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This book is dedicated to the memory of, Professor TONY KELLY (1929-2014) of
Cambridge University who played a major role in establishing the principles of fibre
reinforcement of materials and thereby helped clear the ground for the emergence of
contemporary composite materials in the new technology of engineering composite
structures.

Tony Kelly and the editors assembled at a luncheon in 2014 when the progress in
writing this book was assessed and the major themes of a Royal Society Research
Meeting in 2016 based upon the book’s chapters were considered.



Editors’ Foreword

It is an unusual privilege for us to assist in the writing of this book on such an occasion
and on a topic in materials science and the various connecting branches of engineering.
The subject matter is self-evident when the purpose of producing this book was to
mark the 85th birthday of Anthony Kelly, known to those in the field of composite ma-
terials as Tony. It is with sadness that Tony died in the year of its preparation and never
saw its completion.

Tony Kelly served on many bodies charting the development of materials of high-
knowledge content, often referred to as advanced materials. His innovative contribu-
tions to materials in general and composite materials in particular were enormous,
recognized and justly awarded with the highest accolades in science and engineering.
He was a world-renowned researcher, scientist, Founding Fellow of Churchill College
and Emeritus Professor of the Department of Materials Science at Cambridge Univer-
sity. Tony’s brilliance, enthusiasm, unquenched intellectual curiosity and vision are
inspirational as we shall see throughout the pages of this book.

It was to the speakers of a recent 3-day meeting at Queens’ College, Cambridge to
celebrate Tony’s 85th that we turned for our chapter writers. We saw this occasion as
an opportunity to bring together the viewpoints of top researchers and those tailoring
material properties to today’s needs. We hope this book will act as a spur to their align-
ment of objectives, from the exciting but rather academic goals in the attainment of
specific properties and behaviour, to the pragmatic but still exciting objectives in
the manufacture and performance of the final structure.

As editors, we were gratified by the extent to which the speakers accepted this brief
and enriched their presentation in the writing of these chapters. This book is the better
for the acceptance of a principal theme namely Structural Integrity and we hope that it
will be the longer lasting because of it. While the words of wisdom of the speakers may
not come across in the pages of this book, this assembly of chapters of significance
does come through their excellence now presented.

We take this opportunity to thank the writers for their support in producing this
book in honour of Tony Kelly.

Peter W.R. Beaumont
University of Cambridge
Constantinos Soutis
University of Manchester

Alma Hodzic
University of Sheffield



Foreword by Tony Kelly

The theme at the Queens’ Meeting in Cambridge that emerged was the characterising
of the new advanced materials and processes which are successful in the market
place — leaner, cheaper, faster, lighter, sustainable machines and structures.
The theme characterising the speakers and listeners especially in the discussion times
was transmission of information and communication between researchers and end
users, freely informed and sometimes humorous. And the conclusion, that forms
the basis of the book which is to follow, is the need to reinforce the interactions
between practitioner and researcher across disciplines.

I have enjoyed for many years the good fortune that has enabled me to mix in all
cadres of society and helped me to clearly see my own activities in the context of those
of my colleagues at the time. We must all look outwards and share information to
mutual benefit, while recognising clearly and acknowledging the contribution each in-
dividual makes.

I am of course grateful to all who participated in this venture, to those who pre-
sented at Cambridge, to those who assisted by their presence, to those who will go
on to write the chapters, and to those unable to come to the meeting and who wished
me well in my 85th year.

Churchill College, Cambridge



Preface

Since the discovery and public announcement of carbon fibre 50 years ago only to be
followed within 5 years by the dramatic failure of the carbon fibre compressor blades
of the Rolls-Royce RB211 engine during impact by ‘bird strike’ under maximum
load, there has been a plethora of papers published in a growing number of journals
and books on a variety of aspects of composite materials behaviour and design meth-
ods of composite structures. But remarkably few (in percentage terms) have
provided in-depth understanding of why composite materials fail and structures
collapse over a spectrum of industrial applications and public sectors. In scientific
terms, there has not been a thorough quantitative formulation of the relationships
that connect processing and design of composite on the one hand, and durability
and reliability of composite structure on the other. As a result, there lacks an appre-
ciation of what structural integrity of a composite actually means. Structural integ-
rity is the optimisation of microstructure by intelligent processing of material in
order to maximise safe mechanical performance of structure, thereby overcoming
calamity and misfortune.

Consider airframes made from a composite. The overall stress field of fuselage
components during flight is two-dimensional; engine thrust works against drag, and
lift works against payload. Hence, for aircraft with engines mounted on wings below
the fuselage, during normal flight the fuselage is subjected to bidimensional compres-
sion force and to shear aft of the wings. Even when subjected to bidimensional com-
pression, pre-existing cracks can be expected to propagate if and when the principal
stresses become strongly unequal as happens to airframes during both air turbulence
and ‘heavy’ landing.

An example is the Airbus A350 containing more than 50% by weight of composite.
At the moment, we arrive at the probability of a successful outcome of a safe design by
using intuition and our experience of circumstances that we have encountered before.
Our comprehension of structural changes in composite materials, however, which take
place continuously and cumulatively, is lacking in detail. More often than not, these
simultaneously acting microscopic (or atomistic) processes are simply not known.
Consequently, recent design codes both for material and structure have had to resort
to flexible numerical modelling tools to simulate the conditions of creep, fatigue
and environmental failure. Thus, failure criteria (stress or fracture based) are not uni-
versally acceptable in practice so leaving further unresolved issues. This is of particular
importance for modern manufacturing challenges in the aerospace industry where the
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aircraft production speed dominates the global demand, and machining of composites
plays a major role in defining quality of the finished structures and consequently air-
craft performance.

To predict a result, say lifetime or a stress response by a numerical method, there
must be a self-evident truth that the mechanism regime in which the component is
operating must be known. In other words, the important design issues must all be
embedded in the same model of material and component behaviour that must also
include the dominant mechanism(s) of structural change over orders of magnitude
of size. And there still remains the difficulty in connecting results at the different scale
levels and how damage transfers from a lower scale to a higher scale. To imagine the
future differently, then composite material and engineering disaster as an act of God or
of bad luck has to go. Total safety is the ‘only show in town’.

If we begin design at the micron level of size (or below), basic research seeks a
detailed understanding of the problem of structural failure through elegant modelling
or experimentation with conspicuous absence of immediate need for solution or time
constraints. At the other end of the size scale, solutions to applied structural problems
need not necessarily be complete and in fact, a full understanding of the situation is
rarely required. These solutions require synthesis, optimisation, approximation and
‘feel’, and they generally have a time constraint.

Undoubtedly, progress has been made in the past decade in bringing together the
basic concepts of physical modelling, mathematical and continuum models and in
reconciling them with each other. But the rate of progress has been slow and the bur-
den of cost so enormous that industry can reasonably be expected to ask for a con-
densation of all this work to a set of effective design codes that can be applied by
those who understand and recognise the likely dangers and limitations of the
large-scale structure.

It is time to apply existing knowledge and ‘know-how’ to the development and
exploitation of design methods for safe life prediction of large structures; to reappraise
current design practice and future design strategies; and to develop and validate risk-
based assessment methodologies. This requires an integration of scientific disciplines,
skills and understanding across a broad spectrum of size-scale. And this comes from
the condensation of a wealth of knowledge of experimental information and applied
analytical procedures, and from the application of modelling of various kinds includ-
ing computer-based high-fidelity simulation.

We need to reconcile the irregularities of microstructure with the assumed continua
of computational methods of modelling through an integrated multiscale approach to
design. The benefits include shortening of the design-cycle time (reducing costs), opti-
misation of safe performance of structure and raising confidence levels in life predic-
tion of highly stressed structures.

There is another set of issues that cannot be ignored and runs through this book like
a leitmotif: what is a scientific discipline; how do disciplines emerge and differentiate;
can a discipline also be interdisciplinary or multidisciplinary? Perhaps it is the last of
these questions which gave the editors the impetus to embark on a book having such a
wide range of themes and disciplines. The illustration below might help us see the
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connections. When targeting the problem to find a solution, size it seems does matter as
does the method of attack as chapters will show.

Peter W.R. Beaumont
Constantinos Soutis

Alma Hodzic
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Composite micromechanics:
from carbon fibres to graphene

R.J. Young
University of Manchester, Manchester, UK

1.1 Introduction

In the quest to understand fibre reinforcement, this chapter traces the development of
the subject of composite micromechanics from its earliest roots to the most recent anal-
ysis of the deformation of graphene-reinforced nanocomposites. It is shown first how,
employing concepts introduced by Kelly, it is possible through the use of shear-lag
theory to predict the distribution of stress and strain in a single discontinuous fibre
in a low-modulus matrix. For a number of years the shear-lag approach could only
be used theoretically as there were no techniques available to monitor the stresses
within a fibre in a resin. It will be shown that Raman spectroscopy and the discovery
of stress-induced Raman bands shifts in reinforcing fibres have enabled us to map out
the stresses in individual fibres in a transparent resin matrix, and thereby both test and
develop Kelly’s pioneering analytical approach.

In view of the growing interest in the study of polymer-based nanocomposites, it is
shown how the shear-lag methodology can be modified to predict the distribution of
stress and strain in nanoplatelets reinforcing a polymer matrix and an analogous set
of relationships is obtained for nanoplatelet reinforcement to those obtained for fibre
reinforcement. Because of the very strong resonance Raman scattering, it is shown
that well-defined Raman spectra can be obtained from graphene monolayers. Large
stress-induced band shifts can be obtained from these sheets when embedded in a poly-
mer matrix, which has enabled the prediction of the shear-lag model to be validated. It
is shown further how the shear-lag model can be used to model reinforcement by
bilayer graphene.

1.2 Fibre reinforcement — theory

1.2.1 Composite micromechanics

Interest in the mechanics of fibre reinforcement can be traced back to the first uses of
high-modulus fibres to reinforce a low-modulus matrix. A useful relationship
developed to describe this reinforcement is the so-called ‘rule of mixtures’ in which,
for stress parallel to the fibre direction, the Young’s modulus of a composite
E. consisting of infinitely long aligned fibres is given by an equation of the form
(Young & Lovell, 2011).

Structural Integrity and Durability of Advanced Composites. http:/dx.doi.org/10.1016/B978-0-08-100137-0.00001-8
Copyright © 2015 Elsevier Ltd. All rights reserved.
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E. = EfVi+ EpnVin (1.1)

where Efand E,, are the Young’s modulus of the fibre and matrix and Vyand V,, are
the volume fraction of the fibre and matrix, respectively. This equation captures the
essence of fibre reinforcement and is found to work well in the specific conditions
outlined above when high-modulus fibres are incorporated into low-modulus matrix
materials. Since the strain in the fibre and matrix are the same, the stress in the fibres is
much higher than that in the matrix, hence the fibres take most of the load and so
reinforce the polymer matrix.

In reality, however, composites do not consist of infinitely long aligned fibres and are
not always stressed parallel to the fibre direction. The full analysis of the situation in re-
ality is the subject of many composites textbooks. The deformation of composites con-
taining fibres of finite length deformed axially has been considered by a number of
authors including Krenchel (1964). In addition, he also analysed the situation with fibres
aligned randomly in plane and also randomly in three dimensions (Krenchel, 1964).

The problem of transfer of stress from the matrix to a fibre and the subsequent vari-
ation of stress along a fibre of finite length in a matrix was first tackled properly by
Kelly (1966) in his classical text, Strong Solids. This ground-breaking work involved
both the revival of the shear-lag concept of Cox (1952) and considerable intuition on
his part. Indeed, in the introductory text to Chapter 5 of Strong Solids (Kelly, 1966)
he makes the following statement: ‘In this chapter we will discuss firstly how stress
can be transferred between the matrix and fibre. This will be done in a semi-
intuitive fashion since it is a difficult problem to solve exactly’.

Kelly’s analysis became the foundation of a new research field known as ‘compos-
ite micromechanics’. It will be shown how this field gave us the framework for the
study of fibre reinforcement at both a theoretical and practical level, also enabling
us to use the approach to tailor the properties of fibre—matrix interfaces in composites.

1.2.2 Discontinuous fibres

In the case of discontinuous fibres reinforcing a composite matrix, stress transfer from
the matrix to the fibre takes place through a shear stress at the fibre—matrix interface as
shown in Figure 1.1. It is envisaged that parallel lines perpendicular to the fibre can be
drawn from the matrix through the fibre before deformation. When the system is sub-
jected to an axial stress o parallel to the fibre axis, the lines become distorted since the
Young’s modulus of the matrix is much lower than that of the fibre. This induces a
shear stress at the fibre/matrix interface, and the axial stress in the fibre builds up
from zero at the fibre ends to a maximum value in the middle of the fibre. The assump-
tion of uniform strain means that in the middle of the fibre the strain in the fibre equals
that in the matrix, if the fibre is long enough. Since the fibres generally have a much
higher Young’s modulus than the matrix, the fibres then carry most of the stress (and
hence load) in the composite — this is essentially how composites work.

It is now necessary to introduce the concept of interfacial shear stress (Kelly, 1966).
The relationship between the interfacial shear stress 7; near the fibre ends and the fibre
stress gy can be determined by using a balance of the shear forces at the interface and
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Figure 1.1 Deformation patterns for a discontinuous high-modulus fibre in a low-modulus
polymer matrix. The top diagram shows the situation before deformation, and the bottom
diagram shows the effect of the application of a tensile stress, o, parallel to the fibre.

the tensile forces in a fibre element, as shown in Figure 1.2. The main assumption is
that the force due to the shear stress 1; at the interface is balanced by the force due to the
variation of axial stress doyin the fibre such that

2mrrdy = —mridoy (1.2)
dG’f 2‘Ci

d =F _ _Zn 1.3
and so -~ r (1.3)

7

of of + doy
) dx
7;.

Figure 1.2 Balance of stresses acting on an element of the fibre of thickness dx in the composite.
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Figure 1.3 Model of a fibre undergoing deformation within a resin used in shear-lag theory.
The shear stress 7 acts at a radius p from the fibre centre.

1.2.2 Elastic stress transfer

The behaviour of a discontinuous fibre in a matrix can be modelled using shear-lag
theory, developed initially by Cox (1952) to model the mechanical properties of paper.
It is assumed in the theory that the fibre is surrounded by a cylinder of resin extending
to a radius p from the fibre centre, as shown in Figure 1.3. In this model it is assumed
that both the fibre and matrix deform elastically and that the fibre—matrix interface re-
mains intact. If u is the displacement of the matrix in the fibre axial direction at a radius
p, then the shear strain vy at that position is given by

_du

=3 (1.4)

Y

The shear modulus of the matrix is defined as G,, = t/7, hence it follows that

du T
- - 1.5
oGy 1.5
The shear force per unit length carried by the matrix cylinder surface is 27pt and
is transmitted to the fibre surface though the layers of resin, and so the shear stress

at radius p is given by

2tpt = 27TrT; (1.6)

and so T = <£> T; (1.7)
p

It follows that using Eqn (1.5),

du r\ T
(D) 1.8
dp (p) G (19
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It is possible to integrate this equation using the limits of the displacement at the
fibre surface (p = r) of u = uy and the displacement at p = R of u = ug

R

_ (rm [de
on ()]
hence ug —uy = (%)m (1—:) (1.10)

These displacements can be converted into strain since the fibre strain ey and matrix
strain e,, can be approximated as ey = dug/dx and e,, = dug/dx. It should be noted that
this shear-lag analysis is not rigorous, as shown by Nairn (1997), but it serves as a
simple illustration of the process of stress transfer from the matrix to a fibre in a
short-fibre composite. In addition, ; is given by Eqn (1.3), and so differentiating
Eqn (1.10) with respect to x leads to

r2 d20’f R
ef —ey = — 3G, <W)ln (7) (1.11)

Furthermore, multiplying through by Ef gives

d*s n?
sz = 5 (o7 — enky) (1.12)
2G,,
where n = E in(R/7)

This differential equation has the general solution
o = Ere, + C sinh (@) + D cosh (@>
r r

where C and D are constants of integration. Now, Eqn (1.12) can be simplified and
solved by double differentiation of the general solution, if it is assumed that the
boundary conditions are that there is no stress transmitted across the fibre ends, that is,
if x = 0 in the middle of the fibre where o= Efe,, then oy = 0 at x = &//2 where [ is
the length of the fibre. This leads to C = 0 and comparing terms gives

_ Erem
~ cosh(nl/2r)

Finally, the equation for the distribution of fibre stress as a function of distance,
x along the fibre, is
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cosh(nx/r)] (1.13)

o = Erem {1 ~ cosh(nl/2r)
1.2.3 Interfacial shear stress

It is possible, now, to determine the distribution of interfacial shear stress along the
fibre using Eqn (1.3), which by differentiation of Eqn (1.13) leads to

n sinh(nx/r)

_n inh(nx/r) 1.14
27m Cosh(nl/2r) (1.14)

Ti

It is convenient to introduce the concept of fibre aspect ratio s (=I/2r), which is
dimensionless, so that the two above equations can be rewritten as

_ | cosh(ns %) 115
o = Bfem cosh(ns) (1.15)
for the axial fibre stress and as
n sinh(ns %)
;= = T 1.16
i = g hem cosh(ns) (1.16)

for the interfacial shear stress. The effect of the different parameters upon the variation
of stress in a fibre is demonstrated in Figure 1.4 for different values of the product ns. It
can be seen from this figure that the fibre is most highly stressed, that is, the most
efficient fibre reinforcement is obtained when the product s is high. This implies that a
high aspect ratio s is desirable along with a high value of n for the best reinforcement.

