt;x

QT ; Y
t;x

QT /:

Since this result holds true for all x 2 R
d ; 0 � t � QT � T , we have proved .i/.

Let us now prove Lemma 5.96.

Proof of Lemma 5.96. We first prove part a) of the lemma. Obviously, we have that

Y "t D �".X
t;x
tC"/C

Z tC"

t

F .r; Xt;x
r ; Y "r ; Z

"
r /dr �

Z tC"

t

Z"
r dWr

D y C
Z tC"

t

z
�
b
�
r; Xt;x

r

� � b.t; x/� dr

C
Z tC"

t

�
F.r;Xt;x

r ; Y "r ; Z
"
r / � F.t; x; y; z�.t; x/� dr

�
Z tC"

t


Z"
r � z�.r; Xt;x

r /
�
dWr:
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Thus for 0 < " <
1

6L2
,

jY "t � yj2 C E

Z tC"

t

ˇ̌
Z"
r � z�.r; Xt;x

r /
ˇ̌2

dr

� 3" jzj2
Z tC"

t

E
ˇ̌
b.r; Xt;x

r / � b.t; x/ˇ̌2 dr

C3"E
Z tC"

t

ˇ̌
F.r;Xt;x

r ; Y "r ; Z
"
r / � F.r;Xt;x

r ; Y "r ; z�.t; X
t;x
r /

ˇ̌2
dr

C3"E
Z tC"

t

ˇ̌
F.r;Xt;x

r ; Y "r ; z�.t; X
t;x
r // � F.t; x; y; z�.t; x/ˇ̌2 dr

� 3" jzj2
Z tC"

t

E
ˇ̌
b.r; Xt;x

r / � b.t; x/ˇ̌2 dr C 1

2
E

Z tC"

t

ˇ̌
Z"
r � z�.t; Xt;x

r /
ˇ̌2

dr

C3"E
Z tC"

t

ˇ̌
F.r;Xt;x

r ; Y "r ; z�.t; X
t;x
r // � F.t; x; y; z�.t; x/ˇ̌2 dr;

which yields

lim sup
"&0

1

"2
E jY "t � yj2 C lim sup

"&0

1

2"2
E

Z tC"

t

ˇ̌
Z"
r � z�.r; Xtx

r /
ˇ̌2

dr � 0:

Finally, the proof of part b) of Lemma 5.96 uses the same argument as that of
Lemma 4.82. The only difference is that the role of the diffusion process Xt;x in the
proof of Lemma 4.82 is now replaced by that of the pair .Xt;x; Y "/.

5.10 Exercises

Without further mention, .�;F ;P; fFt gt�0/ will be a stochastic basis, fBt W t � 0g
will be a k-dimensional Brownian motion with respect to this basis and Ft D FB

t

for all t � 0.

Exercise 5.1. Consider the BSDE

Yt D �C
Z T

t

ˆ .s; Ys; Zs/ dQs �
Z T

t

ZsdBs; (5.259)

under the assumptions (5.41). Let

Vt D
Z t

0

LsdQs C 1

np

Z t

0

.`s/
2 ds:
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Show that if p � 2 and for all ı � 0

E
ˇ̌
eıVT �

ˇ̌p C E

	Z T

0

eıVt jˆ.t; 0; 0/j dQt


p
< 1;

then the BSDE (5.259) has a unique solution .Y;Z/ 2 S0m Œ0; T ��ƒ0
m�k .0; T / such

that

E sup
s2Œ0;T �

eıpVs jYsjp C CE

�Z T

0

e2ıVs jZsj2 ds

�p=2
< 1; for all ı � 0:

Remark. Note that our assumptions hold in particular if both Vt has exponential
moments of all orders (e.g. the tail of its law behaves like that of a Gaussian random
variable) and j�j C E

R T
0

jˆ.t; 0; 0/jdQt has a finite moment of some order p > 1.

Exercise 5.2 (g-Expectation). Consider the BSDE: P-a.s., for all t 2 Œ0; T �

Yt D �C
Z T

t

g .s; Ys; Zs/ ds �
Z T

t

hZs; dBsi ; (5.260)

where we assume:

.i/ � 2 Lp .�;FT ;PIR/, p > 1;
.ii/ for every .y; z/ 2 R � R

k , the function g .�; �; y; z/ W � � Œ0; T � ! R is P-
measurable;

.iii/ g satisfies the assumptions of Theorem 5.27 (F replaced by g) and
g .t; y; 0/ D 0 for all y 2 R, a.e. t 2 Œ0; T �.

Then by Theorem 5.17 the BSDE (5.260) has a unique solution .Y;Z/ 2
S
p
1 Œ0; T � � ƒ

p

k .0; T /. Moreover if � W � ! Œ0; T � is a stopping time and
� 2 Lp .�;F� ;PIR/ then .Yt ; Zt / D .�; 0/ for all t � � .

Define the g-expectation of � by Eg .�/
defD Y0 and the conditional g-

expectation of � with respect to Ft by Eg .�jFt /
defD Yt . Clearly E0 .�/ D E�

and E0 .�jFt / D E .�jFt /.

Show that:

1. Eg .a/ D a, for all a 2 R:

2. �1 � �2, P-a.s. H) Eg .�1/ � Eg .�2/.
3. �1 � �2, P-a.s. and Eg .�1/ D Eg .�2/ H) �1 D �2, P-a.s.
4. If g .t; �; �/ W R � R ! R is a convex function, a.e. t 2 Œ0; T �, then Eg W
Lp .�;FT ;P/ ! R is convex, too.

5. Let U 2 Lp .�;Ft ;P/. Then Eg .1A�/ D Eg .1AU /, for all A 2 Ft , if and only
if U D Yt .

6. Eg .ajFt / D a, for all a 2 R.
7. Eg .�jFt / D �, for all � 2 Lp .�;Ft ;P/.
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8. �1 � �2, P-a.s. H) Eg .�1jFt / � Eg .�2jFt /, P-a.s.
9. Eg .1A�jFt / D 1AEg .�jFt /, for all A 2 Ft .

Exercise 5.3 (Peano Type Result). Consider the BSDE

Yt D �C
Z T

t

G .s; Ys; Zs/ ds �
Z T

t

hZs; dBsi ;

where � 2 Lp .�;FT ;PIR/, p � 2, and G W Œ0; T � � R � R
k ! R is a function

such that

• G .�; x; z/ W Œ0; T � ! R is measurable for all x 2 R and z 2 R
k ,

• G .t; �; �/ W R � R
k ! R is continuous for all t 2 Œ0; T �,

• there exists an L > 0 such that for all .t; y; z/ 2 Œ0; T � � R � R
k ,

jG .t; y; z/j � L .1C jyj C jzj/ :

Under these conditions we shall prove that the BSDE (5.260) has at least one
solution .Y;Z/ 2 Sp Œ0; T � �ƒp

k .0; T /.

Let 0 < " � "0 D 1 ^ .1=L/ and G" W Œ0; T � � R � R
k ! R,

G" .t; y; z/ D inf

�
G .t; u; v/C 1

"
jy � uj C 1

"
jz � vj W .u; v/ 2 R � R

k

�
:

Prove that:

1. For all t 2 Œ0; T �, y; y0 2 R and z; z0 2 R
k :

(a) jG" .t; y; z/j � L .1C jyj C jzj/ I
(b) jG" .t; y; z/ �G" .t; y0; z0/j � 1

"
.jy � y0j C jz � z0j/ I

(c) yG" .t; y; z/ � L jyj C �
LC L2

� jyj2 C 1

4
jzj2 I

(d) 0 < ı < " H) Gı .t; y; z/ � G" .t; y; z/ I
(e) if lim

"!0
.y"; z"/ D .y; z/, then lim

"!0
G" .t; y"; z"/ D G .t; y; z/.

2. The BSDEs

Y "t D �C
Z T

t

G"
�
s; Y "s ; Z

"
s

�
ds �

Z T

t

Z"
sdBs;

Ut D �C
Z T

t

L .1C jUsj C jVsj/ ds �
Z T

t

ZsdBs

have unique solutions .Y "; Z"/, .U; V / 2 Sp Œ0; T � �ƒp

m�k .0; T / and:
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(a)

E
Ft

 
sup
s2Œt;T �

jY "s jp
!

C E
Ft

�Z T

t

jZ"
s j2 ds

�p=2

� Cp exp
�
LC L2

�
.T � t /�

�
E

Ft j�jp C Lp .T � t /p
�

where Cp is a constant depending only on p.
(b) For all 0 < ı < " � "0 D 1 ^ .1=L/, P-a.s.,

Y
"0
t � Y "t � Y ıt � Ut ; for all t 2 Œ0; T � ;

and there exists a Y 2 Sp Œ0; T � such that

lim
"!0

E

 
sup
s2Œ0;T �

jY "s � Ysjp
!

D 0:

(c) There exists a Z 2 ƒp

m�k .0; T / such that

lim
"!0

E

�Z T

0

jZ"
s �Zsj2 ds

�p=2
D 0:

Exercise 5.4 (BSDE Reflected Above 0). Let � 2 L2
�
�;FB

T ;PIR�, where
fBt ; 0 � t � T g is a k-dimensional BM, and F W R � R

k ! R be a Lipschitz
continuous mapping. Consider for each n 2 N the solution f.Y nt ; Zn

t /; 0 � t � T g
of the BSDE

Y nt D � C
Z T

t

F .Y ns ; Z
n
s /ds C n

Z T

t

.Y ns /
�ds �

Z t

0

hZn
s ; dBsi ;

and let Kn
t D n

R t
0
.Y ns /

�ds.

1. Show that Y nC1
t � Y nt , 0 � t � T .

2. Show that

sup
n

E

 
sup
0�t�T

jY nt j2
!
< 1:

3. Deduce that there exists a progressively measurable process fYt ; 0 � t � T g
such that Y nt ! Yt a.s. for all t 2 Œ0; T �, and

E

 
sup
0�t�T

jYt j2
!
< 1:
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4. Show that Y nt � QY nt , where f QY nt ; 0 � t � T g solves the BSDE

QY nt D � C
Z T

t

F . QY ns ; QZn
s /ds � n

Z T

t

QY ns ds �
Z t

0

˝ QZn
s ; dBs

˛
:

5. Identify limn!1 QY nt and deduce that Yt � 0, 0 � t � T , a.s., and (with the
help of Dini’s theorem) that sup0�t�T .Y nt /� ! 0 in mean square.

6. Show that fZn
t ; 0 � t � T g is a Cauchy sequence in ƒ2

k .0; T /. Hint: check
that

Z T

t

.Y ns � Y ps /.dKns � dKps / �
Z T

t


.Y ps /

�dKns C .Y ns /
�dKps

� ! 0:

7. Deduce thatKn
t converges in probability to a progressively measurable increas-

ing continuous stochastic process Kt .
8. Show that the just constructed triple f.Xt ; Zt ;Kt /; 0 � t � T g is a unique

progressively measurable solution of the reflected BSDE: for all t 2 Œ0; T �,
P-a.s.

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂
ˆ̂̂̂
:̂

.i/ Y is a continuous stochastic process, Yt � 0;

.ii/ K is c.i.s.p.;
Z T

0

YsdKs D 0;

.iii/ E

Z T

0

jZsj2dt < 1;

.iv/ Yt D � C
Z T

t

F .Ys; Zs/ds CKT �Kt �
Z T

t

hZs; dBsi :

9. With the help of Tanaka’s formula applied to .Yt /C D Yt , show that in the sense
of inequality between measures,

0 � dKt � 1fYtD0g ŒF .Yt ; Zt /�
� dt:

Deduce that K is absolutely continuous.
10. Show that the points 2–9 constitute a particular case of Theorem 5.52.

Exercise 5.5. Let � 2 L0 .�;FT ;PIR/ be such that 0 � � � 1, P-a.s. Prove that
the BSDE

Yt D �C
Z T

t

Ys .1 � Ys/ ds �
Z T

t

hZs; dBsi

has a unique solution .Y;Z/ 2 S21 Œ0; T � �ƒ2
k .0; T /. Moreover

E

�Z T

0

jZsj2 ds

�p=2
< 1; for all p > 0;

0 � Yt � 1; P � a:s.
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Exercise 5.6. Let " > 0, � W R ! R be a continuous bounded function and g W
R ! R be a bounded Lipschitz continuous function. Consider the PDEs

8
<
:

u0
t .t; x/C 1

2
u00
xx .t; x/ D 0; .t; x/ 2�0; T Œ�R;

u .T; x/ D � .x/ x 2 R;
(5.261)

and
8̂
<̂
ˆ̂:

.u"/0t .t; x/C 1

2
.u"/00xx .t; x/C sin

	x
"



g
�
u" .t; x/ ; .u"/0x .t; x/

� D 0;

.t; x/ 2�0; T Œ�R;
u .T; x/ D � .x/ ; x 2 R:

(5.262)

1. Write the BSDEs in .Y t;x; Zt;x/ and respectively in .Y "It;x ; Z"It;x/ such that
u .t; x/ D Y

t;x
t and u" .t; x/ D Y

"It;x
t are viscosity solutions of the PDEs (5.261)

and, respectively, (5.262). Are the corresponding viscosity solutions unique?
2. Prove that

lim
"!0

u" .0; x/ D u .0; x/ ; for all x 2 R:

Exercise 5.7. Let E be a non-empty closed subset of R
m, g W R

k ! E be a
bounded Borel measurable function and F W � � Œ0; T � ! R

m be a bounded
progressively measurable stochastic process. Let .Y;Z/ 2 S1m Œ0; T � �ƒ1

m�k .0; T /
be such that

Yt D g .BT /C
Z T

t

Fsds �
Z T

t

ZsdBs; a:s:; t 2 Œ0; T � :

Show that .i/ ) .ii/, where:

.i/ P-a.s., fYt W t 2 Œ0; T �g � E, for all bounded Borel measurable function g W
R
k ! E;

.ii/ E is a convex set.



Chapter 6
Annexes

6.1 Introduction

In this chapter, we collect several results which are used in the book, but whose
presentation we have preferred to postpone until now. A first section presents
notations and elementary results on matrices. The second section presents some
elements of nonlinear and convex analysis. It is mainly used in Chap. 4. The
third section presents Gronwall’s inequality, both in the forward and in the back-
ward time direction, together with various original extensions of this inequality
to stochastic processes. The most important stochastic inequalities are given in
Propositions 6.71, 6.74, 6.80. Section four presents the notion of viscosity solutions
of nonlinear PDEs, and establishes three different uniqueness results for viscosity
solutions of PDEs which appear in previous chapters of this book. These are variants
of more or less known results scattered in the literature. We could not possibly
cover all types of elliptic and parabolic equations (and systems of equations) with
various types of boundary conditions. But we believe that the reader can adapt our
arguments to all situations considered in Chaps. 3–5 of the book.

Finally a last section is devoted to giving hints for the solutions to some of the
exercises from the book.

6.2 Annex A: Vectors and Matrices

Denote by R
d�k the linear space of matricesAD �

ai;j
�
d�k , where ai;j 2R. If kD 1

then R
d�1 is the Euclidean space R

d . Denote by A� D �
aj;i

�
k�d the transposed

matrix of A.
Let x D .xi /iD1;d 2 R

d and y D .yi /iD1;d 2 R
d . The usual inner product on

R
d is given by

E. Pardoux and A. Răşcanu, Stochastic Differential Equations, Backward SDEs,
Partial Differential Equations, Stochastic Modelling and Applied Probability 69,
DOI 10.1007/978-3-319-05714-9__6,
© Springer International Publishing Switzerland 2014
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hx; yi D x1y1 C x2y2 C � � � C xdyd D x�y

and the norm

jxj D
p

hx; xi D �
x21 C x22 C � � � C x2d

�1=2 D p
x�x:

We also introduce the notation xC WD �
xC
i

�
d�1.

The tensor product of the two vectors x and y is the linear operator x ˝ y W
R
d � R

d ! R defined by

.x ˝ y/ .u; v/ D hx; ui hy; vi D u� �xy�� v:
Hence one can identify

x ˝ y D �
xiyj

�
d�d D xy�:

If A D �
ai;j

�
d�d and fu1; : : : ;ud g is an orthonormal basis of Rd , that is

˝
ui ;uj

˛ D ıi;j D
(
1 if i D j;

0 if i ¤ j;

we define

Tr A D Trace .A/ D
dX
iD1

hAui ;ui i :

The “Trace” is independent of the basis fu1; : : : ;ud g and

TrA D
dX
iD1

aii D TrA�:

Moreover if A;B 2 R
d�d then one verifies that

Tr .AB/ D Tr .BA/ D Tr
�
A�B�� D Tr

�
B�A�� :

Let A D �
ai;j

�
d�k 2 R

d�k , B D �
bi;j

�
d�k 2 R

d�k . We define the inner product
on R

d�k by

hA;Bi D Tr
�
A�B

� D Tr
�
AB��

D
dX
iD1

kX
jD1

aijbij

and the norm
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jAj D
p

Tr .A�A/ D
p

Tr .AA�/ D
0
@

dX
iD1

kX
jD1

a2ij

1
A
1=2

:

We have

a/ jABj � jAj jBj ;
b/ jAxj � jAj jxj ;
c/ jAj D jA�j ;
d / Tr .x ˝ y/ D hx; yi ;
e/ Tr Œ.x ˝ y/AB�� D hx;BA�yi ;
f / Tr Œ.x ˝ x/AA�� D jA�xj2 ;
g/ jx ˝ yj D jxj jyj :

We note that the above matrix norm is not the operator norm

kAk D sup fjAxj W jxj � 1g � jAj ;
since kIdk D 1 ¤ p

d D jId j. Note that

kAk � jAj :

We denote by S
d�d � R

d�d the set of symmetric matrices. If Q;P 2 S
d�d , we

say that Q � P if hQx; xi � hPx; xi, for all x 2 R
d ; Q is semipositive definite if

Q � 0.
Q 2 S

d�d is semipositive definite if and only if there exists an orthonormal basis
fv1; : : : ; vd g of Rd and f�1; : : : ; �d g � Œ0;1Œ, such that

Qvi D �ivi ; 8 i 2 1; n:

Then Tr Q D
dP
iD1

�i and for all A 2 R
d�d we have

Tr .AQ/ D
dX
iD1

�i hAvi ; vi i � kAk TrQ � jAj TrQ: (6.1)

6.3 Annex B: Elements of Nonlinear Analysis

6.3.1 Notations

As references for this Annex, see e.g. [2] or [12]. Throughout in this Annex H is a
real separable Hilbert space with norm j�j and scalar product h�; �i.
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Let .X; k�k
X
/ be a real Banach space with dual .X�; k�k

X�/. The duality paring
.X�;X/ is also denoted h�; �i; hence if x 2 X and Ox 2 X

�, then by h Ox; xi and hx; Oxi
we understand the value, Ox .x/, of Ox in x.

Given x 2 X, Ox 2 X
� and the sequences xn 2 X, Oxn 2 X

� we say that as n ! 1

xn ! x .strongly/ in X if kxn � xk
X

! 0;

xn
w
* x .weakly/ in X if h Oy; xni ! h Oy; xi ; for all Oy 2 X

�;

Oxn w�

* Ox .weak star/ in X
� if h Oxn; yi ! h Ox; yi ; for all y 2 X:

6.3.2 Maximal Monotone Operators

Let X and Y be Banach spaces. A multivalued operator A W X � Y (a point-to-
set operator A W X ! 2Y) will also be regarded as a subset of X � Y setting for
A � X � Y,

Ax D fy 2 Y W .x; y/ 2 Ag :

Define

D.A/ D Dom .A/ D fx 2 X W Ax ¤ ;g – the domain of A;

R .A/ D fy 2 Y W 9 x 2 D.A/; s.t. y 2 Axg – the range of A;

and define A�1 W Y � X to be the point-to-set operator defined by x 2 A�1 .y/ if
y 2 A .x/.

We give some definitions:

• A W X � X
� is monotone if

hy1 � y2; x1 � x2i � 0; for all .x1; y1/ 2 A; .x2; y2/ 2 A:

• A W X � X
� is a maximal monotone operator if A is a monotone operator and it

is maximal in the set of monotone operators: that is,

hv � y; u � xi � 0 8 .x; y/ 2 A; H) .u; v/ 2 A:

• JX W X � X
� defined by

JX .x/ D
n

Ox W k Oxk2� D kxk2 D h Ox; xi
o

D
�

Ox W h Ox; y � xi C 1

2
kxk2 � 1

2
kyk2 ; 8 y 2 X

�
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is called the duality mapping; if X D H is a Hilbert space then JX .x/ D
IH .x/ D x for all x 2 H.

• A W X � Y is locally bounded at x0 2 D.A/ if there exists a neighborhood V of
x0 such that A .V / D fy 2 Y W 9 x 2 D.A/ \ V; s.t. y 2 Axg is bounded in Y.

We have:

Proposition 6.1 (Rockafellar). Let X be a reflexive Banach space. Then A W X �
X

� is maximal monotone operator if and only if A is a monotone operator and

R .JX C "A/ D X
�; for all " > 0:

Proposition 6.2. Let A W H � H be a maximal monotone operator. Then:

(a) A is a closed subset of H � HI moreover if .xn; yn/ 2 A and

xn ! x (strongly) in H and yn
w! y (weakly) in H; or

xn
w! x; and yn ! y; or

xn
w! x; yn

w! y; and limn hxn; yni � hx; yi ;

then .x; y/ 2 A;
(b) D .A/ and R .A/ are convex subsets of H;
(c) Ax is a convex closed subset of H for all x 2 D .A/;
(d) A is locally bounded on int .D .A// that is: for every u0 2 int .Dom .A// there

exists an r0 > 0 such that

NB .u0; r0/ defD fu0 C r0v W jvj � 1g � Dom .A/

and

A#
u0;r0

defD sup fjOuj W Ou 2 A .u0 C r0v/ ; jvj � 1g < 1:

Proposition 6.3. 1. If A W H ! H is a single-valued monotone hemicontinuous
operator then A is maximal monotone (A W H ! H is hemicontinuous if the
function t �! hA .x C tz/ ; yi W R ! R is continuous for all x; y; z 2 H).

2. If A;B � H � H are maximal monotone sets and int .D .A//\D .B/ ¤ ;, then

ACB
defD f.x; y C z/ W .x; y/ 2 A; .x; z/ 2 Bg is maximal monotone in H�H.

Let A � H � H be a maximal monotone operator. Then for each " > 0 the
operators

J"x D .I C "A/�1.x/ and A" .x/ D 1

"
.x � J"x/

from H to H are single-valued. The operator A" is called Yosida’s approximation of
the operator A. In [2, 12] we can find the proof of the following properties:
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Proposition 6.4. Let A W H � H be a maximal monotone operator. Then:

(j) For all "; ı > 0 and for all x; y 2 H

i/ .J"x; A"x/ 2 A;
ii/ jJ"x � J"yj � jx � yj ;

iii/ jA"x � A"yj � 1

"
jx � yj ;

iv/ jJ"x � Jıxj � j" � ıj jAıxj ;
v/ jJ"xj � jxj C .1C j" � 1j/ jJ10j ;

vi/ A" W H ! H is a maximal monotone operator.

(jj) If "n ! 0, xn
w! x, A"nxn

w! y and

lim sup
n;m!1

hxn � xm;A"nxn � A"mxmi � 0;

then .x; y/ 2 A and lim
n;m!1 hxn � xm;A"nxn � A"mxmi D 0.

(jjj) lim
"&0

J"x D PrD.A/ x; 8x 2 H and

lim
"&0

x" D x 2 D .A/ ) lim
"&0

J"x" D x:

(PrD.A/ x is the orthogonal projection of x on D .A/.)

(jv) lim
"&0

A"x D PrAx f0g defD A0x 2 Ax, for all x 2 D .A/.

(v) jA"xj is monotone decreasing in " > 0, and when " & 0

jA" .x/j %
( ˇ̌
A0 .x/

ˇ̌
; if x 2 D .A/ ;

C1; if x … D .A/ :

(vj) jJ"x � xj D " jA"xj � "
ˇ̌
A0x

ˇ̌ � " jzj, for all .x; z/ 2 A.
(vjj) For all x 2 H,

jJ"x � xj � jJ"x � J" .J1x/j C jJ" .J1x/ � J1xj C jJ1x � xj
� 2 jJ1x � xj C "

ˇ̌
A0 .J1x/

ˇ̌
:

(vjjj) For all x 2 H and y 2 Dom .A/

jJ"x � Jıyj � jx � yj C j" � ıj jAıyj
� jx � yj C j" � ıj ˇ̌A0y ˇ̌ :
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The operator A is uniquely defined by its principal section A0x
defD PrAx f0g in the

following sense: if .x; y/ 2 D .A/ � H such that

˝
y � A0u; x � u

˛ � 0; for all u 2 D .A/

then .x; y/ 2 A.

Proposition 6.5. Let A W H � H be a maximal monotone operator.

I. If NB .x0; r0/ � Dom .A/ and

A#
x0;r0

defD sup fjOuj W Ou 2 A .x0 C r0v/ ; jvj � 1g ;

then

r0 j Oxj � h Ox; x � x0i C A#
x0;r0

jx � x0j C r0A
#
x0;r0

; 8 .x; Ox/ 2 A: (6.2)

II. If there exist x0 2 H and a0; Oa0 � 0 such that

r0 j Oxj � h Ox; x � x0i C a0 jx � x0j C Oa0; 8 .x; Ox/ 2 A;

then there exists a b0 � 0 such that for all x 2 H, for all " 2 �0; 1�:

r0 jA"xj � hA"x; x � x0i C a0 jx � x0j C b0: (6.3)

If x0 2 Dom .A/ and 0 2 Ax0, then b0 D Oa0.
Proof. I. By monotonicity of A we have 8 .x; Ox/ 2 A, 8 jvj � 1:

r0 h Ox; vi � r0 h Ox; vi C h Ox � Oy; x � .x0 C r0v/i
D h Ox; x � x0i � h Oy; x � x0i C r0 h Oy; vi
� h Ox; x � x0i C A#

x0;r0
jx � x0j C r0A

#
x0;r0

;

which yields (6.2).
II. Since A" .x/ 2 A .J" .x//, it follows that

r0 jA"xj � hA"x; J" .x/ � x0i C a0 jJ" .x/ � x0j C Oa0
� hA"x; x � x0i C a0 ŒjJ" .x/ � J" .x0/j C jJ" .x0/ � x0j�C Oa0
� hA"x; x � x0i C a0 jx � x0j C a0 jJ" .x0/ � x0j C Oa0:

Hence the inequality (6.3) holds for b0 D a0

2 jJ1x0 � x0j C ˇ̌

A0 .J1x0/
ˇ̌�C Oa0.

If 0 2 Ax0 then J" .x0/ D x0 and b0 D Oa0.
�
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Proposition 6.6. If A is a maximal monotone set in H�H and A � L2 .0; T IH/�
L2 .0; T IH/ is defined by

A D ˚
.x; Ox/ 2 L2 .0; T IH/ � L2 .0; T IH/ W .x .t/ ; Ox .t// 2 A; a:e: t 2 �0; T Œ� ;

then A is a maximal monotone set in L2 .0; T IH/ � L2 .0; T IH/.

6.3.3 Stochastic Monotone Functions

Let .�;F ;P; fFt gt�0/ be a complete stochastic basis and

F W � � Œ0;C1Œ � R
d � R

d�k ! R
d

such that

˙ F .�; �; y; z/ is P-m.s.p. for every .y; z/ 2 R
d � R

d�k ;
˙ for all y; y0 2 R

d ; z; z0 2 R
d�k; t � 0:

˝
y � y0; F .t; y; z/ � F.t; y0; z/

˛ � 0; P-a.s.I

˙ for all z; z0 2 R
d�k; t � 0:

y 7�! F.t; y; z/ W Rd ! R
d is continuous, P-a.s.I

˙ there exists a P-m.s.p. ` W � � Œ0;C1Œ ! RC such that for all y 2 R
d ,

z; z0 2 R
d�k; t � 0:

ˇ̌
F.t; y; z/ � F.t; y; z0/

ˇ̌ � `t
ˇ̌
z � z0 ˇ̌ ; P-a.s.

Since y 7! �F.t; y; z/ W Rd ! R
d is a monotone continuous operator (hence

also maximal monotone operator), it follows that for every " > 0 and .!; t; y; z/ 2
� � Œ0; T � � R

d � R
d�k there exists a unique J" D J" .!; t; y; z/ 2 R

d such that

J" � "F.!; t; J"; z/ D y:

The Yosida approximation of F is defined by

F".t; y; z/
defD 1

"
.J".t; y; z/ � y/ D F.t; J".t; y; z/; z/:

Note that F" D F".t; y; z/ is the unique solution of

F.!; t; y C "F"; z/ D F": (6.4)
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The functions J" .�; �; y; z/, F" .�; �; y; z/ W � � Œ0; T � ! R
d are P-m.s.p. for every

.y; z/ 2 R
d � R

d�k and we have:

Proposition 6.7. For all "; ı > 0, 8 t 2 Œ0; T �, 8 y; y0 2 R
d , 8 z; z0 2 R

d�k:

.a/ jJ".t; y; z/ � J".t; y0; z0/j � jy � y0j C "`t jz � z0j ;

.b/ jJ".t; 0; 0/j � " jF .t; 0; 0/j ;

.c/ hF" .t; y; z/ � F" .t; y0; z0/ ; y � y0i � `t jz � z0j jy � y0j ;

.d/ jF" .t; y; z/ � F" .t; y0; z0/j � 2

"
jy � y0j C `t jz � z0j ;

.e/ jJ".t; y; z/ � yj � " jF" .t; y; z/j � " jF .t; y; z/j ;

.f / lim
"!0

F" .t; y; z/ D F .t; y; z/ ;

(6.5)

jJ".t; y; z/ � Jı.t; y0; z0/j � ˇ̌
y � y0 ˇ̌C ı `t

ˇ̌
z � z0 ˇ̌C j" � ıj jF .t; y; z/j (6.6)

and

hy � y0; F".t; y; z/ � Fı.t; y0; z0/i C " jF" .t; y; z/j2 C ı jFı .t; y0; z0/j2
� ."C ı/ hF" .t; y; z/ ; Fı.t; y0; z0/i

C`t Œjy � y0j C " jF .t; y; z/j C ı jF .t; y0; z0/j� jz � z0j :
(6.7)

Proof. (a): If J D J".t; y; z/, J 0 D J".t; y
0; z0/, then

ˇ̌
J � J 0ˇ̌2

D "
˝
F .t; J; z/ � F �t; J 0; z0� ; J � J 0˛C ˝

y � y0; J � J 0˛

D "
˝
F .t; J; z/ � F �t; J 0; z

�
; J � J 0˛

C "
˝
F
�
t; J 0; z

� � F �t; J 0; z0� ; J � J 0˛C ˝
y � y0; J � J 0˛

� "

`t
ˇ̌
z � z0 ˇ̌ ˇ̌J � J 0ˇ̌�C ˇ̌

y � y0 ˇ̌ ˇ̌J � J 0 ˇ̌

and (6.5-a) follows.
(b): With the notation J 0 D J .t; 0; 0/,

ˇ̌
J 0
ˇ̌2 D "

˝
F
�
t; J 0; 0

�
; J 0

˛ � "
˝
F .t; 0; 0/ ; J 0

˛ � " jF .t; 0; 0/j ˇ̌J 0 ˇ̌

which gives (6.5-b).
(c): We have

˝
F" .t; y; z/ � F"

�
t; y0; z0� ; y � y0˛

D 1

"

˝
J".t; y; z/ � J".t; y0; z0/; y � y0˛ � 1

"

ˇ̌
y � y0 ˇ̌2
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� 1

"

jy � y0j C "`t
ˇ̌
z � z0 ˇ̌� ˇ̌y � y0 ˇ̌ � 1

"

ˇ̌
y � y0 ˇ̌2

� `t
ˇ̌
z � z0 ˇ̌ ˇ̌y � y0 ˇ̌

that is (6.5-b).
(d ): From .a/ and the definition of F" the inequality .d/ clearly follows.
(e): The properties follow from those of the Yosida approximation, A", of a

maximal operator A (here A" .y/ D �F".t; y; z/ for .!; t; z/ fixed.
(6.6): Let J" D J".t; y; z/ and J 0

ı D Jı.t; y
0; z0/. Then

ˇ̌
J" � J 0

ı

ˇ̌2 D ." � ı/ ˝F .t; J"; z/ ; J" � J 0
ı

˛
Cı ˝F .t; J"; z/ � F �t; J 0

ı ; z
0� ; J" � J 0

ı

˛C ˝
y � y0; J" � J 0

ı

˛
� j" � ıj jF .t; J"; z/j

ˇ̌
J" � J 0

ı

ˇ̌C ı`t jz � z0j ˇ̌J" � J 0
ı

ˇ̌C jy � y0j ˇ̌J" � J 0
ı

ˇ̌

and (6.6) follows.
(6.7): Now, we have

˝
J" � J 0

ı ; F".t; y; z/ � Fı.t; y0; z0/
˛

D ˝
J" � J 0

ı ; F .t; J"; z/ � F.t; J 0
ı ; z

0/
˛

� 0C ˝
J" � J 0

ı ; F .t; J
0
ı ; z/ � F.t; J 0

ı ; z
0/
˛

� ˇ̌
J" � J 0

ı

ˇ̌
`t
ˇ̌
z � z0 ˇ̌

� `t

" jF .t; y; z/j C ı

ˇ̌
F
�
t; y0; z0�ˇ̌C ˇ̌

y � y0 ˇ̌� ˇ̌z � z0 ˇ̌

and then

˝
y � y0; F".t; y; z/ � Fı.t; y0; z0/

˛

D ˝
J" � "F" .t; y; z/ � J 0

ı C ıFı
�
t; y0; z0� ; F".t; y; z/ � Fı.t; y0; z0/

˛

� �" jF" .t; y; z/j2 � ı ˇ̌Fı
�
t; y0; z0�ˇ̌2 C ."C ı/

˝
F" .t; y; z/ ; Fı.t; y

0; z0/
˛

C `t

" jF .t; y; z/j C ı

ˇ̌
F
�
t; y0; z0�ˇ̌C ˇ̌

y � y0 ˇ̌� ˇ̌z � z0 ˇ̌

that is (6.7). �

If we define

F #
R .t/

defD sup
jyj�R

jF.t; y; 0/j;
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then we have the following:

Proposition 6.8. For all " > 0, p; a > 1, r0 � 0, y 2 R
d , z 2 R

d�k , t 2 Œ0; T �:

r0 jF" .t; y; z/j C hF" .t; y; z/ ; yi � r0

�
F #
r0
.t/C r0

a

2np
.`t /

2

�

C
�
F #
r0
.t/C r0

a

np
.`t /

2

�
jyj C a

2np
.`t /

2 jyj2 C np

2a
jzj2 ; a:s:;

(6.8)

where

np
defD 1 ^ .p � 1/ :

Proof. Let 0 � r0 � 1. The monotonicity property of F" implies that for all juj � 1:

hF" .t; r0u; z/ � F" .t; y; z/ ; r0u � yi � 0;

and, consequently, 8 juj � 1:

r0 hF" .t; y; z/ ;�ui C hF" .t; y; z/ ; yi
� jF" .t; r0u; z/j jy � r0uj
� jF" .t; r0u; 0/j .jyj C r0/C `t jzj .jyj C r0/

� jF .t; r0u; 0/j .jyj C r0/C a

2np
.`t /

2 .jyj C r0/
2 C np

2a
jzj2 :

The inequality (6.8) follows by taking the sup of the left-hand side over all vectors
u such that juj � 1. �

Finally we give some convergence results.
Let F W � � Œ0; T � � R

d ! R
d 0

be a function satisfying

i/ F .�; �; x/ is F ˝ BŒ0;T �-measurable, 8 x 2 R
d ;

ii/ F .!; t; �/ is continuous dP ˝ dt-a:e: .!; t/ 2 � � Œ0; T � ;
iii/ 9 ˛ > 0 such that

Z T

0

�
F #
R .t/

�˛
dt < C1; P-a.s.; 8R > 0:

(6.9)

Proposition 6.9. Assume that F satisfies (6.9). Let

X";X 2 L0 ��IC �Œ0; T � IRd ��

be such that

sup
t2Œ0;T �

jX"
t �Xt j prob:���!

