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Synopsis IX

SYNOPSIS

This book provides a fundamental and thorough coverage of statics for students of
structural engineering. The methods for structural analyses are explained in detail, based
on basic static, kinematic and energy methods.

A whole chapter deals with calculations relating to the deformation of structures, as the
authors believe that it is a basis for achieving a good understanding of structural
behaviour.

Much attention is paid to the practical aspects of the subject and each piece of theoretical
analysis is followed by worked examples and in conclusion a simple bridge is analysed by
the various methods that have been presented.

The finite element method, as an extension of the displacement method, is covered only to
provide an understanding of computer applications presented using the structural analysis
program OCEAN, which can be downloaded from the internet (kamen.uni-
mb.si/lak/ocean).

An innovative approach that enables influence lines to be calculated (using y~functions
developed by Bedenik) in much simpler manner than any previously known method is also
described.

Basic matrix algebra is given in appendices to provide readers with the necessary tools to
understand the text.
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PREFACE

Structural analysis is a field of engineering that has undergone the greater changes in the
last few decades. The matrix formulation of structural analysis has provided a bookkeeping
scheme which makes it possible to deal with structures of a size and complexity which were
previously too complex to contemplate.

The use of computers, whose developments were intimately connected with that of matrix
methods, finally enabled the structural engineer to perform such analyses and apply them to
the design process to create much more functional, economic and aesthetic structures and
buildings.

Matrix algebra has also enabled a structural engineer to model any structure with a finite
number of degrees of freedom and arrive at a physical model, which comes near to the real
structure in geometry and in its behaviour.

The “danger” of all computer analyses lies in the fact that a structural engineer can loose the
“physical feeling” of the structure. The longhand methods presented in this book should
help an engineer to distinguish between the critical or less important results of a computer
analysis.

A major focus of the book is the numerous worked examples that are related to practical
applications. These examples will not only provide guidance to students but also provide a
reference for practicing engineers.
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Introduction

Structural analysis is a science, which ensures that structures are safe and fulfill the
functions for which they were built. Safety requirements must be met so that a structure is
able to serve its purpose with the minimum of costs. Structural concepts arise from the
work of engineers from different fields with a common aim that the structure is functional,
aesthetic and economic.

Detailed planning of the structure usually comes from several studies made by town
planners, investors, users, architects and other engineers. In general an architect is
responsible to the investor and a structural engineer works in collaboration with the
architect as an equal partner in a project. In some structures such as industrial halls,
bridges and sports halls, a structural engineer has the main influence on the overali
structural design and an architect is involved in aesthetic details.

After the preliminary design of the structure, an approximate analysis of loads and
stresses in all elements must be carried out including the determination of deformation in
individual elements as well as in structure as a whole. This preliminary analysis is a check
to show where and how the structure can be improved and reduced in costs. It is possible
that the initial design proves to be uneconomic and the structure has to be changed in
individual elements or as a whole.

The process of analysis has then to be repeated until the structure as a whole is
optimal from all points of view, followed by final analysis and dimensioning. The whole
process can be divided into:

- initial design

- preliminary dimensioning

- optimisation (when necessary, change of individual elements of the structure or
change of the structure entirely must be made )

- final analysis and dimensioning.
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Figure 1.1: An example of CAD design (top picture) and photograph (bottom picture)
of the sports stadium in the city of Maribor
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Sec. 1.1] Types of structures

Figure 1.2: Idealisation of an arched bridge

It is obvious that the processes of structural analysis and design are closely related, since
each change in element dimensions influences the optimal structural shape, weight and
stiffness. These quantities are known only after the elements have been designed. Thus,
analysis and design are mutually interacting and the process is called structural analysis.

1.1 Types of Structures
Structural analysis deals with a number of different structures:

- Buildings (residential, industrial)

- Bridges

- Underground structures, tunnels

- Industrial structures, power stations, reactor containers
- Planes, missiles

- Vehicles (automobiles, railcars, ships)

- Machines, cranes, elevators, aerials, electricity pylons
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Seismic load Frame Shear wall Frame

ce bbb

=1

Figure 1.3: Modelling of a building

Structures can be divided according to the nature of their components into three main
classes:

- Linear or uniaxial members: truss elements, beams, columns, arches and their
combinations. Elements of this type are simple to analyse and are therefore suitable
for elementary presentation of structural theory. It is possible to idealise even
complex structures as assemblies of such members.

- Two-dimensional elements such as plates, shells and walls. Although the analysis of
such elements has been considered as a branch of the theory of elasticity, modern
computational methods facilitates analysis to any degree of accuracy.

- Three-dimensional elements such as machine parts, pressure vessels, soil and rock
foundations. Some structural joints must also be included as such elements in a
detailed stress analysis using the theory of elasticity or plasticity.

Although there are several computer programs available today, in practice it is common to
analyse structures using very simple models consisting of linear elements by the
elementary methods presented in this book.
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1.2 Loads

The nature and magnitude of loads must be determined before a structure can be analysed
though these are only crude approximations in the initial design. The most important loads
are:

- Dead load (D), which can be exactly determined only after the structure has been
designed. It is obvious, the smaller the ratio of the dead load to the other loads, the
more efficient is the structure. Some structures, such as long span bridges, can carry
dead loads many times higher than live loads. For such structures a shape optimisation
has to be performed to gain an optimal and efficient structure.

- Live load (L) is the useful load carried by the structure. If it is caused by human
activities it should be determined by the use of probability theory. Building Codes
(i.e. Eurocode 1) determine the most unfavourable cases that can occur in a lifetime of
the structure. In bridges, the live load is moving, and an analysis has to determine the
most unfavourable position of vehicles using influence lines (covered in Ch. 9).

- Wind, earthquake and aerodynamic forces. Effects of these forces must be calculated
including dynamic effects as they act in cycles and cause inertia forces in the
structure. The field of structural dynamics, which is not included in this text, is rapidly
developing and full dynamic analysis is possible using appropriate computer
programs. In building frames equivalent static forces are taken into consideration
although it is known that interaction between a forced vibration and properties of
structures exist. It is known that a stiffer and heavier structure carries higher dynamic
forces than a slim and light structure. This has been proved in recent earthquakes,
where slim and economically reinforced concrete structures underwent only slight
damage, and oversized and therefore minimally reinforced structures were heavily
damaged or collapsed.

- Earth pressure, gas and liquid pressures. Earth pressure varies between the extreme
active and passive cases and is dependant on soil-structure interaction. Gas and liquid
pressures are well known, controlled and act hydrostatically on a surface.

- Self-strains due to supports settlements, pre-stressing, creep, shrinkage of concrete,
welding and temperature gradient.

Beside active loads, a change of length or misfit of structural elements can take place
causing huge stresses in a structure as a whole or in an individual element. Specification of
loads is usually included in building codes, but it is the structural engineer who has to find
the most unfavourable combination of loads, which can also be time dependant as with
creep or relaxation in pre-stressing steel.
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Figure 1.4: Viaduct ‘Crni Kal’ — total length 1067 m
CAD simulation and Finite element model (Courtesy of Ponting Ltd.)
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The probability of maximum loads due to several causes ocurring at the same time will

Loads

decrease with the number of loads considered.

In fact, a loading case of maximum normal force and maximum bending moment

acting simultaneously is not always critical. The concrete column in Fig. 1.5 is carrying
both a compressive normal force and a bending moment. It can be observed from the
interaction curve, that at the same reinforcement ratio at constant bending moment M, by
increasing the normal force from N, to N; the element goes from the unsafe through to the
safe and again unsafe condition.
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Figure 1.5: Interaction curve for a concrete column

The determination of loads acting on a structure is a complex and difficult task and is
readily underestimated in practice.

Loads determined by building codes are approximate only, usually on the safe side,
and are in general inside +/0 % accuracy.
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Figure 1.6: Mura bridge - CAD simulation (Courtesy of Ponting Ltd. Maribor)

Figure 1.7: Mura bridge - Finite element model (Courtesy of Ponting Ltd.)
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1.3 Idealisation and modelling of structures

Real structures are too complex for an exact analysis, often they have to be modelled by a
simple models, which are then appropriate for analysis.

This modelling is a very important task for a structural engineer and requires
experience and judgement such that the resulting model satisfies the compromise between
reality and simplicity. All of the examples in this book are only models of real structures.
The modelling can be viewed from three aspects:

1.3.1 Geometry and interconnection of structure elements

As an example we take a three-dimensional space frame. Structural analysis is carried out
on individual elements of plates, beams and columns, which are in reality connected into a
three-dimensional space grid. As 3D analysis is complex, we introduce an additional
simplification and treat individual elements in single planes as plane frames.

The concrete bridge from Fig. 1.2 is assembled from arch, columns and a deck. The
modelling for the analysis is done such that elements act individually and independent of
each other. Such an analysis could be sufficient for the preliminary design and dimensional
determination. The final design must be carried out on the whole structure and this task
should not present a significant problem.

In tall buildings sufficient horizontal stiffness must be assured either by shear walls
in both directions or by a stiff core (in which elevators and stairs are situated), as shown in
Fig. 1.3. Such shear walls are usually treated as bending elements under horizontal
loading, whether this assumption is justified depends on their proportions.

The consequence of such an idealisation is, that all interconnecting joints are taken
as points, which of course is not true and it is impossible to calculate stresses at these
joints.

On the other hand, when considering plane frames it is assumed, that elements are fully
clamped to each other, which is not justified when dealing with concrete members if
insufficient reinforcement is present.

A similar situation arises in tall buildings in outer spans of continuous plates of
thickness h, = 14 - 20 cm and walls of thickness d; = 14 - 18 cm where it is not justified to
consider plates as fully clamped.

Similar cases occur at the foundation of columns and walls as they interact with the
footing itself, which rotates under internal forces and is stabilised after a certain time.
Rotation of the foundation is dependent on the footing and soil stiffness, matters that are
often unknown. To avoid the problem, we assume that the footing is infinitely stiff and
deforms as a rigid body, the consequence is a linear soil pressure distribution, which can
easily be calculated but leads to a conservative design resulting in high bending moments.
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Figure 1.9: The finite element model of the bridge at Kozina
(Courtesy of Ponting Ltd.)
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Figure 1.10: The bridge on East Highway, Ljubljana (finite element model)
(Courtesy of Gradis BP Ltd. Maribor)

Figure 1.11: The bridge on East Highway, Ljubljana
(Courtesy of Gradis BP Ltd.)
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1.3.2 Element connections and support conditions

Idealising the joints and support conditions of a structure makes further simplifications. A
typical example is in truss type structures with the usual simplification of frictionless pins
connecting members, allowing full rotation of individual bars even when joints are welded
or elements are continuous over joints. Standard beam connections of steel beams are
usually considered as simple supports, even though they are capable of resisting
considerable bending moments,

Continuous foundation plates must be calculated as elements on an elastic
foundation. The pressure in reality under the plate could vary from idealised values by up
to £100 % .
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Figure 1.12: University sports centre Maribor under construction
(Design by B. S. Bedenik)

1.3.3 Material behaviour and stability

Most engineering materials used in structures possess a linearly elastic range, for which
Hooke's law holds, but only over a limited range of stresses or specific strains. The
allowable stresses under service loads are controlled by factors of safety in codes and are
sufficiently low so that elastic action prevails and linear behaviour is valid.
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Figure 1.14a shows specific deformations for concrete of different qualities. It can be seen,
that concrete behaves linearly up to € =0.1 %, at higher specific strains and related
stresses the rise is non-linear until the ultimate load is reached at around € = 0.3 %.

Figure 1.13: University sports centre Maribor
(Design and CAD model by B. S. Bedenik 1992)

In ductile materials, such as mild reinforcement steel (lower curve in Fig 1.14b), continued
deformation under constant yield stress would reach strains up to £ = 10— 15 %. This is
the reason why such structures are capable of absorbing much more energy when
overloaded such as under earthquake conditions. On the other hand high strength
reinforcement exhibits up to 3 times lower specific deformations than mild reinforcement
steel.
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Analysis of simple structures does not require stability analysis, though a concrete column
having slenderness over A>50 requires simplified second order analysis according to
empirical relationship equations which are usually stated in national codes.
Dealing with more complicated structures will necessitate the use of stability
theory* and an Euler buckling load determination, which will be dependent on boundary
conditions on individual elements of the structure or on the structure as a whole. Non-
linear material behaviour and stability of structures is beyond the scope of this book.

* Petersen: Statik und Stabilitet der Baukonstruktionen, Vieweg, Wiesbaden 1982
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Definitions and basic concepts

2.1 Sign conventions

Throughout this book we will use the Cartesian co-ordinate system of three mutually
perpendicular axes. Only right-handed systems will be used, which means the following:

% Iftwo positive axes are chosen, i.e. x and y, the positive direction for the z-axis
will be that in which a right-handed screw would advance when turned if the
x-axis is rotated into the y-axis by the shortest way.

Z y

Figure 2.1: Right-handed co-ordinate systems

2.2 Forces and moments

Consider a force F (of magnitude F) in the direction defined by the angles o, 8 and ¥,
which is enclosed within the x-, y- and z-axes of a Cartesian co-ordinate system.

Figure 2.2 shows force F, represented in magnitude and direction by a vector,
which is the main diagonal of a rectangular prism of sides F,, F, and F,. F,, F, and F,are
projections of F on x-, y- and z-axes and we usually say that F,, F, and F, are components
of force F in the three co-ordinate directions. From Fig. 2.2:
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Figure 2.2: Force F and its components

F,=F-cosa
F,= F.cos 8 (2.1
F,=F-cosy

where cosa, cos B and cosy are direction cosines of force F and can be denoted by [, m
and n respectively:

| =cost
m=cos (2.2)
n=cosy

The components F,, F, and F, completely define the magnitude and direction of force F,
and can be written in matrix form as:

F ={r. F, F,J 2.3)

I
R I B

In Eqn. (2.3) force F is expressed in matrix form of 3 x / order (a three component column
matrix, which can be further written in fransposed form using symbol '), whose elements
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are the components of force F in the three co-ordinate directions. This matrix is called a
force vector.

% A force vector has magnitude and direction and can be represented by a
single straight line in space.

The components of force F are dependent on magnitude and direction only and are
independent of the point of action. From Fig. 2.2, if the force acts at any other point than
at the co-ordinate origin, the components would still be F,, F, and F, and given by Eqn.
(2.1). Dealing with several forces F,, F,, F;... F, as shown in Fig. 2.3, the components of
forces are:

Fxl FxZ Fxn
FI: F\l FZ" FyZ Fn= Fyn (2-4)
le FzZ an

Figure 2.3: Force vectors

with Fy; = F,- cosa;, Fy, = F;- cose, etc. The resultant of all n forces is a vector sum:
Fxl 2 Fxn

Fi+ B+ +F=0F +F rte+iF =
le Fz? an

F

X
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F,+F,+.+F,] [ZF

xi

={F,+F,+..+F, | ={3F, 2.5)

F,+F,+.+F, XF,

<l

The resultant force is zero only, when all three components are zero, which leads to the
following equation:

IF

xi

TF, =0 (2.6)

Eqn. (2.6) by itself does not ensure that there is no resultant moment. Consider the
moments produced by force F, as from Fig. 2.3.

The moment of force F; about the x-axis is equal to the sum of the moments of its
components F, and F,, and the moment of component F, equals zero, as F, is parallel to
the x-axis. If the force is applied at point A, then:

Mx=le'yl'Fy1'Zl

Similarly we can write moments about y- in z-axis:

My‘_’FxI'ZI'Fz]'x]

Q7
M, =Fy1‘x1 -Fyyeyy

If no moment exists for forces F;, F, ... F, about any of the co-ordinate axis, then the
following equation must be fulfilled:

Z(in')’i‘Fyi'Zi)
Z(in'zi—in'x,-) =0 (28)
XF; x—F; )

Eqn. (2.8) is the summation of the vector products
ZrxF,

where the force vector is
Fi=(Fq Fy Fa)'

The position vector written for the co-ordinate origin is
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r={0-x)(0-y) (0-2)f ={-x -y -z}

which can be written in a determinant form:

J
Z i Ty =0, (2.82)
in Fv

where i, jand k are unit vectors in the x-, y- and z-axis respectively.

+M \ M

Figure 2.4: Definition of moments

Let us suppose, that moment M acts on the plane as shown in Fig. 2.4a); the moment is
shown as a vector perpendicular to the plane with a double arrow. The length of the vector
represents the magnitude of the moment, the direction is always perpendicular to the plane
on which the moment is acting and the arrow shows the advance of a right-handed screw if
turned by the action of the moment. Thus if moment M is reversed, the arrow points in the
opposite direction as in Fig. 2.4b).

A moment acting about any co-ordinate axis is positive if the arrow of the vector
points in the positive direction of that axis. All moments in Fig. 2.5a) are positive and
those in Fig. 2.5b) are negative.
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a) positive moments b) negative moments

Figure 2.5: Vector representation of moments

In case of several moments M;, M, ... M,, shown in Fig. 2.6 as vectors, each moment can
be represented by its components on a co-ordinate axis as with forces in Fig. 2.2 using
Eqn. (2.5):

MxI Mx2 MxR
le Mz?. MzR

AZ O
7! M,
'y
O
M AR
" ”/ A ~—a . le
MMX] \“

M,

Figure 2.6: System of moments
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The resultant moment of n moments is a vector sum;

Mx] MxZ Mxn
M +My+.  +M, =My oMy et Hq M 0=
Mz] Mz2 Mzn,
M +M,,+..+M,, M,
M +M,+.+M, M,
If the resultant moment is zero, then:
2:’wai
M, =0 @211
M

zi
or using the summation principle:
Mi=0 i=xy1z

Using the principle, where a column matrix in Eqn. (2.5) was called a force vector, the
column matrices for moment components

Mxl Mx2 MxR
My o My Mg .
le MzZ MzR

are called moment vectors. From Figs. 2.1 and 2.4 one can see, that vectors of forces and
moments can be represented as a straight line in space.

)

s Vectors, which can be represented as straight lines, are physical quantities,
having magnitude and direction.

Some other physical vectors are velocity and acceleration vectors, which are of course
well known to the reader.
Generalised force vector
Forces F,, F, ... F, and moments M, M, ... M,, acting on a body (Fig. 2.7), can be

represented (substituted) by a single force F and a single moment M; F and M being
resultants of all forces and moments. From Eqn. (2.6) and (2.11) follows:
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IF, M,
Fp={ZF,} and My={IM, (2.12)
3F, M,

Figure 2.7: Generalised force

Both Fr and My can be denoted by a single letter F:

-

LF

x

3F,

F:{FR }= xE 2.13)

L Z)

and when only one force acts the equation reduces to:

(2.13a)

R XIXa> 3™
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The quantity F in equation (2.13a) is called the generalised force vector or generalised
force, which is always composed of two vectors: a force and a moment vector and can not
be represented by a single straight line in space!

In one single plane (i.e. x-y plane) the generalised force reduces to:

_J Fr
_{MR} (2.13b)

As moment M, is caused by forces F, and F), the generalised force F always refers to a
certain point and is not independent of the position any more, as is each force or moment
vector.

.,j
1
X Ju.m

TN
1L F F
o )
)
{
—— |
[}
I i
E
—4 : "
YER) M
| I N | >
1 S X

Figure 2.8: A generalised force in a plane

Consider the case in Fig. 2.8. The generalised force on origin (0, 0) equals:

Fcosa coso 0.447
F,= F sina =F sina =F{0.894
3Fsina-2F cosa Isina-2cosa 1.789

but at point A produces no moment, therefore:

Fcosa
Fy =< Fsina
0

The procedure as described above is called reduction of a force to the chosen point.
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2.3 Equilibrium of a body

Figure 2.9 shows a body under action of n forces and m moments. From Newton's second
law the following must be true if the body is to be at rest:

% The resultant force must be zero
o The resultant moment (caused by n forces and m moments) must be zero

Figure 2.9: A body under a system of forces and moments’

From equations (2.7), (2.9) and (2.12), the necessary and sufficient condition for
equilibrium is:

XF, ;=0 (2.14a)

and

E(Fu ¥ —Fy 'ZI) Zmy
2(Fyy 2= Fypx))p+{Zm,; (2.14b)

E(Fyl “Xp 'sz‘)’z) Im

"' m denotes moments due to its own mass, M denotes moments of a generalised force
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which is usually written simply as:

M, =0 XM, =0 and M, =0 (2.15)

It should be noted that equations (2.15) are independent of the choice of the coordinate

system.

% If a body is in equilibrium, equations (2.14) and (2.15) are satisfied for any
co-ordinate system and at any origin.

In two dimensional plane systems that lie for example in the x-y plane, if forces and
moments act on this plane, the equations reduce to

IF, =0 ZXZF,=0 and XM, =0 (2.16)

and the expression XM, =0 is simply written as M =0.

2.4 Displacements (and rotations)

Figure 2.10 shows a body in the x-y plane, loaded by force F in the same plane acting at
point B. Force F will in general cause a displacement at all points of the body, except at
the points where displacements are suppressed by supports (points /, 2, 3).

deformed body

Figure 2.10: Deformation of a body
The movement of an arbitrary point (x, y) is denoted by &, its components in x and y

directions are denoted by u and v; we say therefore that the point moves by & , exhibiting
two displacements u and v.

5= {:} ={u v} @.17)
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The column matrix & is a vector of displacements or displacement vector at point (x, y). It
has to be noted that the displacement vector d, at point B in general does not coincide
with the direction of force F. The component of the displacement vector &5 in the
direction of force F is the corresponding displacement & (a deflection under
gravitational loads).

8p=BB’’ = dg-cosg (2.18)

In addition to the displacement § at any point (x, ¥) a body will in general rotate at all
points through a rotation @ ; in plane structures it is the rotation about the z axis, but in a
three dimensional body we have all three rotations:

o={p. 0, 0.} (2.19)

Column matrix (2.19) is a rotation vector (vector of rotations). Similarly a displacement
vector will have three components in space:

S={uvw}l, (2.20)
If we combine both displacements and rotations in a single vector &
s={uvweo, 0,0} @21)

then it is called the generalised displacement.

% A generalised displacement consists of two vectors and can not be represented
by a single straight line in space!

Previous discussion on corresponding displacement holds also for three-dimensional
space, therefore at the generalised force

{F,F, F, M, M, M} 2.22)
a generalised displacement is produced that is as follows:

{ g

Uy v, w, 0, 9, @, (2.23)

The components of the displacement vector are the corresponding displacements to the
respective forces. In general displacements (u v w) will not be in the same directions as
forces (F, F, F,) and rotations (¢, ¢, @, ) will not be in the same directions as moments
M M, M).
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2.5 Stresses

Figure 2.11 shows a prismatic element of constant cross sectional area, loaded by an axial
force F. Let us imagine that the element is cut in section /-1 perpendicular to the
longitudinal axis, such that the lower part of the element is isolated as a free body.

— >
—_— > X

—> ||

|

Figure 2.11: Element under tension and a free body

As the free body has to be in equilibrium, it is obvious that in section -1 a force ¢ per
unit area acts, such that the resultant of all these forces ¢ (R=0 "A) is in equilibrium with
force F. Hence:

o= (2.24)

The quantity ¢ is the force per unit area and is called the stress in the element, R is the
internal force, sometimes called the stress resultant of o .

Let us consider a three-dimensional body in equilibrium, which is loaded by
arbitrary forces and moments. Imagine the body is cut by an imaginary plane that divides it
into two free bodies.

As both free bodies have to be in equilibrium, an internal force R must exist on the
imaginary plane, having magnitude, direction and point of action to satisfy equilibrium
equations.

In general force R acts on an imaginary plane in an arbitrary direction. Its
component on the normal to the surface is the normal or axial force R, and the component
tangential to the surface is the tangential or shear force R;.

A distribution of the force R is usually not uniformly distributed across the surface.
Let us suppose that on a small area dA a force of magnitude dR acts. The ratio dR/dA is the
stress at the point, which is at the centre of gravity of area dA. Stress dR/dA has an
arbitrary direction with regard to the plane.
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The component of dR/dA at the normal is the normal stress, usually denoted by o, the
component of dR/dA at the tangent is the tangential or shear stress, denoted by 1.

dA

Figure 2.12: Free body in space

The stress notation is as follows:

+» Normal stresses are denoted by ¢. Subscript at o denotes co-ordinate axis, which
is a normal to the plane, on which the stress acts. Thus, o, acts on a plane,
perpendicular to the x-axis, efc.

% Tangential stresses are denoted by T with two subscripts. The first subscript
denotes the plane, on which the stress 7 acts, the second subscript gives the
direction of the tangential stress.
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The sign convention is as follows:

» Normal stress is positive if it is tensile; it means that it is directed away from
the surface (along normal)

< The positive direction of the shear stress is dependent on the positive
direction of the normal stress at that section. The rule is: if a positive normal
stress acts in the direction of the positive axis then a shear stress is positive
if acting in the positive direction of the corresponding axis.

The sign conventions can be briefly written as:
% If the normal to the plane is in the positive co-ordinate axis direction, then
the positive normal and shear stresses act in the direction of the
corresponding positive co-ordinate axis and vice versa.

Figure 2.13: Stresses in a parallelepiped

Consider the equilibrium of the parallelepiped from figure 2.13. Moments about the z-axis
are caused by the shear forces on planes A'B°C'D” and ABCD of magnitude (7,, dydz)

and by shear forces on planes BB'C'C and AA'D'D of magnitude (7, ‘dxdz).
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If the body is in equilibrium all rotations have to be zero and therefore the sum of all
moments about the z-axis must be zero:

(14 dy-d2)-dx =(z,, - dx-dz)-dy

(force) x lever arm = (force) x lever arm

From the above equation it is clear that:

Ty =Ty (2.25)
From rotations about the x- and y-axes in similar manner as above:
T, =T, and 7,=1, (2.252)

The state of stress on the faces of the parallelepiped, defined by nine components of stress
tensor 3 x 3, is actually defined by six components only because of the symmetry as shown
in equations (2.25) and (2.25a).

T
g= {o 0,0, Ty Ty ‘t‘u} (2.26)

The column matrix in equation (2.26) is called the stress vector at the point (x, y, 2).
Shear stresses 7,, and 7, are equal in magnitude and are called complementary shear

stresses; the same stands for stresses 7,, and 7,, and for stresses 7,, and 7,

2.6 Specific deformations (strains)

Displacements that arise in engineering structures are small under normal loads in
comparison with the dimensions of the structure; therefore, all the definitions discussed in
this chapter, are applicable only if the deformations are small.

2.6.1 Axial deformation (normal strain)

Let us consider a prismatic bar in figure 2.14. Suppose that for some reason (axial force at

the end of the bar, increase in temperature) the bar extends from the initial length L to L".
The distance between A'B’ after deformation is:

X+u+ o cdx—~(x+u)=0x- o -dx
av v
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Axial specific deformation or direct specific deformation at point A is defined as:

_ Elongation of AB
Initial length of AB

and is hence dimensionless. From figure 2.14:

Jdu
— — |+ Zodx|-dx
g AB- B_[ o ] _du @.27)
= .._B = dx dx ’ "
K L -
A B C
i» * I ;U
du
dx u+— -dx
| dx
A’ B (
—>
X u U F

Figure 2.14: Axial deformation

and further, if increase (du/dx) is constant over the whole length of the bar:

€= Usree end ~ Uar sup port - (L'—L)—O - L'~L
L L L

’
L-L.4 (2.28)
L L

Many structures are built from straight elements of constant cross section (trusses, frames,
etc.). Axial forces only usually load these elements and the quantity (du/dx) is constant
over the entire length. Equation (2.28) in such cases represents axial specific deformation
or axial strain, which is positive under a tensile axial force and negative under a
compressive axial force.

Consider now a two-dimensional case as in figure 2.15. The axial strain at a point (x,y) of
the element depends on the element direction, as €, is defined as the ratio between the
elongation and initial length. An increase in length depends on the direction, as it can be
different in the x and y direction.
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That is the reason why in two-dimensional (plane) cases we have to use two indexes or
subscripts. Thus &, is the axial strain of the element initially in x-direction and €, is the
axial strain of the element initially in y-direction.

After deformation from the initial position m,(x, y) and my(x+dx, y) the points
move to m;’ and m,' (Figure 2.15).

m;
u ov
=d
dx ¥
; du
Iv m,; u+ 5; ax
Cmi(xy) dx — my(x+dxy)

Figure 2.15: Displacement of a bar in a plane

According to the definition of strain we have:

— mymy, — mym,
e e e e %

£
mym,

1t is obvious that the element of length dx not only displaces in x direction by « but may
rotate about the z axis, which is perpendicular to the paper. A rotation does not have
influence on the axial strain, which is by definition the ratio between change in length/
length. The element length after the deformation is:

. ou TV Jov | 7
m,m2=J[dx a: dx} +[idx:|

\/(:x)zu- {5 )(dxf( ]-(r

or if we neglect fourth order quantities:

iy =J(dx)’+2-%—(dx)2 =dxm
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If the deformations are small, the above equation can be rearranged by adding a small
square term as follows:

ou ou '} ou
m, = i | — | =d I+—
mym;, dx‘[[1+2 Em )+(ax] [ o

from which we can express the specific strain:

———

e dx[1+%‘~)—dx y

my m, — ni,m x u
= 1 i_l 2 - =— (2293)

m;m, dx dx

Similarly we can show that specific strain in the y direction is:

=— 2.29b
<% (2.29b)
In a three-dimensional body further deformation in the z direction gives:
aw
£, =— 2.29¢
Yodg ( )

2.6.2 Shear strains

Shear strains are determined from figure 2.16, which shows two elements m;m, of length
dx and m;m; of length dy.

After deformation the points move to a new position m,,m, in m, and elements dx and
dy rotate through angles ¢, and ¢, . Shear strain is defined as the change in value of the
angle between elements before and after the deformation.

ny =¢;+9,; (230)

From figure 2.16 we can evaluate angle ¢; :

dv ov ov
D ax Y dx P dx
_ox _ ox ___ Ox

@, EsnQ, = m;mé - mlmz'(1+£x)— dx.(1+8x),‘
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ms(x, y+dy)

dy

(] ox

m dx ‘;nz(x+dx, y)

Figure 2.16: Definition of shear strains

and if we say that quantity €, is small in comparison with unity:

‘P1=$

Similarly for angle ¢, :

o2
dy

The total shear strain is the sum of both angles:

v 2
Yo =01 +0; =5§+5y5 @31

In a three-dimensional body all three shear strains exist and it is easy to show that:
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v
"W'ax ay
ow ov
L4 (2.32)
Yy ay+8z
L ow
YU’az ox

where u, v and w are the components of the displacement at the point in directions x, y and
z respectively.

The above equations show that specific strains are all zero if a rigid body has
constant displacements u, v and w throughout (note that the rigid body translates only, see
Ch. 4 on kinematics of a body). They also show that at any point (x, y, z) of a body only
six independent strains exist, which can be written as a strain vector:

e={e, e, € vy T Vu I (2.33)

2.7 Stress-strain relations

In the previous two sections stresses and deformations were discused as being independent
from each other, since deformations can be caused from factors other than stresses. From
Hooke's experiments it is known that if a body is subjected to a uniform stress ¢, (Figure
2.17), it follows the law:

o,=E-g, oo *=E or g =—*% (2.34)

where E is an experimentally determined constant called modulus of elasticity or Young’s
modulus. Since specific deformations or strains are defined as the ratio change in
length/initial length and are hence dimensionless it is obvious that E has the same
dimensions as stress. The proportionality of stress and strain is known as Hooke’s law.
When dealing with materials, having the same properties in all directions (isotropic
material), the following will be true:

2L =FE and -*=E (2.35)

If the stress o, is removed from the block on figure 2.17 then all deformations would

disappear. Such a material is called a perfectly elastic material.

Most engineering materials exhibit such a property but to certain level of stresses only,
which is called the proportional limit of the material and the material in such a condition
is called a linear elastic material.
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Figure 2.17: Hooke’s law

Note that under stress o, there always exist lateral strains in addition to the axial strain
€, , which are proportional to strain €, , but are of opposite sign:

£, =€, =~V £, =—v —% (2.36)

The constant v is called Poisson’s ratio of the material. It is usually adequate to assume
that E and v has the same magnitude under tension and compression.

Suppose the body in Fig. 2.17 is subjected to all three stresses 6,, o, and o,
simultaneously. If direction x is considered, the stress ¢, will cause an axial strain £,
but stresses 0, and g, will also cause negative lateral strains. The total specific
deformation in x direction is therefore:

(o) o o 1
X=_EL—V"E—Y—V'_EZ—=_E_'L"-VI(GY+GZ)] (2373)
Similarly for other directions:
o (e} o 1
gy=EY__V._£__V.FX=E-by—v~(0'z+0'X)] (2.37b)
o () o 1
sz=_E1__V.__EL_V.?"=—ET-[GZ——V-(o'x+0'y)] (2.37¢)

The above equations completely define the deformation of the body under the normal
stresses 0,, 0, and O,. It is worth remembering that normal stresses produce only
normal strains (no shear strains). In general it should be noted that:
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» Normal strains €,, €, and €, are functions of stresses 0,, O and o, and are

independent of shear strains, though they can act simultaneously.

% Shear strains (rotations!) are functions of shear stresses and are independent of
any normal stresses.

% Shear strains are dependent on corresponding shear stresses only i.e. ¥, isa
function of T, only and is independent of shear stresses T,,and T, .

Shear strains are given by equations:

T, T
y,y=7’ V=2 Yu=-2 (2.38)

The constant G is the shear modulus of the material. Constants of the material are E, G
and v and are related by the equation:

- _E (2.39)
2(1+v) 3

Poisson’s ratio for steel is nearly constant and has the value of approximately 0.30, for
concrete it varies between (.12 and 0.20.
The relation between stresses and strains can be written in matrix form:

£, (1 -v —vi o0 0 0 Jfo,]

g, v I -v! 0 0 0 y

£, 1l-v -v 1 0 0 0 o, (2.40)
< | mr e e j-——-»

Yo| E|lO 0 0 i20+v) 0 0 |z,

Ve 0 0 0 0 20+v) o0 |z,

1
Y 0 0 0o! o0 0 2(1+v)||7,)

or shorter
=Nk}

The above equation can be inversely tranformed
f}-IvI"E}- DH}

or explicitly:
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ox (0-v) » >0 o o %
[}
Oy ¥ A=) v o o o ||%
[}
]
4°'z ~ E ¥ 2(1—V)E 0 0 0 ||& (2.41)
TV 2
rxyTX)o 0 oE(12V)0 0 vy
I
t -
Ty 0 0 0o (-2 o Yy
]
0 0\ 0 -
(2] L 0 ' 0 =) Yx
Let us consider two special cases:
a) Plane stress is defined as
C, =T, =Tn=0,
i.e. only stresses 0, , O y and 7 Xy exist. Equation (2.40) is reduced to:
I i-vio
£ | SO ORI SO o,
2.2 R P T U B 242
sy o i o 5(1_") Toy
| : P2 ]
If the Eqgn. (2.42) is solved for stresses:
[ 1 v 0
c, SESUORRORE S RSO £,
E : :
ot=—| v i1 i 0 |{g (2.43)
(I-—v)2 SURUTRUIS SUROORN PR
Txy 0 0 f(I—V) 7xy
L ; 2 J

It has to be emphasised that in a state of plane stress €, is not équal to zero, but is given
by the equation
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b) Plane strain is defined as
Ez :’)/yZ :'yu :0,

i.e. only strains €,,£, and ¥,, exist. Equation (2.41) then reduces to:

o, €y
o, 1= (1—-—&7)—?1—:—5\/—) €, (2.44)
Tay Vay
or if expressed in terms of strains:
£, I-vi-vi 0 o,
A e
Vay 0 0 2 Tyy

Again it has to be emphasised that in a state of plane strain o, is not equal to zero, but is
derived from the equation

0=ébz —v(ox +0y)]

and hence

o, =V(O'X+O'),)

2.8 Discrete element deformations and displacements

When considering structural elements as discrete elements it is of interest to find the
overall element deformations and the corresponding joint displacements.

Under the action of external loads, internal actions and stresses will develop,
resulting in internal discrete element deformations and in displacements of the whole
structure.

Such deformations can be caused by axial forces, bending moments, torsion moments and
shear forces either separately or in any combination acting simultaneously.
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2.8.1 Axial deformations

Tensile stress in the bar at section x is;

X dx

Figure 2.18: Axial deformation

According to Hooke’s law the axial strain is:

F,

X

E-A

o
gx =X =
E

The total axial deformation is derived by integration over the whole length:

F
e 46
E-A (249

L
a4, =J.£x-dx=
7]

[ Y]

At a constant axial rigidity EA the total deformation is simply:

(2.47)

2.8.2 Shear displacement and deformations

Consider a member of rectangle cross section B- H with shear forces Q, acting in the x-y

plane. The shearing stresses at an arbitrary distance from neutral axis are:

_9S;

T =
»71,b

k]

where I, is the moment of inertia and §, is the static moment about the neutral axis of

that portion of the section, lying outside the part for which the shear stress is being
considered.
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Figure 2.19: Shear force

The shear strain is given by the equation (2.38):

Tyy

G

Yo =

The relative displacement in the y direction between two sections is given as:

K
dv = Q. -dx
v o4 &

X

The expression G- A, /K is called shearing rigidity, K is a factor that depends on the
shape of the cross section and is given in appendix B.
The total relative displacement of two end sections is

1 i
K
Ay-;!‘dv—.{!‘ﬂ:Qy-dx (2.48)

and for constant G, A, and K is:

Ay = 0,-L (2.49)

2.8.3 Bending displacements and deformations

If a member is loaded by two equal bending moments (couples) M, about the z-axis, the
stress in the x direction in a cross section at a distance y from the neutral axis is given by:
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The bending (or flexural) strain is given by:

M.y

e, =0x
* E E-I

Z

AY

=

Figure 2.20: Pure bending

The quantity EI, is called flexural rigidity. The relative angle of rotation d6 between
two cross sections is

_Ecdx M, dx

y E-I,

de =

and the total rotation between bar ends:

L I
M -dx
= I el Bcd
0, !d@ -);E-IZ 2.50)

which can be explicitly integrated when EI, = constant:

0. =M @51)
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The distance between end tangents from Fig. 2.20 is:

L L L 2
cx- I
5=J'd5=jx-d9= M, xdr M (2.52)
E-I, 2-E-I,
0 0
2.8.4 Torsion deformations
A)
—#

M, R X
«— TR

STx X"

Figure 2.21: Torsion loading

The torsion stress for a circular cross section bar from Fig. 2.21 at a section at a distance r
from the x axis is:

where I, is the polar moment of inertia about x axis (given for some cross sections in
appendix B).

where G is the shear modulus of elasticity, and GI | is called the torsional rigidity of the
element. The relative angle of rotation between two sections is

d(p: y"wxdx :-—dex
R G-I,
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The total relative angle of twist between end sections is

0= jd«p - j v 253)
0 0 *

or simplified when GI  is constant over the whole length:

w_M,-L

= 2.54
T (2.54)

Note: For members with noncircular cross sections, warping may play a significant role.
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Statically determinate structures

3.1 Supports and reactions

A plane structure is considered if it lies in one plane in space as shown in Fig. 3.1. Usually
loads act in the same plane, but it is not always the case (as in floor plates carrying loads
normal to its plane). On a plane a movement of a point is defined by three components of a
displacement in the Cartesian co-ordinate system.