1.3 Fibre reinforcement — experiment

Following this original theoretical determination of stresses in discontinuous fibres,
researchers had to rely upon it for the analysis of the micromechanics of composites,
since there were initially no experimental methods available to measure local fibre
stress or strain. Experimental measurement of the fibre stress and strain in discontin-
uous fibres in a composite under stress has now become available through the use
of Raman spectroscopy (Huang & Young, 1994). Many high-performance fibres
have well-defined Raman spectra (Young, 1995) as shown in Figure 1.5 for PAN-
and pitch-based carbon fibres. In all cases the spectra exhibit the same appearance,
that is, four well-resolved bands, namely D (~ 1330 em Y, G (~1580cm™ ),
D' (~1620cm™ ") and 2D (~2660 cm™ ) along with additional weaker features.
Figure 1.5 shows spectra for the fibres both untreated and treated with oxygen plasma
to improve fibre—matrix adhesion (Montes-Moran & Young, 2002a). No differences
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Figure 1.4 (a) Predicted variation of fibre stress with distance along the fibre for a short fibre in

matrix. (b) Predicted variation of interfacial shear stress with distance along the fibre for a short
fibre. (The values of the product ns are indicated in each case.)

were observed in Raman band positions and widths after the plasma treatment of the
fibres, but the intensity ratio of the two first-order bands D and G is always higher after
the plasma treatment, showing that this treatment introduces defects and functionality
into the fibre surface, from which we will see results in better fibre—matrix adhesion.

The positions of all the Raman bands are found to shift when the carbon fibres are
subjected to tensile deformation as shown in Figure 1.6 for the 2D band of the T50 and
P100 fibres. In both cases there is an approximately linear shift of the band position
with tensile strain. Since the fibres deform in an approximately linearly elastic manner,
there is also a linear shift with stress. It will be shown that Figure 1.6 can be used as a
calibration to determine the distribution of stress along a fibre using a Raman laser
beam focused onto individual fibres inside the matrix resin. It is also important to point
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Figure 1.6 Variation of the 2D Raman band peak position with strain in as-received T50 and
P100 carbon fibres.
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Figure 1.7 Shift rate of the 2D Raman band per unit strain as a function of the tensile Young’s
modulus for a number of different pitch-based carbon fibres.

out that the slope of the lines in Figure 1.6 is found to depend upon the Young’s
modulus of the carbon fibres (Cooper, Young, & Halsall, 2001). This is shown in
Figure 1.7 for a number of pitch-based carbon fibres. It can be seen that there is an
approximately linear dependence of the band shift rate upon the fibres’ Young’s
modulus, and the slope of the dashed line is of the order of —50 to —60 cm ™ '/TPa.
It is found that this is a universal relationship for the 2D band applicable to all different
forms of graphite carbon materials (Cooper et al., 2001) such as carbon fibres, carbon
nanotubes and, as we will see, graphene.

The fibre stress or strain can be determined from the stress-induced shift of the
Raman bands obtained from the fibre using a laser beam focused onto an individual
fibre inside the matrix resin as shown in Figure 1.8. The laser beam diameter in a
typical modern microscope-based Raman spectrometer is typically ~1 pm. This is
significantly smaller than the usual fibre diameter (5—10 pm), which means that fibre
stress and strain mapping can now be undertaken at high precision along individual
fibres (Montes-Moran & Young, 2002b).

Figure 1.9(a) shows the variation of fibre strain ey (=a4/Ey) along a T50-O plasma-
treated carbon fibre in an epoxy resin subjected to different levels of matrix strain, e,

Figure 1.8 Model composite specimen containing a single fibre embedded within a transparent
polymer resin. The matrix strain is determined by the resistance strain gauge and fibre strain by
obtaining Raman spectra along the length of the fibre.
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Figure 1.9 (a) Fibre strain distributions determined from strain-induced Raman band shifts at

different levels of matrix strain in an epoxy resin for a plasma-treated T50-O fibre up to 0.7%
strain. (b) Derived distribution of interfacial shear stress along the fibre.

The data have been fitted to Eqn (1.15) using the aspect ratio of the fibre, s, and by
choosing appropriate values of n, and it can be seen that there is a close correlation
between the theoretical curves and experimental data points. Moreover, it can be
seen that the strain in the fibre is that same as the matrix strain in the middle of the
fibres as was assumed in the theoretical analysis earlier. It should be noted, however,
that Eqn (1.15) cannot be used to determine n since the value of In(R/r) is essentially
indeterminate. It is more appropriate to think of n as a fitting parameter that character-
ises the efficiency of stress transfer between the matrix and fibre (Young & Lovell,
2011). It is possible, however, to determine the distribution of interfacial shear stress
7; along the fibre as shown in Figure 1.9(b). It can be seen that the interfacial shear
stress is highest at the fibre ends (where there is a gradient of fibre strain or stress).
For a matrix strain of 0.7% the value increases to around 50 MPa, which is approach-
ing the shear yield stress of the resin.
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Figure 1.10 Fibre strain distributions determined from strain-induced Raman band shifts at
different levels of matrix strain (up to 1.1%) in an epoxy resin for a plasma-treated T50-O fibre
showing the effect of fibre fragmentation.

The effect of increasing the matrix strain to 0.9% is shown in Figure 1.10. At this
matrix strain level the T50-O fibre undergoes fragmentation (the strain falls to zero at
the fibre breaks), which saturates at a matrix strain of 1.1%. In this case the interfacial
adhesion has been lost, and stress transfer at the interface is essentially frictional so that
there is an approximately triangular variation along the length of each fragment (Kelly
& Tyson, 1965). Moreover, it can be seen that the peak fragment strain is well below
the matrix strain, indicating that once the fibres have undergone fragmentation rein-
forcement is diminished.

The behaviour of a T50 fibre that had not been modified by plasma treatment is
shown in Figure 1.11. The distribution of strain in the fibre at 0.35% matrix strain fol-
lows the shear-lag model defined by Eqn (1.15). When the matrix strain is increased to
0.7%, however, the distribution of strain is somewhat different with approximately
linear behaviour at the two ends. This is an indication that the fibre has undergone
debonding that starts at the fibre ends and progresses along the fibre as the level of ma-
trix strain is increased (Montes-Moran & Young, 2002b). This can be compared with
the behaviour shown in Figure 1.9(a) for the T50-O fibre at 0.7% strain.

1.4 Nanoplatelet reinforcement — theory

It is of interest to see if the reinforcement of composites with nanoplatelets can also be
analysed using continuum mechanics. In the case of nanoplatelets such as a discontin-
uous graphene flake reinforcing a composite matrix, stress transfer from the matrix to
the flake will also be assumed to take place through a shear stress at the flake/matrix
interface (Gong et al., 2010). This can also be represented diagrammatically by
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Figure 1.11 Fibre strain distributions determined from strain-induced Raman band shifts at

different levels of matrix strain in an epoxy resin for an untreated T50 fibre, showing the effect
of debonding at the fibre—matrix interface at the higher strain level.

Figure 1.1 where the rectangle in this case represents the two-dimensional section
through a nanoplatelet in a matrix rather than along the middle of a fibre. Before defor-
mation, parallel lines perpendicular to the flake can again be drawn from the matrix
through the flake. When the system is subjected to axial stress, o, parallel to the flake
axis, the lines become distorted since the Young’s modulus of the matrix is much less
than that of the flake. This induces a shear stress at the flake/matrix interface. The axial
stress in the flake will build up from zero at the flake ends to a maximum value in the
middle of the flake. The uniform strain assumption means that, if the flake is long
enough, in the middle of the flake the strain in the flake equals that in the matrix. Since
the nanoplatelets have a much higher Young’s modulus, it means that the nanoplatelets
carry most of the stress, and therefore load, in the composite.

The relationship between the interfacial shear stress, 7;, near the flake ends and the
flake stress, o7, can be determined by using a force balance of the shear forces at
the interface and the tensile forces in a flake element as shown in Figure 1.12. The
main assumption is that the forces due to the shear stress at the interface, t;, are
balanced by the force due to the variation of axial stress in the flake, doy, such that
if the element shown in Figure 1.12 is of unit width

Of < t »0f + doy

o

—
T

Figure 1.12 Balance of stresses acting on an element of length, dx, of the flake of thickness, ¢, in
the composite.
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Figure 1.13 Model of a flake within a resin used in shear-lag theory. The shear stress 7 acts at a
distance z from the flake centre.

r,'dx = —tdaf (1'17)
de Ti

d — = —— 1.18

and so ; (1.18)

The behaviour of a discontinuous flake in a matrix can be modelled using shear-lag
theory in which it is assumed that the flake is surrounded by a layer of resin at a
distance, z, from the flake centre as shown in Figure 1.13. The resin has an overall
thickness of 7. It is assumed that both the flake and matrix deform elastically and
the flake—matrix interface remains intact. If u is the displacement of the matrix in
the flake axial direction at a distance, z, then the shear strain, v, at that position is
given by

du
= 1.19
Y% (1.19)
The shear modulus of the matrix is defined as G,, = 1/, hence
du T
— = — 1.20
dz Gm ( )

The shear force per unit length carried by the matrix is transmitted to the flake
surface through the layers of resin, and so the shear strain at any distance z is
given by

du T
— = — 1.21
dz Gm ( )
This equation can be integrated using the limits of the displacement at the flake
surface (z = #/2) of u = uy and the displacement at z = 7/2 of u = ur
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ur T/2
T
/du = (G—m> / dz (1.22)
ug t/2
T
hence ur —uy = (ZGm) (T —1) (1.23)

It is possible to convert these displacements into strain since the flake strain, ey, and
matrix strain, e,,, can be approximated as ey = dus/dx and e,, = dur/dx. It should be
noted again that this shear-lag analysis is not rigorous but it serves as a simple illus-
tration of the process of stress transfer from the matrix to a flake in a graphene-flake
composite. In addition, t; is given by Eqn (1.18), and so differentiating Eqn (1.23)
with respect to x leads to

tT dzdf
= em =56 (W) (1.24)

since T >> t. Multiplying through by E gives

d’os n*
@ = F s
(1.25)
where n = 2Gn L
VN E\r

This differential equation has the general solution
or = Erey + C sinh (n_t.x) + D cosh (?)

where C and D are constants of integration. This equation can be simplified and solved
if it is assumed that the boundary conditions are that there is no stress transmitted
across the flake ends, that is, if x = 0 in the middle of the flake where o= Ere,, then
or=0at x = +//2. This leads to C =0 and

_ Erem
~ cosh(nl/2t)

The final equation for the distribution of flake stress as a function of distance, x
along the flake, is then

cosh(nx/1) ]

- = Erepy |l — ——1 % 1.2
% /e { cosh(nl/2t) (1.26)
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Finally, it is possible to determine the distribution of interfacial shear stress along
the flake using Eqn (1.18), which leads to

sinh(nx/t)

cosh(nl/2t) (127)

T, = nkyey

It is convenient at this stage to reintroduce the concept of flake aspect ratio, defined
in this case as s = I/t, so that the two equations above can be rewritten as

gr = Ere, |1 — M (1.28)
f fem cosh(ns/2) '
for the axial flake stress and as
E sinh(ns?%) (129)
ti = nEpem cosh(ns/2) '

for the interfacial shear stress.

It can be seen that the nanoplatelet is most highly stressed, that is, the most efficient
flake reinforcement is obtained when the product ns is high. This implies that a high
aspect ratio, s, is desirable along with a high value of n. The similarity of this analysis
for the nanoplatelet to the shear-lag analysis for a fibre and of the equations derived is
remarkable. The reason for this is that the shear-lag analysis considers only axial
stresses and the shear-lag model represented by Figure 1.1 is applicable to both
situations.

1.5 Nanoplatelet reinforcement — experiment

As in the case of carbon fibres, Raman spectroscopy can be employed to follow the
micromechanics of reinforcement by graphene nanoplatelets in nanocomposites
(Gong et al., 2010). Figure 1.14 shows a schematic diagram of a model composite
specimen consisting of a single graphene monolayer sandwiched between two
polymer layers. The SU-8 epoxy was spin coated onto a poly(methyl methacrylate)
(PMMA) beam and allowed to cure. The graphene monolayer was produced by
repeated cleavage of a graphite crystal with adhesive tape and pressed onto the

SuU-8 Graphenelmonolayer PI\}MA

X

PMMA

Figure 1.14 Schematic diagram (not to scale) of a section through a single monolayer graphene
composite.
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Figure 1.15 (a) Raman spectrum for a graphene monolayer. (b) Shift of the Raman 2D band
with strain for the graphene monolayer.

beam. The PMMA top coat was spin coated to seal the monolayer on the beam.
Deformation was applied by bending the PMMA beam and monitoring the matrix
strain using a resistance strain gauge (Gong et al., 2010).

Graphene undergoes very strong resonance Raman scattering (Malard, Pimenta,
Dresselhaus, & Dresselhaus, 2009), which means that it is possible to obtain a spec-
trum from a single-atom-thick monolayer embedded in several microns of PMMA
(Gong et al., 2010). Figure 1.15(a) shows the Raman spectrum obtained from a single
graphene monolayer. It can be seen that it consists of two sharp bands with the 2D
band being characteristically stronger than the G band for the monolayer (Ferrari
et al., 2006). The absence of a D band also shows that the graphene is relatively defect
free. Both bands are found to shift to lower wave number with deformation as shown in
Figure 1.15(b) for the 2D band. It can be seen that there is a large, approximately linear
shift of the band, with a shift rate of the order of —60 cm™'/percent strain. Assuming
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that the relationship for carbon fibres between band shift rate and Young’s modulus
shown in Figure 1.7 is also applicable to monolayer graphene, this would imply that
the graphene has a Young’s modulus in excess of 1000 GPa, similar to the value deter-
mined by direct measurement (Lee, Wei, Kysar, & Hone, 2008). As with carbon fibres,
the relationship shown in Figure 1.15(b) can also be used to determine stress or strain
distributions in graphene nanoplatelets in nanocomposites (Young, Kinloch, Gong, &
Novoselov, 2012).

The experimental data on the variation of graphene strain across the middle of a
monolayer flake are shown in Figure 1.16(a). The data were fitted to Eqn (1.28) of
the shear-lag analysis derived above. It can be seen that the fits of the theoretical
shear-lag curves to the strain distribution are sensitive to the value of ns chosen.
The derived interfacial shear stress distributions are shown in Figure 1.16(b), and
the value of interfacial shear stress at the flake ends is also very sensitive to the values
of ns chosen. The best fit to the experimental data is for an ns value of 20, giving a
maximum interfacial shear stress of around 2 MPa, well below the value of 50 MPa
found for the carbon fibres in Figure 1.9(b). The graphene has an inert, atomically
smooth surface such that any interactions with the polymers will be through van der
Waals bonding. The T50-O carbon fibres on the other hand had been plasma oxidised
and had rough surfaces, leading to much stronger bonding with the polymer matrix.