"!0
0.
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Then

sup
t2Œ0;T �

ˇ̌
ˇ̌
Z t

0

F
�
s; X"

s

�
ds �

Z t

0

F .s; Xs/ ds

ˇ̌
ˇ̌

�
Z T

0

ˇ̌
F
�
s; X"

s

� � F .s;Xs/
ˇ̌
ds

prob:���!
"!0

0:

Moreover if for some p; ˛ > 0:

Cp;˛
defD sup

0<"�"0
E

�Z T

0

ˇ̌
F
�
t; X"

t

�ˇ̌˛
dt

�p
< C1; (6.10)

then

c1/ E

�Z T

0

jF .t; Xt /j˛ dt

�p
� Cp;

c2/ E

�Z T

0

ˇ̌
F
�
t; X"

t

� � F .t; Xt /
ˇ̌˛

dt

�q
���!
"!0

0; 8 q 2�0; pŒ:
(6.11)

If, in addition, x 7�! �F .t; x/ is a monotone operator and F" D F".t; x/, " > 0, is
the Yosida approximation of F (F" is the unique solution of F.!; t; xC "F"/ D F")
then 8 q 2�0; pŒ:

E

�Z T

0

ˇ̌
F"
�
t; X"

t

� � F .t; Xt /
ˇ̌˛

dt

�q
���!
"!0

0: (6.12)

Proof. Let "n ! 0 such that

lim
"n!0

sup
t2Œ0;T �

ˇ̌
X
"n
t �Xt

ˇ̌ D 0; P-a.s.

Then by the Lebesgue dominated convergence theorem

lim
"n!0

Z T

0

ˇ̌
F
�
s; X"n

s

� � F .s;Xs/
ˇ̌˛

ds D 0; P-a.s.

Since the convergence in probability is given by a metric, by reductio ad absurdum
we infer that

Z T

0

ˇ̌
F
�
s; X"

s

� � F .s;Xs/
ˇ̌˛

ds
prob:���!
"!0

0:

Also, if Cp < 1, then Fatou’s lemma clearly yields (6.11-c1).
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I . Denote by C positive constants independent of "n. Let

.�n D/�"n

defD
Z T

0

ˇ̌
F
�
s; X"n

s

� � F .s;Xs/
ˇ̌˛

ds:

Then by the Lebesgue dominated convergence theorem �n ! 0; P-a.s., and

E�p
n � C:

Since

E�q
n � E

�
�q
n1�n�R

�C E

�
�q
n

�
p�q
n

Rp�q 1�n>R

�

� E
�
�q
n1�n�R

�C C

Rp�q ;

it follows that

0 � lim sup
"n!0

E�q
n � C

Rp�q 8R > 0;

that is lim"n!0 E�
q
n D 0 and by reductio ad absurdum the full sequence �" has

the property (6.11-c2).
II. Since

ˇ̌
F"
�
t; X"

t

�ˇ̌ � jF.t; X"
t /j, on a subsequence

lim
"n!0

F"n
�
t; X

"n
t

� D lim
"n!0

F
�
t; X"

t C "nF"n
�
t; X

"n
t

��

D F.t; Xt /; P-a.s.

and then the convergence result, (6.12), follows in exactly the same manner with
�"n WD R T

0

ˇ̌
F"n

�
s; X"n

s

� � F .s;Xs/
ˇ̌˛

ds.

�

6.3.4 Compactness Results

Let I � R be an interval. Denote by C
�
I IRd � the space of continuous functions

g W I ! R
d . If I D Œa; b� then C

�
Œa; b� IRd � is a separable Banach space with

respect to the norm k�kŒa;b�, where if g W Œa; b� ! R
d we define

kgkŒa;t � D sup fjg .s/j W a � s � tg :
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If Œa; b� D Œ0; t � then

kgkt defD kgkŒ0;t � D sup fjg .s/j W 0 � s � tg :

For g 2 C �Œ0; T � IRd � we define for t 2 Œ0; T � and " � 0:

mg .t; "/ D sup fkg .t/ � g .s/k
Rd

W jt � sj � "; s 2 Œ0; T �g

the modulus of continuity at t , and

mg ."/ D m ."Ig/ D sup fjg .t/ � g .s/j W jt � sj � "; t; s 2 Œ0; T �g

the modulus of uniformly continuity.
We also introduce the notation

�g ."/ D � ."Ig/ D "C mg ."/ :

Note that

m1/ 0 D mg .0/ � mg ."/ � mg .ı/ � 2 kgkT ; 80 < " < ı;
m2/ 0 D �g .0/ < �g ."/ < �g .ı/ ; 80 < " < ı;
m3/ mg ."C ı/ � mg ."/C mg .ı/ ; 8 "; ı � 0;

m4/ lim
"&0

mg ."/ D lim
"&0

�g ."/ D 0

(6.13)

and

ˇ̌
mg .t; "/ � mh .t; "/

ˇ̌ � ˇ̌
mg ."/ � mh .ı/

ˇ̌ � 2 kg � hkT Cmg .j" � ıj/ :

If M � C
�
Œ0; T � IRd � and " > 0, then

mM .t; "/
defD sup

˚
mg .t; "/ W g 2 M�

;

kMkT defD sup fkgkT W g 2 Mg ;
M .t/

defD fg .t/ W g 2 Mg ;

and

mM ."/
defD sup

˚
mg ."/ W g 2 M�

;

�M ."/
defD "C mM ."/ :

Theorem 6.10 (Arzelà–Ascoli). Let M � C
�
Œ0; T � IRd �. Then the following

three conditions are equivalent:
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(A) M is relatively compact in C
�
Œ0; T � IRd �;

(B) .B1/ (equicontinuity): lim
"!0

mM .t; "/ D 0, 8 t 2 Œ0; T �;
.B2/ (bounded images) for each t 2 Œ0; T � the set M .t/ D fg .t/ W g 2 Mg

is bounded in R
d ;

(C) .C1/ (uniform equicontinuity): lim
"!0

mM ."/ D 0;

.C2/ the set fg .t/ W t 2 Œ0; T � ; g 2 Mg is bounded in R
d .

Theorem 6.11 (Kolmogorov–Riesz–Weil). Let p 2 Œ1;1Œ. A set S �
Lp

�
0; T IRd � is relatively compact in Lp

�
0; T IRd � if and only if:

(j) (p-equi-integrability)

lim
"&0

"
sup
g2S

Z T�"

"

kg .t C "/ � g .t/kp
Rd

dt

#
D 0;

(jj) (boundedness):

sup
g2S

Z T

0

jg .t/j dt < 1:

(For the proofs of these two last theorems see as example the book of Vrabie [70].)
Clearly we have:

Corollary 6.12. Let M > 0 and 
n & 0, "n & 0 be two sequences.

a) Then the set

K1 D
�

z 2 L2.0; T IRd / W
Z T

0

jz .t/j2 dt � M;

sup
0���"n

Z T�"n

0

jz .t C �/ � z .t/j2 dt � 
n; 8n 2 N
�
)

is a compact subset of L2.0; T IRd /.
b) If Nn D

h
T
"n

i
and ti D .i�1/T

Nn
, for 1 � i � Nn; n � 1, then the set

K2 D ˚
z 2 C.Œ0; T �IRd / W jz .0/j � M;

sup
1�i�Nn

sup
0<��"n

jz .ti C �/ � z .ti /j � 
n;8n 2 N
�
)

is a compact subset of C.Œ0; T �IRd / (here zt is extended outside of Œ0; T � by
continuity zs D zT , for s � T and zs D z0, for s � 0).
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6.3.5 Bounded Variation Functions

Let Œa; b� be a closed interval from R and DŒa;b� be the set of all partitions

� W a D t0 < t1 < � � � < tn D b; n D n� 2 N
�:

Define k�k D sup ftiC1 � ti W 0 � i � n � 1g.
Let

V� .k/
def :D

n�1X
iD0

jk .tiC1/ � k .ti /j

be the variation of k corresponding to the partition � 2 DŒa;b�. We define the total
variation of k on Œa; b� by

lklŒa;b� D sup
�2DŒa;b�

V� .k/

D sup

(
n��1X
iD0

jk .tiC1/ � k .ti /j W � 2 DŒa;b�

)

and if Œa; b� D Œ0; T � then

lklT WD lklŒ0;T � :

Proposition 6.13. If k 2 C �Œ0; T � IRd � and �N 2 DŒ0;T �

�N W
�
0 D 0

2N
T <

1

2N
T < � � � < 2N � 1

2N
T <

2N

2N
T D T

�
;

then

V�N .k/ % lklT as N % 1:

Proof. Clearly V�N .k/ is increasing with respect to N and V�N .k/ � lklT .
Let � 2 DŒa;b� be arbitrary

� W 0 D t0 < t1 < � � � < tn� D T;

and ji D 
ti
T
2N
�

be the integer part of ti
T
2N . Then

V� .k/ D
n��1X
iD1

jk .tiC1/ � k .ti /j
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�
n��1X
iD1

�ˇ̌
ˇ̌k .tiC1/ � k

�
jiC1T
2N

�ˇ̌
ˇ̌C

ˇ̌
ˇ̌k
�
jiC1T
2N

�
� k

�
jiT

2N

�ˇ̌
ˇ̌

C
ˇ̌
ˇ̌k
�
jiT

2N

�
� k .ti /

ˇ̌
ˇ̌
�

� 2n�mk

�
T

2N

�
C V�N .k/

and passing to the limit for N % 1 we obtain

V� .k/ � lim
N%1

V�N .k/ � lklT ; 8� 2 DŒa;b�:

Hence lim
N%1

V�N .k/ D lklT . �

Definition 6.14. A function k W Œa; b� ! R
d has bounded variation on Œa; b� if

lklŒa;b� < 1. The space of bounded variation functions on Œa; b� will be denoted
by BV

�
Œa; b� IRd �.

If x 2 C
�
Œa; b� IRd � and k 2 BV

�
Œa; b� IRd � then the Riemann–Stieltjes

integral is defined by

Z b

a

hx .t/ ; dk .t/i D lim
k�k!0

n��1X
iD0

hx .�i / ; k .tiC1/ � k .ti /i ;

where the integral is independent of the arbitrary choice of �i 2 Œti ; tiC1�.
The Riemann–Stieltjes integral satisfies

ˇ̌
ˇ̌
ˇ
Z b

a

hx .t/ ; dk .t/i
ˇ̌
ˇ̌
ˇ � kxkŒa;b� lklŒa;b� :

Proposition 6.15. Equipped with the norm

kkkBV.Œa;b�IRd / WD jk .a/j C lklŒa;b� ;

the space BV
�
Œa; b� IRd � is a Banach space. An element k of BV

�
Œa; b� IRd � can

be identified with the following linear continuous mapping on C
�
Œa; b� IRd �:

x 7�! hx .a/ ; k .a/i C
Z b

a

hx .t/ ; dk .t/i :

With this identification, BV
�
Œa; b� IRd � is the dual of the space C

�
Œa; b� IRd �.
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Proposition 6.16 (Helly–Bray). Let n 2 N
�, xn; x 2 C

�
Œ0; T � IRd �, kn 2

BV
�
Œ0; T � IRd �, k W Œ0; T � ! R

d , such that

.i/ xn ! x in C
�
Œ0; T � IRd � ;

.ii/ kn .t/ ! k .t/ ; 8 t 2 Œ0; T � and
.iii/ sup

n2N�

lknlT D M < C1:

Then k 2 BV
�
Œ0; T � IRd �, lklT � M , and 8 0 � s � t � T :

.j /

Z t

s

hxn .r/ ; dkn .r/i !
Z t

s

hx .r/ ; dk .r/i ; as n ! 1;

. jj/
Z t

s

jx .r/j d lklr � lim inf
n!C1

Z t

s

jxn .r/j d lknlr :

In particular kn
w�

! k in BV
�
Œ0; T � IRd �, that is for all y 2 C �Œ0; T � IRd �:

Z T

0

hy .t/ ; dkn .t/i !
Z T

0

hy .t/ ; dk .t/i :

Proof. First let �N 2 DŒ0;T � be a sequence such that

V�N .k/ % lklT as N % 1:

From the definition of l�lT we have

V�N .kn/ � lknlT � M:

Since kn .t/ ! k .t/ for all t 2 Œ0; T �, it follows that V�N .kn/ ! V�N .k/. Hence

V�N .k/ � M for all N 2 N
�

and passing to the limit as N % 1 we obtain

lklT � M:

Let " > 0

� W s D t0 < t1 < � � � < tN D t; N D N� 2 N
�;

with ti 2 Œ0; T �, k�k D sup ftiC1 � ti W 0 � i � N � 1g � ". For xi D x .ti /,
ki D k .ti /, define

S� .x; k/ D
N�1X
iD0

hxi ; kiC1 � ki i
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and mx W Œ0;1Œ ! Œ0;1Œ

mx ."/ D sup fjx .r/ � x .s/j W jr � sj � "; r; s 2 Œ0; T �g

the modulus of continuity of x on Œ0; T �.
We have

ˇ̌
ˇ̌
Z t

s

hx .r/ ; dk .r/i � S� .x; k/
ˇ̌
ˇ̌ � mx ."/lklT : (6.14)

Indeed

ˇ̌
ˇ̌
Z t

s

hx .r/ ; dk .r/i � S� .x; k/
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ
N�1X
iD0

Z tiC1

ti

hx .r/ ; dk .r/i �
Z tiC1

ti

hxi ; dk .r/i
ˇ̌
ˇ̌
ˇ

�
N�1X
iD0

ˇ̌
ˇ̌
Z tiC1

ti

hx .r/ � xi ; dk .r/i
ˇ̌
ˇ̌

� mx .k�k/
N�1X
iD0

lklŒti ;tiC1�

� mx ."/lklT :

Then
ˇ̌
ˇ̌
Z t

s

hx .r/ ; d .kn .r/ � k .r//i � S� .x; kn � k/
ˇ̌
ˇ̌ � mx .k�k/lkn � klT

� mx ."/ ŒlknlT C lklT � :

Now we obtain the estimate
ˇ̌
ˇ̌
Z t

s

hxn .r/ ; dkn .r/i �
Z t

s

hx .r/ ; dk .r/i
ˇ̌
ˇ̌

D
ˇ̌
ˇ̌
Z t

s

hxn .r/ � x .r/ ; dkn .r/i C
Z t

s

hx .r/ ; dkn .r/ � dk .r/i
ˇ̌
ˇ̌

� kxn � xkT lknlT C
ˇ̌
ˇ̌
Z t

s

hx .r/ ; dkn .r/ � dk .r/i
ˇ̌
ˇ̌

� kxn � xkT lknlT C mx ."/ ŒlknlT C lklT �C jS� .x; kn � k/j :

Since kn .t/ ! k .t/ for all t 2 Œ0; T �, it follows that limn!1 jS� .x; kn � k/j D 0

and
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lim sup
n!1

ˇ̌
ˇ̌
Z t

s

hxn .r/ ; dkn .r/i �
Z t

s

hx .r/ ; dk .r/i
ˇ̌
ˇ̌ � 2M mx ."/ ; 8" > 0:

Hence the limit lim
n!1

Z t

s

hxn .r/ ; dkn .r/i exists, as does

lim
n!1

Z t

s

hxn .r/ ; dkn .r/i D
Z t

s

hx .r/ ; dk .r/i :

Now, let ˛ 2 C �Œ0; T � IRd �, k˛kT � 1. Then

Z t

s

jx .r/j h˛ .r/ ; dk .r/i D lim
n!1

Z t

s

jxn .r/j h˛ .r/ ; dkn .r/i

� lim inf
n!C1

Z t

s

jxn .r/j d lknlr

and passing to supk˛kT �1 we obtain

Z t

s

jx .r/j d lklr � lim inf
n!C1

Z t

s

jxn .r/j d lknlr :

�

We now give some other auxiliary results used in the book:

Proposition 6.17. Let A W R
d � R

d be a maximal monotone operator and A W
C
�
RCIRd � � BVloc

�
RCIRd � be defined by:

.x; k/ 2 A if x 2 C
	
RCID.A/



; k 2 BVloc

�
RCIRd � and

Z t

s

hx .r/ � z; dk .r/ � Ozdri � 0; 8 .z; Oz/ 2 A; 8 0 � s � t: (6.15)

Then the relation (6.15) is equivalent to: for all u; Ou 2 C.RCIRd / such that
.u.r/; Ou.r// 2 A; 8 r � 0

Z t

s

hx.r/ � u.r/; dk.r/ � Ou.r/dri � 0; 8 0 � s � t; (6.16)

and A is a monotone operator, that is:
for all .x; k/ ; .y; `/ 2 A

Z t

s

hx .r/ � y .r/ ; dk .r/ � d` .r/i � 0; 8 0 � s � t:

Moreover A is a maximal monotone operator.
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Proof. (6.15) H) (6.16):
Let 8 u; Ou 2 C �RCIRd � be such that .u.r/; Ou.r// 2 A; 8 r � 0. Then

Z t

s

hx.r/ � u.r/; dk.r/ � Ou.r/dri

D lim
n!1

Z t

s

�
x.r/ � u.

bnrc
n
/; dk.r/ � Ou.bnrc

n
/dr

�
� 0:

(6.16) H) (6.15):
The implication is obtained for u .r/ D z and Ou .r/ D Oz.

Let .x; k/ ; .y; `/ 2 A be arbitrary. Then for all u; Ou 2 C.RCIRd / such that
.u.r/; Ou.r// 2 A; 8 r � 0 we have for all 0 � s � t ,

Z t

s

hy.r/ � u.r/; d` .r/ � Ou .r/ dri � 0;
Z t

s

hx.r/ � u.r/; dk .r/ � Ou .r/ dri � 0:

We put here

u .r/ D J"

�
x .r/C y .r/

2

�
D x .r/C y .r/

2
� "A"

�
x .r/C y .r/

2

�

and

Ou .r/ D A"

�
x .r/C y .r/

2

�
;

where J".z/ D .I C "A/�1 .z/, A" .z/ D 1

"
.z � J" .z//. Since A is a maximal

operator on R
d it follows that D.A/ is convex and lim

"!0
"A" .u/ ! 0; 8 u 2 D.A/.

Also for all a 2 D .A/

" jA" .u/j � " jA" .u/ � A" .a/j C " jA" .a/j � ju � aj C "
ˇ̌
A0 .a/

ˇ̌
:

Adding the inequalities term by term we obtain:

0 � 1

2

Z t

s

hy .r/�x .r/ ; d` .r/�dk .r/iC"
Z t

s

�
A".

x .r/Cy .r/
2

/; d` .r/Cdk .r/

�
:

Passing to lim"&0 we obtain
Z t

s

hy .r/ � x .r/ ; d` .r/ � dk .r/i � 0. A is a

maximal monotone operator since if .y; `/ 2 C
	
RCID.A/



� BVloc

�
RCIRd �

satisfies
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Z t

s

hy .r/ � x .r/ ; d` .r/ � dk .r/i � 0; 8 .x; k/ 2 A;

then this last inequality is satisfied for all .x; k/ of the form .x .t/ ; k .t// D .z; Ozt /,
where .z; Oz/ 2 A, and consequently (from the definition of A) .y; `/ 2 A . The
proof is complete. �

Remark 6.18. Often we restrict the realization to

C
�
RCIRd � �

h
C
�
RCIRd �

\
BV0;loc

�
RCIRd �

i

and we write (for this case) dk .t/ 2 A .x .t// .dt/ if

.a1/ x 2 C
	
RCI Dom.A/



;

.a2/ k 2 C �RCIRd �TBVloc
�
RCIRd � ; k .0/ D 0;

.a3/ hx .t/ � u; dk .t/ � Oudti � 0; on RC; 8 .u; Ou/ 2 A:

Proposition 6.19. Let A � R
d � R

d be a maximal subset and A be the
realization of A on C

�
RCIRd � � BVloc

�
RCIRd � defined by (6.15). Assume that

int .Dom .A// ¤ ;. Let u0 2 int .Dom .A// and r0 > 0 be such that NB .u0; r0/ �
Dom .A/. Then

A#
u0;r0

defD sup
˚jOuj W Ou 2 Au; u 2 NB .u0; r0/

�
< 1;

and for all .x; k/ 2 A:

r0d lklt � hx .t/ � u0; dk .t/i C �
A#

u0;r0 jx .t/ � u0j C r0A
#
u0;r0

�
dt (6.17)

as signed measures on RC. Moreover there exists a constant b0 > 0 such that

r0

Z t

s

jA"y .r/j dr �
Z t

s

hy .r/ � u0; A"y .r/i dr

CA#
u0;r0

Z t

s

jy .r/ � u0j dr C b0 .t � s/ ;
(6.18)

for all 0 � s � t � T , y 2 C �RCIRd � and 0 < " � 1.

Proof. Since A is locally bounded on int .Dom .A//, it follows that for u0 2
int .Dom .A//, there exists an r0 > 0 such that u0 C r0v 2 int .Dom .A// for all
jvj � 1 and

A#
u0;r0

defD sup
˚jOzj W Oz 2 Az; z 2 NB .u0; r0/

�
< 1:

Let 0 � s D t0 < t1 < : : : < tn D t � T , maxi .tiC1 � ti / D ın ! 0.
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We put in (6.15) z D u0 C r0v. Then

Z tiC1

ti

hx .r/ � .u0 C r0v/ ; dk .r/ � Ozdri � 0; 8 jvj � 1; 8 0 � s � t � T;

and we obtain

r0 hk .tiC1/ � k .ti / ; vi

�
Z tiC1

ti

hx .r/ � u0; dk .r/i C A#
u0;r0

Z tiC1

ti

jx .r/ � u0j dr C r0A
#
u0;r0 .tiC1 � ti / ;

for all jvj � 1. Hence

r0 jk .tiC1/ � k .ti /j

�
Z tiC1

ti

hx .r/ � u0; dk .r/i C A#
u0;r0

Z tiC1

ti

jx .r/ � u0j dr C r0A
#
u0;r0 .tiC1 � ti /

and adding term by term for i D 0 to i D n � 1 the inequality

r0

n�1X
iD0

jk .tiC1/ � k .ti /j �
Z t

s

hx .t/ � u0; dk .t/i

C A#
u0;r0

Z t

s

jx .r/ � u0j dr C .t � s/ r0A#
u0;r0 ;

holds and clearly (6.17) follows.
Setting in (6.3) x D y .r/, x0 D u0 and integrating from s to t the

inequality (6.18) follows. �

Often in the book we use some energy type equalities that we describe in the next
lemma.

Lemma 6.20. Let x; k;m 2 C
�
Œ0;1Œ IRd �, k 2 BVloc

�
Œ0;1Œ IRd �, k .0/ D

m.0/ D 0 such that

x .t/C k .t/ D x0 Cm.t/ ; 8 t � 0:

Then

(I): For all t � 0 and for all u 2 R
d :

jx .t/ �m.t/ � uj2 C 2

Z t

0

hx .r/ � u; dk .r/i

D jx0 � uj2 C 2

Z t

0

hm.r/ ; dk .r/i :
(6.19)
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(II): For all 0 � s � t :

jx .t/ � x .s/ �m.t/Cm.s/j2 C 2

Z t

s

hx .r/ � x .s/ ; dk .r/i

D 2

Z t

s

hm.r/ �m.s/ ; dk .r/i :
(6.20)

Proof. (I): We have

jx .t/ �m.t/ � uj2

D jx0 � k .t/ � uj2

D jx0 � uj2 C 2

Z t

0

hx0 � k .r/ � u; d .x0 � k � u/ .r/i

D jx0 � uj2 C 2

Z t

0

hx .r/ �m.r/ � u;�dk .r/i

D jx0 � uj2 C 2

Z t

0

hm.r/ ; dk .r/i � 2
Z t

0

hx .r/ � u; dk .r/i ;

that is (6.19).
(II): From (6.19) we have for u D 0

jx .t/ �m.t/j2 � jx .s/ �m.s/j2 C 2

Z t

s

hx .r/ ; dk .r/i

D 2

Z t

s

hm.r/ ; dk .r/i :

But k .t/ � k .s/ D m.t/ � x .t/ �m.s/C x .s/,

jx .t/ �m.t/j2 D jx .t/ � x .s/ �m.t/Cm.s/j2 C jx .s/ �m.s/j2
�2 hx .s/ �m.s/ ; k .t/ � k .s/i

and

2

Z t

s

hm.r/ ; dk .r/iD2
Z t

s

hm.r/�m.s/ ; dk .r/i C2 hm.s/ ; k .t/ � k .s/i ;

2

Z t

s

hx .r/ ; dk .r/iD2
Z t

s

hx .r/�x .s/ ; dk .r/i C 2 hx .s/ ; k .t/ � k .s/i :

Hence, the equality (6.20) holds. �

Finally we give an approximation result via Stieltjes integrals.
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Lemma 6.21. Let

• Q W Œ0; T � ! R be a strictly increasing continuous function such thatQ.0/ D 0,
• f; 
 W Œ0; T � ! R

d be bounded measurable functions,
• ' W Rd !� � 1;C1� be a proper convex lower semicontinuous function.

If

f" .t/ D f .0/ e
�Q.t/

Q."/ C 1

Q ."/

Z t

0

e
Q.r/�Q.t/

Q."/ f .r/ dQ .r/ ; t 2 Œ0; T � , " > 0

then as " ! 0C

.j / f" .r/ �! f .r/ ; a.e. r 2 Œ0; T � ;

. jj/
Z s

t

' .f" .r// 
 .r/ dQ .r/ �!
Z s

t

' .f .r// 
 .r/ dQ .r/ ; 8 Œt; s� � Œ0; T � :

If f W Œ0; T � ! R
d is a continuous function it moreover follows that

sup
t2Œ0;T �

jf" .t/�f .t/j �! 0:

Remark 6.22. The same conclusions are true if we replace f" .t/ by

g" .t/ D f .T / e
Q.t/�Q.T /

Q."/ C 1

Q ."/

Z T

t

e
Q.t/�Q.r/

Q."/ f .r/ dQ .r/ ; t 2 Œ0; T � :

Proof of Lemma 6.21 .j /. Obviously we have

Z t

0

1
Q."/

e
Q.r/�Q.t/

Q."/ f .r/ dQ .r/ D
Z 0

�Q.t/

Q."/

euf
��
Q�1 .uQ ."/CQ.t//

��
du

D
Z 0

�Q.t/

Q."/

eu

f
�
Q�1 .uQ ."/CQ.t//

� � f �Q�1 .Q .t//
��

duCf .t/
Z 0

�Q.t/

Q."/

eudu:

(6.21)
But

lim sup
"!0

ˇ̌
ˇ
Z 0

�Q.t/

Q."/

eu

f
�
Q�1 .uQ ."/CQ.t//

� � f �Q�1 .Q .t//
��

du
ˇ̌
ˇ

� lim sup
"!0

Z 0

�1
eu
ˇ̌
f
�
Q�1 ..uQ ."/CQ.t// _ 0/� � f �Q�1 .Q .t//

�ˇ̌
du

� 2C

Z �n

�1
eudu C

Z 0

�n
eu
ˇ̌
f
�
Q�1 ..uQ ."/CQ.t// _ 0/� � f �Q�1 .Q .t//

�ˇ̌
du

� 2Ce�n C lim sup
"!0

Z 0

�n

ˇ̌
f
�
Q�1 ..uQ ."/CQ.t// _ 0/� � f �Q�1 .Q .t//

�ˇ̌
du

� 2Ce�n; for all n;
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since

lim
ı!0

Z ˇ

˛

ˇ̌
f
�
Q�1 .s C ıu/

� � f �Q�1 .s/
�ˇ̌

du D 0; a.e.

Therefore the following limit exists

lim
"!0

ˇ̌
ˇ
Z 0

�Q.t/

Q."/

eu

f
�
Q�1 .uQ ."/CQ.t//

� � f .t/� du
ˇ̌
ˇ D 0;

and .j / follows. In the case where f is continuous, it is sufficient to write

f" .t/ D f .0/ e
�Q.t/

Q."/ C 1
Q."/

Z t

0

e
Q.r/�Q.t/

Q."/ f .r/ dQ .r/

D f .0/ e
�Q.t/

Q."/ C 1
Q."/

Z t"

0

e
Q.r/�Q.t/

Q."/ f .r/ dQ .r/C 1
Q."/

Z t

t"

e
Q.r/�Q.t/

Q."/ f .r/ dQ .r/ ;

where t" WD Q�1
	
Q.t/ �p

Q."/



�! t , as " ! 0, and t" < t .

. jj/ We have

Z s

t

' .f" .r// 
 .r/ dQ .r/

�
Z s

t

e
�Q.r/

Q."/ ' .f .0// 
 .r/ dQ .r/

C
Z s

t

�Z r

0

1

Q ."/
e
Q.u/�Q.r/

Q."/ ' .f .u// dQ .u/

�

 .r/ dQ .r/

D ' .f .0//

Z s

t

e
�Q.r/

Q."/ 
 .r/ dQ .r/

C
Z s

0

�Z s

0

1

Q ."/
e
Q.u/�Q.r/

Q."/ ' .f .u// 1Œ0;r� .u/ dQ .u/

�

 .r/ dQ .r/

�
Z t

0

�Z t

0

1

Q ."/
e
Q.u/�Q.r/

Q."/ ' .f .u// 1Œ0;r� .u/ dQ .u/

�

 .r/ dQ .r/

D ' .f .0//

Z s

t

e
�Q.r/

Q."/ 
 .r/ dQ .r/

C
Z s

0

�
' .f .u//

Z s

0

1

Q ."/
e
Q.u/�Q.r/

Q."/ 1Œu;s� .r/ 
 .r/ dQ .r/

�
dQ .u/

�
Z t

0

�
' .f .u//

Z t

0

1

Q ."/
e
Q.u/�Q.r/

Q."/ 1Œu;t � .r/ 
 .r/ dQ .r/

�
dQ .u/ :
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Using Remark 6.22 we have

lim
"!0

Z s

u

1

Q ."/
e
Q.u/�Q.r/

Q."/ 
 .r/ dQ .r/ D lim
"!0

Z t

u

1

Q ."/
e
Q.u/�Q.r/

Q."/ 
 .r/ dQ .r/ :

D 
 .u/ ; a.e.

By Lebesgue’s dominated convergence theorem and the lower semicontinuity of '
we conclude that

Z s

t

' .f .r// 
 .r/ dQ .r/ � lim inf
"!0

Z s

t

' .f" .r// 
 .r/ dQ .r/

� lim sup
"!0

Z s

t

' .f" .r// 
 .r/ dQ .r/

�
Z s

t

' .f .r// 
 .r/ dQ .r/ :

�

6.3.6 Semicontinuity

Let .X; �/ be a metric space.

Definition 6.23. A function f W X ! R is lower semicontinuous (l.s.c.) at x 2 X if

f .x/ � lim inf
y!x

f .y/ ;

i.e. for all " > 0 there exists a ı D ı ."; x/ > 0 such that � .x; y/ < ı implies
f .y/ � f .x/ � ". The function f is l.s.c. if it is l.s.c. at all x 2 X.
A function g W X ! R is upper semicontinuous (u.s.c.) if �g is l.s.c.

Proposition 6.24. The following assertions are equivalent:

(i) f W X ! R is lower semicontinuous;
(ii) the set fx 2 X W f .x/ � ag is closed in X, for all a 2 R.

It is easy to prove that:

N If gn W X ! R, n 2 N, are l.s.c. functions and

g.x/ D supfgn.x/ W n 2 Ng;

then g W X ! R is a l.s.c. function.
N If f W X !�� 1;C1� is a l.s.c. function, then f is bounded from below on

compact subsets of X.
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Lemma 6.25. Let .X; �/ be a metric space. If f W X ! R is bounded below on
bounded subsets of X, then there exists a continuous function 	 W X ! R such that

	 .x/ � f .x/ ; for all x 2 X:

Proof. Let n 2 N
� and a 2 X. Define

	n D n ^ infff .x/ W �.x; a/ � ng:

Then 	n 2 R. Define 	 W X ! R such that, if n � 1 � � .x; a/ < n

	 .x/ D 	n � 2
�
� .x; a/ �

�
n � 1

2

��C
.	n � 	nC1/ :

The function 	 is continuous on X and

	 .x/ � f .x/ for all x 2 X:

�

Proposition 6.26. Let .X; �/ be a separable metric space. If f W X !� � 1;C1�

is a l.s.c. function and 	 W X ! R is a continuous function such that

	 .x/ � f .x/ ; for all x 2 X; (6.22)

then there exists a sequence of continuous functions fn W X ! R, n 2 N
�, such that

for all x 2 X

	 .x/ � f1 .x/ � : : : � fn .x/ � : : : � f .x/ and lim
n!1fn .x/ D f .x/ :

Proof. Using only the boundedness from below (6.22) we shall show that there
exists a sequence of continuous functions fn W X ! R, n 2 N

�, such that

	 .y/ � f1 .y/ � : : : � fn .y/ � : : : � f .y/ ; for all y 2 X; (6.23)

and such that for all x 2 X there exists a sequence yn ! x satisfying

n ^
�
f .yn/ � 1

n

�
� sup

j2N�

fj .x/ � f .x/ ; for all n 2 N
�: (6.24)

Then the result follows using the lower semicontinuity of f :

f .x/ � lim inf
n!C1

�
n ^

�
f .yn/ � 1

n

��
� sup

j2N�

fj .x/ � f .x/ :
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Let us prove (6.23) and (6.24). Let n; i 2 N
� and a 2 X. Define

	i;n D 	i;n .a/ D n ^ inf

�
f .y/ W � .y; a/ < i

n

�
:

Then �1 � 	i;n < C1. Define  n .�; a/ W X ! R such that, if i�1
n

� � .y; a/ <
i
n

, i 2 N
�, then

 n .y; a/ D 	 .y/ _ 	i;n � 2n
�
� .y; a/ �

�
i � 1

2

�
1

n

�C

� Œ.	 .y/ _ 	i;n/ � .	 .y/ _ 	iC1;n/� :

For each a 2 X the function  n .�; a/ is continuous on X and

 n .y; a/ � f .y/ for all y 2 X:

Let A1 � A2 � : : : � An � : : : be finite sets such that A D S
n2N�

An is a dense

subset of X. Define fn W X ! R

fn .y/ D max
k21;n

�
max
a2An

 k .y; a/

�
; y 2 X:

Clearly fn; n 2 N
�, are continuous functions and

f1 .y/ � : : : � fn .y/ � : : : � f .y/ ; 8 y 2 X:

Let x 2 X be arbitrary. Then there exist an 2 A and kn � n such that

� .x; an/ <
1

2n
and an 2 Akn:

If 	1;n .an/ 2 R, then from the definition of 	1;n .an/, there exists yn 2
B.an;

1
n
/ such that

n ^
�
f .yn/ � 1

n

�
� 	1;n .an/ �  n .x; an/ � fkn .x/ � sup

j2N�

fj .x/ � f .x/ :

If 	1;n .an/ D �1 then, once again from the definition of 	1;n.an/, there exists
yn 2 B.an; 1n / such that

n ^
�
f .yn/ � 1

n

�
� f1 .x/ � sup

j2N�

fj .x/ � f .x/ :
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We remark that

� .yn; x/ � � .yn; an/C � .an; x/ � 3

2n

and consequently yn ! x. The proof is complete. �

We also have the following:

Proposition 6.27. If f W X ! R is a continuous function and fn W X ! R, n 2 N
�,

are lower semicontinuous functions such that for all x 2 X:

f1 .x/ � f2 .x/ � : : : � fn .x/ � : : : � f .x/ and lim
n!1fn .x/ D f .x/;

then for every compact set K � X

lim
n!1

�
sup
x2K

jfn .x/ � f .x/j
�

D 0: (6.25)

Proof. For each " > 0, Gn D fx 2 X W f .x/ � fn .x/ < "g is an open subset of X
and

K � X D S
n2N�

" Gn:

Hence, by the compactness of K, there exists an n 2 N
� such that K � Gn and the

uniform convergence (6.25) follows. �

We now give some examples (as exercises for the reader) of lower semicontinu-
ous functions that are used in the book.

Example 6.28. Let .X; �/ be a separable metric space and E � X. Then E is a
closed subset of X if and only if the function

IE .x/ D
�
0; if x 2 E;
C1; otherwise,

is a l.s.c. function on X.

Example 6.29. Let .X; �/ be a separable metric space. Let 0 � s < t � T . If
f W X !� � 1;C1� is a l.s.c. function bounded below on bounded subsets of X
and ˆ W C .Œ0; T � IX/ !� � 1;C1� is defined by

ˆ.x/ D
8
<
:

Z t

s

f .x .r// dr; if f .x/ 2 L1 .0; T /
C1; otherwise

then ˆ is a l.s.c. function.
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Let 0 � s < t � T . Let DŒs;t � be the set of partitions � W s D r0 < r1 < � � � <
rn D t , and

V� .k/
def :D

n�1X
iD0

� .k .ri / ; k .riC1// :

Define the total variation of k on Œs; t � by

lklŒs;t � D sup
�2DŒa;b�

V� .k/ :

Then as a sup of continuous functions:

Example 6.30. The mapping k 7�! lklŒs;t � W C .Œ0; T � IX/ ! Œ0;1� is a l.s.c.
function.