As already mentioned in Ch. 2, the displacements and forces are conjugate
guantities which means the following: if the displacement in a direction is zero (i.e. ¥=0),
then a force in the same direction must exist ( F, # () to prevent that displacement. These
forces are called reaction forces or simply reactions and will be denoted by symbol R;; R
will show the direction of the force and index i defines the point of a support. Supports are
the points on a structure that do not permit rigid body movement, sometimes forces at
these points will be called constraints.

Reactions are given by equations:

XA =kx'u
Ys =k, v 3.1
MC:'K'wn

as shown in Fig. 3.2; possible displacements u, v and ¢ depend on the characteristics of
springs. Constants £, and &, are spring constants having units of kN/m, which means the
force required to shorten or extend a spring for a unit of length.

The constant K is the rotational spring constant of unit kNm, it is a moment which
produces rotation of an element by an angle of / radian.

Quantities k,, k, and K can in practice have different values such that in

supports both reactions and displacements can occur; such supports are called elastic
supports. The structural engineer must always assume realistic support conditions, though
in elementary statics the values of &, , £, and K will either be assumed zero or infinite.
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If the values of k., k, and K are zero, then the displacements 4, v and ¢ will occur,

when k., k, and X are infinite, the reactions will occur at zero displacements.

Figure 3.1: Plane structures



Sec. 3.1] Supports and reactions 47

Equation (3.2) relates displacements and forces as conjugate quantities:

u, #0 R, =0
u, 20, <1 R, =0 (3.2)
@, =0 M,=0

8

Figure 3.2: Elastic supports

If all three displacements are suppressed we get a fixed or clamped support, as shown in
Fig. 3.3, where all three displacements at point 4 are zero (i.e. two displacements and a

rotation).
f\ M,

’
R, A

|
¥
t

u,=0 R #0
vg=0,={R #0
Q=0 My#0

Figure 3.3: Fixed support

On the contrary, the displacements at all other points of the structure are possible.
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% At point A in figure 3.3 all three displacements are zero, therefore three
reaction forces R, R, and My must exist as conjugate quantities 1o suppress
these displacements.

3.2 Principle of a free body

Graphically the equations in the previous section can be represented as the principle of a
free body. As seen from Ch. 2 there are three equilibrium equations in a plane:

IX,=0
IY, =0 (33)
IM, =0,

which are sufficient to calculate reactions R,, R, and M at point A of the cantilever
structure in Fig. 3.3. It must be stated that the magnitude of these three reactions are such
that the displacements u,, v, and @, are zero.

If the rotation at point A is released, therefore ¢, # 0 (or because of the conjugate
properties also M = 0), then at point A only two reactions remain (R, and R,) or in general
one generalised reaction force R of magnitude

R= ‘/Rf +R? (3.4)

and is inclined at an angle of

—
a=tan [R : 3.5

X

A support with two displacements suppressed (i.e. u, and v,) is called a pin support and is
shown in Fig. 3.4. In both cases the displacements u, and v, are zero, but the rotation at
point is possible, as symbolically shown by the circle (hinge). A free body can substitute
the pin support as shown in Fig. 3.5.

It is obvious that element AB would at this state rotate around point A under any
loading (self weight, external forces) and would not be in equilibrium any more. (¢, # 0,
M =0).

The third equilibrium equation can not be satisfied any more and the structure
becomes unstable or a mechanism. (Note: in this state the element AB could be
additionally supported at point B by at least one reaction force to become stable again).

As there are in general three possible movements at point A (&, v and @,) it is
possible to release any of the displacements (u or v) but the rotation ¢, has to be zero (¢, =
0). In this way we get a clamped support which is guided in one of the directions (one of
the displacements u or v is possible).
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Uy =0 RX¢0
vy=0t e R #0 3.6)
[ 20 MA =0

Figure 3.4: Pin (non-movable) support

R,

Figure 3.5: Free body of a pin support

The rotation is in both cases prevented by a spring. If a spring is very stiff we are
discussing a full clamped condition, but on contrary if a spring is weak and its rotational
stiffness becomes zero, then we get a roller support, symbolically shown in Fig. 3.6.

At a roller support only one reaction occurs, which is always perpendicular to the
possible displacement (i.e. possible is displacement u and reaction Y exists).

It has to be stated that an effect of a movable support can be achieved by so-called
swinging supports, i.. bars, which through hinges connect two elements or rigid bodies.
In such bars only axial forces can occur which acts as a reaction, the displacement is
always perpendicular to the bar axis (see Ch. 4 on kinematics).
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ui#0 R, =0
vy=0p =4 R, 20 3.7
Q420 M,=0

Figure 3.6: Roller (movable) support

The release of the last possible displacement v, enables free movement of a point A. Such
a point can not be supported with reactions but can be a connection point between two
elements in statically indeterminate structures.

Let us follow step by step the release of displacement quantities of generalised
displacement and its influence on reactions in the table bellow:

Support Displacements Reactions
u#0 X=k.u
Elastic v#Q Y=k
@#0 M=Kog
u=0 X
Clamped v=0 Y
9=0 M
Non-moveable u=0 X
(pin support) v=0 Y
P#0 M=0
Clamped-movable, u=0 X
guided in y direction v#0 Y=0
P= 0 M
Roller support u=0 X
Movable in y direction v# D Y=0
¢#0 M=0
Roller support u#0 X=0
Movable in x direction v=0 Y
¢#0 M=0
Movable u=0 N
Swinging support, v=0 (Axial force in
Rotation about absolute pole 0#0 swinging bar)
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3.3 Plane truss
3.3.1 Introduction

The truss is one of the major types of engineering structures. It provides both a practical
and an economical solution to many engineering situations, especially in the design of
bridges and buildings.

A truss is a structural system in which, due its construction and configuration, all
members are subjected only to pure tension or compression forces. If all the members lie
in one plane and the truss is loaded in that plane, it is referred to as a plane truss. An
analysis is performed on an idealised structure, which fulfils the following conditions:

& Member connections are made by frictionless hinges or pins
& Members are straight and connected at their extremities only
¢ Loads are acting at truss joints only (self weight forces are reduced to hinges)

If all of the above conditions are met then only axial forces occur in members. In practice
it is difficult to meet all of the above conditions as the elements of tension and
compressive parts are usually continuous beams and are not connected by hinges and the
diagonals are often connected to beams by welding or by welded or bolted steel plates.

The loading causes deformations of the structure, which has to be small if the
compatibility conditions are to be fulfilled and the basic static analysis can be applied.

The elements of a truss, which are loaded directly outside joints have to be
analysed locally as beams carrying shear forces and bending moments at the same time as
an axial force. Bending moments should never be neglected since, in combination with a
compressive axial force, induce buckling of bars.

3.3.2 Modelling of trusses

The main concern with truss modelling is the kinematic stability. The simplest possible
kinematically stable truss is a triangular truss.

A triangle consists of three joints (j) and three elements (m); each additional joint
requires two additional elements and can be written as

m-3=2-j-6
T T (3.8)

displacements of the basic triangle

forces in the basic triangle

Eqn. (3.8) links the number of elements m to the number of joints. If the structure is to be
in equilibrium, three swinging supports can be added as additional truss elements and Eqn.
(3.8) transforms into:

m=2-j-3, (3.9
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where j means a number of free joints. Eqn. (3.9) assures internal determinacy, if there are
more than three reactions the structure becomes externally indeterminate with no influence
on internal determinacy.
Kinematic stability of trusses is determined by the equation
f=2-j-m-3 (3 reactions included), (3.10a)

and can be used for externally determined trusses or by a general equation

f=2-j-m-p (p = number of suppressed displacements), {3.10b)

if the condition of internal determinacy from Eqgn. (3.9) is met.

s Trusses can be internally or externally indeterminate independent of
either condition.

Let us consider basic cases of truss modelling:

> kinematically unstable
f=2j-m-3=8-4-3=1
(one degree of freedom)

¢

<4 o—p kinematically stable, statically determinate

f=2j-m-3=4-1-3=0
kinematically stable, statically determinate
f=2j-m-3=6-3-3=0
« O
X —0
)
o]

¢ >
—> kinematically stable, statically determinate
\ f=2j-m-3=8-5-3=0
<45
X —> Internally indeterminate truss
>< f=2j-m-3=8-6-3=-I
4 lo
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—> Internally indeterminate truss
f=2-m-3=10-8-3=-1

44—

Reactions in trusses are calculated by a beam analogy, as the reactions are external forces
and the whole truss can be represented as a rigid body (Figure 3.7).

Displacements in trusses at roller supports are considerable and much higher than
in beams and therefore much attention has to be paid to support design and its execution.

Figure 3.7: Analogy of truss and beam

Let us calculate the stability of the truss in Fig. 3.7, that is externally in equilibrium with
three reactions:

f=2j-m-3=210-17-3=0,

As f=0 the truss is externally and internally determinate.

3.3.3 Methods of truss analysis

The analysis of statically determinate and stable plane trusses can be accomplished by a
number of relatively easy methods that can contribute to a better understanding of basic
statics:
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1. The Graphical Method will be used when a new truss is to be designed and we
will be looking for all forces in the truss.

2. The Method of Sections (Ritter’s method) is used, when forces in some bars only
are desirable.

3. The Method of Joints (projection method) is used in orthogonal systems i.e. if
two bars are perpendicular to each other at any loading.

4. The Kinematics Method is the simplest method though the knowledge of
kinematics is necessary. It is used to calculate forces in individual bars and no
reaction calculation is necessary (see example in Ch. 4).

When using the first three methods the structure has to be equilibrated prior to any other
calculations; the kinematics method requires no reaction force calculation.

Example 3.1: Calculate all forces in the truss from Fig. 3.8 by graphical and analytical
methods (F = 50 kN).

A
I\YA 3Im | Iim 4m |YB

Figure 3.8: Plane truss
3.3.3.1 Graphical solution (Maxwell's diagram, Cremona’s diagram)

A graphical solution is achieved using a polygon of forces. Reaction directions are
determined from the fact that a force F can be equilibrated by two components, if all three
forces meet at the same point. The direction of the reaction at support B is known as the
displacement is in the x direction. Since the reaction can only be perpendicular to the
displacement, it has to be in the y direction. The common point at the Yy line then
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determines the direction of the reaction R, which has to act through the support at A. Let us
draw the polygon of forces in a chosen scale:

Entire free body
, >
A XA ,f”:
’—" )
Y, —"R” :Ys

- 1
v”’ +
€ F

10 kN

Figure 3.9: Polygon of forces at equilibrium

The reaction magnitudes are determined from the polygon of forces (/ cm = 10 kN) and
are X, = F = 50 kN, Y, = 20 kN, Yz = -20 kN. As soon as the reactions are found we can
successively equilibrate joints in which only two unknown forces occur.

X,

10 kN

Figure 3.10: Equilibrium at joint 1

The direction of arrows from the polygon determines the nature of the axial force. If a
force is directed toward the joint, the element is in compression and if it pulls away from
the joint the element is in tension. As each element by itself is a free body in equilibrium,
the direction of the axial force has to be reversed on the opposite side of the element.

We can now proceed to joint 2, where only two forces N; and N, are still unknown.
Joint 3 at this moment can not be solved as there are still three unknown forces N3, N and
Nps.
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F
N, N, N N;
% N,
M
Ns

N4 N6
Ns Ny ) £

10 kN

Figure 3.11: Equilibrium of joints 2, 3, 5 and 6

At joint 4 forces Ns and Nj equilibrate each other but N; equals zero. In this way we can
equilibrate all joints of the structure. The whole procedure can be drawn in a single
diagram as in Fig. 3.12 (Maxwell's diagram), but the diagram becomes complex and hard
to follow.

10 kN

\ x

N
Y !

N

wz

\Ms f\N" \NZ

Figure 3.12: Maxwell's (Cremona's) diagram
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The magnitudes of axial forces are scaled from the diagram and are as follows:

N,=-20kN, N2=-50kN, N3=25kM N4=35ICM
Ns=-25kN, Ng=-20kN, N;= OkN, Nsg=-20kN
Ny= 28 kN.

3.3.3.2 Analytical solutions

Let us at first calculate some basic geometrical relations from Fig. 3.8
tga = :;— =0 =53.13"; sino =0.800; cosa =0.600
tgf=1= B=45; sinf =cosp =0.707

and then equilibrate the structure using the basic equations of equilibrium.
IMy=0 : Yy 10+ F -4=0 = Yg=-04F = -20kN
XY =0 : Y +Y3=0 = Y,=+0.4F=20kN
2X=0 : X,-F=0 = X, =F=50kN

Forces in elements ] and 2, connected at joint , can be calculated using the projection
method based on the principle of a free body. All forces in elements are supposed to act as
positive tensile forces (i.e. away from a joint):

AN

N N,
X, ’% >
Y

A

2X=0:X,+N,=0 = N, =—F=-50kN (compression)
YY=0:Y,+N;=0 = N,=-04-F=-20kN (compression)

Using the projection method we can instantly conclude that force N; equals zero and that
forces Ny and N, are equal in magnitude:
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N;

2Y=0:N,=0
2X=0:Ny—Ng=0 = Ng=Ngz=-0.5657F =-28.285kN
Now we proceed to the last unsolved joint 6 (support B):

Ny

04F

2X=0:-Ng~Ngy-cosp=0

04-F-cosp _-04-F

Ng=—-Ngy-cos=-
8 g P sinf3 tgf

=-04F= ~20 kN

Y =0: Nysinf=04-F = Nyg=0.5657-F = 28.285 kN

[Ch.3

The method of joints is most effective when the forces in all the members of the truss are
to be determined. If, however, the force in only one member or the forces in very few
members are desired, another method, the method of sections (Ritter’s method) is more

efficient.
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TR

Y,=0.4F ’

Figure 3.13: Method of sections (Ritter’s method)
The method of sections is a process of analysing a truss as a series of independent but
stable sections or free bodies. The structure is cut in a section such that in the section only
three unknowns occur which can be determined by applying the moment equilibrium

equation to the point where two unknowns meet (see Fig. 3.13).

~N,4+F-4-(04-F)-3=0

N,=07-F= 35000 kN (Tension)
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If two unknown forces are parallel then another section has to be chosen or one of the
forces has to be calculated by any other of the methods.

Note that no independent check of the computation is available if only one force is
to be calculated, therefore it is desirable to check calculated forces on a free body applying
any other point of rotation.

If there are more than three unknown forces at the section then redundant forces have to be
calculated by the kinematic method or projection method prior to the application of the
method of sections.

3.3.4 Internally indeterminate trusses

An indeterminate truss is obtained if with a pure triangular truss with f=0 one or more
elements are added. The method of solution is called Henneberg’s method. All redundant
elements are removed in such a way that the determinate truss remains stable.

The statically determinate truss is then solved by one of the methods explained
above. At joints, where redundant elements were removed, we apply pairs of unknown
forces X; = 1(i = 1,n), n being the degree of static indeterminacy. The truss must to be
solved for each of the redundant forces X;.

The deformations of the truss are calculated by equation

A=j12—§-dx

and from equations of compatibility, unknown forces X; are calculated. The method of
superposition is applied to evaluate forces in all members (see example 6.5).
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3.4 Differential relations on beams
3.4.1 Undeformed beam

Let us consider a simply supported beam loaded by the uniform load over the whole span
of intensity ¢ = g, = constant and a differentially small part of length dx, shown as
free body in Fig. 3.14:

q
% T ’ B,
LNA AN
! |
Ya x  ldx | Yp
A J
0. Sy=qdx
M, A9 i _____ . M+dM,
N, ﬂ—GT;_—*g N,+dN,
| J Q,+dQ;
| & |

Figure 3.14; Simply supported beam

The equilibrium equation in the x direction is
X =0:N_-(N,+dN,)=0,

from where dN, = 0, since on length dx no additional force in the x direction exists.
Consider now equilibrium in the y direction:

XY =0:Q,-qdx-(Q,+dQ,)=0
or
dOx=-q.dx

% The change in shear force on the differential region equals the negative
change in loading on the same region.
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The equation is divided by dx:

dQ,
dx

=g 3.11)

& The differential of shear force is equal to the negative external loading.

Consider now the sum of moments about point 2 on the differential body:
dx
Q,.dc+M, - (q.dx)--z— -(M,+dM_ )=0,

and hence

2
0 dr-g 8 =0

If the deformation is small, quantities of second order (dxz) can be neglected and we are
considering theory of first order. Equation is simplified to:

dMX
dx

=Q, (3.12)

& The differential of the bending moment is equal to the shear force.

If equation (3.12) is differentiated again

22490 (3.13)

¢ The second derivative of the bending moment is equal to the negative external
loading.
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3.4.2 Deformed beam

R = radius of curvature = measure of curvature

L
R

Figure 3.15: A beam under pure bending

The equation for the radius of curvature can be found in any mathematics text book and is
given by:

__ (3.14)

If the second order quantities are neglected (y*?) and the expression under the square root
equal unity, the theory of first order only is considered:

1 2y
—_—=— 3.15
R~ ax’ G1)

K

Consider now the basic geometrical relations with regard to a constant curvature 1/R, R
being measured from the centre of gravity of the cross section:

Av & o Ay (3.16)
d R

y R
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Ax
Yy
Figure 3.16: Deformed differential body
Butas AL/ L = ¢ it follows that
.é‘l = _y_ 1 81
dx R
and after insertion of stresses due to Hook’s law:
c=¢-E=2.E
R
The stress isg = F/ A, which gives the differential force
dF = E y-dA,
R
and integrated over the whole cross section gives the total force:
E
F=EJyAdA 3.17)

From equilibrium in the x direction, the sum of all forces is zero i.e. ZX =0:

E
F_}_Jy.dA=0 (3.18)
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From Eqn. (3.18) we can conclude, that equilibrium will take place when the resultant
force in the x direction vanishes. Eqn. (3.18) also equals zero, when R is infinite, which is
true when the beam is undeformed. This does not makes sense in our case.

1t follows that the expression

Jy-dA=0

must be true. As the above expression is the static moment about the x axis which is zero
for a symmetrical cross sections, it then follows that the neutral axis must coincide with
the centre of gravity of the section. The above statement is true for a simple cross section
otherwise we have to consider the centre of torsion or shear centre of a cross section.

The moment equilibrium equation is

de=dF‘y=E-y-dA-y=—i;-y2-dA

R
which after integration gives the relation to the bending moment

_Eq,2
MX—RIy dA (3.19)

It is known that the expression j y’dA is a second moment of inertia of a cross section A

hence:
El 1 M, d’y
Mx —T = ;: E; =? (320)
and finally
d’y M,
?dx_z- = El (3.21)

which is a basic differential equation of pure bending also known as the moment-
curvature relation.

¢ The second derivative of the deflected shape is a bending moment, reduced by
bending stiffness EI

It is now straightforward that further derivation gives shear forces and loads. The third
derivative of a deflection curve gives the shear force
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If the equation of pure bending is given then after first integration along the beam axis, an
expression dy/ dx arises which of course is a rangent to the deflection curve or rotation.
It has to be emphasised that loading, shear force and bending moments are
independent of bending stiffness, but on the other hand, rotations and deflections depend
on the bending stiffness EI
Differential relations between loading, shear forces, bending moments, rotations
and deflections are shown in the following table:

Load Shear force | Bending Rotation | Deflection
Loading Sunction moment

J&) o) M(x) Elg Ely
Concentrated force (x") x° x! x x’
Uniform x° x| X x xt
Linear x! X X X! x
Parabola®* x° X x! X x°
Periodic sin -cos -sin cos sin

cos sin -coS -sin cos

Concentrated forces and moments are the only loadings where a sudden change occurs in
functions of shear forces or bending moments. All other loadings produce smooth and

continuous functions.

As can be concluded from the above derivation the basic differential relations
between loading, shear force and bending moment enable easy physical interpretation
between these quantities. In this way from one known diagram of internal forces another
two can easily be reconstructed in sense but not in magnitude. The magnitude of such
quantities can be determined with the application of boundary conditions.

3.4.3 Integration of a load function

Let the load function be g(x) = g = constant along the whole length of the simply
supported beam as shown in Fig. 3.17. From equation (3.11):

Parabolic loading occurs in pre-stressed beams, as the cable position is a square function of
longitudinal distance. It will also be used in the deformation determination by Mohr's
method.
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%-—q(ﬂ
[dQ, =[-qdx
Qx =—Q'X+CI

The constant C; is determined from boundary conditions* on the beam i.e. from known
values for the shear force:

at x=0 = Q,=Y,
at x=L = Q, =-Y,

Inserting values at x =0

The constant C, is now inserted into the shear force equation such that:
L
Qx=-—q-x+YA=q—2—-—-q-x (3.22)

Using a direct integration of a load function with the use of known boundary conditions
we derived the equation of shear forces at any section. It can be seen that shear forces
changes linearly.

Now we integrate again:

Mx=j(q-§-—q~x}dx+C2

M, gLx gx +C,
2 2
Boundary conditions: at x=0 = M=0
aax=L = M=0

at x=0 = (C,=0

) .. , ,
Boundary condition represents a known value at a certain point, usually we choose a
point where a value of the function is zero.
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LS

=
b
]

Y
Xa >AA
k. :

Lo

—

[Ql

(M]

[Elep]

(Ely]

Pa Ps

Figure 3.17: Graphical representation of integration

The equation for the bending moments is now

2
4L, _ax (3.23)
2 2

M

X

from where values of M, can be calculated at any point:

gLl gl . _3ql

2.4 216 x 32

at x=§ = M, =
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_glL g . gl
2-2 2-4 o

at x=—§— = M,

gL3L g gL _ 3-q-L
24 2 16 S/

3L
at x=— = M, =
4
Integrating the moment equation:

g _m,
dx

2 . 0
d(p-EI:—Mx-dx:{q—z"—-q g x)dx

p Er=dX _aLx

6 4

+C;

Boundary conditions: at x:£ = ¢=0 = 0=
2 6-8 4.4

The constant Cs is inserted into equation of rotation:

-3 . 02 -3
(p~EI=qx 9 L-x +q L
6 4 24

and the values of rotation at supports A and B are evaluated:

3
q-L
at x=0 = =
A=
q-
tx=L = =-
ax O =" El

Integrating the rotation:

dy
El ==
il s

. 3 . . 2
gL _qgLL .

69

3

(3.24)
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E1y=q'x4 _g L AL
64 43 24 4
Boundary conditions: at x=0 = y=0

atx=L = y=0,C,=0
The equation of the deflection curve is:

4 3 3
E[.y___qx _gq-Lx +qL x
24 12 24

(3.25)

The maximum deflection of a simply supported beam is at the point of zero rotation (as the
rotation is a derivative of the deflection) thatisat x=L/2:

_ SqL’
Ymax = 304 El

(3.26)

3.5 Analysis of determinate beams
3.5.1 Beams with straight axes

Example 3.2: Simply supported beam

Consider the beam from Fig. 3.18, loaded by the uniform load of intensity ¢, a chosen
positive side of the beam is marked by a dotted line. The positive side of a beam is an
arbitrary side but usually it is a bottom side, as under gravitational loads a tension occurs
at that side.

Figure 3.18: Simply supported beam

The beam is at first equilibrated. Write down the equilibrium equations on the free body at
which displacements are prevented by reaction forces Xy, Y4 and Yg, which are supposed
to act in the positive directions of corresponding co-ordinate axes. From the sum of forces
in the x and y directions:

IX =0: X,=0
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ZY=0: Y +Yg-qL=0

The third equilibrium equation is needed for the determination of unknowns. The moment
equation can be written for any point in the structure:

M, =0: YB-L-(q.L)-—§—=0,

from which:

and then from the second equation Y, = Yp = %11

Internal forces at an arbitrary section at distance x are determined in a way that the beam is
cut into two free bodies at the distance x. As originally the beam was at this section
connected together by internal forces, these internal forces are now applied as external
forces on the free bodies.

5
|

q M,

N,

BT T

QX

Internal forces O, and M, are now determined from equilibrium equations:

YA_q'x_Qx—_-O
faoxla ) Z =0

hence
Qx=YA -g-x

x gL 2
Mx=YA‘x~(q-x)-E=%-.x_q%

As seen from the above equations, the shear forces change linearly while the bending
moments follow a quadratic parabola. Both functions are now drawn in the diagrams of
shear forces {Q] and bending moments [M].
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The maximum bending moment is at the point where the shear force is zero:

Y
Q=Ys-gx=0 = x, =4 (3.27)

max
q
which is inserted into the equation of bending moments

2
Mo =¥y xpy - Lmes Y4
A “max 2 2q

(3.28)

N
Q |

[M]

2
il

max 8

Figure 3.19: Diagrams of internal forces

Example 3.3: Cantilever beam (Fig. 3.20)
From the sum of forces in the x and y directions
ZX =0: X,=0
XY =0: Y,-q-L=0 Y,=q-'L

followed by the sum of moments about support A
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WA=0'- MA+(qL)§ = 0

L q-I?
M,=-(ql)= = -
A (4)2 >

q
. M
{ v 1N
_______________________________ >
A - x,
i e

g, : M,
A AR i
i Q,
& >
. qL
[Ql
q’
. 2
(M]

Figure 3.20: Cantilever beam and diagrams of internal forces

From the equilibrium equations related to the free body, equations of shear forces Q, and
bending moments M, are derived

Qx=_q'x sz 2

and then drawn as diagrams of shear forces [Q] and bending moments {M] in Fig. 3.20.
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3.5.2 Beams with bent axes
Since the given structure is not a horizontal beam as discused earlier, it is necessary to

introduce a local co-ordinate systems on the inclined parts of the structure.

¢

—

3.00m

Figure 3.21: Beam with bent axis

From the equilibrium equations all reactions are calculated: X, = -F, Y, = 0 and M, = 6F,
The beam is cut and a local co-ordinate system is chosen in such a way that it corresponds
to the chosen positive side of the beam.

N,=F.cosa

Q, =F -sina (3.29)

M,=F sino-x
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Figure 3.22: Free body — beam with bent axis

Diagrams of internal forces are drawn perpendicular to the beam axis as shown in Fig.
3.23.

F.sino. F.cosa

M] [Ql [N]

Figure 3.23: Diagrams of internal forces
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3.5.3 Beams with curved axis

Example 3.3: Three-hinged semicircular arch

Three-hinged arch is a determinate structure though four reactions occur at the supports

but an additional independent fourth moment equation can be written for a hinge at point B
of the arch.

Figure 3.24: Three-hinged semicircular arch as a free body

From equilibrium of the entire free body:
IM,=0 : -F-(R+R-cosp)+¥--2-R=0
Yo=————I=— (I+cosp)

In the case of @ =m /2, that is when force F acts in the middle of an arch, so cos@ =0
and the reaction is Y, = F/2 as expected.

ZY =0 Y +Y.=F = YA=F—§~(l+cos<p)=§-(l—cos<p)

The sum of moments on the free body BC about point B gives:
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F .
X == (1-cosy) i fpsg-

X =0: X =-Xc =g-'(1—cos¢)

Internal forces are calculated for the position of force F at ¢ = 457:

a) Free body AB (Figure 3.25a)

B @ M?’
R 0 0
15 -0.033 FR
M, 30 -0.054 FR
45 -0.061 FR
60 -0.054 FR
P 75 -0.033 FR
?(i —cosp) 4 173 90 0
F
—(1-cos
50
M¢ =£. R-U-cosg -‘ l—-cos@; —sing,
2
b.) Free body from point C to force F (Figure 3.25b)
B
Pp<p=45° M,
0 0
v 5 -0.010 FR
[ 10 -0.012FR
20 -0.001' FR
30 0.041' FR
40 0.106 FR
c 3
%(I—cos(o) 45 0.146 FR
f—-(l +cosg)
2
Mw = f-}ﬁ . [(] + cos(p)- (1 - cosgo)— (1 - cos(p)- sin(pD]
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[Ch.3
¢) Free body from force F to the point B (Figure 3.25¢)
a
B M, Op>¢ M,
F 45 0.146 FR
50 0.128 FR
60 0.093 FR
¥p 70 0.059FR
80 0.028 FR
90 0
¢ C
< —s-( I-cosp)
—121( I+cose)

a=R- (1-cosqu)—R-(I—cosqp)=

M, =

A1-coso)-R-sinp, —F-R-

NI'?;"-""‘J

R~(cos(p—cos(0D)

(I+cos(p) R- (I cos(pD)—

(cos ¢ —cos qu)

The internal forces diagrams are drawn in polar co-ordinates i.e. in the radial direction or

always perpendicular to the axis.
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|

Compression line

Figure 3.26: Moment diagram for a concentrated force F

Note from Fig. 3.26 that all points of the structure inside the compression line are under
positive bending moments and outside the compression line under negative bending
moments (Note: Imagine that if a structure would have a shape of a compression line, then
no bending moments in a structure would occur).

Calculate reactions and internal forces for self-weight of the structure, specific

weight is 200 kg per unit length (g = 200 kg -10m-s? =2 kN/m).

Figure 3.27: Three-hinged arch loaded by self-weight



80 Statically determinate structures fCh.3
Let us at first determine the differential quantities of length ds and force dF:

dF =q-R-do

ds=R-dy

The total force is given by integration:
n
F =Iq-R-d<p =g R7
0

Reactions are determined by summing reactions of dF over the entire body:

b4 Rd Fa 4 R
Ye =Iq__z_(p‘(1+COS¢)=%'R'{Id¢+jc°sfp~d¢]= L 2 -
0 0 0

Figure 3.28: Three-hinged arch - self-weight free body
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a.) Shear forces:

g
—(%—I)q-R'cos(p+%-q-R—simp— Jq-R-da~sin(p+Qx =0

a=0
(3.30)
Ox =q-R-l:(f——I)-cos(p+((p-E)-sin(p:'
2 2
b.) Axial forces:
9 T y
(?—1)-4R'sin(p+?-q-R-cosq)— Jq'R-dgocos(p-+Nx =0
a=0
(3.31)
Ny =q-R'[((p—E}cos¢—(£—1]-sin¢]
2 2
-0.571

-1.571 M l C “0.571

Figure 3.29: Axial and shear forces for self-weight (*¢R)

¢.) Bending moments:

(%—1)-q-R-R~sin(p—%q-R2-(1—cos(o)+

¢
+ Jq~R-da~R-(cosa-cos¢p)+Mx =0

a=0
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My =g-R? -[—g—~(1—sin(p)+((p——%)- cos(p]

00s] 0014 B

-0.122

-0.100

Figure 3.30: Bending moments for self-weight (*gR?)

[Ch. 3

(3.32)
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3.6 Statically determined structures in space

Space structures in general have complicated geometries and the use of vector algebra is
unavoidable for the determination of internal forces and reactions. In the general case, six
internal force components act at any section of the member. The calculation can be
divided into two steps:

- Geometry calculation and

- Equilibrium calculation

3.6.1 Geometry calculation

At first we have to define the geometry of element axes and the principal section axes at
which internal forces are required. Consider a member whose axis is defined by the
parametric equations:

x= fl((P)
y=£(p) (3.33)
= f3(‘P)

The unit vectors along the x, y and z axes are denoted by i, j and k. The section on which
the forces are required is cut and the principal axes are defined by N for the axial (normal)

force, S for the strong and W for the weak bending axes. The corresponding unit vectors
are n, 5 and w (Figure 3.31).

The unit normal vector is determined by equation:

(dx)i+(dy)j+(dek _ (ax)i+(dy)j+dzk

ds V@xf + (@) +(dzf

(3.34)

Let us define the principal bending axes. If the strong bending axis is parallel to the xy
plane (or horizontal, as is the case in gravitational {oads), then this axis is normal to the N
and Z axes, the unit vector is found from equation:

nxk

s =m (3.35)

or by words: the cross product must be divided by its absolute value to obtain the unit
vector. The weak bending axis is normal to the N and S and its unit vector is:

wW=nXxs (3.36)
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Since both n and s are unit vectors their cross product is also a unit vector.

S*

Figure 3.31: Curved beam in space

3.6.2 Equilibrium

Consider the free body of Fig. 3.32. Force F is applied at point A and produces a resultant
force vector Fy and resultant moment Mg, which can be found from the vector equilibrium
equations:

IF=0: F+Fy=0 = Fp=F
(3.37)
ZM8=0: LXFR+MR=0 = MRz—LXFR,

L is the lever arm from the point of the force F applied to a chosen point B.

Axial and shear forces N, Q5 and Qy are the components of the resultant force Fy along
the n, s and w axes and can be found by a dot multiplication with corresponding unit
vectors:
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N=FR'n
Q05 =Fp-s (3.38)
Qw =FR w

Figure 3.32: Definition of axes on a free body

The torsion and bending moments 7, Mg and My are the components of the resultant
moment My along the corresponding axes:

T=MR'n
Mg =Mg-s (3.39)
MW=MR'W

When all internal forces are determined, deflections and stresses can be calculated.
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Example 3.4: Determine all six internal forces along a helicoidal stairs beam due to the
vertical force F applied at the top of the stairs at point A.

At first we determine the beam geometry. The helix geometry is given in terms of angle ¢
by the parametric equations:

x=R-cos¢ y=R:sing z=%-(p (3.40)

Figure 3.33: Helicoidal stairs beam

To find the normal unit vector n we need the derivatives of the parametric equations

dx=-R-singp-d¢

dy=R-cosp-dp (3.41)
dz =£d(p
n

which are inserted into the equation of the normal
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—i'R-sin(p-d¢+j-R-cos¢-d¢+-I7;—1-d(0

n=
2
‘/;2 -sin‘@-d’o+ R’ -cos2¢-d2qo+(£] -d%p
n
n=——1———-[—i~sin(p+j-cos(p+k-——f-1—] (3.42)
m-R

2
1+( A )

m-R
The denominator depends on helix properties only and will be a constant for a given

geometry and hence denoted by K. The strong bending axis lies in a horizontal plane and
can thus be found by a cross product

i J k
nxk=%- —sing cos@ - =%-(i—cosqo+j-sin(p) (3.43)
0 0 1
The absolute value of this product is
1 2 .2 1
nxkj=—-\cos* ¢+ sin“ ¢ }=—,
k] =~ eos” o+ sin” )= —
hence
5= ':i’li' =i-cosQ+ ] sing (3.44)

and finally the unit vector along the weak axis is in a similar way:

i J k
w-s><n=—!-- cos¢@ sing 0 =L i~—IL-sin¢— . -cosp+k
K H| K n-R / m-R ¢
— sing cos@

From the equilibrium equations at an arbitrary section the resultant force Fz and moment
M can be found:

EIT=0 = FR=-k'F
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My =0 = Mg=-LxF
using the lever arm:

L=i-R-(1-cos(p)—j-R-simp—k-—I}-qJ (3.45)

Ary

R.(1-cos@)

Figure 3.34: A view from z-axis

The resultant moment is:

i j k
LxF=Mgy= R-(I——coS(p) R-sing E—-(p =
n
0 0 F
=i-R-sing - F+j-(R-(I-cosp))-F+0= (3.46)

=F~R-[i-sin(p+j-(1-—costp)]

As the resultant forces Fr and Mg are determined; using dot products all internal forces
can be evaluated:
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0
1 H 1 H-
N=FR-n=—-(—i-sin(p J-cos@ ———] 0 }=——
n-R K n
K -R-F
0
Qs =Fg-s=(cosg sing 0)-{ 0 }=0
~-k-F
0
. F
Qw=FR-w=—-(——-—-sm(p ——-CosQ 1]- 0 =—_E
-k-F
~sing ;
T=MR-n=F-R-(sin(p (1—-cos(p)0)- cosQp - —
H K
n-R

T= %B— . (—— sin® @ + cos - cos® q))= -——F-;‘(-E- (1 - cos(p)

The bending moments about the principal strong axis are
cosQ

Mg=My-s=Fg (sing I~cosp 0)-{sinp}=
0

=Fg- (sin(p - COSQ + sing — sin@ - cos¢)= Fg - sing

89

3.47)

(3.48)

(3.49)

(3.50)

3.51)
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and about the weak axis are:

- sin
n-R ¢

T Cose

Mg, =My -w=F-R-(sing 1-cosq 0) -
”.