The deformation micromechanics of few-layer graphene in composites has also been
investigated using Raman spectroscopy as shown in Figure 1.17 (Gong et al., 2012).
The distribution of strain across a graphene flake containing both monolayer and bilayer
regions is shown in Figure 1.17(a). This shows two important findings. Firstly, the data
can again be fitted well to the shear-lag model (Eqn (1.28)). Secondly, it can be seen
that the strain in the bilayer regions is identical to that in adjacent monolayer regions.
Figure 1.17(b) shows the strain distribution across a bilayer flake that has fragmented
due probably to cracking in the polymer coating (Gong et al., 2012). In this case triangular
strain distributions are obtained, indicating damage to the interface and stress transfer by
frictional sliding, analogous to the behaviour shown for carbon fibres in Figure 1.10.

A clear conclusion of this study is that the micromechanics of deformation of
graphene nanoplatelets can be analysed in terms of the shear-lag theory developed
originally for fibre reinforcement. It also means that the use of continuum mechanics
is applicable for the analysis of deformation on the nanoscale.

1.6 Future trends and challenges

1.6.1 Fibre reinforcement

The work presented here has been concentrated upon the fundamentals of fibre
reinforcement from both a theoretical and experimental viewpoint. The issue of rein-
forcement by a single discontinuous fibre is now well understood, but there are still
challenges to be addressed in terms of the fundamental mechanics such as developing
better analytical methods that do not suffer from some of the issues that arise using the
shear-lag approach. There continue to be developments in numerical methods such as
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finite element analysis, and the increasing power of computer systems offers scope for
solving even more complex problems.
There are unsolved problems in the field of composite micromechanics that include:

» Fibre compression — the extent to which failure occurs through geometrical instabilities or
internal compressive failure processes is still not resolved.
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o Effect of fibre orientation and waviness — it is still not fully understood how fibre waviness
affects properties, especially when a composite is subjected to axial compression.

* Reinforcement with nanofibres and nanotubes — there is no clear indication as yet as to the
extent to which the deformation of nanofibres and nanotubes within a composite can be
modelled using continuum mechanics. The experience with graphene now indicates that it
may also be applicable in this case.



22 Structural Integrity and Durability of Advanced Composites

1.6.2 Nanoplatelet reinforcement

Although the analysis of fibre reinforcement has been taking place for over 50 years, it
is still not yet fully understood. The study of nanoplatelet reinforcement in nanocom-
posites has been undertaken over a much shorter period and so is far less well devel-
oped. It has been shown that it appears that continuum mechanics is still applicable at
the nanoscale, and so much of the analysis undertaken for macroscopic composites can
be employed and adapted. Nevertheless, it remains to be seen how far it is possible, at
the nanoscale, to use this analytical methodology and when it is necessary to employ
numerical techniques such as the finite element method.

There are various challenges that exist in developing micromechanics at the
nanoscale, including:

* Axial compression — it is not clear how nanoplatelets respond to in-plane compression and
what deformation modes lead to ultimate failure.

* Nanoplatelet/nanoplatelet interactions, including restacking — the effect of nanoplatelet sep-
aration and restacking upon mechanical properties is yet to be analysed.

» Nanoplatelet/crack interactions — this is an area that has not yet been explored.

» Effect of nanoplatelet orientation, waviness and wrinkling — it is thought that waviness and
wrinkling may lead to inferior mechanical properties for nanoplatelet-reinforced nanocom-
posites, but this is yet to be put on a firm theoretical foundation.

» Effect of nanoplatelet surface treatment and modification — it is highly likely that the chem-
ical modification of nanoplatelet surfaces will affect stress transfer in nanocomposites, but no
systematic studies have yet been undertaken.

Many of these problems and issues are similar at both the macroscopic and nanoscales.
Some of them are different, but the finding outlined in this chapter that continuum me-
chanics is still applicable for the understanding of nanomechanics gives us confidence
that further rapid progress will be made in the years to come.

1.7 Sources of further information

1.7.1 Encyclopaedia

O’Brien, P. (Ed.), (2013). Nanoscience. In Nanostructures through chemistry: Vol. 1.
Cambridge: Royal Society of Chemistry.

Vajtai, R. (Ed.), (2013). Springer handbook of nanomaterials. Berlin: Springer-Verlag.

Wiley Encyclopedia of composites (2012), 2nd Edition, Wiley Online Library, Wiley-VCH
Verlag.

1.7.2 Textbooks

Gibson, R. F. (2012). Principles of composite material mechanics (3rd ed.). Boca Raton: CRC
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2.1 Introduction

Lack of dependable design procedures for composite structures for their safe and reli-
able performance during service life is a major roadblock in enhancing their usage in
practical applications. Their lightweight and varied architecture offer potential for
transformative and innovative designs in many fields such as aerospace, automotive,
and wind energy generation. However, today’s design procedures are either overly
conservative or uncertain, or both. A main reason is the current use of composite fail-
ure criteria, which lack connection with physical mechanisms of failure and have their
beginnings in behavior of metals. A large number of corrective measures to the funda-
mentally flawed theories have only produced confusing situations where a designer
cannot know the degree of inaccuracy in predictions and the errors could render the
predictions conservative or otherwise.

This discussion is aimed at clarifying the nature of the macroscopic failure theories
that are commonly described in introductory texts on composite materials, generating
the impression among practicing engineers that these are established theories. Experi-
ence over many years has, however, produced evidence of uncertain predictions by
such theories. Four commonly known and used failure theories will be focused on
for examination of the causes of their inability to capture the composite failure
behavior. For more extensive scrutiny of the failure theories, the reader is referred
to the Worldwide Failure Exercise (WWEFE) (Hinton, Kaddour, & Soden, 2004) where
the participating theories are examined for their ability to describe test data. Our pur-
pose here is to have an in-depth look at the fundamental assumptions underlying their
methodology. For this, we do not conduct an exhaustive survey of all theories but
instead take a few that are believed to be representative of the nature of those assump-
tions. The reader is referred to other articles written recently by the author for more
elaborate and complementary discussions on this topic (Talreja, 2014a,b).

This chapter is organized as follows. First, selected failure theories are reviewed,
followed by discussion of the limitations of the theories. To improve the failure anal-
ysis of composite materials, an alternative path is proposed. The elements of this
approach are described and illustrated by recent work. Finally, a comprehensive
scheme for addressing the failure assessment of composite structures is outlined as a
proposed future direction in this field.

Structural Integrity and Durability of Advanced Composites. http://dx.doi.org/10.1016/B978-0-08-100137-0.00002-X
Copyright © 2015 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/B978-0-08-100137-0.00002-X

26 Structural Integrity and Durability of Advanced Composites

2.2 Phenomenological failure theories

This class of theories for composite materials has its origin in the paper by Azzi and
Tsai (1965), commonly referred to as the Tsai—Hill failure criterion in most introduc-
tory texts on composite materials, for example, Jones (1999). This theory takes its
starting point in the generalization of the von Mises yield theory for isotropic metals
to orthotropic metals proposed by Hill (1948). As is well known, the von Mises
criterion is based on the hypothesis that metal yielding is governed by the second
invariant of the deviatoric stress tensor. In arbitrary rectangular coordinate axes
x—y—z, the von Mises criterion takes the form

2 2
(oy —02)" + (0, — 00)? + (ox—ay)" + 6(15Z +12 + ‘E?Q) = 2Y} 2.1

where Y is the yield stress obtained in a uniaxial test in any direction, and ¢ and 7
denote normal and shear stresses, respectively.

Hill’s generalization of this equation to orthotropic solids is totally of mathematical
nature, where the multiplying constant 2+/§ on each term on the Lh.s. of Eqn (2.1) is
replaced by an independent material constant. Thus, the generalized equation takes
the form

F(oy — UZ)Z +G(o, — 0x)* + H(ox — ay)z + 2Lr§Z + 2M1§Z + 2Nr)20, =1
2.2)

where F, G, H, L, M, and N are the new material constants. As shown by Hill (1948),
these constants can be related to the six independent yield stress values X, Y, and Z
resulting from uniaxial normal stresses in x, y, and z directions, respectively, and R, S,
and T resulting from shear stresses in y—z, x—z, and x—y planes, respectively. Azzi and
Tsai (1965) restricted themselves to the two-dimensional case of a UD composite layer
and assumed that the yield stresses X and Y can be taken to represent strengths in x and
y directions, respectively, and the in-plane shear yield value 7 can similarly be viewed
as the shear strength of the thin composite layer. Furthermore, they assumed isotropy
in the cross-sectional plane of the fiber-reinforced composite, yielding ¥ = Z. With
these replacements the Hill criterion reduces to the following:

01\2  (0102\%2 = (02\2(T12\?

(X) _<X)+(Y> (T) =1 3)
where indices x and y are replaced by 1 and 2, respectively, indicating the renaming of
the axes of symmetry by x; and x, aligned respectively with the fiber direction and
normal to it in the plane of the composite layer. Azzi and Tsai (1965) showed that this
equation was able to describe the tensile strength variation with the off-axis angle,
that is, the angle between the loading and fiber directions. More general cases of test

results under in-plane loading of a UD composite could not, however, be described by
this equation with the same accuracy.
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It is not possible to determine why some test data are successfully described while
others are not with the Tsai—Hill equation, Eqn (2.3), since the source of error cannot
be found. All that can be said is that this equation describes a particular form of
quadratic interaction between the individual effects of failure under a single stress
component when the three stress components are applied simultaneously.

It is also important to understand that there is no energy consideration underlying
the Tsai—Hill criterion, Eqn (2.3). To appreciate this, let us note that the von Mises
yield criterion, Eqn (2.1), can also be obtained by casting the yield hypothesis in terms
of the distortional strain energy density, as was shown by Hencky (1924). However,
the mathematical generalization by Hill (1948) of the von Mises criterion to yielding
in orthotropic solids cannot be achieved by resorting to the energy of distortion. Hill
(1948) instead gave his criterion a foundation in energy by postulating a plasticity po-
tential from which the criterion could be derived. This is justified by the fact that in an
orthotropic metal a single mechanism (dislocation motion) of plastic deformation ex-
ists that leads to six different yield stresses (threshold values). It can be shown that the
Hill criterion reduces to the von Mises criterion when all three normal yield stresses are
equal and the three shear yield stresses are the same and equal to half the normal yield
stresses, that is, X=Y=Z=2R=25=2T=Y,. In a UD composite, the failure
mechanisms underlying the three limit states in Eqn (2.3), given by g1 =X, 0, =Y,
and 11, = T, are widely different (Talreja, 2014a). Therefore, it is expected that the
criticalities of energy associated with each of the three failure mechanisms would be
different. In other words, while in orthotropic metal plasticity a plastic potential
governs yielding caused by any combination of stresses, in a UD composite the
energies involved in the three failure mechanisms cannot be added to the same critical
energy for failure in all combinations of the applied stresses.

The inability of the Tsai—Hill criterion to describe all test data prompted the need
for a more versatile quadratic expression. Tsai and Wu (1971) found a source of such
an expression in a paper by Goldenblat and Kopnov (1965) who proposed a very gen-
eral interaction equation for “strength” in anisotropic solids in the following form:

g8 k%
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where Fj, etc. stand for tensor-valued strength constants and «, 3, v are arbitrary
constants. Setting « = 6 = 1 and neglecting higher order terms in Eqn (2.4), Tsai and
Wu (1971) specialized the general tensor polynomial equation to the following simple
form for UD composites:

Fyop + Fpy0,04 = 1 2.5)

where p, g = 1, 2, and 6, and the stress components are written in the Voigt notation
given by, g1 = 11, 02 = 027, and g = 012 = 0. This equation describes a quadric
surface in the o1 —or— 0¢ space. It can be shown that of 17 possible surfaces
described by Eqn (2.5) only ellipsoids are acceptable for representing strengths of real
materials.
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Fitting an ellipsoidal surface to the strength of a UD composite requires deter-
mining the three constants F), that locate the origin of the ellipsoid and the six in-
dependent constants Fj,, (F,,=Fy, due to symmetry of stress components).
Because of the strength in shear being independent of the sign, Fg = F1g = Fp6 = 0.
Thus, of the remaining six constants, F; F,, F11, and F», are found by test data on
normal strengths, and Fgg is given by the in-plane shear strength. The last remain-
ing constant F'1; can only be fixed by making additional assumptions, which renders
its value non-unique. For instance, if the constant is determined by a biaxial test,
then the value of the constant depends on the ratio of the two stresses used in
testing, and obviously also on the loading path. Its value is, however, bounded
by its ratio to v/F11F>; , which must be within the range (—1,1) given by the geo-
metric condition that the ellipsoid has a closed surface. There is no physical condi-
tion concerning the nature of material strength, or its value, that determines Fp
uniquely. In fact, one particular choice of F;, namely Fjo = —0.5\/F11F>), allows
the resulting ellipsoid to describe the Hill criterion for orthotropic solids stressed in
a single plane.

It is clear that the Tsai—Wu criterion is not a composite material failure criterion in
any sense. It is simply a versatile curve-fitting scheme for fitting ellipsoids to strength
test data of orthotropic solids. As noted above, it can also describe yield data of ortho-
tropic metals as a special case. In contrast to metals, fiber-reinforced composite mate-
rials fail in different failure modes. In fact, there is no fundamental physical reason or
observation that suggests that the mutual interactions of the failure modes be generally
described by a single quadratic equation.

Noting the non-unique nature of the constant F'j», Hashin (1980) suggested to use
piecewise smooth surfaces (or curves in the two-dimensional case) to describe failure
interaction under combined stresses instead of a single ellipsoid (or ellipse in 2-D).
This will also avoid forcing all failure interactions to follow the same single quadratic
equation. Hashin (1980) argued that a linear form of failure interaction may not suf-
fice and proposed to use quadratic forms in all cases, that is, the individual pieces of a
piecewise smooth surface should be quadric surfaces. This essentially means retain-
ing only the first two terms of Eqn (2.4) with « = 8 = 1, as done by Tsai and Wu
(1971), except different F-constants should be determined for each part of the failure
surface.

Hashin (1980) proceeded to construct his quadratic failure criteria by assuming a
UD composite to be transversely isotropic with the cross-sectional plane x;—x3 as
the plane of isotropy. He used the stress invariants for this symmetry given by

I} = o

L = 02+ 033

I = 0%y — 00033 (2.6)
Iy = o1, + 07y
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A general quadratic polynomial in stress components constructed from these invari-
ants takes the following form (Hashin, 1980):

Al + BiI 4+ Asly + Bol3 4 Ciolils + Azl + Agly = 1 2.7

Considering only in-plane stresses in a UD composite, and using the Voigt notation,
Eqn (2.7) can be reduced to the following form:

Ayoy + Bio} + (Ay — A3)0a + Baol + Cipoyop + Agal = 1 (2.8)

Remarkably, this equation is identical to the Tsai—Wu failure criterion, Eqn (2.5),
when the constants in the two equations are equated as follows:

Fi = A, F, = Ay —A3,F11 = B1,F, = B,2F1p = Ci2,Fgs = As (29)

Thus, using a tensor polynomial, as done by Tsai and Wu (1971), or a polynomial
with stress invariants, as done by Hashin (1980), lead to the same result for the case of
UD composites under in-plane stresses.

Hashin (1980) specified the basic failure criterion for UD composites, Eqn (2.8), for
different assumed “failure modes,” such as fiber failure modes in tension and compres-
sion, and matrix failure modes in tension, compression, and shear.