Finally we present Ekeland’s principle (see [26], or [4], p. 29, Th. 3.2):

Lemma 6.31 (Ekeland). Let .X; �/ be a complete metric space and J W X !
�� 1;C1� be a proper lower-semicontinuous function bounded from below. Then
for any " > 0 there exists an x" 2 X such that:

(
J.x"/ � inf

x2XJ.x/C " and

J.x"/ < J.x/C p
"�.x"; x/; 8x 2 X n fx"g:

6.3.7 Convex Functions

6.3.7.1 Definitions: Properties

Let .X; k�k/ be a real Banach space and .X�; k�k�/ its dual. A function ' W X !
� � 1;C1� is convex if

' ..1 � �/x C �y/ � .1 � �/' .x/C �' .y/ ; for all x; y 2 X and � 2�0; 1Œ:

Denote by

Dom.'/ D fx 2 X W '.x/ < C1g

the domain of ' and

@'.x/ D f Ox 2 X
� W h Ox; z � xi C '.x/ � '.z/; 8 z 2 Xg

the subdifferential of the function ' at x. We say that ' is proper if Dom.'/ ¤ ;.
Clearly if ' is a convex function then Dom.'/ is a convex subset of X.
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Theorem 6.32. If X is a Banach space and ' W X !��1;C1� is a proper convex
l.s.c. function then

Dom .@'/
defD fx 2 X W @'.x/ ¤ ;g

is non-empty and @' W X � X
� is a maximal monotone operator.

If K is a convex subset of X then the function IK W X !� � 1;C1� defined by

IK .x/ D
(
0; if x 2 K;
C1; if x 2 XnK;

is a convex function called the convex indicator function of K.
Recall, from [71] Chapter 2, the following:

Proposition 6.33. Let g W R !� � 1;C1� be a convex function. Then:

(a) Dom.g/ is an interval in R;
(b) the left derivative g0� W Dom.g/ ! Œ�1;C1� and the right derivative g0C W

Dom.g/ ! Œ�1;C1� are well defined increasing functions and they satisfy:

.j / g0C .r/ � g .s/ � g .r/
s � r � g0� .s/ ; 8 r; s 2 Dom.g/; r < sI

. jj/ g0� .r/ � g0C .r/ ; 8 r 2 Dom.g/I
. jjj/ g0� is left continuous and g0C is right continuous on int.Dom.g//I
. jv/ u 2 g0� .r/ ; g0C .r/

� \ R ” u .s � r/ � g .s/ � g .r/ ; 8 s 2 RI
.v/

˚
r 2 Dom.g/ W g0� .r/ ¤ g0C .r/

�
is at most countable;

(c) g is locally Lipschitz continuous on int .Dom.g//;
(d) A � R � R is a maximal monotone operator if and only if there exists a convex

function j W R !� � 1;C1� such that ˇ D @j .

Note that if ' is a proper convex lower semicontinuous (l.s.c.) function then:

• ' is bounded from below by an affine function, that is 9 v 2 X
� and a 2 R such

that

' .x/ � hv; xi C a; for all x 2 X;

and, moreover, if X is reflexive and lim
kxk!1

' .x/ D C1 then there exists an

x0 2 Dom.'/ such that

' .x/ � ' .x0/ ; for all x 2 XI
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• (Fenchel–Moreau theorem on biconjugate functions)

' .x/ D '�� .x/ D sup
˚hx; x�i � '� �x�� W x� 2 X

�� ;

where '� W X� ! NR is the conjugate of the function ', i.e.

'� �x�� D sup fhu; x�i � ' .u/ W u 2 Dom.'/g I

• ' is continuous on int .Dom.'//;
• @' W X � X

� is maximal monotone;
• int .Dom .'// D int .Dom .@'// and Dom .@'/ D Dom .'/.

We have the following instance of Jensen’s inequality.

Lemma 6.34. Let ' W Rd !�� 1;C1� be a proper convex lower semicontinuous
function. If a; b 2 R, a < b, y 2 L1 �

a; bIRd � and � 2 L1 .a; bIRC/ such thatR b
a
� .r/ dr D 1, then

'

 Z b

a

� .r/ y .r/ dr

!
�
Z b

a

� .r/ ' .y .r// dr:

Proof. Since there exists a set � � R
d � R such that

' .x/ D sup fhv; xi C 
 W .v; 
/ 2 �g ;

we have

˝
v;

Z b

a

� .r/ y .r/ dr
˛C 
 D

Z b

a

� .r/ Œhv; y .r/i C 
� dr �
Z b

a

� .r/ ' .y .r// dr

and the result follows passing to sup.v;
/2� . �

6.3.7.2 Regularization of Convex Functions

Let .H; j�j/ be a real separable Hilbert space and ' W H !� � 1;C1� be a proper
convex l.s.c. function. The Moreau regularization '" of the convex l.s.c. function '
is defined by

'".x/ D inf

�
1

2"
jz � xj2 C '.z/I z 2 H

�
; " > 0:

The function '" is a convex function of class C1 on H; the gradient r'" is a
Lipschitz function on H with the Lipschitz constant equal to "�1. If we define:
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J"x D x � "r'".x/;

then one can easily prove (see e.g. Brezis [12], Barbu [2], Rockafellar [65] or
Zălinescu [71]) that for all x 2 H and " > 0:

1. '".x/ D "

2
jr'".x/j2 C '.J"x/,

2. '.J"x/ � '".x/ � '.x/,
3. r'" .x/ D @'" .x/ and

'.J"x/ � '".x/

� '".z/C hx � z;r'".x/i
� '.z/C hx � z;r'".x/i ; 8 z 2 H;

4. r'".x/ 2 @'.J"x/ i.e.

hr'".x/; z � J"xi C '.J"x/ � '.z/; 8 z 2 H:

Hence J"x D .I C "@'/�1 .x/ and r'".x/ D A" .x/, where A is the maximal
monotone operator @'I r'" is called the Moreau–Yosida approximation of
@'.

5. If .u0; Ou0/ 2 @', then for all y 2 H

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

.a/ jr'" .u0/j � jOu0j ;

.b/ 0 � ' .u0/ � '" .u0/ � ' .u0/ � ' .J"u0/ � " jOu0j2 ;

.c/ jJ" .y/j � jy � u0j C " jOu0j C ju0j ;

.d/ ' .J"y/ � ' .u0/ � jOu0j jy � u0j � " jOu0j2 ;

.e/
"

2
jr'" .y/j2 � '" .y/ � ' .u0/C jOu0j jy � u0j C " jOu0j2 :

(6.26)

Indeed jr'" .u0/j D jA" .u0/j � ˇ̌
A0 .x/

ˇ̌
and

�" jOu0j2 � �" hOu0;r'" .u0/i
D hOu0; J"u0 � u0i
� ' .J"u0/ � ' .u0/
� '" .u0/ � ' .u0/
� 0:

For the inequality .c/ we have

jJ" .y/j � jJ" .y/ � J" .u0/j C jJ" .u0/ � u0j C ju0j ;
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and therefore

' .J"y/ � ' .u0/C hOu0; J" .y/ � u0i
� ' .u0/ � jOu0j jJ" .y/ � J" .u0/j � jOu0j jJ" .u0/ � u0j

which yields .d/.
For the last inequality, .d/, we have

"

2
jr'" .y/j2 D '" .y/ � ' .J"y/

� '" .y/ � ' .u0/C jOu0j jy � u0j C " jOu0j2 :

6. If 0 D '.0/ � '.x/, 8x 2 H, it is easy to verify that, moreover

j / 0 2 @' .0/ ; 0 D '".0/ � '".x/; J" .0/ D r'" .0/ D 0;

jj/
"

2
jr'".x/j2 � '".x/ � hr'".x/; xi ; 8x 2 H;

jjj/ jr'".x/j � 1

"
jxj; and 0 � '".x/ � 1

2"
jxj2 ; 8x 2 H;

jv/ hr'".x/; x � yi � �'.J"x/ � " hr'".x/;r'".y/i ; 8x; y 2 H:

(6.27)

If for a fixed a � 0

h Ox � Oy; x � yi � ajx � yj2; 8 .x; Ox/ ; .y; Oy/ 2 @';

or equivalently the function

 .x/ D ' .x/ � a

2
jxj2

is convex, too, then by the definition of J" and the monotonicity of the operator @'
we have 8 r 2 �0; 1Œ:

a

�
.1 � r/jx � yj2 � 1 � r

r
j"r'".x/ � ır'ı.y/j2

�

� ajJ"x � Jıyj2
� hr'".x/ � r'ı.y/; J"x � Jıyi
D hr'".x/ � r'ı.y/; x � yi � "jr'".x/j2 � ıjr'ı.y/j2

C ."C ı/ hr'".x/;r'ı.y/i
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and then

a/ hr'".x/ � r'".y/; x � yi � a.1 � r/jx � yj2
b/ hr'".x/ � r'ı.y/; x � yi � a.1 � r/jx � yj2

� ."C ı/ jr'".x/jjr'ı.y/j
(6.28)

for all x; y 2 H, r 2 .0; 1/; "; ı > 0 such that 0 � a.1 � r/" � r; 0 �
a.1 � r/ı � r .

Let u0 2 H and r0 � 0 be such that

fu0 C r0v W jvj � 1g � Dom':

Note that if

'#
u0;r0

	
defD sup f' .u0 C r0v/ W jvj � 1g



< 1;

then we have for all .x; Ox/ 2 @'

a/ r0j Oxj C '.x/ � h Ox; x � u0i C '#
u0;r0 ; 8 .x; Ox/ 2 @';

b/ r0j Oxj C j'.x/ � ' .u0/j � h Ox; x � u0i
C2

ˇ̌
ˇ.@'/0 .u0/

ˇ̌
ˇ jx � u0j C '#

u0;r0 � ' .u0/
(6.29)

and in particular for r0 D 0

j'.x/ � ' .u0/j � h Ox; x � u0i C 2
ˇ̌
ˇ.@'/0 .u0/

ˇ̌
ˇ jx � u0j : (6.30)

Let us prove (6.29). For .x; Ox/ 2 @' and jvj � 1 we have

h Ox; u0 C r0v � xi C '.x/ � '..u0 C r0v/ � '#
u0;r0

and consequently

r0 h Ox; vi C '.x/ � h Ox; x � u0i C '#
u0;r0

which yields (6.29-a) taking the supjvj�1.
On the other hand for all arbitrary Ou0 2 @' .u0/,

hOu0; x � u0i C ' .u0/ � '.x/;

which yields

j'.x/ � ' .u0/j � '.x/ � ' .u0/C 2 jOu0j jx � u0j :
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Hence for all jvj � 1:

r0 h Ox; vi C j'.x/ � ' .u0/j � h Ox; x � u0i C 2 jOu0j jx � u0j
C '#

u0;r0 � ' .u0/

which yields (6.29-b).
Observing that r'".x/ 2 @'.J"x/, we have

r0jr'".x/j C j'.J"x/ � ' .u0/j � hr'".x/; J"x � u0i C 2 jOu0j jJ"x � u0j
C '#

u0;r0 � ' .u0/ :

But

hr'".x/; J"x � u0i D .r'".x/; x � u0 � "jr'".x/j2

and

jJ"x � u0j � jJ"x � J"u0j C jJ"u0 � u0j
� jx � u0j C " jOu0j :

Hence for all " 2�0; 1�, x 2 H and Ou0 2 @'.u0/:

r0jr'".x/j C j'.J"x/ � ' .u0/j C "jr'".x/j2
� hr'".x/; x � u0i C 2 jOu0j jx � u0j C

h
2 jOu0j2 C '#

u0;r0 � ' .u0/
i
:

(6.31)

In particular for u0 D 0 and Ou0 D 0 we obtain

� If ' .x/ � ' .0/ D 0, for all x 2 H and

'#
r0

D sup f' .r0v/ W jvj � 1g < 1;

then:

a/ r0 j Oxj C '.x/ � h Ox; xi C '#
r0
; 8 .x; Ox/ 2 @';

b/ r0jr'".x/j C '.J"x/C "jr'".x/j2 � hr'".x/; xi C '#
r0
;

8 " > 0;8 x 2 H:

(6.32)

6.3.7.3 Convex Functions on C.Œ0; T �IRd/

Proposition 6.35. If ' W Rd !� � 1;C1� is a proper convex l.s.c. function and
ˆ W C.Œ0; T �IRd / !� � 1;C1�,
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ˆ.x/ D
8<
:

Z T

0

'.x.t//dt; if ' .x/ 2 L1.0; T /;
C1; otherwise,

(6.33)

then

c1) ˆ is a proper convex l.s.c. function,

c2) @ˆ.x/
defD
�
k 2 BV.Œ0; T �IRd /:

Z T

0

hy.r/ � x.r/; dk.r/i Cˆ.x/ � ˆ.y/; 8y 2 C.Œ0; T �IRd /
�

is a maximal monotone operator.

Proof. We shall prove only the maximal property of the operator @ˆ, since the other
properties are immediate. Let X D C.Œ0; T �IRd /. Then the dual space is X

� D
BV.Œ0; T �IRd /. Let

hk � �; x � zi � 0; for all .z; �/ 2 @ˆ: (6.34)

The function  .z/ D ˆ.z/C 1

2
kz � xk2

X
� hk; zi defined on X is a proper convex

l.s.c. function. Furthermore, there exists a c 2 R such that ˆ.z/ � c;8 z 2
X. By Ekeland’s principle there exists a z" 2 X such that

 . z"/ ! inf f .z/ W z 2 Xg;
 . z"/ �  .z/C p

" kz � z"kX D Q .z/ ; 8 z 2 X:

Then 0 2 @ Q (z"/, which means

@ˆ. z"/C F. z" � x/ � k C p
"�" 3 0; (6.35)

whereF W X � X
� is the duality mapping and k�"kX� � 1. Multiplying by z" � x

we have h�" � k; z" � xi C k z" � xk2
X

C p
" h�"; z" � xi D 0, for some �" 2

@ˆ. z"/, which implies by (6.34) k z" � xk
X

� p
". Hence z"

X! x, and by (6.35)

�"
X

�

! k, as " ! 0. From the definition of the subdifferential operator: h�"; y � z"iC
ˆ. z"/ � ˆ.y/, 8y 2 X and passing to the limit as " ! 0 we obtain .x; k/
2 @ˆ. �

Proposition 6.36. If ' W Rd !� � 1;C1� is a proper convex l.s.c. function, ˆ is
defined by (6.33), x 2 C.Œ0; T �IRd / and k 2 C.Œ0; T �IRd / \ BV.Œ0; T �IRd /, then
the following assertions are equivalent:
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a1/

Z t

s

hz � x.r/; dk.r/i C
Z t

s

'.x.r//dr � .t � s/'.z/;
8 z 2 R

d ; 8 0 � s � t � T;

a2/

Z t

s

hy.r/ � x.r/; dk.r/i C
Z t

s

'.x.r//dr �
Z t

s

'.y.r//dr;

8y 2 C.Œ0; T �IRd /; 8 0 � s � t � T;

a3/

Z t

s

hx.r/ � z; dk.r/ � Ozdri � 0; 8 .z; Oz/ 2 @';
8 0 � s � t � T;

a4/

Z t

s

hx.r/ � y.r/; dk.r/ � Oy.r/dri � 0; 8y; Oy 2 C.Œ0; T �IRd /;
.y.r/; Oy.r// 2 @'; 8 r 2 Œ0; T �; 8 0 � s � t � T;

a5/ .x; k/ 2 @ˆ; that is, 8y 2 C.Œ0; T �;Rd / WZ T

0

hy.r/ � x.r/; dk.r/i C
Z T

0

'.x.r//dr �
Z T

0

'.y.r//dr:

(6.36)

Proof. We shall show that a1 , a2 ) a3 ) a4 ) a5 ) a2.
a2 ) a1: is evident.
a1 ) a2: Let y 2 C

�
Œ0; T � IRd �. We extend y .t/ D y .0/ for t � 0 and y .t/ D

y .T / for t � T . The same extension will be considered for the functions x and k.
To prove a2/ it is sufficient to consider the case 0 < s < t < T .

Since ' is bounded from below by an affine function, from a1/ we deduce that
' .x/ 2 L1 .0; T /.

Let n0 2 N
� be such that 0 < 1

n0
< s < t < t C 1

n0
< T and n � n0. Let

u 2 Œs; t �. From .a1/ we have for z D y .u/

Z u

u�1=n
hy .u/ � x .r/ ; dk .r/i C

Z u

u�1=n
' .x .r// dr � 1

n
'.y.u//:

Integrating on Œs; t � with respect to u we deduce that

Z t

s

	
n
R u

u�1=n hy .u/ � x .r/ ; dk .r/i



du C
Z t

s

	
n
R u

u�1=n ' .x .r// dr



du

�
Z t

s

' .y .u// du:
(6.37)

By Fatou’s Lemma we have

Z t

s

' .x .u// du � lim inf
n!C1

Z t

s

�
n

Z u

u�1=n
' .x .r// dr

�
du:
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On the other hand by the Lebesgue dominated convergence theorem

Z t

s

�
n

Z u

u�1=n
hy .u/ � x .r/ ; dk .r/i

�
du

D
Z C1

�1

�Z C1

�1
n1Œs;t � .u/ 1Œu�1=n;u� .r/ hy .u/ � x .r/ ; dk .r/i

�
du

D
Z C1

�1

�Z C1

�1
n1Œs;t � .u/ 1Œr;rC1=n� .u/ Œy .u/ � x .r/� du; dk .r/

�

D
Z C1

�1

*
n

Z rC1=n

r

1Œs;t � .u/ Œy .u/ � x .r/� du; dk .r/

+

!
Z C1

�1
1Œs;t � .r/ hy .r/ � x .r/ ; dk .r/i ; as n ! 1:

Passing to lim infn!C1 in (6.37) .a2/ follows.
a2 ) a3: is obtained by adding the following inequalities term by term:

Z t

s

hz � x.r/; dk.r/i C
Z t

s

'.x.r//dr �
Z t

s

'.z/dr

Z t

s

hx.r/ � z; Ozi dr C
Z t

s

'.z/dr �
Z t

s

'.x.r//dr:

a3 ) a4 W is proved in Proposition 6.17 since A D @' is maximal monotone.
a4 ) a5: Let . Qx; Qk/ 2 @ˆ be arbitrary. Hence for all y; Oy 2 C.Œ0; T �IRd /,
.y.r/; Oy.r// 2 @' we have: .y;

R �
0

Oydt/ 2 @ˆ and

Z T

0

D
Qx.r/ � y.r/; d Qk .r/ � Oy .r/ dr

E
� 0 .@ˆ is monotone/;

Z T

0

hx.r/ � y.r/; dk .r/ � Oy .r/ dri � 0 .by a4/:

Since A D @' is maximal monotone, by Proposition 6.17 we have

Z T

0

D
Qx .t/ � x .t/ ; d Qk .t/ � dk .t/

E
� 0;

where . Qx; Qk/ 2 @ˆ is arbitrary. But by Proposition 6.35, @ˆ is a maximal monotone
operator. Hence .x; k/ 2 @ˆ.
a5 ) a2: Let a; b � 0 such that '.y/ C a jyj C b � 0. From a5/ it follows that
'.x/ 2 L1.0; T /. Let ˛n 2 C.Œ0; T �I R/, 0 � ˛n � 1, and ˛n % 1�s;t Œ. In a5/ we
put y .r/ WD .1 � ˛n .r//x .r/C ˛n .r/ y .r/. So we have
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Z T

0

h.y � x/˛n; dk.r/i C
Z T

0

' .x/ dr �
Z T

0

..1 � ˛n/ ' .x/C ˛n' .y// dr

and furthermore

Z T

0

h.y � x/ ˛n; dk .r/i C
Z T

0

˛n' .x/ dr

�
Z T

0

˛n' .y/ dr

�
Z T

0

˛n .' .y/C a jyj C b/ dr �
Z T

0

˛n .a jyj C b/ dr

�
Z T

0

1Œs;t � .r/ .' .y/C a jyj C b/ dr �
Z T

0

˛n .a jyj C b/ dr

�
Z t

s

' .y/ dr C
Z T

0

�
1Œs;t � � ˛n

�
.a jyj C b/ dr:

Passing to the limit as n ! 1 ; a2/ follows. �

Proposition 6.37. If ' W Rd !� � 1;C1� is a proper convex l.s.c. function and
Q̂ : L2.�IC.Œ0; T �IRd // !� � 1;C1�,

Q̂ .x/ D
8<
:
E

Z T

0

'.x.t/dt; if ' .x/ 2 L1.���0; T Œ/;
C1; otherwise

(6.38)

then

a) Q̂ is a proper convex l.s.c. function,

b) @ Q̂ .x/ defD
�
K 2 L2.�I BV.Œ0; T �IRd // W E

Z T

0

hYt �Xt ; dKt i

CE

Z T

0

'.Xt /dt � E

Z T

0

'.Yt /dt; 8Y 2 L2.�IC.Œ0; T �IRd //
�

is a maximal monotone operator,
c) K 2 @ Q̂ .x/ iff K� .!/ 2 @ˆ.X�.!//; P-a.s. ! 2 �, with @ˆ characterized in

Proposition 6.36.

Proof. The assertions a) and b) are obtained in the same manner as c1) and c2) from
Proposition 6.35. The point c) follows from b) putting Y WD X1Ac C Y1A, where
A 2 F is arbitrary. �

Proposition 6.38. Let ' W Rd !��1;C1� be a proper convex l.s.c. function such
that int .Dom .'// ¤ ;. Let
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ˆ: C.Œ0; T �IRd / !�� 1;C1� be defined by (6.33). Let .u0; Ou0/ 2 @', r0 � 0 and

'#
u0;r0

defD sup f' .u0 C r0v/ W jvj � 1g :

Then for all 0 � s � t � T and .x; k/ 2 @ˆ:

r0 .lklt � lkls/C
Z t

s

'.x.r//dr

�
Z t

s

hx .r/ � u0; dk .r/i C .t � s/ '#
u0;r0 :

(6.39)

Moreover for all 0 � s � t � T and for all .x; k/ 2 @ˆ:

r0 .lklt � lkls/C
Z t

s

j'.x.r// � ' .u0/j dr �
Z t

s

hx .r/ � u0; dk .r/i

C
Z t

s

�
2 jOu0j jx.r/ � u0j C '#

u0;r0 � ' .u0/
�

dr:
(6.40)

Proof. Let 0 � s D t0 < t1 < : : : < tn D t � T , maxi .tiC1 � ti / D ın ! 0.
By (6.36-a1) for z D u0 C r0v. We obtain

r0 hk .tiC1/ � k .ti / ; vi C
Z tiC1

ti

'.x.r//dr �
Z tiC1

ti

hx.r/ � u0; dk.r/i

C .tiC1 � ti / '#
u0;r0 ;

for all jvj � 1. Hence

r0 jk .tiC1/ � k .ti /j C
Z tiC1

ti

'.x.r//dr �
Z tiC1

ti

hx.r/ � u0; dk.r/i

C .tiC1 � ti / '#
u0;r0

and adding term by term for i D 0 to i D n � 1 we have

r0

n�1X
iD0

jk .tiC1/ � k .ti /j C
Z t

s

'.x.t//dt �
Z t

s

hx .t/ � u0; dk .t/i C .t � s/ '#
u0;r0 ;

which clearly yields (6.39). The second inequality (6.40) now follows, using the fact
that

j'.x/ � ' .u0/j � '.x/ � ' .u0/C 2 jOu0j jx � u0j ;

for all x 2 R
d and .u0; Ou0/ 2 @'. �
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Remark 6.39. Since ' is locally bounded on int.Dom'/, it follows that for

u0 2 int.Dom'/ ŒD int .Dom .@'//� ;

there exists r0 > 0 and M0 � 0, such that

sup fj' .u0 C r0v/j W jvj � 1g � M0:

6.3.8 Semiconvex Functions

Let ' W Rd ! ��1;C1�.
Define

Dom .'/ D ˚
v 2 R

d W ' .v/ < C1�
:

We say that ' is a proper function if Dom .'/ ¤ ; and Dom .'/ has no isolated
points.

Definition 6.40. The (Fréchet) subdifferential of ' at x 2 R
d is defined by

@�' .x/ D
�

Ox 2 R
d W lim inf

y!x

' .y/ � ' .x/ � h Ox; y � xi
jy � xj � 0

�
;

if x 2 Dom .'/, and @�' .x/ D ;, if x … Dom .'/.

Example 6.41. If E is a non-empty closed subset of Rd and

' .x/ D IE .x/ D
�

0; if x 2 E;
C1; if x … E;

then ' is l.s.c. and (by a result of Colombo and Goncharov [17] we have for any
closed subset E of a Hilbert space)

@�IE .x/ D f Ox 2 R
d W lim sup

y!x; y2E
h Ox; y � xi

jy � xj � 0g

D
8<
:
0; if x 2 int .E/ ;
NE .x/ ; if x 2 Bd .E/ ;
;; if x … E;

where NE .x/ is the closed normal cone at E in x 2 Bd .E/

NE .x/
defD
�

u 2 R
d W lim

"&0

dE .x C "u/

"
D juj

�
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and

dE .z/
defD inf fjz � xj W x 2 Eg

is the distance of a point z 2 R
d to E.

Denote

a/ Dom .@�'/ D ˚
x 2 R

d W @�' .x/ ¤ ;� ;
b/ @�' D f.x; Ox/ W x 2 Dom .@�'/ ; Ox 2 @�' .x/g :

Definition 6.42. A closed set E � R
d is 
–semiconvex, 
 � 0, if for all x 2

Bd .E/ there exists an Ox ¤ 0 such that

h Ox; y � xi � 
 j Oxj jy � xj2 ; for all y 2 E:

Note that if E is a semiconvex set, then

@�IE .x/ D f Ox 2 R
d W h Ox; y � xi � 
 j Oxj jy � xj2 ; for all y 2 Eg:

Definition 6.43. ' W R
d !� � 1;C1� is a semiconvex function if there exist

�; 
 � 0 such that

(a) Dom .'/ is 
–semiconvex;
(b) Dom .@�'/ ¤ ;I
(c) for all y 2 R

d and for all .x; Ox/ 2 @�'

h Ox; y � xi C ' .x/ � ' .y/C .�C 
 j Oxj/ jy � xj2 :

A function ' satisfying the properties of this definition will sometimes be
called a .�; 
/–semiconvex function, or a 
–semiconvex function (since the second
parameter is the most important one).

Note that a convex function is a .�; 
/–semiconvex function for all �; 
 � 0.
A set E is 
–semiconvex iff IE is a .0; 
/–semiconvex function.
If we write the definition of semiconvexity for a fixed .x0; Ox0/ 2 @�', then it is

clear that we have:

Proposition 6.44. If ' W R
d ! ��1;C1� is a semiconvex function, then there

exists an a � 0 such that

' .y/C a jyj2 C a � 0; 8 y 2 R
d :

In particular ' is bounded below on bounded subsets of Rd .

The following properties also hold:
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Proposition 6.45. Let ' W R
d ! ��1;C1� be a semiconvex function. If there

exist u0 2 Dom .'/, r0;M0 > 0 such that

' .u0 C r0v/ � M0; 8 jvj � 1;

then there exist �0 > 0 and b � 0 such that

�0 j Oxj � h Ox; x � u0i C b C b .1C j Oxj/ jx � u0j2 ; 8 .x; Ox/ 2 @�' (6.41)

and moreover there exist M � 0 and ı0 2�0; r0� such that

j Oxj � M; 8 x 2 NB .u0; ı0/ � Dom .'/ and Ox 2 @�' .x/ : (6.42)

Proof. Let .x; Ox/ 2 @�'. Then for all jvj � 1 and � 2 Œ0; 1�:

h Ox; .u0 C r0�v/ � xi C ' .x/ � ' .u0 C r0�v/C .�C 
 j Oxj/ j.u0 C r0�v/ � xj2 ;

which yields

r0� h Ox; vi � h Ox; x � u0i C
	
a jxj2 C a



CM0 C 2 .�C 
 j Oxj/

h
jx � u0j2 C r20�

2
i
:

Taking the supjvj�1, we deduce for � D 1=.1C 2
r0/:

r0

.1C 2
r0/
2

j Oxj � h Ox; x � u0i C C C C .1C j Oxj/ jx � u0j2

that is (6.41).
Moreover if jx � u0j � ı0 D 1 ^ �0

2.1Cb/ ^ r0, then

�0 j Oxj � h Ox; x � u0i C b C b .1C j Oxj/ jx � u0j2

� �
ı0 C bı20

� j Oxj C b C bı20

� ı0 .1C b/ j Oxj C 2b

� �0

2
j Oxj C 2b

and (6.42) follows. �

Let E be a non-empty closed subset of Rd and " > 0. We denote by

U" .E/
defD ˚

y 2 R
d W dE .y/ < "

�
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the open "-neighbourhood of E and

U " .E/
defD ˚

z 2 R
d W dE .z/ � "

�

the closed "-neighbourhood of E.
Given z 2 R

d , we denote by ˘E .z/ the set of elements x 2 E with jz � xj D
dE .z/. We remark that ˘E .z/ is always non-empty since E is non-empty and
closed. We also note that if z 2 R

d and Oz 2 ˘E .z/ ; then z � Oz 2 NE .Oz/ : This
follows from the fact that for 0 < " < 1 we have

dE .Oz C " .z � Oz// D dE .z/C dE .Oz C " .z � Oz// � dE .z/
� jz � Ozj � jOz C " .z � Oz/ � zj
D " jz � Ozj

and

dE .Oz C " .z � Oz// D dE .Oz C " .z � Oz// � dE .Oz/
� " jz � Ozj :

We recall the notations

B .y; r/ D ˚
u 2 R

d W ju � yj < r� ; and

B .y; r/ D ˚
u 2 R

d W ju � yj � r
�
:

Definition 6.46. We say that E satisfies the “uniform exterior ball condition”
(abbreviated UEBC) if

• NE .x/ ¤ f0g for all x 2 Bd .E/,
• 9 r0 > 0 such that, 8 x 2 Bd .E/ and 8 u 2 NE .x/, juj D r0:

dE .x C u/ D r0 or equivalently B .x C u; r0/ \E D ;;

(in this case we say that E satisfies r0-UEBC).

Note that for all v 2 NE .x/, jvj � r0, we also have

dE .x C v/ D jvj : (6.43)

Indeed since

0 � dE .x C v/ D dE .x C v/ � dE .x/ � jvj
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and

jvj D r0 C .jvj � r0/

D dE

�
x C r0

jvjv
�

C .jvj � r0/

�
ˇ̌
ˇ̌dE

�
x C r0

jvjv
�

� dE .x C v/

ˇ̌
ˇ̌C dE .x C v/C .jvj � r0/

�
�
r0

jvj � 1
�

jvj C dE .x C v/C .jvj � r0/

D dE .x C v/ ;

then (6.43) follows.
It is clear that, under the uniform exterior ball condition with ball radius r0, for

all z 2 R
d with dE .z/ < r0, the set ˘E .z/ is a singleton. The unique element of

˘E .z/ is called the projection of z on E, and it is denoted by E .z/.
We have the following characterization of the notion of the uniform exterior ball

condition:

Lemma 6.47. Let E be a non-empty closed subset of Rd . The following assertions
are equivalent:

(i) E satisfies the uniform exterior ball condition;
(ii) E is a semiconvex subset of Rd , that is 9
 � 0 and for all x 2 Bd .E/ there

exists an Ox ¤ 0 such that

h Ox; y � xi � 
 j Oxj jy � xj2 ; for all y 2 E;

(in this case Ox 2 NE .x/ follows)I
(iii) 9
 � 0;8x; y 2 Bd .E/ ;8� 2�0; 1Œ:

dE ..1 � �/ x C �y/ � 4� .1 � �/ 
 jx � yj2 I

(iii0) 9
 � 0;8x; y 2 E;8� 2�0; 1ŒW

dE ..1 � �/ x C �y/ � 4� .1 � �/ 
 jx � yj2 I

(iv) 9
 � 0;8x; y 2 Bd.E/:

dE

�
x C y

2

�
� 
 jx � yj2 ;

(iv0) 9
 � 0;8x; y 2 E:

dE

�
x C y

2

�
� 
 jx � yj2 ;
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(v) 9 ı > 0 and 	 > 0 such that the function

x �!  
	
E .x/

defD dE .x/C 	 jxj2 W Uı .E/ ! R

is convex on each convex subset of Uı .E/.

Proof. We first remark that the conditions .ii/ ; .iii/ ;
�
iii0
�
; .iv/ ;

�
iv0� are satisfied

for 
 D 0 if and only if E is convex; the convex sets satisfy the r-UEBC for all
r > 0.

Step I. .i/ , .ii/
.i/ ) .ii/: Let x 2 Bd .E/ and Ox 2 NE .x/, Ox ¤ 0. Then there exists an r0 > 0

such that

dE

�
x C r0

j Oxj Ox
�

D r0:

We have for all y 2 E and 
 D 1
2r0


 j Oxj jy � xj2 � h Ox; y � xi D 1

2r0
j Oxj
"ˇ̌
ˇ̌y �

�
x C r0

j Oxj Ox
�ˇ̌
ˇ̌
2

� r20
#

� 1

2r0
j Oxj
�
d2E

�
x C r0

j Oxj Ox
�

� r20
�

D 0:

.ii/ ) .i/: Let r0 > 0 be such that 2
r0 � 1. Let x 2 Bd .E/ be arbitrary and

u D r0
Ox

j Oxj . Then

juj2 D r20

� r20 C 2r0

j Oxj
h

 j Oxj jy � xj2 � h Ox; y � xi

i

� jy � .x C u/j2 ; 8 y 2 E:

Hence

juj D r0 � dE .x C u/ � juj ;

that is E satisfies the r0-uniform exterior ball condition.
From this equivalence we have that

E is r0 � UEBC , E is
1

2r0
–semiconvex. (6.44)
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Step II. .iii/ , .iii0/.
We have to prove only .iii/ ) .iii0/. Let x; y 2 E and 0 < � < 1. Let u� D

.1 � �/ x C �y D x C � .y � x/. If u� 2 E, then

dE ..1 � �/ x C �y/ D 0 � 4� .1 � �/ 
 jx � yj2 :

If u� … E, then there exist 0 < ˛ < � < ˇ < 1 such that

u� D x C � .y � x/ … E; for all ˛ < � < ˇ

and

u˛ D x C ˛ .y � x/ 2 E; uˇ D x C ˇ .y � x/ 2 E:

We have

u� D u˛ C � � ˛
ˇ � ˛

�
uˇ � u˛

�

and consequently

dE ..1 � �/ x C �y/ D dE .u�/

� 4
� � ˛
ˇ � ˛

�
1 � � � ˛

ˇ � ˛
�


ˇ̌
uˇ � u˛

ˇ̌2

� 4 .� � ˛/ .ˇ � �/ 
 jy � xj2

� 4� .1 � �/ 
 jx � yj2 :

Step II.
�
iii0
� ) .iv0/ ) .iv/ ) .i/ ) .iii/.�

iii0
� ) .iv0/ ) .iv/ as particular cases: .iv0/ for

�
iii0
�

and .iv/ for .iv0/.
.iv/ H) .i/: We prove by contradiction. We can assume 
 > 0. We suppose

that there is some z 2 R
d in the r0-neighbourhood of E such that, for two different

x; y 2 Bd .E/,

jz � xj D jz � yj D dE .z/ < r0 D 1

2

:

Under this hypothesis the vectors z � 1
2
.x C y/ D 1

2
Œ.z � y/C .z � x/� and

2 .x � y/ D 2 Œ.z � y/ � .z � x/� are orthogonal and, consequently,

d2E .z/ D jz � xj2 D
ˇ̌
ˇ̌z � 1

2
.x C y/

ˇ̌
ˇ̌
2

C 4 jy � xj2 .
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Let u 2 ˘E

�
1
2
.x C y/

�
. Then, from condition .iv/ we obtain


 jx � yj2 � dE

�
1

2
.x C y/

�
D
ˇ̌
ˇ̌
�
1

2
.x C y/

�
� u

ˇ̌
ˇ̌

� jz � uj �
ˇ̌
ˇ̌z �

�
1

2
.x C y/

�ˇ̌
ˇ̌

� dE .z/ �
ˇ̌
ˇ̌z �

�
1

2
.x C y/

�ˇ̌
ˇ̌

D
sˇ̌
ˇ̌z � 1

2
.x C y/

ˇ̌
ˇ̌
2

C 4 jy � xj2 �
ˇ̌
ˇ̌z �

�
1

2
.x C y/

�ˇ̌
ˇ̌ :

Hence, we have

ˇ̌
ˇ̌z � 1

2
.x C y/

ˇ̌
ˇ̌
2

C 4 jy � xj2 �
�

 jx � yj2 C

ˇ̌
ˇ̌z �

�
1

2
.x C y/

�ˇ̌
ˇ̌
�2

,

from which we easily deduce that

4 � 
2 jy � xj2 C 2


ˇ̌
ˇ̌z � 1

2
.x C y/

ˇ̌
ˇ̌

� 
2 Œjz � xj C jz � yj�2 C 
 Œjz � xj C jz � yj�
< 2;

which is a contradiction. Consequently, condition .iv/ implies the 1
2


-uniform
exterior ball condition.
.i/ H) .iii/: Let us now suppose that E satisfies the uniform exterior ball

condition with an r0-ball. Let x; y 2 Bd .E/. In a first step we assume that x; y
are two different elements such that 0 < jx � yj � r0. Let � 2�0; 1Œ be such
that x� D x C � .y � x/ … E (if there is not such a �, we are done), and let
x� 2 ˘E .x�/. We fix any u� 2 NE .x�/, ju�j D r0 and put z� D x� C u�. Then,
due to condition .i/, jv � z�j � r0, for all v 2 E. In particular, we have

jx � z�j � r0; and jy � z�j � r0.