> |~
M

(3.52)

= —-—K——-n_—H; (sin2 0] —cos(p+cos2 (p): —%’;:— (I - cos(p)

Numerical example: R = 1.20m, H=2.70m, F = I0 kN

f 2
= 1+[-—H—] =1.230
n-R

Table 3.1: Internal forces in stairs beam

o N Ow T M My
[deg] [kN] [kN] {kNm] {kNm] {kNm]

0 -5.823 -8.130 0.000 0.000 0.000
30 -5.823 -8.130 -1.307 6.000 0.936
60 -5.823 -8.130 -4.878 10.392 3.494
90 -5.823 -8.130 -9.756 12.000 6.987
120 -5.823 -8.130 | -14.634 10.392 10.481
150 -5.823 -8.130 | -18.605 6.000 13.038
180 -5.823 -8.130 | -19.512 0.000 13.974
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Kinematics of structures

4.1 Connections and reactions

Members of structures are connected to each other through rigid connections or by hinges.
A hinged connection enables independent rotation of all connected elements but the
displacement is common to all elements at the joint. If more than two elements are
connected in a hinge then we have double, triple etc. hinges.

A rigid connection permits no refative rotation between elements at a common
displacement and a rigid connection of n elements has (n - 1) rigid angles.

a
28]
a,\

a,

/Oa,\

Double hinge  Triple hinge

Figure 4.1: Connections of elements Figure 4.2: Multiple hinges

A support is a member of the structure that disables a displacement of the structure in ar
least one direction. As the displacement or rotation is disabled it can only be done so by
reactions at the supports. The supports can be fixed (3 reactions), pinned (2 reactions),
roller (1 reaction), swinging (! reaction), guided (2 reactions) or elastic (1-3 reactions).



92 Kinematics of structures [Ch. 4

Figure 4.3: Types of supports

4.2 Stability
The shape of a structure and its supports has to be chosen in a way that structure is stable.
If joints of a structure can displace and elements of a structure remain straight then such a

structure is kinematically unstable or a mechanism and can not be used in practice.

¢ If elements deform during joint displacements then a structure is stable.

Stable o o Unstable

o

Stable - Unstable

Figure 4.4: Stability of structures
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4.3 Analysis of structural elements

In the determination of kinematical stability we have to define the number of structural
members, which can be defined by:

joints

elements (bars, beams, cables)
rigid angles

unknowns in supports

RSt

The number of structural members is:
e=m+k+p 4.1)

Example 4.1: Determine the number of structural members

-
won oy

9
0
3

e=9+0+3=12

3
2
8

l;. ~ il
N A3
non oy

e=3+2+8=13

The definition of structural members is not always uniform as can be seen in example a)
in the picture below, where 3 elements are connected through two rigid angles but in
example b) one element only is taken with no rigid angles.



94 Kinematics of structures

a) m=3

k=2

p=6
e=3+2+6=11

b) m=1

— ~ T k=0
e=1+0+6=7

[Ch. 4

It can be proved that this virtual inconsistency has no influence on kinematical stability

determination.

4.4 Kinematical stability (Geometrical conditions of kinematical stability)

Consider element ij that translates into a new position i’j’ simultaneously rotating through

angle v;; .
Ay
j’
"—” Vj
- i
Yj | e J
—
v.
! O —¥ U -
Yi T i
—p U —
X
=

Xi

X

Figure 4.5: Displacement of an element

The basic geometric relations are determined from Fig. 4.5:

= xj—xi=L,-j-cosaij

(4.2)

4.3)
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Let the change in length be 8L; and the angle change (element rotation) be &or;;

Variation of (4.2) and (4.3) gives:
5(xj - x,-)= E(Lij . cosa,-j)
and after derivation:
Ox; —&x; = 8L; - cos o — L;; - Say; - sina

Define the change in length and angle by joint displacements as follows:

&J=u1 6x"=u,-
6y1=vj 6)’|=vt
ooy =y

which can be inserted in equations (4.5):

uj—u; =06L; - cosay; — L - 8y ; - sinc

i
vj- —-V; =5Ll] . Slnau - L’l 6‘,’” ‘Cosaij

and written in matrix form :

Au Cosaij _LU ’Sinaij 6L‘1
Av| sino L,j -cosoy; || Wy

The determinant is then calculated:

= 2 in? -
det = cos” @ - Ly + sin“ oy - Ly = L;

and solved by unknowns:

oL 1 [ Lj-cosay Ly-sinoy | [Au
v, "L, | -sinoy  cosay ||Av

i

95

=Y.

(4.4)

4.5)

(4.6)

4.7
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or explicitly:

SL Au- cosoy; + Av - sina,-j
l_]-Av- sinat;  Au-cosoy; (4.8)
Vi +

Ly L
The change in length is thus
oL; = (uj —u;) cosay + (v]- -v;) sinor; 4.9

and the change of angle is

(v}i —vi)-cosocg~ _ (u}- -—u,-)- sino;

iy Ly

oy =y = (4.10)

Equation (4.9) represents m conditions (m = number of elements) that the elements of a
structure will deform, but equation (4.10) gives no additional conditions, as a rotation by
¥,; not always means element deformation.

The rotation of two rigidly connected elements are not independent of each other.
From Fig. 4.6 we can observe that the sum of angles before and after deformation is the
same:

Wi +T; =Wy +Tq
T —Tu =V —Vy 4.11)

From equation (4.10):

T~ Tu ='—1‘(Vk - v;Jeosay ‘J‘(“k ~ u; )sin ot ~
Ly Ly

—L—Iik—(vj -v; )cosa,-j +—L—Ii;—(uj —y; )sina,-j 4.12)

Equation (4.12) equals zero only if two elements remain undeformed, which is obviously
an additional condition of kinematic stability and can be written for each rigid connection
k. The influence of support displacements on element deformations is shown in Figs. 3.2
and 4.3 as an arbitrary support displacement A, that can be represented by displacements u
and v in the following equation:

A;=u;-cosB+v; sinf (4.13a)
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Figure 4.6: Rotation of two rigidly connected elements

If a support rotation of angle ¥ is present, the total angle of rotation is:
O, =y, +1;
Substituting into (4.10):

] J

(v =V ) coso; + (uv —ui)- sina,-j

1, =0, ~y,; =, - (4.13b)

Equations (4.13a) and (4.13b) relate support rotations and displacements to the
deformation of an element. The deformation of an element is zero only if the
displacements at supports are suppressed in a corresponding direction.

The total number of conditions therefore equals:

2ize=m+k+p, (4.14)

which represents the relation between two possible displacements at joints and quantities
d,, T, A and O, are related to element deformation.

These conditions are called geometrical conditions of joint displacements. If the
number of conditions equals the number of all possible displacements (2 displacements
per joint in plane structures) then these conditions represent sufficient and necessary
conditions to calculate all deformations d,, 7, Aand 6.

The system of equations can be solved only if

detA#0 (4.15)
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but a body will move without any deformation, only when &, 7, A and © are all equal
to zero. This gives a homogenous system of equations (4.9), (4.12) and (4.13). Such a
system can only have a non-trivial solution if det A=0, which is in contradiction with
equation (4.15).

¢ Structures are therefore stable (are under displacements deformed) only if
conditions from equations (4.14) and (4.15) are met.

Let us denote by a letter f the degree of kinematic stability:

f=2j-(m+k+p) (4.16)

Clearly there are three possible conditions:

f<0 multiple stable system
f=0 simply stable system 4.17)
f>0 unstable system

Example 4.2: Calculate the stability of the frame structure at the following successive
release of deformational quantities
Consider at first the frame from Figure 4.7 with both supports clamped.

j=4 or j=2
m=3 m=1]
k:Z k=0
p=6 p=6
—r ke f=24-(3+246) f=22-(1+0+6)
Bhded Ll =13 f=-3
Figure 4.7

As f= -3 the structure has multiple stability. Three quantities are redundant or in statics it
is 3x statically indeterminate. Three deformational quantities therefore can be released; for
example in figure 4.7a three moments were released, one in a rigid connection and two at
the supports.

j=4 or j=3
m=3 m=2
k=1 k=0
p=4 p=4
b f=8-3-1-4=0 f=6-2-4=0

Figure 4.7a
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The structure from Fig. 4.7a is simply stable or statically determinate as f=0. If further
quantities are released (i.e. moment by a hinge in the upper right corner) we obtain (Figure
4.7b):

j=4
1 m=3
k=0
p=4%

Figure 4.7b
It is obvious that the structure is unstable as f > I; such structures are kinematically

unstable or statically over-determined.

Example 4.3: Plane truss with one diagonal element missing

NI

X4

Y, Yp

Figure 4.8: Unstable truss

j=10 m=16 k=0 p=3
f=210-(16+3)=1

The truss is unstable as the condition from equation 3.10a (f = 2j — m - 3) is not
fulfilled; from the figure it is obvious that a diagonal in the second field is missing.



100 Kinematics of structures [Ch. 4
Example 4.4: Three-hinged frame
j=3 m=2 k=0 p=4

f=6-6=0

S .o
-~ -
- -

- -

- -

- -

- -

-
- -
- -
~- -
~-. -

Figure 4.9: Instability of a beam

Though f=0 the beam is unstable because the condition detA#0 is not met, as three
joints lie on the same straight line.

Example 4.5: Mixed bridge structure

1 5
a a
10
Figure 4.10: Mixed bridge structure (pile and beam are not in contact)
j=8 m=10 k=4 p=35

f=16-(10+4+5)=-3
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The structure is 3x statically indeterminate since f = -3, possible redundants could be
axial forces in cables 6, 7 and 8.

Example 4.6: Mixed system
The system from figure 4.11 is multiple stable or 4x statically indeterminate, redundant

forces are M, Q and N in an arbitrary section of the inner box and moment in the clamped
support at A.

- j=7

o m=7

k=4

p=7

f:]4-(7+4+7)

f=-4
A B
ety | B

il b

Figure 4.11: Stability of mixed structure

4.5 Kinematics of rigid bodies
4.5.1 Degrees of freedom

Any rigid body lying in plane has three degrees of freedom. The movement of a rigid body
is defined by three parameters.

Figure 4.12: Rotation of a rigid body
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Degrees of freedom are determined by the equation
f=3s—-v,

where: s = number of rigid bodies
v = number of ties between bodies (single, double,...)

: ' X
I e — — - >

Figure 4.13: Final displacement of a body

We are interested in the starting and final position of a body only, such a displacement will
be called a final displacement of a body. If the pole of rotation P lies at infinity then the
only movement will be a transiation of a body.

Elementary displacement of a body is performed, if the displacements are small
such that a chord can be substituted by a tangent.

Figure 4.14: Elementary displacement of a body
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Consider now small rotations such that d¢ can be substituted by ¢:

oo =24 o Ay=r0 in Ap=rp-0 4.18)

s
4.5.2 Addition of rotations

A rotation is a vector lying perpendicular to the plane, therefore 8¢, and 8¢, are
parallel vectors, which can be added into a resultant vector.

Figure 4.15: Line of common rotation

The pole of a common rotation lies on the same line through poles P; and P,. Position of a
resultant rotation can be determined from a moment equilibrium equation:

¢, L=¢-x

P=0;t0,

=21 .t
0 +9;

(4.19)

where L is the distance between poles P; and P,.
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\Z} V4l \Z]

’ T Y
H (p:.)oo
1 | .
[]
]
!

P ¢

Figure 4.16: Addition of rotations

] »b S

~
S ¢¢——--—--
N

P=¢;

Consider a case of two rotations in the same direction:

4 J N
S
|
1
]
1667 1
3
x= 5 -3=1.667 m
4

% If two rotations are in the same direction then the pole of common
rotation lies on a line between both poles nearer to the greater

rotation.
5

3 7.5

[
T—
_L-» Y

x = ——5—-3 =75m
5-3

** If two rotations are in the opposite direction, then the pole of
common rotation lies on a line through both poles outside both poles
on the side of the greater rotation.
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% If two rotations are in the opposite direction and are of the same
magnitude (a couple), then the pole of common rotation lies at

infinity.

4.5.3 Relative rotation of two bodies

Let the body 1. rotate about P; by ¢, and the body II. about P, by ¢,. We are looking for a
relative or interacting rotation of two bodies. Both bodies I. and I1. are now rotated by ¢,
about P, the body I. is in its initial position but the bady II. rotated by @, about P, and by
¢, about P,.

A\

Figure 4.17: Relative rotation of two bodies

Pr2=9;— 9, (4.20)

The position of the relative pole P, is given by the equation:

=_2%2_ | 4.21)
P, -9

Poles P; and P; are called absolute poles and will in further text be denoted by P and Py
for consistency. From equation (4.21) it follows that:

¢ If rotations @; and @, act in the same direction, the relative pole lies outside
of the absolute poles on the side of the greater rotation

% If rotations @, and @, act in the opposite direction, the relative pole lies
between both absolute poles on the side of the greater rotation
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°,

s If rotations @, and @, are of the same magnitude and act in the same
direction, the relative pole lies at infinity

The relative pole is always related to two rigid bodies, therefore the number of relative
poles is given by the equation:

p=[2]=ﬁjé:ll (4.22)

n 1-2

n is the number of rigid bodies.

4.6 Kinematics of three chained bodies

Figure 4.18 shows a structure, consisting of three rigid bodies interconnected as a chain by
relative poles P, and P,;. Degrees of freedom are determined by the equation:

f=3s-v=33-22=5

The chain (of three rigid bodies) has therefore 5 degrees of freedom. We say that a
movement, which determined by 5 parameters, has to be prevented if the structure is to
become stable (f = 0).

4 y
Py
"
” ™ \\\
S
P, . P2 ::
I L ‘PJ e
e P ;5
,,,,,, S Pl -
Py
o

Figure 4.18: Kinematic chain of three rigid bodies

The positions of absolute poles of supported bodies are usually known. Bodies /1. and I.
are immovable at absolute poles Pj, and P, (at each support two displacements are
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suppressed). If, for instance, a clockwise direction of the rotation ¢; is chosen, then all
other parameters can be determined.

Let us first determine the position of absolute pole Pz, As absolute and relative
poles lie on the same line, pole P2, must lie on the intersection of two lines through Po-P;
and P 30—P 23
For each of the related bodies a rotation can be calculated using Eqn. (4.21):

X o =_2.
I—x @ b 4]

Py =-
where a is the distance P;y-P;, and b the distance of P;;-P;,. The minus sign implies that
the rotations are of opposite direction if the relative pole lies between the absolute poles.
Similarly when rotation ¢@; is calculated, the quantity c is the distance between poles P,y
P,;and d is the distance Pj;-P3.

c

o= — =+
@3 p, 9,

L
d 1

The number of relative poles is given by (4.22)

3-3-1)
= Y3
p > :

s0 it is obvious that pole P;is not yet determined. It can be found on the intersection of
line through Py and P;, with the line through P,; and P,;. As we can see, relative pole P,3
lies outside of the absolute poles therefore the rotations ¢; and ¢; are of the same
direction.
¢ Practical rule for a pole determination is: two equal indexes from two poles
are deleted and the remaining indexes determine the new pole. For instance if
we consider poles P;; and Py, index I is deleted and the line through both
poles therefore determines absolute pole P,
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4.7 Determination of internal forces by kinematics

The procedure for determining the internal forces (and reactions) by the kinematics
method is relatively simple and will be shown in the following example.

Example 4.7: Calculate bending moment in mid-span by the kinematics method.

Figure 4.19: Simple beam

At the point where a bending moment is desired a rotation is released (a hinge is inserted)
and a beam becomes unstable or a mechanism of two rigid bodies, which can be only kept
in place by the application of a moment couple M (internally in equilibrium) at the point.
Let the rigid body I rotate about the absolute pole P, by a clockwise angle ¢,. From the
figure it can be deduced that rotations ¢; and ¢, are equal in magnitude but in the opposite

direction.
The total work done by the moments M and by the force F must be zero if no

displacements are desired and hence:

L
_M¢I—M¢2+F'(pl"2_=0
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L
2-M-9 =F'(P1'3
M= F-L
4

If the equations are set for a general position of the force F (i.e. at the distance a from the
left support) then only right hand side of the equation changes:

2‘M'(P1=F"P1'a

We have noticed that no reaction calculation was necessary as in structures in equilibrium
the work done by reactions is always zero.
Let us now calculate the same example by the static method:

IM,=0: Yz-L=a-F

or from the left

M, =0:Y,-L=(L-a)-F
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Example 4.8: Analyse frame structure by the kinematics method

H Hh "\[\
5

Figure 4.20: Frame structure and bending moments diagram

a) Moment at left corner

¢ M-9¢,-h-H=0
M=H-h

Note: As absolute pole Py, lies at infinity
body II moves translatory only.

¢,-a=9, b

w:(’op"’ a

(Pz=;'¢1

H-h¢o;-M-9,-M-9,=0

m=tr

H P, M 2
. A
| \Ca

In general:

M'(‘P2+(P1)=H'h'(01

| b
| T M=H-h—2__—p.p
J P = 0, +0, a+b

Example 4.9: Analysis of arched structure from figure 4.21 by the kinematics method
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The structure is determinate since

f=3s5s-p—-v=3-3=0
and after a hinge insertion it becomes unstable or a mechanism:

f=32-3-2=1

Figure 4.21: Arch structure

From basic geometry the rotation ¢; is determined:

or

111
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The work done by internal bending moments must equal the work done by the external

force, which moves distance (e.¢,):
Wy =—-Mo, - Mg,
Wp=-F-e 9,

The total work done is therefore:
-M-9;-M-¢,-F-e¢,=0
M-(p,+9,)=-F e,

from where the bending moment at the point is found:

2
S5-e

M=-F-e-

Static method calculation

Figure 4.22: Disposition of an arched structure

From the sum of moments about point A the reaction Ry is calculated:

RB-r=F-5
Ry=>-F=0673-F
r
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Reaction Rj is resolved into X and Y components and reactions Y, and X, are calculated
from equilibrium equations in both directions:

Y,=F-0583-F=0417-F
X,=0337-F

Suppose that the arch is semicircular of radius R = 4.00 m, then y ordinate at x = 2.00 m
equals 3.464 m and the bending moment at x = 2.00 m is therefore:

M =0417-2-0.337-3.464
M =-0333-F
By the kinematics method: (e can be measured)

e=5-277 0 712m

M=F. 29712 35 F
5-0.712

Example 4.10: Analysis of plane truss in Fig. 4.23 by the kinematics method

™

l\, A’

e = - - - -

Figure 4.23: Plane truss (element & is cut)

To find the axial force in element & it is cut and the truss becomes a kinematic chain of
two rigid bodies:

f=35s-p-v=6-3~-2=1
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As the relative pole lies between absolute poles the rotations are equal and act in the
opposite direction:

P =0,
The sum of work done by external and internal forces must be zero, therefore:

N(p1b+N~(p2b+F(pza=0
N=-F.2%
2-b

Using the static method we have to calculate reactions first and then by the method of
sections, the force in the element can be found:

Yy-4-a=F-a = Y=

N-b+F-2-a=0

Let us calculate the axial force in diagonal 7. The diagonal is cut and the truss becomes a
mechanism of four bodies as shown in Fig. 4.24:

B

e == = 4

Figure 4.24: Plane truss (diagonal 7 is cut)
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The number of relative poles is

p=n.(r;—1)=4-(z;-1)=6

therefore two relative poles P;, and P,; are still missing, but from the figure it is easy to
deduce that they lie at infinity and bodies 1. and IV. as well as /I and I/I. undergo equal
rotations (@, = @4 and @, = @3), as shown in Fig. 4.25.

From the basic geometry
b . r .
tgo =— sing = 4% n+ry=4-a-sino
a

and from the sum of work done by external and internal forces we get:
N-¢,n+N-¢,-1,=F-¢;-a

N'(r,+r4)=F-a

Figure 4.25: Rotation of rigid bodiés (exceedingly enlarged)

The force in diagonal 7 is finally:

a F

n+r, 4-sina

N=F.
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Basic concepts of structural analysis

5.1 Superposition of actions and displacements

Usually we assume that a displacement at a point, caused by a force, is linearly dependent
on the magnitude of a force. The assumption is based on the proportionality and
reversibility of stresses and deformations at any small particle of the material, from which
the structure is made. This phenomenon is called elasticity.

The assumption of elasticity is not always true as the deflections of a structure can
significantly change the geometry and thereby change the manner in which potential
energy is stored in the deflected structure.

The proportionality between loads F (applied at some point in some particular
direction) and displacement (at any point in any direction) is assumed and therefore the
individual effects of several forces can be summed up (method of a superposition).

If a force acts at a specified point in a specified direction and is increased from zero
to F, it would produce a movement of the structure A, at all points (unless movement is
prevented by reactions adequate to ensure equilibrium):

Am o Fn
Therefore a general case must be valid:

Am:fmn'Fn s

as shown in Fig. 5.1.
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Force at point n

. 4, 4,

Fo4F foemime o/
[}
} .
: F,
[}
|

F, pommmmmme e
|
1
i F,
i
! Displacement at point m
' , >
4, A, +A4,

Figure 5.1: Linearity of loads and deformations

The coefficient f,,, in the equation (5.1) is a flexibility influence coefficient, describing a
relation between force F and displacement A. The first subscript of f,, denotes the
direction of a measured deformation and the second subscript denotes the direction of a
force that caused the deformation. The coefficient is numerically equal but the dimension
can be different as a force can cause rotation and vice versa.

Unit force

Figure 5.2: Direction of a chosen deformation

Referring to Fig. 5.2 the direction m defines the vertical displacement of point B and n
defines the direction of a unit force at point C.
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N
Unit force
Y, ’

Figure 5.3: Direction of a chosen deformation

From Fig. 5.3 the direction m is vertical at point C and n is the direction of unit force at
point D.

Unit force

Figure 5.4: Gravitational load

In Fig. 5.4 the beam is loaded at point C, both directions m and n are vertical, which is
common with gravitational loads.
If equation (5.1) is valid, then equally

A:n=fmn'Fn,’ (5.2)

where A’ represents the deformation caused by a force F,. The deformations and loads
may be added since the vector consistency has been maintained:

Am+A:n=fmn.Fn+fmn.Fn/=fmn'(Fn+Fn’) (5.3)
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% Forces and displacements may be added or superimposed (method of a
superposition)

The displacement and load may be written inversely as
Fn = knm 'Am (54)

where k,, represents the stiffuess influence coefficient, which is numerically equal to the
force in a specified direction n to produce unit displacement at another point in a specified
direction m, at a condition so that all other displacements are prevented at that point.

If this relation is valid then, using the superposition method, equation

Fy+Fl =kyy Ay + Kl Al =k - (A +AL) (5.5)

must be valid. Equation (5.5) indicates that the total displacement equals the sum of
individual displacements caused by forces F, and F, .

It is assumed that the structure is in equilibrium and the effect of reactions is taken
into account when calculating the stiffness coefficients.

It has to be emphasised that for any two points there are an infinite number of
influence coefficients f,, and k,, depending on the specified (chosen) directions m and
n. The number of coefficients may be reduced to as many as needed for the analysis of the
structure. Note that at different boundary conditions stiffness coefficients change.

The relationship between the flexibility and stiffness coefficients is of the greatest
importance in structural analysis, both coefficients are reciprocally related by the equation:

Som = (5.6)

5.2 Non-linear behaviour (superposition is not valid)

The principle of superposition may be used if loads and deflections are linearly dependent,
which in general relates linear dependence between stresses and strains.

In some cases, though linearity between stresses and strains is valid, the geometry
of a structure changes significantly and superposition is not valid for two reasons. Either
the geometry relations are violated (Case A4) or the change alters the way the potential
energy is stored in the structure (Case B).

Case A) Figure 5.5 shows an elastic string of zero mass and of length 2L fastened between
two points. A force of magnitude 2F is applied to the middle of the string.
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BT

~\
B O
B 2L

< g
3 2F
f_ ’f () A
baid 4 3

Figure 5.5: Non-linearity of a string

Because of the symmetry the deflection is vertical only in the direction of the force 2F.
From equilibrium, at the middle of the string:

N cosp=F
The tension force in the string is:

v F _FJE+£

- cosQ - A

If the elasticity of the string would be such that unit extension would be produced by a
tensile force k, then

IZ + A° _L=__‘M.f_=_1y_
A kK

or if rearranged

:v-|~q

L
=M ]-—— 5.7
( JE+M]

It can be observed that a very small A produces a high rate of increase in 4 in respect to
the force F, as shown in Fig. 5.6.
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A

F
»

Figure 5.6: Non-linearity of a displacement with respect to a force

Case B) The second case is shown in Fig. 5.7, where a simple beam is supported in a way
that movement at support B is possible and is acted on by a pair of forces H with a slight
initial eccentricity of e. Potential energy is stored in the structure in two ways:

1. Direct compression of the beam due to axial force H

2. Deflection due to constant bending along the whole length

YAT YB
H "
ot B
XA ’ A
YAT\ L YB

Figure 5.7: Geometrical non-linearity (buckling)

Maximal stresses in the beam along axis are:

_H g lty) H( A
oma,-A+H o ‘A(HW (e+y)] (5.8)
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The deflection y obviously depends on the magnitude of horizontal force H, but the
stresses will not vary linearly even by the linear stress-strain law.
This example of non-linear behaviour in compression is of great structural

importance and is called buckling.
The principle of superposition is valid if all deformations are so small that no

significant change of the structure occurs, as even small changes in geometry can have a
considerable influence on structural behaviour.

5.3 Compatibility

Deformation of any structure as a result of applied loads arises from the deformation of the
elements of which it is composed as can be concluded from Fig. 5.7. Deformations are a
combination of two causes: shortening due to the compressive axial force and from
bending due to the bending moment. The bending moment gives a compressive stress on
the concave side of the beam and tensile stress on the convex side of the beam.

Consider now a simple truss in Fig. 5.8:

Lengthening of AC

Shortening of BC

Lengthening of AC

Shortening of BC

Figure 5.8: Truss compatibility (Villiot diagram)
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At applied load F element AC stretches by 4, and element BC shortens by Agc. The
new position of point C is found where two arcs with centres at A and C meet having radii
equal to the lengths of the respective elements.

As the deformation of elements are assumed small, tangents can be used instead of
chords to obtain a picture of deformations of satisfactory accuracy. This method is called
the Villiot diagram of displacements.

The truss in Fig. 5.9 is internally indeterminate, as from Eqn. (3.9), m = 2j so that
the number of unknown forces in elements is greater than the number of equations related
to the joints (m = 7, j = 3 = free joints). As explained earlier the number of support forces
(4 in our case) has no influence on internal indeterminacy.

i B
+—EER
X4
llﬁ
L )
X, F D C

I

Figure 5.9: Internally indeterminate truss

The redundant element AD is removed and thus the truss becomes determinate. The
displacement of point B will be to the right as element AB lengthens and downward due to
the shortening of element EB. Point D moves to the left due to the shortening of element
ED and downward as diagonal AD lengthens.

All these element deformations must occur in such a manner that the structure after
deformation, remains a compatible whole.

Therefore the length of AD from Fig. 5.10 must equal the deformed length of
element AD from the original truss and the compatibility equation can be written as
equation (5.9):

from Fig. 5.10 redundant force R from to tensile force from

rncrease of distance Ai |: Shortening of AD due to ] |:Increase of distance AD duj
Fig. 5.11 Fig.5.9

(5.9
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4y,
A B
y
0
VW E D (
i

Figure 5.10: Determinate truss

Figure 5.11: Force R restores compatibility

The redundant force R, which cannot be calculated from equilibrium equations, can thus
be calculated from the compatibility equation (5.10).

The use of compatibility will be shown on the Ix indeterminate beam from Fig.
5.12, where the right hand support is removed as a redundant quantity.

Load g will produce deflection § g therefore the beam is loaded by force F, which

produces deflection 8. From compatibility on the original beam the sum of both

deflections must equal zero.
The deflection produced by uniform load g is (see Ch.. 6 for deformation
calculation):
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5q = (5.10a)

Sp = (5.10b)

e ey

B

3 a

SRR Bees B 14
I B

Figure 5.12: Compatibility of deflections

From the compatibility of deflections 8, =&, force F can be calculated:

. 3 . 4
g-}?] =Z-§1 (5.10c)
3
F=—-q-L
3 q

Force F therefore restores the initial state (compatibility) and represents a vertical reaction
at the right hand support.
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5.4 Work

Consider element AB in Fig. 5.13a loaded by a tensile force F at the free end. The element
will lengthen by e as can be shown in the force-deformation diagram Fig. 5.13b.

m / B B F

I

a) r T

Force F Force F
A . complementary work
/
/ work done
4 /
F, F, / /
dF ‘: ?/
¥ |
K
ede oleg beirtlnrement
l)mwm ement e Displacement e
—H ) o
b) c)

Figure 5.13: Work done by a force

The area below the curve is the work done by the force in moving its point of application
from B to B’, and the potential energy accumulated in the element (deformational
energy, strain energy) is equal to work done:

€
U = strain energy = work done = J. F.de (5.11)
0

Integration must be carried through the entire range of deformation. The area above the
curve is the complementary work and is equal to

F
Ie~dF, (5.12)
0

or written in an explicit form:
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£
C =complementary energy = complementary work done = J'e -dF (5.13)
0

Equations (5.11) and (5.13) are very important in structural analysis though conceptual
difficulties arise because no physical meaning can be defined for the complementary
energy. However, if linear behaviour is assured then both energies will be equal as shown
in Fig. 5.13c.

5.5 Linearity of load and deformation

If an elastic body is loaded by a system of forces and is in equilibrium (maintained by
reaction forces) it will deform. Points of load application (as all other points except
supports) will move in a general direction, as shown in (Figure 5.14).

Figure 5.14: A rigid body under system of loads

If point ! is the application point of force F;, then at this point a corresponding
displacement exists caused by all forces:

A=fu-F+fio B+ fis B+t fi, F, (5.14)

Coefficients f,, are flexibility coefficients or displacements in the direction of force F;
caused by forces F), F, ... F,. The summation may include all independent forces but not
the reactions, as they were calculated from applied forces to ensure equilibrium.
Displacements at other points are:
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Ay=fo Fi+fn Fo+fo - Fit+t fr, F,
As=fy Fi+fn-F+fi F+...+f;,-F

or written in a matrix form:
l=1r1HF} (5.15)

where {A} represents generalised displacement vector (nX1) caused by forces {F } of
(nx1) and matrix [f] is a flexibility matrix of order (nxn ).
Using equation (3.1) we finally obtain:

Fl=kl} i} = {u}=Ii—]~{F}=[f]-{F} (5.16)
kI'=[r] (5.17)

The various phases of loading and structural behaviour are shown in Fig. 5.15.

AF
f d
Complementary work
c
F,
R —— A
I Work A
o A €

Figure 5.15: A general relation between load and deformation

Work done by force F; from Fig. 5.15 is
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IF,-dA,, (5.18)

which is the area between the curve Oabcde and the deformation axis; complementary
work done by the same force is the area between Oabcdf and the load axis:

[8-4r, (5.19)

It has to be emphasised that on line bc, work increases even though force F; remains
unchanged since the area under the curve increases. The work done by force F) in this case
was done on the displacements caused by other forces.
In general work done by a force is

[F-dAj=my-F A, (5.20)

Coefficient 1, depends on the shape of load and deflection relation and is

0 <<l

AF,
f d

~

> 4

Figure 5.16: Linear increase in deformation

It is easy to see from Fig. 5.16 that

1 1

ZOed=~F -

o= 74
and

n_i
179
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The linear relation could exist for any other load, therefore the work done is:
U-—I—-F-A +1~F 4, + +~1—-F-An~i~2F~A (5.21)
S Fr S By byt PR P .

n

U=27h'Fi'Ai

1

Later we shall see that the work done at the final position is independent of the way we
reached that position, as the principle of the conservation of energy requires:

W =§FT ‘A (5.22)

The transposition sign is used, as work is a scalar quantity. In general, forces will change
independently and we will write the total work by the following equation:

w=nF A (5.23)

A pressure p acting on a small elementary area represents distributed loads (uniform load).
The stress vector is

P={Px py pz my my mz}T 4
and the corresponding displacements are:
s=f v wo, 0 0}

In the above equation each coefficient corresponds to the appropriate term in the load
vector and the work done is:

F=[p'-da (5.24)

1 T
U=-—. 8-dA 5.25
Bl (5.25)
The total work on a structure is therefore:

U o1 = Work done by all forces =%~ FT.A+ é IpT -§-dA (5.26)
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5.6 Strain energy

In this book, only conservative structural systems will be considered. This implies that all
work done by external forces on corresponding displacements will be converted into
kinetic and strain energy and no energy loses will occur.

According to the principle of conservation of energy, when a structure is gradually
loaded, the kinetic energy is zero and the work done by external loads W is equal to the
Strain energy.

The energy is related to the internal forces and deformations they cause and is
stored in the structure as a potential energy due to axial forces, bending moments, shearing
forces and twisting moments (torsion).

In the special case of elastic structures the potential energy is released in a way that
the structure returns into its initial position. The potential energy in form of strains in the
case of elastic structures is given by equation:

U==-0c" ¢ (5.27)

N |~

o and € are stress and strain vectors.

Normally stresses and deformations are expressed by internal forces (axial forces, bending
moments, shearing forces and torque) and by the displacement vector. Energy in this way
is given by

L

U=2-F7-e (5:28)

There will be equality between work done by the applied forces and the strain energy U
stored in the structure (11 =0.5):

U =work done =nY,F,- A +n| p" -8 -dA = energy stored (5.29)
1
The same can be written for complementary energy:

C = complementary work done =(1 -n)ZFi A (1 —n)IpT -8 -dA (5.30)
1

5.7 Superposition of strain energies

Energy is stored in a structure at each application of the load. Therefore it is thought that
the energy, stored as a result of each load acting separately, could be added to give the
effect of the loads acting simultaneously as the energy is scalar.



132 Basic concepts of structural analysis {Ch.5

There are some exceptions as can be seen from Fig. 5.14 in the region bc, point 1 was
displaced due to the action of other forces but F, remained unchanged. The result is
increase in strain energy as F; actually moved and work was done.

<> If a system of forces initiate work done by some other forces then simple
addition of energy is inadmissible.

Example 5.1: An element is subjected to axial force and torque. The energy stored is from
two kinds of deformation these being due to axial and shear stresses. Both effects are
different therefore the energy can simply be added.

If shear forces, beside torque, acted upon the same member then energy from both
sources cannot be added as they cause deformations on the same plane. In such cases
addition of the energies may only be made if effects of all loads on the displacements of
others is taken into account.

Example 5.2: The truss in Fig. 5.17 is made of elements of equal cross section and of the
same material. The structure is symmetric about the vertical line as is the system of Joads
F, and F; and no horizontal movement of the structure occurs (no displacement u at the
point of application of force F,). Force F, causes the displacement, which does not
correspond to forces F or Fj. It follows that

F, F,
)4 v
Vv
Vi — ——p
F,
a)
F
F, i F,
v
\4
. ]
U l
F,
b)

Figure 5.17: Superposition of work done by forces

qum = qu +uFl
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uF3+,.-I =up3 +uF]
Up,+F, = Up, T UF,

The above conclusions are deducted from the symmetry of the structure but, if the
structure is not symmetric (Figure 5.17b) then:

Upy+F, # UE, TUE
as the application of forces F; cause displacement corresponding to the direction of the
force F,.
5.8 Reciprocity of influence coefficients

It has been explained earlier that:

<@ fmn 18 a flexibility influence coefficient, that is a displacement in the
direction m caused by a unit force in the direction n

%k, is a stiffness influence coefficient, that is a force in the direction n
that causes a unit displacement in the direction m

| )

| P

Figure 5.18: Flexibility

F-I! D
Flexibility: = =
exivitly fm =3B E
Stiffness: kK, =1 =3 E
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5.8.1 Betty-Maxwell theorem

Figure 5.19: Loading of a body by two forces

Force F, causes the displacement of point / to I’ and of point 2 to 2’ together with
rotations at both points; the displacements in the directions of forces F; and F; are the
corresponding displacements:

Ay =fi2 B and Ay = [y F,

If force F; is applied points move to I” and 2" and the corresponding displacements are:
Ay =faF and Ay = [ F

Let us first load a body by the force F),, the work done is

1 1
E'Fz'Azz =3'F2‘(fzz 'Fz)’

and after that by the force F;, which produces work:

1 1
'2"F1'411=3'F1'(fn'F1)

but causes the displacement of point of application of force F,, which produces additional
work:

Fz'An:Fz'(fu‘F))
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It is very important to realise that the coefficient 42 was omitted as the point 2 moved at
constant F,. The total work done by the two forces and therefore the strain energy stored
in the body is:

1 1
U1=3‘f22'F22+5‘f11‘F12+f21‘F1'F2 (6.3D
Let us load the body in a reverse order, at first by force F,,

1 1
‘2“ Fi-4 ='2"F1 '(fu 'Fl)’

and then by force F),

1 1
'Z“Fz’Azz’—'E'Fz'(fzz‘Fz)

which will displace point I as well, thus
Fi-4, =F1'(flz'Fz)

The total work is:
1 2, 1 2
U2=-i'f11'f’] +§‘f22‘F2 +f BB (5.32)

According to the principle of conservation of energy, the energies obtain by the different
ways of loading must be equal, therefore:

U,=0,
and finally from Eqns. (5.31) and (5.32):
fi2=fa (5.33)

This is the reciprocal theorem or Betty-Maxwell theorem of reciprocity that can be
graphically represented as shown in Fig. 5.20.
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1
lA B
~\~J'-—'———‘ Ag,
A
Apy= Ayp
1
Ay
s=1__ | @
Ay Tm=mabem” -
ABB
Figure 5.20: Betty-Maxwell theorem
° Theorem: The displacement at point B caused by the force at point A is
equal to the displacement at point A caused by the equal force at point
B.
% The consequence of the theorem is that all structural matrices are
symmetrical
5.8.2 Stiffness coefficients

The structure in Fig. 5.21 is in equilibrium such that the work done by reactions is zero.
Consider points r and s on the structure.

Figure 5.21: Stiffness coefficients
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Let us displace point r by a unit displacement in the direction of force R while six forces
suppress all other displacements at r and s.