For the fiber failure mode, Hashin (1980) separated failure in tension from that in
compression. For the tension failure mode he assumed influence of the in-plane shear
stress on this failure mode by a quadratic curve given by

Fi107 + Fegoz = 1 (2.10)

where the Tsai—Wu strength coefficients are used. It is noted that Hashin (1980)
neglects the linear term in o present in Eqn (2.5). In terms of the composite strength
values, the criterion for fiber failure mode in tension, Eqn (2.10), can be written as

G G -

Although this equation provides a curve-fitting basis for describing the combined
effect of axial normal stress and in-plane shear stress on the fiber failure mode, Hashin
(1980) admitted that there was no physical reason for the interaction to be described
this way. In fact, he recommended that the second term in Eqn (2.11) be neglected,
both for tension and compression. In other words, his preference was not to account
for the effect of shear rather than risk accounting for it incorrectly.

For failure modes in a UD composite where the fibers remain intact, there could be
different possibilities of failure in the matrix and at the fiber/matrix interface. Since the
failure criteria by choice are to be formulated on a homogeneous composite, one
cannot separate matrix failure from that of the interface. Also, the local stress states
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in the matrix and at the interface cannot be known for a homogenized composite.
Hashin (1980) therefore took a pragmatic approach of assuming that failure will
initiate between fibers on a plane whose inclination will be determined by the stress
state in the homogeneous composite. Since this failure plane must not cut through fi-
bers (otherwise they will not be intact), its inclination is restricted to planes parallel to
fibers (i.e., the normals to the planes are also normal to the fiber axis). Assuming the
angle 6 to describe this inclination, the failure function can be expressed as

f(o2,06,0) = 1 (2.12)

Hashin (1980) suggested that the value of ¢ that maximizes the function f would
give the inclination of the failure plane. However, he did not offer a procedure for
determining that value. Instead, he proposed the matrix failure criteria based on con-
siderations of the nature of failure interactions due to normal and shear stresses.

For tensile matrix failure, Hashin (1980) suggested a quadratic interaction between
a; and g, as for the tensile fiber failure mode, giving

(G -

After elaborate arguments concerning the effect of shear stress on the matrix failure
mode in compression, Hashin (1980) formulated the following criterion that requires
distinguishing between shear strength in the axial and transverse directions:

G [Gr) ] 5=

where the prime on Y denotes the strength in compression and that on 7 indicates the
transverse shear strength.

It is noted that no practical method exists to experimentally determine the “trans-
verse” shear strength. In fact any attempt to induce failure in a UD composite under
in-plane shear stress results in failure along fibers, which is interpreted as failure in
“axial shear,” given by ¢ = T. For instance, applying torsion on a thin tube with fibers
running in the circumferential direction produces failure along fibers.

The contributions made by Hashin (1980) can be summarized as follows. First,
Hashin demonstrated that a single ellipsoidal description of UD composite failure,
as in Tsai and Wu (1971), leads to physically unacceptable results, and consequently
he proposed piecewise smooth surfaces as descriptors of failure interactions under
different combinations of stress components. Hashin in that paper also separated fiber
failure modes from matrix failure modes. For matrix failure modes, he postulated fail-
ure to occur on surfaces parallel to fibers but inclined otherwise at an angle for which
he proposed an unspecified minimization principle.

Although the general failure criterion for UD composites under in-plane stresses,
Eqgn (2.8), is the same in Hashin (1980) as in Tsai and Wu (1971), Hashin’s further
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development of this criterion removed the inconsistency resulting from a single failure
surface in the Tsai—Wu criterion and showed a way to improve description of failure
for UD composites regarded as homogeneous orthotropic solids. This path was taken
to further develop failure criteria in what has become known as Puck’s failure theory
(Puck, 1992; Puck & Schiirmann, 1998).

The inclined failure plane postulated by Hashin (1980) and employed in Puck’s
theory is illustrated in Figure 2.1 (Puck, Kopp, & Knops, 2002), which shows the
three traction components 7, T,), and T, acting on the failure plane. These traction
components along with the plane’s inclination angle 6y, are the variables in the
Puck theory. As described in Puck et al. (2002), a function fx(6), called the stress expo-
sure factor or “risk of fracture”, is defined based on suggestions in Hashin (1980), and
fracture is assumed on the plane where this function takes its maximum with respect to
the angle 6.

The seven parameters (or material constants) in the Puck theory for matrix failure
modes are three strength constants and four so-called “inclination parameters.” The
latter are characteristic angles in the “master curves,” which are graphical depictions
of the assumed quadratic interactions between normal and shear tractions on the failure
plane (see Figure 2.2). The interaction between tensile traction ¢, and either of the two
shear tractions on the failure plane is assumed to be elliptical, as in most other theories,
and this interaction for the case of compressive traction ¢, is taken to be parabolic. The
argument for the parabolic assumption is that the presence of compressive normal trac-
tion impedes failure induced by shear on the failure plane. The inclination parameters
(denoted by p with subscripts referring to tension, compression, or shear) are the angles
with respect to the 7,-axis made by tangents to the master curves at points of junction
between the elliptical and parabolic parts of the master curves, as illustrated in

Figure 2.1 Illustration of the failure plane of inclination angle 6, with respect to the x;—x3
plane and the resolved normal stress ¢, and shear stresses 7,,; and 7, acting on the failure plane.
Puck, A., Kopp, J., & Knops, M. (2002). Guidelines for the determination of the parameters in
Puck’s action plane strength criterion. Composites Science and Technology, 62, 371—378.
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Figure 2.2 Sections of the master failure surface for y = 90° (left) and ¥ = 0° (right). The
angle y, as shown in Figure 2.1, is the angle between the transverse component 7, of the shear
traction on the failure plane.

Puck, A., Kopp, J., & Knops, M. (2002). Guidelines for the determination of the parameters in
Puck’s action plane strength criterion. Composites Science and Technology, 62, 371—378.

Figure 2.2. The procedures to determine the seven parameters are quite elaborate and
are treated in Puck et al. (2002).

Over the years, several more failure theories have been advanced for UD compos-
ites treated as homogeneous orthotropic (or transversely isotropic) solids. For review
of these theories, see Hinton et al. (2004). The discussion of the four theories above
suffices to illustrate the nature of such theories. Based on the critical examination of
the assumptions underlying the theories, it can be stated that there are severe limita-
tions to describing the failure conditions for composite materials by the approach rep-
resented by these theories. The theory advanced in Azzi and Tsai (1965), that is the
Tsai—Hill criterion, is based on a wrong underlying mechanism (metal yielding), while
the Tsai—Wou criterion (Tsai & Wu, 1971) is simply a curve-fitting procedure in which
a single quadratic failure interaction is assumed. The Hashin failure theory (Hashin,
1980) introduces multiple failure modes and assumed quadratic interaction between
normal and shear stresses in each failure mode. It also introduces the concept of failure
plane, which requires additional analysis and physical information. Puck’s failure the-
ory (Puck, 1992; Puck & Schiirmann, 1998) continues on Hashin’s proposed path and
results in an elaborate process of data analysis.

It is this author’s contention that the inherent limitations in the so-called phenom-
enological failure theories, illustrated by the four theories discussed above, make
failure analysis by this approach of limited value. The early developments exemplified
by the Tsai—Hill and Tsai—Wu criteria were justified at that time because of inade-
quate understanding of the failure mechanisms. Hashin’s corrective measures
improved the purely curve-fitting nature of these theories but have been shown to
be limited by what can be done in the context of homogeneous solids. In view of
the advances made in the past three decades, it is time now to take a mechanisms-
based approach to composite failure. In the following section, the framework for
such an approach will be described.
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2.3 Mechanisms-based failure analysis

The first thing to recognize in a mechanisms-based approach is that failure is a local
phenomenon, that is, governed by the stress/strain fields at the scale of the failure
events. In fiber-reinforced composites, failure initiates at the so-called microscopic
scale, which for polymer matrix composites of interest in most applications is in the
range of one to a few multiples of fiber diameter. Depending on the remotely
applied stress to a UD composite, the failure events consist of fiber breakage (in
tension), fiber microbuckling and kinking (in compression), matrix cracking (brittle
or ductile), and fiber/matrix debonding. While the fiber failure events can be
analyzed in terms of the (uniaxial) fiber stress, influenced by any shear stress
present, the matrix and interface failure events are governed by the inherently local
triaxial stress state. The matrix failure events can be viewed as crack initiation
followed by crack propagation, leading to eventual instability. The crack initiation
process in a polymer matrix can involve phenomena at molecular scales, such as
molecular chain stretching, rotation, and breakage, which can effectively be carried
to the homogenized polymer description in terms of strain energy of the deformed
polymer. Once a crack has formed, its propagation in brittle or ductile manner can
be analyzed by fracture mechanics methods using stress intensity factors, energy
release rates, fracture toughness, etc. Alternatively, cohesive zone-based methodol-
ogies can be used.

Practical composite materials are inherently nonuniform in a variety of ways.
Depending on how they have been processed and manufactured, their interior contains
irregularities and defects, for example, nonuniform fiber diameters, misaligned and
wavy fibers, broken fibers, and nonuniformly distributed fibers in the UD composite
cross-section, partially cured regions and voids in matrix, and unbonded fiber/matrix
and lamina/lamina interfaces. These irregularities and defects affect the local stress
fields that govern the failure events. Thus, analyzing failure events requires properly
accounting for these effects. The approach to achieving this is discussed next.

2.3.1 Representative volume element for failure analysis

The field of micromechanics treats representative volume element (RVE) as a basic
concept for estimating average or overall properties of heterogeneous solids (see,
e.g., Nemat-Nasser & Hori, 1993). For regular microstructures, a unit cell or a
repeating region is used for the averaging procedures involved. The success of micro-
mechanics has prompted multiscale modeling as an extension and generalization of
this field. In particular, the availability of increasing computer power has popularized
the multiscale modeling methodology to the extent that the US National Research
Council (2008) proposed this as the basis for the Integrated Computational Materials
Engineering (ICME) approach to materials development. Before proceeding with this
approach to address failure in composite materials, a word of caution is warranted: the
multiple scale hierarchy necessary for analyzing deformation of heterogeneous solids
does not necessarily apply when failure is considered. The failure events in a compos-
ite structure do not always progress in concert with the geometrical hierarchy of the
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internal structure. The interactions and connectivity of the failure entities can result in a
different hierarchy of scales, as discussed in Talreja (2010).

A systematic way to develop a methodology for mechanisms-based failure analysis
is to first delineate failure mechanisms operating in elementary loading modes fol-
lowed by examining interactions under combined loading conditions. In the following
discussion this procedure will be outlined for UD composites. Laminates will be
treated subsequently.

2.3.2 Tensile loading parallel to fibers

Under an imposed tensile load parallel to fibers, sporadic fiber breakage occurs at load
levels much below the failure load. These fiber breakages occur at weak points along
fibers, that is where fiber surface defects are sufficiently severe to reach the fiber failure
stress. As loading increases, more fibers fail at smaller defects and in the vicinity of
already broken fibers. The connectivity of the fiber breaks through matrix cracking
eventually generates a plane in which a cluster (core) of fiber failures produces a
crack-like entity that grows unstably, causing total failure (Figure 2.3). The progres-
sion of failure events is inherently stochastic, governed by the conditions (fiber defects
and distribution) in a local failure region. Although it is common in failure theories to
assign a tensile strength o, = X, where o, is the remotely applied average stress, to
the fiber failure mode, the failure process can only be reasonably described in statistical
terms. A large body of work in this field exists; for a review, see Phoenix and Beyerlein
(2000).

2.3.3 Compressive loading parallel to fibers

The failure events in UD composites subjected to axial compression are largely
different from those under tension described above. The fibers can undergo

Core of
fiber failures

Figure 2.3 Schematic illustration of the sequence of failure events leading to failure under
imposed axial tensile loading.
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Figure 2.4 Schematic illustration of failure modes in UD composites under compression.

compression buckling at a microscopic scale, that is, over a short length equal to a few
fiber diameters. This so-called microbuckling can ideally occur either in an extensional
mode or in a shear mode (Figure 2.4), as first proposed by Rosen (1965). Triggered by
the local shear stress, for example, caused by matrix defects, kink bands (Figure 2.4)
are found to form from the microbuckled fibers. For a review of the kink band forma-
tion and propagation to failure, see a review by Budiansky and Fleck (1994), and for an
overview of all possible failure events in compression, see Jelf and Fleck (1992).
Vogler, Hsu, and Kyriakides (2000) have studied failure of UD composites under
combined compression and shear. Their work shows that the interaction of compres-
sion and shear stresses in initiating compression failure is quite different from that of
tension and shear stresses in tensile failure.

2.3.4 Tensile loading normal to fibers

Observations of failure under this imposed loading show that the initiation of cracks
occurs at the fiber/matrix interface followed by their coalescence to a large crack
described as a transverse matrix crack (Figure 2.5). Asp, Berglund, and Talreja
(1996a) studied the crack initiation phenomenon under stress states resembling those
that come about under transverse loading of UD composites with glassy polymers as
matrix. They found that yielding of the matrix in such stress states is suppressed while
dilatation-induced cavitation is more likely. By systematically examining the local
stress states in transversely loaded UD composites of different fiber packing arrange-
ments and fiber volume fractions, Asp, Berglund, and Talreja (1996b) then found that



36 Structural Integrity and Durability of Advanced Composites

Figure 2.5 (a) Fiber-matrix (a)
debonds and (b) matrix crack
formed by coalescence of
debonds.

Gamstedt, E. K., & Sjogren, B. A.
(1999). Micromechanisms in
tension-compression fatigue
composite laminates containing
transverse plies. Composites
Science and Technology, 59,
167—178.

the critical energy density for dilatation (associated with failure from triaxial tension)
was generally lower than the critical energy density for distortion (associated with
yielding) in the matrix within the composite. Also, the locations in the matrix within
the composite where the largest values of the two energies occurred were different.
More importantly, the sites where the dilatation energy density attained high values
were found to be close to the fiber surface in the matrix. Asp et al. (1996b) therefore
concluded that what appeared to be fiber/matrix debonding was indeed cavitation-
induced brittle failure of the matrix, leading to fiber/matrix interface failure.

In real composites, the distribution of fibers in the cross-section is generally nonuni-
form and depends on the manufacturing process. Bulsara, Talreja, and Qu (1999)
treated the problem of characterizing arbitrary fiber distributions by statistical methods
that use the cross-sectional images of actual composites for estimating the statistical
parameters. A basic issue in this approach is how large the field of observed images
needs to be in order to be representative of the microstructure. Bulsara et al. (1999)
studied the RVE size of a ceramic matrix composite and applied appropriate failure
criteria for two failure modes, viz fiber/matrix debonding and radial cracking. They
evaluated the level of the applied thermal or mechanical loading associated with initi-
ation of a given failure mode and suggested selecting the RVE size that minimizes the
coefficient of variation of the estimated applied failure stress.
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Figure 2.6 Cracks generated under axial shear stress along planes inclined to fibers.

Redon, O. (2000). Fatigue damage development and failure in unidirectional and angle-ply glass
fibre/carbon fibre hybrid laminates. Risg-R-1168, Risg National Laboratory: Roskilde,
Denmark.

2.3.5 In-plane shear stresses

When the loading mode on a UD composite is such that the major stress produced is
the in-plane shear stress in the material coordinate system, for example under torsion of
a tube having fibers in the circumferential direction, it is commonly assumed that the
failure mechanism is a “shear failure.” In fact, evidence suggests that the failure is not
initiated by the shear stress itself but by the maximum tensile stress on planes inclined
to the fiber direction. Such evidence was reported by Redon (2000) and is shown in
Figure 2.6. Carraro and Quaresimin (2014) more recently reported similar evidence
in tubes subjected to combined cyclic torsion and tension normal to fibers. These ob-
servations suggest that in a polymer matrix reinforced by stiff fibers of high volume
fraction the matrix material is under high triaxiality of stress state when the remote
loading is in-plane shear stress such that the energy of distortion is low, leading to con-
ditions suited for brittle failure. The governing condition for this brittle failure is not
the same as that for brittle failure resulting from cavitation, which is driven by the dila-
tation energy density. For brittle cracking on an inclined plane (as seen in Figure 2.6),
the driving force is the tensile stress acting normal to the plane. Carraro and
Quaresimin (2014) found this to be the case by investigating the crack initiation pro-
cess at different ratios of the imposed shear and transverse stresses characterized by the
ratio A1y = gg/d;. At high values of this ratio they found the local maximum principal
stress to correlate with the fatigue life, while in purely transverse loading cases the dila-
tation energy density criterion (Asp et al., 1996a,b) described the failure initiation well.