We also observe that

jx� � x�j D dE .x�/ � jx� � xj D � jy � xj � r0 D jz� � x�j ,

and

˛� D hx � z�; y � z�i
jx � z�j jy � z�j 2 Œ0; 1� :
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Hence,

jx� � x�j
D r0 � jz� � x�j

D r0 �
q
.1 � �/2 jx � z�j2 C �2 jy � z�j2 C 2� .1 � �/ jx � z�j jy � z�j˛

� r0

�
1 �

q
.1 � �/2 C �2 C 2� .1 � �/ ˛

�

D r0

	
1 �

p
1 � 2� .1 � �/ .1 � ˛/




� r0 Œ1 � .1 � 2� .1 � �/ .1 � ˛//� D 2r0� .1 � �/ .1 � ˛/ :

On the other hand, for 
 � 1= .2r0/,

4� .1 � �/ 
 jx � yj2

D 4� .1 � �/ 

	
jx � z�j2 C jy � z�j2 � 2 jx � z�j jy � z�j˛




� 8� .1 � �/ 
 jx � z�j jy � z�j .1 � ˛/
� 8� .1 � �/ 
r20 .1 � ˛/ � 2r0� .1 � �/ .1 � ˛/ :

Consequently, dE .x�/ D jx� � x�j � 4� .1 � �/ 
 jx � yj2, if 
 � 1= .4r0/.
In order to complete the proof, we still have to consider the case of x; y 2 Bd .E/

with jx � yj > r0. In this case, for 
 � 1= .2r0/, we have

dE .x C � .y � x// .D dE .y � .1 � �/ .y � x///
� Œ� ^ .1 � �/� jx � yj � 2� .1 � �/ jx � yj

� 4� .1 � �/ 1

2r0
jx � yj2 :

This proves that under the r0-uniform exterior ball condition the statement .iii/ holds
with 
 � 1= .2r0/.

Step III. .v/ ) .iii/ ) .v/.
.v/ H) .iii/: Let � 2 .0; 1/ and x; y 2 Bd .E/ with jx � yj < ı. Then x; y 2

B .xI ı/ D ˚
z 2 R

d W jz � xj < ı� � Uı .E/, and, consequently,

dE .�x C .1 � �/ y/C 	 j�x C .1 � �/ yj2
D  

	
E .�x C .1 � �/ y/ � � 

	
E .x/C .1 � �/ 	

E .y/

D �	 jxj2 C .1 � �/	 jyj2 :
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By subtracting 	 j�x C .1 � �/ yj2 on the left-hand and the right-hand sides of this
inequality we obtain

dE .�x C .1 � �/ y/ � � .1 � �/	 jx � yj2 :

On the other hand, if x; y 2 Bd .E/ are such that jx � yj � ı, then

dE .�x C .1 � �/ y/ � Œ� ^ .1 � �/� jx � yj � 2

ı
� .1 � �/ jx � yj2 :

This shows that .iii/ is fulfilled for 
 � 1
2ı

_ 	

4
.

.iii/ H) .v/: We fix any ı 2 .0; r0/, and we recall that E W U ı .E/ ! E is
Lipschitz continuous with Lipschitz constant Lı D r0= .r0 � ı/. Let � 2 .0; 1/ and
u; v 2 U ı .E/ be such that .1 � �/ u C �v 2 U ı .E/. For simplicity of notation we
put x D E .u/, y D E .v/, z� D .1 � �/ u C�v, and z� D .1 � �/ xC�y. Then,

dE ..1 � �/ u C �v/ D dE .z�/

� jz� � E .z�/j
� jz� � z�j C jz� � E .z�/j
� .1 � �/ dE .u/C �dE .v/C dE .z�/

� .1 � �/ dE .u/C �dE .v/C 4� .1 � �/ 
 jx � yj2

� .1 � �/ dE .u/C �dE .v/C 4� .1 � �/ 
L2ı ju � vj2 :

Hence, for 	 � 4
L2ı ,

 
	
E ..1 � �/ u C �v/ D dE ..1 � �/ u C �v/C 	 j.1 � �/ u C �vj2

� .1 � �/
h
dE .u/C 	 juj2

i
C �

h
dE .v/C 	 jvj2

i

D .1 � �/ 	
E .u/C � 

	
E .v/ :

This proves that  	
E is convex on each convex subset of U ı .E/. �

Corollary 6.48. If E is a closed subset of Rd and satisfies the r0-uniform exterior
ball condition, then for all x 2 E

NE .x/ D
�

Ox 2 R
d W h Ox; y � xi � 1

2r0
j Oxj jy � xj2 I 8y 2 E

�

and ' D IE is a .0;
1

2r0
/–semiconvex l.s.c. function. MoreoverNE .x/ D @�IE .x/.
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Let r0 > 0. The set E satisfies the r0-uniform exterior ball condition if and only
if E is 1

2r0
–semiconvex.

We recall the following well-known property of the projection.

Lemma 6.49. Suppose thatE satisfies the uniform exterior ball condition with ball
radius r0 and " 2�0; r0Œ. Then the projection E restricted to U " .E/ (the closed "-
neighbourhood ofE) is Lipschitz with Lipschitz constant L" D r0= .r0 � "/, and the
function d2E is of class C1 on U " .E/ with

1

2
rd2E .z/ D z � E .z/ ; and z � E .z/ 2 NE .E .z// ;

for all z 2 U " .E/.

Proof. To simplify we denote  D E and d D dE: Let x; y 2 U " .E/ : Then we
have x �  .x/ 2 NE . .x//, y �  .y/ 2 NE . .y// and

j .x/ �  .y/j2 D hy �  .y/ ;  .x/ �  .y/i C hx �  .x/ ;  .y/ �  .x/i
C hx � y;  .x/ �  .y/i

� "

r0
j .x/ �  .y/j2 C jx � yj j .x/ �  .y/j :

Hence

j .x/ �  .y/j � r0

r0 � " jx � yj : (6.45)

To obtain the second part of lemma it is sufficient to show that there exist a positive
constant C D C";r0 such that

� C jy � xj2 � d2 .y/ � d2 .x/ � 2 hx �  .x/ ; y � xi � C jy � xj2 : (6.46)

We have

d2 .y/ � d2 .x/ � 2 hx �  .x/ ; y � xi
D j.y � x/C .x �  .x//C  .x/ �  .y/j2 � jx �  .x/j2

� 2 hx �  .x/ ; y � xi
D jy � xj2 C j .x/ �  .y/j2 C 2 hy � x;  .x/ �  .y/i

C 2 hx �  .x/ ;  .x/ �  .y/i :

Since

hx �  .x/ ;  .x/ �  .y/i � � "

2r0
j .y/ �  .x/j2
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and

hx �  .x/ ;  .x/ �  .y/i
� hy �  .y/ ;  .x/ �  .y/i C hx � y;  .x/ �  .y/i
� "

2r0
j .x/ �  .y/j2 C jx � yj j .x/ �  .y/j

the inequality (6.46) follows from this and (6.45). �

6.3.9 Differential Equations

Let H be a separable real Hilbert space. If A W H � H is a maximal monotone
operator, u0 2 D .A/, f 2 L1 .0; T IH/, then the strong solution of the Cauchy
problem

8<
:

du .t/

dt
C Au .t/ 3 f .t/ ; a:e: t 2 �0; T Œ ;

u .0/ D u0;
(6.47)

is defined as a function u 2 C .Œ0; T � IH/ satisfying:

i/ u .t/ 2 D .A/ a:e: t 2 �0; T Œ ;
ii/ 9 h D h.u/ 2 L1 .0; T IH/ such that h .t/ 2 Au .t/ , a:e: t 2 �0; T Œ ; and

u .t/C
Z t

0

h .s/ ds D u0 C
Z t

0

f .s/ ds; 8 t 2 Œ0; T � ;

and we shall write u D S .AI u0; f /. Note that the strong solution is unique
when it exists. Indeed if u, v are two solutions corresponding to .u0; f /, .v0; g/,
respectively, then

ju .t/ � v .t/j2 C 2

Z t

0

D
h.u/ .s/ � h.v/ .s/ ; u .s/ � v .s/

E
ds

D ju0 � v0j2 C 2

Z t

0

hf .s/ � g .s/ ; u .s/ � v .s/i ds

and by the monotonicity of A it follows that

ju .t/ � v .t/j2 � ju0 � v0j2 C 2

Z t

0

jf .s/ � g .s/j ju .s/ � v .s/j ds:
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Using Gronwall’s inequality (Lemma 6.63, Annex C) we obtain

ju .t/ � v .t/j � ju0 � v0j C
Z t

0

jf .s/ � g .s/j ds: (6.48)

We recall from Barbu [3], p. 31, that the following proposition holds:

Proposition 6.50. If A is maximal monotone operator on H, u0 2 D .A/ and f 2
W 1;1 .Œ0; T � IH/, then the Cauchy problem (6.47) has a unique strong solution u 2
W 1;1 .Œ0; T � IH/. Moreover if A" is the Yosida approximation of the operator A
and u" is the solution of the approximate equation

du"
dt

C A"u" D f; u" .0/ D u0;

then for all .x0; y0/ 2 A there exists a constant C D C .˛; T; x0; y0/ > 0 such that

c1) ku"kC.Œ0;T �IH/ � C
�
1C ju0j C kf kL1.0;T IH/

�
, and

c2) lim
"&0

u" D u in C .Œ0; T � IH/.

We introduce the notation

W 1;p .Œ0; T � IH/ D
n
f W 9 a 2 H; g 2 Lp .0; T IH/ such that

f .t/ D aC
Z t

0

g .s/ ds; 8 t 2 Œ0; T �
o
:

From Barbu [2] (Chap. IV, p. 197, Theorem 2.5) we recall:

Proposition 6.51. Let A be a maximal monotone operator on H such that

int .D .A// ¤ ;:

If u0 2 D .A/ and f 2 W 1;1 .Œ0; T � IH/, then the Cauchy problem (6.47) has a
unique strong solution u 2 W 1;1 .Œ0; T � IH/.

By the continuity property (6.48) one can generalize the notion of the solution of
Eq. (6.47) as follows:

� u is a generalized solution of the Cauchy problem (6.47) with

u0 2 D .A/; f 2 L1 .0; T IH/ ;

(and we shall write u D GS .AI u0; f /) if

} u 2 C .Œ0; T � IH/ and
} there exist u0n 2 D .A/, fn 2 W 1;1 .Œ0; T � IH/ such that
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a/ u0n ! u0 in H;

b/ fn ! f in L1 .0; T IH/ ;
c/ un D S .AI u0n; fn/ ! u in C .Œ0; T � IH/ :

Clearly we have:

Proposition 6.52. If A is a maximal monotone operator on H, u0 2 D .A/ and
f 2 L1 .0; T IH/, then the Cauchy problem (6.47) has a unique generalized solution
u 2 C .Œ0; T � IH/. Moreover if u D GS .AI u0; f / and v D GS .AI v0; g/ then

ju .t/ � v .t/j � ju0 � v0j C
Z t

0

jf .s/ � g .s/j ds (6.49)

and for all .x0; Ox0/ 2 A there exists a constant C D C .T; x0; Ox0/ > 0 such that

kukC.Œ0;T �IH/ � C
�
1C ju0j C kf kL1.0;T IH/

�
: (6.50)

In the case when int .D .A// ¤ ; one can give supplementary properties of
generalized solutions.

Proposition 6.53. Let A � H � H be a maximal monotone operator such that

int .D .A// ¤ ;:

Let u0 2 D .A/ and f 2 L1 .0; T IH/. Then:

I. there exists a unique pair .u; k/ such that

.PA/ W

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

a/ u 2 C.Œ0; T �IH/; u.t/ 2 D.A/ 8t 2 Œ0; T �; u.0/ D u0;
b/ k 2 C.Œ0; T �IH/ \ BV.Œ0; T �IH/; k.0/ D 0;

c/ u.t/C k .t/ D u0 C
Z t

0

f .s/ds; 8t 2 Œ0; T �;

d/

Z t

s

hu .r/ � x; dk .r/ � Oxdri � 0;

8 0 � s � t � T; 8 .x; Ox/ 2 AI

II. u D GS .AI u0; f / if and only if u is solution of the problem .PA/;
III. the following estimate holds:

kuk2C.Œ0;T �IH/ C kkkBV.Œ0;T �IH/ � C
	
1C ju0j2 C kf k2L1.0;T IH/



;

where C is a positive constant independent of u0 and f .

Proof. Uniqueness. If .u; k/ and .v; `/ are two solutions of the problem .PA/

corresponding to .u0; f /, .v0; g/ respectively, then
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ju .t/ � v .t/j2 C 2

Z t

0

hdk .s/ � d` .s/ ; u .s/ � v .s/i ds

D ju0 � v0j2 C 2

Z t

0

hf .s/ � g .s/ ; u .s/ � v .s/i ds:

But by Proposition 6.17, the monotonicity of A and .PA � d/ we have

Z t

0

hdk .s/ � d` .s/ ; u .s/ � v .s/i ds � 0:

Hence

ju .t/ � v .t/j2 � ju0 � v0j2 C 2

Z t

0

jf .s/ � g .s/j ju .s/ � v .s/j ds;

which yields (6.49) and, in particular, the uniqueness follows.
Existence. Let u0n 2 D .A/, fn 2 W 1;1 .Œ0; T � IH/ such that

u0n ! u0 in H and fn ! f in L1 .0; T IH/ :

Let un D S .AI u0n; fn/ be the strong solution corresponding to .AI u0n; fn/. Hence
there exists an hn 2 L1 .0; T IH/ such that hn .t/ 2 Aun .t/, a:e. t 2 �0; T Œ and

denoting kn .t/ D
Z t

0

hn .s/ ds we have

a/ un .t/C kn .t/ D u0n C
Z t

0

fn .s/ ds; 8 t 2 Œ0; T � ;

b/

Z t

s

hun .r/ � x; dkn .r/ � Oxdri � 0;

8 0 � s � t � T; 8 .x; Ox/ 2 A:

(6.51)

Let x0 2 int .D .A// and Ox0 2 A .x0/. Then

jun .t/ � x0j2 C 2

Z t

0

hhn .s/ ; un .s/ � x0i ds

D ju0n � x0j2 C 2

Z t

0

hfn .s/ ; un .s/ � x0i ds:

Since

hhn .s/ ; un .s/ � x0i � h Ox0; un .s/ � x0i ;
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we infer

jun .t/ � x0j2 � ju0n � x0j2 C 2

Z t

0

Œjfn .s/j C j Ox0j� jun .s/ � x0j ds:

By the Gronwall type inequality from Lemma 6.63, Annex C, we obtain

jun .t/ � x0j � ju0n � x0j C
Z T

0

jfn .s/j ds C T j Ox0j

� C

�
1C ju0nj C

Z T

0

jfn .s/j ds

�
;

where C D C .x0; Ox0; T / > 0.
By Proposition 6.5 we have a:e: t 2 �0; T Œ:

r0 jhn .t/j � hhn .t/ ; un .t/ � x0i CM0 jun .t/ � x0j C r0M0;

and then

2r0

Z t

0

jhn .s/j ds

� ju0n � x0j2 C 2

Z t

0

.jfn .s/j CM0/ jun .s/ � x0j ds C 2r0M0T

� C

"
1C ju0nj2 C

�Z T

0

jfn .s/j ds

�2#

with C a constant depending on x0; Ox0; T;M0; r0.

Hence kn .t/ D
Z t

0

hn .s/ ds is bounded in BV .Œ0; T � IH/. Then there exists a

k 2 BV .Œ0; T � IH/ such that on a subsequence also denoted by kn we have

kn
w�

! k in BV .Œ0; T � IH/ :

The sequence .un/n2N� is a Cauchy sequence in C .Œ0; T � IH/ since if um D
S .AI u0m; fm/ then

sup
t2Œ0;T �

jun .t/ � um .t/j � ju0n � u0mj C
Z T

0

jfn .s/ � fm .s/j ds:

Then there exists a u 2 C .Œ0; T � IH/ such that

un ! u in C .Œ0; T � IH/ :
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Passing to the limit in (6.51), we obtain that .u; k/ satisfies .PA/. The proof is
complete. �

If the assumption int .D .A// ¤ ; has a smoothing effect as we saw in
Proposition 6.51, the maximal monotone A D @' also has a smoothing effect.

Consider the differential equation

8
<
:

du .t/

dt
C @'u .t/ 3 f .t/ ; a:e: t 2 �0; T Œ ;

u .0/ D u0;
(6.52)

where

' W H !� � 1;C1� is a proper convex l.s.c. function.

Proposition 6.54. If u0 2 D .@'/
	
D Dom .'/



and f 2 L2 .0; T IH/, then the

Cauchy problem (6.52) has a unique strong solution. Moreover u 2 W 1;2 .ı; T IH/,
8ı > 0,

p
t

du

dt
2 L2 .0; T IH/, ' .u/ 2 L1 .0; T / and if u0 2 Dom .'/, then

du

dt
2 L2 .0; T IH/ and ' .u/ 2 L1 .0; T /.

Consider now the Cauchy problem

8<
:

dy .t/

dt
C @�' .x .t// 3 g .t/ ; a:e: t 2 Œ0; T �

x .0/ D x0;
(6.53)

where

.i/ ' W Rd ! ��1;C1� is a proper l.s.c. .�; 
/ –semiconvex function,

.ii/ Dom .'/ is a locally closed subset of Rd ;
(6.54)

and

.i/ x0 2 Dom .'/ ;

.ii/ g 2 L2 �0; T IRd � : (6.55)

Hence for all .x; Ox/ 2 @�'

h Ox; z � xi C ' .x/ � ' .z/C .�C 
 j Oxj/ jz � xj2 ; 8 z 2 R
d :

We denote here by @�' .x/ the Fréchet subdifferential given in Definition 6.40.
Recall that E�R

d is locally closed if for all x 2 E, there exists a ı > 0 such that
E \ B .x; ı/ is closed.
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From Degiovanni–Marino–Tosques [21] and Rossi–Savaré [66] we have:

Proposition 6.55. Let the assumptions (6.54) and (6.55) be satisfied. Then there
exist h 2 L2

�
0; T IRd � and a unique absolutely continuous function x W Œ0; T � !

Dom .'/ such that:

.a/

Z T

0

h
jx0 .t/j2 C j' .x .t//j

i
dt < 1;

.b/ x .t/ 2 Dom .@�'/ ; a:e: t 2 �0; T Œ ;

.c/ h .t/ 2 @�' .x .t// ; a:e: t 2 �0; T Œ ;

and

�
Pg
� W
�
x0 .t/C h .t/ D g .t/ ; a:e: t 2 �0; T Œ
x .0/ D x0:

Moreover a:e: t; s 2 �0; T Œ ; s < t :
Z t

s

ˇ̌
x0 .r/

ˇ̌2
dr D ' .x .s// � ' .x .t//C

Z t

s

�
g .r/ ; x0 .r/

�
dr

and there exists a positive constant CT (independent of x0 and g) such that

kxkT C k' .x/kT C
Z T

0

ˇ̌
x0 .r/

ˇ̌2
dr � CT

�
jx0j2 C 'C .x0/C

Z T

0

jg .r/j2 dr

�
:

Remark 6.56. If we put

k .t/ D
Z t

0

h .s/ ds

then

.GSP/ W

8̂
ˆ̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂̂
ˆ̂:

j / k 2 BV
�
Œ0; T � IRd � ; k .0/ D 0,

jj/ x .t/C k .t/ D x0 C
Z t

0

g .s/ ds; 8 t 2 Œ0; T � ;
jv/ 8 0 � s � t; 8y W Œ0;1Œ ! R

d continuous:Z t

s

hy .r/ � x .r/ ; dk .r/i C
Z t

s

' .x .r// dr

�
Z t

s

' .y .r// dr C
Z t

s

jy .r/ � x .r/j2 .�dr C 
d lklr / ;

that is .x; k/ is the solution of the generalized Skorohod problem .x0;m; @
�'/ with

m.t/ D
Z t

0

g .s/ ds (see Definition 4.29).
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6.3.10 Auxiliary Results

Proposition 6.57. If g 2 L1 .0; T / and

�� .t/ D e��t
Z t

0

jg .s/j e�sds; t 2 Œ0; T � ; � > 0;

then

lim
�!1

"
sup
t2Œ0;T �

�� .t/

#
D 0:

Proof. Let the continuous function t 7�! G .t/ D
Z t

0

jg .s/j ds and mG ."/ be the

modulus of continuity of G on Œ0; T �. We have for all t 2 Œ0; T � and � > 0:

0 � �� .t/ D e��t
2
4
Z .t�p

1=�/
C

0

jg .s/j e�sds C
Z t

.t�p
1=�/

C

jg .s/j e�sds

3
5

� e��t e�.t�
p
1=�/

C

Z .t�p
1=�/

C

0

jg .s/j ds C e��t e�tmG.
p
1=�/

� e�p
�G .T /C mG.

p
1=�/;

which yields the result. �

We now give a variant of the Banach fixed point theorem.
Let f.Va; da/ W a � 0g be a family of complete metric spaces such that for all

0 � a � b:

Vb � Va

with a continuous embedding. Let

V D T
a�0Va D T

a2N�Va;

and assume V ¤ ;. Then V is a complete metric space with respect to the metric

� .x; y/ D
X
a2N

1

2a
da .x; y/

1C da .x; y/
;

and if xn; x 2 V, n 2 N
�, then as n ! 1,
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xn ! x in V ” xn ! x in Va; 8 a � 0:

Lemma 6.58. Let � W V ! V be a mapping satisfying:
there exists an a0 � 0 and for all a � a0 there exists a ıa 2�0; 1Œ such that

da .� .x/ ; � .y// � ıa da .x; y/ ; for all x; y 2 V:

Then � has a unique fixed point, i.e. there exists a unique x 2 V such that

x D � .x/ :

(Banach’s fixed point theorem corresponds to the case .Va; da/ 	 .V0; d0/ for all
a � 0.)

Proof. We define

x0 2 V; xnC1 D � .xn/ :

Then by recurrence we deduce that

xn 2 V; for all n 2 N;

and

da
�
xnCp; xn

� � ına

1�ıa
da .x1; x0/ ;

for all a � a0, n; p 2 N
�. Hence there exists a unique x.a/ 2 Va such that as

n ! 1
xn ! x.a/ in Va:

Moreover by the continuity of the embedding Va � Vb for 0 � b � a, we infer

xn ! x.a/ in Vb:

Consequently x.a/ D x.a0/ for all a � a0, x
defD x.a0/ 2 V and for a � a0

da .x; � .x// � da .x; xnC1/C da .� .xn/ ; � .x//

� da .x; xnC1/C ıada .xn; x/

! 0; as n ! 1;

which yields

x D � .x/ :
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The fixed point x is unique, since if x; y 2 V are two fixed points, then for a � a0

da .x; y/ D da .� .x/ ; � .y// � ıada .x; y/

and x D y follows. �

6.4 Annex C: Deterministic and Stochastic Inequalities

6.4.1 Deterministic Inequalities

Proposition 6.59 (Stieltjes–Gronwall Inequality). Let K W Œ0; T � ! R be a
continuous increasing function, a W Œ0; T � ! Œ0;1Œ be an increasing function and
x W Œ0; T � ! R be a measurable function such that

Z T

0

jx .r/j dK .r/ < 1:

If

x .t/ � a .t/C
Z t

0

x .r/ dK .r/ ; 8 t 2 Œ0; T � ;

then

x .t/ � a .t/ eK.t/�K.0/; 8 t 2 Œ0; T � : (6.56)

Proof. I. Note that if ˛, ˇ0; ˇ1; : : : ; ˇn and z0; z1; : : : ; zn 2 R satisfy

z0 � ˛;

zi � ˛ C ˇ0z0 C ˇ1z1 C � � � C ˇi�1zi�1; 1 � i � n;

then

zi � ˛eˇ0Cˇ1C���Cˇi�1Cˇi :

Indeed, associating the sequence

x0 D ˛; xi D ˛ C ˇ0x0 C ˇ1x1 C � � � C ˇi�1xi�1 ; 1 � i � n;

by recurrence

zi � xi D ˛ .1C ˇ0/ .1C ˇ1/ � � � .1C ˇi�1/ � ˛eˇ0Cˇ1C���Cˇi�1

follows.
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Let

g .t/ D a .t/C
Z t

0

xC .r/ dK .r/ :

Clearly g is an increasing function and

x .t/ � xC .t/ � g .t/ � a .t/C
Z t

0

g .r/ dK .r/ :

Let 0 < t1 < : : : < tn D t be such that

1 > max
˚
K .ti / �K .ti�1/ W i 2 1; n�

	
defD 
n



! 0; as n ! 1:

Let gi D g .ti /, c0 D 0, ci D R ti
ti�1

dK .r/ D K .ti / �K .ti�1/ � 
n. We have

gi � a .ti /C
iX

jD1

Z tj

tj�1

g .r/ dK .r/

� a .t/C
iX

jD1
gj

Z tj

tj�1

dK .r/

� a .t/C .c0g0 C c1g1 C � � � C ci�1gi�1/C 
ngi ;

which yields

gi � a .t/

1 � 
n C c0

1 � 
n g0 C c1

1 � 
n g1 C � � � C ci�1
1 � 
n gi�1

for all i 2 f1; 2; : : : ; ng. Hence

x .t/ � g .t/ D gn � a .t/

1 � 
n exp

2
4 1

1 � 
n
nX

jD0
ci

3
5

D a .t/

1 � 
n exp

�
1

1 � 
n ŒK .t/ �K .0/�
�
:

The inequality (6.56) follows by letting n ! 1. �

For K .t/ D R t
0
b .r/ dr, where b W Œ0;1Œ ! Œ0;1Œ is a locally integrable

function, the following lemma holds.

Corollary 6.60 (Gronwall Inequality). Let a W Œ0; T � ! Œ0;1Œ be an increasing
function and x; b W Œ0; T � ! R, b � 0, be integrable functions such that
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Z T

0

b .t/ jx .t/j dt < 1:

If

x .t/ � a .t/C
Z t

0

b .s/ x .s/ ds; 8 t 2 Œ0; T � ;

then

x .t/ � a .t/ exp

�Z t

0

b .s/ ds

�
; 8 t 2 Œ0; T � : (6.57)

Corollary 6.61 (Backward Stieltjes–Gronwall Inequality). Let QK W Œ0; T � ! R

be a continuous increasing function, Qa W Œ0; T � ! Œ0;1Œ be a decreasing function
and y W Œ0; T � ! R be a measurable function such that

Z T

0

jy .r/j d QK .r/ < 1:

If

y .t/ � Qa .t/C
Z T

t

y .r/ d QK .r/ ; 8 t 2 Œ0; T � ;

then

y .t/ � Qa .t/ e QK.T /� QK.t/; 8 t 2 Œ0; T � : (6.58)

Proof. Let x .t/ D y .T � t /, a .t/ D Qa .T � t / and K .t/ D QK .T / � QK .T � t /.
Then

x .t/ � a .t/C
Z t

0

x .r/ dK .r/ ; 8 t 2 Œ0; T � ;

and by Proposition 6.59

x .t/ � a .t/ eK.t/�K.0/; 8 t 2 Œ0; T � ;

that is (6.58) replacing t by T � t . �

In particular for K .t/ D R t
0
b .r/ dr, we have:

Corollary 6.62 (Backward Gronwall Inequality). Let Qa W Œ0; T � ! Œ0;1Œ be a
decreasing function and y; b W Œ0; T � ! R, b � 0, be integrable functions such that
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Z T

0

b .t/ jy .t/j dt < 1:

If

y .t/ � Qa .t/C
Z T

t

b .s/ y .s/ ds; 8 t 2 Œ0; T � ;

then

y .t/ � Qa .t/ exp

�Z T

t

b .s/ ds

�
; 8 t 2 Œ0; T � : (6.59)

We now give some other deterministic inequalities used in the book.

Lemma 6.63. Let ˛; ˇ 2 L1loc .Œ0;1Œ/.

I. If ˛ � 0 a:e. and x W Œ0;1Œ ! R
d is an absolutely continuous function such

that

˝
x0 .t/ ; x .t/

˛ � ˛ .t/ jx .t/j C ˇ .t/ jx .t/j2 ; a.e. t � 0;

then

jx .t/j � jx .�/j e
R t
� ˇ.s/ds C

Z t

�

˛ .s/ e
R t
s ˇ.r/drds (6.60)

for all 0 � � � t .
II. If ˛; ˇ � 0 a:e., a W Œ0;1Œ ! Œ0;1Œ is an increasing function and ' W Œ0;1Œ !

Œ0;1Œ is a continuous function such that 8 t � 0

'2 .t/ � a .t/C 2

Z t

0

˛ .s/ ' .s/ ds C 2

Z t

0

ˇ .s/ '2 .s/ ds;

then

' .t/ �
p
a .t/e

R t
0 ˇ.s/ds C

Z t

0

˛ .s/ e
R t
s ˇ.r/drds; 8 t � 0: (6.61)

Proof. I. Let u" .t/ D jx .t/j2 e�2 R t0 ˇ.s/ds C ", " > 0. Then

u0
" .t/ D 2

˝
x0 .t/ ; x .t/

˛
e�2 R t0 ˇ.s/ds � 2ˇ .t/ jx .t/j2 e�2 R t0 ˇ.s/ds

� 2˛ .t/ jx .t/j e�2 R t0 ˇ.s/ds

� 2˛ .t/
p

u" .t/e
� R t

0 ˇ.s/ds;
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which yields

d

dt

	p
u" .t/



D u0

" .t/

2
p

u" .t/

� ˛ .t/ e� R t
0 ˇ.s/ds:

Hence

p
u" .t/ �

p
u" .�/C

Z t

�

˛ .s/ e� R s
0 ˇ.r/drds:

Passing to the limit as " & 0 the inequality (6.60) follows.
II. Let � 2 Œ0; T � be fixed and

x .t/ D
�
a .�/C 2

Z t

0

˛ .s/ ' .s/ ds C 2

Z t

0

ˇ .s/ '2 .s/ ds

�1=2
:

Then for all t 2 Œ0; ��:

'2 .t/ � a .�/C 2

Z t

0

˛ .s/ ' .s/ ds C 2

Z t

0

ˇ .s/ '2 .s/ ds D x2 .t/ ;

and

x0 .t/ x .t/ D ˛ .t/ ' .t/C ˇ .t/ '2 .t/

� ˛ .t/ x .t/C ˇ .t/ x2 .t/ ;

which implies, by the first part, that for t 2 Œ0; ��:

' .t/ � x .t/ � x .0/ e
R t
0 ˇ.s/ds C

Z t

0

˛ .s/ e
R t
s ˇ.r/drds;

which is (6.61) if we choose t D � . �

Corollary 6.64. If ˛; ˇ � 0 a:e., Qa W Œ0; T � ! Œ0;1Œ is a decreasing function and
 W Œ0; T � ! Œ0;1Œ is a continuous function such that 8 t 2 Œ0; T �:

 2 .t/ � Qa .t/C 2

Z T

t

˛ .s/  .s/ ds C 2

Z T

t

ˇ .s/  2 .s/ ds;

then

 .t/ �
p

Qa .t/e
R T
t ˇ.s/ds C

Z T

t

˛ .s/ e
R s
t ˇ.r/drds; 8 t 2 Œ0; T � : (6.62)
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Proof. Note that 8 t 2 Œ0; T �:

 2 .T � t /

� Qa .T � t /C 2

Z T

T�t
˛ .s/  .s/ ds C 2

Z T

T�t
ˇ .s/  2 .s/ ds

D Qa .T � t /C 2

Z t

0

˛ .T � s/  .T � s/ ds C 2

Z t

0

ˇ .T � s/  2 .T � s/ ds:

Hence by (6.61)

 .T � t / � Qa .T � t / e
R t
0 ˇ.T�s/ds C

Z t

0

˛ .T � s/ e
R t
s ˇ.T�r/drds;

which clearly yields (6.62) replacing T � t by t . �

If f; g 2 BVloc .Œ0;1Œ/ .D BVloc .Œ0;1Œ IR//, we say that df .s/ � dg .s/ as
signed measures on Œ0;1Œ if

d1.
Z s

t

' .r/ df .r/ �
Z s

t

' .r/ dg .r/ ;

for all 0 � t � s and for all continuous function ' W Œ0;1Œ ! Œ0;1Œ, or
equivalently

d2. f .s/ � f .t/ D R s
t
df .r/ � R s

t
dg .r/ D g .s/ � g .t/ ; 8 0 � t � s, or

equivalently
d3. h .s/ D f .s/ � g .s/ is a decreasing function on Œ0;1Œ.