Kpg: kgrs kpors ksgo ksg and kyp

are the influence coefficients valid only for the displacements of r in the direction of force
R. If the magnitude of the displacements is g5 the forces are:

krr ~dr> krr " qr> Kpr " 9r at point r

and
ksgqrs ks dr> kosr 4R at point s

In this state the structure is loaded by the displacement g5 at point s (all other
displacements are suppressed). The total work done is

1 1
U1=3'kRR'412e+kSR‘CIR"Is+?kss"I§ (5.34)

and by reverse order of loading by displacements (first g5 and then gg)
i 2 1 2
U2=3'kRR'QR+kRs"IR“1s +3'kss"1s (5.35)

Since U, = U, we get the reciprocity of stiffness coefficients kpg = kgp

5.8.3 Application of Betty-Maxwell theorem

In many structures a number of different load conditions are possible. For instance, a
traffic load moving across a bridge will cause different forces, depending on its location.
In such cases, the structural engineer must determine that load position which will be
critical on its effect in terms of the forces on the structure. An influence line (Green’s
function) is a useful tool to accomplish this task.

Consider the example in Fig. 5.22. Let F be at point x causing a vertical deflection
&y and deflection 6. at point C. Using flexibility coefficients:

8y =fux F (5.36)
Sc=fex F (53.37)

Suppose that the beam is now loaded at point C by a unit force causing displacements at
points X and C of fy- and fo..
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5§=fxc’1 and 5g=fcc'1

From the reciprocal theorem:

Jxc = fex
F
«~—t—>
AN X [

T &

S,

Displacement at C
)

dxc cc\

Position of F
Figure 5.22: Displacement of a chosen point caused by a moving load

** A vertical displacement of any point of the beam caused by unit force at C

equals a vertical displacement at point C due to a unit load at any other point
on the beam.

** Theorem: The deflected shape of a structure caused by a unit force is the
influence line for deformation corresponding to that unit force.
Example 5.3: Find the influence line for the deflection of point A.

At point A a unit force is applied and the deformed shape of the beam is the influence line
for the deflection of point A (note that real numerical values will be calculated in Ch. 6).
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-
—————

Deformed shape

[Yalv /I/—

Figure 5.23: Influence line for deflection at A

5.9 Betti’s theorem

A force system {F } acts at arbitrary point on a structure causing displacements {A P} at all
points of the structure. The equations may be written in matrix form

{r=[r1F} (5.38)

where [f] is a flexibility matrix that is symmetrical about a leading diagonal, hence
Some other system of forces {Q} will cause displacements {AQ }:

Wol=1rHo}

Using a matrix algebra rules

FY o= FF 71 o=FF L1 foff =
¥ T {F1=foF /1 F)=oF -0,

we obtain

{F¥ o }=10F 425} (539)
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5.10 Mueller-Breslau principle

5.10.1 The principle

<

D

Figure 5.24: Work done by two force systems

The structure shown in Fig. 5.24 is in equilibrium so that the work done by the reactions is
zero, Consider two different load systems applied to the structure in turn.

In the first system let the load act at point I in the direction S, the force F;g causes
displacements A. The displacements at point 2 are zero as no discontinuity can occur
(except at point [).

First system At point 1 At point 2
Forces (F) F 0 0 For Fop Fp
Displacements(4,) Ass As o 0 0 0

Now let the second system of forces be obtained by the displacement of point 2 of
magnitude &, in the direction of R but no other displacements are permissible at point 2.

There is no load at point / that moves by § in all three possible directions.

Second system At point 1 At point 2
Forces (Q) 0 0 0 Oz O 02
Displacements (4;) Ois o5 Orp Or 0 0

The reciprocal Betti’s theorem is now applied:

{FT -ol=fof -}
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[F1s 0 0 Fp Fyp FZq)]'

The application of the corresponding matrix multiplication gives:
Fig-8,5+0-85 +0~6,q, +Fp 0, +0+0=0
Fygp-8p=~Fy5-6)5

which gives the so called transformation equation

é
F,,=——15.F
RETF 15

2R

¢ =[0 00 Qr Qor Qz«p]‘

141

(5.40)

< The force F,g (at point 2 in the direction of R) as a result of unit force F g
" (at point / in the direction of S) can be determined independently using the
displacement J;4 , caused by unit displacement of point 2, corresponding to

force Fyp.

% Theorem: The deflected shape of a structure due to the particular unit

distortion represenst the influence line for the effect corresponding to that

distortion.

5.10.2 Application of the principle

Example 5.4: Determination of a shear force by the Mueller-Breslau principle

Fy
y
v, V2
Ao ‘2 >
AN @5 Ak

Figure 5.25: Shear force determination at point 2
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First system At point | At point 2
Forces (F) 0 F, 0 N, Q. M,
Displacements(4,) u; v; 0 0 0 0
Second system At point 1 At point 2
Forces (Q) o 0 0 Nz Qz Mz
Displacements (Ag) u; 7 o 0 v, 0

FY 'V}+Q2‘VZ=0

which gives the transformation equation:

v
Qz="“‘l“Fy

V2

What does the above equation mean? It says that from three measured quantities the
fourth quantity can be calculated. Practically it means that if a beam is loaded by a force
F and two displacements are measured then by the use of the transformation equation, the
shear force @, can be calculated. Let us emphasise again that all deformations have to be
small in comparison with structure dimensions.

Example 5.5: Determine the influence line for bending moment at point P

[Mely

Figure 5.26: Influence line for a bending moment

I
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Let us at first determine a bending moment by the static method. If the force is at point P
the reactions are:

b
Y- L=I-b and Y,=—,
L

from which the bending moment at P is determined:
M,,=YA-a=i"zb— (5.41)

According to the principle described, we have to determine the corresponding unit
displacement (in this case a unit rotation at P) since we are looking for the bending
moment.

1 radian

Figure 5.27: Mueler-Breslau principle

From geometry:

tg0=—>-’—P— = yp=a-0
a
’gfpz‘);)i = yp=b-9

or from equality of y,:

a
=—-0 542
¢= (5.42)
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From the sum of both rotations at the supports:

+0=2.0+0=1 - 1=0.l1+2
9
b b
or
0= I b
_1+g a+b’
b
Hence:
ab a-b
= -9: =——,
Yp=4 a+b L

[Ch.5

(5.43)

(5.44)

which is the same result as obtained by the static method. The same procedure is used to

determine the shear force at P.

P
L\ FAY
l«—a S .
L
P 1
[Qr] "/"-Iﬁy,
Plv . P
| i
1 1));‘, i
i

tg5=yP = y,’;:a&:i
L

D

yp _1 p_b

L = = e

b L »ET

The above displacements are all unit displacements and can be usefully applied in

practice.
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Example 5.6: Consider a continuous beam over four supports

a) When is Yp a maximum? If the load is on spans AB and BC!

Figure 5.29: A reaction determination by the Mueler-Breslau principle

b) When is M a maximum?If the foad is on spans BC and CD!

Figure 5.30: A bending moment determination by the Mueler-Breslau principle

¢) When is Qp a maximum? If the load is on spans BC and ED or on spans AB and CE!

Figure 5.31: A shear force determination by the Mueler-Breslau principle
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d) Mg will be positive and a maximum, if the load is on CD and AB and will be negative, if
the load is on BC.

Figure 5.32: A field moment determination by the Mueler-Breslau principle

5.11 The principle of virtual work

A generalized system of forces represented by the vector F will produce both a reaction
system of forces and an internal stress system denoted by a vector ©.

The energy stored in the structure in terms of internal stresses and strains will be
different at any point of the structure and must be expressed as a function of their product
for each elementary volume of material:

U=| {?one}dV (5.45)
(]

For instance, the total energy in a skeletal structure composed of straight beam elements
will be derived by integration over the entire cross-section (stresses vary from point to
point) and subsequently by integration over the entire length of a beam (internal forces
vary along length of an element).

The calculation can be simplified if it is noted that external forces produce internal
actions Fy (axial force, shear force and bending moment in a 2D case) at a certain section.
It is then straightforward to calculate stresses from these internal actions at any section.

L A load system F will produce reactions and internal forces Fy, from which
stresses o can be calculated. A structure will change shape as a result of
displacements, internal displacements and specific strains denoted by A, e
and € respectively.
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A system of concurrent external forces F;, F, ... F,, which has a resultant force Fy, is
acting upon a small particle. If a particle moves along by a displacement A in the
direction of the force Fy, work will be done by all forces.

If Apis small, so that the directions of forces and their magnitudes remain
unchanged, then the work done through the corresponding displacements 4, , ..., 4, is:

Fp-Ag=F - A+ F; Ay +...... +F,-4, (5.46)
Now, as the whole system is in equilibrium (Fg = 0)

FI'A1+F2'A2+ ........ +F"An=0 (547)
or
2F4=0 (5.48)

<& Work done on systems in equilibrium is always zero.

When a system is elastic and in equilibrium equation (5.47) can be written:

Wy =W, (5.49)

X Work done by external and internal forces is equal.

Let us imagine that points of a structure move by virtual displacements (these
displacements must be possible but not necessarily produced) denoted by:

Displacements
Deformations of elements
Specific strains

SN

Work done by all forces is:
FT.A=F," & (5.50)

If a system remains in equilibrium, energy is stored as deformational energy, given in an
elemental form:

foT -&-dbol) o [oT-E,
v
leading to equation
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FT.2=F" z=fc" &* (5.51)
12

The above equation is the form in which the principle of virtual work is used in structural
analysis. The second term ( F-€) includes all internal forces and their corresponding
displacements (i.e. N, Q and M in 2D cases).

Consider now a truss structure in which only axial forces occur:

FT .¢=YF-

®)

n ... number of elements of a structure

M=

If a bending element is considered (see Ch 2.8.3), the effect of bending is
Z(M-dp

and a virtual deformation d¢ must be integrated at first over the entire length of a beam
and after that a summation over all elements must be executed. The same procedure must
be used considering shear forces Q and torque T.

The influence of a uniform load must be included in the work done by external forces:

PT-A+[p"-6-dA=F" e=[c"E (5.52)
14

The principle of virtual work thus relates two independent systems:
X system of forces in equilibrium

F external forces
o internal stresses (or internal forces Fj)

x4 system of geometrically compatible deformations
A displacements
£ specific strains
YF-A=[c-€-dV (5.53)
v

* Transformation for truss elements:

JoT-e= j———_j AN AL LN aL=N
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We will remember that one of the systems is always real (the structure for which a solution

is to be found) and that the other system is virtual. Therefore two possibilities exist:

% Theorem of virtual forces, in which a system of real displacements and
deformations is related to virtual forces and stresses

2 (Virtual external forces) (Real displacements) =
= [ (Virtual stresses) (Real strains) dV

7
°e

Theorem of virtual displacements, in which a system of real forces and
stresses is related to virtual displacements and deformations

2 (Real external forces) (Virtual displacements) =
= j (Real stresses) (Virtual strains) dV

The first equation enables determination of displacements (theorem of unit force) and the
second equation enables determination of forces (theorem of unit displacement).

5.12 Application of the principle of virtual work

In equation

PT A=FT z=[c" -£-dV

are, as mentioned previously, two systems (system of forces in equilibrium and system of
compatible deformations).

If the deformed structure is chosen as a system of displacements then A becomes
real displacements corresponding to forces, € are real element deformations caused by
internal forces and £ denotes specific strains at all points.

Let us choose the system of forces in such a way that a unit force acts at a point in
the direction of the desired displacement. System P is in this case represented by unit force
only as the work done by the reactive forces equals zero. Let us denote internal forces by
F,, they being the consequence of unit force and reactive forces. Let ¢, represent
resultant stresses in the structure.

1-A=F] -e=[o] -€-dV (5.54)

Notation of A,e,€ is not necessary any more as these quantities are in this case real and

finite values, A represents the quantity to be found. Equation (5.54) is valid for all

geometrically possible cases including temperature loading, creep, shrinkage etc.

¢ Equation (5.54) can explicitly be written for all linear elastic
structures
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In such structures internal actions can be expressed by axial force N, shear force Q,
bending moment M and torsion moment T, their corresponding deformations were given in
Ch. 2 in Eqns. (2.47-2.54).

If all these deformations are the consequence of unit load, they can be summed up by

NUNL

A=Y zj -ds+2K-j%g-ds (5.55)

and if the temperature influence is taken into account, the total deformation is given in a
general form

(7

where X denotes summation from all elements and [ds the integration along the whole

M AT
).,_ Oy - ASQ-G +M, .(_._+aT -T)]'dx, (5.56)

length of each of the elements. In many structures elements are of constant cross-section
over the entire length and the equation can be simplified into:

1 K
A=y UL = ZJ—E-I—-[MU~M~ds+za-IQU‘Q‘ds (5.56a)

In a three dimensional case there are six internal forces and in addition to the above
quantities there is an influence of torsional moment given by:

T, T
pN | G, dx (5.57)
The notation is as follows:
* I, polar second moment of area
* Ny axial force caused by virtual force F=1
& N axial force due to external loading
# E modulus of elasticity
% A cross-section
* o temperature dilatation coefficient
& T temperature increase
#® AT temperature gradient between upper on bottom fibre of an
element
£ Ov shear force caused by virtual force F=]
H 0 shear force due to external loading
#* A shear cross-section
H G shear modulus
Ed My bending moment caused by virtual force F = 1
* M bending moment due to external loading
*

h height of a beam
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Example 5.7: Calculate the deflection at free end of the cantilever beam and show the
ratio of shear and bending deformation.

[

A/‘\ FL
[M] -

Figure 5.33: Diagrams of shear forces and bending moments

The unit force F = [ is applied at the free end of the cantilever and the deflection is
calculated from equation (5.55):

i
-flo.—2_+m. M|
6a—£-Q AS-G+M EI] ds
_flep. &F) CFrx) Y F F2), _
5a"£-(—1) m+(‘x)'T:|'dX-£ 74:'—G—+ I -dx =

_|Fx F-@|_FL F.U
“|As-G " 3-El| A;-G 3-EI

From the equation the bending part equals

F-I!
3-EI

and the shearing part is

F-L
As-G
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Let us put both deflections into a ratio:

BH _E
_FU AG__FU 12 2(1+v)_~_141.[_L_T
" 3EI FL ~ 3 FL U H
sk ‘i’z’

From the above equation the shearing part in beams of L/H > 10 is less than 7% and in
plates of L/H > 30 is less than 1%. As we can see the shearing part of the deflection is
always less than 10% and is in comparison with the total deflection negligible in practice.

%*  Shearing part of the deformation is in engineering practice
negligible.

s Note: Computer programs take into account all deformations (axial,
shear, bending), therefore the results of hand calculations differ
from that calculated by programs.

Equation (5.55), because of the above reasons, is usually simplified as:

M-M
A =] T (5.58)

In the above equation vector A includes both displacements and rotations. If a
displacement is to be found a virtual force F =1 will be applied and a virtual moment
M =1 will be applied when seeking rotations.
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5.13 Castigliano’s theorems

The total strain energy resulting from a system of forces is
n
U= )7? | FdA

In a linear elastic structure subjected to loads F,...F, the corresponding deformation is
given by the equation (5.14):

A=fy b+ S Btf FBta.+f, F,
The work done by each applied load is

1

EEF."A.-

and therefore the work done by all loads, in this case of three forces, is for the sake of
simplicity and taking f,, = f,;:

1 1
U =3F1(f11 Fi+fi F,+ fi3- F3)+3Fz(f21 "Fy+ f Fo+ f3- F3)
1
+3F3(f31'F1+f32'F2+f33‘F3)= (5.59)

1 1 1
='2—f11'F12+'2'f22'Fzz+5f33‘F32+f12'FI'F2+f23'F2'F3+f31'F3'F1

The rate at which U increases with F, is given by differentiating equation (5.59) with
respect to F; and since the loads are independent variables and the reactions produce no
work:

aUu
= =fi B+ f- B+ fi; F;=4
oF,

which is exactly the corresponding displacement 4A,. The differentiation with respect to
forces F, and F3 gives a similar result, hence a general equation can be written

U _

F A (5.60)

Equation (5.60) is known as Second Castigliano’s theorem.
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% In an elastic system, the partial derivative of the strain energy U in
respect to any selected force equals the displacement associated with
this force.

Since in linear elastic structures strain energy equals complementary energy U = C:

o _W _,

Py T (5.61)

Equation (5.61) is known as First Castigliano’s theorem.
% In an elastic system, the partial derivative of the strain energy U in

respect to any selected displacement equals the force associated with
this displacement,
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Deformations

6.1 Integration of a load function

Example 6.1: An integration of a load function will be shown on a simple cantilever beam
loaded by an uniform load as in Fig. 6.1.

We begin from the basic differential relation (Eqn. 3.11) between a uniform load and a

shear force:

Figure 6.1: Cantilever beam and a free body
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The constant C, is determined from boundary conditions for shear force on the beam
which is zero at the free end:

at x=0 = 0,=0=0,
0=-¢q-0+C, = C,=0
Q,=—qx 6.1)

Note: The same result is gained from the boundary condition at support B, that is
atx=L: —-Q,=-q-L+C; = C,=0

A relation between shear force and bending moment is given by Eqn. (3.12) from Ch. 3:

M,
dx

=0,

dM,=Q, -dx=—q-x-dx

2
M,:-q--’;—+cz

The boundary conditionis: at x=0 = M, =0

02

2
X
M,=-q-— (6.2)

If this equation is integrated, we obtain the expression for rotation:

. o
EI~(p=IM,-dx=f(—qZ )-dx=—q6 +C,
The constant C; is once more determined from boundary conditions for the beam
rotations. A rotation equals an angle of the tangent to the deformation line. A rotation is
therefore zero at the point where the tangent is horizontal or parallel to the x-axis (in this
example). Furthermore, by the definition of clamped support there is no rotation at that
point, therefore:

at x=L = ¢@=0 thatis ¢@z=0



Sec. 6.1} Integration of a load function 157
3 3

: L

9L ,c, = ¢ =q6

0=-
3 3
q . L q . x
-El ="t — 6.3
== 5 (6.3)
Equation (6.3) is a general equation for rotations of a beam that is loaded by a uniform
load. The maximum rotation is at the free end at x = 0 and has the value of:
6.4)

.
‘Pmax'_'q
6-EI

Now we integrate the rotation:
+C,

q‘L3-x_q-x4

- 3 -
d_al ¥ gy
6 6 24

Boundary conditions: the displacement y at support B is suppressed, hence:

at x=L = y=0 therefore yz=0

q-L
8

. 3. - 4
0=ii6-£ "2: +C, = C,

3 4 4
qg-L - x q-x° gq-L
El y=— - - 6.5
y=-( 5 4 3 ) (6.5)
The above equation is a general equation of deflection of a beam that is loaded by a

uniform load. The deflection has a maximum value at x = 0;

4
g-L
= 6.6
Ymax =0 (6.6)
L 179 L

U
~

at x=— =
2 384-EI
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Example 6.2: A cantilever beam is at the free end loaded by the concentrated force F. As
the load function for a concentrated force is singular at its point of
application we begin from the moment equation derived from a free body as
shown in Ch. 3.

M, =-F.x
which gives, after integration

F-x?

El-p=- +C;

2
Boundary condition: at x=L = ¢=0 = (;= F

2

Figure 6.2: Cantilever beam loaded by the concentrated force

2 2
El.g =-£* +F2L 6.7)
F-I?
= 6.8
Prax =57 (6.8)
F-I?.x F-X°
El'y = - +C
Y 2 6 4

F-I’

Boundary condition: at x=L = y=0 = C,=
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F-L'x Fx FI
2 6 3

The maximum deflection for a cantilever beam that is loaded by the concentrated force at
its free end is:

F _FL

= 6.10
Ymax 36 (6.10)

Example 6.3: Simple beam loaded by the uniform load of intensity g

M]

[Ely]

[Ely]

Figure 6.3: Simple beam and diagrams
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The load function is q(x) = g = constant is inserted into familiar equations:

L: —4(x)
0, =—q-x+C;

The constant C; is determined from boundary conditions:
at x=L = 0, =-Y;

Qx =—q-x+C1

at x=0 = Q,=-q-0+C,

Q,=C; = C; =1,

L
Qx=—q.x+YA=q—2—_q.x (611)

By the direct integration of the load function using boundary conditions, the equation of
shear forces at any section was evaluated. Let us now check if the equation is valid at point
B. Inserting x = L we get

q-L gL
. S . S =-Y
o 2 q 3 0Os B

The result is indeed the reaction at point B. From Eqn. (6.11) it is obvious that it
represents a straight line whose derivation is the inclination of the line to the x-axis and
from Eqn. (3.11) also the uniform load intensity.
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Performing the second integration a bending moment is gained:

L
MX =I(q—2——qx}11+cz

M =q~L-x_q-x2

X

+C,
Boundary conditions: at x=0 = M =0
at x=L = M=0

. . 2
at x=0 = Mx=i’%9—i-29—+cz = C,=0

(6.12)

Now, if the bending moment is integrated

g -,
dx

. 2 . 0
El-dp=-M, .dx=[q_2f___‘l__;_x_)¢,

3 2
- X -L-x
E].(p—_-i_g___‘_]_4__

+C,
. 3 - . 2
gL _gLL

L
Using bound ditions: at x =— =0 = 0=
sing boundary conditions: at x > = ¢ 53 7.7

C;

q-L

C.=
Y

constant C; is obtained and after the insertion into the equation of rotation

3 2 3
x_qu+qL

q
El.¢=
\ 6 4 24

6.13)

a general equation of rotation is evaluated.



162 Deformaﬁon§ [Ch. 6

Calculate now the maximum values:

q-U
tx=0 = = 6.14
o a2 149
3
q-L
tx=L = =-
e e =2 El
Now we proceed with the integration of the equation of rotation:
. 4 . . 3 . 3-
y=qx _q:L-x +qL x+c4
6-4 4.3 24
Boundary conditions: at x=0 = y=0
at x=L = y=0, C;=0
. 4 . . 3 . 3.
El.y=94* 4Lx gL x (6.15)

24 12 24

Equation (6.15) is a basic equation of the deflection line (deformation). The maximum
deflection is found from the condition of zero rotation (as the rotation is a derivative of
deformation) at x = L/2:

_ Sql’
Ymex = S0 Bl

(6.16)

6.2 Theorem of unit load (theorem of virtual forces)

We proceed from the equations from Ch. 5.12, defining the use of principle of virtual
work for deformation calculation. The equation of a volume integral (5.58) is used

M-M
&=] == dx,

M isa bending moment caused by the unit force or unit moment applied at the point and
in the direction at which the deformation is to be found, M is bending moment caused by
external loading.
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6.2.1 Integration of the equation

Let us at first find the deflection of the cantilever beam at the point A and in the direction
of the applied force F from Fig. 6.4:

L
M- L 3 3
Y PR Wy 0 N ¥ PO B L . L
El El B[ 3| 3H
_F
T
lﬁ
! —

Figure 6.4: Theorem of unit forces (determination of a deflection)

The same procedure is used to calculate the rotation at point A (Fig. 6.5), but as the
rotation is to be found, a unit moment at that point has to be applied:

L].F.x FI?
- dx = 6.17
P4 ,{ EI 2EI (6.17)
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A L B

Figure 6.5: Theorem of unit forces (determination of a rotation)

6.2.2 Tables

It is useful to calculate integrals of different moment functions explicitly over the entire
length and write them in the tables that are given in appendices B in tables B.4 and B.5.

Only the maximum values of bending moments are necessary, denoted by letters
“j” and “k” for real and virtual moments respectively. It is also obvious that both values
can be exchanged for each other. For instance, from Fig. 6.4 the real maximum moment is
J = FL and the virtual moment is k = L.

In the table B.4 we find two corresponding triangles, in this case in the second row
and in the second column and read the value of the integral, that will have to be multiplied
by the length of the integration L:

3
EI‘yA=§j‘k-L=§F-L-L-L=F L

(6.18)
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Example 6.4: Calculate the deflection of the simple beam loaded by a uniform load

q
X4 >&A _A_B
L
YAT ’ %YB
[M]
+
=M =L
F=1
Y
WAy v 24
Y"T - Tyﬂ
[M] ,
+
\%
4

Figure 6.6: Integration by tables

From table B.5 row 8 and column 6:

Ela=§-j-k.(1+a-ﬂ)-L

2
EIS:L%---}(1+0.5»0.5)-L
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Because of symmetry only half of the beam can be observed, hence from table B.5, row
11, column 2:

=— (6.19)
12 8 4 384

q
1 g .
e 6 e o R VAN
Yt - +
AI |YB
[M]
+
]ZMmax __q%z—
1
Y
> [ )
A L A
YA YB
a b
[M]

Figure 6.7: Deflection of an arbitrary point

Calculate the deflection at x= L/4 (Fig. 6.7). From table B.5, row 8, column 6:

EIS, =§j-k-(1+a-ﬁ)-L

2 .
E15a=i._ql‘ 3L L.(1+_1_.i).L
3 8 16 4 4

_57glt s 19l
4 256-24 ¢ 2048EI
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What is the ratio of this deflection against maximum deflection in the middle of the beam?

é

Ormax

- 19 5 _ 19 38,
2048 384 2048 5

a

6.2.3 Method of Vereshagin

The equation of virtual work is used for deflection determination:

— L 3
EI-5=jMMvdx=j(F~x)-(x)'dx=F L
g

3
5, -FL
3-EI

[M]

Figure 6.8: Cantilever deflection by Vereshagin
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The deformation by the Vereshagin method is calculated as the product between the area
of the first diagram and the value of the second diagram (under the centre of gravity of
the first diagram). The diagrams can be interchanged.

The method is even simpler if one of the diagrams has a constant value, as only the area of
the other diagram is needed for the integral evaluation (Fig. 6.9).

3

gL

El-g,=1".]
P p;
3
_qL
P4 =6EI

To check the result let us directly integrate both moment functions

q_x2 ,I.dxzq.xj L=£I'L3
6 9 6

L __ L
El-@,=[MM dx=|
0 0

which gives exactly the same result as above calculated by the Vereshagin method.
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Figure 6.9: Rotation at A by the Vereshagin method

6.3 Mohr’s method

The method is based on differential relations with respect to a beam since successive
integration of a load function gives shear force, bending moment, rotation and deflection.
A conjugate beam will be loaded by a moment diagram of an original beam. The
boundary conditions on a conjugate beam are derived from the equality of shear forces on
the original beam with rotations on the conjugate beam and on the equality of bending
moments on the original beam with deflections on the conjugate beam. It means that:

% At the point where the shear force on the original beam equals zero the
rotation on the conjugate beam must be also zero and vice versa.

< At the point where the bending moment on the original beam equals zero the
deflection on the conjugate beam must be also zero and vice versa.
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lp Original beam

Q0<>0
M<>0
p<>0
y<>0
FL
Xac
e & B
- x Conjugate beam
Yac
FL’
QAC § T {\
[Qc]=Elg
FL’
ool
[Mc]=Ely

Figure 6.10: A conjugate beam or Mohr's method

Diagrams of shear forces and bending moments on the conjugate beam or better, their
values at chosen points, are El-times the values of rotations and displacements on the
original beam. Therefore, the calculated value is reduced by EJ to get a real value of
rotation or displacement at that point.

Mohr’s method will mostly be used for the calculation of maximum values of
deformation as from the example above, the reaction Q,c on the conjugate beam
represents the maximum rotation and the clamping moment M, represents the maximum
deflection.
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Original beam

)
1
5

Conjugate beam

0 =£ f\
gl [Qc]=Elo
MAC = EE. \
8 [Mc]=Ely

Figure 6.11: Deflection of a cantilever beam with a uniform load

1 q- q-r
s=2. L= =EI- 6.20
3 2 6 Pmax (©20)
. 3 . 4
MAC=S'2 L__ﬂ_L_.:i.L=q L =El -y 6.21)
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Original beam

/

L -

P N
[Mc]=Ely

4
\M _Ja

384

Figure 6.12: Mohr’s method in a simple beam

Calculate the maximum deflection of a simple beam loaded by a uniform load (Figure
6.12). From symmetry it is clear that the maximum deflection is in the middle of the beam
therefore a bending moment on the conjugate beam at that point will be calculated. The
total substitution force is:
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therefore the reaction at the support equals

q-L
24

Yyc =

Since the reactions are known and they equal shear forces at the supports, their values
reduced by EI, represents the rotation at those points:

ql’ _ gl
24EI Ps = 24E1

Par =~

To find the deflection we need to calculate bending moments in the middle of the span:

M +q'L2.£+q'L3._3_.L
24 2 24 16

Moo dL (1 3 gL (8-3)_ 5q
xc 2 16 24 | 16 384

The maximum deflection is the value of the bending moment in the middle reduced by the
bending stiffness EI:

My Sql
Ymar = o = 384 El

6.4 Deformation of trusses

Trusses are structures in which only axial forces occur. Therefore for the calculation of
deformations we use Equation (5.55)

NUNL

A=Y EI d+zK IQ" -ds (5.55)

and take into account its first part only:

Ny -N-L

A=
2EA
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A truss deformation at a chosen point is calculated in three steps:
1. atruss is loaded by an external load and forces in all elements are calculated
2. atruss is loaded by a unit force at a point in a chosen direction and forces in all
elements are calculated
3. the summation is done over all elements according to the above equation

2

Figure 6.13: Plane truss

As trusses usually consist of several elements it is the best to execute the summation in
tables as shown in the following example.

Example 6.5: Calculate the horizontal displacement of joint 6 and vertical displacement of
joint 3 in the truss from example 3.1 (Figure 6.13).
The cross-section of all elements is 5 cm’, the material is steel with modulus
of elasticity E=210 GPa.

Table 6.1
Element L Ny N; N, NoN,L NgN,L
[m] [kN] (1 (1] [kNm] [kNm]

1 4.00 -20.000 0 0.700 0 -56.000
2 3.00 -50.000 1.000 0 -150.000 0
3 5.00 25.000 0 -0.875 0 -109.375
4 6.00 35.000 0 0.525 0 110.250
5 5.00 -25.000 0 -0.375 0 46.875
6 3.00 -20.000 1.000 -0.300 -60.000 18.000
7 4.00 0 0 0 0 0
8 4.00 -20.000 1.000 -0.300 -80.000 24.000
9 5.66 28.285 0 0.424 0 67.879
p)) - - - -290.000 101.629
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Real displacements have to be reduced by EA, hence:

ug =000 3762107 m = -2.762 mm
210-10° -5.00-10
v 101629 =-0.968-107 m = -0.968 mm

" 210-10%-5.00-107
Note: If cross-sections are not equal for all elements, the reduction by axial stiffness EA
has to be performed in the table for each element separately.

6.5 Beams of variable height

Consider the cantilever beam from Fig. 6.14. The height is linearly changing from H; at
the free end to H, at the support.

l,
|

Figure 6.14: Cantilever beam of variable height

Let us at first write a function describing the change of beam height as a function of the
position along the longitudinal axis

AH
Hy=Hj+==x AH=H,-H, (6.22)

and then equations of real and virtual moments:

M,=F-x M=1x
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The function of second moment of area is:

3 3
I:%:ﬁ H1+_4H___x =..§_(ax+b)j
L 12
(6.23)

Deformations are calculated by integration using the virtual work method:

LM M L cx2 F L 2
5=;M.dx=1 F-x ~dx=12 F.! x dr=
0 EI 0 B AH 3 EB 0 AH 3
E-—|H;+—x H +—-x
12 L L
L
. . 2
=—1E2—§-- ! 3 ln(H,+éL£-x)+ 2 ZIfI - il =l =
4H H;""’L—'X 2. Hﬂ.éﬂ..x
L L
0
122F (LY 2-H H} 1
=2 = in(H, +4H )+ L__ L —InH, -2+ |=
E-B | AH H;+AH 2.(H,+AHY 2

2F (LY AHY) 2-H, H? 3
= —||Inf I +— [+ - -=
E-B \ AH H, ) H+AH 2.(H,+AdY 2

The above equation can be rearranged so as to give a real deflection compared with the
deflection at constant Ef:

3 5 2
p=E L [y A, 2H, H 3
3EI AH H, ) H;+4H 2.(H,+AHY 2

3 3 . .
A,=F L os{ Vg8, G H 440 3 (6.24)
3EI AH H, (H1+AH)2 2 2
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or can be written:

K (6.25)

3
k=3 HL] |1l 7+ 48 H, _3H+44d 31, (6.26)

Figure 6.15: Deflection of cantilever beam of variable height

Example 6.6: Calculate the deflection of the cantilever beam of variable height using the
following data:

L=300m F=25kN

B=0.20m H;=0.20m, H,=0.50m, E = 20 GPa

* Note: The equation is valid for all AH<>0
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EI=E -(0—}221 =2667.67 kNm*

73
4 =L 0084 m
3EI

AH =0.50-0.20=0.30 m

3
K=3 ﬂ] |1+ 8 | Hy 3 H44AH 3
AH H, | (H,+4HY 2 2

3
k=3[22 ln[1+£)+ 02 3:02+4:03 31 50
03 02 ) (0.2+0. 3)2 2 2

A=A, -K=0.084-0.121=0.010 m

Note: The constant K can be also read from Fig. 6.15 atratioH,/ H, =2.5.

6.6 Deformation at pre-stressing

Example 6.7: Calculate the deformation line for the cantilever beam due to the pre-
stressing force Np

The equation of eccentricity against the centre of gravity of the cross-section is:

= 6.27
e 3L (6.27)
The bending moment at an arbitrary distance x is
H
M=N, (6.28)

and is integrated with the bending moment caused by a unit force used to calculate the
deflection at the free end resulting from the pre-stressing force N,,.

(6.29)
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As the deflection for uniform load g is

.4
s =9k
4 8.EI

from the condition of equal displacements 8, =, the force in the pre-stressing cable is

calculated to have a zero total displacement at the free end.

2
NPHL _q‘L“

9-EI 8- EI
(6.30)
2
N, = % 4L
8 H
/3
--------------- T""""-""-"" H
m ¢ 8476
B
x
7'|
(Mol
° * N,H/3
+ L
Figure 6.16: Pre-stressing cable in a straight line
The force in the cable to produce a total zero displacement is therefore:
9 L
N ==——q¢q-L 6.31
el (6.31)

A general equation of the deformation line is derived by integration using boundary
conditions and procedures explained earlier in this book:
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(6.32)

3
1
El-y=N_.H-I2.|-*___* ,1
Y= (18-L3 6-L 9]

The maximum deflection is at x = 0 and is:

2
_N,H-L

- 6.33
Ymax 9EI (6.33)

Example 6.8: Calculate the deformation line for the cantilever beam due to the pre-

stressing force Np if the cable line is parabolic along the longitudinal axis
and its tangent is horizontal at the support

The basic geometrical relations are given in the equations below and in practice, constant
n is limited to 0 < n <= 0.4:

x=L %:X,J} K;=L-n-H (6.34)
\/,,.

x=K,-\/—)7

The bending moment due to the cable force is:
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My=Np-n-H- \/% K-x

(6.35)
K= Np-n-H
WL
e nH
/ N,
5 14
Np m H +
B.

[MD] \ N nH

Figure 6.17: Parabolic cable line

A general equation of the deformation line is derived by integration using boundary
conditions:

EI"P=K‘§'VX3 +C; and hence: C3=-K._JL_3

E1-¢=§~K-(~/x—3—\/§)
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EI-y=§'K~[§w[xT—x-w/zj_]+£ K

(6.36)
-n-H (4
Boy=2e 2 H [ vx’ ——x L +Z \/L—)
J_
The maximum deflection is at the free end and is given as:
-2 N, nH-I (6.37)
Ymax =S Ep '

A comparison between both deflections for cable in a straight line and a parabolic cable

shows that at the same conditions (n = 1/3) deflections differ by 20 % and it is
inadmissible to replace a parabola by a straight line.

Example 6.9: Calculate deflections due to the self weight, pre-stressing, creep of concrete
and relaxation in the cable for the beam shown in Fig. 6.18. (E = 24 GPaq,
B/H = 0.3/0.5 m, EI = 75000 kNnt’).