2.3.6 Compressive loading normal to fibers

Failure initiation in this loading mode is not as well understood as in the other loading
modes because of the difficulties involved in experimental testing and observations.
Vogler and Kyriakides (1999) conducted tests on a UD carbon/PEEK composite under
pure transverse compression, pure in-plane shear, and in combinations of compression
and shear. They studied the deformation response, which displayed nonlinearity, partly
due to time-dependent behavior, in both compression and shear. Their failure-related
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observations were primarily based on the fracture surface images. The initiation of fail-
ure events and their progression was not clarified. Gonzales and Llorca (2007) studied
failure of a UD carbon/epoxy composite under transverse compression and found
inelastic deformation of the matrix and interface debonding to play roles in the failure
process. They performed a computational simulation of the deformation and failure of
the composite by using assumed models for matrix inelasticity and interface failure.
Totry, Gonzalez, and LLorca (2008) extended this approach to include longitudinal
shear combined with transverse compression on a carbon/PEEK composite.

2.3.7 Laminate failure

When a UD composite is in the form of a ply (or a set of aligned plies) within a lami-
nate, it experiences in-plane stresses resulting from loads on the laminate. The initia-
tion of failure in a given ply of a laminate can then be analyzed by the multiscale failure
analysis by imposing these stresses on the RVE boundary. However, such analysis will
only provide failure initiation conditions, as discussed above. The subsequent failure
progression will be different from what occurs in a UD composite in the free condition,
that is not bonded to differently oriented plies in a laminate. The ply failure in a
laminate is a constrained failure process whose analysis will be discussed next.

The constrained ply failure process in laminates has been studied experimentally
and analyzed by a variety of models since the beginning of the 1970s. An excellent
summary of this process is captured in Figure 2.7 (Jamison, Schulte, Reifsnider, &
Stinchcomb, 1984), which qualitatively depicts the stages in the progression of the pro-
cess. Although it was developed based on observations of failure mechanisms in ten-
sion—tension fatigue of carbon/epoxy laminates, it is illustrative of the failure process
in quasi-static loading as well. Overall, the early part of the process involves multipli-
cation of cracks within the plies of a laminate, leading to saturation of the crack density
in individual plies. On continued loading, the ply cracks tend to divert into the ply in-
terfaces, thereby connecting with neighboring cracks. Further interface cracking leads
to separation of plies (delamination), and subsequent fiber breakage in plies resulting
in final failure.

For a ply within a laminate under a general loading, the stress state imposed on the
ply can be determined analytically, for example by the classical laminate theory for
simple geometry and loading cases, or numerically for more complex situations.
The local stress fields at the scale of fiber size can then be determined within an appro-
priately constructed RVE (see discussion above). The initiation of the first crack for-
mation in a ply is governed by the local stress state and can be analyzed by the
multiscale approach discussed above for the case of failure initiation in a free (uncon-
strained) ply. If the failure initiation process in a UD composite is fiber/matrix debond-
ing, then its subsequent development to unstable crack growth is almost immediate.
However, when the same UD composite is in a constrained environment within a lami-
nate, the failure initiation process will still be the same, but the constraint will reduce
the crack surface separation when a crack has formed. Furthermore, the crack growth
in most cases will be arrested at the interfaces, leading further crack growth to proceed
in the direction of fibers in the ply. This crack growth has in a part of the literature been
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Figure 2.7 A schematic depiction of the evolution of damage (failure events) in a composite
laminate.

Jamison, R. D., Schulte, K., Reifsnider, K. L., & Stinchcomb, W. W. (1984). Characterization
and analysis of damage mechanisms in tension-tension fatigue of graphite/epoxy laminates.
Effects of defects in composite materials. ASTM STP, 836, 21—55; Reprinted, with permission,
from ASTM STP 836 effects of defects in composite materials, copyright ASTM International,
100 Barr Harbor Drive, West Conshohocken, PA 19428.

described as “tunneling.” These tunneling cracks form initially at random locations in a
ply, without interaction with one another, but once their mutual spacing reduces, inter-
actions occur. The interactive cracking process generates more cracks with reducing
average crack spacing, tending to a limiting value. The vast literature related to the
multiple ply cracking has been comprehensively reviewed in Talreja and Singh (2012).

Continued loading on a laminate beyond the point of ply cracking saturation results
in cracks diverting into the ply/ply interfaces, eventually connecting in the interface
planes and causing delamination (Figure 2.7). Final failure in the form of separation
of parts is often too complex to analyze and perhaps of little value since in many cases
the structure loses its functionality before that point.

2.4 A comprehensive failure analysis strategy

Figure 2.8 depicts the proposed procedure for conducting failure analysis for laminated
structures. It reflects the remedies for removing the limitations inherent in the phenom-
enological approaches. In fact, the strategy governing the proposed procedure is an
alternative approach that addresses failure assessment not by a set of assumptions con-
cerning the material failure but instead by analyzing the failure at the local scale where
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Figure 2.8 A multiscale failure analysis procedure for laminates.

the failure mechanisms operate. Also, the procedure accounts for real material consti-
tution by incorporating microstructure (including defects) using the notion of RVE.
Furthermore, the multiscale analysis in the proposed procedure is conducted in concert
with the observed hierarchy of failure mechanisms, also with the RVEs of appropriate
sizes.

Referring to Figure 2.8, the failure analysis starts by identifying the real initial ma-
terial state (RIMS) as produced by the manufacturing process of the composite part at
hand. The information acquired about the morphology of the internal composite struc-
ture, including defects, is then fed into the lamina-level RVE in which failure analysis
is conducted based on the stress fields resulting from the specified imposed loading.
The outputs of the failure analysis, organized as failure events and their progression
(failure modes), are fed into the higher (laminate) level RVE, which is constructed
from information concerning the RIMS and the lamina failure modes. The stress
and failure analyses of this RVE provide the constrained lamina cracking, the ply inter-
face failure (delamination), and fiber failure that all determine the loss of functionality
of the laminate.

2.5 Conclusions

Failure in composite materials occurs by a variety of mechanisms depending on the
imposed loading, but in each case the failure events and their progression are governed
by the local conditions. From the lowest scale where the first failure events occur to the
structural scale of final failure there is a hierarchy of scales that is not always aligned
with that of the microstructure. A multiscale framework to conduct failure analysis of
composite laminates has been proposed here that uses the concept of material state at
different length scales through representative volume elements, which incorporate
nonuniformities of microstructure and defects induced by manufacturing. This
approach to failure analysis is justified as an alternative to the currently used phenom-
enological failure theories. A few of such theories that are representative of this class of
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theories have been examined here to clarify their inability to describe failure in com-
posite materials on fundamental grounds.
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The origins of residual stress and
its evaluation in composite
materials
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3.1 Introduction

It is now well accepted that the development of residual stresses during the
manufacturing of structural components made of high-performance composites leads
to dimensional changes in the final cured component. Based on tolerance requirements
for the final part, these dimensional changes have to be remedied, either before
manufacturing using methods such as tool/mold compensation (nowadays often by
process simulation) (Fernlund et al., 2003; Johnston, Vaziri, & Poursartip, 2001) or
after manufacturing through more costly methods such as shimming (Fernlund
et al., 2001). Consequently, process simulation is increasingly the method of choice
to predict residual stress development and resulting dimensional changes (Fernlund,
Abdel-Rahman, et al., 2002; Fernlund et al., 2001, 2003; Johnston, 1997; Johnston,
Hubert, Fernlund, Vaziri, & Poursartip, 1996; Johnston et al., 2001).

However, while designers are increasingly aware of the effects of residual stress on
dimensional changes of composites (often presented in terms of spring-in or warpage),
and the tools to predict them (Fernlund, Abdel-Rahman, et al., 2002; Fernlund et al.,
2003; Johnston et al., 1996, 2001), the effects of residual stresses on the mechanical
performance of composites strength are poorly understood and are mostly benignly
neglected by at best assuming a constant value.

There are many factors contributing to the formation of residual stress in composite
materials (Johnston, 1997; Parlevliet, Bersee, & Beukers, 2006). These factors can be
divided into four categories: micro-level, macro-level, coupon-level, and component-
level factors. The root cause of residual stress at the micro level is the development of
free strains due to thermal changes (i.e., coefficients of thermal expansion (CTE)
effect) and phase changes (i.e., cross-linking or crystallization). As a result, the
mismatch of free strains in fiber and matrix leads to residual stress development
(Johnston, 1997). At the laminate level, stress discontinuities between plies, coupled
with the gradients in temperature and degree of cure, further contributes to the level
of residual stress (Johnston, 1997). At the coupon and component levels, other factors
such as tool growth coupled with tool/part interaction, ply drop-off, and inserts might
play a role to further increase the residual stress (Fernlund, Abdel-Rahman, et al.,
2002; Twigg, Poursartip, & Fernlund, 2004a, 2004b).

Structural Integrity and Durability of Advanced Composites. http://dx.doi.org/10.1016/B978-0-08-100137-0.00003-1
Copyright © 2015 Elsevier Ltd. All rights reserved.
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At the end of manufacturing process, due to all of the above contributing
factors, stress is locked within the material and consequently reduces its load
bearing capacity. Although the level of residual stress might be negligible
compared to the fiber strength, it becomes comparable to the design allowables
at the matrix level. By understanding the effect of the various processing param-
eters on residual stress development, one might be able to reduce the amount of
residual stress and consequently increase the mechanical performance and design
allowables of the matrix.

3.2 Origins of residual stress

3.2.1 Formation of free strains

Free strains are the root cause of residual stresses in laminated composites. During
and/or after the manufacturing process, development of free strains and the mismatch
of these strains between different components lead to the formation of residual
stresses. In general, the free strains are divided into three categories:

» Strains due to thermal changes (i.e., thermal expansion/shrinkage)
» Strains due to phase changes of the matrix (i.e., cross-linking or crystallization)
» Strains due to moisture absorption

In a homogeneous and unbounded body, the development of free strains does not
create any stresses, hence the name (i.e., free strains). However, as a result of anisot-
ropy of the material behavior (i.e., mismatch of free strains) and/or due to the external
constraints (e.g., boundary conditions), residual stresses are developed in a composite
material.

Consider a homogeneous body subjected to a uniform change of temperature, AT,
as depicted in Figure 3.1. In this case, the dimensional changes due to the temperature
change are without developing any stresses. The total strain in the body can be calcu-
lated using the following equation:

{e}frec = {a}AT (31)

_____________________________

Figure 3.1 Dimensional changes in an unbounded homogeneous body subjected to change in
the temperature from 7 to 7 + AT.
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in which « is the matrix of the CTEs. In such a system, subjected to external loads or
constraints, the stress—strain relationship is modified as follows to calculate the total
strain:

{ehow = [CHo} +{a}AT (32)

in which C is the material compliance matrix and ¢ is the stress matrix. Combining
Eqns (3.1) and (3.2), we can calculate the stresses as follows:

{0'} = [S]({E}total - {E}free) = [S]({g}mechanical) (33)

in which S is the material stiffness matrix. This equation implies that free strains do not
contribute to the overall stresses in the body, and only the mechanical portion of the
total strains results in the stress formation.

As mentioned earlier, the free strains in the body can be divided into three
categories:

{S}free = {g}thermal + {g}moisture + {g}phase changes (34)

The phase change strains are related to cross-linking/crystallization process during
which material shrinks (i.e., curing/crystallization shrinkage). Moisture absorption
results in the development (or typically reduction) of in-service free strains.

3.2.2 Development of residual stresses

As mentioned in the previous section, absent any constraints or mismatch of
strains, the development of free strains does not lead to development of residual
stresses. However, in laminated composites, considering the anisotropy of mate-
rial behavior in different directions, including the mismatch of thermal and
phase-change properties between fiber and matrix, residual stresses are formed,
which in turn results in reducing the mechanical performance and the dimen-
sional changes of the material. Coupled with the mismatch of free strains
between fiber and matrix are other factors such as the mismatch of thermal
properties between the tool and the composite part and the imposed constraints
on the part through the tool/part interaction.

Different factors contribute to the development of residual stresses at different size
scales. These scales can be divided into four categories of micro, laminate, coupon,
and component levels as shown in Figure 3.2. These factors are briefly explained in
the next sections.

3.2.2.1 Micro level

At the micro level, due to the mismatch of free strains in fiber and matrix, residual
stresses are developed. As a simple example, consider the mismatch of free strains
in a unidirectional lamina subjected to no external load as shown in Figure 3.3.
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Figure 3.2 Different size scale levels for laminated composites, (a) micro level, (b) laminate
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Figure 3.3 Representative volume element for a lamina with known volume fractions.

In this case, the total stress on a representative volume element (RVE) is equal to zero.
Therefore, the equilibrium equation can be written as follows:

Vin® Oresidualpgie T Vf* Oresidualgpe — 0 3.5

in which V; and V,, are the volume fractions of fiber and matrix, respectively.
Substituting from Eqn (3.3), we can rewrite Eqn (3.5) as

Vi En (8 — €freem) + Vi Ef (8 — Sﬁ«eef) =0 3.6)

in which ¢ is the total strain of the RVE. This strain can now be calculated as

. VinEmétree,, + VfEf Efreey

z 3.7

&

in which E is the total modulus of the RVE. Finally, the residual stress in the matrix can
be calculated as
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Table 3.1 Parameters that will affect the mismatch of free strains
and development of residual stresses at the micro level

Object Parameter

Material Fiber Elastic and viscoelastic properties
Volume fraction
Architecture

Thermal properties (i.e., coefficients of
thermal expansion (CTE))

Matrix Elastic and viscoelastic properties
Cross-linking/crystallization kinetics
Cross-linking/crystallization shrinkage

Thermal properties (e.g., CTE,
conductivity)

Volume fraction

Interface (i.e., sizing) | Bonding properties

Void Volume fraction

Process Temperature cycle (i.e., heating and cooling cycle)

Vf ‘EfEm (Sfree,,, — Efree,
Oresidual iy — E f) 3.8)

This equation shows that the residual stress in matrix is a function of mismatch of
free strains, elastic properties, and volume fractions. Aside from these properties, at the
micro level there are various other parameters that can affect the development of free
strains in fiber and matrix and consequently affect the development of residual stresses.
Equation (3.8) was derived with the assumption that fiber and matrix behave elasti-
cally. In reality, the viscoelastic properties of the material significantly affect the devel-
opment of residual stresses. Coupled with the viscoelastic properties are other factors
including cross-linking/crystallization shrinkage during the manufacturing process and
also the effect of the process temperature cycle. All the parameters that can affect the
development of residual stresses at the micro level are listed in Table 3.1.

3.2.2.2 Laminate level

At the laminate level, the constraints and stresses imposed by the layers oriented along
different directions further contribute to the development of residual stresses. For a
laminated composite, the extension, coupling, and bending stiffness (A, B, and D,
respectively) are defined as follows:



48 Structural Integrity and Durability of Advanced Composites

[A] = [Sﬂ Iy (3.9)
k=1

B] = Zn:[S_k} Tk Tk (3.10)
k=1

D] = y [ﬁ](m-aﬁf—’z) 3.11)
k=1

in which Sy is the stiffness matrix of the kth layer, #; is the thickness of the kth layer,
and z; is the distance of the center of the layer to the center of the laminate. The force
strain is modified to include the effect of free strains as follows:

N €0 Ntree
= - (3.12)
M Ko Miree
in which N and M are the applied load and moment, &y and «q are the strain and

curvature of the mid-plane of the laminate. Ngee and My are force and moment related
to the free strains and can be calculated as follows:

A B
B D

n

Nieel = 3 [Se] 1 et } (3.13)
k=1

[Mfree] = Z [S_k} Tkt {Efreek} 3.14)
k=1

Equation (3.12) resembles Eqn (3.3) in the sense that free strains do not contribute
to the development of forces. It is in fact the mismatch of free strains between layers
with different orientations that leads to the development of residual stresses. These
equations also show that the lay-up sequence and also thicknesses of the layers affect
the residual stress development. Additional parameters at the laminate level that might
contribute to the development of residual stresses are listed in Table 3.2.