Lemma 6.65. Let x;N; V 2 BVloc .Œ0;1Œ/. If

x .s/ � x .t/C
Z s

t

ŒdN .r/C x .r/ dV .r/� ; 8 0 � t � s;

or equivalently

dx .r/ � dN .r/C x .r/ dV .r/

as signed measures on Œ0;1Œ, then for all 0 � t � s:

e�Vsx .s/ � x .t/ e�Vt C
Z s

t

e�Vr dN .r/ : (6.63)
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Proof. We have

d
�
x .r/ e�Vr � D e�Vr dx .r/ � e�Vr x .r/ dV .r/

� e�Vr dN .r/

and the result follows. �

Corollary 6.66. Let ˛; ˇ 2 L1loc .Œ0;1Œ/ and y W Œ0;1Œ ! R be a continuous
function such that

y .t/ � y .s/C
Z s

t

Œ˛ .r/C ˇ .r/ y .r/� dr; 8 0 � t � s;

then

e
R t
0 ˇ.u/duy .t/ � y .s/ e

R s
0 ˇ.u/du C

Z s

t

˛ .r/ e
R r
0 ˇ.u/dudr: (6.64)

Proof. By Lemma 6.65 and

.�y .s// � .�y .t//C
Z s

t

Œ˛ .r/ � ˇ .r/ .�y .r//� dr;

the result follows. �

Finally we have:

Proposition 6.67. Let x 2 BVloc
�
Œ0;1Œ IRd � and V 2 BVloc .Œ0;1Œ IR/ be

continuous functions. Let R;N W Œ0;1Œ ! Œ0;1Œ be continuous increasing
functions. If

hx .t/ ; dx .t/i � dR .t/C jx .t/j dN .t/C jx .t/j2 dV .t/

as signed measures on Œ0;1Œ, then for all 0 � t � T :

��e�V x
��
Œt;T �

� 2

"ˇ̌
ˇe�V .t/x .t/

ˇ̌
ˇC

�Z T

t

e�2V .s/dR .s/

�1=2
C
Z T

t

e�V .s/dN .s/

#

and

kxkŒt;T � � 2elV lŒt;T �
h
jx .t/j C

p
R .T / �R .t/C .N .T / �N .t//

i
:

If R D 0 then for all 0 � t � s:

jx .s/j � eV .s/�V .t/ jx .t/j C
Z s

t

eV .s/�V .r/dN .r/ : (6.65)
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Proof. Let u" .r/ D jx .r/j2 e�2Vr C", " > 0. We have as signed measures on Œ0;1Œ

du" .r/ D �2e�2V .r/ jx .r/j2 dV .r/C 2e�2V .r/ hx .r/ ; dx .r/i
� 2e�2V .r/dR .r/C 2e�2V .r/ jx .r/j dN .r/

� 2e�2V .r/dR .r/C 2e�V .r/pu" .r/dN .r/ :

If R D 0 then

d
	p

u" .r/



D du" .r/

2
p

u" .r/
� e�V .r/dN .r/ ;

and consequently

p
u" .s/ �

p
u" .t/C

Z s

t

e�V .r/dN .r/ ;

which yields (6.65) passing to the limit as " ! 0.
If R ¤ 0 then

e�2V .s/ jx .s/j2

� e�2V .t/ jx .t/j2 C 2

Z s

t

e�2V .r/dR .r/C 2

Z s

t

e�2V .r/ jx .r/j dN .r/

� e�2V .t/ jx .t/j2 C 2

Z s

t

e�2V .r/dR .r/C 2
��e�V x

��
Œt;T �

Z s

t

e�V .r/dN .r/

�
ˇ̌
ˇe�V .t/x .t/

ˇ̌
ˇ
2 C2

Z T

t

e�2V .r/dR .r/C 1

2

��e�V x
��2
Œt;T �

C2
�Z T

t

e�V .r/dN .r/

�2
:

Hence for all t � � � T

e�V .�/ jx .�/j � ��e�V x
��2
Œt;T �

� 2e�2V .t/ jx .t/j2 C 4

Z T

t

e�2V .s/dR .s/C 4

�Z T

t

e�V .s/dN .s/

�2

and the results follow. �

6.4.2 Stochastic Inequalities

In this subsection fBt W t � 0g is a k-dimensional Brownian motion with respect to
a given stochastic basis .�;F ;P; fFt gt�0/.
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Proposition 6.68 (Stochastic Gronwall Inequality). Let

˙ a; b W Œ0;1Œ ! Œ0;1Œ be measurable deterministic functions and
˙ H;˛; ˇ; 
; ı W � � Œ0;1Œ ! Œ0;1Œ be stochastic processes, where H is a

continuous stochastic processes. If for all t � 0

jXt j C jUt j � jHt j C
Z t

0

.˛s C a .s/ jXsj/ ds C
ˇ̌
ˇ̌
Z t

0

GsdBs

ˇ̌
ˇ̌ ; P-a.s.; (6.66)

where

i/ X;U 2 S0d ; G 2 �0
d�k;

ii/ jGt j � ˇt C b .t/ jXt j ; dP ˝ dt-a:e:;

then for all q � 1 there exists a positive constant Cq such that for all T � 0:

E sup
t2Œ0;T �

jXt jq CE sup
t2Œ0;T �

jUt jq �
"
E kHkqT CE

�Z T

0

˛sds

�q

CE

�Z T

0

ˇ2s ds

�q=2#
� exp

�
Cq

�
1C T q�1

Z T

0

�
aq .s/Cb2q .s/� ds

��
:

(6.67)
In particular if the right-hand side of the inequality (6.67) is finite then

X;U 2 Sqd ; G 2 �q

d�k:

Proof. Clearly we can assume that the right-hand side of the inequality (6.67) is
finite. Denote by Cq different constants depending only q and which can be changed
from one line to another. For each n � 1, we define the stopping time

�n .!/ D inf ft � 0 W jXt .!/j � ng ^ n:

Note that for all positive stochastic processes Z,

Z t^�n

0

jXsjp Zsds D
Z t^�n

0

jXs^�n jp Zsds �
Z t

0

sup
r2Œ0;s�

jXr^�n jp Zsds:

By the convexity of the function ' .r/ D jr jq we have

jXt^�n jq C jUt^�n jq � 2q kHkqt^�n C 4q
ˇ̌
ˇ̌
Z t^�n

0

.˛s C as jXsj/ ds

ˇ̌
ˇ̌
q

C 4q
ˇ̌
ˇ̌
Z t^�n

0

GsdBs

ˇ̌
ˇ̌
q

:
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By the Burkholder–Davis–Gundy and Hölder inequalities:

4qE sup
s2Œ0;t �

ˇ̌
ˇ̌
Z s^�n

0

GrdBr

ˇ̌
ˇ̌
q

� CqE

"�Z t^�n

0

jGsj2 ds

�q=2#

� CqE

�
2

Z t

0

ˇ2s ds C 2

Z t

0

b2 .s/ jXs^�n j2 ds

�q=2

� CqE

�Z t

0

ˇ2s ds

�q=2
C CqE

h
sup
s2Œ0;t �

jXs^�n jq=2
 Z t

0

b2 .s/ sup
r2Œ0;s�

jXr^�n j ds

!q=2 i

� 1

4
E sup
s2Œ0;t �

jXs^�n jq C CqE

�Z t

0

ˇ2s ds

�q=2
C CqE

 Z t

0

b2 .s/ sup
r2Œ0;s�

jXr^�n j ds

!q

� 1

4
E sup
s2Œ0;t �

jXs^�n jq C CqE

�Z t

0

ˇ2s ds

�q=2

C Cqt
q�1
Z t

0

b2q .s/E sup
r2Œ0;s�

jXr^�n jq ds:

Also

4q
ˇ̌
ˇ̌
Z t^�n

0

.˛s C as jXsj/ ds

ˇ̌
ˇ̌
q

� Cq

�Z t

0

˛sds

�q
C Cq

�Z t

0

a .s/ jXs^�n j ds

�q

� Cq

�Z t

0

˛sds

�q
C Cqt

q�1
Z t

0

aq .s/ sup
r2Œ0;s�

jXr^�n jq ds:

Hence, defining

Kq;t D E kHkqt C E

"�Z t

0

˛sds

�q
C
�Z t

0

ˇ2s ds

�q=2#
;

we have

E sup
s2Œ0;t �

jXs^�n jq C E sup
s2Œ0;t �

jUs^�n jq � 2E sup
s2Œ0;t �

jXs^�n jq C jUs^�n jq
�

� CqKq;t C Cqt
q�1
Z t

0

�
aq .s/C b2q .s/

�
E sup
r2Œ0;s�

jXr^�n jq ds:

Using Gronwall’s inequality (6.57) we obtain

E sup
s2Œ0;t �

jXs^�n jq � CqKq;t e
CqAq.t/ < 1; (6.68)
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where

Aq .t/ D t q�1
Z t

0

�
aq .s/C b2q .s/

�
:

Since 1C xeax � e.aC1/x , for all x � 0, it follows that

E sup
s2Œ0;t �

jUs^�n jq � Cq

Kq;t C Aq .t/ CqKq;t e

CqAq.t/
�

� CqKq;t e
2CqAq.t/ < 1:

(6.69)

We also have

E

"�Z t^�n

0

jGsj2 ds

�q=2#
� OCq;t < 1 (6.70)

for some OCq;t independent of n. Passing to the limit in (6.68)–(6.70) as n ! 1, we
obtain X;U 2 Sqd Œ0; T �, G 2 �q

d�k .0; T / and (6.67) follows. �

Proposition 6.69. Let ı 2 f�1; 1g. Let fBt W t � 0g be a k-dimensional Brownian
motion. Let Y;K; V W � � RC ! R and G W � � RC ! R

k be progressively
measurable stochastic processes such that

i/ Y;K; V are continuous stochastic processes,
ii/ V�; K� 2 BVloc .Œ0;1Œ IR/ ; V0 D K0 D 0; P-a.s.;

iii/
Z s

t

jGr j2 dr < 1; P-a.s.; 8 0 � t � s:

If for all 0 � t � s,

ı .Yt � Ys/ �
Z s

t

.dKr C YrdVr /C
Z s

t

hGr; dBri ; P-a.s.;

then

ı
�
Yte

ıVt � YseıVs
� �

Z s

t

eıVr dKr C
Z s

t

eıVr hGr; dBri ; P-a.s.

Proof. Denoting

Ms D
Z s

0

hGr; dBri ; QYs D �Ms � ıYs; (6.71)

we obtain

QYs � QYt C
Z s

t


dKr C ��ı QYr � ıMr

�
dVr

�
:
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Hence

s 7�! Ls
defD QYs �

Z s

0


dKr C ��ı QYr � ıMr

�
dVr

�

is a decreasing function and then

d
� QYseıVs

� D ˚
dLs C 

dKs C ��ı QYs � ıMs

�
dVs

��
eıVs C ı QYseıVsdVs

� �ıMse
ıVsdVs C eıVsdKs

and integrating from t to s

QYseıVs � QYteıVt �
Z s

t

ıMre
ıVr dVr C

Z s

t

eıVr dKr

D QYteıVt �Mse
ıVs CMte

ıVt C
Z s

t

eıVr hGr; dBri C
Z s

t

eıVr dKr :

Now by (6.71) we obtain the conclusions. �

6.4.3 Forward Stochastic Inequalities

In this subsection fBt W t � 0g is a k-dimensional Brownian motion with respect to
a stochastic basis .�;F ;P; fFtgt�0/.

We shall derive some estimates on the local semimartingale X 2 S0d of the form

Xt D X0 CKt C
Z t

0

GsdBs; t � 0; P-a.s.; (6.72)

where

˙ K 2 S0d ; K� 2 BVloc
�
Œ0;1Œ IRd � ; K0 D 0; P-a.s.;

˙ G 2 �0
d�k .

Notation 6.70. Let p � 1 and mp
defD 1 _ .p � 1/.

Proposition 6.71. Let X 2 S0d be a local semimartingale of the form (6.72).
Assume there exist p � 1, a P-m.i.c.s.p. D and a P-m.b-v.c.s.p. V , D0 D V0 D 0,
such that as signed measures on Œ0;1Œ

dDt C hXt ; dKt i C 1

2
mp jGt j2 dt � jXt j2dV t ; P-a.s.; (6.73)

then for all 0 � t � s:
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E
Ft
ˇ̌
e�VsXs

ˇ̌p C p E
Ft

Z s

t

e�pVr jXr jp�2 dDr � ˇ̌
e�Vt Xt

ˇ̌p
; P-a.s. (6.74)

Moreover for all ı � 0, 0 � t � s:

E
Ft

je�Vs Xsjp	
1Cıje�Vs Xsj2
p=2

C p E
Ft

Z s

t

e�pVr jXr jp�2

	
1Cıje�Vr Xr j2
.pC2/=2 dDr

� je�Vt Xt jp	
1Cıje�Vt Xt j2
p=2

; P-a.s.
(6.75)

The proof of this Proposition is contained in the proof of the next Proposition.

Remark 6.72. Since by (2.27)

1XtD0 jGt j2 dt D 0;

we see that the condition (6.73) yields

1XtD0dDt D 0:

We now formulate a more general assumption.
.FB/ There exist

• p � 1, � � 0,
• three P-m.i.c.s.p. D, R, N , D0 D R0 D N0 D 0, and
• a P-m.b-v.c.s.p. V , V0 D 0,

such that, as signed measures on Œ0;1Œ:

dDt C hXt ; dKt i C
	1
2
mp C 9p�



jGt j2 dt

� 1p�2dRt C jXt jdNt C jXt j2dV t :
(6.76)

Remark 6.73. From the condition (6.76), we deduce that

1XtD0dDt D 0; if 1 � p < 2; and

1XtD0dDt � 1XtD0dRt � dRt ; if p � 2:

Proposition 6.74. Let X 2 S0d be a local semimartingale of the form (6.72).
Assume that there exist p � 1 and � > 1 such that .FB/ is satisfied. Then there
exists a positive constant Cp;� depending only on .p; �/ such that for all ı � 0, and
0 � t � s:
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E
Ft

ke�V XkpŒt;s�	
1Cıke�V Xk2Œt;s�


p=2 C E
Ft

Z s

t

e�pVr jXr jp�2

	
1Cıje�Vr Xr j2
.pC2/=2 dDr

C E
Ft

�Z s

t

e�2Vr	
1Cıje�Vr Xr j2
2

dDr

�p=2

C E
Ft

�Z s

t

e�2Vr	
1Cıje�Vr Xr j2
2

jGr j2 dr

�p=2

� Cp;�

� je�Vt Xt jp	
1Cıje�Vt Xt j2
p=2

C E
Ft

�Z s

t

e�2Vr 1p�2dRr

�p=2

C E
Ft

�Z s

t

e�Vr dNr

�p �
; P-a.s.

(6.77)

If we set ı D 0 in (6.77), we obtain the following:

Corollary 6.75. Under the assumption .FB/, for all 0 � t � s:

E
Ft
��e�V X

��p
Œt;s�

C E
Ft

Z s

t

e�pVr jXr jp�2 dDr

C E
Ft

�Z s

t

e�2Vr dDr

�p=2

C E
Ft

�Z s

t

e�2Vr jGr j2 dr

�p=2

� Cp;�

� ˇ̌
e�VtXt

ˇ̌p C E
Ft

�Z s

t

e�2Vr 1p�2dRr

�p=2

C E
Ft

�Z s

t

e�Vr dNr

�p �
; P-a.s.

(6.78)

Proof (of Proposition 6.74). In view of the monotone convergence theorem it suf-
fices to treat the case ı > 0, which we assume from now on.

To simplify, we define

Jr
defD

ˇ̌
e�VrXr

ˇ̌
	
1C ı je�VrXr j2


1=2

� 1p
ı
;

and

OJ .p/r

defD
ˇ̌
e�VrXr

ˇ̌p�2
1Xr¤0	

1C ı je�VrXr j2

.pC2/=2

D J p�2
r

1Xr¤0	
1C ı je�VrXr j2


2 :
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We remark that

OJ .p/r e�Vr jXr j � J p�1
r 1Xr¤0 and OJ .p/r e�2Vr jXr j2 � J pr :

Step 1. General calculation.
We begin by assuming a condition which is more general than the assump-
tions (6.73) and (6.76), namely that there exists a 
 � 0 such that

dDr C hXr; dKri C
	mp

2
C 




jGr j2 dr

� 1p�2dRr C jXr jdNr C jXr j2dVr :
(6.79)

Since by Itô’s formula

e�Vt Xt D X0 C
Z t

0

�
e�Vr dKr � e�VrXrdVr

�C
Z t

0

e�VrGrdBr ;

it follows from the inequality (2.28) in Corollary 2.28 that for all 0 � t � s and any
stopping time �

J
p

s^� � J
p

t^� C p

Z s

t

1r<� OJ .p/r e�2Vr hXr;GrdBri

C p

Z s

t

1r<� OJ .p/r e�2Vr
�
hXr; dKr �XrdVri C 1

2
mp jGr j2

�
dr; a:s:

But

J ps 1s<� � J
p

s^� I

hence we deduce that

J
p
s 1s<� C p

Z s

t

1r<� OJ .p/r e�2Vr dDr C p


Z s

t

1r<� OJ .p/r e�2Vr jGr j2 dr

� J
p

t^� C p

Z s

t

1r<� OJ .p/r e�2Vr hXr;GrdBri

Cp
Z s

t

1r<� OJ .p/r e�2Vr
�

dDr C hXr; dKr �XrdVri C
�
1

2
mp C 


�
jGr j2

�
dr;

and using the assumption (6.79) it follows that for any stopping time � and for all
0 � t � s, P-a:s::
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J
p
s 1s<� C p

Z s

t

1r<� OJ .p/r e�2Vr dDr C p


Z s

t

1r<� OJ .p/r e�2Vr jGr j2 dr

� J
p

t^� C p

Z s

t

1r<� OJ .p/r e�2Vr hXr;GrdBri

Cp
Z s

t

1r<� J
p�2
r 1Xr¤0e�2Vr 1p�2dRr C p

Z s

t

1r<� J
p�1
r 1Xr¤0e�Vr dNr :

(6.80)
Since for all T > 0:

Z T

0

ˇ̌
ˇ OJ .p/r e�2VrX�

r Gr

ˇ̌
ˇ
2

dr � sup
r2Œ0;T �

h
e�pVr jXr jp�1i

Z T

0

jGr j2 dr

< 1; P-a.s.;

it follows that for all 0 � t � s:

Z s

t

OJ .p/r e�2Vr dDr C 


Z s

t

OJ .p/r e�2Vr jGr j2 dr < 1; a:s:

For each n 2 N
� we define the stopping time

�n D inf

�
t � 0 W

Z t

0

J
p�2
r 1Xr¤0e�2Vr 1p�2dRr C

Z t

0

J
p�1
r 1Xr¤0e�Vr dNr

C
Z t

0

ˇ̌
ˇ OJ .p/r e�2VrX�

r Gr

ˇ̌
ˇ
2

dr � n

�
:

(6.81)

Note that for � D �n

Mn
t D p

Z t

0

1r<�n OJ .p/r

˝
e�VrXr ; e�VrGrdBr

˛

is a martingale and consequently, for all 0 � t � s:

E
Ft

Z s

t

1r<�n OJ .p/r e�2Vr dDr C 
EFt

Z s

t

1r<�n OJ .p/r e�2Vr jGr j2 dr < 1; a:s:

Step 2. Proof of the inequality (6.75).
In view of the first step, the assumption (6.73) yields (6.80) with 
 D 0 and R D
N D 0, from which we deduce

E
Ft J ps 1s<�n C pEFt

Z s

t

1r<�n OJ .p/r e�2Vr dDr � J
p

t^�n ; a.s., (6.82)

and passing to the limit as n ! 1 (the first two terms converge monotonically and
the third one converges a:s.) the estimate (6.75) follows in view of Remark 6.73,
since R D 0.

Step 3. Proof of the inequality (6.77).
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.A/ Let 
 > 0. From (6.80) we have

E
Ft sup

r2Œt;s�
�
J pr 1r<�n

�C pEFt

Z s

t

1r<�n OJ .p/r e�2Vr dDr

C p
EFt

Z s

t

1r<�n OJ .p/r

ˇ̌
e�VrGr

ˇ̌2
dr

� 2J
p

t^�n C 2pEFt

Z s

t

1r<�nJ
p�2
r 1Xr¤0e�2Vr 1p�2dRr

C 2pEFt

Z s

t

1r<�nJ
p�1
r 1Xr¤0e�Vr dNr

C 2pEFt sup
u2Œt;s�

ˇ̌
ˇ̌
Z u

t

1r<�n OJ .p/r e�2VrX�
r GrdBr

ˇ̌
ˇ̌ :

By the Burkholder–Davis–Gundy inequality

2p E
Ft sup

u2Œt;s�

ˇ̌
ˇ̌
Z u

t

1r<�n OJ .p/r

˝
e�VrXr ; e�VrGrdBr

˛ˇ̌ˇ̌

� 6p E
Ft

sZ s

t

ˇ̌
ˇ1r<�n OJ .p/r e�2VrX�

r Gr

ˇ̌
ˇ
2

dr

� 6p E
Ft

2
4
s

sup
r2Œt;s�

OJ .p/r e�2Vr jXr j2 1r<�n

sZ s

t

1r<�n OJ .p/r je�VrGr j2 dr

3
5

� 1

�
E

Ft sup
r2Œt;s�

�
J pr 1r<�n

�C 9p2� E
Ft

Z s

t

1r<�n OJ .p/r

ˇ̌
e�VrGr

ˇ̌2
dr;

for all � > 0. Hence
�
1 � 1

�

�
E

Ft sup
r2Œt;s�

�
J
p
r 1r<�n

�C pEFt

Z s

t

1r<�n OJ .p/r e�2Vr dDr

Cp .
 � 9p�/EFt

Z s

t

1r<�n OJ .p/r

ˇ̌
e�VrGr

ˇ̌2
dr

� 2J
p

t^�n C 2p E
Ft

Z s

t

1r<�nJ
p�2
r 1Xr¤0e�2Vr 1p�2dRr

C2p E
Ft

Z s

t

1r<�nJ
p�1
r 1Xr¤0e�Vr dNr :

Let 
 D 9p�, � > 1. By Hölder’s inequality
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2pEFt

Z s

t

1r<�nJ
p�2
r 1Xr¤0e�2Vr 1p�2dRr C 2pEFt

Z s

t

1r<�nJ
p�1
r 1Xr¤0e�Vr dNr

� 2pEFt

"
sup
r2Œt;s�

�
J p�2
r 1Xr¤01p�21r<�n

� Z s

t

e�2Vr 1p�2dRr

#

C 2pEFt

"
sup
r2Œt;s�

�
J p�1
r 1Xr¤01r<�n

� Z s

t

e�Vr dNr

#

� 1

2

�
1 � 1

�

�
E

Ft sup
r2Œt;s�

�
J pr 1r<�n

�C Cp;�E
Ft

�Z s

t

e�2Vr 1p�2dRr

�p=2

C Cp;�E
Ft

�Z s

t

e�Vr dNr

�p
:

We deduce from the above that

E
Ft sup

r2Œt;s�
�
J
p
r 1r<�n

�C E
Ft

Z s

t

1r<�n OJ .p/r e�2Vr dDr

� Cp;�

"
J
p

t^�n C E
Ft

�Z s

t

e�2Vr 1p�2dRr

�p=2
C E

Ft

�Z s

t

e�Vr dNr

�p#
:

(6.83)

The argument used in order to take the limit in (6.82) yields as n ! 1:

E
Ft sup

r2Œt;s�
J
p
r C E

Ft

Z s

t

OJ .p/r e�2Vr dDr � Cp;�

h
J
p
t

CE
Ft

�Z s

t

e�2Vr 1p�2dRr

�p=2
C E

Ft

�Z s

t

e�Vr dNr

�p i
:

(6.84)

.B/ From (6.80) for p D 2, 
 D 1 and � D �n we have

J 2s^�n C 2

Z s

t

1r<�n OJ .2/r e�2Vr dDr C 2

Z s

t

1r<�n OJ .2/r

ˇ̌
e�VrGr

ˇ̌2
dr

� J 2t^�n C 2

Z s

t

1r<�n 1Xr¤0e�2Vr dRr C 2

Z s

t

1r<�n Jr1Xr¤0e�Vr dNr

C2
Z s

t

1r<�n OJ .2/r

˝
e�VrXr ; e�VrGrdBr

˛
;

which yields

E
Ft

�Z s

t

1r<�n OJ .2/r e�2Vr dDr

�p=2
C E

Ft

�Z s

t

1r<�n OJ .2/r

ˇ̌
e�VrGr

ˇ̌2
dr

�p=2

� Cp J
p
t C Cp E

Ft

�Z s

t

e�2Vr 1p�2dRr

�p=2
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C Cp E
Ft sup

r2Œt;s�
�
J p=2r 1r<�n

� �Z s

t

e�Vr dNr

�p=2

C Cp E
Ft sup

u2Œt;s�

ˇ̌
ˇ̌
Z u

t

1r<�n OJ .2/r

˝
e�VrXr ; e�VrGrdBr

˛ˇ̌ˇ̌
p=2

:

By the Burkholder–Davis–Gundy inequality (2.8)

Cp E
Ft sup

u2Œt;s�

ˇ̌
ˇ̌
Z u

t

1r<�n OJ .2/r

˝
e�VrXr ; e�VrGrdBr

˛ˇ̌ˇ̌
p=2

� C 0
p E

Ft

�Z s

t

1r<�n
ˇ̌
ˇ OJ .2/r e�2Vr jX�

r Gr j
ˇ̌
ˇ
2

dr

�p=4

� C 0
pE

Ft sup
r2Œt;s�

�
J p=2r 1r<�n

� �Z s

t

1r<�n OJ .2/r

ˇ̌
e�VrGr

ˇ̌2
dr

�p=4

� C 00
p E

Ft sup
r2Œt;s�

�
J pr 1r<�n

�C 1

2
E

Ft

�Z s

t

1r<�n OJ .2/r

ˇ̌
e�VrGr

ˇ̌2
dr

�p=2
:

Hence

E
Ft

�Z s

t

1r<�n OJ .2/r e�2Vr dDr

�p=2
C 1

2
E

Ft

�Z s

t

1r<�n OJ .2/r

ˇ̌
e�VrGr

ˇ̌2
dr

�p=2

� Cp

"
E

Ft sup
r2Œt;s�

J
p
r C E

Ft

�Z s

t

e�2Vr 1p�2dRr

�p=2
C E

Ft

�Z s

t

e�VrdNr

�p#
:

(6.85)

We take the limit as n ! 1 in the last inequality and the estimate (6.77) follows
from (6.84), (6.85), Remark 6.73 and the identity

sup
r2Œt;s�

J pr D
��e�V X

��p
Œt;s�	

1C ı ke�V Xk2Œt;s�

p=2 :

This last fact follows from the increasing monotonicity of the function

r 7! rp

.1C ır2/
p=2

W Œ0;1Œ ! Œ0;1Œ :

The proof is complete. �

We shall give a supplementary result in the case when R;N; V are deterministic
functions.
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Corollary 6.76. Let X 2 S0d be a local semimartingale of the form

Xt D X0 CKt C
Z t

0

GsdBs; t � 0; P-a.s.;

where

˙ K 2 S0d ; K� 2 BVloc
�
Œ0;1Œ IRd � ; K0 D 0; P-a.s.;

˙ G 2 �0
d�k .

Assume that there exist

• p � 1, mp
defD 1 _ .p � 1/ I

• two continuous increasing deterministic functions R;N W Œ0;1Œ ! Œ0;1Œ,
R .0/ D N .0/ D 0, and

• a continuous deterministic function with bounded variation V W Œ0;1Œ ! R,
V .0/ D 0,

such that as signed measures on Œ0;1Œ:

hXt ; dKt i C 1

2
mp jGt j2 dt � 1p�2dR .t/C jXt jdN .t/C jXt j2dV .t/ : (6.86)

Define

Q.t/ D 2R .t/ 1p�2 CN .t/ ;

P .t/ D .p � 2/R .t/ 1p�2 C .p � 1/N .t/C pV .t/ and

M .t/ D
Z t

0

e�P .r/dQ .r/ :

Then for all ı � 0 and 0 � t � s:

E
jXsjp e�P .s/

	
1C ı jXsj2


p=2 � E
jXt jp e�P .t/

	
1C ı jXt j2


p=2 CM .s/ �M .t/ . (6.87)

In particular for ı & 0 and 0 D t � s:

.a/ e�P .s/
E jXsjp � E jX0jp CM .s/ ;

.b/

Z 1

0

e�P .s/�˛M.s/��s �
E jXsjp

�
ds � 1

�

�
E jX0jp C 1

˛

�
(6.88)

for all ˛; � > 0.

Proof. We follow from (6.80) the first steps from the proof of Proposition 6.74 but
now
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Jr D jXr j	
1C ı jXr j2


1=2 and OJ .p/r D jXr jp�2 1Xr¤0	
1C ı jXr j2


.pC2/=2

and � D �n is defined similarly.
From the inequality (2.28) in Corollary 2.28, we have for all 0 � t � s

E
�
J ps 1s<�n

�

� E J
p

s^�n

� E J
p

t^�n C pE

Z s

t

1r<�n OJ .p/r

�
hXr; dKri C 1

2
mp jGr j2

�
dr

� E J
p

t^�n

C pE

Z s

t

1r<�n

J p�2
r 1Xr¤0; 1p�2dR .r/C J p�1

r 1Xr¤0dN .r/C J pr dV .r/
�
:

Taking into account that

J p�2
r 1Xr¤0 � 2

p
C p � 2

p
J pr and J p�1

r 1Xr¤0 � 1

p
C p � 1

p
J pr ;

and passing to the limit as n ! 1 we have for all 0 � t � s:

E J
p
s � E J

p
t C 2

Z s

t

1p�2dR .r/C
Z s

t

dN .r/

C
Z s

t


.p � 2/ 1p�2dR .r/C .p � 1/ dN .r/C pdV .r/

�
E
�
J
p
r

�
; a.s.,

that is

E J ps � E J
p
t C

Z s

t

dQ .r/C
Z s

t

E
�
J pr
�
dP .r/ :

By Gronwall’s inequality (Proposition 6.69), we have for all 0 � t � s:

e�P .s/
E J ps � e�P .t/

E J
p
t C

Z s

t

e�P .r/dQ .r/ ;

and the inequality (6.87) follows. The inequality (6.88-b) clearly follows from (6.88-
a) using the elementary inequality

ye�x�˛y��s � 1

˛
e��s; for all x; y; s; � � 0 and ˛ > 0:

�
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Let X , OX 2 S0d be two semimartingales given by

Xt D X0 CKt C R t
0
GsdBs; t � 0;

OXt D OX0 C OKt C R t
0

OGsdBs; t � 0;
(6.89)

where

˙ K; OK 2 S0d ;
˙ K� .!/, OK� .!/ 2 BVloc

�
Œ0;1Œ IRd � ; K0 .!/ D OK0 .!/ D 0; P-a.s. ! 2 �;

˙ G; OG 2 �0
d�k .

.FB 0/: Assume there exist p � 1 and � � 0 and a P-m.b-v.c.s.p.V , V0 D 0,
such that as measures on Œ0;1Œ:

D
Xt � OXt ; dKt � d OKt

E
C
�
1

2
mp C 9p�

� ˇ̌
ˇGt � OGt

ˇ̌
ˇ
2

dt � jXt � OXt j2dV t :

(6.90)

Corollary 6.77. Let p � 1 and A be a P-m.i.c.s.p., A0 D 0.

(I) If the assumption (6.90) is satisfied with � D 0, then for all ı � 0, 0 � t � s:

E
Ft

e�p.VsCAs/jXs� OXsjp	
1Cıe�2.VrCAr /jXr� OXr j2
p=2

C E
Ft

Z s

t

e�p.VrCAr /jXr� OXr jp
	
1Cıe�2.VrCAr /jXr� OXr j2
.pC2/=2 dAr

� e�p.VtCAt /jXt� OXt jp	
1Cıe�2.VtCAt /jXt� OXt j2
p=2

; P � a:s:

In particular for ı D 0

E
Ft e�p.VsCAs/

ˇ̌
ˇXs � OXs

ˇ̌
ˇ
p C E

Ft

Z s

t

e�p.VrCAr /
ˇ̌
ˇXr � OXr

ˇ̌
ˇ
p

dAr

� e�p.VtCAt /
ˇ̌
ˇXt � OXt

ˇ̌
ˇ
p

; P-a.s.;

for all 0 � t � s.
(II) If the assumption (6.90) is satisfied with � > 1, then there exists a positive

constant Cp;� depending only on .p; �/ such that for all ı � 0, 0 � t � s:

E
Ft

ke�V�A.X� OX/kpŒt;s�	
1Cıke�V�A.X� OX/k2Œt;s�


p=2 C E
Ft

�Z s

t

e�2.VrCAr /jXr� OXr j2	
1Cıe�2Vr�2Ar jXr� OXr j2
2

dAr

�p=2

� Cp;�
e�p.VtCAt /jXt� OXt jp	

1Cıe�2.VtCAt /jXt� OXt j2
p=2
; P-a.s.

In particular for ı D 0
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E
Ft

���e�V�A
	
X � OX


���
p

Œt;s�
C E

Ft

�Z s

t

e�2.VrCAr /
ˇ̌
ˇXr � OXr

ˇ̌
ˇ
2

dAr

�p=2

� Cp;� e
�p.VtCAt /

ˇ̌
ˇXt � OXt

ˇ̌
ˇ
p

; P-a.s.;

for all 0 � t � s.

Proof. Since the assumption (6.90) is equivalent to

dDt C
D
Xt � OXt ; dKt � d OKt

E
C
�
1

2
mp C 9p�

� ˇ̌
ˇGt � OGt

ˇ̌
ˇ
2

dt

� jXt � OXt j2d .Vt C At/ ;

with

Dt D
Z t

0

ˇ̌
ˇXr � OXr

ˇ̌
ˇ
2

dAr ;

the results clearly follow from Propositions 6.71 and 6.74 applied to the identity

Xt � OXt D X0 � OX0 C
	
Kt � OKt



C
Z t

0

	
Gs � OGs



dBs:

�

Since

1

2
.r ^ 1/ � r

.1C r2/
1=2

� r ^ 1; 8 r � 0;

we have:

Corollary 6.78. If the assumption (6.90) is satisfied with � > 1 and p � 1, then
there exists a positive constant Cp;� depending only on .p; �/ such that P-a:s:

E
Ft

�
1 ^

���e�V 	X � OX

���

p

Œt;s�

�
� Cp;�

h
1 ^

ˇ̌
ˇe�Vt

	
Xt � OXt


ˇ̌
ˇ
pi
;

for all 0 � t � s.

6.4.4 Backward Stochastic Inequalities

Let fBt W t � 0g be a k-dimensional Brownian motion with respect to a given
stochastic basis

�
�;F ;P; fFB

t gt�0
�
, where FB

t is the natural filtration associated
to fBt W t � 0g.
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Notation 6.79. For p > 1 define

np
defD 1 ^ .p � 1/ .

In this subsection we shall derive some estimates on .Y;Z/ 2 S0m � �0
m�k

satisfying for all T � 0 and t 2 Œ0; T �:

Yt D YT C .KT �Kt/ �
Z T

t

ZsdBs; P-a.s.; (6.91)

where K 2 S0m and K� .!/ 2 BVloc .RCIRm/ ; P-a.s. ! 2 �.
We note that if the interval Œ0; T � is fixed then the equality (6.91) will be extended

to RC by Ys D YT , Ks D KT and Zs D 0 for all s > T .

Proposition 6.80. Let .Y;Z/ 2 S0m ��0
m�k satisfy

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs; 0 � t � T; P-a.s.;

where K 2 S0m and K� .!/ 2 BVloc .RCIRm/ ; P-a.s. ! 2 �.
Assume given

N three P-m.i.c.s.p. D, R, N , D0 D R0 D N0 D 0,
N a P-m.b-v.c.s.p. V , V0 D 0,
N two stopping times � and � such that 0 � � � � < 1.

(A) If � < 1, q > 0 and

dDt C hYt ; dKt i � dRt C jYt jdNt C jYt j2dV t C �

2
jZt j2 dt;

then there exists a positive constant Cq;�, depending only on .q; �/, such that

E
F�

�Z �

�

e2Vr dDr

�q=2
C E

F�

�Z �

�

e2Vr jZr j2 dr

�q=2

� Cq;�E
F�

"
sup
s2Œ�;��

ˇ̌
eVsYs

ˇ̌q C
�Z �

�

e2VsdRs

�q=2
C
�Z �

�

eVsdNs

�q#
;

P-a.s.

(6.92)

(B) If � < 1 < p,

.i/ dDt C hYt ; dKt i � �
1p�2dRt C jYt jdNt C jYt j2dV t

�C np

2
� jZt j2 dt;

.ii/ E sup
s2Œ�;��

epVs jYsjp < 1;

(6.93)
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then there exists a positive constant Cp;�, depending only on .p; �/, such that
P-a.s.,

E
F�

 
sup
s2Œ�;��

ˇ̌
eVsYs

ˇ̌p
!