40 kN/m /C“b"’

v . §t s y
7

~~~~~~ Y04y

" \_/
+

Figure 6.18: Pre-stressed beam

The deflection due to the self-weight is:

4 4. o4
o =L 549840385 m,
384-EI, 38475000

which is compared with the permissible deflection given by a Code (usually as L/300):

L 800
:——=—=2.667 cm
Yrerm =200 ~ 300
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The stresses are calculated from the maximum bending moment:

_B-H? _03-(05)

w =0.0125 m’
6
O —+M _ 425600 ﬂ2=i25.6 MPa
w m
|
MP E MP
\
[\ v m
JAN 2\
8m
M - M
M) P

Figure 6.19: Beam under pre-stressing moment

The cable force will be calculated from the condition that the deflection at mid-span does
not exceed the maximum allowable deflection. Let the position of the cable be at 0.4H
under the centre of gravity of the section, hence:

M,=F, 04-H=F,-0.2

2 F,-I*
El.y =£~L-L-M —L—-Fp-0.2= d
Py 2 8 40

=

p OBy, _ 4075000 2.667-107

, I s = 1250 kN

M,=F,-02=250 kNm
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The initial deflection due to self-weight q and pre-stressing is:

», =0.0285-0.02667 =0.0018 m

Suppose now that after t = 360 days due to the relaxation the cable force falls by 20 %,
therefore after one year the deformation will be:

¥, =0.0285-(1-0.2)-0.02667 =0.714 cm

Now we take into account the creep of concrete, which causes the fall in modulus of
elasticity E by say 40 %, and the total deformation after one year will be approximately

0714 _

y, =———=1.19cm,
2 6

which is still inside the allowable limits.



7
Stiffness and flexibility

7.1 Coefficients of stiffness for prismatic elements

A typical element whose x-axis is lying along the centroidal line of the element and is
defined as positive in the direction from joint / to joint 2 is shown in Fig. 7.1. The y- and
z-axis complete the right-handed co-ordinate system and are chosen to be the principal
axes for the element cross-section. It is assumed that the shear centre of the section
coincides with the centroid and therefore the force applied in any one principal plane
causes displacements in that plane only.

Ox2

Figure 7.1: Degrees of freedom
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The displacement vector is:

{"1}={ X Y1 % Py Py Pu }

{”2}={ X2 Y2 2 P2 Pyy P2 }
There are thus /2 possible displacement components; a element has 12 degrees of

freedom. Each of these possible displacements can be suppressed by a corresponding force
as shown in Fig. 7.2 and denoted as the force vector:

{FI }={Nl QYI QZI T, MY] MZ]}

{Fz }={N2 QYz QZz T, My, Mzz}

Figure 7.2: Corresponding forces

The properties of the element are designated as:

A Cross-section

L Element length

v Poisson’s ratio

E Modulus of elasticity
G

Shear modulus
2 11 +v )
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The principal second moments of area (in bending) are:

1, ... Principal second moments of area about y axis

I, ... Principal second moments of area about z axis

The polar second moment of area should be denoted by 7, but is usually written as /.

7.2 Stiffness matrix of a clamped element (mg)
The stiffness coefficients are the actions imposed by a neighbouring body that can be either
a support or an eclement if unit displacement occurs at each joint of the clement in a

corresponding direction while all other displacements are kept zero.

The resulting forces must be in equilibrium and six equations may be drawn up:

N;+N,=0

Qy;+0Qy, =0 (1.1
0z, +02, =0

T, +T,=0

My, +My,+Q,,-L=0 7.2

Mz +Mz;, -0y, L=0

Consider first, displacement x; from Fig. 7.3 below:

Figure 7.3: Axial force at joint /



188 Stiffness and flexibility {Ch.7

From Eqn. (2.47) according to Hooke's law the force that caused the displacement x, is
equal to:

E-A
Ny== ", (7.3a)

hence from Eqn. (7.1):

N, =—E'A-x, (7.3b)

The displacement at the other end, in a similar manner, gives:

E-A E-A

N, = x and N;=———-x
2= ! 7%

Displacements X, and X, produce forces in the axial direction only, therefore all other
forces are zero.

Figure 7.4: Axial force at joint 2

As displacements are assumed to be small, the application of rotations @, and ¢, will
produce torsion restraints only, hence:

Gl Gl

T1=—L£“(Px1 T2=‘“z£"(l’x1
(7.4)
GI, GI
T,= I Pxs T1="‘LL"PX2

The stiffness coefficients involving rotations ¢, and ¢, as well as displacements y and z
will be determined using Castigliano’s theorem derived in Ch. 5.13. (The reader should
verify that the use of principle of virtual work leads to the same results).
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Rotation @, : The element /-2 is initially straight and as such is given an end rotation of
?Qzs at joint 2.

A bending moment at an arbitrary section is

M=-M, +0y,x, (7.5)
From equilibrium at joint 2

Mz +Mzy -0y, L=0,
hence:

M=-Mz,+Qy; (L-x)

Figure 7.5: Rotation of joint 2 by ¢,

The deformational (strain) energy is

2EI,

1

L
=Z_EE.I[M§2 =2:-Myy Q- (L-x)+ 0y, ‘(L2 -Z'L-x+x2)]‘dx—_~

0
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1
2EI,

M2 x-2- My Oy Lo x4 My QF 5 403, 1P x

L
~02 . L.x? 2 x’
Or1 x°+Q0y;- 3
o
5

1
'|:M§2'L'M22'QY1'L2+Q)31'—jl (1.6)

" 2EI,

U
3

Let us find now shear force Qy, using Castigliano’s theorem:

U

=y, =0 amn
0y,
1 2 r
0= 1-M,, I?+2.0,, —
2EI, [ z2 Oy, 3]
3M
Ory=——* (7.8)
U =g
oM,, 2
1 2
M., -L— P =
2EIZ[2 z2 Oy ] Pz2
Inserting Q; from Eqn. (7.8)
1 M
2-M,, L- 2.1 l=
2EIZ[ z2 2 ] Pz2
3| 2EI
Mzz‘[2'5]=7!" z2
4E]
My =—2% 9z (7.9)

The shear force Qy, is then
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-3 M. 3 2Bl _GEl;
QYI—Z_L 2=y T 2 Pz2
6El
Qys =~—%"02, (7.10)
L
From the equilibrium equation (7.2):
6EI 4EI 2EI
Mz =0y, L-Mz =L- LZZ Pz2- LZ Pz2 = LZ ‘Pz2
2El
Mg, = LZ“Pzz (7.11)
or
My = Mz (7.11a)
2
The free body in equilibrium is shown in Fig. 7.6:
y
6EI, 4El,
% Pz 2 Pz
2EI,
3 Pz2

Figure 7.6: Element in equilibrium at rotation ¢,

Suppose now that the positive side of the element is chosen as the lower side of the beam
and draw diagrams of bending moments [M] and shear forces [Q].
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1 ,\
M

[Q

Figure 7.7: Internal forces at rotation ¢,

Similar expressions are derived for the rotation @y, about the y-axis, the forces in
equilibrium are:

Figure 7.8: Element in equilibrium under rotation @y,

Displacement y: The element is initially clamped and is given the displacement y, at
joint 2 (Fig. 7.9)

A bending moment at an arbitrary section is
MZI +M—QYI 'x=0

M'—-QYI'x—MZI:_Qyz'X‘MZl (712)
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Figure 7.9: Element loaded by the displacement y,

which gives the strain energy

LM? - dx
U=£ 281, _-ZE‘IZ.{;[[Q“ 42 Qy, My, - x+MZl]dx
I o2 B m, Eamz (71.13)
ZEIZ Y2 3 Y2 Z1 2 Z1 .

The derivative of M , gives the rotation ¢,;, which is zero due to the boundary
condition at joint /:

U )
=0=2-M,, - L+Qy, L
BMZ, Z1 QYZ
2-M
Qrs == = (7.14)

The derivation of Qy, gives

U 1 r 2
= —+M,,-L
aQyz Y, = 2EIZ ( Qyz Zl )

Lj r 2 g3
—+2- M, - —+M3z,-L
2 EIZ Qyz Oy, Mgz - 2 Zi
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1 2 4
=——— My, I} | -Z+1
Y2 2El, z1 (3 )
LZ
= M
Y2 6EI, zi
6EI
My =~ Lzz-yz (7.15)

The bending moment at the other end is calculated from the equilibrium equation

2-M 6EI
Mzz":‘Qyz'L—MzJ:“(‘ LZIJ'L“MZJ-"" LZZ‘J’z
6El
My, =- L22~yz (7.16)

and finally the shear force @y, from Eqn. (7.14):

QYZ —_——L—___LT"')’Z
12E1
Oyr = L3z ‘Y2 (7.17)

As no other force acts in the y direction, the shear force Qy, equilibrates Qy, .
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/ "

[Q

Figure 7.10: Element in equilibrium under displacement y,

The remaining coefficients (rotations ¢, and displacements z) can be determined in a
similar manner and are written in the stiffness matrix in Fig. 7.11.

If all elements related to the z direction are crossed out from the equation in Fig. 7.11, we
get the stiffness matrix which relates forces and displacements for a plane element:
The above equations may be written in a matrix form

{Fl=[k]-{u}, (7.18)

F¢ | is a stiffness matrix of an element, {F } is vector of forces at joints and {u} is a vector
of displacements at joints.
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Figure 7.11: Stiffness matrix of a prismatic element
N, EA 0 0 B 0 0 Xy
L L
9, 0 12531 6E2‘1 0 —123EI 6E21 v,
L L L L
M, 0 6ElI  4EI 0 —-6El 2EI .
| I 2 L L_2 L !
EA EA
N -—— 0 0 —_— 0 0
2 | I X2
—12El -6EI 0 12El -6El
Q; r r A T N R
0 6EI  2EI 0o = 6El 4EI
(M, 2 L ? L (&)

Figure 7.12: A relation between forces and displacements
for a plane rectangular element (no shear deformation is included)
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Equation (7.18) can not be solved for a single element as an element can move without any
distortions as shown in Fig. 7.13.

Figure 7.13: Plane truss (Npg = 0)

Element BE is perpendicular to elements DE and EC, therefore the axial force in element
BE must be zero, even though forces Fg and F cause deformation of the whole structure.

A similar case is on the structure from Fig. 7.14 where an additional force at joint E is
applied in the direction of the element BE causing the tensile axial force in BE of the same
magnitude Fp irrespective of all other applied forces.

Il‘.h F('

Figure 7.14: Plane truss (Ngg # 0)
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Equation

{u}=[kl" -{F} (7.19)

therefore can not be directly solved for one element only.

An equation similar to Eqn. (7.18) can be written in terms of element distortions,
i.e. the displacements at joint 2 (joint B in Fig. 7.15) are expressed relative to the
displacements of joint 1 (Joint A in Fig. 7.15).
A total distortion may be split into two phases:

a) A rigid body movement from AB to A’B’. The position is define by the final
values of displacements at joint A (by X, and y,)

b) A deformation of A’B’ into the final positions A’B”’.

As joint A’ is already in its final position, additional displacements at B’ are only required
and will be denoted by element distortions e.

The vector of element distortions e has, in this plane case, three components (e, ,
ey, @) but in a general case in space will have six components (e, , €y, €5 Oy @y,
©,). Forces on the element due to element distortion e are uniquely related and will in this
case act at the joint as follows:

Pz =@z2 9z

ey :yZ_y}_Qz}'L

ol S ’(Pzz

B/
// e,
®. /,_,ﬁ,qf..‘.‘,_.,_._,_._,,, e

s r &4
""""" XY y

S 70 N

A B

Vi
B=2
A= .
X x[

Figure 7.15: Relative joint displacements
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The simplest way to deduce a new stiffness matrix of order 6 X6 is to set all displacements
at joint A to zero.

r ) 10
Nl B2 0o i 0 0 0 €x
|
! 6EIl
O\ 1o 2z o 1 o 0 -=ZE| |«
L ! L
|
Qz, 0 0 2Bl 6Ef Y 0 €z
S Y F4u N L ___ 1 L
T, 0 0 o Ll o | lex
{ 2L(7+v)
6El, | 4El,
MYZ 0 0 Lz i 0 L3 0 (Py
6El, | 4EI,
Mz} 0 - 2 0 E 0 0 - | @z
or simply
{Fl=[k]}{e} (7.20)
Solving for element deformations gives
l=[x}"{F}=[D}{F}. (7.21)
where [D] is a flexibility matrix of an element.
I ' T
Loy 0 1 0 0o 0
EA !
L3 E 0 L2
3EI, | 2El,
3 1 2
0 0 L vy L 0
N BEly § 2Bl
i 2L(1 +v)
0 0 0 o 0
2o L
0o 0 - | —_—
2Ely | EI,
r Lo L
2El, ] El, |
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The terms of flexibility matrix [D] are flexibility influence coefficients. They are the

displacements which occur at joint 2 if the same joint is loaded by a unit force and all
displacements at joint / are held to zero. Consider the example below:

_ lf
S v, = L
B, 2 X 27 3EI,
o oo L
L \ 2EI
: l 2 X 2
B e — > L
b 2EI
. ! -
Q, =—
I I ‘T El

Figure 7.16: Displacement and rotation of an element

7.3 Stiffness matrix of a clamped-hinged element (m;)

The stiffness coefficients will be determined by the theorem of unit force considering
elements in the x-y plane only.

Figure 7.17: Clamped-hinged element

a) Rotation ¢4,

My - L

|
El -9z, =§‘M21‘1'L=

3E]
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M
e -~ 2

Lo 4

MzI \

Figure 7.18: Forces induced by the rotation ¢,;

From the equilibrium condition ZM, =0:

Qv L+Mz =0
_ Mg _ 3EI
QYZ L L2 Z}
3EI
Oy = ? z1
b) Displacement y,
Y
| 2
K 1 ____,_'—-;"J"‘r x
Yi e -—"""" -7
T % -~ ¥y Qy2
el ==~ N¢,= —E‘
le

Figure 7.19: Deformation of an element under displacement y,

201

(7.23)

(7.24)
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The element is at first displaced by y, (dotted line) and then rotated by ¢@,,; to have a
horizontal tangent at joint / (initially clamped) in the final position.

_3EI y 3EI

M 7.25
Z1 L L L2 yl ( )
3-E-I
Oyz =~ I "Y1 (7.26)
3-E-I
N, [ EA 0 0 _EA 0 - ] X
L L
Oy, 0 g 38 0 - 38 - Vi
v L r
3EI 3EI - 3EI
M 0 _— = 0 —_ -
T__fl_, S S Z S Z N L 1?_2_]
EA EA
iCH I e A B R
0 —-3El - 3EI 0 3EI .
Oy L3 L) L’ Y2
S R e B 7

The same result is derived by the reduction of the whole matrix (of the clamped element
on both sides) into prime degrees of freedom by partitioning of the matrix

LML
[x]= (7.28)

(K5 ] (K]

The reduction is done by unessential degree of freedom that is the rotation at joint 2

2] o fit]

4EI,

K. )=1K 0]~ [K o JIK s T[] (7.29)

and after matrix multiplications the same result as previous is obtained.
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7.4 Stiffness matrix for a truss element (my)

Figure 7.20: Degrees of freedom of a truss element

The stiffness matrix for a truss element consists of terms from Eqns. (7.3a) and (7.3b) only
and is written in a global co-ordinate system using Eqn. (10.34):

i 2 . ! 2 . 2 }
cos‘ o sina-cosa | —cos’ -sin‘a
]
|
EA sinc - cosa sina :-sina-cosa ~sin‘a
g e d e (7.30)
L |
—cos’a —-sin -cos ! cos’a sina - coso
i
)
[-sinac-cosa —sina ! sina-cosa sin o

The reader should note that the matrix is symmetric as expected from Betty-Maxwell's
theorem derived earlier.
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The Force Method

(Method of consistent deformations)

8.1 A degree of static indeterminacy (DSI)

A degree of static indeterminacy n can be calculated from a number of equilibrium
equations E and a number of unknown forces N on a structure by the equation:

n=N-E, 8.1
therefore structures can be classified as:

n =0 statically determinate structures
n>0 statically indeterminate structures
n <0 unstable structures (mechanisms)

Each structure consists of j joints and m elements. Joints can be rigid (j;) or pinned (j,) and
are connected by elements mg, ms, my and m;.
Note that the supports in Fig. 8.1 are not denoted, as the support forces are included in the
elements connected to supports®.

Equilibrium equations are set for joints as free bodies so that in rigid joints there
are three equations and in pinned joint only two equations:

E=3-j;+2 ], +3-(m6 +m5+m4+m3)

* If several elements are connected to a support, it has to be included into Eq.8.2 but the
number of suppresed displacements p at that support has to be deduced from the equation
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Unknown forces appear at element ends where a structure is connected together; the
number of forces depends on the element type:

N=6-mg+5-ms+4-my+3-my
A degree of static indeterminacy n (DSI) is therefore:

n=N-E=6-mg+5-ms+4-m;+3-my~—
—3j3_2j2‘3'm6"3m5—3m4—3m3=

=3 mg+2-ms+my—~3-j;-2-j,

or
n=3(mg—j;)+2-(ms—j,)+my, (8.2)
| i
]3 {_ mﬁ I mS -sz
mg ms m,

m;

m mq

Figure 8.1: Definition of joint and element types
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As can be seen from Egn. (8.2) an element m; has no influence on the degree of
indeterminacy as it is a basic statically determinate element (i.e. cantilever), which can be
solved by three basic equilibrium equations.

Example 8.1: Determine a degree of static indeterminacy for the rigid frame in Fig. 8.2.

mg=06, ms=0, my=0, j3=4, j,=0

n=3(6-4)+2(0-0)+0=6

meg

meg meg

mg

mg mg

Figure 8.2: Rigid frame - definition of joints and elements

Example 8.2: Determine the degree of static indeterminacy for a cable stayed bridge
shown in Fig. 8.3 (Note that the deck and pylon are not connected)

Mg = 3, ms= 1’ m4=6vj3=4’j2=1

The structure is n = 3(3 - 4) + 2(1 - 1) + 6 = 3 times statically indeterminate; redundant
or unknown forces could be chosen as axial forces in the three out of four cables.

8.2 Primary structure

We consider a structure of degree n of static indeterminacy; that is, the number of
unknown forces exceeds the number of available equilibrium equations by n. The statics
equations must be supplemented by a number of equations of geometry equal to the degree
of redundancy » of the structure. In other words, we have to write n additional elasticity or
deformational equations on the primary structure, which is a statically determinate
structure.
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A primary structure is obtained in such a way that an indeterminate structure is
transformed into determinate structure by removal of n redundant forces, which can be
reactive forces at supports or internal forces at an arbitrary section. The primary structure
obtained must be stable, which can be proved as shown in Ch. 4.

2

my

my

I

mg I3 me J3 mg J3

Iy

ms

Figure 8.3: A cable stayed bridge

8.3 Deformation of primary structure

Consider the frame in Fig. 8.4a, which is reduced to the primary structure in Fig. 8.4b.

X

b)

Figure 8.4: Basic and primary structure
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Calculate the deformation of joint k in the direction as shown in Fig. 8.4b. External force F
causes a deformation at joint &:

Mlc MOd

=[—= (8.3)

where: M,  bending moments on primary structure caused by external
load
M,  bending moments on primary structure caused by unit force
in the direction of the desired deformation

Furthermore, unknown forces X, and X, will cause deformations at joint k given by the
following equations:

M, M

6/(1 =J#d5 (8.4)
M M

8y = AL ds (8.5)

Moment M, is as defined above and moments M, and M, are caused by unit forces X; = /
and X, = 1. Real deformations due to unknown forces X; and X, are:

Xl'5k1 and X2'6k2
The total deformation at joint & is therefore:
0, =01+ X, 04, +X; 0,
If there are n redundants, the equation can be written as:

Oy =6 + EH:X.' Oy (8.6)
i=1

Equation (8.6) means that a deformation can be calculated at any point of the structure,
hence we can choose n points k and write down n equations. If the deformation &, at all
these points would be known then all n unknowns X; could be calculated.

8.4 Elasticity equations

Static indeterminate internal forces and moments X; always occur as pairs being in
equilibrium with each other. These pairs of forces produce no inter-related deformation on
the whole structure, hence for these points the deformation §, =0 and the equation (8.6)
reduces to:
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n
8o +XX;-6y =0 8.7
i=l

Equations (8.7) are elasticity equations of static. The number of these equations exactly
equals the number of redundants in a structure.
The coefficients are:

8.0 deformation at joint k caused by an external load

8,  deformation at joint k caused by a unit force applied at i

If bending moments only are taken into account (see Example 5.7) then the coefficients are
given by:

M, M
8o =] kEI L.d (8.8)
M,-M,
= =L -d 8.9
ki I EI 5 ( )

Example 8.3: The force method will be outlined step by step in terms of a one-time
statically indeterminate beam:

+  Step I: Determine the degree of static indeterminacy using Eqn. (8.2)

Figure 8.5a: Statically indeterminate beam

n=3-(mg~ j3)+2-(ms— j,)+my=3(0-0) + 2(0-0) + 1 = I

% Step 2: Evaluate a statically determined stable primary structure. In this example
clamping moment M, or reaction Y can be released.
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Figure 8.5b: Primary structure

%  Step 3: Calculate the deformation of a primary structure caused by external loads

1 1ql? ' g
630=——5—L-L=q—

El 4 2 8EI
\ F=1
|
q \ 4
v, B S PR
N L = 8-
XA -z ~~~~~~~~~~~~ g J:‘SB()
Ys B
ar’
2 -
[Mo]
L -
M)

Figure 8.5c: Deformation due to an external load

*»  Step 4: Calculate the deformation of a primary structure caused by the redundant

force X, =1

11 r
8oy =L (L) L=——"e
B EI3 - 3EI
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-
P e

/ [Ml]

I'L +

IL \ _
M]

Figure 8.5d: Deformation due to a redundant force X, = I

X Step 5: Using elasticity equation (8.7) calculate the unknown force X, such that the
displacement at joint B is zero.

680+X}"683’ =0

4 3
_ql‘_+ X, .(_L_)=0
8EI 3EI
x, =34k

8

% Step 6: Force X, becomes an external load on the primary structure, which can be

solved using basic equilibrium equations.

q
N b
SRR
X, i i T
3qL
Tn K]

Figure 8.5e: Primary structure is loaded by all forces
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Y=0: Y, -q+ oy o y, =2
8 8

2

M, =0: MA-qL%-&-—j%liL:O = MAz-‘%

Find the equilibrium for a small part of the beam of length x from the right hand end:

2
M, = 3aL . ¢
8 2
3qgL
a’
8 -
9q1’?
JqL 128
8 +
[Qd]

3qL
8
3L
8

Figure 8.5f: Diagrams of bending moments and shear forces

The maximum bending moment is at the position where the shear force equals zero:

2
Xmax = 3L Mmax = 9qL
8 128

Final diagrams of bending moments and shear forces are shown in Fig. 8.5f.

[Ch. 8

When we need to calculate values at some critical points, we can use the method of

superposition, i.e. bending moment at joint A is:

2 2
Moty oM, x, = 8E S al
2 8 8
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Example 8.4: Using the force method solve the structure from Fig. 8.6a, which consists of
beam BD and two truss elements AD and CD. The beam is clamped at joint B.

1.200\m

)I D 40 cm

l 20 cm
10 kN

1.386\m

2.400 m
Figure 8.6a: Mixed structure
Element data:
A =A;=3cm?=3-10"m?
E, = E; =200 GPa=200-10° kPa
A, =800 cm?, I, =10.67-107* m*
E, =25 GPa

E,A, =60000 kN E,A, =2000000 kN  E,I,=26675 kNm’

The structure has also two truss elements, which can carry axial forces only, hence the
work of the axial forces must be taken into account. For ease of understanding, the
deformation for all three will be calculated separately.
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1.200 X,=

] D
- )ﬂ D 40 cm

/ l 20 cm
10 kN

1.386

Figure 8.6b: Primary structure

Elasticity equations in the direction of redundant forces are

X,L
ap+a;-X;+a;-X, =_(T14)!,_

X,L
azo+azf'X)+a22'X2 =—(E'2A)‘z ’

where the right hand side terms represent elongation or contraction of elements 7 and 3
due to axial forces in respective elements and the left hand side terms include all three
deformations. At first we calculate and draw diagrams of bending moments, shear forces
and axial forces for external load and redundant forces X, and X, Integration of
deformations is performed for each influence separately:

v . . . . )
In subsequent text coefficients 8 will be denoted by letter a as is usual in mathematical
textbooks
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Sec. 8.4]
2| 10 .
0.
24
[Mo] [Qo] [No]
M] Q] [0. 707
A L - |
1.697 + 5707 [Ny]
0.500 0.866
1200 T~ T " | -
[M;] [Q.] [N:]
+

Figure 8.7: Diagrams of the primary structure

a) Contribution of bending moments

T 2
ot I MM, LST 4-8638.107
3(ED, 326675
2
ol = 2290 " 544319 0073
326675

ot <187 CL200) 4 4 6108107
2T 326675

oM 22D LT 1227107
107 3.26675
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a :wa.z 4=0.8637-10
2 3-26675 '

b) Contribution of shear forces (shear shape factor for rectangular cross-section K=1.2)

_E _ 25
2(1+v) 2(1+0.18)

G, =10.593 GPa

A=A A 800 _ 56667 107 m?
(GAg), =706200 kN

2. 90 ,,_0707°
7 (GAs), 706200

.24=1699-107°

2
a2 =900 5 4 08496.10°
706200
as, -___(_—_0.7'_0_72-_9&)__2.4 =-1.201-107°
706200
al = 10-C0.797) 5 4= _2.403-1075
706200
al = 10-0.300 , 4 _ 1 699.10
706200
c) Contribution of axial forces
— . 5
ah =Y NN L= L1 60749797 54
(EA); 60000 2.10°

=2828-10° +6-107 =2.888-107°

A 2
ot = L1 5 g7, 0866

T 60000 2.10° 24=4.619-107 +9.107 =4.709-107°

~ _ (=0.707)-(-0.866)
n=

. 2.4=7.348-107
2-10

a

N _ coqN =
ap=0 ; axp=0



Sec. 8.4] Elasticity equations 217

Table 8.1
all*10” M 0 N b3
a 8.638 0.16992  2.888 11.696
az 4.318 0.08496  4.709 9112
a -6.108  -0.12015  0.074 -6.154
asn 122,100  -2.40300  0.000  -124.503
az 86.370 1.69900  0.000 88.069

The equations are
11696 -6.1551| X, 124.503
-6.155 9.113 || X, - 88.069

giving the solution X, = 8.624 kN and X, = -3.840 kN.

% If shear forces are neglected

11.526 -6.0343| X, 122.10

-6.034 9.028 || X, -86.37
with a solution X, = 8,591 kN and X, = -3.825 kN.
%+ If axial forces (inadmissible in this example!) are neglected

8.638 —-6.108|| X, 122.10
-6.108 4318 || X, -86.37

The above system of equations has no trivial solution as the determinant is
zero. Practically it means that joint D does not move at all, as the flexibility
of truss elements was infinite.

In practice such mixed systems are often solved in a way, that in the matrix of bending
coefficients, axial flexibility of L/EA is added to the diagonal terms:

8.638+2.8388 —-6.108 X, 122.10

-6.108 4.318+4.7091| X, —-86.37
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giving the solution X; = 8611 kN and X, = -3.742 kN. The solution is not exact but
acceptable being within £2 % .

Internal forces are calculated using the method of superposition e.g.:

M= -24 + 1.697X,- 1.2X; =

=-24 + 1.6978.624 -1.2 (-3.840) = -4.757 kNm

Figure 8.8: Free body in equilibrium

Example 8.5: Calculate the structure from example 8.4 using a different primary structure.
In this case we cut element CD and release the clamping moment (insert
hinge) at joint B.

External loading causes axial forces only and a bending moment occurs on the beam due
to XZ-': 1.

The influence of shear forces will be neglected, hence:

2 2
_ 1414 2771+ 1.1 -1.697+1'932

a; = 2. -24=12.51-10"°
60000 60000 2-10°

2 2
ay = 0833 577149722 4401 1L 5 46266107
60000 2-10° 326675
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4, = 1414:0833 ., 1932:0722 , , 0 oS
60000 2.10°
ap _(20)- 1414 -2.771+————-—17'321'('é'932) :24=-1.346-107
60000 2-10
gy = 200833 5 771, 132D CO72D) 5 4 0784107
60000 108
1?
1.200 m
V\ D
>k_> )Pl D 40 cm
20 cm
1386m fase
L

Figure 8.9: Primary structure

12.51 5.607 || X, 134.6

5.607 6.266 || X, 784

The solution is X; = 8.601 kN and X, = 4.815 kNm.

219
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[No] [Ni] [N.]
1
+ 17.321 +
1.932 f 0.722
| - 0.83:
20
+
+
1374 0.833
20 )
0. 0. 1 l\
24m
[Mo] [M{] [M,]

Figure 8.10: Internal forces on the primary structure
In this example redundant force X, represents the clamping moment at B, other forces are
determined by the method of superposition:
N =-20 + 1.414X; + 0.833X, =
<20+ 12.162 + 4.011 = -3.827 kN
N,=17.321-1932X,-0.722X, =
17.321 - 16.617 - 3.476 = -2.773 kN
N;= X; = 8.601 kN
The reactions are:
Xy = -Nycos30° = 3.827.0.866 = 3.314 kN
Ya=-N; sin30° = 3.8270.5 = 1.914 kN

Xg=-Ny=2.773 kN
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Xc= -Nscosd5® = -6.082 kN

Y= Nysind5® = 6.082 kN

6.082 (6.098)
6.082 (6.098)

4.815 (4.757)

2.773 (2.772)
2.004 (1.982)

3.314 (3.326)
1.914 (1.920)

Figure 8.11: Free body at equilibrium
(In brackets are values if shear forces are not neglected)

The reaction Yp is calculated from the sum of forces in the y-direction

Yp=-Y,- Yo+ 10=2.004 kN
and the reaction is the shear force on the beam BD. It is always good practice to check the
results by an independent equation, e.g. check if the sum of moments about joint B equals
the clamping moment Mp.

6.0821.22-102.4 + 3.3141.386 7= 4.815

4.810 7= 4.815

As seen the error is very small which can result from rounding errors using calculators.

Example 8.6: Calculation of a simple bridge structure (see Chapter 12)



222 The Force Method [Ch. 8

Example 8.7: Calculation of a statically indeterminate truss

The truss in Fig. 8.12 is two-times statically indeterminate as from the equation 3.10b
f=2j-m-p=12-10-4=-2

Redundant forces are one of the reactions and one of the elements; hence the truss is
externally and internally indeterminate.

3.2=6m

Figure 8.12: Statically indeterminate truss

A statically determinate structure is obtained if support B becomes a roller support
(reaction X is removed) and element 6 is cut (axial force Ny is removed).

20 kN 10 kN

3.2=6m

Figure 8.13: Primary structure

Now all axial forces on the primary structure due to external loads and due to unknown
forces X; = 1 and X; = I are calculated and shown in the table 8.2.
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Table 8.2
Element L(m) Ny N; N;
1 2.000 16.667 1.000 0
2 2.828 -23.570 0.000 0
3 2.000 -3.333 0.000 -0.707
4 2.000 13.333 1.000 -0.707
5 2.828 4.714 0.000 1.000
6 2.828 - - 1.000
7 2.000 -16.667 0.000 -0.707
8 2.000 0.000 0.000 -0.707
9 2.000 13.333 1.000 0
10 2.828 -18.856 0.000 0
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The coefficients of the equation of elasticity are calculated using equation

NN
a.=S———1L.
(1] Z(EA), 1

and are written in a tabular form in table 8.3, by taking the axial stiffness EA the same for

all elements:

Table 8.3
Element ap; az ap a (7
1 2.000 0 0 33.334 0
2 0 0 0 0 0
3 0 1.000 0 0 4.714
4 2.000 1.000 -1.414 26.667 -18.852
5 0 2.828 0 0 13.332
6 - 2.828 - - -
7 0 1.000 0 0 23.567
8 0 1.000 0 0 0
9 2.000 0 0 26.667 0
10 0 0 0 0 0
Sum 6.000 9.657 -1.414 86.667 22.760
The equations are given in matrix form:
6.000 -14141|X, —86.667
-1414 9.657 || X, -22.760

and the solution is: X; = -15.536 kN and X, = -4.632 kN.
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Final forces in a truss are calculated by a method of a superposition from equation
Nf =N0+XI 'N1+X2 'Nz

and it is very convenient to evaluate the above equation in tabular form:

Table 8.4

Element No NiX; N X, Nk Ni'

1 16.667 -15.536 0 1.131 16.667
2 -23.570 0.000 0 -23.570 -23.570
3 -3.333 0.000 3.275 -0.058 -1.667
4 13.333 -15.536 3.275 1.072 15.000
5 4.715 0.000 -4.632 0.083 2.357
6 - - -4.632 -4.632 -2.357
7 -16.667 0.000 3.275 -13.392 -15.000
8 0.000 0.000 3.275 3.275 1.667
9 13.333 -15.536 0 -2.203 13.333
10 -18.856 0.000 0 -18.856 -18.856

*Support B moves horizontally for some reason

Final axial forces Ny are shown in Fig. 8.14.

l20 kN
-13.392
o

15536 %

t +1.131 7 +1.072 T -2.203

16.667 |

3.2=6m

Figure 8.14: Free body and axial forces in the truss

Note: It has to be emphasised that the horizontal reactions X, = -Xg = 15.536 kN, which
occur at externally indeterminate trusses can be very large. If these forces for any reason
can not be transmitted to an unmoveable terrain by suitable under-structures, then the
supports will move and therefore X; = 0. Axial forces in the truss are for this reason of
different values as the elasticity equation is:

9.657-X,=-22.760 = X,=-2357 kN (X, =0!)

The results for this case are shown in right hand column of Table 8.4.
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8.5 Special loads

In many cases, secondary effects such as support displacements, temperature changes and
pre-strain can be neglected. However, in most cases the engineer must at least evaluate
their possible magnitudes, instead of allowing for an arbitrary increase in stress, as is often
done.

The three major secondary effects, beside loads, that may act on a structure are support
displacements, temperature changes and pre-strain.

8.5.1 Support displacements
In practice structures have displacements under the foundations and foundation rotations

are vsually assumed to be zero. Possible displacements at supports can be 4 and v, but a
support may rotate by an angle @ as well:

u=-— vV=—— (p=—-% 8.10)

A displacement can be dependant or independent on a reaction force. In both cases in the
elasticity equation

by, +5X,-8, =0
i=]

On the right hand side of the equation an actual none-zero displacement at support k
should be considered.

Example 8.8: Suppose that the support A of the continuous beam from Fig. 8.15 is
displaced by v = 2 cm (The displacement is independent of the reaction force).

There is no external loading, hence §,, =0.

EI'aII ='{'5510=ﬂ
3 3
5, 3 v-El
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A B C
FAY Sm A Sm a
(L) (L)

B C
a JAY

[

[My]
+
5

Figure 8.15: Continuous beam
(The displacement is independent of the reaction force)

Numerical exampie: The continuous beam from Fig. 8.15 is made of concrete of quality
C30/36 and has dimensions B/H = 0.2/0.4 m. An external reason causes the displacement
of 2 ¢m in the y-direction at the support A.

3
= B’; =1.067-107° m* EI = 34133 kNm?

E=32GPa I
Koo O _ _3vEL_ 300234133
SR S =_ =

-8.192 kN
a; 250 250

Mp=5-X,=—40.960 kNm

The bending moment at support B is negative as the upper fibers of the beam are in
tension. Let us calculate the stress at support B:

o= iM— = :1:—4—0—’8@9—3— =17.68 MPa
w 0.2-04?
6
The calculated stress is much higher than the concrete in tension can resist (approximately
2.5 MPa), therefore the beam has to be reinforced on the upper side over a much longer
region than would be necessary for static indeterminacy.
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Example 8.9: Suppose that support A of the continuous beam from Fig. 8.16 is displaced
as a result of external loading (The displacement is dependent on the reaction force).

It

A B C
A Sm & Sm a
lF
B C
a3 7Y
TXI=I
2.5F
[Mo] /l\

Figure 8.16: Continuous beam
(The displacement is dependent on the reaction force)
As an illustration let us first solve the structure when the support does not move at all:

a;; =.{.5510=ﬂ

3 3

1 1
ajp =7 (-25- F).5-5+g-(—2.5.F)~(2.5+10)~2.5=

=-20.883-F -13.021-F =-33.854-F

-33854-F
T
3

=04062-F

Mp=-25F+5X,=~25-F+5-04062-F =—0469-F

Now, if the displacement is dependent on the reaction force the equation is:
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a]IXI+alo="£'I—EI=—’€I"XI
Ca Ca
EI
(au""—]'Xl:‘alo
Ca
X — alo _33.854F
ST H 250 H
" C4 3 ey
33.854-F
MB——2.5-F+5c——————2—iq+34133
3 ca

1016 F

Figure 8.17: Diagram of bending moments (c,=0- o)

[Ch.8

At first we choose an infinite spring ¢, (support is unmovable), therefore the bending
moment at B is:

33854 F 33.854-F

MB =—2.5'F+5'm=—2.5'F+5'

——— o ———

3 oo

kN

then c, =100 —
m

=-0469-F
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33.854-F
M =—L.J " b ———ee T2 - .
g=—25-F+5 250+34133 2.101-F

3 100

and finally ¢, = 0, which actually means that support at A was removed.

33.854-F 33854 F
MB ——25F+5—2W——‘25F+5E;———25F
3 0

The last example is a cantilever case of beam AB.

8.5.2 Temperature loading

229

If a structure is subjected to a temperature change the deformation can be calculated by the

equation (see Ch 5.12):

5£Z)=INK 'a‘ -T'dS+IMK 'a’ 'éilz"ds

where:
Tup - Tlo L.
T= 5 Average rise in temperature
AT =T, -T, Temperature gradient
H Depth of a beam
oy Thermal coefficient of expansion

ar=1 0’ /degree (concrete, steel)

8.11)

(8.12)
(8.13)

The first part of Eqn. (8.11) arises from Hooke’s law, the second part is derived as

follows. A stress from Hooke’s law is calculated

0‘=E£=E~aT-A2—T

(8.14)

and is inserted into the equation for stresses at bending (see Ch. 2.8.3) and a bending

moment is calculated from,;

o’:iu—'ﬂzE. T _A_Z
I 2
M=EI-aT-—Al
H

(8.15)
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. Eup = A1 .
T i

Ti

!

Figure 8.18: Thermal loading of a prismatic element

The term § ,g) is a part of external loading in the equation:

Sip +3X, -8, =0 ik=1..n
i=]

rq‘h

H

[Ch. 8

Example 8.10: Calculate bending moments due to unequal heating of the continuous

plate from Fig. 8.19.

The bending moments caused by temperature gradient AT on the primary structure are

given by Eqn. (8.15) and are constant across the whole length:

M0=at'%-'EI

The coefficients are:

The coefficients are inserted into the elasticity equation and X, is calculated:
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X] __i.at AT_E[
H
A B C
A Sm L Sm JAY
A B C
VA 2
TX1=]
. M,
[Mo]
L2

Figure 8.19: Continuous plate

Bending moments are calculated using the method of a superposition:

AT
MA=M0=-(Z,'—}—I--EI

MB _—;_a’ _A__T_EI +_L_'.i.a' £E] =_1_.a£ A_TEI

H 2 L H 2 H
Consider now a plate thickness of 0.18 m, the width is a band of 1.00 m, positioned at the
uppermost floor of a building and heated by AT =30°C.

=15552 kNm?

El =32.10° . 1.0-0.18
12

AT

My=0,- o EI=107 -%-15552 =27.648 kNm

M =13.824 kNm
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Inflection point

27.648 i 27.648

13.824

Figure 8.20: Deflection of a plate and bending moments

The stresses at joints A and C are

y—=:t—M—2=:t5.12 MPa,
W 1.018

6

o=t

which is well over the allowable stresses for concrete in tension.

[Ch. 8
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8.6 Deformation of statically indeterminate structures

The procedure is outlined in the following two steps:

1, Solve an indeterminate system
—P —>
F F
- +
X,
e R —— A—b
X2

apta;-X;+a,-X;=0

a20+a21‘X1+a22'X2=0

The solution of the above equations gives unknowns X, and X,. Bending moments
are determined by the method of superposition:

n
M;=M+3M, X,

i=]
2. Calculate the deformation at an arbitrary point k by the equation:
EI-§,=[M; M, ds,

where bending moments due to F, = I are:

It is obvious that an indeterminate system has to be solved twice; first for external loads
and then for load ¥ = I, applied at the point where the deflection is desired.
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Example 8.11: Determine the deflection at point C for the beam in Fig. 8.21.

2m

[Mo]

(Mi]

Figure 8.22: Primary structure and moments M, and M,

2:F-2 5 40-F
W s T T
a”—i 444='63i
XI— a}0_10'F
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M,=-2-F+4-X, =—3ﬂ—
32
MC=20-F
32
—24F
32
(M :
\l/