3.2.2.3 Coupon level

At the coupon level, a simple system of part(s), tool(s), and processing environment as
shown in Figure 3.2(c) is considered. In such a system, along with the material prop-
erties mentioned in the micro and laminate levels, the interactions of tool and part and
also the tool properties play a role in the development of residual stresses. During the
manufacturing process, the thermal expansions of the tool and part are coupled via
tool/part interaction to create residual stresses in the part. For the part, the phase change
related strains must be added to the thermal expansion.
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Table 3.2 Additional parameters that will affect the
formation of residual stresses at the laminate level

Object Parameter
Part Lay-up
Thickness
Process Through thickness temperature gradient
(a) Pressure
Part <«<—— Induced —>
t <«—— stress — >
_ — Thermal
<— Tool —>
expansion
le N
= 1
L
(b)
Pressure
Locked E Interply slippage
-— stress - 5
Tool Thermal
<— Too| —>
expansion
(c) Residual stress
Warpage

Figure 3.4 Tool—part interaction and residual stress development: (a) tool expands on heating
and friction/bonding at the interface induces tensile stresses in the part; (b) some of the stresses
are relieved through interply slippage, and a stress gradient is locked in the part as curing
progresses, and (c) demolding results in the formation of compressive residual stresses and

warpage.
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Table 3.3 Additional parameters that will affect the formation
of residual stresses at the coupon level

Object Parameter

Part Geometry

Tool Soft tooling Thermal properties
Thickness

Hard tooling Thermal properties
Thickness

Surface roughness

Surface preparation (i.e., release agents)

Process Pressure cycle

Facility Heat transfer coefficients

As a simple example, the manufacturing process of a thermoset-based flat com-
posite part on a flat tool is depicted in Figure 3.4(a). During the manufacturing pro-
cess while heating up the part, the tool expands. The expansion of the tool imposes
stresses on the part through friction/bonding. Since the matrix is not cured yet, some
of the stress is relieved though interply slippage (Fernlund & Floyd, 2007; Ridgard,
1993; Twigg et al., 2004a, 2004b). The final stress gradient is locked in the material
as cure progresses (Figure 3.4(b)). At the end of the manufacturing process and
demolding of the part, the balance of forces results in the relief of some of the resid-
ual stresses in the part and a final warped balanced geometry (Figure 3.4(c)). It has
been shown that in such a case, aside from the interface bonding/friction properties
and the temperature cycle, the most important parameters are part dimensions
(i-e., length and thickness) (Fernlund & Floyd, 2007; Twigg et al., 2004a, 2004b).
Table 3.3 summarizes the additional parameters that affect the development of
residual stress at this level.

3.2.2.4 Component level
At the component level, the important parameters can be divided into two groups:

* Process parameters
* Post-process parameters

The post-process refers to activities such as demolding, trimming, cutting, drilling, and
post-curing. Aside from post-curing, any of these activities can potentially relieve
some of the locked stresses in the part and consequently additional dimensional
changes of the part.

During the manufacturing process, variation of airflow in the facility (i.e., oven/
autoclave) may result in the variation of temperature histories at different locations
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Table 3.4 Additional parameters that will affect the development
of residual stresses at the component level

Object Parameter

Part Inserts (e.g., sandwich cores)
Ply drop-off

Geometrical features (e.g., holes, sharp corners, noodle regions, etc.)

Tool Substructure
Facility Variation of the temperature histories (i.e., lead and lag locations)
Post-process Demolding

Trimming and chamfering
Cutting
Drilling

Post-curing/co-bonding

Web

Noodle

Figure 3.5 Noodle region between a flange and web.

in the part. Coupled with the variation of the base airflow, the tool substructure may
also additionally influence the airflow under the tool. The variations of airflow may
result in the variation of heat transfer coefficients in different zones of the part and
consequently large variations in the temperature histories in the part (i.e., significantly
different lead and lag locations). This potentially changes the curing process at
different locations of the part and results in further mismatch of free strains in the
part, which in turn further increases the residual stresses.

Other geometrical features such as ply drop-offs, sharp corners, or noodle regions
(Figure 3.5) may create stress discontinuities to further increase the residual stresses,
consequently resulting in the development of microcracks even during processing.
Table 3.4 summarizes the additional parameters that affect the development/relief of
residual stresses to create the final balanced geometry.
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3.3 Measurements and predictions

3.3.1 Experimental measurements

In recent years, many experimental techniques have been proposed and used to
measure residual stresses in laminated composites (e.g., see Parlevliet, Bersee, &
Beukers, 2007). In general, these techniques can be divided into two main categories:
(1) measuring residual stresses during processing of laminated composites and
(2) measuring residual stresses after the manufacturing process. Most notable tech-
niques in the literature are listed in Table 3.5.

There is a variety of measurement techniques based on embedding sensors in com-
posites. Most notable ones are embedding strain gauges (e.g., Crasto et al., 2002; Jer-
onimidis & Parkyn, 1988; Kim & Daniel, 2002; Unger & Hansen, 1993; Wisnom
et al., 2006) and fiber optic sensors (FOS) (e.g., Chehura et al., 2005; Leng & Asundi,
2002; Okabe et al., 2002; Sorensen, Gmiir, & Botsis; Zhou & Sim, 2002) in a part to
monitor the residual stress level during the manufacturing process. Although there are
some limitations associated with these approaches, including the sensitivity of strain
gauges to high temperatures and bonding of FOS to the uncured prepreg, these
approaches have gained much attention and popularity in recent years.

The bi-material beam test method (Thorpe, 2013) is another promising approach
that indirectly measures the development of residual stresses through the measurement
of deformation. In this approach, a bi-material beam of uncured prepreg and steel shim
is constructed (Figure 3.6). The beam is then placed in a dynamic mechanical analyzer
(DMA) and monitored during the curing. Curing results in the warpage of the beam
due to the mismatch of thermal strains. By monitoring the warpage of the beam during
processing, free strains and residual stresses in the prepreg can be back-calculated.

In recent years, several destructive techniques including first ply failure (e.g.,
Cowley & Beaumont, 1997; Jeronimidis & Parkyn, 1988; Kim & Hahn, 1979;
Li et al., 2014), layer removal (e.g., Chapman et al., 1990; Crasto & Kim, 1993;
Deshpande & Seferis, 1996; Gascoigne, 1994; Joh et al., 1993), blind hole drilling
(e.g., Cowley & Beaumont, 1997; Ersoy & Vardar, 2000; Jeronimidis & Parkyn,
1988; Parlevliet et al., 2007; Wu & Lu, 2000), and successive grooving (e.g., Ersoy &
Vardar, 2000; Parlevliet et al., 2007; Sunderland et al., 2001) techniques have been
developed to measure the residual stresses in composites. Among these methods,
the first ply failure method is considered a more accurate and direct approach
(Parlevliet et al., 2007). In this approach, a cross-ply laminate is tested under tensile
loading conditions. As the loading increases, the cracks start to form in the 90° layers.
The first ply failure stress can provide insights into the level of the residual stress in the
laminate. In one approach (Li et al., 2014), the crack density in 90° layers were moni-
tored for cross-ply laminates manufactured using different cure cycles to examine the
effect of cure cycle on the final level of residual stress.

In recent years, there has been an increasing amount of attention on nondestructive
techniques. Aside from the well-established techniques to measure the warpage of
laminated composites and back calculate the residual stresses (e.g., Barnes & Byerly,
1994; Cowley & Beaumont, 1997; Nairn & Zoller; Parlevliet et al., 2007), several



Table 3.5 Notable experimental methods to measure residual stresses in laminated composites

Category

Method

During processing

After processing

Destructive

Nondestructive

Embedded strain gauges (e.g., Crasto, Kim, & Russell, 2002; Kim & Daniel, 2002; Jeronimidis &
Parkyn, 1988; Unger & Hansen, 1993; Wisnom, Gigliotti, Ersoy, Campbell, & Potter, 2006)

Embedded fiber optic sensors (e.g., Chehura et al., 2005; Leng & Asundi, 2002; Okabe, Yashiro, Tsuji,
Mizutani, & Takeda, 2002; Sorensen, Gmiir, & Botsis; Zhou & Sim, 2002)

Interrupted warpage test (Wisnom, Gigliotti, Ersoy, Campbell, & Potter, 2006)
Bi-material beam (BMB) test (Li, Zobeiry, Chatterjee, & Poursartip, 2014)

First ply failure (e.g., Cowley & Beaumont, 1997; Jeronimidis & Parkyn, 1988; Kim & Hahn, 1979;
Li et al., 2014)

Layer removal (e.g., Chapman, Gillespie, Pipes, Manson, & Seferis, 1990; Crasto & Kim, 1993;
Deshpande & Seferis, 1996; Gascoigne, 1994; Joh, Byun, & Ha, 1993)

Blind hole drilling (e.g., Cowley & Beaumont, 1997; Jeronimidis & Parkyn, 1988; Ersoy & Vardar,
2000; Parlevliet et al., 2007; Wu & Lu, 2000)

Successive grooving (e.g., Ersoy & Vardar, 2000; Parlevliet et al., 2007; Sunderland, Yu, & Manson,
2001)

Warpage/Curvature measurement (e.g., Barnes & Byerly, 1994; Cowley & Beaumont, 1997; Nairn &
Zoller; Parlevliet et al., 2007)

Interferometry (e.g., Lee, Molimard, Vautrin, & Surrel, 2004; Parlevliet et al., 2007; Pechersky, 2001)
Photoelasticity (e.g., Nairn & Zoller, 1985)

Raman spectroscopy (e.g., (Filiou, Galiotis, & Batchelder, 1992)

Electrical conductance (e.g., Chung, 2001; Mei & Chung, 2000)
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Figure 3.6 Bi-material beam
sample mounted in a dynamic
mechanical analyzer (DMA)
using three-point bending clamps.

other techniques including interferometry (e.g., Lee et al., 2004; Pechersky, 2001;
Parlevliet et al., 2007), photoelasticity (e.g., Nairn & Zoller, 1985), Raman spectros-
copy (e.g., Filiou et al., 1992), and electrical conductance (e.g., Chung, 2001;
Mei & Chung, 2000) methods have been utilized. There are, however, limitations asso-
ciated with these techniques as listed below (Parlevliet et al., 2007):

* Interferometry: provides only surface strains and surface information
* Photoelasticity: transparent matrix is required

* Raman spectroscopy: transparent matrix is required

* FElectrical conductance: electrically conducted fibers are required

In general, there are limitations and potential drawbacks associated with other tech-
niques as well. These limitations are summarized in Table 3.6. Although there is no
perfect method to measure residual stresses, however, depending on the situation
and application, one or more of these techniques might be appropriate and accurate
enough to measure the residual stresses.

3.3.2 Analytical and numerical approaches

Conceptually, the development of residual stresses can be simply attributed to
the mismatch of free strains, but the task of predicting residual stresses in laminated
composites, by either analytical or numerical methods, is far from trivial. There are
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Table 3.6 Limitations of experimental methods to measure residual

stresses
Method Potential limitations
Embedded strain gauges Sensitivity to the temperature
Embedded fiber optic sensors Bonding issues before vitrification, resin rich areas
Interrupted warpage test Limited accuracy
Bi-material beam (BMB) test Only applicable to cross-ply laminates
First ply failure Only applicable to cross-ply laminates
Layer removal Limited accuracy
Blind hole drilling Low accuracy
Successive grooving Low accuracy
Warpage/Curvature measurement Limited accuracy
Interferometry Only surface strains and surface information
Raman spectroscopy Transparent matrix is required
Photoelasticity Transparent matrix is required
Electrical conductance Electrically conducted fibers are required

various issues associated with predicting the residual stresses that make this a sig-
nificant task:

Prediction of residual stresses in laminated composites is linked to the manufacturing process
simulation, which has to address a complex systems problem describing the combined part,
tool, and curing environment. This complexity is also coupled with the complexity of the
viscoelastic behavior of the material to make the prediction task quite challenging.

Aside from the mismatch of free strains at the micro level, as discussed in Section 3.2, the
many other parameters that affect the development of residual stresses at the laminate level,
coupon level, and component level must be considered as appropriate. A successful predic-
tion approach should at least consider a majority of these parameters.

Uncertainty associated with many of the aforementioned parameters is another issue that
challenges the prediction of the residual stresses. Examples are variability in airflow inside
an autoclave or the tool surface condition to quantify the tool/part interaction.
Thermochemical and mechanical properties of the fiber and matrix play an essential role in
the development of free strains and residual stresses. Consequently, it is important to prop-
erly characterize the relevant material properties as input to any analytical/numerical
approach.

Considering the importance of residual stresses and dimensional variations, it is not
surprising that process modeling has been the topic of much research. Perhaps the
earliest work was by Hahn and Pagano (1975). In their approach, a linear elastic consti-
tutive model was used with some simplified assumptions. Many studies after this
initial study were conducted to include more of the existing complexities in the system
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Figure 3.7 Integrated submodule approach in a commercial process modeling code, COMPRO.

(e.g., Antonucci, Cusano, Giordana, Nasser, & Nicolais, 2006; Bogetti & Gillespie,
1991, 1992; Clifford, Jansson, Yu, Michaud, & Manson, 2006; Johnston et al.,
2001; Kiasat, 2000; Kim, Bernet, Sunderland, & Manson, 2002; Loos & Springer,
1983; White & Hahn, 1992a, 1992b). Currently, one of the main trends in process
simulation is to use an intergraded submodel approach to break down the complexity
of the system into several simpler submodels (e.g., Johnston et al., 2001). Usually
in such an approach each submodel represents one aspect of the material behavior.
As an example, the submodel approach used in the commercial code COMPRO
(Convergent Manufacturing, 2014) is depicted schematically in Figure 3.7. In this
code, the process simulation is broken down into three steps of thermochemical
simulation, flow-compaction simulation, and stress-deformation simulation.

There are two important issues to be considered in any simulation approach: mate-
rial constitutive model (e.g., elastic vs viscoelastic modeling) and the method to solve
the equations over the domain of interest. In terms of material models, as mentioned
before, it is important to capture the complexity of the behavior of the material in order
to accurately predict the development of residual stresses. For composites, the
following material constitutive models have been used by researchers:

» Elastic model: Early process models used elastic models to describe the behavior of the
material (e.g., Harper & Weitsman, 1981; Loos & Springer, 1983; Nelson & Cairns,
1989; Stango & Wang, 1984). In these models, the stress calculation is based on the final
relaxed modulus of the material:
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o(t) = E-¢ (3.15)

Although this type of model might provide some insights into the behavior of the
material and development of residual stresses, it cannot capture the complexity of
the problem or give quantitatively good results.

* Pseudo-viscoelastic model: the cure hardening instantaneously linear elastic models
(CHILE) have been used by some researchers for process simulation (e.g., Bogetti &
Gillespie, 1992; Fernlund, Abdel-Rahman, et al., 2002; Fernlund, Griffith, Courdji, &
Poursartip, 2002; Fernlund et al., 2003; Johnston et al., 2001; Lange, Toll, & Manson,
1995). In these models, the modulus changes as a function of degree of cure and temperature:

t
o(t) = /E'(T, a)%'d‘[ (3.16)
0

in which E' is the instantaneous modulus of elasticity (storage modulus), T is the
temperature, « is the degree of cure, and 7 is the time integration variable. Although
these models do not capture the full complexity of viscoelastic materials, in general,
it has been shown that the CHILE approach provides good predictions for curing
of thermoset resins (Fernlund, Griffith, et al., 2002; Fernlund et al., 2003;
Zobeiry, 2006).

e Viscoelastic model (VE): It is well known that polymers generally exhibit viscoelastic
behavior. As a result, for predicting the residual stresses in composites, some researchers
have employed full viscoelastic equations (e.g., Zobeiry, 2006; Zobeiry, Vaziri, & Poursartip,
2010). In such models, the modulus varies with time, temperature, and degree of cure. Based
on the time-temperature-cure superposition assumption (e.g., Zobeiry, 2006), the constitutive
equation can be written as follows:

t
a(t) = /E(t—r,T,a)%'dr (3.17)
0

In general, VE models are the most accurate model to capture the complex
behavior of the material. However, due to the complexity of these models and
also the difficulties associated with characterizing the viscoelastic material prop-
erties, pseudo-viscoelastic models are the alternative faster models but with less
accuracy.