C E
F�

�Z �

�

e2VsdDs

�p=2

CE
F�

�Z �

�

e2Vs jZsj2 ds

�p=2

CE
F�

Z �

�

epVs jYsjp�2 1Ys¤0dDs C E
F�

Z �

�

epVs jYsjp�2 1Ys¤0 jZsj2 ds

� Cp;� E
F�

"ˇ̌
eV� Y�

ˇ̌p C
�Z �

�

e2Vs1p�2dRs

�p=2
C
�Z �

�

eVsdNs

�p#
:

(6.94)

Proof. Step I.
By the Itô formula, we have for all 0 � t � s:

jYt j2 e2Vt C
Z s

t

e2Vr jZr j2 dr D jYsj2 e2Vs C 2

Z s

t

e2Vr
	
hYr ; dKri � jYr j2 dVr




� 2
Z s

t

e2Vr hYr ;ZrdBri ; a:s:

Since

hYr ; dKri � jYr j2 dVr � �dDr C dRr C jYr jdNr C �

2
jZr j2 dr;

we get

jYt j2 e2Vt C 2

Z s

t

e2Vr dDr C .1 � �/
Z s

t

e2Vr jZr j2 dr

� jYsj2 e2Vs C 2

Z s

t

e2Vr dRr C 2

Z s

t

eVr jYr jdNr � 2
Z s

t

e2Vr hYr ;ZrdBri :
(6.95)

Let the stopping times 0 � � � � < 1 and

�n D � ^ inf
n
s � � W ��eV Y � eV� Y�

��
s

C
Z s_�

�

e2Vr dDr C R s
�
e2Vr jZr j2 dr

C
Z s_�

�

e2Vr dRr C
Z s_�

�

eVr dNr � n
o
:

We have � � �n � � and �n % � P-a.s. Replacing in (6.95) t by � and s by �n we
obtain
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2

Z �n

�

e2Vr dDr C .1 � �/
Z �n

�

e2Vr jZr j2 dr

� jY�n j2 e2V�n C 2

Z �n

�

e2Vr .dRr C jYr jdNr /

� 2
Z �n

�

e2Vr hYr ;ZrdBri

� jY�n j2 e2V�n C sup
r2Œ�;��

1Œ�;�n� .r/
ˇ̌
eVr Yr

ˇ̌2 C 2

Z �n

�

e2Vr dRr

C
 Z �n

�

eVr dNr

!2
� 2

Z �

�

1Œ�;�n� .r/ e
2Vr hYr ;ZrdBri :

Moreover, by Minkowski’s inequality we infer for all q > 0

E
F�

 Z �n

�

e2Vr dDr

!q=2
C E

F�

 Z �n

�

e2Vr jZr j2 dr

!q=2

� Cq;�E
F� sup

r2Œ�;��

ˇ̌
eVr Yr

ˇ̌q C Cq;�E
F�

�Z �

�

e2Vr dRr

�q=2

CCq;�EF�

�Z �

�

eVr dNr

�q
C Cq;�E

F�

ˇ̌
ˇ̌
Z �

�

1Œ�;�n� .r/ e
2Vr hYr ;ZrdBri

ˇ̌
ˇ̌
q=2

:

(6.96)

But by the Burkholder–Davis–Gundy and Cauchy–Schwarz inequalities, we get

Cq;�E
F�

ˇ̌
ˇ̌
Z �

�

1Œ�;�n� .r/ e
2Vr hYr ;ZrdBri

ˇ̌
ˇ̌
q=2

� Cq;�E
F�

�Z �

�

1Œ�;�n� .r/ e
4Vr jYr j2 jZr j2 dr

�q=4

� Cq;�E
F�

"
sup
r2Œ�;��

	
1Œ�;�n� .r/

ˇ̌
eVr Yr

ˇ̌q=2
�Z �

�

1Œ�;�n� .r/ e
2Vr jZr j2 dr

�q=4#

� C 0
q;�E

F� sup
r2Œ�;�n�

ˇ̌
eVr Yr

ˇ̌q C 1

2
E

F�

 Z �n

�

e2Vr jZr j2 dr

!q=2
:

Since
Z �n

�

e2Vr jZr j2 dr is finite, from (6.96) we infer
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E
F�

 Z �n

�

e2Vr dDr

!q=2
C 1

2
E

F�

 Z �n

�

e2Vr jZr j2 dr

!q=2

� Cq;�

"
E

F� sup
r2Œ�;��

ˇ̌
eVr Yr

ˇ̌q C E
F�

�Z �

�

e2Vr dRr

�q=2
C E

F�

�Z �

�

eVr dNr

�q#
:

(6.97)

By the monotone convergence theorem as n ! 1 the inequality (6.92) follows.
Step II. Let us first assume that p � 1.

Noting that

eVt Yt D Y0 �
Z t

0

eVr .dKr � YrdVr /C
Z t

0

eVrZrdBr ;

then by the inequality (2.30) from Corollary (2.30) we get, for p � 1 and for all
stopping times t 2 Œ�; ��

epVt jYt jp C p

2
np

Z �n

t

epVr jYr jp�2 1Yr¤0 jZr j2 dr � epV�n jY�n jp

Cp
Z �n

t

epVr jYr jp�2 1Yr¤0
	
hYr ; dKri � jYr j2 dVr




�p
Z t_�n

t

epVr jYr jp�2 1Yr¤0 hYr ;ZrdBri :

(6.98)

We note that the right-hand side of (6.98) is finite P-a:s: and consequently

0 � np

Z �n

�

epVr jYr jp�2 1Yr¤0 jZr j2 dr < 1; P-a.s.

By the assumption (6.93)

hYr ; dKri � jYr j2 dVr � �dDr C �
1p�2dRr C jYr jdNr

�C np

2
� jZr j2 dr:

It follows that

epVt jYt jp C p

Z �

t

1Œ�;�n� .r/ e
pVr jYr jp�2 1Yr¤0dDr

Cp

2
np .1 � �/

Z �

t

1Œ�;�n� .r/ e
pVr jYr jp�2 1Yr¤0 jZr j2 dr

� epV�n jY�n jp C .U�n � Ut/ � .M�n �Mt/ ;

(6.99)

where

Us D p

Z s

0

1Œ�;�n� .r/ e
pVr jYr jp�2 1Yr¤0

�
1p�2dRr C jYr jdNr

�
(6.100)
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and

Ms D p

Z s

0

1Œ�;�n� .r/ e
pVr jYr jp�2 1Yr¤0 hYr ;ZrdBri :

Note that fMs W s 2 Œ0; T �g is a martingale since

E

p
<M>T � pE

 Z �n

�

e2pVr jYr j2p�4 1Yr¤0 jYr j2 jZr j2 dr

!1=2

� pE

2
4�ˇ̌eV� Y�

ˇ̌C n
�p�1

 Z �n

�

e2Vr jZr j2 dr

!1=23
5

� Cp

	
E
ˇ̌
eV� Y�

ˇ̌p�1 C np�1
p
n:

Therefore from (6.99),

epV� jY� jp � E
F� epV�n jY�n jp C E

F� .U�n � U�/ : (6.101)

From here we assume that p > 1. From (6.99) we also get

pEF�

Z �n

�

epVr jYr jp�2 1Yr¤0dDr

Cp

2
np .1 � �/EF�

Z �n

�

epVr jYr jp�2 1Yr¤0 jZr j2 dr

� E
F� epV�n jY�n jp C E

F� U�n :

(6.102)

Since

sup
t2Œ�;��

jM� �Mt j � 2 sup
t2Œ�;��

jMt �M� j D 2 sup
t2Œ�;��

jMt j ;

we obtain from (6.99) that

E
F� sup

t2Œ�;�n�
�
epVt jYt jp

�

� E
F� epV�n jY�n jp C E

F� .U�n � U�/C 2EF� sup
t2Œ�;�n�

jMt j : (6.103)

By the Burkholder–Davis–Gundy inequality (2.8) and (6.102):

E
F� sup

t2Œ�;��
jMt j

� 3p E
F�

�Z �

�

1Œ�;�n� .r/ e
2pVr jYr j2p�4 1Yr¤0 jYr j2 jZr j2 dr

�1=2
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� 3p E
F�

2
4 sup
r2Œ�;�n�

e.p=2/Vr jYr jp=2
 Z �n

�

epVr jYr jp�2 1Yr¤0 jZr j2 dr

!1=23
5

� 1

4
E

F� sup
r2Œ�;�n�

�
epVr jYr jp

�C Cp E
F�

Z �n

�

epVr jYr jp�2 1Yr¤0 jZr j2 dr

� 1

4
E

F� sup
r2Œ�;�n�

epVr jYr jp C Cp;�E
F� epV�n jY�n jp C Cp;�E

F� .U�n � U�/ :

Plugging this last estimate into (6.103) we obtain with another constant Cp;�

E
F� sup

r2Œ�;�n�
epVr jYr jp � Cp;�E

F� epV�n jY�n jp C Cp;�E
F� .U�n � U�/ : (6.104)

We deduce from (6.102) and (6.104)

E
F� sup

r2Œ�;�n�
epVr jYr jp C E

F�

Z �n

�

epVr jYr jp�2 1Yr¤0dDr

CE
F�

Z �n

�

epVr jYr jp�2 1Yr¤0 jZr j2 dr

� Cp;�E
F� epV�n jY�n jp C Cp;�E

F� U�n :

But

Cp;�E
F� .U�n � U�/

� Cp;�E
F�

"
sup

r2Œ�;�n�

h
e.p�2/Vr jYr jp�2 1Yr¤01p�2

i Z �n

�

e2Vr 1p�2dRr

#

CE
F�

"
sup

r2Œ�;�n�

h
e.p�1/Vr jYr jp�1 1Yr¤0

i Z �n

�

eVr dNr

#

� 1

2
E

F� sup
r2Œ�;�n�

epVr jYr jp C C 0
p;�E

F�

	Z �

�

e2Vr 1p�2dRr

p=2

CC 0
p;�E

F�

	Z �

�

eVr dNr


p
:

Hence

E
F� sup

r2Œ�;�n�
epVr jYr jp C E

F�

Z �n

�

epVr jYr jp�2 1Yr¤0dDr

C E
F�

Z �n

�

epVr jYr jp�2 1Yr¤0 jZr j2 dr
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� Cp;�E
F� epV�n jY�n jp C Cp;�E

F�

	Z �

�

e2Vr 1p�2dRr

p=2

C Cp;�E
F�

	Z �

�

eVr dNr


p
:

Now letting n ! 1, by the Beppo Levi monotone convergence theorem for the
first member and by the Lebesgue dominated convergence theorem for the right-
hand side of the inequality, we conclude (6.94) (using of course the first step:
inequality (6.92)).

The proof is complete. �

Corollary 6.81. Let .Y;Z/ 2 S0m ��0
m�k satisfy

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs; 0 � t � T; P-a.s.;

where K 2 S0m and K� .!/ 2 BVloc .RCIRm/ ; P-a.s. ! 2 �.
Assume given

N D and N are P-m.i.c.s.p., N0 D 0,
N V a P-m.b-v.c.s.p., V0 D 0,
N � , � and � are three stopping times such that 0 � � � � � � < 1.

If

.a/ dDt C hYt ; dKt i � jYt jdNt C jYt j2dV t ;

.b/ E sup
s2Œ�;��

ˇ̌
eVsYs

ˇ̌
< 1;

then

eV� jY� j � E
F� eV� jY� j C E

F�

Z �

�

eVr dNr (6.105)

and for all 0 < ˛ < 1

sup
�2Œ�;��


E
�
eV� jY� j

��˛ C E

 
sup
s2Œ�;��

ˇ̌
eVsYs

ˇ̌˛
!

C E

�Z �

�

e2Vr jZr j2 dr

�˛=2

CE

�Z �

�

e2Vr jDr j2 dr

�˛=2

� C˛

�	
E
�
eV� jY� j�


˛ C
�
E

Z �

�

eVr dNr

�˛�
:

(6.106)
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Proof. From (6.101) for p D 1 we deduce, using the definition (6.100) of Us , that

eV� jY� j � E
F� eV�n jY�n j C E

F� U�n

� E
F� eV�n jY�n j C E

F�

Z �

�

eVr dNr

and the inequality (6.105) follows as n ! 1. Moreover

sup
�2Œ�;��

E
�
eV� jY� j

� � E
�
eV� jY� j�C E

Z �

�

eVr dNr

and by the martingale inequality (1.11-A3) from Theorem 1.60 we infer

E

 
sup
s2Œ�;��

ˇ̌
eVsYs

ˇ̌˛
!

� 1

1 � ˛
�
E

�
eV� jY� j C

Z �

�

eVr dNr

��˛
:

The inequality (6.106) is now a consequence of (6.92). �

Corollary 6.82. Let .Y;Z/ 2 S0m ��0
m�k satisfy

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs; 0 � t � T; P-a.s.;

where K 2 S0m and K� .!/ 2 BVloc .RCIRm/ ; P-a.s. ! 2 �.
Assume given

N a P-m.b-v.c.s.p. V , V0 D 0,
N � , � and � are three stopping times such that 0 � � � � � � < 1.

If � < 1 � p, np D 1 ^ .p � 1/ and

.a/ hYt ; dKt i � jYt j2dV t C np

2
� jZt j2 dt;

.b/ E sup
s2Œ�;��

epVs jYsjp < 1;

then for all 1 � q � p,

eqV� jY� jq � E
F� eqV� jY� jq ; P-a:s: (6.107)

If p > 1 then

E sup
s2Œ�;��

epVs jYsjp C E

�Z �

�

e2Vr jZr j2 dr

�p=2
� Cp;�E

	
epV� jY� jp



;
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and if p D 1 (and np D 0) then for all 0 < ˛ < 1,

sup
�2Œ�;��

	
EeV� jY� j


˛ C E sup
s2Œ�;��

e˛Vs jYsj˛ C E

�Z �

�

e2Vr jZr j2 dr

�˛=2

� C˛

	
E eV� jY� j


˛
:

(6.108)

Proof. Since

E sup
s2Œ�;��

eqVs jYsjq �
 
E sup

s2Œ�;��
epVs jYsjp

!q=p
< 1;

the inequality (6.101) with p replaced by q yields (6.107). The next two inequalities
follow from Proposition 6.80 and Corollary 6.81, respectively. �

Corollary 6.83. Let p � 1 and .Vt /t�0 be a bounded variation continuous
progressively measurable stochastic process with V0 D 0. Let T > 0 and
� W � ! R

m be a random variable such that E
�
supr2Œ0;T � epVr j�jp� < 1. If

.�; �/ 2 Spm Œ0; T � ��p

m�k Œ0; T � satisfies

�s D E
FT � �

Z T

s

�rdBr ; s 2 Œ0; T � ; a.s.

(the pair .�; �/ exists and it is unique by the martingale representation: Corol-
lary 2.44), then there exists a C D C .p/ > 0 such that for all t 2 Œ0; T �, for
p > 1

E
Ft sup

s2Œt;T �
epVs j�sjp C E

Ft

�Z T

t

e2Vs j�sj2 ds

�p=2
� Cp E

Ft

 
sup
r2Œ0;T �

epVr j�jp
!

(6.109)

and for p D 1

sup
s2Œ0;T �

	
EeVs j�sj


˛ C E supt2Œ0;T �
ˇ̌
eVt �t

ˇ̌˛ C E

�Z T

0

e2Vs j�sj2 ds

�˛=2

� C˛

	
E
�
supt2Œ0;T � eVr j�j�


˛
; for all 0 < ˛ < 1:

(6.110)

Proof. We see at once that the stochastic pair .�; �/ satisfy the equation

�t D �T �
Z T

t

�sdBs; t 2 Œ0; T � ; a.s.
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The stochastic process QVt D sups2Œ0;t � VsI QV is increasing continuous progressively
measurable and QV0 D 0. Since for all t 2 Œ0; T �

E
Ft

ˇ̌
ˇe QVt �t

ˇ̌
ˇ D

ˇ̌
ˇe QVt �t

ˇ̌
ˇ D e

QVt ˇ̌EFt �
ˇ̌ � E

Ft e
QVt j�j � E

Ft e
QVT j�j (6.111)

by Proposition 1.56 we infer for all p > 1

E

����e QV
���
p

Œ0;T �
�
�

p

p � 1
�p

E

	
ep

QVT j�jp


< 1

and consequently by Proposition 6.80-B (for .Y;Z/ D .�; �/with � D 0,K D R D
N D 0, dDt D j�t j2 d QV ) the inequality (6.109) follows; we also use that V � QV
and

E
Ft

ˇ̌
ˇe QVT �T

ˇ̌
ˇ
p D E

Ft

hˇ̌
ˇe QVT EFT �

ˇ̌
ˇ
pi � E

Ft

ˇ̌
ˇe QVT �

ˇ̌
ˇ
p

:

In the case p D 1 we have for all 0 < ˛ < 1, by Proposition 1.56

E sup
t2Œ0;T �

e˛Vt j�t j˛ � E sup
t2Œ0;T �

ˇ̌
ˇe QVt �t

ˇ̌
ˇ
˛ � 1

1 � ˛
	
Ee

QVT j�j

˛

(6.112)

and by Proposition 6.80-A

E

�Z T

0

e2
QVs j�sj2 ds

�˛=2
� C1E sup

t2Œ0;T �

ˇ̌
ˇe QVt �t

ˇ̌
ˇ
˛

: (6.113)

Also we can see that from (6.111) E
ˇ̌
ˇe QVt �t

ˇ̌
ˇ � E

	
e

QVT j�j



and therefore

sup
t2Œ0;T �

E

ˇ̌
ˇe QVt �t

ˇ̌
ˇ � E

	
e

QVT j�j


: (6.114)

From (6.112)–(6.114) the inequality (6.110) follows. �

Let .Y;Z/ ; . OY ; OZ/ 2 S0m Œ0; T � ��0
m�k .0; T / satisfying for all t 2 Œ0; T �:

Yt D YT C
Z T

t

dKs �
Z T

t

ZsdBs; P-a.s.;

and respectively

OYt D OYT C
Z T

t

d OKs �
Z T

t

OZsdBs; P-a.s.;
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where

˙ K; OK 2 S0m;
˙ K� .!/, OK� .!/ 2 BVloc .Œ0;1Œ IRm/ ; P-a.s. ! 2 �.

Assume there exist � < 1 � p and V a P-m.b-v.c.s.p., V0 D 0, such that as signed
measures on Œ0; T �:

hYt � OYt ; dKt � d OKt i � jYt � OYt j2dV t C np

2
�
ˇ̌
ˇZt � OZt

ˇ̌
ˇ
2

dt; (6.115)

where np D 1 ^ .p � 1/.
Corollary 6.84. Let � < 1 � p be given. Let the assumption (6.115) be satisfied
and fAt W t � 0g be a P-m.i.c.s.p., A0 D 0, such that

E sup
t2Œ0;T �

	
ep.AtCVt /

ˇ̌
ˇYt � OYt

ˇ̌
ˇ
p

< 1:

Then for all 0 � t � T ,

epVt
ˇ̌
ˇYt � OYt

ˇ̌
ˇ
p � E

Ft

	
epVT

ˇ̌
ˇYT � OYT

ˇ̌
ˇ
p

; P-a.s.

Moreover if p > 1, then

E
Ft

 
sup
s2Œt;T �

ep.AsCVs/
ˇ̌
ˇYs � OYs

ˇ̌
ˇ
p

!
C E

Ft

Z T

t

ep.AsCVs/
ˇ̌
ˇYs � OYs

ˇ̌
ˇ
p

dAs

CE
Ft

�Z T

t

e2.AsCVs/
ˇ̌
ˇYs � OYs

ˇ̌
ˇ
2

dAs

�p=2
C E

Ft

�Z T

t

e2.AsCVs/
ˇ̌
ˇZs � OZs

ˇ̌
ˇ
2

ds

�p=2

� Cp;�E
Ft ep.AT CVT /

ˇ̌
ˇYT � OYT

ˇ̌
ˇ
p

; P-a.s.;

where Cp;� is a positive constant depending only on .p; �/.

Proof. The results clearly follow from Corollary 6.82 and the inequality (6.94) from
Proposition 6.80, applied to

Yt � OYt D YT � OYT C
Z T

t

d
	
Ks � OKs



�
Z T

t

	
Zs � OZs



dBs;

satisfying

dDt C hYt � OYt ; dKt � d OKt i � jYt � OYt j2d .At C Vt /C np

2
�
ˇ̌
ˇZt � OZt

ˇ̌
ˇ
2

dt
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with

dDt D jYt � OYt j2dAt :

�

6.5 Annex D: Viscosity Solutions

The aim of this section is to introduce the notion of viscosity solutions to second
order elliptic and parabolic PDEs and give uniqueness results for such solutions.
This notion, which was invented by Crandall and Lions, allows us to state that a
continuous function satisfies a PDE, without any differentiability requirement on
that function. This notion has been invented specifically for nonlinear equations, for
which the notion of weak solutions in the sense of distributions is not convenient.
We use this notion here for linear and semilinear equations.

This section is divided into four parts. In the first part, we state the main
definitions of viscosity solutions to elliptic and parabolic PDEs (or systems of
PDEs). We prove three uniqueness results in the next three parts. We do not prove
any existence results, since such results for the equations considered in this book
are provided by our probabilistic formulas. Concerning uniqueness, it would be too
long and repetitive to give a uniqueness result for each PDE considered in this book.
The last three parts of this section give uniqueness results, corresponding to three
large classes of semilinear PDEs or systems of PDEs. All other relevant results can
be proved by combining the arguments given in those three proofs.

The first uniqueness result concerns an elliptic PDE with Dirichlet boundary
condition at the boundary of a bounded set. We shall also explain how the proof
can be adapted to the parabolic case. The second result treats the case of a system
of parabolic PDEs in the whole space. Finally the third result concerns a parabolic
PDE with subdifferential operators and nonlinear Neumann boundary condition.

We refer to the well-known “user’s guide” of Crandall et al. [18] for more details,
which complements the material presented here.

6.5.1 Definitions

Let O be a locally closed subset of Rd , that is for all x 2 O there exists a ı > 0

such that O \ B .x; ı/ is closed.
A function h W O � R

d ! R is lower semicontinuous and we write h 2 LSC .O/
if there exist fhn; n � 1g � C.O/ such that

h1 .x/ � � � � � hn.x/ � � � � � h.x/ and lim
n!1 hn.x/ D h.x/; 8 x 2 O:
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The function h W O � R
d ! R is upper semicontinuous and we write h 2

USC .O/ if �h is lower semicontinuous.
In particular for all R > 0 we have

.i/ inf
x2O; jxj�R

h.x/ > �1; if h 2 LSC .O/ ;
.ii/ sup

x2O; jxj�R
h.x/ < 1; if h 2 USC .O/ :

6.5.1.1 Elliptic PDE

Consider the PDE

ˆ.x; u.x/;Du.x/;D2u.x// D 0; x 2 O; (6.116)

where

ˆ W O � R � R
d � S

d ! R;

and S
d denotes the set of symmetric d � d matrices.

Definition 6.85. (i) u 2 USC.O/ is a viscosity sub-solution of (6.116) if for any
' 2 C2.O/ and Ox 2 O a local maximum of u � ':

ˆ. Ox; u. Ox/;D'. Ox/;D2'. Ox// � 0:

(ii) u 2 LSC.O/ is a viscosity super-solution of (6.116) if for any ' 2 C2.O/ and
Ox 2 O a local minimum of u � ':

ˆ. Ox; u. Ox/;D'. Ox/;D2'. Ox// � 0:

(iii) u 2 C .O/ is viscosity solution if it is both a viscosity sub- and super-solution.
In these definitions we can also assume that u . Ox/ D ' . Ox/ since we can

translate '.

Note that the class of PDEs for which probabilistic formulas are given in this
book is the class of semilinear equations, where the function ˆ has the following
particular form

ˆ.x; r; p;X/ D �1
2

Tr

g.x/g�.x/X

� � hf .x/; pi � F .x; r; p/ : (6.117)

In the Definition 6.85 we can replace local maximum (minimum) by strict global
maximum (minimum).
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Remark 6.86. Let O be an open subset of Rd and u 2 C2.O/.
(i) If u is a viscosity solution of (6.116), then u is a classical solution.

(ii) If u is a classical solution of (6.116) and ˆ satisfies the degenerate ellipticity
condition

X � Y ) ˆ.x; r; p;X/ � ˆ.x; r; p; Y /; 8 x; r; p;

then u is a viscosity solution.

Definition 6.87. A function u 2 USC.O/ satisfies the maximum principle if for all
' 2 C2.O/ and all open subsets D � O the inequality

ˆ.x; '.x/;D'.x/;D2'.x// > 0; 8x 2 D

implies that at every Ox 2 D which is a local maximum of u � ':

u . Ox/ < ' . Ox/ :

Proposition 6.88. Let O be an open subset of Rd and

r � s ) ˆ.x; r; p;X/ � ˆ.x; s; p;X/; 8 x; p;X:

Then each viscosity sub-solution u satisfies the maximum principle.

Proof. If we assume that there exist ' 2 C2.O/, an open subset D � O such that

ˆ.x; u.x/;D'.x/;D2'.x// > 0; 8x 2 D;

and Ox 2 D a local maximum of u � ' such that u . Ox/ � ' . Ox/ then

ˆ. Ox; '. Ox/;D'. Ox/;D2'. Ox// � ˆ. Ox; u. Ox/;D'. Ox/;D2'. Ox// � 0;

since u is a sub-solution. Hence necessarily u. Ox/ < '. Ox/. �

We next introduce the notion of a proper function (in the sense of the theory of
viscosity solutions, which should not be confused with the notion of proper convex
function), for which the notion of a viscosity solution makes sense.

Definition 6.89. A continuous function

ˆ W O � R � R
d � S

d ! R

is said to be proper, if ˆ satisfies:
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(1) Monotonicity condition

r � s ) ˆ.x; r; p;X/ � ˆ.x; s; p;X/; 8 x; p;X;

and
(2) Degenerate ellipticity condition

X � Y ) ˆ.x; r; p;X/ � ˆ.x; r; p; Y /; 8 x; r; p: (6.118)

Definition 6.85 of a viscosity solution can be reformulated in terms of subjets
and superjets of u.

Definition 6.90. Let O be a locally closed subset of Rd , u W O !R and x 2 O.

(i) .p;X/ 2 R
d � S

d is a superjet to u at x if

lim sup
O3y!x

u.y/�u.x/�hp;y�xi� 1
2 hX.y�x/;y�xi

jy�xj2 � 0:

The set of superjets to u at x will be denoted J 2;CO u.x/.
(ii) .p;X/ 2 R

d � S
d is a subjet to u at x if

lim inf
O3y!x

u.y/�u.x/�hp;y�xi� 1
2 hX.y�x/;y�xi

jy�xj2 � 0:

The set of subjets to u at x will be denoted J 2;�O u.x/.

If O D R
d , then the index O will be omitted.

Proposition 6.91. Let O be a locally closed subset of Rd .

(i) Let u 2 USC .O/ and Qx 2 O.

(a) If .p;X/ 2 J
2;C
O u. Qx/, then there exists a ' 2 C2.O/ such that u. Qx/ D

'. Qx/,

.p;X/ D �
'0
x. Qx/; '00

xx. Qx/�

and Qx is a strict global maximum of u � ' in O.
(b) If ' 2 C2.O/ and Qx is a local maximum of u � ' in O, then

�
'0
x. Qx/; '00

xx. Qx/� 2 J 2;CO u. Qx/:

(ii) Let u 2 LSC .O/ and Qx 2 O.

(a) If .p;X/ 2 J
2;�
O u. Qx/, then there exists a ' 2 C2.O/ such that u. Qx/ D

'. Qx/,
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.p;X/ D �
'0
x. Qx/; '00

xx. Qx/�

and Qx is a strict global minimum of u � ' in O.
(b) If ' 2 C2.O/ and Qx is a local minimum of u � ' in O, then

�
'0
x. Qx/; '00

xx. Qx/� 2 J 2;�O u. Qx/:

Proof. It is sufficient to prove (i) since J 2;�O u. Qx/ D �J 2;CO .�u/ . Qx/. Also the
equivalence is clear if Qx is an isolated point of O.

Let Qx be a non-isolated point of O.
.)/: Let .p;X/ 2 J

2;C
O u. Qx/. Then there exists a strictly increasing function

� D �.Qx/ W Œ0;C1Œ! Œ0;C1Œ, �.0C/ D 0 such that 8y 2 O

u.y/ � u. Qx/C hp; y � Qxi C 1

2
hX.y � Qx/; y � Qxi C �.jy � Qxj/jy � Qxj2: (6.119)

One can define � by

� .r/ D r C sup
y2O; jy�Qxj�r

.u.y/�u.Qx/�hp;y�Qxi� 1
2 hX.y�Qx/;y�Qxi/C

jy�Qxj2 :

Let

ˇ.r/ D 1

r2

Z 2r

r

Z 2r2

r2

Z 2r1

r1

�
�p
�
�
d�dr1dr2; for r > 0;

and ˇ.r/ D 0 if r � 0. Then r�.
p
r/ < ˇ.r/ < 8r�.8

p
r/ for all r > 0, ˇ 2

C2.�0;1Œ/, ˇ.0C/ D ˇ0.0C/ D 0 and

lim
r&0

rˇ00 .r/ D 0:

Define ' 2 C2.Rd / by

'.y/
defD u. Qx/C hp; y � Qxi C 1

2
hX.y � Qx/; y � Qxi C ˇ.jy � Qxj2/:

Then

'0
x. Qx/ D p and '00

xx. Qx/ D X

and Qx is a strict global maximum of u � ' since for y 2 O n f Qxg:

u.y/ � '.y/ � �.jy � Qxj/jy � Qxj2 � ˇ.jy � Qxj2/
< 0 D '. Qx/ � u. Qx/:
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.(/: Let ' 2 C2.O/ and Qx be a local maximum of u � '. Let

 .y/ D ' .y/ � ' . Qx/C u . Qx/ :

By Taylor’s formula

0 D lim
y!Qx

 .y/� .Qx/�h 0

x.Qx/;y�Qxi� 1
2 h 00

xx.Qx/.y�Qx/;y�Qxi
jy�Qxj2

� lim sup
y!Qx;y2O

u.y/�u.Qx/�h'0

x.Qx/;y�Qxi� 1
2 h'00

xx.Qx/.y�Qx/;y�Qxi
jy�Qxj2 :

�

Corollary 6.92. Let O be a locally closed subset of Rd .

(i) u 2 USC.O/ is a viscosity sub-solution of (6.116) iff for any x 2 O and
.p;X/ 2 J 2;CO u.x/

ˆ.x; u.x/; p;X/ � 0:

(ii) u 2 LSC.O/ is a viscosity super-solution of (6.116) iff for any x 2 O and
.p;X/ 2 J 2;�O u.x/

ˆ.x; u.x/; p;X/ � 0:

Definition 6.93. Let u W O ! R and x 2 O.
J
2;C
O u.x/ (respect. J

2;�
O u.x/) is the set of .p;X/ 2 R

d � S
d such that there exists a

sequence .xn; pn;Xn/ 2 O � R
d � S

d , n 2 N
�, with the properties

.pn;Xn/ 2 J 2;CO u.xn/; (respect. .pn;Xn/ 2 J 2;�O u.xn/); 8 n 2 N
�;

and

.xn; u.xn/; pn;Xn/ ! .x; u.x/; p;X/; as n ! 1:

6.5.1.2 Systems of PDEs

Backward stochastic differential equations naturally give probabilistic formulas for
systems of PDEs, not just for single PDEs.

Let O be an open subset of Rd , ˆ 2 C.O � R
m � R

d � S
d IRm/. We want to

explain what we mean by the fact that u 2 C.O;Rm/ solves in the viscosity sense
the following systems of PDEs

ˆi.x; u.x/;Dui .x/;D
2ui .x// D 0; 1 � i � m; x 2 O: (6.120)
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Note that the various equations are coupled only through the vector u.x/. The i -th
equation depends upon all coordinates of u.x/, but only on the i -th coordinate of
Du.x/ and D2u.x/. This is essential for the following definition to make sense.

Definition 6.94. Let O be a locally closed subset of Rd .

• (i) u 2 USC.O/ is a viscosity sub-solution of (6.120) if

ˆi.x; u.x/; p;X/ � 0 for x 2 O; 1 � i � m; .p;X/ 2 J 2;CO ui .x/:

• (ii) u 2 LSC.O/ is a viscosity super-solution of (6.120) if

ˆi.x; u.x/; p;X/ � 0 for x 2 O; 1 � i � m; .p;X/ 2 J 2;�O ui .x/:

• (iii) u 2 C.O/ is a viscosity solution of (6.120) if it is both a viscosity sub- and
super-solution.

6.5.1.3 Boundary Conditions

We now discuss the formulation of the boundary condition in the framework of
viscosity solutions. Suppose for simplicity that the boundary @O of the open set
O is of class C1 and that O satisfies the uniform exterior ball condition. We shall
consider two types of boundary conditions, namely:

• Dirichlet boundary conditions, of the form

u.x/ � �.x/ D 0; x 2 @OI

• Nonlinear Neumann boundary conditions, of the form

hn.x/;Du.x/i CG.x; u.x// D 0; x 2 @O;

where n.x/ denotes the outward normal vector to the boundary @O at x.

Consider the function

� W @O � R � R
d ! R

defined in the case of the Dirichlet boundary condition by

�.x; r; p/ D r � �.x/;

and in the case of the Neumann boundary condition by

�.x; r; p/ D hn.x/; pi �G.x; r/;
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where G 2 C.@O � R/ and r ! G.x; r/ is assumed to be nonincreasing for all
x 2 @O. The correct formulation of the boundary value problem

�
ˆ.x; u.x/;Du.x/;D2u.x// D 0; x 2 O;
�.x; u.x/;Du.x// D 0; x 2 @O; (6.121)

is as follows.

Definition 6.95. Let O be an open subset of Rd , ˆ 2 C.O � R � R
d � S

d / be
proper and � 2 C.O � R � R

d / be as defined above.

• (i) u 2 USC.O/ is a viscosity sub-solution of (6.121) if

(
ˆ.x; u.x/; p;X/ � 0 for x 2 O; .p;X/ 2 J 2;CO u.x/;

ˆ.x; u.x/; p;X/ ^ �.x; u.x/; p/ � 0 for x 2 @O; .p;X/ 2 J 2;CO u.x/:

• (ii) u 2 LSC.O/ is a viscosity super-solution of (6.121) if

(
ˆ.x; u.x/; p;X/ � 0 for x 2 O; .p;X/ 2 J 2;�O u.x/;

ˆ.x; u.x/; p;X/ _ �.x; u.x/; p/ � 0 for x 2 @O; .p;X/ 2 J 2;�O u.x/:

• (iii) u 2 C.O/ is a viscosity solution of (6.121) if it is both a viscosity sub- and
super-solution.

6.5.1.4 Parabolic PDEs

One might think that a parabolic PDE is an elliptic PDE with one more variable,
namely time t . However, because we are considering equations with first derivatives
in t only, the variable t plays a specific role. In particular, there will be a boundary
condition either at the initial point or at the final point of the time interval, not at
both.

Given O � R
d andˆ 2 C.Œ0; T ��O �R�R

d �S
d /, we consider the parabolic

equation

8<
:
@u

@t
.t; x/Cˆ.t; x; u.t; x/;Du.t; x/;D2u.t; x//; 0 < t < T; x 2 O;

u.0; x/ D �.x/; x 2 O;
(6.122)

where as previously, Du stands for the vector of first order partial derivatives with
respect to the xi ’s, and D2u for the matrix of second order derivatives with respect
to xi and xj , 1 � i; j � d . Only in the case O D R

d can we hope that the above
parabolic PDE is well posed. If O 6D R

d , some boundary condition is needed. This
will be discussed later.



6.5 Annex D: Viscosity Solutions 621

We denote by P2;C
O and P2;�

O the parabolic analogs of J 2;CO and J 2;�O . More
specifically, for O a locally compact subset of Rd , T > 0, denoting OT D .0; T / �
O, if u W OT ! R, 0 < s; t < T , x; y 2 O, .p; q;X/ 2 R � R

d � S
d , we say that

.p; q;X/ 2 P2;C
O u.t; x/, whenever

u.s; y/ � u.t; x/C p.s � t /C hq; y � xi C 1

2
hX.y � x/; y � xi

Co.js � t j C jy � xj2/:

Moreover P2;�
O u D �P2;C

O .�u/. The corresponding definitions of P2;C
O u.t; x/ and

P2;�
O u.t; x/ are now clear.
We now give a definition of the notion of a viscosity solution of equation (6.122).

Definition 6.96. With the above notation:

• (i) u 2 USC.Œ0; T / � O/ is a viscosity sub-solution of Eq. (6.122) if u.0; x/ �
�.x/, x 2 O and

p Cˆ.t; x; u.t; x/; q; X/ � 0; for .t; x/ 2 OT ; .p; q;X/ 2 P2;C
O u.t; x/:

• (ii) u 2 LSC.Œ0; T /�O/ is a viscosity super-solution of Eq. (6.122) if u.0; x/ �
�.x/, x 2 O and

p Cˆ.t; x; u.t; x/; q; X/ � 0; for .t; x/ 2 OT ; .p; q;X/ 2 P2;�
O u.t; x/:

• (iii) u 2 C.Œ0; T /� O/ is a viscosity solution of (6.122) if it is both a sub- and
a super-solution.

We remark that u.t; x/ solves the parabolic PDE (6.122) if and only if v.t; x/ D
e�tu.t; x/ solves the same equation with ˆ replaced by ˆC �r , which in the case
where ˆ has the form (6.117) is proper iff r ! �r � F.t; x; r; q/ is increasing for
any .t; x; q/. The fact that this is true for some � is one of our standing assumptions
on F for existence and uniqueness of the solution to the associated BSDE.

Note that we also consider parabolic PDEs with a final condition (at time t D T )
rather than an initial condition (at time t D 0). In that case, the equation becomes

�@u

@t
.t; x/Cˆ.t; x; u.t; x/;Du.t; x/;D2u.t; x// D 0;

and the condition u.0; x/ � �.x/ (resp. u.0; x/ � �.x/) becomes u.T; x/ � �.x/

(resp. u.T; x/ � �.x/).
Finally we explain what we mean by a viscosity solution of the parabolic PDE

@u

@t
.t; x/Cˆ.t; x; u.t; x/;Du.t; x/;D2u.t; x//C @'.u.t; x// 3 0;
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where @' is the subdifferential of the convex lower semicontinuous function ' W
R ! .�1;C1�.