20F
32

Figure 8.23: Final diagram of bending moments My due to force F
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Now the structure is solved for virtual force F =1 at point C. The final bending moment

diagram is shown on Fig. 8.24.

24

32

[Mi]

—\I/
20
32

Figure 8.24: Final diagram of bending moments My due to force F =1

Deformations are calculated using table B.4:

El §.=[M-M ds=-=2. 22 44222 = )

=-2.083-F+2.667 - F=0.583-F
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_0583-F

5
¢ El

Let us now see the result if the final diagram of bending moments is integrated with the
diagram of bending moments on the primary structure caused by unit force, applied at the
point and in the direction of the desired deflection.

075 F

-0.2917 F

N[

0.625 F

M

)

Figure 8.25: Final diagram of bending moments
and diagram of bending moments on the primary structure

Integration is performed by the Vereshagin's method

EI~A=%2—~0.2917-F =0583-F,

and gives exactly the same results as above. This simplified procedure is called the
reduction statement and is proved in Section 8.7 below.

8.7 The reduction statement

Using the principle of virtual displacements a deformation is given by:

M-M
On =151

m

ds

and is valid for statically determinate and indeterminate structures. Bending moments of
an indeterminate system are calculated from an elasticity equation

5’(0 +25Ki 'Xi =0

and by equation
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M=M,+2X,-M,

In a similar manner virtual bending moments are determined by:
5,+35, X, =0
M=M,+3X, -M,

If at first virtual bending moments are inserted into the former equation

=I(ﬁ0+ﬁk'ﬁk)'M'£

6 El

m

5, =M, M-E 5%, (M7, 5
El EI

and then from real moments caused by external loads we obtain:

ds ds
= M M- =+3XX, (M +2X;-M,; M
f 7l I ( 0 ) ke o

ds ds ds
=M, M -—+2X M, M, —t+ X - M,; ‘M,
EAVECES I Ao TR
hence:
M, M-ds -
5m=I_O—'EI'—_+ZXk'(6ka+mi6k,~)

)

237

As the right hand part of the above equation is the elasticity equation, which equals zero, it

follows that:

M'Ho'ds

n =l

(8.16)

¢ The reduction statement states that deformations of an indeterminate system
can be determined if bending moments of an indeterminate system are

known and if virtual bending moments of the primary system are known.
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8.8 Application of the reduction statement

The method of forces is a useful tool for the analysis of simple structures and gives a
student a good understanding of structural behaviour through deformation calculations.
However, there is no independent control of the calculated unknowns, since the
equilibrium of the whole structure is established using unknowns as external loads.

The reduction statement offers a simple and effective control of the calculated
results. A new primary structure is determined which has to be different from the one from
which unknowns were determined. Using the equation

— ds
5. =[M, M —
mIO El

some arbitrary but known (usually zero) deformation is calculated fulfilling the condition:

8,=[My-M-—=0

m

Example 8.12: Solve the rigid frame from Fig. 8.26 and prove the results by the reduction

statement.
10 kN
o

C
—»
4.0 m, 5SEI A X

Y

3.0m, EI

A
gl
1.

Figure 8.26: Rigid frame
(Stiffness of the beam is 5x stiffness of the column)



Sec. 8.8] Application of the reduction statement 239

10 kN
20 -
¢
4.0m T
X,

3.0m

[Mo]

3 (M) — (M:]

Figure 8.27: Primary structure and bending moments

3 3
a,,=§3_=9 a22=§%—+42-3=%4-+48=52.267

a,2=§3-4-3=18

a10=‘;_'(_20)'3'3="'90

a2 =202 3333-20.3.4=-253.333
5
9 18 1(x,) [ %

18 52.267 | | X, 253333
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x,) (0984
x,| 4508
M, =-20+3-0.984+4-4.508=0.984 kNm

Mpg=-20+4-4508=~1.968 kNm
Mq;=2.4508=9.016 kNm

C . ]
40m r +
4.508
3.0m

9.016
[Md]
‘; 0.984
0.984 A T 0.984
5.492 p
- - 0.984 492
+
- 4.508
+
[Nkl || [Qd
5.492 0.984

Figure 8.28: Free body diagrams and diagrams of internal forces

A check of the results using the reduction statement is done in such a way, that a new
primary structure, which has to be different from the original primary structure, is chosen
and then a known deformation is calculated (see Fig. 8.29).
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A __/‘ o

-

ga = — = a=36.87°

SN

r
cosa =— = r=3-cosx=24m
J

Figure 8.29: Primary structure used by the reduction statement

Calculate now the displacement between joints A and C by integration of final moments
from Fig. 8.28 with virtual moments from Fig. 8.29:

El-6= @3 . (—0.984)+-§---:13-- (—2.4)-(-1.968)-4+

11

+ = =(=24)-10-(1+0.5)-4=
3 6( )-10-( )

=3.542+1.260 - 4.800=0.02 =0

As expected the result is zero and a check by the reduction statement proved that results
calculated by the force method were correct.



9 .
The Displacement Method

9.1 Introduction

Statically indeterminate structures are solved by the displacement method as if unknown
displacements and rotations were chosen. From a system of equilibrium equations we
calculate deformations from which internal forces and reactions are calculated.

The displacement method is superior to the force method when the number of
unknown forces exceeds the number of unknown displacements and rotations.

The concept of stiffness matrix, introduced in Ch. 7, will be used for a structural
stiffness matrix assembly and it is a foundation for the displacement and later the finite
element method.

Two simplified longhand methods will be shown: a classical deformational method
and a moment distribution method (Cross’s method). In the classical deformational
method a system of equations will be established but contrary to the force method the
determination of coefficients of the equations is much simpler as they depend on single
individual elements only. The moment distribution method remains the most powerful tool
for an engineer without computing equipment and can help in better understanding of
simple structures.

At the end of the chapter a new method for influence line determination is
presented using ¥ functions as a further development of well-known @ numbers.

9.2 Kinematics (deformational) indeterminacy

Displacements and rotations of joints define a deformational state of a structure; joints can
be rigid or pinned.
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Rigid joint Pinned joint
o0
vi Vi \/
’1 ~~~.\~¢' Free joint
1
!
II Tied joint
U; S L
]
Baig o
Figure 9.1: Rigid and pinned joints Figure 9.2: Free and tied joints

Two displacements # and v and a rotation ¢ are possible in a rigid joint, whilst only two
displacements u and v are possible in a pinned joint. We shall distinguish between free and

tied joints; tied joints are supports in which p, rotations ¢; and p, displacements u; and
v; can occur.

Example 9.1: Determination of joints

[ "o o ud

Figure 9.3: Determination of joints

Number of all joints: 6

Number of tied joints: 3(1,3,5)

Number of free joints: 3(2,4,6)
At the supports seven quantities are prescribed, they are:

u1=vl=¢l=u3=V3=u5=V5=0

If on a structure there are k rigid joints and g pinned joints then the total of all
deformational quantities is:

3k+2g
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from which p prescribed deformational quantities at supports (p, rotations and p,
displacements) are deduced, hence:

3k+2g-p 9.1
The above quantities can be divided into unknown rotations

k -p
and into unknown displacements

2(k+g8)-p;=2j- p;,
where p; means the number of suppressed rotations (at supports) and p, means the number
of suppressed displacements (at supports), j is the number of all joints.

Note that the total number of unknowns will not be 3k + 2g — p, as some
displacements are dependant on each other.

Joints of a structure are interconnected to each other with elements (beams and
columns); therefore the compatibility equations (4.9) at joints must be applicable:

U, —u; V—v;
P Sk B Skl 9.2)
Ye=Y;i *—Xj

Equation (9.2) relates the deformation A (a rotation of an element) and displacements of
joints # and v. The number of relations that exist depends on the number of elements in a
structure, hence the number of deformational quantities is:

n=3k+2-g-p-m 9.3)

or if we distinguish between rotations and displacements:

Unknown rotations: b=k-p, (9.4)
Unknown displacements: c¢=2-k+2-g—p,-m 9.5)
or c=2-j-p,-m

A degree of deformational indeterminacy (DD]) is then given by:

n=b+c 9.6)
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Examples 9.2: Determination of degree of deformational indeterminacy

3 4
/ 2
—— e
Rotations: b=4-2=2
Displacements: c=24+0-4-3=1

n=2+1=3

Unknown rotations are ¢; and ¢, , displacement occurs at the top of column /-3, at the

same time column 2-4 moves but its displacement is the same as that of column /-3
(compatibility condition).

m=10
k=)
§’ my my ag &= 31
.’ - p/ =
? k mg k mg k mg k ? py=d
P2 P2
ms
P Pi k
—>;

Rotations: b=5-1=4
Displacements: c=25+23-4-10=2

n=4+2=6
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m=14 Rotations:

R R B - b=9-3=6

g=0

Displacements:
pi=3

c=29+0-6-14=-2
p2=6

The above examples confirmed that rotations and displacements influence the DDI
separately as eventual over-determinacy in displacements A {c < 0) has no influence on

the number of unknown joint rotations Q.

The conclusion comes from the fact that the rotations in the structure can occur
without any sway movements of the structure.

The above separation of rotations and displacements will be used in the classical
longhand deformational method and in Cross’s moment distribution method where
structures will be classified as non-sway (¢ <= 0) and sway (¢ > 0) structures.

9.3 Structure stiffness matrix

The structure stiffness matrix [K ]relates the forces and displacements of a structure
composed of elements. The force X; at a joint and in the direction i is linearly related
through the corresponding displacements A; by equation:

X|=klI.AI+k12.A2+ ..... +kl].A]+ .....

{x}=[k]-{a} 0.7)

Each element k;; of this stiffness matrix is defined as the force that must be applied to the
complete structure at node i to produce unit displacement at node j, all others are kept
zero. Consider now one single joint connecting several elements 7,2...m. Figure 9.4 shows

the internal element forces S™ of element m along node i, as well as their equal and
opposite reaction forces on the joint. For instance, the i-th force on the m-th element is

s =kl A k) A+ kA ©9.8)

where the j extends over all nodes attached to the element. The equilibrium equation for
the forces in the direction i at the joint is

X;=0: =S8;-8,-S,+F=0,
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from which, inserting Eqgn. (9.8), we get

m

> i " direction

Figure 9.4: Joint and element forces

The structure stiffness coefficient Kj; is therefore obtained by superposition of the element
stiffness k5" :

Ky=ki+ k2 4tk +. = Tk (9.10)
m

It is essential that each node of the structure be carefully labeled, and that the nodal
numbering of each element corresponds to that of the structure. The element stiffness
matrices are then written and superimposed, or assembled.

Example 9.3: Assemble the stiffness matrix for the structure of the Fig. 9.5

Element data:
A=Ay =3 cm’
A, =800 cm? E;-A =60-10° kN
1,=1067-10* m* E,-A,=2-10° kN
E, =E; =200 GPa E,-1,=26675-10° kNm?

E, =25 GPa
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20 cm

Figure 9.5: Mixed structure

o™=
7
>
]
3
e
4 30
’ 9

Figure 9.6: Degrees of freedom at elements

First calculate axial and bending stiffness of individual elements:

[Ch.9
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L=1697m = EA_35355 &
L m

L=240m = ZA-g33335
L m

E-I=26.675 kNm?

L=2771m = EA_2i653 8
L m

Elements / and 3 are truss elements (two force elements) therefore equation (7.30) is
applied, element 2 is a beam element and equation (7.11) is used:

] 2 4 5
17677 -—I7677i—17677 17677

—

~17677 17677 + 17677 —17677

[0)- i I

]
4|-17677 17677 | 17677 —-17677
|

5| 17677 -176771-17677 17677 |

1 2 3 6 7 8
1[ 833333 0 0o | sim. |
)
|
|
2l o 2355 27786 |
|
|
3 0 27786 44458 |
|
[k(z)]z _____________________ _= _________________
6(~833333 0 0 1833333
|
i
]
7\ 0 -23155-27786) 0 23155
|
i
[
8 0 27786 222291 0 27786 44458
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1 2 9 10
1[ 16240 9376 E-16240 -9376]

10{ -9376 -5413

The structure stiffness matrix (/0x10) is obtained by assembling the above element
stiffness into the locations as indicated by numbering of the rows and columns and by the
appropriate dotted lines inside the matrix.

1 2 3 4 5 6 7 & 9 10

1] 867250 E
i ;
2| -8301 d46245; |
............................ S N S—
3 0  —27786:44458) sym.
S S5 SN M
4| -17677 17677 i 0 17677

5| 17677 176770 0
6|-833333 0 i 0
7| o -23155i277860 0 0 | o 23155

0 0 i 0 -27786 44458

......................................................................................................................

8| o0 -27786i22029

9| -16240 -9376: 0

10| -9376 -54131 0 { 0o 0 i 0o 0 0 {9376 543

The physical meaning of these numbers should be clearly understood. For instance
stiffness K;; = 867250 is about 20-times the value of K;; = 46245, indicating that the
horizontal force required to stretch the structure a specified amount horizontally is 20-
times as much as a vertical force at the same point causing the same amount of vertical
displacement.
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9.4 Matrix formulation

The matrix displacement method is the most powerful of the various methods for structural
analysis if used in conjunction with appropriate computers. In its generalisation as the
finite element method it is capable of analysing any solid body though in this text will be
restricted to the analysis of framed structures.

The dis[)ia]cement method relates the forces to the displacements by the structure stiffness
matrix |K |:

{X}=[k]{a}

At each node (joint) a force and its corresponding displacement exist as conjugate
quantities.

For a structure having f degrees of freedom we group together nodes with unknown
displacements and nodes with known displacements (usually at supports) in a partitioned
form (Eqn. 9.10):

Known forces = |X, Koo Kog) |4s| = Unknown displacements
Reactions = |Xg Kpo Kgg| |48) = Known(specified ) displacements
The solution is obtained in two steps:

X, )= Koo ) 4o 1+ 1K s 485 . ©.11)

from which

{te =Kol (,3-Kop ] {5 }) ©.12)

Note that the matrix [Kaa] is a square matrix of order ( f X f ) which has to be inverted,
corresponding to a solution of f simultaneous equations.

The displacements thus found are then substituted into the remaining equations to
solve for unknown forces or reactions:

{Xﬁ}= lKﬁaJ'{Aa}’f lKﬁﬁJ'{Aﬁ} (9.13)
If all {Aﬁ } equal zero (support deformations are zero) the equations simplify into:

o b= (Koo I (X } 9.14)

4= 1Ko |40} 9.15)

Let us here load the structure at the free joint by the force Fy= -10 kN.
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1.386

0 867250 -8301 0 | 1 4
|
|

-10 ~8301 46245 —27786i 4,
I

0 0 -2778 444585 a,

———————————————— T———-—————--—————-—-————————_—_——.—————

X 4 -17677 17677 0 | 17677 44
|
t

X5 17677 -17677 0 1-17677 17677 A5

1 b= ! 9
)

X 6 -833333 0 o 1 o0 0 833333 46
|
|

X7 0 -23155 27786 ) 0 0 0 23155 A7
f
I

X 8 0 -2778 22229 0 0 0 —27786 44458 A8
]
|

X, -16240 -9376 0 | 0 0 0 0 0 16240 4,
1
i

X _ _ ' A

X0) L-9376 -5413 0 | o 0 0 0 0 9376 5413] |4,,]

Let us emphasise here that the first column contains displacements in the directions 1, 2
and 7 caused by unit force in the direction 1, the second column displacements due to unit
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force in the direction 2 and the third column displacements due to unit moment in the

direction 3.
Equation (9.14) can now be solved to yield unknown displacements

o=k - {X,}

and after inserting the known forces we get:

4, [867250 -8301 0 | 0
A, b =] ~8301 46245 -27786| -{-10
A 0 -27786 44458 | 0
A [1.156 0.332 0208 [ 0
4 T=10—6' 0.332 34.723 21.702| -{~10},
4 ] 0.208 21.702 36.057| | 0

which gives the solution
A -3.324-10°% m

Ab=l-3472.107 m\

A |-2.170-107* rd|

When the displacements are known from equation {X B }: lK Ba J{Aa} reactions can be

calculated
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(X,) [-6.079)
X 6.079
X 2.770

{x, =4 2010}
Xg 4.824

X, 3.309

Xo) | 1911}

The internal element forces, that is the end forces and moments of elements 7,2 and 3, can
now be found by applying element stiffness matrices, which are multiplied by
corresponding displacements. For instance, find internal forces in element I:

(N ) [ 17677 -17677\~17677 17677 |(-3.324.00° | [ 6.079 )
i
1
Ny | |-17677 17677 1 17677 -17677||-3.472.10 | |-6.079
T b= 1: —————————————— < > = 4
No | |-17677 17677 | 17677 17677 0 ~6.079
]
]
[}
N5, | | 17677 -17677\-17677 17677 || o } | 6079

These forces are given in a global co-ordinate system and have to be transformed into the
local co-ordinate system; in this case it is calculated simply at joint C using equation
(10.35) with o = —45°:

N¢ cosa  sina || 6.079 0.707 -0.707 || 6.079 8.597
Oc —sina cosa ||—6.079 0.707 0.707 ||-6.079 0

Ni=8597 kN.

It is always good practice to draw a free body in equilibrium to check for global (not only
of an element) equilibrium as shown in Fig. 9.9.
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6.079

6.079 4

Figure 9.8: Free body in equilibrium

The above procedure can be outlined in the following six steps necessary for the
formulation of the matrix displacement method:

Step 1. Identify individual elements of the structure. The interconnection
points between these elements are called joints.

Step 2: At each joint identify and number the nodes for which forces and
corresponding displacements exist. Number the nodes with unknown
displacements first.

Step 3: Calculate the stiffness matrices for all elements, adhering to the
numbering established in step 2.

Step 4: Assemble the structure stiffness matrix by superposition of the element
stiffness matrices.

Step 5: Write the matrix equation {X }: {K ]-{A}, substitute known values of

forces and displacements, partition into Eqn. (9.12) and (9.13), solve for
unknown displacements {4, } and the unknown reactions {Ap .

Step 6: Calculate internal element forces by the equation {S}m = [k,,,]- {A} for
each element separately.
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9.5 Slope-Deflection method
9.5.1 Basics

The general matrix displacement method explained in Ch. 9.4 is suitable for use with
computers. If axial and shear distortions are neglected a much simpler method appropriate
for longhand calculations can be derived; it is applicable to planar structures only and is
called the slope-deflection or classic displacement method.

The method of nodal numbering will follow the classical notation. The joints of an
element of length L (Figure 9.9) are designated by letters j and k, elements are loaded by
end moments M; and M; only (therefore end shear forces are opposite), joints can rotate by
angles @; and @, and a relative translation between element ends is 4.

Vi

L EI k /My
Q; O

Figure 9.9: Slope-deflection method convention

From a stiffness matrix of a planar element (Equation 7.11) appropriate values are taken
and written in the following equation

?;

M.

j M

1
+ Lo, (9.16)

1
M, My)e kg ki _—i'(kkj+kkk)

4,

where the first column on the right hand side of the equation represents moments caused
by external forces and the second column moments due to the end deformations of an
element.

For the specific case of a straight prismatic element of length L the rotational end stiffness
are known
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and after insertion into (9.16) we get:

Q.
4 2 6 !
L U G G i
= + EI - 0
M M 2 4 6
k kJF T 1T 12
L L L A,

257

©.17

(9.18)

The sign convention of the fixed-end moments from Fig. 9.10 is: counter-clockwise
moments on the element ends are positive. Equation (9.18) can be expanded to include

shear forces at the element ends as:

M) (1 [4EL 2B _6EI]
J L L L ||
M, M, 2EI 4El _61:;1
6EI 6El 12EI k
Q) 2, 22 I
o _6El _6ElI 12EI | |4y
Q) | Z U
or explicitly
4El 2EI 6El
Mj=(Mj)F+( SRR Ak)
2EI 4El 6EI
Mk=(Mk)F+( T 9+ i O — T A,‘}

6EI 6El 12E1
Qj':(Qj),.—_(—L'{“‘Pj"'_L‘Z“'(Dk" g Akj

6EI 6EI 12E1
Qk—(QK) [ Pt 2 “Pr Ak)

Equation (9.19) can be written in a matrix form

{F1={F} + K] {u},

9.19)

(9.20)

9.21)

(9.22)

(9.23)

(9.24)
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{F } is a force vector (final forces at joints), {F }o is a vector of fixed-end moments and
shear forces due to the external loads on the element, {u} is a vector of joint

displacements, [K ] is so called “stiffness matrix of the element type h”, that is if the
element is clamped at both ends. If one end of the element is pinned (element type g) then
M, =0 and therefore:

M; [ 3EI _ 3EI]
L I?
M, =0 0 0 ®;
) (= 3E1  3EI (9.25)
o | I'Z T |la
_JEl 3EI
| Or | | I? L )

The procedure of calculation is as follows:

¢ Define a geometrically determinate system, that is a system where all rotations ¢,
and displacements of elements A; are zero and write stiffness relations for each
element for two types of loads:

1. External loading on the element

2. Loading by rotations of both ends and by a relative displacement between
element ends

%* The geometrical (compatibility) relations are satisfied by writing displacements
common to several elements and by inserting the given support conditions. We have
to write down

b=k-p, Equations of joint rotations ¢; and
c=2-k+2-g-p,—m Equations for element displacements A

* Equilibrium must be satisfied by the equilibrium equation for each rotation and
displacement separately. Equations are then solved for these displacements.

The displacements found in previous step are substituted into the slope-deflection
equations to find the element end forces. All other element forces can then be
determined by statics.

L)>

/7
0.0

Statically the problem is solved when all rotations ¢, and displacements 4, are found. As
the joint rotations are suppressed in step one; external loading causes fixed-end moments
at the element ends. Fixed-end moments can be determined by the force method (see
example below) or can be found in Tables B.6 and B.7 for the most common loads.
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Positive signs of moments were defined earlier, that is a counter-clockwise moment is

positive.
Example 9.4: Fixed-end moment for the element of type “g”

XL \

3FL
KT\ 16

7 Toe

16 16

Figure 9.10: Determination of fixed-end moment

1 F-L(L L 5-F.L L

a]0=—'—— +2L —= a” = e
6 2|2 2 48 3

x, <3 F My Pl S F o gy (1,5 3L
16 2 16 2 16 16

9.5.2 Deformational equations

The structure is b + ¢ = n times statically indeterminate, hence b equations for rotations of
joints ¢; and ¢ equations for the displacements of elements A; must be written.

In practice we will distinguish between three cases:
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%¢* Joints can only rotate (non-sway systems ¢ < 0). Only b deformational equations for
joint rotations @; must be written.

¢ Beside joint rotations, element displacements A, can occur, but they are independent
of each other (simply sway systems ¢ > 0, n = b + ¢ deformational equations)
*¢ Displacement of elements A are dependent of each other (general sway systems

¢ > 0 ,n = b + ¢ deformational equations)

9.5.3 Non-sway systems ¢ < 0

Example 9.5: Analyse the continuous beam below
lF

L, L,

>

* M.

Figure 9.11: Continuous beam

Static indeterminacy:
n=3:(ms = j;)+2-(ms — j;)}+ my =
=3-(2-0)+2-(0-1)+0=4
Kinematics stability:
f=2v-(n+k+p)=6-02+1+7)=—4
Deformational indeterminacy:

n=b+c
b=k-p,=3-2=1
c=2-(k+g)-p,-e=2-(3+0)-5-2=-1
As seen, the structure is four times statically indeterminate hence using the force method

four equations must be solved (i.e. for X, Y, Yp and M,); on the contrary the only
deformational unknown is the rotation @3.
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1. Force-deformation relation (including boundary conditions)
a.) Element AB

Fixed-end moments

F-L F-L
M:B= 8 L M};A:““—BI

Slope-deflection equations

F-L A
Myup= 81+E].(i.(pAB+_2_.lpBA_6.;BA_) or

L, L, L

F‘LI

M= +El-(0+Li-<pB—0)

1

F'LI

Mg, =- +EI-[0+-i-(p,,—0)
LI

b.) Element BC (no external loading)

L2

LZ

2. Geometry conditions:

Pap =Qcp = Ags =Apc =0

Ppa =Ppc =Pc

3. Equilibrium at B:

2M8=0 - MBA+M8C=0

261
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8§ L L
EL sme, i L0
F'L] 1 1 FLI LI.LZ
%2="% L E 1 1 32.E L+L
. _+_ . I+ 2
Ll LZ

4. End moments calculation; @g from above is re-substituted into the equations from

step 1.
MAB=F'LI+EI-i~(pB
L,
MAB=F.LI+EI-—?--¢B-F.LI-LI‘LZ=F.LI+_£_.LI.L2
L 32.EI L,+L, 8 16 L,+L,
L, 8 8 L+L,
4 L, L-L
MBC=EI'Z‘ (pB:?'ZL'LI z
2 , Li+L,
2 F L L,-L
M, =E] — -l = 2
< P 761, I,+1,
IfL;=L,=L:
SFL FL FL
A 32 BA BC 16 C 32

The equilibrium is restored on free bodies of individual elements and shear forces as well
as reactions are calculated, for instance:

YA=

F_I1{5-FL_FL)_I9F
2 L 32 16] 32
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5/32
2/32
" —— [MIxFL
1/32
/64
19/32 +
l A + Y [QF
| A
Figure 9.12: Final diagrams of bending moments and shear forces
Example 9.6: Solve the non-sway frame structure ( EI = const.)
] |
7 R
2 lF 2m
A
¥ S A—
1 C 4
3 2m
D
e | -
’ Kesandsaticill ‘
‘ 4dm 4m ‘

Figure 9.13: Non-sway frame structure

At first we shall determine the degree of deformational indeterminacy:
m=4, k=35, g=0, p;=4, p,=8
b=k-p,=5-4=1
c=2k+2-g-p,~-m

c=2-5-8-4==2

263
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c<0

The structure has one unknown deformational quantity only, hence only one deformational
equilibrium equation for the rotation at joint C has to be written (the unknown is therefore

the rotation @ ).
The rotation at C is calculated from the condition, that all moments have to be in
equilibrium:

(ZM.')C=0

Moments at a particular joint can be caused by external loading, by the rotation of that
particular joint and by the rotations of neighbouring joints; in the example 9.6 the only
external loading is force F acting in the middle of element 4.

a _F-L_F-4_f_
"8 8 2
4
a])=zi=i+i+i+i=6
IL,' Ll Lz L3 L4
42
=¥V =0
aj EJ:Li

The equilibrium equation is
a jo +a ” ° ¢ ] = 0
from where the rotation at joint C is calculated:

a; F F

ay 26 12

Moments in individual elements are calculated using equations (9.20-9.21)

Mo 2L, _ 2 F__F
AT YT 412 24
4EI F
My = — - - —
CA L Pc 12
F F S5F
MCE=—£+M0= —+—=

12 122 12
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_F oy 2 7F
™ 7T 2
M. < 2EL 2 F__F
= T 2T n
4EI F
M Y — T ——
8= Q; p;
F
MCD“_'E
F
My, =——
DC 12

Figure 9.14: Diagrams of bending moments

265

Shear and axial forces are calculated from the equilibrium at each individual element, for

instance for element 4:
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5F
12
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7F
2

o
&

\/ 4m
HF +
24
I3F
- 24
\ 4
Figure 9.15: Determination of shear forces
45F
192
8F F _
192 12
Ed F 7F 2m
24 C m12
v2F T 2m
192 F > 8F 104F
I7) M A T 192 192
45F
192 |

9.5.4 Simply sway structures

Figure 9.16: Free body in equilibrium

If a structure has ¢ element displacements, then beside b equilibrium equations, ¢
supplemental equations must be written from the equilibrium of all forces on a free body
related to the displacement 4; on a particular kinematics chain.

Simply sway structures are defined as structures at which a displacement of a rigid
body (i.e. column) is dependant on that particular displacement 4; only.
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The missing ¢ equilibrium equations are derived from the equilibrium of the kinematics
chain by the method of virtual work. The work of all forces on a chain is calculated and an
equivalent force is derived causing the same work done. (see the example 9.7).

A
randl e B v
II
!
!
/
q U
) II H
YI
!
/
gH 7 H
S:qT ! i
! 4
(@) A

\ absolute pole

Figure 9.17: Work done on a kinematics chain

The work done at the rotation ¢ of the element about an absolute pole is

H
W=F-(H-0)S-Gp)=F-(1-0)+ L2 g = no(r + L0,

’

FE=

NIRS

=r+ 2
8

hence the diagonal terms of kinematics chain displacements (from Fig 7.11: second row,
second column) are

12E1
IE

4,

which are in fact equivalent forces on the kinematics chain. The displacement causes
moments at the other end and therefore the out of diagonal terms are(from Fig 7.11: sixth
row, eighth column):

- 65"1 A atpositive y displacement and

+ é;—IA at positive x displacement

Note: Considering elements of type “g”, the coefficients /2 and 6 equal 3.
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Example 9.7: Simple sway frame (F = 10 kN, g = 10 kN/m, p = 5 kN/m)

\ &

L, Ls 3Im

¥y
o

Lj 3m

L,

Figure 9.18: Two-story frame structure

Kinematics analysis:
g=1, k=5 m=6, p;=1, p,=4
b=5-1=4
c=2-5+2-1-4-6=2

The structure is hence b+c=44+2=6 times kinematically indeterminate having
unknown rotations @, ¢p, ¢z and ¢ and unknown story displacements 4; and 4, .
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Figure 9.19: Kinematics chains

b)

The matrix form of the equilibrium equations has the following terms:

-

b

Acc  Gcp  Ace - E aci t8c2 {1®c
1
app — 4pr i %p; \ Gp2 (|¥p
Qgg  GgF g2 ((PE
< >
Arr ar2 || ®F
__________________ [ QU [P [
ap - 14
L VT 6z J 4, ]
Calculation of equation coefficients gives:
4 4 4 4 4 4
o =—+—+—=—+—+—=3.000
L L, L, 4 6

app =§+—+§=3.000

acy +0)
0+0

agg +0
apy +0

O+a,0

k0+a201
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2
Qcp ='6—=0.333
2
2
2
arr =g=0333
acr ==L =0375
L] 4
3
6 6
Qcy =Qpy =Agy) =0arp,y =—2='3—2=0.667
”
;L7 £ 3
Gy =22+ 22 2. 12050
L L’ 3

The right hand side (load) coefficients are:

72 42
aco =L L ~—5—];’—=-6,67 apo =0

2 g2
8L 36 4, -

The total work done at the displacement of the first story, from Fig. 9.19a, is

W=p-Hv§+F~A

g
12 12 Fo 12

[Ch.9
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from which the horizontal force is derived by equation

=—VK=%}L+F=10+10=20

hence the load coefficient is
a;, =20

The same procedure for the displacement of the second story (Figure 9.19b) gives:
a,, =F=10

The complete equations are:

[3.000 0333 0667 0 03750667 [oc] [6.667)
| |
| [}
3000 0 066710333 §0.667 o0 0
i
| i
2000 03331 0 10667 ||og| |-30
I I TS
Sym 20003 0 !0667 O +30
_______________________ 1._____.:..___.. -_— - -
102991 0 |4 |+20
] [}
| |
! ]
i {0 10889l4,] |+10

Equations are solved for unknown deformations, hence:

(¢ -15.538)
op| |-26.305
eg| |-31.009
@r i 9.298
a| |11s8s3
4 ] 58.915 |

Now internal forces on idividual elements from the basic relations on elements can be
calculated. Note that positive rotations and moments are by convention counterclockwise.
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For element 1, for which the free body is drawn below, the calculation is as follows.

2 4 6 ||1Pa=

_ L L L _
* 0 =) 0 (N6 6 12) % (T
AC ACO -7 T T3
\QCAJ LQCAOJ —; —2 3
L L) LI Li
’+6.667} [ 0.5 0.375 ]
0
~6.667 0.5 1 0.375
= L+ -15.538
10 ~0.375 -0375 -0.1875
+115.853
| -10 | [ +0375 +0375 +0.1875]

(M) [+6.667] (+35.676‘ 42.343

Mg, -6.667 27.907 21.240
< > =< >+ < b= 3
Quc -10 -15.896 L 25.896

(Qca) | —10 ) [+15896) | +5.8%

21.240 C
— C B
¥ 589

200

C\ 25.896
L (( le————
A

42.343
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All other moments are calculated explicitly (EI=1!):

4 2 4 2
Mqp=—@n+—@, =—(—-15.538)+—(-26.305)=-19.127
cp L ©c L ¢p 6( ) 6( )

2 4 2 4
Mpr=——@r+—@p =—(—-15.538)+—(—26.305)=-22.716
DC L Pc L ?p 6( ) 6( )

3 3 3 3
My =—@,+—A, ==(-26305)+—(115.853)=12.313
DB L ®p 12 1 3( ) 9( )

4 2 6 4 2 6
M =—@+—@p +—A, =—(—15.538 )+ —(~31.009 )+ —(58.915)=-2.113
CE L 9Oc L O 3 ) 3( ) 3( ) 9( )

i(pE +—6-2—A2 = é—( —15.538)+-:—( —31.009)+%( 58.915)=-12.427

2
Mge=—¢c +
EC L, Pc L, 7

4 2 6 4 2 6
Mpp =—0@p +—0r +—A, =—(=26.305)+—(9.298 )+ —( 58.915 ) =10.402
DF L 9p L QF 2 2 3( ) 3( ) 9( )

2 4 6 2 4 6
Mep=—@p+—@r +—A4, =—(-26.305 )+—(9.298 }+ —( 58.915)=34.137
FD L 9p L OF 2 ) 3( ) 3( ) 9( )

4 2 4 2
Mgz =M, H PO =30+=(-31.009)+>(9.298) = 12.427

Mpp =Mpgo+—0p +——0p = =30+ 2(-31.009) + £ 9.298) = ~34.138
L, 5L, 6 6

A check of the calculation can be performed at an arbitrary horizontal section; the sum of
all forces at that section must equal zero:
o

F =Q0pc+0pp
10 E F
> 44—
4.837 14.837

! -12427-2.113 34.137+10402

3 3

10 =—4.8467 + 14.8463 = 9.9997




274 The Displacement Method [Ch.9

A similar check can be done at joints, the sum of all moments must equal zero. Let us
calculate the maximum positive bending moment on element EF. First, calculate the shear
force at E:

L Mpg+M
Yp =Qpr =22“"'_‘E‘L_ﬂ=30

S2AT =341 o0 e 0380

The position of the maximum moment is where shear force equals zero

25.
Qe 25382

max == 70 =2.638 m

hence
R
Moy = Qpr  Xmax =2 e~ Mgy = 22.374 kNm

42.343
| 6m |
|

!
Figure 9.20: Final diagram of bending moments [kNm]
Structures with general (composed) sway movements should not be solved by this classical

method as the coefficient determination is rather complicated and requires a complete
kinematics analysis.
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9.6 The moment distribution method (Cross's method)

The method of moment distribution is a numerical application of the displacement method
in which the desired quantities are determined by a method of successive approximation
that is suitable for longhand calculations.

The method is applicable to structures that satisfy the following:

% Plane problem
¢ Shear deformations can be neglected
¢ Deformations are small

Equation {F }= [K ] {u} is written in a form for plane problems where rotations of joints /
and 2 are only considered:

My, [ Kes Koz Pzi
= . (9.26)
Mz, LKIZ,G K| \9z2
(4E1, 2EI
Mgz, —ZZ* TZ Pz
T\ 281, 4EI1,| ©.27)
M Z yA
z2 |7 — Pz2

Loading by a counter-clockwise positive moments causes bending moments in a beam in
accordance with the convention in the figure below:

M,

Due to the above convention the equation is rewritten as:
M, 2 1 ;
" 2EI, b

L
My I 2] o

(9.28)
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From the condition that ¢, =0 both end moments are

4EI

Mj==—1—9;
2E] M,

M. =22 o =2k

¥=T 9T

from which we can see that for prismatic members a carry-over factor is 0.50.

\]Mkj

Consider now a case when joint B from Fig. 9.21 is loaded by a moment M:

M (external load)

Figure 9.21: Distribution of moments

[Ch.9

9.29)

9.30)
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The sum of all moments at the rotation of the joint must be zero, hence:

4.(E1), 4-(EI
M=MBA+MBC=[ EE )'+ (L L)-(p,, 9.31)
1 2
_ M
A PRCY) ),
L L,
2-(EI M
My = gﬂ )1_ 28A
]
2-(Er), Mg
M = =
CB L2 B 2
4-(e1), 4-(Er), M
M., = . = . 9.32
ba L, 0s L, 4-(El), + 4-(El), 32

L L,

In the majority of structures the modulus of elasticity is the same for all members therefore
E cancels out:

I
Mg=M —2 -k oy m (9.33)
L, 5L 3k
L] L2

The coefficient r is the distribution factor.

If joint C would be pinned, the equations would become:

M =Mpgy+Mpc =4‘(E1)l 9 +3'(E1)2 "®p

L 5 L,
2-(EI), Mg,
M, = :
AB Ll B 2
3-\El
Mge = (L)Z"/’s
2
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and the moment at B on the element adjacent to A is:

4-(EI), 1
Ll LI
=M- =M - .
Mos =M 4-(e1), | 3-(ED), L., 5 639
L L, L 4L
3.1
4 L
Mge =M -T—5"1 9.35)
LIRS E
L 41

The stiffness coefficient for a one-sided pinned element is 0.75 of the value for a fixed
element and the carry-over factor is zero.

The moment distribution procedure begins with the moments due to loads on a
geometrically determinate structure; that is, all joints are prevented from movement by
fixed-end moments.

The structure is next gradually released into its final deformed shape by allowing
one joint at the time to rotate. Each time the joint is released the unbalanced moment on
the joint is distributed to adjacent elements (whose opposite ends are fixed at this stage) in
accordance to the distribution factors at that joint.

A fraction of these moments is carried over to the far end of the elements in accordance
with the carry-over factors.

As the joints are successively released the residual unbalanced moments become
smaller and smaller and finally converges to the correct solution.

The successful application of the procedure depends on an efficient tabular scheme
as shown in the following example.

Example 9.8: Analyse the continuous beam of the Fig. 9.22 by the moment distribution
method (E = const., I; = 31,)

v q
B C

I /\ V I, A
Sm el( 6m \*

Figure 9.22: Continuous beam
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1. Fixed-end moments:

62
MBC=q-?=4.5-q

Free-span moment:

I?
Mpe =1

=45-q

2. Carry-over factors:

from Bto A — 0.5

from Bto C — 0

3. Stiffness:
by =t Bl 43,
Lss 5
kge = ;?;E_IBQ = 3__1_ =05
Lge 6

Total stiffness:
k=24+05=2.9
4. Distribution coefficients:

TAB ='§—"§‘=0.83

Iec =%%=0.17

279
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Iteration scheme:.

0.5 B 0.0
|4 D —> c
083 | o17 |
0.0 +4.50 | 0.0
-1.87 &——— 374 -0.77
-1.87 -3.74 +3.74

All reactions and internal forces can be obtained by statics from these end moments and
the moment and shear forces diagrams are drawn as shown in figure below.

1.87 3.74

74

"

Figure 9.23: Free bodies and internal force diagrams
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9.7 Influence lines by the displacement method
(Using Mueller-Breslau principle)

Let us recall the theorem by Mueller-Breslau: The deflected shape of a structure due to the