These three material models are schematically depicted and compared in Figure 3.8.

As mentioned earlier, another important issue to consider is the method to solve the
governing equations to predict the residual stresses. Over the past decades, three
methods have been used to solve the relevant equations: laminate plate theory
(LPT; e.g., Hahn & Pagano, 1975; Loos & Springer, 1983), finite difference method
(FDM; e.g., Bogetti & Gillespie, 1992), and finite element method (FEM; e.g., Zobeiry
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Figure 3.8 Different material constitutive
models to predict residual stresses in Viscoelastic model
composites (Zobeiry, 20006). A Properties vary with time,
temperature, and degree of cure

CHILE model

Properties vary with temperature
and degree of cure

Higher speed

More accuracy

Elastic model

Properties are constant

etal., 2010). However, FEM has been the method of choice for most studies, and com-
mercial simulation packages have been developed based on this method (Convergent
Manufacturing, 2014).

3.4 Effects and mitigations

3.4.1 Effects of residual stresses
In general, the effects of residual stresses can be divided into two categories:

* Geometry-related effects (e.g., Figure 3.9)
* Performance-related effects

By definition, any deviation from design that is not within the acceptable tolerance is
assumed to be a defect. Based on this definition, notable outcomes of interests related
to residual stresses in composites are as follows:

* Geometric deviations: warpage, spring-in (e.g., Albert & Fernlund, 2002; Fernlund, 2005;
Radford & Diefendorf, 1993)
* Reduced performance: low mechanical properties, microcracks (e.g., Li et al., 2014)

Figure 3.9 Effect of residual stress on the geometry of an unbalanced laminate.
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Corner thinning
Web warpage

e
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Figure 3.10 Geometric deviations (spring-in and warpage) due to the formation of residual
stresses in a U-shaped composite part.

Figure 3.11 Transverse crack formation in the off-axis plies of a cross-ply laminate (Li et al.,
2014).

Most notable geometric deviations due to residual stresses are spring-in and warpage
as depicted in Figure 3.10 for a U-shaped composite part. When parts are out of dimen-
sional tolerance, the following problems may arise:

* Poor fit-up or forced fit-up, which in turn increases the residual stresses and reduces the
mechanical performance

* Unintended changes in the structural response (i.e., deflection shape, aerodynamics)

* Compromised structural integrity

Aside from geometric deviations, reduction of mechanical properties is the other effect
of residual stresses, and this is usually neglected by assuming it is a constant effect.
The reduction of mechanical properties is most pronounced when considering
matrix-dominated properties and design allowables derived from these properties. In
a study by Li et al. (2014), it is shown that by modifying the cure cycle, the strain
to failure of an epoxy matrix material was increased by about 0.1%. Given a baseline
tensile strain to failure of about 0.8% for the epoxy resin in the study, and designs that
will typically allow in-service strains of 0.25—0.4%, an additional margin of 0.1%
would be a significant improvement for the performance of the matrix material.
More typically, the accumulation of residual stresses in resin-rich areas or areas
with stress discontinues (e.g., a noodle region as shown in Figure 3.5) might result
in the formation of microcracks even during cure or de-tooling, which is highly unde-
sirable (Figure 3.11).

3.4.2 Mitigation strategies and tools

In general, there are three different strategies to mitigate the effects of residual stresses
on geometric deviations:
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* Design compensation
* Assembly compensation
*  Mold geometry compensation

In design and assembly compensation approaches (Figure 3.12(a) and (b)), the pres-
ence of geometric deviations is accepted and mitigated by using techniques such as
shimming. Putting aside the undesired incremental cost of such approaches, utilizing
these mitigation strategies results in increasing residual stresses and consequently
further reducing mechanical properties.

The preferable method is obviously the mold compensation approach
(Figure 3.12(c)). In this approach, the deformed geometry of the part is predicted using
process simulation tools (e.g., Convergent Manufacturing, 2014). The negative geom-
etry of the prediction is then used to compensate the mold geometry. Using this
compensated geometry, parts with geometric deviations within the design tolerances
can be manufactured.
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Figure 3.12 Mitigation strategies for geometric deviations: (a) design compensation,
(b) assembly compensation, and (c) mold geometry compensation.
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(a) Figure 3.13 Modifying the
cure cycle from (a) a one-hold
cycle to (b) a two-hold cycle
to minimize the effect of
residual stresses on mechanical
performance (Li et al., 2014).
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Typically, the current approach to managing the effect of residual stress on design
allowables in aerospace applications is to ensure that the coupons used to generate
design allowables have seen exactly the same process cycle as the structure to be certi-
fied. In this manner, it is expected that residual stresses are the same in both coupons
and structure, and thus the effect is accounted for, even if not quantified directly. This
is likely a conservative approach, even though there appear to be no documented
studies to verify this. Nonconservative conditions may apply to geometrical features
such as stringer noodles and the like.

If there is an opportunity to control the process to manipulate and minimize residual
stress, the following workflow may be used to achieve the lowest possible residual
stress:
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1. Systematically evaluate relevant parameters, listed under Section 3.2 at the micro level, laminate
level, coupon level, and component level, and modify within the allowable ranges. Some of these
parameters may be fixed (e.g., geometry of the part). Some other parameters such as temperature
cycle may be modified easily (e.g., lower heating rates) and should be considered first.

2. Numerical tools (e.g., Convergent Manufacturing, 2014) or experimental approaches may be
used to quantify the effect of modifying parameters.

3. Repeat above steps until satisfactory or optimum results are achieved.

In a case study demonstrating this workflow, Li et al. (2014) modified the cure cycle of
an AS4/8552 cross-ply laminate from a one-hold cycle to a two-hold cycle
(Figure 3.13), reducing the residual stress and consequently increasing the strain to
failure by about 15% above the baseline.

3.5 Residual stresses in carbon-epoxy composites
and typical material properties

In this section, the development of free strains and residual stresses in a typical carbon-
epoxy laminate are considered. Material properties are provided for HEXCEL AS4/
8552 prepreg from various sources in the literature (Albert & Fernlund, 2002; Ersoy
et al., 2010; Garstka, Ersoy, Potter, & Wisnom, 2007; Li et al., 2014; Prasatya,
McKenna, & Simon, 2001; Van Ee & Poursartip, 2009; Yu, Mhaisalkar, & Wong,
2005). At the micro level, as discussed previously, mismatch of free strains (i.e.,
thermal and phase-change strains) is the main cause of the formation of residual
stresses. As curing progresses during manufacturing, material properties such as
modulus evolve. CTE of the material changes as the resin goes from the rubbery state
to a glassy state. Due to the cross-linking development, CTE at a rubbery state is higher
than the CTE at a glassy state. In Figure 3.14, this behavior is depicted for a typical pre-
preg. For a UD AS4/8552 lamina, Ersoy et al. (2010) reported a value of 35 x 10-%/°C
for the glassy CTE at 100 °C. For the rubbery CTE at 200 °C, a value of about
120 x 10~%/°C has been reported (Ersoy et al., 2010).

Figure 3.14 Thermal effect on Gl | Rubb
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Figure 3.15 Typical cure shrinkage
versus degree of cure curve for an epoxy
resin (Yu et al., 2005).

Gelation

Cure shrinkage

Degree of cure

As curing progresses, cure shrinkage increases. The relation of cure shrinkage and
degree of cure can be approximately assumed to be linear with perhaps a small change
of slope around the gelation point as shown in Figure 3.15. For AS4/8552, volumetric
cure shrinkage of 4.94% has been reported in the literature (Garstka et al., 2007). For
8551-7 epoxy resin, a value of 8% has been reported (Prasatya et al., 2001).

Modulus development during cure cycle can be measured using a DMA (e.g., Li
et al., 2014). Figure 3.16 shows transverse modulus development for a UD AS4/
8552 laminate subjected to the recommended one-hold cure cycle (Van Ee &
Poursartip, 2009). In this cycle, the temperature is increased from the room tempera-
ture to 180 °C with a heating rate of 3 °C/min. The temperature is then held at 180 °C
for 2 h followed by cooling down to the room temperature with the rate of 5 °C/min.
During the hold, modulus starts to build up as the instantaneous glass transition of the
resin increases due to cure, approaches, and exceeds the hold temperature, and thus the
resin vitrifies. Modulus development slows down as vitrification halts cure advance-
ment, but there is a final increase during cooldown due to thermoelastic effects. For
this cure cycle, the degree of cure and glass transition temperature increase can be pre-
dicted using openly available NCAMP cure kinetics and related models within the
RAVEN process simulation software (Convergent Manufacturing Technologies,
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Figure 3.17 One-hold cure cycle of an AS4/8552 laminate (Albert & Fernlund, 2002).

2013), as shown in Figure 3.17. Gelation of the material occurs at about a DOC of 0.55
(Van Ee & Poursartip, 2009), and vitrification is complete once T, > T + 28 °C
(50 °F) (CMH-17, 2012). Figure 3.17 shows that both gelation and vitrification occur
during the 180 °C hold. Residual stress development in the material for this cure cycle
can be divided into three zones:

Zone 1, before onset of vitrification: By increasing the temperature, resin viscosity drops and
resin starts to flow. Onset of cure increases viscosity and reduces resin flow. Once gelation
occurs (in this case DOC ~ 0.55) a three-dimensional network has been created, and the ma-
terial has a measurable, rubbery storage modulus. Cure shrinkage and thermal expansion of
fiber and resin do not contribute to the development of residual stresses in this zone since the
resin has negligible modulus before gelation, and a low rubbery modulus even past gelation.
Zone 11, after onset of vitrification but before cooling down (T, > T): Resin cure shrinkage is
coupled with significant modulus development in the resin, resulting in the development of
significant residual stress.

Zone 111, during cool down: By the end of the hold, the material has fully vitrified, cure
advance has stopped, and accordingly the modulus has stabilized. During cooldown, there
is negligible further cure and associated shrinkage in the resin. However, there is a thermo-
elastic effect on the modulus. In this cooldown phase, the significant mismatch in thermal
free strains between fiber and resin (mismatch in CTE) leads to a very significant increase
in the residual stress level.

The residual stress formation for this cure cycle has been predicted using a
combination of the bi-material beam technique and a pseudo-viscoelastic model,
CHILE, (Li et al., 2014) and is depicted in Figure 3.18.
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Figure 3.18 Development of residual stress in a cross-ply AS4/8552 laminate during a one-hold

cure cycle as shown in Figure 3.17 (Albert & Fernlund, 2002).

100 mm

100 mm Part

Figure 3.19 Manufacturing of L-shaped parts on steel and aluminum tools to study the effect of

residual stresses on spin-in angle (Albert & Fernlund, 2002).

It is of great interest to compare the relative contributions of thermal-induced free
strains (CTE effect) and phase-change-induced free strains (e.g., cure shrinkage) on the
overall residual stress level and geometry variations (i.e., spring-in and warpage). This
comparison is also valuable in building up an understanding of how to minimize the effect
of residual stresses (e.g., Li et al., 2014). Although it might seem that the cure shrinkage
effect should be much larger than the CTE effect due to the high volumetric cure
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Figure 3.20 Effects of coefficients of thermal expansion (CTE), cure shrinkage, and tool—part
interaction on the spring-in angle of L-shaped parts (Albert & Fernlund, 2002).

shrinkage, this in fact is not correct. The majority of cure shrinkage occurs while the resin
has negligible modulus, and consequently the CTE effect is more important.

In a study by Albert and Fernlund (Albert & Fernlund, 2002), the effects of these
two free strains were compared on the final spring-in angle of L-shaped parts
(Figure 3.19). In their study, a spring-in angle of about 1.5° was measured in L-shaped
parts. Upon minimizing the tool—part interaction by using FEP sheets between the
tool and part, this value decreased to about 1° (Figure 3.20). It was also observed
that for the case with minimized tool—part interaction, the contribution ratios for the
effects of CTE and cure shrinkage on spring-in angle were approximately 2/3 and
1/3, respectively.

3.6 Discussion

As explained in detail in Section 3.2, conceptually the mismatch of free strains results
in the development of residual stresses in laminated composites. These free strains
might form due to thermal changes, phase changes, or moisture absorption. However,
considering all the levels of complexities of a composite part at the micro level, lami-
nate level, coupon level, and component level, there are many contributing/relieving
factors that affect the final level of the residual stresses. A summary of these factors
is listed in Table 3.8.

In Section 3.3, various experimental and numerical approaches were presented to
measure/predict the residual stresses in a laminated composite part. Although predic-
tion approaches vary in terms of level of complexity, generally speaking, viscoelastic
and pseudo-viscoelastic-based approaches are sufficiently accurate. Currently, only
pseudo-viscoelastic approaches are mature enough for general use, but viscoelastic
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Table 3.7 The matrix of outcomes of interests related to residual

stresses

Geometry related

Performance related

Spring-in Warpage

Low mechanical properties for | Microcracks
resin-dominated properties

Table 3.8 Parameters that affect the formation of residual stresses

in laminated composites

Object Parameter
Material Fiber Elastic and viscoelastic properties
Architecture
Density and thermal properties
Volume fraction
Matrix Elastic and viscoelastic properties
Cross-linking/crystallization kinetics
Cross-linking/crystallization shrinkage
Density and thermal properties
Volume fraction
Interface Bonding properties
Void Morphology
Volume fraction
Part Geometry
Lay-up
Inserts
Ply drop-offs
Geometrical features (e.g., holes, sharp corners, noodle regions, etc.)
Tool Soft tooling Density and thermal properties
Thicknesses
Hard tooling Density and thermal properties
Thicknesses
Surface roughness
Surface preparation
Substructure

Continued
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Table 3.8 Continued

Object Parameter

Process Pressure cycle

Temperature cycle

Facility Variation of the temperature histories
Heat transfer coefficients
Post-process Demolding

Trimming and chamfering

Cutting

Drilling

Post-curing/co-bonding

Moisture absorption

approaches are increasingly considered for the more complex out-of-autoclave cycles
that often have off-tool post-cures.

As discussed in Section 3.4, when considering residual stresses, the outcomes of
interests can be divided into two main categories of geometric-related
and performance-related outcomes. The notable outcomes of interests are presented
in Table 3.7.