A sub-solution is a function u 2 USC.OT / which is such that for any .t; x/ 2
OT , u.t; x/ 2 Dom.'/ and whenever .p; q;X/ 2 P2;C

O u.t; x/,

p Cˆ.t; x; u.t; x/; q; X/C '0�.u.t; x// � 0;

where '0�.r/ is the left derivative of ' at the point r . A super-solution is defined
similarly with the usual changes, the left derivative of ' being replaced by its right
derivative.

6.5.2 A First Uniqueness Result

Let O be an open subset of Rd and ˆ 2 C.O � R � R
d � S

d /.
The basic assumptions of this subsection are:

.A1/ Super-monotonicity: there exists a ı > 0 such that for all x 2 O, p 2 R
d ,

X 2 S
d , r; s 2 R:

r1 � r2 ) ˆ.x; r2; p;X/ �ˆ.x; r1; p;X/ � .r2 � r1/ ı;

and
.A2/ Super-degenerate-ellipticity: for all R > 0 there exists an increasing function

mR W RC ! RC, mR .0C/ D 0 such that if ˛ > 0, X; Y 2 S
d and

�
X 0

0 �Y
�

� 3˛

�
I �I

�I I

�
; (6.123)

or equivalently

hXz; zi � hYw;wi � 3˛ jz � wj2 ; 8 z;w 2 R
d ;

then for all x; y 2 O \ B .0;R/, r 2 R:

ˆ.y; r; ˛.x � y/; Y / �ˆ.x; r; ˛.x � y/;X/ � mR

	
jx � yj C ˛ jx � yj2



:

(6.124)

Note that if X and Y satisfy (6.123) then Y � X (setting z D w).
In the particular case of the function ˆ given by (6.117), the super-monotonicity

of ˆ is a consequence of the same property for �F . As for the super degenerate
ellipticity, we have the following:

Lemma 6.97. If g is globally Lipschitz, f is globally monotone, and �F satis-
fies (6.124), then ˆ is super-degenerate-elliptic.
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Proof. The global monotonicity of f implies that

�hf .y/ � f .x/; ˛.x � y/i � 	˛jx � yj2:

Now consider the term involving g. We take advantage of (6.123) and the Lipschitz
continuity of g:

Tr

gg�.x/X

� � Tr

gg�.y/Y

� D Tr

g�.x/Xg.x/ � g�.y/Yg.y/

�

D
dX
iD1

ŒhXg.x/ei ; g.x/ei i � hYg.y/ei ; g.y/ei i�

� 3˛

dX
iD1

jg.x/ei � g.y/ei j2

� C jx � yj2:

�

Theorem 6.98 (Comparison Principle). Let O be a bounded open subset of Rd

and assume that ˆ W O � R � R
d � S

d ! R satisfies .A1/ and .A2/. If

.j / u 2 USC
�O� is a sub-solution of ˆ D 0 in O;

. jj/ v 2 LSC.O/ is a super-solution of ˆ D 0 in O;
. jjj/ u .x/ � v .x/ ; 8 x 2 @O;

then

u .x/ � v .x/ 8 x 2 O:

We first prove auxiliary results.

Lemma 6.99. Given u; v 2 C. NO/, ˛ > 0, we define

 ˛.x; y/ D u.x/ � v.y/ � ˛

2
jx � yj2:

Let . Ox; Oy/ be a local maximum in O � O of  ˛ . Then there exist X; Y 2 S
d such

that

(j) .˛. Ox � Oy/;X/ 2 NJ 2;CO u. Ox/,
(jj) .˛. Ox � Oy/; Y / 2 NJ 2;�O v. Oy/,

(jjj)

�
X 0

0 �Y
�

� 3˛

�
I �I

�I I

�
.
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Proof. We shall use the notation

A D ˛

�
I �I

�I I

�
:

It is sufficient to prove the proposition in case O D R
d , Ox D Oy D 0, u.0/ D v.0/ D

0, .0; 0/ is a global maximum of  ˛ , u and �v are bounded from above. Hence we
may assume that for all x; y 2 R

d ,

u.x/ � v.y/ � 1

2

�
A

 
x

y

!
;

 
x

y

!�
; (6.125)

and we need to show that there exist X; Y 2 Sd such that

( j’) .0;X/ 2 NJ 2;Cu.0/,
( jj’) .0; Y / 2 NJ 2;Cv.0/,

( jjj’)

�
X 0

0 �Y
�

� 3A.

With the notations Nx D
�
x

y

�
, N� D

�
�

�

�
, we deduce from Schwarz’s inequality

that (with the notation kAk defD supfj ˝A N�; N�˛ jI j N�j � 1g):

hA Nx; Nxi D ˝
A N�; N�˛C ˝

A. Nx � N�/; Nx � N�˛C 2
˝ Nx � N�; A N�˛

� ˝
A N�; N�˛C 1

˛
jA N�j2 C .˛ C kAk/j Nx � N�j2

�
�
.AC 1

˛
A2/ N�; N�

�
C .˛ C kAk/j Nx � N�j2:

Hence if B
defD 3A D AC 1

˛
A2, �

defD ˛ C kAk, and w. Nx/ defD u.x/ � v.y/, (6.125)
implies

w. Nx/ � �

2
j Nx � N�j2 � 1

2

˝
B N�; N�˛ : (6.126)

We now introduce inf- and sup-convolutions. Let

Ow. N�/ defD sup
Nx
.w. Nx/ � �

2
j Nx � N�j2/

D Ou.�/ � Ov.�/;
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where

Ou.�/ D sup
x

.u.x/ � �

2
jx � �j2/;

Ov.�/ D inf
y
.v.y/C �

2
jy � �j2/:

Since a supremum (resp. an infimum) of convex (resp. concave) functions is convex
(resp. concave), the mappings

N� ! Ow. N�/C �

2
j N�j2; and � ! Ou.�/C �

2
j�j2

are convex, while

� ! Ov.�/ � �

2
j�j2

is concave. Hence Ow, Ou and �Ov are “semiconvex”, i.e. they are the sum of a convex
function and a function of classC2. Note that the hyphen is here on purpose, in order
to distinguish this notion from the notion of semiconvex functions, as introduced in
Chap. 4.3.

Moreover:

Ow.0/ � w.0/ D 0;

and from (6.126)

Ow. N�/ � 1

2

˝
B N�; N�˛ ;

hence

Ow.0/ � 0;

and consequently

Ow.0/ D maxN�
�

Ow. N�/ � 1

2

˝
B N�; N�˛

�
:

If Ow is smooth, we could deduce that there exists an X 2 S2d such that
.0;X / 2 J 2 Ow.0/, and X � B . Since Ow is semiconvex, it is possible to show,
using Alexandrov’s theorem (which says that a semiconvex function is a.e. twice
differentiable), and a lemma due to R. Jensen, which states that the above is
essentially true in the sense that it is true provided the first condition is changed
to .0;X / 2 NJ 2 Ow.0/. We refer to the user’s guide [18] for more details. Now,
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since Ow. N�/ D Ou.�/ � Ov.�/, it is not hard to deduce that X D
�
X 0

0 �Y
�

, and

.0;X/ 2 NJ 2 Ou.0/, .0; Y / 2 NJ 2 Ov.0/.
The magical property of sup-convolution is that this is enough to conclude that

.0;X/ 2 NJ 2;Cu.0/ and .0; Y / 2 NJ 2;�v.0/, which is a consequence of the next
Lemma. �

Lemma 6.100. Let � > 0, u 2 C.Rd / be bounded from above, and

Ou.�/ D sup
x2Rd

.u.x/ � �

2
jx � �j2/:

If �; q 2 R
d , X 2 Sd and .�;X/ 2 J 2;C Ou.�/, then .q;X/ 2 J 2;Cu.�C q=�/.

Proof. We assume that .q;X/ 2 J 2;C Ou.�/. Let y 2 R
d be such that

Ou.�/ D u.y/ � �

2
jy � �j2:

Then for any x; � 2 R
d ,

u.x/ � �

2
jx � �j2 � Ou.�/

� Ou.�/C hq; � � �i C 1

2
hX.� � �/; � � �i C o.j� � �j2/

D u.y/ � �

2
jy � �j2 C hq; � � �i

C 1

2
hX.� � �/; � � �i C o.j� � �j2/

D u.y/ � �

2
jy � �j2 C hq; � � �i CO.j� � �j2/:

If we choose � D x � y C �, then we deduce from the above that

u.x/ � u.y/C hq; x � yi C 1

2
hX.x � y/; x � yi C o.jx � yj2/:

On the other hand, choosing x D y and � D �C˛.�.��y/Cq/, we obtain that

0 � ˛j�.� � y/C qj2 CO.˛2/:

The first inequality says that .q;X/ 2 J 2;Cu.y/, while the second, with ˛ < 0 small
enough in absolute value, implies that y D �C q

�
. The result is proved. �

We shall also need the following:
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Lemma 6.101. Let O be locally closed subset of Rd , ˆ 2 USC.O/, � 2 LSC.O/,
� � 0, " > 0 and

M" D sup
x2O

�
ˆ.x/ � 1

"
� .x/

�
:

If lim
"!0

M" exists in R and x" 2 O satisfies

lim
"!0

�
M" �ˆ.x"/C 1

"
�.x"/

�
D 0;

then

lim
"!0

�.x"/

"
D 0: (6.127)

Moreover if Ox 2 O and there exists an "n ! 0 such that x"n ! Ox, then

�. Ox/ D 0; and lim
"!0

M" D ˆ. Ox/ D sup fˆ.x/ W x 2 O; � .x/ D 0g : (6.128)

Proof. Let ˛" D M"�ˆ.x"/C 1

"
�.x"/. Note that for 0 < " < ı we haveM" � Mı

and

M2" � ˆ.x"/ � 1

2"
� .x"/ D M" � ˛" C 1

2"
� .x"/ :

Then

�.x"/

"
� 2 .M2" �M" C ˛"/

and (6.127) follows. Moreover by the lower semicontinuity of �

0 � �. Ox/ � lim inf
"n!0

�.x"n/ D 0:

Using now the upper semicontinuity of ˆ we have

ˆ. Ox/ � lim sup
"n!0

ˆ.x"n/

D lim sup
"n!0

�
M"n � ˛"n C 1

"n
� .x"n/

�

D lim
"!0

M"
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� sup fˆ.x/ W x 2 O; � .x/ D 0g
� ˆ. Ox/ :

The result follows. �

Proof of the comparison principle. Assume that

M
defD sup

x2O
fu .x/ � v .x/g > 0:

Let " > 0 and

M"
defD sup

.x;y/2O�O

�
u.x/ � v.y/ � 1

2"
jx � yj2

�
:

Clearly for ı > ", Mı � M" � u.x/ � v.x/, 8 x 2 O and consequently M"

converges in R as " ! 0,

M" � M > 0 and lim
"!0

M" � M:

Since O is compact and .x; y/ 7! u.x/ � v.y/ is upper semicontinuous on O � O,
there exists .x"; y"/ 2 O � O such that

u.x"/ � v.y"/ � 1

2"
jx" � y"j2 D M":

By Lemma 6.101, withˆ.x; y/ D u.x/�v.y/ and �.x; y/ D 1

2
jx � yj2 we obtain

lim
"!1

1

"
jx" � y"j2 D 0:

We now conclude that there exists an "0 > 0 such that

x"; y" 2 O; for all 0 < " � "0:

Since u .x/ � v .x/ ; 8 x 2 @O and whenever "n ! 0 and x"n ; y"n ! Ox, it follows
that

lim
"!0

M" D u . Ox/ � v . Ox/

D sup
˚
ˆ.x; y/ W .x; y/ 2 O � O; � .x; y/ D 0

�

D sup
x2O

fu .x/ � v .x/g

> 0:
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By Lemma 6.99, for 0 < " � "0 there exist X", Y" 2 S
d such that

�
1

"
� 0
x.x"; y"/; X"

�
2 J 2;CO u.x"/; and

�
�1
"
� 0
y.x"; y"/; Y"

�
2 J 2;�O v.y"/

(6.129)

and the inequality (jjj) in Lemma 6.99 reads here

�
X" 0

0 �Y"
�

� 3

"

�
I �I

�I I

�
:

Let R > 0 such that O � B .0;R/. From .A2/ with ˛ D "�1, we deduce that

ˆ
	
y"; v.y"/;

x" � y"
"

; Y"



�ˆ

	
x"; v.y"/;

x" � y"
"

;X"




� mR

�
jx" � y"j C 1

"
jx" � y"j2

�
;

and since u.x"/ > v.y"/ for " small enough, we deduce from .A1/ that

ˆ
	
x"; v.y"/;

x" � y"
"

;X"



�ˆ

	
x"; u.x"/;

x" � y"
"

;X"




� ı Œv.y"/ � u.x"/�

D �ı
�
1

2"
jx" � y"j2 CM"

�
:

It follows that

ˆ
	
y"; v.y"/;

x" � y"
"

; Y"



�ˆ

	
x"; u.x"/;

x" � y"
"

;X"




� mR

�
jx" � y"j C 1

"
jx" � y"j2

�
� ı

�
1

2"
jx" � y"j2 CM"

�
:

Since u is a viscosity sub-solution and v is a viscosity super-solution of the equation
ˆ D 0, we deduce from (6.129) that

ˆ
	
x"; u.x"/;

x" � y"
"

;X"



� 0 � ˆ

	
y"; v.y"/;

x" � y"
"

; Y"



:

Hence

0 � mR

�
jx" � y"j C 1

"
jx" � y"j2

�
� ı

�
1

2"
jx" � y"j2 CM"

�
;
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then also

0 < ı M � ı M" � mR

�
jx" � y"j C 1

"
jx" � y"j2

�
� ı

2"
jx" � y"j2

and letting " ! 0, we infer the contradiction

0 < ı M � 0:

The Theorem is established. �

We deduce from this theorem the uniqueness of the viscosity solution for the
Dirichlet problem.

Corollary 6.102. Under the assumptions of Theorem 6.98, if u; v 2 C �O� are two
viscosity solutions of ˆ D 0 on O then

u .x/ D v .x/ ; 8 x 2 @O H) u .x/ D v .x/ ; 8 x 2 O:

This Corollary proves that our probabilistic formula provides the unique solution
of the corresponding elliptic PDE, satisfying the Dirichlet boundary condition in
the classical sense. However it follows from Theorem 7.9 in [18] that it is also
the unique solution in the larger class of those solutions satisfying the Dirichlet
boundary condition in the (relaxed) viscosity sense.

Let us now indicate how the above proof can be modified, in order to treat the
case of a parabolic PDE with Dirichlet condition at the boundary of a bounded set.

Let O be a bounded open subset of Rd . Consider the Cauchy–Dirichlet problem

8̂
<̂
ˆ̂:

@u

@t
Cˆ.t; x; u; u0

x; u
00
xx/ D 0 in �0; T Œ � O;

u.t; x/ D �.t; x/; .t; x/ 2 �0; T Œ � @O;
u.0; x/ D � .0; x/ x 2 O;

(6.130)

where � 2 C.Œ0; T Œ�O/.
The notion of a viscosity solution to (6.130) is expressed as in Definition 6.96,

adding the requirement u.t; x/ � �.t; x/ (resp. �) for .t; x/ 2 .0; T / � @O for u to
be a sub-solution (resp. a super-solution).

We have the comparison principle:

Theorem 6.103. Let ˆ 2 C.Œ0; T � � O � R � R
d � S

d / be a proper function
satisfying .A1/ and .A2/ for each fixed t 2 Œ0; T Œ, with the same ı and mR. If
u 2 USC.Œ0; T /�O/ is a viscosity sub-solution of (6.130) and v 2 LSC.Œ0; T /�O/
is a viscosity super-solution of (6.130) then

u .t; x/ � v .t; x/ ; for all .t; x/ 2 Œ0; T / � O:
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An essential tool for the proof of this Theorem is the parabolic analog of
Lemma 6.99, which is as follows:

Lemma 6.104. Given u; v 2 C.OT /, ˛ > 0, let

 ˛.t; x; y/ D u.t; x/ � v.t; y/ � ˛

2
jx � yj2:

Let .Ot ; Ox; Oy/ be a local maximum of  ˛ in .0; T / � O � O. Suppose moreover that
there is an r > 0 such that for every M > 0 there is a C with the property that
whenever .p; q;X/ 2 P2;C

O u.t; x/, jx� OxjCjt�Ot j � r and ju.t; x/jCjqjCjX j � M ,
then p � C , and the same is true if we replace P2;C

O u.t; x/ by �P2;�
O v.t; x/. Then

there exist p 2 R, X; Y 2 S
d such that

(j) .p; ˛. Ox � Oy/;X/ 2 P2;C
O u.Ot ; Ox/,

(jj) .�p; ˛. Ox � Oy/; Y / 2 P2;�
O v.Ot ; Ox/,

(jjj)

�
X 0

0 �Y
�

� 3˛

�
I �I

�I I

�
.

Proof of the Theorem. We only sketch the proof. We first observe that it suffices to
prove that Qu.t; x/ D u.t; x/ � "=.T � t / � v.t; x/ for all .t; x/ 2 .0; T / � O and
all " > 0. Now Qu satisfies

8̂
<
:̂

@Qu
@t
.t; x/Cˆ.t; x; Qu.t; x/;D Qu.t; x/;D2 Qu.t; x// � � "

.T � t /2 ;
lim
t!T

Qu.t; x/ D �1:

From now on we write u instead of Qu. We want to contradict the assumption that
max.0;T /�OŒu � v� D ı > 0. Let .Ot ; Ox; Oy/ be a local maximum of  ˛.t; x; y/ from
Lemma 6.104, and write

M˛ D u.Ot ; Ox/ � v.Ot ; Oy/ � ˛

2
j Ox � Oyj2:

From our standing assumption, M˛ � ı > 0. It is not hard to show that for ˛ large
enough, 0 < Ot < T , Ox; Oy 2 O. Arguing as in the proof of Theorem 6.98 with the
help this time of Lemma 6.104, we conclude that there exist p 2 R, X; Y 2 S

d

c > 0 such that

p Cˆ.Ot ; Ox; u.Ot ; Ox/; ˛. Ox � Oy;X/ � �c;
�p Cˆ.Ot ; Oy; v.Ot ; Oy/; ˛. Ox � Oy; Y / � 0;

while

�
X 0

0 �Y
�

� 3˛

�
I �I

�I I

�
:
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We deduce that

c � ˆ.Ot ; Oy; v.Ot ; Oy/; ˛. Ox � Oy; Y / �ˆ.Ot ; Ox; u.Ot ; Ox/; ˛. Ox � Oy;X/
� m.˛j Ox � Oyj2 C j Ox � Oyj/;

from which a contradiction follows. �

6.5.3 A Second Uniqueness Result

We are given a continuous and globally monotone f W R
d ! R

d and a globally
Lipschitz g W Rd ! R

d�d together with

� 2 C.Rd IRm/; and F 2 C.Œ0; T � � R
d � R

m � R
m�d IRm/

such that, for each 1 � i � k, Fi.t; x; y; z/ depends on the matrix z only through its
i -th column zi . As already explained, this assumption is essential for the notion of
a viscosity solution of the system of partial differential equations to be considered
below to make sense. We assume specifically that for some constants C; p > 0:

(A.2i) jF.t; x; 0; 0; 0/j � C.1C jxjp/; j�.x/j � C.1C jxjp/,
(A.2ii) F D F.t; x; y; z/ is globally Lipschitz in .y; z/, uniformly in .t; x/.

Remark 6.105. In the case of systems of equations, it does not seem possible to
weaken the Lipschitz continuity of F in y to a monotonicity condition as we do in
the case m D 1.

Under the assumptions (A.2i) and (A.2ii), for each t 2 Œ0; T � and x 2 R
d , we

consider the system of PDEs

8̂
<̂
ˆ̂:

�@ui
@t
.t; x/Cˆi.t; x; u.t; x/;Dui .t; x/;D2ui .t; x// D 0;

.t; x/ 2 Œ0; T � � R
d ; 1 � i � k;

ui .T; x/ D �i .x/; x 2 R
d ; 1 � i � m;

(6.131)

where

ˆi.t; x; r; q; X/ D �1
2
T rŒgg�.x/X� � hf .x/; qi � Fi.t; x; r; q/:

The notion of a viscosity solution for such a system is easily deduced from a
combination of Definitions 6.94 and 6.96.

We can replace “global maximum point” or “global minimum point” by “strict
global maximum point” or “strict global minimum point”. The proof of this claim
is very simple and we leave it as an exercise for the reader.
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Now we give a uniqueness result for (6.131). This result is obtained under the
following additional assumption:

(A.2 iii) jF.t; x; r; p/ � F.t; y; r; p/j � mR.jx � yj.1C jpj//;
for all x; y 2 R

d such that jxj � R, jyj � R, r 2 R
m, p 2 R

d , where for each
R > 0, mR 2 C.RC/ is increasing and mR.0/ D 0.

Our result is the following:

Theorem 6.106. Assume that f; g satisfy (A2). Then there exists at most one
viscosity solution u of (6.131) such that

lim
jxj!C1

ju.t; x/je�ıŒlog.jxj/�2 D 0; (6.132)

uniformly for t 2 Œ0; T �, for some ı > 0.

Remark 6.107. Notice that any function which has at most a polynomial growth at
infinity satisfies (6.132).

The growth condition (6.132) is optimal to obtain such a uniqueness result
for (6.131). Indeed, consider the equation

@u

@t
� x2

2

@2u

@x2
� x

2

@u

@x
D 0 in .0; T / � .0;C1/; (6.133)

then u is a solution of (6.133) if and only if the function v.t; y/ D u.t; ey/ is a
solution of the Heat Equation

@v

@t
� 1

2

@2v

@x2
D 0 in .0; T / � R: (6.134)

But it is well-known that, for the Heat Equation, the uniqueness holds in the class
of solutions v satisfying

lim
jyj!C1

jv.t; y/je�ıjyj2 D 0; (6.135)

uniformly for t 2 Œ0; T �, for some ı > 0. And (6.135) gives back (6.132) for (6.133)
since y D log.x/.

Let us finally mention that, in our case, the growth condition (6.132) is mainly a
consequence of the assumptions on the coefficients of the differential operator and
in particular on a D gg�; under the assumptions of Theorem 6.106, the matrix a
has, a priori, a quadratic growth at infinity. If a is assumed to have a linear growth at
infinity, an easy adaptation of the proof of Theorem 6.106 shows that the uniqueness
holds in the class of solutions satisfying

lim
jxj!C1

ju.t; x/je�ıjxj D 0;

uniformly for t 2 Œ0; T �, for some ı > 0.
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Proof of Theorem 6.106. Let u and v be two viscosity solutions of (6.131). The
proof consists of two steps. We first show that u � v and v � u are viscosity sub-
solutions of an integral partial differential system; then we build a suitable sequence
of smooth super-solutions of this system to show that ju � vj D 0 in Œ0; T � � R

d .
Here and below, we denote by j � j the sup norm in R

m.

Lemma 6.108. Let u be a sub-solution and v a super-solution of (6.131). Then the
function ! WD u � v is a viscosity sub-solution of the system

� @!i

@t
� A!i � QK Œj!j C jr!igj� D 0 in Œ0; T � � R

d ; (6.136)

for 1 � i � k, where QK is the Lipschitz constant of F in .r; p/.

Proof. Let ' 2 C2.Œ0; T � � R
d / and let .t0; x0/ 2 .0; T / � R

d be a strict global
maximum point of !i � ' for some 1 � i � k.

We introduce the function

 n.t; x; y/ D ui .t; x/ � vi .t; y/ � njx � yj2 � '.t; x/;

where n is devoted to tend to infinity.
Since .t0; x0/ is a strict global maximum point of ui � vi � ', by a classical

argument in the theory of viscosity solutions, there exists a sequence .tn; xn; yn/
such that:

(i) .tn; xn; yn/ is a global maximum point of  n in Œ0; T � � .BR/
2, where BR is a

ball with a large radius R;
(ii) .tn; xn/; .tn; yn/ ! .t0; x0/ as n ! 1;

(iii) njxn � ynj2 is bounded and tends to zero as n ! 1.

It follows from a variant of Lemma 6.104, see also Theorem 8.3 in the user’s guide
[18], that there exist X; Y 2 S

d such that

�
@'

@t
.tn; xn/; qn CD'.tn; xn/; X

�
2 P2;Cui .tn; xn/

.0; qn; Y / 2 P2;�vi .tn; yn/
�
X 0

0 �Y
�

� 4n

�
I �I

�I I

�
C
�
D2'.tn; xn/ 0

0 0

�
;

where

qn D 2n.xn � yn/:
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Modifying if necessary n by adding terms of the form �.x/ and �.y/with supports
in Bc

R=2, we may assume that .tn; xn; yn/ is a global maximum point of  n in

.Œ0; T � � R
d /2. Since u and v are respectively sub and super-solutions of (6.131),

we have

�@'
@t
.tn; xn/ � 1

2
Tr.a.xn/X/ � hf .xn/; qn CD'.tn; xn/i

�Fi.tn; xn; u.tn; xn/; .qn CD'.tn; xn//g.xn// � 0

and

�1
2

Tr.a.yn/Y / � hf .yn/; qni � Fi.tn; yn; v.tn; yn/; png.yn// � 0:

The computation of Lemma 6.97 yields

1

2
TrŒgg�.xn/X� � 1

2
T rŒgg�.yn/Y �C hf .xn/ � f .yn/; qni

� njxn � ynj2 C TrŒgg�.xn/D2'.tn; xn/�:

Finally, we consider the difference between the nonlinear terms

Fi.tn; xn; u.tn; xn/; .qn CD'.tn; xn//g.xn// � Fi.tn; yn; v.tn; yn/; qng.yn//
� m.jxn � ynj.1C jpng.yn/j//C QKju.tn; xn/ � v.tn; yn/j

C QKjqn.g.xn/ � g.yn//CD'.tn; xn/g.xn/j:

The first term on the right-hand side comes from (A.2 iii): we have denoted by m
the modulus mR which appears in this assumption for R large enough. The two last
terms come from the Lipschitz continuity of Fi with respect to the two last variables.

We notice that

jqn.g.xn/ � g.yn//j � Cnjxn � ynj2;

because of the Lipschitz continuity of g and that

jxn � ynj � jqng.yn/j � Cnjxn � ynj2:

Now we subtract the viscosity inequalities for u and v: thanks to the above estimates,
we can write the obtained inequality in the following way

�@'
@t
.tn; xn/ � A'.tn; xn/ � QKju.tn; xn/ � v.tn; yn/j � !1.n/;
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where we have gathered in !1.n/ all the terms of the form njxn � ynj2 and jxn �
ynj; !1.n/ ! 0 when n tends to 1. To conclude we let n ! 1. Since .tn; xn/,
.tn; yn/ ! .t0; x0/, we obtain:

�@'
@t
.t0; x0/ � A'.t0; x0/ � QKj!.t0; x0/j � QKjD'.t0; x0/g.x0/j � 0;

and therefore ! is a sub-solution of the desired equation. �

Now we are going to build suitable smooth super-solutions for the equation
(6.136).

Lemma 6.109. For any ı > 0, there exists a C1 > 0 such that the function

�.t; x/ D exp Œ.C1.T � t /C ı/ .x/�

where

 .x/ D 
log

�
.jxj2 C 1/1=2

�C 1
�2
;

satisfies

�@�
@t

� A� � QK� � QKjD�gj > 0 in Œt1; T � � R
d

for 1 � i � k where t1 D T � ı=C1.
Proof. We first estimate the termK�, the main point being its dependence in x. For
the sake of simplicity of notation, we denote below by C all the positive constants
which enter into these estimates. These constants depend only on ı and on the
bounds on the coefficients of the equations.

We first give estimates on the first and second derivatives of  : easy computa-
tions yield

jD .x/j � 2Œ .x/�1=2

.jxj2 C 1/1=2
� 4 in R

d ;

and

jD2 .x/j � C.1C Œ .x/�1=2/

jxj2 C 1
in R

d :

These estimates imply that, if t 2 Œt1; T �

jD�.t; x/j � .C1.T � t /C ı/�.t; x/jD .x/j

� C�.t; x/
Œ .x/�1=2

.jxj2 C 1/1=2
;
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and, in the same way

jD2�.t; x/j � C�.t; x/
 .x/

jxj2 C 1
:

It is worth noticing that, because of our choice of t1, the above estimates do not
depend on C1.

Since gg� and hf .x/; xi grow at most quadratically at infinity, we have

� @�

@t
.t; x/ � A�.t; x/ � QK�.t; x/ � QKjD�.t; x/g.x/j

� �

�
C1 .x/ � C .x/ � C  .x/

jxj2 C 1
� QK � C QKŒ .x/�1=2 � C QK Œ .x/�1=2

.jxj2 C 1/1=2

�
:

Since  .x/ � 1 in R
d , by using the Cauchy–Schwartz inequality, it is clear enough

that for C1 large enough the quantity in the brackets is positive and the proof is
complete. �

To conclude the proof, we are going to show that ! D u � v satisfies

j!.t; x/j � ˛�.t; x/ in Œ0; T � � R
d

for any ˛ > 0. Then we will let ˛ tend to zero.
To prove this inequality, we first remark that because of (6.132)

lim
jxj!C1

j!.t; x/je�ıŒlog..jxj2C1/1=2/�2 D �1

uniformly for t 2 Œ0; T �, for some ı > 0. From now on we choose ı in the definition
of � such that this holds. Then j!i j � ˛� is bounded from above in Œt1; T � � R

d for
any 1 � i � k and

M D max
1�i�m max

Œt1;T ��Rd
.j!i j � ˛�/.t; x/e� QK.T�t/

is attained at some point .t0; x0/ and for some i0.
We first remark that, since j � j is the sup norm in R

m, we have

M D max
Œt1;T ��Rd

.j!j � ˛�/.t; x/e� QK.T�t/

and j!i0.t0; x0/j D j!.t0; x0/j. We may assume without loss of generality that
j!i0.t0; x0/j > 0, otherwise we are done.

There are two cases: either !i0.t0; x0/ > 0 or !i0.t0; x0/ < 0. We treat the
first case, the second one is treated in a similar way since the roles of u and v
are symmetric.
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From the maximum point property, we deduce that

!i0.t; x/ � ˛�.t; x/ � .!i0 � ˛�/.t0; x0/e� QK.t�t0/

and this inequality can be interpreted as the property for the function !i0 �� to have
a global maximum point at .t0; x0/, where

�.t; x/ D ˛�.t; x/C .!i0 � ˛�/.t0; x0/e� QK.t�t0/:

Since ! is a viscosity sub-solution of (6.136), if t0 2 Œt1; T Œ, we have

�@�
@t
.t0; x0/ � A�.t0; x0/ � QKj!.t0; x0/j � QKjD�.t0; x0/g.x0/j � 0:

But the left-hand side of this inequality is nothing but

˛

�
�@�
@t
.t0; x0/ � A�.t0; x0/ � QK�.t0; x0/ � QKjD�.t0; x0/g.x0/j

�
;

since !i0.t0; x0/ D j!.t0; x0/j; so, by Lemma 6.109, we have a contradiction.
Therefore t0 D T and since j!.T; x/j D 0, we have

j!.t; x/j � ˛�.t; x/ � 0 in Œt1; T � � R
d :

Letting ˛ tend to zero, we obtain

j!.t; x/j D 0 in Œt1; T � � R
d :

Applying successively the same argument on the intervals Œt2; t1� where t2 D
.t1 � ı=C1/

C and then, if t2 > 0, on Œt3; t2� where t3 D .t2 � ı=C1/
C : : : etc, we

finally obtain that

j!.t; x/j D 0 in Œ0; T � � R
d

and the proof is complete.

6.5.4 A Third Uniqueness Result

Let D be an open connected bounded subset of Rd of the form

D D ˚
x 2 R

d W � .x/ < 0� ; Bd .D/ D ˚
x 2 R

d W � .x/ D 0
�
;

where � 2 C3
b

�
R
d
�
, jr� .x/j D 1, for all x 2 Bd .D/.
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We define the outward normal derivative of v at the point x 2 Bd .D/ by

@v .x/

@n
D

dX
jD1

@� .x/

@xj

@v .x/

@xj
D hr� .x/ ;rv .x/i :

The aim of this section is to prove uniqueness of a viscosity solution for the
following parabolic variational inequality (PVI) with a mixed nonlinear multivalued
Neumann–Dirichlet boundary condition:

8
ˆ̂̂̂
<̂
ˆ̂̂̂
:̂

@u.t; x/

@t
� Atu .t; x/C @' .u.t; x// 3 F .t; x; u.t; x/; .rug/.t; x// ;

t > 0; x 2 D;
@u.t; x/

@n
C @ .u.t; x// 3 G .t; x; u.t; x// ; t > 0; x 2 Bd .D/ ;

u.0; x/ D �.x/; x 2 D;

(6.137)

where the operator At is given by

At v.x/ D 1

2
Tr

g.t; x/g�.t; x/D2v.x/

�C ˝
f .t; x/;rv.x/˛:

We will make the following assumptions:

(I) The functions

f W Œ0;1/ � R
d ! R

d ;

g W Œ0;1/ � R
d ! R

d�d ;
F W Œ0;1/ �D � R � R

d ! R;

G W Œ0;1/ � Bd .D/ � R ! R;

� W D ! R

(6.138)

are continuous.
We assume that for all T > 0, there exist ˛ 2 R and L; ˇ; 
 � 0 (which can

depend on T ) such that 8t 2 Œ0; T � ; 8x; Qx 2 R
d :

hf .t; x/�f .t; Qx/ ; x � Qx
jx � Qxj i

C C ˇ̌g .t; x/�g .t; Qx/ ˇ̌ � L jx � Qxj ; (6.139)

and 8t 2 Œ0; T �, 8x 2 D , x0 2 Bd .D/, y; Qy 2 R; z; Qz 2 R
d :

.i/ .y � Qy/ .F.t; x; y; z/ � F.t; x; Qy; z// � ˛jy � Qyj2;
.ii/

ˇ̌
F.t; x; y; z/ � F.t; x; y; Qz/ˇ̌ � ˇjz � Qzj;

.iii/
ˇ̌
F.t; x; y; 0/

ˇ̌ � 

�
1C jyj�;

.iv/ .y � Qy/ .G.t; x0; y/ �G.t; x0; Qy// � ˛jy � Qyj2;
.v/

ˇ̌
G.t; x0; y/

ˇ̌ � 
 .1C jyj/ :

(6.140)
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In fact, the conditions (6.140-i ) and (6.140-iv) mean that, for all t 2 Œ0; T �,
x 2 D, x0 2 Bd .D/, z 2 R

d ,

r 7! ˛y � F .t; x; ry; z/ and r 7! ˛r �G �t; x0; r
�

are increasing functions.
(II) We assume that

.i/ ';  W R ! .�1;C1� are proper convex l.s.c. functions,
.ii/ ' .y/ � ' .0/ D 0 and  .y/ �  .0/ D 0; 8 y 2 R;

(6.141)

and there exists a positive constant M such that

.i/
ˇ̌
ˇ'��.x/�

ˇ̌
ˇ � M; 8x 2 D;

.ii/
ˇ̌
ˇ ��.x/�

ˇ̌
ˇ � M; 8x 2 Bd .D/ :

(6.142)

Remark 6.110. Condition (6.141-ii) is generally satisfied after a translation of both
the functions ',  and their arguments.

We define

Dom .'/ D fu 2 R W ' .u/ < 1g ;
@' .u/ D fOu 2 R W Ou .v � u/C ' .u/ � ' .v/ ;8v 2 Rg ;
Dom .@'/ D fu 2 R W @' .u/ ¤ ;g ;
.u; Ou/ 2 @' , u 2 Dom@'; Ou 2 @' .u/

and we will use the same notions with ' replaced by  .
At every point y 2 Dom .'/ we have

@'.y/ D R \ 
'0�.y/; '0C.y/

�
;

where '0�.y/ and '0C.y/ are resp. the left and right derivatives of ' at y.
For the reader’s convenience we recall here from Sect. 5.8 the definition of a

viscosity solution of the parabolic variational inequality (6.137). We define

ˆ.t; x; r; q; X/ WD �1
2

Tr
�
.gg�/.t; x/X

� � hf .t; x/; qi � F .t; x; r; qg.t; x// ;

�.t; x; r; q/ WD hr�.x/; qi �G.t; x; r/:

Definition 6.111. Let u W Œ0;1/�D ! R be a continuous function, which satisfies
u.0; x/ D � .x/ ; 8 x 2 D.
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(a) u is a viscosity sub-solution of (6.137) if:

ˇ̌
ˇ̌ u.t; x/ 2 Dom .'/ ; 8.t; x/ 2 .0;1/ �D;

u.t; x/ 2 Dom . / ; 8.t; x/ 2 .0;1/ � Bd .D/ ;

and for any .t; x/ 2 .0;1/ �D, any .p; q;X/ 2 P2;Cu.t; x/:

8̂
<̂
ˆ̂:

p Cˆ.t; x; u.t; x/; q; X/C '0

�
.u.t; x// � 0 if x 2 D;

min
n
p Cˆ.t; x; u.t; x/; q; X/C '0

�
.u.t; x// ;

�.t; x; u.t; x/; q/C  0

�
.u.t; x//

o
� 0 if x 2 Bd .D/ :

(6.143)

(b) The viscosity super-solution of (6.137) is defined in a similar manner as above,
with P2;C replaced by P2;�, the left derivative replaced by the right derivative,
min by max, and the inequalities � by �.