particular unit distortion represents the influence line for the effect corresponding to that
distortion.

The task here is to actually determine the deflected shape due to a unit displacement at the
point and in the direction of the quantity to be found, which can be calculated by different
methods. In this text we shall use Mohr’s method as derived in Ch. 6.3.

9.7.1 Determination of y functions
Due to the unit virtual displacement or rotation at a point and in the direction of the

quantity to be found, bending moments occur on indeterminate structures as shown in
Figure 9.24, where an element of type “g” (fixed-pinned ends) is considered.

Conjugate beam

"» x L El
M, L M, L

6 3

Figure 9.24: Loading of an element by unit displacement

The equation of bending moments on the conjugate beam due to the bending moment
loading from the original beam is (see Ch. 6.3):

El M=—A = y A% 2 > A= y TA (9.36)

9.37)
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The terms inside brackets are so called @ numbers (ie. @=¢£ —53 ) that can be found in
several books tabulated for different divisions of elements. However, practically in the
evaluation of these @ numbers difficulties occur as this term has to be multiplied by a
coefficient outside brackets dependant on different boundary conditions.

Due to the above mentioned difficulties a new method has been derived using so
called y functions, otherwise based on the preceding method as follows:

1t should be noted that after the solution of an indeterminate structure, the support
moments differ, since @ numbers relate to fixed-end moments that are for a unit
displacement

Mg = 3—51 A= 3—1‘?]— for a fixed-pinned element ms
Mg, = 65’ ‘A= 651 for a fixed end element mg, (9.38)

equation (9.37) is rearranged as follows:

My L 3E1- I o e g3} My
6 &§)L26EI(§§) °0'5(€€)Mso

vy, =05 (6 4 ) M, (9.39)

M, is here the actual moment at the support and M, is the moment due to a unit
displacement.

Equation (9.39) is dimensionless; therefore the basic straight line from the kinematics
chain can be directly added:

v; =§+0-5-@—53)-g—"— (9.40)

50

Using the same procedure Y functions for fixed elements of type “A” can also be

determined for all possible loads and all ¥ functions are given in appendices in tables
B.1-B.3.
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Example 9.9: Determine influence lines for the continuous beam from Fig. 9.25

D
A A JAN JAN

/]
Figure 9.25: Continuous beams over three spans

Let us at first determine influence lines for reactions Y, and Y3 (influence lines are the
same for Y and Y, due to symmetry).
Perform an unit displacement at A and solve two indeterminate systems for

unknown rotations ¢p and ¢c:

Gpg Qg tagc Pctag =0

Gcg Qg +acc Pc+acy =0

a =a _3El 4El _7El

B =dcc T om T =
2EI

e =g

L __3El__3El__ 3E

BoO LZ 82 64

®co =0

7 2| les 0.375
2 71 |loc 0
0y =0.0583 @, =-0.0167

From known rotations moments at B8 and C can be calculated; suppose that the bending
stiffness EI = 10000 kNm’:
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My = 46875+ 2y = 46875+ 2L00.0.0583 = ~250.0 ki
Mep = 3'LE’ 9e =229 00167 =-62.5 kNm
250
A B c D
+
62.50

Figure 9.26: Diagram of moments due to the displacement of support A

{Ch.9

In a similar way solve for the structure due to the displacement at B; note that only load

coefficients change:

3~EI_6-EI_ 3EI
I? I? 64
6-EI 6EI

gy =

Pco = 12 64

7 2] (5] [0.375
2 7] loc] 0750
05 =0.025 @¢=0.100

3-El

Mg, =468.75+ @y =562.50 kNm

3-El
L

MCD = ‘¢C =376.50 kNm
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376.50

Figure 9.27: Diagram of moments due to the displacement of support B

Let us now determine the influence line for the reaction at support A using y functions.

1. Field AB:

3EI , _3-10000

My =5 A -7 1=468.75
My 20 _ 533
A7 M, 46875

v, =1-E-05(E~E%) K, =1-1267E +0.267&°

2. Field BC:

My, = 6 El ~A=6'10000

7 e -1=937.50
B = ME = _250 ~'—"—0267
Mg, 937.50
Ko =M o 0230 _ 4067

Wi =7+, =(28 - 37 +&7) Ky +(E-E7)- K¢
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3. Field CD:
3EI 310000
Msy == A==="1=46875
ko Ma_ 6250 .
Ms, 46875

v =05(2E-36"+&7 ) K,

Calculated values for each field in steps of 0.I'L are drawn in the diagram, which
represents the influence line for Y, (Figure 9.28).

0.6 \

0.4
0.2 :
- mll |
-0.2 v
© © N9 ® ¥ ® © &N o % © © N ©o ¥ ¥
- M % B ~ N ¥ = N o 8 o =
~ ~ ~ ~ "~ N N

Figure 9.28: Influence lines for the reaction ¥,

Using the same procedure the influence line for the reaction at support B can be
determined as shown in Fig. 9.29.

As soon as the influence lines for reactions are determined, influence lines for shear forces
can be directly constructed from the values of influence lines for reactions. At the point of
the searched shear force, the reaction influence line is shifted by unit, as shown in Fig.
9.30 for the distance of 3.2 m from support A in field one and in Fig. 9.31 for a distance of
12.0 m from support A in field two.
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vaEuhh

0.6 \

0.4 / \

/
0
NN T
0.2 S N N SO S b Loidod __b L |
© N @ Ww © © N © w © © o 0o ¥ ¥
~ B % © S =~ N ¥ = N o o o N
v~ ™~ ~ ~ —~ N N
Figure 9.29: Influence line for the reaction Yz
1
1.
0.8 =
06 S
04
0.2 e -
NG
0 r—————
02 \\
-0.4 N
-0.6 '
-0.8 A
-1 4 P
© © o4 ®© W ® © N © ¥ © © N o w ¥
~ 8 ¥ © 3 ~ o ¥ = N o g o °
—~ ~— ~ —~ ™~ N N

Figure 9.30: Influence line for the shear force Q;;
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0.8 :
0.6 - ) ha ST -
0.4 N

-0.2
-0.4
-0.6
-0.8

16 :

© 8 ® © @
- W [*))

12.8
14.4
17.6
19.2
20.8
224

24

" N
© ~
~—

Figure 9.31: Influence line for the shear force Q;;,

The influence lines for moments at supports are determined by the use of reaction
influence lines that are multiplied by an appropriate span between supports, in our case by
L=800m.

Figure 9.32 represents the influence line for the bending moment at support B; first, field
values of the indeterminate system were subtracted from the basic unit line on the
kinematics chain AB and the difference was multiplied by the span between supports. In
the other two fields no kinematic movement occurs, therefore reaction values are simply
multiplied by the value of span between supports.

Influence lines for field bending moments at outer fields are again determined from
reaction influence lines, a value for a chosen point is determined in the following way
(Figure 9.33):

>
0.0

First determine the value of the reaction left of the chosen point, in our
example for a point 3.2 m from the support, the value of reaction is 0.5/;

The moment at that point is the reaction multiplied by the distance( 3.2 m),

All moments right of the chosen point are simply 3.2 times the value of the
reaction influence line Yy;

All moments left of the chosen point are reaction value 0.5/ times the distance
to the chosen point, from which moments of the indeterminate system has to be
subtracted.

@,
L 4

XY

*

7
L4

As an example calculate the value at a distance 2.4 m:

(M32)24=0.5124-(0.8-0.749) = 1.173,
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0.6 R
04 I O O O I ol gt
0.2

-0.4 - \\ 1
-0.6 N

-0.8 u

© © N © ©
-~ =

12.8
14.4

~ © N
© [+) ~
-~

17.6
19.2
20.8
22.4

24

Figure 9.32: Influence line for the support moment Mz,

where quantity 0.8 represents the value of the basic line on the kinematics chain, quantity
0.749 is the value of influence line Y, at point 2.4 m from the support.

2+
s+ N x5
M=a.b=0.513.2=1.632
14
a=Y,3,
054 -
Yy
O N e
051 b=32m
© © o ®© ¥ @0 © &4 O w © © N ® w %
NS > 3 8 £ % x5 ¢ g § °

Figure 9.33: Construction of influence line for the field moment M;,
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2 .......
\
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/1N
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Figure 9.34: Influence line for the field moment M;,

Influence lines for field bending moments at inner fields are again determined from
reaction influence lines, a value for a chosen point is determined in the following way
(Figure 9.35):

«* At first determine the value of all reactions left of the chosen point, in our
example for a point at /1.2 m, they are Yp= 0.695 and ¥, = -0.080;
«* The moment at that point is the sum of the reaction times the distance, that is

3.20.695 + 11.2(-0.080) = 1.327;

¢ All moments right of the chosen point are simply the sum of multiplication
between the reaction values left of the chosen point (Y = 0.695 , ¥, = -0.080)
and appropriate distances 3.2 and /1.2;

%* All moments left of the chosen point are simply the sum of multiplication
between the reaction values right of the chosen point (Yo = 0.447, Yp = -0.064)
and appropriate distances 4.8 and 712.8;

My 2= 04474.8 + 12.8(-0.064) = 1.326;

9.7.2 Evaluation of influence lines

Influence lines were determined using the Mueller-Breslau principle therefore they
represent corresponding forces for unit loading.

A searched value is hence determined if a value for a unit force is multiplied by the
actual value of the force at that position. If loading is continuous then the intensity of the
loading is multipied by the area of an influence line under the loading.
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17.6
19.2
20.8 —
224 B
24

Figure 9.35: Influence line for the field moment M, ,

Example 9.10: Evaluation of the reaction Y, and moment My for the continuous beam
from example 9.9

30KN

-0.2 L

12.8 |
14.4
16

17.6

19.2

20.8 .

224
24

Figure 9.36: Position of loads for the evaluation of the reaction Y,



292 The Displacement Method [Ch.9
At first we calculate the reaction for a concentrated force:
(Ya)r=450.23 + 30(-0.05) + 450.023 + 300.015 = 10.335 kN

For uniform loading we will calculate an approximate value, as the influence line will be
taken as a parabola (which in general is not true):

(Ya)g = 20(2/3).8(-0.08) + 20.(2/3)80.026 = -5.760 kN
The total reaction for all loads in Fig. 9.36 is:

Yy = 10.335~5.760 = 4.575 kN

45 kN 30 kN 45 kN 30 kN

17.6
19.2
20.8
22.4

24

Figure 9.37: Position of loads for the evaluation of the support moment Mg,

The exact area of influence line can be obtained by the integration of y functions in the
region of loading. Alternatively, as y functions are suitable for programming, it is easy to
calculate values, using a computer, in desirable small steps and to evaluate maximum
values for different positions of moving loads.
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Calculate now moment Mjp at support B for the position of loads from Fig. 9.37. Moment
for concentrated forces is (measured from the diagram):

(Mg)r= 45(-0.79+0.13) + 30(-0.52+0.15) = -40.800 kNm
An approximate value is calculated for uniform load:
(Mg)q=5(4(-0.81)2+(2/3)4(-0.11)) +54.8(-0.63)2= -17.127 kNm
The total moment is therefore for the loading in Fig. 9.37:

Mg = -40.050 - 17.133 = -57.927 kNm



10
The Finite Element Method

10.1 Introduction

The finite element method is an extension of the matrix displacement method, which has
been explained in Chapters 9.3 and 9.4 and is applicable to any solid body and not only to
straight prismatic bars as in the displacement method in Ch. 9.

The generalisation depends on discretisation of the body into finite elements and on
feasibility to calculate stiffness matrices for these finite elements.

10.2 Basic concept

The basic idea is shown in Fig. 10.1; the body to be analysed is modelled as an assembly
of finite elements interconnected at specified joints or nodal points.

In the case of the plane stress body shown in Fig. 10.1, a division (or
decomposition) into triangular elements is a good choice because of the ease with which
such elements can simulate irregular boundaries even though triangles have straight edges.
Elements are interconnected to each other at a joint only; the connection can be done by
compatible displacements (the force method) or by forces in equilibrium (the displacement
method).

A comparison between both methods in Chapters 8 and 9 show that the
displacement method is superior to the force method, above all because of its convenient
automatic treatment and is thus applicable to computer applications. In the further text the
displacement finite element method will be only treated.

An essential requirement of a numerical method is that of convergence; that is, the
solution should come closer and closer to the correct one of the prototype structure with
increasingly finer subdivision into finite elements. The reason for inaccuracy is in the fact
that elements are interconnected at joints only and not along the common edge. A choice
of an interpolation function will therefore play a major role in the accuracy of an element.
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Displacements of common joints are unknown quantities hence a numbering of joints
should be done in accordance with corresponding displacements at joints.

Let us now assume that it is possible to determine structural stiffness values or better a
relation between displacements and corresponding forces (see Ch. 9.2) by the equation:

{x}=[x]-{a} (10.1)

At each joint, forces and their corresponding displacements will exist as conjugate
quantities. If a structure has f degrees of freedom then the equations for unknown
displacements are written first and after that the equations for known displacements
(usually at supports) in a partitioned form (Eqn. 10.2).

Known forces = | X, Koo Kop | (4] = Unknown displacements

Reactions = |Xg Kg, Kpg| |4) = Known(specified )displacements

Common joint

Finite element

Figure 10.1: Finite element model

The solution for the unknown joint displacements and the unknown joint forces is derived
in two steps:

%o 1= Koo 1 A0 1+ 1K o 1 45 1. (10.3)

from where:

W=k T -(x, }-[Kas 1 a5 1) (10.4)
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The above equation is inserted into the rest of the equations and the unknown forces
(reactions) are calculated:

g b= 1K gy | A0 1+ 1K g |46 | (10.5)

If all {Aﬁ } equal zero (at unmovable supports) the equations are simplified as:

{Aa}= [Kaa]—] '{Xa} (10.6)

and
g b= K po 86} (10.7)

The solution of above equations requires a matrix inversion' of order of unknown
displacements that can be, in realistic problems, in the order of 10000 or more. It is
apparent that such problems can be only tackled with a help of adequate computing power.
Once the reactions and displacements have been calculated it only remains to solve for
internal stresses and strains by the use of element stiffness matrices.

10.3 A derivation of the element stiffness matrices

The principle of a minimum potential energy (=) is used, satisfying:

-Equations of elasticity {0'}= [E ] {e} and
-Equilibrium equations

Total potential energy is a sum of work done by internal and external forces:
n=U-W, (10.8)
where the internal work done is due to element deformations
U=Jo-€
%
and the external work due to forces displacements

W=XF 4

*Structural Analysis Package OCEAN, described in Ch. 13, uses for the solution of
equations the frontal method and not matrix inversion.
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The total work is hence

n= jor-e-dV—{F}T{u} (10.9)
v

Let us describe strains and element displacements through an interpolation matrix [B] and
stresses angd strains by a matrix of material properties [D]

}=(B]{u} (10.10)

fo}=[p] ¥} (10.11)
and insert the above equations into the equation for potential energy:

n=[{uf - [B] -[D][B] av {u}-{F} &uf (10.12)

A structure is in equilibrium when the potential energy has the smallest value, a derivation
to the displacement gives:

o
-a-';i-=0
n = [[Bf -[D} [B]-av {u;}-{F}=0 (10.13)

It is obvious that the above equation has the same form as
{Fl=lk]-{u}, (10.14)
where a stiffness matrix has a different value:

[K]=£[B]r [} [B)- av (10.15)

If we succeed in obtaining the stiffness matrix [K ] for an element, a further procedure is
exactly the same as with the displacement method.



298 The Finite Element Method [Ch. 10
10.4 Stiffness matrix of a prismatic element

As an example of stiffness matrix derivation we shall derive a stiffness matrix for a
straight bending prismatic element, which was actually already derived in Ch. 7 by the use

of Castiglian’s theorem.
A stiffnes matrix formulation from equation (10.15) can be for this element written as:

1= [[] -[o] ax, (10.15a)

where [e] represents virtual strains and [o] real stresses.

JtA ; 4:; 4,
A, A,

4

Figure 10.2: Straight bending prismatic element

%*  Step I: To describe the deformed element shape from Fig. 10.2, we assume
a four-term displacement function

As the joint displacements also include end rotations we need the slope,
which is obtained by differentiation of the assumed displacement function
and both equations are written in a matrix form:

¢=%=a2+2-a3-x+3~a4-x2 (10.17)
ey
«,
v I x x* X
b= e (10.18)
T 0 1 2x 3x%] o
La4,
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or shorter
{ux) }= [N |- o} (10.19)

The matrix [N ] is a function of position along the beam and is therefore
called a position or field matrix.

%*  Step 2: Calculate the joint displacements {A} in terms of the coefficients {a} for

all four possible load cases by inserting appropriate co-ordinates of the element
joints (that is the beam ends)

Al 1 o o 0] (e
Al o1 0 0]la

{a}=[a]fa}, (10.20)

where the matrix [A] depends on joint co-ordinates only.

For the determination of the complete stiffness matrix, the coefficients are
dependent on all four virtual displacements, applied one at a time:

1 0 0 0]
0 1 0 0
[4]= =[r]
0 0 1 0
0 0 0 I

fe}=(4l" {a}=[al" -[1]=[a]" (10.21)

A matrix inversion is possible if a matrix is a square matrix; that is, the number of
coefficients {a} must match the number of possible displacements at joints.
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[ 1 0 0 0
0 1 0 0
[AF'=)_3 2 3 _1 (10.22)
! L L? L
2 Ji 2 1
4 — — —— —_—
7 U L% ]

< Step 3: Calculate the internal strains {E}= [B] {u,-} as a function of position. In beams
under bending these distortions are conveniently represented by the curvature [¢]

of a beam, which can be obtained from displacements by two successive
differentiations of Eqn. (10.16):

[¢(x)]=§:—§=[o 0 2 6xlle]

or

{e( x)}=[B(x)l e}, (10.23)

where the matrix [B( x )] relates the internal strains {s( X )} to the coefficients [a].
Insert equation (10.21) into (10.23)

fe( x)}=[B(x)}- AT (10.24)

and rewrite for further use as:

f(o)F =[Bx) al] = [ar'] -lBexF - (10.25)

*» Step 4: The internal forces [0'( x)], which are also functions of position, can be
represented by bending moments [M (x )]. The moments are linearly related to the
curvature through the beam stiffness EI (see Eqns. 2.51 and 3.20):

[M]=E1-[g]
or from Hook’s law
lo( x))= D] le x)). (10.26)

The matrix [D]is in general of complicated form but in our case it is just a scalar
quantity (bending stiffness)
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[D)=EI (10.27)

Equation (10.24) is inserted into (10.27) and a relation between moments due to the
unit joint displacements is:

o x)]= D) [B( x)}- [A]" (10.28)

¢ Step 5: Now insert equations (10.25) and (10.28) into (10.15a). Since the matrix
[A]’I is not a function of position it can be taken outside the integral:

[k]= [A“ ]’ [B(x)f D] [B( x)] dx- [A"] (10.29)

We perform the indicated matrix operations, integrate term by term, and finally
arrive at the result:

12 6L =12 6L]
g | 6L 42 -6L 2o
[k]==
L [-12 -6L 12 -6L

6L 2[* -6L 4I?

L o4

The result is the same as derived in Ch. 7 in Fig. 7.12, which is not surprising, as
the result is an exact solution of the beam theory since the displacement function
{u} was chosen to match the differential beam equation.

The theory is based on the principle of minimum potential energy and the solution, using
other elements, should become better as the elements become smaller.

Let us emphasise that the displacements are exact at joints only, values between
joints depend on the choice of the displacement function and hence the choice of an
element in finite element analysis for an analysis of different structures is of the greatest
importance.

10.5 Transformations

We have already shown in Ch. 9 that the displacement method is suitable for computer
applications but rather difficult for longhand calculations, as the assemblage of individual
element stiffness into the structure stiffness matrix is rather involved.

A generality of the method is obtained if a local co-ordinate system of individual
elements is introduced and before assembling the structural stiffness matrix all quantities
are transformed into the global co-ordinate system.
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We shall consider here a plane system, but the procedure can easily be applied to a general
space system.

y

A

YL

Ay

Figure 10.3: Local co-ordinate system

The projection of internal forces on global co-ordinate axis gives:

Fy =N -cosa—-Q-sina

(10.31)
Fy =N -sina+ Q- coso.
or written in a matrix form:
Fy cosa¢ —sina| |N
= ‘ (10.32)
Fy +sino  cosa Q
Now we transform forces from global into the local co-ordinate system:
N cosa +sina| [ Fy
= (10.33)
0 —-sina cosa | | Fy

ol



Sec. 10.5] Transformations 303

or

Fl=lrlir}
F=trl Fl=lr7 {7}

The matrix [T] is a transformation matrix, with a crossbar denoting forces given in a local

(10.34)

co-ordinate system. In the same way local displacements can be transformed into global
displacements using the following equation:

{XL} = [T]-{X} {l=r] {4} (10.35)
Y, Y

Example 10.1: For a truss element (pinned at both ends) from Fig. 10.4 calculate the
stiffness matrix [I:] in the local co-ordinate system, transformation matrix
[T] and stiffness matrix [K ] of the element in the global co-ordinate
system.

Ar,

Ay

Figure 10.4: A truss element

The stiffness matrix of a truss element is:
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FI 2 3 4
EA | EA
| T OE‘T 0 1 0 1i-1 0]
[}
1
_}2 0 0, 0 0 EA Il O 050 0
kl= |- P, = e [
3|_EA of BA ol Ll-1 011 o0
4 - - 0 0lo0 0 |
0 0! 0 0 . '
L t Jd

The transformation matrix needs to transform two vectors at each end of the element;

[ cosa  sina

l:). 0] —-sina  coso

0 0

L '

The stiffness matrix is then obtained by the following procedure:
{a}=Irl-{a}
{F}=l1a}
FY=rT -Fl=lr} kl-@}=T -kl [r]-a}

!
cos’ o ]
!
. 2 i
_ EA | Sino-coso sin“ o i
— - |
[k]=[rT [k] [T]——L" ----- P L —
—-cos“ o —~sinot-cosa | cos‘a
|
|
| - sina - cosot —sina ! sino- cosa sinZaJ

10.6 Structure stiffness matrix

For the sake of completeness let us repeat the procedure described in Ch. 9.3. The
structure stiffness matrix [K ]relates the forces and displacements of a structure composed
of elements. The force X; at the joint and in the direction i is linearly related through the
corresponding displacements A; by equation:

Xlzkll.A1+k12A2+ ..... +ku‘A]+ .....

{x}=Ix] {4} ©.7)
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Each element k;; of this stiffness matrix is defined as the force that must be applied to the
complete structure at node ¢ to produce unit displacement at node j, all others are kept
zero. Consider now one single joint connecting several elements 1,2...m. Figure 9.4 shows

the internal element forces S™ of element m along node i, as well as their equal and
opposite reaction forces on the joint. For instance, the i-th force on the m-th element is

S = k) A+ k. 4y 4 kM)A ©9.8)

where the j extends over all nodes attached to the element. The equilibrium equation for
the forces in the direction i at the joint is

IX;=0: =8, =8-S+ F =0,

from which, inserting Eqn. (9.8), we get

2

m

e th g .
€ i" direction

Figure 9.4: Joint and element forces

The structure stiffness coefficient Kj; is therefore obtained by the superposition of the
element stiffness ké"‘):

Ky =kl +kZ 4ot k.= %“k,g.'") 9.9)

It is essential that each node of the structure be carefully labeled, and that the nodal
numbering of each element corresponds to that of the structure. The element stiffness
matrices are then written and superimposed, or assembled.

K=k +k} +.t k] +...= 3 k" (9.10)
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10.7 Calculation of strains and stresses

After the joint displacements {Aa} and the reactions {X ﬁ} have been determined by use

of equations (10.2-10.5), it remains to compute the internal strains and stresses using
previously derived equations:

le¢ x)]=[B( x)]- [A]" - [4]

lo¢ x)]=[D]-[B( %)} (A} -[a]

Internal forces can now be calculated from stresses and strains using equations derived in
Ch. 2.8 for truss and beam elements or in a general case, using the theory of elasticity.
Some applications of the finite element method are presented in chapter 12.

10.8 Convergence of results
We have already referred to the fact that the finite element method is a process of

establishing equilibrium by minimising potential energy of a geometrically compatible
displacement system.

= - - -~§-
~~“- < ~ ~~~~~~s
Z ’4
Cd "
47 - ,’
i ]
! ]
! '
| ‘\
‘~~~ (N ‘~.~ \\ “~~~ \
S~ \\ ~~ao S ~—-.
il NN ‘s\ ‘“s\*
a) Course mesh b) Fine mesh ¢) Exact solution

Figure 10.5: Convergence of a solution

For such a system it can be proved that any approximate solution leads to an
underestimation of the displacements, practically it means that stiffness of individual
elements are too large.

This conclusion is true for all elements (Figure 10.5), where the deformational state
between joints was not described by a function, which is an exact solution to the
differential equation (plane stress, plane strain, 3D elements).

The use of area co-ordinates, higher order polynomials and isoparametric functions
improves element qualities substantially. For instance, a computer program for plate
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bending PLATE uses 9-noded isoparametric elements having 27 degrees of freedom and a
program for shear walls calculation SWALL 8-noded isoparametric elements having 16
degrees of freedom (Figure 10.6).

Details of these elements are out of scope of this text and the readers interested in this
subject should find details in specialised books on finite elements.

a) 9-noded plate element b) 8-noded wall element
27 degrees of freedom 16 degrees of freedom

Figure 10.6: Isoparametric elements

In the application of the finite element method to frame and truss structures (OCEAN,
modules FRAME, P-TRUSS and S-TRUSS) the interpolation function is an exact solution
of the differential equation hence the results are exact (at joints) and any further division
into more elements does not improve results. The subdivision of elements is required in
influence line calculations or when deformations are required between master joints of the
structure.
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Inelastic material behaviour in structures

It is important to be able to predict the initiation of the inelastic response of materials that
are subjected to various stress states. The term inelastic is used to define the material
response in relation to the stress-strain diagram that is non-linear and that retains a
permanent strain or returns to an unstrained state on complete unloading. The term plastic
or plasticity is used to describe the inelastic behaviour of a material that retains a
permanent set on complete unloading.

The condition for the initiation of yield in ductile metals, such as structural steels,
is discussed in this chapter. The use of uniaxial stress-strain data and their limitations are
discussed together with a general description of non-linear material behaviour.

11.1 The use of uniaxial stress-strain data

Material properties are usually obtained under uniaxial conditions based on tension or
compression tests. These tests are normally performed at room temperature in a testing
machine that has a head speed that is usually below 20 mm/min. Material properties
determined from such tests are used in the design of structures although, in practice,
structures may be subjected to temperatures much higher or lower than room temperature
and at loading rates much higher than that provided by most testing machines. In
addition, the shape of a structural member may be such that biaxial or triaxial stresses
arise which can be very different from the uniaxial stress experienced by a test specimen.

The stress-strain relationship may be greatly affected by the rate at which a load is
applied. If a normal ductile material is considered, then the stress-strain relationship has
an elastic range followed by a non-linear inelastic or plastic range. If the loading rate is
very high, then the magnitude of the inelastic strain that precedes fracture can be reduced
compared to that from normal load rates that are experienced under test conditions.
Furthermore, high load rates result in an apparent increase in yield stress and modulus of
elasticity. The material response is also less ductile under such conditions and, in the case
of extremely high load rates, the response resembles brittleness.
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Temperature also has a considerable influence on material behaviour especially when
combined with high load rates. For example, if structural metals are subjected to very low
temperatures and very high load rates, then brittle fracture might occur. Thus, the
selection of materials for applications involving low temperatures and high load rates is
important if failures are to be avoided.

If metals are subjected to elevated temperatures, then under constant load, the
strain may increase until fracture occurs and this condition is known as creep.

11.2 Non-linear material response

If a specimen of a particular material is tested under tensile conditions, the shape of the
stress-strain curve will be dependent on the material. However, if the load is applied and
slowly removed, certain features of the stress-strain curve are similar for all materials.

For example, for small loads, the relation between stress and strain is linear. If
loading is increased to a sufficiently large value, then the relationship between stress and
strain becomes non-linear. The material response may then be classified as elastic or
plastic depending on its response to the loading condition as shown in Figs. 11.1(a) and
11.1(b) respectively.

o4 o4 /Loading
/ /
/ Y
Loading and
unloading Unloading
P £
Permanent strain

Fig 11.1a: Non-linear elastic response Fig. 11.1b: Non-linear plastic response

If the unloading path coincides with the loading path, the process is reversible and the
material is said to be elastic as in Fig. 11.1a. If, however, the unloading path does not
follow the loading path, then the behaviour of the material is said to be inelastic as shown
in Fig. 11.1b. A material that behaves in a plastic manner does not return to an unstrained
state when the load is released.

With some materials, the transition from linear elastic response to inelastic
response may be abrupt or gradual. For an abrupt transition, the change occurs at the
yield stress, o, as shown in Fig. 11.2a. In the case of a gradual transition, the yield

stress is arbitrarily defined as the stress that corresponds to a given permanent strain, £,
where usually &, = 0.002.
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The material stress-strain relationships are idealised for ease of use in calculations. Two
idealised models are shown in Fig. 11.2.

1\ o ? c
G o,
/ /
/ /
/ : /
/ Loading o /./
/
o y o'y
Unloading
elastic
R
Or
a) v b)
v

Note:0,(0\(20,

Fig. 11.2: Idealised stress-strain curves
(a) Elastic — perfectly plastic response (b) Elastic — strained-hardening response

In the stress-strain relationship given in Fig. 11.2, repeated cycling of the load will lead to
the yield stress being increased to o, due to a residual stress, oy , being built-up in the

material. Thus, 0y =0, +0y, and provided o' remains less than ~o y» the material

will behave elastically as cycles are repeated.
If the nominal stress, 0, exceeds 20, then on repeated cycles the material will

no longer “shake down” to elastic action and permanent plastic deformation will occur
with each cyclic loading. This is shown in Fig. 11.3. Therefore, 20 is the threshold

beyond which some plastic action occurs.
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Fig. 11.3: Idealised stress-strain curve for 0,)20

In the design and analysis of structures, a fundamental issue is the determination of the
strength of a structure. Of considerable importance are the deformations and stresses that
occur within the structure. The performance of a structure will depend on its shape and
size, the properties of the material and the nature of the applied loads. It is also important
to decide on how the strength of a structure should be defined.

In order to illustrate some of these issues, a structure may be considered consisting
of a number of elements. On loading the structure, one of the elements may reach its yield
stress whilst at the same time other elements may have only reached half of the yield
stress. A further increase in the load will, therefore, cause yielding in one element, but the
structure may not fail due to more modest loading on the remaining elements that make up
the structure, since these elements may not yet have reached their yield point. Once all
the elements of the structure have reached their yield point, then the structure will not be
able to cope with any further increase in loading.

This can be verified by an analysis of the simple structure shown in Fig. 11.4 that
is loaded at point A with a load W.
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The elements in the structure are assumed to be connected to the top support and each
other with perfect pin joints that permit free rotations.

w

Fig. 11.4: Simple structure
Assuming that all the elements remain elastic, then the forces in the elements are as
follows:

N=—Y_ aa w,=N
2+J5 2

and the extension in the elements are:

NL A
1= M AT

where A = cross-sectional area of the elements.

This simple analysis is based on linear elastic theory and provides basic data on
structural deformation and stresses in members. It can easily be seen that the load W on
the structure can be increased to a level such that the stress in element I will go into the
plastic region but the structure will not fail since the stress in elements 2 will remain in the
elastic region.
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11.3 Definition of plastic moments

Plastic analysis is based on idealised perfect elastoplastic behaviour, as shown in Fig.11.3.
The yield point and the limit of stress-strain proportionality are assumed to occur at the
same point. In the plastic range the stress-strain diagram is assumed to be a horizontal
line. For most structural materials the strain at the end of the plastic range is
approximately 12 times the strain at the initiation of yielding.

—
e I ==
a) b) c) d)

Fig.11.5: Bending stresses under increasing momeats

Consider a beam that is bent as a result of loading, then the maximum stress will occur at
the outer fibre (Fig. 11.5) and as the bending moment is increased a point will be reached
when yielding takes place in the region as shown in Fig. 11.5¢.The moment associated
with first yield is called the yield moment, M y: As the moment is further increased,

yielding will progress towards the interior of the beam until the section is fully yielded
(Fig.11.5d). At this point the forces in the section are:

C=0,A, and T=0,4 (1L.1)
and since Cisequal to T,
Mp::C'z:T'z, (11.2)

where A, and A, are the compressive and tensile areas, respectively and C and T the

resulting compressive and tensile forces, respectively, z is the lever arm between both
forces. The moment M , associated with yielding over the full depth of the beam is called

the plastic moment.
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Example 11.1: Determine the plastic moment of resistance of the I beam section with wide
flanges HE-M 160 (EuroCode 53-62) shown in Fig 11.6 if the yield stress
of the material is 340 MPa in tension and in compression.

{

+ ]7T <_—C[
1 23
! —
Y Y 180 mm
—l e
14
4 —>
| + | Vv —» T,
< >
166 mm

Fig. 11.6: I section with wide flanges

The plastic moment is determined separatelly from the contribution of flanges and the
web as follows:

Mp =340-10° -(0.166-0.023-0.157 +0.014-0.067 - 0.067 ) = 225.172 kNm
The elastic moment is using the moment of resistance W=566 cm® for I section:
M,=0,-W=340-10° 566107 =192.340 kNm

from which the shape factor o. can be calculated:

p .
o, =—Lt="0=1170 11.3
M, 192340 a1

€

Shape factors can be found in relevant books and vary between 1.72-1.18 for I sections,
equals 1.27 for a hollow circular section(pipe), 1.5 for a rectangular section and is /.7 for
a solid circular section.
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11.4 Formation of plastic hinges

Fig. 11.7: Formation of plastic hinge

Consider the simply supported beam shown in Fig. 11.7, which is loaded by a
concentrated load at the midspan. The moment diagram shows that as the load increases
beyond the load that first causes yielding, the yielding proceeds towards the centre of the
beam and also moves outwards. When the fully plastic moment is reached, the load is at its
ultimate value, which is:

M
W, =—2
L

(11.4)

When a section of a beam experiences a fully plastic stress, as shown in Fig. 11.7, then we