When it comes to mitigation strategies, geometry-related deviations can be miti-
gated using approaches such as tool geometry compensation, which relies on numer-
ical techniques to predict the deformed geometry. For performance-related outcomes, a
systematic workflow might be followed to minimize the effects of residual stresses by
modifying the parameters listed in Table 3.8.
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A multiscale synergistic damage
mechanics approach for modeling
progressive failure in composite
laminates

C.V. Singh
University of Toronto, Toronto, ON, Canada

4.1 Introduction

Failure in polymer composites is different than in metallic and ceramic materials.
In composites, the failure occurs progressively through a variety of damage mecha-
nisms that cause loss of load-bearing capabilities of the composite structures. There-
fore, composites may develop significant amounts of damage without causing
catastrophic failure. In most cases, when composite laminates consisting of a designed
layup is loaded in tension, this progressive damage begins through the initiation of
microcracks in the matrix resin, which quickly give rise to cracks in the ply transverse
to the loading direction. These “ply cracks,” being unstable in nature, grow through the
lamina thickness and width directions, and thus can be considered as fully developed.
On increased external loading, more such cracks form in the transverse plies, without
causing ultimate structural failure. If a mix of ply orientations is used to define
composite layup, ply cracks may initiate in multiple directions. Since ply cracking
does not cause final failure, this is considered subcritical damage. This can, however,
lead to critical forms of damage such as delamination, and it is therefore necessary
to accurately predict material behavior under practical conditions. Additionally, ply
cracking causes a reduction in the stiffness moduli of the composite laminate, thereby
reducing its load-carrying capability. The field of damage mechanics deals with under-
standing the growth of such damage and its effect on the stiffness properties of
damaged laminates. In this chapter, we describe a newly developed multiscale syner-
gistic damage mechanics (SDM) approach for predicting the stiffness degradation of
multidirectional composite laminates with ply cracking in multiple orientations. The
methodology is an extension of the continuum damage mechanics (CDM), and thus
we begin by providing a brief overview of the CDM concepts. The issues with
CDM will then be identified, leading to SDM formulation. Later sections will describe
the SDM procedure and showcase its application for a selected set of multidirectional
laminates. We will end the chapter by highlighting concurrent issues, future trends,
resources for further information, and concluding remarks.
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4.2 Continuum damage mechanics
For undamaged laminate, the constitutive relationship can be written as
gjj = Cijklekl (4.1)

where aj;, £y, and Cjj; denote the tensors of stress, strain, and stiffness, respectively,
at a point in the continuum body. For a prescribed layup, Cjj; can be obtained using
classical laminate theory (CLT). When this laminate is subjected to quasi-static
loading, it would develop ply cracking, typically beginning from the transverse
plies. Since continuous loading would cause further crack development, the nature of
these entities constituting damage is evolving. The damage processes create free
surfaces in the material continuum, and thus lead to perturbations in the stress and
strain fields, finally leading to a reduction in the load carrying capacity, or magnitude
of stiffness properties. CDM deals with analyzing the response of the laminate sub-
sequent to damage development (Talreja & Singh, 2012). Initial developments of
internal variable-based damage mechanics were related to metals, ceramics, rocks,
and concrete materials (Chaboche, 1984, 1988a, 1988b; Kachanov, 1999; Lemaitre,
1985; Murakami & Ohno, 1981; Robotnov, 1969). In the 1980s, Talreja and Allen
independently laid the foundations of CDM approaches for composite materials
(Allen, Harris, & Groves, 1987; Talreja, 1985a, 1985b, 1990, 1994 ). Their work was
initially focused on cross-ply laminates. Since then, significant improvements have
been made on the initial models for their application for ceramic matrix composites
(Talreja, 1991), and with regard to cracking in off-axis plies (Varna, Akshantala, &
Talreja, 1999, Varna, Joffe, & Talreja 2001a, 2001b). More recent efforts have
focused on the development of SDM for multimode cracking in multidirectional
laminates (Singh & Talreja, 2007, 2008, 2009, 2013; Singh, 2013) and the multiscale
aspects of damage (Singh, 2008; Talreja & Singh, 2008). Aspects related to the
damage evolution have also been included into the SDM (Singh & Talreja, 2010); in
addition, work is ongoing on predicting stiffness changes under multiaxial loading
(Montesano & Singh, 2015a, 2015b). The concepts underlying the CDM approach
will be described in this section with more recent developments covered in subsequent
sections.

Figure 4.1 shows the basic concepts underlying the CDM approach developed by
Talreja (1985a, 1985b, 1990, 1994). The actual material continuum consists of het-
erogeneities. Some of the microstructural entities such as distribution of fibers and
other reinforcing constituents are “stationary” in nature, that is, they do not evolve
during deformation. On the other hand, the damage entities would increase in density
upon increased loading. In the first step, the stationary microstructure is homogenized
over the continuum body, resulting in an “effective” medium with thermomechanical
properties equivalent to that of original continuum in undamaged state. In the second
step, the evolving microstructure (i.e., damage entities) is homogenized to yield a
fully homogenized continuum with properties equivalent to damaged composite.
The first step could be easily achieved through CLT or any other micromechanical



A multiscale synergistic damage mechanics approach 75

> Stationary microstructure

RVE for damage characterization

Evolving microstructure

stationary microstructure

S
Step 1 @ Homogenization of

Step 2

—>

Homogenization of
evolving microstructure

a;
1 nj
Continuum after homogenizing Fully homogenized continuum %

the stationary microstructures

Characterization of a
damage entity
Figure 4.1 Basic concept behind CDM approach for characterizing continuum body with
damage. In the first step, the stationary microstructure is homogenized. The second step involves
description of evolving damage and homogenization over a representative volume element
(RVE). A tensorial characterization of a damage entity inside RVE near point P is depicted in the
bottom right.
Reprinted with kind permission from Singh, C. V., & Talreja, R. (2013). A synergistic damage
mechanics approach to mechanical response of composite laminates with ply cracks. Journal of
Composite Materials, 47, 2475—2501, Copyright © 2013 by Sage Publications.

models. CDM mainly concerns the second step. Suppose P is an arbitrary point in the
continuum body, then the region around this point can be described by defining a
representative volume element (RVE). There are N damage entities in the RVE,
at a given loading condition, each characterized through its normal vector n (for
direction) and an influence vector a. Following Vakulenko and Kachanov (1971),
the variable describing damage can be formed by a dyadic product of the two
vectors, that is,

dy = / amyds 42)
S

where a; and n; represent the components of influence and normal vectors, respec-
tively, and S denotes the damage entity surface. Once all damage entities inside
the RVE are so characterized, they could be grouped into categories representing
different damage modes depending on their nature. For instance, if ply cracks are
present in two orientations, they can be grouped in Mode 1 and Mode 2. Consequently,
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homogenization over this RVE can be performed, resulting in the following damage
mode tensors:

o 1
Dy = 3 (dy),, 43)

where k, is the number of damage entities in the ath mode, and V denotes the RVE
volume.

For the case of ply cracking in a given off-axis layer, the RVE can be simplified as
consisting of periodic cells of ply cracks as shown in Figure 4.2. For the sake of clarity,
cracks are shown in only one damage mode, although they can appear in multiple off-
axis plies depending upon laminate layup and loading scenario. The damage mode
tensor for this situation can be derived as (see Talreja & Singh, 2012 for more details)

(@ _ K2

\ - n:n;
y stsing '’

4.4)

where k, known as the constraint parameter, is an unspecified constant of (assumed)
proportionality between a and the crack size #, (also cracked-ply thickness), ¢ is the
total laminate thickness and n; = (sinf,c0s0,0) represents normal vector for crack
surface.

(a) (b)

Stress Field 1\

W 5
YO -

Figure 4.2 (a) A multidirectional composite laminate with off-axis laminate sequence under-
going damage in multiple off-axis plies. (b) A representative volume element describing
intralaminar multiple cracking in a general off-axis ply.

Reprinted with kind permission from Singh, C. V., & Talreja R. (2009). A synergistic damage
mechanics approach for composite laminates with matrix cracks in multiple orientations.
Mechanics of Materials, 41, 954—968, Copyright Elsevier (2009).
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In order to obtain the mechanical response of damaged laminate, consider the
Helmholtz free energy for the body, which is a function of strain tensor as well as
damage mode tensor, that is,

v = vp(ey D) @.5)

where y/p stands for the polynomial functional form for the free energy that considers
integrity basis to enforce inherent material symmetries. For simplicity, let us first
consider the case of single damage mode, for example, 90° ply cracking in a cross-ply
laminate. In order to maintain material symmetry for constitutive law, the polynomial
is expressed in terms of the invariants representing orthotropic symmetry described by
Spencer (1971) and Adkins (1960). We will further restrict the polynomial terms to
consider thin laminates with plane stress conditions. Henceforth, the most general
polynomial form for Helmholtz free energy, restricted to second-order terms in the
strain components and first-order terms in damage tensor components, can be
written as

pY = Po+ {cie? + 26l + c3el + caeren}
+{C58%D1 + C68%D2} + {C7€%D1 + c8g%D2} + {Cg&%Dl + ClQS%DQ}
+{cr1e162D1 + crae1€2D2} + {c13e166D6 + cr4€266D6}

+P) (ep,Dy) + P2(Dy)
(4.6)

where Py and ¢;, i = 1,2,...,14 are material constants, Py is a linear function of strain
and damage tensor components, and P, is a linear function of damage tensor compo-
nents. The strain and damage tensor components are denoted through Voigt notation as
£ = €11, & = €, € = €12, D1 = Dy, Dy = Dy, Dg = Dq5. Since the free energy
will be zero for unstrained and undamaged material, we obtain Py = 0. Additionally, if
we assume that the unstrained material of any damaged state is stress-free, we get
Py = 0. This assumption is considered valid since stress field around a crack changes
from predamaged state only when the crack surfaces are displaced. The stress tensor
components (Voigt notation) can be derived from the free energy function as

9
o, = p% 4.7)

where p = 1,2,6. Using Eqns (4.1), (4.6), and (4.7), the stiffness tensor for damaged
laminate is obtained, given by

Cpg = Co+CLY) (4.8)
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where
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Symm

0
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4.9)

denotes the orthotropic stiffness matrix for undamaged composite material, where

ES, ES , vgy, Ggy represent effective elastic moduli for the virgin laminate (can be easily

obtained through CLT), and

2¢5D1 +2c6Dy  c11D1 + c12Dn c13Dg

ch —

bq 2¢7D1 + 2¢3D»

c14Dg 4.10)

Symm 2¢c9D1 + 2¢10D;

represents the change in stiffness tensor brought about by the damage in mode 1. For
the special case of cross-ply laminates, # = 90°, Eqn (4.8) simplifies to

0 0 0
Ex I/XyEy 0
0.0 0.0
1- ViyVyx 1- Viyyx 2a, as 0
0 kg
Cpg = Ey 0 o 2ap 0 4.11)
0.0
1 - nyVyx Symm 2a3
S 0
ymm Gy

where new material constants are defined as a; = ¢s, ap = ¢7, a3 = ¢9, and a4 = cq;.
As expected, the orthotropic symmetry is retained for intralaminar cracking in cross-
ply laminates. In order to derive engineering moduli for the damaged laminate, the
following relationships can be utilized:

_ CiuCn—Ch
&)

_— Cii
Xy — ~
’ Cx»

_ Ci1iCyn —CY,

Ex B = Cn

(4.12)
Gy = Ces
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Thus, they are given as:
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From Eqns (4.11) and (4.13), it can be seen that we require four phenomenological
constants, a;, i = 1,2,3,4 for a complete prediction of stiffness moduli as a function of
crack density. They depend on the material and laminate configuration and can be
determined for a selected laminate from experimental or numerical data for stiffness
properties at some known crack density. Suppose we know the stiffness moduli for
a damaged cross-ply laminate at 90° crack spacing of s = s, then using Eqn (4.11),
we get

o — S E, E
- 2 o 0.0
2kt _1 — Uyl 1 — ViyVyn
B 0
0 = st E, _ Ey
- 2 _ 0.0
2Kt L —vyrye 11— ViyVyx
- 4.14)
S][ [ 0
a3 = G, -G }
Zth L o
0 -0
u st nyEy nyEy
4= 73 - 0 0
Kt 1 - VxyVyx 1-—

ny Vyx
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Figure 4.3 Stiffness degradation and stress—strain response for glass/epoxy [0/90;]; laminate:
(a) variation of longitudinal Young’s modulus, normalized with the magnitude for undamaged
laminate, with applied stress; (b) longitudinal stress—strain plot.
Reprinted with kind permission from Talreja, R. (1985). Transverse Cracking and Stiffness
Reduction in Composite Laminates. Journal of Composite Materials, 19, 355—375, Copyright
© 1985 by Sage Publications.

The overall CDM procedure for prediction of stiffness changes subsequent to trans-
verse ply cracking thus follows: First we compute (or measure) the constraint param-
eter, Eqn (4.4), for a given composite laminate. Thereafter, four phenomenological
constants are determined using Eqn (4.14). For this step, stiffness properties of
damaged composite at a specific crack density are needed. In the final step, elastic
moduli are predicted over the range of crack density of interest using Eqn (4.13).
This approach has been successfully used to predict degradation in the longitudinal
and transverse moduli and the Poisson’s ratio for a variety of laminate layups,
for example, [0/903];, [903/0],, [0/£45];, as reported in studies by Talreja (1985a;
1985b; 1990; 1994). As an example, Figure 4.3 (a) illustrates comparison of CDM pre-
dictions for the longitudinal Young’s modulus with experimental data in a [0/903];
glass/epoxy laminate with the applied tensile stress reported in Talreja (1985b).
Figure 4.3 (b) displays the corresponding stress—strain response along longitudinal
direction. Clearly, the predictions agree with the observed values fairly well in the
entire range of cracking. In Figure 4.3 (a), predictions using ply discount method
are also shown and they are found to overestimate the total modulus reduction. This
indicates the importance of accurately predicting the progressive degradation of stiff-
ness properties.

4.3 Synergistic damage mechanics

The chief issue with the CDM approach described in the previous section is that it
needs evaluation of phenomenological constants, a;, each time the laminate sequence
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is changed. Furthermore, experimental data for off-axis ply cracking are very scarce
and difficult to obtain, thereby limiting our ability to predict effects of damage in multi-
directional laminates. In order to overcome these limitations, CDM was combined with
computational micromechanics in a synergistic manner. The new methodology,
known as SDM, is based on the observation that the constraint parameter, k, can be
considered as a carrier of the local effects of damage entities within an RVE, while
the a;-constants are material constants. The damage constants can thus be evaluated
for a preselected “reference” laminate sequence and thus be assumed constant for a
class of similar laminates. In this way, stiffness predictions can be made for off-axis
cracking in multidirectional laminates. Since transverse ply cracking in cross-ply lam-
inates has been extensively studied, both experimentally and analytically, an easy
choice for reference laminate is of [0/90]; layup. The stiffness data for this laminate
at a specific crack density can be obtained by (1) utilizing independent experimentally
measured data for stiffness degradation, as reported in Varna, Joffe, Akshantala, &
Talreja (1999), (2) using analytical predictions of an accurate damage model such
as a variational analysis, or (3) conducting computations through finite element
method (FEM), see, for example, Singh and Talreja (2009).

For describing damage in off-axis plies of a multidirectional laminate using SDM
methodology, the relative change in the constraint parameter, as the laminate sequence
and hence the damage orientation changes, is the most important factor. In general, the
constraint parameter denotes the crack surface displacements in different scenarios.
Hence, the relative change in crack opening displacement (COD) with respect to
COD for the reference laminate is taken as the relative change in the constraint param-
eter. Changes in the crack sliding displacement (CSD) are also important, especially in
multiaxial loading cases; however, for simplicity, we would not consider it in the
following analysis. In this section, we describe the overall SDM approach and show-
case its application for the case of one, two, and three damage modes.

4.3.1 90° ply cracking in cross-ply laminates

Let us first consider the case of one damage mode: transverse cracks in cross-ply lam-
inates, [0,,/90,];. In this case, the damage constants can be computed by fitting the pre-
viously described CDM model (see Eqn (4.14)) for reference cross-ply laminate, that
is, given values of 0° and 90° ply thicknesses, m and n.

The influence of crack opening is calculated by the normalized average COD,
which can be computed numerically (using FEM); or experimentally. The constraint
parameter for this case is defined as

Au
K= —2
Ic

(4.15)

where 7. is the cracked ply thickness (representing the crack size of fully developed ply
cracks) and Au, represents the average COD, which is defined as
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t./2
— 1
Auy, = " / Auy(z)dz (4.16)
_tr/z

In the above expression, Auy(z) denotes the COD, computed as the difference of
nodal y-direction displacements, as a function of thickness (z-) direction. The relative
magnitude of stiffness changes due to ply cracking in two different [0,,/90,,]; cross-ply
laminates (with same ply material) that can be obtained by using Eqn (4.11), with dam-
age constants evaluated for a reference laminate from Eqn (4.14), and relative value of
the constraint parameter obtained from computational micromechanics through Eqns
(4.15) and (4.16).

The same model is easily extendable to 90° ply cracking in [£6,,/90,]; laminates.
For small values of angle ply orientation (6), the cracks would appear in 90° plies only.
Thus, only a single damage mode would be active. The difference in damage influence
for a specific § can be determined by comparing the amount of opening of cracked
surfaces with the opening for the case of the reference cross-ply laminate taken as
[02/904],:

Au,
Krel (0) = M 4.17)

(Buy) 0, 90,
However, if the cracking also occurs in the angle plies, multiple off-axis ply
cracking modes will be active, and must be described as below.

4.3.2 Off-axis ply cracking

The stress state in damaged