(c) A continuous function u W Œ0;1/ � D is a viscosity solution of (6.137) if it is
both a viscosity sub- and super-solution.

We now present the main result of this section.

Theorem 6.112. Let the assumptions (6.138)–(6.142) be satisfied. If moreover the
function

r ! G.t; x; r/ is decreasing for all t � 0, x 2 Bd .D/ ; (6.144)

and there exists a continuous function m W Œ0;1/ ! Œ0;1/, m .0/ D 0, such that

ˇ̌
F.t; x; r; q/ � F.t; y; r; q/ˇ̌ � m .jx � yj .1C jqj// ;

8 t � 0; x; y 2 D; q 2 R
d ;

(6.145)

then the parabolic variational inequality (6.137) has at most one viscosity solution.

Proof. It is sufficient to prove uniqueness on a fixed arbitrary interval Œ0; T �.
Also, it suffices to prove that if u is a sub-solution and v is a super-solution such

that u.0; x/ D v.0; x/ D � .x/, x 2 D, then u � v.
Clearly by adding a constant we may assume that �.x/ � 0 on D.
For � D ˛C C 1 and ı; "; c > 0 let

Nu .t; x/ D e��tu .t; x/ � ı�.x/ � c
Nv .t; x/ D e��tv .t; x/C ı�.x/C c C "

T � t :
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Let

Q̂ .t; x; r; q; X/ D �r � 1

2
Tr

.gg�/ .t; x/X

� � ˝
f .t; x/; q

˛

�e��tF
�
t; x; e�t r; e�tqg .t; x/

�
;

Q�.t; x; r; q/ D hr�.x/; qi � e��tG.t; x; e�t r/:
(6.146)

Clearly r ! Q̂ .t; x; r; q; X/ is an increasing function for all .t; x; q;X/ 2 Œ0; T � �
R
d � R

d � S
d . Moreover, since

sup
.t;x/2Œ0;T ��D

˚j� .x/ j C jD� .x/ j C jD2� .x/ j C jf .t; x/j C jg.t; x/j� < 1;

then for any ı > 0, we can choose c D c .ı/ > 0 such that c.ı/ ! 0 as ı ! 0 and
for all ı, " > 0,

Q̂ .t; x; r; q; X/ � Q̂ .t; x; r C ı� C c; q C ıD�;X C ıD2�/;

Q̂ .t; x; r � ı� � c � "

T � t ; q � ıD�;X � ıD2�/ � Q̂ .t; x; r; q; X/ :

We will prove that Nu � Nv for all ı > 0, " > 0, c D c.ı/. This will imply u � v on
Œ0; T / �D by letting ı; " ! 0. The result will follow, since T is arbitrary.

Using the two last properties, assumption (6.144) and the fact that the left and
right derivative of ' and  are increasing we infer that Nu satisfies in the viscosity
sense:
8̂
ˆ̂̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂̂
ˆ̂̂:

@Nu
@t
.t; x/C Q̂ �t; x; Nu.t; x/;D Nu.t; x/;D2 Nu .t; x/�C e��t'0�

�
e�t Nu.t; x/� � 0

if x 2 D; t > 0
min

�
@Nu
@t
.t; x/C Q̂ �t; x; Nu.t; x/;D Nu.t; x/;D2 Nu.t; x/�C e��t'0�

�
e�t Nu.t; x/�;

Q� .t; x; Nu.t; x/;D Nu.t; x//C ı C e��t 0�
�
e�t Nu.t; x/�

�
� 0

if x 2 Bd .D/ ; t > 0:
(6.147)

Analogously we see that Nv satisfies in the viscosity sense:

8̂
ˆ̂̂̂
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂̂
ˆ̂̂̂
:

@ Nv
@t
.t; x/C Q̂ �t; x; Nv.t; x/;D Nv.t; x/;D2 Nv.t; x/�

Ce��t'0C
�
e�t Nv.t; x/� � "

.T � t /2 � 0; if x 2 D; t > 0;

max

�
@ Nv
@t
.t; x/C Q̂ �t; x; Nv.t; x/;D Nv.t; x/;D2 Nv.t; x/�C e��t'0C

�
e�t Nv.t; x/�

� "

.T � t /2 ;
Q� .t; x; Nv.t; x/;D Nv.t; x// � ı C e��t 0C

�
e�t Nv.t; x/�

�
� 0

if x 2 Bd .D/ ; t > 0:
(6.148)
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For simplicity of notation we write from now on u; v instead of Nu; Nv respectively.
We now assume that

max
Œ0;T ��D

.u � v/C > 0: (6.149)

By an argument similar to that of Theorem 6.103, see Theorem 4.2 in [56] for more
details, there exists .Ot ; Ox/ 2 .0; T � � Bd .D/ such that

u.Ot ; Ox/ � v.Ot ; Ox/ D max
Œ0;T ��D

.u � v/C > 0:

We now let

 n .t; x; y/ D u .t; x/ � v .t; y/ � �n .t; x; y/ , with .t; x; y/ 2 Œ0; T � �D �D;

where

�n .t; x; y/ D n

2
jx � yj2 C e��OtG

�Ot ; Ox; e�Otu.Ot ; Ox/�˝r� . Ox/ ; x � y˛C jx � Oxj4

Cjt � Ot j4 � e�Ot 0�
�
e��Otu.Ot ; Ox/�˝r� . Ox/ ; x � y˛:

(6.150)
Let .tn; xn; yn/ be a maximum point of  n.

We observe that u .t; x/ � v .t; x/ � jx � Oxj4 � jt � Ot j4 has .Ot ; Ox/ as its unique
maximum point. Then, by Lemma 6.101, we have that as n ! 1

tn ! Ot ; xn ! Ox; yn ! Ox; n jxn � ynj2 ! 0;

u .tn; xn/ ! u.Ot ; Ox/; v .tn; xn/ ! v.Ot ; Ox/: (6.151)

But the domain D satisfies the uniform exterior sphere condition:

9 r0 > 0 such that S
�
x C r0r� .x/ ; r0

� \D D ; ; for all x 2 Bd .D/ ;

where S .x; r0/ denotes the closed ball of radius r0 centered at x.
Then

ˇ̌
y � x � r0r� .x/

ˇ̌2
> r20 , for x 2 Bd .D/ , y 2 D;

or equivalently

˝r� .x/ ; y � x˛ < 1

2r0
jy � xj2 for x 2 Bd .D/ , y 2 D: (6.152)
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If xn 2 Bd .D/, we have, using the form of �n given by (6.150) and (6.152), that

Q��tn; xn; u .tn; xn/ ;Dx�n .tn; xn; yn/
� D Q�

	
tn; xn; u .tn; xn/ ; n .xn � yn/

C e��OtG
�Ot ; Ox; e�Otu.Ot ; Ox/�r� . Ox/C 4 jxn � Oxj2 .xn � Ox/

� e��Ot 0�
�
e�

Otu.Ot ; Ox/�r� . Ox/



� � n

2r0
jxn � ynj2 C e��OtG

�Ot ; Ox; e�Otu.Ot ; Ox/�˝r� . Ox/ ;r� .xn/
˛

� e��tnG
�
tn; xn; e

�tnu .tn; xn/
�C 4 jxn � Oxj2 ˝r� .xn/ ; xn � Ox˛

� e��Ot 0�
�
e�

Otu.Ot ; Ox/�˝r� . Ox/ ;r� .xn/
˛
:

Then (6.151) and the lower semicontinuity property of  0� implies that along a
subsequence fxng which belongs to @D:

lim inf
n!1

h Q� .tn; xn; u .tn; xn/ ;Dx�n .tn; xn; yn//Cı C e��tn 0�
�
e�tnu.tn; xn/

� i
> 0:

(6.153)

Analogously if yn 2 @D we infer

lim sup
n!1

hQ� �tn; yn; v .tn; yn/ ;�Dy�n .tn; xn; yn/
��ıCe��tn 0C

�
e�tnv.tn; xn/

�i
< 0:

(6.154)

From Lemma 6.104 we deduce that there exists

.p;X; Y / 2 R � S
d � S

d ;

such that

�
p;Dx�n .tn; xn; yn/ ; X

� 2 P2;C
u.tn; xn/;�

p;�Dy�n .tn; xn; yn/ ; Y
� 2 P2;�

v.tn; yn/;

and

�
X 0

0 �Y
�

� AC 1

n
A2; (6.155)
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where A D D2
x;y�n .tn; xn; yn/. From (6.150) we have

A D n

�
I �I

�I I

�
CO

� jxn � Oxj2 �;

A2 D 2n2
�
I �I

�I I

�
CO

�
n jxn � Oxj2 C jxn � Oxj4 �:

Then (6.155) becomes

�
X 0

0 �Y
�

� 3n

�
I �I

�I I

�
C ın

�
I 0

0 I

�
; (6.156)

where ın ! 0.
Then from (6.147), (6.148) together with (6.154) and (6.153), we deduce that for

n large enough

p C Q̂ �tn; xn; u .tn; xn/ ;Dx�n .tn; xn; yn/ ; X
�C e��tn'0�

�
e�tnu.tn; xn/

� � 0;

and

p C Q̂ �tn; yn; v .tn; yn/ ;�Dy�n .tn; xn; yn/ ; Y
�C e��tn'0C

�
e�tnv.tn; yn/

�

� "

.T � tn/2 :

Subtracting the last two inequalities, we deduce that

"

.T � tn/2
� Q̂ �tn; yn; v .tn; yn/ ;�Dy�n .tn; xn; yn/ ; Y

�C e��tn'0C
�
e�tnv.tn; yn/

�
� Q̂ �tn; xn; u .tn; xn/ ;Dx�n .tn; xn; yn/ ; X

� � e��tn'0�
�
e�tnu.tn; xn/

�
:

(6.157)

By (6.149) and (6.151) there exists an N � 1 such that for all n � N , the above
holds together with

u.tn; xn/ > v.tn; yn/; (6.158)

and consequently

e��tn'0�
�
e�tnu.tn; xn/

� � e��tn'0C
�
e�tnv.tn; yn/

�
:
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Combining this with (6.157), we deduce that

"

.T � tn/2 � Q̂ �tn; yn; v .tn; yn/ ;�Dy�n .tn; xn; yn/ ; Y
�

� Q̂ .tn; xn; u .tn; xn/ ;Dx�n .tn; xn; yn/ ; X/

� 1

2
Tr

.gg�/ .tn; xn/X � .gg�/ .tn; yn/Y

�C Cnjxn � ynj2 C !n;

where !n ! 0 as n ! 1. Note that we have used the assump-
tion (6.145), (6.151), (6.158), the fact that r ! �r � F.t; x; r; z/ is increasing,
and the Lipschitz continuity of F with respect to its last variable.

From (6.156), 8 q; Qq 2 R
d ,

hXq; qi � hY Qq; Qqi � 3n jq � Qqj2 C � jqj2 C j Qqj2 �ın:

Hence by the same computation as in Lemma 6.97 we obtain

Tr
 �

gg�� .tn; xn/X � �
gg�� .tn; yn/Y

�

� 3C n jxn � ynj2 C � jg.tn; xn/j2 C jg.tn; yn/j2
�
ın;

and consequently taking the limit in the above set of inequalities yields

"

.T � Ot /2 � 0;

which is a contradiction.
Then

u .t; x/ � v .t; x/ ; 8 .t; x/ 2 Œ0; T � �D:

�

6.6 Annex E: Hints for Some Exercises

Chapter 1
Exercise 1.7
By Proposition 1.34 we have

E .g .BT / jFt / D E

�
g

�
BT � Btp
T � t

p
T � t C Bt

�
jFt

�

D
Z

R

g
	
x

p
T � t C Bt



� .x/ dx:

Setting here g .u/ D 1.�1;a� .u/, the second assertion follows.
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Exercise 1.15: Let N > 0 and a sequence "n & 0 as n ! 1. Then

P

�
lim sup
n!C1

jBtC"n � Bt j
"n

> N

�
D P

	\
n�1 #

	[
k�n

�jBtC"k � Bt j > N"k
�



D lim
n!1P

	[
k�n

�jBtC"k � Bt j > N"k
�


� lim inf
n!C1P .jBtC"n � Bt j > N"n/

D lim inf
n!C1P

�jB1j > Np
"n
�

D P .jB1j > 0/
D 1:

Exercise 1.16: Let us write S.p/n D S
.p/

�n
.B�I Œs; t �/. The results are consequences

of the following inequalities (see Proposition 1.86 for the first one) combined with
Proposition 1.14 and Proposition 1.7:

E

h
S.2/n � .t � s/

i2 D Var
	
S.2/n



� 2 k�nk .t � s/

and

S
.p/

�n
� S

.2/
�n

� .mB .k�nk//p�2 ; for p > 2; and

S
.2/
�n

� S
.p/

�n
� .mB .k�nk//2�p ; for 1 � p < 2;

where

mB .ı/ D sup fjBu � Bvj W u; v 2 Œs; t � ; ju � vj � ıg ;

is the modulus of continuity of fBu W u 2 Œs; t �g.

Exercise 1.17: Applying the inequality (1.25) with ˛ D 1
2

� "
2

and p D 2

"
, we

deduce that for all s; t 2 Œ0; T �

jXt .!/ �Xs .!/j � � .!/ T " jt � sj 12�" ;

where

� .!/ D �";T .!/ D

8̂
<
:̂

0; if T D 0;

C"

T "

 Z T

0

Z T

0

jBu .!/ � Br .!/j 2"
ju � r j 1"

dudr

! "
2

; if T > 0:



648 6 Annexes

Let 1 � q � 2
"

� p. By Lyapunov’s inequality and Minkowski’s inequality (1.24)
from Exercise 1.2 we obtain

k�kLq.�;F ;P/ � k�kLp.�;F ;P/

D C"

T "

�����
Z T

0

Z T

0

jBu � Br j 2"
ju � r j 1"

dudr

�����

"
2

L"p=2.�;F ;P/

� C"

T "

0
B@
Z T

0

Z T

0

���jBu � Br j 2"
���
L"p=2.�;F ;P/

ju � r j 1"
dudr

1
CA

"
2

D C";p;

since
���jBu � Br j 2"

���
L"p=2.�;F ;P/

D �
E jBu � Br jp

� 2
"p

D
	
Cp ju � r jp=2


 2
"p
:

Exercise 1.19: Deduce from the proof of Theorem 1.40 that for any 0 < ı < b=a,
there exists a constant K D K.M; T; a; b; ı/ such that for all "; � > 0,

P .mXn ."I Œ0; T �/ � �/ � 1

�a
E
�
ma
Xn ."I Œ0; T �/

� � K

�a
"b�aı

and conclude that (ii) in Theorem 1.46 is satisfied.
Exercise 1.20 .2/ By Lemma 1.73 and Proposition 1.65, we infer that

.U
.�/
t /t2Œ0;T � and .Z.�/

t /t2Œ0;T � are continuous martingales.
.3/ Let the stopping time �n D inf ft � 0 W jMt j C < M >t� ng. Thenn

Z
.�/
t^�n I t � 0

o
is a martingale and for all 0 � s � t

E
FsZ

.�/
t � lim inf

n!C1E
FsZ

.�/
t^�n D lim inf

n!C1Z
.�/
s^�n D Z.�/

s :

.5/ By Proposition 1.59 with ' .x/ D eax ,
˚
eaMt^� I t � 0

�
is a sub-martingale

and the inequality follows by Doob’s inequality (Theorem 1.60) and Hölder’s
inequality.

.6/ The inequality yields that
n
Z
.�/

t^�n In 2 N
�
o

is uniformly integrable and

consequently E Z
.�/
t D limn!1 EZ

.�/

t^�n D 1.
.7/ In the inequality from .6/ with A D �, one passes to the limit as n ! 1

and then � % 1.
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.8/ We have E

	
e
1
2MT



D E

	p
ZT e

1
4<M>T



� .E ZT /

2
E

	
e
1
2<M>T



�

E

	
e
1
2<M>T



< 1.

Chapter 2
Exercise 2.1: .(/: From the theory of the Riemann–Stieltjes integral we know

that if g 2 BV Œ0; T �, then Sn .f / converges (to the Riemann–Stieltjes integralR T
0
f .t/ dg .t/).

.)/: Let Sn .f / be convergent for all f 2 C Œ0; T �. Then Sn W C Œ0; T � ! R is a
bounded linear operator such that

sup
n�1

jSn .f /j < 1;

and by the Banach–Steinhauss Theorem

sup
n�1

kSnk D M < 1;

where kSnk D sup fjSn .f /j W jjjf jjjT � 1g. For a fixed n we can construct hn 2
C Œ0; T � such that hn

�
tni
� D sign

˚
g
�
tniC1

� � g �tni
��

and jjjhnjjjT D 1. Hence

n�1X
iD0

ˇ̌
g
�
tniC1

� � g �tni
�ˇ̌ D Sn .hn/ � kSnk � M;

and as a consequence g is of finite variation.

Note (Banach–Steinhauss Theorem). Let X be a Banach space and let Y be a
normed linear space. Let Si W X ! Y; i 2 I , be a family of bounded linear
operators. If for each x 2 X the set fSi .x/ W i 2 I g is bounded then the set
fkSik W i 2 I g is bounded.

Remark: This is not a contradiction since the subsequence fnkg depends on f .
Exercise 2.3: If E is the linear subspace of L2.RC/ consisting of those functions

f of the form:

f D
n�1X
iD0

ai1Œti ;tiC1Œ; n 2 N
�I 0 D t0 < t1 < � � � < tnI ai 2 R; i � n;

then HŒB� is the closure of fB.f /; f 2 Eg, which coincides with fB.f /; f 2
L2.RC/g. Moreover the set fBt D B.1Œ0;t �/; t > 0g is total in HŒB�.

Exercise 2.4: Let s 2 Œ0; T �. We have

E

��Z T

0

f .t/ dBt C
Z T

0

f 0.t/Bt dt

�
Bs

�
D
Z s

0

f .t/ dt C
Z T

0

f 0.t/.s ^ t / dt

D f .T /s:
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Since EjBt j D
q

2t


, it follows that
R1
0

jf 0.t/jjBt j dt < 1 a:s:, and

Z 1

0

f 2.t/ dt D
Z 1

0

�Z 1

0

1Œt;1Œ .u/ f
0.u/ du

Z 1

0

1Œt;1Œ .v/ f
0.v/ dv

�
dt

�
Z 1

0

Z 1

0

.u ^ v/jf 0.u/jjf 0.v/j du dv

�
Z 1

0

Z 1

0

p
uvjf 0.u/jjf 0.v/j du dv

D
�Z 1

0

p
ujf 0.u/j du

�2
< 1:

Exercise 2.5: Note that

g0 .x/ D 30 .x � 1/2 .2 � x/2 � 0 and g00 .x/ D 60 .x � 1/ .2 � x/ .3 � 2x/ :

and for x 2 Œ1; 2�

0 � .x � 1/ .2 � x/ �
�
x � 1C 2 � x

2

�2
D 1

4
;

and therefore for all x 2 Œ1; 2�,

0 � g0 .x/ � 2;
ˇ̌
g00 .x/

ˇ̌ � 15:

The relation (2.67) follows by taking the limit as " ! 0 in Itô’s formula for '" .Xt /.
Chapter 3
Exercise 3.1: Consider the equation

Xt D � C R t
0
F .s; Xs/ ds

C
Z t

0

�
�	 .s/ � mp

2
`2 .s/ � a

p

�
Xsds C R t

0
G .s; Xs/ dBs .

(6.159)

By Theorem 3.27, it has a unique solution X 2 S0d and from the inequality (3.18)
we clearly have (3.131)

Ut D
�

�	 .t/ � mp

2
`2 .t/ � a

p

�
Xt ; (6.160)

where X 2 S0d is the solution of the Eq. (6.159). The inequality (3.132) shows us

that Yt D eat jXt jp
.1CıjXt j2/p=2

is a super-martingale and then (3.134).
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Exercise 3.3: First deduce the following from the stochastic Gronwall inequali-
ties (Annex C)

E sup
t2Œ0;T �

jX"
t �Xt jp � CpE

�Z T

0

jF" .r; Xr/ � F .r;Xr/j dr

�p
eCp

R t
0 Œ	C.r/C`2.r/�dr:

Exercise 3.9: .1i/ We clearly have

E exp
	
C jx C Bt jb



D 1

.2/d=2

Z

Rd

exp

 
C
ˇ̌
ˇx C p

tu
ˇ̌
ˇ
b � juj2

2

!
du < 1;

for all C; t � 0 if and only if 0 � b < 2.
.1ii/ If 0 � a < 2, then by Jensen’s inequality

E exp

�
C

Z t

0

jx C Bsja ds

�
� 1

t

Z t

0

E exp
�
Ct jx C Bsja

�
ds < 1:

If �1 < a < 0, then by Corollary 2.30 we have

jx C Bt jaC2 D .aC 2/

Z t

0

jxCBsja hxCBs; dBsiC .aC2/ .aC1/
2

Z t

0

jx C Bsja ds:

Hence by (2.62-b)

E exp

�
C

Z t

0

jx C Bsja ds

�

�
h
E exp

	
C1 jx C Bt jaC2
i1=2

�
E exp

�
C2

Z t

0

jx C Bsja hx C Bs; dBsi
��1=2

�
h
E exp

	
C1 jx C Bt jaC2
i1=2

�
E exp

�
2C2

Z t

0

jx C Bsj2aC2 ds

��1=2

< 1:

.1iii/

E
˚
exp


C log2 .jx C Bt j/

��

�
Z
Œ0;1�k

eC log2juj 1

.2t/k=2
e�ju�xj2=2tdu

� 1

.2t/k=2
e�.kCjxj/2=2t

Z
Œ0;1�k

e
C
4 log2.u21C���Cu2k/du1 : : : duk
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� Ck;t;x

Z 1

0

eC log2 u1du1

D Ck;t;x

Z 1

0

eCy
2

e�ydy

D 1:

.1iv/ Observe that for every ˛ 2�0; 1Œ, there exists a C˛ > 0 such that

log2 jxj � C˛ C jxj C jxj�˛

and consequently .iii/ follows from .ii/.
.2/. Existence follows in both cases from Lemma 2.49 and Girsanov’s Theo-

rem 2.51. Uniqueness in law on
�
�;Fn^ QTn

�
(resp.

	
�;Fn^ OTn



) follows again from

Girsanov’s Theorem, where

QTn D inf

�
t > 0 W

Z t

0

jg .Xs/j2 log2.jXsj/ds > n

�
;

OTn D inf

�
t > 0 W

Z t

0

jg .Xs/j2 jXsjads > n

�
:

It remains to note that QTn ! 1, OTn ! 1, as n ! 1.
Exercise 3.10 The function F W R ! R, F .x/ D f .x/

pjxjsign .x/ is locally
monotone and xF .x/ � 0, but it is not locally Lipschitz.

Chapter 4
Exercise 4.1

1. The existence and the uniqueness of the solution Xn 2 S2 Œ0; T � follows from
Theorem 3.17; by the comparison result from Proposition 3.12 we haveXnC1

t �
Xn
t , for all t 2 Œ0; T �, P-a:s:

2. Let L and ` be the Lipschitz constants of f and, respectively, g. We have

Xn
t � 1 D .x � 1/C

Z t

0

dKn
s C

Z t

0

g.Xn
s /dBs;

with dKn
s D 

f .Xn
s /C n.Xn

s /
�� ds and Gn

s D g.Xn
s /. Since

dDn
t C �

Xn
t � 1� dKn

t C jGn
t j2 dt � dRt C jXn

t � 1j2 dV t ;

whereDn
t D n

Z t

0


.Xn

s /
��2 dsCn

Z t

0

.Xn
s /

�ds,RtD
�
1

2
jf .1/j2 C2 jg .1/j2

�
t

and VtD
�
LC 1

2
C 2`2

�
t , it follows by (6.78) (with p D 2 and � D 1=18)

that
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E sup
t2Œ0;T �

jXn
t � 1j2 C E

�Z T

0

n

.Xn

t /
��2 dt

�
C E

�Z T

0

n.Xn
t /

�dt

�
� C2:

3. Since, moreover,
�
Xn
t

�� � �
XnC1
t

��
for all t 2 Œ0; T �, P-a.s., it follows that

limn!1
�
Xn
t

�� D 0, dP ˝ dt � a:e. By Itô’s formula for
�
Xn
t

���2
(see

Proposition 2.35), we deduce E sup
0�t�T

j �Xn
t

�� j2 ! 0, as n ! 1.

4. Since

�
Xn
t �Xm

t

� 
f
�
Xn
t

� � f �Xm
t

�C n.Xn
t /

� �m.Xm
t /

�� dt

C ˇ̌
g
�
Xn
t

� � g �Xm
t

�ˇ̌2
dt

� .nCm/

.Xn

t /
�.Xm

t /
�� dt C �

LC `2
� jXn

t �Xm
t j dt;

we see, by (3.138), that

E sup
t2Œ0;T �

jXn
t �Xm

t j2 � CE

Z T

0

.nCm/

.Xn

t /
�.Xm

t /
�� dt

� CE

 
E sup
t2Œ0;T �


.Xm

t /
��2

!1=2 "
E

�Z T

0

n.Xn
t /

�dt

�2#1=2

CCE

 
E sup
t2Œ0;T �


.Xn

t /
��2

!1=2 "
E

�Z T

0

m.Xm
t /

�dt

�2#1=2

! 0; as n;m ! 1:

9. It is sufficient to prove that the SDE

Xt D x C
Z t

0

.f .Xs/C Œf .0/�� 1XsD0/ ds C
Z t

0

g .Xs/ dBs

has a unique positive solution X 2 S2 Œ0; T �. The uniqueness of positive
solutions follows from

	
Xs � OXs


 h
f .Xs/C Œf .0/�� 1XsD0 � f

	 OXs



� Œf .0/�� 1 OXsD0
i

C
ˇ̌
ˇg .Xs/ � g

	 OXs

ˇ̌
ˇ
2

� �
LC `2

� ˇ̌ˇXs � OXs
ˇ̌
ˇ
2

and Corollary 6.77. The existence of a positive solution follows from the
approximating equation
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X"
t D x C

Z t

0

"
f
�
X"
s

�C Œf .0/��
�
1 � jX"

s j
"

�C#
ds C

Z t

0

g
�
X"
s

�
dBs :

Note that QX" D 0 is the unique solution of the SDE

QX"
t D 0C

Z t

0

2
4f � QX"

s

� � f .0/
 
1 �

ˇ̌ QX"
s

ˇ̌

"

!C3
5 ds C

Z t

0

g
� QX"

s

�
dBs;

and f .0/C Œf .0/��
	
1 � j0j

"


C � 0, which yields (by Proposition 3.12)X"
t �

0.
10. By Remark 2.27 we have for all t � 0,

0 D
Z t

0

1XsDyg2 .Xs/ ds D g2 .y/

Z t

0

1XsDyds:

Exercise 4.2: On each interval Ini the equations from the schema (4.149) have
unique adapted solutions Un, V n and Y n, respectively; Un is absolutely continuous;

Hn� D F1.�; U n� / � d

dt
U � 2 L1.���0; T Œ/. Let Kn

t D
Z t

0

Hn
s ds. To prove (4.150)

the steps are:

1. E

	
jUn
t j4 C jV n

t j4 C jY nt j4 C jXn
t j4 C lKnl2t



� C

�
1C EjH0j4

� I
2. E sup

t2Œ0;T �
jV n
t � Un

t j4 � C

n3

�
1C EjH0j4

� I

3. E sup
t2Œ0;T �

jY nt � Un
t j4 C E sup

t2Œ0;T �
jXn

t � Un
t j4 � C

n

�
1C EjH0j4

� I

4. E sup
t2Œ0;T �

jY nt � Un
t j2 � Cp

n

�
1C EjH0j4

� I
5. Let t 2 Ini . By Itô’s formula for jY nt �Xt j2 and the above estimates we obtain

(4.150).

Exercise 4.3: In the same manner as the estimate from Proposition 4.8 is
obtained, we derive using Proposition 6.74 the boundedness of approximating
quantities. Then estimating, via the same Proposition 4.8, X" � Xand OX" � Xand
using Proposition 6.9 the convergence results follow.

Exercise 4.4: For the first four questions, choose the control in feedback form as
follows:

Us D �
�
	 .s/C 1

2
mp`

2 .s/C a

p

�
.Xs � x0/ :

For the last question, choose
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QUt D �
�
	 .s/C

�
1

2
mp C 9p�

�
`2 .s/C a

p

� � QXs � x0
�
:

Exercise 4.5: The equivalence follows easily from Example 4.79.
Exercise 4.6: 1&2 Let Ox 2 ˘E .x/ and Oy 2 ˘E .y/. Then

d2K.x/ � d2K.y/ � jx � Oyj2 � jy � Oyj2

D jx � yj2 C 2 hx � y; y � Oyi
� jx � yj .jx � yj C 2 jy � aj/ :

3: Let 0 < � < 1 and x; y 2 R
d . Put z D �x C .1 � �/y. Then there exists a

Oz 2 E such that dK.z/ D kz � Ozk. Hence

jzj2 � d2K.z/ D jzj2 � jz � Ozj2

D 2 hz; Ozi � jOzj2

D �
	
2 hx; Ozi � jOzj2



C .1 � �/

	
2 hy; Ozi � jOzj2




D �.jxj2 � jx � Ozj2/C .1 � �/.jyj2 � jy � Ozj2/
� �.jxj2 � d2E.x//C .1 � �/.jyj2 � d2E.y//:

4: According to Alexandrov’s Theorem (1939),1 the function x 7! jxj2 � d2K.x/

is almost everywhere twice differentiable, consequently so is x 7! d2K.x/.
Chapter 5
Exercise 5.1
Let p � 2, ı � 0 and the Banach space

V
ı;p

m;k .0; T /
defD ˚

.Y;Z/ 2 S0m Œ0; T � ��0
m�k .0; T / W k.Y;Z/kıV < 1�

;

where

k.Y;Z/kpıV
defD E sup

s2Œ0;T �
eıpVs jYsjp C E

�Z T

0

e2ıVs jYsj2 LsdQs

�p=2

CE

�Z T

0

e2ıVs jZsj2 ds

�p=2
;

and the complete metric space V
p

m;k .0; T / D T
ı�0 V

ı;p

m;k .0; T /.

1Alexandrov, Alexandr Danilovich (1939) The existence almost everywhere of the second differen-
tial of a convex function and some associated properties of convex surfaces. (in Russian), Ucenye
Zapiski Leningrad. Gos. Univ. Ser. Math. Vol. 37, N. 6, pp. 3–35.
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Using Lemma 6.58 we show that the mapping � W Vpm;k .0; T / ! V
p

m;k .0; T /

given by

8<
:
.Y;Z/ D � .X;U /

Yt D �C
Z T

t

ˆ .s; Xs; Us/ dQs �
Z T

t

ZsdBs

has a unique fixed point in V
p

m;k .0; T /. First � is well defined because by
Corollary 2.45 E supt2Œ0;T � epıVt jYt jp < 1 and by the inequality

jYsj2 LsdQs C hYs;ˆ .s;Xs; Us/i dQs

� 1
4.ı�1/ jXsj2 LsdQs C 1

2ı
jUsj2 ds C jYsj jˆ.s; 0; 0/j dQs C jYsj2 ıdVs; 8ı > 1

and Proposition 5.2 we get k.Y;Z/kpıV < 1 for all ı > 1.
From the inequality

jYs � Y 0
s j2 LsdQs C ˝

Ys � Y 0
s ; ˆ .s; Xs; Us/ �ˆ �s; X 0

s; U
0
s

�˛
dQs

� 1
2ı

jUs � U 0
s j2 ds C 1

4.ı�1/ jXs �X 0
sj2 LsdQs C jYs � Y 0

s j2 ıdVs; 8ı > 1

and Proposition 5.2 we obtain

���Y � Y 0; Z �Z0���p
ıV

� Cp

.ı � 1/p=2
��.X;U / � �

X 0; U 0���p
ıV
; 8ı > 1

which tells us there exists a ı0 > 1 such that � is a strict contraction on	
V
p

m;k .0; T / ; k � kıV



, for all ı � ı0, and consequently, by Lemma 6.58, � has

a unique fixed point in V
p

m;k .0; T /.
Exercise 5.3: Since

�
Y "t � Y ıt

� �
G"
�
t; Y "t ; Z

"
t

� �Gı
�
t; Y ıt ; Z

ı
t

��

� L
ˇ̌
Y "t � Y ıt

ˇ̌ �
2C jY "t j C ˇ̌

Y ıt
ˇ̌C jZ"

t j C ˇ̌
Zı
t

ˇ̌�

we obtain, by Proposition 5.2, with N D 0, V D 0, � D 0, that

E

 
sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌p
!

C E

�Z T

0

ˇ̌
Z"
s �Zı

s

ˇ̌2
ds

�p=2

� CpE

�Z T

0

L
ˇ̌
Y "s � Y ıs

ˇ̌ �
2C jY "s j C ˇ̌

Y ıs
ˇ̌C jZ"

s j C ˇ̌
Zı
s

ˇ̌�
ds

�p=2
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� Cp

"
E

 
sup
s2Œ0;T �

ˇ̌
Y "s � Y ıs

ˇ̌p
!#1=2

�
"
E

�Z T

0

L
�
2C jY "s j C ˇ̌

Y ıs
ˇ̌C jZ"

s j C ˇ̌
Zı
s

ˇ̌�
ds

�p#1=2
:

Exercise 5.5: We apply the existence and uniqueness result from Theorem 5.27
and the comparison result from Theorem 5.33 for the BSDE

Yt D �C
Z T

t

Ys
�
1 � Y C

s

�
ds �

Z T

t

hZs; dBsi

with 0 � � � 1.
Exercise 5.7: Assume thatE is not convex. We shall show there exists a bounded

continuous function g W Rk ! E such that

P .fYt … Eg/ > 0; for some t 2 Œ0; T �:

If E is not convex, we can find a; b 2 Bd .E/ such that a ¤ b and a C
� .b � a/ … E for all � 2�0; 1Œ. Let ı D 1

4
dE.

aCb
2
/ > 0. Define g W R

k ! E

by g
�
x.1/; x.2/; : : : ; x.k/

� D aC .b � a/ 1.�1;1�

�
x.1/

�
. By Exercise 1.7 we have

E

	
g
	
B
.1/
T



jFt



D aC .b � a/ˆ

 
1 � B.1/

tp
T � t

!
;

where

ˆ.r/ WD 1p
2

Z r

�1
e� x2

2 dx; r 2 R:

We also have

ˇ̌
ˇYt � EŒg

	
B
.1/
T



jFt �

ˇ̌
ˇ � E

ˇ̌
ˇ̌
Z T

t

FsdsjFt

ˇ̌
ˇ̌ � M .T � t / � ı;

if t 2 ŒT � ı
M
; T �; where M > 0 denotes the bound of F .

Then for all t 2 ŒT � ı
M
; T �;

ˇ̌
ˇ̌Yt � aC b

2

ˇ̌
ˇ̌ �

ˇ̌
ˇYt � EŒg

	
B
.1/
T



jFt �

ˇ̌
ˇC

ˇ̌
ˇ̌EŒg

	
B
.1/
T



jFt � � aC b

2

ˇ̌
ˇ̌

� ı C jb � aj
ˇ̌
ˇ̌
ˇˆ
 
1 � B.1/

tp
T � t

!
�1
2

ˇ̌
ˇ̌
ˇ :
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Therefore

0 < P

"ˇ̌
ˇ̌
ˇˆ
 
1 � B.1/

tp
T � t

!
�1
2

ˇ̌
ˇ̌
ˇ�

ı

jb � aj

#

�P

�ˇ̌
ˇ̌Yt � aC b

2

ˇ̌
ˇ̌� 2ı

�

� P .Yt … E/ :
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