say a plastic hinge is formed. Such a plastic hinge has no additional moment resistence. In
static-determinate structures, the formation of a plastic hinge changes the restraint
characteristics of the the structure. This results in a redistribution of internal forces
causing other sections to reach their full strength and develop plastic hinges until the
structure forms a collapse mechanism. The loading associated with the onset of collapse is
called the ultimate load.

For design purposes we define the ratio of the ultimate load or siress to the
working load or stress as f, thus

_ ultimate load (11.5)
working load
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The plastic design method may result in considerable savings in material and also
provides a better evaluation of the safety of a structure.

11.5 Analysis of structures using plastic moments

There are two methods of analysing beams when using plastic analysis. These are the

equilibrium (statical) method and the virtual-work (mechanism) method. Plastic analysis
should satisfy three conditions which are:

1. Mechanism condition. The ultimate load is reached when a collapse mechanism
forms.

2. Eqilibrium condition. There is static equilibrium until collapse.

3. Plastic-moment condition. The moment must not exceed M, .

The equilibrium method satisfies the first two conditions and is applicable to solving most
practical problems in structural engineering. It will therefore be described here along with
some worked examples. The procedure consists of the following steps:

1. Draw a composite moment diagram such that a mechanism is formed.

2. Compute the ultimate stress using static equilibrium equations.

3. Check to see the M,,,, isless orequalto M.

100 kN
50 kN

3.4 m

[ 6m
l\

'

Fig. 11.8: Portal frame

To illustrate the method consider the portal frame shown in Fig. 11.8. The frame is
supported at locations A and B by fixed supports. A central load F, = 100 kN is applied
at D, the centre of the beam CE and a load F, = 50 kN at point C. the bending moment

moment diagram for this structure is shown in Fig. 11.9 where it can be seen that the
maximum bending moment of 139.253 kNm occurs at E.
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100 kN
SOKN 30746 D " |us02ss

b —

c | E
95.744
34m
[ B
L) ¢ X
le 6m S
= ~1
Fig. 11.9: Bending moments at initial forces [kNm]
IfM p = 225.172 kNm (from Example 11.1) then:
M
Fo—p 272,00 (11.6)
M, 139253

161.7 kN
80.85kN 49716 D 225.171
B T

cf /

34m

Fig. 11.10: Bending moments at initial forces times f [kNm]
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If now the loads are increased by factor fto F, = 161.7 kN and F, = 80.85 kN then the

bending moment diagram changes significantly as shown in Fig. 11.10. The maximum
bending moment now becomes 225 kNm at point E and therefore f =1. This means that a
plastic hinge forms at point E.

161.7 kN
80.85kN 274.878 E
c D
34m
379.989
| A
| 6m
[\

Fig. 11.11 Plastic hinge formed at E

The analysis of the structure must now be repeated with a new constraint at point E, this
restraint being one of a zero restraining moment. The results of this new analysis is shown
in Fig. 11.11. It can now be seen that M, . occurs at point D and that f exceeds unity.
This means that a hinge forms at the midspan of beam CE and a mechanism is formed.
The structure is now therefore unstable and will collapse as a three chained body (see
Ch.4) as indicated in Fig. 11.12.
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Analysis of structures using plastic moments

Sec. 11.5]
161.7 kN Pz NPy
80.85 kN D 1l P33

| T —— AP y -0

Ci P12 El |

] ]

] ]

] ]

Ll H

! n| ! 34m

] ]

] ]

] ]
]
I
|
]
1

Fig. 11.12 Plastic hinges at D and E - mechanism

The whole procedure is repeated for the same portal frame except that the supports at A
and B are clamped. The resulting bending moments are shown in Figs 11.13, 11.14, 11.15

and 11.16.
100 kN

50k£ 25.298 D / 90.863
91.919

34m

80.481

23.995||i A
6m -
“1

» :

I\
Fig. 11.13: Bending moments at initial forces [kNm]

M
fe Mo 225172
M, 91919
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245 kN
122.484 kN 01991 222.605
>

C D E

225.201
34m

58.770 A 197.064,

[ 6m
‘\

Fig. 11.14 Bending moments at initial forces times f [kNm]

447.811
287.198
245 kN

122.484 kN
-
c D E /

34m

A |h 52.229 308.064

6
< m )

Fig. 11.15 Bending moments after first hinge at D [kNm]

From Fig. 11.15 it is obvious that after first hinge formed at D further hinges will
immediatelly form at E, B and then at C which will cause the collapse of the structure.
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A simple bridge analysis

12.1 Disposition of the structure

A bridge on a secondary road is bridging a deep valley and is founded in the riverbed on a
rock; both outside supports are resting on deep piles such that no displacements at the
supports are possible (see a simulation of an elastic support under column in Ch. 13,
Fig.13.6).

Figure 12.1; Static system of the bridge

12.2 Geometrical properties

At first we calculate cross-section areas, centres of gravity, second moments of area
(moments of inertia) for the bridge deck (beam) and for the column:
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Cross-section: A=4.80:1.60~4.20-1.00+2-1.20-0.3 = 4.20 m?

40-30
1.00 |1.60
1.20 .30 4.20 030 1.20 | To.30
7.20
0.80
4.80

Figure 12.2: Cross-section of the beam and column

The centre of gravity in the z-direction is due to the symmetry at zr = 3.60 m, the centre of
gravity in the y-direction is calculated from the static moment about the z-axis, which is for
convenience taken at the bottom of the beam section:

> |

Y=
A; =7.20-0.30=2.16 m?
A, =1.30-0.30=0.39 m*
A; =4.20-0.30=1.26 m*
A=A +2 Ay + Ay =420 m?
The static moment is the sum of partial static moments:

S,=A, - 145+2-A,-0.65+ A, -0.15

S, =3.132+0.507 +0.189 = 3.828 m’

Yr ="SZL=§4:§220§=0.91”1

The moment of inertia is calculated using Steiner's statement:
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I 7.2-0.3) L2035 (1.3 N 42-03) .
z 12 12 12

+4,-(054F +2-A4,-(0.26} + A;-(0.76) =
=0.0162+0.10985 +0.00945 +0.629+0.0527 +0.727 =

=0.1255+1.41=1.546 m*
I, =1.546 m*

The self weight of the beam is:

g=A-p-g=42.25=105.0
m

For the column only the moment of inertia about the weak axis is needed

_48-(08)

- =0.204 m* A=42.08=3.36m",

Ic

323

and for later purposes let us calculate the ratio between both beam and column stiffnesses:

k=1z-7578
IC
Ay
10-30
+r ? 1.?0 1.60
yr=0.91

1.20 .30 4.20 0.30 1.20 | Mo.30
(_.;; R

- 7.20

Figure 12.3: Cross-section and centre of gravity
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12.3 Analysis by the force method
A degree of static indeterminacy n (DSI) is determined by equation (8.2):
n=3-(mg—j3)+2-(ms~ jy)+my
n=3-(1-1})+2-(0-0)+2=2

To get the primary structure we remove supports at A and C. The loading on the structure
is self weight only (Fig. 12.4).

q=105.0 kN/m'
ak ! 3.
B
TXI TXZ
14m
D
26 m 20 m |
Figure 12.4: Primary structure
35.490 MNm
[Mo] 21.000 MNm
A ] C
,,,,,,,,, = - -
14dm +
D 14.490 MNm
26m 1T 20m

Figure 12.5a: Bending moments for external loading



Sec. 12.3] Analysis by the force method

325

26.0 MN
[Mi] "
+
4 c
) B
14 m .
L D
26.0 MNm -
Figure 12.5b: Bending moments for unknown force X;
20.0 MNm
M]
+
4 c
B
14m +
D 20.0 MNm
26 m 20m I

Figure 12.5c: Bending moments for unknown force X;

The equations of compatibility are:

a“~X1+a12~X2 +a10 =0

For comparison we will at first calculate the case of equal moments of inertia for beam and
column, and we will further simplify the calculation with E = I
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a; = § (26Y +26 .26 .14 = 15323

ay =§ (20Y +20-20-14 = 8267
Gy ==26-20-14=-7280

26 2
ay = jg'-l—o%"‘—-1-x~dx+14.49-(-26)-14=

0

4
_ 0-1025 '4(26 )- 5274 = -5997.01 - 5274 = ~11272.0

azo=—§21.2o-20+14.49-2o-14=1957

15323 -72801 (X,) (11272
~7280 8267 | \X,| |-1957
X, =1071 MN
X, =0.707 MN

Now real values for moments of inertia are taken into the calculation:

ds

M-M
o

a” = 9836 022 = 5769 a)p = —7280

10237 -7280] (X,] | 6066
~7280 5952 | |x,| |-3780
X, =1.082 MN
X, =0.689 MN

Bending moments are calculated by the method of superposition (note values in brackets,
which stand for equal moments of inertia):
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M, =0
Mg, =-3549+26-1.082=-7.358 (-7.644) MNm
M po ==21+20-0.689 =-7.220 (-6.860) MNm
Mg, =14.49-26-1.082+20-(0.689)=0.138 (0.784) MNm

Shear forces are calculated from equilibrium on each beam separately:

0.105-26 _7.358
2 26

=1.365-0.283=1.082 MN

Qus =

0.105-26 + 7.358
2 26

=1.365+0.283=1.648 MN

Ops =

Qpe = 21020 7220 _ } 050+0.361=1.411 MN

2 20

0.105-20 + 7.220
2 20

=1.050-0.361=0.689 MN

Ocp =
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7.358 MNm ,7.220 MNm
A _ C
R2.261 MNm
14m 5.575 MNm
[M] 0.138 MNm
26m 20m l
| |
+
. C
0.689 MN
1.648 MN
| [Qd D
A C
B
14m -
[Nl D 3.059 MN

S 2

Figure 12.6: Final diagrams of internal forces (The force method)

[Ch. 12

There are no axial forces on the beams as both outside supports are roller supports and that
is the reason for zero shear forces on the column (X reaction at D equals zero).
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12.4 Analysis by the displacement method
Equations (9.4) and (9.5) give a degree of deformational indeterminacy (DDI):

Unknown rotations: b=k-p,=2-1=1

Unknown displacements: ¢=2-k+2-g-p,-m=2-2-2-2-4-3=1
or c=2-j—~p2—m=2-4—-4—3=1

The system is hence a sway system as the structure can displace at the deck level.

>
N
>,

14 m

26 m 20 m \

Figure 12.7: Unknown rotation

Let us at first analyse the non-sway structure:
ay; Qg +a=0

37578 37578 4 _,.0;
26 20 M4

a; =

_q-L +q~L§ _ 0105

0.105
.
8 8 8

26°

a, = 20°

a,, =-88725+5.250=3.6225 MNm

_ -3.6228
2.297

B =

=1.577
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Now we calculate bending moments due to rotation ¢ :

M, =3LE’ 9y =227 1 577 =1.379 MNm
1
M3 = 3LE’ 95 =22278.1 577 =1.793 MNm
2
4B _ 4
8 =5y = 1577 <0451 Mm

M g, =—-8.873+1.379 = -7.494 MNm

Mp-=525+1916=7.166 MNm

M gp =0.451 MNm

MDB = =O.226 MNm

The real structural system is a sway system as ¢=1.

A
JAN T S

14 m

26 m T 20m

Figure 12.8: Displacement at the deck level

The equations for a sway systems are (see example 9.7):

agp ‘@p+ag;-A=ag

a;p-Qptay;-A=ay
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The kinematic chain can move in x-direction only hence the work done by the external
loading is zero and @ = 0.

ay, =£=1i42— =0.004373

H3

gy == = -ﬁ— = ~0.030612

HZ
2297 —0.030612] [pg) [3.6225
~0.030612 0004373 | |a,] | o

0y =1.7393

A=12.1756

-1.7393 =

My, =-8873+3 2 3’;?78

g =—8.873+
1

M, =-8.873+1.520=~7.352 MNm

My =5.250+3LE’ 9y =5.2504 37578

2

-1.7393 =

M g =5.250+1.977=7.227 MNm

_ 4Bl _GE
BD 14 B~

Mg, =0.497~0.372=0.124 MNm

2.EI 6El 2
=< B 08 A=Z2. 17393-———- 12.1756 ) =
Z7E 147 14 142 ( )=

Mg =0.247 -0.372=—0.124 MNm
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7.351 MNm ,7.227 MNm

A
......... —_— S ——
x/ 2.258 MNm
i 5.578 MNm +
| ma p Mo.124 MNm
goa
26 m ‘ 20m !

| |

Figure 12.9: Final diagram of bending moments (the displacement method)

A comparison of the results to the force method gives small differences, which is due to
the inaccuracy of the calculations using a pocket calculator.

12.5 Analysis by the moment distibution method

Using this method fix-end and free-span moments are first calculated:

2
Mo, =4 L 0105 Y _ 5873 Mm
8 8
2
Mg =4 L _0.105-(20) 525 MNm
8 8
q-L
q-L
Mg =212 =525 MNm

8

followed by the stiffness and distribution coefficients calculations:
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3-7.578

3-7.578___1.137

kgc =

4
kpp = ——=0.286
BD ™ 14

Zk =0.874+1.137 +0.286 = 2.297

0.874

= =0.381
"BA = 5207

1.137
= =0.495
'8C =5 206

0.286
= =0.125
80 =506

333

The only free joint to rotate is at B, the moment is distributed according to the distribution

coefficients and half of its part on column at B is transferred to joint D.

B
0.0 0.0
4 il 0.380 | 0.495 —>
I |
-8.873 0.125 +5.250
0.0 +1.380 +1.793 0.0
+0.453
-7.493 T +7.043
lo.s
p |+0.226

Figure 12.10: Iteration scheme (non-sway system)
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The iteration was performed on the non-sway system, which at this moment is not in the
equilibrium as column bending moments cause a shear force

Mg+ My, 045340226
H 14

AH

=0.049 MN,

that can only be equalised by additional moments on both ends of the column (as no
horizontal reactions occur) of magnitude:

vt =M Mos _ 500 MNm.
B
0.0 0.0
7 <« 0.380 | 0.495 —> C|
0.0 +1.380 +1.793 0.0

+0.453

-7.493 To3a0  t7043

+0.148 +0.113 +0.152

-7.345 0.5 l +7.235
+0.114
-0.340
p | +0.226

Figure 12.11: Iteration scheme after first iteration (sway system)

The iterative procedure can be repeated until desirably small differences in the horizontal
force at the deck level AH occur.
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7.345 MNm ,7.235 MNm

A C

+ 2.256 MNm

e 5.580 MNm .

M] D W0.114 MNm

26 m 20m |

Figure 12.12: Final diagram of bending moments (Cross's method)
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Computer applications

13.1 Introduction

In this chapter we shall consider the finite element computer program OCEAN that was
used to carry out analyses for examples presented in previous chapters. Some basic but
important applications from everyday practice are calculated by the use of the finite
element method.

13.2 Structural analysis package OCEAN
13.2.1 Program description

OCEAN is a computer program for structural analyses running in a unique user-friendly
graphic environment. It is written in PowerBASIC language consisting of approximately
46000 statements.

The structural analysis package OCEAN implements the following subprograms:
Plate bending (module PLATE), Frame analysis (module FRAME), Space and plane truss
analysis (modules P-TRUSS and S-TRUSS), Seismic design of shear walled structures
(module WALL), Plates on columns (module PL-COL) and Shear wall analysis (module
SWALL). Some of these sub-modules perform instantaneous reinforcement dimensioning
in accordance with EuroCode 2. The total loads for specified loading cases are combined
using Code factors by default or by any user defined load factors in the post-processor
during reinforcement calculations.

The methods of analysis are completely transparent to the program user as the input
is entered through the mouse driven pre-processor menu. There is no numerical input; the
mesh generation is automatic in local co-ordinate systems using a mouse for the generation
of substructures on the basis of the DXF format databases, created in architectural 3D
design.
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The pre- and post-processor modules are mouse driven, using pop-up menus, enabling the
input data to be given simply by pointing to the specific attributes using geometry
displayed on the screen.

OCEAN uses mouse input for data preparation and colour graphics to display
quantities or their derivatives on isoparametric surfaces inside the microcomputer
environment OCEAN, which was written in a general form. This enables utilisation of
different FEM procedures using the same input-output algorithms and utilises some unique
and innovative features such as:

s  Complete graphic input and output

Special frontal method for a solution of simultaneous equations enabling analysis
of more than one structure at the same time

Special algorithm for the solution of non-linear equations in column design
Utilisation of optimisation algorithms inside the analysis process

Instantaneous reinforcement calculations of concrete structures

Ease of use with no need of manuals

Some Al implemention at certain levels of an analysis

® & & o o

OCEAN
<—m
OC.BAT

OCEANO.EXE
OCEAN.EXE
| —|
=1
2-D elements Polyhedra shells = Functions
WALL GOBA
MORIJE.PBC SWALL.PBC POTOK.PBC GOBA.PBC
RACUN.PBC RACUNSW.PBC STENA.PBC GOBE-SR.PBC
NAPI1.PBC NAPSW.PBC GOBE-NA.PBC
GOBE-VN.PBC
GOBE-PN.PBC
GOBE-PR.PBC
Line elements GOBE-VP-PBC
P-TRUSS S-TRUSS FRAME
RAPAL.PBC PRPAL.PBC OKVIR.PBC
RACUNRP.PBC RACUNPRP.PBC RACUNOKV.PBC
TIPELE.DAT TIPELE.DAT BABSTEB.PBC
STEBER.PRE

Figure 13.1: Structure of the program and element types
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As seen from Fig. 13.1 the package includes only one execution module (OCEAN.EXE),
all other modules are chained files of type PBC (PowerBasic Chain Module), and can be
called from within any other module of the same chain.

13.2.2 Structure generation

A structure is generated by regions, which define part or the whole structure. Regions are
divided either into finite elements (modules PLATE and SWALL) or into fictitious
elements; their nodes are connected to form finite elements (modules FRAME, TRUSS
and WALL). There are two choices of regions (Fig.13.2):

% An arbitrary quadrilateral
¢ A region of an arbitrary shape, defined by 8 joints

y Ry
Y R3
i e, R7 Re RBrs
RS R4
Q——e
R1 R2 RI R2 R3
>
y X

—

>
X
a) Arbitrary quadrilateral b) 8-nodded arbitrary shape

Figure 13.2: Regional joints and division
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As an example of the generation procedure, generation of the structure from example 3.1
will be shown. Regional joints are: RI(0, 0}, R2(10, 0), R3(10, 4) and R4(0, 4).

t
t

Division of réegions

3 | | ]

Move points

0 QEmOmmRO=———0

i ﬁ |
Canec Jjoints } E
O 6 O o o)

Fmtsh the generation

I\/NT\/N

Input loads and supports Roller supporr
Remove imaginary points Pmned support

Figure 13.3: Generation procedure

The generation procedure is in principle the same for all types of structures with the
exception of modules PLATE and SWALL, where a division in a direction results in finite
element generation directly.

Results of the finite element analysis are the same as in longhand calculations in
truss structures only, frame analysis by finite elements includes work done by moments,
shear forces and axial forces and are a little different from longhand calculations as shown
in Fig. 13.4 below.
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6.079
(6.098)

6.079
(6.098)

4.823 (4.757)
A/\)

A

2.770
(2.772)

2.009

(1.982) 10

3.309
(3.326)
1.911

(1.920)

Figure 13.4: Free body in equilibrium
(In brackets are the longhand calculation results)

Let us calculate the example shown in Fig. 13.5 using module FRAME. Note the
imaginary points / and 3 in figure 13.5 below. These two points were generated during
region definition but do not take part in the analysis at all and could well be removed.

4 | |
P S AN
m e
| 3
—or x o
26m -
- >

Figure 13.5: Nodes of the computer model
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The geometry and loads were taken from Ch. 11; here we present only a part of computer
listing which should be used by the reader to compare the results from computer and
longhand analysis.

PROGRAM FRAME Page 1
by B. S. BEDENIK 1999 13:04:02 02-04-1999

STRUCTURE : Examplell

MATERIAL 1

Cross-section 4.200000 m2
Moment of Inertia 1.546000 m4
Modulus of elasticity 30.000 GPa
Specific weight 0.000 kN/m3
MATERIAL 2

Cross-section 3.360000 m2
Moment of Inertia 0.204000 m4
Modulus of elasticity 30.000 GPa
Specific weight 0.000 kN/m3
Displacements Direction

Joint X Y Rotation

4 ~-0.002023 0.000000 0.000998
5 -0.002023 -0.000423 -0.000289
6 -0.002023 0.000000 -0.00026S

Internal forces LOAD CASE 1

Elem. i A [m2] I [m4] N [kN] Q [kN] M [kNm)
1 4 4.2000 1.546000 0.000 1086.573 0.000

5 0.000 -1643.427 -7239.101

2 2 3.3600 0.204000 ~3049.067 0.000 -126.305

5 -3049.067 0.000 126.305

3 5 4.2000 1.546000 -0.000 1405.640 7112.796

6 -0.000 -694.360 0.000

If a support under columns can be displaced under loading for any reason, a computer
model of an elastic support can be simulated as given in Figure 13.6. The horizontal
elements are very stiff and hence have the same rotation as the column itself, but the
simulation columns have stiffness of the soil under the foundation, varying A, L and
modulus E.
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Axial forces Column
/ Intermediate elements of
small stiffness
/2 Stiff plate
- -
:l Small columns

\ Pinned supports

Figure 13.6: A simulation of an elastic support under a column

13.3 Practical examples of 2D structures

As mentioned previously, the plate bending module PLATE uses 9-nodded isoparametric
element with 27 degrees of freedom and shear walls module SWALL uses 8-nodded
isoparametric element with 16 degrees of freedom (Figure 10.6). Some practical examples
of analyses using these 2D elements are shown in Figures 13.7-17.
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Practical examples of 2D structures

Sec. 13.3]

52 m

o
o
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32 m

Figure 13.7: A plan of a house(PLATE)
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-27 -3 -18 -14

-32
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/
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Figure 13.8: House - principle positive bending moments
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Figure 13.10: House- envelopes of bending moments in X-direction (kNm)
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ALN AN AN AEN
M axtd s e - e

4

-25 -1 -4 ~12 ~1.7
(T3> i e i Ty R
— 18 cn

Figure 13.11: House — envelopes of reinforcement in X-direction (cm?)
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Figure 13.12: Concrete frame (SWALL)
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Figure 13.13: Concrete frame - displacements at earthquake (SWALL)
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Figure 13.14: Concrete frame — principle stresses at earthquake (SWALL)
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Max : 20819.96 KPa Min : -4784.58

STRUCTURE : EARTHQUAKE AT BOVEC 1998

P
frin
[
RERR!
|5
EARY

{

Figure 13.16: A bridge column - principle stresses at earthquake (SWALL)
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Ormen = 744 MPa (1)
O emin =~ 2.67 MPa (2)

xmin

Oymar = S5.45MPa (3)
Oy =-14.77 MPa (4)

ymin

Figure 13.17: A bridge column — stresses o, and o, at earthquake (SWALL)



Appendix A

Basics of matrix algebra

A.1 Introduction

The fundamental concepts of matrix algebra, definitions and matrix manipulations, are
presented in a concise manner to provide adequate background for understanding the text
in this book.

A.2 Definitions

A matrix is an array of elements which can be written as:

(A, A, ... A

Ay Ay L A

[als| ™ 7 2 (A1)

LAmI A A

m2 mn |

where i and j indicate the number of rows and columns in the array, the above matrix is

thus of order ix j. The coefficients A are the elements which constitute the matrix [A]
Their locations are determined by their subscripts; for instance, the element A;; is in the
i" row and in the first column, Ay is in the second row and in the j* column.

If { and j are not equal (i # j), the matrix is a rectangular matrix, if i= jthe matrix is a

square matrix, i.e.:
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rAI] AIZ Aln

Ay Ay A
[A]= 21 Ap 2n A2)

| A Az o An ]

Elements A;;, Az; ... Apn form the main diagonal of a square matrix. For i = 1 and j > 1, the
matrix is said to be a row matrix, i.e.,

[Al=l4, 4, .. 4] j=12..n (A3)

and a column matrixfori>1andj=1:

4, (4]
Al 1A

{=lal=| =17 iz12.m (A4)
| An]  {An]

The diagonal matrix is a square matrix where all off-diagonal elements are zero. A special
case of a diagonal matrix is unit matrix, symbolised by letter I, where all diagonal
elements equal unity.

00
10 (A.5)
01

A matrix is a symmetric matrix if
A; = Ay,

hence all off-diagonal elements are symmetric about the main diagonal, i.e.:

3521
157 32
[A]‘2384

1244

The transpose of a matrix is found by writing A; elements of [A] as A elements of

[AY as shown in the example below:
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then

The transpose of a square symmetric matrix is the matrix itself:

(a]=[4]

Determinants are defined only for square matrices. Thus, for a given square matrix [A],
the determinant is defined as the number that results on performing the following
arithmetic operation on [A]:

A=X4,C; (=12..n) (A7)
i=1
or
n
|A|=ZA,.].CU (i=12,..,n) (A.8)
j=1

The elements A; in Eqns. (A.7) and (A.8) are the i row and j** column elements of the
matrix |A|, C; are the cofactors corresponding to the i”"row and j" column and are
defined as
Cy=(-1)"" My, (A9)
where M;; are the minors of matrix |A|, defined as the determinant of the matrix, which
results after the i” row and the j* column elements are deleted from the matrix |A]. The
sign of a cofactor is determined by the odd-even judgement: if the sum of the row and the
column is even, the cofactor sign is positive and vice versa. Equations (A.7), (A.8) and

(A.9) are considered by the following example.

+5 -1 +8
[Al=|-1 +7 -5 (A.10)
+8 -5 +4
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Let us first apply Eqn. (A.7) and arbitrarily select j = 2:

3
IAl = ZAiZ Ciy =ARCH + A0 + A0
i=l

From Eqn. (A.10) column 2 of matrix [A]is:
A =-1 Ay =7 Ap =-3,
For j = 2 equation (A.9) becomes:

C; =(-1)*? M; (i=123),

therefore:
Crp=-M,;
Cp=+My,
C32 =-M 32

By definition, the minor M, of matrix [A] is the determinant of that matrix after deleting
the first row and the second column, or:

M,,)= [+8 +4] (-1)-4-(-5)8=36

likewise

[M22]=[§ 3]:5-4—8-8:—44

8
=13 15]=5-69)- (1) s
hence
C12 = _36 C22 = _‘44 C32 = 17
and the determinant is:

|Al=(=1)-C36)+7 (- 44)+ (- 5)-17 =357
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Let us present some practical rules:

a.) If the elements of any row or column have a common factor, b, then the

following holds true:
ETRZ Alz‘b]=b,[Au Al2]
| Ay Ay Ay Ay
ETRZ AIZ]___b.[AII AIZ]
| Az b Ay Ay Ay
~A11‘b Alz'b]=b2.[Au Azz]
| Ay b Ap-b Ay Ay

b.) When rows and corresponding columns are interchanged the value of the
determinant is not altered:

2 4] 12 5|_ _
[5 6]_[4 6]" 8
¢.) When two rows (or columns) are interchanged the sign of the determinant is
changed:

5 o1 3J-+2 4]

d.) If two rows (or columns) are identical then the value of the determinant is
zero.

e.) If a matrix [A] has any dependant rows or columns, its determinant equals

zero. In the example below the third column is the sum of the first and second
column:

[la]=

6
11t=0
9

N LN
NN R

or explicitly choosing j =/ in Eqn. (A.7):

e i O I

=2.32-4-(-32)+6-(-32)=
=64+128-192=0

+6-
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If the value of the determinant is zero the matrix is said to be a singular matrix. In
structural analysis it always means that the structure is unstable.

A.3 Matrix algebra manipulation

A.3.1 Matrix addition and subtraction

Two matrices [A],-,q- and [B]i,g- can be added (subtracted) by adding (subtracting) each
element A;; of matrix [A] to the corresponding element B;; of matrix [B]

[Au Azz]i[Bu Bzz] - [éAu 1B, ; 2'412 t B, ;] (A1)
Ay An| | Ba By Az £ By ) Ay £ By

(alt[B]=[c]. (A.12)

or

where C;; in general is given by

Cy=4A; 1By (A.13)

A.3.2 Matrix multiplication

Multiplication of two matrices [A]ix ;jand [B] it 18 performed by multiplying each element
of row m of [A]i>< ; by its corresponding elements in column n of [B] < and the products

summed. Mathematically this can be written as follows:
[a}-[B]=[c]. (A.14)

where an element C,,, of [C ],-xk is given by:

k=1

and j is the number of columns in [A] or rows in [B]

Numerical example: Given are two matrices [A] and [B]

Y
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Required is product:
4} [B)=Ic]

Solution:

[1 2]_[2 5 6]=[C” Cp, c,j]

5 4|11 2 3] |Cy Cp Cy

From Eqn. (A.15) we get elements C;;:
C,,=A;; B,+A, B,y =124+2.1=4
C,=A;; -B,+A, By=15+2-2=9
Ci;3=A4A;; B;+A, By;=16+2:3=12
Cyy=A4A, B +Ay By=52+4.1=14
Cpo=A, B, +Ay By =5-5+4-2=33
Cy3=A; B3 +Ay - Byy=56+4-3=42

Matrix [C ] is:

[c]=[4 9 12]

14 33 42

Note the following rule:

o

X Two matrices can be multiplied only if the number of rows in the first
matrix equals the number of columns in the second matrix (j = r).

[A] ixj’ [B] ms = [C]ix.\' (A.16)

A.3.3 Properties of matrix multiplication

Associative law
[p]=({al 8]) [c]=[a]-(B]-[c]) (A1)

Any element of [D] is given by:

D;=Y YA,B,C, (A.18)
r s
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Distributive law
[p)=[a} ([B}+[c])=[a} [B}+ [4} [c] (A.19)
Commutative law
[a]-[B]%[B]- [4] (A.20)
% Ifboth [A] and [B] are symmetric matrices their product in general
does not yield a symmetric matrix

% If a matrix is multiplied or divided by a scalar quantity, a, it is
equivalent to multiplying or dividing each element of a matrix by a.

,[5 4]_[25 2-4]_[10 8
7 2|7|2:7 2.2]7 |14 4

A.4 Matrix inversion

Consider first a linear equation

y=a-x

and solving for unknown x we get:

x=2=al.y (A21)

Similarly, if x and y represent vectors, the solution is found by matrix inversion [A]"
defined as:

[} A" =[], (A22)
which can be accomplished for square matrices only.

The inversion procedure is as follows:

Step 1: Form a new matrix of co-factors C;; using Eqn. (A.9), referred to as
adj [A] .

C; =1 M,
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Step 2: Transpose adj [A] and call the result adj [A}T (transposed matrix of
co-factors).

Step 3: Calculate the determinant of matrix [A]

IAl = iAijCij (j=12,..,n)

i=]

Step 4: Divide adj [A]T by the determinant to obtain the inverted matrix:

adj|lA
[a]” =——f/[‘| ! (A23)
Numerical example

+5 -1 +8
[Al=-1 +7 -5

+8 -5 +4
Step 1:
Ch =My Cp=-Mp Ciz=M;
Cy=-My Cp=M, Cp3=-My;
Cs=M3 Cyp=-Mj Cy3=M;;,
where

K7 -5 _ _-1 =-5|_ _1-1 +7_
Mi=_s 143 M=\ g 1473 M=l g _5=71

-1 +8 5 +8) s -1
Ma=|s 44730 Mu=|g g=H Mu=; —5l‘”17

-1 +8__ _[*¥3 +8_ _ 5 -1_
M3,—+7 _s5|= 51 M32-_1 _s= 17 M33__1 +7—34
Hence:

+3 =36 -51

adjlA]l=|-36 44 +17
~51 +17 +34



358 Basics of matrix algebra [Appendix A
Step 2: Transpose matrix adj [A] :
+3 =36 -51

adilAf =|-36 -44 +17
~51 +17 +34

Step 3: Calculate determinant |A| =-357
Step 4: Divide adj [A]T by the determinant of matrix [A] :

. +3 =36 -5I
[A]-1=adJ[AF N -36 —-44. +17
Al =357 sp 417 434

~0.00840 +0.10084 +0.14286
[A]' =| +0.10084 +0.12325 -0.04762
+0.14286 —0.04762 —0.09524

Check

[a}a]" =[r],

hence

+5 -1 +8 +3 =36 -51 1
1 +7 -5|.|-36 44 +17|——=|o
+8 -5 +4||=51 +17 +34| =357 o

O~
~_ OO

Since the identity matrix is obtained, the result of inversion is correct.

A.5 A solution of simultaneous equations by matrix inversion

The use of matrix algebra is of great importance in structural analysis. As the inversion of
a matrix is done once only and the coefficients are the properties of structure it is easy to
calculate multiple load cases by changing the right hand side vector only. Suppose that
equilibrium equations, as shown in Ch. 9, are explicitly written as:

+5x -~y +8z=A
-x +7y -5z=B (A.24)
+8x ~5y +4z2=C
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or shorter in matrix form
[A]- {x }={B} (A25)
then the unknowns are calculated using the equation:

{x}=[a]"-{B}. (A.26)

[A]‘l is the inverted matrix of coefficients, dependent on structural properties only. A
solution for a general loading is then

x -0.00840 +0.10084 +0.14286| (A
yi=|+0.10084 +0.12325 -0.04762|-<B (A.27)
b4 +0.14286 -0.04762 -0.09524 | |C

and for an arbitrary load vector {B} a direct multiplication gives unknowns {X}. It is
important in structural analysis to understand that the first column represents a solution for
unit force A, the second column for unit force B and the third column for unit force C.

A.6 Matrix partitioning
In structural analysis problems it is often convenient to partition a matrix into smaller
submatrices (see Ch. 9.4) in which we group together known values of forces or

displacements and on the other hand unknown values of displacements and reactions.
Drawing vertical and horizontal dotted lines, as shown below, represents this descripition.

Kl] KlZiKIJ K14

or in shorthand matrix notation:

K, K
K|=| oe "o (A.28)
lx] [Kﬂa Kﬂﬁ]

Properties of partitioned matrices
a) Two partitioned matrices [A] ixj and [B],»,q can be added or subtracted in terms

of their submatrices if and only if both matrices are of the same order and
partitioned in the same manner.
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b.) Two partitioned matrices [A],,,x,. and [B],,x,, can be multiplied in terms of their
submatrices if and only if the submatrices of [A] and the corresponding
submatrices of [B] obey the law of matrix multiplication, hence the
multiplication of submatrices [A] rxsand [B],,Xq is possible only if p = 5.

Example:
12]|3 3|5
[Al=|4 5l6| [B]=|1{3
7 8|9 42

The evaluation of all submatrices multiplication gives:
17 17

[a) [Bl=| 41 47
65 77

Inversion of a partitioned matrix

The inverse of a partitioned (stiffness) matrix can be obtained in terms of its submatrices
as a new matrix [D], referred to as a flexibility matrix in structural analysis:

[p}=[k]’ (A.29)

or given in a partitioned form

-1
[Dw Dy, ]:[Kw Kaﬂ} (A.30)
Dgy Dgg| |Kpx Kgp

where the submatrices of [D] are given by:

[Dua )= K )~ [Kop } (K55 T Ko (A31)
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[Dﬂ[i B [[Kpp - [Kﬂa | 310 o [Kap ]]H (A32)
[Daﬂ J= Ko - [Kaﬂ } [DﬁB] (A.33)
[Dg J= -1k g - [K o} D ] (A34)

The above procedure is used in the displacement method in Ch. 9, where unknown
displacements were determined in a simplified manner as the submatrix [K ppj equals zero

due to the zero displacements at the supports.
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Table B.1: Functions Y/ for a fixed-pinned element

3EI
O LEI I Mso = I

' O 3EI
LEI 50 ‘7
X
.y 1
M, + | M
v v
I I ’
M,L M,L
3 . 6
F—>

v, =050e-32+£%) K,

ws=1-E+0.50& -382 +£7) K,

vs =E-0.5(26 - 362 +&°) K,
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Table B.2: Functions Y for a fixed element
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Table B.3: Functions Y/ for a fixed element
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Table Bé:
Fixed end moments for a fixed element
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Table B7:
Fixed end moments for a pinned-fixed element
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Table B8: Polar moments of inertia Iy
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Table B8: Polar moments of inertia Iy (continued)
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Table BY: Shear shape factors
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Table B10: Areas and centres of gravity
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CAD design, 2

Castigliano's theorems, 153
Compatibility, 122
Complementary energy, 126
Computer applications, 336

Computer model, 342

Conjugate beam, 169

Consistent deformations, method of, 204
Convergence of results, 306

Creep, 178

Cross's method, 275

Dead load, 5
Deformational indeterminacy, 242
Deformations, 155
at pre-stressing, 178
by integration, 155
conjugate beam, 169
of indeterminate structures, 233
of trusses, 173
of variable height beams, 175
theorem of unit force, 162
tables, 366-367
Differential beam relations, 61
Discrete element deformations, 39
Displacement method, 242
Disposition of the structure, 321

Elastic range of materials, 12, 308
Elastic support, simulation, 342
Elasticity, 12, 308

Element stiffness, 185

Energy, 131

Equilibrium of a body, 24



Finite element method, 294
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Fixed end moment, 368
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definitions, 349
inversion, 356
manipulation, 354
partitioning, 359
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volume integration, 163
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Mohr's method, 169
Moment distribution, 275
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Nodal numbering, 336
Non-linear response, 308

OCEAN, 336

Plane beams, 61
Plane trusses, 51
basic concepts, 51
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modelling of trusses, 51
PLATE, 337
Plates on columns, GOBA, 337
Plastic moments, 313
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Power Basic, 338
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Principle of a free body, 48
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Reactions, 45 Superposition of energies, 131
Reciprocal deflections, 133 Supports and reactions, 45
Reduction statement, 236 SWALL, 337
Redundancy, 204
Tables, 362
Sections, method of, 57 Tables B1-B3, 363-365
Shear, strains, 33 Tables B4-BS5, 366-367
distortions, 33 Tables B6-B7 , 368-369
displacements, 40 Tables B8, 370 -371
Sign conventions, 15 Tables B9, 372
Simultaneous equations, 358 Temperature change, 229
Slope-deflection method , 256 Torsion, deformations, 43
Space structures, beams, 83 TRUSS, 338
Space truss, S-TRUSS, 337 Transformation matrix, 301
Specific strains, 30 Types of structures, 3
Statically determinate structures, 45
Statically determinate space beams, 83 Uniform load, 61
Stiffness and flexibility, 185 Unit load method, 162
Stiffness matrix
of clamped element (mg), 187 Vector analysis, 83
of hinged element (ms), 200 Virtual displacements, 146, 162
of truss element (m,), 203 Virtual forces, 162
Strain hardening, 310 Virtual work, 146
Strains (specific deformations), 30 Volume integrals, 366-367
Stresses, 27
Stress-strain relations, 35 Williot diagram, 56

Structural analysis package OCEAN, 336 Work and complementary work, 126
Structure stiffness matrix, 246

Structure generation, 338 Yield stress, 310

Superposition, 131, 208





